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Preface

The Association for the Advancement of Modelling and Simulation Techniques in
Enterprises (AMSE) and the University of Zaragoza are pleased to present the main
results of the International Conference on Modelling and Simulation in Engineering,
Economics, and Management, held in Teruel, Spain, July 4–5, 2016, through this book
of proceedings published with Springer in the series Lecture Notes in Business
Information Processing.

MS 2016 Teruel was co-organized by the AMSE Association and the University of
Zaragoza through the GESES Research Group, with the support of the SoGReS-MF
Research Group from University Jaume I. It offered a unique opportunity for students,
researchers, and practitioners to present and exchange ideas concerning modelling,
simulation, and related topics, and see how they can be implemented in the real world.

In this edition of the MS international conference, we paid special attention to the
area of modelling and simulation in business and economic research. The title of the
book, Modelling and Simulation in Engineering, Economics and Management, refers
to a broad research area and we have tried to systematize the resulting collection into a
reasonable number of cohesive themes. The importance of modelling and simulation
techniques in engineering, business, and economic research is reflected through several
contributions related to modelling and simulation in industrial development, finance,
accounting, business management, marketing, economics, and politics, among others.
This congress has as main incentive the interaction among different disciplines and this
interaction is helping to improve the availability of models and techniques in business
and economic research.

The MS 2016 Teruel proceedings comprise 20 papers—with a total of 56 authors
from nine countries—selected from 52 submissions. The book is organized according
to three general tracks of the congress: Modelling and Simulation in Finance and
Accountability, Modelling and Simulation in Business Management and Economics,
and Modelling and Simulation in Engineering and Other General Applications.

We would like to thank all the contributors, reviewers, plenary speakers, and the
scientific and honorary committees for their kind co-operation with MS’2016 Teruel;
the Organizing Committee for their support regarding the logistics of the conference;
and Ralf Gerstner, Alfred Hofmann, Christine Reis, and Eléonore Samklu (Springer)
for their kind advice and help in publishing this volume.

Finally, we would like to express our gratitude for their support in the preparation of
this book to Springer and in particular to the editors of the book series Lecture Notes in
Business Information Processing, Wil van der Aalst, John Mylopoulos, Michael
Rosemann, Michael J. Shaw, and Clemens Szyperski.

July 2016 Raúl León
María Jesús Muñoz-Torres

Jose M. Moneva
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A SimILS-Based Methodology for a Portfolio
Optimization Problem with Stochastic Returns

Laura Calvet1(&), Renatas Kizys2,
Angel A. Juan1, and Jesica de Armas1

1 Computer Science Department, Open University of Catalonia-IN3,
Barcelona, Spain

{lcalvetl,ajuanp,jde_armasa}@uoc.edu
2 Subject Group of Economics and Finance, University of Portsmouth,

Portsmouth, UK
renatas.kizys@port.ac.uk

Abstract. Combinatorial optimization has been a workhorse of financial and
risk management, and it has spawned a large number of real-life applications.
Prominent in this body of research is the mean-variance efficient frontier
(MVEF) that emanates from the portfolio optimization problem (POP), pio-
neered by Harry Markowitz. A textbook version of POP minimizes risk for a
given expected return on a portfolio of assets by setting the proportions of those
assets. Most authors deal with the variability of returns by employing expected
values. In contrast, we propose a simILS-based methodology (i.e., one
extending the Iterated Local Search metaheuristic by integrating simulation), in
which returns are modeled as random variables following specific probability
distributions. Underlying simILS is the notion that the best solution for a sce-
nario with expected values may have poor performance in a dynamic world.

Keywords: Portfolio optimization � SimILS � Metaheuristics � Simulation

1 Introduction

Investments play an essential role in our society through wealth creation, sustainable
economic growth and ultimately improvements in welfare standards. They provide
companies with the necessary funds to transform ideas and resources into profitable
projects, social benefits and jobs. From the point of view of a portfolio investor, POP is
a strategy of (a) selection of financial assets and (b) determination the optimal weights
allocated to those assets that results in a desired portfolio return and an associated
minimum level of risk. This combinatorial optimization problem (COP) is known as
the portfolio optimization problem (POP), a milestone of modern portfolio theory,
founded by Markowitz [1]. Key to POP is a quadratic objective function that is
(a) computed by aggregating over the covariances of the constituent asset returns, and
(b) minimized subject to a desired rate of return. It is worth noting that other risk
measures have been applied in the literature such as value-at-risk. Additionally, port-
folio weights must add up to one and, in most cases, take on non-negative values.
A realistic POP introduces further constraints. In particular, pre-assignment, quantity

© Springer International Publishing Switzerland 2016
R. León et al. (Eds.): MS 2016, LNBIP 254, pp. 3–11, 2016.
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and cardinality constraints have received overwhelming attention in extant literature.
The pre-assignment constraint allows the investor to pre-select some assets, irrespective
of their risk-return characteristics. The quantity constraint confines the weight allocated
to an asset in the portfolio within a desired range of values. One the one hand, the upper
limit (the ceiling) of the range attempts to reduce the exposure to each asset. On the
other hand, the lower limit (the floor) rules out investments in negligible quantities,
which may be prohibitively costly, since the transaction costs may reduce or erase the
benefit. While recognising that this constraint arises as a result of the investor’s dis-
cretionary decisions, it has received growing interest. For instance, [2] argue that its
inclusion can lead to improved out-of-sample performance of optimization perfor-
mance, can help contain portfolio volatility, boost realized portfolio performance, as
well as decrease downside risk and shortfall probability. Finally, the cardinality con-
straint sets a minimum and maximum value for the number of assets in the portfolio.
The lower bound aims to diversify the investment, i.e., allocate resources to a set of
imperfectly correlated assets. Such strategy seeks to minimize the overall risk of
portfolio investment. The upper bound is dictated by the evidence that marginal ben-
efits of portfolio diversification starts to decrease after the number of assets already
selected in the portfolio hits a certain threshold [3]. In addition, portfolios with a large
number of assets are more costly in terms of complexity, managerial effort and the
ensuing increased transaction costs. These constraints make the problem NP-hard [4].

Optimization methods may be classified into exact methods and heuristics/
metaheuristics [5]. The first group includes procedures that guarantee the optimality
of a solution. However, exact methods may require making strong assumptions or large
amounts of time, especially when they are used to solve real-life complex problems.
Within the second group, heuristics are experience-based procedures, which usually
provide near-optimal solutions in considerably less time. By contrast, metaheuristics [6]
are general templates, which may solve a broad range of problems without having to be
tailor-made to a particular problem and often in real time. In the literature on the
portfolio optimization, linear [7] and quadratic [8] programming methods have been
predominant exact methods. However, due to the complexity of these problems,
metaheuristics are increasingly more employed at present [9].

Despite the non-exhaustive nature of applications of realistic POP, they have not
been extensively studied. As aforementioned, a textbook version of POP underlies the
empirically unsupported assumption of constant expected rate of return, a key limita-
tion in a large and growing body of research. The main contribution of this research is
to address this limitation. Indeed, since asset return is a random variable that obeys a
certain probability density function, and future returns are unpredictable, the minimum
desired rate of return may not be attained with certainty. More concretely, we relax the
above simplifying assumption and randomize the minimum desired rate of return. The
resulting problem is referred to as the Stochastic POP (SPOP). The solver that is
constructed to solve SPOP is relatively new and is called SimILS [10]. It envisages an
extension of the Iterated Local Search (ILS) metaheuristic [11] that integrates simu-
lation techniques to address sources of uncertainty embedded in a randomized objective
function or/and budget constraint. In short, while a metaheuristic searches for
high-quality solutions for a deterministic version of the problem, which employs
expected values of random variables, simulation techniques are applied to test them in a

4 L. Calvet et al.



stochastic environment. In fact, this approach – coined simheuristics [12] – suggests
combining metaheuristics and simulation techniques. In this context, our research aims
to: (i) derive a mathematical formulation for the Stochastic POP, (ii) develop a solving
methodology based on an existing algorithm for the POP [13]; and (iii) illustrate its use
by solving a benchmark instance.

This paper is organized as follows. Section 2 provides a formal description of the
problem. Section 3 proposes a methodology. A computational experiment is carried out
in Sect. 4, while the results are analyzed in Sect. 5. Finally, Sect. 6 gathers the main
conclusions.

2 Description of the Problem

Let there be a set A ¼ fa1; a2; . . .; ang of n assets, where each asset ai
(8i 2 f1; 2; . . .; ng) is characterized by an expected return ri. The covariance between
two assets ai and aj ð8i; j 2 f1; 2; . . .; ngÞ is denoted by rij. A solution for the POP (see
Fig. 1), is a vector X ¼ ðx1; x2; . . .; xnÞ, where each element xi ð0� xi � 1Þ represents
the weight of the asset ai in the portfolio. The aim of the POP is to minimize the risk of
the investment and obtain an expected return greater than a specific threshold R. A
realistic version includes also the pre-selection, quantity and cardinality constraints.
The pre-selection constraint dictates whether an asset ai must be in the solution (i.e.,
xi [ 0) by means of the parameter pi: pi ¼ 1 if ai is pre-selected, and pi ¼ 0 otherwise.
The quantity constraint specifies for each asset ai a lower and an upper bound, ei and di
ð0� ei � di � 1Þ, respectively. The cardinality constraint sets the lower and upper limits
on the number of assets included in the portfolio, kmin and kmax ð1� kmin � kmax � nÞ,
respectively. One key difference between the stochastic and classical versions of POP is
that the former assumes uncertain future returns on a portfolio of assets, with a certain
probability of not attaining the threshold value.

min f Xð Þ ¼
Xn

i¼1

Xn

j¼1
rijxixj

Subject to :

Pð
Xn

i¼1
Rixi �RÞ�P0 ð1Þ
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Fig. 1. Example of a solution representation
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Xn

i¼1
xi ¼ 1 ð2Þ

eizi � xi � dizi; 8i 2 f1; 2; . . .; ng ð3Þ

0� ei � di � 1; 8i 2 f1; 2; . . .; ng ð4Þ

zi �Mxi; 8i 2 f1; 2; . . .; ng ð5Þ

pi � zi; 8i 2 f1; 2; . . .; ng ð6Þ

kmin �
Xn

i¼1
zi � kmax ð7Þ

zi 2 0; 1f g; 8i 2 f1; 2; . . .; ng ð8Þ

The objective function minimizes the risk of the investment. Equation (1) guar-
antees that the return on investment will be no smaller than the threshold R with a
probability of at least P0. Equation (2) restrains portfolio investment to the existing
resources. An auxiliary variable is introduced to indicate whether the asset ai is in the
solution (zi ¼ 1 in this case, zi ¼ 0 otherwise). For each asset ai, Eq. (3) sets a lower
and an upper bound (ei and di, respectively) for xi, in case the asset is selected (i.e.,
zi ¼ 1). The two bounds range from 0 and 1 (Eq. 4). In Eq. (5) M is a very large
positive value such that Mxi � 1 for all i if xi [ 0. Equation (6) defines the
pre-assignment constraint, where zi depends on the parameter pi. If the asset ai is
pre-selected (i.e., pi ¼ 1), then it also appears in the solution (i.e., zi ¼ 1). Equation (7)
describes the cardinality constraint. Finally, Eq. (8) defines zi as a binary variable.

3 Our Methodology

The proposed methodology follows a simILS approach. It is demonstrated to be suc-
cessful for solving realistic COPs with sources of uncertainty [14]. It is a natural
extension of ILS-based algorithms to address stochastic COPs. Specifically, we com-
bine a solving methodology for the POP [13] with Monte Carlo simulation
(MCS) techniques. The referred work describes a powerful yet simple algorithm, which
includes heuristics for the selection of assets and a quadratic programming solver that
allocates weights to POP. It uses memory caches to enhance the algorithm’s perfor-
mance. In fact, it provides high-quality solutions in real time, only within a few
seconds.

Our methodology is summarized in Fig. 2 and described next.
First, the stochastic instance is transformed into deterministic by replacing random

variables by their means. Second, an initial solution by means of the algorithm
described in [13]. It constructs a solution by combining the pre-selected assets with
high-return assets. The solution has to be feasible in the stochastic environment, i.e.,
the required return (R) has to be reached with a probability no smaller than P0. MCS is
employed to estimate this probability by means of the proportion of cases in a sample
of generated scenarios where the return obtained is at least as high as R. Each scenario

6 L. Calvet et al.



is created by randomly drawing a value for each return in the original instance. Third,
copies of the initial solution are stored as base and best solutions. Fourth, of the above
specified steps are repeated until a stopping criterion based on the elapsed time is met.
First, a new solution is created by ‘perturbing’ the base solution. This perturbation,
defined in the original algorithm, randomly erases some assets from the portfolio and
introduces others. An acceptance criterion is introduced to determine whether the new
solution is promising and should replace the base solution or should be discarded. It is a
Demon-like acceptance criterion [5], which accepts the solutions that improve the
objective function value (i.e., the risk) and those that worsen it but satisfy the following
conditions; (i) no consecutive deteriorations take place, and (ii) the degradation does
not exceed the value of the last improvement. The next step consists of checking the
feasibility of the new solution as before, using MCS. Only if it is feasible, the new
solution is copied into the base solution, and the best solution is updated (if improved).
Finally, the best solution is returned.

Note that this approach presents relevant advantages: (i) its modularity, which
enables the reuse of problem-specific procedures from the original algorithm, (ii) it is

Fig. 2. Flowchart of our approach
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relatively simple to understand and implement, and (iii) it does not add too much time,
since MCS is only used to check the feasibility of promising solutions.

4 Computational Experiments

Our methodology has been implemented as a Java application. A standard personal
computer, Intel Core i5 CPU at 3.2 GHz and 4 GB RAM with Windows 7 has been
employed. We have experimented with a stock market database from the repository
ORlib (http://people.brunel.ac.uk/*mastjjb/jeb/orlib/portinfo.html), which was pro-
posed in [15]. It represents the market index Hang Seng (Hong Kong) measured at
weekly frequency spanning the period from March 1992 to September 1997. This
benchmark instance gathers expected returns ri and standard deviations ri. In order to
assess our simheuristic methodology, expected returns have been replaced with random
variables Ri that distribute normally with mean ri and standard deviation ri: The
instance contains 31 assets. The expected returns average is 0.0035 (95 % IC: 0.
0027-0.0043) and the standard deviation is 0.002. The return standard deviations
average 0.0457 (95 % IC: 0.0430–0.0484) and deviate from the mean on average by 0.
0073. Figure 3 displays the probability density functions for some selected assets.
Table 1 proves that there is a positive association between expected returns and
standard deviation (Pearson product-moment correlation coefficient: 0.4973). In other
words, investors expect a higher return for assets characterized by a higher risk. Return
correlations among different assets average 0.5266 (95 % IC: 0.5137–0.5395), which
suggests the presence of gains from portfolio diversification.

Our algorithm is executed 10 times using different seeds; only the best results are
shown. To minimize the computational time, the number of runs for assessing
promising solutions has been set to 2000. The other parameters, including the time of
the iterative procedure, have been set to the values suggested in [13].

Fig. 3. Returns of selected assets following Normal distributions (Color figure online)
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100 equidistant values for the required rate of return have been selected. Table 2
shows the first and the last 5 observations on the required return, risk and reliability (or
probability of the return being no smaller than the required return) associated to the
solution obtained by the original algorithm (i.e., considering expected values), the risk
found with our methodology considering the probabilities of 0.48 and 0.52, and the gap
between them. The solutions of our methodology were obtained in 4.783 s on average.

5 Analysis of Results

The computational results suggest that requiring returns above a given threshold with a
higher probability leads to the same or higher portfolio variance. Moreover, the
instance may become unsolvable.

Figure 4 shows the differences in terms of risk between the 0.48 and 0.52 proba-
bility solutions for each of the 100 equidistant values. Solutions associated to higher
probability in general have greater risk. Figure 5 displays a multiple boxplot which
depicts the distribution of returns obtained using MCS for a set of promising solutions
when solving the instance for a specific required return. They are sorted according to
the portfolio variance. Although no obvious differences can be identified, eyeballing
suggests that the second solution have the smallest range. This case shows that it can be
useful to provide a set of solutions to the decision-maker. Here, he would choose the
first (risk: 0.0006444), which minimizes the risk, or the second (risk: 0.0006449),
which has a slightly higher risk but with a lower return variability.

Table 1. Correlation analysis between expected returns and standard deviation

Correlation coefficient P-value IC (95 %)

0.4973 0.0044 0.1736–0.7241

Table 2. Table of results

Expected values P0: 0.48 P0: 0.52
Required return Risk Reliab. (%) Risk (1) Risk (2) Gap (2)-(1) (%)

0.002861 0.000642 50.07 0.000642 0.000645 0.00024
0.002942 0.000643 50.28 0.000643 0.000645 0.00023
0.003023 0.000644 49.22 0.000644 0.000648 0.00047
0.003104 0.000644 49.55 0.000644 0.000646 0.00019
0.003185 0.000645 50.12 0.000645 0.000647 0.00011
0.010542 0.004194 49.02 0.004194 0.004194 0.00000
0.010622 0.004332 50.64 0.004332 0.004475 0.00014
0.010703 0.004475 49.90 0.004475 0.004475 0.00000
0.010784 0.004623 50.12 0.004623 0.004623 0.00000
0.010865 0.004776 49.67 0.004776 N/A N/A

A SimILS-Based Methodology for a POP with Stochastic Returns 9



6 Conclusions

This work has addressed the Portfolio Optimization Problem (POP), which is a classic
NP-hard Combinatorial Optimization Problem with plenty of applications. It consists in
creating a portfolio selecting a subset of assets and setting their weights. Typically,
authors solve this problem working with expected returns.

We have presented a mathematical formulation for the realistic POP, which con-
siders the following constraints, commonly faced in real life: pre-assignment constraint
(based on investor’s preference), quantity constraint (which keeps each weight within
user-specified floor and ceiling values) and cardinality constraint (providing a mini-
mum and maximum value for the number of assets to include in the portfolio). Being a
NP-hard problem, we require an approximate methodology for solving
medium/high-sized instances in real time. Accordingly, we have proposed a simple
methodology relying on the simILS approach. It combines an existing algorithm based
on the Iterated Local Search metaheuristic for the classical version of the problem,
which guides the search, with Monte Carlo simulation techniques, which checks the
feasibility of promising solutions. A computational experiment employing an adapted
benchmark instance is performed to illustrate its use and to analyze how the solutions
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change in terms of risk when varying the minimum required return and the probability
of satisfying the constraint associated to this return.

Due to the stochasticity characterizing financial markets, the number of challenging
versions of the POP, and their relevant applications, we plan to explore new
methodologies or variants of the one presented to address problems in this field. For
instance, an interesting line of research would be to consider more sources of
stochasticity. Additionally, our methodology could be tested on instances describing
different periods, countries, regions, sectors and asset classes.
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omy and Competitiveness (TRA2013-48180-C3-P and TRA2015-71883-REDT), FEDER, and
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Abstract. From an economic perspective, interest rates constitute key tools for
decision making in the financial sector as they have micro and macro impacts,
making its risk management a crucial matter. The LIBOR Market Model
(LMM) uses the yield curve of the British interbank rate LIBOR (forward) as its
basic input. Unlike models that use instantaneous rates, those involved in the
LMM are observable in the market. Furthermore, the model is consistent with
and adjusts its parameters according to the option valuation on futures formula
in the Black ‘76 fashion. This allows for efficient calibration and can be used to
value various derivative financial instruments. While there are several approa-
ches for calibration, this work uses the separated approach with optimization. It
is implemented using a routine in MATLAB with data of european swaptions.
This work concludes that the proposed algorithm is computationally efficient
and the fit is satisfactory.

Keywords: Interest rate model � Optimization algorithm � Financial derivatives
valuation � Swaptions

1 Introduction

In order to illustrate the application of theoretical concepts developed in the LMM
model1, it is interesting to use swaptions on LIBOR [1]. This paper uses LIBOR market
data to calibrate the LMM model by the optimized separation approach [2] and
implement it in MATLAB. Model calibration consists in playing the market value of
plain vanilla options [3].

Implementation poses a challenge which consists in transforming the unobservable
values (such as forward rates and the rates volatility) into dynamics on observables [4].
Firstly, the parameters are set by minimizing the quadratic residues of the difference
between the theoretical model and the pre-valuation of the derivatives in question. This
procedure requires from the analyst to have discretion regarding the data to be used
and, therefore, market information needs to be available [5]. The remaining parts of the
model’s implementation process, are post-calibration which it reflects the use of the

1 For a more detailed development about stochastic calculus, see [1].
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results, either for valuation of derivatives [6], or the associated cash flow, and in a
context of less uncertainty.

The objective of this work2 is to calibrate the LMM model using the separated
approach and it is divided into two sections. The first one explains the LMM model and
how to calibrate it. The latter applies this methodology to a database and calculates the
parameters of the model in this context. After this, a conclusion is given, and future
research is proposed.

2 The Model

Calibration of the LMM model implies finding parameters ri, i ¼ 1; . . .;N. This
parameters represent the volatility of certain derivative. In this research paper, swap-
tions on LIBOR rate agreements are used [6, 7]. For MATLAB, this procedure can take
between less than a minute and 15 min, depending on both the functional forms, and
the number of iterations of the process. It is important to note that the process of
calibrating is not something that should be done only once. An investor who uses these
techniques to enhance their portfolio, should additionally think about how often it
needs to re-calibrate the model [8, 9].

This section will be exposing some theoretical guidelines that justify the use of this
approach for the calibration of the LMM model. This guidelines are taken from the
book of Gatarek et al. [10] in which the model is studied in great detail. First, it is
necessary to define the approach and the steps to outline the algorithm, which is then
translated into computer language using MATLAB (2007a version).

As indicated by the authors mentioned, the algorithm belongs to the class of
non-parametric calibration. The use of a matrix of volatilities allows for a straightforward
implementation. The aim is to construct a covariance matrix forward LIBOR rate. To do
this it will be necessary to compute different variants of the same approach depending on
the set of parameters to be estimated:Ki. The relevant parameters are an array of lambdas
associated with swaptions with various maturities [11]. An intermediate step is the
construction of the covariance matrix (VCV) forward LIBOR rate by use of eigenvalues
and eigenvectors. Here, sub-routines are necessary to correct data errors, so that we can
assure the VCV is a positive definite matrix form. After this, one may proceed to
minimize the mean square error between the theoretical valuation and market values.

The process creating a matrix of volatilities of swaptions [10] begins:

XSWPT

¼

rswpt1;2 rswpt1;3 rswpt1;4 . . . rswpt1;mþ 1

rswpt2;2 rswpt2;4 rswpt2;5 . . . rswpt2;mþ 2

rswpt3;4 rswpt3;5 rswpt3;6 . . . rswpt3;mþ 3

. . . . . . . . . . . . . . .

rswptm;mþ 1 rswptm;mþ 2 rswptm;mþ 3 . . . rswptm;M

2
66666664

3
77777775
m�m

ð1Þ

2 We appreciate the comments and help from Pablo Matías Herrera and Joaquín Bosano.
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Each matrix component, rswpti;j ¼ rswptðt; Ti; TjÞ is the volatility of a swaption with
maturity Ti (assuming an underling swap Ti; Tj).

After that, it is possible to define the covariance matrix for the forward LIBOR as:

Ui ¼

ui
1;1 ui

1;2 ui
1;3 . . . ui

1;m

ui
2;1 ui

2;2 ui
2;3 . . . ui

2;m

ui
3;1 ui

3;2 ui
3;3 . . . ui

3;m

. . . . . . . . . . . . . . .

ui
m;1 ui

m;2 ui
m;3 . . . ui

m;m

2
66666664

3
77777775
m�m

ð2Þ

Source: Gatarek et al. [10].
Where

ui
kl ¼

ZTi

0

rinst t; Tl�1; Tlð Þrinst t; Tk�1; Tkð Þdt; i\kK i\l ð3Þ

And rinst t; Tl�1; Tlð Þ is the instant volatility of the LIBOR rate Ll t; Tl�1; Tlð Þ.
It is assumed that parameters Ki exist, such that:

ui
kl ¼ Kiukl ð4Þ

Assuming that Ki ¼ d0;k 8k ¼ 1; . . .;m, it is possible to calculate parameters of
the principal diagonal of Um�m:

ukk ¼
d0;k � rswpt t; Tk; Tkþ 1ð Þ2

Kk
ð5Þ

The next step is to define parameters Rk
i;jðtÞ

Rk
i;j tð Þ ¼

B 0; Tk�1ð Þ � Bð0; TkÞ
B 0; Tið Þ � Bð0; TjÞ ð6Þ

Where B 0; Tnð Þ n ¼ 1; . . .;M are the LIBOR discount factors, and vector B is
defined as:

B ¼
B 0; T1ð Þ

� � �
B 0; TMð Þ

0
@

1
A ð7Þ

Please note that Rk
i;j tð Þ depends on k; i; j and on the maturities selected in the

calibration.
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With these new definitions it is now possible to calculate the rest of matrix:

uk;N�1 ¼

¼
dk � r2k;N � Kk

PN
l¼kþ 1

PN
i¼kþ 1 R

i
k;N 0ð Þ � ui�1;l�1 � Rl

k;N 0ð Þ � 2 � Rkþ 1
k;N 0ð Þ � uk;N�1 � RN

k;N 0ð Þ
� �

2 � Kk � Rkþ 1
k;N 0ð Þ � RN

k;N 0ð Þ

Gatarek et al. [10] use the model proposed by Longstaff et al. [12] to give a
numerical solution. Initially the authors proposed the creation of a new covariance
matrix called UM ; similar to the original matrix but without the eigenvectors associated
with negative eigenvalues.

This procedure consists in multiplying each eigenvectors eð Þ by the square root of
the associated eigenvalue ð ffiffiffi

k
p

iÞ. This is only done for positive ki. Then, a matrix is
built with this changes. The matrix UM is then, the result of the product between the
modificated Ui by its transpose. This procedure fixes any problem related to negative
values.

The development of this sub algorithm allows us to build the swaptions’ theoretical
values matrix by approaching their volatilities using, initial values of UM .

Each component follows Gatarek et al. [10]:

uMi

kl ¼ KiuM
kl

dkr2k;N ffi Kk
PN

l¼kþ 1

PN
i¼kþ 1

Ri
k;N 0ð Þ � uM

i�1;l�1 � Rl
k;N 0ð Þ

ð8Þ

Since dk ¼ Kk (Logstaff-Schwartz-Santa Clara model), then:

r2k;N ffi
XN

l¼kþ 1

XN
i¼kþ 1

Ri
k;N 0ð Þ � uM

i�1;l�1 � Rl
k;N 0ð Þ ð9Þ

Towards this assumptions, it is possible to build market volatilities and address the
accuracy by the root mean square error between theoretical assumptions and market
values:

RMSE ¼
Xm
i;j¼1

rTheoreticalij � rMarket
ij

� �2
ð10Þ

With this expression described above, the separated approach can be optimized by
nonlinear functions. RSME admits minimum only if VCV is defined positive. The
theoretical model explains better the reality of the market if minimization is made. In
the following section, the developed algorithm is shown with real data using
MATLAB.
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3 Calibration for European Swaptions

First of all, in order to implement LMM with real data it should be taken into con-
sideration three steps: calibration, derivative payoff and cash flows related to the
option. This work examines the procedure to obtain the parameters needed in the first
step.

In the MATLAB routine it is possible to program a recursive process in six steps.
The recursive character is configured by the fact that each step needs information of
previous steps. The next figure shows all the process, data input and output required
(Fig. 1):

As it was mentioned above, the recursive character is illustrated by the dotted
arrow. The output data in each step is treated as input data of the next one.

This process is known as the separated approach and some initial data is necessary
in order to execute the algorithm3: vector of dates, swaption market volatilities matrix
and parameters vector (all belonging to step 2). Regarding to the first one, it is a column
vector with schedule data according to the instruments tenors. If those maturities are
expressed in years, vector has M dates of the same initial date but within a year
difference. This paper is based on Gatarek et al. [10] data (European Swaptions from
January 2005).

Fig. 1. Algorithm – separated approach. (Source: compiled by authors based on Gatarek et al. [10])

3 A discount factor vector needs to be specified as well, this is easily calculated from interest rates and
tenors.
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As initial data it is necessary to put on a parameter vector: Ki. Taking into con-
sideration this performing issues:

i. If an arbitrary vector is imposed, the MATLAB code will return an RSME that
matches with this initial condition. Hardly this RSME will be the local minimum
for all the problem.

ii. Rather than including an arbitrary vector [Lambda], an optimization in which each
component of the vector are control variables of the mentioned problem should be
performed.

This is why the separated approach with optimization is clearly superior than
specifying an arbitrary vector. An initial condition is used as a vector “Lambda0”
which components goes between 1 to 10 (in this case). In MATLAB it is allowed a
function fminsearch to solve the mean square error as a nonlinear optimization:

Then, routine will run an optimization performance with some objective values.
The output it yields is the minimized RSME and an initial parameters vector which
matches with this minimized error. Syntax, in this case, has RSME as objective
function in its arguments. Initial parameters vector ðKiÞ is a constraint.

At the same time, since the process consists of a minimization with a searching
objective, it is possible to set a specific number of iterations to generate a faster
solution. This paper concludes that 10.000 iterations are enough to find a local mini-
mum in our problem. To prove this affirmation, the program was run without any
iterations imposed. Results were the same in both, the restricted and the unrestricted
cases.

Since Fig. 2, step 3 generates the eigenvalues vector and eigenvectors matrix as Ki

functions (Fig. 3):
Eigenvectors (L):

L ¼
½�0:0147
0:0006
0:0179
0:0251
0:0339
0:0506
0:0727
0:1107
0:1547
0:2447�
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Regarding the filter described above, it is possible to take away all eigenvectors
associated with negative eigenvalues. In this case, only the first eigenvalue is negative.
The VCV_M matrix or UM is shown in Fig. 4:

It is possible to generate theoretical volatilities matrix according to the last matrix and
[R] matrixes calculated in the beginning of the algorithm. This is shown in formula (9).

Taking into account all the important information, the following outputs show
theoretical swaption volatilities, the observables one (market information) and their
differences (Figs. 5 and 6):

VCV=

Fig. 2. The matrix of covariances [VCV] as a function of parameters (Logstaff-Schwartz-Santa
Clara model)

E=

Fig. 3. Eigenvectors

VCV_M=

Fig. 4. The modified covariance matrix [VCV_M] as a function of parameters
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Hence, RSME between theoretical and market swaption volatilities (Eq. (10)) is:

RSME ¼
Xm
i;j¼1

ðrTheoreticalij � rMarket
ij Þ2 ¼ 0:005336

After running the program, initial parameters vector (control variables of the
problem) are obtained:

Lambda ¼
ð1:6495 2:2113 2:4858 2:7925 2:4413 2:7904 3:0697 2:4470

2:1824 1:5488Þ

As was described, this outcome results in an optimization that matches RSME with
the corresponded parameters. This information is an input to valuate the financial
derivative and its future prices curve. If the proposed algorithm is computationally
efficient and the fit is satisfactory (in the RSME sense), this mentioned future prices
curve will be certainly close to the actual future prices. Algorithm complexity has
sensitivity to data input and, specifically, to the derivatives considered. The higher the
tenor considered, and the lesser partial autocorrelation has the time series, the lesser
will be the prediction power of the parameters found.

It is possible to run the program with 100 and 1.000 iterations. The minimum
reached is better when iterations increase. In the first case, RSME is 0.091659, while in
second case 0.008107.

Sig_theo=

Fig. 5. Calculation of theoretical swaption volatilities [Sig_theo]

Sig=

Fig. 6. Matrix of market swaption volatilities [Sig]. (Source: compiled by authors based on
Gatarek et al. [10]).
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0:091659|fflfflfflfflffl{zfflfflfflfflffl}
RSME100

[ 0:008107|fflfflfflfflffl{zfflfflfflfflffl}
RSME1:000

[ 0:005336|fflfflfflfflffl{zfflfflfflfflffl}
RSME10:000

A RSME closer to zero means that LMM fits better to market data. A perfect fit is
hard to achieve and has no sense to several financial analysts since reality has
uncertainty and risks [13]. There is a challenge in reducing uncertainty of future events
and using financial models for portfolio rebalance or creating value through investment
strategies.

4 Conclusion

The LMM model aims to minimize root mean squared errors between the theoretical
value and market data of European swaptions. This work analysed a calibration of this
model using the methodology known as separated approach with optimization and
implemented it in MATLAB.

This is especially important to understand the dynamics of the financial markets. In
this complex environment, future is unpredictable, but investors could limit their risk
exposure implementing routines like the one shown in this paper. The objective from
the point of view of financial engineering is to assess the discrepancy between the
market value and the theory of a financial asset, and minimize it using the “root mean
squared error” methodology. Moreover, an investor who uses these techniques must,
additionally, reflect on how often it should re-calibrate the model.

This work concluded that the proposed algorithm is computationally efficient and
the fitting is appropriate. Particularly, the results of the non-linear minimization are
sensitive to the number of iterations specified. Real-time valuation compromises its
accuracy. Moreover, this procedure is not appropriate for valuing complex portfolios
that include exotic derivatives due to the computational power needed for this type of
valuations.

Future research aims to develop a framework for investors to evaluate different
financial derivatives using LMM and also expand research on how to accelerate the
algorithm presented.
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Abstract. Computational finance has become one of the emerging application
fields of metaheuristic algorithms. In particular, these optimization methods are
quickly becoming the solving approach alternative when dealing with realistic
versions of financial problems, such as the popular portfolio optimization prob-
lem (POP). This paper reviews the scientific literature on the use of meta-
heuristics for solving rich versions of the POP and illustrates, with a numerical
example, the capacity of these methods to provide high-quality solutions to
complex POPs in short computing times, which might be a desirable property of
solving methods that support real-time decision making.

Keywords: Metaheuristics � Financial applications � Portfolio optimization

1 Introduction

Since the last century the direct relationship between financial decisions and wealth
creation through capital accumulation or economic development has been widely
accepted and thus been the center of much research in modern academia. Most of the
questions in financial economics are formulated as optimization problems. Tradition-
ally, exact methods have been employed in determining optimal solutions. This,
however, requires modeling the problem subject to strict assumptions and simplifying
formulations to render it solvable. Because this approach neglects depicting the intri-
cacies of the real-life problems that decision-makers face in their everyday actions, the
results are largely not transferrable to operations without reservations. Furthermore, the
extraordinary internationalization and integration of financial markets and institutions
has caused the decision-making process to become more complex. Advances in
operations research and computer sciences have brought forward new solution
approaches in optimization theory, such as metaheuristics [28]. While simple heuristics
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have been employed since the 1960s, the more advanced metaheuristics have only
recently become relevant with the increase in computing power. They have shown to
provide solutions to problems for which traditional methods are not applicable [22] in
addition to providing near-optimal solutions to complex-combinatorial-optimization
problems. Metaheuristics are conceptually simple, relatively easy to implement, and
usually require little computational time, making them attractive for problem solving in
applications requiring real-time decisions. The application of metaheuristics to financial
problems is summarized in Gilli et al. [9]. While metaheuristics do not guarantee
finding a global optimal solution, Gilli and Schumann [10] point out that the goal of
optimization in most real-life instances is not to provide an optimal solution, but one
that fulfills the objectives to a satisfactory extent and hence promote the use of heuristic
approaches. With respect to exact methods that provide an optimal solution to
approximated problem formulations, a near-optimal solution to the unrestricted prob-
lem combined with real-life constraints might be preferable.

Since Markowitz [20] developed the modern portfolio theory centered on the
mean-variance approach the academic community has been highly engaged in
advancing the tools for portfolio optimization. The theory is based on two constituting
assumptions, namely the financial investor being concerned with the expected returns
and the risk of their respective investment. It is thus the goal to minimize the level of risk
expressed through the portfolio variance for a given expected return level, resulting in
the unconstrained efficient frontier. This established the portfolio optimization problem
(POP), in which the risk is sought to be minimized based on a minimum expected return
required by the investor. Figure 1 shows the increasing popularity of metaheuristics for
solving the POP. It becomes obvious that the trend in publications is increasing and that
metaheuristics have received increased attention as solution approaches in the area of
portfolio optimization.

Fig. 1. Number of published articles per year on applications of metaheuristics in POP
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While Mansini et al. [18] provide an extensive review on different portfolio opti-
mization problems, including its historical evolution and the use of exact methods, our
paper focuses on more recent contributions of metaheuristics for solving realistic
versions of the POP, both including single-objective and multi-objective optimization.
This paper also includes a computational example that illustrates the potential of
metaheuristics in the field.

2 The Single-Objective Portfolio Optimization Problem

While the original Markowitz problem can be solved using quadratic programming,
metaheuristics have increasingly been employed to cope with the fact that the problem
becomes NP-hard when real-life constraints are introduced [3]. These constraints
include cardinality constraints (restricting the number of assets in the portfolio) and
minimum proportional restrictions for inclusion of any asset. The classical version of
the POP can be considered a single objective optimization problem with either one of
the following model formulations: The investor minimizes the risk exposure subject to
a minimum attainable expected return or the investor maximizes the expected return for
a given level of risk. The classical POP can be formulated as follows [4]. The risk
expressed as the portfolio variance is minimized:

XN

i¼1

XN

j¼1
wi � wj � rij; ð1Þ

subject to a minimum return, the constraint that the weights have to add up to one and
the constraint that all asset weights must lie between zero and one, inclusive.

XN

i¼1
wi � li �R�; ð2Þ

XN

i¼1
wi ¼ 1; ð3Þ

0�wi � 1; i ¼ 1. . .1;N; ð4Þ

where N is the total number of assets available, μi is the expected return of an asset i, R
*

is the minimum required return, w are the respective weights of the assets making up
the portfolio and σij is the covariance between two assets i and j.

Chang et al. [4] solve the above classical problem definition using three different
metaheuristic approaches in order to generate a cardinality-constrained efficient fron-
tier: genetic algorithm (GA), tabu search (TS), and simulated annealing (SA). They
suggest pooling the results from the different approaches because no single heuristic
was uniformly dominating in all observed datasets. Following this suggestion and
combining GA, TS, and SA, Woodside-Oriakhi et al. [31] further explore the pooling
option. They find that, on average, SA contributes little to the performance of the
process and that thus a pooled GA and TS heuristic is superior to single metaheuristic
approaches at the expense of higher computational time. By combining exact and
metaheuristic methods, they create matheuristics. However, Soleimani et al. [26]
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introduce sector capitalization and minimum transaction lots as further constraints and
found that the GA they developed outperformed TS, and SA. Particle swarm opti-
mization (PSO) was found to be competitive with all three, GA, TS, and SA for the
cardinality-constrained portfolio selection problem and especially successful in
low-risk portfolios [5]. Golmakani and Fazel [11] further introduce minimum trans-
action lots, bounds on holdings and sector capitalization in addition to cardinality
constraints and apply a combination of binary PSO and improved PSO that they call
CBIPSO and found that, especially for large-scale problems, CBIPSO outperforms GA
in that it provides better solutions in less computing time.

Di Tollo and Roli [8] provide a survey concerned with the early applications of
metaheuristics to the POP and some of the proposed constraints. They explicitly
highlight the potential use of hybrid approaches. Such a hybrid method was proposed
by Maringer and Kellerer [19] who employ hybrid local search algorithm, which
combines principles of SA and evolutionary algorithms (EA), to optimize a
cardinality-constrained portfolio. The option of hybrid approaches is further investi-
gated by Di Gaspero et al. [7] who combine a local search metaheuristics with quad-
ratic programming to optimize a portfolio while accounting for cardinality constraints,
lower and upper boundaries for the quantity of an included asset and pre-assignment
constraints. According to their results, the developed solver finds the optimal solution
in several instances and is at least comparable to other state of the art methods.

3 The Multi-objective Portfolio Optimization Problem

While single objective optimization methods consider either a minimal risk for a given
return or a maximum risk for a given expected return or an objective function that
weights the two goals and thus have to be run several times with the respective weights
[23], multi-objective optimization methods find a set of Pareto solutions, while bal-
ancing two or more objective functions simultaneously. According to Streichert et al.
[27] the problem can then be formulated as follows. For a multi-objective optimization
it becomes necessary to minimize the portfolio risk expressed by the portfolio variance:

XN

i¼1

XN

j¼1
wi � wj � rij; ð5Þ

while maximizing the return of the portfolio

XN

i¼1
wi � li; ð6Þ

subject to

XN

i¼1
wi ¼ 1; ð7Þ

0�wi � 1; i ¼ 1. . .1;N; ð8Þ
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Zhu et al. [32] aim at a comparison of GA and particle swarm optimization (PSO) in
solving the non-linear portfolio optimization problem with multi-objective functions.
They argue that PSO overcomes the problem of increased convergence time in large
instances expected for GA. They test their methodology on unconstrained, as well as
constrained portfolios. While they do not include constraints other than a total weight
equal to one, in addition to restricted portfolios, in which the short-selling of the port-
folio’s underlying assets is prohibited and thus all asset weights are positive, the authors
also investigate unrestricted portfolios. However, they introduce the Sharpe ratio as a
simultaneous measure of risk and return and thus turn the multi-objective optimization
problem into a single objective optimization by optimizing an objective function that
serves as a simultaneous measure of risk and return. The solution portfolios obtained with
the PSO solver outperformed those constructed using GA for all test problems in terms of
Sharpe ratio and the established efficient frontier was above that of GA portfolios in all but
one instance. Enhanced PSO algorithms for solving the multi-objective POP have been
proposed by Deng et al. [6] and He and Huang [12]. Cardinality and bounding constraints
are incorporated by Deng et al. [6], who find that their algorithm mostly outperforms GA,
SA, and TS algorithms as well as previous PSO approaches especially in the case of
low-risk portfolios. It can be concluded that different findings unanimously favor PSO
in situations when low-risk investment is demanded. Similarly, He and Huang [12]
propose a modified PSO (MPSO) algorithm that outperforms regular PSO for their four
different optimization sets. These sets consist of the traditional Markowitz mean-variance
formulation and three alternative discontinuous objective functions that simultaneously
account for minimizing risk while maximizing returns. More recently, they also developed
a new PSO to further enhance discontinuous modeling of the POP and find that it gen-
erally outperforms PSO and also performs better than MPSO in larger search spaces [13].
Other population-based algorithms applied in optimizing portfolios include firefly algo-
rithms (FA) [29] and artificial bee colony (ABC) algorithms. The authors developed these
to address unconstrained portfolio optimization as well as portfolios with cardinality and
bounding constraints. However, because the results were satisfactory at most even after
modifications, the authors hybridized FA and ABC by incorporating the FA’s search
strategy into ABC to enhance exploitation and found that their data suggested superiority
of the methodology compared to GA, SA, TS, and PSO [30] for unconstrained and
cardinality-constrained portfolios.

Streichert et al. [27] account for further constraints, namely buy-in thresholds (ac-
quisition prices) and roundlots (smallest volume of an asset that can be purchased). They
treat the POP as a multi-objective optimization problem, in which they simultaneously
minimize risk while maximizing expected returns through two multi-objective evolu-
tionary algorithms (MOEA): GA and evolutionary algorithm (EA) enhanced through the
integration of a local search that applies Lamarckism. They found that this enhancement
greatly improved the reliability of the results, especially with respect to the additional
constraints. However, there is a second point of criticism to the original Markowitz
model, namely its assumption of normal financial returns, which, in reality are charac-
terized by a leptokurtic and fat-tailed distribution [15], making it necessary to con-
sider non-parametric risk measures. Such a measure is the value-at-risk as employed by
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Babaei et al. [2], who developed two multi-objective algorithms based on PSO to solve a
cardinality- and quantity-constrained POP. Through splitting the whole swarm into
sub-swarms that are then evolved distinctly their methodology outperformed similar
benchmark metaheuristics. In order to optimize a non-parametric value-at-risk and to
include further constraints, including a lower and upper bounds for the weights of
included assets, a threshold for asset weight changes, lower and upper bounds for the
weights of one asset class and a turnover rate that determines the maximum asset allo-
cation changes possible at once, Krink and Paterlini [16] developed the differential
evolution for multi-objective portfolio optimization (DEMPO) algorithm, partly based on
differential evolution (DE). An extended version of a generalized DE metaheuristic is
also employed in optimizing a highly constrained POP by Ayodele and Charles [1]. The
included constraints consist of bounds on holdings, cardinality, minimum transaction
lots, and expert opinion. An expert can form an opinion based on indicators beyond the
scope of the analyzed data and influence whether or not an asset should be included.
Their methodology shows improved performance when compared to GA, TS, SA, and
PSO. Lwin et al. [17] considered cardinality, quantity, pre-assignment and round lot
constraints and developed a multi-objective evolutionary algorithm that is improved
through a learning-guided solution generation strategy, which promotes efficient con-
vergence (learning-guided multi-objective evolutionary algorithm with external archive,
MODEwAwL). It was shown that the developed algorithm outperforms four benchmark
state of the art multi-objective evolutionary algorithms in that its efficient frontier is
superior. An extensive review of the application of evolutionary algorithms is provided
by Metaxiotis and Liagkouras [21].

4 A Numerical Example

In Kizys et al. [14], the authors describe a metaheuristic algorithm that allows to solve a
realistic version of the POP. In order to test the efficiency of their approach, we have used
their algorithm with a set of data retrieved from the repository ORlib (http://people.
brunel.ac.uk/*mastjjb/jeb/orlib/portinfo.html). These instances were proposed by Chang
et al. [4] and were studied by Schaerf [25], Moral-Escudero et al. [24], and Di Gaspero
et al. [7]. The data set comprises constituents of five stock market indices, Hang Seng
(Hong Kong), DAX 100 (Germany), FTSE 100 (United Kingdom), S&P 100 (United
States) and NIKKEI 225 (Japan). Following Di Gaspero et al. [7] we divided the port-
folio frontier into 100 equidistant points on the vertical axis that represents the
user-defined rate of portfolio expected return. The algorithm was executed on a con-
strained mean-variance frontier. The benchmark constraints are those imposed by the
previous authors. Figure 2 shows the values of average percentage loss (APL) and
associated computational times for several algorithms. Notice that, for most instances, the
algorithm from Kizys et al. [14] is able to outperform, in terms of the minimum APL (the
lower the better), the algorithms proposed by Moral-Escudero et al. [24] and Di Gaspero
et al. [7]. Also, the algorithm of the former authors shows its efficiency in terms of
computational times requested to obtain a high-quality solution (Fig. 3).
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5 Conclusions

This paper analyzes the role of metaheuristic-based approaches in solving realistic
variants of the well-known portfolio optimization problem, either with single or with
multiple objectives. As discussed in the paper, metaheuristic algorithms are gaining
popularity to solve these rich variants of the problem, since they might be used even in
those scenarios in which exact methods cannot provide optimal solutions in reasonable
computing times. An example of application illustrates the efficiency of these algorithms,
in particular their capacity to provide high-quality solution in short computing times.

Fig. 2. Min APL (the lower the better) by instance and algorithm (Color figure online)

Fig. 3. Computational time by instance and algorithm (Color figure online)
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Abstract. This study investigates the impact of earnings quality on the rela-
tionship between earnings and stock prices. In order to incorporate the multi-
dimensional nature of earnings quality, we use Structural Equation Models. This
methodology is suitable for mitigating the effects of choosing the measurement
method of earnings quality and it has been highly developed in other social
sciences fields, but it is underused in accounting research. Our results show that
investors value the quality of accruals and dislike earnings manipulated by
discretionary accruals, except when this manipulation reduces earnings
volatility. The study is focused on various desirable features of earnings in order
to evaluate the relationship between earnings quality and its value relevance. It
values whether earnings management is opportunistic or informative from a new
approach and, finally, it provides a major methodological contribution to the
study of earnings quality with Structural Equation Models.

Keywords: Earnings quality � Value relevance � Discretionary accruals �
Accruals quality � Earnings smoothing � Structural equation models

1 Introduction

The usefulness of financial reporting improves decision-making, but it is based on
quality of accounting information. The analysis of this usefulness is usually focused on
the quality of earnings because earnings are closely followed by market participants,
provide useful information about the firm’s valuation, are the best measure of a firm’s
performance and a good indicator of future cash flows (e.g. [1, 2]).

We concentrate on the usefulness of earnings for investment decisions studying the
quality of earnings and the impact of that quality on stock pricing. Previous literature
studying the capital market consequences of earnings quality focused on the cost of
capital, trading volume or the information risk (e.g. [2, 3]). Other research studies the
effect of earnings quality on stock prices (e.g. [4–7]).

In general, earnings quality is defined as a multidimensional concept and there is no an
agreed-upon meaning assigned. In turn, empirical research has developed several metrics
to proxy for earnings quality (see the surveys in, e.g. [1, 8]). The multidimensional
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perspective of earnings quality makes it really difficult to measure [9] and some authors
demonstrate that research of earnings quality cannot be limited to just one measure because
these measures capture different aspects and may lead to contradictory conclusions [8–10].

In this context, the main motivation of our work is to analyze the relationship
between earnings quality and capital market but introducing the multidimensional
perspective of earnings quality. In order to answer to this motivation, this research is
based on three desirable features of earnings as measures for earnings quality (dis-
cretionary accruals, accruals quality and earnings smoothing) and we apply a
methodology that allows us to consider more than one alternative measurement:
Structural Equation Models (SEM), which has been underused in accounting research.

Therefore, our objective is to analyze the impact of earnings quality on the rela-
tionship between earnings and stock prices. Investors follow earnings as an important
variable for decision-making and, consequently, the quality of earnings should influ-
ence the relationship between earnings and stock prices.

Our work confirms that the results obtained from an earnings quality analysis are
influenced by the method used to measure them. It also shows that the impact of earnings
quality on the relation between earnings and stock prices is positive and significant.
Discretionary accruals have a negative impact on this relationship. The more discre-
tionary the accruals are the less relationship exists between earnings and stock prices.
Accruals quality improves the relationship between earnings and stock prices. Earnings
smoothing has a positive and significant impact; the more earnings are smoothed, the
better they predict the market value offirms. These results provide evidence that investors
value the quality of accruals and dislike earnings manipulated by discretionary accruals,
except when this manipulation reduces the earnings volatility.

We make several contributions to the literature. Firstly, we focus on various
desirable features of earnings and we evaluate how investors value each earnings
quality measure. Apart from that, our study contributes to the literature by suggesting
an alternative approach for valuing whether earnings management is opportunistic or
informative. Finally, it provides a major methodological contribution to the study of
earnings quality using structural equation models. This methodology is suitable for the
study of aspects related to earnings quality allowing us to base the study on different
models for measuring the same variable to mitigate the effects of choosing one single
measurement method.

The remainder of the paper is organized as follows. The Sect. 2 reviews the pre-
vious literature and develops the hypotheses. The Sect. 3 describes the data and
methodology. Then, we present the results obtained (Sect. 4) and the main conclusions
(Sect. 5).

2 Background and Hypothesis Development

As we mentioned before, there is not an agreed-upon meaning assigned to “accounting
quality”. Empirical research defines it by very different types of measurements and,
usually, considers just one dimension or one characteristic of earnings in isolation.
Even so, at the beginning of the last decade, the multidimensional nature of earnings
quality began to be incorporated into empirical research [1, 2].
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Most studies on the capital market consequences of earnings quality focus on the
cost of capital. Francis et al. [2] find a positive relationship between financial reporting
quality and cost of equity in the US. Bhattacharya et al. [3] present country-level
evidence; they find that an increase in earnings opacity is linked to an increase in the
cost of equity and a decline in trading volume. Other studies have focused on the effect
of earnings quality on stock prices. Subramanyam [4] finds that markets attach value to
discretionary accruals and reports evidence that discretionary accruals predict future
profitability and dividend changes. Chung et al. [5] find that discretionary accruals
enhance the relationship between earnings and stock prices.

Based on previous literature, our objective is to find evidence regarding the effect of
discretionary accruals, accruals quality, and earnings smoothing on the relationship
between earnings and stock prices, in other words, between earnings quality and the
value relevance of earnings, defined as the predicted association between earnings and
equity market values. That is because the usefulness of financial information for
making investment decisions is linked to relevance.

There seems to be a prevalent perception that earnings management is opportunistic
in nature and, therefore, this manipulation reduces the value relevance of earnings.
However, a number of academic studies have argued that earnings management may be
beneficial whether it enhances the information value of earnings.

The opportunistic perception of earnings management increased after the scandals
at Enron, Worldcom and elsewhere. The argument that earnings management decreases
earnings quality is based on the asymmetric information. Managers intentionally
modify earnings amounts and users do not have enough information to distinguish the
data that has been altered [7, 11–13].

On the other hand, some researchers argue the informative nature of earnings
management. It communicates private information about future expectations of per-
formance, thereby facilitating the ability of investors to predict future results. Managers
may exercise discretion over earnings to communicate private information to stock-
holders and the public [4, 5, 14–18].

Consequently, it is not easy to anticipate the effect of earnings management on
value relevance and we have to consider both perspectives. Discretionary Accruals are
an estimation of accruals that are not well explained by accounting fundamentals (fixed
assets and revenues) being a measure of management’s discretion over earnings.

Considering both perspectives and based on previous studies, we are unable to
anticipate the sign of the relationship between discretionary accruals and the usefulness
of earnings in determining stock prices. Therefore, we formulate our first hypothesis:

H1: There is a significant relationship between discretionary accruals and the value
relevance of earnings as reflected in stock prices.

Accruals Quality captures the mapping of current accruals into last-period,
current-period, and next-period cash flows. Accruals quality is based on the view that
earnings that map closely to cash flows are of better quality [2, 10, 19–21].

Researchers have dedicated much effort to establishing links between earnings
quality and security valuation, the cost of capital, and external financing decisions (see
[8]). Taking into account the results of that previous research, which show that low
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earnings quality has a negative impact on these aspects, we formulate our second
hypothesis as follow:

H2: There is a positive and significant relationship between accruals quality and the
value relevance of earnings as reflected in stock prices.

Earnings Smoothing means a reduction in earnings variability, and implies the
intentional nature of the smoothing. It indicates the attempt of managers to be dis-
cretionary in the publication of information so as to intentionally eliminate fluctuations
from earnings [22–24].

Earnings smoothing has been the subject of extensive research and debate over the
last few decades [4, 22, 25, 26] because it is seen from different perspectives in relation
to the usefulness of financial reporting. Some authors think that earnings smoothing
improves the informative content of earnings and, as such, is a desirable earnings
feature [17, 25, 27–29]. Other authors consider that earnings smoothing introduces
manipulation in earnings figures and indicates poor quality of accounting regulation
because it allows managers to hide information from the users [30–32]. Nevertheless,
the debate on the dominant effect of the earnings smoothing is still opened.

In view of the research results, we cannot anticipate if earnings are more relevant in
determining stock prices in the presence of earnings smoothing or not. So, our third
hypothesis is formulated as follows (in the alternative form):

H3: There is a significant relationship between earnings smoothing and the value
relevance of earnings as reflected in stock prices.

3 Data and Methodology

The study is based on a sample of Spanish firms listed on the stock market. The period
of analysis ran from 1998 to 2007. We employed the Amadeus and Compustat data-
bases to obtain financial and market data, respectively. Firms belonging to financial and
insurance sectors, those firms without information available for the minimum of 5 years
and those observations referring to financial years shorter than one year were removed.

As we mentioned, we studied three earnings characteristics, derived from the
relationships between accruals and cash: discretionary accruals, accruals quality, and
earnings smoothing. All these earnings characteristics have also been assessed using
different measures in order to build latent variables. For that, it is required to obtain
earnings quality indicators for each firm. Therefore, based on Francis et al. [2], we
calculated every earnings quality measure over firm-specific ten-year windows, from
t-9 to t. It means that we must regress 11 different models to estimate discretionary
accruals for each firm, to calculate 20 accruals quality indicators, and 15 different
earnings smoothing ratios. All of them are based on previous literature because they
have been measured in many different ways and our objective is to measure them by
latent variables. All measures obtained for each of the attributes and their descriptions
can be seen in [33, 34].

SEM is suitable for the study of earnings quality, measuring it through different
variables that are not directly observable. These unobservable variables are considered
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as latent and this methodology allow us to measure earnings quality features based on
the group of indicators that characterize them, by incorporating all the information that
each of them provide.

PLS consists of two parts that are usually analyzed and interpreted sequentially in
two stages: the measurement model and the structural model. Themeasurement model
contains the relationships between each construct and its indicators. This step attempts
to identify a set of measurable indicators that define the latent variable and is based on
the study of the internal consistency of the constructs or latent variables. The struc-
tural model determines the causal relationships among the latent variables.

To consider a construct internally consistent, it has to fulfil the following properties:
unidimensionality, that considers if the indicators that comprise each construct are
one-dimensional, meaning that all of them measure just one dimension; reliability, that
measures the consistency of the indicators that form the construct, whether or not the
indicators are measuring the same concept; convergent validity, that is the degree to
which the indicators reflect the construct, that is, whether they really measure what they
purport to measure; and discriminant validity, that means that each construct must be
significantly different from the remaining constructs to which it is not related. A con-
struct satisfies this property when it has weak correlations with other latent variables.

By analyzing the fulfilment of these properties, we will be able to establish con-
sistent measures of each earnings characteristic The evaluation of these properties
makes up the exploratory analysis of the measurement model and, later, the final
measurement model has also been confirmed in the confirmatory analysis through the
PLS algorithm. Results for the measurement model can be seen in [33, 34].

On the other hand, to measure the relationship between earnings and stock prices,
we evaluate the value relevance of earnings, considering earnings’ ability to explain the
firm’s price on the stock market. Consistent with prior research, we measure value
relevance by the R-squared of a model that establishes a relationship between market
value and earnings [2], including both earnings changes and earnings levels. So, we
estimate the following model for each firm over a period of ten years:

RETj;t ¼ d0;j þ d1;jXj;t þ d2;jDXj;t þ ej;t ð1Þ

Where RETj;t is the firm j’s 15-month market adjusted return ending three months
after the end of fiscal year t; Xj;t and DXj;t are firm j’s net income before extraordinary
items (NIBE) in year t and its change between t and t−1, scaled by market value at the
end of year t−1.

As we stated previously, the second stage is based on the analysis of the structural
model which determines the causal relationships among the latent variables. The sig-
nificance of all the paths of the structural model was tested using a bootstrap resam-
pling procedure with 500 iterations in SmartPLS.

The path coefficients are the beta standardized regression coefficients (β) and they
measure the relationship between two latent variables and its significance. The
R-squares measure the proportion of the construct variance that is explained by the
model.
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4 Results

We have considered previously that value relevance of earnings may be the conse-
quence of earnings quality measured through three different perspectives and we try to
answer if it may influence the value relevance. We study the relationships proposed in
Sect. 3 on the structural model and, in this section, we present the PLS results of testing
the research propositions involved in the structural model and discusses the explanatory
power of the model.

As we can see in Table 1, all the earnings quality measures, defined as the latent
variables analyzed in the previous measurement model, show a significant relationship
with value relevance.

We begin with hypothesis H1, which tests if discretionary accruals (DA) can
explain the value relevance of earnings on the stock market (VR). In this case, the
results show a significant relationship of DA in the explanation of VR (β = −0.2667;
p < 0.10). It can be seen that there is a negative relationship, which means that higher
levels of discretionary accruals determine lower value relevance of earnings.

When we formulated this hypothesis, we could not anticipate the sign of the
relationship because discretionary accruals can be evaluated from two perspectives:
informative and opportunistic. According to these results, the capital market sees
discretionary accruals as reflecting opportunistic conduct by managers who use their
position within the company to influence the firm’s financial reporting. This oppor-
tunistic earnings management impairs the value relevance of financial information.
Discretionary accruals create distortions in the reported earnings and it reduces the
ability of earnings to explain returns. The higher the level of discretionary accruals, the
less informative the earnings announcement is for investors.

Hypothesis H2 tests if accruals quality (AQ) can determine the value relevance of
earnings (VR). The results show that the higher the accruals quality, the higher the
value relevance of earnings (β = 0.2784; p < 0.05).

These results confirm the predicted sign of the relationship between accruals quality
and value relevance. The market prices accruals positively since they are explained by
cash flows in the prior, current, and future periods. This finding suggests that accruals
do not represent managerial choices but they reflect economic fundamentals. Earnings
are superior to cash flows for making decisions because accruals are related to the kind
and timing of the companies’ operations, more than to the managerial discretion.

Table 1. Results of structural model. Relationships between constructs

Hypothesis Relationship β t value

H1 H1a DA → VR −0.2667 1.6693***
H1b AQ → VR 0.2784 2.5248**
H1c ESM → VR 0.4517 4.0367*

β: path coefficient, t-statistic of path coefficient
*significant at 1 %, **significant at 5 %, ***significant at 10 %
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Finally, we test hypothesis H3 to find out if earnings smoothing (ESM) explains the
value relevance of earnings (VR). The results indicate the existence of a positive
relationship between them (β = 0.4517; p < 0.01).

This relationship means that higher levels of earnings smoothing determine higher
value relevance of earnings. Therefore, we may conclude that, in this case, earnings
smoothing can be considered as a manipulative practice that is informative for inves-
tors, as the results show that the more earnings are smoothed, the better they predict the
market value of firms.

In summary, the results are consistent with managers’ use of discretionary accruals
to develop opportunistic behaviors, instead of to communicate information regarding
future profitability. This is true except when managerial discretion is used to reduce the
volatility of earnings, which improves the persistence and predictability of reported
earnings. In this case, earnings management increases the informative value of
earnings.

Table 2 includes the R-squared of the value relevance as the dependent variable in
the model. This coefficient captures the variance of the dependent variable that is
explained by the constructs that predict them. In this case, the model is able to explain
more than 20 % of the variance of value relevance. 0.1 is established as the low value
that a correct model should present.

5 Conclusions

This study investigates the impact of earnings quality on the relationship between
earnings and stock prices. The empirical analysis evaluates if the earnings quality
affects the stock pricing. Investors follow earnings as an important variable for
decision-making and, in consequence, the quality of earnings should influence the
relationship between earnings and stock prices. Specifically, we try to analyze the
association between different desirable features of earnings and the investors’ decision,
using the relationship between earnings and stock prices.

In order to incorporate the multidimensional nature of earnings quality in our
analysis, without the measurement of earnings quality being limited to one specific
concept, we use Structural Equation Models. This methodology is suitable for the study
of aspects related to earnings quality because, as we have seen, there are different
measures that in turn are not directly observable variables (latent variables) and it
allows us to base the study on different models to measure a same variable, in order to
mitigate the effects of choosing the measurement method.

The results show that managers use discretionary accruals to develop opportunistic
behaviors instead of to communicate information regarding future profitability. This is
true except when managerial discretion is used to reduce the volatility of earnings,
which improves the persistence and predictability of reported earnings. In this case,

Table 2. Results of structural model. R-squared of constructs

R-square

VR 0.2089
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earnings management increases the informative value of earnings. Therefore, these
results indicate that investors value the quality of accruals and dislike earnings
manipulated by discretionary accruals except when this manipulation reduces the
earnings volatility.

This paper contributes to the literature by evaluating how investors value various
desirable features of earnings. This study also suggests an alternative approach to
evaluate whether earnings management is opportunistic or informative. Apart from
that, it provides a major methodological contribution to the study of earnings quality
using structural equation models and an important compilation of the varied methods
used in previous literature to measure each of the desirable earnings attributes related to
earnings management.
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Abstract. Bankruptcy prediction is a hard classification problem, as data are
high-dimensional, non-Gaussian, and exceptions are common. Nature inspired
algorithms have proven successful in evolving better classifiers due to their fine
balance between exploration and exploitation of a search space. This balance
can be further refined by hybridization, which may provide a good interplay of
exploration (identifying new promising regions in the search space to escape
being trapped in local solutions) and exploitation (using the promising regions
locally, to search for eventually reaching the global optimum). The aim of this
paper is to compare the performance of two search heuristics - Particle Swarm
Optimization (PSO) and Gravitational Search Algorithm (GSA) – when using
alone, or synergically, as a hybrid method, for evolving Neural Network
(NN) classifiers for bankruptcy prediction.

Keywords: Nature inspired algorithms � PSO � GSA � Hybridization � Evolved
NN classifiers � Bankruptcy prediction

1 Introduction

Using hybridization for achieving a good balance between exploration and exploitation
became more and more influential since it was first advocated in a paper of Eiben and
Schippers [1]. The exploration capability of nature inspired algorithms allows finding
the most interesting basins of attractions (by extending the search over the whole
sample space). They may thus avoid trapping in local minima, but are not as fast as
local-search techniques when it comes to exploitation, suffering from low convergence
rate in the last stage of approaching the solution. It is these complementary strengths
that inspired the development of numerous hybrid algorithms, in hoping that the
hybrids perform better than the individual algorithms. Exploration is sometimes
associated with diversification, whereas exploitation is associated with intensification.
Usually, the balance between them is insured by favoring exploration at the beginning
of the search (when it is desirable to have a high level of diversification) and favoring
exploitation at the end (when the algorithm is close to the final solution and intensi-
fying the local search is more suitable).

Neural Networks (NN) are well suited for both classification and function
approximation, and their training method has been originally based on
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Back-Propagation (BP) algorithm. The standard version of the algorithm looks for the
minimum of the error function in the weight space using the method of gradient
descent. The combination of weights which minimizes the error function is considered
to be a solution of the learning problem. The main drawback of BP is its tendency to
become trapped in local minima of the error function. The success and speed of training
depends upon the initial parameter settings, such as architecture, initial weights and
biases, learning rates, and others. The idea of evolving NN by evolutionary algorithms,
as an alternative to BP, can be traced back to the late 1980s, when Genetic Algorithms
(GA) have been used with two distinct purposes: architecture optimization and weight
training. The rationales behind this idea was that GA perform a more global search than
NN with BP. BP takes more time to reach the neighborhood of an optimal solution, but
then reaches it more precisely. On the other hand, GA investigate the entire search
space. Hence, they reach faster the region of optimal solutions, but have difficulties to
localize the exact point. Since the initiation of this direction of research, many nature
inspired search heuristics have been employed to evolve NN. Two such heuristics are
investigated in this paper – PSO and GSA, respectively – and their performances are
compared when using alone, or synergically, as a hybrid method. The experimental
setup for this comparison is that of evolving neural network classifiers for bankruptcy
prediction.

2 Search Heuristics and Their Hybridization

2.1 Particle Swarm Optimization (PSO)

PSO has been originally proposed by Kennedy and Eberhart [3]. It is behaviorally
inspired and belongs to Evolutionary Computation, whose main purpose is the emer-
gence of complex behaviors from simple rules. In the specific case of PSO, the strategy
of searching the problem hyperspace for optimum was developed out of attempts to
model the social behavior of bird flocking or fish schooling.

PSO consists of a swarm of particles. Each particle resides at a position in the
search space. The fitness of each particle represents the quality of its position. Initially,
the PSO algorithm chooses candidate solutions randomly within the search space. The
particles fly over the search space with a certain velocity. The velocity (both direction
and speed) of each particle is influenced by its own best position found so far and the
best solution that was found so far by its neighbors. Eventually the swarm will con-
verge to optimal positions.

Let i 2 f1; . . .;Ng, xi 2 <n and vi 2 <n be a particle, its position and its velocity,
respectively. Now, consider a fitness function f : <n ! <. Candidate solutions xi are
initially placed at random positions in the search-space and moving in randomly
defined directions. The direction of a particle is then gradually changed to move in the
direction of the best found positions of itself and its peers, searching in their vicinity
and potentially discovering better positions.
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The pseudo-code of PSO is given below:
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The first term of (1), w � vti, is the inertia component, responsible for keeping the
particle moving in the same direction it was originally heading. The role of the coef-
ficient w is either to damp the particle’s inertia or to accelerate the particle in its original
direction. Generally, lower values of w speed up the convergence of the swarm to
optima, and higher values of w encourage exploration of the entire search space.

2.2 Gravitational Search Algorithm (GSA)

Gravitational search algorithm (GSA) was originally proposed by Rashedi et al. [5].
In GSA, all particles are viewed as objects with masses. Based on the Newton’s law of
universal gravitation, the objects attract each other by the gravity force, and the force
makes all of them move towards the ones with heavier masses. Each mass has four
characteristics: position, inertial mass, active gravitational mass, and passive gravita-
tional mass. The first one corresponds to a solution of the problem, while the other
three are determined by fitness function.

Let us consider a system with N masses (agents), where the ith mass’s position is
defined as follows:

Xi ¼ x1i ; . . .; x
d
i ; . . .; x

n
i

� �
; i ¼ 1; 2; . . .; N: ð5Þ

The gravitational force acting on mass i from mass j at a specific time t is defined as
follows:

Fd
ijðtÞ ¼ GðtÞMpiðtÞ �MajðtÞ

RijðtÞþ e
xdj ðtÞ � xdi ðtÞ

� �
; ð6Þ

where Maj is the active gravitational mass related to agent j, Mpi is the passive grav-
itational mass related to agent i, GðtÞ ¼ G0 � e�a�iter=maxiter is a gravitational constant
that is diminishing with each iteration, e is a small constant, and RijðtÞ ¼
XiðtÞ � XjðtÞ

�� ��
2 is the Euclidian distance between two agents i and j.

For the purpose of computing the acceleration of an agent i, total forces (related to
each direction d at time t) can be defined by

Fd
i ðtÞ ¼

XN
j¼1; j6¼i

ej F
d
ijðtÞ; ej �U 0; 1ð Þ; ð7Þ

Alternatively, to improve the performance of GSA by controlling exploration and
exploitation, only the group Kbest of heavier agents is allowed to attract the others,
where Kbest is decreasing over time.

Fd
i ðtÞ ¼

XN
j 2 Kbest; j 6¼i

ej Fd
ijðtÞ; ej �U 0; 1ð Þ: ð8Þ
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Thus, by lapse of iterations, exploration is fading out and exploitation is fading in.
Given the inertial mass Mii of the ith agent, we can now define the acceleration of

the agent i, at time t, in the dth direction:

adi ¼
Fd
i ðtÞ

MiiðtÞ : ð9Þ

The ith agent’s next velocity and position can then be computed as:

vdi ðtþ 1Þ ¼ gi � vdi ðtÞþ adi ; gi �U 0; 1ð Þ; ð10Þ

xdi ðtþ 1Þ ¼ xdi ðtÞþ vdi ðtþ 1Þ: ð11Þ

Finally, after computing current population’s fitness, the gravitational and inertial
masses can be updated as follows:

miðtÞ ¼ fitiðtÞ � worstðtÞ
bestðtÞ � worstðtÞ ; ð12Þ

MiðtÞ ¼ miðtÞPN
j¼1

mjðtÞ
: ð13Þ

where fiti(t) is the fitness value of the agent i at time t; best(t) is the strongest agent at
time t, and worst(t) is the weakest agent at time t; best(t) and worst(t) are calculated as:

For a minimization problem :

bestðtÞ ¼ min
j 2 f1; ...; Ng

fitjðtÞ;

worstðtÞ ¼ max
j 2 f1; ...; Ng

fitjðtÞ:

8><
>: ð14Þ

For a maximization problem :

bestðtÞ ¼ max
j 2 f1; ...; Ng

fitjðtÞ;

worstðtÞ ¼ min
j 2 f1; ...; Ng

fitjðtÞ:

8><
>: ð15Þ

The steps of implementing GSA can be summarized as follows:

1. Generate the initial population.
2. Evaluate the fitness for all agents.
3. Update the parameters G(t), best(t) and worst(t).
4. Calculate the gravitational and inertial masses mi(t) and Mi(t) and the total forces

Fd
i ðtÞ in different directions, for i = 1, 2, …, N.
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5. Update the velocities vdi and the positions xdi .
6. Repeat steps 2 to 5 until the stop criterion is reached. If a specified termination

criterion is satisfied, stop and return the best solution.

2.3 The PSOGSA Hybrid Algorithm

Hybridization itself is an evolutionary metaheuristic approach that mainly depends
upon the role of the parameters in terms of controlling the exploration and exploitation
capabilities. In principle, we can exploit synergically the mechanisms of control from
two algorithms in order to form a hybrid with combined capabilities. This may be more
likely to produce better algorithms. The critical parameters in PSO are pBest, whose
role is to implement the exploration ability, and gBest, whose role is to implement the
exploitation ability. The critical parameters in GSA are G0 and α, which determine the
values of GðtÞ, i.e., GðtÞ ¼ G0 � e�a�iter=maxiter . They allow the fine tuning of the
exploitation capability in the first stage and a slow movement of the heavier agents in
the last stage. Numerical experiments have shown that PSO performs better in
exploitation, whereas GSA performs better in exploration. However, the latter suffers
from slow searching speed in the last iterations. A new hybrid algorithm, called
PSOGSA, has been developed by combining the mechanism of these two algorithms
and the functionality of their parameters. It was recently proposed by Mirjalili et al. [4]
and has been tested on twenty-three benchmark functions in order to prove its higher
performance compared to standard PSO and GSA. The results shown that PSOGSA
outperforms both PSO and GSA in most cases of function minimization and that its
convergence speed is also faster.

The main difference in PSOGSA is the way of defining the equation for updating
the velocity ViðtÞ:

Viðtþ 1Þ ¼ w � ViðtÞþ c01 � n1 � aciðtÞþ c02 � n2 � ðgBest � XiðtÞÞ ð16Þ

where c01 and c02 are two adjustable parameters, w is a weighting coefficient, n1,
n2 �Uð0; 1Þ are random numbers, aci(t) is the acceleration of agent i at iteration t, and
gbest is the best solution so far.

The way of updating the agent positions is unchanged:

Xiðtþ 1Þ ¼ XiðtÞþViðtþ 1Þ ð17Þ

By adjusting the parameters c01 and c02 via the updating procedure, PSOGSA has a
better ability to balance the global search and local search. The agents near good
solutions try to attract the other agents which are exploring the search space. When all
agents are near a good solution, they move very slowly. By using a memory to store the
best solution (gBest) found so far, PSOGSA can exploit this information, which is
accessible anytime to each agent. Thus the agents can observe the best solution and can
tend toward it.

Evolving Improved Neural Network Classifiers for Bankruptcy 45



3 Using PSO, GSA and PSOGSA to Evolve Neural Network
Classifiers for Bankruptcy Prediction

3.1 NN Architecture, Fitness Function and the Encoded Strategy

The architecture of the evolved NN is determined by its topological structure and can
be described as a directed graph in which each node performs a transfer function,
typically a sigmoid:

f ðsjÞ ¼ 1

1þ e�
Pn

i¼1
wij�xi�hjð Þ ; j ¼ 1; 2; . . .; h ð18Þ

where sj ¼
Pn

i¼1 wij � xi � hj, n is the number of the input nodes, wij is the connection
weight from the ith node in the input layer to the jth node in the hidden layer, hj is the
bias (threshold) of the jth hidden node, and xi is the ith input.

The final output of the NN can be defined as follows:

ok ¼
Xh
j¼1

wkj � f ðsjÞ � hk; k ¼ 1; 2; . . .; m; ð19Þ

where wkj is the connection weight from the jth hidden node to the kth output node and
hk is the bias (threshold) of the kth output node. The architecture of a NN with 2 inputs,
2 outputs and 3 hidden nodes is shown in Fig. 1.

Evolving NN with search heuristics consists of using that heuristic to find the
parameters (weights and biases) of the NN as a solution of an optimization problem.

As an encoding strategy we use a connection-based direct encoding of the NN
parameters, such as the weights and biases, which are passed, as candidate solutions, to
the fitting (objective) function of the population-based optimization algorithm.

The fitness function is defined in terms of the Mean Square Error (MSE) of the NN.
Let us denote by q the number of training samples, by dki the desired output of the ith

Fig. 1. The architecture of a NN with 2 inputs, 2 outputs and 3 hidden nodes.
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input unit when the kth training sample is used, and by oki the actual output of the ith
input unit when the kth training sample is used. Then:

MSE ¼
Xq
k¼1

E2
k

q
; where E2

k ¼
Xm
i¼1

oki � dki
� �2

: ð20Þ

3.2 The Experimental Setup

We next discuss the experimental setup proposed in this paper. Our goal is to compare
the performances of PSO, GSA and PSOGSA, when using to evolve neural network
classifiers for bankruptcy prediction.

A sample of 130 Romanian companies has been drawn from those listed on
Bucharest Stock Exchange (BSE), with the additional restriction of having a turnover
higher than one million EURO. Financial results for the selected companies were
collected from the 2013 year-end balance sheet and profit and loss account, and were
taken from the official website of BSE, www.bvb.ro. As predictors, a number of
16 financial ratios have been used in our models. The classification task consists of
building classification models from a sample of labeled examples and is based on the
search for an optimal decision rule which best discriminates between the groups in the
sample.

When evaluating the predictive performance of one or more models, one of the core
principles is that out-of-sample data is used to test the accuracy. The validation method
we used in our experiments is the holdout method. The data set has initially been split
into two subsets; about 60 % of the data have been used for training and 40 % for
testing.

In binary classification, the accuracy is a statistical measure of how well a classifier
correctly identifies if an object belongs to one of two groups. However, accuracy is not
a reliable metric for the real performance of a classifier, because it will yield misleading
results if the data set is unbalanced. Unfortunately, this is the case with our dataset,
where the number of samples in the two classes varies greatly: 104 solvent firms and 26
insolvent ones. Thus, a more detailed analysis than mere proportion of correct guesses
(accuracy) is needed. Actually, the performance of the competing classifiers was
evaluated using the Confusion Matrix and the Receiver Operating Characteristic
(ROC) analysis.

3.3 Results

The NN classifiers evolved with PSO, GSA and PSOGSA have similar architectures:
16 inputs, 2 outputs (binary response) and 15 hidden nodes. Our results validate the
superiority of the hybrid PSOGSA algorithm that outperforms both the PSO and GSA.
Figure 2 shows the learning performance of using PSOGSA to evolve the NN.
Figures 3 and 4 show the confusion matrices and ROC curves for training and test
datasets.
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Fig. 2. NN evolved with PSOGSA: learning performance

Fig. 3. NN evolved with PSOGSA: training confusion matrix and ROC curves (Color figure
online)

Fig. 4. NN evolved with PSOGSA: test confusion matrix and ROC curves (Color figure online)
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The results for all search heuristics used to evolve NN classifiers for our application
at hand (bankruptcy prediction) are summarized in Table 1.

As we expected, the in-sample classification rates are better than the out-of-sample
classification rates for all three algorithms. However PSOGSA outperforms PSO and
GSA in case of already seen, as well as unseen data. Further experiments are intended
in order to evaluate repeatedly the performance of the three algorithms in terms of
average classification rates, or to apply them on other databases.

Assessing the performance of the above search heuristics in cases when neural
networks for function approximation (regression) are evolved is another way to be
considered.

4 Conclusion

The aim of this paper was to compare the performances of two search heuristics –

Particle Swarm Optimization (PSO) and Gravitational Search Algorithm (GSA) – when
using alone, or synergically, as a hybrid method, for evolving Neural Network
(NN) classifiers for the purpose of bankruptcy prediction. Hybridization has often
proven to be a successful approach in many cases where, by combining the mechanism
of two algorithms and the functionality of their parameters, we are able to find new
ways of controlling the exploration and exploitation capabilities of the newly generated
hybrid. The results reported here may be seen as another step in validating approaches
of this kind.
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Abstract. Materiality has become a relevant issue in sustainability disclosure
and business performance assessment. The main objective of this paper is to
provide an assessment framework of sustainability performance based on expert
knowledge. The expert knowledge has been extracted from the materiality
analysis included in the sustainability reports. Focusing on a sectorial approach,
this paper has applied the proposed methodology in a sample of 57 wearing
apparel firms. The main results reveal that the most relevant aspects are
‘Effluents and Waste’, ‘Emissions’ and the consumption of resources (‘Energy’,
‘Materials’, and ‘Water’), which simbolise almost the 60 % of the weights of the
aspects. In addition, this study shows that those firms with a higher environ-
mental performance represent a reduced percentage of the total sales of the
sector and are, mainly, located in North America and Europe.

Keywords: Sustainability � Corporate social responsibility � Performance
assessment � Materiality analysis � Wearing apparel industry

1 Introduction

During the last few years, research on social and environmental performance of firms
has become a hotspot for practitioners and academia [1, 2]. In addition to financial
performance, assessment and disclosure of social and environmental performances of
corporations are considered issues of huge relevance for the different stakeholders of
any company, since they strongly determine the survival of companies in the long term
and increase their value [3, 4], and also provide insights on how a specific company
manages its risks and contributes to sustainable development.

Given the increasing demand for greater transparency on both environmental and
social performance, corporations are adopting sustainability reporting in their disclo-
sure practices. Sustainability reports have become the main resource of information for
stakeholders, and they constitute the main tool for assessing the social and environ-
mental performance of corporations.
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However, sustainability reporting remains voluntary and largely unregulated in
most countries [5] and the current disclosure practices still have significant gaps which
have come to light in numerous and recent surveys. For instance, EYGM conducted a
survey of institutional investors on non-financial performance and it revealed that
institutional investors never considered in their decision making process the environ-
mental, social and governance (ESG) information that companies had published [6].
The explanation was that investors had a lack of information to understand what issues
could materially impact on value creation and they often failed to be able to compare
performance, even among peer organisations. In this regard, stakeholders require rel-
evant, standardized and comparable information to make sustainable decision. In
addition, several scholars note that sustainability reports show incomplete and irrele-
vant information for stakeholders, which is generally considered too generic and
lacking of detailed quantifiable measures and comparable information [7, 8], and they
highlight that companies tend to both over-report not material issues and under-report
material issues [9]. In these circumstances, it is difficult to assess the performance of
corporations according to what stakeholders consider important.

Therefore, one of the challenges of sustainability reporting is to identify the
material aspects for both internal and external stakeholders. The concept of materiality
is understood as those issues of greatest importance. In particular, Global Reporting
Initiative (GRI) defines materiality as the degree of importance at which an aspect
becomes sufficiently important to be reported. According to GRI, the threshold for
defining material topics should be set to identify those opportunities and risks which
are most important to stakeholders, the economy, environment and society [10]. In a
similar way, other institutions such as the Sustainability Accounting Standards Boards
link the materiality of an issue with the degree in that this issue is important to investors
or other stakeholders in making their decisions. Therefore, one might expect that
materiality, as a measure of importance between aspects, can be used in performance
assessment to calculate the aggregation of the different aspects in a synthetic measure
of performance.

Traditionally, the assessment of sustainability performance has been developed by
academics and practitioners using synthetic indicators, which allow reducing the
multidimensionality and simplifying the complexity of sustainability. However,
the underlying dimensions of indices are not clearly defined and the opacity of the
methodologies employed calls into question the reliability and comparability of scores
[11]. In this regard, this study expects to contribute to literature in two directions. First,
this study provides an assessment framework of sustainability performance based on
expert knowledge that combines the simplicity required at corporate level in order to
provide useful information and the scientific rigor to make the scores reliable and
comparable. Second, this study digs deeper into the materiality assessment for defining
report content, integrating the materiality analysis provided by companies in the
assessment framework, which could be applied in future studies to test the robustness
of the materiality analysis.

Different organisations such as the International Integrated Reporting Council
(IIRC), the Sustainability Accounting Standards Boards (SASB) and the GRI have
developed and up-dated reporting guidelines based on the materiality principle.
However, each different reporting initiative involves a different subjective process to
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assess materiality, which could lead to selective reporting and a loss of credibility in
sustainability reporting. This study is focused on the framework of GRI, since it is
considered as the primary example of sustainability reporting and it has been widely
applied in multi-national firms that operate in a variety of industries [12, 13].

Material aspects differ substantially across industries. Therefore, an approach
focused on a limited number of the most relevant aspects for a specific industry can
contribute to improve comparability and practicability for stakeholders. This study
adopts an industry-based approach and attempts to advance the materiality framework
in the wearing apparel industry. The wearing apparel industry is considered as one of
the most unsustainable industries in the world from an environmental dimension [14]:
use of harmful chemicals, high consumption of water and energy, generation of large
quantities of solid and gaseous wastes, spillages, huge fuel consumption for trans-
portation to remote places where textile units are located, and use of non-biodegradable
packaging materials. Given the relevance of environmental impacts of this industry,
this paper provides a first insight on the environmental dimension of sustainability in
the wearing apparel sector.

The main objective of this paper is to develop a framework for environmental
performance assessment based on a materiality analysis approach. To this end, this
study uses different methodologies to provide an integrated assessment of corporations,
calculated upon different performance indicators, which have been weighted according
to the materiality of the aspects each indicator is related to. The framework has been
applied to the wearing apparel sector, offering interesting results about the materiality
of different aspects within the industry and the assessments obtained by firms belonging
to this industry.

This work is divided into five sections. After this introduction this study presents
the theoretical background. Section 3 includes information on the sample and the
methodology used in the empirical analysis. Section 4 presents the results and the final
section offers the discussion and main conclusion.

2 Theoretical Framework

Nowadays, there are a large number of environmental indicators (e.g. Ecological
Footprint or Material Input Per unit Service and Cumulative Energy Demand) that have
contributed to the assessment of impacts at micro and macro scale. However, they have
been especially criticized regarding their possible application at corporate level, since
they are not appropriate to identify weaknesses in the environmental management and
guide corporate policy. In addition, there is a lack of knowledge on how the existing
indicators may be used jointly to achieve relevant and comprehensive evaluations.
Consequently, there is a need to advance in the field to combine the simplicity required
at corporate level for tracking and reporting environmental data, and the scientific rigor
and to make the scores reliable [15].

A growing number of scholars [16, 17] and agencies (Trucost, KLD, SAM) have
developed synthetic indices to reduce the complexity of environmental performance a
small number of dimensions, although the methodologies employed are not always
clearly defined [11].
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This study attempts to advance sustainability assessment literature applying a
methodology for the weighting and aggregation of information based on expert
knowledge in order to avoid an information loss problem. Traditionally, the techniques
to generate synthetic indicators such us factor analysis [18], data envelopment analysis
[19] or fuzzy inference [20], have not implemented any external weighting system that
assumes greater importance for certain indicators. Focusing on assessing sustainability
performance at corporate level, a possible source of expert knowledge could be the
materiality analysis that companies present in the sustainability reports.

Materiality in financial reporting is defined by Financial Accounting Standards
Board (FASB, Statement of Financial Accounting Concept No. 2) as: ‘The magnitude
of an omission or misstatement of accounting information that, in the light of sur-
rounding circumstances, makes it probable that the judgment of a reasonable person
relying on the information would have been changed or influenced by the omission or
misstatement’. The main message of this definition is that materiality establishes the
threshold between what is important and trivial, and recently this has been extrapolated
to sustainability context to decide the issues and indicators to include, omit, and
emphasize in sustainability reporting.

The assessment of corporations according to their sustainability performance can
resemble a multicriteria decision problem. Multicriteria decision making (MCDM)
provides techniques for comparing and ranking different alternatives in the basis of
diverse criteria. Therefore, by means of MCDM, companies can be ranked according to
various sustainability aspects, considering both the performance of the companies in
relation to each aspect, and the relative importance—materiality—of each aspect as
assessment criteria. MCDM can therefore be used to identify those companies with
better sustainability performance, that is, those presenting the highest degrees of per-
formance for all the material criteria. Literature provides several MCDM methods, and
among them Analytical Hierarchy Process (AHP) [21] and the Technique for Order of
Preference by Similarity to Ideal Solution (TOPSIS) [22] are two of the most used.

3 Method

This section presents the method used in this research. It starts by presenting the criteria
used to select the sustainability reports employed to weight the environmental criteria,
the sample of companies that has been assessed and the performance indicators used in
the process. The assessment method is then explained in detail.

According to GRI, material aspects are those that reflect the organization’s sig-
nificant economic, environmental and social impacts; or substantively influence the
assessments and decisions of stakeholders. GRI defines a taxonomy of economic,
social and environmental aspects, covering all the subjects that are addressed by the
GRI indicator. To the purpose of this research, the 12 environmental aspects proposed
by GRI have been selected, and 3 additional aspects related to product responsibility,
due to their close connection to product environmental management.

The information about the materiality of the selected aspects in the wearing apparel
industry is harvested from sustainability reports. The sample consists of those GRI
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sustainability reports of apparel companies listed in GRI database for year 2013 that
included a materiality matrix (i.e., in total 9 reports). Using the materiality matrices of
these nine companies, the relative weights for the selected aspects are able to be
calculated according to the process below described.

Finally, the calculated weights have been used to estimate the corporate environ-
mental performance of a sample of firms. The sample consists of 57 firms belonging to
the wearing apparel industry, which has been selected according to the information
available in Asset4 database. For each company in the sample, a set performance
indicators corresponding to year 2013 have been extracted. Those indicators have been
selected due to their relation to abovementioned material aspects, so that for each
aspect all the indicators available in Asset4 and related to the aspect have been selected.

Regarding the assessment method itself, our proposal integrates steps from AHP
and TOPSIS methods. Each selected step has been partially adapted to the available
information and the specific purposes of this research. AHP is used to calculate the
relative materiality—weight—of the different aspects that GRI proposes in relation to
environmental performance, as well as to calculate the overall assessment of the sample
in each of those aspects. In second phase TOPSIS is applied to the previous results with
the aim of ranking the sample of companies on the basis of their environmental
performance.

According to AHP, expert’s opinions are used to build pair wise comparison
matrices of the assessment criteria. The expert knowledge has been sourced from the
materiality matrices of companies in the sector. Each of the materiality matrices has
been considered as being an “expert”, and comparison of aspects has been done using
the relative position of aspects in the matrix. To this end, we rank aspects within each
matrix according to the distance to the origin, and then we define the comparison
values by rating the relative importance of the aspects according to their position in the
rank and based on the scale proposed by Saaty [21] (1 = equally important; 3 = weakly
important; 5 = strongly important; 7 = very strongly important; 9 = extremely
important). Aspects not included in the matrices are considered equally important
between them and all the aspects in the matrix extremely important in relation to those
not included. The consistency index and the consistency ratio are then calculated for
each matrix, in order to test the consistency of the judgments extracted from materiality
matrices.

The matrices representing the individual judgments of the companies in the sample
are aggregated to create a collective judgment matrix. To this end, we use the
Aggregation of Individual Judgments (AIJ) method, one of the methods that have been
found to be the most useful in AHP group decision making judgments (AIJ) [23].
According to AIJ, individual judgement matrices are aggregated by means of geometric
mean to obtain a collective judgement matrix.

Let D = {d1,d2,…,dm} be the set of materiality matrices collected from sustain-
ability reports, C = {c1,c2,…,cm} the set of sustainability aspects used as assessment

criteria, and AðKÞ ¼ a kð Þ
ij n�n the judgment matrix constructed by the process descried
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above from the materiality matrix dk (k = 1,2,…,m). AIJ can be used to calculate a

collective judgement matrix AðcÞ ¼ a cð Þ
ij

� �
n�n

where

a cð Þ
ij ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiYm
K¼1

a Kð Þ
ij

m

s

After assessing consistency of the collective matrix, the next step entails using a
prioritization method to derive a collective priority vector. The prioritization method
refers to the process of calculating a priority vector w = (w1,…,wn)

T, where wi � 1 andPn
i¼1

wi ¼ 1 from a judgement matrix A. To this end we follow Saaty’s proposal, which is

based on the eigenvalue method [24]. Let k be the principal eigenvalue of A, and eT the
unique positive eigenvector of A that is normalised. Then, the priority vector w can be
obtained by solving the linear system:

Aw ¼ kw
eTw ¼ 1

�

As a result, we obtain a priority vector with the relative importance—or materiality—
of each sustainability aspect considered as criteria for the assessing the performance of
corporations. Using this priority vector and a set of performance indicators associated to
the different sustainability aspects, the performance of companies operating in the same
industry can be ranked using the TOPSIS method.

In order to provide a single assessment for each criterion, performance indicators
associated to each criterion are integrated in a single and normalised measure—value
from 0 to 1—to be used as input for TOPSIS method. To simplify the use of TOPSIS,
all the synthetic indicators are generated to represent a benefit criterion, standing 0 for
the worst performance and 1 for the best.

Let S = {s1,s2,…,sp} be the companies to be ranked and R ¼ rijp�n the decision
matrix with the measures previously calculated for each company si (i = 1,2,…,p) and
criteria cj (j = 1,2,…,n). The TOPSIS method starts by calculating the normalized

decision matrix RðNÞ ¼ r Nð Þ
ij

� �
p�n

r Nð Þ
ij ¼ rijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPp

i¼1 r
2
ij

q ; i ¼ 1; 2; . . .p; j ¼ 1; 2; . . .n

By using the priority vector w generated with AHP, we calculate the weighted

normalised decision matrix T ¼ tij
� � ¼ r Nð Þ

ij wj

� �
p�n

, and then we determine the ideal

positive candidate T þ ¼ tþ1 ; tþ2 ; . . .tþn
� �

and negative ideal candidate T� ¼
t�1 ; t

�
2 ; . . .t

�
n

� �
, where tþj ¼ max tþij

� �
and t�j ¼ min t�ij

� �
, i = 1,2,…,p; j = 1,2,…,n.
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The distance of each company in the sample from the ideal positive and negative
candidates are then calculated as:

dþ
i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
j¼1

tij � tþj
� �2

;

vuut i ¼ 1; 2; . . .p

d�i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
j¼1

tij � t�j
� �2

vuut ; i ¼ 1; 2; . . .p

The next step involves calculating the relative closeness to the ideal candidate, the
one which is the nearest to the positive ideal candidate and the farthest from the
positive ideal candidate. A closeness coefficient is defined to determine the relative
distance the ideal solution, and it is calculated as

CCi ¼ d�i
dþ
i þ d�i

; i ¼ 1; 2; . . .p

According to the latter expression, company si is closer to dþ
i and farther from d�i

as CCi approaches to 1. Therefore, according the de descent order of CC, it is possible
to define a ranking of all companies and compare their environmental performance
calculated on the basis of the materiality of the selected criteria.

4 Results and Discussion

The assessment method has been applied to the samples previously described. In
relation to the weights of criteria, some differences have been found between the
priority vector calculated from individual judgement matrices, which raise the question
about the effectiveness and comparability of sustainability reports where contents are
defined on the basis of different material aspects.

The collective judgment matrix derived from individual matrices has proven to be
consistent, presenting a consistency index of 0.93 % and a consistency ratio of 0.59 %.
The relative materiality of the different aspects is shown in Table 1. Results are con-
sistent with previous qualitative studies [25], being ‘Effluent and Waste’, ‘Materials’,
‘Water’, ‘Energy’, and ‘Emissions’ the five most relevant aspects. It is important to
note that the weights of these five aspects represent almost the 60 %, and therefore they
play a crucial role in the assessment of companies. On the other side, aspects such as
“Product and Service Labeling”, “Compliance” and “Environmental Grievance
Mechanisms” seem to be almost immaterial for companies in the wearing apparel
industry. These results should therefore be contrasted with other studies, since they
may evidence a lack of suitability in the selection of material aspects GRI proposes in
its guidelines for general application.
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The obtained weights, which are included in Table 1, have been used to assess the
environmental performance of the sample extracted from Asset4, which contains
57 companies in the wearing apparel industry. The sample reveals that the industry is
quite concentrated, with 2 companies representing the 52 % of total revenue—and 18
the 95 %—being Japan the most relevant region. In general terms, the results show that
bigger companies do not appear in the first positions of the environmental performance
ranking. The first 22 companies in the ranking represent the 51 % of revenue.
However, it is important to remark that the biggest company of the sample is ranked as
22nd, which represents 32.5 % of total revenue. In fact, the top ten in the ranking only
represent 3.26 % of total sales, and these first positions are placed by companies from
North America, Europe and one unique company from China. Besides, the worst
positions of the environmental performance ranking correspond to those companies
that are located predominantly in Taiwan, Japan and Hong Kong. The environmental
performance ranking seeks to illustrate how the assessment framework developed in
this study takes into account the results of the materiality matrices of the sector and
how the proposed methodology can be applied in a set of companies to aggregate and
compare environmental information.

5 Conclusions

Materiality has become a hot topic in sustainability reporting and performance
assessment. Based on the literature review, this paper proposes a method aimed at
assessing organizations sustainability performance that integrates the materiality issue.
The method is based on the materiality analysis of GRI sustainability reports and it is
applied to the assessment of environmental performance of corporations in the wearing
apparel industry.

Table 1. Priority vector for material environment aspects

Aspect Materiality

Effluents and waste 16,56 %
Materials 14,42 %
Water 10,62 %
Energy 9,65 %
Emissions 8,44 %
Customer health and safety 6,98 %
Supplier environmental assessment 5,50 %
Products and services 5,46 %
Biodiversity 4,71 %
Marketing communications 4,02 %
Overall 3,56 %
Transport 3,13 %
Product and service labeling 2,78 %
Compliance 2,34 %
Environmental grievance mechanisms 1,83 %
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The presented assessment framework is flexible, so diverse methods can be applied
in diverse steps in order to test the robustness, and it can also be used for assessing
companies in other industries or using different criteria. The results obtained from this
study are satisfactory, but they can still be improved. The lessons from the application
to the environmental assessment of firms in the wearing apparel sector can be added to
the knowledge base of the industry and contribute to the development of tools for
sustainability assessment.

The proposed method has many advantages for sustainability assessment
researchers and practitioners. First, the use of pairwise judgment matrices may help to
derive priority vectors for any set of assessment criteria, and they can be used to extract
the knowledge from diverse sources, such us experts or stakeholders’ opinion, or a
collection of materiality matrices as in this study. Second, by ranking companies
according to their sustainability performance assessment, stakeholders can better
compare between companies, and use that in their decisions as customers, workers or
investors.

One of the limitations of the paper is that we have applied the method in a restricted
scenario, limiting the assessment criteria to the set of environmental material aspects
proposed by GRI, using a small sample of materiality matrices for deriving the relative
materiality—weight—of each aspect, and assessing a sample of companies according
to the sample and data available in the Asset4 database. Therefore, this method and its
application are still subjects for further research.
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Abstract. This paper presents an empirical analysis of the survival of mutual
funds in Spain. The methodology used, Self-Organizing Maps, allows us to
group mutual funds in survivor and non-survivor groups. The similarities and
differences between the main features in each group determine the variables that
explain the capacity of survival of the analysed funds. The results indicate that
the variables that affect the disappearance of mutual funds are size, age, per-
formance, volatility and the fees charged.

Keywords: Self-organizing maps � Mutual funds � Non-survivors funds �
Survivors funds

1 Introduction

This article is a preliminary study of the variables that affect disappearance of mutual
funds in Spain. We discuss the extent to which variables such as size, age, performance
and the fees charged by the funds, could affect capacity of funds survival, as well as the
relation between these variables.

The literature related to survival capacity tends to use econometric models with two
or three explanatory variables [1–3].

We use a different methodology, Self-Organizing Maps (SOM), which are artificial
neural networks that allow to incorporate multiple variables. In this paper, SOM are
used to cluster mutual funds based on the variables included and thus we could analyse
how they affect funds survival. Moreover, a key advantage of these networks is their
unsupervised learning process that means that is not necessary to define groups pre-
viously; rather they will be defined according to the similarities and differences
between the values of all variables included in the study. It is also important to note that
the use of several variables is a novel aspect of our paper because, as we have men-
tioned, most of the existing studies are based on only two or three variables.

The purpose of this paper is to determine which characteristics of mutual funds are
related to their disappearance.

The paper is structured as follows. Section 2 discusses the determinants which
have an impact on survival capacity, by reviewing the literature about this topic.
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Section 3 describes the methodology and how the data are processed, and in Sect. 4 the
empirical results are shown. Finally, the conclusions are presented.

2 Determinants of Mutual Funds Survivorship

In order to select the variables, we need to know which ones have been studied in the
literature and, therefore, which ones have already been analysed in terms of their effect
on funds survival.

Some studies consider that the fund size is a key factor, suggesting that smaller
funds have a higher probability of disappearance [1, 2, 4–15].

Closely related to this variables is the fund flows [7, 11–14]. These studies find a
considerable decrease in assets inflow of mutual funds in the period before the fund
closes.

Another strand of the literature focuses on the age of a fund. Some studies find that
the probability of disappearance is inversely related to the age of the fund, suggesting
that younger funds clearly have a higher probability as well as older funds are less
likely to disappear [1, 3, 4, 9–11, 16, 17].

Another variable that has aroused interest and has been a recurring theme in the
literature on mutual funds is performance in earlier years. Numerous studies find
empirical evidence that a poor past performance increases the probability of disap-
pearance [1–7, 9–15, 18]. In conjunction with the analysis of performance, some of the
studies that analyse the risk of the fund by measuring volatility are [4, 6, 10].

The expenses of the fund are also a key factor that affects the capacity of survival,
considering that funds with higher expense ratios have a higher probability of disap-
pearance [2, 4–6, 9, 11, 12].

3 Data and Methodology

The databases are provided by the Spanish National Securities Market Commission
(CNMV) and Morningstar Direct.

We use Self-Organizing Maps with a total random sample of 300 mutual funds that
were alive at the beginning of 2012, of which 150 were dead during that year. We
decided to give to the non-survivors funds and to the survivors funds the same weight
because the aim of our study is to understand which variables have greater impact on
survival capacity.

We use the following variables: (i) fund size, measured as the fund assets; (ii) age,
calculated as the difference between 2012 and the year of creation; (iii) performance,
taking into account two values: the return of the last year and the annualized return of
the three previous years, so we can observe the effect of time on the variable; (iv) Risk,
which includes volatility over one and three years, so that the effect of time can be also
observed; finally, (v) expenses are incorporated as the total expense ratio (TER),
percentage of the total fees management over the mean assets.
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Table 1 summarizes these variables.
Table 2 presents the correlation matrix. We find a strong correlation between

variable 5 (1-year Standard Deviation) and 6 (3-year Standard Deviation) and, therefore,
we decide to exclude variable 6 to avoid overweighting, which could distort the results.
Besides, some studies such as [4] or [18] consider that the performance of non-survivors
funds is more representative whether the period studied is close to the year of disap-
pearance. Thus, excluding variable 6, we consider a total of six variables (Table 3).

Table 1. Definition of variables

Code Variable Definition

Var 1 Age Number of years since the creation of the fund until 2012
Var 2 Size Total net assets (TNA) to 31/12/2012 or the date of

disappearance, measured in euros
Var 3 1-Year Return Annual return obtained by the fund in 2012
Var 4 3-Year

Annualized
Return

Three years annualized return obtained by the fund in 2012

Var 5 1-Year Standard
Deviation

Annual standard deviation calculated from quarterly returns

Var 6 3-Year Standard
Deviation

Standard deviation in the three previous years calculated from
quarterly returns

Var 7 Annual Expense
Ratio

Annual expense ratio charged by the fund in 2012

Table 2. Correlation matrix

Var 1 Var 2 Var 3 Var 4 Var 5 Var 6 Var 7

Var 1 1
Var 2 0.1002 1
Var 3 0.3400 0.2273 1
Var 4 −0.1128 0.0831 0.1524 1
Var 5 0.0075 −0.1061 −0.2023 −0.2934 1
Var 6 −0.0316 −0.1078 −0.2440 −0.2897 0.9484 1
Var 7 −0.3038 −0.2411 −0.6352 0.0593 0.2212 0.2693 1

Table 3. Final selected variables

Code Variable

Var 1 Age
Var 2 Size
Var 3 1-Year Return
Var 4 3-Year Annualized Return
Var 5 1-Year Standard Deviation
Var 6 Annual Expense Ratio
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The SOM network is implemented in Matlab using the toolbox developed by the
Laboratory of Information and Computer Science in the Helsinki University of
Technology.

4 Empirical Application

When the network is implemented, it generates an output map of 11 × 8 (11 rows × 8
columns), forming 6 groups.

Figure 1 shows the Kohonen map, where the corresponding patterns (funds) have
been numbered and “YES” or “NO” indicate whether the fund has disappeared or not.

We observe that groups situated at the bottom (groups 1, 2 and 3) contain basically
the non-survivors funds, whereas those that are situated at the top (groups 4, 5 and 6)
mainly represent clusters of survivors funds.

To analyze the behaviour of each pattern through its position in the map, it is
necessary to evaluate the value of all the variables in the corresponding area. Figure 2
shows the value of all the variables in the map and their respective scale of values
represented by colours.

The blue colour indicates the minimum values of each variable, while the red
indicates the highest ones.

However, the best expected value for some variables is clearly the opposite for
others. For example, the best situation for the expenses is represented by a low value
(blue areas in variable 6), whereas for performance is desirable a high level, therefore
the best colour in the scale for this variable is the red one.

Table 4 summarizes all the information about the characteristics of each group and
whether they belong to survivors funds (SF) or non-survivors funds (NSF). We have
used linguistic labels according to the colour scale shown in Fig. 2. Thus, we use ‘high’
when the cells of the group are red, ‘medium-high’ if cells are orange, ‘medium’ for
yellow cells, ‘medium-low’ for turquoise and, finally, we have labelled as qualitative
measure ‘low’ when cells are coloured in blue.

In general, there is an evident relation between some variables and the disap-
pearance of mutual funds. We find that small and young funds with poor performance
at one year and high expense ratios are more likely to disappear.

Regarding performance (variable 3 and 4), we find that the 3-year annualized return
does not explain the disappearance of mutual funds because of the great disparity of
their value in groups which are characteristics of survivor funds. However, the 1-year
return is an influential factor on capacity of funds survival.

Age (variable 1) and size (variable 2) play a relevant role in the capacity of funds
survival, since the probability of disappearing is higher for funds that are small and
young.

Regarding expenses (variable 6), we observe that non-survivors funds have higher
fees, so it is a significant variable on funds survival.

Finally, volatility (variable 5) is a variable that affects disappearance but only if it is
accompanied by a low 1-year return because funds in group 4 have a high volatility but
this is compensated by high return and, moreover, they are also old funds. Therefore,
funds with these variables are more likely to live.

64 A. Terceño et al.



Fig. 1. Self-organizing map for Spanish funds (Color figure online)

Mutual Funds Survival in Spain Using Self-Organizing Maps 65



Fig. 2. Map of features (The scale of values next to each map shows the rank of values which
are taken by the representative patterns of all the mutual funds located in one cell.) (Color figure
online)

Table 4. Characteristics of each group

Group Description Age Size 1-Year return 3-Year
return

1-Year
standard
deviation

Annual
expense
ratio

1 NSF: 44 Low Low Low Indefinite1 High High
2 NSF: 49

SF: 6
Low Low Medium Medium Low Medium-

high
3 NSF: 35

SF: 2
Medium-
high

Low Medium Medium Low Medium-
high

4 NSF: 4
SF: 27

Medium-
high

Low Medium-
high

Low High Medium.
low

5 NSF: 9
SF: 61

High Low Medium-high Medium Medium-
low

Low

6 NSF: 9
SF: 54

Medium-
low

Medium-
high

High High Low Low

Note: when the variables have an indefinite value means that it is not possible to define as high,
medium or low, since there are areas within the same group with different values for one variable.
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As could be appreciate in Fig. 1, the groups are not totally homogeneous in relation
to their disappearance. On the one hand, the survivors funds in groups 2 and 3, which
are characteristic of disappeared funds, have made adjustments to its investment
objectives, by modifying the initial conditions of mutual funds. This is the case, for
example, of Rural Mixto Internacional Flexible, named NO260 in the map, or Renta 4
Delta denoted by NO195.

On the other hand, the disappeared funds in groups 4, 5 and 6, which are char-
acteristic of survivors funds, belong to large fund families with a great number of funds
with similar investment objectives. These funds are more likely to merge with other
funds within the same family (within-family merger) because they have multiple funds
with similar strategies and, consequently, need to combine redundant funds. This is the
case of CaixaBank (with numbers YES10, YES11, YES12 and YES13). Moreover, we
find several funds which have been necessarily merged because their companies have
been absorbed by another one. This process is explained by the banking structuring that
occurred in Spain during this period. This is the case of Caixasabadell fondipòsit
(merger of BBVA with Unnim) which, on the map, is number YES148, Bancaja
Gestión Direccional 100 (merger of Bancaja with Bankia) with number YES15 and
Gesmadrid Renta Fija CP (merger of Caja Madrid with Bankia) with number YES124.

5 Conclusions

In this paper we use Self-Organizing Maps to study how the variables age, size,
performance, volatility and expenses affect the disappearance of Spanish mutual funds.

We obtain 6 groups according to the similarity between the variables included in
the study.

Group 1 is only formed by non-survivors funds, which show the following beha-
viour of variables: high expenses, high volatility and low return and, moreover, these
funds are small and young. Therefore, they are funds that tend to disappear.

Groups 2 and 3 are mainly formed by non-survivors funds, with a similar behaviour
to the previous group. Even so, some of them survive; even though they have merged
after the year of study or have modified their fund family.

Group 4 is related to survivors funds. Nevertheless, there is an interesting aspect to
highlight. These funds have a low 3-year return though most of them remain alive
because they have a high short-term return. So the effect of return in the short term is
higher than in the long term, as long as funds are of a certain age and, therefore, are not
unknown to investors.

Finally, groups 5 and 6 include funds with a good behaviour of the variables
considered in this study. The only funds that disappear in these groups are for strategic
reasons or for a desire to combine funds with similar strategies within the same fund
family.

In summary, the results show that the analysed variables could explain the situation
of each fund, positive or negative, except the 3-year return. In future research, we aim
to include other variables and to examine whether Self-Organizing Maps can more
accurately classify and define the characteristics of non-survivors funds.
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Abstract. We study the individual illiquidity risk applied to the Spanish
population aged over 64. This risk refers to the probability that an individual
cannot afford long-term care costs and other expenses during their retirement.
We analyse the case in which an individual is beneficiary of a contributory
pension (a retirement or a widowhood pension) and has a degree of dependence
(I, II, or III). Results show that illiquidity risk increases with age, and women
present higher risk than men regardless of age and degree of dependence. The
study reveals the vulnerable financial situation for individuals with moderate
dependency, due to the low level of benefit that is received in this case.

Keywords: Dependency � Ageing � Risk quantification � Long-term care cost �
Public benefits

1 Introduction

One of the main worries of pension savers is to be able to accumulate enough resources
during active life. By enough resources we understand that income after retirement
should be able to cover at least minimum expenses such as accommodation, subsis-
tence, health and care services. Our work is motivated by the analysis of poverty in
old-age. According to OECD [1] poverty rates are higher for older people than for the
population as whole. A greater proportion of older women live in poverty than older
men and old-age poverty rates increase with age. We understand that illiquidity refers
to the situation where people have not enough cash to afford the costs that are incurred
during their retirement. Estimation of illiquidity risk is relevant, especially after
retirement, because it informs about the possibility of having an economic shortfall and
so, identifying segments of the population with a high illiquidity risk reveals subgroups
that demand intensive social services. They are especially vulnerable and may boost
poverty.

From the individual perspective, a source of uncertainty for elderly people is when
and to what extend they would need care or support. The probability of a person asking
for long-term care services increases as age increases [2, 3]. When dependency arises,
the different public benefits that are received are generally not enough to cover all
expenses. In Spain, besides pensions (mainly retirement pensions as well as
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widowhood pensions), people that have some degree of dependence may receive public
benefits for long-term care if they have lost autonomy to perform daily activities such
as being able to take care of themselves. However, there are levels of care need,
especially for moderate cases, where public benefits are minimal or even non-existent,
and therefore people have to face the costs by themselves or look for support among
their relatives. Something similar may occur with more severe levels of dependency,
where despite the existing public coverage, a pension income plus a long-term care
benefit may not be sufficient to totally cover all care costs. Some authors indicate that
most families do not have enough wealth to be able to afford the lifetime cost of care of
the elderly members [4].

In Spain, long-term care protection has traditionally been provided by the family.
Typically, women have borne the care of aged relatives [5]. Nevertheless, the pro-
gressive incorporation of women to the work force, low birth rates, and the rising
longevity (also in dependence states [6]) have brought into question the sustainability
of the long-term care public system [7] and the convenience of planning, before
retirement, the capital necessities that may be required later on. In addition, reforms in
public pension schemes have been carried out in recent years to guarantee their sus-
tainability, which probably result in the short term in a reduction of the pension
replacement rates, i.e. the percentage of the retirement pension amount with respect to
the last wage perceived by the individual [8–10].

The retirement pension is the main source of income in Spanish households whose
head of household is retired [11] and, therefore, pensions are their main source of
liquidity. If costs exceed the pension amount, then families face illiquidity. Unlike
other neighbouring countries, Spanish citizens generally make a substantial investment
in their main residence during their working life [12], so that real states are the main
savings instrument for elderly people [13], but they are well known to be illiquid.
According to data extracted from the Spanish Survey of Household Finances [14], in
households whose head is retired, real assets account for 82.7 % of total savings from
which the main housing accounts for 62.0 %. In order to assess the financial resources
of those who become dependent, we need to consider public benefits that they receive
in addition to the contributory public pensions (mainly, retirement and widowhood).
Benefits are granted whenever a person presents a significant level of severity of
dependency and has been assessed to obtain public coverage.

The Spanish Law of Dependence1 establishes three severity levels regarding
long-term care needs that an individual may require: Degree 1 (moderate dependence),
if support is needed at least once a day; Degree 2 (severe dependence), if assistance is
to be provided two or three times per day, and Degree 3 (high dependence), if the
individual needs assistance several times per day. Spanish legislation2 sets the maxi-
mum amount of benefit per month that an individual may receive in concept of public
benefits, which varies depending on the degree of dependence that has been recognised.
Nevertheless, despite the fact that the Law is valid since 2006, benefits have been

1 Law 39/2006, of December 14th.
2 Royal Decree 1051/2013, of December 27th and Royal Decree-Law 20/12, of July 13th.
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granted progressively beginning with the higher levels of severity. The coverage of
moderate dependence is still not being granted in different parts of Spain.

The aim of this paper is to assess the illiquidity risk that people aged over 64 years
might suffer in the case of needing long-term care. We quantify if a person who suffers
dependence can afford expenditures related to this situation. The analysis is performed
by each gender separately. The results show that illiquidity risk is not constant but
increasing as age increases, especially among females. Usually, women with a retire-
ment pension receive a lower amount than men due to shorter and discontinuous
working periods [15]. Moreover, in general plenty of women only receive a low
amount due to the nature of widowhood pensions [16]. In order to study this phe-
nomenon, we have to consider prevalence rates of dependence for the elderly popu-
lation by age groups and gender. The probability of being dependent increases with
age, and is higher for women than for men [17].

The theoretical background or state of art about the topic and the method can be
found in [2], where the prevalence rates from the EDAD survey [17] are presented. The
methodology is developed according traditional disability actuarial models used in the
literature [18–20].

The structure of this paper is as follows. In Sect. 2, we present a methodology to
measure the illiquidity risk from a theoretical point of view, assessing the probability
that the financial liquidity may turn negative depending on the age and the different
dependence states. In Sect. 3, we present the data used in our study, as well as a
descriptive analysis. In Sect. 4, we show the main results and describe different sce-
narios depending on the income received in terms of public pension (retirement or
widowhood pension) and dependence subsidies. Finally, in Sect. 5, we summarize the
main conclusions of this analysis.

2 Methodology

Considering the population aged over 64 years, we establish three different levels of
dependence or severity, h ¼ fa; b; cg, which depend on the intensity of long-term care
needed. Thus, an individual can remain active (State 0), can be dependent with degree
of severity a (State a), can be dependent with degree of severity b (State b), or
dependent with degree of severity c (State c).

Depending on the severity level, individuals receive public benefits denoted by Ih,
and need to afford long-term care costs Gh, therefore net expenses due to long-term care
denoted by Rh is the result of the benefit received from the long-term care system,
Rh ¼ Ih � Ch. In this analysis, we consider that an individual is retired and receives a
public pension P and he has basic living expenses G.

The main objective is to estimate illiquidity risk –denoted by r– by age and gender,
this means, the probability that an individual, given a public retirement pension and a
public dependence coverage (which is in accordance with his dependency level of
severity), will be unable to afford basic living expenses G, and the long-term care costs
Ch. The expenses’ axis depending on the individual severity level of dependence is
shown in Fig. 1.
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We denoted by Nx the net amount available to a person aged x –defined in (1) –,
than can be found from the public benefits that he receives, i.e. retirement pension and
dependence benefit, and the expenses that he has to face:

Nx ¼ Px � Gþ Ih � Ch; x ¼ 65; . . .; 100; h ¼ a; b; c ð1Þ

where Px is the public pension that the individual aged x receives, G are the basic living
expenses that we establish constant for all ages, Ih is the public benefit due to
dependency that is linked to the level of severity h, and Ch is the cost of long-term care
depending on the degree of severity h. Note that in case of individual with no need of
support, terms that are associated to long-term care costs and benefits –Ch and Ih– are
equal to zero. Letters I to V in Fig. 1 indicate the different scenarios that we consider
for an individual as a function of their net amount Nx.

For instance, in case an individual has a net amount located in interval I, he cannot
afford costs equal or over G, but if an individual has a net amount located in interval II,
he can afford costs equal to G, but he cannot afford costs greater than G� Ra, meaning
that he cannot afford the long-term care cost for levels of severity of dependence equal
to a, b or c. In scenario III the individual can afford a cost between G� Ra, and
G� Rb, then he cannot afford costs related to dependence level b or c, but he can afford
severity level a. In scenario IV, individuals are able to afford costs related to depen-
dence severity levels equal to a and b but not those related to severity level equal to
c. Finally, in scenario V, individuals have net amount Nx which is larger than care cost
plus subsistence, so they can afford any cost related to dependence regardless of the
severity level.

The illiquidity risk for a person aged x is defined as the probability of his net
income amount is less than zero:

rx ¼ Pr obðNx\0Þ ¼ PðNx\0jState x ¼ 0Þ � PðStatex ¼ 0Þ
þPðNx\0jStatex ¼ aÞ � PðStatex ¼ aÞþPðNx\0jStatex ¼ bÞ � PðStatex ¼ bÞ
þPðNx\0jStatex ¼ cÞ � PðStatex ¼ cÞ:

ð2Þ

where probabilities related to being in a state are the probability of not being dependent
(state 0) or being dependent with a certain severity level (a, b or c). In this work, the
probability of being dependent with different degrees at different ages and by gender
are estimated from the National Spanish Dependence Survey EDAD, conducted by the
Spanish Statistics Institute in 2008. We denoted thx as the probability of being depen-

dent with the three different levels. Thus 1� Pc

h¼a
thx indicates the probability of not

being dependent. Finally, illiquidity risk is calculated as follows:

I II III IV V

G G-Ra G-Rb G-Rc

Fig. 1. Individual expenses’ axis
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rx ¼Pr obðNx\0Þ ¼ PðNx\0jStatex ¼ 0Þ � ð1�
Xc

h¼a

thx ÞþPðNx\0jStatex ¼ aÞ � tax

þPðNx\0jStatex ¼ bÞ � tbx þPðNx\0jStatex ¼ cÞ � tcx:
ð3Þ

A Monte Carlo simulation was carried out following the statistical distribution
functions for the variables in (3) in order to obtain an estimate of the statistical dis-
tribution of the net amount Nx. An empirical quantile from the simulated distribution
was calculated to obtain an estimate of the illiquidity risk rx.

3 Data

In Spain, public benefits represent 72.0 % of the regular income of elderly people aged
over 64 as reported by OECD data [21], this is significantly over the OECD average,
which is about 59.0 %. On the other hand, 98.2 % of the beneficiaries of public benefits
in Spain receive at least a pension from the Social Security System,3 and the retirement
pension is the principal source. Table 1 presents the number of pensioners. It is shown
that men are the main beneficiaries of a retirement pension. A retirement average
pension for a man aged over 64 is €1,135.51 per month. There are fewer women than
men among beneficiaries of retirement pensions (1,932,566 women versus 3,254,971
men), and their average pension is much lower (€689.58 per month for women versus
€1,135.51 per month for men). Furthermore, many women are only beneficiaries of a
widowhood pension, with an average pension of roughly €625 per month.

In cases where a person is dependent and requires long-term care, the maximum
amount per month established by law in Spain (Royal Decree 1051/2013, of December
27th; and Royal Decree-law 20/2012, of July 13th) to be received depending on the
assessed degree of severity is shown in Table 2. The estimation of individual long-term

Table 1. Minimum, average and maximum by pension and number of pensioners. Contributory
public retirement and widowhood pension data.

Males Females
Retirement Widowhood Retirement Widowhood

Minimum amount 632.90 632.90 632.90 632.90
Average pensiona 1,135.51 422.61 689.58 624.29
Upper limit 2,554.49 2,554.49 2,554.49 2,554.49
Number of pensioners 3,254,971 44,878 1,932,566 1,368,513

Pensions are expressed in euros.
Source: Spanish Ministry of Social Security, 2014. The average pension is the weighted average
pension of the beneficiaries aged 65 and over. The number of pensioners refers to the retirement
or widowhood pensioners, aged 65 and over.
(a) Note that in cases where the average pension does not reach the minimum amount established
by law, the beneficiary receives an additional amount to achieve this minimum (those are called
“minimum supplements”).

3 Spanish Social Security’s statistics, 2014.
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care costs is shown in Table 3.4 Prevalence rates of dependence of the Spanish pop-
ulation, by age and gender, depending on the degree of severity and estimated from de
EDAD Survey [17] are shown in Table 4. These rates have been introduced in a

Table 2. Long-term care (LTC) benefits by level of severity, expressed in benefits per month, in
Spain.

Severity level Benefits

Degree I 300.00
Degree II 426.12
Degree III 715.07

Benefits are expressed in euros.
Source: Royal Decree-law 20/2012.

Table 3. Individual long-term care cost (LTC) depending on the level of dependence severity.

Severity
level

LTC services Individual annual cost,
2014

Degree I 3 h per day home assistance 15,111.00
Degree II Day care centre and 1 h a day of home

assistance
13,424.32

Degree III Residence 18,084.85

Costs are expressed in euros.
Source: Authors’ compilation from Spanish Ministry of Health, Social Services and Equality
data, 2014. The cost of an hour of home care by a professional is set equal to €13.8 (31/12/2013);
the annual cost in a day care centre is €8,387.32 (31/12/2012); and the annual cost of a residence
is set equal to €18,084.85 (31/12/2012).

Table 4. Prevalence of dependence rates by age and gender, Spanish population.

Age Males Females
Degree I Degree II Degree III Degree I Degree II Degree III

65 2.51 % 1.16 % 1.06 % 3.50 % 1.82 % 1.32 %
70 2.92 % 1.46 % 1.38 % 4.65 % 2.43 % 1.95 %
75 3.94 % 2.18 % 2.12 % 6.64 % 3.82 % 3.47 %
80 5.69 % 3.57 % 3.87 % 9.28 % 6.25 % 6.75 %
85 7.85 % 5.89 % 7.85 % 11.93 % 9.53 % 12.61 %
90 9.75 % 9.46 % 15.47 % 13.39 % 13.15 % 20.87 %
95 10.35 % 14.22 % 27.59 % 12.90 % 16.98 % 28.35 %

Source: [2].

4 The assistance needs regarding long-term care depend on the level of dependence (Table 3, column
2) and have been set based on the recommendations of expert geriatric groups, and have been used in
several studies (among them, [2, 22–24]). These costs have been updated with the last data published
by the Ministry of Health, Social Services and Equality, to each considered services.
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previous work [2], and they reveal that prevalence increases with age regardless of the
degree of severity. Furthermore, women present higher prevalence rates than men in
any state of dependency.

Finally, as an indicator of basic consumption needs, we have used the Spanish
Public Income Indicator of Multiple Effects (IPREM), which has remained equal to
€532.51 per month during the last 7 years.

4 Results

Calculations have been carried out for Spanish population aged over 64 by gender.
According to the methodology, we have three different degrees of severity, a, b and
c. Depending on the degree of dependence recognised to the individual, he or she will
receive an economic benefit (Table 2), where the annual amounts for entitlements are
II = €3,600, III = €5,113.44, and IIII = €8,580.84, respectively. Annual long-term care
costs regarding the scenarios considered in Table 3, are GI = €15,111.00,
GII = €13,424.32 and GIII = €18,084.85. Then, based on our calculations, it is
expected that the long-term care costs incurred by an individual are equal to
RI = €11,511, RII = €8,310.88 and RIII = €9,504.01, respectively. This means that
these costs are not covered by the dependence benefit that the individual receives from
the public long-term care system. Thus, the annual total costs that the individual may
face taking into account the basic expenses (which we have supposed as an amount of
money equal to the annual IPREM €6,390.12) and total costs are as follows:
G + RI = €17,901.12, G + RII = €14,701 and G + RIII = €15,894.13.

As we have just shown, the costs faced by an individual with moderate dependence
may be higher than those that a dependent of severity level II or III has to afford, once
he receives a public benefit. This is so because the amount of benefits received by
individuals with dependence degree I is too small in comparison with the long-term
care costs that this severity involves. Home care assistance provided by a professional
has a cost which does not take advantage of the economy of scale compared to
assistance in a medical centre or a residence.

Using data from the EDAD survey [17], and the methodology presented in Sect. 2,
we have obtained the individual illiquidity risk by age and gender, and by the degree of
severity (Table 5 and Fig. 2).

The results show three main facts: (i) illiquidity risk increases with age, (ii) in high
ages the illiquidity risk in degree III increases faster than in other situations,
(iii) women have higher illiquidity risk than men for any age and severity risk. These
results are closely related to the evolution of the dependence rates. Women have higher
illiquidity risk than men due both to physical and economic factors. Regarding physical
factors, women have higher prevalence rates than men, and consequently the illiquidity
risk is higher for them than for males. Moreover, since women live longer than men in
any given dependence state, they may be more vulnerable. Regarding the economic
factors, women receive lower pensions than men for many reasons that have been
mentioned before, but essentially because they have contributed less than men to the
social security pension system and so their pensions are lower. The fact that women
live longer in a dependence state linked to low public pensions, increases the illiquidity
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risk for women compared to men, thus women have to face higher difficulties to meet
long-term care costs. For instance, a men aged 79 has a 5 % risk of not having enough
cash to afford care costs with moderate dependence, whereas for a women in depen-
dence of degree I a risk of illiquidity equal to 5 % is already found at age 72, so seven
years before men.

We have carried out a comparative analysis by establishing different scenarios
according to the amount of pension that an individual may receive and his/her care
costs depending on the degree of dependence. Table 6 shows the difference between an
average pension income and expenditure for an individual by gender, by type of
pension and by degree of severity of dependence. Females who receive an average
retirement pension, have a clear disadvantage compared to males in the same situation,
for any given degree of severity. This is due to the fact that women have average
pensions lower than men (€9,654.12 per year versus €15,897.14). We have not con-
sidered differences in the care costs for men and women, respectively. Despite the type
of pension scenario, we observe that for both genders we obtain a negative net result in
cases of moderate dependence. This reveals that the most vulnerable financial situation

Table 5. Individual illiquidity risk by age, gender and dependence severity level.

Age Males Females
Degree I Degree II Degree III Degree I Degree II Degree III

65 2.51 % 4.74 % 3.57 % 3.50 % 6.64 % 4.82 %
70 2.92 % 5.76 % 4.30 % 4.65 % 9.04 % 6.61 %
75 3.94 % 8.24 % 6.06 % 6.64 % 13.93 % 10.12 %
80 5.69 % 13.14 % 9.57 % 9.28 % 22.29 % 16.04 %
85 7.85 % 21.59 % 15.70 % 11.93 % 34.07 % 24.54 %
90 9.75 % 34.68 % 25.22 % 13.39 % 47.41 % 34.26 %
95 10.35 % 52.16 % 37.94 % 12.90 % 58.23 % 41.25 %
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Fig. 2. Probability of illiquidity by age, gender and dependence severity level.
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that an individual could face is precisely at the moderate degree of dependence,
because the benefit received from the public long-term care system is clearly insuffi-
cient (€3,600 yearly) in comparison to the costs that this state involves (€15,111
yearly). In the case of receiving only a widowhood pension both genders obtain
negative results, but since men have a lower average pension of widowhood than
women, their net situation is worse.

5 Conclusions

Moderate dependence is a situation with a low level of coverage by the long-term care
public system in Spain. People who suffer this degree of dependence, in spite of the fact
that they have more capacity to develop basic daily activities than dependent people
with higher degree, they are more unprotected in financial terms. In the scenarios
studied in this paper, dependence cost in degree I may be higher than long-term care
costs related to more severe dependence, due to the fact that public benefits for this case
are clearly insufficient. However, since prevalence rates of dependence increase with
age in the higher degrees of severity, the illiquidity risk also increases with age in the
elderly population as a whole.

Women are exposed to a higher illiquidity risk than men. They have higher life
expectancy as well as higher prevalence rates in dependence, and receive lower
retirement pensions than men. Consequently, women are more vulnerable than men to
face unexpected costs such as long-term care costs and therefore they may be closer to
a weak position from the financial point of view.
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Abstract. We focus on a real case of the motor insurance sector. We propose
four different methods to predict lapsing from a portfolio of policies. We present
a comparative analysis between three different performance measures in order to
assess the predictive power of each model. Our comparison analyses the out-
comes of a logistic regression, a conditional tree, a neural network and a support
vector machine. These are all considered basic approaches to data mining and
knowledge discovery. The main contribution of this paper is to show that,
depending on the type of analysis and the objective of the researcher, the
optimal prediction method may differ.

Keywords: Loyalty � Classification methods � ROC curve � Performance
measures � Predictive analytics

1 Introduction

Customer loyalty is one of the most important priorities in most insurance companies.
Different researchers argue that retaining a customer instead of getting a new one is a
profitable strategy for the company, because the cost of finding a new customer is larger
than the cost of keeping an existing one [1–3]. In fact, long-term customers tend to be
more engaged with the company [4] and take less of the company’s time than attracting
new customers [5, 6].

Every day policyholders decide to leave the company and switch to a competitor.
Customer satisfaction has a direct link with future revenue streams [7] and can be
affected among other things by not investing in facilitating complaints of dis-satisfied
customers [3], increased premiums, poor claims management, delays in payment of
claims and firm performance. So, finding the reasons of customer churn and identifying
factors that explain the switching behaviour [8] is a key aspect for the correct man-
agement and strategy of an insurance firm. The need for implementing short-term
actions oriented to improve customer satisfaction and reverse the intention to leave is
the reason for modelling and predicting the probability of churn through predictive
analytical models [9–13].

The literature on customer churn does not necessarily compare the criteria used to
select between modelling alternatives. In this paper, we propose performance measures
and threshold values (cut-offs) that can guide practitioners in order to be able to decide
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which is the best model in their particular context. We present an illustration from a
Spanish motor insurance data.

In the case study that we present in the current paper, we are interested in the
renewal probabilities of each customer in the insurance company for one sample.
Therefore, we select the following classical predictive models (or classifiers): logistic
regression, decision tree, neural networks and support vector machine. Those methods
allow to classifying each new client using the probability of belonging to the group of
customers that stay versus those who churn. In fact, we consider two differentiated
groups in the classifying algorithm: retainers and churners.

We conduct our analysis by comparing the receiver operating characteristics
(ROC) curves obtained in every method [14]. ROC curves are one of the most common
tools for evaluating and comparing classifications models [15]. However, when ROC
curves crossing each other once or more times, choosing the best method from this
comparison may provide an ambiguous result [16]. Our principal contribution is
devoted to looking for different adjustment criteria that compare the results for each of
the above methods.

In this paper, we consider three kinds of criteria, two of them based on optimal
cut-offs and another one based on the area under an ROC curve (AUC). We want to
choose the best model according to the company’s specific goals, based on these
criteria. This fact, this has a direct implication on the predictive ability of the models,
that is, different criteria provide different preference for models.

We use a large database of an insurance company, with information about the
behaviour of the clients from the past. The methods and performance measure are
implemented using version 3.2.3 of R language.

This paper is organized as follows: Sect. 2 gives a brief presentation of the different
methods used to estimate the probability of belonging to each group and presents the
discriminative measures based on thresholds and the ROC curve. Section 3 briefly
describes the data and its pre-processing. In Sect. 4 we show the comparative analysis
and discuss the results. And finally, in Sect. 5 we draw our conclusions.

2 Churn Prediction Models

Let yi ¼ 0; 1f g be an observation of the outcome random variable Yi which provides
information about the client decision. Whenever the customer stays in the company, i.e.
renews the policy, the observed value is equal to 1 and when he churns, i.e. does not
renew his policy, the observed value is equal to 0. Moreover, X 0

i ¼ x0i; x1i; . . .; xnið Þ is
a vector of n covariates, all of them associated with the ith policy. The total number of
clients is denoted by N.

The churn prediction models are designed from a binary classification perspective,
so, instances are assigned to one of the two classes Y = {Renew (or No Churn), Not
renew (or Churn)} on the basis of their observed features X0s. Classifiers discriminate
instances from the former classes. In our case, we use soft classifiers [17, 18]. These
methods estimate class probability pi, which denote the probability that the ith policy
churns, that allow to define the predicted classes by comparing pi with different

Predicting Probability of Customer Churn in Insurance 83



classification cut-offs t 2 0; 1½ �. Each of these comparisons produces a confusion
matrix as shown in Table 1.

We present four popular techniques used for binary classification problems: logistic
regression (LR), decision tree (DT), neural networks (NN) and support vector machine
(SVM). These methods can generate a score [0, 100], so we can classify every cus-
tomer based on this score. In fact, the score itself is just a transformation of the
probability estimation that is obtained by each method.

2.1 Logistic Regression

Logistic regression model is a particular case of a generalized linear model. The
specification of a generalized lineal model consists of three elements: a random variable
Y, that takes value Y = 1 if customer renews the contract and takes value Y = 0 if
customer does not renew the contract; a systematic linear predictor (g ¼ X 0b) com-
ponent and a link function (g) that relates the expected value of the response variable
with the linear predictor g. Under the logistic regression model we assume that the
probability of renewal is:

P Y ¼ 1jXð Þ ¼ p ¼ 1
1þ exp �X 0bð Þ ;

where b is the parameter vector to be estimated.
Logistic regression is recognized for being simple to understand, it is appropriate

when the dependent variable has only two possible values and it is easy to implement.
If there are interactions between covariates, then interpretation is more complex and
may lead to predictions that are too accurate (overfitting) in the sample, but may not be
out of the sample. This is the case in general regression models, when too many
parameters are entered into the model. Also, we have to consider that logistic regres-
sion is a parametric model that assumes a specific functional form in the link function
and a particular distribution function in the exponential family.

2.2 Decision Trees

In our case, we design a conditional inference tree using the ctree function from the
party package. This is a recursive partitioning algorithm that takes into account the
concept of statistical significance, i.e., first, in each node a test is performed for the
global hypothesis of independence between the variable response and any of the

Table 1. Confusion matrix for a given threshold t.

Predicted
Not renew Renew

Real Not renew True negative False positive
Renew False negative True positive

Source: Own design.

84 C. Bolancé et al.



covariates, so, if the null hypothesis is rejected the significant association between
Y and each inputs X0s is evaluated and second a binary split is implemented once the
association has been identified, using the variable with the strongest association to the
dependent variable Y (see [19], for more details).

Decision trees are a powerful visuals tool that is able to properly handle the
interaction between variables. The method is useful to form clusters, it is easy to
understand, interpret and explain. Nevertheless if the training data set is somewhat
different from the testing data, the results might not be robust. In fact, this turns out to
be very similar to the overfitting phenomenon just described for the logistic regression.
In addition, the ctree function allows working with variables of different nature.
Therefore, transformations in intervals are not necessary. However, we need to con-
sider that regression trees provide results that are difficult to interpret when the
explanatory variables have different scales. Furthermore, within the ctree function
partition criteria and algorithms can be based on different statistics such as the Gini
coefficient or the deviance, among others.

2.3 Neural Networks

Neural networks are information processing systems inspired in biological neural
associations. They are composed by interconnected neurons whose communication
links are weighted. Generally, neural networks representations consist of input nodes,
numeric weights, transfer functions, activation functions and output nodes, so they are
able to represent non-linear mappings from input to output variables [20].

Neural networks can be trained to generate optimum results from the desired inputs,
for example they can minimize false positives. However, neural networks are a sort of
black box, making qualitative interpretation rather difficult. Moreover, overfitting and
the adjustment of the parameters that control the algorithm is mandated by the criterion
imposed by the network designer.

In this study we use the nnet function from the nnet package for adjust a neural
network. This function fits a single-hidden-layer neural network based on a
feed-forward neural network [21]. The overfitting is also a weakness of the neural
networks approach.

2.4 Support Vector Machines

Support vector machine methods were first introduced by Boser et al. [22] and are
useful for classification and regression analysis. These methods are based on quadratic
optimization and allow to consider no linearity using different kernel functions to map
data set samples into a higher dimensional space [23], looking for the hyperplane that
optimally separates the data groups [24]. The main disadvantage is that support vector
machines may also be difficult to interpret, although they are practical in terms of
producing scores. Moreover, it has been demonstrated that the support vector machine
approach is not accurate when the number of individual in each class is unbalanced
(see, for example, [25]).
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We applied the svm function from the e1071 package [26] based on the LIBSVM
library [27], considering one-classification type and a polynomial kernel.

2.5 Model Performance Measures

In order to evaluate the classifiers performance in defection prediction, we consider
three different criteria based on: (C1) sensitivity plus specificity, (C2) accuracy for a
specific threshold and (C3) the area under the curve (AUC). These measures summarize
in a single scalar value the performance of each model. Besides, true and false positive
cases are denoted as TP and FP, while true and false negatives are identified as TN and
FN, respectively. Thus,

C1 = max (sensitivity + specificity) = max (TP= TPþFNð Þþ TN= TNþFPð Þ
C2 = max (accuracy) = max ( TPþ TNð Þ= TPþ TN þFPþFNð Þ
C3 = max (AUC)

The Area Under the Curve is a well-known measure to evaluate the discriminative
power of the predictive models. An area under the diagonal in the ROC space equals
0.5 and it is associated to a pure random classification model, so the greater AUC, the
better the model.

3 Data

The data are provided by a Spanish insurance company and included many variables
that are expected to explain customer churn. This data base may include clients who
have one or more motor insurance policies. It includes variables related to the policy,
the customer and the vehicles as shown in Table 2. Generally, motor insurance policies
are renewed every year. So, for our purposes, date of policy start, cancellation date and
status of each policy are key drivers during the whole analysis.

The study is conducted in the usual two phases, one related to the pre-processing of
data called filtering and another linked directly to the modelling process. Data
pre-processing is a long but necessary process previous to the model implementation,

Table 2. Some variables used in the case study on modeling churn in motor insurance.

Related to Variable

Policyholder Sex, Age, Number of policies in force, Total number of policies in force that
are owned by the same customer in other lines of insurance, Sum of
premiums (both canceled and in force), Highest premium paid, Maximum
duration of all policies owned by the same customer

Policy Policy status (C = canceled, I = in force), Guarantees, New premium, Old
premium, Change in premium (new vs previous), Change in premium (new
vs the first), Discounts applied or Bonus-Malus level

Vehicle Vehicle’s type, Main driver’s age, Second driver (Yes, No), Total cost of
claims, Power (<=90 or >90)

Source: Own data set to study customer churn in motor insurance, 2015.
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so, it is necessary to perform validation of non-duplication of policies, redefinition of
the status of the policies, analysis of missing values, treatment of outliers, catego-
rization and re-categorization of some variables and so on. The final dataset for this
illustration has about 80 % proportion of policies in force versus 20 % cancelled. From
this dataset and regarding to the analysis of missing values, we decide to use
complete-case analysis (for further details, [28]), this gives rise to a total of 14, 000
policies approximately with the same proportion as before.

The former data base is divided into two groups (training set and test set) in a ratio
of 70 %–30 %, respectively. With the modelling results, we generate for both the
training and the test set a confusion matrix for each possible threshold from 0 to 1 and
we calculate the following valuation measures: sensitivity, specificity, false positive
rate, false negative rate, sensitivity, specificity and accuracy. Furthermore, we compute
the AUC as before for the training and the test data set.

4 Results

We present the results based on the ROC curve and the different criteria. We show the
criteria values and the related thresholds in the case of C1 and C2. Figure 1 shows each
of the ROC curves associated to the classifiers for the test sample. We can observe
multiple intersections, so, we do not observe a curve that dominates over the others. In
fact, for each intersection we have different levels of false alarms where one classifier
outperforms the others. Furthermore, the AUC index is located in the interval [0.88,
0.90], so a 0.20 probability of misclassification is obtained.

Fig. 1. Intersecting ROC curves
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Table 3 shows the results using the training data set. In general, for each criterion
we find small differences between the performance measure values. Neural networks
model has the highest values in all criteria. Then, the biggest or lowest threshold is not
necessarily in accordance with the best or worst value for both C1 and C2. Last, the
largest area under the curve corresponds to the neural networks approach, followed by
conditional tree, support vector machine and logistic regression.

Similarly, Table 4 presents the results for the test sample. We observe similar
values for the performance measures compared to the results obtained in the training
data set. In this case, the conditional tree has the highest performance measure for C1
and C3. In addition, in terms of C2 the support vector machine has a better perfor-
mance. As before, a higher threshold does not necessarily mean a better performance
measure or vice versa.

Table 3. Performance criteria for each model in the training data set.

Model
Logistic
regression

Conditional
tree

Neural
network

Support vector
machine

Criterion C1 1.67 1.69 1.72 1.68
C2 (%) 86.19 85.36 88.72 86.24
C3 (%) 90.23 90.54 92.71 90.34

Optimal
threshold

C1 0.75 [0.68,0.86] 0.77 0.82
C2 0.55 [0.45,0.51] [0.49,0.52] 0.57

Source: Own calculations

Table 4. Performance criteria for each model in the test data set.

Model
Logistic
regression

Conditional
tree

Neural
network

Support vector
machine

Criterion C1 1.65 1.68 1.65 1.65
C2 (%) 86.08 85.28 86.25 86.82
C3 (%) 89.47 90.28 88.51 89.33

Optimal
threshold

C1 0.77 [0.68,0.86] 0.82 0.84
C2 0.48 [0.45,0.51] 0.50 0.52

Source: Own calculations
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5 Conclusions

We have estimated churn probabilities using three different models, so we can predict
the probability of renewal of a motor insurance policy. These probabilities give us a
first scoring model in each case, so, it is possible to design marketing actions, aimed at
specific customers. Selecting the best model, is not a trivial choice, but depends on the
insurer preferences. We analyse the predictive performance of four modelling
approaches. These are different alternatives that focus on similar, yet not exactly the
same values. So, maximizing the number of true positive and negative cases, finding
the greatest possible number of successes regarding non-churners and churners clas-
sification or just selecting the largest area under the curve, i.e. relying only, on the true
positive and false positive rate, do not lead to the same conclusion on which is the best
predictive approach.

In general, however, we obtain similar results for all the models considered here.
Focusing on the results, we select neural networks as the best model for the training
data and the conditional tree for the test data if we consider the first criterion (C1).
Considering the second and third (C2 and C3) criteria, the neural network has the best
performance for the training data. However, when looking at the test data, conditional
trees perform better than the others for C3, while support vector machine performs
better for C2.

Our results are useful for companies, since this illustration shows how the per-
formance of models can be evaluated and how the modelling process can be assessed
when analysing loyalty. In terms of limitations of the study we should mention that the
predictive statistics described here could have studied together with a wider range of
performance indicators. One of the practical implications of the paper is that no model
seems to dominate the others, showing that there should not be a clear and general
preference for any of the modelling alternatives presented here.

Further research should include additional performance diagnostics in order to
evaluate the results of the predictive model. On the other hand, we suggest to improve
the missing value treatment, for example, for unordered categorical predictors we
recommend to add an additional category representing missing responses. Finally, we
think that exploring the reactivity of the selected model taking into account profitability
and the cost of each decision could be an interesting area of analysis.
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Abstract. Supply chain management requires making strategic, tactical and
operational decisions which involve suppliers, manufacturers and customers.
Potential decision makers are involved in a centralized/decentralized decision
structure which describes their relationships and interdependencies. The use of
mathematical models to optimize supply chain planning problems one at a time
has been extensively discussed in the literature. The integration of two or more
of these problems and the use of mathematical programming to model them is
less frequent. This paper reviews the main mathematical models recently
developed to address the decision making process in integrated deterministic
supply chain planning, emphasizing the processes which are integrated and the
characteristics of the model.

Keywords: Supply chain management � Integrated decision-making process �
Mathematical program � Optimization

1 Introduction

Nowadays, the problems involved in the efficient management of a supply chain
(SC) constitute a significant area of research. A glance at the wide range of publications
on supply chain management (SCM) reveals that this subject has been widely studied
from different perspectives and disciplines in the literature. Schneeweiss [1] provides a
review of how decision-making problems in SCM are differently managed from the
perspectives of applied mathematics, operations research, economics and artificial
intelligence. From whichever point of view, the current cornerstone of SCM is to
consider the supply chain globally rather than as a set of individual activities. This
implies identifying the logistic activities, recognizing the organizations and/or decision
makers involved in the SC and integrating them in an efficient manner. The challenge
in SC integration is to coordinate the activities involved so that the performance can be
improved by reducing costs, increasing service levels, providing a better use of
resources and offering an effective response to the changes in the market place [2].
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The aim of this paper is to identify the mathematical programming approaches
proposed in the literature to model the relationship amongst SC agents and their
interdependencies. We pay attention to papers which use deterministic mathematical
programming models when dealing with an integrated problem in SCM. We have
searched under “supply chain management” in the available databases Scopus,
Sciencedirect, ProQuest and Google Scholar. The results show an increasing number of
works on SCM in recent years. Based on these results we have selected papers which
include either in the abstract or the keywords the terms program, mathematical or
algorithm. The paper is organized as follows. Section 2 explores the literature on SCM
and identifies the classification criteria proposed in previous reviews of integrated SC
problems. Sections 3 to 6 go on to discuss recent reviews on the subjects as well as
interesting papers not included in these reviews. Finally, Sect. 7 sets out our findings
and conclusions as well as areas of interest for further research.

2 Classification Criteria

When analyzing SCM, Beamon [3] distinguishes between the production planning and
inventory control process and the distribution and logistics process. Both kinds of
process interact with each other to produce an integrated SC. Min and Zhou [4] state
that a SC consists of two main business processes: material management (inbound
logistics) and physical distribution (outbound logistics). These processes consist of
three levels of decision hierarchy: competitive strategy, tactical plans and operational
routines. Location-allocation decisions and demand planning are included in the first
level, which can be considered as long-term planning. Tactical problems or
medium-term planning are the inventory control and the production/distribution
coordination. Finally, vehicle routing/scheduling is considered as part of the opera-
tional routines or short-term planning. Goetschalckx et al. [5] review mathematical
programming models for the efficient design of global logistics systems that take into
account strategic and tactical considerations. Melo et al. [6] review facility location
models which also involve decisions about the design of the supply chain network.
They include papers dealing with tactical and operational decisions such as capacity
allocation, inventory, procurement, production, routing or transportation modes.
Schmid et al. [7] focus on the classical vehicle routing problem but their search is
extended to incorporate tactical and operational problems related to production,
warehousing and inventory. Okongwu et al. [8] study the impact on the performance of
the SC of the way in which firms plan tactical aspects such as procurement, production
and distribution and argue in favor of their integration.

As a conclusion, the following logistic activities can be singled out in SCM:
procurement, facility location, production, inventory management and transportation.
Based on these and on the optimization models which have been proposed to deal with
integrated SCM, we have classified the selected papers into four categories:
location/routing, sourcing/production and supplier selection/inventory, location/
inventory and inventory/routing, and production/distribution. In what follows, we
include for each category a description of the problem and explore the relevant liter-
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ature. The recent reviews discussed provide an important set of references. Only those
papers either missing from these reviews or published more recently are explicitly
mentioned here.

3 Location/Routing Problem (LRP)

This problem is defined for a network with, in general, a homogeneous set of vehicles
with limited capacities which are shared by all depots. The goal is to determine which
depots must be opened and decide the routes for each open depot and its customers.
Early papers dealing with this problem considered uncapacitated depots. However, in
more recent papers capacity constraints on depots and vehicles are addressed. The
comprehensive review by Nagy and Salhi [9] published in 2007 proposes a classifi-
cation scheme that takes into account four key aspects: the structure of the problem
which involves entities and their organization; the type of input data which can be
deterministic or stochastic; the planning period which classifies papers on
location/routing in single or multi-periods; and the solution method that distinguishes
between exact or heuristic procedures. Prodhon and Prins [10] provide a literature
review on the subject until 2013 in which extensions of the classical location/routing
problems are included, such as multi-echelon problems, applications with multiple
objectives or uncertain data. Drexl and Schneider [11] review papers until 2014 and
consider only problems where the selection of the facilities is not implicitly determined
by the routing decisions. Both recent reviews provide an updated bibliography on the
subject.

Amongst the papers not included in the previous reviews, Amiri [12] proposes a
mixed integer program which is solved using Lagrangean relaxation combined with a
heuristic procedure. Ross and Jaramayan [13] formulate a strategic model as a binary
integer program to determine the location and routing solution. Then, an executional
model, which is a linear program, provides the amount of product shipped between
nodes. To solve the model they integrate simulated annealing and tabu search.
Olivares-Benitez et al. [14] generate approximate efficient sets for the biobjective
mixed integer program which minimizes the cost of the location/routing problem and
the longest transportation time from the plants to the customers. Borges Lopes et al.
[15] propose an evolutionary algorithm whose chromosome represents a complete
solution i.e. the collection of routes and uses local search in the mutation phase.

In general, the models proposed in the literature are binary integer programs or
mixed integer programs with a single objective function which is the sum of the
opening costs and the routing costs. A few papers in this category consider multiob-
jective optimization models. The objectives take into account the location or the
operational costs as well as the covered demand, the work-load balance or the longest
transportation time. In problems which involve hazardous waste management, a social
cost is introduced which takes into account social rejection or transportation risk. A few
papers propose exact approaches for solving the problem mainly based on
branch-and-cut algorithms. For large-size instances, metaheuristics have been proposed
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aiming to find good quality solutions in short computing times. Thus, simulated
annealing, tabu search, evolutionary algorithms or adaptive large neighborhood search
metaheuristics have been developed.

4 Sourcing/Production Problem (SPP) and Supplier
Selection/Inventory Problem (SSIP)

Purchasing is one of the most strategically activities in SCM because it provides the
opportunity to reduce costs across the entire SC. Since the cost of raw materials
represents a substantial percentage of the total product cost, an essential task in the
purchasing process is supplier selection. In addition, a relevant problem in SCM is to
determine the appropriate level of inventory at each stage involved in a SC. Both
supplier selection and inventory management are closely related to the production
problem. The production of many different products with short life cycles and the need
to provide customers a better service at a reduced cost lead to the integration of
production and inventory related decisions. Usually, the manufacturer purchases the
raw material and/or semi-finished items from several preferred suppliers. These raw
parts are stored at the manufacturing facility or transformed into final products, as they
are requested to satisfy demand from retailers.

Aissaoui et al. [16] present a literature review until 2007 on supplier selection. They
focus especially on the problem of determining the best mixture of suppliers and
allocating orders so as to satisfy different purchasing requirements. Ben-Daya et al. [17]
propose a nonlinear mixed integer model for the sourcing/production problem which is
approximately solved by applying derivative-free methods. The single objective
function is computed as the sum of the costs incurred by the supplier and the manu-
facturer (production setup cost, raw material ordering and holding costs, and finished
product holding cost) and the retailers (ordering cost and finished product inventory
holding cost). Sawik [18] proposes a mixed integer programming problem for deter-
mining the latest delivery dates of product-specific parts. Two different approaches are
compared. In the monolithic approach, the manufacturing, supply and assembly
schedules are determined simultaneously. In the hierarchical approach, first an
assignment of customer orders over the planning horizon and thereby the finished
products assembly schedule is determined, and then the parts manufacturing and the
supply schedules are decided. Concerning the supplier selection/inventory problem, in
general only the minimization of the total system costs is considered when tackling
both the supplier selection and the lot size decision. Keskin et al. [19] and Ventura et al.
[20] formulate mixed integer nonlinear programming models. Cárdenas-Barrón et al.
[21] propose a mixed integer linear model which is solved with a reduce and optimize
approach. Glock [22] presents a continuous mathematical model and suggests heuristic
solution procedures. Ustun and Demirtas [23] propose a multiobjective mixed integer
linear programming model whose aim is to maximize the total value of purchasing, to
minimize the total cost and the total defect rate and to balance the total cost between
periods. The most preferred efficient solutions are determined by considering the
decision maker’s preferences. Rezaei and Davoodi [24] propose two multiobjective
mixed integer nonlinear models. The three objective functions are based on cost,
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quality and service level. They develop a multiobjective evolutionary algorithm to
approximate the set of Pareto solutions. Huang et al. [25] model the problem as a
three-level dynamic non-cooperative game. The authors propose both analytical and
computational methods to compute the Nash equilibrium.

5 Location/Inventory Problem (LIP) and Inventory/Routing
Problem (IRP)

Location/inventory problems involve integrated decisions on the location of facilities
such as distribution centers or factories, and inventory management. The aim is to
minimize transportation and facility fixed costs as well as inventory holding and
handling costs. These problems are closely related to the inventory/routing problems
which have received more attention in the literature. The inventory/routing problem can
be seen as an extension of the vehicle routing problem where the aim is to satisfy the
demand of customers while minimizing the total distribution cost. In the
inventory/routing problem, the amount to supply to each customer (inventory alloca-
tion decision) as well as the time for delivery is determined in order to minimize the
inventory cost. Moin and Salhi [26] present an overview of the area of inventory
routing and classify papers according to the planning horizon: single-period,
multi-period and infinite horizon models. Two more papers on this topic are worth
mentioning. Tancrez et al. [27] propose a nonlinear continuous mathematical model
with a single objective function obtained as the sum of periodic transportation,
inventory holding, fixed operational costs and handling costs. Melo et al. [28] propose
a mixed integer linear program whose single objective function accounts for the total
net SC cost defined as the sum of supply, transportation and inventory holding costs
and fixed costs for operating the facilities. In both papers a heuristic procedure is used
to solve the problem.

The review by Andersson et al. [29] covers inventory management and routing
from an operations research perspective until 2009. It takes into account the relation
between science and practice by considering papers which consist of both case studies
based on real applications and theoretical contributions based on idealized models.
Coelho et al. [30] give a comprehensive review of inventory routing problems until
2013, by categorizing them with respect to their structural variants and the information
available on customer demand. Yu et al. [31], Day et al. [32] and Coelho and Laporte
[33] deal with mixed integer linear models. The papers by Berman and Wang [34] and
Kuhn and Liske [35] propose nonlinear models. Song and Savelsbergh [36] give a
different perspective and focus on how to measure the performance of the distribution
strategies and also on which factors contribute to the complexity of the problem.

Most papers on this topic propose a mixed integer optimization model with a single
objective function which reflects the overall costs. Branch-and-cut techniques are used
to develop algorithms to exactly solve small-scale problems. When considering
real-life instances, most algorithms are based on heuristics which take advantage of
decomposing the problem into several sub-problems.

In this category we also include papers which focus on the strategic design of a SC
network and deal with location, routing, production and inventory. The papers by
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Ambrosino and Scutellà [37], Melo et al. [38], Hinojosa et al. [39], Thanh et al. [40],
Manzini and Bindi [41], Sadjady and Davoudpour [42], Guerrero et al. [43], formulate
mixed integer models with a single objective function aiming to operate the SC net-
work at minimum cost.

6 Production/Distribution Problem (PDP)

Production and distribution planning are tactical decisions. In these problems, the
assignment of available capacity in production sites, the inventory allocation to
maintain a level of service of a retail or distribution facility and the distribution of the
stocks to retailers have to be determined. Mula et al. [44] review mathematical pro-
gramming models for SC production and transport planning until 2009. The authors
propose eight classification criteria: supply chain structure, decision level, modeling
approach, shared information, purpose, limitations, novelty and practical application.
A later review until 2014 by Díaz-Madroñero et al. [45] propose a classification
framework based on production, inventory and routing aspects, objective function
structure and solution approach. Fahimnia et al. [46] provide a comprehensive review
until 2010 and a classification of production/distribution models based on their degree
of complexity and the level of simplification of the real-life scenario used. Adulyasak
et al. [47] review until 2014 problem formulations and solution techniques to solve a
production routing problem jointly optimizing production, inventory, distribution and
routing decisions.

Other papers in this category include Elhedhli and Goffin [48], Manzini [49], Raa
et al. [50] and Low et al., [51] which consider a single objective function accounting for
the total cost. Liu and Papageorgiou [52] develop a multiobjective mixed integer linear
model to simultaneously minimize total cost, total flow time and total lost sales. The
authors apply the epsilon-constraint method and the lexicographic minimax method to
find an efficient solution. Chan et al. [53] also consider several criteria (operating cost,
order fulfillment lead time, and equity of utilization ratios) which are weighted to
obtain a single objective function by using the analytic hierarchy process. Dawande
et al. [54] present a study of conflict and cooperation aspects arising in SC when there
is a conflict between the goals of the manufacturer and distributor. They conclude that
the cost saving resulting from cooperation is usually significant. When collaborative
planning is possible, Selim et al. [55] develop a multiobjective linear programming
model which is solved by using a fuzzy goal programming approach. However, this
collaboration is not always possible. Calvete et al. [56] focus on a hierarchical
production/distribution planning problem that takes into account the existence of two
decision makers who control the production and the distribution processes, respec-
tively, and do not cooperate because of different optimization strategies. A bilevel
mixed integer programming model is formulated for solving the problem. Amorin et al.
[57] propose a multiobjective mixed-integer model to solve the integrated production
and distribution planning of perishable goods which takes into account the value of
freshness of the goods in addition to costs.

Most papers discuss either linear programming or mixed integer programming
models. In contrast, nonlinear programming and multiobjective programming modeling
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approaches are scarcely applied in practice. Concerning the algorithmic approaches,
only a few papers propose exact approaches, these being mainly based on branching
processes improved with the introduction of valid inequalities or Lagrangean relax-
ation. Metaheuristic methods have also been proposed such as genetic algorithms, tabu
search or ant colony optimization.

7 Findings, Conclusions and Further Research

In this paper we have reviewed the existing literature on integrated problems in SCM
which connect several SC partners and which are related to strategic, tactical and
operational decision making. The aim is to provide the researcher with a summary of
the mathematical approaches which have been proposed to deal with these problems.
The focus is on reviewing the manner in which the mathematical approach models the
interdependencies among supply chain parties. Table 1 summarizes the findings. The
analysis reveals that the mathematical models formulated in the papers are
binary/integer/mixed-integer optimization problems, either linear or nonlinear. Most of
them involve a single objective function which reflects the overall cost of the system
and implicitly assumes a centralized decision making process. This mathematical
approach allows the single decision maker to simultaneously solve all the problems
involved. Only a few papers formulate multiobjective programs which allow us to take
into account several conflicting objectives or the existence of several decision makers
who are ready to collaborate. Even fewer papers introduce bilevel programming or
game theory concepts to model the decision making process in decentralized systems
without collaboration among partners. However, collaboration in the SC is not an easy
task. Kampstra et al. [58] analyze the reality of the SC and describe the gap between the
interest in supply chain collaboration and the relatively few recorded cases of suc-
cessful application. Huang et al. [59] analyze the impact of sharing information on SC
dynamics and demonstrate that understanding the advantages and limitations of each
modeling approach can help researchers to choose the correct approach for studying
their problem. It is worth pointing out that even in monolithic models, different
mathematical programming formulations can capture the different points of view of
agents in the SC such as customers and suppliers. Kalcsics et al. [60] illustrate how the
mathematical program proposed depends on the decision maker the problem focuses
on. Bertazzi et al. [61] also emphasize the impact of the objective function on the
solution. It can reflect different decision policies and/or different decision makers, i.e.
diverse organizational aspects of a company with a different emphasis on what is
important in making a decision. In a decentralized decision making environment in
which the SC agents operate independently in an organizational hierarchy,
non-monolithic models such as bilevel programs are more appropriate. Cao and Chen
[62] and Calvete et al. [56, 63] provide examples which show the differences between
monolithic and non-monolithic models.

In our opinion, the mathematical approaches described in the literature under review
(single objective programs, multiobjective programs and bilevel programs) contain the
foundations of the deterministic optimization models that allow the integration of
several processes of the SC involving either collaborative or non-collaborative decision
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Table 1. Supply chain management problems and references in the paper.

Authors References Type of problem

Adulyasak, Y. et al. (2015) [47] PDP
Aissaoui, N. et al. (2007) [16] SPP and SSIP
Ambrosino, D. and Scutellà, M. (2005) [37] LIP and IRP
Amiri, A. (2006) [12] LRP
Amorim, P. et al. (2012) [57] PDP
Andersson, H. et al. (2010) [29] LIP and IRP
Ben-Daya, M. et al. (2013) [17] SPP and SSIP
Berman, O. and Wang, Q. (2006) [34] LIP and IRP
Borges Lopes, R. et al. (2016) [15] LRP
Calvete, H.I. et al. (2014) [56] PDP
Cárdenas-Barrón, L.E. et al. (2015) [21] SPP and SSIP
Chan, F. et al. (2005) [53] PDP
Coelho, L.C. et al. (2014) [30] LIP and IRP
Coelho, L. and Laporte, G. (2014) [33] LIP and IRP
Dawande, M. et al. (2006) [54] PDP
Day, J. et al. (2009) [32] LIP and IRP
Díaz-Madroñero, M. et al. (2015) [45] PDP
Drexl, M. and Schneider, M. (2015) [11] LRP
Elhedhli, S. and Goffin, J. (2005) [48] PDP
Fahimnia, B. et al. (2013) [46] PDP
Glock, C. (2011) [22] SPP and SSIP
Guerrero, W. et al. (2013) [43] LIP and IRP
Hinojosa, Y. et al. [39] LIP and IRP
Huang, Y. et al. (2011) [25] SPP and SSIP
Keskin, B. et al. (2010) [19] SPP and SSIP
Kuhn, H. and Liske, T. (2011) [35] LIP and IRP
Liu, S. and Papageorgiou, L. (2013) [52] PDP
Low, C. et al. (2014) [51] PDP
Manzini, R. (2012) [49] PDP
Manzini, R. and Bindi, F. (2009) [41] LIP and IRP
Melo, M. et al. (2005) [38] LIP and IRP
Melo, M. et al. (2012) [28] LIP and IRP
Moin, N. and Salhi, S. (2007) [26] LIP and IRP
Mula, J. et al. (2010) [44] PDP
Nagy, G. and Salhi, S. (2007) [9] LRP
Olivares-Benitez, E. et al. (2013) [14] LRP
Prodhon, C. and Prins, C. (2014) [10] LRP
Raa, B. et al. (2013) [50] PDP
Rezaei, J. and Davoodi, M. (2011) [24] SPP and SSIP
Ross, A. and Jayaraman, V. (2008) [13] LRP

(Continued)
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makers. Nevertheless, it would be necessary to extend their use, especially the more
complex models, in the context of real-system applications. It is worth mentioning the
existence of a substantial number of papers devoted to SC configurations based on the
concept of interdependence among partners in the SC. This contrasts with the scarce
number of papers which use multiobjective optimization or hierarchical optimization for
modeling the complexity of the decision processes involved in SCM. A future line of
research should fill this gap and analyze the impact of using different mathematical
approaches on the modeling of the SC performance.

Acknowledgments. This research work has been partially funded by the Gobierno de Aragón
under grant E58 (FSE).
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Abstract. In this paper we study determinants of the level of certain
types corruption in a society. To that end, we apply the simplest tech-
nique used in Evolutionary Game Theory, namely, the replicator dynam-
ics with two types of agents, corrupted, and not corrupted. Through a
learning interpretation of that technique, we obtain the main determi-
nants of corruption are the initial proportion of corrupted people, and
the relative pecuniary gain of being corrupted, relative to the pecuniary
gain of being not corrupted. The model applies to all types of corruption
for which the larger the number of corrupted people is, the larger the
expected payoff of being corrupted will be.

1 Introduction

The main objective of this paper is to find determinants of corruption in gen-
eral, although we concentrate on what is called systemic corruption and micro-
corruption (see O’Hara (2014)), that is, widespread corruption, and hence we
concentrate in those types of corruption in which the more corrupted people
there is in the society, the more beneficial to be corrupted is.

The importance of studying corruption in economics comes mainly from the
fact that corruption and social capital are related issues, both of which are
very important in order to promote growth and development. In the paper
by Mauro (1995) it is shown that corruption is associated with low income,
although it has not been established the direction of causation yet. Also, cor-
ruption has been related to political institutions and political outcomes (see
Persson et al. (2003)), which in turn are crucial to growth, as argued by
North (1991). For more on the negative correlation between corruption and
growth, see Besley (2006) — Figure 1.6, among others—. Similarly, there is evi-
dence that there exists a positive correlation between social capital and growth,
as it is shown by Temple and Johnson (1998). They construct an index of social
capital which turned out to be a good predictor of economic growth. One of the
main ingredients of that index is again the level of corruption in the society. See
also Fukuyama (1995) for more arguments in favor of the positive correlation
between social capital, honest behaviour (not corruption) and growth.

In this paper, however, we strongly depart from standard studies on corrup-
tion, as most of them concentrate on public corruption by officials, governments,
power elites, tax havens, abuse of power, etc. That is, for us corruption is not
merely vested interests (of the most powerful people of the society) against the
c© Springer International Publishing Switzerland 2016
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common good (See O’hara (2014)). We will say that an action is corrupted, if
that action violates or breaks the rules prevailing in the society. An agent is
corrupted, then, if it commits a corrupted action. Therefore, in particular, all
the informal economy is a form of corruption. This last form of corruption is not
always denounced in the literature.1 Other forms of not honest behaviour can be
taken into account in our model as corruption, as for instance, at the university,
students copying from one another, or even stealing exams from professors. These
last types of dishonest behaviours may have also, of course, a higher pecuniary
payoff than the honest behaviour, in expected future returns of course. A priory,
we conjecture that for both tax evasion, and dishonest behaviour at the univer-
sity, it is true that the larger the number of people willing to cheat is, the larger
its expected payoff is, as the probabilities of being discovered would be lower
when there is a lot of corrupted people in the society. So our model applies to
these types of corruption.

Thus, our model also aims at describing when a worker is willing to cheat
the firm in which it is working. For instance, when an unwatched worker is
not working properly, precisely because not all workers can be watched. For
instance, in a super market, when a worker is willing to steal food, alcohol, or
even money if possible. On the other hand, workers might be also cheated by
bosses, for instance, when they are not paying extra hours, though this behaviour
is conceded or consented by workers, as otherwise they may lose the job. These
types of corrupted behaviour seem to be exacerbated in crises times, as in current
times in Spain for instance. Unfortunately, we have not found verifiable data
(a common problem when trying to measure corruption, as workers would not
denounced it, of course, for fear to lose the job), however news journals in Spain
have been reporting that even more than 50 % of extra hours are not paid in
current times. It is clear in these last examples, that the larger the number of
corrupted workers is, the more difficult to watch them is.

We obtain then that the main determinants of corruption in the long run are
the proportion of corrupted people there is in the society at the initial moment
of analysis, and the relative average gain in pecuniary terms of being corrupted,
relative to the average gain of all the population, corrupted and not corrupted.
Having only two types, the payoff of a type, say not corrupted, is larger than
the average, if and only if its payoff is larger than the payoff of the other type,
say corrupted people. Therefore, the second determinant is the relative gain of
being not corrupted, relative of the gain of being corrupted. Our interpretation
is the following. A given agent, at a given moment of its life, is faced with the
election of following the rules, or not. Then, we postulate that the given agent

1 This form of tax evasion may account for huge quantities of value. For instance, if
the informal sector is of 25 % of GNP, and taxes are on average 30 % or 40 % for
small firms, the tax evasion may account for at least between 7.5 % and 10 % of
the GNP of a country. Estimates tell that, for instance, the informal economy in
Spain is more than 22 %, and in Italy or Greece are more than 25 %. For countries
in Africa, for instance Zimbabwe, the informal economy is more than 59 % of GNP.
See, for these numbers and many others, Schneider (2002).
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will tend to cheat if it is profitable in pecuniary terms, and it will be profitable
depending on how much corrupted people there is in the society at the given
moment. If there are too little corrupted people, it is expected that to cheat is
less profitable than not to cheat, and conversely, if there is a lot of corrupted
people, it is expected to cheat is more profitable than not to cheat.

The rest of the paper is as follows. In Sect. 2 we roughly revise the related
literature. Section 3 lays down the model and Sect. 4 presents the results. In
Sect. 5 we discuss the results, and finally in Sect. 6 the conclusions are presented.

2 Related Literature

The closest studies to ours are clearly those which searched for the determi-
nants of corruption. Perhaps the most recent and related to our study is given
in Salih (2013). As it can be inferred from that last paper, most of the studies
on the issue have concentrated on empirical relationships between corruption
and the proposed determinant variables. Among these variables, as reported in
Salih (2013), we have: (1) Income (negatively correlated); (2) Government size
(negatively correlated); (3) Foreign Direct Investment (potential negative cor-
relation); (4) Economic freedom (not clear sign of the correlation); (5) Quality
of Judiciary system (negatively correlated); (6) Import share (negatively cor-
related); (7) Trade openness (negatively correlated); (8) Foreign aid (not clear
sign of the correlation); (9) Inflation (positively correlated). In sharp contrast to
these literature, we propose two theoretical determinants, both of which appear
as we apply the replicator dynamics to the issue.

Some comments are in order. Observe that for most of the determinants above
named, it is heavily suggested that in rich countries, corruption is lower than
in poor countries. This indicates some contradictions in the issue, which is to
say, most studies in corruption concentrate on the type of corruption powerful
people exercises, but most powerful people, owners or managers of big firms
for instance, are in rich countries presumably. To our understanding, the data
suggests the following interpretation: In rich countries corruption stays mainly
at high levels of the society, but lower income people of those rich countries, tend
to be less corrupted, than those lower income people of poor countries. In poor
countries, corruption would be present everywhere, low income people, and high
income people.

Now we come to the model.

3 The Model

There are two types in the society j ∈ {C,NC}, where C denotes the corrupted
type, and NC denotes the not corrupted type. Denote by (ρ(t), 1 − ρ(t)) the
profile of types, where ρ(t) is the proportion of people of type C at t, and a similar
definition to 1− ρ(t) applies. Time is continuous, and the horizon is infinite. We
may think that at a given moment of time, there are a proportion of corrupted
people, and some new people is born, in a way that the existing ones and the
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new born are learning the type they will adopt.2 The type C is characterized
by a function of the proportion of types C of the form uC : [0, 1] → R++, a
function which represent the average pecuniary payoff that a corrupted agent
expects to gain, if at t there are ρ(t) proportion of corrupted people. Similarly,
the type NC is characterized by a function of the proportion of types C of
the form uNC : [0, 1] → R++, which represent the average pecuniary payoff
that a not corrupted agent expects to gain, if at t there are ρ(t) proportion
of corrupted people. Observe that both pecuniary payoffs are strictly positive,
which is assumed for simplicity (to avoid details when a denominator is zero).
Observe that we use the word average, to emphasize the idea that it contains
both, benefits and counter benefits of being corrupted, including the risk of
going to jail, but measured in pecuniary terms. Moreover, as most probably
not all forms of corruption have the same payoff, we prefer to fix the type of
corruption, as it was insinuated in the Introduction.

Finally, we impose a replicator dynamics over the types of the model.
For a general presentation of the replicator dynamics, see, for instance,
Vega-Redondo (1996). To that end, let us define ū(ρ(t)) = ρ(t)uC(ρ(t)) + (1 −
ρ(t))uNC(ρ(t)), which is the average pecuniary payoff in the population. There-
fore, we postulate that ρ(t) is determined by the following equation:

d(ρ(t))
dt

= ρ̇(t) = ρ(t)
(uC(ρ(t)) − ū(ρ(t))

ū(ρ(t))
.

That is, the proportion of corrupted people increases at t, if and only if, there are
corrupted people in the society at t, and the pecuniary gain of corrupted people
outnumber the average pecuniary gain. As we have said it, we do not impose
a biological interpretation of the equation, that is, we do not postulate people
are automata who acquire a genotype which determines its future behaviour.
Instead, we propose a learning interpretation: People tend to imitate those who
are the most successful in the society, so if to be corrupted generates higher
payoff than average, people will tend to follow that behaviour and, vice versa,
if people observe that to be not corrupted generates higher gains than average,
people will tend to imitate that behaviour.

It is a simple exercise to see that the previous differential equation is equiv-
alent to (Notice that if ρ(t) = 1 at some t, then we have ρ̇ = 0, that is, the
proportion does not change at t, as it must be: A given type only can decrease if
there exists another competing type. This reasoning is very pertinent in biology,
however in our context this condition is a little bit stronger, as we may have, in
principle, ρ(t) = 1 but uNC(1) > uC(1). We will rule out that situation. In more
general situations, we should be forced to consider mutations.):

ρ̇(t) = ρ(t)(1 − ρ(t))
(uC(ρ(t)) − uNC(ρ(t)))

ū(ρ(t))
.

2 Alternatively, we may assume a constant number of infinitely lived agents, who learn
over time. The interpretation just proposed is, to our understanding, more realistic.
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Therefore, provided there are some corrupted people in the society, the pro-
portion of corrupted people increases, if and only if, the expected pecuniary gain
of being corrupted is higher than the pecuniary gain of being not corrupted.

Now we come to the assumptions.

A1 uC : [0, 1] → R++ is increasing and uNC : [0, 1] → R++ is decreasing, and
both functions are continuous.

A2 uNC(0) > uC(0), and uNC(1) < uC(1).

Both assumptions A1 and A2 would be satisfied if tax evasion is the type of
corruption under study, as we commented before. We assume continuity just for
simplicity of the exposition, as in this case we can apply standard theorems to
prove existence of solutions to ordinary differential equations.

Some standard definitions follows. A steady state is a profile (ρ∗, 1−ρ∗) with
ρ∗ = ρ(t∗) such that ρ̇(t∗) = 0. This profile is said to be globally stable on [0, 1],
if for any ρ(t̃) ∈ (0, 1), then ρ(t) tends to ρ∗, as t tends to infinite. That is, the
proportion of corrupted people converges to the state ρ∗. Similarly, this profile is
said to be asymptotically stable, if there exists an ε (it may be arbitrarily small)
such that for any ρ(t̃) ∈ (ρ∗ − ε, ρ∗ + ε), then ρ(t) tends to ρ∗, as t tends to
infinite. Observe that both ρ∗

1 = 0, and ρ∗
2 = 1 are steady states of the system.

On the other hand, notice that given A1-A2, there exists a unique 0 < ρ∗ < 1
such that uC(ρ∗)−uNC(ρ∗) = 0. Thus, that ρ∗ is the unique interior steady state
of the system, if A1 and A2 are assumed.

Now we come to the main theorem of this paper.

4 Result

Theorem 1. Assume A1 and A2, and the replicator dynamics on ρ(t). There-
fore, given the initial condition ρ(t̃), there exists a unique function ρ(t) satisfying
the replicator dynamics and that initial condition. Moreover, we have that: (a) If
ρ(t̃) < ρ∗, then the unique solution of the equation, ρ(t), tends to ρ∗

1; thus, in
particular, ρ∗

1 = 0 is asymptotically stable; (b) If ρ(t̃) > ρ∗, then the unique
solution of the equation, ρ(t), tends to ρ∗

2 = 1, as t tends to infinite; thus, in
particular, ρ∗

2 = 1 is asymptotically stable.

Proof. The proof is as follows. First, the existence of a unique solution satisfying
the initial condition and the replicator dynamics follows at once from A1. This is
a standard result in the issue. See, for instance, Arnold (1978), or any standard
text book in the topic of ordinary differential equations. Now we come to the
more specific results, for which it is sensible to prove it, once we know there
exists a solution of the differential equation. Consider first Item (a). Notice that
due to A1-A2, we have that uC(ρ) − uNC(ρ) < 0 for all ρ < ρ∗, and therefore,
ρ̇(t) < 0 for all t ≥ t̃. Thus, ρ(t) is decreasing and hence tends to ρ∗

1 = 0 as
t tends to infinite, as if ρ(t) tended to a non-zero level, say ρ̄ < 1, ρ(t) would
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continue decreasing, which would contradict that ρ(t) has a limit as t tends to
infinite.3 The proof of (b) is analogous, and hence omitted. �

Some technical comments are in order. Notice that, assumed A1, A2 is a
crucial assumption to obtain a unique interior steady state. Indeed, given A1,
If we dropped A2, either ρ∗

1 or ρ∗
2 may become globally stable. If we required

uNC(1) > uC(1), for instance, ρ∗
2 would be globally stable. And if we required

uNC(0) < uC(0), ρ∗
1 would be globally stable. On the other hand, if we dropped

the monotonicity requirements in A1, other interior steady states may appear,
and therefore there may exist a society in which coexist corrupted and not cor-
rupted people in the long run. Perhaps for some types of corruption that result
might be the appropriate one.

5 Discussion

As said it, our objective is to find determinants of corruption. In the Theorem
above, Item (a) states: if the proportion of not corrupted people is large enough
at the initial moment of analysis, say t̃ (normally, t̃ = 0), that is, if ρ(t̃) < ρ∗,
and the pecuniary gain of being not corrupted is larger than the pecuniary gain
of being corrupted ((A2) and ρ(t̃) < ρ∗), then in the long run there will not
be corrupted people in the society. On the other hand, Item (b) states: if the
proportion of corrupted people is large enough at the initial moment of analysis,
that is, if ρ(t̃) > ρ∗, and the pecuniary gain of being corrupted is larger than
the pecuniary gain of being not corrupted ((A2) and ρ(t̃) > ρ∗), then in the long
run there will be only corrupted people in the society.

Finally, as commented in the previous section, if the monotonicity require-
ment in A1 was dropped, other interior steady states may appear, being some of
them asymptotically stable. Therefore, other types of corruption may be studied
under our set-up, by correcting the assumptions appropriately.

From our result it is possible to infer recommendations to governments, if
the objective is to reduce corruption in the society. Indeed, given the proportion
of corrupted people at a given moment of time, governments may strengthen
punishments to minor faults, so that to lower the expected pecuniary gain of
being corrupted. In the end, any strengthen of punishments may reduce cor-
ruption. However, if it is done to minor faults, this may imply punishments to
juvenile people, and thus harsh punishments in the future for more serious faults
become more credible. Definitely, one lesson of our paper is the following: If to be
corrupted is profitable (due to weak punishments, for instance), we can hardly
expect to have a non corrupted society.

Moreover, our approach heavily suggests that the problem of corruption in
general, it is a problem of the whole society. The previous paragraph suggested
a possible mechanism to fight against corruption implemented by governments

3 A more rigorous argument is that having limt→∞ ρ(t) = ρ̄, thus limt←∞ ρ̇(t) = 0,

and therefore ρ̄(1− ρ̄) (uC(ρ̄)−uNC(ρ̄))
ū(ρ̄)

= 0. Hence, we must have ρ̄ = 0, as ρ̄ < ρ∗ < 1.
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which essentially places the issue on education and learning, learning from incen-
tives. That learning would be much more effective if parents, from the very
beginning of children life, are teaching to be honest, by example, by effectively
lowering the expected payoff of being not honest, as the replicator dynamics
suggests, under our interpretation.

This way, if the society is successful in lowering the expected payoff of cor-
rupted people, firms and workers would be beneficed if there is less micro-
corruption in the society. Perhaps those corrupted agents that are not punished
would have a very high return, however those that are punished, are severely
punished.

Of course, our study suggests the question: Is it possible to reduce the type
of corruption we study here without punishments? Perhaps the answer is yes,
but our model does not provide the answer. The model is not saying that gov-
ernments and parents must severely punish, but it is suggesting the reason why
that behaviour may work. The crucial message is not to punish, but to lower the
expected payoff of corrupted people, given the proportion of corrupted people
there is in the society at the given moment of analysis.

6 Conclusions

In this paper we use the standard replicator dynamics in continuous time to find
determinants of certain types of corruption. We find two determinants, one of
them being the relative gain of being corrupted in relation to the gain of being
not corrupted, and the other is the initial proportion of corrupted people.

This conclusion applies for certain types of corruption which satisfies our two
assumptions. If those assumptions does not hold, then it may appear situations
in which, depending on the initial proportion of corrupted people, the society
may converge to an interior steady state in which there is both, corrupted and
not corrupted people.

The type of corruption for which our model can be applied are those that nor-
mally causes much unrest in the society, both for firms and workers in particular.
Indeed, a firm which needs not to spend resources to watch workers, will have
higher benefits. Presumably, those benefits will go to workers as well, at least in
part. Although one may strongly doubt about that, the data we have already
commented here suggests that is the case. Indeed, that is what the negative
correlation between corruption and income suggests, as in general rich countries
(with a high average income per-capita), is where corruption is less present.

Therefore, the results depend on the type of corruption is considered. This
begs the question: Is it possible to set general model in order to study all types
of corruption? We leave for future research to answer that question. However,
our intuition is that it may be possible, by constructing an appropriate unified
corruption index.
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Abstract. Bogota has a problem with food supplies framed by the inefficiency
in the capillary distribution, raising the costs and creating difficulties for food
access in the social strata 1 and 2. Therefore, the city´s mayor´s office created the
Masterplan for supply and food security (PMASAB), which includes the con-
struction of logistic platforms located strategically in selected locations in order
to reduce the food handling and transportation costs. Therefore, a multi-stage
model for food distribution, that allows to improve the efficiency of the logistics
operation in four marginal areas of the city with the use of three platforms, was
designed. In the first stage, the load allocations are determined to be distributed
from each platform based on mixed integer mathematical programming, the
second develops a heuristic model to determine the vehicle routing and the third
the routing simulation was performed, getting the flexibility for this operation
strategies.

Keywords: Food � Heuristics � Multi-stage model � Mixed integer
programming � Simulation

1 Introduction

The food supply in Bogotá D.C. is disorganized. Every day about 26.300 producers
deliver foodstuffs to 140,000 different operators, there are on average 3 intermediaries
(agents that do not add value, but if added cost) by chain, representing 21 % of the final
price of the food [1], thus having an important negative effect on consumers, especially
with the low-income and considering that Bogotá is a city characterized by a marked
socio-economic inequality in which prevail strata 1 2 and 3; (84.5 %) [2]. For this
reason, the city´s mayor´s office created the Masterplan for supply and food security
(PMASAB), which compared to logistical issues, seeks to overcome the traditional
intermediation in supply chains to achieve that the actors located at the ends of the
chain feel to negotiate directly and to reduce inefficiencies of the current string, so that
the consumer will be benefited by a remarkable reduction of prices. Facing this situ-
ation, a design of the logistics operation of food distribution in the localities of San
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Cristobal Ciudad Bolivar, Bosa, Usme in the southern area of Bogotá D.C. were
investigated. This work is aimed develop an approach through the use of a multistage
model. A correlational analysis of information was used. The information was obtained
from historical data and by direct observation in order to establish theoretical-practical
judgments concerning the problem. This research was classified as descriptive corre-
lational of field [3].

2 Literature Review

2.1 Models of Logistics Operation by Stages

Taking into account that a model is the simplified representation of reality by a
mathematical system that helps to improve the level of understanding of its operation
[4], and given that there are models with certain algorithms, complexity leads to a
phased solution strategy, which consists of dividing the problem by parties and
resolving separately each of these parts. This use has been found in the solution of
problems of location of logistics platforms, with an initial phase of location of the
central platform, then to select the means of transport and the number of trips to be
performed [5]. Other applications seek to minimize the costs of inventory throughout
the supply chain considering non-linear restrictions [6] and also problems of variability
in inventory of cyclical demand security [7]. Studies of cost-sharing are in the supply
chain where a stochastic mathematical model for analysis of networks of multiple
stages, intends to [8]. For problems of interdependence of the different levels of the
chain of supply orders is being formulated a mathematical model of the stochastic
network for the analysis of the order and the distribution of costs [9].

2.2 Mathematical Model and Solution Method

The case of refill several clients with possibility of supply from platforms or deposits,
the model that fits is the VRP (Vehicles Routing Problem) based on multi-deposits
MDVRP. Most of the exact algorithms solving the VRP classical model are difficult to
adapt to meet the MDVRP [10]. According to [11], these problems are the most
common and easy to understand in order to develop formulations based on integer
programming. Recently, in [12] is proposed mathematical formulations to meet various
types of vehicle routing problems including the MDVRP and in [13] is presented a
whole linear program to solve the MDVRP with heterogeneous fleet with time win-
dows. At [14] proposes a model of mixed integer linear programming, MILP to
minimize the cost of routing in the HFMDVRP, in which the heterogeneous fleet of
vehicles are available. The above in [15] proposes a mixed integer linear programming
model and a branch-and-bound procedure for the MDVRP fleet fixed pick-up and
delivery. Other settings of the MDVRP development of exact algorithms are exposed in
[16] where the MDVRP is studied, including limitations on the length of routes. In [17]
is shown the MILP (Mixed Integer Linear Programming) model and linear program-
ming whole mixed in the problem in which the heterogeneous fleet of vehicles
available and the maximization of total net revenues as an objective function, while

The Design of the Logistics Operation of Food Distribution 113



restrictions on maximum and minimum demands are set. On the other hand, heuristic
methods are used to solve the problems of optimization through an intuitive approach
according to the structure of the problem [18], where is considered a limited search
space exploration and which gives acceptable solutions at the time of calculation. Many
of these heuristics can be extended to handle additional restrictions to the VRP [19]. In
[20] explores the problem of collection and delivery without inclusion of multiple
deposits in an integrated fashion (MDVRPPD). [21] proposed a heuristic together with
the algorithm branch and price for the minimization of costs in heterogeneous fleet
MDVRP. On the other hand in [22] proposes a three-stage heuristic. First a
pre-processing for node grouping, then a formulation of the problem with more
compact MILP, then a cluster for their development. Also in [23] developed a heuristic
based on the integer programming. [19, 24–26] study the most commonly used
heuristics: algorithm for nearest neighbor, algorithm of savings, insertion methods,
methods assign first - route later, the first route - assign later, petals, and procedures of
local search algorithm.

3 Methods

Developed applied research is technology to develop a non-cross-correlation type
experimental research design, based on historical data, by direct observation, and other
collected data from secondary sources. Also previously validated [27] has worked with
theoretical foundations, engaged in the description of different variables at a given time
to determine its correlation or causal [28] relations and to propose improvement of the
performance of the unit of analysis and to make it more efficient. Methodological stages
are summarized in Fig. 1, where each one by itself generates practical and theoretical
research contributions and where each procedure used from operations research and
statistics have epistemological basis, that transcends the practicality and utility level
merely technical [29], taken from [30]. Facing to the type of information that depends
on variables which are the most relevant in the operation of supply, collection and
subsequent analysis, the characteristics are shown in Table 1.

Methodological phases can be seen in Fig. 1 that follows:

Table 1. Source, treatment and use of the information by stage

Data type Way of obtaining Mean or tool used Stage

Distances between
clients (nodes)

Time between clients
(nodes)

Web application Google Maps, geo
positioning
systems satellite
(G.P.S.)

1-2-3

Demand
Offer

Specialized information centers:
City Hall Mayor of Bogota and
District Planning Secretariat

Libraries and Web
page

1-2

(Continued)
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Table 1. (Continued)

Data type Way of obtaining Mean or tool used Stage

Fixed and variable
costs

Specialized information centers:
Corabastos

Newsletters from
monthly prices.

Direct interview

1

Time of upload and
download

Head of operations of Corabastos
Research Group Ingenio
Induspymes (University
Cooperative of Colombia)

Research report 2-3

Allocation of loads
from platforms to
centers tradesmen

Computer application Solver of EXCEL 1-2

Routes of vehicles
for the remaining
products

Computer application Programming in
EXCEL

2

Statistical behavior
of variables.

ProQuest databases Web 3

Transfer and return
times

Computer application EXCEL®

Statistical behavior
of time of upload
and download

Computer application EXCEL
StatGraphics
StatFit

2-3

Operation of routing
strategies

Computer application Promodel 3

Fig. 1. Methodological stages developed in the work
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4 Mathematical Modeling and Solution Proposal

Given the approach to the improvement of the access of food at fair price in the city of
Bogotá, the supply operation contemplating the construction of logistic platforms
located strategically in different locations in the South of the city was designed. The
food arrive and will be distributed to centers of shopkeepers (CT) at each locality to be
sold directly to consumers. In this work sets the design of the logistics operation of food
distribution in the localities of San Cristóbal, Ciudad Bolívar, Bosa and Usme of
Bogotá D.C., through a model developed by stages to simplify your design problem.
This model would allow that there is less handling of the food (food security) and
reduces the transporting and intermediation cost, thus the prices for the final consumer
are lower.

4.1 General Description of the System and the Model

Food distribution would be made from the platforms: Lucero, Bosa and Usme, to each
of 27 centers of shopkeepers (CT) distributed in four localities of study. Considering
the location, capacity, coverage, and demand for these. Accordingly, the model should
allow supply to each CT is performed by a single platform (although this is not it your
locality and not to exceed its capacity). Thus, the developed model includes three
stages: in the first full load allocations is determined by product families to distribute
from each platform based on mixed integer mathematical programming. This infor-
mation makes it possible to programming for distribution with full loads to each CT for
three food chains established (Fruver, Potato and grocery). The second develops a
heuristic model to determine the routing of vehicles for the distribution of partial loads
that remained from the three chains. Where is made the transport of food by mixing all
products and the third is the simulation of routing set forth above in order to assess its
dynamics and thus define different actions to develop the operation in the most con-
venient way possible.

4.2 Mathematical Approach First Stage

The following model is built from the conditions of operation of the system in question
and supported in formulations of various authors. Where the model represents the
transport of products in a network with “m” sources and “n” destinations according to
[31]. Within the variable do not provide the type of product as subindice, because the
model is ran by type of food chain because conditions differentiated from platform
capabilities for each of the chains and vehicles by locality. The objective is not to make
complex the mathematical model. The objective function (1) includes both variable
costs and fixed costs, also based in [19, 32] is defined (2) with a design of distribution
routes to multiple clients using various sources of the system, defining in this way a
single source by destination. Supported by [33, 34] is set (3) looking for the mini-
mization of fixed costs, having a constraint of fixed maximum cost for the mobility of
vehicles. Equation (4) is the restriction of supply defined in the model of conventional
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transport [31]. Taking into account multiple deposits, the demand equation is set to (5).
On the other hand, provides an unrestricted non-negative variable and another binary,
making part of the mixed integer programming [13, 35]. The specific structure of the
proposed model is then set:

Decision variables and parameters:
Xij = Number of units to transport of the same type, from the logistics Platform i,

to the consumer or Customer Center j within the supply system nodal network.
Yij = binary variable that is activated if it takes the value of 1, or deactivates if it

takes the value of 0, the use of the logistics Platform- i, downtown shopkeeper or
customer j within the system nodal network.

Cij = Cost unit of transport of the product, supply or logistics Platform i, Centre
shopkeepers j supply, nodal network which is given by the average cost of purchase of
the product in the market.

CFij = Cost fixed transport logistics Platform i, Centre shopkeepers j supply, nodal
network given by the projection of the vehicle resource monthly rental.

Cmaxij = Maximum cost allowed by the transport from the logistics Platform i,
Centre shopkeepers j within the supply system nodal network.

ai = capacity available for the logistics Platform i supply.
bj = request of demand from the center of shopkeepers j
Mathematical structure:

Min Z :
Xm

i¼1

Xn

j¼1

CijXijþ
Xm

i¼1

Xn

j¼1

CFijYij Objective function ð1Þ

Subject to

Xm

i¼1

Yij ¼ 1 8 j ¼ 1; . . .; n Connectivity restriction ð2Þ

Xn

j¼1

CFijYij ¼ Cmax 8 i ¼ 1; . . .;m max cost constraint allowed ð3Þ

Xn

j¼1

Xij � ai 8 i ¼ 1; . . .;m Restriction of supply or capacity ð4Þ

Xij� Yij � bi ¼ 0 8 i ¼ 1; . . .;m y j ¼ 1; . . .n restriction of demand ð5Þ

Xij � 0 Restriction of no negativity ð6Þ

Yij Binary ð7Þ
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4.3 Approach Second Stage

Using a heuristic method is more flexible than the exact methods, which allows to
incorporate terms that are difficult to model [25], such as curfews, vehicular accessi-
bility on logistics platforms and the vehicle capacities. Contemplating various
heuristics, was defined as the best option the use of heuristics of savings or Clarke and
Wright parallel version in an asymmetric network, that allowing better time in its
development. Considering the allocation of routes generally for the entire network
through savings in the distances, to then include windows of time or the inherent
restrictions of the system. At this stage, the routing of vehicles is defined for products
remaining to distribute after the sent vehicles to loaded 100 % of its capacity, com-
bining products of three food chains, where the use of the vehicle is given below its
maximum capacity.

4.4 Approach Third Stage

Once defined routing through heuristics, the simulation it’s determined in the
applicative Promodel. For this, first defined the inherent and most important system
variables (transfer times, demand for downtown shopkeeper and time of upload and
download), then determines their statistical behavior and later the construction of the
simulation model is carried out by logistics platform. The times of transport vehicles
and load variables were developed a normal distribution, through the central limit
theorem [36], its calculation was based on this premise, since there were no information
by being a system that so far is intended to establish. The loading and unloading times
variables, was defined as dependent on the load to be transported according to a linear
function positive.

Cochran’s formula and the modified Tchebycheff’s theorem was used. 20 runs or
replies as the value to validate and to work with the simulation model were resulted.
After validating the model through historical data comparing variables of load to be
transported with loading and unloading times and finally the times of operation of
supply, the experimentations of the model. The specific actions of the experimentation
were:

1. Evaluate the option of using another vehicle for the routing of the Lucero
platform, since the current operation time is at 9.01 h and exceed 8 h of daily work.

2. Take into account changes in the behavior of the transfer times, anticipation of
unpredictable or unexpected delays.

3. See a technology that handle the load vehicles on platforms.

5 Results

As referenced above, the general model was designed to establish the logistics oper-
ation of food supply in the localities of Ciudad Bolívar, Bosa, Usme and San Cristobal
in Bogota taking into account chains Fruver, Pope and groceries. For the distribution to
27 centers of shopkeepers CT located by each Zonal Planning Unit (ZPU) in these
areas. It was developed in the first stage, 15 runs of the optimization model in Solver of
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Excel and the demand was changing according to normalized data [38]. It was done
during half-month in order to evaluate their behavior at least 50 % of the planning
horizon; and thus the full month supply total costs were obtained as shown in Table 2.

On the other hand, it have specifically the following mappings: platform of the
Lucero caters to 9 CT equivalent to 100 % of their own locality, in addition 1 CT of the
locality of Bosa (ZPU Apogeo), 2 CT from the locality of San Cristobal (ZPUs Sosiego
and 20 July) and 4 CT of the locality of Usme (ZPUs Comuneros, Danubio, Usme city
and great Yomasa). Bosa platform caters to 4 of 5 centers tradesmen CT 80 % is local
and Usme platform caters to 3 of 7 centers tradesmen CT equal to the 48.8 % of his
locality, also 4 CT from the town of San Cristobal (ZPUs San Blas, La Gloria, Lib-
ertadores and Rural). Based on the results of the previous optimization model and
taking into account the quantities of products of the three chains that are remaining for
distributing, it developed the heuristics of savings (second stage) in laying down the
routes to cover from each platform to meet the remaining demand which was not
supplemented with the assignment of vehicles loaded to 100 %, assessed by each pair
of points of greater savings, three route options where the restrictions of capacity and
delivery time is met, obtaining routes for each of the platforms as well: Lucero,
15 possibilities were evaluated (each with 3 options). A total of 45 possible routes, of
which 10 definitive route were obtained. From the Usme’s Platform 3 possibilities were
evaluated. A total of 9 possible routes, and 3 definitive routes were obtained, and from
the Bosa’s platform an (1) possibility with 2 options. The final routes by platform are in
Table 3.

For stage 3, the operation routing set in the previous stage in Promodel was sim-
ulated. Resulting in that the time of operation of all activity on the platform the Lucero
is 9.01 h, using 2 vehicles with a capacity from 5200 kg, and carrying out 10 routes

Table 2. Average cost for food chain a month

Grocery * Fruver * Pope *

Minimum $2,025 $1.182 $482
Average $2.117 $1.233 $496
Maximum $2,174 $1,278 $511
Variance $1.688 $764 $75
* values in millions of pesos

Table 3. Definitive routes

Lucero’s
Route

1 2 3 4 5 6 7 8 9 10

Tours of
the CT

0,26,24,0 0,18,0 0,19,0 0,3,2,9,0 0,23,0 0,7,0 0,6,0 0,27,0 0,4,0 0,5,8,0

Usme’s
Route

1 2 3 Bosa’s Route 1

Tours of
the CT

0,22,25,0 0,17,0 0,15,16,0 Tours of the CT 0,14,12,11,0
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defined. For the platform of Bosa, is the operation time is 2.80 h, using 1 vehicle from
9000 kg capacity and carrying out the defined path: 0,14,12,11,0; and finally for the
platform of Usme, operation time from all activities is 6.01 h, using 1 vehicle of
5200 kg capacity and carrying out the 3 established routes. This done, three experi-
ments are included as mentioned in item 4.4 on the simulation of the system for the
platform of the Lucero (Ciudad Bolívar), because this is the platform that presents more
saturation. For the first experiment, the total operating time decreases to 6.97 h using
3 vehicles. For the second experiment, the total operation time gives 9.25 h considering
that 1 vehicle increases its operating time by 9.3 % and the transport by 13.4 %, and
2 vehicle increases its time in 1.3 % and 5.6 % for the operation time and transport
respectively. For the experiment 3, total operation system time is reduced to 8.24 h
using 2 vehicles. There is a reduction of 13 % in the time for each vehicle entrance to
the platform and the 21.8 % over the total time of the distribution activity corre-
sponding to 28 min. The use of means of transport included the 5200 kg capacity for
all experiments.

6 Conclusions

The design of the logistics operation of supply through a model developed by stages,
allows you to subdivide macro activities of supply for the localities of Bosa, Ciudad
Bolívar, Usme and San Cristobal in less complex parts for analysis. This form of
analysis of the system provides the general activities of the production management
such as: planning, programming, and control. Each one of the stages is focused on
these activities, which provides a good quantitative tool for decision-making and for
the analysis of systems. On the other hand, the design of the logistics operation of
supply of food through platforms, resulting in a greater for logistics operators results in
more efficient supply, since established routes, schedules, detailed amounts, times,
among other things, that will make effective decisions for timing of supply at low cost,
while contemplating the conditions of evaluation of the system. Specifically, it was
obtained that the allocation of customers or centers tradesmen to the platform the
constellations of the locality of ciudad Bolívar was the largest with 16 assignments of
possible 27 in four areas of study, representing 59.2 %. This essentially given to the
fixed costs of operation of the fleet vehicles in Bosa are higher (82 %) compared to the
cost of the platform Lucero in the locality of Ciudad Bolivar. The reason for this is that
in the locality of Bosa 9 tons, are used while in Ciudad Bolivar are 5.2 tons. The
locality of Bosa platform had an allocation of 4 centers of shopkeepers being the fewest
assigned and taking a percentage of utilization capacity of 53.3 %, while the platform
of Usme had less use of their capacity with the 26.6 %. This is because the requirement
by Center of shopkeeper in Bosa is higher; on average 2.3 times greater than in the
town of Usme due to higher population density per unit of UPZ Zonal planning. In this
way, there is an underutilization of Usme platform, which could suggest that their
future construction provides for one size lower than that established in this study, in
such a way that your investment is less and can leverage best resources into techno-
logical elements for efficient operation. As obtained in the simulation, it says that the
time dedicated by centers tradesmen CT the reception and unloading of vehicles is very
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short, approximately 7 % of the total activity of the routing, which is due to the activity
of routing for loads combined with loading of vehicles is only referred and which will
not 100 % of their capacity. In evaluated Promodel the results in terms of capacity,
utilization, and time, which are consistent with the results of the proposed mathematical
model.
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Abstract. The planning of delivery routes in mountainous areas should pay
attention to the fact that certain types of vehicles (such as large trucks) may be
unable to reach some customers. The use of heterogeneous fleet is then a must.
Moreover, the costs of a given route may be very different depending on the
sense taken. The site-dependent capacitated vehicle routing problem with
heterogeneous fleet and asymmetric costs is solved with the successive
approximations method. The solution methodology proposed is tested on a set
of benchmark instances. Preliminary tests carried out show the benefits, in terms
of total costs, when using a heterogeneous fleet. In both cases, with and without
site dependency, the increase in distance-based costs is mitigated by the use of
heterogeneous fleet.

Keywords: Heterogeneous Site-Dependent VRP � Successive approximations
method � Clarke-and-Wright Savings algorithm

1 Introduction

The delivery of goods plays an important role within the logistics and transportation
sector. With the increase of demand, promoted by the growth of e-commerce or the
development of new logistic strategies such as just-in-time, the number of batches to
deliver also grows. Therefore, an accurate planning of the delivery routes is extremely
important.

Road transport constitutes a major activity especially in urban areas, but also in
many regions with limited access to other modes of transport. Globally, road transport
is responsible for around a quarter of the EU’s energy consumption and about a fifth of
its CO2 emissions. Moreover, freight delivery within cities is seen as a disturbing factor
by its inhabitants. Freight related activities increase traffic congestion and impact on the
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overall quality of life. Although all these inconveniences, goods need to be delivered
and it is a major source of employment.

In this paper we focus on the planning of routes for the delivery of goods in
mountainous regions. This problem applied to a general setting is very well charac-
terized within the Operations Research/Management Science community by the
Vehicle Routing Problem (VRP). The simplest version of the vehicle routing problem
minimizes the total cost (usually based on distance) of visiting once all the customers
departing from a depot. If the customers require some demand and the vehicle per-
forming the route has limited capacity, then the problem is extended to the Capacitated
Vehicle Routing Problem (CVRP). Another assumption is made regarding the type of
vehicles available. The plain CVRP assumes that all the vehicles have the same
capacity. On the contrary, if vehicles have different capacities the heterogeneous fleet
CVRP is solved.

Mountainous regions may have special characteristics related to the topography.
Some of the customers may be accessible only by regional roads, or after crossing
mountain passes which in winter times may require that vehicles are equipped ade-
quately. City centers, which usually have particular characteristics such as narrow
streets and limited parking areas, may have even harder driving conditions (such as
streets with slopes). All these characteristics limit the type of vehicles that can access
certain areas. In particular, large trucks may be unable to access downtown areas or
may experience difficulties in driving up and down the mountains. In such situation
smaller vehicles seem more appropriate to be used to serve such customers.

The CVRP with heterogeneous fleet is then extended in order to incorporate the
condition that some customers cannot be served by a particular type of vehicle. The
particular characteristic of this application is that most of the customers are accessible
for any type of vehicle except a reduced subset. This defines the Site-Dependent
Vehicle Routing Problem, SDVRP.

The vast majority of the literature dedicated to solve VRPs assumes a symmetric
cost matrix, thus neglecting the cost differences associated to drive in one direction or
the other. It is clear that in mountainous regions, there can be large differences in cost if
the route is uphill or downhill. The variant considered in this paper looks for routing all
the nodes using an heterogeneous fleet within an oriented network (asymmetric costs)
and ensuring that customers and delivery vehicles are compatible (site-dependent),
HSDA-VRP (Heterogeneous Site-Dependent with Asymmetric costs VRP).

The contributions and aims of this paper are: (1) to present a heuristic procedure to
solve the presented problem, and (2) to analyze how solutions change when the type of
customers conditions the type of vehicles that can be used.

Regarding the solution procedure, we are interested in taking advantage of the
existing algorithms for solving simpler versions of the VRP. Most of the metaheuristics
used for solving enhanced versions of routing problems rely on efficient methods
designed for solving classical VRPs. We also base our solution procedure on enhanced
metaheuristics based on the classical Clarke-and-Wright Savings heuristic. A mul-
ti-round approach is presented similar to that in [1]. At each round a CVRP is solved
considering a particular vehicle and assuming an unlimited number of vehicles of this
type. Solutions are built from partial solutions found by solving CVRPs ensuring that
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customers are served only with appropriated vehicles. The methodology used is effi-
cient yet it is simple to implement and it has few parameters to adjust.

The rest of the paper is organized as follows. Section 2 reviews the vehicle routing
problem and its extensions, and the solution approaches presented in the literature. It
follows Sect. 3 with the description of the problem. In Sect. 4 we present our choice for
solving this problem. Section 5 presents the benchmark instances used to test the model
and compares different solution configurations. To conclude, the main findings are
enumerated together with future extensions to this work.

2 Literature Review

In this section, we first provide a general picture of the VRP and its variants and later
we discuss some of the solution approaches.

2.1 The Vehicle Routing Problem and Its Variants

The Vehicle Routing Problem is a classical Combinatorial Optimization Problem
(COP) present in many applications. The most popular VRP variant is the Capacitated
Vehicle Routing Problem. Given a fleet of identical vehicles located at a depot, the goal
is to provide routes to supply a set of customers with known demand so the total
delivery cost is minimized. Each customer can be visited only once and each vehicle
covers only one route. The total demand served by a particular route cannot exceed the
vehicle capacity.

The VRP has been extended in many directions in order to incorporate more
realistic characteristics. Regarding the properties of the fleet, this can be homogeneous
(all vehicles have the same characteristics) or heterogeneous (include a combination of
vehicles with different capacities), vehicles can have a limited driving range [2] or
drivers have scheduled breaks [3]. The network structure may be defined based on
symmetric costs (usually Euclidean distances are used) or asymmetric when other
factors such as fuel consumption or time used define the cost structure [4]. The routes
may be open (when vehicles do not have to go back to the depot) or closed (all routes
start and end at the depot, which is the most common assumption). In the multi-depot
VRP, customers are served from one of the several depots. Regarding the quality of
service, there can be conditions on the time when the customers can be visited, i.e.
time-windows are defined for each customer (VRPTW), or the customers are not only
receivers of demand but there is pick-up and delivery (VRPPD). In the site-dependent
VRP (SDVRP), a subset of customers is incompatible with some vehicles of the fleet.
For an extensive review of these and other VRP variants and applications, the reader is
referred to [5–10].

2.2 Solution Approach

Several approaches have been proposed to solve vehicle routing problems, both exact
methods and heuristics. Regarding exact methods, Kallehauge [11] reviews several
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formulations of the VRP and exact solution methods. Baldacci et al. [12] provide
different formulations of two classes of VRP variants. The set partitioning formulation
shows to be the most appropriated when exact methods are used which combined with
column-generation methods solve to optimality instances of up to one hundred
customers.

Since the SDVRP belongs to the NP-hard category of problems [13], heuristic
algorithms are usually used in practice. Many metaheuristics have been proposed to
solve the many variants of the VRP, such as Tabu Search, Variable Neighborhood
Search, Scatter Search or Genetic Algorithms. The description of site-dependent VRPs
was first proposed in [14] and presented several simple heuristics to solve them. Chao
et al. [15] developed a Tabu Search heuristic enhanced with deterministic annealing to
widen the search space. Cordeau et al. [13] derived the SDVRP as a special case of the
periodic VRP and solved it with a Tabu Search heuristic for the periodic VRP. Pisinger
et al. [16] presented a unified heuristic based on the Adaptive Large Neighborhood
Search framework capable to solve five variants of the VRP, being the site-dependent
VRP one of them. To the best of our knowledge, there are few contributions for solving
the VRP combining asymmetric costs with heterogeneous fleet and site-dependent
characteristics. Recently, Yusuf [17] has presented a three-phase heuristic for solving
the routing of ships considering two objectives, accessibility and profitability, as a
multi-depot heterogeneous site-dependent VRP with asymmetric costs. The method
proposed falls into the ‘cluster first and route second’ category.

3 Description of the Problem

The HSDA-VRP is a natural extension of the classical capacitated VRP. Formally, the
HSDA-VRP is defined over a complete graph G ¼ ðN;AÞ where N ¼ f0; 1; . . .; ng is
the set of nodes where node 0 is assumed to be the depot and the rest represent the
customers that need to be visited. Each customer has a (deterministic) demand di.
The set A ¼ i; jð Þ : i; j 2 N; i 6¼ jf g contains the arcs that represent the road network.
The set A considers that any pair of nodes is connected, and if this differs from the
reality a large cost will be associated to it. The cost of travelling on the arc (i, j) is
represented by cij. In the heterogeneous version, the cost of going from i to j is different
from the cost of going from j to i. This cost can be related to distance, travelling time,
fuel costs or other measures depending on the interest of the application.

Customer demands are carried by one of the vehicles available in the fleet. The set
F includes all available vehicles. Each vehicle k will have particular characteristics.
Most notable, the total cost of travelling from i to j will not only depend on the cost of
the arc but also depends on the type of vehicle used. The cost of the arc is multiplied by
a factor that depends on the vehicle type, vk, (larger vehicles have higher variable cost
than smaller ones), being then the total cost of the arc a three-index parameter,
ckij ¼ vk � cij. Moreover, each route includes a fixed cost for using a vehicle, f k.
Therefore, the cost of a route corresponds to the sum of the fixed and variable costs of
the arcs belonging to the route. Parameter Qk denotes the maximum load that vehicle
k can carry. Vehicles can serve only compatible customers, Ck, where Ck�N n f0g is
the set of nodes that vehicle k can reach.
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The AHSD-VRP goal is to find the routes that will serve all customers demand and
minimize the total cost of travel. This problem can easily accommodate the main
characteristics present when planning routes for freight transportation by road in
mountainous regions: some type of vehicles may not be able to serve a subset of
particular clients (thus requiring a fleet with multiple types of vehicles) and travelling
costs depend on the direction of the route and type of vehicle. For a complete math-
ematical formulation of this problem, the reader should refer to [1].

4 Successive Approximations Method Algorithm

The solution approach that we propose is based on the Successive Approximations
Method (SAM). This scheme is based on the ideas presented in [1]. The SAM algo-
rithm is a multi-round process in which a solution is constructed in several steps. The
number of rounds is limited by the number of type of vehicles. At each round a vehicle
type is selected and routes are built to serve the subset of compatible nodes. When more
routes than available vehicles are scheduled, a subset of routes is randomly discarded
so no more vehicles than the available ones are used. Such routes are saved as a partial
solution, and the nodes belonging to the discarded routes are extracted so they can be
routed in the next round. In successive rounds, another type of vehicle is selected and a
new VRP is solved assuming an unlimited number of vehicles. Side conditions (such as
banning vehicles from visiting incompatible customers or the vehicle capacity) are
ensured within the SAM algorithm. Improvements on the routing costs due to the
orientation of the routes are done locally after the assignment of the nodes that a vehicle
with visit is done.

At each round a classical capacitated VRP (with unlimited and homogeneous fleet)
is solved. The sub-problems are efficiently solved with a randomized version of the
Clarke and Wright savings (CWS) heuristic. The CWS heuristic uses the concept of
savings which is the driver for merging routes. The savings reflect the gains in terms of
visiting two consecutive nodes instead of going back and forth the depot for each of
them. For example, if we consider just two nodes, we have two alternatives. One is to
serve each node individually which reports a total cost of 2c0i + 2c0j (assuming
symmetric costs). The other is a route that serves first node i, next goes to node j and
returns back to the depot, which costs c0i þ cij þ cj0. The difference between those two
alternatives gives the following savings, Sij ¼ c0i þ c0j�cij: These savings are used to
select the next arc when building the routes. For a deeper explanation, the reader is
referred to [18].

Figure 1 shows the scheme used to solve the heterogeneous, asymmetric and
site-dependent VRP. It starts by defining the set of nodes that need to be routed. The
saving cost for each link in the network is calculated. At this initial stage, the network
is reduced to a non-oriented symmetric network. A weighted saving associated to the
link that connects node i and j is computed as defined in [4]:

Ŝij ¼ bmax Sij; Sji
� � þ 1� bð Þmin Sij; Sji

� �
; b 2 0:5; 1½ � ð1Þ
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In Eq. (1), Sij is the saving associated to the arc (i, j) and Sji is the saving associated
to the arc (j, i).

Then an available vehicle is chosen and the set of nodes to be routed is modified by
excluding those nodes which are incompatible with the current vehicle type. The
classical Clarke and Wright Savings algorithm is run enhanced with a randomization
process. Instead of using the best possible edge to build a route, all edges are assigned a
probability to be selected. Better edges have higher probabilities than the others.
A biased distribution such as the geometric distribution is used. Then, several runs of
the same procedure come up with different proposals. The best solution is then chosen
as a partial solution.

In this partial solution, it is likely that the number of vehicles used is higher than the
available ones. In this case, a route for each available vehicle is selected. The other
routes are removed from the partial solution. In the next round, those nodes that remain
unrouted plus any other node left out because of vehicle incompatibility compound the
subset of nodes to be routed.

Fig. 1. Flowchart of the SAM for the asymmetric, heterogeneous and site-dependent vehicle
routing problem
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When all nodes have been assigned to a proper vehicle, a local search procedure is
applied to improve the visiting order within each route. At this point asymmetric costs
are employed. A first approach is to check a given route in both directions and take that
with lowest value. More advanced techniques can be used such as those presented in [4].

The scheme presented so far constitutes a basic local search heuristic that deter-
mines a set of routes ensuring that vehicles capacity is satisfied (CWS take care of the
capacity constraint), customers are served with adequate vehicles (incompatible nodes
are removed from the set of unrouted nodes) and routes are measured with asymmetric
costs (using a specific local search). To generate new solutions, a base solution is
partially destroyed (by removing a random number of routes) and the procedure is
repeated.

5 Numerical Experiments

The aforementioned procedure was coded as a Java application. In order to test the
potential of our method we carried out three different experiments: (i) homogeneous
VRP with asymmetric instances, (ii) heterogeneous VRP with asymmetric distances
and, (iii) heterogeneous VRP with asymmetric distances and site-dependency (i.e. some
customers can not be served by the vehicles with the largest capacity). Each experiment
was carried over all selected instances using 5 different random seeds and was executed
using a 2.4 GHz core i5 personal computer with 8 Gb RAM. The execution time was
established in 120 s per run.

5.1 Test Cases

In order to perform the tests described above, we have randomly selected 4 instances
with Euclidean distances from classical Homogeneous VRP instances available at [19].
These instances have been modified using the following procedure:

1. For each pair of nodes (a, b), if the y-coordinate of b is greater than y-coordinate of
a we multiply the distance of the arc by 1.1, otherwise the distance remains
unmodified. This allows us to generate asymmetric instances that can be easily
replicated in further research projects.

2. Next we generate two new vehicle capacities corresponding to the 75 % and 50 %
of the original (T1) vehicle capacity. The number of available vehicles of the
original capacity is chosen to be lower than the number of vehicles needed in the
best known solution (BKS) for the homogeneous case with asymmetric distances.

3. In order to have site-dependency, for each instance we randomly select a sub-region
of the whole x-y space and we restrict the nodes belonging to that area of being
visited by T1-capacity vehicles.

4. The number of available vehicles for each of the new capacities is established to
ensure the demand satisfaction constraints, considering a reduced fleet of
T1-capacity trucks and the demand of the restricted nodes.
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5.2 Results and Analysis

Table 1 summarizes, for each instance, the results obtained during the experiments. For
each instance we report the best solution obtained in terms of total costs (vehicle fixed
cost + vehicle variable cost) and its corresponding distance-based cost. Note that our
objective function is the minimization of the total costs, but we used the distance-based
cost only for comparison purposes with respect to the best known solutions for the
symmetric case.

The left side of the table allows the comparison of the asymmetric and symmetric
versions of the homogeneous VRP. In this case, since we have only one type of
vehicles, the optimization of the total costs has the same solution than the optimization
of routing distances. Our mean gap in terms of distance cost is 0.20 % which shows the
competitiveness of our approach.

The right side of the table shows the results obtained for the heterogeneous VRP
without and with site-dependency, which corresponds to experiments (ii) and (iii)
respectively. In the case of non-site dependency, we can see that, in average, the
heterogeneous version outperforms the homogeneous version in terms of total costs
(average gap of –1.47 %) while the distance cost is 8.89 % higher, in average. Since
there are less available vehicles with larger capacities, solutions are forced to use
smaller vehicles (with lower fixed and variable costs) and to perform more trips. In the
case of site-dependency, which restricts even more the usage of larger trucks, the total
costs increases (average gap of 6.64 %) with respect to the homogeneous case, while
the distance costs increase, on average 19.71 %.

6 Conclusions and Future Enhancements

We have introduced an efficient, fast and easy to implement multi-round algorithm for
planning goods delivery in mountainous regions with heterogeneous fleet. This situa-
tion is represented in this article by the so-called Heterogeneous Site-Dependent with
Asymmetric Costs Vehicle Routing Problem (HSDA-VRP). The proposed algorithm is
based on a randomized version of the CWS heuristic which assigns a higher probability
of being chosen to the most promising movements. Preliminary tests carried out show
that our approach seems promising in order to solve more realistic versions of the VRP.

Further research efforts could be oriented to include real-life data or conditions (i.e.
customer locations, real distance-based costs, other vehicle types and associated costs,
uncertain demand, uncertain travel times, etc.)
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Abstract. The Basque Country has many public entities ruled by private law,
but there is no measure about how they conduct a responsible corporate gov-
ernance. We develop a Responsible Government Index (RGI) as a tool for
(1) assessing and managing the global situation regarding public entities in the
Basque Country and (2) making the necessary decisions to attend the stake-
holders of these entities. The evidence from this study implies that the RGI is a
robust composite measure.
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1 Introduction

The government of the Basque Country, an Autonomous Community in northern
Spain, holds many publicly owned entities ruled by private law, such as public com-
panies, public foundations and consortiums. The public contribution has been decisive
in the constitution and the daily operations of these entities. Therefore, it is important to
know if they conduct a responsible corporate governance, which is a combination of
good governance and social responsibility.

We develop a Responsible Government Index (RGI) as a tool for (1) assessing and
managing the global situation regarding public entities in the Basque Country and
(2) making the necessary decisions to attend the stakeholders of these entities.

In order to develop the RGI, we followed a composite index (CI) construction
method similar to those proposed in the Handbook on Constructing Composite Indi-
cators [1]. Other studies also follow this method for constructing CIs [2, 3]. One of the
steps of these guidelines checks the robustness of CIs through uncertainty and sensitivity
analyses, which are methods based on sampling and simulations. We explain how to
conduct these analyses, showing that they are essential steps in the construction of a CI.
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2 Theoretical Background

Corporate Social Responsibility and Corporate governance are two different but related
concepts. On the one hand, the firms, as the citizens, have rights and responsibilities.
Corporate Social Responsibility (CSR) are the duties of the firm towards the society.
On the other hand, corporate governance is the system of direction, control and
evaluation of firms.

The combination of CSR and corporate governance results in the Responsible
Government concept, which is a balanced mix of policies in those areas meeting the
demands and expectations of stakeholders. The Public Administrations should consider
de demands and expectations of stakeholders affected by their decisions [4, 5]. In this
sense, Governments often consult with their stakeholders the laws they issue. At the
same time, these Governments should balance the participation and influence of their
stakeholders, avoiding the concentration of power in one or some stakeholders. The
Public Administrations should ensure fair rules for dealing with stakeholders.

The Government of Spain and some Autonomous Communities have issued laws
and recommendations concerning codes of ethics and conduct, transparency, conflicts
of interest, social responsibility and good governance of senior officials of the Public
Administration. However, there is no reference in codes covering both corporate
governance and CSR of publicly owned entities. The approval by the Basque Country
Government of a Guide to Responsible Government constitutes an unprecedented
public sector in Spain [6].

The publicly owned entities of the Basque Country fulfill many of the OECD
corporate governance recommendations for publicly owned entities [7]. It is therefore
important to know up to what point these entities implement a Responsible Government.
Thus, we develop a Responsible Government Index (RGI) as a tool for (1) assessing and
managing the global situation regarding public entities in the Basque Country and
(2) making the necessary decisions to attend the stakeholders of these entities.

3 Responsible Government Index Construction

3.1 Data

The empirical study includes 26 entities from public sector, covering a large percentage
of the value of the economic activities of the Basque Country. The data has been
obtained by filling in questionnaires, covering a period of ten quarters between 2009
and 2012. There are no missing data. The questionnaires collect information about
eleven variables or indicators. Table 1 reports the descriptive statistics of the variables.

3.2 Multivariate Analyses

The dual version of the STATIS method (STATIS means Structuration des Tableaux á
Trois Indices de la Statistique) examines the structure of the data and condense the
information of the ten periods they provide [8, 9]. A rotated principal component
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analysis eases the interpretation of the STATIS dual results. Table 2 shows the
eigenvalues obtained. The adequacy measures indicate that the method summarizes the
data properly (KMO = 0.731; Bartlett v255 ¼ 1648:977, p < 0.000).

In order to construct the RGI, we select the factors fulfilling three conditions
[10, 11]:

• Eigenvalues greater than one.
• Percentage of variance explained greater than 10 %.
• Percentage of cumulative variance explained greater than 60 %.

The first four factors fulfill these conditions. Table 3 details the factor loadings of
the first four factors.

After the Varimax rotation, we interpret the four factors or dimensions. D1 factor
represents the Stakeholders dimension (variables with highest factor loadings: Clients,
Suppliers, Energy and environment, Employees and Society). D2 factor contains
Management issues (variables with highest factor loadings: Board of Directors and
Directors). D3 is the Ethics dimension (variable with highest factor loading: Ethics
Code). Finally, D4 represents the CSR Strategy dimension (variables with highest
factor loadings: Transparency, CSR Strategy and Engagement with stakeholders).

Table 1. Descriptive statistics

Variable Min. Max. Average Std. dev.

Transparency 0 6.571 3.198 1.662
Board of directors 1.300 6.400 3.483 1.511
Directors 0.769 8.385 4.234 2.424
Ethics code 0 7.714 2.148 2.420
CSR strategy 0 10 2.185 2.457
Clients 0 7.931 5.231 2.237
Suppliers 0 8.889 3.923 2.695
Energy and environment 0 8.750 3.875 2.761
Employees 2.952 9.524 6.068 1.780
Society 0 8.571 3.236 2.543
Engagement with stakeholders 0 10 3.679 3.079

Table 2. Eigenvalues after Varimax rotation

Factor Eigen. % variance % cumulative Factor Eigen. % variance % cumulative

F1 4.47 40.67 40.67 F6 0.54 4.99 89.34
F2 2.27 20.71 61.38 F7 0.35 3.19 92.53
F3 1.12 10.18 71.56 F8 0.28 2.57 95.11
F4 0.81 7.38 78.95 F9 0.24 2.26 97.37
F5 0.59 5.40 84.35 F10 0.16 1.47 98.85

F11 0.12 1.14 100
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The weights of the dimensions are obtained by following this process [10]:

1. Square the factor loadings of the variables with greater factor loadings. Table 4
shows the squared factor loading of factor loadings greater than 0.6.

2. Calculate the relative contribution of the variables to each factor, which sets the
weight of the variables. The relative contribution is the square factor loading of the
variable divided by the sum of squared factor loadings of the factor. Table 4 repots
the relative contribution of the variables. The score of each dimension is calculated
as Eq. 1 shows, where e denotes the entity and t the quarter or period.

D1 e; tð Þ ¼ 0; 20 � CL e; tð Þþ 0; 19 � SP e; tð Þþ 0; 22 � EE e; tð Þ
þ 0; 17 � EM e; tð Þþ 0; 22 � SO e; tð Þ

D2 e; tð Þ ¼ 0; 48 � BD e; tð Þþ 0; 52 � D e; tð Þ
D3 e; tð Þ ¼ EC e; tð Þ
D4 e; tð Þ ¼ 0; 29 � TR e; tð Þþ 0; 35 � CS e; tð Þþ 0; 36 � ES e; tð Þ

ð1Þ

3. Calculate the relative dimension contribution of each factor to the total variability of
the factors, which sets the weight of the factors. The relative dimension contribution
is the sum of squared factor loadings of the factor divided by the sum of squared
factor loadings of all the factors. Table 4 shows the relative dimension contribution
of the factors, which constitutes the weight of each dimension in the final RGI. The
final weights of the dimensions are: Stakeholders (D1 = 42,9 %), Management
(D2 = 22,8 %), Ethics (D3 = 10,8 %) and Transparent strategy (D4 = 23,5 %).

4. Calculate the RGI. The final scores of the RGI combines the two previous steps in
Eq. 2.

RGI e; tð Þ ¼ 0; 429 � D1 e; tð Þþ 0; 228 � D2 e; tð Þþ 0; 108 � D3 e; tð Þ
þ 0; 235 � D4 e; tð Þ ð2Þ

Table 3. Factor loadings after Varimax rotation

Variable D1 D2 D3 D4

Transparency 0.193 0.419 0.178 0.676
Board of directors 0.045 0.856 0.078 0.274
Directors −0.126 0.899 0.220 0.007
Ethics code −0.011 0.355 0.853 0.164
CSR strategy 0.300 −0.016 0.400 0.745
Clients 0.752 0.457 −0.193 0.092
Suppliers 0.748 −0.055 0.493 0.111
Energy and environment 0.811 −0.139 0.148 0.267
Employees 0.695 −0.178 0.175 0.488
Society 0.792 0.037 −0.192 0.272
Engagement with stakeholders 0.260 0.177 −0.096 0.756
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Note that we have constructed both a CI for each dimension and a global RGI. The
rank of entities is not reported due to confidentiality issues.

4 Robustness Check

In order to assess if the RGI is robust, we conduct uncertainty (UA) and sensitivity
analyses (SA) to the RGI scores in period ten. These analysis asses the change in the CI
score attributed to subjective choices made during its construction (robustness). UA
focuses on how uncertainty in the input factors propagates through the structure of the
CI and affects its values. SA studies how much each individual source of uncertainty
contributes to the output variance [12].

These two analyses require defining input factors, which are hypothetic combina-
tions of the subjective choices adopted across the construction process of the RGI.
Among the frequent input factors are normalization, weighting method, aggregation
procedure and missing data treatment. The next circumstances limited the subjective
choices we made:

• Indicators are already normalized, since their values comes from a rotated principal
component analysis.

• The geometric aggregation procedure is not appropriate. Those entities with a score
of zero in one or more dimensions, automatically get a score of zero on the CI.

• There are no missing data.

Table 4. Squared factor loadings after Varimax rotation

Variable D1 D2 D3 D4

Load. Cont. Load. Cont. Load. Cont. Load. Cont.

Transparency (TR) 0.45 29 %
Board of
directors (BD)

0.73 48 %

Directors (DI) 0.80 52 %
Ethics code (EC) 0.72 100 %
CSR strategy (CS) 0.55 35 %

Clients (CL) 0.56 20 %
Suppliers (SP) 0.55 19 %

Energy and
environment (EE)

0.65 22 %

Employees (EM) 0.48 17 %
Society (SO) 0.62 22 %
Engagement with
stakeholders (ES)

0.57 36 %

Sum 2.89 1.54 0.72 1.58
Dimension
contribution

0.429 0.228 0.108 0.235

Load.: square factor loading
Cont.: relative contribution
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Thus, UA and SA focus on the weighting of the dimensions of the CI.

4.1 Uncertainty Analysis

We define four input factors, one for each dimension d. The values for each dimension
are weighted according to a trigger XD that is sampled from a uniform distribution (U),
where X is the random variable associated to the dimension D. The interval of the
distribution, which is different for each dimension, includes any value 50 % above and
below the initial weight of the dimension (Table 5).

A quasi-random sampling procedure generates the combinations of input factors
[13–15]. The sample size is n = 124 for each input factor, so we get a total of 2n
(k +1) = 1240 simulations, where k = 4 is the number of input factors. Sampling is
done using SimLab [16]. The results of the UA are obtained as follows:

1. Compute a new score of the CI for each entity in each simulation.
2. Calculate the new rank of the entities in each simulation.
3. Calculate the difference between its original position in the rank (the one we got

previously to the UA) and the new position in the simulation for each entity. The
desirable value of this difference is zero; it means that the rank of the entity is not
affected by the weighs of the dimensions of the CI.

The Fig. 1 summarizes the position shifts of all the entities. Since there are 1240
simulations and 26 entities, the total number of position shifts is 1240 * 26 = 32240.
The most frequent value is zero, so there is no position shift in most of the cases.
A shift of four or more positions is rare.

Table 5. Input factors

Dimension Initial weight Input factor distribution

D1: Stakeholders 0,429 XD1 * U(0,210–0,630)
D2: Management 0,228 XD2 * U(0,114–0,342)
D3: Ethics 0,108 XD3 * U(0,054–0,162)
D4: Transparent strategy 0,235 XD4 * U(0,117–0,352)

Fig. 1. Frequency of rank shifts
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The Fig. 2 represents boxplots, which visually summarizes the rank shifts of each
entity across the 1240 simulations. The range of the boxplot indicates the size of the
shift: the greater the size, the more sensible the entity is to a different weighting
scheme. The boxplots show that:

– There are three entities (the first and the last two) whose rank does not change in the
simulations. In these cases, the CI is fully robust.

– The median is zero for 22 entities: their rank is the same in at least 512 simulations.
– The median is one for four entities: they change just one position in at least 512

simulations.
– There are entities whose rank changes five positions or more, regardless of the sign

of the shift. However, as observed in Fig. 1, shifts greater than three or more
positions are infrequent compared to the total number of shifts.

4.2 Sensitivity Analysis

SA decomposes the variance of the variable Y, which in our case is the RGI, following
Eq. 3. Si is the contribution of each input factor to the change in the score of the RGI or
first-order effect. V(Y) is the total effect, which includes the conditional variances Vij
corresponding to more than one input factor.

Si ¼ Vi=V ¼ V E½ ½YjXi��=V Y½ �
Vi ¼ VXifEX iðYjXiÞg
Vij ¼ VXiXjfEX ijðYjXi; XjÞg � VXifEX jðYjXiÞg � VXifEX jðYjXjÞg

V Yð Þ ¼
X

i
Vi þ

X
i

X
j[ i

Vij þ . . .þV12...k

ð3Þ

The SA is estimated using the updated algorithm of Sobol in SimLab [14, 15]. The
input variables are the four input factors, while the output variable Rs is the average of the

Fig. 2. Uncertainty analysis
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absolute differences in entities’ ranks with respect to a reference ranking over theM = 26
entities (Eq. 4). The reference ranking is the original position of the entity in the RGI.

Rs ¼ ð
XM

c¼1
rankref Ycð Þ � rank Ycð Þj jÞ =M ð4Þ

Table 6 presents the first-order effects and the total effects of the SA. There is no
rule establishing to what extent an effect is important. An input factor important if it
explains more than 1/k of the output variance [12].

The input factor that most affects the average shift in the rank of the entities
corresponds to the Stakeholders dimension, and the one that least affects corresponds to
the Ethics dimension. The values of the first-order effects are below the 1/k threshold.
The difference between the total effects and first-order effects, which captures the
conditional variances corresponding to more than one factor, causes most of the
variability of the average shift.

5 Discussion

In recent years, there has been considerable interest in CIs [17]. These tools help in the
policymaking and evaluation process. However, CIs must not be constructed any which
way. A non-robust CI may lead to wrong decisions. The construction process could
follow a method similar to those proposed in the Handbook on Constructing Composite
Indicators.

Although some authors have suggested using uncertainty and sensitivity analyses to
test the robustness of CIs, such analysis are seldom carried out [12, 18]. We check the
robustness of the RGI using both uncertainty and sensitivity analyses. We observe that:

• Frequently, there is no shift in the rank of the entities, or they change just one or two
positions (Fig. 1). Moreover, as the boxplot shows (Fig. 2), almost all the medians
are zero, so the rank does not usually change if the weighting of the CI is different.

• The values of the firs-order effects are below the 1/k threshold, so there is no threat
to the robustness of the CI (Table 6). The simulations reveal no input factors
significantly affecting the variation of CI.

• The rank shifts obey to difference between the total effects and first-order effects
(Table 6).

Table 6. Sensitivity measures

Input factor Dimension First-order effect (Si) Total effect (STi) STi - Si
XD1 D1: Stakeholders 0,222 0,732 0,510
XD2 D2: Management 0,150 0,589 0,438
XD3 D3: Ethics 0,066 0,157 0,091
XD4 D4: T. Strategy 0,210 0,236 0,026

Sum 0,649 1,714
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Therefore, based on the input factors defined for the analyses, we conclude that the
RGI is robust.

The RGI is and index whose first virtue is its intuitive simplicity, allowing and
effective communication with stakeholders from diverse backgrounds. The RGI is also
a tool that provides a clear and unequivocal message in a consolidated single score in a
given time for each entity, facilitating comparison with other entities.

6 Conclusion

Publicly owned entities play an important role in the Basque Country economy. In
order to measure how responsible is the management of these entities, we have con-
structed a composite index: the RGI. To enable us to check the robustness of the RGI,
we performed uncertainty and sensitivity analyses. These methods are based on sam-
pling of input factors and simulation of their combinations. The evidence from this
study implies that, for the input factors we defined, the RGI is a robust composite
measure.

The main limitation of the study is the small sample size. Additionally, the
weighting of indicators is valid just for the ten quarters period considered, so if the data
are updated with new years it is required a new estimation of the weights of the
indicators. Concerning future lines of research, a point of interest is conducting lon-
gitudinal studies to analyze the impact of the practices of responsible government in the
management of the entities. The interaction between the weaknesses in the dimensions
of the RGI and the measures adopted by entities to improve their score is very inter-
esting. These relationships of cause and effect can be observed in the future through the
continued publication of the scores of the RGI and the periodic sending of question-
naires to entities to meet their performance.
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Abstract. We study the problem of optimization of trajectories for a robotic
manipulator, with two degrees of freedom, which is constrained to pass through
a set of waypoints in the workspace. The aim is to determine the optimal
sequence of points and continuous optimal system trajectory. The actual for-
mulation involves an optimal control problem of a dynamic system within
integer variables that model the waypoints constrains. The nature of this prob-
lem, highly nonlinear and combinatorial, makes it particularly difficult to solve.
The proposed method combines a meta-heuristic algorithm to determine the
promising sequence of discrete points with a collocation technique to optimize
the continuous path of the system. This method does not guarantee the global
optimum, but can solve instances of dozens of points in reasonable computation
time.

Keywords: Robotics � Optimal control � Motion planning � Meta-heuristics �
Biased-randomization

1 Introduction

A fundamental problem in robotics is the task planning problem. Given the models of
the robot manipulator and the environment in which it operates, the problem is to
generate a sequence of actions to accomplish a given task. For assembly, material
handling, spot welding, measuring, testing, and inspecting one wants to generate a
continuous intersection-free motion of the robot manipulator that connects several
given configurations of the end-effector.

In this work, the energy-optimal motion planning problem for planar robot
manipulators with two revolute joints is studied. In addition, the end-effector of the
robot manipulator is constrained to pass through a set of waypoints, whose sequence is
not predefined. We propose a multi-start approach to solve the problem that determine
the promising discrete path and evaluate the continuous dynamic trajectory.

The paper is organized as follows. The robot motion planning problem studied in
this paper will be stated in Sect. 2. Our Multi-Start approach is described in Sect. 3,
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for which we previously motivate the basis. In Sect. 4 the results obtained applying our
approach to several instances are reported. Finally, some conclusions will be drawn in
Sect. 5.

2 The Robot Motion Planning Problem

The motion planning problem is an optimal control problem of a mechanical system.
Each system comprises a dynamic model to take into account [1, 2]. That is, besides
geometrical feasibility, it is also important to ensure dynamical feasibility. Related to
optimality, the motion planning must be executed with minimum energy consumption.
Furthermore, being a dynamic system, the solution of the problem must provide the
optimal scheme of accelerations and velocities during the motion.

In particular, the mechanical system for which we attempt optimal control is a
planar robot manipulator with two revolute joints, which we will denote as RR. The RR
robot qualitatively corresponds to the model of the first two links of a SCARA
(Selective Compliant Assembly Robot Arm) without taking into account the vertical
one, see the left-hand side of Fig. 1. And, however this simple robot manipulator can
be, it has a very complex nonlinear dynamics and comprises most of the kinematical
and dynamical properties of a typical industrial robot. So, the RR is composed by two
homogeneous links and two actuated joints moving in a horizontal plane {x, y}, as
shown in the right-hand side of Fig. 1, where li is the length of link i, ri is the distance
between joint i and the mass center of link i, and hi is the angular position of link i, for
i = 1, 2. Finally, the vector s ¼ s1; s2ð Þ defines the control inputs of the system, where
s1 is the torque applied by the actuator at joint 1 and s2 is the torque applied by the
actuator at joint 2.

In this work, the RR motion planning problem not only includes its correspondent
dynamic model, but also constraints between the initial and final positions. In partic-
ular, the robot manipulator is constrained to pass once through all the given points in

Fig. 1. A robot manipulator that moves in a horizontal plane
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the workspace, with no predefined sequence, when moving from an initial position pI to
a final position pF. The presence of these waypoint constraints adds a combinatorial
complexity to this optimal control problem and makes it particularly difficult to solve.
In summary, the main features that make this problem especially complex: (i) dynamic
problem (ii) non-linear problem and (iii) combinatorial problem.

3 How to Solve the Problem

We use this section to highlight what it is expected to be a solution of the problem.
According to that, we analyze the problem complexities and motivate our approach
based on split and conquer strategy. In particular, we split as follows: first, elaborate a
Multi-Start algorithm for the combinatorial problem and then, display the nonlinear
problem formulation in the IPOPT solver to obtain the dynamic motion of the problem.

3.1 Background and Motivation

In Bonami et al. [3] they model the problem as a Mix Integer NonLinear Programming.
Moreover, the problem is converted into a NonLinear Programming (NLP) problem,
when the sequence of waypoints is fixed. So, Bonami et al. [3] solve the RR optimal
control problem for 18 waypoints (see Fig. 2) using BONMIN solver [4], which inte-
grates a BB algorithm and the IPOPT solver [5] for NLP. It is important to point out that,
since both the order in which the waypoints are visited and the corresponding velocities
are not specified, they must be determined. As far as we know, for the latter it is
necessary the use of optimization engines such as IPOPT to solve the NLP.

Fig. 2. BONMIN pseudo-optimal trajectory and control variables within 18 waypoints.

Using Biased Randomization for Trajectory Optimization in Robotic Manipulators 147



On the other hand, we observe that the continuous path is strongly affected by the
discrete path, i.e. the sequence of points. In particular, we experimentally checked that
main energy consumption is due to changes in velocity which occur when there is a
change in the direction of the motion. Therefore, the preferable sequence of waypoints
for minimizing energy consumption will comprise straight paths within smooth turns.

So, in our approach will take advantage of that property and look for promising
discrete paths, unlike the BB algorithm [3] which does not make distinction between
them. In other words, our approach is based on finding these straight paths and
avoiding sharp turns, taking into account the location of the waypoints. Once the
promising discrete path have been found, the corresponding continuous optimal tra-
jectories (i.e. continuous paths plus velocity profile along them) is found by solving the
NLP problem. In fact, when the sequence of waypoints is fixed, IPOPT solver finds for
the NLP problem good dynamic trajectories in short computational times.

3.2 Multi-Start Approach

In order to construct sequences of waypoints which include the minimum changes of
direction as possible, we will look for straight segments and then join the segments and
the isolated points. The pseudocode for this algorithm is depicted in Fig. 3, and
basically, this approach includes the procedures that follow:

1. Search possible segments in the workspace. In this procedure we consider each
edge from the workspace and compute one by one the acute angle respect to all the
other waypoints. In case we obtain 180º the waypoint will be included. We find a
segment when there are at least two more waypoints included in the edge.

2. Use biased randomization. Once we obtain the list of segments, we sort that list
using a skewed probability distribution. A skewed distribution is used here in order
to assign higher probabilities of being in the top of the list by segments composed
with a larger number of waypoints. In our case, a Geometric distribution with
a ¼ 0:25 was employed to induce this biased-randomization behavior [6]. So, we
always select the segment in the top to be the discrete path solution. Next, we
update the list of segments, since the waypoints from the segment selected must be
removed from the other segments. Then, sort the list and pick the one in the top
again. Step 2 ends when the list of segments is empty.

3. Join segments and isolated waypoints. Once we have a “good” selection of seg-
ments to be in the discrete path, we compute Euclidean distance for all possible
connections, i.e. ends of the segments and isolated waypoints. And we sort the list
of possible connections using a biased-randomization of a geometric distribution
with b ¼ 0:25. So, we always join using the connection in the top of the Euclidean
distance list. Next, we update the list of connections, since there would be con-
nections that must be removed after we have joined. Then, sort the list and join
using the one in the top again. Step 3 ends when all the waypoints are connected in
a discrete path.
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4. Repeat step 2 and 3. After having studied the parameter analysis, the proper
stopping criteria for this Multi-Start approach for RR problems with 12−18 way-
points, are maximum 10−15 iterations for step 2 and maximum 30 iterations for
step 3. It means, for each group of selected lines in step 2, we will try 30 different
connections in step 3. So, the Multi-Start approach will create 10−15 X 30 discrete
paths, although in many cases we obtain a repeated one from previous iterations.

5. Sort discrete paths. We calculate the total acute angle in every distinguished dis-
crete path. The total acute angle is the addition of each acute angle, i.e. acute angle
of each 3 consecutive waypoints in the discrete path. And, we sort the discrete path
from the lowest to the highest total angle computed.

6. Solution of the RR. We call IPOPT through the correspondent .nl file within the NLP

problem formulation. Because the discrete path will be fixed according to the list of
path, the IPOPT solver provides trajectories quickly. In RR problems with 12−18
waypoints, it will be enough checking the first 30 paths from the list.

Fig. 3. Pseudocode for the RR pseudo-optimal solution, i.e. continuous trajectory
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Finally, to mention that in step 1 the allowable acute angle could be variable. In this
case we have considered 180º, i.e. completely straight segments, since the waypoints in
the workspace would be somehow aligned. However, in case that the waypoints are not
absolutely aligned we just need smoothly decrease the acute angle in order to enable
quasi-straight segments.

3.3 Problem Formulation for IPOPT Solver

In this section we summarize the problem formulation of the optimal control problem
and the fundamental characteristics studied in [3]. First of all, we present the contin-
uous optimal control problem formulation:

Min J x tð Þ; u tð Þ; s½ � :¼ E x tFð Þ; s½ � þ
Z

L x tð Þ; u tð Þ; s½ � dt ð1Þ

subject to:

_x tð Þ ¼ f x tð Þ; u tð Þ; s½ �; t 2 t1; tF½ � ð2Þ

0 ¼ g x tð Þ; u tð Þ; s½ �; t 2 t1; tF½ � ð3Þ

0� c x tð Þ; u tð Þ; s½ �; t 2 t1; tF½ � ð4Þ

rineq x t1ð Þ; x t2ð Þ; . . .; x tnrineq
� �

; s
� �� 0 ð5Þ

req x t1ð Þ; x t2ð Þ; . . .; x tnreqð Þ; s½ � ¼ 0 ð6Þ

x tIð Þ ¼ xI ð7Þ

w x tFð Þ½ � ¼ 0 ð8Þ

The objective functional in (1) is given in Bolza form and it is expressed as the sum
of the Mayer term, which is assumed to be twice differentiable, and the Lagrange term.
Variable t 2 [tI, tF] represents time, where tI and tF are the initial and final time,
respectively. x(t) represents the state variables within both, differential and algebraic
variables and u(t) represents the control functions, also referred to as control inputs,
which are assumed to be measurable. The vector s contains all the time-independent
variables of the problem. Equations (2) and (3) represents a Differential Algebraic
Equations (DAE) system. The function f is assumed to be piecewise Lipschitz con-
tinuous to ensure existence and uniqueness of a solution. The system must satisfy the
algebraic path constraints c in (4) and the interior point inequality and equality con-
straints rineq and req in constraints (5) and (6), respectively, which are assumed to be
twice differentiable. Finally, xI in (7) represents the vector of initial conditions given at
the initial time tI and the function w in (8) provides the terminal conditions at the final
time tF, which is assumed to be twice differentiable.
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In addition, we can introduce integer variables to obtain a multi-phase problem, and
therefore, the so-called mixed integer optimal control problem appears. Moreover, we
can convert the mixed-integer optimal control problem into a mixed integer nonlinear
programming problem including these transformations: (i) making unknown passage
times through the waypoints part of the state, (ii) introducing binary variables to
enforce the constraint of passing once through each waypoint, and (iii) applying a
fifth-degree Gauss-Lobatto direct collocation method to tackle the dynamic constraints.
High degree interpolation polynomials allow the number of variables of the problem to
be reduced for a given numerical precision. Finally, the problem will became a NLP

problem with non-convex feasible region as far as we fix the sequence of waypoints.
And the solution for this NLP problem is achieved in IPOPT solver in a short time.
Further explanation about the optimal control problem transformations are in [3].

4 Numerical Experiments

In this section, the results of several numerical experiments where the robot is con-
straint to pass through the waypoints listed in Table 1 for the testbed lines (LIN) and
listed in Table 2 for the testbed lattice (LAT).

In Table 3 we report the results obtained while using the biased randomization in
the RR problem. It has been implemented in a C++ code which generates a set of good
discrete path where those with minimum total angle are evaluated in IPOPT optimization
engine. For each instance we indicate the correspondent testbed and the number of
waypoints considered. In all the experiments we use the initial time tI = 0 [s] and the
final times tF = 4 [s] and tF = 6 [s] for instances of 12 and 18 waypoints, respectively.

Table 1. Coordinates of the waypoints used in the experiments LIN

p1 = (0.455718, 0.660622) p2 = (0.472266, 0.616427) p3 = (0.510878, 0.513305)
p4 = (0.538458, 0.439647) p5 = (0.571554, 0.351256) p6 = (0.610167, 0.248135)
p7 = (0.335096, 0.591699) p8 = (0.450359, 0.571340) p9 = (0.536806, 0.556071)
p10 = (0.623253, 0.540801) p11 = (0.767332, 0.515353) p12 = (0.911410, 0.489904)
p13 = (0.331795, 0.685981) p14 = (0.397159, 0.636696) p15 = (0.527889, 0.538125)
p16 = (0.658618, 0.439554) p17 = (0.789347, 0.340984) p18 = (0.854711, 0.291699)

Table 2. Coordinates of the waypoints used in the experiments LAT

p1 = (−0.181751, 0.581213) p2 = (−0.111041, 0.510503) p3 = (−0.0403301, 0.439792)
p4 = (0.0303806, 0.369081) p5 = (0.101091, 0.29837) p6 = (0.171802, 0.22766)
p7 = (−0.111041, 0.651924) p8 = (−0.0403301, 0.581213) p9 = (0.0303806, 0.510503)
p10 = (0.101091, 0.439792) p11 = (0.171802, 0.369081) p12 = (0.242513, 0.29837)
p13 = (−0.04033, 0.722635) p14 = (0.0303806, 0.651924) p15 = (0.101091, 0.581213)
p16 = (0.171802, 0.510503) p17 = (0.242513, 0.439792) p18 = (0.313223, 0.369081)
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Also, instances with cases A, B and C differ in the location of the final point pF which
will be specified in each instance case.

Finally, Fig. 4 shows the lines (LIN) and lattice (LAT) configurations. Also, depicts
the continuous path of minimum energy consumption in couple of instances, according
to our Multi-Start approach.

Table 3. Multi-Start approach pseudo-optimal discrete paths

Instance initial point and final point                                             
sequence of waypoints from Multi-Start

LIN-12A    pI = (1.0843, 0.459365)    pF = (0.637747, 0.174476)
(pI, p12, p11, p10, p9, p8, p7, p1, p2, p3, p4, p5, p6, pF ) 

LIN-12B    pI = (1.0843, 0.459365)    pF = (0.2027, 0.6151)
(pI, p12, p11, p1, p2, p3, p4, p5, p6, p10, p9, p8, p7, pF ) 

LIN-18A    pI = (0.2664, 0.7353)    pF = (0.637747, 0.174476)
(pI, p13, p14, p15, p16, p17, p18, p12, p11, p10, p9, p8, p7, p1,p2, p3,p4,

p5,p6, pF) 

LIN-18B    pI = (0.2664, 0.7353)    pF = (0.933149, 0.232556)
(pI, p13, p7, p9, p10, p11, p12, p6, p5, p4, p3, p2, p1, p14, p8, p15,p16,

p17,p18, pF) 

LIN-18C    pI = (0.2664, 0.7353)    pF = (1.0843, 0.459365)
(pI, p13, p14, p15, p16, p17, p18, p6, p5, p4, p3, p2, p1, p7, p8, p9,p10,

p11,p12, pF) 

LAT-12      pI = (1.0843, 0.459365)    pF = (0.637747, 0.174476)
(pI, p1, p8, p9, p10, p11, p12, p6, p5, p4, p3, p2, p7, pF ) 

LAT-18      pI = (1.0843, 0.459365)    pF = (0.637747, 0.174476)
(pI, p1, p8, p9, p10, p11, p17, p16, p15, p14, p13, p7, p2, p3, p4, p5,p6,

p12,p18, pF)

Fig. 4. Continuous path for instances LIN-18B and LAT-18 using biased randomization
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In order to compare the previous work with the BONMIN solver and our Multi-Start
approach we applied both methods in each of the instances in Table 3. Notice that any
of these methodologies is an exact method, the first one is based on BB algorithm and
ours is meta-heuristics approach, so the optimal solution not guarantee in any case.

Regarding to optimality, in both procedures we have obtained the same discrete
path, except for LIN-18B and LAT-12A. And therefore, the same continuous trajectory
and energy consumption returned from IPOPT, except for LIN-18B and LAT-12A.
In LIN-18B the discrete path obtained in BONMIN is (pI, p13, p1, p3, p4, p5, p6, p12, p11,
p10, p9, p8, p7, p14, p2, p15, p16, p17, p18, pF) were the energy consumption is reduced
from our solution 2,29 %. However, in LAT-12A the discrete path obtained in BONMIN

is (pI, p1, p2, p7, p3, p4, p5, p6, p12, p11, p10, p9, p8, pF) were the energy consumption has
increased from our solution more than 5 %.

Regarding to computational times, our Multi-Start approach provides us the solu-
tion in few minutes. In a similar CPU, the BONMIN solver is also able to solve lines
instances (LIN) in few minutes, but dozen of hours for the lattice configuration.
However, the latter is the realistic configuration that often occurs in the industrial
robots.

5 Conclusions

This paper we study the motion planning problem where to face high complexities. In
one hand the combinatorial problem, on the other hand the dynamic model. For the
latter, most of the methods interpolation to determine velocity profile along the path,
however the resulting trajectory can be dynamically unfeasible due to physical limi-
tations of the actuators. In this work we proposed a Multi-Start approach which pro-
vides not only the discrete path but also ensure the dynamical feasibility of the
trajectory. Therefore, we apply biased randomization to obtain a set of good discrete
paths and the NLP problem to be displayed in IPOPT solver to obtain the dynamicity of
the trajectory. And, since we evaluate continuous trajectories only if the discrete path is
promising, the numerical experiments in terms of computational times are much lower
than those in [3] where there is no discrimination in the use of IPOPT solver.

Acknowledgment. This work has been partially supported by the Spanish Ministry of Economy
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Abstract. The aim of the paper is to develop new aggregation operators using
Bonferroni means, OWA operators and some distance and norms measures. We
introduce the BON-OWAAC and BON-OWAIMAM operators. We are able to
include adequacy coefficient and the maximum and minimum level in the same
formulation with Bonferroni means and OWA operator. The main advantages
on using these operators are that they allow considering continuous aggrega-
tions, multiple-comparison between each argument and distance measures in the
same formulation. The numerical sample is focused on an entrepreneurial
example in the sport industry in Colombia.

Keywords: Bonferroni means � OWA operators � Distance measures

1 Introduction

In the literature, there are a wide range of methods that allows aggregating information
[1–6], which allow obtaining representative values of the aggregated information. One
of the most popular models used is the ordered weighted averaging OWA operator [1],
from which has developed a great deal of extension in combination with others
mathematical models. One of these models are selection indices [3]. These are called
ordered weighted averaging distance (OWAD) [3, 7], ordered weighted averaging
adequacy coefficient (OWAAC) operator and ordered weighted averaging index of
maximum and minimum level (OWAIMAM) operator [8, 9] and allow aggregating
information through the comparison between two elements in order to get a repre-
sentative value. Likewise, a new aggregation operator is proposed by using Bonferroni
means (BM) [10], which allows making multiple-comparison between input arguments
and capturing its interrelationship. Yager [11] combined OWA operator with BM
proposing a new aggregation operator called BON-OWA and suggested a general-
ization of this operator. This new aggregation operator aroused the curiosity of the
scientific community so that multiple authors study and develop new models based on
it [12–19].
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The aim of this paper is to develop new mathematical application based on Bon-
ferroni means, OWA operator and some distance measure. This application consists in
that BM in combination with OWAIMAN and OWAAC operator. The main advantage
of this proposition is that it allows considering continuous aggregations, multiple-
comparison between each argument and distance measures in the same formulation.
The structure of this paper is as follows: In Sect. 2, basic concepts Bonferroni means,
OWA operators and distance measures are briefly reviewed and new proposition is
presented. In Sect. 3, new method based on adequacy coefficient and in combination
with BON-OWAAC and BON-OWAIMAN is presented. In Sect. 4, summary and
main conclusion are presented.

2 Preliminaries

In this section, we briefly review of Bonferroni means, OWA operator, BON-OWA,
distance measures and OWAD in order to develop new tools based on distance mea-
sures in combination with Bonferroni means and OWA operators.

2.1 Bonferroni Means

The Bonferroni mean [10] is another type of mean that can be used in the aggregation
process in order to present the information. Recently several authors have used it with
OWA operators [11, 12], uncertain [20], linguistic variables [17, 21], intuitionistic
[13, 22] and hesitant representation [14, 23]. It can be defined by using the following
expression.

B a1; a2; . . .; anð Þ ¼ 1
n

1
1� n

Xn
j ¼ 1
j 6¼ k

aqj

0
@

1
A

1
rþ q

; ð1Þ

where r and q are parameters such that r; q� 0 and the arguments a� 0. By rear-
ranging the terms (Yager 2009), it can be also formulate in the following way:

B a1; a2; . . .; anð Þ ¼
Xn

k¼1
ark

1
1� n

Xn
j ¼ 1
j 6¼ k

aqj

0
@

1
A

0
@

1
A

1
rþ q

: ð2Þ

2.2 OWA Operators

2.2.1 The OWA Operator
The OWA operator [1] provides a parameterized class of mean type of aggregation
operators. It can be defined as follows.
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Definition 1. An OWA operator of dimension n is a mapping OWA : Rn ! R that has
an associated weighting vector W of dimension n with wj 2 0; 1½ � and Pn

j¼1 wj ¼ 1,
such that:

OWA a1; a2; . . .; anð Þ ¼
Xn

j¼1
wjbj; ð3Þ

where bi is the jth largest of the ai.

2.2.2 Bonferroni OWA
The Bonferroni OWA [11] is mean type aggregation operator. It can be defined by
using the following expression.

BON � OWA a1; . . .; anð Þ ¼ 1
n

X
i
ari OWAW Vi

� �� � 1
rþ q

; ð4Þ

where OWAW Við Þ ¼ 1
n�1

Pn
j ¼ 1
j 6¼ i

aqj

0
B@

1
CA with Við Þ being the vector of all aj except ai

and w being an n� 1 vector Wi associated with ai whose components wij are the OWA
weights. Let W be an OWA weighting vector of dimension n� 1 with components
wi 2 ½0; 1� when

P
i wi ¼ 1. Then, we can define this aggregation as

OWAW Við Þ ¼ Pn�1
j¼1 wiapkðjÞ

� �
, where apkðjÞ is the largest element in the tuple Vi and

wi ¼ 1
n�1 for all i. Thus, we have observed that this aggregation is equal at the original

case. Furthermore, according to [11] the weight vector wi can be stipulated by different
ways. One approach is to directly specify the vector W. Other form is using [24]

approach �Pn�1
j¼1 wj ln wj

� �
such as

Pn�1
j¼1 wj

n�j
n�1 ¼ a,

Pn�1
j¼1 wj ¼ 1, 0�wj � 1.

Another approach is via BUM function f , in which we get wj ¼ f j
n�1

� �� f j�1
n�1

� �
. Based

on this method is develop other approach, which starts with a parameterized family of
BUM functions and define the desired aggregation by specifying the value associated
parameter [11]. Another parameter function is f xð Þ ¼ xr for r[ 0, where from r we get
a particular function. Attitudinal character is such that a ¼ 1

rþ 1 and if we specify a we
can obtain r ¼ 1�a

a [11].

2.3 Distance Measures

2.3.1 The Hamming Distance
The Hamming distance [25] is a useful technique for calculating the differences
between two elements, two sets, etc. In fuzzy set theory, it can be useful, for example,
for the calculation of distances between fuzzy sets, interval-valued fuzzy sets, intu-
itionistic fuzzy sets and interval-valued intuitionistic fuzzy sets. For two sets A and B,
the weighted Hamming distance can be defined as follows.
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Definition 2. A weighted Hamming distance of dimension n is a mapping dWH :
RnxRn ! R that has an associated weighting vector W of dimension n with the sum of
the weights being 1 and wj 2 ½0; 1� such that:

dWH hx1; y1i; . . .; hxn; ynið Þ ¼
Xn

j¼1
wj xi � yij j; ð5Þ

where xi and yi are the ith arguments of the sets X and Y.

2.3.2 The Adequacy Coefficient
The adequacy coefficient [26, 27] is an index used for calculating the differences
between two elements, two sets, etc. It is very similar to the Hamming distance with the
difference that it neutralizes the result when the comparison shows that the real element
is higher than the ideal one. For two sets A and B, the weighted adequacy coefficient
can be defined as follows.

Definition 3. A weighted adequacy coefficient of dimension n is a mapping K :
½0; 1�nx½0; 1�n ! ½0; 1� that has an associated weighting vector W of dimension n with
the sum of the weights 1 and wj 2 ½0; 1� such that:

K hx1; y1i; . . .; hxn; ynið Þ ¼
Xn

i¼1
wi½1 ^ ð1� xi þ yiÞ� ð6Þ

where xi and yi are the ith arguments of the sets X and Y.

2.3.3 The Index of Maximum and Minimum Level
The index of maximum and minimum level is an index that unifies the Hamming
distance and the adequacy coefficient in the same formulation [28]. For two sets A and
B, the weighted index of maximum and minimum level can be defined as follows.

Definition 4. An AWIMAM of dimension n is a mapping K : ½0; 1�nx½0; 1�n ! ½0; 1�
that has an associated weighting vector W of dimension n with the sum of the weights 1
and wj 2 ½0; 1� such that:

g hx1; y1i; . . .; hxn; ynið Þ ¼
X

u
ZiðuÞ � jxiðuÞ � yiðuÞj þ

X
v
ZiðvÞ � ½0 _ xiðvÞ � yiðvÞ�;

ð7Þ

where xi and yi are the ith arguments of the sets X and Y.

2.4 OWA Operator and Distance Measures

The OWAD operator [3, 7] is an aggregation operator that uses OWA operators and
distance measures in the same formulation. It can be defined as follows for two sets X
and Y.
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Definition 5. An OWAD operator of dimension n is a mapping OWAD : RnxRn ! R
that has an associated weighting vector W,

Pn
j¼1 wj ¼ 1 and wj 2 ½0; 1� such that:

OWAD hx1; y1i; . . .; hxn; ynið Þ ¼
Xn

j¼1
wjDj; ð8Þ

where Dj represents the jth largest of the xi � yij j.

The OWAAC operator [6, 7, 29] is an aggregation operator that uses the adequacy
coefficient and the OWA operator in the same formulation. It can be defined as follows
for two sets X and Y.

Definition 6. An OWAAC operator of dimension n is a mapping OWAAC :
½0; 1�nx½0; 1�n ! ½0; 1� that has an associated weighting vector W, with wj 2 ½0; 1� andPn

j¼1 wj ¼ 1, such that:

OWAAC hx1; y1i; . . .; hxn; ynið Þ ¼
Xn

j¼1
wjKj ð9Þ

where Kj represents the jth largest of ½1 ^ ð1� xi þ yiÞ�; ½1 ^ ð1� xi þ yiÞ�:

The OWAIMAM operator [3, 5, 30] is an aggregation operator that uses the
Hamming distance, the adequacy coefficient and the OWA operator in the same for-
mulation. It can be defined as follows.

Definition 7. An OWAIMAM operator of dimension n, is a mapping OWAIMAM :
½0; 1�nx½0; 1�n ! ½0; 1� that has an associated weighting vector W, with wj 2 ½0; 1� and
the sum of the weights is equal to 1, such that:

OWAIMAM hx1; y1i; hx2; y2i; . . .; hxn; ynið Þ ¼
Xn

j¼1
wjKj; ð10Þ

where Kj represents the jth largest of all the xi � yij j and the ½0 _ ðxi; yiÞ�.

2.5 Bonferroni Means and Distance Measures

In this section, we briefly review of aggregation operators such as: Bonferroni distance
(BD), Bonferroni OWAD (BON-OWAD). Likewise, we present news aggregation
operators using Bonferroni means, OWA operator Adequacy coefficient and the index
of maximum and minimum level.

2.5.1 Bonferroni Distance
Bonferroni distance using Bonferroni means, distance measure and OWA operator.
This proposal has suggested a group of operators, such as: Bonferroni distance (BD),
Bonferroni OWAD. For this study, we have focus on BD and BON-OWAD concepts,
which are defined as follows.
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Definition 8. Bonferroni distance for two sets X ¼ x1; x2; . . .; xnf g and Y ¼
y1; y2; . . .; ynf g is given by:

BD hx1; y1i; . . .; hxn; ynið Þ ¼ 1
n

Xn

k¼1
dri

1
n� 1

Xn
j ¼ 1
j 6¼ k

dqj

0
@

1
A

0
@

1
A

1
rþ q

; ð11Þ

where di and dj are the individual such that di ¼ xi � yij j and dj ¼ xj � yj
�� ��.

Definition 9. A BON-OWAD distance for two sets. X ¼ x1; x2; x3. . .xnf g and Y ¼
y1; y2; . . .; ynf g is given by:

BON � OWAD hx1; y1i; . . .; hxn; ynið Þ ¼ 1
n

X
i
Dr

i OWADxi V
i

� �� � 1
rþ q

; ð12Þ

where OWADxi V
ið Þ ¼ 1

n�1

Pn
j ¼ 1
j 6¼ i

Dq
j

0
B@

1
CA with Við Þ being the vector of all xj � yj

�� ��
except xi � yij j and xi being an n� 1 vector Wi associated with ai whose components
wij are the OWA weights. Likewise, Di is the kth smallest of the individual distance
xi � yij j.

3 New Method Based on the Adequacy Coefficient
and the Index of Maximum and Minimum Level
in Combination with BON-OWA

The adequacy coefficient was proposed by [26, 27] and OWAAC operator was pro-
posed by [6, 7, 29], the combination of both allow aggregating information through the
comparison between two elements with the characteristic that it neutralizes the result
when the comparison shows that the real element is higher than the ideal one.

Proposition 1. Bonferroni adequacy coefficient for two sets X ¼ x1; x2; . . .; xnf g and
Y ¼ y1; y2; . . .; ynf g is given by:

BAC hx1; y1i; . . .; hxn; ynið Þ ¼
Xn

k¼1
drk

1
1� n

Xn
j ¼ 1
j 6¼ k

dqj

0
@

1
A

0
@

1
A

1
rþ q

; ð13Þ

where di and dj are the individual such that di ¼ ½1 ^ ð1� xi þ yiÞ� and
dj ¼ ½1 ^ ð1� xj þ yjÞ�:
Proposition 2. A BON-OWAAC distance for two sets X ¼ x1; x2; . . .; xnf g and Y ¼
y1; y2; . . .; ynf g is given by:
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BON � OWAAC hx1; y1i; . . .; hxn; ynið Þ ¼ 1
n

Xn

k¼1
Dr

kOWAACxi V
i

� �� � 1
rþ q

; ð14Þ

where OWAACxi V
ið Þ ¼ 1

1�n
Pn

j ¼ 1
j 6¼ k

Dq
j

0
B@

1
CA with Við Þ being the vector of all 1 ^

ð1� xj þ yjÞ except 1 ^ ð1� xi þ yiÞ and xi being an n� 1 vector Wi associated with
ai whose components wij are the OWA weights. Likewise, Di is the kth smallest of the
individual distance ½1 ^ ð1� xi þ yiÞ�.

The index of maximum and minimum level was proposed by [28] and OWAIMAN
was proposed by [3, 5, 30] the combination of both allow aggregating information
through the comparison between two elements with the characteristic. Besides, IMAM
index unifies the Hamming distance and the adequacy coefficient allowing to have the
characteristic in the same formulation.

Proposition 3. Bonferroni index of maximum and minimum level for two sets X ¼
x1; x2; . . .; xnf g and Y ¼ y1; y2; . . .; ynf g is given by:

BIMAM hx1; y1i; . . .; hxn; ynið Þ ¼
Xn

k¼1
drk

1
1� n

Xn
j ¼ 1
j 6¼ k

dqj

0
@

1
A

0
@

1
A

1
rþ q

; ð15Þ

where di and dj are the individual such that di ¼ xi � yij j and the ½0 _ ðxi; yiÞ� and
dj ¼ ½ xj � yj

�� �� and the ½0 _ ðxj; yjÞ�.
Proposition 4. A BON-OWAIMAM distance for two sets X ¼ x1; x2; . . .; xnf g and
Y ¼ y1; y2; . . .; ynf g is given by:

BON� OWAIMAM hx1; y1i; . . .; hxn; ynið Þ ¼ 1
n

Xn

k¼1
Dr

kOWAIMAMxi V
i

� �� � 1
rþ q

;

ð16Þ

where OWAIMAMxi V
ið Þ ¼ 1

1�n
Pn

j ¼ 1
j 6¼ k

Dq
j

0
B@

1
CA with Við Þ being the vector of all

½ xj � yj
�� �� and the ½0 _ ðxj; yjÞ� except xi � yij j and the ½0 _ ðxi; yiÞ� and xi being an
n� 1 vector Wi associated with ai whose components wij are the OWA weights.
Likewise, Di is the kth smallest of the individual distance xi � yij j and the ½0 _ ðxi; yiÞ�.

These OWA operators are commutative, monotonic, non-negative and reflexive.
They are commutative from the OWA perspective because f (〈x1, y1〉, …, 〈xn, yn〉) =
f (〈c1, d1〉, …, 〈cn, dn〉) where (〈x1, y1〉, …, 〈xn, yn〉) is any permutation of the
arguments (〈c1, d1〉, …, 〈cn, dn〉). They are also commutative from the distance mea-
sure perspective because f (〈x1, y1〉, …, 〈xn, yn〉) = f (〈y1, x1〉,…, 〈yn, xn〉). They are
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monotonic because if |xi - yi| ≥ |ci - di|, for all i, then f (〈x1, y1〉,…, 〈xn, yn〉) ≥ f (〈c1, d1〉,
…, 〈cn, dn〉). Non-negativity is also accomplished always, that is, f (〈x1, y1〉,…, 〈xn, yn〉)
≥ 0. Finally, they are also reflexive because f (〈x1, x1〉,…, 〈xn, xn〉) = 0.

Another issue to consider is the different measures used in the OWA literature for
characterizing the weighting vector [31]. As mentioned above, weighting vector can be
stipulated by numbers ways. Hence, we consider the entropy of dispersion, the balance
operator, the divergence of W and the degree of orness [1, 31]. The entropy of dis-
persion is defined as follows:

H Wð Þ ¼ � 1
n

X
i
lnðwiÞ

Xn
j ¼ 1
j 6¼ i

wi lnðwiÞ
0
@

1
A

0
@

1
A

1
rþ q

: ð17Þ

For the balance operator, we get

Bal Wð Þ ¼ 1
n

Xn

i¼1

nþ 1� 2i
n� 1

� � Xn
j ¼ 1
j 6¼ i

nþ 1� 2j
n� 1

� �
wi

0
@

1
A

0
@

1
A

1
rþ q

: ð18Þ

For the divergence of W, we get

Div Wð Þ ¼ 1
n

Xn

i¼1

n� i
n� 1

� aðWÞ
� �2 Xn

j ¼ 1
j 6¼ i

wi
n� j
n� 1

� aðWÞ
� �2

0
@

1
A

0
@

1
A

1
rþ q

:

ð19Þ

For the degree of orness, we get

a Wð Þ ¼ 1
n

Xn

i¼1

n� i
n� 1

� � Xn
j ¼ 1
j 6¼ i

wi
n� j
n� 1

� �0
@

1
A

0
@

1
A

1
rþ q

: ð20Þ

In order to understand the BON-OWAAC and BON-OWAIMAM numerically, lets
present a simple example. The numerical sample is focused on an entrepreneurial
example in the sport industry in Colombia. We have assumed that entrepreneurs
potential want to select an industry to start a business within sports sector and there are
six possible options NB1 (textile and manufacturing industry), NB2 (sports services),
NB3 (sports and leisure events), NB4 (sports management consultancy services), NB5

(media) and NB6 (marketing, selling and distributions). It has fixed the “ideal level”
these are current conditions available under the environment to start a business in
Colombia. Entrepreneurial framework conditions (EFC’s) in Colombia defines this
level: C1: 0,46; C2: 0,56; C3: 0,52; C4: 0,6; C5: 0,46; C6: 0,64; C7: 0,48; C8: 0,56; C9:
0,58; C10: 0,56; C11: 0,66; C12: 0,62. It has fixed the “real level” of each characteristic
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for all the different sectors into the considered sports industry. It is also remarkable that
the real level is identified as “necessary conditions” (see Table 1).

In this application, it assumes that the experts decide to take into account the most
problematic factor for doing business rates in Colombia as weighting vector WPF.
Global Competitiveness Report, 2012, defines this vector. WPF1: 0.0; WPF2: 0,277;
WPF3: 0,396;WPF4: 0,599;WPF5: 0,599;WPF6: 0,619;WPF7: 0,634;WPF8: 0,688;WPF9:
0,837; WPF10: 0,861; WPF11: 0,881 and WPF12: 0,886. That resulting data has been
Normalized (N) to establish the weight of each factor and Inverse Normalized (IN) for
showing positive factor effects.

The following shows the main results of the application. We have used several
models in order to compare and show the versatility of the new proposition (see
Table 2). It is noted that results change according to the algorithm used. These results
are not similar but being ordered can coincide the number of ranking. However, it
should be noted the importance of each algorithm and capabilities offered. Thus,
BON-OWA algorithms combine the main characteristics of HD, AC, IMAM and OWA
with BM showing the importance and interrelationships of each distance.

In Table 3, it is shown the order of each option to start a new business in sport
industry according to environmental factors in Colombia. In the first position, it is
found alternative 1 and 2, which are the most favourable alternative for starting a new
business. In the second position, it is found alternatives 3 and 6, which are far more

Table 1. Necessary conditions to start a new business in sport industry

Y C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12

NB1 0,1 0,6 0,4 0,8 0,4 0,7 0,7 0,8 0,7 0,7 0,9 0,9
NB2 0,4 0,6 0,4 0,2 0,7 0,6 0,3 0,6 0,6 0,6 0,7 0,6
NB3 0,6 0,6 0,5 0,5 0,7 0,6 0,3 0,6 0,1 0,3 0,9 0,9
NB4 0,1 0,6 0,5 0,3 0,7 0,9 0,2 0,2 0,5 0,7 0,5 0,3
NB5 0,1 0,6 0,7 0,2 0,3 0,6 0,3 0,4 0,1 0,1 0,7 0,6
NB6 0,1 0,6 0,2 0,2 0,6 0,6 0,5 0,8 0,6 0,7 0,7 0,9

Table 2. Comparison with different models in order to start a new business in sports industry

Ind. HD AC OWAD OWAAC OWA-IMAM BD BAC BIMAM BON-OWAD BON-OWAAC BON-OWAIMAM

NB1 0,171 0,967 0,111 0,636 0,406 0,094 0,978 0,752 0,163 0,940 0,738

NB2 0,095 0,939 0,058 0,604 0,364 0,077 0,943 0,718 0,135 0,828 0,618

NB3 0,162 0,928 0,123 0,578 0,399 0,090 0,954 0,737 0,161 0,883 0,693

NB4 0,181 0,870 0,115 0,558 0,329 0,122 0,905 0,694 0,221 0,804 0,612

NB5 0,169 0,845 0,108 0,537 0,337 0,106 0,898 0,711 0,199 0,800 0,622

NB6 0,165 0,911 0,094 0,606 0,350 0,103 0,949 0,671 0,191 0,901 0,689
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likely to be developed. In the last position, it is found alternatives 4 and 5, are far less
likely to lead to any entrepreneurial initiative.

4 Conclusions

We have studied OWA operators, some distance measures and Bonferroni means in
order to propose new aggregation operators. We have introduced new aggregation
operators using AC and IMAM in the same formulation with Bonferroni means and
OWA operator. The methods introduced are called BON-OWAAC and
BON-OWAIMAM. The main advantages on using these operators are that they allow
considering continuous aggregations, multiple-comparison between each argument and
distance measures in the same formulation. Besides, each method has specific
advantage. For BON-OWAAC the differences between two sets is established a
threshold in the comparison process when one set is higher than the other so the results
are equal from this point. For BON-OWAIMAM the differences between two sets is
established using characteristics of both HD and AC in the same formulation. Likewise,
we have obtained other methods such as BAC and BIMAM. Thus, we get a new group
of distance family, which allows analysing the importance and interrelationship of each
distance to be analysed. We have highlighted the versatility of these algorithms via
studying within the complex relations, which is focused on selecting and ordering
alternatives according to the subjective preferences of the decision-maker and the
information available. The main implications by using both operators are that they can
help to interpret social and economic conditions giving a holistic view of the envi-
ronment. Thus, these algorithms enables interrelate all variables considered in the
comparison. In future research, we will extend these new approaches to frameworks
with induced aggregation operators, weighted information and moving averages. We
will also study the applicability of these new aggregation operators in decision-making
problems. Particularly, we will focus on the creation of creative and productive groups,
interrelationship between entrepreneurs in co-working space and teamwork in business.

Acknowledgements. We are grateful with the Antonio Nariño University funds the publication
of this work.

Table 3. Order of each alternative to start a new business in sports industry

Ran HD AC OWAD OWAAC OWAIMAM BD BAC BIMAM BON-OWAD BON-OWAAC BON-OWAIMAM

1 NB2 NB1 NB2 NB1 NB1 NB2 NB1 NB1 NB2 NB1 NB1

2 NB3 NB2 NB6 NB6 NB3 NB3 NB3 NB3 NB3 NB6 NB3

3 NB6 NB3 NB5 NB2 NB2 NB1 NB6 NB2 NB1 NB3 NB6

4 NB5 NB6 NB4 NB3 NB6 NB6 NB2 NB5 NB6 NB2 NB5

5 NB1 NB4 NB1 NB4 NB5 NB5 NB4 NB4 NB5 NB4 NB2

6 NB4 NB5 NB3 NB5 NB4 NB4 NB5 NB6 NB4 NB5 NB4
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Abstract. The insurance and reinsurance industry, some governments, and
private entities employ catastrophe (CAT) bonds to obtain coverage for large
losses induced by earthquakes. These financial instruments are designed to
transfer catastrophic risks to the capital markets. When an event occurs, a
Post-Event Loss Calculation (PELC) process is initiated to determine the losses
to the bond and the subsequent recoveries for the bond sponsor. Given certain
event parameters such as magnitude of the earthquake and the location of its
epicenter, the CAT bond may pay a fixed amount or not pay at all. This paper
reviews two statistical techniques for classification of events in order to identify
which should trigger bond payments based on a large sample of simulated
earthquakes. These statistical techniques are effective, simple to interpret and to
implement. A numerical experiment is performed to illustrate their use, and to
facilitate a comparison with a previously published evolutionary computation
algorithm.

Keywords: Catastrophe bonds � Risk of natural hazards � Classification
techniques � Earthquakes � Insurance

1 Introduction

Strategies to provide coverage for large losses ensuing after earthquakes through
parametric CAT bonds have been implemented since the 1990s. These financial
instruments allow insurers, reinsurers, governments, private entities and catastrophe
pools to cede risks of losses to the capital markets via a transparent mechanism that
determines payments based on certain quantifiable event features. These instruments
bypass the claims adjusting process and therefore can provide a very fast recovery of
funds to their sponsor after an event. The principal of the bond can also be collater-
alized thus reducing default risk, and most importantly, their price has been relatively
competitive versus traditional premiums. In addition, the capital markets offer great
capacity, although capacity has not been in short supply in the (re)insurance market
lately.
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Parametric CAT bonds employ triggers (or algorithms) to determine the payment
that should take place when an earthquake occurs. These triggers rely on obtainable
physical characteristics of the event [1, 2] and since no parties can manipulate this
information, the risk transfer mechanism is transparent and reduces moral hazard (the
risk that the parties involved can influence the payment outcome).

Earthquakes around the world cause enormous losses, which are rarely insured.
These financial impacts end up distorting people’s livelihoods and national economies
severely. Parametric instruments have the potential to reduce this problem by making
earthquake insurance more accessible. Therefore, this work focuses on improving the
algorithms that can increase the quality of these transactions.

The classical parameters used for earthquake risk transactions are the magnitude of
the event, the location of the epicenter, and the depth of the hypocenter–the theoretical
center of energy dispersion of an earthquake within our planet’s crust.

Our main objective is to explore a few statistical techniques to automatically
construct accurate triggers, i.e. triggers that induce payment when they should and that
do not induce payment when they should not. A computational experiment is per-
formed to analyze their performance, mainly in terms of accuracy and time required. In
addition, our approach is compared with the metaheuristic-based one described in [4].

The remainder of this paper is organized as follows: Sect. 2 is devoted to describe
the trigger mechanism in detail. Section 3 introduces two statistical techniques that can
be applied. Afterwards, the experiments are performed in Sect. 4. Finally, Sect. 5
summarizes the main highlights of this paper.

2 The Trigger Mechanism

Consider a set of l earthquake events in a geographic region of interest A. An earth-
quake event i is characterized by a magnitude mi, a hypocenter depth di, and epicenter
coordinates (xi, yi) within A. A binary trigger will determine whether a payment is
associated with event i. This response is represented by the variable B′, whose values
1/0 indicate trigger/no-trigger (payment/no-payment). Two situations may arise: (1) at
least one earthquake i triggers the bond ðB0

i ¼ 1Þ during its contract life, which means
that the entire bond principal has to be disbursed and, as a consequence, the buyers of
the bond lose their investment (the bond sponsors receive compensation), and (2) no
earthquake triggers the bond during its life, in which case the principal is returned to
the investors with interest.

Since the payment of a large sum of money is at stake, it is important that the
trigger performs as desired, that is that the trigger responds positively to events that
cause a large loss beyond a design threshold and that it does not respond for events that
cause a loss below this threshold. The accuracy of the trigger determines its success in
the market. Triggers that behave erratically erode the confidence of the markets in these
tools and therefore jeopardize the risk transfer process. Hence the importance of
designing accurate triggers that behave as they should.

To describe the accuracy of the trigger, first consider a reference variable B that
represents the idealized behavior of the trigger, which depends on a measure based on
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the losses (typically monetary). For an earthquake event i, this variable can be
described as follows:

Bi ¼
0; if Li\L

1; otherwise,

(

where Li is the actual loss caused and L is a loss threshold specified by the sponsor,
usually expressed in terms of a specific return period. Events trigger this CAT bond
only if the corresponding loss is above a given pre-specified threshold L.

The objective is to develop a mechanism that minimizes discrepancies between
variables B and B’ or the sum of errors ðE ¼ Pl

i¼1 IðBi ¼ B
0
iÞÞ, or in other words, the

lack of correlation between the output of the trigger and the ideal trigger.
A database including a set of events, their characteristics and the variable B for each

event can be used to calculate trigger errors for this specific set of events. A measure of
the loss has to be obtained or estimated to compute B. It is preferable to have a reliable
historical dataset including a high number of events but in earthquake research this is
not possible due to the low recurrence of earthquakes and the great uncertainty sur-
rounding their associated losses. For this reason, the design of triggers for earthquake
risk depend on the usage of earthquake risk models, simulators of earthquake losses of
popular usage in the (re)insurance industry.

Note that the physical characteristics suggested above do not constitute the only
options to design a parametric trigger. However, the fact that they tend to be easily
available from respected third parties makes them suitable for this purpose.

According to the description offered in this section, the development of a trigger
mechanism can be labeled as a binary classification problem, allowing us to employ a
wide range of techniques to address it. In the following sections, some of them are
introduced and tested, and their use is illustrated.

3 Our Approaches

Classification techniques [6] constitute a set of procedures from statistics and machine
learning (more specifically, supervised learning) to determine a category or class for a
given observation. Having a dataset of l observations composed of independent or
explanatory variables X1;X2; . . .;Xnð Þ; and a dependent or response variable Y, these
techniques attempt to explain the relationships between the variables and/or classify
new observations based on the values of the explanatory variables.

Nowadays, there are plenty of classification techniques. Some of the most
employed, e.g. Linear Discriminant Analysis or Logistic Regression, have been applied
for more than five decades. These are mainly linear methods. Boosted by the com-
puting advances in the 1980s and 1990s, non-linear methods such as Classification
Trees, Neural Networks and Support Vector Machines emerged and/or started to attract
attention more recently.

Two well-known and powerful techniques to automatically design a trigger are
presented here. The first one is Logistic Regression, which belongs to the most typical
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linear methods, while the second one is Classification Trees, which belongs to the
non-linear methods. The reader interested in more extensive comprehensive and
practical descriptions is referred to [5] and [7].

• Logistic Regression techniques are designed to model the posterior probabilities of
each class by means of linear functions. These probabilities must be non-negative
and sum to one.

PðY ¼ yjX1 ¼ x1 \X2 ¼ x2 \ . . .\Xn ¼ xnÞ ¼ eb0 þ b1x1 þ b2x2 þ ...þbnxn

1þ eb0 þb1x1 þ b2x2 þ ...þbnxn

These models are usually fit by maximum likelihood employing the Newton’s
method. The previous expression can be rewritten in terms of log-odds as follows:

log
P Y ¼ yjX1 ¼ x1 \X2 ¼ x2 \ . . .\Xn ¼ xnð Þ

1� P Y ¼ yjX1 ¼ x1 \X2 ¼ x2 \ . . .\Xn ¼ xnð Þ
� �

¼ b0 þ b1x1 þ b2x2 þ . . .þ bnxn

This technique is especially useful when the aim is to be able to explain (i.e., not
only classify) the outcome based on the explanatory variables. Non-linear functions
can be considered including interactions and transformations of the original
variables.

• Classification Trees, contrary to global models (where a predictive formula is
supposed to hold in the entire data space) such those of Logistic Regression, tries to
partition the data space into small enough parts where a simple model can be
applied. The results can be represented as a tree composed of internal and terminal
(or leaf) nodes, and branches. Its non-leaf part is a procedure to determine for each
observation which model (i.e., terminal node) will be used to classify it. At each
internal node of the tree, the value of one explanatory variable is checked and,
depending on the binary answer, the procedure continues to the left or to the right
sub-branch. A classification is made when a leaf is reached.
The most relevant advantage of this classifier is the easiness to understand what
trees represent. They seem more closely mirror human decision-making than other
techniques. Furthermore, trees require little data preparation, are able to handle both
numerical and categorical data, and perform well (i.e., use standard computing
resources in reasonable time) with large datasets.

Although most researchers focus on accuracy, in real-life applications many other
characteristics may play an important role when comparing the solutions given by these
techniques. Examples are popularity, easiness-to-implement or to-explain to
non-experts, and existence of graphical representations or summaries of the outputs,
among many others. Even assuming we are only interested in the accuracy, the best
technique will depend on the data at hand. Consequently, we can only present a general
discussion about the performance of these techniques.

Logistic Regression, as a regression approach, is a well-established technique,
which enables the understanding of the effects of the explanatory variables on the
response. Classification Trees constitute an efficient technique that only uses the most
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important variables, and results in a logic model. As other techniques studying
non-linear relationships, they may easily overfit or underfit the model. Moreover, small
changes in training data may lead to significant modifications. In addition, they may
derive decisions that seem counterintuitive or are unexpected.

In conclusion, each technique has different characteristics that should be considered
when addressing a classification problem.

4 Computational Experiments

This section illustrates the use of the techniques introduced, and compares the results
with those obtained with the methodology proposed in [4]. The dataset analyzed is an
earthquake catalog representing a sample of 10,000 years of seismicity, a total of
24,957 earthquakes, concerning Costa Rica. A more detailed description can be found
in the aforementioned work.

As commented in Sect. 2, the construction of a trigger is driven by the mini-
mization of the discrepancies between its outputs and those from a trigger with an
idealized behavior. If the resulting trigger is expected to be useful for new or unseen
observations, it is good to avoid employing the same observations for developing the
trigger and assessing its performance. This could lead to a problem of overfitting (i.e.,
obtaining complex models that capture specificities of the data but do not generalize
well for other observations). An effective and efficient technique to avoid this problem
is to split the dataset into three different subsets: a training set used for constructing the
triggers, a validation set employed to tune the parameters, and a test set required to
assess their performance. We apply this approach considering the following weights,
since they are the most typical used values: 50 %, 25 %, and 25 %, respectively.

The statistical experiment has been performed with R (version 2.15.0) [8], a freely
available and widely used language and environment for statistical computing and
graphics. The following packages have been utilized: stats for Logistic Regression and
rpart for the Classification Trees. A confidence level of 0.95 is considered.

For each classifier, the corresponding confusion matrix (Table 1) is obtained, which
summarizes the results. This matrix shows the number of times that a predicted value
B’ coincides or not with the real value B. Therefore, it is desirable that cells TP and TN
contain high values (as high as the number of real triggers of each type), and cells FP
and FN contain low values. The measured accuracy is employed to make comparisons.
In addition, the sensitivity, the specificity, and the time required are reported. Both false
positive and false negative are equally penalized, i.e. we only focus on minimizing the
total number of errors.

Table 1. Structure of a confusion matrix

Predicted Class
B′ = 0 B′ = 1

Actual class B = 0 True Positive (TP) False Positive (FP)
B = 1 False Negative (FN) True Negative (TN)
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4.1 Logistic Regression

Initially, a complete model including all variables and the interactions among pairs is
built. Variables xc and yc correspond to the coordinates where the earthquake happens.
An approach based on backward elimination has been implemented to select the final
model, which is represented in Table 2.

Accordingly, the probability of having to pay given the data observed for a new
event is:

PðY ¼ 1jM ¼ m\D ¼ d \XC ¼ xc\ YC ¼ ycÞ

¼ e�2954:62þ 13:74m�0:06d�36:92xcþ 271:89ycþ 0:09m�dþ 0:50m�xþ 3:04m�y�0:07d�yþ 3:43x�y

1� 2954:62þ 13:74m� 0:06d � 36:92xc þ 271:89ycþ 0:09m � dþ 0:50m � xþ 3:04m � y� 0:07d � yþ 3:43x � y

If this probability is above 0.5, the event is classified in the group 1; otherwise, it is
assigned to group 0. The resulting accuracy is 0.995512. Table 3 shows the confusion
matrix, where we can see good values for True Positives and Negatives, as desirable,
but we also have 26 times in which we obtain a false negative.

4.2 Classification Tree

In order to construct a Classification Tree, it is needed to specify the Complexity
Parameter (a parameter to measure the tree cost-complexity). Values from 0.01 up to
0.20 have been tested. The best results correspond to the value 0.05.

Figure 1 shows the tree representation. The observations that satisfy the condition
shown for each internal node go to the left, otherwise, they go to the right. The
percentage shown at the bottom of each node indicates the proportion of observations

Table 2. Logistic Regression model

Estimate Standard error z value P-value

(Intercept) −2954.62 377.19 −7.83 4.75e-15
m 13.74 15.39 0.89 0.37
d −0.06 0.16 −0.37 0.71
xc −36.92 4.71 −7.84 4.52e-15
yc 271.89 34.18 7.95 1.81e-15
m � d 0.09 0.02 5.29 1.22e-7
m � x 0.50 0.19 2.64 8.28e-3
m � y 3.04 0.56 5.43 5.79e-8
d � y −0.07 0.01 −5.16 2.48e-7
x � y 3.43 0.43 8.00 1.22e-15

Table 3. Confusion matrix

B′ = 0 B′ = 1

B = 0 6210 2
B = 1 26 1
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that reach that node. The value above that percentage refers to the classification of the
corresponding observations. The resulting accuracy is 0.997596 (see Table 4).

4.3 Comparative Analysis

In order to validate the application of these techniques for the development of triggers
for earthquake catastrophe bonds, we compare our results with those provided in [4]. In
the paper, the author proposes the construction of binary “cat-in-a-box” trigger
mechanisms, where the geographical space is discretized in square boxes or
sub-regions of the same size. Each sub-region belongs to a specific zone denoted as
k. This constitutes a relatively simple and popular approach, where the aim is to set the
parameters of a trigger mechanism for each zone by minimizing the trigger error.
Concretely, the trigger mechanism has the following structure:

Fig. 1. Classification Tree

Table 4. Confusion matrix

B′ = 0 B′ = 1

B = 0 6210 2
B = 1 13 14
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8 xi; yið Þ 2 Ak; B
0
i ¼

0; If mi\Mk or di [Dk

1; If mi �Mk or di �Dk

(

where Mk and Dk. are the parameters to set and represent the magnitude and depth
thresholds, respectively. An Evolutionary Algorithm (EA) is implemented to address
this problem and is executed for different combinations of box side lengths and number
of zones. Although the paper does not report computational times, it is clear that the
authors dedicated several hours to develop this ad-hoc proposal and to perform the
parameter fine-tuning.

In order to compare our results with those published in [4], we use the same design
process, assuming the entirety of the catalog is available to fine tune the trigger.
Table 5 summarizes the results found with our techniques, and the EA. According to
our results, one of our statistical techniques is able to obtain better performance than the
EA in terms of accuracy and specificity. EA has a relatively good accuracy but it takes
much longer in comparison. Notice that the sensitivity measures the proportion of
positives that are correctly identified as such, the specificity measures the proportion of
negatives that are correctly identified as such, and the accuracy measures the proportion
of positives and negatives correctly identified as such.

Besides the computational time, statistical techniques present other relevant
advantages regarding to:

• Scalability. While the structure of an EA has to be readjusted when more variables
are taken into account, these techniques may be easily adapted to a larger parameter
space. Being much faster, they may also work on bigger catalogs and still be able to
provide results in a relatively short time.

• Implementation. There is a wide range of programs/programming languages that
enable a free and simple implementation of these techniques such as R, Octave [3]
or SciLab [9]. To facilitate their use further, most do propose default parameters for
their algorithms or functions to perform an automatic parameter fine-tuning.

• Understanding. EAs usually rely on concepts from the field of biological evolution
such as reproduction, mutation, recombination and selection, which may seem
difficult to understand for non-expert users. On the other hand, the proposed
techniques are presented as optimization problems where the aim is to minimize an
error-based function considering some assumptions without using terms from fields
other than mathematics, statistics and computer science.

Table 5. Results of the experiment comparing our approach and that described in [4]

Accuracy Sensitivity Specificity Time (s)

Classification trees 0.998237 0.998674 0.858974 0.34
Logistic regression 0.995713 0.996111 0.230769 0.64
EA [4] 0.998117 0.998794 0.804598 *

*Data not available.
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5 Conclusions

Natural catastrophes may cause large economical losses that are currently underinsured,
leaving large fractions of the population vulnerable to severe financial impacts. The
insurance and reinsurance industry, governments and catastrophe pools have started to
employ financial instruments such as parametric CAT bonds to cede these catastrophic
risks to the capital markets. For this process to be satisfactory to all parties, it is
essential that the triggers or algorithms we employ to determine payments are accurate
and minimize errors.

We propose to address this trigger design process as a classification problem,
employing well-known and powerful techniques from statistics. Our results show that
employing logistic regression or classification trees, one can obtain results of equal or
better accuracy than those published prior with the usage of evolutionary computation
while also increasing the efficiency of the process. These observations point to the
possibility that the state of the art in parametric risk transactions can be further
enhanced by augmenting the parameter space used in the trigger design without further
burdening the time required to design the trigger conditions.
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omy and Competitiveness (TRA2013-48180-C3-P and TRA2015-71883-REDT), FEDER, and
the Catalan Government (2014-CTP-00001).
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Abstract. In universities, a common task of lectures and professors is
to design an appropriate teaching strategy for each subject. The main
goal of this paper is to provide a mechanism that assists them in this
task. In particular, the current approach uses an agent-based simulator
for this purpose. This simulator allows teachers to simulate the influence
of a teaching strategy in the sociometric status of a specific group of
students. Since the cohesion of a group is usually related to its perfor-
mance, teachers can choose between several possible strategies consider-
ing their simulated cohesion. This paper briefly presents two experiences
with the current approach in two different engineering grades (i.e. com-
puter science engineering and electrical engineering) in the University of
Zaragoza.

Keywords: Agent-Based Simulator · Agent-oriented software engineer-
ing · Multi-agent system · Social simulation · Teaching strategy

1 Introduction

Agent-Based Simulators (ABSs) have become a popular technology for simulat-
ing the social repercussion of certain strategies. In this context, ABSs have been
developed in many domains. For instance, VoteSim [1] simulates the influences
of certain strategies on political elections. In addition, the ABS of Serrano and
Iglesias [2] simulates marketing strategies considering the spread of rumors in the
Twitter social network. Furthermore, RoboCup [3] provided a robotic ABS that
allows to make competitions between different soccer strategies. The popularity
of RoboCup has been continuously increasing up to the date. Their competitions
are international, and take place once a year.
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Nevertheless, to the best of the authors’ knowledge there is not any technique
for designing teaching strategies based on the assistance of an ABS. In this
context, the current work covers this gap by applying FTS-SOCI (an agent-based
Framework for simulating Teaching Strategies with evolutions of Sociograms) [4]
for designing teaching strategies and simulating their repercussion in university
education.

The remaining of the paper is organized as it follows. The next section intro-
duces the most related work to highlight the gap that the current work covers.
Section 3 outlines the most relevant aspects of the current approach. Section 4
details the experiments with the current approach. Section 5 discusses some rel-
evant aspects that have been detected in the experimentation, and indicates the
main future lines of research.

2 Related Work

2.1 ABSs for Simulating Strategies

In the literature, several works use ABSs for simulating strategies. For instance,
Serrano and Iglesias [2] present an open-source ABS for simulating viral mar-
keting strategies in Twitter. In particular, it simulates rumor diffusion in social
networks. In addition, they propose some strategies for controlling malicious
gossips. Their approach allows companies to test certain marketing strategies
before actually applying these in the real world.

In addition, Lai [5] presents an ABS that simulates strategies of buyers for
preventing from sellers’ cheating. In particular their agents are modeled using the
mathematical model called Eavesdropping and Resistance of Negotiation Game.
Their simulations show the emergent cooperative strategies between buyers and
sellers.

Furthermore, DeciUrban [6] is an ABS that simulates strategies in gridding
urban management. They experience different inspecting strategies in the con-
text of Shanghai. Their simulations show the effectiveness of the strategies and
the distributions of their impact. In this manner, they can design and test new
urban management strategies without always needing field experiments.

In a similar way, the current approach allows teachers to simulate teaching
strategies to estimate their repercussions before actually applying these with real
students. However, the domain of the strategies of the current ABS is different
from the ones of the previous ABSs.

2.2 Simulators in Education

Several simulators have been used for education in different subjects. To begin
with, SIMBA [7] is an ABS that allows practitioners to evaluate different intel-
ligent agents playing the role of business decision makers. Their environment is
competitive and simulates common business scenarios. SIMBA has been used in
business management education, so that students can better understand these
environments.
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Moreover, Pozo-Barajas et al. [8] present a simulator of macroeconomic mod-
els. This simulator allows students to dynamically observe their graphical evo-
lutions, which assist them in learning and understanding these models. They
compared the education scores between the students that used this simulator
guided by a teacher (i.e. experimental group) and the students that learned the
macroeconomic models in the mathematical traditional way (i.e. control group).
They found statistically significant improvements of the students’ scores when
using the simulator with the guidance of a teacher.

Hence, these simulators allow students to better understand theoretical mod-
els by simulating certain cases. However, these simulators do not assist teachers
in improving their teaching strategies by simulating their repercussions in the
sociograms of students, as the current work does.

3 Designing Teaching Strategies in University Education

The current work is in the context of the research project mentioned in the
acknowledgments section. This research project has the following steps:

1. The researchers collect sociograms in university classes related to specific
training strategies.

2. FTS-SOCI is trained with the data collected in the previous step. The data is
classified between training data and validation data. In this way, the simulator
can be considered reliable for unknown situations.

3. The teachers can simulate their teaching strategies before applying these.
4. In fact, each teacher can consider different teaching strategy alternatives, and

simulate these in order to select the one with best simulated repercussion
considering some features of the resulting sociogram such as its cohesion.

5. Teachers and researchers propose possible improvements for incorporating
these in FTS-SOCI.

The current work has used a survey with the three questions shown in Table 1.
The goal of this survey is (a) to obtain the sociograms of each group of students
considering selections and rejections, and (b) to classify students according to
certain predefined types.

The current work presents the simulation of the teaching strategies of two
different subjects in engineering education with FTS-SOCI. It shows both the
simulated and real sociograms. For now, FTS-SOCI was not trained in the spe-
cific context of engineering education. The experimentation assisted teachers in
considering alternative teaching strategies. This experimentation also allowed us
to learn certain lessons, which are discussed later in Sect. 5.

FTS-SOCI was constructed following the Process for developing Efficient
ABSs (PEABS) [9] with the Java programming language. FTS-SOCI provides a
simple way of defining teaching strategies based on this programming language.
Thus, it is usually easier to define strategies for teachers with basic knowledge
about Java programming.
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Table 1. Questions of the survey for detecting sociograms and classifying students

Id. Question

Q1 Who would you choose as a workmate?

Q2 Who would you avoid as a workmate?

Q3 Which profile best defines you considering your collaborative activity in class?

(a) quiet student,

(b) participant student,

(c) tangent student, i.e. sometimes you discuss topics that are tangent to the
course,

(d) joker student, i.e. you like cheering your classmates,

(e) obstructive, i.e. you obstruct the normal functioning of the class even if you
did not do it on purpose, or

(f) occasionally participant student, i.e. you participate sometimes, while other
times you act as a quite student.

In particular, the agent types are represented with object-oriented classes.
Each teaching strategy is represented with a specific teacher agent type. In prac-
tice, a teaching strategy is implemented by extending the “Teacher” abstract
class of the framework and implementing its “live” method. This method can
call to the protected methods of the Teacher class to simulate the different teach-
ing activities within the strategy in specific class hours.

4 Experimentation

The current approach has been experienced in two different subjects in two dif-
ferent engineering grades. The two subsections of this section introduce these
experiences respectively for the Programming subject and the Electrical Engi-
neering subject.

4.1 Experience with the Programming Subject

In the Programming subject, the sociogram was extracted by means of the sur-
vey presented in the previous section in Table 1. It is worth mentioning that
two students replied that they would select some particular students, and that
they would avoid literally the “remaining ones” without enumerating them. This
response does not probably mean that they have rejection feelings towards each
of the non-selected peers. They have probably misunderstood the question, and
provided a general answer. Figure 1 presents the sociogram of the students ignor-
ing this general answer.

This work has used the automatic representation of sociograms of the CLUS-
SOCI tool [10] and its measurement. In this way, the real sociograms were rep-
resented with a specific text format, and CLUS-SOCI loaded these sociograms
and measured their features.
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Fig. 1. Real sociogram of the students of the Programming subject (Color figure online)

Fig. 2. The definition of the teaching strategy for the Programming course

The FTS-SOCI was directly applied without any specific training for the engi-
neering university context. In particular, FTS-SOCI had been training exactly
as described in our previous work [4].

A new teaching strategy was defined for reflecting the strategy that was actu-
ally applied in the Programming subject. In particular, this was defined follow-
ing the guidelines of the FTS-SOCI framework. Figure 2 shows the programming
code that defines this strategy. It determines which collaborative activities are
applied in the corresponding classes.

The FTS-SOCI was executed with the strategy for the Programming course.
Figure 3 shows the main interface of FTS-SOCI for executing this strategy.
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Fig. 3. The main interface of FTS-SOCI when executing the teaching strategy for the
Programming course

Fig. 4. An example of a simulated sociogram of FTS-SOCI when executing the teaching
strategy for the Programming subject (Color figure online)

One can observe the configuration of the input parameters according to the
number of students of each type and the number of classes (i.e. referred in the
application as iterations). It also presents the average results of some sociomet-
rics. Figure 4 shows an example of a sociogram simulated by FTS-SOCI with
the strategy defined for the Programming course. The circles represent the stu-
dents indicating their types with the color. The arrows represent the selection
or rejection relationship according to the color.

The teacher of Programming considered alternative strategies. In particular,
he thought to start doing the practical sessions in pairs. In this way, students can
know better each other by at least knowing well its partner of practical exercises.
The teacher tested this strategy by simulating it with FTS-SOCI. The definition
of the this improved strategy is presented in Fig. 5. The Programming subject
has four class hours each week. In particular, the practical classes are the third
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Fig. 5. Definition of an improved strategy for the Programming subject

and fourth hours of the week. Notice that each student spends about 2.5 h for
each class hour, since they also work at home.

The teacher performed 20 simulations with the same group of students with
the new teaching strategy by means of FTS-SOCI. Figure 6 shows the main
interface of the application when performing these simulations. For example,
one can observe that the average cohesion (i.e. IAg sociometric) has increased in
comparison to the previous 20 simulations with the original strategy (compare
Fig. 6 with Fig. 3).

In the literature, the cohesion of a group has proved to be directly related
with its performance [11]. Thus, the new strategy can improve the performance
of a group of students, according to the simulations. Hence, the current approach
recommends the new teaching strategy over the original one. The teacher did
not consider larger teams for practical sessions, since it is easier to control that
all members of a team actively participate when the groups are smaller. The
Programming subject belongs to the first semester of the first academic year of
the Computer Science grade. These students need to be especially controlled to
make sure that they get used to the university working rate.
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Fig. 6. Simulation results of the improved strategy for Programming subject

4.2 Experience with the Electrical Engineering Subject

The current approach has also been experienced in the Electrical Engineering
subject. The teacher asked their students to fill the survey in order to obtain
their sociometric status and their self-classification in the given student types.

Concretely, Fig. 7 presents the obtained sociogram of the students of this sub-
ject. Some of the students explicitly mentioned their discrepancies about reply-
ing to the question about rejection relationships. Hence, the teacher mentioned
that they could optionally skip this question. Thus, the dissociation sociometric
(i.e. IDg) may not be reliable since some rejection relations may be missing.

Fig. 7. Real sociogram of the students of the Electrical Engineering subject (Color
figure online)

The strategy of this teacher includes three main teamwork activities in which
there was only one team with all the students. Each of these activities took
about eight hours, and the level of interaction was high. Besides these activities,
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there were other six pair teamwork activities. Each of these activities took about
three hours. The first and the last ones had a high level of interaction while the
remaining ones had a medium level of interaction.

5 Discussions and Future Work

The teachers and researchers concluded the following facts that can be considered
in the future for improving FTS-SOCI:

– Some students share several subjects. The sociograms of students usually
depend on the activities from more than one subject. For instance, first-year
students usually share all their subjects in a grade. Thus, FTS-SOCI can be
extended to simulate the evolution of a sociograms considering several sub-
jects and consequently taking several teaching strategies into account. This
can be accomplished by introducing several teacher agents in the simulation.

– FTS-SOCI can add more kinds of teaching activities. For instance, the frame-
work can include a new activity type for blackboard exercises, which would
be useful in engineering grades. In each of these exercises, a student presents
their solution of a problem to their classmates and they can comment some
aspects or ask anything.

– Some students replied to the question about rejections (i.e. question “Q2” of
Table 1), literally indicating “the remaining ones” without explicitly mention-
ing their names. This kind of questions can alter the dissociation sociometric.

– Some teachers perceived that their students were afraid to honestly reply to the
questions about the rejections. In particular, they were afraid that a classmate
becomes aware of being rejected by them. They were also afraid that their
teacher becomes aware of the existing rejection relationships. This fact can
have influenced the veracity of the data collected about rejection relations,
since students might not have felt free while answering. There are possible
ways to address this problem. In the future, the surveys will be conducted by a
person unknown by the students. In addition, the responses of the surveys can
be collected with mobile devices for increasing the privacy of the respondents.

– The auto-classification of students sometimes is quite different from the clas-
sification from the teachers’ perceptions. This was especially noticed by the
teacher from the Programming subject.

As future work, the FTS-SOCI software will be officially registered and will
be made publicly available, so that other teachers can use it or extend it. The
authors will collect more real sociograms of students related to certain teaching
strategies in different university subjects. This kind of sociograms will be also
extracted from groups that are larger than the ones from the current experi-
mentation. In this way, the current approach will be further tested by training
the ABS in the same university context. The simulator will be validated with
cases not belonging to the training set. Some statistical analyses will deter-
mine whether there are significant differences between the real and simulated
outcomes.
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Abstract. In this paper we conduct some experiments with one of the most
promising nature-inspired metaheuristic algorithm for optimization, known as
Cuckoo Search (CS). It is essentially based on the cuckoo breeding behavior,
which consists of dumping eggs in the nests of host birds and letting these host
birds raise their chicks. The aim of this paper is to explore the performance of
CS metaheuristic when it is used to evolve Neural Network for classification or
function approximation.

Keywords: Cuckoo Search Algorithm � Classification � Function
approximation � Evolved neural networks with cuckoo search

1 Introduction

Cuckoo search (CS) is a nature-inspired metaheuristic algorithm for optimization,
developed by Yang and Deb ([5], 2009). It was inspired by cuckoos’ breeding behavior
and was enhanced by the so-called Lévy flight behavior associated with some birds. In
the meantime, a balanced combination of a local random walk with permutation and the
global explorative random walk is used, as a refined survival mechanism.

A typical cuckoos’ breeding behavior refers to brood parasitism and nest takeover
and may include the eviction of host eggs by recently hatched cuckoo chicks.

CS is a population-based algorithm, in a way similar to GA and PSO, but it uses
some sort of elitism and/or selection. Like other population-based algorithms, CS use
reproduction operators to explore the search space. Each individual (i.e., egg) repre-
sents a solution to the problem under consideration. If the cuckoo egg mimics very well
the host’s, then it has the chance to survive and be part of the next generation.
Exploring new and potentially better solutions is the main objective of the algorithm.
The randomization in CS is more efficient as the step length is heavy-tailed, and any
large step is possible. Another important characteristic of this heuristic is that it
dependents only on a relatively small number of parameters. Actually, the number of
parameters in CS to be tuned is fewer than in GA and PSO.

Recent experiments suggest that CS has the potential of outperforming PSO and
GA in terms of predictive power. Moreover, given that each nest can represent a set of
solutions, CS can be also extended to the type of meta-population algorithms.
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Since animals search for food in a random or quasi-random manner, their foraging
path is effectively a random walk: the next move is based on the current location or
state and the transition probability to the next location. The flight behavior of some
birds or fruit flies has demonstrated the typical characteristics of Lévy flights, which are
a form of flight that manifest power law-like characteristics. In this case, the landscape
is typically explored by using a series of straight flight paths punctuated by sudden
turns. Such behavior has been applied for optimization and optimal search with
promising results.

2 The Cuckoo Search Algorithm

The CS heuristic can be summarized in three idealized rules:

• Each cuckoo lays one egg at a time and dumps it in a randomly chosen nest.
• The best nests with high-quality eggs will be carried over to the next generations.
• The number of available host nests is fixed, and the egg laid by a cuckoo is

discovered by the host bird with a probability pa 2 0; 1ð Þ: In this case, the host bird
can either get rid of the egg or simply abandon the nest and build a completely new
nest.

When generating new solution x tþ 1ð Þ
i for, say, a cuckoo i, a Lévy flight is per-

formed as
ð1Þ

where a[ 0 is the step size which should be related to the scales of the problem of
interests. In most cases, a ¼ 1 is used. This equation is stochastic equation for random
walk. In general, a random walk is a Markov chain whose next location depends only
on the current location and the transition probability. The product � means entry-wise
multiplications. The Lévy flight essentially provides a random walk while the random
step length is drawn from a Lévy distribution

ð2Þ
which has an infinite variance with an infinite mean. Here the steps essentially form a
random walk process with a power law step length distribution with a heavy tail. The
algorithm can also be extended to more complicated cases where each nest contains
multiple eggs (a set of solutions). The algorithm can be summarized as in the following
pseudo code:
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• Mantegna’s algorithm

Mantegna’s algorithm [1] produces random numbers according to a symmetric
Lévy stable distribution. It was developed by R. Mantegna. The algorithm needs the
distribution parameters a 2 0:3; 1:99½ �; c[ 0; and the number of iterations, n: It also
requires the number of points to be generated. When not specified, it generates only one
point. If an input parameter will be outside the range, an error message will be dis-
played and the output contains an array of NaNs (Not a Number). The algorithm is
described in following steps:

v ¼ x

yj j1=a
; ð3Þ

where x and y are normally distributed stochastic variables and

rx að Þ ¼ C aþ 1ð Þ sin pa
2

� �
C aþ 1

2

� �
a2 a�1ð Þ=2

 !1
a

; ry ¼ 1: ð4Þ

The resulting distribution has the same behavior as a Lévy distribution for large
values of the random variable vj j � 0ð Þ: Using the nonlinear transformation

w ¼ K að Þ � 1ð Þe� vj j=C að Þ þ 1
� �

v; ð5Þ

the sum zcn ¼ 1
n1=a
Pn

1 wk quickly converges to a Lévy stable distribution. The con-
vergence is assured by the central limit theorem. The value of K að Þ can be obtained as
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K að Þ ¼ aC aþ 1
2a

� �
C 1

a

� � aC aþ 1
2

� �
C aþ 1ð Þ sin pa

2

� �
 !1

a

: ð6Þ

Also, C að Þ is the result of a polynomial fit to the values obtained by resolving the
following integral equation:

1
prx

Za

0

q1=aexp � q
2
� q2=aCðaÞ

2r2x

� �
dq =

1
p

Za

0

cos
KðaÞ � 1

e
þ 1

� �
CðaÞ

� �
exp �qað Þdq

ð7Þ

The required random variable is given by z ¼ C1=azcn:

• Simplified version of the algorithm

Mantegna’s algorithm uses two normally distributed stochastic random variables to
generate a third random variable which has the same behavior as a Lévy distribution for
large values of the random variable. Further it applies a nonlinear transformation to let
it quickly converge to a Lévy stable distribution. However, the difference between the
Mantegna’s algorithm and its simplified version used by Xin-She Yang and Saush Deb
([5]) as a part of cuckoo search algorithm is that the simplified version does not apply
the aforesaid nonlinear transformation to generate Lévy flights. It uses the entry-wise
multiplication of the random number so generated and distance between the current
solution and the best solution obtained so far (which look similar to the Global best
term in PSO) as a transition probability to move from the current location to the next
location to generate a Markov chain of solution vectors. However, PSO also uses the
concept of Local best. Implementation of the algorithm is very efficient with the use of
Matlab’s vector capability, which significantly reduces the running time. The algorithm
starts with taking one by one solution from the initial population and then replacing it
by a new vector generated using the steps described below:

stepsize ¼ 0:01 � v � s� current bestð Þ
newsoln ¼ oldsoln þ stepsize � z

where v is the same as in Mantegna’s algorithm above with rx calculated for a ¼ 3=2:
z is again a normally distributed stochastic variable.

3 Using Cuckoo Search to Evolve Neural Networks
for Function Approximation

The success of NN mostly depends on their design, the training algorithm used, and the
choice of structures used in training. Although Back Propagation (BP) is a very popular
technique for training NNs, it suffers from two major drawbacks: low convergence rate
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and instability. The drawbacks are caused by a risk of being trapped in a local mini-
mum and possibility of overshooting the minimum of the error surface. Over the last
years, many numerical optimization techniques have been employed to improve the
efficiency of the BP algorithm. However, one limitation of this procedure, which is a
gradient-descent technique, is that it requires a differentiable neuron transfer function.
Also, as neural networks generate complex error surfaces with multiple local minima,
the BP fall into local minima instead of a global minimum. Evolutionary computation
is often used to train the weights and parameters of neural networks. In recent years,
many improved learning algorithms have been proposed to overcome the weakness of
gradient-based techniques. These algorithms include global search technique such as
hybrid PSO-BP, artificial bee colony algorithm, evolutionary algorithms (EA), particle
swarm optimization (PSO), differential evolution (DE), ant colony, and genetic algo-
rithms (GA).

Our aim is to use Cuckoo Search (CS) algorithm to evolve neural networks for
classification and function approximation (regression), as an alternative to BP and a
way to overcome the weaknesses of the conventional BP.

CS is a powerful, gradient-free, optimization algorithm that was inspired by the
breeding behavior of cuckoos. It is a fast optimization algorithm in terms of number of
objective function evaluations required to reach a solution. Based on some refinements
or modifications introduced in the last years, it is also able to handle functions which
are non-smooth, multimodal and have many dimensions. In particular, CS shows a high
convergence rate to the true global minimum even at high numbers of dimensions.

3.1 Predicting the Mackey-Glass Chaotic Time Series

We choose a hard prediction problem, the Mackey-Glass chaotic time series, which is
well-known for its strong non-linearity. Figure 1 shows a piece of the chaotic time
series, from which we extract a training set composed by 500 samples of the
Mackey-Glass chaotic time series.

The Mackey-Glass attractor is a non-linear chaotic system described by the fol-
lowing equation:

dz tð Þ
dt

¼ �bz tð Þþ a
z t � sð Þ

1þ z t � sð Þ10

where the constants are set to a ¼ 0:2; b ¼ 0:1 and s ¼ 17: The series is resampled
with period 1 according to standard practice. The inputs are formed by L ¼ 4 samples
spaced 6 periods from each other

xt ¼ z t � 18ð Þ; z t � 12ð Þ; z t � 6ð Þ; z tð Þ½ �

and the targets are chosen to be

yt ¼ z tþ 6ð Þ½ �

190 V. Georgescu



to perform six steps ahead prediction. Now we want to build a neural network for
function approximation that can predict yt ¼ z tþ 6ð Þ½ � from the past values of this time
series, that is, xt ¼ z t � 18ð Þ; z t � 12ð Þ; z t � 6ð Þ; z tð Þ½ �:

The architecture of the neural network consists of 4 input nodes, 10 hidden nodes
and 1 output node.

Figure 2 shows the observed and the predicted time series. Figure 3 shows the 3D
projection of the 4-dimensional points representing the set of quality solutions in the
last stage of the optimization (up) and the training performance (down).

The results in Sects. 3.1 and 3.2 have been obtained using a predefined set of
internal parameters for the optimization metaheuristic. The performance can, however,
be consistently improved by tuning the parameters of the Cuckoo Search algorithm. To
do this, it is possible to use a secondary metaheuristic (often called meta-evolution, or
hyper-heuristic) as a meta-optimization procedure, in view of finding good performing
behavior parameters for the primary metaheuristic. This parameter tuning stage is
attempted to improve the ability of the primary metaheuristic to approach the global
optimum when training the network.

Fig. 1. Mackey-Glass chaotic time series

Fig. 2. Observed and predicted time series
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3.2 Learning the Representation of a 2D Manifold

The next application consists of learning the representation of a 2D manifold (actually,
a surface in the 3-dimensional space), by training a neural network using the Cuckoo
Search algorithm.

Let the 2D manifold be represented by the equation:

z x; yð Þ ¼ x � e�x2�y2

We first generate a 3-dimensional point set that satisfy the above equation.
The architecture of the neural network consists of 2 input nodes, 10 hidden nodes

and 1 output node.
Figure 4 shows the original 2D manifold (left) and its reconstruction (right).

Fig. 3. Up: 3D projection of the 4-dimensional points representing the set of quality solutions;
Down: training performance

Fig. 4. The original 2D manifold (left) and its reconstruction (right).
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4 Using Cuckoo Search to Evolve Neural Networks
for Classification

The classification task consists of building classification models from a sample of
labeled examples and is based on the search for an optimal decision rule which best
discriminates between the groups in the sample.

Our purpose is to evolve neural network classifiers for bankruptcy prediction,
which is a hard classification problem, as data are high-dimensional, non-Gaussian, and
exceptions are common.

A sample of 130 Romanian companies has been drawn from those listed on
Bucharest Stock Exchange (BSE), with the additional restriction of having a turnover
higher than one million EURO. Financial results for the selected companies were
collected from the 2013 year-end balance sheet and profit and loss account, and were
taken from the official website of BSE, www.bvb.ro. As predictors, a number of 16
financial ratios have been used in our models.

Fig. 5. NN classifier evolved with CS: training confusion matrix and ROC curves

Fig. 6. NN classifier evolved with CS: test confusion matrix and ROC curves
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The holdout validation method was used and the performance of the classifier was
evaluated using the Confusion Matrix and the Receiver Operating Characteristic
(ROC) analysis.

Figures 5 and 6 show the confusion matrices and ROC curves for training and test
datasets. Given than the bankruptcy prediction is a difficult task, the accuracy of the
classifier evolved with CS is very promising.

5 Conclusion

Our experiments in this paper tried to explore the potential of Cuckoo Search Algo-
rithm for Classification and Function Approximation. The results demonstrate that CS
is a powerful nature-inspired metaheuristic algorithm for optimization, which is
gradient-free, has a high convergence rate and is able to handle difficult optimization
problems. The algorithm performed notably well in complex task such as training the
weights and parameters of neural networks for classification and function
approximation.
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Abstract. The heating uniformity of a domestic cooker is decisive for good
results of the food elaboration. In this work we present the use of the inverse
thermal modelling for the calculation of the power distribution transferred from
a domestic cooker to the pan. The most common cooking stoves (induction,
electric resistance and gas), have been used. The proposed method, using a
rectangular thin metallic piece and an infrared camera, improves the accuracy
and reduces the computational cost with respect to previous works. Moreover, it
can help to improve the design process of cookers, providing more reliable
results than current methods based in experimental tests with real food.

Keywords: Thermal modelling � Inverse modelling � Power distribution �
Domestic cookers

1 Introduction

Manufacturers of domestic cooking appliances are continuously trying to improve the
performance of their products in order to offer better services to the users at less cost.
Apart from the energy consumption, efficiency and cost, one of the main characteristics
which determine the good performance of the cookers is the uniformity of the tem-
perature distribution generated in the bottom of the cooking vessel. A uniform heating
ensures a good cooking result, whereas an uneven heating can originate a partial
burning of the food in contact with the hottest zones of the pan. For this reason, the
evaluation of the heating uniformity of each cooker during the design process becomes
a necessity.

As known, in the current domestic cooktops different technologies are used as
heating elements, essentially gas burners, electric resistors, or inductors. With each
technology the heat is transferred to the cooking vessel by a different phenomenon,
which determines the temperature uniformity and the cooking result. Current producers
carry out the evaluation of the heating performance of such different systems by means
of experimental tests, cooking real food [1]. These tests are costly and not easily
reproducible, since the results are sensitive to the ingredients and the food composition.
Thus, determination of the heating uniformity by means of other methods is of high
interest. A direct method is the theoretical calculation of the power distribution
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generated by each cooker depending on the technology and configuration (geometry,
power supply, etc.). For example, in the case of gas burners the heat is transferred to the
cooking vessel by convection and radiation from the flame and the hot gases resultant
from the combustion. By means of complex models including chemical reactions and
computational fluid dynamics (CFD) a heat transfer distribution in the pan base can be
estimated [2]. This distribution is highly dependent on the velocity of the gas flowing
through the burner outlet, which increases the complexity of the problem. In the case of
electric stoves with resistors, the heat is transferred to the pan through the contact with
the ceramic glass, which is heated by radiation from the hot resistance. The heat
conduction problem is easier to model; however, the solution of the radiative heat
transfer is typically complex to obtain due to the strong dependence with the geometry
of the system and the nonlinearity of the problem [3]. Finally, the induction heating
used in modern electric cooktops has been studied in several works [4–8]. Most of
them have carried out numerical calculations of the coupled electromagnetic-thermal
problem using finite element methods (FEM), which require high computational cost.

In order to establish a method which allows the comparison of the heating uni-
formity of the cookers, regardless the type of heating element, an inverse model can be
used [9]. The inverse modelling has been widely used in heat transfer applications
[10–12]. The main advantage which offers is the possibility of calculating
non-measurable parameters such as the heat flux, heat transfer coefficients or temper-
atures in inaccessible locations, from the measurement of the temperature in determined
positions. Examples applied to gas burners have been presented in [13, 14], in which
the steady-state power distribution of the flame on the heated material is obtained with
an inverse method based in analytical expressions of the temperature evolution. The
applied inverse method is based in iterative calculations of the heat flux using a least
squares fitting method.

In the present work, a numerical method based in finite differences is used to solve
the inverse problem and compute the power distribution. This method allows the
calculation of the power distribution during the transient and the steady-state modes,
with different configurations of inductors, and also for other common technologies,
such as gas burners and electric stoves. A heated piece with rectangular geometry is
considered, and a Cartesian coordinate system is used to develop the finite differences
method. Thus, the accuracy of the calculated power distribution is increased and the
numerical problem is easier to implement and solve. Experiments using a gas cooker,
an electric stove with a resistor and an induction hob are carried out, and the power
distribution which heats the cooking vessel is calculated with the inverse model. The
obtained results can be used to establish comparisons between the heating performance
and to evaluate the suitability of each cooker to guarantee good cooking results.

2 Inverse Thermal Model

In [9] we presented the inverse modelling of pan heating in domestic cooktops, con-
sidering most common pans with round shape. The model was numerically solved
using a finite differences method in polar coordinates. The temperature distribution on
the top surface of the bottom of the pan was measured using an infrared camera, and the
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calculated power distribution of different cookers was presented. One of the main
problems found in the calculation of the inverse problem is the strong influence of the
measurement error over the results. Though it can be mitigated using image filtering,
the coordinate transformation of the original rectangular thermal images into polar
coordinates also introduces a noise component which produces higher deviations in the
results.

The most common cooking vessels in the world’s market have a round shape.
Therefore, the geometry of most cookers is usually circular in order to better adapting
to the pans. However, in this work we consider that the shape of the heated piece is
rectangular, and the size is larger than the cooker. Hence, the geometry of the piece has
negligible influence on the calculated power distribution and it is independent of the
shape of the cooker. The heated piece is modelled as a thin sheet of homogeneous
ferromagnetic material with known thermal properties and geometry, Fig. 1. The length
in x direction is Lx, in y direction is Ly and the thickness is e.

The temperature evolution on each point of the heated piece, placed over a heat
source, obeys the well-known heat equation:

Pþ k
@2T
@x2

þ @2T
@y2

þ @2T
@z2

� �
¼ qCp

@T
@t

ð1Þ

where P is the equivalent volumetric power density generated by the heating source
and transferred to the piece in W/m3. The second term is the heat flux of conduction,
where the Laplacian of the temperature (T) is expressed in Cartesian coordinates
x; y; zð Þ and k is the heat conductivity of the material. The term on the right side is the
variation of the energy stored in the system with time, where the material has density q
and specific heat capacity Cp. The inverse modelling in this thermal problem consists in
obtaining the value of the power density distribution in each point of the domain and

Fig. 1. Rectangular geometry of the heated piece considered in the inverse model. Length and
width are Lx;Ly, thickness is e. The rectangular grid employed in the finite differences method is
shown, where the size of the element i; j is Dx;Dy.
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each instant, from the temperature distribution on the surface, measured during a
heating process (for example with an infrared camera).

Due to the small thickness of the piece, the temperature inside the material in the z
direction is considered constant. On the top surface of the plate we consider that the
heat flux in z direction is equal to the losses to the environment due to convection and
radiation

�k
@T
@z

¼ h T � Tað Þ
����
z¼e

;

h ¼ hconv þ hrad ¼ hconv þ re T2 þ T2
a

� �
T þ Tað Þ

ð2Þ

where Ta is the ambient temperature, hconv is the convection coefficient on the plate,
r ¼ 5:67 � 10�8 W=m2K4 is the Stefan Boltzmann constant and e ¼ 1 is the surface
emissivity, considering that the radiant surface behaves as a black body and that the
surrounding surfaces are at ambient temperature. The heat flux through the bottom
surface is included in the equivalent power generation term P in the case of a gas
burner and the radiative electric stove

�k
@T
@z

����
z¼0

¼ P � e: ð3Þ

In the case of an induction hob the bottom surface is considered adiabatic, since the gap
between the coil and the heated piece will be filled with an insulating material. The
power generation term embodies the heat generated from the dissipation of the induced
eddy currents and the losses due to magnetic hysteresis.

The boundary conditions in the borders of the heated piece are Neumann condi-
tions, which specify the heat flux considering a heat losses coefficient hb including
convection and radiation

k @T
@x

��
x¼0¼ hb T � Tað Þjx¼0; k @T

@y

���
y¼0

¼ hb T � Tað Þjy¼0;

�k @T
@x

��
x¼Lx

¼ hb T � Tað Þjx¼Lx ; �k @T
@y

���
y¼Ly

¼ hb T � Tað Þjy¼Ly
:

ð4Þ

In order to calculate the power distribution, the problem is discretized applying the
finite differences method, using the rectangular grid shown in Fig. 1. The sizes of each
element i; j are Dx ¼ Lx=n;Dy ¼ Ly=m, where n;m are the number of elements in the
grid in the x; y directions, respectively. A central differences scheme is used for the
discretization of the spatial derivatives and a regressive approach is used to discretize
the time, obtaining an implicit differences method which ensures stability and con-
vergence. The size of the time step selected in the discretization of the temporal
dimension is Dt. The power distribution in each element Pi;j for each instant is related
with the temperature measured on each element Ti;j with the expression
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Pi;j ¼ ai;jTi;j þ bþ
i Tiþ 1;j þ b�i Ti�1;j þ cþj Ti;jþ 1 þ c�j Ti;j�1 � qCp

Dt
Ts
i;j � a�i;jTa ð5Þ

where Ts
i;j is the temperature of the element i; j in the previous instant. The coefficients

ai;j; a�i;j; b
þ
i ; b�i ; c

þ
j ; c�j ; take different values in the boundaries and inside the grid, see

Table 1. The effect of the radiation increases nonlinearly with the temperature of the
material, as seen in (2). Thus, the value of the losses factor is recalculated on each
iteration, using the temperature values from the previous instant

h ¼ hconv þ hrad ¼ hconv þ re Ts2
p þ T2

a

� �
Ts
p þ Ta

� �
ð6Þ

The values of the losses coefficient hconv and hb will be estimated using measured
data from experiments. Knowing the value of these coefficients and from the measured
temperature, the power density supplied to each element can be obtained.

3 Analysis and Model Identification

The model presented in the previous section requires knowing the evolution of the
temperature on the top surface of the heated piece. In order to use the model to study
real cookers, experiments with real stoves have been carried out, heating ferromagnetic

Table 1. Coefficients in the equation of the inverse model.

Index ai;j a�i;j bþ
i b�i cþj c�j

1\i\n

1\j\m

2k
Dx2 þ 2k

Dy2 þ h
e þ qcp

Dt
h
e � k

Dx2 � k
Dx2 � k

Dy2 � k
Dy2

i ¼ 1

1\j\m

2k
Dx2 þ 2k

Dy2 þ h
e þ qcp

Dt þ 2hb
Dx

h
e þ 2hb

Dx � k
Dx2

0 � k
Dy2 � k

Dy2

i ¼ n

1\j\m

2k
Dx2 þ 2k

Dy2 þ h
e þ qcp

Dt þ 2hb
Dx

h
e þ 2hb

Dx
0 � k

Dx2 � k
Dy2 � k

Dy2

i ¼ 1

j ¼ 1

2k
Dx2 þ 2k

Dy2 þ h
e þ qcp

Dt þ 2hb
Dx þ 2hb

Dy
h
e þ 2hb

Dx þ 2hb
Dy � k

Dx2
0 � k

Dy2
0

i ¼ n

j ¼ 1

2k
Dx2 þ 2k

Dy2 þ h
e þ qcp

Dt þ 2hb
Dx þ 2hb

Dy
h
e þ 2hb

Dx þ 2hb
Dy

0 � k
Dx2 � k

Dy2
0

1\i\n

j ¼ 1

2k
Dx2 þ 2k

Dy2 þ h
e þ qcp

Dt þ 2hb
Dy

h
e þ 2hb

Dy � k
Dx2 � k

Dx2 � k
Dy2

0

1\i\n

j ¼ m

2k
Dx2 þ 2k

Dy2 þ h
e þ qcp

Dt þ 2hb
Dy

h
e þ 2hb

Dy � k
Dx2 � k

Dx2
0 � k

Dy2

i ¼ 1

j ¼ m

2k
Dx2 þ 2k

Dy2 þ h
e þ qcp

Dt þ 2hb
Dx þ 2hb

Dy
h
e þ 2hb

Dx þ 2hb
Dy � k

Dx2
0 0 � k

Dy2

i ¼ n

j ¼ m

2k
Dx2 þ 2k
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Dy
h
e þ 2hb

Dx þ 2hb
Dy

0 � k
Dx2

0 � k
Dy2
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steel sheets and measuring the temperatures with an infrared camera. The data is used
to estimate the losses coefficients on top and borders of the piece.

3.1 Experimental Set-up

Three conventional cooktops are used to perform the experiments: an induction cooker
with diameter of 210 mm, an electric stove with a double resistance with diameters 123
and 213 mm, and a gas cooker with 120 mm of diameter, Fig. 2. A sheet of laminated
ferromagnetic steel of 415 × 380 mm and 0.5 mm of thickness is heated with each
cooktop. The thermal properties of the steel are k ¼ 55 W m�1K�1, q ¼ 7950 kg m�3

and Cp ¼ 500 J kg�1K�1. The top surface of the piece is coated with a thermo-resistant
paint with emissivity e ¼ 1. The measurement of the sheet temperature has been carried
out with an infrared camera (FLIR A650), which records the temperature evolution at
each point with resolution of 640 × 480 pixels, at 3 fps and accuracy of ± 20°C. The
camera is located at a controlled distance and oriented perpendicularly to the metallic
piece in order to maximize the image resolution.

The thermographies recorded with the infrared camera in the experiments with the
induction hob, the electric stove and the gas cooker, contain on each pixel the mean
temperature measured in the corresponding pixel area. This information must be pro-
cessed before computing the inverse model with two operations: a homography and a
noise-reduction filtering. Both operations have been performed using the Image Pro-
cessing toolbox of Matlab. The homography is needed to compensate the image dis-
tortion introduced by the camera lens, and it is calculated using a standard algorithm
[15]. The noise-reduction filtering is necessary to improve the calculation of the
temperature derivatives appearing in the inverse model, which have an amplification
effect on the noise of the measured signal. In this work we propose to use a smooth
filter proposed by Savitzky & Golay, [16], which is one of the most commonly used
filters in image smoothing due to the improved results with respect to other filters, such
as mean or median filters. The filtering is carried out in the two spatial dimensions and
the filter is tuned in order to reduce the noise as much as possible.

Fig. 2. Cookers employed in the experiments: induction hob (PIE375N14E), electric stove
(3EE721LS), gas stove (PPQ716B91E).
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3.2 Parameter Identification

In order to simplify the identification of the losses coefficients only the induction hob is
used, because the input power can be measured and controlled with higher accuracy.
A power analyser (Yokogawa PZ4000) is connected in the output of the power stage
which feeds the inductor and the real heating power dissipated in the sheet is estimated
as the 97 % of the power measured, which is the typical efficiency of the inductor [17].
The ceramic glass which typically covers the inductor in an induction cooker is
replaced with an insulating blanket of the same thickness, which is 4 mm. Thus, the
bottom surface of the sheet is isolated and only the heat losses on the top surface and
the borders take place.

In order to calculate the heat losses coefficient in the borders hb, the previous
expressions (4) are used, calculating the derivatives numerically from the measured
temperature in the normal direction to each border during the heating process. The
average value of the coefficient obtained from different experiments is hb ¼
236 W/m2K. On the other hand, the average heat loss coefficient on the top surface
hconv is obtained from a power balance considering the whole metallic sheet during a
heating process with low power supply from the inductor, which allows for reaching a
steady state at temperatures below 200°C. At the steady state the power supplied,
which is measured with the power analyser, equals the heat losses. This can be
formulated as

PT �
X

1� i� n

1� j�m

hconv Ti;j � Ta
� �þ re T4

i;j � T4
a

� �� �
DxDy

�
X

1� i� n

j ¼ 1;m

hb Ti;j � Ta
� �� �

eDx�
X

i ¼ 1; n

1� j�m

hb Ti;j � Ta
� �� �

eDy ¼ 0

ð7Þ

where PT is the total measured power in W. Solving the equation, the average value of
the convection coefficient obtained is hconv ¼ 9:55 W=m2K. An example of the fitting
obtained is shown in Fig. 3. It can be seen how the total power losses approach to the
power supplied as the steady state is reached. Moreover, the magnitude of the losses
due to radiation and convection on the top surface is similar, and the losses in the
borders can be neglected, as expected due to the slight thickness of the sheet.

4 Power Distribution of Domestic Cookers

The power density distributions in different heating situations with the three tech-
nologies considered in this work are calculated with the proposed inverse model. The
results obtained are shown in Fig. 4, where the power distributions in the metallic piece
using the induction cooker, the electric stove with a double resistance and the gas
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cooker are presented. The obtained results are similar to the ones presented in [9].
However, the processing of the thermographies and the calculation is simpler and more
accurate.

The calculated power distributions can help to analyse the influence of the con-
figuration of each cooker on the heating uniformity. For example, in the case of the
induction hob, the power distribution is null in the centre of the coil and has two
maximums in the radial direction, which are produced by the particular distribution of
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Fig. 3. Example of the power balance during the heating process up to a stationary regime using
the calculated values of the heat losses coefficients. (Color figure online)

Fig. 4. Power distributions of an induction cooker (left), an electric stove (middle) and a gas
cooker (right), calculated with the proposed inverse model.
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wire turns of the coil. It is also observed the effect of the 8 ferrite bars beneath the coil,
which amplify the magnetic field over its position, increasing the induced currents.
In the double cooking zone of the electric stove, the power distribution shows a peak in
the central area of the plate, originated by the higher power density radiated by the
internal resistance. It can be also observed the effect of the gap between resistances,
which produces a low-power area with circular shape. The power distribution trans-
ferred in the gas cooker shows a maximum where the temperature of the flame is
higher, and a large central zone in which the burnt gas has a lower incidence. The
metallic structure which supports the sheet above the burner isolates the bottom surface
from the flame and generates gaps in the power distribution.

5 Conclusions

In this work the use of the inverse thermal modelling for the calculation of the power
distribution transferred from a cooker to the pan has been presented. The most common
cooking stoves, with different heating technologies (induction, electric resistance and
gas), have been analysed. The proposed method, using a rectangular thin metallic piece
and an infrared camera can be used to improve the accuracy and to simplify the
calculation, with respect to previous works in which a polar geometry was employed.
The proposed method can help to improve the design process of cookers, providing
more reliable results than methods based in experimental tests with real food.
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