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Preface

This book provides a panorama of developments in our understand-

ing of some general equilibrium models in the past three decades.

These properties go far beyond the existence of equilibrium or the

welfare theorems to which many current textbooks seem to limit

microeconomics. The equilibrium manifold and the way that set is

projected into the parameter space play a fundamental role in these

developments.

Now a few words to justify the term postmodern general equilibrium

theory. There is widespread consensus to associate modern mathemat-

ics with van der Waerden’s Moderne Algebra (1931) and the Bourbaki

series, Elements of Mathematics. Debreu’s pivotal Theory of Value (1959)

is the Bourbaki-style formulation of modern general equilibrium

theory. Jacques Drèze once described that book as the ‘‘last definitive

posthumous edition’’ of Walras’s Elements of Political Economy (1874).

This reminds us that, according to Weil (1991, 104), the initial goal of

the Bourbaki group was to reformulate Goursat’s Cours d’analyse math-

ématique (1902) in the style of modern mathematics. The main feature

of modern general equilibrium theory is, in addition to the abstract

and axiomatic style, the focus placed on properties that are satisfied by

all, or almost all, equilibria and economies, in other words, absolute

properties.

But many problems have no answer within the setup of modern gen-

eral equilibrium theory. An example is the stability of competitive

equilibrium. Properties like stability are not satisfied by all equilibria.

Only some equilibria can be stable, and only some economies have sta-

ble equilibria. More generally, only some equilibria and economies are

going to satisfy an economically meaningful property. This is where

the equilibrium manifold takes the central role because it enables us to

characterize and study sets of equilibria that satisfy any given property



as subsets of the equilibrium manifold. From absolute, properties be-

come relative. This change in perspective is sufficiently important to

differentiate the relativistic postmodern approach from Debreu’s abso-

lute (modern) approach.

Postmodern general equilibrium theory has nothing to do with the

particular tone and political agenda of the postmodernism of politi-

cal science and philosophy. Nevertheless, if postmodern theories in

science and art seem to have little in common, they all stress to varying

extents the idea that properties are relative rather than absolute. Post-

modern general equilibrium theory thus fits very well into this setup.

The first two chapters of this book are devoted to a short presenta-

tion of the evolution of the theory of general equilibrium from a theory

of rational economics (Divisia 1928) into the style epitomized by

Debreu’s Theory of Value (1959) and finally into a theory where the

main goal is the characterization through the equilibrium manifold

approach of sets of economies and equilibria that satisfy specific eco-

nomic properties.

Chapters 3 and 4 deal with the core of the equilibrium manifold

approach applied to the study of the equilibrium equation of the pure

exchange Arrow-Debreu model.

Chapter 5 describes a dual formulation of the equilibrium manifold

approach. That approach generalizes to the case of many consumers

the indirect utility of Hotelling (1938) and Roy (1942) considered in

many textbooks. The interest of this dual formulation comes from its

superiority in dealing with rather complex properties of the equilib-

rium equation, properties that prove crucial in later chapters of the

book.

Chapter 6 illustrates the versatility of the equilibrium manifold ap-

proach by applying it to a version of the Arrow-Debreu model where

preferences are price-dependent. That model is shown to have the

same properties as the standard Arrow-Debreu model with price-

independent preferences, provided total resources are variable. That

model plays an important role in the analysis of the temporary equilib-

rium model, which is taken up in chapter 9.

Chapter 7 addresses the definition of a realistic dynamic adjustment

process for nonequilibrium prices. Stability is typical of those proper-

ties that cannot be satisfied by all equilibria. Samuelson’s (1941) def-

inition of what he calls Walras tatonnement suffers from a speed of

adjustment of the price dynamics that is totally arbitrary. The problem

with such a definition is that the stability properties of equilibria de-
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pend, among other things, on the speed of adjustment. In this chapter,

the speed of adjustment is derived from the structure of the exchange

process, out of and at equilibrium. Stability is then studied for this in-

trinsically defined speed of adjustment.

Chapter 8 deals with an extension of the Arrow-Debreu model,

namely, the fully stationary intertemporal Arrow-Debreu model where

some consumers face restrictions in their ability to transfer wealth be-

tween time periods. This extension represents one of the first steps

into a genuinely general equilibrium analysis of economic fluctuations.

The question here becomes whether a fully stationary model can fea-

ture equilibrium solutions that are not stationary. It turns out that if

there are no restrictions on intertemporal transfers, then all equilibrium

solutions are asymptotically stationary, with little room left for fluc-

tuations. The picture becomes totally different, however, if some re-

strictions exist on individual intertemporal transfers. Nonstationary

equilibrium allocations can then exist. The equilibrium manifold ap-

proach is used to gain insight on these economies and to assess the

role of restrictions in intertemporal wealth transfers in creating or

amplifying economic fluctuations.

Chapter 9 deals with the two-period temporary equilibrium model

with financial assets and arbitrary forecast functions of future prices,

an approach in the tradition of Lindahl (1939) and Hicks (1946). At

variance with earlier treatments of the temporary equilibrium model,

future prices are included in the states of nature. In other words, eco-

nomic agents forecast probability distributions of future prices. This

approach enables us to give to the temporary equilibrium model with

assets a reduced form that is the Arrow-Debreu model with the price-

dependent preferences of chapter 6.

An appendix is devoted to a detailed and rigorous analysis of the

properties of the set of Pareto optima in the Arrow-Debreu model.

Most of these properties are well-known though rarely treated with

sufficient rigor. Since their role is crucial in several parts of the book,

they deserve a presentation on a par with the rigor of the rest of the

book.

The mathematical prerequisites for reading this book have been

keptto a minimum. Readers are expected to have a basic knowledge of

point-set topology. They are also expected to be comfortable with prop-

erties of smooth maps from open sets of Euclidean spaces into Eucli-

dean space. These properties include the inverse function theorem and

the implicit function theorem. A very neat and accessible presentation
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of this material can be found in Spivak’s Calculus on Manifolds (1965).

As a reminder, it is worth recalling how the implicit function theorem

is a workhorse of Samuelson’s Foundations of Economic Analysis (1947).

The theory of smooth manifolds and smooth mappings provides the

mathematical setup for the study of the properties of general equilib-

rium models through the equilibrium manifold and the natural pro-

jection approach. But only the most elementary properties of smooth

manifolds are needed to go through chapters 2–5, and these properties

are not even strictly necessary in the later chapters. By skipping the

sections in chapters 2–4 that deal with the equilibrium manifold with-

out using an explicit set of coordinates, no knowledge of the theory of

smooth manifolds is even strictly necessary. These mathematics can be

found in the first chapters of Milnor’s marvelous little book Topology

from the Differentiable Viewpoint (1997). Guillemin and Pollack’s more

lengthy treatment of the same subjects in Differential Topology (1974)

nicely complements Milnor’s book with the bonus of pictures that

help develop a strong geometric intuition. A mathematically more

advanced presentation that goes far beyond the needs of the current

book can be found in, for example, Hirsch’s Differential Topology (1976).

An introductory knowledge of microeconomics at the graduate level

is also sufficient but not even strictly necessary provided readers work

through some of the easy exercises that complement several sections of

the book.
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1 The First Two Phases of General Equilibrium
Theory

1.1 Introduction

The starting point of the economic theory of general equilibrium is the

mathematical expression of the equality between supply and demand

in an exchange economy. The first general formulation of this equation

is due to Walras (1874). Three years earlier, Jevons (1871) had inde-

pendently described that equation but in the special case of only two

goods. Since then, the goal of the theory of general equilibrium has

been and still is the study of the properties of this equation. This is es-

sentially a mathematical problem. Quite a few remarkable properties

of this equation have been discovered since its formulation by Jevons

and Walras. The theory of general equilibrium is an account of these

properties and their economic interpretation.

This chapter surveys the first hundred years of the theory of general

equilibrium, the period from 1870 to 1970. It does not provide a his-

torical account, which can be found in Chipman (1965) and Weintraub

(1985; 2002), for example. The focus here is on how the theory has

evolved from the problems studied by Walras, Jevons, Pareto, and

their contemporaries to the emergence of the Arrow-Debreu model

and the successes and sometimes failures of its study. The evolution of

the theory of general equilibrium has followed the progress of mathe-

matics very closely. New ways of studying the equilibrium equation

made possible by new mathematical approaches have led to the dis-

covery of properties that considerably enrich the economic message of

the theory.

The insight provided by the evolutionary perspective is also crucial

if one wants to understand why an important problem like the exis-

tence of equilibrium, one of the major achievements of the study of

the Arrow-Debreu model in the 1950s, was not perceived as being a

problem by Walras or Pareto. The existence problem is not alone.



Several properties of the equilibrium equation thought to be of medio-

cre interest were forgotten during that period. They were rediscovered

much later, having acquired a new significance with the evolution of

the theory.

The central object of the theory of general equilibrium—its equilib-

rium equation—has been remarkably constant through time. Apart

from minor variations in the notation, the equilibrium equation of

a pure exchange economy is already found in very general form in

Walras (1874). I take advantage of this time invariance to employ the

standard formulation of the Arrow-Debreu model throughout, even

though, historically speaking, it did not exist before the 1950s. This

presentation not being a historical account, I use hindsight to assume

that consumers’ utility functions are differentiable up to any arbitrary

order, even though Arrow and Debreu did not need nor use differenti-

ability to prove their famous existence theorem.

This chapter therefore starts with a brief presentation of the smooth

version of the Arrow-Debreu model, which provides us with a well-

defined and unique setup to describe the evolution of the theory of

general equilibrium from its beginnings to the 1970s and later. I do not

recall in this book the most basic properties of utility functions, indif-

ference surfaces, and individual demand functions. They can be found

in any good microeconomics textbook. Nevertheless, in order to make

this book as self-contained as possible, all useful properties and some

others that are less useful are stated in a set of simple exercises that

readers are encouraged to solve as a complement to the main text.

1.2 The Arrow-Debreu Model: Assumptions and Notation

For simplicity’s sake, the assumptions considered here are less gen-

eral than those considered in Debreu (1959), for example. These more

restrictive assumptions have become standard in the current develop-

ment of general equilibrium theory. In addition, only exchange econo-

mies are considered.

1.2.1 Goods and Prices

There are l goods. The consumption space is the strictly positive

orthant

X ¼ Rl
þþ ¼ fxi ¼ ðxk

i Þ A Rl j xk
i > 0 for k ¼ 1; . . . ; l:g:

The lth commodity is chosen as numeraire, i.e., pl ¼ 1. Let
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S ¼ fp ¼ ðpjÞ A Rl
þþ j pl ¼ 1g

denote the set of numeraire normalized prices.

1.2.2 Consumers

Let m denote the (finite) number of consumers. Consumer i’s prefer-

ences are represented by a utility function ui : X ! R, which satisfies

the following assumptions:

i. The map ui : X ! R is surjective and differentiable up to any order.

ii. The gradient vector DuiðxiÞ has > 0 coordinates, i.e., DuiðxiÞ A X.

(Smooth monotonicity)

iii. The restriction of the quadratic form defined by the Hessian matrix

of second-order partial derivatives D2uiðxiÞ to the tangent hyperplane

at xi A X to the indifference surface through xi is negative definite.

(Smooth quasi-concavity. This condition is equivalent to the only solu-

tion to XTD2uiðxiÞXb 0 and DuiðxiÞTX ¼ 0 being the 1� l column

matrix X ¼ 0.)

iv. For any ui A R, the indifference surface fxi A X j uiðxiÞ ¼ uig is

closed in Rl. (Necessity of every commodity)

The demand fiðp;wiÞ of consumer i maximizes the utility uiðxiÞ under
the budget constraint p � xi awi. The demand function fi : S�Rþþ !
Rl

þþ is smooth and satisfies Walras’ law p � fiðp;wiÞ ¼ wi.

Consumer i is endowed with the commodity bundle oi A X. Assum-

ing that preferences do not vary, the economy is parameterized by the

endowment vector o ¼ ðoiÞ A Xm. We denote by W ¼ Xm this parame-

ter space. Other parameter spaces can be and have been considered in

the literature. For example, sign constraints can be relaxed, in which

case the parameter space becomes ðRlÞm. Another example is when

total resources are held constant and equal to some vector r A X, in

which case the parameter space is WðrÞ ¼ fo ¼ ðoiÞ A W jPi oi ¼ rg.
In the first four chapters, the parameter space is W ¼ Xm unless other-

wise specified.

1.2.3 The Equilibrium Equation

Given the price vector p A S, consumer i’s demand is equal to

fiðp; p � oiÞ. The total or aggregate demand is the sum of individual

demands. It is equal to
P

i fiðp; p � oiÞ.
Aggregate excess demand is the difference between aggregate demand

and supply. It is equal to

The First Two Phases of General Equilibrium Theory 3



zðp;oÞ ¼
X
i

ð fiðp; p � oiÞÞ �
X
i

oi: ð1:1Þ

The aggregate excess demand satisfies the identity

p � zðp;oÞ ¼ 0: ð1:2Þ
This identity is also known in the literature as Walras’ law. This is Wal-

ras’ law for the aggregate excess demand, and it is not to be confused with

Walras’ law for individual demand functions, even though the former is a

direct consequence of the latter.

An equilibrium price vector of the economy o ¼ ðoiÞ A W is a price vec-

tor p A S such that total supply and demand are equal, or aggregate ex-

cess demand is equal to zero:

zðp;oÞ ¼
X
i

fiðp; p � oiÞ �
X
i

oi

 !
¼ 0:

This equation is known as the equilibrium equation.

Let WðoÞ denote the set of equilibrium price vectors associated with

the endowment vector o ¼ ðoiÞ A W. At this stage, the set WðoÞ can be

any subset of the price set S. It will follow from general theorems that

the equilibrium equation always has a solution for o A W, but this solu-

tion is not necessarily unique. The equilibrium set WðoÞ is therefore

nonempty for o A W and may contain more than one element. The rela-

tion that associates with o A W the set of Walrasian equilibria WðoÞ is a
correspondence known in the literature under the two names of Walras

correspondence and equilibrium set correspondence.

Exercises

1.1. Let

DuiðxiÞ ¼ qui

qx1
ðxiÞ; . . . ; qui

qxl ðxiÞ
� �

denote the gradient vector of ui at xi A X. The normalized gradient of ui
at xi A X is defined by

DnuiðxiÞ ¼ 1

qui

qxl ðxiÞ
DuiðxiÞ:

Show that the map Dnui : X ! S is differentiable up to any order.
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1.2. In the problem of maximizing uiðxiÞ with xi A Rl
þþ subject to the

budget constraint p � xi awi, where p A S and wi A Rþþ are given,

show that the budget constraint is binding.

1.3. Show that the set fxi A X j uiðxiÞb u�
i g is closed in Rl. (Hint: Let

x�
i ¼ limn!y xn

i with uiðxn
i Þb u�

i . Define yn
i by yn

i ¼ lnxn
i , with 0 <

ln a 1 and uiðyn
i Þ ¼ u�

i . Using property (iv) of the utility functions,

show that the sequence yn
i has a subsequence that converges to some

y�
i A X. Using the convergent subsequence, show that y�

i a x�
i .)

1.4. Let x�
i ¼ limn!y xn

i with xn
i A X. Show that if x�

i does not belong to

X (i.e., some coordinates of x�
i are equal to zero), then limn!y uiðxn

i Þ ¼
�y. (Recall that we assume uiðXÞ ¼ R ¼ ð�y;þyÞ.)
1.5. Show that the problem of maximizing uiðxiÞ with xi A Rl

þþ subject

to the budget constraint p � xi awi has a solution. (Hint: Reduce this

problem to one of maximizing uiðxiÞ on some suitably defined compact

set, and exploit continuity of ui.) Show that this solution is unique.

1.6.

a. Show that the first-order conditions for the problem of maximizing

uiðxiÞ, with xi A Rl
þþ subject to the constraint p � xi ¼ wi, and p A S and

wi A Rþþ given, take the form

DnuiðxiÞ ¼ p; p � xi ¼ wi;

where the normalized gradient DnuiðxiÞ is defined in exercise 1.1.

Prove that these conditions are necessary and sufficient.

b. Prove that the demand function fi : S�Rþþ ! X is differentiable

up to any order. (Hint: Apply the implicit function theorem to the first-

order conditions.)

1.7. Define liðp;wiÞ by the formula Duið fiðp;wiÞÞ ¼ liðp;wiÞp. Show
that the map ðp;wiÞ ! liðp;wiÞ is indefinitely differentiable.

1.8. Show the following:

p � qfi
qpj

ðp;wiÞ ¼ �f
j
i ðp;wiÞ; p � qfi

qwi
ðp;wiÞ ¼ 1:

(Hint: Derive the identity p � fiðp;wiÞ ¼ wi with respect to pj and wi.)

1.9. Let oi A X be given. Show that the derivative of the map p !
fiðp; p � oiÞ with respect to pj is equal to

df ki
dpj

¼ qf ki
qpj

ðp; p � oiÞ þ qf ki
qwi

ðp; p � oiÞo j
i :

The First Two Phases of General Equilibrium Theory 5



1.10.

a. Let gi : X ! S�Rþþ be the map defined by

giðxiÞ ¼ ðDnuiðxiÞ;DnuiðxiÞ � xiÞ:

(See exercise 1.1 for the definition of the normalized gradient.) Show

that the map gi is differentiable up to any order.

b. Prove the following:

fi � gi ¼ idX; gi � fi ¼ idS�Rþþ :

(The maps fi and gi, being differentiable up to any order and inverse to

each other, are said to be diffeomorphisms.)

1.11. Show that the matrix

Dfiðp;wiÞ ¼

qf 1i
qp1

qf 1i
qp2

� � � qf 1i
qpl�1

qf 1i
qwi

qf 2i
qp1

qf 2i
qp2

� � � qf 2i
qpl�1

qf 2i
qwi

..

. ..
. . .

. ..
. ..

.

qf li
qp1

qf li
qp2

� � � qf li
qpl�1

qf li
qwi

266666666666664

377777777777775
computed at ðp;wiÞ A S�Rþþ is invertible. (Hint: Apply exercise

1.10b.)

1.12. Let oi A X be given. Let p� ¼ DnuiðoiÞ. (See exercise 1.1 for the

definition of the normalized gradient.) Prove that the function S ! R
defined by p ! uið fiðp; p � oiÞÞ has a unique maximum at p ¼ p�.

1.13.

a. Compute the first derivatives of the function p ! uið fiðp; p � oiÞÞ of
exercise 1.12. Check that they are equal to zero for p ¼ p�.
b. Prove the equality

d2uið fiðp; p � oiÞÞ
dph dpk

����
p¼p �

¼ �liðp�; p� � oiÞ df
h
i

dpk
ðp�; p� � oiÞ

relating the second derivatives of the above function and the first de-

rivatives of the map p ! fiðp; p � oiÞ. (The function liðp;wiÞ is defined
in exercise 1.7.)
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1.14. The Slutsky matrix Miðp;wiÞ associated with the demand func-

tion fi : S�Rþþ ! X at ðp;wiÞ A S�Rþþ is the l� 1� l� 1 matrix

whose ðh; kÞ coefficient is equal to

mhkðp;wiÞ ¼ df hi
dpk

ðp; p � oiÞ for oi ¼ fiðp;wiÞ:

a. Show that the Slutsky matrix is symmetric.

b. Using exercises 1.12 and 1.13, prove that the quadratic form asso-

ciated with the symmetric Slutsky matrix Miðp;wiÞ is semidefinite

negative.

1.15. Let fi : S�Rþþ ! X be the demand function of some con-

sumer i. Let ðp;wiÞ0 ðp 0;w 0
i Þ A S�Rþþ. Prove that if the inequality

p � fiðp 0;w 0
i Þawi is satisfied, then necessarily the strict inequality p 0 �

fiðp;wiÞ > w 0
i is satisfied. (This property is known in the literature as

the weak revealed preference property.)

1.16. Prove that the Slutsky matrix Miðp;wiÞ is invertible. (Hint: Multi-

ply the first row of matrix Dfiðp;wiÞ in exercise 1.11 by p1, the second

row by p2, and so on up to the lth row by pl ¼ 1, add them up, and

substitute the resulting new row for the lth row of Dfiðp;wiÞ. Apply

exercise 1.8. Then add to the first column of the new matrix the last col-

umn multiplied by f 1i ðp;wiÞ, add to the second column the last column

multiplied by f 2i ðp;wiÞ, and so on up to the ðl� 1Þth column to which

is added the last column multiplied by f l�1
i ðp;wiÞ.)

1.17. Using exercise 1.16, prove that the quadratic form associated

with the Slutsky matrix (see exercise 1.14) is in fact negative definite.

1.18. The bordered Hessian matrix of consumer i’s utility function ui at

xi A X is equal by definition to the matrix

HiðxiÞ ¼ D2uiðxiÞ DuiðxiÞ
DuiðxiÞT 0

" #
;

where D2uiðxiÞ is the Hessian matrix consisting of the second-order

partial derivatives of ui at xi; DuiðxiÞ is the column matrix defined by

the first-order derivatives of ui at xi; and DuiðxiÞT is its transpose.

Show det HiðxiÞ0 0. (Hint: Assume det HiðxiÞ ¼ 0. There exists a

column matrix lþ 1� 1
X

y

� �
0 0 (with X a l� 1 matrix) such that
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the matrix product HiðxiÞ X

y

� �
is equal to zero. Show that this implies

X

y

� �
¼ 0; hence, a contradiction.)

1.19. Let X be a l� 1 column matrix. Show that the equalities

DuiðxiÞTX ¼ 0 and D2uiðxiÞX ¼ 0 imply X ¼ 0.

1.3 First Phase, or Rational General Equilibrium Theory

The first phase of general equilibrium theory lasted for about 80 years.

It started with the publications of Jevons (1871) and Walras (1874), con-

tinued with the works of Edgeworth (1881), Pareto (1909), Bowley

(1924), and Divisia (1928), and ended with the contributions of Hicks

(1937; 1946), Allais (1943), and Samuelson (1947), to name just a lim-

ited list of writers in a particularly long and rich period.

The issues considered during that period deal with the determinacy of

the solutions of the equilibrium equation zðp;oÞ ¼ 0 (for given o A W)

and the Pareto optimality of the corresponding equilibrium allocation

x ¼ ð fiðp; p � oiÞÞ.

1.3.1 Determinacy of Equilibrium

Determinacy is solved by computing the degree of freedom of the solu-

tion of the equilibrium equation, a concept borrowed from rational me-

chanics, which boils down to counting equations and unknowns, the

degree of freedom being simply the difference between the number of

unknowns and the number of (independent) equations. The degree of

freedom of the solutions of the equilibrium equation was shown by

Walras (1874) to be equal to zero.

1.3.2 Pareto Optimality or Efficiency

The rigorous definition of Pareto optimality first appeared in 1909 in

the mathematical appendix of the French edition of Pareto’s Manual of

Political Economy. This definition opened up the way to the two theo-

rems of welfare economics, in short, the welfare theorems: every equi-

librium allocation is a Pareto optimum, and conversely, every Pareto

optimum can be realized as the equilibrium allocation of some econ-

omy. The proofs of the welfare theorems then exploit the first-order

conditions of the theory of constrained optimization, which was intro-

duced in mathematics by Lagrange in the early nineteenth century for

the specific needs of rational mechanics.
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1.3.3 Parallel with Rational Mechanics

The parallel between the first phase of the theory of general equilib-

rium and nineteenth-century rational mechanics involves more than

the use of the degree of freedom and constrained optimization. Ratio-

nal mechanics tends to focus on an idealized world without frictions

and other perturbations, for example, air resistance. For Walras and

Pareto, general equilibrium theory, or ‘‘pure economics,’’ was similarly

concerned with a fictitious world that had been purified from the

many ‘‘imperfections’’ of real economies. The proximity to rational me-

chanics is openly claimed by the title Economique Rationelle given by

Divisia (1928) to a book later credited by Debreu with having stimu-

lated his interest in economics.

1.3.4 Transition to Modern General Equilibrium Theory

The transition from rational to modern general equilibrium theory

occurred with the study of the existence issue. This problem was

not addressed seriously before the mid 1930s. Von Neumann (1937)

opened up a new line of research in a path-breaking article that used

Brouwer’s fixed-point theorem to prove the existence of equilibrium in

a model that was sufficiently close to the general equilibrium model to

underscore the potential for the theory of general equilibrium of fixed-

point theorems.

The two issues of existence and uniqueness were addressed within

the strict setup of the theory of general equilibrium by Wald (1936).

Wald assumed two rather restrictive properties: (1) gross substitutabil-

ity at all prices, and (2) a property now known as aggregate weak

revealed preference.1 Under these assumptions, he was able to give

elementary proofs of the existence and uniqueness of equilibrium.

Unfortunately, his assumptions are not satisfied by economies where

consumers’ utility functions satisfy the assumptions of standard

smooth consumer theory (see section 1.2.2). The important novelties in

form and substance brought by the Von Neumann and Wald publica-

tions mark the next phase of general equilibrium theory.

Exercises

1.20. A quasi-linear economy consists of m consumers whose prefer-

ences are defined by log-linear utility functions. Assume that prices are

1. For a definition of gross substitutability, see section 4.8.2 in chapter 4. The aggregate
weak revealed preference property means that, for the equilibrium price vector p� A S,
the strict inequality p� � zðp;oÞ > 0 is satisfied for every p0 p�.
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not normalized. Show that the partial derivative
qz j

qpk
ðp;oÞ of aggregate

demand for commodity j with respect to the price pk of commodity

k, with 1a j0 ka l, is > 0. (Property of gross substitutability of all

goods for all prices)

1.21. Consider a quasi-linear economy with m consumers and not nor-

malized price vectors.

a. Write the equilibrium equation of that economy.

b. Show that the equilibrium equation can be given the form Ap ¼ p,

where A is some l� l square matrix.

c. Show that l ¼ 1 is an eigenvalue of matrix A.

d. Prove that there exists an eigenvector p A Rl with strictly positive

coordinates associated with the eigenvalue l ¼ 1. (Hint: Apply the

Perron-Frobenius theorem for positive matrices.)

1.22. Consider an economy where the only assumption about consum-

er i, with i ¼ 1; 2; . . . ;m, is that the demand function fi : S�Rþþ ! X

is smooth and satisfies Walras’ law, namely, the identity p � fiðp;wiÞ ¼
wi. The demand functions are not supposed to result from utility max-

imization subject to a budget constraint.

The pair ðp;oÞ A S�W is said to be a demand-oriented equilibrium if

the vector inequalityX
i

fiðp; p � oiÞa
X
i

oi

is satisfied.

a. Give an economic interpretation of this equilibrium concept.

b. Show that a demand-oriented equilibrium is a Walrasian equilib-

rium.

c. Assume now that Walras’ law is not satisfied by the demand func-

tions of some consumers. Does the identity between demand-oriented

and Walrasian equilibria still hold? Give an example.

1.23. Consider an economy defined by demand functions, as in exer-

cise 1.22. By definition, the pair ðp;oÞ A S�W is an equilibrium with

fully employed resources if the vector inequalityX
i

fiðp; p � oiÞb
X
i

oi

is satisfied.
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a. Give an economic interpretation of this equilibrium concept.

b. Show that an equilibrium with fully employed resources is a Walra-

sian equilibrium.

c. Assume now that Walras’ law is not satisfied by the demand func-

tions of some consumers. Does the identity between equilibria with

fully employed resources and Walrasian equilibria still hold? Give an

example.

1.24. Consider an economy defined by demand functions, as in exer-

cise 1.22.

a. Show that there exists a pair ðp;oÞ A S�W that satisfies the equilib-

rium equationX
i

fiðp; p � oiÞ ¼
X
i

oi:

b. Prove by way of example that there exist economies o A W that have

no equilibria. (Hint: Consider demand functions that are bounded for

some goods.)

1.4 Second Phase, or Modern General Equilibrium Theory

1.4.1 The Axiomatic Approach

The need for carefully stated assumptions, a necessary condition for

any rigorous solution of the existence problem, explains the adoption

by general equilibrium theory of the abstract axiomatic approach by

the end of the 1940s. That approach gradually emerged in pure mathe-

matics during the second half of the nineteenth century through the

work of major figures like Artin, Cantor, Hilbert, Peano, Weber, and

Weierstrass. One of the best illustrations of the new axiomatic style is

van der Waerden’s Moderne Algebra (1931). Analysis rapidly follows

suit under the influence of the Bourbaki group. Dieudonné’s outstand-

ing Foundations of Modern Analysis (1960) is to analysis the equivalent

of van der Waerden’s book.

The axiomatic approach yields the mathematical model of modern

general equilibrium theory, a model now known as the Arrow-Debreu

model. Utility functions lose their differentiability. Individual demands

become multivalued correspondences. Aggregate demand is also a cor-

respondence. The definition of the equilibrium equation is adjusted

accordingly.
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1.4.2 Existence and Efficiency of Equilibria

The first successful proofs of the existence of equilibrium under reason-

ably general assumptions were achieved independently by McKenzie

(1954) and Arrow and Debreu (1954). They used Brouwer’s and Kaku-

tani’s fixed-point theorems, respectively. These proofs do not require

differentiability. The advance with regard to existence followed on the

heels of another equally remarkable achievement: new proofs of the

Pareto optimality or efficiency of equilibrium allocations (the two wel-

fare theorems) by Arrow (1951) and Debreu (1951). These proofs apply

the separation theorems of functional analysis and are perfectly suited

to the nondifferentiable formulation of modern general equilibrium

theory. These new proofs of the existence of equilibrium and of the

welfare theorems were resounding successes. Debreu’s Theory of Value

(1959) became the manifesto of modern general equilibrium theory.

1.4.3 Equilibrium Allocations and the Core

Building on a theme introduced by Edgeworth (1881), another daz-

zling success of modern general equilibrium theory was the clarifica-

tion of properties of equilibrium allocations with respect to coalition

formation. The first welfare theorem states that equilibrium allocations

are Pareto-efficient. The extension of the first welfare theorem to the

more general property that no coalition can improve on any equilib-

rium allocation is almost obvious. Far more difficult is analyzing the

relations between the set of allocations that cannot be improved by

any coalition (a set also known as the core of the economy) and the set

of equilibrium allocations. These two sets were shown to be identical

by Debreu (1963) and Debreu and Scarf (1963) for economies with a

countable infinity of consumers; by Aumann (1964) in the case of a

continuum of consumers—consumers identified to the points of the in-

terval ½0; 1�; and by Vind (1964) in the case of a nonatomic measure

space of consumers. These results were later unified by Hildenbrand

(1974) into a general theory.

1.4.4 Uniqueness and Stability of Equilibria

In the wake of the existence and welfare theorems, intensive research

was devoted during the 1950s and 1960s to the issues of uniqueness and

(tatonnement) stability of the solutions of the equilibrium equation.

Wald’s (1936) work on uniqueness was generalized and extended to

(tatonnement) stability in the late 1950s by Arrow, Block, Hahn, Hur-

wicz, Negishi, and Uzawa, among others.
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The progress made on uniqueness and stability was surveyed by

Negishi (1962) and, less than a decade later, by Arrow and Hahn in

their monumental General Competitive Analysis (1971), whose chapters

9 and 11 became the new references on uniqueness and tatonnement

stability.

1.5 Limitations of Modern General Equilibrium Theory

The high quality of the works surveyed by Negishi and by Arrow and

Hahn cannot hide the fact that approaches that were so successful in

dealing with existence, the welfare theorems, and the core were less so

in dealing with uniqueness and stability. Two disturbing examples dis-

covered by Scarf (1960) and Gale (1963) of economies with equilibria

that were simultaneously unique and tatonnement unstable cast seri-

ous doubts on the chances of finding general conditions on preferences

or utility functions that would be compatible with or imply the unique-

ness and (tatonnement) stability of equilibrium.

These doubts become certainty with the discovery in the late 1960s

and early 1970s of two new properties of the Arrow-Debreu model.

One is the Debreu-Mantel-Sonnenschein (DMS) theorem. The other is

the continuity (more accurately, the generic continuity) of Walras cor-

respondence and the related generic finiteness of the number of solu-

tions of the equilibrium equation.

The DMS theorem widely amplifies the disturbing impact of the

two early examples of Gale and Scarf. Sonnenschein’s first version

appeared in print in 1973 and 1974. It was improved by Mantel (1974)

and by Debreu (1974). In its most general form, the theorem states that,

given any continuous function z : K ! Rl, where K is some compact

subset of the normalized price set S ¼ Rl�1
þþ � f1g, a function that satis-

fies Walras’ law (i.e., the identity p � zðpÞ ¼ 0), there exists an Arrow-

Debreu exchange economy with an arbitrary number of consumers

provided the latter is at least equal to the number of goods such that

the aggregate excess demand function zð:;oÞ : S ! Rl, a function

whose domain is the full price set S, coincides with the function z on

the compact set K, a subset of the price set S, not the price set itself.

DMS goes a long way beyond the Scarf and Gale examples in pro-

viding examples of badly behaved economies. Nevertheless, the real

meaning of DMS is grossly misunderstood by the economic profession.

Many nonmathematically oriented economists (and even some with a

good understanding of mathematics) confuse the compact subset K
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with the price set S and conclude that the aggregate excess demand func-

tion in the Arrow-Debreu model is purely arbitrary. If true, this prop-

erty would imply that the Arrow-Debreu model does not have enough

structure to carry truly interesting economic properties. Economists

who for various reasons do not like the general equilibrium approach

find in this interpretation of DMS the justification for their views.

In fact, the aggregate excess demand function of an economy, the

function zð:;oÞ : S ! Rl with domain the full price set S, is very far

from being arbitrary. By suitably extending the definition of the (topo-

logical) degree of a map to the setup of the aggregate excess demand

map, I showed that the degree of the aggregate demand function of an

economy is necessarily equal to 1, and the degree of an arbitrary func-

tion can be any integer (Balasko 1986; 1988, sec. 5.5). Loosely speaking,

not many functions z : S ! Rl satisfying Walras’ law can be identi-

fied with the aggregate excess demand function zð:;oÞ : S ! Rl of an

economy.

The aggregate excess demand function of an economy is therefore

far from being totally arbitrary even if its restriction to any compact

subset of the price set can be arbitrary.2 But this does not prevent DMS

from being a powerful tool for producing examples of badly behaved

economies over compact subsets of the price set S in the vein of Gale’s

and Scarf’s examples. Another consequence of DMS is that the equilib-

rium price set WðoÞ of the economy o can be any compact subset of

the price set S, as shown by Mas-Colell (1977).

The existence of badly behaved economies can be quite disturbing,

but the theoretical and practical effects of these examples depend on

how large the sets of these economies are. If these sets are small, then

the probability that an economy is badly behaved is also small. In the

extreme case where the sets have measure zero, the probability of a

randomly selected badly behaved economy is zero. To achieve full im-

pact, DMS requires the characterization of the set of economies for

which the aggregate excess demand function satisfies a given property.

This kind of problem is never considered by modern general equilib-

rium theory.

1.5.1 Comparative Statics

The behavior of the equilibrium prices and allocations when the en-

dowment parameter o A W is varied, a subject known as comparative

2. This shows the importance of the behavior of aggregate excess demand when prices
tend to the boundary of the price set S, i.e., to 0 or to y.
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statics, is at least as important as the existence and efficiency of equi-

librium allocations. Blaug (1985), the historian of economic ideas,

criticized the theory of general equilibrium for its lack of results in

comparative statics. This may have been true until the late 1960s, but

comparative statics came to the forefront of the research agenda at the

time DMS was in gestation.

Comparative statics has qualitative and quantitative aspects. The ac-

curate determination of the amount of the price increase resulting from

a given variation of the total supply is quantitative. The much vaguer

question of whether some prices will increase for a given decrease of

the total supply of some goods is qualitative. Quantitative issues can-

not be answered without complete understanding of the global quali-

tative picture.

1.5.2 Continuity of the Walras Correspondence

The most basic qualitative property is continuity. Roughly speaking,

the question is whether sufficiently small variations of the fundamen-

tals of the economy translate into small variations of the equilibrium

price system. Mathematically, this question takes the form of the conti-

nuity of the Walras correspondence W : W ! S.

Continuity is a well-known mathematical concept for functions. It

involves two different ideas, upper and lower semicontinuity. The

combination of the two properties yields continuity. Upper and lower

semicontinuity have been extended to correspondences under the

names of upper and lower hemicontinuity (Debreu 1959; Hildenbrand

1974). (See exercises 2.22 and 2.23 in chapter 2.) Like functions, a corre-

spondence is continuous if it is both upper and lower hemicontinuous.

1.5.3 Upper Hemicontinuity

Upper hemicontinuity of the Walras correspondence was proved by

Hildenbrand and Mertens (1972). They considered the standard setup

of the Arrow-Debreu model typical of modern general equilibrium

theory, which includes as a special case the pure exchange model con-

sidered here, and they proved upper hemicontinuity.

1.5.4 Lower Hemicontinuity at Regular Economies

Lower hemicontinuity of the Walras correspondence cannot be estab-

lished under the assumptions that suffice to establish its upper hemi-

continuity. The solution given by Debreu (1970) in a landmark article

rehabilitates differentiability as a major tool of equilibrium analysis.
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The Walras correspondence W : W ! S turns out not to be lower

hemicontinuous over its domain W. But Debreu showed that there

exists an open subset R of W that has full measure (its complement

S ¼ WnR has Lebesgue measure zero), a set with the property that the

restriction of the Walras correspondence to this subset is lower hemi-

continuous. Debreu called an element of the setR a regular economy.

1.5.5 Finiteness of Equilibria at Regular Economies

Debreu also showed that for every regular economy o AR, the equilib-

rium price set WðoÞ is finite. In addition, there exist an open set U

contained in R and containing o, and a finite number n of smooth

functions sk : U ! S, with k varying from 1 to n, such that for o 0 A U,

the equilibrium price set Wðo 0Þ consists of the n elements s1ðo 0Þ;
s2ðo 0Þ; . . . ; snðo 0Þ. These equilibria depend continuously (in fact differ-

entiably) on the endowment vector o 0 A U. Not only is the number of

equilibria finite for every regular economy o AR, but these equilibria

are also isolated. In other words, every equilibrium price vector associ-

ated with the regular economy o AR is locally unique, i.e., unique in

some neighborhood of the equilibrium price. By proving local unique-

ness for regular economies, Debreu gave a partial solution to the long-

standing uniqueness problem of modern general equilibrium theory.

The importance of this solution was recognized immediately in the

economic profession. Arrow and Hahn (1971, 244) expressed an opin-

ion widely held among economists when they wrote of the finiteness

of equilibria that it is ‘‘the best possible result short of . . . much more

restrictive assumptions.’’

1.6 Limitations of the Absolute Perspective

The approach followed by modern general equilibrium theory is abso-

lute in the sense that its aim is to establish properties that are true for

all economies satisfying reasonable assumptions. This program has

been successful in dealing with existence, the two welfare theorems,

and the inclusion of the set of equilibrium allocations in the core.

The generic finiteness of the number of equilibria and the generic

continuity of the Walras correspondence—generic meaning that these

properties are satisfied for an open and dense set of economies—are

the first breach in the absolute perspective. The necessity of a relative

perspective going way beyond genericity is made even more compel-

ling by DMS.
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1.7 Notes and Comments

The first formulation of the equilibrium equation is due to Jevons

(1871). But Jevons considered only the case of two goods. Walras for-

mulated essentially the same equation as Jevons but for an arbitrary

number of goods and consumers. Walras’s research had already gone

on for a few years when he got news of Jevons’s results. This led him

to speed up publication. The part of his book already completed (Wal-

ras 1874) was published immediately, and the full content appeared in

the second edition, released three years later.

Existence of solutions of systems consisting of a finite number of

equations and unknowns was not considered an important issue at

the time of Walras. Existence of solutions of the equation systems of ra-

tional mechanics that are similar to the equilibrium equation of eco-

nomics was handled at that time by the explicit computation of the

solutions. Along this line, Walras saw in tatonnement an algorithm

that could compute the solutions of the equilibrium equation, which,

by the same token, solved the theoretical existence problem.

The first really general existence theorems available in the mathe-

matics of finite equation systems were Brouwer’s fixed-point theorem

(1912) and the equivalent Poincaré-Miranda theorem, which was first

stated without proof by Poincaré in 1883. Poincaré had to solve a prob-

lem of celestial mechanics, namely, finding a periodic orbit, a problem

that turned out to resist explicit computations (Poincaré 1883; 1884).

That theorem of Poincaré was rediscovered several decades later by

Miranda (1941), who also proved its equivalence with Brouwer’s fixed-

point theorem. The rediscovery of these theorems occurred many years

after the first publication of Walras’s (1874) book and illustrated the

lack of interest in the existence issues at the time.

The concept of Pareto efficiency first appeared in the mathematical

appendix of Pareto’s Manuel d’Economie Politique in 1909.

The first explicit criticism of a mistaken interpretation of DMS hold-

ing that aggregate excess demand functions do not face restrictions

other than Walras’ law is due to Balasko (1986).

The realization that multiple equilibria are more than a mathemati-

cal curiosity and may have deep economic implications came very

gradually. Walras understood that there could be more than one equi-

librium in the two-good case but thought that this possibility did not

extend to three goods and more. In other words, he strongly believed

that uniqueness is the rule when there are more than two goods.
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Auspitz and Lieben (1889) were the first economists to suspect the im-

portance of the number of equilibria. Though they understood that the

multiplicity of equilibria raised many new issues, they realized that

this problem was beyond their mathematical expertise. In retrospect,

this problem was beyond the possibilities of their time. Auspitz and

Lieben chose the strategy of ignoring the problems raised by the multi-

plicity of equilibria by postulating that equilibrium is unique. This

assumption, however, is logically inconsistent with their other assump-

tions. Their continued interest in the multiplicity issue is demonstrated

by Lieben’s 1907 letter to Walras ( Jaffe 1965, let. 1654) and by Auspitz

and Lieben’s 1908 article.

Progress on the uniqueness and multiplicity issues was slow. Bow-

ley (1924) acknowledged, a couple of decades after Auspitz and Lie-

ben, that ‘‘there is nothing in the nature of the case to prevent multiple

solutions.’’ He concluded that ‘‘in practice if we had any numerical

values there is not likely to be difficulty in knowing which set is

appropriate.’’

Schumpeter seems to be the first to fully realize in the late 1940s the

importance of the multiplicity issue. Schumpeter (1954) writes, ‘‘Mul-

tiple equilibria are not necessarily useless but . . . the existence of a

‘uniquely determined equilibrium . . .’ is, of course, of the utmost im-

portance’’ (969). He predated the literature on chaos and nonlinear

dynamics by more than two decades: ‘‘Without any possibility of prov-

ing the existence of uniquely determined equilibrium—or at all events,

of a small number of possible equilibria—at however high a level of

abstraction, a field of phenomena is really a chaos that is not under an-

alytic control.’’

Local uniqueness is a weaker property than global uniqueness.

Global uniqueness implies local uniqueness, whereas the converse is

not true. The importance of the concept of local uniqueness was first

identified in the study of the solutions of partial differential equations.

Hadamard (1932) defined a partial differential equation (with bound-

ary conditions) as defining a ‘‘well-posed problem’’ if the solutions

of the partial differential equation are locally determined (i.e., locally

unique). Courant and Hilbert (1962, 226–228) argued that the interest

of the concept of ‘‘well-posedness’’ is not limited to partial differential

equations. At this point, Walras is again a forerunner when he counts

equations and unknowns in order to establish the determinateness of

equilibrium. It is only with Debreu’s (1970) paper that the issue of the

local determinateness of equilibria was addressed in modern terms
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within the setup of the Arrow-Debreu model. Interestingly, the moti-

vations for the study of local uniqueness given by Debreu (1970) repro-

duce almost word for word those stated by Courant and Hilbert

(1962).

The mathematical ideas of regularity, transversality, and genericity,

and their application to exchange economies made by Debreu, became

easily accessible to economists thanks to a book by Dierker (1974). The

influence of this book in spreading the idea of regularity was enor-

mous. The flexibility of the concept of regular economies is illustrated

by its extension to a variety of setups. Of particular interest is the ex-

tension made by Smale (1974a; 1974b) to the case where utility func-

tions are not necessarily strictly quasi-concave.

An idea of the questions that Debreu (1970) stimulated in the group

around him in Berkeley can be found in a dissertation turned into a

book by de Montbrial (1971), one of Debreu’s doctoral students. This

book listed the following three problems: (1) Does the measure of the

set of economies with more than n equilibria tend to zero as n tends to

y? (2) Are there restrictions on the parity of the number of equilibria?

(3) What assumptions on preferences imply the smoothness of indi-

vidual demand functions? The third question was quickly solved by

Debreu (1972), who showed that smooth quasi-concave utility func-

tions having indifference surfaces with everywhere nonzero Gaussian

curvature yield smooth demand functions. The second question was

answered by Dierker (1972) with a proof that the number of equilibria

of regular economies is odd. (See corollary 4.6.4 in chapter 4.) The first

question was solved by Balasko (1979c), who gave an upper bound in

the form c=n, where c is some constant, for the measure of the set of

economies with more than n equilibria that belong to an arbitrary com-

pact set. (See proposition 2.8.1 in chapter 2.)
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2 The Equilibrium Manifold and the Natural
Projection

2.1 Introduction

In this chapter I introduce the concept of the equilibrium manifold as

a tool for the study of properties that might not be satisfied by all

equilibria. The equilibrium manifold leads to the related concept of

natural projection, a map from the equilibrium manifold into the space

of economies. I then show that the natural projection is smooth and

proper, which suffices for this map to define a structure that is known

in mathematics as a ramified covering. The results of Debreu (1970)

then become straightforward consequences of this structure.

2.2 Equilibrium Manifold

2.2.1 Definition

Now that we know that a given property is not necessarily satisfied by

all economies o A W, the issue is to characterize the subset of W that

consists of the economies for which that property is satisfied. But prop-

erties of economies o A W are of two kinds: properties of each equilib-

rium taken in isolation, and properties of the equilibrium set as a

whole, in other words, of all the equilibria of an economy. The relative

perspective leads us to focus in a first stage on the properties that are

satisfied by the pairs ðp;oÞ A S�W, where the price vector p A S is an

equilibrium price vector of the economy o A W, i.e., p A WðoÞ.

Walras Correspondence

We recognize in this setup the Walras correspondence and, more par-

ticularly, its graph, the set of pairs ðp;oÞ A S�W such that p A WðoÞ.
This new importance of the graph of the Walras correspondence justifies

an adjustment of the terminology. By definition, the pair ðp;oÞ A S�W



is an equilibrium if it satisfies the equation zðp;oÞ ¼ 0. This is equiva-

lent to the price vector p A S being an equilibrium price vector associated

with the economy o A W, i.e., p A WðoÞ.
The change in terminology from the Walras correspondence to the

equilibrium manifold is not purely semantic. With the equilibrium

manifold, the emphasis shifts from comparative statics, unquestion-

ably an important subject, to the wider subject of the properties of

equilibria regardless of whether these properties come under the head-

ing of comparative statics.

Equilibrium Manifold

The equilibrium manifold E is the subset of S�W defined by the equa-

tion zðp;oÞ ¼ 0. At this stage, the equilibrium manifold E has no more

structure than just being a subset of the Cartesian product S�W. The

name equilibrium manifold will be justified by the fact that E is indeed

a smooth submanifold of the Cartesian product S�W, a property that

is insufficiently obvious without proof. The following property is far

easier to prove.

Proposition 2.2.1 The equilibrium manifold E is a closed subset of

S�W.

Proof The equilibrium manifold E is closed in S�W as the preimage

of the point (or vector) 0 A Rl by the continuous map ðp;oÞ !
zðp;oÞ. m

Note that proposition 2.2.1 requires only the continuity of the aggre-

gate demand function, itself a consequence of the continuity of the in-

dividual demand functions.

2.2.2 The Relative Perspective

Let Pðp;oÞ denote some property that may be satisfied at the equilib-

rium ðp;oÞ A E. Let EðPÞ be the subset of the equilibrium manifold E

that consists of the equilibria for which the property Pðp;oÞ is true.

The study of Pðp;oÞ then reduces to the study of the set EðPÞ as a sub-

set of the equilibrium manifold E.

This program requires a thorough understanding of the equilibrium

manifold. An important issue in that regard is the existence of practical

coordinate systems. Their existence would greatly simplify the study

of the subsets that would now be defined by systems of equations and

inequations. Hopefully, all the subsets we are interested in will belong

to that category.
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2.2.3 Local Structure

The problem of the existence and nature of coordinate systems for the

equilibrium manifold E has two versions. The local version deals with

the structure of sufficiently small open sets of the equilibrium mani-

fold. The most relevant mathematical property in that direction is pro-

vided by the structure of smooth manifold, where sufficiently small open

sets are homeomorphic to Euclidean spaces. These open subsets can

then be parameterized by a finite number of real numbers that act as

local coordinates. With these local coordinates, it is possible to give

sense to the concept of smooth maps. Differentiability makes it possible

to apply the powerful methods of differential topology. Before under-

taking the study of the smooth manifold structure of the equilibrium

manifold, I insert a short mathematical parenthesis.

2.3 Mathematical Parenthesis: Smooth Maps and Related Concepts

2.3.1 Regular and Critical Points

Let r : X ! Y be a smooth map (a map differentiable up to any order)

between the smooth manifolds X and Y. Let the vector spaces TxX and

TrðxÞY be the tangent spaces to the smooth manifolds X and Y at the

points x and rðxÞ, respectively.
The point x A X is a critical point of the map r if the tangent map (also

known as the derivative) ðdrÞx : TxX ! TrðxÞY is not onto. We denote

by G the set of critical points.

The point x A X is regular if the tangent map ðdrÞx : TxX ! TrðxÞY is

onto.

Proposition 2.3.1 The set G of critical points of the smooth map

r : X ! Y is closed.

Proof Let us use local coordinates for the manifolds X and Y at x and

y ¼ rðxÞ. This means that we have open neighborhoods U of x A X and

V of y ¼ rðxÞ A Y that are homeomorphic to Rp and Rq, respectively.

We can use the coordinates ðx1; . . . ; xpÞ and ðr1; . . . ; rqÞ of Rp and Rq

to represent the elements of U and V, respectively. Then, the map r is

represented by its coordinate functions r1ðx1; . . . ; xpÞ; . . . ; rqðx1; . . . ; xpÞ.
The tangent map ðdrÞx becomes in the local coordinate system the linear

map represented by the Jacobian matrix of r. This matrix is defined by

the first-order partial derivatives of the q coordinate functions with re-

spect to the p variables. These derivatives are also smooth functions of

the coordinates.
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The condition that the tangent map ðdrÞx is not onto is equivalent to

the property that the rank of the Jacobian matrix is less than the dimen-

sion q of the tangent space TrðxÞY. This is equivalent to having all the

determinants of the square matrices of order q that can be extracted

from the Jacobian matrix equal to zero. These determinants are polyno-

mial functions of their coefficients, which are themselves smooth func-

tions of the coordinates. The set of critical points of the smooth map r

is therefore the set of zeros of a collection of continuous maps. Its com-

plement, the set of regular points, is therefore open in U. Now, the

manifold X can be made the countable union of open sets like U. The

union of all the open sets made of regular points is therefore an open

subset of X. Its complement, the set of critical points of the map

r : X ! Y, is therefore closed in X. m

2.3.2 Singular and Regular Values

By definition, the image rðxÞ of the critical point x A X is a singular

value of the map r : X ! Y. Let S denote the set of singular values. We

then have S ¼ rðGÞ.
By definition, the element y A Y is a regular value of the map

r : X ! Y if it does not belong to S. In other words, a regular value is

not the image of any critical point. LetR be the set of regular values.

We haveR ¼ YnS, the complement of S in Y.

It follows from this definition that an element y A Y that does not be-

long to the image rðXÞ of the map r is a regular value, although it is

not a value of that map. This observation underlines the importance of

being accurate when specifying the domain and range of maps.

2.3.3 Regular Value Theorem

The following proposition is very useful for proving that a set defined

by an equation system is actually a smooth manifold. It is in fact an

extension to the setup of smooth manifolds of the implicit function

theorem. It also illustrates the importance of the concept of regular

value.

Proposition 2.3.2 (Regular value theorem) The preimage r�1ðyÞ of

the regular value y ARHY for the smooth map r : X ! Y is a smooth

submanifold of X whose dimension is equal to dim X � dim Y.

For mathematical references, see, for example, Guillemin and Pollack

(1974, 21), Hirsch (1976, 22), and Milnor (1997, 11).
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2.3.4 Sard’s Theorem

A particularly important property of smooth maps is Sard’s theorem.

Since a smooth manifold is the union of a countable collection of open

sets each diffeomorphic to an open set of a Euclidean space, it is possi-

ble to define sets of measure zero in smooth manifolds: a set has mea-

sure zero if its intersection with each open set of the collection has

measure zero. Then, Sard’s theorem states the following:

Proposition 2.3.3 (Sard’s theorem) The set S of singular values of the

smooth map r : X ! Y has measure zero in Y.

An alternative formulation is to say that the complement of S, the set

R of regular values, has full measure in Y. For proofs, see, for example,

Dubrovkin, Fomenko, and Novikov (1985, 79), Guillemin and Pollack

(1974, 39), Hirsch (1976, 69), or Milnor (1997, 10).

Exercises

2.1. Let E be a Euclidean space. Let ðxnÞn AN be a sequence in E that

converges to the element x� A E. By using the characterization of com-

pact subsets of a Euclidean space as closed and bounded, show that

the set K ¼ 6n ANfxngW fx�g is compact.

2.2. Let E be a metric space. Let ðxnÞn AN be a sequence in E that con-

verges to the element x� A E. Show that the set K ¼ 6n ANfxngW fx�g
is compact. (Hint: Use the property that every open covering of a com-

pact set has a finite subcovering.)

2.3. Let E and F be two metric spaces. Let f : E ! F be a proper map,

i.e., a map such that the preimage f�1ðKÞ of every compact set of F is

compact in E. Prove that the direct image by f of every closed set of E

is closed in F.

2.4. Let K be a set equipped with the discrete topology. What are the

open sets for this topology? Show that K compact is equivalent to K

finite.

2.5. Let E be a metric space. Let ðxnÞn AN be a sequence in E that con-

verges to the element x� A E. Assume x� 0 xn for all n A N. The set K is

equipped with the topology induced by the topology of E. Prove that

the subset fx�g of K cannot be open in K. Can the induced topology on

K be the discrete topology?

2.6. Let E and F be two metric spaces. The map f : E ! F is said to be

continuous at the point x A E if, for every sequence ðxnÞn AN converging to
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x, the sequence ð f ðxnÞÞn AN is also convergent and its limit is f ðxÞ. The
map f : E ! F is said to be continuous if it is continuous for all x A E.

a. Show that the preimage of every closed subset of F is closed in E if f

is continuous.

b. Show that the preimage of every closed subset of F is closed in E if

and only if the preimage of every open subset of F is open in E. (Hint:

Compare the preimage of the complement FnU with the complement

En f�1ðUÞ.)
c. Show that the map f : E ! F is continuous if the preimage of every

open subset of F is open in E.

2.7. Let E and F be two metric spaces. Let f : E ! F be a continuous

map. Show that the image of a connected set is connected. (Hint: As-

sume the contrary and get a contradiction.)

2.8. Let N be the set of natural integers equipped with the discrete

topology. Show that the only connected subsets are reduced to a

point.

The following exercises assume some knowledge of the properties of the Leb-

esgue measure.

2.9. The set V has measure zero in the Euclidean space E ¼ Rn if, for

every e > 0, there exists a countable set of cubes that cover V and such

that the sum of the volumes (or Lebesgue measures) of the cubes that

make up the covering is less than e. Prove that the Lebesgue measure

of a point in a Euclidean space is zero.

2.10. Prove that the Lebesgue measure of any finite subset of a Eucli-

dean space is zero.

2.11. Prove that the Lebesgue measure of the subset of a Euclidean

space defined by a sequence of elements is equal to zero.

2.12. Show that the Lebesgue measure of the subset QX ½0; 1� consist-
ing of the rational numbers of the interval ½0; 1� is equal to zero.

2.13. Show that the closure QX ½0; 1� of the set QX ½0; 1� is equal to

½0; 1�.
2.14. Let E ¼ Rpþq ¼ Rp �Rq and F ¼ Rp � f0g with 0 A Rq and

qb 1. Show that the Lebesgue measure in E of the subset F of E is

equal to zero.

2.15. Let E be the Euclidean space Rn. Let V be a submanifold of E of

dimension m < n. Show that the Lebesgue measure of V in E is equal

to zero.
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2.16. Let E be the Euclidean space Rn. Let W be the union of a finite

number of smooth submanifolds of E of dimension strictly less than n.

Show that the Lebesgue measure of W in E is equal to zero. (Hint:

Apply exercise 2.15.)

2.17. Let E and F be two Euclidean spaces. Let f : E ! F be a smooth

map. Show that the direct image of a set of measure zero by f has mea-

sure zero.

2.18. Let Y be the subset of Z ¼ R2 defined by equation x2 þ y2 ¼ 1.

Let X be the subset of Z�R equal to Y�R. Let p : X ! Z be the map

defined by formula pðx; y; zÞ ¼ ðx; yÞ. Interpret geometrically the sets

Y and X and the map p. What is the domain of the map p? Show that

every point of the domain of p is critical. Show that Y is the image of

the map p. Show that Y is also the set of singular values of the map p.

Does this contradict Sard’s theorem?

2.19. Define the sets X, Y, and Z as in exercise 2.18. Consider the

map p : X ! Y by the same formula pðx; y; zÞ ¼ ðx; yÞ except that

now the range is Y instead of Z. Show that the map p has no critical

point.

2.20. Let X and Y be two smooth manifolds. Let a : X ! Y and
~bb : Y ! X be two smooth maps. The composition a � ~bb : Y ! Y is the

identity map idY.

a. Let Z ¼ ~bbðYÞ be the image of the map ~bb. Define b : Y ! Z by

bðyÞ ¼ ~bbðyÞ. Show that b : Y ! Z is a bijection whose inverse is the

map a jZ : Z ! Y, the restriction of the map a to Z.

b. Show that the maps a jZ : Z ! Y and b : Y ! Z are continuous for

Z equipped with the topology induced by the topology of X.

c. Let y A Y. Let x ¼ bðyÞ A Z. Let TyðYÞ and TxðXÞ be the tangent

spaces to Y at y and to X at x, respectively. Let d~bby : TyðYÞ ! TxðXÞ be
the tangent (or derivative) map to ~bb : Y ! X. Show that the linear map

d~bby is an injection. (Hint: Use the fact that the relation a � ~bb ¼ idY

implies for the tangent maps the relation dax � d~bby ¼ idTyðYÞ.)
d. Conclude that the map ~bb : Y ! X is an immersion that defines a

homeomorphism between its domain Y and its image Z ¼ ~bbðYÞ. (Such
a map ~bb is known as an embedding.)

2.21. Let the smooth map b : Y ! X be an embedding, i.e., an immer-

sion that is a homeomorphism between the domain Y and the image

Z ¼ bðYÞ. Show that the subset Z is a smooth submanifold of X diffeo-

morphic to Y.
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2.4 Smooth Manifold Structure of the Equilibrium Manifold

The question is whether the equilibrium manifold E is actually a

smooth manifold or, even better, a smooth submanifold of S�W. The

answer turns out to be positive, as follows from proposition 2.4.1.

Proposition 2.4.1 The equilibrium manifold E is a smooth submani-

fold of dimension lm of S�W.

We are going to prove this property as a consequence of the regular

value theorem. The idea is to apply the regular value theorem to the map

ðp;oÞ ! zðp;oÞ defined by the first l� 1 coordinates of the aggregate

excess demand zðp;oÞ. (Recall that the l coordinates of the map

ðp;oÞ ! zðp;oÞ are not independent, because of Walras’ law.)

2.4.1 Application of the Regular Value Theorem

The equilibrium manifold E is defined by equation zðp;oÞ ¼ 0. It is

therefore the preimage of 0 A Rl�1 by the map z : S�W ! Rl�1. The

regular value theorem tells us that a sufficient condition for E to be a

smooth submanifold of S�W is that the element 0 A Rl�1 is a regular

value of the map z. This is equivalent to the map z having no critical

point that is also an equilibrium. In fact, it will be shown that the map

z has no critical point, which is equivalent to showing that the Jacobian

matrix of z at ðp;oÞ A S�W has rank l� 1, this matrix having l� 1

rows and mlþ l� 1 columns.

2.4.2 The Rank Property

To prove the rank property, it suffices to extract from the Jacobian ma-

trix a submatrix that still has rank l� 1. Pick arbitrarily some consum-

er i. Let us look at the block made of the l columns (and l� 1 rows)

made of the derivatives of z with respect to the coordinates o1
i ; . . . ;o

l
i

of oi, the endowment of consumer i. In the computation, we apply the

chain rule. Given the fact that consumer i’s demand does not depend

on consumer j’s wealth, with j0 i, this yields for the Jacobian matrix

the rather simple expression
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qz1

qo1
i

� � � qz1

qol
i

qz2

qo1
i

� � � qz2

qol
i

..

. . .
. ..

.

qzl�1

qo1
i

� � � qzl�1

qol
i

26666666666666664

37777777777777775

¼

p1
qf 1i
qwi

� 1 p2
qf 1i
qwi

� � � pl�1
qf 1i
qwi

qf 1i
qwi

p1
qf 2i
qwi

p2
qf 2i
qwi

� 1 � � � pl�1
qf 2i
qwi

qf 2i
qwi

..

. ..
. . .

. ..
. ..

.

p1
qf l�1

i

qwi
p2

qf l�1
i

qwi
� � � pl�1

qf l�1
i

qwi
� 1

qf l�1
i

qwi

266666666666664

377777777777775
:

In the right-hand matrix, multiply the last column by p1 and subtract

from the first column, multiply again the last column by p2 and sub-

tract from the second column, and so on until multiplication of the last

column by pl�1 and subtraction from the ðl� 1Þth column. This yields

the l� 1� l matrix

�1 0 � � � 0
qf 1i
qwi

0 �1 � � � 0
qf 2i
qwi

..

. ..
. . .

. ..
. ..

.

0 0 � � � �1
qf l�1

i

qwi

26666666666664

37777777777775
that has same rank. The rank of this new matrix is equal to l� 1 be-

cause the block made of its first l� 1 columns has obviously rank

l� 1.
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2.4.3 Dimension of the Equilibrium Manifold

It also follows from the regular value theorem that the dimension of

the equilibrium manifold E is equal to the dimension of S�W minus

the dimension of Rl�1, hence to l� 1þml� ðl� 1Þ ¼ ml.

2.4.4 Smoothness of the Embedding Map

The following consequence of E being a smooth submanifold of S�W

is going to be particularly useful.

Proposition 2.4.2 The embedding map E ! S�W is smooth.

Proof The embedding map from E into S�W is the identity map

from S�W restricted to the subset E. The proposition then follows

readily from the definition of a smooth submanifold. m

The property conveyed by the proposition may seem to be of limited

value. However, it is very convenient when it comes to proving the dif-

ferentiability of maps that are the restrictions to the equilibrium mani-

fold E of maps defined on the Cartesian product S�W. An immediate

application of that observation is to the projection map S�W ! W

restricted to the equilibrium manifold E.

2.5 Natural Projection

The properties of the solutions of the equilibrium equation zðp;oÞ ¼ 0

when the parameter o is varied in the parameter space W depend not

only on the structure of the equilibrium manifold E but also on how

this manifold is embedded in the Cartesian product S�W.

The latter aspect is conveyed by the map that is the restriction of

the projection map S�W ! W to the equilibrium manifold E. This

map p : E ! W, called from now on the natural projection, is related to

the Walras correspondence by the equality p�1ðoÞ ¼ WðoÞ � fog. The
equilibrium manifold E is the domain of the natural projection.

We now establish two important properties of the natural projection,

smoothness and properness. Smoothness enables us to apply to the natu-

ral projection important properties of differential topology. Properness

is an additional property that also plays an important role. Properness

is usually defined by the property that the preimage of every compact

set is compact. This property then implies that the direct image of

every closed set is closed.
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2.5.1 Smoothness

Proposition 2.5.1 The natural projection p : E ! W is smooth.

Proof The natural projection p : E ! W is the composition of two

maps: the natural embedding E ! S�W, which is smooth because E

is a smooth submanifold of the Cartesian product S�W, and the pro-

jection map S�W ! W, which is also smooth because the coordinate

functions of this map are smooth. m

2.5.2 Properness

Proposition 2.5.2 The natural projection p : E ! W is a proper map.

Proof A map is proper if the preimage of every compact set is com-

pact. Let K be a compact subset of the parameter space W. Let H be

the image of K by the continuous map o ¼ ðo1;o2; . . . ;omÞ ! o1 þ
o2 þ � � � þ om from W into X. The set H is compact and therefore

bounded from above: there exists some r� A X such that o1 þ o2 þ � � � þ
om a r� for all o A K. It follows from the equilibrium equality

f1ðp; p � o1Þ þ � � � þ fmðp; p � omÞ ¼ o1 þ � � � þ om

that

f1ðp; p � o1Þ þ � � � þ fmðp; p � omÞa r� for ðp;oÞ A p�1ðKÞ:
Pick now some consumer i arbitrarily. It follows from the previous

inequality combined with the fact that the consumption space is the

strictly positive orthant X that

fiðp; p � oiÞa r� for ðp;oÞ A p�1ðKÞ:
Let Ki be the image of K by the projection map

o ¼ ðo1; . . . ;oi; . . . ;omÞ ! oi:

That map being continuous, its image Ki is a compact subset of

X ¼ Rl
þþ. There exists a lower bound A such that the coordinates

ok
i satisfy the inequalities 0 < Aaok

i for k ¼ 1; 2; . . . ; l for o A K. Let

o�
i ¼ ðA;A; . . . ;AÞ.
The utility uið fiðp; p � oiÞÞ is greater than or equal to uiðoiÞ, itself

greater than or equal to uiðo�
i Þ. We therefore have that, for every
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ðp;oÞ A p�1ðKÞ, the demand xi ¼ fiðp; p � oiÞ is such that xi a r� and

uiðxiÞb uiðo�
i Þ. We can assume without loss of generality the strict in-

equality o�
i < r�.

Lemma 2.5.3 The nonempty set Li ¼ fxi A X j uiðxiÞb uiðo�
i Þ and

xi a r�g is compact.

Proof Let us show that Li is a closed and bounded subset of Rl.

Closedness in Rl of the set fxi A X j uiðxiÞb uiðo�
i Þg follows from prop-

erty (iv) of the utility functions considered in section 1.2.2. (See exercise

1.3 in chapter 1.) The set fxi A Rl j xi a r�g is also closed in Rl. The in-

tersection of these two sets is therefore closed in Rl.

The set Li is bounded from above by r� and from below by 0. This

proves the compactness of Li. m

Lemma 2.5.4 The image DnuiðLiÞ is a compact subset of the price set S.

Proof The normalized gradient map Dnui : X ! S is continuous. (See

exercise 1.1 in chapter 1 for the definition of the normalized gradient of

utility.) The set Li is compact. The image DnuiðLiÞ is then compact as

the image of a compact set by a continuous map. m

It follows from the continuity of the natural projection that the re-

striction of p to DnuiðLiÞ � K is continuous. Therefore, p�1ðKÞ is a

closed subset of the set DnuiðLiÞ � K by the continuity of p. The Carte-

sian product of the two compact sets K and DnuiðLiÞ is compact. The

combination of the two properties implies that p�1ðKÞ is compact,

which proves the properness of the natural projection p : E ! W. m

2.6 Structure of the Equilibrium Manifold over the Set of Regular

Economies

2.6.1 Critical and Regular Equilibria

Let Rðp;oÞ denote the property for the equilibrium ðp;oÞ A E to be a

regular point of the natural projection p : E ! W. An equilibrium

ðp;oÞ A E that satisfies the property Rðp;oÞ is known as a regular equi-

librium. Let the set EðRÞ consist of the regular equilibria. We denote by

G the set of critical equilibria in E. The two sets EðRÞ and G are comple-

mentary to each other.

It follows from proposition 2.3.1 that the set of critical equilibria G is

closed in E. Its complement, the set of regular equilibria EðRÞ, is there-
fore open in E.
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2.6.2 Openness of the Set of Regular EconomiesR

Proposition 2.6.1 The set of regular economiesR is open in W.

Proof The set of regular economiesR is the complement in W of the

set S, the set of singular values of the map p : E ! W. By definition,

singular values are images of critical points: S ¼ pðGÞ. The set G of crit-

ical points of the map p : E ! W is closed in E. In general, the direct im-

age of a closed set by a continuous map is not closed. But the map

p : E ! W is also proper. The images of closed sets by proper maps are

closed. This implies that S is closed and its complement, the set of reg-

ular economiesR, is therefore open in W (figure 2.1). m

2.6.3 Finiteness of the Equilibrium Set of Regular Economies

Proposition 2.6.2 For every o AR, the set p�1ðoÞ is finite.
Proof The proposition follows from the compactness and discrete-

ness of the set p�1ðoÞ.
Compactness The set p�1ðoÞ is compact as the preimage of the com-

pact set fog by the proper map p : E ! W.

Discreteness Let us show that the topological space p�1ðoÞ is dis-

crete, which means that it is equipped with the discrete topology. The

discrete topology is the topology where each subset is open. For a

Figure 2.1

The equilibrium manifold and the natural projection
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topological space to be discrete, it suffices that each set consisting of

one element is open.

Let fxg be the subset of p�1ðoÞ consisting of the unique element x.

Clearly, x cannot be a critical point of the map p because o is a regular

value. Therefore, the tangent map ðdpÞx is a bijection and, by the in-

verse function theorem, the natural projection p : E ! W is a local dif-

feomorphism at the point x A E. This means that there exist open

neighborhoods U of o and V of x such that the restriction p jV : V !
U is a diffeomorphism. This map being one-to-one, the intersection

p�1ðoÞXV contains the element x and no other element. Therefore, we

have fxg ¼ p�1ðoÞXV, where V is open in E. It follows from the defi-

nition of the open sets of p�1ðxÞ as the intersection with p�1ðoÞ of open
sets of E that the subset fxg is open in p�1ðxÞ.
Open Covering of p�1ðoÞ The topological space p�1ðoÞ being equipped

with the discrete topology, the subsets consisting of a unique ele-

ments of p�1ðoÞ, the subsets fxg with x A p�1ðoÞ, are open. Their union
is obviously equal to X. They define an open covering of the set

p�1ðoÞ.
Finiteness of p�1ðoÞ It follows from the compactness of p�1ðoÞ that the
open covering of the set p�1ðoÞ by sets with a unique element (the sets

defined by the elements of p�1ðoÞ) has a finite subcovering. The set

p�1ðoÞ is therefore the union of only a finite number of its elements.

This set is therefore finite. m

2.6.4 Finite Covering Property

The following proposition gives us a fairly accurate image of the equi-

librium manifold E over the set of regular economies. This image is

only partial, however, because the statement of the proposition is only

local, i.e., it holds true only for sufficiently small open subsets ofR.

Proposition 2.6.3 For every o AR, there exists an open neighborhood

U of o with UHR and the property that, if p�1ðoÞ is nonempty, the

preimage p�1ðUÞ is the union of a finite number of pairwise disjoint

open sets V1;V2; . . . ;Vk; . . . ;Vn and the restriction pk : Vk ! U of the

map p is a diffeomorphism for k ¼ 1; 2; . . . ; n.

Proof Let nb 1 be the (finite) number of elements of p�1ðoÞ.
Let x1; . . . ; xn be all the elements of p�1ðoÞ. Provided the open sets

are small enough, it is always possible to consider open pairwise dis-

joint neighborhoods U 0
1;U

0
2; . . . ;U

0
k; . . . ;U

0
n in E of x1; x2; . . . ; xk; . . . ; xn
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such that the restriction of p to U 0
k is a diffeomorphism with Uk ¼

pðU0
kÞ.

The set EnðU 0
1 W � � �WU 0

k W � � �WU 0
nÞ is closed in E. Its image by the

natural projection p is closed in W because p is proper. Let us de-

fine the set U as U ¼ ðU1 XU2 X � � � XUk X � � � XUnÞnpðEnðU 0
1 W � � �W

U 0
k W � � �WU 0

nÞÞ, i.e., U is the intersection of the sets Uk for k varying

from 1 to n and of the complement in W of the set pðEnðU 0
1 W � � �W

U 0
k W � � �WU 0

nÞÞ. Clearly, U is open in W. Let us show that o belongs to

U. All we have to check is that o does not belong to pðEnðU 0
1 W � � �W

U 0
k W � � �WU 0

nÞÞ, which follows from the inclusion

p�1ðoÞHU 0
1 W � � �WU 0

k W � � �WU 0
n:

Let Vk ¼ U 0
k X p�1ðUÞ. The restriction pk ¼ p jVk defines a diffeomor-

phism between Vk, and pðVkÞ.
Let us check that p�1ðUÞ is the union of V1 W � � �WVk W � � �WVn. Let

x A p�1ðUÞ. Assume that x does not belong to any Vk. Then it belongs

to the set EnðU 0
1 W � � �WU 0

k W � � �WU 0
nÞ, which implies

o ¼ pðxÞ A pðEnðU 0
1 W � � �WU 0

k W � � �U 0
nÞÞ:

Therefore, o belongs to the open set U, hence a contradiction. This

ends the proof of the proposition. (See figure 2.2.) m

The mathematical structure described by proposition 2.6.3 is known

as the property that the restriction of the map p to p�1ðRÞ is an open fi-

nite covering of the set of regular economiesR.

Selections of Equilibrium Prices

Proposition 2.6.4 Let o AR. There exists an open neighborhood U of

o with UHR and a finite number n of smooth maps sk : U ! S such

that the union 61akan skðo 0Þ is identical to the set Wðo 0Þ of equilib-

rium price vectors associated with every o 0 A U.

In other words,

p�1ðo 0Þ ¼ 6
1akan

fðskðo 0Þ;o 0Þg for o 0 A U:

Proof To prove this proposition, let us go back to proposition

2.6.3. It suffices to compose the map p�1
k : U ! Vk with the projection

S�W ! S to define the map sk : U ! S, which ends the proof of the

proposition. m
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Proposition 2.6.4 enables us to express the equilibrium prices associ-

ated with a regular economy as a function of the parameter o describ-

ing these economies.

This property also implies the lower hemicontinuity of the Walras

correspondence over the set of regular economiesR.

Remark Smooth selections of equilibria are defined only for open

neighborhoods of regular economies. It is important for both practical

and theoretical reasons to have some more information about the

domains of these selection maps. In particular, does there exist some

largest domain for the smooth selection maps instead of these open

sets?

A complete treatment of this question is beyond the scope of this

chapter. This problem is easier in the context of chapter 5 in the general

case of an arbitrary number of goods and consumers.

Local Constancy of the Number of Equilibria at Regular Economies

Proposition 2.6.5 Let o AR be a regular economy. There exists an

open neighborhood U of o such that UHR and the number of equilib-

ria is constant all over U.

Figure 2.2

Structure of the equilibrium manifold over the neighborhood U of the regular economy
o AR
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Proof Let o AR be a regular economy. It then suffices to pick U as in

proposition 2.6.4 to prove the proposition. m

Proposition 2.6.5 is often stated as the function number of equilibria

N : o !ap�1ðoÞ being locally constant.

Constancy of the Number of Equilibria over the Connected Components

ofR
By definition, the connected component of a point in a topological space is

the largest connected set containing that point (see, e.g., Dieudonné

1960, sec. 3.1.9). The connected components of a set are the various

connected components of the points of this set. It follows from this def-

inition that the set of regular economiesR is partitioned into its con-

nected components. By partitioned is meant that the various connected

components are pairwise disjoint and that their union is equal to the

full setR.

Proposition 2.6.6 The number of equilibria is constant over each con-

nected component of the set of regular economiesR.

Proof Let NðoÞ ¼ap�1ðoÞ denote the number of equilibria of the

regular economy o AR. This defines a function N :R ! N, where N
is the set of natural integers. Let us equip this set with the discrete to-

pology, the topology where each subset is open (and also closed).

Proposition 2.6.5 tells us that, for o AR, there exists an open neigh-

borhood U of o contained in R over which the number of equilibria

NðoÞ is constant. The function N is said to be locally constant.

Let us show that a locally constant function is necessarily constant

on every connected component of its domain. First, let us show that

the function number of equilibria N is continuous.

Continuity is established if we can show that the preimage by the

function N of every open subset of N is open inR. Since the topology

of N is discrete, open subsets of N are the union of open subsets

reduced to just one point. The preimage of a union of sets being also

the union of the preimages of the sets, and the union of open sets being

open, it therefore suffices to show that the preimage N�1ðkÞ of the set

reduced to the element k by the map N :R ! N is open. This set con-

sists of the economies o AR that have k equilibria. If this set is empty

(i.e., there are no such economies), then it is open, because an empty

set is open by definition. If N�1ðkÞ is nonempty, let o A N�1ðkÞ. It fol-
lows from proposition 2.6.5 that there exists an open set U where the
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number of equilibria is equal to k. This is equivalent to the inclusion

UHN�1ðkÞ. This shows that the set N�1ðkÞ is an open neighborhood

of each of its elements. This property is characteristic of an open set

and implies that N�1ðkÞ is open. This proves the continuity of the map

N :R ! N.

Let C be a connected component of R. The image of a connected

set by a continuous map is connected. Therefore, the image NðCÞ is a

connected subset of the set N (equipped with the discrete topology).

It follows from the definition of a connected set combined with the

definition of the discrete topology that the only connected sets of N
equipped with the discrete topology are the sets that consist of a

unique element. This implies that the set NðCÞ consists of just one ele-

ment, which is another way of saying that the map N is constant on C.

This ends the proof that the number of equilibria is constant on every

connected component of the set of regular economies. m

2.7 Genericity of Regular Economies

We have seen that regular economies and their equilibria enjoy rela-

tively nice properties. It is therefore important to have some informa-

tion about the size of the set of regular economiesR.

2.7.1 Full Measure

We already know that the set R is open. The following proposition

tells us that this set is really large in the sense that its complement has

Lebesgue measure zero in W.

Proposition 2.7.1 The set of regular economies R is open with full

measure in W.

Proof Sard’s theorem, proposition 2.3.3, tells us that the set of singu-

lar values of a smooth map between two smooth manifolds has Leb-

esgue measure zero. Let us apply this to the set S ¼ pðGÞ, the set of

singular values of the natural projection p : E ! W. The set S has

therefore measure zero in W and its complement R ¼ WnS has full

measure. m

2.7.2 Density

The full measure property implies an interesting topological property,

density, as follows from corollary 2.7.2.
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Corollary 2.7.2 The set of regular economies R is open and dense

in W.

Proof All we have to show is thatR is dense. Assume the contrary.

Then there exists a nonempty open cube U such that the intersection

RXU is empty. This means that the nonempty open set U is contained

in S. Therefore, the measure of S must be larger than, or at least equal

to, the measure of U. But the measure of the nonempty cube U is the

product of the lengths of its sides and, as such, is strictly positive. This

yields a contradiction. m

Remark Density is considered to mean ‘‘large’’ from a topological

perspective. Note, however, that the set of rational numbers Q is dense

in the set of real numbers R. Nevertheless, its Lebesgue measure is

equal to zero as the measure of a countable set. (Remember, the set of

rational numbers is countable.) Here, we have much more than just

density because the setR is also open.

Exercises

2.22. The correspondence W : W ! S is upper hemicontinuous (u.h.c.)

at o� A W if Wðo�Þ0j and if for every neighborhood U of Wðo�Þ
there exists a neighborhood V of o� such that WðoÞHU for every

o A V. The correspondence W is u.h.c. if it is u.h.c. at every o� A W

(Hildenbrand 1974, 21, def. 1). Show that properness of the projection

map p : E ! W implies that the Walras correspondence W : W ! S is

u.h.c. (Hint: See Hildenbrand 1974, 24, theorem 1.)

2.23. The correspondence W : U ! S (where U is an open subset of W)

is lower hemicontinuous (l.h.c.) at o� A U if Wðo�Þ0j and if, for

every open set G of S with Wðo�ÞXG0j, there exists a neighborhood

V of o� such that WðoÞXG0j for every o A V. The correspondence

is l.h.c. if it is l.h.c. at every o� A U (Hildenbrand 1974, 26, def. 3).

Show that the restriction of the Walras correspondence to the set of

regular economiesR is l.h.c. (Hint: See Hildenbrand 1974, 27, prop. 7.)

2.8 Economies with a Large Number of Equilibria

I conclude this chapter with another property that requires nothing

more than the smoothness and properness of the natural projection, a

property that complements nicely the fact that the set of economies

with an infinite number of equilibria is contained in a closed set with

measure zero.
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The only reservation I have about including it at this early stage is

that its proof is mathematically demanding in terms of covering maps

and Riemannian geometry. The proof needs mathematical concepts

that are not used anywhere else in the book. The reader is therefore

encouraged to focus on the general ideas, which are quite simple, and

to skip the technical details in a first reading.

2.8.1 Upper Bound of the Measure of the Set of Economies with

More Than a Given Number of Equilibria

Proposition 2.6.2 gives no upper bound on the number of equilibria. In

fact, DMS tells us that there is no upper bound. Nevertheless, there

exists an upper bound to the size of the set of economies with more

than a given number of equilibria.

Let us consider a compact subset K of W. Let WnðKÞ denote the set of

economies o A K having at least n equilibria, and let mðWnðKÞÞ denote
the Lebesgue measure of this set.

Proposition 2.8.1 There exists a constant cðKÞ such that the inequality

mðWnðKÞÞa cðKÞ=n
is satisfied for every nb 1.

2.8.2 Sketch of the Proof

Assume to fix ideas that W is two-dimensional and S one-dimensional.

Then, S�W can be identified with the (strictly positive orthant of the)

ordinary Euclidean space R3, and the equilibrium manifold E is a sur-

face in that space. This surface comes with a notion of area (e.g., the

definition of the area of the sphere). The area in W coincides with the

Lebesgue measure of R2.

The next important step is to observe that the area does not increase

through orthogonal projection. More specifically, let H be some subset

of the surface E. Then the area of H is bigger than the area of its

orthogonal projection pðHÞ in the plane W. This property is just the

generalization to surfaces of a well-known property of solid geometry,

namely, that the area of the orthogonal projection of a triangle is less

than or equal to the area of the triangle that is projected (figure 2.3).

Let now K be some compact subset of W. The preimage p�1ðKÞ is

compact in the surface E. It has therefore a finite area cðp�1ðKÞÞ.
The set of singular economies S having measure zero, the intersec-

tion WnðKÞXR has the same measure as WnðKÞ.
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Let now U be some subset of WnðKÞXR such that p�1ðUÞ consists

of a finite number of layers diffeomorphic to U. Not only is the num-

ber of layersb n but the area of each layer isb to the area of U onto

which each layer projects orthogonally. Therefore, the area of p�1ðUÞ
isb n times the area of U. It is shown in a following section that the

set WnðKÞXR can be partitioned into a countable collection of such

open sets U. The inequalities for each open set U then add up to the

inequality

cðp�1ðKÞÞb areaðp�1ðWnðKÞÞb n� areaðWnðKÞÞ;
which ends the proof of the proposition. Let us now develop the more

technical aspects of this proof.

Area Element for the Equilibrium Manifold

The equilibrium manifold E is embedded in S�W, which is itself an

open subset of the Euclidean space Rl�1 �Rlm. The restriction of the

scalar product to the tangent spaces to E defines a Riemannian struc-

ture on E. (See, e.g., Hicks 1965 for these elementary notions of Rie-

mannian geometry.) This Riemannian structure leads to a concept of

lm dimensional area on E, which is the extension to arbitrary dimen-

sions of the usual area concept for two-dimensional surfaces.

Let l denote the measure defined by the Riemannian structure on

the equilibrium manifold E. The orthogonal projection does not in-

crease the measure. More specifically, let m denote the Lebesgue

Figure 2.3

Area of an orthogonal projection
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measure of W. We then have mðpðVÞÞa lðVÞ for every measurable

subset V of E.

Finite Area of pC1(K)

The set K is compact and the natural projection p proper. The set

p�1ðKÞ is therefore compact, hence measurable, i.e., with a finite mea-

sure cðKÞ ¼ lðp�1ðKÞÞ.

Reduction to Wn(K)XR
The set of regular economiesR having full measure, we have

mðWnðKÞÞ ¼ mðWnðKÞXRÞ:

Existence of a Suitable Countable Partition

Every open subset of a Euclidean space can be decomposed into a

countable union of pairwise disjoint open cubes and a set of measure

zero. (For a proof, see, e.g., Rudin 1966, 52.) We apply this property to

the open setR and neglect from now on the set of measure zero.

A cube is connected and simply connected. The connectedness prop-

erty implies that each cube of the decomposition ofR is contained in

one connected component ofR. Therefore, the number of equilibria of

economies belonging to the same cube is constant.

Simple connectedness implies that the covering of each cube of the

collection by the map p is trivial. (See, e.g., Dieudonné 1973, sec.

16.28.6.) This means that the preimage is the disjoint union of a finite

number of open sets all diffeomorphic to the cube through the projec-

tion map p, a map that we identify with the orthogonal projection.

Let us consider in the countable collection of cubes those that have at

least n equilibria. Let Uj be the collection of these cubes. This collection

is at most countable. In addition, each economy o A Uj has at least n

equilibria. The set WnðKÞ is equal, up to a set of measure zero, to the

union of those cubes Uj. The set p�1ðUjÞ consists of at least n layers,

each one having a l-measure at least equal to mðUjÞ. Adding up all

these inequalities yields

nmðUjÞa lðp�1ðUjÞÞ:
Summing up these inequalities over the cubes Uj gives

nmðWnðKÞÞa lðp�1ðWnðKÞÞa lðp�1ðKÞÞ ¼ cðKÞ: m
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Proposition 2.8.1 tells us that the probability of observing economies

with more than n equilibria, although not zero, tends to zero as 1=n

and is therefore small for n large.

Proposition 2.8.1 is an asymptotic version of the property that the set

of economies with an infinite number of equilibria has Lebesgue mea-

sure zero in W.

2.9 Conclusion

The natural projection p : E ! W is therefore an open finite covering of

its set of regular valuesR. In addition, the complement WnR, the set of

singular values S, is closed with measure zero. Such a map p : E ! W

is known in mathematics as defining a ramified covering, the ramifica-

tions taking place over the set of singular values S. The genericity of

regular values follows directly from Sard’s theorem. The other proper-

ties in Debreu (1970) are just reformulations of the finite covering prop-

erty of the set of regular valuesR.

A first outcome of the relative postmodern perspective is therefore to

put the Debreu (1970) results into the wider setup of the properties of

the solutions of an equation system that depends on some parameter.

The equation system is here the equilibrium equation, the parameter

the vector of individual endowments, with variable total resources.

Note that the results depend on the choice of the parameter space

and would not necessarily hold with parameter spaces different from

W ¼ Xm.

The two key properties for the results of this chapter are the smooth-

ness and properness of the projection map. Smoothness is a fairly

general property in this kind of approach. It is in fact satisfied for a

large class of equations in addition to the equilibrium equation of the

Arrow-Debreu model. Properness is more specific to the economic

model. Nevertheless, all it requires is that there be at least one consum-

er whose demand tends to infinity when (normalized) prices tend to

the boundary of the price set, i.e., either to zero or to infinity. Interest-

ingly, properness is the mathematical version of a property that econo-

mists have discussed for a long time in relation to the existence of free

goods.

Smoothness and properness of the natural projection require only

a small fraction of the assumptions made on utility functions. The

next chapters are therefore devoted to the properties of the Arrow-
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Debreu model that follow from a more intensive exploitation of these

assumptions.

2.10 Notes and Comments

The proof that the equilibrium manifold is indeed a smooth manifold

for the parameter space W ¼ Xm, i.e., for total resources that are vari-

able, is given by Delbaen (1971). A set closely related to the equilib-

rium manifold is also considered by Smale (1974a).

The name catastrophe theory is often given to the application of the

theory of singularities of smooth maps to the study of the solutions

of finite equation systems. Most models of catastrophe theory involve

smooth maps similar to the natural projection. The main differences be-

tween these models are in the interpretation of the singularities and

their importance. In the natural projection, the regular values (regular

economies) are as important as the singular values (singular econo-

mies) or the critical equilibria. This is not the case for all the models of

catastrophe theory. The most remarkable feature of catastrophe theory

is its ability to generate discontinuities in otherwise differentiable mod-

els. Structural stability is a concept also introduced by catastrophe

theory, and it corresponds to the lack of discontinuities. Typically,

structural stability is observed at regular values.

Thom (1975) and Zeeman (1977) tend to reserve the name catas-

trophe theory to the methods that consist in deriving mathematical

models of real-world phenomena through the identification of the

phenomenon’s qualitative features with appropriate singularities of

smooth maps. That method makes sense only when the mathematical

model is unknown, which is not the case for economic theory with its

Arrow-Debreu model. For various applications of catastrophe theory,

see Arnold (1992), Thom (1975), and Zeeman (1977).

The results of sections 2.6 and 2.7 are in Debreu (1970). The introduc-

tion of the natural projection p : E ! W and the proof of the ramified fi-

nite covering property of the natural projection are due to Balasko

(1975a). It is the natural projection approach that Debreu (1976) pre-

sented in an address to the American Economic Association meeting

of 1975, devoted to the theory of regular economies.

The bound on the size of the set of economies with at least n equilib-

ria is given by Balasko (1979c).
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3 The Set of No-Trade Equilibria

In this chapter I exploit the fact that the Arrow-Debreu model de-

scribes a process that reallocates the (initial) endowment o ¼ ðoiÞ A W

into some (final) allocation x ¼ ðxiÞ A W. The importance of these final

allocations rests on two grounds: (1) they are easy to observe, and (2)

they determine the final utility level of each consumer. The set of final

allocations is therefore an important aspect of any allocation process,

of the competitive process in particular. This leads to consideration of

the vector of net trades at equilibrium.

3.1 No-Trade Equilibria

3.1.1 Net Trade Vector

Given the price vector p A S and the endowment vector oi A Rl
þþ, con-

sumer i’s consumption bundle is equal to fiðp; p � oiÞ A Rl
þþ. The

amount of goods to be traded by consumer i to go from the endow-

ment vector oi to the consumption bundle fiðp; p � oiÞ is equal to

fiðp; p � oiÞ � oi. This is consumer i’s net trade vector.

The net trade vector for all the consumers present in the economy is

then defined by the collection of all individual net trade vectors:

tðp;oÞ ¼ ð fiðp; p � oiÞ � oiÞ A ðRlÞm:

3.1.2 Feasibility of the Net Trade Vector and Equilibrium

The pair ðp;oÞ A S�W is an equilibrium if and only if the correspond-

ing net trade vector tðp;oÞ is feasible. This condition is equivalent to the

equality

Xm
i¼1

ð fiðp; p � oiÞ � oiÞ ¼ 0:



3.1.3 No-Trade Equilibrium

Let us denote by Tðp;oÞ the property that the net trade vector tðp;oÞ
is equal to zero for the equilibrium ðp;oÞ A E. Property Tðp;oÞ is

equivalent to the property that there is no trade at the equilibrium

ðp;oÞ.
Property Tðp;oÞ therefore amounts to the equality fiðp; p � oiÞ ¼ oi

for i varying from 1 to m.

3.1.4 Set of No-Trade Equilibria

The set of no-trade equilibria T consists of the equilibria that satisfy prop-

erty Tðp;oÞ. It is a subset of the equilibrium manifold E.

A common reaction to the definition of no-trade equilibria is to ques-

tion their very existence. After all, there is some kind of contradiction

between the concept of no-trade equilibrium, an equilibrium where

no trade takes place, and the idea of the market as a place dedicated

to the exchange of goods. In the real world, if an economy is to be at

a no-trade equilibrium, the absence of trade will quickly lead to the

dismantlement of all the costly facilities that make trade possible. The

existence of no-trade equilibria is therefore not that obvious after all.

Existence of the no-trade equilibria follows from the analysis of the

structure of the set of no-trade equilibria.

3.2 Structure of the Set of No-Trade Equilibria

3.2.1 Diffeomorphism between T and B

The following proposition describes the global and local structure of

the set of no-trade equilibria T as a subset of the equilibrium manifold

E.

Proposition 3.2.1 The set of no-trade equilibria T is a smooth sub-

manifold of the equilibrium manifold E that is diffeomorphic to the set

of price-income vectors B ¼ S�Rm
þþ.

First, a few words about the proof. One strategy is to start by prov-

ing the smooth submanifold structure with the regular value theorem

(see exercise 3.2). Once the smooth manifold structure is established, it

then suffices to find two smooth maps that are inverse to each other.

Here, I follow a different route because it will be useful in a number

of other situations. For this, I exploit a remarkable property of smooth

embeddings.
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By definition, an embedding is a smooth map that, in addition to be-

ing an immersion, is a homeomorphism with its image. An immersion

is a smooth map whose derivative (or tangent map) is an injection.

Not all immersions are embeddings. An embedding has the remark-

able property that its image (which is homeomorphic to the domain

of the embedding) is then a smooth submanifold of its range and the

homeomorphism between the domain and the image of the map is

actually a diffeomorphism. Showing that a map is an embedding is

therefore a very neat method for proving that the image of that em-

bedding is actually a smooth submanifold of the range in addition to

having the diffeomorphism property. Another modest though real ad-

vantage of the embedding map approach compared to the more ele-

mentary one through the regular value theorem is that it also works

for a setup of demand functions that are just continuous instead of be-

ing differentiable.

The main difficulty with the embedding map approach is in proving

that a suitable map is an embedding. The following lemma comes in

handy.

Lemma 3.2.2 Let f : X ! Y and c : Y ! X be two smooth mappings

between smooth manifolds such that the composition f � c : Y ! Y is

the identity map of Y. Then the map c : Y ! X is an embedding. The

image Z ¼ cðYÞ is a smooth submanifold of X that is diffeomorphic

to Y.

Proof See exercise 3.1. m

Let us now prove the smooth submanifold structure of the set of

no-trade equilibria T and the diffeomorphism with B ¼ S�Rm
þþ by

exhibiting an embedding from B into E whose image is the set T.

3.2.2 Proof of the Diffeomorphism

Let ðp;w1;w2; . . . ;wmÞ A B ¼ S�Rm
þþ be a price-income vector. Let the

map f : B ! S�W be defined by the formula

f ðp;w1;w2; . . . ;wmÞ ¼ ðp; f1ðp;w1Þ; f2ðp;w2Þ; . . . ; fmðp;wmÞÞ:
The individual demand functions f1; f2; . . . ; fm are smooth functions of

p A S and w1;w2; . . . ;wm, respectively. This implies that the map f is

also smooth.

Let j : S�W ! B ¼ S�Rm
þþ be the map defined by the formula

jðp;o1;o2; . . . ;omÞ ¼ ðp; p � o1; p � o2; . . . ; p � omÞ:
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This map is also smooth because all its coordinates are smooth func-

tions of p and o1;o2; . . . ;om.

Let us show that (1) the set of no-trade equilibria is the image of the

map f , i.e., f ðBÞ ¼ T, and (2) the map f : B ! S�W is an embedding.

Inclusion f (B)HT

Let ðp; f1ðp;w1Þ; . . . ; fmðp;wmÞÞ be an element of f ðBÞ. Let o1 ¼
f1ðp;w1Þ; . . . ;oi ¼ fiðp;wiÞ; . . . ;om ¼ fmðp;wmÞ. Then, for i varying

from 1 to m, we have

fiðp; p � oiÞ ¼ fiðp; p � fiðp;wiÞÞ:
By Walras’ law, we have p � fiðp;wiÞ ¼ wi, so that the right-hand term

is equal to fiðp;wiÞ, hence to oi. This proves the equality oi ¼
fiðp; p � oiÞ for i ¼ 1; 2; . . . ;m. In other words, ðp;o1; . . . ;omÞ is a no-

trade equilibrium, which establishes the inclusion f ðBÞHT.

Inclusion TH f (B)

Let ðp;o1; . . . ;omÞ be a no-trade equilibrium such that oi ¼ fiðp; p � oiÞ
for i varying from 1 to m. Define wi ¼ p � oi for 1a iam. We then

have oi ¼ fiðp;wiÞ, from which it follows that we have ðp;o1; . . . ;omÞ
¼ f ðp;w1; . . . ;wmÞ, hence the inclusion TH f ðBÞ.

Composition j � f

Let b ¼ ðp;w1; . . . ;wmÞ A B ¼ S�Rm
þþ. By definition, we have

f ðbÞ ¼ ðp; f1ðp;w1Þ; . . . ; fmðp;wmÞÞ:
Then

jð f ðbÞÞ ¼ ðp; p � f1ðp;w1Þ; . . . ; p � fmðp;wmÞÞ:
The right-hand term is equal to b ¼ ðp;w1; . . . ;wmÞ, as follows from

Walras’ law applied to each individual demand function. This proves

the identity j � f ¼ idB, where idB is the identity map of B ¼ S�Rm
þþ.

We conclude that the map f : B ! S�W is an embedding, as an ap-

plication of lemma 3.2.2.

The set of no-trade equilibria T is therefore a smooth submanifold of

S�W that is diffeomorphic to B ¼ S�Rm
þþ. Its dimension is equal to

lþm� 1. This ends the proof of proposition 3.2.1. m

A particularly obvious consequence of proposition 3.2.1 is that the

set of no-trade equilibria is nonempty. But this set is not really a large
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subset of the equilibrium manifold. The equilibrium manifold E has di-

mension lm, whereas the submanifold of no-trade equilibria T has

dimension lþm� 1, which is strictly less than lm. The measure of T

is therefore zero in E. In particular, the interior of T is empty.

The measure zero property implies that an equilibrium picked at

random has a probability equal to zero of being a no-trade equilibrium.

This property is consistent with the intuition that no-trade equilibria

are unlikely to be observed in the real world.

The concept of no-trade equilibrium corresponds indeed to an ex-

treme situation. Extreme situations are hardly observable in practice.

Their importance lies in the fact that real-world situations can be

sufficiently close to the extreme situations to have many of their prop-

erties. For example, the perfect vacuum is a very useful concept in

physics. It has nice properties in the sense that many laws of physics

have simple formulations in the case of the perfect vacuum. How-

ever, the perfect vacuum does not really exist. At best, the density of

the medium can be sufficiently small for the resistance to motion to

be negligible. Such medium then satisfies the same properties as the

perfect vacuum, at least as a first approximation. The situation is the

same in economics. No-trade equilibria may never be observed in

practice. Nevertheless, their properties are shared by the equilibria

where the intensity of trade is sufficiently small for the approximation

to work.

3.2.3 Relation between T and the Set of Equilibrium Allocations

Another reason for being interested in the set of no-trade equilibria

is its relation with the set of equilibrium allocations, as follows from

proposition 3.2.3.

Proposition 3.2.3 The set of equilibrium allocations is the image pðTÞ
of the set of no-trade equilibria by the natural projection.

Proof The vector x ¼ ðxiÞ A W is an equilibrium allocation if there

exists an endowment vector o ¼ ðoiÞ and a price vector p A S such

that the corresponding equilibrium allocation is equal to x. This is

equivalent to having xi ¼ fiðp; p � oiÞ for i ¼ 1; 2; . . . ;m. But then it fol-

lows from Walras’ law that we have p � oi ¼ p � xi, which implies that

the equality xi ¼ fiðp; p � xiÞ is satisfied for i ¼ 1; 2; . . . ;m. Conversely,

if ðp; xÞ is a no-trade equilibrium, then obviously x is the equilibrium

allocation associated with the price vector p A S and the endowment

vector x A W. m
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Exercises

3.1. Let f : X ! Y and c : Y ! X be two smooth mappings between

smooth manifolds such that the composition f � c : Y ! Y is the iden-

tity map of Y.

a. Show that the map c : Y ! X defines a homeomorphism between

its domain Y and its image Z ¼ cðYÞ. (Hint: Show that the restriction

f jZ is a bijection.)

b. Show that the map c : Y ! X is an immersion, i.e., the derivative

dcy : TyðYÞ ! TcðyÞðXÞ is an injection. (Hint: The relation f � c ¼ idY
yields for the tangent maps (or derivatives) of f and c the equality

dfcðyÞ � dcy ¼ idTyðYÞ (chain rule), where TyðYÞ denotes the tangent

space to the manifold Y at y.)

3.2. The set of no-trade equilibria T is the subset of the equilibrium

manifold E defined by the equations oi ¼ fiðp; p � oiÞ for i ¼ 1; . . . ;m.

Using the regular value theorem, give an alternative proof that T is a

smooth submanifold of S�W and of E.

3.3. Apply the smooth submanifold structure of the set of no-trade

equilibria T proved in exercise 3.2 to simplify the proof of proposition

3.2.1 that T is diffeomorphic to B ¼ S�Rm
þþ. Check that the individual

demand functions fi : S�Rþþ ! X (for i ¼ 1; . . . ;m) have only to be

smooth and satisfy Walras’ law.

3.4.

a. Show that the set of Pareto optima P is the subset of W defined by

the equation system

Dnu1ðx1Þ ¼ Dnu2ðx2Þ ¼ � � � ¼ DnumðxmÞ;
where DnuiðxiÞ denotes the normalized gradient of function ui.

b. Apply the regular value theorem to prove that P is a smooth sub-

manifold of W in the case ðl;mÞ ¼ ð2; 2Þ.
c. Apply now the regular value theorem to the general case of ðm; lÞ
arbitrary. (This approach yields a proof based on the regular value the-

orem that the set of Pareto optima P is a smooth submanifold of W of

dimension lþm� 1.)

3.5. Define in W�Rm�1 the set Q of elements ðx1; x2; . . . ; xm; l2; . . . ; lmÞ
satisfying the equation system

Du1ðx1Þ ¼ l2Du2ðx2Þ ¼ � � � ¼ lmDumðxmÞ:
a. Prove using the regular value theorem that Q is a smooth submani-

fold of W�Rm�1 of dimension lþm� 1.
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b. Show that the set of Pareto optima P is the image of Q by the projec-

tion map W�Rm�1 ! W. Let r : Q ! W denote the restriction of this

projection map to Q.

c. Show that the map W ! W�Rm�1 defined by

ðx1; x2; . . . ; xmÞ ! ðx1; x2; . . . ; xm; l2; . . . ; lmÞ;
where

l2 ¼
qu2

qxl ðx2Þ
qu1

qxl ðx1Þ
; . . . ; lm ¼

qum

qxl ðxmÞ
qu1

qxl ðx1Þ
;

is smooth. Using this map and the map r of exercise 3.5b, show that

the set of Pareto optima P is a smooth submanifold of W that is diffeo-

morphic to Q. (This approach gives an alternative proof based on the

property that the map r : Q ! W is an embedding.)

3.3 The Two Theorems of Welfare Economics Revisited

The existence of a subset of the equilibrium manifold E like the set of

no-trade equilibria T adds a distinctive feature to the natural projection

p : E ! W, a feature that is absent from all the other models of catastro-

phe theory. In addition, the economic interpretation of the image pðTÞ
of the set of no-trade equilibria T is of the utmost importance because

this set coincides with the set of equilibrium allocations. The two theo-

rems of welfare economics give another interpretation of the set of

equilibrium allocations by identifying it with the set of Pareto optima.

3.3.1 Set of Pareto Optima

By definition, the allocation x ¼ ðxiÞ A W is a Pareto optimum if it is not

Pareto-dominated by some x 0 ¼ ðx 0
i Þ A W, in other words, if there exists

no x 0 ¼ ðx 0
i Þ A W that satisfies the inequalities uiðxiÞa uiðx 0

i Þ for every i,

one inequality at least being strict, and
P

i x
0
i ¼

P
i xi. Let P denote the

set of Pareto optima. It is a subset of W.

3.3.2 The Two Theorems of Welfare Economics

The relations between the set of equilibrium allocations pðTÞ and the

set of Pareto optima P are encapsulated in the two theorems of welfare

economics. The first theorem states that every equilibrium allocation is a

Pareto optimum. This is equivalent to the inclusion pðTÞHP.
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The second theorem states that every Pareto optimum is the equilib-

rium allocation of some economy. This is equivalent to the inclusion

PH pðTÞ.
The combination of the two welfare theorems therefore amounts to

the equality pðTÞ ¼ P.

3.3.3 Diffeomorphism between T and P

The equality pðTÞ ¼ P is one important aspect, but one aspect only,

of the following more general property of the natural projection

p : E ! W.

Proposition 3.3.1 The restriction of the natural projection p : E ! W

to the submanifold T of no-trade equilibria defines a diffeomorphism

between T and the set of Pareto optima P.

Proof We already know that the set of no-trade equilibria is a smooth

submanifold of E. Therefore, the restriction ðp jTÞ : T ! W is also a

smooth map.

Let x ¼ ðx1; . . . ; xmÞ A P. Let Dnu1ðx1Þ denote the numeraire normal-

ized gradient vector associated with the utility function u1 at x1 A X.

(See exercise 1.1 in chapter 1 for the definition of the normalized gradi-

ent.) It follows from x ¼ ðx1; . . . ; xmÞ being a Pareto optimum that

the price vector p ¼ Dnu1ðx1Þ supports the allocations x1; x2; . . . ; xm,

in other words, we have x1 ¼ f1ðp; p � x1Þ; x2 ¼ f2ðp; p � x2Þ; . . . ; xm ¼
fmðp; p � xmÞ.
Let c : W ! S�W be the map

cðx1; x2; . . . ; xmÞ ¼ ðDnu1ðx1Þ; x1; x2; . . . ; xmÞ:
This map is clearly smooth. Its restriction to the set of Pareto optima

is continuous. In addition, the image of the Pareto optimum x ¼ ðx1;
x2; . . . ; xmÞ by c is the no-trade equilibrium ðp; x1; x2; . . . ; xmÞ with p ¼
Dnu1ðx1Þ. The composition p � ðc jPÞ is the identity map of P, and the

composition c � ðp jTÞ is the identity map of T. Therefore, the smooth

proper map ðp jTÞ defines a homeomorphism between T and its image

pðTÞ ¼ P. This proves that the set of Pareto optima P is a smooth sub-

manifold of W, a submanifold that is diffeomorphic to T (figure 3.1). m

The following corollary is obvious.

Corollary 3.3.2 The set of Pareto optima P is a submanifold of W dif-

feomorphic to B ¼ S�Rm
þþ.
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It follows from the corollary that the set of Pareto optima is also dif-

feomorphic to Rlþm�1.

The map ðp jTÞ : T ! P is a diffeomorphism. Let c : W ! S be the

map cðoÞ ¼ Dnu1ðo1Þ. This map is smooth. Its restriction to the sub-

manifold P of W is therefore smooth. (Incidentally, this map associates

with every Pareto optimum its supporting price vector.) The map

o ! ðcðoÞ;oÞ is then the inverse map ðp jTÞ�1 : P ! S.

The inclusion TH p�1ðPÞ follows from the equality P ¼ pðTÞ. In

order for the equality T ¼ p�1ðPÞ to be satisfied, it is necessary that the

economy o A P have a unique equilibrium. This property (see chapter

4) is not a direct consequence of proposition 3.3.1.

3.4 Notes and Comments

The first mention in the literature of an equilibrium without trade is in

Arrow and Hurwicz (1958). Despite their importance to a number of

issues that go beyond the diffeomorphism between the sets of no-trade

equilibria and Pareto optima (see chapter 4), no further mention of no-

trade equilibria is found in the literature until Balasko (1973; 1975a;

1975b) showed that the structure of the equilibrium manifold depends

heavily on the structure of the set of these no-trade equilibria.

The proof given in this chapter that the set of no-trade equilibria is

diffeomorphic to Rlþm�1 in the case of variable total resources is due to

Balasko (1973; 1975b). This proof requires only that individual demand

functions exist, be smooth, and satisfy Walras’ law. These functions do

Figure 3.1

Diffeomorphism between T and P
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not have to result from utility maximization subject to budget con-

straints. This feature is useful in several extensions of the Arrow-

Debreu model (see, e.g., chapter 6, which deals with price-dependent

preferences).

The application of the structure of the set of no-trade equilibria to the

structure of the set of Pareto optima in the case of variable total re-

sources is also due to Balasko (1975a; 1978b). The case where total

resources are fixed needs a wholly different treatment (see chapter 5).
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4 The Global Structure of the Equilibrium Manifold

We have seen that the equilibrium manifold E comes equipped with lo-

cal coordinate systems because it is a smooth submanifold of the Carte-

sian product S�W. The existence of a global coordinate system boils

down to whether the equilibrium manifold E is homeomorphic or,

even better, diffeomorphic to some Euclidian space. Short of proving

such diffeomorphism, several global topological properties like path-

connectedness, simple connectedness, and contractibility are important

steps in that direction. Though weaker than the homeomorphism or

diffeomorphism properties, these topological properties are also inter-

esting for their own sake. This is particularly true of pathconnected-

ness and simple connectedness. The question is therefore whether the

equilibrium manifold E is pathconnected, simply connected, contracti-

ble, homeomorphic, and diffeomorphic to some Euclidean space, the

latter property implying all the others but at the price of a much more

complex proof.

This chapter is divided into roughly three parts. In the first part, I

give some intuition for the mathematical concepts of pathconnected-

ness, simple connectedness, and contractibility. The interest of these

properties is not limited to the equilibrium manifold. It extends to sub-

sets of the equilibrium manifold and other economically interesting

sets that satisfy one or several of these properties. The second part of

this chapter is devoted to proving these global properties of the equi-

librium manifold. This part exploits the partition of the equilibrium

manifold into linear fibers that are ‘‘glued’’ together by the no-trade

equilibria. It ends with the specification of two coordinate systems for

the equilibrium manifold. The third part of this chapter discusses the

application of these coordinate systems to the study of the natural pro-

jection and to the study of subsets of the equilibrium manifold that are



associated with properties of equilibria such as tatonnement stability

or gross substitutability.

4.1 Some Mathematical Concepts

4.1.1 Pathconnectedness

A topological space is pathconnected if it is always possible to link two

points of that space by a continuous path. For example, every convex

set is pathconnected. Indeed, the segment defined by two points is con-

tained in the set and therefore defines a continuous path linking the

two points.

Can there be an economic interpretation for pathconnectedness?

Consider two equilibria ðp;oÞ and ðp�;o�Þ. Assume, for example, that

ðp;oÞ describes a current state of the economy and ðp�;o�Þ is a state to

be achieved at some point in the future.

The problem then becomes one of having the economy, represented

by the endowment vector and its associated equilibrium price vector,

evolve from the initial state ðp;oÞ to the final one ðp�;o�Þ. If disconti-
nuities are allowed, there are many ways of moving from ðp;oÞ to

ðp�;o�Þ. But discontinuities do not have a good reputation, for many

reasons. For example, they are incompatible with any reasonnable

way of forecasting future prices. Often discontinuities are associated in

economics with wars and revolutions, whereas reforms imply a more

gradual or continuous evolution of the economy. Therefore, we take

for granted that any economic policy that translates into a continuous

evolution is preferred to any policy that can generate discontinuities.

Then there is the question of choosing which path to follow in order

to move from ðp;oÞ to ðp�;o�Þ. A natural idea is to choose a path with

the shortest length. Mathematically, this implies that the equilibrium

manifold comes equipped with a suitable notion of length. Manifolds

with such structure are known as Riemannian manifolds. Paths with

minimal length are called the geodesics of the Riemannian manifold. In-

cidentally, every submanifold of a Euclidean space is equipped with a

Riemannian metric defined by the Euclidean distance of the Euclidean

space. In our case, this distance would be the Euclidean distance on

S�W. The only problem—but this is not a small problem—is that this

distance does not make much economic sense. The structure of the

Arrow-Debreu model is not rich enough to feature a distance concept

that would be sufficiently relevant for the purpose of economic policy

and planning.
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Instead of seeking the shortest path from one point to another in a

given metric, we can at least investigate whether there exist continuous

paths linking the two points. This amounts to investigating the path-

connectedness properties of the equilibrium manifold E.

Proposition 4.1.1 The equilibrium manifold E is pathconnected.

A by-product of the pathconnectedness of the equilibrium mani-

fold is a new contribution to the centuries-old debate of revolution ver-

sus reform. Let us understand reform as the property of controlling

equilibria continuously, which implies the potential of following any

continuous path on the equilibrium manifold. Let us understand rev-

olution as the imposition of discontinuous changes in the economy,

translating into jumps from one equilibrium to another. Revolution is

therefore unavoidable if the end point (the equilibrium ðp�;o�)) cannot
be attained by following a continuous path from the initial point (the

equilibrium ðp;oÞ), or in mathematical terms, if the initial and end

points do not belong to the same pathconnected component of the

equilibrium manifold. This argument disappears with pathconnected-

ness. Of course, the scope of this observation is limited to the setup of

the Arrow-Debreu model. A less superficial analysis would require

more complex models than the Arrow-Debreu model. But, even more

for such models, the global structure of their equilibrium manifold

would convey many important properties.

4.1.2 Simple Connectedness

It follows from pathconnectedness that there exists at least one contin-

uous path linking one point of E to any other. But more than one such

path exists in general, and it is natural to try to compare these different

paths. In particular, is it possible to deform continuously the first path

into the second one? Having this property satisfied for all paths linking

any two points is known in mathematics as simple connectedness.

Again, is it possible to give an economic interpretation of simple

connectedness? A path in the equilibrium manifold can be identified

with an economic policy. The choice of a policy is often the outcome of

arbitrations and compromises starting from options that initially are

quite different. It is natural to model this process of compromises and

arbitration as small steps that are represented mathematically by con-

tinuous changes of the paths corresponding to the policies.

Proposition 4.1.2 The equilibrium manifold E is simply connected.
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Simple connectedness also has a purely geometric interpretation: a

connected manifold is simply connected if it has no ‘‘holes.’’ For exam-

ple, the sphere is simply connected, whereas the torus is not.

4.1.3 Contractibility

The two properties of pathconnectedness and simple connectedness

are found in an important class of topological spaces, namely, the con-

tractible spaces. A topological space is contractible if it can be continu-

ously deformed to just one point. Let a and b be two arbitrarily chosen

points. These points follow continuous paths ending in the same point

under the deformation process. Therefore, a suitable combination of

these two paths yields a continuous path from a to b, which proves

pathconnectedness. It is also intuitively obvious that a contractible

space cannot have any ‘‘hole,’’ hence is simply connected. An impor-

tant class of contractible spaces consists of star-shaped sets, a class

that includes the convex sets. Therefore, every Euclidean space Rn is

contractible.

Proposition 4.1.3 The equilibrium manifold E is contractible.

4.1.4 Homeomorphism with Rlm

The Euclidean space Rn is pathconnected, simply connected, and con-

tractible. Therefore, all these properties of the equilibrium manifold

are in fact special cases of the following proposition.

Proposition 4.1.4 The equilibrium manifold E is homeomorphic to

Rlm.

4.1.5 Diffeomorphism with Rlm

We now know that the equilibrium manifold E is a smooth manifold

that is homeomorphic to the Euclidean space Rlm. Can this homeo-

morphism with the Euclidean space Rlm be smoothed to make it a

diffeomorphism?

Proposition 4.1.5 The equilibrium manifold E is diffeomorphic to

Rlm.

This proposition tells us that there exists a global system of (smooth)

coordinates for the equilibrium manifold. This may sound rather ab-

stract at this stage. But, with such a coordinate system, the equilibrium

manifold E can be identified to Rlm, and the natural projection p

becomes a map from Rlm into W, an open subset of Rlm. In other
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words, we can express the natural projection by lm real-valued func-

tions depending on lm variables.

The good news is that, courtesy of this global coordinate system, we

can forget all the discussion in the previous sections about smooth

manifolds and start with the study of the natural projection as a

smooth map from some open subset of Rlm into Rlm. The mathemati-

cal interest of this simplification is obvious. But this approach may also

be economically interesting if the global coordinate system can have

some simple economic interpretation.

The bad news is that there is no smooth global coordinate system

having an economic interpretation for the equilibrium manifold E asso-

ciated with the endowment space W ¼ Xm. But there is a way out of

this difficulty. It consists in extending the equilibrium concept by al-

lowing endowments to have some negative coordinates. The collection

of extended equilibria yields the extended equilibrium manifold ~EE, of

which the equilibrium manifold E is an open subset. The remarkable

fact is that the extended equilibrium manifold ~EE has, like the equilib-

rium manifold E, a global structure that comes with a global (smooth)

coordinate system, in fact, two of them. These coordinate systems

have really simple economic interpretations. They can be used for the

points of the extended equilibrium manifold ~EE and also for the points

of the equilibrium manifold E that is an open subset of R, and of course

also for the natural projection.

4.2 Linear Fibers of the Equilibrium Manifold

4.2.1 Linear Fiber Associated with a Price-Income Vector

Let b ¼ ðp;w1; . . . ;wmÞ A B ¼ S�Rm
þþ be some price-income distribu-

tion. The linear fiber FðbÞ is the subset of S�W defined as

FðbÞ ¼ ðp;oÞ A S�W

���� p � oi ¼ wi; i ¼ 1; 2; . . . ;mP
i oi ¼

P
i fiðp;wiÞ;

� �
: ð4:1Þ

It is obvious from the equations defining the linear fiber FðbÞ that all
its elements are equilibria. The linear fiber FðbÞ is therefore a subset of

the equilibrium manifold E for all b A B ¼ S�Rm
þþ.

4.2.2 Partition of the Equilibrium Manifold into Its Linear Fibers

Let ðp;oÞ A E be an equilibrium. Then there is a unique linear fiber

through that equilibrium ðp;oÞ. It is the linear fiber FðbÞ for b ¼
jðp;oÞ ¼ ðp; p � o1; . . . ; p � omÞ.
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The union 6b AB FðbÞ is equal to the equilibrium manifold E because

every equilibrium belongs to some linear fiber. In addition, for b0 b 0,
the intersection FðbÞX Fðb 0Þ is empty. This implies that the equilibrium

manifold is partitioned into its linear fibers.

4.2.3 Uniqueness of the No-Trade Equilibrium in a Linear Fiber

Let FðbÞ be the linear fiber associated with the price-income vector

b ¼ ðp;w1; . . . ;wmÞ A B. We then have for the intersection of the linear

fiber FðbÞ with T the equality

FðbÞXT ¼ f f ðbÞg:
The argument goes as follows. Let ðp 0; x 0Þ A TX FðbÞ. Necessarily, we

have p 0 ¼ p and p 0 � x 0
i ¼ p � x 0

i ¼ wi for i ¼ 1; . . . ;m. Since ðp 0; x 0Þ is a

no-trade equilibrium, we therefore have x 0
i ¼ fiðp 0; p 0 � x 0

i Þ ¼ fiðp;wiÞ
for i ¼ 1; . . . ;m. This implies ðp 0; x 0Þ ¼ ðp; f1ðp;w1Þ; . . . ; fmðp;wmÞÞ ¼
f ðbÞ. Conversely, f ðbÞ is a no-trade equilibrium and belongs to the lin-

ear fiber FðbÞ.

4.2.4 Linear Fibers and the Set of No-Trade Equilibria

The linear fibers FðbÞ that make up the equilibrium manifold E are par-

ameterized by the price-income vector b A B ¼ S�Rm
þþ. In the same

way, the set of no-trade equilibria T consists of the elements f ðbÞ,
where b is varied in B ¼ S�Rm

þþ. Since the no-trade equilibrium f ðbÞ
is the unique no-trade equilibrium of the linear fiber FðbÞ, there is one

and only one fiber through every element of the set of no-trade equilib-

ria. These fibers can also be viewed as parameterized by the elements

Figure 4.1

No-trade equilibria and linear fibers
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of the set of no-trade equilibria T. They appear to be ‘‘glued’’ together

by the no-trade equilibria that belong to the set T (figure 4.1).

Unsurprisingly, the structural properties of the equilibrium manifold

E are going to reflect those of the set of no-trade equilibria T and those

of the linear fibers FðbÞ, fibers that have more in common than their

linearity.

4.2.5 Convexity and Boundedness of the Linear Fiber F(b)

The linear fiber FðbÞ is defined by the set of linear equalities corre-

sponding to the total resource and individual wealth constraints and

inequalities for the positivity requirement imposed on the endowment

vector o ¼ ðo1; . . . ;omÞ A W ¼ Xm. It follows from p � oi ¼ wi for i ¼
1; . . . ;m combined with oi A X ¼ Rl

þþ that the set FðbÞ is bounded.
By definition, a polytope is a bounded convex subset of a Euclidean

space defined by a set of linear (or better, affine) inequalities. The linear

fiber FðbÞ is therefore a convex polytope for every b A B ¼ S�Rm
þþ.

(Note that the fiber FðbÞ is closed in S�W but not in S�Rlm because

the inequalities o
j
i > 0 for i ¼ 1; . . . ;m and j ¼ 1; . . . ; l are strict.)

The linearity and convexity of the typical fiber is the second key fac-

tor in the global structure of the equilibrium manifold, the first one be-

ing the diffeomorphism of the set of no-trade equilibria to a Euclidean

space. Let us recall some properties of convex polytopes: the open

convex polytope W is pathconnected, simply connected, contractible,

homeomorphic, and diffeomorphic to Rn.

Pathconnectedness

Pathconnectedness is almost obvious: the map t A ½0; 1� ! ð1� tÞxþ ty

defines a continuous path (whose image is the segment ½x; y�) linking
the two elements x and y of the polytope W.

Simple Connectedness and Contractibility

Simple connectedness is a direct consequence of contractibility, the lat-

ter being equivalent to showing that the polytope W can be contracted

continuously into a point. Pick some x� A W. The map ðt; xÞ ! hðt; xÞ ¼
ð1� tÞxþ tx�, where hð0; :Þ is the identity map of W and hð1; xÞ the

constant map with value x�, proves the contractibility property for W.

Homeomorphism with a Euclidean Space

The proof of the homeomorphism with Rn, with n such that W is open

in Rn, can go as follows. Let again x� in W. Let Bðx�; rÞ be the open ball

centered at x� with radius r > 0 (figure 4.2).
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Let x A W, with x0 x�. Denote by DðxÞ the half-line defined by the

two points x and x� with origin x�. Let c and d be the intersection

points of DðxÞ with the boundaries qW of W and qBðx�; rÞ ¼ Sðx�; rÞ,
the latter set being the sphere of radius r centered at x�. The map

y : W ! Bðx�; rÞ, defined by the formula

yðxÞ ¼ x� þ kd� x�k
kc� x�k ðx� x�Þ; ð4:2Þ

is easily seen to be a homeomorphism between W and Bðx�; rÞ. Note

that the same map also defines a homeomorphism between the com-

pact set W ¼ WW qW, which is the closure of W, and the closed ball

Bðx; rÞ.
If, instead of being a convex polytope, the boundary of the convex

set W is a smooth hypersurface like a sphere, then the map y is a diffeo-

morphism between W and any open ball of Rn and therefore Rn itself.

Diffeomorphism with a Euclidean Space

There seems to be no elementary constructive proof of the diffeomor-

phism property between W and Rn when the boundary of the convex

set W is not a smooth hypersurface. Unfortunately, this is the case

with convex polytopes. Diffeomorphism, however, can be proved by

an approximation argument, an approach that is nonconstructive,

which makes it rather impractical for an explicit coordinate system.

Figure 4.2

Homeomorphism between W and Bðx�; rÞ
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4.3 Global Properties of the Equilibrium Manifold

We are now ready to address the global properties of the equilibrium

manifold E stated in propositions 4.1.1–4.1.5. Intuitively, the proofs

consist in showing that the properties of the fibers as convex polytopes

can be extended to the full equilibrium manifold through the parame-

terization by the no-trade equilibria. In addition, these extensions are

rather straightforward.

4.3.1 Pathconnectedness

Let ðp;oÞ and ðp 0;o 0Þ be two equilibria. Let us construct a continuous

path linking these two equilibria and contained in the equilibrium

manifold E. Let b ¼ fðp;oÞ and b 0 ¼ fðp 0;o 0Þ, and let f ðbÞ and f ðb 0Þ be
the corresponding no-trade equilibria. The equilibria ðp;oÞ and f ðbÞ
belong to the same fiber FðbÞ. The segment ½ðp;oÞ; f ðbÞ� is contained in

the convex fiber FðbÞ. Similarly, the segment ½ðp 0;o 0Þ; f ðb 0Þ� is contained
in the convex fiber Fðb 0Þ. To construct a continuous path linking the no-

trade equilibria f ðbÞ and f ðb 0Þ, it suffices to consider the segment ½b; b 0�
linking b and b 0 in B ¼ S�Rm

þþ. The image f ð½b; b 0�Þ of this segment by

the continuous map f then defines a continuous path linking f ðbÞ and
f ðb 0Þ in the set of no-trade equilibria T. Piecing together the three con-

tinuous paths ½ðp;oÞ; f ðbÞ�, f ð½b; b 0�Þ and ½ f ðb 0Þ; ðp 0;o 0Þ� defines a con-

tinuous path contained in the equilibrium manifold E and linking the

equilibria ðp;oÞ and ðp 0;o 0Þ (figure 4.3).

Figure 4.3

Pathconnectedness of the equilibrium manifold
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4.3.2 Simple Connectedness and Contractibility

We prove simple connectedness as a consequence of contractibility,

and we prove contractibility by showing that the equilibrium manifold

E can be continuously deformed into the set of no-trade equilibria T. In

fact, we are going to show that the subset T is a deformation retract of

the set E, which is equivalent to the existence of a continuous map

h : E� ½0; 1� ! E having the following properties:

(i) The partial map hð:; 0Þ : E ! E is the identity map.

(ii) The partial map hð:; 1Þ : E ! E takes its values in the set T.

(iii) The restriction of the map hð:; tÞ : E ! E for t A ½0; 1� to the subset

T is the identity of T.

Let x ¼ ðp;o1; . . . ;omÞ be an element of E. The maps (already de-

fined) j : E ! B ¼ S�Rm
þþ and f : B ! E are continuous. In addition,

we have f ðBÞ ¼ T.

Let hðx; tÞ for x A E and t A ½0; 1� be defined by the expression

hðx; tÞ ¼ ð1� tÞxþ tf � jðxÞ:
This map is continuous as a linear combination of continuous maps.

We have hðx; 0Þ ¼ x and hðx; 1Þ ¼ f ðjðxÞÞ A T. Last, let x A T. Then

there exists some b ¼ ðp;w1; . . . ;wmÞ A B with x ¼ f ðbÞ. Then
hðx; tÞ ¼ hð f ðbÞ; tÞ

¼ ð1� tÞ f ðbÞ þ tf ðjð f ðbÞÞÞ;
from which follows by j � f ¼ idB

hðx; tÞ ¼ ð1� tÞ f ðbÞ þ tf ðbÞ
¼ f ðbÞ ¼ x:

This proof shows us that the equilibrium manifold E can be continu-

ously deformed into the set of no-trade equilibria T. Note that the con-

traction map hð:; tÞ, for t A ½0; 1� given, contracts every fiber in the

direction of the no-trade equilibrium of that fiber.

Now it suffices to observe that the set of no-trade equilibria T itself is

contractible, i.e., can be continuously deformed into a single point. The

combination of these two contractions yields a continuous deformation

of the equilibrium manifold E into a point.
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4.3.3 Homeomorphism with a Euclidean Space

Let r > 0 be given. We extend the definition of the map y used to prove

the homeomorphism of the open convex set W with the ball Bðx�; rÞ to
the case of the equilibrium manifold. For x ¼ ðp;oÞ A E and b ¼ jðxÞ,
let x� ¼ f ðbÞ. Then x and x� belong to the same fiber FðbÞ. Define the

map yE : E ! B� Bð0; r�Þ by the formula

yEðxÞ ¼ jðxÞ; kd� x�k
kc� x�k ðx� x�Þ

� �
: ð4:3Þ

This map is easily seen to be a homeomorphism. It then suffices to ob-

serve that both B and Bð0; r�Þ are homeomorphic to Euclidean spaces,

and so is their Cartesian product.

4.3.4 Diffeomorphism with a Euclidean Space

The idea of parameterizing the homeomorphisms of every fiber with

the open ball Bð0; r�Þ in a continuous way so as to get a homeomor-

phism of the equilibrium manifold E with the Cartesian product

B� Bð0; r�Þ works also for the case of diffeomorphisms. For a proof

along these lines, including the construction of the diffeomorphisms of

every fiber with the open ball Bð0; r�Þ, see Schecter (1979). This line

of approach is not pursued here because, despite its interest, it does

not give a practical coordinate system for the equilibrium manifold.

4.4 Coordinates for the Equilibrium Manifold

What we want is a coordinate system that can be practical. For exam-

ple, the coordinate system must enable us to work with an explicit for-

mulation of the natural projection p as a map from some open subset

of Rlm into Rlm. Such formulation will also enable us to compute the

Jacobian matrices that characterize critical equilibria and economies.

4.4.1 Partition in Fibers of the Equilibrium Manifold and the

Coordinate System

Elements of the equilibrium manifold E can be identified by (1) the lin-

ear fiber to which they belong, and (2) their location within the fiber.

More specifically, the equilibrium ðp;oÞ A E belongs to the fiber FðbÞ,
where b ¼ jðp;oÞ is the price-income vector associated with ðp;oÞ A E.

All we then need is a way to parameterize the fiber FðbÞ.
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The solution is going to be no different from the way points on the

surface of the Earth (identified with a sphere) are represented by their

longitude and latitude. The longitude determines the great circle that

goes through the North and South poles, the great circle to which the

point belongs. The fiber FðbÞ is the analogue of this great circle, and b

of the longitude (figure 4.4). The position of the point in the great circle

is then given by the latitude. The next goal is therefore to define

the equivalent of the latitude for every fiber of the equilibrium mani-

fold. For this, we could use the diffeomorphism of every fiber with

Rðl�1Þðm�1Þ. Unfortunately, the nonconstructive nature of this diffeo-

morphism prevents its use in any real computation. The solution is to

define coordinates for a larger set than the fiber FðbÞ, which extends

the equilibrium concept by enabling the parameter o to belong to a

larger set than W ¼ Xm.

4.4.2 Extended Equilibrium Manifold

We now drop all sign restrictions on the endowment vector o ¼
ðo1; . . . ;omÞ. Let ~WW ¼ ðRlÞm denote the extended parameter space.

We define an extended equilibrium ðp;oÞ A S� ~WW as a pair such that

consumer i’s wealth wi ¼ p � oi is > 0 for i ¼ 1; 2; . . . ;m and such thatP
oi ¼

P
i fiðp; p � oiÞ.

The extended equilibrium manifold ~EE is the subset of S� ~WW consisting

of the extended equilibria.

The extended fiber gFðbÞFðbÞ consists of the extended equilibria compatible

with the price-income vector b ¼ ðp;w1; . . . ;wmÞ A B ¼ S�Rm
þþ. It is

the affine subspace of S� ~WW determined by the fiber FðbÞ. This amounts

Figure 4.4

Coordinates for the sphere and the equilibrium manifold
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to extending the fiber FðbÞ in all possible directions. The extended fibergFðbÞFðbÞ can be identified with Rðl�1Þðm�1Þ. The way this identification is

made will provide coordinates for the extended equilibrium manifold
~EE and, as a by-product, for the equilibrium manifold E, which is a sub-

set of ~EE.

Let oi ¼ ðo1
i ; . . . ;o

l�1
i Þ A Rl�1 denote the projection of oi on the

subspace generated by the first l� 1 coordinates of Rl.

Proposition 4.4.1 The extended equilibrium manifold ~EE is diffeomor-

phic to B�Rðl�1Þðm�1Þ by the map

Yðp;o1; . . . ;omÞ ! ðjðp;oÞ;o1; . . . ;om�1Þ:
Let us also denote by Y : S� ~WW ! S�Rm �Rðl�1Þðm�1Þ the map

with the same formula as in the proposition.

Let C : S�Rm
þþ �Rðl�1Þðm�1Þ be the map where p A S, o

j
i are left

unchanged for 1a iam� 1 and 1a ja l� 1 and the coordinates ol
i

for 1a iam� 1 are defined by the formula

ol
1 ¼ w1 � p1o

1
1 � � � � � pl�1o

l�1
1

ol
2 ¼ w2 � p1o

1
2 � � � � � pl�1o

l�1
2

..

. ¼ ..
.

ol
m�1 ¼ wm�1 � p1o

1
m�1 � � � � � pl�1o

l�1
m�1

9>>>>>>>>>=>>>>>>>>>;
;

the coordinates o1
m; . . . ;o

l�1
m by the formula

o1
m ¼ r1 � o1

1 � o1
2 � � � � � o1

m�1

o2
m ¼ r2 � o2

1 � o1
2 � � � � � o2

m�1

..

. ¼ ..
.

ol�1
m ¼ rl�1 � ol�1

1 � ol�1
2 � � � � � ol�1

m�1

9>>>>>>>>>=>>>>>>>>>;
;

and finally ol
m by

ol
m ¼ wm � p1o

1
m � � � � � pl�1o

l�1
m :

It is then straightforward to check that the extended equilibrium

manifold ~EE is also the image CðS�Rm
þþ �Rðl�1Þðm�1ÞÞ and that the

composition Y �C is the identity map of S�Rm
þþ �Rðl�1Þðm�1Þ. This

The Global Structure of the Equilibrium Manifold 67



proves the diffeomorphism property. (Incidentally, this also yields as a

by-product an alternative proof that the equilibrium manifold E is

a smooth submanifold of S�W.)

4.4.3 Coordinate System A

Coordinate system A is simply the coordinate system of the extended

equilibrium manifold ~EE defined by the diffeomorphism of proposition

4.4.1. This means that the equilibrium ðp;oÞ A ~EE is represented by the

price-income vector b ¼ jðp;oÞ ¼ ðp; p � o1; . . . ; p � omÞ and the loca-

tion of the equilibrium in the extended fiber gFðbÞFðbÞ by the coordinates

ðo1; . . . ;om�1Þ.
Coordinate system A has the advantage of simplicity. This will be

particularly useful when writing the coordinates of the natural projec-

tion map.

4.4.4 Coordinate System B

The drawback of coordinate system A is that it does not lend itself to

an easy identification of the no-trade equilibria and, by extension, of

the proximity of a given equilibrium to the no-trade equilibrium of its

fiber. This leads to consideration of an alternative coordinate system.

Let �yi ¼ fiðp;wiÞ � oi A Rl�1 denote the first l� 1 coordinates of

the net trade vector of consumer i, with i varying from 1 to m� 1. The

matrix YT (the transpose of matrix Y) is then defined by

YT ¼ ðy1; y2; . . . ; ym�1Þ:

The ðm� 1Þ � ðl� 1Þ matrix Y parameterizes the extended fiber gFðbÞFðbÞ.
To sum up, it is equivalent to represent the extended equilibrium

ðp;oÞ by coordinate system A or by the pair ðb;YÞ, with b A B and Y a

ðm� 1Þ � ðl� 1Þ matrix. This defines coordinate system B.

A nice feature of coordinate system B is that the coordinate ðb; 0Þ cor-
responds to the no-trade equilibrium f ðbÞ of the fiber FðbÞ.

Exercises

4.1. The topological space M is said to be connected if the only subsets

that are both open and closed are the empty set j and the full set M.

a. Show that the set M is connected if there are no two nonempty open

subsets U and V of M with empty intersection UXV ¼ j and union

M ¼ UWV.
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b. Show that the intervals of R are the only connected subsets of R.

c. Show that Rn is connected.

d. Show that if the topological space M is pathconnected, then it is also

connected.

e. Show that a smooth manifold that is connected is also pathcon-

nected. (Hint: Use the fact that every point of the smooth manifold has

a neighborhood that is diffeomorphic to a Euclidean space.)

4.2. Let M be a bounded open convex subset of Rn. Let x A M. For

t A ½0; 1� and y A M, define hðy; tÞ ¼ ð1� tÞyþ tx.

a. Show that this formula defines a continuous map hð�; tÞ : M ! M.

b. Show that the map h : M� ½0; 1� ! M is continuous.

c. Check that hð�; 0Þ ¼ idM and hð�; 1Þ is the constant map with value

the element x A M.

4.3. Let M be a bounded open convex subset of Rn. Let x A M.

a. Show that there exists some r > 0 such that the open ball B ¼ Bðx; rÞ
centered at x A M with radius r is contained in M.

b. Let y A M with y0 x. Consider the half-line defined by the two

points x and y with origin x. Show that this half-line intersects the

sphere Sðx; rÞ of points of Rn at the distance r from x at a unique point,

denoted bðyÞ. Prove that bðyÞ is a continuous function of y A M.

c. Show that the half-line considered in exercise 4.3b also intersects the

boundary qM at a unique point aðyÞ. Prove that aðyÞ is also a continu-

ous function of y A M.

d. Define z by the expression

z� x ¼ kbðyÞk
kaðyÞk ðy� xÞ:

Show that z is in B if y is in M. Define the map y : M ! B by yðyÞ ¼ z.

Show that the map y is continuous.

e. Show that the map y has an inverse y�1 : B ! M. Show that this in-

verse is continuous. (Hint: Give an explicit expression to the map y�1

and reproduce the line of reasoning of exercise 4.3d.)

f. What can be concluded from exercises 4.3d and 4.3e regarding the

topological spaces M and B?

4.4. Same assumptions and notation as in exercise 4.3.

a. Assume that the boundary qM of the open convex set M is a smooth

hypersurface of Rn (i.e., a smooth submanifold of Rn of dimension

n� 1). Show that the map y and its inverse y�1 are smooth. What can

be concluded of the topological spaces M and B?
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b. Assume that the open convex set M is defined by a collection of

strict linear inequalities, with nb 2. Is the map y differentiable?

4.5 Applications of the Coordinate Systems

4.5.1 Natural Projection in Coordinate System A

Let us use coordinate system A for the equilibrium manifold E. For

W ¼ Xm H ðRlÞm, the use of coordinates o1;o2; . . . ;om�1, and r (in-

stead of om) turns out to simplify some computations. (We have om ¼
r� o1 � o2 � � � � � om�1.)

Proposition 4.5.1 The analytic expression of the natural projection p

takes the form

r1 ¼
Xm
i¼1

f 1i ðp;wiÞ;

..

.

rl�1 ¼
Xm
i¼1

f l�1
i ðp;wiÞ;

ol
1 ¼ w1 � p1o

1
1 � � � � � pl�1o

l�1
1 ;

..

.

ol
m�1 ¼ wm�1 � p1o

1
m�1 � � � � � pl�1o

l�1
m�1;

rl ¼ w1 þ w2 þ � � � þ wm � p1r
1 � p2r

2 � � � � � pl�1r
l�1;

o
j
i ¼ o

j
i for 1a iam� 1 and 1a ja l� 1:

This expression follows readily from the definition of the map

p : E ! W.

4.5.2 Characterization of Critical and Regular Equilibria

This section cannot avoid being computational, but details can be

skipped in a first reading.

The equilibrium ðp;oÞ A E is critical if it is a critical point of the natu-

ral projection p : E ! W. This is equivalent to saying that the tan-

gent map Tðp;oÞp is not onto. With coordinate systems for E and W,
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the matrix associated with the tangent map Tðp;oÞp is simply the Jacob-

ian matrix of the map p expressed in these coordinates.

Similarly, the equilibrium ðp;oÞ A E is regular if it is a regular point

of the natural projection p : E ! W. This is equivalent to the tangent

map Tðp;oÞp being onto or to the corresponding Jacobian matrix having

a rank equal to the dimension of W, that is, ml.
Let us define matrices Mðp;oÞ and Nðp;oÞ as follows:

Mðp;oÞ ¼

P
j

qf 1j ðp;wjÞ
qp1

� � � P
j

qf 1j ðp;wjÞ
qpl�1

qf 11 ðp;w1Þ
qw1

� � � qf 1mðp;wmÞ
qwm

..

. . .
. ..

. ..
. . .

. ..
.

P
j

qf l�1
j ðp;wjÞ

qp1
� � � P

j

qf l�1
j ðp;wjÞ
qpl�1

qf l�1
1 ðp;w1Þ

qw1
� � � qf l�1

m ðp;wmÞ
qwm

�o1
1 � � � � ol�1

1 1 � � � 0

�o1
2 � � � � ol�1

2 0 � � � 0

..

. . .
. ..

. ..
. . .

. ..
.

�o1
m�1 � � � � ol�1

m�1 0 � � � 0

�o1
m � � � � ol�1

m 0 � � � 1

266666666666666666666664

377777777777777777777775

:

Matrix Nðp;oÞ is identical to Mðp;oÞ except for its last row, which is

equal to

ð�rl; . . . ;�rl�1; 1; . . . ; 1; 1Þ:
Recall that Jðp;oÞ is the Jacobian matrix of the aggregate excess de-

mand map zð:;oÞ : S ! Rl�1.

Lemma 4.5.2 det Nðp;oÞ ¼ det Mðp;oÞ ¼ det Jðp;oÞ.
Proof In Nðp;oÞ, subtract the rows l to lþm� 1 from the last row.

We thus obtain the last row of Mðp;oÞ. This proves det Nðp;oÞ ¼
det Mðp;oÞ.

Matrix Mðp;oÞ can be given the following particular form

Mðp;oÞ ¼ A B

C I

� �
;

where I denotes the identity matrix. The coefficient �o
j
i belonging to

row i and column j of matrix C is ‘‘killed’’ by multiplying column
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ððl� 1Þ þ iÞ of Mðp;oÞ by o
j
i and adding the result to column j of

Mðp;oÞ. Performing this operation for every element of C yields

matrix

Jðp;oÞ B

0 I

� �
;

whose determinant is equal to det Jðp;oÞ. m

Proposition 4.5.3 The equilibrium ðp;oÞ is critical (resp. regular) if

and only if det Nðp;oÞ ¼ 0 (resp.0 0).

Proof With the analytical expression of the map p given in proposi-

tion 4.5.1, the Jacobian matrix Tðp;oÞp of p at ðp;oÞ is seen to be equal

to

Nðp;oÞ �
0 I

� �
;

where I is the ðl� 1Þðm� 1Þ identity matrix. We therefore have

det Tðp;oÞp ¼ det Nðp;oÞ. m

Proposition 4.5.4 The equilibrium ðp;oÞ A E is critical (resp. regular)

if and only if det Jðp;oÞ ¼ 0 (resp.0 0).

Proof The equilibrium ðp;oÞ A E is critical if and only if det Nðp;oÞ
is equal to 0. It then suffices to apply the equality det Nðp;oÞ ¼
det Mðp;oÞ ¼ det Jðp;oÞ of lemma 4.5.2. m

Corollary 4.5.5 The economy o A W is regular if and only if the vec-

tor 0 A Rl�1 is a regular value of the aggregate excess demand map

zð:;oÞ : S ! Rl�1.

Proof By definition, the vector 0 A Rl�1 is a regular value of the

excess demand map zð:;oÞ : S ! Rl�1 associated with the economy

o A W if and only if for every equilibrium ðp;oÞ A E, det Jðp;oÞ is not

equal to zero. This condition is equivalent to having ðp;oÞ not a critical

point of the mapping p, which also means that o is a regular value of

the natural projection. m

4.5.3 Jacobian Matrix of Aggregate Excess Demand J(p,o) and

Coordinate System B

Matrix Jðp;oÞ takes a remarkably simple form with coordinate system

B, where the equilibrium ðp;oÞ is represented by its coordinates ðb;YÞ.
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Let MðbÞ ¼Pm
i¼1 Miðp;wiÞ be the sum of the Slutsky matrices

Miðp;wiÞ for the m consumers, and ðl� 1Þ � ðm� 1Þ matrix KðbÞ be

with ðh; iÞ coefficient equal to

kðh; iÞ ¼
qf hi ðp;wiÞ

qwi
� qf hmðp;wmÞ

qwm
�

Proposition 4.5.6 Jðb;YÞ ¼ MðbÞ þ KðbÞY.
This formula follows readily from the chain rule applied to the ag-

gregate excess demand map p ! zðp;oÞ.
Corollary 4.5.7 Matrix MðbÞ with b ¼ ðp;w1; . . . ;wmÞ A B is symmetric

negative definite.

Proof Matrix MðbÞ is the sum of the Slutsky matrices M1ðp;w1Þ; . . . ;
Mmðp;wmÞ, which are symmetric and negative definite. Their sum is

therefore symmetric and defines a quadratic form. That quadratic

form is the sum of negative definite forms and is therefore negative

definite. m

Corollary 4.5.8 det MðbÞ0 0.

The second corollary follows readily from the property that the

matrix defining a definite quadratic form has necessarily a nonzero

determinant.

4.5.4 Regularity of the No-Trade Equilibria

Proposition 4.5.6 and its corollaries give us precious information on the

set of critical equilibria G and on its complement, the set EðRÞ of regu-
lar equilibria.

Proposition 4.5.9 Inclusion THEðRÞ.
In other words, every no-trade equilibrium is regular. The proposi-

tion is just a restatement of corollary 4.5.8.

4.6 Application to the Natural Projection

The goal is to exploit the regularity of the no-trade equilibria to ob-

tain several additional properties of the natural projection p : E ! W.

We first compute the degree of that map, whether it is the degree

modulo 2 (a measure of the parity of the number of equilibria at a
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regular economy) or the topological degree whose computation

requires defining orientations for the equilibrium manifold and for W.

The computation of these degrees requires good candidates for regular

values of the natural projection.

4.6.1 Inclusion PHR
We are going to show that every Pareto optimum o A P is a regular

economy, i.e., a regular value of the natural projection.

Proposition 4.6.1 Let o A P and p A S its supporting price vector.

Then p�1ðoÞ ¼ fðp;oÞg.
Proof By definition, the price vector p A S supports the Pareto opti-

mum o ¼ ðo1; . . . ;omÞ A P if the equalities o1 ¼ f1ðp; p � o1Þ; . . . ;om ¼
fmðp; p � omÞ are all satisfied. They are equivalent to the pair ðp;oÞ
being a no-trade equilibrium. Therefore, we have the inclusion

fðp;oÞgH p�1ðoÞ.
Assume now that there exists some equilibrium ðp 0;oÞ A p�1ðoÞ

with p 0 0 p. Let x 0 ¼ ðx 0
i Þ ¼ ð fiðp 0; p 0 � oiÞÞ denote the corresponding

equilibrium allocation. It follows from the definition of consumer i’s

demand that the utility uiðx 0
i Þ is greater than or equal to uiðoiÞ for every

i. In addition, since p 0 is different from p and does not support the allo-

cation oi, the strict inequality uiðx 0
i Þ > uiðoiÞ is satisfied for every i.

The price vector p 0 A S is also an equilibrium price vector associated

with o, so
P

i fiðp 0; p 0 � oiÞ ¼
P

oi. This proves that x 0 ¼ ðx 0
i Þ Pareto-

dominates o ¼ ðoiÞ, a contradiction.

This proves the equality p�1ðoÞ ¼ fðp;oÞg. m

Proposition 4.6.2 PHR.

Proof The proposition follows readily from the definition of a regular

value, combined with the property that the no-trade equilibria are

regular. m

4.6.2 Modulo 2 Degree

Proposition 4.6.3 The modulo 2 degree of the natural projection is

equal to 1.

Proof It suffices to pick any o A P. This is a regular value of the map

p, and the preimage p�1ðoÞ contains just one element. This ends the

proof of the proposition. m
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Oddness of the Number of Equilibria of Regular Economies

Corollary 4.6.4 The number of equilibria of a regular economy o AR
is odd.

Proof The number of elements of p�1ðoÞ being equal to 1 when o is

Pareto-optimal, the number of elements of p�1ðoÞ is then odd for any

regular o AR. m

Surjectivity of the Natural Projection, or the Existence of Equilibrium

Proposition 4.6.5 The natural projection p : E ! W is onto.

Proof Assume that p : E ! W is not surjective. Let o 0 A W but not in

the image pðEÞ. This o 0 is a regular value of the map p because it is not

the image of a critical point. Therefore, the number of elements of the

set p�1ðo 0Þ is odd, by the definition of the modulo 2 degree. This con-

tradicts the fact that the integer 0 is even. m

The surjectivity property of the natural projection means that there

exists an equilibrium ðp;oÞ in E for every o A W. This is just a compli-

cated way of saying that the equilibrium equation zðp;oÞ ¼ 0 has a so-

lution p A S for every o A W.

4.6.3 Uniqueness Domain

Proposition 4.6.6 The set of Pareto optima P is contained in only one

of the connected components of the set of regular economiesR.

Proof The set of Pareto optima P is a subset of the set of regular

economies R. The set of Pareto optima P is diffeomorphic to B ¼
S�Rm

þþ and therefore pathconnected. The set of Pareto optima P,

being pathconnected, is contained in one connected component of the set

of regular economiesR. m

Let us denote byR1 this connected component ofR.

Proposition 4.6.7 Equilibrium is unique all over the connected com-

ponentR1.

Proof The proposition follows from the uniqueness of equilibrium at

a Pareto optimum combined with the constancy of the number of equi-

libria over the connected components ofR. m

The Global Structure of the Equilibrium Manifold 75



The uniqueness domain R1 contains the set of Pareto optima in its

interior and, in this topological sense, is a neighborhood of the set of

Pareto optima. Nevertheless, the uniqueness domain may be quite a

large set. Uniqueness of equilibrium for all economies o A W is equiva-

lent to the equalityR1 ¼ W. This is also equivalent to the emptyness of

the set of singular economies S.

4.7 Regular Equilibria and Their Genericity

Debreu’s genericity theorem for regular economies tells us that the set

of regular economiesR is open with full measure in W. We have seen

that this property is nothing more than Sard’s theorem applied to the

natural projection. An important consequence for o AR of being a reg-

ular economy is the existence of a sufficiently small open neighborhood

U of o such that p�1ðUÞ is a disjoint union of open sets, each one

diffeomorphic to U. If ðp;oÞ is one of the elements of p�1ðoÞ, there
exists an open neighborhood V of ðp;oÞ such that the restriction

p jV : V ! U is a diffeomorphism. Let ðsðo 0Þ;o 0Þ ¼ ðp jVÞ�1ðo 0Þ. The
map s : U ! S is known as an equilibrium price selection map. It follows

from the existence of the equilibrium price selection map s : U ! S

that, for any continuous small change of the endowment parameter o 0

(small meaning that o 0 belongs to the open set U), there always exists

an equilibrium price vector sðo 0Þ associated with o 0 that varies contin-
uously with o 0.

An important feature of regular economies is the property that all

equilibria define smooth price selection maps defined in neighbor-

hoods of the regular economies. No discontinuities of the equilibrium

price vector as a function of the fundamentals can be triggered by

smooth changes of the endowment parameter o when the latter is a

regular economy.

4.7.1 Equilibrium Price Selection Map at a Regular Equilibrium

It is worth noting that the local continuity of the equilibrium price se-

lection map that associates with o AR the equilibrium price vector

p A S requires only that the equilibrium ðp;oÞ be regular. In other

words, the selection property may be satisfied at the regular equilib-

rium ðp;oÞ even if there exists a price vector p 0 A S with p 0 0 p such

that the pair ðp 0;oÞ is a critical equilibrium, in which case o is a sin-

gular economy. Therefore, understanding of the discontinuities of the
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equilibrium selection maps would be much improved with a better

knowledge of the set of regular equilibria EðRÞ.

4.7.2 Full Measure of the Set of Regular Equilibria

The next question is whether there are enough regular equilibria in

the equilibrium manifold. The answer is provided by the following

proposition.

Proposition 4.7.1 The set of regular equilibria EðRÞ is open with full

measure in the equilibrium manifold E.

Proof The difficulty in proving this property is that there is no gen-

eral theorem similar to Sard’s theorem regarding the measure or even

the density of the set of critical points of a smooth map. Nothing pre-

vents such sets from having a nonempty interior or even from being

equal to the full domain of the smooth map.

The solution consists in a careful analysis of the set of critical equilib-

ria in every fiber of the equilibrium manifold E.

Critical Equilibria in a Fiber

Let us use for the equilibrium manifold E the coordinate system B

of section (4.4.4), with b ¼ ðp;w1; . . . ;wmÞ A B ¼ S�Rm
þþ, and Y is a

ðl� 1Þ � ðm� 1Þ real matrix. The equilibrium with coordinates ðb;YÞ
is critical if the determinant of the Jacobian matrix Jðb;YÞ is equal to

zero. The set of critical equilibria G is defined by equation det Jðb;YÞ
¼ 0.

Let the price-income vector b A B be fixed. It follows from

det Jðb;YÞ ¼ detðMðbÞ þ KðbÞYÞ
that the restriction of the function det Jðb;YÞ to the fiber FðbÞ is a poly-

nomial function in the coefficients of the ðl� 1Þ � ðm� 1Þ matrix Y.

The set of critical equilibria GðbÞ in the fiber FðbÞ is defined by equation

det Jðb;YÞ ¼ 0, which is a polynomial equation in the coefficients of Y.

The set GðbÞ is therefore a real algebraic subset of the fiber FðbÞ.

Stratifiability of Real Algebraic Sets

A rather deep property of real algebraic sets (and more generally of

semialgebraic sets, i.e., sets defined by polynomial equalities and in-

equalities) is that such sets are stratifiable. This implies that these

sets are the union of a finite number of smooth submanifolds of the

The Global Structure of the Equilibrium Manifold 77



ambiant space. (For mathematical references on algebraic sets, see

Whitney (1957); on semialgebraic sets, see Benedetti and Risler (1990,

sec. 2.6.12.) The semialgebraic set GðbÞ is therefore the union of a

finite number of smooth submanifolds of the fiber FðbÞ. The fiber

having dimension ðl� 1Þðm� 1Þ, the dimension of these submanifolds

isa ðl� 1Þðm� 1Þ.
Can some of these submanifolds that make up the set GðbÞ have the

maximum dimension ðl� 1Þðm� 1Þ? If so, this would imply that the

set GðbÞ would have a nonempty interior. In that case, the polynomial

function Y ! detðMðbÞ þ KðbÞYÞ would take the value zero on some

nonempty open subset of the fiber FðbÞ. This property is sufficient to

imply that the polynomial function is identically equal to zero. (The

latter property is easily proved by an induction argument on the num-

ber of variables.) This function therefore takes the value zero for

all ðl� 1Þ � ðm� 1Þ matrices Y. This obviously applies to the matrix

Y ¼ 0. This implies that det MðbÞ ¼ 0, which contradicts the property

that det MðbÞ0 0, i.e., the property that no-trade equilibria are regular

equilibria.

The algebraic set GðbÞ is therefore a finite union in Rðl�1Þðm�1Þ of

smooth manifolds of dimension strictly less than ðl� 1Þðm� 1Þ. Each
one of these submanifolds has measure zero in the fiber FðbÞ. Their
union GðbÞ has therefore measure zero. This property holds true for

every b A B.

The set of critical equilibria G is a subset of S�W such that the

‘‘slice’’ GðbÞ has measure zero for every b A B ¼ S�Rm
þþ. We then con-

clude that the set G has Lebesgue measure zero by applying Fubini’s

theorem about the integral of functions of several variables. (All that is

needed here is the special case of Fubini’s theorem that deals with sets

of measure zero.) m

Alternative Proof of the Genericity of Regular Economies

The set of singular economies S is the image of the set of critical equi-

libria G by the natural projection p : E ! W. The image of a set of mea-

sure zero by a smooth map has also measure zero. It then follows from

S ¼ pðGÞ, combined with the property that G has measure zero, that

the set S has also measure zero.

Exercises

4.5. Let gEðRÞEðRÞ denote the set of regular extended equilibria. Prove that

this set is not pathconnected if there exists at least some b A B such
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that matrix KðbÞ0 0. Interpret the condition KðbÞ ¼ 0 for all b A B ¼
S�Rm

þþ. Prove that the set EðRÞ is not necessarily pathconnected.

4.6. The equilibrium (resp. extended equilibrium) ðp;oÞ A E (resp. ~EE) is

said to be positive regular if it is regular and det Jðp;oÞ has the same

sign as ð�1Þl�1.

Let EðRþÞ (resp. gEðRþÞEðRþÞ) denote the set of positive regular equilibria

(resp. positive regular extended equilibria).

a. Give an economic justification to the concept of positive regularity.

b. Prove the inclusion THEðRþÞ.
c. Prove that the set gEðRþÞEðRþÞ is pathconnected. (Hint: Use the results of

exercise 4.6a to reduce the problem to the equilibria belonging to an

extended fiber.)

4.7. The extended equilibrium ðp;oÞ A ~EE is said to be negative regular

if it is regular and det Jðp;oÞ has the opposite sign of ð�1Þl�1. LetgEðR�ÞEðR�Þ denote the set of negative regular extended equilibria. Show by

way of examples for the case ðl;mÞ ¼ ð2; 2Þ and fixed total resources

that the set gEðR�ÞEðR�Þ can have an arbitrary number of pathconnected

components.

4.8 Application to Some Properties of Equilibria

4.8.1 The Law of Demand

The law of demand, originally stated for a partial equilibrium setup, says

that demand is a decreasing function of price. Initially, this law was

thought to be always true. In particular, it was thought to be satisfied

at all equilibria. It is not. In addition, though defined for a partial equi-

librium setup, it is possible to extend the law of demand to a general

equilibrium setup provided prices are not normalized. (In that case,

the aggregate demand function p ! zðp;oÞ is a homogeneous function

(of degree 0) of the non-normalized price vector p ¼ ðp1; p2; . . . ; plÞ.)
The equilibrium ðp;oÞ A E is said to be compatible with the local

law of demand, or to satisfy property Dðp;oÞ, if the partial derivative

qz j

qpj
ðp;oÞ evaluated at p is < 0 for j ¼ 1; . . . ; l. In other words, the

equilibrium ðp;oÞ satisfies property Dðp;oÞ if the diagonal coefficients

of the Jacobian matrix ~JJðp;oÞ of the homogeneous aggregate excess de-

mand with respect to non-normalized prices are all < 0.

Let EðDÞ denote the set of equilibria that satisfy the local law of

demand.
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Proposition 4.8.1 The following properties are satisfied by the set

EðDÞ: (1) inclusion THEðDÞ, and (2) the fibers of EðDÞ are open

convex.

Proof Let ðp;oÞ A T. The matrix ~JJðp;oÞ is negative semidefinite, and

all its l� 1 principal submatrices are negative definite. (The l� 1�
l� 1 matrix Jðp;oÞ is the principal submatrix of ~JJðp;oÞ, obtained by

deleting the lth row and column, and Jðp;oÞ is negative definite; the

latter property is independent of the choice of a numeraire.) It follows

from the negative definiteness of Jðp;oÞ that all the diagonal coeffi-

cients of Jðp;oÞ are < 0. Changing the numeraire commodity is suffi-

cient to see that the lth diagonal coefficient of ~JJðp;oÞ is also < 0.

Let b A S�Rm
þþ be fixed. The equilibrium ðp;oÞ in the fiber FðbÞ sat-

isfies Dðp;oÞ if the l inequalities
qz j

qpj
ðp;oÞ < 0 are satisfied in addition

to the sign conditions o
j
i > 0.

The coefficients
qz j

qpj
ðp;oÞ are linear functions of the coordinates o

j
i .

This proves that the set of equilibria in the fiber FðbÞ that satisfy the

property Dðp;oÞ is a nonempty open convex set. This set is path-

connected, simply connected, contractible, homeomorphic, and diffeo-

morphic to Rðl�1Þðm�1Þ.
It then suffices to have b vary in B ¼ S�Rm

þþ and to reproduce the

methods used in the study of global properties of the equilibrium man-

ifold to have the same properties here for the set EðDÞ. m

Exercises

4.8. Prove that the local law of demand is satisfied if the vector of net

trade is sufficiently small.

4.9. Assume that at least two consumers have different preferences.

Prove that, for sufficiently large vectors of total resources r A X, there

exist equilibria that do not satisfy the local law of demand.

4.8.2 Gross Substitutability

The property of gross substitutability is of long standing in economic

theory. As for the law of demand, only a local version is considered

here.

The equilibrium ðp;oÞ A E satisfies local gross substitutability, or prop-

erty Sðp;oÞ, if the derivative of the aggregate excess demand for some

commodity, derivative taken with respect to the non-normalized prices

of any of the other commodities, is > 0:
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dz j

dpk
ðp;oÞ > 0; j0 k:

This is equivalent to the Jacobian matrix of aggregate excess demand
~JJðp;oÞ (for non-normalized price vectors) having strictly positive off-

diagonal terms.

Let us denote by EðSÞ the set of equilibria satisfying the gross sub-

stitutability property Sðp;oÞ.
Proposition 4.8.2 The following properties are satisfied by the set

EðSÞ: (1) inclusion EðSÞHEðDÞ, and (2) the fibers of EðSÞ are open

convex.

Proof The inequalities defining the equilibria satisfying property S
are linear with respect to the coordinates o

j
i of the equilibrium ðp;oÞ

in a given fiber, which proves the second part of the proposition.

Walras’ law (the identity p � zðp;oÞ ¼ 0) is satisfied for all non-

normalized price vectors p ¼ ðp1; p2; . . . :plÞ. Taking the derivative

with respect to pj yields the equality

z jðp;oÞ þ p � dz
dpj

ðp;oÞ ¼ 0:

If follows from the equilibrium condition z jðp;oÞ ¼ 0 that

pj
dz j

dpj
ðp;oÞ ¼ �

X
h0j

ph
dzh

dpj
:

Combined with local gross substitutability, this equality yields the

strict inequality
dz j

dpj
ðp;oÞ < 0, which proves that the local law of de-

mand is satisfied, hence the inclusion stated in the first part of the

proposition. m

Remark It is worth noting that the set of no-trade equilibria T is not

necessarily a subset of EðSÞ.

4.8.3 Tatonnement Stability

A Digression on the Idea of Stability

Walras’s original definition of stability concept is nothing more than

the property that the law of demand is satisfied. Walras’s formulation

is made in a partial equilibrium setup, which is very surprising coming
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from the inventor of the general equilibrium model. Walras’s view of

stability developed into two different approaches: a static one by Hicks

(1946) and a dynamic one by Samuelson (1941).

Hicks’s concept of stability consists in a reformulation of the law of

demand where the indirect effects of price changes on the demands

and supplies of the other goods are taken into account. It is the law of

demand reformulated for the general equilibrium setup. At variance

with Walras’s approach, the prices of the other goods are adjusted to

maintain the equality of supply and demand for those goods.

Hicksian stability is known to be equivalent to the principal minors

of the Jacobian matrix of aggregate excess demand Jðp;oÞ being of al-

ternate signs, the first one being < 0 (Hicks 1946).

The definition of gross substitutability shows that this property is a

strengthening of the law of demand and is related to the idea of the

stability of equilibrium. This intuition can be made rigorous by check-

ing that local gross susbstitutability implies Hicksian stability. This is

equivalent to showing that a l� l off-diagonal strictly positive Jaco-

bian matrix ~JJ (with respect to non-normalized prices) is such that all its

principal minors of order k < l have the same sign as ð�1Þk. This fol-

lows readily from Horn and Johnson (1985, theorem 6.1.10).

Samuelson’s approach consists in formulating a differential equation

that expresses the evolution through time of the price system. Follow-

ing Samuelson (1941), this differential equation has been known ever

since as Walras tatonnement.

Tatonnement’s Differential Equation

In this section, prices are normalized by the numeraire convention

pl ¼ 1. Walras tatonnement is defined by the differential equation where

p� ¼ ðp�; 1Þ A S denotes the initial condition at time t ¼ 0 and pðtÞ ¼
ðpðtÞ; 1Þ A S denotes the price vector at time tb 0:

_ppðtÞ ¼ zðpðtÞ;oÞ; tb 0;

pð0Þ ¼ p�:

�
ð4:4Þ

By definition, the equilibrium (resp. extended equilibrium) ðp;oÞ A E

(resp. ~EE) is tatonnement-stable if the price vector p ¼ ðp; 1Þ A S is locally

asymptotically stable for Walras tatonnement. The linearized version

of this differential equation takes the form

_ppðtÞ ¼ Jðp;oÞðpðtÞ � pÞ; tb 0;

pð0Þ ¼ p�:

�
ð4:5Þ
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By definition, the regular equilibrium ðp;oÞ is hyperbolic for Walras

tatonnement, or tatonnement-hyperbolic, if no eigenvalue of the Jacobian

matrix Jðp;oÞ is purely imaginary.

A straightforward adaptation of the proof used earlier to show that

the subset of critical equilibria G of the equilibrium manifold E is

closed with measure zero shows that the complement of the subset

of the equilibrium manifold E consisting of the tatonnement-hyperbolic

equilibria is also closed with measure zero. The same property is true

for the extended equilibria.

Hyperbolic Tatonnement-Stable Equilibria

It follows from the characterization of local asymptotic stability for the

hyperbolic stationary points of a dynamic system (see, e.g., Hirsch and

Smale 1974, ch. 9) that the tatonnement-hyperbolic equilibrium ðp;oÞ is

tatonnement-stable if and only if the nonzero eigenvalues of the Jacobian

matrix of aggregate excess demand Jðp;oÞ have strictly negative real

parts.

Let EðTÞ (resp. gEðTÞEðTÞ) denote the set of equilibria (resp. extended

equilibria) ðp;oÞ such that the eigenvalues of the Jacobian matrix of

aggregate excess demand Jðp;oÞ have strictly negative real parts. The

study of tatonnement stability is now reduced to the study of the set

EðTÞ and its extended version gEðTÞEðTÞ.
Proposition 4.8.3 The following properties are satisfied by the sets

EðTÞ and gEðTÞEðTÞ: (1) inclusion THEðTÞ, (2) inclusion EðSÞHEðTÞ, and
(3) the set gEðTÞEðTÞ is pathconnected.
Proof At the no-trade equilibrium ðp;oÞ A T, the Jacobian matrix

of aggregate excess demand Jðp;oÞ is symmetric negative definite.

Therefore, its eigenvalues are all strictly negative. This implies that

the no-trade equilibrium ðp;oÞ is tatonnement-hyperbolic and also

tatonnement-stable.

Let ðp;oÞ be a GS-equilibrium. The inclusion is equivalent to show-

ing that every l� l extended Jacobian matrix ~JJðp;oÞ (with respect to

non-normalized prices) with off-diagonal strictly positive coefficients is

such that its l� 1� l� 1 principal submatrix Jðp;oÞ is stable in the

sense that all its eigenvalues have strictly negative real parts. This fol-

lows, for example, from Horn and Johnson (1991, prop. 2.5.3.13) ap-

plied to matrix Jðp;oÞ.
The main result of this section is the pathconnectedness of the set of

tatonnement-stable extended equilibria ~EEðTÞ.
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As in previous examples, the idea of the proof is as follows: (1) show

that the set of no-trade T (which we know to be pathconnected) is a

subset of the set gEðTÞEðTÞ, and (2) show that the intersection of the setgEðTÞEðTÞ with the extended fiber gFðbÞFðbÞ, with b A B ¼ S�Rm
þþ, is pathcon-

nected.

We already know that the first property is true. In order to prove the

second property, we use the expression of the Jacobian matrix Jðb;YÞ as
a function of matrix Y that parameterizes the extended fiber gFðbÞFðbÞ. It
suffices then to show that the set of matrices of that form is pathcon-

nected. This is a problem in linear algebra. For a detailed proof, see

Balasko (1978a, theorems 2, 4). m

4.9 Conclusion

The properties of the equilibrium manifold E depend on the param-

eter space W where the economy o is varied. In this chapter, the

parameter space is W ¼ Xm, with X ¼ Rl
þþ. Other parameter spaces

can and have been considered. The most extreme case occurs for a

parameter space W reduced to just one point, i.e., W ¼ fog. It fol-

lows from the Debreu-Mantel-Sonnenschein (DMS) theorem that the

equilibrium price set WðoÞ, the analogue of the equilibrium mani-

fold for that parameter space, can be any compact subset of the

price set S. It is therefore all the more remarkable that it suffices to

enlarge the parameter space to W ¼ Xm ¼ ðRl
þþÞm to inject enough

regularity to make the equilibrium manifold E a smooth submanifold of

S�W with its structure of linear fibers arranged through the no-trade

equilibria.

The discontinuity property of equilibrium price selections contra-

dicts an assumption that underlies, implicitly at least, many policy-

oriented fields as, for example, international trade theory or public

economics. Such is the case of the standard argument about the gains

from trade used to justify international trade. That justification, which

is fine as long as equilibrium is unique, does not resist confrontation

with the chaotic world of multiple equilibria and discontinuous selec-

tions of price equilibria. The multiplicity of equilibria is a consequence

of large volumes of trade. The development of international trade

therefore inexorably puts the world economy into multiple equilibria

territory. The consequence is that we should expect to observe from

time to time sudden changes of market prices.
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4.10 Notes and Comments

The poor understanding that the economic profession had of the equi-

librium manifold in 1972 is illustrated by the picture of a set with kinks

and multiple connected components in K. Hildenbrand (1972). An al-

most identical picture appears in W. Hildenbrand (1974).

The properties of pathconnectedness, simple connectedness, con-

tractibility, homeomorphism, and diffeomorphism to a Euclidean space

were proved for the case of variable total resources, the case consid-

ered in this chapter, by Balasko (1973; 1975a; 1975b). The diffeomor-

phism is proved as a consequence of the homeomorphism property

with the help of a rather deep theorem of Stallings (1962) that says

that smooth manifolds of dimension0 4 that are homeomorphic to

Euclidean spaces are also diffeomorphic to these spaces. This excludes

the case of two goods and two consumers, a case that can be handled

directly by elementary techniques because the fibers are then line seg-

ments. A direct proof of the diffeomorphism is given by Schecter

(1979).

Crucial to all these results are (1) the identification of the set of the

no-trade equilibria, and (2) the partition of the equilibrium manifold in

linear fibers ‘‘glued’’ together by the no-trade equilibria. Coordinate

systems that reflect the partition of the equilibrium manifold into fibers

were introduced by Balasko (1975a; 1975b).

The expression of the Jacobian matrix of aggregate excess demand as

a function of the coordinates (proposition 4.5.6) appears in Balasko

(1975a). Applications to the regularity of the no-trade equilibria (prop-

osition 4.5.9) to the regularity of Pareto optima (proposition 4.6.2) and

to the degree of the natural projection (proposition 4.6.3) are due to

Balasko (1975a). The oddness of the number of equilibria of a regular

economy (proposition 4.6.4) is due to Dierker (1972), who proves it

with the help of the Poincaré-Hopf index theorem applied to the vector

field defined on the price set by Walras tatonnement.

The surjectivity of the projection map stated in proposition 4.6.5 and

its equivalence to the existence of equilibrium for all economies is due

to Balasko (1975a). This approach has been applied quite effectively in

other setups: by Smale (1974a) for nonconvex economies, and by Duffie

and Shafer (1985) in the general equilibrium model with incomplete fi-

nancial assets.

The proof that every no-trade equilibrium is tatonnement-stable

(first part of proposition 4.8.3) and that the equilibrium is unique
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at Pareto optima (proposition 4.6.1) are due to Arrow and Hurwicz

(1958). The pathconnectedness of the set of tatonnement-stable

extended equilibria (third part of proposition 4.8.3) is due to Balasko

(1978a).

The property that the set of Pareto optima is contained in one and

only one connected component of the set of regular economies R
(proposition 4.6.6), with the consequence that equilibrium is unique

for all economies in that component (proposition 4.6.7), is due to

Balasko (1975a). This component is also shown by Balasko (1978c;

1979a; 1995) to contain all the regular economies that have a unique

equilibrium in the case of two consumers. In the general case of an ar-

bitrary number of consumers and goods, sufficient conditions for this

property to be satisfied are given in Balasko (1988).

The genericity of regular equilibria (proposition 4.7.1) and its appli-

cation to a proof of Debreu’s theorem on the genericity of regular

economies (proposition 2.7.1), which avoids Sard’s theorem, are due to

Balasko (1992). This approach to proving the genericity of some form

of regularity is particularly useful when Sard’s theorem cannot be

invoked. An example of this is Balasko’s (1994) proof of the genericity

of regular sequential equilibria in the intertemporal Arrow-Debreu

model.

Formula (12.1) in Hicks’s Value and Capital (1946, 31) is similar to

proposition 4.5.6, expressing the Jacobian determinant of aggregate ex-

cess demand as a function of the coordinates of the equilibrium mani-

fold. Hicks interprets the formula as the sum of a ‘‘substitution effect’’

and an ‘‘income effect.’’ Hicks mentions that the income effect may be

sufficiently large to offset the substitution effect, making the equilib-

rium unstable (in Hicks’s sense). Nevertheless, he apparently never

says that this loss of stability may be triggered by sufficiently large

trade vectors. He also never says that no-trade equilibria are stable (in

his sense). It can only be conjectured that he would have reformulated

the conflicting effects of the substitution and income effects as a func-

tion of the trade vector had he had at his disposal the concept of the

equilibrium manifold.

At least three properties of the Arrow-Debreu model related to the

equilibrium manifold and the natural projection were discovered dur-

ing the first two phases of general equilibrium theory.

Walras’s (1874) theorem of ‘‘répartitions équivalentes’’ (lecture 14)

appears to be the first mention in the literature of the existence of linear

fibers in the equilibrium manifold. It is so poorly understood that it
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disappears from all treatments of the general equilibrium model that

are posterior to Walras’s book, starting with Pareto’s Cours d’Economie

Politique (1896).

The two results of Arrow and Hurwicz (1958)—that equilibrium

is unique and tatonnement-stable (theorem 1, 532) when there is no

trade—are not even mentioned in the two major references on unique-

ness and stability of equilibrium, namely, Negishi (1962) and Arrow

and Hahn (1971, chs. 9 and 11). It is hard to imagine that these prop-

erties were dropped from these otherwise excellent surveys simply

because of ignorance. It is more likely that the idea of no-trade equi-

libria was considered at the time to be too unrealistic to be worthy of

consideration.

Hicks’s formula and the three results of Arrow, Hurwicz, and Wal-

ras are like some isolated pieces in a jigsaw puzzle where the global

picture is missing. They acquire their real significance and importance

only with the global picture provided by the equilibrium manifold and

the natural projection.
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5 The Equilibrium Equation and Its Geometric
Interpretation

5.1 Introduction

The equation defined by the equality of aggregate supply and demand

is the centerpiece of the Arrow-Debreu model. Most equation systems

in mathematics, however, can take different, if equivalent, forms. Some

of them lend themselves more easily than others to the study of spe-

cific questions.

The potential of the method of equivalent equation systems is al-

ready apparent in elementary mathematics. Consider, for example, the

general quadratic equation ax2 þ bxþ c ¼ 0, where, to fix ideas, a, b,

and c are real numbers. By writing

ax2 þ bxþ c ¼ aðxþ b=2aÞ2 � ðb2 � 4acÞ=4a ¼ 0;

the general quadratic equation is seen to be equivalent to the equation

in which the coefficient of the term of the first degree is equal to zero.

It follows from that equivalence that x A R is a solution of the gen-

eral quadratic equation if it satisfies the equality

ðxþ b=2aÞ2 ¼ ðb2 � 4acÞ=4a2:
The scope of the method of equivalent equation systems is not lim-

ited to high school algebra. Many questions of classical mechanics are

more easily handled in their Hamiltonian and Lagrangian reformula-

tions than in Newton’s original formulation.

This chapter shows that in economics the consideration of equivalent

equation systems can be a powerful tool. The equilibrium equation is

converted into an equivalent form that lends itself well to the study of

questions dealing with the number and the selection of equilibria. This

approach is useful for a number of other issues as well.



The main interest of the reformulation is the equivalence between

the equilibrium equation and the intersection of two sets. These two

sets are smooth submanifolds of some suitable Euclidean space. Inter-

section of smooth manifolds is one of the subjects of differential topol-

ogy. Of particular interest in that case is the concept of transverse

submanifolds and the related important and powerful transversality

theorems. Milnor (1997) and Guillemin and Pollack (1974) provide a

very accessible introduction to transversality theory. More advanced

readers will find additional material in Abraham and Robin (1967),

Golubitsky and Guillemin (1973), and Hirsch (1976).

In this chapter, I assume only the most elementary facts about

smooth manifolds and explicitly state all the properties of transversal-

ity theory that are used. The hope is that readers will develop some

intuition for the geometric approach even without having prior knowl-

edge of transversality theory.

5.2 Geometric Formulation of the Equilibrium Equation

5.2.1 Generalized Price-Income Space

Denote by B ¼ S�Rm
þþ the set of prices and incomes. Then denote by

H ¼ ðRl�1 � f1gÞ �Rm the affine space generated by B ¼ S�Rm
þþ.

The set H is the generalized price-income space. Its dimension is equal to

mþ l� 1.

The difference between B and H is that the elements in H are

not restricted to being strictly positive. If some coordinates of b ¼
ðp;w1; . . . ;wmÞ A H happen to be negative, we speak of generalized

prices or wealths.

5.2.2 Constant versus Variable Total Resources

In the previous chapters, the parameter space is the set W ¼ Xm and

the total resource vector r ¼ o1 þ o2 þ � � � þ om is variable. From an

economic point of view, it is much more difficult to vary the total re-

source vector r A X than the distribution of these resources within the

economy. There would be no economics of development, for example,

if it were that easy to increase the output of an economy. This observa-

tion shows the importance of being able to apply the parametric ap-

proach with the restriction that total resources are held constant. This

leads to a much smaller parameter space than W ¼ Xm, and with such

a smaller parameter space, it can be expected that the properties of
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the equilibrium manifold and the natural projection can become more

complex and far more difficult to establish.

It is therefore a remarkable by-product of the geometric approach

that, by lending itself rather easily to the case of fixed total resources,

it allows extending to the case of fixed total resources the properties

established in previous chapters for the case of variable total resources.

But the full set of assumptions about utility functions (see chapter 1) is

then required.

Parameter Space

In this chapter, at variance with the previous chapters, the vector of to-

tal resources r ¼ o1 þ o2 þ � � � þ om A X is held constant. The notation

W ¼ Xm is reserved for the set of strictly positive endowments with

variable total resources. The notation WðrÞ denotes the set of strictly

positive endowment vectors compatible with the total resources r A X:

WðrÞ ¼ fo ¼ ðo1;o2; . . . ;omÞ A Xm jo1 þ o2 þ om ¼ rg:
An extended endowment vector o ¼ ðo1; . . . ;omÞ is simply one where

there is no sign restriction on the components of o. The extended pa-

rameter space gWðrÞWðrÞ consists of the extended endowment vectors o ¼
ðo1; . . . ;omÞ such that o1 þ � � � þ om ¼ r.

Pareto Optima

The set PðrÞ is defined as the set of Pareto optima compatible with the

total resources r A X:

PðrÞ ¼ PXWðrÞ;
where P is the subset of W consisting of the Pareto optima.

5.2.3 Equivalent Equation System

Given the assumption that total resources are constant and equal to the

vector r A X, the equilibrium equation

f1ðp; p � o1Þ þ f2ðp; p � o2Þ þ � � � þ fmðp; p � omÞ ¼ o1 þ o2 þ � � � þ om

ð5:1Þ
is equivalent to

f1ðp; p � o1Þ þ f2ðp; p � o2Þ þ � � � þ fmðp; p � omÞ ¼ r: ð5:2Þ
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Let w1;w2; . . . ;wm denote the wealths of consumers 1; 2; . . . ;m. It fol-

lows from the definition of wealth that

w1 ¼ p � o1;

w2 ¼ p � o2;

..

.

wm ¼ p � om:

8>>>><>>>>: ð5:3Þ

With the new variables w1;w2; . . . ;wm, equation (5.2) becomes

f1ðp;w1Þ þ f2ðp;w2Þ þ � � � þ fmðp;wmÞ ¼ r: ð5:4Þ
Let now p A S be a solution of equation (5.1). Then b ¼ ðp;w1;w2; . . . ;

wmÞ A B, where w1;w2; . . . ;wm are determined by equation (5.3), is a so-

lution of the equation system defined by (5.3) and (5.4).

Conversely, if b ¼ ðp;w1; . . . ;wmÞ A B is a solution of the equation

system defined by (5.3) and (5.4), then the price component p A S of

b ¼ ðp;w1; . . . ;wmÞ A B is a solution of equation (5.1) for the endow-

ment vector o ¼ ðo1;o2; . . . ;omÞ. The price vector p A S is then an

equilibrium price vector associated with the economy o A WðrÞ. For a

given o A WðrÞ, equation (5.1) is therefore equivalent to the equation

system defined by (5.3) and (5.4).

5.3 Geometric Interpretation

Let us now interpret geometrically the equation system defined by

(5.3) and (5.4). For this, we need to define three subsets of the general-

ized price-income space H ¼ ðRl�1 � f1gÞ �Rm. Each one of these sub-

sets corresponds to a different economic concept.

5.3.1 Resource-Compatible Price-Income Space

The resource-compatible price-income space HðrÞ consists of the (gener-

alized) price-income vectors b ¼ ðp;w1; . . . ;wmÞ A H such that the

equality

w1 þ w2 þ � � � þ wm ¼ p � r ð5:5Þ
is satisfied. With b ¼ ðp;w1; . . . ;wmÞ A B, (i.e., all components of b are

> 0), the inner product p � r is the value of the total resources r A X

for the price system p A S. Equality (5.5) means that total wealth p � r
is distributed among all the agents of the economy. We define the
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resource-compatible price-income space HðrÞ as the subset of H de-

fined by equation (5.5). This actually defines a hyperplane of H. Its di-

mension is equal to lþm� 2.

We also define the subset HþþðrÞ of HðrÞ that consists of the vectors

b ¼ ðp;w1; . . . ;wmÞ with strictly positive coordinates.

5.3.2 Budget Manifold

The budget manifold AðoÞ consists of the (generalized) price-income

vectors ðp;w1; . . . ;wmÞ A H that satisfy the equations w1 ¼ p � o1, w2 ¼
p � o2; . . . , wm ¼ p � om.

The (generalized) wealth w1 (resp. w2; . . . ;wm) is an affine function of

the (generalized) price vector p A Rl�1 � f1g, i.e., a polynomial func-

tion of degree 1 of the coordinates p1; p2; . . . ; pl�1 of p. A truly linear

function has no constant term different from zero. Here, the price nor-

malization implies that the wealths w1;w2; . . . ;wm are affine functions

of the coordinates of p with constant terms equal to ol
1 ;o

l
2 ; . . . ;o

l
m, re-

spectively. These terms are different from zero in general. The budget

manifold AðoÞ is an affine subspace of H of dimension l� 1.

Let us denote by A the set of dimension l� 1 affine subspaces of

HðrÞ. The budget manifold AðoÞ is an element of the set A.

In the same way as the endowment vector o ¼ ðo1; . . . ;omÞ is an

‘‘economy,’’ the budget manifold A A A is an ‘‘economy.’’ Note, how-

ever, that not all budget manifolds A A A are of the form AðoÞ for

some o A W.

5.3.3 Section Manifold

The section manifold BðrÞ consists of the (strictly positive) price-income

vectors ðp;w1; . . . ;wmÞ A B such that the demand f1ðp;w1Þ þ � � � þ
fmðp;wmÞ is equal to the vector of total resources r A X. The section

manifold is the subset of B ¼ S�Rm
þþ defined by the equation

f1ðp;w1Þ þ f2ðp;w2Þ þ � � � þ fmðp;wmÞ ¼ r: ð5:6Þ
At this stage, the section manifold BðrÞ is nothing more than a subset of

B. The property that it is actually a smooth submanifold of B and sev-

eral other important properties are proved in the following sections.

5.3.4 Geometric Interpretation of the Equilibrium Equation

Let ðp;oÞ A S�W. Denote by jðp;oÞ the price-income vector

jðp;oÞ ¼ ðp; p � o1; . . . ; p � omÞ A S�Rm:
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Proposition 5.3.1 The pair ðp;oÞ A S�WðrÞ is an equilibrium if and

only if the price-income vector b ¼ jðp;oÞ belongs to the section mani-

fold BðrÞ. The price-income vector b ¼ ðp;w1; . . . ;wmÞ ¼ jðp;oÞ A B is

then a solution of the equation system defined by (5.3) and (5.4).

The proof is obvious.

The study of the equilibrium price vectors p A S associated with the

endowment vector o A WðrÞ is therefore equivalent to the study of the

intersection points of the section manifold BðrÞ with the budget mani-

fold AðoÞ (figure 5.1).

5.3.5 Section and Budget Manifolds as Subsets of H(r)

The section manifold BðrÞ and the budget manifold AðoÞ have been

defined as subsets of H. In fact, they are contained in an even smaller

set, which is not without its importance when dealing with the inter-

section of these two sets.

Proposition 5.3.2 The section manifold BðrÞ and the budget manifold

AðoÞ are both contained in HðrÞ.
Proof of inclusion B(r)HH(r) Let b ¼ ðp;w1; . . . ;wmÞ belong to the

section manifold BðrÞ. The equality f1ðp;w1Þ þ � � � þ fmðp;wmÞ ¼ r is

satisfied by the definition of BðrÞ. The inner product of both sides of

this equality by the price vector p A S yields the equality

p � ð f1ðp;w1Þ þ � � � þ fmðp;wmÞÞ ¼ p � r;

Figure 5.1

Intersection AðoÞXBðrÞ
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hence

p � f1ðp;w1Þ þ � � � þ p � fmðp;wmÞ ¼ p � r;
which by Walras’ law is applied to each term of the sum, yields

w1 þ � � � þ wm ¼ p � r:
The element b therefore belongs to HðrÞ. This proves the inclusion

BðrÞHHðrÞ.
Proof of inclusion A(o)HH(r) Let now b ¼ ðp;w1; . . . ;wmÞ belong

to the budget manifold AðoÞ. Adding the equalities w1 ¼ p � o1, w2 ¼
p � o2; . . . , wm ¼ p � om yields the equality w1 þ � � � þ wm ¼
p � ðo1 þ � � � þ omÞ ¼ p � r, which proves that b belongs to HðrÞ, hence
the inclusion AðoÞHHðrÞ. m

5.3.6 Geometric Equilibrium

Let A denote the set of dimension l� 1 affine subspaces of HðrÞ. Prop-
ositions 5.3.1 and 5.3.2 lead us to define a geometric equilibrium as a pair

ðb;AÞ A BðrÞ � A such that the point b A BðrÞ belongs to budget mani-

fold A A A. In this definition, the affine space A A A does not have to

be of the form A ¼ AðoÞ for some o A WðrÞ.
The geometric equilibria associated with the budget manifold A A A

are then in bijection with the intersection points of A with BðrÞ.

5.3.7 Parametric Approach in the Geometric Setup

We can now formulate the parametric approach as the study of the in-

tersection of the section manifold BðrÞ with the affine subspaces A (the

budget manifold) when the latter are varied in suitably defined subsets

of A, the set of dimension l� 1 affine subspaces of HðrÞ.

The Set ABB

Since not all affine subspaces A A A are of the form A ¼ AðoÞ, we de-

fine the set Aþþ as consisting of the elements A A A for which there

exists an endowment vector o A WðrÞ such that A ¼ AðoÞ. Such o is

unique when it exists.

The Sets A(b) and ABB(b)

For several questions, it is convenient to consider other subsets of A.

For a given element b A HðrÞ, let us define the subsets AðbÞ and AþþðbÞ
of A and Aþþ, respectively, comprising the l� 1 dimensional affine
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subspaces A of HðrÞ that contain the point b A HðrÞ in addition to

belonging to A and Aþþ, respectively.
By taking the point b as an origin for the affine space HðrÞ, whose di-

mension is equal to lþm� 2, the set AðbÞ can be identified with the

set of dimension l� 1 vector subspaces of Rlþm�2. The latter set is

known as a Grassmann manifold and denoted by Glþm�2;l�1. Grass-

mann manifolds are generalizations of projective spaces. Here only ele-

mentary properties of these manifolds are needed.

Only the budget space A is varied in the parametric approach. This

implies that all the nonlinearities of the equilibrium equation are

encapsulated in the structure of the section manifold BðrÞ and therefore

do not depend on the variable parameter. This certainly contributes to

the efficiency of the geometric formulation.

The properties of the section manifold BðrÞ play a crucial role in the

study of the intersection AXBðrÞ when the affine space A is varied in

A or in some of its subsets.

Exercises

5.1. Consider the map F : B ! X where Fðp;w1; . . . ;wmÞ ¼ f1ðp;w1Þ
þ � � � þ fmðp;wmÞ from B into X.

a. Show that the Jacobian matrix of F at b A B can be written as the

l� ðl� 1þmÞ matrix

DFðbÞ ¼
X qfi

qp1
� � �
X qfi

qpl�1

qf1
qw1

� � � qfm
qwm

� �
:

b. Show that matrix DFðbÞ has the same rank as the matrix

qf 11
qw1

� � � qf 1m
qwm

J ..
. ..

.

qf l�1
1

qw1
� � � qf l�1

m

qwm

0 � � � 0 1 � � � 1

266666666664

377777777775
;

where J is the l� 1� l� 1 sum of the individual Slutsky matrices at

b ¼ ðp;w1; . . . ;wmÞ.
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c. By definition, b A B is a critical point for the map F if the linear map

defined by the Jacobian matrix DFðbÞ is not onto. Show that the map

F : B ! X has no critical point.

d. Apply the regular value theorem to the map F : B ! X to show that

the section manifold BðrÞ ¼ F�1ðrÞ is a smooth submanifold of B for

any r A X.

5.2. In Rn, let Gn; k denote the Grassmann manifold consisting of the

dimension k vector subspaces of the vector space Rn. Show that Gn; k is

pathconnected. (Hint: Let A and A 0 be two-dimensional k vector sub-

spaces. Find a continuous path linking A to A 0.)

5.4 Structure of the Section Manifold B(r)

The set of Pareto optima PðrÞ associated with the total resources r A X

is a smooth submanifold of WðrÞ diffeomorphic to Rm�1, by proposition

A.6.2 in the appendix. The structure of the section manifold BðrÞ is re-
lated to the structure of the set of Pareto optima PðrÞ, as follows from

proposition 5.4.1.

Proposition 5.4.1 The section manifold BðrÞ is a smooth submanifold

of B ¼ S�Rm
þþ diffeomorphic to the set of Pareto optima PðrÞ, hence to

Rm�1.

Proof The map p � f : B ! P is such that

p � f ðp;w1;w2; . . . ;wmÞ ¼ ð f1ðp;w1Þ; f2ðp;w2Þ; . . . ; fmðp;wmÞÞ:
This map is a diffeomorphism between B and P, the set of Pareto opti-

ma for variable total resources, by corollary 3.3.2 in chapter 3.

The section manifold BðrÞ is then the preimage by p � f of the set of

Pareto optima PðrÞ associated with the total resources r A X. The prop-

osition then follows from proposition A.6.2 in the appendix. m

5.5 AnotherUsefulDiffeomorphism Involving the SectionManifold

This section relies heavily on developments on the structure of the set

of Pareto optima presented in the appendix. The proofs of this section

can be skipped in a first reading.

The following proposition uses the set Um�1 that consists of the pairs

ðr; uÞ A X �Rm�1 with the property that there exists x ¼ ðx1; x2; . . . ;
xm�1Þ A Xm�1 such that x1 þ x2 þ � � � þ xm�1 < r and u1ðx1Þ ¼ u1, u2ðx2Þ
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¼ u2; . . . , um�1ðxm�1Þ ¼ um�1. The set Um�1 can be interpreted as the set

of feasible utility levels for the first m� 1 consumers with incomplete

utilization of total resources. (See appendix sections A.7 and A.8.)

Proposition 5.5.1 The map y : B ! X �Rm�1 defined by

yðp;w1; . . . ;wmÞ ¼
X
i

fiðp;wiÞ; u1ð f1ðp;w1ÞÞ; . . . ; um�1ð fm�1ðp;wm�1ÞÞ
 !

is a diffeomorphism between B and Um�1.

Proof Note that if m ¼ 1, the set U 0 is equal to X, the set B is the

Cartesian product S�Rþþ, and the map y becomes the demand map

f1 : S�Rþþ ! X, which is a diffeomorphism (see exercise 1.10 in

chapter 1). Therefore, proposition 5.5.1 is an extension to the case of

several consumers of the diffeomorphism property of individual de-

mand functions.

The strategy of proof is to show that y is a smooth embedding from

B into X �Rm�1, whose image is Um�1.

First, it follows from the formula defining y that this map is smooth.

Let us prove the inclusion yðBÞHUm�1. Let

ðr; u1; . . . ; um�1Þ ¼ yðp;w1; . . . ;wmÞ:
Let xi ¼ fiðp;wiÞ for i ¼ 1; 2; . . . ;m. The equality uiðxiÞ ¼ ui for 1a

iam� 1 combined with x1 þ x2 þ � � � þ xm�1 < x1 þ x2 þ � � � þ xm�1 þ
xm ¼ r implies that ðr; u1; . . . ; um�1Þ belongs to Um�1.

Let now ðr; u1;u2; . . . ; um�1Þ A Um�1. Define

x 0 ¼ ðx 0
1; x

0
2; . . . ; x

0
mÞ ¼ Rm�1ðr; u1; u2; . . . ; um�1Þ

where the map Rm�1 : Um�1 ! Xm is defined in the appendix, section

A.3, p. 204.

The Pareto optimum x 0 is supported by some price vector p 0 A S.

Therefore, x 0
i ¼ fiðp 0; p 0 � x 0

i Þ for i ¼ 1; 2; . . . ;m. Let w 0
i ¼ p 0 � x 0

i . Then it

follows from the definition of y that yðp;w1;w2; . . . ;wmÞ is equal to

ðx 0
1 þ x 0

2 þ � � � þ x 0
m; u1ðx 0

1Þ; . . . ; um�1ðx 0
m�1ÞÞ

i.e., to ðr; u1; u2; . . . ; um�1Þ. This proves the inclusion Um�1 H yðBÞ.
Second, the map a : X � Um�1 into B, defined by the composition of

the map Rm�1 : X � U ! P with the map P ! B that associates with

every Pareto optimum x ¼ ðx1; x2; . . . ; xmÞ the element
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ðDnu1ðxiÞ;Dnu1ðx1Þ � x1;Dnu1ðx1Þ � x2; . . . ;Dnu1ðx1Þ � xmÞ
of B, is smooth as the composition of two smooth maps.

Let us show that the composition a � y : B ! B is the identity map of

B. Let b ¼ ðp;w1; . . . ;wmÞ A B. Then

x ¼ ðx1; x2; . . . ; xmÞ ¼ ð f1ðp;w1Þ; f2ðp;w2Þ; . . . ; fmðp;wmÞÞ
is a Pareto optimum associated with the total resources r ¼ f1ðp;w1Þþ
f2ðp;w2Þ þ � � � þ fmðp;wmÞ. This Pareto optimum gives the utility levels

u1ðx1Þ; u2ðx2Þ; . . . ; um�1ðxm�1Þ to the first m� 1 consumers. Therefore,

the Pareto optimum x ¼ ðx1; . . . ; xmÞ is such that

x ¼ Rm�1ðr; u1ðx1Þ; u2ðx2Þ; . . . ; um�1ðxm�1ÞÞ:
It also follows from x1 ¼ f1ðp;w1Þ that the gradient vector Du1ðx1Þ is

collinear with p. This implies that the composition a � y is the identity

map of B.

The combination of the preceding properties implies that the map y

is an embedding and therefore a diffeomorphism between its domain

and its image. m

5.6 Indirect Utility Functions

Now that readers have a better understanding of the structure of the

section manifold BðrÞ, the question is whether the relation with the set

of Pareto optima has an even deeper significance than the diffeomor-

phism properties. The answer comes from the concept of indirect utility

functions.

By definition, the indirect utility ûuiðp;wiÞ for consumer i of the price-

income pair ðp;wiÞ A S�Rþþ is the utility of the commodity bundle

fiðp;wiÞ that is demanded by consumer i as the result of maximizing

the (direct) utility uiðxiÞ subject to the budget constraint p � xi ¼ wi:

ûuiðp;wiÞ ¼ uið fiðp;wiÞÞ: ð5:7Þ
Associated with the indirect utility function ûui : S�Rþþ ! R are

the indirect indifference surfaces (or curves, in the case of two goods)

defined by equation ûuiðp;wiÞ ¼ K, where K varies in R.

After considering the example of indirect utility functions associated

with log-linear direct utility functions, I prove a few properties of the

indirect utility functions associated with the general direct utility func-

tions (see chapter I).
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5.6.1 An Example: Indirect Utility Functions Associated with Log-

Linear Direct Utility Functions

To fix ideas, let uiðxiÞ ¼
P

j a
j
i ln x

j
i be a log-linear utility function, with

a
j
i > 0 and

P
j a

j
i ¼ 1. Its associated demand function is f

j
i ðp;wiÞ ¼

a
j
i

wi

pj
, with i ¼ 1; 2; . . . ;m and j ¼ 1; 2; . . . ; l.

The indirect utility function ûuiðp;wiÞ is then equal to

ûuiðp;wiÞ ¼
X
j

a
j
i ln a

j
i þ ln wi �

X
j

a
j
i ln pj:

The equation of the indirect indifference (hyper)surface takes the

form wi ¼ K
Q

j p
a
j

i

j , where K is any value > 0.

In the simple case l ¼ 2, and a1i ¼ a2i ¼ 1=2, the indifference (hyper)-

surfaces become curves, and in the plane with coordinates ðp1;wiÞ,
these curves are actually parabola defined by equation wi ¼ K

ffiffiffiffiffi
p1

p
,

with K > 0.

5.6.2 Smoothness of Indirect Utility Functions

In the general case, which is considered from now on, it is evident

from the expression of the indirect utility function, equation (5.7), that

the indirect utility function ûui : ðp;wiÞ ! ûuiðp;wiÞ is the composition of

two smooth functions, the demand function ðp;wiÞ ! fiðp;wiÞ and the

direct utility function xi ! uiðxiÞ, and therefore is smooth.

5.6.3 Roy’s Identities

Proposition 5.6.1 Roy’s identities consist of the following equalities:

qûui
qpj

ðp;wiÞ ¼ �niðp;wiÞ f j
i ðp;wiÞ; j ¼ 1; 2; . . . ; l� 1;

qûui
qwi

ðp;wiÞ ¼ niðp;wiÞ;

where niðp;wiÞ is defined by the equality

Duið fiðp;wiÞÞ ¼ niðp;wiÞp: ð5:8Þ
Proof In order to prove these identities, let us take the derivatives of

ûuiðp;wiÞ ¼ uið fiðp;wiÞÞ
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with respect to pj and wi and apply the chain rule. This yields

qûui
qpj

ðp;wiÞ ¼
X

1akal

qui

qxk

qf ki ðp;wiÞ
qpj

; ð5:9Þ

qûui
qwi

ðp;wiÞ ¼
X

1akal

qui

qxk

qf ki ðp;wiÞ
qwi

� ð5:10Þ

Taking the derivative of Walras’ law, p � fiðp;wiÞ ¼ wi, with respect

to pj and wi yields

p � qfiðp;wiÞ
qpj

¼ �f
j
i ðp;wiÞ; ð5:11Þ

p � qfiðp;wiÞ
qwi

¼ 1: ð5:12Þ

It then suffices to substitute equality (5.8) into (5.9) and (5.10) and to

apply (5.11) and (5.12). m

5.6.4 Monotonicity with respect to Income and Prices

It follows from the definition of niðp;wiÞ in proposition 5.6.1 that

this term is necessarily > 0 because the gradient vector DuiðxiÞ belongs
to the strictly positive orthant X. This therefore implies the strict

inequality

qûui
qwi

ðp;wiÞ > 0:

The same proof, combined with the observation that the commodity

bundle fiðp;wiÞ belongs to the strictly positive orthant X, shows us

that the derivative of the indirect utility ûui with respect to the price pj
of any commodity j that is different from the numeraire (i.e., j0 l) is
< 0:

qûui
qpj

ðp;wiÞ < 0:

5.6.5 Strict Quasi-Convexity

By definition, strict quasi-convexity of the indirect utility function

ûuiðp;wiÞ means that the set

C ¼ fðp;wiÞ A S�Rþþ j ûuiðp;wiÞaKÞg
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is strictly convex if nonempty. The boundary qC of the set C is the indi-

rect indifference hypersurface defined by equation ûuiðp;wiÞ ¼ K. This

hypersurface qC is a smooth submanifold of S�Rþþ.
In order to prove that the set C is strictly convex, it suffices to show

that, for any ðp�;w�
i Þ A qC, the set C minus the point ðp�;w�

i Þ is con-

tained in only one of the two open half-spaces defined by the tangent

hyperplane Hðp�;w �
i
Þ at ðp�;w�

i Þ A qC.

The equation of the tangent hyperplane Hðp �;w �
i
Þ follows from equat-

ing to zero the first-order derivative of the equation of qC, namely,

ûuiðp;wiÞ ¼ ûuiðp�;w�
i Þ. This yields

Xl�1

j¼1

ðpj � p�
j Þ

qûui
qpj

ðp�;w�
i Þ þ ðwi � w�

i Þ
qûui
qwi

ðp�;w�
i Þ ¼ 0:

It follows from proposition 5.6.1 that this equation can be rewritten as

Xl�1

j¼1

ðpj � p�
j Þ f j

i ðp�;w�
i Þ � ðwi � w�

i Þ ¼ 0:

Combined with

w�
i ¼

Xl�1

j¼1

p�
j f

j
i ðp�;w�

i Þ þ f li ðp�;w�
i Þ;

it yields for the tangent hyperplane Hðp�;w �
i
Þ the following simple

equation:

wi ¼ p � fiðp�;w�
i Þ:

The set C is defined by the inequality

ûuiðp;wiÞa ûuiðp�;w�
i Þ:

Let xi ¼ fiðp;wiÞ and x�
i ¼ fiðp�;w�

i Þ. It follows from the strict quasi-

concavity of the utility function ui that the inequality uiðxiÞa uiðx�
i Þ

implies that x�
i belongs to the strictly convex set fx 0

i A X j uiðxiÞa
uiðx0iÞg of commodity bundles preferred to xi.

Because of its strict convexity, this set minus the point xi is contained

in one of the two open half-spaces defined by the tangent hyperplane

at xi to the indifference hypersurface through xi, namely, the set
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fx 0
i A X j uiðx0iÞ ¼ uiðxiÞg. The tangent hyperplane at xi ¼ fiðp;wiÞ to the

indifference hypersurface through xi ¼ fiðp;wiÞ is perpendicular to the

price vector p A S. Its equation is therefore p � x 0
i ¼ p � xi ¼ wi. The strict

inequality p � xi < p � x�
i then follows from the inequality uiðxiÞa uiðx�

i Þ
combined with the inequality xi 0 x�

i .

This proves that every ðp;wiÞ A C different from ðp�;w�
i Þ satisfies the

strict inequality

p � fiðp�;w�
i Þ � wi > 0; ð5:13Þ

a strict inequality that implies that the set C minus the point ðp�;w�
i Þ is

contained in one of the two half-spaces determined by the hyperplane

Hðp �;w�
i
Þ.

5.6.6 Smooth Strict Quasi-Convexity

By definition, the indirect utility function ûuiðp;wiÞ is smoothly strictly

quasi-convex if, in addition to being strictly quasi-convex, the restriction

of the quadratic form defined by the Hessian matrix D2ûui ðp�;w�
i Þ of

the indirect utility function ûui at ðp�;w�
i Þ to the hyperplane Hðp �;w �

i
Þ

(the tangent hyperplane to the indirect indifference hypersurface qC at

ðp�;w�
i Þ) is positive definite.

The quadratic form defined by the Hessian matrix of a real-valued

function at a given point coincides with the second-degree polynomial

of the Taylor expansion of the function at that point. It follows from

the uniqueness of the Taylor expansion that the restriction to a hyper-

plane of the quadratic form defined by the Hessian matrix coincides

with the second-order polynomial of the Taylor expansion of the re-

striction of the function to that hyperplane. In the case of the tangent

hyperplane Hðp �;w �
i
Þ to the hypersurface qC at ðp�;w�

i Þ with equation

wi ¼ p � fiðp�;w�
i Þ, the restriction of the indirect utility function ûui to

Hðp �;w�
i
Þ is the map p ! ûuiðp; p � x�

i Þ, where x�
i ¼ fiðp�;w�

i Þ. Let us

show that the Hessian matrix of this map p ! ûuiðp; p � x�
i Þ at p� is pos-

itive definite.

Let us start by computing its first-order derivatives. We get

dûui
dpj

ðp; p � x�
i Þ ¼

qûui
qpj

ðp; p � x�
i Þ þ

qûui
qwi

ðp; p � x�
i Þx j�

i

¼ niðp; p � x�
i Þðx j�

i � f
j
i ðp; p � x�

i ÞÞ:
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Taking the derivative of this expression with respect to pk yields

q2ûui
qpjqpk

ðp; p � x�
i Þ ¼

dniðp; p � x�
i Þ

dpk
ðx j�

i � f
j
i ðp; p � x�

i ÞÞ

� niðp; p � x�
i Þ

df
j
i

dpk
ðp; p � x�

i Þ;

where

df
j
i

dpk
ðp; p � x�

i Þ ¼
qf

j
i

qpk
ðp; p � x�

i Þ þ
qf

j
i

qwi
ðp; p � x�

i Þ f ki ðp; p � x�
i Þ:

The Hessian matrix of the map p ! ûuiðp; p � x�
i Þ at p� is therefore equal

to

�niðp�; p� � x�
i ÞMiðp�; p� � x�

i Þ; ð5:14Þ

where Miðp�; p� � x�
i Þ is the l� 1� l� 1 Slutsky matrix of the direct

utility function ui at x
�
i ¼ fiðp�;w�

i Þ. It follows from the assumptions

regarding the direct utility function ui that the Slutsky matrix

Miðp�; p � x�
i Þ is negative definite. It then follows from (5.14) that the

restriction of the quadratic form defined by the Hessian matrix

D2ûuiðp�;w�
i Þ to the tangent hyperplane Hðp �;w �

i
Þ is positive definite.

5.7 SectionManifold and Indirect Utilities: Special Case (l,m)F(2, 2)

The special case of two goods, two consumers, and fixed total re-

sources has the very nice geometrical illustration of the well-known

Edgeworth box. In this illustration, the set of Pareto optima is known

as the contract curve. An economy is defined by the point of the box

that represents the endowment vector. The equilibrium allocations

associated with a given economy are the intersection points (different

from the endowment point) of the curves representing consumers’

demands when prices are varied.

A question is whether there exists in that setup a geometrical illus-

tration of the section manifold.

Let us start by defining indirect Pareto ‘‘optima’’ for the special case

of two goods and two consumers. The more general case of an arbi-

trary number of goods and consumers is addressed in section 5.8.

104 Chapter 5



5.7.1 Consumer 1’s Indirect Indifference Curves in the Plane (p1,w1)

Consider the indifference curve of consumer 1 for the indirect utility

function ûu1ðp;w1Þ ¼ u1ð f1ðp;w1ÞÞ through the point ðp�;w�
1 Þ. That

curve has a tangent at the point of coordinates ðp�
1 ;w

�
1 Þ, whose equa-

tion is

ðp1 � p�
1 Þ

qûu1
qp1

ðp�;w�
1 Þ þ ðw1 � w�

1 Þ
qûu1
qw1

ðp�;w�
1 Þ ¼ 0:

It follows from Roy’s identities of proposition 5.6.1 that this equation

can be rewritten as

�n1ðp�;w�
1 Þ f 11 ðp�;w�

1 Þðp1 � p�
1 Þ þ n1ðp�;w�

1 Þðw1 � w�
1 Þ ¼ 0:

After simplification by n1ðp�;w�
1 Þ0 0, it becomes

w1 ¼ w�
1 þ f 11 ðp�;w�

1 Þðp1 � p�
1 Þ:

Combined with w�
1 ¼ p1 f

1
1 ðp�;w�

1 Þ þ f 21 ðp�;w�
1 Þ, we get the following

simple equation for the tangent line:

w1 ¼ f 11 ðp�;w�
1 Þp1 þ f 21 ðp�;w�

1 Þ:

The slope of this line is equal to f 11 ðp�;w�
1 Þ, and its ordinate at the ori-

gin is equal to f 21 ðp�;w�
1 Þ (figure 5.2).

Figure 5.2

Indirect indifference curves and a tangent line
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5.7.2 Consumer 2’s Indirect Indifference Curves in the Plane (p1,w2)

The same computations give us in the coordinate system ðp1;w2Þ the

equation

w2 ¼ f 12 ðp�;w�
2 Þp1 þ f 22 ðp�;w�

2 Þ ð5:15Þ

for the tangent line to the indirect indifference curve of consumer 2

through the point of coordinates ðp�
1 ;w

�
2 Þ.

5.7.3 Consumer 2’s Indirect Indifference Curves in HBB(r) with

Coordinates (p1,w1)

Recall that the plane HþþðrÞ is the set of price-income vectors b ¼
ðp1; 1;w1;w2Þ that satisfy the relation w1 þ w2 ¼ p1r

1 þ r2 (p1;w1,

w2 > 0).

We can therefore use the pair ðp1;w1Þ as coordinates for the point

b ¼ ðp1; 1;w1;w2Þ A HþþðrÞ. The equation of the tangent line to the indi-

rect indifference curve of consumer 2 in this coordinate system follows

from substituting w2 ¼ p1r
1 þ r2 � w1 into (5.15). This yields

p1r
1 þ r2 � w1 ¼ f 12 ðp�;w�

2 Þp1 þ f 22 ðp�;w�
2 Þ;

which can be rewritten under the simpler

w1 ¼ ðr1 � f 12 ðp�;w�
2 ÞÞp1 þ r2 � f 22 ðp�;w�

2 Þ:

This is the equation of a line with slope r1 � f 12 ðp�;w�
2 Þ and ordinate at

the origin r2 � f 22 ðp�;w�
2 Þ.

5.7.4 Geometric Reformulation of the Equilibrium Condition

The tangent lines to the indirect indifference curves of the two consum-

ers through the point b� ¼ ðp�;w�
1 ;w

�
2 Þ in HþþðrÞ coincide if and only if

the indifference curves are tangent to each other. This property is simi-

lar to the tangency condition of the two consumers’ indifference curves

that defines a Pareto optimum in the Edgeworth box. This tangency

property is a first-order condition, i.e., a condition that involves only

the first-order derivatives of the utility functions. The two tangent lines

are identical if and only if the equalities

f 11 ðp�;w�
1 Þ ¼ r1 � f 12 ðp�;w�

2 Þ and f 21 ðp�;w�
1 Þ ¼ r2 � f 22 ðp�;w�

2 Þ
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are satisfied. These two equalities are equivalent to the (vector)

equality

f1ðp�;w�
1 Þ þ f2ðp�;w�

2 Þ ¼ r;

which is equivalent to b� ¼ ðp�;w�
1 ;w

�
2 Þ belonging to the section mani-

fold BðrÞ (figure 5.3).

5.7.5 Indirect Contract Curve in Price-Income Space

The section manifold BðrÞ is therefore the set of points where the two

consumers’ indirect indifference curves are tangent to each other (fig-

ure 5.4). This is the same condition as for the contract curve in the

Edgeworth box.

5.8 Section Manifold and Indirect Utilities: General Case

The goal is now to extend to an arbitrary number of goods and con-

sumers the interpretation of the section manifold BðrÞ as the set of com-

mon tangent points to the consumers’ indirect indifference curves in

HþþðrÞ.

5.8.1 Pareto Minima for Indirect Utility Functions

The indirect utility function ûuiðp;wiÞ of consumer i depends on the

price vector p A S and income wi. Since we are interested in the price-

income vectors b ¼ ðp;w1; . . . ;wi; . . . ;wmÞ A S�Rm
þþ, we use the nota-

Figure 5.3

The tangency condition at BðrÞ
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tion ûuiðbÞ, defined by ûuiðbÞ ¼ ûuiðp;wiÞ. Indirect indifference hypersur-

faces contained in HþþðrÞ are then associated with these indirect utility

functions.

Let us formulate a concept similar to Pareto optimality for the m in-

direct utility functions ûui : HþþðrÞ ! R.

The price-income vector b ¼ ðp;w1; . . . ;wmÞ A HþþðrÞ is a Pareto mini-

mum for the map ûu ¼ ðûu1; . . . ; ûumÞ : HþþðrÞ ! Rm if there is no b 0 ¼
ðp 0;w 0

1; . . . ;w
0
mÞ A HþþðrÞ such that the inequalities

ûuiðb 0Þa uiðbÞ
are satisfied for all i, one of them at least being strict.

The two concepts of Pareto minimum and Pareto optimum are obvi-

ously closely related. Strictly speaking, there is actually no need to

introduce a new concept because a Pareto minimum for the map

ûu : HþþðrÞ ! Rm is a Pareto optimum (or maximum) for the map �ûu.

However, it is probably more intuitive to deal with the concept of a

Pareto minimum for indirect utility functions than with a Pareto maxi-

mum for the opposite of indirect utility functions.

5.8.2 Pareto Minima for Indirect Utility Functions and Their

Equivalence with Price-Income Equilibria

Let us formulate the first-order conditions associated with a Pareto

minimum for indirect utility functions. Then apply this characteriza-

tion to prove that every Pareto minimum belongs to the section mani-

Figure 5.4

Parameterization of BðrÞ by indirect utility levels
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fold BðrÞ. Finally, the converse is also proved true, namely, every price-

income equilibrium, i.e., every element of the section manifold BðrÞ, is
also a Pareto minimum.

First-Order Conditions for the Pareto Minima for Indirect Utility

Functions

It is straightforward that, just as in the case of the Pareto optima for

direct utility functions, the price-income vector b ¼ ðp;w1; . . . ;wmÞ A
HþþðrÞ is a Pareto minimum if it is a solution for the problem of find-

ing b 0 ¼ ðp 0;w 0
1; . . . ;w

0
mÞ A HþþðrÞ that minimizes

ûu1ðb 0Þ
subject to the constraints

ûu2ðb 0Þa ûu2ðbÞ;
..
.

ûumðb 0Þa ûumðbÞ:
Recall that the element b 0 ¼ ðp 0;w 0

1; . . . ;w
0
mÞ satisfies the equality

w 0
1 þ � � � þ w 0

m ¼ p 0 � r, as follows from the equation of the hyperplane

defined by HþþðrÞ.
Positivity constraints are implicit. They are clearly not binding be-

cause of the assumptions on the direct or indirect utility functions.

They can therefore be neglected when writing down the first-order

conditions associated with this constrained minimization problem.

It follows from the monotonicity of the indirect utility functions

ûu1; . . . ; ûum (see section 5.6.4) that the utility constraints are necessarily

binding, which enables us to substitute equality constraints for the in-

equality constraints.

Associated with this constrained minimization problem with equal-

ity constraints is its Lagrangean function

Lðp;w1; . . . ;wm; l2; . . . ; lm; mÞ ¼ ûu1ðp;w1Þ þ l2ûu2ðp;w2Þ þ � � �
þ lmûumðp;wmÞ
þ mðw1 þ � � � þ wm � p � rÞ: ð5:16Þ

The first-order necessary conditions consist of the first derivatives of

the Lagrangean
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Lðp1; p2; . . . ; pl�1;w1; . . . ;wm; l2; . . . ; lm; mÞ
with respect to p1; . . . ; pl�1, w1; . . . ;wm equated to zero, equalities to

which are added the equalities induced by the binding constraints.

This proves the following lemma:

Lemma 5.8.1 The first-order necessary conditions for

b ¼ ðp;w1; . . . ;wmÞ A HþþðrÞ
to be a Pareto minimum for the indirect utility functions take the form

qL

qp1
¼ qûu1

qp1
þ l2

qûu2
qp1

þ � � � þ lm
qûum
qp1

� mr1 ¼ 0;

qL

qp2
¼ qûu1

qp2
þ l2

qûu2
qp2

þ � � � þ lm
qûum
qp2

� mr2 ¼ 0;

..

.

qL

qpl�1
¼ qûu1

qpl�1
þ l2

qûu2
qpl�1

þ � � � þ lm
qûum
qpl�1

� mrl�1 ¼ 0;

qL

qw1
¼ qûu1

qw1
þ m ¼ 0;

..

.

qL

qwm
¼ qûum

qwm
þ m ¼ 0;

where ðl2; . . . ; lm; mÞ A Rm.

Equivalence between First-Order Conditions and an Equilibrium

Condition

Roy’s identities of proposition 5.6.1 applied to the preceding first-order

conditions yield

�n1 f
1
1 ðp;w1Þ � n2l2 f

1
2 ðp;w2Þ � � � � � nmlm f 1mðp;wmÞ � mr1 ¼ 0;

�n1 f
2
1 ðp;w1Þ � n2l2 f

2
2 ðp;w2Þ � � � � � nmlm f 2mðp;wmÞ � mr2 ¼ 0;

..

.

�n1 f
l�1
1 ðp;w1Þ � n2l2 f

l�1
2 ðp;w2Þ � � � � � nmlm f l�1

m ðp;wmÞ � mrl�1 ¼ 0;

110 Chapter 5



n1 þ m ¼ 0;

n2l2 þ m ¼ 0;

..

.

nmlm þ m ¼ 0;

with n1; . . . ; nm defined by

Duið fiðp;wiÞÞ ¼ niðp;wiÞp for i ¼ 1; 2; . . . ;m:

We have seen that n1, for example, is different from zero. These

equalities imply

n1 ¼ l2n2 ¼ � � � ¼ lmnm ¼ �m0 0:

Substituting �m for n1; l2n2; . . . ; lmnm in the first l� 1 equations and

dividing them by m yields

f 11 ðp;w1Þ þ f 12 ðp;w2Þ þ � � � þ f 1mðp;wmÞ � r1 ¼ 0;

f 21 ðp;w1Þ þ f 22 ðp;w2Þ þ � � � þ f 2mðp;wmÞ � r2 ¼ 0;

..

.

f l�1
1 ðp;w1Þ þ f l�1

2 ðp;w2Þ þ � � � þ f l�1
m ðp;wmÞ � rl�1 ¼ 0:

Combined with the equality w1 þ w2 þ � � � þ wm ¼ p � r, these l� 1

equalities imply the equality

f l1 ðp;w1Þ þ f l2 ðp;w2Þ þ � � � þ f lmðp;wmÞ � rl ¼ 0:

We have therefore proved the following property.

Proposition 5.8.2 Every Pareto minimum b A HþþðrÞ for the indi-

rect utility functions ûu1; . . . ; ûum is a price-income equilibrium, i.e., the

equality

f1ðp;w1Þ þ � � � þ fmðp;wmÞ ¼ r

is satisfied.

Section Manifold as Set of Pareto Minima

Let us now prove the converse property, namely, that every element of

BðrÞ is a Pareto minimum for the map ûu : HþþðrÞ ! Rm. Here is a proof
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by contradiction. Assume that the element b A BðrÞ is not a Pareto min-

imum. Then there exists some Pareto minimum b 0 A HþþðrÞ that satis-
fies the inequalities ûuiðb 0Þa ûuiðbÞ for all i, one of these inequalities at

least being strict.

These inequalities take the form uið fiðp 0;w 0
i ÞÞa uið fiðp;wiÞÞ for all i,

one inequality at least being strict. Since the price vector p 0 supports
the allocation fiðp 0;w 0

i Þ, the inequality translates into the inequality

p 0 � fiðp 0;w 0
i Þa p 0 � fiðp;wiÞ, the inequality being strict if the inequality

in utilities is itself strict. Using Walras’ law, these inequalities become

w 0
i a p 0 � fiðp;wiÞ for i varying from 1 to m, with at least one inequality

being strict. Adding up these inequalities for all i’s yields the strict

inequalityX
i

w 0
i < p 0 �

X
i

fiðp;wiÞ:

It follows from the assumption that b ¼ ðp;w1; . . . ;wmÞ belongs to

BðrÞ that we have
P

i fiðp;wiÞ ¼ r, which therefore implies the strict

inequalityX
i

w 0
i < p 0 � r;

a contradiction with the assumption that b 0 ¼ ðp 0;w 0
1; . . . ;w

0
mÞ belongs

to HþþðrÞ. This proves that the converse of proposition 5.8.2 is also

true. In other words, the following proposition is satisfied.

Proposition 5.8.3 The section manifold BðrÞ coincides with the set of

Pareto minima in HþþðrÞ for the indirect utility functions ûui with i ¼
1; 2; . . . ;m.

5.9 Geometric Equilibrium Manifold

The next two sections introduce the concepts that underlie the geomet-

ric approach to the equilibrium equation.

5.9.1 Definition

The geometric equilibrium manifold E associated with the parameter

space A is the subset of BðrÞ �A consisting of the pairs ðb;AÞ, where b

belongs to BðrÞ and the l� 1 dimensional affine subspace A of HðrÞ
contains the point b.
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5.9.2 Structure

The collection AðbÞ of affine subspaces A A A that contain the point

b can be identified with the Grassmann manifold Gmþl�2;l�1, which

consists, by definition, of the vector subspaces of Rmþl�2 having di-

mension l� 1. Therefore, the geometric equilibrium manifold E can

be identified with the Cartesian product BðrÞ � Gmþl�2;l�1. This result

shows that the structure of the section manifold BðrÞ is a key compo-

nent of the structure of the geometric equilibrium manifold E .

5.9.3 No-trade Equilibria in the Geometric Reformulation

Notice that the set AðbÞ of affine subspaces A A A containing the point

b A HðrÞ is the geometric equivalent of the fiber associated with the

price-income vector b ¼ ðp;w1; . . . ;wmÞ A BðrÞ. The no-trade equilib-

rium of that fiber corresponds to the affine space Að f1ðp;w1Þ; . . . ;
fmðp;wmÞÞ. It is left as an exercise to check that this affine space is tan-

gent at the point b ¼ ðp;w1; . . . ;wmÞ to all the indirect indifference

(hyper)surfaces of the various consumers in HþþðrÞ through b.

Parenthetically, having a smaller parameter space like Aþþ does not

change the general line of the geometric approach even if some techni-

cal difficulties are encountered in the proofs. For example, in the case

of the parameter space Aþþ (which corresponds to economies char-

acterized by strictly positive endowment vectors o ¼ ðo1; . . . ;omÞ A
WðrÞ), the fiber of the geometric equilibrium manifold becomes the

smooth manifold AþþðbÞ made of elements of Aþþ that contain the ele-

ment b A BðrÞ. It then suffices to observe that the smooth manifold

AþþðbÞ is diffeomorphic to Rðl�1Þðm�1Þ to get the global structure of the

equilibrium manifold for this parameter space.

5.9.4 Pathconnectedness

Back to the parameter space A. A lot is known about the structure

of Grassmann manifolds and their global properties. For example,

Grassmann manifolds are pathconnected. Combined with the pathcon-

nectedness of the section manifold BðrÞ, this implies readily the path-

connectedness of the geometric equilibrium manifold E .

5.10 Application of the Geometric Approach to Genericity

5.10.1 Regular Geometric Equilibria

Let ðb;AÞ A E be a geometric equilibrium. By definition, this geometric

equilibrium is regular if the submanifolds A and BðrÞ of HðrÞ are

The Equilibrium Equation and Its Geometric Interpretation 113



transverse at b A AXBðrÞ. Since these two submanifolds have dimen-

sion l� 1 and m� 1, respectively, in the dimension lþm� 2 space

HðrÞ, transversality means here that the intersection of the affine space

A with the tangent affine space TbðBðrÞÞ to BðrÞ at b consists only of the

point b. In other words, the geometric equilibrium ðb;AÞ A E is regular if

TbðBðrÞÞXA ¼ fbg. We denote byRE the set of regular geometric equi-

libria. It is a subset of E . Section 5.10.4 presents a proof showing that

the set of regular equilibriaRE is an open and dense subset of the geo-

metric equilibrium manifold E . (The density property can even be

strengthened into a property of full measure once a suitable measure

has been defined for the set A consisting of the dimension l� 1 affine

subspaces of HðrÞ and then for the geometric equilibrium manifold E .)
It also follows from the implicit function theorem that the correspon-

dence that associates with A 0 A A the intersection A 0 XBðrÞ has a selec-

tion map that is locally defined, i.e., defined on some neighborhood of

A in A and that this map A 0 ! b 0 A BðrÞXA 0 is smooth.

5.10.2 Critical Geometric Equilibria

If the two submanifolds A and BðrÞ are not transverse, the geometric

equilibrium ðb;AÞ is said to be critical. The dimension of the intersec-

tion TbðBðrÞÞXA is then at least equal to 1. In other words, the affine

space A contains at least one line that is tangent to the section manifold

BðrÞ. Denote by C the set of critical geometric equilibria. Roughly

speaking, the latter case corresponds to the intersection point b A
BðrÞXA having an order of multiplicity at least equal to 2 (figure 5.5).

It follows readily from the definitions that the equilibrium ðp;oÞ is
critical in the sense of the earlier chapters (i.e., p A S is a solution of the

equation
P

i fiðp; p � oiÞ ¼
P

i oi with an order of multiplicity at least

equal to 2 for given o A WðrÞ) if and only if the price-income vector

ðp; p � o1; . . . ; p � omÞ is a critical geometric equilibrium.

5.10.3 Classification of Critical Geometric Equilibria

The geometric approach gives a very simple classification of the critical

geometric equilibria ðb;AÞ A CE by the dimension of the intersection

TbðBðrÞÞXA. The geometric equilibrium ðb;AÞ A CE is critical of type k,

where k is an integerb 1, if dim TbðBðrÞÞXA ¼ k.

The dimension k of the intersection TbðBðrÞÞXA is a measure of how

‘‘bad’’ the singularity or criticality of the geometric equilibrium ðb;AÞ
is. The most common type of singularity corresponds to type 1, i.e., to

an intersection AXBðrÞ of dimension 1.
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In terms of the equilibrium ðp;oÞ, where p A S is a solution of the

equation
P

i fiðp; p � oiÞ ¼
P

i oi for given o, criticality of type 1 means

that the solution p A S is only a double root of the equilibrium equa-

tion. In other words, this solution has an order of multiplicity equal to

2. Roughly speaking, dimension kb 2 corresponds to solutions with

orders of multiplicity at least equal to 2.

Let us denote by CkE the set of critical geometric equilibria ðb;AÞ A E
of type k with kb 1. The set of critical geometric equilibria CE is parti-

tioned into the subsets CkE for kb 1: CE ¼ 6kb1CkE . The structure of

the set of critical geometric equilibria CE is discussed further in section

5.11.3.

5.10.4 Regular and Singular Geometric Economies

By definition, the economy A A A is regular if it is transverse to the sec-

tion manifold BðrÞ. In practice, this means that A is transverse to the

section manifold BðrÞ at all intersection points. (Note that the affine

subspace A is also transverse to BðrÞ if the intersection AXBðrÞ is

empty.)

By definition, the economy A A A is singular if it is not transverse to

the section manifold BðrÞ.

Figure 5.5

ðb;AÞ regular equilibrium, ðb;A 0Þ critical equilibrium
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It follows readily from Thom’s transversality theorems that the set of

economies (i.e., the set of dimension l� 1 affine subspaces of HðrÞ)
that are transverse to the section manifold BðrÞ is open and dense in A.

(An alternative proof of this property that does not require Thom’s

transversality theorems is given in section 5.11.3.)

5.11 Global Properties of the Geometric Equilibria

Let us investigate the properties that deal with the pathconnectedness

of the set of economies with multiple equilibria, the characterization of

the set of regular economies with a unique equilibrium in the case

of two consumers, and the structure of the set of critical geometric

equilibria.

5.11.1 Economies with Multiple Equilibria

Let b A BðrÞ be fixed. Recall that AðbÞ denotes the set of dimension l� 1

affine subspaces of HðrÞ through b. Let MðbÞ denote the set of affine

subspaces A A AðbÞ that either intersect BðrÞ at another point b 0 0 b or

are tangent to BðrÞ at b. The former case corresponds to having at least

two different geometric equilibria associated with A, whereas the latter

case is simply the ‘‘infinitesimal version’’ when two equilibria merge.

Let M be the set of affine subspaces A A A that have at least two in-

tersection points with BðrÞ or that are not transverse to BðrÞ. (Note that

these two conditions are not exclusive: it may very well be that A inter-

sects BðrÞ at different points and, in addition, is tangent to BðrÞ at one
of these intersection points.) Similarly, define U as the set of (regular)

economies that are transverse to BðrÞ and with a unique intersection

point with BðrÞ.

Pathconnectedness of M (b)

Proposition 5.11.1 The set MðbÞ of economies with multiple equilib-

ria through the price-income equilibrium b is pathconnected.

Proof of Case lF 2 Let us first prove the pathconnectedness of MðbÞ
in the case l ¼ 2. The affine subspace A is a line. The elements of MðbÞ
are therefore the lines passing through the point b A BðrÞ that are either
tangent to BðrÞ at b or that intersect BðrÞ at another point b 0. This leads
us to consider the manifold that is obtained by ‘‘blowing-up’’ BðrÞ at

point b. This manifold consists of the points b 0 0 b in BðrÞ and of the
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tangents to BðrÞ at b. This manifold, denoted by dBðrÞBðrÞb , is known to be

pathconnected, a property that can be checked rather easily given the

construction of the blown-up manifold dBðrÞBðrÞb. The map b 0 A dBðrÞBðrÞb ! bb 0

defines a continuous map from the pathconnected manifold dBðrÞBðrÞb into
the set of lines of HðrÞ. The image of this map is the set MðbÞ (figure
5.6). This set is therefore pathconnected as the image of a pathcon-

nected set by a continuous map.

Proof of Case lK 3 The preceding proof is now extended to the case

lb 3. We have to accommodate the fact that two distinct points do not

now determine a unique element A A AðbÞ. Let us consider the lines D

in the space HðrÞ. The line D is a multiple direction for the affine sub-

space A A A if the following two properties are satisfied: (1) b A D and

DHA, and (2) the line D is tangent to BðrÞ at b or D intersects BðrÞ at
some other point b 0 0 b.

It follows from the definition of a multiple direction that A A AðbÞ
belongs to MðbÞ if and only if it admits a multiple direction.

Let now A 0 and A 00 belong to MðbÞ and show that a continuous path

can be found that links A 0 to A 00 in the set MðbÞ. The following two

cases are distinguished.

Figure 5.6

Set MðbÞ
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The spaces A 0 and A 00 have a multiple direction in common. Let D be this

multiple direction. The projection parallel to the line D defines a bijec-

tion, actually a homeomorphism, between the set of dimension l� 1

linear subspaces of HðrÞ that contain D and the set of l� 2 vector sub-

spaces of Rlþm�3, i.e., the Grassmann manifold Glþm�3;l�2. The Grass-

mann manifold is pathconnected; there exists therefore a continuous

path in Glþm�3;l�2 defined by the continuous map t A ½0; 1� ! AðtÞ that
links A 0 to A 00 and such that AðtÞ contains the line D. The line D is

therefore a multiple direction of AðtÞ, from which follows that AðtÞ
does belong to MðbÞ.

The spaces A 0 and A 00 have no common multiple direction. Let D 0 (resp.
D 00) be a multiple direction associated with A 0 (resp. A 00). Because

fbg A D 0 XD 00, the lines D 0 and D 00 generate a plane; because l� 1b 2,

there exists a dimension l� 1 linear space A of HðrÞ that contains the

plane generated by the lines D 0 and D 00 and therefore the lines D 0 and
D 00 themselves. It is clear that D 0 and D 00 are multiple directions for the

space A, which implies that A belongs to MðbÞ. The pairs ðA;A 0Þ and
ðA;A 00Þ both have a common multiple direction, so the preceding case

can be applied to build a continuous path in MðbÞ that goes from A 0 to
A and then from A to A 00. m

The results just obtained can be given the following simple and intu-

itive illustration. The line bb 0 for b and b 0 in BðrÞ can be interpreted as

the direction through which the point b 0 of BðrÞ is viewed from the

point b A BðrÞ. Then—at least in the case of l ¼ 2—the set MðbÞ corre-
sponds to the ‘‘view’’ one gets of the (hyper)surface BðrÞ from the point

b A BðrÞ.

Pathconnectedness of M

Proposition 5.11.2 The set M of economies with multiple equilibria is

pathconnected.

Proof Let A and A 0 be elements of M . By definition there exist b A
BðrÞXA and b 0 A BðrÞXA 0. If b ¼ b 0, then A and A 0 belong to MðbÞ,
which is pathconnected and can therefore be linked by a continuous

path in that space. If b0 b 0, the line bb 0 is a multiple direction of any

A 00 A A that contains b and b 0, so A 00 belongs to MðbÞ and to Mðb 0Þ. Let
A 00 be such subspace. Then, we can find a continuous path linking A to

A 00 (in MðbÞ) and another one linking A 00 to A 0 (in Mðb 0Þ). m
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5.11.2 Set of Regular Economies with a Unique Equilibrium in the

Case mF 2

Let U denote the set of regular economies with a unique equilibrium

and U ðbÞ the subset of U consisting of the affine spaces A that contain

the price-income equilibrium b A BðrÞ. For A A U ðbÞ, the affine space A

is transverse to the section manifold BðrÞ at the point b and the intersec-

tion AXBðrÞ is reduced to the point b.

The complement of U ðbÞ in AðbÞ is the set MðbÞ.

Characterization of U (b)

Proposition 5.11.3 For m ¼ 2, the set U ðbÞ is the connected compo-

nent of the set of regular economies in AðbÞ that contain the affine

space Að f ðbÞÞ.
Proof Let b ¼ ðp;w1; . . . ;wmÞ A BðrÞ. Then,
f ðbÞ ¼ ðp; f1ðp;w1Þ; . . . ; fmðp;wmÞÞ;
and f ðbÞ is a no-trade equilibrium. It is known that the equilibrium

f ðbÞ is regular and that p A S is the unique equilibrium price vector

associated with the endowment vector o ¼ ð f1ðp;w1Þ; . . . ; fmðp;wmÞÞ.
This implies that the affine space Að f ðbÞÞ belongs to U ðbÞ.

The proposition therefore follows from the proof of the pathconnect-

edness of U ðbÞ.
For m ¼ 2, the set BðrÞ is actually a smooth pathconnected curve. The

elements of A are hyperplanes of HðrÞ, an affine space of dimension

2þ l� 2 ¼ l. Let A 0 and A 00 be two distinct hyperplanes of HðrÞ pass-
ing through the point b, transverse to the curve BðrÞ and intersecting

BðrÞ only at the point b. Let F be the dimension l� 2 space that is the

intersection of A 0 and A 00. The ambiant space HðrÞ is decomposed by

the hyperplanes A 0 and A 00 into four quadrants. The tangent to the

curve BðrÞ at b being transverse to A 0 and to A 00 is therefore contained

in two opposite quadrants. We denote these quadrants by I and III. It

follows from this definition of quadrants I and III that the curve BðrÞ
also has points in quadrants I and III.

The set BðrÞnfbg is decomposed into two connected components.

Each one of these components is contained in one of the quadrants

defined by A 0 and A 00 because otherwise A 0 and A 00 would intersect

BðrÞ at another point in addition to b. One component contains a

point of BðrÞ that belongs to quadrant I. Call this component I 0. This
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component is necessarily contained in quadrant I. The second compo-

nent of BðrÞnfbg necessarily contains an element of quadrant III. This

implies that it is fully contained in quadrant III. Denote this component

by III 0. The curve BðrÞ is the union of the components I 0 and III 0 and of

the point fbg. Therefore, there is no element of BðrÞ in the opposite

quadrants II and IV.

Therefore, any hyperplane containing the subspace F ¼ A 0 XA 00 and
contained in quadrants II and IV belongs to U ðbÞ. Because the set of

hyperplanes contained in two opposite quadrants is pathconnected,

there exists at least one continuous path in U ðbÞ that links A 0 to A 00. m

Pathconnectedness of U

Proposition 5.11.4 The set U of economies with a unique equilibrium

is in the case m ¼ 2 the connected component of the set of regular

economies that contains the affine spaces associated with the Pareto

optima.

Proof The set U is the union of connected components of the set of

regular economies such that, for each economy A in any such compo-

nent, the intersection AXBðrÞ is reduced to a point.

Let us show that U is made of only one connected component of the

set of regular economies and that this component contains the affine

subspaces associated with the Pareto optima.

Let b ¼ ðp;w1;w2; . . . ;wmÞ A BðrÞ. Consider
Ab ¼ Að f1ðp;w1Þ; f2ðp;w2Þ; . . . ; fmðp;wmÞÞ;
the affine space that corresponds to the endowment vector

o ¼ ð f1ðp;w1Þ; . . . ; fmðp;wmÞÞ;
which is a Pareto optimum. We have seen that Ab belongs to U ðbÞ (and
therefore to U ).

Let A 0 A U ðb 0Þ and A 00 A U ðb 00Þ. By proposition 5.11.3, there exists a

continuous path in U ðb 0Þ that links A 0 to Ab 0 . Similarly, A 00 is linked to

Ab 00 by a continuous path in U ðb 00Þ. Because BðrÞ is pathconnected, we

can find a continuous path t A ½0; 1� ! bðtÞ A BðrÞ that links b 0 and b 00.
The continuous path t ! AbðtÞ in U then links Ab 0 to Ab 00 . m

5.11.3 Structure of Set of Critical Equilibria

The next proposition clarifies the structure of the strata C iE of the set of

critical equilibria CE . Though a really rigorous proof would require
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technical notions involving vector and Grassmann bundles, the intu-

ition provided by the geometric approach allows a highly intuitive pre-

sentation that is sufficient for the present purpose.

Proposition 5.11.5 The set CkE of critical equilibria of type k is a

smooth submanifold of the set of equilibria CE diffeomorphic to BðrÞ �
Gmþl�2�k;l�1�k � Gm�1; k.

Proof The stratified structure of the set CkE can be generated as fol-

lows. Pick some b A BðrÞ. In the tangent space TbðBðrÞÞ, consider the

collection of dimension k linear subspaces of TbðBðrÞÞ through the point

b. For a fixed b A BðrÞ, this set can be identified with the Grassmann

manifold Gm�1; k. Let F be one of these linear subspaces. Now consider

the collection of dimension l� 1 linear subspaces of HðrÞ that contains
the linear subspace F. The latter space (for fixed b A BðrÞ and F) can be

identified with the Grassmann manifold Gmþl�2�k;l�1�k. It then suffices

to vary b A BðrÞ and F in TbðBðrÞÞ to get all the possible cases. With

some mathematical experience, it is straightforward to show that this

set has the structure of a smooth manifold and is a trivial ‘‘fiber bun-

dle’’ over BðrÞ, the ‘‘typical fiber’’ being diffeomorphic to the Cartesian

product of Grassmann manifolds Gmþl�2�k;l�1�k � Gm�1; k. This proof

can easily be made rigorous. m

Emptiness of the Set of Critical Equilibria of Type k with kK inf(m, l)
As a special case of the preceding proposition—here we do not even

need the advanced theory of Grassmann manifolds—we have that CkE
is empty for kb infðl;mÞ because the dimension of the intersection of

TbðBðrÞÞXA cannot exceed the smaller of the dimensions of TbðBðrÞÞ
and A, i.e., infðm� 1; l� 1Þ.

Measure Zero of the Set of Critical Geometric Equilibria

The dimension of the manifold CkE is strictly less than the dimension

ðm� 1Þl of the geometric equilibrium manifold E . Therefore, the Leb-

esgue measure of the smooth submanifold CkE in E is zero. A finite

union of closed sets of measure zero is closed and still has measure

zero. This proves that the set of critical geometric equilibria CE has

measure zero in the geometric equilibrium manifold E .
This readily implies that the set of singular economies, the image of

the set of critical equilibria ðb;AÞ A CE by the projection ðb;AÞ ! A has

also measure zero. Its complement, the set of regular economies,

has full measure.

The Equilibrium Equation and Its Geometric Interpretation 121



5.12 Number and Determinateness of Equilibria

This section addresses the issue of the relation between the number

of equilibria and their determination. Let us denote by WðAÞ the inter-

section WðAÞ ¼ BðrÞXA so that W can be viewed as the equilibrium

correspondence that associates with every economy A A A the corre-

sponding equilibria.

Let NðAÞ be the number (finite or infinite) of elements of the set

WðAÞ. This is the number of equilibria associated with the economy

A A A.

Proposition 5.12.1 The function N : A ! NW fyg determines the

equilibrium correspondence W.

Thus, knowing the number of solutions for all possible values of the

parameter A A A is equivalent to knowing the precise value of these

solutions. This peculiarity of the equilibrium equation is a far-reaching

consequence of the assumptions that underlie the Arrow-Debreu

model. This proves, if it is still necessary at this stage, that this model

does indeed have a lot of structure.

The intuition behind proposition 5.12.1 is that the section manifold

BðrÞ is determined by its tangent spaces. These tangent spaces are de-

termined by the singular economies A A A. The singular economies A

are those at which the function N is not locally constant. Despite the

simplicity of this observation, putting this into a rigorous proof is not

totally straightforward.

The easiest way to prove proposition 5.12.1 is to use the Radon

transform, which amounts to integrating the function NðAÞ over the

space A. Such a proof is slightly beyond the scope of this book. For

suitable mathematical references, see, for example, Helgason (1980).

For an alternative proof of a closely related property in the case where

affine subspaces A perpendicular to the price set S are excluded (those

spaces correspond to endowments located at ‘‘infinity’’ in the parame-

ter space gWðrÞWðrÞ), readers can consult Balasko (1988, theorem 7.3.9).

Exercises

5.3. Let Abn be the subset of A that has at least n intersection points

with the section manifold BðrÞ. Show that Abn has a nonempty interior

for na l. (Hint: Pick n points of BðrÞ and l� n other points in HðrÞ.)
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5.4. Let Abn be defined as in exercise 5.3. Prove that for 2a na l, the
set Abn is pathconnected.

5.13 Conclusion

The geometric approach of this chapter is more powerful than the

direct approach of the previous chapters for issues involving the deter-

minateness or the number of equilibria. Besides the technical simplifi-

cation brought by intersections of sets instead of envelopes of linear

manifolds, the geometric approach is efficient because in the defini-

tions of the section and budget manifolds BðrÞ and AðoÞ, respectively,
preferences, individual resources, and total resources play well-

differentiated roles. The section manifold BðrÞ is defined by individual

preferences and total resources, whereas the budget manifold AðoÞ
depends only on the individual endowments o ¼ ðoiÞ.

5.14 Notes and Comments

The formulation of the equilibrium equation as the intersection of the

section and budget manifolds is due to Balasko (1979a).

The observation that extending the properties of the equilibrium

manifold and the natural projection to the case of fixed total resources

crucially depends on the structure of the set of Pareto optima for fixed

total resources given the linear structure of the fibers of the equilibrium

manifold is due to Balasko (1979a). These properties include in particu-

lar the pathconnectedness of the equilibrium manifold and the open-

ness and full measure of the set of regular economies.

The property that the set of Pareto optima for fixed total resources

is homeomorphic to a Euclidean space is due to Bewley (1969; 1972).

The diffeomorphism is proved by Balasko (1979b; 1988) for the case of

consumption sets equal to the full commodity space. The proof for con-

sumption sets limited to the strictly positive orthant given here is new.

The interpretation of the section manifold as the set of Pareto min-

ima for the indirect utility functions is due to Balasko (1979b).

Indirect utility functions were first considered by Hotelling (1938)

and Roy (1942). This chapter is in some sense an extension of the gen-

eral equilibrium setup of an arbitrary number of consumers of the

Hotelling and Roy approach, the latter being limited to a single con-

sumer. Indirect utility functions for an arbitrary number of consumers

are also used by Luenberger (1994) in issues of welfare economics.
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The application of the geometric approach to issues related to the

number of equilibria is due to Balasko (1979a; 1979b; 1988). Ghiglino

and Tvede (1997) give a better generic lower bound on the number of

equilibria than the one of exercise 5.3 for consumption sets equal to the

full commodity space.
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6 Economies with Price-Dependent Utility Functions

6.1 Introduction

So far, utility has depended only the consumer’s own consumption.

This representation of consumers’ preferences ignores the many forms

of externalities associated with consumption that exist in the real

world. The full-scale analysis of general equilibrium models with gen-

eral forms of consumption externalities would require developments

that go far beyond the scope of this book. Nevertheless, there is one

kind of consumption externality that can be handled by a simple adap-

tation of the techniques of the previous chapters. This externality

occurs when the consumer’s utility function depends on the price sys-

tem in addition to the consumer’s own consumption. This form of

externality is indirect because it is through the value taken by the equi-

librium price system that a consumer’s utility depends on the other

consumers’ consumptions.

The goal of this chapter is to extend the properties of comparative

statics associated with the structure of the equilibrium manifold to the

setup of price-dependent utility functions. I show that pathconnected-

ness and homeomorphism/diffeomorphism with a Euclidean space of

the equilibrium manifold, and the smoothness and properness of the

natural projection, extend readily to the setup of price-dependent util-

ity functions provided that total resources can vary. The fact that these

properties do not hold true when total resources are held constant

highlights a deep difference between the two models.

The main difference in the technical assumptions of this chapter

compared to those of the previous chapters is in having non-

normalized prices. The cost of this minor complication is offset by the

simplicity it brings in disentangling the two different roles played by

the price system when utility functions are price-dependent, one as



an argument of utility functions, the other as defining the consumer’s

budget set.

6.2 Consumer’s Theory with Price-Dependent Utility Functions

6.2.1 Price-Dependent Utility Functions

Preferences are represented by utility functions of the form uiðp; xiÞ,
where the commodity bundle xi belongs to the strictly positive orthant

X ¼ Rl
þþ. At variance with the approach of the previous chapters, the

price vector p ¼ ðp1; p2; . . . ; plÞ belongs to the strictly positive orthant

X and is not normalized. Since prices are not normalized, the utility

function uiðp; xiÞ is assumed to be homogeneous of degree 0 with re-

spect to the price vector p. In other words, utility depends on relative

prices and not on some absolute measure of the price level.

When dealing with homogeneous functions of degree 0, it is mathe-

matically convenient to consider the set Pl�1 of lines of Rl passing

through the origin, a set known as the projective space of dimension

l� 1. Since prices are strictly positive, this leads to consideration of

the subset PðXÞ of lines defined by strictly positive vectors. Denote by

PðXÞ its closure in Pl�1. Also needed is the set PðX �RþþÞ, which

consists of the directions defined by the vectors in X �Rþþ, i.e., the
strictly positive vectors of Rl �R. The same notation is used for the

line belonging to PðXÞ (resp. PðXÞ, PðX �RþþÞ), defined by the vector

p A X (resp. p A X, ðp;wiÞ A X �Rþþ) and the vector p (resp. p and

ðp;wiÞ) itself.
The notation uiðp; xiÞ therefore represents either a homogeneous

function of degree 0 with respect to p if ðp; xiÞ represents an element of

X � X, or simply a function of ðp; xiÞ if ðp; xiÞ is considered an element

of PðXÞ � X. No serious confusion can result from this simplification.

Exercise

6.1. Let x ¼ ðx1; . . . ; xnþ1Þ and y ¼ ðy1; . . . ; ynþ1Þ be two points of

Rnþ1nf0g. Define the relation x@ y by the condition: there exists l0 0

such that x ¼ ly.

a. Prove that@ is an equivalence relation on Rnþ1nf0g. Let x denote

the equivalence class of x A Rnþ1nf0g. The quotient space Rnþ1nf0g=@
is the set of equivalence classes x for x A Rnþ1nf0g. Let p : Rnþ1nf0g !
Pn denote the quotient map x ! x.

b. Show that the quotient space Rnþ1nf0g=@ is the projective space Pn.
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c. The coordinates ðx1; x2; . . . ; xnþ1Þ of x A x are known as a set of ho-

mogeneous coordinates of the element x A Pn. Show that every func-

tion f : Rnþ1 ! R that is homogeneous of degree 0 defines a function

f : Pn ! R such that f ¼ f � p.
d. The projective space Pn is equipped with the quotient topology, i.e.,

the strongest topology for which the quotient map p : Rnþ1nf0g ! Pn

is continuous. Prove that if the map f : Rnþ1 ! R is continuous, the

associated function f : Pn ! R is also continuous.

e. Show that the projective space Pn equipped with the quotient topol-

ogy is compact.

6.2.2 Properties of Price-Dependent Utility Functions

The following assumptions extend to price-dependent utility functions

the assumptions of continuity, differentiability, monotonicity, and

quasi-concavity made in chapter 1, section 1.2.2, for non-price-

dependent utility functions:

i. The price-dependent utility function ui : PðXÞ � X ! R is contin-

uous, surjective, and differentiable up to any order in the interior

PðXÞ � X.

ii. Smooth monotonicity. The partial utility function uiðp; :Þ : X ! R is

differentiable for all p A PðXÞ, and every partial derivative with respect

to x j > 0.

iii. Smooth quasi-concavity. The restriction of the quadratic form defined

by the Hessian matrix of second-order derivatives with respect to the

coordinates of xi to the tangent hyperplane at xi A X to the indifference

surface through xi is negative definite for any p A PðXÞ and xi A X.

iv. Necessity of every commodity. For any ui A R, the indifference surface

fxi A X j uiðp; xiÞ ¼ uig is closed in Rl for all p A PðXÞ.
The continuity property of the utility function on the boundary

ðPðXÞnPðXÞÞ � X expresses the continuity of the price effect on prefer-

ences even when some relative prices tend to zero or infinity. Proper-

ties (ii)–(iv) are the direct extensions to the setup of price-dependent

preferences of the equivalent properties when preferences do not de-

pend on prices.

Exercise

6.2. The study of temporary financial equilibria (see chapter 9) requires

consideration of individual consumption sets that are different from the
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strictly positive orthant X. More precisely, let Xi be the subset of the

commodity space Rl defined by linear equalities of the form pð1Þ � xi
bwið1Þ, pð2Þ � xi bwið2Þ; . . . , pðkÞ � xi bwiðkÞ, where pð1Þ; pð2Þ; . . . ;
pðkÞ belong to X. The vector y A Rl is a direction of recession if, starting

at any x A Xi, the point xþ ay belongs to Xi for any a > 0. The recession

cone of the convex set Xi is the set of all directions of recession.

a. Show that all the sets Xi have the same recession cone P.

b. Show that, for every i, there exists xi A Rl such that the set Xi is con-

tained in xi þ P.

An example of a price-dependent utility function is the utility

function

uiðp; xiÞ ¼
Xl
j¼1

a
j
i ðpÞ ln x

j
i ; ð6:1Þ

where it is customary to add the restrictions a
j
i ðpÞ > 0 and

Pl
j¼1 a

j
i ðpÞ

¼ 1. This function depends on prices through its coefficients a
j
i ðpÞ,

which are homogeneous functions of degree 0 of p A X.

6.2.3 Extended Demand Function

Consumer’s Maximization Problem

For given p A PðXÞ, consumer i maximizes the utility uiðp; xiÞ subject

to the budget constraint p � xi ¼ wi. In this maximization problem, the

price vector p A PðXÞ plays two different roles: one as argument of the

utility function, another in defining the budget constraint.

Disentangling the Two Roles of the Price System

These two different roles are disentangled by considering the more

general problem of maximizing uiðq; xiÞ for a given q A PðXÞ subject

to the budget constraint p � xi ¼ wi for p A PðXÞ, the price vectors p

and q being not necessarily equal. This maximization problem is purely

mathematical or abstract in the sense that it has no direct economic

interpretation.

Extended Demand Function

With the price vector q A PðXÞ being kept fixed, the preceding maximi-

zation problem is identical to the consumer’s maximization problem
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for non-price-dependent utility functions. Under our assumptions, this

problem has a unique solution denoted by jiðq; p;wiÞ for any ðp;wiÞ A
X �Rþþ and q A PðXÞ.

The solution of this maximization problem defines the extended de-

mand function jiðq; p;wiÞ of consumer i, a function that is homogeneous

of degree 0 with respect to ðp;wiÞ A X �Rþþ. The same notation is

used for the map

ji : PðXÞ � PðX �RþþÞ ! X;

which represents consumer i’s extended demand given q A PðXÞ and

ðp;wiÞ A PðX �RþþÞ.

Continuity and Smoothness

One way of proving the smoothness of individual demand functions

when utility does not depend on prices is to apply the implicit function

theorem to the first-order conditions of the consumer’s maximization

problem (see exercise 1.6 in chapter 1). This technique can be extended

to the case of the extended individual demand function jiðq; ðp;wiÞÞ by
using the parametric version of the implicit function theorem, where

continuity and differentiability follow from the continuity and differen-

tiability of the utility function uiðq; xiÞ on PðXÞ � X (resp. PðXÞ � X)

(Balasko 1997).

Diffeomorphism

The following property extends to the price-dependent setup an im-

portant property of the individual demand functions for non-price-

dependent preferences.

Proposition 6.2.1 The partial extended demand function

jiðq; : ; :Þ : PðX �RþþÞ ! X

is a diffeomorphism for any q A PðXÞ and satisfies Walras’ law

p � jðq; p;wiÞ ¼ wi for ðp;wiÞ A PðX �RþþÞ.
Proof Let Dxuiðq; xiÞ denote the gradient vector of the partial utility

function uiðq; :Þ at xi A X. Then Dxuiðq; xiÞ A X.

For q A PðXÞ, and xi A X, define

giðq; xiÞ ¼ ðDxuiðq; xiÞ;Dxuiðq; xiÞ � xiÞ;
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where the notation ðDxuiðq; xiÞ;Dxuiðq; xiÞ � xiÞ is used to represent

this element of X �Rþþ and also the corresponding element in

PðX �RþþÞ.
It follows from this formula that the partial map giðq; :Þ : X !

PðX �RþþÞ is smooth (i.e., differentiable up to any order) because

uiðq; :Þ is. In addition, it follows from the necessity and sufficiency of

the first-order conditions for the maximization of uiðq; xiÞ subject to the

constraint p � xi ¼ wi that the map giðq; :Þ : X ! PðX �RþþÞ is the in-

verse of the map jiðq; : ; :Þ : PðX �RþþÞ ! X.

Walras’ law means that the budget constraint is binding, which fol-

lows from the monotonicity of the utility function.

Exercise

6.3. Let Xi be a consumption set as in exercise 6.2. Let Y denote the in-

terior of the dual of the recession cone P of Xi. Let PðYÞ denote the set

of lines defined by the elements of Y. Consider now the following ex-

tension of the assumptions regarding price-dependent utility functions:

n The price-dependent utility function is a continuous map ui : PðYÞ �
Xi ! R that is onto and differentiable up to any order in the interior

PðYÞ � Xi.

n Smooth monotonicity of the (partial) function uiðp; :Þ. The partial utility
function uiðp; :Þ : Xi ! R is differentiable for all p A PðYÞ, and every

partial derivative with respect to x
j
i > 0.

n Smooth quasi-concavity of the (partial) function uiðp; :Þ. (The restriction
of the quadratic form defined by D2uiðp; :Þ to the tangent hyperplane

at x�
i A X to the hypersurface

fxi A Xi j uiðp; xiÞ ¼ uiðp; x�
i Þg

is negative definite for any p A PðYÞ and x�
i A Xi.

n Necessity of every commodity. For any ui A R, the indifference hyper-

surface fxi A Xi j uiðp; xiÞ ¼ uig is closed in Rl for all p A PðYÞ.
a. Show that for every p A Y, there exists w�

i A R such that p � xi bw�
i

for xi A Xi.

b. Show that for every q A PðYÞ, p A Y, and wi > w�
i , there exists a

unique element xi A Xi that maximizes uiðq; p; xiÞ subject to the con-

straint p � xi ¼ wi.

c. Define the extended demand function by jðq; ðp;wiÞÞ ¼ xi. Show

that the extended demand function is smooth.
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6.2.4 Strict Demand Function

The strict demand function fiðp;wiÞ is simply the solution of the problem

of maximizing the utility uiðp; xiÞ subject to the constraint p � xi ¼ wi for

ðp;wiÞ A X �Rþþ.
We have

fiðp;wiÞ ¼ jiðp; ðp;wiÞÞ: ð6:2Þ

The strict demand function is homogeneous of degree 0. As before,

we use the same notation fiðPðX �RþþÞÞ ! X for the demand viewed

as a function of elements of the projective space.

It follows readily from formula (6.2) combined with the differen-

tiability of the composition of differentiable functions that the (ho-

mogeneous of degree 0) strict demand function fi : X �Rþþ ! Rl is

smooth. It also satisfies Walras’ law, namely, the identity p � fiðp;wiÞ ¼
wi.

Following are examples of demand functions associated with price-

dependent log-linear utility functions.

Consider again the price-dependent log-linear utility function

uiðq; xiÞ ¼
Xl
j¼1

a
j
i ðqÞ ln x

j
i :

The extended demand function is then equal to

jiðq; p;wiÞ ¼ a1i ðqÞ
p1

;
a2i ðqÞ
p2

; . . . ;
ali ðqÞ
pl

� �
wi; ð6:3Þ

for q A PðXÞ, and ðp;wiÞ A X �Rþþ.
The strict demand function is equal to

fiðp;wiÞ ¼ a1i ðpÞ
p1

;
a2i ðpÞ
p2

; . . . ;
ali ðpÞ
pl

� �
wi: ð6:4Þ

Note that the diffeomorphism property of the individual demand

function, the symmetry and negative definiteness of the Slutsky

matrix—all properties satisfied in the case of non-price-dependent

preferences (see, e.g., exercises 1.10, 1.11, 1.14, 1.16, and 1.17 in chapter

1)—are not satisfied by the strict demand functions resulting from the

maximization of price-dependent preferences.
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6.2.5 Equilibrium

The definition of an equilibrium extends readily to the price-dependent

setup. The pair ðp;oÞ A PðXÞ �W is an equilibrium if the equilibrium

equationX
i

fiðp; p � oiÞ ¼
X
i

oi ð6:5Þ

is satisfied.

6.3 Equilibrium Manifold

The equilibrium manifold E is the subset of PðXÞ �W consisting of the

pairs ðp;oÞ that satisfy equation (6.5).

As in the case of price-independent preferences, it is not obvious

from this definition that the equilibrium manifold E is actually a

smooth submanifold of PðXÞ �W nor even a smooth manifold in itself.

The main results of this section consist in the extension to the

setup of price-dependent utility functions of the local and global prop-

erties of the equilibrium manifold proved for the setup of non-price-

dependent utility functions.

6.3.1 Local Structure: Smooth Manifold

Proposition 6.3.1 The equilibrium manifold E is a smooth submani-

fold of PðXÞ �W.

Proof The proof of proposition 2.4.1 in chapter 2 for the case of total

variable resources does not require more than the differentiability

of the demand functions fiðp;wiÞ combined with Walras’ law. These

properties are also satisfied by the strict demand functions defined in

the previous section. This proves readily the smooth submanifold

structure of the equilibrium manifold E for the case of price-dependent

utility functions and variable total resources. m

6.3.2 Global Structure: From Pathconnectedness to Diffeomorphism

with a Euclidean Space

Here, too, all the global properties proved for the equilibrium manifold

in chapter 4 remain true in the setup of price-dependent utility func-

tions and variable total resources. In particular, the equilibrium mani-

fold E is diffeomorphic to Rlm.
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It is also possible to consider in that setup the extended equilibria

where the parameter o is not restricted to consist of only strictly posi-

tive endowment vectors. Again, the extended equilibrium manifold ~EE is

diffeomorphic to ðRlÞm.

6.4 Natural Projection

The natural projection p : E ! W is now the restriction to the equilib-

rium manifold E of the projection map ðp;oÞ ! o from PðXÞ �W into

W. The following are two crucial properties for the natural projection.

Proposition 6.4.1 The natural projection p : PðXÞ �W is smooth and

proper.

6.4.1 Proof of Smoothness

The natural projection p : E ! W is smooth as the composition of two

smooth maps, the embedding map E ! PðXÞ �W, which is smooth be-

cause E is a smooth submanifold of PðXÞ �W, and the projection map

PðXÞ �W ! W, whose smoothness follows readily from its linearity.

This is exactly the same proof as for proposition 2.5.1 in chapter 2 for

the case of non-price-dependent preferences.

6.4.2 Proof of Properness

Let us now show that the natural projection p : E ! W is a proper map,

i.e., the preimage p�1ðKÞ of every compact subset K of W is a compact

subset of the equilibrium manifold E.

The map ðo1;o2; . . . ;omÞ !
P

i oi is continuous. The image of the

compact set K by this map is compact and therefore bounded from

above by some element r� A X.

It follows from the equilibrium equation (6.5) that the sumP
i fiðp; p � oiÞ is bounded from above by r� A X. Each term fiðp; p � oiÞ

also belongs to X, so this implies that for any ðp;oÞ A p�1ðKÞ the de-

mand fiðp; p � oiÞ is bounded from above by r�.
Pick arbitrarily some consumer i. Then oi A X belongs to the image

Ki of the compact set K by the projection ðo1;o2; . . . ;oi; . . . ;omÞ ! oi.

The set Ki is compact as the image of a compact set by a continuous

map. The compact set Ki, being a subset of the strictly positive orthant

X, is bounded away from zero: there exists x�
i A X such that x�

i aoi for

o A K.
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Let us now show that the demand fiðp; p � oiÞ is also bounded away

from zero for all ðp;oÞ A p�1ðKÞ. For a given q A PðXÞ, the utility

uiðq; fiðp; p � oiÞÞb u�
i ðx�

i Þ = inf
q APðXÞ uiðq; x�

i Þ. The set

fxi A X j uiðq; xiÞb uiðx�
i Þ; xi a r� A Xg

is then bounded away from zero by some eðqÞ > 0 that depends contin-

uously on q A PðXÞ. It follows from the compactness of PðXÞ that e ¼
inf

q APðXÞ eðqÞ > 0.

It has therefore been proved that for any ðp;oÞ A p�1ðKÞ, the de-

mand fiðp; p � oiÞ belongs to some compact set Hi of X. Let us prove

that this implies that p then belongs to a compact subset of PðXÞ.
Consider the map ðq; xiÞ ! Dxuiðq; xiÞ from PðXÞ � X into X. This

map is continuous. Therefore, the image of the compact set PðXÞ �Hi

by this map is a compact subset L of PðXÞ. It suffices to observe that

for fiðp; p � oiÞ belonging to the compact set Hi, p necessarily belongs

to the compact subset L.

It is also obvious that, in addition to being contained in L� K, the set

p�1ðKÞ is closed. This implies that p�1ðKÞ is compact.

6.4.3 Applications to Comparative Statics and Number of Equilibria

Proposition 6.4.1 implies the important property that the natural pro-

jection is a finite ramified covering of the parameter space W. This

implies in particular the following proposition.

Proposition 6.4.2 There exists a closed set of measure zero S in W

such that, for any endowment vector o B S, the set p�1ðoÞ of equilibria
is finite, the equilibria being locally unique.

The finite ramified covering property also implies that, at the regular

value o AR, there exists an open neighborhood U of o such that

p�1ðUÞ consists of a finite number of disjoint (open) sets such that the

restriction of p to each of these subsets is a diffeomorphism with the

open set U. The equilibrium price vectors p A PðXÞ associated with

o A U are smooth functions of the parameter o A U.

In addition, the same kind of upper bound on the number of equilib-

ria as the one given by proposition 2.8.1 in chapter 2 exists for econo-

mies with price-dependent utility functions.

It is also true that the modulo 2 degree of the natural projection is

equal to 1, just as in the non-price-dependent setup.
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Proposition 6.4.3 The modulo 2 degree of the natural projection

p : E ! W is equal to 1.

Proof The proof of this property cannot follow the approach of prop-

osition 4.6.3 in chapter 4 because there is no equivalent here of Pareto

efficiency or of the regularity property of equilibrium allocations.

A solution is to construct a proper homotopy, i.e., a continuous path

going from one map to the other in the set of proper maps, here from

the natural projection with non-price-dependent utility functions to

the natural projection for price-dependent utility functions. In the pro-

cess, the domain of the natural projection, namely, the equilibrium

manifold, also changes. This requires using the diffeomorphism or at

least the homeomorphism of the equilibrium manifold with Rlm to

work with a domain that does not change.

Let us use the homeomorphism yE : E ! B� Bð0; r�Þ, defined by

equation (4.3) in chapter 4, between the equilibrium manifold E and

the Cartesian product B� Bð0; rÞ, where Bð0; rÞ is the open ball of

Rðl�1Þðm�1Þ centered at zero with radius r > 0. The composition

p � ðyEÞ�1 : B� Bð0; rÞ ! W that associates with ðb; rÞ A B� Bð0; rÞ the

endowment vector o ¼ ðo1; . . . ;omÞ corresponds to the natural projec-

tion p, but its domain B� Bð0; rÞ is now independent of the demand

functions f1; f2; . . . ; fm.

Let ð f1; f2; . . . ; fmÞ and ð f 01 ; f 02 ; . . . ; f 0mÞ be two m-tuples of individual

demand functions. They satisfy Walras’ law, and the associated natural

projection maps are proper. In addition, assume that the m indi-

vidual demand functions f1; f2; . . . ; fm are associated with non-price-

dependent utility functions.

The natural projection maps now correspond to the maps denoted

by oðb; rÞ and o 0ðb; rÞ from B� Bð0; rÞ into W. These maps are proper.

Let f ti ¼ ð1� tÞ fi þ tf 0i for i ¼ 1; 2; . . . ;m with t A ½0; 1�. Define the

map o t : B� Bð0; rÞ by the formula

o tðb; rÞ ¼ ð1� tÞoðb; rÞ þ to 0ðb; rÞ:
We have o0ðb; rÞ ¼ oðb; rÞ and o1ðb; rÞ ¼ o 0ðb; rÞ.

Let us show that the map o t : B� Bð0; rÞ ! W is proper for any

t A ½0; 1�. We can assume t A ð0; 1Þ because o0 and o1 are already

proper. Let K be a compact subset of W. The preimage ðo tÞ�1ðKÞ con-
sists of the price-income vectors b ¼ ðp;w1;w2; . . . ;wmÞ A B and r A
Bð0; rÞ such that o tðb; rÞ A K.

Economies with Price-Dependent Utility Functions 135



The element o tðb; rÞ ¼ ð1� tÞoðb; rÞ þ to 0ðb; rÞ belongs to K. This

implies that the sum

ð1� tÞ
X
i

fiðp;wiÞ
 !

þ t
X
i

f 01ðp;wiÞ
 !

is bounded from above by some vector r�.
Each demand vector belongs to X and has therefore strictly positive

components and 1� t > 0, so each term fiðp;wiÞ is bounded from

above.

Pick arbitrarily consumer i. Compactness of K implies that the com-

ponent oi is bounded away from zero: there exists a vector x�
i A X

such that x�
i aoi. Then, the non-price-dependent utility uið fiðp; p � oiÞÞ

b uiðx�
i Þ and is therefore bounded from below by uiðx�

i Þ.
Boundedness from above combined with the utility uið fiðp;wiÞÞ be-

ing bounded from below implies that ðp;wiÞ belongs to a compact sub-

set of PðX �RþþÞ. (Use the analogue for non-normalized prices and

incomes of lemma 2.5.3.) This proves that the projection on the price

set PðXÞ of the preimage ðo tÞ�1ðKÞ is a closed subset of a compact set

and is therefore compact. Then, for i ¼ 1; 2; . . . ;m, we have ðp;wiÞ ¼
ðp; p � oiÞ, which belongs to some compact subset of PðX �RþþÞ be-

cause oi belongs to a compact set.

The proof ends with the observation that for a given b A B, the set of

r A Bð0; rÞ such that yEðb; rÞ ¼ ðp;oÞ is such that o belongs to the com-

pact subset K of W is also compact. m

Corollary 6.4.4 Equilibrium exists for any o A W.

The degree property of the natural projection implies that p : E ! W

is onto. In other words, equilibrium exists when preferences are price-

dependent.

6.5 Conclusion

In this chapter the consumption set is the strictly positive orthant

X ¼ Rl
þþ. Some exercises here are devoted to extending the properties

of chapter 6 to general consumption sets of the kind required for

applying the price-dependent model to the temporary equilibrium

model (see chapter 9).

These general consumption sets satisfy the following properties: (1)

consumption sets are polyhedra, i.e., defined by linear inequalities; (2)
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all consumption sets have the same recession cone P; (3) for every con-

sumer i, there exists a commodity bundle xi A Rl (its coordinates can

be < 0) such that the set xi þ P contains the consumption set Xi. Prices

are then restricted to belong to the interior of the dual cone associated

with the recession cone P. The common recession cone P of all the con-

sumption sets becomes the analogue of the strictly positive orthant X

for the model considered in this chapter.

6.6 Notes and Comments

Price-dependent utility functions (or preferences) were considered the

main explanation for conspicuous consumption by Veblen (1899).

Later, Scitovsky (1944) and Pollak (1977) showed that inferring the

quality of a product by its price is equivalent to having price-

dependent preferences. Shafer (1974) observed that consumer’s maxi-

mization behavior subject to a budget constraint is in the case of

nontransitive preferences formally equivalent to the maximization of

some price-dependent function. A first study of the Slutsky matrix

associated with a price-dependent utility function is due to Kalman

(1968).

Existence of equilibrium in the Arrow-Debreu model with price-

dependent preferences was proved by Arrow and Hahn (1971) under

fairly general assumptions. The properties of the equilibrium manifold

and natural projection for price-dependent preferences are due to

Balasko (2003a).

A possible direction for future research would be to assume that

preferences depend not only on the relative but also on the absolute

level of commodity prices q. The utility function uiðq; xiÞ is therefore

not homogeneous of degree 0 with respect to q. The properties of the

equilibrium model with such price-dependent preferences will then be

somewhat different from those studied in this chapter. The main rea-

son is that the equilibrium equation has in that case l real unknowns,

with only l� 1 equations independent. Unsurprisingly, this creates

indeterminacy for the solutions. Nevertheless, the equilibrium set re-

mains a smooth submanifold, diffeomorphic to Rlmþ1, and the projec-

tion map p is still a proper map. The study of the indeterminacy of the

equilibrium solution could then follow the same lines as for the model

with purely financial instruments studied by Balasko and Cass (1989).
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7 Out-of-Equilibrium Price Dynamics

7.1 Introduction

Any treatment of the properties of the general equilibrium model

would be incomplete without some mention of how equilibrium is

attained and sustained. At the base of the general equilibrium model is

the idea that an excess of total supply over total demand, or of total de-

mand over total supply, triggers the forces of competition into driving

the price system toward a state where aggregate demand and supply

eventually become equal.

The study of these out-of-equilibrium price dynamics is very diffi-

cult, starting with the dynamics formulation itself. One of the nicest

features of the theory of general equilibrium is that it avoids getting

into the details of these dynamics by directly addressing the properties

of their stationary points, the competitive equilibria. This is the right

strategy to follow if only equilibrium solutions are considered to be of

interest and if there are no issues related to the selection and stability

properties of these equilibria.

Nevertheless, the selection of equilibria and their stability properties

are issues sufficiently important not to be neglected. In addition, the

behavior of competitive markets when there is no equality between

total supply and total demand is of independent interest.

Walras (1874) observed that in organized markets like the stock

exchange, an auctioneer determines the prices that equate aggregate

supply and demand by increasing (resp. reducing) the prices of the

commodities that are in excess supply (resp. demand) until equilib-

rium is reached. He made the bold assumption that in markets without

auctioneers—markets where commodity prices are set by the economic

agents themselves, whether buyers or sellers—the forces of competi-

tion operate along the same lines as the auctioneers of the organized



markets. This behavior of competitive markets when prices are not at

equilibrium had already been described by Adam Smith in 1776.

This description of price behavior out of equilibrium is purely quali-

tative. It does not indicate by how much the market or the auctioneer

revises the price of a commodity for which there is no equality of sup-

ply and demand. In other words, there is no information on the speed

of adjustment. This question was solved somewhat arbitrarily by

Samuelson (1941) when he defined Walras tatonnement by the differen-

tial equation

_ppðtÞ ¼ zðpðtÞ;oÞÞ;
pð0Þ ¼ p�:

(
Let a ¼ ða1; a2; . . . ; al�1Þ denote a row vector in Rl�1

þþ . Define the

product, represented by the symbol j, by the formula aj z ¼ ða1z1;
a2z2; . . . ; al�1zl�1Þ. The qualitative behavior postulated by Walras is

satisfied by all the dynamic systems with the differential equation

_ppðtÞ ¼ aj zðpðtÞ;oÞÞ;
pð0Þ ¼ p�:

(
Walras tatonnement corresponds to the special case a ¼ ð1; 1; . . . ; 1Þ.
Varying a amounts to changing the speed of adjustment.

The problem is that different speeds of adjustment yield different

dynamic systems, in the sense that their trajectories are different even

if the fixed or stationary points of these dynamic systems are all the

same. The property for an equilibrium of being (locally) stable there-

fore depends on the adjustment speeds. The qualitative behavior

postulated by Walras leaves too much arbitrariness for a meaningful

definition of stability. More information is required about the determi-

nation of the speeds at which markets adjust when they are not at

equilibrium.

7.2 Structure of the Exchange Process

The starting point is to impose more structure on the exchange process

than there is in the Arrow-Debreu model. The formulation of the price

adjustment process gains in realism if goods are exchanged for money,

and money for goods, a role of money highlighted in Shapley and Shu-

bik’s (1977) trading post model. Trading post models have been quite

successful in monetary economics. For example, Starr (2003) and Starr
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and Stinchcombe (1999) use them to analyze the emergence of com-

modity money in an exchange setup. A variant where ‘‘specialized

shops’’ are substituted for the trading posts is used by Howitt (2005)

to endogenize fiat money.

Here, the trading posts supply the additional structure needed to

deal with the out-of-equilibrium price dynamics. There is one trading

post for every commodity, and trade takes place only in the trading

posts. Goods are traded for ‘‘money.’’ The buying (resp. selling) opera-

tions done by the trading posts are synchronized all over the economy.

The selling operations occur only after the completion of the buying

operations.

7.3 Scenario: Endogenous Money Creation

A scenario consists of a sequence of rounds. A round starts with bid

prices that are exogenously given. It ends with the determination of

the selling prices by the trading posts. Money is created and used in

the middle of every round, but there is no money at the beginning or

end of each round. However, because of the existence of money in the

middle of each round, prices are not normalized. There is no numeraire

in this model. Consequently, the price vector p ¼ ðp1; p2; . . . ; pl�1; plÞ
A X is not normalized.

7.3.1 Description of a Round

Phase 1

A round starts with a bid price vector p A X that is exogenously given.

The trading posts buy consumers’ resources at the bid price vector

p A X. They buy all the resources that are available in the economy.

For that purpose, they write IOUs in exchange for the goods delivered

to them.

The quantity of IOUs received by consumer i from selling the quan-

tity o
j
i of commodity j is equal to pjo

j
i . Consumer i’s wealth is the sum

of the IOUs received from the various trading posts and is equal to

p � oi.

The quantity of IOUs issued by trading post j is mj ¼ pjr
j.

Phase 2

Consumers know the price system p A X and their own wealth. In

an Arrow-Debreu world, they maximize utility subject to budget
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constraints. In this operation, they assume that the price vector p 0 A X

at which the goods are to be sold by the trading posts will coincide

with the bid price vector p A X of phase 1.

Consumer i’s demand for commodity j is then equal to f
j
i ðp; p � oiÞ.

Therefore, consumer i brings to trading post j the quantity

pj f
j
i ðp; p � oiÞ in cash, and cash consists of the IOUs created by the var-

ious trading posts.

Trading post j ends up facing a total quantity of IOUs equal to

mj ¼
P

i pj f
j
i ðp; p � oiÞ that is offered in exchange for commodity j.

Phase 3

In order to satisfy all individual demands, trading post j sets the sell-

ing price p 0
j of commodity j at a level such that the value p 0

j r
j of com-

modity j held by the trading post is equal to the demand made up of

IOUs, demand equal to mj. This implies the equality p 0
j r

j ¼ mj.

The selling price vector p 0 ¼ ðp 0
1; p

0
2; . . . ; p

0
lÞ A X is by definition the

round’s output.

7.3.2 Recontracting, or the Trade Feasibility Condition

If the price vector p 0, the round’s output, is different from the round’s

input p, no trade actually takes place. A new round then starts with the

vector p 0 A X, the selling price vector of the previous round, as the

new bid price vector. This assumption is similar to the recontracting

assumption used in Walras tatonnement.

If the price vectors p and p 0 are equal, the equality
P

i fiðp; p � oiÞ ¼P
i oi is satisfied. Then, the price vector p A X is actually an equilib-

rium price vector, and trade can take place.

7.4 Alternative Scenario: Fiat Money, Bid and Selling Prices

Endogenously Determined

This second scenario may sound more interesting because it starts from

a given stock of fiat money. Money is held by the trading posts be-

tween each round. As a consequence, the trading posts do not issue

IOUs. Another consequence is that the trading posts cannot take the

bid prices as exogenously given because they may not have enough

money to buy all the goods they are being offered at the begining of a

round.
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7.4.1 Description of a Round

A round still comprises three phases. But the round’s input and output

are now different from those in the previous scenario. A round’s input

now consists in the distribution m ¼ ðmjÞ A Rl
þþ of money holdings be-

tween the various trading posts. The three phases now take the follow-

ing forms:

Phase 1

The trading post j, with j varying from 1 to l, determines the bid price

pj for commodity j by the condition that the trading post can buy with

its money holdings mj the quantity r j of commodity j brought by all

the consumers in the economy. This implies that the buying price pj
must satisfy the equality pjr

j ¼ mj.

Phase 2

Same as in the scenario with IOUs.

Phase 3

The trading post j determines the selling price p 0
j , as in the version

with IOUs, by the condition

p 0
j r

j ¼ pj
X
i

f
j
i ðp; p � oiÞ

 !
:

Trading post j’s money holdings at the end of phase 3 are m 0
j ¼ p 0

j r
j.

The round’s output is the distribution of the trading posts’ money

holdings m 0 ¼ ðm 0
j Þ A Rl

þþ.

7.4.2 Trade Feasibility Condition

The trade feasibility condition is again the equality p ¼ p 0. This condi-
tion is equivalent to equality m ¼ m 0. If the trade feasibility condition

is not satisfied, in which case m 0 0m, another round starts with a new

input that is the distribution m 0 ¼ ðm 0
j Þ.

7.5 D-Dynamics (Discrete Time)

Note that recontracting, whether in the first or second scenario, leads

to an infinite sequence of rounds if p0 p 0. These iterations define a

discrete-time dynamic system on the set of prices, a system of which

the fixed prices are the equilibrium price vectors.
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Using the j notation for coordinatewise multiplication, let us define

the map a : X ! X by the formula

aðpÞ ¼ r�1
j

X
i

fiðp; p � oiÞ
 !

j p:

The bid p A X and selling prices p 0 A X in a given round, whether in the

first or second scenario, are related by the formula

p 0 ¼ aðpÞ:
The equilibrium price vectors of the Arrow-Debreu exchange econ-

omy defined by the endowment vector o ¼ ðoiÞ are the fixed points of

the map a : X ! X.

Map a being homogeneous of degree 1, then lp is a fixed point of a
for any l > 0 if p is also a fixed point.

The D-dynamics is the discrete dynamic system on X defined by the

map a and its iterates, the maps a t, with t A Z, where

a t ¼

a � a � � � � � a|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
t times

for tb 1;

identity map t ¼ 0;

a�1 � a�1 � � � � � a�1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�t times

for ta�1:

8>>>><>>>>:
See Hirsch and Smale (1974, ch. 13, sec. 2).

7.6 C-Dynamics (Continuous Time)

The C-dynamics is the limit of the discrete-time D-dynamics defined by

the map a : X ! X when the duration of a round tends to zero.

The C-dynamics is then defined by the differential equation

_ppðtÞ ¼ r�1
j ½ðPi fiðpðtÞ; pðtÞ � oiÞÞ � r�j pðtÞ; tb 0;

pð0Þ ¼ p�:

�

7.6.1 Value Normalization of the Price Vector

Let us denote by Sw ¼ fp A X j p � r ¼ wg the set of price vectors that

give the value w to the total resources r A X.

It follows from the equality _ppðtÞ � r ¼ p � zðpðtÞ;oÞ ¼ 0 that the inner

product pðtÞ � r is constant and necessarily equal to w for p� A Sw.
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Therefore, the C-dynamics define a dynamic system on the set of

value-normalized price vectors Sw. The zeros or equilibria of the C-

dynamics are the equilibrium price vectors of the exchange economy

defined by the endowment vector o ¼ ðoiÞ.

7.6.2 C-Stability

The (value-normalized) equilibrium price vector p A Sw of the economy

o ¼ ðoiÞ is C-stable if it is a locally asymptotically stable fixed point of

the C-dynamics. We denote by EðCÞ the subset of the equilibrium man-

ifold E consisting of the set of C-stable equilibria.

Let ðp;oÞ A E be an equilibrium, with p A Sw. The linearized dy-

namic system at p of the C-dynamics is the linear differential equation

_ppðtÞ ¼ Tðp;oÞðpðtÞ � pÞ; tb 0;

pð0Þ ¼ p�;

�
where Tðp;oÞ is the Jacobian matrix of the map

p ! r�1
j

X
i

fiðp; p � oiÞ
 !

� r

" #
j p:

Let us introduce matrix Jðp;oÞ as the l� l Jacobian matrix of the ag-

gregate excess demand map

p A X ¼ Rl
þþ ! zðp;oÞ ¼

X
i

fiðp; p � oiÞ
 !

� r A Rl:

Note that prices are not normalized by the numeraire convention in

this chapter. The Jacobian matrix of the map

ðp; 1Þ A S ! zðp;oÞ A Rl�1

that has been considered in the previous chapters becomes the l� 1�
l� 1 matrix obtained from Jðp;oÞ by deleting the l-th row and col-

umn, a matrix denoted in this chapter by Jllðp;oÞ. Note that det Jðp;oÞ
is equal to zero. The equilibrium ðp;oÞ is regular if det Jllðp;oÞ is dif-
ferent from zero. This is equivalent to rank Jðp;oÞ ¼ l� 1.

Let P denote the diagonal matrix whose j-th diagonal coefficient is

pj=r
j, with j ¼ 1; . . . ; l. It follows readily from the definitions that we

have

Tðp;oÞ ¼ Jðp;oÞP:
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The C-stability properties of the equilibrium ðp;oÞ in E can be

derived from those of the linearized differential equation in the follow-

ing case:

Definition 7.6.1 The equilibrium ðp;oÞ is C-hyperbolic if it is a regular

equilibrium and if all the nonzero eigenvalues of the matrix Tðp;oÞ
have nonzero real parts.

A straightforward adaptation of the proof of proposition 4.7.1 in

chapter 4 shows us that the complement of the subset of the equilib-

rium manifold consisting of the C-hyperbolic equilibria is closed with

measure zero.

The C-hyperbolic equilibrium ðp;oÞ is C-stable if and only if the

nonzero eigenvalues of the matrix Tðp;oÞ all have strictly negative

real parts. This algebraic characterization of the C-hyperbolic C-
equilibria is particularly helpful.

7.6.3 Nonequivalence of C-Dynamics with Walras Tatonnement

Provided that we limit ourselves to equilibria that are both

tatonnement-hyperbolic and C-hyperbolic—the sets of tatonnement-

hyperbolic equilibria and of C-hyperbolic equilibria are both open

dense subsets of the equilibrium or extended equilibrium manifolds

and, as such, their intersection is open dense—C-stability boils down

to the matrix Tðp;oÞ having l� 1 eigenvalues with strictly negative

real parts, and tatonnement stability amounts to the matrix Jðp;oÞ
having all its eigenvalues with strictly negative real parts. These ma-

trices, although related to each other, have different characteristic poly-

nomials. For suitable choices of the price vector p A Sw and the total

resource vector r A Rl, some stable (resp. unstable) matrices Jll corre-

spond to unstable (resp. stable) matrices Tðp;oÞ. Therefore, C-stability
and tatonnement stability are different concepts.

7.7 Classes of C-Stable Equilibria

The goal of this section is to identify several classes of C-stable equilib-

ria or, alternatively, several remarkable subsets of the set EðCÞ of C-

stable equilibria.

7.7.1 Inclusion THE(C)

This inclusion follows from proposition 7.7.1.
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Proposition 7.7.1 Every no-trade equilibrium ðp;oÞ is C-hyperbolic

and C-stable.

Proof The no-trade equilibrium ðp;oÞ is regular. Therefore, the ma-

trix Tðp;oÞ has l� 1 nonzero eigenvalues (counted with their order of

multiplicity). The idea of the proof is to show that these l� 1 nonzero

eigenvalues are < 0.

Step 1. The eigenvalues of T(p,o) are real Recall that P denotes the

l� l diagonal matrix whose coefficient of row j is equal to pj=r
j. Re-

call that T ¼ JP.

Let l A C be an eigenvalue of T. We have detðT � lIÞ ¼ detðJP� lIÞ
¼ 0. This is equivalent to detðJ � lP�1Þ ¼ 0.

There exists a column vector X A Cl, with X0 0, such that

ðJ � lP�1ÞX ¼ 0: ð7:1Þ
The left matrix multiplication of equality (7.1) by the row matrix XT ,

where X denotes the complex conjugate of X, yields

XTJX ¼ lXTP�1X: ð7:2Þ
The complex conjugate of the transposed equality (7.1) yields the

equality XTðJ � lP�1Þ ¼ 0 because J is real and symmetric at a no-

trade equilibrium. The right multiplication of this equality by the col-

umn matrix X yields

XTðJ � lP�1ÞX ¼ 0;

hence

XTJX ¼ lXTP�1X: ð7:3Þ
It follows from X0 0 that XTP�1X0 0. The combination of equalities

(7.2) and (7.3) then implies the equality l ¼ l, which proves that the

eigenvalue l is real.

Step 2. The nonzero eigenvalues of T(p,o) are H 0 Let now l0 0

be an eigenvalue of Tðp;oÞ ¼ Jðp;oÞP. There exists a column matrix

X0 0 (with real coefficients) such that

JX � lP�1X ¼ 0:

Left matrix multiplication by the row matrix XT yields the equality
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XTJX � lXTP�1X ¼ 0;

hence

lXTP�1X ¼ XTJX:

The matrix J is negative semidefinite at the no-trade equilibrium; hence

XTJXa 0, from which follows lXTP�1Xa 0. Then XTP�1X > 0, and

la 0, and therefore l < 0 because we assumed l0 0. This readily

implies that the no-trade equilibrium ðp;oÞ is C-hyperbolic because no

eigenvalue of Tðp;oÞ that is not equal to zero has a real part equal to

zero. In addition, the no-trade equilibrium ðp;oÞ is C-stable because

the real parts of the nonzero eigenvalues of M are all < 0. m

Remark As for all properties of the no-trade equilibria, the impor-

tance of proposition 7.7.1 lies in the implication that C-stability holds

true if the intensity of trade as measured by the vector of net exchanges

ð fiðp; p � oiÞ � oiÞ is not too large.

The study of the bifurcation occurring when the competitive equilib-

rium loses its C-stability because of, for example, a relative increase

of net trade is an open problem and should be the subject for further

research.

7.7.2 Inclusion E(S)HE(C)

The equilibrium ðp;oÞ satisfies the gross substitutability property (the

Sðp;oÞ property) whenever the aggregate demand for any commodity

increases with an increase of the price of any other commodity (see sec-

tion 4.8.2).

Proposition 7.7.2 Inclusion EðSÞHEðCÞ.
Proof The off-diagonal coefficients of matrix Tðp;oÞ are > 0, whereas

its diagonal coefficients are < 0. Multiply row j of matrix Tðp;oÞ � lI

by r j for j varying from 1 to l. This yields matrix Lðp;oÞ � lK, where

the coefficient of the jth row of the l� l diagonal matrix K is equal to

r j. Let bjk denote the coefficient of row j and column k of matrix

Lðp;oÞ. Recall thatPj bjk ¼ 0 for every k.

Let l0 0 be some complex number with a real partb 0. Let us show

that matrix Lðp;oÞ � lK is invertible.

It follows from bkk < 0 that jbkkj ¼ �bkk ¼
P

j0k bjk. In addition, the

real part of l beingb 0, this implies the strict inequality jbkk � lrkj >
jbkkj. Therefore,

148 Chapter 7



jbkk � lrkj >
X
j0k

bjk ¼
X
j0k

jbjkj:

Matrix L� lK is therefore strictly diagonal-dominant and, by the Levy-

Desplanques theorem (Horn and Johnson 1985, corollary 5.6.17), inver-

tible. Every nonzero eigenvalue of Tðp;oÞ has therefore a strictly

negative real part. This proves that every equilibrium belonging to

EðSÞ is C-hyperbolic and C-stable, and hence belongs to EðCÞ. m

7.8 Pathconnectedness of the Set of Extended C-Stable Equilibria

Let ~EEðCÞ denote the set of C-stable extended equilibria. Let ~EEhðCÞ de-

note the set of C-hyperbolic C-stable equilibria. The main result of this

section is the following.

Proposition 7.8.1 The set ~EEðCÞ of C-stable extended equilibria is

pathconnected.

Proof It follows from the mathematical definition of pathconnected-

ness that two C-stable extended equilibria can always be linked by a

continuous path of C-stable extended equilibria.

The line of reasoning is similar to the one used to prove proposition

4.8.3 in chapter 4, the pathconnectedness of the set of tatonnement-

stable extended equilibria. The goal is to show that the following prop-

erties are satisfied in every fiber: (1) the set of equilibria ðp;oÞ whose

matrix Tðp;oÞ has l� 1 eigenvalues with strictly negative real parts is

pathconnected and contains the no-trade equilibrium of the fiber; and

(2) the closure of that set contains the set of C-stable equilibria belong-

ing to the fiber.

The crux of the proof is to reduce the study of sets of matrices that

have one eigenvalue equal to zero, their other eigenvalues having

strictly negative or negative real parts, to sets of matrices with nonzero

eigenvalues and strictly negative or negative real parts.

Lemma 7.8.2 The intersection gEðCÞEðCÞXgFðbÞFðbÞ contains the no-trade equi-

librium f ðbÞ and is pathconnected for every b A B.

Step 1. Parameterization of the extended fiber gF(b)F(b) by the lDm real

matrices Y Let Y be the l�m matrix
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Y ¼

y11 y21 � � � yl
1

y12 y22 � � � yl
2

..

. ..
. ..

. ..
.

y1m y2m � � � yl
m

2666664
3777775:

Denote the rows of Y by the vectors ~yy1; ~yy2; . . . ; ~yym of Rl, and write

Y ¼

~yy1
~yy2

..

.

~yym

266664
377775:

It follows from ~yyi ¼ oi � fiðp;wiÞ A Rl, i varying from 1 to m, that

we can associate with the equilibrium ðp;oÞ A gFðbÞFðbÞ the l�m matrix

Yðp;oÞ defined by the row vectors ~yy1; ~yy2; . . . ; ~yym. Conversely, every

matrix Y such that p � ~yy1 ¼ p � ~yy2 ¼ � � � ¼ p � ~yym ¼ 0 and ~yy1 þ ~yy2
þ � � � þ ~yym ¼ 0 corresponds to a uniquely defined equilibrium ðp;oÞ AgFðbÞFðbÞ. Note that matrix Y ¼ 0 corresponds to the no-trade equilibrium

f ðbÞ of the fiber gFðbÞFðbÞ.
Denote by YðbÞ the subset of the set of l�m matrices Y such that

p � ~yy1 ¼ p � ~yy2 ¼ � � � ¼ p � ~yym ¼ 0

~yy1 þ ~yy2 þ � � � þ ~yym ¼ 0:

Step 2. Formula T(p,o)FT( f (b))B FY(p,o) Let ðp;oÞ ¼ f ðbÞ ¼
ðp; f1ðp;w1Þ; . . . ; fmðp;wmÞÞ be a no-trade equilibrium. A straightfor-

ward computation of the derivatives of aggregate demand with respect

to prices yields the formula

Tðp;oÞ ¼ Tð f ðbÞÞ þ FYðp;oÞ; ð7:4Þ
where the l�m matrix F is equal to

F ¼

qf 11
qw1

qf 12
qw2

� � � qf 1m
qwm

qf 21
qw1

qf 22
qw2

� � � qf 2m
qwm

..

. ..
. . .

. ..
.

qf l1
qw1

qf l2
qw2

� � � qf lm
qwm

266666666666664

377777777777775
:
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Let~tt1;~tt2; . . . ;~ttl denote the column vectors of matrix Tð f ðbÞÞ. Let also
q~ff1
qw1

;
q~ff2
qw2

; . . . ;
q~ffm
qwm

denote the column vectors of matrix F. Then

r � q
~ff1

qw1
¼ r � q

~ff2
qw2

¼ � � � ¼ r � q
~ffm

qwm
¼ 1: ð7:5Þ

The column vectors of matrix Tðp;oÞ associated with Yðp;oÞ are

then the l vectors

~tt1 þ q~ff1
qw1

y11 þ � � � þ q~ffm
qwm

y1m; . . . ;~ttl þ
q~ff1
qw1

yl
1 þ � � � þ q~ffm

qwm
yl
m: ð7:6Þ

The eigenvalues of matrix Tðp;oÞ are therefore the eigenvalues of the

l column vectors making up matrix T. We now compute these eigen-

values in a new base.

Step 3. Reduction to dimension lC 1 and to matrices with no zero

eigenvalue The matrices T ¼ Tð f ðbÞÞ þ FY, where Y belongs to YðbÞ,
have the eigenvalue l ¼ 0. The goal is to get rid of the eigenvalue

l ¼ 0 by reducing the dimension to l� 1.

The no-trade equilibrium ðp;oÞ ¼ f ðbÞ is regular. One sees readily

that this is equivalent here to the eigenvalue l ¼ 0 of Tð f ðbÞÞ having

an order of multiplicity equal to 1. This implies that the rank of

Tð f ðbÞÞ is equal to l� 1. Let~tt1;~tt2; . . . ;~ttl be the column vectors of ma-

trix Tð f ðbÞÞ. A straightforward computation shows that they satisfy

the condition r �~tt1 ¼ r �~tt2 ¼ � � � ¼ r �~ttl ¼ 0. These vectors belong to the

hyperplane HðrÞ of Rl that is perpendicular to r.

The rank condition implies that the l� 1 vectors~tt1;~tt2; . . . ;~ttl�1, for

example, are linearly independent. These vectors are perpendicular to

the vector r, so they define with the vector r a base of Rl. (The vectors
~tt1;~tt2; . . . ;~ttl�1 define a base of the hyperplane HðrÞ.)

The l column vectors of T whose expression is given in (7.6) define

in the base ð~tt1;~tt2; . . . ;~ttl�1; rÞ a matrix N that has the same eigenvalues

as matrix T. (Matrix T defines for the canonical base a linear map from

Rl into itself, a map whose matrix in the base ðr;~tt1;~tt2; . . . ;~ttl�1Þ is N.)

It follows from (7.5) combined with (7.4) that the coefficients of the

last row of N are all equal to zero. Therefore, the eigenvalues of T con-

sist of l ¼ 0 and the eigenvalues of the collection of l� 1 vectors that

belong to the hyperplane HðrÞ:

~tt1 þ qf 1
qw1

y11 þ � � � þ qf m
qwm

y1m; . . . ;~ttl�1 þ qf 1
qw1

yl�1
1 þ � � � þ qf m

qwm
yl�1
m ; ð7:7Þ
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where

qf 1
qw1

;
qf 2
qw2

; . . . ;
qf m
qwm

are the orthogonal projections of the vectors

q~ff1
qw1

;
q~ff2
qw2

; . . . ;
q~ffm
qwm

into the hyperplane HðrÞ. (Recall that the vector r is orthogonal to

HðrÞ.)
It follows from ym ¼ �ðy1 þ y2 þ � � � þ ym�1Þ that the l� 1 column

vectors (7.7) define a matrix N such that (7.7) can be interpreted as the

matrix equality

N ¼ N0 þ GY; ð7:8Þ
where Y is the ðm� 1Þ � ðl� 1Þ matrix obtained from matrix Y by

deleting the last row and column. Note that Y can be any ðm� 1Þ �
ðl� 1) real matrix. The matrix N0 is symmetric and negative definite.

Step 4. Application of Balasko (1978a, theorems 2 and 4) The set of

matrices Y such that the eigenvalues of N have strictly negative real

parts contains the matrix Y ¼ 0 and is therefore nonempty. It then suf-

fices to apply theorems 2 and 4 of Balasko (1978a). m

Remark It is an open problem whether the pathconnectedness prop-

erty remains true when the parameter space is limited to the set W, i.e.,

when endowments are strictly positive.

7.9 Conclusion

The out-of-equilibrium D- and C-dynamics share with Walras tatonne-

ment the qualitative property that excess demand (resp. supply) drives

prices higher (resp. lower). For Walras, this property is an axiom.

Here, the property follows from the structure of the exchange process.

But the fact that there is a commodity numeraire in Walras tatonne-

ment while there is none in the D- and C-dynamics makes the D- and

C-dynamics very different from Walras tatonnement. For example, a

competitive equilibrium may be tatonnement-stable and C-unstable, or

C-stable and tatonnement-unstable. Despite these differences, the prop-

erties of C-stability that have been proved look very similar to those of
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tatonnement stability in the sense that no trade or gross substitutability

implies C-stability. Note also the pathconnectedness of the set gEðCÞEðCÞ of
C-stable extended equilibria.

Another important assumption here is the trade feasibility condition,

namely, that bid and selling prices have to be equal for trade to take

place. Relaxing this assumption gives rise to expectation formation

and learning in a totally new setup. Much research remains to be done

in that direction.

7.10 Notes and Comments

Much of the material of this chapter is taken from Balasko (2007).
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8 Economic Fluctuations and theArrow-DebreuModel

8.1 Introduction

The main goal of this chapter is to explore whether the Arrow-Debreu

model can shed light on the long-standing problem of economic fluctu-

ations. This subject is sufficiently important not to neglect any kind of

explanation.

A first difficulty is that the general version of the Arrow-Debreu

model has no time component. Its structure is characterized by the fol-

lowing properties: (1) goods are just enumerated; (2) the utility func-

tions that represent individual preferences are monotone and strictly

quasi-concave; and (3) consumers maximize their utility functions sub-

ject to unique budget constraints. The other properties of utility func-

tions are of lesser importance because their role is merely to simplify

the mathematics. The fact that goods are just enumerated implies that

there is no notion of distance or, alternatively, of proximity between

goods. The commodity space is simply some Euclidean space where

each commodity defines an element of the base of that vector space.

The physical and economic properties of the goods are encapsulated in

the properties of the consumers’ utility functions.

To apply the Arrow-Debreu model to issues of economic dynamics,

the structure of the model needs to be enriched by the explicit intro-

duction of time. Time is introduced into the model by differentiating

goods by their date of delivery. Two commodity bundles that differ

by their delivery dates should nevertheless make about the same con-

tributions to consumers’ utility if the dates of delivery are very close,

a property that does not follow from continuity, monotonicity, and

quasi-concavity.

Some new assumptions have to be made to reflect the dependence of

utility on the date of delivery. A solution is to define the utility of a



commodity bundle as the sum of the discounted ‘‘utilities’’ of the

goods delivered at the different dates that make up the commodity

bundle. In this chapter the utility that depends only on the physical

characteristics of the goods (not on the time of delivery) is called a

short-run utility function. A discount factor enables the consumer to

compare the short-run utilities of goods delivered at different dates

and to aggregate them into an expression giving the long-run utility.

The long-run utility function is the sum of discounted short-run util-

ities. It plays the same role in the intertemporal Arrow-Debreu model

as the standard utility function in the timeless version of the same

model.

The impact of the definition of dated goods is not limited to utility

functions. The assumption of consumers facing a unique budget con-

straint becomes much harder to justify once goods are dated. The hy-

pothesis of a unique budget constraint is natural for lack of a better

alternative in the standard timeless version of the Arrow-Debreu

model. This assumption becomes much more heavily loaded when it

is formulated for an environment of dated goods. The uniqueness of

the budget constraint means that the typical consumer can freely trans-

fer wealth between time periods. In the real world, this cannot be done

without durable goods and money and, more generally, financial

assets like stocks and bonds. Not all consumers have sufficient access

to financial markets for the assumption of a unique budget constraint

for each consumer to be fully realistic. Therefore, even if the Arrow-

Debreu model does not feature money or financial assets, the latter are

not very far away once goods are dated and not all consumers have

equal access to markets for these assets. The implication is that some

consumers at least may face multiple budget constraints instead of a

unique one.

To sum up, the introduction of time into the Arrow-Debreu model

leads to a much richer structure where some consumers can face more

than one budget constraint and where the utility functions belong to

a much smaller class than the monotone and strictly quasi-concave

functions.

This chapter is devoted to a study of this specialized version of the

Arrow-Debreu model. In the process, I exploit properties of the general

version of the Arrow-Debreu model considered in the previous chap-

ters. In addition to offering a representation of market economies, the

Arrow-Debreu model reveals itself to be a powerful (mostly mathe-

matical) tool for the study of equilibrium equation systems rendered

more complex by the introduction of time and uncertainty.
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8.2 Intertemporal Arrow-Debreu Model

8.2.1 Goods and Prices

In the intertemporal version of the Arrow-Debreu model, goods are

indexed by their date of delivery. There are T þ 1 time periods, starting

from period 0. The number T is finite. The physical goods are the same

from one time period to the other. Denote by l the number of physical

goods in each time period, by xðtÞ a commodity bundle made of goods

delivered at date t, and by x ¼ ðxðtÞÞ the commodity bundle defined by

varying the date of delivery of those goods t from 0 to T.

Let H denote the set of consumers, with h A H an arbitrary con-

sumer, and by xh ¼ ðxhðtÞÞ and oh ¼ ðohðtÞÞ consumer h’s consumption

and endowment bundles. As in the previous chapters, consumption is

assumed to only be strictly positive. Let x ¼ ðxhÞh AH and o ¼ ðohÞh AH
denote the consumption and endowment vectors of the economy.

Let pðtÞ A X denote the price vector of the (physical) goods to be

delivered in period t. Prices are all strictly positive. The physical com-

modity 1 that is delivered in period 0 plays the role of the numeraire,

i.e., p1ð0Þ ¼ 1. Denote by p ¼ ðpðtÞÞ the price vector of all the goods in

the economy and by S the set of numeraire normalized price vectors.

The value of the commodity bundle xh given the price vector p A S is

by definition the inner product

p � xh ¼
X

0ataT

pðtÞ � xhðtÞ:

8.2.2 Short-Run Utility Functions

The short-run utility function of consumer h is a map vh : X ! R (where

X is the strictly positive orthant X ¼ Rl
þþ) that (1) is surjective and

smooth, with (2) first-order derivatives > 0, and (3) Hessian matrix

(second-order derivatives) negative definite, and (4) every indifference

(hyper)surface closed in Rl.

The short-run utility function vh can be viewed as the utility function

of some fictitious consumer whose consumption space is X in the com-

modity space Rl. The properties of the pure exchange economy de-

fined by these fictitious consumers will actually play a crucial role in

the study of the intertemporal model. Note that the short-run utility

function is strictly concave instead of just strictly quasi-concave, as in

the previous chapters.
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Denote by f h : R
l
þþ �Rþþ ! X the demand function of this ficti-

tious consumer. (The price vector is not normalized.) This demand

function is also called the short-run demand function of consumer h.

8.2.3 Long-Run Utility Functions

Consumers’ preferences are defined by their long-run utility functions.

Consumer h’s long-run utility function uh : X
Tþ1 ! R is defined by

uhðxhÞ ¼
X

0ataT

d thvhðxhðtÞÞ;

where the discount factor 0 < dh < 1 defines the impatience level of con-

sumer h.

The long-run utility function uh then satisfies (1) surjectivity and

smoothness, (2) first-order derivatives > 0; (3) Hessian matrix (second-

order derivatives) negative definite; and (4) indifference (hyper)-

surfaces closed in ðRlÞTþ1.

The long-run utility functions are strictly concave as a sum of strictly

concave functions. This strict concavity enables parameterization of the

set of Pareto optima by consumers’ welfare weights (see proposition

A.9.4 in the appendix).

8.2.4 Endowments

Each consumer h is endowed in every time period with some quanti-

ties of the goods delivered in that period. Let ohðtÞ A Rl denote the

vector of those goods for period t. Note that I do not impose that all

components ohðtÞ are strictly positive. Some coordinates may be equal

to zero or even negative. The endowment vector of consumer h is the

vector oh ¼ ðohðtÞÞ A ðRlÞTþ1.

The endowment vector of the economy is the vector o ¼ ðohÞh AH
whose components are the endowment vectors of all the consumers in

the economy. With utility functions kept fixed, the endowment vector

o ¼ ðohÞ is the only variable parameter.

Let us denote by r ¼ ðrðtÞÞ the vector of total resources, the sum of

individual resources: r ¼Ph AH oh.

8.2.5 Budget Constraints

The consumers’ budget constraints result from the quantity of wealth

that can be transferred from one time period to another. One extreme

case corresponds to the total inability of transferring wealth. The oppo-

site case corresponds to the lack of any restriction on intertemporal
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transfers. These two kinds of budget constraints define the following

two categories of consumers: a consumer of type I faces a unique life-

time budget constraint, and a consumer of type J faces one budget con-

straint per time period.

Type I Type JPT
t¼0 pðtÞ � ðxiðtÞ � oiðtÞÞ ¼ 0 pðtÞ � ðxjðtÞ � ojðtÞÞ ¼ 0

t ¼ 0; 1; . . . ;T.

The terms unrestricted and restricted identify the consumers of type I

and J, respectively. Also denote by the letter I the subset of the set of

consumers H that consists of type I (or unrestricted) consumers and by

the letter J the subset consisting of type J (or restricted) consumers. The

set H of all consumers is therefore partioned into the two subsets I and

J. The subscripts i and j refer to type I and J consumers, respectively.

Given the price vector p ¼ ðpðtÞÞ and the endowment vector oh ¼
ðohðtÞÞ, whðtÞ ¼ pðtÞ � ohðtÞ is defined as the value of consumer h’s

endowments in period t. The total wealth wh of consumer h is the sum

wh ¼
PT

t¼0 whðtÞ.

8.2.6 Consumer’s Long-Term Demand Function

Consumer h, whether restricted or unrestricted, maximizes the long-

run utility function uhðxhÞ. The difference between restricted and un-

restricted consumers is only in the nature of the constraints. The

unrestricted consumer is no different from the consumer considered in

the previous chapters. The maximization of the long-run utility func-

tion of the unrestricted consumer i A I defines a demand denoted by

jiðp;oiÞ, a demand that depends on the price vector p and the endow-

ment oi. This new function jiðp;oiÞ should not be confused with the

demand function fiðp;wiÞ, whose arguments are the price vector p and

income wi. In fact, jiðp;oiÞ ¼ fiðp; p � oiÞ. The reason for introducing

this new function and notation is that the demand function fiðp;wiÞ
has no equivalent in the case of the restricted consumers j A J.

Denote by jhðp;ohÞ the long-run demand of consumer h, un-

restricted or restricted, given the price vector p and the endowment

vector oh A ðRlÞTþ1.

8.2.7 Long-Run Economy E(I, J)[r](o)
The long-run economy EðI; JÞ½r�ðoÞ consists of a set of consumers H that

is the (disjoint) union IW J. Consumer h’s preferences and endowments,
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for h A H, are defined by the long-run utility function uh and the vector

oh ¼ ðohðtÞÞ, respectively. The partition of the set H of consumers into

the two subsets I and J is exogenously given. (The endogenization of

this partition into restricted and unrestricted consumers is discussed in

the following sections.)

The only variable parameter is the endowment vector o ¼ ðohÞh AH .
Total resources are kept fixed and equal to the vector r A XTþ1.

8.2.8 Long-Run Equilibria

The price vector p ¼ ðpðtÞÞ A S is an equilibrium price vector of the long-

run economy EðI; JÞ½r�ðoÞ if the individual demand vector jhðp;ohÞ is

defined for every consumer h A H and if there is equality of aggregate

supply and demand:X
h AH

jhðp;ohÞ ¼ r: ð8:1Þ

An equilibrium is therefore a pair ðp;oÞ A S� ððRlÞTþ1Þm that sat-

isfies equation (8.1). The equilibrium manifold E is the subset of

S� ððRlÞTþ1Þm defined by equation (8.1).

The equilibrium allocation x ¼ ðxhÞh AH associated with the equilibrium

ðp;oÞ A E is such that xh ¼ jhðp;ohÞ for all h A H ¼ IW J.

The equilibrium price vector p ¼ ðpðtÞÞ and the equilibrium allo-

cation x ¼ ðxðtÞÞ of the long-run economy EðI; JÞ½r�ðoÞ are called a

long-run equilibrium price vector and a long-run equilibrium allocation,

respectively. Similarly, a Pareto optimum for the long-run economy

EðI; JÞ½r�ðoÞ is termed a long-run Pareto optimum. Denote by PðrÞ the set

of long-run Pareto optima. This set is a smooth manifold that is diffeo-

morphic to Rm�1. Of particular interest is its parameterization by wel-

fare weights. Unless the contrary is specified, any m-tuple of welfare

weights ðl1; l2; . . . ; lmÞ is normalized by the convention l1 ¼ 1. Inci-

dentally, the set of long-run Pareto optima PðrÞ does not depend on

the partition of the consumer set H into the two subsets I and J of un-

restricted and restricted consumers.

8.2.9 Stationary Long-Run Economies

Now that the intertemporal dimension has been added to the Arrow-

Debreu model, I address the issue of the fluctuations of equilibrium

allocations and, more particularly, whether the market mechanism

may add some form of volatility to the economy.
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With fundamentals of the economy that vary through time, it is clear

that equilibrium allocations are also going to vary. Comparing the

level of variability of equilibrium allocations with fundamentals that

are themselves variable is not easy in its most general form. Since

the objective is limited to whether the market mechanism adds some

level of volatility, I start with stationary fundamentals, in which case

market-induced volatility becomes equivalent to the existence of non-

stationary equilibrium allocations. The following sections therefore

consider stationary or quasi-stationary fundamentals.

Stationary Preferences

Preferences are represented by long-run utility functions that are the

sum of discounted short-run utilities. In this model, we consider con-

sumers born at date 0. But a definition of preferences that are sta-

tionary or time invariant requires us to consider the preferences of

consumers born at various dates. If the horizon T were infinite, these

discounted utility functions define for a consumer born at date t the

same preferences as for a consumer born at date 0, commodity bundles

being shifted by t time periods. If the horizon T is finite but large, this

invariance property becomes only approximately true.

Stationary Endowments

From now on, endowments are stationary. For every consumer h A H,

there exists a vector oh A Rl that represents consumer h’s constant

endowments in every time period:

oh ¼ ðoh;oh; . . . ;ohÞ A ðRlÞTþ1:

Nonstationarity of Equilibrium Allocations

Let x ¼ ðxðtÞÞ be a long-run equilibrium allocation of the stationary

long-run economy EðI; JÞ½r�ðoÞ. Is the component xðtÞ stationary? And

if it is not stationary, how does it depend on time? What can be said of

the asymptotic behavior of xðtÞ in such a case? By asymptotic behavior

is meant when time t tends to infinity. The meaning of such an expres-

sion has to be explained given the fact that the number T þ 1 of time

periods is finite, and t is necessarily smaller than T, an apparent contra-

diction with t tending to infinity. The expression ‘‘t tends to infinity’’

is to be taken here as meaning that t can take arbitrarily large values.

This is made compatible with the finite number T þ 1 of time periods
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because the expression of the period t component xðtÞ does not depend
on the value T of the horizon, provided that T is larger than t. In issues

dealing with equilibrium allocations at a given date t, it therefore suf-

fices to take T finite but arbitrarily large, larger than t.

8.2.10 Short-Run Economy E(H)[r](o)

The long-run economy having stationary endowments, define the

short-run economy EðHÞ½r�ðoÞ by its l (physical) goods and m consum-

ers indexed by h A H, with consumer h’s utility function the short-run

utility function vh : X ! R and consumer h’s endowment the vector

oh A Rl. Denote by PðrÞ the set of Pareto optima of the short-run econ-

omy. A Pareto optimum of the short-run economy is called a short-run

Pareto optimum.

The short-run economy EðHÞ½r�ðoÞ can be thought of as some kind

of cross-section of the long-run economy EðI; JÞ½r�ðoÞ. The short-run

economy does not depend on the partition between restricted and un-

restricted consumers.

8.3 Long-Run Equilibria: Fully Unrestricted Case

8.3.1 Set D of Most Patient Consumers

In this section, all consumers are unrestricted. These are standard

Arrow-Debreu economies where no consumer faces restrictions in

transferring wealth between time periods. Nevertheless, these un-

restricted consumers may have different time discount factors. This is

reflected in the following definition of the ‘‘most patient’’ consumers.

The set of unrestricted consumers I ¼ H is divided into two subsets.

The first subset D consists of the ‘‘most patient’’ consumers, i.e., the

consumers with the highest factor dh. There is no loss in generality in

assuming that consumer 1 belongs to that subset, i.e., 1 A D. Therefore

dh ¼ d1 for every consumer h A D. The second set of consumers consists

of all the other consumers: dh < d1 for h B D.

8.3.2 Long-Run Equilibria for D0H

Proposition 8.3.1 The limit when t tends to y of the period t compo-

nent xðtÞ ¼ ðxhðtÞÞ of the equilibrium allocation x ¼ ðxhÞ of the long-run
economy EðH; jÞ½r�ðoÞ is x� ¼ ðx�

h Þ, where x�
h ¼ 0 for h B D and ðx�

h Þh AD
is a Pareto optimum of the short-run economy consisting the most pa-

tient consumers, i.e., h A D with total resources r A X.
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Proof The long-run economy EðH; jÞ½r�ðoÞ satisfies the first welfare

theorem: every (long-run) equilibrium allocation x ¼ ðxðtÞÞ of that

economy is a long-run Pareto optimum. The properties to be proved

for the (long-run) equilibrium allocations of the long-run economy

EðH; jÞ½r�ðoÞ are in fact properties of all long-run Pareto-optimal alloca-

tions x ¼ ðxðtÞÞ A PðrÞ.
It follows from the parameterization of the set of (long-run) Pareto

optima PðrÞ by the welfare weights that, if x ¼ ðxðtÞÞ A PðrÞ is a long-

run Pareto optimum, there exists an m-tuple ðl1; l2; . . . ; lmÞ A Rm
þþ

such that x ¼ ðx1; x2; . . . ; xmÞ maximizes the collective utility function

l1u1ðx1Þ þ l2u2ðx2Þ þ � � � þ lmumðxmÞ
subject to the total resource constraint

x1 þ x2 þ � � � þ xm ¼ r:

The collective utility function can be written as the sumX
0ataT

½l1d t1v1ðx1ðtÞÞ þ l2d
t
2v2ðx2ðtÞÞ þ � � � þ lmd

t
mvmðxmðtÞÞ�;

and the resource constraint takes the form

x1ðtÞ þ x2ðtÞ þ � � � þ xmðtÞ ¼ r t ¼ 0; 1; . . . ;T:

This maximization problem is therefore equivalent to T þ 1 separate

maximization problems, one for each time period, where the problem

for period t takes the form

maximize l1d
t
1v1ðx1ðtÞÞ þ l2d

t
2v2ðx2ðtÞÞ þ � � � þ lmd

t
mvmðxmðtÞÞ

subject to the total resource constraint

x1ðtÞ þ x2ðtÞ þ � � � þ xmðtÞ ¼ r:

The solution xðtÞ of the maximization problem corresponding to pe-

riod t is therefore the Pareto optimum of the short-run economy E ½r�ðoÞ
that is associated with the m-tuple of welfare weights ðl1d t1; l2d t2; . . . ;
lmd

t
mÞ. Let us normalize this m-tuple by the convention that the welfare

weight of the first consumer is equal to 1. The result therefore is that

the component xðtÞ A PðrÞ is parameterized by the normalized m-tuple

ð1; m2ðtÞ; . . . ; mhðtÞ; . . . ; mmðtÞÞ, where
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mhðtÞ ¼
dh

d1

� �t
lh

for h A H and t ¼ 0; 1; . . . ;T.

The rest of the proof consists in exploiting this expression.

Incidentally, the normalized m-tuple ð1; m2ðtÞ; . . . ; mmðtÞÞ does not de-
pend on the horizon T. The latter can therefore be taken arbitrarily

large, which justifies taking the limit of t up to infinity.

8.3.3 Asymptotic Equilibrium Consumption

For all consumers except the most patient ones, i.e., h B D, we have

dh < d1, so that mhðtÞ ¼
dh

d1

� �t
lh tends to zero as t tends to infinity.

The limit of the preceding maximization problem is the problem of

maximizingX
h AD

lhvhðx�
h Þ

subject to the constraintX
h

x�
h ¼ r:

The solution x�
D ¼ ðx�

h Þh AD is the Pareto optimum of the short-run econ-

omy consisting of the most patient consumers h A D defined by their

short-run utilities vh : X ! R and total resources r associated with the

weights ðl1; . . . ; lh; . . .Þ with h A D. For h B D, define x�
h ¼ 0 A Rl, and

let x� ¼ ðx�
h Þ with h A H.

A simple continuity argument applied to the first maximization prob-

lem and to its limit shows that xðtÞ, solution of the first maximization

problem, tends to x�, solution of the limit maximization problem. m

Economically speaking, it is as if all the consumers except the most

patient ones are ‘‘eliminated’’ from the economy after some time. Elim-

ination means here that their consumption tends to zero, even if the

flow of their resources remains constant through time.

Note that the components xðtÞ of the equilibrium allocation x are

not stationary. Nevertheless, they converge to some limit when time

tends to infinity, which is some approximation to being stationary.

In other words, the equilibrium allocation x ¼ ðxðtÞÞ is asymptotically

stationary.

164 Chapter 8



8.3.4 Long-Run Equilibria for HFD

Because the equilibrium consumption of the less than patient consum-

ers tends to zero, now assume that all consumers have the same level

of impatience, i.e., D ¼ H.

Proposition 8.3.2 For D ¼ H, the period t component xðtÞ of the long-

run equilibrium allocation x ¼ ðxðtÞÞ is stationary and equal to x, where

x is an equilibrium allocation of the short-run economy EðHÞ½r�ðoÞ
composed of the h consumers with short-run utility functions vh : X !
R and endowments oh A Rl.

Proof Let x ¼ ðxðtÞÞ A PðrÞ be the (long-run) Pareto optimum para-

meterized by the normalized m-tuple of welfare weights ðl1; l2; . . . ;
lmÞ. The component xðtÞ is therefore the Pareto optimum of the short-

run economy EðHÞ½r�ðoÞ parameterized by the m-tuple of welfare

weights d tðl1; l2; . . . ; lmÞ. These (non-normalized) m-tuples differ for

different time periods t only by the factor d t. Therefore, the component

xðtÞ is equal to the vector x ¼ ðxhÞh AH A PðrÞ that is parameterized by

the m-tuple of weights ðl1; l2; . . . ; lmÞ. The component xðtÞ does not

depend on time t. m

Stationarity strengthens the property regarding the asymptotic be-

havior of the consumption of the most patient consumers proved in

proposition 8.3.1.

8.3.5 Long-Run Price Vectors

Supporting Price Vectors of Long-Run Pareto Optima

Let p ¼ ðpðtÞÞ be the supporting price vector (normalized by the

numeraire convention p1ð0Þ ¼ 1) of the long-run Pareto optimum x ¼
ðxhÞh AH. This price vector p is collinear with the gradient vector of the

utility function uh at xh ¼ ðxhðtÞÞ for any arbitrarily chosen consumer

h A H. It follows from the expression of the utility function uhðxhÞ that
there exists a real number k > 0 such that p ¼ kDuhðxhÞ. (The role of

k is to produce a normalized price vector.) The period t component

therefore satisfies

pðtÞ ¼ kd tDvhðxhÞ ð8:2Þ
for t ¼ 0; 1; . . . ;T, and xh ¼ ðxhÞ is stationary because x is a long-run

Pareto optimum.
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It then follows from (8.2) that pðtÞ ¼ d tp for t ¼ 0; 1; . . . ;T, where

p ¼ pð0Þ A Rl
þþ is a numeraire normalized price vector of the short-

run economy with l goods. It also follows from (8.2) that, for t ¼ 0, the

first-order conditions are satisfied at x by p ¼ pð0Þ. This implies that

the price vector p ¼ pð0Þ does support the (short-run) Pareto optimum

x ¼ ðxhÞh AH.

Application to Equilibrium Prices

Recall H ¼ D ¼ I and J ¼ j.

Proposition 8.3.3 The long-run equilibrium price vector p ¼ ðpðtÞÞ of
the long-run economy EðD; jÞ½r�ðoÞ is of the form pðtÞ ¼ d tp, where p is

an equilibrium price vector of the short-run economy EðDÞ½r�ðoÞ.
Proof Let now p ¼ ðpðtÞÞ be a long-run equilibrium price vector and

x ¼ ðxðtÞÞ be the corresponding equilibrium allocation for the long-run

economy EðH; jÞ½r�ðoÞ. Because the allocation x ¼ ðxhÞh AH is a Pareto

optimum, the equilibrium price vector p ¼ ðpðtÞÞ supports the Pareto

optimum x ¼ ðxhÞh AH . This proves that pðtÞ ¼ d tp for t ¼ 0; 1; . . . ;T,

where p supports the short-run Pareto optimum x ¼ ðxhÞh AH. To con-

clude that p is an equilibrium price vector and x the corresponding

equilibrium allocation of the short-run economy EðHÞ½r�ðoÞ, it is only

required to show that the budget equality p � ðxh � ohÞ ¼ 0 is satisfied

for every h A H.

Let us write the budget equality satisfied by the long-run equilib-

rium price vector p ¼ ðd tpÞ and allocation x ¼ ðxÞ for every consumer

h A H. This yields the equality

p � ðxh � ohÞ ¼ ð1þ dþ � � � þ dTÞp � ðxh � ohÞ ¼ 0;

from which follows the equality

p � ðxh � ohÞ ¼ 0 for every h A H:

Conversely, let p be a short-run equilibrium price vector of the short-

run economy EðHÞ½r�ðoÞ, and let x ¼ ðxhÞh AH denote the corresponding

equilibrium allocation. Define pðtÞ ¼ d tp and xðtÞ ¼ x for t ¼ 0; 1; . . . ;T.

Then it is straightforward to check that the price vector p ¼ ðpðtÞÞ sup-
ports the allocation x ¼ ðxðtÞÞ. In addition, the long-run budget con-

straint is satisfied for every consumer h A H. This implies that p ¼ ðpðtÞÞ
is an equilibrium price vector of the long-run economy EðH; jÞ½r�ðoÞ,
with x ¼ ðxðtÞÞ as the corresponding equilibrium allocation. m
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Absence of Wealth Transfer at Equilibrium

The following corollary is not surprising. Some of its economic real-

world implications have certainly been overlooked up to now.

Corollary 8.3.4 Let x ¼ ðxðtÞÞ be a long-run equilibrium allocation.

Then pðtÞ � ðxhðtÞ � ohðtÞÞ ¼ 0 for every consumer h A H.

In other words, there is at equilibrium no transfer of wealth from

one time period to another. And this property is satisfied despite the

fact that consumers face no restrictions on making such transfers.

In the real world, intertemporal transfers are done through, for ex-

ample, banks. If there is no transfer, the necessity of banks becomes

questionable. Then why not close the banks? But then the budget set

of every consumer becomes much smaller because of the liquidity con-

straints resulting from bank closures. The proper model when there

are no banks corresponds to the case ðI; JÞ ¼ ðj;HÞ, a model that, quite

surprisingly, may feature non-Pareto-optimal equilibria. Therefore, a

service like the one offered by the banking system may contribute to

efficiency in ways that are not necessarily properly measured by the

intensity of trade or by intertemporal wealth transfers.

8.4 Long-Run Equilibria: Fully Restricted Case

The case where I ¼ j and J ¼ H turns out to be mathematically very

simple. Let j A J be some restricted consumer. The demand jjðp;oÞ
maximizes

ujðxjÞ ¼
XT
t¼0

d tvjðxjðtÞÞ

subject to the constraints

pðtÞ � ðxjðtÞ � ojðtÞÞ ¼ 0; t ¼ 0; 1; . . . ;T:

This problem decomposes into T þ 1 maximization problems. For

the time period t, the maximization problem takes the form

maximize d tvjðxjðtÞÞ
subject to the (unique) constraint

pðtÞ � ðxjðtÞ � ojðtÞÞ ¼ 0:
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The solution xjðtÞ can be interpreted as the demand of consumer j

given the (non-normalized) price vector pðtÞ in the short-run economy

EðHÞ½r�ðoÞ. Using the demand function fj : R
l
þþ �Rþþ ! X of this

consumer j, we have xjðtÞ ¼ fjðpðtÞ; pðtÞ � ojðtÞÞ.
The period t component of the equilibrium equation

P
j A J xj ¼P

j A J oj ¼ r can be written asX
j A J

fjðpðtÞ; pðtÞ � ojÞ ¼ r:

This equation implies that pðtÞ is a non-normalized equilibrium price

vector of the short-run economy EðHÞ½r�ðoÞ. Conversely, it is obvious

that if the price vectors pðtÞ are (non-normalized) equilibrium price

vectors (except for pð0Þ, which is necessarily normalized by the numer-

aire convention p1ð0Þ ¼ 1), then the price vector p ¼ ðpðtÞÞ is an equi-

librium price vector of the economy Eðj;HÞ½r�ðoÞ.

8.4.1 Characterization of the Long-Run Equilibrium Allocations

A first consequence is that equilibrium prices are not determined in pe-

riod tb 1. There is a continuum of equilibrium price vectors. Despite

this indeterminacy of the equilibrium price vectors, equilibrium alloca-

tions turn out to be determined and locally unique (at least generically)

because of the homogeneity of degree 0 of consumers’ demand func-

tions in the short-run economy.

Let us denote by AðHÞ½r�ðoÞ and Aðj;HÞ½r�ðoÞ the set of equilibrium

allocations of the short-run and long-run economies EðHÞ½r�ðoÞ and

Eðj;HÞ½r�ðoÞ, respectively.
Proposition 8.4.1 Long-run and short-run equilibrium allocations are

related by the formula

Aðj;HÞ½r�ðoÞ ¼ ðAðHÞ½r�ðoÞÞTþ1:

The proof is obvious.

8.4.2 Nonstationary Long-Run Equilibrium Allocations

It follows from proposition 8.4.1 that a necessary and sufficient condi-

tion for the existence of nonstationary long-run equilibrium allocations is

that the short-run economy EðHÞ½r�ðoÞ has more than one equilibrium

allocation. More precisely, if n is the number of equilibrium allocations

of the short-run economy, then the long-run economy Eðj;HÞ½r�ðoÞ fea-
tures nTþ1 long-run equilibrium allocations, out of which only n are
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stationary and nðnT � 1Þ are nonstationary. Except for the case n ¼ 2

and T ¼ 1, (actually, the case n ¼ 2 is not generic because n ¼ 3 is the

minimum number of multiple equilibria for generic economies), there

are more long-run nonstationary equilibria than stationary ones.

At this point, it may be worth recalling that we know from the previ-

ous chapters that the short-run economy EðHÞ½r�ðoÞ has multiple equi-

librium allocations if the endowment parameter o is sufficiently far

away from the set of short-run Pareto optima PðrÞ.

8.5 Long-Run Equilibria: General Case

The two polar cases where all consumers are unrestricted (i.e., H ¼ I

and J ¼ j) or restricted (i.e., H ¼ J and I ¼ j) highlight the role

played by restrictions in wealth transfers between time periods in gen-

erating nonstationary equilibrium allocations in stationary long-run

economies.

We now explore the nature of the equilibria of the long-run station-

ary economy EðI; JÞ½r�ðoÞ, with the subsets I and J assumed to be non-

empty. There is no loss of generality in assuming that consumer 1 is

unrestricted, i.e., 1 A I. The analysis is also simplified by assuming

H ¼ D: dh ¼ d for all h A H.

8.5.1 Stationary Long-Run Equilibria

First it is shown that the stationary long-run equilibria correspond to

equilibria of the short-run economy independently of the decomposi-

tion of H into the two subsets I and J.

Proposition 8.5.1 The stationary allocation x ¼ ðxðtÞÞ, with xðtÞ ¼ x,

is an equilibrium allocation of the long-run economy EðI; JÞ½r�ðoÞ if

and only if x is an equilibrium allocation of the short-run economy

EðHÞ½r�ðoÞ.
Proof The proof is a slight variation of the one given for the case

H ¼ J, I ¼ j. Let x ¼ ðxðtÞÞ ¼ ðxÞ be the stationary allocation associated

with the long-run equilibrium price vector p ¼ ðpðtÞÞ. Since consumer

1 is unrestricted, x1 ¼ ðx1ðtÞÞ maximizes u1ðx1Þ subject to the unique

budget constraint p � ðx1 � o1Þ ¼ 0.

The (necessary) first-order conditions for this maximization problem

take the form pðtÞ ¼ kd t1Dv1ðx1ðtÞÞ for t ¼ 0; 1; . . . ;T, with k > 0. It fol-

lows from the assumption of stationarity that x1ðtÞ ¼ x1 for every t,

from which follows pðtÞ ¼ d t1pð0Þ.
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The budget equation

p � ðxi � oiÞ ¼ 0

of the unrestricted consumer i A I then becomes

p � ðxi � oiÞ ¼ ð1þ d1 þ � � � þ dT1 Þpð0Þ � ðxi � oiÞ;
from which follows

pð0Þ � ðxi � oiÞ ¼ 0; i A I:

In addition, the (sufficient) first-order conditions for the maximization

of viðxiðtÞÞ subject to the constraint pð0Þ � ðxiðtÞ � oiðtÞÞ are satisfied at

xi for every i A I.

This proves that the budget constraint is satisfied at the price vector

p ¼ pð0Þ by the allocation x ¼ ðxhÞh AH for all consumers h A H. This

implies that x ¼ ðxhÞh AH is an equilibrium allocation of the short-run

economy EðHÞ½r�ðoÞ. The converse is obvious. m

8.5.2 Nonstationary Long-Run Equilibria

The goal is now to investigate the existence of nonstationary long-run

equilibrium allocations. The key to their existence is the failure of the

first welfare theorem to hold true in the long-run stationary economy

EðI; JÞ½r�ðoÞ. Had the first welfare theorem been satisfied, every long-

run equilibrium allocation would have been a long-run Pareto opti-

mum, which is stationary.

In fact, this observation does not convey very good news about the

mathematical difficulty of this problem. It is indeed much easier to

study the properties of solutions of optimization problems than of gen-

eral equation systems. This is the explanation for the wide success of

variational methods (i.e., the identification with maximization prob-

lems) in mathematics in general and in numerical analysis in particu-

lar. In the Arrow-Debreu model, the power of the variational methods

enabled by the first welfare theorem is illustrated by Negishi’s ap-

proach to the existence of equilibrium. This chapter also contains a few

examples of the power of the variational approach in the study of equi-

librium solutions of models like the Arrow-Debreu.

The strategy in this section is to restore some version of the first wel-

fare theorem for the stationary long-run economies EðI; JÞ½r�ðoÞ. This
leads to defining another concept of Pareto optimality for long-run

economies. The interest of this concept is mostly mathematical because

any really convincing economic interpretation is lacking.
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8.5.3 Deconstructing Restricted Consumers

Every restricted consumer j A J is deconstructed into T þ 1 new con-

sumers denoted by jt, with t varying from 0 to T þ 1. The idea is that

the deconstructed consumer jt ‘‘lives’’ only in period t: endowments

and consumption bundles are different from 0 A Rl only in that period.

Endowments and consumption bundles are formally extended to the

T þ 1 periods by being equal to 0 A Rl in the T time periods that are

different from t.

The endowment vector ojt of the deconstructed consumer jt is there-

fore the vector of ðRlÞTþ1 whose components are equal to oj in period

t and zero in all other periods.

If xjt ¼ ðxjtðt 0ÞÞ0at 0aT denotes the consumption bundle of the decon-

structed consumer jt, then xjtðt 0Þ ¼ 0 for t 0 0 t while xjtðtÞ A X ¼ Rl
þþ.

The utility function ujt of consumer jt is simply

ujtðxjtÞ ¼ vjðxjtðtÞÞ;

where xjt is the consumption bundle of the deconstructed consumer jt.

Consumer jt ’s consumption bundle maximizes the utility ujtðxjtÞ sub-
ject to the budget constraint p � ðxjt � ojtÞ ¼ 0. The nonzero compo-

nents of xjt and ojt are such that xjtðtÞ maximizes vjðxjtðtÞÞ subject to

the budget constraint pðtÞ � ðxjtðtÞ � ojÞ ¼ 0.

The demand xjtðtÞ of consumer jt can thus be expressed in terms of

the short-run demand function fjðp;wjÞ of consumer j:

xjtðtÞ ¼ fjðpðtÞ; pðtÞ � ojÞ:

The deconstructed consumers jt differ from the consumers of the

standard versions of the Arrow-Debreu model by their consumption

set, which has a much smaller dimension than the commodity space.

But this difference has only minor implications, especially when it

comes to satisfying the first welfare theorem for an economy that

includes these deconstructed consumers.

8.5.4 The Deconstructed EconomyD(I, J)[r](o)

The deconstructed economyDðI; JÞ½r�ðoÞ is defined as follows:

Commodity space. ðRlÞTþ1;

Consumers of type I, for i A I. Consumption set XTþ1; endowments

oi ¼ ðoi;oi; . . . ;oiÞ; utility function ui : X
Tþ1 ! R;

Consumers of type J, for jt such that j A J and t ¼ 0; 1; . . . ;T. Consump-

tion set f0g � f0g � � � � � f0g � X � f0g � � � � � f0g; endowments ojt ¼
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ð0; 0; . . . ; 0;oj; 0; . . . ; 0Þ; utility function ujt : f0g � f0g � � � � � f0g � X �
f0g � � � � � f0g ! R.

Consumers of type I and J maximize the utility of their consump-

tion subject to a unique budget constraint. Let xi ¼ ðxiðtÞÞ and xjt ¼
ðxjtðt 0ÞÞt 0¼0;1;...;T be the demand of consumer i and jt, respectively, for

the price vector p ¼ ðpðtÞÞ. That price vector is an equilibrium price vec-

tor of the deconstructed economyDðI; JÞ½r�ðoÞ if there is equality of aggre-

gate supply and demand:X
i A I

xi þ
X

ð j; tÞ A J�f0;1;...;Tg
xjt ¼

X
i A I

oi þ
X

ð j; tÞ A J�f0;1;...;Tg
ojt :

8.5.5 Long-Run and Deconstructed Economies

Proposition 8.5.2 The price vector p ¼ ðpðtÞÞ is an equilibrium price

vector of the long-run economy EðI; JÞ½r�ðoÞ if and only if it is an equi-

librium price vector of the deconstructed economyDðI; JÞ½r�ðoÞ.
Proof It suffices to observe that the demand of the restricted consum-

er j A J in the long-run economy maximizes ujðxjÞ subject to the T þ 1

budget constraints pðtÞ � ðxjðtÞ � ojðtÞÞ ¼ 0. Because of the separability

of the utility ujðxjÞ with respect to its various time period components,

this maximization problem is equivalent to solving T þ 1 maximiza-

tion problems, where each problem consists in the maximization of

vjðxjðtÞÞ subject to the unique budget constraint pðtÞ � ðxjðtÞ � ojðtÞÞ,
with t varying from 0 to T. The commodity bundle xjðtÞ coincides with

the period t component of the demand xjt of consumer jt given the

endowment ojt ¼ ð0; . . . ; 0;ojðtÞ; 0; . . . ; 0Þ. It then suffices to observe

that the equilibrium conditions take the same form for the long-run

and the deconstructed economies, which ends the proof of their

equivalence. m

Remark Comparing prices between the long-run and the decon-

structed economies is easy. But allocations between these two econo-

mies must also be compared. And there the notation may become a

little bit heavy. The allocation ðxi; xjtÞði; j; tÞ A I�J�f0;1;...;Tg of the decon-

structed economy corresponds to the allocation ðxi; xjÞði; jÞ A I�J of the

long-run economy, and conversely. Often, these two allocations can be

‘‘identified.’’ In case of doubt, ðxi; xjÞ is the trace in the long-run econ-

omy or the long-run trace of the allocation ðxi; xjtÞði; j; tÞ A I�J�f0;1;...;Tg of

the deconstructed economy.
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8.5.6 First Welfare Theorem for Deconstructed Economies

What makes the deconstructed economy interesting is that it differs

very little from a standard Arrow-Debreu economy. The uniqueness of

the consumer’s budget constraint being crucial to the validity of the

first welfare theorem, it can be expected that some version of that theo-

rem is going to hold true for deconstructed economies.

Pareto Optima of Deconstructed Economies

The allocation x ¼ ðxi; xjtÞði; j; tÞ A I�J�f0;1;...;Tg is a Pareto optimum for the

deconstructed economy DðI; JÞ½r�ðoÞ if there is no x 0 ¼ ðx 0
i ; x

0
jt
Þ such that

the inequalities uiðxiÞa uiðx 0
i Þ and ujtðxjtÞa ujtðx 0

jt
Þ are all satisfied, one

of them being strict, and the total resource constraint being also satis-

fied, i.e.,X
i A I

xi þ
X

ð j; tÞ A J�f0;1;...;Tg
xjt ¼

X
i A I

xi þ
X

ð j; tÞ A J�f0;1;...;Tg
x 0
jt
¼ r:

Denote by DPðI; JÞðrÞ the set of Pareto optima of the deconstructed

economyDðI; JÞ½r�ðoÞ. A long-run Pareto optimum is obviously a Pareto

optimum for the deconstructed economy but the converse is not true in

general. We therefore have the strict inclusion PðrÞHDPðI; JÞðrÞ.

First Welfare Theorem for Deconstructed Economies

Proposition 8.5.3 Every equilibrium allocation of the deconstructed

economyDðI; JÞ½r�ðoÞ is a Pareto optimum.

The following proof is just an adaptation to the setup of decon-

structed consumers of the standard proof of the first welfare theorem

for the Arrow-Debreu model.

Proof Let x ¼ ððxiÞ; ðxjtÞÞði; j; tÞ A I�J�f0;1;...;Tg be the allocation associated

with some equilibrium price vector p ¼ ðpðtÞÞ for the deconstructed

economy.

Let us argue by contradiction. Assume that there exists an alloca-

tion x 0 ¼ ððx 0
i Þ; ðx 0

jt
ÞÞði; j; tÞ A I�J�f0;1;...;Tg that is Pareto-superior to x. The

inequalities uiðxiÞa uiðx 0
i Þ are satisfied for all i A I, and vjðxjðtÞÞa

vjðx 0
j ðtÞÞ for all j in J and t ¼ 0; 1; . . . ;T, one inequality at least being

strict. It follows from the definition of the xi (resp. xjðtÞ) as maxi-

mizing uiðxiÞ (resp. vjðxjðtÞÞ) subject to the constraint p � ðxi � oiÞ ¼ 0

(resp. pðtÞ � ðxjðtÞ � ojðtÞÞ ¼ 0) that the inequalities p � ðx 0
i � oiÞb 0

(resp. pðtÞ � ðx0jðtÞ � ojðtÞÞb 0) are satisfied and that one inequality
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at least is strict. Adding up all these inequalities yields the strict

inequality

p �
X
i A I

ðxi � oiÞ þ
X
j A J

ðxj � ojÞ
� �

> 0;

which contradicts the equalityX
i A I

ðxi � oiÞ þ
X
j A J

ðxj � ojÞ ¼ 0;

which is satisfied by any equilibrium allocation. m

Parameterization of DP(I, J)(r) by Welfare Weights

In addition to the first welfare theorem, the properties regarding the

parameterization of the set of Pareto optima by the welfare weights

associated with the consumers making up the economy remain true.

We therefore have the following.

Proposition 8.5.4 The set of Pareto optima DPðI; JÞðrÞ of the decon-

structed economy is parameterized by the weights ðliÞ for i A I and ljt
for ð j; tÞ A J � f0; 1; . . . ;Tg.

(It is often convenient to normalize these weights. Since 1 A I, we use

the convention l1 ¼ 1.)

It follows from this parameterization that the set DPðI; JÞðrÞ of Pareto
optima of the deconstructed economyDðI; JÞ½r�ðoÞ is diffeomorphic to

RaIþðTþ1ÞaJ�1.

8.5.7 Period tComponent of a Pareto Optimum of the Deconstructed

Economy

Proposition 8.5.5 The allocation x ¼ ðxðtÞÞ is the long-run trace of a

Pareto optimum of the deconstructed economyDðI; JÞ½r�ðoÞ if and only

if the period t component xðtÞ is a Pareto optimum of the short-run

economy EðHÞ½r�ðoÞ and the (normalized) weights associated with xðtÞ
for the unrestricted consumers i A I are equal for all t.

Proof This proposition is also an obvious consequence of the char-

acterization of the Pareto optima of the deconstructed economy

DðI; JÞ½r�ðoÞ as solutions of the problem of maximizing

u1ðx1Þ þ � � � þ liuiðxiÞ þ � � � þ ljtvjðxjtÞ þ � � �
subject to the resource constraints
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X
i A I

xi þ
X
j A J

xj ¼ r:

This problem is decomposable into the T þ 1 smaller problems

maximize v1ðx1ðtÞÞ þ � � � þ liviðxiðtÞÞ þ � � � þ ljtvjðxjtÞ þ � � � ;
where t is now fixed (with 0a taT) subject to the resource constraintsX
i A I

xiðtÞ þ
X
j A J

xjðtÞ ¼ rðtÞ ¼ r:

The solutions of these T þ 1 optimization problems are the Pareto opti-

ma of the short-run economy EðHÞ½r�ðoÞ associated with the welfare

weights ð1; l2; . . . ; li; . . . ; ljt ; . . .Þ. m

8.5.8 Long-Run Pareto Optima in the Set of Pareto Optima of the

Deconstructed Economy

Proposition 8.5.6 The long-run trace ðxi; xjÞI�J of the Pareto optimum

ðxi; xjtÞði; j; tÞ A I�J�f0;1;...;Tg of the deconstructed economy is a long-run

Pareto optimum if and only if the weights ljt associated with the

deconstructed consumers jt, with j A J and t ¼ 0; 1; . . . ;T, satisfy the

equalities lj0 ¼ lj1 ¼ � � � ¼ ljt ¼ � � � ¼ ljT for every j A J.

Proof This property follows readily from the stationarity of the long-

run Pareto optimum ðxi; xjÞI�J combined with proposition 8.5.5. m

If we ‘‘identify’’ allocations of the long-run and deconstructed econo-

mies, we can say that the set of long-run Pareto optima is a subset of

the set of deconstructed Pareto optima. It is in fact the subset consisting

of the stationary deconstructed Pareto optima.

The set of long-run Pareto optima PðrÞ associated with given total

resources r A X has dimension ðaIÞ þ ðaJÞ � 1. The set of discon-

structed Pareto optima DPðI; JÞðrÞ for the same r A X has dimension

ðaIÞ þ ðT þ 1ÞðaJÞ � 1. The difference between these two numbers

gives an idea of the degree of fluctuations that can be achieved by the

deconstructed Pareto optima.

Exercise

8.1. Prove proposition 8.5.6 without the assumption D ¼ H, i.e., all dh’s

are equal. (Hint: Use directly the maximization problem instead of the

stationarity of the allocation.)
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8.5.9 Limited Version of the Second Welfare Theorem for

Deconstructed Economies

The k-Regularity of Long-Run Allocations

Let x ¼ ðxðtÞÞ be an allocation in the long-run economy EðI; JÞ½r�ðoÞ
whose period t components xðtÞ are all short-run Pareto optima, i.e.,

xðtÞ A P½r�. Let pðtÞ denote the normalized price vector that supports

the short-run Pareto optimum xðtÞ A P½r�. Then the long-run allocation

x ¼ ðxðtÞÞ is k-regular if the sequence xðtÞ takes k different values and if

the linear equation system

pðtÞ � oh ¼ pðtÞ � xhðtÞ for t ¼ 0; . . . ;T and h A H;

where oh ¼ ðo1
n; . . . ;o

l
nÞ is the unknown, has a solution. Note that

only k of these equations are really different.

Proposition 8.5.7 The long-run allocation x ¼ ðxðtÞÞ is k-regular if and
only if there exists an economy o A WðrÞ such that the components xðtÞ
for t ¼ 0; 1; . . . ;T are equilibrium allocations of the short-run economy

EðHÞ½r�ðoÞ.
The proof is obvious.

Let us now define the set RAkðI; JÞ½r� as consisting of the k-regular

Pareto optima of the deconstructed economy DðI; JÞ½r�ðoÞ. Note that

RA1ðI; JÞ½r� consists of the Pareto optima ðxi; xjtÞ of the deconstructed

economy that have a long-run stationary trace ðxi; xjÞ. Therefore,

RA1ðI; JÞ½r� can be identified with the set of long-run Pareto optima

PðrÞ through the ‘‘identification’’ of the allocations of the long-run and

deconstructed economies.

Proposition 8.5.8 The set RAkðI; JÞ½r� is nonempty for an open and

dense set of utility functions for 2a ka l.

Proof The idea of the proof is very simple, details are a bit technical.

Let us use the geometric approach of chapter 5. The allocation xðtÞ and
its supporting price vector pðtÞ define a price-income equilibrium

bðtÞ ¼ ðpðtÞ; ðwhðtÞ ¼ pðtÞ � xhðtÞÞh AHÞ. These k price-income equilibria

bðtÞ belong to the section manifold BðrÞ. Because k isa l, they also be-

long to at least one affine subspace A of HðrÞ with dimension l� 1. If

the affine space A corresponds to an economy o, i.e., takes the form

A ¼ AðoÞ, the proof is over. The last remaining step is therefore to

show that the k different points of BðrÞ can determine an affine space
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of the form AðoÞ. It is easy to see that this property is satisfied if the

price system ðpð0Þ; pð1Þ; . . . ; pðtÞ; . . . ; pðTÞÞ has rank k. The latter prop-

erty is true for a generic set of utility functions. This follows from the

property of the section manifold BðrÞ of being also the set of Pareto

minima for the indirect utility functions, without forgetting the compli-

cation that the welfare weights of the unconstrained consumers also

must be equal. Details are left to the reader. m

Second Welfare Theorem for the Elements ofRAk(I, J)[r] with kJ l
The analogue of the second theorem of welfare economics for the setup

of deconstructed economies is as follows.

Proposition 8.5.9 The long-run trace of every k-regular Pareto opti-

mum ~xx ¼ ðxi; xjtÞ ARAkðI; JÞ½r� with ka l of the deconstructed econ-

omy is the equilibrium allocation of some long-run stationary

economy.

Proof It follows from the definition of k-regularity that the (normal-

ized) price vectors pðtÞ that support the short-run Pareto optimum

xðtÞ A P½r� define for t varying from 0 to T a system of T þ 1 vectors

that has rank k.

Let us compute the coordinates of oi and oj of the unrestricted and

restricted consumers i A I and j A J, respectively, that are compatible

with the k-regular extended Pareto optimum ~xx ¼ ðxi; xjtÞ. In other

words, let us determine the fiber consisting of the stationary endow-

ments that are compatible with the given Pareto optimum. As in

chapter 4, for the fiber of the equilibrium manifold of the standard

Arrow-Debreu model, the fiber here also satisfies a set of linear equa-

tions whose unknowns are the coordinates of the endowment vector

o ¼ ððoiÞi A I; ðojÞj A JÞ.
Determination of oj for j A J The linear equation system that deter-

mines the endowment vector oj, with j A J, involves l unknowns and

T þ 1 linear equations:

pð0Þ � oj ¼ pð0Þ � xjð0Þ
pð1Þ � oj ¼ pð1Þ � xjð1Þ
..
.

pðTÞ � oj ¼ pðTÞ � xjðTÞ:

Economic Fluctuations and the Arrow-Debreu Model 177



It follows from k-regularity that only ka l values of xðtÞ are differ-

ent. This implies that out of these T þ 1 linear equations, only k are re-

ally different and have to be solved to determine the l unknowns

o1
j ;o

2
j ; . . . ;o

l
j . In addition, these k linear equations are independent,

i.e., have full rank, which implies that this linear equation system al-

ways has a solution. The solution set for oj is therefore a linear mani-

fold parameterized by l� k � 1 parameters.

Determination of oi for i A I\{1} The stationary period t component

oi of the endowment vector of consumer i, with i A I but i0 1, has to

satisfy the budget equality:X
0ataT

pðtÞ
 !

� oi ¼
X

0ataT

pðtÞ � xiðtÞ for i A I: ð8:3Þ

Solutions to this linear equation with l unknowns o1
i ;o

2
i ; . . . ;o

l
i al-

ways exist. They depend on l� 1 parameters.

Determination of o1 Once oj and oi for j A J and i A Inf1g have been

determined, the stationary period t component o1 for consumer 1 fol-

lows from the total resource constraint:

o1 ¼ r�
X
j A J

oj �
X

i A Inf1g
oi:

The set of stationary endowments o ¼ ððoiÞi A I; ðojÞj A JÞ compati-

ble with the equilibrium allocation x ¼ ðxðtÞÞ (i.e., the associated

fiber) is therefore a linear manifold of dimension ðaJÞðl� k � 1Þþ
ððaIÞ � 1Þðl� 1Þ. m

Remark. Budget constraint of consumer 1 Let us check that o1 A Rl

satisfies the budget constraint for consumer 1. Multiplication of the

two sides of equality (8.3) by the price vector pðtÞ yields

pðtÞ � o1 ¼ pðtÞ � r�
X
j A J

pðtÞ � oj �
X

i A Inf1g
pðtÞ � oi:

Let us add up all these equalities side by side for t varying from t ¼ 0

to t ¼ T:

p � o1 ¼ p � r�
X
j A J

XT
t¼0

pðtÞ � xjðtÞ
 !

�
X

i A Inf1g
p � xi;

from which follows
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p � o1 ¼ pð� r�
X
j A J

xj �
X

i A Inf1g
xiÞ ¼ p � x1:

Remark. Importance of the fibers The preceding proof of existence

exploits the linearity of the budget and total resource constraints, in

other words, the linearity of the equations of the fibers.

Generic Existence of Nonstationary Equilibrium Allocations

Proposition 8.5.10 Generically on preferences, stationary long-run

economies have nonstationary equilibrium allocations whenever the

set of constrained consumers J is nonempty.

The proposition follows readily from the combination of proposi-

tions 8.5.9 and 8.5.8.

8.5.10 Intensity of Trade and Nonstationarity of the Long-Run

Equilibrium Allocation

The existence of nonstationary equilibrium allocations in stationary

long-run economies raises many new questions. For example, can any-

thing be said about the size of the set of economies that feature non-

stationary equilibrium allocations? Or, since stationary solutions exist

for any decomposition of the consumer set H into restricted and un-

restricted consumers, how can an economy go from a stationary, long-

run, Pareto-optimal equilibrium to a nonstationary, non-long-run,

Pareto-optimal one?

Here, I give a very limited answer to the first question, which high-

lights, as in previous chapters, the importance of the amount of trade

at equilibrium.

Proposition 8.5.11 There is an open neighborhood U of the set of

short-run Pareto optima PðrÞ such that, for o A U, the long-run econ-

omy EðI; JÞ½r�ðoÞ has a unique, stationary equilibrium for any decom-

position of the consumer set H into the sets I and J of unrestricted and

restricted consumers.

Proof Here I just give an idea of the proof. For any given partition

ðI; JÞ of H, one can study solutions of the equilibrium equation of the

long-run economy EðI; JÞ½r�ðoÞ along the lines of chapters 2–4, with the

equilibrium manifold, the natural projection, and the remarkable role

of the no-trade equilibria and the Pareto optima. The same lines of rea-

soning imply that for o A PðrÞ, the equilibrium is unique and regular,
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the corresponding equilibrium allocation is equal to o. As in the stan-

dard version of the Arrow-Debreu model, equilibrium is then unique

for o in a neighborhood of PðrÞ and therefore necessarily stationary.

There is no room for nonstationary equilibrium allocations for such

o’s.

With all possible partitions of H into the subsets I and J, it suffices to

consider the intersection of the open neighborhoods defined for each

pair ðI; JÞ to prove the proposition. m

8.6 Conclusion

This chapter showed that a highly stationary version of the intertem-

poral Arrow-Debreu model can feature nonstationary equilibrium allo-

cations provided some consumers (at least one) are prevented from

participating in financial markets. The phenomenon of nonstationarity

also requires that the intensity of trade at equilibrium goes beyond

some threshold value. These results throw new light on the question

of business fluctuations, even if many questions of major economic in-

terest remain unanswered.

The structure and properties of the standard version of the Arrow-

Debreu model have played a major role in our study of properties of

long-run economies with restricted market participation. The interest

of the standard Arrow-Debreu model is therefore not limited to a sim-

ple representation of market economies. The properties of this model

make it a powerful tool for the study of more elaborate economic

models.

The proof of the existence of nonstationary equilibrium allocations in

the intertemporal Arrow-Debreu model with restricted market partici-

pation is at best a first step in a general equilibrium approach to the

theory of business cycles and fluctuations. This result raises more ques-

tions than it solves. Presumably the most important question is why

and how an economy would migrate from a stationary equilibrium

solution to one of the nonstationary solutions whose existence was

proved in this chapter. This question is a special case of the problem of

equilibrium selection when there are multiple equilibria, a problem still

open in the case of the standard Arrow-Debreu model. It would be

particularly interesting to see whether the structure of the intertempo-

ral Arrow-Debreu model with restricted market participation is suffi-

ciently rich to bring the problem of equilibrium selection closer to a

solution that would make economic sense.
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8.7 Notes and Comments

The content of this chapter is new in printed form. Some of its results

were presented at Malinvaud’s seminar in Paris in 1987, at the London

School of Economics in 1989, and in a few other places during the

1990s.

The formulation of the impact of monetary policy by way of li-

quidity constraints in a general equilibrium model is due to Tobin

and Dolde (1971). They used explicit computations to analyze the

properties of equilibrium allocations associated with given liquidity

constraints. Their approach was generalized by Bewley (1986),

Scheinkman, and Weiss (1986), and Woodford (1989) to models whose

main features are the combination of an infinite horizon and the exis-

tence of two types of agents, only one type of agent being able to trans-

fer wealth over time. The main results obtained in these papers consist

mostly of examples of economies with nonstationary equilibria. If the

consideration of an infinite horizon in such dynamic issues has a long

tradition that goes back to growth theory, the infinite horizon makes

the analysis of the properties of equilibria as a function of initial

endowments and of the restrictions in market participation a task

that is almost impossible to complete in sufficiently general models.

Restricting the horizon to a finite number of time periods, as in this

chapter, makes these issues more amenable to analysis.

The intertemporal deterministic model with restricted market partic-

ipation considered in this chapter is, for the case of two periods, for-

mally identical to the extension in Balasko, Cass, and Shell (1995) of

the sunspot model of Cass and Shell (1983). Existence of nonstationary

solutions is then equivalent to the existence of sunspot equilibria. For a

general formulation of an equivariant Arrow-Debreu model that gen-

eralizes the sunspot model, see Balasko (1990). The specificity of the

intertemporal model compared to the sunspot model is in its number

of time periods, which is large, certainly much larger than two.
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9 The Temporary Equilibrium Model

9.1 Introduction

A basic tenet of the multiperiod intertemporal Arrow-Debreu model is

that all goods are traded at the same time and at the beginning of the

first period, often known as period 0, at the latest. This simplifying

assumption is extremely convenient in bringing consistency to the

Arrow-Debreu model. It is so extreme, however, that it amply justifies

the exploration of the consequences of restricting actual trade to some

subset of all the goods available in the economy. In practice, the subset

consists of the goods delivered in period 0. In other words, the as-

sumption is that only spot markets are open in period 0. There are no

forward markets for the goods to be delivered in period 1. This as-

sumption raises the question of how economic agents can transfer

wealth between time periods and states of nature, because the goods

considered in the Arrow-Debreu model are perishable. It is therefore

necessary to extend the Arrow-Debreu model by introducing suitably

defined financial assets. This leads to a new model that features goods

and assets. Assets are traded in period 0 as well as the goods delivered

in period 0.

In the multiperiod intertemporal Arrow-Debreu model, consumers’

choices are determined by budget constraints and prices. In the ab-

sence of forward markets, the goods delivered in period 1 and later

have no prices. Therefore, consumers cannot base their intertemporal

consumption decisions on the publicly known prices that are deter-

mined by the equality of supply and demand in actual markets. The

best these consumers can do is to substitute for nonexisting market

prices their own forecasts of the values these prices will take in due

time. These forecasts suffice, however, to determine individual de-

mand and supply, and therefore total demand and supply, of the

goods delivered in period 0. Temporary equilibrium is nothing more



than an equilibrium price vector and an equilibrium allocation of the

goods and assets delivered in period 0 given consumers’ forecasts of

the prices of goods delivered in future periods.

Several versions of the temporary equilibrium model exist in the lit-

erature. They are all closely related. The one considered in this chapter

is characterized by the fact that the values of future prices are included

in the states of nature. One nice feature of this approach is that the

temporary equilibrium model then turns out to possess a reduced

form that is mathematically very close to the Arrow-Debreu model.

The main differences between the reduced form and the Arrow-Debreu

model are (1) the consumption sets contain the positive orthant and are

usually larger, and (2) preferences are price-dependent. We have al-

ready seen the impact of the latter assumption on the properties of the

Arrow-Debreu model in chapter 6. The more general consumption sets

turn out not to alter significantly the properties of the model. Thus,

the basic properties of temporary equilibria like existence and generic

determinateness can be derived from the properties of the Arrow-

Debreu model with price-dependent preferences. In addition, the

global properties of the equilibrium manifold are also satisfied in this

model.

9.2 General Two-Period Model with Financial Assets

The perfect foresight Arrow-Debreu model with a finite number of

time periods (see chapter 8) is extended into a two-period model with

uncertainty, uncertainty being concentrated in the second time period

and all goods are traded at the beginning of period 0 whether deliv-

ered in period 0 or in period 1. This model differs on two accounts

from the standard two-period Arrow-Debreu model with uncertainty:

(1) consumers face budget constraints for every time period and every

state of nature; and (2) the model features suitably defined assets in ad-

dition to physical goods. These assets enable consumers to transfer

wealth between time periods and states of nature. Assets are not argu-

ments of the consumers’ utility functions.

9.2.1 Goods and Assets

Physical Goods

There are l and k physical goods delivered in period 0 and 1, respec-

tively. Period 1 can be viewed as a way of representing all future time
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periods. There is therefore no particular reason for the number of

goods in periods 0 and 1 to be equal. In general, we have l0 k. All

physical goods are traded at the beginning of period 0. They are perish-

able. Therefore, the goods delivered in period 0 simply disappear at the

end of period 0.

Uncertainty in Period 1 and Contingent Goods

Uncertainty is represented by way of a finite set of states of nature S,

with S ¼aS denoting the number of states of nature. The delivery of

the k physical goods available in period 1 is made contingent to the re-

alization of the states of nature s A S. Therefore, there are kS contingent

goods.

Prices of Goods

Denote by pð0Þ A Rl
þþ the price vector of the goods delivered in period

0 and by p½1� ¼ ðpð1Þ; . . . ; pðSÞÞ the price vector of the kS contingent

goods delivered in period 1. The interpretation of the model being

easier if these prices are not normalized, no physical commodity is

chosen as numeraire.

Assets and Their Prices

There is a finite number N of assets. Assets are traded at the beginning

of period 0 at the same time as the physical goods. Asset j, with j vary-

ing from 1 to N, guarantees the owner of one unit of the asset that the

quantity rjðsÞ of wealth will be delivered to the owner of the asset

if state of nature s occurs in period 1. This quantity is a real number.

For the sake of simplicity, it is assumed that the payoff rjðsÞ is a non-

negative number for every state of nature and is strictly positive for at

least one state of nature: rjðsÞb 0 for every s A S, and > 0 for some

s A S. The actual significance of the payoff rjðsÞ becomes clearer when

consumers’ budget constraints are considered. Denote by qj > 0 the

price of asset j, with 1a jaN, and q ¼ ðq1; q2; . . . ; qNÞ A RN
þþ the price

vector for the N assets.

More on Prices

In this model, which is not the temporary equilibrium model yet, all

goods and assets are traded, and trade takes place at the beginning of

period 0. It is assumed that the first asset has many features of money.

This justifies normalizing the price vector of the goods and assets

ðpð0Þ; p½1�; qÞ by the convention q1 ¼ 1.

The Temporary Equilibrium Model 185



Asset Payoff Matrix

The payoffs r jðsÞ of all N assets for the state of nature s A S define the

row matrix

rðsÞ ¼ ðr1ðsÞ; r2ðsÞ; . . . ; rNðsÞÞ A RN
þ :

The asset payoff matrix for the N assets is defined as the S�N matrix R

with row s equal to rðsÞ for 1a sa S.

Money as an Asset

In this setup money becomes the asset that has in period 0 a price

equal to 1 and payoffs equal to 1 in every state of nature s A S. Assume

from now on that asset 1 is money: q1 ¼ 1, and r1ðsÞ ¼ 1 for s A S.

Having an asset that is money simplifies the interpretation of the

model. The payoffs of the other assets can then be interpreted in terms

of money. Incidentally, the properties of the model regarding the exis-

tence and structure of its equilibria do not depend on whether the spe-

cific asset that is identified with money exists or not.

9.2.2 Consumers: Budget Constraints and Preferences

Assume a finite number m of consumers. What follows applies to con-

sumer i, with 1a iam.

Consumption Space

Consumer i’s consumption space is the strictly positive orthant X ¼
RlþkS

þþ , i.e., only strictly positive quantities of physical goods are

consumed.

Asset Portfolio

The asset portfolio held by consumer i at the end of period 0 is a vector

bi A RN . The consumer still holds this porfolio at the beginning of pe-

riod 1, which enables him to transfer wealth directly between time 0

and time 1 and indirectly between different states of nature by exploit-

ing the differences in payoffs of the various assets. At variance with the

consumption of physical goods, no sign or quantity constraints are im-

posed on the assets owned by consumer i.

Budget Constraint for Period 0

In period 0, consumer i buys physical goods to be consumed in period

0 and assets to transfer wealth between period 0 and the various states

of nature of period 1.
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Consumer i’s endowments in period 0 consist of the commodity

bundle oið0Þ A Rl and of the portfolio of assets bi ¼ ðb1
i ; . . . ; b

j
i ; . . . ;

bN
i Þ A RN . At this stage, no sign restrictions are imposed on endow-

ments. Consumer i’s bundle of goods consumed in period 0 and the

portfolio of assets held at the end of period 0, assets to be transferred

to period 1, are denoted by xið0Þ A Rl
þþ and bi ¼ ðb1i ; . . . ; b j

i ; . . . ; b
N
i Þ A

RN , respectively.

The budget constraint that must be satisfied by consumption xið0Þ
and the asset porfolio bi in period 0 is therefore equal to

pð0Þ � xið0Þ þ qbið0Þa pð0Þ � oið0Þ þ qbi:

Budget Constraint for State of Nature s A S

If state of nature s A S occurs in period 1, consumer i must have

enough resources to pay for the consumption of the commodity bundle

xiðsÞ A Rk
þþ. Consumer i’s resources consist of the commodity bundle

oiðsÞ and of the portfolio of assets bi ¼ ðb1i ; . . . ; b j
i ; . . . ; b

N
i Þ that has

been transferred from period 0 to period 1. In practice, a unit of asset

j yields wealth rjðsÞ in state s A S. Therefore, the porfolio of assets

bi A RN contributes to the wealth of consumer i in state of nature s by

the quantity

bi � rðsÞ ¼ b1i r
1ðsÞ þ � � � þ b

j
i r

jðsÞ þ � � � þ bNi r
NðsÞ:

Consumer i’s consumption for state of nature s A S must therefore

satisfy the constraint

pðsÞ � xiðsÞa pðsÞ � oiðsÞ þ bi � rðsÞ:

Utility Functions

Let S denote the unit simplex of RS,

S ¼ ðpðsÞÞ A RS

���� XS
s¼1

pðsÞ ¼ 1; pðsÞb 0; s ¼ 1; . . . ; S

( )
:

A point in the simplex S corresponds to a probability distribution on

the set of states of nature S. Note that the probability distribution p

can be purely subjective.

Consumer i’s preferences are represented by a utility function

ui : X� S ! R, which is surjective and smooth and such that the map

uið�; pÞ is (1) smoothly increasing, (2) smoothly strictly quasi-concave,

and (3) with indifference surfaces closed in RlþkS for any p A S. In
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addition, the utility function ui depends smoothly on the probability

distribution p A S.

9.2.3 Consumer’s Maximization Problem

SB 1 Budget Constraints

Consumer i maximizes utility uiðxið0Þ; x½1�i Þ subject to the identified

Sþ 1 budget constraints, namely, the one for period 0 and the S budget

constraints for each one of the S states of nature in period 1. Given the

monotonicity property of the utility function ui, the budget constraints

are necessarily binding so equalities can be substituted for inequalities.

In addition, the notation is simplified with the help of the j operation,

which is defined by

p½1� j ðx½1�i � o
½1�
i Þ ¼

pð1Þ � ðxið1Þ � oið1ÞÞ
..
.

pðsÞ � ðxiðsÞ � oiðsÞÞ
..
.

pðSÞ � ðxiðSÞ � oiðSÞÞ

0BBBBBBBB@

1CCCCCCCCA
:

A more compact notation for consumer i’s Sþ 1 budget equations is

then

pð0Þ � ðxið0Þ � oið0ÞÞ ¼ �qðbi � biÞ; ð9:1Þ

p½1� j ðx½1�i � o
½1�
i Þ ¼ Rbi; ð9:2Þ

where the matrix equality (9.2) corresponds to S real-valued equalities.

Utility Maximization

Given the price vectors p ¼ ðpð0Þ; p½1�Þ A RlþkS
þþ for the physical goods

and q A RN
þþ for the assets, and given the probability distribution

p A S, consumer i solves the following maximization problem:

Problem 9.2.1 Utility maximization. Find ðxi; biÞ AX�RN that maxi-

mizes uiðxi; pÞ subject to the budget constraints (9.1) and (9.2).

The existence of solutions to problem 9.2.1 depends on the value of

the payoff matrix R and of the asset price vector q.

Assuming there is a solution for just one consumer implies that there

exists a solution for every consumer. For such price vectors ðpð0Þ; p½1�;
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qÞ, a consumer i’s demand is a vector ðxið0Þ; x½1�i ; biÞ. An equilibrium

price vector ðpð0Þ; p½1�; qÞ is by definition such that the equation system

describing the equality of supply and demand of goods and assetsX
i

xið0Þ ¼
X
i

oið0Þ;

X
i

bi ¼
X
i

bi;

X
i

x
½1�
i ¼

X
i

o
½1�
i ;

is satisfied.

This model has been extensively studied during the past two de-

cades in the case Na S and rank R ¼ N and bi ¼ 0 for i ¼ 1 to m. Its

properties are by now well understood. Because this model is used

here only as a step in exploring the selected version of the temporary

equilibrium model, I do not pursue here a description of the model’s

properties. Readers may refer to the existing literature, for example,

Magill and Shaffer (1991) and Magill and Quinzii (1995).

9.3 The Temporary Equilibrium Model

The temporary equilibrium model differs from the previous two-

period model with uncertainty by the absence of markets at the begin-

ning of period 0 for the goods delivered in period 1. The only markets

that are open in period 0 consist of (1) the asset or financial markets,

and (2) the spot markets for the goods delivered in period 0. This im-

plies that there do not exist market prices for the physical goods deliv-

ered in period 1.

The markets open in period 0 do not determine the price vector p½1�

of the goods delivered in period 1. If consumers still want to maximize

their utility over the two time periods, they have to substitute for the

nonexistent market prices p½1� their own forecasts of these prices.

9.3.1 Forecasts and the Consumer’s Utility Maximization Problem

In the consumer’s utility maximization problem considered when mar-

kets for the goods delivered in period 1 are open, the price vector p½1� is
known to every consumer. The individual budget constraints associ-

ated with these prices are such that the utility maximization problems

of the various consumers are sufficiently similar for all of them to have
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a solution if only one of them has a solution. This property simplifies

the study of that model.

In the temporary equilibrium model, where there is no market in pe-

riod 0 for the goods delivered in period 1, forecasts may vary from one

consumer to another. There is no reason for every consumer to come

up with the same forecast. Then, the consumer’s utility maximization

problem loses the remarkable property of having a solution for all con-

sumers once it has a solution for one consumer. This difficulty is not

insuperable and has been tackled in the literature at the cost of addi-

tional assumptions regarding the forecast functions, for example. Here,

I circumvent this difficulty by exploiting the freedom to select the set of

states of nature S that represents uncertainty. Assume that the set of

states of nature S is such that the price vector pðsÞ, the payoff vector

rðsÞ, and the endowment vector oiðsÞ of consumer i, with i varying

from 1 to m, are determined by the state of nature s A S.

9.3.2 Forecasts as Probability Distributions on the Set of States of

Nature

The likelihood of observing the price vector pðsÞ, the payoff vector rðsÞ,
and the endowment vector ðoiðsÞÞ is simply expressed by the probabil-

ity pðsÞ of state s A S.

The two assumptions of the incomplete asset market literature,

namely, that the number S of states of nature is larger than the num-

ber of assets N, and that the rank of the asset payoff matrix R is equal

to N and therefore maximal, become natural consequences of having

endowments, payoffs, and future prices part of the set of states of na-

ture S.

The central assumption of all temporary equilibrium models is that

every consumer’s forecasts are based on the market prices observed

in period 0, namely, the price vector ðpð0Þ; qÞ A Rl
þþ �RN

þþ. Here this

takes the form that the probability distribution on the set of states of

nature S that expresses consumer i’s forecasts is some function

ji : R
l
þþ �RN

þþ ! S;

with i varying from 1 to m.

9.3.3 Consumer’s Maximization Problem in the Temporary

Equilibrium Setup

An important consequence of having endowments, payoffs, and future

prices as part of the set of states of nature S is that the Sþ 1 budget
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constraints that consumer i is facing in maximizing utility are now in-

dependent of the forecasts. Consumer i’s maximization problem in this

temporary equilibrium model is now formally identical to problem

9.2.1, where the price vector ðpð0Þ; p½1�; qÞ is taken as given. Note that

in the current setup, the price vector p½1� represents a very large collec-

tion of prices of the physical goods delivered in period 1, a collection

indexed by the states of nature s A S. In particular and at variance

with the previous two-period model, the component p½1� does not real-
ize any kind of equality between the aggregate demand and supply of

the goods delivered in period 1 because there are no markets open for

the goods to be delivered in period 1.

Existence of a solution to the consumer’s maximization problem

depends only on the structure of the matrix
�q

R

� �
, not on the precise

specification of the utility function uið�; pÞ nor on the form of the fore-

cast function jiðpð0Þ; qÞ.
Every consumer’s utility maximization problem has a solution once

a solution exists for one consumer. Consumer i’s demand in period 0

given the period 0 price vector ðpð0Þ; qÞ is the component ðxið0Þ; biÞ of
the solution ðxi; biÞ ¼ ððxið0Þ; x½1�i Þ; biÞ of problem 9.2.1 for the probabil-

ity distribution p ¼ jiðpð0Þ; qÞ.

9.3.4 Temporary Equilibrium

It follows from the nature of the set of states of nature S that an econ-

omy is characterized by its endowment in physical goods to be deliv-

ered in period 0, namely, the vector oið0Þ A Rl and the asset portfolio

bi A RN , with i varying from 1 to m.

A temporary equilibrium of the economy defined by the endowment

vector ðoið0Þ; biÞ, the utility functions uiðxi; pÞ, and the forecast func-

tions ji : R
l
þþ �RN

þþ ! S, for i ¼ 1; . . . ;m, is a pair ðpð0Þ; qÞ A Rl
þþ �

RN
þþ such that equalitiesX
i

xið0Þ ¼
X
i

oið0Þ;

X
i

bi ¼
X

bi;

are satisfied.
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9.4 Properties of Temporary Equilibria

The goal is now to study the properties of the temporary equilibria. I

show that such equilibria exist under sufficiently general assumptions

for this equilibrium concept to be relevant. In addition and at variance

with the two-period model with incomplete asset markets used as an

introduction to the temporary equilibrium model, equilibria are deter-

mined, in other words, locally isolated in case there is a multiplicity of

them. This striking difference between the two models highlights the

important role played by consumers’ forecasts in the determination of

equilibria in these models.

9.4.1 Consumer i’s Demand in Period 0

Here, we express the period 0 component ðxið0Þ; biÞ of consumer i’s de-

mand ððxið0Þ; biÞ; x½1�i Þ as a function of the period 0 prices ðpð0Þ; qÞ. This
follows from a reinterpretation of the utility maximization problem

9.2.1 as a two-step maximization problem, a standard approach in

dynamic programming. This leads to consideration of the following

problem:

Problem 9.4.1 Partial utility maximization. Given ðxið0Þ; biÞ and p,

find x
½1�
i A RlS

þþ that maximizes

uiððxið0Þ; x½1�i Þ; pÞ

subject to the constraint

p½1� j ðx½1�i � o
½1�
i Þ ¼ Rbi:

We define the value function of problem 9.4.1 by

viðxið0Þ; bi; pÞ ¼ uiððxið0Þ; x½1�i Þ; pÞ;

where x
½1�
i is a solution of the problem.

Set of Acceptable Portfolios

Problem 9.4.1 has a solution, which is then unique, if and only if the

vector inequality

p½1� jo
½1�
i þ Rbi > 0 ð9:3Þ
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is satisfied. The portfolios bi A RN that satisfy these inequalities are

called acceptable for consumer i.

The set

Bi ¼ fbi A RN j p½1� jo
½1�
i þ R bi > 0g

of acceptable portfolios is independent of the endowment vector oið0Þ in
period 0. This set is comparable to the consumption set in the standard

Arrow-Debreu model. In fact, the Cartesian product Rl
þþ � Bi is iden-

tified with the consumption space of a (fictitious) consumer having a

suitably defined utility function for the bundle ðxið0Þ; biÞ. The proper-

ties of the set of acceptable portfolios Bi play an important role in the

sequel.

The set Bi is a convex polyhedron whose facets are perpendicular to

the vectors riðsÞ for s A S. The origin 0 belongs to Bi. In addition, the

inclusion bi þRN
þ HBi is satisfied for any bi A Bi.

The recession cone of the convex polyhedron Bi is defined as follows.

Pick some element bi A Bi. The recession cone consists of the vectors

d A RN such that bi þ td A Bi for tb 0. The recession cone is easily

shown to be independent of the choice of the element bi A Bi. In addi-

tion, the facets of the convex polyhedron Bi are perpendicular to the

vectors riðsÞ, for s A S. Their directions do not depend on consumer i.

This implies that the recession cone G of the set of acceptable portfolios

Bi is the same for all consumers i ¼ 1; . . . ;m.

To sum up, the sets Bi of acceptable portfolios for consumer i, with i

varying from 1 to m, are convex polyhedra that may be different but

they all have the same recession cone G.

Exercises

9.1. Show that with N ¼ 2, S ¼ 2, rið1Þ ¼ ð1; 1Þ, and r1ð2Þ ¼ ð1; 3Þ, the
other parameters being arbitrarily chosen, the set of acceptable port-

folios Bi is not bounded from below.

9.2. Show that with N ¼ 2, S ¼ 3, rið1Þ ¼ ð1; 1Þ, r1ð2Þ ¼ ð1; 3Þ, and

rið3Þ ¼ ð1; 2Þ, and with oið1Þ ¼ ð5; 5Þ, oið2Þ ¼ ð5; 5Þ, oið3Þ ¼ ð1; 1Þ, the
set of acceptable portfolios Bi is not a cone.

Value Function of Problem 9.4.1

It follows from the definition of an acceptable portfolio that the value

function viðxið0Þ; bi; pÞ is defined on the set Rl
þþ � Bi � S.
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This value function behaves very much like the utility functions con-

sidered in the Arrow-Debreu model in the sense that vi : Rl
þþ � Bi � S

! R is smooth and the (partial) value function við: ; :; pÞ is smooth,

smoothly monotonic, and smoothly strictly quasi-concave onRl
þþ � Bi,

with level sets closed in Rl �RN . The proofs of these properties pres-

ent no major difficulties. They are developed in the following exercise.

Exercise

9.3. Let w
½1�
i ¼ ðwið1Þ; . . . ;wiðSÞÞ A RS be a distribution of wealth across

the S states of nature. The map A : Rl
þþ �RkS

þþ ! Rl
þþ �RS

þþ is

defined by the formula Aðxið0Þ; x½1�i Þ ¼ ðxið0Þ;w½1�
i Þ, where wiðsÞ ¼

pðsÞ � xiðsÞ for s A S. For xið0Þ A Rl
þþ and w

½1�
i A RS

þþ given, maximize

uiðxið0Þ; x½1�i ; pÞ subject to the constraint Aðxið0Þ; x½1�i Þ ¼ ðxið0Þ;w½1�
i Þ.

a. Show that this problem has a unique solution for any ðxið0Þ;w½1�
i Þ A

Rl
þþ �RS

þþ and that this solution defines a smooth function of

ðxið0Þ;w½1�
i Þ.

b. Let Uiðxið0Þ;w½1�
i ; pÞ ¼ uiðxið0Þ; x½1�i ; pÞ be the associated value func-

tion. Show that for given p A S, this function of ðxið0Þ;w½1�
i Þ is smooth,

smoothly monotonic, and smoothly quasi-concave, with level sets

fðxið0Þ;w½1�
i Þ A RlþS

þþ jUiðxið0Þ;w½1�
i ; pÞ ¼ uig closed in RlþS for all ui.

c. Prove the equality viðxið0Þ; bi; pÞ ¼ Uiðxið0Þ;w½1�
i ; pÞ where w

½1�
i ¼

ðwiðsÞÞ, with s ¼ 1; . . . ; S, is such that wiðsÞ ¼ pðsÞ � oiðsÞ þ rðsÞ � bi.
d. Apply the equality viðxið0Þ; bi; pÞ ¼ uiððxið0Þ; x½1�i Þ; bi; pÞ to prove the

smoothness of vi. (For the smooth dependence on p, apply the para-

metric version of the implicit function theorem to the first order-

conditions.)

e. Apply the results of the previous parts to show that við:; pÞ is

smoothly monotonic, and strictly quasi-concave, with level sets closed

in Rl �RN .

f. Prove the strict smooth quasi-concavity of við:; pÞ. (This part is more

technical than just proving strict quasi-concavity. It requires exploiting

the fact that the Gaussian curvature of the level sets is different from

zero everywhere.)

9.4.2 Reformulation of Consumer i’s Period 0 Utility Maximization

Problem

The solution to problem 9.4.1 determines the value function viðxið0Þ;
bi; pÞ for xið0Þ A Rl

þþ, bi A Bi, and p A S. Given that value function

vi : Rl
þþ � Bi � S ! R, let us now consider the following maximiza-

tion problem.
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Problem 9.4.2 Given p, find ðxið0Þ; biÞ A Rl
þþ � Bi that maximizes

viðxið0Þ; bi; pÞ
subject to the constraint

pð0Þ � ðxið0Þ � oið0ÞÞ þ q � ðbi � biÞ ¼ 0: ð9:4Þ
Problem 9.4.2 is very similar to the utility maximization problem

under a single budget constraint of standard Arrow-Debreu model.

The roles of the utility function, commodity bundle, price vector, and

budget constraint are played respectively by vi, ðxið0Þ; biÞ, ðpð0Þ; qÞ, and
equality (9.4). Consumer i’s problem 9.2.1 is now decomposed into the

following two-stage maximization problem.

Theorem 9.4.1 The element ððxið0Þ; biÞ; x½1�i Þ A Rl
þþ �RN �RlS

þþ is a

solution of problem 9.2.1 if and only if ðxið0Þ; biÞ is a solution of prob-

lem 9.4.2. Conversely, let ðxið0Þ; biÞ be a solution of problem 9.4.2; then

ððxið0Þ; biÞ; x½1�i Þ is a solution of problem 9.2.1 for x
½1�
i solution of problem

9.4.1 given ðxið0Þ; biÞ.

Proof The condition is necessary. Let us assume that

ððxið0Þ; biÞ; x½1�i Þ A Rl
þþ �RN �RlS

þþ

is the unique solution of problem 9.2.1. Then it follows from the con-

straints (9.1) and (9.2) of problem 9.2.1 that bi necessarily belongs to

Bi. It suffices to keep the period 1 component x
½1�
i of the (unique) solu-

tion to problem 9.2.1 constant to observe that the period 0 component

ðxið0Þ; biÞ maximizes viððxið0Þ; x½1�i Þ; pÞ given the period 0 constraint

(9.4), which amounts to ðxið0Þ; biÞ A Rl
þþ � Bi being a solution to prob-

lem 9.4.2. By keeping the period 0 component ðxið0Þ; biÞ of the solution

to problem 9.2.1 constant, we see that the period 1 component x
½1�
i max-

imizes uiðxið0Þ; x½1�i ; pÞ and therefore solves problem 9.4.1 subject to the

constraint p½1� j ðx½1�i � o
½1�
i Þ ¼ Rbi.

The condition is sufficient. Let ðxið0Þ; biÞ A Rl
þþ � Bi be a solution of

problem 9.4.2 and x
½1�
i a solution of problem 9.4.1 associated with the

right-hand constraints p½1� j ðx½1�i � o
½1�
i Þ ¼ Rbi. If problem 9.2.1 has a

solution, it follows from the necessary conditions that the period 0

component of that solution is indeed the solution to problem 9.4.2 and

therefore coincides with ðxið0Þ; biÞ. The same line of reasoning based on

the uniqueness of the solution to problem 9.4.1 implies that the period

1 component of the solution of problem 9.2.1 is equal to x
½1�
i . m
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9.4.3 Reduction to an Arrow-Debreu Economy with Price-

Dependent Preferences

Theorem 9.4.2 The temporary equilibrium model is equivalent to an

Arrow-Debreu pure exchange economy with lþN goods, the set of

prices being the set Rl
þþ �RN

þþ, consumer i’s consumption set, endow-

ments and (price-dependent) utility function being the set Rl
þþ � Bi,

the vector ðoið0Þ; biÞ A Rl
þþ � Bi, and the function viððxið0Þ; biÞ;

jiðpð0Þ; qÞÞ, respectively.
This follows readily from theorem 9.4.1 combined with the definition

of a temporary equilibrium given in section 9.3.4.

9.4.4 Properties of Temporary Equilibria

Properties of temporary equilibria are therefore those of the equilibria

of an Arrow-Debreu economy with price-dependent preferences, the

model considered in chapter 6. There is a difference, however. In that

model, the consumption sets are the strictly positive orthant. Here the

consumption sets are more general. They satisfy the following proper-

ties: (1) the recession cone G associated with the consumption space

Xi HRlþN of consumer i is the same for all consumers; (2) for every i,

there exists an element ai A RlþN such that the inclusion Xi H ai þ G is

satisfied; and (3) indifference sets are closed in the commodity space

RlþN . The price set then consists of the interior of the dual of the reces-

sion cone G. The recession cone G plays the same role as the positive

orthant in models where the consumption sets are the strictly positive

orthant.

The following properties are satisfied by the temporary equilibrium

model.

Proposition 9.4.3 For exogenously given forecast functions of future

prices and payoffs and for endowment vectors ðoið0Þ; biÞ A X � Bi for

i ¼ 1; 2; . . . ;m, temporary equilibria always exist.

Another important result is the following version of Debreu’s theo-

rem on the generic determinateness of the temporary equilibrium

solution.

Proposition 9.4.4 For exogenously given preferences and forecast

functions, there exists a generic set of endowments ðoið0Þ; biÞi such

that the associated temporary equilibria are locally isolated.
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It also follows from theorem 9.4.2 that the equilibrium manifold of

the temporary equilibrium model can be identified with the equilib-

rium manifold of an Arrow-Debreu pure exchange economy with

lþN goods and parameter space ððX � B1Þ � � � � � ðX � BmÞÞ, utilities
being price dependent. It then follows from section 6.3.2 that the equi-

librium manifold is diffeomorphic to the Euclidean space RðlþNÞm.

9.5 Conclusion

Temporary equilibria are locally isolated even when asset markets are

incomplete and payoffs made in money. This property holds true for

individual forecasts of future prices and payoffs exogenously given.

Any change in the forecast functions induces a change in the corre-

sponding temporary equilibrium allocations. This parameterization of

temporary equilibria by the forecast functions reconcile the results of

this chapter with those on incomplete asset markets with purely finan-

cial assets. See, for example, Balasko and Cass (1989). In view of the

results of this chapter, the indeterminacy property of general equilib-

rium incomplete asset models can be interpreted as equivalent to the

existence of an infinite number of individual forecast functions that are

compatible with the equilibria of those models.

9.6 Notes and Comments

The first versions of the temporary equilibrium model were those of

Lindahl (1939) and Hicks (1946) with subsequent contributions by

Grandmont, Green, and Stigum focusing on the stochastic aspects of

the model (see Grandmont 1988).

The original two-period model with financial assets is due to Arrow

(1953; 1964). The study of the structure of the solutions of this model

when asset markets are incomplete was initiated by Cass (1984) and

Werner (1985). For a survey of that literature, see, for example, Magill

and Shaffer (1991).

The extension of the equilibrium manifold and natural projection

approach to the temporary equilibrium model is due to Balasko

(2003b).
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Appendix: The Set of Pareto Optima and Its Parameterizations

This appendix describes the structure of the set of Pareto optima when

total resources are fixed. The first part is devoted to parameterization

by utility levels, the second to parameterization by welfare weights.

These properties are all well known. Nevertheless, no exhaustive rigor-

ous exposition that covers exactly the assumptions made in this book,

in particular those regarding the consumption sets, seems to exist in

the literature. This appendix is motivated by the close relations that ex-

ist between section manifolds and sets of Pareto optima. It deals also

with the properties of sets of feasible utility levels, which are of inde-

pendent interest.

A.1 Sets of Feasible Utility Levels

Let PðrÞ ¼ PXWðrÞ denote the set of Pareto optima compatible with

the total resource vector r A X.

In order to understand the properties of the set of Pareto optima

PðrÞ, it is necessary to consider the utility levels that can be reached

with a given vector of total resources r A X. I use induction on the

number of consumers at times because the definitions that follow are

relative to subsets of the m consumers that make up the economy. The

usual treatments consider all consumers at once.

A.1.1 Definitions

The set of feasible utility levels for the first k consumers with incomplete re-

source utilization U kðrÞ, with 1a kam, is the subset of Rk such that

U kðrÞ ¼ fðu1ðx1Þ; . . . ; ukðxkÞÞ A Rk j x1; . . . ; xk A X; x1 þ � � � þ xk < rg:



The term incomplete resource utilization refers to the fact that the re-

source inequality x1 þ x2 þ � � � þ xk < r is strict coordinatewise.

The set U kðrÞ is therefore the image of the set

Wkð< rÞ ¼ fðx1; x2; . . . ; xkÞ A Xk j x1 þ x2 þ � � � þ xk < rg
by the map

ðu1; u2; . . . ; ukÞ : ðx1; x2; . . . ; xkÞ ! ðu1ðx1Þ; u2ðx2Þ; . . . ; ukðxkÞÞ
from Xk into Rk.

Similarly, the set of feasible utility levels for the first k consumers with full

utilization of resources is the image of the set

WkðrÞ ¼ fðx1; x2; . . . ; xkÞ A Xk j x1 þ x2 þ � � � þ xk ¼ rg
by the map

ðx1; x2; . . . ; xkÞ ! ðu1ðx1Þ; u2ðx2Þ; . . . ; ukðxkÞÞ:
The definition of the set of Pareto optima PðrÞ is extended to define

PkðrÞ as the set of Pareto optima associated with the total resources

r A X for the first k consumers. This implies that PðrÞ ¼ PmðrÞ.
The set of feasible utility levels for the first k consumers with full uti-

lization of resources is the closure of U kðrÞ, the set of feasible utility levels

with incomplete utilization of resources. Before proving this property, I

look more closely at some properties of the set U kðrÞ.

A.1.2 Free Disposal of Feasible Utility Levels

The idea of the free disposability of utility levels takes the following

form.

Proposition A.1.1 For u ¼ ðu1; u2; . . . ; ukÞ A U k, the inclusion u�Rk
þ

HU kðrÞ is satisfied.

Proof Let ðx1; x2; . . . ; xkÞ A Xk be such that u1ðx1Þ ¼ u1, u2ðx2Þ ¼
u2; . . . , ukðxkÞ ¼ uk, and x1 þ x2 þ � � � þ xk < r. Let u 0 ¼ ðu 0

1; u
0
2; . . . ; u

0
kÞ

a u ¼ ðu1; u2; . . . ; ukÞ with at least one strict inequality. For every i be-

tween 1 and k, let x 0
i A X be the unique point collinear with xi and such

that uiðx 0
i Þ ¼ u 0

i a uiðxiÞ ¼ ui. By construction, x 0
i a xi for every i, one

inequality at least being strict. Therefore, the sum x 0
1 þ x 0

2 þ � � � þ x 0
k is

strictly less than x1 þ x2 þ � � � þ xk and therefore less than r. m
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A.1.3 Openness of the Set of Feasible Utility Levels with Incomplete

Resource Utilization

Proposition A.1.2 The set U kðrÞ is nonempty and open in Rk.

Proof The set U kðrÞ is nonempty: take, for example, x1 ¼ x2 ¼ � � � ¼
xk ¼ 1

k þ 1
r. Then ðu1ðx1Þ; u2ðx2Þ; . . . ; ukðxkÞÞ obviously belongs to U kðrÞ.

Let now u ¼ ðu1; u2; . . . ; ukÞ A U kðrÞ. To prove openness, it suffices to

show that there exists an open cube centered at u A Rk such that, if u 0

belongs to that cube, then u 0 belongs to U kðrÞ.
By the definition of U kðrÞ, there exists x ¼ ðx1; x2; . . . ; xkÞ A Xk with

u1ðx1Þ ¼ u1; u2ðx2Þ ¼ u2; . . . ; ukðxkÞ ¼ uk and x1 þ x2 þ � � � þ xk ¼ y < r.

Define e ¼ 1
2k ðr� yÞ and let x 0

1 ¼ x1 þ e; x 0
2 ¼ x2 þ e; . . . ; x 0

k ¼ xk þ e. By

the definition of e, we have x 0
1 þ x 0

2 þ � � � þ x 0
k ¼ yþ 1

2 ðr� yÞ < yþ
ðr� yÞ ¼ r. Then u 0 ¼ ðu 0

1; u
0
2; . . . ; u

0
kÞ ¼ ðu1ðx1Þ; u2ðx2Þ; . . . ; umðxmÞÞ be-

longs to U kðrÞ. The inequality u < u 0 implies that u ¼ ðu1; u2; . . . ; ukÞ
belongs to the set u 0 �Rk

þþ, which is open and contained in U kðrÞ. The
set u 0 �Rk

þþ is an open neighborhood of u and therefore contains an

open cube centered at u. This ends the proof of the openness of U kðrÞ.
m

A.1.4 Closedness of the Set of Feasible Utility Levels with Full

Resource Utilization

Proposition A.1.3 The set of feasible utility levels for the first k con-

sumers with full resource utilization is the closure in Rk of the set U kðrÞ
of feasible utility levels for the first k consumers with incomplete resource

utilization.

Proof Let u ¼ ðu1; u2; . . . ; ukÞ such that there exists x ¼ ðx1; x2; . . . ; xkÞ
A Xk with u1ðx1Þ ¼ u1; u2ðx2Þ ¼ u2; . . . ; ukðxkÞ ¼ uk and x1 þ x2 þ � � � þ
xk ¼ r A X. Let xðnÞ ¼ 1� 1

n

� �
x. Define uðnÞ ¼ ðu1ðxðnÞ1 Þ; u2ðxðnÞ2 Þ; . . . ;

ukðxðnÞk ÞÞ. Then uðnÞ A U kðrÞ and limn!y uðnÞ ¼ u. m

A.1.5 Characterization of the Boundary qU k(r)

Recall that Rk
þ ¼ fðv1; v2; . . . ; vkÞ A Rk j v1 b 0; v2 b 0; . . . ; vk b 0g.

Proposition A.1.4 The k-tuple u ¼ ðu1; u2; . . . ; ukÞ A U kðrÞ belongs to

the boundary qU kðrÞ if and only if

ðuþRk
þÞXU kðrÞ ¼ fug:
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Proof The set U kðrÞ being open, its boundary is the set

qU kðrÞ ¼ U kðrÞnU kðrÞ:
The k-tuple u ¼ ðu1; u2; . . . ; ukÞ A U kðrÞ therefore belongs to the bound-

ary qU kðrÞ if and only if u does not belong to the open set U kðrÞ. It fol-
lows from the formula ðuþRk

þÞXU kðrÞ ¼ fug that u belongs to U kðrÞ.
Let us show that this formula is equivalent to u not in U kðrÞ. If u

belongs to U kðrÞ, which is open, there is an open neighborhood of u

that is contained in U kðrÞ. The intersection of this neighborhood with

the set uþRk
þ then necessarily contains other elements than u. m

A.1.6 The Boundary qU k(r) and the Pareto Optima

A necessary condition for x ¼ ðx1; x2; . . . ; xkÞ A Xk to be such that

its image uðxÞ ¼ ðu1ðx1Þ; u2ðx2Þ; . . . ; ukðxkÞÞ belongs to the boundary

qU kðrÞ is that the sum x1 þ x2 þ � � � þ xk be equal to r. This condition is

obviously not sufficient for uðxÞ ¼ ðu1ðx1Þ; u2ðx2Þ; . . . ; ukðxkÞÞ to belong

to qU kðrÞ. A first result in this direction is the following.

Lemma A.1.5 The image of the set of Pareto optima PkðrÞ by the map

u : ðx1; x2; . . . ; xkÞ ! ðu1ðx1Þ; u2ðx2Þ; . . . ; ukðxkÞÞ from Xk to Rk is con-

tained in the boundary qU kðrÞ.

Proof Let x ¼ ðx1; x2; . . . ; xkÞ A PkðrÞ and assume uðxÞ A U kðrÞ. There
exists therefore some y ¼ ðy1; y2; . . . ; ykÞ A Xk such that uðyÞ ¼ uðxÞ
and y1 þ y2 þ � � � þ yk < r. Let e ¼ 1

k ðr� ðy1 þ y2 þ � � � þ ykÞÞ and de-

fine x 0 ¼ ðx 0
1; x

0
2; . . . ; x

0
kÞ by x 0

1 ¼ y1 þ e, x 0
2 ¼ y2 þ e; . . . , x 0

k ¼ yk þ e. It

follows from u1ðx1Þ < u1ðx 0
1Þ; u2ðx2Þ < u2ðx 0

2Þ; . . . ; ukðxkÞ < ukðx 0
kÞ that

x 0 is Pareto-superior to x, hence a contradiction. This proves the inclu-

sion uðPkðrÞÞH qU kðrÞ. m

To prove the equality uðPkðrÞÞ ¼ qU kðrÞ, it is necessary to have some

information on how to obtain the Pareto optima associated with given

utility levels.

A.2 Classical Optimization Problem for Pareto Optima

By definition, problem P kþ1ðr; u1; u2; . . . ; ukÞ is to find x A Xkþ1 that

maximizes ukþ1ðxkþ1Þ subject to the constraints
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u1ðx1Þb u1;

u2ðx2Þb u2;

..

.

ukðxkÞb uk;

x1 þ x2 þ � � � þ xk þ xkþ1 a r:

Proposition A.2.1 Maximization problem P kþ1ðr; u1; u2; . . . ; ukÞ has a

solution if and only if ðu1; u2; . . . ; ukÞ belongs to U kðrÞ. The solution is

then unique and defines a function Rkðr; u1; u2; . . . ; ukÞ from U kðrÞ into
Xkþ1.

A.2.1 Necessity

Let us show that if problem P kþ1ðr; u1; u2; . . . ; ukÞ has a solution, then

u ¼ ðu1; u2; . . . ; ukÞ belongs to U kðrÞ. It follows from monotonicity of

utility that the constraints of problem P kþ1ðr; u1; u2; . . . ; ukÞ are neces-

sarily binding at a solution. Therefore, if

x ¼ ðx1; x2; . . . ; xk; xkþ1Þ A Xkþ1

denotes such a solution, we have u1ðx1Þ ¼ u1, u2ðx2Þ ¼ u2; . . . , ukðxkÞ ¼
uk and x1 þ x2 þ � � � þ xk þ xkþ1 ¼ r. The last constraint combined with

xkþ1 A X (i.e., all coordinates of xkþ1 are strictly positive) implies the

strict inequality x1 þ x2 þ � � � þ xk < r, which proves that u ¼ ðu1;
u2; . . . ; ukÞ belongs to U kðrÞ.

A.2.2 Sufficiency

Let u ¼ ðu1; u2; . . . ; ukÞ A U kðrÞ. There exists x A Xk such that u1ðx1Þ ¼
u1, u2ðx2Þ ¼ u2; . . . , ukðxkÞ ¼ uk and x1 þ x2 þ � � � þ xk < r. Define xkþ1

¼ r� ðx1 þ x2 þ � � � þ xkÞ A X.

Let C denote the subset of Xkþ1 defined by the inequalities u1ðx 0
1Þb

u1ðx1Þ ¼ u1, u2ðx 0
2Þb u2ðx2Þ ¼ u2; . . . , ukðx 0

kÞb ukðxkÞ ¼ uk, x 0
1 þ x 0

2

þ � � � þ x 0
k þ x 0

kþ1 a r and ukþ1ðx 0
kþ1Þb ukþ1ðxkþ1Þ. A solution of prob-

lemP kþ1ðr; u1; . . . ; ukÞ is a solution of the new problem that consists in

maximizing ukþ1ðx 0
kþ1Þ but now subject to the constraint

x 0 ¼ ðx 0
1; x

0
2; . . . ; x

0
k; x

0
kþ1Þ A C

and conversely. The new problem turns out to be easier to handle be-

cause of its constraint set C, which is compact, as is now shown.
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It follows from x 0
1 þ x 0

2 þ � � � þ x 0
kþ1 a r that the inequality x 0

i a r is

satisfied for 1a ia k þ 1. Combined with uiðx 0
i Þb uiðxiÞ, this implies

that x 0
i belongs for each i, with 1a ia k þ 1, to the set

Li ¼ fx 0
i A X j uiðx 0

i Þb uiðxiÞ; x 0
i a rg;

which is compact by lemma 2.5.3. Therefore, the constraint set C is

closed as a subset defined by equalities and large inequalities in the

compact set that is the Cartesian product of compact sets L1 � L2
� � � � � Lk � Lkþ1. The set C is therefore compact.

The continuous function ukþ1ðxkþ1Þ reaches its maximum on the

compact set C. This proves the existence of a solution to the problem

of maximizing ukþ1ðx 0
kþ1Þ subject to the constraint x 0 A C and therefore

to problemP kþ1ðr; u1; u2; . . . ; ukÞ for ðu1; u2; . . . ; ukÞ A U kðrÞ. m

A.2.3 Uniqueness

Let us show that the solution is unique. Assume the contrary. Let x and

x 0 be two solutions, with x0 x 0. Recall that at those solutions the

constraints are binding. Therefore, uiðxiÞ ¼ uiðx 0
i Þ ¼ ui for i ¼ 1; 2; . . . ; k

and x1 þ � � � þ xkþ1 ¼ x 0
1 þ � � � þ x 0

kþ1 ¼ r.

The element x 00 ¼ ðxþ x 0Þ=2 satisfies x 00
1 þ � � � þ x 00

kþ1 ¼ r and uiðx00i Þb
ui for i ¼ 1; 2; . . . ; k, the inequality being strict for xi 0 x 0

i by the strict

quasi-concavity of the utility functions ui. If xi ¼ x 0
i for i ¼ 1; 2; . . . ; k,

then necessarily xkþ1 and x 0
kþ1 are equal to r� ðx1 þ � � � þ xkÞ and

r� ðx 0
1 þ � � � þ x 0

kÞ, respectively, and therefore they are equal, which

contradicts the assumption. Therefore, assume without loss of general-

ity that x1 0 x 0
1. Then u1ðx 00

1 Þ > u1ðx1Þ ¼ u1ðx 0
1Þ ¼ u1. Let x

000
1 A X collin-

ear with x 00
1 and such that u1ðx 000

1 Þ ¼ u1. We have x 000
1 < x 00

1 . Let h ¼
x 00
1 � x 000

1 A X (i.e., all coordinates of h are > 0). Define y A Xkþ1 by

y1 ¼ x 000
1 ; y2 ¼ x 00

2 ; . . . ; yk ¼ x 00
k and ykþ1 ¼ x 00

kþ1 þ h. Then y satisfies all

the constraints of problem P kþ1ðr; u1; u2; . . . ; ukÞ and ukþ1ðykþ1Þ >
ukþ1ðx 00

kþ1Þb ukþ1ðxkþ1Þ. The last inequality again contradicts the defini-

tion of x as a solution of problemP kþ1ðr; u1; u2; . . . ; ukÞ, which ends the

proof of the uniqueness of the solution.

A.3 The Map Rk(r, .) : U k(r) ! XkB1

Let Rkðr; u1; u2; . . . ; ukÞ denote the solution ofP kþ1ðr; u1; u2; . . . ; ukÞ. The
solution being unique, this defines a map Rkðr; :Þ : U kðrÞ ! Xkþ1.

Proposition A.3.1 The map Rkðr; :Þ : U kðrÞ ! Xkþ1 is smooth.
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A.3.1 First-Order Conditions

Substitute for problemP kþ1ðr; u1; u2; . . . ; ukÞ its first-order conditions. It
is left for the reader to check the well-known property that these condi-

tions are necessary and sufficient. Therefore, the vector x ¼ ðx1; x2; . . . ;
xk; xkþ1Þ is a solution to problemP kþ1ðr; u1; u2; . . . ; ukÞ if and only if m ¼
ðm1; m2; . . . ; mkÞ A Rk and n ¼ ðn1; n2; . . . ; nlÞ A Rl exist such that ðx; m; nÞ
solves

m1Du1ðx1Þ ¼ n;

m2Du2ðx2Þ ¼ n;

..

.

mkDukðxkÞ ¼ n;

Dukþ1ðxkþ1Þ ¼ n;

r� ðx1 þ x2 þ � � � þ xk þ xkþ1Þ ¼ 0;

u1ðx1Þ � u1 ¼ 0;

u2ðx2Þ � u2 ¼ 0;

..

.

ukðxkÞ � uk ¼ 0:

Elimination of n A Rk yields the equivalent equation system

m1Du1ðx1Þ �Dukþ1ðxkþ1Þ ¼ 0;

m2Du2ðx2Þ �Dukþ1ðxkþ1Þ ¼ 0;

..

.

mkDukðxkÞ �Dukþ1ðxkþ1Þ ¼ 0;

r� ðx1 þ x2 þ � � � þ xk þ xkþ1Þ ¼ 0;

u1ðx1Þ � u1 ¼ 0;

u2ðx2Þ � u2 ¼ 0;

..

.

ukðxkÞ � uk ¼ 0:
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Note that it follows from this equation system that m ¼ ðm1; . . . ; mkÞ > 0.

In addition, the gradient vectors Du1ðx1Þ;Du2ðx2Þ; . . . ;Dukþ1ðxkþ1Þ are

collinear.

A.3.2 Nonvanishing of the Associated Jacobian Determinant

The solution ðx; mÞ A Xkþ1 �Rk is a smooth function of the parameters

of this equation system, namely, r A X and u ¼ ðu1; u2; . . . ; ukÞ A Rk if

we can apply the implicit function theorem. Here, this amounts to the

Jacobian matrix of that equation system with respect to the unknowns

ðx; mÞ in Xkþ1 �Rk being invertible.

This Jacobian matrix takes the following bloc form:

A ¼

m1D
2u1 0 � � � 0 �D2ukþ1 Du1 0 � � � 0

0 m2D
2u2 � � � 0 �D2ukþ1 0 Du2 � � � 0

..

. ..
. . .

.
mkD

2uk �D2ukþ1 0 0 � � � Duk
�I �I � � � �I �I 0 0 � � � 0

DuT
1 0 � � � 0 0 0 0 � � � 0

0 DuT
2 � � � 0 0 0 0 � � � 0

..

. ..
. . .

.
DuT

k 0 0 0 � � � 0

266666666666664

377777777777775
:

Let us show that det A0 0. Assume the contrary. There exists a row

vector ZT ¼ ðXT
1 ;X

T
2 ; . . . ;X

T
kþ1; y1; y2; . . . ; ykÞ (where XT

1 ;X
T
2 ; . . . ;X

T
kþ1

are 1� l row matrices) such that AZ ¼ 0 with Z0 0. Spelling out this

condition yields

m1D
2u1X1 �D2ukþ1Xkþ1 þ y1Du1 ¼ 0;

m2D
2u2X2 �D2ukþ1Xkþ1 þ y2Du2 ¼ 0;

..

.

mkD
2ukXk �D2ukþ1Xkþ1 þ ykDuk ¼ 0;

X1 þ X2 þ � � � þ Xk þ Xkþ1 ¼ 0;

DuT
1 X1 ¼ DuT

2 X2 ¼ � � � ¼ DuT
k Xk ¼ 0:

This equation system yields the following:
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m1X
T
1 D

2u1X1 � XT
1 D

2ukþ1Xkþ1 ¼ 0;

m2X
T
2 D

2u2X2 � XT
2 D

2ukþ1Xkþ1 ¼ 0;

..

.

mkX
T
k D

2ukXk � XT
k D

2ukþ1Xkþ1 ¼ 0:

Adding up all these equalities and substituting

Xkþ1 ¼ �ðX1 þ X2 þ � � � þ XkÞ
yields

m1X
T
1 D

2u1X1 þ m2X
T
2 D

2u2X2 þ � � � þ mkX
T
k D

2ukXk

þ XT
kþ1D

2ukþ1Xkþ1 ¼ 0:

The quadratic forms defined by the Hessian matrics D2u1; . . . ;

D2ukþ1 when restricted to the set of row matrices XT such that

XTDu1 ¼ XTDu2 ¼ � � � ¼ XTDukþ1 ¼ 0

are all negative definite. The variables m1; . . . ; mk are all > 0; therefore

these quadratic forms add up to zero. Each term of this sum is equal to

zero:

XT
1 D

2u1X1 ¼ XT
2 D

2u2X2 ¼ � � � ¼ XT
kþ1D

2ukþ1Xkþ1 ¼ 0;

which implies because of the negative definiteness X1 ¼ X2 ¼ � � � ¼
Xkþ1 ¼ 0. This readily implies y1 ¼ y2 ¼ � � � ¼ yk ¼ 0. Therefore, ma-

trix Z such that AZ ¼ 0 must be equal to zero, a contradiction.

This ends the proof that the map Rkðr; :Þ : U kðrÞ ! Xkþ1 is smooth.

A.4 Set of Pareto Optima and Feasible Utility Levels

Proposition A.4.1 The set Pkþ1ðrÞ of Pareto optima for the first k þ 1

consumers is diffeomorphic to U kðrÞ by the map that associates the

Pareto optimum for the first k þ 1 consumers Rkðr; u1; u2; . . . ; ukÞ with

ðu1; u2; . . . ; ukÞ A U kðrÞ.

This proposition is equivalent to the statement that the map

Rkðr; :Þ : U kðrÞ ! Xkþ1 is an embedding and that its image is the set
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Pkþ1ðrÞ of Pareto optima for the first k þ 1 consumers. The second part

of this statement has already been shown to be true.

Proof To prove the first part of the statement, compose the map

Rkðr; :Þwith the map Pkþ1ðrÞ !Rk defined by ðx1; . . . ; xkÞ ! ðu1ðx1Þ; . . . ;
ukðxkÞÞ. This gives the identity map of U kðrÞ. It then suffices to apply

lemma 3.2.2 in chapter 3 to prove that the map Rkðr; :Þ is an embedding

from U kðrÞ into Rkþ1 whose image is the set Pkþ1ðrÞ of Pareto optima

for the first k þ 1 consumers. This proves that Pkþ1ðrÞ and U kðrÞ are

diffeomorphic. m

A.5 Structure of U k(r)

A.5.1 Value Function of ProblemPkB1(r, u1, u2, . . . , uk)

Let R
j
kðr; u1; u2; . . . ; ukÞ A X denote the component for consumer ja

k þ 1 of the solution Rkðr; u1; u2; . . . ; ukÞ of problem P kþ1ðr; u1; u2; . . . ;
ukÞ.

Define rkðr; u1; u2; . . . ; ukÞ ¼ ukþ1ðRkþ1
k ðr; u1; u2; . . . ; ukÞÞ, the value

function associated with problemP kþ1ðr; u1; u2; . . . ; ukÞ.
Proposition A.5.1 The map rkðr; :Þ : U kðrÞ ! R is smooth.

The value function rkðr; :Þ is the composition of two smooth maps

and is therefore smooth.

A.5.2 Relation between U kB1(r) and U k(r)

The following propositions are useful when analyzing the structure of

the sets of feasible utility levels. Their proofs follow readily from the

properties of the maps rk and Rk.

Proposition A.5.2 The set U kþ1ðrÞ consists of the elements ðu1; . . . ; uk;
ukþ1Þ A Rkþ1 such that

ðu1; . . . ; ukÞ A U kðrÞ;
ukþ1 < rkðr; u1; . . . ;ukÞ:

This follows readily from the definition of the set U kþ1ðrÞ.
Proposition A.5.3 The open set U kþ1ðrÞ is diffeomorphic to U kðrÞ �
ð0;þyÞ.

Let

kðu1; . . . ; uk; ukþ1Þ ¼ ðu1; . . . ; uk; rkðr; u1; . . . ; ukÞ � ukþ1Þ:
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This defines a map k : U kþ1ðrÞ ! U kðrÞ � ð0;þyÞ. This map is obvi-

ously a bijection. It is also smooth. It therefore suffices to check that it

is locally a diffeomorphism, in other words, that its Jacobian matrix is

everywhere invertible. This matrix is equal to

1 0 � � � 0 0

0 1 � � � 0 0

..

. ..
. . .

.
0 0

0 0 � � � 1 0

� � � � � � �1

26666664

37777775
and is invertible.

Proposition A.5.4 The boundary qU kþ1ðrÞ is the graph of the map

rkðr; :Þ : U kðrÞ ! R.

This follows readily from the definitions.

Corollary A.5.5 The boundary qU kþ1ðrÞ is a smooth submanifold of

Rkþ1 diffeomorphic to U kðrÞ.

This follows from the identification of the boundary qU kþ1ðrÞ with

the graph of a smooth map, namely, the map rkðr; :Þ : U kðrÞ ! R. Such

graph is a smooth submanifold of Rk �R diffeomorphic to the domain

of the map rkðr; :Þ, namely, the set U kðrÞ.

A.5.3 Diffeomorphism of U k(r) with Rk

Proposition A.5.6 The open set U kðrÞ is diffeomorphic to Rk for

1a kam.

Proof We proceed by induction on k. For k ¼ 1, then obviously U 1ðrÞ
is the interval ð�y; u1ðrÞÞ, which is diffeomorphic to R.

It now follows from proposition A.5.3 that U kðrÞ is diffeomorphic to

U k�1ðrÞ � ð0;þyÞ. It then follows from the induction assumption that

U k�1ðrÞ is diffeomorphic to Rk�1 and U kðrÞ to Rk�1 � ð0;þyÞ and con-

sequently to Rk. m

A.6 Application to the Set of Pareto Optima P(r)

These properties follow from the previous developments applied to

PðrÞ ¼ PmðrÞ.
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Proposition A.6.1 The set of Pareto optima PðrÞ is the image of the

smooth map Rm�1ðr; :Þ : Um�1 ! Xm.

Proposition A.6.2 The set of Pareto optima PðrÞ is a smooth submani-

fold of WðrÞ diffeomorphic to Rm�1.

Corollary A.6.3 The Pareto optimum x ¼ ðx1; x2; . . . ; xmÞ A PðrÞ is par-
ameterized by the utility levels u1ðx1Þ ¼ u1; u2ðx2Þ ¼ u2; . . . ; um�1ðxm�1Þ
¼ um�1 of the first m� 1 consumers.

This is just another way of saying that the map Rm�1ðr; :Þ : Um�1ðrÞ
! WðrÞ defines a diffeomorphism between Um�1ðrÞ and PðrÞ.

A.7 Making Total Resources Variable: The Set U k

For some questions it is also useful to consider the set U k, which is the

graph of the correspondence from X into Rk that associates with r A X

the set U kðrÞ. In other words, the set U k is the subset of X �Rk consist-

ing of the pairs ðr; uÞ with u ¼ ðu1; u2; . . . ; ukÞ A Rk such that u A U kðrÞ.
Proposition A.7.1 The set U k is a smooth manifold diffeomorphic to

X �Rk.

Proof It suffices to adapt the proof of proposition A.5.6 to the fact

that r A X is now variable. Consider therefore the map

ðr; u1; . . . ; ukÞ ! ðr; u1; . . . ; uk�1; rkðr; u1; . . . ; uk�1Þ � ukÞ
from X � U k into X � U k�1 � ð0;þyÞ. It follows from the preceding

developments that this map is a diffeomorphism. An induction argu-

ment then implies that X � U k is diffeomorphic with X � ð0;þyÞk and
therefore with X �Rk. m

A.8 Set of Pareto Optima P(r) and Boundary of the Set Um(r)

Another interesting feature of the set of feasible utility levels UmðrÞ is
the existence of a relation between its boundary qUmðrÞ and the set of

Pareto optima PðrÞ, more specifically, as follows:

Proposition A.8.1 Let u : ðx1; . . . ; xmÞ ! ðu1ðx1Þ; . . . ; umðxmÞÞ from

WðrÞ into Rm. Its image is the closure UmðrÞ. The restriction of map u to

PðrÞ is a diffeomorphism with qUmðrÞ, the boundary of UmðrÞ.

See corollary A.5.5.

210 Appendix



A.9 Parameterization by Welfare Weights

A.9.1 Strict Concavity of Utility Functions

From now on in this appendix, assume that all utility functions are

strictly smoothly concave, i.e., that the Hessian matrices of their second-

order partial derivatives are all negative definite. This assumption is

important because the sum of concave functions is concave, which is

not the case for quasi-concave functions.

Restricted Lagrangean

The restricted Lagrangean is by definition the expression

Lkðx; l1; l2; . . . ; lkÞ ¼ l1u1ðx1Þ þ l2u2ðx2Þ þ � � � þ lkukðxkÞ þ ukþ1ðxkþ1Þ:
The following proposition is obvious.

Proposition A.9.1 For ðl1; l2; . . . ; lkÞ A Rk
þþ given, the restricted

Lagrangean defines a smoothly strictly concave function Lkð:; l1;
l2; . . . ; lkÞ on Xkþ1.

Maximization of the Restricted Lagrangean under a Resource

Constraint

Problem Qkþ1ðr; l1; . . . ; lkÞ is the maximization of Lkðx; l1; . . . ; lkÞ for

ðx; lÞ A Xkþ1 �Rk
þþ subject to the resource constraint x1 þ x2 þ � � � þ

xk þ xkþ1 a r.

Proposition A.9.2 Problem Qkþ1ðr; l1; . . . ; lkÞ has a unique solution

that is a smooth function of ðl1; . . . ; lkÞ A Rk
þþ.

It is left to readers to check the well-known part that the first-order

conditions are necessary and sufficient here. The end of the proof

consists in observing that these first-order conditions coincide with

those of section A.3.1, the first-order conditions for problemP kþ1ðr; u1;
u2; . . . ; ukÞ.

Corollary A.9.3 The solution Tkþ1ðr; l1; . . . ; lkÞ of the maximization

problemQkþ1ðr; l1; . . . ; lkÞ is a smooth function Tkþ1ðr; :Þ : Rk
þþ ! PkðrÞ.

Parameterization by Welfare Weights of P(r)

Proposition A.9.4 follows from the application of the previous results

to the special case k ¼ m� 1.
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Proposition A.9.4 The set of Pareto optima PðrÞ can be parameterized

by the welfare weights l1; l2; . . . ; lm�1 and lm ¼ 1 for the m consumers,

with li > 0 for all consumers. The parameterization is smooth and

defines a diffeomorphism between Rm�1
þþ and the set of Pareto optima

PðrÞ.

A.9.2 Convexity of the Set of Feasible Utility Levels

Proposition A.9.5 The set of feasible utility levels U kðrÞ with full re-

source utilization is strictly convex. (See figure A.1.)

Proof Let u ¼ ðu1ðx1Þ; u2ðx2Þ; . . . ; ukðxkÞÞ and u 0 ¼ ðu1ðx 0
1Þ; u2ðx 0

2Þ; . . . ;
ukðx 0

kÞÞ with x1 þ x2 þ � � � þ xk and x 0
1 þ x 0

2 þ � � � þ x 0
k a r A X and

u0 u 0.
Let x 00 ¼ ðxþ x 0Þ=2. We then have x 00

1 þ x 00
2 þ � � � þ x 00

k a r. The

inequality

u 00
i ¼ uiððxi þ x 0

i Þ=2Þb ðui þ u 0
i Þ=2

for every i follows from the concavity of the utility function ui, which

proves the inequality ðuþ u 0Þ=2a u 00. In addition, this inequality is

strict for at least one consumer because u0 u 0, i.e., u 00 A ðuþ u 0Þ=2þ
Rk

þ.

Figure A.1

Feasible utility levels with strictly concave utility functions

212 Appendix



It follows from u 00 A U kðrÞ combined with proposition A.1.4 that

ðuþ u 0Þ=2 belongs to U kðrÞ, the interior of U kðrÞ. m

Exercises

A.1. Show that a strictly increasing map ui : Rþþ ! R is quasi-

concave. Give examples of strictly quasi-concave functions that are not

strictly concave.

A.2. Apply exercise A.1 to give an example of an economy with a set

U kðrÞ for k ¼ 2 that is not strictly convex. (Hint: Give the example for

an economy with only one commodity.)

A.3. Define Lðl; uÞ ¼ l1u1 þ l2u2 þ � � � þ lk�1uk�1 þ uk for l ¼ ðl1;
l2; . . . ; lk�1Þ A Rk�1

þþ and u ¼ ðu1; u2; . . . ; ukÞ A Rk. Show that the prob-

lem of maximizing Lðl; uÞ for l A Rk�1
þþ subject to the constraint u A

U k�1ðrÞ has a unique solution and that this solution depends smoothly

on l A Rk�1
þþ . (See figure A.2.)

A.4. Show that the value function rkðr; :Þ : U k�1ðrÞ ! R has a negative

definite Hessian matrix.

Figure A.2

Maximization of l1u1 þ u2 subject to the constraint ðu1; u2Þ A U 2ðrÞ
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A.10 Notes and Comments

The parameterization of the boundary of the set of feasible utility levels

by the utility levels of all but one consumers (corollary A.6.3) was used

by Samuelson (1947, 244). Bewley (1969) was the first to describe the

global topological structure (without differentiability assumptions) of

the set of Pareto optima (for fixed total resources) by showing that the

boundary of the set of feasible utility levels is homeomorphic to the

unit simplex, a property he used in his existence proof for the infinite

horizon model. See also Arrow and Hahn (1971, ch. 5, sec. 2, lemma

3), which reproduces what is essentially Bewley’s existence proof but

adapted to the finite general equilibrium model. Smale (1974c) proved

that the set of Pareto optima is a smooth manifold. The relation be-

tween the set of Pareto optima and the section manifold in the set of

price-income equilibria is due to Balasko (1978a).

The parameterization of the set of Pareto optima by the welfare

weights is a classic of the literature on welfare economics. The re-

stricted Lagrangean belongs to the larger category of collective utility

functions considered by Samuelson (1947). The homeomorphism be-

tween the set of Pareto optima and the set of welfare weights can easily

be derived from the discussion in Varian (1978). Nevertheless, a rig-

orous proof that the homeomorphism is actually a diffeomorphism

requires the application of the implicit function theorem to the first-

order conditions, which is almost never done.
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Française d’Automatique, Informatique, Recherche Opérationnelle 5: 121–123.

———. 1975a. Some results on uniqueness and on stability of equilibrium in general
equilibrium theory. Journal of Mathematical Economics 2: 95–118.

———. 1975b. The graph of the Walras correspondence. Econometrica 43: 907–912.

———. 1978a. Connectedness of the set of stable equilibria. SIAM Journal of Applied Math-

ematics 35: 722–728.



———. 1978b. Economic equilibrium and catastrophe theory: An introduction. Econo-
metrica 46: 557–569.

———. 1978c. Equilibrium analysis and envelope theory. Journal of Mathematical Econom-

ics 5: 153–172.

———. 1979a. A geometric approach to equilibrium analysis. Journal of Mathematical Eco-

nomics 6: 217–228.

———. 1979b. Budget-constrained Pareto-efficient allocations. Journal of Economic Theory

21: 359–379.

———. 1979c. Economies with a finite but large number of equilibria. Journal of Mathe-

matical Economics 6: 145–147.

———. 1986. The class of aggregate excess demand functions. In Contributions to Mathe-

matical Economics in Honor of Gérard Debreu, ed. W. Hildenbrand and A. Mas-Colell, 47–
56. Amsterdam: North-Holland.

———. 1988. Foundations of the Theory of General Equilibrium. Boston: Academic Press.

———. 1990. Equivariant general equilibrium theory. Journal of Economic Theory 52: 18–
44.

———. 1992. The set of regular equilibria. Journal of Economic Theory 58: 1–9.

———. 1994. The expectational stability of Walrasian equilibria. Journal of Mathematical

Economics 23: 179–203.

———. 1995. Economies with a unique equilibrium: A simple proof of arcconnectedness
in the two-agent case. Journal of Economic Theory 67: 556–565.

———. 1997. Equilibrium analysis of the infinite horizon model with smooth discounted
utility functions. Journal of Economic Dynamics and Control 21: 783–829.

———. 2003a. Economies with price-dependent preferences. Journal of Economic Theory
109: 333–359.

———. 2003b. Temporary financial equilibria. Economic Theory 21: 10–18.

———. 2007. Out-of-equilibrium price dynamics. Economic Theory 33: 413–435.

Balasko, Y., and D. Cass. 1989. The structure of financial equilibrium with exogenous
yields: The case of incomplete markets. Econometrica 57: 135–162.

Balasko, Y., D. Cass, and K. Shell. 1995. Market participation and sunspot equilibria. Re-
view of Economic Studies 62: 491–512.

Benedetti, R., and J.-J. Risler. 1990. Real Algebraic and Semi-Algebraic Sets. Paris: Hermann.

Bewley, T. F. 1969. A theorem on the existence of competitive equilibria in a market with
a finite number of agents and whose commodity space is ly. CORE discussion paper
6904. Reprinted in Equilibrium Theory in Infinite Dimensional Spaces, ed. M. A. Khan and
N. C. Yannelis, 74–101. Berlin: Springer.

———. 1972. Existence of equilibria in economies with infinitely many commodities.
Journal of Economic Theory 43: 514–540.

———. 1986. Dynamic implications of the form of the budget constraint. In Models of Eco-

nomic Dynamics, ed. H. Sonnenschein, 117–123. New York: Springer.

216 References



Blaug, M. 1985. Economic Theory in Retrospect. Cambridge: Cambridge University Press.

Bowley, A. L. 1924. The Mathematical Groundwork of Economics. Reprint, New York:
Augustus M. Kelley, 1965.

Cass, D. 1984. Competitive equilibria with incomplete financial markets. CARESS work-
ing paper 84-09, University of Pennsylvania. Also Journal of Mathematical Economics 42
(2006): 384–405.

Cass, D., and K. Shell. 1983. Do sunspots matter? Journal of Political Economy 91: 193–227.

Chipman, J. S. 1965. A survey of the theory of international trade. Part 2: the neo-classical
theory. Econometrica 33: 685–760.

Courant, R., and D. Hilbert. 1962. Methods of Mathematical Physics. Vol. 2. New York:
Wiley. Originally published as Methoden der mathematischen Physik. Vol. 2. Berlin:
Springer, 1937.
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Walras, L. 1874. Eléments d’economie politique pure. Lausanne: Corbaz. 2d ed. 1877.

Weil, A. 1991. Souvenirs d’apprentissage. Basel: Birkhäuser.
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