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Preface

The BIOMAT 2015 International Symposium has been held in the De-

partment of Mathematics of the Indian Institute of Technology Roorkee

at Roorkee, Uttarakhand, India, on November 02–06, 2015. Senior repre-

sentatives of the Indian Scientific Community have been in charge of the

Local Organizing Committee. We thank the collaboration of Dr. Sandip

Banerjee, Prof. Vinod Kumar Katiyar, Prof. Somdatta Sinha, Dr. Saugata

Hazra, Prof. Govindan Rangaranjan.

The participants came from fourteen countries. From Europe (France,

Germany, Hungary, Italy), from Americas (Brazil, Canada, Mexico, United

States), from Africa (Morocco, South Africa, Nigeria), from Asia (India,

Japan). In an informal atmosphere of continuous sessions, during five

days, Plenary Speakers, authors of contributed papers and research stu-

dents had the opportunity of discussing many research themes and to make

commitments for future collaboration. The fine tradition of the BIOMAT

Consortium has succeed once more at enhancing the scientific interdisci-

plinary activities of Mathematical and Biological Sciences of practitioners

from developing countries.

Financial support has been given by the Indian Institute of Technology

Roorkee in terms of sixty fellowships to cover the expenses of full pen-

sion accommodation of selected participants and we thank our Indian col-

leagues for their hospitality in Roorkee. Special thanks are due to Dr.

Sandip Banerjee for all his efforts on the local organization of the confer-

ence and his kindness on the organization of social activities. On behalf of

the BIOMAT Consortium, we thank very much all the representatives of

the host institution.

On behalf of the BIOMAT Consortium-International Institute of In-

terdisciplinary Sciences (http:www.biomat.org), a non-profit international

association of scientists and research students, which is responsible by the

organization of the BIOMAT Symposium series and the BIOMAT series of

indexed books, we would like to acknowledge the collaboration of Carmem

Lucia Suprino Costa in the editorial work of the BIOMAT 2015 book and

her help to the BIOMAT Consortium Secretariat during the analysis of re-

ports from reviewers and the submission of corrected versions by successful

authors.

The members of the BIOMAT Consortium Director Board for the period

2016-2019, have been nominated during the BIOMAT Consortium General

Assembly of the BIOMAT 2015 International Symposium. The present
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Director Board has representatives from Western Europe, Eastern Europe,

North America, South America, Middle East and Asia. The representatives

from Africa and Oceania will be announced soon.

Rubem P. Mondaini

President of the BIOMAT Consortium

Chairman of the BIOMAT 2015 Scientific Advisory Committee

Roorkee, Uttarakhand, India, November 2015
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NETWORK STRUCTURE AND ENZYMATIC EVOLUTION

IN LEISHMANIA METABOLISM:

A COMPUTATIONAL STUDY∗

A. SUBRAMANIAN AND R. R. SARKAR†

Chemical Engineering and Process Development,
CSIR-National Chemical Laboratory, Pune, India

and
Academy of Scientific & Innovative Research (AcSIR),

CSIR-NCL Campus, Pune, India
†E-mail: rr.sarkar@ncl.res.in

Leishmaniasis is a widespread neglected tropical disease caused by Leishmania pro-

tozoan parasites that are transmitted to mammalian hosts through bites of infected
female sandfly vectors. The human and sandfly hosts provide a harsh ecological
niche for Leishmania parasites to survive and proliferate. Due to its adaptation to
the host environment, Leishmania parasites optimize their metabolism to utilize
the available inadequate resources for maximum growth and energy generation.
This adaptation is developed through a long-standing evolutionary relationship of
the parasite phenotype with the host. Understanding the role of metabolic func-
tion on evolution of enzymes requires a systems-wide perspective. In our study,
we attempt to bridge the molecular evolution of the genotype with the pheno-
type thereby understanding the influence of metabolic network structure and its
function on enzyme evolution in the Leishmania parasite. To explore this phe-
nomenon, using an available reconstruction of Leishmania major metabolism, we
attempt to understand the relationship of in-silico predicted flux profiles of the

L. major metabolic network and its topological properties with the evolutionary
rates of metabolic enzymes. Our results suggest that the central, highly connected

metabolic enzymes evolve at a faster rate as compared to less connected enzymes.
On the contrary, enzymes bearing a higher flux under a minimal environment with
rich carbon sources presented by the host, experience higher evolutionary con-
straints. Performing a genome-wide flux coupling analysis, we also explain the
trend of evolutionary rate within enzymes belonging to flux-coupled pathways.
Also, we explain the relationship of codon usage with network flux to understand
the influence of the genome on metabolic function. Our study highlights the impor-
tance of systems-based approaches to understand the role of enzymatic evolution
in L. major thereby leading to an adaptive description of metabolic function.

∗This work is supported by a grant from 12th FYP project HOPE (BSC0114) of Council
of Scientific and Industrial Research (CSIR), India to RRS. AS acknowledges the Senior
Research Fellowship from DBT-BINC.
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1. Introduction

Leishmaniasis is a neglected tropical disease caused by Leishmania proto-

zoan parasites and is transmitted to mammalian hosts (both human and

animal) through bites of infected female sandfly vectors. Around 310 mil-

lion people are at a risk of the leishmaniasis infection globally, with 1.3

million reported leishmaniasis cases worldwide [1]; this problem being in-

tensified by the unavailability of a vaccine [2, 3, 4] and very few effective

drugs [5, 6]. The reason for this incapability to eliminate the parasite is due

to the incomplete understanding of parasite metabolism and its ability to

adapt to different stress conditions. This problem is further intensified by

the fact that the role of the genotype in establishing an adaptive phenotypic

landscape is still not appropriately studied. These diverse problems can be

addressed only by unraveling evolutionary events within the Leishmania

genomes that lead to evolution of enzymes under environmental pressure.

With the advent of evolutionary systems biology approaches [7, 8], the

effect of enzyme evolution on the metabolic phenotype of organisms can

further help to understand the coordinated functioning of metabolism so

as to adapt to the environmental pressure.

Previously, a large number of topology-based studies have been used to

infer evolution of enzymes in metabolic networks of bacteria and yeast [9,

10, 11]. Also, from the function or behavioral point of view, few studies

have also attempted to understand the role of flux carried by an enzyme and

its role in enzyme evolution [12, 13, 14, 15]. But, specifically for Leishma-

nia, the genotype and phenotype has largely been analyzed independently

without considering an explicit evolutionary linkage between them [16, 17,

18, 19]. Also, there is no available study on the phenotypic perspective

of metabolic enzyme evolution in Leishmania. The aforementioned studies

have been largely carried out in free-living species that experience different

types of environmental stresses as compared to parasites which live in a

constrained and less variable, nutrient-deprived stress environment.

In the present study, we attempt to explore the effect of phenotypic

adaptation on enzyme evolution in Leishmania major metabolism by con-

sidering the different structural and behavioral network properties of the

L. major metabolic network and identifying their associations with rates

of enzyme evolution. By finding associations between genomic features like

codon usage, GC content and the evolutionary rates, we hypothesize the

nascent role of codon usage in modulating enzyme abundance and thereby

producing an effective regulation of metabolic flux. Further, representing

www.ebook3000.com
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the metabolic network as an enzyme graph, we calculate the connectivity

and centrality of enzymes with other enzymes that produce or utilize their

reactants or products and identify their associations with rates of enzyme

evolution. With known systems biology approaches like Flux Balance Anal-

ysis (FBA) [20] and Flux Coupling Analysis (FCA) [21], we explore the flux

distribution of the enzymes within the metabolic network to predict their

associations with evolutionary rates and also to identify conserved physio-

logicalmodules that tend to demonstrate similar evolutionary relationships.

Further, we also asked the question whether the enzymes conserved dur-

ing evolution display similar topological properties or not. Analyzing these

properties, we shortlisted a set of enzymes that are highly conserved during

evolution and also have an important position within the metabolic net-

work. Together our results suggest the importance of a phenotype-based

evolutionary study on evolution of enzymes in L. major metabolism —

to delineate the effect of network structure and behavior on evolution of

metabolic enzymes and to identify the degree to which the evolutionary

conservation of enzymes within the genotype exerts a control over the phe-

notype.

2. Methods

2.1. Dataset curation

For calculation of Ka/Ks ratios of genes in L. major, coding set of se-

quences (CDS) datasets for 5 Leishmania genomes namely Leishmania

major Friedlin, Leishmania donovani BPK282A1, Leishmania infantum

JPCM5, Leishmania braziliensis MHOM BR75 M2904, and Leishmania

mexicana MHOM GT 2001 U1103, and the whole proteome mass spectra

data for each gene in L. major were downloaded from TriTrypDB release

25 [22] (updated as of 23rd July 2015). The L. major Friedlin dataset was

further processed for extraction of CDS of genes belonging to the previously

curated L. major iAC560 metabolic network [16]. Orthologous groups were

downloaded for each gene considered in the iAC560 study from the TriT-

rypDB database [22], and their corresponding sequences were extracted

from the genomes of L. braziliensis, L. donovani, L. infantum and L. mex-

icana using an in-house PERL code.

2.2. Calculation of evolutionary rates

The Ka/Ks ratio [ratio of number of non-synonymous substitutions per

synonymous site (Ka) to number of synonymous substitutions per syn-
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onymous site (Ks)] was calculated for each gene (enzyme) considered in

the L. major iAC560 metabolic network [16]. Ka/Ks ratios for each gene

were calculated by performing a multiple sequence alignment of the gene

of interest with its orthologous sequences from the evolutionarily related

L. infantum, L. donovani, L. mexicana and L. braziliensis species. The

multiple sequence alignment file was further processed using a standalone

version of the PAL2NAL [23] program to remove sequence positions with

gaps and to extract corresponding codon alignments. The processed file

was then provided to the PAML program version 4.8a [24] to calculate the

Ka/Ks ratios for each metabolic gene using the Goldman and Yang codon

substitution model [25]. The Ka/Ks ratio is a measure that quantifies

the degree of natural selection acting on a protein. Ka/Ks > 1 indicates

negative purifying selection, Ka/Ks = 1 indicates neutral evolution and a

Ka/Ks > 1 denotes positive selection acting on a protein.

2.3. Flux balance analysis

The L. major iAC560 constraint-based metabolic model [16] was used to

study the behavior of L. major metabolism. The model reactions with the

corresponding metabolites can be represented as a stoichiometric matrix

S, a mathematical representation of the metabolic network. The S matrix

consists of m reactions and n metabolites. Each element in Sij represents

the stoichiometric coefficient of metabolite i in reaction j. The coefficients

are positive if metabolite i is produced in reaction j and negative if it

is consumed. The iAC560 model comprises of 1112 reactions and 1101

metabolites. Each reaction in the model is constrained with respect to

some previously available information. For example, there are 63 exchange

reactions within the model which can be selectively constrained as per the

preference of the cell tomimic a specific metabolic behavior. After applying

the required constraints to the iAC560 model, FBA [20] was performed.

The rate of change of concentration of every metabolite considered in

the iAC560 model can be represented as a function of individual reaction

fluxes

dC

dt
= S.v (1)

Where, C = vector ofmetabolite concentrations; S = stoichiometricmatrix

of m rows of metabolites and n columns of reactions; v = reaction flux

vector for n reactions.

Assuming the system to function at steady state, from Eq. (1),

www.ebook3000.com
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dC

dt
= 0 and S.v = 0 (2)

As the nature of this system is underdetermined, FBA uses linear pro-

gramming (LP) techniques to solve the above system of equations and iden-

tify a solution vector (flux distribution) in a particular constrained situation

that would optimize a specific cellular objective.

Note that each reaction flux vi in the flux vector is constrained between

bounds ai and bi such that, the LP optimization problem is formulated as,

Maximize O,

subject to constraints S.v = 0 and ai ≤ vi ≤ bi,

where O = Objective function to be maximized, ai is the lower bound and

bi is the upper bound of flux through every reaction i in the model.

To perform FBA, all reversible reactions were bounded between a = -1000

and b = 1000 and irreversible reactions between a = 0 and b = 1000. Ex-

changes specifically considering release of a particular metabolite from the

cell were bounded between a = 0 and b = 1000 whereas exchanges consider-

ing uptake of ametabolite were bounded between a = -1000 and b = 0. The

L. major biomass reaction (Biomass LM3) in the iAC560 model was used

as the objective function for linear optimization. Minimal medium used in

the analysis was previously predicted in the L. major iAC560 study [16].

The exchanges of metabolites that composed the minimal medium (argi-

nine, cysteine, histidine, hypoxanthine, isoleucine, leucine, lysine, methio-

nine, oxygen, phenyalanine, inorganic phosphate, threonine, tryptophan,

and valine) were kept unconstrained (a = -1000, b = 0) due to their essen-

tial requirement. The metabolic flux magnitude for reactions, calculated in

different conditions, is expressed in mmol/gDw/hr.

2.4. Codon usage and GC content

To understand the relationship between the genotype and the pheno-

type, both codon usage and GC content were studied and compared with

metabolic behavior of L. major. Codon adaptation index (CAI) is a widely

used measure of codon usage that assesses the degree of translation selec-

tion acting upon a gene [26]. CAI is calculated for every gene relative to

a known reference set of highly expressing genes as a geometric mean of
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relative synonymous codon usage (RSCU) values.

CAI = exp
1

L

18∑

i=1

ki∑

j=1

xij ln(wij), where wij =
RSCUij

RSCUimax

(3)

RSCUimax is the relative synonymous codon usage of the most fre-

quently used codon for the ith amino acid and L is the length of the gene.

The weight wij is calculated from a reference set of highly expressing genes.

The values of CAI are scaled between 0 and 1. CAI value for each gene in

L. major used in the main analysis was taken from our previous study [18,

19].

The frequency of G and C in different codon positions (GC1s, GC2s,

and GC3s) can be computed as the sum of counts of G and C nucleotides

divided by the sum total of frequencies of A, T, G and C at the respective

positions in the codons.

GCns =

∑
Gn +

∑
Cn∑

An +
∑

Tn +
∑

Gn +
∑

Cn

(4)

where GCns is the frequency of G and C at the nth synonymous position

of the codon (n = 1, 2, 3) in a particular gene. Average GC content for a

gene and average GC content at the 3rd position of a codon in each gene

of the L. major genome were taken from our previous study [18, 19].

2.5. Flux coupling analysis

To identify functional modules within the L. major genome-scalemetabolic

network, the flux coupling analysis method was used [21]. Flux coupling

analysis identifies directionally coupled, partially coupled, and fully coupled

reaction pairs within the metabolic network under specific exchange con-

straints. Reaction pairs are directionally coupled when a non-zero flux in

one reaction leads to a non-zero flux in the other reaction but the reversible

is not possible, partially coupled when a non-zero flux in one reaction leads

to a non-zero variable flux in the other reaction, and fully coupled when a

non-zero flux in one reaction leads to a non-zero fixed flux through other

reaction. The analysis was performed using the F2C2 tool [27] that com-

putes a flux coupling table (fctable) for the iAC560 model that identifies a

714 x 714 flux coupled matrix that contains information about the coupled

reaction pairs. For the purpose of identifying functional modules, an undi-

rected flux coupled reaction graph was generated by modifying the fctable,

considering the reaction pairs to be either coupled (1) or uncoupled (0).
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The uncoupled reaction pairs were removed from the graph to generate a

614 x 614 adjacency matrix.

2.6. Topological analysis of enzyme graphs

To understand the topological properties of L. major metabolism, the

iAC560 metabolic network was converted into an undirected reaction (en-

zyme) graph where the nodes are the enzymes and each edge is a connection

between two enzymes through the substrate and product metabolites. The

enzyme graph was generated using the TNA4OptFlux plugin [28] in Opt-

Flux 3.2.8 [29]. Similarly, for the flux coupled reaction graph, the flux cou-

pling table was modified to consider only coupled and uncoupled reaction

pairs thereby generating an undirected flux coupled enzyme graph. The

graph diagram for the flux-coupled reaction graph was generated in Gephi

0.8.2 using the Fruchterman-Reingold algorithm [30]. The aforementioned

generated enzyme networks were then analyzed for its topological prop-

erties [31]. The following topological properties were calculated from the

enzyme graphs:

(1) Degree centrality: This graph measure gives the information about

the total number of enzymes connected to a particular enzyme

within the enzyme graph. A node having a higher number of con-

nections can imply the considered node to be a hub and random

disruption of such nodes might lead to network failure.

(2) Closeness centrality: This graph measure gives information about

enzymes that can communicate quickly with other enzymes in the

network. Let G = (N, E) be an undirected graph where N = nodes

and E = edges, then the closeness centrality is defined as,

Ccloseness(i) =
1

∑N

x∈N d(i, x)
(5)

where Ccloseness indicates the closeness centrality of a particular

enzyme and d(i,x) denotes the distance or shortest path of enzyme

i with another enzyme x in the network. This centrality measure

has been previously used in metabolic networks to identify central

nodes [32].

(3) Betweenness centrality: This graph measure gives information of

the number of shortest paths between a pair of enzymes that passes

through a given enzyme in the network. The enzymes thus identified
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would act as bottlenecks (rate-limiting reactions) for functioning of

a pathway. The betweenness centrality can be defined for a graph

G = (N,E ) as,

Cbetweenness(i) =
∑

x,y∈N

σx,y(i)

σx,y

(6)

where σx,y(i) indicates the number of shortest paths passing through

node i and σx,y indicates the total number of shortest paths between

x and y.

(4) Eigenvector centrality: This graphmeasure terms an enzyme within

the network to be more important and powerful if it is a connected

to a large number of important neighboring enzymes. In mathe-

matical terms, the eigenvector centrality is the eigenvector (Cev) of

the largest absolute eigenvalue (λmax) such that Cev = ACev where

A is the adjacency matrix of graph G.

The degree, closeness and betweenness centralities were calculated using

Cytoscape version 3.2.1 [33]. The eigenvector centrality was calculated

using the CytoNCA 2.1.6 plugin within the Cytoscape environment [34].

Also, the completely connected components within the flux-coupled reac-

tion graph were extracted using Cytoscape version 3.2.1 [33].

2.7. Statistical analyses

For finding associations between the genomic and pathway features, the

non-parametric Spearman correlation was used. Spearman correlation co-

efficient is indicated by ρ in the following sections. Correlations were calcu-

lated using the Statistical toolbox within the MATLAB R2012, Mathworks.

Throughout the study, correlation measures with p-values < 0.01 were con-

sidered to be significant.

3. Results

3.1. Influence of network connectivity on enzyme evolution

The connectivity of an enzyme with other enzymes in a metabolic network

is an important factor that decides the utilization of metabolites and its

distribution within a network. Further, enzymes belonging to central parts

of metabolism tend to be more connected than the periphery [12]. Also,

connectivity of proteins in a network provides information about functional

modules that work in synchrony [13, 35]. To analyze this, the L. major
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metabolic network was considered as an enzyme graph. Further, to un-

derstand the relationship between connectivity (total degree) of an enzyme

within the L. major enzyme graph and its evolutionary rate, the relation-

ship between calculated Ka/Ks ratios and connectivity of the enzymes was

analyzed (Fig. 1(A)). The Ka/Ks ratios demonstrate a weak positive asso-

ciation with enzyme connectivity. Although the variance is low over large

connectivity ranges, the positive association of median evolutionary con-

straints with connectivity can be observed for enzymes whose total degree

ranges between 0 - 400 (Fig. 1(B)). Around 96% of the enzymes within

the network have a degree between 0 - 400, suggesting that the positive

association though weak, holds over a broad range of enzyme connectivi-

ties. In a previous study, the association of Ka/Ks ratios with closeness

and betweenness centralities of the metabolic network was also computed

[15] to understand the association of topological properties with evolution-

ary rates. Hence, we also calculated closeness and betweenness centralities

for the network and analyzed its association with evolutionary rates. The

closeness centrality is a topological measure that identifies nodes (enzymes)

that can communicate spontaneously with other nodes in a network [31].

Closeness centrality of enzymes also, demonstrates a positive association

with evolutionary rates. On the contrary, betweenness centrality that iden-

tifies bottleneck nodes in a network [31] did not display any significant

correlation with evolutionary rates. These results collectively emphasize

that highly connected and central enzymes are least constrained during

evolution. The L. major metabolic network is thus, highly adaptive in na-

ture and confers the ability for enzymes to acquire new connections. To

understand the reason for this association the relationship of enzyme con-

nectivity with protein abundance was analyzed and was found to display

no significant correlation.

3.2. Metabolic flux and enzyme evolutionary rates

Metabolic networks of Leishmania parasites utilize various combinations of

substrates from the cellular environment so as to optimize cellular growth

under different environmental constraints [16, 17]. The activity of enzymes

within the network is highly defined by the metabolite flux experienced

by an enzymatic reaction. As parasites relatively experience a less variable

but constrained host environment through evolution, the parasitemetabolic

network is highly adapted to its constrained environment. Hence, to un-

derstand the relationship between enzymatic flux and the rate of enzyme
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Figure 1. Relationship of enzyme connectivity with evolutionary rates. (A) Scatter
plot demonstrating the relationship of enzyme connectivity with evolutionary rates.

(B) Histogram demonstrating the trend of median evolutionary constraints with enzyme
connectivity (binned). The standard errors in each bin are also shown. (C) Associations

of different topological properties with Ka/Ks ratios.

evolution, flux through each enzyme within the network was calculated

using flux balance analysis [20] while considering various combinations of

metabolite exchanges. As Leishmania parasites utilize a plethora of carbon

sources from the environment [36, 37], metabolite exchanges of glucose,

glycerol, and D-ribose were selectively constrained, along with exchanges

that are known to be essential (representative of a minimal medium re-

ported in [16]) and the relationship of reaction flux with evolutionary rates

was studied. In each environmental condition, flux carried by the enzymes

display a significant negative correlation with Ka/Ks ratios (Fig. 2(A));

with enzymatic flux in presence of glucose, glycerol and D-ribose display-

ing the strongest correlation. These results suggest that enzymes with a

higher flux evolve slowly, over a broad range of environmental variations.

Further, enzyme flux maintains an exponential relationship with evolution-

ary constraints (Fig. 2(B)). Enzymes carrying higher flux also demonstrate

a significant positive association (ρ = 0.2494, P < 0.01) with enzyme abun-

dance, suggestive of a likely increase in enzyme concentration towards op-

timal utilization of environmental sources. But, on the contrary, enzyme

abundance did not significantly correlate with evolutionary rates, suggest-

ing that abundance of a particular enzyme is used as a tool in maintaining

optimal flux, although it is not evolutionarily constrained. Further, the

flux as opposed to enzyme expression is significantly constrained during
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evolution, indicative of the relative metabolic adaptation of the L. major

metabolic network to environmental fluctuations.

Figure 2. Metabolic flux carried by an enzyme and its relationship with rate of evolu-
tion. (A) Association of enzymatic flux with Ka/Ks ratios under different environmental
constraints. (B) Relationship of Ka/Ks ratios with metabolic flux magnitude expressed

in mmol/gDw/hr.

3.3. Relationship of codon usage and GC content with

evolutionary constraints

Leishmania genomes are extensively GC-biased and demonstrate distinct

codon usage bias [18, 19]. Further, the role of codon usage in governing

translational selection of genes and GC mutational bias at the 3rd posi-

tion in generating codon usage bias has been previously implicated in our

work [18]. With this primary information, we asked the question whether

codon usage and GC bias of proteins in L. major, the metabolic enzymes

in particular, are associated with evolutionary rates or not. A significant

negative correlation (ρ = -0.5407, P < 0.01) between codon adaptation in-

dex (CAI) values of proteins in L. major and Ka/Ks ratios was observed

(Fig. 3(A)). Thus, proteins in L. major with a high codon usage bias tend

to be highly constrained during evolution. The negative association also

holds for metabolic enzymes in particular within L. major (ρ = -0.4891, P

< 0.01). As observed previously [18], the GC content at 3rd position also

negatively correlates with Ka/Ks ratio (Fig. 3(B)), suggestive of purify-

ing selection at the wobble position leading to codon usage bias. The role

of these genomic features in regulating the phenotype of the L. major is

still unexplored. Hence, we also probed further to understand the relation-

ship between codon usage and the metabolic flux phenotype of L. major

metabolism. This flux profile was generated using FBA while constraining

for glucose, glycerol and D-ribose exchanges, along with exchanges com-
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prising the minimal medium. No significant association was obtained for

CAI values of metabolic enzymes and flux. Previously in our work, we have

implicated that codon usage bias is positively associated andmight regulate

protein expression/abundance [18]. As biased codon usage is an outcome of

mutations and subsequent negative selection, genes of metabolic enzymes

with high CAI are highly constrained for efficient translation. Hence, genes

of enzymes with high CAI, demonstrate higher expression; thereby regu-

lating enzymatic flux through the metabolic network. These results collec-

tively suggest that the relationship between the genotype and phenotype is

rather complicated and requires a similar in-depth analysis to identify the

links.

Figure 3. Relationship of genomic features with evolutionary rates. (A) Scatter plot
showing relationship of CAI with Ka/Ks ratios for all genes (having greater than 200
codons) in L. major. (B) Scatter plot showing relationship of GC content at the 3rd

(wobble) position of a codon with Ka/Ks ratios for all genes within the L. major genome.

3.4. Metabolic modules and enzyme evolutionary rates

Physiologicalmodules in metabolic network have been reported to be evolu-

tionarily conserved in E. coli [38]. Physiologicalmodules can be discovered

within metabolic networks through flux coupling analysis in genome-scale

models [39]. The dependence of reactions for metabolites and cofactors on

other reactions leads to flux coupling that enables a group of enzymes to

be conserved during evolution.

3.4.1. Flux coupling analysis of the metabolic network

Flux coupling analysis in the L. major iAC560 metabolic model identified

1393 fully coupled, 718 partially coupled, and 11946 directionally coupled

reaction pairs when constrained for essentialmetabolites (minimalmedium)
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along with carbon sources like glucose, glycerol, and D-ribose. Using this

information, a flux-coupled reaction graph where each node corresponds to

an enzymatic reaction and the edge representing a flux-coupled interaction

was generated (See Methods section for details). Each node in this network

represents an enzymatic reaction. The flux coupled reaction graph can be

observed in Fig. 4(A), where the densely coupled enzymes (indicated by

their degree) are in the center and loosely coupled enzymes arranged in the

periphery. The generated flux-coupled reaction graph was further processed

to extract completely connected components or subgraphs. It is to be noted

that these subgraphs do not represent a complete graph or clique. Around

59 distinctly connected components were identified from the flux-coupled

reaction graph (Fig. 4(B)). The largest subgraph consisted of 465 reactions

belonging to various pathways. We term this subgraph as the core subnet-

work as it uniquely contains core metabolic enzymatic reactions belonging

to glycolysis, citrate cycle, oxidative phosphorylation, purine metabolism,

pentose-phosphate pathway, and fatty acid biosynthesis. The other sub-

graphs represented small pathwaymodules, where each connected subgraph

containsmetabolic reactions uniquely representing a pathway. Themodules

thus identified comprised of enzymes related to limonene and pinene degra-

dation, cysteine metabolism, glycerolipidmetabolism, tyrosinemetabolism,

methionine metabolism, phenylalanine metabolism, glutamate metabolism,

and arginine-proline metabolism (these modules have been presented in a

row-wise order in Fig. 4(B)).

3.4.2. Completely connected subgraphs and enzyme evolution

Enzymes of subgraphs havingmore than two nodes were further scrutinized

to study their evolutionary properties. Enzymes of the tyrosine, methion-

ine, phenylalanine and arginine-proline pathwaymodules demonstrate same

Ka/Ks ratios. Enzymes of the limonene and pinene degradation, cysteine

metabolism, glycerolipid metabolism, and glutamate metabolism pathway

modules display a minor variation in Ka/Ks ratios (Standard deviation

ranging between 0.03–0.24). Thus, small pathway modules are evolution-

arily conserved in L. major metabolism. Further, the core subnetwork was

analyzed for its evolutionary properties. The enzymes of the core subnet-

work displayed a large variation in Ka/Ks ratios with around 51% reac-

tions displaying a strong negative selection [Ka/Ks ratios between 0–0.1]

(Fig. 5(A)). We further investigated the functional significance of these

evolutionarily conserved enzymatic reactions due to which they remain un-
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Figure 4. Flux coupling analysis of the L. major iAC560 constraint-based model.

(A) Flux coupled reaction graph in a degree-sorted layout fashion. (B) Completely

connected subgraphs extracted from the Flux-coupled reaction subgraph.

changed throughout evolution. For understanding their functional roles,

topological properties of the core subnetwork enzymes was calculated for

each of the enzymes demonstrating evolutionary rates between 0–0.1. The

mean topological properties for enzymes in the core subnetwork have been

reported in Table 1.

Table 1. Mean topological proper-
ties of the core subnetwork enzymes.

Property Value

Closeness Centrality 0.4018

Degree centrality 55.0314

Betweenness centrality 0.0035

Eigenvector centrality 0.0298

Considering mean eigenvector and degree centralities as the cut-off (Ta-

ble 1), it was observed that most of the conserved enzymatic reactions are

less central (centralities less than average) in the core subnetwork represent-

ing the periphery and are coupled to a small set of enzymes (Figs. 5(B) and

5(C)). Peripheral nodes have been observed to support eukaryotes in adapt-

ing to different environments [40]. Whereas, enzymes having a centrality

value greater than the mean centrality of enzymes within the core subnet-

work represent the central innermost core (Figs. 5(B) and 5(C)). This hier-
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Figure 5. Evolutionary and topological modules within the core subnetwork. (A) Vari-

ation in the evolutionary rates of enzymes within the core subnetwork. (B) Number of
core subnetwork enzymes (with Ka/Ks ratios between 0–0.1) for different bins of eigen-
vector centrality observed within subnetwork. (C) Number of core subnetwork enzymes
(with Ka/Ks ratios between 0–0.1) for different bins of degree centrality observed within

subnetwork.

archy probably allows the L. major metabolism to adapt to different carbon

sources. These central enzymes are least sensitive to amino acid changes,

whereas topologically the most sensitive as they are largely coupled to other

metabolic reactions within the core subnetwork. These enzymes belong to

a variety of pathways (Table 2) with purine metabolism representing 25–

34% and pyrimidine metabolism representing 11–15% of total conserved

core of enzymatic reactions. Some noteworthy mentions include mitochon-

drial ATP synthase that demonstrated the highest eigenvector centrality

(0.0962) and degree (251), guanosine kinase (eigenvector centrality 0.0951;

degree - 141), phosphomannomutase (eigenvector centrality 0.0942; degree

- 137) and trypanothione reductase (eigenvector centrality 0.0936; degree -

132) within the core subnetwork.

4. Discussion

Leishmania major, causative organism of cutaneous leishmaniasis demon-

strates a complex lifecycle within two distinct host environments the hu-

man macrophage and the midgut of the sandfly, where it is exposed to

variable sets of environmental stresses. Even then, a long-standing evolu-

tionary relationship of the L. major parasite with its hosts [41] has endured
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Table 2. Number of core enzymatic reactions in each pathway with eigenvector and

degree centrality greater than average.

Enzymes having Enzymes having

Pathway greater than average greater than average

Name eigenvector centrality degree centrality

Citrate cycle 1 2

Fatty acid biosynthesis 4 4

Fatty Acid Degradation 6 6

Fructose and 1 1
mannose metabolism

Glutamate metabolism 1 1

Methionine metabolism 2 3

Trypanothione metabolism 1 1

Oxidative phosphorylation 1 1

Pentose phosphate pathway 1 1

Phenylalanine, tyrosine 1 0
and tryptophan biosynthesis

Purine metabolism 13 13

the parasite metabolism with the ability to adapt and sustain the experi-

enced stresses. The genome of the L. major parasite contains the historical

account of the probable evolutionary events that must have led to the adap-

tive functioning of metabolism to the exposed environments. In our study,

we analyze the blueprint of the L. major genome that is its genotype, and

attempt to find associations with its phenotype thereby predicting a linkage

between the evolutionary and functional features of L. major metabolism.

For this, we attempt to understand the behavioral features of the previously

curated L. major metabolic network [16] and its effect on the evolution of

the corresponding enzymes within the L. major genome.

Our results reveal that the enzyme network of L. major is highly adap-

tive in nature as densely connected, central enzymes demonstrate faster

evolutionary rates as compared to less connected enzymes [42]. This fur-

ther indicates the possibility for the development of new functional associ-

ations within the metabolic network of L. major. A similar positive trend

of enzyme connectivity and evolutionary constraints was observed in 96%

of enzymes further substantiating our claim. Further, the distribution of

the fluxes within the metabolic network tends to be negatively associated

with evolutionary constraints, where enzymes with a higher flux tend to be

relatively more constrained during evolution. A probable reason as specu-
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lated in studies on yeast metabolism [12], enzymes carrying higher fluxes

produce reaction products that would be utilized by a number of path-

ways and hence, they experience a high rate of purifying selection. It was

further observed that this behavior holds true for environments with vari-

able carbon sources establishing the evolutionary conservation of enzymes

carrying higher fluxes, even under varying environmental conditions. This

also revealed the possibility that the parasite might possess an evolution-

arily conserved core catabolic pathway/route that has the ability to utilize

different carbon sources.

Further, a positive association of enzymatic flux with enzyme expres-

sion/abundance also suggested that a higher flux is probably maintained

through specific enzymes by regulation of their expression in response to en-

vironment. To further understand the possibility of regulation, we further

probed into the role of genome in regulating metabolic flux. Previously,

codon usage was shown to positively correlate with protein abundance [18].

Also, it could be observed that codon usage is negatively associated with

evolutionary constraints. This result suggests the role of biased codon usage

in influencing selection towards efficient translation and hence, regulation

of protein expression. This was also supported by the fact that the 3rd

synonymous wobble position of the codon in L. major experiences a strong

purifying selection. This further substantiates codon usage to be one of the

most important mechanisms selected during evolution to store information

regarding the adaptation of the metabolic network to its environment via

regulation of enzyme expression.

From our study one can observe that the predicted associations between

the genotype and phenotype properties are weak in magnitude; but on the

other hand, it is obvious considering the fact that a number of factors other

than flux, like gene regulation and structural constraints affect the evolution

of enzymes. Apart from all this, an important point to be noted here is

that, there is still a degree of significant association that exists between

network function and enzyme evolution.

The negative association of flux with evolutionary constraints under dif-

ferent conditions further raised the possibility of a core metabolic route

within the parasite. To verify this, we performed flux-coupling analy-

sis where the flux-coupled reaction graph was extracted from the actual

metabolic network. From the flux-coupled reaction graph, physiological

functional modules or independently functioning groups were extracted and

analyzed for their evolutionary rates. It was identified that enzymes in each

physiological module tend to possess similar evolutionary rates. A similar



February 23, 2016 16:41 ws-procs9x6-9x6 BIOMAT2015-01 page 18

18

result was reported for different eukaryotes [40]. Also, a hierarchy can be

further seen within the core subnetwork, where there are a large number

of less connected peripheral nodes and less number of highly connected in-

nermost core enzymes suggesting the probable role of this hierarchy in the

maintaining the adaptability of the L. major metabolic network to absorb

different nutrients from the environment and provide it to the core for its

utilization. Further, it was also observed that enzymes belonging to the

core subnetwork tend to demonstrate a significant variation in evolution-

ary rates. The topological properties of the enzymes with high evolutionary

constraints (Ka/Ks between 0–0.01) were further investigated to get a func-

tional perspective for evolutionary conservation. Topological analysis of the

core subnetwork of the flux-coupled reaction graph revealed that there were

a large number of peripheral nodes as compared to highly connected cen-

tral nodes that demonstrate higher evolutionary constraints. Further, the

densely connected central nodes belonged to important pathways for uti-

lization of different carbon sources like glycolysis, fatty acid biosynthesis

and degradation, glutamate metabolism, etc. each connected with path-

ways for energy generation, DNA/RNA synthesis and combat of oxidative

stress. Enzymes of these pathways represent both, sensitivity to amino acid

changes and to functional perturbations deeming them to be evolutionar-

ily and topologically central and important modules for parasite survival

under different conditions.

All these results indicate the existence of a complex relationship be-

tween the genotype and the phenotype of the Leishmania major parasite

and the necessity of an in-depth analysis to reveal genomic features asso-

ciated with the metabolic behavior. Most importantly, this study strongly

emphasizes on the influence of metabolic network structure and function on

rate of enzyme evolution. Also, by bridging the links between the genotype

and phenotype, we highlight that the L. major genomes contain imprints

of physiological adaptations to variable environmental conditions thereby

exerting a slight but effective control over regulation of metabolism.
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Influenza causes many deaths and affects millions of individuals worldwide every
year. Immunity against influenza can be acquired through natural infection or
vaccination. Immunity, however, will wane over time as immune system cells die
and the ciruclating influenza strains evolve. We have developed a model to study
the effects of waning immunity over two years of infection and vaccination history.

Results show that natural infection in the previous year and immunization in the
current year provide the best protection against seasonal influenza, depending
on the transmissibility of the circulating strain. Using our results, targets for
reduction in influenza incidence can be determined. These results are relevant
to public health, allowing updates of vaccination coverage targets are the relative
fitness between the current circulating strain to the vaccine and previous year’s
circulating strain change.

1. Introduction

Influenza is a globally important respiratory pathogen that causes a high

degree of morbidity and mortality from nearly annual epidemics and occa-

sional pandemics. Influenza epidemics generally occur in the winter months:

∗This work is supported by NSERC and MITACS.
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November–April in the Northern hemisphere and in May–September in the

Southern hemisphere. Worldwide, these annual epidemics result in about

three to five million cases of severe illness, and about 250 000 to 500 000

deaths1. Despite preventive measures annual epidemics of influenza con-

tinue to cause a large economic burden and societal disruption.

The influenza virus continuously undergoes antigenic change by two

mechanisms: antigenic drift and antigenic shift. Annual seasonal outbreaks

of influenza are considered to rely on the process of antigenic drift, where

gradual accumulation of amino acids (mutations) occur in all influenza gene

segments, but particularly in the two surface glycoproteins HA and NA

which are constantly subjected to selection pressure by the host’s defense

mechanism2. This continuous evolutionary process gives rise to viral strains

which are sufficiently antigenically distinct from strains recognizable by host

antibodies (acquired immunity), to other forms less recognizable and thus,

more successful at infecting hosts.

For many viral and bacterial infections, the probability of reinfection

of a recovered host increases as time following infection elapses. In other

words, host immunity wanes with time. Recent studies suggest that ac-

quired immunity to influenza decays rapidly over the first few months after

infection and then gradally for a few years3,4. Since immunity wanes with

time, the influenza virus need not mutate to a completely new antigenic

form. Rather, the influenza virus benefits from each additional amino acid

replacement in its surface proteins by becoming slightly less recognizable

to the hosts on whom it previously conferred immunity. The combination

of waning immunity and antigenic drift thus gives rise to immune-escape

variants in a very short time period, 1–2 years3. Furthermore, herd immu-

nity, where individuals that have not been infected by a particular strain

are still protected from infection i.e. achieving a level of immunity in recov-

ered individuals sufficiently high to measurably reduce attack rates in the

community5,6,7,8, is deemed ineffective, and human populations are exposed

to new but related influenza strains on an annual basis.

Vaccination is used to combat the effects of antigenic drift and the

waning of immunity, to induce immunity in individuals such that, if they

are exposed to viral strains related to those included in the vaccine, they

have a high probability of resisting infection. Vaccines can give a high

degree of protection in healthy immunocompetent individuals9,10. However,

the efficacy of the annual influenza vaccine varies from year to year due to

changes in the identity of the circulating influenza strains. Also, immunity

gained from vaccination also wanes with time11,12. Vaccination can benefit
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a population by inducing short term herd immunity (for 1–2 seasons), but,

if the allotted vaccine provides less than 70% protection, the vaccine will

not be effective in halting an epidemic9. A vaccine providing a high level

of protection in some individuals, also, may not be effective in producing

herd immunity since the induction of immunity is specific to the individual

and may depend on the individual’s immune system characteristics and

vaccination history13,14,15,16,17,18,19,20,21. Finally, through antigenic drift,

the circulating influenza strains may also evolve such that the vaccinating

strains becomes less effective over each seasonal epidemic22,23.

Since 1968, antigenic drift and the waning of immunity have forced reg-

ular vaccine updates8,24. Typically, three strains are included in the annual

vaccine, with these three strains chosen to be as similar as possible to those

projected to be the most prominent circulating strains in the upcoming in-

fluenza season. Influenza strains are reviewed in February (for the northern

hemisphere) and September (for the southern hemisphere), and during the

epidemic season, to detect new immune-escape variants and determine if

an update to the vaccine composition is necessary9,25,26. Vaccination for

influenza epidemics takes place annually in March-April for southern hemi-

sphere and in September-October for northern hemisphere populations. In

tropical and sub-tropical areas influenza activity tends to have less distinct

peak seasons and may occur throughout much of the year, but often with

two periods in which increased activity occurs.

The short-term evolution of influenza virus, annual flu vaccination and

the wanning immunity of individual whether it is acquired from prior in-

fection or vaccination are interrelated in the evolution and progression of

influenza. We are interested in studying the dynamics of seasonal influenza

A infections including the effects of antigenic drift, vaccination and waning

immunity in-host. The goal is to determine the impact of imperfect vac-

cines on the influenza season for various rates of influenza evolution. We

have developed a mathematical model of influenza capturing consecutive

epidemic (infection seasons) and inter-epidemic (between seasons) periods,

with and without vaccination. We compare the cumulative infection fol-

lowing two vaccination strategies — either throughout the entire epidemic

season or the first few days of each epidemic. In both cases, the vaccine

is assumed to be imperfect (70%–90% degree of protection), and covers

10%–30% of the population each epidemic season.
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Figure 1. Schematic diagram of epidemic and inter-epidemic model.

2. Model

The mathematical model is composed of two parts describing the epidemic

phase and the inter-epidemic phase respectively. A shematic of both models

can be seen in Figure 1.

2.1. Epidemic phase

The epidemic model consists of a system of ordinary differential equations

describing the interactions and dynamics of susceptible (S), infected (I), re-

covered (R), and vaccinated (V ) hosts. Susceptible and vaccinated hosts are

further delineated by infection and/or vaccination history, where the most

recent infection or vaccination is used to denote a host’s level of suscepti-

bility. Two years of infection and/or vaccination history are tracked where

Si and Vi, i = ∗, 1, 2, denote susceptible and vaccinated individuals that

are fully susceptible in the current year (S∗), vaccinated in the current year

(V ), were most recently infected by influenza i years ago where i = 1, 2, or

were most recently vaccinated i years ago where i = 1, 2. It is assumed that

vaccine uptake (δ) is constant over all susceptible and vaccinated classes,
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and that the infection/vaccination status decreases susceptibility (qi) to the

circulating influenza strain during the epidemic season. It is also assumed

that acquired immunity from the current or previous influenza seasons or

vaccinations will wane over time, and that the waning rate depends on the

current host class (ωj , j = S, V). Note that the waning rate pertains only

to the effective immunity towards the current circulating strain. Acquired

immunity gained from previous infections that is not effective against the

current circulating strain is not included in this model. Since it is assumed

that only the most recent infection determines the future immune status,

once infected (β), all S and V hosts move into the same infected class (I),

and then progress (ν) to the same recovered class (R). Natural birth and

death are also included in the model (μ). The model is as follows:

dS∗
dt

= μ(1− S∗)− βS∗I + ωSS2 + ωV V2 − δS∗ (1)

dS1

dt
= −βq1S1I − μS1 + ωSR− ωSS1 − δS1 (2)

dS2

dt
= −βq2S2I − μS2 + ωSS1 − ωSS2 − δS2 (3)

dV1

dt
= −βq3V1I − μV1 + ωV V − ωV V1 − δV1 (4)

dV2

dt
= −βq4V2I − μV2 + ωV V1 − ωV V2 − δV2 (5)

dV

dt
= −βq5V I − μV − ωV V + δ(S∗ + S1 + S2 + V1 + V2) (6)

dI

dt
= βI(S∗ + q1S1 + q2S2 + q3V1 + q4V2 + q5V − νI − μI) (7)

dR

dt
= νI − μR− ωSR (8)

where, β = β
0(1 + β1cos2πt/365), the parameters qi’s for i = 1, .., 5 rep-

resent the relative susceptibility of S1, S2, V1, V2 and V respectively. It is

assumed that the relation

q5 < q1 < q3 < q2 < q4 (9)

is satisfied, and reflects the relationship of the current ciruclating strain

to the circulating and vaccine strains of previous seasons i.e. the current

ciruclating strain is most closely related to the current vaccine followed

by last year’s circulating strain and then the vaccine given previous to that

influenza season, and then the cirulating strain two years previous and then

the vaccine strain given previous to that influenza season.
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Note that the epidemic model (8) can be classifed as an evolutionaly epi-

demic model27 since it accounts for changes in the influenza strain through

differences in host susceptibility and through waning immunity.

2.2. Inter-epidemic phase

During the inter-epidemic phase, the time elapsed between two consecutive

epidemics, it is assumed that the immune status of hosts changes to reflect

the waning of acquired immunity and the evolution of the virus via antigenic

drift. At the commencement of the inter-epidemic phase recovered hosts

from the epidemic model (R) are moved to the S1 class, individuals in S1

class are moved to the S2 class, and vaccinated individuals V1 are moved to

the V2 class. Hosts in the S2 class or V2 class lose immunological memory

from prior infection or vaccination completely and move to the naive class

S∗. Effective immunity against new infections also wanes with rate (ωj ,

j = I, V) similar to the epidemic model (8). In the inter-epidemic phase

natural birth and death (μ) also occur. The model stands as follows:

dS∗
dt

= μ(1− S∗) + ωSS2 + ωV V2 (10)

dS1

dt
= −μS1 − ωSS1 (11)

dS2

dt
= −μS2 + ωSS1 − ωSS2 (12)

dV1

dt
= −μV1 − ωV V1 (13)

dV2

dt
= −μV2 + ωV V1 − ωV V2 (14)

2.3. Uncertainty and sensitivity analysis

Numerical analysis is used to predict the impact of seasonal influenza vac-

cines over a 10-year, 20-year and 30-year period. Flu vaccine is assumed

to be 70%–90% effective (updated every year intending the dominant flu

strain) to that year’s strain and cover 10%–30% population in the first 40

days of each epidemic season. To account for uncertainty in parameter val-

ues, we sample parameter ranges using latin hypercube sampling28,29. Each

parameter is assigned a probability distribution function. Table 1 indicates

the parameter ranges used for the uncertainty analysis. Simulations are run

1000 times (with a unique parameter set for each simulation) for epidemics

with low, moderate or high initial transmissibility. Population-level effects
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Table 1. Parameter values.

Parameter Definition Minimum Maximum

q1 Reduced susceptibility of S1 0.1 0.5
q2 Reduced susceptibility of S2 0.5 0.9

q3 Reduced susceptibility of P1 0.35 0.75
q4 Reduced susceptibility of P2 0.5 1
q5 Reduced susceptibility of V 0.1 0.3

δ Proportion of population daily
vaccinated

0.001 0.009

Values
R0 Basic reproductive ratio 1.4, 1.8, 2.2
β Transmissibility β0 (1 + β1 cos(2πt/365))

β0 Baseline transmission R0/(ν + μ)
β1 Seasonality 0.2
ν Recovery rate 1/3
μ Natural death rate 0.00038706
ωS Waning immunity due to pre-

vious infection
1/(3*365)

ωV Waning immunity due to vac-
cination

1/(3*365)

of acquired and waning immunity are determined when infection and vacci-

nation are included in the model. Results from these studies are compared

to the results when vaccination is not included. To determine key model

parameters, time-dependent sensitivity analysis is conducted through the

calculation of partial rank correlation coefficients (PRCCs)28. PRCCs are

determined using 1000 values for each parameter, from the latin hyper-

cube sampling table, and the 1000 outcome values for the population-level

effect. Coefficients with the greatest magnitude (greater than 0.5 or less

than −0.5) indicate parameters with the largest effects on the outcome

variables. Parameters used in the uncertainty analysis are assumed to be

uniformly distributed.

2.4. Parameter values and model assumptions

Parameter values used for 8 and 14 are provided in 1. Vaccination is in-

troduced into the population when the susceptible populations (S∗, S1 and

S2)(in absence of vaccine) are at a consistent periodic orbit (a seasonal epi-

demic). Each influenza season is initiated with one infected individual and

ends when the infected population is approximately zero (≈ 10−8). The

model is analyzed to anticipate the population-level impact of the seasonal

flu vaccine when the virus has low (R0 = 1.4) moderate (R0 = 1.8) and

high (R0 = 2.2) levels of transmissibility.
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Model assumptions are as follows:

(1) It is assumed that one influenza strain is responsible for producing

the majority of infections in an influenza seasons. New strains of

influenza A are continuously arising due to genetic drift. However,

less than 1% of strains that successfully become globally established

account for 90% of all disease incidence globally3.

(2) It is also assumed that acquired immunity from vaccinations or pre-

vious infections is only effective in fighting influenza infection for

the next two influenza seasons. Influenza strains only survive in

circulation for 2–3 years3. Also, influenza can escape a significant

amount of herd immunity after only 2-3 years of mutation6,7,8.

(3) It is assumed that the influenza vaccine must be updated yearly,

and that the vaccine will be imperfect i.e. will not match the cur-

rent circulating strain with 100% probability. Short-term influenza

evolution gives rise to immune-escape variants that force updates

in vaccine composition. Regional and local epidemics, last between

3 and 6 months harbor the majority of viral reproduction and are

most likely to be the source of novel immunity-evading strains22.

(4) It is assumed that the current ciruclating strain is most closely re-

lated to the current vaccine followed by last year’s circulating strain,

then last year’s vaccine, then the cirulating strain two years previ-

ous, and then the vaccine strain given previous to that influenza

season. Influenza vaccine production begins as early as 6–9 months

before the beginning of vaccine distribution, before the onset of

the influenza season. The strains included in the vaccine are se-

lected depending on which strains are currently in circulation, how

each strain is spreading, and how well the current vaccine protects

against newly identified strains. It is therefore reasonable to assume

that immunity acquired from a vaccine preceding an influenza sea-

son will have a higher affinity to the current circulating strain than

immunity acquired from infection in the previous season.

(5) It is assumed that the immunity acquired from the most recent

infection or vaccination dominates the immune response against

the current circulating strain. This is assumed because the most

recent infection or vaccination will develop immunity (and boost

cross-reactive immunity) that is most closely related to the current

ciruculating strain than previous infections or vaccinations.
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Figure 2. Epidemics with or without vaccine. (a) Daily new infection for first 25 years
without vaccine (blue), next 25 years with vaccine by two different strategies — for
first 40 days in each epidemic (light gray) and throughout the entire epidemic (dark
gray). (b) Cumulative infection for first 25 years without vaccine and next 25 years with
vaccine. (c) Vaccination coverage for 25 years in two different strategies, light green (for
first 40 days), dark green (throughout the entire epidemic season). Yearly total vaccine
coverage is 30% in average for both the strategies, where daily uptake rate for first 40
days strategy is 0.0087, and the daily uptake rate for continuous vaccine throughout the
epidemic is 0.0027. Here R0 = 1.8.

3. Results

3.1. Epidemic dynamics without vaccine

Seasonal outbreaks of influenza are produced by the epidemic and inter-

epidemic models (8) and (14). Fig. 2(top, black line) shows that after

approximately twelve epidemics, the model produces periodic infections

representing influenza seasons where the basic reproduction ratio R0 is 1.8.

Cumulative infection over these epidemics is also shown in Fig. 2(bottom

left, black line).

3.2. Epidemic dynamics with vaccine

Vaccination against influenza can be given early in an epidemic season or

throughout it. The epidemic and inter-epidemic models (8) and (14) are

shown in Fig. 2(a) when vaccination is given throughout an epidemic period
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Figure 3. Cumulative reduction in new infections after 10 years of vaccination using

two strategies. Cumulative reduction after 10 years using first 40 days strategy is higher
than the cumulative reduction using continuous vaccination throughout the epidemic.

(dark gray) or in the first 40 days (light gray). When vaccine is available

throughout the entire epidemic season, the proportion of the population

vaccinated daily is 0.0027, where as if vaccine is only available during the

first 40 days of the epidemic season, the proportion of the population vac-

cinated daily is 0.0087. In both cases it is assumed that the same propor-

tion of the population has been successfully vaccinated with 30% annual

coverage and that the vaccine is 80% effective in producing a reduced sus-

ceptibility of q5 = 0.2 to the current circulating strain. It is evident that

seasonal epidemics are produced under both vaccination strategies, seasonal

epidemics of almost equal magnitude from year to year are realized.

Vaccination campaigns carried out in the beginning of an influenza sea-

son are more effective in reducing infections (Fig. 2, light gray) versus vac-

cination campaigns that continue throughout a season (Fig. 2, dark gray).

For example, Fig. 2 shows that, with the same level of vaccination coverage

over an epidemic season (30%, Fig. 2(c)), the cumulative number of infec-

tions is lower when the vaccine is given early in the epidemic (Fig. 2(b)).

This is further demonstrated in Fig. 3. Here within, we study only the

vaccination program completed at the beginning of an epidemic.

3.3. Effect of acquired immunity with no vaccination

Acquired immunity from previous influenza infections results in partial pro-

tection against the current circulating influenza strain, but effective immu-

nity providing partial protection will wane as immune system cells die and
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the influenza strain evolves. Uncertainty analysis with respect to q1 and q2,

the two key parameters responsible for the degree of protection from earlier

infection, shows that the total number of infecteds over an epidemic sea-

son increases more steadily as immunity wanes. Figure 4 shows the results

of the uncertainty analysis for q1 (left column) and q2 (right column) for

low (a), moderate (b) and high (c) rates of transmission (corresponding to

R0 = 1.4, 1.8, 2.2). In each case the median (gray line), inter-quartile values

(25% and 75%) and minimum and maximum values of the range increase

as q1 and q2 increase. This increase is almost linear in some cases (b and c,

with greater slope for q1 vs q2), but non-linear in others (a). Figure 4 also

shows that the variability in the total number of infecteds over an epidemic

season is greater as susceptibility increases when the transmissibility is low

(top row).

3.4. Effect of acquired immunity with vaccination

Acquired immunity from vaccination will provide some protection against

the circulating strain, but this immunity will also wane over time as immune

system cells die and the influenza strain evolves.

Figure 5 shows the cumulative reduction in new infections compared

to the case when no vaccine is used (assuming a vaccine efficacy of 70–

90%). The effects of acquired immunity from earlier infection or yearly

vaccination coverage are assumed to lie within the range 10%–30% (with

q5 < q1 < q3 < q2 < q4) in each epidemic. The effect of vaccination can

vary greatly, between 2%–18% reduction in cases (minimum and maximum

values, dashed lines), depending on the parameter values used (determined

through Latin Hypbercube Sampling). In a population with a low infection

rate (R0 = 1.4) and 10%–30% vaccination coverage each year, it takes

almost 30 years before the incidence is reduced by one-tenth (Fig. 5(a),

gray line). When the transmission rate is moderate (R0 = 1.8), a median

of 2.8% (interquartile range [IQR], 2%–3.4%) of new infections is prevented

after 10 years of vaccination, reaching a median of 8.5% (IQR, 6.5%–10.3%)

by year 30 (Fig. 5(b)). In a population with a high initial prevalence,

the population-level effect increases slowly and reaches a median of 6.1%

(IQR, 4.3%–7.7%) by year 30 (Fig. 5(c)). In all cases, the median percent

reduction in new cases increases almost linearly (gray line).

We are interested in determining what characteristics of waning immu-

nity, vaccine efficacy, and vaccine uptake most affect the cumulative reduc-

tion in infections. Table 2 lists the partial rank correlation coefficients for
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Figure 4. Effect of immunity from previous years’ infection when no vaccine is intro-

duced in the epidemic season (y-axis in different scale). As the immunity from infection
1 year ago wanes making the chance of susceptibility in the current year 10%–50% (left
panel) and immunity from infection 2 years ago wanes making the chance of susceptibil-
ity in the current year 50–90% (right panel), cumulative infection increases. (top row)
Low initial transmissibility (R0 = 1.4), (middle row) Moderate initial transmissibility
(R0 = 1.8), (bottom row) High initial transmissibility (R0 = 2.2). Increase in relative

susceptibility increases the infection burden.

qi, i = 1 − 5 and δ. Parameters of reduced susceptibility due to acquired

immunity from natural infection 1 or 2 years ago (q
1
, q

2
) and vaccination

in the current epidemic season (q5) have significant PRCC values (> |0.5|),
however, the proportion of the population vaccinated δ has the greatest ef-

fect overall. Note that, when the transmissibility of the infection increases

(low to high) the PRCC values for these parameters increase or remain

relatively constant. PRCC values show that the parameters q3 and q4 re-

lated to immunity through vaccination 1 and 2 years ago are most effective

when there is a moderate transmission rate (middle column). Similary, our

results show that as the transmissibility of the infection increases (low to

high, left to right), the ranking of the parameters representing reductions

in susceptibility qi, i = 1 − 5 change. For example the PRCC value for

the reduction in susceptibility due to vaccination in the current year q5,
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Figure 5. Impact of vaccination at the population-level: cumulative percentage reduc-

tion in new infections in a population which is pre-exposed. In presence of seasonal flu
vaccine with first 40 days immunization strategy, cumulative new infections would be
prevented (a) by a median of 10% (interquartile range [IQR], 7.4%–13.2%) for low ini-
tial transmission (R0 = 1.4), (b) by a median of 8.5% (IQR, 6.3%–10.5%) for moderate
initial transmission (R0 = 1.8) and (c) by a median of 6.1% (IQR, 4.3%–7.7%) for high
initial transmission (R0 = 2.2) after 30 years of vaccination in a population partially

immuned from prior infection. The vaccine coverage in each epidemic season varies be-
tween 10%–30%. Gray lines, median values (of 1000 simulations); boxes, IQRs; vertical
lines, minimum and maximum values.

which ranges from 0.64 for low transmissibility to 0.89 for moderate trans-

missibility, changes from the third highest rank to the second highest rank

in PRCC magnitude and again changes to third highest rank in case of

high transmissibility. This implies that the chosen value of q5 is highly

significant for moderate transmissibility (R0 = 1.8). Figure 6 shows the

correlation of each of the parameters responsible for cumulative reduction

at the population-level after 10 years, 20 years and 30 years.

The parameters q1 and q5, that represent the reduction in susceptibility

from infection 1 year ago and vaccination in the current year, respectively,

are both ranked second by PRCC magnitude in our sensitivity analysis

(Table 2), Fig. 6. We now study the effect of increasing the proportion of
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Table 2. Partial rank correlation coefficients with and without vaccine. Absolute value
is shown. For R0 = 1.4, vaccine coverage is 10%–30% which is equivalent to daily uptake

rate 0.0027–0.0087, for R0 = 1.8, vaccine coverage is 20%–40% which is equivalent to
daily uptake rate 0.0067–0.0125, for R0 = 2.2, vaccine coverage varies from 30%–50%
which is equivalent to daily uptake rate 0.0087–0.017.

Parameter Initial transmissibility
Low Moderate High

(R0 = 1.4) (R0 = 1.8) (R0 = 2.2)
(a) No vaccine 1y. 5y. 10y. 1y. 5y. 10y. 1y. 5y. 10y.

Reduced susceptibility
due to:

Infection 1 yr. ago q1 0.98 0.94 0.95 0.98 0.99 0.99 0.97 0.99 0.99

Infection 2 yrs. ago q2 0.98 0.92 0.96 0.97 0.97 0.97 0.96 0.97 0.97

(b) With vaccine 10y. 20y. 30y. 10y. 20y. 30y. 10y. 20y. 30y.

Reduced susceptibility
due to:
Infection 1 yr. ago q1 0.85 0.81 0.85 0.83 0.83 0.84 0.92 0.93 0.94

Infection 2 yrs. ago q2 0.83 0.80 0.83 0.82 0.83 0.82 0.86 0.88 0.89
Vaccination 1 yr. ago q3 0.20 0.18 0.18 0.50 0.47 0.54 0.20 0.23 0.25
Vaccination 2 yrs. ago q4 0.05 0.01 0.08 0.10 0.08 0.08 0.07 0.01 0.01

Vaccination current yr. q5 0.64 0.70 0.66 0.89 0.87 0.89 0.73 0.70 0.71
Proportion vaccinated δ 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99

Figure 6. Tornado plots of partial rank correlation coefficients of the parameters related
to the relative susceptibility due to prior exposure to infection or vaccination and daily
vaccine take. Left, middle and right columns represent for low, moderate and high
R0. These parameters are responsible for cumulative reduction in new infections at the
population level.

the population daily vaccinated δ against an increase in susceptibility q1
and q5, so as to determine a range of daily vaccination targets that are

needed to achieve the same level of population protection (represented here

as the cumulative percentage reduction in new infections over 10 years of

vaccination). Again, we study the effects at low, moderate and high levels

of transmissibility.
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Figure 7(a) shows that for the same level of vaccination coverage, the

cumulative percentage reduction in the total number of new infections in-

creases as the relative susceptibility due to infection in the previous year in-

creases. In other words, the degree of protection from natural infection does

matter if the current vaccine strain is a good match to the current circu-

lating strain. This relationship is constant for low (top row, left panel) but

increases linearly for medium and high influenza transmissibility (middle

and right panel of top row). As the rate of daily vaccine uptake increases,

the reduction in cumulative infection also increases for low moderate or

high transmissibility. But this reduction does not change as the relative

susceptibility due to earlier infection increases for lower transmissibility

(R0
= 1.4)

Figure 7(b) shows that vaccines that induce a high degree of protection

(low relative susceptibility) cause a greater reduction in infection for low

and moderate transmissibility. The reduction in cumulative infection de-

creases linearly as the relative susceptibility due to vaccination increases for

moderate and high transmissibility (R0 = 1.8, 2.2 respectively). Here, the

relationship is linear for low, moderate and high levels of influenza trans-

missibility (left to right) — constant for low transmissibility, but decreases

linearly as the vaccine-induced immunity or immunity from previous infec-

tion decreases (i.e. relative susceptibility due to vaccination (q5
) or pre-

vious infection (q
1) steps-up). The slope for cumulative reduction in new

infections are higher for low and moderate transmissibility as the vaccine

induced immunity decreases (i.e. q5 increases). Comparing the results for

moderate (middle) and high (right) transmissibility, it can be seen that the

reduction in infection is higher in case of moderate transmission rate for

the same daily vaccination uptake δ. For example, in a population with

moderate transmission (middle), a daily vaccine uptake rate of 0.012% of

the population and a relative susceptibility due to previous year infection

or vaccination (q1 = 0.1, q5 = 0.1) provides a reduction in the cumulative

number of new infections in the range of 15%–20% (star (light gray)), but

if transmissibility is high (left) the reduction lies in the range of 10%–15%.

Thus, vaccination coverage needs to be increased to achieve the same level

of reduction in influenza incidence if the strain transmissibility is high.

4. Discussion

Vaccination is the primary control strategy used against influenza. Vaccines

are used to reduce disease incidence by reducing the size of the susceptible
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Figure 7. Sensitivity of the parameters related to reduced susceptibility and daily vac-

cine uptake on the population-level impact of vaccination. (a) Population-level impact
as the proportion of daily vaccine take increases but degree of disease-induced immune
protection against infection decreases. Results show the cumulative percentage reduc-
tion in new infections (filled circle (dark gray): <10%; filled square (gray): 10%–15%;
star (light gray): 15%–20%, filled diamond (lighter gray): 20%–25%, filled circle (light-

est gray): 25%–30%.) 10 years after vaccine introduction, for epidemic with low (left
panel), moderate (middle panel) and high R0 (right panel) under first 40 days vaccination
strategy in each epidemic season. The y-axis (left panel) gives the daily vaccine uptake
ranges from 0.0012–0.012 which corresponds to the yearly vaccine coverage of 5%–40%
for R0 = 1.4 and that (middle and right panels) ranges from 0.0012–0.017 which corre-
sponds to yearly vaccine coverage 5%–50%. The x-axis gives the reduced susceptibility
(q1) due to previous year infection. (b) Population-level impact as the proportion of
daily vaccine take increases but degree of vaccine-induced immune protection against
infection decreases (i.e relative susceptibility due to vaccine in the current epidemic in-

creases). Results show the cumulative percentage reduction in new infections (filled

circle (dark gray): ¡10%; filled square (gray): 10%–15%; star (light gray): 15%–20%,
filled diamond (lighter gray): 20%–25%, filled circle (lightest gray): 25%–30%.) 10 years
after vaccine introduction in epidemics with low (left panel) moderate (left panel) and
high R0 (right panel). The y-axis gives the ranges of daily vaccine uptake (corresponds

to annual vaccine coverage same as in (a) and the x-axis gives reduced susceptibility
(q5) due to immunization in the current epidemic season. For other parameters median

values are used in both sets of figures.

population. Seasonal influenza epidemics are caused by new influenza virus

variants that emerge because of antigenic drift (frequent antigenic changes

resulting from point mutations that occur during viral replication). The

evolution of influenza requires a vaccine assessment each year. However,

the vaccine strains chosen from this assessment may not be optimal —
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prediction of the dominant influenza strain is imperfect. This, in turn,

affects the vaccine uptake rate that is needed to effectively protect the

population.

In addition to the evolution of influenza strains through antigenic drift,

the efficacy of a vaccination program also depends on the immune status of

the population. Immunity can be gained through vaccination and natural

infection, however, immunity can also wane over time. Effective immunity

that provides some protection against infection, thus, will decrease over

time with the waning of immune system cells and virus evolution. Thus,

as effective immunity wanes, vaccines that can induce cross-protective and

prophylactic immune responses are needed in each epidemic season for naive

individuals with no immunity, but also to develop and boost immunity in

individuals with varying degrees of effective immunity.

We have studied the effects of infection and vaccination induced immu-

nity against seasonal influenza using two models representing the epidemic

and inter-epidemic periods each year. In the epidemic model we considered

the relative reduction in susceptibility due to prior infection or vaccination

over two years of history. A constant proportion of the susceptible popu-

lation, whether it is previously infected or vaccinated are assumed to be

revaccinated in each season, where vaccines are assumed to have 70%–90%

efficacy each season. The model was used to assess the impact of wan-

ing immunity from previous infection and annual vaccination during each

epidemic season.

Our model replicates the qualitative dynamics of seasonal influenza with

and without vaccination. Periodic epidemics are observed annually with

similar magnitude in infection, and similar vaccination coverage each year

(Fig. 2). In agreement with current knowledge, we also found that vac-

cine coverage at the beginning of an epidemic provides more protection to

a population than continuous vaccination throughout the entire epidemic

period (Fig. 2)

A study of routine vaccination coverage at the beginning of the epidemic

showed that, depending on the transmissibility of the influenza strain (low

to high), a vaccination program that covers 10%–30% of the population

annually can reduce the cumulative number of infections by a median of

6%–10% (2% minimum to 18% maximum) over 30 years (Fig. 5).

A sensitivity analysis on all parameters representing susceptbility (qi,

i = 1, ..., 5) and vaccination coverage (δ) showed that changes in the pro-

portion of the population vaccined (δ) has the greatest effect on the total

number of infections over all influenza seasons (Table 2, Fig. 6). Rankings
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of the parameters representing reductions in susceptibility (qi, i = 1, ..., 5)

varied by the number of years studied and the strain transmissibility (low

to high) (Table 2). Reduction in susceptibility due to infection one year

ago (q1) and due to vaccination in the current year (q5) both ranked sec-

ond in the sensitivity analysis for different combinations of transmissibility

and years studied. This means that the infection history of the previous

year, and the current vaccination program characteristics most define the

outcome of the current influenza season. A further analysis of q1, q5 and

δ determined the conditions needed to obtain target ranges for reduction

in the influenza incidence over 10 years of vaccination (Fig. 7). These re-

sults are relevant to current public health vaccination programs, whereby

vaccination coverage targets can be updated if the relative fitness between

the current circulating strain to the vaccine strain and the previous year’s

circulating strain can be determined.

We have studied the effects of waning immunity and vaccination cov-

erage using a compartmental model that includes a two year history of

vaccination and influenza infection. Model results show that parameters

that represent the vaccination coverage in the current year (δ) and reduced

susceptibility due to current vaccination (q5) or infeciton in the previous

year (q1) most determine infection outcomes over 10, 20 and 30 years of

vaccination programs. The reduction in susceptibility due to natural in-

fection two years ago q2, however, also ranked high in our sensitivity and

uncertainty analysis. Future work will include a study of this result.

A goal of a vaccination program to provide some level of population

protection. However, to achieve this goal, individuals in the population

must decide to be immunized. Thus, vaccination programs efficacy must

also be analyzed with respect to the benefits on individuals in a population

i.e. total number of infections prevented due to vaccination. The current

model can be employed to study these effects. This is a course for future

work.
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We study how the distribution of infectious periods influences the dynamics of epi-
demics on networks. In our recently developed framework, we use pairwise models
for network epidemics with non-Markovian recovery times. It is shown for typi-
cal families of distributions (such as gamma, uniform and lognormal) that higher
variance in the recovery times generates lower reproduction numbers and differ-
ent epidemic curves within each distribution family. We also show that knowing
the expected value and the variance of the recovery times is not sufficient to de-
termine the key characteristics of the epidemics such as initial growth rate, peak
size, peak time and final epidemic size. For accurate predictions, more detailed
information on the distribution of the infectious period is required, thus carefully
estimating this distribution in the case of real epidemics has paramount public
health importance.

1. Introduction

Networks (or graphs) offer a flexible framework to explicitly incor-

porate various heterogeneities in how individuals within a population

interact2,7,13,22,23. This framework has led to a number of models where

the strong assumptions of random mixing of the classical compartmental

models can be relaxed. Because of the flexibility of the network approach,

nodes can represent not only single individuals but also groups of individu-

als or locations. Similarly, links can represent contacts between individuals
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along which diseases can spread, or interactions between groups such as

flight routes between different locations.

In standard epidemiological models, the population is divided into

classes depending on the status of individuals. In the simplest SIR

(susceptible-infected-recovered) model, S, I and R denote the number (or

proportion) of susceptible, infected and recovered individuals, respectively.

The most important quantity associated with most epidemic models is the

basic reproduction number (denoted by R0), which expresses the expected

number of secondary infections generated by a ‘typical’ individual intro-

duced into a susceptible population8. Naturally, if R0 < 1 the epidemic

will die out, while if R0 > 1 the disease will spread. The other useful

measure of epidemic severity is the final epidemic size, which is the total

number of individuals who become infected during an epidemic, and of-

ten these two quantities can be related implicitly to capture factors such

the network properties, and even properties of the transmission or recovery

process (e.g. Poisson processes with exponentially distributed waiting time

between events or general stochastic processes).

The transmission of epidemics on networks has been widely studied23.

Most SIR models on networks assume that both the disease transmission

and recovery process are Markovian. In other words, time to next infection

along a link, where one node is susceptible and the other is infectious, is

exponentially distributed and so is the time spent by an infectious node

in the I state. Pairwise models have been very successful in capturing the

average behaviour of a stochastic epidemics on networks14. These are for-

mulated in terms of the expected values for the number of susceptible ([S]),

infected ([I]) and recovered ([R]) nodes, which in turn depend on the ex-

pected values of (SS) pairs ([SS]) and (SI) pairs ([SI]) pairs. Introducing

the following general notations

(1) [X ](t) is the expected number of nodes in state X at time t,

(2) [XY ](t) is the expected number of links which have a node in state

X at one end and a node in state Y at the other, and

(3) [XY Z](t) is the expected number of triplets in state X − Y − Z,

where, X,Y, Z ∈ {S, I, R}, and by accounting for all possible transitions,
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the pairwise model is

˙[S](t) = −τ [SI](t),

˙[I](t) = τ [SI](t) − γ[I](t),

˙[SS](t) = −2τ [SSI](t), (1)

˙[SI](t) = τ [SSI](t) − τ [ISI](t)− τ [SI](t) − γ[SI](t),

where τ is the per contact infection rate and γ is the rate of recovery. Fur-

thermore, [S] + [I] + [R] = N and above we only listed equations which are

necessary to derive a full self-consistent system. It can be seen, that the

system is not closed, because the equations for links contain triplets, thus

we have to break the dependence on higher order terms. The closure ap-

proximation formula [XSY ] = n−1

n

[XS][SY ]

[S]
, where n is the average number

of links per node and N is the number of nodes in the network, leads to

the self-consistent system

˙[S](t) = −τ [SI](t),

˙[I](t) = τ [SI](t)− γ[I](t),

˙[SS](t) = −2τ
n− 1

n

[SS](t)[SI](t)

[S](t)
, (2)

˙[SI](t) = τ
n− 1

n

(
[SS](t)[SI](t)

[S](t)
−

[SI](t)[SI](t)

[S](t)

)
− (τ + γ)[SI](t).

Closing at the level of pairs with the approximation [XY ] = n[X ] [Y ]

N
, leads

to the so called mean-field model

Ṡ(t) = −τ
n

N
S(t)I(t),

İ(t) = τ
n

N
S(t)I(t)− γI(t), (3)

and the network structure is less important at this point. For this model

the basic reproduction number is

R0 =
n

N
τE(I)S0, (4)

where, E(I) = 1/γ is the expected infectious period. Various results for

the Markovian case exist14. For the pairwise model, the final epidemic size

is given by the following implicit relation

s
1
n

∞ − 1
1

n−1

=
n− 1

N

τ

τ + γ
[S]0

(
s

n−1
n

∞ − 1
)
, (5)
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where [S]0 is the number of susceptible individuals at time t = 0 and

s∞ = [S]∞/[S]0, where [S](∞) = [S]∞. The assumption of Markovian-

ity in both infection and recovery is a strong simplifying assumption, as

especially in the context of epidemiology, the period of infectiousness has

paramount importance15,18, and often this is approximated from the em-

pirical distribution of observed infectious periods of various diseases by

log-normal and gamma (smallpox9,20), fixed-length (measles1) or Weibull

distributions (ebola4). Newman21, with his results later made more precise

by Kenah and Robins16, gives a relation between the average transmis-

sion rate and final epidemic size, using a bond percolation approach, and

his result is applicable for more general infection and recovery processes.

Recently, however there is renewed interest in modelling non-Markovian

processes, such as epidemics on networks3,5,6,12,16,17,19,24,25, and random

walks11. Kiss et al.17 considered an SIR epidemic with deterministic infec-

tious period (i.e. the recovery time is constant) and derived the mean-field

and pairwise models for this case. The mean-field model is given by, see17,

S′(t) = −τ
n

N
S(t)I(t),

I ′(t) = τ
n

N
S(t)I(t) − τ

n

N
S(t− σ)I(t − σ). (6)

The pairwise model for fixed infectious period was derived17 as

˙[S](t) = −τ [SI](t),

˙[SS](t) = −2τ
n− 1

n

[SS](t)[SI](t)

[S](t)
,

˙[I](t) = τ [SI](t) − τ [SI](t− σ),

˙[SI](t) = τ
n− 1

n

[SS](t)[SI](t)

[S](t)
− τ

n− 1

n

[SI](t)[SI](t)

[S](t)
− τ [SI](t)

−τ
n− 1

n

[SS](t− σ)[SI](t − σ)

[S](t− σ)
e
−

∫
t

t−σ
τ n−1

n

[SI](u)
[S](u)

+τdu
. (7)

We note that both models are now delay differential equations rather than

ordinary differential equations (ODEs), as is the case for Markovian epi-

demics. In the same paper Kiss et al. have shown that the for the final size

the following relation

s
1
n

∞ − 1
1

n−1

=
n− 1

N

(
1− e−τσ

)
[S]0

(
s

n−1
n

∞ − 1
)

(8)

holds, where a newly introduced basic reproduction-like number is defined

as Rp
0
= n−1

N
(1− e−τσ) [S]0. Furthermore, in Ref. 17 it has been pre-



February 23, 2016 17:32 ws-procs9x6-9x6 ”BIOMAT 2015-03” page 44

44

sented that for arbitrary infectious periods, the basic reproduction number

associated to the pairwise model is

R
p
0
=

n− 1

N
(1− L[fI ](τ)) [S]0, (9)

where L[·] is the Laplace transform and fI is the probability density func-

tion of the recovery process. With this new definition, numerical tests (and

in special cases analytical results) have confirmed, see Ref. 17, that the

following implicit relation for the final epidemic size holds

s
1
n

∞ − 1
1

n−1

= Rp
0

(
s

n−1
n

∞ − 1
)

=
n− 1

N
(1− L[fI ](τ)) [S]0

(
s

n−1
n

∞ − 1
)
, (10)

and this can be applied for any general recovery time distributions.

Notice, while R0 depends on the expected value only, see (4), the pair-

wise reproduction number (9), uses the complete density function, thus the

average length of infectious period does not determine exactly the repro-

duction number. This remark implies, that for an epidemic we have to

know as precisely as possible the shape of the distribution. In the sequel

we denote by I the random variable that describes the recovery time, which

is, in the SIR-setting, the same as the distribution of the infectious period.

In this paper we exploit the generalised basic reproduction number (9)

and the general implicit relation for the final epidemic size (10) to determine

how these depend on the precise shape of recovery time distribution. We

give some analytic results, as well as results based on simulations to shed

light on the time evolution of the epidemics. The paper is structured as fol-

lows. Sections 2, 3, and 4 concern with recovery times of gamma, uniform

and lognormal distributions, respectively. The dependence of the reproduc-

tion number, as well as the shape of the epidemic curve, on the distribution

parameters is analysed in details in each case. In Section 5, by comparing

epidemics generated by different types of the recovery time distributions,

we illustrate that estimating the expected value and the variance of the re-

covery time is not sufficient to give a realistic description of the epidemics

and more detailed knowledge of the shape of the empirical distribution is

needed to give a reasonable approximation of a real epidemics.

2. Gamma Distributed Recovery Time

The gamma distribution is one of the most commonly used distributions

in the epidemiology literature to approximate empirically observed latent
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Figure 1. (a) Epidemic curves as averages of explicit stochastic simulations for non-
Markovian epidemics, where the transmission rate is τ = 0.3 and the initial number of
susceptibles is S0 = 999 on a homogeneous network with N = 1000 nodes and degree
n = 15. The circles/squares/diamonds correspond to simulations for gamma distributed
recovery time with parameters (a, b) = (2, 0.5)/(1, 1)/(0.5, 2), respectively. (b) The solid
curve shows the reproduction number Rp

0 as a function of variance v for fixed m = 1,
and the circle/square/diamond represent the cases simulated in Fig. (a). In the inset
figure, the shapes of the three corresponding probability density functions are presented.

periods and infectious periods, because of its flexibility and the possibility

of incorporating it into ordinary differential equationmodels by the method

of stages (also called linear chain)18 . For example, it has been fitted to the

incubation period and infectious period of smallpox9, bluetongue disease10

and so on.

The usual notation of gamma distribution is Gamma(a, b), where a is

called the shape parameter and b is called the scale parameter. The prob-

ability density function and its Laplace transform are

fI(x) =
xa−1e−

x

b

Γ(a)ba
, L[fI ](s) =

(
1

1 + sb

)a

,

where Γ(a) is the gamma function evaluated at a. If the infectious period I

is gamma distributed with shape parameter a and scale parameter b, that

is I ∼ Gamma(a, b), then the expected value is m := E(I) = ab, and the

variance is v := Var(I) = ab2, and for simplicity later we shall use the

notation m and v to denote the mean (expected value) and the variance of

distributions.

Proposition 2.1. Consider two random variables I1 ∼ Gamma(a1, b1)

and I2 ∼ Gamma(a2, b2) such that E(I1) = E(I2) and Var(I1) ≤ Var(I2).

If I1 and I2 represent the recovery time distribution, then for the corre-

sponding reproduction numbers the relation Rp
0,I1

≥ R
p
0,I2

holds (i.e. for

gamma distributions with a given mean, the pairwise reproduction number

is monotonically decreasing in variance).
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Figure 2. Contour lines ofRp

0 as a two-variable function of the parameters of the gamma
distribution. The transmission rate is τ = 0.3, the network has N = 1000 nodes and
degree n = 15 and initial number of susceptibles is S0 = 999. In (a), the contour lines
are given as the function of the shape and scale parameter, while in (b) they are depicted
as the function of the mean and the variance of the gamma distribution.

Proof. Fix m as the same mean of I1 and I2, then the scale parameter

can be expressed as b = m
a
. Using that v = Var(I) = ab2 and

L[fI ](τ) =

(
1

1 + τb

)a

,

we can express the parameters in terms of the mean m and variance v, and

thus the Laplace transform can be written as

λm(τ ; v) := L[fI ](τ) =

(
1

1 + τ
m
v

)m
2

v

,

where the notation λm(τ ; v) for the Laplace transform is meant to empha-

size that the Laplace transform evaluated at τ for a fixed m is a function

of v. For arbitrary 0 < x < y < 1 and 0 < a < b, the inequalities

x
m

2

a < x
m

2

b , x
m

2

b < y
m

2

b

hold. For v1 ≤ v2 and for τ > 0 we have 1

1+
τ

m
v2
≤

1

1+
τ

m
v1
, and using the

relations above we obtain

(
1

1 + τ
m
v1

)m
2

v1

≤

(
1

1 + τ
m
v1

)m
2

v2

≤

(
1

1 + τ
m
v2

)m
2

v2

,

which means that λm(τ ; v) is monotone increasing in v. Therefore, the

pairwise reproduction number

R
p
0,I =

n− 1

N
[S]0(1− λm(τ ; v))
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Figure 3. (a) Epidemic curves as averages of explicit stochastic simulations for non-
Markovian epidemics, where transmission rate is τ = 0.3 and initial number of suscep-
tibles is S0 = 999, on homogeneous network with N = 1000 nodes and degree n = 15.
The circles/squares/diamonds correspond to simulations for uniformly distributed recov-
ery time with parameters (a, b) = (0.9, 1.1)/(0.5, 1.5)/(0, 2), respectively. (b) The solid
curve shows the reproduction number Rp

0 as the function of variance v for fixed m = 1,
and the circle/square/diamond represent the cases simulated in Fig. (a). In the inset
figure, the three uniform density functions are depicted.

is monotone decreasing in v. �

The monotonicity of the reproduction number in the variance is de-

picted in Fig. 1(b). For a fixed mean but different variances of the gamma

distribution, we can observe different epidemic curves in Fig. 1(a), and

correspondingly different reproduction numbers (see Fig. 1(b)). The de-

pendence of Rp
0,I on the distribution parameters is detailed in Fig. 2.

3. Uniformly Distributed Recovery Time

Since its simplicity allows us to make explicit calculations, in this Section

we outline how the reproduction number and the disease dynamics behave

when the recovery time follows uniform distribution. Uniformly distributed

incubation and infectious periods have been used in the modeling of avian

influenza26. Let Uniform(a, b) denote a uniform distribution corresponding

to the interval [a, b], where a ≥ 0, b > a. If I ∼ Uniform(a, b), then the

expected value ism = E(I) = a+b
2

, and the variance is v = Var(I) = (b−a)2

12
.

The probability density function and its Laplace transform are given as

fI(x) =

{
1

b−a
for a ≤ x ≤ b

0 otherwise
, L[fI ](s) =

e−sa − e−sb

s(b− a)
.
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Figure 4. (a) Contour lines of Rp

0 as a two-variable function of the parameters of the
uniform distribution. (b) Contour lines of Rp

0 as a two-variable function of m and v for
uniform distribution. For both (a) and (b), the transmission rate is τ = 0.3, the network
has N = 1000 nodes and degree n = 15 with an initial number of susceptibles S0 = 999.

Proposition 3.1. Consider two random variables I1 ∼ Uniform(a1, b1)

and I2 ∼ Uniform(a2, b2) such that E(I1) = E(I2) and Var(I1) ≤ Var(I2).

If I1 and I2 represent the recovery time distribution, then for the corre-

sponding reproduction numbers the relation Rp
0,I1

≥ R
p
0,I2

holds (i.e. for

uniform distributions with a given mean, the pairwise reproduction number

is monotonically decreasing in variance).

Proof. Fixing the mean m, the right endpoint of the interval is b =

2m − a. Using that v = Var(I) = (b−a)2

12
and L[fI ](τ) = e−τa−e−τb

τ(b−a)
, by

simple algebra we can express the parameters by m and the variance v,

and consequently the Laplace transform can be written as the function of

v:

λm(τ ; v) =
e−τm

2m

eτ
√
3v − e−τ

√
3v

τ
√
3v

,

where v ∈
(
0, m

2

3

]
from our assumptions on a and b. Expanding the ex-

ponentials in λm(τ ; v) into Taylor series, we can notice that the negative

terms cancel out, and we obtain

λm(τ ; v) =
e−τm

2m

(
1 + (τ

√
3v) + . . .

)
−
(
1− (τ

√
3v) + . . .

)

τ
√
3v

=
e−τm

2m

2τ
√
3v + 2 (τ

√
3v)3

3!
+ . . .

τ
√
3v

=
e−τm

m

∞∑

n=0

(τ
√
3v)2n

(2n+ 1)!
, (11)
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which is monotone increasing in v for m > 0 and τ > 0. Therefore, the

pairwise reproduction number R
p
0,I = n−1

N
[S]0(1 − λm(τ ; v)) is monotone

decreasing in v. �

The monotonicity of the reproduction number in the variance is de-

picted in Fig. 3(b). Similarly to the gamma distribution, for a fixed mean

but different variances of the uniform distribution we can observe different

epidemic curves in Fig. 3(a), and correspondingly different reproduction

numbers (see Fig. 3(b)). The dependence of Rp
0,I on the distribution pa-

rameters is detailed in Fig. 4.

4. Lognormal Distributed Recovery Time

Figure 5. (a) Epidemic curves as averages of explicit stochastic simulations for non-
Markovian epidemics, where transmission rate is τ = 0.3 and initial number of suscepti-
bles is S0 = 999, on homogeneous network with N = 1000 nodes and degree n = 15. The
circles/squares/diamonds correspond to simulations for lognormally distributed recovery

time with parameters (μ, σ) = (−0.03125, 0.25)/(− ln(3)
2

,

√
ln 3)/(0, 2), respectively. (b)

The solid curve shows the reproduction number Rp

0 as the function of variance v for
fixed m = 1, and the circle/square/diamond represent the cases simulated in Fig. (a).
Inset figure shows the shape of these three distributions.

The lognormal distribution is also widely used in epidemiology. They

have been fitted, among others, to the incubation and infectious periods

of smallpox20. Let lnN (μ, σ2) denote a lognormal distribution, i.e. its

logarithm is a normal distribution with expected value μ and variance σ.

Then for the lognormal distribution m = E(I) = eμ+
σ
2

2 , v = Var(I) =

e2μ+2σ2

− e2μ+σ2

, and the probability density function is, for x > 0,

f(x) =
1

x
√
2πσ

e−
(−μ+ln(x))2

2σ2 .

Unfortunately a closed form formula does not exist for its Laplace trans-

form, thus we can not repeat the analysis of the previous two sections.
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However, we can still investigate numerically the impact of m and v on

the reproduction number and the time course of the epidemic. The density

function can again be expressed in terms of m and v by the formula

fm(x; v) =
1

x
√
2π
√
ln
(

v
m2 + 1

)e
−
(ln(x)−ln(m)+ 1

2
ln( v

m2 +1))2

2 ln( v

m2 +1) , for x > 0. (12)

By straightforward calculation, we can find μ = ln(m) − 1

2
ln
(
1 + v

m2

)

and σ2 = ln
(
1 + v

m2

)
, and then the formula above can be derived. Using

this formula for the density, we can plot the numerically determined pair-

wise reproduction number as a function of the variance for any given m, see

Fig. 5(b). The epidemic curves corresponding to these distributions can be

seen in Fig. 5(a), and the dependence of Rp
0
on the distribution parameters

is detailed in Fig. 6.

Figure 6. (a) Contour lines of Rp

0 as a two-variable function of the parameters of the
lognormal distribution. (b) Contour lines of Rp

0 as a two-variable function of the mean
and variance for lognormal distribution. For both (a) and (b), the transmission rate is
τ = 0.3, the network has N = 1000 nodes and degree n = 15 with an initial number of
susceptibles is S0 = 999.

5. Discussion

We used our recently developed non-Markovian pairwise model17 for net-

work epidemics to investigate the impact of the shape of the distribution of

the recovery times on SIR epidemics. In particular, we utilized our formula

for the reproduction number which includes the Laplace transform of the

probability density distribution of the infectious period17. We chose three

families of common distributions (gamma, uniform and lognormal), and in

each case we showed that (for the first two analytically, for the third one

only numerically) if the mean recovery time is given, then smaller variance
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Figure 7. (a) Comparison of three epidemic curves after averaging explicit
stochastic simulations with three different distributions of recovery times. The

diamond/circle/square corresponds to Gamma(0.5, 2), lnN
(

ln(3)
2

,

√
ln(3))

)
and

Weibull(0.72, 0.81) distributions, respectively. All three distributions have mean m = 1
and variance v = 2. (b) Probability density functions corresponding to the three distri-
butions.

leads to higher reproduction number, and consequently the epidemic curve

is characterised by faster initial growth rate and higher prevalence peak,

see Figs. 1, 3 and 5. We note that our simulations were done only for

homogeneous graphs, where the pairwise approximation works well5. The

possible interplay of degree heterogeneity, or the clustering of the network,

and the distribution of recovery times is an interesting future question.

For two-parameter distribution families, it is possible to regard Rp
0
as a

function depending on two variables, e.g. the mean m and variance v, see

Figs. 2, 4, 6. Since our general final size relation (10) is monotone in Rp
0
,

we conclude that smaller variance generates more infections.

It is important to observe that this statement, i.e. that smaller variance

implies higher Rp
0
is true only if we compare distributions from the same

family. In Fig. 7, we compared three distributions from different families,

each having m = 1 and v = 2. Besides the gamma and the lognormal

distributions, for the sake of comparison we selected a third type of con-

tinuous distribution, namely Weibull distribution, which has been fitted to

the infectious period for the recent ebola outbreak4. Figure 7 illustrates

that the mean and the variance of the recovery times alone are not able to

determine the key characteristics of the epidemic curves, and a large variety

of outbreaks can be generated from having the same mean and variance.

This is especially the case in Fig. 7, where the gamma distributed infectious

period leads to a very different epidemic, compared to that corresponding

to the lognormally distributed infectious period, despite the mean and the

variance are being identical. Therefore, in a real life situation, it is crucial
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to estimate the empirical distribution of the infectious period as accurately

as possible, since the mean and the variance alone do not provide enough

information for accurate predictions.
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The discovery of glycoconjugate vaccines has had a significant impact on reducing

the health burden of several infectious diseases, including Haemophilus influenzae

serotype b. However, the use of such vaccines against a single or several serotypes

of some pathogens has been a concern for serotype replacement. Previous studies
have demonstrated this replacement phenomenon with limited evidence. However,
the possible mechanisms of serotype replacement in the context of vaccination are
not well understood. Here, we propose a modelling framework, which integrates
the two scales of in-host and between-host infection dynamics to investigate the
pathogen-host characteristics that are essential for serotype replacement. We inte-
grate a stochastic model of pathogen dynamics in-host with an agent-based model
of disease transmission between-hosts, which provides a novel approach for our in-
vestigation. We apply this multi-scale modelling framework to better understand
the factors involved in serotype replacement of as a result of vaccination.
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1. Introduction

Glycoconjuate vaccines have proven as one of the most advanced strat-

egy in prevention of several encapsulated bacteria, especially for the two

members of the normal bacterial flora of the human nasopharynx, Strep-

tococcus pneumoniae and Haemophilus influenzae. Prior to the extensive

use of glycoconjuate vaccines, Streptococcus pneumoniae and Haemophilus

influenzae, serotype b (Hib) were major contributors to the morbidity and

mortality worldwide.1,2,3,4 Following the introduction of the glycoconjugate

vaccine in the late 1980s, the incidence of these diseases reduced by more

than 90% in developed countries.5,6,7

The dramatic decline in disease incidence is largely attributed to the ef-

fect of herd immunity generated by vaccination.8,9 However, the preceding

decade has witnessed the emergence of different serotypes of Streptococ-

cus pneumoniae and Haemophilus influenzae, raising the concern about

serotype replacement as a result of vaccination. Both Streptococcus pneu-

moniae and Haemophilus influenzae have different serotypes, which are di-

verse depending on their polysaccharide capsules. Haemophilus influenzae

has six capsular types (serotypes a-f) and unencapsulated (non-typeable),

while Streptococcus pneumoniae is characterized with 90 serotypes,many of

which are pathogenic in humans. Due to the weak cross-protection among

different serotypes, it has been suggested that the reduction of incidence

for vaccine-preventable serotypes may have led to an ecological niche filled

by other serotypes for which no vaccine is available.10

The comprehensive studies on serotype replacement initiated for pneu-

mococcal population after a seven-valent pneumococcal conjugate vaccine

(PCV7) was introduced and widely used inmany countries.1,11 This vaccine

contains antigens that trigger immune protection against seven pneumococ-

cal serotypes. The PCV7 has demonstrated 95% efficacy against invasive

disease caused by these serotypes, but no evidence of decrease in the preva-

lence of other serotypes.12,13 In fact, different serotypes have emerged as the

dominant serotypes after the introduction of PCV7.14 Moreover, in several

clinical data collected from other pneumococcal conjugate vaccine clini-

cal trials, serotype replacements were observed.10,15 In contrast, serotype

replacement has not been widely detected since the introduction of Hib con-

jugate vaccine. However, recent studies indicate that the increase in the in-

cidence rates of Haemophilus influenzae serotype a (Hia) in several parts of

the world could be a explained by the serotype replacement.5,16,17,18,19 The

evidence presented in these studies suggest that the serotype replacement



February 23, 2016 17:41 ws-procs9x6-9x6 ”BIOMAT 2015-04” page 56

56

has occurred after the introduction of conjugate vaccine for Hib; however,

the causes of this phenomenon are poorly understood.

Due to the limitation of biological approaches, mathematical and com-

putational models are essential to elucidate the underlying mechanisms of

serotype replacement.23,24,25,26 In this paper, we propose a computational

modelling framework that combines the dynamics of infection processes at

the individual level with disease spread at the population level. Using this

framework, we investigate the possible reasons of serotype replacement in

the presence of vaccination.

2. Modelling Framework

To investigate the competitive interference between pathogen serotypes, we

developed a square lattice agent-based model (ABM) for the transmission

dynamics of a multi-strain disease in an in-silico population. The basic

structure of the ABM includes three main compartments,20 referred to as

disease states in this study: susceptible; infected; and recovered or immune.

We further considered two sub-states of disease associated with infection

caused by each pathogen serotype. Our main assumption is that immunity

conferred through natural infection or vaccination against one serotype does

not provide any cross-protection against infection with the other serotype.

The model includes both natural and disease-induced deaths as demo-

graphic variables. All deaths were replaced by newborns into the susceptible

state, maintaining a constant population size. Increased yearly probability

of natural death was calculated from its associated distribution with the

median life expectancy of 60 years.

At the population level, there are two basic entities in this model:21,22

(i) agents that represent individuals living in the simulated population;

and (ii) the environment that represents the place in which individuals are

situated and interact. The interaction of agents is determined by modular

behavioural components, each containing state information relative to that

behaviour. For example, each agent’s disease component maintains the

state of disease specific to that agent. It also maintains a list of contacts

by virtue of being co-located with another agent at a particular position

and at a particular time step in the environment. Disease may spread

from infected to susceptible agents that are located at the same position

on a particular time step according to the disease state component. We

excluded simultaneous infection with both serotypes of the pathogen in a

single agent.
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For the dynamics of infection at the individual level, we implemented

a logistic growth for each serotype of the pathogen in infected individuals.

Following exposure to the disease (if infection occurs), the pathogen can

replicate and grow to reach a carrying capacity (K) defined as the char-

acteristic of the host environment. The equation governing the pathogen

growth is

B′i(t) = γiBi(t)

(
1−

Bi(t)

K

)
, i = 1, 2 (1)

where Bi is the population size of the serotype i at time t, γi is the growth

rate of the serotype i, and K is the maximum amount of pathogen repli-

cating in the host environment. The time-dependent transmission rate βi

of infection with serotype i is defined by

βi = bi
Bi(t)

K
, (2)

where bi is the baseline transmission rate when the serotype i is at its car-

rying capacity. The infection will trigger the development of the serotype-

specific immune responses, which leads to the control of infection over time.

The immune response will develop with some delay following exposure to

the pathogen (due to the ensuing processes of antigen presentation, cell

activation and proliferation, and antibody production). The growth of im-

mune response and its effect (in terms of eliminating bacteria from the

host environment) are proportional to the amount of replicating pathogen

serotypes.

For disease spread between each susceptible-infected pair of agents, we

considered the serotype-specific transmission probability:

Pi = 1−
(
1−

∏

Ni

(1− σi)βi

)
(3)

where Ni is the number of contacts infectious with serotype i, βi is the

transmissibility of the infectious contact with serotype i, and σi is the im-

mune protection level conferred by natural infection or vaccination against

serotype i. In our model, the simplified assumption of full or no protection

for individuals means that either σi = 0 or σi = 1. Disease transmission

was implemented as independent Bernoulli trials to select the infecting

serotype. When the sampling suggested the possibility of infection with

both serotypes, the serotype with larger PiNi was selected for transmis-

sion.

After recovery from infection with one serotype, individuals are fully

protected against re-infection with the same serotype for a certain period
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of time. We assumed that, with decline of immunity, this protection period

elapses and individuals become fully susceptible again to the infection with

that serotype.

Vaccination against only one serotype was implemented in the model

with the same protection period as natural infection. We investigated the

dynamics of infection spread by both serotypes in the population in the

presence and absence of vaccination. Individuals were randomly selected

to be vaccinated with a daily probability of vaccination.

3. Model Implementation

We computationally implemented the model to investigate the effect of

vaccination on serotype replacement. The model was initialized with a

constant population size of 100489 agents. The parameter values used for

the simulations are provided in Table 1. These parameters are chosen only

for the purpose of illustration in this study, and they may not correspond

to any biological setting.

Table 1. Description of parameters and their values (ranges) used in model simulations.

Parameters Description Value/Range

K pathogen carrying capacity 108 bacteria
b1 baseline transmissibility of serotype B1 0.00172
b2 baseline transmissibility of serotype B2 0.00164
B0 initial pathogen load at the time of exposure 500 – 5000 bacteria
γ serotype-specific reproduction rate 0.08 hr−1

η immune response reproduction rate 1.01–1.03 hr−1

T activation of immune response following exposure 24–48 hr

θ
f

period of full protection varied in years
pv daily probability of vaccination 4.4× 10−3

δv proportion of the target age group vaccinated 0.8
d probability of death due to infection 8.3× 10−5

With baseline transmissibilities of b1 = 0.00172 and b2 = 0.00164, we

obtained the reproduction numbers R
(1)

0
= 1.73 and R

(2)

0
= 1.69 for the

corresponding serotypes. When transmission occurred, the initial amount

of pathogen serotype was sampled from uniform distribution in the range

500–5000. We considered two scenarios for the start of vaccination at the

onset of simulations and two years into epidemic after the start of sim-

ulations. For each scenario, we simulated the model when the period of

full protection after natural infection or vaccination was 2–4 years and 4–8
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years. This protection period was randomly selected for each individual

from the simulated range in each scenario. In our simulations, we consid-

ered a maximum age for vaccination, as indicated by epicurves in Figures

1–4.

4. Results

With parameter values given in Table 1, model simulations were seeded with

a single initial infectious case for each pathogen serotype. Time profiles of

infection for each serotype were obtained by averaging 1000 independent re-

alizations. Figure 1 shows the fraction of population infected with different

serotypes for 10 years after the onset of epidemic. In the absence of vacci-

nation (thick black curves), serotype 1 dominates due to its initial higher

reproduction number (Figure 1(A)). As infection spread through the pop-

ulation, herd immunity increases and therefore epicurves of both pathogen

serotypes decline after reaching their maximum. When vaccination against

serotype 1 starts at the onset of epidemic, the spread of infection is dramat-

ically reduced compared to the scenario with no vaccination. We observed

that when only individuals with 0–5 years of age are vaccinated, a second

infection curve (thick gray curve) appears about 6 years after the start of

epidemic. This is explained by the fact that the vaccine-induced protection

has a short duration of 2–4 years (randomly sampled for each vaccinated

individual), which leads to an increase in the pool of susceptible population

once the vaccine protection has waned. We did not observe this second in-

fection curve for serotype 1 within the first 10 years of simulations when

a larger fraction of population is vaccinated (thin black and gray curves).

Interestingly, infection curves of serotype 2 in the presence of vaccination

for serotype 1 increase above the corresponding infection curve in the ab-

sence of vaccination (Figure 1(B)). This illustrates an improved competi-

tive advantage for serotype 2 in the presence of vaccination for serotype 1,

and may explain the phenomenon of serotype replacement observed in the

epidemiological contexts of some multi-serotype pathogens. However, the

effect of increasing the size of population vaccinated against serotype 1 on

enhancing the competitive advantage of serotype 2 remains unclear.

We further simulated the model for the scenarios in which vaccination

starts 2 years after the onset of epidemic (Figure 2). Similar results were

observed for curtailing the serotype 1 infection through vaccination (Figure

2(A)). We also observed an increase in the spread of infection by serotype 2

that occurs with some delay following the start of vaccination (Figure 2(B)).
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Figure 1. Fraction of the population infected with serotype 1 (A) and serotype 2 (B)

of the pathogen. Thick black, thick gray, thin black, and thin gray curves correspond to
epicurves without vaccination, vaccination for the 0–5 years individuals, vaccination for
the 0–10 years individuals, and vaccination for the 0–20 years individuals, respectively.

Vaccination starts at the onset of epidemic, and the duration of immunity following
recovery from natural infection or vaccination is 2–4 years.
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Figure 2. Fraction of the population infected with serotype 1 (A) and serotype 2 (B)

of the pathogen. Thick black, thick gray, thin black, and thin gray curves correspond to
epicurves without vaccination, vaccination for the 0–5 years individuals, vaccination for
the 0–10 years individuals, and vaccination for the 0–20 years individuals, respectively.

Vaccination starts 2 years after the onset of epidemic, and the duration of immunity
following recovery from natural infection or vaccination is 2–4 years.
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These results remain qualitatively intact when the duration of vaccine-

induced protection is in the range 4–8 years (Figures 3 and 4). With a

longer duration of vaccine-induced protection, a second infection curve of

serotype 1 is also prevented within the first 10 years. These findings suggest

that vaccination can play a significant role in the infection dynamics of

competing serotypes of a pathogen in the population.

5. Concluding Remarks

In this study, we developed a general framework linking the infection dy-

namics within host to the spread of disease between hosts. We explored

several scenarios for the competitive interference between two serotypes of

a pathogen without any cross-protection between these serotypes due to

natural infection or vaccination. Expectedly, in the absence of vaccination,

we observed that the serotype with a higher reproduction number domi-

nates. However, vaccination can overturn this transmissibility advantage,

and encourage the serotype with the lower reproduction number to spread

in a largermagnitude compared to the scenario without vaccination. This is

often referred to as the serotype replacement, where the suppression of one

serotype leads to the growth of another serotype in terms of the magnitude

of its spread.

While the framework developed here can be used to explore the mecha-

nisms underlying serotype replacement, it has several limitations. We con-

sidered a period of full protection following vaccination or recovery from

natural infection. Once this period has elapsed, the individuals become

fully susceptible again. This approach overlooks the gradual decline of im-

mune response, and therefore the model does not include the possibility of

partial protection with reduced susceptibility to infection. We also used a

simplifying assumption to exclude the possibility of co-infection with both

serotypes in a single host. Realistically, different serotypes may compete

for available resources in the host environment to enhance their fitness and

growth. In this context, vaccination may play a significant role in the dy-

namics of such competition. Finally, we modelled the immune response in

a basic way, omitting the complexity of adaptive immune response devel-

opment. These considerations merit further investigation.
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Figure 3. Fraction of the population infected with serotype 1 (A) and serotype 2 (B)

of the pathogen. Thick black, thick gray, thin black, and thin gray curves correspond to
epicurves without vaccination, vaccination for the 0–5 years individuals, vaccination for
the 0–10 years individuals, and vaccination for the 0–20 years individuals, respectively.

Vaccination starts at the onset of epidemic, and the duration of immunity following
recovery from natural infection or vaccination is 4–8 years.
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Figure 4. Fraction of the population infected with serotype 1 (A) and serotype 2 (B)

of the pathogen. Thick black, thick gray, thin black, and thin gray curves correspond to
epicurves without vaccination, vaccination for the 0–5 years individuals, vaccination for
the 0–10 years individuals, and vaccination for the 0–20 years individuals, respectively.

Vaccination starts 2 years after the onset of epidemic, and the duration of immunity
following recovery from natural infection or vaccination is 4–8 years.
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We present an overview of the current status of the European collaborative project
PAEON. The challenge of PAEON is to provide specialists in reproductive medicine
with a computerised model of the menstrual cycle under normal and various patho-

logical conditions, which will allow them to get further insight in fertility dynamics.
This model also enables the simulation of treatment protocols, which were used

within in vitro fertilization. By the definition of virtual patients through biologi-
cally admissible parametrizations our approach allows not only the evaluation of
a given treatment strategy in silico, but also the design and optimization of such

protocols. Once a protocol is formalized in the virtual hospital, the success can
be controlled by a treatment execution monitor, which works then as a clinical
decision support system. All these tools will be combined in a virtual hospital
environment, enabling the access to the PAEON services through the web.
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1. Introduction

For many couples, having children is one of the major life aims. Failure is

associated with guilt, inadequacy and loss of the sense of life, bearing an

increased risk for negative psycho-social functioning, such as depression and

anxiety disorders11,8,9. Furthermore, changes in population demographics,

greater focus on education and careers among women have resulted in great

numbers of women attempting pregnancy at older ages when they are in-

herently less biologically fertile. In Europe, for example, infertility affects

10% to 15% of couples of reproductive age, and experts assume that these

figures will double in a decade13,5.

Investigation and treatment of infertility is directly and indirectly (by

time consuming medical consultations, expensive medical techniques, lim-

ited success rates leading to repetitive treatment attempts, time-off from

work, etc.) associated with high expenses for the individual as well as

for the society. Indeed, costs for individual couples in Europe are around

10% of annual household expenditures3. Overall, infertility in Europe costs

approximately 1 billion Euros per year.

In about 50% of the cases, infertility is caused by female health prob-

lems, more than 40% of which are related to endocrinologcal diseases. Hu-

man fertility is based on physiological events like adequate follicle matu-

ration, ovulation, ovum fertilisation, corpus luteum formation as well as

endometrial implantation, proceeding in a chronological order. Diseases

such as endometriosis, Prolactin (PRL) associated disorders or Polycystic

Ovary Syndrome (PCOS) seriously disturbmenstrual cycle patterns, oocyte

maturation and consequently fertility; pelvic endometriosis, occurring in up

to 40% of infertile women, is a hormone dependent disease characterised by

ectopic proliferation of endometrial cells, which occurs nearly exclusively

during the reproductive phase.

Beside endocrine diseases, several environmental and lifestyle factors

have a negative impact on fertility: up to 13% of female infertility may

relate to smoking. Obesity, which increases not only in European coun-

tries, is associated with menstrual dysfunction, decreased fertility, as well

as increased risks of miscarriage.

Modern Assisted Reproductive Techniques (ART), like In Vitro Fertili-

sation (IVF) or Intracytoplasmatic Sperm Injection (ICSI), have nowadays

dramatically increased the chances for successful reproduction. Neverthe-

less, current success rates reach only 35% even in leading clinical centers.

Many of the pathophysiological effects of endocrine diseases and environ-

www.ebook3000.com

http://www.ebook3000.org


February 24, 2016 8:28 ws-procs9x6-9x6 BIOMAT2015-05 page 69

69

mental/lifestyle factors on fertility as well as dynamics in fertility treatment

still remain unclear. Thus, a better understanding of the endocrinological

concert orchestrating the physiology of fertility would open new opportuni-

ties for therapeutic options for improved natural fertility as well as success

rates in ART.

We address this problem by using a systems biology approach that aims

at integrating clinical data collection with mathematical modeling of the

complex biological system. Although the relevant components and feed-

back mechanisms have been identified from experiments and have been

described qualitatively for many years, dynamic (time-dependent) mathe-

matical models, i.e. models that permit medically sound quantitative pre-

dictions for the periodic changes in hormone levels and follicular function

have started to be developed only a few years ago. In fact, even though

half of the world’s population is female, the female menstrual cycle has so

far received comparably little attention in systems biology.

For these reasons, since 2013 the European Commission has been funded

the collaborative research project PAEON-“Model Driven Computation of

Treatments for Infertility Related Endocrinological Diseases” within the

EU VPH (Virtual Physiological Human) initative. The project consortium

consists of the Sapienza University of Rome, the Lucerne University of

Applied Sciences and Art, the Hannover Medical School, the University

Hospital Zurich, and the Zuse Institute Berlin.

The PAEON project rests on three main components, whose objectives

may be summarised as follows.

(1) Define a mathematical model of the human menstrual cycle which

is able to simulate the healthy cycle as well as infertility-related en-

docrine disorders. This model should also enable individualized, pa-

tient specific models.

Existing models of the human menstrual cycle were usually con-

structed for very specific purposes, e.g. GynCycle10 for simulating

GnRH analogue treatment, models for analysing prolactin patterns4

or the follicular development2. None of these models is able to sim-

ulate whole cycles in which pathological hormone concentrations go

along with insufficient follicular development. Our goal is to en-

rich and combine these models with components and mechanisms

involved in endocrine disorders like PCOS or endometriosis, also

taking into account external factors (e.g. drugs) as well as environ-

mental factors. Furthermore, the models should allow also the re-
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alistic simulation of individualised treatment strategies (protocols).

(2) Develop a Virtual Hospital (VH) combining mathematical models of

the treatment and the individual patient.

The availability of a mathematical model of both the individual pa-

tient and the medical treatment allows an innovative perspective

based on a system control engineering approach, if one regards the

system composed of the treatment and the patient as a feedback-

loop control system, where the physician acts as a feedback-loop

controller for the patient. This view enables us to use powerful con-

trol engineering and computer science methods for its analysis. A

medical treatment protocol generally asks to take certain measure-

ments on the patient and, depending on their outcome, suggests cer-

tain actions. Actions consist of, e.g., taking further measurements

or administering specific amounts of certain drugs. We regard a

medical treatment as a computer procedure that, observing patient

measurements, strives to steer them towards optimal values for the

number and size of mature follicles at the end of the treatment.

(3) Perform measurements or collect data from available databases to

permit validation and refinement of currently available models.

The presently available models are based on small study samples

and include only a part of the parameters relevant for the regu-

lation of the human menstrual cycle. Therefore they need valida-

tion with larger samples not only from normally cycling women but

also hormonal secretion patterns from patients suffering from en-

docrinological diseases such as endrometriosis, PRL-associated dis-

orders, or PCOS. Even though this is a tedious and expensive part

of our project we will focus here only on the first two main parts of

PAEON.

2. Models of the Hormonal Cycle and Treatment Protocols

2.1. Models of the healthy female hormonal cycle

In order to construct a physiologicalmodel, species or components (e.g. hor-

mones, follicular properties) and mechanisms (inhibition, stimulation,

chemical reactions) that are essential for the regulation of the menstrual

cycle have to be determined. Within the hormonal cycle, the most im-

portant compartments are the hypothalamus, the pituitary gland, and the

ovaries, connected by the bloodstream. They are generally referred to as

the Hypothalamic-Pituitary-Ovarian (HPO) axis. During the reproductive
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Figure 1. Schematic sketch of the female hormonal cycle.

cycle, hormones of the HPO-axis fluctuate periodically, leading to the for-

mation of cycles with a period of typically 28 days (Figure 1).

A model of the hormonal cycle has to deliver a qualitative description of

the following regulatory circuits. In the hypothalamus, the hormone GnRH

(gonadotropin-releasing hormone) is formed, which reaches the pituitary

gland through a portal system in pulses and stimulates the release of the

gonadotropins luteinising hormone (LH) and follicle stimulation hormone

(FSH) into the bloodstream. The gonadotropins regulate the multi-stage

maturation process of follicles in the ovaries (follicular phase). The number

of follicles that mature is dependent on the amount of FSH available to

the gonad and the sensitivity of the follicles to the gonadotropins. During

that phase, the maturing follicles secrete mainly estradiol (E2) and inhibin

B. If gonadotropin stimulation is adequate, one of the several follicle units

will advance to ovulation. Any disequilibrium in the amount and timing

of involved hormones may result in reduced oocyte quality unsuitable for

fertilisation. During the following luteal phase the corpus luteum secrets

mainly progesterone but also E2 and inhibin A. Through the blood, these

hormones reach the hypothalamus and pituitary gland, where they again

influence the formation of GnRH, LH, and FSH. The cycle starts anew with

the menstrual bleeding initiated by the decreased progesterone secretion

from the corpus luteum.

Once the medical and biological mechanisms have been formulated in



February 24, 2016 8:28 ws-procs9x6-9x6 BIOMAT2015-05 page 72

72

Syn
LH

(t) = (bSynLH
+mE2 ·H

+(E2, TE2, nE2)) ·H
−(P4, TP4, nP4)

RelLH(t) = (bRelLH
+mGnRH-R ·H

+(GnRH-R, TGnRH-R, nGnRH-R))·LHPit(t)

d
dt
LHPit(t) = Syn

LH
(t)− RelLH(t)

d
dt
LHblood(t) =

1

Vblood
RelLH(t)− kon · LHblood · RLH − c · LHblood

Figure 2. LH model and the corresponding ODEs. H
+ and H

− are stimulating and
inhibitory Hill functions with thresholds T and exponents n. LH production in the

pituitary is stimulated by E2 and inhibited by Progesterone (P4). The release of LH
into the blood is stimulated by the GnRH-receptor complex, if its concentration is higher

than some threshold.

a qualitative manner, the next step is to translate them into quantitative

mathematical equations. Since we are mainly interested in the answer of a

given system (the humanmenstrual cycle) to disturbances (e.g. treatments),

this can only be modelled by time-dependent equations, e.g. ordinary differ-

ential equations (ODEs) or differential-algebraic equations. To formulate

the differential equations of a quantitative mathematical model, the physi-

ological and biological processes that occur must be known very accurately.

However, the exact chemical reaction mechanisms are often not understood

in sufficient detail; often one only knows whether certain hormones have

a stimulating or inhibiting effect on other hormones. In semi-quantitative

modelling of such switch behaviour, Hill functions are used. If the reac-

tion mechanisms are known more specifically, for example from data bases,

more detailed equations can be formulated. Figure 2 illustrates this ap-

proach for the LH submodel and the corresponding ODEs. If all processes

are included, one obtains a usually “large” system of differential equations.

The qualitative dependencies of our model are visualised in Figure 3.

Hence, an initial value problem (IVP) can be formulated, where the

change in the species y depends both on the species themselves and on

a parameter vector p. Such autonomous (i.e. not explicitly time depen-

dent) equations are usually used to describe closed systems, whereas non-

autonomous (i.e. explicitly time dependent) equations will be used, for ex-

ample, to model environmental factors or drug administrations that change
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Figure 3. Flowchart of the GynCycle model for the human menstrual cycle with 33(+8)

ODEs, 114 parameters.

with time. Moreover, it is assumed that some discrete experimental data

(in form of species concentrations versus time) are available. Usually, only

a certain amount of the species concentrations are measurable observables.

The task at hand now is to quantify the unknown parameters and initial

values by comparing model values with the measured data. A complete

data set, of course, must also include statistical tolerances for each mea-

surement. This taskmay be computationally solved by appropriate Newton

algorithms (local search) or stochastic approaches (global search). As an

example, Figure 4 depicts the results of parameter fitting to a set of ex-

perimental data from 12 normally cycling women for LH, FSH, P4, and

E2.

2.2. Treatment modelling

Even if there exists a number of newer approaches (e.g. the antagonist

protocol), there are two methodologies which, depending on the age and

other conditions, are the most commonly used treatments. They consist of

two phases, he suppression of FSH and LH by GnRH (downregulation, long

protocol) or by P4 (preparation, short protocol), followed by a usually two

weeks long stimulation phase with the combined administration of GnRH

agonists, FSH, and LH. Within the second phase one tries to stimulate

follicle growth in order to induce growth of a cohort between 5 and 15

follicles aiming to have as many ripe oocytes in one cycle as possible. The
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Figure 4. Results of parameter estimation for the GynCycle model to 12 normally cyling
women.

actual follicle maturation is monitored by transvaginal ultrasound and E2

blood levels. Future follicle growth can be estimated from biological age,

anti-Müllerian hormone (AMH) levels, FSH and the antral follicle count

(AFC). Hormone doses for the stimulation treatment are based on this

estimation. Too modest dosages of hormones are associated with the risk

of an insufficient number of oocytes, too aggressive treatments, especially

in patients with PCOS, are associated with a high risk of overstimulation

syndrome and a reduced quality of obtained oocytes. If the result with

respect to AFC and E2 levels are satisfactory, ovulation will be induced by

one additional higher dose of LH.

In many cases, the drugs administered differ considerably from their

natural counterpart in their chemical structure, metabolism, and activity.

It is therefore more reasonable to construct a separate differential equation

for the concentration c(t) of each administered substance,

dc (t)

dt
= Φ(t)− cLc (t) , (1)
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with a time dependent source term Φ(t) and a clearance term cL. The

solution of this equation may then be used in other equations where the

drug and/or its natural counterpart has an effect.

In most cases, drug administration leads to plasma concentration pro-

files with a left-skewed peak. These time courses are usually described by

some pharmacokinetic parameters. A commonly accepted approach is, e.g.,

to measure the peak plasma concentration cmax, the time point tmax of this

maximum, and the integral over the concentration-time curve, AUC0−∞

(area under the curve).

Within our model of the hormonal cycle we have successfully modelled

such profiles based on the probability density function of the gamma dis-

tribution with fixed parameter α = 2. This approach leads to the following

differential equation for the drug concentration,

dc (t)

dt
= Dβ2t exp (−βt)− cLc (t) , (2)

where the parameter D represents the amount of the drug administered.

The parameters β and cL can easily be determined numerically on the

basis of measured values cmax, tmax, and AUC0−∞. A similar approach is

Figure 5. Results of a simulation of a whole long protocol for LH, FSH, E2, and P4
(black) compared with the normal hormonal cycle (gray). The downregulation with the

GnRH agonist Triptoreline lasts 27 days (cycle days 23 until 50), the stimulation then
lasts 14 days. The rise of E2 during stimulation indicates a successful treatment.
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also possible in terms of other pharmacokinetic parameterizations, e.g. the

volume of distribution, the clearance rate or half-life timesa. With this

methodology, we are able to use all different pharmacological data available

in the literature1, and to store them in a common data base for all drugs

relevant in clinical practice. Figure 5 presents preliminary results for a

simulation of the long protocol. In addition, our model enables not only

the simulation of normal healthy cycles with and without treatments, but

also the simulation of other limit cycles as they are typical for, e.g., PCOS.

2.3. Patient-specific models

Unfortunately, a fully automatic procedure that just computes values for

the model parameters that fit the (few) available measurements (param-

eter identification) typically leads to species behaviours that, while being

mathematically correct solutions to the ODE model, are meaningless from

a biological point of view. Moreover, we have to take into account that the

parameter value space is huge.

We overcome the above mentioned obstacles by splitting our compu-

tation into two phases: an off-line phase that narrows our search space,

and an on-line phase that computes patient-specific predictions. The first

phase produces an almost complete set of biologically sound parameter val-

ues, whereas the second phase selects the parameter value that minimises

the mismatch between model predictions and patient measurements.

The overall architecture of our approach is depicted in Figure 6. Starting

from a default parameter value λ0 that results from our accepted standard

model, the off-line procedure extracts from the parameter value space a

complete set S of biologically sound parameter values. Biological soundness

asks for S to contain only parameter values leading to biologically mean-

ingful time evolutions for the species in the model. Completeness asks for S

to include all parameter values leading to biologically meaningful behavior

for the model. The on-line phase selects the parameter value in S that best

fits with patient measurements, searching in the set of biologically sound

parameters computed in the off-line phase.

Intuitively, we search for parameter values λ that lead to trajectories

x(λ, t, u), with u an external time-dependent input function, e.g. a treat-

ment, that are both quantitatively and qualitatively similar to the trajec-

aSince GnRH is active only in the brain, the GnRH agonists blood levels are not respon-
sible for the effects of the administration. We have, therefore, implemented a simple
compartment model for GnRH.
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Figure 6. Architecture of the patient-specific parameter identification procedure.

tory x(λ0, t, u). We capture the fact that two trajectories are similar (i.e.

they differ because of a “shift” and/or a “stretch”) by introducing three

measures of similarity. The cross-correlation ρλ0,λ,i measures qualitative

aspects of the trajectories xi(λ0, t, u) and xi(λ, t, u) (for example, if they

have the same peaks) whereas the average normalised differences μλ0,λ,i and

the normalised differences of autocorrelations χλ0,λ,i are two measures of

the average distance between xi(λ0, t, u) and xi(λ, t, u). Biological sound-

ness of the parameter λ with respect to λ0 requires that differences between

xi(λ0, t, u) and xi(λ, t, u) in terms of these three measures are below given

thresholds. Our goal is to identify a set of biologically sound model pa-

rameter values that describes as many biologically meaningful behaviours

as possible but, at the same time, is not too large in order to speed up

our on-line computation. The first phase of our procedure finds (with high

confidence) the set S of all biologically sound parameter values with respect

to a default parameter λ0. The set S is computed by checking parameter

values in a finite subset Λ̂ of Λ (discretised parameter space).

Since the number of parameters to be identified is quite large (75 in

our case study) the discretised parameter space is huge (1075 if we consider

10 possible values for each parameter), thus making an exhaustive search

in the discretised parameter space Λ̂ unfeasible. To overcome such an ob-

struction, we followed an approach inspired by statisticalmodel checking7,6.

At the end, the set S contains only and (with arbitrarily high confidence)

all biologically sound values for the patient-specific parameters. Note that

such an algorithm does not depend on patient-specific data. Thus it must

be run off-line once and for all, and its output (the set S) can be stored for
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Figure 7. Architecture of off-line computation of biologically sound parameters.

further processing. The computation of an appropriately large set of biolog-

ically admissible (BA) parameters may need several days even on a cluster

with many CPUs. Details of the approach can be found elsewhere12. The

biologically admissible parametrizations may be interpreted also as virtual

patients.

The architecture of our algorithm is depicted in Figure 7. A model

checker randomly generates parameter values λ in the discretised parame-

ter space Λ̂ (point 1 in the picture). The simulator is called for a simulation

of x(λ, t, u) and returns a file containing a set of points of the trajectory

x(λ, t, u) (point 2). At this point, this trajectory is compared with the tra-

jectory x(λ0, t, u) obtained by considering the default parameter λ0 (point

3). If x(λ, t, u) passes the biological soundness test, λ is added to the set S

of biologically sound parameters, otherwise it is discarded (point 4).

The algorithm stops whenN attemps fail to find a biologically sound pa-

rameter. Given two positive real numbers δ and ε, N is chosen in such a way

that with confidence 1−δ the probability of finding other biologically sound

parameter values not in S is less than ε. The results in Figure 8 demon-

strate the variability of the individual time courses. In this computation,

the algorithm has found more than 7000 different BA parametrizations.

3. PAEON Virtual Hospital (VH)

One of the main goals of the PAEON project is to provide effective compu-

tational tools as Web-based services through a Web portal named Virtual

Hospital (VH), in order to aid medical researchers and doctors in their
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Figure 8. Results of the off-line computation of all biologically parametrizations for

LH, FSH, E2, and P4 compared with 12 normal hormonal cycles.

everyday work. The PAEON VH Web-application will enable researchers,

within and outside the PAEON project, to exploit results by providing ser-

vices to: 1) upload/downloadmodels and results from clinical trials or from

computations, 2) use the computational tools developed in the project. Fur-

thermore, VH will support the iterative refinement approach of our project

by acting as a coordination tool between the modelling activities, the com-

putational tool development and the clinical trials.

VH will provide access and data security services compliant with clinical

data and security policies along with a graphical user interface to seamlessly

fit into hospital environments and thus clinicians needs. This in turn will

allow the hospitals in our consortium to insert (anonymised) experimental

data that, via the VH, are immediately available to the research partners

working on modelling or model analysis tools. This guarantees constant

alignment between the modelling/computation activities and the clinical

trial activities. The VH Data Repository will provide a knowledge base for

storing (generic) models, patient-specific models (digital patients), treat-

ment protocolmodels (digital physicians), anonymised experimental results

from the clinical trials, and experimental results from running PAEON com-

putational tools on given clinical data. The overall PAEON VH software

architecture is sketched in Figure 9.

Here, we will describe only some of the computational services, namely

the Treatment Execution Monitor (TEM), the Model-Based Verification of

Treatment Protocols (MBV-TP), and the Model-Based Design of Individ-
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Figure 9. PAEON VH Software Architecture.

ualised Treatment Protocols (MBD-ITP).

3.1. Treatment Execution Monitor

Within TEM, protocol models keep track of the status of a treatment pro-

tocol for each patient under treatment, and suggest actions to clinicians.

In a treatment protocol, typical actions are: when to administer a drug,

the dose, and when to take next measurements. A clinical treatment pro-

tocol is a description of a complex activity that involves decisions during

the treatment execution. In Figure 10 the overall structure of a treatment

protocol is sketched.

The TEM is a tool designed to support clinicians during treatment

protocols. It behaves as a Clinical Decision Support System (CDSS) that,

on the basis of the modelled treatment protocol and the recorded treatment

data (patient data, patient measurements), suggests actions (e.g., timing

and amount of drug to be administered) to clinicians. TEM takes as input

a formalised treatment model and provides as output what the protocol

prescribes in a given situation. Physicians can follow the suggestions of

TEM or override them. In any case, all decisions are recorded by TEM and

possibly used during future treatments.

In order to model fertility treatments currently in use, we have designed

and implemented the Vanilla Automata Language (VAL) language. After a
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Figure 10. General structure of a treatment protocol.

careful analysis, carried out by computer scientists together with clinicians,

the protocols currently in use at the University Hospital Zurich (UZH) were

implemented in VAL. Instead of explaining the details of VAL, Figures 11

and 12 show a small section of the protocol as used at the UZH and the

formalized counterpart.

The TEM GUI we have designed can already be used for training or

educational purposes in reproductive medicine departments. Furthermore,

other clinics could compare their own protocols with those of the UZH, one

of the leading clinics in reproductive medicine in Europe. We are planning

also to include the administration strategies of other European reproductive

medicine centers with high success rates into TEM.

3.2. Model-Based Verification of Treatment Protocols

(MBV-TP)

The MBV-TP computational service aims at evaluating, in silico, the effec-

tiveness of a treatment protocol by executing treatment simulations. Sim-

ulations will be performed on a model that consists of a VPH model and a

treatment model for (subsets of) all biologically admissible (BA) parame-

ters.

Since treatment protocols are designed to work on all patients (or at

least a class of patients), they adapt dosages and duration of drug ad-

ministration to patient measurements. In this scenario, it is reasonable to

address the problem of verifying that a given treatment protocol reaches

its goal for each possible patient, or, more realistically, evaluating its suc-
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Figure 11. Part of a treatment protocol currently in use at UZH.

Trans

s’= if (dayStim==0 & (e2Input > 250 | p4Input > 6)) then FAIL
else if (dayStim == 5 & p4Input >= 40) then FAIL

else if (dayStim > 8 & follicleCount(fpCurrent)<3) then FAIL
else if (day == 0) then DOWNREGULATION

else if (day == downLength) then STIMULATION
else s;

day’= day+1;

dayStim’= if (day >= downLength) then (dayStim + 1) else dayStim;
e2’= if (dayStim == 0 | dayStim == 5 | dayStim == 8)

then e2Input else e2;
p4’= if (needP4 & (dayStim == 0 | dayStim == 5 | dayStim == 8))

then p4Input else p4;

needP4’= if (dayStim == 5 & p4Input < 4) then false;
doseStim’= if (dayStim == 0)

then computeDoseStim(age,amh,afc)
else if (dayStim == 5)

then changeDoseStim(age,amh,afc,e2Input,doseStim)
else doseStim;

fpLast’= if (dayStim == 8 | dayStim == 11 | dayStim == 13)

then fpCurrent
else fpLast;

fpCurrent’= if (dayStim == 8 | dayStim == 11 | dayStim == 13)
then FollicleProfile

.fs9 = fs9Input, .fs10 11 = fs10 11Input,

.fs12 13 = fs12 13Input, .fs14 15 = fs14 15Input,

.fs16 17 = fs16 17Input, .fs18 19 = fs18 19Input,

.fs20 = fs20Input
else fpCurrent;

Figure 12. Part of the protocol strategy used at UZH in formalized description.
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Figure 13. MBV-TP inputs and outputs.

cess rate. In our model based approach this means that, since treatment

models adapt their behaviour to the biological model behaviour, treatment

protocol verification consists of checking if the treatment reaches its goals

for a large number of BA parameter values.

Treatment goals have been generalised using the notion of Key Perfor-

mance Indicators (KPIs). A KPI provides a measure of the effectiveness

of a treatment. This allows to evaluate treatments from different points

of view, each of which is formalised as a KPI. In the context of fertility

treatments considered in the PAEON project, the treatment model is an

executable description of a fertility treatment currently in use in clinical

practice. The biological model is a model of the menstrual cycle together

with a pharmacokinetic model for drug administration, and the KPIs are

related to, e.g. E2 levels, number and size of follicles, and the total amount

of administered drugs.

MBV-TP takes the following inputs:

• a parametrised treatment protocol

• values for all treatment parameters, so that one obtains a specific

treatment

• the set of BA parameters on which the treatment will be verified

• a set of KPIs associated to the treatment

and yields the following output:

• values for all the KPIs given as input, for each given BA VPH model

parameter.

In Figure 13 the overall structure of MBV-TP is sektched. As an ex-

ample, we can evaluate if the treatment under consideration ensures safety
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conditions (in our context they are evaluated mainly by checking E2 levels,

to check the risk of overstimulation), and the percentage of BA parameter

values for which the treatment is successful.

In Figure 14. the right column shows the VPH model evolution under

a sample BA model parameter (virtual patient) for which the treatment

succeeds, achieving a full success condition (FSC). It can be observed that

the E2 and P4 levels are always below their safety thresholds, and that the

follicles gradually grow during stimulation (letting the treatment achieve

FSC). The left column of Figure 14 shows another treatment success case,

but in this case only a minimum success condition (MSC) is achieved (and,

in fact, only three follicles reach maturation stage).

To see an example where the treatment fails, consider the right column

in Figure 15, showing the VPH model evolution under a sample BA model

parameter (virtual patient) for which the treatment does not achieve MSC.

It can be seen that follicles do not grow satisfactorily, and that the treat-

ment correctly reacts to such a slow follicle growth by increasing the daily

dose of the stimulation drug (from 300 IU to 450 IU), as safety thresholds

for E2 and P4 are far from being reached. Notwithstanding treatment adap-

tations, only two follicles reach maturation. The first two columns show

two interrupted treatments due to unsuccessful down-regulation (left) and

P4 safety threshold reached during stimulation (centre). In the first case,

the follicle profile is not shown at all (as stimulation is not started), while

in the second, stimulation is interrupted due to an too early P4 peak.

3.3. Model-Based Design of Individualised Treatment

Protocols (MBD-ITP)

MBD-ITP aims at supporting medical doctors and researchers in the design

of individualised treatments in a clinical setting, by automatically evaluat-

ing the effectiveness of a treatment protocol over a set of possible values

for the treatment parameters. Compared to the verification task, the indi-

vidualised treatment design activity deals with more complex treatments.

The main ingredient of our treatment synthesis approach is the definition

of parametrised treatment models. Instead of synthesising a treatment from

scratch, we take a template treatment with parameters and find suitable

values for these parameters.

Parametrised treatments have essentially the same structure of treat-

ments currently in use in clinical practice, but their execution depends on

some parameters. Having the same structure of the template treatment,
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Figure 14. VPH model evolutions computed by MBV-TP, showing treatment successes.

Figure 15. VPH model evolutions computed by MBV-TP, showing treatment failures.



February 24, 2016 8:28 ws-procs9x6-9x6 BIOMAT2015-05 page 86

86

they are more likely to be accepted in the clinical practice. Example of

treatment parameters are thresholds that influence treatment decisions, or

doses of administered drugs. Moreover, as in the treatment verification task

(MBV-TP), we consider a set of KPIs to evaluate treatment effectiveness.

Therefore, our approach to the treatment synthesis problem consists

of solving a search problem over the set of possible treatment parameter

values, looking for the treatment parameter values that optimise the KPIs.

Since the optimisation of a set of KPIs is a multi-objective optimisation

problem, we select all those treatment parameter values that lead to a

tuple of KPIs values that are not Pareto dominated by other treatment

parameter values.

The input for MBD-ITP ist the same for MBV-TP except that it needs

additionally a parameterized treatment. The output is correspondingly

a set of parameter vectors, each treatment parameter vector defines an

individualised treatment which is considered optimal with respect to the

set of given KPIs and for the set of BA VPH models, see Figure 16.

Figure 16. MBD-ITP inputs and outputs.

This approach is computationally demanding. We ran MDB-ITP on 15

Xenon-based machines with an overall number of 121 cores. To present an

example, we changed in the reference protocol of UZH the age classifica-

tion with a parameter δage ∈ [−4, 4], similarly also the classification with

respect to the AMH levels and AFC, and, as a treatment parameter, the

administered doses of the stimulation drug.

Figure 17 shows the outcome of an execition of the MBD-ITP service,

where 14 Pareto-optimal treatments were returned. Obviously, the refer-

ence treatment from UZH (black) balances quite well its performance over

all KPIs.
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Figure 17. Pareto-optimal treatments computed by MBD-ITP. The reference treatment
is in black.

Also the other candidate treatments show interesting properties. For

example, one treatment at the same time minimises the overall amount

of drug used (saving, on average, 34.7% of stimulation drug with respect

to the reference treatment) and maximises the number of cases in which it

succeeds (34.1%, vs. 28% of the reference treatment), at the cost of allowing

the retrieval of (on average) fewer mature oocytes (4.617 vs. 5.571 of the

reference treatment) and to approach FSC less frequently (38.5% on average

vs. 48.5% for the reference treatment).

This work is supported by the European Commission’s Seventh Frame-

work Programme.
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Networks are known to effectively represent the architecture of many complex

biological systems. We propose a new network metric, edge proximity, Pe, which
identifies proteins with essential cellular functions in protein-protein interaction
networks. It pinpoints regulatory neural connections and important portions of
the neural and brain networks, respectively. Energy flow interactions identified by
Pe form the backbone of long food web chains. We briefly discuss the potential
that networks possess in diagnostics and how this can be utilised to build suitable
biomedical devices. We introduce the technique of differential networks (DN).
DN lend us valuable information about the light-dark transition observed in an
entire class of light-sensitive proteins having wide applications in synthetic protein
designing, especially with regard to optogenetics. It provides a suitable alternative
and simultaneously introduces a framework to guide extensive mutagenesis studies.

1. Introduction

Complex systems are composed of components which interact among them-

selves and often with their environment in a non-trivial manner. Many a

time, these interactions are non-linear. Complex systems are known to ex-

hibit collective behaviour. Ranging from subatomic realms to ecosystems

and human societies, complexity exists at different levels of organization5.

In biology it is ubiquitous at all levels, from molecules and cells to tissues

and entire organisms. In the last decade and half, the field of network

science has been rather successful in mapping a number of such complex

systems, especially in biology1,2,3,4. Not so long back, scientists adopted

reductionist approaches towards understanding the essential functioning of

complex biological systems. That is, these systems were analyzed by scru-

∗SJB is financially supported by CSIR, India and RKG & SS by UGC, INDIA.
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tinising their individual components separately, rather than studying the

system as a whole. Such an approach has served to be very successful in

understanding many basic biological processes. But with the deluge of in-

formation from recent “omic” sciences, gathered from large scale studies

of genome, proteome or transcriptome, the drawbacks of such an approach

are now increasingly prominent5.

As aforementioned, the interactions among individual components of a

given system function in synchrony, giving rise to holistic characteristics of

the system (emergent properties). Thus, to have a better understanding of

a system one needs to look for approaches which require the study of all

constituent elements with possibly complicated interactions, all together.

Network science or the theory of complex networks, presents itself as a

rather promising candidate in this respect. It tries to understand complex

systems by modeling the smallest components of a system as nodes and the

interactions between them as edges. Network theory has proved to be an

effectual and successful tool in unraveling details of systems with topologies

that are neither fully regular nor purely random in nature. For example,

the neural network of C.elegans is known to have small world topology, i.e,

it posseses small characteristic path length but is highly clustered unlike

random networks. Network theory sheds useful insights into understand-

ing the unifying principles and underlying mechanisms that govern a vast

variety of biological systems, at different scales of length and time.

In biological networks, nodes are entities like metabolites or macro-

molecules like proteins, RNA and genes, while the edges are physical, bio-

chemical and other structural or functional interactions among them. There

are various network metrics which have been useful in understanding these

networks and which help in determining local properties of nodes and edges,

as well as global properties to gain deeper knowledge of the system. We

present a number of such examples from various biological systems in the

present chapter. We begin this chapter by discussing a new edge-based

metric, which we refer to as edge proximity.

2. Biological Networks and Edge Based Metrics

2.1. Edge based metrics

In a given connected network, G; let V and E denote the set of nodes and

edges respectively. N = |V| and S = |E| are the total number of nodes and

edges in G, respectively. The most well-known edge-based measure, edge

betweenness7,8, Be is defined as:
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Be =
∑

s�=t

σ(s, t|e)

σ(s, t)
, e ∈ E (1)

Be is the ratio of the number of shortest paths, σ(s, t|e), between node,

s, and node, t, which pass through edge, e; to the total number of directed

shortest paths, σ(s, t), between node, s, and node, t, in the network. It

attempts to capture the frequency of an edge lying on the shortest paths

between all pairs of vertices in a network. Edges with the highest Be are

most likely to lie between subgraphs, rather than inside them. Thus, tar-

geting by node or edge betweenness ensures rapid disconnection of networks

by a small number of deletions6,9. Betweenness has been found to be very

useful in an array of applications ranging from controllability in networks10

to diagnostics11 and scalable devices for successful feature extraction in

image processing12.

We introduce an edge-based network metric, edge proximity, Pe,

which successfully identifies the hitherto unknown importance of many

interactions13. The Pe of an edge, e ∈ E , is the inverse of the sum of

its shortest distance d(e, f), with every other edge, f ∈ E , in G(V,E). Pe

lends clues as to how close each edge is to every other edge in G through

the shortest paths between them. Thus,

Pe =
S − 1∑

f∈E

d(e, f)
, e ∈ E (2)

The effects of removing edges with high Pe might initially not be dis-

played clearly. However, these removals eventually cause great harm to the

network. Compared to existing strategies, the removal of edges by Pe leads

to a remarkable increase in average shortest path length and diameter in

undirected networks. Pe can be consistently used to divide the network into

two nearly equal components. Therefore, removal of edges by Pe presents

a slow but powerful strategy to greatly harm a network13. It has also been

observed that edges with higher edge proximity value are the starting edges

of the driver nodes for edge controllability under switchboard dynamics14.

Edges with high edge proximity value have good potential to control many

edges under switchboard dynamics dynamics whereas edges with very small

edge proximity value fail to do so.
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2.2. Importance of edge based metrics in biological

networks

The analysis of Pe and Be for the edges of PPI, food web, neural and

brain networks are conducted in the following sections and their biological

significance discussed at length. For this purpose, the Z−score has been

calculated as,

Z(Q) =
Q− μ(Q)

σ(Q)
, Q ∈ {Pe,Be}. (3)

μ(Q) is the mean and, σ(Q), the standard deviation of the Q distribu-

tion. For consistency, we restrict ourselves to the top 2% of edges, with

Z(Q) ≥ 1 for all networks.
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Figure 1. Average path length, LG of the (a) E. coli and (b) S. cerevisiae protein-
protein interaction networks. when edges are progressively removed by highest edge

proximity, Pe, edge betweenness, Be, edges with highest degree at any end, Ke and

purely at random, Re. (Inset) Initially, Be might seem to cause more harm in the
network as in (a) or might even rapidly rupture it as in (b). However, in the long run,

Pe is clearly shown to cause the maximum increase in LG.

2.3. Protein-protein interaction networks

Protein-protein interaction networks play an important role in maintaining

inter-cellular coordination and in performing various types of cellular func-

tions. Systemic study of protein-protein interactions should reveal many

unknown facets of inter-cellular mechanisms. Experimental backbone of
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these studies use high throughput yeast-two-hybrid screening, affinity pu-

rification, mass spectroscopy etc.15,16. Topological structure analysis of

protein-protein interaction networks uncovers many hidden properties of

biological networks and their working strategies17.

In protein-protein interactions networks, nodes are the proteins and

edges represent a physical interaction between two proteins. The edges are

undirected. Therefore, it is not immediately apparent from the network, as

to which protein functionally influences the other.

It is known that protein-protein interaction networks (PPINs) of S.

cerevisiae exhibits distinct scale-free behavior18,19. Scale-free networks are

known to be vulnerable upon targeted attacks, on their highly connected

nodes. Therefore, mutations of highly interacting proteins are expected

to be lethal for the cell. Importance of interactions between proteins

have also been investigated13,20. What would happen if two such proteins

bound together, ceased to interact due to some unfavorable conditions in

cells? Therefore, there should exist some crucial interactions (edges) with-

out which the entire protein-protein interaction system might collapse13.

Effect of edge deletion is observed in terms of increase of average shortest

path length and diameter of S. cerevisiae and E. coli PPINs, till the first

disconnection.

The Average shortest path length, LG, is the average of all the shortest

path lengths between any pair of nodes in G and is defined as,

LG =
1

N (N − 1)

∑

s,t∈V; s�=t

d(s, t) (4)

The Diameter of G is defined as,

D = max(d(s, t)), ∀ s, t ∈ V ; s 	= t; (5)

d(s, t) being the shortest path from s to t. From the definition of LG and

D it is clear that LG and D become infinite when G becomes disconnected.

Removal of interactions by Pe increases LG and D of PPINs the

most. Important reactions in protein-protein interaction networks have

been mapped by using edge betweenness and edge proximity13 metrics. By

using edge betweenness metrics many significant types of functional clus-

tering can be conducted20. On the other hand edge proximity metric could

identify some crucial protein-protein interactions, which are important to

overcome “stress”. One of such protein is E. coli 60kDa chaperonin protein.

Remarkably, edges denoting interaction of 60kDa chaperonin protein in E.

coli protein-protein interaction network exhibit the highest edge proximity
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value. Interactions of these proteins resembles the interactions of date hubs

which are important for global organization of the entire protein-protein in-

teraction network21.

2.4. Food web networks

Two of themost basic components of our ecosystem are autotrophs and het-

erotrophs. Autotrophs can produce their own food from their surroundings,

where as heterotrophs depend on autotrophs for their energy. Thus, there

is a directed network of energy flow between them, which is also called the

food web. Food webs has generally more complex than other biological net-

works in terms of their connectedness22. A good number of studies on food

web, shows conflict among a number of network characteristics. Degree

distribution, clustering coefficient, characteristic path length and centrality

measure can vary widely among food webs23,24. There also exist studies on

identifying important interactions inside food webs by edge based metrics.

Directed edges between species indicates who feeds upon whom or denotes

the energy flow direction in the ecosystem. Analyzing three coral reef food

webs25 network (Cayman Island, Cuba and Jamaica) and four trophic food

web from South Florida Ecosystem26,27, it can be clearly shown that the re-

moval of interactions having high edge betweenness value could block many

tropic interactions. On the other hand, interactions identified by high edge

proximity value, are basically the root interactions of dominator tree of that

ecosystem. These interactions are thus important in maintaining the en-

ergy flow in food webs. If these interactions were removed, it could lead to

many secondary extinctions. These are basically the starting interactions

of food pyramids where autotrophs make foods from the basic components.

2.5. Neural network

Emergent behavior from complex neural networks is a subject of great at-

tention in the field of neural networks. These networks are composed of

interconnected neurons where neurons are the nodes and synaptic connec-

tions constitute the edges. One of great challenges of neural networks is

the wide unavailability of experimental datasets. C. elegans neural network

dataset is the only available completely mapped neural network dataset.

This network was constructed via connectivity reconstruction through elec-

tron microscopy28. The connectivity data includes 6393 chemical synapses,

1410 neuromuscular junctions and 890 electrical junctions29. A total num-

ber of 394 neurons and 7 neurotransmitters are reported. Identification of
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synapses by edge based network analysis shows that synapses with the high-

est edge proximity value are responsible for backward movement, where as

synapses with highest edge betweenness are associated with both thermo-

taxis and backwardmovement. Thus, it seems that edge proximity analyses

can group synaptic junctions better, according to functionality.

2.6. Brain network

A number of studies have also been conducted in brain networks. These

network are comprised of different parts of the brain connected via neu-

ral fibers. The experimental basis of these type of network constructions,

depends on modern non-invasive medical imaging techniques. These tech-

niques include high resolutionmagnetic resonance imaging (MRI). Not only

that, advanced computer hardware and simulation software enable us to

conduct simulations of thousands of spiking neurons. Combined pictures

of these technique enable us to resolve brain network in great detail30,31.

Structural analyses of brain networks by network based metrics enable us

to understand such networks properly. Edge based analyses could group

the neural fibers into distinct functional categories, merely from the con-

nectivity data. Neural fibers of the Macaque brain network (CoCoMac)32

with high edge betweenness values indicate neural connections, which are

localized in prefrontal cortex. On the other hand, fibers with high edge

proximity value identify various starting connections of long information

processing pathways like the cortex to thalamus, temporal lobe and frontal

lobe.

3. Application of Network Theory to Diagnostics and

Biomedical Science

Thermal imaging has only been recently introduced to diagnostics. The

main reason for this is that previously, thermal imaging was restricted for

military use only. As such its diagnostic potential is still relatively unex-

plored. Variability of steady state thermal behaviour due to environmental

thermal fluctuations are responsible for the restrictive use of this power-

ful non-invasive technique. Aqueous deficient dry eye disease (ADDE) is a

common, painful disease of the eye. Current techniques which are widely

in use are mostly non-invasive. Non-invasive thermal imaging of the pa-

tients eyes can be converted to a time series. These time-series can then be

converted into networks33. Edge betweenness, Be, discussed above serves

as a powerful discriminator and helps in diagnosis of healthy and patients
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suffering from ADDE11. Such methods can be utilised to build scaleable

biomedical devices12.

4. Networks and Photoreceptors

4.1. Optogenetics and LOV-photoreceptors

The recently discovered field of optogenetics has drawn tremendous atten-

tion of the entire scientific community. In 2010, optogenetics was named

by the journal Science34 among “The insights of the decade” and by the

journal Nature Methods as “Method of the Year”35. Optogenetics has its

roots in neuroscience and the initial aim was to control the neuronal activity

in organisms using light-sensitive proteins with unprecedented precision36.

This field has now developed in its own right and has grown beyond the use

of naturally existing proteins to control specific events within living cells.

This is a crucial step towards the understanding of multifarious biological

events and more importantly to control them with a high level of precision.

For clever design of artificial photosensors, an in-depth knowledge of their

underlying signaling mechanisms is of utmost importance.

Photoreceptors are light-sensitive proteins consisting of two parts: a

sensor domain, which absorbs light, and, an effector domain which carries

out the desired physiological activities. Photoreceptors usually absorb light

from visible spectra to carry out the required biological activities within an

organism. Light-Oxygen-Voltage (LOV) domains are a class of photorecep-

tors that absorb blue light from the visible spectra37. They consist of a

chromophore, namely flavin chromophore (FMN or FAD), an organic, non-

protein part which absorbs photons initiating a series of signaling events

throughout the domain. LOV domains have shown a promising role in de-

signing effective artificial light-sensitive proteins38,39. Upon absorption of

photon, a cysteine-flavin adduct40 formation takes place, which is a well

known phenomenon, marking the beginning of signaling events within the

domain. A domain may remain in its exited state, called the light state,

for a duration ranging from a few seconds to a few hours; after which it

returns to its initial state known as dark state. This transition from light

to dark state or vice-versa is a reversible process. Although, the events

initiating the signal propagation are well studied and known, the detailed

understanding of the underlying signaling mechanism is still lacking. While

photoreceptors have been studied in some detail, the light-dark transition

in such systems are not clearly understood. A thorough and insightful

knowledge of signal mechanism within the LOV domains will not only pro-
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vide us with a clear understanding of functioning of these domains but will

definitely also help in rational designing of synthetic photoreceptors.

4.2. Network theory on LOV domains

4.2.1. Network construction

Network theory can be used to model proteins as residue interaction

networks41. We introduce techniques from complex networks to analyze

and understand the light-dark transition in photoreceptors. All LOV do-

mains with available crystal structures in both light and dark were ana-

lyzed. There are six available sets of light-dark structures of LOV domains,

each from different species, namely - YtvA from B. subtilis43,44 (PDB ids:

2pr6, 2pr5), Vivid (VVD) from the fungus N. crassa45 (PDB id: 2pdr,

2pd7), LOV2 domain from A. sativa (Oat)46 (PDB id: 2v1b, 2v1a), Aure-

ochrome1 (Aureo1) from the photosyntheticmarine alga, V. frigida47 (PDB

ids: 3ulf, 3ue6), LOV1 domain of Phot1 from the green alga C. reinhardtii48

(PDB id: 1n9o, 1n9l) and LOV2 domain from the phototropin of chimeric

fern photoreceptor (Phy3-LOV)40 (PDB id: 1jnu, 1g28) for light and dark

states respectively42. Remarkably, both light and dark state structures all

of these crystals belong to the same space group.

To construct a network from a given LOV domain crystal structure,

each amino acid is consider as a node. Any two residues i and j, with,

|i− j| > 2 49, are said to be interacting if the interaction strength, given by

I =
nij√
NiNj

, (6)

is greater than the critical cut-off, IC
50. nij represents total number of side

chain atom interactions between ith and jth residue within 4.5 Å51. The

normalization factors, Ni and Nj, denote the total number of heavy atoms

in ith and jth residue, respectively52. The interaction strength at which the

size of largest connected component of the network sharply decreases from

its initial value at I = 0 is termed as IC .

While comparing the light and dark state networks of each LOV do-

mains, we analyze distribution profiles for network metrics, namely eccen-

tricity (a local network property) and edge betweenness (global network

metric)42. Eccentricity of a node is defined as the maximum of shortest

distance of all nodes connected to it. Thus,

ei = max(dij) (7)
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Here, dij is the shortest distance from node, i, to any other node, j, con-

nected to it in the network G.

We observe a characteristic consistency for the distribution profiles

among all LOV domains consider, from dark to light state42. As shown

in Fig. 1 for the case of VVD, the residues in dark state network acquire

high eccentricity values when compared to the corresponding light state

network. This indicates a rearrangement among residues during the light-

dark transition which brings other residues in close proximity with each

other. On the other hand, edge betweenness distribution profiles for dark

state of all six LOV domains possess long tails in comparison to their re-

spective light state distribution profiles from which we can infer that the

information/signal flow in dark state is much more channelized via few

edges having higher edge betweenness values. In contrast, for the light

state, the near absence of “bottlenecks” represents a homogeneous flow of

information throughout the domain. Hence, we conclude that the tran-

sition brings about crucial characteristic changes within the domain for

proper functioning and sustenance of signalling mechanisms. Based on the

above observations, we conclude that the gain or loss of interactions during

transition bears significant information about the structural changes and

their effects during the light-dark transition of LOV domains.

Figure 2. Distribution profiles of (a) Eccentricity and (b) Edge betweenness for VVD.
(a) There is leftward shift of eccentricity distribution profile showing decrease in eccen-
tricity of residues in light state as compared to dark state. (b) The shorter tail in the
light state indicates minimal presence role of “bottlenecks” in the light state which is
quite different from the behaviour observed in dark state. Bioinformatics (OUP) (2015).
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4.2.2. Differential Networks to understand light-dark transition

The Differential Network (DN) approach centers on the set of interactions

that are lost or gained during the transition. The Light Differential Net-

work (LDN) consists of edges that are present only in light state but are

absent in the dark state. Similarly, the set of edges that are unique to the

dark state form the Dark Differential Network (DDN). Upon deletion of

these edges, newly formed or lost edges during transition, from parent light

and dark state structures we identified biologically crucial key-residues and

interactions42. The structural changes in light and dark states are known to

be subtle53, although the DN technique effectively captures these changes

and provides new insights into biological behavior of LOV domains.

We analyze the change in network metrics upon deletion of edges, that

belong to LDN or DDN, from parent light and parent dark state networks

respectively42. We analyze both node and edge based metrics to measure

the resultant change of node and edge centralities upon the deletion of

“unique” edges given by,


M
i
k =

|Mparent,i −Mremaining,i|

〈M〉
(8)

Here, M represents metric under consideration, i.e, node betweenness,

node closeness, edge proximity13 or edge betweenness. The node closeness

is given as the inverse of the average shortest distance of node i to every

other node j connected to it and is given by,

Ci =
N − 1∑

j

dij
, (9)

We consider the global node and edge based centralities to measure

the effect of edge removal on the remaining other distant nodes and edges

throughout the network. Mparent,i andMremaining,i represents value ofM

for ith node (or edge) before and after removal of the kth edge respectively,

where, k ∈ LDN(DDN). 〈M〉 is the mean value of M in the parent light

or dark state averaged over all residues or edges. We observe that only few

edges belonging to LDN or DDN, upon their removal from their respective

parent states, significantly affect not only the incident node but also the

distant nodes/edges in the network. Thus, the cumulative effect of M in

the entire network due to the removal of an individual edge is obtained as,
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Figure 3. Edge removal strategy using dark differential networks (DDN) or light differ-

ential networks (LDN) and identification of key interactions/residues. (a) A toy network
featuring a light (dark) state network. The solid lines represents common edges while
dashed lines are unique edges belonging to LDN (DDN) (b) The plot shows the total

effect as calculated from Eq. 10, due to the removal of the k
th edge of LDN (DDN) or

equivalently the q
th edge of the parent light (dark) network (a). μ (gray colored line)

denotes the mean and σ (black colored line) is the corresponding standard deviation.

Edges with overall effect lying above the black line are considered as key interactions.

Bioinformatics (OUP) (2015).


Mk =
1

(N ′−a)

∑

i′


M
i′

k (10)

Here, the summation runs over all the nodes or edges in the network
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after removal except the incident nodes, to ignore the obvious effect over

the incident nodes. Thus, N ′ = N and a = 2 for node closeness or node

betweenness. For edge proximity or edge betweenness, N ′ = S and a = 0.

To determine the significance of affect caused by each edge removal we

calculate Zk score, which is given by

Zk =

Mk − 〈
Mk〉

σΔMk

, (11)

where, 〈
Mk〉 is the mean effect of the deletion of every individual

edge (one at a time), in LDN or DDN calculated from Eq. 10. σΔMk
is

the associated standard deviation. Edges in LDN and DDN with Zk ≥ 1

are termed as key interactions and the corresponding incident nodes as key

residues.

For each of the six LOV domains we identify only a few important edges

or the key interactions42. We find that most of the key-residues identified

either belong to the FMN/FAD binding site or N-terminal and C-terminal

signaling helixes. Most of them have been experimentally validated to be

biological significant through mutational analysis. The success rate being

> 85% for the case of well studied YtvA-LOV and VVD, and, 70% and

66% respectively for the lesser studied Aureo-LOV and Oat-LOV42. Since,

the remaining two LOVs (Phy3 and Phot1) lack detailed studies with crys-

tal structure of Cr-LOV lacking both its N-terminal and C-terminal sig-

naling helixes, the success rate is expectedly lower. We also performed

structure-sequence alignment analysis to predict biological significance of

key residues that are not yet experimentally verified yet are found to be

significant through network analysis. Such residues are amenable for ex-

perimental verification. Thus, Differential Network approach provides us

with a framework to guide further experimental mutational analysis and

understand structure as well as function of LOV-domains.

Due to crystallographic constraints, there are obvious limitations of this

approach. Nevertheless, we are able to successfully capture functionally

relevant residues which in turn provide insights on photo-adaptation. The

detailed knowledge of signaling mechanism is a definite step for rational

designing of artificial photoreceptors in optogenetics.
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To counteract the antagonistic relationship between milk yield and fertility in dairy
cow, a deeper understanding of the underlying biological mechanisms is required.
For this purpose, we study physiological networks related to reproduction and
metabolism of dairy cows. We interactively develop dynamic, mechanistic models
by fitting the models to experimental data and mechanistic knowledge.

We have already developed models for potassium balance and hormonal regu-
lation of fertility in the dairy cow, which will briefly be reviewed here. The main
focus of this article is on a currently developed glucose-insulin model. This model
links the bovine hormonal cycle and the potassium balance to glucose and thus to
energy metabolism. The models can be applied in scientific research, education,
experimental planning, drug development and production on farms.

Introduction

In dairy cows, concurrent with increasing milk yield, decreasing fertility
and increasing metabolic problems have been reported in the last decades9.
To achieve a deeper understanding of the interactions between nutrition,
fertility and the development of diseases we apply a holistic systems biol-
ogy approach to hormonal regulation, energy and mineral metabolism in
the dairy cow. In order to explore and analyze the underlying biological
interactions, we integrate experimental data into predictive, mechanistic,
dynamic models.

∗This work is supported by the BMBF, the Federal Ministry for Education and Research,
e:Bio project BovSys.
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In an interdisciplinary team with mathematicians and veterinarians,
we develop these models on the basis of ordinary differential equations
(ODEs), which describe the dynamic feedback mechanisms and alterations
of the most relevant involved substances over time. Dynamic, mechanis-
tic ODE models are developed iteratively by fitting parameters to field
data and refining modeled processes with mechanistic knowledge according
to the interest of application. By using SBML (Systems Biology Markup
Language21) we make models accessible for a growing community and an
increasing variety of software tools.

Currently, we are working with three mechanistic ODE models of phys-
iological networks in dairy cows: a model for the bovine estrous cycle,
named BovCycle1, a model for potassium balance6, and a recently devel-
oped model for glucose metabolism. The latter will be introduced in this
article. With the BovCycle model the inter-individual variability in the
number of follicular waves per estrous cycle has been analyzed, such that
parameter sets for individuals under varying conditions could be found us-
ing Fourier analysis7 and an empirical approach5. In the potassium balance
model we identified parameters for low potassium cows with an empirical
approach6, exploring the phenomenon that individuals show intracellular
potassium concentrations of around either 20 mmol/l or 50 mmol/l18. In
our work, parameter identification is performed with a Gauss-Newton al-
gorithm called NLSCON19, which is implemented in the freely available
software package BioPARKIN8 suitable for SBML models. The potassium
model was partly developed and experiments were performed with the freely
available software CellDesigner20.

Prospectively, these models can be adapted for versatile applications in
research, education, experimental planning, drug development and produc-
tion on farms.

1. The BovCycle Model

The BovCycle model has been built to describe the bovine estrous cy-
cle with its key mechanisms and their regulation1,2. The complete model
description, parameters and initial values can be found in Stoetzel et al.
20122. With the BovCycle model, periodic estrous cycles lasting 21 days
can be simulated, describing the growth and the decay of follicles and the
corpus luteum (CL) and the key reproductive hormones regulating the sys-
tem. The BovCycle model consists of 15 ODEs and 60 parameters and
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is available in SBML at the BioModels databasea. The mechanisms are
depicted in Figure 12.

Figure 1. Graphical description of the estrous cycle model BovCycle in the dairy cow.

The hormone GnRH is synthesized in the hypothalamus and released
into the pituitary. There, it stimulates the release of the hormones FSH and
LH into the blood. They are affecting the development of the follicles and
the CL on the ovaries. The follicles produce estradiol (E2) and inhibin (Inh)
and the CL produces progesterone (P4), which are released into the blood
and act locally at the ovaries. They influence GnRH, FSH and LH, and
stimulate oxytocin and different enzymes that control the action of PGF2α.
This, together with several intra-ovarian factors initiate the decay of the
CL. These mechanisms are modeled in the BovCycle model as a closed
system. No external stimuli are needed for the periodic behavior, which
results only from the developed dynamics and the parametrization of the
model. In one application performed with this model, drug administration
of prostaglandin F2α (PGF2α) has successfully been simulated2.

ahttps://www.ebi.ac.uk/biomodels-main/BIOMD0000000481
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2. The Potassium Model

The model of potassium balance in dairy cows is the basis for computer
simulations of potassium intake, distribution in the organism, and excre-
tion. The model has been developed and validated with experimental data
from the Clinic for Ruminants at Freie Universität Berlin. The mecha-
nisms are depicted in Figure 2. With DMI (dry matter intake) food is
taken up. KFEED is the potassium fraction in the food. Potassium passes
to the digestive tract KGIT and is then resorbed to the extracellular space
of the blood KECF . Physiological extracellular potassium concentrations
range between 3.5 and 5.8 mmol/l22, outside this range life-threatening
conditions occur. In the model, potassium distributes between extracellu-
lar space KECF , intracellular space KICF , and the tissues KTISS , in which
it is stored. Potassium is excreted via urin KURIN , saliva KSAL, sudor,
feces and milk KMILK . Insulin, pH, the hormone Aldosterone, and the
potassium amount in the food regulate the system.

Figure 2. Graphical description of the model for potassium balance in the dairy cow.
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3. The Glucose Insulin Model

The motivation to build a glucose insulin model was to study the influence
of this metabolic network on potassium balance and on hormonal regulation
of fertility. Glucose metabolism and homeostasis are of special concern in
any mammal because glucose is a very important and, for some tissues,
essential substrate10. For the potassium balance model the glucose-insulin
metabolism is of special interest due to the interaction of insulin with the
shift of potassium from extracellular to intracellular space. The interaction
of the glucose-insulin system with the hormonal regulation of fertility is
characterized by long term effects, where long term food reduction may
lead to reversible functional disturbances in follicular development up to
anestrus12. There are common pharmaceutical interventions in the glucose
metabolism, as application of glucocorticoids, whose effects on potassium
balance and the hormonal reproductive system have not yet been studied
in detail.

Due to the fermentative character of their digestion, glucose metabolism
in ruminants is different compared to monogastical species. Carbohydrates
ingested with the DMI are processed by microbes to the intermediary prod-
uct pyruvate and then to short chain fatty acids11, which are resorbed and
serve, amongst others, as precursor substances for endogen glucose pro-
duction via gluconeogenesis. High amounts of starch in DMI cannot be
metabolized in the rumen. So called bypass starch is split enzymatically in
the small intestine and is then resorbed as glucose. The mechanisms of the
glucose–insulin model are depicted in Figure 3. In the model, the fraction
of substances in DMI that are glucose or can be transformed to glucose
are pooled in the component GlucFEED. These glucoplastic substances
are transported to the component GlucPROD with a rate GfGp. In this
component we pool the endogenous production of glucose. The dairy cow
needs to cover up to 90% of her glucose demand by gluconeogenesis13.

The remaining part of GlucFEED is directly transported to blood glu-
cose, GlucB . The corresponding rate GfGb represents direct glucose re-
sorption from the intestine, including bypass starch. Glucose production is
also fed by the storage component GlucSTOR with the rate GsGp.

Glucose produced in GlucPROD is shifted to GlucB with the rate GpGb.
The excess is shifted back to GlucSTOR with the rate GpGs.
Glucose is cleared from the blood at a rate SnkGb, representing the

metabolic use of glucose.
Storage of glucose is represented by the component GlucSTOR. In vivo,
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glucose is stored as glycogen, with muscle, liver, and kidney being the main
tissues storing glucose. In the default condition, storage capacity for a cow
with 600 kg body weight is calculated with 280 kg storable tissue weight14.

We assume that there is a maximum storage capacity, that cannot even
be exceeded with increasing carbohydrate uptake. The dimension of this
storage is calculated with 2% glycogen weight in the muscle tissue and 10%
in liver23. Hence, in 9 kg liver an amount of 900 g glycogen can be stored,
and in 265 kg muscle an amount of about 5300 g can be stored. Finally, a
maximum storage capacity of 6200 g is obtained.

Glucose is transported from the storage to the blood with a rate GsGb,
which increases for low levels of GlucB and diminishes for high levels of
GlucB .

Glucose and insulin influence each other. Insulin in the blood increases
in response to rising GlucB , thus promoting the transport of glucose from
GlucB to GlucSTOR with the rate GbGs.

If the storage GlucSTOR is already full or if the levels of GlucFEED are
low, this rate decreases.

In vivo, insulin is secreted from pancreatic beta cells in response to el-
evated blood levels of nutrients such as glucose or amino acids. It causes
uptake of glucose as glycogen into cells of liver, muscle, and storage. Fur-
thermore, insulin causes uptake of potassium in insulin sensitive cells by
enhancing the activity of Na/K-ATPase15. Optional, the model is able to
simulate glucose in milk by varying p55, which represents the liter of milk
produced per hour (see Appendix). In the herein presented simulations no
milk production has been included.

4. Results and Discussion

The glucose-insulin model gives insight into dynamics of the glucose
metabolism. In the following we present simulation outcomes with the
glucose-insulin model for various amounts of food, modeled by varying the
variable DMI. The first simulation shows results with 100% DMI, which is
the default condition. In the second experiment we decreased the food to
10% of DMI, and in the third experiment we increased the food to 250%
of DMI. The fraction of glucose and substances available for glucose pro-
duction GlucFEED was chosen as 8.54% of DMI and is the same in all
presented experiments.
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Figure 3. Graphical description of the model for glucose insulin metabolism in the dairy
cow.

4.1. Default condition

In the default condition the cow ingests 11700 g of food. This amount
was given from the study data we used to develop the potassium model
(see Section 2). The simulation outcome for the default condition can be
seen in Figure 4. The glucose production (a) is dependent on DMI and
GlucFEED (e). The amount of glucose produced by the cow per day is 927
g, and 8.54% of GlucFEED are resorbed directly from the gastro-intestinal
tract as hexose sugar and by-pass starch, here 80 g. Thus, the cow has 1007
g glucose per day available. The use of glucose in the model is 1000 g per
day. This is in the expected range of the glucose production and demand
per day17 for a 600 kg non-lactating dairy cow. The storage (b) is filled
up to about one half of its filling capacity and the oscillation is very low,
as we expect when glucose demand is in the range of production. Glucose
in blood (c) is in its physiological range of 0.39 - 0.59 g/l16. Insulin in the
blood (d) is also in the qualitative range given from the study data (f).
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(a) Glucose production (b) Glucose stored in tissues

(c) Glucose (d) Insulin

(e) DMI and GlucFEED (f) Simulated insulin with data from one
cow of the clinical study

Figure 4. Simulation outcome for the components of the glucose-insulin model with 100
% DMI.
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4.2. Decreasing food

In the following experiment we decreased the DMI to 10% of the default
condition. Within this, the cow ingests 1170 g of DMI per day, which is
very little. In Figure 5 we observe that glucose production (a) also de-
creases, and now only 120 g of glucose are produced per day by the cow.
Together with the directly resorbed glucose from the digestive system, the
cow has 129 g glucose available per day, while she is using 335 g per day.
The storage (b) is filled up to over one half of its maximum capacity at
the beginning of the experiment and decreases constantly by the amount
the cow is using and which is not available from other sources. After 410 h
(around 17 days) of simulation, the glucose stores are nearly empty and no
more glucose is available from there. Glucose in blood (c) is in its physio-
logical range of 0.39 - 0.59 g/l16 as long as there is glucose available from
the store, and it drops to very low and clinically critical values when the
stores are empty. Insulin in the blood (d) follows the dynamic of glucose
and also drops when stores are empty.

4.3. Increasing food

In the following experiment we increased the DMI to 250% of the default
condition. The modelled cow now ingests 29250 g of DMI per day. In vivo,
this amount of food would suit to a high producing cow. Since our model
cow is not producing milk, we suppose that she is doing much exercise, e.g.
walking long distances, pregnant. In Figure 6 we can observe the simulation
outcome for the components. The glucose production (a) is very high with
2303 g per day. Totally available glucose is 2503 g per day, and the daily
use is 2244 g per day. This production and demand are in the expected
range for a highly metabolic active cow17. The storage (b) is filling up over
the simulated period but not reaching the maximum storage capacity, yet.
Glucose in blood (c) is in its physiological range of 0.39 - 0.59 g/l16. Insulin
in the blood (d) follows the dynamics of glucose.
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(a) Glucose production (b) Glucose stored in tissues

(c) Glucose (d) Insulin

Figure 5. Simulation outcome for the components of the glucose-insulin model with 10
% DMI.

5. Conclusion

The herein presented glucose-insulin model is linking the previously devel-
oped physiological network models for the bovine estrous cycle and potas-
sium balance to the glucose metabolism in the dairy cow. The model sim-
ulates the basic components on a level of organs and functional units. Sim-
ulation results qualitatively reproduce literature knowledge, particularly if
environmental conditions are varied. Prospectively, we aim to couple the
glucose-insulin model with the existing models to explore the interaction of
these system.

Especially, we are interested in conducting experiments with interven-
tions frequently performed in veterinary practice, as application of gluco-
corticoides. Studying the systems behaviour will give new insights on short
and long term effects and interactions, without the need for new animal
experiments.
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(a) Glucose production (b) Glucose stored in tissues

(c) Glucose (d) Insulin

Figure 6. Simulation outcome for the components of the glucose-insulin model with 250
% DMI.

Appendix A. Equations

Unit
DMI yDMI = p54 · 487.5 ·

(
(1− sin(π·t

12
)
)

g/h
GlucFEED yGlucFEED

= p46 · ydmi g/h
GlucPROD

d
dt
yGlucPROD

= GfGp−GpGb−GpGs+GsGp g
GlucB

d
dt
(yGlucB · Vextra) = GfGb−GbGs+GsGb− SnkGb+GpGb g/l

GlucSTOR
d
dt
yGlucSTOR

= GbGs−GsGb+GpGs−GsGp g
Insulin d

dt
(yIns · Vextra) = p49 · yGlucB − p41 · yIns μU/ml
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Appendix B. Initial Values for ODEs

yGlucPROD
(0) = 34.0337

yGlucB (0) = 0.5466

yGlucSTOR
(0) = 3647.747

yIns(0) = 21.853

Appendix C. Rates

GfGp = (1− p48) · yGlucFEED

GfGb = p48 · yGlucFEED

GsGp = p60 ·H−(yGlucFEED
, p61, 5) ·H+(yGlucSTOR

, p35, 10)

GpGb = (p39 · yGlucPROD
) ·H−(yGlucB , p50, 10)

GpGs = p51 · yGlucPROD
·H−(yGlucSTOR

, p57, 10) ·H−(p55, p62, 10)

SnkGb = H+(yGlucB , p58, 10) · (p28 · yGlucB + p59 · yGlucPROD
· e−p66·p55 +

p55 · p47)
GsGb = H+(yGlucSTOR

, p35, 10)·(H−(yGlucFEED
, p1, 10)·p17 ·(p7−yGlucB )+

H+(p55, p64, 10) · p63 ·H−(yGlucB , p65, 10))

GbGs = H+(yGlucFEED
, p1, 10) · p12 · yGlucPROD

· H−(yGlucSTOR
, p57, 10) ·

yGlucB · yIns ·H−(p55, p36, 10)
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Appendix D. List of Parameters

NumValue Unit Explanation
p1 40.4 g

h Threshold for GlucFEED

p7 0.925 g
l Glucose threshold

p12 0.0105 ml·l
μU ·h·g Factor for GlucPROD influencing GsGb rate

p17 16 g
h GlucB dependant glucose in GsGb rate

p28 25 l
h Glucose available for metabolic use from GlucB

p35 100 g Threshold for GlucSTOR

p36 1 l
h Threshold for milk production

p39 30 1

h Fraction of GlucPROD transported to GlucB
p41 20 l

hl Factor for insulin clearence
p46 0.0854 - Fraction of glucose and glucoplastic substances in DMI
p47 72 g

l Glucose in milk
p48 0.08 - Fraction directly resorbed from GlucFEED

p49 800 μU ·l
mg·h Scaling factor for GlucB influencing insulin production

p50 0.4 g
l Threshold for GlucB

p51 0.1 1

h Fraction of GlucPROD transported to GlucSTOR

p54 1 g
h Feeding amount as fraction of DMI

p55 0 l
h Milk produced

p57 3800 g Threshold for GlucSTOR

p58 0.01 g
l Threshold for GlucB

p59 1 1

h Fraction of GlucPROD for metabolic use
p60 2 g

h Basic glucose rate from GlucSTOR to GlucPROD

p61 5 g
h Threshold for GlucFEED

p62 1 l
h Threshold for milk production

p63 800 g
h Scaling factor for glucose in milk production

p64 0.2 l
h Threshold for milk production

p65 0.3 g
l Threshold for GlucB in milk production

p66 1.4 h
l Exponent for milk production
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Graph theory provides mathematical insight into many areas of contemporary bi-
ology such as genomics, metabolonomics, ecology, evolution, biochemistry, etc.

because it provides a highly visual and easily comprehensible representation of
patterns, processes, and products for testing causal hypotheses. Thus, there is an

enormous need for graph theoretic visualization tools that make it easy for biolo-

gists to enter data, interact with existing data bases, and generate a variety of dif-
ferent layouts of graphs. BioGrapher is a versatile Excel front-end for the Graphviz

graphical visualization library and software package that we have contributed to

the Biological Excel Simulations and Tools for Exploratory, Experiential Math-
ematics (ESTEEM) collection, available online at www.bioquest.org/ESTEEM.

While a number of excellent stand-alone applications that incorporate Graphviz

for different platforms and operating systems are available, BioGrapher is unique
in that, in keeping with the best practices standards of the ESTEEM suite of which

it is a part, it uses the standard and ubiquitous Excel environment as the front-end

and graphical user interface. It implements the visualization of graphs (nodes and
edges) that are specified as standard adjacency matrices using the Excel spread-

sheet paradigm of rows and columns, with connections between nodes represented
by a non-zero (non-empty) cell value for the appropriate row and column. A com-

plete Visual Basic for Applications (VBA) Excel interface has been programmed

and implemented as an additional custom menu bar menu, with enough function-
ality for the user to invoke many graphical drawing and manipulation routines.

Herein we present details of the Excel app (available for both MacOS X and MS

Windows 7/8) and its applications in problem solving in mathematical biology.
Specifically, we present details for food webs as canonical examples of biological

networks that may display the properties and features associated with small world

networks. An algorithmic approach using graph theory, BioGrapher, and the com-
plementary JavaBENZER app for generation of interval graphs is demonstrated.

1. Introduction

Graph theory has been used as a powerful mathematical tool to represent,

characterize the structure, and study the dynamics of many systems of in-

terest to biologists. In particular, over the past thirty years, the techniques

developed to model, simulate, and visualize networks in computer science

and information theory have become important and ubiquitous mathemat-

ical tools for research in systems biology [1, 2]. Other areas of biology, in-

cluding environmental biology [3–5], genomics and bioinformatics [6], and

epidemiology [7], have also witnessed the successful application of these

techniques. Thus, the nature and applications of graph theory in biology

are well documented in books [8] and reviews [9]. A relatively recent and

very important development in the application of network theory in biology

is the formulation and analysis of biological systems from the standpoint of

small world networks, first formulated by Watts and Strogatz [10] in 1998.

This was later popularized by Watts [11] and others, e.g., Hayes [12], using

the colloquial term “six degrees of separation” to describe such networks,
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which demonstrate remarkable scale-free properties and have been shown to

be an essential signature of many biological systems. The theoretical frame-

work for studying small world biological networks was first developed in a

landmark paper by Barbasi and Albert [13] in 1999. Since then small world

network theory has become a key technique used by the mathematical and

theoretical biologist to explore the structure (clustering, neighborhoods)

and dynamics of biological networks, including connectivity, feedback, os-

cillations, as well as the interplay between structure and dynamics. A large

number of groundbreaking and elegant studies have been reported, includ-

ing studies of the brain as a complex network [14], and numerous studies

of cellular networks [15].

The authors of this work constitute an inter-disciplinary team of faculty

(RVchemical physics and computational science, JRJmathematical biology

and computational science) and students (most recently SL and YY, math

and biology majors) at Beloit College, who have been researching the prop-

erties of biological and other networks and visualizing them over the past

decade [16,17], in particular in an effort to enhance the pedagogy and cur-

riculum of computational science and mathematical biology courses and

programs at the undergraduate level. One of the problems that we en-

countered early on was the lack of inexpensive, ubiquitous and easy to use

tools that were specifically designed to study the properties (described in a

separate section below) and visualize small world networks. Sophisticated

graph theoretical functions and macros available in the standard mathe-

matical software packages such as Mathematica [18] and MATLAB [19] as

well as dedicated commercially available packages like Tom Sawyer [20] can

be used, but data organization, input and customization requires computa-

tional software expertise, which often is not easily available or accessible to

biologists, who may be more interested in quickly and easily extracting key

parameters of the systems being studied to understand their scaling and

small world properties.

Therefore, in this paper, we describe our use of an Excel app, BioG-

rapher [16], as a front-end for the sophisticated and powerful open access

software libraries for network visualization available in the Graphviz [21]

software suite. Graphviz was developed by experts at AT&T Bell Labs,

a pioneering R&D organization with deep research interests in networks

because they have had to work with and understand the structure and dy-

namics of one of the largest man-made networks, namely the phone network.

We have combined the visualization capabilities of Graphviz with the pow-

erful built-in analytical capabilities of Excel and further customized and
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modified these capabilities specifically for small world network analysis.

This combination was achieved through the use of custom Visual Basic for

Applications (VBA) code embedded as macros and which can be invoked

by users via a set of menus and menu items added to the standard Excel

menu bar, thus providing a convenient and easy to use app-like Graphi-

cal User Interface (GUI) for the user. BioGrapher has been successfully

used in teaching and research for almost a decade now. In the sections

that follow, we describe the basic features of small world networks and the

approach that we used in developing the software to characterize those fea-

tures as well as to visualize the results. We also present details and results

of research on biological networks, specifically food webs, carried out using

two of our in-house software tools, BioGrapher and JavaBENZER, both of

which are freely available for download in the public domain as part of the

ESTEEM [22] set of Excel tools.

2. Overview of Small World Networks

Standard abstract graph theoretical representations of networks use the

terms vertices and edges to refer to the corresponding physical entities in

computer and biological networks, namely nodes and links respectively. We

use the standard mathematical terminology through the remainder of our

paper, but will refer to nodes and links where appropriate to highlight the

properties of real-world networks.

We first summarize the unique properties that help us identify small

world networks in terms of the formulation by Watts [23]. The key proper-

ties of small world networks, namely clustering coefficient k and diameter

d, are in between those of perfectly ordered networks (clustering coefficient

k → 1) and completely random networks(k → 0). The diameter d is rela-

tively small and representative of a sparse network. In general, small world

networks exhibit d ≈ logN , where N is the number of vertices. Finally,

small world networks are scale-free and exhibit an interesting power-law

degree dependence [13] that accounts for their ubiquity in nature, pre-

sumably because of efficient information retrieval and transfer through an

optimum number of nodes and edges.

Some of the interesting biological systems that have been identified as

small world networks include: (1) brain circuitry of C. elegans [24]; (2)

metabolic pathways [25, 26]; (3) food webs [27]; and (4) genomic circuits

[28]. A beautiful recent summary [29] discusses these small worlds of diverse

biological systems as examples of evolutionary morphospaces. Given the
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diversity and importance of small world networks in biology, we believe that

their input, analysis, and visualization in BioGrapher and JavaBENZER

provides an easily workable approach for many biologists to explore their

properties.

3. The Biographer App

We use the screen shot below (Figure 1) to describe a few of the properties of

the Excel app, compatible with both Macintosh and Windows PC Desktop

Operating Systems.

Figure 1. A screen shot of BioGrapher circular graph layout format output for yeast

gene expression data [30].

The data representation for a network of interest with N edges corre-

sponds to a N ×N adjacency matrix with ones and zeroes (if unweighted)

or appropriate weights for vertices with weights. Both directed and undi-

rected graphs can be represented. Such data matrices can be conveniently

entered or imported into Excel since the representation corresponds to the

Excel paradigm of a ‘spreadsheet’ with rows and columns. The screen cap-

ture above shows representative data and the results of the visualization of

portions of the yeast cellular network, based on data reported in a beautiful

study by Rives and Galitsky [30]. Note that all computations of properties,

manipulations, and visualizations of the adjacency matrix/graph are ac-

complished through custom pull down menus added to the standard Excel

menu bar (Figure 2).
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Figure 2. Several features of the BioGrapher suite of tools include the ability to find

the shortest paths between nodes in a graph, the clustering coefficient, and the ability
to produce a complementary graph by flipping the ones and zeros. These are available

from the drop down menu shown above.

The CALCULATE menu computes small world properties, including

shortest paths (from which the diameter is also computed and displayed

with the results) and the clustering coefficient. Log-Log plots of the de-

gree vs. nearest neighbor count are also displayed when the ‘Clustering

Coefficient’ menu item is selected.

The SMALL WORLD menu permits simulations of ‘model’ graphs, in-

cluding Watt’s beta graphs [23] and the Barbasi-Albert Preferential Attach-

ment Model [13], to generate comparable graphs with the same number of

vertices and edges. The GRAPHICAL VISUALIZATION menu includes a

DRAW GRAPH menu item, which, when selected, displays a dialog box

with a variety of graphical layout options (Figure 3) that invoke the appro-

priate Graphviz layout libraries [21]. Other display properties of the graph

can also be conveniently specified via the dialog box.

A final feature to be noted in the options available for visualizing net-

works (Figure 3) is the choice of producing a weighted graph. An especially

nice example of visualization using the various options is the network graph

that we generated from quantitative data on a quorum-sensing biological

circuit [31]. We re-represent their microarray data as a weighted adjacency

matrix in Table 2 to show that the expression of several genes involved

in chemotaxis and motility are altered in the luxO mutant as a network

visualization in Figure 4.

Thus, the Excel BioGrapher app [16] provides a versatile and convenient

way of using the powerful GraphViz suite of visualization libraries [21],

combining the visualizations with analytical results based on Excel com-

putations. It should be emphasized again that the data input for both of

these operations is the adjacency matrix representation of the graph.

We now proceed to discuss some specifics for the use and application of

BioGrapher and JavaBENZER in researching the properties of biological
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Figure 3. We note that there are flexible visualization options available in BioGrapher.

We can display output graphs in any one of four layouts, based on Graphviz circular,
radial, spring, and (where applicable) tree algorithms [21], by simply selecting the ap-

propriate button.

Table 1. Datamatrix for quorum-sensing biological circuit [31].
The matrix elements in the 10 × 10 matrix refer to a scaled

quantitative expression amount.

Gene# 1 2 3 4 5 6 7 8 9 10

1 0 1 2 3 4 5 9 7 8 2

2 1 0 6 7 8 1 10 8 4 1

3 2 6 0 9 10 2 3 5 2 4

4 3 7 9 0 3 3 8 7 2 10

5 4 8 10 3 0 4 6 4 1 6

6 5 1 2 3 4 0 5 7 6 7

7 9 10 3 8 6 5 0 5 8 9

8 7 8 5 7 4 7 5 0 10 3

9 8 4 2 2 1 6 8 10 0 2

10 2 1 4 10 6 7 9 3 2 0

networks, using data readily available in the literature.

4. Food Webs

Food webs can be thought of as many food chains all linked together. A

web contains a set of organisms in a single habitat or a composite of several
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Figure 4. A weighted network graph representation of the quorum-sensing biological
circuit in Vibrio cholera, based on raw data [31] in Table 1. The weights show that “the

expression of several genes involved in chemotaxis and motility are altered in the luxO

mutant.” [31] The weights range from 1 (e.g., for 1–2, 4–9) to 10 (e.g., 3–5, 2–7). Note
that highly expressed genes maximal clique size is only two and these cliques are not

always contiguous. However, these cliques are always within one edge of one another.

habitats, and describes their eating relationships within the set. A commu-

nity food web is obtained by picking within a habitat or set of habitats, a

set of organisms on the basis of taxonomy, size, location, or other criteria,

without prior regard to the eating relations among the organisms [32]. In a

food web, many producers and consumers (herbivores, carnivores, and om-

nivores) interact and are interrelated. Even a simplified food web can show

a complicated network of trophic relationships. Diets vary significantly be-

tween ecological communities, and this influences their organization. The

minimum number of variables required to represent the overlaps among

consumers’ diets is called the dimension of the trophic niche space. For

dimensions greater than one, a single variable like food size alone is not

sufficient to describe the overlap [33].

A community food web can be represented as a directed graph (Figure 5)

or as an adjacency matrix (Table 2). The vertices of the directed graph

represent species in the web. There exists a directed edge from vertex a

to vertex b if and only if species b feeds on species a. For example, for the

eight-species food web shown in Figure 5, by examining the directed edge

from mice to snakes we can determine that snakes feed on mice. In general,

if N is the total number of predators and M is the total number of prey

species., then the adjacency matrix A of the food web, an N ×M matrix,
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is a predator-prey matrix. If the element in Aij in row i and column j

equals 1 then the species in row i is eaten by the species in column j. If the

element is 0, then the species in the row is not eaten by the species in the

column. Since the food web directed graph and the food web predator-prey

(adjacency) matrix describe the same eating relation, we use the term ‘food

web’ to refer to the relation regardless of whether the web is represented

by a directed graph or a matrix of 1’s and 0’s.

Figure 5. A food web represented as a directed graph and visualized using BioGrapher.

This food web contains 8 species.

Table 2. An adjacency Matrix displaying Predators vs. Prey. Columns represent
predators and rows represent prey. This is the same food web represented in Figure 5.

The eating relationship of a predator eating prey can be found by looking a predator

column. If the predator eats the prey in a specific row then that matrix element is 1.

Cows Deer Grass-hopper Frogs Mice Snakes Hawks

Grass 1 1 1 0 0 0 0

Grass-hopper 0 0 0 1 1 0 0

Frogs 0 0 0 0 0 1 1

Mice 0 0 0 0 0 1 1

Snakes 0 0 0 0 0 0 1

Food webs include information about the number of trophic dimensions

in the niches of species in a community. If two species eat a common

food species, then their niches must overlap along the trophic dimensions.
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Thus, a symmetric N ×N niche overlap matrix (Table 3) can describe the

overlaps among the trophic niches, with predator overlap for a common

prey represented by a matrix element 1. If there is no overlap, then the

element is a 0. The overlap matrix is symmetric with respect to its main

diagonal (all 1’s) and the number of niche overlaps is equal to the number

of matrix elements that are 1’s above the main diagonal.

Table 3. A Niche Overlap Matrix (Predators vs. Predators) displaying the niche over-

laps of the food web example from Table 2 and Figure 5. This matrix is symmetric along

the main diagonal. The matrix element is a 1 in the matrix if two predators have some
kind of prey in common.

Cows Deer Grass-hoppers Frogs Mice Snakes Hawks

Cows 1 1 1 0 0 0 0

Deer 1 1 1 0 0 0 0

Grass-hoppers 1 1 1 0 0 0 0

Frogs 0 0 0 1 1 0 0

Mice 0 0 0 1 1 0 0

Snakes 0 0 0 0 0 1 1

Hawks 0 0 0 0 0 1 1

If two kinds of predators both eat the same prey species, then the niches

of these two predators must overlap along some trophic dimension. When

these dietary overlaps among consumers in a community can be described

by the overlaps among intervals of a single variable, the community web

is an interval web. If intervals of more than one variable are required to

describe the dietary overlaps among consumers in a community, the web

is non-interval. A food web is interval, and its trophic niche overlaps can

be represented in a one-dimensional niche space, when the web’s overlap

matrix is the adjacency matrix corresponding to an interval graph. An

interval graph is the intersection graph of a set of intervals of the real line.

It must be noted that not every conceivable food web is interval or has niche

overlaps that can be represented in one dimension. The graph theoretical

properties of food webs outlined above are based on the detailed definitions

and descriptions in the definitive works by Cohen and collaborators [32,33].

Based on the application of these definitions to real data, it has been

found that, within similar physical and temporal habitats, the overlaps

among niches in terms of their trophic feeding dimensions can be repre-

sented in a one-dimensional space far more often than expected by chance

alone. If a one-dimensional niche space can represent trophic niche overlaps

in a single habitat, the single dimension identified in one community may
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not be the same as in another [33]. Thus, it is important to understand

interval graphs and the different techniques for using food webs to gain

information about the dimensionality of a niche space.

5. Interval Graphs

Interval graphs have been intensively studied, due to their central role in

many applications. They arise in many practical problems [17] that require

the construction of a time line where each particular event or phenomenon

corresponds to an interval representing its duration. Among the applica-

tions are planning, scheduling, archaeology, time-based sequencing and rea-

soning, medical diagnosis, and circuit design. There are also applications in

genetics and behavioral psychology that do not involve time sequences [34].

Interval graphs arose in connection with a problem in genetics called

Benzer’s problem. Classically, geneticists have treated the chromosomes as

a linear arrangement of genes. Benzer was interested in whether the same

was true for the fine structure inside the gene [34]. The Benzer model deals

with the conditions under which two subsets of the fine structure inside

a gene overlap, on the basis of mutation data. The overlap information

is consistent with the hypothesis that the fine structure inside the gene is

linear and can be defined by an interval graph [35,36].

A graph G is called an interval graph if there is a one-to-one correspon-

dence between the vertices of G and a collection of intervals on the line

so that two vertices of G are adjacent when the corresponding intervals

overlap. Figure 6 displays a simple graph G and its interval representation.

Figure 6. A simple graph G, and its representation as an interval graph.

However, not every graph is an interval graph. Consider the circuit of

length 4, Z4, with V (Z4) = {u, v, w, x} and E(Z4) = {uv, ux, vw,wx} (Fig-

ure 7(a)). Z4 is not an interval graph, but can be represented (Figure 7(b))

as a circular arc graph [37,38].

We now discuss the concepts of transitivity and complementary graphs.

Given that the orientation of a graph G refers to the assignment of direc-
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Figure 7. (a) Graph Z4; (b) Z4, represented as a circular arc graph.

tion to each and every edge in Gc, an orientation of Gc converts G into a

directed graph. A transitive graph is a graph whose corresponding relation

is transitive, i.e., if there is an edge from vertex x to vertex y and an edge

from vertex y to vertex z, then there is also an edge from vertex x to vertex

z. This is illustrated in Figure 8 below.

Figure 8. A graph G represented without and with transitive orientation.

The complementary graph of the graph Gc = (V,Ec), is defined to be

G = (V,E) with the same set of vertices, but now with edges between

exactly those pairs of vertices not linked in G. In general, if a graph has

more pairs of vertices joined by edges than pairs not joined by edges, then

its complement will have fewer edges and thus will probably be simpler to

analyze. Adding graph G and graph Gc results in joining every pair of

vertices with an edge, resulting in a complete graph. Figures 9(a–c) show

a graph G, its complementary graph Gc, and the corresponding complete

graph G+Gc, respectively.

Figure 9. Figure 9a. A graph G; Figure9b. G’s complementary graph Gc; Figure 9c.

Complete graph G+Gc.

Using the background information and definitions above, it is possible

to determine whether a given graph is an interval graph or not based on

the theorem [37, 38] that a graph G is an interval graph if and only if it
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satisfies the conditions (a) Z4 is not a generated subgraph of G, and (b) Gc

is transitively orientable.

We illustrate the theorem using an example, a graph G with six nodes

labeled a through f , as shown in Figure 10(a) below. Note that a is a source

with outgoing degree 3 and f is a sink with incoming degree 3. We already

know that Z4 is not an interval graph and consequently, any graph with an

induced Z4 subgraph cannot be an interval graph either. By examining the

graph, one can see that G does not contain any Z4’s. To satisfy the next

part of the theorem, Gc (Figure 10(b) below) must be transitively oriented

so that an ordering of the intervals can be found. One can determine that

Gc is transitive by starting at any vertex edge directed away from a. The

next thing we do is look at the other vertices of the graph. The edge from

e to b must be directed from b to e because there is no edge that connects

a to b, the principal of transitivity. Similarly the edge that connects f to

b must be directed from b to f for the same reason, there is no edge from

e to f . The last edge to give orientation to is the edge connecting f to d.

a is not connected to d and b is not connected to d. Therefore the edge

in question must be directed from d to f . This results in the transitive

orientation of Gc (Figure 10(c)) and tells us that G can be represented as

an interval graph.

(a) Graph G (b) Graph Gc (c) Transitive orientation of
Gc

Figure 10. Three forms of G.

6. Generation of Interval Graphs: A Graph Theoretical

Algorithm

Several algorithms exist for solving interval graph problems. Here we use

the robust algorithm described by Jungck et al. [39] and dependent on the

theorems of Gilmore and Hoffman [37], and Fulkerson and Gross [38], as

implemented using our software. Two other algorithms that readers may
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want to consider were developed by Booth and Leuker [40] and Habib et

al. [41].

The easiest way to prove that a graph is an interval graph is to express

an interval assignment. When a food web describes the biological system

of interest, he first step is to convert the food web into the competition

graph G, which is undirected. Again, species are represented as vertices

and edges represent a feeding relation. We then construct the complement

graph Gc to the competition graph. Next, we attempt to determine if the

interval graph theorem stated in the previous section is valid. If graph G

does not contain any Z4’s then we need to determine if Gc can be made

transitive.

If we assume the interval theorem described in the previous section holds

true for graph G above (Figure 10(a)), we can enumerate and examine the

set of maximal cliques of G and introduce a linear ordering on it. A clique

is defined as a subset S of vertices V where every pair of vertices in S is

joined by at least one edge. Thus, a clique of a graph G is a maximal subset

of adjacent vertices in G. A clique itself is maximal if it is not contained in

a larger clique.

There are 19 cliques for graph G, specifically 1:{a}; 2:{b}; 3:{c};
4:{d}; 5:{e}; 6:{f}; 7:{a, b}; 8:{a, d}; 9:{b, c}; 10:{b, d}; 11:{c, d}; 12:{c, e};
13:{c, f}; 14:{d, e}; 15:{e, f}; 16:A{a, b, d}; 17:B{b, c, d}; 18:C{c, d, e}; and
19:D{c, e, f}, with A, B, C, and D being maximal. The subgraph gener-

ated by the vertex a is a clique. It is not maximal, because it is contained

in the larger clique generated by vertices a and b. This in turn is also not

maximal because it is contained in the clique {a, b, d}, which is the maximal

clique A.

Suppose the graph G does not contain any Z4’s and suppose that Gc

has transitive orientation. Let C denote the collection of maximal cliques

in G. One can build a new graph Gq, where V (Gq) = C and there is

an edge between vertices if the maximal cliques are distinct from each

other. This makes Gq a complete graph. Next, the orientation of Gq

is found by applying the transitive orientation of Gc. The order of the

intervals can be found by finding a Hamiltonian path through the vertices

of Gq. A Hamiltonian path is a path through every vertex of a graph, with

the constraint that a vertex may only appear once in the path, i.e., there

cannot be any circuits. The Hamiltonian path indicates the order of the

intervals. We are now able to construct the interval graph equivalent to

the competition graph G. One simply constructs a line with the maximal

cliques ordered in the same sequence as their Hamiltonian path. Then each
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vertex will overlap those maximal cliques of which it is a vertex. This

procedure is now illustrated for graph G and also visualized in Figure 11.

The maximal cliques for the food web represented by graph G con-

tain the following species: CA(G) = {a, b, d}, CB(G) = {b, c, d}, CC(G) =

{c, d, e}, and CD(G) = {c, e, f}. The cliques are represented in the clique

graph G (Figure 10(a)) and the transitive orientation of Gc (Figure 10(b))

has been applied, resulting in the graph shown in Figure 10(c). The Hamil-

tonian path through the four maximal clique vertices is A,B,C,D. All one

has left to do is construct the intervals. The result is shown visually by the

interval graph of Figure 11. This interval graph indicates that the feeding

relationship between species is sufficient to describe the corresponding bio-

logical system, namely the food web. Clearly, we can also gain insights on

the niche overlaps by looking at the intervals in the graph. For instance,

we can see that not only does species c overlap with species d and species

e from clique C but it also overlaps with species f from clique D.

Figure 11. Interval graph of Graph G in Figure 10(a). The upper case letters refer to the

four maximal cliques, which are ordered along the Hamiltonian path A→ B → C → D.

Food webs have been traditionally illustrated as hand-drawn diagrams

such that species at various trophic levels have meaningful and readable

names, without much attention being paid to the mathematical character-

istics of the web per se. However, as we have outlined above, Cohen and

his collaborators [32, 33] have demonstrated that many food webs can be

analyzed and understood as one-dimensional groups of their community

structure, i.e., as interval graphssee [17, 39] and references therein. Below

we demonstrate how one such food web [42] that apparently has not been

analyzed in this fashion can be illustrated with BioGrapher. Visualizations

such as this can be of tremendous help to biologists in seeing patterns in

their data in a variety of rich fashions that highlight both qualitative and

quantitative relationships. We start by representing the complex food web

system for which data are available in the literature [42] by a predator/prey
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matrix that scores whether a predator species consumes a prey species or

not (Figure 12).

Figure 12. A predator/prey matrix based on data published by Biro [42].

In order to understand competition of predators for a common prey,

we convert the asymmetric predator/prey matrix to a square symmetrical

predator/predator matrix, as shown in Figure 13 below:

The predator/predator matrix of Figure 13 is visualized below using

BioGrapher (Figure 14(a)) and the complementary software package Jav-

aBENZER [22, 43]. The spring model-based graphical visualization using

BioGrapher clearly shows the five maximal cliques, but they are nested

since edge-crossing avoidance is not complete. This may be compared to the

JavaBENZER representations (Figures 14(b) and (c)). In Figure 14(b), the

predator/predator matrix (Figure 13) has been symmetrically rearranged

to achieve Shkurba form [35] and the five maximal cliques are easier to dis-

tinguish as blocks. Figure 14(c) is the interval graph produced using Jav-

aBENZER of the niches in the food web described by the predator/predator

adjacency matrix in Figure 13. The predators are represented in rows in

the same vertical order that produces the Shkurba form in the symmetrical

predator/predator matrix, shown in Figure 14(b). The columns are the cor-

responding maximal cliques that appear along the diagonal in Figure 14(b).

In ecology, three of the common diagrams used to represent community



February 24, 2016 9:41 ws-procs9x6-9x6 BIOMAT2015-08 page 134

134

Figure 13. Symmetrical predator/predator matrix from Figure 12. “1” represents com-

petition between the two (appropriate row and column) species. Data source: Biro [42].

structure are: (1) food webs, (2) trophic levels, and (3) energy pyramids.

Each of these captures some element of biomass productivity or energy flux

between trophic levels. However, it is challenging to precisely and scientifi-

cally display the complexity of relationships among species and attempt to

find answers to questions such as: What is the niche space of each species?

How much do predators compete for particular prey? What is the impact

of the removal of a species in a food web or energy pyramid? Mathemat-

ically, visualizing the relationship of predators and prey by using graph

theory-based BioGrapher software has provided us with additional insights

that may help answer some of these questions about ecological communi-

ties. By utilizing JavaBENZER, the predator-prey matrix is transformed

into a symmetrical predator-predator matrix and then by applying the the-

ory of partially ordered sets, the predator-predator matrix is transformed

into Shkurba format [35] in order to produce an interval graph wherein

each interval is a maximal clique that identifies a niche space. In a forth-

coming paper, we plan to describe how we imported quantitative biomass

data following the structure of the niche space and trophic levels of a spe-

cific community into Mathematica [18] to re-represent the food web as a

three-dimensional bar chart. By adding biomass and energy analysis, we

have constructed a three dimensional graph where we can plot niche space,
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(a) “Spring model” visualization of the predator/predator matrix of
Figure 13 using BioGrapher software.

(b) The predator/predator

matrix (Figure 13) has been
symmet-

rically rearranged using Jav-

aBENZER [22,43] to achieve
Shkurba form [35].

(c)
Interval graph pro-

duced in JavaBEN-

ZER of the niches
in the food web de-

scribed by the preda-

tor/predator adja-
cency matrix in Fig-

ure 14a. Note that

the Arkansas maxi-
mal clique could be

on either the left side

or the right side in
this interval graph

because it does not
overlap any of the

other four maximal

cliques.

Figure 14. Different graphical representations of the same adjacency matrix.
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trophic level, and either biomass or energy in order to follow the flux of

biomass or energy within this ecological community. We can also com-

pute the eigenvectors of these matrices to measure various components of

symmetry in these communities related to their robustness, complexity,

and fragility. We believe that by applying fundamental graph theoretic al-

gorithms, data visualization, and measurement of graph properties, these

three-dimensional food web histograms enable a fuller comprehension of

complex ecological communities.

Another avenue we are pursuing with these multidimensional visualiza-

tions is to follow up on the recent work of Allesina et al. [44] who have

pointed out that food webs, in addition to being largely interval, also

have broad degree distributions, and contain few trophic cycles. They

believe these properties are strongly correlated to the stability of food

webs. Their fundamental work tries to compare assumptions of cascade

and niche models for the construction of food webs. Allesina et al. [44]

challenge much of the prior literature “on the relationship between mean

interaction strength and stability.” Furthermore, they argue that their

matrix algebraic approach will allow them “to study the influence on sta-

bility of other important food web properties, such as modularity, the

presence of trophic groups, and the division of trophic levels.” We be-

lieve that our tools for visualizing the graph theoretical patterns in tradi-

tional predator/prey graphs, predator/predator graphs, predator/predator

complementary graphs, Shkurba forms, and multidimensional niche space-

trophic level-energy or biomass flux, etc., in multiple configurations gives us

the ability to develop alternative visualizations and quantitative measures

of these networks to address these claims separately and in combination.

7. Conclusions

Graphical visualization of incidence matrices and adjacency matrices based

upon actual biological data allows users to perceive underlying patterns

in their data that are not easily observed in canonical biological visualiza-

tions. Above we have taken food webs and gene expression patterns as two

such cases. Traditional diagrams used to represent community structure-

food webs, trophic levels, and energy pyramidsdo not let biologists infer

niches in community ecology or easily see flux in food chains or the modu-

larity of sub-networks within complex biological networks. The simplicity

of one-dimensional ordering of interval graphs is a strong counterpoint to

the physiological ecologists’ perspective of n-dimensional niche space with
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the various dimensions usually focusing more on abiotic parameters such

as temperature, humidity, turbulence of an aqueous environment or acidity

of a terrestrial soil, etc.

Graphical visualization software tools like BioGrapher [16] and Jav-

aBENZER [22,43] can be of value to biologists by facilitating their focus on

simple dyadic interactions: Who eats whom? Who eats some other species

in common? Which substrates go to which products? What turns genes on

and off? Who is the parent and who is the progeny? Who is the ancestor

and who is the descendent? Most biologists do not think of their food webs,

metabolic pathways, pedigrees, and phylogenies as mathematical objects.

However, by enabling them to easily convert their associative data into for-

mal graphs with alternative visualizations, quantitative measures of their

properties, and simplifications by topological reduction of data, we have the

potential for addressing many interesting questions about the complexity,

stability, and structure of biological systems.
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MODELLING THE EARLY GROWTH OF STEM CELL

TISSUES∗
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In developmental biology, molecular genetic components have been considered as
key in regulating the developmental mechanisms of plants and animals. Stem cells
divide at a different rate depending on their position in the tissue, and eventually
differentiate to form a recognisable anatomic entity. How this process happen if
stem cells are identical sharing the same composition, DNA, genes and genetic
networks? We propose that cells collect positional information on their environ-

ment by sensing mechanical and chemical fields. We propose a dynamical model
to describe the early development of stem cells in a tissue. We choose the root

meristem of Arabidopsis thaliana to explore the emergence of cellular patterns
through a cooperative dynamics, as this system is well studied at the molecular,
genetic and cellular levels and presents the key features of multicellular stem-cell
niches. We successfully predict the variations of cell life cycle seen in the actual
root meristem. Our model could be applied to other systems of interest, as the
emergence of colorectal cancer. We also give a brief description of the dynamics of
stem cells in the colonic crypts.

1. Introduction

A central question in developmental biology is to unravel the mechanisms

by which stem cells develop and eventually differentiate to form tissues with

specific functions. Ideal models to investigate this issue are the meristems

of plants, which are groups of undifferentiated stem cells that are present

throughout the whole life of the plant. During the early stages of cell

reproduction, the domain in which they are confined, either in the floral

meristem, or the root meristem, acquires a particular shape, being almost

spherical in the case of the flower, and in a form of a tube in the case of

the root.

∗This work is supported by Conacyt, México, through project 179616.
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It is seen that all 250000 species of angiosperms presents a unique con-

figuration of the organelles consisting of a series of concentric circles where

sepals are on the outside layer, followed by petals, stamens and finally

carpels in the central layer of the domain. In a former paper1 we were able

to explain this universal disposition by assuming that stem cells acquire

positional information within the domain from a physical field that senses

the local curvature of the domain, which in turn couples to the regulatory

genetic networks involved in flower development. The local curvature was

introduced by an energy density functional defining a phase field model that

was coupled to a field u acting directly on the genes. Numerical calculations

with this model were able not only to recover the geometrical disposition of

the organelles in wild type flowers, but to predict the geometry of flowers

with mutated genes.

The central point of this work is that cells obtain positional information

from chemical and physical fields that allow them to choose their final fate

when genes act during differentiation. This hypothesis can be applied and

tested in various scenarios concerning stem cells, namely the root meristem

in plants and the groups of stem cells in colonic crypts in the intestine

of animals, with little modifications2. In what follows we shall describe

the modelling of these systems based on this key hypothesis. Our aim is

to develop a dynamical model in which the known experimental facts are

taken into account.

2. The Root Meristem

The root meristem is an ideal model to test our hypothesis. Here the situa-

tion is more complicated that in the flowers, because the regulatory genetic

networks involved in the early development of the root are not known com-

pletely. However, the root meristem in the early stages of development

presents distinguishable zones along the apical basal axis of the root. At

the tip of the root there is the stem cell niche (SCN), consisting of stem cells

surrounding the quiescent centre cells or the organiser cells (QC). Towards

the base of the plant, one encounters a cell proliferation domain (CPD)

where cells have high rates of cell division, then they enter a transition

domain (TD), where cells have low division rates, but they preserve their

length. The SCN, the CPD and the TD comprise the root apical meristem

(RAM). More distally from the organiser centre, cells cease to proliferate

and start to grow in the elongation domain (EZ). This situation suggest

that the geometry of the tip of the root produces a physical field that is

www.ebook3000.com

http://www.ebook3000.org


February 24, 2016 10:4 ws-procs9x6-9x6 BIOMAT2015-09 page 143

143

able to distinguish between the different zones of the domain and conse-

quently translate this positional information to the mechanisms responsible

of regulating cell division.

2.1. Dynamical model

Taking advantage of the cylindrical symmetry of the domain we can reduce

our study to two dimensions, that is a cylinder with a parabolic cap simu-

lating the tip, in which stem cells are defined by points ri that produce a

Voronoi tessellation of the inner space. The outer layer consists of a row of

epithelial cells. These cells produce an elastic field due to the fact that the

tend to have a uniform size in adulthood, and a similar spherical shape.

A key process that has been tested experimentally is the important role

that auxins play in regulating the concentration of cyclins that ultimately

dictate the period of the life cycle of stem cells. Therefore, we propose that

a complex coupled dynamics takes place between the three key processes,

namely: 1) The physical elastic field dictated by the geometry, 2) The sen-

sitivity of auxins to this field, which allows them to be transported actively

along the root, producing a concentration gradient that is able to define

the sections of the root along the axis, and 3) The direct dependence of

the period of the cell cycle on the local concentration of auxins. A detailed

description of the model that integrates the three key dynamical processes

considered to explore the emergence of cellular patterns during A. thaliana

root development can be found in Ref. 3.

Elastic fields

The elastic field regulates the form and shape of every root cell and has the

form

V (xi, yi, t) =
Kv

2
(Ai(t)− Ā0(t))

2 +
Kc

2
(�ri(t)− �r0i(t))

2, (1)

where Ai is the volume of cell i and A0 represents the volume of an adult

cell. The instantaneous position of the cell i is �ri(t) and the centre of mass

position is �r0i(t). The first term helps cells to grow to the adult cell size,

and the second term favours an isotropic cell shape. Kv and Kc are elastic

constants that can be associated to the elastic moduli of the cell wall. The

elastic potential of the outer cells (labeled e) is different, but should be

analogous to the original potential for the internal cells, with the condition

that outer cells have different elastic response and their displacement should
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be along the outer surface. Therefore, the potential for cells in the outer

surface is

V (xe, ye, t) =
Ke

2
(Ae(t)− Ā0(t))

2 +
Kc

2
(�re(t)− �r0e(t))

2, (2)

where Ke is an elastic constant, in principle different from Kv, and Ae

differs from Ai. Thus, the dynamics of any cell (i, e) is

d�v(i,e)

dt
= −∇V (x(i,e), y(i,e), t)− k�v(i,e), (3)

where k is a friction coefficient. This equation can be solved with the

boundary condition ∇V · n̂ = 0 for the outer cells, where n̂ is a unit vector

normal to the surface at each point.

Auxin transport dynamics

The mechanism by which the mechanical forces participate in the trans-

port of auxins can be modelled by proposing an active transport of auxins

through the membrane that follows D’Arcy’s law, in which the permeability

(P ) of the membrane is modified by the PIN polarisation. Let us examine

the general transport equations. Conservation of mass implies the continu-

ity equation ∂c/∂t = −∇· �J , where �J = �vc is the the flux. Normal diffusion

means that the flux is proportional to the gradient of c, with the diffusion

coefficient D0 being the proportionality term. Therefore, the exchange of

auxins per unit are per unit time for cell i can be written as,

∂ci

∂t
= α

[
∑

m

Ai,mPim(Vm − Vi)(cm − ci)

]
+D0∇

2ci, (4)

where α is a constant with proper physical units and the summation is

over all m neighbours of cell i. The term is square brackets represents

the active hydrodynamic transport given by D’Arcy’s law and the second

term on the right is diffusion through the intercellular medium. Active

transport should be proportional to the contact area between cells Ai,m,

the permeability of the membrane Pi,m, the “pressure drop”, proportional

to the the local potential difference, and the auxin concentration difference

between adjacent cells.
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PIN polarization dynamics

The term in square brackets in Eq. 4 could enhance or deplete normal

diffusion depending if it is positive or negative, respectively. If Pim is

constant, this term is proportional to ∇Vi · ∇ci. Thus, the key quantity

that regulates the active transport against the concentration gradient is

precisely the elastic potential difference between cells and PIN polarisation,

which could make the permeability zero or negative. In order to model

PIN polarisation we have constructed a boolean network that takes into

account the experimental information of the process, which involve the

elastic potential, auxin interactions with proteins that regulate the kinases

which produce the polarisation states. Once the attractors that define

the two PIN polarisation states we can translate the boolean network into

a set of ordinary differential equations which allows us to represent the

permeability of the membrane as,

Pi,m = Θ[(Vm − Vi)(cm − ci)]sign(Vm − V̄ ), (5)

where Θ[...] is the Heaviside function, being zero when the argument is

negative, and V̄ =
∑

i Vi/N is the average value of the potential over the

N cells in the meristem.

The way in which epidermal cells divide is exactly the same as the

meristematic cells, except that division always occurs horizontally, that is,

the mother cell lies exactly below the daughter, and the parameter β, that

regulates the period of the cell cycle3 could, in principle, be different. In

order to clarify the way in which the different dynamics occur and interact in

our model, we show in Fig. 1 a flow diagram of the computational platform

to integrate the model.

2.2. Results

In Fig. 2 we show typical results of our calculations. In (A) we show the

profile of the auxin’s concentration along the longitudinal axis of the root

(dashed line). We also show the normalised potential (continuous grey line),

and the number of cell divisions (black continuous line). These profiles are

very similar to our published results3 and follow the experimental data

very closely. In (B) we show three snapshots taken at different times of the

growth process. In the upper part the auxin concentration and in the lower

part the elastic potential values.
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Figure 1. Flow diagram of the platform built for numerical calculations of the root

growth.

Figure 2. (A) Profile of the auxin’s concentration along the longitudinal axis of the root
(dashed line). We also show the normalised potential (continuous grey line), and the

number of cell divisions (black continuous line). (B) Three snapshots taken at different
times of the growth process. In the upper part the auxin concentration and in the lower

part the elastic potential values.

3. Modelling Colonic Crypts

3.1. The problem

Morphogenesis is a process that takes place during embryonic development

where it controls the spatial distribution of cells, and inside amature organ-
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ism with cell renewal or regeneration16. This process is driven by substances

present in the tissue, known as morphogens, which diffuse through the tis-

sue and specifies via concentration gradients, positioning and differentiation

of stem cells. Recent discoveries have pointed out that this biological pro-

cess plays a significant role during many pathological processes, such as the

formation of tumour cell masses and carcinogenesis17.

Therefore, the study of how stem cells can maintain their ability to di-

vide (multipotency) and give rise to daughter cells that differentiate into

tissues and organs is fundamental to understanding the development of

multicellular organisms and the formation of tumours and cancer. Partic-

ularly, it has been shown that carcinogenesis occurs due to modifications

of gene expression, related to changes in the environment which trigger

cellular response, signalling and chemotaxis4,8. A model system to study

carcinogenesis is the structure of the lining of the intestine.

The epithelial layer of the human intestine tract is the body’s largest

mucosal surface, divided into two segments, the small and the large intestine

or colon. The small intestine mucosa is composed with a single layer of cells

organised into finger-like protrusions, also known as villi, and invaginations

or crypts of Lieberkün. The large intestine, on the other side, is only

composed with a single layer of cells organised in crypts and lacks of villi.

Cells lining the intestinal epithelium are replaced every 2-3 days in the

mice and every 3-5 days in humans24, making it the most rapidly renewing

tissue in the mammalian body and a suitable model for studying adult

mammalian stem cells. Since, this tissue is formed by about 2×107 crypts,

which are “test-tube” shaped invaginations in the epithelium of the colon,

they provide a huge surface area for the absorption of water and nutrients

while forming a protective barrier from harmful substances entering the

lamina propia23.

Colonic crypts are tightly packed cylindrical tubes which are evenly

distributed with a central hole down the length of crypt, also known as the

crypt lumen, see Fig. 3(A). A human colonic crypt contains approximately

2000 cells, with about 75-110 cells long and an average crypt circumference

of 23 cells20. Experimental studies indicate an ordering along the crypt

where proliferative cells are located at the base of the crypt and mature

cells at the crypt orifice (lumen). Observations of cell proliferation markers

suggest a sharp boundary between the proliferative and mature regions,

where the proliferative cells occupy the lower third of the crypt25.

A healthy human colonic crypt contains a population of 5 to 6 stem-cells

that reside at or near the base of the crypt20. These stem cells divide to
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Figure 3. Neoplasia in a colonic crypt: (A) normal tissue, (B) early adenoma, (C) late

adenoma and (D) adenocarcinoma. (Taken from Wikipedia)

produce transit amplifying (TA) cells which proliferate rapidly and mature

as they migrate up the crypt. These TA cells perform several symmetric

divisions before terminally differentiating. Since only the cells located at

the base of the crypt proliferate (due to mitotic activity), this process cre-

ates a cell migration up the crypt, resulting in a pressure driven cell flow.

When differentiated epithelial cells reach the crypt collar, they undergo

apoptosis and/or are shed into the lumen. In addition to this, a process of

programmed cell death, known as anoikis, is triggered when there is inad-

equate adhesion of the epithelial cells to the extracellular matrix18. This

detachment induce apoptosis (cell death) and under healthy circumstances

all these processes combined maintain tissue homeostasis by restricting pro-

liferation to a monolayer and by preventing cells from reattaching and re-

suming growth in another location. The establishment of an upward migra-

tion and removal of cells inside the crypt gives a defence mechanism against

mutated cells, via renewing the epithelial layer every few days. The balance

disruption in these regulatory processes is linked to the formation of adeno-

mas and carcinomas, see Fig. 3. Transit from the crypt base to the surface

takes 5-6 days in humans. In the rat’s small intestine, experiments have

showed that cell velocity increases linearly with the crypt height and ex-

hibits circadian variation19: Cells move at 13μm/hr at the upper crypt and

34μm/hr in the base of the villus, with this velocity increasing to 51.8μm/hr

in the upper villus (where cells are continuously enlarged)21.

Colorectal Cancer (CRC) is one of the most frequent cancer disease in
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the population with one million of new cases every year (worldwide) and

with 33% of mortality rate. CRC is thought to originate due to genetic

and epigenetic alterations that affect the cellular dynamics of the crypts

lining the large intestine. When these genetic mutations occur, cells can

accumulate and this alter the cell migration flow velocity, then such cells

acquire the ability to persist andmultiply inside the crypts5,9. It is generally

believed that formation of tumours in the colon start as disease connected

with mutations in stem cells, that continuously produce (via proliferation)

more progenitor tumor cells22. Experimental studies and computational

models have been developed to study the clonal conversion of the colonic

crypt due to the competition between wild-type (healthy cells) and mutant

cells at the base of the crypt6,10,7,11.

Therefore, understanding how cells organise inside the crypts is impor-

tant to gain insight into the origins of adenomas (see Fig. 3(B) and (C)).

Disorganisation of crypt dynamics increase stress on the walls of the crypts

and if some stem cell acquire a mutation that increases proliferation, in-

hibits apoptosis or alter cell-cell adhesion in its progeny, this mutant clone

can colonise the entire crypt and replace the non-mutant cell population.

There are many biochemical pathways, whose dysfunction leads to ge-

netic mutations in the crypt and their study are of particular importance

to assess the origin of colorectal cancer7,12. The Wnt signalling pathways

have an important role in many biological processes in animals, regulating

embryonic development, cell fate determination (canonical), cell movement

and tissue polarity (non-canonical) and carcinogenesis (see Fig. 3(D)). In

the normal intestinal epithelium Wnt signalling pathways maintains self-

renewal of intestinal stem cells and progenitor cells via proliferation and

differentiation. Wnt’s are a large family of secreted proteins that acts as

morphogens and activate receptors on the cell surface which triggers a myr-

iad of events inside the cell via modulating the expression of target genes14.

In particular, the canonical Wnt signalling has been implicated in the regu-

lation of intestinal stem cells and crypt dynamics. Mutations and aberrant

regulation of the Wnt/β-catenin pathway and APC (adenomatous polypo-

sis coli) gene leads to the onset and progression of CRC13.

3.2. Numerical calculations

The geometry of the colonic crypts allows us to simplify the problem domain

by using a quasi-one dimensional model. Following Ref. 3, we construct a

crypt as a regular shape with points lying along the boundaries of two semi-
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circles patched at both open ends with two parallel walls. These boundary

points are fixed in space, the interior ones define the crypt lumen, while

the exterior ones represent the basement membrane which maintains the

integrity and structure of the epithelial layer, gives mechanical support and

acts as a physical barrier between the epithelial cells and the connective

tissue.

We propose that the cells in the crypt obtain positional information

from a physical elastic field obtained from a potential function exactly the

same as in the case of the root. We assume that the transcription of this

information to the mechanisms regulating the life cycle period is performed

by the Wnt signalling pathway, similar to the role of auxins in plants, that

is, the period of the life cycle regulated by cyclins is inversely proportional

to the square root of the concentration of Wnt, which in turn depends

linearly on the value of the potential energy in each cell.

Numerical calculations were performed in several domains with different

geometrical proportions. In Fig. 4 we show a snapshot of the calculation

in which only the cells at the bottom of the crypt reproduce. The cells at

the extremes of the quasi one dimensional domain migrate out of it as the

space in the crypt is occupied by the newly born cells.

20

40

60

80

100

120

140

Figure 4. Numerical calculation representing a healthy crypt. The gray scale code
represents the value of the potential in each cell and the white cells at the bottom of the
crypt are the ones that divide.

The parameters used in Fig. 4 were kV = kc = 120, k = 5, β = 8,Do = 0

and α = 1. The region of parameters where homeostasis is achieved is quite

reduced, and also depends very much on the geometric proportions of the

domain.

In Fig. 5 we show calculations made in domains with several shapes,

with the same set of parameters kV = 1, kc = 4, k = 3, β = 25, Do = 0
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Figure 5. Effect of the geometry of the domain. (A) Healthy crypt. (B) Stem cells

migrate in a wide crypt. (C) MIgrated stem cells reproduce rapidly before mature cells
migrate. Observe that mature cells are situated in the vicinity of the lumen only, this

allows cancer cells to abandon the crypt and presumably this represents metastasis of
a cancerous tumour. (D) anomalies in a wider cell in which uncontrolled reproduction
takes place only at the bottom of the crypt, resulting in a localised tumour. The gray

scale code represents the value of the potential in each cell and the white cells at the
bottom of the crypt are the ones that divide.

and α = 1. We notice that anomalies on morphology are seen.

4. Conclusions

We have presented a model involving coupled dynamics of three different

processes, that combined result in a functional dynamical development of

a set of stem cells that allow the subsequent differentiation promoted by

genes. This model is simple, from the point of view of Biology, but shows

some universal mechanisms that should be present in many biological sys-

tems. The key idea is that functional differentiation takes place because

stems cells interact with their environment through physical and chemical

fields that provide them with spacial and temporal information. The uni-

versality of this approach is demonstrated by recovering the developmental

dynamics seen in three rather different stem cell systems, namely, the flower

meristem, the root meristem and the renewal of cells in colonic crypts.
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Water fluidity is modified, in a nontrivial manner, by the presence of bacteria
above a threshold number density. Under such threshold conditions swimming

bacterial suspensions impose a coordinated water movement on a length scale of

the order (10–100) micrometers compared with a bacterial size of the order of 3
micrometers. This observation leads to fundamental questions concerning the cell-

to-cell communication presently known as quorum sensing. The aim of this paper

is to study the quorum state using non-local hydrodynamics. We emphasize that
densely packed bacteria may be viewed as ‘bacterial fluid’ or ‘living fluid’ similar

to that of dense granular systems. The behaviour of the fluid of granular mass

is quite different from that of typical fluids. This granularity imposes a second
source of fluctuations because grains cannot be treated as points at any length

scale. This type of fluctuation is known as non-local noise in contrast to local
noise in usual hydrodynamic flow. The non-local hydrodynamical framework is

applied here to consider the effect of non-local noise. In this framework of non-

local hydrodynamics viscosity is generated by self-induced noise. This viscosity
leads the actively moving bacteria into the meta-stable states required to support

quorum, given the non-local nature of stresses mediated by autoinducers. The

shear stress created non-locally within this framework depending on the non-local
noise of granularity and the viscosity associated to the this noise can be tested

experimentally. The existence of this kind non-chemical self-induced process may

be present not only in cell-to-cell bacteria communication but also in eukaryotic
cell-to-cell interactions.

1. Introduction

Water fluidity is modified, in a nontrivial manner, by the presence of bacte-

ria, above a threshold number density. At such threshold condition swim-

153
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ming bacterial suspensions impose a coordinated water movement on a

length scale of the order of (10− 100)μm compared with a bacterial size of

the order of 3μm1. This observation raises fundamental questions concern-

ing the cell to cell communication mechanism among bacteria, presently

known as quorum sensing.2,3 Bassler and her groupwaters regard role of

the chemicals released by bacteria (known as quorum sensing molecules)

responsible for evoking behavioral modification on their neighbors. Their

study utilizes the behavior of Vibrio Harvey bacteria as a possible approach

to analyzing the mechanism of multisignal integration. Recently, Albergh-

ini et al.4 critically reviewed the current observations and have considered

the various assumptions underlying the theoretical framework for quorum

sensing.

The early observations of Vibrio fisheris behavior where bacterial growth

within a host fish body lead to a concept of minimum cell density. In

this hypothesis such density must attain critical threshold value before all

subsequent activity can take place. This kind of interpretation is based

usually on two assumptions:

• The presence of a homogenous system such that signal density is

close to isotropic, allowing informational simultaneity along the

entire population.

• Growth should be congruent with the density increase i.e. the

environment of the suspended bacteria must be such that cells do

not actively migrate or disperse.

However, the study of substrate geometry indicates that the above

paradigm may not be optimal for addressing biofilm bacterial communi-

cation. And so, an alternative interpretation of diffusion sensing has been

proposed. Alberghini et al.,4 after studying the consequences of critical cel-

lular distribution and calculating the gradient profiles (based on the mecha-

nism of diffusion of autoinducer molecules) concluded that diffusion sensing

is a viable hypothesis.

Hydrodynamic model of swimming bacteria or bacterial colonies1−7,

seems to be one of the most comprehensive alternative models defining the

possible quorum sensing mechanism. Here densely packed bacteria may be

viewed as a bacterial fluid or living fluid similar to that of dense granular

systems. Lega and Passot5 initially assumed that two-phase hydrodynamic

equations taking the bacteria and water as two interpenetrating and inter-

acting continua.
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However, by considering the relatively high bacterial density, given the

fact that no water motion is observed (under isothermal conditions and

in the sense of displacement sheer viscosity, while rotational bulk viscosity

may be present) in the absence of the bacteria, we assume the dynamics

of the suspended bacteria is governed by bacterial dynamics. Under these

conditions bacteria and water appear to move as a single fluid at hydrody-

namic scale. Here, the bacterial fluid is considered as a granular medium

where the bacteria has a definite size. The granularity imposed by the

bacterial size gives rise to a noise called non-local noise which is different

from thermal noise. So the two types of noise like usual thermal noise and

the non-local noise are always present in the bacterial fluid and hence in

non-local hydrodynamics.

In fluid mechanics,the basic state space is usually considered to be func-

tion of the density ρ and the velocity gradients of the density ρ in addition

to the density ρ and the space is spanned by the variables

(ρ,∇ρ,�v,∇�v, ..)

Ginzburg-Landau equation can be considered as the first such non-local

extension of a homogeneous relaxation equation of internal variables. It

is worth mentioning that Quantum Mechanics is a non-local theory, while

Bohmian quantum potential depends on the derivative of quantum proba-

bility density. This indicates that quantum mechanics is a type of weakly

non-local fluid mechanics8,9. However, the concept of nonlocality in quan-

tum mechnaics is different from that in non-local hydrodynamics. In non-

local fluid mechanics the weakly non-local field is introduced to determine

the origin of viscosity, or adhesive force, in the physically more realistic

setting of large-scale structure formation at the cosmological scale. This

was first introduced by Zeldovich10 with soft initial assumptions to un-

derstand the large scale structure formation. In this approach viscosity is

driven by stochastic force and the dynamics is governed by Burgers equa-

tion. It is well known that the noisy Burgers equation, in one dimension,

may provide the simplest continuum description of an open driven nonlin-

ear system exhibiting scaling and pattern formation aspects of the Noisy

Burger Equation11. We propose that bacterial fluid is consistently described

by weakly non-local hydrodynamics where kinematic viscosity is generated

due to self- induced noise. This viscosity in turn leads to the formation

of a metastable state of the actively moving bacteria. This meta-stable

state is necessary for the simultaneous activation of the bacteria to sup-

port quorum, given the existence of non-local nature of stresses mediated
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by autoinducers. Stress fluctuation-activated processes have been studied

in understanding the dense granular flows12,13. Thermally activated pro-

cesses have been considered to explain many physical phenomena. However,

thermal fluctuations are seen to be negligible in case of granular medium.

In case of dense granular material fluctuation of stress somewhere in the

material produces rearrangement of the granules. This rearrangement pro-

duces shear somewhere else and hence non-local. This is a kind of self

induced process. The shear stress created non-locally by autoinducers pro-

duces gene expression and hence the quorum. Initially we will briefly review

the framework of weakly non-local hydrodynamics. Section 2 will address

the collective behaviour of bacterial displacement (swimming) and the for-

mation of the meta-stable/stable state based on non-local hydrodynamics.

Then, the fluctuation of shear stress of the autoinducers and gene expression

will be discussed in Section 3. In Section 4 quorum sensing of bacteria and

cellular ensemble communication will be discussed. A comparative study of

Non-local Hydrodynamic model is made in comparison to Quorum sensing

and Diffusion sensing in Section 5. Finally we briefly discuss the possible

implications in Section 6.

2. Weakly Non-local Hydrodynamics and Collective

Behavior of Bacteria

Closed packed populations of suspended swimming bacteria develop a co-

ordinated motion on length scales (10− 100)μm in comparison to the size

of an individual bacterium of the order of 3 μm when the concentra-

tion of the bacteria reaches a sufficiently high value. Recently, Koch and

Subramanian1 discussed the collective hydrodynamics of such living organ-

isms called living fluids and tried to understand the behavior based on

numerical analysis and stability analysis. We emphasize that the behavior

of the closed packed bacteria is similar to the behavior of dense granular

systems. It is well known that the dense granular systems behave like a

fluid which is fundamentally different from ordinary fluids. The existence

of intermediate length scale, due to the fact that the grains cannot be con-

sidered as points at any length scale, lead us to introduce a second source of

fluctuations in addition to thermodynamic fluctuations. This second type

of fluctuation is known as non-local noise and has been discussed exten-

sively in the context of flow of granular materials. Both type of noise are

present in this type of system and the dominance of one over the other de-

pends on the force, Fg = f
ρg applied to the system where f be the volume
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density of the forcing and g the acceleration due to gravity. Hydrodynam-

ical equations have been studied for the both the limits i.e. strong and

weak forcing limits. In case of closely packed bacteria though the size of

the bacterium is smaller than that of the system, it cannot be considered

as a point. The existence of intermediate scale gives rise to non-local noise.

Moreover, the swimming induced stresses on the bacteria that may change

the local arrangement of bacteria and induce stress fluctuations. These

stress fluctuations may lead to shear motion somewhere else and hence is

also called non-local. The rearrangement occurring due to shear stress is

considered to be a self-activated process. The shear due to this self- ac-

tivated process makes gene expression possible. The above analysis lead

us to formulate a non-local hydrodynamic framework to study the collec-

tive behaviour of bacteria in order to understand quorum sensing. The

weakly non-local extension of hydrodynamics has been studied by several

authors in the context of continuum mechanics with internal structures,

coarse graining, or gradient of the density and its higher order derivatives8.

2.1. Weakly non-local hydrodynamics and viscosity

The state space of one component fluid is described by the density ρ and

�v the velocity of fluid. The state space (ρ,�v) and velocity gradient span

the domain of constitutive functions. The stress tensor or the pressure

term is the only constitutive quantity in this framework. The weakly non-

local extension of this framework is done by considering the higher order

derivatives of the basic variables, such as density and velocity, in constitu-

tive equations. In a fluid dynamical framework, the balance of mass and

balance of momentum are usually expressed as

ρ̇+ ρ∇�̇v = σm (1)

and

ρ�̇v +∇Ṗ = ρ�f (2)

respectively. Here P is the pressure and �f be the force density. This is

known as Cauchy momentum equation. Now we extend this framework by

considering the state space spanned by the variables

(ρ,∇ρ,�v,∇�v,∇2ρ).
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Now the balance of mass and balance of momentum can be rewritten taking

the time and space derivatives of the constitutive variables denoted by

(ρ̇,∇ρ̇, �̇v,∇�̇v,∇2�v,∇3ρ)

It has been proved by Van and Fulop8 that there exists a scalar valued

function φv or non-local potential such that

∇ · σ = −∇φv (3)

where φv is the course-grained potential or kinematic viscosity potential

and σij be shear tensor. This viscosity potential can be calculated from the

entropy function as:

φv = ∇.(ρ∂∇ρs)− ∂ρ(ρs) (4)

where s is entropy. Choosing particular form of s we can study specific

non-local fluids. We can choose the simplest potential function using the

following entropy density function

s(ρ,∇ρ) = −ν
∇ρ2

4ρ
− �v2

2
(5)

The non-local potential can be deduced from this entropy as

−ν

2
∇2ρ (6)

ν is a constant coefficient called kinematic viscosity. Let us define a kine-

matic velocity �uk as

�uk = ∇ρ

The kinematic velocity is introduced in order to relate to a kind of fluctu-

ations due to the course grained nature of the fluid. After some algebraic

calculations we can write a general expression

∇�u+ (�u.∇)�u = ν∇2�u+∇η (7)

where

∇η = −ν∇2(Δ �uk).

Here,

Δ �uk = �u− �uk

The above equation is noisy Burgers equation. Now we discuss this

framework to understand phenomena of quorum sensing among the bacte-

ria.
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3. Quorum Sensing and Metastable State

The bacteria confined in a particular volume can change their environment

when they reach a particular density.Experimental observations14 clearly

indicate the existence of some cooperative activities of the cells when they

reach a particular density. This cooperation can change the environment

and produces coordinated action when sufficient density of cells is available.

Here, the cell to cell communication is used for this coordinated action.

Bacteria release some molecules known as signaling molecules or more pre-

cisely autoinducers. The term quorum sensing was coined by Fuqua et al.14

to indicate the minimum behavioral unit of cells as a quorum of bacteria.

There exists various apparently conflicting hypothesis regarding the func-

tion of this type of signaling. Quorum Sensing (QS) and Diffusion Sensing

(DS) are generally considered as two competing hypotheses. Burkhard et

al.15 proposed a new explanation unifying these two “apparently conflict-

ing hypotheses” knwon as Efficiency Sensing (ES). Moreover, West et al.16

critically analyzed the three proposals i.e. QS, DS and ES and claimed that

ES is not required to unite QS and DS.

We emphasize that the framework of non-local hydrodynamics can ex-

plain the phenomena from a more physical perspective in a consistent way.

It is evident from our analysis in previous section that the rearrangement

of the configuration of the coarse grained systems produce a noise which

gives rise to kinematic viscosity. Zeldovich10 used this kind of viscosity to

understand disk like structure formation at galactic scale which is popu-

larly known as adhesive approximation. The noise associated to viscosity

is discussed by Saluena and other workers17 in connection with the hydro-

dynamics of dense granular systems. This type of noise plays a crucial role

in understanding quorum sensing of the cells in the following way.

Closely packed cells or bacteria in suspension interact through the hy-

drodynamic disturbance when the concentration becomes sufficiently high.

The colony of bacteria seems to interact with the medium, say, water in

which they are suspended and one needs to take care of this interaction in

understanding their behaviour. Since no motion is observed in the medium

in the absence of the bacteria or if the bacteria are dead and also due to the

fact that the density of bacteria is high, it is reasonable to assume that the

bacteria and the water moves as a single fluid. However, the behaviour of

this fluid is very different from ideal fluid. It is similar to the behaviour of

fluid associated to the dense granular systems since there exists a non-local

(athermal) noise due to finite size of the bacterium and hence an inter-
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mediate scale. In non-local hydrodynamics for dense granular materials

the state space is considered as function of (ρ,∇ρ,�v) and other higher or-

der derivatives of density and velocity. The nonlocality is mathematically

expressed through these higher order derivatives.

3.1. Position based sensing

The discovery of autoinducer molecules18 laid down the physical basis of cell

to cell bacterial communication. The diffusion of these autoinducers have

been studied by several groups where it is possible to calculate the gradient

profiles either around a single cell or at the center of increasing densities

of cell. Alberghini et al.4 studied positional sensing of the cells vs quorum

sensing and cell to cell communication. They emphasized that one should

consider cell to cell communication in terms of positional sensing where

instead of considering concentration of a mixed bulk solution it is necessary

to take care of the topologically distinct values sensed by individual cell at

different positions of the environment. We consider the gradient of density

as another state variable for the fluid description of densely packed bacteria

within the framework of non-local hydrodynamics. The concept of velocity

(for the bacterial fluid) similar to kinematic velocity in the framework of

non-local hydrodynamics is defined as

�ukin = ∇ρ

where ρ is the density of the fluid. Because of existence of non-local noise

arising from the intermediate scale due to finite size of the bacterium �ukin

velocity will vary and

Δ �ukin ≡ �u− �ukin

where �u is the mean velocity. This will give rise to a viscosity

∇η ≡ −ν∇2(Δ �ukin).

This viscosity forms a metastable state of the bacteria similar to adhesive

approximation of Zeldovich giving rise to a disk at galactic scale. This noise

term will add an extra term in Burgers equation (as mentioned in equation

7) and the stability of noisy Burgers equation has been studied with small

viscosity.19
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3.2. Metastable state

The multi-time scale behaviors of Burgers equation with small viscosity as

studied by Beck et al.19 indicates the possible existence of metastable states

in physical system. The stationary or stable states of physical systems

are well studied in applied mathematics. The metastable states are not

fixed points of the equation of motion but a family of states which emerge

relatively quickly and ultimately goes to asymptotic state. Here, multi time

scales are important in the sense that at one time scale metastable state

emerges and for another asymptotic states emerge. In two dimensional fluid

flows, the metastable states play important role. In case of bacteria, the

kinematic viscosity (as the ratio of dynamic viscosity and the density) will

be small since the density is very high to form quorum. The emergence

of metastable state is possible for this kind of physical system with high

density (small viscosity) for short time scale. During this time period as the

sates are metastable, the fluctuation of stress due to autoinducing molecules

will produce a fluctuation in the configuration of the system which induce

shear somewhere else. This process is a self activated process and occurs

in non-local rheology.

3.3. Self-activated process and ratio of bulk to shear

viscosity

The shear force exerted by the autoinducing molecules will produce fluctu-

ation of the stress in the configuration of the densely packed bacteria. As

soon as the concentration of the auntoinducers reach a threshold it leads to

the change of the arrangement of the configuration and gives rise change in

bulk viscosity. The bulk viscosity for dense fluid is related to irreversible

resistance. This is different from thermal fluctuation since thermal fluctu-

ation is negligible for dense granular fluid. This change in bulk viscosity

will produce shear to some where else. In densely granular medium the

fluctuation of the stress and consequent production of shear is considered

to be a self-activated process. In the present scenario of densely packed

bacteria the ratio of bulk viscosity and the shear viscosity is associated

to this type of self-activated process which make the expression of genes

possible and synchronization happens. Iberall and one of the present au-

thors (RL)20 postulated that the basic organizing force for the living system

control dynamically the ratio of bulk to shear viscosity.

It is to be noted that gene regulation due to shear stress has become

an active area of research21. More than 40 genes have been identified to



February 24, 2016 10:31 ws-procs9x6-9x6 BIOMAT2015-10 page 162

162

be modulated by the shear stress in endothelial cells. These genes are

shown to be involved in cell prolification, differentialtion, thrombosis etc.

In the context of quorum sensing the genes have been already identified

which express as soon as density of the cells reach a threshold value. The

expression of these genes in QS can be tested in laboratory experiments by

changing shear stress.

4. Quorum Sensing in Bacteria and Cellular Ensemble

Communication

The proposed non-local hydrodynamic model of quorum sensing of bacte-

ria clearly indicates that communication among bacteria has an important

physical component. Indeed, while autoinducing molecular interactions

have been considered as responsible for communication among bacteria

some are best assigned to physical parameters. We propose that hydrody-

namic parameters are essential in the understanding of the quorum sensing

as an ensemble event. Indeed, kinematic viscosity arising from noise asso-

ciated to medium granularity is an essential parameter to be considered, as

granularity is related to the finite length scale associated with bacterial size.

This parameter generates a noise addressed as non-local noise. Moreover,

as this length scale vanishes so thus such non-local noise. From the above

analysis it is evident that the role of this noise, and hence the viscosity is a

fundamental parameter in producing metastable states in bacterial ensem-

bles and is. critically dependent on density, a critical value of the viscosity

parameter. It is to be mentioned that Pollack and his collaborators22−26

investigated the structure of water from molecular level to bulk scale and

predicted the fourth phase of water as liquid crystalline one apart from

solid, liquid and vapour. They have also studied the long range interac-

tion in water. The detail investigations are needed to find a relation of

our approach based on non-local hydrodynamics and the long range or-

dered water hypothesis as studied by Pollack et al.22−26. We emphasize

that metastable states are an absolute pre-requisite for quorum behaviour.

Indeed, autoinducing molecules alone are in themselves not sufficient to

implement a metastable community. Beyond bacterial ensembles cellular

organization, specially among eukaryotes and most particularly among neu-

rons requires other essential parameters. Thus in nerve nets, the cells are

intimately connected by either chemical junctions (synapses) or by direct

membrane contact as in the case of the so called gap junctions. This later

supports direct electrical communications amongst neurons. Another em-
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bodiment is generated by the presence of tight junctions that support tissue

organization in multi cellular animals. Thus it is difficult to equate a gran-

ular cell ensemble in contrast to the granular medium consisting of bacteria

where bacteria are not physically connected.

5. Quorum Sensing, Diffusion Sensing and Non-local

Hydrodynamic Model

Various approaches have been proposed to understand co-operative strategy

and cell to cell communication among bacteria. There have been two main

theories widely discussed among the community, namely Quorum Sensing

(QS) and Diffusion Sensing (DS). A co-operative strategy known as Quo-

rum Sensing as understood by the release of signaling substance (called

autoinducing molecules) is used to determine the cell density. On the other

hand Diffusion sensing strategy is basically non-co-operative where the au-

toinducers are used to determine the dimensions of the space surrounding

the cell. Both the theories are considered as much more complex than what

occur in laboratory condition. However, to consider evolutionary effect as

well as to tackle heterogeneous enviornment in a more comprehensive way

Efficiency Sensing (ES)27 is proposed. The main idea behind “efficiency

sensing” approach the autoinducer senses efficiently the diffusible extracel-

lular effectors produced by a given cell, including proteins that are costly

to produce. Both the above theories i.e. Quorum sensing and Diffusion

sensing may be the secondary functions of efficiency sensing. Darch et al.28

tested experimentally the fundamental assumption of quorum sensing and

found that the secretion of of autoinducing molecules is more beneficial at

high densities. This has not been tested before.

Recently, Koch et al.1 indicated that experimental observations on the

suspension of swimming bacteria and their coordianted movement at high

density can be properly described by hydrodynamic interaction. However,

they emphasized that it is necessary to conduct experiments so as to mon-

itor the quantities like effective viscosity, velocity etc. Moreover, several

authors29,30 found from their analytical and numerical investigations re-

lated to the suspension of swimming bacteria that long range hydrody-

namic interactions reduce viscosity dramatically at low concentration but

increases at higher concentration. But in this type of framework, the bac-

teria is treated as point particle.

In the present paper the authors propose more realistic framework for

swimming bacteria using general hydrodynamical framework called Non-
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local hydrodynamics. In this framework the granularity i.e. the finite size

of the bacteria instead of point like particle produces an internal noise. This

internal noise gives rise to kinematic viscosity at large concentration. Again

the above mentioned framework of Sokolov and others28 clearly demon-

strated the increase of viscosity at large concentration. We emphasize that

at high concentration the rise of effective viscosity can be related to this

kinematic viscosity in our framework. The effective viscosity can be mea-

sured experimentally and it is possible to compare the increase of viscosity

due to local hydrodynamical model in comparison to non-local hydrody-

namical as proposed by the present authors.

6. Discussion

It is evident from the above analysis that we need to consider two ma-

jor steps in understanding quorum sensing of bacteria. As the density of

the bacteria becomes high and reaches a threshold, a metastable state is

formed for a particular time period and then the ratio of bulk to shear

viscosity associated to a self regulatory process due to stress fluctuation

by autoinducer molecules gives rise to shear making gene expression pos-

sible. The metastable state is produced for small viscosity arising out of

the internal non-local noise. The water fluidity is modified here and the

phase is similar to ordered water hypothesis as discussed by Pollack et al.

It may be possible to estimate the viscosity produced by non-local noise by

studying the quorum sensing of bacteria from the metastable state. This

will be compared with the viscosity in local hydrodynamic model and will

be discussed in future publication. Here we have a single framework where

one need not to consider QS, DS or ES separately for the description of cell

to cell bacteria communication. It is worth-mentioning that the adhesive

approximation which is used in the context of disk formation at galactic

scale is also useful in understanding the metastable state for cell to cell

communication. It sheds new light on the issues of applicability of physical

principles in biological systems.
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Proteins exhibit intriguing diversity in their three dimensional conformations that
enables them to perform different functions. Detailed understanding of protein

conformational landscape is imperative for application in structure based inhibitor
design. In this study, protein structures have been analyzed for the pattern of
convex hulls based on Cα atom coordinates. A convex hull is a polygon whose
vertices are a subset of a given set of points such that all the points are enveloped
within the polygon. Iterative calculations of convex hull for proteins have provided
interesting insights into their conformational features. A detailed and comprehen-
sive analysis of convex hull pattern for non-redundant dataset of proteins revealed
that the number of layers per protein ranged from 5 to 20 with an average of 8
layers. Statistical analysis shows that there exist 70% correlation between num-
ber of convex hull layers and radius of gyration of a protein. Correlation between
radius of gyration and number of convex hull layers for different structural classes
of proteins has also been performed. These results provide a novel approach for
convex hull based interpretation/ comparison of proteins structures.

1. Introduction

Proteins are biopolymers that mediate variety of essential physiological

functions. Proteins fold into a precise three dimensional structure that dic-

tates their function1. Therefore understanding the structure of proteins

is indispensable for interpreting their physiological roles. X-ray crystal-

lography and Nuclear Magnetic Resonance (NMR) are two main experi-

mental techniques for protein structure determination2. Effective utiliza-

tion of these techniques have resulted in deposition of more than one lac

experimentally determined protein structures in the Protein Data Bank

(www.pdb.org). Over the decades, these structures have provided invalu-

able insights into the conformational landscape of proteins3. The data

from these experiments have shown that polypeptide adopts well-defined

secondary structure conformation such as α-helix and β-strand which then
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folds into a characteristic tertiary structure. Some proteins can further

adopt quaternary structure by assembly of different subunits. The enor-

mous diversity in the structural features of proteins requires innovative

methods for their classification. Secondary and tertiary structure features

of proteins have been used to structurally classify proteins. SCOP4 and

CATH5 are two widely used protein structure classification systems. SCOP

classifies proteins into classes, folds, superfamilies, and families whereas in

CATH the different levels comprise of class, architecture, topology, and

hierarchy. Analysis of different classes of protein structure has advanced

our understanding of structure-function relationship6. Recent years have

seen tremendous advancement in computational methods for analysis of

protein structures7. These methods can be used to analyze wide range of

conformational features of proteins such as multimer assembly, domain as-

signment, identification of ligand binding pockets, channels within protein

structure, molecular surface analysis, protein- protein/ ligand interactions

etc.8,9,10,11,12. One of the characteristic features of protein structures is the

packing of amino acid within the structure. Solvent accessibility calculation

provides quantitative estimation for the location of amino acids with the

structural envelop13. Amino acid residues with high solvent accessibility

are located on the periphery of the structure while lower solvent accessi-

bility indicates that residues are buried. These calculations are based on

rolling a sphere (size of water molecule) along the surface of protein. This

binary classification for residues in protein i.e. exposed vs. buried is rather

inadequate since the buried residue could be in the core or just below the

exposed ones. Previous studies have shown that convex hull calculations

can provide complimentary information to the solvent accessibility analysis

for proteins14. In this study, geometric analysis of the protein structures

has been done based on the convex hull pattern. A convex hull is a polygon

whose vertices are a subset of a given set of points such that all the points

are enveloped within the polygon. Cartesian coordinates of Cα atoms were

used to calculate convex hull for protein structures. This convex hull thus

represents the bounding surface of the Cα atoms within the protein. Fur-

ther, layers of convex hull within the protein were calculated by iteratively

computing the convex hull after removing the coordinates for Cα atoms in

the preceding layer. Comparative analysis of convex hull layers with the

radius of gyration of the protein has provided interesting insights into the

geometric features of protein structures. The results presented here would

prove useful in developing novel strategies for detailed analyses of proteins

and their complexes.
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2. Methods

2.1. Convex hull calculations

Coordinates of experimentally derived protein structures were retrieved

from the protein data bank (PDB)15. Biopython module16 within python

programming language was used to read the protein structure files. Scipy

implementation of Qhull library was used for fast and accurate calculations

of convex hull. [X, Y, Z] coordinates of all the Cα atoms within the protein

were used for calculations. Layer of convex hull for a given protein structure

was computed by iteratively removing coordinates forming the vertices of

preceding convex hull.

2.2. Radius of gyration calculation

Radius of gyration (Rg) provides quantitative estimates for the dimensions

of the protein. Mathematically, Rg is average distance of a set of coordi-

nates from the centroid. Centroid for the protein structure was calculated

using the formula:

(X,Y, Z)
(Centroid) =

(∑
n

i
(xi)

n
,
∑

n

i
(yi)

n
,
∑

n

i
(zi)

n

)

Where, X, Y, Z are the 3D coordinates for the centroid to be calculated

for a given set of n atoms. xi, yi, and zi are 3D coordinates for each Cα

atom i within total number of Cα atoms n. The radius of gyration for

protein was then calculated by finding the root mean squared distance of

each Cα atom from the centroid of the protein.

2.3. Dataset of protein structures

Non-redundant set of protein structures with sequence similarity cut-off

of 20% and structures having crystallographic resolution of better than

3.0Å was retrieved from the PISCES database17. These structures were

used for iterative convex hull analysis. In addition, another dataset of

protein structure were retrieved from the SCOP database4. This database

provides classification of structures based on their secondary structure prop-

erties and was used for calculating correlation between convex hull layers

and radius of gyration for different classes of proteins. PyMol (Schrdinger,

LLC) was used for protein structure visualization. The open-source python

program for convex hull analysis was developed in house.

www.ebook3000.com

http://www.ebook3000.org


February 24, 2016 10:41 ws-procs9x6-9x6 BIOMAT2015-11 page 169

169

3. Results

Proteins exhibits enormous diversity in their shapes and sizes that allows

them to perform different physiological functions. Over the years, exper-

imental and computational methods have provided valuable insights into

the structural characteristic of proteins. Detailed understanding of confor-

mational landscape of the proteins is essential for interpreting structure-

function correlation. To this end, this study presents a geometric analysis

of protein structures based on their convex hull patterns. An open-source

python based program has been developed for calculation of convex hull

using Cartesian coordinates of protein structures (see methods). By us-

ing scientific and numeric libraries the speed and accuracy has been well

optimized for convex hull calculations. Iterative calculation of convex hull

based on coordinates of Cα atoms from a non-redundant dataset of protein

structures was also done. Based on the analysis of 2,756 structures, the

results show that the number of hull layers varies from 5 to 20 depending

upon the size and conformation of the protein. On an average, protein

structures were observed to have 7 layers of convex hulls. Figure 1(A)

shows cartoon representation of apolipoprotein (PDB ID 1AEP)18 having

5 convex hull layers. The radius of gyration for this protein is 15.2Å. Crys-

tal structure of Nck-associated protein (PDB ID 3P8C)19 had maximum

number of convex hull layers. The number of convex hull layers and radius

of gyration for this protein was observed to be 20 and 47.4Å, respectively.

In addition, the crystal structure of RNA polymerase I (PDB ID 4C2M)20

was also observed to have 20 convex hull layers with Rg of 39Å. This anal-

ysis quantitatively highlights the diversity in protein structures based on

the convex hull pattern. This remarkable geometric variation in proteins

was further investigated and correlated with other quantitative structural

features.
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Figure 1.

Next, number of atoms constituting the vertices of convex hull in all the

layers for all proteins was calculated. This analysis would provide insight

into the packing of atoms with the protein core. Figure 1 shows the distri-

bution for number of atoms in different convex hull layers. Overall, there

was a continuous decrease is the number of atoms constituting the convex

hull (Figure 2). This is expected since the total number of atoms would

decrease after each iteration of convex hull calculation. The first convex

hull layer had a median of 20% of the total Cα atoms of the protein. For

different structures in the dataset there was huge variation in the number of

atoms constituting the first convex hull layer. The minimum and maximum

number of Cα atoms in first layer was 4.5% and 36.8%, respectively.
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Figure 2. Box and whisker plot showing percentage of Cα atoms present in each convex
hull layer in a dataset of non-redundant protein structures. The horizontal line within
the box represents the median value for that distribution.

Intriguingly, the second convex hull layer was observed to have, on an

average, higher number of atoms as compared to the first layer with median

value of 21.4%. The minimum and maximum number of atoms in first layer

was 5.8% and 33.9%, respectively. This observation suggests that there

exist a higher density of atoms underneath the first layer of surface exposed

atoms. This is indeed a remarkable finding from this analysis and it must

be noted here this information is not available from the conventional surface

analysis of proteins. From the third convex hull layer onwards there was a

continuous decrease in the percentage of atoms constituting the convex hull

(Figure 2). Radius of gyration (Rg) for all the protein structures in dataset

were calculated and compared with number of hull layer in each structure.

Rg provides a quantitative measure for the dimensions of the protein such

that larger proteins would have higher Rg as compared to smaller ones. The

correlation between number of convex hull layers and Rg was observed to be

72%. Figure 3 shows the correlation between convex hull layers and radius

of gyration for each proteins structure. This rather low correlation indicates

that the convex hull pattern of a protein is not directly related to the size

of the protein. E.g. similar number of convex hull layers was observed for

proteins with Rg range of more than 10Å (Figure 3). Therefore the convex

hull layers provide complimentary geometric information to what is given

by the radius of gyration of the proteins.
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Figure 3. Scatter plot for the correlation between radius of gyration (Å) and number
of convex hull layers in protein structures from a non-redundant dataset.

To evaluate whether the observed correlation between Rg and number

of convex hull layers is present across all structural classes of proteins; the

above analysis was performed on different structural classes of proteins.

This is important because different class of proteins might have character-

istic packing of the atoms within the core. Representative structures were

downloaded from SCOP database having protein structures classified based

on the secondary structure features. For all alpha and all beta proteins the

correlation coefficient was observed to be 71% and 74%, respectively. This

correlation is rather low as compared to what is observed for other class

of proteins. Intriguingly, for alpha-beta (α/β) proteins the correlation was

highest amongst all structural class of protein with a value of 87%. This

class of proteins comprise mainly of parallel beta sheets with beta-alpha-

beta units. Interestingly, for alpha and beta (α+β) proteins (having mainly

antiparallel beta sheets with segregated alpha and beta regions) the cor-

relation was observed to be 74%. In case of multi-domain protein, high

correlation of 85% was observed between Rg and number of hull layers.

Table 1 presents the summary of the results for this analysis. Different val-

ues of correlation between number of convex hull layers and Rg evidently

indicates that different classes of proteins have different packing character-

istics.
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Table 1: Correlation between radius of gyration and number of convex

hull layers in protein structures from SCOP database.

SCOP class Number of structures

Correlation between

Rg and number of

convex hull layers

(A) All alpha 685 0.71

(B) All beta 925 0.74

(C) Alpha and beta (α/β) 3135 0.87

(D) Alpha and beta (α+β) 1276 0.74

(E) Multi domain 234 0.85

These results indicate that prior knowledge of secondary structure of

the protein could be exploited to predict the correlation between radius

of gyration and number of convex hull layers. E.g. for proteins having

primarily alpha helices or beta sheets the correlation would be less as com-

pared to / or multi-domain proteins. This information would be vital to

predict packing characteristic of amino acid within the protein structure.

Further, the results presented here suggest that packing characteristic could

be predicted based on secondary structure features of protein. This would

be an interesting area to pursue considering that there are methods which

can predict secondary structure for a protein sequence at very high ac-

curacy (95%)21. In addition, it is a lot easier to get secondary structure

information from biophysical methods than to elucidate tertiary structure

by experimental techniques. Overall, the study provides new insights into

geometric features of proteins structures based on their convex hull pattern.

4. Conclusions

Detailed understanding of conformational features of proteins is essential

to interpret their function. This study provides a comprehensive analysis

of protein structure geometry based on the convex hull pattern. Iterative

calculation of convex hull layers has quantitatively highlighted the diversity

in conformation that different proteins adopt. Correlation between number

of convex hull layers and radius of gyration of protein was observed to fluc-

tuate for different structural classes of protein. These findings advance our

understanding of the geometric topologies of protein structure and would

pave the way for further development of methods aiming at geometric anal-

ysis of proteins.
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Biological systems are complex, large and quasi-deterministic. Study and analysis
of such large systems by holistic approaches are difficult in most cases due to lack
of various resources. But if the system can be reduced to an abstract level with-
out compromising the essential data, it can be handled and still significant results

can be inferred from it. Boolean Networks provide one way of such abstract level
analysis for dynamic biological systems. State transition matrices derived from
dynamic behavior of these systems allow application of standard inference meth-

ods to discover dependencies among the elements present in such a system. Signal
transduction pathways (by which cells detect, convert, and internally transmit in-
formation) can be modeled by ideas taken from such predictive methods. Wnt

signal transduction pathway is an appropriate candidate for such kind of modeling
due to its crucial presence in multiple types of cancers. Here we present a method-
ology pipeline for detecting i) stable system states, ii) robustness, and iii) stability

of a whole system using Boolean logic based thumb rules. A unique thumb rule
is designed for each biological interaction found in signal transduction pathways.
A predicted system state is deemed as stable when it can be predicted without

any clash of thumb rules. Robustness of a stable system state is measured by the
number of permissible state transitions it can tolerate without loosing its stabil-
ity. Stability of a whole system is studied by creating a state transition diagram,
where stable system states are nodes and the transitions among them are edges.
The methodology pipeline is tested on a 5-node (4 interactions) hypothetical net-
work, a 14-node (15 interactions) example network and the human Wnt signal
transduction pathway (59 nodes and 68 interactions). In the hypothetical network
only two stable system states are found against the predicted 25 states. In the
example network, system states 1 and 17 are found to be maximally robust. State
transition diagram of the example network revealed it to be a bistable system with
two distinct phases each containing one of the maximum robust system states. The
human Wnt signal transduction pathway is found to exist in 8 distinct phases that
can be supported by existing works.

1. Introduction

The exchange and processing of information between biomolecular entities

within a cell give rise to many complex biological networks. Signal transduc-

tion pathways form one category of such complex biological networks. They

mediate the sensing and processing of stimuli. These molecular circuits de-

tect, amplify, and integrate diverse external signals to generate responses

such as changes in enzyme activity, gene expression, or ion-channel activity.

Their behavior needs to be understood in the context of how cellular events

occur. A simple procedure, often followed to understand the behavior of

signal transduction pathways, has been to depict interactions pictorially as

a wiring diagram, and then construct a model to study its outcomes1,2. But,

as the network grows, in terms of vertices, corresponding interactions, edge

directions of the interactions, self loops, interaction weights, constructing a

wiring diagram becomes time consuming and clumsy for interpretation.
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On the other hand, these interactions can be represented as a Boolean

network3. Boolean algebra (or Boolean logic) is a logical calculus of truth

values, developed by George Boole in the 1840s. It resembles the algebra

of real numbers, but with the numeric operations of multiplication x × y,

addition x+y, and negation −x replaced by the respective logical operations

of conjunction x ∧ y, disjunction x ∨ y, and negation −x. The Boolean

operations are these and all other operations that can be built from these,

such as x∧ (y∨z). These turn out to coincide with the set of all operations

on the set {0,1} that take only finitely many arguments; there are 22
n

such

operations when there are n arguments. For a network (system) possessing

n vertices, there are 2n Explicitly Enumerated (EE) system states. EE

vouches for a detail ordered listing of all of the elements of a set, a notion

commonly used in Mathematics and Theoretical Computer Science.

Boolean network modeling of genetic regulatory networks has gained

wide acceptance in the modeling community, based on pioneering works

by Kauffman4 and Thomas5. Several Boolean network simulators for bi-

ological systems have been developed, including NetBuilder, BooleanNet6,

SimBoolNet7, BooleSim8, BoolNetan R package9, and The NetBuilder’

project10 among others.

Jack et al.11 have developed an asynchronous threshold Boolean net-

work simulation algorithm to model signal transduction in a single cell,

and then used an ensemble of these models to estimate the aggregate re-

sponse across a cell population. The authors have showed that populations

of hepatocytes can be simulated to predict experimentally observed quanti-

tative responses. Zou12 has proposed a novel method to study intrinsically

the relationship between experimental data and the possible Boolean net-

works, which can be used to model the underlying system. A Boolean

model for the fruit fly D. melanogaster is used to explain the method. The

authors have addressed the problem of completing the truth table starting

from given incomplete truth table and partial information on the interac-

tions among the genes considered. Cancer is a systems biology disease.

It has remarkable complexity at the molecular level, with multiple genes,

proteins, pathways and regulatory interconnections being affected. Nagraj

and Reverter13 have introduced a systems biology approach to study can-

cer that formally integrates the available genetic, transcriptomic, epigenetic

and molecular knowledge on cancer biology and as a proof of concept ap-

plied it to colorectal cancer. In this respect, Eduatti et al.14 have proposed

a simple method that involves inference of Boolean tables from data to clas-

sify whether a particular combination of stimulus and inhibitor is affecting
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the protein, reconstruction of a cause-effect network from Boolean tables

and prediction of test data by linear combination of training data, using

rules based on the reconstructed network.

A Boolean network describes a signal transduction pathway as a digital

circuit in which logical elements (proteins or genes) are either ON or OFF

with a value of 1 or 0 respectively. The temporal evolution of a signal trans-

duction pathway can be calculated using a set of Boolean functions (AND,

OR, NOT) to model regulatory interactions. The state of the pathway at

any instant is the union of all the states of its regulating vertices. The reg-

ulatory connections (activation or inhibition) and inputs alter the state of

the vertices. Over a period, the states reach a stable configuration called as

singleton attractors, which correspond to a particular cellular event. Sin-

gleton attractors represent permanent changes in cellular behavior, unlike

the non-singleton attractors. Non-singleton attractors represent periodic

events and the transient states of a network15,16. Singleton attractors can

also be used to determine underlying reasons for the cause of a disease3.

Since they offer a biologically relevant and computationally efficient for-

malism for analyzing the relationship between molecular network topology

and function, Boolean networks have been used extensively to simulate the

behavior of cells based on their network activity4,17,6,18.

In this article we present an idea of detecting system states and check-

ing their robustness with possible state transitions for an example network

as well as human Wnt signal transduction pathway. The human Wnt sig-

nal transduction pathway is an important machinery of cells associated

with embryonic development19, axis formation20, cell fate specification21,

cell proliferation21, cell migration22, insulin sensitivity23, various kinds of

cancer24, and type II diabetes23 among others. By this study, behavior of

this signal transduction pathway can be modeled. Here we have introduced

the Boolean concept as it can define whether there exists any valid inter-

action among two components in a network in a very simplified form. In

this study Boolean logic is introduced to reduce the complexity of an entire

system so that Boolean networks can be used extensively to simulate the

behavior of any biological entity based on their network activity.

2. Data and Methodology

Signaling pathways involve hierarchical assembly in space and time of multi-

protein complexes that regulate the flow of information according to log-

ical rules. They are embedded in networks having stimulatory (activa-
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tion, phosphorylation, expression), inhibitory (inhibition, dephosphoryla-

tion), cooperative (binding/association), uncooperative (dissociation), de-

structive (ubiquitination) and other (compound, indirect effect) interac-

tions to ensure appropriate interpretation of a signal in vivo. Each of these

interactions can be governed by thumb rules inspired from Boolean logic.

Let A and B be substrate and product respectively; X ↑ be over-

expression and X ↓ be under-expression of X. Then the possible thumb

rules for various types of interactions are designed as given:

• activation(a) [(A ↑, B ↑) and (A ↓, B ↓)] ⇒ [(1,1) and (0,0)]

• inhibition(i) [(A ↑, B ↓) and (A ↓, B ↑)] ⇒ [(1,0) and (0,1)]

• binding(b) [(A ↑, B ↑, AB ↑), (A ↑, B ↓, AB ↓), (A ↓, B ↑, AB ↓)
and (A ↓, B ↓, AB ↓)] ⇒ [(1,1,1), (1,0,0), (0,1,0) and (0,0,0)]

• dissociation(d) [(AB ↑, A ↑, B ↑) and (AB ↓, A ↓, B ↓)] ⇒ [(1,1,1)

and (0,0,0)]

• ubiquitination(u) (U ↑ A ↓), U being Ubiquitin ⇒ (1,1)

During ‘activation’, high concentration of A stimulates proportionate

amount of B and vice versa, hence the states, (1,1) and (0,0). High concen-

tration of A inhibits function of B during an ‘inhibition’ process. So a few

of them will be active as in state (1,0). Alternatively, low concentration

of A will facilitate function of high number of Bs as in state (0,1). High

concentration of A and B indicate towards production of more number of

ABs during ‘binding’ as in state (1,1,1). If anyone or both of A and B

is present in low concentrations AB production will be less as in states

(1,0,0), (0,1,0) and (0,0,0) respectively. During ‘dissociation’, formation of

A and B is directly proportional to concentration AB. The phenomenon

gets reflected in states (1,1,1) and (0,0,0). ‘Ubiquitination’ is a process by

which unwanted and molecules in excess get purged from the intracellular

environment. As only the unwanted/excess molecules get affected by ubiq-

uitin, there is a steady maintenance of the required concentration of the

molecule. Hence, that state is designed as (1,1). Some of the interactions

are difficult to be represented by rules, i.e., indirect effect. At this stage,

we are not considering such interactions. We have done our initial study

with a hypothetical network of 5 nodes and 4 interactions as given in Figure

1. Different types of interactions are presented with different kind of arrow

marks [activation: →, inhibition: −|, binding: − and ubiquitination: −�].

A single node can attain one of the two possible states, i.e., ON (1)

or OFF (0). So, theoretically a system of n nodes, can exist in 2n system

states. Each system state will be a string of n number of ‘1’s and ‘0’s.



February 24, 2016 10:49 ws-procs9x6-9x6 BIOMAT2015-12 page 182

182

Figure 1. A hypothetical network.

But, often these interactions are linked among each other and the scenario

becomes more complex. Hence, it is expected that the attainable number

of states will be much less than the predicted 2n system states.

Here we can represent Figure 1 as a set of following interactions: [w:

(1,2,a); x: (2,3,b); y: (2,4,i); z: (3,5,u)]. The interactions are named as w,

x, y and z respectively. The set of interactions present in a network define it

as one system and their temporal variations create multiple system states.

For the network of 5 nodes (Figure 1), we can expect the system to exist

in 25 system states, each system state being a string of five ‘1’s and ‘0’s.

But, after following the thumb rules and avoiding clash of rules we found

only 2 stable system states (states 8 and 30) of the system (Table 1). When

single or multiple thumb rules clashed while creating a system state, it was

ignored. Once the stable system states are detected, a measure of their

tolerance level towards change can define robustness of the system. Such a

study was done with the example network (Figure 2).

3. Results and Discussion

In this Section, the Boolean logic based thumb rules are applied first to an

example network (Figure 2) and then to the humanWnt signal transduction

pathway (Figure 5).

3.1. The example network

The example network is a random simulated network that consists of 14

nodes and 15 interactions as given in Figure 2. Analyses of the network
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Table 1. All Possible (25) States for a 5 node Hypothetical Network.

States Node 1 Node 2 Node 3 Node 4 Node 5 Remarks

State 1 0 0 0 0 0 does not hold interactions y and z
State 2 0 0 0 0 1 does not hold interactions y and z
State 3 0 0 0 1 0 does not hold interactions y and z
State 4 0 0 0 1 1 does not hold interaction z
State 5 0 0 1 0 0 does not hold interactions y and z
State 6 0 0 1 0 1 does not hold interaction y
State 7 0 0 1 1 0 does not hold interaction z
State 8 0 0 1 1 1 Valid

State 9 0 1 0 0 0 does not hold interactions w and z
State 10 0 1 0 0 1 does not hold interactions w and z
State 11 0 1 0 1 0 does not hold interactions w, y and z
State 12 0 1 0 1 1 does not hold interactions w, y and z
State 13 0 1 1 0 0 does not hold interactions w and z
State 14 0 1 1 0 1 does not hold interaction w
State 15 0 1 1 1 0 does not hold interactions w, y and z
State 16 0 1 1 1 1 does not hold interactions w and y
State 17 1 0 0 0 0 does not hold interactions w, y and z
State 18 1 0 0 0 1 does not hold interactions w, y and z
State 19 1 0 0 1 0 does not hold interactions w, y and z
State 20 1 0 0 1 1 does not hold interactions w, y and z

State 21 1 0 1 0 0 does not hold interactions w, y and z
State 22 1 0 1 0 1 does not hold interactions w, y and z

State 23 1 0 1 1 0 does not hold interactions w, y and z
State 24 1 0 1 1 1 does not hold interaction w
State 25 1 1 0 0 0 does not hold interaction z
State 26 1 1 0 0 1 does not hold interaction z
State 27 1 1 0 1 0 does not hold interactions y and z
State 28 1 1 0 1 1 does not hold interactions y and z
State 29 1 1 1 0 0 does not hold interaction z
State 30 1 1 1 0 1 Valid

State 31 1 1 1 1 0 does not hold interactions y and z
State 32 1 1 1 1 1 does not hold interaction y

showcased interesting results. Theoretically the system can exist in 214

system states, each system state being a string of fourteen ‘1’s and ‘0’s.

But, after following the thumb rules and avoiding clash of rules only 64

stable states were found. When single or multiple thumb rules clashed

while creating a system state, it was ignored.

Next, we introduced point mutations in the system states one-by-one.

It was practically picking a string of fourteen ‘1’s and ‘0’s, and changing

its value from 1 to 0 or 0 to 1 for each position one after another. With a

change in positional value, a string has two options. Either it will resemble

another system state out of the 64 possible system states or it will be

a system state, where one/more thumb rules are clashing. The former
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Figure 2. An example network.

phenomenon was noted down. A measure of the system states’ tolerance

level towards change of positional values (‘1’s and ‘0’s) can define robustness

of the network. The hypothesis is that the more number of times a string

can tolerate a positional value change, the more robust is that system state.

In addition a state transition diagram among multiple system states will

throw light on modes of operation of the network. A diagram depicting

the state transitions among multiple system states is known as the “state

transition diagram”. The hypothesis is that the state transition diagram

may depict a whole network of system state transitions or exist in multiple

distinct sub-networks. In the later case each of the distinct sub-networks

represents possibly a distinct phase (mode of action) of the system. Based

on that, stability pattern of the system can be guessed.

Figure 3 depicts the extent of robustness of the system states of the

example network (Figure 2). Among them, system states 1 (0-0-1-0-1-1-

0-0-0-1-1-0-0-1) and 17 (0-0-1-1-1-1-0-0-0-0-0-0-0-1) showed maximum ex-

tent of robustness by tolerating 7 positional value changes. When, the

state transitions were viewed as a hierarchical layout network with help of
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Figure 3. Robustness plot of the example network.

Cytoscape25 two distinct networks were observed among the system states

(Figure 4). Most interestingly, each of the most robust system states (1

and 17) were found to belong to the two different phases rather than to any

one of the phases. Such a phenomenon might indicate towards bistability

of the system.

Figure 4. State transition diagram of the example network [each node represents a
stable system state and an edge between a pair of nodes represents a state transition,
multiple edges between same pair of nodes has not been plotted].



February 24, 2016 10:49 ws-procs9x6-9x6 BIOMAT2015-12 page 186

186

Figure 5. The human Wnt signal transduction pathway from KEGG/Pathway
database.

3.2. Human Wnt Signal Transduction Pathway

The human Wnt Signal Transduction Pathway is taken from

KEGG/Pathway database26 as given in Figure 5. The Pathway has 59

nodes connected among themselves by 68 interactions.

After following the thumb rules and avoiding the clash of rules we found

2,62,144 stable system states for this pathway. After doing single point

mutation on the these stable system states, we found 19,66,014 number of

state transitions among the system states. We also calculated the number

of transitions for which one valid system state gets mutated to another valid

system state. The maximum number of transitions that happened for a sys-

tem state is 15. As it is hard to analysis 19,66,014 number of transitions we

adapted a minimum to maximum approach. We introduced a threshold to

the data and took the system states with higher than 90% of the maximum

number of transitions that happened for a system state, i.e., 13. This step
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state and an edge between a pair of nodes represents a state transition, multiple edges
between same pair of nodes has not been plotted].

truncated the number of state transitions to 120. These state transitions

when plotted with Cytoscape (degree distribution layout)25, separated into

8 different phases (Figure 6). We have labeled each phase with a number,

i.e., phases 1, 2, 3, 4, 5, 6, 7 and 8. Then we added neighbors of these

system states, i.e., we took all system state transitions where at least one

system state can tolerate greater than 13 transitions irrespective of the

other system state’s robustness. Such an extension increased the number

of state transitions to 1800 and their Cytoscape plotting still maintained

the 8 different phases as shown in Figure 7. A closer look at the phases
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Figure 7. Different extended phases among highly robust system states in the human
Wnt signal transduction pathway with at least one of the states belonging to the (thresh-
old > 13) category [each node represents a stable system state and an edge between a
pair of nodes represents a state transition, multiple edges between same pair of nodes

has not been plotted].

revealed addition of state transitions to the existing system states as seen

in Figure 8. It is interesting to note that the human Wnt signaling path-

way (as given in KEGG) does exist in 8 modules27,28. This strengthens

our methodology pipeline for prediction of system states, testing of their

robustness and phase detection by state transition diagram.
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Figure 8. A closer look at state transition diagram (Phase 1) of the human Wnt signal
transduction pathway [each node represents a stable system state and an edge between
a pair of nodes represents a state transition, multiple edges between same pair of nodes
has not been plotted].

4. Discussion

In this study, we defined Boolean logic based rules for different kinds of in-

teractions found in biological networks, especially signal transduction net-

works. Based on these rules, we predicted possible attainable system states

of a 14-node example network. Altogether 64 permissible system states were

found for the system, against the predicted 214 system states. Among them,

system states 1 and 17 were found to be the most robust states in terms of

their tolerance towards point mutations. A state transition diagram of the

system states established two distinct phases among the state transitions,

which might indicate towards bistability of the example network. We have

done similar kind of study on a real life human Wnt signal transduction

pathway (59 nodes). Altogether 2,62,144 stable system states were found

for the system, against the predicted 259 system states. We found 8 distinct

phases among the system states, i.e., phases 1, 2, 3, 4, 5, 6, 7, and 8 with

introduction of 90% cut-off threshold (minimum to maximum approach).

The methodology pipeline can be applied to any biological network with

appropriate Boolean logic based rules.

5. Ongoing Work

We are following the same methodology pipeline for a network where the

human Wnt signal transduction pathway is combined with its neighbor-

ing pathways mentioned and available in KEGG/Pathway database. The

neighboring pathways are the pathways responsible for adherens junction,
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Alzheimer’s disease, cell cycle, focal adhesion, ubiquitin mediated proteol-

ysis, MAPK signal transduction pathway, and TGF-β signal transduction

pathway of H. sapiens. The complex network has a node size of 467. The

number of possible system states is 2467. We are trying to optimize our

implementation by reducing time-complexity, designing distributed com-

puting algorithms and reducing space complexity.
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The expertise of senior biologists has been used to identify and classify Protein
Domains. In despite of usual discordances among biological research groups, a good
overlap of conclusions has been obtained on the task of assembling Protein Domains
into families. A subsequent classification obtained from assembling families into
“Clans” is tested on the present work with ANOVA Statistical Techniques. The
available results do not seem to reject the “Clan” classification but some suggestions
for deleting families and the possible partition of “Clans’ are proposed from the
present statistical analysis.

1. Introduction

In the present work we report the statistical analysis which has been done

to test the classification of Protein domain families into “Clans”1,2. The

techniques of ANOVA statistical analysis3,4 have been chosen to test the

confidence of the results available in the literature. This analysis has been

motivated by the suspicion that the mathematical techniques which have

supported the sequence alignments for family identification, have been im-

plemented on the computers of senior biologists but an independent and

robust statistical test to check their conclusions is still missing. In order to

organize the sample space for hypothesis testing, we consider the protein

domains5 to be represented by blocks of amino acids. We adopt two ba-

sic procedures for the organization of these blocks: a) We select a protein

family of m domains (rows). There are n1, n2, . . . , nm amino acids on each

domain, respectively. We then consider a block of (m x n) amino acids

where n is given by

n = min(n1, n2, . . . , nm) (1)
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b) The size (m x n) of the blocks is specified a priori. We then delete

all proteins such that nj < n and we also delete (nj − n) amino acids on

the remaining proteins. We adopt this second procedure to organize the

sample space of (m x n)blocks of amino acids, according to Fig. 1 below.

We have made the restriction to families containing a block of m = 100

rows (protein domains) and n = 200 columns (amino acids)

Figure 1. A block of m rows (protein domains) and n columns (amino acids).

To each column of m rows, we associate a vector pj of 20 rows6:

pT
j = (pj(a1), pj(a2), . . . , pj(a20)), (2)

where

j = 1, 2, . . . , n;

a1, a2, . . . , a20 = A, C, D, E, F, G, H, I, K, L, M, N, P, Q, R, S, T, V, W, Y

and

pj(a) =
nj(a)

m
(3)

where nj(a) is the number of occurrences of amino acid “a” in the jth col-

umn.
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We have:

∑
a

pj(a) = 1, j = 1, 2, . . . , n. (4)

The statistical analysis has been made by using the published work of

the experts on the organization of the Pfam database1,2. The table below

will present an evolution of the database content since the year 2005. We

have chosen to work with the 27.0 release which contains 14,831 curated

protein families and 4,563 of which are classified into 515 “Clans”.

Table 1. Evolution of the Pfam database.

Pfam DATABASE

version year no families
no families class

“Clans"
into clans

18.0 2005 7983 1181 172

22.0 2007 9318 1808 283

23.0 2008 10340 2009 302

24.0 2009 11912 3131 422

25.0 2010 12273 - -

26.0 2011 13672 4243 499

27.0 2013 14831 4563 515

28.0 2015 16230 - 541

This introduction leads to think about the kind of game that Nature

could be playing for organizing protein families. Is She tossing n times

consecutively m “icosahedron dice” simultaneously? Are all these dice fair?

Probably not! Anyhow, which seems to be essential in the understanding of

a future evolution dynamics of protein families is the non-independence of

the columns associated to Fig. 1 above. This means that the joint probabil-

ities of occurrence of amino acids on a set of columns is essentially different

from the product of simple probabilities of each column of the set, or

Pjkl(a, b, c, . . .) �= pj(a)pk(b)pl(c) . . . (5)
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In the present work we have not introduced any treatment of joint prob-

abilities and corresponding entropy measures. We then proceed to the in-

tensive analysis of protein family classification into “Clans” of the Pfam

database by using distributions of simple probability pj(a).

2. Entropy Measures

We now consider some entropy measures from the literature. There are

many ways of introducing these entropy measures, and we choose those

which lead to a simple interpretation of results in the statistical calculations

to be done.

We start from the Sharma-Mittal group of entropy measures7:

Sj(x, y) = −
1

2

∑
a

p
x+y
j (a)− p

−x+y
j

x
, (6)

where x,y are real parameters.

We then have as special cases:

1. The Kaniadakis Entropy measures:

Kj(x) = Sj(x, 1) = −
1

2

∑
a

px+1
j (a)− p−x+1

j

x
(7)

2. The Abe Entropy measures:

Aj(β) = Sj(
β + 1

β

2
,

β − 1
β

2
) = −

∑
a

p
β
j (a)− p

1

β

j (a)

β − 1
β

(8)
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3. The Havrda-Charvat Entropy measures:

Hj(q) = Sj(
1 + q

2
,

1− q

2
) = −

1−
∑
a

p
q
j(a)

1− q
(9)

The Renyi Entropy measures are a set of additive entropies given by:

Rj(q) =
1

1− q
ln

( ∑
a

p
q
j(a)

)
≤ −

(
1−

∑
a

p
q
j(a)

)
1− q

= Hj(q) (10)

The Havrda-Charvat entropy measures (Eq. 9), can be also obtained

from the inequality ln(x) ≤ (x− 1), with x =
∑

a p
q
j(a).

4. The Landsberg-Vedral Entropy measures:

Lj(q) = −
1

1− q

(
1∑

a

p
q
j(a)

− 1

)
=

Hj(q)∑
a

p
q
j(a)

(11)

All these entropy measures contain the Shannon Entropy measure8 sj

as a limit

lim
x→0

Kj(x) = lim
α→1

Aj(α) = lim
q→1

Hj(q) = lim
q→1

Rj(q) = lim
q→1

Lj(q) = sj (12)

where

sj = −
∑

a

pj(a) ln pj(a) (13)

is the Shannon Entropy measure.
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3. ANOVA (Analysis of Variance) of Protein Families

Let us consider a set of protein family groups (“Clans”) CL1, CL2, . . . , CLN

with Φ1, Φ2, . . . , ΦN as the number of protein families on each “Clan”. Let

ϕ1, ϕ2, . . . , ϕN , be the number of protein families on each sample after the

restriction to families containing (m x n) blocks of amino acids, respectively.

Fig. 2 below will clarify the scheme:

Figure 2. “Clans” and samples with restriction to (m x n) blocks of amino acids.

where 〈Hk(Φ1)〉, 〈Hk(Φ2)〉, . . . , 〈Hk(ΦN )〉 are the generic means around the

“Clans”.

All the forthcoming calculations will be related to the ϕ1, ϕ2, . . . , ϕN

variables and some useful functions of the entropy measure variables

H
p
k (ϕl), will be given by:

The overall mean per column of the (m x n) blocks of amino acids:

〈Hk〉 =
1

N∑
l=1

ϕl

N∑
l=1

ϕl∑
p=1

H
p
k (ϕl) (14)

The variability per column around this overall mean:

ΔH
p
k (ϕl) = H

p
k (ϕl)− 〈Hk〉 (15)

The “Clan” means per column of the (m x n) blocks of amino acids:

〈Hk(ϕl)〉 =
1

ϕl

ϕl∑
p=1

H
p
k (ϕl) (16)
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The variabilities per column around these “Clan” means :

DH
p
k (ϕl) = H

p
k (ϕl)− 〈Hk(ϕl)〉 (17)

k = 1, . . . , n ; p = 1, . . . , ϕl ; l = 1, . . . , N

From Eqs. (14)–(17), we can write:

ϕl∑
p=1

DH
p
k (ϕl) = 0 (18)

N∑
l=1

ϕl

(
〈Hk(ϕl)〉 − 〈Hk〉

)
= 0 (19)

N∑
l=1

ϕl∑
p=1

ΔH
p
k (ϕl) = 0 (20)

and the left-hand sides of these equations have (ϕl − 1) , (N − 1) and(
N∑

l=1

ϕl − 1

)
independent terms, respectively.

We now derive the corresponding Standard Deviations and these can be

obtained from

(
N∑

l=1

ϕl − 1

)
σ2

k =
N∑

l=1

ϕl∑
p=1

(
ΔH

p
k (Φl)

)2

(21)

(ϕl − 1)σ2
kΦl

=

ϕl∑
p=1

(
DH

p
k (Φl)

)2

(22)

We can write:(
N∑

l=1

ϕl − 1

)
σ2

k︸ ︷︷ ︸
SST

=

N∑
l=1

(ϕl − 1)σ2
kΦl︸ ︷︷ ︸

SSE

+

N∑
l=1

ϕl

(
〈Hk(Φl)〉 − 〈Hk〉

)2

︸ ︷︷ ︸
SSG

(23)
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In order to check the number of independent terms on Eq. (23), we

write:

N∑
l=1

ϕl − 1 =
N∑

l=1

(ϕl − 1) + N − 1 ≡
N∑

l=1

ϕl −N + N − 1 (24)

All equations and definitions above are enough for introducing the

Fisher’s Correlation Coefficient of the One-way ANOVA statistics4 per col-

umn:

Fk =

SSG
(N−1)

SSE(
N∑

l=1

ϕl−N

) (25)

We write:

Fk =

( N∑
l=1

ϕl −N

N − 1

) ⎛
⎜⎜⎜⎝

( N∑
l=1

ϕl − 1
)

σ2
k

N∑
l=1

(ϕl − 1)σ2
kΦl

− 1

⎞
⎟⎟⎟⎠ , k = 1, . . . , n (26)

We have then to perform n ANOVA tests on the m x n block samples

4. Some Mathematical Refinement

By defining vectors

(
DHk(Φl)

)
ϕlx1

,
(
ΔHk(Φl)

)
ϕlx1

and matrices of several orders,

(
DHk(Φl)D

THk(Φl)
)

ϕlxϕl
,

(
ΔHk(Φl)Δ

THk(Φl)
)

ϕlxϕl
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We also get a more symmetric formula for Eq. (26).

Fk =

( N∑
l=1

ϕl −N

N − 1

) ⎛
⎜⎜⎜⎝

N∑
l=1

Tr
(
ΔHk(Φl)Δ

THk(Φl)
)

N∑
l=1

Tr
(
DHk(Φl)DTHk(Φl)

) − 1

⎞
⎟⎟⎟⎠ , k = 1, 2, . . . , n

(27)

5. Hypothesis Testing

The Null and Alternative Hypotheses of our problem are:

H0 : 〈Hk(Φ1)〉 = 〈Hk(Φ2)〉 = . . . = 〈Hk(ΦN )〉 ⇒ invalidation of the

“Clan” concept.

Ha : 〈Hk(Φ1)〉 �= 〈Hk(Φ2)〉 �= . . . �= 〈Hk(ΦN )〉 (not all necessarily un-

equal) ⇒ existence of “Clans”.

On applying the n ANOVA tests to m x n block samples, we specify

a significance level α and we compare the F-distribution critical values4,

Fa,b,α, where a = numerator degrees of freedom = (N − 1), b = denomi-

nator degrees of freedom = (
N∑

l−1

ϕl − N), as obtained from F-distribution

tables4, to the Fk values calculated from Eq. (26).

We then reject the Null Hypotheses H0, if Fk > Fa,b,α ⇒ Validity of

the “Clan” concept for the kth column of the (m x n) block samples.

Or, if Fk ≤ Fa,b,α ⇒ We cannot reject H0 for the kth column of the

(m x n) block samples.

6. Some Technical Requirements for Data Validation

Assumptions for data to be used on ANOVA3,4:

1. The (m x n) blocks from the N populations (“Clans”) are indepen-

dent.
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2. The (m x n) blocks should be normally distributed.

3. The (m x n) blocks should be selected from populations with equal

variance σ2
kΦl

.

Some comments are now in order:

Assumptions 2, 3 can be more or less relaxed by trusting on the robust-

ness of ANOVA statistics and F-test.

We consider that assumption 3 is not violated if the “spreads” (differ-

ences between the extremum values of entropy measures for the (m x n)

blocks on each “Clan”) are approximately the same.

We can also consider that the differences between the upper and lower

quartiles (50% of the data) are approximately the same.

7. Checking the Data Validation on a Set of Eight Selected

“Clans”

On Tables 2–7 below, we check the data corresponding to a set of eight

“Clans”. We also take the entropy measures of Section 2, Eqs. (7–11, 13)

and we have chosen specific values of their parameters for data comparison.

Table 2. Kaniadakis entropy x = 0 (Shannon entropy), (m x n) = 100 x 200.

clan no families
σkΦl

within families
mean

Range of Values Range of

of each clan Entropy Measures 50 % data

CL00023 119 0.515 2.292 2.903 0.562
CL00028 041 0.389 2.473 2.909 0.283
CL00063 092 0.438 2.407 2.938 0.386
CL00236 021 0.343 2.447 2.779 0.342
CL00020 038 0.319 2.478 2.809 0.282
CL00123 006 0.285 2.463 2.122 0.317
CL00186 029 0.280 2.540 2.749 0.242
CL00192 026 0.286 2.416 2.243 0.335
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Table 3. Kaniadakis entropy x = 0.5, (m x n) = 100 x 200.

clan no families
σkΦl

within families
mean

Range of Values Range of

of each clan Entropy Measures 50 % data

CL00023 119 0.715 3.199 4.125 0.820
CL00028 041 0.550 3.460 4.135 0.438
CL00063 092 0.620 3.360 4.174 0.583
CL00236 021 0.485 3.414 3.894 0.516
CL00020 038 0.443 3.465 3.966 0.432
CL00123 006 0.406 3.424 2.906 0.475
CL00186 029 0.394 3.551 3.854 0.383
CL00192 026 0.414 3.366 3.165 0.533

Table 4. Abe entropy β = 0.5, (m x n) = 100 x 200.

clan no families
σkΦl

within families
mean

Range of Values Range of

of each clan Entropy Measures 50 % data

CL00023 119 0.485 2.262 2.870 0.537
CL00028 041 0.371 2.437 2.876 0.284
CL00063 092 0.418 2.370 2.901 0.379
CL00236 021 0.324 2.408 2.709 0.336
CL00020 038 0.296 2.441 2.756 0.280
CL00123 006 0.269 2.416 1.992 0.308
CL00186 029 0.263 2.497 2.677 0.248
CL00192 026 0.274 2.378 2.170 0.348

Table 5. Havrda-Charvat entropy q = 0.5, (m x n) = 100 x 200.

clan no families
σkΦl

within families
mean

Range of Values Range of

of each clan Entropy Measures 50 % data

CL00023 119 1.182 5.121 6.728 1.403
CL00028 041 0.918 5.558 6.747 0.772
CL00063 092 1.037 5.388 6.815 1.019
CL00236 021 0.817 5.474 6.326 0.908
CL00020 038 0.742 5.564 6.462 0.761
CL00123 006 0.690 5.484 4.736 0.816
CL00186 029 0.665 5.708 6.266 0.678
CL00192 026 0.707 5.387 5.199 0.942
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Table 6. Renyi entropy q = 0.5, (m x n) = 100 x 200.

clan no families
σkΦl

within families
mean

Range of Values Range of

of each clan Entropy Measures 50 % data

CL00023 119 0.399 2.505 2.947 0.386
CL00028 041 0.306 2.639 2.951 0.200
CL00063 092 0.345 2.588 2.966 0.270
CL00236 021 0.250 2.622 2.594 0.240
CL00020 038 0.222 2.649 2.699 0.198
CL00123 006 0.202 2.630 1.582 0.216
CL00186 029 0.197 2.689 2.537 0.174
CL00192 026 0.204 2.603 1.790 0.253

Table 7. Landsberg-Vedral entropy q = 0.5, (m x n) = 100 x 200.

clan no families
σkΦl

within families
mean

Range of Values Range of

of each clan Entropy Measures 50 % data

CL00023 119 0.149 1.415 1.542 0.107
CL00028 041 0.116 1.458 1.543 0.052
CL00063 092 0.128 1.442 1.546 0.071
CL00236 021 0.082 1.456 1.221 0.063
CL00020 038 0.071 1.464 1.309 0.052
CL00123 006 0.061 1.460 0.557 0.057
CL00186 029 0.062 1.476 1.172 0.045
CL00192 026 0.060 1.453 0.658 0.068

8. Spline Fitting of Sequences of Cumulative Entropy

Measures

We associate another sequence of entropy measures, [Sj ] (cumulative en-

tropy measures), to the original sequence Sj , through the relation:

Sj = j[Sj ]− (j − 1)[Sj−1] , j = 1, . . . , n (28)

We can then write,

[Sk] =
1

k

k∑
j=1

Sj , k = 1, . . . , n (29)

Figures 3–8 correspond to the spline fitting of the sequences given by

Eq. (29), for selected values of the parameters of Eqs. (7)–(13).
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Figure 3. Kaniadakis cumulative entropies x = 0 (Shannon cumulative entropies),
(m x n) = 100 x 200.

Figure 4. Kaniadakis cumulative entropies x = 0.5, (m x n) = 100 x 200.

Figure 5. Abe cumulative entropies β = 0.5, (m x n) = 100 x 200.
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Figure 6. Havrda-Charvat cumulative entropies q = 0.5, (m x n) = 100 x 200.

Figure 7. Renyi cumulative entropies q = 0.5, (m x n) = 100 x 200.

Figure 8. Landsberg-Vedral cumulative entropies q = 0.5, (m x n) = 100 x 200.

9. Hypothesis Testing

By assuming a Significance level α = 0.01, (1%), we now present a sum-

mary of the calculations which have been done to perform the Hypothesis

testing on ANOVA Statistics:
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We have,

N = 8 (30)

N∑
l=1

ϕl = 119 + 41 + 92 + 21 + 38 + 6 + 29 + 26 = 372 (31)

a =

N∑
l=1

ϕl −N = 372− 8 = 364 (32)

and

b = N − 1 = 8− 1 = 7 (33)

From the values above, we can then obtain from the F-distribution

tables4

Fa,b,α = F364,7,0.01 = 2.64 . . . 2.79 (34)

The exact calculation3 leads to

Fa,b,α = F364,7,0.01 = 2.68 (35)

The Hypothesis testing will then lead to

Fk > F364,7,0.01 — Reject H0 ⇒ “Clans” do exist.

Fk ≤ F364,7,0.01 — H0 cannot be rejected ⇒ we cannot say unequiv-

ocally that “Clans” do not exist.

These results can be seen on Figs. (9a,b), (10a,b) and (11a,b) below

where we have plotted the original entropy Sk measures and the straight

line corresponding to the value F364,7,0.01 = 2.68.
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Figure 9. (a) F-tests for Shannon entropy measures, α = 0.01, (b) F-tests for Kaniadakis
entropy measures, α = 0.01.

Figure 10. (a) F-tests for Abe entropy measures, α = 0.01, (b) F-tests for Havrda-
Charvat entropy measures, α = 0.01.

Figure 11. (a) F-tests for Renyi entropy measures, α = 0.01, (b) F-tests for Landsberg-
Vedral entropy measures, α = 0.01.
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10. Conclusions and Suggestions for Improvement

1. For blocks of (100x200) amino acids, we cannot say that protein

families are not classified into clans. This also means that we are not able

to declare the existence of “Clans”.

2. The ANOVA Statistics is not robust enough to the non-normality of

data distribution. Use of other statistics to improve the results obtained by

using ANOVA like Levine’s or Forsythe’s statistics9, could be advisable.

3. A more rigorous validation of data for the F-test. Maybe the exclu-

sion of “Clans” with a greater spread of data, as can be seen on Tables 2–7.

4. Considering an equal number of families on each “Clan”.

5. To work with greater number of “Clans” (N).

6. Greater number of families ⇒ m < 100, n < 200?

7. Use of Entropy Measures based on joint probabilities, Pjk(a, b),

Pjkl(a, b, c), Pjklm(a, b, c, d), . . .

8. To delete the families with a “strange behaviour” of the sequence of

cumulative entropies, as can be seen on Figs. 3–8, or the allocation of these

families into different “Clans” — i.e. the partition of “Clans’. Anyhow, we

will propose firstly to continue the present work by increasing the number

of clans only in a forthcoming contribution.

11. Acknowledgements

Enlightening discussions with participants of the BIOMAT 2015 Interna-

tional Symposium at Indian Institute of Technology, Department of Math-

ematics, Roorkee, India, November 02–07, have been very useful to clarify

the present statistical analysis.

References

1. R. D. Finn, A. Bateman, J. Clements, P. Coggill, R. Y. Eberhardt, S. R. Eddy,
A. Heger, K. Hetherington, L. Holm, J. Mistry, E. L. L. Sonhammer, J. Tate,
M. Punta - The Pfam protein families database - Nucleic Acids Research 42
(2014) D222 - D230.

www.ebook3000.com

http://www.ebook3000.org


March 22, 2016 13:27 ws-procs9x6-9x6 BIOMAT2015-13 page 209

209

2. R. D. Finn, P. Coggill, R. Y. Eberhardt, S. R. Eddy, J. Mistry, A. L. Mitchell,
S. C. Potter, M. Punta, M. Qureshi, A. Sangrador-Vegas, G. A. Salazar, J.
Tate, A. Bateman - The Pfam protein families database: towards a more
sustainable future - Nucleic Acids Research 44 (2016) D279 - D285.

3. M. H. DeGroot, M. J. Schervish - Probability and Statistics, 4th edition,
Addison-Wesley, 2012.

4. L. R. Jaisingh - Statistics for the Utterly Confused - 2nd edition, McGraw-Hill,
2006.

5. C. Branden, J. Tooze - Introduction to Protein Structure - 2nd edition - Gar-
land Publ., Inc., 1999.

6. R. P. Mondaini - Entropy Measures based method for the classification of
protein domains into families and clans - BIOMAT 2013 Int. Symp. 209-218,
World Scientific Co. Pte. Ltd., 2014.

7. C. Beck - Generalised Information and Entropy Measures in Physics - Con-
temp. Phys, 50 (4) (2009) 495–510.

8. M. V. Volkenstein - Entropy and Information - Progress in Mathematical
Physics, v. 57, Birkhäuser, 2009.

9. M. B. Brown, A. B. Forsythe - Robust Tests for the Equality of Variances -
Journal of the American Statistical Association, 69, No. 346 (1974) 364–367.



February 24, 2016 11:9 ws-procs9x6-9x6 BIOMAT2015-14 page 210

CLUSTERING NEURAMINIDASE INFLUENZA PROTEIN

SEQUENCES∗

X. LI1, H. JANKOWSKI1, S. BOONPATCHARANON1, V. TRAN1,
X. WANG1, J. M. HEFFERNAN1,2,3

1Department of Mathematics and Statistics
2Modelling Infection and Immunity Lab

3Centre for Disease Modelling
York University, 4700 Keele St.

Toronto, Ontario M3J 1P3, Canada
E-mail: lixuan@mathstat.yorku.ca, hkj@yorku.ca, sawitree.boonpat@gmail.com,

vickictran@gmail.com, stevenw@mathstat.yorku.ca, jmheffer@yorku.ca

We seek a better understanding of this evolution over influenza seasons. In a

previous work, we studied the evolution (antigenic drift) of the highly variable

influenza A H3N2 by focusing on the hemagglutinin (HA) viral glycoprotein. In
this update, we include also the neuraminidase (NA) glycoprotein, another protein

that contributes to the antigenic drift of influenza. Our method is based on a

dimension reduction technique combined with a fully automatic Hamming distance
statistical clustering method for categorical data (Zhang et al. JASA, 2006). The

new NA results are compared with the previous HA results to provide a more
complete picture of flu virus evolution.

1. Introduction

In the northern and southern parts of the world, influenza outbreaks occur

mainly in the winter months while in areas around the equator outbreaks

may occur at any time of the year1. The seasonal pattern of infection in the

hemispheres has coined the name ‘seasonal influenza’. Seasonal influenza

is associated with significant human mortality and morbidity worldwide1,3.

Much of the seasonal influenza burden is caused by influenza A1.

Influenza A viruses are classified into subtypes based on antibody re-

sponses to their two surface glycoproteins, hemagglutinin (HA) and neu-

raminidase (NA). There are 16 HA and 9 NA subtypes known, but only

HA 1, 2, and 3, and NA 1 and 2 are commonly found in humans2,3. Among

∗This work is supported by NSERC.
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the many subtypes of influenza A viruses, the influenza A H1N1 and H3N2

subtypes currently cause seasonal influenza epidemics, with H3N2 causing

the vast majority of infections3.

Influenza A viruses continuously undergo mutation in the HA and NA

surface antigens. This is called antigenic drift. Through antigenic drift, an

increasing variety of strains are created. The new strains can then cause

seasonal epidemics, since the population can only gain partial immunity

from previous infection(s). The HA protein has been identified to the be

the major contributor to the antigenic drift seen in influenza A3. Changes

in the NA protein, however, have also been shown to contribute3.

Vaccination against influenza is recommended every year1,4,5. The con-

tinuous change in the circulating influenza strains requires the seasonal in-

fluenza vaccine formulation to be considered yearly. The vaccine, however,

takes approximately six months to formulate and produce. Throughout

this manufacturing period the influenza virus continues to evolve. This,

in turn, affects the efficacy of the vaccine in the population. Between the

years 1997 to 2007, vaccine efficacy ranged from 18%–90%6. Clearly, the

methods employed to predict the circulating influenza strains from year to

year are not optimal.

A second control strategy against influenza includes the use of antiviral

drugs, which can reduce the severity of symptoms and pathogen transmis-

sion during influenza infection7. There are two classes of antiviral drugs cur-

rently in use, neuraminidase inhibitors (oseltamivir and zanamivir) and M2

protein inhibitors (adamantine derivatives). Currently, adamantine is not

recommended for treatment of influenza7. When influenza is circulating in

a community, either oseltamivir or zanamivir are recommended in the treat-

ment of patients that have risk of severe complications from infection, but

only if treatment can be initiated within 48 hours of the onset of symptoms7.

NA mutations that confer resistance to oseltamivir and zanamivir have

been identified in seasonal influenza epidemics7. Neuraminidase inhibitor

efficacy, thus, is affected by changes in the NA glycoprotein8.

We are interested in quantifying the evolution of the HA and NA gly-

coproteins. We have developed a formal cluster-based technique that can

be used to study the evolution of influenza over time9. Previously, we

employed our technique to determine families (or clusters) of the H3N2

HA glycoprotein genetic sequence9. Our results uncovered important new

trends in HA evolution9. We now continue our study of seasonal influenza

A H3N2 mutation focusing on the NA glycoprotein.
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Table 1. Vaccine sequences in the dataset.

Stain Name Number of sequences Accession Number

A/Moscow/10/99 2 AY531035, DQ487341
A/Fujian/411/2002 2 CY088483, CY112933

A/California/7/2004 1 CY114373

A/Wisconsin/67/2005 4 CY033646, CY163936
CY114381, EU103823

A/Brisbane/10/2007 3 CY035022, CY039087

EU199366
A/Perth/16/2009 1 GQ293081

A/Victoria/361/2011 1 KC306165

A/Texas/50/2012 2 KC892248, KC892952

2. Data Description and Methodology

2.1. Data acquisition

The NA sequences considered in the study were obtained from the publicly

available online repository known as the Influenza Research Database10

(IRD), www.fludb.org. The specific sequences used were chosen based

on the criteria given in Table 2. The calendar year, country and city of

isolation for each sequence is provided in the IRD. We also wanted to make

sure that strains used for vaccines (Table 1) were included in the data.

Vaccine sequences containing the complete date (year, month, and day) are

naturally selected by our search criteria. Some vaccine sequences did not

have a complete date, and were added to the data set manually. The criteria

yield a total of 2049 sequences with 550 amino acids each, and among these

are 12 vaccine sequences.

Table 2. IRD criteria: All other settings kept default or blank.

Option Criteria

“Data to return”: protein
“Virus type”: A

“Sub type”: H3N2

“Select segments”: NA
“Complete sequences”: Complete Segments Only

“Date range”: 1998 to 2012
“Host”: Human

“Geographic grouping”: All

Advanced options

“Month Range”: Sep 1998 to July 2012

“Remove Duplicate Sequences”: Yes
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MEGA 5.2 software11 was then used to translate the RNA sequences

into protein sequences, while the software MUSCLE12 was used to align the

sequences. Perl script was written to order and combine the sequences for

processing in Matlab. This procedure resulted in 2049 observations with

550 categorical variables, each containing 21 categorical states (20 for each

kind of amino acid and one to represent a gap). The occurrence of gaps

may be due to some deletion or transition of a nucleotide, which is highly

related to random genetic drift and evolution. Another reason for gaps is

the inappropriate alignment of the sequences. Since NA protein sequences

are highly conservative and the alignment uses pairwise comparison, the

probability of improper alignment should be quite small.

Files containing both the pre- and post-processed data are pro-

vided as supplementary material, and are also available online at

www.math.yorku.ca/~hkj/Research.

2.2. Clustering the sequences

Our goal was to analyze the vaccine and observed strain sequences via

clustering. Our methodology is the same as previously employed in Li

et al.9 and comprises two main steps: a dimension reduction step and a

clustering step based on Hamming distance.

(1) Dimension reduction step: As the original data lives inside a

space of dimension 21550, a dimension reduction step is necessary.

To do this, the entropy of the empirical distribution on proteins was

calculated at each site for the 2049 observed sequences. The sites

with no variability or only one varying location were removed from

the data (these correspond to very small entropy or zero entropy).

The remaining entropies were clustered using a Gaussian mixture

model14,16 implemented in the R software package15. The cluster

with the highest entropy was then selected for further analysis. This

allows us to consider only 75 sites with highest variability for the

next step.

(2) Clustering step: In the second step we cluster the data, which

now lives in a space of maximal size 2175. The clustering method

was that of Zhang et al. (JASA, 2006)13, see also Li et al. (2015)9 for

additional details. We remark that the method is fully automatic,

intuitive, and based on the Hamming distance between sequences.
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Figure 1. Dendrograms of clusters by mean Hamming distance. This plot is drawn

using hierarchical cluster analysis with complete linkage. The left plot is based only on

the 75 highest entropy sites, whereas the right plot uses all 550 sites to calculate the
Hamming distance.
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Figure 2. From left to right: mean Hamming distance matrix of 75 selected most varied

sites by cluster, mean Hamming distance matrix of the whole sequence with 566 sites by
cluster, absolute differences of the two matrices. Both matrices (left and centre) have

been standardized by dividing by their corresponding maximum values.

3. Results

We first analyzed the sequence data as described above. The initial dimen-

sion reduction (step (1)) yielded 75 sites of “high variability.” The clustering

step (step (2)) yielded six clusters. Figure 1 shows the dendrograms of the
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resulting clusters where the distance is based on the mean Hamming dis-

tance for (left panel) just the 75 sites of highest entropy/variability, and

(right panel) all 550 sites. We can see that there is little difference between

these two dendrograms, providing evidence that our dimension reduction

step does not lose much (if any) important information. This is confirmed

also in Figure 2, where the mean Hamming distances of the six clusters are

compared when calculated for the 75 selected sites, and for all 550 sites.

Figure 3(a) shows histograms of the cluster size, where clusters con-

taining vaccines are identified in black. Figure 3(b) shows the number of

protein sequences within each cluster plotted against the calendar year of

virus isolation. The dominant cluster, cluster five, overwhelms these re-

sults. For this reason, we added an additional analysis, whereby cluster

five was again clustered (or sub-clustered) using the previously described

two-step procedure. Details are given in the following section.

3.1. Sub-clusters of cluster five

To find sub-clusters of cluster five, we repeated steps (1) and (2) as above.

Namely, selecting only the sequences of cluster five, we first performed the

dimension reduction step on the entire length of the sequence. This yielded

a reduction from 550 to 38 sites. Secondly, we performed the clustering

step. This yielded 40 sub-clusters, which we denote as 5.1–5.40. Heatmaps

confirming the validity of the dimension reduction step are given in Figure 4.

Dendrograms of the clusters drawn by using the 38 sites and all 550 sites

are given in Figure 5. Figure 5(a) shows all of the sub-clusters, which is

difficult to read due to the large number of small sub-clusters. Figure 5(b)

shows only those sub-clusters which contain at least 50 sequences. Here,

the dendrograms are quite similar, again justifying the dimension reduction

step.

Figure 6(a) shows histograms of the sub-cluster sizes, where sub-clusters

containing vaccines are identified as black. Here, we identify five large (with

at least 50 sequences) sub-clusters: 5.1, 5.2, 5.12, 5.19, and 5.38. We see

a lot of “variability” here as well though - of the 40 sub-clusters, we only

identify several dominant ones. Figure 6(b) shows the number of protein

sequences within each cluster plotted against the calendar year of virus

isolation. Here, we again clearly see the dominant sub-clusters. Notice

that the largest of these sub-clusters, sub-cluster 5.1, does not include a

vaccine strain.
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Figure 3. (a) Cluster sizes and vaccine locations. For convenience, the clusters have

been re-ordered by earliest year of isolation. Clusters containing a vaccine strain are

denoted in black. (b) The number of HA protein sequences within each cluster plotted
versus calendar year of isolation.
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4. Discussion

In this paper we have studied antigenic drift within the NA component

of the influenza A H3N2 strain that causes seasonal influenza infections

every year. We employed our previously reported method for clustering

protein sequences to identify related NA glycoproteins across influenza A

H3N2 strains. Analysis of the clusters found that the NA component of

influenza A H3N2 is related by year (or ‘flu season’), and that clusters

appear to replace older clusters over time (Figure 3). In our results, cluster

five contains almost half of the NA protein sequences in our data set. We

therefore preformed further analysis of cluster five, which resulted in 40 sub-

clusters. It is interesting to note that of the sub-clusters, the vaccine strains

are mainly located in the “dominant” sub-clusters (largest sub-clusters).

These dominant sub-clusters again appear to replace one another every few

years. These results may point to a similar trend of genetic drift in the NA

glycoprotein to that of the HA glycoprotein: cluster replacement every 2–5

years and evolution of the dominant seasonal strain9.

The results reported above were observed from two subsequent imple-

mentations of our clustering method: once to identify clusters of the NA

glycoprotein, and then again to identify sub-clusters of cluster five. Such

recursive implementations of our methodology should be seen as an avenue

for exploratory data analysis, but the methodology is not statistically rig-

orous. Additional work is required to develop of a formal statistical method

that can extract both large scale (cluster-level) and small scale (sub-cluster

level) evolutionary trends.

In both our previous and current studies of influenza A antigenic drift,
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Figure 5. Dendrograms of clusters by mean Hamming distance. This plot is drawn
using hierarchical cluster analysis with complete linkage. The left plot is based only on

the 38 highest entropy sites, whereas the right plot uses all 550 sites to calculate the

Hamming distance. (a) All sub-cluster are shown. (b) Only sub-clusters with at least 50
sequences are shown.

we have observed that dominant clusters of the HA and NA glycopro-

teins do not always include vaccine strains. For example, sub-cluster 5.1

in the current study does not house a vaccine strain, but sub-cluster 5.2,
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Figure 6. (a) Sub-cluster sizes and vaccine locations for the sub-clusters of the dominant

cluster five. The subclusters have been re-ordered by earliest year of isolation. Clusters

containing a vaccine strain are denoted in black. (b) The number of HA protein sequences
within each sub-cluster of cluster five plotted versus calendar year of isolation.
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which is smaller in size, does. Similar observations were made for the HA

glycoprotein9. These results point to complications in the identification of

the dominant strain from year to year.

Our methodology can be improved in several ways. First, as mentioned

previously, future work is needed to address both large-scale and small-scale

evolution. In addition, it is known that, in viruses, mutations related to

immune-escape may occur in combination. The prevalence of epistasis in

the evolution of Influenza A surface proteins has been previously studied17.

We will expand our method to take epistatic mutations into account so that

‘hot-spot’ combinations of mutations can be identified.
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Millions of people get infected every year by viral pathogens. Newly emergent
diseases such as Ebola, Swine-flu, HIV/AIDS, etc. are spreading worldwide at
an alarming rate. We introduced a delayed mathematical model with immune re-
sponse and therapeutic drug treatment to understand the dynamics of pathogen-
immune interaction. Here, we are considering the innate immune response and
the two major component of the acquired immune response, namely, cytotoxic T
lymphocytes (CTLs) and humoral immunity. This model also incorporates the ab-
sorption of pathogens i.e. loss of pathogens and its related mechanisms. Further,
an optimal control model is formulated with two optimal controls i.e. maximiza-
tion of uninfected cells count and minimization of cost of treatments. This is done
by using the Pontryagins’ Maximum Principle. Existence of non-negative equilib-
ria is established and their stability behavior is studied using theory of ordinary
differential equations. Further, numerical simulations are carried out to exemplify
the qualitative results.

1. Introduction

Viral pathogens infect the humans causing infectious diseases like Tubercu-

losis, Malaria, Ebola, Swine-flu, etc. The time delay in infected target cells

∗Work partially supported by grant F.4-1/2006(BSR)/7-203/2009(BSR) of the Univer-
sity Grant Commission, India.

221



February 24, 2016 11:13 ws-procs9x6-9x6 BIOMAT2015-15 page 222

222

is emerging as a major concern which needs to be addressed. Effect of time

delay at cellular level is very important to understand its impact on the

prevention of infection. In the past decades, several delay differential equa-

tion models1,2,3,4,5,6,7,8,9,10,11 have been developed to study the dynamics of

the sub-populations. Researchers3,4,5,6,7,8,9,10,11 have shown their interest

in studying the dynamics of infectious diseases at cellular level considering

the time delay. Cruz3 has studied a mathematical model for HBV infection

considering cure rate and intracellular delay for the maturation of virions to

produce new infections. Xu4 has investigated the global dynamics of HIV-1

infection with absorption of virions into uninfected cells. They considered

saturated infection rate in place of mass action law. They have shown that

the time delay between viral entry into a target cell and the production

of new virus particle does not affect the global stability of the infected

equilibrium point. Further, Tian and Xu5 extended the previous model by

introducing CTL mediated immune response. They have shown the global

stability of CTL-inactivated infection equilibrium point and CTL-activated

infection equilibrium point.

Zhu and Zou6 investigated a mathematical model by introducing time

delay between time the virus interacts to uninfected cell and the time when

the cells becomes virus producing cell. Furthermore, they considered CTL

immune response in their model and found that larger delay may help in

eradication of infection. This model is further studied by Hattaf11 et al.

incorporating the optimal control. They introduced two optimal control

functions to maximize the count of uninfected cells and minimize the cost of

treatments. They have also derived a new scheme for numerical simulations

of the model.

The time delay is a factor dependent on biological system under study

and is specific as well as different for each pathogen-cell interaction. This

time delay may be altered using appropriate therapeutic drug. In case of

viral infections, absorption of pathogens into healthy cells, is also an im-

portant factor to be considered. During the infection mechanism, when

pathogens enter into cells this reduces by one, which results into loss of

pathogens. This mechanism is known as absorption of pathogens into un-

infected cells. Very few authors4,5 has been considered the effect of absorp-

tion.

Considering the above facts, a delayed mathematical model with im-

mune response and therapeutic treatment is developed to understand the

effect of intracellular time delay in infecting cells and thus inducing infec-

tion. Here, we consider the total immune response which comprises innate
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immune response and acquired immune response (CTL immune response

and Humoral immunity). Further, an optimal control model11,12,13,14,15,16

has been formulated with two optimal controls namely maximization of

uninfected cells count and minimization of cost of treatments.

In the next section, we formulate the mathematical model.

2. Mathematical Model

Let x(t) be the density of uninfected target cells, y(t) the density of infected

cells, p(t) the density of pathogens and z(t) the density of immune response

at any time t ≥ 0. We assume that the infected cells are recruited at a rate

λ and die at a rate δ0. It is assumed that the interaction of uninfected cells

with pathogens is governed by “mass-action” law (βxp). Keeping this in

view, the dynamics of the system can be governed by the following system

of delay differential equations:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = λ− δ0x(t)− βx(t)p(t) + ρy(t),

ẏ = βe−δ1τx(t− τ)p(t− τ) − δ1y(t)− ρy(t)− k1y(t)z(t),

ṗ = rδ1y(t)− δ2p(t)− k2p(t)z(t)− aβx(t)p(t),

ż = μ− μ0z(t) + μ1y(t)z(t) + μ2p(t)z(t),

(1)

with initial conditions

(x(t), y(t), p(t), z(t)) = (x0(t), y0(t), p0(t), z0(t)), −τ ≤ t ≤ 0,

where x0(t), y0(t), p0(t), and z0(t) are non-negative continuous functions

on [-τ , 0].

In model system (1), τ denotes the time delay between pathogen entry

into an uninfected ells and the production of new pathogen particles. The

infected cells die at a rate δ1 and r is the total number of pathogens pro-

duced by an infected cell after its death. δ2 is the natural death rate of

pathogens. ρ is the cure rate of infected cells due to drug therapy. In the

last equation of the model (1), μ denotes the innate immune response of the

body. When the pathogen enters into the body and attacks the uninfected

cells to get it infected, then the infected cell-specific lymphocytes prolifer-

ate with the rate μ1yz. The pathogen specific lymphocytes proliferate with

the rate μ2pz. The corresponding decrease in the number of infected cells

and pathogens are k1yz and k2pz, respectively. μ0 is the natural depletion
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rate of the immune response. The term aβxp in the third equation ofmodel

(1) represents the loss of pathogens due to absorption into uninfected cells,

where 0 ≤ a ≤ 1.

Further, we analyse the model system (1) using stability theory of delay

differential equations17. First of all, we state the following lemma which is

a region of attraction for the model (1). The proof of this lemma is easy

and hence we omit it.

Lemma 2.1. Ω = {(x, y, p, z) ∈ �4

+
: x + y ≤ λ

δm
, p ≤ rδ1λ

δ2δm
, z ≤ μ

ξ
} is

positively invariant region of system (1), where ξ = μ0 −
u1λ
δm
−

μ2rδ1λ

δ2δm
.

3. Equilibrium and Stability Analysis

It is easy to found that the model system (1) has two non-negative equi-

libria: (i) Pathogen-free equilibrium E0(
λ
δ0
, 0, 0, μ

μ0
), when there is no

pathogen present in the body (i.e. p = 0). In this case there will not

be any infected cell in the body. This equilibrium point exists trivially.

(ii) Pathogen-present equilibrium point is the one when infection is present

in the body. Pathogen-present equilibrium point is represented by E1 =

(x̃, ỹ, p̃, z̃).

Let us define basic reproduction number for the model (1) in absence

of immune response as

R0 =
βλrδ1e

−δ1τ

(δ0δ2 + aβλ)(δ1 + ρ)
.

Basic reproduction number is the number of newly virus infected cells pro-

duced by a single infected cell when introduced into completely healthy

cells. Basic reproduction number in presence of immune response is given

by

RI =
βλrδ1e

−δ1τ

(δ0(δ2 + k2
μ

μ0
) + aβλ)(δ1 + ρ+ k1

μ

μ0
)

=
R0

1 + ( k1μ
(δ1+ρ)μ0

) + ( k2μδ0
(δ0δ2+aβλ)

) + ( k1k2δ0μ2

(δ0δ2+aβλ)(δ1+ρ)
)

For the given RI > 1 i.e. R0 > 1 +
(

k1μ

(δ1+ρ)μ0

)
+
(

k2μδ0
(δ0δ2+aβλ)

)
+

(
k1k2δ0μ

2

(δ0δ2+aβλ)(δ1+ρ)

)
, system has a pathogen-present equilibrium.

In next section we will see the existence of pathogen-present equilibrium.
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3.1. Existence of pathogen-present equilibrium E1

From second and third equation of model system (1) i.e. from ẏ = 0, ṗ = 0,

we get

y =

(
βe−δ1τ (δ2 + k2z)

βe−δ1τrδ1 − aβ(δ1 + ρ+ k1z)

)
p,

here y is positive if e−δ1τrδ1 > aβ(δ1 + ρ+ k1z).

From ẋ = 0 and ṗ = 0, after some algebraic manipulations, we get a

quadratic polynomial in terms of z

[k1k2(δ0 + βp)]z2 + [(k1δ2 + (δ1 + ρ)k2)(δ0 + βp) + aβλk1 − ρβe−δ1τk2p]z

+ (aβλ+ (δ0 + βp)δ2)(δ1 + ρ)− βe−δ1τ (λrδ1 + ρδ2p) = 0.

Substituting the value of y in the equation ż = 0 of the model system (1)

and some algebraic calculation gives another quadratic equation in z

[μ0k1a+ e−δ1τμ1k2p− μ2ak1p]z
2 + [(μ2p− μ0)(e

−δ1τ rδ1 − a(δ1 + ρ))

+ e−δ1τμ1δ2p− μk1a]z + μ(e−δ1τrδ1 − a(δ1 + ρ)) = 0.

Let us assume

f1(p, z) = [μ0k1a+ e−δ1τμ1k2p− μ2ak1p]z
2 + [e−δ1τμ1δ2p+ (μ2p− μ0)

(e−δ1τ rδ1 − a(δ1 + ρ))− μk1a]z + μe−δ1τ rδ1 − μa(δ1 + ρ) = 0.

(2)

f2(p, z) = [k1k2(δ0 + βp)]z2 + [(k1δ2 + (δ1 + ρ)k2)(δ0 + βp) + aβλk1

− ρβe−δ1τk2p]z + (aβλ + (δ0 + βp)δ2)(δ1 + ρ)

− βe−δ1τ (λrδ1 + ρδ2p) = 0. (3)

For p = 0, Eq. (2) gives

z =
−B1 +

√
B1

2
− 4A1C1

2A1

= z1(say),

where A1 = aμ0k1, B1 = −(μak1 + μ0(e
−δ1τ rδ1 − a(δ1 + ρ))), C1 =

μ(e−δ1τrδ1 − a(δ1 + ρ)). After simplification, we get

z1 =
μ

μ0

,

We also have

dz

dp
= −

∂f1/∂p

∂f1/∂z

= −
P1z

2 + P2z

P3z + P4
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where P1 = e−δ1τμ1k2−μ2ak1, P2 = μ2(e
−δ1τ rδ1− a(δ1 + ρ))+ e−δ1τμ1δ2,

P3 = 2(μ0k1a+ (e−δ1τμ1k2 − μ2ak1)p), P4 = (μ2p− μ0)(e
−δ1τrδ1 − a(δ1 +

ρ)) + e−δ1τμ1δ2p− μk1a.

This implies that dz
dp

< 0, if

(μ1e
−δ1τk2) > μ2ak1 and p > max{μ0

μ2
, μk1a

e−δ1τμ1δ2
}.

This shows that z is a decreasing function of p.

When z = 0, Eq. (3) gives

p =
λrδ1βe

−δ1τ − (δ1 + ρ)(δ0δ2 + aβλ)

β(δ2δ1 + ρδ2(1− e−δ1τ ))
.

Here, p is positive for R0 > 1. For p = 0, Eq. (3) reduces to

(k1k2δ0)z
2+((k1δ2 + (δ1 + ρ)k2)δ0 + aβλk1)z

− (λβe−δ1τrδ1 − (aβλ+ δ0δ2)(δ1 + ρ)) = 0.

From the above equation, we found two roots (one is positive and another

one is negative) if R0 > 1. For R0 < 1 there is no positive real root.

Let us say z = z2 =
−B2+

√
B2

2−4A2C2

2A2
, be the positive root of the above

equation, where A2 = k1k2δ0, B2 = ((k1δ2 + (δ1 + ρ)k2)δ0 + aβλk1), and

C2 = −(λβe−δ1τ rδ1 − (aβ + δ0δ2)(δ1 + ρ)).

dz

dp
= −

∂f2/∂p

∂f2/∂z

= −
k1k2z

2 + P5z + P6

P7z + P8

where P5 = ((k1δ2 + k2δ1) + ρk2(1− e−δ1τ )), P6 = (δ2δ1 + δ2ρ(1− e−δ1τ )),

P7 = 2k1k2(δ0+(αδ0+β)p), P8 = (k1δ2+(δ1+ρ)k2)δ0+(k1δ2+k2δ1)βp+

ρk2β(1− e−δ1τ ) + aβλk1.

We note that dz
dp

< 0. Thus the two isoclines intersects at a pathogen-present

equilibrium point if

z2 > z1,

i.e.

−B2 +
√
B2

2
− 4A2C2

2A2

>
μ

μ0

Simple manipulation leads to the condition

RI =
R0

1 + ( k1μ

(δ1+ρ)μ0
) + ( k2μδ0

(δ0δ2+aβλ)
) + ( k1k2δ0μ2

(δ0δ2+aβλ)(δ1+ρ)
)
> 1,
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where RI is the basic reproduction number of the model (1) in presence of

immune response and when there is loss of pathogens into uninfected cells.

This shows the existence of pathogen-present equilibrium.

3.2. Stability of pathogen-free equilibrium E0

We linearize the model system (1) at E0. At E0(
λ
δ0
, 0, 0, μ

μ0
), the linearized

model system (1) has two eigenvalues −δ0 and −μ0 and the other two

eigenvalues are given by the following characteristic equation:

Q2 + (q1 + q2)Q+ q1q2 −
βλrδ1e

−δ1τ

δ0
e−Qτ = 0, (4)

where q1 = δ1 + ρ+ k1
μ

μ0
, q2 = δ2 + k2

μ

μ0
+ aβλ

δ0
.

For τ = 0, the Eq. (4) takes the form

Q2 + (q1 + q2)Q+ q1q2 −
βλrδ1

δ0
= 0,

which gives eigenvalues with negative real part if RI < 1 i.e. R0 < 1 +(
k1μ

(δ1+ρ)μ0

)
+
(

k2μδ0
(δ0δ2+aβλ)

)
+
(

k1k2δ0μ
2

(δ0δ2+aβλ)(δ1+ρ)

)
. This shows that in absence

of time delay (i.e. τ = 0) E0 is locally asymptotically stable if RI < 1 and

unstable if RI > 1.

Biologically this states that the pathogen-free equilibrium in presence of

immune response is locally asymptotically stable if no newly infected cell

is present.

Let Q = iω(ω > 0) is a solution of Eq. (4). Let us separate the real and

imaginary parts and after squaring and adding these parts, it follows that

ω4 + (q2
1
+ q2

1
)ω2 + q2

1
q2
2
(1 −R2

I) = 0. (5)

Notice that Eq. (5) has roots only with negative real parts if RI < 1 and

Eq. (5) has at least one positive root if RI > 1. One can summarize the

above result as follows for (τ �= 0):

Theorem 3.1. The pathogen-free equilibrium is asymptotically stable if

RI < 1 and when RI > 1, then the pathogen-free equilibrium is unstable

and the pathogen-present equilibrium exists.

Remark 3.1. It may be pointed out here that the stability behaviour of

pathogen-free equilibrium E0 is independent of τ .
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3.3. Stability of pathogen-present equilibrium E1

The Jacobian matrix of the model system (1) at E1(x̃, ỹ, p̃, z̃) is given by

M =

⎡

⎢⎢⎢⎢⎢⎣

−(δ0 + βp̃) ρ −βx̃ 0

βp̃e−(δ1+ψ)τ −(δ1 + ρ+ k1z̃) βx̃e−(δ1+ψ)τ −k1ỹ

−aβp̃ rδ1 −(δ2 + k2z̃ + aβx̃) −k2p̃

0 μ1z̃ μ2z̃ −
μ

z̃

⎤

⎥⎥⎥⎥⎥⎦
.

Characteristic polynomial of the Jacobian matrix M is given by

ψ4 +A1ψ
3 +A2ψ

2 +A3ψ +A4 + [B1ψ
2 +B2ψ +B3]e

−ψτ = 0, (6)

where

A1 = δ0 + βp̃+ q1
∗ + q2

∗ +
μ

z̃
,

A2 = (δ0 + βp̃)
(
q1
∗ + δ2 + k2z̃ +

μ

z̃

)
+ δ0aβx̃

+ q1
∗
(
q2
∗ +

μ

z̃

)
+ μ1k1ỹz̃ + μ2k2p̃z̃ + q2

∗μ

z̃
,

A3 = (δ0 + βp̃)
(
q1
∗(δ2 + k2z̃) + (δ2 + k2z̃)

μ

z̃
+ μ2k2p̃z̃

)

+ (δ0 + βp̃)
(
q1
∗μ

z̃
+ μ1k1ỹz̃

)
+ δ0aβx̃

(
q1
∗ +

μ

z̃

)

+ q1
∗
(
q2
∗μ

z̃
+ μ2k2p̃z̃

)
+ k1ỹ(rδ1μ2z̃ + q2

∗μ1z̃),

A4 = q1
∗(δ0 + βp̃)

(
(δ2 + k2z̃)

μ

z̃
+ μ2k2p̃z̃

)
+ q1

∗δ0aβx̃
μ

z̃

+ (δ0 + βp̃)k1ỹ(rδ1μ2z̃ + (δ2 + k2z̃)μ1z̃)

+ aβk1ỹz̃(δ0μ1x̃− ρμ2p̃),

B1 = −βe−δ1τ (ρp̃+ rδ1x̃) ,

B2 = −βe−δ1τ
(
ρp̃
(
δ2 + k2z̃ +

μ

z̃

)
+ rδ1x̃

(
δ0 +

μ

z̃

)
− μ1k2x̃p̃z̃

)
,

B3 = βe−δ1τ
(
k2p̃z̃(δ0x̃μ1 − ρp̃μ2)−

μ

z̃
(rδ1δ0x̃+ ρp̃(δ2 + k2z̃)

)
,

q1
∗ = δ1 + ρ+ k1z̃,

q1
∗ = δ2 + k2z̃ + aβx̃.

For τ = 0, Eq. (6) reduces to

ψ4 + A′
1
ψ3 +A′

2
ψ2 +A′

3
ψ +A′

4
= 0. (7)

where A′
1
= A1, A′

2
= (A2 + B1), A

′
3
= (A3 + B2), A′

4
= (A4 + B3).

Using Routh-Hurwitz criteria one can easily show that pathogen-present
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equilibrium E1 is locally asymptotically stable if the following conditions

hold:

A′
1
> 0, A′

2
> 0, A′

3
> 0, A′

4
> 0, A′

1
A′

2
A′

3
−A′

3

2
−A′

1

2
A′

4
> 0. (8)

It may be pointed out here that whenever condition in Eq. (8) is reversed,

then change in stability is possible only when characteristic equation has

purely imaginary roots for some values of τ . Hence, for τ > 0, let ψ = iω

satisfies the characteristic Eq. (6), Then the equation becomes transcen-

dental equation, separating real and imaginary parts of this equation we

get

ω4
−A2ω

2 +A4 = (B1ω
2
−B3)cos ωτ −B2ωsinωτ, (9)

and

−A1ω
3 +A3ω = −(B1ω

2
−B3)sin ωτ −B2ωcos ωτ. (10)

Squaring and adding the above equations, we get

(ω4
−A2ω

2 +A4)
2 + (A3ω −A1ω

3)2 = ((B1ω
2
−B3)cosωτ − B2ωsinωτ)

2

+ ((B1ω
2
−B3)sinωτ +B2ωcosωτ)

2.

A little simplification with ω2 = η, the above equation yields

f(η) = η4 + C1η
3 + C2η

2 + C3η + C4 = 0, (11)

where C1 = A1
2
− 2A2, C2 = A2

2 + 2A4 − 2A1A3 − B1
2, C3 = A3

2
−

2A2A4 + 2B1B3 −B2
2, C4 = A4

2
−B3

2.

The Eq. (11) will not have any positive root if C1 > 0, C2 > 0, C3 > 0 and

C4 > 0. We state the result of above computation as follows.

Theorem 3.2. The pathogen-present equilibrium is locally asymptotically

stable for all τ ≥ 0 if RI > 1 and all the coefficients in Eq. (11) are positive

i.e. C1 > 0, C2 > 0, C3 > 0 and C4 > 0.

Remark 3.2. Theorem 3.2 shows that there is no change in the stability

of E1 if Ci > 0, i = 1, 2, 3, 4.

3.4. Hopf bifurcation

If C4 < 0, then the Eq. (11) has an unique positive root ω0, hence Eq. (6)

has a pair of purely imaginary roots (iω0) and corresponding to this value

of ω0, from Eqs. (9)–(9), we have

cos ωτ =
D1

D2

,
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where D1 = (ω0
4 − A2ω0

2 + A4)(B1ω0
2 − B3) + (A1ω0

3 − A3ω0)B2ω0,

D2 = (B2ω0)
2 + (B1ω0

2 −B3)
2,

τn =
2nπ

ω0

+
1

ω0

cos−1

(
D1

D2

)
. (12)

Differentiating Eq. (6) w.r.t τ , we get

[L1 − τL2e
−ψτ ]

dψ

dτ
= ψL2e

−ψτ ,

where L1 = 4ψ3 + 3A1ψ
2 + 2A2ψ +A3 + (2B1ψ +B2)e

−ψτ ,

L2 = B1ψ
2 +B2ψ +B3. This gives

(
dψ

dτ

)−1

=
L1 − τL2e

−ψτ

ψL2e−ψτ
=

L1

ψL2e−ψτ
−

τ

ψ
,

and

eψτ = −
L2

ψ4 +A1ψ3 +A2ψ2 +A3ψ +A4

.

The transversality condition is

sign

(
d(Reψ)

dτ

)

ψ=iω0

= sign

(
Re

(
dψ

dτ

)−1
)

ψ=iω0

= sign

(
4η0

3 + 3C1η0
2 + 2C2η0 + C3

(ω4 −A2ω2 +A4)2 + (A3ω −A3ω3)2

)

We can summarize the above computation in the following theorem:

Theorem 3.3. If C4 < 0, the the pathogen-present equilibrium E1 of the

model (1) is locally asymptotically stable for τ < τ0 and loses its stability

for τ > τ0 . Hence the system (1) exhibits hopf bifurcation at ω = ω0 and

τ = τ0.

In the next section, we introduced optimal control to model (1).

4. Optimal Control Model Formulation

To maximize the density of uninfected cells and to minimize the cost of

treatment, we introduced two controls u1 and u2 to the delay system model

(1). The control function u1 measures the efficiency of therapeutic drug

which blocks new infection. The control function u2 measures the efficiency

www.ebook3000.com

http://www.ebook3000.org


February 24, 2016 11:13 ws-procs9x6-9x6 BIOMAT2015-15 page 231

231

of therapeutic drug which inhibits pathogen proliferation. The model is

given by the following system of differential equations:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = λ− δ0x(t) − (1− u1(t))βx(t)p(t) + ρy(t),

ẏ = (1− u1(t))βe
−δ1τx(t − τ)p(t− τ)− (δ1 + ρ+ k1z(t))y(t),

ṗ = (1− u2(t))rδ1y(t)− δ2p(t)− k2p(t)z(t)− aβx(t)p(t),

ż = μ− μ0z(t) + μ1y(t)z(t) + μ2p(t)z(t).

(13)

The control functions u1(t) and u2(t) are bounded and Lebegue integrable

functions. From the equations of model, it is clear that the inhibition is

100% when u2 = 1 and there is no inhibition for u2 = 0. Now our objective

functional is given by

J(u1, u2) =

∫ tf

0

{
x(t) + z(t)−

[a1
2
u2

1
(t) +

a2

2
u2

2
(t)
]}

dt, (14)

where a1 ≥ 0 and a2 ≥ 0 are based on the benefits and costs of the treatment

and tf is the time period of the treatment. In this study, our main purpose

is maximize the objective functional J by increasing number of uninfected

cells, the immune response, minimizing the viral load and reducing the cost

of treatment. In other words, we find the optimal control pair (u∗
1
, u∗

2
) s.t.

J(u∗
1
, u∗

2
) = max{J(u1, u2) : (u1, u2) ∈ Γ} (15)

where Γ is the control set defined by

Γ = {u = (u1, u2) : ui measurable, 0 ≤ ui(t) ≤ 1, t ∈ [0, tf ], i = 1, 2}.

4.1. Optimality system

We use Pontryagin’s Maximum Principle to get the necessary conditions

for an optimal control problem, which converts the Eqs. (13)–(15) into a

problem of maximizing an Hamiltonian, H , with respect to u1 and u2. The

Hamiltonian function H is given by

H = x(t) + z(t)−
[a1
2
u2

1
(t) +

a2

2
u2

2
(t)
]
+

4∑

i=1

Λifi, (16)
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where fi represents the right hand side of the i-th state variable of model

system (13) and Λi are called adjoint variables.

H(t, x, y, p, z, xτ , pτ , u1, u2,Λ) = x+ z −
a1

2
u1

2
−

a2

2
u2

2

+ Λ1[λ− δ0x− (1− u1)βxp+ ρy]

+ Λ2[(1− u1)βe
−δ1τxτpτ − δ1y − ρy − k1yz]

+ Λ3[(1− u2)rδ1y − δ2p− k2pz − aβxp]

+ Λ4[μ− μ0z + μ1yz + μ2pz]

After applying Pontryagin’s Maximum Principle, we can state the following

result.

Theorem 4.1. Given optimal controls u∗
1
, u∗

2
and solutions x∗, y∗, p∗ and

z∗ of the corresponding state system (13), there exists adjoint variables, Λ1,

Λ2, Λ3 and Λ4 satisfying the equations

Λ′
1
(t) = −1 + Λ1(t)(δ0 + (1 − u∗

1
(t))βp∗(t)) + Λ3(t)aβp

∗(t)

+ χ[0,tf−τ ](t)Λ2(t+ τ)((u∗
1
(t+ τ)− 1)βe−δ1τp∗(t)),

Λ′
2
(t) = Λ2(t)(δ1 + ρ+ k1z

∗)− Λ1(t)ρ− Λ3(t)rδ1(1− u∗
2
(t))− Λ4(t)μ1z

∗,

Λ′
3
(t) = Λ1(t)(1 − u∗

1
)βx∗(t) + Λ3(t)(δ2 + k2z

∗(t) + aβx∗(t)) − Λ4(t)μ2z
∗(t)

+ χ[0,tf−τ ](t)Λ2(t+ τ)((u∗
1
(t+ τ)− 1)βe−δ1τx∗(t)),

Λ′
4
(t) = −1 + Λ2(t)k1y

∗(t) + Λ3(t)k2p
∗(t) + Λ4(t)(μ0 − μ1y

∗(t)− μ2p
∗(t)),

and the transversality conditions Λi(tf ) = 0, i = 1, . . . , 4. Furthermore,

optimal controls are

u∗
1
(t) = max

(
0,min

(
1, β

a1
φ
))

,

φ = (Λ1(t)x
∗(t)p∗(t)− Λ2(t)e

−δ1τx∗(t− τ)p∗(t− τ)),

u∗
2
(t) = max

(
0,min

(
1,− 1

a2
Λ3(t)rδ1p

∗(t)
))

.

Proof. One can easily evaluate the adjoint equations and transversality

conditions using the Pontryagins’ Maximum Principle with delay as

Λ′
1
(t) = −

∂H

∂x
(t)− χ[0,tf−τ ](t)

∂H

∂xτ

(t+ τ), Λ1(tf ) = 0,

Λ′
2
(t) = −

∂H

∂y
(t), Λ2(tf ) = 0,

Λ′
3
(t) = −

∂H

∂p
(t)− χ[0,tf−τ ](t)

∂H

∂pτ
(t+ τ), Λ3(tf ) = 0,

Λ′
4
(t) = −

∂H

∂z
(t), Λ4(tf ) = 0.
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We can determine the optimal controls u∗
1
and u∗

2
from optimality conditions

∂H

∂u1

(t) = 0,
∂H

∂u2

(t) = 0.

We have

∂H

∂u1

(t) = −a1u1(t) + Λ1(t)βx(t)p(t) − Λ2(t)βe
−δ1τx(t− τ)p(t − τ) = 0,

∂H

∂u2

(t) = −a2u2(t)− Λ3(t)rδ1y(t) = 0.

Using the bounds in Γ of the controls, one can easily find the optimal control

functions u∗
1
and u∗

2
as given in Theorem 4.1.

Furthermore by substituting the values of u∗
1
(t) and u∗

2
(t) in model system

(13) and the adjoint variables. We find following optimality system:

dx∗

dt
= λ− δ0x(t)− (1 − u∗

1
(t))βx∗(t)p∗(t) + ρy∗(t), (17)

dy∗

dt
= (1− u∗

1
(t))βe−δ1τx∗(t− τ)p∗(t− τ)− (δ1 + ρ)y∗(t)− k1y

∗(t)z∗(t),

(18)

dp∗

dt
= (1− u∗

2
(t))rδ1y

∗(t)− δ2p
∗(t)− k2p

∗(t)z∗(t)− aβx∗(t)p∗(t), (19)

dz∗

dt
= μ− μ0z

∗(t) + μ1y
∗(t)z∗(t) + μ2p

∗(t)z∗(t), (20)

dΛ1

dt
= −1 + Λ1(t)[δ0x

∗(t) + (1− u∗
1
(t))βp∗(t)] + Λ3(t)[aβp

∗(t)]

− Λ2(t+ τ)[(1 − u∗
1
(t+ τ)βeδ1τp∗(t)], (21)

dΛ2

dt
= −Λ1(t)ρ+ Λ2(t)[δ1 + ρ+ k1z

∗(t)] + Λ3(t)[rδ1(u
∗
2
(t)− 1)]

− Λ4(t)μ1z
∗(t), (22)

dΛ3

dt
= Λ1(t)[(1 − u∗

1
(t))βx∗(t)] + Λ2(t+ τ)[(u∗

1
(t+ τ)− 1)βe−δ1τx∗(t)]

+ Λ3(t)[δ2 + k2z
∗(t) + aβx∗(t)]− Λ4(t)μ2z

∗(t), (23)

dΛ4

dt
= −1 + Λ2(t)k1y

∗(t) + Λ3(t)k2p
∗(t) + Λ4(t)[μ0 − μ1y

∗(t)− μ2p
∗(t)],

(24)
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where

u∗
1
(t) = max

(
0,min

(
1,

β

a1
φ

))
,

φ = (Λ1(t)x
∗(t)p∗(t)− Λ2(t)e

−δ1τx∗(t− τ)p∗(t− τ)),

u∗
2
(t) = max

(
0,min

(
1,−

1

a2
Λ3(t)rδ1p

∗(t)

))
.

5. Numerical Simulations

In this section, we present the simulation results to validate analytical re-

sults using Matlab 7.10. We have considered here both the cases; (i) the

one when a = 0 i.e. there is no loss of pathogens and (ii) when a = 1

i.e. full absorption of pathogens into uninfected cells. Let us consider the

following set of parameters given in Table 1. In the first case, for a = 0

Table 1. List of parameters and values
assigned.

Parameters Values assigned (Unit)

λ 5(mm
3
d
−1)

δ0 0.03(mm
3
d
−1)

δ1 0.035(mm
3
d
−1)

δ2 0.04(mm
3
d
−1)

β 0.001(mm
3
d
−1)

k1 0.001(d−1)
k2 0.25(d−1)
μ 0.38(d−1)
μ0 1.5(d−1)
μ1 0.21(d−1)
μ2 0.05(d−1)
ρ 0.06(d−1)
r 20(mm

3
d
−1)

and τ = 0, we found RI = 11.8529 > 1 and in later case of full absorption

of pathogens (a = 1), RI = 4.5363 > 1 (all other parameters are same as

in Table 1). The value of basic reproduction number in later case (with

absorption) is lesser than that of first case (without absorption). This in-

dicates that the consideration of absorption is important in prevention of

infection. The full absorption of pathogens i.e. a = 1 has been considered

for further simulations.

The pathogen-present equilibrium point exists in absence of delay τ = 0

for the set of parameters given in Table 1. This is given by x∗ = 159.1815,
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y∗ = 5.7997, p∗ = 3.5975 and z∗ = 3.7182. The eigenvalues of the charac-

teristic Eq. (7) are -1.1749, -0.0302, -0.0791±0.3298i, these all are having

negative real parts hence E1 is locally asymptotically stable in the absence

of delay and when full absorption is considered.
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Figure 1. Solution trajectories of the model (1) for τ = 2 (τ < τ0 = 3.0031).

We computed the critical value of τ0 for which E1 changes its behavior

from stable to unstable. For the above set of parameters, the condition for

existence of purely imaginary roots is satisfied. The positive root of Eq.

(11) is ω0 = 0.2550 and the corresponding value of τ0 = 3.0031.

We plotted the time series of all variables namely uninfected cells, in-

fected cells, pathogens and immune response used in model (1) for τ = 2

(Fig. 1). The trajectories initially show oscillations and at a later time

they get settled to their equilibrium points. This shows the stability of

pathogen-present equilibrium point as observed analytically in Theorem

(3.3).

Similarly the solutions has been plotted for τ = 3.5 in Fig. 2. Here

the value of delay is more than the critical value, the trajectories show

oscillatory behavior with equal period. The pathogen-present equilibrium

point loses its stability as τ crosses its critical value (τ0 = 3.0031). This

unstable behaviour of the system becomes difficult to manage therapeuti-

cally. The phase portrait in Fig. 3 has been plotted in y − p− z plane for

τ = 3.5 and rest of the parameters are same as given in Table 1. The tra-

jectories initiating from two different initial points (IV 1→ [140, 3, 1.1, 2.1]

IV 2 → [170, 4.4, 2.5, 5]) and approaches to the unique closed trajectory,
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Figure 2. Solution trajectories of the model (1) for τ = 3.5 (τ > τ0 = 3.0031).

this figure represents a stable limit cycle.
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Figure 3. Phase portrait of the model (1) in y − p− z plane for τ = 3.5.

Figure 4 represents the variation of sub-populations (x and y) without

delay and with delay considering different levels of therapeutic drug (keep-

ing other parameters fix as in Table 1). Firstly, we kept τ = 0 and observed

the effect of drug on uninfected cells and infected cells (Figs. 4(a–b)). The

trajectories in this case are first oscillating and then with increase in time,

they approach to their equilibrium points. We observed the increase in un-

infected cells and decrease in infected cells with increase in ρ. Further, we

www.ebook3000.com

http://www.ebook3000.org


February 24, 2016 11:13 ws-procs9x6-9x6 BIOMAT2015-15 page 237

237

0 100 200 300 400 500
100

120

140

160

180
(a) τ = 0

t

x

0 100 200 300 400 500
0

5

10

15
(b) τ = 0

t

y
0 100 200 300 400 500

100

120

140

160
(c) ρ = 0

t

x

0 100 200 300 400 500
0

5

10

15
(d) ρ =0

t

y

0 100 200 300 400 500
100

120

140

160

180
(e)

t

x

0 100 200 300 400 500
0

5

10

15
(f)

t

yρ = 0.02, τ = 2
ρ = 0.1, τ = 3
ρ = 0.5, τ = 4 

ρ  = 0 
ρ = 0.1
ρ = 1

τ = 2
τ = 3
τ = 4

Figure 4. Variation of sub-populations for different values of ρ and τ .

fixed ρ = 0 and studied the effect of delay on uninfected cells and infected

cells in absence of treatment (Figs. 4(c–d)). It is observed that in contrast

to no delay, when the delay increases, the concentration of uninfected cells

and that of the infected cells does not alter significantly. But the the tra-

jectories of both sub-populations show oscillations initially with less period

and then period of oscillations also increase with increase in delay. The

effect of delay as well as therapeutic drug has been shown in Figs. 4(e–

f). It is observed that in contrast to no treatment, when the treatment

together with time delay increases the model system (1) converges to its

equilibrium point lasting to a very low level of infected cells and a higher

level of uninfected cells.

Further, we simulated the optimal control model 13 using the parame-

ters of Table 1 with τ = 0.5 (see Fig. 5). The solutions has been plotted

without control and with control for final time period of 100 days. We

notice that in Fig. 5(a), uninfected cells settle at high level in case of with

control than that of without control. In Fig. 5(b), the density of infected
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Figure 5. Variation of sub-populations without control and with control.

cells in first case (without control) is 5.7592 and that of in second case

(with control) is 0.0360, total number of blocked infections is 5.7232. The

efficacy of the control function in blocking infections is 99.37%. The density

of pathogens in Fig. 5(c), in first case is 3.6989 and that of second case is

0.0163, total number of inhibited pathogens is 3.6826, which shows that the

efficacy of control function in reducing pathogen or inhibiting pathogens is

99.55%. In Fig. 5(d), the density of immune response in second case (with

control) is lesser than that of first case (without control) since infection is

declining so the stimulation of acquired immune response due to infected

cells and pathogens is also decreasing.

6. Conclusions

In this study, we investigated a mathematical model with therapeutic drug

and time delay in vivo on uninfected cells, infected cells, pathogen and im-

mune response. The absorption or loss of pathogens into uninfected cells has

been considered. In order to understand the dynamics of pathogen-immune

interaction, we have considered the total immune response. We computed

the basic reproduction number for the model (1), which is dependent on τ.

From the expression

RI =
βλrδ1e

−δ1τ

(δ0(δ2 + k2
μ

μ0
) + aβλ)(δ1 + ρ+ k1

μ

μ0
)
,

it is clear that RI(τ) is decreasing function of τ . As time delay be-

tween the infected cell and virus producing cell increases RI decreases for
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limt→∞RI(τ) = 0.

Biologically this signifies that infection from the body can be reduced by

increasing time delay. Therefore it can be suggested that increasing the

time delay by therapeutic modalities is a significant approach to disease

management.

The stability behaviour of pathogen-free equilibrium and pathogen-

present equilibrium has been studied. We found that introduction of time

delay will not affect the pathogen-free equilibrium. The pathogen-present

equilibrium loses its stability as τ crosses its critical value τ0 = 3.0031 and

the system exhibits hopf-bifurcation at this critical value. These analytical

findings have shown graphically using simulations. It has been observed

that in presence of pathogen, the trajectories for uninfected cells, infected

cells, pathogens and immune response converges to their respective equilib-

rium points for a small delay in absence of any treatment. When the time

delay crosses its critical value (τ0 = 3.0031) the system becomes unstable

and this is difficult to predict. The enhancement of treatment leads to

blocking of pathogens and declining the infected cells. From simulations of

optimal control model (13), we observed that optimal control increases the

count of uninfected cells and blocks the pathogen which leads in reduction

of infected cells with 99.37% efficacy.
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In this paper, we investigate amathematicalmodel depicting the dynamics between
immune effector cells, healthy tissue cells or host cells and the tumor cells by using
a system of nonlinear ordinary differential equations (ODEs). We characterize the

dynamics of the ODE system by locating biologicallymeaningful equilibrium points
and determine local stability analysis. We perform the Hopf-bifurcation analysis
when the proliferation rate α of healthy tissue cells crosses the threshold value αcr.

Numerical simulations are carried out to illustrate the dynamical behavior of the
model system for different values of α including the regular and irregular periodic
oscillations, which indicates the long-term dynamics of tumor relapse.

1. Introduction

Cancer is a world-wide problem and the second most common cause of

death in US alone. According to American Cancer report 2013, about 1,

660, 290 new cases diagnosed and 580, 350 Americans are projected to die

in cancer and almost 1, 600 people per day1. Despite medical advances such

as chemotherapy, radiation therapy, immunotherapy plays a pivotal role in

the treatment of cancer but it still an enigma about its proliferation, de-

struction and the mechanisms of establishment. Clinician and oncologists

believe that the dynamics of proliferation of tumor population is unpre-

dictable. Mathematical modeling is a great tool to better understand the

dynamics of such complex phenomena. Mathematical modeling of tumor

growth provides a realistic and quantitative representations of biological

phenomena and biological interpretation under different scenarios of the

patients’ condition.
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The idea of mathematical modeling to the growth of tumor cells pro-

posed by Thomlinson et al.15. After that, a large body of work has been

developed to study the tumor-immune interaction system through mathe-

matical modeling by numerous authors3,4,8,10,11,13,14,16,17,18,19,20,21,24. The

dynamics of tumor growth and anti-tumor immune response in vivo are very

complex and it is too difficult to understand the dynamics due to most of

the states and measurements are impossible in vivo. Mathematical models

not only provide the real phenomena observed in vivo but also explain good

insight about the scenarios that are unexplored in vivo4,14,16. Kuznetsov et

al.13, developed a mathematical model of tumor and immune immune cells

and their model able to explain the existence of ‘tumor dormancy’ which

is a state of tumor evolution and where the tumor cells seem to be not

growing or grow a very slowly especially in the early stages of the disease.

They also illustrated that the cell population can converge to a ‘dormant

state’ by decaying oscillations in the realistic rage of parameter values.

Kirschner and Panetta8, proposed and analyzed a mathematical model of

tumor-immune system interactions by considering the role of interleukin-2

(IL-2). In their model the antigenicity of tumor cells play a vital role in the

dynamics of tumor-immune interaction. The immune systems are unable

to kill the tumor cells when the tumors are low antigenic, but for highly

antigenic tumors the immune systems are able to reduce the tumor cells

to a small dormant state. de Pillis and Radunskaya3, studied a compet-

itive mathematical model for tumor growth and their environments and

drug therapy and obtained a new therapeutic protocol which shows that at

the end of the treatment the tumor size being smaller. d’Onofrio21, pro-

posed and studied a mathematical model of tumor dynamics which exhibits

the oscillatory dynamics of tumor-immune system interactions. Moreover,

d’Onofrio established the conditions for the existence and uniqueness of sta-

ble limit cycle. U Fory’s24 studied a mathematical model of carcinogenesis

based on Lotka-Volterra competitive system and define the conditions un-

der which the tumor cells driven up to extinction. Letellier et al.4, studied a

mathematical model developed by de Pillis et al.3, by considering the three

populations, namely, tumor cells, immune effector cells and the host cells.

In their model, they showed that a non-conventional analysis suggested a

new trend to better understand the dynamics of tumor-immune system by

computing observability coefficients and topological analysis. They also

showed in their model that the killing of tumor cells by effector cells does

not influence the system dynamics. Khajanchi and Banerjee14, studied

a modified mathematical model of Kuznetsov et al.13, by considering the
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role of discrete time delay. The novelty of their investigation is the single

parameter bifurcation as well as the two parameter bifurcation region to

better understand the treatment strategy. Their modified model demon-

strate the regular and irregular periodic oscillations in the tumor-immune

system which indicates the long-term phenomena of tumor relapse.

In this paper, we shall study the effects of tumor-immune interactive

dynamics of the model originally developed by de Pillis and Radunskaya3

and later the model studied by Letellier et al.4. Our model is different from

the model de Pillis et al.3, that we do not consider the constant influx of im-

mune effector cells. The immune effector cells are Cytotoxic T-lymphocytes

produces ‘naive’ cells which are unable to produce any response to tumor

population unless they are activated via MHC-I and MHC-II (Major Histo-

compatibility Complex) pathways in the presence of tumor specific antigens.

This was justified by Banerjee et al.2, Itik and Bnaks22, also Kronik et al.23,

Krischner and Panetta8, neglect the constant influx of immune effector cells.

We establish that our modified model exhibits the Hopf-bifurcation both

analytically and numerically by using MATLAB and the software MAT-

CONT. Also, we plotted the two parameter bifurcation diagram to better

understand the dynamics of tumor-immune system interaction.

The subsequent part of this paper is organized as follows. In Section

2, we briefly discuss the tumor-immune interaction model and its non-

dimensionalisation. In Section 3, we study the qualitative analysis of the

model which includes the positivity and boundedness of the system, local

stability analysis and the analysis of Hopf-bifurcation for the parameter

α, the growth rate of healthy tissue cells. In Section 4, we perform the

numerical simulations of our analytical findings with the selected range of

parameter set. Finally, the conclusion and discussions are given in Section

5.

2. The Model

We consider a very simple mathematical model for the growth of tumor

cells which is akin to a predator-prey system comprises of a system of three

coupled of nonlinear ordinary differential equations, namely, the immune

effector cells (E), healthy tissue cells (H) and the tumor cells (T). The

single tumor - site compartment model originally developed by de Pillis

and Radunskaya3. Our model system describing the proliferation, death

and the interaction of this population is:
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dE

dt
=

ρET

g + T
− β1TE − δE

dH

dt
= αH

(
1− H

k1

)
− γ1TH (1)

dT

dt
= aT

(
1− T

k2

)
− β2TE − γ2TH

with initial conditions:

E(0) = E0 > 0, H(0) = H0 > 0, T (0) = T0 > 0,

where E(t), H(t) and T (t) represents the number of immune effector cells,

healthy tissue cells or host cells and the number of tumor cells respec-

tively. The first equation of the system (1), describe the rate of change

for the immune effector cells. The first term represents the proliferation of

immune effector cells is enhanced by tumor cells represented by the term
ρTE
g+T . This term is of Michaelis-Menten form to indicate the saturated effect

of the immune effector cells, where ρ is the rate of proliferation and g is

the half saturation constant. The second term represents the inhibition of

immune effector cells by tumor cells at a rate β1 and the immune effector

cells naturally die at a rate δ. The second equation gives the rate of change

of healthy tissue cells with time t. The first term represents the growth

of healthy tissue cells which follow the logistic growth function where the

intrinsic growth rate α and the maximum carrying capacity k1. The sec-

ond term represents the clearance of healthy tissue cells at the rate γ1.

The third equation corresponds to the rate of change of tumor cells at any

time t. The first term represents the growth of tumor cells which follow

the logistic fashion in absence of any immune intervention where a is the

intrinsic growth rate and k2 is the biotic capacity. We assume that the

tumor cells proliferate more quickly than that of healthy tissue cells, that

is, α < a. The second term represents the degradation of tumor cells due

to interaction with immune effector cells as presented by β2TE. The third

term represents the clearance of tumor cells by healthy tissue cells at a rate

γ2. Further, we assume that the inactivation rate of healthy tissue cells by

tumor cells is greater than that of tumor cells by heathy tissue cells, that

is, γ1 > γ2.

We non-dimensionalize the model (1) by considering the following re-

scaling

x = E
g , y = H

k1
, z = T

k2
, t̃ = at,
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we find the new set of parameters as

ρ̃ = ρ
a , g̃ = g

k2
, β̃1 = β1k2

a , δ̃ = δ
a ,

α̃ = α
a , γ̃1 = γ1k2

a , β̃2 = β2g
a , γ̃2 = γ2k1

a .

After dropping the tilde notation (for notational clarity) the system of

equation (1) takes the form (E,H, T ) �→ (x, y, z), that is, x represents

the immune effector cells, y population for the healthy tissue cells and z

population for tumor cells,

dx

dt
=

ρxz

g + z
− β1xz − δx

dy

dt
= αy(1− y)− γ1yz (2)

dz

dt
= z(1− z)− β2xz − γ2yz

with initial conditions:

x(0) = x0 > 0, y(0) = y0 > 0, z(0) = z0 > 0. (3)

3. Analysis of the Model

3.1. Positive invariance

The model system (2) can be written in the matrix form as

Ẋ(t) = G(X) (4)

with X = (x, y, z)T ∈ R
3

+
and

G(X) =

⎛

⎝
G1(X)

G2(X)

G3(X)

⎞

⎠ =

⎛

⎜⎝

ρx(t)z(t)
g+z(t) − β1x(t)z(t)− δx(t)

αy(t)(1− y(t))− γ1y(t)z(t)

z(t)(1− z(t))− β2x(t)z(t)− γ2y(t)z(t)

⎞

⎟⎠ .

It is easy to verify that Gi(X) |Xi(t)=0≥ 0 for i = 1, 2, 3. Due to the classical

theorem by Nagumo (1942)7, every solution of (4) with initial conditions

(3) and the initial point X0 ∈ R
3

+
, say, X(t) = X(t;X0), in such a way that

X(t) ∈ R
3

+
for all t > 0, that is, for all finite time if they start from an

interior point of

R
3

+
= {(x, y, z) : x ≥ 0, y ≥ 0, z ≥ 0}.
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Let us consider the first equation of (2) and by using the positivity of

solutions yield the right hand side is bounded above by,

dx

dt
≤ ρxz

g + z
− δx.

Hence, by using the differential inequalities it follows that

dx

dt
≤ (ρ− δ)x, ⇒ lim sup

t→∞
x(t) ≤ 0 if ρ < δ.

Using the positivity of state variables and from the second of (2) equa-

tion, we have

dy

dt
≤ αy(1− y) ⇒ lim sup

t→∞
y(t) ≤ 1.

In similar way, from the third equation, we have

dz

dt
≤ z(1− z) ⇒ lim sup

t→∞
z(t) ≤ 1.

This prove the system of equations (2) are dissipative. We can summarize

the results in the following proposition.

Proposition 3.1. The solution of the model system (2) with non-negative

initial conditions (x0, y0, z0) are bounded in the region defined by

Θ = {(x, y, z) : x ≥ 0, 0 ≤ y ≤ 1, 0 ≤ z ≤ 1}.

3.2. Equilibria

The model system (2) has six biologically feasible equilibria namely,

(i) the trivial equilibrium point E0(0, 0, 0) ,

(ii) the tumor-free equilibrium point E1(0, 1, 0),

(iii) the cancerous equilibrium point E2(0, 0, 1) ,

(iv) the boundary equilibrium point E3(x̃, 0, z̃) where x̃ = 1−x̃
β2

and z̃ is the

positive root(s) of the quadratic equation β1z̃
2 + z̃(δ + gβ1 − ρ) + gδ = 0

where, z̃ =
(ρ−δ−gβ1)+

√
(ρ−δ−gβ1)

2−4gδβ1

2β1
which is positive for ρ > δ + gβ1

and x̃ < 1 . In case, x̃ = 1, the boundary equilibria E3 reduce to cancerous

equilibria E2 that means the cancer will always persists.

(v) the effector cell free equilibrium point E4(0, ȳ, z̄) where ȳ = γ1−α
γ1γ2−α and

z̄ = α(γ2−1)

γ1γ2−α provided γ1γ2 	= α.

In order to obtain the biologically feasible equilibria, the conditions

γ2 > 1, γ1 > α and γ1γ2 > α must be satisfied. In the case of γ2 = 1,

the equilibrium point E4 coincide with the cancer free equilibrium point
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E1(0, y, 0).

(vi) the interior or coexistence equilibrium point E∗(x∗, y∗, z∗) where z∗ =
(ρ−δ−gβ1)+

√
(ρ−δ−gβ1)

2−4gδβ1

2β1
, y∗ = α−γ1z

∗

α and x∗ = α(1−γ2)+z∗(γ1γ2−α)
αβ2

.

For the existence of x∗, y∗ and z∗, it is necessary that, ρ > δ + gβ1,

γ2 < 1, γ1γ2 > α and z∗ < α
γ1
. From the existence condition of interior

equilibrium E∗, it is clear that the effector free equilibrium E4(0, ȳ, z̄) will

never exists as for the inactivation rate γ2 of cancerous cells violate the

existence of effector free equilibrium E4(0, ȳ, z̄).

3.3. Local stability analysis

To study the local stability of the system (2) around each of the equilibrium

point, first we have to compute the variational matrix corresponding to each

of the equilibrium point. The variational matrix of the model system (2)

at any arbitrary point (x, y, z) is given by

JE =

⎛

⎜⎝

ρz
g+z − δ − β1z 0 gρx

(g+z)2 − β1x

0 α(1− 2y)− γ1z −γ1y

−β2z −γ2z 1− 2z − γ2y − β2x

⎞

⎟⎠ .

At the trivial equilibrium point E0(0, 0, 0), the eigenvalues of JE0
are

λ0

1
= −δ(< 0), λ0

2
= α(> 0) and λ0

3
= 1(> 0). Therefore, the trivial

equilibrium point E0 is unstable, it is saddle point with y − z plane as its

unstable manifold and in x−axis as its stable manifold. So, there is no path

initiating in the positive octant can approach E0.

At the cancerous free equilibrium point E1(0, 1, 0), the eigenvalues of

JE1
are λ1

1
= −δ(< 0), λ1

2
= −α(< 0) and λ1

3
= 1 − γ2. Therefore, the

cancerous free equilibrium point E1 will be locally asymptotically stable if

λ1

3
< 0, i.e. if γ2 > 1. Otherwise, the system will be saddle type. If the

cancerous free equilibrium point E1 is stable then the existence of interior

equilibrium E∗ is violates.

At the cancerous equilibrium point E2(0, 0, 1), the eigenvalues of JE2

are λ2

1
= ρ

g+1
− β1 − δ, λ2

2
= α− γ1 and λ2

3
= −1. Therefore, the cancerous

equilibrium point E2 will be locally asymptotically stable if ρ < (β1δ)(g+1)

and γ1 > α. Otherwise, the system will be unstable.
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At E3(x̃, 0, z̃), the eigenvalues of JE3
are λ3

1
= α − γ1z̃ and the other

two eigenvalues λ3

2,3 are the roots of the following characteristics equa-

tion λ2 + D1λ + D2 = 0, where D1 = δ + β1z̃ + β2x̃ + 2z̃ − 1 − ρz̃
g+z̃ and

D2 =
(

ρz̃
g+z̃ − β1z̃ − δ

)
(1−β2x̃− 2z̃)+β2z̃

(
gρx̃

(g+z̃)2 − β1x̃
)
. The boundary

equilibrium point E3, will be locally asymptotically stable ifD1 > 0, D2 > 0

and z̃ > α
γ1
, otherwise unstable.

At E4(0, ȳ, z̄), the eigenvalues of JE4 are λ4

1
= ρz̄

g+z̄ − β1z̄ − δ and

the other two eigenvalues λ4

2,3 are the roots of the following characteris-

tics equation λ2 + C1λ + C2 = 0, where C1 = 2z̄ + γ2ȳ − αȳ − 1 and

C2 = αȳ(2z̄ + γ2ȳ − 1) − γ1γ2ȳz̄. The effector cells free equilibrium point

E4 will be locally asymptotically stable if C1 > 0, C2 > 0 and λ4

1
< 0. Now

λ4

1
< 0 implies that,

ρα(γ2 − 1)(γ1γ2 − α) < α(β1g + δ)(γ2 − 1)(γ1γ2 − α) + α2β1(γ2 − 1)1 +

δg(γ1γ2 − α)2 and λ4

2,3 < 0 implies α+γ2

1+γ1
> 1 and γ2(α+ γ1) > (α+ γ1γ

2

2
).

The characteristic equation of the model system (2) at E∗(x∗, y∗, z∗) is
given by

λ3 +A1λ
2 +A2λ+A3 = 0 (5)

where,

A1 = δ + (β1 + 1)z∗ + αy∗ − ρz∗

g + z∗
,

A2 = (αy∗ + z∗)
(
δ + β1z

∗ − ρz∗

g + z∗

)
+ αy∗z∗ − γ1γ2y

∗z∗

+ β2z
∗
(

gρx∗

(g + z∗)2
− β1x

∗
)
,

A3 = y∗z∗(γ1γ2 − α)

(
ρz∗

g + z∗
− β1z

∗ − δ

)
+ αβ2y

∗z∗
(

gρx∗

(g + z∗)2
− β1x

∗
)
.

According to classical Routh-Hurwitz criteria a set of necessary and

sufficient conditions for the roots of the characteristic equation (5) to have
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negative real parts if A1 > 0, A3 > 0 and A1A2 −A3 > 0. Now,

A1A2 −A3 =

(
ρz∗

g + z∗
− β1z

∗ − δ

)[
(αy∗ + z∗)

{
δ + (β1 + 1)z∗ + αy∗

− ρz∗

g + z∗

}
+ y∗z∗(γ1γ2 − α)

]
+ y∗z∗(γ1γ2 − α)

[
δ + β1z

∗

+ z∗ + αy∗ − ρz∗

g + z∗

]
+ β2z

∗
(

gρx∗

(g + z∗)2
− β1x

∗
)

×
[
(δ + (β1 + 1)z∗ + αy∗)− ρz∗

g + z∗
− αy∗

]
.

Thus, we have the following theorem.

Theorem 3.1. The necessary conditions for the model system (2) to be

locally asymptotically stable around the interior steady state E∗(x∗, y∗, z∗)
is that, (i) γ1γ2 > α,

(ii) max
{

(δ+β1z
∗
)(g+z∗)

z∗ , β1(g+z∗)2

g

}
< ρ < (δ + (β1 + 1)z∗ + αy∗)

(
g+z∗

z∗

)
.

3.4. Analysis of Hopf-bifurcation

In this section, the analysis of Hopf-bifurcation5 will be investigated of the

model system (2) around the interior steady state E∗(x∗, y∗, z∗) with bi-

furcation parameter α (the growth rate of healthy tissue cells) varies over

R. The necessary and sufficient conditions for Hopf-bifurcation to happen

if there exists a α = αcr, such that,

(i) A1(αcr) > 0, A2(αcr) > 0, A3(αcr) > 0,

(ii) ψ(α) ≡ A1(αcr)A2(αcr)−A3(αcr) = 0,

(iii) Re
[
dλj

dα

]

α=αcr

	= 0 for j = 1, 2, 3.

By the property of continuous function of all the root of ψ(α), there

exists an open interval (αcr − ε, αcr + ε) (say), for some positive ε. Thus

for α ∈ (αcr − ε, αcr + ε), the characteristic polynomial (5) has no roots

whose real parts are negative. Therefore, for α = αcr, and using the second

condition for Hopf-bifurcation the polynomial equation (5) becomes

λ3 +A1λ
2 +A2λ+A1A2 = 0 ⇒ (λ2 +A2)(λ+A1) = 0 (6)

From above equation it is obvious that, the equation (6) has two roots are

purely imaginary, say λ1 = +i
√
A2, λ2 = −i

√
A2 and the another root is

λ3 = −A1, at α = αcr.
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For, α ∈ (αcr − ε, αcr + ε), the roots are in general form:

λ1(α) = ξ1(α) + iξ2(α),

λ2(α) = ξ1(α)− iξ2(α),

λ3(α) = −A1(α).

Now, we need to verify the transversality condition,

Re

[
dλj

dα

]

α=αcr

	= 0 for j = 1, 2. (7)

Substitute λ1(α) = ξ1(α)+ iξ2(α) into the equation (5) and computing the

derivatives, then extracting the real and imaginary parts we have,

L(α)ξ
′
1
(α)−M(α)ξ

′
2
(α) +R(α) = 0,

M(α)ξ
′
1
(α) + L(α)ξ

′
2
(α) + S(α) = 0,

with

L(α) = 3(ξ2
1
(α)− ξ2

2
(α)) + 2A1(α)ξ1(α) +A2(α),

M(α) = 6ξ1(α)ξ2(α) + 2A1(α)ξ2(α),

R(α) = A
′
1
(α)(ξ2

1
(α)− ξ2

2
(α)) +A

′
2
(α)ξ1(α) +A

′
3
(α),

S(α) = 2ξ1(α)ξ2(α)A
′
1
(α) +A

′
2
(α)ξ2(α).

Since, M(αcr)S(αcr) + L(αcr)R(αcr) 	= 0 at α = αcr, we have,

Re

[
dλj

dα

]
|α=αcr=

M(αcr)S(αcr) + L(αcr)R(αcr)

L2 +M2
|α=αcr 	= 0

and λ3(αcr) = −A1(αcr) 	= 0.

Thus the conditions for Hopf-bifurcation are verified. We have the fol-

lowing theorem.

Theorem 3.2. If the interior equilibrium point E∗(x∗, y∗, z∗) exists for

the model system (2), then around the interior steady state E∗ the model

system (2) undergo Hopf-bifurcation when α crosses the threshold value αcr.

4. Numerical Results

In this section, we carry out extensive numerical simulations to investigate

the feasibility of our analytical findings, regarding the existence of tumor

free equilibrium point(s), interior steady state and the corresponding stabil-

ity conditions as well as the Hopf-bifurcation analysis of the model system
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Figure 1. The figure shows the interior equilibrium point E∗ is locally asymptotically
stable for α = 0.375 and other parameters are presented in Table 1.
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Figure 2. Stable limit cycle for α = 0.375 and other parameters are presented in Table

1.

(2) around E∗. For the numerical computations, we use the set of parame-

ter values are stated in Table 1 and the corresponding initial values x(0)=
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Figure 3. The figure shows the bifurcation diagram of the maximum number of effector
cells (x), maximum number of healthy tissue cells (y) and the maximum number of
tumor cells (z) by varying the parameter α and other parameters are presented in Table
1.

0.05, y(0)= 0.5 and z(0)= 0.132. We checked all the conditions for the ex-

istence of interior steady state E∗ holds and the interior equilibrium point

is E∗(0.0795018, 0.668742, 0.132503) and the corresponding eigenvalues are

−0.614352, 0.0403062 + 0.235126i and 0.0403062− 0.235126i. This clearly

shows that E∗ is 2-dimensional unstable manifold and 1-dimensional stable

manifold, the point is thus define a saddle-focus.

Now, we investigate how the dynamics of the model system (2), in-

fluenced by the growth rate α of the heathy tissue cells. The qualitative

behavior of the model system (2) has been changed at the threshold value

αcr = 0.382468, which indicated as the bifurcation point. Now, the interior

equilibrium point E∗ is locally asymptotically stable for the lower value

of αcr, this scenario is presented in Figure 1, Figure 2, in terms of time

series solutions (Figure 1) and the phase portrait diagram (Figure 2) when

0.375 < αcr = 0.382468. At, αcr = 0.382468, the system experiences Hopf-

bifurcation, which is presented in Figure 3. From the bifurcation diagram,

it is clear that, in the range 0 < α < 0.4740509 the growth of tumor cells

are well controlled by our immune system, in that range the tumor popu-
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Figure 4. The figure shows the bifurcation diagram of the maximum number of tumor
cells (z) by varying the parameter α and other parameters are presented in Table 1.

lation is non-invasive. For the range, 0 < α < 0.382468, the model system

(2) spirals into a stable fixed point, that is, the model system reaching a

stable fixed point which means that the growth of tumor cells are in avas-

cular phase or in dormant state. For the range 0.382468 < α < 0.4740509,

the interaction between tumor and immune system leads to the periodic

behavior of the model system (2). Further increase the value of α, for the

range 0.4740509 < α < 0.7 the period-doubling bifurcation leads to a high

periodic or chaotic behavior, thus meaning that the growth rate of healthy

tissue cells are highly dependent on tumor dynamics, that is, the tumor

cells are invasive and the ‘patient’s conditions’ are highly dependent on the

growth rate of healthy tissue cells.

We also verified by using the software package MATCONT (MAT-

LAB package for numerical bifurcation analysis)25, the model system un-

der consideration undergo Hopf-bifurcation at αcr = 0.382468, that is,

H = (0.154864, 0.480337, 0.132503, 0.382468) corresponding to the ini-

tial values x(0) = 0.154864, y(0) = 0.480337 and z(0) = 0.132103. Further,

we studied the Hopf-bifurcation point and we obtained the period- bifurca-

tion (PD) at α = 0.4740509 and Limit point bifurcation cycle (LPC) at the
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Figure 5. The figure shows the stable limit cycle occur at the Hopf-bifurcation point α
= 0.382468 and other parameters are stated in in Table 1.

bifurcation point. The bifurcation diagram generated by MATCONT has

been shown in Figure 4. Also, we plotted the limit cycle at the bifurcation

point α = 0.382468 has been shown in Figure 5.
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Figure 6. The figure shows the stable oscillations of all the populations around the

interior equilibrium point E∗ with α = 0.385 and other parameters are presented in
Table 1.
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The significance of Hopf-bifurcation in this context is that at the

bifurcating point a limit cycle is occurred around the rest point

E∗(0.0795018, 0.668742, 0.132503), thus a stable periodic oscillatory solu-

tion exists of the model system (2). The existence of periodic solutions

has an impact in the tumor dynamics or tumor models as it implies that

the level of tumor population may oscillate around the rest point E∗ even

in case of without treatment. In the therapeutic view point, such clinical

observations is known as “Jeff’s Phenomena”26.
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Figure 7. Stable limit cycles for α = 0.385 and other parameters are presented in Table
1.

Figure 6 displays how the dynamics of tumor cells, host cells and tumor-

specific immune effector cells are influenced by varying the growth rate

α of host cells. When the growth rate α crosses the bifurcation value

αcr = 0.382468, the system (2) shows the stable oscillation of all the three

population around the interior equilibrium point E∗ at α = 0.385. From

the figure (Fig. 6), it can be observed that the tumor cells (z) are very

low immunogenic with respect to two other cells, which indicates that the

tumor-specific immune effector cells (x) and host cells (y) are able to control

the tumor cells (z). Figure 7 depicts that the model system (2) shows the

stable limit cycle at α = 0.385 around the interior steady state E∗.
In Fig. 8, we represent the time series evolution of the system (2) with

respect to the growth rate (α) of host cells at α = 0.55. We observe

that the system changes stability to irregular periodic oscillations (and

chaotic behavior). For the lower critical value of α, the system shows regular

periodic oscillations. The cycle-to-cycle changeability of tumor cells (z) is

reduced by increasing the growth rate (α) of host cells (y) in the sense that

the cell count of host cells remain near its maximum value (near to 1) for a

very short period of time but it is decreased very rapidly to zero (Fig. 8).
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Figure 8. Time evolution of the effector cells, host cells and tumor cells for α = 0.55
and other parameters are presented in Table 1.
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Figure 9. Phase portrait diagram A) Effector cells (x) vs. Tumor cells (z) B) Effector
cells (x) vs. Host cells (y) C) Host cells (y) vs. Tumor cells (z) and D) Three dimensional
phase portrait for α = 0.55 and other parameters are presented in Table 1.

At the same time, the tumor cells remain near its minimum value (near to

0) and very quickly it is increased for a short period of time and then it is

reduced. It can be observed that, for the lower value of α the oscillations

are rare and irregular (tumor cells stay at their minimum value while the

host cells stay at their maximum value). Figure 9, displays the phase-

portrait diagram of the system (2) corresponding to the growth rate (α) of

host cells at 0.55. From the phase-diagrams it is clear that the dynamics of
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Figure 10. Two parameter bifurcation diagram (α, ρ) and the other parameters are
described in Table 1.

tumor cells (z), host cells (y) and tumor-specific immune effector cells (x)

are irregular.

With the given set of parameter values in Table 1, the stability region of

(2) is given in Figure 10 in the α− ρ parameter space. It should be helpful

in understanding the effect of the two parameters α and ρ on the stability of

the interior steady state E∗. It is observed from the two parameter stability

region (Fig. 10) that the Region I is stable and Region II is unstable.

Table 1. Interpretation of the parameters.

Name Description Values

ρ proliferation enhancement effector cells 4.5

g half saturation constant 1.0

β1 inhibition rate of effector cells 0.2

δ natural decay of effector cells 0.5

α intrinsic growth rate of host cells 0.6

γ1 host cells inactivation rate by tumor cells 1.5

β2 tumor cells inactivation rate by effector cells 2.5

γ2 rate of inactivation of tumor cells due to host cells 1.0
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5. Discussion

We proposed a simple mathematical model envisioned by de Pillis and

Radunskaya3 is very interesting in the fact that it take into account interac-

tion between two most commonly considered cells in cancer model namely,

tumor and immune effector cells and another is rarely considered in cancer

model known as host cells. To study the dynamics of tumor-immune sys-

tem, a mathematical model comprising of three coupled nonlinear ordinary

differential equations has been proposed and analyzed to understand the

role of the growth rate α of healthy tissue cells or host cells. The positivity

and boundedness of the model system (2) has been established. We studied

the local stability analysis of the system with proper biological significance.

We perform the analysis of Hopf-bifurcation with respect to the growth rate

α of the host cells. In these dynamics a pivotal role is played by the growth

rate α of host cells, above the threshold value of αcr, the populations are

highly angiogenic and below the threshold value of αcr, all the populations

are stable.

Numerical simulation of the model system (2) shows some rich dynam-

ics, which mimic the dynamics of cancer patients, with very long oscillations

and period-doubling oscillating solutions. We have verified our numeri-

cal simulations in MATLAB and a software package MATCONT (MAT-

LAB package for numerical bifurcation analysis). The occurrence of regular

and irregular periodic oscillations in the tumor-immune interaction model

demonstrate the scenarios of long-term tumor relapse which has been in-

vestigated in some of existing literatures4,6,13,14,22. The regular periodic

oscillations indicate the equilibrium process of cancer immuno-editing in

the dual host-protective and tumor-promoting actions of immunity which

has been observed in the experimental worked by Koebel et al.9. The oc-

currence of irregular periodic oscillations indicate that tumor may develop

to a more invasive state. Although, our model does not take into account

the complex biological scenarios, such as genomic instability, cell-structure,

heterogeneity, but it focuses on generic interaction between different cell

population. Also, the model was a single tumor-site compartmental model

and therefore it was unable to reproduce relevant outcomes as the occur-

rence of metastasis. In order to overcome the limitations, a further investi-

gation is needed. We leave these issues for our future endeavor.
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In this paper a mathematical model, at the cellular level, related to the onset and
evolution of cancer cells contrasted by the immune system, is derived by tools
of kinetic theory of active particles, for short KTAP’s approach. The dynamics
refers to an early stage of the competition, where cancer is viewed as sequence
of phenotype mutations, which generate cells with the ability of suppressing the
innate programmed death ability-apopthosis- on one side and on the other with
the ability to escape recognition by immune cells. The subsequent dynamics of
selection and competition for survivance determines the growth or depletion of
tumor cells. The originated model introduced in Ref. 13, which has been further
developed in Ref. 20 to include interactions with the outer environment, which
can also be subject to mutation and selection16,24 . More specifically, we develop

an analytic study of the well-posdenes of the initial value problem, and we will
investigate numerically how our model depict some interesting behaviors of the
immune response, where some biological interpretations are discussed.

A recent paper13 introduced a new approach, based on ideas from post-

Darwinian theory of mutations, to model the onset and evolution of cancer

cells contrasted by the immune system. This paper transferred into a dif-
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ferential systems the conceptual biological framework delivered in Ref. 16.

The basic idea is that cells are viewed as active particles, whose state evolves

in time, while the dynamics includes the onset of new cell phenotypes gen-

erated by the same cell genotype. The subsequent dynamics of selection

and competition for survivance determines the growth or depletion of tu-

mor cells. The approach proposed in Ref. 13 has been further developed in

Ref. 20 to include interaction with the outer environment, which can also

be subject to mutation and selection.

The derivation of mathematical tools takes advantage of the so-called

kinetic theory of active particles documented in many papers among others,

see Refs. 1, 3, 9, 6, 7, 8, 10, 11, 14, 18, 19 and therein bibliography. Appli-

cations are not limited to developmental biology, but also include complex

systems in which human behavior can play an important role in the dy-

namics, for instance crowd dynamics15 and vehicular traffic12. Some recent

papers have applied the general approach to networks25, and social dynam-

ics with applications that concern various aspects of behavioral sociology2,5.

Interactions, in this specific approach, are modeled by means of theoretical

game theory tools see, among others4,23,26.

Paper13 has shown that the model describes a number of consecutive

selective mutations which can eventually generate cells with clonal prolif-

erative competence24,31. This is a Darwinian type selection that is induced

by the lower molecular scale of genes, that is the same cell genotype gen-

erates different cell phenotypes, which are apparently better fitted to the

environment, but are characterized by a typical competence of degenera-

tive diseases. Moreover, the qualitative analysis of the initial value prob-

lem related to the application of the model, which consists in a system of

nonlinear integro-differential equations, shows that such a problem is well

posed, while simulations reproduce the expected emerging behaviors, see

also Ref. 27 for the qualitative analysis of a class of equations correspond-

ing to Ref. 13. In general, progressive mutations of cancer cells are not

contrasted (or the opposite “are contrasted”) by the learning ability of the

immune system. In some cases an equilibrium is reached, asymptotically in

time, corresponding to the survivance of the two populations. This equilib-

rium can be either positively broken by therapeutical actions, or negatively

by temporary states of immuno-depression.

This present paper develops the background ideas presented in Refs. 13

and 20 with the main aim investigate how mutation rates both for immune

and cancer cells influence the outcome of the competition.

The interest in this type of investigation is motivated to the fact that
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the onset of cancer and various degenerative diseases originate from muta-

tions at the cellular level22,28. This onset generates challenging modeling,

analytic, and computational problems, which motivate the contents of this

paper. Additional hints on post-Darwinian viewpoints to model the sys-

tem under consideration are given in Ref. 30, while the reader interested,

from a biological standpoint, to the role of the immune system in detect-

ing and depleting cancer cells is addressed to16,17,21,29 and therein cited

bibliography.

In detail, the content of this present paper is delivered by four more sec-

tions as follows: Section 2 presents the mathematical model of the immune

competition which refers to the general structure proposed in Ref. 13, the

model is simplified, with respect to that proposed in the same paper as it

consider only one mutation for each population. This simplification allows

to reduce the number parameters and allows a detailed parameters sensi-

tivity analysis. Section 3 develops an analytic study of the well posedness

of the initial value problem. Section 4 deals with a computational analysis

of the initial value problem generated by the application of the system.

Numerical simulations are related to the increase of mutation rate both for

cancer and immune cells. Finally Section 5 provides a critical analysis of

the work, and looks ahead to perspectives.

1. The Mathematical Model

1.1. The mathematical structure

Let us consider a large system of individuals called active particles

with their individual state called activity. This corresponds to genotype-

phenotype expression, later, for brevity, also called expression. The in-

dividuals corresponding to the same activities (expressions) are assembled

into functional subsystems, where the common tract is viewed as a func-

tional expression that aims at survivance. The activity within the popu-

lation is the micro-state, which is heterogeneously distributed, while the

description of the overall state of the system is delivered by suitable distri-

bution functions over the said micro-state. This variable is heterogeneously

distributed and we assume that increasing values of the activity correspond

to an increasing ability of the subsystem to express its biological function.

Pair interactions between active particles generate birth-death processes

and, with relative small probability, modification of their expression, which

amounts to generation of a new population. We consider the various stages

of selective mutations of cancer cells based on their hallmarks, roughly
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speaking the different levels of their ability to escape the immune defense16.

The system is constituted by active particles and is decomposed into

functional subsystems labeled by the subscripts i = 1, 2, 3, 4, each re-

lated to a different activity corresponding to different phenotype expres-

sions. The state of each functional subsystem is represented, (in probabil-

ity), by the distribution functions

fi(t, u) : R
+

0
× [0, 1]→ R

+

0
, (1)

where R+

0
= [0,+∞), over the the activity variable u ∈ [0, 1], collectively

expressed by active particles of the subsystem. This distribution is linked

to the so-called test particle, which is representative of the subsystem,

where the density fi(t, u) du denotes the number of cell per unit volume,

whose state is, at time t, in the interval [u, u+ du].

The number of active particles in each subsystem at time t is obtained

by integration of the distributions fi over the activity variable u:

ni(t) =

∫
1

0

fi(t, u) du, with ni(0) := ni0 =

∫
1

0

fi(0, u) du. (2)

Let us introduce the activation in each subsystem at time, defined as the

mean of activity variable

Ai(t) =

∫
1

0

ufi(t, u) du,with Ai(0) =: Ai0 =

∫
1

0

ufi(0, u) du. (3)

The following decomposition in subsystems is proposed:

1) i = 1: epithelial cells, whose selected function is the ability, sup-

posed uniform for all cells, to feed proliferative phenomena. The

cell cycle events can generate cells with the same phenotype, but

also cells with different phenotype with the onset of cancer cells. It

is supposed that the organism is a source of epithelial cells, so that

their quantity can be regarded as constant in time;

2) i = 2: cells, generated by the first functional subsystem, that have

acquired the ability of suppressing the immune reaction;

3) i = 3 cells of the innate immune system which have the ability

to acquire, by a learning process, the capacity of contrasting the

development of cancer cells;

4) i = 4 cells generated by the innate immune system, which have

acquired the ability of contrasting the development of cancer cells.
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Remark 1.1. The learning process of the immune system is modeled by

considering one only functional subsystem and confining the learning pro-

cess to a progression within it.

The evolution equation of each fi reads, see Ref. 20:

∂tfi(t, u) = Ci[f ](t, u) + Pi[f ](t, u)− λi[fi](fi − f̃i)(t, u), (4)

for i = 1, . . . , 4, where f = (f1, . . . , f4), so that the following formal math-

ematical structure for the right-hand-side terms of Eq. (4) is proposed:

I) Ci and Pi model the net flux of particles that, due to respectively

conservative or proliferative/destructive interactions, fall into the

elementary volume [u, u+du] of each functional subsystem of active

particles and they reads:

Ci[f ](t, u) =−fi(t, u)

4∑

k=1

∫
1

0

ηik[f ](u, u
∗) fk(t, u

∗) du∗ + (5)

4∑

k=1

∫

D

ηik [f ] (u∗, u
∗)Aik[f ](u∗ → u|u∗, u

∗) fi(t, u∗) fk(t, u
∗) du∗ du

∗,

and

Pi[f ](t, u) =

4∑

h,k=1

∫

D

ηhk[f ](u∗, u
∗)P i

hk[f ](u∗ → u|u∗, u
∗) (6)

×fh(t, u∗) fk(t, u
∗) du∗ du

∗,

where D = [0, 1] × [0, 1] and the dynamics of interactions at the

micro-scale (where, for short, particles belonging to the subsystem

i are denoted by i-particles) is described by the following quantities:

- ηhk is the encounter rates of the interactions between h-

particles with k-particles;

- Ai
hk models the probability density that a candidate h-particle,

with state u∗, ends up into the state of a test i-particle with

state u after an interaction with a field k-particle with state

u∗ and it is such that
4∑

i=1

∫
1

0

A
i
hk[f ](u∗ → u|u∗, u

∗) du = 1, (7)

for all for all h, k ∈ {1, . . . , 4}, u∗, u
∗ ∈ [0, 1] and for all f ;
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- test i-particles interact with field k-field particles and lose their

state;

- P i
hk models the birth-death rate for a candidate h-particle,

with state u∗, into the state u of the i-th functional subsystem

due to the interaction with a k-field particle with state u∗.

II) λi[fi] refers to the natural decay of each functional subsystem to-

ward a level distribution f̃i or to a death process of i-particles due

to their natural extinction, where death occurs only within the same

functional subsystem and state of the candidate particle.

1.2. Derivation of the mathematical model for a closed

system

Let us now propose a model of the overall dynamics of the multicellular

system based on the mathematical framework formally given by Eq. (4).

With reference to the notation introduced in the previous Section, the non-

zero interactions terms are summarized in the following Tables:

Table 1. Non-zero interactions between a h-candidate particle (represented by a square)

with state u∗ and a k-field particle (represented by a circle) with state u
∗, h, k ∈

{1, . . . , 4}, and u∗, u
∗ ∈ [0, 1].

Interaction Encounters η
ik
: the rate of interactions is assumed

to be constant for all interactions but

with different order of magnitude

1 ↔ 1© between epithelial cells η11[f ](u∗, u
∗) = η0

2 ↔ 1© epithelial cells-tumor cells η21[f ](u∗, u
∗) = η0

1 ↔ 2© tumor cells-epithelial cells η12[f ](u∗, u
∗) = η0

3 ↔ 2© innate immune system-tumor cells η32[f ](u∗, u
∗) = σ0 η0: σ0 << 1

4 ↔ 2© mutated immune system-tumor cells η42[f ](u∗, u
∗) = σ0 η0: σ0 << 1

2 ↔ 4© tumor cells-mutated immune system η24[f ](u∗, u
∗) = σ0 η0: σ0 << 1
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Table 2. Probability densities related to interactions between a h-candidate particle

(represented by a square) with state u∗ and a k-field particle (represented by a circle)

with state u
∗.

Interaction Ai

ik
= A

ik
: probability density Description

1 ↔ 1© A11(u∗, u
∗) = δ(u − u∗ + α11(1− u∗)): progression after interactions

between epithelial cells

2 ↔ 1© A21(u∗, u
∗) = δ(u − u∗ + α21(1− u∗)): progression after interactions epithelial

cells-tumor cells: α21 >> α11

1 ↔ 2© A12(u∗, u
∗) = 1: no change of their own state for

epithelial cells in interactions tumor

cells-epithelial cells

3 ↔ 2© A32(u∗, u
∗) = δ(u − u∗ + β32(1− u∗)): progression after interactions innate

immune system-tumor cells

4 ↔ 2© A42(u∗, u
∗) = δ(u − u∗ + β42(1− u∗)): progression after interactions mutated

immune system-tumor cells

Table 3. Mutation and proliferation net terms for interactions between a h-candidate

particle (represented by a square) with state u∗ and a k-field particle (represented by a

circle) with state u
∗.

Interaction Pi

hk
: mutation and proliferation net terms Description

1 ↔ 1© P2
11(u∗, u

∗) = γ11 u∗ δ(u− u∗): mutations from epithelial cells

2 ↔ 1© P2
21(u∗, u

∗) = γ21 u∗ δ(u− u∗): proliferation for tumor cells

3 ↔ 2© P4
32(u∗, u

∗) = γ32 u∗ δ(u− u∗): mutations from innate immune system

4 ↔ 2© P4
42(u∗, u

∗) = γ42 δ(u− u∗): proliferation for immune cells

2 ↔ 4© P2
24(u∗, u

∗) = −γ24 u
∗
δ(u− u

∗): destructive term for tumor cells

Taking into account the terms defined in Tables 1–3, the corresponding

evolution equations of the distribution functions (f1, ..., f4), which arise

from Eq. (4), read as follows:
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∂tf1(t, u) = η0
n1(t)

1 + α11

f1

(
t,
u+ α11

1 + α11

)
χ[−α11,1](u) − η0 n1(t) f1(t, u)

+ η0 n1(t)n2(t)− η0 f1(t, u)n2(t), (8)

∂tf2(t, u) = η0
n1(t)

1 + α21

f2

(
t,
u+ α21

1 + α21

)
χ[−α21,1](u) − η0 n1(t) f2(t, u)

+ η0 γ11 u f1(t, u)n1(t) + η0 γ21 u f2(t, u)n1(t)

− σ0 η0 γ24 un2(t) f4(t, u), (9)

∂tf3(t, u) = σ0 η0
n2(t)

1 + β32

f3

(
t,
u+ β32

1 + β32

)
χ[−β32,1](u)

− σ0 η0 n2(t) f3(t, u)

− λ3

(
f3(t, u)− f̃3(t, u)

)
, (10)

∂tf4(t, u) = σ0 η0
n2(t)

1 + β42

f4

(
t,
u+ β42

1 + β42

)
χ[−β42,1](u)

− σ0 η0 n2(t) f4(t, u)

+ σ0 η0 γ32 u f3(t, u)n2(t) + σ0 η0 γ42 f4(t, u)n2(t)

− λ4

(
f4(t, u)− f̃4(t, u)

)
. (11)

Remark 1.2. The decay dynamics in (10) and (11) induces immune cells

return to the sentinel level after suppression of the cells carrier of pathology,

and we choose f̃3(t, u) = f30(u), and f̃4(t, u) = f40(u).

Remark 1.3. The biological meaning of the parameters introduced is here

after summarized:

• σ0 and η0 refer to interaction rates;

• γ11, and γ32 model the mutation rate for cancer and immune cells;

• α, β model the probability density in conservative progressions;

• γ21, γ42 model the proliferation rate for cancer and immune cells;

• γ24 refers to suppression rate;
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• λ3, λ4 refers to the relaxation of the innate immune system and the

activated immune cells.

Remark 1.4. The above mathematical model derived, with the aim to

investigate the role played by some pertinent parameters, especially those

governing mutations both for cancer and immune cells. The dynamics

refers to an early stage of competition which may end up either with the

suppression of cancer cells or with their indefinite growth, which subse-

quently aggregate into condensed structures. Moreover, based on the idea

that cancer is generated by Darwinian type mutations and selection31, the

immune system play an important role in this dynamics. In fact, immune

cells gain new defense abilities by learning the presence of a pathological

state, starting from the innate to acquired immunity16,17. The abovemodel,

simplified, with reference 13, as we consider only the last stage of selective

mutations of cancer cells based on their hallmarks corresponding to their

ability to escape the immune defense. As shown by simulations, the model

shows a detailed sensitivity analysis, which has been focused on γ11 and

γ32.

2. Analytical Results

2.1. Main results

Let us consider the initial value problem for the model (8)–(11) correspond-

ing to the mathematical structure (4) for a closed system, where the inter-

action terms Ci and Pi are defined in Eqs. (5)–(6). The statement of the

initial value problem, endowed with suitable initial conditions, can be for-

mally written as follows:

{
∂t f (t, u) = H[f ](t, u), (t, u) ∈ (0,∞)× [0, 1],

fi0 = fi(t = 0, u), i = 1, .., 4,
(12)

where H = (H1,H2,H3,H4) is given by (8)–(11).

LetX+ be the positive cone of the Banach spaceX := {L1

u(0, 1)}
4, endowed

with the norm

‖ f ‖=

4∑

i=1

‖ fi ‖1 .
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Let Y be the Banach space C([0, T ], X+) endowed with the norm

‖ f ‖Y = sup
t∈[0,T ]

‖ f(t) ‖ .

First, problem (12) can be well-posed, as stated by the following:

Theorem 1. For any initial data f0 ∈ X+, there exist two positive con-

stants T and a0 such that Problem (12) admits a unique, local in time,

solution f ∈ C([0, T ], X+), which satisfies the following estimate:

‖ f(t) ‖≤ a0 ‖ f0 ‖, ∀t ∈ [0, T ]. (13)

The existence of solution f of Problem (12) can be extended over the

whole real positive axis R+, by the following:

Theorem 2. For any T > 0, there exists a unique solution f(t) ∈

C([0, T ], X+), of (12) with initial data f0 ∈ X+ . Moreover the solution f

satisfies

sup
t∈[0,T ]

‖ f(t) ‖≤ CT , (14)

where CT constant depending on T and on the initial data.

Proof of theorem 1 and 2.

First, some notations are useful to construct the proof of Theorem 1 and

2. In details, Problem (12) can be written as follow:

f = Λ[f ] =

(
Λ1[f ],Λ2[f ],Λ3[f ],Λ4[f ]

)
(15)

where Λ[f ] is given by

Λi(f) = fi0(u) +

∫ t

0

H
∗
i [f ](s)ds, i = 1, 2, (16)

Λi(f) = fi0(u) +

∫ t

0

exp

(
λi(s− t)

)
H
∗
i [f ](s)ds, i = 3, 4, (17)

where

H
∗ =

(
H1, H2, H3 + λ3(f3 − f30), H4 + λ4(f4 − f40)

)
.



February 24, 2016 11:32 ws-procs9x6-9x6 BIOMAT2015-17 page 270

270

Briefly, the proof of the local existence and uniqueness is based on stan-

dard fixed point arguments. Let f and g in X , then H∗[f ] ∈ X , and

‖ H
∗[f ] ‖≤ C ‖ f ‖2, (18)

‖ H
∗[f ]−H∗[g] ‖≤ C(‖ f ‖ + ‖ g ‖) ‖ f − g ‖ . (19)

Exploiting (16)–(19), one has

‖ Λ[f ] ‖Y≤‖ f0 ‖ +CT ‖ f ‖2Y , (20)

and

‖ Λ[f ]− Λ[f ] ‖Y≤ CT (‖ f ‖Y + ‖ g ‖Y ) ‖ f − g ‖Y . (21)

This implies, there exist two constant T and a0 determinate only by C, and

‖ f0 ‖, such that

a0 =
1−

√
1− 4CT ‖ f0 ‖

2CT ‖ f0 ‖

and

1− 4CT ‖ f0 ‖≥ 0.

which implies that Λ is a contraction on a ball in Y of radius a0 ‖ f0 ‖ if

T <
1

4C ‖ f0 ‖
. Thus, there exists a unique local solution f(t) of (12) on

[0, T ].

Finally, due to non negativity of solution, its clear that Λ defined in (15)

maps X+ into itself if the initial condition is positive. This complete the

proof of theorem 1.

In view of theorem 1, global existence for Eq. (12) can be proved. It

suffices to find a proper a priori estimates for the solution. First, integrating

(8)–(11) over u, and using (2)–(3) yields the following equations for n1, n2,

n3, n4: ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tn1(t) = 0, (22a)

∂tn2(t) = η0 γ11n1(t)A1(t) + η0 γ21 n1(t)A2(t)

−σ0 η0 γ24 n2(t)A4(t) (22b)

∂tn3(t) = −λ3n3(t) + λ3n30, (22c)

∂tn4(t) = σ0 η0 γ32 n2(t)A3(t) + σ0 η0 γ42 n2(t)n4(t)

−λ4 n4(t) + λ4 n40. (22d)

www.ebook3000.com

http://www.ebook3000.org


February 24, 2016 11:32 ws-procs9x6-9x6 BIOMAT2015-17 page 271

271

Integrating Eq. (22a) over (0, t) yields n1(t) = n10, then after integrating

Eq. (22b) on check that

n2(t) ≤ n20 exp(η0 γ21n10t) + n10

γ11

γ21
exp(η0 γ21n10t).

Hence the total number of cancer cells is bounded in each finite interval

[0 T ].

Integrating Eq. (22c) over (0, t), it follows that

n3(t) ≤ 2 n30,

which implies that n3 is bounded in every finite interval [0 T ]. Now, from

Eq. (22d), on can obtains

∂tn4(t) ≤ σ0 η0 γ42 n2(t)n4(t) + F (t), (23)

with

F (t) = λ4n40 + σ0 η0 γ32n30n2(t),

and after integrating (23) and using Gronwall’s Lemma yields:

n4(t) ≤ n40 exp(Θ(t)) +

∫ t

0

F (s) exp

(
Θ(t)

)
ds := Σ(t), (24)

where

Θ(t) = σ0 η0 γ42

∫ t

0

n2(s)ds.

From Eq. (24) one check that, n4 is bounded on each finite time interval

[0 T ], and CT in (14) is given by

CT = n10 + 2 n30 + n20 exp(η0 γ21n10T ) + n10

γ11

γ21
exp(η0 γ21n10T ) + Σ(T ).

This concludes the proof of Theorem 2.

3. Computational Analysis and Simulations

This section summarizes the results of numerical simulations of the ini-

tial value problem defined by endowing Eqs. (8)–(11) with suitable initial

conditions. Simulations are addressed to show how some parameters of the

model can affect the dynamics of the solution. These parameters are turned
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case by case while the other ones are kept fixed, and their values are defined

with an exploratory aim. The obtained results are discussed and justified

under a biological perspectives.

The common parameters proposed for simulations are :

α11 = 0.07, α21 = 0.3, β32 = 0.9, β42 = 0.9,

η0 = 1, σ = 0.01, γ21 = 0.05, γ42 = 0.15, γ24 = 0.4,

λ3 = 0.001, λ4 = 0.001,

and we choose

n10 = 0.086, n30 = 0.026.

The aforementioned choice of parameters represents a consistent phys-

iological state where epithelial cells are characterized by a low ability to

reach a pathologic state, where the mutation can play a relevant role in the

dynamics, whereas mutated immune cells proliferate with a not negligible

rate, namely, a clonal expansion of activated cells occurs, through them,

activated immune system become able to recognize and attacks mutated

cancer cells.

Initial conditions are assumed to hold the following:

n20 = 0, n40 = 0. (25)

Conditions (25) model a biologically consistent scenario where cancer

cells does not presenting inside the system, which would motivate the study

on how their onset can stimulate the activation of naive immune cells. The

immune response start at t > 0 after recognition and identification of cancer

cells. The choice n40 = 0 corresponds to an immuno-suppressed state,

whereas n4(t) > 0 stands for an activated immune system.

In the present paper, we investigate the crucial role of mutated immune

cells in controlling the evolution of cancer, depending on the aggressiveness

of mutated cancer and the immune defense ability of mutated immune cells.

In some cases, The immune system is able to contrast the aggressiveness

of cancer cells, while in other cases, the action is sufficient to keep the
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Figure 1. The evolution in time interval [0, 500] of the size of subsystems of mutated

cancer cells (Continuous line), and mutated Immune cells (Dashed-dotted line) for fixed
γ11 = 0.15, and different values of α32: 0.15 (top left), 0.4 (top right), 0.7 (bottom left),
0.9 (bottom right).

pathology under control. More in details, we investigate, the behavior of n2

and n4, corresponding respectively to number densities of mutated cancer

cells and mutated immune cells. These behaviors are well studied case by

case in order to reproduce the main emerging phenomenon of the immune

response against cancer evolution as well as to show the predictive ability

of the model to prevent an eventual oncogenic state.

Now, we solve numerically the initial value problem (12) in the case

where mutation phenomenons are are negligible within cancer cells. We set

(γ11 = 0.15). The results drawn in Fig. 1 show n2 versus time for fixed γ11 =

0.15. Increasing γ32 from γ32 = 0.15 on, simulations show an initial growth

of tumor cells up to a maximum value, corresponding to an initial phase

characterized by a rapid clonal expansion, able to suppress the immune
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Figure 2. The evolution in time interval [0, 500] of the size of subsystems of mutated

immune cells for different value for fixed γ11 = 0.15 and different value of γ32.

reaction, and according to graphs of Fig. 1, this maximum value decreased

for increasing γ32. In the main time, mutated immune cells become able to

contrast the development of the cancer cells and accordingly, n2 start de

decrease down to an asymptotic value. from now, the tumor cells can no

longer return to grow and are kept under control by the immune system,

which is relaxing to the healthy state. The graphs of Fig. 2 stands for

the evolution of the number of mutated immune cells, such that increasing

γ32 induce a relaxation ability of the immune system. While the results

summarized in Fig. 3 show how the density n2 of cancer cells reach an

asymptotic value, where there exist an equilibrium between tumor cells to

grow and the destructive ability of the immune system, which has a partial

ability to contrast such growth.

Figure 4 represents a case with significant value of mutation rate γ11 =

0.6. The behavior is analogous to that shown in Fig. 1. However cancer

cells grow to an threshold value less than the one obtained for a lower

rate γ11 = 0.15. This trend changes significantly for increasing γ32 = 0.8,

where mutated cancer cells show an aggressive trend until a critical time

corresponding to tc = 70 related to a situation considered as a switch of

the immune system from the ability to prevent the growth of cancer cells

to the opposite behaviors, and consequently a progressive depletion occurs

within tumor cells, see the right panel of Fig. 4.

From a biological point of view, one comparing the panels of Fig. 1 and

Fig. 4, this figures show how the mechanism of the immuno surveillance

can induce a fast and strong reaction to the tumor growth depending to

the mutation rate of cancer cells. More the tumor cells are characterized
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Figure 3. The partial destructive of the mutated cancer cells for increasing value of γ32
in the case of small γ11 = 0.15.
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Figure 4. The evolution in time interval [0, 500] of the size of subsystems of mutated

cancer cells (Continuous line), and mutated Immune cells (Dashed-dotted line) for fixed
γ11 = 0.6, and different values of α32: 0.1 (left), and 0.8 (right)

by fast trend to grow, more activated is the immune system, namely n4

grows exponentially up to maximin value that suffices to make the tumor

cells decrees to a lower values, whereby the immune system detects and

eliminates tumor cells that have developed as a result of failed intrinsic

tumor suppressor mechanisms. The elimination phase can be complete,

where all mutated cancer cells are cleared, or incomplete when a portion of

tumor cells are eliminated, see Fig. 4.

More specifically, a temporary state of equilibrium can be developed

between immune system and mutated cancer cells, where both tumor cells

and mutated immune cells coevolve. Thus, the immune system exerts a

selective pressure by eliminating susceptible tumor clones where possible.
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This pressure is sufficient to control tumor progression, but in some cases,

activated immune cells cannot completely eliminate the tumor, and con-

sequently a tumor cell variants are formed that are able to resist leading

to the escape phase, where during it, the immune system can no longer

achieve the elimination of the tumor.

4. Critical Analysis and Perspectives

A mathematical model has been proposed to describe the onset and the

progression of cancer cells, viewed as a genetic disease where cells of the

same genotype generate during the reproduction cycle, daughter cells char-

acterized by a phenotype different from that of the mother cells. These new

cells can be better or worse fitted to the environment so that a Darwinian

evolution dynamics can be initiated. The dynamics refer to an early stage

of competition may end up either with the suppression of cancer cells or

with their indefinite growth, which subsequently aggregate into condensed

structures. The model has shown the ability to depict some important

emerging behaviors of the immune competition, including mutations and

Darwinian selection, and simulations have investigated the relations be-

tween parameters governing the mutations both for cancer than immune

system, and how increasing their value influence the behaviors of solutions.

These behaviors are analyzed from the point view of what can be experi-

mentally measured and increased with suitable therapeutical actions: the

capacity of the immune system to recognize the specific hallmark of the tu-

mor cells and consequently to mutate to keep the proliferating tumor cells

at low numbers and with low levels of progression. The model of this paper

have been analyzed from the point of view of the parameters related to the

behavior of the immune response.

This specific model can be further improved. Empirical data and simu-

lations can contribute to this objective. However, cancer cells are induced

by DNA modifications related to the lower expression of genes. Additional

interesting perspective consists in modeling the activation of the immune

system20,33.
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SEXUAL SELECTION IS NOT REQUIRED:

A MATHEMATICAL MODEL OF SPECIES WITH

SEXUALLY DIFFERENTIATED DEATH RATES

DOROTHY WALLACE, ERIN DAUSON, CASSIE PINION,

KANOKA HAYASHI

Dartmouth College, Hanover, NH, USA

Under what circumstances is a higher death rate for males an acceptable trait?
When, if ever, is a higher death rate for males an advantageous trait? These
questions represent the null hypothesis for a variety of auxiliary reasons that have
been proposed for the persistence from generation to generation of dichromatism
and other forms of sexual dimorphism that appear to disadvantage the male.

Assume that two breeding species are in competition for the same resources.
The only difference between the two species is that the death rate of the male
of one species is higher than the death rate of the female of his species, which
in turn is equal to the death rate of the competing species. Assume that the
mating system of these species is efficient. That is, a relatively small number

of males can impregnate females at a relatively high rate. We develop models
demonstrating that the mathematics of mating (without sexual selection), birth,
death, and competition are enough to guarantee a range of evolutionary patterns
favoring sexual dimorphism that increases male death rates, without recourse to
extra mechanisms or assumptions.

1. Introduction and Background

Darwin, while developing his theory of evolution, noted that the bright

colors of the plumage of male birds in the species he was observing must

be a detriment to survival. He was the first to wonder, in the context of

evolution, how dichromatic species came to be (Darwin, 18712). Since his

writing many factors have been shown to be important to this question.

The models we develop here illuminate one piece of the puzzle. Sexual

dimorphism exists in many species, for quite possibly many reasons. As

Darwin chose birds as his example, so shall we. But they are only one

example of the question we ask here, which does not concern dichromatism

so much as any sexual dimorphism that results in a higher death rate for

males than for females.

It is not always true that predators of birds or other animals see what

279
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we see. For the purposes of this paper it does not matter, because we are

going to assume that the death rate is higher for the male of the species.

For Darwin the question was how such a situation could arise. He sug-

gested that the female preferred the brightly colored mate, thus giving him

an evolutionary advantage over his duller brother. This behavior is a possi-

bility and some studies attempt to document it, but both the development

and disappearance of sexual ornamentation can precede changes in female

preference (Wiens 200116). More elaborate versions of Darwin’s idea have

been proposed, such as that the preference for bright males results in evo-

lutionary compensation as the males get stronger or faster or improve in

other ways.

When biologists refer to natural selection they use it to mean the in-

creased survival and propagation of one particular individual’s genes over

another. But evolution ultimately works on entire populations, as entire

populations or species can, as a group, exhibit different traits from each

other. So, in this paper we also use “selection” to refer to the process by

which one species prevails over another.

In any case, from a causal point of view the explanation of sexual selec-

tion is no explanation at all. It merely changes the focus of the question.

We now have to ask why evolution would select for females with a prefer-

ence for those males that have a higher death rate than themselves. We

have simply moved the locus of the evolutionary force to another location,

without answering the fundamental question of selection. Sexual selection

is part of natural selection and must be explained according to the same

principles.

Another hypothesis raises the question of ancestral forms. Perhaps the

“original” form of the species is sexually dimorphic and it is in the process

of evolving a male with more favorable (female) characteristics. Studies

show that evolutionary transitions from dimorphic to monomorphic are

more likely (Price and Birch 199611, Ormland 19978). However, it goes

both ways often enough that genetic drift has been proposed as the force

behind dichromatism (Peterson 199610). Similarly, it is possible that the

ancestral state is bright (in birds for example, leading to a higher death

rate) for both sexes, and the species has been evolving a less bright female

(with lower death rate than the male).

A reduction of the death rate for either sex would seem to be adaptive.

Even so, an unfavorable ancestral state cannot be a complete explanation,

as relative fitness must also be taken into account. We will not explore this

hypothesis here, although the models developed could certainly be used to
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do so. Instead, we will focus on the seemingly more difficult question of

increased death rates for the male.

Another difficulty with the question of ancestral forms is that evolution

is such a long process that there is no “original” form of a species. Historical

patterns of development create modern species, not merely the immediate

ecology of their surroundings, as is pointed out by Badyaev and Hill (2003)1.

One clue to the puzzle lies in a proposed, and sometimes documented,

relationship between dichromatism and mating habits in birds. This short

list of results gives the flavor of this relationship:

(1) Among “monogamous” species, those with more extra-pair pater-

nity have more highly ornamented males (Moller and Birkhead

19937, Verner and Willson 196914).

(2) Changes in mating system are correlated with changes in sexual

dichromatism (Figuerolla and Green 20005).

(3) Sexual dichromatism is greater in species with shorter pair bonds

(Scott and Clutton-Brock 198912).

(4) Dichromatism is greater among polygamous and lekking species

than in monogamous species (Dunn et al. 20014).

The literature presents a far more complicated picture than these few

references suggest, and many factors are implicated in the loss or gain

of brightness. However these studies suggest a relationship that can be

explored through the mathematical models developed here. Simple genetic

drift can explain how traitsmight arise, but natural selection should explain

how they persist from generation to generation. One mechanism of species

diversification, the process of isolation and reintroduction, allows multiple

forms to meet. This process can be simulated with a pair of breeding

populations to explore hypotheses about how evolution might allow for the

phenomenon Darwin observed.

1.1. The null hypothesis for all auxiliary reasons

We are going to assume that two breeding species are in competition for

the same resources. The only difference between the two species is that

the death rate of the male of one species is higher than the death rate of

the female of his species, which in turn is equal to the death rates of the

competing species whose sexes are identical. We are going to assume that

the mating system of these species is efficient. That is, a relatively small

number of males can impregnate females at a relatively high rate, reflecting
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the situation in the sources listed above. We will ask several questions:

(1) When is a higher death rate for males an acceptable trait?

(2) When, if ever, is a higher death rate for males an advantageous

trait?

These questions represent the null hypothesis for a variety of auxiliary

reasons that have been proposed for the persistence from generation to

generation of dichromatism and other forms of sexual dimorphism that

appear to disadvantage the male.

In the Section 2 we give a heuristic argument for the advantages of

a higher male death rate. In Section 3 we develop models that capture

the basic features of the hypothesis outlined here. Section 4 describes the

basic results of these models: how dimorphic species fare, how success

depends on efficiency of mating, and how competing populations fare upon

reintroduction to each other. In Section 5 we discuss how the models of

isolated and competing species fit together to tell a story about evolution,

and in Section 6 we look at a slightly different version of that same story.

Section 7 illustrates some interesting dynamics of the competition model,

and Section 8 summarizes our results.

2. A Heuristic Argument

Darwin proposed that evolution improves the chances of survival of a

species. More exactly, traits that improve the “fitness” of a species are

those that tend to be propagated through successive generations. Darwin

left it to those who followed him to define exactly what “fitness” might

mean in each case. One possible way to measure the success of a popula-

tion might be its numbers. In a state of equilibrium we might expect that

species with greater population density would have an advantage against

those with lesser density, especially if a random event could reduce popu-

lations greatly. But evolution is about successive generations, so we might

equally well expect that a species with a higher production of offspring at

the next generation would also have an advantage over those with lower

production of offspring. These two advantages can be independent of each

other, as the following argument shows.

Suppose the female of a species can produce a fixed number of offspring,

N, in a season. Consider two populations of this species, both equipped

with efficient mating strategies that allowmany females to reproduce with a

relatively small number ofmales. In population A there are 100 individuals,
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50 female and 50 male. The number of offspring produced will be 50N. In

population B there are only 80 individuals, but 60 are female and 20 are

male. The number of offspring produced will be 60N. Although population

A has the advantage of numbers, population B has the advantage of a higher

absolute birth rate, even though the two relative birth rates, (N), remain

the same.

Thus, depending upon what kind of stresses a population may experi-

ence, nature could favor a population that has evolved to keep its absolute

birth rate relatively high. One way to do this is through unequal death rates

for male and female. In a habitat with limited resources that are shared

between males and females, a high death rate for males makes room for

more females, effectively raising the absolute birth rate of the population.

In the sections that follow we pursue this argument computationally

through a series of models.

3. Model Development

3.1. Equations governing a single species

x = x = a(1− x− y)xy/(c+ y)− bx (1)

y′ = a ∗ (1− x− y)xy/(c+ y)− dy (2)

Equations 1 & 2 are variants of the familiar logistic equation with rela-

tive growth rate a and carrying capacity 1 given by T ′ = aT (1− T ). Here

we have split the population into females (x) and males (y), replaced the

factor of T by the functional response f(x, y) = xy/(c+ y), and separated

death due to predation as given by its own linear term (bx or dy). The

death rates b and d need not be the same for males and females. For the

following discussion we will always assume d > b, that is, the males suffers

greater loss due to predation than the female.

In the familiar logistic equation, growth is directly proportional to total

population. In our adjusted equations, growth is directly proportional to

the number of females. However the proportionality factor is adjusted to

account for dependence on themale population as well. In perfectly efficient

mating, all females would get pregnant. However, in nature a male is

required, and a low population ofmalesmaymean that some females cannot

find a mate. For example, if mating were completely probabilistic (as in

the case of wind pollinated plants, for example), we might make the growth
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term proportional to both x and y. For this study, we assume that the

organism in question has behavioral or other strategies that improve on a

system of chance encounters. The term given by y/(c + y) is a nonlinear

functional response that gives a value of zero when y = 0 and a limiting

value of 1 as y approaches infinity. By reducing c one can obtain a value as

close to 1 as desired when y is as small as desired. This choice of c amounts

to choosing how efficient the mating process is at low values of y.

3.2. Equations for two species in competition

In the following equations, T = x+ y + u+ v.

x = a(k − T )xy/(c+ y)− bx (3)

y′ = a ∗ (k − T )xy/(c+ y)− dy (4)

u′ = a ∗ (k − T )uv/(c+ v)− bu (5)

v′ = a ∗ (k − T )uv/(c+ v)− bv (6)

The growth term a ∗ (k − T )xy/(c + y) is constructed in analogy with

Equations 1 & 2 above. The limiting term of the logistic equation now

includes the total of all four populations. The introduction of a carrying

capacity, (k), allows us to investigate introduction of species into habitats

of different sizes. All of the populations have the same death rate (b),

except for the male of the first species (y), which has a larger death rate

(d). Efficiency of mating, c, is assumed to be the same for both species.

These equations represent two species sharing the same habitat which are

identical in every way, except for a disadvantageous death rate for the male

of one species.

4. Basic Results of the Model

4.1. Behavior at extremely low population size

The Allee effect is a a basic feature of all of these models, as we showed

in Wallace et al. 201115. For the model with only one species, the size

of the Allee basin (the set of initial conditions that lead to extinction)
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decreases as c decreases, making mating more efficient. However, the ex-

tinction equilibrium for the single species model is always stable. Near

(x, y, u, v) = (xeq , yeq, 0, 0), we have the following inequality due to the

Allee effect for (u, v).

u′ = a ∗ (k − T )uv/(c+ v)− bu < a ∗ (k − u− v)uv/(c+ v)− bu < 0 (7)

A similar statement holds for v. This observation implies that, for the

two species model, the two fixed points with exactly one of the species

extinct are also stable.

Thus, in the case of two species in competition, we see that the long

term behavior of solutions must depend on initial conditions. These models

are all density dependent, with the existence of a nontrivial equilibrium (for

one or both populations) dependent on having enough population at the

start. It is important to keep this phenomenon in mind for the two-species

model, as extinction may occur even without competition.

4.2. The case of one species

For species in isolation the models predict no difficulty with the persistence

of a trait producing a higher death rate for males. A wide and biologically

reasonable range of a, b, c, d lead to stable nonzero equilibrium populations.

Equilibrium values are in proportion to death rates. Thus y∗ = (b/d)x∗.

This model leads to equilibrium values that represent assumption of the

heuristic argument that populations with higher death rates for males will

tend to have a higher percent of carrying capacity represented by the fe-

males. This result justifies the use of this model as a basis for a competitive

model to test the heuristic argument given above. Specifically, equilibrium

values are given by two equations. Here we set, k = 1, a/b = n and d/b = m.

Both of these ratios are assumed (for biological reasons) to be greater than

1. For the discussion and comparisons that follow we will assume that b,

the density independent death rate for females, remains constant. The ra-

tio m will change because the density independent death rate for males, d,

changes. We use Teq to denote the equilibrium of the total population.

xeq = m[n− 1 + /−
√
(1 − n)2 − 4n(1 +m)c]/[2n(1 +m)] (8)

yeq = [n− 1 + /−
√
(1− n)2 − 4n(1 +m)c]/[2n(1 +m)] (9)



February 24, 2016 11:40 ws-procs9x6-9x6 BIOMAT2015-18 page 286

286

Teq = [n− 1 + /−
√
(1− n)2 − 4n(1 +m)c]/[2n] (10)

Notice that the total population, Teq, declines as the death rates of

males and females diverge. That is, an increase in male death rate causes

the overall population to decline, although the population of females will

rise.

These expressions give positive real values for c < (n− 1)2/[4n(1+m)].

This expression gives a constraint on how efficient the mating strategymust

be in order to stabilize the population for the given birth and death rates.

Henceforth we will assume that c satisfies this inequality. For convenience

we may formalize this constraint.

c = (1− n)2/[4n(1 +m)]− α2 (11)

It is worth mentioning that the higher equilibrium is stable in all such

cases, whereas the lower one is unstable and marks the boundary for the

Allee effect, as in Wallace et al.15. It is clear from the expression for Teq

that increasing either c or m lowers the equilibrium population in these

models.

In addition, we can express the density dependent growth rate for the

total population at equilibrium as BReq = 2bxeq, giving the following ex-

pression. Using equation 10 for c we may express the absolute growth rate

at equilibrium.

BReq = bm[n− 1 + α
√

4n(1 +m)]/[n(1 +m)] (12)

In contrast to the situation for Teq, we see that BReq rises as α increases.

An increase in α corresponds to a decrease in c, which in turn corresponds

to more efficient mating habits. The absolute birth rate at equilibrium also

rises as m rises, which can be seen with a little algebra that we omit here.

A rise in m corresponds to a greater disparity between the (fixed) female

death rate and the (larger) male death rate.

In short, this model reproduces, in mathematical form, the heuristic

argument given earlier. Two independent runs of the single species model

are pictured in Figure 1. One (the middle trajectory), in which both pop-

ulations remain equal, has identical death rates for male and female. The

other run (the top and bottom trajectories), in which death rates differ,

has a higher equilibrium population for females than for males, as well as

a lower total population at equilibrium.
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Figure 1. Two independent runs of Equations 1 & 2. For both, a = 1, b = .5,
m = 1.25, c = .001, k = 1. At t = 0, x, y, u, v = .1. For the x, y population, m = 1.25,

while for the u, v population, m = 1.

4.3. Two species in competition

In the competition model described by Equations 3–6, coexistence is never

observed. The outcome of competition is density dependent. Initial con-

ditions determine the successful species. The Allee effect is one reason

for density dependent outcomes. But even at higher densities we do not

observe coexistence.

An equilibrium exists with all populations extant and can be calculated

explicitly, although the eigenvalues of the Jacobian at this location cannot

be calculated for the general case. However, all examples for which the

eigenvalues of the Jacobian were computed numerically were unstable. In

most numerical simulations one species or the other goes extinct. At the

boundary between the two extinction basins there appears to be a region

of coexistence but we suspect this disappears if the model is run for more

iterations. Although any perusal of the literature is far from complete, it

seems that nobody reports monochromatic and dichromatic versions of the

same species in the same habitat, consistent with the observed numerical

results of our model.

We can make the assumption that the total starting populations of the

two species, determined by their recent habitat constraints, is random. We

can then interpret the likelihood of one species winning this competition
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as the proportion of possible initial conditions leading to its survival. This

numerical experiment was run on ten by ten a grid of 100 starting pop-

ulations ranging from 0 to 2. Starting populations were always taken to

be with female/male populations in proportion to death rates, as if the

populations had reached equilibrium prior to their mutual introduction to

each other. Equation 13 describes the competition scenario for the variable

quantity x that was used for these experiments. One can easily construct

the analogous equations for y, u, v, using the death rate d for y.

x = a(2− x− y − u− v)xy/(c+ y)− bx (13)

Figures 2 and 3 show a series of experiments using these competition

equations. Similar experiments were done across a variety of parameter

values, with similar tendencies appearing. Each square grid in these fig-

ures represents a pair of starting populations for the males in each of two

species. The male starting populations were set to the equilibrium propor-

tions determined by the death rates, as described above. For the species

labeled (x, y) therefore we set y0 = b/dx0. Initial populations range from

zero to 2, the carrying capacity. The grid is then color coded to indicate

which population eventually dominated. Black squares indicate that the

x, y population survived and the u, v population went extinct and white

squares indicate the opposite outcome. Light gray squares indicate that

both populations were still nontrivial at the end of the run. The dark gray

square near the origin represents the extinction of both species.

Figure 2 shows a series of experiments with a = 1, b = .13, c = .1 and

d varying from .13 to .25. As d increases, the proportion of starting values

leading to extinction of x, y decreases. Because initial conditions are chosen

by nature, not by the organism, we can interpret this as a probability.

Figure 3 shows a series of experiments with a = 1, b = .1, d = .19, k = 2

and c varying from .01 to .19. As c increases, the proportion of starting

values leading to extinction of x, y increases.

5. Isolation and Reintroduction of Species

Evolution is not an event. It is a story. One of its main story lines concerns

the genetic drift that occurs when two populations are isolated from each

other. The single species model in for a species with sexually differentiated

death rates and efficient mating developed above supports the hypothesis

that a viable population may have higher death rates for males than for fe-

males, as long as mating strategies are sufficiently efficient. For this model,
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Figure 2. A sample of many runs and who wins: a series of experiments with a = 1,

b = .13, c = .1, k = 2 and d varying from .13 to .25. Black squares indicate that
(x, y) wins, white indicates that (u, v) wins. The vertical axis represents the starting

population of y and the horizontal axis the starting population of u (= v), both between
0 and 2.

Figure 3. A sample of many runs and who wins: a series of experiments with a = 1,
b = .13, d = .19 and c varying from .01 to .19. Black squares indicate that (x, y) wins,

white indicates that (u, v) wins. The vertical axis represents the starting population of
y and the horizontal axis the starting population of u (= v), both between 0 and 2.

that criterion is expressed in equation 10 above. From that equation we see

that, as m, the ration of male to female death rate, increases, c is forced to

decrease to maintain viability. That is, as the death rates increasingly dif-

fer, the mating strategy must become more efficient to avoid unconditional

extinction of the population. As one example of sexually differentiated

death rates we may consider dichromatic bird species. If one accepts the

hypothesis that brightly colored birds are more likely targets of predation,

then the model for a single species at least partially explains the observa-

tion that dichromatism in birds is associated with polygamous and lekking

species (Dunn et al. 20014).

The second part of the story of species diversification requires that two

divergent species meet again. Perhaps a corridor opens between two habi-

tats, or perhaps a flock immigrates to a new area. One would naturally

expect two diverging populations to differ in multiple ways. However, for
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the sake of argument, we will assume that the only difference between the

two populations meeting anew is that one of them has developed sexual

dimorphism leading to a higher death rate for males, whereas the other has

not. As described above, the outcome is dependent on initial population

size.

In Figure 2 we see that the greater the disparity between male and

female death rates (other things being equal), the likelier is extinction upon

meeting a species with equal male and female death rates. If the starting

populations for the two species are unequal, however, there is always some

fairly large chance that x, y will win the competition. What this model

therefore predicts is that if we look at all competitions between pairs of

species identical in every respect except for sexually differentiated death

rates, we would expect a nonzero proportion of these competitions to favor

the dimorphic species and we would expect that proportion to be less than

half. Both of these predictions are sometimes borne out in observations of

nature (Sorce et al. 199813).

In Figure 3 we see that, as mating becomes less efficient, the dimor-

phic species becomes less competitive. This experiment confirms the key

role that efficient mating strategies play, not only for species growing in

isolation, but also for competitive situations.

For the most efficient mating represented in Figure 3 (c=.01), the di-

morphic species is less competitive at low population values but more com-

petitive at high population values (of both species). Note that the higher

populations correspond to the meeting of more individuals than the habitat

can hold, as in the case of a joining of populations with a simultaneous re-

duction of habitat size. Thus the success of the either species is dependent

not only on its intrinsic birth and death rates, but also on the conditions of

the habitat into which it is introduced. In this situation the species that has

improved its absolute birth rate at the expense of an increase male death

rate wins the competition. This observation partially answers the question

posed at the start of this paper: When is it advantageous to increase the

male death rate?

6. Isolation and Reintroduction with a Twist:

The Advantage of Having a Hard Past

Consider two species with efficient mating, identical in every way except

for a larger death rate for males in one of them. Suppose that these two

species, having grown to equilibrium in isolation, are introduced to each
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other in a new, much larger, habitat. From the discussion above we would

expect that there is a slightly greater chance that the monomorphic species

would prevail. However, new habitats need not be identical to the original

ones. In particular, if population densities are low one might expect more

cover available to protect against predation, or perhaps fewer predators

specific to these species. In this case, the male of the dimorphic species,

while still more vulnerable than the female, might enjoy a lower death rate

than previously.

In Figure 4 we see the result of such a scenario. Two populations (fe-

males x and u respectively) have grown to equilibrium in isolation in iden-

tical small habitats (k = 1). The male death rate is 1.25 times as great as

that of the female (m = 1.25) in the first population (x, y), in the second

population (u, v), the two rates are equal. Starting with equilibrium values

in isolation, we introduce them to each other in a new, much larger habi-

tat (k = 10). Both total starting populations are equal, with proportions

determined by equilibrium values in isolation. On the left we see the result

if the death rate for y remains the same: population (x, y) dies out. But if

the death rate for y is mitigated slightly (m = 1.1) then the dimorphic pop-

ulation prevails. In this situation the higher female population, x0 at the

start of the competition compensates for the higher death rate (m = 1.1)

of males. That high initial female population is a feature inherited from

growth in isolation with an even higher male death rate.

Figure 4. Two examples with a = 1, b = .5, c = .001, k = 2, x0 = .276, y0 = .220, u0 =
v0 = .248. On the left, m = 1.25. On the right, m = 1.1.
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7. Extreme Stress Due to Crowding: Some Interesting

Dynamics in the Competition Model

For some parameter values and some initial conditions, the model for com-

peting species developed here shows signs of chaotic dynamics. These dy-

namics usually occur in regions where the population sizes drastically ex-

ceeds the carrying capacity of the system. In a few cases where this dynamic

appeared, the grid size was refined to 100 by 100, and a fractal pattern be-

gan to emerge. Small regions were further refined, and the pattern became

more dense. Finally, in a few cases, nearby initial conditions were run in-

dividually to verify that they approached different fixed points. Individual

runs did not appear chaotic, but there was none the less sensitive depen-

dence on initial conditions in the sense that very close starting values led to

very different outcomes, with those favoring extinction of one population

interspersed with those favoring extinction of the other.

Figure 5 illustrates what we observed. An apparently anomalous white

square sits in the black area of the grid of starting values in Figure 5(A).

Upon refining the grid, a fractal pattern appears in Figure 5(B), enlarged

for convenience in Figure 5(C). This type of pattern only occurs in regions

where the population is very large to start, and is dying off to approach

equilibrium. In nature this would correspond to a sudden reduction of habi-

tat, with simultaneous meeting and crowding of formerly separate species.

To the extent that our model represents a possible natural situation, it

is saying that while growth to equilibrium is orderly, dying off is chaotic,

with long term results that are difficult to predict even with nearly perfect

information.

It is worth noting here that the Matlab runs in Figure 5 use a version

of the Runge-Kutta formula with the Dormand-Prince pair (4,5). This

algorithm requires setting a tolerance, in this case of e−12. Changing this

tolerance alters the images. Thus it is unclear if the emerging pattern is a

result of numerical foibles, a true chaotic system, or a system whose basin

boundary has a fractal form.

No matter which is the case, it seems that the species with the higher

death rate for males has the advantage in situations of extreme crowding.

Such a scenario could result from immediate and severe loss of habitat.

8. Conclusions

To summarize the results of the model and point out some implications,

we consider the answers to the questions posed at the start of this paper,
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Figure 5. A sample of many runs and who wins: a series of experiments with a = 1,

b = .13, c = .01, d = .25, k = 2. Black squares indicate that (x, y) wins, white indi-
cates that (u, v) wins. The vertical axis represents the starting population of y and the

horizontal axis the starting population of u, both between 0 and 2. Inset A shows the
result of 100 experiments, whereas B shows a refined grid of 10,000 runs. Inset C is an

enlargement (but not a refinement) of the fractal region of B.

describe some results which echo observations of the natural world, and

reconsider the null hypothesis in light of our numerical results.

8.1. Conditions favoring higher male death rates

The model developed here allows us to give partial answers to the questions

posed at the start: When is it acceptable or even advantageous to increase

the male death rate in a population? Our answers are partial, because

in real populations many factors may be at work besides those considered

here. Our results give sufficient conditions, not every possible reason. Even

so, we can offer some scenarios under which a high male death rate could

be acceptable or even helpful.

It is acceptable to increase the male death rate when a population is

growing in isolation, without competition for its niche. Equilibrium values

for the population will change, with more females than males, less total

population, and a higher absolute birth rate. How far the process of dif-

ferentiation can go depends on the efficiency of the mating, with more

dimorphism possible in species that have found strategies for more efficient

mating.

When two similar, relatively small, populations meet in a large habitat,

it is acceptable for one to have a higher male death rate provided it has

the advantage in numbers at the start. How big an advantage is required

depends on how big the male death rate is for the dimorphic population

and how efficient the mating strategy is. In such competition, coexistence

seems to be unlikely at best, so any advantage (or disadvantage) is absolute,

leading to survival (or extinction).
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It is advantageous for a population to have an increased male death rate

if, when it comes into contact with a similar, monomorphic population, the

male death rate improves somewhat. The larger proportion of females in

the dimorphic population, combined with a new, somewhat better, death

rate for the males, can give the (still) dimorphic population an edge.

Finally, in some situations where two populations come together in very

crowded conditions, dying off to equilibrium, the dimorphic population

starting with a high percent of females has an advantage. But because

the dynamics of such a situation could be chaotic, that advantage is best

considered to be a probability.

8.2. Comparison with observed phenomena

The standard Lotka-Volterra competition equations allow for the possibility

of coexistence of competitors. However, the model developed here does

not seem to allow for this eventuality. While species richness based on

male dimorphism may exist across niches or habitats, our model predicts

that it is unlikely to be found in close company. Of course, an absence of

such examples in the literature is not, of itself, evidence of absence of the

phenomenon, although it suggests that it is unlikely in the natural world

also.

The importance of efficient mating strategies has been remarked upon

in various studies. Our models confirm this importance both as an en-

hancement to the likelihood of survival of dimorphic species and also as

an absolute boundary for dimorphism. The analysis of the models suggests

that have less efficient mating systems can afford less dramatic dimorphism.

While studies of the natural world are complex and confusing on this point,

the model does seem to be in line with the general trend of results.

Success of a species upon introduction to a competitor is population de-

pendent in ourmodel. This fits well with some observations, such as Green’s

study of exotic birds introduced to New Zealand (Green 19976). The pop-

ulation dependent aspect of our models also explains to some extent the

complex and seemingly contradictory situations observed in nature. Some

collections of species have many dimorphic types and others have few. The

existence of a dimorphic species tells us nothing about what competitors

it might have had or what the exact circumstances were when they met.

If the success of a species when introduced to a competitor depends on its

relative population size at the moment of meeting, the relative size of both

populations with respect to habitat, and the mating habits of both species
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at the time of introduction, then the model tells us to expect a relatively

random looking set of outcomes.

Sexual selection has been proposed as a cause of species richness (Pan-

huis et al. 20019). Our model suggests that diversification of niches is

required, as coexistence (in the same niche) is never observed. It suggests

that divergence of species must include some factor in addition to female

preference to explain subsequent coexistence of multiple types, if that is

in fact what is observed. Our model does support the possibility of mul-

tiple dimorphic species developing in isolation, without of course requiring

sexual selection to be the cause.

8.3. Null hypothesis revisited

One of the biggest assumptions made about sexual dimorphism is that it

is the product of two opposing forces: sexual selection by the female for

exaggerated features, and natural selection favoring lower death rates and

therefore less visible males. As pointed out earlier, the logic of evolution

favoring such fussy females is lacking. Our models show that none of this

description need hold. Any amount of genetic drift that produces males

with higher death rates can be supported up to a point. Furthermore there

are situations in which having vulnerable males in the present or in the

past can actually be favored by natural selection alone. A high male death

rate is often acceptable and occasionally advantageous.

Although some amount of genetic drift is a required assumption to in-

troduce dimorphic traits, active sexual selection is not. Many studies use

dichromatism itself as a basis for assuming sexual selection has occurred,

or even as a measure of the intensity of sexual selection (Doherty et al.

20033). If nothing else, our results point to the fallacy of such an assump-

tion. Claims of sexual selection, which certainly may occur in some species,

need to be based on observation of social behaviors.

The hypothesis that a dimorphic ancestral state is evolving into one

where male death rates are being reduced is also an unnecessary assump-

tion. Although the general mechanism of genetic drift would imply that

movement from dimorphic to monomorphic can happen, there is no reason

to assume that it must happen.

In short, the mathematics of mating, birth, death, and competition are

enough to guarantee a wide range of evolutionary patterns favoring sexual

dimorphism that increases male death rates, without recourse to auxiliary

mechanisms or assumptions.
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We present two models for a farm breeding that is assumed to be infected by just
one lentivirus genotype. In the asymptomatic case the disease can be eradicated,
while for the more widely spread genotype even the hygienic measures taken by

the farmer may be insufficient to contain the epidemics.

1. Introduction

Caprine Arthritis Encephalitis Virus disease (CAEV) is a pathogenic

lentivirus in the family Retroviridae that infects both goats and sheep and

is closely related to the Maedi-Visna Virus (MVV) of sheep. Examples of

known retrovirus are HIV, responsible for the acquired immunodeficiency

syndrome in humans, and FIV, responsible for the feline immunodeficiency.

CAEV and MVV are classified as Small Ruminant Lentiviruses (SRLV).

While SRLVs were once considered to be species-specific, recent studies

suggest that they can be transmitted from sheep to goats and vice-versa

and can recombine to form new CAEV-MVV strains3, increasing the risk
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that highly pathogenic variants may emerge5, and thus rendering more

complex the animal trade among countries.

Among the five genotypes identified, two affect goats: genotype B has

been found worldwide, especially in North America and Europe, while geno-

type E is geographically localized to limited areas2,4.

Strain B, which is pathogenic, can be transmitted in a vertical way from

mother to offspring through colostrum or milk and this is the major route

of SRLV transmission6. It can also be conveyed horizontally through blood

or saliva.

Strain E, also known as Roccaverano strain, can be transmitted only in

a vertical way and is very important because it is not pathogenic. It was

indeed first discovered in the Roccaverano goat breed in Piedmont (Italy),

as a highly divergent SRLV. It has been hiding from standard serological

tests, due to its highly divergent structural proteins, and has also been

inadvertently undetected by breeders due to the absence of symptoms4.

Thus goats infected by genotype E do not cause any problems to the farm.

The first cases of CAEV have been reported in 19742. The disease

most frequent symptom is arthritis, but also mastitis which leads to udder

deformation, and the more rare pneumonia and encephalitis3. CAEV is

a pathology characterized by a long period of incubation and then by a

progressive chronic course, so initially even though the goats are infected

by the virus, clinical signs are not immediately visible, as the symptoms

usually appear between the ages of 2 and 5.

For the farmers, the disease represents an economic burden because,

after the period of incubation, goats produce less milk, are weaker and

can contract other diseases more easily. There is currently no effective

treatment for this infection. Due to a high mutation rate of its etiologi-

cal agent, no vaccine is available for this pathology. So it is necessary to

adopt some sanitary measures to control the transmission of the virus in

order to avoid its spread. The three most commonly used techniques are

“test-and-slaughter”, isolating sick goats from the breeding and taking the

newborns away from their mothers. “Test-and-slaughter” consists in select-

ing infected goats and directly slaughter them2. In this way the virus is

eradicated but this strategy can be used only if the infection prevalence is

low. Alternatively, sick goats can be removed from the breeding and kept

together with other infected goats of other breeding. Finally, the newborns

can be taken away from their mothers and put in a new breeding area

where they are raised. After weaning, they will rejoin the original breeding

where however they might contract the disease horizontally, from possible
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asymptomatic carriers.

In this paper we present two models respectively for the genotypes E

and B, in Sections 2 and 3. We assess an important piece of information

for the farmer, the so-called replacement rate in presence of these strains,

i.e. the number of newborns that must be raised within the breeding to

keep it viable in time. We also investigate the possibility and conveniency

of adopting a sanitary strategy to control the transmission of the virus. For

the strain B, which can be transmitted horizontally, we use a frequency-

dependent model to describe the dynamics of the breeding. Our goal for

each model is to understand in what way the replacement rate changes and

how strict the sanitarymeasures have to be in order to eradicate the disease

and prevent it from becoming endemic.

2. Model for a Genotype E-Affected Goat Breeding

Here we present a model of a breeding in the presence just of genotype E of

the CAEV virus, which is asymptomatic. Let the total population be N(t),

partitioned among susceptibles S(t) and asymptomatic goats Y (t) infected

by the E strain.

Furthermore, we assume that every goat belonging to class S(t) is

equally susceptible and the genotype E of the lentivirus is transmitted only

in a vertical way. The dynamics of this type of breeding is then:

dS(t)

dt
=

[
(1− γ) + γ

(
1− θE

Y (t)

N(t)

)]
arN(t)−mS(t), (1)

dY (t)

dt
= θE

Y (t)

N(t)
γarN(t)−mY (t).

The first equation describes the susceptibles dynamics. The number of new-

borns is given by arN(t). The parameter r represents the goats reproduc-

tion rate, m their mortality rate, a is the fraction of newborns that are kept

in the farm. Let γ denote the probability of a newborn not to be removed

from the breeding. The farmer applies this sanitary strategy to avoid the

spread of the disease: the newborns are taken away from their mothers and

put in a new breeding area where they are raised. Once weaned, these goats

will be placed again in the original breeding. In particular, γ = 0 means

that all newborns are removed straightaway from the breeding, while γ = 1

indicates that all newborns remain in the breeding with their mothers. Fur-

ther, θE represents the probability of vertical transmission of genotype E,

assuming there has been a contact between the newborn and the infected

mother. Also, θEY (t)N(t)−1 is the probability of vertical infection, where
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Y (t)N(t)−1 denotes the probability of a contact with an infected individ-

ual. Thus the first term of the first equation states that healthy newborns

are obtained either by removing them from their mothers and raised in an

isolated breeding, or they do not contract the virus. The last term of the

equation represents the natural mortality.

The second equation describes the dynamics of goats infected by geno-

type E. The first term represents the newborns which have not been re-

moved from the breeding, γarN(t) and that have taken milk from an in-

fected mother, Y (t)N(t)−1γarN(t), and furthermore have been infected,

θEY (t)N(t)−1γarN(t). The last term represents their natural mortality.

We can rewrite the system (1), using as variables the total breeding

population N(t) = S(t) + Y (t) and the asymptomatic prevalence, i.e. the

fraction which indicates the number of infected goats over the total popu-

lation: y(t) = Y (t)N(t)−1, obtaining

dN(t)

dt
= (ar −m)N(t),

dy(t)

dt
= (γθE − 1)ary(t). (2)

Because of the limited resources of the farms, the total population is usually

kept at a constant value N . Thus, from now on, we set N(t) = N .

From the steady state of the first equation of the system (2), instead of

finding the equilibria, we can determine the replacement rate a in presence

of the genotype E:

a =
m

r
= afarm. (3)

Comparing with the results of Ref. 2, the replacement rate is found to be

the same as the one of an ideal farm in absence of any kind of disease. This

result is due to the non-pathogenecity of the genotype E. The goats do not

show any symptom so that they are considered healthy. Substituting afarm
into the second equation of (2) we get the reduced system:

dy(t)

dt
= (γθE − 1)my(t). (4)

2.1. Equilibria and stability

There is only one equilibrium of the model, for the single equation (4),

y(t) = 0, because both 0 < γ < 1 and 0 < θE < 1. Letting s(t) =

S(t)N(t)−1, we find only one stationary point in the s − y phase space,

(1, 0), always feasible. Thus all the goats are susceptible. This equilibrium

corresponds to the point A = (N, 0) of the original system (1). It shows
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the ideal situation in which the virus is eradicated and the goats are all

healthy.

Differentiating equation (4) with respect to y(t) and evaluating the re-

sult at equilibrium, we find (γθE − 1)m < 0, showing the local asymptotic

stability of this point.

Note that the probability of vertical transmission of genotype E θE does

not affect the stability of the equilibrium. Also the behaviour of the farmer

does not modify it: whether newborns are removed from their mothers

or not, the system evolves toward a situation where all the goats will be

healthy and no longer affected by the virus.

The difference between whether or not to adopt a sanitary strategy to

prevent the spread of the disease is the speed with which the equilibrium

is reached, as we can see from Figure 1. Since the natural mortality m is

the reciprocal of the average reproductive life of a goat, about 10 years, we

set m = 0.1. In the first frame we take γ = 0.1, saying that the farmer

adopts a removal strategy, while in the second one γ = 0.9, expressing the

fact that no strict sanitary measures are implemented. In the first case the

equilibrium is reached faster.

3. Model of a Genotype B-Affected Goat Breeding

We now consider a frequency-dependent model of a breeding only in the

presence of the CAEV virus genotype B. Recall that it is pathogenic and

characterized by a long period of incubation, followed by a progressive

chronic course. We partition the total population of the breeding N(t)

into three classes: S(t), as before, the number of susceptible goats, the

asymptomatic goats infected by B, Ia(t) and the symptomatic infected goats

Is(t).

We make the following assumptions:

• every goat which belongs to the class S(t) is equally susceptible,

• genotype B of the lentivirus is transmitted both in a horizontal and

vertical way,

• there is a period of incubation of the virus whereby some goats are

infected but they do not show any symptoms.

Taking into account these assumptions, we can describe the dynamics of

a breeding in the presence of genotype B of the virus CAEV using the
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Figure 1. Populations trend S(t) and Y (t) of a breeding which starts with 60 healthy
goats, 140 infected by E and values of parameters a = 0.073, r = 1.368, m = 0.1,
θE = 0.8, N = 200. In the first graph γ = 0.1 while in the second γ = 0.9.

following frequency-dependent model:

dS(t)

dt
=

[
(1− γ) + γ

(
1− θB

Ia(t) + Is(t)

N(t)

)]
arN(t) −mS(t)

−βS(t)
Ia(t) + Is(t)

N(t)
, (5)

dIa(t)

dt
= θB

Ia(t) + Is(t)

N(t)
γarN(t) + βS(t)

Ia(t) + Is(t)

N(t)
− (δ +m)Ia(t),

dIs(t)

dt
= δIa(t)− μIs(t).

The first equation represents the dynamics of the susceptible. The new-

borns come into this class because they are either removed from their moth-

ers and raised in an isolated breeding, or are not immediately removed but

they do not contract the virus. The parameter 0 < θB < 1 as θE , represents
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the probability of vertical transmission of the genotype B, assuming there

has been a contact between the newborn and the infected mother. The

last term models the horizontal transmission of the virus, β represents the

product of the contact rate between susceptible and infected individuals

and the probability of horizontal transmission.

The second equation describes the dynamics of the asymptomatic in-

fected goats. The first term represents the newborns which have not been

removed from the breeding, γarN(t), have taken milk from an infected

mother, Ia(t)+Is(t)

N(t)
γarN(t), and have been infected, θB

Ia(t)+Is(t)

N(t)
γarN(t).

The second term accounts for the new infected goats via horizontal trans-

mission; the third term models individuals leaving this class because of

either progression to symptomatic disease, at rate δ, or natural mortality.

Finally, the last equation represents the dynamics of the symptomatic

infected, the first term accounting the new individuals that enter this class

via progression to symptomatic disease, the second one describing natural

plus disease-related mortality rate μ.

Simplifying (5) we get

dS(t)

dt
=

(
1− γθB

Ia(t) + Is(t)

N(t)

)
arN(t)−mS(t)− βS(t)

Ia(t) + Is(t)

N(t)
,

dIa(t)

dt
= γθBar(Ia(t) + Is(t)) + βS(t)

Ia(t) + Is(t)

N(t)
− (δ +m)Ia(t),

dIs(t)

dt
= δIa(t)− μIs(t).

We reformulate the model with the total population N(t). Then, easily:

dN(t)

dt
= (ar −m)N(t)− (μ−m)Is(t). (6)

We also consider as new variables the prevalence of the asymptomatic and of

the symptomatic individuals ia(t) = Ia(t)N(t)−1 and is(t) = Is(t)N(t)−1,

to get

d

dt
ia(t) = (γθB − 1)aria(t) + γθBaris(t) + (μ−m)ia(t)is(t) (7)

+β(ia(t) + is(t)) [1− (ia(t) + is(t))] − δia(t).

and

d

dt
is(t) = δia(t)− (ar + μ−m)is(t) + (μ−m)is(t)

2. (8)

The system is made then by equations (6), (7) and (8).
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Again, because of the limited resources of the farms, the total population

is usually kept at a constant value. From now on we then set N(t) = N ,

the fixed size of the breeding. From the steady state of (6), recalling that

μ > m, we determine a,

apath = m
r
+ μ−m

r
is(t) = afarm + μ−m

r
is(t) > afarm. (9)

Thus to keep the total number of goats constant, when a breeding is

affected by genotype B, more offsprings must be raised than for a disease-

free farm. Also, the replacement rate is directly proportional to the symp-

tomatic infected prevalence: the higher the latter, the more newborns need

to be kept in the breeding. We then substitute the replacement rate (9) in

(7) and (8) to get the reduced size system:

d

dt
ia(t) = (γθB(μ−m)− β)is(t)

2 + (γθB(μ−m)− 2β)ia(t)is(t), (10)

+(γθBm−m+ β − δ)ia(t) + (γθBm+ β)is(t)− βia(t)
2,

d

dt
is(t) = δia(t)− μis(t).

3.1. Equilibria

The system’s equilibria are the origin O = (0, 0) and the point

C = (iCa , i
C
s ) =

(
μ[(μ+ δ)(γθBm+ β)− μ(δ +m)]

(μ+ δ)[β(μ+ δ)− γδθB(μ−m)]
,
δ

μ
iCa

)
. (11)

As 1 = s(t)+ ia(t)+ is(t), the dynamics of (10) evolves entirely in the stan-

dard unit simplex Σ =
{
(iCa , i

C
s ) : i

C
a ≥ 0, iCs ≥ 0, iCa + iCs ≤ 1

}
with vertices

given by the origin and the two unit points on the coordinate axes. Hence

the equilibrium C is feasible if and only if it lies in Σ, i.e. each component

is nonnegative and iCa + iCs ≤ 1.

First of all, we study under what conditions iCa and iCs are nonnegative.

Since iCs = δμ−1iCa ≥ 0, we need to analyze only iCa , studying separately

the signs of the numerator and of the denominator.

3.1.1. Nonnegativity of the numerator of iCa

We begin to study where the numerator of iCa is nonnegative rewriting it in

terms of the sanitary strategy parameter for the removal of newborns from

their mothers 0 < γ < 1:

γ ≥
μ(δ +m)− β(μ+ δ)

θBm(μ+ δ)
=

μ(δ +m)

θBm(μ+ δ)
−

β

θBm
≡ X0. (12)
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First of all, there are two immediate cases: if the right hand side in (12) is

nonpositive, the condition is trivially satisfied, while if it is larger than one,

(12) is never true. We study then the situations in which (12) is essential.

For the right hand side of (12) being positive, we have

β <
μ(δ+m)

μ+δ
≡ X1, (13)

while the right hand side of (12) smaller than one implies

β ≥
μ(δ+m)−θBm(μ+δ)

μ+δ
= μ(δ+m)

μ+δ
− θBm ≡ X2 ≥ 0, (14)

where the right hand side is always nonnegative since it reduces to μm(1−

θB) + δ(μ − θBm) ≥ 0, which is always verified because 0 < θB < 1 and

μ > m. We choose to perform the analysis in terms of the parameter β.

Comparing (13) and (14), we immediately observe that X2 ≤ X1, ensuring

a nonempty intersection of the solution sets of these inequalities. Therefore,

only the three following cases can arise:

• 0 < β < X2: the condition (12) is impossible by (14), thus the

numerator is negative;

• X2 ≤ β < X1: the numerator is nonnegative under the condition

(12);

• β ≥ X1: (12) is always true by (13), thus the numerator is always

nonnegative.

3.1.2. Positivity of the denominator of iCa

Now we seek the values of 0 < γ < 1 for which the denominator of iCa is

positive:

γ <
β(μ+δ)

δθB(μ−m)
≡ X3, (15)

where μ − m > 0. Thus if the right hand side exceeds one, (15) holds

unconditionally. This occurs if:

β >
δθB(μ−m)

μ+δ
≡ X4. (16)

Note that the inequality X4 < X2 holds because it reduces to μθB(δ+m) ≤

μ(δ +m) which is always true because θB < 1. Thus the solution sets of

the inequalities (16) and (14) have a nonempty intersection.

3.1.3. Non-negative numerators and positive denominators of

iCa and iCs

In summary, iCa and iCs , both the components of the equilibrium C are

nonnegative if:
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(i) X2 ≤ β ≤ X1 whenever (12) holds;

(ii) β ≥ X1 for any γ.

3.1.4. Nonpositive numerators and negative denominators of

iCa and iCs

In this situation the opposite conditions as discussed above hold. We find

that iCa and iCs are nonnegative only if β < X4, under the following condi-

tion:
γ > X3. (17)

3.1.5. Non-negativity of the components of the equilibrium

Summarizing these first results for feasibility of the equilibrium C, we have

that the two components of C are nonnegative, iCa ≥ 0 and iCs ≥ 0, in the

following cases:

• if β < X4, under the condition (17);

• if X4 ≤ β < X1 under the condition (12);

• otherwise, for β ≥ X1 for any value of γ.

3.1.6. Sum of the components smaller than or equal to one

To complete the analysis we must ensure that the coexistence equilibrium

lies in the unit simplex. Thus we assess for which values of γ we have

iCa + iCs ≤ 1. Observe that this sum is equivalent to:

(μ+δ)(γθBm+β)−μ(δ+m)

β(μ+δ)−γδθB(μ−m)
≤ 1. (18)

The denominator is positive if (15) holds, i.e. if (16) holds. In such case

(18) reduces to μ(m+ δ)(γθB − 1) ≤ 0, which is always true because both

0 < γ, θB < 1.

Assume now that the denominator of (18) is negative. This leads to

the opposite inequality μ(m+ δ)(γθB − 1) ≥ 0, which is impossible because

again γθB < 1.

3.1.7. Feasibility of C

We can thus conclude that:

• if X2 ≤ β < X1 the equilibrium C is feasible if and only if (12)

holds.

• if β > X1 the equilibrium C is feasible for any value of γ.

www.ebook3000.com

http://www.ebook3000.org


February 24, 2016 11:45 ws-procs9x6-9x6 BIOMAT2015-19 page 307

307

3.1.8. Interpretation

From this result we gather that for low values of the horizontal transmissi-

bility β the coexistence equilibrium is not feasible. For intermediate values

of the contact rate β, namely between X2 and X1, the stationary point

exists under the condition (12). This implies that not too strict sanitary

strategies are used to prevent the spread of the disease. Finally, for values

of β larger than X1, the equilibrium C is always feasible, even if hygienic

measures are taken to contain the virus.

We can try and find an estimate for the values of β that characterize the

feasibility conditions of the equilibrium C. We know that m = 0.1 while

we can approximate the mortality μ with 0.8, 0.9 or 1. In fact this pa-

rameter is very high because the farmer slaughters immediately an infected

symptomatic goat. The latter indeed represents an economic burden for his

breeding. Moreover, we assume δ equal to 0.2, 0.3, 0.4 or 0.5, recalling that

this parameter indicates the rate at which asymptomatic individuals be-

come symptomatic. We choose this range of values because they describe

the period of incubation that varies between 2 and 5 years. Indeed the

value of the parameter is the reciprocal of the age of the goats when the

symptoms appear for the first time. The graphs in Figure 2 show some

possible values for the quantity β = X2, with respect to the variations of

the probability θB of vertical transmission of genotype B, for which we do

not know an exact estimate, as well as for θE , and for the constant β = X1.

There is little difference between all the frames. But we report them any-

way because we want to show the results for different parameter values. In

particular, observe the three areas in different colors. With respect to the

variations of the probability θB, the white one represents the values of β

for which the equilibrium C does not exist, the dark grey one the values

of β for which the stationary point is feasible under the condition (12),

while the light grey the values of β for which C exists without imposing

any other condition on the parameter γ. The first one indicates the range

for which the epidemics can be successfully fought. The dark grey area

represents the situation in which the farmer’s behavior is fundamental on

the disease outcome. The last one instead shows the parameter values for

which the disease remains endemic in spite of any hygienic measures that

can be taken. Observe that the higher the value of δ is, i.e. the earlier the

symptoms appear, the greater the white area will be, with the result that

for a wider range of values of β the equilibrium C is not feasible. This is

good, because as stated above the disease in such cases can be eradicated.
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Figure 2. Estimates of the quantities β =
μ(δ+m)

μ+δ
−θBm and β =

μ(δ+m)
μ+δ

with respect
to the variations of θB for different values of δ and μ.
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Note also that the dark grey region is small, which implies that instead

only for a little range of values of β the farmer can take some measures to

contain the disease.

In field situations, many breedings have been discovered to harbor the

genotype B, an indication of the fact that β might be large. Figure 2 shows

clearly that the parameter region for which the farmer can effectively act

taking measures to prevent the disease to spread is very narrow, they light

grey area in anyone of these frames. This explains the observation made

of the very high occurrence of genotype B in breedings. As a consequence,

the strategy of removing newborns from their mothers to fight the disease

is clearly insufficient to free the breeding from the virus.

We have shown that if X2 < β < X1 the equilibrium C is feasible if

and only if the condition (12) is verified. In this case note that if β coicides

with the midpoint of the interval [X2, X1], X0 = 0.5. If β is equal to the

value corresponding to the point which is located at one fourth of the very

same interval, then X0 = 0.75. In general, we have the following result.

Proposition 1. In general, if β is equal to the value corresponding to

the point which is at 1

k
of the interval [X2, X1], then X0 = k−1

k
.

Proof If we take:

β =
μ(δ +m)

μ+ δ
− θBm+

1

k

[
μ(δ +m)

μ+ δ
−

μ(δ +m)

μ+ δ
+ θBm

]

=
μ(δ +m)

μ+ δ
+

(
1

k
− 1

)
θBm =

μ(δ +m)

μ+ δ
+

(1− k)θBm

k

=
kμ(δ +m) + θBm(μ+ δ)(1− k)

k(μ+ δ)
,

then

X0 = [μ(δ +m)−
kμ(δ +m) + θBm(μ+ δ)(1− k)

k(μ+ δ)
(μ+ δ)][θBm(μ+ δ)]−1

= [μ(δ +m)−
kμ(δ +m)

k
−

θBm(μ+ δ)(1 − k)

k
][θBm(μ+ δ)]−1

= −
θBm(μ+ δ)(1− k)

kθBm(μ+ δ)
= −

1

k
(1 − k) =

k − 1

k
.

So in this situation, the smaller the value of β is, the larger the value

of γ will be needed to make the equilibrium feasible. Thus if the farmer

adopts a strategy to avoid the spread of the disease, i.e. γ small, the

stationary coexistence point will not exist, even if this measure is not too
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strict. Viceversa, the larger the value of β is, the smaller the value of X0.

Consequently, the more severe the strategies to preserve the breeding are,

the larger is the probability to make the equilibrium not feasible.

3.2. Stability

The Jacobian of the system (10) is:

J =

(
J11 J12
δ −μ

)
,

where J11 = −2βia + (γθB(μ − m) − 2β)is + γθBm − m + β − δ and

J12 = (γθB(μ−m)− 2β)ia + 2(γθB(μ−m)− β)is + γθBm+ β.

3.2.1. Stability of O

The characteristic equation at the origin is λ2 − tr(J|O)λ + det(J|O) =

0. From the Routh Hurwitz criterion, the origin is locally asymptotically

stable, if −tr(J|O) > 0 and det(J|O) > 0. For the former we obtain

γ < m−β+δ+μ

θBm
. (19)

We now study the right hand side, recalling that if it is negative (19) is

impossible and if it is larger than one (19) becomes trivially true. The

condition must instead be satisfied if the right hand side lies between 0 and

1. The former yields

β < m+ μ+ δ ≡ X5, (20)

while the second case gives

β > m(1− θB) + μ+ δ ≡ X6. (21)

These bounds are consistent, X5 < X6, giving a nonempty intersection,

because 0 < θB < 1. In summary, for the condition on the trace, we have:

• if β ≤ X6, then −tr(J|O) > 0 is always verified,

• if X6 < β < X5, then −tr(J|O) > 0 is true under (19),

• if β ≥ X5, then (19) is impossible so that −tr(J|O) ≤ 0 always.

As far as the second condition of the Routh Hurwitz criterion is con-

cerned, we have det(J|O) = μ(m+ δ)− γθBm(μ+ δ)− β(μ+ δ) > 0 giving

γ < X0. (22)

This is the opposite condition (12), hence:
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• 0 < β ≤ X2 implies det(J|O) > 0 is always verified;

• if X2 < β < X1 then det(J|O) > 0 is true if (22) holds;

• β > X1 implies that (22) is impossible, thus det(J|O) ≤ 0 always.

We need now to merge the two Routh Hurwitz conditions. First of all,

observe that X1 < X6, because it reduces to 0 ≤ μ(μ − θBm) + δm(1 −

θB) + δμ+ μ2, always true in view of m < μ and θB < 1. Thus the origin,

which is the disease-free equilibrium, is asymptotically stable if:

• β ≤ X2 independently of γ;

• X2 < β < X1 if (22) holds.

In these above two situations it is possible to eradicate the disease. In

the first one the parameter β is low and this is the reason whereby we can

reach a virus-free point. In the second case, for values of β ∈ [X2, X1], to

obtain stability of the origin we have to impose a condition on the parameter

γ, (22), which states that the lower the value of γ is, meaning a better

isolation of newborns from their mothers, the larger the probability of the

eradication of the disease. In fact γ is the only parameter that we can

modify: once the characteristics of the breeding, in particular the natural

mortalitym, and of the disease are known, namely θB, β, δ and μ, a decision

can be made on whether a sanitary strategy should be applied to avoid the

spread of the virus or conversely if it is not possible to eradicate the disease.

Further, in the latter case, the value of X0 depends on the position of β in

the interval [X2, X1]: the closer the value of β is to the right endpoint of

the interval, the more severe the sanitary strategy should be so as to make

the origin stable, i.e. to eradicate the disease.

Observe also that if the condition (22), which is always satisfied if the

origin is stable, is true, the coexistence equilibrium point C will not be

feasible. Conversely, if the latter is feasible, the origin is unstable and the

disease cannot be eradicated from a breeding in which the virus is present.

Mathematically, this also shows the existence of a transcritical bifurcation

between the two equilibria.

3.2.2. Stability of C

Also in this case we use the Routh Hurwitz criterion. Consider first

det(J|C) > 0; it gives

−μ[−2βiCa + (γθB(μ−m)− 2β)iCs + γθBm−m+ β − δ]

−δ[(γθB(μ−m)− 2β)iCa + 2(γθB(μ−m)− β)iCs + γθBm+ β] > 0.
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It follows:

[β(δ + μ)− γδθB(μ−m)](iCa + iCs ) + β(δ + μ)(iCa + iCs )

−γθB(μ−m)(μ+ δ)iCs − γμθBm+ μm− βμ+ δμ− γδθBm− βδ > 0.

Using the population values at equilibrium, (11), we obtain

1

β(μ+ δ)− γδθB(μ−m)

{
β(μ+ δ)2(γθBm+ β)− βμ(δ +m)(μ+ δ)

+ γδμθB(μ−m)(δ +m)− γδθB(μ−m)(μ+ δ)(γθBm+ β)} > 0,

which gives

γ > X0, (23)

and this coincides with condition (12), which is always satisfied by the

feasibility of the point, and it is opposite to the condition (22), which

guarantees the stability of the origin as seen in the previous Subsection.

We now analyze the first condition, −tr(J|C) = −JC
11

+ μ > 0 which

becomes:

μ− [−2βiCa + (γθB(μ−m)− 2β)iCs + γθBm−m+ β − δ] > 0 .

Again in view of the population values (11) we get

{(μ+ δ)[β(μ + δ)− γδθB(μ−m)]}−1
{
2β(μ+ δ)2(γθBm+ β)

−2βμ(μ+ δ)(δ +m) + [β(μ+ δ)2 − γδθB(μ+ δ)(μ−m)][m+ μ+ δ

−γθBm− β]− γθB(μ−m)[δ(μ+ δ)(γθBm+ β)− δμ(δ +m)]} > 0.

The denominator of this expression is always positive in view of the feasi-

bility condition (15). We thus study the sign of the numerator:

βγθBm(μ+ δ)2 − γδθB(μ−m)[(μ+ δ)(m+ μ+ δ)− μ(δ +m)]

> 2βμ(μ+ δ)(δ +m)− β2(μ+ δ)2 − β(μ+ δ)2(m+ μ+ δ)

which gives

γθB[βm(μ+ δ)2 + δ(m− μ)(μ2 + δ(m+ μ) + δ2)]

> −β(μ+ δ)[β(μ + δ) + μ(μ−m) + δ(δ +m)].

Now, if

β >
δ(μ−m)[μ(μ+ δ) + δ(m+ δ)]

m(μ+ δ)2
≡ X7, (24)

then the inequality −tr(J|C) > 0 will be verified under the condition:

γ >
−β(μ+ δ)[β(μ+ δ) + μ(μ−m) + δ(δ +m)]

θB {βm(μ+ δ)2 + δ(m− μ)[μ(μ + δ) + δ(m+ δ)]}
≡ ψ, (25)
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otherwise, if (24) is not true, it will be verified under the condition:

γ < ψ. (26)

We can immediately observe that the condition (25) is always satisfied.

In fact recall that 0 < γ < 1; the denominator of the fraction is positive,

in view of (24). But the numerator is negative because μ > m, hence the

fraction is negative and thus (25) is always satisfied for every value of γ.

We cannot conclude anything about the condition (26). We know that ψ

is positive, because both the numerator and the denominator are negative.

However, we do not know with certainty if (26) is always satisfied. This

can happen if ψ > 1.

To conclude the study of the stability of C, it is necessary to compare

X7 in (24), with the quantities X2 and X1 that appear in the feasibility

conditions of C, see the beginning of Section 3.1.7. There are three possi-

bilities.

(I) The first one is 0 < X7 < X2 < X1. In this case, β exceeds X7 in

view of the feasibility conditions of the equilibrium C recalled above; if the

stationary point C exists, then it will be asymptotically stable, because as

we have said before, (25) is always true. So,

• if μ(δ+m)

μ+δ
−θBm ≤ β <

μ(δ+m)

μ+δ
, C will be feasible and asymptotically

stable under the condition (12,

• if β ≥ μ(δ+m)

μ+δ
, C will be feasible and asymptotically stable for every

value of γ.

(II) The second possibility is 0 < X2 < X7 < X1. In this situation there

are also three cases:

• X2 ≤ β < X7: the equilibrium C is feasible if the parameter γ

satisfies (12) and it will be asymptotically stable if γ satisfies (26).

Hence to obtain the stability of the point, it is necessary to have:

X0 < γ < ψ, (27)

therefore the right hand side of the condition (12) must be smaller

than the right hand side of the condition (26), but we will see in

Lemma 2 below that this is always the case;

• X7 < β < X1: if the condition (12) is verified, the equilibrium will

be both feasible and asymptotically stable;

• β ≥ X1: the equilibrium exists and it is asymptotically stable inde-

pendently of γ.
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(III) The third possibility is 0 < X2 < X1 < X7. Also in this situation

we have three cases:

• X2 ≤ β < X1: C is feasible under the condition (12) and it is

asymptotically stable if (26) holds, i.e. if and only if γ verifies (27);

• X1 ≤ β < X7: the stationary point exists for every value of γ.

Hence, if this parameter satisfies (26), C is asymptotically stable;

• β > X7: the equilibrium exists and it is asymptotically stable inde-

pendently of γ.

We need to prove that condition (27) can indeed be obtained.

Lemma 2 The inequality X0 < ψ holds unconditionally.

Proof Extensively, the claim becomes

μ(δ +m)− β(μ+ δ)

θBm(μ+ δ)
<

−β(μ+ δ)[β(μ + δ) + μ(μ−m) + δ(δ +m)]

θB {βm(μ+ δ)2 + δ(m− μ)[μ(μ+ δ) + δ(m+ δ)]}
.

Some easy algebraic steps lead to

β(μ+ δ)(δ +m)[μm(μ+ δ) + μ(μ+ δ)(μ−m) + δ2(μ−m)

+δm(μ+ δ)] > δμ(μ−m)(δ +m)[μ(μ+ δ) + δ(m+ δ)]

from which we then have

β >
δ(μ−m)

μ+ δ
≡ X8.

This inequality has to be true in two situations: in the second possibility

seen before for X2 ≤ β < X7 and in the third possibility, for X2 ≤ β < X1.

We show now that X8 < X2. Extensively,

δ(μ−m)

μ+ δ
<

μ(δ +m)− θBm(μ+ δ)

μ+ δ

from which

δμ− δm < δμ+ μm− μθBm− δθBm

and finally

μm(1 − θB) + δm(1 − θB) > 0,

which is always true because 0 < θB < 1. We have thus proved the claim.
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3.2.3. Discussion

The position of X7 with respect to X2 and X1 controls the stability of the

coexistence equilibrium C.

Using the range of values chosen before for μ and δ, the first one ranging

between 0.1 and 0.8 while the second one between 0.2 and 0.5, taking

m = 0.1, we plot the surface z = X7 − μ(δ + m)(μ + δ)−1 as function

of μ and δ in Figure 3. The surface lies always above the plane z = 0,

so that X7 is always larger than X1, showing that we are in the third

possibility (III) above, namely 0 < X2 < X1 < X7.

Figure 3. Surface z = X7 − μ(δ+m)
μ+δ

as function of μ and δ, with m = 0.1.

To assess the asymptotic stability of the point C, we need to study if

(26) is true. To verify the condition we plot the surface ψ as function of θB
and β. We consider four situations, where m = 0.1, μ is always equal to 0.9

and δ assumes the values 0.2, 0.3, 0.4 and 0.5. From Figure 4 we observe

that the surface ψ(θB, β) lies always above the plane ψ = 1 thereby showing

that the condition (26) is always satisfied, which guarantees the stability

of the equilibrium. Observe that the range of the parameter β starts from

a value larger than zero, because the stationary point C is feasible only if

β > X2. Thus we are sure to represent the surface from the minimum value

that this parameter can assume. Therefore if the equilibrium C exists, it

is asymptotically stable.
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Figure 4. Surface ψ as function of θB and β, for m = 0.1, μ = 0.9 and different values
of δ.

The behaviour of the system is summarized in the following Table 1,

that shows the occurrence of the transcritical bifurcation.

Table 1. Equilibria of the system (10) for a breeding affected by
genotype B of the virus CAEV.

Condition O C Bifurcation

γ <
μ(δ+m)

θBm(μ+δ)
− β

θBm
Stable Infeasible

γ = μ(δ+m)
θBm(μ+δ)

− β

θBm
Transcritical

γ >
μ(δ+m)

θBm(μ+δ)
− β

θBm
Unstable Stable

3.3. Global stability of the equilibria

Following the steps outlined in Ref. 2, we can prove the global asymptotic

stability of both equilibria, O and C, whenever they are feasible and locally

asymptotically stable.

The trajectories are bounded, since they are confined in the unit sim-

plex Σ and its boundaries cannot be crossed in view of the existence and
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uniqueness theorem. No cycles can exist either, since by Dulac’s theorem,

if we consider the following function B(ia, is) = (iais)
−1 and evaluating

K =
∂

∂ia

[
B(ia, is)

dia

dt

]
+

∂

∂is

[
B(ia, is)

dis

dt

]
=

−
γθB(μ−m) is

i2a
−

γθBm

i2a
−

β(1 − is)

i2a
−

β

is
−

δ

i2s
< 0,

in view of the fact that is ≤ 1. When either O or C are stable, since no

periodic orbit exists in Σ, the Poincaré-Bendixson theorem guarantees the

global asymptotic stability of the equilibrium.

4. Conclusions

We have presented and investigated two models for CAEV-affected goat

breedings, assuming that in each one of them only one specific genotype

is present. As for genotype B, this is the most common situation found

in reality. The far less diffused genotype E is found only in some specific

geographic areas, but goats infected by it show no symptoms. In such case

sanitary measures are not necessary to render the farm disease-free.

Although in principle it is possible that the genotype B can also be

eradicated from a breeding, in practice this is much more difficult, as there

are situations in which in spite of the farmer’s behavior, the disease will

remain endemic. In general, themost likely scenario is that the virus cannot

be eradicated. Only for a small parameter range, corresponding to the white

areas in the frames of Figure 2, the environment becomes disease-free. The

choice of removing newborns from their infected mothers and wean them

in a separate environment does therefore appear insufficient as a means to

fight the disease.

On the other hand, the situation in which only one genotype is present

is likely, but could also not be true in practice. Breedings in which the two

genotypes considered here mix together are certainly present in the areas in

which the most geographically restricted genotype thrives. The latter could

also be spread accidentally or intentionally in confining areas. Therefore

the interesting question arises as to how such breedings will evolve in time

and what the fate of the disease will be. Such an issue will be addressed in

a forthcoming investigation.
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A conservation model is proposed and analyzed for an age structured forestry

biomass exploited by Industrialization. The age structured forestry biomass and
Industrialization is considered as dynamic variable. Industries can only harvest the
semi-mature and mature trees. Variable taxation works as the control instrument
for the excess utilization of forestry biomass by industries. The dynamic behavior
of the system is established using the theory of differential equation. Numerical
simulation is carried out to support the analytical results. Sensitivity analysis
of the parameters is also carried out for all feasible equilibrium points using a
normalized forward sensitivity index. A detailed analysis of the proposed model

leads to understand how the taxation works toward the conservation of the forestry
resource.

1. Introduction

There has been considerable interest in the modeling of harvesting of bio-

logical resources such as a fishery in recent decades, where harvest effort is

considered to be a dynamic variable, and optimal harvesting policies with

taxation are discussed1,2,3,4,5,6,7,8. The optimal tax policies for harvesting

of the prey predator system is studied in Ref. 9. A proper taxation policy

which give best possible benefit through harvesting to community while

∗This work is supported by Department of Science and Technology.

319



February 24, 2016 11:49 ws-procs9x6-9x6 BIOMAT2015-20 page 320

320

preventing the extinction of the predator is discussed in Ref. 10. Under-

standing and management of renewable natural resources covers various

areas such as agriculture, fishery and forestry are a very complex prob-

lem as they linked to the sustainability of the underlying natural system.

Regulation of renewable resources such as forestry and fishery is an impor-

tant problem that required serious attention to be paid. Taxation, license

fees, lease of property rights, seasonal harvesting, fishing period control,

creating reserve zones, etc. can be used as possible control instruments.

In fishery resource management, some investigations have been carried out

with taxation as a control instrument6. Understanding the mechanisms

that influence the growth of population and their existence and stability

is mathematical modeling of ecosystem. Models come in every size and

form, from verbal descriptions and mathematical equations to large scale

computer models and the feature that is common to all in the life and so-

cial sciences is that they all constitute abstractions and simplifications of

the real world. The book mathematical bioeconomics: The mathematics of

conservation by Clark11 is all about the response of individual harvesters

to different kinds of harvesting regulations, harvesting efforts, economic

incentives, etc., in fishery and forestry.

Both expanding human populations and industrial drivers of deforesta-

tion, such as logging and exotic tree plantations, are important drivers

of forest loss. Countries with rapid population growth and little surviv-

ing forest are also plagued by endemic corruption and low average liv-

ing standards12. Population pressure augmented industrialization deplete

forestry resources13. In this study it is assumed that even if the population

growth (caused by intrinsic growth or migration) is only partially depen-

dent on the resource, the resource biomass are doomed to extinction caused

by an increase in population density and population pressure augmented in-

dustrialization. The depletion of forest resources caused by population and

the corresponding population pressure is studied in Ref. 14, it is assumed

that the cumulative density of forest resources and the density of popula-

tions follow logistic models with prey-predator type nonlinear interaction

terms and it is considered that the carrying capacity of forest resources

decreases by population pressure, they also proposed a conservation model

to control the population pressure by providing some economic incentives

to people. A mathematical model for the conservation of the forestry re-

source with the growth of alternative (synthetic) industries is studied in

Ref. 15 and later, the same study is extended to a delay age structure

population model16. A multi-criteria framework to address the sustainable
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management in industrial forest plantations has been studied in Ref. 17.

Research based on optimal control of renewable resources like fisheries

is studied by many researchers, but no one has given attention to the opti-

mal control of forestry resources, from this research we have tried to focus

on the optimal control of forestry resources. In the present study an age

structured forestry biomass is considered to conserve the forestry biomass

together with industrialization as the state variable, responsible for the

exploitation of forest biomass, for the same we have taken taxation as the

control parameter responsible for over exploitation. Through this paper, we

have obtained the criteria for local and global stability of the system. The

control problem is formulated and the corresponding optimal equilibrium

level of effort Iδ and tax τδ is also described.

2. Model Description

We have considered an age structured forestry biomass as pre-mature, semi-

mature and mature trees and it is assumed that semi mature and mature

forestry trees are harvested by industrialization with the followingmodeling

assumptions:

(1) Age structured forestry biomass, i.e., pre-mature (P), semi-mature

(S) and mature trees (M).

(2) Pre-mature trees grow logistically with fixed growth rate and carry-

ing capacity and also there are some government efforts to conserve

the same by new plantation.

(3) Semi-mature andmature trees are harvested by the industrialization

with different harvesting rates.

(4) Natural wash out rates of semi-mature trees and mature trees are

different.

(5) Tax applied on industrialization depends upon the amount of har-

vesting of semi-mature and mature trees.

(6) Tax to harvest semi-mature trees are higher than that of mature

trees.

(7) Level of efforts to harvest semi-mature and mature trees are differ-

ent.

(8) Increase or decrease in industrialization depends on the harvesting

rate of semi-mature and mature trees.

(9) Cost per unit of semi-mature and mature trees are also different.

Schematic diagram for the system is shown in Fig. 1.
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Figure 1. Schematic Diagram.

The conceptual model for the schematic diagram shown in Fig. 1, will

be discussed in Section 3 and description of parameters for the system is

given in Table 1:

Table 1. Description of parameters.

Parameter Description

r intrinsic growth rate of premature trees
k carrying capacity of forestry biomass
γ new plantation
β1 transition rate from pre-mature to semi-mature

β2 transition rate from semi-mature to mature trees
c1, c2 cost per unit of effort expanded to harvest forestry biomass
q1, q2 depletion rates of semi-mature and mature trees
p unit price for harvesting of semi-mature and mature trees
d1, d2 natural depletion rates of forestry biomass

d3 depletion in industrialization by government efforts

a1, a2 per unit efforts to harvest trees
τ1, τ2, τ3, τ4 tax applied for the conservation of forest

3. Conceptual Model: System of Differential Equation

An age-structured, i.e., premature trees (P), semi-mature trees (S), ma-

ture trees (M) forestry biomass with Industrialization (I) as a dynamical

variables are considered to study the mathematical model. For this, we as-

sumed that Industrialization is wholly depends on semi-mature and mature

trees of the forest biomass. In Fig. 1, f(P ) is the function of premature
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trees and is a combination of its logistic growth and new plantation, de-

fined as f(P ) = rP
(
1− P

k

)
+ γP , similarly f1(S, I) is the function of

semi-mature trees and industrialization, f1(S, I) = (a1(q1p− τ(q1)S)− c1)

and f2(M, I) is function of mature trees and industrial effort, f2(M, I) =

a2(M(q2p− τ(q2))I. According to the schematic flow diagram (see Fig. 1),

we formulated the system with the help of following ordinary differential

equations:

dP

dt
= rP

(
1−

P

k

)
− β1P + γP, (1)

dS

dt
= β1P − q1SI − β2S − d1S, (2)

dM

dt
= β2S − q2MI − d2M, (3)

dI

dt
= [{(a1(q1p− τ(q1)S)− c1) + a2(M(q2p− τ(q2))− c2)} − d3]I (4)

where P (0) ≥ 0, S(0) ≥ 0, M(0) ≥ 0, I(0) ≥ 0. Here in this paper we

have considered variable taxation which depends on the harvesting of semi-

mature and mature forestry populations and defined accordingly, i.e., the

taxation to harvest semi-mature trees are higher than that of the mature

trees and also taxation is a function of harvesting for both semi-mature and

mature trees. For example:

Case 1: When harvesting is below 15% there is no tax for semi-mature

and mature trees.

Case 2: When harvesting is between 15% to 40% the tax applied to

semi-mature and mature trees are τ1 and τ2 respectively.

Case 3: When harvesting is above 40% the tax applied to semi-mature

and mature trees are τ3 and τ4 respectively. In the next section, we will

check the dynamic behavior of the system.

4. Dynamical Behavior of the System

4.1. System boundedness

System (1)–(4) is bounded with region of attraction

Ω = {(P, S,M, I)εR4

+
: 0 ≤ P + S +M ≤

m

θ
, 0 ≤ I ≤

ρ

ξ
},
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attract all solutions initiating in the interior of positive orthant. For first

three age structured forestry biomass equations (1)–(3), let us consider a

time dependent function W = P + S +M . Clearly,

dW

dt
=

dP

dt
+

dS

dt
+

dM

dt
. (5)

Using equations (1)–(3) in the above expression (5) with a little algebra,

we obtain

dW

dt
≤ rP

(
1−

P

k

)
+ cP + γP − θ(P + S +M),

where θ is chosen as the minimum of {c, d1, d2}.

dW

dt
+ θW (t) ≤

(r + c+ γ)2k

4r
= m(say).

As t→∞, 0 ≤W (t) ≤ m
θ
, later using above result in (4), we have

dI

dt
≤ (a1q1 + a2q2)p

m

θ
− a1c1I − a2c2I − d3I,

substituting ξ = a1c1I − a2c2I − d3 and ρ = (a1q1 + a2q2)p
m
θ
, we get

dI

dt
+ ξI ≤ ρ,

as t→∞, 0 ≤ I(t) ≤ ρ

ξ
. Hence the system (1)–(4) is bounded.

4.2. Equilibrium analysis

The proposed system has three biological feasible equilibria, equilibria for

all the three cases are defined below

4.2.1. Equilibrium analysis (Case 1)

(1) The trivial case, i.e., E0=(0, 0, 0, 0), existence of trivial case is obvi-

ous and hence omitted.

(2) Non-trivial case Ē = (P̄, S̄, M̄, 0) when forestry biomass exist and

industrialization does not exist, here P̄ = k(r+γ−β1)

r
; S̄=kβ1(r+γ−β1)

r(d1+β2)
;

M̄= kβ1β2(r+γ−β1)

rd2(d1+β2)
and the non-trivial case exists when r + γ > β1.

(3) Interior equilibrium E∗=(P ∗, S∗,M∗, I∗) all the state variable

co-exist, where P ∗ = k(r+γ−β1)

r
; S∗ = z1

(q1I∗+β2+d1)
;
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M∗ = β2z1
(q1I∗+β2+d1)(q2I∗+d2)

and I∗ is given by the root of the

quadratic equation

Z1I
∗2 + Z2I

∗ + Z3 = 0,

where z1, z2, Z1, Z2, Z3 is given as:

z1 = β1k(r−β1+γ)

r
, z2 = (a1c1 + a2c2), Z1 = z2q1q2,

Z2 = z2β2q2 + z2q1d2 + d1q2z2 − a1q1z1q2,

Z3 = z2β2d2 + d1d2z2 − a1q1pz1d1 − a2q2pz1β2.

Existence of S∗ and M∗ depends on I∗, when I∗ is positive real

i.e., Z3 < 0 which implies z2(β2d2 + d1d2) < z1(a1q1pd2 + a2q2pβ2).

Hence, the interior equilibrium E∗=(P ∗, S∗,M∗, I∗) exists only

when r + γ > β1 and Z3 < 0.

4.2.2. Equilibrium analysis (Case 2)

(1) The trivial case, i.e., E0=(0, 0, 0, 0), existence of trivial case is obvi-
ous and hence omitted.

(2) Non-trivial case Ē = (P̄, S̄, M̄, 0) when forestry biomass exist and

industrialization does not exist, here P̄ = k(r+γ−β1)

r
; S̄=kβ1(r+γ−β1)

r(d1+β2)
;

M̄= kβ1β2(r+γ−β1)

rd2(d1+β2)
and the non-trivial case exists when r + γ > β1.

(3) Interior equilibrium E∗=(P ∗, S∗,M∗, I∗) all the state vari-

able co-exist, where P ∗ = k(r+γ−β1)

r
; S∗ = z1

(q1I∗+β2+d1)
;

M∗ = β2z1
(q1I∗+β2+d1)(q2I∗+d2)

and I∗ is given by the root of the

quadratic equation

Z1I
∗2 + Z2I

∗ + Z3 = 0,

where z1, z2, Z1, Z2, Z3 is given as:

z1 = β1k(r−β1+γ)

r
, z2 = (a1c1 + a2c2), Z1 = z2q1q2,

Z2 = z2β2q2 + z2q1d2 + d1q2z2 − a1q1z1q2(p− τ1),
Z3 = z2β2d2 + d1d2z2 − a1q1(p− τ1)z1d1 − a2q2(p− τ2)z1β2.

Now, S∗ and M∗ exists when I∗ is positive real i.e., Z3 < 0 which
implies z2(β2d2+d1d2) < z1(a1q1(p−τ1)d2+a2(p−τ2)q2β2). Hence,
the interior equilibrium E∗=(P ∗, S∗,M∗, I∗) exists only when r +
γ > β1 and Z3 < 0.

Equilibriums for case 3 is similar as in the case 2 (replace τ1 by τ3 and τ2
by τ4).

Next we find local and global stability of the interior equilibrium points
in case 1, case 2 and case 3.
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4.3. Local stability

To find the local stability of the system we first find the Jacobian corre-
sponds to the system (1)–(4)

J =

⎡

⎢⎢⎣

a11 0 0 0

a21 a22 0 a24
0 a32 a33 a34
0 a42 a43 a44

⎤

⎥⎥⎦ ,

where a11=−r+γ−β1−
2P∗r
k

, a21=β1, b22=−d1−I∗q1−β2, b24=−S
∗q1,

a32=β2, a33=−d2 − I∗q2, a24=−M
∗q2, a42=I∗pa1q1, a43=I∗pq2a2,

a44=−d3 + a1(−c1 + S∗pq1 + a2(−c2 +M∗pq2) for case 1.

4.3.1. Case 1:

The characteristic equation corresponding to the Jacobian for case 1 is
defined as

λ4 +A11λ
3 +A12λ

2 +A13λ+A14 = 0.

Here, A11=
rP∗

k
+d1+d2+ q1I

∗+ q2I
∗+β2, A12=

rd1P
∗

k
+ rd2P

∗

k
+d1d2+

rq1P
∗I∗

k
+ q1d2I

∗+ pa1q
2

1
S∗I∗+ rq2P

∗I∗

k
+ d1q2I

∗+ q1q2I
∗2 + pa2q

2

2
M∗I∗+

rβ2P
∗

k
+ d2β2 + q2β2I

∗, A13=
P∗rd1d2

k
+ P∗I∗rd2q1

k
+

I∗pP∗rS∗a1q
2
1

k
+

I∗pS∗a1d2q
2

1
+ I∗P∗rd1q2

k
+ I∗2P∗q1q2

k
+ I∗2pq2

1
q2S

∗ +
I∗MjpP∗ra2q

2
2

k
+

I∗M∗pa2d1q
2

2
+ I2M∗pa2q1q

2

2
+ P∗rd2β2

k
+ I∗P∗ra2β2

k
+ I∗pS∗a2q1q2β2 +

I∗M∗pa2q
2

2
β2 and A14 = I∗

k
(pra1d2q

2

1
P ∗S∗ + ra1q

2

1
q2P

∗S∗ +

ra2pd1q
2

2
P ∗M∗ + ra2q1q

2

2
P ∗M∗I∗ + pra2q1q2β2P

∗S∗ + ra2q
2

2
β2pP

∗M∗.

Applying Routh-Hurwitz criteria, the system is locally asymptotically
stable as all the co-efficient of the characteristic equation are positive. Since
price is always greater than the tax, A11 > 0, A12 > 0, A13 > 0 andA14 > 0,
also

A11A12A13 −A2

13
−A2

11
A14 > 0.

Thus we can say that interior equilibrium is locally asymptotically stable
for case 1.

4.3.2. Case 2:

In case 2 the characteristic equation is

λ4 +B11λ
3 +B12λ

2 +B13λ+B14 = 0.

Here, B11=
rP∗

k
+ β1P

∗

S∗
+ S∗β2

M∗
, B12=I∗(p − τ1)a1q

2

1
S∗ + I∗M∗(p −

τ2)a2q
2

2
+ P∗2rβ1

kM∗
+ P∗β1β2

M∗
, B13=

I∗(p−τ1)P
∗rS∗a1q

2
1

k
+

I∗M∗

(p−τ2)P
∗ra2q

2
2

k
+
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I∗M∗

(p−τ2)P
∗a2q

2
2β1

S∗
+

I∗(p−τ1)S
∗2a1q

2
1β2

M∗
+ I∗(p − τ2)S

∗a2q1q2β2 +
P∗2rβ1β2

kM∗

and B14 = I∗

k
(
(p−τ2)I

∗M∗P∗2ra2q
2
2β1

S∗
+

(p−τ1)P
∗rS∗2a1q

2
1β2

M∗
+ (p −

τ2)P
∗rS∗a2q1q2β2.

Again applying Routh-Hurwitz criteria, the system is locally asymptot-
ically stable as all the co-efficient of the characteristic equation are positive.
As we have assumed price is always greater than the tax, B11 > 0, B12 > 0,
B13 > 0 and B14 > 0, also

B11B12B13 −B2

13
−B2

11
B14 > 0.

Remark: Analysis for the local stability of the system in case 3 is same as
in the case 2.

4.4. Global stability

To prove the global stability of the system in case 1 first we consider a
positive definite Lyapunov function

V =

(
P − P

∗ − P
∗ ln

P

P ∗

)
+
m1

2
(S−S∗)2+

m2

2
(M−M∗)2+

(
I − I

∗ − I
∗ ln

I

I∗

)
.

Differentiating above equation, doing some mathematicalmanipulation and
choosing, m1 = a1p

S∗
, m2 = q2p

M∗
, we have

dV

dt
≤ −

r

k
(P − P ∗)2 +

(a1p
S∗

)
β1(P − P ∗)(S − S∗)

−

(a1p
S∗

)
(β2 + d1)(S − S∗)2 −

( q2p
M∗

)
d2(M −M∗)2

+
( q2p

M∗

)
β2(S − S∗)(M −M∗). (6)

Conditions for dV
dt

to be negative definite are:

(i) 2r(β2 + d1) > m1β
2

1
k and

(ii) 2m1(β2 + d1) > m2β
2

2
.

Interior equilibrium is globally stable under the above two conditions for
case 1.

In case 2 we choose the same positive definite function and doing

the same calculation as for case 1. In case 2 choosing m1=
a1(p−τ1)

S∗
and

m2=
a2(p−τ2)

M∗
we will get the following two conditions for the global stabil-

ity of case 2.

(i) 2r(β2 + d1) > m1β
2

1
k and

(ii) 2m1(β2 + d1) > m2β
2

2
.
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Hence the interior equilibrium is globally stable under the above two con-
ditions for case 2.
Remark: Similarly for case 3 choosing m1=

a1(p−τ3)

S∗
and m2=

a2(p−τ4)

M∗
We

can say that the interior equilibrium is globally stable for case 3.

5. Optimal Harvesting Policy

For optimal harvesting, we have used the Pontryagin’s maximum principle.
Q is the continuous time stream of revenues and is defined by

Q =

∫ ∞

0

e−δtπ(P, S,M, I, τ, t)dt, (7)

where δ as the instantaneous rate of annual discount. Thus, our objective is
to maximize Q subject to the equations (1)–(4) and the control constraints

0 ≤ τ ≤ τ1max and 0 ≤ τ ≤ τ2max. (8)

Hamiltonian for the control problem is defined as:

H = e
−δt[pq1a1S + pq2a2M − c1a1 − c2a2]I + λ1(t)[rP

(
1−

P

k

)
− β1P + γP ]

+ λ2(t)[β1P − q1SI − b2S − d1S] + λ3(t)[β2S − q2MI − d2M ]

+ λ4(t)[[{(a1(q1S(p− τ1)− c1) + a2(q2M(p− τ2)− c2)} − d3]I ]. (9)

The analysis for the optimal control is same as in Refs. 3 and 6 hence
omitted. The values of λ3, λ2 and λ1 are

λ3 =
b11

(a11 + δ)
e−δt, λ2 =

b22

(a22 + δ)
e−δt and λ1 =

b33

(a33 + δ)
e−δt, (10)

where a11 = β2S

M
, b11 = pq2a2I, a22 = β1P

S
, b22 = ( b11

a11+δ
β2− pq2a2I),

a33 = rPλ1

k
and b33 = ( b22

a22+δ
+ β2S

M
).

Singular path equation for the optimal control is defined as

−[pq1a1S+pq2a2M−c1a1−c2a2]e
−δt+q1S

b22

(a22 + δ)
e
−δt+q2M

b11

(a11 + δ)
e
−δt = 0.

(11)

Let S∗ = Sδ and M∗ = Mδ are the optimal equilibrium population. Op-
timal equilibrium level of industrial effort and tax are given respectively
by

Iδ =
1

q2Mδ

(β2Sδ − d2Mδ) ,

and

τ1δ =
pa1q1Sδ + pa2q2Mδ − a1c1 − a2c2 − a2q2τ2Mδ − d3

(a1q1Sδ)
.
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We have found that λ1(t)e
δt and λ2(t)e

δt is independent of time in an
optimum equilibrium. Hence, both λ2(t) and λ3(t) remains bounded as
t → ∞. From the analysis, it is clear that net economic revenue for the
system is zero, i.e.,

π (S∞,M∞, I, τ) = 0, when δ →∞.

In case of infinite discount rate, the economic rent is zero and hence
both semi-mature and mature trees of forestry biomass remain unexploited.
Over exploitation of forestry biomass, governmentmay increase the tax and
or discount rate to slow down or stop harvesting semi-mature and mature
forestry trees.
Remark: Analysis of optimal control for case 3 is similar as in case 2.

6. Numerical Simulation

Source of parameter values used for numerical simulation is described in
Table 2. Parameter values β is taken as β1 and φ is taken here as d3 for
the system (1)–(4).

Table 2. Source of parameters.

Parameter Case 1 Case 2 Case 3 Source

r 1.5 1.5 1.5 [15]
k 100 100 100 [6]
β1 0.7 0.7 0.7 [15]
γ 0.03 0.03 0.03 assumed
q1 0.15 0.4 0.5 assumed
β2 0.3 0.3 0.3 assumed
d1 0.25 0.25 0.25 assumed
q2 0.15 0.4 0.5 assumed
d2 0.1 0.1 0.1 assumed
a1 0.01 0.01 0.01 assumed
p 0.5 0.5 0.5 [6]
τ(q1) 0 τ1= 0.2 τ3=0.3 assumed
τ(q2) 0 τ2=0.15 τ4=0.4 assumed
c1 0.002 0.002 0.002 assumed
a2 0.02 0.02 0.02 assumed

c2 0.002 0.002 0.002 assumed
d3 0.01 0.01 0.01 [14]

For the set of parameters described in Table 2, conditions for the existence
of equilibrium are satisfied for case 1, 2 and 3. Graphical representation
for different values of τ (depends upon the harvesting rate) are shown in
Figs. 2, 3 and 4.

Using the same set of parameter as before in Table 2, just by imposing
a tax (depends on the harvesting rate), we can see as the harvesting of
the forestry resource increases the amount of tax increase and is shown in
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Figs. 2, 3 and 4. We have also shown by Fig. 5 when the condition for the
existence of interior equilibrium violate, no of the population can exist.
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Figure 2. Population distributions with respect to the time when harvesting is below
15%.
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Figure 3. Population distributions with respect to the time when harvesting is between
15% to 40%.
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Figure 4. Population distributions with respect to the time when harvesting is above
40%.
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Figure 5. Extinction of population.

7. Sensitivity Analysis

We have used normalized forward sensitivity index to show the sensitiv-
ity of the interior equilibrium. For a detailed understanding of sensitivity
analysis see Ref. 18.
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Table 3. Sensitivity of Parameters.

Parameter (yj) γ
P
∗

yj
γ
S
∗

yj
γ
M
∗

yj
γ
I
∗

yj

r 0.807229 0.0979747 -0.677241 0.791575
k 1 0.121372 -0.83897 0.980607

β1 -0.843373 0.01901 -0.131405 0.153589
γ 0.0361446 0.00438693 -0.0303242 0.0354436
q1 0 -0.876333 -0.854833 -0.021954
β2 0 -0.117929 0.815174 0.0683081

d1 0 -0.00573733 0.0396587 -0.046354

q2 0 -0.00229493 -0.984137 0.00256129
d2 0 0.00229493 -0.0158635 -0.00256129
a1 0 -0.765837 -1.6029 0.854725
p 0 -1.43794 -3.00961 1.60484
τ1 0 0.511723 1.07104 -0.571116

τ2 0 0.0475905 0.0996069 -0.0531141
c1 0 0.00174678 0.003656 -0.00194952
a2 0 -0.107551 -0.225104 0.120034
c2 0 0.00349355 0.00731201 -0.00389903
d3 0 0.873388 1.828 -0.974759

Sensitivity of interior equilibrium for case 2 is described in Table 3, from
the analysis we have observed that:

(1) P ∗ is sensitive to parameters r and β1.
(2) S∗ is sensitive to β2, d3, q1, τ1, a1 and a2 and highly sensitive to p.
(3) M∗ is sensitive to r, β1, β2, q1, q2, a2, k and highly sensitive to p,

d3, a1 and τ1.
(4) I∗ is sensitive to r, β1, d3, a1, a2, τ1 and τ2 and highly sensitive to

p.

Similarly, we can find the sensitivity of parameter for case 1 and case 3.

8. Conclusions

The present paper is parted up in three cases. Initially we have considered
an age structured forestry biomass (pre-mature, semi-mature, mature trees)
with industrialization and we have considered that the taxation is wholly
depends on the level of harvesting of semi-mature andmature forestry trees.
Case 1 when harvesting is below 15%, Case 2 when harvesting is in be-
tween 15% to 40% and Case 3 when harvesting is above 50%. Forestry
resources are exploited by industries and conserve by applying taxation.
We have discussed all the three cases, the stability of the system is estab-
lished using the theory of differential equation. We have also obtained the
singular path, optimal equilibrium levels of effort Iδ and tax τδ for opti-
mal control. Figs. 2, 3 and 4 show the existence of interior equilibrium for
all the three cases, extinction of all populations is also shown in 5 as the
equilibrium condition violated.
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Having attracted much attention in the past few years, predator-prey system pro-
vides a good mathematical model to present the association among predators and

preys. The novel concept of this paper is that the prey predator model is developed

in fuzzy environment by considering the imprecise nature of the biological param-
eters. This paper explores stability analysis of this competition model with fuzzy

initial conditions. Here we have used fuzzy generalized differentiable approach.

We derived the model formulation of our stated model and discussed about Equi-
librium points and their feasibility. The fuzzy solution and stability concepts are

developed by prior numerical simulations.

1. Introduction

In the area of theoretical ecology the research was started by Lotka and

Volterra. Though the first theoretical management of population dynamics

was presented by Malthus and Verhulst formed a mathematical model based

on logistic equation. The Lotka-Volterra model is an intervention compe-

tition model: two species are assumed to diminish each others per capita

∗Work partially supported by grant 2-4570.5 of the Swiss National Science Foundation.
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growth rate by direct intervention. The Lotka-Volterra model of intraspe-

cific competition has been a useful starting point for biologists thinking

about the outcomes of competitive interactions between species. The as-

sumptions of the model (e.g., there can be no migration and the carrying

capacities and competition coefficients for both species are constants) may

not be very realistic, but are necessary simplifications. A variety of factors

not included in the model can affect the outcome of competitive interac-

tions by affecting the dynamics of one or both populations. Environmental

change, disease, and chance are just a few of these factors.

Mathematical models of population growth have been formed [9] to provide

an impalpable of some significant aspect of true ecological situation. The

meaning of each parameter in the models has been defined biologically. Ver-

hust first proposed three-parameter model for the growth of single-species

populations that shows a logistic sigmoid growth curve for time. Pearl

and reed independently expressed the same model, which cover mathemat-

ically an upper asymptote and a rate constant. The former and latter have

been illustrated biologically as the carrying capacity of the environment

and the intrinsic rate of natural increase in the population, respectively.

The increasing study of realistic and effictively useful mathematical models

in population biology, whether we are dealing with a human population

with or without its age distribution, population of an endangered species,

bacterial or viral growth and so on,is a reflection of their use in helping to

understand the dynamic process involved and in making practical predic-

tion.

In theoretical ecology the majority of the researchers have developed

their models based on the assumption that the biological parameters are

precisely known. But the scenario in reality is different. The values of all

parameters cannot be always known precisely for the various reasons like

- lack of data, lack of information, mistakes in the measurement process

and determining the initial conditions. So, from this we may come to the

conclusion that, to overcome the limitations of these models with imprecise

parameters are more realistic and helpful.

Fuzzy set theory [11] is a powerful tool to overcome these problems.

Initially, the derivative for fuzzy valued mappings was developed by [14],

and generalized and extended the concept of Hukuhara differentiability for

set-valued mappings to the class of fuzzy mappings. Subsequently, using the

Hukuhara derivative, by [3, 5] started to develop a theory for FDE. But

it soon appeared that the Hukuhara derivative has a shortcoming which

fuzzifies the solution as time goes on. To overcome this situation in [1, 2]
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the concept of strongly generalized derivative was introduced and in [7, 10,

13] this concept studied for higher order fuzzy differential equations. This

concept, allows us to overcome the above mentioned shortcoming.

In this paper, we have considered a Triangular fuzzy prey-predator

model (TFPPM). Here we have considered imprecise biological parame-

ters for making the model more realistic and after Hukuhara differentiable

we analysis the stability [8] of this model and obtain graphical solutions for

the problem under consideration.

2. Model Formulations

Here we consider the following prey-predator model,

dx(t)
dt = x(t)[r1 − b11

k1
x(t)− b12y(t)]− q1Ex(t)

dy(t)
dt = y(t)[r2 − b22

k2
y(t) + b21x(t)]− q2Ey(t)

(1)

Here x(t) and y(t) denote the population density of the rst species and

the second species, respectively. Here ri, ki, bij , qi (i, j = 1, 2) are all

positive constants and ri are the intrinsic growth rate of prey and preda-

tor species respectively, ki are the carrying capacity of prey and predator

species respectively, bij(i = j) are the coefficients of intraspecic competition

of prey and predator species respectively, bij(i �= j) measure the degree to

which the presence of species j affects the growth of species i. Then we

fuzzify the linear part of [15] the system (1) by [4, 6] symmetric triangular

fuzzy number and let x(t), y(t) are non negative fuzzy functions.

Therefore (1) becomes;

d̃x(t)

d̃t
= x(t)[r̃1 − b̃11

k̃1
x(t)− b̃12y(t)]− q1Ex(t)

d̃y(t)

d̃t
= y(t)[r̃2 − b̃22

k̃2
y(t) + b̃21x(t)]− q2Ey(t)

(2)

with initial condition x̃(t0) = x̃0, ỹ(t0) = ỹ0.

The above fuzzy prey-predator model with combined harvesting can be

represented using the concept of Hukuhara derivative by the following fuzzy

differential equations
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dxl(t,α)
dt = xl(t, α)[r1l − b11r

k1r
xr(t, α)− b12ryr(t, α)− q1E]

dxr(t,α)
dt = xr(t, α)[r1r − b11l

k1l
xl(t, α)− b12lyl(t, α)− q1E]

dyl(t,α)
dt = yl(t, α)[r2l − b22r

k2r
yr(t, α) + b21lxl(t, α)− q2E]

dyr(t,α)
dt = yr(t, α)[r2r − b22l

k2l
yl(t, α) + b21rxr(t, α)− q2E]

(3)

with (x(t0))α = [x0l(α), x0r(α)], (y(t0))α = [y0l(α), y0r(α)].

3. Equilibrium Points and Their Feasibility

3.1. Trivial equilibrium

Total extinction of all xl, xr, yl, and yr, i.e. e0(xl0, xr0, yl0, yr0) where

xl0 = 0, xr0 = 0, yl0 = 0, yr0 = 0 and it always feasible.

3.2. Axial equilibrium

System (3) gives an axial equilibrium point is e1(xl1, xr1, yl1, yr1), where,

xl1 = k1l(r1r−Eq1)
b11l

, xr1 = k1r(r1l−Eq1)
b11r

, yl1 = 0, yr1 = 0.

Here the axial equilibrium point e1(xl1, xr1, yl1, yr1) is feasible if, E < r1r
q1

and E < r1l
q1

. i.e. E < min( r1rq1
, r1l
q1
).

3.3. Coexistence equilibrium

System (3) gives a coexistence equilibrium point e∗(xl
∗, xr

∗, yl∗, yr∗),
where,

xl
∗ = k1l(b22lr1r−b12lk2lr2r−Eb22lq1+Eb12lk2lq2)

b11lb22l+b12lb21lk1lk2l
,

xr
∗ = k1r(b22rr1l−b12rk2rr2l−Eb22rq1+Eb12rk2rq2)

b11rb22r+b12rb21rk1rk2r
,

yl
∗ = k2l(b11lr2r+b21lk1lr1r−Eb11lq2−Eb21lk1lq1)

b11lb22l+b12lb21lk2lk1l
,

yr
∗ = k2r(b11rr2l+b21rk1rr1l−Eb11rq2−Eb21rk1rq1)

b11rb22r+b12rb21rk2rk1r
.

Now the coexistence equilibrium point e∗(xl
∗, xr

∗, yl∗, yr∗) is feasible, if

max( b12lk2lr2r−b22lr1r
b12lk2lq2−b22lq1

, b12rk2rr2l−b22rr1l
b12rk2rq2−b22rq1

) < E <

min( b21lk1lr1r+b11lr2r
b21lk1lq1+b11lq2

, b21rk1rr1l+b11rr2l
b21rk1rq1+b11rq2

).

4. Stability Analysis of TFPPM

In this section we discuss the Equilibrium points and their feasibility and

at these Equilibrium points the local stabilities of the stated TFPPM.
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We study local stability of the each equilibrium points of the TFPPM by

calculating the variational matrix at the corresponding equilibrium points.

The variational matrix of the system (3) is given by,

V =

⎛

⎜⎜⎝

r1l−Eq1−Br
−b11rxl

k1r
0 −b12rxl

−b11lxr
k1l

r1r−Eq1−Bl −b12lxr 0

0 b21ryl r2l−Eq2+Cr − b22ryl
k2r

b21lyr 0 − b22lyr
k2l

r2r−Eq2+Cl

⎞

⎟⎟⎠

where:

Br = b12ryr +
b11rxr

k1r
, Bl = b12lyl +

b11lxl

k1l

Cr = b21rxr − b22ryr

k2r
, Cl = b21lxl − b22lyl

k2l

4.1.

Now, the variational matrix of system (3) at e0(xl0, xr0, yl0, yr0) is given by

V (e0) =

⎛

⎜⎜⎝

r1l − Eq1 0 0 0

0 r1r − Eq1 0 0

0 0 r2l − Eq2 0

0 0 0 r2r − Eq2

⎞

⎟⎟⎠

Therefore the eigen values of the characteristic equation of V (e0) are

λ1 = r1l − Eq1, λ2 = r1r − Eq1, λ3 = r2l − Eq2, λ4 = r2r − Eq2. Now, e0
become stable if λ1 < 0, λ2 < 0, λ3 < 0, λ4 < 0.i.e. r1l − Eq1 < 0, r1r −
Eq1 < 0, r2l − Eq2 < 0, r2r − Eq2 < 0. Which implies that r1l

q1
< E, r1r

q1
<

E, r2l
q2

< E and r2r
q2

< E. So we come to the following theorem,

Theorem 4.1: The trivial equilibrium e0(0, 0, 0, 0) of the system (3) is

locally asymptotically stable if E > max( r1lq1
, r1r

q1
, r2l
q2
, r2r

q2
).

4.2.

Now, the variational matrix of system (3) at e1(xl1, xr1, yl1, yr1), is given

by

V (e1) =⎛

⎜⎝
r1l−Eq1− b11rxr1

k1r

−b11rxl1

k1r
0 −b12rxl1

−b11lxr1
k1l

r1r−Eq1−b12lyl− b11lxl1
k1l

−b12lxr1 0

0 0 r2l−Eq2+b21rxr1 0

0 0 0 r2r−Eq2+b21lxl1

⎞

⎟⎠

Therefore the eigen values of the characteristic equation of V (e1) are

λ1 = −√(r1l − Eq1)(r1r − Eq1), λ2 = b11rr2l−Eb11rq2+b21rk1rr1l−Eb21rk1rq1
b11r

,

λ3 =
√
(r1l − Eq1)(r1r − Eq1), λ4 = b11lr2r−Eb11lq2+b21lk1lr1r−Eb21lk1lq1

b11l
.
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Here the eigen values λ1 and λ3 of V (e1) are pure complex conjugate root

if either (r1l − Eq1) < 0 or (r1r − Eq1) < 0. So e1 become stable if λ2 < 0

and λ4 < 0. i.e. E > b11rr2l+b21rk1rr1l
b11rq2+b21rk1rq1

, E > b11lr2r+b21lk1lr1r
b11lq2+b21lk1lq1

. So we come to

the following theorem,

Theorem 4.2: The axial equilibrium e1(xl1, xr1, 0, 0) of the system (3) is

locally asymptotically stable if either

(i) r1lq1
< E, (ii)E > max( b11rr2l+b21rk1rr1l

b11rq2+b21rk1rq1
, b11lr2r+b21lk1lr1r

b11lq2+b21lk1lq1
).

Or,

(iii) r1rq1
> E, (iv)E < max( b11rr2l+b21rk1rr1l

b11rq2+b21rk1rq1
, b11lr2r+b21lk1lr1r

b11lq2+b21lk1lq1)
.

4.3.

Now, the variational matrix of system (3) at e∗(xl
∗, xr

∗, yl∗, yr∗), is given

by

V (e∗) =

⎛

⎜⎜⎜⎝

0 −b11rxl
∗

k1r
0 −b12rxl

∗
−b11lxr

∗
k1l

0 −b12lxr
∗ 0

0 b21ryl
∗ 0 −b22ryl

∗

k2r

b21lyr
∗ 0 −b22lyr

∗

k2l
0

⎞

⎟⎟⎟⎠

Therefore, the characteristic equation of V (e∗) is given by

λ4 + a2λ
2 + a4 = 0 where, a1 = 0, a3 = 0,

a2 = −( b11lb11rxl
∗xr

∗
k1lk1r

− b21rb12lxr
∗yl∗ + b22rb22lyr

∗yl
∗

k2rk2l
− b12rb21lyr

∗xl
∗),

a4 = xl
∗xr

∗yl∗yr∗( b11rb22rk2r
+ b12rb21r)(

b22lb11l
k1lk1r

+ b12lb21l).

Now, by Routh-Hurwitz condition, if a1 > 0, a3 > 0, a4 > 0 and

a1a2a3 > a3
2 + a1

2a4 then the system is stable. It is clear that a1 =

0, a3 = 0. So, e∗ is unstable.

5. Numerical Simulations

We first consider the imprecise biological parameter values are,

r1 = (0.4, 0.6, 0.7), r2 = (0.09, 0.1, 0.5), b11 = (0.2, 0.4, 0.6), b12 =

(0.4, 0.42, 0.44), b21 = (0.4, 0.42, 0.44), b22 = (0.09, 0.1, 0.3), k1 =

(23, 35, 39), k2 = (44, 50, 55).

Now we consider the condition of trivial equilibrium, when q1 = 0.3, q2 =

0.4, E = 7 and the initial conditions x(t0) = x̃0 = (0.5, 0.7, 0.8), y(t0) =
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ỹ0 = (0.5, 0.7, 0.9).

i.e. (x(t0))α = [0.5 + 0.2α, 0.8− 0.1α], (y(t0))α = [0.5 + 0.2α, 0.9− 0.2α].

Then the condition of Theorem 4.1 is satisfied. And the trivial equilib-

rium point e0(0, 0, 0, 0) is locally asymptotically stable. Using these values

of parameter and the initial condition the dynamics of system (3) is graph-

ically presented in Fig. 1. This figure shows that the rate of population

(x(t), y(t)) decline to zero i.e. approaches the trivial equilibrium e0, which

supports our calculated result in Theorem 4.1.
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Figure 1.

Fig. 1(a) Crisp solution and fuzzy solution for α = 0 and here we

see that the crisp solution lies between the fuzzy solutions. So appli-

cation of fuzziness of trivial equilibrium in system (3) is justified and

hence it is acceptable. Fuzzy solution of system of equation (3) for

(b)α = 0, (c)α = 0.5, (d)α = 1. Here we observe that xl(t, α), yl(t, α) are

increases and xr(t, α), yr(t, α) are decreases with increasing , hence the so-

lution is a strong solution. When α increases the difference between xl, xr

and yl, yr are decreases and at α = 1 they become crisp solution. So we say

that the graphical solution of trivial equilibrium of system (3) is biologically

meaningful, furthermore the graphical solution is coherent with the crisp

solution.

Now we consider the axial equilibrium condition when q1 = 0.1, q2 =

0.5, E = 5 with the imprecise biological parameter values given in above

example and the initial conditions x(t0) = x̃0 = (0.5, 0.7, 0.8), y(t0) = ỹ0 =

(0.5, 0.7, 0.9). Then the condition stated in Theorem 4.2 is satisfied, which
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implies that the axial equilibrium e1(xl1, xr1, 0, 0) is stable. The dynamics

of system (3) according to this condition is graphically presented in Fig. 2,

which shows that the first species (xl1, xr1) exist and the second species

goes to extinct with increasing α, i.e. the graphical result approaches the

axial equilibrium e1. This result supports our analytical result given in

Theorem 4.2.

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40
(a)

Time(t)

P
op

ul
at

io
n(

x(
t),

y(
t))

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40
(b) α=0

Time(t)

P
op

ul
at

io
n(

x(
t),

y(
t))

xl

xr

yl

yr

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50
(c) α=0.5

Time(t)

P
op

ul
at

io
n(

x(
t),

y(
t))

xl

xr

yl

yr

0 10 20 30 40 50 60 70 80 90 100
0

1

2

3

4

5
(d) α=1

Time(t)

P
op

ul
at

io
n(

x(
t),

y(
t))

xl

xr

yl

yr

x(t)
y(t)

xl

xr

yl

yr

Figure 2.

Fig. 2(a) Crisp solution and fuzzy solution for α = 0 and in this

figure we see that the crisp solution lies between the fuzzy solutions.

So application of fuzziness of axial equilibrium in system (3) is justified

and hence it is acceptable. Fuzzy solution of system of equation (3) for

(b)α = 0, (c)α = 0.5, (d)α = 1. Here we observe that xl(t, α), yr(t, α) are

increases and xr(t, α), yl(t, α) are decreases with increasing α, hence the so-

lution is a strong solution. When α increases the difference between xl, xr

and yl, yr are decreases and at α = 1 they become crisp solution. So we say

that the graphical solution of axial equilibrium of system (3) is biologically

meaningful, i.e. the figure (a), (b), (c) shows that there exist a interaction

between prey-predator species and figure (d) shows that the condition of

axial equilibrium.

Next we consider the coexistence equilibrium condition when q1 =

0.01, q2 = 0.2, E = 3.3 with the imprecise biological parameter val-

ues given in above example and the initial conditions x(t0) = x̃0 =
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(0.5, 0.7, 0.8), y(t0) = ỹ0 = (0.5, 0.7, 0.9). Here the coexistence equilibrium

e∗(xl
∗, xr

∗, yl∗, yr∗) is unstable. The dynamics of system (3) according to

this condition is graphically presented in Fig. 3, which shows that all the

species (xl
∗, xr

∗, yl∗, yr∗) exist i.e. the graphical result approaches the co-

existence equilibrium e∗. This result supports our analytical result given

in section 4.3 and except for α = 1. Here only Fig. 3(d) shows that the

system (3) becomes stable and the others show that the system is unstable.
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Fig. 3(a) Crisp solution and fuzzy solution for α = 0 and this figure

shows that the crisp solution lies between the fuzzy solutions. So application

of fuzziness of coexistence equilibrium in system (3) is also acceptable.

Fuzzy solution of system of equation (3) for (b)α = 0, (c)α = 0.5, (d)α = 1.

Here we observe that xl(t, α), , yr(t, α) are increases and xr(t, α), yl(t, α) are

decreases with increasing α , hence the solution is a strong solution. When

α increases the difference between xl, xr and yl, yr are decreases and at

α = 1 they become crisp solution. So we say that the graphical solution of

coexistence equilibrium of system (3) is biologically meaningful, i.e. all the

figure (a), (b), (c), (d) shows that the condition of coexistence equilibrium.
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6. Conclusions

Fuzzy differential equations arise naturally, when imprecision occurs in

problems which are analyzed and using fuzzy differential equations is un-

avoidable, because expressing imprecision with fuzzy sets compare to clas-

sical is a more realistic approach.

In this paper we propose Stability analysis of a two species competi-

tion model with fuzzy initial conditions by using fuzzy differential equation

approach.We propose stability of Trivial Equilibrium, Axial Equilibrium

and Coexistence equilibrium of the Triangular fuzzy prey-predator model

(TFPPM) by calculating the variational matrix at the corresponding equi-

librium points and discussed their feasibility. Fuzzy solutions of different

problems are discussed under various g-H differentiable cases. We provide

an example to demonstrate the results and discuss the graphical represen-

tation of corresponding example in different cases. The simulation results

and figures show that the proposed model and the method of discussing

this model were effective.
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mary therapeutic modality for certain cancers. In addition to avoiding side effects
associated, for example, with chemotherapy and radiotherapy, it also presents a
non-invasive alternative to surgery which still has the potential to completely erad-
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be amenable to mathematical modeling.
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1. Introduction

The struggle of humankind with cancer has been documented throughout

recorded history. Thus, it is no surprise that the earliest evidence of cancer

has been found in the fossilized bone tumours of mummies of ancient Egypt

and in ancient.8 Cancer is a general term used to describe many different

diseases that are caused by the uncontrolled division and accumulation of

mutated cells in an organism. These resulting malignant cells form tumours

that can affect a single organ or can spread to other organs through the

process of metastasis.5 A 2013 survey carried out by the American Medical

Association showed that cancer is poised to overtake cardiovascular dis-

eases as the leading cause of mortality in industrialized countries. Over the

course of the year, 14.9 million new people were diagnosed with cancer, and

another 8.2 million people lost their lives to cancer. Cancer continues to

pose a major threat to public health worldwide, and the rates of cancer in-

cidences have increased in most countries since 1990. Breast cancer is most

prevalent amongst women and lung cancer is most prevalent amongst men,

although rates of prostate cancer amongst men are increasing faster than

any other types of cancer. Progress has been made in cancer prevention

and treatment, but due to an aging global population and increased rates

of smoking and obesity, cancer is still proving to be a major risk factor.13

As research continues to reveal more about the complex multi-scale nature

of cancer, new treatments, like High Intensity Focused Ultrasound (HIFU),

are emerging in an attempt to develop non-invasive therapies that have

minimal side effects.2

HIFU as a cancer therapy is a relatively new development which has

yet to gain widespread acceptance in a clinical setting. While HIFU was

conceptually developed in the mid-1950s and was used to some success in

treating some neurological conditions, its uses remained few and far between

and two or three decades of technological advances were necessary before

the technology became suitable for clinical applications.15 In recent years

due to significant technological advances, HIFU has gained traction as a

therapeutic modality and is now used in a number of applications, ranging

from painless removal of uterine fibroids15 to non-invasive destruction of

solid tumours.2

In this paper, we focus on the use of HIFU to treat bone sarcomas. In

the first section, a contextual setting for cancer therapy is briefly developed

before examining the specific case of HIFU therapy. In the subsequent

three sections, the standard methods of mathematical modeling for HIFU
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are presented. In the second section, a model of ultrasound propagation is

given in the form of the acoustic wave equations. In the third section, the

effect of ultrasound on tissue temperature is considered and modeled. In

the fourth section, the resulting effect on the ablation of tissue at the HIFU

focal point is presented based on the previous mathematical models. In the

fifth section, we present preliminary numerical results for the solution of

this mathematical model for a simplified initial boundary value problem.

In the sixth and final section, we discuss possible future research directions

for this work.

2. Carcinogenesis and Modern Therapies

Before focussing on possible therapeutic interventions for cancer, it seems

prudent to gain a deeper understanding of the mechanisms underlying car-

cinogenesis. Cancer is fundamentally a genetic disease since it is initiated

through the mutation of genes that code for the synthesis of proteins reg-

ulating cell differentiation and growth (proto-oncogenes). These mutated

genes (known as oncogenes) do not lead to the synthesis of proteins that reg-

ulate mitosis and the cells begin to divide in an uncontrolled fashion. Can-

cer cells have evaded the normal control checkpoints that regulate growth

and proliferation, growing and proliferating in an uncontrolled fashion. Fur-

thermore, as the cancer progresses, cancer cells use the circulatory system

to start new colonies of cancer cells throughout the body (metastases).5

In the 20th and 21st centuries, multiple therapeutic modalities have

emerged, including chemotherapy, radiotherapy, surgery, hormone therapy,

immunotherapy, stem cell therapy, and gene therapy, yet no definitive cure

for cancer exists. The various treatments can be administered separately

or in combination for greater efficacy. For example, radiotherapy is of-

ten administered with chemotherapy to improve the effects of radiation.

All of these treatments have shown some effectiveness in treating particu-

lar cancers, but also have shown some crucial limitations that need to be

overcome.5

For example, radiation therapy is a cancer treatment where cancerous

cells are killed by ionizing radiation and different types of radiation thera-

pies have been developed to administer the radiation to different regions of

the body. These include Three-Dimensional Conformal Radiotherapy, con-

formal proton beam radiation therapy, Intensity Modulated Radiotherapy,

and Image Guided Radiotherapy, amongst others.5 The challenge in radi-

ation therapy is to ensure that radiation is administered in such a manner
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that the cell kill is maximized for cancer cells and minimized for normal

cells. Another difficulty is that different tumours show different radio sen-

sitivities; that is, the effectiveness of radiation therapy varies from case to

case making it difficult for doctors to predict whether the treatment will

be effective for particular cases. In addition, radiation therapy results in

several adverse side effects, ranging from skin reactions, mouth dryness,

hair loss, nausea, vomiting, fatigue, to loss of appetite.5

Chemotherapy is another therapeutic modality often used to shrink the

size of a tumour, increase the effectiveness of radiotherapy, and treat cancers

like leukemia and lymphoma. Despite the breadth of its uses, chemotherapy

often compromises the immune systems of patients, leaving them vulner-

able to opportunistic diseases and infections. Side effects include fatigue,

shortness of breath, dizziness, easy bruising, bleeding of the gums, hair

loss, dryness of hair and skin, nausea, loss of appetite, constipation, and

diarrhea. Also, certain alkylating agents, inhibitors, and antimetabolites

can result in neurotoxic effects on the central nervous system.5

High Intensity Focused Ultrasound (HIFU) is a novel emerging technol-

ogy used in the non-invasive treatment of benign and malignant tumours.

HIFU has been found to have a lot of potential within the field of oncology

either being used by itself or in combination with other forms of treatment

due to its precision and non-invasiveness, leaving patients with fewer side

effects than radiotherapy, chemotherapy, or surgery.24 The overall princi-

ple of HIFU is to focus multiple ultrasound transducers so that ultrasound

waves propagate and focus on a cancerous tumour in the body (see Figure

1). This results in intense heating which either leads to hyperthermia or

thermal ablation. The effect is similar to that of focussing light through

a magnifying glass to ignite a piece of paper, however, ultrasound waves

(mechanical sound waves with frequencies greater than 20kHz) are being

focused instead of light waves. HIFU can be used in clinical hyperthermia to

increase the effectiveness of other treatments like chemotherapy, but more

often it is used in thermal ablation to completely kill cancerous tumours.

In order to provide doctors with real-time temperature data of their pa-

tients, HIFU is often used in combination with Magnetic Resonance (MR)

thermometry.30 The goal with HIFU is to minimize heating in healthy tis-

sue, and maximize heating in cancerous tumours to the point of thermal

ablation. HIFU has already been shown to be effective in treating prostate,

bone, brain, and liver cancer.24 However, in order to continue to improve

its efficacy, effective models of heat transfer, acoustic wave propagation,

and thermal dosage must be developed and further refined.30
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Figure 1. Diagram of clinical set-up.

2.1. HIFU clinical procedure

High-intensity focused ultrasound refers to a subset of therapeutic ultra-

sound practices, with applications including improving immune response to

cancer cells (immunotherapy) and stopping internal bleeding (hemostasis).2

In this paper we focus on HIFU surgical methods for removing tumour tis-

sue (tumour necrosis), although the general methodology is similar to the

other HIFU cases.2

The ultrasound in this method is produced by a transducer, typically

operating in a frequency range of 1–10 MHz — most commonly in the range

of 2–4 MHz, although certain applications may require 20 MHz ultrasound.

The transducer is typically curved and is arranged so that the acoustic

waves produced by it converge to a point within approximately 15 cm of

the transducer.2 The ultrasound field is set so that, near the transducer,

the acoustic intensity is insufficient to have any significant effect on the

adjacent tissue. However, near the focal point, the intensity of energy

deposition is much higher.15 In the case of tumour necrosis, this heating

can cause thermal denaturation of proteins, destroying tumour tissue.2

In order to avoid unnecessary reflection and refraction of the ultrasound

wave, the transducer is placed in a water bath and a gel pad is placed

between the water bath and the skin of the patient, as the high water
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content in soft tissues gives it similar acoustic properties to water and the

gel.12,16,18

3. Acoustics

The classic model for acoustic waves, ignoring nonlinear effects, is the

Helmholtz equation, which is developed using Euler’s equations of fluid

dynamics, assuming only small variations in wave velocity, pressure, and

fluid density.21

∂2φ

∂2t
− c2Δφ = 0 (2.1)

where φ is the velocity potential, for wave velocity v = ∇φ; c =
√

∂p0

∂ρ0
is a

constant parameter; p0 is the equilibrium pressure; and ρ0 is the equilibrium

density. While this equation is derived for fluids, it is used for soft tissues

as well. Due to the high water content of soft tissues, it is typical to treat

them as fluids for acoustic modeling.2,10

One particular solution of the Helmholtz equation that is commonly

used in HIFUmodeling is the Rayleigh-Sommerfeld integral.7,27 The deriva-

tion assumes that the transducer rests in an infinite plane that is otherwise

rigid and that the acoustic waves from the transducer propagate in one di-

rection into an infinite homogeneous fluid medium.27 In actual practice, the

region is neither infinite nor homogeneous,11 butmaking these assumptions,

the Rayleigh integral is16

φn(r, t) =
1

2π

∫ ∫
u
eikR

R
dS0 (2.2)

where r is the location of a point in the fluid medium, t is time, φn is the

velocity potential at position r, u is the velocity of the transducermovement

normal to the surface, S0 is the surface of the transducer, R is the distance

between the point on the transducer and the point at r, and c0 is the speed

of sound in the medium.

In the case of a slightly curved transducer where the normal velocity

u along the radius of curvature of the transducer is time harmonic, the

solution to the Rayleigh-Sommerfeld integral may be approximated in the

form of a series by considering the transducer as a set of N point sources.

In a homogeneous region, the solution may be written as

φ =
1

2π

N∑

i=1

ui

e−ıkri

ri
Si (2.3)
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where the subscript i represents the value for the ith point source. In the

case where there are multiple homogeneous layers, the solution may be

written in the form

v = −
∂φ

∂r
=

ık

2π

N∑

i=1

ui

e−ıkri

ri

(
1−

ı

kri

)
SiTcos(θ2) (2.4)

where T is the transmission coefficient and θ2 is the angle the transmitted

wave makes with the boundary. This velocity potential is converted into

pressure for use in the ultrasound heating term as

p = ıωρφ (2.5)

In more recent mathematical literature on the subject, the Khokholov-

Zabolotskaya-Kuznetsov (or KZK) nonlinear wave equation has been used

to model the propagation of ultrasound through soft tissue.10 The deriva-

tion of the KZK equation is largely similar to the Helmholtz equation,

making similar assumptions, but using nonlinear continuity equations in

order to include nonlinear effects.20,21,37 This results in an equation of the

form2

∂p

∂z
−

β

c03ρ0
p
∂p

∂τ
−

b

2c03ρ0
−

b

2c03ρ0

∂2p

∂τ2
=

c0

2

∫ τ

−∞

Δ⊥p(τ
′)dτ ′ (2.6)

where z is the coordinate along the direction of the sound wave propagation

and τ is a delayed time variable for sound wave propagation along the axis

of motion such that τ = t − z
c0
. This form of the KZK equation has four

terms, which are, in order: the change in pressure along the direction of

the main sound wave movement; a nonlinear term, where β is a nonlinear

coefficient; a term for attenuation (the loss of intensity as the wave passes

through the medium), where b is a dissipative coefficient; and a term for

diffraction (the bending of sound waves due to obstacles), where Δ⊥ is a

Laplacian operator only for coordinates perpendicular to z.

This equation can more accurately describe the propagation of the ul-

trasound waves than the Rayleigh-Sommerfeld integral,2 but the numerical

solution of the Rayleigh-Sommerfeld integral requires simpler numerical

methods and is less computationally demanding.2,16 For this reason, the

most appropriate model will depend on the particular application. In some

cases, the nonlinear aspects of the KZK equation can be significant enough

to justify the increased computational load, but in other cases, the differ-

ence between the two models is negligible and the Rayleigh-Sommerfeld

integral considerably simplifies the numerical computation.2
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4. Temperature Distribution

In certain applications of focused ultrasound treatments, such as lithotripsy,

the acoustic pressure is the main source of the therapeutic effect, but in

the case of HIFU, the effect of acoustic pressure is secondary to the effect

of the elevated temperature from this effect.2 This makes it necessary to

model the temperature distribution in the tissue.

Typically, the model used for this purpose is the Pennes bioheat

equation.2 This model was developed based on measurements taken in 1948

of the forearm temperature at rest and takes the form of a standard heat

equation26

ρcp
∂T

∂t
= ∇ · (k∇T ) + ωbcp,b(Ta − T ) + qm (3.1)

where T represents the tissue temperature and t represents the time. The

first two terms in this equation take the form of the standard heat equa-

tion, where ρ represents the tissue density, cp represents the tissue specific

heat, and k is the heat conductivity. The third term accounts for heat

being conducted by blood of a different temperature flowing through the

tissue in the form of Fick’s Law, where ωb represents the blood volumetric

perfusion rate, cp,b is the blood specific heat, and Ta is the arterial blood

temperature. The final term, qm, is the metabolic heat source term arising

from surrounding tissue.26

This equation was derived for the case of tissue at room temperature,

but it has since become the standard model for temperature propagation

through tissue19 by replacing the metabolic heat source term by a outside

heat source - in this case, the heat from the HIFU therapy.2 This heat term

may be derived from the acoustic pressure p as

qm =
α < p2 >

ρc0
(3.2)

where α is the absorption coefficient, ρ is the tissue density, and c0 is the

speed of sound in the tissue.16

A number of attempts have beenmade to develop an improvedmodel for

the propagation of heat in biological tissues.19,33 Variations on the current

model most often reference the blood perfusion heat term. While the first

two terms are in the form of the standard heat equation, the blood perfusion

term is less well-defined.19 In particular, the blood perfusion parameter ωb

is not derived from measured properties in the tissue, but is found by fitting

the Pennes bioheat equation to temperature profiles in tissue and so may

be more of a fitting parameter to the heat equation rather than a physical
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quantity.33 Alternate derivations have included altering the form of the term

to include a spatial derivative term in temperature,33 including stochastic

effects,3 and treating the blood and tissue temperatures separately using

porous medium theories,19,35 amongst others.1 However, results from these

new derivations have all been found to be relatively close to the results

from the Pennes bioheat equation and are generally more computationally

intensive. For this reason, no alternate derivation has gained widespread

acceptance as a replacement for the standard bioheat equation.19

5. Thermal Dose

In order to measure the therapeutic effect that is clinically relevant, it is

insufficient to only consider the distribution of the ultrasound or of the heat

produced when that energy is absorbed. The clinically relevant factor is the

effect that this heat and ultrasound have on the tissue. While tissue damage

can result from other effects of focused ultrasound, such as from pressure

waves as is the case in lithotripsy or from cavitation bubbles, currentmodels

of tissue damage for this application of HIFU consider thermal effects to be

sufficiently dominant that other forms of tissue damage are insignificant.2

The main process resulting in this tissue damage is the denaturation of

proteins.38 Protein denaturation originally was defined as a process wherein

the protein is irreversibly changed from a soluble form to an insoluble form,

usually, but not exclusively, due to the application of heat. This definition

has since expanded to include a wider variety of reactions that convert

proteins from their natural state which are sometimes reversible.17

As this reaction is temperature dependent - and, in current models, is

considered to be solely temperature-dependent - the classic model for this

type of reaction is the Arrhenius equation, which measures the change in

the rate of chemical reactions due to temperature, and may be written as17

kT1 = kT0e
μ(T1−T0)/(2T0T1) (4.1)

where T0, T1 represent two temperatures in Kelvin; kT0 , kT1 represent the

reaction rate at these two temperatures; and μ is a constant which is re-

ferred to by several names, such as the “temperature characteristic” and

the “apparent activation energy.”17 The Arrhenius equation can also be

derived in the form of the observed velocity of the reaction, v, such that17

v(T ) = Ae−E/RT = Ae−ΔH/2T (4.2)

where T is the absolute temperature in Kelvin, R is the universal gas con-

stant, and ΔH = 2E
R

is the energy of activation.9 In this application, the
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parameter A is approximately equal to9,17

A(T ) = 2.05(1010)eΔs/2T (4.3)

However, A is usually treated as a constant, as variation in A has mini-

mal impact on v(T ), for the typical parameter values associated with our

particular application.9

The most well-known16 model for the macroscale effect of heat on tissue

is the thermal dose model.29 Defining 1

D̃0
= v(T ) as exponential slope of the

heat inactivation survival curve, the change in the slope per degree change

in the temperature, R, is9

R =
D̃0 at T + 1

D̃0 at T
= e−ΔH/2T (T+1) (4.4)

In a similar form to the relation between reaction rates in (4.1), the time

required to have the same effect at different constant temperatures can be

related by

t1 = t2R
T1−T2 (4.5)

for constant temperatures T1, T2 and elapsed times t1, t2.
29 A variable

temperature may be written as an integral by approximating it as a Rie-

mann sum and taking the limit as Δt → 0. Using 43◦C as a reference

temperature, the thermal dose at 43◦C

TD43◦ =

∫ t

0

R43
◦C−T (t′)dt′ (4.6)

where the thermal dose TD43◦C is the time taken to cause an equivalent

reaction in the tissue at 43◦C to the temperature profile T over time t.29

Irreversible thermal damage to the tissue is considered to have taken place

at 240 equivalent minutes at 43◦C.2

The parameters for the Arrhenius equation are determined by taking

the natural log of v(T ) and linearly fitting ln v(T ) to 1

T
.9 However, the

Arrhenius equation only provides a good fit as long as the range of tem-

peratures is not too large.17 In the case of the thermal dose model, this is

demonstrated by taking two sets of parameter values: one below 43◦C and

one above it.9 For these parameter values, the value of R does not change

significantly and so may be approximated by29

R =

{
0.25 : T (t) < 43◦

0.5 : T (t) ≥ 43◦
(4.7)
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These parameters fit the survival curves of the studied Chinese hamster

ovary cells, but they consider only the range of temperatures between

37degC and 46degC,9 although a similar study on baby hamster kidney

cells discovered a similar relation up to 57◦C.4 The values are considered

reasonable even in the higher temperature ranges used in HIFU, which can

exceed 70degC,2 but some studies in pig skin burn models suggest that the

Arrhenius equation parameters may change at higher temperatures under

a different thermal damage model.34

This thermal damagemodel also uses the Arrhenius equation as its basis

for derivation, but instead of considering equivalent time, a damage variable

Ω(t) is defined as the log of the fraction of denatured protein38 and can be

shown to be

Ω(t) = A

∫ t

0

eE/RT (t′)dt′ (4.8)

Coagulation is considered to have occurred when Ω ≥ 1.38 When used in

skin burn studies, other critical values can be used for different degrees of

burn; the critical value for coagulation in this context is equivalent to that

of a second-degree burn.31 Zhou et al.38 and other works in therapeutic

thermal coagulation32,23 give one value for the parameters in the thermal

damage equation, but studies in pig skin burns34 suggest that these param-

eter values are only valid in a certain temperature range.

6. Preliminary Numerical Results

6.1. 3-D problem

We consider the Pennes Bioheat Equation (3.1) in a simplified model con-

sisting of three regions: the soft tissue on the outside, the bone marrow

in the middle, and the cortical bone between the two. We remove the

metabolic heat source term from the Pennes bioheat equation as noted in

Section 3. We assume that the bone and soft tissue are homogeneousand

isotropic. Also, we assume that at the focal point of the ultrasoun, the

tissue is at a prescribed temperature.

We use Dirichlet conditions on the boundaries and on the focal point

of the ultrasound. Also, at the interfaces between the flesh and bone, we

equate the heat flux from both sides:

kx,L
∂TL

∂x
= kx,R

∂TR

∂x
(1)

where the subscript L denotes the limit from one side of the interface, and

the subscript R denotes the limit from the other side of the interface. The
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above equations need to be augmented with an initial condition:

T (x, y, z, t = 0) = To(x, y, z) (2)

where (x,y,z) is defined on the domain D = {(x, y, z) ∈ R2|xa < x <

xb, yc < y < yd, ze < z < zf}

Figure 2. A cross-section of the three-dimensional model.

6.2. Method of solution

Due to the interior conditions from the focal point of the ultrasound, and

the interface conditions, an analytical solution for this problem is not pos-

sible, so we solve it numerically. The method we use is the fully implicit

finite difference method.
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In order to use the fully implicit method, we discretize the problem. We

discretize the time derivative as:

∂T

∂t
(xi, yj , zk, tl) =

Ti,j,k,l − Ti,j,k,l−1

Δt
(3)

where the subscripts i, j, k, and l represent the indices for the x, y, z,

and t axes, respectively, Ti,j,k,l = T (xi, yj , zk, tl), and Δt represents the

increment in the t direction. Next, we discretize the second derivatives using

the unequal finite difference method. By not forcing the spatial steps on

both sides to be equal, it gives us more freedom when solving this problem,

and potentially more accuracy:

∂2T

∂x2
(xi, yj , zk, tl) =

Ti+1,j,k,l − Ti,j,k,l

(xi+1 − xi−1)(xi+1 − xi)
−

Ti,j,k,l − Ti−1,j,k,l

(xi+1 − xi−1)(xi − xi−1)
(4)

Similarly, we do this for the second derivatives with respect to y and z. At

the interfaces, we discretize the interface conditions:

kx,L
∂TL

∂x
= kx,L

Ti+1 − Ti

xi+1 − xi

= kx,R
Ti − Ti−1

xi − xi−1

= kx,R
∂TR

∂x
(5)

6.3. Parameters

The parameters for the thermal conductivity, density, heat capacity, and

blood perfusion rate of flesh and bone are given in Table 1, obtained from

Francis Duck, Physical Properties of Tissue11

Table 1. Tissue parameters.

Flesh Bone Blood Marrow

ρ[ kg

m
3 ] 1100 1990 1052 1027

cp[
J

kgK
] 3430 1300 3840 2750

ω
b

0.000200 0 N/A 0.000046

kx[
W

mK
] 0.293 0.496 0.530 0.220

We assume 0 blood perfusion inside of the cortical bone and bone mar-

row for the sake of simplicity. For the boundary conditions we set the

exterior boundaries to be 33◦C to represent skin temperature, and the

boundaries in the x-direction to be a quadratic fit where at the ends they

are 33◦C and in the middle it is 38◦C, representing the maximum internal

body temperature that we assume to occur in the middle of the body.
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Figure 3. A comparison of the size of heated region between simulation and experi-

mental results. The plots demonstrate the distance from the focal point to the contour
at temperature a. 47◦C, b. 56◦C, and c. 63◦C. Average error in this distance was
−0.4± 0.9mm.
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6.4. Preliminary results

The simulation was run under the same conditions as used in the exper-

imental set-up shown in Table 2 and the results were compared with the

experimental results in Figure 3. The simulation matches closely with the

experiment for higher temperatures. In regions at lower temperatures, the

smaller increase in temperature due to the ultrasound away from the focal

point has a more significant effect.

Table 2. Schedule of experiment.

Max Temperature (◦C) Time (s)

Sonication Trial 1 77 20
Rest 210
Sonication Trial 2 74 20
Rest 165
Sonication Trial 3 82 20
Rest 120
Sonication Trial 4 83 20
Rest 120

Sonication Trial 5 82 20
Rest 510
Sonication Trial 6 72 20

7. Future Directions

While clinical applications of HIFU have greatly increased in the past

decade,15 modeling and treatment planning for HIFU lags behind that of

similar, more established treatment modalities, such as radiation.2 Radia-

tion therapy modeling is a well-studied problem and clinical applications

are guided by well-developed computer programs powered by mathematical

models, although work remains to be done in these areas as well.28 How-

ever, work towards developing such mathematically guided programs and

software for HIFU has begun, such as through the work of researchers at

the Hospital for Sick Children,16 although much work still remains to be

carried out.

Currently, while there is no unanimity as to which models should be

used, the use of the models is unidirectional in the sense that a model of

acoustic propagation is used to derive the acoustic pressure; this pressure

term is used to calculate the ultrasound heat source for the model for tissue

temperature distribution; and finally, this tissue temperature is used to

calculate the thermal damage. This view of the relation between themodels
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is a simplification of the actual variation in tissue properties. It is known

that the tissue parameters for both the acoustic and heat equations change

in damaged tissue6,14,36 and, similarly, these tissue parameters’ values will

change under high pressures and temperatures.14,20,21 It is uncertain at

this time how significant these dependencies are, as parameter values for

biological tissues under even typical conditions can be difficult to obtain.

A recent paper14 reports that thermal parameters in pig livers changed

by approximately 20% after being thermally damaged, even upon being

cooled, suggesting that at least the relation between thermal damage and

temperature models is significant. This paper does not provide a great deal

of evidence on how these parameters change over time when being damaged,

but it does provide at least endpoints for the change. Even should a suitable

model for the change in these parameters be found, though, it may require

further adjustments to the equations chosen, as many were derived under

the assumption of constant or nearly constant parameters. In particular,

all of the mentioned acoustic equations were derived under the assumption

of constant parameters.21,20,26,37

There are also some questions concerning the accuracy of the thermal

dose and thermal damage models. The thermal dose model in particular

was derived for temperatures between 38 and 46◦C,9 but in HIFU treat-

ments, the temperatures often rise as high as 70◦C.2 It is generally consid-

ered that the thermal dose model remains accurate in this wider range,2

but the Arrhenius model that underlies the derivation of both the thermal

dose and thermal damage models is known to only be accurate in small

temperature ranges for biological processes,17 which is the reason the value

of R changes at 43◦C.9 No evidence has been provided that the parameters

of the Arrhenius model does not change at higher temperatures9,4 and a

change in the parameters for the thermal damage model above 50−55◦C in

skin burn models compared to the parameter values around 40◦C34 suggest

that this change should happen. Either R in the thermal dose equationmay

have more than two values to be accurate in the range of temperatures for

HIFU or a new equation may be derived for a model like the Arrhenius

model that is accurate in a wider range of temperatures.

In addition, while heat is the dominant effect on tissue in HIFU treat-

ments, acoustic pressure still has an effect on tissue, which is relevant in

some applications. For example, certain frequencies and intensities of HIFU

results in the formation of bubbles in bodily fluids like blood (cavitation),

which have a variety of effects on both the body and the propagation of the

ultrasound itself. Some of these effects are desirable for certain applications
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and some can cause issues with other applications.2 However, modeling of

these effects is not well defined and in some cases are too imprecise to give

the necessary information, such as when attempting to temporarily open

the blood-brain barrier in drug delivery.22

While there remain numerous unsolved problems in HIFU modeling and

it has not reached the point of predictive modeling and treatment planning

seen in radiation therapy, these solutions are not out of reach. Mathematical

models can provide a better understanding of the potential applications of

HIFU and a better preparation for the differences in individual patients. It

is possible and desirable to reach the point of treatment planning of HIFU

as achieved by radiation therapy in the present day.
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We present systematic numerical studies of electrical-wave propagation in two-
dimensional (2D) and three-dimensional (3D) mathematical models, for human,
ventricular tissue with myocyte cells that are attached (a) regularly and (b) ran-
domly to distributed fibroblasts. In both these cases we show that there is a pa-
rameter regime in which single rotating spiral- and scroll-wave states (RS) retain
their integrity and do not evolve to a state ST that displays spatiotemporal chaos
and turbulence. However, in another range of parameters, we observe a transition
from ST to RS states in both 2D or 3D domains and for both cases (a) and (b).
Our studies show that the ST-RS transition and rotation period of a spiral or scroll
wave in the RS state depends on (i) the coupling strength between myocytes and
fibroblasts and (ii) the number of fibroblasts attached to myocytes. We conclude
that myocyte-fibroblast coupling strength and the number of fibroblasts are more
important for the ST-RS transition than the precise way in which fibroblasts are
distributed over myocyte tissue.

1. Introduction

Approximately 16% of all deaths in the industrialized world are caused

by cardiac arrhythmias like ventricular tachycardia (VT) and ventricular

fibrillation (VF)1,2. There is a broad consensus that the analogs of VT

and VF in mathematical models for cardiac tissue are, respectively, (a) a

single rotating spiral or scroll wave of electrical activation and (b) spiral-
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wave or scroll-wave turbulence, which displays broken electrical waves and

spatiotemporal chaos3,4,5,6. Thus, it is very important of study such spiral

and scroll waves to develop an understanding of life-threatening cardiac

arrhythmias. Such studies are truly interdisciplinary because they require

inputs from biology, bio-medical engineering, cardiology, on the one hand,

and physics, nonlinear dynamics, and numerical methods, on the other.

We use methods from these areas to solve the nonlinear, partial-differential

equations for state-of-the-art mathematical models for cardiac tissue with

myocytes and fibroblasts. We build on our earlier studies of this problem7,8

to elucidate the role of two different forms of myocyte-fibroblast couplings

on spiral- and scroll-wave dynamics in such models by using theoretical

ideas from spatiotemporal chaos.

It is useful to begin with an overview of experimental and computational

studies of cardiac myocytes and fibroblasts. Cardiac fibroblasts, which are

inexcitable cells, often multiply and connect with cardiac myocytes during

fibrosis9,10,11, a process of cardiac-tissue healing after a myocardial infarc-

tion. Fibroblasts in cell culture and in intact tissue can couple with my-

ocytes by expressing either the connexins-43 (Cx43) or Cx4512,13,14,15,16.

Zlochiver, et al.15 have shown the expression of Cx43 between fibroblasts

and myocytes in a monolayer of myocytes and fibroblasts of neonatal rats;

Miragoli, et al.16 have reported that Cx43 and Cx45 are expressed among

fibroblasts and between fibroblasts and myocytes in cultured fibroblasts

coated over rat-ventricular-myocyte strands. Both experimental and com-

putational studies have shown that such coupling between myocytes and fi-

broblasts enhances electrical-signal propagation in cardiac tissue15,17,16,18,7;

this enhancement increases with Nf , the number of fibroblasts that are at-

tached to a myocyte. In cell-culture experiments, Miragoli, et al.16 have

found that the conduction velocity (CV) decreases with an increase in the

density of fibroblasts in cultured strands of neonatal-rat myocytes coated

by fibroblasts; studies by McSpadden, et al.17 have found that CV decreases

as the fibroblast number increases on the top of a myocyte layer in a mono-

layer of neonatal-rat cardiac myocytes, which are electrotonically loaded

with a layer of cardiac fibroblasts. Zlochiver, et al.15 have shown that CV

decreases as (i) the gap-junctional conductance increases or (ii) the fibrob-

lasts density increases in their experiments with fibroblasts of neonatal rats;

they have also obtained similar result in their computational studies in a

two-dimensional (2D) sheet of myocyte tissue in the dynamic Luo-Rudy

(LRd) model19,20 by inserting fibroblasts. Computational studies by Xie,

et al.,18 have shown that CV decreases as they increase the gap-junctional
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coupling or the fibroblasts density in a 2D LR1 myocyte model21, with ei-

ther randomly attached or randomly inserted fibroblasts. In simulations

with the 2D TNNP04 model (due to ten Tusscher, et al.22), Nayak, et al.7

have found that CV either decreases or increases, with attached fibroblasts,

as they increase the gap-junctional coupling. The experimental and compu-

tational investigations mentioned above show that both the gap-junctional

coupling and Nf enhance CV and, therefore, they can play a crucial role in

spiral- and scroll-wave dynamics in mathematical models for cardiac tissue.

We develop and investigate two models with different arrangements of

fibroblasts that are attached to myocytes. In the first arrangement there

is a regular, spatially periodic attachment of fibroblast, whereas, in the

second arrangement, fibroblasts are attached randomly to myocytes. Our

study has been designed to understand the effects of fibroblast organization,

fibroblast density, and the myocyte-fibroblast coupling on spiral- and scroll-

wave dynamics. We use two parameter sets formyocytes. The first set leads

to a stable rotating spiral or scroll (RS) wave; the second leads to spiral-

or scroll-wave-turbulence (ST) states in an isolated myocyte domain. By

investigating an ST state in the presence of fibroblasts, we observe that both

models, with regularly and randomly attached fibroblasts, show transitions

from an ST to an RS state, depending on the myocyte-fibroblast coupling

Gj and the maximum number Nf of fibroblasts attached to a myocyte in

our simulation domain. We find that, once ST is converted to RS, the spiral

or scroll rotation period increases as we increase Gj and Nf . Our study

with an RS state and fibroblasts shows that an RS remains unchanged

in both models with regularly and randomly attached fibroblast; and the

rotation period increases as we increase Gj and Nf .

The remainder of this paper is organized as follows. Section 2 is devoted

to a description of our model and the numerical methods we use. Section 3

is devoted to our results. Section 4 contains a discussion of the significance

of our results.

2. Model and Methods

In this Section, we describe the details of our myocyte-fibroblast models for

two-dimensional (2D) and three-dimensional (3D) tissue. We also explain

the numerical-simulation techniques that we use to solve the partial differ-

ential equations (PDEs) that comprise our mathematical models. We also

discuss the methods that we use to analyze the data from our numerical

simulations.
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2.1. Model

The 2D and 3D myocyte domains, with attached fibroblasts, can be mod-

eled by the following PDEs and ordinary-differential-equations (ODEs)23,24:

∂Vm

∂t
=
−Im +Nf(x)Ij

Cm

+D∇2Vm, (1)

∂Vf

∂t
=
−If − Ij

Cf

, (2)

where

Ij = Gj(Vf − Vm); (3)

here Cm is the total cellular capacitance of a myocyte, Vm is the myocyte

transmembrane potential, i.e., the voltage difference between intra- and

extra-cellular spaces, and Im is the sum of all the ionic currents that cross

the myocyte cell membrane; Cf , Vf , and If are, respectively, the total

cellular capacitance, the transmembrane potential, and the sum of all ionic

currents for the fibroblast; Nf(x) is the number of identical fibroblasts

attached to a myocyte in our simulation domain at the point x; and Ij , Gj ,

and D are, respectively, the gap-junctional current, the myocyte-fibroblasts

gap-junctional conductance, and the diffusion coefficient that is related to

the gap-junctional conductance between myocytes.

For myocytes, we use the state-of-the-art mathematical model for hu-

man ventricular tissue developed by ten Tusscher and Panfilov (the TP06

model)25. In the TP06 model the total ionic current is

Im = INa + ICaL + Ito + IKs + IKr + IK1 (4)

+INaCa + INaK + IpCa + IpK + IbNa + IbCa,

where INa is the fast, inward Na+ current, ICaL the L-type, slow, inward

Ca2+ current, Ito the transient, outward current, IKs the slow, delayed,

rectifier current, IKr the rapid, delayed, rectifier current, IK1 the inward,

rectifier K+ current, INaCa the Na+/Ca2+ exchanger current, INaK the

Na+/K+ pump current, IpCa and IpK the plateau Ca2+ and K+ currents,

and IbNa and IbCa the background Na+ and Ca2+ currents, respectively.

The full sets of equations for this model, including the ODEs for the ion-

channel gating variables and the ion dynamics, are given in Refs. 7 and

26.
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We follow MacCannell, et al.27 to model the fibroblasts as passive ele-

ments. The fibroblast ionic current If is

If = Gf (Vf −Ef), (5)

where Gf and Ef are, respectively, the conductance and the resting mem-

brane potential for the fibroblast.

Physical units in our model are as follows: time t is in milliseconds (ms),

Vm and Vf are in millivolts (mV), Cm and Cf are in picofarads (pF), Im
and If are in picoamperes (pA), Gf is in nanoSiemens (nS), Ef is in mV,

Gj is in nS, and D is in cm2/ms.

We study models with (a) regularly attached fibroblasts and (b) ran-

domly attached fibroblasts. In case (a), Nf(x) = Nf for all site x in our

simulation domain. In case (b) we choose Nf(x) randomly at each site x;

Nf(x) can be any integer from 0 to Nf , with equal probability for any one

of these values.

2.2. Methods

Our 2D and 3D simulation domains are, respectively, squares (1024× 1024

grid points) and rectangular parallelepipeds (1024×1024×8 grid points). We

use 5-point and 7-point stencils for the Laplacian in 2D and 3D, respectively,

and a finite-difference scheme with step sizes δx = δy = 0.25 mm in 2D, and

δx = δy = δz = 0.25mm in 3D, i.e., our simulation domains are 256×256mm3

(in 2D) and 256×256×2mm2 (in 3D). For time marching we use a forward-

Euler scheme with δt = 0.02 ms. We use Neumann (no-flux) conditions at

the boundaries of our simulation domain.

For numerical efficiency, we have carried out our simulations on par-

allel computers, with an MPI code that we have developed for the TP06

model. Our code divides the 2D (or 3D) simulation domain into n columns

(or slabs) along the x-direction of the domain, i.e., each processor carries

out the computations for (1024/n) × 1024 and (1024/n) × 1024 × 16 grid

points, respectively, for 2D and 3D domains. To compute the Laplacian at

the interface of processor boundaries, we use two extra grid lines (or sur-

faces), which can send and receive the data from left- and right-neighbor

processors. The Neumann boundary condition is taken care of by adding

an extra layer of grid points on the boundaries of the simulation domain of

each processor.

Reference 28 suggests that wemust haveDδt/(δx2) < 1/2d for numerical

stability, where d is the dimension of the simulation domain. For the TP06
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model, with diffusion coefficients D = 0.00154 cm2/ms,25 time step δt =

0.02 ms, and space step δx = 0.25 mm, the value of Dδt/(δx)2 is ≃ 0.05; for

the TP06 model, the quantity 1/2d = 0.25 and ≃ 0.17, for the 2D and 3D

domains, respectively, i.e., we have numerical stability because Dδt/(δx)2 <

1/2d.

We check the accuracy of our numerical scheme, as in Ref. 28, by varying

both δt and δx in a cable-type domain of myocytes26,7 and by measuring

CV of a plane wave, which is injected into the domain by stimulating its left

boundary for 3 ms with a stimulus of strength 150 pA. With δx = 0.25 mm,

CV increases by 1.1% when we change δt from 0.02 to 0.01ms; if we decrease

δx from 0.25 to 0.15 mm, with δt = 0.02 ms, then CV increases by 3.1%;

these changes are similar to those found in other studies22,28,29,26.

Although the numericalmethod we use satisfies both numerical-stability

and accuracy conditions, an inappropriately large δx can give irregular

wavefront-curvature, as a consequence of numerical artifacts28,7,26; this

leads to unphysical wave dynamics. We check that our results are free

from such numerical artifacts by investigating the spatiotemporal evolu-

tion of an expanding wave front that emerges from a point stimulus. We

find that fronts of the expanding wave do not deviate substantially from

circles, when we apply a point stimulus of strength 450 pA for 3 ms at the

center of the domain.

We use two parameter sets P1 and P2 for myocytes to obtain, respec-

tively, a stable rotating spiral (RS) and a spiral-turbulence (ST) states in

our 2D simulation domain, and a stable rotating scroll or scroll-wave turbu-

lence in our 3D domain. The parameter set P1 is the original one used in the

TP06 model25,7,26. In the P2 parameter set, we use the following parame-

ters, with all other parameters the same as in the original TP06 model: (a)

GKr, the IKr conductance, is 0.172 nS/pF; (b) GKs, the IKs conductance,

is 0.441 nS/pF; (c) GpCa, the IpCa conductance, is 0.8666 nS/pF; (d) GpK ,

the IpK conductance, is 0.00219 nS/pF; and (e) τf , the time constant of

the f gating variable that is associated with the ICaL current, is increased

2 times compared to its value in the TP06 model25,7,26. Our fibroblasts

parameters are as follows: Cf = 6.3 pF, Gf = 4 nS, Ef = −49.0 mV, and Gj

in the range 0 ≤ Gj ≤ 6 nS.7,30

To obtain spiral and scroll waves we use the S1-S2 cross-field

protocol31,32,26. We apply a stimulus (S1) of strength 150 pA for 3 ms

to the left boundaries of our simulation domains, to form a plane wave. We

then apply the second (S2) stimulus, with the same strength and duration

as the S1 stimulus, from the bottom boundary and with 0mm ≤ y ≤ 125mm
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in 2D, and 0 mm ≤ y ≤ 125 mm and 0 mm ≤ z ≤ 2 mm in 3D. This protocol

leads to the formation of spiral and scroll waves, respectively, in our 2D

and 3D domains.

To examine the spatiotemporal evolution of our system, we obtain pseu-

docolor or isosurface plots of Vm, time series of Vm, from representative

points (x = 125 mm, y = 125 mm for 2D, and x = 125 mm, y = 125 mm,

z = 1.25 mm for 3D), which we mark with an asterisk (∗) in all pseudocolor

plots of Vm. We examine the inter-beat interval (IBI), by using this time

series with 4.4×105 data points; the IBI is the interval between two succes-

sive spikes in this time series. We obtain the power spectra E(ω), of the

time series of Vm, by using 2 × 105 data points; to eliminate transients we

remove the initial 2.4× 105 data points. To obtain the rotation period T of

a spiral, in an RS state, we average over the last 5 rotations of that RS.

3. Results

In subsection 3.1, we begin by studying spiral-wave dynamics in a 2D do-

main of myocytes without fibroblasts; we then introduce fibroblasts, either

regularly or randomly, and examine the effects they have on spiral-wave

dynamics. Subsection 3.2 contains the results of our studies of scroll-wave

dynamics in our 3D simulation domain.

3.1. Spiral-wave dynamics in our 2D model

In Fig. 1(A), we show a pseudocolor plot of Vm, at time t = 8.8 s, for the

parameter set P1, in our 2D simulation domain without fibroblasts; the

initial condition evolves to a state with a single rotating spiral (RS). The

local time series of Vm(x, y, t), from the representative point shown by the

asterisk in Fig. 1(A), is given in Fig. 1(B) for 0 s ≤ t ≤ 8.8 s; a plot of the IBI

versus the beat number is given in Fig. 1(C), which shows that, after initial

transients, the spiral wave rotates periodically with an average rotation

period T ≃ 212 ms. The power spectrum E(ω) in Fig. 1(D) has discrete

peaks at the fundamental frequency ωf ≃ 4.75 Hz and its harmonics. The

periodic time series of Vm, the flattening of the IBI, and the discrete peaks

in E(ω) demonstrate that the time evolution of the spiral wave, with the P1

parameter set, is periodic. In Figs. 1(E)–(H), we show the exact analogs of

Figs. 1(A)–(B) for the P2 parameter set. The non-periodic local time series

in Fig. 1(F), the fluctuating IBI in Fig. 1(G), and the broad-band nature

of E(ω) in Fig. 1(H) are characteristic of the ST state. The pseudocolor

plot in Fig. 1(E), at time t = 8.8 s, shows such an ST state, which arises
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from the steep slope of the action-potential-duration-restitution (APDR)

plot25,8. In summary, then, in the absence of fibroblasts, the parameter

sets P1 and P2 lead, respectively, to (a) an RS state and (b) an ST state

in our 2D simulation domain.

Figure 1. The rotating-spiral (RS) and spiral-turbulence (ST) states in a 2D domain
in the absence of fibroblasts. For the parameter set P1, the pseudocolor plot of Vm in
(A), the periodic nature of the local time series for Vm from the representative point

(marked by an asterisk ∗ in (A) in (B), the flattening IBI with an average rotation period
T ≃ 212 ms in (C), and the discrete peaks in the power spectrum with the fundamental
frequency ω

f
= 4.75 Hz and its harmonics in (D) characterize the RS state. The exact

analogs of plots (A)–(D) are shown, respectively, in (E)–(H) for the P2 parameter set;
the irregular local time series, the fluctuating behavior of the IBI and the broad-band
nature of the power spectrum characterize the ST state.

We now examine the effects of fibroblasts on spiral-wave dynamics in

both RS and ST states. We begin our investigation with the P1 parame-

ter set and with the regularly attached fibroblast model with 1 ≤ Nf ≤ 6

and 1 nS ≤ Gj ≤ 8 nS; the remaining parameters for fibroblasts are as in

subsection 2.2.

In Figs. 2(A1)–(A4) we show pseudocolor plots of Vm, at time t = 8.8 s,

with the P1 parameter set for regularly attached fibroblast model with

Gj = 4 nS and different values of Nf . The analogs of Figs. 2(A1)–(A4)

are shown in Figs. 2(B1)–(B4) for the P2 parameter set. The plots in the

first row of Fig. 2 show that the RS state, which we obtain in the absence

of fibroblasts, does not evolve into an ST state; however, the spiral-arm

width Wd decreases as we increase Nf , for a fixed value of Gj (first row of

Fig. 2). We define Wd to be the difference of the radial distance between the

wave front and the wave back of a spiral arm, whose center is located at the

spiral core. Such a decrease of Wd is related to the shortening of the action-
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potential-duration (APD) of a myocyte-fibroblast composite that has been

discussed in Refs. 8 and 7.

For the P2 parameter set, we observe a transition from an ST to an RS

state as we increase Nf for a fixed value of Gj (second row of Fig. 2). Such

an ST-RS transition is the consequence of the suppression of the steep

APDR slope of a myocyte-fibroblast composite at the cellular level8,33.

Once the ST state is suppressed, a single spiral in an RS state rotates

periodically as shown Figs. 2(B2)–(B4). In Figs. 2(C) and (D), we plot,

respectively, the rotation period T of a spiral wave in an RS state versus

Nf , for different values of Gj , for the P1 and P2 parameter sets. We find

that T increases as (i) Nf increases, with a fixed value of Gj , and (ii) Gj

increases, with a fixed value of Nf . This increase of T is a consequence

of the decrease of CV that is associated with a decrease of the upstroke

velocity of a myocyte-fibroblast composite AP in its depolarization phase,

as shown in Refs. 7, 8 and 18. Furthermore, we observe that the minimum

Figure 2. Various RS and ST states in our 2D domain for the regularly attached fibrob-
last model. (A1)–(B4) Pseudocolor plots of Vm, with Gj = 4 nS for N

f
= 1, 2, 4,and 6,

illustrate that the RS state (parameter set P1) remains in an RS state as N
f
increases

(first row). However, an ST state (parameter set P2) shows a transition to an RS state
as N

f
increases (second row). (C)–(D) The rotation period T of RS increases as N

f

increases, for a fixed value of Gj , and vice-versa, for both the P1 and P2 parameter sets.
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value of Nf , required for the ST-RS transition, decreases as Gj increases,

for the P2 parameter set.

Figure 3. Various RS and ST states in our 2D domain for the randomly attached
fibroblast model (this figure is the analog of Fig. 2). The results are qualitatively similar
to those in Fig. 2 for the regularly attached fibroblast case. Note that the minimum
value of N

f
, for a fixed value of Gj , for the ST-RS transition, is higher compared to that

in Fig. 2(D).

We focus next on spiral-wave dynamics, with P1 and P2 parameter sets,

in our randomly attached fibroblast model. In Fig. 3, we show the exact

analogs of Fig. 2, but now for the randomly attached fibroblast model. The

pseudocolor plots in Figs. 3(A1)–(A4) show that the randomness in attach-

ing fibroblasts does not lead to an RS-ST transition for the P1 parameter

set. However, inspite of the randomness in the arrangement of fibroblasts,

we observe an ST-RS transition for the P2 parameter set (see Figs. 3(B1)–

(B4)), which is qualitatively similar to the ST-RS transition in the P1 case

(compare the second rows of Figs. 2 and 3). However, the minimum value of

Nf , required for an ST-RS transition, is higher for the randomly attached

fibroblast model than in the regularly attached case (compare Figs. 2(D)

and 3(D)).
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Figure 4. The rotating-scroll and scroll-wave-turbulence states, in our 3D simulation
domain of size 256× 256× 2 mm3, for the regularly attached fibroblast model, are shown
in (A1)–(B4) via isosurface plots of Vm. The myocyte-fibroblast coupling strength Gj =

4 nS. The scroll-arm width of a rotating scroll, with the P1 parameter set, decreases as
N

f
increases (first row). The scroll-wave turbulence, associated with the P2 parameter

set, is converted to a rotating scroll as N
f
increases (second row). (C)–(D) Plots of the

rotation period T of a scroll wave in a rotating-scroll state, for the P1 and P2 parameter
sets; for both parameter sets T increases as Gj increases; note that, for the ST-RS
transition, the minimum value of N

f
decreases as Gj increases.

3.2. Scroll-wave dynamics in our 3D model

We turn now to a systematic study of scroll-wave dynamics in our 3D

simulation domain. For both the P1 and P2 parameter sets and both regu-

larly and randomly attached fibroblast models, we carry out simulations to

study the dependence of scroll-wave dynamics on Nf and Gj . We present

our numerical results below.

In Figs. 4(A1), (A2), (A3) and (A4), we show, respectively, isosurface

plots of Vm, at time t = 8.8 ms, for the P1 parameter set in our regu-

larly attached fibroblast model with Gj = 4 nS and Nf = 0 (i.e., isolated

myocytes), Nf = 1, Nf = 2, and Nf = 4. In the absence of fibroblasts, i.e.,

Nf = 0, the P1 parameter set displays a rotating scroll wave with fundamen-

tal frequency ωf ≃ 5 Hz and rotation period T ≃ 201 ms; this is consistent,

because ωf ≃ 1/T. In Fig. 4(C), we plot T versus Nf for Gj = 1 nS (●) and

4 nS (▴). We find that T increases as we increase (i) Nf , for a fixed value
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Figure 5. The rotating-scroll and scroll-wave-turbulence states, in our 3D simulation

domain for the randomly attached fibroblast model; the exact analog of Fig. 4. The
results are qualitatively similar to those for the regularly attached fibroblast case. Note
that the ST-RS transition N

f
value, for a fixed value of Gj , is higher than its counterpart

in Fig. 4(D).

of Gj , or (ii) Gj , for a fixed value of Nf . In Figs. 4(B1)–(B4) and (D), we

show, respectively, the exact analogs of Figs. 4(A1)–(A4) and (C), for the

P2 parameter set. In the absence of fibroblasts and for the P2 parameter

set, we obtain a scroll-wave-turbulence state (Fig. 4(B1)); this scroll-wave

turbulence is converted to a rotating scroll if we have Nf > 2 (second row

of Fig. 4). Once the scroll-wave turbulence state is suppressed, a rotating

scoll rotates with a period T, which increases as we increase Nf for a fixed

value of Gj , and vice-versa (Fig. 4(D)). Furthermore, from Fig. 4(D), we

find that the minimum value of Nf , required for the ST-RS transition, is 4

and 2, respectively, for Gj = 1 nS (●) and 4 nS (▴). The isosurface plots in

Fig. 4 show that the width Wd of a scroll-wave arm in the rotating-scroll

state decreases as we increase Nf for both the P1 and P2 parameter sets.

The mechanisms of the ST-RS transition, and increase of T and a decrease

of Wd, as we increase Nf and Gj , are the same as those we have found in

our 2D studies.

In Fig. 5 we show the exact analog of Fig. 4 for the randomly attached

fibroblast model, with both the P1 and P2 parameter sets. Our scroll-
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wave results here are similar to those for the case of regularly attached

fibroblast model. From Fig. 5(D), we find that the minimum value of Nf ,

for the ST-RS transition, is 5 and 3, respectively, for Gj = 1 nS (●) and

4 nS (▴). Note that this minimum value of Nf is higher for the randomly

attached fibroblast model than it is for the regularly attached fibroblast

model (compare Figs. 4(D) and 5(D)).

4. Conclusions

We have presented the most extensive numerical study carried out so far of

the effects of fibroblasts on spiral- and scroll-wave dynamics in a mathemat-

ical model for human ventricular tissue with fibroblasts, attached regularly

or randomly to myocytes. Our numerical study has been designed to un-

cover the role of (i) the organization of fibroblasts in ventricular tissue (i.e.,

to compare regular and random arrangements), (ii) myocyte-fibroblast cou-

pling Gj , and (iii) the density of fibroblasts, i.e., the maximum number of

fibroblasts Nf attached to a myocyte. One of the principal results of our

studies is that spiral- and scroll-wave dynamics depend only slightly on the

details of the organization of fibroblasts in ventricular tissue. However, the

ST-RS transition, the stability of spiral- and scroll-wave turbulence, the

rotation period of a rotating spiral and scroll, and the width of a rotating

spiral and scroll arms, depend sensitively on Nf and Gj .

Earlier studies have investigated the effects of fibroblasts on spiral-

wave dynamics by introducing randomly diffuse fibroblasts in a myocyte

domain15,34. Such randomly diffuse fibroblasts in a myocyte domain in-

hibit electrical-wave propagation, and initiate spiral-wave turbulence state.

Studies by Xie, et al.18 have found that spiral-wave breakup occurs, in an

LR1 model, because of randomly diffuse fibroblasts in a localized area of a

simulation domain; Zlochiver, et al.15 have shown from their experiments

and simulations that a rotating spiral becomes unstable and, finally, spiral

breakup occurs, as they increase the percentage of diffuse fibroblasts. Ma-

jumder, et al.34 have shown from their numerical experiments that a tran-

sition from an RS to various ST states occurs depending on the percentage

of fibroblasts in their simulation domain. In our attached-fibroblast model

studies, fibroblasts do not inhibit wave propagation7; however, fibroblasts

attached to a myocyte can lower the steepness of the APDR curve, depend-

ing on the values of Gj and Nf .
8,33 Such a lowering of the steep slope of

the APDR eliminates spiral- and scroll-wave turbulence in our 2D and 3D

simulation domains35,36,37,38. Therefore, we observe an ST-RS transition.
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Earlier studies in Ref. 33 have observed ST-RS spiral-wave transitions be-

cause of a suppression of the steep portion of the APDR slope in a 3D

model consisting of myocytes, fibroblasts, and extracellular space by using

the LR1 model21. However, those studies have not investigated the spiral-

and scroll-wave transition as a function of Nf and Gj . Our study shows

that both Nf and Gj are important factors during the fibrosis process39,10.

We suggest that our results from in silico studies can be verified

in in vitro experiments. Furthermore, by using advanced cell-culture

techniques40,41,42, our 2D and 3D numerical results can be tested easily

in cell-culture experiments.
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A SIMPLE LOGISTIC SIGMOIDAL MODEL PREDICTS

OXIDATIVE STRESS THRESHOLDS IN NEWLY
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Oxidative stress (OS) is a central causal locus through which hyperglycemia leads
to post-diabetic complications. Using a mechanistically derived minimal mathe-
matical model, we showed that steady state OS and glycemic state (GS) in newly
diagnosed type 2 diabetics can be fitted well using a Goldbeter-Koshland function
(GK) [Kulkarni R et al., PLoS ONE 9(6): e100897, 2014]. In clinical usage, how-
ever, it would be attractive to use a simpler model to describe changes in OS as GS
is controlled. Here we use a logistic sigmoidal function (LS) and compare the two
models. Both the models capture a quantal dose-response relationship between
plasma glutathione (an oxidative stress marker) and glucose for each diabetic in-

dividual (n=48, for both the models). Individual diabetic curves show variation in
response to the glycemic treatment which can be captured in terms of parameters
of the model, namely, GSHmax: maximal glutathione level attained by diabetic
patient, v : glucose concentration when plasma glutathione is half maximal and k :
slope of the curve. Parameter distributions of v and GSHmax predicted by both
the models are comparable, but distributions of k show considerable variation.
Further, the measures of model selection, namely, mean sum of squared errors and
Akaike’s information criterion (AIC) suggest that LS model fits better compared
to the GK model. Overall, our analysis shows that the LS model is a simple and
statistically better alternative to the GK model to establish a quantitative relation-
ship between OS and GS. We hope that OS threshold predictions by the LS model
would help in the clinical investigations of hyperglycemia mediated OS responses.
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1. Introduction

Recent studies in cell lines, animal models and human trials establish that

oxidative stress (OS) is causally associated with the development of insulin

resistance and post-diabetic complications1,2,3,4. OS is the central causal lo-

cus through which hyperglycemia leads to post-diabetic complications5,6,7.

Therefore, controlling OS internally can potentially reduce the rate of de-

velopment of diabetes complications. However, anti-oxidant interventional

studies in humans to control OS have either failed or have not been conclu-

sive in controlling diabetes8,9. A quantitative understanding of how much

and how long OS needs to be controlled with respect to the glycemic state

(GS) is key in utilising OS control as a diabetes treatment. Therefore, there

is a need to establish a quantitative relationship between the OS-GS state

of an individual.

In order to gain a quantitative understanding of OS-GS relationship

we used data from a longitudianal study performed on newly-diagnosed

diabetics kept on the glycemic treatment10 (for more information see Ma-

terials and Methods section 2.1). Various OS markers were measured at 0,

4 and 8 weeks of the intervention. Our primary analysis suggested that

among the various OS markers measured, plasma glutathione improves

rapidly over the 8 weeks period of the glycemic treatment. Henceforth,

for the sake of simplicity, plasma glutathione pool will be referred to as

GSHt. GSHt is comprised of reduced (GSH) and oxidised (GSSG) forms,

of which GSH is the major anti-oxidant buffer of the cell11. GSH scav-

enges reactive oxygen species produced due to metabolic processes and

gets oxidised into GSSG. Together, GSH-GSSG redox couple maintains the

optimal redox environment in the cell. Also, it has been shown that GSH
GSSG

ratio and plasma glutathione can be used as measures of the plasma OS

state12,13,14,15. GSH infusions in diabetic subjetcs is known to improve

insulin sensitivity17. Therefore, GSHt is a promising OS state marker to

monitor the diabetes progression.

In Kulkarni et al., we performed a heirarchical cluster analysis on GSHt

values pooled from 0 and 8 weeks diabetics and non-diabetics16. Three

distinct GSHt ranges emerge from the cluster analysis: before therpay di-

abetic, after therapy diabetic (recovery period) and non-diabetic. GSHt

also showed an inverse relation with the GS in terms of the HbA1c (gly-

cated heamoglobin, a marker of the glycemic state). Based upon the results

we proposed that OS-GS dose-response would have a nonlinear graded re-

lationship. Further, a mechanistic minimal model was used to capture
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this trend, which gives the Goldbeter-Koshland like functional form at the

steady-state16 (for more information see Appendix section 5.2). Individual

diabetic fits showed considerable variation in response to the glucose treat-

ment. Based upon our results we proposed a “tailor-made” glucose control

therapy target for each diabetic patient16.

In our earlier study, for mathematical modeling purpose, we assumed

that the GSHt will be conserved over the twomonths study period. Mecha-

nistically, before treatment GSSG pools would be higher and eventually get

converted into GSH as glycemic stress is reduced due to diabetes treatment.

This interconversion gives rise to the GK functional form at the steady

state16. It is interesting to ask how this assumption ought to be relaxed for

improving the model. For instance, there might be other complex mecha-

nisms such as changes in transport rates of GSH and GSSG contribute to

the observed pattern18,20. Besides, the complex GK functional form may

not be feasible to use in the clinical settings. Nevertheless, the steady-state

dose-responses can be fitted using simple functional form, which retains the

predictive power. Therefore, we used the logistic sigmoidal (LS) model to

fit the data. Its simple functional form is probably more suitable for practi-

cal purpose in the clinical setting to define the glucose targets for diabetics.

Our model selction analysis shows that the LS model is statistically better

alternative to the GK model. We propose that the simple LS model can

be used over the GK model to (a) monitor progress of glucose therapy in

terms of OS (b) define glucose targets in terms of the OS state attained by

the diabetic patient.

2. Materials and Methods

2.1. Subjects information

We reused the dataset on newly-diagnosed type 2 diabetic patients (n =

54) attending the Diabetes Unit, KEM Hospital and healthy non-diabetic

subjects (n = 50) to compare the two models10,16. Newly-diagnosed dia-

betic patients were defined as individuals who had blood glucose levels >6.9

mmol/L and HbA1c values >6.5% (47.5 mmol/mol), and had no diabetes

associated secondary complications. No anti-diabetic medication was given

before the diagnosis. Non-diabetic subjects were volunteers from the aca-

demic institutions in Pune. Additional details about the anthropomorphic

characteristics, gender, age, BMI, and drug treatments for diabetic patients

are provided in the Appendix section 5.1. Fasting blood samples were col-

lected at the interval of 0, 4 and 8 weeks from the diabetic patients and
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non-diabetic subjects. Plasma glucose, insulin and various oxidative stress

markers including GSHt were measured using biochemical assays10. Dia-

betic patients were advised on physical activity and diet and were put on

anti-diabetic drugs to control hyperglycemia as prescribed. Patients were

advised not to take any oral antioxidant and multivitamin supplements as

a part of the diet. Pregnant women, chronic smokers and those receiv-

ing antioxidants, individuals with excessive alcohol intake, individuals with

inflammatory or malignant diseases and those with clinical infection, were

excluded from the analysis. Subjects with a recent cardiovascular event and

symptomatic heart disease were also excluded. Purpose and nature of the

study was explained to all the study subjects and their written informed

consent was obtained. The study protocol was approved by the Institu-

tional Ethical Committee, KEM Hospital and Research Centre, Pune10.

2.2. Statistical analysis

Student’s t-test for comparison of means was used for comparison of the

best fit parameters obtained by the GK and LS models at 95% confidence

interval. Also, Akaike’s Information Criterion (AIC) along with sum of

squared errors, were used as model selection criteria for comparison of two

models.

2.3. Mathematical models and data fitting

In earlier study, we proposed a mechanistic model to account for the steady

state GSHt-glucose dose-response in newly-diagnosed diabetics16. The

steady-state functional form of the GK model is provided in the Appendix

section 5.2. However, the complex nature of the GK model may not be

suitable for the practical purpose in clinical intervention. Therefore, we

propose a simpler statistical function to capture the graded dose-response

between GSHt and glucose. A monotonically decreasing functional form of

logistic sigmoidal function is used for fitting the data, which is given by:

GSHt(glucose) = GSHmin +
GSHdiff

1 + ek(glucose−v)
(1)

More information on the mathematical properties of the LS model is pro-

vided in the Appendix section 5.3. The LS Model has an extra parameter

GSHmin, the baseline GSHt before therapy, which is fixed by the GSHt

value at the 0-week. It is important to note that in the LS model, GSHdiff

= GSHmax − GSHmin. Therefore, both the models are characterised by
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GSHmax: the maximal GSHt pool attained by the diabetic patient at low

glucose, k : the slope of the dose-response and v : the glucose concentration

at whichGSHt is half-maximal. The parameters are obtained by fitting four

GSHt-glucose data points for each diabetic patient namely, 0, 4 and 8 weeks

GSHt-glucose pairs and maximal non-diabetic GSHt defined by the age of

a diabetic individual, given by the equation GSHt = 1354.5− 14.3 × Age

(for more information see Appendix section 5.4). The average non-diabetic

glucose value is paired with the asymptotic GSHt non-diabetic value ob-

tained using above equation.

The optim() function in R was used to optimize the function and obtain

the best fit parameters for each diabetic case. Internally, Nelder-Mead

algoritham was used for the optimization. The lower bound for v was set

at 5mM, which means that if the trend in the glycemic control did not work

properly or if the algorithm could not fit the function, a standard glucose

control regime would be applied. The GK model fits were also obtained

using the same methodology and compared with the LS model fits.

3. Results

3.1. The LS model is parametrically comparable with the

GK model

We fitted GSHt and glucose data to the LS and GK models for each di-

abetic patient (for more information see Materials and Methods section

2.3). It was observed that GSHt shows age-dependence in non-diabetics

and therefore asymptotic GSHt value for each diabetic would vary depend-

ing upon age. The age-dependence of GSHt was implicitly accounted for

in the fitting process, so that we could fit patients across age distribution

(for more information see Appendix section 5.4). In 48 out of 49 patients

meaningful fits could be obtained for both the models (Figure 1). The

GSHt shows nonlinear graded response to glucose, switching at a critical

glucose threshold, v. Each fit is therefore characterized by three param-

eters, namely, GSHmax: the maximal GSHt corresponding to very low

glucose, v : the threshold point, i.e. the glucose concentration for which

the GSHmax is half-maximal and k : a slope factor that determines the

steepness of the GSHt-glucose response curve. Figure 2 shows correspond-

ing parameter distributions for the GK and LS models. Parameters v and

GSHmax have physiological relevance originating from the functional form

of the models, however, parameter k is not readily comparable. Therefore,

we compared v and GSHmax parameter distributions of the two models.
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Parametrically the two models give comparable fits and distributions of the

parameters v and GSHmax do not differ significantly (Figure 2).

Figures 1(a) and 1(b), show individual diabetic fits obtained by the

GK and LS models, respectively. The grey lines depict individual dose-

response curves with considerable variation. A dotted bold curve indicates

“population-averaged curve” (PAC) for a given model with averaged val-

ues of v, k and GSHmax over the individual curves. We note that the

PAC for the LS model (characterised by v=6.6, k=4.4, GSHdiff=712,

GSHmax=846) is steeper compared to the GK model (characterised by

v=6.9, k=82.2, GSHmax=905). The solid black dot is an inflection point

for the PAC. The bold solid middle portion is the sensitive part of the PAC.

This portion is defined as (v/4) on both sides of the inflection point as the

inflection region. The PACs show biphasic responses in the inflection re-

gion around the inflection point: lower GSHt in the hyperglycemic range

and switches to the asymptotic higher GSHt range associated with lower or

non-diabetic glucose range. It is intersting to observe that the upper por-

tion of the inflection region falls into the “impaired fasting glucose” (IFG)

ranges defined by ADA nad WHO (5.5-6.9mM). A diabetic person in this

zone is prone to develop diabetes at a faster rate. The lower part of the

solid black portion is the recovery phase of the diabetics after 8 weeks of

glucose control therapy. The individual diabetic curves obtained by the LS

model can be used to define “tailor-made” glucose control therapies based

upon OS state achieved in comparison to GS state. We used model selec-

tion criteria to compare the model performances, which is described in the

next session.

3.2. Model selection criteria suggest that the LS model fits

are statistically better to the GK model

We used measures of model selection to compare the fits obtained by the

two models. Figure 3 shows histograms of log-transformed SSE for the

GK and LS models, respectively. The mean sum of squared errors were

found to be considerably lower for the LS model (MSSELS = 6.48 versus

MSSEGK = 8.40, p-value <0.05). Also, we used Akaike’s information cri-

terion (AIC scores) to compare the performances of the two models. Lower

the AIC score, better the fitting procedure. The mean AIC score was found

to be significantly lower for the LS model (mean AICLS = 27.2 versusmean

AICGK = 34.0, p-value <0.05). Therefore, though the parameter distribu-

tions obtained by the two models do not differ significantly, model selection
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Figure 1. GSHt-glucose dose-response curves obtained by fitting the GK and LS models
to individual diabetic data points. In 48 out of 49 individuals meaningful fits were ob-

tained by each model. Grey lines indicate individual diabetic fits which show considerable
variation to glycemic control. The dotted bold black curve is the “population-averaged

curve” (PAC). The solid black curve is the sensitive portion of the PAC and the black

dot represents inflection point (v) of the curve. Figures 1(a) and 1(b) show individual

dose-responses obtained by the GK model and the LS model, respectively. The PAC
for the LS model (parameterised by v=6.6, k=4.4, GSH

diff
=712 and GSHmax=846)

is steeper compared with PAC for the GK model (parameterised by v=6.9, k=82.2 and
GSHmax=905). The upper portion of the solid black curve falls into the sensitive regime

of “impaired fasting glucose” (5.5-6.9mM) as suggested by the ADA and WHO guide-
lines. The diabetic patient in this zone will rapidly lead into fully blown diabetic status.
The threshold for this is given by v. It is interesting to note that the inflection point for

the LS and GK model fall near to upper bound of the IFG regime (6.9mM). Also, lower
portion of the solid black curve represents recovery phase from the glycemic treatment

where, 80% of the 8-weeks GSHt values lie.
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Figure 2. Parameter histogram comparison obtained by fitting Goldbeter-Koshland

function (GK) and Logistic sigmoidal function (LS) to individual diabetic patients
(n=48). Vertical black dotted lines indicate corresponding mean ± sd values for the

population-averaged parameter values. The population-averaged values of the param-
eters v and GSHmax obtained by the GK and LS models do not differ signaificantly
(p-values: 0.44 and 0.36 at 95% confidence interval, respectively). However, the distri-

butions of the third parameter k differ by the order of magnitude.

analysis demonstrates that the simple LS model performs statistically bet-

ter in comparison to the GK model.

4. Discussion

Our results suggest that the simple LS model can be used for construct-

ing GSHt-glucose dose-response in newly-diagnosed diabetics over the GK

model. The physiologically relevant parameters, v and GSHmax, remain
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Figure 3. Comparison of sum of squared erros (SSE) obtained by GK and

LS fits (n=48). Vertical black dotted lines indicate corresponding mean ± sd values

for the population-averaged SSE. The population-averaged SSE obtained by two models

differ significantly and found to be lower for LS model (p-value <0.05).

comparable with the GK model. However, distributions of the third param-

eter k, which defines the slope of the curve, differ by an order of magnitude.

The exact origin of this difference is not clear. In the GK model the slope

factor k, is defined as a rate constant, which has a complex non-linear func-

tional origin. This complexity of the slope factor is not present in the LS

model. Further mathematical properties of the LS model suggests that the

v is not perfectly half maximal but slightly greater than GSHmax/2 (for

more information see Appendix 5.3). However, the slight increase in v is

within the standard deviation of the v of the PAC for the LS model, hence

may not affect the predictive power.

In a few cases, where the glucose therapy may not have worked properly,
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we observed that the GSHt did not increase concomitantly with the glucose

therapy. In such cases curve fitting predicted unphysiological v values,

especially below 5mM glucose. To avoid this unphysiological prediction, in

the curve fitting procedure we set lower bound of v to 5mM, the standard

diabetic treatment regime. We also observed that in couple of cases GSHt

was decreased along with glucose control instead of increasing. In such cases

the GSHmin need not be the 0-week GSHt value. Hence in the algorithm

we choose the minimum value of GSHt from the three visits to set as

GSHmin value. Interestingly, both the models could capture nonlinear

OS-GS trajectory in such cases and retains the predictive power. Another

technical problem that could arise in curve fitting procedure is that curve

starts with the lowest GSHt level provided, and below which no association

between OS-GS exists. In principle, OS-GS relation can exist beyond the

lowest GSHt level provided. However, this discrepancy can be overcome

by considering the “solid black portion” of the PAC (Figure 1). Notice

that the predictive power of the glucose control lies in the upper portion

of the solid black curve which coincides with the IFG band after crossing

the threshold value v. The lower portion of the solid black line lies below

the inflection point and therefore the changes in the lower portion may not

affect predictions of the glucose control targets significantly.

There is a daily variation in the plasma glucose and GSHt levels. To ac-

count for the daily variation in the plasma glucose we usedHbA1c converted

glucose values (for more information see Appendix section 5.5). Fluctua-

tions in the average plasma glucose over the period of three months is

reflected in the HbA1c value. Therefore, HbA1c is considered as a stable

marker of glycemic load and accepted standard for the glycemic state. The

daily variation in GSHt is around 15–30%19. To account for this varia-

tion in the fitting procedure, we randmly varied GSHt pools by 15–30%

(for more information see Appendix section 5.6). We noticed an intersting

feature in the curves which have v closer to 5mM. These cases show bifur-

cation in the curve fitting procedure and show two distinct curve fittings

with bimodality in the parameter values. However, for patient cases with

higher values of v (beyond 5.8mM), no such phenomenon is observed and

fits are robust. We speculate that steeper dose-response curves are fragile

and need to be evaluated with more number of data points, accounting for

the daily variation in the GSHt levels.

We propose that the nature of OS-GS trajectory in the initial stages of

diabetes is atleast partially reversible and shows non-linear graded response.

This leads to few open questions: what would be the nature of OS-GS curve
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as diabetes progresses? Would it retain reversible graded dose-response as

observed in newly-diagnosed diabetics? The proposals made in our study,

albeit simple and speculative, indicate the need for larger epidemiologi-

cal longitudinal human trials to answer these questions. Also, there are

multiple complex underlying mechanisms which can contribute to systemic

OS-GS changes20. And in principle, the simple physiological GK model16

or phenomenological LS model can be improved to incarporate complex

mechanisms in future.

Overall our studies suggest that the LS model can be used to capture

the GSHt-glucose dose-response in newly-diagnosed diabetics. Its simple

functional form is suitable in the clinical practice for designing glucose

control targets. We propose that this curve fitting procedure with multiple

time points can turned out to be useful for the OS based diabetes treatment.

5. Appendix

5.1. Anthropomorphic characteristics of non-diabetic and

diabetic subjects and anti-diabetic treatment details

Table 1 shows anthropomorphic characteristics of non-diabetic and diabetic

subjects. In the non-diabetic group, two subjects were removed: Case 16

was removed due to missing data and case 14 developed diabetes during

the study period. In the diabetic group, five patients were removed due

to missing data points either in BMI (Cases 42,48) glucose or in 8-weeks

GSHt (Cases 5,8,53). Therefore, anthropomorphic characteristics of 48

non-diabetics and 49 diabetics are listed below.

Table 1. Summary of the anthropomorphic characteristics: Gender, age
and BMI of non-diabetics (n=48) and diabetics (n=49) used in the data
analysis [Adapted from Kulkarni et al., PLoS One, 2014].

Characteristic Non-diabetic Diabetic

Gender Female/Male 23/25 22/27

Age Mean ± Std. Dev. 32.8 ± 11.78 47.8 ± 10.5
Range 22-64 29-76

BMI Mean ± Std. Dev. 23.75 ± 3.2 26.0 ± 3.6

Range 16.8-33.3 20.3-41.6

Table 2 gives details about anti-diabetic medication given to diabetic

subjects for two months. Among 48 diabetics, 21% received combination

of biguanides and sulphonamides drug treatment, 21% received biguanide

drug treatment and remaining and 58% received DPP-4 inhibitor or gliptin

treatment.
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Table 2. Summary of anti-diabetic drug treatment given to

48 diabetic subjects over the period of 8 weeks. [Adapted from
Kulkarni et al., PLoS One, 2014].

Drug treatment Number of diabetics

DPP-4 inhibitor 28

Biguanide 10

Combination of drugs
(Biguanide and sulphonamides) 10

5.2. The Goldbeter-Koshland functional form

The steady-state GSHt-glucose response was captured by Goldbeter-

Koshland functional form (GK), derived from a minimal mathematical

model. It has a monotonically decreasing sigmoidal functional form, which

is given by:

GSHt(glucose) =

−(v · GSHmax − v · k − Glu · k − GSHmax · Glu) −

√√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√

v
2

· GSHmax
2+

v
2

· k
2 + k

2
· glucose

2

+glucose
2

· GSHmax
2+

2 · glucose
2

· k · GSHmax

−2 · GSHmax
2

· glucose · v+

2 · k
2

· v · glucose

+2 · v
2

· k · GSHmax−

4 · glucose · GSHmax · v · k

2 · (glucose − v)

(2)

For more information on the mathematical derivation and properties of

the GK model refer to supplementary information Kulkarni R., et al., PLoS

One, 2014.16

5.3. Physiological interpretation of the parameters of the

LS model

The LS model is characterised by three parameters, v, k and GSHmax.

GSHdiff is the difference between GSHmax −GSHmin. The physiological

interpretation can be obtained as follows:

(1) By putting Glu = 0, in the Equ.[ 1], we obtain,

GSHt(glucose) = GSHmin +GSHdiff = Gmax. Therefore, at the

low glucose GSHmax is reached.

(2) By putting Glu = v, in the Equ.[ 1], we obtain,

GSHt(glucose) = GSHmin +
GSHdiff

2
= GSHmax+GSHmin

2

Therefore, v is the threshold of glucose whereGSHt is half-maximal.
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5.4. GSHt dependence on age in non-diabetics

We found that GSHt is negatively correlated with the non-diabetic age.

This negative relation was used in the asymptotic GSHt determination in

diabetics for curve fitting procedure. Figure 4 shows the results of the

regression analysis.
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Figure 4. Linear regression of GSHt against age in non-diabetics (n=48). GSHt levels
are affected due to aging in non-diabetics. The equation for this regression line is GSHt

= 1354.5 - 14.3 ×age, where p-values for the intercept and slope being <0.05 and 0.0002,

respectively, at a 95% confidence interval. BMI doesn’t contribute to GSHt levels sig-
nificantly (Data not shown, p-value for the slope of -5.24 being 0.73 at a 95% confidence

interval) [Adapted from Kulkarni R., et al., PLoS One, 2014].

5.5. Accounting for the daily variation in glucose and

GSHt levels in an individual

Glycated hemoglobin, HbA1c, is a marker of average blood sugar level over

approximately 3 months, and heavily weighted over the last 45–60 days.

In contrast to the blood sugar levels glycated hemoglobin level is therefore

stabler to fluctuations. In order to reduce variation in the fits we chose to

model GSHt against HbA1c, not fasting glucose. A robust linear regression

was used to obtain the relationship between GSHt against HbA1c as shown

in the (Figure 5).
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Figure 5. Linear regression between fasting glucose and HbA1c. Fasting glucose and
Hb1Ac values were taken from • : Non-diabetic; ◦: diabetic 0 week; � : diabetic 4
weeks; � : diabetic 8 weeks. This equation is used to convert HbA1c into a glucose
value for model fitting. R-squared for the robust linear regression fit is 0.99. [Adapted
from Kulkarni R., et al., PLoS One, 2014].

The relationship between fasting glucose and HbA1c is given by,

Glu = 20.5×HbA1c − 22.3. (3)

HbA1c levels of diabetics were converted into equivalent glucose levels

using Eq. (3) and used in the fitting procedure. We think therefore that

the estimates are reliable with respect to glucose measurements.

5.6. Accounting for the daily variation in the GSHt levels

and robustness of the fits

To account for the daily variation in GSHt levels, we assumed that there is

approaximately 15% daily variation in the GSHt levels.
19 A random num-

ber generator was used to vary the GSHt levels within GSHt ± 15%GSHt

range. This is added to GSHt − 15%GSHt. The GSHt levels simulated

for each 0, 4 and 8 weeks were used to fit the curve. This procedure was

repeated to obtain 1000 simulated datasets for each case study. All the

analysis was performed using statistical package R. We observed that for

values v closer to 5mM-5.5mM, curve fitting procedure is fragile and shows

two distinct curve fittings. However, this feature disappears as value of v

increases beyond 5.5mM of v.
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