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Chapter 1

Biological Cybernetics

and the Optimization Problem

of Transport of Substances in Cells

The methods of biological cybernetics are used to observe living systems. The
models of transport of substances through the biomembrane are discussed. Com-
partmental models of living systems in control theory are considered. The problem
of the “minimal cell” is discussed. The place and role of models of the transport of
substances in synthetic and systems biology are discussed. The “one ion—a
transport system” algorithm and the game approach, which were previously pro-
posed by the authors to model the transport of ions in cells, are described.

1.1 Introduction

Living systems are optimal. This statement, of course, needs to be clarified. In
what sense do we understand optimality? To what extent are they optimal? If they
are not fully optimal, why not? These issues of living systems also pertain to
biological cybernetics.

Biological cybernetics is the application of cybernetics to living systems.
Cybernetics is traditionally composed of the following components: information
theory, automata theory, control theory, operations research, pattern recognition
and algorithms theory. At present, cybernetics also includes other sciences, but
only the aforementioned six parts have a special mathematical apparatus that is
inherent to only this science.

Biological cybernetics is the fundamental basis of systems biology. Biological
cybernetics objects are living organisms, their populations, and subsystems of
organisms and cells. One of the objects of biological cybernetics is the transport
subsystem of the cell.

Processes involved in the transport of substances across the biomembranes of
cells are important for vital cellular functions. For example, many cells (bacteria,
archaebacteria, cyanobacteria, and yeast) survive considerable changes in the
concentration of ions in the environment. It is necessary to understand the

A. Melkikh and M. Sutormina, Developing Synthetic Transport Systems, 1
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2 1 Biological Cybernetics and the Optimization Problem

mechanisms by which cells resist such changes. The transport of ions is controlled,
to a certain extent, in all cells. The purpose of the regulation of transport of
substances is, in most cases, the maintenance of the constancy of the intracellular
environment. Moreover, transport systems have one more important property: their
efficiency in characterizing the ability of the cell to perform various types of useful
work. However, these two properties have almost never been treated together in
the context of a transport subsystem.

The goal of systems biology is a comprehensive description of a cell (or an
organism) through mathematical methods by the use of computers. At present,
systems biology is concerned mainly with the gene and metabolic networks of
cells. However, the transport subsystem of the cell has not been studied sufficiently
in systems biology.

Additionally, advancing synthetic biology requires a general approach to sim-
ulating cell processes. In particular, it is necessary to understand the general
principles according to which the transport subsystem of the cell is constructed. In
the future, such an understanding will help to answer why the transport subsystem
of a cell is arranged exactly the way it is.

Although there are a great number of papers devoted to the application of
control theory to biosystems, there has not been much discussion of the optimi-
zation of transport processes in cells. In addition to other subsystems, the transport
subsystem of a cell is within the purview of systems biology [see, e.g. (Jamshidi
and Palsson 2006, El-Shamad et al. 2002)]. However, optimization methods have
rarely been applied to the system of the transport of substances in the cell. This is
most likely because the processes of the transport of substances are assumed to be
secondary to gene or metabolic processes in many respects.

The cell transport subsystem is connected with other subsystems. For example,
the processes of transcription and translation are related to the transport of
nucleotides and proteins through the nuclear membrane. The functioning of
genetic and metabolic networks is related to the transport of proteins and
metabolites within the cell and through the membranes of intracellular compart-
ments (mitochondria, chloroplasts, nucleus and others). On the one hand, transport
processes in turn depend on metabolism and other subsystems. Thus, considering
the transport subsystem independently of the rest of a cell is an approximation. On
the other hand, the consideration of the transport subsystem alone allows a better
understanding of the other subsystems with which it interacts. Ultimately, a sep-
arate description of the transport subsystem contributes to an understanding of the
laws of cellular functioning as a whole.

In addition, the construction of models for the optimization of the transport
system is topical because at the early stages of evolution, the transport of sub-
stances might be one of the few functions of a protocell. An understanding of the
mechanisms by which transport is optimized in elementary cells would be helpful
in the creation of artificial cells.

This book is a study at the intersection of the three sciences: physics, cyber-
netics, and biology (Fig. 1.1).
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Fig. 1.1 Systems biology are
the intersection of the three
sciences

Systems

biology

Biology provides information about the structure and functions of an organism
(or cell); physics provides the laws, which allow us to build a model of transport
processes; and cybernetics provides methods for the optimization of those pro-
cesses and systems. Our goal is to present the algorithms and models of the
transport subsystem of cells. These algorithms and models can maximize both the
energy efficiency of transport processes and the independence of the internal
environment of cells from the external environment.

The book is organized as follows. This chapter provides an overview of the
methods of cybernetics as they are applied to biological systems. We discuss the
place of the transport subsystem in an integrated model of the cell in terms of
systemic and synthetic biology. Some of the models of ion transport in biological
membranes of cells are also considered.

The Chap. 2 is devoted to models of ion transport in some mammalian cells and
their compartments. These models include the first approximation (without regu-
lation) and the regulation of ion transport at changing the composition of the
environment.

The Chap. 3 is devoted to models of ion transport in the cells of protozoa,
plants, bacteria, and some of the compartments of these cells. We consider the
behavioral strategy of cells in response to a substantial change in environmental
conditions, such as salt stress.

The Chap. 4 is devoted to models of ion transport in artificial cells. Particular
attention is given to the application of optimization techniques to the transport
subsystem of cells. The systems of transport of protocells in the early stages of
evolution are discussed. The conditions under which various forms of energy
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conversion (including directed movement) would be beneficial in a protocell are
discussed.

Note also that in the book, we have focused on models of the transport of
substances, but models of the gene regulation associated with the transport sub-
system of the cell are not considered.

1.2 Methods of Optimization and Living Systems

Among the various optimization techniques applied to biological systems, control
theory plays a special role. Historically, control theory began with the mathe-
matical modeling of the optimization of the properties of living organisms. Let us
consider the basic laws of control theory in the application of biological systems,
bearing in mind that they are largely common to biological cybernetics as a whole.

1.2.1 Control Theory and Biosystems

The essence of control theory is that the analyzed system is represented as a
control system—the connection of individual elements in a configuration that
provides the specified characteristics. The control system consists of a control
device and the object of control. Control actions are aimed at achieving a certain
result—the objective of control.

For biological systems, this definition means that the work of organs, tissues,
and cells is conveniently represented as a separate control system and control
device. Because of the large amount of feedback regulating the activity and rate of
synthesis of enzymes, the concentration of their final products remains almost
unchanged even when faced with a fairly wide range of external perturbations.
These mechanisms are incorporated into a regulated system; thus, the term
“internal control” is used [see, for example (Novoseltsev 1978)].

Internal control is considered passive. This means that the existing system,
which maintains the steady state of equilibrium (or the appearance of it) as a
characteristic response of the system to an external perturbation, does not require
any metabolic work (Waterman 1968). Passive mechanisms of regulation are not
unique to the biochemical level of organization of biosystems. For example
(Novoseltsev 1978), the maintenance of the normal spatial orientation of fish
provides a passive mechanism of regulation: the center of buoyancy and the center
of gravity do not coincide. Thus, when a deviation of an axial plane of the fish
occurs because of vertical torque, the body returns to its normal position. Passive
control of the system occurs as a result of the interaction of the elements that make
up “the system itself”. Bertalanffy (1973) suggested the term “dynamic interac-
tion” or “primary regulation” for this type of control.
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In control theory, the decision of whether this system is a controllable system
shall be made on the basis of the presence in the description of the feedback
system. If feedback exists, the system is controllable. Passive systems in control
theory are usually considered to be uncontrollable. In theoretical biology, how-
ever, passive mechanisms are referred to as control systems. The term “passive
control system” was introduced by Ashby (1954).

For physiological systems, for example, the interaction of active and passive
regulation gives rise to a characteristic dependence of the variables of the internal
environment on the surrounding environment—the so-called “homeostatic curve”
(Fig. 1.2).

Active control is specific only to biosystems and requires that the metabolic
costs of the biosystem, which are performed by special arrangements, be separate
from the elements of the system that they control. External mechanisms are
designed so that any perturbation v to the system, which alters the biosystem, is
detected; the detection occurs either directly or, for those effects in the system that
caused this disturbance, by means of special sensors. The signal from the sensor
goes to external circuit elements, where it is processed, resulting in a response that
is produced by the control signal, counteracting the influence of disturbances on
the system.

In Fig. 1.3, a simple external circuit of active control is applied to the internal
mechanism of passive control of the metabolic structure of biological systems
(Waterman 1968).

Fig. 1.3 An example of
simple circuit of active
control
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For example, the transport of substances in the cells as an external perturbing
signal is a frequently represented concentration of a substance in the environment.
Receptors for those substances are located on the surface of the cell membrane (or
the membranes of intracellular compartments) and signal their presence. An
example of such a signal component is the calcium ion. Increasing concentrations
of this ion in the cell (from the opening of calcium channels) leads to the launch of
various regulatory mechanisms. Some of these mechanisms will be discussed in
this book.

Sometimes, the active control processes in biological systems are realized by
only one type of negative feedback—negative feedback on the unbalance
(Bertalanffy 1973). However, this view may be only a first approximation in the
study of regulation in biological systems.

In the mathematical modeling of biological systems (in particular, the
description of transport processes in the cells), we have to deal with two types of
variables: flow rates and levels. Levels are related, for example, to the concen-
trations of various substrates or enzymes in the cells. Rates characterize the speed
of processes. According to Novoseltsev (1978), levels are connected with rates by
an equation for the conservation of various quantities that can be written as
follows:

d)C r—s r

dr ;Yk k:;+1yk’
where x is the level of a substance in the biosystem, y;, y», ..., y,_s are the rates of
intake of the substances into the system or of their synthesis inside the system, and
YVr—s+l, - - -, ¥y are the rates of consumption or removal from the system.

From the viewpoint of nonequilibrium thermodynamics, levels are associated
with thermodynamic forces and the rates with thermodynamic flows.

Under the purpose in a biological system is generally understood that final state
in which it comes because of its structural organization, or the expected result of
its operation (Anokhin 1970). Note that the question of purpose in the control
of living systems is not clear. It is clear that living systems have a hierarchy
of purposes, which begins with maintaining the concentration of a substance in the
cell and ends in the biosphere as a whole. In the study of the efficiency of transport
processes, this question is quite important and will be discussed below.

Much attention is paid in biocybernetics to the quality of functioning of living
systems—their effectiveness, efficiency and reliability. The term “optimal systems”
is often used. Note that the terms “efficiency” and “reliability” often require con-
tradictory conditions for their implementation. As shown below, these terms are also
“complementary” to each other to some extent, when applied to the transport of
substances.

When there is a balance in the rates and flows of substances, it is possible to
achieve the second order goal: the creation of those conditions of functioning
within a system that do not depend on changes in the environment—~homeostasis.
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The objectives of the third level include improving the quality of the internal
environment of the system—increasing the energy efficiency, improving the
design of elements, etc. (Novoseltsev 1978). However, that hierarchy of goals,
which can also be applied to transport processes in cells, is not universal because it
essentially depends on whether the environment is strongly variable. Obviously, in
a constant environment, for example, in the depths of the ocean, the maintenance
of the constancy of the internal environment of the cell is not a very urgent task.
The effectiveness of processes is the primary role in this situation.

Wiener (1961) suggested that the constancy of the internal environment can be
provided by a simple automatic control: negative feedback from deviations from
the setpoint (desired value) (Fig. 1.4).

Subsequently, a number of other terms were introduced in addition to the term
“homeostasis”. For example, the term “resilience” describes the weak depen-
dence of ecological systems on the environment (Holling 1973; Casti 1979). In
accordance with the provisions of the traditional theory of dynamical systems, the
term “stability” implies an ability of the system to return to its original state after a
disturbance. The term “resilience” also implies the preservation of relationships
within the system; it is a measure of the ability of a system to compensate for
changes in state and environmental variables and thus to remain the same. This can
occur, for example, by switching to a new equilibrium state. The term “inertia”
was used for populations (Murdoch 1973).

One important concept in control theory is encompassed by the term
“controllability”. This term is applicable when the methodology changes from
“input—output” to” input-state-output”. This change means that for the object
under study, some variables may not appear at the output. This type of approach is
important for control in biological systems [see, for example, (Novoseltesv 1978)].
This raises, for example, the following question: under what conditions is it
possible to transfer the system from a given initial state to the desired state in a
finite time? For example, a linear control system is completely controllable if a
control exists that takes a finite time to transfer the system from any initial state to
a given final state. If we discuss the system of transport of substances in the cells,
the controllability of such a system is a very important property because there may
be situations in which the desired values for the concentrations of a given structure
of the transport system cannot be achieved in principle. In this case, the system is
not completely controllable.
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The classical methods of analysis of controllability were developed for linear
control systems; however, biological systems, as a rule, are not linear systems. In
particular, this nonlinearity applies to the transport of substances.

One important concept, which was introduced relatively recently, is biological
robustness.

Robustness is one of the fundamental characteristics of biological systems.
Specific examples are given in reviews on robustness (Kitano 2004; Stelling et al.
2004; Shoemaker et al. 2010). Robustness is similar in many respects to the
previously introduced term “flexibility”. According to Kitano (2004), robustness
is a feature that allows the system to maintain its function despite internal or
external disturbances. Moreover, robustness refers more to the functions of the
system than to the states, which distinguishes robustness from stability or
homeostasis.

However, despite the importance of this concept in systems biology, there is no
mathematical justification for this process. We must understand the fundamental
principles upon which the living system is based. Creating a mathematical theory
of robustness is one of the key tasks of systems biology (Kitano 2007).

The notion of “robustness” also has an important evolutionary aspect. Some
species receive their robustness because of instability of the population. For
example, the HIV virus is resistant to therapeutic effects because of mutations.

In control theory, there are methods of robust control. Robust control implies
uncertainty in models. In this case, the control will be such that it continues to
work, despite the inaccuracy in the model of the system. Thus, robust control is
important with respect, for example, to the transport of substances, because an
accurate model of the transport system cannot always be constructed even for the
simplest of cells.

Carlson and Doyle (2002) consider another important concept that characterizes
living systems—fragility. According to Csete and Doyle (2002), there is a link
between robustness and fragility. HOT (highly optimized tolerance) theory states
that when a system is optimized for certain perturbations, it inevitably demon-
strates fragility against unexpected perturbation. As an example, this situation can
be compared to the existence of species-cosmopolitans (living almost everywhere)
and species-narrow specialists (optimized for a small ecological niche).

To some extent, the notion of “fragility” resembles the notion of “sensitivity”
used in control theory. We can consider the sensitivity of a cell in relation to the
presence of multiply charged ions as a type of “fragility” of the system of
transport. This sensitivity is expressed in the fact that in the presence of multiply
charged ions in the environment, the resting potential of a cell should be signifi-
cantly reduced. The sensitivity of a cell to the emergence of multiply charged ions
in the environment will be discussed in more detail in Chap. 4.

The term “persistence” is also applied to models of biological systems [see, for
example, (Angeli and Sontag 2010)]. “The persistence property for differential
equations defined on nonnegative variables is the requirement that solutions
starting in the positive orthant do not approach the boundary of the orthant. For
chemical reactions and population models, this translates into the non-extinction
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property: provided that every species is present at the start of the reaction, no
species will tend to be eliminated in the course of the reaction”. Thus the term
“persistence” is in many aspects similar to the term “robustness”.

1.2.2 Optimality and Living Systems

Optimality in biological systems is understood differently by different authors. For
example, Rashevsky suggested the principle of an “optimal structure of organism”
(Rashevsky 1960), which suggests that the structure can exist with the lowest
consumption of metabolic energy necessary to maintain certain elements of this
structure (which is necessary and sufficient for the needs of the organism).

Evolutionary optimality implies that organisms in the process of evolution
reached their optimal designs. However, it is not obvious that such a process
always has time to occur. Nevertheless, evolutionary optimality plays an important
role in understanding other types of optimality and will be discussed below.

In (Novoseltsev 1978), it was noted that, for example, an optimal technique
often provides only a 10-15 % gain compared to non-optimal designs. In addition,
the closer a system is to the optimal system, the more complex it is, as a rule.
Complexity, in turn, may lead to an increase in errors in the functioning of the
system. For example, the problem of complexity in relation to the evolution of
intracellular organelles is discussed in (Zerges 2002). The author uses examples to
show that the complexity of bacteria did not allow their descendants to integrate
fully into the physiology of eukaryotes (including from the point of view of
transport processes).

In addition, an optimal system can only be constructed if all information about
the environment is known. This information is not always available. Consequently,
there must be some compromise between improving the quality of operation and
energy consumption. These important issues will be considered when modeling the
transport of substances in protocells.

Note that it is more realistic to find particular effectiveness criteria when
modeling the most simple of biosystems—protocells (in particular, their transport
properties)—than it is for complex organisms. These particular effectiveness cri-
teria will be considered in Chaps. 2—4.

There is also a “principle of maximum simplicity”, according to which a
particular structure or design that we find in nature, is the simplest possible structure
capable to perform this function. However, the simplicity is an indefinite term.
It can be replaced, for example, by the minimum of material and energy spent.

In living nature, it is difficult to formulate a well-defined objective function. It is
not always clear what constitutes an object and thus, a controller. Because all
living systems are open, it is difficult to define their borders. Thus, partial quality
criteria can be difficult to determine. In this regard, the most important criterion
may be considered an evolutionary one: the most optimal organisms are those that
replicate faster in equivalent conditions.
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As noted above, a weak dependence of the parameters of the biosystem on the
environment and the effectiveness of such systems are different concepts for
modeling biological systems. The system can be almost independent of the
external environment and at the same time be ineffective. These two concepts have
not previously been considered together in relation to the transport processes in
cells. As shown below, robustness and efficiency are complementary to each other:
high expenses are necessary to achieve high robustness (the work of the cell at the
same time will not be effective), but a system with 100 % efficiency cannot be
robust. However, the concept of efficiency should be clarified. This clarification is
made in Sect. 4.

1.2.3 Compartmental Models of Living Systems in Biological
Cybernetics

In the description of biological systems, it is often possible to identify some
relatively independent volumes involved in the transfer process as a whole. In
particular, these independent volumes are often found in the transport of sub-
stances in the cell. Often, it can be assumed that some substances are uniformly
distributed within the cell or in intracellular compartments. In this case, the con-
centration gradients and electrical potentials mainly exist on the membranes of
cells or of their compartments. In the control theory of biological systems, this
approach is called “compartmental analysis” (Jacquez 1972).

In general, a compartmental model contains several interconnected compart-
ments in which two types of processes take place—the exchange of components
between the individual compartments and chemical reactions that transform one
component into another. The processes in compartmental models are described by
ordinary differential equations. In contrast, if the system is described by partial
differential equations, then the model is not compartmental. Those models are
called “flow systems”. For the following simulation of the transport of substances
in the cells and their compartments, we will use compartmental models.
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Fig. 1.5 The general scheme of a compartmental model; x,—are the concentrations of
components in compartment, y,—are the input flows of components, k;—are the coefficients
of diffusion rate, A,B,R—are matrices
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The figure shows the general scheme of a compartmental model of a biological
system, according to Novoseltsev (1978) (Fig. 1.5).

1.2.4 Biological Cybernetics, Synthetic Biology and the “Minimal
Cell”

Currently, the application of the methods of biological cybernetics to biosystems
modeling continues to evolve. For example, Senachak et al. used a slightly
modified game theory to model biochemical systems (Senachak et al. 2007). The
changes were related to the discrete and dynamic representation of the Nash
equilibrium for games with no structural constraints and arbitrary values of gain.

The monograph by Iglesias and Ingallis examines the current state of control
theory in connection with systems biology (Iglesias and Ingalls 2009). The book is
mainly devoted to the analysis of the biochemical and metabolic networks of cells.
The stability of linear systems is analyzed from the viewpoint of control theory
using the Laplace transform. The robustness of the metabolic networks with limit
cycles and the oscillations in gene networks are considered. However, ion trans-
port is not considered at all. This area is the focus of our book.

Note, however, that (Iglesias and Ingalls 2009) only examined robustness and
the few areas of control theory associated with linear theory and the analysis of
stability. Optimal control theory was not considered. This is a very significant
omission because the energy costs of the cell (organism) play a crucial role in its
survival.

The aim of synthetic biology is to create artificial organisms or their parts. This
is now a rapidly developing area; the main focus is the creation and control of
artificial genes. Systems biology is used as a theoretical framework for synthetic
biology.

According to Cantone et al. (2009), “Systems biology approaches are exten-
sively used to model and reverse engineer gene regulatory networks from exper-
imental data. Conversely, synthetic biology allows ‘de novo’ construction of a
regulatory network to seed new functions in the cell”.

The peculiar symbiotic relationship between systems and synthetic biology is
discussed in the article (Smolke and Silver 2011). “Synthetic biology aims to
make the engineering of biology faster and more predictable. In contrast, systems
biology focuses on the interaction of myriad components and how these give rise
to the dynamic and complex behavior of biological systems”. The authors discuss
the synergies between these two fields.

In article by Chiarabelli et al. (2009), the term “chemical synthetic biology” is
discussed. According to the authors, “The term chemical synthetic biology defines
that part of the field that, instead of assuming an engineering approach based on
genome manipulation, is oriented towards the synthesis of chemical structures
alternative to those present in nature”.
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In the article by Haseloff and Ajioka (2009), the place and role of synthetic
biology are defined as follows: “synthetic biology is an emerging field that seeks
to employ engineering principles to reprogramme living systems”. This also
proves that the optimization techniques, known in engineering applications should
be applied to cellular subsystems. The article by Elowitz and Lim (2010), Gibson
et al. (2010) reviews the achievements of modern synthetic biology and its rela-
tionship to engineering principles.

One relevant, well-known engineering principle is modularity. Many engi-
neering systems are built according to this principle—it is often not necessary to
create a new system from zero, if the restructuring of the existing lower level units
is sufficient. Of course, this is not always possible. In their paper (Del Vecchio and
Sontag 2009) analyzed the conditions under which the modular principle can be
applied to create biomolecular networks.

Thus, an important question is whether the transport sub-system of the cell is
built based on a simpler module (possibly, the transport networks of protocells).
This issue will be discussed in Chap. 4.

According to Solé et al. (2007), “Cellular life cannot be described in terms of
only DNA (or any other information-carrying molecule) nor as metabolism or as a
compartment (cell membrane) alone. Cellular life emerges from the coupling
among these three components”. This observation is important because it follows
that the compartmental aspect of the cells (i.e. the transport of substances) is not
less important than other two.

Synthetic biology makes extensive use of both computational methods and
mathematical tools. These include, for example, computational cell biology
(Slepchenko et al. 2002), graph theory, Boolean logic, ordinary, partial and sto-
chastic differential equations. In the author’s opinion, “there is still no clear dis-
tinction in the scientific community between synthetic biology and somewhat older
research fields, such as systems biology, biological or biomedical engineering and
recombinant DNA techniques (Brent 2004). However, one might argue that the
main distinctive feature of synthetic biology seems to regard the emphasis on
design and testing via simulation of new living biochemical systems endowed with
complex behaviour, followed by their experimental implementation”.

The “minimal cell” has become an important concept in synthetic biology. To
create artificial living systems, it is critical to understand the minimum conditions
necessary for life. Is it possible to create such conditions in an artificial manner?
Moreover, the creation of a minimal cell would help us to understand the mech-
anisms of the evolution of life on Earth.

Further complication of molecular complexes resulted in the emergence of
protocells that were separated from the environment by a membrane. These
simplest organisms could perform elementary operations with substances (energy
transformation, transport across a membrane). In some studies, models of chemical
energy transformation were elaborated (Murtas 2007, 2009). Those models
include, for example, Ganti’s chemotron (Ganti 2003), which consists of three
autocatalytic subsystems, and some others (Rasmussen et al. 2004; Munteanu and
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Sole 2006; Bedau 2010). Both chemical reactions and light energy are considered
to be the sources of energy for protocells.

Solé et al. (2007) review the studies of the protocell. However, the transport of
substances is not mentioned, although the transport of substances plays an
important role in cell life. Without the transport of substances, the functioning of
all subsystems of cells is impossible.

Along with the general lack of models of synthetic (minimal) cells is the lack of
models for the transport of substances and, in particular, the application of opti-
mization techniques to such systems. If we compare a subsystem to an engineering
system, such as a network of roads, pipelines, resistances, etc., it becomes apparent
that the problem of the synthesis of the transport system of substances in the cell is
not fundamentally different from many other technical problems of this type.

The problem of the protocell will be considered in terms of the transport of
substances in two ways: on the one hand, it is easy to identify the most general
laws for the optimization of the transport of substances using the simplest models.
On the other hand, the early stages of the evolution of life in which protocells had
the simplest structure will be considered. In particular, we investigate the emer-
gence of the directed motion of protocells.

1.3 Transport of Ions Through Cell Membranes: Models
and Methods of Optimization

1.3.1 Active and Passive Transport of lons, Resting Potential

The composition of any cell is essentially different from the composition of its
environment. This difference is because the cell is in a nonequilibrium state, i.e.
constantly receives energy from outside, while performing its vital functions. This
energy is, in particular, spent on the transport of substances across the membrane.
There are two types of transport—active and passive. The passive transport of
substances occurs without the expenditure of energy and consists of the diffusion
of substances from regions with higher concentration to regions of lower con-
centration. However, because an electrical potential difference exists across the
membrane, it is more accurate to say that a substance moves from an area with a
large chemical potential to a region with a lower chemical potential. The expres-
sion for the chemical potential of a substance in a solution with a concentration of
particles n can be written as follows:

U= iy + kT Inn, (1.1)

where p, is a constant, which is not dependent on the concentration.

The expression (1.1) is valid for dilute solutions, i.e. solutions in which the
concentration of ions is small. This approximation is certainly not always true for
living cells. For example, there are single-celled fungi and archaebacteria that can
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live in nearly saturated solutions. For concentrated solutions, the Debye-Huckel
theory is used, according to which:

w=py+kT'lnn+ kT Invy,

where y is the activity coefficient, which depends on the concentration and
properties of ions in solution [see, for example, (Freedman 2001)].

The equality of the chemical potentials of the substances on either side of the
membrane is one of the conditions of equilibrium. When this equality occurs,
the passive flow of ions through the membrane becomes zero. The formula for the
passive flow of substances (positive ions) across the membrane is usually written as:

- Z
J= P(n’ exp (%) — n"),

where n' and n° are the concentrations of the ions inside and outside of the cell,
respectively, T is the temperature, Ze is the charge of ions, ¢ is the resting
potential on the membrane, and P is the permeability of the membrane to the
specific type of ion.

For small differences in the chemical potentials of the ions between both sides
of the membrane, a linear relationship occurs between the flux J and the force X:

J=1LX,

which is characteristic for linear non-equilibrium thermodynamics. However, for
most situations, this relationship does not hold because the thermodynamic force
for the biomembrane is great.

The active transport of ions requires energy. This energy can be either the free
energy of ATP hydrolysis or the free energy of other ions. In terms of the ther-
modynamics of irreversible processes, active transport is a cross-section effect in
which the flow is not proportional (in the linear case) to its own thermodynamic
force but to another force that exists in the system. In this case, the force is the
difference between the chemical potentials of the reactions of ATP — ADP + P,
which can be represented as:

Ay = kTn 1A Npo Npo :
np np nao
where ny, np, and np are the concentrations of ATP, ADP and P, respectively, and
nag, Npo, and npy are the concentrations of these substances at equilibrium.

It is obvious that in the steady state, the flux of each type of substance must be
zero (if the substance is not involved in chemical reactions in which it is consumed
or produced):

J:§:L:0
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The electric potential across the membrane of cells varies from approximately
—10 mV for the membrane of red blood cells to approximately —240 mV for the
membrane of some fungi. These potentials indicate that the internal environment
of the cell has a negative potential relative to the potential of the environment,
which is assumed to be zero. However, this does not mean that the electric charge
is distributed uniformly within the cell. Most of the intracellular solution (and most
of the solution of the environment) is electrically neutral. The uncompensated
(excess) charge is concentrated in a narrow layer near the membrane. The thick-
ness of this layer, called the Debye layer is approximately 3 A. Thus the cell can
be regarded as a charged capacitor in which the charge and potential difference are
related by:

q=Co,

where C is the capacity of membrane.

If the ion is transported only passively, then, sooner or later, the chemical
potentials of the ions on both sides of the membrane will be equal. Thus, the
concentrations of passively transported ions on both sides of the membrane are

related by:
| exp ( goZe)
n=n ——
kT )’

which is called the Nernst equation. This formula is just a special case of the
Boltzmann distribution for particles in an external field.

What is the mechanism for the electrical potential difference across the mem-
brane? Clearly, the potential difference is associated with the different composi-
tions of the solutions on both sides of the membrane. If these solutions are the
same, the difference in the electrical potential is zero. What, then, generates the
difference in the compositions of the solutions on either side of the membrane?
The first cause of the inequality of the concentrations (more precisely—the
chemical potentials) of the ions on both sides of the membrane is the active
transport of ions. For example, Na*—~K*—ATPase in mammalian cells is the major
transporter of sodium ions from the cell. When using this transport system (an ion
pump), three sodium ions are removed from the cell in exchange for two potassium
ions that are transported into the cell. In this case, the sodium ions move against
the chemical potential gradient.

The second reason for the dissimilarity in the intracellular and extracellular
composition is that there are ions inside the cell that are not found in the environ-
ment. These are so-called “non-penetrating” ions. As a rule, non-penetrating ions
are synthesized within the cell based on the nutrients it receives from the outside. For
example, metabolites that are synthesized by bacteria are non-penetrating ions.
Despite the absence of a specific channel for these ions, there is limited permeability
of the membrane for these ions; however, for calculations, it is often convenient to
assume that they do not penetrate through the membrane at all. Because of the
presence of these ions inside the cell, even in the case of cell death, the membrane
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potential is not equal to zero (when non-penetrating ions have not yet diffused into
the environment). This residual potential is the so-called Donnan potential. The
formula for the Donnan potential for the case when singly charged positive and
negative ions in the environment passively penetrate the membrane is as follows:

2
Zallg Zalla
=kT1 1 - 1.2
oo =it (3) 1 -5 ). (12)

where Z, and n, are the charge and concentration of the non-penetrating ions
inside the cell, respectively, and n° = n9 is the concentration of the negative
passive ions in the environment. As a rule, this potential is not large and is equal to
approximately —10 mV.

1.3.2 Osmotic Pressure of Solutions Inside
and Outside the Cell

Osmotic pressure plays an important role in the life of cells. If it is too high, the
cell membrane can break down. However, even if a membrane breakdown does
not occur, the shape of cells can change when the internal pressure changes. For
many organs and tissues (especially animals), the shape is fundamentally impor-
tant. For example, the shape of red blood cells is critical to their motion in small
capillaries.

For very dilute solutions, the osmotic pressure formula is very similar to the
formula for an ideal gas:

p=kT> n, (1.3)

where n; is the concentration of the i-th type of ions.
When the electrostatic interaction between the ions is taken into account, (1.3)
takes the following form:

3 3/2

e
P=nkl - ——F~—— zizn,- ,
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(1.4)

where ¢ is the dielectric constant of the environment and e is the charge of an
electron. For the derivation of this formula, it is assumed that the second term is
much smaller than the first. For example, using a typical solution for the cell and
environment with a concentration of 100 mM for the negative and positive ions, it
can be shown that the osmotic pressure is approximately 5 atm, and the amend-
ment to it is approximately 12 %.
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The solution can be considered dilute if the potential energy of interaction of
the ions in this solution is much less than the thermal energy kT:

kT4mee 3
<=z ) -

For singly charged ions at 300 K, this condition can be written as follows:
n < SM.

In many cases, the total concentration of ions in the cells is approximately 0.2—
0.3 M. This means that most of the solutions in cells and their environments can be
considered dilute, and formula (1.4) applies to them. However, there are excep-
tions—archaea, cyanobacteria and some fungi live in an environment with a
concentration of ions of a few M, i.e. close to saturation. In this case, formula
(1.4.) cannot be true. In accordance with Freedman (2001), we shall write for the
pressure

p=kT> niy, (1.5)

where

1/2
1
lgy; = —0.509z7 <§ Z zfm,»)

with m; being the number of moles in 1000 g of the solvent. In this case, the
amendment to the osmotic pressure associated with the activity coefficient y of the
solution can be large.

Thus, when considering models of single-celled living organisms in concen-
trated solutions (see Chap. 3), we will use formula (1.5).

1.3.3 Classification of Models of Ion Transport, Two-Level
Model, Algorithm “One Ion-One Transport System”

In the paper by Melkikh and Seleznev (2006a), a classification of the models of ion
transport was formulated. According to (Melkikh and Seleznev 2006a), the
available papers dealing with active transport are reduced to three issues:
the determination of the potential (Hodgkin and Katz 1949; Goldman 1943;
Hodgkin and Horowicz 1959; Sperelakis 2001) using the known concentrations of
ions in a cell; the discussion of the possible mechanisms responsible for nonzero
values of the cross coefficients L;, (Kedem and Katchalsky 1958; Caplan and
Essig 1983; Kjelstrup et al. 2005); or the deduction of semiempirical formulas that
describe ion flows through the membrane (which were measured experimentally)
as a function of the membrane conditions (Sagar and Rakowski 1994; Kabakov
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1994, 1998; Fahraeus et al. 2002; Faber and Rudy 2000; De Weer et al. 2001;
Tsong and Chang 2003; Hopfer 2002).

The resting potential of cells is determined in studies of the first type, but only
when there is experimental data on the concentrations of ions in cells. Membrane
potentials, which are determined by this method, disregard the chemical potential
difference of the ATP — ADP + P reaction, which is not zero in vivo. If the

active transport does not generate the electric current, the sum Y z;J; is inde-
i

pendent of Au,, and we arrive at the known Hodgkin-Katz formula

__ k_Tln(PK[K+]i + Pa[Na']; + PCI[CZ_L)
? 7 e PR, + PalNaT], + PalCl )

where Py, Pk, and Pc; are the permeabilities of the membrane to sodium,
potassium and chlorine, respectively.

Regardless, the drop of ion concentrations across the membrane cannot be
determined in theoretical terms with this method.

Studies of the second type do not deal with the determination of the resting
potential or the concentrations of ions in a cell at all. Instead, they look for and
discuss possible mechanisms for the active transport of ions. The relationship
between an event of the ATP — ADP + P chemical reaction and the transport of
ions through the membrane is sought, including how these mechanisms correlate
with the law of degradation of energy.

Most studies of the third type are based on measurements of electric current, ion
flow, resting potential, ion concentrations, and ATP. Those experiments revealed
some interesting dependences. However, studies of this type generally disregard
the full extent of thermodynamic limitations; therefore, one should not overesti-
mate the capacity of this approach.

In the paper by Melkikh and Seleznev (2006a), the basic requirement for
models of the transport of ions are considered. The fulfillment of these require-
ments will provide the most comprehensive answer to the question about the
nature and values of the resting potential of a cell and the difference in the
concentrations of basic ions:

1. The resting potential of cells ¢, should depend on the difference in chemical
potentials of the ATP — ADP + P reaction. If Ay, — 0, the resting potential
¢ should approach the Donnan potential observed in dead cells. Using the
concentrations of ions in the environment, the model should be able to deter-
mine the concentrations of ions in a cell (currently, internal ion concentrations
must be measured experimentally in vivo).

2. If the mechanism of active transport is turned off (Au, — 0), the Hodgkin-Katz
potential, which is known from the literature, should be established at the
membrane. This potential arises when the passive electric current of all of the
ions in the system goes to zero. The same (Hodgkin-Katz) potential should also
occur when Au, # 0 if the ionic pump does not produce an electric current (i.e.
the electric charge is fully compensated).
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3. An analysis of biological evolution shows that the competition for survival is
won by those mechanisms (and the corresponding organisms) with the largest
ATP energy utilization factor. Direct experiments concerned with the study of
the active transport of ions also give x values at a level of 90 % and larger (see,
e.g. Bustamante et al. 2001). Obviously, theoretical models that do not satisfy
large 1 values will fail to describe these experiments.

4. Some experiments demonstrated that typical ionic pumps have the property of
reversibility, which corresponds to ATP synthesis if Ay, = 0 and an actively
carried ion has a chemical potential difference. The appropriate theoretical
models should have the same property.

5. The model should not be thermodynamic but statistical in character, which
implies a rough but still detailed description of the structure of the ATPase
responsible for the active transport of ions. The model should provide values of
the kinetic coefficients with small thermodynamic forces.

Previous studies, which were performed using linear or nonlinear non-equilib-
rium thermodynamics, have satisfied items 1, 2 and 4. However, they could not
determine the potential and the internal concentrations of ions. These approaches
fail to provide quantitative results because of the lack of information about the
kinetic coefficients. Moreover, they do not account different types of ions and
channels simultaneously, which does occur in some types of cells.

It was previously mentioned that studies of the second type are not concerned
with the determination of common characteristics of cells at all.

Studies of the third type generally disregard, to some extent, the limitations
listed under items 1, 2, 3, 4 and 5.

As discussed in Melkikh and Seleznev (2006a), many models of active ion
transport do not meet the requirements formulated.

Models of ion transport that do meet the requirements were previously proposed
by the authors Melkikh and Seleznev (2005, 2006a, b). Let us consider these
models in detail.

The main provisions of the models are reduced to the following (Fig. 1.6):

A system of the active transport of ions includes a sorption center for several

ions.

e A macromolecule has two conformational states corresponding to different
positions of the sorption center: one on each side of the biomembrane (inside the
cell and in the environment).

e The ion-carrying macromolecule changes from one state to the other at the
expense of the free energy of the ATP hydrolysis or the free energy of other
ions.

e The probability of this transition is determined by the difference in chemical
potentials of the ATP-ADP system or other ions.

e The transport of ions against the electrical field reduces the probability of this

transition because it requires energy.
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Fig. 1.6 Sketch of ion ATP 1+
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Using this model, it is possible to independently calculate both the electrical
potential at the biomembrane and the concentrations of ions in a cell.

The transport macromolecule is modeled as a two-level system with a differ-
ence of Q between energy levels. In equilibrium (according to the Boltzmann
distribution), the probabilities of finding the system in the upper and lower levels,
respectively, can be written as follows:

Q
f}c _ exp( kT) _ fk 1

_exp(—k%)—i—l; :exp(—k%)—l—l'

After an ion (ions) comes into its (their) sorption center and the presence of
ATP, the free energy is transmitted to the two-level molecule. The resulting
probabilities of finding the system in the upper and lower levels are equal to:

P (*479) L 1
1 +exp (A“,?T_ Q) 7 1+ exp (A”;(‘T_ Q) ,

where Ay, is the difference in chemical potentials of the ATP-ADP system.

The model suggested that when the two-level molecule is in the lower level, its
position is on the inner side of the membrane, and when it is in the upper level, its
position is on the outside. In this case, after the arrival of ATP and the ion in their
sorption centers, the part of the macromolecule with the ion turns from the inside
to the outside; the ion then goes into solution. Based on these assumptions, we can
write the frequency of transfer of ions from the inside of the cell and back in the
form:
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ViLor = Vitfin(1 — fi)PL—r,
ViR—L = Vink(l _ﬁn)a

where v;;_.g and viz_ are the frequencies of an ion coming into the sorption
center from the left (outside the cell) and from the right (inside the cell),
respectively, and p; g is the probability of overcoming the electrostatic barrier for
an ion.

Because the temperature inside the cell, in most cases, is equal, here and below
we use dimensionless units:

Apy Ap; ep
Apy, =—2 Ay, = — =__.
:uA kT ) :ut kT ) e(p kT

Finally, we can write a formula for the ion flux:
J = C(n'exp(eq) exp(Apu,) — n°). (1.6)

where n' and n° are the concentrations of ions inside and outside the cell,
respectively, and C is the quantity that characterizes the working speed of the
transport system. The factor exp(e¢) reflects the fact that the transfer of positive
ions from inside the cell outward requires work against the forces of the electric
field.

When one ion is transferred for another (the exchanger), the structure of the
formula remains the same. For example, when one positive ion is exchanged for
another, the following can be written:

_ i, 0 0.1
Ji-2 = Ci2(nyng — ninj),

where 1 and 2 represent two different positive ions, one of which is transferred
from the cell in exchange for the other. Because the net charge is not changed, the
factor exp(eq) is not required.

In the steady state, all ion flows must be equal to zero. Thus, we can receive the
dependencies of the concentrations of the internal ions on the external ones. For
example, from (1.6), we have:

n' = n° exp(—Auy + eq). (1.7)

In order for the system of equations to be closed, we also require an equation
for the potential. This equation is the condition of electro-neutrality.

For example, if a cell contains a single species of positive ion and two negative
ones (one of which is non-penetrating with the concentration n, and charge z,), we
have:

n'=n' 4 z4n,, (1.8)

where 7' is the concentration of negative ions inside a cell.
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If the negative ions are carried by passive transport only, the concentrations of

these ions inside and outside of the cell will be described by the Nernst relation

n' = n’ exp(eo). (1.9)

If (1.7) and (1.9) are substituted into the expression (1.8) for the stationary

condition (Ap, = const), one may easily obtain the following expression for the
resting potential:

2
Zalla Zalla
o=1In \/(271") +exp(—Apy) — o |- (1.10)

Substituting ¢, which was calculated from (1.10), into (1.7), we find the con-
centration of positive ions inside a cell:

2
nip, = ng exp(eQ) + Zanlan = n;\/(w> +exp(—Apy) + Sanllan. (1.11)
2ng 2

If Apy, = 0in (1.10), we obtain the known Donnan formula for the potential of
a dead cell.

Thus, the proposed model actually fulfills the task of determining the electrical
potential of the cell and the concentrations of ions inside the cell under in vivo
conditions.

Note that the equations for the flows of ions can be written in an equivalent
form using the language of chemical kinetics. For example, for the antiporter,
which exchanges one positive ion S for another M, according to Melkikh and
Seleznev (2012), we can write the following equation:

i o ko
T = s = Hpk§ny o — ek s
lirkl ki+k1
nhkinini, ko
= M exp(Au, + Apyy) — 1],
kl+kl

where n! and n}, are the concentrations of substances S and M inside the com-

partment (cell), n¢ and nj, are the concentrations of these substances outside, n is
the concentration of the enzyme that transports the substances, and the k’s are the
rate constants of forward and back reactions. An equation that accounts for the
dependence of transport on ATP and the electrical potential can be found similarly.

The proposed model has the property of reversibility. This means that, while
maintaining a stationary concentration, the difference of ions on both sides of the
membrane to ATP will be synthesized (or other ions are transported). As noted
above, this property does occur for transport systems under certain conditions for
many cells and their compartments.
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Fig. 1.7 Two conjugated
processes
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The book (Caplan and Essig 1983) discusses the efficiency of ion transport in
biological membranes in terms of thermodynamics. If there are several thermo-
dynamic forces, in many cases, it is convenient to use a dissipative function, which
is the product of conjugate flows and forces. The dissipation function represents
the rate of dissipation of free energy in the system.

However, a disadvantage of this approach is that the kinetic coefficients that
connect the flows and forces cannot be determined within the framework of
thermodynamics.

Caplan and Essig (1983) considered a simple system shown in Fig. 1.7.

Conjugation, a mechanism that may not be known in general, takes place inside
a “black box”. This black box usually contains the work element of energy
conversion, such as a membrane in the process of active transport. Because there
are two processes, the dissipation function contains two terms. In general, we can
choose one process that always leads to a positive term, and it can therefore be
considered as an energy source or input. The second process usually leads to a
negative term and represents output. Then, the dissipation function takes the form:

O = 11X + )Xo,

where the first term is the output energy and the second is the input energy. The
input flux always proceeds in the spontaneous direction, that is, its direction is in
accordance with the force paired to it, X,. The output flux can also go against the
corresponding force X;. In these cases, the output term has a negative sign,
indicating that the free energy is transferred from the working element to the
environment. Thus, part of the free energy expended by process 2 is converted into
a form characteristic of process 1. Because the dissipation function is always
negative, the output flow can never exceed the input flow. It is intuitively clear that
an effective energy conversion requires a high degree of coupling between these
processes.
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From the viewpoint of linear non-equilibrium thermodynamics, it is convenient
to introduce the coupling in the form:

g=—L2_
VLiLy
For complete coupling, the dissipation function can be made arbitrarily small
compared with the input and output flows of energy.
According to non-equilibrium thermodynamics, a simple definition for the
effectiveness follows from the dissipation function:
_hX
Xy

Thus, the effectiveness is the ratio of the output power to the input power. When
process 2 is spontaneous and process 1 is not, then

O0<nyp<l.

If X, which is the input or driving force, remains constant and restrictions are
not imposed on X, then the flow of J; will continue as long as X; reaches a value
sufficient to terminate it (the state of static head). In not fully conjugated systems,
energy must be expended to maintain the state of static head, even if the output
flux is zero. Stationary states with X; = 0 are called states with level flow. In this
case, the energy is spent, even if the output force is zero.

However, this energy expenditure is still helpful. Therefore, the effectiveness
function cannot be regarded as a universal criterion. According to the authors
(Caplan and Essig 1983), a universal criterion does not exist.

A common drawback of these approaches is that an effectiveness based only on
thermodynamics is impossible to calculate. Only statistical models (in particular,
the one proposed by the authors) make it possible to calculate the concentration of
ions and the potential inside the cell independently.

In accordance with the classical definition in (Melkikh and Seleznev 2006), a
formula was proposed for the efficiency of the active transport of ions as the ratio
of output capacity to input capacity:

_J’-A,ue

= 1.12
v (1.12)

n

where Ap® = u® — p¢ is the difference in the electrochemical potentials of the
ions in the solutions on both sides of the membrane, which occurs during a steady-
state operation of the pump. However, rather than considering this relationship
with the existing steady-state flows and forces, flows with vanishing differences in
the chemical potentials of the ions (v and J') were considered. This assumption
was adopted because of the fact that when the steady-state flux of ions of each type
is zero, the meaning of (1.12) is unclear.
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As was shown in (Melkikh and Seleznev 2005, 2006a, b), the efficiency of a
transport system in the framework of the model is equal to unity. This result is
because, in the framework of the model, energy loss does not occur during the
conformational change (of the two-level macromolecule) and thus during
the transfer of an ion to the other side of the membrane. Indeed, if there is only one
system of transport for one ion, then using equation (1.7), we have:

Ay = Ay

Because the transfer of an ion is rigidly connected with the synthesis of ATP,
the ion flux will be equal to the ATP flux. In this case, we find that n = 1.

Of course, in real systems, the efficiency of transport cannot be equal to unity.
On the other hand, as shown by Melkikh and Seleznev (2008), Melkikh and
Sutormina (2011), if there are two or more transport systems that carry a single ion
at the same time, their overall efficiency is always less than unity, even if each of
them separately gives an efficiency equal to unity. This conclusion is important for
evaluating the effectiveness of the transport system of the cell as a whole.

The reduced efficiency in the simultaneous operation of two or more systems of
ion transport is not necessarily bad for the cell. As shown in (Melkikh and
Sutormina 2011), the regulation of ion transport can be provided by the simulta-
neous operation of two or more transport systems or by switching from one
transport system to another. Because maintaining constant internal ion concen-
trations is an important property of cells, it is quite possible that the decrease in
efficiency is, nonetheless, effective.

Because most of the ions in cells and their compartments are transferred by
more than one system of transport, there is a problem in solving the system of
equations for the flow of ions. In this case, to obtain an expression for the internal
concentration of each ion, it is necessary to know the constants characterizing the
rate of each transport system. These values are not always known; in addition it
would be convenient to have analytic expressions for the internal ion concentra-
tions for a qualitative analysis of ion transport.

To address this situation, the “one ion—one transport system” algorithm was
proposed in (Melkikh and Sutormina 2008). The essence of this algorithm is that
for each ion, a major transport system is selected, while the rest of the systems for
a given ion are considered to be regulatory. By equating all of the flows generated
by the main transport systems to zero and using the electro-neutrality condition,
the dependences of the internal ion concentration and the potential on the envi-
ronmental ion concentrations can be obtained. This algorithm allows the analytical
calculation of the resting potential and internal concentrations without requiring
data on the rate of each transport system. This calculation is possible because when
there is just one transport system, its rate of work in the steady state is irrelevant.
This can be observed from the structure equations (1.7).

Next, we will consider the models of cells and compartments that are based on
the “one ion—one transport system” algorithm and regulation.
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1.3.4 Methods of Optimizations and Transport of Substances

The process of ion transport, as well as other biological processes, is optimal in
varying degrees. However, the methods of biological cybernetics were essentially
not applied to the transport of substances across biomembranes. One reason,
apparently, is that many of the transport models contain a large number of adjustable
parameters. The physical meaning of many of the parameters is often unclear, which
does not allow the application of optimization methods to those models.

Another disadvantage of transport models is that most of the models cannot
incorporate the dependence of internal ion concentrations and the resting potential on
the environmental ion concentrations. However, it is crucial to use optimization
techniques when those dependences exist; otherwise, the model will not be closed. The
application of optimization techniques may be substantially limited for those systems.

In the paper (El-Shamad et al. 2002), the authors examined the regulation of
calcium ion in mammalian cells. The desired concentrations of Ca** were main-
tained with a model of integral control with feedback as a functional module. The
authors justify the choice of integral feedback to describe calcium regulation by
the requirement to obtain a zero steady-state error. Calcium is tightly regulated in
mammals because of the importance of the concentration of these ions to many
physiological functions. In their work, a model for calcium homeostasis was
developed; the model used an integral feedback control as a functional module to
support calcium homeostasis. The authors proposed a simple dynamic model for
the regulation of the internal calcium ion concentration, which produces results in
good agreement with experimental values.

In the paper by Melkikh and Sutormina (2011), the optimization of ion transport
was considered a game problem. Let us consider this approach in detail.

In the context of the transport models proposed earlier, let us consider an abstract
cell with several systems for the transport of basic substances (see Sect. 1.3.3).
The main problem is how to simultaneously meet the following conditions: the
internal medium of the cell should be insensitive to changes in the composition of
the environment, and transport processes should be sufficiently effective.

First, we shall consider the transport of one substance in the absence of a
charge. This situation can take place either with neutral substances or when the
concentration of these ions is small and has negligible influence on the resting
potential.

As observed from (1.7), the dependence of the internal concentration on the
external ones is linear in this case. Then, if only one transport system is available
for each ion, a constant internal concentration for the ion cannot be ensured when
the external concentration for that ion varies. However, as was shown earlier, the
efficiency of such transport systems can be close to 100 %.

This assumption of a unique transport system for each ion (a hierarchical “one
ion—one transport system” algorithm) is useful in many cases for incorporating
the resting potential and intracellular ion concentrations (see Chaps. 2 and 3).
However, it cannot be used for modeling the regulation of ion transport.
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1.3.5 Two Transport Systems for One Substance

In accordance with Melkikh and Sutormina (2011), we now consider the case
when two different transport systems are available for one substance. We shall
show that the system can be rendered mostly insensitive to changes in the envi-
ronmental concentrations by varying the capacity of these transport systems. The
flux of a substance generated by the two systems can be written in the form

Ci (n' exp(Apy) — n°) + Co(n' exp(Apg) —n°) =0, (1.13)

where Ayg is the motive force of the second transport system (dimensionless).

Experiments with different cells demonstrate that, as a rule, in normal condi-
tions, each ion has one basic transport system. This transport system creates a
difference between the intra- and extra-cellular concentrations of this ion that
corresponds to the normal value. The other transport systems are regulatory, which
means that they should operate when the environmental composition begins
changing. Let us plot the relationships between the internal and external con-
centrations for each system to demonstrate the result of the concurrent operation of
these systems. For example, let the relationships have the shapes shown in
Fig. 1.8, where the circle denotes the concentration of an ion in the normal state.

It can be shown that the total efficiency of two or more different transport
systems working concurrently will always be less than 100 %, even if the effi-
ciency of each individual system is 100 %. Let us determine the efficiency when
two transport systems work concurrently for one ion. Let one ion be transferred by
two pumps with different values for the motive force. Then, the internal concen-
tration of this ion can be calculated using Eq. (1.13):

ni - n"(Cl + Cz)
Crexp(Auy) + Crexp(Aug)
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Fig. 1.9 Dependencies of Iy
the efficiency of two
simultaneously working
transport systems on the ratio
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If the motive forces (Au, and Apug) are constant, the dependence ni(n°) is
linear.

In this case (the absence of a charge), the difference in the chemical potentials
of an ion can be defined as

W Crexp(Apy) + Coexp(Ap)

p=m i+ G
Therefore, for the efficiency, we have
J - Ap
n=-
V- Apy
(Ci(exp(Apy) — 1) + Calexp(Apg) — 1)) - In CLerpliy)-Crerpldg)

Ci(exp(Apy) — 1) - Ay + Co(exp(App) — 1) - A

It is easy to see that if C; or C, is zero (only one transport system operates), the
efficiency is 1 at any force. In contrast, if the forces are equal, the efficiency is 1 at
any C; and C,. For all of the other cases, the efficiency is <100 %.

Figure 1.9 presents the dependencies of the efficiency on the ratio C = C,/C; at
different forces (from the top down: Ap, =2, Aug =2.5, Aug =2.9, and
Aug =3.9).

When C — 0 and C — o0, the efficiency approaches unity.

The formula retains its structure irrespectively of the number of fluxes and
forces:

3 Crexp(Any)
Cilexp(Apy) — 1)In T
(exp(Apy;) — 1) S
" . = (1.14)
; Ci(exp(Apy;) — 1) Ay,
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In this case, the first multiplier in the numerator represents the sum of the pure
active fluxes of the given ion that are produced by all of the forces Au,;. The
second multiplier is the chemical potential of the ion, which occurs as a result of
the active transport of this ion by different systems. The denominator is the total
energy expense for all of the active transport systems carrying the given ion. It can
be shown that 7 <1 for all conditions of (1.14).

A more complicated discussion of effectiveness in the transport of substances
will be presented in Chap. 4.

The deduced formulas are easily generalized to the presence of a charge by
introducing the chemical potentials of ions as basic variables.

Then, two strategies, which correspond to the limiting cases of pump operation,
can be distinguished in the regulation of the ion transport.

According to (Melkikh and Sutormina 2011), in the first case, we shall require
that the efficiency of two concurrently operating systems is always 100 %
(an absolutely efficient system). This efficiency is possible if only one of the
transport systems for one ion is working at any given moment. Then, it is easy to
see that a relative robustness (a weak dependence of the internal environment of
the cell on the external one) can be achieved by following the curve that most
closely approaches the normal concentration (the heavy line in Fig. 1.10). Thus,
the cell can maintain the internal ion concentrations required for normal life within
an acceptable deviation ¢ from the norm [fi;, + d], where 7;, is a value equal to the
normal concentration of an ion for a cell in a physiologically normal state.
Therewith, the robustness will knowingly be larger than the robustness ensured
with one transport system only.

Notice that this piecewise dependence of the internal concentrations on the
external ones fully corresponds to the term “robustness” discussed above. This
switching of transport systems is known to occur in many cells (see, for example
Chaps. 2-3). Switching can occur because of the considerably nonlinear depen-
dence of the pump operation frequency on the concentrations C = C(n', n°).

In the second case, we shall require that the internal concentrations are fully
independent of the external concentrations, at least in some regions. This
requirement is fulfilled by selecting an appropriate concentration dependence for
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Fig. 1.11 Robust strategy of !
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the operation frequency of one of the transport systems. Assuming that the fre-
quency of the transport system depends on the external ion concentrations, we can
derive the explicit form of this function from (1.6). For example, for C,, we obtain
the following relation:

ii'exp(Apy) — n°
exp(Asy) —

C(n°) =C (1.15)

n® — it exp(Apg)”’

where 7' is normal concentration.

For this case, the strategy has the form shown in Fig. 1.11.

Because the pump capacity can only be a positive value (in this case, the
direction of the pump operation is fixed), the equality (1.15) only holds within a
specific range (the range G-F in Fig. 1.11):

ii' - exp(Aug) <n’ <it' - exp(Auy)-
Above this range,
n® > it -exp(Awy), C2(n) =0
and the internal concentration will be defined by the formula
nt=n’ - exp(—Auy),

which has a linear dependence.
Below the range,

n <t - exp(Aug),
and we have correspondingly
n' = n’ - exp(—Apug).

Thus, it is observed from Fig. 1.11 that in the range G-F, the system is com-
pletely robust, but the efficiency is less than 100 %. In the other ranges, the
efficiency is 100 %, but the robustness is partial. It is easy to show that larger
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absolute differences between Au, and Apg will correspond to wider robustness
ranges. However, the efficiency will still be less.

If the transport systems are assigned, it can be shown that the requirements for
100 % efficiency and complete robustness cannot be fulfilled simultaneously in
either range.

1.3.6 An Optimization of the Transport System of a Cell
as a Game Problem

Thus, the problem is similar to a game problem (Melkikh and Sutormina 2011). In
game theory, some problems involve only one player, while nature acts as the
second player. In other words, the answers are determined by the known laws of
physics. In our case, the first player is a cell, which can select different strategies;
that is, it can switch ion transport systems on and off. Therefore, some internal ion
concentrations are established following the laws of transport phenomena. A gain
(a loss) is decrements in the cell as its internal parameters deviate from the normal
value. In terms of game theory, the operation of one transport system for one ion
corresponds to a pure strategy, whereas the operation of two transport systems
corresponds to a mixed strategy.

Considering what has been said above, it is possible to propose an algorithm for
solving the problem of the regulation of ion concentrations in a cell:

1. Determine the basic transport system for a given ion (it provides the best fit to
the normal value found in experiments).

2. Determine the regulatory systems from the experimental data.

3. Plot the internal versus external concentration dependence for the basic system
(taking into account a possible variation of the potential).

4. Plot the internal versus external concentration dependence for the regulatory
systems (taking into account a possible variation of the potential).

5. Use a graphical (or analytical) method and select the curve that most closely
approaches the normal value as the external concentration changes.

6. Determine the point where it is beneficial to switch from the basic system to a
regulatory system.

Write the matrix of this game:

aly ... Ay
A =
Aml .- Qmn

where m is the number of strategies of the cell, n is a number of “strategies” of the
environment, and ay is the gain received by the cell. Here, under the strategies of
the environment, the concentration of ions in the environment (e.g. “low” or
“large™) can be understood. Under the strategies of the cell, the use of a transport
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system for the transfer of ions can be understood. The concept of “winning” in this
case is closely related to the concept of “efficiency”, which is discussed above.
The gain in the limiting cases, i.e. when each ion is transferred by only one system
and when the concentration of ions inside the cell is maintained at a constant level,
can be determined relatively easily. Generally, defining “winning” is difficult, and
possible approaches for this solution will be discussed in Chap. 4.

Furthermore, when constructing models of ion transport (Chaps. 2-3), we will
first use a model that is based on the considered algorithm “one ion—one transport
system”. Second, to simulate ion regulation in different cells, we will use the
abovementioned approach. Other methods for using biological cybernetics for
transport processes in cells will be discussed in Chap. 4.

Generalization of the game approach in a situation where incomplete infor-
mation is present will be discussed in Chap. 4.
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Chapter 2
Models of Ion Transport
in Mammalian Cells

Cardiomyocytes, neurons, hepatocytes and erythrocytes are considered based on
the algorithm “one ion—one transport system” models of some mammalian cells.
Models of the compartments of mammalian cells, e.g., synaptic vesicles, sarco-
and endoplasmic reticulum and mitochondria, are built; and models for the reg-
ulation of ion transport in mammalian cells and their compartments are presented.
We find conditions under which a robust and effective strategy for the switching of
transport systems of cells takes place.

2.1 Introduction

The basis of cellular forms of life lies in a process that involves continuous
maintenance of the differential concentrations of ions inside the cell relative to that
of the extracellular medium. Thus, most mammalian cells, when compared to the
extracellular medium, have low concentrations of sodium and calcium and large
concentrations of potassium ions. The constancy of these differences is critical for
homeostasis and plays an important role in the regulation of metabolism, and this
distribution is due to membrane permeability and ion pumps that are built into
those membranes. Because of passive permeability, the cell has a tendency to
equalize concentrations; however, pumps work to maintain a concentration gra-
dient. Pump operation requires energy, in the form of ATP, which is generated by
the combustion of the “fuel” of the cell, especially fats and carbohydrates, in the
mitochondria. ATP has a large free energy (~ 150 kJ/mol) and is transported to
the membrane pumps, which function constantly.

Molecules of transferred substances or ions can be transported by various
manners: they can travel through the membrane, irrespective of the transfer of
other compounds (uniport), their transfer can be carried out simultaneously and
unidirectionally to other compounds (symport), or transport connections can be
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simultaneously and oppositely directed (antiport). Symport and antiport are systems
of co-transport for which the rate of the overall process is controlled by the avail-
ability and accessibility of transport systems for both ions. In turn, co-transport is a
type active transport. Passive and active transport are provided with special struc-
tures such as channels, transporters, and enzymes that ensure the movement of
specific ions against their concentration gradients, and this action is dependent upon
the energy of ATP. This transfer is carried out by transport ATPases, which are also
referred to as ion pumps.

In this chapter, we will build transport system models for some cells based on
the proposed algorithm in Chap. 1. To validate the algorithm, the model must be
applied to cells—the representatives of the various kingdoms of nature, and we use
the classification of the animal world, which was offered by Cavalier-Smith. In this
work (Cavalier-Smith 2002; Cavalier-Smith 1998), all life was divided into two
domains: eukaryotes and prokaryotes. Eukaryotes are divided into five kingdoms:
animals, plants, fungi, protists and chromists. Prokaryotes were classified into
archaea and eubacteria.

The considered mammalian cells possess a number of features that differentiate
them from cells of other kingdoms. First, the ionic composition of their external
environment is nearly constant, and second, the lack of flexibility of their cell walls
and membranes require a minimum differential pressure across the membrane (i.e.,
the difference of internal and external pressures).

In addition to the four types of mammalian cells in this chapter, models of
transport systems will be built for the mitochondria, synaptic vesicles, and the sarco-
and endoplasmic reticula. By ignoring features of these compartments that are
irrelevant for our algorithm, we consider these compartments as isolated systems
that possess the ability to maintain intracellular concentrations at a given level.

2.2 Cardiac Cells

Functioning of a cardiac muscle cell considerably depends on the ion concentra-
tions in the cell and its environment. These ions primarily include Na*, K*, Ca>*,
Mg?*, HCOj3 and Cl™. For example, calcium ions participate in the contraction of
muscles and signal processes, while magnesium ions specifically control the work
of ATP-dependent exchangers. Intracellular magnesium is extremely important for
intactness and the functioning of ribosomes, and it takes part in regulating the
concentrations and transport of calcium, potassium, sodium and phosphate ions
inside and outside the cell. As a cofactor, magnesium activates over 300 enzymatic
reactions that are involved in metabolic processes in organisms. Magnesium
interacts with cellular lipids, ensures the intactness of the cell membrane, and
enters a competitive relationship with calcium for contraction elements. Further-
more, the concentrations of calcium, potassium and sodium ions largely determine
the properties of the action potential in a cardiac muscle cell.
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Table 2.1 Experimental data for ion concentrations and the resting potential for a cardiac cell

Tons Internal concentrations, mM External concentrations, mM
Na* 12 145

K* 155 4

Mgt 05«1 1+2

Ca® 1073107 1

Bicarbonate 8 27

Cl™ 4 120

Others 155 7

Potential, mV —(83 + 100)

All of the aforementioned processes are strongly sensitive to intracellular
concentrations of Ca*? and Mg*? ions. These concentrations can change depending
on the concentrations of the corresponding ions in the cellular environment.
However, models for the independent prediction of ion concentrations in a cell and
the membrane resting potential are unavailable in the current literature.

Details of the construction of the transport system for cardiomyocytes in the
steady state have been established (Melkikh and Sutormina 2008). Here, we briefly
present the main results, and based on the model of the transport system, we
consider algorithms for the regulation of ion transport.

First, information on the values of the concentrations of internal and external
ions are needed, and Table 2.1 gives the concentrations of the basic types of ions
that are found inside and outside of a cell (Sperelakis 2000; Murphy 2000; Spe-
relakis and Gonzales-Serratos 2001).

The main and most well-studied pump in cardiac muscle cells is the Na*-K*
-ATPase. This pump is ATP-dependent, and it transfers three sodium ions from the
cell and exchanges them for two potassium ions. In addition to this pump, we will
consider other sodium ion exchangers. For example, we will discuss the Ca**—Na*
exchanger, which transports one calcium ion in exchange for three sodium ions,
and the Mg?*-Na* exchanger, which transports one magnesium ion in exchange
for one sodium ion. Additionally, electrically neutral co-transport transports a
sodium ion, potassium ion and two chlorine ions in one direction—K*-Na*-2Cl~.
In turn, calcium ions are pumped out of the cell by the Ca**-ATPase. Additionally,
all ions can passively penetrate the through membrane, the magnitude of passive
flow is determined by the membrane permeability coefficient P for each type of
ion. Other mechanisms exist to transport chloride ions in addition to passive flow
and the K*-Na*-2CI~ co-transporter such as the K*~Cl~ and Na*—~CI~ symport-
ers, which transfer potassium and chlorine or sodium and chlorine out of the cell,
respectively, and the OH CI™ antiporter, which transports chlorine through the
membrane into the cell and the HCO—Cl—H™-Na* co-transporter, which
exchanges bicarbonate and sodium ions for a chloride ion and proton (Luo and
Rudy 1991, 1994; Faber and Rudy 2000; Hume et al. 2000).

All of the described mechanisms are shown in Fig. 2.1.
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Fig. 2.1 Transport systems in a cardiac cell
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2.2.1 Model of Transport Systems

Sodium ions are carried by several transport systems (Sperelakis 2000), but the
main pump that transfers this ion to the external environment of the majority of
animal cells is thought to be the Na*—K*-ATPase. Despite the fact that other
transport mechanisms can provide a smaller deviation between the required and
internal concentrations of sodium ions, the effect of ATPase activity is necessary
to create a non-equilibrium state in the system. Thus, we chose this system as the
basis for sodium ions. The Na*™~K*-ATPase carries three sodium ions out of the
cell and two potassium ions into the cell. In accordance with the earlier proposed
model, the equation for the sodium flow that is produced by this system has the
following form:

INa—k-a1P = 3CNa—K—ATP [eXP(AﬂA + (P)(”EVa)S(";Q)Z - (”1%)3(”5()2}7 (2.1)

where Cy,_g_a7p 1S the constant of the active transport of sodium and potassium
ions, and the remaining symbols have been given previously.

The analytical expression for the dependence of the internal concentrations of
sodium ions on the values of the membrane potential and extracellular concen-
trations can be obtained after we determine the main transport system for potas-
sium ions. The following systems transport potassium ions:

e Na"'—K*-ATPase;

e Na*-K*-2Cl™—co-transport;
e K*—Cl™—co-transport;

e Potassium channels.
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Because of the result from the calculation of the internal concentration of
potassium ions that are produced by each of these systems and its comparison with
the experimental data, it was concluded that the distribution of potassium ions is
near the Boltzmann distribution because they can easily penetrate through the
biomembrane.

We shall neglect the active flows of potassium ions relative to their passive
flow; therefore, their concentration follows the Boltzmann distribution:

ni = n exp(— o), (2.2)

From (2.1) and (2.2), the expression that models the dependence of the internal
parameters on the external parameters for sodium ions is as follows:

i 14 A,u
NNg = Mng * €XP (_QD - TA> (23)

When considering chlorine transport as the third potential-forming type of ion
transport, we found the minimal deviation from the actual values that were pro-
vided by the K-Cl, Na—CI-HCO;-H co-transporters and the passive penetration of
chloride ions through their electrochemical gradient. Notably, the passive distri-
bution of potassium ions, which is the dependence of the internal concentration of
chlorine on the external concentration of K—Cl, is also described by the Boltzmann
equation. The calculated value that is created by a complex mechanism of Na—Cl—
HCO3—H is near that of the calculated value of the K—CI co-transporter and passive
penetration of chloride ions, and it can be assumed that the analytical expression
that depends on the internal concentration of the external parameters for this type
of transport system will be similar. Therefore, the concentration of these anions in
a cell approaches the Boltzmann distribution (although chlorine is also involved in
several transport systems (Sperelakis 2000; Hume et al. 2000)):

niCl = ngy exp(). (2.4)

The focus of a work by Melkikh and Sutormina (2008) was given to the
transport of divalent cations, which play a special role in carrying out vital
functions in heart muscle cells.

In addition to passive transport across the cell membrane through the electro-
chemical potential, calcium in a cardiac muscle cell is transported by two systems:
the Ca-ATPase and a Na*—Ca®*-exchanger.

It is known that a Na*™—Ca?*-exchanger exchanger substitutes one calcium ion
for three sodium ions in the absence of the consumption of ATP energy. Thus, in
accordance with the model (Melkikh and Sutormina 2008), the equation has the
following form:

Teuna = Ceana - [nc - (n%,)} — expl@)n%, - (nly,)’], (2.5)
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The structure of the equation reflects the exchanger stoichiometry (i.e., one
calcium ion is exchanged for three sodium ions) and the fact that sodium and
calcium ions are transported in opposite directions.

Because one calcium ion is actively transported out of a cell during the
hydrolysis of one ATP molecule, we obtain an equation for the active transport of
calcium, which is in line with that of (Melkikh and Sutormina 2008):

Jea—atp = Cca—atp [GXP(AMA + 2@)”’@ - n%a]a (2.6)

The calculated values of the intracellular concentration of Ca ions for each
system are the following:

o Ca-AT®: ni., =2.7-10"°mM;
e Na-Ca: nl., = 1.5- 107> mM;
e Passive flux: ni,, = 1.3-10° mM.

When comparing these values with those from the experimental data (107> +
10_4), we see that the sodium exchanger produces the smallest deviation. How-
ever, the order of the values of the intracellular concentration of calcium ions is
small when compared to the concentrations of other ions. In other words, in the
first approximation in our algorithm, we can use an ATP-dependent calcium pump
and exchanger. This situation is similar to the choice of the main system for
sodium and we assume for the main ATP-dependent pump. Thus, the dependence
of the internal concentration of calcium ions on the external concentrations (2.6)
takes the following form:

Moy = 1%, - exp(~20 — Auy) (2.7)
Transport of another divalent cation, magnesium, in cardiomyocytes is provided
by the following mechanisms (Freudenrich et al. 1992; Murphy 2000):
e Na*—Mg**-exchanger;
e Magnesium channels.

Expressions of fluxes that are generated by these transport systems can be
written in the following form:

Ina-mg = CNa—mg - {exp(qo)nj",}g g — ”% . n"N"a} (2.8)
JMgpas = PMg . |:I’l;(,;g : exp(Z(p) - I’IXZ,:| (29)

Numerical calculations showed that passive flow creates an internal concen-
tration of 2.7 x 10°> mM, while the counter-transport of sodium and magnesium
provides a value of 6 mM, which is in better agreement with the experimental data
(0.5 = 1 mM). Therefore, the expression for the intracellular concentration of
magnesium ions, in view of (2.3), can be written as the following:
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. A
Mg = Mgy - exp(— % - Zq)) (2.10)

The next anion transport that will be considered to simulate ion transport in
cardiomyocytes is the bicarbonate ion, HCOj3. The transfer of this ion is provided by
work of the electroneutral complex Na—CI-HCO;—H, chlorine-bicarbonate exchanger
and through special channels. The Na* — HCO; — ClI~ — H™ co-transporter oper-
ates as follows: a sodium and bicarbonate ion is exchanged for a chlorine anion and a
proton, and this mechanism is electroneutral. Because the cell potential does not
produce a barrier, the work of the exchanger depends on the concentration of ions and
the probability that they will interact with the carrier. Considering the earlier pro-
posed model, we can write the following equation:

_ i ol L0 0 0 [T N S |
INa-co; ~ci-n = Cna—rco; ~ci-n(Myco; e - ey~ My — Pcos ~ Mva et M)

(2.11)

where Cnanco; —ci-n is the exchange constant for the HCO3, CI~, Na* and H*
anions.

Considering Eq. (2.11), the dependence of the intracellular concentration of the
anions on their extracellular concentration and the membrane potential can be
written as follows:

i o Aiu
Ryco: = Mco: €XP (TA - 2q0> : (2.12)
Substituting the known values results in ”Zco; = 13.9mM,

The expression for the flow of ions that are produced by the HCO; — CI~
exchanger can be written as follows:

— i o o i
Juco; —ci- = Chco; —cr- (”HCO; “Ner — Myeo; ") (2.13)

It is observed from this expression that the operation of this exchanger is
equivalent to the passive transport of HCO3 ions. When the known values are
substituted, ”cho; = 0.7mM, and by equating the flow to zero, we obtain the
following expreséion for the intracellular concentration of HCOj3 ions when only
this exchanger operates:

”;100; = Npco; exp(¢).

Thus, we may conclude that the main transport system for HCO; ions is the
sodium-dependent exchanger because the intracellular concentration of HCOy
ions that are produced by this exchanger most closely approaches the experimental
value.
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However, this conclusion does not suggest that the role of the HCO; — CI™
exchanger is insignificant in a cell. This exchanger can be significant in regulating
the concentration of HCO;5 ions and pH inside of the cell.

We decided on the main transport system for each type of ion. According to our
algorithm and by using the equation of electrical neutrality, we derive the
dependence of the membrane resting potential on the extracellular concentrations
of ions that are under consideration:

A
2 n¢, - exp(—Apy — 2¢) +ny, - exp(—% - (p> +n% -exp(—)+

A A
+2 - njy, - exp(— % — 2q0> = ng, - exp(@) + 0.89 - nf;, exp <2q) —+ %) +Zx - na

(2.14)

Concentration Z4 - ny of non-penetrating ions is known experimentally. By
solving the equation numerically, it can be shown that the potential is equal to —3.7
(approximately —92.5 mV), which closely corresponds to the experimental data.

From Eq. (2.14), we can explicitly obtain an expression for the potential.
Because the contributions of calcium, magnesium, and bicarbonate in the potential
are small in comparison with other ions, they will be neglected; therefore, the
dependence of the membrane potential on the extracellular concentrations has the

following form:
Z n 2 nnut All nOlAI Z n
Zans +%ﬂex(—* A)+K)+“
| (2> ( PATST) ) T

qD = - n out out
n —Aun n
(Few(52) + %)

Graphically, the dependence of the membrane potential on changes in the
extracellular medium is shown on Fig. 2.2.

(2.15)
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potential on the addition of et |
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Table 2.2 Comparisons of the calculated values of the internal ion concentrations and mem-
brane potential with the experimental data from cardiomyocytes

Tons Experimental data, mM Calculated data, mM
Sodium 12 6.9

Potassium 155 151.2

Magnesium 0.5+1 3.6

Calcium 107°=107* 29 x 107°
Bicarbonate 8 13.2

Chlorine 4 3.1

Potential, mV —(83+100) —-90.8

In the Fig. 2.2, the solid line indicates the change in the resting membrane
potential after adding a certain concentration of o (in mM) into the extracellular
medium in an equal amount to that of potassium and sodium ions with chlorine.
The points show the normal value of the membrane potential.

The value of the membrane potential without divalent cations is slightly smaller
than the absolute value of approximately —90.8 mV, which is also consistent with
the experimental data. By including (2.15), i.e., dependencies of the intracellular
on the external concentration, we can calculate the values of the internal con-
centrations of ions, and detailed results of the calculation are given in (Melkikh
and Sutormina 2008). The obtained results are tabulated in Table 2.2.

2.2.2 Regulation of Ion Transport

We have constructed a system of equations that describe the transport processes in
the cell during the stationary state, and these equations can be used as a starting
point for modeling the regulation of ion transport through the membrane under
varying external conditions.

As mentioned earlier, potassium ion transport is carried out by four methods in
cardiomyocytes: an ATP-dependent pump, two co-transporters and passive
transport. According to our algorithm, we can construct the dependence of the
intracellular on the extracellular concentration that is produced independently by
each mechanism. We can then graphically determine an effective and robust
strategy for regulation. The potential changes are taken into account when con-
structing strategies for the regulation of ions, which strongly affect the potential.

The work of the four transport systems are represented in the following graph
(Fig. 2.3).

The figure displays the dependence of the intracellular concentration of
potassium ions from the addition of o on the external environment of potassium
ions with chlorine, in mM. The solid line indicates passive flow, points represent
Na—K-Cl-co-transport, the dashed line denotes the actual concentration of potas-
sium in the cell at steady state, and the dash-dot line represents the work of Na—K-
ATP.
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Fig. 2.3 Mechanisms for the T T T T

transfer of potassium ions in _,-fqa_K_ ATP K pas
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The figure shows that the dependence of the internal on external concentrations
of ions is linear; however, this finding does not indicate that the potential depends
weakly on the concentration of extracellular potassium. As shown in the figure, in
the selected range, only a partial dependency is reflected, and the interval changes
in the external concentration is limited to values that are approximately twice the
normal value because strong deviations lead to cell death.

By using the algorithm for finding the optimal strategy for transport, the optimal
strategy for the transport system of potassium ions can be determined graphically.

We show the selected, best strategy for transport systems of cardiac muscle
cells in Fig. 2.4.

In the figure, the solid line indicates passive flow, the points refer to Na—K—Cl-
co-transport, the dashed line denotes the actual concentration of potassium in the
cell at steady state, the dash-dot line refers to the work of the Na—K-ATPase, and
the bold solid line indicates the chosen strategy.

We utilize the optimal strategy to ensure the maximum efficiency of pumps and
exchangers at any given time, i.e., only one transport mechanism is functional.

Fig. 2.4 Strategy for
regulating potassium ion
transport in cardiomyocytes
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However, as observed in Fig. 2.4, a significant increase in the external concen-
tration ensures that the robustness of cells that is required for simultaneous
operation of at least two mechanisms occurs. From the literature, it is known that
most potassium ions are transferred passively, but when the extracellular con-
centration of this ion is doubled, the electrically neutral Na—K—Cl co-transporter
becomes functional.

To account for changes in two parameters, one can construct three-dimensional
plots of the intracellular concentration of one ion in relation to changes in the
external concentrations of the two types of ions. A change in potential will also
affect the internal concentration of the desired value because it appears in the
expression for determining the intrinsic value of the concentration, and it is an
explicit function of external concentrations. When required to consider an effective
strategy (i.e., at each moment, only one transport mechanism for each type of ion
is present), the strategy will be a set of points on surfaces, which indicate the
mechanisms of ion transport, and in this case, we introduce an objective function.
Because changing variables (e.g., intracellular concentration and resting potential)
differ substantially in value (sometimes by orders of magnitude) and have different
dimensions (e.g., concentrations and potential), it is convenient to choose the
following as the objective function:

A= \/Z (%)2 + (A—(;">2 — min. (2.16)

We will use such a criterion when changing the concentrations of two or more
ions.

The following is a plot of the work of the transport systems in cardiomyocytes
as a function of changes in the extracellular concentrations of potassium and
sodium ions and taking into account the change in potential (Fig. 2.5).

ngs md

Fig. 2.5 Mechanisms of transport of potassium ions as functions of the external concentrations
of two ions
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It is evident from the figure that although the values deviate from those that are
required for potassium ions, these ions remain passively transported. It may be
noted that the ATP-dependent pump allows the required level of internal con-
centration values to be achieved for different values of the external concentration
of sodium ions when the extracellular medium has a low content of potassium
ions. However, it is only possible to maintain the normal value by passive transfer
of ions through their electrochemical gradient. If a significant increase in the
concentration of potassium ions outside the cell occurs, the internal concentration
must exceed the normal value to maintain the desired value, and this process
should include the K-Na—Cl-co-transporter. It should be noted that when simul-
taneously including several types of ions in the description and at a changing of
two parameters, this picture could change.

2.3 Neurons

The electrical properties of neurons of different organisms that are at rest (i.e., in
the absence of nerve impulses) are very similar. The main difference lies in that the
external environment of neurons may differ in composition. We distinguish two
different examples: mammalian neurons and neurons of marine organisms (e.g., a
well-studied neuron of the squid). In the second case, the composition of the fluid
surrounding the neuron is near the composition of sea water, which contains
significantly more sodium, chloride and magnesium than in the blood of mammals.

Tables 2.3 and 2.4 list the ion concentrations in the neurons of squid and
mammals (Raupach and Ballanyi 2004; El-Mallakh 2004; Barish 1991),
correspondingly.

In addition to passive transport for all type of ions, neurons contain each of the
following types of systems for ion transport (Craciun et al. 2005; Nicholls et al. 2001;
Giffard et al. 2000; Chesler 2003):

e Na'—K'-ATPase, Ca’*-ATP-ase;
o Co-transporters: Na*—K*—Cl~, Na*™-Cl~, Na™-HCO3, K*—CI~;
e Exchangers: Na*-Mg>*, Na*-H*, Na*-Ca**, CI"-HCO5..

Table 2.3 Experimental data | Internal External
on the concentrations f)f lons concentrations, concentrations,
for the neurons of squid mM mM
Potassium 360 10
Sodium 69 425
Chlorine 157 496
Calcium 0.0001 10
Magnesium 10 50

Bicarbonate 8 25
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Table 2.4 Experimental data on the concentrations of ions for the neurons of mammals

Tons Internal concentrations, mM External concentrations, mM
Potassium 150 55

Sodium 15 150

Chlorine 9 125

Calcium 0.0001 2.5

Magnesium 0.7 1

Bicarbonate 8 25

Value of the membrane potential: (65-+70) mV

Figure 2.6 shows the major ion transport systems in neurons:

ADP+P

COs3 ATP
cI

ca?*t i#

HCO:

Fig. 2.6 Transport systems in neurons



48 2 Models of Ion Transport

2.3.1 Model of Transport Systems

Based on the model of active transport of ions that was proposed in the first
chapter, the different transport systems for all types of ions are analyzed, the basic
system is determined, and the flow of ions is recorded.

The transport of potential-forming ions is first modeled. According to the
algorithm, we assume that the sodium ions are transported mainly by the Na—K-
ATPase. Potassium is transported by a number of systems: passive transport, the
sodium—potassium-chlorine co-transporter, the sodium—potassium pump, or the
potassium-chlorine co-transporter. The expressions for the flows that are generated
by these systems are similar to what was recorded for cardiomyocytes. Using the
known value for the membrane potential and extracellular ion concentrations, the
intracellular concentrations of potassium ions are calculated to be the following:

e for the neurons of squid:
Na-K-ATP: ni, =3.9-10° mM,;
K-Na-Cl: nf, = 615mM;
K-CIL: ni, =31.6mM;

Passive flux: nf; = 134.6 mM.

e for the neurons of mammals:

— Na-K-ATP: ni, = 1.01 - 10° mM;
— K-Na-Cl: nf, = 1.1-10*mM;

— K-Cl: nf, =76.4mM;

— Passive flux: nf, = 74.1 mM.

By comparing the calculated values with the known experimental data for the
squid neuron, which was 360 mM, and mammalian neurons, which was 150 mM,
we note that the minimum deviation results in a passive flow of ions through the
membrane. We find that the dependence of the internal concentration of potassium
ions and potential on external concentrations will be similar to that which was
described for cardiac muscle cells. Therefore, the expression that models the
dependence of the internal concentration of sodium ions of neurons will also be
analogous to that for the cardiac cell.

Chlorine ions are transferred by the following systems: sodium-chlorine
co-transporter, sodium—potassium-chlorine co-transporter, chlorine-bicarbonate
exchanger, potassium-chlorine co-transporter, and passive flow of ions through the
membrane. The expressions for the flow of chlorine ions that is produced by these
systems are similar to those that are recorded in item 2.1. By using the known
value of the membrane potential and ion concentrations, the intracellular con-
centration of chlorine is calculated as the following:

e for neurons of squid (the experimental value for the concentration of chlorine
ions is 157 MM):



2.3 Neurons 49

— K-Na-Cl: niy = 205.1 mM;

— Na—Cl: ni, = 3.1-10° mM;

- K-Cl: nl,, = 13.8mM;

~ CLLHCO;: niky, = 158.7 mM;

— Passive flux: nl,, = 36.8 mM.

e for neurons of mammals (the experimental value for the concentration of
chlorine ions is 9 mM):

- K-Na-Cl: nf, =75.7mM,;
— Na—Cl: niy = 1.2-10° mM;
- K-Cl: ni, = 4.6mM;

— CI-HCOs: niCl = 40mM;
Passive flux: n;, = 9.3mM.

For the squid neuron, the minimum deviation from the experimental values
provides the electro-neutral exchanger with bicarbonate ions. For mammalian
neurons, passive penetration of chloride ions through their electrochemical gra-
dient occurs, thus, the dependence of the internal values of this type of ion on the
external values will have the form (2.14). The expression for the squid neuron can
be written after the main transport system for HCO; is found.

In the literature, the transport of bicarbonate by a chlorine-bicarbonate
exchanger, passive transport and sodium-bicarbonate co-transporter (Craciun et al.
2005) has been verified in neurons. Expressions of the fluxes that are created by
the first two transport systems are shown above, and the formula for the flow that is
generated by the third co-transporter is the following:

i 3 o 3 0
INa—tco, = Cna—ncos * [(Myco,) Mg — €xp(20) (Myco,) M (2.17)

The values for the internal concentrations of HCOj3, which are provided by each
mechanism, can be calculated as follows:

e for the neurons of squid:
— CI-HCOs: n;—[CO; = 7.9mM;
— Na-HCOs: njye, = 8.1 mM;

: N —
— Passive flux: nyc,, = 1.9mM.

e for mammalian neurons:
— CI-HCOs: n},cos = 1.8mM;
— Na-HCO3: njyep, = 9.5mM;
— Passive flux: nj, = 1.9mM.
The experimental data (8 mM for both neurons) best fits the value that is

created by the sodium-bicarbonate co-transporter, in which case, the expression for
the intracellular concentration will be the following:
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i o A,u
"hco; = "Hco; ©XP <§0 + TA> : (2.18)

Subsequently, the dependence of the intracellular concentration of chlorine
anions for the neurons of squid can be written as follows:

. in A
nit = ot nZSO = n% exp <(ﬂ + SA) (2.19)
nHCo

Two systems exist in neurons for the transport of calcium: the Ca**-ATPase and
the Na*-Ca®*-exchanger. Furthermore, the cell membrane is permeable to these
ions; therefore, passive penetration of ions occurs. The expressions for the fluxes
will be similar to those that were recorded for cardiomyocytes, and the calculated
values for the internal concentrations of this ion will be the following:

e for the neurons of squid:

— Ca-ATP: nl,, =3.7-10"°mM;
— Na-Ca: n,, =3.2- 107> mM;
— Passive flux: n,, = 1.8 10° mM.

e for the neurons of mammals:

— Ca-ATP: n,, =9.3-107" mM;
- Na-Ca: n,,, =1.9-10"*mM;
— Passive flux: nl,, =453.2mM.

The minimum deviation from the experimental data (for both types of neurons,
this value is equal to 0.0001 mM) is provided by the calcium-sodium exchanger;
therefore, the expression for calcium ions is the following:

i

3
) n
oy =ty (1) -explo) =ty -expl-20 - An). (220)

Na

The resulting expression is identical to that of the dependence of the internal on
external parameters for Ca-ATPase.

No information exists in the literature about the systems of active transport for
magnesium in neurons. However, such a system should exist. If it is assumed that
magnesium is transported in neurons only by a passive mechanism due to the
doubly charged ion of Mg>*, a very large concentration of magnesium ions within
the cell will occur. Equation (2.9) can be used to determine the distribution of the
passive transfer of magnesium:

nj‘,,g = njy, exp(—2¢). (2.21)

By substituting the values of the experimental data for the values of the
potential and extracellular concentration of magnesium ions, we obtain the values
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of the internal concentration of magnesium ions: 9.1 x 10° mM for the squid
neuron and 181.2 mM for mammalian neurons. This value indicates a clear
discrepancy between the experimental data, which is 10 and 0.7 mM, respectively.
A similar situation was considered previously for cardiac muscle cells (Melkikh
and Sutormina 2008), and it was shown that passive transport of magnesium ions
into the cell results in a high concentration of these ions inside the cell and a
considerable reduction in the potential across the membrane. In heart muscle cells,
a Na*-Mg>* exchanger is the primary method of transport of magnesium. In view
of the above data and based on the considerable similarity of the transport systems
in cardiac muscle cells and neurons, we assume that the same exchanger exists in
neurons. The ion concentrations that are produced by this exchanger can be cal-
culated by substituting the known experimental data for the neurons in (2.8):

1

njl,,g = Ny, exp(—¢) % = 109.3 mM for the neurons of squid, and
Na

o

NiNg
o

nng = ”101/1g exp(—¢) = 1.3 mM for the neurons of mammals,

Na
which is in qualitative agreement with the experimental data. Thus, we can assume
that the Na*™—Mg** exchanger is essential for the transport of magnesium. When
the expression for the concentration of sodium ions is taken into account, the
dependence on magnesium ions will take the form of (2.10).

By choosing the main transport system, we can derive an equation for the
membrane potential of a neuron, which will depend only on the external con-
centrations of the main potential-forming ions. Note that for both types of neurons,
we chose the same main transport systems except for chlorine anions. By
substituting the expressions that are obtained for the ions, the condition of electro-
neutrality for the squid neuron can be written as follows:

A A
n¢, - €xp(—=2¢@ — Apy) + njy, - exp (—290 - %) + n%, exp (— % - (p>

A
+ nf exp(—@) = (ngy + nfcos) exp <go + %) + Zany;

(2.22)

and the condition for mammalian neurons can be written as follows:

0 0 Au 0 Au
¢y - €xp(—2¢ — Auy) + ny, - exp (—290 - TA> + Niyq eXP (— TA - <p>

o o o AM
+ ngexp(—¢) = (”cz + Nycos * €XP (TA>> exp(@) + Zana.

(2.23)
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When neglecting the divalent cations because of their small effect on the
membrane potential, solutions of these equations can be written as the following:

o for the neurons of squid:

Auy

2
n Zana N ("%1 +”"HC&) 'e"F’( g ) . Zyna
¢ =—
2<n§(,n . exp(f %) + n%) 2<n§,a . exp<7 A%) + nf() 2(:15(,0 . exp<7 %) + n’,})

(2.24)
e for mammalian neurons:
2 0 0 Ay
Zsny ne + MHco; * €XP (T) Zsny
¢=—1In " + n + A
2("5(/“ . exp(— %) + n‘,}) Z(nj{,a . exp(— %) + n‘,’() Z(n;i,u . exp(— %) + n‘,’()
(2.25)

Currently, the intracellular concentration of non-penetrative anions is unknown,
but we can calculate this value by using the electro-neutrality condition of the
internal environment:

o ; i i
ng = Ny, + Ng — Nep — Ryeo, -

When substituting the concentrations of sodium, potassium, bicarbonate and
chloride ions outside of cells and the intracellular concentrations of non-penetra-
tive ions, we obtain a value for the resting potential of a mammalian neuron of
approximately—=86.7 mV, and the potential value for the squid neuron would be
approximately—85.1 mV. The obtained results from the calculations for the
concentrations and potentials for squid and mammalian neurons are shown in
Tables 2.5 and 2.6, respectively.

Although deviations from the experimental data are high, we have achieved
satisfactory agreement between theory and experiment.

Table 2.5 Comparison of the experimental and calculated values of the internal ion concen-
trations and potential for squid neurons

Tons Experimental data, mM Calculated data, mM
Potassium 360 135

Sodium 69 7.3

Chlorine 157 158.7

Calcium 1074 3.7 x 107°
Magnesium 10 11.5

Bicarbonate 8 17.1

Potential, mV —(65-+70) —86.7
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Table 2.6 Comparison of experimental and calculated values for the internal ion concentrations
and potentials of mammalian neurons

Tons Experimental data, mM Calculated data, mM
Potassium 150 74

Sodium 15 2.6

Chlorine 9 9.3

Calcium 107 9.3 x 1077
Magnesium 0.7 0.2

Bicarbonate 8 17.1

Potential, mV —(65=70) —85.1

2.3.2 Model of Ion Transport with a Restriction of Deviation
Jrom the Experimental Data

In some cases, the accuracy of calculating the internal concentrations of ions and
resting potential based on the algorithm “one ion—one transport system” may not
be sufficient. In this case, we use a special method to find dependencies of the
intracellular on the external concentrations; and this method is referred to as
“equivalent transporter”. In a situation where it is not possible to choose a main
mechanism of ion transport, we assume that two transporters work simultaneously
and that when both work together, they give the most significant contribution to
the overall result. In other words, two or more transport systems are replaced by
one whose action is equivalent to their combined actions, as is schematically
shown in Fig. 2.7:

The flux that is produced by an “equivalent mechanism” for the jth type of ion
will be the following:

J=C(n' exp(Aw; — Ap) — n°) (2.26)

where A is the charge of the transported ions, and Ay is the EMF (electromotive
force) of the equivalent mechanism. To find the parameter Ayu;, we can use the
concentrations inside and outside of the cell that were obtained experimentally.
The desired relationship is used to find the potential as a function of the extra-
cellular concentration.

One type of ion, such as potassium ions, being simultaneously transported by
several systems is much more difficult to solve analytically. In this case, unknown

Fig. 2.7 Equivalent
transport mechanism
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constants, which take into account the speed of the pumps, appear in the equations.
We make the following assumption, which can significantly improve the accuracy
of the algorithm: combine several active transport mechanisms for potassium ions
in an “equivalent pump.” The result of such a pump would be the distribution of
potassium ions inside the cell, which would differ from its passive distribution.
The expression for the intracellular concentration, which takes into account active
and passive transport, can be written as follows:

e = n exp(Au — ¢) (2.27)

where Auxg—is the effective potassium EMF. From this expression and by using
known ion concentrations inside and outside the cell, we can find the value of the
EMF of potassium ions and further to use this expression to calculate the potential
and the intracellular concentrations of other ions. For the squid neuron,
Apx = 0.984, and for mammalian neurons, A4y = 0.706.

The expression for calculating the intracellular concentration of sodium ions,
which is generated by the Na-K-ATPase, takes into account the equivalent
transport system for potassium ions and takes the following form:

in ou 2- Aﬂ A:u
ny, = ni exp< 3 K_ - TA) (2.28)

By substituting the known values and the calculated EMF, we obtain the fol-
lowing values for the intracellular concentrations of sodium ions: 14 mM for the
neurons of squid and 4.1 mM for mammalian neurons. The obtained values cor-
respond better to the experimental data (69 and 15 mM, respectively) than those
that were calculated in the previous section.

The values of the concentrations of calcium ions, which were generated by the
sodium-calcium exchanger, can be recalculated by altering the expression for
sodium ions:

i 3
o= o0) -ty (1) —tyexp(-2 0 - Ay 42 Au) (229)

By substituting the known data, it is evident that the intracellular concentration
of calcium ions in the neurons of squid will be equal to 2.7 x 10~ mM, and in
mammalian neurons, this concentration would be equal to 3.8 x 107° mM
(0.0001 mM is the experimental value in both neurons).

Similarly, the dependence of intracellular on external concentrations of mag-
nesium ions will change as follows:

i 0 ni a o 2 A,u
Ry = Mg - €XP(—@) =0 = ny, - exp (g Apg =20 - TA) (2.30)
Na

As a result, for these ions, we find that in squid neurons, the intracellular
concentration is equal to 22.2 mM, and in mammalian neurons, this value is
0.4 mM (the experimental data is 10 and 0.7 mM, respectively).
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The condition of electro-neutrality can be written as follows:

e for the neurons of squid:

o 2-Apg  Ap o
Ny ©XP (TK - TA - w) + n exp(Apg — @)
Apy

= (”Cé/ + "101003> exp <(P + T) + Zana (2.31)

e for the neurons of mammals:

o 2-Aug  Au o
Miya €X ( 3 K—;—¢>+nKeXp(AuK—cp)

o] o] A
= <”cz + o3 - ©XP <%>) -exp() + Zana (2.32)
The explicit expressions for the potential will be written as follows:

e for the neurons of squid:

2
Zany N (n%y + n%c03) - exp(Apy /9)
¢=—1n | Z(ng,a - exp (ZA% - %) +n% - exp(AuK)> 2("1"\&1 . exp(zé% - %) +n% - exp(AyK))
Zana

2 (nN -exp (% - %) + - exp(AuK))

(2.33)

+

e for the neurons of mammals:

2
Zany N ngy + nfeo, exp(Ap, /9)
RN I\ e o ey R e YR ey

+ ZAnA
2 exp (P4 — 242) + e - exp(Aree))

(2.34)

By substituting the external concentrations of the main ions and the calculated
EMEF for potassium, we obtain the following values of the potential: —68.7 mV for
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Table 2.7 Comparison of the experimental and calculated values of the internal ion concen-
trations and potential for squid neurons

Tons Experimental data, mM Calculated data, mM
Sodium 69 14

Calcium 1074 27 x 107°
Magnesium 10 222

Potential, mV —(65+70) —68.7

Table 2.8 Comparison of the experimental and calculated values for the internal ion concen-
trations and potential for mammalian neurons

Tons Experimental data, mM Calculated data, mM
Potassium 15 4.1

Calcium 107* 3.8 x 107°
Magnesium 0.7 0.4

Potential, mV —(65-+70) —70.7

squid neurons and —70.7 mV for mammalian neurons. These results are in good
agreement with the experimental data.

The results from calculating the concentrations and potential when using an
“equivalent potassium pump” for squid and mammalian neurons are shown in
Tables 2.7 and 2.8, respectively. The tables show only those ions with altered
concentrations by using the algorithm for the potassium EMF.

2.3.3 Regulation of Ion Transport

According to our algorithm, we can construct a model for the regulation of ion
transport in the neurons of mammals. Transport systems in neurons, such as the
sodium ion transport system, were identified earlier, and graphs of this ion
transport mechanism are shown on Fig. 2.8.

The figure shows the intracellular concentration after change o of sodium ions
in the external medium. Symbols in the figure are as follows: the solid red line
indicates the required value of the intracellular concentration, blue dots represent
the work of the K-Na-ATPase, the green dotted line represents the work of the
co-transporter for Na—HCO3; and the purple dash-dot line refers to the Na—Ca-
exchanger.

When switching transport systems, it is advantageous for a cell to maintain only
one active mechanism to be effective in energy consumption. In this case, a
strategy of switching must be constructed that gives the smallest deviation from
the desired value, assuming that one transport system works (Fig. 2.9).

The graph shows that when the external sodium ion concentration is reduced by
about approximately 30 % of the normal level the calcium ion exchanger works.
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Furthermore, the ATP-dependent pump effectively works in a sufficiently large
range of extracellular concentrations of sodium but only when in excess of the
normal value. When the external sodium concentration is large, the Na—HCO;3
symporter works.

However, during such a strategy, a significant change in the intracellular con-
centration of sodium takes place, which results in a deviation from the normal
value by nearly 50 % and may be detrimental to vital cells. If the tolerance of the
internal concentration of sodium is limited to an interval of 30 % in both direc-
tions, then it needs to perform ion transport by two mechanisms in a range of
external concentrations (Fig. 2.10).

In the figure, the dotted line separates the region of tolerance values for the
intracellular concentrations of sodium. It is observed when the external sodium ion
concentration increases by 20 mM or more to maintain the desired value of the
internal concentration is only possible by the simultaneous operation of the
ATP-dependent pump and Na-HCOj; co-transporter. Additionally, when this
increase (more than 55 mM = 40 % of the normal value) exceeds the external
concentration of sodium ions, the sodium-bicarbonate co-transporter can maintain
the necessary internal concentration in the absence of other transport systems.
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Fig. 2.10 Strategy of sodium ion regulation with a restriction of maximum deviations from the
normal values

Graphs show how transport systems work at the changes in the extracellular
concentrations (Fig. 2.11).

From the figure and by taking into account (2.17), it is evident that in a certain
range of external low concentrations of sodium, the Na+—Ca2+-exchanger is suf-
ficient. When the ion content in the external environment increases, the ATP-
dependent pump requires for maintaining ion balance; co-transport is able to
maintain the necessary intracellular concentration only after a greater increase in
the extracellular concentration of sodium ions.

Na-Caj \\\\\\\ L
RN
Sy

SN
N

N

S

AN RNz
RS AL

=

Fig. 2.11 Systems of sodium transport in neurons as a function of the external concentrations of
two ions
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2.4 Erythrocytes

The current red blood cell model includes (see, for example, (Jamshidi et al.
2001)) 36 independent variables that are described in the main biochemical
pathways in the human erythrocyte. Transport of ions through the red blood cell
(RBC) membrane is also included in this system of equations (Werner and
Heinrich 1985; Joshi and Palsson 1989; Jamshidi et al. 2002; Mulquiney et al.
1999; Lew and Bookchin 1986). The goal of systems biology is a comprehensive
description of a cell (or an organism) through mathematical methods by the use of
computers. Currently, systems biology of RBCs is concerned mainly with gene
and metabolic networks of cells; however, the transport subsystem of RBCs has
not been studied sufficiently.

2.4.1 Model of Ion Transport

In red blood cells, ion transport includes the following transport systems (Freedman
2001; El-Mallakh 2004; Freedman and Hoffman 1979): ATP-dependent pumps
(Ca**-ATP-pump; Na*-K*—ATP-pump), exchangers (K*—Cl —symporter; Na*—
Ca**—antiporter; K*-Na*—Cl™—symporter; Cl"—Zn**—symporter; HCO3 Cl™—
antiporter; and Na*—Li*—antiporter), and passive transportation for all types of
ions (Fig. 2.12).

Based on the proposed algorithm, we shall discuss the transport systems that
transfer potential-generating ions in a red blood cell. Because the nonequilibrium
state in a cell is provided by the consumption of energy in the form of ATP, it is
necessary to choose an ATP-dependent pump as one of the main methods of
transport. Therefore, the expression for the flux of sodium ions that is created by
the pump may be written as the following equation:

Fig. 2.12 Ion transport
systems in RBCs
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cI- Li K+ cl-
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INa—k-atP = CNa—K-ATP [eXP(AﬂA + ) (ny,) (ng)* — (”5%)3(”%)2}» (2.35)

where Cy,—g—a7p is the constant of the active transport of sodium and potassium
ions.

This system may be the main method of transport for sodium or potassium ions.
By setting the flux (2.35) equal to zero and using the experimental data on the
potassium ions inside and outside of a cell and the extracellular sodium ion
concentration, we calculate the concentration of internal sodium to be ni, =
6.1 mM. Similarly, we calculate the concentration of potassium ions, which is
created by this transport system when in equilibrium, as nf, =279 mM. After
comparing both calculated quantities with the experimental data
(ni, = 10mM,n, = 135mM, we chose the ATP-dependent pump as the main
method of transport of sodium ions.

Three systems exist that transport potassium ions: Na*-K*-ATPase, and K*—
Cl™ and K*-Na"—Cl~™—co-transporters, and the permeability of the membrane
provides a passive flux of ions along the electrochemical gradient. The expressions
for the fluxes that are created by other mechanisms (except ATPase) can be written
separately.

Ji—cr = C-a+ [ - ney — nig - ny) (2.36)
JK*N“*CI = CK*NQ*CI ’ |:n§\7a ’ an ’ (niCI>2 - nl((’a ’ n(I)( ’ (n%l)2:|7 (237>
JKpas = Pg - [an : eXp((p) — ’”lOK], (238)

here and elsewhere, P; is the constant of passive transport for the ith type of ions
along their electrochemical gradient. The values of the internal concentrations of
potassium ions that are created by each mechanism are as follows:

e K-Cl: nfy =5.1mM;
e K-Na-Cl: nf, =97.5mM;
e passive flow: nf, = 5.7 mM.

After comparing the results with the experimental data (135 mM), we deter-
mine that the K*-Na™—Cl™—co-transporter is the main transport system for
potassium. We can obtain the explicit form of the dependencies of the internal on
the external concentrations and the membrane potential for Na* and K* by solving
the system of two equations that describe the work of the mechanisms that were
chosen: the ATPase and co-transporter. However, doing so requires the explicit
form of the dependence of the internal on the external parameters for chlorine ions.

Similarly, we shall consider chlorine ion transport, which is provided by the
following co-transporters: K*—Cl~, K*-Na*-Cl~, and Cl —Zn*"*, the anti-porter
HCO3 CI™ and passive flux through a membrane. By comparing those types of
transport with the experimental data, we can conclude that the largest contribution
to the required concentration of chlorine ions is made by its passive flux or their
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exchange for bicarbonate ions. In this case, chlorine ions are transported passively,
and the dependence of the internal on the external concentration will be repre-
sented by the following equation:

ng = ngyexp(e). (2.39)

The explicit forms of the dependencies of the internal concentrations of sodium
and potassium ions can be written as the following equations:

‘ 3 A

Ny, = 1%, €XP ( 50— %) , (2.40)
A 2 A

n’K:nOKexp(—g(p—i—%). (2.41)

The transport of bicarbonate ions across the red blood cell membrane, apart
from passive penetration, is implemented by their exchange with chlorine ions.
Calculations showed that the required concentration is created by passive flux, and
the expression for the internal concentration of HCO; will be the following:

Mco, = Miico, XP(@)- (2.42)

There is currently no published information concerning the systems of active
magnesium ion transport. By considering the transport of these ions as passive, we
determine the value of the internal magnesium ion concentration to be 3.5 mM.
These results satisfactorily coincide with the experimental data (2.5 mM) for
magnesium ions; therefore, we may consider passive flux as the main transport
system for this type of ion.

The transport of lithium ions into a cell is provided by its exchange with
sodium; however, passive flux of these ions also exists. After comparing the
internal concentration of lithium ions (0.7 = 1.0 mM) that is created separately
(0.007 mM and 0.06 mM, respectively), we determined that the passive flow of
these ions along their electrochemical gradient is the main transport system for
such ions.

Similar reasoning for protons gives the value of their internal concentration as
0.061 mM, and these results satisfactorily coincide with the experimental data
(n¥ = 0.062 mM). Therefore, we may consider passive flux as the main transport
system for protons.

The flux of zinc ions is provided by the work of a co-transporter that also
transports chlorine and passive membrane permeability. However, the calculated
value of the internal concentration that is created by the co-transporter better
coincides with the experiment results.

Three ways to transport doubly charged calcium cations in a red blood cell
exist: active transport with ATP energy consumption, passive transport, and
transport in exchange for sodium ions.
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e Ca-ATP: ni,, =9.8- 1073 mM;
e Na—Ca: ni-, =2.4-10~*mM;
e passive flow: nl., =2.4mM.

The best coincidence with the experimental data (i.e., the Ca* concentration in
a red blood cell ranges from (30 = 60) x 10~° mM) is provided by the Na*™—Ca>*
exchanger. Thus, the expression for the dependence of the internal concentration
of sodium ions on the membrane potential and external concentration of sodium
ions will be the following:

i 3
ne, = exp(p) - nl, (nlo\’“) =nY, - exp (— 4 o — 3 A'uA) (2.43)
n, 5 5

Thus, we can calculate the intracellular concentrations of the main ions that are
transported through the RBC membrane (Freedman 2001; El-Mallakh 2004;
Freedman and Hoffman 1979), and these obtained values have been tabulated
(Table 2.9).

When taking into account all the ion types that are present in a cell, the electro-
neutrality condition for the internal environment of a cell can be written as the
following equation:

in in in in in in in in in o
N, + 1 206, + 20y, — ng — Nygeo +np; + ny + 20z, — Zana =0, (2.44)

where Zyny is the product of the charge and the concentration of non-penetrating,
intracellular anions. From this expression, we can obtain the analytical dependency
of the resting potential of the cell membrane as a function of the external con-
centration; however, the conclusion for analytical dependency seems to be com-
plex if we do not neglect bivalent cations.

After numerically solving the expression, we calculate the potential of the red
blood cell membrane to be —10.88 mV (Freedman 2001), which is in good
agreement with the experimental data.

Table 2.9 Comparison of the experimental and calculated values of the internal concentrations
of ions in RBCs

Tons Experimental data, mM Calculated* data, mM
Sodium 10 6.1

Potassium 135 97.5

Chlorine 78 69.6

Bicarbonate 16 16.3

Magnesium 2.5 35

Lithium 0.7 - 1.0 0.06

Protons 0.062 0.061

Zink 0.024 0.028

Calcium (30 = 60) x 107° 53 x 107

*The membrane potential value (—11 mV) that was obtained experimentally was used
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The calculations were made using Aus = 17, which is based on the best
agreement of the concentrations and potential with the experimental data; how-
ever, this value is somewhat less than the conventional value of Au, = 20 for
different types of cells. It is necessary to take into consideration that RBCs do not
have mitochondria; therefore, ATP molecules should be transported inside this
organelle by specific proteins. Hence, we can conclude that in a red blood cells, the
Aua should be less than in other cells.

2.4.2 Model of Regulation of Ion Transport: Efficiency
or Robustness?

To simulate the processes of regulation, we shall consider the two extremities and
realize that the actual cell behavior strategies are a combination of these behaviors.

The model that was constructed in Sect. 2.3.1 largely coincides with the
experimental data; however, we cannot affirm that when environmental changes
occur, this model will give reliable results.

According to the proposed algorithm, all of the transport systems for potassium
ions in a red blood cell are considered, and the internal concentrations of potas-
sium ions form dependencies on the external ions for each transport system. In
doing so, we shall also take into consideration the potential change (Fig. 2.13).

The figure shows the dependencies of the internal concentration of potassium
ions on an o change of K ion concentration in the environment. The figure legend is
as follows: the required value of the intracellular concentration is shown by a solid
red line; the work of the K-Na-ATPase is represented by blue dots; and K-Na—Cl-
co-transport is represented by a green, dashed line.

For energy-effective work, it is profitable for a cell to keep only one transport
mechanism functional. A strategy of switching for this case supposes that an ion
transport system works that gives the least deviation from the required value
(Fig. 2.14).

Fig. 2.13 The dependencies 180 T T T T T ;
of the internal concentration ~ K-Na-ATP
of potassium ions on K-CI o, 160} B
which are additive in the g
external environment when L -|
X . 140 norm
two different transport n‘“ oM B —
systems are functional K ok “KNeCl
100 8 .
& -
1 L™ 1 1 1 1
-1 =05 0 05 1 1.5



64 2 Models of Ion Transport
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The dotted and dashed lines show the changes in the internal concentration that
are conditioned by the work of the K-Na-ATPase and K-Na-Cl-co-transporters.

The graph shows that when the extracellular concentration of potassium ions is
reduced, the ATP dependent pump works, but when this concentration increases,
the K-Na—Cl-co-transporter is switched on. We make this conclusion because, at a
deviation of 35 %, only one transport system is required to maintain the internal
concentration.

Generally, a concentration change of at least one ion outside of a cell results in
a change in the concentrations of all of the internal ions due to a change in
potential. Therefore, it is important to study the dependence of the concentration of
one ion in a cell on the change in the concentrations of two ions outside of the cell.
The dependence of the intracellular concentration of potassium ions on the change
of the external concentrations of potassium and sodium ions was plotted. In this
case, the sought-for strategy will be the one that is maximally effective at each
moment when only one transport mechanism is functional and will consist of a set
of dots on planes that designate the mechanisms of ion transport that differ min-
imally from the normal value in relative units. Thus, for each value of extracellular
concentration of an ion, a point on one plane will represent the work of the
transport mechanisms, which is as close as possible to the specified parameters.

The algorithm for simulation of the ion transport regulation processes in a cell
for a three-dimensional case is similar to that for a two-dimensional case.

From the Fig. 2.15, we can conclude that when the concentration of potassium
ions is low in the extracellular environment, it is necessary to spend energy to
provide the required intracellular concentration for any amount of sodium ions. In
other words, the difference in Na* concentrations is not sufficient to maintain the
normal level of potassium ions in a cell. When K* levels are sufficient in the
cellular environment, a switch takes place from an ATPase-dependent system to a
co-transporter-dependent system, and the energy consumption for maintaining the
intracellular balance of K* concentrations decreases, which indirectly confirms our
supposition concerning “selection” by a cell for the most effective systems of ion
transport. Furthermore, the co-transporter switches on when the external concen-
tration of potassium ions increases.
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Fig. 2.15 The dependence of the internal concentrations of potassium and sodium ions in the
environment for different transport mechanisms

Fig. 2.16 The strategies for 1
Na™ transport regulation

Similarly, the transportation of Na* will be discussed with the supposition that
sodium is added with chlorine. Two systems for Na* transport are capable of
creating concentrations of this ion that are similar to the experimental value: the
K—Na-ATPases and the K-Na—Cl-co-transporter.

In Fig. 2.16 o is the change in the Na™ external concentration; and the dotted
and dashed lines indicate the changes in the internal concentration that are con-
ditioned by the work of the K-Na-ATPases and K-Na-Cl-co-transporter,
respectively.

As follows from Fig. 2.16, the use of the K-Na-ATPase is the optimal mech-
anism for a defined concentration, but the K-Na—Cl-co-transporter functions when
the external concentration of sodium ions increases to above 10 % of the normal
value. Afterward, the ATP dependent pump switches on again.
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out
1, mM
Fig. 2.17 The Na* transport systems as functions of the extracellular concentrations of two ions

The three-dimensional model in the figure shows that the main transport system
for sodium ions is the ATP-dependent pump. In the short range of small values of
K™ external concentrations and when the external concentrations of both cations
increase considerably (by approximately 30 % or more), K—Na—Cl-co-transport is
sufficient to provide the required concentration of external Na* ions.

As is clear from Figs. 2.15 and 2.17, when there is an excessive amount of both
cations in the environment, their homeostasis in a cell can be provided without
energy consumption. But when the values of their external concentrations are
small, ATP energy is required.

According to the experimental data, the speed of the different transport systems
(including red blood cells) depends significantly on the ionic composition of their
cells and their environment. For example, according to previous work (Freedman
2001, Lluch et al. 1996, Sriboonlue et al. 2005), the rate of the Na*~K* -pump and
Na™—K*-Cl ™ -cotransporter in erythrocytes significantly changes when the envi-
ronmental NaCl concentration is altered, i.e., switching from one transport system
to another takes place. In addition, the cell volume depends on the concentration of
NaCl or KClI in the environment. For example, regulation of the volume that
occurs due to an increase (or decrease) in the speed of the various transport
systems is well known for a variety of cells (see Alvarez-Leefmans 2001; Garcia-
Romeu et al. 1991; Hoffman and Dunham 1995; Swietach et al. 2010; MacManus
et al. 1995; Yachie-Kinoshita et al. 2010) and in particular, for red blood cells
(Freedman 2001, Baumgarten and Feher 2001; Sarkadi and Parker 1991; Gusev
et al. 1996).



2.5 Hepatocytes 67

Fig. 2.18 Mechanisms of
ion transport in hepatocytes

2.5 Hepatocytes

A model for active transport of ions across the membrane of hepatocytes has been
published previously (Melkikh and Sutormina 2010). Here, we only present the
main results that are needed to analyze the possible strategies for regulation.

Several transport systems exist in hepatocytes (Fossat et al. 1997; Murphy et al.
1980; Furimsky et al. 2000) such as the Na—K-ATP pump, the Na-H, CI-HCO;
and OH-CI exchangers, and the Na—~HCO; and K—ClI co-transporters. All of these
systems are shown schematically in Fig. 2.18.

We will consider only the transport of ions that play a major role in the for-
mation of the resting potential on the cell membrane. Furthermore, we will con-
sider only K*, Na*, C1~ and HCOj3 as the main ions for this cell type. Other ions
will be neglected because their contributions to the potential are negligible. In
Table 2.10, the values of the concentrations of the major ions and the resting
potential for rat liver cells according to Sillau et al. (1996) are listed.

2.5.1 Model for Ion Transport

Four transport systems are known to carry sodium ions in hepatocytes: the Na—K-
ATPase, the Na—H exchanger, the Na—HCOj co-transporter and passive flow. The
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Table 2.10 Experimental data for ion concentrations and potential in hepatocytes

Tons Internal concentrations, mM External concentrations, mM
Sodium 29 143

Potassium 166 4

Chlorine 20 120

Bicarbonate 25 27

Potential, mV —49.8

contribution of the ATP-dependent pump in the formation of the internal sodium
ion concentration will be considered as the most significant, and the pump itself is
the main transport mechanism for this type of ion.

When selecting the main transport system for potassium ions, we assumed that
hepatocytes act similar to neurons and introduced an “equivalent transporter”,
which is an expression that is similar to (2.28). Using the experimental value of the
concentration of potassium ions on both sides of membrane we calculated that the
value of the potassium EMF must be 1.73.

The dependence of the internal concentration of sodium ions on the external
concentration, when an “equivalent transporter” is used, of potassium ions will be
similar to that shown for the neuron (2.29).

The transport of chloride ions is provided by the CI-HCO; and OH-CI
exchangers, the K—Cl co-transporter and passive transport through the membrane.
The experimental data best fit the concentration that is created due to passive
penetration of chloride ions through the membrane on the electrochemical
gradient.

Transport of bicarbonate is provided by addition to the passive flow by the
CI-HCO; exchanger and Na—-HCOj; co-transporter, and the CI-HCO; exchanger
provided the minimum deviation from the experimental data.

For further calculations, the concentrations of non-penetrating anions must be
determined. To calculate these concentrations, it is assumed that the pressure
difference inside and outside of a mammalian cell can be neglected. Therefore, the
condition of pressure equality on the membrane is written as follows:

i i i i _ 0 0 0 0
Ny + Mg + ey T Ngeps + 1A = Ny, + Mg + e+ Ao, (2.45)

From this equation, the concentration of non-penetrating ions can be calculated.
Additionally, if the expressions that are obtained for the intracellular concentration
of chloride ions, sodium, potassium, and bicarbonate are substituted, we obtain the
following expression for the potential:

3 3

— ng; - exp(@) — njco, - exp(@) — Zang =0

0 0 Ap Ap
ng exp(Apg — @) + ny, eXP< e *‘) (2.46)

Then, the analytic dependence of the resting potential of cells on the external
concentration is represented by the following equation:
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By numerically solving this equation, we obtain the potential value of —47.4 mV,
which agrees well with the experimental data (Fig. 2.19).

The Fig. 2.20 shows the dependence of the resting membrane potential (solid
line) on the addition of « (in mM) into the environment by potassium ions with
chlorine. The experimental value of the potential for hepatocyte cells is shown by
dotted lines.

Table 2.11 summarizes the calculated values in comparison with the experi-
mental data.

Table 2.11 clearly shows that the expressions that are obtained for the resting
potential of the cells and those of the concentrations of chloride ions are in good
agreement with the experimental data. However, a discrepancy exists between the
calculated results and the experimental data for sodium and bicarbonate, which is
possibly due to the lack of completeness of the information on systems of transport
in hepatocytes.

Table 2.11 Comparison of experimental and calculated values for the internal ion concentra-
tions and potential for hepatocytes

Tons Experimental data, mM Calculated data, mM
Sodium 29 4.3

Chlorine 20 16.2

Bicarbonate 25 4.5

Potential, mV —49.8 —47.4
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2.5.2 Regulation of Ion Transport

A model for the Regulation of Ion Transport in liver cells using all of the transport
mechanisms that were introduced in the previous section can be constructed based
on the model for sodium ions. Graphically, the work of each transport system
when the external concentration of sodium ions change by the value of « (in mM)
is shown in Fig. 2.20.
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The figure shows that none of the transport systems are in good agreement with
the required value for the internal concentration of sodium ions. Additionally, in
the previous section, calculations were carried out to support this finding. It can be
concluded that to maintain the required concentration of intracellular sodium ions
in hepatocytes, two transport mechanisms are required to function at the same time
(Fig. 2.21).

Three-dimensional modeling confirms our conclusions on the basic functions
of the ATP-dependent pump in forming the desired concentration of sodium ions
and on the activation of the K-Na—Cl and Na-HCOj; co-transporters with
decreasing sodium content in the extracellular medium. However, the assumption
that the Na—H-antiporter functions independently at low concentrations of sodium
ions outside the cell is not confirmed. Therefore, we can conclude that the role of
the antiporter is only regulatory, and this transporter switches only in addition to
the co-transporter of sodium ions with bicarbonate. Importantly, experiments
have shown that these transporters are activated together.
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Fig. 2.21 Systems of transport for sodium ions as the function of the external concentrations of
two ions

2.6 Regulation of Ion Transport in Compartments
of a Mammalian Cell

Cells of living organisms contain a large number of compartments that are sur-
rounded by membranes and are the basis of cell activity. In these compartments,
the main processes for life function in the exchange of matter, energy and entropy
between the organism and the environment. These compartments also divide the
totality of the vital processes of cells into separate stages. The rough endoplasmic
reticulum and ribosomes provide protein synthesis in accordance with the structure
of RNA. In the Golgi apparatus, the conversion of tertiary and quaternary protein
structures and the formation of markers that govern their directional transport
occurs, and synaptic vesicles store neurotransmitters that are necessary for the
transmission of nerve impulses. The mitochondria convert energy from the oxi-
dation of food to the free energy of ATP, and ATP hydrolysis is a universal source
of free energy at all stages of life.

Each of these stages of life, and many other processes, requires special con-
ditions (concentrations of substances, osmotic pressure, electric potential) for their
implementation.

In this regard, the maintenance of the concentrations of certain types of ions in
cellular compartments plays an important role in the functioning of the cell as a
whole. Transport systems have many different compartments that match the
structure and properties of elements (specialized proteins), and the general ide-
ology of constructing models of transport for substances in these compartments is
described by Melkikh and Seleznev (2012). The model of active transport in some
compartments of mammalian cells will be considered, and the possible
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mechanisms for regulating the concentrations of substances in these compartments
will be discussed. Several models of these compartments will be considered in
Chap. 3.

2.6.1 Mitochondria

The mitochondrion is one of the most complex cellular compartments that plays an
important role in the life of a cell. First, the importance of a mitochondrion is
determined by the fact that it transforms free energy from nutrients and oxygen
into ATP, which is a universal energy carrier and is convenient to use in any part
of a living organism. Because the work that is performed by animals in the
environment is frequently accompanied by peak loads, ATP production should be
controlled so that it is possible to change the ATP synthesis rate by many orders of
magnitude during a short period. Therefore, the structure and functions of a
mitochondrion possess a complex system of regulation, which is linked to the
variation in Ca®* concentration between the matrix of a mitochondrion and the
cytoplasm. In particular, a change in Ca®* concentration initiates the mechanisms
of programmable death of a cell, and this change can lead to a change in the matrix
volume.

A mitochondrion is covered by two membranes. The inner membrane consists
of folds (cristae) that provide a maximum surface area. This membrane contains
principal enzymes that provide a selective exchange of substances between the
cellular plasma and the matrix. Furthermore, the matrix contains enzymes that
participate in the Krebs cycle and fatty acid oxidation.

It is believed that during the early stages of evolution, mitochondria were likely
to be an independent organism because its matrix contains ribosomes and DNA.
Moreover, enzymes that are built into the inner membrane play a significant role in
the processes that occur at this membrane (Beard and Qian 2008, Melkikh and
Seleznev 2012). The scheme of the mitochondrion is shown in Fig. 2.22.

Fig. 2.22 Simplified scheme
of the ion transporters in the
inner mitochondrial
membrane
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Details of the reactions that occur through the mitochondria enzymes are dis-
cussed in Melkikh and Seleznev (2012), and this section will present the main
results from modeling ion transport through the membrane of the mitochondria.

We will consider the systems of the ion transport membrane of the mito-
chondria, which function independently of the respiratory chain and are not
affiliated with the respiratory chain by stoichiometry integer coefficients because
the respiratory chain was analyzed and shown previously (Melkikh and Seleznev
2012).

The ATPase enzyme maintains the ATP synthesis reaction at the expense of the
free energy of protons Apg,.

ADP + P+ nH;” + F2ATP + nH; +F. (2.48)
Therefore, the flux of the reaction is represented by the following equation:
JA = kATpnan;\n;’i(exp(nAug - A/,tA) — 1) (249)

where k,7p 1s the reaction rate constant,

0
Apg; = an—iH —eq, Ay, =1n

i nbont
W (2.50)
H npnphag

where n',, niy nk, ), ni, iy, are the concentrations of ATP, ADP, and P inside a
mitochondrion and their corresponding concentrations at equilibrium, respectively.
The next enzyme of the mitochondrion membrane is adenosine nucleotide
translocase. This enzyme supplies the substrate for ADP*~ synthesis from the
cytoplasm into the mitochondrion, and the reaction product, ATP4_, travels
through the membrane and into the cellular plasma. The equation for the ion
exchange reaction through the antiporter under consideration is as follows:

ADP>™ + ATP}™ + F2ADP;™ + F + ATPY. (2.51)
The ion flow through the antiporter will take the following form:

kprkry (kr) + Kk ; i
o — nF KD TT( T| Dl) [ni)n’T exp(p) — nan;]’ (2.52)
2 kr1kp)

where kpi, kri, kp|, kr| are the constants of ADP*~ and ATP*~ binding and
release rate, respectively.
The K*-H* and Na*-H" antiporters are described by the following formulas:

nN ke ke (knay + ki) ; ;
L ng nt, —nhy ny |, 2.53
2 kHlkNal [ 'Na"*H Na H} ( )

JNaH =

i kigrkat (ki + ki) ;L
Jxg = 2 ont, — nn?|. 2.54
KH > ki kx| [”K”H ”K”H] ( )
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A similar expression for the flow characterizes the Ca®*~2Na* exchanger:

I’lfaNakNaIkCuTUCNal +kCai) [ 0 ( i )2—ni ( 0 )2} (2.55)
Ca : :

JeaNa = n n
aia 2 kCaJ,kNal Ca\"*Na Na

The flow through the P-H* symporter is described by the following formula:

mrRK
= [n3ng, — npnyy|. (2.56)
1

Jpy =L
PH Tk

The ion flows through the electrogenic H*, K*, Ca®*, CI~ uniporters:

nfkiﬁkfll 0 i
Jy = i [nH — exp((p)nH], (2.57)
Hl
nk ke ;
Tk=—4— [n§ — exp(@)n], (2.58)
Kl
ke, ke, o ;
Jea=—7— [nCa - exp(2(p)nal}7 (2.59)
Cal
C_‘lki ku )
Jo = % [ng, exp(p) — ng,. (2.60)

Ci|

By using the flow of ions that was published previously (Melkikh and Seleznev
2012), the system of equations for the conservation of particles of each component
and charge were recorded. This system allows the determination of the internal
concentration and electrical potential of mitochondria as a function of the con-
centration in the solution and time.

Due to the complexity of the system of equations, the solution is possible only
with the use of numerical methods. To accomplish the task of restoring the
characteristics of the flow of ions through the mitochondrial membrane, must be
utilized a special program of experimental work to the duplicate samples of
mitochondrial suspensions from the cell body of a particular species to restore the
features of the investigated organelles.

Melkikh and Seleznev (2012) undertook a simpler alternative approach, which
allowed for the derivation of analytical formulas for the potential and internal
concentrations of ions as functions of their external concentrations. It is suggested
that through evolution, living organisms have selected structures and physiological
processes that optimally control vital functions and provide the necessary adapt-
ability and robustness of that control.

Based on this principal and assuming that the system has reached steady state,
we can obtain the following system of equations:
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mJ, +nly =

= mA* (exp(Ap, — mAw;) — 1) + n(exp(nAug — Awy) —1) =0 (2.61)
ny + np, = ng + np, (2.62)

nyny exp(eg) — npng =0, (2.63)

npngy — npiy =0, (2.64)

nigngy — nigny; = 0, (2.65)

ngyexp(@) —ng =0, (2.66)

n. 4 nly + 20k 4 nby 4 nb = nk + nl,. (2.67)

Here, A* is a constant that relates to the ratio of the numbers of F-ATPases and
respiratory chains. In the obtained system, the following values are unknown:
oy, iy mb nb nk, iy, @, and all of these variables should be determined by
the seven Eq. (2.61-2.67).

In accordance with Melkikh and Seleznev (2012), we shall now consider the
normal physiological condition. For ATP synthesis (J4, > 0), the difference
between chemical potentials of the synthesis reaction Api,was less than nApg,.
When utilizing the experimental value of Aw, = 25.6, it is easy to determine the
stoichiometric number n:

25.6
> —=3
"=732
Taking into consideration that
Ky = 1nT -, (268)
Ny

the following expression for the ratio of proton concentrations inside and outside a
mitochondrion can be easily derived:

T _ exp ('%A + (p). (2.69)

T ng +npexp(—9)

(n‘} + n”D)n% exp(—o) _ n?, (n‘; + nUD)
ng + nd exp(—¢) ng + nd exp(—o)

(2.71)

i _ .o 0
np = np +np —

Phosphate ion concentration:
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) 0,0 Aut
np = nP?H =ny exp( 4+ (p). (2.72)

Potassium ion concentration:

0 i

: nen

i _ °K'"H __ o

Ny = —- = ny exp (—
Ny

A i
;‘A - (p). (2.73)

By using the neutrality equation, we shall obtain the approximate equation for
determining the resting potential:

2(n‘} +nf) + 1! A,u/’;
_p) =N D) Tl (2 2.74
exp(—¢) (ne +n2) eXp( 3 )0 o (2.74)

o o 1
Q :lnz(anK_F—onH).—%. (275)
(g +np) +nj, 3

A simplified system of equations allows us to understand the basic mechanisms
that are responsible for the reaction in the mitochondria after an environmental
change.

Another area of mitochondrion physiology investigation is related to the study
of regulatory functions of calcium transport systems. As shown by studies from the
last 30 years, the cell utilizes a large sum of energy in maintaining a low con-
centration of calcium ions. Calcium ions are universal intracellular regulators, they
transmit incoming signals to the cell through enzymatic systems. In the resting
cell, the concentration of calcium is low, but when the cell receives the appropriate
signal, it responds with an avalanche-like increase in the concentration of calcium
ions.

It is necessary that cellular systems control the concentration of calcium in the
cytoplasm and are able to rapidly lower these levels, and these systems are built
into the cell membrane. In the outer membrane, the Ca-ATPase is a pump that acts
against the Ca?* gradient from the cell and into the intercellular medium. An
additional system, the Ca**~Na* exchanger, is responsible for lowering the con-
centration of calcium in the cytoplasm by exchanging intracellular Ca®* for
extracellular Na*.

The Ca-ATPase is located on the membrane of the endoplasmic reticulum. This
enzyme pumps Ca®" ions from the cytoplasm into the endoplasmic reticulum
cisterns by way of ATP hydrolysis. In addition, in the mitochondria, a special
transport system can pump calcium from the cytoplasm to the matrix.

Increased intracellular Ca** is a type of alarm. In response to an increase in the
concentration of calcium ions, the cell mobilizes all its systems, which removes
calcium. Furthermore, the elevated concentration of calcium in the cell occurs only
for a short period, which allows for transmission of the stimulus.

The above scheme of signal transduction through calcium ions is at the base of
many systems, especially of muscle contraction.
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2.6.2 Sarcoplasmic and Endoplasmic Reticulum

The sarcoplasmic reticulum (SR) is a depot for calcium ions. To provide this
function, the SP membrane contains an ATP-dependent calcium pump that
transports two calcium ions from the cellular plasma into the SP for one event of
ATP hydrolysis.

The SR membrane is connected to the tubes of the T-system, which are directly
linked to the membrane of a muscular cell, by special membrane bridges
(Fig. 2.23). The signal for necessary muscle contraction travels through this sys-
tem to the SR membrane, Ca*? channels open, and Ca*? ions are injected into the
cytoplasm of the muscle cell where they excite muscle fiber contraction. During
the rest period, Ca*? channels close, and Ca*? ions are pumped into cisterns by an
ATP-dependent pump. For the described system to function, potential-dependent,
passive channels with variable permeability and an active calcium pump should be
present in the SP membrane.

The results of previous investigations (Meissner 2001; Shannon et al. 2000,
2001) show that no electric potential exists on the SP membrane or that this
potential is very low. Moreover, when the channels are closed, Ca*? pumps
maintain the ratio of the concentration of Ca** ions inside and outside the SP at
approximately 7,000. It is reported that the Ca*? pump also works as the mode of
ATP synthesis.

Functions of the endoplasmic reticulum (ER) consist of accumulation and
transport of substances that are important for a cell, and the ER, like the SR, is a
depot for Ca*. The resting potential on the ER membrane is obtained within the
framework of the model for ion transport in the ER that was developed in a
previous paper (Marhl et al. 1998), and the balance of Ca™ concentration in the
cytosol is carried out within this model. In particular, the passive and active flows
of Ca*? jons through the ER membrane contribute substantially to this balance.

Ca*? ca*2 cat2 Ca*?

=
LR

Cat? Ca*2 Ca*? gt2

Fig. 2.23 Simplified scheme of the ion transporters in sarcoplasmic reticulum
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Thermodynamically correct expressions for the ratio of the concentrations of
calcium ions on the membranes of the SR and ER were obtained previously (Melkikh
and Seleznev 2012) on the basis of the proposed algorithm. From experimental data
on the stoichiometry of the ATP-dependent calcium pump (two Ca>* ions for the
hydrolysis of one molecule of ATP), the following reaction can be written:

F+2Ca>t +T & F+2Cal* + D + P. (2.76)

In accordance with (6.6), we write the expression for the calcium flux with a
small calcium concentration as:

a i \2
JAIP = kf npnpnp (nip,) exp(4¢)lexp(Apy, — dep — 2Apc,) — 1] (2.77)

Because the calcium concentration is much smaller than the concentrations of
potassium, sodium and other ions, and because there are no pumps other than
calcium pump, in the SR, the potential will be close to zero. This result is in
agreement with the experimental data. Then, following from (2.77), the ratio of the
concentrations of calcium ions across the membrane in the case (JAI¥ = 0) can be
determined by the relation:

Mea _ Ata
ng, 2

Aty =In (2.78)

With Ay, = 20, we have:

R — exp(10) & 22000,
Ca

which is in qualitative agreement with the experimental value of this ratio. The
reason for the difference, in all likelihood, is that we have neglected passive
transport of Ca" ions in (2.78).

2.6.3 Synaptic Vesicles

A model of active ion transport in synaptic vesicles has been discussed in detail in
Melkikh and Seleznev (2007, 2012). Here, we consider the model’s basic results.

Neurotransmitters are molecules that open channels and control the generation
of nerve impulses in neurons (for example, see Nicholls et al. 2001). At rest,
neurotransmitters are kept in synaptic vesicles (or in large, dense-core vesicles and
synaptic-like microvesicles (Harada et al. 2010)). During impulse propagation,
neurotransmitters leave the vesicles and open neighboring cellular channels in the
place of synaptic contacts.

According to some publications (Nicholls et al. 2001), a proton gradient, which
is created by H-ATPase as it transports protons into synaptic vesicles, is used to
transport neurotransmitters into synaptic vesicles.
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Experiments have shown that proton flow into a synaptic vesicle is provided by
energy from ATP. An expression for the flux of protons through an H-ATPase has
the following form:

Ju=Cy [exp(Apy) (n5;) — exp(4e) (n}y)] (2.79)

From this equation, we can calculate the steady-state proton concentration
within a synaptic vesicle as:

A .
exp <% - )n"H = ny,. (2.80)

Neurotransmitters accumulate in various synaptic vesicles with individual
active transport systems. The schemes of select neurotransmitter transport systems
are shown in Figs. 2.24, 2.25, 2.26 (Nicholls et al. 2001).

The passive flow of all neurotransmitters was neglected based on the need for
the maximum effectiveness of ATP hydrolysis in energy utilization.

The active flow of neutral neurotransmitters into a vesicle has the following
form for monoamines and acetylcholine:

Jr=0C (n(} exp((p)(nZ)z—niT(n%)2). (2.81)

Expressing this equation as the internal concentration of positive neurotrans-
mitters with an electroneutrality condition, the resting potential can be expressed as:

Fig. 2.24 The transport
scheme of monoamines and
acetylcholine

Fig. 2.25 The transport
scheme of GABA and glycine
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Fig. 2.26 The transport
scheme of glutamate

(2.82)

The concentrations of passive negative ion and positive ions are roughly equal
on the outside of the vesicle and are on the order of 0.1 M. The concentration of
the mediator on the inside of the synaptic vesicle is approximately 0.5 M. Con-
sidering that Au, has a magnitude of 20, the calculated potential is approximately
41 mV.

The proton concentration within the vesicle is equal to 0.0011 mM, which
corresponds to a ApH of 1.46 across the vesicle membrane. This value coincides
with the experimental data, which reports a ApH < 2 (Gidon and Sihra 1989; Tabb
et al. 1992).

The mediator concentration outside of the vesicle is approximately 0.1 mM.

Similarly, we can derive an expression for the potential of GABA and glycine
as follows:

1 "y exp (%) +n%  ngexp (%)
¢ =~In A ~2.97 x 1077, (2.83)
2 ne 2ngy

In dimensional units, the potential is 7.4 x 10~* mV. This value is very small
in comparison to the characteristic potentials of a cellular membrane. In this case
we can consider the potential on the membrane of a synaptic vesicle to be absent.

The cellular mediator concentration is 3.4 mM in this case. This value quali-
tatively agrees with the experimental data.

For glutamate transport in a stationary case, the expression for potential will
take the form:

—nt + nt) " +4n° nf
o=In| —~ (ZnT) °, (2.84)

which results in a negative potential of approximately—41 mV in dimensional
units. The cellular neurotransmitter concentration is 18 mM. This result is also on
the same order of magnitude as the experimental data.
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Neurotransmitters play an extremely significant role in ensuring the normal
functioning of the nervous system. At the same time, maintaining the concentra-
tion of neurotransmitters in the intercellular space and regulating the transport of
synaptic vesicles within the cell are also important. However, models of these
processes are absent from the literature.

2.7 Conclusions

By constructing models of transport systems in four cell types and compartments,
we were able to verify some of the proposed algorithms in Chap. 1. A comparison
with experimental data suggested that the proposed algorithms can qualitatively
describe ion transport processes across cellular membranes and compartments.
A transport system model was constructed for steady-state, allowing us to offer
algorithms for the regulation of ion transport. Ion concentrations could be main-
tained at level required by the cells, which may correspond to conditions with
insufficient experimental data.

Good agreement between the numerical modeling results and the mammalian
cell data supports the validity of our previous hypotheses to simplify the model. In
particular, this result supports the electroneutrality of the internal environment and
the minimum osmotic pressure difference across the membrane. Thus, within the
framework of our algorithm, it can be argued that animal cells have sufficient
commonality and that their structural and functional differences can be ignored. In
the future, the proposed algorithm can be used for building regulatory transport
systems in any animal cell, even in the absence of experimental data. Also justified
is the assumption that, in the framework of our model, compartments can be
considered isolated systems for modeling transport across the membrane.
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Chapter 3
Models of Ion Transport and Regulation
in Plant Cells and Unicellular Organisms

Models of ion transport in microorganisms, plants and their compartments have
been considered. A model of the regulation of ion transport in changing extra-
cellular concentrations has also been constructed. In contrast to animal cells,
microorganisms can survive when a large concentration gradient exists between
the inside and the outside of the cell and when significant ion concentration
changes occur in the environment.

3.1 Introduction

In this chapter, we consider a model of active ion transport in the cells of simpler
organisms, namely, prokaryotic cells, plant cells, fungi and their compartments.
Prokaryotic cells, in contrast to eukaryotic cells, do not have a formalized nucleus or
other internal membranous organelles. Prokaryotes consist of bacteria, including
cyanobacteria and archaea. It is believed that the descendants of prokaryotic cells are
the organelles of eukaryotic cells, such as mitochondria and chloroplasts. Some
prokaryotic and eukaryotic cells fall under the category of “microorganisms”.

The ubiquity and the total metabolic potential of microorganisms determine
their crucial role in substance circulation and in the maintenance of a dynamic
equilibrium in Earth’s biosphere. For example, diatoms constitute approximately
one quarter of the Earth’s total biomass. Small, free-swimming algae are a part of
plankton, causing “blooms” of water when they develop in large quantities.

Some microorganisms are able to grow in extreme conditions. For example,
some yeast and archaea can grow in a NaCl solution that is close to saturation.
Some archaea are acidophilic and can live in acidic environments (pH 1-5),
whereas alkaliphilic archaea prefer an alkaline medium (pH 9-11).

A mammalian cell’s turgor, which is the difference between its internal and
external pressures, is less than one atmosphere, whereas plants and fungi have
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much higher cellular turgor. Typically, the internal pressure in plant and fungal
cells ranges from 5 to 10 atmospheres. The difference in the internal and external
cellular pressures can reach 50 or even 100 atmospheres in fungi or in plants that
grow in saline soils.

All of the above characteristics lead to significant differences between ion
transport in microorganisms and plant versus animal cells.

A distinctive feature of microorganisms is their ability to survive in various
environments, which essentially differ depending upon their composition (some-
times by orders of magnitudes in particular ion concentrations). Microorganisms
use various strategies for this purpose. One of their major strategies is the regulation
of ion transport, which consists of switching on (switching off) or increasing
(decreasing) the intensity of their transport systems in response ion concentration
changes in the environment. The most important transport systems in microor-
ganisms, which are studied extensively, are the pH system and the regulation of
NaCl (salt stress). At the same time, despite an ample quantity of experimental data,
theoretical models of the regulation of ion transport are absent from the literature,
and the only models of ion transport in microorganisms (that do not account for
regulation) are the works of the author (Melkikh and Seleznev 2009; Melkikh and
Bessarab 2010). An absence of regulatory models limits our ability to reveal any
general laws of regulation strategies and prevents us from predicting how micro-
organisms (including artificial microorganisms) will behave in extreme conditions
(for example, with an essential lack or surplus of any ion).

In the articles (Melkikh and Seleznev 2009; Melkikh and Bessarab 2010),
models of ion transport in archaeabacteria and in diatoms were constructed. Let us
revisit these models here.

3.2 Archaea

A model of active transport in archaeabacteria was discussed in detail in the article
(Melkikh and Seleznev 2009).The article also discussed the notable features of
archaea. These features include the following:

1. A notable feature is their unusual ribosomal RNA and transport RNA. Dis-
tinctive features were also identified in other components of their protein
synthesis system.

2. Unlike all other organisms, archaeal membrane lipids include polyatomic
alcohols rather than fatty acids, making their membranes especially strong.

3. The shells of some archaeal cells have surface layers that are made of various
structured, regularly arranged protein or glycoprotein molecules, further
strengthening their membranes.

4. The majority of archaea are extremophiles, i.e. they develop under extreme
conditions, such as elevated temperatures, high acidity and saturated salt
solutions.
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It was also noted that halophilic archaea live in highly concentrated solutions,
such as a NaCl concentration of 20 % or greater.

The cell and its transporters are schematized in Fig. 3.1.

Active transport systems in the Halobacterium genus of extremely halophilic
archaea include the following:

H*-pump (ATP-dependent proton pump);
Na*—H*-exchanger independent of ATP (Na*/H*-antiporter);
H*-K*-pump (ATP-dependent);

Na*—Ca**-exchanger independent of ATP;
Mg**—H"*-exchanger independent of ATP.

Moreover, ATP is synthesized on the cell membrane due to the electrochemical
gradient of protons, which is the result of the electronic respiratory chain and the
absorption of light by bacteriorhodopsin.

The proton flux is written in accordance with Chap. 1 as follows:

Ju = Cr[exp(Auy +no)(nfy)" —(ng)"] =0 (3.1)

For Halobacterium salinarum cells, it was found that the stoichiometry of the
H*-ATPase pump results in the transfer of three protons to the environment during
the hydrolysis of one ATP molecule (Oren 1999). The formula for the H"-ATPase
(3.1) then becomes:

Jn = Cn|exp(Ap +39) ()" = (np)*| = 0. (32)

Considering the relevant experimental data, we assume ApH = 0.7 for the
Halobacterium genus of archaeal cells (Lanyi 1978).

If three protons are transferred to the environment, we have the following
result:

Ny Apy

) exp( 3 (p> 0.188. (3.3)
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The experimental ratio of the proton concentrations in the cell and in the
environment is:

ny
—-=0.190. (3.4)
ny

The calculated ratio of proton concentrations agrees well with the corre-
sponding experimental ratio. This is an indication that the H*-ATPase pump is the
major mechanism responsible for proton transport, while the passive transport of
protons and the participation of these ions in other transport mechanisms are
secondary to the H*-ATPase.

According to experimental data (Oren 1999; Schafer et al. 1999), sodium ions
are transported in the Halobacterium genus of archaeal cells by means of an ATP-
independent Na*~H*-exchanger (Na*/H*-antiporter).

The main physiological functions of the Na*~H"-exchanger are the regulation
of intracellular pH, the maintenance of osmotic pressure within the cell, and the
protection of the cell from cytoplasmic acidification. This exchanger pumps
sodium ions out of the cell. The sodium difference of the electrochemical potential
A, is formed due to the proton difference of the potential Ayj;. Three stoichi-
ometries are proposed in the literature (Oren 1999) for archaeabacterial cells: 1H*/
INa™, 2H*/1Na"*, and 3H*/2Na*. The experimental and calculated ratios of the
sodium ion concentrations on the inside and the outside the cell are in qualitative
agreement if the first exchange ratio is used in the calculation. Thus, the exchanger
stoichiometry is 1H*/1Na™.

Let us write the equation for the ion flux through the Na*-H"-exchanger,
considering that one sodium ion is exchanged when one proton is withdrawn from
the cell, as follows:

JNafH = CNafH (nfvan;, - l’lONu}’lfq) = 0, (35)

Neglecting the passive transport of sodium ions through the membrane,
equating the sodium ion flux (3.5) to zero and using formula (3.3) for calculation
of the proton concentration at n = 3, we have:

f A
"Na — exp <—“A - <p) = 0.20. (3.6)
n%, 3

The experimental ratio of the sodium ion concentrations inside of the cell and in
the environment is:

ni
e — 0.32.
NiNg
Thus, the similarity of the experimental and theoretical concentration ratios
suggests that the Na™—H"-exchanger is the major mechanism responsible for
sodium ion transport.
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Potassium ions are the main intracellular ions of halobacteria. Their extracellular
to intracellular concentration ratio can be as large as 1:1000. Along with other ions,
K* ions are necessary for maintaining an ionic equilibrium on the outside and the
inside of the cell and for the stabilization of enzymes, membranes and other cellular
structures.

The cellular membrane of extremely halophilic archaea is highly penetrable by
potassium ions. There is evidence in the literature that Halobacterium cells are
characterized by a multiplicative K*-transport system. The transport system
includes a K* accumulation system and uses the transmembrane potential differ-
ence and an ATP-dependent potassium pump for ion transport. According to Oren
(1999), the pump is a H*-K*-pump that depends on ATP (to regulate pump
activity) and exchanges cellular protons for potassium ions from the environment.
The operation of this pump is analogous to Trk of the K*-transport system in
E. coli cells. The stoichiometry of this pump is known; it transports ions in a H":K*
ratio of 2:1.

By analyzing the above information, it is possible to construct an equation
describing the operation of the proton-potassium pump. We shall use the data for
the resulting ionic flux produced by the transport ATPase to write the following:

Jo-xk = Chk [eXP(AMA + ) (nly) " n - (”Z)Z”IK} =0, (3.7)

where Cp_g is a constant related to the transport of potassium ions into the cell
and the transport of protons out of the cell.

However, the H*—K*-pump is not the major mechanism in archaeabacterial
cells. This was confirmed by calculation of the ion concentrations on both sides of
the membrane. Expressing the ratio from (3.7), we have:

The calculated concentration ratio contradicts the corresponding experimental
data, which indicates that the intracellular concentration of potassium is ~ 107
larger than its extracellular concentration in extremely halophilic archaeabacteria.

Note that in accordance with the regulatory ideology discussed in Chap. 1, the
pump may be involved in the regulation of potassium ions when there is a defi-
ciency of potassium in the medium.

Most probably, the main potassium transport system in archaeal cells is passive
transport. Indeed, the membrane of Halobacterium salinarum cells is highly per-
meable to K* ions (Oren 1999). In this case,

ni = n exp(—). (3.8)

If =130 mV (5.2 in dimensionless units), the nk /n% ratio is 148. The
experimental ratio of the intracellular and extracellular potassium concentrations
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in Halobacterium salinarum cells is 160 units, confirming its passive distribution.
Thus, this is the major mechanism of potassium transport.

Potassium supports the structural and functional integrity of membranes and
participates in cellular signaling processes.

The Na+—Ca2+—exchanger is responsible for the active flux of potassium ions
(Bogomolni 1977). The direction of transmembrane transfer of Na* and Ca’" is
determined by the ratios of their concentration differences on both sides of the
membrane.

If more than two sodium ions are exchanged for one potassium ion, the drop in
the transmembrane potential (membrane depolarization) will lead to an increase in
the admission of Ca®* and the withdrawal of Na* or a decrease in the withdrawal
of Ca®* and the admission of Na*. From a functional viewpoint, the Na*—Ca®*-
exchanger can operate differently; it can accumulate Ca** ions inside the cell and
eject Ca”* ions from the cell.

The exchanger is characterized by the following exchange ratios: 2Na*/1Ca**,
3Na*/2Ca**, and 3Na*/1Ca®*. The Na*—Ca®*-exchanger with a stoichiometry of
3Na*/1Ca** occurs most frequently in the cells of extremely halophilic archaea.
The corresponding flux equation is written as:

i o o i3
JNa—Ca = CNU—C‘I nCu (nNu)3 - exp((p)nCa (nNa) = O’ (39)

Let us determine the ratio of the calcium ion concentrations. Expressing
niCa / n¢, from (3.9) and using expression (3.6) for the ratio of the sodium con-
centrations, we have:

i

RCa — exp(—Apy —2¢) =45 x 107
Nea

This calculated value is in satisfactory agreement with the relevant experi-
mental data (the concentration ratio is 22 x 1075).

Magnesium is a universal regulator of the physiological and biochemical pro-
cesses that take place within a cell.

Magnesium ions primarily regulate the operation of ATP-dependent exchang-
ers. Intra- and extra-cellular magnesium participates in regulation of the concen-
trations and movement of calcium, potassium, sodium and phosphate ions.
Magnesium interacts with cellular lipids and ensures the intactness of the cellular
membrane.

A study of the accumulation and consumption of reserve magnesium phosphate
in extremely halophilic archaeal cells (Smirnov et al. 2002) suggested that Mg>*
transport into Halobacterium salinarum cells is energy dependent.

We assume that the Mg?*—H"-exchanger that carries magnesium ions into
Halobacterium salinarum cells has an operating mechanism that is analogous to
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those found in some organelles (Borrelly et al. 2001), i.e. it carries magnesium ions
from the cell in exchange for environmental protons.

The Mg**—H*-exchanger is ATP-independent and transports magnesium ions
from the cell to the environment in exchange for protons. The Mg2+—H+—exchanger
operates analogously to the Na*~H*-exchanger (Bara et al. 1993; Borrelly et al.
2001). This ion transport mechanism is important for the regulation of intracellular
pH, cellular volume and cellular growth. On the assumption that one magnesium
ion is withdrawn from the cell in exchange for two protons, we obtain the fol-
lowing equation describing the operation of this exchanger:

JMng = CMng |:n;v[g (noH)z_nX/lg (nl[-l)ﬂ = 07 (310)

where Cy,—p is a constant related to the transport of magnesium ions out of the
cell and the transport of protons into the cell.

The ratio of the magnesium concentrations in the cell and in the environment is
calculated from formulas (3.3) and (3.10) as:

n 2A
e — exp < Fa _ 2¢> — 0.036. (3.11)
Niye 3

The experimental ratio of the magnesium ion concentrations on either side of
the membrane is 0.04 (Smirnov et al. 2002). This good agreement between the
calculated and experimental ratios supports our stoichiometric assumptions and
demonstrates that this exchanger is the major mechanism of Mg>* transport.

Along with positively charged ions, the cell and its environment also have
anions, specifically chlorine anions, that can be carried across the membrane. In
Halobacterium habitats, the concentrations of monovalent ClI~ and Br~ anions
account for over 99.9 % of the total anion concentration (Detkova and Pusheva
2006). Transport systems for SO, PO3~ and AsO)~ anions have also been found
in the cells of extreme halophiles.

Chlorine’s physiological significance and biological roles include the regulation
of osmotic pressure in cells and tissues and the normalization of water metabolism.

However, based on the experimental ratios of chlorine ion concentrations, it can
be concluded that passive transport is the major mechanism of chlorine ion
transport. Chlorine ions have a Boltzmann distribution, which is represented as:

ngy = ngyexp(). (3.12)

Cells of extreme halophiles also contain non-penetrating anions (n,) that do not
have channels or transporters to carry them across the membrane. The n, con-
centration in halophilic cells is approximately 6 M, given that neutral metabolites
are also present (Oren 1999). In the absence of active ion transport, non-pene-
trating anions produce a Donnan potential.
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Equating the flow of ions to zero, the condition of electroneutrality according to
Melkikh and Seleznev (2009) can be written as:

A
ng,exp(3¢) + Zana exp(2¢) — [”X/a exp (— T) + n"K] -exp(o)

2A
-2 [n‘éa exp(—Apuy,) + niy, exp (— 3HA)} =0.

Furthermore, by knowing the extracellular ion concentrations and the non-
penetrating anion concentration (n4 ~ 6M), we can obtain a cubic equation for the
resting potential. Because of the complexity of the analytical expression, we shall
solve Eq. (3.13) numerically. The Dead Sea, a lake in the territories of Israel and
Jordan, is a very typical habitat of the Halobacterium genus of extremely halo-
philic archaea. The resting potential is calculated using the ion concentrations
characteristic of the Dead Sea (Table 3.1).

Substitution of these values into (3.13) gives a resting potential @, of
—135 mV. The calculated value of the resting potential is in good agreement with
the experimental value of —125 mV (Bogomolni 1977; Bakker et al. 1976; Michel
and Oesterhelt 1976).

In the following table (Table 3.2), we compare the experimentally measured
intracellular ion concentrations with their calculated values (3.13) for halophilic
archaea in the genus Halobacterium.

Thus, the calculated intracellular concentrations agree well with the corre-
sponding experimental data.

3.3 Diatomei

In the paper (Melkikh and Bessarab 2010), the authors constructed a model of ion
transport in diatom cells.

Diatoms play an important role in ecology. While accounting for almost one-
third of the world’s vegetation, they process approximately one-fourth of the
world’s carbon and transfer it from the atmosphere to the ocean. The development
of a model of active ion transport in Coscinodiscus wailesii can provide insights
into the physiology of this species and other organisms in the protist kingdom.
Models for independently predicting the intracellular ion concentrations and the
resting cellular potential of diatoms are currently unavailable.

Table 3.1 Extracellular ion

. . Tons Extracellular concentrations, mM
concentrations in >t
Halobacterium genus of Ci 450
archael cells K 25
Na* 1560
ClI™ 2800

Mg>* 20
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Table 3.2 Intracellular ion

. Tons Calculated Experimental
concentrations concentrations, M concentrations, M
Ca; 45 x 107 2x 107
K; 5.5 4
Na; 0.44 0.5
Cl; 0.013 0.019
H; 2.82 x 1078 26 x 1078
Mg; 0.0016 0.0008

Diatoms constitute a large group of eukaryotic algae. Diatoms represent a
widespread group and can be found in oceans, freshwater, and soil as well as on
damp surfaces. Diatoms belong to a large group called heterokonts, which includes
both autotrophs (e.g. golden algae and kelp) and heterotrophs (e.g. water molds) in
the protist kingdom. There are over 10,000 known species of living diatoms.
A characteristic feature of diatom cells is a unique silica (hydrated silicon dioxide)
wall called a frustule. This frustule has a variety of forms, some quite beautiful and
ornate, but it usually consists of two asymmetrical sides with a split between them;
hence, the group name.

Diatom cells have a unique silicate (silicic acid) wall comprising two separate
valves (or shells). Diatoms are traditionally divided into two orders: centric dia-
toms (Centrales), which are radially symmetric, and pennate diatoms (Pennales),
which are bilaterally symmetric.

Diatoms are believed to play a disproportionately important role in the export of
carbon from oceanic surface waters. Notably, they also play a key role in the
regulation of the biogeochemical cycle of silicon in the modern ocean. They are
likely responsible for 25-30 % of the world’s plant production and assimilate
approximately 25 % of the world’s CO, (Boalch 1987).

Most of the diatom cell is filled with a vacuole, while the cytoplasm is arranged
as a thin layer along the cellular walls. The nucleus is usually located at the center
of the cell on a special cytoplasmic bridge. The cytoplasm contains lamellar or
granular chloroplasts with chlorophylls, carotinoids, and xanthophylls, making the
diatom yellow or yellow—brown in color. As diatoms die off, they are colored
green because the chlorophyll disintegrates later than the other pigments. The
auxiliary nutrients of diatoms include oils (stored in the cell as droplets), volutin,
and chrysolaminarin (Ono et al. 2006).

Coscinodiscus wailesii is a centric diatom (Centrales) of the Coscinodisco-
phyceae class.

The Coscinodiscus wailesii cell is characterized by a membrane resting
potential of approximately —90 mV (Boyd and Gradmann 1999b).

This value can change on exposure to various stimuli, such as irritants, quan-
titative or qualitative environmental variations, toxins, or an impaired oxygen
supply.

Because sea water is the typical environment of Coscinodiscus wailesii,
experiments with diatoms are mostly performed in solutions that are similar to
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ocean water. For example, in (Boyd and Gradmann 1999b) artificial sea water
(isotonic to natural sea water) was prepared with the following ion concentrations:
ng, = 0.461M, ng; = 0.520M, ng, = 0.01M, ngp =5 % 107°M, and ng, =3 x
1078M. Ammonium sea water solutions were prepared by substituting ammonium
ions for potassium to ensure that the total ion concentration was constant

(n; + iy, = 0.0IM) (Boyd and Gradmann 1999c).

The following systems of the active transport were identified in Coscinodiscus
wailesii cells (Gradmann et al. 1993; Boyd and Gradmann 1999b, c; Bhattacharyya
and Volcani 1980):

e H'-pump (ATP-dependent proton pump);

e Na'-NO; -exchanger;

NO; /CI™-exchanger (the presence of this antiporter is assumed, but it has not
been discussed in the literature because of the scarcity of experimental data);
Ca**-pump (ATP-dependent);

Na™—K*-pump (ATP-dependent);

H*-Cl™-exchanger;

H*-K*-exchanger.

Both K* (Boyd and Gradmann 1999a) and NH,* (Boyd and Gradmann 1999c)
are transported passively.

The main transport systems in Coscinodiscus wailesii cells, which will be
considered in this section, are shown in Fig. 3.2.

The ion concentrations inside and outside of the cell according to Boyd and
Gradmann (1999b) are shown in Table 3.3.

Na*, K*, Ca**, H*, and NH," are the cations that play an important role in
Coscinodiscus wailesii cells (Boyd and Gradmann 1999b).

Sodium and potassium ions are known to be significant to any cell, including
the cells of diatom Coscinodiscus wailesii. Sodium regulates the cell’s water
content and maintains its acid-base equilibrium. Potassium ions restore the

Fig. 3.2 A schematic model
of ionic membrane transport
in Coscinodiscus wailesii
cells
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Table 3.3 Ion concentrations in diatom

Tons Intracellular concentrations, mM Extracellular concentrations, mM
H* 5% 1073 3x107°

Ca’ 1.1x10°° 1

Na* 46 461

K*+NH, 450 10

NO;™ 5 5x 1073

Cl™ 450 520

membrane’s initial potential after excitation and activate several glycolytic
enzymes.

Although Coscinodiscus wailesii has few intracellular protons, they are also of
great importance to cellular processes, including substance transport. Cells of the
diatom Coscinodiscus wailesii are known to contain proton pumps (Gradmann
et al. 1993). These pumps transfer hydrogen ions counter to electrodiffusive forces
by ATP hydrolysis or other external energy sources. An ATP-dependent proton
pump transfers protons out of the cell.

Let us write the proton flow produced by a H*-ATPase in terms of the model
proposed above and a “one ion—one transport system” algorithm. This flow is
equal to zero as we are only considering the stationary state. We shall assume that
n ions are transported at a time, resulting in the following equation:

Ju = Cylexp(Auy + no)(nyy)" —(ng)"] = 0. (3.14)

For a Coscinodiscus wailesii cell, we assume a ApH of —0.7, as the pH is 7.3
inside of the cell and 8 outside of the cell (Boyd and Gradmann 1999b, c).

Equating the flow (3.14) to zero yields the following expression for proton
concentrations:

; A
n},exp(%—&—(p) = ny. (3.15)

Using the experimental values of the potential (¢ = —90 mV) and ApH (—0.7)
at the cellular membrane and assuming that Ay, = 20, we obtain:

20 90 ! 108 N
w25 "s5x107%
This formula indicates that the value of n is approximately 10. However, based
on experiments (Wagner et al. 2004), an H*-ATPase that uses the hydrolysis
energy of one ATP molecule, can transport a maximum of 4 protons across the
membrane. Therefore, n = 4 will be used in further calculations.
The equation for the H*-ATPase (3.14) then becomes:

2. (3.16)

In = Cuexp(Any + 40) (nfy) '~ (n5) ] = 0. (3.17)
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The calculated ratio of proton concentrations is:

while the experimental value is:

iy
ny 5.

Comparing these ratios, we find that the calculated and experimental values are
not in agreement. Hence, it is unsatisfactory to use one proton transport system as
the main system. As mentioned above, the H*-ATPase is very important for
maintaining intracellular pH. However, one transport system is insufficient for
regulating pH. Therefore, additional mechanisms that allow protons to enter the
cell need to be considered. We shall disregard the passive transport of protons, as
the membrane is weakly permeable to them. Protons are known to be involved in
secondary active transport, a mechanism that cells use to actively absorb or
remove various substances, including ions, carbohydrates, and amino acids. The
operation of secondary transport systems is directly connected to the operation of
the H*-ATPase. Suppose that the intracellular proton concentration is controlled
by both an ATP-dependent proton pump and a secondary transport system (Briskin
1990), such as a K*-H"-antiporter. Let us write an equation for the ion flow
produced by this exchanger, assuming that one proton enters the cell in exchange
for one potassium ion:

Jk—t = Cx—p(ning, — nnjy) =0, (3.18)
Then, the ratio of proton concentrations can be determined from the equality:

ny M

ng  ng
Potassium ions are distributed passively in most cells. Suppose that this dis-
tribution is valid for the cell under examination and, therefore, that the concen-
tration of potassium ions follows a Boltzmann distribution. Then, we obtain the

following equation describing the dependence of the intracellular proton concen-
tration on the extracellular proton concentration:

nt, = n% exp(—o). (3.19)

Thus, if the distribution of potassium ions is passive, the K*—H*-antiporter also
produces a passive distribution of protons. Let us use Egs. (3.17) and (3.19) to plot
the dependence of intracellular pH; on extracellular pH, when only one proton
transport system is in operation.

In accordance with the ideology of ion transport regulation described in Chap. 1,
consider the case when two transport systems are operating simultaneously. If C in
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Eq. (3.18) is assumed to be variable, but dependent on the intracellular or extracel-
lular proton concentrations, then the intracellular proton concentration is constant
when both transport systems operate simultaneously in the interval of
(7.55 < pH,, < 8.86) (section B—E, Fig. 3.3). The intracellular proton concentra-
tion cannot be constant beyond the interval of (7.55 < pH,, < 8.86) because C cannot
have a negative value.

Thus, the two transport systems (K*—H*-antiporter and H*-ATPase), one of which
has a variable capacity, can maintain a constant intracellular pH. In particular, an
intracellular pH; of 7.3 will be maintained in the range of 7.55 < pH,, < 8.86.

Potassium ions are among the basic intracellular ions in the diatom that are
under examination. They are necessary (along with other ions) for maintaining
ionic equilibrium on the inside and the outside of the cell and for stabilizing
enzymes, membranes, and other cellular structures.

Passive transport is most likely the main transport system for potassium ions in
diatoms. The Coscinodiscus wailesii cell membrane is highly permeable to
potassium ions (Boyd and Gradmann 1999b). The concentration of potassium ions
is assumed to follow a Boltzmann distribution. In other words, the concentration
can be expressed as:

ny = ng exp(—9).

Comparing the following calculated ratio
EK — exp(—@) = 36.6,
ng

to the following experimental value:

pH. 'Y

—

O O~ @ ©

Fig. 3.3 The dependence of the intracellular pH; on the extracellular pH,, (Melkikh and Bessarab
2010). The straight line ABC is the pH, dependence of the intracellular pH; when protons are
carried by a K*—H*-antiporter. The straight line DEF is the pH, dependence of the intracellular
pH; when protons are carried by an H*-ATPase



98 3 Ion Transport and Regulation in Plant Cells and Unicellular Organisms

]

I _ s,

g

we see that passive transport is the main transport system for potassium ions.
According to Bhattacharyya and Volcani (1980), the sodium ions of Coscinodiscus

wailesii cells are transported by a Na™—K*-ATPase that contains three sorption centers

for sodium ions and two sorption centers for potassium ions. Assuming that the active

flow is proportional to the third power of the sodium ion concentration and the second

power of the potassium ion concentration, we obtain an equation for the active flow of

sodium ions (Cy,_g is a constant that includes parameters related to the ion and the

biomembrane):

Ta-k = Ca-r[exp(Ans + 0) 01, ) (1)” = (3, ()] (3.20)

Ions have an asymmetrical effect on one another when they are carried by
different transport systems. An example of this asymmetry is that potassium ions
make a considerable contribution to the flow of protons, while protons make a
relatively small contribution to the transport of potassium ions (it was concluded
from Eq. (3.8) that most potassium ions are carried passively). The same can be
said about sodium ions; namely, the distribution of potassium ions has a strong
effect on sodium ions (according to formula (2.1)), whereas the transport of
sodium ions has a weak effect on potassium ions.

Let us calculate the ratio of the intracellular and extracellular concentrations of
sodium ions. When three sodium ions and two potassium ions are transported, we
have:

0
NNg ng

i i\?
"Na _ i/(”K) -exp(—Auy — ¢) ~0.05 (3.21)

The experimental value of the ratio between the intracellular and extracellular
concentrations of sodium ions is (Boyd and Gradmann 1999c):

Mivg
e 0.1.

Therefore, this pump is the main system for transporting sodium ions. The
passive flow of sodium ions can be disregarded, as sodium is toxic to the cell.
Furthermore, the main transport system will be the pump system, which removes
sodium from the cell. The calculated ratio of the intracellular and extracellular
sodium ion concentrations is in good agreement with the experimental ratio,
confirming that we have chosen the correct Na*—K*-ATPase pump stoichiometry.

The active flow of calcium ions is due to Ca+2—ATPase, which removes calcium
ions from the cell. Calcium is responsible for the structural and functional
intactness of the membrane and participates in the cell’s signal processes.
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The Ca**-ATPase performs active transport of calcium ions across the cellular
membrane and maintains a intracellular concentration of these ions lower than
their extracellular concentration (Gradmann and Boyd 2000). The pump, which is
located in the cytoplasmic membrane, binds calcium ions and carries them out of
the cell at the expense of ATP energy.

Assuming that one calcium ion is actively transported out of the cell, the math-
ematical expression for the operation of the Ca*>-ATPase is written in the form:

Jea = Cealexp(Apy + 20)ng, — ng,] =0, (3.22)

where Cc,is a constant related to the active transport of calcium ions.
The calculated ratio of the intracellular and extracellular concentrations of
calcium ions is:
e, = exp(—Au—2¢) ~2.8 x 107°
n¢a ' '

This value is in good agreement with the corresponding experimental ratio
(Brownlee et al. 1987):

i

e _ 1.1 x 107
ncq

Therefore, we shall neglect the passive flow of these ions.

According to Boyd and Gradmann (1999c), the transport of NH," ions across
the membrane is mostly passive. Then, in line with the Boltzmann distribution, we
can write:

M, = My, €Xp(— ). (3.23)

To ascertain the passive distribution of ammonium in the Coscinodiscus
wailesii cell, we calculate the ratio of the intracellular and extracellular concen-
trations of ammonium ions as:

= exp(—¢) = 37. (3.24)

The experimental ratio of the intracellular and extracellular concentrations of
ammonium ions is 45 (Boyd and Gradmann 1999c), confirming the passive dis-
tribution of ammonium ions.

Along with cations, the cell and its environment also contain anions. The
transport systems of CI™ and NO;3™ ions are known.

Chlorine ions are physiologically and biologically significant as they control the
osmotic pressure of cells and tissues and play an important role in the normali-
zation of water exchange. Chlorine is among the most abundant and important
elements in a cell.
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Passive transport is also assumed for chlorine ions, i.e. they have a Boltzmann
distribution:

ng = ng exp(g). (3.25)

The intracellular concentration of chlorine ions (niCl ~ 14mM) can be found
from Eq. (3.25). The experimental value of the intracellular concentration of
chlorine ions is ni;, = 450 mM (Boyd and Gradmann 1999c¢). A comparison of the
calculated and experimental values suggests that chlorine ions should have an
active transport system in the cells under examination.

According to Melkikh and Bessarab (2010), we assume that an H*—Cl™-sym-
porter carries chlorine ions in Coscinodiscus wailesii cells. This assumption fol-
lows from the presence of an H*—Cl™-symporter in many plant cells with features
similar to those of Coscinodiscus wailesii cells (Gradmann et al. 1993). We shall
assume that 1 chlorine ion and 2 protons are carried simultaneously:

Ja_c = CH,a((nﬁ,)z -ngexp(@) — (”?1)2 n(éz) =0. (3.26)

The resulting calculated value is:

ngy Ny ?
o = (n—’) cexp(—@) = 1.2. (3.27)
cl H

The experimental value of the concentration ratio of chlorine ions on the inside
and the outside of the cell is 0.86.

Let us turn to the transport of nitrate ions across the membrane of Coscino-
discus wailesii cells. Similar to Boyd and Gradmann (1999c), we assume that the
Na"™-NO; -symporter is the transport system for nitrate ions. Assuming that
n sodium ions and one nitrate ion are carried simultaneously, we have the
equation:

INa—n0; = CNa—Nos ((njva)n 'nfv()} -exp((n — 1)) — (ny,)" '”111703) =0. (3.28)

Considering the available concentration ratios, we let n = 2 and calculate the
ratio of intracellular and extracellular concentrations of nitrate ions from formula
(3.28). The calculated value is:

o \ 2

; n

Mo, = (l) Ny, - exp(—¢@) = 7.3mM. (3.29)
NN

This value agrees well with the experimental value (nj'\,o3 = 5mM) (Boyd and

Gradmann 1999c¢), confirming that we have correctly chosen the stoichiometry of
the Na*-NO;~-exchanger.
Therefore, the equation for the flow of nitrate ions has the form:
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Ina—n0; = CNa—No, ((nfva)z '”5\/03 -exp(¢p) — (”X/a)z : nz‘irq;) =0. (3.30)

This set of equations should be supplemented with the condition of electro-
neutrality in the Coscinodiscus wailesii cell:

nj\,a + ”;1 + n’K + ZniCa + n;"H4 = nia + ”5\103 4 Zsny. (3.31)

Substituting the concentrations of basic ions in expression (3.31) and using
Za = 1, it is possible to calculate the concentration of non-penetrating ions in the
cell (ny = 63.5mM).

For the electroneutrality condition, we have:

A A
N3, €Xp (— % - (p) + 1y, np, €XP(—@) = ng exp ((p + %) + Zang. (3.32)

The solution for ¢ takes the form:

2

Z o0 0
2nZ, exp (%) ng, exp (%) 3 n, exp (%)
Z
- (3.33)
2nZ, exp (%)

Substituting the ion concentrations in artificial sea water and the non-penetrating
anion concentration in Eq. (3.33) gives aresting potential of ¢, =~ —92.5mV. The
calculated value of the resting potential is in good agreement with its experimental
value [-90 mV (Boyd and Gradmann, 1999a, b, c¢)].

The calculated intracellular ion concentrations in the Coscinodiscus wailesii
diatom are compared to the corresponding experimental values in Table 3.4.

It is seen from Table 3.4 that the intracellular ion concentrations and the resting
potential are in good qualitative agreement.

In many situations, when environmental conditions change, it is necessary to
know what corresponding changes will occur in specific ion concentrations. This
issue is especially significant with respect to changes in environmental salinity,
which leads to changes in the concentrations of NaCl, KCl, and other salts.

Let us plot the resting potential at the Coscinodiscus wailesii cellular membrane
as a function of the potassium ion concentration, assuming that K is added with C1
because KCl is supplied in the environment.

The addition to the KCI concentration is labeled as «. Then, Eq. (3.33) for the
resting potential takes the form:
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Table 3.4 Ion

. Tons Calculated intracellular Experimental intracellular
concentrations concentrations, mM concentrations, mM
H* 5% 107° 5% 1073
Ca®™ 28 x 1073 1.1x10°°
Na* 21.5 46
K*+NH," 366 450
NO;~ 7.3 5
Cl™ 650 450
2
p=In Zats + Mo _exp (—%) TG S -
2(n%, + o) exp (A‘#) (ng,+o)exp (%) 3 (ng,+o)exp (%)

Zyny

2(n%, + o) exp <%)

(3.34)

Figure 3.4 shows the experimental (Boyd and Gradmann 1999b) and calculated
values of the resting potential at the Coscinodiscus wailesii cellular membrane (in
relative units) based on the extracellular potassium ion concentration (in mM).
From this figure, we can see that the potential increases (in its absolute value) with
an increase in the potassium ion concentration.

Figure 3.4 shows that the values of the resting potential agree with the corre-
sponding experimental data (Boyd and Gradmann 1999b). Therefore, we can
conclude that the calculations are correct. Notice that the proposed model does not
include regulatory mechanisms for the resting membrane potential or intracellular
ion concentrations, which are depending on the environmental composition (only
one main transport system is assumed for each ion). This means that variation in
resting potential can be predicted with sufficient accuracy over a relatively narrow
interval as of extracellular ion concentrations before regulatory mechanisms come
into play.

Fig. 3.4 The dependence of =
the resting potential on the ’ 20 40 n.OK
extracellular potassium ion )
concentration according to 2
(Melkikh and Bessarab 2010) 3 —
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3.4 E. coli

E. coli is one of the most intensively studied microorganisms. In the past decades,
substantial progress has been made in studying the composition and regulation of
the E. coli genome as well as its metabolism and other processes. Systems biology
is a promising direction for the investigation of cells, including E. coli. This
direction is based on a systemic approach, modeling cells (organisms) as a system.
However, the system of active ion transport in E. coli, which is one of the most
important subsystems in the cell, is not clearly understood. Models of active ion
transport in E. coli are especially scarce. Because models of active ion transport
are unavailable, it is difficult to fully understand the processes taking place in
E. coli.

3.4.1 A Transport Model of Basic Ions in E. coli

Colibacillus is a symbiotic gram-negative bacterium. It is shaped like an oblong
rod with cup points (0.4-0.8 x 1-3 pm). It is mobile in natural conditions, is a
facultative anaerobe, and ferments glucose, lactose and other hydrocarbons. E. coli
is among the most typical representatives of normal gut organisms in mammals.
However, they can reside in other media as well. E. coli’s transport subsystem
carries nutrients into the cell, maintains its basic ion concentrations and its resting
potential at the required levels, and controls its osmotic pressure.

E. coli’s biological membrane has several types of ionic pumps, which are
molecular protein structures that are built into the membrane and are responsible
for the active transport of substances towards their higher electrochemical
potential. The ionic pumps are driven by the free energy of the ATP hydrolysis.

Along with the ionic pumps, many ions are carried by exchangers using the free
energy of other ions. In this case, two or more types of ions are transported
simultaneously across the membrane. Passive transport across the membrane is
also available for each type of ion.

The resting potential of the E. coli membrane is approximately —110 mV
(Eisenbach 1982; Padan et al. 2005; Grogan 2001). Maintaining a constant
potential is important for cells because many ion transport processes (both active
and passive forms) considerably depend on the resting potential.

According to data in the literature, an E. coli cell has the following active
transport systems:

e H*-ATPase;

e Na*-H"-exchanger, which is independent of ATP;
e Ca’*-ATPase;

e H'—K*-pump (ATP-dependent)
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Magnesium ions may also be carried by an active transport system (this
assumption will be maintained below), but data on the magnesium transport sys-
tem are contradictory.

Many ions are also carried across the membrane by passive transport.

These processes are shown schematically in Fig. 3.5.

Sodium, potassium, calcium and magnesium ions have the largest cation con-
centrations in the internal environment of E. coli. The cell also contains ions of
iron, manganese, zinc, copper, molybdenum and other important microelements.
Microelement transport presents a separate problem and is not discussed herein.
This approximation is taken because there is a small concentration of free mic-
roelements in both the cell and its environment. This factor also results in their
small contribution to the resting potential.

Even though the cellular proton concentration is small (approximately 10~ M),
protons play a very important role in transport systems because they are used by
exchangers.

Chlorine ions and non-penetrating negative ions are the main anions in the cell.
Concentrations of other anions (e.g. amino acids) are relatively small and can be
neglected in the total ionic balance.

We shall simulate ion flow in terms of a model proposed earlier. ATP pro-
duction in E. coli is not discussed here because this system should be considered
separately.

In accordance with the model proposed earlier, the flow of ions produced by an
H*-ATPase is written as:

Ty = Cylexp(Apy +mo) (nly)"—(n3)"] =0, (3.35)

where Cy is the proton transport constant, which is proportional to the H*-ATP-
ase’s operating frequency and the number of protons in the cell.

The parameter m characterizes stoichiometric properties of an H*-ATPase and
has the following limits: if the pH difference (ApH) at the membrane is relatively
large (3—4 units), they transport two protons per ATP molecule; if the pH differ-
ence is relatively small (1-2 units), they carry four protons per ATP molecule.

CF -
H NfADMPJK

Fig. 3.5 Transport processes
in E. coli
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These properties are also characteristic of other V-H"-ATPases, including the H*-
ATPase of E. coli.

According to experimental data, the typical ApH value for E. coli is approxi-
mately 0.7-0.9 (Padan et al. 1976, 2005; Grogan 2001). In other words, it may be
assumed that the colibacillus cell’s H-ATPase carries 3—4 protons across its
membrane.

We shall consider the cell in its stationary state. Therefore, the total flow of
each ion type should be zero. Neglecting the passive transport of protons across the
membrane and equating (3.35) to zero, we have:

; A
Ty eXp (% + (p) = ny.

This equation can be rearranged to the form:

A n?
R o = Ay,
m ny

where Ay is the difference of electrochemical potentials of protons on both sides
of the membrane.
Using experimental values of the potential (¢ = —110 mV) and the ApH
across the cellular membrane (0.8) along with a value of Ay, = 20, we obtain:
20 110
—=—+423x08~6.
m 25 *
It can be seen from this formula that the value of m is between 3 and 4.
We can express the proton concentration of the cell as:

» A
Ny = nY exp (— # — (p> . (3.36)

Let us consider the transport of sodium ions by the Na*-H* exchanger. This
exchanger pumps sodium ions out of the cell.

To write an equation for the flow of ions in the Na*™—H" exchanger, we assume
that one sodium ion is released from the cell in exchange for one proton:

Ina-t1 = Cna—n(nynyy — nfunly) =0, (3.37)

where Cy,_p is a constant related to the transport of sodium ions out of the cell
and the transport of protons into the cell. This constant is proportional to the
operating frequency of the exchanger and the number of the exchangers in the cell.

By disregarding the passive transport of sodium ions across the membrane,
equating the flow of sodium ions (3.37) to zero and using the formula for the
proton concentration at m = 3, we have:

i A
e exp( -2 ).
ng, 3
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The number of potassium ions in the environment is much smaller than its
number inside the colibacillus cell. Although E. coli cells have an H'—-K* pump
that is ATP-dependent and exchanges cellular protons for environmental potas-
sium ions, the distribution of potassium ions approaches a passive distribution. We
shall therefore assume that potassium ions obey a Boltzmann distribution:

', = n% exp(—@).

The role of the H™-K* pump will be discussed separately below.

Let us consider the transport of Ca?* ions. Specifically, calcium participates in
cellular signaling processes. To realize this function, the cell’s calcium concen-
tration must be maintained at a low level. The active transport of calcium ions is
due to a Ca®* pump that removes calcium ions from the cell.

The equation for calcium ions only accounts for the operation of the ATP-
dependent pump and disregards the passive transport of these ions. The equation
for the flow of calcium ions can then be written as follows, assuming that one
calcium ion is actively removed from the cell:

Jea = Cealexp(Apy +29)ng, — ng,| = 0. (3.38)

where Cc¢, is a constant related to the active transport of calcium.

The deduced equation reflects the stoichiometry of the Ca**-ATPase pump: one
calcium ion is carried across the membrane to the environment during hydrolysis
of one ATP molecule.

Equating the flow (3.38) to zero, we obtain the concentration of calcium ions in
the cell:
nlCa = n(éa eXp(—A/,tA - 2@)

Magnesium is a universal regulator of the physiological and biochemical pro-
cesses that occur in cells. Magnesium ions control the operation of ATP-dependent
exchangers. Magnesium participates in regulating the concentration and transport
of calcium, potassium, sodium and phosphate ions both inside and outside of the
cell. Magnesium interacts with cellular lipids and ensures the intactness of the
cellular membrane.

The literature contains rather contradictory data on the transport of Mg?* ions.
Specifically, some facts point to the existence of a Mg**-ATPase. Let us consider
possible transport variants of Mg>* ions and compare the results with the corre-
sponding experimental data. First, let us assume that Mg>* is distributed passively.
In this case, we can write an equation that is analogous to the equation for
potassium ions:

nng = iy, exp(—2¢). (3.39)

Substituting the known value of E. coli’s resting potential (—110 mV or
® =~ —4 in dimensionless units) into formula (3.39) we have a concentration ratio
of approximately 300 for magnesium ions inside and outside of the cell. This result
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differs from the actual value by several orders of magnitude. According to
experimental data, approximately 1 and 10 mM of Mg?* are present in the external
and internal environments, respectively. However, note that the cellular concen-
tration of Mg>* ions can be lower than these values (e.g. most of the magnesium is
bound, so some of these ions are not in the solution). The derived flow equations
only account for ions in the solution.

Moreover, if Mg®* ions had a passive distribution, the cell’s resting potential
would be much smaller than —100 mV.

Let us assume that Mg®* ions are transported in manner similar to calcium
transport, that is, by means of a Mg2+-ATPase. Then, the intracellular concen-
tration is given by an equation analogous to formula (3.39):

nng = ny, exp(—Apy — 2¢).

Substituting the known values of Aua =~ 20 and ¢ ~ —4, the concentration
ratio of magnesium outside and inside the cell is nearly 1.6 x 10’ (i.e. magnesium
is practically absent from the cell). This result also differs from the measured value
by several orders of magnitude. Based on the obtained values, we can conclude
that E. coli must have another active transport system for magnesium. For
example, a Mg**—H" exchanger has been found in some of the simplest cells and
organelles. Let us assume that this exchanger, which transports one magnesium ion
in exchange for one proton, is present in E. coli. We can write an equation for the
flow of magnesium ions:

Ing—11 = Crmg—n [nfwg (nf;) exp(@) — niy, (n},)}, (3.40)

where Cy,_p is a constant that is proportional to the operating frequency of the
exchanger and the number of the exchangers in the cell. We assume that mag-
nesium’s other active transport systems make a smaller contribution to its flow. By
equating the flow (3.40) to zero and substituting (3.36), the concentration of
magnesium ions in the cell is:

i 4 A,u
Nyrg = Niyyg €XP (— TA — 2<p> .

Substituting the corresponding numerical values, we obtain a concentration
ratio of magnesium on the inside and the outside of the cell equal to 20 at m = 4
and 3.8 at m = 3. The latter is closer to the experimental value. It can be shown
that there is comparatively less agreement with the experimental data for other
stoichiometries of magnesium and proton transport.

Let us assume that chlorine ions, similar to potassium ions, are distributed by
Boltzmann’s law. Then, we can write the following:

nia = n¢;exp(@).
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Substituting the known value of the resting potential, we have a concentration
ratio of chlorine ions on the outside and the inside of the cell of approximately 50,
which approaches the experimental value.

To theoretically determine the resting potential of E. coli, we shall consider the
condition for electroneutrality of the medium in the cell:

Ry, + Ny + Ny + 2ne, + 2nng = ng + Zana.

The value of Z4n4 can be calculated from experimentally determined concen-
trations of dissimilar ions in the cell. Calculations for E. coli give Zyn, ~ 200 mM.

Let the electroneutrality condition only hold for ions with concentrations that
are sufficiently large within the cell:

A
n exp(—g) + n, exp(—g‘*‘ - co> = nyexp(@) + Zana. (3.41)

Solving (3.41) for the potential gives an expression for ¢:

¢ =1In \/(ZA”A>2+ (@exp (— %> + ﬁ) _ Zana . (3.42)
2n¢, nep 3 ney 2ngy

If the ion concentrations outside the cell are known, it is possible to calculate
the resting potential. Known external concentrations of the major ions for E. coli
are shown in Table 3.5. (Garrett and Grisham 2002; Neidhardt 1987; Nanninga
1985; Ingraham et al. 1983).

The environmental neutrality in Table 3.5 is maintained by other anions (e.g.
HCOj;™ anion) that are not considered in this model.

Substituting these values into (3.42), we obtain a resting potential approxi-
mately equal to ¢ ~ —92 mV (3.68 in dimensionless units). This value is in good
agreement with the theoretical resting potential (approximately —110 mV).
Substituting the obtained resting potential into the ion concentration formulas, we
obtain the values tabulated in Table 3.6. (Garrett and Grisham 2002; Neidhardt
1987; Nanninga 1985; Ingraham et al. 1983).

Table 3.6 shows that the theoretical and experimental values are in good
qualitative agreement.

Table 3.5 Known external

) . Ton External concentration, mM
concentrations of ions for 5T
E. coli Ca 2.5
K* 5.6
Na* 129.6
Cl™ 99.5
H* 32 x 1074

Mg>* 0.85
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Table 3.6 Theoretical and experimental ion concentrations for E. coli

Ton Calculated concentration, Experimental concentration,
mM mM

Ca>* 8 x 107 1 x1074

K* 199 200

Na* 7.2 5

Cl™ 2.8 6

H* 1.6 x 1073 44 %107

Mgt 1.7 10 (bound incl.)

Resting potential, mV —-92 —110

We derive the dependence of the membrane potential on the extracellular
concentrations of major ion types without regulation.

Let us establish the dependences of the intracellular ion concentrations and the
resting potential on changes in environmental potassium ion concentrations. We
shall assume that potassium is added simultaneously with chlorine. The addition of
these concentrations will be labeled as «. Then, from (3.42) we have:

2 o o
Q= In ( ZAnA ) +( "Na exp (_ %) + nx + OC) _ ZAnA
2ng; + 2o ng, + o 3 ng, +a 2ny, + 2o

(3.43)

Figure 3.6 presents the dependence of the resting potential of the colibacillus
cell on an addition to the extracellular potassium ion concentration «. This figure
shows that the negative potential decreases in absolute value as the environmental
potassium concentration increases. The reason for this behavior is that, as the
environmental potassium and chlorine concentrations rise, the fraction of the
passively transported ions increases relative to the fraction of actively transported
ions (sodium).

If we neglect the contribution of the terms nf, and nZ, in (3.43), we have:

n()
=In|=—%).
¢ (ZA”A>

This simplified dependence (dashed line) is shown in Fig. 3.6 for comparison
with the exact result (red line).

Let us next consider the dependence of the intracellular ion concentrations of
E. coli on changes in environmental potassium concentrations. The concentrations
of magnesium, calcium, sodium and protons are defined by the factor exp (—o).

Mg
ZAVLA :
The intracellular potassium concentration is nearly independent of the external
concentration, while the intracellular chlorine concentration is proportional to its

external concentration.

Therefore, these concentrations are approximately proportional to
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Fig. 3.6 The dependence of the resting potential on an addition to the environmental potassium
ion concentration

Because the proton concentration is small (protons are not potential-forming
ions), the intracellular proton concentration has a linear dependence on its extra-
cellular concentration, as follows from formula (3.36). The same applies to all ions
with relatively small concentrations.

If the sodium ion concentration changes in the environment, we obtain the
following formula for the potential:

2
Zana (nNe + o) Ay nk Zana
=1 oy S 1 L N
= \/(an’ + 20() < n§! + o xp 3 n§'+a)  2n§' 4 2a

(3.44)

Here, o is an addition to the environmental sodium and chlorine concentrations.
Based on formula (3.44) we can conclude that the resting potential weakly depends
on the environmental concentration of sodium ions (less than 1 % as the con-
centration of sodium ions doubles). This is because, on the one hand, the fraction
of active ions increases as sodium is added (leading to an increase in the absolute
value of the potential) while, on the other hand, the fraction of non-penetrating
ions decreases with respect to the number of chlorine ions (leading to a decrease in
the absolute value of the potential). Thus, these two effects essentially compensate
for one another. Another important fact is that the cellular sodium ion concen-
tration is low, making small contributions to the electroneutrality condition and,
consequently, to the resting potential. Hence, it follows that all other ion con-
centrations (except for chlorine) weakly depend on the environmental sodium
concentration. Not that we only consider relatively small deviations in ion con-
centrations here. Additional control mechanisms are typically engaged if the
deviations are large.
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3.4.2 Calculation of the Osmotic Pressure Differences
in Bacteria

It is possible to calculate the osmotic pressure from the ion concentrations. It is
important for cells to maintain their osmotic pressure because their biomembrane
can be damaged if the cellular pressure is too high. To avoid rupture, many
bacteria have a wall that withstands pressures up to dozens of atmospheres.

Let us consider two cases: E. coli and archaeabacteria. In the first case, we can
use formula (1.3) for a first approximation:

p :kTZn,-.

Substituting all the parameters, we obtain an environmental osmotic pressure
equal to approximately P’ &~ 6.3 atm and an internal pressure equal to approxi-
mately P' ~ 10 atm.

As a result, we can determine the pressure difference:

AP = Pi — P> = 3.7 atm.

Let us use the obtained intracellular and extracellular concentrations to calcu-
late the pressure difference across the membrane of archaeabacteria. Note that the
solution is very strong on the inside and the outside of the cell. Therefore, the
pressure of the solution cannot be calculated from formulas such as p = nkT,
which are only valid for dilute solutions. In accordance with (1.5), we shall write
the pressure as:

p=kT Z 1Y,

where:

1/2
1
lg Vi = —0509212 <2 Z Zl-zmi>

with m; representing the number of moles in 1000 g of solvent.
Neglecting the calcium ions, we have the following result for the intracellular
medium (for charged ions only):

p'=RTY Ciy; ~ 18 x 10°Pa,

The equation for the extracellular medium is:

P'=RT> Cp;~ 14 x 10°Pa.


http://dx.doi.org/10.1007/978-94-007-5893-3_1
http://dx.doi.org/10.1007/978-94-007-5893-3_1
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The pressure difference on the outside and the inside of the cell is approximately
4 atm. Considering that archaeabacteria have a cell wall and are capable of with-
standing considerable pressure differentials, the obtained value is relatively small.

3.5 Regulation of Ion Transport in Select Microorganisms

Microorganisms use a number of strategies in response to changes in environ-
mental conditions. For example, two possible strategies can be enacted in response
to salt stress (see, for example, Oren 1999; Ventosa et al. 1998):

1. The salt-in strategy is used when cells can support high intracellular salt con-
centrations allowing them to conform to the high environmental salt
concentrations.

2. Cells can manufacture their own osmolites and implement regulatory mecha-
nisms to transport of ions.

Extremely halophilic archaeabacteria of the Halobacterium order adhere to the
first strategy. For cells using this adaptive strategy, all enzymatic and structural
components should function in the presence of a high internal salt concentration.

In the majority of the other halophilic and halotolerant organisms, osmotic
balance is achieved by the synthesis of small organic molecules or by absorption of
these molecules from the environment. In yeast cells, only the strategy of
substituted soluble substances is observed.

Cells use three strategies to maintain an optimal potassium concentration and a
stable relative internal concentration of K*/Na*: (1) strict discrimination among the
influx of alkali metal cations (transporters have a higher affinity for potassium than for
sodium), (2) efficient efflux of toxic cations from the cell, and (3) selective seques-
tration (compartmentalization) of cations in organelles (Nass and Cunningham 1997;
Serrano and Rodriguez-Navarro 2001; Kinclova et al. 2002; Sychrova 2004).

According to experimental data, additional mechanisms switch on in response
to changes in external ion concentrations to maintain the required levels of
intracellular ion concentrations. These mechanisms can work simultaneously with
basic transport system, or the cell can switch from one system to another.

Let us consider two examples. First, we will discuss the bacterial regulation of
potassium ion transport when a small amount of potassium ions is present in the
environment. Then, we will consider yeast’s regulation of sodium ion transport
during salt stress.

Bacteria and yeast differ from other organisms because of their ability to grow
in a very wide range of environmental ion concentrations. This is specifically
achieved by switching their auxiliary (regulatory) ion transport systems.

Let us consider the regulatory model potassium ion transport in bacteria.

As a rule, the environmental potassium ion concentration is much lower than its
concentration inside a cell. In the majority of microorganisms, potassium ions are
passively transported (based on their potential), though they also participate in a
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number of transport systems. However, this passive mechanism cannot provide a
high enough potassium ion concentration inside the cell, if the environmental
potassium concentration drops by an order of magnitude. Experimental data show
that the H*-K*-pump becomes the most essential potassium carrier in this situa-
tion. The pump depends on ATP and exchanges cellular protons for environmental
potassium ions. After exchanging one potassium ion for two protons across the
membrane, a net result of one positive charge is transported outside the cell.

The equation describing the work of proton-potassium pump can be written
according to the model above:

Tk = Crr-c(exp(Aty + @) (Ve — (1)

where Cy_g is a constant related to the transport of potassium ions into the cell
and the transport of protons out of a cell.

The equation for the proton flux, which is created by an H"-ATPase, can be
written as follows:

Ju = Cu|exp(Apy +20) (n;l)2—(n;1)2} —0,

where Cy is a constant related to the transport of protons out of a cell.
Equating fluxes to zero, we obtain:

; A
Ny = Ny exp (?'lfA - q)> (3.45)

To determine an optimum strategy of ion transport when potassium is lacking,
we adopt passive transport as a secondary strategy. The ratio between the potas-
sium concentrations is the following:

nke = n% exp(—). (3.46)

Let us construct dependences (3.45) and (3.46) while taking into account that
the potential will also depend on the potassium ion concentration. However, at
small environmental potassium ion concentrations (including at aspiration, when
its concentration is zero), the resting potential approaches a constant (see, for
example, Eq. 3.42). Therefore, we shall neglect any changes in the potential for
this case. The specified dependences are shown in Fig. 3.7.

Using the effective strategy (in which only one transport system is active at any
given moment), it is possible to conclude that switching from one transport system
to another should occur when the external potassium concentration is approxi-
mately equal to 0.1 mM (Fig. 3.7). This conclusion had been confirmed by con-
firmed by experiments, which it was found that the H*—K*-pump has significant
activity at small external potassium concentrations (Martirosov and Trchounian
1986). An alternative possibility is the robust strategy, in which the cell reduces its
efficiency (increases its power consumption) to maintain an almost constant
intracellular potassium concentration.
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Fig. 3.7 The dependence of the intracellular potassium ion on its extracellular ion concentration
with two independent transport systems. /—H"-K*-pump, 2—passive transport, 3—normal state,
4—effective behavioral strategy of transport systems when concentration of environmental
potassium is low (switching from one transport system to another)

As an example of the regulation of sodium ion transport, we shall consider the
behavior of Candida versatilis (halophila) during salt stress (Silva-Graca et al.
2003). As noted in the article, various kinds of osmolite activity as well as enzyme
activation and inactivation have been observed during salt stress. It is noted that
halophila maintains a relative physiological equilibrium of sodium and potassium
ions. The following figure shows the dependence of the intracellular sodium
concentration on the environmental ion concentration.

The authors (Silva-Graca et al. 2003) did not measure the working speeds of
various ion transport systems in their study. However, based on the models
mentioned above, it is possible to arrive at the following interpretation of the data
shown in Fig. 3.8.

There are two different sodium transport systems in halophila: a Na*/H"-anti-
porter and a Na*-ATPase. Na'/H"-antiporters participate not only in sodium
transport but also in the transport of lithium, potassium and rubidium (Rodriguez-
Navarro et al. 1994).

The formula for the sodium ion flux for the antiporter can be written as follows:

Ina-t1 = Cna—n(niynyy — nnly) =0, (3.47)

where Cy,_p is a constant related to sodium ion transport out of a cell and proton
transport into a cell.

Equating the sodium ion flux (3.47) to zero and using Eq. 3.36 with m = 2 for
protons, we obtain:

i 14 A:u
Ny, = N3, €XP (— TA - q)) . (3.48)
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The equation for the flux of sodium ions for the Na*™-ATPase is:
Ina = Crva[exp(Atty + @)y, — 13y, (3.49)

Equating the flux to zero, we obtain:

n;\’a = nlli’a exp(_A:uA - (,0)~ (350)

Let us construct the dependences of the intracellular sodium ion concentrations
on the extracellular sodium ion concentrations with sodium transport by a Na*-H"*-
exchanger and a Na*™-ATPase (Fig. 3.8).

As evident from the experimental data, the internal sodium concentration
fundamentally changes at an external sodium concentration of approximately 2 M.
The figure shows that the Na*-ATPase works up to environmental sodium con-
centrations of 2 M, whereas, most likely, the Na*/H"-antiporter is switched on at
environmental sodium concentration greater than 2 M.

For example, the robust strategy evidently takes place during pH regulation in
yeast (Orij et al. 2011). The intracellular pH remains stable (around neutral) in
response to external pH shifts in the range of 3.0 to 7.5 (Orij et al. 2009). A Na™/H*
antiporter, an H™-ATPase and a C1 /H" antiporter were shown to be involved in
pH homeostasis (Ferreira et al. 2001; Orij et al. 2011).

In the simplest case of the robust strategy, we can choose an H*-ATPase as the
first system and a Na*/H*-exchanger as the second transport system.

3.6 Possible Regulatory Strategies for Bacterial Transport
of Heavy Metals

The qualitative agreement between the calculated results of these ion transport
regulatory strategies and the experimental data, indicated that many microorgan-
isms use these strategies to optimize their existence in variable environments. An
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analysis of bacterial transport systems that remove the heavy metal ions from a cell
was performed by Silver (1996). Metal ions such as Ag*, Cd**, Co**, Cu**, Hg?",
Ni%*, Pb?*, Sb>*, TI*, Zn** and others were considered in the article.

Heavy metal transport systems may be divided into two types (Silver 1996):
ATPases and exchangers of bivalent ions with two protons (for example, a cad-
mium exchanger). The transport stoichiometry of ATPase is often variable. For
example, it is known that the stoichiometry of a V-ATPase can vary from 1 to 4
protons per ATP molecule (Wagner et al. 2004). However, the transport stoichi-
ometry of these ions is not indicated in (Silver 1996).

For the case in which an ATPase transports a single-charged ion, we have:

n()
exp(Auy + @) =7,
Mpge
where 73, and n',,, are the metal ion concentrations on the outside and the inside of
a cell.
For the transport of a double-charged ion, we have:

0

n
exp(Apy +2¢) = nl—ME (3.51)
Me

When we use the equation for protons, we obtain the following for the case in
which a double-charged ion is exchanged with two protons:

mie _ ()
= <—l) = exp(Auy +20). (3.52)
e Ny

Note that Eq. 3.51 and Eq. 3.52 appeared to be identical, despite the distinction
in ion transport mechanisms.

If the environmental concentrations of toxic metal ions are insignificant, the
specified transport systems create a lower concentration of these metals inside of
the cell than outside of the cell. However, as environmental ion concentrations
increase, the work of these systems appears to be insufficient.

Note that passive transport of heavy metals must clearly be excluded from
consideration as a regulatory system, as it results in the accumulation of heavy
metals within the cell (because the potential inside the cell is negative).

As a hypothesis, which certainly calls for an experimental validation, let us
suppose that the transport of heavy metal ions has a variable stoichiometry.

For example, if positive, single-charged ions are transported out of a cell (for
example, heavy metal ions in bacteria) in a quantity of m ions per ATP molecule,
we have the following equation in stationary conditions:

Jme = Cie (exp(AuA + m(P) (njllle)m_(nl?lt?)m) =0.
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This then leads to:

A .

When the ion concentration is low, it will not influence the resting potential. It
is clear, that the value of m must be reduced to lower the ion concentration inside
the cell. The minimum value of m is 1. This value is generally a function of
concentration. Another possibility is the use of more than one ATP molecule for
the transport of each ion.

Thus, we shall assume that the cells consecutively switch from one transport
system to another (with specific stoichiometries) as a strategy for counteracting
high concentrations of heavy metal ions. The dependence of internal ion con-
centrations on external ion concentrations has shown the effectiveness of con-
secutively switching between transport systems.

Each cell should have a “corridor” of allowable internal ion concentrations [on
Fig. 3.9, it is (@ — &, @' + §)]. The movement within this corridor can be
observed as a “sawtooth” trajectory.

According to (Cornelius 1990; Goldshleger et al. 1990; Sumbilla et al. 2002), the
idea of variable stoichiometries has been applied to a wide range of transporters,
including V-ATPases, the Na—K-ATPase, the SR calcium pump and others.

As an alternative, a sufficiently narrow corridor of allowable internal concen-
trations results in the robust strategy, which only uses two transport systems
(Fig. 3.10).

According to Melkikh and Sutormina (2011), both transport systems work
simultaneously in the interval of concentrations between points G and F, with the
internal ion concentration remaining constant and equal to 7. However, in this
case, the efficiency of the process is low enough to result in additional power
consumption.

Let us note that microorganisms should have active transport systems for
practically all positive ions. The necessity of active transport for almost all positive
ions is due to the value of the resting potential, which is up to 8kT in

Fig. 3.9 “Sawtooth” n
strategy of cell behavior with
strong variations in the metal
concentration in an m=3 m=2 m=1

environment A48

ne
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microorganisms. In this case, the concentration ratio of single-charged ions outside
the cell versus inside the cell is approximately 3000. For double-charged ions, this
concentration ratio is approximately 10”. In the latter case, this means that even the
concentration of microelements is too high within the cell. This, in turn, results in
a falling resting potential. Probable mechanisms of active ion transport are a Na*-
ATPase or a Ca**-ATPase.

The algorithms described here can also be used for artificial cells. For example,
they can be applied for the accumulation of required substances from the envi-
ronment or for cellular survival in extreme conditions. However, the adaptive
mechanisms of microorganisms in the extreme conditions of other planets can
promote the distribution of life throughout the Universe.

3.7 Plant Cells

Plant cells have the capability of transporting ions across membranes. In particular,
the leading role in the transport systems of plant cells, unlike animal cells, is
played by the transport of protons. Despite the large amount of experimental data
on ion transport systems in plant cell, models predicting the potential of the
membrane and the concentrations of ions inside the cell are absent in the literature.

Table 3.7 presents data on the concentrations of the ions in plant cells and
vacuoles (Serrano and Rodriguez-Navarro 2001).

In plant cells, the main systems of active ion transport (Sperelakis 2001; Stout
and Griffin 2001) are the following:

Table 3.7 Ion Value

. . External media Cytoplasm Vacuole
concentrations in plant cells

and vacuoles pH 7.6 55
ApH 2-3 1-2
Potassium (mM) 0.1 75-100 150

Potential 0 —100-200 —80-20
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e H™-ATPase, which is responsible for the transport of protons from the cell,

e Na*-H" exchanger, which is an ATP-independent system for the exchange of a
sodium ion for a proton, and

e Ca®*-ATPase, which is responsible for the pumping of calcium out of the cell.

A scheme of the main systems of ion transport in plant cells is shown in
Fig. 3.11.

Based on the algorithm described in Chap. 1, consider the main ion transport
systems. The equation for the active proton flux can be written using the previ-
ously obtained formula for the flux and taking into account that n ions are
transferred:

Ju = Crlexp(Apy + no) (niy)"—(n3)"].

Equating the flux to zero, we obtain the following equation for the concen-
tration of protons:

; A
Ry eXp (% + q)) = ng.
This equation can be rewritten in the following form:

A 0
e Y —(p—l—lnn—iH: Ay
Ny
Using experimental data on the potential (¢ = —180 mV) and ApH of the
membrane (2 units) and the value of Aus =~ 20 (in dimensionless form), we
obtain the following:

20 1
20 _ 180 1100 =724 46— 118.
n 25

It is evident that the value of n is equal to two. Thus, the number of protons can

be determined:
Na"
H+

Fig. 3.11 The scheme of the
transport of ions in plant cells
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. A
My eXp (SA+ qo) =y

The main system responsible for the transport of sodium ions in plant cells is an
exchanger, which is responsible for the exchange of these ions with protons. We
write the equation for the transfer of sodium ions through the Na*™~H"-exchanger
given that one sodium ion is exchanged for one proton and is thus removed from
the cell:

_ i o _ 0 i
INa—t = CNa-H [nNanH nNa"H]’

where Cy_y, is a constant. The dependence of the intracellular sodium ion con-
centration on the extracellular concentration is the following:

. A
R ]

We also assume that chlorine ions are distributed passively:

”icz = n¢exp(@).

According to the literature (Sperelakis 2001), many different types of potassium
channels exist. Assuming that the potassium ions are distributed passively, we can
write the following formula:

ny = n exp(—@).

In the equation for the calcium ions, we take into account only the work of the
ATP-dependent pump. Then, the equation for calcium can be written as

Jea = Cca [exp(A.“A + 2¢)niCa - n(éa]'
Hence, the expression for the intracellular calcium ion concentration will be
niCa = n(éa eXp(—A/,tA - 2@)

We can then write the condition of electroneutrality for the intracellular envi-
ronment. To obtain the analytical expressions for the membrane potential, we
neglect the concentration of calcium ions and other doubly charged ions. We also
take into account that there are non-penetrating ions (metabolites) within the cell.
Thus, we have

i +ny, = nic, + Zsny.
Substituting the expressions for the concentrations of ions, we obtain

A
ng exp(—) + ny, exp (— % - w) = ng,exp(@) + Zana.

The solution of this equation can be represented in the following form:
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Zana\> n%  ng A Z
¢=1In APA N L TK Ly TN gy (- BHA ) ZATA ) (3.53)
2ng, ng o ng 2 2ng,

Equation (3.53) can be simplified by taking into account the fact that the
concentration of potassium ions in the external environment is always lower than
the concentration of non-penetrating ions in the cell [the second and first terms
under the square root of Eq. (3.53)]. The third term is also small at all sodium
concentrations due to the effect of the exponent. Therefore, after expanding the
equation in series using small quantities, we have

® ~ln< s ) (3.54)

Zany

A similar expression was obtained earlier for E. coli. After substituting the
numerical values of the terms, we have

) 0.1
na

which agrees well with the experimental data.

We now consider the dependence of the internal concentrations on the external
concentrations under salt stress conditions (e.g. the addition of sodium, potassium
and chlorine to the environment). In this analysis, we assume that sodium, chlorine
and potassium are added in the same proportions as in the previous analysis that
was performed in the absence of stress.

Under salt stress conditions in which potassium (1 mM) and sodium (100 mM)
are added to the environment, the expansion of Eq. (3.53) to obtain Eq. (3.54) is
valid because of the large concentration of chlorine. Using this equation, we obtain
the following potential:

ng 1
~1 K )=In|l— ) =~ —-115mV.
QD n(ZAI’lA> n<100> m

The concentration of sodium ions inside the cell is therefore

- A
e = 1 exp(—% - (p) — 100exp(—5.3) = 0.5 mM.

We also obtain the following potassium concentration:
ng = 99.7mM.

Thus, under salt stress conditions, the concentrations of sodium and potassium
remained almost unchanged despite the significant change in the membrane
potential. This property of the plant cell can be considered as a regulatory strategy.
It is possible that the membrane potential in plant cells is chosen to control the
concentration of ions inside the cell under salt stress conditions. In other words, the
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potential may simply act as a buffer that allows the cell to regulate certain ions. It
is remarkable that such a strategy does not require switching between the different
systems of transport.

However, this stress will change the pH (ApH = 2.3) and reduce the concen-
tration of calcium ions (depending on whether calcium is added in combination
with sodium). Thus, the medium inside the cell becomes more acidic.

The resultant pressure inside the cell may depend on the transport of ions in the
vacuole, as will be shown later.

3.8 Vacuoles

Vacuoles are membrane-bounded compartments within some eukaryotic cells that
serve a variety of secretory, excretory, and storage functions. Vacuoles and their
contents are considered to be distinct from the cytoplasm and are classified as
ergastic by some authors (Stout and Griffin 2001; Alberts et al. 2002). Vacuoles
are especially conspicuous in most plant cells.

In general, the vacuole functions include the following:

removal of unwanted structural debris,

isolation of materials that might be harmful to the cell,

containment of waste products,

maintenance of internal hydrostatic pressure (turgor) within the cell,
maintenance of an acidic internal pH,

containment of small molecules,

export of unwanted substances from the cell, and

regulation of cellular shape changes.

Vacuoles also play a major role in autophagy and maintain a balance between
the biogenesis (production) and degradation (or turnover) of many substances and
cell structures. They also aid in the destruction of invading bacteria and misfolded
proteins that build up within the cell.

Most mature plant cells have one or several vacuoles that typically occupy more
than 30 % of the volume of the cell, although vacuoles can occupy as much as
90 % of the volume in certain cell types and under certain conditions (Stout and
Griffin 2001; Alberts et al. 2002). A vacuole is surrounded by a membrane called
the tonoplast.

A vacuole houses large amounts of a liquid called cell sap, which is composed
of water, enzymes, inorganic ions (such as K™ and CI7), salts (such as calcium),
and other substances, including toxic byproducts that are removed from the cytosol
to avoid their interference in the cellular metabolism. The toxins located in the
vacuole may also help protect some plants from predators. The transport of protons
from the cytosol to the vacuole aids in the maintenance of a stable cytoplasmic pH
and increases the acidity of the vacuolar interior, which in turn increases the
activity of degradative enzymes. Although the presence of a large central vacuole
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is the most common case, the size and number of vacuoles may vary in different
tissues and developmental stages. The cells of the vascular cambium, for example,
have many small vacuoles in the winter and a single large vacuole in the summer.

In addition to storage, the main role of the central vacuole is to maintain the
turgor pressure against the cell wall. The proteins found in the tonoplast control the
flow of water into and out of the vacuole through active transport, which involves
the pumping of potassium (K*) ions into and out of the vacuolar interior. Due to
osmosis, water will diffuse into the vacuole, which places pressure on the cell wall.
If the water loss leads to a significant decline in the turgor pressure, the cell will
plasmolyse. The turgor pressure exerted by the vacuoles is also helpful for cellular
elongation: as the cell wall is partially degraded by the action of auxins, the less
rigid wall is expanded by the pressure from the vacuole. In fact, vacuoles can help
some plant cells reach considerable size. Another function of a central vacuole is
that it pushes all of the contents of the cellular cytoplasm against the cellular
membrane and thus keeps the chloroplasts closer to the light.

The vacuole also stores the flower pigments.

The potential on the vacuole membrane relative to the cytoplasm varies from
approximately —80 to —20 mV (the interior of the vacuole is positively charged).

The main systems of ion transport in the vacuole include the following (Stout
and Griffin 2001; Alberts et al. 2002; Grabe et al. 2000; Sze et al. 1999;
Drozdowicz and Rea 2001):

o H™-ATPase, which transports the protons into the vacuole (according to the
literature, this ATPase is considered the basic transport of protons),

e Pyrophosphatase, which uses pyrophosphate to transport protons into the
vacuole,

e K*™-H" and Na*™-H" exchangers (antiporters), and

e Passive channels for each type of ions.

The pH of the vacuole interior is approximately equal to 5.5 (as in the envi-
ronment). Table 3.8 shows the ion concentrations in the vacuoles of various plants
(De 2000).

The data shown in the table indicate that the relationship of the concentrations
of the different ions between the vacuole and the cytoplasm of different plant cells
is quite different (likely due to the different mechanisms of ion transport). Fur-
thermore, chloride ions form the majority of the negative ions in the vacuole.

We will now consider the transport of the major ions in the vacuole, in
accordance with (Melkikh and Seleznev 2012) and based on the previously pro-
posed algorithms.

Protons are transported by ATPase and the exchanger systems, which exchange
protons with potassium and sodium ions as well as doubly charged cations. In the
case of the opposite transfer to other cations, protons act as the driving force,
which means that the main mechanism for the transport of H" must be active.
From the expression for the active flux of protons that was used previously for a
variety of cells, we can obtain
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Table 3.8 Concentrations of ions in the vacuoles of various plants

Compartments Ion concentration, mM
K* Na* Cl™
Nitella translucens Cytoplasm 119 14 65
vacuole 75 65 150-170
Acetabularia mediterranea Cytoplasm 400 57 480
vacuole 355 65 480
Valonia ventricosa Cytoplasm 434 40 138
vacuole 625 44 643
Oat (Avena) Embryonic leaf Cytoplasm 178 15 83
vacuole 174 27 65

; A
=y 40,

where ¢y is the cell potential with respect to the vacuole (this is always negative) and
nis the number of protons that are transferred simultaneously, which equals to 3. This
number can be obtained based on the known quantities, a potential of —50 mV and a
ApH value of 2.

The transport of potassium ions is provided by the potassium channels and the
exchangers with protons. From the data in Table 3.8 and the electric potential, it
can be concluded that we cannot select one transport system as the primary system
of potassium transport. Indeed, if passive transport is chosen as the main system,
the concentration of potassium ions inside the vacuoles would be several times
lower than in the cytoplasm. The expression for the flow of potassium ions pro-
duced by an exchanger is the following:

_ iV Vil _
JK*H = CK*H [nKnH — nKnH] =0.

Based on this equation, we can obtain the ratio of the concentration of
potassium ions using the known pH. For example, using the known values of the
pH and potassium concentration in the cells of the algae Nitella, we find that the
exchanger creates a concentration of potassium ions inside the vacuole of
11.9 x 103, which is not in agreement with reality. On the other hand, the
passive flow of potassium ions in the absence of other mechanisms creates an
internal concentration of approximately 16.2 mM, which also does not corre-
spond to the experimental data.

Consequently, we can assume that these two systems work in combination to
provide a constant total concentration of potassium in the vacuole.

The transport of sodium ions is the same: there are passive channels and
exchangers with protons. The expressions for the fluxes generated by each
exchanger separately are similar to those mentioned earlier. Accordingly, we can
conclude that these two transport systems also work together to regulate the
concentration of sodium ions.
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We now consider the effect of changing the concentration of ions in the vacuole
and the cytoplasm to simulate salt stress conditions. Under salt stress conditions,
the concentration of potassium in the vacuole is small, whereas the concentration
of sodium is large (Serrano and Rodriguez-Navarro 2001). This can be achieved as
follows: potassium ions are transported only through the passive transporter and
the sodium ions are transported only through the exchanger.

However, the inositol simporter also transfers sodium from vacuoles. This
transporter can also act as a regulator because, according to previous research
(Serrano and Rodriguez-Navarro 2001), the inositol-exchanger and an external
sodium-proton exchanger change their activity under stress conditions (regulated).
In addition, the pH in the vacuole may also change in response to stress, which
would also entail changes in the sodium transport.

How can vacuole regulate the pressure in a cell? At first glance, changing the
volume of the vacuole cannot affect the osmotic pressure inside the cell. This
conclusion stems from the fact that the pressure in the cytoplasm is completely
determined by the concentrations of ions in the cytoplasm. These concentrations,
in turn, are determined by the transport of the different ions through the outer cell
membrane. However, this is not the case with the non-penetrating ions. As
observed from Table 3.8, the non-penetrating ions are found in greater amounts in
the cytoplasm than in the vacuole. The concentration of non-penetrating ions
(because their number remains constant) depends on the volume that they occupy.
Consequently, an increase in the vacuole volume will decrease the volume of the
cytoplasm, which will increase the cytoplasmic pressure. Consequently, it is
possible to regulate the cellular turgor through changes in the volume of the
vacuole, which can be achieved by the regulation of certain transport systems.

3.9 Thylakoid

A model for the conversion of light energy to the free energy of the protons has
been previously proposed (Melkikh et al. 2010). We describe briefly the results of
the proposed model. The main feature of the conversion of light energy is that the
photon has a chemical potential that is equal to zero, which means that a photon
cannot be considered using the same ideology as the transported molecules.
However, as shown in the previous work (Melkikh et al. 2010), the absorption of a
photon by a two-level system, in which the difference in energy levels is equal to
the photon energy, forces the system into a non-equilibrium state, in which the
maximum difference in the chemical potential (in the absence of additional loss)
equals to
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hv hy
A = kT (2 —
K (kT kTVQ)’

where T,o—is the temperature of the Sun.
In

T<K T\'Q7
(which is valid for a wide range of temperatures on Earth), we receive
Au™ = hy.

This two-level system, which is not in equilibrium due to the absorption of
photons from the sun, is capable of transporting any substance (including protons).

In accordance with experimental data (Volkenstein 1983; Albarran-Zavala and
Angulo-Brown 2007), an average efficiency in the chain of photosynthesis reac-
tions is & = 0.33; therefore, it can be assumed that Ay = }’3—‘ In a previous study
(Melkikh et al. 2010), the following equation for proton flux, which is the result of
sunlight, was reported:

ngn;a w20 502 i\2
Ju = kpp =52 (7 7 (ngy)” — (ny)” ),
n
where kg1, n§, n5,—are constants.

According to experimental data, protons are carried through the thylakoid
membrane, which separates the lumen and the stroma, due to photochemical
reactions and the operation of ATP synthase.

Using the dimensionless variables hv — 2 ¢ — o Ay — Ak‘%,

o the equation
for the proton flow can be written as

Ty — gy £ ) — (ny)?
H — RHT (eAHr/w + 1)(1 +eh1’) :

The second flow of protons, which is controlled by ATP synthase, can be
defined as in a previous work (Melkikh and Seleznev 2007):

—Apty+me (nfq)m_ (n;)_])m

(1 + e Jr””‘P*Q)

e
ATP __ 1, ATP
Ta" =k

The frequency of the ATP synthesis reaction events, varp, is related to the
proton flow:

ATP
ATP __ ‘]H
v =
m

At present, there is no agreement among investigators regarding the stoichi-
ometric coefficient m of the ATP synthase-regulated process. The data varies: 2H*
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(Hall and Rao 1981; Nicholls 1982; Rubin 1987); 3H* (Riznichenko et al. 1999);
and undefined (Creighton 1999).

In mitochondria, the ATP synthase is of the same F|F type (Gennis 1989) and
has a stoichiometric coefficient of m = 3 (Melkikh and Seleznev 2007).

A simplified transport scheme for the thylakoid membrane is shown in
Fig. 3.12. The transport system includes the following elements:

e a proton pump, which feeds H" ions to the inside by absorbing light from the
photosystem II (conformon K2),

e ATP synthase, which performs ATP synthesis based on the different electro-
chemical potentials of the hydrogen ions at the thylakoid membrane,

e a primary PA acceptor outside the thylakoid, which accepts an excited electron
from chlorophyll on the inside through the absorption of a light quantum from
the photosystem I (conformon K1), and;

e passive transport of H™, K*, CI~, A~ anions.

It should be remembered that the concentration of protons in the stroma solu-
tion is sufficiently small (ng, < 10~* mM) that these cannot have a considerable
effect on the formation of the potential. We are unaware of any data that indicates
the presence of the active transport of other anions or cations. Therefore, the only
mechanism responsible for the charging of the thylakoid membrane is the transport
of electrons.

In the paper (Melkikh et al. 2010), an expression for the membrane resting
potential of the thylakoid membrane was presented. The resulting value of 8 mV is
consistent with experimental data.

Fig. 3.12 Scheme of proton
and electron flows through a
thylakoid membrane. PA—
primary acceptor
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3.10 Conclusion

In this chapter, a series of modeling techniques were used to study plant cells,
unicellular organisms and some cellular compartments. Based on the constructed
models, it can be concluded that the maintenance of a constant internal environ-
ment and the efficiency of the transport processes is a characteristic of microor-
ganisms and plants and animal cells. A distinctive feature of microorganisms is
their ability to survive in environments with a wide range of concentrations of
different substances. For example, bacteria that live in an environment containing
a small amount of potassium switch on an additional ATP-dependent pump to
maintain their internal potassium concentration. Another feature of many micro-
organisms is the ability of their cell walls to withstand the large pressure difference
between the cytoplasm and the external environment. In some cases (e.g. plants),
the pressure inside the cell can be maintained through the regulation of the vac-
uolar transport systems.
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Chapter 4
Optimization of the Transport
of Substances in Cells

We then consider the problem of optimizing the transport subsystem of artificial
cells and propose an algorithm for the synthesis of an artificial transport system
that can provide the specified concentration within the artificial cell and the desired
resting potential. In addition a method that allows the between the internal and
external concentrations is proposed. In the limit of a large number of transport
systems, which do not differ significantly from each other in their properties, it is
possible to simultaneously achieve constancy in the internal environment and an
efficiency, arbitrarily close to 100 %. A generalized cell model in distilled water
that maintains was built. The mechanisms by which chemical energy is converted
into directed motion of protocells in the early stages of evolution were considered.
Possible strategies of directed motion of protocells were received. These strategies
include the direct conversion of light energy into mechanical energy. We propose a
special stage in the evolution of protocells: a minimal moving cell. We also
consider the unsolved problem of the transport of large molecules in living and
artificial cells.

4.1 Optimization Methods Used for Models of Transport
Subsystems of Living and Artificial Cells

The use of optimization methods are an indispensable part of almost every branch
of mathematics. Many problems are reduced to finding the optimum (minimum or
maximum) value of a function (functional). The development of these methods is
largely predetermined by the needs of technology. Without exaggeration, we can
claim that all of the technical devices created by man are optimal in some way.
Throughout history, there is a continuous process of creating new technical
devices, which either perform the same job as an existing device more cheaply, or
perform more work than an existing device at the same cost.

A. Melkikh and M. Sutormina, Developing Synthetic Transport Systems, 131
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Nature works in a similar way. In the evolution of organisms, a number of
properties arose that gave the organism an advantage in its struggle for existence.
Many systems of the organism (cells) are optimized to varying degrees. This raises
questions such as: “Can we find a better structure for a system of the organism?”,
“If the organisms are not optimally arranged, then why?”, “Are there any general
optimization laws in living systems, that are guided by the same principles that
would make it possible for such a system to be created artificially?”. In the context
of this book, we will focus on the third question. We are interested in the most
general laws that govern the optimization of the transport subsystems of cells.
These laws will help us understand the evolution of this system and will also help
us create artificial cells that best fit the requirements. Appendixes 1 and 2 describe
the main optimization methods that are used in this book.

4.1.1 Effectiveness of the Energy Conversion in the Transport
of Substances Through Biomembranes

One of the most important questions in the modeling of artificial and living cells is
their effectiveness, in particular the effectiveness of the transport subsystem. This
is because the effectiveness (or any other criterion that evaluates the quality of the
system) is an essential feature of any engineering problem, and is used in the
optimization of any system. Therefore, we consider the most common hypothesis
for the efficiency of the energy conversion in the transport of substances. The
formula (1.12)

_J - Au
ni"/'A.UA.

for the efficiency of ion transport can be written in a more general form (1.14):

) 3 Crexp(Auy)
> Cilexp(Apy) — 1) In=————
i=1 E Ci

i=1
Ni n

; Ci(exp(Aus;) — 1)Apy;

This formula represents the ratio of useful power that could be obtained in a
system with equal concentrations of ions on both sides of the membrane to the
consumed power. The consumed power was also calculated assuming equal con-
centrations of the ions on both sides of the membrane. This formula was chosen
because the steady-state flux of the ions is zero in the absence of passive transport
(for example, for one transport system). At the same time, ATP would not be spent.
Therefore, the calculation of the net power in this mode does not make sense.
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The active transport of ions is usually required to maintain a quantity (con-
centration or potential). In fact, if a substance is transported in a nominal mode,
then its flux will not be zero. These two cases require separate modeling.

In the first case, the concentration of the transported substances (ions) is
maintained at a certain level by active transport. We note that a specific ion
concentration or electrical potential cannot perform any work. The work can be
accomplished only through the difference in the concentrations or potentials.
We show that, to maintain a certain concentration of ions inside the cell
(or compartment), it is advantageous to have an effective system of transport, i.e., a
transport system with minimal losses. Suppose that the active transport of ions
occurs in addition to the passive flux. The total flux is then

J=Cy (ni exp(Apy) — n”) +P(ni — no) =0, (4.1)

where P—is the passive permeability of the membrane.
It can then be shown that the difference in the ion concentrations that is created
will be lower than in the absence of passive transport:

i 0 CA+P

AT o exp(—A 42
= e Aa) T P n’ exp(—Auy), (4.2)

because 1 > exp(—Ayy).

In this case, if a substance is pumped out of cells, then the concentration within
the cell is less than the concentration outside. Therefore, the increase in the
concentration on one side of the membrane due to passive transport would reduce
the total concentration difference.

However, energy will be consumed continuously in the presence of passive
transport, whereas energy will not be spent in its absence. Thus, the presence of
passive transport leads to a permanent channel of free energy leakage. In this case,
the value of n < 1 characterizes the presence of this loss.

Furthermore, Eq. (1.14) can also characterize a non-stationary situation. If the
initial concentrations on both sides of the membrane are equal, the steady state is
reached fastest in the absence of loss (i.e., = 1). All other things being equal, the
minimization of the response time to a changed environment can be a winning
factor. In addition, due to the concentration difference created in the non-stationary
case, the work can be accomplished if the energy source (e.g., ATP) is either
absent or substantially reduced.

Now consider the case when the concentration of a substance (ion) is supported
by two or more systems of active transport. In this case, it is important to clarify
the purpose of active transport. Is it just to maintain the concentration of the
transported ion or is energy recovery also a target?

At steady state, the overall flow of an ion, which is equal to the sum of all of the
flows that are generated by each transport system, is equal to zero. This means that
each individual flux is not equal to zero (we consider this situation an example of
proton transfer):
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J = Ci[nly — nge®™] + G [nly — nge™e] = 0. (4.3)

The exception is the degenerate case in which the driving forces (the differences
between the chemical potentials of substances by which the ions are transported)
are equal Ay, = Ap,. Then, we have

Jy = Ci[nly — e ] =0, Jo = Cy[nly — nget] =0. (4.4)

Each of the two chemical reactions by which the transport occurs is coupled
with ion transport. Therefore, if the total flow is equal to zero, and there are non-
zero flows (J; and J,) the flow of each of the chemical reactions is also not equal to
zero. The concentration of ions that is created by two transport systems is the
following:

C b CzeA“Z

= ny 4.5
nH nH C1+C2 ( )

Each of fluxes can be written as the following:

o eAllz — eAﬂl
J] = C] Czi’lH

eAlll — eAﬂz
Ci+G '

:|, J2:C1C2nz,[ Ci+C
1 2

If the first force is greater than the second, then the first flux will be negative
and the second is positive; the reverse is also true. In this case, each flux can
perform the work. The key question then becomes whether such work is needed. If
such work is not required, then it cannot be considered useful work. Then, the
efficiency, which is of the form

Cl(l —eA"l) +C2(1 —eAHZ)
C1(1 — eAHl)A/.Ll + Cz(l — eAﬂz)Auz

n= Ap,

will have the sense of a power ratio, which can be obtained as the ratio of the
power of ion transport when the ion concentrations are equal to the power of the
separate work of pumps under the same conditions.

Thus, each of the compounds synthesized (these have a nonzero flux), must
either be used in another process, synthesized in another process, or passively
diffused into (from) the environment. In the latter case, as is the case with ions,
useful work cannot be accomplished. In the case of an outside process, the effi-
ciency will take a different form: the input power will be the power of one
substance and the output power will be the power of the other substance. Such
efficiency is not imaginary (virtual) and makes sense in the mode that is being
considered. If there are any additional processes, the flow of each substance in the
stationary state is again equal to zero. These additional processes must be taken
into account explicitly in the expressions for the fluxes of the substances. For
example, if the first force is maintained, then the second adjusts to it. In this case,
the expression for the second force can be obtained from the law of conservation
of the second substance:
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eA,u, _ eAuz
J2 = Clczn?_l <M) +Jg = 07
1 2

where the second term is the flux of this second substance, which is caused either
by its reverse reaction (passive) or an external useful process. From this equation,
we can find the value of Au,.

The general rule is that all substances that are transported are subject to some
form of the conservation laws. The expression for this efficiency is the following:

n= JzA,uz
JiAw

In this situation, the protons (or any other ions) act as a link (similar to gears in
a mechanical transmission) between the input and the output in the system.
Because the flows J; and J, are equal we receive

_ A,
H—A—‘
My

If the passive flow of the second substance is absent (this is equivalent to the
situation in which an active flow is equal to zero or that it is useful or fully

consumed), we have
A pA1
e e
JH=CCn| ——) =0
S H( Ci+C )

and n = 1.

If there are several transferred ions and only one difference in chemical
potential, which acts as the driving force of the transport, the analysis can follow
the analysis of the case with only one ion, i.e., when the concentration of an ion is
supported but there is no work performed. In this sense, the ions are only poten-
tially able to perform the work.

Note that all of the work that is performed in living cells is to ensure that the
greatest number (ceteris paribus) of copies of the organism (cell) is produced.
According to the classical results of population dynamics, the dominant species
(quasispecies) of an organism will win, which means that the organism will be
capable of producing more copies during its lifetime. Consequently, the most
effective system of transport would be one that can perform at a maximum output
of useful work per unit time, which is simply consumed to make copies of the cell.

In this formulation of the problem (the same input conditions), we cannot
introduce efficiencies or limit the maximum net power.

This leads to the formulation of another question: how does the output power
depend on the concentration? The fact that the majority of biochemical reactions are
catalytic (i.e., their rates are highly dependent on the concentration of any substance)
is well known. This dependence can be determined from experimental data. If we
bear in mind that the maximum power output is found with some ion concentrations,
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this contribution can be approximated as a quadratic term. Consequently, the
minimized value for the transport of substances can be represented as

W =JaAuy — > Jidp+ Y oy (nf, — 7)) — min. (4.6)
i k

The first term represents the power expended, whereas the second term cor-
responds to the amount of useful work. The third term represents the losses that
arise due to any deviation from the optimal concentration of the internal values.

In many cases, the losses caused by the difference between the internal con-
centration values from the desired concentrations can be consider in the relative

form
n —n
2 : k k
OCk< = )
78

k

because many of the ions with a low concentration (such as protons or calcium
ions) play a major role in the regulation of cellular processes.

In the analysis of the cells of an organism (or artificial cells) that only supports
the internal concentration of the transported substances, the optimization function
can be written without the second term:

W = JsAuy, + Z o (n), — nk) — min.

What are the losses that are associated with the deviation of the internal con-
centrations from the optimal values? In each case, the mechanism of the loss
requires separate modeling. In general, we can state that this type of deviation
involves an inefficient degree of freedom in the transformation of energy, i.e., part
of the free energy is lost to the environment.

The formula for the efficiency can be generalized to a continuous distribution of
the properties of transport systems. We characterized the difference between dif-
ferent individual transport systems with the quantity x, which can be regarded as
practically continuous. Then, by introducing the distribution function of the
intensity of the work of transport systems, f(x), we can write the following for-
mulas for the efficiency:

_In [ 7 (x)(exp( A,u )))dx [ f(x)(exp(Au(x)) — 1)dx
Jr) eXp Au( )) = DAu(x)dx

or

_In [f(x)g(x dxff )(g(x) — 1)dx
Jf(x)(g(x) — 1) Ing(x)dx ’

where

¢(x) = exp(Au(x)).
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It is easy to understand that, if there is only one transport system, then
f(x) = 0(x — xo)

and

n=1.

In the other limit case, in which all of the transport systems are equal to each
other,

gx) =g

This also results in the efficiency being equal to one.

4.1.2 Synthesis of the Transport System of an Artificial Cell
Based on the Method of Dynamic Programming

We can begin modeling the transport system of artificial cells with a constant
medium, which has constant properties (concentration of ions in it). At first glance,
the modeling of the cell in such a medium is a simple task that can be solved on the
basis of the algorithm “one ion—one transportation system”. That is, to find the
transport system for each ion that is able to create the necessary concentration
within the cell. The problem, however, is that the stoichiometry of ion transport
can only be an integer and it is likely to be small. What if none of the integers give
the desired concentration? It turns out that this problem is largely similar to the
well-known problems packing and the problem of optimal coding in the absence of
interference (see below). The essence of the problem of packing (e.g. a knapsack)
is that we want to load a container, which that has a limited carrying capacity, with
objects that have different values such that the total value in the container is
maximal (see Appendix 1 for details). One of the simplest algorithms for solving
this problem is a greedy algorithm, in which the container is filled with items that
are consistent with the most specific value.

Considering the synthesis of the transport subsystem, which is a similar problem,
we need to enumerate the transport systems and the number of transported ions to
reach the required concentrations and potential values. The analogue in this case for
the limited weight of the container may be the limited capacity of the genome that
encodes the various transport systems.

Then, the packing problem for the transport systems can be formulated as
follows: to determine the ion transport systems in a cell with a limited genomic
capacity (the total number of transport systems) that would ensure maximum
integral efficiency. In practice, this means that, for a given total number of different
channels or pumps, we need to determine the composition. In accordance with the
greedy algorithm, we will consistently first add the transport system that gives the
largest contribution to the objective function.
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The algorithmic sequence of steps for the synthesis of the transport system is
the following:

. Specify the desired concentrations of ions inside the cell.

. Determine the logarithm of the ratio of concentrations for all specified ions.

. Specify a list of the potential systems of transport.

. Determine the stoichiometry of the transport of each ion in each transport

system.

5. Find the deviation of the internal ion concentrations from the desired con-
centration and determine the losses associated with the deviation.

6. Reduce the losses considering the generalized pump and find its stoichiometric
coefficients.

7. Begin with the synthesis of the ions for a given number of transport systems

that makes the largest contribution to the objective function.

AW N —

Consider the transfer of two uncharged substances A and B. Let the concen-
tration of these compounds have the following numbers:

Desired concentrations inside the cell, mM Concentrations in the environment, mM
fz{’;‘ =10 ng = 100
ﬁ;;, =1 ng = 100

The right column shows the concentrations of the substances A and B that exist
in the environment, whereas the left shows the optimal concentrations that
improve the efficiency of the energy conversion processes in the cell. In addition,
let Ap, = 20.

In accordance with the algorithm, we first define the logarithm of the ratio of
concentrations:

ng ng
In-2=23, In-2=4.6.
Ny np
We then find the stoichiometry of the transport of each ion based on its
transport system:
20 20
my = — = 8.70, mp = — = 4.35.
1723 TP 46

Rounding to the nearest integer, we obtain my = 9 and mp = 4. As a result, we
calculate the concentrations of both substances corresponding to the integer stoi-
chiometry: n, = 13.5 and nj; = 0.67.

We can then determine the relative losses:

il — i\ il — i\ 2
Wy = oy (%) andWB:ocB<¥) )

iy np
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The coefficients o4 and o are determined from experimental data. However, if,
for example, we consider these to be equal to unity, then we obtain the following

total loss:
n — nl 2 nk, — nk 2
W= <A~i A) +( B B) = 0.48.
o np

If these losses exceed the maximum allowable, then we introduce a new
transport system in an attempt to reduce these losses. We therefore consider a
generalized pump:

()" () "exp(Ana) = (n3)" ()"

The coefficients m and k can take negative values (the ion is transferred into the
cell rather than out of it). The value of Ay, may be zero, which indicates the use of
an exchanger and not a pump. Taking the logarithm of this equation and substi-
tuting the desired concentration, we obtain the following equation:

m1n<”—;*) +k1n<”—f) — Ay,
na np

We are interested in the integer solutions of this equation. Note that, for large m
and k and a large number of ATP molecules, we can always find a whole solution
that gives results that are arbitrarily close to the desired output. If, however, we are
limited to small numbers (this corresponds to a small number of genes used for
transport systems), we obtain:

Apy =20

k m
4 1

3 2
3 3
2 4
Apy =

k m
—-0.5 1
—1 2
-3/2 3
-2 4

Thus, through enumeration (this is realistic for small numbers), the problem can
be solved.

Note that if an exchanger is used for one of the ions as the sole transport system
of that ion, then the second ion can choose another exchanger. Because the flux of
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the first exchanger is equal to zero in the steady state, this flux will not contribute
to the flux of the second ion. This issue will be discussed in Sect. 4.1.5.

What fundamentally changes in the algorithm if the presence of charged ions is
allowed? First, the ions cannot, in principle, be independent of each other because
of the electric potential. Second, the desired internal concentrations must also
establish neutrality. Consider the synthesis of the transport systems of charged ions
using, for example, a combination of Na*, K* and CI™. Suppose that the medium
has the following composition:

Desired concentration inside the cell, mM Concentration outside the cell, mM
f%:lo ng, = 100
itk = 100 ng =10

n¢g; = 110

We can then determine the logarithm of the ratio of concentrations without the
potential:

0 0
= =23 and In-K =23
"Na ng

We can first assume that the potassium is transferred passively. We then find the
stoichiometry of the transport of each ion in the transport system:

20 20
—E—870 and mK—ﬁ—

Rounding to the nearest integer, we obtain my, = 9 and mg = 9. As a result, we
can calculate the concentration of sodium ions based on the integer stoichiometry:
ni, = 13.5. We can assume that the chloride ions are also transferred passively.
In addition, we can add the concentration of non-penetrating ions in the cell such
that ny = 50.

We can then calculate the potential from the electroneutrality condition:

8.7.

MNg

M + Hy, = Ny + a,s
ng exp(—) + ny, exp(—Auy — my,@) = ngy exp(@) + na.

From this equation, we can numerically find the electric potential as a function
of the external concentrations.

In the next step, we can determine the ion concentrations inside the cell taking
into account the calculated electric potential. If these concentrations do not differ
much from the desired concentrations, the synthesis procedure ends; however,
if the difference is large, then we continue to the next step of the algorithm in
which we consider a generalized pump with charged ions:

()" (i) exp(Apy + (m + k) @) = (n%)" (n3)".
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As a result, we find, through the enumeration of integer values for m and %,
which set of values gives the internal concentrations that are closest to the desired
concentration and provides the lowest total number of transport systems (the
minimum number of genes). Repeating this procedure iteratively, we can find the
optimal transport system that gives internal ion concentrations that are arbitrarily
close to the desired concentrations.

Note that there must be some limit on the total number of simultaneously
transferred ions of one sign due to their Coulomb repulsion. As shown in Chaps. 2
and 3, there are no currently known exchangers that can transport more than five
ions of different signs.

The proposed procedure can easily be supplemented by the requirement to
maintain a certain pressure difference between both sides of the membrane.

It should be noted that the proposed algorithm can be attributed to the method
of dynamic programming. Dynamic programming is a way to solve complex
problems by breaking them into simpler subtasks. The key concept behind
dynamic programming is the following: to solve a problem, it is necessary to solve
some of the tasks (subtasks) and then combine the solutions of the sub-problems to
obtain one common solution. Often, many of these subtasks are the same. The
approach of dynamic programming is to solve each sub-problem only once,
thereby reducing the amount of total computation. This is especially useful in
cases in which the number of repeated sub-problems is exponentially large. More
information on the method of dynamic programming is provided in Appendix 1. In
the case of transport systems this method means we only need to solve the problem
of the generalized pump once and can then use the solution throughout the
algorithm. For example, the packing problem (Appendix 1) can be solved exactly
using dynamic programming.

Note that the problem of synthesizing an artificial cell transport system is in
many ways analogous to the problem of optimal coding in information theory. The
analogues for the primary (coded) alphabet in this case are the internal and
external ion concentrations and the analogues for the secondary alphabet are the
transport systems. From coding theory, it is known that long codes can be used
efficiently (with little or no redundancy of rounding) to encode any message in the
absence of losses. In our problem, we see a similar situation: the use of a large
number of transporters that carry some of the ions can achieve the required con-
centration and potential.

The analogy with coding can be extended to the case of errors. There are error-
correcting codes, the essence of which is that each message contains “extra” bits
(does not carry useful information) that, through the use of a particular algorithm
(e.g., using the Hamming code), can be utilized to correct any errors. A similar role
is played by the regulatory system of transport (see Chaps. 2 and 3), the precise
role of which is the correction of the internal ion concentrations obtained through
the major transport systems.

How to take into account any possible changes in the environmental concen-
trations for the synthesis of artificial cell transport systems? It is crucial to know a
priori how these changes can affect the external concentration.
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The model of two environments.

The simplest situation is the following: imagine that the external environment of
the cell can only be in one of two states with known properties (e.g., fresh and salt
water). Then, the probability of finding the cell in the first medium is equal to p,
whereas the probability of finding the cell in the second medium is (/—p).

Consider a possible sequence of syntheses of a cell transport system. First, in
accordance with the algorithm discussed previously, we can find the optimal
transport system for each environment separately. Then, the problem can be
viewed as a game in which the two media can be considered the strategy of one
player (nature) and the operating transport systems can be considered the strategies
of the cell. One of the simplest variants of the mixed strategies in this case is the
presence of regulators, which switch the transport systems on and off.

In the general case, in which the external environment can be an infinitely large
number of states, information on the distribution of the possible states in the
environment will play an important role in the synthesis of transport systems.

If the dispersion over the environmental states is small, the first step (with a
limited number of transport systems) is to use the proposed algorithm to determine
the main transport systems that provide the desired potential and concentrations
within the cell. In this case (if there are any severe restrictions on the number of
transport systems), the regulatory systems may not be used.

If the dispersion over the states of the environment is large, the synthesis
algorithm must be modified such that the regulatory systems of transport are
synthesized, at least for the major ions.

4.1.3 Ideal Transport System: Simultaneous Optimization
of Robustness and Effectiveness

Previously (see Chap. 1), we considered two limiting cases: an effective system of
transport (with minimal costs) and a robust system that maintains a constant
internal concentration of the ions. We now consider the limiting case in which both
of these properties are simultaneously implemented, which can be considered the
ideal system of transport.

Imagine that a cell has an unlimited number of different carriers. Although this
situation cannot be realized in nature, consider that this limit is of fundamental
interest. Suppose that when the concentration of a substance in the environment
changes, the transport system also changes to maintain the required internal
concentration of the substance with the new external concentration. In the presence
of a large number of different transport systems, such a system, which maintains
the required concentration value, can always be found. The individual transport
systems may differ from each other in either the driving forces (Au,) or the
stoichiometry of the ion transport.

Above, we considered the case of the regulation of toxic metals in bacteria.
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That is the stoichiometry for a given value of Ay, can be different for different
transport systems. If, however, this value is limited to integer numbers of ions,
then, as shown in Fig. 4.1, it might prove difficult to provide a constant internal
environment. It is much easier to obtain the desired consistency if a fractional
stoichiometry (the ratio of the number of transported ions to the number of ATP
molecules) is used. This does not mean that a fractional number of ions can be
transferred, but that the ratio of the number of ions transferred to the number of
ATP molecules that are used can be fractional. To obtain a fractional stoichiometry
ratio, sufficiently large number of transported ions and molecules of ATP should
be considered. In this case, their relationship may be, in principle, arbitrary. For
example if three ions are transferred into the cell with two molecules of ATP, the
stoichiometric ratio is 1.5. However, the simultaneous transfer of a large number
of ions as well as the use of a large number of ATP molecules, would lead to
complications in the transport system of a cell.

In this case, it is easy to show that the use of a fractional stoichiometry in the
limit of a sawtooth dependence (Fig. 4.1) will lead to a horizontal line.

The same reasoning can be used for robust strategies. Thus, the use of fractional
stoichiometry yields both robust and effective strategies for the same limit: a
straight line, as shown in Fig. 4.1, which corresponds to the normal state.
However, this means that the requirements of robustness and efficiency are
simultaneously met. If we consider an effective strategy (when at any moment,
only one transport system works), we find that the efficiency is unity and the
deviation from the norm is arbitrarily small. For robust strategies the deviation
from the norm is zero, and the efficiency of two closely related systems of
transport will be arbitrarily close to unity.

The analysis of the situation in which many systems of transport transfer a
given ion at the same stoichiometry but with different driving forces is similar. In
fact, at various driving forces Ayy;, the switching between transport systems will
be similar to that shown Fig. 4.1. If a small difference exists between the nearest
available transport systems, the transport system that is arbitrarily close to the ideal
(which simultaneously fulfills the conditions of robustness and efficiency) can be
received.

Fig. 4.1 Different n'
stoichiometries for the given
value of Apy
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Fig. 4.2 The sequence of
switching between different
transport systems

Figure 4.2 illustrates the sequence of switching between different transport
systems (effective strategy) during changing of the composition of the environment.

In the case of the system having a robust strategy, the figures will be similar but
will involve two adjacent transport systems at all times.



4.1 Optimization Methods Used for Models of Transport 145

Obviously, the generalization of these cases is the notion of “the driving force
attributable to a portable ion”. This quantity will eventually characterize the
dependence of the internal concentrations on the external ion concentrations.

Note that the presence of charged transferred ions does not introduce any
fundamental changes to the algorithm used for the synthesis of an ideal transport
system. The only difference in the presence of charged ions would be that the
dependence of the internal concentrations on the external ion concentrations is not
linear (see Chaps. 2 and 3). However, in this case, the similar transport system that
is arbitrarily close to the ideal transport system can be chosen.

4.1.4 Method of the Critical Point

The disadvantage of the ideal system of transport is the need to somehow switch
between transport systems. This switching between transport systems also requires
modeling. This modeling should take into consideration that any degree of free-
dom that is associated with the switching between transport systems must some-
how be encoded in the genes. Consequently, the relative simplicity (ceteris
paribus) is an important feature of this switch.

Consider the simplest version of the switching of transport systems, which was
proposed in a previous study (Melkikh and Seleznev 2008). The basis of this
switch places a nonlinear dependence of the membrane permeability P for the
substance being transported on its external concentration:

P(n°) = Py + a(n® — ) + 5 (n° — )7, (4.7)

where Py is the constant permeability, o and f are coefficients, and 72° represents
the value of the concentration of the substance in the environment, which is near to
where the expansion in series is performed.

Equation (4.7) has a fairly simple physical meaning: the permeability can
contain both a constant and a variable component, which are proportional to the
first and second degree of the concentration of the substance being transported,
respectively. This means that the opening or closing of the channel will be a
chemical reaction that depends on the fullness of a particular sorption center. It is
obvious that one of these centers may contain a single molecule and that the
second will contain two of the molecules. This type of membrane permeability
control that is caused by the presence of any substance in their sorption centers is
widespread. Figure 4.3 illustrates a scheme of the regulation of transport, corre-
sponding to Eq. (4.7).

In accordance with previous research (Melkikh and Seleznev 2008), we con-
sider the simple system of transport for which the regulation described in Eq. (4.7)
can be realized. One of these simple systems can be a system that consists of one


http://dx.doi.org/10.1007/978-94-007-5893-3_2
http://dx.doi.org/10.1007/978-94-007-5893-3_3

146 4 Optimization of the Transport of Substances in Cells

Fig. 4.3 The scheme of
regulation of transport,
corresponding to Eq. 4.7
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active transporter and one channel with variable permeability. Then, the equation
for the flow of the substance being transported will be

Clxexp(Auy) —y) + P(y)(x —y) =0, (4-8)
where C is a constant that characterizes the pump speed, x is the concentration of
the substance inside the cell, y is the concentration of the substance in the external
environment, and P(y) is the penetrability of the biomembrane to the actively
transferred molecules, which can be determined by the following equation:

P(y) = Po+a(y —yo0) + 4 (v — y0)™. (4.9)

N[

Let x, be the internal concentration, the value of which must be maintained at a
relatively constant level. Then,

xo exp(Ap,) — Yo
Yo — Xo

Py=C (4.10)

We then choose the coefficients o and f such that the relationship has an
inflection point (critical point). At the same time, the following conditions should
be satisfied:

2

—x=0 and 0.

dy "

Under these conditions, the dependence of the internal concentrations on the
external concentrations becomes critical, as shown Fig. 4.4.

Thus, the method of the critical point uses a nonlinear dependence of the
membrane permeability on the concentration of the substance being transported to
create a critical point (inflection point) where it is needed. Near this critical point,
the dependence of the inner concentration on the outer concentration will be weak.

The proposed method can be extended to the transfer of charged particles and
the use of an arbitrary number of transport systems and materials.



4.1 Optimization Methods Used for Models of Transport 147
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It may be noticed that the closer each other transport system is to its driving
force, the narrower the range of the weak dependence of the internal concentration
on the external concentration; the reverse statement is also true. However, the
direct losses due to the differences in the transport systems will be less.

The proposed method for the organization of the critical point can also be
generalized to an arbitrary number of variables. For example, in the case when an
ion is transported by two systems of transport, the concentration inside the cell will
depend on the concentrations of the ions outside the cell, which can be used to
obtain the concentrations of other ions (for an example, refer to the transport of
sodium ions in bacteria, which is described in Chap. 3):

Py Py + Cnfy, Prg exp(Apy) + Cng Py exp(Apy)
nNa = nNa 0 2 _
PnaPu + Cng Py + PnaCn%, exp(Auy) + C?ngnd, (exp(Apy) — 1)
(4.11)

After the addition of the permeabilities, Py, and Pp, which depend on the
concentrations, to Eq. (4.11), we can obtain the critical point using the same
method. The internal concentration of sodium ions will weakly depend on the
external concentrations of sodium ions and protons.

The universality of the behavior near the critical point can be manifested: it is
always possible to introduce a function of permeability that will provide a critical
dependency, regardless of the dependence of the internal concentrations on the
outside concentrations. It is important to note that a necessary condition for the
organization of the critical point is the presence of “extra” transport systems
(active or passive), which can be adjusted accordingly. Above, it was concluded
that such “extra” transport systems just play a regulatory role.

It should be noted that a weak dependence of the internal ion concentrations on
the external concentrations was also obtained in the simulation of ion transport,
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(for example, the transfer of potassium ions in plant cells). From the previously
derived Eq. (3.53)

2 o o
@ =In \/(ZA’ZA> +n7K + nl;]“ exp (— —ANA> — ZAIZA
2ngy Ny Ng 2 2ngy

it follows that

ny = n exp(—¢) =

- .
Zana " Mk M ABAY  zin,
2n? n%,  no p 2 2ngy

Cl Cl Cl

Neglecting the concentration of the sodium ions (because of the small expo-
nent) and expanding the value of

o
g

0 )
ney

in series, we obtain

nie = Zyny | 14+ —K2C 4. ). (4.12)
(Zana)

This formula confirms the earlier conclusion that the internal concentration of
potassium ions has a weak dependence on the external concentration. Of course,
this dependence is not required to have a critical point, which was used as a
workaround in this methodology. Thus, the first term in the series expansion will
not include the concentration of potassium ions with high accuracy.

The physical meaning of this relation is clear: the potassium ions account for
the vast majority of the cations of plant cells, whereas the majority of anions
include the non-penetrating ions, the concentrations of which remain almost
unchanged. However, because the condition of neutrality should be upheld in all
cases, the concentration of potassium ions must also remain essentially constant
when the concentration of potassium ions in the environment changes. This con-
clusion is also true for other cells, such as bacteria and yeast.

4.1.5 Controllability and Paradox of Ions Transport

Consider the case in which the number of major transport systems is less than the
number of transferred ions. Although this situation is usually not realistic for living
cells, its study is important for understanding the synthesis of a transport system in
artificial cells.

Suppose we have two ions that are transferred through a system of active trans-
port. In addition, we note that both of these ions (for definiteness, let it be the ions
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Na* and H" ions) can be transferred passively. We then consider the case of transport
without electric potential. Then, the flow of ions in the steady state can be written:

Py(nyy — ngy) + C(niynfexp(Apy) — njnly,) =0 (4.13)
and
Pya(nly, — n%,) + C(niy,n% — n§niyexp(Apy)) = 0. (4.14)

The solution to the system of Eqgs. (4.13 and 4.14) can be written as follows:
i PyPra + Cnfy, Py exp(Apy) + Cngy Py exp(Awy)
o = " PrnoPp + CngPy + PnaCnfy, exp(Apy) + C2ngingy, (exp(Apy) — 1)
(4.15)

Note that if both passive permeabilities are zero, then Eqgs. (4.13 and 4.14)
coincide and two variables cannot be found. The problem thus becomes unsolvable.

To solve the system of Eqgs. (4.13 and 4.14), we consider a time-dependent
formulation of the problem. We therefore let the permeability go to zero and write
the balance equations for both ions in the form of

dni i 0 o i
dtl = —C(n - n3 - exp(Apy) — nf - n) (4.16)
and
dl’llz i 0 o i
VI = C(n1 “Hy exp(Au,) — ny -nz), (4.17)

where V—is the cell volume. Adding both equations, we find that the internal
concentration of ions is bound together by the relation

X +y = const = xy + Yo,

where the subscript “0” refers to the initial instant of time. Then, expressing one of
the concentrations using this relation, we substitute it into the original equation.
The result is a time-dependent set of solutions for the concentrations that contain
exponential terms. Next, we let time go to infinity to obtain the stationary solutions:

Xo + Yo
x=b———— and
a-exp(Apy) + b (4.18)
a-exp(A ’
y = (x0 + yo) LE)

a-exp(Apy) +b

As observed from Eq. (4.18), the distinguishing feature of this solution is that
the concentrations of both quantities depend on the initial conditions. However,
this is an apparent contradiction because such a situation occurs frequently in
mechanics. For example, this situation refers to the position of a particle on a
horizontal surface (indifferent balance) or communicating vessels when gravity is
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negligible. In our case, it will be an inertialess equilibrium because inertia is absent
in the model of ion transport.

One can generalize this conclusion to the existence of charge (and potential)
and to any number of ions and transport systems.

Note that a similar situation arises in control theory. In linear control theory,
these exist systems that are not completely controlled, which means that some
variables cannot, by any choice of control, lead to a predetermined value (for
details on controllability, see Appendix 2). In our case, this means that, in the
presence of one transport system, it is impossible for the two ions to control the
concentration of one of the ions (for example, by changing the value of Ay,) at a
given concentration.

We now consider the case in which a transport system transports three ions with
the corresponding stoichiometric coefficients m, n and k. Let the active flux of the
first component be written as

Jr=mC ()" ()" (1) explAua) — ()" (n3)" (n2)").
The other fluxes have a similar structure:

I = nC( ()" ()" () “exp(Apey) = ()" ()" (n5)")
and

T =kC ()" (28)" (24) exp(Bpa) — (n)" (n3)" (12)")

We then construct the balance equation for each ion:

()" ()" () expl) — (1) ()" 02)").
s ()" )" 1) explAu) — ()" ()" ().
dng B

It is easy to observe that the equations can be transformed as follows:

an’ dn: an'
nk—1 = mk—2=nm—2.
dt dt dt
After integration, we observe that the internal variable concentrations are
dependent on each other:
nnly = mnly + nn'y, — mnly, and

P i i
kny, = nny + kny, — nny,
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In a living cell, the exact degeneracy of the system of equations will not occur,
but weak degeneracy (weak symmetry breaking) is always possible. In this case,
when any two ions carry the same basic system of transport and the secondary
transport systems for each of them have low power, these two ions are strongly
correlated with each other. Such a correlation should occur when the environ-
mental concentrations of each of the ions change.

Summarizing the above examples, we can conclude that the strong links
between the different ions lead to the fact that the ability to individually control
each of them is limited. From a mathematical point of view, the right-hand sides of
the non-stationary ion balance equations can be represented as a column vector:

fi(ni)
f(nz) _ fZ(nt)

fn(ni)

If this column vector has a rank lower than the number of variables, the system
is degenerate and at least one variable is not independent. In contrast to linear
control theory, this column vector cannot be represented as a linear combination of
variables (matrix) because the ion fluxes depend nonlinearly on their
concentrations.

4.1.6 Cascades and Networks of the Transport Molecular
Machines

Many biological structures can be represented as networks or graphs. In this case,
we can use mathematical methods designed for such objects. In particular, we will
use a generalized Kirchhoff’s law, which is designed for transport problems.
However, the serial or parallel connection of the transport of molecular machines
is applicable to many technical processes (for example, the separation of sub-
stances). Let us consider the network aspects of the transport of substances in the
cells.

Obviously, the same transport systems in a cell (e.g., Na—K-ATPases in the cell
membrane) can be considered as they are connected in parallel. A series con-
nection occurs when there are compartments within the cell through which the
same ions are transported as through the outer membrane. In general, this sym-
metry is broken because transport systems of various types are non-linearly
related. Therefore, we should represent the transport system as a network of
interconnected elements.

One of the first studies in which the metabolic network (which includes the
transport networks) was presented in the form of graphs was performed Oster and
co-authors (Oster et al. 1971). A number of criteria for the analysis of metabolic
and transport networks was later proposed (e.g., Price et al. 2002; Beard et al. 2002).
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Fig. 4.5 The transport
system of a cardiac cell

Fig. 4.6 The transport
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For example, Beard (2002) proposed an analog of Kirchhoff’s second law for the
analysis of metabolic networks. Other methods include flux balance analysis (FBA)
and extreme pathway analysis (ExPA) (Varma and Palsson 1994; Bonarius et al.
1997; Schilling et al. 2000).

In paper (Melkikh and Sutormina 2011), the transport system of cardiac cell
was represented as a graph, as shown in Fig. 4.5.

For comparison, we constructed a graph of the transport system of archaea
based on the data presented in Chap. 3, which is shown in Fig. 4.6.

In Fig. 4.6, chlorine (as well as all of the other ions) is implicitly linked with the
other ions through the potential. This link is not displayed on the graph. Such
representation may be useful for understanding the topology of the connections
between transport systems.

Because, as was mentioned above, the parallel and serial connections are the
limiting cases of the network, it makes sense to analyze these cases separately.


http://dx.doi.org/10.1007/978-94-007-5893-3_3

4.1 Optimization Methods Used for Models of Transport 153

Fig. 4.7 Schematic of a F P
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It should be noted that there is an important similarity between the transport of
substances in the cells and the process of separating substances in technical sys-
tems. For example, the basic unit in the separation of isotopes is a separating
element, which, as is the case with a molecular machine, transports material in a
cell designed for the transport of a substance. A schematic of the separation
element (Palkin 1998) is shown in Fig. 4.7.

The transport system of an ion can be regarded as a special case of this sepa-
rating element. In fact, each transport system transfers not only one particular ion
but transfers other ions with a certain probability (for example, in addition to
sodium ions, a transport system has a certain probability of also transferring
rubidium ions). This situation generally corresponds to waste products (i.e., gen-
erally speaking, unnecessary product).

The similarities and differences between separating elements and the transport
systems in cells are shown in Table 4.1.

The difference between the transport of substances in the cell from the cascade
separation of substances (except, in the physics of transport, size, etc.) is in the fact
that the concentrations of some substances in cells can vary greatly. Therefore, the
transport systems in cells are asymmetric, i.e., the individual subsystems that
transport different ions are not necessarily constructed in the same way.

We also note an important property of the cascades of separating elements,
which is based on the fact that these elements can be (at least in principle) used to
build an ideal cascade (e.g., Palkin 1998). The essence of the ideal cascade is that
the work that performed for the separation of the mixture in one stage is not lost in
the connection between the steps in the cascade. This requires that the mixture
streams, that connect the input of any one stage, have the same isotopic compo-
sition. In addition, the countercurrent cascade, which only connects with the same
concentrations, is ideal, i.e. the entropy of the conjunction of fluxes at the input of
each stage does not increase (Cohen 1952).

A similar principle was introduced when considering the efficiency of the
cellular transport machinery (Melkikh and Seleznev 2008): the loss of efficiency
through the connection of two transport systems is zero only if the systems have
the same driving forces. In this case, the concentrations in the steady state are also
equal to each other (for example, the various transporters of calcium in cardiac
cells, which are described in Chap. 2).

Consider the organization of an artificial cascade in a cell, which was built
using the following principle: two adjacent transport systems (which differ little
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Table 4.1 Similarities and differences between separating elements and transport systems in
cells

Separating element Pump, exchanger, channel

The separation of substances requires an The transport of some ions requires ATP energy
external power source

Many separating machines are connected in ~ Many transport systems are connected in parallel
parallel

Series-connected separation elements form a A serial connection of transport systems is

cascade possible in compartments

The concentrations of substances change as a The concentration of substances changes as a
result of the separation process result of the transport process

There exists a product-less mode in which There exists a mode in which the flow of the
there are no input and output fluxes substance being transported is absent

from each other) transport the same ion and there is one transport system at the
output. Suppose that the number of different transport systems is large. In this case,
the next stage of the cascade of transport systems will be smaller by a factor of
two. The efficiency of the transport process will be close to unity in this situation
because the properties of the neighboring transport systems are similar to each
other (see Sect. 4.1.1). Let x be the parameter that characterizes a set of different
transport systems. Suppose these systems are ordered such that x increases in the
transition from one system to another. The flow at the exit of two transport systems
with similar properties is of the following form:

J = Ci(exp(Any) — 1) + Co(exp(Awy) — 1) and

oC oA
Co=C) +—=—Ax, Ay = Ay + al
Ox Ox

Ax,

where Ax is the difference of the value of x of two neighboring transport systems.
Applying Eq. (4.5), we obtain the following difference in the chemical potential:

Crexp(Am) + (€1 + 5 &) exp Ay + 248 Ax)

Ap = 1In
g 2C; + S Ax
At small Ax,
1 aAﬂl
Au=A - Ax.
H uy + 2 ox

This means that the difference in the chemical potentials of the output machine
is equal to the average value of the input differences. The flow is then converted
into the following form:
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J = Cilexp(Auy) — 1)

A
+ Cl—&-%Ax exp(Au,) l—l—MAx -1
ox Ox

=2C(exp(Apy) — 1)

0A oC
+ Ax(Cl exp(Ay,) 651 —i—a—xl[exp(Au,) - 1])

(4.19)

Thus, the organized of similar transport systems that transport the same ion can
convert the flow through each transport system to the next stage. Varying the
stoichiometry of the transformation (i.e., the ratio of the number of transport
systems at the input to the number of systems at the output), we can either increase
or decrease the flow of material through each transport system with almost no loss
(the efficiency of this transformation for a small Ax is close to unity).

Nonlinear relationships between the different ion transport systems in cells can
be used to maintain the concentration of an ion at a constant level. Various
examples of such relationships were described in Chaps. 2 and 3. The presence of
strong links between the transport subsystems can result in the fact that a signif-
icant change in the concentration of an ion in the environment is more or less
evenly distributed among the various ions. As a result, the changes in their
intracellular concentrations may be relatively low. This principle can be used in
the design of transport systems in artificial cells.

It is essential that, in the nominal mode of operation (norm), these auxiliary
transport systems do not work. Basis on the known concentrations, the stoichi-
ometry can be chosen such that the flows are minimal.

A cascade of transport systems can be created to maintain a constant concen-
tration of a substance in a different way.

We assume that the transport of A is organized based on the “critical point”
(see Sect. 4.2), which means that there is a non-linear regulator that provides a
constant concentration of A inside the cell for a certain range of external con-
centrations. In the next step, if the substance is transferred to the compartment, its
intracellular concentration will have an input parameter for the next regulator,
which is organized similarly. By creating a cascade of regulators (see Fig. 4.8), we
can achieve a high degree of constancy in the concentration of the substance being
transported.

Fig. 4.8 Hierarchical system n
for the regulation of a °
transported substance
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Thus, we can draw a general conclusion that during the regulation of the
transport of one substance, maintained at a constant level at the expense of other
(regulatory) substance, concentration of regulatory substance will vary signifi-
cantly with changes in the environment. These additional degrees of freedom, as
well as the process of regulation, will require extra energy.

4.1.7 Regulation of the Pressure in Generalized Cells, Cells
in Fresh and Distilled Water, Transport of Water

Consider the cases in which the pressure inside the cell decreases or grows (for
example, generalized plant and animal cells).

Let the transport system of a generalized animal cell (Case 1) have the fol-
lowing composition: Na—-K-ATPase, passive transport of potassium, passive
transport of chlorine ions and non-penetrating ions.

Similarly, the generalized plant cell (Case 2) has the following composition:
H-ATPase, Na—-H-exchanger, passive transport of potassium and non-penetrating
ions.

For Case 1, we have (see Chap. 2)

. Au .
e =150 (=0 = ) oy = iy explge).

ni. = n% exp(—q) and

2
Zan ng —A ns Zan,
¢ =1n \/(ff) +< f“exp(—;“) +TK> —5
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Then, we can write the internal concentrations of the major ions and use these
to calculate the pressure:
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Neglecting the small terms, we obtain
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We assume that the solution is sufficiently dilute such that the pressure inside
the cell can be calculated by the following formula:
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then Eq. (4.23) can be expanded in series. As a result, we obtain the following:
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Thus, the pressure depends only on the concentrations of the potassium and
chloride ions. If the charge of the non-penetrating ions is equal to unity, we obtain
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The outside pressure is then
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The difference between these can be written as
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Changing the pressure difference across the membrane will depend on how this
change would alter the composition of the external environment. We can consider
the following two main options: the addition of sodium and chlorine and the
addition of potassium and chlorine. If we consider the first case, we have the
following equation:

Ap n%
w2t (ﬂ%ﬁ“)a*n&*nfvﬁn?ﬁh,
where o represents the addition of sodium and chlorine to the external
environment.

Thus, the addition of sodium and chlorine to the environment will cause the
pressure difference between the generalized animal cell and its environment to

decrease linearly. In the second case, we obtain

o
2—5 =2n4 + (ngy + B) —(nKr: h) —ngy — ny, —ng — 2,
where f represents the addition of potassium with chlorine to the external envi-
ronment. Thus, there is a nonlinear dependence that, for a small 5, will also be
decreasing. For large values of f3, it is necessary to use the non-linear Egs. (4.20-
4.22).

Recall that all of the calculations were made by changing the pressure differ-
ence in the absence of the regulation of ion transport. In the presence of regulation,
the results will vary.

From the structure of Eqs. (4.20—4.22), it is observed that the results for the
generalized plant cell will be similar.

Consider a special case in which the environment surrounding the cell contains
almost no ions. If we assume that the ratios between the concentrations of sodium,
potassium, and chlorine remain the same, then the formula for the generalized
animal cell that was obtained previously can be simplified to the following:

Zana\>  [nS A n Zin
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~ In "k
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If we assume that the concentrations of the non-penetrating ions remain the same
and that the concentration of potassium ions is negligible, we find that the potential
is negative and very large. A similar conclusion can be drawn for the generalized
plant cell.

What are the consequences for the cell from such a significant increase in
potential? First, when a large potential difference exists between the cell and its
environment, an electrical breakdown of the membrane may occur. Second, the
pressure difference between the cell and its environment will be very high. For the

(4.24)
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generalized animal cell, this may lead to mechanical deformation or the rupture of
the membrane. Note, however, that even distilled water contains ions (H* and
OH™), which will limit the potential. Although distilled water does not exist in
nature, cells that live in fresh water use these or other methods to prevent the
deformation and rupture of their membranes.

Consider a mechanism for the removal of water from cells, which exists in
some protozoa. One such mechanism involves a contractile vacuole, which is a
membrane organelle that is responsible for the release of excess fluid from the
cytoplasm. The contractile vacuole is the most significant part of the complex,
which acts as the reservoir and is emptied periodically. The fluid enters the con-
tractile vacuole system of the vesicular or tubular vacuoles. The complex allows
the cell to maintain more or less a constant volume to compensate for the constant
flow of water through the plasma membrane, which is caused by the high osmotic
pressure of the cytoplasm.

The contractile vacuoles are common among freshwater protists but are also
found in sea forms. Similar structures are found in the cells of freshwater sponges.
The main function of the contractile vacuole is the regulation of the osmotic
pressure within the body of the protist. The contractile vacuole also partially
fulfills an osmoregulatory and renal function by combining the environmental
products of the metabolism with water. The contractile vacuole likely plays a
significant role in the process of respiration because the water that penetrates the
cytoplasm by osmosis carries dissolved oxygen.

However, note that the mechanisms by which the contractile vacuole transports
water are not currently clear.

The question of whether there is active transport of water in cells at the level of
the water molecules then arises. From the standpoint of thermodynamics, this
process is certainly possible, but the literature on this subject is contradictory.
There are, for example, water co-transporters (Zeuthen 1995) for instances in
which the water molecule is transferred in combination with other ions. However,
are water molecules always transferred with ions, or can they be transported
separately?

Most likely, the active transport of water is possible only in instances in which
the water is somehow consumed (i.e., it reacts with other substances) in any area of
the cell. At the same time, a gradient of the chemical potential of the water
molecules will form, which will consequently allow the flow of water from one
place to another. Because a multi-cellular organism evaporates water, the flow of
water, which can be referred to as the active transport of water, must exist.

We can consider a hypothetical transporter of water and calculate the pressure
difference that can be created between the cell and the environment. It is important
to note that the pressure will also contribute to the chemical potential. Then, taking
the pressure difference into account, the chemical potential can be written as

Ap = kTin™™ + vAp,
nl
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where v is the value per molecule of water. In kT units, the chemical potential can
be rewritten as

n’  Ap I n’  MAp
. =In—+——
n'  nkT ni  pRT’

where M is the molar mass of water and p is the density of water.
We can then estimate the contribution of the second term and discuss under
which conditions it needs to be considered:

MAp 6x 1073

~ ~ 1073,
PRT 8.31

This contribution is small (it was calculated assuming a pressure of 1 atm),
compared with the value of a few units of kT for many ions. However, if a cell
only has a system of water transport, this contribution must be considered because
it is unique.

In addition to active transport, the passive transport of water will always exist.
According to Gennis (1989), the rate constant for the flow of water is 1076571,
which means that a water molecule diffuses through the entire thickness of the
membrane in 1 mks. If the transmembrane concentration difference is 0.1 M, the
water flow rate should be 10-100 molecules per phospholipid molecule.

Consequently, it is likely that a large pressure difference due to the active

transport of water cannot be created.

4.1.8 Transport of Ions with a Lack of Energy and Diffusion
of ATP

We now consider the case in which the driving force of ion transport is not given,
but can be determined from the balance of the number of particles. This situation
may arise when the ATP (or other energy source) is supplied to the cell from the
outside. This supply through diffusion has a number of inherent difficulties, which,
in turn, will lead to a decrease in the value of Ayy,.

We then consider the quasi-stationary case, in which the time changes of the
parameters of the environment are sufficiently large.

For example, the following (3.53) expression was obtained for the resting
potential in plant cells:

Z 2 o 0 A Z
¢=1In \/(;ZM) +n7K + nl;’“ exp (— %) - 2AZA . (4.25)
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If the ATP (or another molecule) is supplied to the cell from the outside, then
we can write the following equation for the diffusion of ATP (in spherical coor-
dinates) from the external environment:

1d dn
DL (P%) —0
r2dr (r dr)

where D is the diffusion coefficient of ATP in the external medium. The solution of
this equation has the following form:

C
n:CI——Z.
r

If the concentration is set to infinity, we obtain

G
=

n=ny

To determine the second unknown constant, we define the condition of the
equality of flows at the cell membrane:

d
—D477:R2d—l: = —D4nCy = —J,

where J,—is the consumption of ATP by the cell.
Then, we have
Ja
4nDr’

n=nNs —

Consequently, the difference in the chemical potentials will depend on the
spatial coordinates and on the rate of ATP consumption by the cell:

J
Apy = Apyoo + ln<1 — 4nDArnoc)

This equation states that if the consumption of ATP by the cell is large, the
transport will not have sufficient time to supply the energy and the difference in the
chemical potentials of ATP-ADP will decrease. Accordingly, the potential will
drop, which will lead to a decrease in the difference of the chemical potentials of
the ions. On the cell surface, we have

Ay = Ay + ln(l — 4711;7??%)

As shown in Chaps. 2 and 3, the consumption of ATP by the cell is due to the
passive transport of ions across the membrane (in its absence, ATP is not con-
sumed if there is only active transport). For large passive fluxes across the cell
membrane, it is possible for the cell to experience “energy hunger” because the
ATP molecules will not have sufficient time to diffuse.
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The next question that will be addressed is the following: is it possible to
somehow speed up the supply of ATP to avoid this lack of energy? We will thus
imagine a system of active transport of ATP and evaluate its effectiveness.

Let ATP be actively transported and assume that ADP and P are transported
passively. We can then write an equation for the concentration of ATP within the
cell (without charge):

ny = nj exp(Apty)- (4.26)
Taking the logarithm of Eq. (4.26), we obtain
Apipi = 2Ap5.

Thus, the difference in the chemical potential of ATP-ADP can be increased at
the expense of ATP. There is no contradiction because an energy gain does not occur
and the full power is not increased. Obviously, the active transport of ADP and P
from the cell will lead to a further increase in the value of Ay, within the cell. If the
active transport of ATP occurs at the expense of another energy source, such a
process would constitute the transformation of one form of energy into another.

4.2 Protocells at the Early Stages of Evolution

Because the transport processes are among the most fundamental processes in
living cells, it can be assumed that the transport subsystem originated in the
earliest stages of evolution. Another aspect of the transport processes is the
transport of the protocells themselves, i.e., their movement in space. It can be
assumed that the initial mechanisms of transport were similar to those of cellular
movement. In this section, we will discuss the modeling of the transport subsystem
of cells in the early stages of evolution as well as the transitional phase of
directional cell movement as a whole.

There are two different aspects that need to be considered during this analysis:
physical and cybernetic. The physical aspect means that it is necessary to build a
consistent statistical model of the process. The cybernetic aspect means that it is
necessary to consider the simplest behavioral strategy of cells in the early stages of
evolution.

4.2.1 Early Stages of Evolution and Origin of the First Cells

According to modern theory, the initiation of chemical processes on the planet was
the starting point of chemical evolution. The major result of the first phase was the
integration of simple H, C, N and P atoms into relatively complex organic molecules.
The next evolutionary process consisted of the integration of these molecules to form
macromolecules. Some molecules, which were formed in the proto-atmosphere,
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were combined into polypeptides and polynucleotides chains, although these
molecules were constantly competing with the breakdown process of hydrolysis.

Two possible basic scenarios can be suggested for the processes that are
involved in the next step of evolution. In the first scenario, an isolated protocell
(a coacervate droplet or a microsphere) appeared first and subsequently acquired
its multiplication capability (Fox 1965, 1980, 1988; Fox and Dose 1972; Oparin
1964). The reverse sequence is adopted in the second scenario: the simplest system
capable of producing replicas of itself (a replicator) was formed first and the
creation of a membrane to isolate it from the environment occurred later. Networks
of polynucleotides and polypeptides, which can be referred to as hypercycles, most
likely then appeared (Eigen 1971; Eigen and Schuster 1979). Abiogenic poly-
peptides could have been decisive for the acceleration of the synthesis and rep-
lication processes. The modifications of the initial components due to small errors
in the replication process and the subsequent selection of favorable variants played
an important role in evolution.

A number of models in the literature have described the evolution of self-
reproducing molecules or replicators (see, e.g., Fontanari et al. 2006; Szathmary
and Demeter 1987; Szathmary 1992).

The importance of metabolism in primitive molecules has been described
previously (Morowitz et al. 2000). Some authors believe that the metabolism
rather than the replication capability was the first property of living systems.

The gradual complication of molecular complexes led to the formation of
protocells (eobionts), which were isolated from the environment by a membrane.
These simplest organisms could perform elementary operations with substances
(the energy conversion and the transport).

However, even the simplest organisms that exist today are very complex, which
leads to the problem of finding the minimum complexity of an organism or a
“minimal cell” (Murtas 2007; Glass et al. 2006). This problem can be reasonably
tackled in terms of control theory, which states that control is a systemic function
that allows the system to retain its structure. The application of this theory to living
systems shows that the control process should ensure both the invariability of the
spatial structure and the occurrence of a sequence of changes over time, which is
connected with the reproduction process.

From the viewpoint of the vital functions of a cell, one of the most important
cellular functions consists of the maintenance of constant intracellular conditions,
primarily through the composition of the intracellular substances. Therefore, it is
necessary to provide an active transport of ions through the cell membrane that
does not significantly depend on casual changes in the environmental composition
(i.e., the robustness of the process is ensured). Closed membranes that are com-
posed of water-dissolved phospholipids can also be formed under equilibrium
conditions. However, in these conditions, the membrane has an average lifetime of
7o and the intracellular and extracellular compositions are the same. In this case, a
minimum step for the organization of a “living” cell can be assumed to be the
establishment of a control system that would maintain the concentrations of
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substances on both sides of the membrane at different levels. It can then be
expected that the intracellular composition is preserved such that the ratio of the
membrane life to failure increases and that the system will begin to increase its
concentration in the environment. The geographical proliferation of this system
can then be initiated because its lifetime is longer than ty. For this process to
occur, it suffices that a molecule, which acts as an ion pump that absorbs the
sunlight or some other form of energy, is built into the material of the cell
membrane. In addition, the spatial spreading requires that the intracellular com-
position and hence the chemical reactions in the cell depend little on changes in
the environment and other extracellular conditions, which are inevitable during the
proliferation process.

4.2.2 A Model of the Simplest Transport System
in a Minimal Cell

The model of the simplest transport system of a protocell was constructed by
Melkikh and Seleznev (2008). Based on this study (Melkikh and Seleznev 2008),
let us consider a model of the simplest molecular machine that can transport
substances to (or from) a protocell in the presence of an external energy source.
We can conceive that the simplest protocell has a membrane that consists of one
pump that transfers some substances from the external solution to the interior of the
cell. At the start of evolution, this pump could not be too specific and most likely was
unable to recognize some molecules. An immediate analog of such a system among
the currently existing systems is the synaptic vesicles in neurons that transport
neuromediators (Melkikh and Seleznev 2007), as described briefly in Chap. 2.
We will assume the existence of a permanently maintainable source of energy,
which could be presented by sunlight or some energy-rich molecules, such as ATP
in contemporary cells. We can then because the formula of ATP is not of principal
importance in the model and can thus be replaced by another molecule. Thus, the
energy source will be simulated as an ATP molecule that can transform to ADP
through hydrolysis. The motive force of this source is the difference of the
chemical potentials, or Aua. It is important (for efficiency reasons) that the

Fig. 4.9 Protocell with
simplest transport system of
substances
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reaction must be catalytic and occur in a transport molecular machine rather than
in solution. Figure 4.9 shows a schematic of an efficient transport system in a
protocell.

In accordance with the models of transport discussed above, the active flow of a
substance to the inside of a vesicle can be written in the following form:

J = Clexp(Apy + @)n° — n'). (4.27)

We will then assume that the passive flow of this actively transferred substance
is small compared to its active flow. Equating the active flow from Eq. (4.27) to
zero based on the condition of conservation of the number of particles gives the
ratio of the molecule concentrations on the inside to the concentrations on the
outside of the protocell:

= — exp(Ay + ). (4.28)

For simplicity, let us assume that the prebiotic soup includes only two types of
ions: a positive ion, which is actively transferred to the protocell, and a negative
ion, which passively penetrates through the cell membrane. Then, the electro-
neutrality condition should be fulfilled both in the external environment and in the
interior of the protocell:

o

Ry

=n’ andn’, =n" (4.29)
should be fulfilled both in the external environment and on the inside of the
protocell.

The second (negative) component will be distributed inside the protocell in
accordance with the Boltzmann law:

1

n' = n’ exp(—o). (4.30)
Then, from Egs. (4.28-4.30), we have

A
0= # (4.31)
and
Trexp(2£4). 4.32
", exp( 2 ) (432

It can easily be shown from Eqgs. (4.31 and 4.32) that the free energy consumed
in the transfer of one ion through the membrane equals Ap. As shown in Chap. 2,
this situation corresponds to the efficiency of unity.

Note that Eq. (4.32) implies that the potential across the membrane does not
depend on the ion concentrations in the environment. Therefore, this type of
system can be used to maintain the relative constancy of the potential in protocells.

If the transferred molecule is uncharged, we have
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1l
Z_g = exp(Auy). (4.33)

In this case the electrical portion of the free energy is absent, but the energy
consumption again equals Api,.

In both cases this pump provides a large concentration of the transferred sub-
stance inside the protocell (or removes harmful substances from the protocell). For
example, if Aus =~ 20 kT, we find that the ratio between the intracellular and the
extracellular concentrations of the uncharged molecules will be approximately
5 x 10®. The free energy of the substance can then be used in further operations
(e.g., work, synthesis of other substances, etc.).

One of the simplest cases of transport in the protocell is also the case in which
both ions are actively transported. We can then write the following equations:

n

i
+
i

= n’ exp(Apy + @) and
=n? exp(—Apy — ).

n

It is assumed that the singly charged negative ions are also actively transported
into the cell. Then, we obtain

n’ exp(Apy + @) = n? exp(—Apy — @),
Q= —Auy,. (4.34)

Apparently, this value of the potential is the maximum (in the absence of non-
penetrating ions) for a given value of Auy,. Another finding is that a large mag-
nitude of the potential (400 mV) may lead to the electrical breakdown of the cell
membranes.

At this stage of the evolution, the high efficiency of the molecular machine is
not necessarily the result of a selection process. It might simply be due to a certain
structure of molecules that participate in the process of active transport and the
subsequent chemical metabolism. This structure can exist even before replication.

In accordance with a previous study (Melkikh and Seleznev 2008), let us con-
sider the problem of robustness of the ion transport system. As shown in Chap. 2,
a linear relationship (4.33) does not allow the concentration of the substance being
transported to remain constant when the external concentration changes.

4.2.3 A Model of the Simplest System for the Control of Transport
Processes in a Cell

Thus, a protocell should have the simplest system for the control of the active
transport of ions that reduces the effect of environmental variations.

One of the most important characteristics of the control system is the controller,
which is a device that ensures the required behavior of dynamic systems by means
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of feedback (Dorf and Bishop 2004). The classical system of feedback control,
which was proposed by Wiener, was discussed in Chap. 1.

In accordance with a previous study performed by Melkikh and Seleznev
(2008), we will discuss a quasi-stationary controller in a model that describes the
control system of transport processes in a minimal cell.

The control device in this system can be either the presence of passive pene-
trability of the actively transferred ion or one additional systems of active trans-
port. Let us consider these two mechanisms in the analysis of the transport of an
uncharged molecule. The controller is based on the method of the critical point,
which could be one of the simplest in the early stages of evolution.

In the case in which there are two pumps and only one of the pumps is variable,

Ci(xexp(Apsy) — y) + Co(y) (xexp(Apig) — y) = 0, (4.35)
which can be rewritten to obtain the intracellular concentration:
Ca(y) + C

X = .
Y C(v) exp(Ang) + Cr exp(Auy)

Expanding C,(y) as a power series with the term (y—y,) gives

C) = Gyt aly o) + 5 (v ),

where

o exp(Auy) — yoexp(Aug)

Co=C
0 yo — Xo exp(Ap)

Equating the derivative 0x/Qy to zero gives the expression for o:

exp(Aug) — exp(Apy)
(xo exp(Antp) — yo)?

O!:C1)CQ

Similarly, equating the second derivative to zero gives the expression for

2x0C1
= xp(Apy) —exp(Aug)).
p 0~ x0exp(Arm) (exp(Auy) — exp(Apg))

Figure 4.10 presents the x(y) dependence near the critical point (xg = 2,
yo = 1) for Aup = 2 and Aug = 2.3.

The transfer of charged particles is analogous in many respects. If there are two
ions (a positive ion, which is actively and passively transferred, and a negative ion,
which is only passively transferred), then, instead of Eq. (4.35), we have

C(xexp(Apy + @) —y) + P(y)(xexp(p) —y) = 0. (4.36)
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Fig. 4.10 The dependence 3 T T
between the intracellular and
extracellular concentrations

The potential can be expressed in terms of neutrality:

x =yexp(o).

Then, we obtain the dependence of the internal concentration on the external:

‘e C+P®y)
~ M\ Cexp(Ay) + P(y)

Applying a similar method, we can obtain a critical dependency.

The same results can be achieved if we use the same value of Au, but different
stoichiometries of the molecule transfer by two active transport systems. In this
case, the value of Aug or the stoichiometry constants will present a control
instrument that provides an additional method by which the robustness can be
increased. A schematic of a protocell with two ion transport systems is shown in
Fig. 4.11.

Thus, the variable permeability of the protocell membrane to the substance
being transported as well as the variable operational speed of the systems of
transport allows for a weak dependence of the internal concentration on the
external concentration.

Fig. 4.11 A schematic of a
protocell with two ion
transport systems
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Note that the presence of at least one control system can be considered a
definition of life. In fact, all existing control systems are either living systems or
systems that subsist on living systems (e.g., technical, economical). Thus, a
minimal cell can be considered a system in which substances are transported at the
expense of external energy sources and in which the internal concentration of at
least one substance is maintained within some limits even if its concentration in
the external medium changes considerably. It is this property that distinguishes a
minimal cell from molecules and molecular complexes, which cannot be thought
of as living systems. The structure of this minimal cell is much simpler than the
structures of currently available cells. In other words, the evolution of a cell
required a sufficiently long time before the advent of the simplest cells (e.g.,
archaebacteria) as we understand them today.

4.2.4 Physico-Chemical Models of Cellular Movement

One of the most important properties of living systems, which also arose in the
early stages of evolution, was the ability to move directionally.

The current models of simple cells usually do not consider movement. These
are limited to the metabolism, the transport of substances and the genetic processes
(Murtas 2007; Ganti 2003; Rasmussen et al. 2004; Munteanu and Sole 20006;
Melkikh and Seleznev 2008). On the other hand, a number of models have been
developed to study the movement of modern cells (Selmeczi et al. 2005; Mora
et al. 2009; Pallen and Matzke 2006; Kaneshiro et al. 2001; Thaler and Haimo
1996; McBride 2001; Gracheva and Othmer 2004; Coskun and Coskun 2011).
However, these models do not consider the transitional stages.

Prokaryotic and eukaryotic cells move using flagella and cilia. The rotation of
the protein structures of flagella leads to both rotary and forward motion (Mora
et al. 2009; Pallen and Matzke 2006; Kaneshiro et al. 2001). The flagellum rotation
uses the gradient of protons or sodium ions on the cell membrane. The speed of the
rotation is approximately 100 Hz. The microscopic mechanism of the transfor-
mation of electrochemical energy into movement energy has not yet been studied.
It is important to mention that the flagellum of bacteria is a rather complex system
and that its mechanism of movement is unclear (a discussion of the mechanisms of
flagella evolution is presented in Pallen and Matzke 2006). Because such a
complex mechanism could not appear as a whole, it is evident that intermediate
stages must exist in which the “motor” structure was much simpler.

At the expense of asymmetric cycles, cilia provoke fluid movement along the
surface of a cell. As a rule, large quantities of cilia are present on the surface. Cilia
movement is also complex because it involves surface waves (Thaler and Haimo
1996).

There is also a much slower mechanism of cellular movement: the sliding
movement of bacteria. This process, however, has not been studied thoroughly
(see, for example, McBride 2001).
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Because the initial single-celled organisms moved in water, the swimming
behavior of such systems is important. A number of models have considered the
swimming of bacteria at low Reynolds numbers (“micro-swimming”), which can
be obtained with a small body moving in a fluid.

We will now consider the hydrodynamics of micro-swimming (Lauga and
Powers 2009).

Swimming at low Reynolds numbers has its own characteristics because any
perturbation in the liquid decays rapidly. In this case, the motion of the body in a
fluid is described by the stationary Navier—Stokes equations, in which the con-
vective term is neglected:

nAi = Vpand Vi = 0.

For example, the Reynolds number for E. coli is in the range of 10™*-107>,
whereas the Reynolds number of some protozoa—is 0.1. Because the rotation of
their flexible filaments protozoa reaches a speed of 25-35 mcm/s.

The Scallop theorem is important for the understanding of micro-swimming
(Purcell 1997). This theorem states that if a shape change is reversible over time,
the movement is absent on average. The simplest example in which a periodic
motion allows directional swimming is a traveling wave. An alternative example,
in which directional swimming does not exist, is a standing wave. Purcell con-
sidered the simplest system that can swim directly, which is referred to as a
“Purcell swimmer”. Figure 4.12 shows the successive operational stages of this
device.

It can be observed that the Purcell swimmer is similar to part of a traveling
wave.

In a previous paper (Lauga and Powers 2009), Lauga and Powers considered
artificial swimming systems and their optimization. For example, if we define
efficiency as the ratio of useful work per unit time to the spent work, it is possible
to study the optimization problem. It is shown that the efficiency of flagella is
approximately 8 %, whereas the efficiency of living cells is approximately 1 %.

However, there are models of “active Brownian motion” (see, for example,
Ebeling et al. 1999; Narumi et al. 2011), in which the motion of the particles,
which may not necessarily be considered alive, is modeled. One of the sources of
Fig. 4.12 Schematic of 2
Purcell swimmer /
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energy for the motion of active Brownian particles is the series of specially
organized fluctuations in the external environment.

If we consider the first possible mechanisms of cellular movement, the fol-
lowing questions arise. What mechanisms are responsible for the conversion of the
stored free energy of chemical reactions into mechanical energy? What could be
the simplest mechanisms of movement at the early stages of evolution? Under
what conditions does directed movement provide an advantage for natural
selection?

A previous article (Melkikh and Chesnokova 2012) described the construction
of a model of the simplest form of motion of protocells that could occur in the
early stages of evolution, which we will now consider in detail.

Physicochemical Model of Cell Movement

Let us first discuss the possibility of elaboration the model of movement based
on physicochemical principles. We will then address the conditions in the bio-
sphere at the early stages of evolution under which the proposed model could
work.

We shall consider the model of movement on the basis of a two-level molecule
that can be found under non-equilibrium conditions and do work. This model is
used for the active transport of ions (see Chap. 1).

We will also consider the following mechanism as the simplest mechanism of
movement: a conformon molecule gains energy at the expense of some source and
changes its conformation, and, as a result, the energy of the conformon molecule
turns into energy for the directed movement of water molecules. According to the
law of conservation of momentum, the directed motion must result in the reverse
movement of the cell itself. When the energy is transmitted to the water molecules,
the conformon returns to its initial state and the process begins again (Fig. 4.13).

The probabilities of finding a conformon molecule in its excited and basic states
are

; eA—0 1
I =7 + ehn=0 and [ = + eAn=0"
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respectively, where Q is the difference between the energy levels corresponding to
the basic and excited states of the conformon and Ay is the difference of the
chemical potentials of the energy source.

When this machine performs lossless work, the difference in the energy levels
of the conformon completely transforms into kinetic energy for the movement of
water molecules:

2
mpv
Q==

Thus, the mass of the moving conformon should be approximately equal to the
mass of the transported water molecules. Hence, we can calculate the velocity that
is acquired by the water molecules as a result of the transition of the conformon
from its excited state to its basic state:

20
bm = )
m

where m is the mass of the molecules to which energy is given.

It is extremely important to note that this process is reversible and probabilistic.
Thus, the reverse process is possible: the capture of water molecules by a con-
formon in its basic state leads to its transition to its excited state. The rates of the
direct and reverse process are:

eA=0 1

\ Ty and v1 YR

Then, the resultant change in the water molecule impulse per second is equal to

d o eAn=0 1
E<mMUM> =V 1+ Ao Y.V myopm — Vil b0 My pm
S0 (4.37)
:mMUMil_FeAH_Q .

If the conformon is in thermodynamic equilibrium with the environment, the
average rate of the directed movement must be equal to zero. Thus, we have

v=1ve 2,
We can then obtain
Ver=0 /g0 Ve P(ef — 1)
—{mpyop) = myoyf ———————— = My o ———————— 4.38
gr {MvA) = MOM TR MM b0 (4.38)

When the movement is stationary, the Stokes force must be equal to the pulling
force that is created by the change in the particle impulse:
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d
% (mpopg) = 6TRp1OP, (4.39)
where Rp is the protocell radius, 7 is the environment viscosity, and vp is the
average rate of a protocell movement.

Hence the average speed obtained by a protocell is

v e (M —1)

= V2
67Rpny Qmm 1 + A0

For example, for v = 10°Hz (the maximum frequency of the work performed
by the proton ATPases), Rp = 10~ %m, n= 1073Pa x s, 0 =10, mpy = 10mp,0
and Au > 1, we obtain:

vp (4.40)

vp ~ 10~°m/s. (4.41)

If one protocell have 10° these transport systems vp ~ 10-°m/s, which means
that a protocell travels a distance equal to its size in approximately 1 s. In any case,
this movement is much faster than if the movement mechanism is Brownian
motion. Such directed movement is relevant in porous media (ice pores, pyrite
pores etc.) and in surface thin films of water in which turbulent mixing is absent.

In general, the magnitude of the velocity of a protocell will depend on its shape
and the distribution of the “engines” on its surface.

The calculations carried out by Lauga and Powers (2009) on micro-swimming
were based on continuum mechanics, which means that the authors neglected the
stochastic processes in the motion. However this is not always true, particularly
during the early stages of evolution, when directed motion could be due to the
change in the conformation of the molecules. Consider the Purcell swimmer from
the standpoint of statistical physics of two-level systems. We assume that each
joint is a moving conformon that can exist in one of two states. Obviously, each
switch of the conformon from one state to another must require an energy source
(e.g., ATP). Assume that both states of each conformon are equal. Thus, it is
possible to have four combined states of the two conformons (see Fig. 4.13).

For the emergence of directed motion, the switching of the conformons from
one state to another needs to occur in a certain order. However, because this
process is probabilistic, some of the switches might fail. Such errors can lead to
two different processes: the emergence of a standing wave (in this case, there is no
directional movement) and movement in the opposite direction.

Then, we can write an equation for an average speed of protocells, <v>:

{v) = (1 iXS)EI?&ZA))Z_ (1 + ex;(AuA)>2]

(4.42)
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Fig. 4.14 Schematic of
protocell with Purcell
swimmer

The first term in brackets in the right-hand side of Eq. (4.42) is responsible for
the proper implementation of the process of movement, whereas the second term
represents the wrong movement (movement in the opposite direction).

In this case, the variable u represents the speed of a Purcell swimmer in a
continuous medium and in the absence of reversibility for the conversion of energy
from chemical into mechanical form. We observe that, when Ap, > 1, the mean
velocity tends to u. However, at Au, < 1, we obtain

() = u(%) <u. (4.43)

The last inequality is understandable because the average velocity of motion
should be zero at zero force (at equilibrium).

It is also important to consider the possibility of the existence of such an engine
in the early stages of evolution. Assume that the protocells behave as Purcell
swimmers based on changes in their molecular conformations (Fig. 4.14).

From its implementation, it should be obvious that the change in the confor-
mation of the two molecules occur in concert. This can be accomplished either
through a direct mechanical connection between the conformons (for example,
elastic) or through the transfer of chemical signals inside the protocell.

However, we have not yet addressed the problem of orientation and control in
this system. One can show that there is no mechanism that would return the system
to its original trajectory after a small deviation from the original trajectory occurs.
This statement means that active Brownian motion instead of directed swimming
might be responsible for the movement. The presence of receptors and additional
“motors” is obviously necessary to arrange a directional movement in the envi-
ronment. This concept will be discussed in more detail in Sect. 4.2.5.

Consider the problem of movement more broadly with a focus on artificial cells
and on alternative forms of life. Let the surface of spherical cells (live or artificial)
have a sufficiently large number of elementary “motors”. The set of molecular
machines can be determined by their distribution on the surface and the direction

of the vectors (assuming that these are all equal). We denotef the force acting per
unit surface area of the moving protocells. Then, the quantity

/ fds
s)
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Fig. 4.15 The
implementation of more
complex forms of motion

is the force acting on the center of mass of the body, and

/ (& x fas

(8)

is the total moment of force that will lead to cell rotation.
The implementation of more complex forms of motion is obviously connected

with the distribution of “engines” (i.e., the magnitude of f) on the cell surface
(Fig. 4.15).

By creating a set of distribution “engines” on the cell surface and coordinated
control, we can achieve the movement of the cell at a given point in time and at a
certain speed. In nanomedicine, this type of artificial cells can be considered
containers of certain substances. For example, in a previous study (Zhang et al.
2009), Zhang et al. considered the possibility of the creation of artificial flagella.

4.2.5 Sunlight as a Possible Source of Energy for Movement

The model described earlier assumes that the source of energy for a protocell is a
chemical that is distributed in the space. This assumption is related to the fact that
the most ancient known cells obtain energy from hydrogen: methanogenic bacteria
reduce carbon dioxide to methane using molecular hydrogen. However, recent
investigations (Gomez-Consarnau et al. 2007; Sabehi et al. 2005) have shown that
different variants of photosynthesis (perhaps optional) are widely spread.
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Therefore, photosynthesis might play a significant role in the early stages of
evolution. For example, in a previous article (Rasmussen et al. 2004) light was
considered the energy source of protocells.

In accordance with a previous study performed by Melkikh and Chesnokova
(2012), consider a model of the conversion of the energy of photons into the
energy of mechanical motion.

According to the thermodynamics of photosynthesis, this process can proceed if
the temperature of the incident radiation is higher than the temperature of the
environment. In another study (Beatty et al. 2005), the occurrence of photosyn-
thesis in geothermally illuminated environments was proposed. This possibility
was indirectly confirmed by a recent discovery of a new type of chlorophyll in
cyanobacteria (Chen et al. 2010), which is capable of absorbing red and near-
infrared light.

The movement of protocells toward greater illumination can be considered a
variance of phototaxis, which many organisms and even organelles (for example,
chloroplasts) are known to possess (Suetsugu and Wada 2007; Suetsugu et al.
2010). This type of movement in the presence of non-uniform (variable) illumi-
nation could be used as an additional resource for survival.

For example, cyanobacteria perform continuous twenty-four-hour, up-and-
down movements in a basin at the expense of the accumulated gases and the
buoyancy force that develops (Whitton and Potts 2002). This relatively simple
mechanism could also exist at earlier stages of evolution and should be discussed
separately.

Let us mention, however, that the mechanisms of directed movement of cells
that are related to the direct conversion of light energy into movement energy are
unknown. It is possible that these mechanisms existed in the past under definite
conditions.

As was obtained in a previous study (Melkikh et al. 2010) that considered the
transformation of energy in thylakoids (see also Sect. 3.8),

Au™ = hy.

This two-level system that is destabilized at the expense of sun photons is able
to do work on both the synthesis of new protocells and the movement of the cell. In
this regard, photons do not differ from any other molecules at the expense of which
any work is performed (for example, ATP).

Because the condition Au™* = hv > kT is met with sunlight, the evaluation
for the movement speed shown in Eq. (4.41) can also be applied in this case.

In a previous paper (Melkikh and Chesnokova 2012), a number of evaluations
were made from the described protocell movement speed under the assumption
that all of the sunlight energy is only used for movement. Taking into account that
the power of the sun radiation incident on 1 m? of a surface is approximately 10°
and that only y ~ 1 % of the incident light is converted into mechanical energy
(which is approximately the efficiency of photosynthesis), the useful output inci-
dent to a protocell with a radius of 1 micron will be
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N~TRP<W >y~ 1071w,

Equating this output to the power of the friction force, we have

R<W 1/2
y= (%) ~ 10~ " ms. (4.44)

This speed is certainly higher than the speed of the movement of the micro-
organism (for example, the movement obtained through the use of flagella is
approximately 200 w/s). This is the upper limit of the movement speed at the
expense of sunlight. However, all of the sun energy cannot be used only for
movement; a considerable part should be used for the support of other cellular
functions. However, it is then necessary to analyze the following question: will a
movable or an immovable cell win the competition?

4.2.6 The Energy Balance in Protocells

Let all of the reactions in a protocell proceed at the expense of the free energy of
substance A, which is the energy “currency” of the cell. Then, let the reaction, at
the expense of which a protocell divides, be the decomposition of substance A into
B and C:

A=B+C. (4.45)
The rate of the correspondent decomposition reaction is then

J = kinpnc(exp(Apy) — 1),

nangonco
where Ay, =In——

(4.45).
In accordance with a previous study (Melkikh and Chesnokova 2012), let us
write the equation for the balance of substance A:

is the affinity of the chemical reaction shown in Eq.
npncnao

i
dn, _

74
dt

P(n§ —nY) —Jp—Jr —Ju, (4.46)

where P is the permeability of the protocell membrane for substance A, n$ and n',
indicate the concentrations of substance A in the environment and within the pro-
tocell, respectively, Jp is the flux of substance A used for the division of the protocell,
Ji is the flux of substance A that is used for the work of receptors and the further
processing of their signals, Jy, is the flux of substance A that is used for protocell
movement, and V is the volume of the protocell (Fig. 4.16).

The equation of protocell movement can be written as
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Fig. 4.16 Schematic of the ~ Motor
energy flows in a protocell i
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where F (I) is the driving force of the “motors”, @ is the force of the random
impacts of molecules, and [ represents the environmental information that is
obtained by the receptors of the protocell. Equation (4.47) is the Langevin equa-
tion for controlled Brownian motion. Similar equations have been obtained in the
theory of active Brownian motion (see, e.g., Ebeling et al. 1999).

4.2.7 The Problem of Control and Reception of Information:
Strategies Used by Protocells for Directed Motion

As mentioned above, the orientation of the protocells in space is crucial to the
implementation of directional movement.

In previous papers (Alouges et al. 2008, 2009, 2011), the problem of micro-
swimming in terms of control theory and optimization has been investigated. For
example, Alouges (2008) considered a swimming system that consisted of three
inter-connected spheres and showed that the system is globally controllable.
Because the system of equations of motion at low Reynolds numbers is linear,
well-established methods of linear control theory can be applied in the analysis,
which showed that local controllability is a necessary condition for swimming.

In this case, it is implicitly assumed that the control system has all of the
necessary information about the environment. However, in real microscopic sys-
tems, this information is almost always incomplete because a moving body con-
tains a limited number of receptors.

Melkikh and Chesnokova (2012) explored the possibility of driving the system
of a protocell, which should have at least two modes of work: orientation changes
in space and straight-line movement in the direction chosen.
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The minimal movement system that is capable of providing both of these modes
of work can have two different organizations:

1. Two symmetrical “motors”. The switching-on of only one of these motors
leads to an orientation change of the protocell in space. However, the alternate
switching-on of both motors provides progressive motion. This behavior can be
illustrated by the concerted movements of cilia, but it is a more complicated
system that evolved from a simpler one.

2. One “motor” capable of working in both modes (flagellum). In this case, one
motor is sufficient, but the system should be more complicated. One motor must
provide both modes of work, which involves the changing of the inclination of
the developed force to the body.

Three parameters are necessary to define the orientation of a protocell in three-
dimensional space. In terms of aerodynamics, these are roll, tangage, and yaw. To
provide the possibility to reach any point in space, the tangage and yaw parameters
are sufficient. The roll characterizes only the rotation about the axis along the
body. The ability of this characteristic control is of principal significance in some
processes, e.g., in Euglena viridis phototaxis, the cell alternatively turns its lower
side with photoreceptors and its upper side without them. However, the roll is not
significant if the receptor locations are axisymmetric or if the irritant is distributed
uniformly in space.

The precise number and location of the “motors” depends on the specific shape
of a body, particularly on its symmetry, and on the properties of the medium
through which it moves. Nevertheless, we can provide some generalities con-
cerning the number and location of the “motors”.

One motor that creates a momentum about an axis is sufficient to provide the
possibility of rotation about the axis. Similarly, to allow rotation around 2 (or 3)
axes 2 (or 3) “motors” are required.

There are two ways to provide the straight-line motion of a body: through the
addition of another motor (its action force passes through the center of mass) or
though the arrangement of the “rotational” motors such that the resultant force
asses through the center of mass.

Thus, the minimum number of motors that is required for movement in three-
dimensional space is three. If the body shape is complex (asymmetrical), addi-
tional motors might be required.

We now turn to the question about the cost of reception. These costs were
included in the overall energy balance of a protocell (4.46). Two questions arise.
How important is the reception of information for the protocell? In which cases is
the cost of reception not significant?

Reception is a very important element of the transport system of a cell because
certain transport systems are turned on and off due to the receipt of a signal that
indicates a change in the environment. If the received signal is incorrect, then the
work of such a system would be ineffective. However, the elimination of errors in
the reception itself requires a certain cost. In this case, a situation may arise in
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which the receptor error correction may be disadvantageous because the cost of
this operation might be too high.

According to the Landauer principle (Landauer 1961), the minimal energy
consumption that is necessary to obtain one bit of information by a system is
kT In 2. This minimal work should be performed in the infinitely slow transfer of a
system into a definite state. In real systems, the switch of states is executed in a
finite amount of time, which increases the energy consumption. The energy con-
sumption is also typical for receptors that trace the environment conditions.

Let a receptor of any substance be found in one of only two states: 0 and 1. In
the language of information theory, “correct reception” occurs when a receptor is
converted into state 1 when it perceives a molecule of the substance. The reverse
conversion indicates “wrong reception”.

The probability that the receptor is in state 0 can be written as

Aty
e kT

Aty
1+ ekT

pr =

because substance A is the “single currency” of the protocell and is also used for
the reception. The probability of the reverse transfer is

1

Apy
1+ ekT

pr=1—pr=

If the expenditures for elementary operation are sufficiently large (Au, > kT), the
probability of correct reception tends to unity, whereas the probability of wrong
reception tends to zero. However, in this case, every bit of information will cost
approximately Agiy.

In which situations is the cost of information processing high? In a constantly
changing environment and in an environment with sufficiently large gradients, the
cell must constantly receive new information about the environment. Therefore,
the energy consumption for the reception and processing of this information may
be an important limiting factor in these environments.

In accordance with a previous study (Melkikh and Chesnokova 2012), we now
consider the balance of matter and energy in a population of protocells. Consider
the division of a protocell at the expense of the free energy of substance A that is
released as a result of a chemical reaction. The protocell creation can then be
coupled with the chemical reaction shown in Eq. (4.45). In turn, the copy synthesis
can be presented as follows:

Q+mw+mA =2 2Q+ mB + mC.

where the protocell is designated as Q and w is the low molecular weight sub-
stances that a protocell it can be synthesized from. Assume that one molecule of
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substance A is used to add one molecule of the low-molecular substance w to the
protocell.

According to Melkikh and Chesnokova (2012), the change in the number of
protocells per unit time and unit volume can be written as

dl’l m__m mA:u + A.u(
o= Je= konintn® <exp (%) - 1). (4.48)

Equation (4.48) shows that the driving force of the reaction of the creation of a
protocell copy is the total difference of the chemical potentials of the used sub-
stance (energy) and material.

In a uniform case, the balance of substance A in the environment should take
into account its consumption by a cell both for the creation of the copy and for
motion and reception:

where g4 is the external source of substance A at the expense of which the total
population of the protocells exists.

Table 4.2 presents the basic strategies of movable and immovable (Brownian)
protocells, which are based on a previous study by Melkikh and Chesnokova
(2012).

If there are one or several sources of food, movable protocells could create very
simple ecosystems. For example, ecosystems that contain only one living species
have recently been discovered deep within Earth (Chivian et al. 2008).

Melkikh and Chesnokova (2012) suggested that the described simplest
mechanism of movement could be the predecessor of all of the known forms of
directed motion of microorganisms: flagella, cilia, and pili. According to Ferrer
et al. (2007), life could be born in microcavities of pyrite crystals. The movement
of protocells in the microcavities of other minerals is also possible. In this case, the
orientation and directed movement of the protocell are important because these
allow the protocell to obtain an additional source of energy or to reach a place with
different conditions, such as a different pH level and a different amount of salinity.

Thus, we can provide a special period in the evolution of life in which the
directed motion of protocell played a significant role.

Table 4.2 Basic strategies of movable and immovable protocells

Active Exists Does not exist
movement
Reception
Exists Strategy can win in a changeable environment and in an Strategy will lose to
environment with opposite gradients of matter and energy the immovable
cells
Does not  Strategy will lose to the immovable cells. However, if it has Brownian
exist memory and partial reception, it may win in a changeable (immovable)

environment cell
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The sequence of evolutionary events can be represented as follows:
metabolic networks, microspheres, replicators, RNA-world — replicators in
microspheres - MINIMAL MOVABLE CELL — prokaryotes — eukaryotes.

4.3 The Transport of Large Molecules in Living
and Artificial Cells

The question of the fundamental basis of the high efficiency of transport of
substances is one of the important unresolved issues that limit our understanding of
the mechanisms of transport processes in cells. The proteins that carry ions (e.g.,
ion pumps, exchangers) have a large number of possible degrees of freedom.
However, only a very small portion of this amount is involved in the efficient
transformation of energy during the transport of ions.

The same problem arises with the transfer of large molecules across the cell
membrane and intracellular compartments. Macromolecules (in this study, these are
proteins) should be delivered to a specific location within the cell and act as carriers
of information, enzymes, chemical reactions, building materials, etc. Often, this
information is transferred by macromolecules within the cell. It is clear that errors in
the delivery of macromolecules to a specific place, even those associated with a
change in their spatial configurations, will continue to accumulate due to the
interactions between these molecules. Such a “catastrophe of errors” might cause
the cell to simply stop working. Because we know that this does not happen in
nature, it is important to understand the causes of this phenomenon.

Obviously, both of these questions are crucial for the creation of artificial cells.

We first define the term “large molecule” in this context. Because this term
refers to the complexity of the molecule, “large” molecules are molecules with a
large number of possible conformations (degrees of freedom).

The paradox of the transport of large molecules was formulated by Melkikh and
Seleznev (2012) and can be illustrated through autophagosomes, which remove
“cell debris”, such as misfolded proteins. However, the problem of determining
the misfolded protein is NP-hard (i.e., its solution requires an exponentially large
number of steps). In fact, according to Berezovskii and Trifonov (2002a), the total
number of different conformations of a protein with 150 domains, each of which
can be in three states, is approximately

310 ~ 1072, (4.49)

The enumeration of these options, according to Berezovskii and Trifonov
(2002a) would require approximately 10** years, which is unacceptable for the cell
and does not correspond to the experimental data.

Thus, the folding of proteins is closely related to the high efficiency of the
transport of transport of large molecules. This connection is because there are a
large number of variants in the conformations of molecules (mostly proteins).
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Let us consider the transport of large molecules from the viewpoint of statistical
physics. Because protein folding is a close issue, we first present a brief overview.

Although papers dedicated to Levinthal’s paradox are numerous, there is no
agreement regarding not only the solution of this paradox, but even its essence and
existence. Many investigators have addressed the problem of the protein folding
rate (Levinthal’s paradox). This paradox was originally formulated as a dis-
agreement between the characteristic time of protein folding to obtain the native
configuration of a protein (seconds or fractions of a second) and the characteristic
time required for a protein to enumerate all of its possible conformational states
(Levinthal 1968, 1969; Dill 1985), which has been estimated elsewhere.

The calculations made in previous studies (Berezovsky and Trifonov 2002a;
Finkelstein and Ptitsyn 2002) led to the conclusion that the full enumeration of all
variants of protein conformations is impossible and a protein folds using a method
that is predetermined through an unknown rule of folding that is dependent on the
sequence of amino acids. The protein folding process is assumed to be connected
with the formation of a loop structure of amino acids, in which the loops are the
elementary units of the folding process.

Some investigators believe that there is no paradox and that the solution was
proposed by Levinthal himself (Rooman et al. 2002).

Other investigators (Berezovsky et al. 2000; Grosberg and Khokhlov 2010;
Flory 1969; Shimada and Yamakawa 1984; De Gennes 1990; Berezovsky et al.
2001) also described the importance of the loop structure of proteins and proposed
different theories on the evolution of modern proteins from their primitive loop-
like ancestors that performed relatively simple functions.

Finkelstein (Finkelstein and Ptitsyn 2002; Finkelstein 2002; Galzitskaya et al.
2001; Finkelstein and Badretdinov 1997), however, proposed that a stable struc-
ture automatically has the property of quick folding.

He performed calculations considering that the entropy of a protein molecule is
large in its unfolded conformation, whereas its energy is low in its native con-
formation. Consequently, the free energies (F = U — TS) of these states are
nearly equal. Finkelstein assumed that quick folding requires at least one fast path
leading to a stable structure. This path should be free of a high barrier AF. If it is
assumed that the decrease in the entropy at each step is compensated by a drop in
the energy, then the free energy barrier will prove to be low. Thus, the folding
time, which was calculated (Finkelstein and Ptitsyn 2002) from the formula

AF
T = Tpexp (kT) (4.50)
may prove to be short.

The main drawback of this method of proof is that the proposed formula for the
folding rate holds only under conditions of local equilibrium, i.e., when the evolving
system can repeatedly occupy both states, which are separated by the barrier AF.

Furthermore, it in no way follows that the free energy is compensated at each
step. If the compensation really takes place at each folding step, the folding
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process takes a special path, which has been discussed by many investigators
(Levinthal 1968, 1969; Berezovsky and Trifonov 2002a, 2002b; Trifonov and
Berezovsky 2003; Kloczkowski and Jernigan 2002; Ittah and Haas 1995;
Berezovsky et al. 2000; Berezovsky and Trifonov 2001). The existence of this path
is intimately connected with the domain and loop structures of many proteins
(Yeats and Orengo 2007; Riechmann and Winter 2006). If a special folding path is
not assumed, the free energy profile proposed by Finkelstein (smooth and free of
large barriers) does not exist. Because of the profile irregularity, the folding is
necessarily obstructed by large barriers.

If the free energy profile is irregular, a protein will not have time to repeatedly
occupy the initial and final states and, therefore, Eq. (4.50) cannot be used to
estimate the characteristic time of folding (even if the free energies of the initial
and native states are equal).

In line with the above reasoning, the approach formulated by Zwanzig et al.
(1992) to estimate the characteristic time appears to be more consistent. In his
paper (Zwanzig et al. 1992), Zwanzig and co-workers developed a statistical
model of protein folding as a special case of the general problem of “the first
pass”. This representation seems to be more rigorous than other approaches.
Specifically, the calculations of the time of the first pass (folding of a protein to its
native configuration) through the use of random walks showed that the estimates
calculated by Levinthal are correct. However, if a small “decline” of several kT is
introduced for locally incorrect configurations, the time from the first pass to
the fully correct configuration becomes much shorter and will coincide with
the experimentally measured time. It was inferred from these calculations that the
Levinthal paradox was solved.

Bai (2003, 2006) relates the solution of the paradox to the presence of a special
landscape in the protein structure. For example, it is suggested in some studies that
proteins have a special funnel-like energy landscape that promotes quick folding.
It is assumed that this power landscape and other properties of proteins
[e.g., hidden intermediates (Bai 2003, 2006)] resulted from evolution.

Grosberg notes (Grosberg 2002) that the characteristic length of a chain, in which
all states can be enumerated, was overestimated by Berezovsky and Trifonov.
According to Finkelstein and Grosberg, the time of folding of long proteins is
proportional to exp(N*?). This value is smaller than the value obtained by Levinthal.
It was also observed that the actual mechanism of the evolution of these sequences
remains unknown.

Grossberg and Khokhlov (2010), as well as Davies (2004), believe that
Levinthal’s paradox exists and that it is currently unsolved.

Thus, the survey of the literature concerned with protein folding has led to the
following conclusions:

o A sufficiently long protein should have a special structure and a special path of
folding to obtain the characteristic folding time, which is in the order of one
second.
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Fig. 4.17 Two interacting polymer globules

e An arbitrary protein (the one failing the folding time selection) will not fold
quickly. Its characteristic folding time will be exponentially long.

However, the existence of a special way of folding for any sufficiently long
proteins has not been proven.

It is clear that the transport of large molecules is only compounded because the
interaction between many transported proteins can lead to an even greater number
of possible configurations.

However, most biochemical reactions occur according to the principle of “key-
lock” or “hand-glove” (Savir and Tlusty 2007).

The essence of these models is that the exact correspondence of reactant
molecules exists in a cell to each other, which leads to the high selectivity of the
reaction. Given that reaction occurs with high probability, the other variants of
the interaction of substances with each other are assumed to be unlikely. In fact,
the special path that exists in the space of possible biochemical reactions, leads
only to a strictly limited number of reactions and bans all other possible reactions.
This result demonstrates the similarity of the biochemical problem of selectivity
with the problem of protein folding. However, the statistical justification for the
high selectivity of biochemical reactions (specific biochemical pathway) has not
yet been addressed in the literature.

We show that the existence of a special method of interaction between the
individual domains of a protein and between large molecules is contradictory.
Consider two polymer globules that interact with each other and analyze the forces
that contribute to this interaction (Fig. 4.17).

There are several types of interactions between atoms of complex molecules.
The main interactions include chemical, Van der Waals, and Coulomb forces. The
effect of the interaction between atoms (ions) is significant only if

Upp > kT,

where U;,—is the energy of the interaction between two particles.
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In this case, we can consider two types of interactions between two atoms (ions)
of different molecules: zone I, in which

Uy > kT
and zone II, in which
U, <kT.

According to quantum-chemical calculations, the characteristic size of zone I is
3-5 angstroms, which is approximately equal to the size of the atom.

Thus, if two large molecules are in zone II, then their interaction is too small to
affect their movement. In zone II, the random interaction with water molecules
must play a major role and the movement of large molecules is random
(undirected).

If two large molecules move closer together such that the characteristic energy
of interaction between the atoms becomes comparable to kT (zone I), the inter-
action between the two molecules is significant. At the same time, the selectivity
of this interaction may be large, which means that the matching “key” and “lock”
of the potential well characterize the interaction as deep.

However, the number of these potential wells will be exponentially large. The
majority of the potential wells will be only slightly less deep than the “main” well.
If the particle is located in one of the local energy minima, it cannot exactly sense
the location of the global minimum. In this situation, the depth of the global
minimum is not important. In the theory of stochastic processes, this problem is
called “the problem of the first achieving” (Van Kampen 2007), which means that
Eq. (4.50) cannot be used. This equation can only be used under local equilibrium
conditions, which can be achieved when the particle visits all of the potential
wells, the time for which is exponentially large.

We note the following: there may only be a very small number of atoms (the
first coordination sphere) in zone one, i.e., in the order of six. However, the
number of variants of these atoms is too small compared with the total number of
conformations of large molecules, which means that the molecules cannot “see”
each other, except for a few surface atoms, during collision.

Thus, the several thousand different protein molecules in the cell must react
with all of the other proteins, which will lead to a large number of errors in the
interactions of these large molecules. As a consequence, the transport of these
molecules will also introduce some errors that will accumulate. The efficiency of
the transport of substances in general (including ions) will then also be called into
question because any interaction with large molecules will lead to a cascade of
“parasitic” biochemical reactions and will ultimately result in a significant
reduction in the efficiency of the transport processes.

Examples of the transport of large molecules include the transport of proteins
and RNA through the nuclear pores and the transport of proteins in neuronal axons.

An alternative solution of this problem could be the existence of some “long-
range” potential for the interactions between molecules, which would have been
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Fig. 4.18 Long-range
potential

o—

more selective. The characteristic size of this potential (without repulsion) is much
larger than the size of the atom (see Fig. 4.18). However, this potential is currently
not known.

Thus, the problem of the transport of large molecules is not resolved. However,
its solution is crucial for understanding the functioning of living cells and to
control the artificial cell. Note also that the accuracy of biochemical reactions is
essential for a number of processes, such as DNA computing, artificial storage and
the transmission of biological information.

4.4 Conclusion

The models for the transport of substances in cells that are discussed in this book
indicate that the transport subsystem of a living cell can be considered optimal.
The transport subsystem of a cell is constructed such that it ensures relatively
constant internal ion concentrations and minimal transportation energy costs. In
the synthesis of artificial cells, the efficiency and robustness of the transport sys-
tems are the most relevant features. The above models indicated that these tasks
can be solved simultaneously in the limit of a large number of transport systems.

An understanding of the general laws of the optimization of transport subsys-
tems helps create artificial cells with transport systems that are designed for
specific tasks, such as the accumulation of valuable ions and compounds and the
purification of water from contaminants.

Several possible mechanisms for the directional movement of cells in the early
stages of evolution are also discussed. It is shown that the microscopic mecha-
nisms of energy conversion in the transport of matter and in the directed motion of
protocells are similar in many respects. It is suggested that the minimal moving
cell is a transitional stage between replicators and archaebacteria/cyanobacteria.

Understanding the mechanisms that direct the directional movement of cells
will also contribute to the creation of controlled drug carriers.

The problem of the transport of large and complex molecules is also discussed.
Currently, this problem does not have a solution. However, an understanding of the
mechanism by which the transport of large molecules in the cell occurs with a
minimum number of errors is crucial for the creation of artificial cells.
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Appendix 1

A.1 Methods of Optimization
A.1.1 Conditional Extremum and Nonlinear Programming

The task for the conditional extremum is formulated as follows:
f(x) - rnin, gl(x) = 07 . '7gm(x) =0

where g;(x) =0,...,gu.(x) = O—are the constructions that are implied on x.
It can be shown that this problem can be reduced to the optimization of the
Lagrangian

L(x,2) =f(x)— zm: 2igj(x)

on x for a suitable choice of /i, ..., 4, (Lagrange multipliers). As a result, the
conditional extremum search is reduced to the solving a system of a equations:

0 ", Og;
L35 ) =0, gl =0
J

A nonlinear programming problem is formulated in a similar manner
f(x) — min, g;(x) =0, hj(x) <0

where hj(x) <0 are restrictions that are formulated as inequalities. The elements of
x that satisfy the constraints of the problem are called the feasible solutions.
Through the help of additional variables, the problem can be reduced to

F(x) = min, g(x) = 0,h(x) +z =0, 0.

A special case of nonlinear programming is linear programming, in which the
function f(x) has a special form.
A.1.2 Linear Programming

The mathematical formulation of the problem of linear programming can be
represented as
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n
ZaikaSbi,i: l7~"7m7
k=1
x,>0,k=1,...,n,
n

W= > ¢xX; — max
k=1

Because the solution of linear programming is achieved in the vertex of the
permissible polyhedron—their enumeration ensures success within the finite of
steps if solution exists. However, the polyhedron often has an astronomical
number of vertices. There are special techniques, such as the simplex algorithm,
that allow for a meaningful search.

The classical simplex method (proposed by George Dantzig) implements the
idea of a targeted search for solutions. The algorithm jumps over the vertices such
that it monotonically increases the target function (c,x). During each step, the
transition to the next vertex is chosen such that the new value of {c,x) is better
than the last.

The dual to the classical problem

{(¢,x) — max, Ax<b, x>0,
is the problem
(b,y) — min, ATy>c, y>0.

One of the varieties of linear programming problems is the problem of optimal
transportation. This problem is formulated as follows: There are m producers and
n consumers of a product, which are located at the nodes of the transportation
network. Let x;; denote the amount of the product that is carried out of the ith node
to the jth node. In addition, a,—is the volume of production in the ith node and,
bj—is the total demand in the jth. The natural restrictions on the traffic volume
imply:

Zx,-j S a;, inj 2 bj.
j i
The criterion that is usually used is
n
Z Cjjx;j — min,
iy

where c;;—is the cost of the transportation of a unit of goods from the ith to the jth
node.
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A.1.3 Integer Programming

The situations in real systems commonly lead to problems that are different from
the linear programming problems because the desired values of the variables must
be integers. The solving of these problems through linear programming is possible,
but a situation in which the unknown quantities will be integers in the linear
programming solution is a rare exception. In general, the integer programming
problem cannot be solved by rounding the resulting values of the linear pro-
gramming solution to integers. In this case, we need more labor-intensive methods.
This problem is NP-hard (i.e., its solution requires an exponentially large number
of steps). There are several methods for solving such problems. Two of these are
the method of branches and bounds and the method of dynamic programming (see
below).

An example of an integer programming problem is the knapsack problem (see
Sect. 1.4).

If an exact solution is not required, then the problem is essentially simplified
through approximate methods, such as the greedy algorithm, swarm intelligence,
and genetic algorithms.

A.1.4 The Packing Problem (Backpack)

The problem of optimal one-dimensional packing (or the backpack problem) is
formulated as follows: Suppose we have a backpack with a given carrying capacity
and a set of objects of different weights and values. We then want to pack the
backpack with the maximum objects such that it closes, which means that the sum
of the values and weights of packaged objects must be at maximum and within a
given limit, respectively.

There are many variations of this problem that are widely used in practice: the
optimal filling of containers, the loading of trucks with weight restrictions, the
creation of backups on removable media, and the choice of optimal control in a
variety of economic and financial transactions.

There are n objects and c; and q; are the cost and weight, respectively, of the i-th
object. It is then necessary to select a group of items with the maximum total cost
and a limited total weight:

E cix; — max, E aix; <W,
i i

where x; can take integer values or the values 1 and O (an object either exists or
does not exist). This task belongs to the NP-hard class of problems, i.e., its solution
requires an exponentially large number of steps that depend on the number of
objects.
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The methods that can be used to approximate the solution to the backpack
problem include genetic algorithms, algorithms of ant colonies, and “greedy”
algorithms.

These algorithms are characterized by polynomial complexity but only an
approximate solution is obtained. These algorithms are often used for other
problems of Al

The “greedy” algorithm for the knapsack problem is as follows:

The first set of items Q is ordered by descending “specific values” (or the
weight of the unit price) items such that

C C C
ds2s >

a,  ay a,

then, starting with an empty set, the sequentially ordered set of objects Q is added
to the approximate solution Q’ (which is empty at first);

With each successive addition, the algorithm verifies that the next object does
not exceed allowable weight of the backpack;

The process is completed by constructing an approximate solution of the
knapsack problem.

The exact solution of the knapsack problem can be obtained by other methods,
such as the branch and bound method or the dynamic programming method.

A.1.5 Dynamic Programming

Dynamic programming is a method that can be used to solve complex problems by
breaking them into simpler subtasks. It is applicable to problems with optimal
substructure that include a set of overlapping subproblems with slightly less
complexity than the original. In this case, the computation time can be reduced
compared to methods that use an exhaustive search algorithm. As a rule, the
solution of the problem requires the solving of some of the tasks (subtasks) and the
combination of the solutions of the subproblems into a common solution. Often,
many of the subtasks are the same. The dynamic programming approach is to solve
each subproblem only once, thereby reducing the amount of computation. This is
especially useful in cases in which the number of repeated subproblems is expo-
nentially large.

The method of dynamic programming requires the storage of the results of the
subtasks that can be used again in the future. Dynamic programming includes the
reformulation of a complex problem as a recursive sequence of simpler
subproblems.

An optimal substructure in dynamic programming means that the optimal
solution of the smaller subproblems can be used to solve the original problem. For
example, the shortest path in the graph from vertex A to vertex B can be found by
first calculating the shortest path from all of the vertices that are adjacent to A to B
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and then, taking into account the weights of the edges between A and its adjacent
vertices, to choose the best way to B. In general, we can solve the problem, which
has an optimal substructure, by performing the following three steps:

1. Split the task into subtasks of smaller size.

2. Find the optimal solution of the subproblems recursively by performing the
same three-step algorithm.

3. Use the obtained solutions for the subproblems to construct the solution for the
original problem.

The sub-problems are solved by dividing them into even smaller sub-tasks and
so on until a trivial case has to be solved in constant time (i.e., immediately). For
example, if we need to find the value of n!, it would be a trivial task to determine
1I'=1(r 0! =1).

Overlapping sub-problems in dynamic programming refer to sub-problems that
are used to address a number of larger problems. A striking example is the cal-
culation of the Fibonacci sequence. In this case, a simple recursive approach would
be to spend time on the computation of the solution of problems (adding numbers)
that have already been solved.

To avoid this exponentially difficult problem, the solution to the already solved
sub-problems should be stored. Therefore if the same solution is required in a
different task, it can simply be obtained from the memory instead of calculated.

Thus, dynamic programming uses the following properties of the problem:

e overlapping sub-problems,
e an optimal substructure, and
e the ability to memorize the solutions to common subtasks.

The method of dynamic programming was developed by Richard Bellman. The
basis of this method is the principle of optimality:

The optimal strategy has the property that, whatever the initial state and initial decision,
the subsequent decision should determine the optimal strategy with respect to the state
resulting from the initial decision.

Some classical problems of dynamic programming

e The task of drafting a distance (Levenshtein distance): given two strings, the
minimum number of erasures, additions and substitutions of characters that
transform one string into another.

The problem of calculating Fibonacci numbers.

The problem of selecting a trajectory.

The making of a consistent decision.

The packing problem (knapsack): from an unlimited set of objects with “val-
ues” and “weights”, a set of objects has to be selected to maximize the total
value of the limited total weight.
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A.1.6 Matrix Games

Matrix games are characterized by two players with conflicting interests. If their
interests are not completely opposite, the games are called bimatrix.
The matrix game can be described by the matrix gains

ary apn ... QAip
A — azy 4z ... dp :
aml Am2 ... Qmn

where the elements of the matrix a; are a winning player (winning player is a;).

In some cases, the optimization of a system considers the game against nature.
In this case, nature represents the second player, who chooses the strategies that
are the worst for the first player. It is often convenient to reduce the control
problems in the presence of uncertainty (lack of information) to game problems in
which the second player is assigned the properties that characterize the random
process for which the information is incomplete.

The matrix game often has no solution in pure strategies. In this case, the
solution is sought in the form of mixed strategies, i.e., every player uses all of their
strategies with a certain probability.

Appendix 2

A.2 Controllability of Linear Control Systems

The behavior of a multidimensional linear control system is described by the
equations of state and the output:

x(t) = Ax(t) + Bu(t), x(0) = xo, and
y(1) = Cx(1),

where x is the n-dimensional vector of the state, u is an r-dimensional vector of the
control, ¢ is the time, ¢ € [#,, 7] is the interval of time during which the system
functions, y is a k-dimensional vector of the output and A, B, and C and matrices
with dimensions of (n x n), (n x r), and (k x n), respectively.

The system is completely controllable if the choice of control action u(f) in the
time interval [#,, #;] makes it possible to transfer the system from any initial state
x(tp) to an arbitrary predetermined final state x(#,).
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The system is fully controlled by the output if the choice of control action
u(t) in the time interval [7, #;] makes it possible to transfer the system from any
initial state x(#() to a final state with a predetermined arbitrary value of the output
(1)

The problem is formulated as follows: given known matrices A, B, C of a
system of differential equations, is the system completely controllable?

The criterion of control by the state. For the system to be completely controlled
by the state, it is necessary and sufficient that the rank of the controllability by the
state

W = (B,AB,A’B,...,A" 'B)

be equal to the dimension of the state vector rangW = n.

The criterion for the controllability by the output. For the system to be com-
pletely controlled by the output, it is necessary and sufficient that the rank of the
matrix of the controllability of the output

P = (CB,CAB,CA’B,...,CA"'B)

be equal to the dimension of the vector output rangP = k.
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