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Preface

This book is based on lecture notes written for a course I gave at Université Pierre
et Marie Curie at the master level (second year); these notes have been extended
with more advanced material. They are an attempt to show why Partial Differential
Equations (PDE:s in short) are used in biology and how one can analytically derive
qualitative properties of the solutions, which are relevant for applications. Of course,
many types of PDEs are used and these notes are restricted to parabolic equations,
while transport equations were already presented in [4].

To give some order to the content, an organizing principle was needed. The
leading idea has been to explain in which circumstances the solutions of parabolic
equations can exhibit interesting patterns. Indeed, smoothing effects and time decay
usually lead to ‘flat’ solutions. I classify the parabolic equations of interest in
Chap. 1, according to two main mathematical structures; Lotka-Volterra equations
or reaction-diffusion equations, as they appear in models of chemical reactions. This
idea was already present in a course taught by Jost [3] in Ecole Normale Supérieure
some years ago and it also leads my progression throughout these notes.

What ingredients are required to explain patterns in reaction-diffusion systems as
they are observed in nature? I begin by explaining when patterns cannot occur (when
dissipation and relaxation dominates), then I explain gradually the most standard
theories of pattern formation. Because of the smoothing properties of the linear
heat equation, its solutions cannot exhibit interesting patterns. Nonlinearities are
not always sufficient as is shown in Chap.2; small Lipschitz bounds in bounded
domains or entropy properties are major obstacles to pattern formation. The
manipulations here are formal; to justify these, careful attention is brought to the
notion of weak solutions in Chap. 3.

A first class of problems, leading to interesting behaviors, occurs in the full
space because long range propagation phenomena can occur. Already in one space
dimension traveling wave solutions are remarkable examples. A very elementary
presentation is given in Chap. 4 for the famous models a la Fisher/KPP. The subject
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has been studied since a long time and more complete texts are [2, 5]. Spikes, spots
(in higher dimensions), and pulses are other related patterns, which I present in
Chap. 5; when these spots move with instabilities, one can observe various types of
patterns that are also presented.

Too large nonlinearities are not an option to generate patterns because blow-up in
finite time can occur. This is the matter of Chap. 6 where I present several methods
to prove blow-up.

The main method to obtain patterns remains the Turing instability, one of the
most counterintuitive results in the theory of PDEs. When the ordinary differential
system is stable, diffusion can turn it unstable when diffusion coefficients of the
system components are very different. This matter is presented in Chap. 7, with
several examples and illustrations.

Fokker-Planck equations are a class of PDEs, which extend the field of reaction-
diffusion systems by including drift terms, and which are important for their use in
many fields. In particular, because the example of chemotaxis (Keller-Segel system)
appears several times in these notes, a general presentation is given in Chap. 8.
These are Kolmogorov equations for Stochastic Differential Equations. When jump
processes are considered (these also appear in several areas of biology), one arrives
at a simpler class of integral equations, which can be handled rigorously; these
integral equations also serve to prove existence of solutions of the Fokker-Planck
equations by an asymptotic procedure for small jumps. This matter is presented in
Chap. 9.

In addition to the derivation of Fokker-Planck equations, small parameters play
an important role in pattern formation and lead to an asymptotic analysis of what
happens when these small parameters vanish. The mathematical tools to handle this
subject are often more advanced (such as viscosity solutions to Hamilton-Jacobi
equations [1]) and these notes mention only a few singular perturbation problems.
A single example is treated in detail, namely the derivation of the Stefan problem
from reaction-diffusion systems. This is performed in Chap. 10.

Besides these singular perturbation problems, and among many others, the use
of parabolic equations in tissue growth modeling, in developmental biology and in
neurosciences is other important topic that uses material beyond the scope of the
present notes.

The material for these notes comes from very different sources, articles, books,
courses, conference talks, and discussions. I tried to limit the number of references
and I did not try to be exhaustive. I indicate in footnotes some basic articles, hoping
that they are sufficient to initiate a search in each particular subject.

Several friends and colleagues gave me some ideas, examples, images, material
throughout this course; among them, I thank particularly A. Marrocco for a long
collaboration, S.M. Kaber and Y. Deleuze for numerical simulations or pieces of
codes based on the software FreeFEM++, F. Hecht (his help was decisive to write
an efficient code) and also Simone Séror and Barry Holland who gave several
experimental swarming patterns and were very influential in motivating me to
develop further mathematical models. I also thank Didier Smets, Dirk Drasdo, Jan
Elias, Annie Raoult, and Marie Doumic-Jauffret who provided several contributions
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to these notes and several students who asked illuminating questions, and gave
corrections or comments. Last but not least, Barry Holland read carefully several
versions of the manuscript and helped a lot to improve grammar and expression.

Orléans Benoit Perthame
August 22,2013
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Chapter 1
Parabolic Equations in Biology

As first examples, we present two general classes of equations that are used
in biology: Lotka-Volterra systems and chemical reactions. These are reaction-
diffusion equations, or in a mathematical classification, semilinear equations. Our
goal is to explain what mathematical properties follow from the set-up of the model:
nonnegativity properties, monotonicity and entropy inequalities. These are very
general examples, for more material and more biologically oriented textbooks, the
reader can also consult for instance [2, 4, 13, 15, 16, 19].

1.1 Lotka-Volterra Systems

1.1.1 Movement and Growth

Class I are used in the area of population biology, and ecological interactions, and
are characterized by birth and death. For 1 < i < I, we denote by n,(t,x) the
population densities of I interacting species at the location x € R? (d = 2 for
example). We assume that these species move randomly according to Brownian
motion with a bias according to a velocity U;(z, x) € R and that they have growth
rates R;(t, x) (meaning birth minus death). Then, the system describing the dynamic
of these population densities is

0
—n; — D;An; +le(Ulnl)= n; R;, t>0, xERd, i=1,...,1.
ot N—— —— ——

random motion  oriented drift growth and death

(1.1)

In the simplest cases, the diffusion coefficients D; > 0 are constants depending on
the species (they represent active motion of individuals) and the bulk velocity U;
vanishes. Here we insist on the birth and death rates R;; they depend strongly on the

© Springer International Publishing Switzerland 2015 1
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2 1 Parabolic Equations in Biology

interactions between species and we express this fact as a nonlinearity

Ri(t,x) = R,-(nl(t, x),ny(t,x),...,n(t, x)). (1.2)

A standard family of such nonlinearities results in quadratic interactions and is
written

Ri(ny,ny,...,n)) =ri + E Cijh;,
i=1

with 7; the intrinsic growth rate of the species i (it can be positive or negative) and c;;
the interaction effect of species j on species i. The coefficients c;; are usually neither
symmetric nor nonnegative. One can distinguish

* ¢ <0,cj > 0: species i is a prey for j, species j is a predator for i. When several
species eat no other food, these are called frophic chains/interactions,

* ¢; > 0, ¢; > 0: a mutualistic interaction (both species help the other and benefit
from it) to be distinguished from symbiosis (association of two species whose
survival depends on each other),

* ¢ <0, cj < 0:adirect competition (both species compete for example for the
same food),

* ¢; < 01is usually assumed to represent intra-specific competition.

The quadratic aspect is related to the necessary binary encounters for the
interaction to occur. Better models include saturation effects: for instance the effect
of too numerous predators is to decrease their individual efficiency. This leads
ecologists rather to use (with ¢;; = —c;; > 0)

Ri(ny,ny,...,n;) =r;—cun; + Z

the terminology Holing I is used in the case where j refers to a prey, i to a predator.
Ecological networks are described by such systems: diversity refers to the number
of species I itself, connectance refers to the proportion of interacting species, i.e.
such that ¢; # 0. Connectance is low for trophic chain and higher for a food web
(species use several foods).

The original prey-predator system of Lotka and Volterra has two species, [ = 2
(i = 1 the prey, i = 2 the predator). The prey (small fishes) can feed on abundant
zooplankton and thus r; > 0, while predators (sharks) will die out without small
fishes to eat (r, < 0). The sharks eat small fishes in proportion to the number of
sharks (c12 < 0), while the shark population grows proportionally to the small fishes
they can consume c;; > 0). Therefore, we find the rule

r >0, }’2<0, C11 :C22:O, C12<0, C21 > 0.
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1.1.2 Nonnegativity Principle

In all generality, solutions of the Lotka-Volterra system (1.1) satisfy very few
qualitative properties; there are neither conservation laws (because they contain
birth and death), nor entropy properties, a concept which does not seem to be
relevant for ecological systems. As we shall see the quadratic aspect may lead to
blow-up (solutions exist only for a finite time, see Chap. 6). Let us only mention
here, that the model is consistent with the property that population density be
nonnegative.

Lemma 1.1 (Nonnegativity Principle) Assume that the initial data n? are nonneg-
ative functions of L*(R?), that U; = 0 and that there is a locally bounded function
I'(¢) such that |R;(t,x)| < T'(¢t). Then, the weak solutions in C(R+; LZ(Rd)) to the
Lotka-Volterra system (1.1) satisfy n;(t,x) > 0.

The definition and usual properties of weak solutions are given in Chap. 3, but we
do not require that theoretical background to show the formal manipulations leading
to this result.

Proof (Formal) Here, we use the method of Stampacchia. Set p; = —n;, then we
have

0
Py DiAp; = p; R;.

Multiply by (p;)+ := max(0, p;) and integrate by parts. We find

1d 5 5 s
24t Je (Pf("x))+dx+DfAd|V@i)+| —/Rd (pi(t. ) R (1.3)
and thus
1d

2t Jo (Pi(t,x))idx <T() /Rd (p,-(t,x))i,

Therefore, we have
2 2 3 T(s)ds 0 2
i(t, dx < e”Jo X dx.
/Rd (pi(t. %) dx <e /R (P (), dx

But, the assumption n? > (0 implies that fRd (p? (x))i_dx = 0, and thus, for all times

we have [p, (pi(t))i_dx = 0, which means n;(t, x) > 0.

(Rigorous) See Sect. 3.7. The difficulty here stems from the “linear” definition of
weak solutions of (1.1), which does not allow for nonlinear manipulations such as
multiplication by (p;)+. O
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Exercise In the formal context of the Lemma 1.1, show that

d
—/ ni(t,x)dxzf Ri(t, x)n;(t, x)dx,
dt R4 R4

/ ni(t, x)%dx < / (0 (x)2dx 2 Jo TO)s
Rd R4

(Left to the reader; see the proof of the Lemma 1.1) in Sect.3.7. The identity
expresses that the total number of individuals only changes according to rates of
birth and death, motion does not count.

1.1.3 Operator Monotony for Competition or Cooperative
Systems

The positivity property is general but a rather weak property. Comparison principle
and monotonicity principle are much stronger properties but require either compe-
tition or cooperative systems.

For simplicity we consider only two cooperative species, I = 2 in Eqgs. (1.1)-
(1.2), and we make the cooperative assumption

ad 0
—Ri(n1,nm) >0, — Ry (ny,n3) > 0. (1.4)
on, ony

Lemma 1.2 (Monotonicity Principle) Consider a cooperative system, that is,
(1.4) and two solutions n;, m; such that for some constants 0 < n; < rh
0 <m < T'land |R;| < I'? |aini’Rj| < T3. Then, the Lotka-Volterra system
(1.1)—(1.2) is ordered for all times

n?fmo 1= 1’ 2 > ni(t)fmi(t), VtzO, i=1, 2.

i

Proof Subtracting the two equations for n; and m;, we find successively, by adding
and subtracting convenient terms,

ad
E(nl —my)—DiA(ny—my) = (ny—m)Ri(n1,n2) +mi (Ri(n1, n2) —Ri(my, my)),

3 (m—m)y D

o > 1y —m) 4 A(ny —my) = (ng —m)3 Ri(n1.na)

+m(ny —mp) 4 (Ri(n1.n2) — Ri(my,na))

+my(ny —my) 1 (Ri(my,nz) — Ri(my, my)).
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The first and second lines are controlled by bounds on R

d (n1 —m)%

— D [ [V —m)i]? < (T2 F1F3/ )
@ o 3 + 1Ad| (ng —m) 4] < (I'* + )]Rd(nl m)3

+ / i (1 — )+ (Ra(mr.m3) — R (my m3)).
Rd

We now use 0 < m; < Tl %Rl(m,nz) > 0 and a Lipschitz constant of
Ri(ny, ny), to conclude

d [ (m—m)}

— < (F2+F1F3)/ (nl—ml)i+rlr3/ (n1—my) 4 (n2—ma) 4.
dt Rd 2 R R

The same argument on n, — m; leads to the similar inequality

d [ (np—m)]

G [ <) [ e 40T [ e e,
dl R4 2 R4 R4

and adding these two inequalities, for u(r) = [pa[(n) — ml)ﬁ_ + (np — mz)ﬁ_] and
2ab < a® + b?, we obtain for some I the inequality

du(t)
dt

< Tu(y).

Since u(0) = 0 from our initial order assumption, we conclude that u(t) = 0 for all
t > 0. That is the conclusion of the lemma. O

Exercise Check that for a cooperative system, whatever is its size, the monotony
result of Lemma 1.2 holds.

Exercise In the case of 2 by 2 competition systems

0 d
—Ri(n1,nz) <0, —Ra(n,nm) <0. (1.5)
on, ony

Show that the order 0 < ny < my, 0 < my < n, is preserved.

1.1.4 Challenges

Variability There is always a large variability in living populations. For that
reason, solutions of models with fixed parameters, for movement or growth,
usually fit poorly with experiments or observations. However, the models are useful
for explaining qualitatively these observations but not for predicting individual
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behavior, a major problem when dealing with medical applications for example.
A usual point of view is that these parameters are distributed; one can use a
statistical representation (see the software Monolix at http://software.monolix.
org/) in pharmacology. One can also use so-called structured population models,
see [15, 17, 19]. When modeling Darwinian evolution (see adaptive evolution in
Sect. 5.1.2), the parameters are part of the model solution and mutations are seen as
changes in the model coefficients selected by adaptation to the environment.

Small Numbers In physics and chemistry, 10?3 is the normal order of magnitude
for a number of molecules. Populations that are studied with Lotka-Volterra
equations are much smaller and 10° is already a large number. This means that
exponentially decaying tails are very quickly meaningless because they represent
a number of individuals, less than one. The interpretation of such tails should be
questioned carefully and several types of corrections can be included; demographic
stochasticity is used in Monte-Carlo simulations, which correspond to the survival
threshold in PDEs [9].

1.2 Reaction Kinetics and Entropy

When large numbers of molecules are involved in a chemical reaction, the kinetics
are well described by reaction rate equations. These are nonlinear equations
describing the population densities (concentrations) of the reacting molecules and
the specific form of these nonlinearities is usually prescribed by the law of mass
action. This section deals with this aspect of reaction kinetics. The derivation of
these equations is postponed to Sect. 9.7 where we introduce the chemical master
equation, which better describes a small number of reacting molecules, an important
topic in cell biology.

1.2.1 Reaction Rate Equations

The General Form of the Equations leads to a particular structure for the right
hand side of semi-linear parabolic equations. They are written

9
—n; —DijAn; + nm L = G, t>0,xeRY i=1,2,....1. (1.6)
ot N —— ————

molecular diffusion reaction

The quantities n; > 0 are molecular concentrations, the loss terms L; > 0 depend on
all the molecules n; (with which the molecule i can react) and the gain terms G; > 0,
which also depend on the #;’s, denote the rates of production of »; from the other
reacting molecules. The molecular diffusion rate of these molecules is D; and can
be computed according to the Einstein rule from the molecular size.
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For a single reaction, the nonlinearities L; and G; take the form

1 1
nli= Y ky Hn?”f, Gi= Y K, nnf”f. (1.7)
= J=

reactions p reactions p

The powers a,;, b, € N represent the number of molecules j necessary for the
reaction p; this is the law of mass action.

Nonnegativity Property We have factored the term r; in front of L; to ensure that
this term vanishes at n; = 0. The loss term L; is not singular here because the
product contains «,; > 1 when k,; > 0 (the reactant i really reacts). For that reason,
as for the Lotka-Volterra systems, the nonnegativity property holds true.

Lemma 1.3 A weak solution of (1.6) with G; > 0 and nonnegative initial data
satisfies ni(t,x) > 0, Vi=1,2,... 1L

Proof Adapt the proof of Lemma 1.1.

Even though we do not know that G; > 0, this lemma is useful because one
may argue as follows. Solutions are first built using the positive part of G;, then the
lemma tells us that the n;’s are positive. From formula (1.7), the positivity of the
n}s implies that G; is positive and thus that we have built the solution to the correct
problem.

Conservation of Atoms The second main property of these models comes from
the conservation of atoms, which asserts that some quantities should be constant
in time. For each atom k = 1,..., K, one defines the number N,; of atoms k in
the molecule i. Then all reactions should preserve the number of atoms and, for all
ke {l,...,K}, the coefficients c, B8, k and k’ should be such that

I
D N lmiLi—G]=0. V(m)eR. (1.8)
i=1

This implies that

PR I
Y ZNkini =A ZNkiDinis (1.9)
i=1 i=1

1
d
— Nyni(t,x)dx = 0, 1 <k<K,
] Sovntos

and thus, a priori, the weighted L' bound holds

1 1
/ ) > Nini(t, x)dx = / ) > Niin (x)dx. 1<k <K. (1.10)
RT =1 R =1
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Except when all the diffusion rates D;’s are equal (then its main part is the heat
equation), it is not easy to extract conclusions from Eq. (1.9) except the conservation
law (1.10). Very few general tools, such as M. Pierre’s duality estimate, are
available, see the survey [18].

There is a third property, the entropy dissipation that we shall discuss later.

1.2.2 The Law of Mass Action

Irreversible Reaction To begin with, consider molecular species S; undergoing the
single irreversible reaction

k
alSl+...+a151—+>b151+...+b151,

with a; ,b; € N. Then, using the law of mass action, the equation for the
concentrations n; of species i is written

1 1
d aj bj .
En,-—D,-An,-—i— a,-k+1_[nj = b,-k+l_[ni , i=1,2,...,I
Jj=1 Jj=1
——’ ——’
loss of molecules by reaction gain of reaction product

From the conservation of atoms, it is impossible that for all i we have b; > a; (resp.
a; < b;). Therefore, at least one reactant (a; < b;) should disappear and one product
(b; > a;) be produced.

Reversible Reaction More interesting is when several reactions occur. Then they
are modeled by a sum of such terms over each chemical reaction. For example, still
with a; # b; € N, the reversible reaction

k.
a1 S+ ... +a151k=+=b1S1 + ...+ bS8y,

leads to reaction rate equations

loss of forward reacting molecules  loss of backward reacting molecules

——
I I
%I’l,’ — D,’Al’li + a,-k+ l—[ n;" + b,’k_ l—[ nj"
=1 =1
1 1 b
= bik+ l—[ I/l;-lj + aik_ l—[ I’lj'/ .
j=1 =1
—————

gain of forward reaction product  gain of backward reaction product
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A more convenient form is
P I I ,
o ni—Didn = (bi—ai) k+l_[n7’—k_l—[nj" . i=1,2,....I. (11D

With this form, one can check the fundamental entropy property for reversible
reactions. Define

~

1
S(t,x)::Z [In(m)+0;—1].  with Y oi(ai—b) = Inky—Ink_. (1.12)

i=1 i=1
There are different possible choices for the constant o;, which can be more or less

convenient depending on the case. In all cases, one can check the

Lemma 1.4 (Entropy Property for Reversible Reactions) The entropy dissipa-
tion equality holds

_/S(tx)dx—i-Z:D/lvnl2 = —D(t,x) <0,

1 1 1 1
D(t,x) := / [n(ky [Tn?) = nGe= T n)] [ks [ ] — k=[] 1] dx > 0.
Jj=1 Jj=1 j=1 j=1

The entropy dissipation property is very important because it dictates the long
term behavior of the reaction. Mathematically it is also useful to prove a priori

estimates for the quantity M but also for integrability properties of powers of
n;, which are necessary to deﬁne solutions of the reaction-diffusion equation. This
has been used recently in a series of papers by L. Desvillettes and K. Fellner [6]
for estimates and relaxation properties, and by T. Goudon and A. Vasseur [12] for
regularity properties.

1.2.3 Elementary Examples

Isomerization The reversible isomerization reaction is the simplest chemical
reaction. The atoms within the molecule are not changed but only their spatial
arrangement. The reaction is represented as

k4
S
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and is modeled as

E)t — DiAny + kyny = k_ny,
(1.13)

831 —DyAny + k_ny = kyny.

The conserved quantity is simply

% / [n1 (¢, x) +na(t, x))dx = 0, / [n1 (1, ) + 1y (2, x)|dx = / [ (x) + 3 (x)]dx.
The formula (1.12) for the entropy (witha; = b, = 1, by = a, = 0) gives
S(t,x) = ni[ In(kgny) — 1] + na[ In(k—ny) — 1], (1.14)
and one can check the entropy dissipation relation
4 oo St x)dx = — [ [DyV2E 4 p, V2L gy

— f]Rd [ln(k+ ny) — In(k— nl)] [k_n2 — k+n1] dx < 0.

Dioxygen Dissociation The standard degradation reaction of dioxygen to monoxy-
gen is usually associated with hyperbolic models for fluid flows rather than
diffusion. This is because it is a very energetic reaction occurring at very high
temperature (for atmosphere re-entry vehicles for example) and with reaction rates
depending critically on this temperature, see [11]. But for our purpose here, we
forget these limitations and consider the dissociation rate k1 > 0 of n; = [O;] in
ny = [0], and conversely its recombination with rate k— > 0

k+
02=k==0+0.

This leads to

P DiAny + kyny = k_(n2)2
(1.15)
atnz Dy Any + 2k_ (l’lz)2 = 2k4ny,

with initial data n(l) > 0, ng > 0. According to the law of mass action, the term
(n)? arises because the encounter of two atoms of monoxygen is required for the
reaction.

We derive the conservation law (number of atoms is constant) by a combination
of the equations

ad
5‘[2}11 + nz] — A[2D1n1 + Dznz] =0,
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which implies that for all > 0

/Rd [2n1(t, %) + no(t,x)|dx = M := /Rd [2n)(x) + nd(x)]dx. (1.16)

For the simple case of the reaction (1.15), the formula (1.12) for the entropy (with
a) = 1,b2 = 2, b1 =dap; = O) giVCS

S(t.x) = m[ In(kqny) — 1] + nof In(k?ny) — 1]. (1.17)

One can readily check that

Lemma 1.5 (Entropy Inequality)
4 [ S(t.x)dx = — [ [Dy V2 4 D, 92 g
— Jga [In(k= (n2)*) —In(ky n)|[k—(n2)* — kymy ] dx < 0.

Exercise Deduce from (1.16) and n; > 0, n, > 0 the a priori bound

T
2k_ / / (n2)* dxdt < M(1 + 2k, T).
0 Rd

Hint. In (1.15), integrate the equation for n;.

Hemoglobin Oxidation Hemoglobin Hb can bind to dioxygen O, to form HbO,
according to the reaction

k4
Hb + O, k==Hb02

This reaction is important in brain imaging because the magnetic properties of
Hb and HbO, are different; the consumption of oxygen by neurones generates
deoxyhemoglobin that can be detected by MRI and thus, indirectly, indicates the
location of neural activity.

The resulting system of PDEs, for n, = [Hb], n, = [0,] and n3 = [HbO,], is

a
a—tnl —DlAi’ll + k+n1n2 = k_n3,
a%nz — DzAi’lz + k+n1n2 = k_n3,

8%”3 — D3Ans + k_nz = kynin,.
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From this system, we can derive two conservation laws for the total number of
molecules Hb and O,

d 0
E[nl + n3] — A[Dny 4 D3n3] = 0, E[nz + n3] — A[Dany + D3n3] = 0.

these imply an L! control

M= [0+ o)+ 20(0) = [1+ 08 + 208

As in the case of dioxygen dissociation, integrating the third equation, one
concludes the quadratic estimate

o0
k+/ / ningdxdt < M(1 + k_T).
0 Jrd
From (1.12) (witha; = 1, b, = 2, by = a, = 0), this also comes with an entropy
1/2 1/2
S(t,x) = ni[In(k/"ny) — 1] + na[In(k} "nz) — 1] + n3[In(k—n3) — 1].
Mathematical references and studies on this system can be found in B. Andreianov

and H. Labani [1].

Exercise Another simple and generic example is the reversible reaction A +
k4
B—=.C+D

%nl — D1 Any + kyniny = k_nsny,
%I’lz — Dy Any + kyniny = k_nsny, (118)
%I’L} — D3Ans + k_nsyng = kyniny,

%I/M — DyAny + k_nsng = kyniny.

with the n; > 0 and the single atom conservation law

/ [nl(t, x) + na(t, x) + n3(t, x) + ny(t, x)]dx =M
R4

= /1;51 [n1(x) + nY(x) + n3(x) + ng(x)]dx.

4
Choose k; so that § = Zni In(k;n;) is a convex entropy and write the entropy

i=1
inequality for the chemical reaction (1.18).
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1.2.4 Enzymatic Reactions

More representative of biology are the enzymatic reactions, which are usually
associated with the names of Michaelis and Menten [14]. A substrate S can be
transformed into a product P, without molecular change as in the isomerization
reaction, but this reaction occurs only if an enzyme E is present. The process consists
first of the formation of a complex SE, that can be itself dissociated into P + E. The
formation of the complex is a reversible reaction, but the conversion to P + E is an
irreversible reaction, leading to the representation

k4 kp
S+Ek==C=SE—>P+E.

Still using the law of mass action, this leads to the equations (we do not consider
the space variable and molecular diffusion, this is not the point here)

d d
ahs = k_nc — kyngng, ane = (k= + kpy)nc — kyngng,

d d
EVZC = k+nSnE — (k_ + k,,)nc, EtnP = k,,nc.

This reaction comes with the initial data n§ > 0, n% > 0 and n2 = n% = 0. One can
easily verify that the substrate is entirely converted into the product

lim np(f) = ny, lim ng(r) =0, lim ng() = n, lim nc(f) = 0.
—>00 —>00 —>00 —>00
A conclusion that is incorrect if nOE = 0. This is a fundamental observation in

enzymatic reactions that a very small amount of enzyme is sufficient to convert
the substrate into the product.

Two conservation laws hold true in these equations and this helps us to
understand the above limit,

ne(t) + nc(t) = n + n. = n,
(1.19)
ns(t) + nc(?) + np(t) = n§ + nd + nd = nl.

Because the properties of the dynamic do not depend on rnp, the system is
equivalent to a 2 x 2 system

d 0
ans = k_nc — kyng(ng — nc),
a £ (1.20)

Lne = kyns(nd —nc) — (k= + ky)nc.



14 1 Parabolic Equations in Biology

Briggs and Haldane [3] arrived to the conclusion that this system can be further
simplified with the quasi-static approximation on n¢. That means that n¢(f) can be
computed algebraically from ng(f), thus leading to a single ODE for ng(?)

|

nis = k_ni¢c — kyis(nf — 1c).

QU

t

(1.21)
0 = ky7t5(ny —7ic) — (k- + ky)7ic,

still with the initial data ng(r = 0) = ng (but no initial condition on n¢). We can

. .. . - ke rign®
of course write this in a more condensed way. Since ¢ = ﬁ, and after
- P

adding the two equations, we find the typical enzymatic reaction kinetic equation

0 kpk+n_S

_nl s 1.22
"k + keTis (1.22)

d__
at =
In other words, the law of mass action does not apply in this approximation and
one finds the so-called Michaelis-Menten law for the irreversible reactions, a Hill
function rather than a polynomial.
Although not obvious at first glance, this result makes rigorous sense and we
have the

Proposition 1.6 (Validity of Michaelis-Menten Law) Assume nY. is sufficiently
small. The solutions of (1.20) and of (1.22) satisfy

sup |ns(1) —7is(1)| < C(n§) ny;
=0

for some constant C (ng) independent of nY.

Proof We reduce the system to slow-fast dynamic (see [8] for an extended
presentation of the subject). To simplify the notations, we set ¢ := nOE and we define
the slow time and new unknowns as

£ :=ny, s = &t, ug(s) = ng(r) > 0, ug(s) = n;(()t) > 0.
E
Then the two systems are respectively written as
Ly = kuf —kpu§(1—ul),  eduf = kyus(1 — uf) — (k= + ky)us.,
15 = k_tic — kyus(1 —uc), 0 = kytis(1 —7ic) — (k= + ky)iic.

(1.23)
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With these notations the result in Proposition 1.6 is equivalent to

sup [us(s) — 5(0)| < Ce.

s>0

The details of the proof are left to the reader because it is a general conclusion
from the theory of slow-fast dynamic. We shall make use of the two consequences
of (1.23)

d

—Us = —k %
ds 4

d
g[ug + eug] = —kyug,

We have from (1.19) and uZ.(t = 0) = 0,

1 0<uc =<1, 0<uc<1,

(i) 0 < u§ <nl, 0 <us <nj, )

. kyn

(i) 0 < uf < uM < 1, 0 <uc<u” <1 w1thuM:=k+ngi—ki+kp
independent of ¢,

(iv) |4ut(s)| < K for some K(n),

(v) From step (iv), introduce the bounded quantity »°(s) := —%usc(s) +ky usc(s)z,
and

R°(s) = ug(s) + eug(s) —us(s).
Compute that

er®(s) — ki ugR® 4 kyug

£ (0} —
uc(s) = kalls + k— + k) )
T = er® + ky(1 —ug)R® — 8k+usc'
¢ kitis + k- + k,

Conclude that

d ky (1 —ul —r® + kyuf

D pes) by LD ey g, TRt

ds k+u5 + k_ + kp k+MS + k- + kp

(vi) Using steps (iii) and (v), conclude that |R®(s)| < Ceg for a constant C.
Hints.

(i) ug + ug decreases.

(i) Write Suf. < kyn(1 — ul) — (k= + kp)ut.

(iv) Write the equation for z(s) = %usc(s) as s%z + A(s)z(s) = u(s) with
A > k_ + k, and p bounded.

(vi) Write $4R*(s)*> + AR*(s)> < eB|R*(s)|, with A > 0, B > 0 two constants.
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1.2.5 Belousov-Zhabotinskii Reaction

For all complex chemical reactions, the detailed description of all elementary
reactions is not realistic. Then, as for the enzymatic reaction, one simplifies the
system by assuming that some reactions are much faster than others, or that some
components are in higher concentrations than others. These manipulations may
violate mass conservation and entropy inequality may be lost; this is a condition
to obtain pattern formation as in the example of the CIMA reaction in Sect. 7.5.2.

The famous Belousov-Zhabotinskii reaction is known as the first historical
example to produce periodic patterns. This was discovered in 1951 by Belousov,
it remained unpublished because no respectable chemist at that time could accept
this idea. Belousov received the Lenin Prize in 1980, a decade after his death and
the discovery in the USA of other periodic reactions, simpler to reproduce.

We borrow a simple example from A. Turner [20], this avoids entering the
details of a real chemical reaction (refer to [15] for a complete treatment). The
simple example consists of three reactants denoted as A, B, C, and three irreversible
reactions (because of this feature, entropy dissipation and relaxation do not hold).

A+ B4 04, B+ C-22 0B, C+A-25 0.

Therefore, the systems is written as

Lnp = np(kang — kene),

%HB = nB(anc — kAnA), (124)
“nc = nc(kena — kngp).
Numerical simulations are presented in Fig. 1.1.
1 n N N n N N n ”
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Fig. 1.1 Periodic regime of the system of ODEs (1.24) that mimics the Belousov-Zhabotinskii
reaction. The parameters are k4 = kg = 1 and k¢ = 2 (Left), k¢ = 20 (Right). The solution n¢ is

the top (red) curve. In abscissae is time
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1.2.6 Small Numbers of Molecules

It may happen that in biological systems, e.g. intracellular bio-molecular interac-
tions, the number of molecules is not large so that the reaction rate equations are not
applicable. The alternative is to use the so-called chemical master equations that
describe the dynamic of individual molecules.

These models are close to the jump processes described in Chap.9 and with a
brief presentation in Sect.9.7. They allow for a number of asymptotic limits (from
discrete to continuous, from continuous jumps to drift-diffusion). For these reasons,
there is a large literature on this subject, on both the theoretical and numerical
aspects [5, 7, 10].

1.3 Boundary Conditions

When working in a domain (a connected open set with sufficiently smooth
boundary) €2, we encounter two elementary types of boundary conditions. The
reaction-diffusion systems (1.1) or (1.6) are completed either by

¢ Dirichlet boundary conditions n; = 0 on d2. This means that individuals or
molecules cross the boundary and do not come again in €2. This interpretation
stems from the Brownian motion underlying the diffusion equation. But we can
see that indeed, if we consider the conservative chemical reactions (1.6) with
(1.8), then

d [ < ! 9
— n;i(t, x)dx = D; / —h;,

with v the outward normal to the boundary. But with n;(¢,x) > 0 in Q and
ni(t,x) = 0in d$2, we have %n,- < 0, therefore the total mass diminishes

1 1
/ Z ni(t, x)dx < / Zn?(x)dx, Vvt > 0.
@ = € =1

* Neumann boundary conditions -2n; = 0 on 9, still with v the outward

normal to the boundary. This means that individuals or molecules are deflected
when they hit the boundary. In the computation above for (1.6) with (1.8), the
normal derivative vanishes and we find directly mass conservation

1 I
L;ni(t,x)dxzﬁgn?(x)dx.
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There is a large difference between the case of the full space R? and the case of
a bounded domain. This can be seen by the results of spectral analysis in Sect. 2.5,
which do not hold in the same form in R and is replaced by Fourier transform.

1.4 Brownian Motion and the Heat Equation

The relationship between Brownian motion and the heat equation explains, in a
simple framework, why a random walk of individuals leads to the terms —DAn for
the population density n(t, x). It is rather abstract to construct rigorously Brownian
motion. However, it is easy to give an intuitive approximation, which is sufficient to
build the probability law of Brownian trajectories.

To do so, we follow the Euler numerical method for an ODE with a time step At
that uses discrete times t* = kAt.

In a probability space with a measure denoted dP(w), the initial position X° € R¢
being given with a probability law n°(x), we define iteratively a discrete trajectory
X*(w) € R? as follows. We set

X (w) = X*(w) + VA1 YH(w) (1.25)

where Y*(w) denotes a d-dimensional random variable independent of X* (one
speaks of independent increments) and with a normal law N(y). We recall that
‘independent’ means

Ef(X*, Y% := / f(X (). Y (w))dP(w) = /

Rdx

]Rdf (x,y)dn" (x) N(y)dy
(1.26)

with

e N(y) = =L —e DP/2 the normal law,

(2,,)4/2
* dnf(x) the law of the process X*, defined as P(®(X*(-))) = [ ®(x)dn*(x).

Two simulations are presented. Figure 1.2 depicts, in the one dimensional case
(*, X*), two iterates X* (for two different w). Figure 1.3 shows two iterates X* in
two dimensions.

Our purpose is to compute the law dn*(x) at the limit At — 0. To do so, we first
use a C* function u, with u, Du, D*u and D*u bounded. We use the Taylor expansion
of u to compute

At
u(X*y = u(x*) + VADu(xb).Y* + 7D2u(Xk).(Yk, Y5 + o(aqrH)*?,
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Fig. 1.2 Two sample paths of one dimensional Brownian motion according to the approximation
(1.25). Abscissae #*, ordinates X*
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Fig. 1.3 Two sample paths of two dimensional Brownian motion simulated according to (1.25)

and then
k+1 i AL ok vk vk 3/2
Eu(X*™!) = Eu(X*) + 7IED u(X").(Y . Y + o(An)7". (1.27)

Indeed, because N(-) is radially symmetric, the formula (1.26) used with
f(x,y) = Du(X*).Y* yields

EDu(X*).Y* = EDu(x"%). /R ) yN(y)dy = 0.

Because [rq yiy;iN(y)dy = &;j, a further use of the formulas (1.27), (1.26) and the
definition of the probability law mentioned earlier, give

3/2

/ u(x)dn* T (x) :/ u(x)dn* (x) + At/ Au(x)dnk(x)+0(At) .
Rd Rd 2 Jra
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After dividing by At and integration by parts of the term Au, we may rewrite this as

dtt —ant 1 o 12

This holds true for any smooth function « and this means that, in the weak sense,

dnk-l—l _ dnk

T 1/2
A 5 Adn = o(Ar) .

At the limit in the sense of distributions, as Az — 0, we obtain a probability law
with a density n(z, x) that satisfies

Sn(t,x) — $An(t,x) = 0,

n(0,x) = n°(x).

In particular, even though n° is a probability measure, it follows from the regular-
izing effects of the heat equation that n(z, x) is a (smooth) function and not only a
measure as soon as ¢ > 0.

The equation for n(t,x) (the heat equation here) is generically called the
Kolmogorov equation for the limiting process (Brownian motion).

Exercise Prove that the density of the probability law n* satisfies the integral
equation

() — nf(x) = / [n*(x + VAty) — n*(x) [N ()dy. (1.28)

Derive the heat equation for the limit n(z, x), as At — 0, if it exists. Show that this
derivation uses only two y-moments of N and not the full normal law.

See also the scattering equation in Chap. 9.
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Chapter 2
Relaxation, Perturbation and Entropy Methods

Solutions of nonlinear parabolic equations and systems presented in Chap. 1 can
exhibit various and sometimes complex behavior, a phenomena usually called
pattern formation. In which circumstances can such complex behavior happen? A
first answer is given in this chapter by indicating some conditions for relaxation
to trivial steady states; then nothing interesting can happen! We present relaxation
results by perturbation methods (small nonlinearity) and entropy methods. Indeed,
before we can understand how patterns occur in parabolic systems, a necessary step
is to understand why patterns should not appear in principle! Solutions of parabolic
equations undergo regularization effects that lead them to constant or simple states.
Several asymptotic results can be stated in this direction and we present some of
them in this chapter. Sections 2.1 and 2.2 have been very much influenced by the
book [4].

2.1 Asymptotic Stability by Perturbation Methods (Dirichlet)

The simplest possible long term behavior for a semilinear parabolic equation is
simply the relaxation towards a stable steady state (that we choose to be 0 here).
This is possible when the following two features are combined

* the nonlinear part is a small perturbation of a main (linear differential) operator,
* this main linear operator has a positive dominant eigenvalue.

Of course this simple relaxation behavior is rather boring and appears as the opposite
of pattern formation when Turing instability occurs, and this will be described later,
see Chap. 7.
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To illustrate this, we consider, in a bounded domain €2, the semi-linear heat
equation with a Dirichlet boundary condition

%u,-(t,x) — D;Aui(t,x) = Fi(t,x;uy, ..., u), 1<i<lI, xeQ,
u;(t,x) =0, x €09,

ui(t = 0,x) = ud(x) € L*(Q).
2.1

We assume that F(¢,x;0) = 0, so that u = 0 is a steady state solution. Is it a stable
and attractive state?

We shall use here a technical result. The Laplace operator (with Dirichlet
boundary condition) has a first eigenvalue A; > 0, associated with a positive
eigenfunction, w; (x), which is unique except multiplication by a constant,

— Awy = A wy, wi € Hy (). (2.2)

This eigenvalue is characterized as being the best constant in the Poincaré inequality
(see Sect. 2.5 or the book [2])

AI/ |v(x)|2§/ [Vv|?, Yv € H)(Q).
Q Q

with equality only for v = puw;, u € R.

Theorem 2.1 (Asymptotic Stability) Assume min; D; = d > 0 and that there is a
(small) constant L > 0 such thatVu e R!, t >0, x € Q,

|F(t,x;u)| < Llu|, ormore generally, F(t,x;u) -u <L |u|2, (2.3)

§=dr —L >0, (2.4)

then, u;(t, x) vanishes exponentially as t — 0o, namely,
[ ueor < [t 25)
Q Q

Proof We multiply the parabolic equation (2.1) by u; and integrate by parts

1

d
S Qui(l‘)2 +Di/9\Vui(t)|2Z/Qui(t)Fi(t,x;u(t)),

and using the characterization (2.2) of A;, we conclude

1d ! ! I
2di /Q ;“imz +d /Q ;“i(t)z < L/Q ;ui(z‘)z,

The result follows from the Gronwall lemma. O
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Exercise Consider a smooth bounded domain € C R, a real number A > 0 and
two smooth and Lipschitz continuous functions R(«, v), Q(u, v), such that R(0, 0) =
0(0,0) = 0. Let (u(x, 1), v(x, t)) be solutions of the system

%M—Au:R(u(x,t),v(x,t)), t>0, xe 2,
u(x,t) =0 sur 992,
v+ v = Q(ulx, 1), v(x.1)).
1. Recall the Poincaré inequality for u.
2. Assume |R(u, v)| < L(|u|+|v|) and |Q(u, v)| < L(|u|+|v]|), give a size condition

for L such that for all initial data, the solution (u, v) converges exponentially to
(0, 0) for t — oc.

Solution A simple answer is min(A;, u) —2L =: § > 0. A more elaborate condition
is based on the positive real number such that A; —p = a—a~' andis A\| —L—a™' =
u—L—a=:6>0.

2.2 Asymptotic Stability by Perturbation Methods
(Neumann)

The next simplest possible long term behavior for a parabolic equation is relaxation
towards an homogeneous (i.e., independent of x) solution, which is not constant in
time. This is possible when two features are combined

 the nonlinear part is a small perturbation of a main (differential) operator,
* this main operator has a non-empty kernel (0 is the first eigenvalue).

Consider again, in a bounded domain €2 with outward unit normal v, the semi-
linear parabolic equation with a Neumann boundary condition
D ui(t,x) — DiAui(t,x) = Fituy, ... uy), 1<i<I, xeQ,
Fagui(t,x) =0, x €09, (2.6)
wi(t = 0,x) = ud(x) € L*(Q).
The Laplace operator (with a Neumann boundary condition) has A; = 0 as a
first eigenvalue, associated with the constants wy(x) = 1//|€2| as eigenfunction.

We shall use its second eigenvalue A,, characterized by the Poincaré-Wirtinger
inequality (see [2] and Sect. 2.5)

o / o) — (V)P < / Vo Vue H'\@) @.7)
Q Q
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with the average of v(x) defined as

1
<v>=@/9v

Note that this is also the L? projection on the eigenspace spanned by w;.

Theorem 2.2 (Relaxation to a Homogeneous Solution) Assume min;D; = d > 0

and
(Fu) = F())-(u—v) <Llu—v[*,  Vu, veR, (2.8)
§=d\—L>0, (2.9)

then, u;(t, x) tends to become homogeneous with an exponential rate, namely,

/ |u(t, x) — (u(0))[* < e / |u® (x) — (2.10)
Q

Proof Integrating in x Eq. (2.6), we find

d

E(”i) = (Fi(t;u)),

therefore,

d

E[ui — (ui)] = DiA[u; — (w;)] = Fi(t;u) — (Fi(t; u)).

Thus, using assumption (2.8), we find
Zdt fQ I"‘_ |2+de|V(M— ) fQ (F(t u) — (F(t;"‘)))'("‘_(“))
= Jo F(t;u) - (u— (u))

= [o (F(t;u) — F(t; (1)) - (u — (u))
<L g lu—(u)

Therefore, with notation (2.9)

i _ 2<_ _ 2
dt/gw (W) < 28/Q|u (u)

The result (2.10) follows directly. O
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Exercise Explain why we cannot allow a dependency on x in the nonlinearity
F ,'(l ; I/t)

Exercise Let v € H*(Q) satisfy g—ﬂ = 0 on 02 (Neumann condition).

1. Prove, using the Poincaré-Wirtinger inequality (2.7), that

/\2/ |Vv|2§/ |Av)?. (2.11)
Q Q
1
2. In the context of Theorem 2.2, assume that Z DiFi(t; u)§:§ < L|E|?, VE e R
ij=1

Using the above inequality, prove that

Vu(t, x)|* —2&/ Vil (x)|2. 2.12
/QZ| u(t D < e QZl W0 (2.12)

3. Deduce a variant of Theorem 2.2.

d u;

Hints. 1. Integrate by parts the expression fQ |Vv|2. 2. Use the equation for &

2.3 Entropy and Relaxation

We have seen in Lemma 1.5 that reaction kinetic equations as in (1.15) are endowed
with an entropy (1.17). This originates from the microscopic N-particle stochastic
systems from which reaction kinetics are derived (see Sect. 9.7).

This entropy inequality is also very useful because it can be used to show
relaxation to the steady state, independently of the size of the constants &, k». To do
that we consider a Neumann boundary condition in a bounded domain €2

8%}11 —D{Any + kin; = kz(nz)z, t>, xeQ,

3 ny — DyAny + 2ky(n2)? = 2kyny, (2.13)
%I’ll = a—a‘}nz =0 on J092.

Theorem 2.3 The solutions of (2.13), withn? > 0, n? € L'(Q), n? In(n?) € L'(Q),
satisfy that

ni(t,x) = N;, as t — oo

with Nj the constants defined uniquely by

2N + Ny = / [21° (x) 4+ nd(x)]dx, k2 (N>)? = kiNj.
Q
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Proof We give a formal proof since we do not justify the nonlinear manipulations.
Then S(¢,x) = my [ In(kini)— 1] +n; [ ln(ké/znz)— 1] satisfies, following Lemma 1.5,

4 [ S, x)dx = [, [Di \v::\z +D2W:22|2]dx

+ fﬂ [11’1(](2 I’l%) — 11’1(/(1 I’ll)] [kz(l’lz)z — kll’ll] dx.

And, because S is bounded from below, it also gives a bound on the entropy
dissipation

I8 fo [DrEE Dy Y gy

+ 157 Jo [In(ka n3) — In(ky ny)][ka(n2)? — kyny | dxdt < C(n, n).
(2.14)

! estimate (derived from

This is again a better integrability estimate in x than the L, ,

mass conservation) because of the quadratic term (15)2.
From a qualitative point of view, this says that the chemical reaction should lead

the system to a spatially homogeneous equilibrium state. Indeed, formally at least,

the integral (2.14) can be bounded only if
Vni =Vn, =0 as t— o0,
kz(ng)2 ~kn, Vn=Vnx0 as tr — oo.

The first conclusion says that the dynamic becomes homogeneous in x (but may
depend on ). The second conclusion, combined with the mass conservation relation
(1.16) shows that there is a unique possible asymptotic homogeneous state because
the constant state satisfies kz(Nz)2 = kN, = kl(% — N,), which has a unique
positive root. O

Exercise Consider (1.15) with a Neumann boundary condition and set

S(t,x) = kizl(klnl(t, ) + 5 (ky*na (2, ).

1 Zk;/ ?

1. We assume that Xy, ¥, satisfy X(u) = Z,(u'/?). Show that ¥; is convex if,
and only if, 3, is convex.

2. Under the conditions in question 1, show that Eq. (1.15) dissipates entropy.

3. Adapt Stampacchia’s method to prove L* bounds on nj, n, (and which is
the appropriate quantity for the maximum principle). What are the intuitive L”
bounds.

Exercise Consider (1.15) with Dirichlet boundary conditions and n? > 0.
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1. Using the inequality % < 0, which holds because n; > 0, show that M(r)
decreases where

M(t) = /Q [an(z‘, x) + my(t, x)]dx.

2. Consider the entropies of the previous exercise with the additional condition
X/(0) = 0. Show Eq. (1.15) dissipates entropy.

3. Show that solutions of (1.15) with Dirichlet boundary conditions tend to O as
1t — o0.

2.4 Entropy: Chemostat and SI System of Epidemiology

Examples of entropy also appear in biological models. We treat here an example that
arises as a first modeling stage in two applications: (1) ecology and the model of the
chemostat (then u represents a nutrient, v a population that consumes the nutrient),
(2) epidemiology with the celebrated Susceptible-Infected model (SI system). In
both cases the model is

4y =B — pu,u — ruv,
a (2.15)

d, _
GV = ruv — [y,

with B > 0,r > 0, i, > 0 and p,, > 0 parameters.

In the chemostat B represents the renewal of nutrients u, w, the removal or
degradation of nutrients and r the consumption rate by the population and p, is
the mortality and removal rate of the population.

In epidemiology, B represents the newborn, p, the mortality rate, r the encounter
rate between susceptible and infected individuals (these encounters are responsible
of new infected), u, is the mortality of the infected (and recovery rate in the SIR
model).

There is always a trivial steady state

’20 = B//\‘Lua l_)O = Oa
and a positive steady state

B_u .
B= . =Py e B s . (2.16)

iy

Depending on the sign of v we may have two different Lyapunov functionals
(entropies)

Lemma 2.4 Defining

S(u,v) = —iuln(u) — v In(v) + u + v,
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we have

d - 1
ES = ——(VuB — u\/or + p,)>. (2.17)
u

Lemma 2.5 We assume rB < u,u, and define
S(u,v) = —upIn(u) +u + v,

we have

d

v
—8S = ——(uyy — rB) —
) Mu(uu rB)

1

[hult

(B — puu)’. (2.18)

We leave the proofs of these lemmas to the reader and go directly to the
conclusion

Proposition 2.6 Solutions of the system (2.15) behave as follows

If Br > [ty jLy, then the entropy S is convex and all solutions with v° > 0 converge
ast — oo to the positive steady state.

If Br < Ly, then solutions become extinct (they converge to the trivial steady
state as t — oQ).

The proof is standard and left to the reader. The steps are (i) u(f) is bounded,
(ii) S(r) decreases, in the case v < 0, the limit can be —co and this means that v ()
vanishes and the result (ii) follows, otherwise S stays bounded and converges to a
finite value, (iii) we conclude thanks to the right hand side of (2.17).

2.5 The Spectral Decomposition of Laplace Operators

We have used consequences of the spectral decomposition of the Laplace operator
with either a Dirichlet boundary condition

—Au=f in 2,
(2.19)
u=20 on 02,
or a Neumann boundary condition
—Au=f in 2,
(2.20)
g—]’j =0 on 012,



2.5 The Spectral Decomposition of Laplace Operators 31
2.5.1 Main Results

Theorem 2.7 (Dirichlet) Consider a bounded connected open set 2, then there is
a spectral basis (Ar, wi)i>1 for (2.19), that is,

(i) Ay is a non-decreasing sequence with 0 < A1 < Ay < A3 < ... < A <...

and A, —> oo,
k—o00
(ii) (Ax, wi) are eigenelements, i.e., for all k > 1 we have

—Awk = )Lkwk in Q,

wr, =0 on 982,

(iii) (Wi)k>1 is an orthonormal basis of L*(Q2),
(iv) we have wi(x) > 0 in Q and the first eigenvalue Ay is simple, and for k > 2,
the eigenfunction wy changes sign and can be multiple.

Theorem 2.8 (Neumann) Consider a C' bounded connected open set Q, then
there is a spectral basis (Ax, Wr)i>1 for (2.20), i.e.,

(i) Ak is a non-decreasing sequence with 0 = A; < A, < A3 < ... < A < ...
and Ay —> o0,
k—00
(ii) (Ax, wy) are eigenelements, i.e., for all k > 1 we have

—Awk = )Lkwk in Q,
% =0 on 0€2,

(iii) (wWi)k>1 is an orthonormal basis of L*(Q)
1

(iv) wi(x) = Tz > 0, and for k > 2, the eigenfunction wy changes sign.
Remark 1 The hypothesis that 2 is connected is simply used to guarantee that the
first eigenvalue is simple and the corresponding eigenfunction is positive in 2.
Otherwise, we have several additional nonnegative eigenfunctions with a first

eigenfunction in one component and 0 in the others.

Remark 2 The sequences wy are also orthogonal in H}(2) (for Dirichlet boundary
conditions) and H' () for Neumann boundary conditions. Indeed, if wy is orthogo-
nal to w; in L?(€2), then from the Laplace equation for wy and the Stokes formula

/ VWjVWk = Ak/ WiWg = 0.
Q Q

Therefore, orthogonality in L? implies orthogonality in Hj or H'.

Note that for k > 2, the eigenfunction wy changes sign because [, wiw, = 0 and
wi has a sign.
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Proof of Theorem 2.7 We only prove the first theorem, the second being a variant
and we do not give the details. For additional matters see [3] Chap. 5, [1] p. 96.
The result is based on two ingredients. (i) The spectral decomposition of self-
adjoint compact linear mappings on Hilbert spaces is a general theory that extends
the case of symmetric matrices. (ii) The simplicity of the first eigenvalue with a
positive eigenfunction is also a consequence of the Krein-Rutman theorem (infinite
dimension version of the Perron-Froebenius theorem).

First Step. First Eigenelements In the Hilbert space H = L?(2), we consider the
linear subspace V = H;(£2). Then we define the minimum on V

= min /|Vu|2dx
fQ Jul2=1

This minimum is achieved because a minimizing sequence (u,) will converge
strongly in H and weakly in V tow; € V with fQ [wi]? = 1, by the Rellich compact-
ness theorem (see [1, 2]). Therefore, [, [Vw[*dx < liminf,— oo [, |Vu,|*dx = A;.
This implies equality and that A; > 0. The variational principle associated to this
minimization problem says that

—Aw; = Aw,

which implies that w; is smooth in Q (by elliptic regularity).

Second Step. Positivity Because in V, |[Vu|? a.e., the construction
above tells us that |wy| is also a first eigenfunction and we may assume that w;
is nonnegative. By the strong maximum principle applied to the Laplace equation,
we obtain that w is positive inside €2 (because it is connected). This also proves that
all the eigenfunctions associated with A; have a sign in € because, in a connected
open set, w; cannot satisfy the three properties (i) be smooth, (ii) change sign and
(iii) |w| be positive also.

Third Step. Simplicity Finally, we can deduce the simplicity of this eigenfunction
because if there were two independent eigenfunction, a linear combination would
allow us to build one which changes sign (by orthogonality to w; for example) and
this is impossible by the above positivity argument.

Fourth Step. Other Eigenelements We may iterate the construction. Denote Ej the
finite dimensional subspace generated by the k-th first eigenspaces. We work on the
closed subspace E,f- of H, and we may define

Ak+l = min / |Vu|2dx.
u€EEFNV, fo lul2=1 Ja

This minimum is achieved by the same reason as before. The variational form gives
that the minimizers are solutions of the k + 1-th eigenproblem. They can form a
multidimensional space but always finite dimensional; otherwise we would have an
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infinite dimensional subspace of L?(£2), whose unit ball is compact thanks to the
Rellich compactness theorem, since fQ |Vu|>dx < Ajq 1 in this ball
Also A — 00 as k — oo because one can easily build (with oscillations or sharp
gradients) functions satisfying [, [us|* = 1 and [, |Vu,|*dx > n.
O

2.5.2 Rectangles: Explicit Solutions

In one dimension, one can compute explicitly the spectral basis because the
solutions of —u” = Au are all known. On Q = (0, 1) we have

wi = agsin(knx), Ay = (km)?, (Dirichlet)

wr = by cos ((k — 1)71x), Ak = ((k— 1)7{)2, (Neumann)

and a; and by are normalization constants that ensure fol [we|> = 1.
In two dimensions, on a rectangle (0, L;) x (0, L,) we see that the family is better
described by two indices k > 1 and / > 1 and we have

k l
wiy = ay sin(km z—ll) sin(lm i—z), Ay = ((L_1)2 + (L—z)z)rrz, (Dirichlet)

Wi = by cos ((k— l)ﬁi) cos ((l — 1)ni),
Ly L,
-1

)2) 72, (Neumann)
L,

k—1
Ay = ((L—l)2 +(

These examples indicate that

+ The first positive eigenvalue is of the order of 1/ max(L,, L,)?> = m For
a large domain (even with a large aspect ratio) we can expect that the first
eigenvalues are close to zero and that the eigenvalues are close to each other.

« Except the first one, eigenvalues can be multiple (take L; /L, € N).

» Large eigenvalues are associated with highly oscillating eigenfunctions.

2.6 The Lotka-Volterra Prey-Predator System with Diffusion
(Problem)

In the case of the Lotka-Volterra prey-predator system we can show relaxation
towards a homogeneous solution. The coefficients of the model need not be small
as is required in Theorem 2.2. This is because the model comes with a physically
relevant quantity (such as entropy), which gives a global control.
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Exercise Consider the prey-predator Lotka-Volterra system without diffusion

3%”1 =n[ r —any],

31y = na[—r2 + bny],

where r, 12, a and b are positive constants and the initial data n? are positive.
1. Show that there are local solutions and that they remain positive.
2. Show that the entropy ( Lyapunov functional)

E(t) = —riInny 4+ any, — ryInny + bny,

is constant. Show that E is bounded from below and that £ — oo as n; + np, —
oo. Conclude that solutions are global.

3. What is the unique steady state solution?

4. Show, using question 2. that the solutions are periodic (trajectories are closed).

Solution

1. By local Lipschitz regularity of the right hand side, the Cauchy-Lipschitz
theorem asserts that there is a local solution, i.e., defined on a maximal interval
[0, T*]. We can write

mi(0) = ekl > o,

and, same thing for n,.

2. Set ¢; = Inn; and write
0 — pi — = — qe??
5P =1 —any =3 —ae??,

8%('02 = —rn — bn1 = —n + b@‘pl.
This is a Hamiltonian system and the Hamiltonian is constant along trajectories
H(f) = —rl(pz(t) + ae‘pzm — rz(pl(t) + be(pl(t) = H(O)

This proves that the ¢;(¢) remain bounded from above and below, and thus that
solutions are global.
. fll = Vz/b, flz = rl/a.
4. In each quadrant defined by the origin (11, n2), we can write n; as a function of
n, (or vice versa) and conclude from that.

W

|
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Exercise Let 2 be a smooth bounded domain. Consider smooth positive solutions
of the Lotka-Volterra equation with diffusion and a Neumann boundary condition

b

mm —diAny = [ 1 —an),

31y — dyAny = my|—ry + bny),

%:0 on 02, i=1, 2,

v

where d;, d», r1, 3, a and b are positive constants and the initial data n? are
positive.

1. Consider the quantity m(t) = [, [bn(t,x) + ana(t,x)]dx. Show that m(t) <
m(0)e” and find the value r.
2. Show that the convex entropy

E(@t) = / [—r1Inny + any — ro Inny + bny|dx,
Q

a) is bounded from below, b) is decreasing.

Conclude that m(t) is bounded.
3. What finite integral do we obtain from the entropy dissipation?
3. Assume that the quantities V Inn;(t, x) converge, as t — 00,

a. What are their limits?
b. What can you conclude about the behavior of n;(t, x) as t — co0?

2.7 Problem

Let €2 a smooth bounded domain. Consider smooth positive solutions of the Lotka-
Volterra system with diffusion and Neumann boundary condition

%n,-—D,-An,-—}—a,-(x)n,-:n,-r,-(t), t>0,xe, i=12,...,1,
=0 on0Q, i=12,...1

ni(t = 0,x) = nd(x),

with the nonlinearity defined, for some given functions (1//i (x))i=1 by

ri(t) = RL(/S; Y (xo)n(t,x)dx, . . ., /Q Y (x)n(t, x)dx).
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1. We give real numbers A;. Show that the solution can be written as n;(f,x) =
pi(H)n;(t, x) with n; the solution of

Dfii— DR + ai(0)i; = A, 1>0,x€Q, i=12,...1
=0 ondQ, i=12,...1

ni(t=0,x) = n?(x).

Identify the evolution equation giving the p;(z) in terms of the 7;.

2. Assume that 0 is the first eigenvalue of the operator u +— D;Au + [a;(x) — A,
associated with the positive eigenfunction N;(x), that n(t,x) — aN(x) in all
L7 (R%) as t — O (this is a standard consequence of the Krein-Rutman theorem)
and that R(+00) < 0 and R(—o0) > 0. Show that the long term dynamic is
given by that of the equation

8() = o) R(e(a / VNG,

and that n(z, x) converges generically to a steady state pN(x) as t — oo.
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Chapter 3
Weak Solutions of Parabolic Equations
in Whole Space

So far, we have manipulated parabolic equations in a formal way, integrating in
the whole space and writing mass, entropy or energy equalities with the claim that
solutions vanish at infinity. Here we introduce precisely what is the concept of weak
solutions and justify these integrations by parts.

This chapter is solely of mathematical interest.

3.1 Weak Solutions in the Sense of Distributions

So far, our statements always concern weak solutions u € C (R+;L2(Rd)) to
parabolic equations of the type

W_Au=f inR9
3.1

u(t = 0,x) = u’(x).

According to the general theory of distributions, these are defined through a
formal integration by parts against a test function ®(¢, x)

Definition 3.1 Letf € L] (RT xRY), u® € L] (R?). A functionu € L] (Rt xR?)

loc loc
is a weak solution (or a distributional solution) of (3.1) if we have

[7 [ et - soiacar= [~ [ sevoeaa

+ / u’(x)®(r = 0, x) dx, (3.2)
]Rd
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for all test functions ® € D([O, ~+00) X Rd).l We can also consider locally bounded
measures or derivatives of functions here.

In particular, when u(z, x) is a C? function, this holds obviously true.

Variants of this definition are possible (all of them are equivalent and we show
that later). When u € C(R™; L} (R?)), in place of (3.2), one can also use that for
all7 >0

’ I
/]Rd w(T,x)®(T, x) dx +/O /]Rd u(t,x)[—w — AD] dx dt

o0
= / / F(t, x)®(1, x) dx dr + / W (x)®(r = 0, x) dx.
0o Jrd R4
(3.3)
This relation also holds when u € L] (RT x R9) at all Lebesgue points 7 of
Jra u(t, x)®(1, x) dx.
Weak solutions of linear equations enjoy many properties that justify the interest

of this notion. This is the goal of this chapter to show that they can be manipulated
as classical solutions.

3.2 Stability of Weak Solutions

The first useful property of weak solutions is that they are compatible with weak
limits.

Consider a sequence of weak solutions u, of (3.1) corresponding to data u and f,.
Assume convergence in some weak topology (for example L2, L', M' (measures))

u® — O, fu —Ff, U, — U.

Then we have the
Lemma 3.2 In this situation the limit u is a weak solution of (3.1).

Proof By definition of weak solution, for a test function ® € D([O, ~+00) x Rd) we

have
[ [ w5~ avtacar= [ [ o0

+/ uS(x)CD(t =0, x) dx,
R4

I'D is the vector space of C*° functions with compact supports.
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but @ being fixed, and by the very definition of weak convergence, we can pass to
the limit as n — oo and recover the relation (3.2). O

3.3 Mass Conservation and Truncation

Among the desirable properties of solutions is that the mass conservation law holds
true. In other words we can integrate in the whole space and not bother with the
‘boundary terms at infinity’. This is indeed true

Proposition 3.3 Assume u°(x) € L'(RY), f € L'([0,T] x RY) for all T > 0. Let
u € LY([0,T) x RY) for all T > 0 be a weak solution of (3.1), then fRd u(t,x)dx €
C(R™) and

Ad u(t, x)dx = /(;t/Rdf(s’x)dx ds + /Rd W0 (%) dx.

Another equivalent statement is that, in the weak sense,

i u(t,x)dx:/ f(t, x)dx. 3.4)
dt Jga R

We point out that it is necessary and important that we know a priori that the
functions u°, f, u are integrable. For f = 0, uY = 0, there are non-zero solutions of
the heat equation with a super-exponential growth at infinity.

Proof (Truncation Method) In Definition 3.1, we can use a test function yg(x) with
x€D®), 0=x()=1, xr(¥) = x(%)

x(x) =1 for |x| <1, x(x) =0 for |x| > 2.

(3.5)
We have for any test function ¢ € D(R™) and ®(t,x) = ¢ (¢) yr(x),
_/0 /Rd u(t, x) xr(x)p' (1) = /0 /Rd [u(t, x) Ayr(x) + £ (1. x) xr ()] $ (1)
+ / 1’ () xr(x)$ (0).
R4

Because Ayg(x) = 2 Ax(%) and u, u° and f belong to L' ([0, T) x R), we can
let R — oo and obtain, using the Lebesgue Dominated Convergence theorem, that

- /0 ” /}; ) u(t,x)¢' (1) = /0 ” /R J@080) + /R , u’(x)$(0).
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In other words, the functions defined as M, (f) = fRd u(t,x)dx and Ms(t) =
Jgaf(t,x)dx are related through

- / M, () (1) = / My (1) + / () 0). (3.6)
0 0 R4

This is the meaning of (3.4). However, because M, (1), My () are simply L| (RT)
functions, we cannot derive immediately the integral form directly.

Proof of Mass Balance Equation Let T > 0, we would like to use the test function
¢ (1) = 1go<,<7y in (3.6) and use that ¢’ (1) = —6(t —T).

It is not an admissible test function but we can choose a sequence of functions
¢, € D(R) with ¢, decreasing in ¢ and increasing in n, ¢,,(f) < ¢(¢) and ¢, (r) = 1
in [0, T — 1/n] (n large enough). Then we have from equality (3.6)

- /0 M08 = /0 " M) + /R W = /0 Mo + /R i),

still by the Lebesgue Dominated Convergence theorem applied to My.

Because —¢, (¢) can be chosen as any nonnegative approximation of §(t — T'), we
deduce that M, is continuous at 7. Indeed, at each Lebesgue point T of M, one can
also pass to the limit in the left hand side of the above formula and obtain

T
M(T) = /0 My (t)dt + /R ) u® (x).

This concludes the proof of the integral version of (3.4) and of Proposition 3.5. O

3.4 Regularization of Weak Solutions (Space)

The definition of weak solutions is by duality, a linear statement. However,
several nonlinear properties of weak solutions can be derived from a regularization
argument that we give now. It uses the regularization method

Definition 3.4 A regularizing kernel w,, is a family of functions satisfying the
properties
I x d
we(x) = — o(=), w € D(RY), w >0, w=1. (3.7
& & R4

We regularize functions by convolution and set

w) = o1 = [ o=y = [ .0ty
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For 1 <p < oo and u € I’ (R?), we have w, * u € C* N LP(R?) and

ol = [ 0.0t~ lirads = s
R

More important is that for 1 < p < oo, we have [1, 2]

W * U —> U in L/ (RY).
e—>0

Proposition 3.5 (Regularization of Weak Solutions) Ler w. be a regularizing
kernel, f € C(}R'F;Ll (Rd)) and u’(x) € L'(R?). For a weak solution of (3.1),
u € L'([0,T] x RY) VYT > 0, then w, * u belongs to C' (R+;C2(Rd)) and is a

classical solution of (3.1) for a regularized right hand side w. * f and initial data

g * ul.

Corollary 3.6 (Entropy Inequalities) Consequently for any C?, sublinear and
convex function S : R — R, we have, in the weak sense,

a%S(u(l, x)) — AS(u(t,x)) < 8 (u(t, x))f(t.x).

and also

/;W S(u(t,x))dx < /Ot/Rd S/(u(s,x))f(s,x)dxds +/ S(uo(x))dx, a.e.

R4
/ |u(t,x)|dx§// |f(s,x)|dxds+/ |u® (x)|dx, a.e. (3.8)
Rd 0 JRrI RY

Proof of Proposition 3.5 We use the test function ®(z,x) = ¢ (H)w.(y — x) with a
fixed vector y € RY and ¢ € D(R™) a given test function. For this choice, the
Definition 3.2 gives

o 0
/0 [—u(t) * a)g(y)(.)—(ltS — u(r) * Aws(y)¢(t):| dt

- /0 1) % 0. 0P + 1 % 0. () 0).

We set u.(t,x) = u * w, f:(t,x) = f * w,, these are two smooth functions in x
and the above equality can also be written (changing the name of the variable from
y to x)

/ ” [—us(r, 9%~ Au x)¢>(r)} dr = / " L0 0dt + 129 0).
0 t 0
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We fix x and set G = f, + Au, € L}

b (RT), and we rewrite the above equality as

_ / w09 ()t = / " Gp0di + g (0),
0 0

for all test functions ¢ € D(RT). Then we first conclude that u, € C(R™) with the
argument at the end of the proof of Proposition 3.3 (choosing ¢, — 1{p<;<7}) and

u.(t,x) = /Ot G(s,x)ds + ug(x).

This proves that Au, € C(R™) (because Au, = Aw, * u while u, = w, * u, and the
argument also applies with Aw, in place of w,). Therefore, G € C(R™) and thus
u; € CY(R™).

|

Proof of Corollary 3.6 The proof is more involved because this inequality is a
nonlinear statement. We still use the regularization argument and consider the C! C?
function u, = u * w,. It satisfies

ad

% — Au, = f * w,.
We now use a function S(-) : R — [0, co) with the properties: it is smooth, it is a
sublinear convex function, S(0) = 0 (see Fig. 3.1 for an example). Then, using the
chain rule, we also have

S (uz)

ot — AS(ue) = _S//(ua)lvuslz + S/("‘s)f *We = S/(ua)f * We.

Because S(u,) € C(R+; L (Rd)), we can use the truncation argument of Sect. 3.3 to
integrate and find

/Rd S(us(z‘, x))dx < /Ot/Rd S’(,,,E(s,x))f(s,x)dxds + /]Rd S(ug(x))dx.

As & — 0, we have u; — u and S(u,) — S(u) strongly in L' ((0, T) x R?), VT > 0.
Therefore, we obtain the desired inequality

/Rd S(u(t,x))dx < /Ot/Rd S’(u(s,x))f(s,x)dxds + /]Rd S(uo(x))dx. (3.9

In order to handle the singular case of the absolute value, we need more work. We
may choose a family Ss(-) of smooth functions as above that regularizes the absolute
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Fig. 3.1 The function Ss(u) Ss (u)

that regularizes |u| ]
u

[ ]
[ ]
<

—26 26

value. The Ss(-) can fulfill the following properties (see Fig. 3.1 for an illustration):

Ss(+) is smooth, even and convex, max (0, |u| — 8) < Ss(u) < |ul,

0 < sgn(u)Ss(u) <1, 0 < 585(u) < Ss(u).

(3.10)
Then, (3.9) gives
t
/ Ss (u(t, x))dx < / / If (s, x)|dxds + / |u0(x)|dx
R4 0 JRd R4
and passing to the strong limit as § — 0 we find the inequality (3.8). O

Exercise Write and prove the same statement than those of Proposition 3.5 in
L*(R?) in place of L' (R) and in particular,

t
)2y < /0 1) 2 s + 12

3.5 Regularization of Weak Solutions (Time)

A direct way to relax the continuity assumptions in time is to use an additional
regularization argument in time. To do so, there is a technical issue because t > 0
and we have to be careful when using convolution. This is the reason why we
introduce an asymmetric regularizing kernel @, this is a function satisfying the
properties

@eD®), ®>0,  @(s)=0fors>0, /@:1. @3.11)
R4
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Then, we can regularize a function u(f) : RT™ — R by convolution with the usual
formula

w %, u(t) = / w(t — s)u(s)ds.
R

It is well defined because we have t — s < 0 and thus for r > 0 we have s > 0.

Theorem 3.7 Let f € L! ((0, T) x Rd) VT > 0, and u’(x) € L'(RY). For a weak
solution of (3.1), u € Ll([O, 7] % Rd) VT > 0, then (cb(t)a)(x)) * u belongs to
C! (R+; CZ(Rd)) and is a classical solution of (3.1) for a regularized right hand
side (cb(t)w(x)) * f and initial data w * u’. Moreover

/|u(t,x)|dx§// |f(s,x)|dxds+/ |u® (x)|dx a.e. (3.12)
Re 0 Jrd Re

We simply write the main idea of the proof.

Proof We fix the space regularization kernel w and use a regularizing kernel in time
Wy = al@(g). We define the smooth functions

Uy(t,x) = (cf)a(t)a)(x)) * U, Fo(t,x) = (cf)a(t)a)(x)) * f.

We use the test function ®(s,y) = @y (t — s)w(x — y) in the definition of weak
solutions of (3.1) written with the variables (s, y). Since @, () = 0 for t > 0, we
find that the heat equation holds in the classical sense

oU,
ot

— AU, = F,, >0, xeR%

But the initial data is not recovered and we have to prove that

1Ua (0, x) — @ * u®(x) || 11 ) — 0. (3.13)

We use again the argument in Sect. 3.3, which proves that we may use the test
function in time ¢ (s) = 1{p<;<y to find for all x € R?

t
w * u(t,x) = / [A(w * u) + o * f](s, x)ds + o * u°, ae.t>0,
0
and thus integrating in time with the weight ®(0 — ), we find

Uy(0,x) = /cba(—t) /t [A(w * u) + o * f](s, x)ds dt + o * u°.
s=0
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With Ry (s) = [.”° @, (—1)dt, this can be written as
o0
Uy (0,x) —w % u’(x) = / Ro(8)[A(w * u) + w *f](s, x)ds == 0, Vx e RY,
0 o—>

because 0 < Ry(s) < 1, Ry(s) == 0 a.e. in (0, 00). The result (3.13) follows
o—>

because, choosing o sufficiently small, the support of R, is less than a constant
C = O(a) and

00 C
| / Ry (9)[A(w * u) + w * f](s, x)ds| < / |A(w * u) + w * f](s, x)|ds,
0 0

this is a fixed L' function, and we can apply the Lebesgue Dominated Convergence
theorem.

In order to prove (3.12), we remark that this allows us to also recover the
inequality

t
/ S(Uq(t.x))dx < / / S'(Ua (1, %)) Fo(t, x)dx ds + / S(UY(x))dx.
Rd s=0 JRd Rd
And in the limit « — 0, we obtain
t
/ S(a) *u(t, x))dx < / / S’(a) *u(t, x)) w *f(t,x)dx ds+/ S(a) * uo(x))dx.
R4 s=0 JRI R4

We are back in the situation of Sect. 3.4, simply change  in w;. O

3.6 Uniqueness of Weak Solutions

Uniqueness is a direct consequence of the regularization method. Namely, we have
the

Proposition 3.8 Let f € L'([0,T] x RY) VT > 0, u®(x) € L' (RY) then there is at
most one weak solution u € L'([0, T] x RY) YT > 0 of (3.1).

Proof Indeed, subtracting two possible solutions u; and u,, we find a solution of
(3.1) with f = 0, u® = 0. Applying the inequality (3.12), we find

/ lr(1.3) — a1, 0)\dx < O,
]Rd

which implies that u; = u,. |
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3.7 Positivity of Weak Solutions of Lotka-Volterra Type
Equations

The arguments of regularization and truncation are also useful to prove the positivity
of weak solutions stated in Lemma 1.1, that is, we consider a weak solution u €
C(RT:L*(R?)) to the parabolic equations
d o Td
5 — An = nR(t, x) in RY,

(3.14)
n(t =0,x) = n°(x).

Then we have

Lemma 3.9 Assume that the initial data n° is a nonnegative function in L*(R?) and
that there is a locally bounded function T (t) such that |R(t,x)| < T'(¢). Then, the
weak solutions in C(R+; r? (Rd)) to the Lotka-Volterra system (1.1) satisfy n(t, x) >
0.

Proof Again we are going to prove that the negative part vanishes following the
method of Stampacchia. We set p = —n, p+ = max(0, p) and we have to justify
that the equation holds

1d
27t f (p(t,x))idx+/Rd V)| = /Rd (p(t.%)) R < T(1) /Rd (p(1.))’.
(3.15)

To do so, we can regularize with a smoothing kernel w,(:) and write first

0
5,0 ¥ P~ Awe xp = w: % (p R).

Then we handle a smooth function (C* in x and C! in time if the R are continuous
in time) as shown in Sect. 3.4. We can also use a truncation function yg(-) as defined
in (3.5). We obtain

9
7 ARDe %P — A[yrwe * p] = rwe * (p R) — 2V xgVw, * p — we x pAxg.

Therefore, the chain rule indeed gives

1d

2 2
35 L G s a0t [ |90 0514

= /;Qd (XRa)g *p(t,x))+)(Rwa * (p R)

—2 /d (xrwe * p(1,%)) [V xrV@; * p — 0 % pAygldx
R
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and thus for § > 0

1 2 t

3 Jra ()(Rws * p(t, x))+dx < o Jra ()(Ra)g *p(s,x))+)(Ra)£ * (p(s) R(s))ds

+8 J fa (Xre % P2+ 2 [ fia [|V AV % I + |0 % pAyl]de.

In the above expression, the last integral vanishes because |V yg| < C/R and
|Ayg| < C/R?* while Vo, * p and w, * p are L? functions because p is.

Therefore, using the Lebesgue Dominated Convergence theorem, we can pass to
the limit at R — oo and obtain

l/Rd (00 % p(t, ), dx < /Of/Rd (00 % p(s.1)) , 0. * (p(s) R(s))ds

2
5 /0 t /R (@ p60)’

Then, we let ¢ — 0 and obtain
L foa (0. 0)) 5 dx < [ fi (0(5.0) , (p(5) RS + 8 [y fra (p(5.))%
< K06 + 1] fp (5.0}
Because I'(¢) is locally bounded the Gronwall lemma implies that fRd (p(t, x))i_dx =
0 and therefore, p(z, x) < 0 almost everywhere.

Exercise Prove the same positivity result in L! in place of L2

Hint. replace (u)i by a convex function with linear growth at infinity.

3.8 Positivity of Weak Solutions of Reaction Kinetic
Equations

In the same way, we consider a weak solution u € C(R™; L*(R?)) to the parabolic
equations

% — An 4+ nR(t,x) = Q(t, x) in R?,

(3.16)
n(t = 0,x) = n’(x).

Lemma 3.10 Assume |R(t,x)| < T'(t) with T € L2(RT) and Q € C(RT; L*(RY)).
IfQ> 0 and n® > 0, thenn > 0.

We leave the proof as an exercise.
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3.9 Heat Kernel and Explicit Solutions

3.9.1 Fundamental Solution

Before solving a nonlinear problem with (z, x) dependent coefficients as (3.16), it
is usual (see [2, 4]) to look for the fundamental solution, which is called the heat
kernel in the particular case of the heat equation. This is to solve the PDE with the
initial data a Dirac mass, which is the problem

K _AK=0 inR‘
K(t=0,x) = §(x).

(3.17)

Lemma 3.11 The fundamental solution of the heat equation is given by the explicit
form

1 Ix|2

K(t,x) = WE_T. (318)

This means that for all test functions ® € D([0, T) x RY) there holds

T
/ / K(t,x) |:—83—¢—Aq>i| dxdt = &t =0,x=0). (3.19)
0 R4 t

Notice that

/d K, x)dx =1 V>0, (3.20)
R

K(e,x) — §(x) as ¢ — 07 in the weak sense of measures. (3.21)

Proof For ¢ > 0 sufficiently small, we have, by integration by parts,

T
/ / K(t,x) |:_3_¢_Aq{| dx dt
e R4 a[

= K(e,x)® (e, x)dx + —K—AK d
J. [ L[5 -ee]

and one readily checks that %—[f — AK = 0 for ¢ > 0 (left as an exercise). Therefore,
we arrive at

T a0
/0 /Rd K(t,x) [—w - ACI>:| dx dt = /]Rd K(e,x)®(e, x)dx

+/ / K(t,x) |:_8;(> — ACI>:| dx dr.
0 R4 31‘
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As ¢ — 0, we obtain (3.19) because we may use (3.21) to pass to the limit in the
first term in the right hand side and we may use (3.20) to bound

€ €
/ / K(t, x) dx dr < / sup
0 R4 0 X

Once the fundamental solution is known, one can also solve the Cauchy problem

9P
— A

0P
—— —AD
ot

dt < Ce.
ot =t

|

W_Au=0 iR’
u(t = 0,x) = u’(x) € I’ (RY).

Its solution is given by the convolution

u(t,x) = u’ * K(1) = / WK (t,x —y)dy € C(R+;LP(Rd)), 1 <p<oo,
R4
(3.22)

and for p = oo one has u € L®(RT x RY).

When 1’ is smooth with sub-exponential growth (so as to be able to integrate in
the convolution formula), this formula still makes sense and it is the smooth solution
of the heat equation (but we only consider cases with integrability here).

3.9.2 Time Decay

For u® € I7(R%), 1 < p < o0, this formula defines a function u € C*((0, co) x RY),
which is the solution of the heat equation. Because we work in the full space the
solution spreads, and thus decays when it is measured in the appropriate norms (not
L")

Lemma 3.12 (Decay Estimates) The solution of the equation satisfies

1@ty < 1y / wmwzj'w@a (3.23)
Rd) Rd)

_ ’ 1 1
lu()llp ey < C@.p) 7 0 pgay, = =1- > (3.24)

/

An interesting conclusion is that the higher the norm under consideration, the
faster is the time decay.

Proof Using convolution inequalities, we have, thanks to (3.20),

0 0 0
Nl ey = lu” * KO llp@ay < 6 o ey IK@O | ey = 11" || 1 (ra)
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which proves the first result of (3.23). The second one follows, for u’ € L!'(R?),
from

/Rd u(t,x)dx = /Rd /Rd W0 (VK (1, x — y)dydx = /Rd W (y)dy.

We also have

0
@Ol ey < |l Lt ey 1K (D) | 2 ety »

and

1 ol (2xt/p)*?
P _ pll*/@0 g, — 2T
”K(t)| (R4 — (27[[)Pd/2 /Rd € dx (27tl)pd/2 ?

Q(L_l)
IKO Il may < C(d, p)e2'r .
This gives (3.24), but with a constant which is not optimal despite the simplicity of

the argument. O

A phenomena that is related to these decay estimates is diffusion. Consider u® >
0 and thus u(z,x) > 0 because K(¢,y) > 0. Then we have

/Rd u(t, x) = /Rd /Rd u’(x — y)K(t, y)dy dx = /Rd WO () = M,

and this equality is a special case of (3.4). But we also have

/ xPut,x) = [ [ W= K3 (= y2 = 20— yoy) + [yP)dy dx
R4 R4 JRRd
- / xPu () + M / WPK . y)dy
Rd Rd

:/ |x|2u® (x)dx + dMt,
R4

and using the truncation argument, this equality is also obtained directly in
multiplying the heat equation by |x|? and integrating over R?.

The interpretation, together with the examples of Chap. 1, is as follows. Having
in mind that individuals move randomly, their number is fixed, but they scatter
further and further away from their initial position. The evaluation of the diffusion
coefficient is often based on the measure of the second moment of the distribution:
if it grows linearly in time, this is a sign of a normal diffusion and the slope gives
the diffusion coefficient.
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3.9.3 Right Hand Sides

Consequently, one can also find the solution of the inhomogeneous equation

& —Au=Q(tx) inRY

(3.25)
u(t = 0,x) = u’(x).

It is simply given by the Duhamel formula
t
u(t,x) = / / K(t —s,x—y)O(s, y)dy ds + K % u°(x)
0 JR?
t
= / / K(t—5,y)0(s.x — y)dy ds + K % u(x).
0 JR?

An equivalent statement is that J(z,x) = for K(t — s,x)ds satisfies (left as an
exercise)

Y_AJ=68(x  inR9
J(t=0,x) =0.

The simplest a priori bounds for the solutions of (3.25) are now written (because
the integral of a norm is less than the norm of the integral)

t
Ol < [ [ KG=5.9106. = Dlnds ds

+ [ K=y

t
u(@® | ey < /0 1)l ey ds + 1u®]| 1y gy (3.26)

still using the integral of K in (3.20).
Exercise Show that

1. for Q € L([0, T] x RY), we have [, u(t,x)dx = [; Q(s,y)dy ds,
2. for Q € L'([0, T]; L7 (RY)), we have

2a. [lu@®llp@ey < fo 1Q©) |1 @ayds. forall p € [1, 00),

2b. u € C([0,T]: L/ (RY)) forall 1 < p < oc.
3. For Q € L' ([0, T]; L® (R?)), we have u € L ([0, T] x RY).
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3.10 Nonlinear Problems

We present some examples of semilinear equations (the right hand side is nonlinear)
and, for problems where nonlinearities arise in higher order terms, we refer to [2, 3,
5] and the references therein.

3.10.1 A General Result for Lipschitz Nonlinearities

The most standard existence theory consists of Lipschitz continuous nonlinearities
in L7 (R%), with 1 < p < oo,

0 .

o — Au = O(x, [u(1)]) in R4,

(3.27)
u(t =0,x) = u’(x) € I’ (RY).

With this notation Q(x, [u(#)]) we mean that Q might depend in a non-local way (in
x) on u(t, x) and examples are given later.
To begin, we make two assumptions

10Cx, [uD) | ray < Mollullp(ra). (3.28)
1Q(x, [u]) — Q(x. [VDlr may < Lollu — vl ga).- (3.29)

Theorem 3.13 (Global Existence for the Nonlinear Heat Equation) With the
assumptions (3.28)~(3.29) and u’(x) € LP(R?) with 1 < p < oo, then there is a
unique weak solution u € C(R*; L7 (R?)) of (3.27).

Proof We follow the standard proof of the Cauchy-Lipschitz theorem and consider
a small T (to be chosen later), the Banach space E = C([O, T, LF (Rd)) and the
mapping @ : E — E defined by u = ®(v) is the solution of the equation of the type
(3.25)

U Au=Q[v() inRLO<r<T.
(3.30)
u(t =0,x) = u’(x) € L/ (RY).

Notice that u € E because of assumption (3.28) and estimate (3.26).
We claim that for T sufficiently small, ® is a strong contraction because

|[@(v1) — P(W2) e < LoT||vi — v2|l£.
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Indeed, from the property (3.26) of the solutions of (3.25) we have, using
assumption (3.29),

it (1) — 10) 1ty < /0 10 [01(5)]) — Qs. [v2(5)]) lp s

<Lp /Of [v1(s) — v2($) | (rayds,
and thus
lur —uz|le < LoT||vi — v2llE-
Now choose 7 such that LoT = 1/2. The Banach-Picard fixed point theorem

asserts there is a unique fixed point . This is the unique solution of (3.27) in [0, T7.
We can iterate the argument to build a solution in [T, 271, 27, 3T, etc. O

3.10.2 Example 1

Consider the local nonlinear problem

% — Au = Q(u),
(3.31)
u(t = 0,x) = u’(x) € L’ (RY), 1 <p<oo,
with
0(0) =0, Q) <Lo  (and thus |Q(u)| < Lolul). (3.32)

Corollary 3.14 With assumption (3.32), there is a unique solution of (3.31) in
C([O, T); L? (Rd)). If. in addition, u® € L®(R?), then

u(®) || oo (ray < ||”0||L°°(]Rd)eLQt-
Proof For the first statement, we can apply Theorem 3.13 because both assumptions
(3.28) and (3.29) are satisfied (the details are left to the reader).

For the L bound, we use that u(t, x) = K % u’(x) + [y [pa K(t —5,5)Qu)(s, x—
v)dy ds, then

t
0 0
||“(f)||L°°(Rd) < lu ||L°°(]Rd) +/0 ||Q('4(S))||L°°(Rd) d =< |u ||L°°(Rd)

t
+Lo / 104(5) 0w gty s
0

We conclude thanks to the Gronwall lemma. O
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Notice that, when u° € L' N L%®(RY), we obtain the same solution in all 7.
This can be seen from the construction by Picard iterations of the fixed point in
Theorem 3.13. The uniqueness of the weak solution u for a given Q(v) shows that
the Picard iterations are the same for all L”.

3.10.3 Example 2

Consider now the Fisher/KPP equation
ou
L — Au=u(l —u),
K (3.33)
u(t=0,x) = uo(x) with0 <u® <1, u®e L' NL®RY).

Theorem 3.13 cannot be applied directly because u +— u(1 — u) is not Lipschitz
continuous on R. Nevertheless, based on a priori bounds, a small variant leads to the

Corollary 3.15 There is a unique solution of (3.33), u € C (R+; r’ (Rd)), 1<p<
oo with

0 <u(tx) <1.

Proof Define Q(u) = min(1,u4+)(1 — u). This a Lipschitz continuous function
vanishing at 0 and there is a solution of (3.31) with this right hand side thanks
to Corollary 3.14.

The solution is nonnegative because we can write Q(u) = uR(u) (left as exercise)
and we can apply the positivity result of Sect. 3.7 and u > 0.

The solution is less than 1 because v = 1 — u satisfies

v _
ot

v(it=0,x)=1—ux) > 0.

Av = —vmin(1, u),

Again from Sect. 3.7, v is nonnegative, which means that u < 1.
Therefore, for the solution we also have Q(1) = u(1 —u) and the result is proved.

0
3.10.4 Example 3
Consider the nonlocal Fisher/KPP equation
du
P — Au=u(l —M *u),
o (3.34)

u(t = 0,x) = u’(x) with u® >0, u® e L' N L®(RY).
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Here we assume that

M e L' N L®(RY), M >0, M=1. (3.35)
Rd

Again we cannot apply directly Theorem 3.13 because of the quadratic aspect of
the nonlinearity. Nevertheless a variant holds

Corollary 3.16 With the assumption (3.35), there is a unique solution of (3.34),
ue C(RT;P(RY)), 1 < p < oo with

0 < M(l, x) < ||u0||L00(Rd)et.

And the bound # < 1 is lost for this nonlinear problem, which makes it interesting
and its ability to create localized patterns as we see it later.

Proof We fix T and prove the result for the time interval (0, 7). We define
O([u]) = min(|[u’ || oo gaye” ut) (1 =M * u).

As in Example 2, Q being Lipschitz in L7, there is a solution with the right hand
side Q (it is global but we consider it only in the time interval (0, T)). Because we
can write Q(#) = uR(u) we have u > 0. Thus, Q(u) < u and we can apply the
L% bound developed for (3.25) and find 0 < u(t,x) < [|u°] oo rdye'. Therefore,
Q(u) = u(1 — M * u) and we have in fact solved Eq. (3.35) in (0, 7) for all T > 0.

O
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Chapter 4
Traveling Waves

The relaxation results in Chap. 2 show that in bounded domains and with small
nonlinearities we cannot expect spectacular behavior for solutions of reaction-
diffusion equations. The situation is different when working in the whole space
and, whatever the size of the nonlinearity, one can observe a first possible type of
interesting behavior: traveling waves.

This chapter gives several examples motivated by models from biology even
though combustion waves [32] or phase transitions (Allen-Cahn equation) are
among the most famous examples of traveling waves. Historically, in 1930 Fisher
[15] described the first model of wave propagation for a genetic advantage. But
Kolmorov, Petrovski and Piskunov, [21], in 1937, presented the first mathematical
analysis.

In biology, the name of Fisher [15] is associated with genetic invasion fronts.
Traveling waves can also be epidemic spreads, such as bubonic plague in Europe
in the fourteenth century (see Fig. 4.1). An example in neuroscience is calcium
pulses propagating along a nerve, and these motivated J. Evans to introduce the so-
called Evans function [13] for studying their stability. In ecology, traveling waves
can describe the progress of an invasive species in an uncolonized environment.
Moreover, experimental measurements also confirm that an invasion front moves
approximately with constant speed, as predicted by reaction-diffusion equations.
J.G. Skellam [30] reached the same conclusion by fitting to a linear distribution,
the square root of the area occupied by muskrats, a North American species that
escaped from a farm near Prague, see Fig. 4.1.

© Springer International Publishing Switzerland 2015 57
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e Breslau

Fig. 4.1 Left: propagation of plague through Europe in the middle of the fourteenth cen-
tury. Source: http://commons.wikimedia.org/wiki/File:Bubonic_plague_map.png. Right: spread of
muskrats in the Czech Republic after J. G. Skellam and Ch. Elton. Reprinted from A. Okubo and
P. Kareiva, Chap. 6 “Some examples of animal diffusion” in [28]

4.1 Setting the Problem

The simplest example is to consider the single equation

8, = f(u) >0 xeR @.1)
8tu axzu— u, >0, x R .

where f(u) denotes a reaction term and u(f,x) € R7 is the solution. It is usual that
f(u) allows two constant stationary states, say f(0) = f(1) = 0.

A first example is the so-called monostable equation (also called the Fisher/KPP
equation) when

J) = u(l —u)

A simple observation is as follows: the steady state # = 0 is unconditionally
unstable. This means that any homogeneous small initial perturbation §u® will give,
for short times, an exponential growth u ~ ¢'’§u’. But the steady state u = 1 is
unconditionally stable; for any homogeneous small initial perturbation u® ~ 1, the
solution will relax exponentially to 1. These are the reasons why we expect that
the ‘colonized’ state # = 1 invades the ‘uncolonized’ sate u = 0. To describe this
invasion process, we look for solution u(t, x) = v(x — ct).

Definition 4.1 A traveling wave solution is a solution of the form u(t, x) = v(x—ct)
with ¢ € R a constant called the wave speed or the traveling speed. We say it
connects the states 1 and 0 if v(—o00) = 1, v(co) = 0. See Fig. 4.2 for the example
of Fisher/KPP wave.


http://commons.wikimedia.org/wiki/File:Bubonic_ plague_ map.png
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Fig. 4.2 Traveling wave 1.0
solution to the Fisher/KPP 0.9
equation (4.28) in the 0.8
physical space. Abscissae x, 0.7 ]
ordinates u(x) 0.6 1
05
04
03
0.2
0.1
0.0 4 ————————— ‘ ‘ ‘ ‘

This definition can be applied to a wide range of nonlinearities f and to systems.
A second example is the bistable equation (also called the Allen-Cahn equation)

f(w) = u(l —u)(u—10), 0<6<l.

When ¢ > 0, this expresses that state v = 1 invades state v = 0 and vice-versa.
From Definition 4.1, we arrive at a simple equation, which determines both the
wave speed ¢ and the wave profile v

—v"(x) — cv'(x) = f(v(v)). x € R,
(4.2)
v(—00) =1, v(400) = 0.

Notice that this problem is translational invariant that means that, for all a € R,
v(x + a) is also a solution. Therefore, we can, for example, normalize it with
v(0) = %

There are two useful general observations. The first consists in integrating over
the line and, because we expect that v’(—o0) = v’(c0) = 0 (or at least we can find

two sequences xjf — 00, where we can apply the reasoning), we find
o0
c= / f(v(x))dx. 4.3)
—00

The second observation is to compute the energy of the system
l(v’(x)z)/ +c(v'(0)?) + iF(v()c)) =0.
2 dx

with

F(u) = /Ouf(v)dv.
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Because v’ (—o0) = v'(00) = 0, we find

9] 1
c/_oo v (x)2dx = F(1) :/0 f()dv. (4.4)

For example in the monostable case (Fisher/KPP equation) and for solutions such
as 0 < v(x) < 1,f(-) = 0, these two equalities tell us that ¢ > 0. This means that
the state v = 1 is indeed invading. For the bistable case, we conclude from (4.4)
that the sign of ¢ depends on the value 6.

Exercise Show the additional relation
o0 o0 1
/ v (x)2dx = / (v(x) = )f (v)dv.
0o 2

—00 —

A question comes now, which is to know what properties of the steady states
imply that one can connect them by a traveling wave. Many examples [8, 10, 14, 31]
are treated in the literature and cover the cases

* 0is dynamically unstable (f’(0) > 0) and 1 is stable (f’(1) < 0); this is the case
in the monostable equation (Fisher/KPP equation),

e 0 and 1 are dynamically stable (f'(0) < 0, f'(1) < 0); this is the bistable case,

* the state 0 is dynamically unstable and 1 is Turing unstable (see Chap. 7) and they
can be connected by an unstable traveling wave. The example of the non-local
Fisher/KPP equation is treated in G. Nadin et al. [27]

» the state 0 is connected to itself by a special traveling wave called a pulse
(homoclinic orbits), this is typical of the FitzHugh-Nagumo and Hodgkin-Huxley
systems (electric pulse propagation along the axon), see [17].

We first give the simplest results when there is a unique pair (c*, v) that satisfies
Eq. (4.2). This is the case both for the Fisher/KPP equation with ignition temperature
and for the bistable equation. Then we turn to the more complicated case of the
monostable equation (Fisher/KPP equation), where there is an infinity of traveling
speeds, and finally we treat coupled systems of equations.

We begin with examples where the traveling wave can be computed analytically.

4.2 Analytical Example: The Fisher/KPP Equation
with Ignition Temperature

For 6 € (0, 1), © > 0, consider the discontinuous function

0 for 0<u<®é,
flu) = - (4.5)
u(l—u) for 6 <u<1l.
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We refer to Sect. 4.6 for the explanation of the terminology ‘ignition temperature’
for this case.

Lemma 4.2 For f given by (4.5), there is a unique solution (c*,v) of (4.2) such
that v is decreasing and normalized with v(0) = 6.

Proof We know from (4.3), (4.4) that ¢ should be positive. Thanks to the normaliza-
tion and because we look for a decreasing solution, for x < 0 we look for a solution
with v > 6 and the equation reads cv’ + v” + (1 —v) = 0. The solutions are all of
the form v = 1 —w with ew’ + w” — uw = 0 and thus w is a linear combination of
two exponential functions. Hence, we simply consider the characteristic polynomial,
that is, A2 + cA — n = 0. It has two roots of which only one is positive. Therefore,
the solution which is decaying to zero at —oo, is given by

1
v=1—(1=0)" x<0, Ay =2%rs(c):= E[—c+ Ve +4u]>0.

For x > 0 we look for v < 6 and the equation is cv’ 4+ v” = 0, which again has
a single decaying solution, namely

v=~0e% x>0.

It remains to check that v is differentiable at x = 0 (and v” has a jump at 0
because of the discontinuity of f at ), that is

(1-0)A+ = 0c.
d _ c . . . .
Because 2244 (c) = —1 + Jerin < 0, there is indeed a unique solution ¢* to
this equation. The explicit formulas show that v is decreasing. O

The traveling speed ¢* results from a combination of the solution behind and in
front of the transition point x = 0. For that reason it is called a pushed front.

Exercise Prove that a solution which satisfies v € (0, 1) is also decreasing and
unique.

4.3 Analytical Example: The Allen-Cahn (Bistable) Equation

We can extend the argument above to the bistable case. For 6 € (0,1), u > 0,
v > 0, consider the discontinuous function

F) = —vu for 0 <u <6, 4.6)
w(l—u) for 6 <u<1l.
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Lemma 4.3 For f given by (4.6), there is a unique solution (c*,v) of (4.2) with v
decreasing and normalized with v(0) = 6.

Proof Again we may compute the unique solutions of the linear equations in
(—00,0) and (0, 00). For x > 0, the equation is v"" + cv’ —vv = 0; the characteristic
polynomial A2 + cA — v = 0 has a unique negative root that gives us

v(x) = fe ™, A= % [c + Vet + 4v] .

The same occurs for x < 0, the equation is v”" +cv'—p(1—v) = 0, thatis, v = 1—w
with w” 4+ ew’ — uw = 0. This is a linear differential equation and the solutions are
exponentials e** with A2 4+ cA — 1 = 0. Therefore, there is a unique solution which
is decaying to O at infinity and it is given by

1
v =1— (-0, A= 2 [—c+ 2+ 4#].

To match the derivatives at x = 0, we have to impose

1,(0)0 = (1 — 0)A,(c).

d _ c d _ c
Observe that 2-24,(c) = 1 + T 0and 22A/(c) = —1 + N < 0 and
that the limits at 00 of A, are £00. This shows there is a unique ¢ that makes the
equality. O

Again, the traveling speed c¢* results from a combination of the solution behind
and in front of the transition point x = 0 and we still have a pushed front.

Exercise Build a similar example with # = 0, # = 1 unstable and conclude there
is no traveling wave connecting these states.

4.4 Analytical Example: The Fisher/KPP Equation

For 6 € (0, 1), u > 0, consider the continuous piecewise linear function

u(1—=0)u for 0 <u<6,

4.7
pno(1—u) for 6 <u<1l.

fl) =

Lemma 4.4 For f given by (4.7), there is a minimal speed c* = 2/ (1 — 6); for
all ¢ > ¢* there is a unique solution (c, v) of (4.2) normalized by v(0) = 0 and
with v decreasing.
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The solution v decays exponentially to 0 with the ‘slowest possible’ rate of decay
of the corresponding equation (see below, for ¢ = ¢* it is xe*=* not e*—).

Therefore, the situation is very different from the case of Lemma 4.2 where there
is a unique wave speed.

Proof For x < 0, we want v > 6 and the equation is
—cv' —v" = b1 —v).

Therefore, we find as in the proof of Lemma 4.2 that the unique solution that tends
to 1 at —oo is given by

1
v=1-(1-60)*" x<o0, A+=§[—c+ 2 +4u .
For x > 0, the equation is written as cv’ + v” + (1 — 8)v = 0. The new feature
is that both roots to the characteristic polynomial A2 + cA + u(1 — ) are negative.
Thus, there is a one parameter family of solutions which decay to 0 at infinity

1
v =0 tat —eY), x>0 Ut = E[_Ci 2 —4u(1-06)]<o.

Note that v is positive if, and only if, a > 0.
It remains to check that the derivatives match at x = 0, that is

—(1=0)Ay =bap— +a(py — p-).

or, making explicit the various expressions, our result is reduced to checking that
—(1=0)[—c+ V2 +4ub | = —0[c+ /2 —4u(l = 0) |+2a+/c> —4u(1 - 0) ,
c—(1—=0)V/A+4ub +0+/2—4u(1-0) =2a/c2—4u(l—10).

For any ¢ > c¢*, the left hand side is a positive quantity (this is left as an exercise).
Consequently, we can compute a unique a > 0 that satisfies this equality. This
corresponds to a positive and decreasing function v.

For ¢ = ¢* see the exercise below. O

Here we observe a different situation than before. The minimal traveling speed
c* is solely determined by the solution in front of the transition point x = 0 (in
fact by the decay at +00). For that reason it is called a pulled front see J. Garnier
etal. [18].



64 4 Traveling Waves

Exercise Consider the case ¢ = c*.

1. Show that for x > 0, v is given by fe*—* 4 axe’—* with a > 0.
2. Compute the compatibility relation for the derivatives.
3. Show that there is a unique solution (decaying or with values in (0, 1)).

Exercise For0 < ¢ < ¢*

1. Prove that there is no positive traveling wave.
2. Prove there may exist traveling waves but they change sign (oscillate) around
x =400,V =~ 0.

Exercise For 6 € (0, 1), u > 0, v > 0 we define the discontinuous piecewise linear
function

vu for 0<u<®,
Sflu) = - (4.8)
w(d—u) for 6 <u<l.

We consider the traveling wave problem, that is, to find for which c there is a
decreasing solution v to

—v"(x) — eV’ (x) = f(v(v)), x € R,
(4.9)

v(—00) =1, v(4+00) =0, v(0) = 6.

We always assume that ¢ > 2./v.

1. Give the expression of v for x < 0.
2. Give the one parameter family of decreasing solutions for x > 0 and indicate the
condition for the parameter.
. Give the matching condition on v’ at x = 0.
4. Characterize the minimal speed ¢* which is defined such that for ¢ > ¢* one can
find a traveling wave, for ¢ < ¢* there is no traveling wave.

W

Hint. The relation which gives the free parameter is

Flco):i=c—(1=0)ye2+4u + 02 -4 =2avc2—4v >0,

The function F is increasing in c. Therefore, for v sufficiently large, the minimal
speed is defined by ¢* = 2.,/v; this is as long as F(2./v) > 0, thatis, v > u ((91(2_—32).
For v smaller, then F(24/v) < 0 and ¢* is defined by F(c*) = 0.

The interest here is to show that ¢* > 2,/v when v is small, and thus there is an
interesting question to understand the general rule for this minimal speed.
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4.5 Analytical Solutions: Non-local Fisher/KPP Equation
(Problem)

We give 6 € (0, 1) and define K * u(x) = [ K(x — y)u(y)dy with
K@) = 1{Z>0}e_z.

We look for a bounded traveling wave solution (c >0, u(x)) to

) — el (x) = 0 for 0§u<9,’ xeR,
1—-K=x*xu for 0 <u. (4.10)

u(—oo0) =1, u(4o00) =0, u(0) = 6.

For x < 0, we look for a complex solution u(x) = 1 — (1 — 0)e®+* with
A > 0.

1. Show that u(x) is solution if, and only if,

. . 1

. Show that the only possibility is u = 0.

. For x > 0, give the solution u(x) < 6.

. Write the matching condition between u(x), x > 0 and u(x) at x = 0.
. What can we conclude on the problem (4.10)? Is this result usual?

W B~ W N

Solution

1. Because A > 0, we have |¢*T#¥| < 1 and Reu(x) > 6 so that we can use the
equation

—u"(x) —cu'(x) =1 —K *u, x < 0.

Also the support of K ensures that x —y > 0 and thus, the above problem is
self-contained (it does not use u(x) for x > 0). It remains to note that K x 1 = 1
(K is a probability kernel) and
(A+ip)x (A +ip) (—x) 1-0 otiwe
Kxux)=1—(1—0)e"* K(x—y)e" ™™gy = 1 — ———— T
A+iun

and the result follows immediately.
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2. We write the relation as

A—ipn+1
cA+in) + A +in)’ = —>———.
A+ i) + (A +ip) TS TEEmE
The imaginary part of which gives
n
c+2]=——F7F—"—.
M 2 = e p
Apart from p = 0, the solution is ¢ + 24 = —m < 0 but both ¢ and A

are positive and this is impossible.

3. u = 6= < 6 is the only solution of —u” — cu/ = 0 with u(0) = 6 and
u(co) = 0.

4. We have to write that #/(07) = «’(0%). That s, c6 = (1 — 9)A.

5. The problem is reduced to find ¢ > 0 and A > 0 such that the above relations

hold: cA + A% = 74+, ¢ = @A with @ = 152 That s
@+ D= ——
A+

Because the right hand side is increasing from 0 to +o0 and the left hand side is
decreasing there is a single solution A and thus a single c.

Therefore, we have built a unique decreasing traveling wave. This is the usual
result.

4.6 The Monostable (Fisher/KPP) Equation with Ignition
Temperature

The Fisher/KPP equation with ignition temperature appears in the theory of
combustion when a minimum ‘temperature’ 0 < 6 < 1 is required to burn the
gas. It gives the model

0, 7 = f(u) t>0,xeR @.11)
atu axzu— u), >0, x . .

with a smooth reaction term given by
0 for0<u<@g,
fo(u) = f(1) =0. (4.12)

>0for 0 <u<l,
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The traveling wave problem is still to find ¢ and v such that

—v"(x) — v’ (x) = f(v(x)), x €R,
v(—o0) =1, v(4o00) = 0.

(4.13)

We are going to prove the

Theorem 4.5 For the Fisher/KPP equation with ignition temperature, i.e., (4.11)
when f(-) satisfies (4.12), there is a unique decreasing traveling wave solution
(¢*, v) normalized with v(0) = % and it holds that ¢* > 0.

Much more is known about this problem, see [31]. For instance, we give below
explicit bounds on c¢*.

Proof The easiest proof relies on the phase space method for O.D.Es, which we
follow here. It is however limited to simple problems and more advanced PDE
methods can be found in [31].

We decompose the proof into three steps: (i) we reduce the problem to a simpler
O.D.E. (ii) we prove the monotonicity in ¢ (iii) we prove existence.

First Step. Reduction to an ODE We reduce the traveling wave problem to an
O.D.E. problem. We fix ¢ and set w = —v’ (so that w > 0 because we look for
decreasing v). Then, Eq. (4.13) becomes a system of differential equations

v = —w,
w=——cw+ f(v), (4.14)
v(—00) =1, w(—00) =0, v(+00) =0, w(4o00) = 0.

It can be further simplified because by monotonicity, we can invert v(x) as a function

X(v), 0 <v <1 and define a function w(v) = w(X(v)). In place of (4.14), we have
to find a solution of

. - IS L P
dv dx “dx w
w(0) = w(l) =0, w>0.

Therefore, we arrive at the question to know if the solution of the Cauchy
problem

dw.) _ S
dv  We(v)’ - (4.15)
";VL(O) =0,

can also achieve, for a special value of ¢, the conditions

We(1) =0, We(v) =0, for 0<v < 1. (4.16)
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Notice that there is a possible singularity at v = 0 because the numerator and
denominator vanish in the right hand side of (4.15). But for0 < v < 6, f(v) =0
and the solution is simply

we(v) =c v, 0<v<é.

Then it can be continued smoothly as a simple (nonsingular) O.D.E. until either we
reach v = 1, or w, vanishes and the problem is not defined any longer. Numerics
indicate that, depending on c, either we have

e we(v) > 0for0 < v <1 (call it Type I), then we set v. = 1, or
* Wwe(v:) = 0 for some 0 < v, < 1 (call it Type II), then the equation tells us that
Ww.(ve) = —o0.

In both cases these are not solutions because they cannot fulfill (4.16). In the
limiting case v+ = 1 there is a solution. These possible behaviors are depicted in
Fig. 4.3.

Second Step. Monotonicity in ¢ We now prove that this last case can only occur
for a single v, based on the

Lemma 4.6 The mapping c — w.(v) is increasing for those values of v where it is
defined, i.e., for 0 < v < v.. Moreover for ¢’ > ¢ we have vo > v, (and vo = v, if
v. = 1) and

Wwe (V) = Wwe(v) + (=) v, 0<v<u,. (4.17)

0.7
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Fig. 4.3 Traveling wave solutions to the Fisher/KPP equation with temperature ignition (4.13)
with threshold 8 = 0.25 plotted in the phase space variables (4.15). We have plotted four different
values of ¢. The x-axis represents v and the y-axis represents the function w(v). Left: two cases
where the solution of (4.15) does not vanish (large c), these are called Type 1. Right: the limiting
case ¢ = ¢* and a smaller value of c, these are called Type II. Note that the w scale is larger on the
left than on the right
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Proof Set z.(v) = d‘z%. It satisfies,

d(v) _ SO
du W(v)”

z.(v), z.(0) = 0.

From this equation we deduce that z, cannot vanish and thus z.(v) > v as long as it

is defined, i.e., that w.(v) does not vanish for 0 < v < v,.. The conclusions follow.
After integration in ¢ we find the desired inequality on w, which holds up to

v = v, by continuity. O

Consequently, w.(1) is an increasing function of c. Therefore, there can indeed
be at most one value of ¢ satisfying the condition w.(1) = 0.

Third Step. Bounds on ¢ We introduce the two positive real numbers defined
(uniquely) by

/ f(v) =4 max @

0<v<l v

Notice that ¢ < ¢. In fact we are going to prove that

Lemma 4.7 For ¢ > ¢, the solution is of Type 1. For ¢ < ¢, the solution is of Type
Il and

(4.18)

[I3)
A
Y
ol

Proof Estimate from Above We first show that for ¢ > ¢, the solution is of Type
I. We consider the largest interval [0, vo] C [0, 1] on which w.(v) > 5v. Because
we(v) = ¢ vin [0, 0] clearly vy > 6. If vy < 1 (otherwise we are done), then
W,.(vo) < 5. Then, for < v < vy, we have

L i) ) @

Cdv ¢ Vg 2c

l\JIG

which is a contradiction. This means that vop = 1 and the situation is of Type I.

Estimate from Below We show that for ¢ < ¢ the solution is of Type II. We remark
f(v) > 0) and thus

U

dw.) _ ) _ f)

dv we(v) ~ cv
Because the inequality is strict for v > 6, we obtain

we(v) <cv-— v@ds
0 CcS
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This implies that, if the solution did not vanish before v = 1, we would have 0 <
we(l) < ¢ — fol f%ds. This implies that ¢ < c. This proves that the solution is of
Type Il forc < c. O

Fourth step. Conclusion We can conclude the proof by a continuity argument on
v, in the region of Type II. By the monotonicity argument of step (ii) and because
of (4.17) as long as v, < 1, the point v, increases continuously with controlled
uniform growth (see exercise below). Therefore, max. v, = 1, where the max is
taken on the ¢ of Type II, and it is achieved for ¢ = ¢*, in other words v.+ (1) = 0.
When ¢ > ¢*, the solution is of Type I again by the monotonicity argument (we

know from Lemma 4.6 that w, (1) decreases uniformly with c). O
Exercise Find a lower bound on £
it is uniformly positive for v, ~ 1.

v.. Prove it is positive as long as v, < 1 and that

Hint. ¢ fOU“ we(v)dv = 0”“ f(v)dv. Also use the information in the proof to conclude
that

f)Le = [ (v)dv + ¢ [y ze(v)dv > 507 + $(ve)>

Exercise For ¢ > 0, study the (regularized) Cauchy problem

dw Q)

T L o0=<v=<l,

dv 1/gz +W(U)2 (419)
w(0) = 0.

(1) Show that one cannot achieve w(1) = 0 with w(v) > 0for 0 < v < 1 whatever
are c or ¢.

(2) Show that, for all values of v, the mapping ¢ + w,.(v) is increasing and the
mapping € — w,.(v) is non-decreasing.

(3) For ¢ fixed, show that one can find a unique ¢° that achieves w(v,) = 0, w(v) >
0 in a maximal interval 0 < v < v,. What is the value wégig(vs)?

(4) Draw the solutions for several values of c. '

(5) Provethatv, — 1,¢® — c¢* ase — 0.

Solution

(1) Indeed, this implies w'(1) > 1 but the equation implies that w'(1) = ¢ > 0.

(2) Same proof as above.

(3) As in the above proof, for ¢* > || f|loo/6, we have w/.(v) > 0 and for ¢ < ¢4 we
have w,.(1) < 0 with ¢« the unique fixed point of cx = folf(v)/ V&2 + 2vidv.
So, by monotonicity, there is a larger ¢ = ¢° such that w vanishes at some
point, w(v,) = 0 and w(v) > 0. Therefore, we have w'(v,) = 0, which implies
ec® = f(ve).

(4) As ¢ decreases to 0, one can check (still by monotonicity) that ¢® increases to
a limit ¢; > cx. On the other hand, from the previous question, f(v,) — 0.
One checks that v, remains far from [0, ] and thus, from the assumption on f,
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we have v, — 1. In the limit we obtain a solution of (4.15) which vanishes at
v=1.

4.7 Allen-Cahn (Bistable) Equation

Uniquely defined traveling wave solutions may exist for other nonlinearities. In this
section we study the bistable nonlinearity related to the O.D.E.

d
d_tu(t) = u(t) (1 — u(t)) (u(t) — 9),
for some parameter
0<6 <. (4.20)

Here the function f(-) has three steady states, u = 0 and u = 1 are stable, u = 0 is
unstable. Any solution will converge either to 0, for u’ < 6 or to 1 for u® > . Also
the region 0 < 1Y < 1 is invariant with time.

Compared to the Fisher/KPP equation, the bistable (Allen-Cahn) equation uses
an improvement of the logistic growth term u(1 — u); this supposes that too low
population densities u(z), less than 6, lead to extinction by lack of encounters
between individuals. This is called the Allee effect [1]. It however takes its name
from the theory of phase transitions [2].

Next, we include motion of individuals and we obtain the Allen-Cahn equation

%u(z‘, x) — Au(t,x) = u(t, x)(l — u(t, x))(u(t, x) — 9). (4.21)

We look for traveling wave solutions u(x, #) = v(x — ct), with v(-) solution of

—cv'(x) =" (x) = v(@) (1 —v(x)) (v(x) — 6).

(4.22)
v(—00) =1, v(+00) =0, v(0) = %

We have again imposed the condition v(0) = % to avoid the translational invariance.
The following result is similar to the case of the Fisher/KPP equation with
ignition temperature:

Theorem 4.8 There exists a unique decreasing solution (c*,v) of (4.22) and
c*>0 f0r0<9<§, =0 f0r9:§, ¢t <0 f0r§<0<1.

The sign follows from the general principle in Sect. 4.1.
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Theorem 4.8 is a consequence of the explicit solution that we leave as an exercise:

N2

Exercise Set u(x) = p— L

1. Check that the corresponding traveling wave connects the state u(—oo) = 1 to
u(oo) = 0.
2. Check that u satisfies Eq. (4.22) and write the relation between 6 and c*.

Solution ¢* = ﬁ(% —0).

However, a general proof is available which does not use the specific form of the
bistable nonlinearity but only the property that there is a unique root 8, 0 < 6 < 1
such that

f0)=0,f(0) <0, f(B) =0, f(1)=0f(1)<0,
(4.23)
fw) <0 forO<u<, fw)>0 forf <u<1l.

Following again the general principle in Sect. 4.1, the speed of the wave then
depends upon the sign of W(1) with

W(u) =/0 f(v)dv.

Theorem 4.9 With the assumption (4.23), there exists a unique traveling wave
(c*,v) of (4.22) with v decreasing and

c* > Ofor W(1) <0, c*=0 for W(Q1) =0, c*=0 for W() > 0.

Proof As in Sect. 4.6, we consider (4.22) as an O.D.E. that we solve as a system of
first order equations

v'(x) = —w(x),
w(x) = —c w(x) +f(v(x)),
v(—00) =1, w(—o0) =0, v(400) =0, w(+400) = 0.
And because we look for v decreasing, we can invert v(x) as a function X(v), 0 <

v < 1 and define a function w(v) = w(X(v)). Following the derivation of (4.15) in
the case of the Fisher/KPP equation with ignition temperature, we arrive here to

dwv) _ S 0<v<l.

dv w(v)’ -~ (4.24)
w(0) = w(l) =0, w > 0.
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Then, we consider the case W(1) > 0 only (otherwise the argument is the same
except we have to argue departing from v = 1). We argue in several steps.

(i) First, the singularity of the right hand side at v = 0 can be handled with
L’hospital rule and computing from (4.24)

f(©0)

YO~ )

=c < W(0) = S5(c),

and the function ¢ — S(c) = % (c + 2+ 4| (O)|) is increasing.
This allows (using a version of the Cauchy-Lipschitz theorem with singu-
larities at the origin) to define a unique solution of

dwe) _ )
dv  We(v)’ (4.25)
w(0) =0,  W.(0) = S(c).

Because f(v) < 01in [0, 6], we have % > ¢ and thus
we(v) > cv on]0,86].

Therefore, w, is either defined and positive for all 0 < v < 1, then we set
v, = 1 and call it Type L. Or it is defined in an interval [0, v.] with w.(v.) = 0

and

ve > 0, (4.26)
when the system reaches another singularity where w/.(v.) = —oo, and then
we call it Type IL.

(i1)) The property holds
¢+ W.(v) is C' and increasing for 0 < v < v,.

Indeed, following the Fisher/KPP case, we set z.(v) = w.(v)’ and we have

dz.(v) f()
dU - 1 + ZC(U) wc(v)2 )

2(0) =0,  Z(0)=S(c) > 3.

Near v = 0, the solution of this equation is positive. It remains positive for all
v > 0 because if z.(v) becomes too small the equation tells us that its derivative
is positive.

(iii) Itis easy to conclude that, for ¢ sufficiently large, w.(v) remains increasing in
[0, 1]. In other words, for ¢ large enough the solution is of type I.
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Fig. 4.4 The function W(u) = [, v(1 — v)(v — 0)dv for different values of 6. Left: 6 = 0.25
and W is negative for (0, 8) for some f > 6 and positive in |8, 1]. Center: 6 = 0.5 and W(u) is
nonpositive and vanishes at u = 0 and u = 1. Right: & = 0.75 and W is negative in (8, 1) for
some 8 < 0

We claim that the solution for ¢ & 0 is of type II. Indeed, we can compute
another relation because the equation reads

1dw.(v)?

S ewe —f(v) = ewe — W (v),

with W(v) = fov f(z)dz depicted in Fig. 4.4. We arrive at

%ch(v)z =c / ' We(2)dz — W(v). (4.27)
0

For ¢ = 0 this gives
Wwo(v)? = —2W(v).

Because W(v) < 0in [0, 1] only when 6 = 1/2, this shows that ¢ = 0 gives
the standing wave (traveling wave with speed 0). For 6 < 1/2, W vanishes at
a point that we denote by

wW(B) =0, 1/2< B8 <1.

In other words ¢ = 0, and by continuity ¢ A 0, give a solution of Type II.
(iv) As cincreases from ¢ = 0, v, also increases thanks to the item (ii) and we can
write from (4.27)

o:c/W@&mp4wwL Fe(ve) = 0.
0

Differentiating in ¢, we obtain

dv,.
de’

Ve B B de dvc Ve B
0= [ B+ emw0 G = W0 GE = [ = Wi
0 dC dC 0
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or also, recalling (4.26),

dve S0 Welz)dz
TR N

So that we can define again ¢* as the maximum of the ¢ corresponding to type II.
It has to satisfy w.x(ve+) = 0. By strong monotonicity, or by (4.27), it is also the
minimum of ¢ giving solutions of type L. O

4.8 The Fisher/KPP Equation

We can now come back to the more basic Fisher/KPP equation
v (x) 4+ v’ (x) + ro() (1 — v(x)) =0, x € R, (4.28)
v(—o0) =1, v(400) =0, v(0) =1/2, (4.29)

and, again, the last condition is to fix the translational invariance.
The situation here is very different from the case with ignition temperature and
from the Allen-Cahn equation. A famous result [3] is the

Theorem 4.10 For any ¢ > c* = 2./vr, there is a unique (traveling wave)
solution v, 0 < v(x) < 1, of (4.28)—(4.29). It is monotonically decreasing.

The quantity c¢* is called the minimal propagation speed. This speed c¢* cor-
responds, in several senses, to the most stable traveling wave; we mention one
example later based on perturbation of the nonlinear term by including an ignition
temperature 6 and letting 6 vanish. It is also the type of wave that appears as the
long term limit of the evolution equation with compactly supported initial data. See
[31].

The condition ¢ > ¢* can be derived from studying the ‘tail’ of v(x) for x close
to +o00. Because v = 0 is unstable, we can look for exponential decay as x ~ oo,
namely

v(x) ~ M, x>, A > 0.
Inserting this in (4.28), we find

2
VAZ—cA4r=0, A:ﬁg—“”. (4.30)
V

Because no oscillation can occur around v = 0 (due to the condition v > 0) we
should have ¢ > ¢*? = 4vr. And ¢ > O is required to have A > 0, hence we should
have ¢ > c¢*.
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The Fisher/KPP equation can be extended to a more general right hand side

2 —ua—z = f(u) t>0, xeR 4.31)
8tu 8x2u_ u), >0, x , .

with f : R — R a smooth mapping satisfying
f(0) =f(1) =0, f(uw) >0for 0 <u<1.

When f is concave in [0, 1] (this is the case of the Fisher/KPP term u(1 — u)),
the linearization method explained above and Theorem 4.10, remains true with the
slight modification that the minimal propagation speed is now

* =2/ (0.

We do not give a complete proof and refer the interested reader to [14, 31]. We
only indicate the difficulties and two ways to solve them.

Proof of Theorem 4.10 (Phase Space) If we try the phase space method as before,

we set w = —v’. Then, the system (4.28) becomes
vV = —w,
w=—-Sw4 Lol —v), (4.32)

v(—00) =1, w(—00) =0, v(+00) =0, w(4o00) = 0.

This can be further simplified, because by monotonicity we can still invert v(x) as a
function X (v) and define a function w(v) = w(X(v)). In place of (4.32), we have to
find a solution for

dw(v) dw dv..1 ¢ rv(l—v)
dv  dx (dx) vy oW - = (4.33)
w(0) =w(l) =0, w > 0.

This differential equation still has a singularity at v = 0 and v = 1 but it is worse
than we encountered before. If we try to guess what is the slope w'(0), we find

1 1
¢! W (0) = 5-le & Ve —dvr.
vV

This confirms that we can only begin the trajectory when ¢ > ¢*, but does not tell
us which branch to use.
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Instead, we can argue by perturbation and consider a family # — 0 in the
model with ignition temperature (4.12). We denote the corresponding solution by
(c*(6), w? (v)). For a well-tuned f3 in (4.12) we have

fo(u) »> ru(l —u) as 6 — 0, in C([0, 1]),

and the lower and upper bounds (c(0), ¢(f)) in Lemma 4.7 are uniformly bounded
in 6. Therefore, we can extract a subsequence

0, — 0, c*(6,) — c**, 0 <c™ < 0.
On the other hand from (4.15), we know that W/ (v) < ¢*(#) and thus
0 < w(v) <c* ().
Writing

~ 2
— max /) < PO _ )it ) = 0) < (0,

0<v<l “dv 2

we conclude by the Ascoli theorem that, after further extraction, W’ (v)? converges
uniformly. Therefore, for the uniform convergence, we have

W) — W), 0= @) <M
n—oo
. won ()2 . .
Therefore, from the equation above, % z 2(v) converges uniformly and we can write
d w**(v)z

= "W (v) — f(v).

dv 2

We deduce that w**(v) remains uniformly positive in (0, 1) and, from (4.15), that
%17119" (v) also converges locally uniformly to a solution of (4.33).

It is possible to prove that this solution is the traveling wave with minimal speed
but we shall not do it here. O

Proof of Theorem 4.10 (Physical Space) We  consider again the solution
(c* 9), vg(x)) to the model with ignition temperature (4.12). We prove uniform
estimates in 6, showing that we can extract subsequences which converge. We do
that in several steps. Here we do not indicate the dependency upon 6.

1st step. Uniform upper bound on ¢*(0) < ¢* = 2. This also uses the additional
assumption f?(v) < f(v) = v(1 — v) in (0, 1). We argue by contradiction and
assume ¢ := ¢*(f) > c¢*. We consider

_Jz_4
O</\:%<c, A2—cA+1=0.
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For A large enough we have Ae™* > v%(x), because of the compared behavior
at infinity, v(—o0) = 1 and v(x) &~ e~ at +o0. Take the largest A where the
two functions touch, that is

Age™0 =19 (xg) Ae™ > 0% (x), Vx # x.
Then v/ (xo) = AAge 2, v (xo) < A*Age**, and thus, from Eq. (4.12)

v? (x0) (1 — v¥ (x0))
9 (x0)

0 = v (x0)+ v (x0)+/° (v(x0)) < A2—cA+ <A—cA+1=0,

a contradiction. This proves the inequality.
2nd step. Lower bound on c*(8). We derive it from two equalities. The first is
obtained by integrating (4.13) from x_ to x4

Xt

c(viy) —v(xo)) + (V) — V' (x0)) + / P (v(x))dx = 0,

X—

and thus, passing to the limits x- — —o0, x4 — 00, we find, thanks to the
conditions at infinity

c*0) = /_ 77 (v° (x))dx. (4.34)

We can also multiply by v in Eq. (4.13) and integrate. We find

50200 = v(0) + (00 () — v (x0)
x+ x+
—/ (v’(x))zdx + / v(x)f? (v(x))dx = 0,

X—

and in the limit

2 —00 oo

Subtracting (4.35) to (4.34), we obtain

(e o}

C*ée) _ /Oo (1_va(x))f0 (ve(x))dx—l-/ (vg’(x))zdx >0 (uniformly in ).
— e (4.36)
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3rd step. Uniform bound on v’. We multiply (4.13) by v’ and obtain
1

c (W) + 5((1/)2)/ +F(v(w) =0,

with, for0 <wv <1,
v
Fl(v) = / 10 (w)du (a bounded increasing function).
0

Integrating this equation as before and passing to the limits, we find

c*(0) / ” (vel(x))zdx =— / ” FO (v’ (x)) dx = FO(1). (4.37)

And integrating between y and oo, we find
1 / * * /
E(v" M) =c (9)/ (0% () dx — F®(y) < F*(1) — F* (y). (4.38)
)

4th step. Limit as # — 0. These bounds combined with Eq. (4.13) prove that v”
is uniformly bounded. Then we can pass to the uniform limits in (4.13) and find
a solution of the Fisher/KPP traveling wave problem. O

Exercise Compute the linearized equation of (4.28) around ¥ = 1 and its
exponential solutions. Show that the relations for exponential decay do not bring
new conditions on ¢ compared to (4.30).

Exercise In (4.12), choose fp increasing in . Set ¢ (v) = %fv@ (v)

1. Write a differential equation for .
2. Since ¢(v) = 0in [0, 8], show that {(v) is negative.
Therefore, solutions of type II will never converge to solutions of Fisher/KPP
equations. In practice solutions of type I do not either.

ey i) 1 )
Solution £-¢(v) @ e W) (@-9(1)))2'

4.9 The Diffusive Fisher/KPP System

Another system related to the Fisher/KPP equation appears in modeling both
combustion [11] and bacterial colony growth [20] (models for bacterial colony
growth are treated in detail in [19]).
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The so-called Diffusive Fisher/KPP system is

%u —dyAu = gu)v,
(4.39)
%v —dyAv = —g(u)v.

Here we can take g(u) = u” for some n > 1. More generally, ignition temperature
can be included with the help of a truncation function g(-) € C?([0, 00)) satisfying

g(0) =0, g'(0) =0, g W) >0 for u>0. (4.40)

See also Sect. 7.5.5 for related systems.

For combustion, v represents the concentration of one reactant and u the
temperature. The ratio Le := d,/d,, is called the Lewis number.

For a bacterial colony, u represents the population density of cells (and the colony
is growing) and v the nutrients consumed by the cells. See [19, 26]. The condition
£'(0) = 0 is used to represent that bacterial multiplication is lower for isolated
individuals than for communities (a type of Allee effect).

When d, = d,, a particular solution of system (4.39) consists in choosing v =
U — u with U > 0, a given positive number. Then it reduces to the Fisher/KPP
equation (with temperature ignition in the case at hand) and thus it has traveling
waves connecting (U, 0) to (0, U).

In general, we claim that the traveling wave problem can always be written

—cu' —du" = g(u)v, u(—o0) =1, u(+o0) =0,
(4.41)
—cv —dyv” = —g(u)v, v(—o0) =0, u(4+o0)=1.

As usual, translational invariance can be normalized by, say #(0) = 1/2. Notice that
there are two families of steady states (0, V), (U, 0), which can be connected to each
other and the choice U = V = 1 seems somehow arbitrary. In fact one parameter
can be normalized to 1 using a dilation on g, say U = 1. Then adding up the two
equations and integrating along the line, one obtains ¢ (u+v)(00) = ¢ (u+v)(—00)
and thus V = 1. See Fig. 4.5.

Fig. 4.5 The traveling wave 1.2
profile for the Diffusive

Fisher equation with d, = 1,
d, =10and g(u) = uinthe g 1
physical space, in abscissae is ]
x. The first unknown u has a 0.6
decreasing sharp front and v a
smooth increasing shape

04

0.2

0.0 4 ; . ‘
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The general study of the solutions for Lewis numbers Le # 1, is much harder
than for the Fisher/KPP equation.

« Existence of a traveling wave (c, u, v) with ' < 0, v’ > 0, can be found in [9] in
the case of ignition temperature,

» Existence with ¢ sufficiently large, and uniqueness, can be found in [25] in
the case without ignition temperature and in the case Le < 1 with ignition
temperature. A counter-example to uniqueness for Le > 1 is given in A. Bonnet
[12].

* The case Le = 0 is also useful for many applications as nonmotile species (forest
fires for example) and is treated in [24]. A more recent analysis can be found in
P. Babak et al. [4].

4.10 Two Competing Species

In Sect. 1.1.3 (see Eq. (1.5)), we already mentioned the example of two species in
competition for resources and competition systems. The competition between two
populations with densities #; and u, is written (after normalization)

a%ul —dlAul = rlul(l —uy — 052142),
(4.42)
a%uz — dzAI/lz = }"21/[2(1 — oy — I/lz).

Note that, according to Lemma 1.1 we have u; (¢, x) > 0 and u,(¢,x) > 0 when the
initial data satisfy ”(1) > 0 and ug > 0. Also the maximum principle holds: if ”(1) <1
then u;(¢,x) < 1, and if ug < 1 then u,(¢,x) < 1.

We may assume that species 1 is more motile than species 2, that is, d; > d».
Depending on the predation coefficients ¢, oy, and the specific growth rates ry, 2,
is this an advantage? Does species 1 invade species 2 or the other way round?

We note here that there can be several steady states

* the unpopulated steady state (0, 0) is always unstable,

* the one-species (monoculture) steady states are (0, 1)and (1, 0). They are stable
if o > 1 (resp. oy > 1) or unstable (in fact a saddle point) if o, < 1 (resp.
o < 1).

* there is another homogeneous steady state defined by

1 ay U, 1

(03] 1 U2 1
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We assume that either @, < 1 and oy < 1 or o > 1 and «; > 1, so that there is
a unique positive solution, the coexistence state,

(Ul,Uz)z( 1o 1-a )

11—’ 1 —aa

The question of invasion can now be restated so as to know which states can be
connected by a traveling wave and what is the sign of the speed ¢ of the traveling
waves for v;(x — ct) = u;(t, x). This question is relevant for instance, when o; > 0
and a; > 0 and one wishes to connect the two stable states (1, 0) and (0, 1)

—cvp —d v} = vi(1 — v —av),
—cv) — dovy) = va(1 — vy — vy),
vi(—00) =1, wvy(—00) =0, vi(400) =0, wvy(+o0)=1.
This question is treated in [31], in Lewis et al. [23] and the front dynamic is

treated in G. Barles et al. [6], Barles and Souganidis [5], and W. Fleming and P.E.
Souganidis [16]. See also Sect. 7.6.1 for Turing instability.

Exercise Consider the associated O.D.E system. Prove that

1. when ) < 1 and a; < 1, the coexistence steady states U; and U, are less than 1
and are stable,

2. when @) > 1 and o, > 1, the steady states U; and U, are less than 1 and are
unstable.

3. Find q, b, c such that the quantity E = au; + bu, — ¢ In(u;) — In(u,) satisfies, for
some real numbers A, @, v

ditE(t) = —(A + pur (1) + vuz(t))z.

4. Derive from this equality the long term behavior of the system.
Solution We only solve the stability questions. The linearized matrix around
(Uy, U>) is given by

—n Uy —ayr Uy

—a1nUs —nU;
and tr(L) = —(nU; + nU,) < 0,det(L) = rir,U,Uy(1 — ajaz). Therefore we
have

1. For ajap < 1, det(L) > 0 and the two eigenvalues have a negative real part. The
system is stable.
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2. For ajay > 1, det(L) < 0 and one of the two eigenvalues are real and one is
positive (thus unstable) and the other is negative.

Exercise (Potential Case) Consider the system of two competing species (all the
coefficients are positive)
%u—dMAu = riu(l —2av2—u), t>0, xeR,

%v —dyAv = (1 — 2bu? — v).

This system has (among others) two steady states (1, 0) and (0, 1).

1. Write the equation for a traveling wave with velocity ¢ that connects these two
states.
2. Compute the value of y > 0 such that there is a function P(u, v) such that

d d d
ru(l —2av? — u)—u + ru(l —2bu? —v) yev _ —P(u,v)
dx dx dx

for all regular functions u(x) et v(x), x € R.
3. Compute the sign of the speed c as a function of a and b.
4. What is the ecological interpretation.

Solution
1. Forx € R,
—cu' — dyu” = riu(l —2av? — u), u(—oo) =1, wv(—o00) =0,
—cv' — dyv" = ru(l = 2bu? —v), u(co) =0, wv(—o0) = 1.
2.y = g—‘;. P(u,v) = riu— rau*v? — r1§ + yrv — y%vz.
3. We compute following Sect. 4.1

—c [1W)* + W)+ 0 = [u[rul —2av? — u)] + v'[rv(1l — 2bu* — v)] =
=[% 1 P0,1)—P(1,0) = 2(4 - 1).

So that ¢ has the sign of b — a.

4. This system represents two species competing for space, with a carrying capacity
normalized to 1. Independently of the reproduction rate, the species that occupies
more of the other niche will invade space.



84 4 Traveling Waves

4.11 Reid’s Paradox

It is not always easy to apply the theory of traveling waves to real problems arising
in ecology. A famous example is Reid’s paradox (1899).

At the end of the last glacial age, 10-15,000 years ago, recolonization of
continents by trees and plants occurred. Records show that the front followed closely
the withdrawal of glaciers. This corresponds to a migration speed far too high for the
dispersal capabilities of seeds. The explanation of this observation is still an open
problem in ecology.

A possible explanation [30] is the long distance dispersal effect by other species
(birds and humans that could take seeds far away from the trees). A mathematical
framework to quantify these effects can be found in Kot et al. [22] and uses the
formalism of Sect. 4.10.

Another explanation is diffusion and growth proceeding from cryptic popula-
tions. Fossil records indeed indicate that small refuges existed [7]. Mathematical
analysis can be found in Roques et al. [29].
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Chapter 5
Spikes, Spots and Pulses

Typical behavior of solutions of elliptic equations or systems are spikes. These are
solutions that vanish at plus and minus infinity. In higher dimensions these are also
called spots, which are typical Turing patterns. In parabolic systems, solutions that
vanish at both ends also occur and they travel with constant speed: we call them
pulses, while the traveling waves that we encountered in Chap.4 take different
values at each end. We give several examples from different areas of biology, an
illustration is Fig.5.1.

5.1 Spike Solutions

5.1.1 A Model for Chemotaxis

We refer to 3, 6, 16, 22, 23] for introductions to the complex subject of chemotaxis.
Here we consider a very particular question.

Consider a density u(x) of bacteria attracted by a chemoattractant whose
concentration is denoted by v(x). Following [7], the variant of the Keller-Segel
model that we use takes into account the nonlinear diffusion of cells and we
introduce an exponent p in the diffusion term. In the modeling literature, nonlinear
diffusion represents saturation effects in high density regions (volume filling,
quorum sensing) and can be derived from refined models at the mesoscopic (kinetic)
or even microscopic (individually centered) scales, [26].

© Springer International Publishing Switzerland 2015 87
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Fig. 5.1 Example of spots in
nature; a zoom on an orchid
flower

Also we only consider a one space dimension in order to carry out explicit
calculations,
— (") + (uvy), =0, x €R,
—VUyy + QU = U, (51)

u(—00) = v(—00) = u(o0) = v(e0) = 0.

We are going to prove the following result

Proposition 5.1 Assume that 0 < p < 1, then the system (5.1) has a unique spike
solution which attains its maximum at x = 0 and satisfies u > 0, v > 0.

Proof First Step (Reduction to a Single Equation) Solution u can be obtained
explicitly in terms of v, writing (u'*?), = yuv, (the constant vanishes because
we expect that u, v and their derivatives vanish at +00). This is also, and for the
same reason

1/p
wm = (25)"
1+p 1+p

We may insert this expression in the equation for v, which gives

px \""
— Uy + 00V = v . 5.2
(1+p ) 62

One can solve explicitly this type of equation. We multiply by v, and find

2 2
() + e, = 50, oo = v =0,

1
with g(v) = 22 (2L " v!'*T1/7_ Therefore, we have (the integration constant still
8 T+» \14p : ; g

vanishes because of the behavior at infinity)

(vx)? = av® — g(v). (5.3)
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2nd Step (Resolution of the Reduced Equation) We now choose to normalize the
translation invariance so that v attains its maximum at x = 0 and define v(0) =
vo > 0. Then we should have g(vy) = av] because at a maximum point v,(0) = 0.
This defines the unique value vy because of the assumption for p. For v < vy, we
have av? — g(v) > 0 and for v > vy, we have av? — g(v) < 0. Thus, we can
determine the correct sign for the square root in Eq. (5.3). We find

Ve(x) = —/av(x)? —g(v(x)), v(0) =vy, x>0,
vex) = (Jav()? — g(v(x)), v(0) =vg, x<O.

This defines a unique function v(x), which converges to 0 as x — $o0. O

One can prove that the evolution equation associated with (5.1) has the following
behavior. If its initial data satisfies [ u’(x)dx < [ u(x)dx then u(r,x) — 0 as
t — oo. If its initial data satisfies [, u®(x)dx > [, u(x)dx then u(z, x) blows-up (see
Chap. 6) in finite time and concentrates as a Dirac mass. See [7].

Exercise What happens when p = 1 in the above calculation? Are there still spike
solutions?

Exercise Compute how the solution v to (5.1) decays to O at infinity. Prove that u
satisfies [ u(x)dx < oo.

Exercise Consider the general chemotaxis model

_(u1+p)xx + (Mqvx)x = Os X € Rs

—Vy + v =u".

For which range of positive parameters p, g, r are there spike solutions?

5.1.2 A Non-local Model from Adaptive Evolution

Non-local equations also create concentration effects leading to spikes. We take
an example from the theory of adaptive evolution. A population is structured by
a physiological parameter (denoted by x below). This parameter could represent
the size of an organ of the individuals, a proportion of resources used for growth
and multiplication, or any relevant phenotypical parameter, useful to describe the
adaptation of the individuals, i.e., their ability to use the nutrients for reproduction.
See Diekmann [10] and F. Chalub and J.-F. Rodriguez [8].

We denote by u(z, x) the density of individuals with trait x € R; the simplest
model is to write that each trait corresponds to a different birth rate. We assume
that the total population, whatever the individual traits, compete and contribute and
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increase the death rate
Bu(t.x) = DAv = v(b(x) — o(1)), t>0, xeR,
o(t) = [pv(t.x)dx, (5.4)
v(t=0,x) =v(x) >0.

The Laplacian term Av takes into account mutations (it should be included in the
birth term, but we choose here to simplify the equation as much as possible), b(x)
is the birth rate depending on the trait x. Finally, —p represents the death term, as in
the Fisher/KPP equation, with the main difference that the total population is used
for this quadratic death term.

We now look for a steady state solution of this model that vanishes at +=co so as
to find a spike solution

—Du" (x) = u(x) (b(x) -0). xeR,
0 = [pu(x)dx, u(x) > 0, (5.5)
u(xo0) = 0.

The problem (5.5) has a simple interpretation. One first solves the eigenvalue o
of the PDE in (5.5); then the total density constraint is simply a normalization of
the eigenfunction. Therefore, its solution follows from the Krein-Rutman theorem
(Perron-Froebenius theory in infinite dimension). The spike phenomena is well-
known for a small diffusion D & 0; in quantum mechanics, it is called the Anderson
localization. This can be analyzed conveniently using asymptotic analysis related to
Hamilton-Jacobi equations [4]. The solution exists with quite general assumptions
for b. We show in Fig. 5.2 two solutions for D = 0, 1 and D = 0.01 for the bimodal
birth rate

1 9
1 +50G—159)10 (1 +50(x—857)5

b(x) =

bt —

Fig. 5.2  One and two spike solutions u(x) of Eq. (5.5) for the birth rate b(x) plotted on the left.
The figure in the center is D = 0.1 and the figure on the right is D = 0.01. This shows the
localization effect resulting from small diffusion. Abscissae are x



5.1 Spike Solutions 91

As a theoretical result we build a simple example with an explicit solution that
explains the existence of a spike solution

Theorem 5.2 Assume b(x) has the form

_ | b->0 for |x|>a,
"\ by >b_for |x| <a,

b(x)

then there is a unique spike solution of (5.5), and it is single spiked.

Theorem 5.3 Assume that there is a constant Cy such that 0 < v° < Cou, then the
solution of (5.4) converges as t — o0 to the steady state solution of (5.5).

Proof of Theorem 5.2 We first consider a solution, forgetting the conditiong = [ u
and find an intrinsic condition for o. For x < —a the equation is —u” (x) = u(x)(b——
0) and the conditions u > 0 and u(—oco0) = 0 impose o > b_ to give the explicit
solution

u(x) = p_e**, x < —a, A= +o—b_.

Similarly, we have

u(x) = pype =, x> a.

In order to connect these two branches, we require that o < b4 and

u(x) = pg cos(Aox) + a sin(Agx), —a <x<a, Ao = Vbt —o.

The sign condition u(x) > 0 also imposes (1 > 0 (at x = 0) and Apa < /2
(otherwise take Aoxg = +7/2).

Now, we have to check the continuity of u and u’ at the points +a. This gives the
conditions

’u_e—k_a = i cos(Aoa) — 7% sin(Aoa),

et =9 = g cos(Aoa) + 2 sin(Aoa),
U—A_e *=% = pidgsin(Aoa) + pado cos(oa),
UaA_e =% = pdgsin(Aoa) — uaro cos(Aoa).

From these equalities we deduce first that the quantity u = %(p,_ + 4 ) satisfies

§ pe =% = cos(Aoa),

—A—a

pA—e = W1Ag sin(Aoa),
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consequently, A_ = Agtan(Aga). In other words the parameter o should satisfy

b- <@ <by,ayby —0<n/2,  JG—b_= /by —0 tan(ay/bs —0).

By monotonicity we see that there is a unique g satisfying these conditions, and that
knowing w, then w; follows by proportionality to w.
Next, we go back to the four conditions and now find

{ BEZE= 6744 = 15 sin(Aga),

e

H=A e = —pado cos(Aoa),

and straightforward sign considerations show that ;t, = 0 and u— = 4.
Therefore, we have the only free parameter p left. We use it to enforce the mass
condition g = fR u(x)dx and thus we have indeed a unique solution. O

Proof of Theorem 5.3 Consider the solution (¢, x) > 0 to the heat equation

g 35(t,x) — AD = 5(b(x) — 0), >0, xeR,
(5.6)

o(t=0,x) = v'(x).

This is a heat equation with O the first eigenvalue of the steady equation. We know
from the maximum principle that 0 < ¥(#,x) < Cou(x) (see the proof of lemma).
And from the general theory of dominant eigenvectors of positive operators (Krein-
Rutman theorem and relative entropy [23])

v(t,X) 5z Aulx),

for some A € R.
On the other hand we can look for the solution of (5.4) with the form v (¢, x) =
w(6)v(t, x) with u() > 0. We have

0
5 V(60 — Av— v(b() —o(0) = (OB (r,x) + u(0) (1, x) (e(r) - 2).

which allows us to find p(7) by the equation

(1) + p()(e() —2) = 0.

But we have o(t) = [ v(t,.x)dx = p(t) [ 0(t, x)dx = pu()A(1), with

A(t):Aﬁ(t,x)dxmk.
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Finally, we obtain
() + p(0) (@A) —2) =0,
w(0) = 1.

The solution satisfies

p(t) =3 0/2.

This is exactly the anticipated result. O

Exercise Consider the model

9 _ b(x)
7u(t,x) — Av = U(H—Q(t) — d(x)g(t)), t>0, xeR, 57)

o(t) = [ v(t, x)dx.

Assume that b, d still take two different values (with same discontinuity points) and
gives a condition for existence of a single spike solution.

5.2 Traveling Pulses

We describe the mathematical mechanism for creating pulses, which means spikes
that are moving as traveling waves. The most famous example, namely the Hodgkin-
Huxley system, describes accurately the propagation of an ionic/electric signal
along nerves. The Hodgkin-Huxley system is rather complex and we prefer here
to retain only simplified models, which we hope, explain better the mechanism.

5.2.1 Fisher/KPP Pulses

A method to generate a pulse from the Fisher/KPP equation is to include a
component v(z, x), which drives the state u = 1 back to zero. This arises with a
certain delay because this component v has to increase from zero (a state we impose
initially) to a quantity larger than 1 so as to ensure that u itself decreases to zero.
With these considerations, we arrive to the system

Du(t,x) — Au = u[l —u — ]
o , (5.8)
U, x) = u,
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Fig. 5.3  Fisher/KPP pulses, these are traveling wave solutions of the system (5.8). The solution
is presented as a function of x (abscissae), at a given time. The pulse propagates from left to
right. Left: u(t,x) exhibits a pulse shape, i.e., it vanishes at both endpoints. Right: v(t,x) is a
traveling wave as in the Fisher/KPP equation but it does not have a pulse shape (in opposition to
the FitzHugh-Nagumo system)

The solutions at a given time are depicted in Fig. 5.3. One can observe that u is
indeed a pulse but v does not vanish at x = —oo in opposition with the FitzHugh-
Nagumo system.

5.2.2 FitzHugh-Nagumo System

Several parabolic models have been used in neurosciences for the propagation of
nerve impulses. In the 1950s, the model proposed by Hodgkin and Huxley gave
particularly accurate results when compared to experimental results along the giant
squid axon (see [12, 22]). This model has stimulated the development of theories for
electrophysiology, cardiac, neural communications by electrical signaling or neural
rhythms.

The FitzHugh-Nagumo system is nowadays the simplest model used to describe
pulse propagations in a spatial region. We give two versions, one for electric
potential, one for calcium waves.

The simpler and original system is

Bu(t,x) —eAu = u(l — u)(u—a) —v],

(5.9)
%v(t,x) = yu— Bv,

in particular, we have included the small parameter € responsible for the slow-fast
dynamic.

In Fig.5.4 (Left) we depict a pulse traveling with parameters indicated in the
figure legend. We choose here o« < 0.5 in order to propagate a traveling wave in
the Allen-Cahn equation for u (initially v = 0). This switches on the equation for
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v, and with a certain delay it inhibits the pulse and u goes back to the other stable
value, u = 0. For that we require the condition
u(l—w(u—o) < %u for 0 <u< 1.
In the other case we can reach an equilibrium fv =
bistable nonlinearity into a monostable nonlinearity.

The parameter ¢ controls the stiffness of the fronts, 8 the width of the pulse and
% the type of wave.

As one can see in Fig. 5.4, the solution u# can reach negative values. This is in
accordance with electrical potential waves. This can be seen as a modeling error for
concentration waves. Also the shape of the ‘polarization wave’ does not always fit
with experimental observations (for example for cardiac electric waves). This is the
reason why several variants exist.

A possible way to guarantee that u remains nonnegative is to modify the
FitzHugh-Nagumo system into

yu, which transforms the

Bu(t,x) — eAu = Lu[(1 —u)(u— o) —v],
(5.10)

Voo(U) — v,

i
mv(t,x)

where v () represents the equilibrium on v in the potential (concentration) u. The
choice of this nonlinear function allows for more generality.

* For veo (1) = ku, the system is due to J.M. Roger and A.D. McCulloch [25].
e For veo (1) = ku(u — 1 — a), the system is called Aliev-Panfilov [2].

Figure 5.5 shows a pulse for Eq. (5.10) with ¢ = 0.2, Voo (1) = 3. % (u — 0.4) 4
(here the numbers are adapted to &« = 0.2) which propagates from left to right. Two
values of ¢ are represented.
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Fig. 5.4 Solutions of the FitzHugh-Nagumo equation (5.9) withe = 0.02,« = 0.1 and g = .2
and (Left) y = .25% 8, (Right) y = .15% . According to the explanation in the text, for y large we
obtain a traveling pulse, for y small we obtain a traveling wave. Dashed line is u, continuous line
is v (amplified by a factor 4). See also Fig. 5.5. The original Fitz-Hugh Nagumo system exhibits
an undershoot of u, which is observed in neurones and is called hyperpolarization
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Fig. 5.5  Solutions of the space structured FitzHugh-Nagumo system (5.10) with « = 0.2 and
e = 0.01 (left), e = 0.001 (right); we represent both u(t, x) (dashed line) and v(t, x) (continuous
line) as a function of x, at a given time. The pulse propagates from left to right

5.3 Unstable Waves and Dynamic Patterns

Higher dimension traveling waves or pulses can become unstable and generate
dynamic patterns. The paper [14] describes the steps for including biophysical
phenomena of increasing complexity, all producing instabilities. Their approach is
applied to bacterial colony growth. Applications to cancer modeling, and analysis of
the range of parameters to obtain instabilities, has been developed by M. Ben Amar
and co-authors [5, 9].

5.3.1 The Gray-Scott System (1)

The mechanism that generates unstable traveling waves has been observed in
chemical reactions and a typical model is the Gray-Scott system. In the simplest
case (see the extension in (7.20)), the Gray-Scott system is written as

ad
& d,Au = u?v — Au,
gt
v
5 dy,Av = —uv, (5.11)
ow
i = Au.
ot "

Here u denotes the concentration of a component that reacts with v (and consumes
it) and also generates a component w.

System (5.11) generates already very complex solutions which exhibit beautiful
dynamic patterns. Examples are shown in Figs. 5.6 and 5.7. One can observe that
the first component u(t,x) exhibits a pulse shape that propagates outward. The
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Fig. 5.6 Three snapshots of a simulation of the Gray-Scott system (5.11) with an unstructured
grid showing how an unstable radial wave generates a pattern. Upper figures: the quantities w.
Middle: the quantity u(x, t). Lower figures: the quantity v. Computations by A. Marrocco using a
mixed finite element method. Taken from A. Marrocco et al. (2010). Models of Self-Organizing
Bacterial Communities and Comparisons with Experimental Observations. Mathematical mod-
eling of Natural Phenomena, 5 (01), pp 148-162. doi:10.1051/mmnp/20105107. Available at
http://www.mmnp-journal.org/

Fig. 5.7 Another simulation (with different parameters) of the Gray-Scott system (5.11) with
an unstructured grid: the quantity w is depicted. Courtesy of S.M. Kaber, computations using the
software FreeFEM++ [13, 15]
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component v(¢,x) resembles a more conventional, radially symmetric traveling
wave. The ‘burnt’ byproduct w(t, x) exhibits a dentritic dynamic pattern that results
from the localization effect on u.

An analysis of scales in this problem and of the concentration effect can be
found in T. Kolokolnikov et al. [18], C. Muratov and V.V. Ospinov [21]. For
the Schnakenberg variant, see Sect.7.5.6, the authors arrive to fast reaction/small
diffusion scales written

du
— —&*Au = v*v—u,
ot

ov 2
SZE —dUAU =a-— ug_zv

5.3.2 The Mimura System for Bacterial Colony

Bacterial colonies also often exhibit remarkable patterns, see Figs. 5.8 and 5.9. They
follow from complex and poorly understood collective interactions between cells
due to several effects: random motion of the individual cells, cell multiplication
and colony expansion, release of various signaling molecules in their environment
resulting, e.g., in promoting chemoattraction (chemotaxis) or in modifying surface
tension. The patterns depend heavily on the type of bacteria and on the support
used for the experiment (solid, semi-solid, liquid) and its nutrient content. A good
account on these issues can be found in [14, 22].

A simple model for the expansion of dentritic colonies is due to Mimura [19].
It takes into account only three simple effects: (i) Brownian motion of active cells
whose population density is denoted by n(¢, x) below, (ii) a nutrient concentration

Fig. 5.8 Bacterial colony patterns of Bacillus subtilis 168 grown on LB solid medium (left)
and LB semi-solid medium (right). Experiments by Simone Séror and Barry Holland, Institut
de Génétique et Microbiologie, Université Paris-Sud. Courtesy of the authors, © S. Séror. The
diameter of these swarming patterns is around 9 cm; the bacteria were inoculated in the center and
multiply and move radially in approximately 24 h
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Fig. 5.9 A highly dentritic swarming colony of Bacillus subtilis 168 (a strain producing a
surfactant) by Simone Séror and Barry Holland after 24 h swarming on B-medium (three times
slower growth than on LB medium). From A. Marrocco, H. Henry, I.B. Holland, M. Plapp,
S.J. Séror and B. Perthame (2010). Models of Self-Organizing Bacterial Communities and
Comparisons with Experimental Observations. Mathematical modeling of Natural Phenomena, 5
(01), pp 148-162. doi:10.1051/mmnp/20105107. Available at http://www.mmnp-journal.org/

Fig. 5.10  Solutions given by the Mimura system (5.12) at a fixed time. Left: frozen bacteria
f(t,x). Right: active bacteria n(z, x). Computations by A. Marrocco

¢(t, x), which diffuses in the medium and is consumed by the active cells for growth,
(iii) the active cells become frozen proportionally to n and then they do not move.
The specific form of the equations proposed by Mimura are given in system (5.12)
and numerical results are presented in Figs. 5.10 and 5.11.

%n(t,x) — dlAn(t,x) =n (C — m) . > 0, X € Rz,
%c(t, x) — dzAc(t, X) = —nc, (5.12)
G (t.x) =n (1+n) +o"

Here n(t, x) represents active cells: they consume nutrients, move, multiply and can
change to the state f of ‘frozen’ cells (that do not move, do not consume nutrients,
do not multiply and never change state). The concentration of nutrients is denoted
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Fig. 5.11  Solutions given by the Mimura system (5.12) with a higher nutrients level ¢ than in
Fig.5.10. Computations by A. Marrocco

by c; it diffuses according to molecular diffusion rules and is consumed by active
cells.

The initial data represents an inoculum, i.e., a small amount of bacteria located
at the center of the ball (the computational domain). The reason why the dentritic
dynamic pattern occurs in this model is very close to that in the Gray-Scott system.
The solution cell population density n(z, x) to the first equation has a tendency to
create Dirac concentrations. These concentrations move towards the larger values
of the nutrients ¢, and this is the boundary of the computational domain. Indeed,
nutrients are consumed progressively inside the domain and this creates a nutrient
gradient towards the boundary.

One can explain intuitively this ‘nutrient instability’. Cells which are a little in
front of the others find higher concentrations of nutrients. Therefore, they multiply
faster and by diffusion generate new cells which advance even more at the front.
Around these cells the nutrients are depleted and this leads to a slow-down of
multiplication, creating a branch that goes forward.

5.3.3 Branching Instabilities

However, the ‘nutrient instability’ is likely insufficient to explain the complex phe-
nomena of swarming (a massive coordinated migration, see Fig.5.8) in particular
on a medium rich in nutrients.

Biophysical factors can also lead to branching instabilities, which do not depend
on the mechanism of ‘nutrient instability’ but only on various forces (compatible
with effects of surface tension) acting on the colony. This is the case of surfactants,
which are certainly involved in the phenomena. To represent forces, lead us to write
a nonlinear Fokker-Planck equation (see Chap. 8). For this material, we only refer
to B. Perthame et al. [24]. Figure 5.12 shows snapshots of the branching patterns
arising in this nonlinear Fokker-Planck equation.
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Fig. 5.12  Snapshots of the branching pattern as they arise in the nonlinear Fokker-Planck
equation as explained in Sect. 5.3.3. Reproduced using a software by N. Vauchelet and based on a
model analyzed in F. Cerreti, B. Perthame, C. Schmeiser, M. Tang and N. Vauchelet, Waves for a
hyperbolic Keller-Segel model and branching instabilities. M3AS 21 suppl. (2011) 825-842

5.3.4 Spiral Waves

Spiral waves are observed in various fields of science. Two typical examples are the
Belousov-Zabotinsky chemical reaction and heart electrophysiology, see [17] and
M. Thiriet [27]. In medicine, these spiral waves are commonly observed and are
known to be responsible for pathologies such as heart fibrillation. They are also
observed on the retina and in the cerebral cortex where they are supposedly related
to epilepsy [28].

In parabolic systems, theoretical explanations of the generation of spiral waves
are available [1]. Parabolic systems such as the FitzHugh-Nagumo in two dimen-
sions are able to produce this type of solution with a range of parameters, where the
constant steady state is Turing unstable (see Sect. 7.5.7). We use the system written
as (here c is a positive constant)

t%u(t,x) —dAu(t,x) = u— ”3—3 — v, t>0, x€[0, 1]2, 5.13)
%v(t,x) =—u—c—yv. .

Numerical solutions are obtained with initial data composed of four values in the
four quadrants of the computational domain (a square). These are again dynamic
patterns and Fig. 5.13 shows the solution at three different times.
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RS

Fig. 5.13  Snapshots of the spiral wave solution of the FitzHugh- Nagumo system (5.13) at three
different times for parameters 7 = 0.01, ¢ = 0.2,d = 1072, y = 0.5. Based on a FreeFEM++
code [13, 15] by Y. Deleuze

H. Murakawa and H. Ninomiya [20] have observed recently that spiral waves
can also occur in three species competition systems with an appropriate choice of
parameters. They relate this phenomena to the segregation property, see Sect. 8.11.
The system they use is

%u(t, x) —dyAu(t,x) = ku(l —u—av—Bw),
Bu(t,x) — dyAv(t,x) = kv(1 — Bu— v — aw),
%w(t, x) —d,Aw(t,x) = kw(l —au— Bv —w).

Here, the segregation property means that, as k — oo only one component u, v or
w is positive the other two components vanish. See also Chap. 10 and S.-1. Ei et al.
[11].
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Chapter 6
Blow-Up and Extinction of Solutions

We know from Chap. 2 that for ‘small’ nonlinearities, the solutions of parabolic
systems relax to an elementary state. When the nonlinearity is too large, it is possible
that solutions of nonlinear parabolic equations do not exist for all times or simply
vanish, two scenarios that are the first signs of visible nonlinear effects.

The mechanisms can be seen in simple ordinary differential equations. Blow-up
means that the solution becomes pointwise larger and larger and eventually becomes
infinite in finite time. To see this, consider the equation

2(1) = z(2)?, z(0) > 0, g>1
Its solution z(r) > 0 is given by
207" = 2(0)77"/ (1= (g = Diz(0)")

and thus it tends to infinity at t = T* := W. For g = 2, it is a typical
illustration of the alternative arising in the Cauchy-Lipschitz Theorem; solutions
can only tend to infinity in finite time (case z(0) > 0), or they are globally defined
(case z(0) < 0).

The mechanism of extinction is illustrated by the equation with the opposite sign

() = -z,  z(0) >0, qg>1.
Its solution

27" =z(0)17 /(1 + (g — D)tz(0)" ) (6.1)

vanishes as t — oo.
The purpose of this chapter is to study in which respect these phenomena can
occur or not when diffusion is added.

© Springer International Publishing Switzerland 2015 105
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106 6 Blow-Up and Extinction of Solutions

We begin with the semilinear parabolic equation with Dirichlet boundary
conditions

B_tu — Au=u’.
We present several methods for proving blow-up in finite time. The first two methods
are for semi-linear parabolic equations, the third method is illustrated by the Keller-
Segel system for chemotaxis; this is more interesting because it blows-up in all L
norms, for all p > 1, but the L! norm is conserved (this represents the total number
of cells in a system where cell multiplication is ignored).
The last section is devoted to a counter-intuitive result with respect to extinction.

6.1 Semilinear Equations: The Method of the Eigenfunction

To study the case of nonlinear parabolic equations, we consider the model

%M—Auzuz, t>0, xeQ,
u(x) =0, x € 082, (6.2)
u(t=0,x) = u’(x) > 0.

Here we treat the case when 2 is a bounded domain. To define a distributional
solution is not completely obvious because the right hand side u? should be well
defined, that is why we require that u belongs to L?; then it remains to solve the
heat equation with a right hand side in L'. That is why we call solution of (6.2), a
function satisfying for some 7 > 0,

ue L*((0,7) x Q), ue C([0,7); L'(Q)). (6.3)

The question then is to know if effects of diffusion are able to overcome the
effects of quadratic nonlinearity and (6.2) could have global solutions. The answer
is given by the next theorems

Theorem 6.1 Assume that Q is a bounded domain, u’ > 0, u° is sufficiently large
(in a weighted L' space introduced below), then there is a time T* for which the
solution of (6.2) satisfies

||“||L2([O,T)><Rd) TjT)* 0.
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Of course, this result means that u(¢) also blows up in all I” norms, 2 < p < 00
because we work in a bounded domain. It is also possible to prove that the blow-up
time is the same for all these norms [6].

Proof of Theorem 6.1 We are going to arrive at a contradiction in the hypothesis
that a function u € LZ((O, T) x Q) can be a solution of (6.2) when T exceeds an
explicit value computed later.

First we, notice that u(z, x) > 0 because u° > 0.

Because we are working in a bounded domain, the smallest eigenvalue of the
operator —A exists and is associated with a positive eigenfunction (see Sect. 2.5)

—Aw1 = Mwl, wp > 0 in Q,

(6.4)
wi(x) =0, x € 09, fQ(W1)2=1.

For a solution, we can multiply Eq. (6.2) by w; and integrate by parts. We arrive
at

dit/gu(t’ xX) wi(x) dx = /Q Au(t, x) wi(x) dx + /Q u(t, x)* wi (x) dx

= / u(t, x) Awi(x) dx +/ u(t, x)*> wi(x) dx
Q Q

—A /Q u(t,x) wy(x) dx + /Q u(t, x)* wi(x) dx

v

—M/Qu(t,x) wi(x) dx

2 —1
+ (/Q u(t,x) wi(x) dx) (/Q wi(x) dx)

(after using the Cauchy-Schwarz inequality). We set z(f) = eV fQ u(t,x) wi(x)
and, with a = ([, wi (x) dx)_l, the above inequality reads

d
d—tz(t) > ae™" 7(1)%,

and we obtain:
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Assume now the size condition

> & (6.5)

a

The above inequality contradicts that z(f) > 0 for e ™1’ < 1 — % Therefore, the

computation, and thus the assumption that u € L*((0,T) x R?), fails before that
finite time. O

The size condition is necessary. There are various ways to understand this. For
d < 5 it follows from a general elliptic equation

Theorem 6.2 There is a steady state solution u > 0 in Q to

—Au=ul, xe,

u(x) =0, x €09,
when p satisfies

L, d+2
P=a"7

We refer to [2] for a proof of this theorem and related results (as non-existence for
d+2)
One can see more directly that the size condition is needed. We choose pu =
ming == ( ) and set w = pw;. This is a supersolution of (6.2) because

ad
—W— AW = W > WP

ot
One concludes that, when u° < W, solutions of (6.2) satisfy u(r) < w for all times
t, as long as the solution exists (and this is sufficient to prove that the solution is
global). Therefore, we have the

Lemma 6.3 Under the smallness condition u°

solution of (6.2) and u(t) <w, YVt > 0.

< minQ wy, there is a global

()
Proof We subtract a solution u to w and find
5@—M—AW—M§M—W:W—MW+%

with u—w(r = 0) < 0. From the comparison principle, we conclude that u—w(f) < 0
for all times where the solution exists. Therefore, by continuation methods, there is
a global solution. O
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Exercise Prove blow-up in finite time for the case of a general nonlinearity

a%u—Au:f(u), >0, xe,
u(x) =0, x €092, (6.6)

u(t=0,x) = u’(x) >0 large enough,

and f(u) > cu® witha > 1.

Exercise (Neumann Boundary Conditions) A solution in [0, ) of the equation

B%M—Auzuz, t>0, xe,
Lux) =0, x€9Q, (6.7)
u(t=0,x) = u’(x) > 0,

is a distributional solution satisfying u € L*([0,T) x ).

1. Prove that there is no such solution after some time 7* and no size condition is
required here.
2. Prove also that T .
()1 ey 7o

Exercise For d = 1 and 2 =] — 1, 1], construct a unique, even and non-zero
solution of

—Av =2, v(£l) =0.

Hint. Reduce it to —%(v’ ) = %v3 + ¢p and find a positive real number c¢; such that
2
v ==/ — Zud
3

6.2 Semilinear Equations: The Energy Method

Still considering semilinear parabolic equations, we present another method leading
to a different size condition. This better uses the intrinsic properties of the equation
and does not use the sign condition.

We consider a more general case with p > 1

a%u—Au: lu|P~u, t>0,xe,

u(x) =0, x € 092, (6.8)
u(t =0,x) = u’(x) # 0.
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Before we state our result, it is useful to recall the energy principle underlying
this equation. We define the energy

1 1
E(u)z—/ |W|2——/ P,
2 Q [7+1 Q

Note that this has a mechanical interpretation: the term % fQ |Vul|? is the kinetic
energy and the .term - [ﬁ /s o lulPt! is the potentia? energy. .

One can easily see that this energy decreases with time (in fact this comes from
the structure of a gradient flow for (6.8)). Indeed, using the chain rule and integration
by parts, we have

LEut) =  [o[Vu.VE — |ulp~'ud]
=— [o %[ Au+ |ulP~"u]
= — [y [Au+ luP~u]’ <o0.
Consequently, we have
E(t) < E° := EW°). (6.9)

This explains the central role of the energy in the

Theorem 6.4 Foru® € H}(Q2) satisfying E(u°) < 0, there are no global solution of
(6.8) with bounded energy.

Proof We define o = % - [ﬁ > 0. We combine the L?-estimate with the energy
decay and obtain
%% fQ wldx = —% fQ[ |Vu|2 — |u|1’+1]dx

—E(u) + an |u|p+l
—E®) + a|Q]17P/2 ([, u2) TV,

v

The last inequality uses Jensen’s inequality for the probability measure dx/|<2|

(+1)/2
(fde) ™" < [amts
o 2] Q 2]

This proves blow-up for E(u’) < 0 because the positive function z(r) := fQ u
satisfies

2

2 pert2, pi= il 0,

and thus it blows-up in finite time, as shown in the introduction. O
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Exercise Find functions u° € H(l) (2) that satisfy the condition E(u”) < 0.

Hint. Use the fact that the two terms in the definition of the energy have different
scales in u and consider expressions as rV(x).

Exercise Prove blow-up for ( /o, (uo)z)(pH) 2 %E (u°).

The topic of blow-up is very rich and many modalities of blow-up, different blow-
up rates, blow-up for different norms and regularizing effects that prevent blow-up
are also possible. See [6].

6.3 Keller-Segel System: The Method of Moments

We come back to the Keller-Segel model used to describe chemotaxis as mentioned
in Sect. 8.9. We recall that it consists of a system which describes the evolution of
the population density of cells (bacteria, amoeba, ...) n(t,x),t > 0,x € R4 and the
concentration c(#, x) of the attracting molecules released by the cells themselves,

%n—An—i—diV(nXVc):O, t>0, xeRY,
—Ac+1tc=n, (6.10)
nit=0)=n"eL>®n LL_(R").

The first equation expresses the random (Brownian) diffusion of the cells with a bias
directed by the chemoattractant concentration with a sensitivity X. The case y = 0
means the cells do not react. The chemoattractant c is directly released by the cell,
diffuses on the substrate and is degraded with a coefficient t that scales in a such a
way that 7~!/? represents the activation length.

The notation Lﬂr means nonnegative integrable functions, and the parabolic
equation for n gives nonnegative solutions (as expected for the cell density, see
Chap. 8)

n(t,x) >0, c(t,x) > 0. (6.11)
Another property we use is the conservation of the total number of cells

m° :=/ no(x) dx:/ n(t, x) dx. (6.12)
R4 R4

In particular, solutions cannot blow-up in L!. But we have the
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Theorem 6.5 In R?, take © = 0 and assume Jre [x>n° (x)dx < .

(i) (Blow-up) When the initial mass satisfies
m® = / n°(x)dx > mei = 87/ X, (6.13)
RrR2

then any solution of (6.10) becomes a singular measure in finite time.
(ii) When the initial data satisfies [z, n°(x)| log(n®(x))|dx < oo and

m’ = / n°(x)dx < Mg = 87/ X, (6.14)
R2
there are weak solutions of (6.10) satisfying the a priori estimates
[t + 11 < .
R2

0 0
||”(f)||u7(R2) <C(p,t,n") for ||n ”U’(]R2) <oo, l<p<oo.

Here we only explain the argument for blow-up. We refer to [1, 5] for the complete
proof of Theorem 6.5.

Proof We follow Nagai’s [4] argument based on the method of moments, assuming
sufficient decay in x at infinity. This is based on the formula

- 1
Ve(t,x) = —ho / 27 aydy, A= —.
R [x—y[? 27w

Then, we consider the second x moment
2
my(t) 1= / ﬁn(t, x)dx.
R2 2
We have, from (6.10),
Ly (1) = [o %[An —div(nXVc)]dx
= [g2[2n + Xnx - Veldx
=2 — X2 [garge n(t Xt ) TR

— 90 _ XX (=) (=)
=2m"’ — TZ .[RZXRZ I’l(t, x)n(t, y)w
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(this last equality simply follows by a symmetry argument, interchanging x and y in
the integral). This yields finally,

d 4
— =2m°(1 — —mP).
dtmz(t) m-( 87rm)

Therefore, if we have m® > 8m/X, we arrive at the conclusion that my(f)

should become negative in finite time, which is impossible since # is nonnegative.
Consequently, the solution cannot be smooth until that time. O

6.4 Non-extinction
We consider now a nonlinearity with the negative sign, still withp > 1,

o (6.15)

y— Au=—ul, t>0, xeRY,
u(t = 0,x) = u’(x) > 0.
We recall that the solution remains positive u(t, x) > 0.

As pointed out in the introduction, in the absence of diffusion, the solution (6.1)
vanishes in infinite time. Does diffusion change this effect?

To analyze this issue, we define the total mass

M(t) = /Rd u(t, x)dx

which clearly decreases
d
—M(@) =— | uP(t,x)dx <DO. (6.16)
d[ R4

Following [3], we are going to prove non-extinction when diffusion is present

Theorem 6.6 Assumep > 1+ % and u® € L' NL>® (RY), then the solution of (6.17)
satisfies

lim M(z) > 0.
—> 00

There is a nice biological interpretation in [3] related to the phenomena of so-
called broadcast-spawning. This is an external fertilization strategy used by various
benthic invertebrates (sea urchins, anemones, corals, jellyfish) whereby males and
females release at the same time, short lived sperm and egg gametes into the
surrounding flow. The gametes are positively buoyant, and rise to the surface of
the ocean. The fertilized gametes form larva and are negatively buoyant and sink
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to the bottom of the ocean floor to start a new colony. For the coral spawning
problem, field measurements of the fertilization rates are often as high as 90 %.
To arrive at such high rates, rapid dispersion on the ocean surface is required
for successful encounters and, as shown above, diffusion is clearly not sufficient,
additional chemotactic attraction is certainly involved.

The model at hand supposes that sperm and eggs have the same density (but
this assumption can be released in a system of two parabolic equations, arriving
at the same conclusion, see below). Chemotaxis is omitted. The parameter p = 2
represents binary interactions leading to fertilized eggs that are withdrawn from the
balance equation. The theorem shows that, in the absence of chemotaxis, not all the
eggs are fertilized. In [3] it is proved that chemoattraction increases this rate but
additional flow mixing does not.

Proof Our assumption for p is equivalentto § = (p — 1)d/2 —1 > 0.

First Step. A Lower Bound For all t > t > 0, we can estimate, thanks to (3.24)
with initial time t,

/ W (1, x)dx < C(d,p) M(z)’ (1 — 7).
R4

Therefore, we can write for T > t 4+ a, and a > 0,

T
M(T) = M(z +a) —/ / uP (1, x)dxdt
t+a JRY
T
> M(r+a)~ Cl. M@y [~
T+a

and thus,
M(T) > M(z + a) — C(d, p)M(z)’ a°.
Second Step. A Upper Bound Let it be the solution to the linear equation

3i—Ai=0, >0 xeR
(6.17)
it =0,x) = u’(x) > 0.

We have u < it and thus, thanks to (3.24),
|lu(®) | ey < C(d. p)M(O) 72

Therefore, we find

M(t+a) > M(t) — /H—a/ uP (¢, x)dxdt.
T R4
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Because M(-) is non-increasing, we finally obtain

-1
M(T + Cl) = M(T) - a||u0||iw(Rd)M(T)'

Third Step. Conclusion Combining these two steps, and choosing a with the rule

a||“0||i;(Rd) = 1/2, we obtain

1
M(T) = SM(x) = C(d.p)M(z) a™".
If we had M(T) — 0 as T — oo, we would conclude that

Cd.pMy ™ a™* =

3

=

which contradicts that M(7) can vanish for large values of <.
This proves the result. O

Exercise From the above argument derive an explicit bound for the minimum mass
(depending on M(0), p, d).

Exercise Assume u’ € L' N L*(RY) and consider the equation without diffusion

0
—u = —u?, t>0, xR
ot

Show that [, u(z, x)dx — 0 as t — oo.

Exercise Consider the system for eggs and other gametes (sperm)

%e —d,Ae = —(eg)P/z, t>0, xeRY,
58 —dyAg = —(eg)’!?,
e(t=0,x) = e’(x) > 0. gt =10,x) =g"x) >0

Show that both limy 0 [pa €(t, X)dx and lim .0 [pq g(7, X)dx are positive.

See [3] again.
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Chapter 7
Linear Instability, Turing Instability
and Pattern Formation

In his seminal paper [33] A. Turing “suggests that a system of chemical substances
reacting together and diffusing through a tissue, is adequate to account for the
main phenomena of morphogenesis”. He introduces several concepts associated
with the chemical basis of morphogenesis (and the name ‘morphogen’ itself),
spatial chemical patterns, and what is now called ‘Diffusion Driven Instability’. The
concept of Turing instability has become standard and the aim of this chapter is to
describe what it is (and what it is not!).

The first numerical simulations of a system exhibiting Turing patterns was
published in 1972 involving the celebrated system of Gierer and Meinhardt [9] (see
also Sect. 7.5.8).

It was only 20 years later that the first experimental evidence for a chemical
reaction exhibiting spatial patterns explained by these principles was obtained. This
reaction is named the CIMA reaction after the name of the reactants used by P. De
Kepper et al. [6] and Castets et al. [5]. See also Sect. 7.5.2.

In 1995, S. Kondo and R. Asai [14] found an explanation of the patterns arising
during the development of animals, proposing that the model should be set in a
growing domain, thus opening up a larger class of possible patterns. Spots, which
are a usual steady state for Turing systems in a fixed domain, can more easily give
way to bands in a growing domain.

Meanwhile, several nonlinear parabolic systems exhibiting Turing Patterns
have been studied. Some have been aimed at modeling particular examples of
morphogenesis such as the models developed in [21, 22]. Some have been derived
as the simplest possible models exhibiting Turing instability conditions. Nowadays,
the biological interest in morphogenesis has evolved towards molecular cascades,
pathways and genetic networks. Some biologists doubt that, within cells or tissues,
diffusion provides an adequate description of molecular spreading. However, Tur-
ing’s mechanism remains both the simplest explanation for pattern formation, and
one of the most counter-intuitive results in the field of Partial Differential Equations.

© Springer International Publishing Switzerland 2015 117
B. Perthame, Parabolic Equations in Biology, Lecture Notes on Mathematical
Modelling in the Life Sciences, DOI 10.1007/978-3-319-19500-1_7
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This chapter presents Turing’s theory and several examples of diffusion driven
instabilities. We begin with the historical example of reaction-diffusion systems
where the linear theory shows its exceptional originality. Then we present nonlinear
examples. The simplest of the latter is the non-local Fisher/KPP equation, while
some more standard parabolic systems are also presented.

7.1 Turing Instability in Linear Reaction-Diffusion Systems

An amazingly counter-intuitive observation is the instability mechanism proposed
by A. Turing [33]. Consider a linear 2 x 2 O.D.E. system

< = au + bv,
a (7.1)
% = cu + dv,
with real constant coefficients a, b, ¢ and d. We assume that
T:=a+d<0, D:=ad—bc > 0. (7.2)
Consequently, we have
u,v) = (0,0) is a stable attractive point for the system (7.1). (7.3)
p y

In other words, the matrix

a b
A =
c d
has two eigenvalues with negative real parts (or a single negative eigenvalue and a
Jordan form). Indeed, its characteristic polynomial is

(a—X)(d—X)—bc=X>—XT +D,

and the two complex roots are X+ = %[T + VT?—4D].
Now consider a bounded domain 2 of R? and add diffusion to the system (7.1),

%—ouAu:au—i—bv, x e,
) (7.4)
5 — 0y Av = cu + dv,

with either a Neumann or a Dirichlet boundary condition. In both cases, the state
(u,v) = (0, 0) is still a steady solution, of (7.4).

In principle, adding diffusion to the differential system (7.1) should increase
stability. But surprisingly we have
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Theorem 7.1 (Turing Instability Theorem) Consider the system (7.4) where we
fix the domain Q2 and the matrix A and o, > 0. We assume (7.2) witha > 0, d < 0.
Then, for o, sufficiently small, the steady state (u,v) = (0,0) is linearly unstable.
Moreover, only a finite number of eigenmodes are unstable.

The usual interpretation of this result is as follows. Because a > 0 and d < 0, the
quantity u is called an activator and v an inhibitor. On the other hand, fixing a unit
of time, the o’s are scaled as the square of length. The result can be extended as the

Turing Instability Alternative

* Turing instability <= short range activator, long range inhibitor.
* Traveling waves <= long range activator, short range inhibitor.

There is no general proof of this statement, which can only be applied to nonlin-
ear systems. But it is a general observation that can be verified case by case. Also,
the statement should be written with the notion of ‘stable traveling waves’, because
traveling waves can also connect an unstable state to a Turing unstable state [26].
However, they are unstable in the sense that the dynamic creates periodic patterns.

Proof of Theorem 7.1 We consider the Laplace operator, with a Dirichlet or a
Neumann condition according to those considered for the system (7.4). It has an
orthonormal basis of eigenfunctions (wy)i>1 associated with positive eigenvalues
Ak

—Awk = Akwk.
We recall that we know that A, oo 00- Weuse this basis to decompose u(f) and
v(r), i.e.,

o0

w@e) =Y a@we, v =Y Bild) wi.
k=1

k=1

We can project the system (7.4) on these eigenfunctions and arrive to

{ i) 1 g Apan(r) = acy () + bPi(2), o)

% + oA Bi(t) = cou(t) + dBi(2).
Now, we look for solutions with exponential growth in time, i.e., ap(t) = May,
Bi(?) = B, with A > 0 (in fact a complex number with Re(1) > 0 is sufficient,

but this does not change the conditions we find below). The system is again reduced
to

{ A @ + oM@ = ady + bp,, 76

A Bk + kakﬁk = ca; + dE.
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This is a 2 * 2 linear system for &y, Ek and it has a nonzero solution if, and only if,
its determinant vanishes

A,+O—ukk_a —b
0 = det
—C /\+O’v/\k—d

Hence, there is a solution with exponential growth for those eigenvalues A, for
which

there is aroot A > 0 to (A + g,Ar —a)(A + o, Ar —d) — bc = 0. 7.7)
This condition can be further reduced to the dispersion relation
A* + A (0u + )M — T| + 04 0(A)* — A(d 0 +a 0,) + D = 0.

Because the first order coefficient of this polynomial is positive, it can have a
positive root if, and only if, the zeroth order term is negative

04 0(A)? —Ak(d oy +ao,)+D <0,

and we arrive to the final condition

O =L+ 94 <0. (7.8)
o, Oy

uOv
Because Ay > 0 and % > 0, this polynomial can take negative values only for
% + o~ > 0 and sufficiently large, with % sufficiently small. It is difficult to give
an accurate general characterization in terms of o, and o,when (a, b, ¢, d) are fixed
because we do not know, in general, the distribution of the eigenvalues.

To go further, we set

6=22,

Oy

and we write explicitly the roots of the above polynomial and we require that

_ 1
" 20,0

AelA AL, As [d@ +a+ \/(dé? +a)’ —4D6 } .19

We can restrict ourselves to the regime 6 small, then the Taylor expansion gives,

df +a 4DO
Ay = 1+ J1—-— |,
=7 20,0 [ (d9+a)2]
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a 2D6
Ar~—|1+1-—""1],
* 2%9[ [ we+mﬁ]

and thus

D
=0(1). Ay~ 2

A~
a oy 0,;9

> 1.

In the regime o, small, o, of the order of 1, the interval [A_, A 4] becomes very
large, hence we know that some eigenvalues A; will belong to this interval.

Note however that, because lim—, o, Ay = 400, there are only a finite number of
unstable modes Ay. O

In principle one will observe the mode wyo corresponding to the largest possible
A in (7.7) among the A;’s that satisfy the condition (7.9). This does not correspond
necessarily to the largest value of A that satisfy the inequality (7.8).

Exercise Compute the first two terms in the expansion of A in Ay — oco.
Solution A ~ —o Ay +T.

Exercise Check how the condition (7.8) is generalized if we only impose the more
general instability criteria that (7.7) holds with A € C and Re(1) > 0.

7.2 Spots on the Body and Stripes on the Tail

Several papers [30] and [18] (see also [25]) give a striking explanation of how
Turing instability provides us with a possible explanation of why so many animals
have spots on the body and stripes on the tail, see Fig.7.1. In short, in a long
and narrow domain (a tail), typical eigenfunctions are ‘bands’, and with a more
spherically shaped domain (a mathematical square body), the eigenfunctions are
‘spots’ or ‘chessboards’. A much better and more detailed discussion with precise

Fig. 7.1 Examples of animals with spots and stripes. Left: Discus (http://animal-world.com/
encyclo/fresh/cichlid/discus.php). Right: My cat


http://animal-world.com/encyclo/fresh/cichlid/discus.php
http://animal-world.com/encyclo/fresh/cichlid/discus.php

122 7 Linear Instability, Turing Instability and Pattern Formation

biological cases demonstrated, and also the original papers where this idea is first
expressed, can be found in [25] Vol. II, Chapter 3.

To explain this, we consider the Neumann boundary condition and use our
computations of eigenvalues from Sect. 2.5.2. In one dimension, in a domain [0, L],
the eigenvalues and eigenfunctions are

k\2 kx
Ak = (%) , wi(x) = cos (nT) , k e N.

In a rectangle [0, L;] x [0, L,], we obtain the eigenelements, for k,/ € N

k> 1?2 kx I
A’kl = (jll:—l) —+ (Z—z) s wkl(x, y) = COS (72—1) COoS (nL—zy) .

Consider a narrow stripe, say L, ~ 0 and L; > 1. The condition (7.9), namely
Auw € [A—, A4], will impose [ = 0 otherwise Ay will be very large and cannot fit
the interval [A_, A 1]. The corresponding eigenfunctions are bands parallel to the y
axis.

When L, =~ L;, the distribution of sums of squared integers generically
determines that the distribution of the Ay, € [A_, A4] will be for [ = k.

To conclude this section, we point out that growing domains during development
also very strongly influence the topic of pattern formation. Again, we refer to [25]
for a detailed analysis of the Turing patterns, and their interpretation in development
biology.

7.3 The Simplest Nonlinear Example: The Non-local
Fisher/KPP Equation

As a simple nonlinear example to explain what is Turing instability, we consider the
non-local Fisher/KPP equation

0 92

Eu—vﬁu:ru(l—l{*u), t>0, xeR, (7.10)
still with v > 0, r > 0, given parameters. For the convolution kernel K, we choose
a smooth probability density function

K() >0, /K(x)dx =1, K € L*(R) (atleast).
R

Compared to the Fisher/KPP equation, this takes into account that competition for

resources can be of long range (the size of the support of K) and not only local.
This idea has been proposed in ecology as an improvement of the Fisher equation

that takes into account long range competition for resources (N.F. Britton [4] and
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Gourley [10] ). In semi-arid regions the roots of trees, in competition for water, can
cover, up to ten times the external size of the tree itself (while in temperate regions
the ratio is roughly one to one). This leads to the so-called ‘tiger bush’ landscape
[15].

The same equation has also been proposed as a simple model of adaptive
evolution. Then x represents a phenotypical trait, see S. Génieys et al. [8]. The
Laplace term represents mutations and the right hand side, growth and competition.
The convolution kernel is used to express that competition is higher between
individuals, whose traits are close to each other (see also Sect. 5.1.2).

The convolution term has a drastic effect for solutions; it can induce solutions
that exhibit a behavior quite different from those of the Fisher/KPP equation. The
reason is mainly that the maximum principle is lost with the non-local term. Again,
we notice that the steady state # = 0 is unstable, that # >> 1 is also unstable because
it induces a strong decay. In one dimension, for a general reaction function f (1) the
conditions read f(0) = 0, f/(0) > 0 and f(z) < O for u large. Consequently there
is a point ug satisfying (generically) /(o) = 0, f"(up) < 0, i.e. a stable steady state
should be found between the unstable ones. This is the case of the nonlinearities
arising in the Fisher/KPP equation that we have already encountered.

In the infinite dimensional framework at hand, we shall see that under certain
circumstances, the steady state u = 1 can be unstable in the sense of

Definition 7.2 The steady state u = 1 is called linearly unstable if there are
perturbations such that the linearized system has exponential growth in time.

Then, the following conditions are satisfied
Definition 7.3 A steady state uy is said to form Turing patterns if

(i) there is no blow-up, no extinction (it is between two unstable states as above),
(ii) itis linearly unstable,
(iii) the corresponding growth modes are bounded (no high frequency oscillations).

Obviously when Turing instability occurs, solutions should exhibit strange
behavior because they remain bounded away from the two extreme steady states,
they cannot converge to the steady state u° or oscillate rapidly. In other words, they
should exhibit Turing patterns. See Fig. 7.2 for a numerical solution of (7.10).

In practice, to check linear instability we use a spectral basis. In compact domains
the concept can be handled using eigenfunctions of the Laplace operator as we did
in Sect.7.1. In the full line, we may use the generalized eigenfunctions, these are
the Fourier modes. We define the Fourier transform as

) = /R u(x)e ™ dx.

Theorem 7.4 Assume the condition

38 such that K(&) < 0, (7.11)
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Fig. 7.2 Two steady state solutions of the non-local Fisher/KPP equation (7.10) in 2 dimensions
with different diffusion coefficients

then, for v/r sufficiently small (depending on & and K(&)), the non-local
Fisher/KPP equation (7.10) is nonlinearly Turing unstable.

A practical consequence of this theorem is that solutions should create Turing
patterns as mentioned earlier. This can easily be observed in numerical simulations,
see Fig.7.2.

The non-local Fisher equation also gives an example of the already mentioned
Turing instability alternative.

* Turing instability <= K(-) is long range.
» Traveling waves <= K(:) is short range.

Indeed the non-local term K * u is the inhibitor (negative) term. The diffusion
represents the activator (with a coefficient normalized to 1). The limit of very short
range is the case of K = §, a Dirac mass, and we recover the Fisher/KPP equation.
More on this is proved in [3].

Proof

(i) The state u = 0 and u = oo are indeed formally both unstable (to prove this
rigorously is not so easy for u = 00).

(ii) The linearized equation around ¥ = 1 is obtained by setting ¥ = 1 + u and
keeping the first order terms, we obtain

0. 9% . -
—u—v—u=-rK=x*u.

ot ox?

And we look for solutions of the form @i(t, x) = e*'v(x) with A > 0. This means
that we should find eigenfunctions associated with the positive eigenvalue A,
that means solution v(x) of

2

AV —v—v=—rK*v.
0x2
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We look for a possible Fourier mode v(x) = ¢! that we insert in the previous
equation. Then we obtain the condition

A+vE =—rK(&),  forsome A> 0. (7.12)

And it is indeed possible to obtain such a A and a §&; = &; under the conditions
of the theorem.

(iii) The possible unstable modes &, are obviously bounded because K is bounded
as the Fourier transform of a probability density (|k | < 1). O

Note however that the mode & we observe in practice is that with the highest
growth rate A.

7.4 Phase Transition: What is NOT Turing Instability

What happens if the third condition in Definition 7.3 does not hold? The system
remains bounded away from zero and infinity by condition (i) and it is unstable by
condition (ii). But it might ‘blow-up’ by high frequency oscillations.

As an example of such an unstable system, which is not Turing unstable, we
consider the phase transition model also used in Sect. 8.10,

b Au) =0, xeQ,
(7.13)
%u =0 on 0%2,
with
Aw) =u 3 —u)>. (7.14)
Because A'(1) = 3(3 — u)(1 — u) < 0, Eq. (7.13) is a backward-parabolic equation
in the interval u € (1, 3). We expect that linear instability occurs in this interval. We
take u = 2 and set
u=2+u,
Inserting this in the above equation we find the linearized equation for u(z, x)

_AQAL=0, xeQ,

%a:o on 0€2.
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Fig. 7.3 Two numerical solutions of the phase transition system (7.13)—(7.14) for (Right) 80 grid
points and (Left) 150 grid points. The oscillation frequencies depend on the grid and these are not
Turing patterns

We set y = —A’(2) > 0 and we look for solutions i(t,x) = e*w(x), which are
unstable, i.e., A > 0. These are given by

Aw + yAw =0,
and thus they stem from the Neumann eigenvalue problem in Theorem 2.7. We have
A=Ay, w = w;.

We can see that all the eigenvalues of the Laplace operator generate possible
unstable modes and thus they can be of very high frequency. And we expect to
see the mode corresponding to the largest A, i.e., to the largest A; which of course
does not exist because A; —2 In the space variable these correspond to highly
oscillatory eigenfunctionslwi that we can observe numerically.

Figure 7.3 gives numerical solutions of (7.13)—(7.14) corresponding to two
different grids; high frequency solutions are obtained that depend on the grid. This
defect explains why we require bounded unstable modes in the definition of Turing
instability. It also explains why in Sect. 8.10 we have introduced a relaxation system.

More on the subject of phase transitions can be found in Chap. 10 on the Stefan
problem.

7.5 Gallery of Parabolic Systems Giving Turing Patterns

Many examples of nonlinear parabolic systems exhibiting Turing instabilities (and
patterns) have been widely studied. This section gives several examples but it is in
no way complete; the theories are far too complicated to be presented here and their
use in biology and other applications are far too numerous.
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7.5.1 A Cell Polarity System
We take the following system from Morita and Ogawa [23]

%u—olAuz—f(u)—i-v, t>0, xeQ,
dv—mAv = f(u)—v, (7.15)
u(x,t) =v(x,t) =0 sur 092.

We take a function f € C2(RT;R™) that, for a given value u, > 0, satisfies
f0) =0, f'(u)>0foruel0,u,

—1 < f'(u) < 0 foru > u,,

f(+o00) = 0.
This system is mass conservative since one can prove that

u(t,x) >0, wv(t,x) >0,

dit /Q[u(t, x) + v(t,x)]dx = 0.

These properties give us the non-extinction/non-blow-up conditions.
We analyze Turing instability.

The Differential System is Stable The corresponding differential system is

1y =—f(U)+ V.
by = fU)-V.
U(0) > 0,

t>0,

V(0) > 0.

It satisfies U(f) + V(t) = U(0) + V(0) =: M° > 0 and thus can be also written as

EU:{wyMﬁ—MQ;GWM)

Therefore, it preserves the positive cone

U@r) >0, V() > 0,

indeed, at the first point #y where u(fyp) = 0 we have %U (fo)) = M° > 0, which
cannot be correct (same argument to handle the function V).

Since G'(u) = —f'(u) — 1 < 0, G(0) > 0 and G(+00) = —o0, there is a single
steady state (i, v) characterized by G(u) = 0 that is equivalent to

w+v =M, v = f(it). (7.16)

Because G(U) > 0 for U < u, G(U) < 0 for U > u, it is very clear that

(monotonically)

U(r) = u, V() = v.
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Turing Instability Consider a steady state (7.16). We compute the differential
matrix for the right hand side
—f'@ 1
f@) -1

To fit the assumptions of Theorem 7.1, we have to check 7 := —f"(a)—1 < 0,D :=
0 (a degenerate case, corresponding to mass conservation). The only possibility is
that u is the activator, which imposes

fw) <0 < u>u,.

Then, we find that unstable modes e (awy, Bwy) exist if there is a positive root to
the polynomial

22+ A(01 + 02) + (@) + 1] + 01k +f @) (02Ak + 1) = f (@) = 0.
As in Sect. 7.1, this is equivalent to

(01A +f (@) (02A + 1) — f'(i1) = 010227 + 01 Ak + 0of (@) Ak < 0,
1 '(t
s L@l
(o)) o5}
This is clearly satisfied for some eigenvalues A; when o7 is sufficiently small; this
is the same result as in Theorem 7.1.

7.5.2 The CIMA Reaction

As mentioned earlier, the first experimental evidence of Turing instability was
obtained with the CIMA (chlorite-iodide-malonic acid) chemical reaction. It was
modeled by I. Lengyel and I.R. Epstein [16] who proposed the system (with ¢ = 1)

Ju 4uv
5—0,,Au=a—u—l+—2,

av cuvu (7.17)
— — 0, Av =bcu— ——.

ot 1+ u?

Here u (the activator) denotes the iodide (/™) concentration and v (the inhibitor) the
chlorite (CIO3) concentration. Existence of steady states was analyzed [27, 35].

Here we consider this system with a > 0, b > 0, ¢ > 0. There is a single
homogeneous steady state

a
4b + 1

. v = b(l + ).

u=
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Fig. 7.4 Labyrinth and spot patterns in the CIMA reaction (7.17). The solutions have been
computed with the software FreeFEM++ [7, 12] by S. Kaber

The simple invariant region for solutions (that means the bounds are satisfied for
all times if initially true) are given by the maximum principle

O<u=a, b<v<b(l+d*:=vy.

Also solutions cannot become extinct because we can use the upper bound on v to
go further and find

U = Umin, umin(l +

(in fact we can go even further and find a more restrictive invariant region, iterating
the argument). These a priori bounds are consequences of the maximum principle
and we skip the derivation.

Therefore, according to our theory of Turing patterns, solutions cannot become
extinct or blow-up (Fig. 7.4) and it remains to study the linearized operator around
the steady state (i, v).

Lemma 7.5 The CIMA reaction system (7.17) is Turing unstable if

4 1 m
4b > 1, c>2+/16b2 -1, b+ _ ¢+ 4/c (16b )

am—1 T 24b—1) ’

and u is the activator, v the inhibitor.

Consequently, for this range of parameters, o, of the order of 1, and o,
sufficiently small, there will be Turing patterns.
c+4/c2—4(16b2—1) 4b+1
—S@m-n >\ w-1-the
third set of inequalities is a condition to ensure that a is not too small, neither too
large.

With the first two conditions for b and ¢, because
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Proof We compute the differential matrix for the right hand side

T o 7 42 — 4bit
l=damy e ) [(-1-F0-w) -3
P LA cb? —2 cbii
bc cv (14u2)? 1+ bc — T(l —Uu ) -

Using Theorem 7.1, and because the bottom right coefficient is negative, we have
to check the conditions

4p? ap? bu
_1_T(1_;{2)>0’ Tr:—l—T(l_;lz)_g<Oa
v v v

cbu  4bu cb? cbii  4cb’u

4p?
Del:(1+T(l—ﬁz))f“rf(bc—f(l—ﬁz)):T“r‘ > 0.
v v v v v

The condition on the determinant is always satisfied. The only constraints on q,
b, c come from the first line. Replacing v by its value, we need first

4b + 1
40°0° — 4b* —b(1 + i) > 0 <= u* > 4b+1.

Secondly, the trace condition gives
_ _ c—+/c2—4(16p2—-1) _
4b — Dit* —cii — (4b+ 1) < 0 = <
( Yu-—cu— (4b+ 1) 2@h—1) u

Ve —4(6b2 -1
<c+ c ( )

2(4b— 1) ’

which is the announced condition.
A subtle calculation that is left to the reader shows that bl

4b—1
— /) c2—4(16b%2— .
% and thus the statement is proved.

Then one can assert that for 0, < 0,, Turing patterns will be produced (in
accordance with Theorem 7.1). O

7.5.3 The Diffusive Fisher/KPP System

The simplest system we have encountered so far is the diffusive Fisher/KPP system
already mentioned in Sect. 4.9. It reads

3—u —d,Au= gu)v,
gf) (7.18)
i dyAv = —g(u)v.
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For d, = d,, the solution v = 1 — u reduces (7.18) to the Fisher equation (4.1) with
f(u) = g(u)(1 —u). Therefore, this system still exhibits traveling waves. It has been
proved that even for d, # d,, the system has monotonic traveling waves [2, 17, 20]
for a power law nonlinearity g(u) = u".

From the Turing instability alternative in Sect.7.1, we do not expect Turing
patterns at this stage. This is why interesting examples are always a little more
elaborate.

Exercise Consider the steady states (U = y,V = 0), y > 0 of (7.18) with g(u) =

un

1. Compute the linearized equation around this steady state.
2. In the whole space or a bounded domain with a Neumann boundary condition,
show that this steady state is always stable.

7.5.4 The Brusselator

Prigogine and Lefever [31] and Nicolis and Prigogine [29] proposed an example
now called the Brusselator. This is certainly the simplest system exhibiting Turing
patterns; see also Sects. 7.5.5 and 7.5.6.

Let A > 0,B > 0 be given positive real numbers. In a finite domain €2, we
consider the following 2 * 2 system with a Neumann boundary condition

0

a—u—duAu:A—(B+1)u+u2v,

9 (7.19)
— —dyAv = Bu —u?v.

ot

We check below that there is a single positive steady state that exhibits the linear
conditions for Turing instability. Also the solution cannot vanish, thanks to the term
A > 0. But we are not aware of a proof that the solutions remain bounded for ¢ large.

Exercise

1. Check that the only homogeneous steady state is (U = A,V = %).

2. Write the linearized system around this steady state.

3. Check that for B < 1 + A2, this steady state is attractive for the associated
differential equation (d, = d, = 0).

4. Letd, > 0, d, > 0 and consider an eigenpair (1;, w;) of the Laplace equation
with a Neumann boundary condition. Write the condition for A, B, d,, d,,, A; for
which there is an unstable mode A > 0.

5. Show that for 8 := d” < 1 the interval [A_, A 4] for A; is not empty.

6. Show that for 6 small we have A_ ~ & A+ Conclude that for d,, fixed
and d,, small, the steady state becomes unstable.

2d9
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Solution 2.
% _ d,Ait = (B— )i+ A3,

8 —dy A = —Bii — A3

3. det = A%, tr = B— 1 — A% and see Sect. 7.1 for the condition # < 0, which leads
toB < 1+A%

4. As in the general theory, we arrive to a second order polynomial for A, which
implies that the constant term should be negative, leading to the condition

d,d,A? + Ai(A%d, — (B — 1)d,) + A% < 0.

5. To have two positive roots, we need a negative slope at the origin, i.e., B >
1+ fl—‘fAz and also

(B—1)d, —A%d, > 2A\/d, d, <> B> 1 + 2/0A + HA%.

This is compatible with the condition of question 3 if, and only if, 6 < 1.
6. We have

1
2d,0

At = [B—1—A%0+ /(B—1—A20)2 —4A20 ].

The Taylor expansion for 8 small reads

1 4A20
Ai = B—1-A%) |1+ )l - ——mM ——
£ =508 ) \/ (B—1— A20)2
As~ — (B-1-A%) |1+ 24% )
=7 24,6 (B—1— A20)?
and thus
A? B-1
A~ — AL~
d,’ 40

For d, fixed and 6 small this interval will contain eigenvalues A;.

The two parabolic regions in (A, B) are drawn in Figs. 7.5 and 7.6.
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Fig. 7.5 The Turing instability region of the brusselator in the (A, B) plane
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Fig. 7.6 Two numerical solutions of the brusselator system (7.19) withA = B = 2 and 200 grid
points. The choice of diffusion coefficients are (Left) d, = 1. and d,, = 0.005 (Right) d, = 0.1
and d,, = 0.001. The first component u exhibits one or two strong peak(s) upward while v exhibits
one or two minimum(s) and has been magnified by a factor 5

7.5.5 The Gray-Scott System (2)

Gray and Scott [11] introduced this system as a model of a chemical reaction
between two constituents. It only differs from the Brusselator (7.19) by a change



134 7 Linear Instability, Turing Instability and Pattern Formation

in the constant coefficients of the reaction term

0

@ _ d,Au = u"v — Au,

g; (7.20)
5 dyAv = —u"v + B(1 —v).

Again A > 0, B > 0 are constants (input, degradation of constituents) and n is
an integer, which determines the number of molecules # which react with a single
molecule v.

The system (7.20) differs from the Brusselator (7.19) in that it is bistable. To
explain this, we only consider the case

n=2, B > 4A2. (7.21)
We first notice that there are three homogeneous steady states to the Gray-Scott
system; the trivial one (Uy = 0,Vy, = 1) and non-vanishing ones (Ux, V1),
given by
Uv =A, AU = B(1 -V).

We can eliminate V or U and find AU?> — BU + AB = 0 and BV? — BV + A2 = 0,
this means that

B+ VB2 —4A2B B F VB2 — 4A%B
Up=—r— Ve=— . (7.22)

It is easy (but tedious) to see that the following results hold:

Lemma 7.6 With the assumption (7.21), the steady state (U—-,V_) is linearly
unstable, the state (Uy = 0,Vy = 1) is linearly stable and (U4, V) is linearly
stable under the additional condition (7.23) below.

Proof The linearized systems read

% = UV - A)ii + U3,

8 = —2UVii — (U + B)9.

We begin with the trivial steady state (Uyp, Vo). Together with the general analysis
of Sect. 7.1, we compute, for the trivial steady state, the quantities

Dy =AB > 0, T=-A-B<0.

This means that for the steady state (Uy, Vo), the corresponding O.D.E. system is
linearly attractive.
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For the non-vanishing ones, using the above rule UV = A, we also compute

B = Aii + U?D,

B = 240 — (U? + B)3,

D =A(U?>-B) > 0, T=A-B-U>
We deduce from (7.22)
_ B B
UL—-B=2;—-2B+ VB> —4A’B
— 5 [B 4+ VB 4A2B] .

Therefore, obviously Dy > 0 and

B
D= m«/B2 —4A’B [«/B 442 — JE] <o0.

Therefore, for the steady state (U—,V_), the corresponding O.D.E. system is
unstable.
It remains to check the trace condition for (U4, V). We have

T=A B B B2 —4A’B <0 (7.23)

= —_——_—— — —_ < N .
242 2A2

which is an additional condition to be checked. Note that, for the limiting value

B = 4A?2, this inequality means that A > 1/8. Therefore, it is clearly compatible

with (7.21). O

We can now come back to the traveling wave solutions. We consider the
particular case d, = d,, A = B and choosing v(t,x) = 1 — u(t,x). Then, the
two equations of (7.20) reduce to the single equation

% —d,Au = u*(1 —u) — Au = u(u — u* — A).

This is the situation of the Allen-Cahn (bistable) equation where, for A sufficiently
small, we have three steady states Uy = O is stable, U_ is unstable and Uy >
U_ > 0 is stable. Therefore, we have indeed a unique traveling wave solution
(see Sect.4.7). C.B. Mratov and V.V. Ospinov [24] develop an extended study of
traveling waves in Gray-Scott system.
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7.5.6 Schnakenberg System

The Schnakenberg system [32] is still another variant of the Brusselator (7.19) and
the Gray-Scott system (7.20) with a constant input in the reaction terms. It is written
as

d

a—u —d,Au=C+ v — Au,

35 (7.24)
— —dyAv = B—u?v.

ot

With C = 0, it has been advocated by T. Kolokolnikov et al. [13] as a simple
model for spot-pattern formation and spot-splitting in the following asymptotic
regime

0
a—L: — eAu = u*v — Au,
5 (7.25)
83_1) —dyAv =B — u
ot £

The scaling has the advantage to show explicitly the connection with Theorem 7.1,

. ;i . . . _ _ 2
u is the activator, v the inhibitor in the linearized system around z = ﬁ, V= %.

7.5.7 The FitzHugh-Nagumo System with Diffusion

Consider again the FitzHugh-Nagumo system as already studied in Sect.5.2.2, but
with diffusion for both components,

1
@ —dyAu=u(l—uw)(u—=)—v,
gf) 2 (7.26)
E—dvAv = uu —v,

with a Neumann boundary conditions.
Assume that

,u>(l—u)(u—%) Yu € R.

Then the only homogeneous steady state is (0, 0) and this is stable for the associated
differential equation.

Exercise We fix d, > 0. Show that when d,, is sufficiently small, the steady state is
unstable.
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As already mentioned, there are many variants, one of them is

@ —dyAu=u(l —u)(u—a) — Buv,
35 (7.27)
5 dyAv = yuv — §v(1 — v).

This relates prey-predator systems and FitzHugh-Nagumo systems. See Sect. 7.6.3.

7.5.8 The Gierer-Meinhardt System

The Gierer-Meinhardt [9, 21, 22] system is one of the most famous examples
exhibiting Turing instability and Turing patterns. It can be considered as a model
for chemical reactions with only two reactants denoted by u(z, x) and v(z, x).

a%u(z‘,x) —dAu(t,x) +Au=vP/vi, t>0, xeQ,
(7.28)

a%v(t,x) —dy Av(t,x) + Bv = u"/v°,

with a Neumann boundary condition.
Among this class, several authors have used the particular case with a single
parameter

%u(t,x) —diAu(t,x) + Au=u*/v, t>0, x€Q,
(7.29)

%v(l,x) —dyAv(t,x) +v = u’.
The diffusion coefficients satisfy
d <1 L dy.

A possible limit is d» — 00, v — constant and thus we arrive to the reduced
system for a steady state

—&2Au+u = uP, xeQ,
(7.30)
du — () on 02.

v

Following Berestycki and Lions [1], when p < %, there is a unique radial spike

2
like solution u = uy(3) with
— Aug + up = uj, x e R4, up > 0. (7.31)

But in a bounded domain, see [19] there are solutions concentrating on the
boundary 92 without limitation on p.

Also for nonlinear systems of elliptic equations, there is a large literature, see
J. Wei et al. [28, 34] and the references therein. They show that there are numerous
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types of solutions, and that they may undergo concentration properties in the case

2
—82Au+u:%, x €R,

7.32
—Av +v = u? ( )

7.6 Models from Ecology

There are many standard models from ecology. The simplest versions never satisfy
the conditions for Turing instability and we review some such examples first. Then
we conclude with a more elaborate model which satisfies the Turing conditions for
instability.

7.6.1 Competing Species and Turing Instability

Let us come back to models of competing species as already mentioned in Sect. 4.10.
Let the coefficients ry, r,, oy and «; be positive in the system

a%ul —dlAul = rlul(l —uy — 052142),
(7.33)
%Mz - dzAI/lz = }"21/[2(1 — o u; — I/lz).

We have seen in Sect. 4.10 that the positive steady state (U, U,) is stable if, and
only if, oy < 1, p < 1. As stated in Theorem 7.1, to be Turing unstable, we require
that one of the diagonal coefficients is positive in the linearized matrix

—rn Uy —oor U
L fr—
—a1nU; —nU,

We see this is not the case. There is no activator in such systems.

7.6.2 Prey-Predator System

In system (7.33), we can also consider a prey-predator situation where oy < 0 (i
is the prey) and 0 < ap < 1 (uy is the predator). With these conditions, the positive
steady state is given by

(Ul,Uz)z( 1o 1-a )

1 —ao;’ 1 — oo
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Because
tr(L) =—-(nU; + rzUz) <0, det(L) = r1r2U1U2(1 —Ollolz) > 0,

this steady state is stable.
Again, according to Theorem 7.1, it cannot be Turing unstable because both
diagonal coefficients are negative.

7.6.3 Prey-Predator System with Turing Instability (Problem)

Consider the prey-predator system (and see Sect. 7.5.7 for variants)

9 u?

~u—d,Au=u(l +u—y% — Bv),

o ( rT=F (7.34)
E%v —dyAv = v(l —v + au).

The purpose of the problem is to show there are parametersa > 0, 8 > 0,y > 0
for which Turing instability occurs. We assume

B <1, aff < 1.

1. Show there is a unique homogeneous stationary state (z > 0, v > 0). Show that

yiu > 2(1 — aff).

2. Compute the linearized matrix A of the differential system around this stationary
state.

3. Compute the trace of A and show that 7r(A) < O if, and only if, the following
condition is satisfied : u[l — o — yu] < 1.

4. Compute the determinant of A and show that Det(A) > 0.

5. Which sign condition is also required for one of the coefficients of this matrix?
How is it written in terms of yu?

6. Suppose also that off > %, a > 1. Show that the above conditions are satisfied
for y sufficiently small.

7. For coefficients as in 6, state a Turing instability result concerning d,,, d,.

Figure 7.7 shows a one dimensional numerical simulation of the system (7.34) in
the Turing instability regime.
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Fig. 7.7 The Turing patterns generated by the prey-predator system (7.34) withw = 1.8, 8 =

0.5,y = 0.08, du = 0.001 and d,, = 0.6. Left: component u, Right: component v. We have used
300 grid points for the computational domain 0 < x < 1

Note also that the system has a priori bounds that follow from the maximum
principle. If initially true, we have

2 14+ /1T=-2
y%fl—}-u - ufuM::%

3

v<uvy:=14uy.

Solution

1. The non-zero homogeneous steady state is given by v = o + 1 and

= =2
O:y%—ﬁ+,317—1:y%+ﬁ(aﬂ—1)+,3—1.

Since B < 1, its positive solution is given by

yi=1l—aBf+ V(1 —apf)2+2y(1—B)>2(1—ap).

2. The linearized matrix about this steady state is

u(l —yu) —pu
A =

ov —U

3. We have Tr(A) = u(1—yu—a)—1and Tr(A) < 0if, and only if, u[1—a—yu] < 1.
4. We have

Det(A) = —i(1 — yi)v + afiuv = ab (af + yi—1)
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and using question 1
Det(A) > uv (1 —af) > 0.

5. The last condition to have Turing instability is that one of the diagonal coeffi-
cients of A is positive. It can only be the upper left coefficient and this is satisfied
if yu < 1.

6. As y — 0, we have yuz — 2(1 — «f) and the condition «ff < 1/2 is sufficient to
ensure yu < 1 for y sufficiently small. We also have to ensure u[l —« — yu] < 1
(from question 3) and this converges to u[—1 — « + 2f]. in addition with & > 1
we have in fact [-1 — & 4+ 20f] < 0, which guarantees the desired condition.

7. With these conditions we know from Theorem 7.1 that in a bounded domain, for
d, sufficiently small and d, of the order of 1, the steady state is linearly unstable.

7.7 Keller-Segel with Growth

Exercise Consider the one dimensional Keller-Segel system with growth

Uy — e + x(uvy)y = u(l —u), xR,
(7.35)
—dvy + v = u.

1. Show that u = 1, v = 1 is a steady state.
2. Linearize the system around this steady state (1, 1).
3. In the Fourier variable, reduce the system to a single equation for U(t, k),

U, + U A(k) =0,

and compute A (k).
4. Show that it is linearly stable under the condition y < (1 4+ /d).

Solution

1. This is easy.

2. l]t - Ux&"‘ XVXXA = _q’ _dvxxA"i_ VA: l]A
3. U+ KU+ yV =-U, —dk*’V +V = U.

We can eliminate V and find A (k) = [k* 4+ 1 — )(%Zkz].

4. The linear stability condition is that all solutions have the time decay ¢~ with
A > 0, in other words A (k) > 0. Using the shorter notation X = k% > 0, it reads
1+ X(d+ 1 — y) + dX* > 0. The analysis of the roots of this polynomial leads
to 4.
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Chapter 8
The Fokker-Planck Equation

Not only diffusion but also drift terms (first order derivatives) are used in order
to describe motion when a velocity field is applied. We begin with a particular
Fokker-Planck equation where the drift is the gradient of a given smooth potential
V:RY >R

In(t,x) — An(t, x) — div(n(t, x) VV(x)) = 0, t>0, xeRY,
(8.1)
n(t = 0,x) = n’(x).

There are many interpretations, applications and derivations from biology that

motivate the use of this equation. Just to mention some of them

Active motion with the velocity U = —VV(x) in addition to Brownian motion
(see Sects. 8.4 and 8.6). For this reason, in nonlinear contexts, Eq. (8.1) is often
called the drift-diffusion equation.

Noise, and this appears in many models of neuroscience.

Chemistry as an intermediate model between the molecular level and reaction
rate equations when they cannot be applied, see Sect. 1.2 and in particular,
Sect. 1.2.6.

Asymptotic limits in various formulations. Examples are scattering of waves or
jump processes (see Chap. 9).

More generally, the Fokker-Planck equation describes the probability density
of stochastic differential equations. For this reason, Eq. (8.1) is also called the
Kolmogorov equation and can appear in any dimension with very general forms.
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8.1 Elementary A Priori Estimates

The main properties of solutions of (8.1) are the nonnegativity principle, the ‘mass’
conservation and the existence of a non-zero steady state,

n’ >0 = n(t,x) >0, (8.2)
/ n(t, x)dx = / no(x)dx, V>0, (8.3)
R R
ue @ are steady states for all u € R, (8.4)
this last statement is because Ae™" = div(Ve™") = —div(eVVV).

It is intuitive that the decay properties of this steady state should play a role,
for example because its integrability is a desirable property. This relies on growth
assumptions of V(x) at infinity. A potential V is called confining if V(x) — 400 as

|x| = oo; typically V(x) = % determines a Gaussian steady state.
A simple idea is to look directly for a priori estimates in L. After multiplication
by n and integration by parts, one finds
%% Jra n(2,%)2dx + [0 |Vn(t, x)[?dx = — [0 Vn(t,x) VV(x)n(t, x)dx
= —% f]Rd Va(t, x)? VV(x)dx

and thus we arrive at

1d

1
- — n(t,x)zdx—i—/ [Va(t, x)|2dx = —/ n(t,x)> AV(x)dx. (8.5)
Zdt R4 R4 2 R4

When AV < —v < 0, with v a constant, one finds that
/ n(t, x)%dx < e_”'/ n°(x)%dx.
R4 R4

Note that, in this case, the steady state in (8.4) is not integrable and this calculation
shows the interest of confining potentials.

8.2 The Relative Entropy

Additional to (8.2), (8.3) and (8.5), there is another family of notable a priori
estimates for solutions of (8.1), the so-called relative entropy inequalities. They
improve the L? inequality in the sense that they do not require any derivative of
the potential
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Proposition 8.1 For any convex function H : R — R, we have

d V) n(t, x) _ v
7 /Rde H e dx = —Dg(nle™") <0,

vy . v (" \]e P
Dy(nle™") = /Rde H (e_v)‘ve_v dx.

We postpone the proof after some comments.

A special case is V = 0, then we simply find the usual heat equation and the
usual [? estimates when choosing H(u) = u”. In general, the [ estimates are true
but they come with weights. More precisely, we obtain

i e("_l)v(x)n”(t, x)dx < 0.
dt Rd

With H(u) = ulIn(u), one finds the inequality

%/]Rd [n(t, x) Inn(t, x) + n(t,x)V(x)]dx < 0.

From the proof, we also derive, in the same way, the comparison principle
Corollary 8.2 For a subsolution n, that is,
%Q— An — div(QVV) <0, t>0, x e R,
(8.6)
n(r=0,x) < n’(x),
we have n < n.

Proof of Corollary 8.2 Re-do the proof of the relative entropy inequality in Propo-
sition 8.1 for subsolutions, with the properties that H is convex and non-decreasing,
and prove that the entropy relation holds as an inequality

d —V() n(t, x) -V
E/];je H m dXS—DH(Ele )SO

Apply it to n — n with H(u) = (u)+, which initially will vanish and thus vanishes
for all times. O

Another consequence of the relative entropy inequality is the maximum principle

Corollary 8.3 If, for some constant Cgt, we have —C% eV < n® < Cg_e_v then

—C%eV <n(@,) < C?Fe_v, Vit > 0.

The case C° = 0 gives the positivity principle mentioned in the introduction.
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Proof of Corollary 8.3 The proof is a variant of the method of Stampacchia. We
choose the convex function H(u) = (u — C(-)k)i so that, at initial time

0
Vg (WY _
e H (e_v(x) =0.

Consequently, the relative entropy inequality in Proposition 8.1 shows that for all

t>0,
/ e Vg M dx <0,
RY e—V(X) -

and because H(-) > 0, this means that e”,(’—v’(‘f) < C?F and the upper bound is proved.

The lower bound is proved in a similar way. - O

Proof of Proposition 8.1 One can write the Fokker-Planck equation (8.1) as
4 : —V(x) V(x)
a—tn(t, x) — dlv[e V(n e )] =0,

and u = n "W satisfies

J -V : —V(x)

E[ue ]1— dlv[e Vu] =0,

or the ‘strong form’
a
Eu — Au+ VV.Vu = 0.

From this, we conclude that for any (sufficiently smooth) convex function H : R —
R, we have

ad
EH(M) — AH(u) + VV.VH(u) = —H" (u)|Vu|*.
Or going back to a conservative form
0 _y . -V " -V 2
B_t[H(M)e ]1— dlv[e VH(u)] = —H"(u)e " |Vu|".

The result follows integrating in x. O
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Exercise

1. Prove that for two solutions n;, n, > 0 (with different initial data), one also has

_/ o (t, ) H (”l(t x)) dx < 0.
na(t, x)

2. Use this to prove that for n(z, x) > 0 and H(-) convex, we have

o o (P2 oz

al t,
3. Conclude that max,cgd m decreases.

8.3 Weak Solutions

As we did in Chap. 3, we define a weak solution of (8.1) by testing against functions
® € DRT x RY)

/oo/ n(t, x) [—BE—AQ>+VV.V<D:| dx dt:/ n’(x)®(0,x)dx.  (8.7)
0 R4 a[ R4

We see that this makes sense under different assumptions for V. Examples are
+ assume VV € L

2 (RY) andn € L® ((O, T); Lz(Rd)) forall T > 0,
* assume VV € C(RY) and n € L*®°(R"; M'(R?)) (bounded measure), which is
relevant in view of mass conservation.

Another option is to use, as we did for the relative entropy structure, the
alternative formulation

%n(t, x) — diV(e_V(")V(n(t, x)ev(x))) =0, t>0, xeRe,
(8.8)
n(t = 0,x) = n’(x).

This leads to another possible weak formulation

o0
/ / n(t, x) |:_8_CI> - eV(X)diV(e_V(")VdD)} dx dt = / n° (x)®(0, x)dx,
0o Jre ot R

which is not very different from (8.7).
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When applying the Lax-Milgram theory [2, 6, 7] for steady states, the two
formulations are however very different. The direct formulation leads to the use of
the scalar product (definiteness should come from the zero order term for example)

((n,®)), = /}Rd Vn(x).VO(x)dx + /Rd n(x)Ve(x).VVdx.

The modified formulation leads to the scalar product (we use the test function

D(x) = p(x)e"W)
((n,9))2 = / V(nx)e"™).V(px)e"M)e ™ Wax = / Vii(x).VO(x)e " Wdx.
Rd Rd

This is a self-adjoint scalar product in the Hilbert space H'(e”'™dx), with
definiteness directly related to the Poincaré inequality in the full space. See Ledoux

[11].

8.4 The Deterministic Case

The case without diffusion makes sense and is called the transport equation. These
equations belong to the class of hyperbolic equations and it is useful to first consider
the strong form

The Strong Form This refers to the equation
—%u(t,x) —U(t,x).Vu =0, t>0, xeRY,

(8.9)
ut =0,x) = u’(x) € C'(RY).

When U is a Lipschitz continuous vector field R x RY — R, it can be solved using
the method of characteristics.

Definition 8.4 The characteristics are the solutions of the Ordinary Differential
System

.X()
FE = VX (1:2"),
(8.10)
X(0) = x% e RY.
Lemma 8.5 The solution of (8.9) is given thanks to the formula

u(t, X(;2°) = u®(x®)  Ve>0, Va° e R

In other words, solutions are constant along the characteristics.



8.4 The Deterministic Case 151

Proof For a C' function one can write
Lyt X(1:x0)) = Lu(t. X(1:x°)) + X(1:x°).Vu(t, X (1 x°))
= 2u(t, X(;x°)) + U(X(#:x°)).Vu(t, X(1; x°)).

This derivative vanishes if, and only if, the transport equation (8.9) is satisfied. Note
that the Cauchy-Lipschitz theorem tells us that, when x° cover RY, then X (z; x°) also
covers R O

The Divergence (Conservative) Form This is the Fokker-Planck equation where
we neglect diffusion,

%n(z‘, x) + diV(n(t, x)U(t, x)) =0, t>0, xeRY,
(8.11)
n(t = 0,x) = n’(x).

A first result, which gives a simple representation formula for the solution is

K
Lemma 8.6 For n’(x) := Z ,o,?S(x - xg), the solution of (8.11) is given by the

k=1
formula

K
n(t,x) = Z p,?S (x - X(t; xg)).
k=1

More generally, we may represent the initial data as n°(x) = f]Rd n’(»8(x —y)
(replacing the finite sum by an integral) and we find

n(t,x) = /Rd no(y)S(x - X(t; y))dy. (8.12)

For this reason we see that the population density is transported by the flow
field U. We also see that L! is a relevant space for n’ € L' by mass conservation

Jra (8, X)dx = [pqn°(x)dx.

Proof of Lemma 8.6 Because this is a linear equation, we only have to prove the
formula for one Dirac mass and the weight po = 1. Then, the definition of a weak
solution means that for all smooth test functions u(z, x) we have, for all 7 > 0,

/Rdn(T,x)u(T,x)—/OT/Rdn(t,x)[%u(t,x) + U@t,x).Vu(t,x)] = /Rdu(O,x).
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For the Dirac mass this is to say

T
u(T, X(T;x°)) - / [%u(t,X(t; )+ U, X (5 2°)). Vu(t, X(1;x°))] = / u(0,x°)
0 R¢
arguing as in the proof of Lemma 8.5, we remark that
9 0 0 0 d 0
Eu(t,X(t;x )+ UEX(#x7).Vut,X(4x7)) = d—tu(t,X(t;x )

and the result follows. O

Despite the simple form for the Dirac initial data, the general formula for the
solution of Eq. (8.11) is not simple and can be derived from the expression

%n(z‘, x) + U(t, x).Vna(t,x) + n(t,x)divU = 0.
Using the proof of Lemma 8.5 one finds
n(t,X(t,y)) exp /Ot divU (s, X(s; y)ds = n°(y) V>0, Vy e R (8.13)
This expression is not very convenient but one readily checks again that

>0 = n(t,x) >0, / n(t, x)dx :/ no(x)dx.
Rd Rd

8.5 The Complete Fokker-Planck Equation

The complete Fokker-Planck equation (also called the Kolmogorov equation in the
theory of Markov/diffusion processes) is given by

d
1 92
3 i 2 :_ N ; — d
arn(t,x) 3 2 x; o, (Bl,(t,x)n(t,x)) +d1V(n(t,x)U(t,x)) 0, t>0, xeR,

n(t = 0,x) = n’(x).
(8.14)
Here U : RT x R?Y — R is the velocity field and B : RT x R? — M‘j_x‘i is the

nonnegative symmetric diffusion matrix. In other words, it is always assumed to
satisfy, for some constant v > 0,

d
3 BytngEg = vIEP Ve R

ij=1
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The main properties are still the sign property
n® >0 = n=>0,

and ‘mass’ conservation

/n(t,x)dx:/ n’(x)dx, Vi=>0.
R4 R4

We assume that there is a steady state N(x) to (8.1)

d
- % Z o (Bj(x0)N(x)) + div(N(x)U(x)) =0, Vxe RY, N(x) > 0.
ij=

(8.15)

The existence of solutions depends heavily on the coefficients (B, U) and on the
desired properties for N (usually N € L' N L®(R%)), but a typical example is as
before

1
EB =1 (identity matrix), Ulx) =-VV(x), Nx) = pne "9, ueR.

More generally for a constant matrix B, when U = —BVV(x), we find the same
steady states.
For this general equation, we still have the relative entropy relation

Proposition 8.7 For any convex function H : R — R, we have

d n(t, x) _ -
& [ veom ( e )dx — _Dy(nlN) <0,

Du(n|N) = Py / N@B;(x)V,, (—) v, (%) dx.

n(t,x)

NG then for

To prove it, calculate successively the equation for u(t,x) =

H (u(t, x)), and then for NH (u(t, x)). It is tedious but it works.

There are many examples of nonlinear Fokker-Planck equations arising in
biology and we give examples later. They describe the density of a population
moving with a deterministic velocity U added to a ‘random noise of intensity’
a;;. More generally, the reason why Fokker-Planck equations play a central role is
the connection with Brownian motion and Stochastic Differential Equations. This
material is introduced below.
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8.6 Stochastic Differential Equations (SDE)

The Fokker-Planck equation is intimately connected to Stochastic Differential
Equations and we explain this in the next three sections. As we did in Sect. 1.4
for Brownian motion, we give here a very intuitive and non-rigorous construction
based on numerical approximations. For a given, sufficiently smooth, vector field
U € RY and a matrix o(t,x) € M,, one can build the solution of the It6 Stochastic
Differential Equation (see Fig. 8.1)

dX(1) = U(1,X(1))dt + o (1, X(1))dW (1),
(8.16)
X(0) =X’ e R? (arandom vector),

with W(r) = (W1 ®,...wr (t)), p independent Brownian motions.

The numerical construction mimics the one in Sect. 1.4 and we use the same
notations. This defines the Euler scheme (here we calculate with d = p = 1 but the
reader can extend it easily)

X =x"+ AUt X5 + VAro (¢, XY (8.17)
Because the random variable Y* is independent of X* and E[Y*] = 0, we have

E[X*t' —X*] = AE[U(#. X")]. (8.18)

0.0 0.5 1.0 1.5 2.0 25 3.0 3.5 4.0

Fig. 8.1 Deterministic solution (¢ = 0) and a path solution (o = %) to the 1t6 SDE (8.17) for
the drift U(x) =1 —x
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E[ (X = X4)*| = E[ARUA(#, X4) + 288U (F, X4)o (. X4 ¥
+Ado (¢, x4 ¥4 ]

= ArE[o?(¢, XYE[ ()] + 0(ar)
= At E[o?(*, X*)] + O(AP).

Except when o = 0, this scales like the Brownian motion.

The type of approximation scheme used in (8.17) is very important, in opposition
to the deterministic case. Changing this approximation also changes the limit. The
Stratonovich convention is an example and the notion is denoted as

dX(t) = U(t,X(1))dt + o (1, X (1)) o dW(2),
(8.19)
X(0) =X°eR? (arandom vector).

The Stratonovich SDE corresponds to the semi-implicit approximation in the
stochastic term
Xk 4 Xk-l—l

X = x4+ At U (K XY + VAT o (F, 5

)Y (8.20)
It may be may approximated as
X XK ATU(E,XY) + VB o (,X) + 1D0 (i, X4) e+ - x| vt

~ X+ At U, XY) + &' Do (%, X*)o (1, X¥) (1Y)
+VAro (5, X5 Y* + 0(AP?).

This means that
E [X! - X4 = AE[U(F,XY)] + %E[Do(rk,xk)o(l’i?f"))], (8.21)

in other words, one cannot take the expectation as simply as for Itdo SDE.
Because E [(Y")3] = 0, we also find that

E[(X = XY7] = ArE[o*(*.X)] + 0(aP).

It is remarkable that the Stratonovich semi-implicit scheme leads to the same first
two expectations as the Itd formula with the drift U changed in U — %o’ o; in fact
for the limit Ar — 0, the two constructions are equivalent with this modification for

the drift. This is to say that the limit of the term (Y k)2 is 1 in probability.
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8.7 The Ito Formula

An important tool in the theory of SDEs is the Itd formula that gives the equation
satisfied by the random variable u(t, X()), when u € C*(R?T!; R),
du(t X (1)) = [ MO 4 U (e, X(0).Du(t, X(0) + LB X(0) D2u(t, X(0) | dr

+0 (2, X(1)).Du(t. X (1)).dW (1)
(8.22)

with
1 t t .
B(t,x) = Ea(t, x).0'(t,x) (o' denotes the transposed matrix). (8.23)

In other words, the chain rule does not apply to SDEs as it applies to
ODEs (o(t,x) = 0) and it gives an additional term, namely the term
B(t, X (1)).D*u(t, X(1)).
This formula can be derived from the approximation (8.17). Using Taylor’s
expansion in time, we find (again with d = p = 1 to simplify)
u( T X = (kx4 ARCXTD L oA

= u(f, XY + ArEXD L o(ARR),
Therefore, using now Taylor’s expansion in space, we find

u k yk
w( L XM = u(k, X0 + A 4 0(AR?)
+[AtU (X5 + VAt o (i, X*) Y. Du(*, X5
+1 Ao (¢, X¥) (Y4)* D2u(, X¥).
As we already saw for the Stratonovich model, the limit of the term (Yk)2 is 1 for
the limit A7 — 0 and we see that this is the discrete version of (8.22).
In the case of the Stratonovich convention, one can use the chain rule as in the

deterministic case (and this is the advantage gained from the more complicated
average)

du(t, X (1))
ot
+0 (1, X(1)).Du(t,X(1)) o dW(1). (8.24)

du(t, X (1)) = [ + U(r. X(t)).Du(t,X(t))i| At
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To see this, we can redo the discrete version, and to simplify, use a function of X
only,

w(X) = u(x*) + Du(X4)[Ar U, XF) + V/Ar o (XX yh
+AD2u(xN o (X (7R 4 0(AR2),
which we may ‘center’ to follow the semi-implicit rule
WX = u(Xk) + At Du(XHU(, X¥) + At Du(XH) VA7 o (K yk
«FDzu(Xk)(XkH Mo (Xk XH‘) vk
—}-%DZM(X]()O'(X]('I'?PH ) (Yk)z 4 0(At3/2)

and because the dominant term in X**! — X* is /At cr(XuTXHI)Y", we finally end
up with

uX* = u(x*) + At DuxHU(*, x4

k k+1 k k+1
+\/EDM(X +2X )a(X X )Y+ 0(Ar?),

2

which is the discrete version of (8.24).

8.8 The Kolmogorov Equation

To go further and make the link with the Fokker-Planck equation, we recall the

Definition 8.8 The probability density n(x) of a random variable X is defined by
the identity

/u(x)n(x)dx = E[M(X(a)))],

for all smooth test functions # with compact support.

We give the probability density n°(x) of X° and we denote by n(t,x) the
probability density of the process X (¢, ). Then, we can deduce from the 1t6 formula
that

Theorem 8.9 (Fokker-Planck-Kolmogorov Equation) For the process (8.17), the
limiting probability density n(t, x) satisfies the Fokker-Planck equation (8.14).
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Remark that the construction of n(t, x) gives the ‘mass conservation’ property
because, for a probability density, we have fRd n(t,x)dx = 1. We give two
derivations of this fact.

Proof We give two derivations. To see this from the SDE, we write, taking the
expectation in (8.22), that for any smooth function u(t, x), we have

du(t, X (1)) ‘U

5 (2. X(1)).Du(t. X (1))

%E[u(l, X1n]=E [

+%B(t,X(t)).D2u(t, X(t))i| .

Using the definition of the probability density n(#, x) of the process X(z), the former
identity is also written

%/u(t,x)n(t,x)dx = / 3ugt’x)n(t,x)dx

+ / [U(t,x).Du(t, x) + %B(t,x).Dzu(t,x)]n(t,x)dx.

The chain rule gives

%/M(I,X)n(t,x)dx: / au(at;X)n(l,X)dx—i-/u(l,x)wdx’

and thus we find

0= —/u(t, X) an(att, ») dx + / [U(t.x).Du(t, x) + %B(l, x).D*u(t,x)|n(t, x)dx,

and after integration by parts

0= / u(t, ) [— a”(att M _ div[U (1, x).n(1, x)] + DZ[%B(z‘, X, x)]i| dx.

This holds true for any test function u(z, x), therefore we conclude that
an(t, x)
ot

that is, the complete Fokker-Planck equation (8.14).
We can give another derivation based on the Euler discrete scheme (8.17) and
write for all smooth functions u(x) that, still with N the normal law, we have

() = u(X 4 AU X + VB0 (X)),

— div[U(t, x).n(t, x)] + DZ[%B(L x).n(t,x)] = 0,

/ w0+ (x)dx = / / u(x + AUGE, x) + «/Ea(tk,x)y) ()N (y)doxdly.
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We cannot obtain a simple equation for ¥ from this formula but we can use again
Taylor’s formula to obtain the approximation

Su@n* ' (xydx = [ [ [u(x) + AtU(*, x).Du(x) + /At o (1, x)y.Du(x)
+%’o(tk,x)2y2] n* ()N () dxdy + O(AP/?),

i u()n* 1 (x)dx = / [u(x) + AtU(f*, x).Du(x) + AT’B(t",)c)] n*(x)dx + O(Ar/?)
= [u(x) [nk(x) — At div[U(, x)n* (x)]
+4ID2[B(H*, ) (x)]] dx + O(AP/?).

Because this holds true for all smooth functions u, it means that
At
ATl (x) = nf(x) — At div[U (&, x)n* (x)] + 7Dz[zse(tk,x)nk(x)] + O(AP?).

As At vanishes, we recover the complete Fokker-Planck equation (8.14). O

When using the Stratonovich integral, that is, the midpoint scheme (8.20), the
formalism is similar. This goes as follows (again with d = p = 1 to simplify)

u(XH) = (X5 + AU X0 + VAo (X )

u(XF+ AU XY) + VAo (F XYV

+ Y (1, X4) (XH = X9 YA+ 0(a32))

= u(X* + AU XY) + VAT (X Y
+810 (1. X)or (1, X4 (Y52 + 0(4%/2)),

(0 here means the x derivative of o (¢, x)).
Using again Definition 8.8 for the probability law ¥, this is written

/u(x)nk+l(x)dx = //u(x—}- AU, x) + v/ At o (F, x)y

+%o—’([k7 x)o (£, x)2y2) n*(X)N(y)dxdy + O(AY?),

/ u(x)n* 1 (x)dx = / [u(x) + AtU(*, x)Du(t*, x) + %o/(tk,x)a(tk,x)Du(tk,x)
+A7’0(tk,x)2D2u(tk,x)] n*(x)dx + O(AY?).
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We pass to the limit as At vanishes and find

/u(x) 8n(att, *) dx = / [U(t, x)Du(t, x) + %(r/(t, x)o (t, x)Du(t, x)

1
+ 50(1‘, x)2D%u(t, x)] n(t, x)dx.
We can write after integration by parts and use of the chain rule
[u() 24D gy = [ [div[ — [U(tx) + Lo’ (6, )0 (1, 0t x)]
+ %Dz [o(t, x)*n(t, x)]] u(t, x)dx.

In other words, the Stratonovich integral, leads to the modified Fokker-Planck
equation

on(t, x)
ot

+ diV[[U(t, x) + %G/(Z‘, x)o (t, x)]n(t, x)] - %DZ[B(I, x).n(t,x)] = 0.

8.9 Oriented Collective Motion

As we have seen, the Fokker-Planck Equation is well adapted to describe the motion
of a large number of cells (or more generally individuals) that move both with
randomness and oriented drift. The drift can result from a signal which itself is
emitted by the population; this generates collective behavior of the population.

With these modeling assumptions, we arrive to a nonlinear version of the Fokker-
Planck equation

%n(l, x) — An(t,x) + diV(n(t, x)VS(t, x)) =0, t>0, xeRY,
S(t,x) = .[Rd K(x —y)n(t,y)dy, (8.25)
n(t=0,x) = n°(x).

The convolution kernel K(-) describes the long range dispersal of the signal emitted
by an individual located at y and generating the signal (chemical potential) S(x) at
location x. The gradient VS(x) of this potential defines the preferred direction (and
intensity) of the active motion of an individual located at x.

Usually, in a homogeneous and isotropic medium, the kernel satisfies K(x) =
K(|x]). One distinguishes the attractive movement K’(-) < 0 and the case K’(-) > 0
for repulsive movement. In physics when K(x) = :tplc_\’ the former corresponds to
Newtonian gravitational forces, the latter to the Coulombic electric force. This can
be seen from the exercise below. Figure 8.2 depicts the numerical solution of (8.25)
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Fig. 8.2 A numerical solution of (8.25) at three different times for an attractive interaction kernel
K. Such models have the property to create high concentrations (aggregations)

in the attraction case and K (x) = \71| When the total density is sufficiently large the
population has a tendency to aggregate and form a spike solution (see Sect. 5.1).

The Keller-Segel system [1, 8, 10, 13] for chemotaxis is the most famous model
in this area and assumes that cells move with a combination of a random (Brownian)
motion and an oriented drift, which is a chemical gradient of a molecule emitted by
the cells themselves and diffused in the medium. Therefore, the Keller-Segel system
corresponds to a singular kernel K(-) (the fundamental solution of the Laplace
equation). Then, the solution of (8.25) can concentrate in finite time as a Dirac mass
as mentioned in Sect. 6.3.

Exercise Assume that K(x) = K(|x|).

1. Derive formally the free energy for the solutions of (8.25)

i [n(t, x)Inn(t,x) — ln(t, x)S(t, x)]dx =-=D() <0
dl R4 2

and compute D(¢).
2. Compute E(¢) for the dynamic of the second moment

d [ Ix

— = E(2).
&t Je 2 n(t, x)dx )

Interpret this relation in terms of attractive or repulsive kernels.

Solution

1. D(t) = [pan|V(S + Inn)|?dx.

2. E(t) = ded n + %fRded |x — YK (|x — y|)n(t, x)n(t, y)dx dy.

The contribution d fRd n° results from the dispersion by Brownian motion. A

repulsive potential K’ > 0 adds up to this effect. On the contrary, an attractive
potential K’ < 0 has tendency to decrease the second moment.
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8.10 Nonoriented Collective Motion

Movement can also be completely nonoriented, by this we mean a Brownian motion
with variable intensity and thus with a zero mean. Nevertheless, this can generate
interesting patterns. This is the case when U = 0 in (8.16) but the intensity of the
Brownian motion depends on the local population density through a smooth function
T :Rt >R,

o(t,x) =X (n(t, x))

When the individuals are attracted to (or need) the rest of the population, then
3'(-) < 0, which means that the larger the population, the lower the level of
movement. When the individuals do not like high concentrations we take X/(-) > 0.
The Fokker-Planck equation reduces to the parabolic equation for the density

%n(z‘, X) — AA(n(t, x)) =0, t>0, xeRY,
A(n) = $nZ(n)*, (8.26)
n(t = 0,x) = n’(x).

In Fig. 8.3, we present the numerical solutions of a relaxation system close to
(8.26):

B ne(t,x) — SA[S? (me (. x))ne(1,x)] = 0, >0, xe(0,1),
(8.27)
—eAmg(t, x) + mg(t,x) = ng(t,x),

together with a Neumann boundary condition for both equations (the total number
of individuals remains constant in time). We have computed the case when X (-) is
decreasing near n = 0, which means that individuals tend to avoid low densities by
moving fast (still with average 0). In our test case

and A’'(n) < for 1 < mn < 2. This is an unstable region and this creates
discontinuities. The constraint for the conservation of total number of individuals,
enforces that part of the population has to remain at a low level of density.

This form of equation is also related to models of phase transition and the Stefan
problem, see Chap. 10 and Sect. 7.4.

Exercise Define ®(n) by ® = A. Show that [p, d>(n(t, x))dx is decreasing. When
can it be convex?
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Fig. 8.3 A numerical solution n(t, x) of (8.26), 0 < x < 1 (abscissa), at four different times when
A(n) has a decreasing region for 1 < n < 2. Top left, the initial data. Bottom right, the final time
(the steady state is composed of two constant states separated by two discontinuities). In abscissae
x, in ordinates n(t, x)

Exercise Perform a numerical simulation of the system (8.27) and use a decreasing
function ¥. Compare with the results in Fig. 8.3.

8.11 Cross-Diffusion

In ecology, one can encounter aversion between competing species. Each species
moves according to pure diffusion (Brownian motion), whose intensity increases
with all the densities of all the species present at the same location. This leads to
parabolic systems with so-called cross-diffusions. One can expect that this effect
may lead to segregation of species; species will position spatially so as to avoid
each other.

For two interacting species with densities n; and n,, we write that each Brownian
motion has an intensity which depends on the densities (11, n,) and this leads to a
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system of two coupled Fokker-Planck equations

%nl(t,x) — Alny al(nl(t,x),nz(t,x))] =0, t>0, xeRY,
(8.28)
E%nz(t,x) — A[nZ aZ(nl(Lx)’nZ(tvx))] = O

In such models, where the a;’s depend on n;, second order derivatives of n; appear
in the equation for n;. This is why they are called cross-diffusions. The subject
of cross-diffusions is also very specific and, to gain an insight, some papers are
[4,5,9,12].

A strong property is existence of an entropy under the condition for the
nonlinearities ¢; in (8.28)

da;  Oday 2 da; a da, ap da;
— +— ) <4{|—+ =)=+, — > 0. 8.29
(3n2 + anl) - |:(3n1 + nl) (3n2 + nz)i| on; — (8.29)

This is because one can compute

d Vnil|?a Vn-|%a
_/ [nllnn1+n21nn2]+/ |:| l| 1 + | 2| 2i|
dt Rd Rd n] n2

8a1 8a1 8a2
= _ VnP— + [ — + = |Vn, .V
/Rd |:| m| ony (3}12 Bnl) -V

d
+| Vi, az}

oy

and the right hand side is negative under the condition (8.29).
A famous competition system (that includes reaction terms) was proposed by
Shigesada et al. [14]

S — Alldr + aany + Bima)ni] = (1 — ey — como)ny,

31y — Al(ds + oy + cama)ma] = (r2 — cany — coma)na.

L. Chen and A. Jiingel [3] have developed a theory for this system under a more
general condition than (8.29). They introduced a variant of the above entropy
inequality, namely, discarding the left hand side (in other words, r; = 0, ¢;; = 0),
we have

d ni ny
— —1 —1 <0,
dt Jpa |:.31 e B2 nn2:| -

which holds under the simple sign condition d; > 0, o; > 0, 8; > 0.
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Chapter 9
From Jumps and Scattering
to the Fokker-Planck Equation

Scattering equations are integral equations closely related to the Fokker-Planck
equations, as we shall see, but simpler to analyze. They come from physics (neutron
transport equations, wave scattering) but also from adaptive evolution, representing
mutations of organisms during reproduction, or in bacterial runs and tumbling
movements (the microscopic description of chemotaxis, [2, 3]). More generally, in
relation to probability, they are the Kolmogorov equations for the probability density
of jump processes.

9.1 The Scattering Equation

9.1.1 The Integral Model
We depart from the simple ordinary differential equation (in infinite dimension)
d d
a—tn(z‘, X) + k(x)n(t,x) = ) K@, x—y)n(t,y)dy, t>0, xeRY (CAY
R
together with an initial data n° € L' (RY). We use the assumption and notation,

K(y,2) =0, k(y) := /R ) K(y,z)dz € L®(RY). 9.2)

© Springer International Publishing Switzerland 2015 167
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This scattering equation shares properties with the Fokker-Planck equation,
namely we have

>0 = n=>0, 9.3)

/ n(t,x)dx:/ no(x)dx, V>0, 9.4)
Rd R

/ |n(t, x)|dx < / [n°(x)|dx, Vit>0. 9.5)
R4 R4

However, there is not always a simple formula for the steady state (see Sect. 9.2
for explicit constructions).

9.1.2 Existence of Solutions of the Scattering Equation

The existence and uniqueness of solutions of (9.1) is a simple consequence of the
Cauchy-Lipschitz theorem.

Lemma 9.1 Assume (9.2), then for n’ € L'(RY), there is a unique solution n €
C(R+; L! (Rd)) of (9.1) and the properties (9.3)-(9.5) hold true.

Proof We first prove that the linear operator n > k(x)n(x) — [pa K(y, x — y)n(y)dy
is Lipschitz continuous from L' into L'. That is because

Ik raey < 1&llzoo ray I7]] L Ry

I [ K=ol
< / / KG.x— ) n()ldy dx < [kllzoe g Il g,
R4 JRd

Then, we may apply the Cauchy-Lipschitz theorem; in the Banach space L' (R?)
a Lipschitz continuous differential equation has a unique global classical solution
ne CI(R+;L1(Rd)).

The Lebesgue theorem for derivatives also shows that

dit /Rd n(t, x)dx = / |:/]R" K(y,x — y)n(t, y)dy — k(x)n(z, x)} dx = 0,

R4

which gives mass conservation identity (9.4).
To include the sign and prove (9.5), we use the method of Stampacchia, see
Sect.3.3. We introduce a family Hs(-) of smooth, non-decreasing and convex
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functions such that H§(-) < 1 and Hs(-) /" H(-) = sgn (-). We have
2 Hy(n(1..)) + KO H; (n(t, 0)n(t.x) = Hy(n(2.2)) frs K. = y)n(z. y)dy
< Jpa K. x = y)ny (¢, y)dy.

Therefore, in the limit § — 0,

3
7,1 (60 dx + k()n (1.0) < / KGx =y (1, y)dy,
R

and
d
—/ n4(t,x)dx < 0.
dt R4

Therefore, when n° is nonpositive, it remains nonpositive and, applying to —n° we
find (9.3).
The L' contraction (9.5) follows with the combination —n + 2ny = |n|. O

9.2 The Relative Entropy

As all linear problems that satisfy a positivity principle, the scattering equation has
a family of relative entropies. We assume that there exists a positive steady state

AN(x) > 0, such that k(x)N(x) = /]Rd K(y,x —y)N(y)dy. (9.6)

Semi-explicit examples, where one can prove the existence of such steady states,
are given as an exercise at the end of this paragraph. An explicit example is the
projection operator; being given N(x) > 0 with [z, N = 1, we choose a weight k
such that [ k(y)N(y)dy = 1 and take K as

K(@.x—y) = k(KON ().

There is another and larger class of examples of kernels K where N is known. Still
being given N(x) > 0 with [p, N = 1 and a symmetric kernel K (x,y) = K(y,x) >
0, we take K as

K(x.y) [ K&y
No) M= NG

< k(x)N(x) = /f{(y,x)dy = /f{(x, y)dy.

K(ysx_y): dx




170 9  From Jumps and Scattering to the Fokker-Planck Equation

Theorem 9.2 (Relative Entropy for the Scattering Equation) For all convex
function H(-), one has

d n(t,x)\ e -
7 » N(x)H( NG) ) = —Dy(n|N) <0,
R o P\ (102
oo = [ wooxwo 1 (555) o (55
. n(r,x)) (n(r,y) B n(nx)ﬂ e
w (i) (Ve ~ Ny ) e
Proof Left to the reader (see [2]). |

Corollary 9.3 Assume that n® < CN, then for all t > 0,

n(t,x) < C°N.

Exercise The aim of this exercise is to find a class of kernels for which a positive
steady state N(x) exists in (9.6). We give, fori = 1, 2, ..., functions

P; >0, Q; > 0, / Pi(x)dx = 1, Q; € L®(RY).
R4

We define

1 1
ko) =Y 0,  K@,x—y) =) Pix)O).
i=1

i=1

P i (X)
k(x)

1
We aim to find o; > 0 such that N(x) = Z o is the steady state.
i=1
1
1. Show that N(x) is a steady state if, and only if, ZA,jaj =q;, Yi=1,..,Iwith
j=1
the matrix having positive entries

_ [ BO®),
Ay = A 200y >0
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2. Using the Perron-Froebenius theorem, show that there is a unique A > 0 and
o; > 0,i=1,..,1such that

1
E AijO{j = AO{i.
Jj=1

3. Prove that A = 1 and conclude.

Hint. Y_ Aj = 1.

9.3 The Hyperbolic Limit of Scattering

We can derive the transport equation (8.11) from the scattering equation and we
begin with this because it is simpler than the derivation of the complete Fokker-
Planck equation.

Hyperbolic Rescaling To achieve this goal, we assume that scattering occurs with
small changes and a fast rate (in other words, we change the time scale according to
the size of the jumps)

D ne(tx) + 1 [k(x)nsa, x) - / Lk, 2, y)dy} =0,
R4 & &

9.7
ne(t = 0,x) = n°(x), / [n°(x)|dx =: M°.
R4
Additionally to (9.2), we define and assume
Ux) := / ZK (x, z)dz € L% (RY), sup / 1z]2K (x, z)dz < oo. (9.8)
Rd xeRd JRY

Based only on the bound fRd |ne(t, x)|dx = M° for all t > 0, we can extract from
n, a subsequence such that for all 7 > 0,

ne = n weakly in measures in [0, 7] x R,

it means that for ® € C.(RT x R?),

o o0
/ / ne(t, x)®(t, x)dx dt — / / n(t, x) (¢, x)dx dt.
0 R4 e—>0 0 R4

With this material at hand, we can handle measure solutions to the limiting problem
compatible only with a continuous velocity field U and uniform limits in the
integrals involved in (9.8).
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We can prefer stronger estimates based on relative entropy, see Sect. 9.2. Then,
we assume that for a function N € L' NL>®(R?), the initial data and the steady states
N; in (9.6) undergo uniform control

|n’| < CoN: < N.
This implies the same control at later times
|n(t,-)| < CoN: < N.
Then we may extract a subsequence such that
ne—n in L°R" x RY)—wux, |n| <N. 9.9)

This means that for ® € L' (R x RY),

T T
/ / ne(t, x)®(t, x)dx dt — / / n(t, x) (¢, x)dx dt.
0 R4 e—>0 0 R4

This assumption for n° and N, is rather restrictive although an example is built in
Sect. 9.5.

In Sect.9.6 we show that we can go further. With some simple regularity
assumptions for K, we derive more general L?> bounds. We take them for granted
here.

The Hyperbolic Limit With this in mind, we can extract from n, a subsequence
that converges weakly in L? ((0, T) x Rd) forall T > 0,ton
ne LR L' nL*RY)).

Theorem 9.4 (Hyperbolic Limit for the Scattering Equation) Assume (9.2),
(9.8) and for all T > 0, supy< <7 |[n(1)|l2may < C(T). After extraction, the weak
L?-limit n of the solution of (9.7) satisfies, in the distributional sense, the transport
equation

a%n(l, x) + diV(n(t, x)U(t, x)) =0, t>0, xeRY,
(9.10)
n(t = 0,x) = n’(x).

Proof We change variables from y to z = ’% and arrive to the formulation

a%ng(t, x) + lk()c)ns(t, X) = l / K(x — ez, 2)n.(t,x — ez)dz.
& e
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Using the property (9.2), this is also written

%ns (t,x) = — / E[K(x, )ne(t,x) — K(x — ez, 2)n.(t, x — SZ)]dZ.

We introduce a test function ®(z, x) € C>(R™ x R?) with compact support that is
®(r,x) = 0fort > T or |x| > R for some 7, R > 0. We multiply this equation by
®(z,x) and integrate in ¢, x. We find, after using the Fubini theorem,

T P 0
_/0 /Rd ECD(I’X)HS(LX) - /Rd ®(0, x)n’ (x)dx

— T @(t,x) — @([’x + SZ)

- /0 /R | ng(t, x) /R , K(x,72) - dz dx

T
O(t, x) — Dz, £
:—/ / ne(t, x) K(x,z) (@, x) (@ x + Z)dzdx—i—lf.
0 JRA lz|<R &
It remains to handle these two terms. On the one hand

r O(t,x) — O,
®=- / / ) [ K2t = ®Cxted)
0 JRrd lz|>R 2

and we can control it using the second moment in (9.8)

r d(1,x) — (¢
W 5/ I (2, %) dx sup/ K(x, g 20D Z @t e,
0 JRrd lz|>R &

XERd

< T M°||V®| 100 gay sup/ K(x,z)|z|dz
|zI=R

xR

< IH V| ooy sup / K(x.2)]zPdz
xeRd J |z|>R
<

=0

for a constant C independent of &.
On the other hand, strongly in L? ((0 T) x Rd), we have the limit

(1, x) — Oz,
/ K 2D Z®xted / K(x, 2)2.V (1, x)dz
lz|<R £ e—>0 |

z|<R

and thus by weak-strong convergence we find

T 5 O
_/0 /]Rd ECD(I’ Dn(t,x) = /]Rd @(0, x)n" (x)dx

r 1
/(; [1;«1 n(t, x) e K(x,2)z.V®(t,x)dz dx + O(R)
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It remains to pass to the limit as R — oo and we find

/ K(x,2)z.V®(t,x)dz = U(x).VO(t,x).
|z|<R —>00

We finally conclude that
T a T
— / / —®(t, x)n(t,x) — / ®(0, x)n° (x)dx = / / n(t,x)U(x).VO(t, x)dx.
0 R4 31‘ R4 0 R4
This is the weak formulation of Eq. (9.10). ]

9.4 The Diffusive Limit of Scattering

The same ideas are involved in the derivation of the complete Fokker-Planck
equation (8.14) (including a diffusion matrix) from the scattering equations with
a two scale limit.

9.4.1 Rescaling

To do so, we introduce a stronger and balanced scale as follows
d 1 1 —
Zne(t, %) + = | k()ne(t,x) — / — K, Dy =0 ©@.11)
ot g2 Rd &4 €

still with an initial data n° € L'(R?). The kernel K, depends only slightly on &; we
have in mind here a small asymmetry. Specifically, we make the assumptions,

K.(y,z) >0, k(y) :=/ K.(y,z)dz € L*°(RY), (9.12)

R4
[0+ kP de € 12, 9.13)

R4

[ Ketadz=ev). [ aki2d: = B0, (9.14)

R R
U, Bje CNL™ R, (Bjj) is a definite positive matrix, 9.15)
(here i, j = 1,...,I). Notice that A;(x) is a symmetric matrix by virtue of its

construction.

We again take for granted the L? estimates from Sect. 9.6.
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Theorem 9.5 After extraction, the L*>-weak limit n of the solution n, of (9.11)
satisfies, in the distributional sense, the complete Fokker-Planck equation

—n(t x) — Z P 8 Lj(x)n(t, x)] + diV[U(x)n(t, x)] =0, (9.16)

Jl

with the initial data n°.

Proof We proceed as in Sect. 9.3 for the hyperbolic limit and change the variables
fromytoz = ’% We arrive to the formulation

0 1
a—tns(t, x) + / ?[Kg(x, 2)ng(t,x) — K. (x — ez, 2)n . (¢t,x — sz)]dz =0.

We introduce a test function ®(z, x) € C3(RT x R?) with compact support that is
®(t,x) = 0fort > T or |x| > R for some T, R > 0. We find

—/ Z%dJ(t,x)ng(t,x) + /na(t,X)/Ks(X, 2) ®.x) — i(t’x—}_ 8Z)dz dx

= / ®(0, x)n°(x)dx.

By a third order Taylor expansion, and thanks to our third moment bounds in
assumption (9.13), we can write

O(t — d(t
/ / ne(t, x) K (x, 2) UL 2( X Ez)dz dx
|z]<R

&

- / / ne(t, \)K. (x, 2) [—w Z’prch(t x)i| dz dx + O(e).
\z]<R

We may pass to the limit (here we have to use more, namely that UR =

1
lim — / 7K. (x, 7)dz exists strongly in L) and we find
\z]<R

e—=>0 &
D1, x) — D(z,
/ / et DK, (v, 9 2D PO g
lz]<R &

BR
R J 2
— //I;]<Rn(t x)|: UV O(t,x) — =2 D;(t, x)] dz dx

with BRJ = lim K. (x, 2)zizjdz.

e—>0 lZ]<R
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The tail, corresponding to large values of |z|, has also to be controlled, a difficulty
we avoid by assuming that K(y, z) has a bounded support in z.
With this, the exponent R is not present, and we arrive at

_/ Z%Cb(t,x)n(t,x) + /n(t,x) [~Ux).VO(t,x)((0.T) x RY))]
[‘%Bv(x)D?fDUs x)} dx = / (0, )n° (x)dx.

This is the weak formulation of the complete Fokker-Planck equation (9.16). O

9.5 Construction of the Kernel in Scattering Equation

One can also address the reverse question: being given the coefficients U(-) €
L>® (R4 and B(-) € L™ (R¥)%*4, a definite positive symmetric matrix, is it possible
to build a suitable kernel K, that gives the moments in (9.13), (9.14)? To do so, it is
sufficient to choose k(y) = 1 and to use the formula

Ke(v.2) = dets™ 2 K (|B0) 2. = cUG[)

where we choose for B(y)~'/? the unique definite, positive symmetric matrix, such

that B(y)~/2.B(y)~"/?> = B(y)~!. And for £ : R* — RTwe choose a smooth
function such that

/ K(z|?)dz = 1, / 2K (|z]*)dz = 0, / zizle(IZIZ)dz = §j,
RY RY RY

for example a normalized Gaussian will do it.
Indeed, after the change of variable z — n = B(y)"Y/%.(z — U(y)), dn =
detB~'/2(y) dz, one can compute successively

/ K.(y.2)dz = / K(nlPydn = 1.
]Rd ]Rd

/ 7K. (v, 2)dz = eU(y) / K. (y,z)dz + / (z— U)K (v,2)dz = eU(y),
Rd Rd R

because,

/ (c — eUG)K. (. )z = / B0k (Inf?) dn = 0.
]Rd ]Rd
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Finally, we also compute using the previous relations
/R G0z = f(ar — U0 & — U)K, Dz — EU0)U0)
= [ B0 B ) K (1) d - 20,010, 0)
= By(y) — U U;(y)
because
[ B0 =00 K ) = 3 [ B0 B K )
= Z(B(y)}f B> = B(y).
k

This is not exactly the second relation (9.14) because of the term —&2U; (y) U; ().
However, this is not a real difficulty, we can either change B;; in our construction
and replace it by B; + £2U;(y) U;j(y), or notice that a correction in £ does not change
the limit in Theorem 9.5.

9.6 Further A Priori Estimates of n,

At the expense of more restrictive assumptions we may derive directly, stronger
bounds than L' for solution of the scattering equation and find that the weak limit
in the sections above are indeed in L>-weak. This uses assumptions that differ in the
hyperbolic and parabolic scales.

9.6.1 The Hyperbolic Scale
To do so, and having in mind the hyperbolic scale in (9.7), we assume
/ [K(y + €2.2) — K(y.2)|dz < eL. (9.17)
R4

Lemma 9.6 Assume (9.2), (9.17) then for all times t > 0, the solution of (9.7)
satisfies

0 L
”ns(t)”Lz(Rd) =< ||I’l ”LZ(]Rd)e 1,
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Proof We compute from (9.7), and using the change of variable y - z = ==,

1d 1
—— | ng(t,x)%dx + —/ k(x)n,(t, x)>dx
2.dt R4 & JRrd

X —

1
= T / K(y, y)na(l, V)ne(t, x)dydx
€ Rd £

= / K(x — ez, 2)n.(t, x — ez)n.(t, x)dzdx
R4

1
< > /d K(x— ez, z)[ng(t,x —e2)* + n.(1, x)z]dzdx.
R

Because [ K(x — £z, 2)n:(t,x — £2)°dx = [ga K(x,2)n:(t, x)*dx, using (9.2), this
reduces to

ne(t, x)>dzdx

K(x—ez,2) — K(x,2)
d
d fRd ne(t,x)%dx < /;«d .

§L1/ ns(t,x)zdx.
R4

The Gronwall lemma gives the conclusion. O

9.6.2 The Diffusive Scale

We turn now to assumptions compatible with the diffusive limit and the scaling in
(9.11). We consider a second order expansion of K, together with (9.14) and assume

( / K. (x — ez,2)dz — k(x)) < Lye*. (9.18)
R4 +
To understand what this means, we may perform Taylor’s expansion and write
[ fra Ke(x — £2.2)dz — k(x) ] = [ —KS("_“’?;IZ_K(X’Z) dz
~ foa [ = FEEE 4 Sz @ DK, D))z,
which implies, using the notation (9.14), that

. 1 5 d
—divU + - Y DiB;| e L®(RY). (9.19)

ij +
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Exercise Derive L? estimates in x for the complete Fokker-Planck equation (9.16)
using the assumption (9.19) as in Sect. 8.1.

Proposition 9.7 With the assumption (9.2), (9.18), we have
[|lne (2, ')||L2(1Rd) = ||"0(')||L2(Rd)€Lzr‘

Proof We compute as before

1d
—— ne(t, x)*dx
2 dt R4

= slz [/RM K(x — ez, 2)n.(t,x — ez)n.(t, x)dz dx — /;«d k(x)n,(t, x)zdxi| .

Since ng(t,x — ez)n(t,x) < %[n8 (t,x — €2)> + ng(t, x)?], we have, using (9.12),

d 1
—/ ne(t,x)%dx = — / K (x — €z, 2)n, (t, x)>dz dx — / k(x)ne(t, x)*dx | .
dt R4 52 R2d R4

Now, using (9.18), we obtain

d
—/ ng(t,x)zdfoQ/ ne(t, x)%dx,
d[ R4 R4

and the result follows again from the Gronwall lemma. O

9.7 The Chemical Master Equation

Chemical reactions are derived through an asymptotic analysis similar to that
derived above. We explain roughly the formalism using the notations in D. Gillespie
[1].

For N molecular species labeled as i = 1,..,N (therefore d = N to fit our
notations), X;(f) € N is the number of molecules of species i at time ¢, and X(f) =
(X1(9), ....Xn(1)) is the molecular population vector.

The index j = 1,..., M represents reaction channels. For the reaction indexed
by j, aj(x) > 0 is the reaction rate (sometimes called propensity function). It is
associated with the state-change vector v; = (vji,....vy),j = 1,..., M, where
vj; € Z is the change in number of molecular species i produced by reaction j.
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The probability to find the system in state X(f) = x € NV at time ¢ is p(t, x). The
generator of the jump Markov process for the molecules gives the chemical master
equation

M

d
a—tp(t, x) = Z [aj(x— vp(t, x—v;) —a;j(x)p(t, x)], xeNV r>0. (9.20)
j=1

For a large number of molecules in each species, and v; of the order of 1 (that is
X; > vj), we may rescale according to the small parameter ¢ = v/X. Then, we
consider that x is a continuous variable and v = 0(g). We arrive at the formalism

M

a%p(l, X) = Z [aj(x —ev)p(t, x — evj) — a;(x)p(t, x)], xeRN t>0.
j=1

That fits our notations with

M

M
Kp.x—y) =Y [0)§x—y=ev),  k(x) =) a.
=1

j=1

The reaction rate equations are obtained as the hyperbolic limit. Because of the
homogeneity of Dirac masses, this only requires that a; = 0(%) (a choice of time
scale). Then we obtain, applying the results of Sect. 9.7,

d
a—tp(t, x) + div[Up] = 0, U = Z viaj(x), xeRN,
According to the method in Sect. 8.4, the solution is given through the characteristics
d M
d_tYi(t) = Z; v;ia; (Y (1)), i=1,...,N.
j=

These are the reaction rate equations introduced in Sect. 1.2.1.
In the diffusive scale one can also derive the chemical Fokker-Planck equation,
similar to our derivation in Sect. 9.4, that is written

32 N 9
p(x Z Oy axy Z v;ivjir 4 (X)p(x, t) Z P Z vjiaj(x)p(x, t)]

i=1 ' j=1

Because v = O(g), one can think of it as a first order expansion in the parameter &
because the diffusion matrix is of the order of O(¢) compared to the transport term.
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Notice the desirable properties of the matrix

M
By (x) = Z VjiVji a;(x)

Jj=1

which is symmetric and nonnegative.

References

1. Gillespie, D.T.: The chemical Langevin and Fokker-Planck equations for the reversible isomer-
ization reaction. J. Phys. Chem. A 106, 5063-5071 (2002)

2. Perthame, B.: Transport Equations Arising in Biology. L. N. series ‘Frontiers in Mathematics’.
Birkhauser, Basel (2007)

3. Stevens, A.: Derivation of chemotaxis-equations as limit dynamic of moderately interacting
stochastic many particle systems. SIAM J. Appl. Math. 61, 183-212 (2000)



Chapter 10
Fast Reactions and the Stefan Free Boundary
Problem

Departing from reaction-diffusion systems one can rescale the problem and consider
the global length (experimental, computational, observation) of the domain rather
than the intuitive scale which, e.g. in population biology, is the individual size scale.
By doing so, we rescale the space variable and this leads us to also rescale time.
This allows us to use the propagation time scale rather than the generation scale.
There are many different ways to change scale (see for example Sects. 5.3.1, 9.6)
and we shall only discuss the fast reaction scale. This can also be seen as a space-
time parabolic scale where the old time is defined as 7 = é, with ¢ the new time.
Then we also replace the old space variable X by x, with the relation X = ﬁ: SO as

to keep the diffusion ratio x/ /7 unchanged.

Depending on the type of reaction terms, the resulting asymptotic can be
different. Here we consider two examples of limits describing phase transitions,
namely the Stefan problem with or without latent heat.

10.1 Derivation of the Stefan Problem (No Latent Heat)

We borrow our first example from D. Hilhorst et al. [S5]. We consider the reaction-
diffusion equation

%us—dlAus = —%ugvg, >0, xeRY,
%va —dyAv, = —%usvg,
ue(t = 0,x) = ul(x) > 0, ve(t = 0,x) = v2(x) > 0, ul, v? e L®° N LY(RY).
(10.1)
© Springer International Publishing Switzerland 2015 183
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For existence, It is easy to adapt the method of Sect.3.10 and prove that there is a
unique nonnegative solution to (10.1).

Our purpose is to establish the connection to the Stefan problem without latent
heat, one formulation of which is

9
Frien AA(w) = 0, >0, xeRY, (10.2)
with
dow forw <0,
A(w) = (10.3)
diw forw > 0.

Figure 10.1 shows the function A(-) together with the case with latent heat for
comparison. This nonlinearity singularizes the hypersurface {u(f) = 0} as a free
boundary. Equation (10.2) is closely related to the porous media equation [8], which
corresponds to the nonlinearity A(u) = u”.

First of all we begin with uniform bounds. Because the right hand sides are
nonpositive, we can apply the maximum principle and also integrate to obtain L!
bounds. For all t > 0 we have

0 < up(t,x) < [[ul]| 00 (gay, 0 < va(t,x) < |02 100 ey, (10.4)

t
/ e (1, x)dx + / / U8 DV ) s < / W0 (x)dx,
R4 0 JRC & R4

[ (s 0)ve(s.0) 10
e (s, X) Ve (s, x
ve(t, X)dx + S P P dvds < | vl (x)a.
R4 0 JRI & R4
3 2
2.5 1 1.5
2]
1]
1.54
1 0.5
0.5 1 0
0 -0.59
-05
-1
-1
_15 -1.54
-2 : e -2 ; S
-1 -05 0 0.5 1 1.5 2 2.5 3 -1 -0.5 0 0.5 1 1.5 2 2.5 3

Fig. 10.1 The nonlinear diffusions in Stefan problems. Left: no latent heat, the function A(:) is
according to (10.2), (10.3). Right: with latent heat A = 1 here, the function B(-) is according to
(10.13), (10.14) with A =1
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These bounds are already a significant piece of information because they tell us
that u. v, should vanish as ¢ tends to 0. In the limit, at each point (¢, x), we should
have either u(z,x) = 0 or v(t,x) = 0. This is the segregation property, see also
Sect.5.3.4.

To go further, we follow the approach in M. Belhadj et al. [1]. We can obtain
stronger uniform bounds, in Total Variation (7V). To do so, we assume

. ®%) + ||Mg||L°°(Rd) + ”Ug”Lly(]Rd) + ||Ug||L00(Rd) <, (10.6)
IVullpr gy + IV | ey < C' (10.7)

and we say that initial data are well prepared if

0,,0 0,,0
Ug Vg UgVg

< C2. (10.8)

dy Au? — dy Av? — <
L (R9)

+
LI(Rd)

& &

This is to say that we control initially the time derivatives.
Then, we obtain the

Theorem 10.1 (Uniform Estimates) Consider Egq.(10.1) with assumptions
(10.6)—(10.8). Then, additional to the a priori bounds (10.4) and (10.5), we have
forallt > 0,

0 0 )
IVue (D)l @y + V0Ol @y < IVl @ay + 1VVL ey = C,

du. (1) v, (1)
”T”LI(R“) + | o 21 ey < C.

Uy — U, Vg —> U strongly in Llloc(}R+ x RY),
u, v e L°RY; LN L°°(Rd)), u(t,x) v(t,x) =0 a.e.

andw = u — v satisfies the Stefan problem (10.2), (10.3).

Remark 10.2 One can avoid the assumption (10.8) that the initial data is well-
prepared. Then time compactness may be derived from the Lions-Aubin lemma [7].
One simply extracts from the proof below that

0 0
5‘“8 = A(diu,) + ra(t’x)v 5‘1}8 = A(dzvs) + re(t, %),

where the quantities (dju.) and (d,v,) are compact in space and r, is bounded in
L} . In these conditions compactness in time follows.

Proof First Step. Derivation of the Stefan Problem We first show why the singular
limit of (10.1) is described by the Stefan problem without latent heat (10.2). With
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the TV estimates stated in Theorem 10.1, the families u, and v, are locally compact
in L,l’x (Rellich-Kondrachov theorem). Therefore, we may extract subsequences, that
we still denote u, and v,, and which converge almost everywhere to limits denoted
by u, v € L®°(R* x RY).

From the estimate for u,v, on the right hand side of (10.5), we deduce

uv = limugv, = 0. (10.9)
e—>0

Next, we define

We =Ug — Vg —>W=U—D.
e—>0

We write, subtracting the equations for u, and v,

ad
E‘WS — A[dlug — dzvg] =0.

Passing to the limit in the distribution sense, we find, with A = ling) (dius — dyv,),
o

0
—w—AA=0.
atw

It remains to identify A(t, x). For that we argue as follows

e For w(t,x) > O, then u(t,x) > O, thus v.(t,x) — v(t,x) = 0 and
ug(t,x) = u > 0, and thus

A(t,x) = dyu(t,x) = dyw(t, x).

e For w(t,x) < O, then v(t,x) < O, thus u.(t,x) — u(t,x) = 0 and
ve(t,x) = v < 0, and thus

A(t,x) = dyv(t,x) = daw(t, x).

Second Step Derivation of the TV Estimate in x It remains to show the strong
convergence of u, and v,. This follows from the a priori estimates, which imply
local compactness. The fact that the full sequence (and not only a subsequence)
converges, follows from the uniqueness of the solution of (10.2), and thus of the
limit, a fact that we do not prove here, see J. Carrillo [2].

We now prove the TV estimates in x. We work on the equations of (10.1) and
differentiate them with respect to x;. We multiply by the sign and obtain

d d 0
@t o |:|8_x,-u£(t’x)| + Ia_xivS(t’x)I:| dx

< - ]Rd[aixiu‘E Ve + U (%ivs] [sgn(aixius(t, x)) + sgn(aixivs(t, x)):|
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0
=—/ [| A T
Rd 3 l

ad ad
+—u, (1, x)sgn(—v. ) v, +

ox; Bxl
<0.

a a
p (t, x)sgn(a—)qug (t, %)) u£i|

this is exactly the first estimate stated in Theorem 10.1.

Third Step Derivation of the TV Estimate in t The same calculation as before, but
differentiating in ¢, gives us

d

ad ad
E‘ e [IE“E(LXN + IEUE(I,X)I} dx f O

Therefore, we have, using the equation at time t = 0,
KA 3 < || 2,0 34,0
|57 Ol 1 ey + 155 0e O |1y < 50 101y + 15706 |1 (e

_ 0 _ ulv?
- HdlAug— ol

&

0 0

HdzAv _ g

&

LI(RY) LI(RY)

This proves the second estimate stated in Theorem 10.1 and concludes its proof. O

10.2 Stefan Problem with Reaction Terms

We can derive an extension of the Stefan problem without latent heat, which
includes reaction terms (The stationary problem in a bounded domain was studied
by E.N. Dancer and Y. Du [3]). The simplest example is

%us —dAug = f(ug) — ua”& t>0, x€ Rd,
atvg —dryAve = g(us) — usvg,

ug(t = 0,x) = ul(x) > 0, ve(t = 0,x) = v0(x) > 0, u, 10 e L® N LI(RY).
(10.10)

In ecology this may represent two competing species that obey, in the absence
of the other species, two independent Fisher/KPP equations. Then we obtain the
reaction terms

f(u) = nu(K, —u), g(u) = nu(Ky —u).

Additionally, these species are strongly competitive.
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The singular limit of (10.1) is described by the Stefan problem without latent
heat

a%w — AAW) = f(wy) —g(w), >0, xeRY, (10.11)

still with the definitions w = lim,—,o(u, — v,) and A(-) still given by the expression
in (10.3).

The derivation of this system follows exactly the same steps as the simpler case
treated before in Sect. 10.1.

10.3 The Stefan Problem with Latent Heat

In order to include latent heat in the Stefan problem, the reaction-diffusion system
(10.1) can be extended with a third equation. Following D. Hilhorst et al. [6], we
consider the semilinear system
a%us—dlAl,LE = —%ug[vs+k(l —pg)], t>0, xeRY,
3ve — dyAve = —L1v.(ue + Aps). (10.12)
%ps = %[(1 — De)Ute — Uapa]v
and we give initial data satisfying (with uniform upper bounds in &)

0 0 0 0 0
0<uy < lullpo@ay,  0=v) < [vllpomsy,  0=p}=1.

The quantity A > 0 is called the latent heat.

Existence and Bounds The invariant region for this system follows from the
maximum principle

Lemma 10.3 There is a weak solution of (10.12) satisfying for all times

0 < u(t) < [|ud|l oo (ay. 0 < ve(t) < V|10 ma). 0<p:r) <1

Proof The equations for u, and v, are Lotka-Volterra equations and the first
two inequalities are simple consequences of the general positivity principle in
Lemma 1.1 and the construction method in Sect. 3.10.

With these positivity results, it follows that

0

1
_82__8 6+U£
o Pe(u )
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and consequently p, > 0. Similarly,

0

1
B_t(ps -1 = —E(Ps — D(ue + ve)

and thus p, — 1 < 0.
Then the upper bounds for u. () and v.(¢) follow from the maximum principle.
0

Derivation of the Equation We are going to derive the equation for the general
Stefan problem with latent heat, which is written

%W—ABwyza >0, xeRY, (10.13)

with the nonlinear diffusion B(-) defined by

dyw forw <0,
Bw) =140 forO0 <w <A, (10.14)
dilw—2A) forw > A.

See Fig.10.1. Note that this is a limiting case of the unstable phase transition
problem mentioned in Sect. 7.4.
The quantity w is more complicated than in Sect. 10.1. We define

We = Uy — Vg + Aps. (10.15)

For the strong limits of u., v, and p. (see the compactness estimates below), we
expectto find u > 0, v > 0 and 0 < p < 1, which cancel the right hand sides in the
system (10.12). This implies the following rules
ut,x) >0 = v+A(l—-p)=0= v=0,p=1=w=u+ 21,
v(it,x) >0 = u+Ap=0 = u=0,p=0=w=—v,
ut,x) =v(t,x) =0 = u(l—p)—vp=0= pel0,1]] = w=Ap.
The last line is a consequence of the first two limits and thus does not carry more

information. These relations are sufficient to characterize our function w defined
above as

—v for v>0,u=0,p=0< w<0,
w=u—v+Ap=13€0,A] for v=0,u=0,p>0<= wel0,1],
Atuforu>0,v=0,p=1< w>A.
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To conclude, we add up the equations of the system (10.12) (after multiplying
the second line by —1 and last one by 1), we find

0
E[”a — Ve + Ap] — Aldiu, — dave] = 0.

This is also written

0

B—tws — Aldyus — drv] = 0.

The above relations between w and u, v, p allow us to write in the limit,

diu; — drv, —> diu — drv = B(w),
e—0

which gives the Stefan free boundary equation with latent heat (10.14).

Strong Compactness As in the derivation of the case without latent heat, the proof
of the derivation will be completed if one proves strong compactness of the families
ug, Ve and p,. This comes under the additional 7V assumptions on the initial data

”uS”LI(Rd) + ||”8||L°°(Rd) + ||US||L1(Rd) + ||US||L°°(1Rd) <, 0<pl=<1,
(10.16)
IVl ay + IV0Q |2 ey + VDL ey < C. (10.17)

and, for TV estimates in time we need to control initially the time derivatives and
assume

|di Au = Lul[v? + 2(1 = p?|| < €2,
|d2av? — Lv (u —i—/\po)” <, (10.18)
500 =p2ug = vipf] = 2.
We summarize our conclusions in the following statement
Theorem 10.4 Consider Eq.(10.12) with assumptions (10.16)—(10.18). Then, in
addition to the a priori bounds in Lemma 10.3, we have for all t > 0,
IVue (D)l ey + V(DL ey + AN VD) 11 (re)
< ”V”S”LI(R") + ”VUSHLI(R"’) + A”VBHLI(W) = C',

8u5 (t) s(t) 8ps( )

[ ot ray + |l ot ey + All—— | ey < 3 C".

Ug — U, Ve = U, Pe —> D strongly in LIOC(R+ x RY),
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u, v, p € L°(RT; L' N L™ (RY)),

u(v+A(l—p)) =0, v (u+ Ap) =0, u(l—p)—vp =0,

andw = u—v + Ap satisfies the Stefan problem with latent heat A (10.13), (10.14).

Proof We only prove the TV estimate in space; the other statements follow along
the same lines as in Sect. 10.1. To simplify notations, we set u; = % and drop the
index . Once differentiated in x;, the equations in (10.12) give

3“‘ —diAu; = =% (v + A(1 = p)) — “(vi — Ap)).

31— s =~ +49) 3+ A0,
35’;_ Z(u+v) + L(ui(1—p) —vip).

After multiplying each equation by the sign of the corresponding quantity according
to Chap. 3, we find

3\u, d1A|M| <_"‘T(U+A(]—p)) (|U1|+A‘|pl|)s
a|v| —drA v < =L (w4 Ap) + (Jui] + Alpil),
Iod < 2l (4 v) + L(Juwl (1 = p) + Juilp).

Then, the combination |u;| 4 |v;| + A|p;| ensures that the positive terms of the right
hand sides are compensated by the negative ones. Therefore, we find

|ui|v + u|vi|

d
a_t[|”i| + |vil + Alpil] = Aldi|wi] + dalvi]] < - <0.
We conclude that
g JL, Tl 1ol + 2lpilJax < 0
and the TV estimate of Theorem 10.4 follows. ]

10.4 The Geometric (Free Boundary) Interpretation

10.4.1 No Latent Heat

The Stefan problem has a geometric interpretation; this means that one can also
describe the velocity of the free boundary I'(7) (the melting material) between the
two phases that are determined by the sets Q_(r) = {x s. th. w(t,x) < 0}(solid
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phase at low temperature) and 24 () = {x s. th. w(z,x) > 0}(liquid phase at high
temperature).

The question of regularity in the Stefan problem is not simple, see for example
A. Friedmann [4]. We only argue intuitively based on the bounds in Theorem 10.1;
from these we infer that for solutions of Eq. (10.2)-(10.3), %—”r” is a bounded measure
and thus also AA(w). This explains (at least in one dimension) that A(w) is con-
tinuous, as shown in Fig. 10.2 (center). In fact, Fig. 10.2 (right) shows that a%A(w)
is also continuous and has a corner; therefore %—;” (or g—:}” in higher dimensions) has
a discontinuity. Interpreting (10.2)—(10.3) in the sense of distributions, at the point
X (1), where w(t, X(¢)) = 0, these no-jump/jump conditions are written

B EX(D-) = di §E(EX(D4),  (no jump for A(w)),

(1) = XOIE . X0 4) = 32 (0. X0 )] = [L5AW) (1.X(0) 1) — L AW) (1. X(0)-)].
(10.19)

These relations determine the time dependent speed o () of the interface (Fig. 10.3).
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Fig. 10.2 Numerical solution of the Stefan problem (no latent heat) (10.2)—(10.3) in one
dimension for x € (—2,2) (in abscissae). Left: the solution w(x). Center: the nonlinear diffusion
A(w(x)). Right: the derivative £A(w(x))
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Fig. 10.3 As in Fig. 10.2 (no latent heat), we show the isolines of the phase w > 0. This shows
the moving (with negative speed) free boundary delimitating the set Q(¢) := {x; w(z, x) > 0}. In
the abscissa is x, ordinate is time
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10.4.2 With Latent Heat

When latent heat is considered, the solution of the Stefan problem (10.13)-(10.14)
becomes more involved. The solid and liquid phases, which are now defined by
Q_(f) = {x s.th. w(t,x) < 0}(solid phase at low temperature) and Q1 () =
{x s. th. w(t,x) > A}(liquid phase at high temperature).

In addition to these phases, another state can exist. The so-called mushy region
refers to the points

Q) = {x s.th. 0 < w(x,1) < A}.

In phase transitions, the mushy region is a phase where, in an intimate mixture
(grains, dendrites), the solid and liquid phases can co-exist. Specific microscopic
models are used to describe this region in detail but this is beyond the scope of
this presentation. Several authors have studied circumstances of appearance and
disappearance of this mushy region. It has been proved that, after some time, the
mushy region disappears and this is the regime we consider here.

The geometric interpretation is then very different from (10.19) because the
solution is very different, see Fig.10.4. Again we argue in one dimension for
simplicity. The points X(#) of the free boundary between the two sets 2_(¢) and
Q4 (¢) are discontinuity points where w jumps form 0 to A. Interpreting (10.13)-
(10.14) in the sense of distributions, on the one hand we write the singular part as

B%W(t’ x) = AX(1)8(x — X (1)) + smoother

because w(t, X(t)+) — w(t,X(t)=) = A. On the other hand, we observe in Fig. 10.4
that B(w(¢, x)) is continuous in x but %B(w) has a jump and thus

AB(w) = [%B(W(I,X(t)+)) — %B(w(l,X(t)_))] 8(x — X (1)) + smoother.
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Fig. 10.4 Numerical solution of the Stefan problem with latent heat (10.13)—(10.14) in one
dimension for x € (—2.5,2.5). Left: the solution w. Center: the nonlinear diffusion B(w). Right:
the derivative %B(w)
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Fig. 10.5 Asin Fig. 10.4, we show the isolines of the phase w > 0
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Fig. 10.6 Numerical solution of the Stefan problem with latent heat (10.13)—(10.14) in one
dimension for x € (—2,2) including a mushy region. Left: the solution w(x). Center: the nonlinear
diffusion B(w(x)). Right: the derivative £ B(w(x))

We arrive to the interface speed (Fig. 10.5)

d (Wt X () 1)) — da 2 (w(t. X(1)-))
A

o(t) = X@t) = .
In higher dimensions, the interface moves with a velocity proportional to the
jump of normal derivatives according to the law

ow
—leeg,. (10.20)

w
Ao(t,x) =d—|, -
o(t,x) =d; 8v| ey dza

10.4.3 Mushy Region

During a transient state, the solution contains a mushy region where w(t, x) € (0, A).
In Figs.10.6 and 10.7 we show the solution. In particular, we observe that the
mushy region is delimited by discontinuities of the solution w. The size of the jumps
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Fig. 10.7 For the Stefan problem with latent heat, the isolines of the phase w < 0 (isolines on
the left) and w > A (isolines on the right). The empty space in between is the diminishing mushy
region delimited by two discontinuities as shown in Fig. 10.6 left

increases and the mushy region diminishes and eventually disappears in finite time
giving the solution of Figs. 10.4 and 10.5.
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