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Preface

Astronomy and Optics have a long tradition of cooperation, streching back
at least to the invention of the first refractor by Galileo. Significant break-
throughs in Astronomy and later optical Astrophysics –from the ultraviolet
to the far infrared– have been linked to some major advance in Optics. In-
deed, theoretical astrophysics has to eventually rely on or be confronted with
observations. For a long time this strong link has been based mostly on the de-
sign of (optical) telescopes. With the advent of photographic plates and, more
recently, modern detectors, the field of focal instrumentation has grown enor-
mously, thanks in particular to the emergence of new concepts in optics. Very
often there has also been a feedback from astrophysics to optics.
Astrophysics is now facing a quantum leap in the understanding of major

problems including the evolution of the very early Universe, the presence of
exoplanets and exobiology. The tools of astrophysicists in Optics will move
from the 8-10 m class telescopes to decametric optical telescopes (DOTs: 30 -
60 m) or even hectometric optical telescopes (HOTs: �100m). The design of
these telescopes and their focal plane instruments represents a fantastic chal-
lenge. With the exception of the 10m Keck telescope and the similar Gran
Telescopio Canarias, 8 m telescopes are more or less extrapolated from the
generation of 4-6 m telescopes. It will simply not work to extrapolate again
towards DOTs. The same fact holds for the instrumentation: classical con-
cepts sometimes leads to monstrous instruments at 8 m telescopes. This may
be alleviated by adaptive optics, which can provide diffraction limited images
at the focus, sharper by one to two magnitudes than images limited by the at-
mospheric turbulence. Adaptive optics relies on critical components such as
wavefront sensors and deformable mirrors. However, adaptive optics at DOTs
or HOTs is itself a big challenge.
Very large diameters, beyond 100 m, now correspond exclusively to diluted

apertures and amplitude interferometry. Another big challenge for the next
two decades to develop kilometric arrays of telescopes, having optical coher-
ent recombination, presumably with fiber optics, focal instrumentation with a
significant field of view, etc.

ix
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High angular resolution is a new-comer to astrophysics, arriving on the
scene at the end of the last century. Speckle interferometry, adaptive optics
and interferometry have shed new light on many fields of astrophysics, and
their future is even more promising. Only the most recent advances in op-
tics have allowed the frontier set by the atmospheric turbulence to be broken.
However, there are two other major actors: the huge progress in detectors and
a strong effort to develop mathematical algorithms to restore wavefronts and
images with very complex point spread functions. Because of this complexity,
design and system studies for the next generation of DOTS and HOTS and of
their optical instruments will have to include these algorithms -and not only
data processing softwares- from the very beginning.
The goal of this School is to address these new domains with an interdis-

ciplinary approach, in particular bringing together young scientists from as-
trophysics, optics and image processing. These young scientists will play an
important role in forthcoming instruments and facilities. We also tried to open
the School to new approaches in the handling of photons, at least in Astro-
physics. If they are feasible, then they will provide astrophysicists with di-
agnoses of physical processes which are barely or simply not accessible with
current technologies e.g. gravitational waves and the degree of coherence of
astrophysical sources.
The youth of the attendants and their very active participation in the discus-

sions we had after each lecture and also during at least one hour each evening
make us confident that the School will leave a lasting scientific impression on
their minds 1

Renaud Foy
Françoise-Claude Foy

1Most of the lessons given at the Institut d’Études Scientifiques de
Cargèse, as well as a few posters and additional documents to this book,
can be downloaded from http://www-obs.univ-lyon1.fr/nato-corse/.
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CONSTRAINTS OF GROUND-BASED
OBSERVATIONS: THE ATMOSPHERE

Carl Paterson
Imperial College London
carl@ic.ac.uk

Abstract This is a tutorial about the main optical properties of the Earth atmosphere as it
affects incoming radiation from astrophysical sources. Turbulence is a random
process, of which statitical moments are described relying on the Kolmogorov
model. The phase structure function and the Fried parameter r0 are introduced.
Analytical expressions of the degradation of the optical transfer function due to
the turbulence, and the resulting Strehl ratio and anisoplanatism are derived.

Keywords: atmosphere, turbulence, Kolmogorov model, phase structure function, transfer
function, Strehl ratio, anisoplanatism

Introduction
Here we present an overview of the impact that the Earth’s atmosphere,

or more precisely, the refraction of the atmosphere, has on astronomical ob-
servations made through it. There are two major sources: the first being the
essentially fixed variation of the refractive index with height above the ground,
as the atmosphere becomes more sparse, the second being the dynamic random
fluctuations in the refractive index which arise in atmospheric turbulence. Our
emphasis will be on the latter dynamic effects. In fact it is worth bearing in
mind that the refractive effects are not the only constraints of the atmosphere:
absorption and scattering, which vary strongly with wavelength, result in finite
spectral observation windows and regions of the spectrum where observations
are not possible, magnitude and spectral distortions, and non-zero sky back-
ground. These will not be discussed here.

Atmospheric Refraction
The variation of refractive index with height above the surface gives rise to

an apparent shift in the positions of astronomical objects. The angle depends

1 

R. Foy and F. C. Foy (eds.), Optics in Astrophysics, 1–10. 
© 2006 Springer. Printed in the Netherlands.  
 



2 OPTICS IN ASTROPHYSICS

on the air density at the telescope and approximately on the tan of the zenith
angle of the object. Although the exact position may be important for some
observations, it does not affect the resolution of imaging. More important is
the effect of atmospheric dispersion, which gives rise to a variation of the posi-
tional shift with wavelength (typically a fraction of an arcsec to a few arcsecs.)
It is important that this is corrected for high-resolution imaging, for example
by use of a Risley Prism Pair—a pair of prisms which can be rotated to act as
an adjustable dispersion element. More challenging is the dynamic effect of
atmospheric turbulence.

Atmospheric Turbulence
The origin of atmospheric turbulence is diurnal heating of the Earth’s sur-

face, which gives rise to the convection currents that ultimately drive weather.
Differential velocities caused perhaps when the wind encounters an obstacle
such as a mountain, result in turbulent flow. The strength of the turbulence
depends on a number of factors, including geography: it is noted that the best
observation sites tend to be the most windward mountaintops of a range—
downwind sites experience more severe turbulence caused by the disturbance
of those mountains upwind.
For an incompressible viscous fluid (such as the atmosphere) there are two

types of flow behaviour: 1) Laminar, in which the flow is uniform and regu-
lar, and 2) Turbulent, which is characterized by dynamic mixing with random
subflows referred to as turbulent eddies. Which of these two flow types oc-
curs depends on the ratio of the strengths of two types of forces governing
the motion: lossless inertial forces and dissipative viscous forces. The ratio is
characterized by the dimensionless Reynolds number Re.
For planar flow in a viscous fluid, frictional forces between the flow planes

give rise to shear stress across the planes of the flow. For flow along x̂, the
shear stress across an area A is

�Fvisc

A
= η

∂vx

∂y
x̂, (1)

where η is the viscosity. Gradients in the shear stress give rise to local acceler-
ation on the fluid,

dvx

dt
= ν

d2vx

dy2
, (2)

where ν = η/ρ is the kinematic viscosity, ρ being the density of the fluid.
If we consider a flow, characterized by a typical velocity of V and a scale

size L, the strength of the viscous forces on a unit mass of the fluid is ∼ νV L.
The strength of the of the inertial forces in the flow is ∼ V 2/L (i.e., the force
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required to change the flow velocity by V in distance L.). The ratio is,

inertial forces
viscous forces

∼ V L

ν
= Re, (3)

which is the Reynolds number. At small Reynolds numbers,the dissipative vis-
cous forces are strong enough to keep the flow stable. For large Reynolds num-
bers, the dissipative forces are weak and the flow is turbulent. The crossover
between laminar flow and turbulent flow occurs at a critical Reynolds number
Rc. Rc depends on the geometry of the flow, but typical values are in the range
of tens or hundreds.
Consider as an example, flow of air near ground level with velocity V ∼

5ms−1, and size L ∼ 2m. The kinematic velocity of the atmosphere near
ground level is ν ≈ 1.5 × 10−5m2s−1, which gives for the Reynolds number
Re ∼ 105 � Rc and thus the flow will be turbulent.
By its random nature, turbulence does not lend itself easily to modelling

starting from the differential equations for fluid flow (Navier–Stokes). How-
ever, a remarkably successful statistical model due to Kolmogorov has proven
very useful for modelling the optical effects of the atmosphere.

Random Processes — a short primer
To describe single-point measurements of a random process, we use the

first-order probability density function pf (f). Then pf (f) df is the probabil-
ity that a measurement will return a result between f and f + df . We can
characterize a random process by its moments. The nth moment is the ensem-
ble average of fn, denoted 〈fn〉. For example, the mean is given by the first
moment of the probability density function,

〈f〉 =

∫ ∞

−∞
pf (f)f1 df. (4)

It is often useful when looking at higher order moments first to subtract the
mean. This gives us the central moments, the nth central moment is

µn = 〈(f − 〈f〉)n〉 =

∫ ∞

−∞
pf (f)[f − 〈f〉]n df. (5)

An example is the variance, which is the second central moment µ2:

µ2 = 〈[f − 〈f〉]2〉 = 〈f2〉 − 〈f〉2. (6)

For normal statistics, the mean and the variance are completely sufficient to
characterize the process: all the other moments are zero. For standard normal
or Gaussian statistics (i.e., normal statistics with zero mean), the variance µ2
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alone is sufficient. We shall consider turbulence to obey standard Gaussian
statistics.
So far, we have been discussing so called first-order statistics, since we have

only been describing the results of measurements at a single point. If we wish
to describe the relationship between two measurements (e.g., values of the
random variable measured at two different points in space, or at two differ-
ent times), then we must use second order statistics. The correlation of two
measurements at points x1 and x2 is defined as

B(x1, x2) = 〈f(x1)f(x2)〉, (7)

and as its name suggests, gives a measure of how much the measurements at
the two points x1 and x2 are related—a correlation of zero implies the mea-
surements are statistically independent.
If a random process is described as statistically homogeneous, then its statis-

tical moments are translation invariant, i.e., they do not depend on the positions
x1 and x2 only on their difference. Thus the correlation reduces to:

B(x1, x2) = B(x2 − x1) = B(∆x) = 〈f(x)f(x + ∆x)〉. (8)

Similarly, if a process is described as statistically stationary, then its statistical
moments are time invariant.
As with the central moments in first-order statistics, we can first subtract the

mean. We define the co-variance (for a statistically homogeneous process) as

C(∆x) = 〈[f(x) − 〈f〉] [f(x + ∆x) − 〈f〉]〉 . (9)

Note that the co-variance reduces to the variance for∆x = 0.
It is often useful to deal with the statistics in Fourier space. The Fourier

transform of the correlation is called the power spectrum

Φ(κ) =

∫ ∞

−∞
B(x′) exp

(−2π iκx′
)

dx′. (10)

For Kolmogorov statistics, it turns out that the power spectrum is infinite at the
origin, which means that the variance is infinite. The structure function can be
used instead of the co-variance to overcome this problem. It is defined as

D(∆x) =
〈
[f(x) − f(x + ∆x)]2

〉

= 1/2 [C(0) − C(∆x)] .
(11)

Finally, a random process is described as isotropic if its statistics do not
depend on orientation, i.e., for the three dimensional structure function,

D( �∆r) = D(| �∆r|) = D(∆r). (12)
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Kolmogorov model of turbulence
The Kolmogorov model for turbulence is based on the so-called energy cas-

cade. In this model, kinetic energy is injected into the large scale motions, for
example, by convection or wind hitting an obstacle. This energy is transferred,
by turbulent mixing, to successively smaller and smaller eddies, until even-
tually at the smallest scales, the viscous forces are sufficient to dissipate the
energy and it is removed from the system. Within this motion there is a range
of flow scales �0 � L � L0 over which no kinetic energy is injected and
viscous dissipation is negligible. This is the inertial subscale, and its limits, �0

and L0 are the inner scale and outer scale respectively. For motion within the
inertial subscale, the statistical properties of the turbulence are homogeneous,
isotropic and depend only on ε, the rate of energy flow through the cascade,
from which dimensional arguments lead to the 2/3 power law for the velocity
structure function,

Dvv(∆r) = C2
v∆r2/3, (13)

where C2
v is the velocity structure constant.

The Kolmogorov velocity field mixes “packets” of air with different passive
scalars; a passive scalar being one which does not exchange energy with the
turbulent velocity flow. (Potential) temperature is such a passive scalar and
the temperature fluctuations also follow the Kolmogorov law with a different
proportionality constant

DT (∆r) = C2
T ∆r2/3. (14)

Using the ideal gas law and the relationship (n − 1) ∝ ρ between refractive
index n and density ρ leads us to the refractive index structure function,

Dn(∆R) = C2
n∆r2/3. (15)

C2
n is the refractive index structure constant and characterises the strength of
the refractive index fluctuations. Taking the (3-D) Fourier transform leads to
the Kolmogorov power spectrum of the refractive index fluctuations,

Φn(�κ) = 0.033C2
n(z) |�κ|−11/3 . (16)

Note that the Kolmogorov power spectrum is unphysical at low frequencies—
the variance is infinite at κ = 0. In fact the turbulence is only homogeneous
within a finite range—the inertial subrange. The modified von Karman spectral
model includes effects of finite inner and outer scales,

Φn(�κ) =
0.033C2

n(z)

(|�κ|2 + κ2
0)

11/6
exp

(
−|�κ|2

κ2
m

)
, (17)
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Figure 1. Kolmogorov and modified von Karman spectral models. (L0 = 10m and �0 =
0.01 m for the von Karman plot.)

where κ0 = 2π/L0 and κm = 5.92/�0. The outer scale beyond which the
Kolmogorov spectrum is invalid depends on the turbulence causing mechanism
but is typically many metres for astronomy. The inner scale takes is typically a
few millimetres; experimental evidence points to a slight bump in the spectrum
near the inner scale.

The phase structure function and Fried’s parameter
In astronomy, we are interested in the optical effects of the turbulence. A

wave with complex amplitude U(�x) = exp[ iφ(�x)] propagating through a layer
of turbulence will pick up random retardations across its wavefront from the
fluctuations in the refractive index, resulting in a random phase structure by the
time it reaches the telescope pupil. If the turbulence is weak enough, the effect
of the aberrations can be approximated by summing their phase along a path
(the weak phase screen approximation), then the covariance of the complex
amplitude at the telescope can be shown to be

C(�x) = 〈(U(�x′)U∗(�x′ + �x)〉)
= exp

[−1
2Dφ(�x)

]
.

(18)

Dφ is the phase structure function which in turn is given by

Dφ(�x) = 6.88 (|�x|/r0)
5/3 , (19)
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r0 is the Fried parameter and is given by a simple integral of the C2
n(z) height

profile,

r0 =

[
2.91

6.88
k2(cos γ)−1

∫ ∞

0
C2

n(z) dz

]−3/5

, (20)

where γ is the zenith angle, k = 2π/λ. 1 The Fried parameter characterises
the strength of the optical effects of the turbulence. Its usefulness is illustrated
with a number of related interpretations:

It gives the crossover between diffraction-limited and turbulence-limited
resolution. For aperture diameters smaller than r0, close to diffraction
limited imaging is possible without phase correction, for aperture diam-
eters larger than r0, the resolution is limited by the turbulence. For a
circular aperture of diameterD, the phase variance over the aperture is

σ2
φ = 1.03 (D/r0)

5/3 , (21)

which is approximately 1 for an aperture of diameter r0.
r0 can be considered at the atmospheric spatial coherence length for the
aberrations.
The size of the turbulence seeing disk is roughly the size of the diffrac-
tion limited disk of a telescope with diameter r0.

For adaptive optics r0 is roughly the spacing of mirror actuators and of wave-
front samples required to achieve close to diffraction-limited performance.

The Strehl ratio
A useful measure of imaging quality is the Strehl ratio. It is defined as the

ratio of the on-axis intensity in the image of a point source, to that given by
the diffraction limited system with the same aperture. A phase aberration φ(�x)
will result in a Strehl ratio of

S =

∣∣∫∫
Ω e iφ(�x) dx2

∣∣2∣∣∫∫
Ω dx2

∣∣2 , (22)

where Ω is the aperture. For strong phase aberrations (σφ > 1), the Strehl ratio
is small S � 1. For relatively small phase aberrations σφ < 2, the Strehl ratio
is given approximately by

S ≈ e−σ2
φ . (23)

Imaging is considered to be diffraction-limited for S ≥ 0.8— the Marechal
criterion. (This corresponds to a wavefront error of λ/14.) The Strehl ratio
decreases rapidly with increasing wavelength since r0 ∝ λ6/5.

1Note that we have slipped in a height dependence of C2
n while still assuming homogeneity on smaller

scales.
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Optical transfer functions
The performance of an optical imaging system is quantified by a point-

spread function (PSF) or a transfer function. In astronomy we image spatially
incoherent objects, so it is the intensity point-spread function that is used. The
image I(ξ, η) is given by a convolution of the object O(ξ, η) with the PSF
P(ξ, η),

I(ξ, η) = O(ξ, η) ⊗ P(ξ, η)

=

∫∫
O(ξ′, η′)P(ξ′ − ξ, η′ − η) dξ′ dη′.

(24)

Equivalently, in Fourier space, where tilde denotes the Fourier transform,

Ĩ(u, v) = Õ(u, v)H(u, v). (25)

H is the optical transfer function (OTF), which is given by the autocorrelation
of the pupil function

H(u, v) = P (λfu, λfv) � P (λfu, λfv). (26)

2 The intensity PSF is the Fourier transform of the OTF.
To model the temporal behaviour of the turbulence induced aberrations we

assume that a single layer of turbulence can be considered as “frozen”, but
translated across the aperture by the wind. This is known as Taylor’s frozen-
flow hypothesis. The temporal behaviour can then be characterized by a time
constant,

τ0 = r0/v, (27)

where r0 is the Fried parameter, and v the translation speed. It can be consid-
ered as a coherence time for the atmospheric aberrations. For exposure times
T � τ0, we use the short exposure OTF. The resulting image will be character-
ized by high spatial frequency “speckle” right down to the diffraction limit of
the telescope—this forms the basis for speckle imaging, where statistical pro-
cessing is used to recover high spatial frequency information about the object
from the speckle pattern.
For exposures much longer than the atmospheric coherence time (T � τ0),

the image is formed by the average of many short exposure images,

〈I(x, y)〉 = 〈O(x, y) ⊗ P(x, y)〉 = O(x, y) ⊗ 〈P(x, y)〉, (28)

2Note that image spatial frequencies (u, v) are related to pupil coordinates (x, y) by (x, y) = (λfu, λfv).
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Figure 2. Long-exposure OTF for diffrac-
tion limited (r0 � D) and atmosphere-
limited (r0 = D/10) cases.

Figure 3. A typical short-exposure
“speckle” image of a 0.2 arcsec binary
star. The image width is about 2.2 arcsec.
(courtesy N.J. Wooder)

where 〈·〉 denotes the average, i.e., the long exposure PSF is the average of the
short-exposure PSFs. The long exposure transfer function is given by

HLE(u, v) = 〈P (x, y) � P (x, y)〉 = 〈ψ(x, y)Ω(x, y) � ψ(x, y)Ω(x, y)〉
= Cψ(λfu, λfv)HT(u, v).

(29)

Cψ is the autocorrelation of the complex amplitude of the wave, given by equa-
tion 18 since we have zero-mean statistics, and HT is the telescope transfer
function.

τ0 can be considered as a temporal analogue to the Fried parameter for adap-
tive optics systems. Another measure used in adaptive optics is the Greenwood
frequency,

fG =

[
0.102k2(cos γ)−1

∫ ∞

0
C2

n(z)[v(z)]5/3 dz

]3/5

. (30)

For a single layer of turbulence this becomes

fG = 0.43|v|/r0 = 0.43τ−1. (31)

The practical use of the Greenwood frequency is that in a first order loop com-
pensator, the residual phase variance is

σ2
closed-loop = (fG/f3dB) , (32)

where f3dB is the bandwidth of the AO system.
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Anisoplanatism
The volume nature of the turbulence means that when viewed through dif-

ferent angles, the aberrations will be different. The system is anisoplanatic (an
isoplanatic system being one in which the aberrations are the same across the
field.) We define the isoplanatic angleΘ0 as the angle in the field of view over
which we have approximate isoplanatism. It is given as a 5/3 z-moment of the
C2

n profile

Θ0 =

[
2.91k2(cos γ)−1

∫ ∞

0
C2

nz5/3 dz

]−3/5

. (33)

Note the similarity of this to the formula for the Greenwood frequency (with v
replaced by ωz.) If the aberration is corrected at the pupil for a given direction,
the phase variance due to the anisoplanatism at an angle Θ is

σ2
Θ = (Θ/Θ0)

5/3 . (34)

The isoplanatic angle can be quite small: a single layer of turbulence at height
5 km of strength such that r0 = 10 cm would give an the isoplanatic angle of
about 1.3 arcsec. In addition to this angular anisoplanatism, when using laser
guide stars for adaptive optics, we may also encounter focal anisoplanatism, a
difference in the aberrations experienced by the light from the guide star in the
atmosphere and that from a natural star at infinity.
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Abstract This tutorial shows how fundamental is the role plaid by interferences in many
of the physical processes involved in astrophysical signal formating and conse-
quently instrumentation. It is obvious in interferometry. Grating spectroscopy is
explained within the same framework as Young experiment, and Fabry-Perot fil-
ters are explained as Michelson interferometers.Polarization interferences, used
in Lyot filters, are discussed, emphasizing the analogy with échelle gratings.

Keywords: interferences, amplitude interferometry, mutual intensity, grating spectroscopy,
Fabry-Perot interferometers, polarization interference, birefringence, Lyot filters

Introduction
The aim of this lecture is to give an all too brief overview of interference to

illustrate its wide-ranging importance to astronomical observation and at the
same time to show the underlying identity of seemingly different interference
phenomena. At visible wavelengths, we do not observe the electromagnetic
oscillations directly (to do so would require a sampling rate of order 1016 Hz.)
We measure time-averaged intensity. In fact all our visible astronomical ob-
servations rely to some extent on interference followed by intensity measure-
ments.
We shall begin with the principle of superposition, illustrated by Young’s

experiment (Fig. 1). If two pinholes separated by a in an opaque screen are
illuminated by a small source S of wavelength λ, under certain conditions it is
observed that the intensity in front of the screen varies cosinusoidally with the
angle θ according to

I(θ) = I0[1 + cos(2πaθ/λ)]. (1)

11 
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The total (complex) amplitude of the waves at a point r, V (r) is the superpo-
sition or sum of the amplitudes due to the waves from each pinhole,

V (r) = K1V (r1) e i(2πs1/λ−ωt) + K2V (r2) e i(2πs2/λ−ωt), (2)

where V (r1) and V (r2) are the amplitudes of the disturbance at the pinholes
(K1 andK2 are propagators, factors proportional to 1/s and to the area of the
pinhole). Taking the intensity to be I = |V |2, gives
I(r) = |K1V (r1)|2 + |K2V (r2)|2 + 2Re [K1V (r1)K2V (r2) e i2π(s1−s2)/λ]

= I(1) + I(2) + 2
√

I(1)
√

I(2) cos(2π(s1 − s2)/λ),

(3)

where I(1) and I(2) are the intensities at r arising from the disturbances at each
pinhole alone.

Figure 1. Monochromatic two source interference: (a) Young’s points, (b) Michelson interfer-
ometer, (c) 3D representation of far-field interference fringes over all viewing angles showing
both Michelson fringes at the “poles” and Young’s fringes at the “equator”.

The superposition principle is illustrated further with theMichelson interfer-
ometer. Light is divided between two arms at a beamsplitter, recombined and
the resulting intensity is observed. For a monochromatic source, the on-axis
intensity is a superposition of the two recombined beams, and varies cosinu-
soidally with the difference in path lengths ∆z

I = I0[1 + cos(2π∆z/λ)]. (4)

For a fixed ∆z, the fringes vary cosinusoidally approximately with the square
of the viewing angle. The Michelson and Young’s interferences are in fact the
same: with the Michelson, the effect of the two arms is to produce two virtual
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sources, separated by ∆z along the viewing axis, whereas with the Young’s
experiment we observe the interference of two pinhole sources separated by a
across the viewing axis.

Mutual Coherence
A useful concept in understanding interference is that of coherence. Con-

sider Young’s experiment again (this time with an arbitrary source S which
need not be monochromatic illuminating the pinholes). The optical disturbance
at point r and time t can be written alternatively as a sum of the disturbances
at the pinholes, with propagation factors,

V (r, t) = K1V (r1, t − t1) + K2V (r2, t − t2), (5)

where K1 and K2 are propagators, t1 = s1/c and t2 = s2/c are the propaga-
tion delay times. The average intensity is then

〈I(r, t)〉 = 〈V (r, t)V ∗(r, t)〉
= |K1|2〈V1(t − t1)V

∗
1 (t − t1)〉 + |K2|2〈V2(t − t2)V

∗
2 (t − t2)

+ 2|K1K2|Re 〈V1(t − t1)V
∗
2 (t − t2)〉.

(6)

For stationary fields 〈V1(t − t1)V
∗
1 (t − t1)〉 = I1, and we get

I = |K1|2I1+|K2|2I2+2|K1K2|Re 〈V1(t+τ)V ∗
2 (t)〉, τ = t2−t1. (7)

τ is the relative delay between the sources at the point of interference. The last
term contains the correlation between V1 and V2 which is known as the mutual
coherence,

Γ12(τ) = 〈V1(t + τ)V ∗
2 (t)〉. (8)

The intensity can then be written in terms of the mutual coherence as

I = |K1|2I1 + |K2|2I2 + 2|K1K2|ReΓ12(τ). (9)

Normalizing gives the general interference law for stationary fields

I = I(1) + I(2) + 2
√

I(1)
√

I(2)γ
(r)
12 (τ), (10)

where γ
(r)
12 (τ) is the real part of the complex degree of coherence,

γ12(τ) =
Γ12(τ)√
I1

√
I2

. (11)

The modulus of γ12(τ) gives a measure of the coherence ranging from inco-
herent (0) to coherent (1); its phase determines whether interference is con-
structive or destructive.
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Figure 2. Spatial coherence and the mutual intensity

When r1 = r2 , we get the self coherence of the disturbance at r1,

Γ11(τ) ≡ 〈V1(t + τ)V ∗
1 (t)〉. (12)

This is the autocorrelation and by the Wiener–Khintchine theorem the power
spectrum of the disturbance is given by its Fourier transform,

S(ν) =

∫ ∞

−∞
Γ11(τ) e2π iντ dτ. (13)

For a unit intensity monochromatic source, S(ν) = δ(ν0), which gives by
the inverse Fourier transform Γ11(τ) = e2πν0τ , resulting in the familiar cos-
squared interference fringes,

I = 2(I1 + I1 Re e2πν0τ ) = 2I1(1 + cos 2πν0τ), (14)

In Young’s experiment the relative delay is τ = (s2 − s1)/c ≈ aθ/c and in the
Michelson interferometer it is τ = ∆x/c
It is the self-coherence function that is measured in Fourier transform spec-

troscopy. Writing the measured on-axis intensity at the output of the Michelson
interferometer as

I = I(1) + I(2) + 2ReΓ11(τ)

= 〈I〉 [1 + Re γ11(∆x/c)] ,
(15)

it can be seen that by scanning ∆x, the self coherence function of the source
can be measured. The spectrum is then obtained via a Fourier transform,

S(ν) =

∫ ∞

0
ReΓ11(τ) e2π iντ dτ. (16)

Spatial coherence
Whereas temporal coherence is important for spectroscopy, spatial coher-

ence is important for imaging. Consider the disturbance at two points P1 and
P2 due to a finite sized source S (Fig. 2). If the source is small and distant
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(∆ξ � 1, λR � x2), for light of wavevector k the optical disturbances at P1

and P2 are approximately

V1 = C

∫∫
Vs(ξ, η)

e is1k

R
R dξR dη, (17)

V2 = C

∫∫
Vs(ξ

′, η′)
e is2k

R
R dξ′R dη′ (18)

The spatial coherence properties are described by themutual intensity or equal-
time coherence between these points (c.f., mutual coherence) which is defined
as

J12 ≡ JP1,P2 ≡ 〈V1V
∗
2 〉. (19)

But, for a spatially incoherent source, 〈Vs(ξ, η)V ∗
s (ξ′, η′)〉 is non-zero only

over a very small area of the object i.e., for (ξ, η) ≈ (ξ ′, η′) and so substituting
for V1 and V2 and simplifying gives

J12 = 〈V1V
∗
2 〉 ∝

∫∫
〈Vs(ξ, η)V ∗

s (ξ, η)〉 e− i[s2−s1]k̄ dξ dη

=

∫∫
Is(ξ, η) e− ik̄(xξ+yη) dξ dη.

(20)

Thus the mutual intensity at the observer is the Fourier transform of the source.
This is a special case of the van Cittert–Zernike theorem. The mutual intensity
is translation invariant or homogeneous, i.e., it depends only on the separation
of P1 and P2. The intensity at the observer is simply I = J11. Measuring the
mutual intensity will give Fourier components of the object.
Now let us consider imaging by a lens. The disturbance at a point (ξ, η)

in the image plane is given by a superposition of the disturbances from points
(x, y) across the pupil A, with appropriate propagation delay,

V (ξ, η) = K

∫∫
A

Vp(x, y) e−2πk(ξx+ηy)/f dxdy

= KF [A(x, y)Vp(x, y)].

(21)

The measureable intensity is

I(ξ, η) = 〈V (ξ, η)V ∗(ξ, η)〉. (22)

After substituting for V and with a little manipulation, we obtain

I(ξ, η) = F [A(x, y) � A(x, y)J(x, y)] , (23)

where J(x, y) denotes the mutual intensity J12 between points separated by
(x, y) in the pupil plane. This familiar result shows that the image is given by
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the object [whose Fourier transform is J(x, y)] filtered in the Fourier domain
by the autocorrelation of the pupil function (i.e., the pupil transfer function.)
Information about the object can be obtained from direct measurements of

the mutual intensity without forming a conventional image. In the Michelson
stellar interferometer, light from two telescopes separated by∆x is interfered:
the fringe visibility gives the modulus of the degree of complex coherence and
therefore a sample of the mutual intensity. Fitting measured data from a range
of telescope separations to a model of the complex coherence for disk objects
(which will in fact be given by the Airy function since that is being the Fourier
transform of a disk) enables estimation of stellar diameters. The resolution is
limited not by the diameters of the telescopes but by their maximum separa-
tion. More generally in long-baseline interferometry, the spatial frequencies of
the object are sampled sparsely according to the available baselines between
pairs of telescopes, for example the OHANA project aims to link up the large
exisiting telescopes of Mauna Kea with optical fibre to enable them to be used
as an interferometer. A further variation is the intensity, or Hanbury Brown and
Twiss, interferometer (such as that at Narrabri in Australia) where the technical
difficulties of interfering the light from two telescopes are avoided: the inten-
sity is measured directly at each telescope and the coherence properties are
inferred by correlating fluctuations in these intensities.

Grating Spectroscopy
Thus far we have been considering—in Young’s experiment, Michelson in-

terference, and even measurements of mutual intensity—what is essentially
two source interference. We now turn to multiple source interference. For ex-
ample, a diffraction grating divides up a beam into an array of sources, which
then interfere. By the principle of superposition, the disturbance in the far field
is the sum over the sources

V ∝
∑

n

e i2πsn/λ =
∑

n

e i2πnδs/λ, (24)

where δs = d(sin θ − sin θ0) is the optical path difference between adjacent
grating rulings (Fig 3). The condition for constructive interference is that δs is
a whole number of wavelengths,

δs = mλ ⇒ d(sin θ − sin θ0) = mλ. (25)

Grating spectroscopy makes use of the strong wavelength dependence (or dis-
persion) in the positions of the diffraction peaks. The width of the diffraction
peak will give the resolution: for a grating with N rulings, the closest mini-
mum occurs at angle∆θ from a diffraction maximum,

∆θ ≈ (λ/2)/(Nd/2) = λ/Nd. (26)
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(a) (b)

Figure 3. Grating diffraction: (a) geometry for the diffraction condition, (b) high-order diffrac-
tion for a grating with 7 rulings.

Using the Rayleigh criterion, the resolution of themth diffraction order is then
given by

R =
λ

∆λ
=

θ

∆θ
≈ mλ/d

λ/Nd
= mN. (27)

which is proportional both to the number of rulingsN and to the diffraction or-
derm. Echelle gratings, used in astronomical spectroscopy, are blazed gratings
with large ruling period d, designed to give high diffraction efficiency for very
high diffraction orders (e.g., m ∼ 100) and have high dispersion. Their high
dispersion also results in a low free spectral range (λ/m), however, diffraction
orders can be separated by crossing the high resolution grating with one of
lower resolution.
If a diffraction grating can be considered as a many-slit extension of Young’s

slits, then Fabry–Perot interference can be viewed as a many-source extension
of Michelson interference. A Fabry–Perot étalon consists of two plane parallel
surfaces with reflectivityR and transmission T (Fig 4). Multiple reflections be-
tween these surfaces give rise to interference effects. The optical path between
the surfaces for propagation at a small angle θ to the optical axis is n′D cos θ,
D being the étalon spacing, n′ the refractive index inside it, and so the phase
change after one pass is

δ = 2πn′D cos θ/λ, (28)
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(a) (b) (c)

Figure 4. Fabry–Perot interference: (a) Fabry–Perot étalon, (b) Fabry–Perot fringes, (c) Étalon
transmission function for different plate transmissions.

and the complex amplitude of the light transmitted after one pass is

A1 = A0t e iδt = A0T e iδ, (29)

where t =
√

T is the amplitude transmission of a plate. After each successive
double pass of the étalon the emerging amplitude is reduced by r2 = R and
has extra phase delay 2δ. The total amplitude transmitted is the superposition
of all these components,

At =
∑

m=1,3,...

Am = TA0 e iδ
∞∑

p=0

[R e2 iδ]p
T

1 − R e iδ
A0. (30)

Evaluating the sum, the intensity transmission of the étalon is

It

I0
=

T 2

|1 − R e iδ|2 =
(1 − R)2

|1 − R e iδ|2 . (31)

Note that for high reflectivities R, the transmission of the étalon varies from
1 to T 2/4. The higher the reflectivity R, the narrower the transmission peak
and the higher the resolution of the étalon. Despite the finite reflectivities of
the plates, interference means that the étalon is totally transparent at some
combinations of wavelength and incident angle.

Polarization interference and birefringence
So far we have only considered scalar interference, however, the vector

nature of electromagnetic radiation can give rise to polarization interference
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effects. The refractive index experienced by light propagating through a bire-
fringent crystal depends on the orientation of its electric field (i.e., the polariza-
tion) with respect to the fast and slow axes of the crystal. Birefringent crystals
between polarizers can be used as half-wave plates, quarter-wave plates, adap-
tive optical elements (using birefringent liquid crystals,) dichroic mirrors etc.
Birefringence allows us to construct polarization interference filters (Fig 5).
Linearly polarized light (from the polarizer) incident on the birefringent plate
is resolved into two polarization components, one parallel to the fast and the
other to the slow axes of the crystal. The optical paths seen by these two com-
ponents are different, since they experience different refractive indices. After
traversing the crystal, the polarization of the two components are brought into
the same plane by the analyser so that they interfere. The intensity of the output
varies cosinusoidally with wavelength according to equation 4 for Michelson
interference, but with∆z now representing the optical path difference between
the fast and slow axes. In fact, polarization interference is identical in principle
to Michelson interference—propagation along the two arms of the Michelson
being replaced by propagation with polarization along the fast or slow axes. As
with the Michelson, the resolution of the filter is proportional to the path-length
difference while the free-spectral range is inversely proportional to it.
By joining a series of polarization filters, whose birefringent plates vary in

thickness in the geometrical progression 1:2:4:8:... we can construct a polar-
ization filter which has both high resolution and free-spectral range—the reso-
lution is determined by the longest plate, the free-spectral range by the shortest.
This is a Lyot filter. Note that the transmission of a Lyot filter consisting of N
birefringent plates is identical to the diffraction pattern from an Echelle grat-
ing with 2N rulings (Fig 6). If we look at the action of each single polarization
filter, we can see that the optical path difference between fast and slow axis
components has the effect of dividing the incident light into two virtual copies
from sources shifted with respect to each other along the optical axis—just as
the Michelson interferometer does. However, each successive plate in the Lyot
filter repeats the division, until there are 2N equally spaced virtual sources
along the axis, the interference of which we measure at the output. It is there-
fore not surprising that the output should resemble that of a diffraction grating,
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Figure 6. The transmission of a Lyot filter with five components (bottom plot) is given by the
product of those of the five component filters (upper plots).

which also produces an array of equally spaced sources and so the Lyot filter
is directly analogous to an Echelle grating.
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Abstract A brief review of major milestones of the historical race to large telescopes is
given, from the Galileo’s refractor to the 4-6m class telescopes.
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The invention of the telescope arguably constitutes an essential milestone
in the history of science. Galileo’s turning to the sky an instrument - a very
modest one by today’s standard- would not only change radically our under-
standing of the universe, it would eventually shatter the foundations of science,
philosophy, and faith.
This brief summary is devoted to machines, not to the science they per-

mitted. Yet, science relies critically on experimentation, the making of which
may start in a laboratory, workshop, or in a factory. Astronomy is quite pecu-
liar in respect of experimentation. It relies almost exclusively on contempla-
tion: recording images of inaccessible objects and their spectral properties i.e.,
recording data cubes (two angular coordinates and a spectral one), without any
capability to act on the parameters of the observed object. Few sciences have
lesser means to experiment; yet none, perhaps, delivers so much with so little.
The scarcity of data and their invaluable content require that they be recorded

in the most careful manner. The human eye is an incredibly powerful and ver-
satile instrument, with an amazing dynamic range. But almost the entire uni-
verse is beyond its reach. Modern telescopes have a sensitivity 9 to 10 order of
magnitude higher, yet they are barely able to provide a glimpse at the youngest
galaxies, least to say stars.
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Figure 1. Principle of a Galilean refracting telescope.

Galileo’s telescope, built in 1608, was made of a positive, converging ob-
jective and a negative, diverging eyepiece (Fig. 1). In spite of the limitations
of such design and of the rather poor fabrication quality allowed by the tech-
nology of the time, Galileo could make the sensational discoveries that almost
cost him his life. In his design, the positive lens forms of an object at infinite
distance an image located in its focal plane; the second, negative lens placed
in front of the first one’s focus, re-images this image at infinite distance. An
observer will see the final image still at infinite distance, with its angular ex-
tent however magnified by the ratio of the focal distances f of the two lenses
(Fig. 2). Modern sighting scopes still rely on the very same principles, with an
objective forming an image relayed by a sighting eyepiece, and a magnification
equal to the ratio of the two fs (see Fig. 1). All enhancements are essentially
related to compensating aberrations 1. With conveniently small apertures and
small field angles, the aberrations will be minimal and the most primitive imag-
ing system will deliver usable images.
The refracting telescope predated Galileo; devices able "to bring far objects

closer than they appear" were known well before his time, and their first origin

1For the purpose of this brief account we will provide only a notional definition of optical aberrations. In an
optical system, the angular coordinates of incident rays are transformed according to sequential applications
of Descarte’s law from one optical surface to the next. Aberrations are essentially the non-linear terms of
the transformation, the angular coordinates of emerging rays not being strictly proportional to those of the
incident ones -thereby generating distorted and/or blurred images.
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is difficult to trace. But it is most likely with the very intention to turn it to the
sky that Galileo had one made.
Most glasses having an index of refraction close to 1.5, a reflective sur-

face will have misfigure tolerances four times tighter than a refractive one.
While Newton is generally credited with the invention of the reflecting tele-
scope (1668), such credit is actually misplaced. Indeed Newton’s telescope
may have never delivered usable sky images or, at least, fared badly in com-
parison to Galileo’s one. First, mirrors were made of speculum, with poor
reflectivity. Second, for identical image quality, the tolerances applicable to re-
flecting surfaces are about four times tighter than with refractive ones (Fig. 3).
A refractive medium of index n, with a surface misfigure dh, will generate
distortion of the incident wave equal to (n − 1)dh, being it assumed that the
incident wave travels through vacuum. On a reflective surface, the wave dis-
tortion will be equal to 2dh. Image contrast 2 degrades rapidly with increasing
wavefront error, i.e. the departure of the wave from a perfectly spherical or flat
one (Fig. 3).
The idea to produce a converging objective from a reflecting, concave sur-

face, instead of a refractive lens, was recognised by Galileo himself, and tried
by Zucchi in 1616 (Fig. 4). Such arrangement, however, does not deliver ac-
ceptable image quality as a spherical surface used off-axis produces strong
aberrations, and Zucchi’s attempt was doomed for reasons he could not know.

2Contrast, i.e. the rendering of spatially variable object brightness, is an essential performance characteristic
of an optical system. It is also far more accurate and physically realistic than the traditional concept of
angular resolution, which is meaningless in diffraction theory -as exemplified by the fact that the Hubble
Space Telescope, with its initial flaw, could separate point sources nearly to diffraction limit, but failed at
rendering acceptable images of extended, diffuse objects. In optical engineering, the term Resolution is
reserved for the Strehl Ratio. An optical system is a low-pass spatial Fourier filter, and it can be shown that
the Strehl Ratio is equal to the integral of the spatial Modulation Transfer Function of the system, i.e. an
integrated measure of its ability to render contrast.
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Figure 5. Spherical aberration: rays corresponding to different aperture angles focus at differ-
ent locations along the optical axis.

Newton’s arrangement, which preserved the axisymmetry of the optical
propagation and provided a more convenient observing position, did not suffer
from this basic, and at the time not understood, flaw. Newton-type telescopes,
however, would not compete with refractors until John Hadley’s 1721’s suc-
cessful design and making of a 15-cm, 1500mm focal length (f /10) one. It is
an unfortunate twist of history, or perhaps the result of imbalanced considera-
tion for ideas rather than results, that John Hadley’s work is little known, for
he should be given credit for the successful advent of reflecting telescopes. His
success is not only attributable to excellent craftsmanship, but also to his de-
vising of an auto-collimation test at centre of curvature of the primary mirror.
For crude such test may have been, it was the first step towards modern optical
fabrication, where metrology plays a role equal to process. If you can measure
it, you can make it 3.
Between 1634 and 1636, Descartes correctly interpreted spherical aberra-

tion (Fig. 5), and derived the aspheric shape lenses or mirrors should be given
in order to prevent it. Technology, however, was not ready. When a surface
is ground or polished by lapping, the tool and the workpiece naturally tend to
converge towards spherical shapes, which will match in any position. This is
no longer true with aspherical surfaces, and their making can be considerably
more difficult. It requires tools smaller than the workpiece or flexible enough
to adjust to the workpiece, or both. This difficulty, added to the fact that there
anyway was no metrology able to control the convergence of the figuring pro-
cess, explains the failure of early attempts at making aspherical lenses.
Even if the first attempts at making aspherical lenses had been successful,

chromatism (Fig. 6, which was not properly understood, would have prevented
such lenses to deliver acceptable images anyway. Solutions to the problem of
chromatic aberrations had been delayed by Newton himself, who incorrectly

3J. Espiard, private communication.
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Figure 6. Chromatism is due to the wave-
length dependence of the index of refraction
and produces coloured, diffuse and/or elon-
gated images. For simplicity reasons, the off-
axis image in the figure above is shown with
pure lateral chromatism; in reality both axial
and lateral chromatisms would combine.

Figure 7. Schematic principle of an achro-
matic objective.

interpreted them. Gregory challenged Newton’s conclusions in 1695, but it is
not until 1729 that a solution, by Moor Hall, emerged. This solution is the
achromatic doublet, whereby the objective is made of two lenses, a converging
and a diverging ones (Fig. 7). The two lenses are made of different glasses,
with different indices of refraction and different dispersions, chosen in such
a way that the foci at two different wavelengths -usually the extreme ones
of the visible spectrum, are superimposed. Chromatism is still present for
intermediate wavelengths, but the overall effect is substantially reduced 4.
In Fig. 7, the ratio of the focal length to the objective diameter is exag-

gerated. In practice, achromatic objectives still require fairly long telescope
tubes. The first achromatic objective was made by Dollond in 1758, and in
1761 Clairaut derived the modern form of the achromatic doublet, whereby
the lenses are calculated to compensate each other’s chromatic and spherical
aberrations. Refracting telescopes would no longer need prohibitively long fo-
cal lengths, and their diameter would progressively grow up to the 1-m range
by the end of the 19th century (Yerkes, 1897). Even today, casting large homo-
geneous slabs of glass is a daunting task; hopefully reflecting telescopes would
eventually reach maturity around the mid-19th century, and successfully pick
up the challenge. Perhaps the most famous refractors are those built by Fraun-
hofer.
The poor reflectivity of speculum and the tighter figure tolerance, combined

with the difficulty to accurately measure aspherical surfaces have slowed the
evolution of the reflecting telescope down. These issues are of a pure techno-
logical nature; optical solutions for reflecting telescopes were derived in the

4Using three lenses, exceptionally two with favourable glasses, it is possible to superimpose the foci at three
wavelengths. Such systems are called apochromats
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Figure 8. Marin Mersenne’s designs of all-reflecting telescopes, 1636.

Figure 9. The entrance and exit pupils are the surfaces where the entrance and exit rays coming
from the different field positions cross each other. In different terms, the entrance pupil is the
aperture 5of the optical system as seen by an observer located at the position of the object, or at
the location of the image for the exit one.

17th century. In 1636, Mersenne proposed two original designs, where a sec-
ondary mirror plays the role of eyepiece (Fig. 8). Unfortunately, the exit pupil
(see Fig. 9), where the observer shall be for his own pupil to be filled with
the beams coming from the instrument, is inconveniently located. In the bet-
ter known Gregory and Cassegrain solutions (Fig. 10), the secondary mirror
is not used for the purpose of an eyepiece, but to relay the image given by
the primary mirror at a location where a classical eyepiece could be conve-
niently located. In these designs the problem of the location of the exit pupil
disappears, as the telescope pupil is re-imaged through the eyepiece, and the
spherical aberration can be suppressed by combining a parabolic primary mir-
ror with an elliptical, concave secondary (Gregory’s solution), or hyperbolic,
convex one (Cassegrain’s solution).

5Entrance and exit pupils are conjugates i.e. images of each other through the optical system. The real
physical aperture may be neither of them, but set by a physical diaphragm or component contour, located
inside the optical system.
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Figure 10. Gregorian (left) and Cassegrain (right) solutions.

A fundamental advantage of Gregory’s and above all Cassegrain’ solutions
is that, contrarily to refractors, they are far shorter than their focal length and
thereby allow more compact, lighter and stiffer opto-mechanical designs. The
same principle is applied in camera’s lens design, where a last group of diverg-
ing lenses extends the focal length of the front converging group. Hence the
expression "telephoto effect" for this kind of design. All modern telescopes
rely on it, with structures typically ten times shorter than the focal length by
today’s standard.
Because it is concave and elliptical, the secondary mirror of a Gregorian

telescope allows for simpler fabrication test set-ups, as a point-like source
placed at one of the foci of the ellipse should be re-imaged aberration-free
at the other focus. Convex hyperbolic mirrors require more complex set-ups.
This disadvantage is usually more than balanced by the more compact arrange-
ment, the savings implied by the shorter telescope structure and more compact
enclosure offsetting the additional cost and complexity of the secondary mirror
test set-up. This trade-off, however, applies in the context of current technol-
ogy.
Gregorian and Cassegrain solutions, proposed in 1663 and 1672, respec-

tively, would take centuries before being put to practical use in major tele-
scopes. In the absence of suitable figuring techniques and above all ade-
quate fabrication metrology, the making of not one but two matching aspher-
ical surfaces was a nearly impossible task. It is worth noting that the the-
ory of reflecting telescopes was basically completed by the time Gregory and
Cassegrain laid it down -indeed there would be no major progress until 1905,
with Schwarzschild’s milestone work. In contrast to this, the theory of re-
fracting telescope would take about another century to come to maturity, as
indicated before.
Reflecting telescopes would, however, still compete with refracting ones,

mostly for their feasibility in much larger diameters. Herschel’s telescopes,
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Figure 14. Principle of an astatic levers support system. The mirror rests on three fixed points
but the total weight is distributed on a number of levers, which, by design, apply reaction forces
proportional to the cosine of the zenithal angle.

whiffle-tree, these support are mechanically -or hydraulically- interconnected
through successive stages of low-friction, force-equalizing balance systems, so
as to provide astatic supporting through three virtual fixed points. Modern de-
sign always incorporate extensive modelling and analysis of support systems,
as the performance of any optical part is contingent to that of its support. In
essence, a telescope is not just the product of a set of optical equations, but a
true opto-mechanical system, which requires extensive analysis and trade-offs
to ensure adequate performance.
At the time Lord Rosse was building his leviathan, a smaller (50 cm) but

innovative one was built by Nasmyth. It was probably the first successful
Cassegrain combination. The telescope had an alt-azimuth mount and a fold-
ing mirror placed on the elevation axis allowed a convenient observing position
under all orientations (Fig. 13). Because of its geometry, the azimuthal mount
is ideal in terms of load transfers to the axes and foundations of the telescope. It
requires, however, the combination of three rotations (azimuth, elevation, field
de-rotation 6) to compensate for earth’ rotation, and this arrangement would
come to maturity more than a century later, with computer-controlled motions
and the Russian 6-m alt-azimuthal telescope (Nizhny Arkhyz, Russia) in 1976.
Another major reflecting telescope of the 19th century is the 1.22-m Newtonian
built by Lassel on Malta (1861). The innovative design included an equatorial
mount allowing earth rotation to be compensated by a single rotation around
the right ascension axis, a lightweight open tube eliminating internal turbu-
lence, and a mirror support system based on astatic levers (Fig. 14).

6Field de-rotation is obviously not mandatory in case of visual observations.
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Figure 15. Principle of the Foucault or knife-edge test.

Not only did Foucault inaugurate the era of glass mirrors, he also devised an
accurate test that prefigured modern optical fabrication. Although essentially
qualitative, the Foucault or knife-edge test (Fig. 15), devised in 1859, allowed,
for the first time, to verify the convergence of a polishing process. In this test,
a blade placed at the focus of the surface under test (or at its centre of curvature
if it is illuminated by a point-like source located near the centre of curvature)
intercept rays in a selective manner, revealing errors of shape as shadows on
said surface. For primitive it may seem, this test is exquisitely sensitive to
surface misfigure, and will immediately reveal errors that may escape the most
modern metrology. Being it sensitive to slope errors, it may still today usefully
cross-check elaborate interferometric tests, the latter being limited in spatial
resolution by the detector sampling or by the interferometer’s aperture.
The largest telescope made by Foucault was 80 cm in diameter and today

is on display at the Observatoire de Marseille, France. A superb instrument, it
incorporated even more innovation than meets the eye. First, Foucault ensured
that the mirror was polished to a shape that would match the aberrations of
the eyepiece, thereby delivering optimal visual images; second, he devised a
rudimentary pneumatic support of the primary mirror, the shape of which being
optimized by blowing or deflating supporting vessels until the mirror reached
its optimal figure.
The failure of the Melbourne 1.22-m telescope (1869) temporarily shifted

attention back to refractors, which is a plausible explanation for the giant re-
fractors of the end of the 19th century (Nice, 76 cm, 1887; Lick, 91 cm, 1888;
Yerkes, 1 m, 1897). Reflecting telescopes would however make a spectacu-
lar come-back, thanks to the productive work of Ritchey. By 1901, he pro-
duced a 60 cm with Newton and Cassegrain foci, and a primary mirror with an
amazingly short focal ratio of f/3.9. The difficulty, or the minimal achievable
misfigure, to generate an aspherical surface is, with conventional lapping tech-
nologies, proportional to the cube of the focal ratio. Hence Ritchey’s 70 cm
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mirror was roughly 7 times more difficult to figure than the Melbourne one.
Still, Ritchey’s telescope delivered excellent photographic results, outperform-
ing visual observations with much larger refractors. The next step became a
1.5-m reflector. Ritchey cautiously opted for a longer primary mirror focal
ratio (f/5) than for the 60 cm, but incorporated novel design features such as
the possibility to switch between Newton, Cassegrain and Coudé foci 7 . Still
in operation today, after numerous upgrades, the telescope will see its 100th
birthday in 2008.
Confidence in Ritchey’s abilities was such that by 1906, Hale had ordered

a 2.5 m blank, which eventually would become the primary of Mt Wilson’s
Hooker 2.5 m telescope. To put it mildly, the bubble content of the blank did
not inspire confidence, but successive attempts at casting better ones failed.
Ritchey finally agreed to work on it, and the mirror was figured in about five
years. In addition to the knife-edge test, Ritchey also used a more quantitative
one, the Hartmann test. In this setup, a mask producing an array subapertures
(holes drilled at predetermined locations in a metal or wooden plate) is laid on
the mirror; a point-like source is placed near the centre of curvature, and the
images produced through the subapertures recorded on a photographic plate.
The location of each of these images, being directly related to the slope of the
mirror at the location of the corresponding subaperture, provides a quantitative
way to measure surface misfigure.
With its modern design, unprecedented light collecting power, and in spite

of its capricious thermal behaviour, the Hooker telescope would give a long
lasting supremacy to the American scientific community and nurture a Cal-
ifornian tradition of technical excellence in astronomy, a tradition still very
alive today. Amongst many other major discoveries, it allowed the Andromeda
galaxy to be resolved into stars, and its distance to be deduced from light curves
of Cepheids 8. At about the same time, Europeans would focus on positional
astronomy and an eventually failed Carte du Ciel, which essentially obliter-
ated European’s presence in observational astrophysics until the end of the
20th century. After Ritchey’s moving to Paris, in 1924, plans were made for a
7.5 m telescope, which never materialized.
Encouraged by the success of the 1.5 and 2.5 m Mt Wilson’s telescope,

George Hellery Hale soon started working on his vision of a 5 m class tele-

7In a Coudé arrangement, the image is relayed through the right ascension axis, thereby providing a fixed
observing location where a bulky instrument can be mounted without jeopardizing the balance of the tele-
scope. It is ideally suited for instruments demanding long focal ratios and a relatively small field, e.g.
spectrographs.
8Henrietta Leavitt, Harvard College Observatory, 1912, established the relation period-luminosity of
Cepheid variable stars. Being a woman i.e. confined to the tedious and ridiculously paid work of ex-
amining photographic plates for the benefit of an all-male establishment, she would not be awarded credit
for her milestone discovery
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scope. Initial ideas for a 7.5 m telescope had been put forward, and Hale was
aware of Ritchey’s initial plans for an even larger aperture, but cautiously -and
in view of the technology of the time, wisely- chose to limit extrapolation to a
factor two. A six million dollars from the Rockfeller foundation was secured
in 1929, a very substantial sum for a science project at that time. Production of
the primary mirror blank dragged for almost a decade, until Corning success-
fully picked up the challenge after repeated failures by General Electric and
produced a 5-m structured, honeycombed one. The casting of the blank was
far from a simple affair, and even by today’s standard Corning’s achievement
must be reckoned as a remarkable one 9. Besides the lightweight structure of
the mirror, which implied critical mass savings and lower thermal inertia than
that of the Hooker, other novel features were the reliance on low expansion
glass (Pyrex), an extremely short focal ratio 10 of f/3.3, and a design of the
telescope structure, due to Mark Serrurier, which minimized relative decenters
of the primary and secondary mirrors at all orientations of the telescope.
Hale passed away in 1938 and, unfortunately, could not see the superb con-

clusion of his work. World War II delayed the completion of the Palomar
telescope, which would eventually enter into operations in 1950, after resolu-
tion of quite a number of start-up problems, including local re-figuring of the
primary mirror to correct for residual edge misfigure. The technical achieve-
ment of the Palomar telescope is no better illustrated by the fact that in the
decades that followed its commissioning, little attempt was made at exceed-
ing it. The only notable exception is the Russian 6 m Bolshoi Teleskop Az-
imutalnyi telescope (1974), whose performance is marred by a deceptive site,
rapid thermal changes preventing the primary mirror from reaching equilib-
rium, and a structure and kinematics optimised for static rather than dynamic
loads -hence its poor performance when exposed to wind. Still, this telescope
should not be merely dismissed as a failure -as is too usually and unduly done.
Its computer-controlled alt-azimuthal mount opened the way to modern tele-
scopes and compact enclosures. Hale’s telescope dominated the landscape of
large telescope-making until the late 1980’s, when plans would be drawn for
a new generation of even larger ones, dubbed Cathedrals of the 20th Century

9R. Florence in The Perfect Machine: Building the Palomar Telescope, HarperCollins Publishers, 1994,
gives a vivid account of the building of the Palomar telescope. Although Florence at times wrongly attributes
major technical innovations to the 5 m telescope designers, his somewhat idealistic but definitely superb
account will ring true with many designers of large telescopes.
10As noted before, short focal ratios imply severe difficulties in generating the aspherical departure from
an ideal sphere. It is, however, directly related to the telescope length, hence to the structure and building
sizes, which are major cost positions and performance issues in a telescope project -cost of large structures
and buildings, improbable thermal equilibrium hence local turbulence, misalignments and flexures, etc.
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11. In the meantime, the Bolshoi 6 m telescope, in spite of its originality, did
not materialize as an effective challenger, and the period between the Palomar
and its successors of the 1990’s could be seen as one of consolidation. Sev-
eral 3- to 4-m class telescopes were built, owing much of their design to the
Palomar’s one: equatorial mount, Serrurier structure, massive hemispherical
dome, and a focal ratio of the primary mirror in the range of 3 to 4. Several
reasons contributed to this period of consolidation rather than extrapolation.
First, casting large substrates is still a substantial challenge. Even though 8-m
class blanks have been made in the early 1990s by Schott (Germany), Corning
and the Mirror Lab (Tucson, Az), their production was a daunting task, and few
would venture much beyond this size. This particular technological limitation
has now been overcome by segmentation, whereby the telescope main mir-
ror is no longer made of a single piece but of segments, whose alignment can
be controlled in real time to acceptable accuracy. This technology, pioneered
with the 10 m Keck telescopes, underlies every plan for the next generation of
extremely large telescopes.
Second, funds have dried up; being it generally perceived that large astro-

nomical telescopes have no other benefit than their long-term and somewhat
unpredictable scientific productivity. In this respect, there may be room for
cautious hope, as the latest generation of large telescopes in the 8- to 10-m
range brought substantial spin-off in terms of industrial return 12, and as fu-
ture designs, such as that of the ESO’s OWL 100-m telescope concept, may
accommodate for industrial constraints in a cost-effective manner.
Third, there has been considerable evolution in the area of detectors, with ef-

ficiency increasing from a few percents for photographic plates to near-perfect
quantum efficiency with modern detectors. On a good site, a CCD on a 1
m telescope would outperform photographic plates taken at the Palomar 5 m.
Detectors being now close to the physical limit in terms of sensitivity, the only
way up is, again, larger diameter. One should however not hastily conclude
that the period between the Palomar 5 m and the 8- to 10-m class telescopes of
the 1990s has been void of crucial innovation.
Progress in optical fabrication and metrology allowed the Ritchey-Chrétien

design to eventually take over the classical Cassegrain design. In the latter,
the primary mirror is parabolic, the secondary hyperbolic, the on-axis image is
free of aberrations, but the field of view is limited by field aberrations, mostly
coma, astigmatism, and field curvature. In the Ritchey-Chrétien design, both

11The author wishes to mention that this expression was coined by his own father, an admirer of science but
not a scientist himself. Coincidentally, the same expression was used to the same effect by the Director of
the European Southern Observatory, R. Giacconi, in the late 1990’s.
12Although this is rarely advertised, the fabrication and polishing to highest accuracy of the last generation
of glass-ceramic mirrors have produced commercial spin-offs in areas as diverse as the manufacturing of
cooking plates and consumer electronics.
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mirrors are hyperbolic and their combination is free of spherical aberration, as
in the classical Cassegrain solution, but also of field coma -and thereby pro-
vides a larger usable field of view. Because of its shape, the primary mirror
is theoretically more difficult to test while in fabrication. One reason is that a
parabola can be tested in auto-collimation against a reference flat 13. In prac-
tice, reference flats are extremely difficult to produce, and the argument against
a Ritchey-Chrétien loses its validity beyond sizes on the order of a meter in di-
ameter. Another reason is that the Ritchey-Chrétien design is intrinsically more
sensitive to decenter, the correction of the on-axis image being dependent on
the proper alignment of both mirrors. Still, the delay in the advent of Ritchey-
Chrétien designs -by almost two generations- should be attributed to prejudice
and unreasonable conservatism rather than to technical reasons.
Progress in metrology, from qualitative Foucault and cumbersome photo-

graphic Hartmann tests to high resolution laser interferometry also allowed
deeper aspherization, hence shorter focal ratio of the primary, and more com-
pact structures and buildings. Fig. 16 shows the historical trend towards larger
and shorter telescopes, with focal ratios shorter than 3 becoming the standard
of the late 20th century. Short focal ratios translate into compact structure and
enclosure, the latter no longer being the (absurdly) major cost position of an
astronomical telescope. Better metrology and figuring processes also implied
faster production and drastic cost reduction factors. A typical polishing run of
the Palomar primary mirror took about a week; it took about two days for the
4-m class telescopes of the 1970s and 1980s, and one for the 8-m class tele-
scopes of the 1990s. In terms of square meter per unit of time, the progress is
even more impressive: from 20 m2 in 61/2 years (Palomar) to 50 m2 in about
10 months (today’s 8-m generation), i.e. a 20-fold increase in productivity.
Evolution in telescope making since the Palomar has not been limited to

the area of optical production. The alt-azimuthal mount has become the es-
tablished solution since the Bolshoi 6 m telescope, for its superior mechanical
performance and the compact, cost-efficient enclosure design it allows. Bet-
ter understanding of the properties of atmospheric turbulence allowed a more
accurate characterization of a telescope properties, a more balanced approach
towards specifications and error budgeting 14, and a better understanding of the
utmost importance of site selection. Any ground-based telescope of apprecia-
ble size will be primarily limited by the effect of atmospheric turbulence, not to
mention the proportion of photometric nights allowed by weather conditions.

13In such test, a pinpoint light source placed at the focus of the parabola will provide a collimated beam
after reflection on the parabola; this collimated beam can be retro-reflected back onto the parabola by a flat
mirror, to eventually provide an aberration-free image of the test source.
14The first example is the 4-m class William Herschel telescope, at la Palma, whose optical specifications,
drafted by D. Brown, were expressed in terms of allowable wavefront error as a function of spatial frequen-
cies matching those of atmospheric turbulence.
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Figure 16. Evolution of telescope diameter and primary mirror focal ratio.

Substantial investments in design and manufacturing to tightest specifications
must therefore be matched by a rigorous and quantitative site selection process.
Recently developed adaptive optics techniques, which allow to compensate for
the blurring effect of atmospheric turbulence, do not change this requirement
appreciably, as strong or rapid turbulence may impose unacceptably demand-
ing technical requirements.
Last but not least, two epoch-marking technologies have been successfully

implemented in 1989 and 1994: active optics, with the 3.5 m ESO New Tech-
nology Telescope (NTT), and segmentation, with the 10 mKeck. In the former,
real-time adjustments of the primary mirror support forces and of the alignment
of the secondary mirror guarantee consistent, optimal performance, and allow
relaxation of opto-mechanical fabrication tolerances. These adjustments being
derived from wavefront analysis of off-axis stellar sources located outside the
scientific field of view, imply minimal operational overheads at the benefit of
reliable, substantial performance improvement 15

15A fair account of the development of active optics must acknowledge for the fact that in its initial arrange-
ment, the operational concept of the NTT required usually unaware or inexperienced observers to allocate
provisions for active corrections in their observing runs. This is no longer the case, as suitable upgrades
of control systems and operational schemes have made the system almost completely transparent to the
observer.
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The four ESO’s 8 m Very Large Telescopes, built on NTT’s experience,
routinely deliver data limited by the sole atmospheric turbulence, even under
best seeing conditions, and within unprecedented reliability.
As for segmentation, it essentially resolves the major issue of fabricating

large optical substrates. For trivial such breakthrough may seem to the eventual
observer, it is no less far-reaching than active optics as it virtually eradicates
the usual challenge of casting and figuring larger optical substrates.
The community has often expressed reservations about both technologies,

but these reservations are fading in the light of the science they allow. The
Ritchey telescopes, the Hooker and the Hale successfully sailed through sim-
ilar barrages of criticism and sometimes misplaced conservatism. As tech-
nology does not progress in a linear fashion, and as the burden of telescope-
making has been moved from the glass factory into the hands of mechanical
and control engineers, major steps forward and awesome science machines lie
ahead.
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Abstract
We present the basics of optical design as it applies to two mirrored telescope

systems. We discuss Zernike decomposition of wave-front error and the descrip-
tion of Strehl in terms of small Zernike errors. We also discuss the balancing of
aberrations for a two mirror system and present the Ritchey-Chrétien design as
an example of a zero coma system.
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1. Ways to study light
1.1 Fermat’s principle of least time
Fundamental to the understanding of optics is the Principle of Least Time,

developed by Fermat ( ≈ 1650), which says that light will take the path that
gives the shortest time to its destination. One can think of it as though light
examines all possible paths to get from one point to another and then takes only
and exactly the path that requires the least amount of time. For a more complete
description of Fermats Principle of Least Time (Feynman et al., 1963).

1.2 Snell’s Law
Consider light traveling from one medium to another (Fig. 1). To simplify

the problem, we can consider that the media are infinite in extent and that the
interface between the media is planar. Note that a more complex geometry
will not change the result. Also consider that each medium can be described
by an index of refraction, n, which is the apparent speed of the wave through
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the medium. If we pick an arbitrary point within the medium and another point

Figure 1. Refraction at the
interface between two media
of different refraction index.

Figure 2. Conic conjugates for an elliptical (left), parabolic
(center) and hyperbolic (right) mirror.

outside the medium we can ask how does light get from one point to the other
point. If we draw every possible path that the light can take in our thought
experiment and measure the length of time each path takes we will conclude
two things:

1 The shortest time occurs for light travels in straight lines in a constant
index media.
2 At the interface between the two media light will "bend" obeying the
relation: n1 sin Θ1 = n2 sin Θ2 for the path taking the shortest time.

The principle of least time can also be used to examine reflection. If we per-
form a similar experiment to that above except that we make one medium re-
flective at the boundary we will discover that the only paths for which the flight
time of the photon is a minimum are those for which the angle of incidence
equals the angle of reflection.

1.3 Geometric Optics
We can use the concepts developed above to trace the path of individual

rays through an optical system. In doing so we are doing a geometric optical
analysis because we are including only the geometry of the light rays to predict
their behavior, not their physical, wave-like or electromagnetic properties.
Using the two rules above we can pick an arbitrary point on an object surface

and a ray of light coming from that point, and predict it’s path through an
optical system. A light ray will leave the surface of the object either due to
reflection off the object or in the case of warm objects through self-emission.
This ray will travel in a straight line until it encounters a change in index of
refraction. In general this occurs when it encounters another surface, but the
same rules apply if there is a variation in the index of refraction within the
media as in the atmosphere.
Once the ray encounters the new surface Snells law of refraction is applied if

it is a transparent surface (real index of refraction) or if it is a reflective surface
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(imaginary index of refraction) the law of reflection is applied. The angles used
are the relative to the local normal to the surface.
If the angles are small i.e. close to the optical axis, then the paraxial approx-

imation can be made:
sin Θ ≈ tan Θ ≈ Θ (1)

For a spherical surface such as a lens or mirror, we are able to determine the
angle of refraction, or reflection from the ray height at that surface. The angle
the surface normal makes relative to the ray as a function of height h above the
optical axis is given by

Θf = Θi + Θ(h), where (2)
Θ(h) = arctanh/r (3)

and r is the radius of the surface.
Thus by a series of calculations of ray height and position we can determine

the location of an individual ray as it traverses an optical system. If we trace
a series of rays all emanating from a single point on an object and discover
that they all intersect at a single point we determine the image location for that
point.
By tracing rays from a series of locations on an object we can determine

the shape and character of the image, i.e. whether it exists on a planar surface,
curved surface or a more complex surface. By tracing a series of different
wavelength rays we can determine if the image is the same for all colors or
does it focus in different locations for different colors. Furthermore, one can
look the locus of all points on rays emitted by a single point on the object and
intersecting an image plane. If one measures the number of rays as a function
of their radius from the "center of mass" or centroid, one can develop a plot of
effect of the imaging system on a single point in object space. This is called
the point-spread-function and is a measure of the quality of the image forming
ability of an imaging system. Conversely one can measure the number of rays
within a circle (or square) relative to the total number of rays hitting the image
plane to get encircled (ensquared) energy distribution. This is a prediction of
the response one will get in a circular (or square) detector for a single point in
object space.
Clearly this process can rapidly become tedious, especially when one thinks

about tracing hundreds or thousands of rays from many different points on the
object (field points). Fortunately many computer programs have been written
that allow us to harness the power of personal computers to do this. Nonethe-
less, most commercial computer programs use the exact same technique as that
which we have described.
(For a complete description of raytracing see Kingslake, 1983; Smith, 2000).
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1.4 Physical optics calculations
The previous section used a mathematical construct called a ray to predict

behavior of light in an optical system. We should emphasize that rays are
purely a mathematical construct, not a physical reality. Rays work well to de-
scribe the behavior of light in cases where we can ignore its wave-like behavior.
These situations are ones in which the angular size of the point-spread-function
is much greater than λ/d, where λ is the wavelength of light and d is the diam-
eter of the optical system.
We can also use the wave-like nature of light to describe the behavior of an

optical system. If we consider the radiation from a single point in the object, it
acts like a wave spreading out in all directions. A portion of this wave interacts
with our optical system. The wave can be described mathematically as

E = E0 exp(−(i k r − ωt − φ)) (4)

where E is the observable amplitude of the E or B field, r is the radius vector
from the source, k is the propagation vector which has magnitude 2π/λ and
the direction of propagation, ω is the angular frequency, t is the time and φ is
the arbitrary constant phase.
Our coordinate system has z parallel to the optical axis, y is vertical and x

comes out of the page.
If we apply Maxwell’s equations to this boundary value problem we can

derive a complete solution to the amplitude and phase of this field at every
point in space. In general, however we can simplify the problem to describing
the field at the entrance (or exit) aperture of a system and at the image plane
(which is what we are really interested in the end).
At distances that are very large compared to either the source dimensions,

or the aperture of our optical system the complex amplitude is just the Fourier
transform of the object complex amplitude. Furthermore, it can be shown
that the complex amplitude in the image plane of an optical system is just
the Fourier transform of the complex amplitude at the aperture plane. (for a
complete derivation of this see Goodman, 1996).
We can talk about the wave-front associated with this wave as being a sur-

face of constant phase traveling at the speed of the wave. This surface is related
to our previous idea of the rays in that it represents the joined perpendiculars
from a series of rays emitted from a single point. A perfectly spherical wave
will converge to (or diverge from) a single point in space.
When this wave interacts with an optical system, the system adds a phase

shift which is in general a function of x and y.
If we think about what happen to a perfect wave from a point source, it

has an arbitrary phase (and amplitude) added to it by our optical system. This
phase distribution,Aeφ′(x, y) can be thought of as producing a wave that is not
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quite spherical. It is this deviation from a spherical wave that is described by

E′ = E0A exp
(−(ikr − ωt − [φ(x, y) − φ′(x, y)])

)
(5)

= E0A exp (−(ikr − ωt − ∆(x, y))) (6)

where ∆(x, y) is this departure from spherical. This departure is called the
system aberration and is what produces a fuzzy image.
In the first case, lets consider what happens to a perfect light wave when it

impinges on a mirror. In general mirrors can be described as flat (which is less
interesting) spherical, conic or aspheric.

2. Properties of conics
For conic mirrors there is a unique and interesting situation: There exists a

pair of points in space located relative to a conic mirror such that the light travel
time for all possible paths from one point to the other are equal and minimum.
This means that all light leaving one of these points will intersect the other
point if it strikes the conic mirror. These points are called conic conjugates.
For any given conic there are only two such points, which are different for
different conics.
In terms of wave-fronts the conic mirror will take the spherical wave-front

from one conjugate point and modify it to be another perfectly spherical wave-
front heading towards the other conjugate point.
For a spherical mirror the conjugate points lie on top of each other at the

center of curvature (COC). Light emitted from the COC of the spherical mirror
will focus back onto the COC without any additional system aberration.
For an elliptical mirror the two conjugates are real and located at a finite

distances on the same side of the mirror. As shown in Fig. 2, light emitted from
the one conjugate of the elliptical mirror will focus onto the other conjugate
without any additional system aberration.
For a parabolic mirror one conjugate is real and located in front of the mirror,

the other is located at infinity. As shown in Fig. 2, light emitted from the one
conjugate of the parabolic mirror will focus onto the other conjugate without
any additional system aberration. For example, light emitted from an infinitely
distant point will come to perfect focus at the finite conjugate.
For a hyperbolic mirror one conjugate is real and located in front of the

mirror, the other is imaginary and located behind the mirror. As shown in Fig.
2, light emitted from the real conjugate located in front of the hyperbolic mirror
will be reflected to appear as though it comes from the imaginary conjugate
located behind the hyperbolic mirror without any additional system aberration.
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3. Expansion of optical surfaces
All conics can be expressed via one equation, which describes the position

parallel to the optical axis, z as a function of the normalized height above the
optical axis r.

z(r) =
(
k − [k2 − (K + 1)r2]1/2

)
/(K + 1) or (7)

z(r) =
r2

2k
+ (K + 1)

r4

8k3
+ (K + 1)2

r6

16k5
+ (K + 1)3

5r8

128k7
+ · · · (8)

where k is the radius of curvature. K is the conic constant, either< −1 (hyper-
bola) or = −1 (parabola) or −1 < K < 0 (prolate ellipsoid) or = 0 (sphere)
or > 0 (oblate ellipsoid).

4. Zernike polynomials
In general a surface or wavefront z(ρ, Θ) can be expanded in functions that

span the space. As an example one can expand in cylindrical polynomials:

z(ρ, Θ) =
∑
m,n

amnρm cos nΘ +
∑
m,n

bmnρm sin nΘ (9)

where m ≥ n ≥ 0, m − n even (analytic function), a, b are constants, and
ρ = r/R (normalized radius).
Conic mirrors produce a perfect spherical wave-front when the light strik-

ing the mirror comes from the conic conjugates. In general, most optical sys-
tems produce an aberrated wave-front, whose departure from a perfect spheri-
cal wave-front,∆(x, y) can be described quantitatively.
Since ∆(x, y) can really be any function bounded by the aperture of the

system it is best to use as general description as possible. One such description
of this function is to expand ∆(x, y) = ∆(ρ, Θ) about (ρ, Θ) in an infinite
polynomial series. One set of polynomials that are frequently used are Zernike
polynomials. Thus one can write∆(ρ, Θ) =

∑
m,n CmnFmn(ρ, Θ).

These polynomials have the very useful property that they are orthogonal
over the unit circle such that∫

Fmn(ρ, Θ)Fkl(ρ, Θ) = Amnδmkδnl (10)

The lowest order Zernikes are tabulated in Table 1 along with their common
optical name. The next figure shows the first 12 Zernike polynomials with a
pseudo-color graphical representation of their value over a unit circle. In the
plots, blue values are low and red values are high.
Thus our arbitrary wave-front error can be described as a linear superpo-

sition of Zernike polynomials over the unit circle (although for a completely



Modern Optical Design 43

Table 1. Lowest orders of first Zernike polynomials

Z00 = ρ0 = 1 Piston
Z1−1(ρ, Θ) = ρ sin Θ = y Tip
Z11(ρ, Θ) = ρ cosΘ = x Tilt

Z2−2(ρ, Θ) = ρ2 sin 2Θ = 2xy Astigmatism
Z20(ρ, Θ) = 2ρ2 − 1 = 2x2 + 2y2 − 1 Focus
Z22(ρ, Θ) = ρ2 cos 2Θ = x2 − y2 Astigmatism

Z3−3(ρ, Θ) = ρ3 sin 3Θ = 3x2y − y3 Trefoil
Z3−1(ρ, Θ) = (3ρ3 − 2ρ) sin Θ = 3x2y + 3y3 − 2y Coma
Z31(ρ, Θ) = (3ρ3 − 2ρ) cosΘ = 3x3 + 3xy2 − 2x Coma
Z33(ρ, Θ) = ρ3 cos 3Θ = x3 − 3xy2 Trefoil
Z40(ρ, Θ) = 6ρ4 − 6ρ2 + 1 = 6x4 + 12x2y2 +

6y4−6x2−6y2+1
Spherical aberr.

arbitrary wave-front we may require an infinite number of Zernike polyno-
mials to completely describe the error). The Zernike coefficients tell us how
much power is in each Zernike term by the following equation normalization
equation:

σmn = Cmn

√
(1 + δn0) / (2 (m + 1)) (11)

which gives the rms values of the n, mth Zernike term.
Thus the quadratic sum of all the Zernike coefficients gives the rms value of

the entire wave-front error by:

σtotal =

√∑
mn

σ2
mn (12)

A word of caution: different authors use different conventions for Zernike
notation and normalization. We are using the convention of Born and Wolf
(1999).

5. One Mirror telescopes
In the conics section we discussed the property of parabolas. Since one of its

conjugates is at infinity, it will form a perfect image from the infinite conjugate
at focus. This is the basis for a single mirror telescope. This telescope is
either used at this prime focus, or sometimes a folding flat mirror (Newtonian
telescope) is used to fold the beam to a convenient location for a camera or the
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Figure 3. The first 12 Zernike polynomials (see text)

eye. The principle is the same, a Newtonian telescope is really just a parabolic
mirror.

6. Two Mirror telescopes
So why aren’t all telescopes just a single parabolic mirror? The answer

is field coverage. A parabolic mirror develops wave-front aberrations as the
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object (star) moves away from the infinite conjugate laterally. So if we have
two stars in the field we can only get a perfect image of one. For most science
objects it is desirable to image a finite field of view (FOV). Any FOV larger
than a few arcsecs will require more than a single mirror to correct these off-
axis aberrations.
For any two-mirror system we can use geometric optics to derive equa-

tions that describe some important parameters. (For derivations see Schroeder,
2000). The effective system focal length can be determined in terms of the
individual focal lengths and mirror separation:

1

f
=

1

f1
+

1

f2
− d

f1f2
(13)

Given the focal length of the primary and the required system focal length
one can determine the secondary focal length by:

f2 =
−f(f1 − d)

f − f1
=

−f(1 + ∆)

m2 − 1
(14)

Conversely the separation can be determined from the primary focal length,
the magnification of the secondary and the back focal length.

d = f1(m − ∆)/(m + 1) (15)

Also the diameter of the secondary can be determined from the diameter of
the primary, the FOV of the telescope and the spacing between primary and
secondary.

D2 = (d + e)D1/f + 2 d Θ (16)

Conversely the two focal lengths for primary and secondary can be determined
given a requirement on the mirror spacing, d and back focal length e by the
following two equations.

1/f1 = (e − f)/2 d f (17)
1/f2 = (e + d + f)/2 d e (18)

Definition of symbols:
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D1, D2 primary, secondary diameter
F final f /ratio
F1 primary f /ratio
f final focal length
f1, f2 primary, secondary focal lengths
d primary-secondary spacing
e back focal distance: distance from primary vertex (positive behind mirror)
∆ e/f1

m magnification by secondary = f/f1

K1, K2 conic constant of primary, secondary
Θ angular field radius
1/κ focal surface radius of curvature
Furthermore, for any two-mirror telescope in which each mirror is individ-

ually corrected for spherical aberration (i.e. composed of two conics) one can
solve for the third order aberrations in closed form.

ASA =
1

128F 3
1

{
K1 + 1 − 1 + ∆

m + 1

(
m − 1

m + 1

)3
[
K2 +

(
m + 1

m − 1

)2
]}

(19)
ASA: angular diameter of spherical aberration blur circle.

ATC =
−3Θ

16F 2

{
1 +

(m − 1)3(m − ∆)

2m(m + 1)

[
K2 +

(
m + 1

m − 1

)2
]}

(20)

ATC: total angular length of angular tangential coma

AAST =
−Θ2

2F

{
1 +

(m − 1)(m − ∆)

m (m + 1)

[
1 − (m − ∆)(m − 1)2

4m (1 + ∆)
(K2 + 1)

]}

(21)
AAST angular diameter of astigmatic blur circle
Examples of two-mirror designs in which each mirror is individually cor-

rected for spherical aberration are:

1 - Cassegrain, (parabolic primary and hyperbolic secondary).
2 - Gregorian, (parabolic primary and ellipsoid secondary)

7. Ritchey-Chrétien design and equations
With these closed form aberration equations it is possible to do something

interesting: Rather than use the mirrors at their individual conic conjugates
which would correct for spherical aberration in each mirror independently, we
can set the overall spherical and comatic aberration to zero and solve for a
different set of conics. This is called the aplanatic condition, when 3rd order
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spherical is balanced against 3rd order coma to remove the two. This aplanatic
telescope will be composed of a pair of conics that do not have infinity and
the focal position as their individual conjugates (i.e. 2 hyperboloids). The
telescope will have a much larger FOV because the coma, which grows linearly
with θ will be removed.
The equations for the conic constants required to give zero coma and spher-

ical are:
ASA = 0 (no spherical aberrations)
An aplanatic telescope has ASA=0, ATC=0

K1 = −1 − 2 (1+∆)
m2 (m−∆)

K2 =
(

m+1
m−1

)2
− 2 m (m+1)

(m−∆) (m−1)3
at RC focus,

K2 =
(

m+1
m−1

)2
+ (1 + K1)

m+1
1+∆

(
m

m−1

)3
at other foci.

Another example of an aplanatic telescope is the aplanatic Gregorian(AG),
both primary and secondary are elliptical.
Lastly, it is possible to correct for all three major aberrations, Spherical,

coma and astigmatism. This gives a system with very large FOV, but with
other less desirable features. Examples are:

1 Couder telescope which has 0<m<0.5, a large obscuration, and focus
between mirrors
2 The Schwarzshield telescope which has a much larger secondary than
primary , a large obscuration and is physically much larger than it’s focal
length (a big cost increase).

8. Important parameters and cost drivers
Lastly we provide a table that lists some of the real-world parameters one

must consider when purchasing or building a telescope.
Optically important

Size of telescope
Image quality
Field of view
Plate scale
Field curvature
Spherical aberration at prime focus

Financially important

Primary diameter, primary focal lengths (size)
Primary asphericity (polishing, alignment)
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Secondary diameter (support, polishing, alignment)
Plate scale, mechanical size of focal surface (size of instruments)
Available foci: prime, Cassegrain, Nasmyth
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Abstract
We present a few basic ideas of structural mechanics that are particularly rel-

evant to the design of telescopes and to the support of related optics. This talk
only touches on a very rich and complex field of work. We introduce the ideas
of kinematics and kinematic mounts, then review basic elasticity and buckling.
Simple and useful rules of thumb relating to structural performance are intro-
duced. Simple conceptual ideas that are the basis of flexures are introduced along
with an introduction to the bending of plates. We finish with a few thoughts on
thermal issues, and list some interesting material properties.
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1. Kinematics
In this section we discuss the idea of degrees of freedom of motion of simple

structures, with emphasis on space frames and trusses. These simple structures
are often easily understood and exhibit simple and predictable behavior. They
can also be structurally efficient and thus make a valuable group of structures
interesting in astronomy.

1.1 Structures and degrees of freedom
Space frames are structures made up of nodes and struts. When the struts

that connect the nodes together are slender, the axial stiffness of the strut be-
comes the dominant form of stiffness, and the bending stiffness that might be
achieved in the attachment of a strut to a node is usually very much smaller,
and can often be ignored.
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When the struts constrain all the nodes so there is no relative motion, we talk
about the configuration as a structure. When some motion is unconstrained or
only very slightly constrained we discuss the configuration as a mechanism or
a flexural mechanism.
A node, or a structural node is defined by its position in space, hence by its x,

y, z position. It has 3 degrees of freedom in 3-space, and 2 degrees of freedom
in 2-space. We often idealize a node as a mathematical point, so its position
needs to be defined, but its rotational degrees of freedom are indefinable.
A strut is usually viewed as a single degree of freedom constraint. It has

a length, and that is its key defining property. A strut or column or beam can
connect between two nodes, thus defining the distance between those points.
An interesting and important variant of a strut is a cable. This component can
only take tension loads, and cannot carry compressive loads.
An object is generally a three dimensional construct whose position is de-

fined by its location (3 degrees of freedom- x, y, z) and by its orientation
(3 rotations). Thus an object is constrained if six degrees of freedom of the
object are constrained. If less than six degrees of freedom are constrained,
the object is under constrained and can be viewed as a mechanism. It is also
called under-determined. If the object is only considered in two dimensions,
then three constraints are needed to define the object (x, y, rotation). When an
object is just constrained it is called determinate or statically-determinate.
In real life nodes are more complex than points, but various approximations

to simple nodes can be built. These are often called pin joints, ball joints, or
spherical joints- joints that can take axial loads, but cannot carry any torques.
A structure, defined by a set of nodes and a set of struts that interconnect the

nodes, may be interconnected in a way that under-constrains the nodes, may
determinately constrain the nodes or it may be overdetermined or indetermi-
nate.

1.2 Determinate structures
Determinate structures can be thought of as a group of nodes that are inter

connected by struts, where there are just enough struts to constrain the nodal
positions, but not enough to over constrain any of the nodes. In this idealiza-
tion, such structures will have no internal stresses, and any changes in length
of the struts will cause the structure to change shape in a completely stress free
fashion. Yet the structure will resist changing shape in response to any set of
externally applied forces.
In this idealization, determinate structures are defined by geometry, and con-

cepts of stress and strain are not needed.
In a structure N denotes the number of nodes and S the number of struts.



Structural Mechanics 51

Two-dimensional structures
A two-dimensional structure (one that can be mapped onto a plane) may be
determinate only if S = 2N − 3. This is a result of 2 constraints needed for
each node, and the object as a whole can move in three degrees of freedom.
It is also possible to satisfy this relation and have the structure be underdeter-

mined and locally over determined. Examples of two-dimensional structures
are shown in Table 1.

Table 1. Two-dimensional structures

Structure N S 2N − 3 Type

3 3 3 determinate

4 5 5 determinate

4 6 5 over determined

7 11 11 both over and under determined

Three-dimensional structures Three-dimensional structures are also quite
interesting. A determinate structure must satisfy S = 3N − 6. This is a result
of 3 constraints needed for each node and the object as a whole can move in six
degrees of freedom. As in the case of 2-d, this is a necessary but not sufficient
condition.
The simplest determinate 3-d structure has 4 nodes and 6 struts 3N − 6 = 6

and is a tetrahedron. It is straightforward to make 3-d structures that are over
or under determined (Table 2).
In examining 3-d structures, it is clear that each node must be connected

by at least three struts. When a node is connected within a structure by only
three struts, it can be removed (along with its three struts) without changing
the determinate nature of the remaining structure.
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Table 2. Three-dimensional structures

Structure N S 2N − 3 Type

3 3 3 determinate, tetrahedron

4 5 5 determinate

4 6 5 determined octahedron

7 11 11 both over-determined

7 11 11 under-determined

1.3 Geodesic structures
It is useful to test our understanding of determinate structures by consid-

ering the simple, yet powerful class of 3-d objects called geodesic structures.
These are structures that can be mapped onto the surface of a sphere. There is
a beautiful structural theorem about geodesic structures that we will now prove.

Theorem: A geodesic structure is determinate if and only if all of its faces
are triangles.
Recall the elegant Euler’s theorem that states that for a 2-d structure the

number of nodes minus the number of edges (struts) plus the number of faces=
1, orN −S +F = 1. This topology theorem is easy to prove. An examination
of Table 3 shows some examples of this theorem and indicates how to prove it.
Next, note that if we take a 2-dimensional faceted structure and fold it into

3-dimensions, we have added a face. Thus we have proven Euler’s theorem in
3-dimensions N − S + F = 2.
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Table 3. Eulers Theorem in 2 dimensions

Structure N -S - F

3 - 3 + 1

5 - 5 + 1

5 - 6 + 2

6 - 7 + 2

If this surface is all triangles 3F = 2S (each edge is shared between two
triangles).
Combining this with Euler’s theoremwe obtain 3N−S = 6, or S = 3N−6,

our formula for determinate structures in 3-dimensions.
We have thus established:

A geodesic structure with all triangular faces is determinate.
A geodesic structure with any non-triangular faces is underdetermined,
since adding the struts needed to make all faces triangles will add con-
straints.

2. Kinematic Mounts
Kinematic mounts are systems for connecting two "rigid" objects to each

other in a determinate fashion without introducing any stresses in either. Some-
times kinematic mounts are very readily detached from each other.
The design and development of kinematic mounts is a rich and complex

field, but we only introduce the subject and its basic ideas here. When dealing
with optics, stress-free mounts are often essential in order to avoid distorting
the optic. Possible disturbances that must be considered include changes in
gravity vector and changes in the thermal environment.
The attachment of horses to a wagon forms a simple and interesting example

to think through. If we want two horses to pull a wagon, we would like each
horse to pull equally, and not have their efforts oppose each other or have one
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horse carry most of the load. We would also like the horses to be able to walk
independently, and not have to require that the horses be identical in size. Of
course the two horses need to, on average, walk at the same speed. A solution
commonly used is to put a tongue on the wagon, and place a cross bar on the
front of the tongue, with a pivot at the connection. Then at the ends of the
cross bar we place the horses, so they are pushing against the cross bar ends.
Small differences in position are accommodated by rotation of the cross bar,
but the forces on the ends of the bar must be equal on average or the bar will
continue to rotate. One can continue this logic to handle as many horses as
desired. Such connecting arrangements are called whiffletrees.
We list a few examples:

An object with 3 balls on its surface is positioned on a plate with a small
conical hole (3 constraints), a shallow groove (2 constraints) and a flat
surface (1 constraint). The balls are placed in the hole, the groove and
on the flat.
An object with 3 balls on its surface is placed on a plate with 3 grooves.
Each groove provides 2 constraints. This works unless the three grooves
are parallel.
An object is connected to another with 6 struts (assume pin joints so each
strut is a single constraint)
An object is connected with whiffletrees to another object. Their purpose
is to distribute forces according to the geometry (often equal) without
constraining the relative positions of the horses

3. Basics of elasticity
We introduce the most basic aspects of elasticity. We begin with Hookes

law: the change in length of a strut is proportional to the applied force, or
δL = FL/EA. Note that this is a linear relationship. Restated in a normalized
way, σ = Eε, where σ is the stress (Pa or N/m2), E is Young’s modulus (Pa) a
property of the material, and ε is the strain (δL/L) a dimensionless quantity.
A particularly interesting example occurs when we want the elastic response

of a system under its self weight. Here, a more massive structure experiences
greater forces, but will generally have greater stiffness. Specific stiffness is
the resistance to deformations from self-weight and generally scales as E/ρ
where ρ is the density of the material. The material property E/ρ is called the
specific stiffness. Generally, self-weight driven systems have deformations that
are independent of the weight of the system.
When a system responds in proportion to the applied forces the system is

said to be linear. When the response is linear, one can determine the effect
of multiple forces on a system by adding the responses of individual force-
response systems. This is the principle of linear superposition.
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Non-linear systems exist, so one should be careful to make sure the sys-
tem of interest is adequately linear before proceeding. Generally non-linear
systems are those whose geometry changes during the application of a load.
Examples include:

A pair of spheres pressed against each other
Belleville washers (shallowly curved washers whose spring constant var-
ies with load because the geometry changes with deformation)
Large deflections of flat diaphragms (large means deflections larger than
the thickness)

For a simple system, such as a rod under compression, one can define the
stiffness, or the spring constant. If we examine Hookes law, we get δL =
L δF/EA, where A is the cross sectional area, and δF is the applied load.
The spring constant k is defined as dF/dL, or k = EA/L. The basic physics
equation F = kx is just a statement of this. For many degree of freedom
systems there will be multiple spring constants, each connected to a modal
shape.

4. Buckling
We have discussed the value of struts or columns in structural mechanics and

described their linear elastic properties. They have another characteristic that
is not quite so obvious. When columns are subject to a compressive load, they
are subject to buckling. A column will compress under load until a critical
load is reached. Beyond this load the column becomes unstable and lateral
deformations can grow without bound. For thin columns, Euler showed that
the critical force that causes a column to buckle is given by

Fcrit = nπ2 E I/L2 = nπ2 E A/(L/r)2 (1)

where

L is the column length
A is the material cross sectional area
r is the radius of gyration (defined by the above equation,r =

p
I/A)

r = a/2 for a cylindrical solid rod of radius a
r = a/

√
2 for thin walled tubing of radius a

I is the moment of inertia (= πa4/4 for a solid cylindrical rod)
n is the end condition

n = 1 when both ends can pivot
n = 2 when one end is fixed and the other can pivot
n = 4 when both ends are fixed
n = 0.25 when one end is fixed and the other is free

The shape of buckling is usually that of the column bowing sideways once
the critical load has been exceeded. It is worth noting that buckling, although
a non-linear condition, may not damage the column, depending on how far the
deformations go. Buckling can be used as a design technique, where some-
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thing will buckle when a load exceeds some design value, and then the result-
ing motion may be stopped by another constraint. Of course if buckling is
unrestrained, it will ultimately lead to failure of the column.
When the buckling load is smaller than the load that will cause the column

to fail under compression, it is called a thin or slender column. If compressive
failure occurs first, it is called a short column.
As an example consider a thin walled tube, free to pivot at both ends, where

we want it to yield (exceed its elastic limit) just as it buckles. Assume it is a
high strength material (yield stress ≈ 0.01E). We then obtain L/r = 31 or
L/a = 22.

5. Elastic deflections and natural frequencies
In designing and building high performance structures, structural stiffness,

gravity driven deflections, and natural frequencies of the structure are often in-
teresting and important. Telescopes must adequately resist wind loads, optical
alignment must be preserved with varying orientation with respect to gravity,
and often active control is needed to move a telescope or its optics, and con-
trol bandwidths are often limited by the structural natural frequencies. These
characteristics of a structure are interrelated, and it is useful to be able to draw
these relationships even if only approximately.
An intuitive beginning point is to examine the self-weight deflections of a

structure. These are gravity-driven. Consider the simplest of systems, a mass
on a spring. In this system the responses are given by

F = mg = kδ (2)
δ = mg/k (3)

f =
1

2π

√
k

m
=

1

2π

√
g/δ (4)

Thus, if δ = 1mm, f = 15.8 Hz. This very simple result is quite useful for
approximately evaluating the gravity driven deflections of a structure given its
natural frequency, or visa versa. Of course this was derived for a specific and
very simple system, so it does not perfectly apply to more complex systems.
Still it is a very useful rule of thumb. For a mass on the end of a cantilever
beam, the above formula is correct. The lowest natural frequency of a massive
cantilever beam is about 1.2× the prediction of the above formula.

6. Flexures
It is a common problem that one wishes to constrain an object from moving

in some direction while allowing it to move in other directions. Many mech-
anisms have been designed and built that allow quite stiff constraints in one
direction while allowing unlimited motion in another. Typically these mecha-
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nisms involve parts of the mechanism sliding relative to one another. A variety
of designs of bearings allow such motion with only small resistance or friction.
However, such mechanisms are subject to wear, and, when lubricated, changes
in the lubricant (due to temperature, evaporation, aging, contamination) will
cause time varying resistance and ultimately failure to perform as desired.
When the range of travel is limited, it is sometimes practical to design mech-

anisms that rely on elastic deformation of an element to allow the motion, while
providing robust constraint in other directions. Such mechanisms are often
called flexures. When lightly loaded these can have infinite lifetimes and no
maintenance. There are a large range of such devices that have been designed
and used for various applications.
Flexures can allow limited linear travel in one direction while constraining

the object in other directions and angles. Flexures can allow rotation in one
direction while constraining the object in all directions and two rotations, etc.
We restrict ourselves here to analyzing an extremely simple flexural ele-

ment, a solid cylindrical rod of radius a and length L, well anchored at one
end, and unconstrained at the other end. This is shown in Fig. 1.

L

L

F
F

Figure 1. Flexural rod, stiff axially and
flexible laterally.

g

N

Figure 2. Thin plate experiencing axial
gravity load opposed by N support points.

This element will strongly resist motion along its length and be relatively
flexible in opposing motion perpendicular to its length. Axial forces experience
a spring constant

ka = πEa2/L (5)

and lateral forces experience (at the end of the rod) a spring constant

kl = 3EI/L3 = 3πEa4/4L3 (6)

The ratio of these spring constants is

R =
δbend

δaxial
=

kaxial

kbend
=

4

3

(
L

a

)2

(7)

For a slender rod with L/a = 100, we get R = 13, 000. Note that the ratio
is independent of E, although the load carrying capacity may vary with E and
the actual magnitude of deflections will depend on E.
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Although one can design flexures with quite extreme ratios of stiffness, of-
ten the design is also limited by various space constraints, limits to allowed
deflections, required load carrying capacity, and the need to avoid buckling.

7. Plate stiffness and deflections
In optics, one frequently wants to know the deflections of an axially loaded

plate. Mirrors are often good approximations to thin plates and it is important
to understand the deflections of mirrors when loaded by gravity, wind, or other
point loads. Fortunately this is a relatively well studied subject, so many solu-
tions exist in the literature. A particularly valuable general reference book is
Theory of Plates and Shells, by Timoshenko and Woinowsky-Krieger.
Because there is a large literature, we restrict ourselves to an interesting

example, useful for understanding the axial support of thin mirrors. Consider
a thin circular plate of radius a and thickness h, with elastic constant E and
Poissons ratio ν. Let this plate be axially loaded by gravity and assume we will
support this plate against this load by N supports. This is shown in Fig. 2.
It is reasonable that the resulting deflections will be a function of the location

of the support points and the force applied at these supports. The support
point locations and forces can be adjusted in order to minimize the rms gravity
induced deflections. When this is done, the rms deflections can be written as
(see Telescope Mirror Supports, Nelson et al., 1982)

δrms = γN
q

D

(
A

N

)2

= βN
a4

h2 N2
(8)

where: ρ = density (kg/m3), h = plate thickness (m), q = applied force/area
=ρ g h (Pa), a = plate radius (m), D = E h3/12(1 − ν2)(N − m) = flexural
rigidity, γN = 1.2 × 10−3 for large N even for N as small as 6, the support
efficiency γ is only twice the value forN = ∞.

8. Thermal effects
Changes in temperature will generally cause dimensional changes in ma-

terials. For small changes, most materials expand linearly with temperature
change and this expansion will happen in a stress free fashion

δ = αLδT (9)
dL/dT = αL (10)

where α is the coefficient of thermal expansion (m/m◦C) On the other hand,
objects with non uniform α will generally deform with a uniform change of
temperature. It is for this reason that when connecting materials with different
coefficients of thermal expansion, extreme care must be taken in order to avoid
temperature changes deforming the objects.
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R

gradient

R = 1 / (     T)∇

Figure 3. Deformation of a uniform material subject to a temperature gradient.

It is interesting to understand the effects of gradients of temperature as well.
Changing thermal conditions generally cause temperature gradients in the ma-
terials. A uniform material subject to a temperature gradient will change its
shape, and do so in a stress free fashion. The shape changes correspond to
isothermal lines becoming curved with a radius of curvature R (Fig. 3).

Table 4. Material properties of commonly encountered materials.

Material Density Elastic Thermal Specific Thermal E/ρ K/α
modulus expansion heat conductivity

ρ(g/cm3) E(GPa) 106αK−1 C(J/kg/K) K(W/mK)

Aluminium 6061-T6 2.71 69 23.00 960 171.00 25.5 7.43
Beryllium I70 1.85 304 11.20 1820 220.00 164.3 19.64
Steel 7.80 193 12.00 470 43.00 24.7 3.58
Silver 10.50 74 19.30 230 429.00 7.0 22.23
Copper 8.94 108 16.80 390 401.00 12.1 23.87
Molybdenum 10.21 324 5.00 247 140.00 31.7 28.00
Titanium 4.43 114 8.80 560 7.30 25.7 0.83
Magnesium 1.85 45 25.20 1000 76.00 24.3 3.02
Lead 11.34 16 29.00 130 35.30 1.4 1.22
Nickel 8.90 200 13.30 90.00 6.77
Invar 36 8.05 141 1.00 515 10.40 17.5 10.40
Silicon Carbide 3.20 455 2.40 650 155.00 142.2 64.58

Glass BK7 2.53 81 7.10 879 1.12 31.9 0.16
Glass F2 3.61 57 8.20 557 0.78 15.8 0.10
Glass FPL51 73 13.30 0.78
CaF2 (calcium fluoride) 3.18 110 18.90 911 9.70 34.6 0.51
Pyrex 2.23 66 3.30 838 1.13 29.4 0.34
Fused Silica 2.20 73 0.56 741 1.37 33.3 2.45
ULE 2.20 68 0.03 766 1.31 30.8 43.67
Zerodur 2.53 91 0.02 821 1.64 36.0 82.00
Sapphire 3.97 400 5.60 753 30.00 100.8 5.36
MgF 3.18 169 14.00 1004 21.00 53.1 1.50
Diamond 3.51 1050 0.80 108 2600 299.1 3250.00
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9. Material Properties
We close this very brief review of structural mechanics as it relates to astro-

nomical optics by listing the material properties of some commonly encoun-
tered materials (Table 4).
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Abstract
We present the basic structural and optical issues that cause us to be inter-

ested in segmented mirror telescopes as a path for building large telescopes.
The history of segmented mirror telescopes is briefly reviewed. Segmentation
geometries that might be suitable are reviewed with their advantages and disad-
vantages. A key issue, the asphericity of individual segments is reviewed and
its impact outlined. Diffraction effects of segments are summarized as are the
infrared impact of segmentation.

Keywords: segmented mirrors, extremely large telescopes

1. Motivation for segmented mirror telescopes
The size of telescopes is critical to the scientific capability of the telescope.

Many, if not most, observations done by telescopes are limited by the amount
of light collected from the astronomical target. Angular resolution is also often
a critical limitation to understanding the nature of the astronomical targets.
For seeing-limited observations, the benefit of larger telescopes (measured

in needed observing time to reach a given signal-to-noise ratio) varies as D2

whereD is the diameter of the telescope. This is just the obvious advantage of
more collecting area.
When one is making diffraction-limited observations of a point source in the

presence of large backgrounds (the norm for most interesting, faint targets), the
benefit grows asD4. This comes from the collecting area advantage combined
with the diffraction limited image shrinking (size ≈ λ/D), thus reducing the
amount of background “behind” the image.
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The unique advantage of giant telescopes is the improvements in angular
resolution that allow one to better understand the structure and morphology
of non-point sources. For ground based telescopes this will generally require
adaptive optics (AO) to remove the blurring caused by the atmosphere. AO use
is rapidly increasing on the largest telescopes (where the benefits are greatest)
and AO use is now commonly applied for wavelengths as short at 1µ m (see
Ch. 13).
Figure 1 shows scientifically interesting regions vs wavelength and angular

resolution, to provide some general motivation for the scientific value of higher
angular resolution. Near infrared is generally 1− 3µm and mid IR is generally
5 − 28µm.

Figure 1. Science targets as a function of wavelength and angular resolution

For the largest telescopes being developed (≈ 30m) the diffraction limit at
a wavelength of 1µm is about 50 parsecs at z = 2 − 8, or about 1AU at 150pc
(the nearest star forming regions).

1.1 Challenges for monoliths
Building a giant telescope from a monolithic mirror has many difficulties.

These difficulties typically grow rapidly with the increasing size, and quickly
make monolithic mirrors impractical. We simply list the key issues, and leave
a more detailed discussion of each to engineering discussions.

Reduced availability of mirror blank material
Passive support of mirror will result in large optical deflections
Very expensive mirror produces high risk of breakage from mishandling
Larger mirrors are subject to larger deformations from thermal changes
Vacuum chamber for mirror coatings becomes very large and expensive
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Tool costs for all parts (fabrication and handling) are large
Shipping is difficult

An obvious solution to these and other problems is to compose the primary
mirror from smaller segments, rather than a single large mirror. Although many
important problems are greatly reduced by building the primary from small
segments, there are a number of unique issues, concerns, and problems that
arise with segments, and must be understood and dealt with before one can
confidently proceed with building a giant telescope with a segmented primary.

1.2 Challenges for segments
Although one might imagine many issues that arise with segments, they can

generally be grouped into four categories.

Segments are difficult to polish
– There are many segments
– Segment surfaces are off-axis pieces of parent (not locally axisym-
metric)

Segments need active position control
Segment edges add to diffraction effects and thermal background effects
Telescope will have more parts leading to an increase in complexity

The major issues associated with polishing segments will be dealt with in this
presentation. The methods for providing adequate active control are described
in the literature (Mast and Nelson, 1982a; Mast and Nelson, 1982b; Nelson et
al., 1982; Chanan et a., 2004). The impact of segment edges is discussed in
this presentation.
The increase in complexity is evident. How important this is, or alternately,

how to successfully deal with it, is a more complex and often subjective topic.
We experience many complex systems that we take for granted, ranging from
automobiles to power grids, to space vehicles. In general the increase in system
complexity with segmented mirror telescopes is restricted to large multiplicity
of identical components. It is thus possible (and important) to deal with this
issue by making components that are highly reliable, and at the same time pro-
viding sufficient spares. Since these components must generally all be work-
ing, it is also important that replacing defective components with spares can be
done quickly and easily. Designing the observatory to support this becomes a
key issue in the observatory design.
Another issue only indirectly raised is the passive support of the optics.

Here, segments have a great advantage since gravity deflections increase as
D4. Thus the support systems for segments are vastly simpler than those for a
corresponding monolithic mirror. This great advantage for segments must be
combined with the necessity for active control in comparing support systems.
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Figure 2. Archimedes
fired Roman navy

Figure 3. Horn d’Arturo
mirror

Figure 4. Pierre Connes
4.6m Telescope

2. History of segmented mirror telescopes
People have divided regions into segments for ages, ranging from bathroom

tiles to modern segmented mirror telescopes. Even the application of seg-
mentation to optics is old. The first recorded use of segmented optics was by
Archimedes, who in 212BC had an array of mirrors focused on the attacking
Roman navy in order to defend Syracuse (Fig. 2).
More recently, Horn d’Arturo in Italy made a 1.5 m segmented mirror in

1932 (Fig. 3). It was only used vertically, and was not active.
In the 1970’s Pierre Connes in France made a 4.2 m segmented mirror tele-

scope for infrared astronomy (Fig. 4). It was fully steerable, and active. Un-
fortunately, the optical quality was too low to be useful for astronomy.
Another type of segmented mirror telescope (actually multiple telescopes

on a common mount) was developed in the 1970’s and completed early in the
1980’s. This was called the Multiple Mirror Telescope (MMT), and was built
in southern Arizona. The telescope was made of 6 1.8 m primary mirrors, each
axisymmetric. Although this telescope worked, it suffered from a number of
problems, and was not viewed as entirely successful. An opportunity arose to
replace it with a 6.5 m telescope with a monolithic primary and this was done
in ≈ 2002.
In the late 1970’s a very ambitious project to build a 10-m diameter seg-

mented mirror telescope was begun, called the Keck Observatory. This project
was formally begun in 1984 and completed and began science observations in
1993.
This segmented mirror telescope was quite successful and due to its success,

funds were acquired to make a second Keck telescope, and it was positioned
to allow the two Keck telescopes to be used for interferometry as well as for
individual telescope observing.
The second telescope was completed in 1996 and began science observa-

tions in that year. Each of these telescopes has a suite of science instruments
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Figure 5. The Multiple Mirror Telescope
(credit : MMTO)

Figure 6. Keck 10-m primary made of 36
segments

and each has an adaptive optics system. Interferometric science observations
began in 2003.
The success of the Keck telescopes led to a Spanish project Gran Telescopio

Canarias (GTC) to build a 10-m telescope on the Canary Islands in La Palma.
This telescope is similar to the Keck, and should be operational in 2006.
The Keck telescopes have a hyperbolic primary mirror that leads to the re-

quirement of polishing off-axis mirror segments. However, this is not the only
possible approach. Telescopes with spherical primary mirrors can also be de-
signed, and in 1998 the Hobby-Eberly Telescope was completed in Texas. The
HET has 91 spherically polished primary mirror segments and is effectively an
8-m telescope. Along with suitable correcting optics it makes good images. It
had some problems with the active control of its primary mirror segments, that
now seem resolved, and it is actively engaged in astronomical research. With
a very similar design, the South African Large Telescope (SALT) is nearing
completion in 2004.
Future projects for segmented mirror telescopes include the 30-m CELT,

GSMT and TMT projects (the merger of CELT and GSMT) and the 100-m
developments by ESO for OWL.

3. Segmentation geometries
There are many ways one can imagine dividing up a primary mirror into

smaller optical elements. A few include:

Independent telescope arrays
Independent telescopes on a common mount
Random subapertures as part of a common primary
Annular segmentation of a common primary
Hexagonal segmentation
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Figure 7. The Hobby-Eberly Telescope

Figure 8. The Keck Observatory with two
10-m telescopes

Independent arrays of telescopes have been discussed for decades but have
generally not been successful, except for radio telescopes, where interferom-
etry is a key virtue, aided by the fact that the individual telescope signals can
be amplified and combined while preserving phase information. This is not
practical in the optical, thus there are significant inefficiencies in sensitivity by
coherently combining the light from an array of optical telescopes. Instrumen-
tation for an array of telescopes has also been a cause of difficulty. Perhaps
the best known successful array has been the VLT with four 8-m telescopes,
each with its own suite of science instruments, and the capacity to combine all
telescopes together for Interferometric measurements.
As mentioned before, the MMT is an example of independent telescopes

on a common mount, with special added optics to combine all the light to a
common focus.
In special applications people have built telescopes with very sparse arrays

of mirrors in order to sample the resolution space with minimum number of
mirrors. Systems like this may give greater angular resolution (longer baseline)
but have less sensitivity due to the smaller collecting area.
Dense segmentation is generally considered when one is attempting to func-

tionally replicate the optical properties of a single monolithic mirror. These
kinds of mirrors have the best central concentration of light (leading to the
smallest instruments and best signal-to-noise ratio measurements, and for a
given collecting area, are generally the most compact and thus least expensive.
Dense segmentation can be done with annular patterns (Fig. 9), hexagonal

patterns (Fig. 10), and many others. A regular pattern such as a hexagonal
pattern can only be done with regular hexagons if the mirror is flat. Tessellating
a curved surface can only be done with non-regular polygons.
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Figure 9. Dense mirror seg-
mentation with an annular pat-
tern

Figure 10. Dense mirror

hexagonal
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Figure 11. Coordinate sys-
tem for conic equations

Each of these patterns has its advantages and disadvantages, specific to the
fabrication techniques planned. Annular rings provide maximum identical seg-
ments that may encourage replication techniques, and in any case reduce the
number of spare segments needed. Hexagons make best use of the material
typically produced in round boules of glass, and are easier to polish because
the corners are less severe. They are also likely to be easier to support against
gravity and attach to motion actuators (3 per segment) because of their sym-
metry.

4. Segment surface asphericity
Two-mirror telescopes are the most common optical design for ground based

telescopes. These systems require a parabolic or hyperbolic primary mirror. As
mentioned before, more complex optical systems can accommodate a spheri-
cal primary with its attendant simplifications, but several additional mirrors
are needed to correct the spherical aberration, and the light loss and alignment
complexity makes this configuration less commonly used. Here we will as-
sume that a non spherical primary is needed and we will discuss the resulting
surface shapes that segments will have.
The primary mirror is typically a figure of revolution, but since it is not

spherical, pieces of the primary will not look identical, and will not be figures
of revolution about their local centers. This basic fact introduces significant
complexity for segmented mirrors. The polishing of off-axis segments, that are
not figures of revolution, is generally much more difficult than the polishing of
spheres. Second, off-axis optics must be carefully aligned in all six rigid body
degrees of freedom, and the larger the segment asphericity (deviation from a
sphere), the tighter the alignment tolerances become.

segmentation with a pattern
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In this section we will describe in mathematical detail the surfaces of these
segments. Consider a coordinate system shown in Fig. 11.
The general equation of a conic can be written as

z(r) =
r2

2k
+ (K + 1)

r4

8k3
+ (K + 1)2

r6

16k5
+ (K + 1)3

5r8

128k7
+ .... (1)

When we look in the local segment coordinate system, the symmetry of the
equation seen in the global coordinate system is lost, and we will see azimuthal
variations. We wish to express the equation for the segment surface in its local
coordinate system

z(ρ, Θ) =
∑
mn

αmnρm cos nΘ +
∑
mn

βmnρm sinnΘ (2)

where ρ, Θ are the local coordinate system polar coordinates, k the parent ra-
dius of curvature, K the conic constant,a the segment radius, R the off-axis
distance of the segment center, ε = R/k
Symmetry will cause betamn = 0, and analyticity requires m,n=0, m=n, m-

n divisible by 2. This expansion has been made (Nelson and Temple-Raston,
1982) and yields
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We work out an example to show the asymmetry and the value of these
equations. Consider Keck Observatory: a = 0.9 m, k = 35 m, K = -1.003683,
D = 10.95 m.

α33 =
a3

k2

K2ε3[1 − (K + 1)ε2]1/2

8(1 − Kε2)3
� K2a3ε3

8k2
+ ... (6)

α40 =
a4

k3

8(1 + K) − 24Kε2 + 3K2(1 − 3K)ε4 − K3(2 − K)ε6

64(1 − Kε2)9/2
� (7)

(1 + K)a4

8k3
+ ...

For the outermost segment R = 4.68 m, and
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α20 = 11376µm (spherical shape, varies slowly from segment to seg-
ment)
α22 = −101.1µm (astigmatism)
α31 = −38.1µm (coma)
α33 = 0.17µm
α40 = 0.09µm (spherical aberration)

As the relative size of segments shrink, the higher order terms become
smaller quickly, and for “small” segments, the astigmatic term is the only term
that matters.
In this example, the astigmatism dominates with amplitude of 101µm. For

a good optical surface, one wants the surface errors to be small compared with
the wavelength at which the optic is to be used. For a wavelength of 0.5µm
(visible light) we see that the astigmatism is 200λ, a VERY significant aberra-
tion. Polishing out this shape is a unique challenge for segments, and requires
special polishing techniques.

5. Segment Polishing
We discuss very briefly the key issues for polishing segments. There are

two major areas of concern. The first is the challenge of polishing aspheres
(see also Ch. 8). The second is the issue of polishing the surface properly right
out to the edge of the segment.
Polishing aspheres is difficult because polishing only works well when the

polishing tool fits the glass surface to within typical distances of≤ 1µm. Since
polishing tools move in a random motion to produce the desired smoothness,
this means the tool must be spherical in shape, and thus the contact area is
limited by the asphericity. There are three main approaches to polishing. The
first, the one used for the Keck segments, is stressed mirror polishing (Lubliner
and Nelson, 1980; Nelson et al., 1980) where the mirror is deformed into a
sphere so large tools can be used to polish the mirror. The second approach is
to dynamically deform the tool so it always fits the mirror as it moves around
the surface (stressed lap polishing), and the third method is to used suitably
small tools so the tool fit is adequate, and make raster scans of the mirror with
this small tool.
In addition to these approaches, two methods are currently in use that do

not require a good fit between the tool and the part. These are ion figuring, and
magnetic rheological figuring (MRF). Both methods are relatively slow in their
material removal, but both are quite accurate, and are being used commercially.
Ion figuring was used as the final production step in making the Keck segments.
Edge effects must be considered carefully since there are so many interior

edges with a segmented mirror telescope. Again several approaches have been
considered. The approach used for the Keck segments was to polish the mir-
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rors as rounds, and when the main polishing was complete, cut the rounds
into the desired hexagonal segments. This introduces no local effects, but in-
troduces some global deformations. For the Keck segments this deformation
was removed by ion figuring. A second approach is to add small “shelves”
of material to the edges in order to support the polishing tool when it is near
the edge. It is the polishing near the edge that typically rolls the edge in an
optically objectionable fashion. The third approach is to polish near the edges
with smaller and smaller tools to control the size of the rolled edge. A variant
on the first method is to polish spheres with a planetary polisher. In this case
the polishing tool is much larger than the part and the part is placed face down
on the polishing tool. This produces roll free edges.

6. Diffraction
Segment edges will introduce diffractive effects in the image that are in

addition to the diffractive effects caused by the total aperture itself.
For the simplest of mirrors, circular apertures, the effects of diffraction

cause the diffraction-limited image to be an Airy pattern, and for large dis-
tances this pattern falls as 1/Θ3 and will be azimuthally symmetric.
Mirror segments (like Keck) will concentrate the diffracted energy into lines

perpendicular to the edges, thus producing a diffraction pattern that is brighter
or darker in some places than that of a circular aperture.
The amount of energy in the diffraction pattern, and the angular scale of

this pattern is set by the scale of the segment size and the size and scale of the
segment gaps. In general, diffracted energy is spread out over an angular scale
set by λ/w where w is the linear scale of the pattern of interest. This could be
the segment gap, the segment diameter, or the primary aperture for example.
The amount of energy in the diffraction pattern is equal to the blocked area
of the segment gaps. Hence, if 1% of the primary is in fact segment gaps or
segment edge bevels, then 1% of the light will go into a diffraction pattern
characteristic of the segment gaps.
Again using the Keck telescope as an example, the segments have 2mm

bevels on the edges and a 3mm air gap between segments, for a 7mm total
non-optical strip between segments. This is about 0.7% of the area of the
primary mirror, thus there is an added diffraction pattern that has about 0.7%
of the flux that the central image has. At 1µm this energy will be diffracted into
angular scales of about 30 arcsec. Thus in this example, the diffracted energy
is small and is spread over a very large region, making its local effects even
less significant. For comparison, the structural spiders that typically support
the secondary mirror often block about 1% of the light going to the primary,
and with widths of 1-4 cm, this diffracted energy is slightly larger than that of
segment edges, and somewhat more centrally concentrated.
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Figure 12. Diffraction pattern from a single hexagon. Each contour is a factor of 10 lower
than the last.

The net diffraction pattern from an array of hexagons very much resembles
the diffraction pattern from a single hexagon. We show the diffraction pattern
for a single hexagon in Fig. 12.

7. Infra-red properties
In the infrared region longer than ≈ 2.2µm the thermal emission from the

environment (including the telescope and optics) becomes an important source
of background. In the K band (1.9−2.5µm) at spectral resolutions high enough
to resolve the strong atmospheric OH emission, thermal backgrounds can be-
come important. Since the thermal backgrounds are the short wavelength tail
of the blackbody spectrum, this background rises rapidly with increasing wave-
length.
All telescopes suffer from this thermal background, depending on the tem-

perature of the telescope and its optics. In practice, telescopes with clean and
freshly applied mirror coatings (such as silver) have emissivities≥ 1% per sur-
face at wavelengths beyond 1µm. Of course as the optics degrade with time,
dirt, etc. theemissivity will grow.
The gaps between segments will generally have much higher emissivities,

and they may be close to 1. Thus, for a telescope like Keck, the segment edges
will add an additional 0.7% thermal background flux beyond the ≥ 3% that
the 3-mirror Nasmyth configuration provides. When one includes the typical
effects of dirt and aging, and the backgrounds from the atmosphere, and from
additional warm optics that might exist in the beam train (such as windows
or warm AO mirrors) the added background from segment edges is a real but
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typically small effect. Of course it is worthwhile to make efforts to minimize
the size of segment gaps. Bevels are typically added to mirrors to avoid chip-
ping of edges, and the air gaps between segments are there to avoid mirrors
touching each other during installation and removal.
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Abstract The quest for larger telescopes is a never-ending story. Astronomers having very
few other ways to perform experimentation, this quest has closely followed the
path of technology development, and even promoted it more than once. Tra-
ditional design approaches, and above all technology limitations, have limited
gains in size to a mere factor 2 between successive generations. We argue that
such limitations have recently shifted from the realm of poorly reliable glass-
making and opto-mechanical alignment to that of predictable control systems
and large-scale mechanical structures. Novel design approaches taking full ben-
efit of such evolution will, therefore, enable the design, construction and op-
eration of facilities hugely more powerful than currently available. A crucial
assumption is that giant telescopes could take full benefit of adaptive optics, a
technique currently under rapid development. We elaborate on the design of
ESO’s concept for a 100-m class, diffraction-limited telescope.

Keywords: optical telescopes

1. Introduction
After preliminary work had hinted that giant telescopes might be within the

reach of existing technology (Gilmozzi et al., 1998), in 2000 ESO commit-
ted a phase A study for a 100-m class optical telescope, dubbed OWL for its
keen night vision and for OverWhelmingly Large. Although proposals for tele-
scopes with diameters much larger than deemed possible had been laid down
as early as 1978 (Meinel, 1978; Barr, 1979; Ardeberg et al., 1992; Mountain,
1996), this was, perhaps, the first occasion where not only possible design so-
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lutions but also plausible fabrication technologies were introduced. Since then,
concepts of 20- to 100-m telescopes have been promoted worldwide1
Several factors support an unprecedented increase in telescope diameter:

optical segmentation, active wavefront control, adaptive optics. Optical seg-
mentation, implemented in the Keck and Hobby-Eberly telescopes, bypasses
the critical difficulty of producing large, homogeneous optical substrates (see
Ch. 6). Active wavefront control, which allows monitoring and controlling
telescope errors in real time, guarantees optimal performance while permitting
substantial relaxation of fabrication and stiffness tolerances. Finally, adaptive
optics allows the geometrical extent to remain compatible with realistic instru-
mentation and, last but not least, dramatically increases optical efficiency by
freeing the telescope from the adverse effect of atmospheric turbulence.
A substantial relaxation of figuring constraints is also allowed by spher-

ical primary mirror designs, albeit at the cost of more complex optical so-
lutions. Classical Ritchey-Chrétien-designs, however, are less than optimal
for extremely large telescopes, the difficulty of manufacturing and aligning a
convex, aspherical secondary mirror becoming prohibitive, not to mention the
awkward manufacturing of off-axis aspherical segments of the primary mirror.
Bar adaptive optics, the feasibility of the crucial components of a giant tele-

scope is no longer questioned. All industrial studies commissioned by ESO
within the framework of its OWL design study confirm that the technological
risk underlying the production of thousands of segments and structural ele-
ments is intrinsically lower than the risks taken less than two decades ago with
8- to 10-m class telescopes. Feasibility per se is evidently not sufficient; novel
design approaches are required to guarantee cost-effective, streamlined pro-
duction, integration and maintenance of the subsystems, and to ensure that the
telescope works as a coherent and reliable system. The challenge of making
8- to 10-m class telescopes fell primarily on the shoulders of industry, optical
manufacturers being on the front line, then on system designers, who had to
ensure reliable performance. This can be reversed with giant telescopes, with
low-risk in components manufacturing balanced by a substantial increase of
system complexity, in particular in the area of control systems.
The design of the Owl 100-m telescope relies extensively on proven fabri-

cation technologies, in particular on mass- or serial-production schemes, and
incorporates several distinct wavefront control loops. The overall characteris-
tics of the current design are listed in Table 1.

1see www.eso.org/projects/owl/Links for a partial list.
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Table 1. Owl overall characteristics.

Optics 6-mirror, f/7.5, 6,900 mš collecting area, near-circular outer rim
M1 Spherical dia. 100m, f/1.2
M2 Flat, dia. 25.6 m
Corrector 4 elements, dia. 8, 8, 3.5, 2m
FOV 10 arc min. seeing-limited; 6 focal stations (rotation of M6)

> 2 arc min.diffraction-limited (vis.)
Structure 2.1 Hz eigenfrequency, 14,200 tons moving mass;

Standard steel beams, serially produced joints;
Kinematics Distributed low-cost friction drives, self-adjusting;
Control Multi-stage, distributed wavefront control: phasing, pre-setting, field

stabilization, focusing, fine centering, dual conjugates active optics,
adaptive optics

2. Optical Design
The question of optical design is the subject of lively discussions. Die-hard

proponents of classical design solutions, namely two-mirror ones based on the
Ritchey-Chrétien formula, will go at length justifying the performance merits
of simple, two-mirror solutions. In theory, the Ritchey-Chrétien design can
hardly be surpassed, as it provides a relatively large field of view and a min-
imum number of reflections, hence minimal emissivity in the infrared. Fig-
uring and testing of the off-axis aspherical segments of the primary, however,
is a complex task that is bound to increase cost and risk. Spherical primary
mirror solutions, on the contrary, are ideal from the point of view of manufac-
turing, all segments being identical, and easy to figure and test according to
proven technologies. The performance cost, however, is far from negligible, as
the spherical aberration of the primary implies substantially more complex de-
signs, with subsequent loss of throughput and increase of emissivity. Unfortu-
nately, so far discussions focused on the segments fabrication issue, which can
only be part of a more complex trade-off at system level. A large telescope is
a controlled opto-mechanical assembly; the consequences of optical solutions
cannot be narrowed to the fabrication of the segments. At an earlier stage of
the OWL study, the ESO has evaluated a fairly broad range of opto-mechanical
designs (Dierickx et al., 2000) in relation to cost, risk, feasibility, performance,
maintainability and operations. These evaluations consistently pointed towards
spherical primary solutions, in view of the sheer size of the telescope and its
exposure to inevitable excitations (gravity, wind, thermal change), its versa-
tility, functional and performance requirements, and its cost ceiling (1 billion
Euros in capital investment).
Still, the discussion is not closed, and will continue producing fruitful re-

sults, with proponents of different designs working hard on developing cost-



76 OPTICS IN ASTROPHYSICS

Figure 1. Owl optical design layout.

effective technologies supporting their designs. In brief, ESO’s decision to
opt for a baseline spherical primary mirror solution is, ironically but very use-
fully, leading to substantial technology development in rival aspherical seg-
ments production technologies, and subsequent cost reduction. Hard numbers
are still missing; if the author is allowed to rely on informal discussions with
industrial suppliers, the cost increase from spherical to aspherical segments
may have gone, in the past five years, from a factor 4-5 to less than two.
The OWL optical design is shown in Fig. 1. It is based on a spherical

and flat folding secondary mirrors, with a four-element corrector providing
for the compensation of spherical and field aberrations as well as advanced
active optics and dual-conjugate adaptive optics. A complete discussion would
exceed the scope of this report; we shall however mention a few key arguments
supporting this solution:

Low sensitivity to lateral decenters (hence to gravity, wind and thermal
excitations), the alignment of the primary and secondary mirrors being
quite inconsequential, and stiffness at the location of the critical subsys-
tem (the corrector) being fairly high2;
Low number of surfaces (6) for the complete range of wavefront con-
trol functions: field stabilization, active focusing and centering, actively
deformable surfaces, dual conjugates adaptive optics;

2Tolerances at the level of the corrector are comparable to those applying to the VLT 8-m telescopes, and
easier to achieve in view of the increased design space. It shall be noted that in view of the size, and
inevitable exposure to wind, sensitivity to wind excitation is of crucial importance.



Hectometric Optical Telescopes - OWL 77

Low cost and fabrication risk for long-lead items (primary mirror seg-
ments);
Ease of integration and maintenance; interchangeability of all segments);
Large, well-corrected field of view (10 arc minutes seeing-limited, 2 arc
minutes diffraction-limited in the visible 3);
Baffling, reduction of stray light implied by the availability of interme-
diate foci and pupil images;
Availability of an intermediate focus (after the quaternary mirror) for the
calibration of adaptive optics interaction matrices.

The main disadvantages of the design are the number of reflections, the
implied emissivity 4, and the difficulty to manufacture the quaternarymirror 5.
The properties of the design, including its ability to rely on Laser Guide

Stars (LGS), have been extensively described in the literature and will not be
recalled herein (Dierickx et al., 2000; Dierickx et al., 2000; Dierickx, 2001).

3. Optical Fabrication
The very first question that comes to mind when dealing with giant tele-

scopes is the cost-effective feasibility of its optics. Assuming classical mate-
rials for the segments blanks, however, there is no need for a very substantial
increase in production capacity from existing suppliers 6, provided that the
segment size 7 remains below 2-m. Moderately lightweight Silicon Carbide
is also considered as a serious and potentially cost-effective candidate, for its
superior thermal performance and specific stiffness.
With spherical segments, optical figuring and testing is a proven and reli-

able process, well suited for mass-production. Serial production of diffraction-
limited, large optics is already under way for laser fusion projects, with Euro-
pean suppliers increasing their capacity to approximately 1,000 m2 per year 8.
Aspherical segments would certainly be feasible as well, but the inherent risk
and potentially lower quality need to be properly evaluated. In figuring optical

3For comparison, a classical Ritchey-Chrétien solution of similar dimensions would offer about 20 arc
seconds diffraction-limited field of view.
4For IR applications demanding a very small field of view only, this disadvantage could be mitigated by
exchanging the corrector for a simpler one, thereby limiting the number of hot surfaces to 4, perhaps 3.
5In the design presented here, the compensation of the enormous spherical aberration of the primary mirror
inevitably falls on the quaternary one. With a f/1.42 spherical primary mirror, the aspheric departure to be
figured into the quaternary is as large as 14 mm.
6This statement is supported by contracts placed by ESO with CORNING, SCHOTT, and LZOS for the
serial production of segments blanks in ULE (Ultra-Low Expansion glass), Zerodur and Astro-Sitall, re-
spectively.
7Another compelling reason to limit segment size is the cost of transportation; beyond 2.3-m flat-to-flat seg-
ment size, transport in standard 40 ft containers is excluded and transport costs increase beyond reasonable
limits.
8A driving factor is the production of 600 mm amplifier plates for the Megajoule project.
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surfaces, polishing and testing play equally important roles. The final shape is
basically determined by two references: the figuring tool and the metrology.
Spherical segments can be polished with large-size, stiff tools, which provide
a stable, passive reference, and tested against a unique matrix in a Fizeau in-
terferometric arrangement. Aspherical segments, on the contrary, require that
either the tool be flexible or small to accommodate for the aspheric depar-
ture, or that the part be bent with a dedicated warping harness and polished
spherical, the aspheric shape being then attained when the bending moments
are removed. In both cases the passive reference is lost, either because of the
flexibility or small size of the tools, or because of residual internal stresses
in the segment 9. Metrology is an issue as well, the aspheric departure of
individual segment, hence the characteristics of the metrology setup, being de-
pendent of the segment’s radial position. In brief, stringent quality control
requirements and potentially lower yield make aspherical segments ill-adapted
to cost-effective serial, reliable production.
As for the Owl 100-m telescope, the segments size (primary and secondary

mirrors) is in the range 1.3-2.3-m flat-to-flat with a likely cost optimum at 1.6-
m, corresponding to about 3000 segments for the primary and 250 for the sec-
ondary mirrors. The upper limit is set by the compatibility with cost-effective
transport in standard containers. The lower limit, somewhat less clearly de-
fined, is set by the implied cost and complexity of the control system. Three
possible technologies have been considered for the optical figuring: replica-
tion, planetary polishing, and individual computer-controlled robots equipped
with large, stiff tools.
With optical replication, the segments need to be shaped to a few microns

accuracy; the final surface is obtained by injecting epoxy between the seg-
ment and a polished, negative master, which is removed after hardening of the
epoxy. The technique has been proven on 1-m size optics (Assus et al., 1994)
but unpredictable surface stresses in the epoxy and an expected deterioration of
the master beyond a few dozen replication cycles make it less attractive than it
seems. Planetary polishers, possibly complemented by local corrections with
ion-beam or computer controlled, small tool polishers for final touches, seem
ideal in view of the relative stability and high yield of the process. In this
scheme, three to four 8- m class machines used serially would be required to
achieve the required yield of about 1.5 segments per day (Fig. 2) Planetary
polishers are however less attractive with large segments as the cost of large
machines may become higher than that of a sufficiently large number of clas-
sical robots working parallel one piece at a time.

9This problem can be alleviated by stringent requirements on the residual internal stresses of the segment
blanks, however at a higher cost of the substrates.
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Figure 2. Polishing on planetary polishers.

Besides the increase of reflections implied by Owl optical design, a price to
pay for the spherical primary mirror solution is the difficulty to compensate for
its spherical aberration, and in particular the horrendous aspherization of the
quaternary mirror (which is conjugated to the primary). A possible test setup
has been identified and the state of current technology allows for cautious hope;
industrial studies are however still required to confirm feasibility and evaluate
implied cost and schedule.

4. Opto-Mechanical Design
The telescope has been designed as a coherent opto-mechanical system to

ensure a reasonable balance between constraints. In particular, the optical so-
lution has been tailored to avoid critical centering tolerances at locations where
the structural design could not realistically provide high stiffness. Hence the
use of a flat secondary mirror, a rather inefficient feature in terms of optical
design, but an ideal one in relation to decenters. Critical tolerances inevitably
show up, but they are now applying to the surfaces within the corrector, and
to a lesser extent to the corrector itself. High structural stiffness is rather eas-
ily achieved at these locations, and the tolerances turn out to be comparable
to those applying to ESO’s Very Large Telescope (VLT), while allocations for
design space and mass are far more generous with Owl.
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Figure 3. Friction drives.

Owl’s opto-mechanical design is the result of extensive trade-offs between
optical and structural considerations spanning over a wide range of potential
solutions and involving cost, feasibility, performance, maintenance and oper-
ability criteria. For a structure of its size, its performance in terms of stiffness
and mass is already quite impressive: a locked rotor eigenfrequency of 2.1
Hz, i.e. comparable to that of existing, much smaller telescopes, and a mov-
ing mass of "only" 14,000 tons. In comparison, the 8-m VLT scaled to Owl
dimensions would be nearing 1,000,000 tons. In addition, Owl’s structure is
made of standard steel beams and serially produced nodes, thereby allowing
low cost, fast supply and integration schemes. The alt-az design has been aptly
named "fractal", with a six-fold symmetry and substructures cloned from main
structural modules at scales that are integer multiples of the segment size. As
a result, the design ensures ideal, nearly all-identical interfaces to the main
optics, optimal load transfers, ideal maintainability and low cost, in addition
to a near-circular pupil and a Point Spread Function exclusively dominated by
6-fold symmetry features.
The design is supported by stress, fatigue, buckling and safety analysis, and

relies on standard steel. Only in localized areas would higher quality (albeit
still standard) steel be needed. Carbon fiber instead of steel pre-tensioning
cables may provide higher performance at a marginal cost increase, but are not
strictly required.
The kinematics is provided by friction drives (bogies); hydraulic pads have

been briefly considered but the cost and complexity implied by kilometers of
high-accuracy tracks were deemed unacceptable. ESO’s experience with the
VLT Coudé rotating tables clearly showed that micron-accuracy could be read-
ily achieved with properly designed friction drives. Figure 3 shows a notional
design of Owl’s friction drives and their interfacing to tracks. Several hundreds
of individual units would be required, but the cost is modest in comparison to
that of hydraulic pads, with a far better load distribution hence relaxed founda-
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Figure 4. Layout of the Owl observatory.

tion and alignment requirements 10. Hydraulic connections between individual
bogies are foreseen as a way to periodically re-adjust load distributions to cope
e.g. with seasonal changes.
A possible layout of the facility is shown in Fig. 4. The telescope would

be operated in open air, a co-rotating enclosure would be substantially more
expensive and, with a 100-m slit, would provide little wind shielding any-
way. Computer Fluid Dynamics (CFD) simulations, measurements on radiote-
lescopes and wind tunnel testing are planned to verify that the range and band-
width of the kinematics and wavefront control systems are sufficient to cope
with wind buffeting in the structures and on the mirrors. The design being
insensitive to lateral primary-secondary mirror decenters, and the corrector be-
ing located in a stiff area, the crucial issue is less tracking performance than
rapidly varying deformations of the segmented mirrors. A preliminary CFD
analysis has shown that quasi-static (<1 Hz) errors would be well within the
range and bandwidth of the active optics and field stabilization control sys-

10Relaxed foundation requirements may allow for poorer soil properties, hence allowing a broader site
selection.
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longer be relied on - the complexity of a sufficiently high-resolution full-scale
CFD model becoming unreasonably high.
The sliding enclosure concept is based on the design of an existing hangar

built by SIAT South of Berlin to house giant Zeppelins (SIAT’s hangar could
accommodate two Owls). It was erected in about 1.5 years at a reported cost
of 70 M Euros. In spite of being smaller, Owl’s enclosure may not be signifi-
cantly cheaper as more demanding site-dependent constraints may apply. Owl
enclosure would provide passive thermal cooling only; local air conditioning
is foreseen in primary and secondary mirror covers as well as in the corrector
and the 6 instruments racks. The primary mirror covers, retracted from the
telescope and stacked on top of each other, can be seen on fig. 4, in front of the
enclosure.
5. Control Systems
The OWL concept is built on the VLT experience, with extensive wavefront

control capability. The number of degrees of freedom is however substantially
larger, as shown in Tab. 2.
The first stage, pre-setting, is aimed at ensuring that optical surfaces are cen-

tered to within an accuracy allowing subsequent loops to be closed rapidly; in
practice this means that the corrector shall be centered to a few mm accuracy,
and surfaces within the corrector to typically 0.1 mm and about one arc sec-
ond. Neither the metrology nor the actuation mechanisms required to achieve
such tolerances do represent substantial challenges; a system currently being
implemented in the South African Large Telescope (SALT) would most likely
meet requirements, and an alternative solution based on fiber extensiometers
will be evaluated in-situ in existing facilities.
Phasing of the segmented mirrors is a more complex issue, with several

thousands of segments to be kept aligned within a few nm. The baseline so-
lution is to mount position sensors delivering real-time measurement of the
differential piston between adjacent segments. Noise propagation is well char-
acterized, thanks to the Keck experience. Periodic on-sky calibration of the
sensors is required; Gary Chanan showed that the Keck solution could be read-
ily extrapolated to several thousands of segments (Chanan et al., 2000). Al-
ternative methods have been proposed (Schumacher et al., 2001) and will be
tested on-sky in the forthcoming years. In the case of Owl, independent cal-
ibration of the primary and secondary mirrors is an added complexity, which
favors in-pupil phasing sensors and subsequent Fourier filtering to disentangle
the individual segmentation patterns.
Field stabilization and active optics are essentially based on VLT experi-

ence, with the added complexity of controlling not one but two actively de-

tems. At higher frequencies, the results are suspiciously optimistic, and can no



Hectometric Optical Telescopes - OWL 83

Table 2. Outline of Owl wavefront control functions.

Wavefront control function— Objective, metrology and active elements—
Pre-setting . . . . . . . . .=⇒ bring optical system into linear regime

Metrology: internal, tolerances 1-2 mm, 5 arc secs
Correction: re-position Corrector, M3 / M4 / M5

Phasing . . . . . . . . . . .=⇒ keep M1 and M2 phased within tolerances
Metrology: Edge sensors, Phasing WFS
Correction: Segments actuators

Field Stabilization . .=⇒ cancel "fast" image motion
Metrology: Guide probe
Correction: M6 tip-tilt (flat, exit pupil, 2.35-m)

Active optics . . . . . . .=⇒ finish off alignment / collimation
. . . . =⇒ relax tolerances, control performance and prescription

Metrology: Wavefront sensor(s)
Correction: Rotation & piston M5; M3 &M4 active deformations

Adaptive optics . . . .=⇒ atmospheric turbulence, residuals
Metrology: Wavefront sensor(s)
Correction: M5, M6, ...

guide stars, in theory three and in practice five to seven, and a corresponding
number of wavefront sensors. Sky coverage is not an issue in view of the low
spatial sampling required, hence limiting source magnitude (v 18-20) and of
the available field of view (10 arc minutes). It should be noted that the avail-
ability of two deformable surfaces provides for extended correction capability,
not longer limited to the field position of a unique wavefront sensor.
Adaptive optics (AO) undoubtedly constitutes the most daring challenge.

It is also absolutely essential; seeing-limited observations with a 100-m class
telescope would imply impossibly short focal ratio of the instrumentation, and
immediate saturation by sky background. A smaller on-sky resolution element
is the only way out, which implies at least some degree of adaptive compensa-
tion for atmospheric turbulence.
The most advanced astronomical AO systems today pack around 700 de-

grees of freedom and their efficiency in normal operation is still to be assessed;
although there are promising avenues for development, the implementation
plan for an Owl-class AO facility must follow a careful, gradual path. The
first stage will be implemented in the sixth mirror (M6, diameter 2.5-m) and
provide for ground-layer correction 11 or classical AO with natural guide stars
in the infrared. Today’s technology would allow for 1.8 mm thick, 2-m class

11i.e. relatively wide-field seeing reduction to 0.2 arc seconds, depending on turbulence intensity and
structure.

formable surfaces (the tertiary and quaternary mirrors). This requires several
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the likely requirements become 2.5-m diameter, 1mm thick (possibly less),
and 10-15 mm actuator interspacing. Although far from trivial, the implied
technological development over a decade is incremental and does not seem un-
reasonably challenging. Moderate segmentation of the in-pupil AO mirror is a
backup solution. Wavefront sensing will require large format (512x512), fast,
low read-out noise detectors which also represent a challenge, albeit moderate:
experts consider a 256x256 detector as probably feasible today. On the posi-
tive side, the large aperture will probably allow for a better sky coverage with
Natural Guide Stars (NGS). The reason is purely geometrical: with a small
aperture, quite a number of guide stars are needed to probe the volume of tur-
bulence across the field of view. With a sufficiently large aperture, this number
should decrease as the volume probed with individual guide stars in relation
to the total volume to be probed increases. Simulations indicate that in the K
band, a sky coverage of about 30% down to the galactic pole may be possible.
For extreme AO (high level correction), Laser Guide Stars (LGS) will most

likely be required. Even though the underlying science cases will probably
imply rather small field of view, several LGS are needed to cope with the cone
effect (Ch. 15). In addition, the LGS being at finite distance, their imag-
ing through the telescope does not provide for sufficient image quality, even
after refocusing them. In brief, imaging a source at 90 km with Owl is do-
ing macro-photography, something it can hardly be designed for. It has been
shown that NGS will still be required to sense the lowest wavefront modes
(Dierickx, 2001) but the implied limitation in terms of field coverage are com-
parable to those applying to 8- to 10-m class telescope for the sensing of wave-
front tilt. Alternative ways to do wavefront sensing on LGS are being explored
by Ragazzoni et al, but at this day no proof-of-concept is yet available 12.
Although a clear objective, extreme AO at visible wavelength will certainly

require more technology development, delaying its implementation to later
stages. MOEMS (Micro-Opto-Electronical Mechanical devices) constitute a
promising avenue, however not the only one (see Ch. 10). Piezo-stacks, com-
bined with thin shells and moderate segmentation in a pupil, may offer a more
conservative baseline.
In conclusion, adaptive optics is the only control system that still requires

extensive but not unreasonable technology development. The project is cau-
tiously allocating more than 10% of its total budget to adaptive optics. Last
but not least, an aptly named MAD (Multi-conjugate Adaptive optics Demon-
strator) instrument is currently under construction at ESO to demonstrate the

12The idea is to select light beams coming from the elongated LGS in such a way that taken individually,
they have the same properties as if they were coming from an infinite distance, as seen by the wavefront
sensor. The concept is called PIGS for Pseudo-Infinite Guide Stars and should be tested on-sky in 2003.

mirror shells and an actuator interspacing of 30 mm. For Owl first AO stage,
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sky results are expected early 2005 and will plausibly constitute a go-no-go
milestone for Owl.

6. Cost and Schedule Estimates
Cost and schedule estimates for OWL are periodically updated with the

progress of the design, analysis, and industrial studies. So far these studies
have unequivocally proven the enormous benefits of a design favorable to in-
dustrialized, serial- or mass-production processes. The current estimate is 940
million Euros in capital investment for final design and construction. Roughly
half of that figure is already supported by industrial studies, and a few more are
planned to consolidate the final estimate. It assumes the eventual site to be at
moderate altitude, to have low seismicity, low average wind speed, favorable
soil properties, and to be reasonably close to adequate, pre-existing infrastruc-
tures. Probably none of these factors are required to ensure feasibility, but each
could have a significant cost impact.
Elaborate schedule estimates have been drawn on the basis of industrial

studies and past experience. As the aperture will be gradually filled, science
operation may start ahead of the completion date. According to current plans,
commissioning could be completed with provisional, non-adaptive M5 andM6
units (see Fig. 1 for the numbering of the surfaces). Once the aperture would
be filled over a diameter of 60m, the provisional M6 unit could be replaced by
the final one, thereby allowing an early start of science with near-IR, classical
adaptive optics capability and wide-field seeing reduction. The second stage
of adaptive optics (M5) would be integrated with the aperture reaching 80-m.
Following a possible final design and construction schedule science operations
could start in 2017. It is based on the assumption that an extensive phase B
would be required over the period 2006-2010 before obtaining full funding for
construction. If funding were readily available at the time of writing of this
article, first light could occur in 2012. To some extent the mentioned schedule
has been optimized to avoid unreasonably sharp peaks in cash-flow require-
ments, and to maximize R&D time for the AO modules. It also includes more
than a year engineering time before the telescope is handed over to the sci-
entific community. Again, site properties may have a significant impact; the
assumptions underlying the cost estimates apply to the schedule as well.
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Abstract After a recall of the constraints in the construction of new large telescopes and
of the shape of mirrors and associated aberrations, one addresses methods of
polishing as dwell time, and bend and polish ones.
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1. Introduction
Optical fabrication covers a huge variety of disciplines and crafts. This

discussion will be limited to those areas that are specifically related to the
questions likely to arise in the planning and building of the next generation
of large optical telescopes. This means limiting the discussion to aspheric
mirrors, and, generally, off axis aspheres. In addition, the discussion will be
very practical. Because space is limited, there will not always be room to
explain why a particular approach is suggested but the reader can be assured
that it is a practical method.
The first part of the presentation will deal with the fabrication of aspheric

mirrors of varying degrees of difficulty and explaining how the difficulty is re-
lated to the optical parameters of the surfaces. In general, the same difficulties
arise in testing of aspheres in the same order and for the same reasons, so this
chapter will serve as somewhat of an introduction to the optical testing chapter
as well.
After covering the difficulties of manufacture, a series of practical approaches

to manufacturing will be discussed. These will start with traditional techniques
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and proceed to some that are in the development phase. There are no hard and
fast solutions to manufacture. Some optical manufacturers are more familiar
and comfortable with certain techniques than others, and will tend to want to
stay with these. Other manufacturers are more adventuresome and will take
more risks in trying newer methods, but then there are risks for all involved.
The ultimate choice of method of manufacture will depend on the intended
uses of the telescope and the degree of flexibility wanted in its uses, the bud-
get, facilities, talents and charisma of the project team.

2. The design of Next Generation Telescopes
Monoliths have reached their practical limits of size in the 8 m diameter

range. Larger telescope primaries will necessarily be segmented while secon-
daries will remain monolithic. The segments of the primary will be segments
of a hyperboloid of revolution, one that is very close to a paraboloid of the
same vertex radius. The segments will be thin, solid meniscus sheets of a low
thermal expansion glassy material such as Zerodur or ULE. While it would
be desirable to make the segments lighter weight to reduce the mass of the pri-
mary, the lightweighting process adds so much to the cost of the mirror that this
approach is practical only for space optics, although there is research going on
into less expensive, very low expansion lightweights.
The segments will be made of a very low expansion glassy material be-

cause there are no other materials that can duplicate the physical properties of
the glasses that are necessary for a high resolution optical telescope. Glassy
materials are temporally stable, very homogeneous, have a low coefficient of
thermal expansion, are not affected by humidity, are perfectly elastic up to the
breaking point and are transparent so they can be easily inspected for impuri-
ties and strain. Further, glass can be polished to a smoothness of less than 1 nm
rms. About the only property that would improve glass as a mirror substrate
material would be if it had a higher thermal conductivity.

3. Primary mirror construction
The primary mirror is really a structured component. The actual mirror is

the thin (roughly 100 nm thick) reflective coating that is deposited on the glass
substrate. The highly smooth and highly accurate shape polished into the up-
per surface of the glass is itself supported on a multiplicity of loosely coupled
bearing points of the steel support structure. The glass serves as the mechanical
coupling between the continuous smooth, accurate upper surface and the rear
that is supported by many localized bearing points or actuators. In perform-
ing this function of carrying its self-load to these individual support points,
glass has mechanical properties of nearly the density and Young’s modulus of
aluminum.
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The two natural choices for the segment shapes of the primary are concen-
tric rings of trapezoids or an array of virtually identical hexagons. Each has
pros and cons. The polished surface of every trapezoid in any ring is identi-
cal to any other in that ring while the surface shape of hexagons depends both
on the radial and azimuthal position in the aperture although symmetry means
that many hexes with the same radial position will have the same shape. Hexes
are more easily polished than trapezoids because their outline is more nearly
circular and all the vertices are obtuse angles. Since the physical outlines are
nearly identical for all hexes, the tooling required for handling, polishing, test-
ing and coating are the same for all hexes. For arrays with large numbers of
segments, hexes are more appealing the larger the number of segments.

3.1 The shape of conic primaries
Before describing off-axis aspheric segments, a moment should be taken to

say that spherical surfaces can be polished to very high figure accuracy with
very little effort. In fact, it is hard to polish anything using a random stroke
and not have it come out spherical. This is why the Hobby-Ebberly telescope
at the University of Texas has a spherical primary made of segments (Hobby-
Ebberly). It is an inexpensive way to build a telescope, but the telescope has
limited performance and flexibility. Most astronomers do not want the limita-
tions inherent in spherical primary designs in spite of their ease of fabrication.
The secret is to build a primary that is aspheric to get the desirable optical

properties of these designs while keeping the segments as close as possible
to a shape that is spherical or can be polished almost as easily as a sphere
such as a toroid, a surface with two constant radii. To study this idea further,
consider a mirror that is a parabola of revolution. We use a parabola because
the more realistic hyperboloid is only a few percent different from the parabola
but the equations are simpler and thus give more insight into the real issues of
fabrication. The sagitta, or sag, of a parabola is its depth measured along a
diameter with respect to its vertex, or

sagparabola =
(
ρ2/2Rvertex

)
(1)

where ρ is the radial distance andRvertex is the vertex radius of the paraboloid.
The sag of a sphere of the same vertex radius is

sagsphere = Rvertex −
√

R2
vertex − ρ2 (2)

Because the difficulty of polishing the parabola is proportional to its depar-
ture from spherical, the difference in sag between the two, to first order, is

∆sag =
(
ρ4/8R3

vertex

)
(3)
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Several things are immediately obvious; the problem is much worse at the
edge of the parabola than near the center and gets worse as (ρ/Rvertex)3. Since
(ρ/Rvertex) is proportional to the f /# of the primary, the difficulty as the pri-
mary gets faster is clear. Of course, this must be traded off with the cost of the
dome and other lesser issues that depend on the f /# of the primary.
Something that is not obvious from the simple sag equation is how the local

radii of curvature change with radial distance, ρ. Using analytical geometry
one can show that the local radius of curvature in the radial direction goes as

Rradial = Rvertex

[
1 + (ρ/Rvertex)2

]3/2
(4)

while the radius at the same location but perpendicular to this is

Rtangential = Rvertex

[
1 + (ρ/Rvertex)2

]1/2
(5)

.
In other words, the two radii are different with the radial radius being in-

creasingly longer than the tangential radius as the radial distance increases.
The two differing radii means that the surface of the parabola is locally astig-
matic (or saddle shaped) to a greater or lesser degree depending on the radial
position. This is one reason a parabola is difficult to polish; if a sub-diameter
lap is a perfect fit to the surface at some location, rotating the lap 90 degrees
now makes it touch the surface in just two places at the high places of the
saddle.

3.2 The shape of off-axis conic segments
Following on the above, we consider the departure of off-axis paraboloidal

segments from a sphere of the same vertex radius. Figure 1 shows the geometry
of an arbitrary segment, taken to be circular for ease of argument.

∆sag for the symmetric paraboloid is known from Eq. 2. To find ∆sag

over the off-axis aperture a coordinate transformation is performed to shift the
center of the coordinate system to the center of the off-axis segment and to
scale the off-axis aperture radius to a. Then we have

∆sag = [κ/8Rvertex]
[
(ax′ + h)2 + (ay′)2

]2 (6)

If this expression for the aspheric departure from spherical is expanded and
recast in terms of commonly accepted optical aberrations, we find the departure
is made up of a linear combination of aberrations and alignment terms shown
in Tab. 1. The κ is the conic constant if the asphere is not a parabola and the
cv below is 1/Rvertex.
The b0

0 term is piston and is included only for completeness since it has no
effect on the measurement. The b1

1 term is the tilt of the off-axis paraboloidal
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Figure 1. Geometry of an off-axis segment of a paraboloid.

Table 1. Departures of a parabola from a sphere in terms of common optical aberrations.

b0
4=κc3

va
4/48 b1

3=κc3
va

3h/6

b2
2=κc3

va
2h2/4 b0

2=κc3
v(4a

2h2 + a4)/16

b1
1=κc3

v(3ah3 + 2a3h)/3 b0
0=κc3

v(3h
4 + 6a2h2 + a4)/24

surface relative to the sphere at a radial distance of h. The b0
2 term shows that

the local radius of curvature of the paraboloid increases as the center of the
sub-aperture moves outward in the full aperture. The b0

2 term is the average
change in focus, or radius, over the aperture of radius, a, displaced a distance,
h, from the center of the symmetric paraboloid.
To this point, there are no non-spherical aberration terms. Provided cv, a

and h are small enough, the higher order terms might be small enough that the
off-axis segment could be a pure sphere with a slightly longer radius than the
vertex radius of the paraboloid. What we are really saying is that if the f /# of
the off-axis segment is large enough, there is no need to make the segments
aspheric. However, this brings out another point. The radius of the segment
must be correct for the radial position of the segment in the aperture because in
the case of a segmented primary, an error in radius is a figure, or surface, error.
This is also the reason very low expansion glasses are needed for the segments.
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Particularly during manufacture, any change in radius from the desired radius
due to thermal effects will lead to figure error in the finished primary.
The next lowest order term is b2

2 or astigmatism. This term shows the saddle
shaped departure due to the difference in the local radial and tangential radii.
Basically, this term indicates that a toroidal surface is a very close fit to the
off-axis segment and tori are relatively easy to polish because the two radii
are constant over the aperture of the segment. Again, if cv, a and h are small
enough, the higher order terms maybe small enough that they are not signifi-
cant. Once again, the two radii must be the correct radii to about 1 part in 105.
This is a challenge when the vertex radius is on the order of 100 m and the f /#
of the aperture from the center of curvature is about 100 since the diffraction
depth of focus is about 50 mm. The highest order terms are coma, b1

3, and
spherical aberration, b0

4. These aberrations present the challenges in aspheric
fabrication when they are large enough to be of significance. Most of the rest
of this article will discuss methods of producing surfaces with these shapes as
well as the astigmatism.

4. Methods of polishing aspheres
There are two classes of polishing aspheres, one a traditional method of

using a sub-aperture tool and rubbing longer where more material must be re-
moved to get the desired surface shape. This category will be called a dwell
time technique. The other method mechanically deforms either the asphere or
the lap until there is a near perfect match of the asphere to the lap so that pol-
ishing proceeds as though one were polishing a sphere. The method was first
applied by Schmidt in making corrector plates for Schmidt telescopes. This
category will be called bend and polish methods. Within the two categories,
there are various implementations, some well tested and some that are still un-
der development. We will go through the methods in chronological order of
development.

4.1 Dwell time methods
In dwell time methods, the desired surface is converted into a computer to-

pographic map that is adjusted in tilt so that it touches the three highest points
on the surface. Then a raster pattern is created so that the tool remains longest
in the places where the most material must be removed to achieve the de-
sired asphere. When we speak of tool, the traditional tool would be a sub-
diameter pitch, polishing tool, quite possibly with a flexible backing (Kodak
polish). Other "tools" include an ion beam gun for ion polishing (Kodak-ion),
a magneto-rheological fluid for MRP (QEDMRF), a RF plasma torch for reac-
tive chemical assisted polishing or RAP (Carr, 2001), or possibly hydrofluoric
acid and a mask.
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Each "tool" has a unique footprint or wear pattern that is a function of its
diameter. This wear pattern is convolved with the topographic map of mate-
rial to be removed to create the raster pattern with a dwell time at each raster
position. In some implementations, these dwell time methods work very well.
A factor of 10 improvement in surface figure is common for the ion beam and
MRP methods but there are some definite issues as well.
One issue with the contact methods of traditional polishing and MRP con-

cerns the figure, or shape, at the edge of a segment. As the tool begins to cross
over the edge of the workpiece, the footprint or wear pattern changes because
the tool is not supported in the same way it was when it was entirely on the
work. The effect is to "roll" the edge of the work down. The partial solution is
to use a smaller tool at the edge of the work so the tool center can get closer to
the edge. The non-contact methods such as ion milling and RAP do not have
edge problems.
Another problem with all the dwell time methods is that since a specific di-

ameter tool is often used to do the polishing, the finished surface has a "rough-
ness" of a spatial frequency associated with the tool diameter. This rather co-
herent roughness can produce diffraction artifacts in the image produced by
the telescope. A partial solution to this problem is to use several tool sizes and
do the figuring in stages rather than all at once.
At least two of the methods are quite slow; MRP and ion milling. MRP is

too slow to be practical for terrestrial primaries but may be practical for space
optics. These slower methods are particularly well suited to aspheres that are
traditionally polished to within a micrometer or so of the correct figure prior
to using the dwell time method. This is a particularly cost effective way of
using these two methods. Traditional dwell time polishing is also slow so the
preferred method is to grind or lap in the desired aspheric surface to within a
few micrometers prior to polishing. Then use the dwell time polishing to not
only remove the pitted surface due to abrasive grinding but also complete the
final figuring. This method works well and is fast (for aspheric polishing but
not fast relative to polishing a sphere) but has some issues relative to testing of
both ground and polished surfaces because different test methods are needed
for ground and polished (or specular) surfaces.
The RAP and etching methods are under development. RAP is a chemically

assisted method that works under ambient laboratory conditions and has shown
a wide dynamic range in terms of glass removal rates. The method also appears
to achieve a polish from a ground surface. The footprint is readily defined and
unaffected by workpiece edges. The method shows great promise but to date
has not been used on work larger than a few centimeters.
The etching method is one where the work is masked with a resist such

as wax and successively etched as the masking is extending from the regions
that are to remain the highest to the lowest. The contour steps initially might
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be on the order of 0.5 micrometer and would be polished out with a flexible
lap. After a first cycle, the segment would be tested and a new set of masks
designed to correct residual errors using a finer contour step. This method is
in early stages of development and probably will not work on glass ceramics
where the hydrofluoric acid derivative works more aggressively on the glassy
phase than the crystalline phase. With development, the method might hold
promise.

4.2 Bend and polish methods
The original bend and polish idea is due to Bernard Schmidt who built what

has become known as a Schmidt telescope with a spherical primary and an
aspheric corrector plate that introduces exactly the right amount of spherical
aberration to cancel the spherical aberration that would be introduced by the
spherical primary (Schmidt). The corrector has to be thicker at the edge in
proportion to the radial distance in the aperture to the fourth power to provide
the needed correction.
It turns out that the bending equation for a thin parallel plate that is simply

supported around the edge and subjected to a uniform load bends with a fourth
order radial component. By supporting the glass window around the edge and
using the correct vacuum for uniform loading, the corrector plate can be bent
concave and then polished spherical. When the vacuum is released, the plate
comes back to its original flat shape but the upper surface has the residual
fourth order correction needed to cancel the spherical aberration (Everhart,
1966a; Everhart, 1966b). Numerous Schmidt telescopes have been built using
this technique.
When ideas for what were to become the Keck Telescopes were forming in

Jerry Nelson’s head, he was trying to think of a relatively inexpensive method
of making the segments. When he realized that the shape of the segments could
be well approximated by the linear combination of low order aberration basis
functions listed in Tab. 1, it occurred to him that the plate bending equation,
∇4w = p, could be solved entirely in terms of boundary conditions of forces
and moments on the edge of a circular segment. This led to the method adopted
for the production of the Keck segments (Nelson et al., 1982).
Each circular segment was uniformly supported on its back. Twenty-four

equally spaced metal blocks were cemented to the edge of the segment and
loaded with precise forces or moments to bend the segment to the reverse of
the final shape. The segment was then ground and polished spherical. When
the edge loads were removed, the blank assumed the desired figure to about
half a micrometer out of a total correction of nearly 400 micrometers for the
edge segments. The edges of the segments were then sawn off to make them
hexagonal. This process relieved some internal stresses that further warped the
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surface. This residual error was removed by one cycle of ion polishing in most
cases.
The advantages of the bend and polish idea were recognized by Roger An-

gel at the University of Arizona. He was trying to make monolithic 3.5 m
diameter primaries that were about f /1.25. This is far faster than traditional
techniques produce cost effectively. He made a 1.5 m diameter polishing lap
with 24 edge actuators to bend the lap into a shape that fit the mirror whatever
the radial position of the lap. The actuators were also synchronized with the
rotation of the lap so the astigmatic part of the bending stayed aligned radially
with the mirror. Thus, the lap was dynamically deformed using the same bend
and polish idea as Nelson used as the actively stressed lap was moved about
the mirror surface (Martin et al., 1990). The same lap was used on the f /1.25,
6.5 m mirror used in the MMT upgrade. The polishing method is very fast by
traditional standards, nearly as fast as polishing a sphere, but some hand figur-
ing was required to reach the final figure accuracy. The MMT now produces
sub arc second images (MMT).
A final application of bend and polish may be applied to new telescopes

with hundreds of segments. Plane mirrors are economically made using a con-
tinuous polisher, or CP machine. The machine consists of an annulus of pitch
about 2.5 times the diameter of the maximum size workpiece to be polished.
The work is placed face down on the pitch and constrained from rotating with
the pitch annulus by rollers touching the edge of the work. A large flat mirror
can be fully polished out in one eight hour shift and the machine holds three
pieces at a time (Kodak-CP).
Obviously, telescope mirrors need power but this type CP machine has also

been used to polish concave spheres by contouring the annulus of pitch into a
convex spherical surface. The idea now is to take segments that have already
been ground to the correct spherical radius and attach a bending frame to load
the blank into the reverse of the desired figure. Then segment and frame would
be set face down on the CP machine to polish the segment spherical. The
details of the process have not been worked out and it might be necessary to
grind in the aspheric curve using the same strategy on a CP grinding machine,
but the whole idea seems quite practical when faced with the task of producing
hundreds of segments in a short time and for a reasonable price.
For all its advantages, there is a drawback to applying bend and polish to the

mirror segments. The mirror blank must be sized so it is thin enough to allow
bending to the desired figure without breaking yet thick enough so that it does
not distort too much under its own weight when used in the telescope. This is
a delicate trade-off during the telescope design. The actively stressed lap does
not share this drawback.
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5. Conclusion
Something implicit in the above discussion but not stated explicitly is how

much our present computing power has to do with the design and operation
of large telescopes. The same can be said for advances in the fabrication of
mirror segments but the manufacturers of segments are not moving as fast tak-
ing advantage of this computing power as the scientists using the telescopes.
There is room for a further push to bring a more detailed and sophisticated set
of software tools to the aid of the mirror makers.
Techniques for understanding the shapes of off-axis segments have been

explained. When these shapes are close to spheres or torroids, the polishing of
the surfaces is relatively easy using traditional methods. As the components of
coma and spherical aberration become larger as the segments become larger or
the f number of the primary becomes faster, it is difficult to make the segments
without resorting to dwell time or bend and polish techniques. Examples of
both methods have been given with the more useful technique being the bend
and polish approach to either the segment itself or the polishing lap.
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Abstract This lecture addresses the optical testing of concave aspheric mirrors. Exam-
ples of measurements of low order aberrations are shown. There are noises and
bisases due to environmental effects, such as air turbulence, mirror temperature.
Methods of interferometric testing are discussed.

Keywords: optical testing, mirror segments, aspheric mirrors

1. Introduction
The discussion of optical testing will be limited to concave aspheric mirrors

such as are likely to be segments of a large segmented primary mirror. Because
these mirror segments will have long radii of curvature and subtend a relatively
slow f /# cone, they present some unique, practical optical testing problems.
Since so much of the general topic of optical testing is the same for whatever
type of optic one is testing, this discussion will concentrate on the aspects of
testing that bear on primary mirror segments.
There are two fundamental yet intimately related problems in testing these

segments for figure error; first, the phase or wavefront error must be measured
normal to a reference surface and, second, the lateral position of the segment
relative to the reference must be accurately known because the radius of the
surface changes with lateral position. The first part of the paper will discuss
measuring the phase and the environmental issues that go along with this aspect
of the measurement. In the second part of the paper the lateral alignment of
the reference to the test piece will be treated.
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2. Measurement of surface or wavefront error
Because of the commercial availability of interferometers that have a re-

peatability around 1 nm peak-to-valley (P-V) at any pixel location in the de-
tector, the discussion will be limited to the use of interferometric tests but the
principles apply to any type of optical test device. Using this 1 nm repeatability
as a benchmark, it will be easy to demonstrate where some of the other testing
problems occur long before we hit the repeatability benchmark.
We will use a specific example to demonstrate the problems likely to be en-

countered when testing. Assume we have an extremely large telescope with
around 1000 - 1 m hex segments whose prime focal length is 50 m, or ver-
tex radius is 100 m. The inner ring of segments will have their centers at an
aperture radius h of 3.5 m and the outermost ring at 14.5 m.
The departure of these segments from spherical is given by the terms set out

in the Tab. 1 in Ch. 8. Table 1 simply gives a similar Table of the peak-to-
valley departure for the inner and outer rings of segments for the aberrations
using those equations (and multiplying by 2 to get P-V except for spherical
aberration where the multiplication factor is 1.5).

Table 1. Peak-to-valley departure from a sphere for the inner and outer rings of segments for
the aberrations using equations of Tab. 1 in Ch. 8

Error term Inner ring (h = 3.5 m) Outer ring (h = 14. 5m)

Spherical aberration .003 µm .003 µm

Coma .146 .604

Astigmatism 1.531 26.281

Focus, or power 1.531 26.281

Tilt 21.73 1525.52

Starting with tilt (since piston cannot easily be measured, nor does it mat-
ter) on the inner ring, this says that if an interferometer were focused at the
center of curvature of a 100 m radius sphere looking at a 1 m diameter seg-
ment 3.5 m from center of the sphere and a paraboloid were substituted for the
sphere and their vertices were coincident, the interferometer would have to be
moved laterally 2173 µm to be aligned with the chief ray of the segment of the
paraboloid. At this point there would be no tilt fringes visible in the interfer-
ometer. For the outer ring, the interferometer would have to be moved 152.552
mm to eliminate the tilt fringes. Figure 1 shows the effect of removing the tilt
by shifting the interferometer for the inner ring. The Figure 1 also shows the
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residual error after shifting the interferometer for the outer ring; there are too
many fringes to show the case before shifting.

Figure 1. Departure from spherical on the inner ring of segments before correcting for tilt
(left), after correcting for tilt (middle), and after correcting for tilt on the outer ring (right).
Contour lines are approximately 1mum surface error.

Because the radius of curvature of the paraboloid also increases as the seg-
ment is moved from the center to the edge, the interferometer would have to
be moved away from the vertex by 122.48 mm to remove the defocus in the
case of the inner ring segment and 2108.05 mm for the outer segment. Once
this had been done, the interferometer would sense a 1.531 µm surface error
due to astigmatism, a 0.146 µm surface error due to coma and an insignificant
error due to spherical aberration. In all likelihood, a commercial interferome-
ter could measure this error without any auxiliary optics, and if there were no
environmentally induced errors, make the measurement accurately to nearly
the repeatability level of the interferometer. Figure 2 shows the departure af-
ter correcting for focus on the inner and outer rings of segments. The large
difference in departure between inner and outer rings of segments is obvious.
The 28 µm of astigmatism in the surface of the outer segment is sufficient

that most of the light returning from the segment would not make it through
the interferometer to the detector. The rays would be blocked by apertures in
the interferometer. It would require some sort of auxiliary optic or a different
test set up to test this surface. The departure after removing the astigmatism
is less than 1 µm and is not even shown here except in the asymmetry of the
largely astigmatic contour pattern. The errors in Fig. 2 are the real concern
in both fabrication and testing in this example. In any reasonable telescope
design with a segmented primary, a similar situation will hold true.

2.1 Environmental effects
The first environmental problem encountered would be air turbulence. The

light travels a 200 m path from center of curvature to the mirror and back. To
give an example of the potential problem, assume the temperature of the air
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Figure 2. Departure after correction for tilt and focus on the inner ring of segments (left) and
the outer ring (right). Contours are approximately 1 µm surface error.

along the optical path to one side of the mirror segment is 0.01 C different
than on the other side. Since the index of air changes as the ratio of the ab-
solute temperature, the difference in index due to the temperature difference
is ∆n = 3.4 × 10−5. Over the 2 × 105 mm optical path, the difference in
optical path length is 6.8 mm, orders of magnitude higher than the level of
accuracy one would seek. This is an unrealistically high estimate since it as-
sumes the temperature difference is constant along the entire optical path, but
it also indicates how serious a problem long air paths are.
Another problem with the long distances comes about when trying to mea-

sure the radius of curvature. We previously showed that the radius of curvature
of the segments would have to be correct to about 1 : 105. Since the coefficient
of expansion of most common materials is larger than this, holding the distance
from the interferometer to the mirror over these distances is difficult.
There are two other related sources of environmental disturbances, seismic

and acoustic vibration. Optical testing facilities should be located far from
highways and railroad lines. The test hardware should be isolated from the
building structure to avoid seismic disturbances. Acoustic disturbances are
often overlooked and can be a bigger problem than seismic. Loud noises of
any sort are a problem. The sub normal hearing frequency noise made by
many air conditioning and handling units is often an unforeseen problem.
The conclusion of this discussion is that the reference test surface should

be as close as possible to the segment under test. Further, to aid in keeping a
constant radius of curvature reference, the reference should be made of a very
low expansion material such as Zerodur or ULE.
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3. Possible methods of practical interferometric testing
Providing the departures from spherical are not too great and the segments

not too large, the situation in this example, the segments can be tested against
a test plate of a slightly smaller convex radius than the vertex radius of the
primary. The test would look much like Fig. 3. A point source of coherent
light would illuminate the steep side of the test plate made of ULE or Zerodur.
The steep side would be polished as a hyperboloid with a conic constant of
around -2.25 to make the rays strike the opposite side with a 100 m convex
radius at normal incidence.

Figure 3. Test plate method used to check the figure of a segment of the primary mirror.

A nearly perfect diverging wavefront would exit the test plate appearing as
though it came from a source 100 m away. A segment would be positioned
so that its mean center of curvature was coincident with that virtual source
100 m away. In the worst case in our example, the un-equal air path would
be about 4 m rather than 204 m. Interference would take place between the
wavefront reflected off the 100 m radius side of the test plate and the segment.
The roughly 3 m back to the source and beamsplitter is common path and will
not affect the interference pattern.
The test plate method also eliminates, up to a point, the problem of all the

returning rays getting to the detector. As long as the beamsplitter and detector
are large enough to collect all the return rays with the detector placed beyond
the caustic produced by the aspheric segment, all the light will reach the detec-
tor. Also, it is not impractical to think of test plates as large as 2 m in diameter
if larger segments are desired. Homogeneity is important but not critical since
the glass in the test plate is in the common path. In the same way, the asphere
on the test plate has to be smooth but does not have to be accurate to better
than a micrometer or two.
Eventually, as the primary mirror f /# gets faster the segments will have so

much astigmatism that looking at the segments straight on will not work. With
the addition of a 1 m convex mirror, the astigmatic part of the correction can be
cancelled. Think of the region at the end of the minor semi-axis of an ellipsoid
of revolution as shown in Fig. 4. The radius of curvature of that surface in



102 OPTICS IN ASTROPHYSICS

the plane perpendicular to the figure is the length of the minor semi-axis. The
radius of curvature in the plane of the Figure is the length of the semi-minor
axis squared divided by the semi-major axis length, or b2/a.
Since we know the segment of the ellipsoid will image perfectly a source

at one focus to the other focus, we have a null test to cancel the astigmatism.
In order to keep the un-equal optical path of the interferometer short, a second
convex spherical mirror is used to reflect the light back to the segment and
test plate. This test has a second advantage over the straight on test because
the light reflects twice off the segment making the test is twice as sensitive to
errors in the segment. The second reflection also means that substantially less
light is reflected back to the detector but the segment can be spray silvered to
improve its reflectivity (Armstrong, 1977).
There is another method of using the test plate straight on. A hologram

that cancels the astigmatic error can be written on the long radius side Burge,
1994. Although the references cite the use of this method for testing secondary
mirrors, it would work just as well for primary mirror segments. In addition,
one of the inventors, Jim Burge, suggested that the hologram does not have
to be on the test plate itself but could be in the return beam near the detector.
In this case, the hologram would be no larger than the bundle of return rays
where they come to focus. Because the hologram would be small, a different
hologram for each segment shape could be made that would entirely cancel
the errors for a particular segment. Then a whole series of holograms could be
written on a photomask and the photomask repositioned for each new segment
being tested.

Figure 4. Segment at the end of the semi-minor axis, b, of an ellipsoid (left), and use of a test
plate and auxiliary convex mirror to shorten the optical path of the test (right).



Optical Testing for theNext Generation Optical Telescopes 103

Using the test plate method to test the primary mirror segments substantially
helps the index of refraction of air problem cited above. It also makes it pos-
sible to control the radius of curvature of the segments because the test plate
is made of very low expansion material. This coupled with the test plate being
near the segment make the measurement of the distance between the test plate
and segment easy. By positioning the segment axially relative to the test plate
so the interferometer shows best focus and then measuring the distance from
test plate to segment gives the radius of the segment to the required accuracy.
Since all segments are tested against the same test plate, there is a high de-
gree of control of the radius of all segments. The absolute vertex radius of the
primary is not critical but once this has been established, all segments should
match via this single reference to avoid a figure error due to variations in the
radius.

3.1 Lateral position of the segment
Thus far we have only talked about the axial position of the segment during

testing. There are five other degrees of freedom to locate the segment relative
to the test plate. The two tilt degrees of freedom about the axes parallel to the
face of the segment are constrained by the interferometer. When the interfer-
ometer shows no tilt in the fringes, these two degrees of freedom are properly
constrained.
Tilt or rotation about the z axis, or the axis between the test plate and seg-

ment, is controlled by analysis of the residual astigmatism. If the segment is
properly rotated about the z axis, the astigmatism will be aligned in the radial
direction. Any component of astigmatism not aligned in the radial direction
indicates a rotational misalignment of the segment and can be corrected.
The final two degrees of freedom, translation in the x and y directions, are

the real concerns. With no loss a generality, assume the center of the segment
lies on the x-axis of the parent parabola. Then it is clear from the formulae for
coma and astigmatism in Ch. 8 that the departure from spherical depends on
the distance the segment is from the center of the parent parabola, h. The best
fit radius for the segment depends on h as well to virtually the same degree as
astigmatism.
For the example we are working with these displacements from the theo-

retical position do not make too much difference in the final test results but
they can be important in other designs. For the record, the change in the coma
component of the departure is

∆b1
3 = κa3/3R3

vertex∆h = 4.2 × 10−8∆h (1)

.
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For ∆h = 1 mm the error in b1
3 would be only 40 pm, completely in the

noise. Notice this result is independent of where the segment is located in
the aperture of the primary. Clearly, this becomes a bigger problem when the
diameter of the primary is taken into account. Holding a segment at the edge of
the aperture to the correct lateral position to 1 mm over the temperature swings
the steel structure is likely to see changes the problem from inconsequential for
testing to a possibly significant one for the finished telescope mirror segment
support system.
Following similar reasoning, the error in the astigmatism component of the

departure is

∆b2
2 = a2h/R3

vertex∆h = 8.75 × 10−7∆h (2)

for the inner ring of segments with h = 3.5 m and 3.63× 10−6∆h for the outer
ring. A 1 mm error in h will produce a roughly 1 nm error in the inner ring
or a 3.6 nm error in the outer ring. Again small errors but close to the limit
of the peak-to-valley systematic errors to be allowed in the testing of the outer
segments.
The test plate method of performing the testing provides a reasonably con-

venient method of assuring lateral alignment since the test plate and segment
are never more than about 2 m apart independent of the ring in which the seg-
ment is. Unfortunately, the outer segments are the farthest away but it is not
hard to align to 1 mm over a 2 m distance. Care is required in the design of the
test set up but no unusual steps need be taken.
As before, if the segments are larger or the primary is faster, all the align-

ment tolerances will get tighter. However, for this example, which is typical
of some designs under discussion, the testing does not appear to be a major
problem. Like any test where a few nm rms precision is required it will not be
easy and close attention will have to be paid to the environment, but nothing
looks unreasonable.
For the case where the departure is more severe than this example, the holo-

graphic approach would probably be applied to the test plate method. Particu-
larly if small holograms placed near the focus of the returning rays were used,
and this would certainly be the less costly method, alignment features could be
built into the hologram that would help keep the segment in the correct lateral
position and rotational orientation about the z axis relative to the test plat and
hologram.

4. Conclusion
We have shown that there is a straightforward method for testing off-axis

segments of a very large telescope. That is not to say there may be other,
perhaps better, methods, but often knowing a solution exists leads to further
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insights into the entire project design. The major reason the testing is straight-
forward is that the individual segments subtend such a slow f /# cone of light
even though the primary is very fast. The test procedure takes advantage of
this narrow light cone.
We have emphasized unequal path interferometry because it is the most fa-

miliar method of optical testing these days. However, we have also shown how
sensitive this type of interferometry is to environmental disturbances. There
are a number of other types of optical testing including common path methods
such as shearing interferometry and Shack-Hartmann testing Malacara, 1992.
As we pointed out in the fabrication section, optical testing has no more kept
pace with the benefits of increased computing capability than fabrication has.
There are many potential paths for revitalizing old methods of test using

new array detectors and powerful processors. The only reason most testing is
done by unequal path interferometry is due to the invention of the HeNe laser.
If its development had been delayed a year or two and computing capabilities
had been a little more advanced, most optical testing would be done with slope
measuring, common path techniques that are less sensitive to the environment.
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Abstract Future astronomical instrumentation requires multiplexing capabilities and high
spatial resolution. Emerging key technology are able to achieve these aims.
Based on the micro-electronics fabrication process, Micro-Opto-Electro-Mechan-
ical Systems (MOEMS) are compact, scalable, replicable and may be customized
for specific tasks. They will be widely integrated in next-generation astronom-
ical instruments, such as Adaptive Optics systems and Multi-Object Spectro-
graphs. Applications are foreseen for NGST, VLT-2, NG-CFHT and OWL.
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Introduction
Scientific breakthroughs often follow technological breakthroughs permit-

ting to make significant steps forward. Astronomical research of this decade is
related to the quest for our Origins: How did Galaxies form? How did Stars
and Planetary Systems form? Can we detect Life in other Planets? The science
requirements provided by those topics are very constraining for future astro-
nomical instrumentation, calling for multiplexing capabilities and high spatial
and spectral resolutions.
Based on the micro-electronics fabrication process, Micro-Opto-Electro-

Mechanical Systems (MOEMS) have not yet been used in astronomical instru-
mentation, but this technology will provide the key to small, low-cost, light,
and scientifically efficient instruments, and allow impressive breakthroughs in
tomorrow’s observational astronomy. Two major applications of MOEMS are
foreseen:

the programmable multi-slit masks for Multi-Object Spectroscopy.
Thanks to its multiplexing capabilities, Multi-Object Spectroscopy (MOS)
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is becoming the central method to study large numbers of objects (see
Ch. 12). However, it is impossible to use traditional ground-based MOS
in space. New methods need to be defined and technologies developed.
A possible option would be to use Integral-Field Spectrographs, which
observe spectroscopically all the pixels within a given field of view. In-
deed, the concept is very interesting for specific observations: galaxy
clusters, stellar clusters where the density of targets is high. However,
for one of the most central astronomical program, deep spectroscopic
survey of galaxies, the density of objects is low and it is necessary to
probe wide fields of view. MOEMS provides a unique and powerful
way of selecting the objects of interest (whatever the criteria, distance,
color, magnitude, etc.) within deep spectroscopic surveys. This saves
time and therefore increases the scientific efficiency of observations.

the Micro-Deformable Mirrors for Adaptive Optics. To reach the
faintest objects, we must get the best Point Spread Function (PSF) with
the minimum of energy scattered within the outer areas of the PSF. Also
sharp PSFs will allow to reach the best spatial resolution (limit of diffrac-
tion) and therefore to potentially resolve objects such as remote interact-
ing building blocks in their way to become giant galaxies, star-forming
regions within nearby galaxies or disks around forming planetary sys-
tems. The wave front perturbations are mainly due to the atmosphere
and could be corrected by the use of Adaptive Optics systems. MOEMS
devices should enable the correction of wave front perturbation in next
generation telescopes and instrumentation.

In Laboratoire d’Astrophysique de Marseille, we are engaged since several
years in the development of these types of MOEMS components.

1. MOEMS
MOEMS are designed for a wide range of applications like sensors, switches,

micro-shutters, beam deflectors, and micro-deformable mirrors. The main ad-
vantages of micro-optical components are their compactness, scalability, and
specific task customization using elementary building blocks. As these sys-
tems are easily replicable, the price of the components is decreasing dramati-
cally when their number is increasing. They will be widely integrated in next-
generation astronomical instruments, for both ground-based and space tele-
scopes, as they allow remote control. The two major applications of MOEMS
are programmable slit masks for Multi-Object Spectroscopy and deformable
mirrors for Adaptive Optics systems. MOEMS technology is closely linked
to the micro-electronics fabrication process. Various materials are deposited
on the surface of a substrate, and, using masks, their localization on the sub-
strate is precisely defined in order to ensure their specific tasks. In micro-
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systems, there are two kinds of layers: structural layers and sacrificial layers.
The structural layer materials are polysilicon or metal, and the sacrificial lay-
ers are silicon oxides or organic materials. The sacrificial layers are chemically
dissolved at the end of the fabrication process in order to create air gaps be-
tween the remaining structural layers. A great level of sophistication in the
micro-electronics technology ensures excellent tolerances on layer thickness
and patterning precision.
Micro-mechanical actuation is obtained using electrostatic, magnetic or ther-

mal effects, but the most advanced actuation is achieved by the electrostatic
effect. The electrostatic actuator consists of two electrodes of metal or polysil-
icon heavily doped with phosphorous, isolated from each other by a gap of
thickness g filled with dielectric medium, usually air. When a voltage V is
applied between the electrodes, an attractive force F is generated, and if one of
the electrodes is mobile, it moves towards the other. By neglecting edge effects
and bending of the electrodes, i. e. assuming good stiffness of the electrodes,
the instantaneous, nonlinear electrostatic force F is defined by the following
relationship of key parameters:

F =
AεV 2

2g2
(1)

where A is the overlapping electrode area and e is the dielectric constant in
the inter-electrode spacing.
The accessible motion is generally limited to one third of the inter-electrode

initial gap. At this limit, the nonlinear electrostatic force increases more rapidly
than a linear restoring force, applied for example by springs attached to the up-
per electrode. The electrostatic effect then becomes unstable and the mobile
electrode drops toward the fixed electrode and sticks to it.
In the design of MOEMS components, various parameters have to be tuned.

These parameters differ according to the functionality of the component. We
will consider two different family of devices, programmable slits for Multi-
Object Spectroscopy, including Micro-Mirror Arrays (MMA) and Micro-Shut-
ters Arrays (MSA), and Micro-Deformable Mirrors (MDM) for Adaptive Op-
tics systems.
MMA and MSA are an arrays of electrostatically driven bistable mirrors

or shutters, with a size of a few tens of micrometers, which can occupy two
discrete positions, ON and OFF, with switching times of a few microseconds.
For MMA, the two positions are obtained when the mirror hits physically the
substrate, and for MSA, shutters are open or closed. Specific parameters for
these devices are the tilt angle (MMA) and the actuation voltage. The tilt angle
determines the separation between the input beam and the output beam and
therefore the possible numerical aperture of the instrument. A large tilt angle
reduces also the scattered light of the array entering the output pupil. However,
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the fabrication process is not compatible with the use of very thick sacrificial
layers on top of the substrate, limiting the tilt angle. The two discrete positions
are typically rotated ±10◦ with regard to the substrate plane, i.e. a 40◦ beam
separation. The measurement and the analysis of this scattered light are under
way (Zamkotsian et al., 2003). The second parameter is the actuation voltage:
its value has to be low enough for matching the performances of integrated
driving electronics.
MDM are constituted by a reflective surface with an underlying set of actua-

tors. For MDM, key aspects are inter-actuator spacing, inter-actuator coupling,
actuator bandwidth and low driving voltage. High order wave front correction
needs a large number of actuators. The size of conventional Si wafers limits
the maximal size of single deformable mirrors, increasing the required density
of actuators. Typical inter-actuator spacing could be in the range 200-1000
µm. Inter-actuator coupling factor can be defined by the ratio of the motion of
an OFF-actuator to the motion of a neighboring ON-actuator. If this factor is
close to 1, there is too much redundancy, the effective actuator number is dras-
tically reduced and high order deformations cannot be corrected properly. If
this factor is zero, sharp slopes are present on the surface, usually on top of the
actuator location, resulting in larger residual wave front errors. If this factor is
20-30 %, the surface has a smooth overall shape with low residual errors.
For both devices, MMA and MDM, three additional parameters are of inter-

est: the optical surface quality, the driving electronics and the actuator band-
width. As these micro-optical components include mirrors, their surface qual-
ity must be excellent. An original method based on Foucault’s knife-edge test
for the surface characterization of individual MMA micro-mirrors has been
developed (Zamkotsian and Dohlen, 1999). The driving electronics is also a
challenge as the high number of actuators integrated on a semiconductor sub-
strate leaves individual actuator driving impossible. The driving circuit has to
be integrated on the wafer or directly bonded to the optically active elements.
The driving voltage must then be as low as possible, a few tens of volts will
be preferable to the several hundreds of volts often used in present-technology
devices. The design of driving circuits requires high attention in order to match
the needed bandwidth, and to be compatible with the technology employed to
realize the mobile mirrors on top of the electronic driving circuit. Finally, the
bandwidth of these components must match the specific requirements.
Cryogenic-operation is not yet demonstrated for anyMOEMS. Specific prob-

lems have to be studied in cryogenic conditions: the residual stress in the com-
ponent layers and the sticking effects. The bending of the mirrors is due to
residual stresses, especially when an additional reflective coating is required
with different thermal-expansion characteristics. This effect has to be mini-
mized because the coating stress is a major issue during cooling, with a high
risk of breaking or pealing. Sticking effects in cryogenic conditions have also
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to be studied with care. In MMA, there is a contact between the two electrodes
of micro-mirrors, and sticking is avoided by using a thin insulating layer and
a reset electrical pulse. At low temperature, sticking effects are dramatically
enhanced and efficient solutions must be found.

2. Programmable multi-slit mask for Multi-Object
Spectroscopy

In order to obtain spectra of hundreds of objects simultaneously, the 1-5 µm
Near-Infra-Red Multi-Object Spectrograph (NIRSPEC) for NGST requires a
programmable multi-slit mask (PMSM). Conventional masks or complex fiber-
optics-based mechanisms are impracticable in space. A promising solution is
the use of MOEMS devices such as micro-mirror arrays (MMA) or micro-
shutter arrays (MSA), allowing remote control of the multi-slit configuration
in real time (Burg et al., 1998; Burgarella et al., 1998).
Our group is involved since several years in ESA’s studies of the NIRSPEC

instrument. We have focused our work on three main topics: MMA and MSA
modeling, characterization of the MMA and MSA, and optical design for the
MOS (Zamkotsian et al., 1999; Zamkotsian et al., 2000a).

2.1 Principle
By placing the PMSM in the focal plane of the telescope, the light from

selected objects is directed toward the spectrograph, while the light from others
objects and from the sky background is blocked in a light trap (Fig. 1). PMSM
allows remote control of the multi-slit configuration in real time.
Actually, the only device available is the MMA designed by Texas Instru-

ment for video projection. This is an array of 1K×1K, 17 µm pitch bistable
mirrors (Hornbeck, 1995). A picture of the micro-mirrors is shown in Fig. 1.
These electrostatically driven mirrors can occupy two discrete positions (ON
and OFF), rotated ś10◦ with regard to the substrate plane. The switching time
is a few microseconds. Using this MMA, any required slit configuration might
be obtained with the capability to match point sources or extended objects (Fig.
1). In the park position, i.e., without driving voltage applied, the micro-mirrors
are undeflected, parallel with the substrate. In action, the micro-mirrors in the
ON position direct the light toward the spectrograph and appear bright, while
the micro-mirrors in the OFF position are dark.
MSA are under development at the NASA’s Goddard Space Flight Center,

and has been selected to be the multi-slit device for NIRSpec. They use a
combination of magnetic effect for shutter opening, and electrostatic effect for
shutter latching in the open position (Moseley et al., 2002).
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Figure 1. Principle of Multi-Object Spectroscopy using a Micro-Mirror Array. MMA array in
the park position and in action

2.2 Modeling
Two key parameters have been found to determine the ultimate capabili-

ties of the MOEMS-based MOS: contrast and spectral photometric variation
(SPV). Contrast is defined as the total amount of non-selected flux of light
passing through the multi-slit device; a contrast requirement of 2000 has been
established in order to avoid pollution of the spectra by strong sources (spoil-
ers) and sky background. The SPV is the unpredictable photometric variation
due to the random position of the sources on the PMSM grid; SPV requirement
has been fixed to <10%.
Using Fourier theory, we have modeled the SPV for MSA (Zamkotsian et

al., 2002a; Zamkotsian et al., 2003). We consider two slit configurations, 2×2
shutters for the 1-1.75 µm and 1.75-3 µm bands and 3×3 shutters for the 3-5
µm band. The SPV is strongly affected by the object position in the slit and
wavelength. This generates geometrical and diffraction effects. We obtain the
surfaces shown in Fig. 2, where upper surfaces are the SPV due only to the
geometrical effect, and lower surfaces are the SPV when the diffraction effect
is added. Normalization has been done at the maximum of the geometrical
effect at each wavelength. For each wavelength hills and valleys are observed.
Valleys are located on the edges of the surfaces when the object is at the limits
of the slits, reducing drastically the amount of light passing through the slit.
However, for short wavelengths, a valley is also present in the middle of the
slit, along the grid between two adjacent micro-shutters. We notice two major
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effects: the location of the maxima is strongly dependent on the wavelength,
moving from the center of the micro-shutters at 1 and 2 µm to the center at
the slit at 3 µm. The second effect is the decrease of transmitted flux due
to diffraction. At short wavelengths, the diffraction effect is negligible, but
at longer wavelengths, diffraction reduces the flux by up to about 20%. By
moving point sources along the slit, we note a final SPV of from 22% to 65%,
for the 1-1.75 µm and 1.75-3 µm bands, and a SPV of from 28% to 36% for the
3-5 µm band. These values are exceeding by far the 10% required variation.
We have therefore proposed a dithering strategy able to solve this problem,
referred as blind dithering (Zamkotsian et al., 2002a).
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Figure 2. Spectral photometric variation versus source position (1-3µm and 3-5µm ranges).
Upper surfaces are only affected by the geometrical effect of the slit geometry, and lower sur-
faces include the diffraction effects.

2.3 Surface characterization
Due to diffraction effects of micron-sized mirrors in a regular array, com-

monly used techniques for surface characterization based on interferometry
are inefficient. To overcome the diffraction effects we have developed a novel
surface characterization method with an incoherent light source, based on the
Foucault’s knife-edge test (Zamkotsian and Dohlen, 1999). Since Léon Fou-
cault introduced the knife-edge test in the last century (Foucault, 1859), it has
been widely used for testing optical surfaces (see Ch. 3). The test offers a
simple way of obtaining easily understandable, qualitative information of the
surface shape.
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Our experimental set-up is shown in Fig. 3. Incoherent white light emanates
from a slit source. After re-imaging of the slit in the focal plane F of the lens
L2, the light is collimated and illuminates the array surface. The reflected beam
is refocused back onto the plane F and an enlarged image of the micro-mirrors
is formed on a CCD camera. By moving a knife-edge through the image slit
while observing the micro-mirror illumination, we are able to determine for
each pixel of the field of view the position of the knife-edge for which the
illumination of this pixel is blocked. The position of the knife-edge determines
the local slope on the micro-mirror surface. A picture of the studied field of
view is shown in Fig. 1.

Figure 3. Experimental bench for micro-mirror surface characterization using the knife-edge
method

A slope map for 8×6 micro-mirrors (Fig. 4) reveals classical knife-edge
test figures on each micro-mirror. The slopes are gray-scale coded with values
ranging from -0.8 mrad (black) to +0.7 mrad (white). These small slope val-
ues and their uniform distribution over the field of view indicate a satisfying
flatness of the surfaces and a good uniformity of the array. This good surface
quality is a result of the use of the mature micro-electronics realization pro-
cess. Slight mirror-to-mirror shape variations indicate variable amounts of tilt
and astigmatism (Zamkotsian and Dohlen, 1999).
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By integration of the local slopes, we have reconstructed the micro-mirror
surface. An example is shown in Fig.4, along the line indicated by an arrow on
the slope map. The surface deformations do not exceed 1 nm along the studied
profile. Although surface shapes vary from mirror to mirror, deformations in
the nanometer range demonstrate the remarkable quality of this device.
Assuming axi-symmetrical deformation, simulation of the complete micro-

mirror surface has been found to have a "palm-tree" shape, with typical maxi-
mum deformation less than 2 nm. This shape can be explained by strain relax-
ation in the thin aluminum layer constituting the mirror surface (Zamkotsian
and Dohlen, 1999).

Figure 4. Slope map for a 8x6 micro-mirrors field, and surface reconstruction

We have developed another bench for the measurement of the contrast value.
Contrast measurement have been carried out on the MMA fabricated by Texas
Instrument, in order to establish the test procedure (Zamkotsian et al., 2002a;
Zamkotsian et al., 2003). We can address several parameters in our experi-
ment, as the size of the source, its location with respect to the micro-elements,
the wavelength, and the input and output pupil size. In order to measure the
contrast, the micro-mirrors are tilted between the ON position (towards the
spectrograph) or the OFF position (towards a light trap). Contrast exceeding
400 has been measured for a 10◦ ON/OFF angle. Effects of object position on
the micro-mirrors and contrast reduction when the exit pupil size is increasing
have also been revealed.

3. Micro-Deformable Mirror for Adaptive Optics
Different research groups around the world are currently involved in the de-

sign of highly performing adaptive optical (AO) systems as well as for next
generation instrumentation of 10m-class telescopes than for future extremely
large optical telescopes. Four different types of AO systems are foreseen: Clas-
sical Adaptive Optics, Multi-Conjugate Adaptive Optics, Low-order Adaptive
Optics, and High-order Adaptive Optics (see Ch. 13). Numerous science
cases will use these AO systems, classical AO will provide accurate narrow
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field imagery and spectroscopy, MCAO, wide field imagery and spectroscopy,
low-order AO, distributed partial correction AO, and high dynamic range AO,
detection and study of circumstellar disks and extra-solar planets. Corrected
fields will vary from few arcsec to several arcmin.
These systems require a large variety of deformable mirrors with very chal-

lenging parameters. For a 8m telescope, from a few 10 up to 5000 actuators
are needed; these numbers increase impressively for a 100m telescope, ranging
from a few 1000 to over 250 000, the inter-actuator spacing from less than 200
mum to 1 mm, and the deformable mirror size from 10 mm to a few 100 mm.
Conventional technology cannot provide this wide range of deformable mir-
rors. The development of new technologies (MOEMS) is promising for future
deformable mirrors. The major advantages of the micro-deformable mirrors
(MDM) are their compactness, scalability, and specific task customization us-
ing elementary building blocks. This technology permits the development of a
complete generation of new mirrors.
However this technology has also some limitation. For example, pupil di-

ameter is an overall parameter and for a 100 m primary telescope, the internal
pupil diameter cannot be reduced below 1 m. According to the maximal size
of the wafers (8 inches), a deformable mirror based on MOEMS technology
cannot be build into one piece. New AO architectures are under investigation
to avoid this limitation (Zamkotsian and Dohlen, 2001).
The European Southern Observatory (ESO) has an important role in the

conception of extremely large telescopes. Within the framework of a Re-
search Training Network supported by the European Community, ESO is lead-
ing a group of seven laboratories engaged in the Adaptive Optics for Ex-
tremely Large Telescopes project (AO-ELT). These laboratories are ESO, ON-
ERA (France), Observatories of Marseille (France) and Arcetri and Padova
(Italy), the Max Planck Institute for Astronomy in Heidelberg (Germany), and
GRANTECAN (Spain).
This technology is also foreseen for the development of the AO systems

of other extremely large telescope, as the Next Generation Canada-France-
Hawaii-Telescope. Our group propose the replacement of the 3.6m telescope
by a 20-30m class telescope (Burgarella et al., 2000). However, future instru-
mentation for the VLT will also benefit from this technology providing repli-
cable and compact mirrors for various AO systems. We are involved in the
development of the second generation of VLT instrumentation (Zamkotsian et
al., 2001), in the FALCON project (Hammer et al., 2001) and the VLT-Planet-
Finder project.
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3.1 DM parameters
The main DM parameters for Extremely Large Telescopes are summarized

in Table 1. Whatever the size of the internal pupils, the number of actuators
equals at least the number of r0 patches in the telescope pupil (primary mirror).
For ELT’s ranging from 20m to 100m, the number of actuators is between 5
000 and over 250 000 in the near infra-red; for visible, even larger number of
actuators are required. In order to correct the highest atmospheric perturba-
tions, the number of actuators is constant for a given size of the telescope. The
inter-actuator spacing is therefore proportional to the internal pupil size. Ac-
tuator stroke is not yet well determined, in particular due to the uncertainty of
the outer scale effect, but it is generally admitted that 5 - 10 µm is appropriate.
For high-order corrections, the bandwidth must be of the order of 1 kHz. For a
smooth overall shape of the surface with low residual errors, the inter-actuator
coupling should be 20-30%.

Number of actuators 5000 to > 250 000
Inter-actuator spacing 200 µm - 1 mm
Actuator stroke 5 - 10 µm

Inter-actuator coupling 20 - 30%
Bandwidth 1 kHz

3.2 MDM architectures
In Fig. 5 are shown the three main MDM architectures under study in differ-

ent laboratories (Zamkotsian et al., 2000a). First, the bulk micro-machined
continuous-membrane deformable mirror, studied by Vdovin from Delft
University, is a combination of bulk silicon micromachining with standard
electronics technology (Vdovin et al., 1997). This mirror is formed by a thin
flexible conducting membrane, coated with a reflective material, and stretched
over an electrostatic electrode structure. Second, the segmented, micro-elect-
ro-mechanical deformable mirror realized by Cowan at Ohio Air Force Re-
search Laboratory consists of a set of segmented piston-only moving surfaces,
fabricated in dense array (Roggeman et al., 1997; Cowan et al., 1998). Third,
the surfacemicro-machined continuous-membrane deformablemirrorma-
de by Bifano at Boston University is based on a single compliant optical mem-
brane supported by multiple attachments to an underlying array of surface-
normal electrostatic actuators (Bifano et al., 1997). The efficiency of this de-
vice has been demonstrated recently in an AO system (Perreault et al., 1999).
The third concept is certainly the most promising architecture, but low actua-
tion efficiency and mirror surface quality need further improvement.

Table 1. Deformable Mirror parameters for Extremely Large Telescopes
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Figure 5. Different MDM architectures

Since September 2000, we have engaged an active collaboration with a
French laboratory expert in micro-technologies, the Laboratoire d’Analyse et
d’Architecture des Systèmes (LAAS) in Toulouse, France, for the conception
and the realization of micro-deformable mirror (MDM) prototypes. Our design
is based on three elementary buildings blocks (Fig. 6). From top to bottom:

the mirror surface. It has to be continuous and with the highest optical
quality in order to minimize straylight and diffraction effects. Mirror
material without stress and perfect planarization are the main goals.
the actuation mechanism. We have chosen an electrostatic actuation
and there are two key parameters, the driving voltage which has to be
as low as possible and the stroke, which has to be as large as possible.
These actuators must have the potential to reach acceptable voltages for
a conventional micro-electronics circuit.
the driving electronics. It has to underlie the deformable mirror struc-
ture and be integrated in the substrate. The success of the Micro-Mirror
Array developed by Texas Instruments indicates that integration of the
optical architecture and the driving electronics is the most reliable ap-
proach. The electronics and the optical architecture process have to be
compatible.

Figure 6. Schematic view of our Micro-Deformable Mirror architecture.

As a high optical quality mirror is the most challenging building block for
this device, we have first focused our work on the realization and the charac-
terization of the mirror surface.
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3.3 MDM realization
After conception of the test structures by LAM and LAAS researchers, sev-

eral samples have been realized at LAAS. Our first goal is the realization of a
high quality and flat surface on top of a "mountainous" structure, in order to
make the mirror layer. This layer is of first importance as it sees the photons
of the instrument and it has to be completely planarized.
The originality of our approach lies in the elaboration of a sacrificial layer

and of a structural layer made with low-temperature processes, suitable for
integration of the optical architecture on top of the driving circuit realized in
the substrate (Zamkotsian et al., 2002b).
A piston actuator structure etched with a structural layer on top of the sacri-

ficial layer (500mum square piston area) is presented in Fig. 7. Before etching
of the sacrificial layer, the top surface is completely flat.

Figure 7. Piston actuator structure etched with a structural layer on top of the sacrificial layer
(500 µm square piston area); general view and close-up.

The critical operation is the etching of the sacrificial layer. With a proper
wet etching process, the remaining structural layer shows a high quality surface
(Fig. 8). The 10 µm thick sacrificial layer has been etched and the layer stays
with a perfect plane shape. Stiffness of the structural layer is also visible in
Fig. 8b where the substrate have been cleaved near a structure. Attachment
points are 500 µm away and there is no bending of the structure.

3.4 MDM characterization
Characterization of the mirror surface are conducted along three scales:

large, medium, and small scales. Large scale defects describe the flatness
of the structure on distances longer than 1 mm, typically longer than the inter-
actuator spacing. If the range is below 1 µm, these defects can be compensated
by setting an offset driving voltage on the adjacent actuators, in order to gen-
erate a nominal flat surface. Medium scale defects describe the print-trough
effect. The different layers of the structure are masked and etched with specific
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Figure 8. Structural layer after sacrificial layer etching: (a) on the substrate; (b) above the
edge of a cleaved sample. Structure is 500 µm wide and attachment points 500 µm away.

patterns. As they are deposited one above the previous one, the resulting top
surface is usually non-planar. This effect has to be minimized as much as pos-
sible. Print-trough effect are in the vicinity of the underlying structure and the
typical size is therefore in the order of 100 µm or below. Small scale defects
are also called roughness. They are measured in small areas (1-10 µm) and
values are in the nm range.
The sample is measured with a confocal microscope, by using a chromatic

coding of the height, and with a contact-less optical “needle” focused on the
surface. We determine by this way the surface topography and its roughness.
Measurements have been performed on these samples. With this process,

very efficient planarization has been obtained: the long-distance flatness is be-
low 0.2 µm, the print-through of localized 9 µm steps is reduced to below
0.5 µm and a rms roughness of 15 nm has been measured over the surface (
Zamkotsian et al., 2002b). Major efforts are going into reducing print-through
effect and roughness. The integration of this mirror surface on top of an actu-
ator array is under investigation.

4. Conclusion
Micro-Opto-Electro-Mechanical Systems (MOEMS) will be widely inte-

grated in new astronomical instruments for future Extremely Large Telescopes,
as well as for existing 10m-class telescopes. The two major applications are
programmable slit masks for Multi-Object Spectroscopy (see Ch. 12) and de-
formable mirrors for Adaptive Optics systems. First prototypes have shown
their capabilities. However, big efforts have still to be done in order to reach
the requirements and to realize reliable devices.
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The Laboratoire d’Astrophysique de Marseille is developing since several
years an expertise in the design and characterization of micro-optical compo-
nents, as well as in their integration in astronomical instruments.
A strong collaboration between micro-optics and astronomy will certainly

lead to reach the best scientific return for the lowest cost in next generation
astronomical instrumentation for ground-based and space telescopes.
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Basic principles to state-of-the-art
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Abstract Detectors play a key role in an astronomical observatory. In astronomy, the
role of the telescope and instrument is to bring light to a focus - in effect, the
telescope-instrument act as “spectacles”. The detectors, meanwhile, have the
critical role of sensing the light - the detectors are the “eyes” of an observatory.
The performance of an astronomical observatory is directly dependent upon the
performance of its detector systems.
In many ways, today’s optical and infrared detectors are nearly perfect, with

high quantum efficiency, low readout noise, high dynamic range and large arrays
of pixels. However, as good as the detectors are, there are limitations that must
be understood and respected in order to produce the best astronomical instru-
ments and thereby, the best science.
This chapter explains how optical and infrared detectors work, from basic

principles to the state-of-the-art. The role of optical and infrared detectors in an
observatory is presented, and the state-of-the-art is related to an ideal detector.
An overview of the detector physics is presented, showing that the detection of
light is a 5 step process. Each step in this process is explained in detail in the sub-
sequent sections. The chapter concludes with references for further information.

Keywords: detectors, optical, infrared, quantum efficiency, noise

1. The role of detectors in astronomy
Astronomy is a vibrant science, with significant new discoveries about the

universe being made every year. Fueling these scientific breakthroughs are
technological advances in many areas, from the new generation of 8-10 meter
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Figure 1. A ground-based astronomical observatory can be depicted as having four major part:
telescope, adaptive optics (optional), instrument optics, and the detector.

telescopes to innovative instrumentation concepts. Detector technology is key
to the entire endeavor, since most astronomical information is derived from the
detection of light. The majority of astronomical science is performed using
optical and infrared light, a region of the electromagnetic spectrum that can be
used to investigate most of the universe. This chapter will concentrate on the
detector technology that is used at ground-based telescopes to sense the por-
tion of the spectrum that propagates through the atmospherically transparent
window of 0.32 to 20 µm. Wavelengths shorter than 320 nm are absorbed by
the atmosphere (which is good for us, else we would all get skin cancer), and
wavelengths much longer than 20 µm require significantly different technol-
ogy.
To understand the role of detectors in astronomy, we can divide an astro-

nomical observatory into four major parts as shown in Fig.1.
The telescope collects and focuses the light. For a ground-based telescope,

the image is always distorted by the Earth’s atmosphere. For a large telescope,
the atmospheric blurring (or “seeing”, see 1) can spread the light over an area
that is up to 1000 times larger than the diffraction-limited spot. Adaptive optics
(see 13) is now used at many ground-based telescopes to negate the seeing,
although the technology is presently limited to providing good results in the
infrared for relatively bright objects, and the correction is only effective over
relatively small fields of view (� 1 arc min diameter).
The instrument, which is placed at the telescope focal plane, consists of

optics and a detector to measure the light. As depicted in Fig. 2, the instrument
attempts to measure a three-dimensional data cube - intensity as a function of
wavelength (λ) and two spatial dimensions on the sky (right ascension and
declination).
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Figure 2. Three-dimensional data cube that is probed by an astronomical instrument: the in-
tensity is a function of two spatial directions on the sky (right ascension and declination - anal-
ogous to longitude and latitude) and the wavelength dimension.

A major challenge for instrumentation comes from detectors being “col-
orblind”. All optical and infrared detector arrays, from the human eye and
photographic film to the state-of-the-art used on astronomical telescopes, can
only measure intensity and not wavelength. Every photon detected by an opti-
cal or infrared detector produces an electron, and all electrons look the same,
whether produced by a short or long wavelength photon. In a similar way,
the rods and cones in the human eye only sense intensity. Color perception is
due to subsets of rods and cones having sensitivity to specific colors. Thus,
a focal plane array can not simultaneously measure the full three-dimensional
data cube shown in Fig. 2. A significant challenge for an instrument builder
is designing optics that efficiently sample a 2-D portion of the 3-D data cube.
There are several ways to select a 2-D portion of the data cube:

Imaging: uses a filter to take an image in a limited wavelength band.

Spectroscopy: 3 types are used in astronomy:

a slit spectrograph which places a slit (e.g., 1 arc sec wide by 30
arc sec long) at the focal plane to filter out a 1-D slice of the sky
and disperses the spectrum in the orthogonal direction,
a multi-object spectrograph that spatially filters the image with sev-
eral small slits in the image plane and disperses the spectra in the
orthogonal direction (in many cases, none of the slits can overlap
in the spatial direction),
an integral field spectrograph samples a contiguous 2-D array of
spatial pixels and uses lenses, fibers or mirrors to align the light so

Optical and Infrared Detectors for Astronomy
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that when it is dispersed spectrally, the individual pixel spectra do
not overlap.

The promise of 3-D detectors: The ideal detector would be able to measure the wavelength
dimension of each photon in addition to the two spatial dimensions - a “3-D detector”. There
is progress being made on 3-D detectors - for example, the superconducting tunneling junction
(STJ). However, at present, 3-D detectors are experimental and have only achieved limited
wavelength resolution (λ/δλ ≤ 25) with relatively slow count rates (few kHz per pixel) on a
small number of pixels (� 100). Since these devices are experimental and are not being used
in a facility instrument at any telescope, we do not discuss them further in this chapter.

This chapter will concentrate on the very high quality detectors that are
needed in scientific imagers and spectrographs, and other applications that
require high sensitivity, such as acquisition and guiding, adaptive optics and
interferometry. We limit our discussion to focal plane arrays – large two-
dimensional arrays of pixels – as opposed to single pixel detectors (e.g., aval-
anche photodiodes).
Note that there are many other applications of detectors in an astronomical

observatory, including detectors that are used for active optics, site monitoring
(seeing, cloud cover), surveillance and safety monitoring.
It is easy to conclude that detectors are one of the most critical technologies

in astronomy. Thus, for an observatory to take a leading role in astronomical
research, it must ensure that it has expertise and adequate resources allocated
to this area.

2. The ideal detector and the state-of-the-art
Ideally, an observatory would install perfect detectors in the focal plane of

its instruments. What makes a perfect detector? The attributes of an ideal de-
tector and the performance achieved by today’s technology are given in Table
1. Optical and infrared detectors are nearly ideal in several ways:

Quantum efficiency (QE) - The sensitivity of a detector can be nearly
perfect, with up to 99% of the photons detected at the wavelength for
which the detector is optimized.
Delta function response - Over most of the wavelengths of interest, opti-
cal and infrared detectors produce one photoelectron for every detected
photon, which provides a one-to-one correspondence between detected
photons and photoelectrons. This means that the detector response is
exactly linear to the intensity incident on the detector – an attribute that
allows astronomers to precisely remove sky background and electronic
bias to accurately measure the intensity of the astronomical object.
Large number of pixels - A very large number of pixels can now be inte-
grated on a single focal plane. The largest array presently in operation in
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astronomy is the mosaic of 40 CCDs with 377 million pixels in the wide
field of view imager (Megacam) at the Canada-France-Hawaii Telescope
(CFHT) on Mauna Kea, Hawaii.

Table 1. Attributes of an ideal detector and performance achieved by the state-of-the-art de-
tectors in astronomy.

Attributes of ideal detector Performance of state-of-the-art
Detect 100% of photons

√
Up to 99% detected

Photon detected as a delta function
√
One electron for each photon

Large number of pixels
√
Over 377 million pixels

Time tag for each photon � No – framing detectors
Measure photon wavelength � No – provided by optics
Measure photon polarization � No – provided by optics
No detector noise � Readout noise and dark current

However, there are several ways that optical and infrared detectors fall short
of being ideal:

Limited temporal resolution - Focal plane arrays are all inherently fram-
ing detectors and knowledge of the arrival time of photons is limited to
the frame time of the detector. While the frame time can be quite short
for adaptive optics detectors (∼1 ms), in most astronomical instruments
the frame time is on the order of seconds or minutes, adequate for most
astronomical science, but not all.
Colorblind - As stated above, the focal plane arrays in use today can
only detect intensity – wavelength must be provided by the optics of the
instrument.
Polarization blind - Polarization cannot be detected, but must be pro-
vided by the optics.
Detector noise - The two most significant noise sources of a detector are
readout noise and dark current.

– Readout noise is the noise that comes from the amplification of the
small amount of electrical charge that is produced by the light.
– Dark current comes from the thermal excitation of electrons in the
detector material - thermally generated electrons can not be distin-
guished from photoelectrons.

Other detector imperfections - Detectors also exhibit a wide range of
other “features” that make these devices less than perfect. A major at-
tribute that describes performance is cosmetic quality. Due to defects
in the material or fabrication errors, some pixels of an array can exhibit
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Figure 3. Optical and infrared detector “zoology”. The wavelength region is stated on the first
row, with corresponding wavelength (in µm) shown on the second row. The type of detector
material and associated manufacturers are shown in the boxes below, which also depict the
wavelength coverage possible with each kind of detector material.

lower QE, and in the worst case, be completely dead. Also, some pixels
will exhibit excessively high dark current. In a CCD, an extremely bad
pixel can make an entire column useless, and thus, the primary measure
of cosmetic quality for a CCD is the number of bad columns.

3. Detector zoology
Optical and infrared detectors can be organized into the “zoology” presented

in Fig. 3. The wavelength regions included in the graph are x-ray, optical (0.3
- 1.1 µm), near infrared (NIR, 1-5 µm) and mid-infrared (MIR, 5-20 µm).
For detection of optical light, silicon (Si) is the best material, and there are
several designers and manufacturers of silicon-based detectors. In the near
infrared, two materials are used for focal plane arrays: Mercury-Cadmium-
Telluride (HgCdTe), also known as “Mer-Cad-Tel”, and Indium-Antimonide
(InSb). In the mid-infrared, arsenic doped silicone is used. In the infrared,
there is limited choice of manufacturer; only Raytheon Vision Systems and
Rockwell Scientific have a significant presence.

4. Detector architecture and operation: 5 steps of light
detection

In this section, an overview of detector architecture and operation is given.
Although optical and infrared detectors are often thought of as very different
beasts, in practice they are more alike than different. Thus, optical and infrared
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Figure 4. Simplified schematic of an optical/infrared focal plane array. The detector is a thin
wafer of light sensitive material that is connected to a thin layer of solid state electronics - the
connection is made either by direct deposition (CCD) or bump bonding (IR detector). The solid
state electronics amplify and read out the charge produced by the incident light.

detectors will be explained using the same five steps of light detection, with the
differences between optical and infrared detectors noted when appropriate.
First, let us begin with basic detector architecture, as shown in Fig. 4. An

optical or infrared focal plane is simply a thin wafer of light sensitive material
that is connected to a thin layer of solid state electronics – these electronics
amplify and read out the charge produced by the light.
In order to provide resolution in two-dimensions, the light sensitive mate-

rial is subdivided into an array of pixels, as shown in Fig. 5. These pixels
are defined by electric fields that are created within the light sensitive mate-
rial. The electric fields can be generated one of two ways: (1) permanently
defined by implanting (doping) a very small amount of another material, or (2)
programmably defined by electric fields produced by wires in the solid state
electronics.
Ideally, any photoelectric charge that is generated within a pixel is captured

by that pixel. Unfortunately, due to Brownian motion, there are several microns
of lateral charge diffusion, which causes blurring of the image that can degrade
the optical resolution of the instrument. With proper design, the amount of
charge diffusion blurring can be made negligible when compared to the optical
blurring.
The wafer of light sensitive material is very thin compared to the total size of

the detector. The light sensitive material is typically 10 to 15 µm thick (about
one-tenth the diameter of a human hair), but can be up to 300 µm thick. The
detectors are made as large as possible in the lateral dimensions to provide a
large focal plane. However, the yield of good quality is inversely proportional
to area, so there is a limit in size beyond which it is not economically prudent
to produce detectors. The standard size for scientific grade optical detectors
is a 2Kx4K pixel array, with each pixel being 15 µm square. (The unit “K”,
when used for specifying number of pixels, denotes the binary value 1024.)
Thus, the standard optical detector is 2048×4096 (15 µm) pixels, with total
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Figure 5. Simplified schematic of the 2-D array of pixels in a focal plane array. The thin wafer
of light sensitive material is partitioned into a two-dimensional array of pixels that collect the
electric charge produced by the light. Each pixel is a three-dimensional volume that is defined
by electric fields within the light sensitive material.

dimension of 3.1×6.1 cm2, and a thickness of 15 µm. The largest infrared
detectors manufactured today are 2K×2K, 18 µm pixels (3.7×3.7 cm2) and 10
to 15 µm thick.
Since the photosensitive material and the electronics layer are very thin,

the detector is mounted on a mechanical package for structural integrity. This
package is thermally matched to the detector so that the detector will not be
stretched or compressed during the large transition from room temperature to
operating temperature.
With this basic understanding of the geometry of a detector, we can present

the five basic steps in optical/IR photon detection. The steps listed below
follow the framework taught by James Janesick (2001) in his classic “CCD
course”.

1 Get the light into the detector. This may sound trivial, but unless a good
anti-reflection coating is used, a significant fraction of the light will be
reflected at the surface of the photosensitive material.
2 Charge generation. Once the light is within the volume of the photosen-
sitive material, the photon energy must be absorbed and converted to
charge. The photon energy creates electron-hole pairs.
3 Charge collection. Electric fields within the photosensitive material col-
lect charge into pixels. The detector can be designed to collect either
electrons or holes.
4 Charge transfer. In the infrared, no charge transfer is required. For an
optical CCD, the charge is moved to the edge of the detector where the
amplifiers are located.
5 Charge amplification. Very small amounts of charge must be amplified
before it can be digitized and transfered to a computer. Amplification
is a noisy process. At present, CCD amplifiers exhibit lower noise than
infrared amplifiers.
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The first two steps, getting light into the detector and charge generation,
affect quantum efficiency. The point spread function (PSF) of a detector is af-
fected by the 3rd and 4th steps (charge collection and charge transfer). Unless
proper attention is paid to the PSF of a detector, poor PSF can negate the heroic
efforts of optical designers who strive to maintain a tight PSF through the in-
strument optics. All five steps affect the sensitivity of a detector, with different
steps dominating the sensitivity at different light levels. At high light level, the
sensitivity is primarily a function of quantum efficiency and PSF. At low light
level, the noise due to amplification dominates the sensitivity of a detector.
The next sections will expand on the physics of the five steps listed above.

As much as possible, the explanation of optical and infrared detectors will be
combined.

5. Getting light into the detector: anti-reflection coatings
The velocity of light is a function of the material through which it travels.

The speed of light in a vacuum, denoted by c, is 2.998·108 m·s−1. The velocity
of light v in a medium other than vacuum is given by,

v = c/n (1)

where n is the index of refraction for the medium (n = 1 for a vacuum).
When light encounters a change in the index of refraction, some of the light
is transmitted and some is reflected, as shown in Fig.6 (left). For propagation
perpendicular to the interface, the fraction of incident energy that is reflected
is given by,

Reflected energy = ((nt − ni) / (nt + ni))
2 (2)

The index of refraction and amount of light reflected at an interface with air
(nair ∼ 1.00) is given in Table 2. Note that the index of refraction of silicon
varies significantly over the 0.32-1.1 µm range, as shown in Fig.10; nSi ∼ 4
applies for 0.5-0.9 µm.
As shown in Table 2 and Eq. 2, a significant amount of light is lost due

to reflection at an interface when there is a large change in the index of re-
fraction. Whenever light undergoes a sudden change in velocity, energy is
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Figure 6. Reflection of light at an interface and the physics of an anti-reflection (AR) coating.
The propagation vector (k) denotes the direction and amplitude of the incident (ki), transmitted
(kt), and reflected (kr) waves for light propagating from the incident medium with index of
refraction ni to a medium with index of refraction nt. There is no AR coating on the left and a
single layer, λ/4 thick AR coating on the right. In this figure, the AR coating is chosen so that
the two reflected waves kr and k2r , are equal amplitude and 180◦ out of phase, and thus they
exactly cancel. Thus, with the AR coating on the right, there is no reflected light – all energy
will be transmitted into the second medium.

Table 2. Reflection of light at an interface: Index of refraction and percentage of energy re-
flected at an air-medium interface for glass, silicon and HgCdTe.

Material Index of refraction % Energy reflected at air interface
Glass 1.5 4
Silicon ∼4 36
HgCdTe 3.7 33
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reflected. The amount of energy that is reflected increases as the change in
velocity increases. The amount of light that is transmitted and reflected is
rigorously computed using the laws of electromagnetic propagation and conti-
nuity of fields – on a more intuitive level, the amount of energy reflected at an
interface can be understood by analogy. Nearly all physical systems, as well as
human interactions, do not adapt well to a sudden change in conditions – the
greater the change in direction or speed, the greater the amount of energy that
is “reflected”.
The amount of energy that is reflected can be significantly reduced by use of

an anti-reflection coating (AR coating). An AR coating provides a smoother
transition from one medium to another, and can be used to provide zero reflec-
tion at a selected wavelength (see 19). The simplest example of an AR coating
is the single layer coating shown on the right side of Fig. 6. If the AR coating
is λ/4 thick, then the amount of energy reflected is given by,

Reflected energy =

(
nint − n2

layer

nint + n2
layer

)2

(3)

where nlayer is the index of refraction of the AR coating. For an AR coating
where n2

layer = nint, there is no energy reflected - all of the light is transmitted
into the medium! An intuitive way to understand the physics is as follows.
Light is indeed reflected at both interfaces, but the amount of energy reflected is
the same at each interface. Since the AR coating is λ/4 thick, the two reflected
waves are 180◦ out of phase and they exactly cancel each other, resulting in
zero energy being reflected back into the incident medium.
Unfortunately, 100% transmission only occurs at a single wavelength, since

the AR coating can only be λ/4 thick for a single wavelength. Some manufac-
turers use multi-layer coatings to obtain better results over a broader bandpass
but, for CCDs, the maximum is typically a two-layer AR coating. When select-
ing an AR coating material, the optical designer tries to achieve the following
goals: the coating is 100% transmissive for the wavelengths of interest, the
index of refraction of the coating is intermediate between air and the detector
material, and the AR coating can be applied with the coating technology avail-
able. The most popular AR coating for silicon (nSi ∼ 4) is hafnium oxide
(HfO2, nHfO2 ∼ 1.9). Figure 13 presents the results of detailed modeling
of the effect of HfO2 coating thickness on QE. For IR detectors, Zinc sulfide
(SZn) can be used as an AR coating (nSZn ∼ 2.27, nHgCdTe ∼ 3.7).
A purchaser of scientific grade detectors needs to give careful attention to

the selection and tuning of AR coatings. The AR coating is one of the most
important specifications in a detector procurement.
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Table 3. Energy (in eV) of optical and IR photons

Wavelength (µm) Energy (eV)
0.3 4.13
0.5 2.48
0.7 1.77
1.0 1.24
2.5 0.50
5.0 0.25
10.0 0.12
20.0 0.06

6. Charge generation
After the light has entered the material, it can be “detected”. The energy

of the electromagnetic field is extracted in quanta called photons with energy
given by Photon energy = hν, where h is the Planck constant (6.626 · 10−34

Js) and the frequency ν of light is related to the wavelength by ν = c/λ.
Since a Joule (J) is a relatively large unit of energy, the electron-volt (1 eV =
1.602 · 10−19 J) is typically used to express the energy of optical and infrared
photons, as shown in Table 3.

6.1 The photovoltaic effect
The detector materials discussed in this chapter are crystalline structures.

A crystal lattice is a regular, repetitive, three-dimensional pattern of the con-
stituent atoms, as shown in Fig. 7 (left) for silicon. A crystal structure is tightly
bound together by covalent bonds, which is the sharing of the outer electrons
of adjacent atoms. These valence band electrons can be excited so that they
escape from the hold of the crystal lattice and are free to move through the
material in the conduction band. When a “free electron” is created, a corre-
sponding hole (vacancy of electron, or positive charge site) is also created. An
electron-hole pair can be created from the absorption of the energy of a photon
or from thermal energy. When the electron-hole pair is created by light, the
process is called the photovoltaic effect. When the electron-hole pair is created
by thermal energy, the resulting flow of charge is called dark current.
The amount of energy that is required to excite an electron from the valence

band to the conduction band is the bandgap (Eg) of the material; see Fig. 7
(right). The wavelength (in microns) of the lowest energy photon that can be
detected by a material is given by the energy of a 1 µm photon divided by the
bandgap of the material (in Eg) – this is called the cutoff wavelength, λc. To de-
tect longer wavelength light, the bandgap must be smaller. A smaller bandgap
also makes it easier for thermal energy to excite electrons, so materials sensi-
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Figure 7. Silicon lattice and the bandgap of crystalline structures. Figure 7 (left) shows the
regular pattern of the crystalline structure of silicon. Figure 7 (right) is an energy diagram
that shows the bandgap (Eg) that separates the valence band from the conduction band. Photons
with wavelengths shorter than the cutoff wavelength, λc, have enough energy to excite electrons
across the bandgap and thus be detected by the material.

tive to infrared light must be cooled to very low temperature to minimize dark
current. The dark current depends on the maximum wavelength sensitivity, the
temperature of the device, the size of a pixel, and quality of materials. CCDs,
which are made of silicon, are typically cooled to -110 or -120 C, reducing
the dark current to <2 e−/pix/hr, low enough to be negligible. For HgCdTe
IR detectors that are sensitive over the range of 0.9-2.4 µm, cooling to liquid
nitrogen temperature (-196 C) is required, which reduces the dark current to
as low as 15 e−/pix/hr. Table 4 summarizes the properties of the most popular
optical and infrared detector materials.

Table 4. Properties of the most popular optical/IR detector materials. Eg is the bandgap, of
the material (in eV) – the minimal energy required to excite an electron from the valence band
to the conduction band. The cutoff wavelength, λc, is the wavelength corresponding to the
bandgap – photons of lower energy, or longer wavelength, will not be detected by the material.
Note that HgCdTe has a range of cutoff wavelengths – it is a “tunable” material, as explained
in the remainder of this section. The operating temperature (Op. Temp.) must be decreased for
smaller bandgap materials in order to minimize dark current.

Material Symbol Eg (eV) λc (µm) Op. Temp. (◦K)
Silicon Si 1.12 1.1 163 - 300
Mer-Cad-Tel HgCdTe 1.00 - 0.09 1.24 - 14 20 - 80
Indium Antimonide InSb 0.23 5.5 30
Arsenic doped silicon Si:As 0.05 25 4
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Table 5. Variation of bandgap and cutoff wavelength of Hg1−xCdxTe as a function of the
concentration, x, of cadmium.

x Eg (eV) λc (µm)
0.196 0.09 14
0.21 0.12 10
0.295 0.25 5
0.395 0.41 3
0.55 0.73 1.7
0.70 1.00 1.24

As shown in Table 4, HgCdTe is a “tunable” material for which it is possible
to modify the cutoff wavelength. The energy gap of HgCdTe depends on the
ratio of mercury and cadmium used in the material. A more exact expression
of this material is Hg1−xCdxTe, with the amount of mercury and cadmium
equaling the total amount of telluride. A higher concentration of cadmium
leads to a larger bandgap and correspondingly shorter cutoff wavelength. The
variation of bandgap and cutoff wavelength as function of the concentration of
cadmium is presented in Table 5. There is great value in being able to tune
the bandgap of HgCdTe. For instance, if an instrument’s science is limited
to λ < 1.6µm, it is much easier to build the instrument if longer wavelength
photons cannot be sensed by the detector. The instrument can be operated
warmer, and light shielding is easier. On the other hand, there are applications
where it may be desirable to use HgCdTe to detect photons with λ > 5.9µm,
the cutoff wavelength of InSb.

How small is an electron-volt? An electron-volt is a very small unit of energy. As an example,
consider the DEIMOS multi-object spectrograph which was installed on the Keck II telescope
in 2002. The CCD array in DEIMOS is the largest array on any optical spectrograph in the
world, an 8K×8K mosaic of eight 2K×4K detectors, 67 million pixels total. On a busy night,
the array will be read out 100 times – 25 science frames and 75 calibration frames. If DEIMOS
is used one-third of the time and all nights are clear, DEIMOS will produce 1.6 Terabytes of
data each year. On average, each pixel will contain ∼5000 photoelectrons (primarily from
calibrations, not science), resulting in 4 · 1015 photons per year. While that may be a lot of
photons, it is not much energy. After four years of heavy DEIMOS usage, the detector will
have absorbed only 1.8 · 1016 eV of photon energy – equivalent to the gravitational energy
of dropping a peanut M&M◦ R candy (2 grams) a distance of 6 inches (15 cm) – not much
energy at all!
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One photoelectron per detected photon. A very useful feature of optical and infrared detec-
tors is that, in most cases, there is a one-to-one correspondence between photoelectrons and
detected photons. For every photon that is detected, one electron is moved from the valence
band to the conduction band. This property provides a very linear response between incident
energy and detected signal. The one-to-one correspondence is not valid when the photon en-
ergy becomes so large that multiple electrons are produced by a single photon. The onset of
multiple electron production occurs for photons with energy∼3.5 times the bandgap; λ <320
nm for silicon and λ <800 nm for HgCdTe (if λc=2.5µm). For ground-based telescopes, the
atmosphere is nearly opaque for λ < 320nm, and IR detectors are seldom used for λ < 800

nm – thus the one electron per photon rule generally applies.

6.2 Absorption depth
A very important attribute of light sensitive materials is their absorption
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the radiation (1/e of the energy is not absorbed). After two absorption depths,
87% of the light has been absorbed, and after three absorption depths, 95% has
been absorbed. To make an effi
should be several times the abso
There is a very significant di

infrared detectors. The differen
bandgap material, whereas HgC
electron transition from the vale
bandgap material is less likely
momentum change in addition t
material is a less efficient absor
Since IR detector materials a

electron momentum required),
of light – all IR photons are a
The reason that infrared detect
fabrication reasons, not for ligh
Silicon, on the other hand, p

indirect bandgap material with
over the wavelength region of
horizontal (wavelength) scale is
is logarithmic. The absorption d
to over 100 µm in the far-red (λ
in absorption depth! The absorp
the quantum efficiency response
return to it after we discuss the
cient detector of light, the material thickness
rption depth.
fference in the absorption depths of optical and
ce is due to the fact that silicon is an indirect
dTe and InSb are direct bandgap materials. An
nce band to the conduction band in an indirect
to occur because the electron must undergo a
o an energy change. Thus, an indirect bandgap
ber (and emitter) of light.
re direct bandgap materials (with no change in
they are very efficient absorbers (and emitters)
bsorbed within the first few µm of material.
ors are 10 to 15 µm thick is for structural and
t absorption reasons.
resents a very special challenge, since it is an
an absorption depth that changes tremendously
interest, as shown in Fig. 8. Note that the
linear and the vertical (absorption depth) scale
epth varies from 8 nm in the UV (λ ∼0.3 µm)
> 1 µm) - more than a factor of 10,000 change
tion depth plot is very useful for understanding
of silicon-based optical detectors, and we will
quantum efficiency of infrared detectors.



138 OPTICS IN ASTROPHYSICS

Figure 8. Absorption depth of photons in silicon. Notice the tremendous variation in penetra-
tion depth, from 8 nm in the UV to more than 100 µm in the far-red.

6.3 Infrared detector quantum efficiency
As shown in Table 2, an IR detector without an AR coating will reflect over

30% of the incident light. Several of the first generation IR focal plane arrays
were fabricated on a glass substrate and it was not possible to put an AR coating
between the glass and the detector material. There are many IR detectors being
used today in astronomy that are without AR coating and have about 60% peak
QE. If a single layer AR coating is used, infrared detectors typically achieve
80% QE, as shown in Fig. 9 for a Rockwell Scientific 2K×2K detector.
Infrared detectors can be made with several layer AR coatings, and the de-

tectors for the James Webb Space Telescope, awarded to Rockwell Scientific,
specify 4- or 5-layer coatings to achieve QE of 95% over a broad bandpass.

6.4 Optical detector quantum efficiency
In comparison to infrared detectors, it is much more difficult for silicon-

based optical detectors to achieve high QE over a wide bandpass. The main
challenge is the tremendous variation of absorption depth shown in Fig. 8. In
addition, the index of refraction varies significantly for λ = 0.32–1.1 µm, as
shown in Fig. 10, making it difficult to optimize anti-reflection coatings for
broad bandpass.
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Figure 9. Quantum efficiency of a Rockwell 2K×2K HAWAII array. The atmospheric win-
dows of J, H, and K are shown. Note the relatively constant QE across the 1-2.5 µm wavelength
region, with peak QE of 84% in the K-band (centered at 2.2 µm). Figure courtesy of J. Garnett,
Rockwell Scientific.

Figure 10. Index of refraction of silicon. The factor of∼2 difference of the index of refraction
for 0.32-1.1 µm makes broad bandpass AR coatings difficult to optimize.
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The short penetration depth of UV/blue photons is the reason that “frontside”
CCD detectors have very poor QE at the blue end of the spectrum. The
frontside of a CCD is the side upon which the polysilicon wires that control
charge collection and transfer are deposited. These wires are 0.25 to 0.5 µm
thick and will absorb all UV/blue photons before these photons reach the pho-
tosensitive volume of the CCD. For good UV/blue sensitivity, a silicon detector
must allow the direct penetration of photons into the photosensitive volume.
This is achieved by turning the CCD over and thinning the backside until the
photosensitive region (the epitaxial layer) is exposed to incoming radiation.
A thinned CCD will naturally build up an internal electric field that will pull

electrons to the back surface with a subsequent loss of photoelectrons. In order
to overcome this natural electric field, a backside passivation process must be
used. There are three primary technologies to passivate the backside:

1 Boron implant with laser anneal. Boron atoms are accelerated into the
backside of the CCD, replacing about 1 of 10,000 silicon atoms with
a boron atom. The boron atoms create a net negative charge that push
photoelectrons to the front surface. However, the boron implant creates
defects in the lattice structure, so a laser is used to melt a thin layer (100
nm) of the silicon. As the silicon resolidifies, the crystal structure re-
turns with some boron atoms in place of silicon atoms. This works well,
except for blue/UV photons whose penetration depth is shorter than the
depth of the boron implant. Variations in implant depth cause spatial QE
variations, which can be seen in narrow bandpass, blue/UV, flat fields.
This process is used by E2V, MIT/LL and Sarnoff.
2 Special coatings applied to the CCD backside. This process was pione-
ered by the Jet Propulsion Laboratory (JPL) and has been significantly
improved by Mike Lesser and his colleagues at the University of Ari-
zona. A thin layer of transparent material is applied to the backside of
the thinned CCD - this layer takes on a negative charge. Since the silicon
is undisturbed and the negative charge layer is outside the silicon, this
approach provides hiqh UV QE and very uniform flat field response in
the blue/UV. This process is now used by SITe, Fairchild and MIT/LL.
3 MBE growth of very thin layer of boron and silicon. The problems asso-
ciated with boron implant and laser anneal can be overcome by growing
a very thin (5 nm) layer of silicon with boron atoms on the backside of
the thinned CCD (1% boron, 99% silicon). The growth is applied by
molecular beam epitaxy (MBE) machines. This process was developed
by JPL and MIT/LL.

The backside passivation processes are most critical for the blue and UV
wavelengths. For 0.5-0.7 µm light, high QE is more easily attained - the ab-
sorption depth is a few microns, and photons penetrate beyond the backside
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passivation layer, but do not pass all the way through the CCD. However, at
the red end of the optical spectrum, the photon can pass completely through
the CCD - the absorption depths at 800, 900 and 1000 nm are 11, 29 and 94
µm respectively.
Combining the effects of index of refraction and penetration depth of pho-

tons, the predicted CCD QE for a 15µm thick CCD with the “Lesser” backside
passivation process and single layer HfO2 AR coating is presented in Fig.13.
The sensitivity to thickness of AR coating and transparency of the CCD to
longer wavelengths is very evident.
To provide high QE for λ = 0.75 − 1.1µm, the light sensitive silicon layer

must be made much thicker than the standard 15 µm thick CCD. The chal-
lenge to producing a thicker device is finding a way to produce electric fields
in the material that penetrate through most of the depth of the material to pro-
duce good PSF. The two basic kinds of CCDs produced are n-channel and
p-channel, depending on whether the CCD collects electrons or holes. Most
CCDs are an n-channel devices.
To produce a very thick n-channel device, the resistivity of the silicon must

be made relatively high, about 5,000 to 10,000 Ω-cm, as opposed to the 20-
100 Ω-cm material used in “standard” n-channel CCDs. Higher resistivity is
required for greater penetration depth of the fields produced by the frontside
polysilicon wires (penetration depth is proportional to the square root of the
resistivity). These “thick” high resistivity CCDs have been developed for de-
tection of soft x-rays with space satellites and can be procured from E2V and
MIT/LL.
An example of the QE that can be obtained with the high resistivity n-

channel devices combined with the “Lesser” backside process is shown in Fig.
11.
The p-channel CCD has been developed by Steve Holland and his col-

leagues at Lawrence Berkeley National Laboratory (LBNL) to provide very
high QE in the far-red. (A parallel effort on p-channel CCD development is
underway at the Max-Planck Institut f -ur extraterrestische Physik under the
leadership of Lothar Str-uder.) The LBNL p-channel devices are 300 µm thick
with 15 µm pixels, creating the interesting concept of a pixel “skyscraper”.
The backside of the CCD (where photons enter) is coated with a thin layer
(60 nm) of a transparent, conductive material (indium tin oxide, ITO) that is
charged to relatively high voltage (40 V). The backside charge produces a steep
voltage gradient in the device that pushes holes to the frontside and minimizes
charge diffusion. Amazingly, the PSF of these devices is as good as 15 µm
thick n-channel devices. The ITO layer also acts as one layer of a two-layer
AR coating. Typically, LBNL uses 100 nm of silicon dioxide (Si02) as the sec-
ond layer to optimize far-red QE: 90% QE has been achieved at 700-900 nm
and 60% QE at 1000 nm. However, the very thick p-channel devices do suffer
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Figure 11. Quantum efficiency of CCDs for the HIRES spectrograph on Keck I telescope.
These CCDs will be highest QE devices ever mounted in an optical spectrograph. Three of
these CCDs will be installed at the telescope in January 2004 and will make HIRES, once
again, the most efficient high resolution spectrograph on the planet. The CCDs are all 45 µm
thick, high resistivity n-channel devices produced by MIT/LL. The blue optimized CCDs (two
of them) have undergone backside processing at the University of Arizona, followed by single
layer HfO2 AR coating tuned for maximum QE at 320 nm. The red optimized device has a
boron implant / laser anneal treatment, with a two layer AR coating - SiO2 over HfO2. The QE
curves were measured by Richard Stover and Mingzhi Wei of Lick Observatory.

from one significant drawback. Due to their 300 µm thickness, the devices are
great detectors of many types of radiation, including cosmic rays and radiation
created by terrestrial sources. In fact, a dark image can look like images from a
particle physics experiment (see Fig. 12). Efforts are underway to find the best
way to shield the LBNL CCD from terrestrial radiation and to most efficiently
remove the unwanted radiation events from the data.
The challenges of achieving high QE over the 0.3-1.1 µm band is summa-

rized in Fig. 14, which shows the optical absorption depth of photons in silicon
with the range of thickness of different regions of a CCD. Figure14, which we
like to call “the beautiful plot” captures the information needed for understand-
ing the QE of silicon CCDs.
The challenges of achieving high QE over the 0.3-1.1 µm band is summa-

rized in Fig. 14, which shows the optical absorption depth of photons in silicon
with the range of thickness of different regions of a CCD. Figure14, which we
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Figure 12. A one hour dark image from LBNL p-channel CCD with several types of radiation
events. Figure provided by D. Groom (LBNL).

Figure 13. Theoretical quantum efficiency of single layer HfO2 coating as function of coating
thickness. Notice that the near UV QE (350-400 nm) can be optimized by making the AR
coating 40 nm thick. Since there is a variance in the processing, some manufacturers do not
attempt a 40 µm thick coating, since there is a signficant drop in QE for 30 nm thick coating.
Thus, often the target thickness is 50 nm, which explains many of the QE curves measured for
E2V 2Kx4K devices, which typically have a single layer HfO2 coating. Figure courtesy of Mike
Lesser and the Imaging Technology Laboratory, University of Arizona.
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Figure 14. Optical absorption depth of photons in silicon with the thickness of different re-
gions of a CCD overlaid. Figure courtesy of P. Amico, Keck Observatory.

like to call “the beautiful plot” captures the information needed for understand-
ing the QE of silicon CCDs.

7. Charge collection
The previous sections discussed the first two steps of photon detection: (1)

getting light into the detector, and (2) generating charge from the absorbed
photons. The charge is generated in a 3-D volume; the typical scientific pixel
approximates the shape of a cube. The 2-D intensity image is generated by
“sweeping” the 3-D charge volume into a 2-D array of pixels. Both optical and
IR focal plane arrays collect charges with electric fields. If we consider the
array of pixels to be distributed in the x- and y-directions, as shown in Fig. 5,
the detectors use a p-n junction to sweep the charge in the z-direction toward
the collection region in each pixel.
The photovoltaic detector potential well of a 15 µm thick n-channel CCD

pixel is shown in Fig. 15. For silicon, the n-region is produced by doping
the silicon with phosphorous, and the p-region has boron doping. The electric
field of this p-n junction will attract electrons to the buried n-channel, which is
0.25-0.5 µm from the front surface of the detector. Keeping the channel away
from the front surface of the CCD is very important for obtaining high charge
transfer efficiency. The electric field separates the electron-hole pairs, with the
holes flowing out of the detector via the substrate ground connection. Recall
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Figure 15. Photovoltaic detector potential well. The example in this figure is the p-n junction
of a n-channel CCD. The x-y-z axes match the orientation shown in Fig. 5. The charge generated
in the 3-D volume of a pixel is swept toward a 2-D layer, which is the buried channel that is
0.25-0.5 µm from the front surface of the detector. The z-direction potential is created by the
p-n junction combined with the voltages on the polysilicon wires deposited on the frontside of
the CCD (not shown in this figure).

that in a p-channel CCD, the internal electric fields collect holes instead of
electrons.
The p-n junction collapses the 3-D charge distribution into a 2-D array. The

pixel boundaries of the 2-D arrays are generated differently in optical and in-
frared detector arrays.
In CCDs, the boundaries in the column direction are defined permanently

by doping the silicon. For an n-channel CCD, the channel stops are produced
by boron doping; the 2-3 µm wide channel stop does not absorb photoelec-
trons since the boron is only implanted a small distance (∼0.5 µm) into the
front surface. In the row direction, the pixels are defined by the electric fields
of polysilicon wires that are fabricated on the front surface of the CCD. There
are three parallel wires per pixel in a “three phase” CCD. During integration,
two phases of the CCD are kept at a positive voltage to attract electrons, with
the third (barrier) phase biased at a negative voltage to provide a barrier be-
tween the rows of the CCD. Figure 16 shows a simplified schematic of the
architecture of a CCD pixel.
In the infrared, the light sensitive material is bump bonded at each pixel to

a silicon multiplexer that amplifies the charge and multiplexes the outputs to
external electronics, as shown in Fig. 17. The column and row boundaries are
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defined by the electric field that attracts the charge to the silicon multiplexer.
The geometry of an InSb detector pixel is shown in Fig. 18.

Figure 16. Simplified schematic of the architecture of a single CCD pixel. The channel stops
permanently define the pixel boundaries in the column direction. The pixel rows are defined by
the electric fields applied to the three pixel phases. For a 15 µm pixel CCD, channel stops are
2-3 µm wide and the phases are each ∼5 µm wide.

8. Charge transfer
Infrared arrays do not have any charge transfer, since the charge is amplified

at each pixel by the silicon multiplexer. Only CCDs have charge transfer and
thus this section only discusses CCD array architecture.
The polysilicon wires that define the pixel geometry in the vertical (row)

direction are also used to move charge across the array. For a detailed ex-
planation of charge transfer, please see Janesick, 2001. Figure 19 shows the
parallel and serial movement of charge to the output amplifier. Since the paral-
lel phases for all pixels are wired together, the movement of all charge packets
is “coupled” - this is the origin of the term charge coupled device (CCD).
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Figure 17. Infrared array geometry. The light sensitive material is connected at each pixel
by an indium bump bond to the silicon multiplexer that reads out the charge generated by the
incident light. Figure courtesy of I. McLean (UCLA).

Charge transfer has both good and bad features. The negative aspects of
charge transfer include:

⊗ takes time,
⊗ can blur the image if a shutter is not used,
⊗ can lose or blur the charge during the transfer (charge transfer inefficiency),
⊗ allows a saturated pixel to bleed charge up and down a column,
⊗ a trap in a pixel can block an entire column,
⊗ a “hot” pixel defect can release charge into all pixels that are moved past
it during readout.

With proper design, fabrication and clocking, most of these negative aspects
can be overcome, but there are usually some bad columns due to blocked
columns or hot pixels. There are many positive aspects of charge transfer,
giving the CCD some very good and unique attributes vis-a-vis an infrared
detector:
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Figure 18. Cross section of an InSb pixel. This detector collects holes and amplifies the signal.
The charge is collected in the vertical (z) direction by the p-n junction, and is separated in the
x- and y-directions by the fields of the p-n junction.

� binning on chip - a noiseless process,
� charge shifting during exposure for tip/tilt correction or to reduce sys-
tematic errors (e.g., nod and shuffle, drift scanning),

� enables special purpose designs that are optimized for a particular appli-
cation,

� moving the charge to the edge of the array provides space for designing
and building a very low noise amplifier.

With large detectors such as the 2K×4K, there must be very high charge
transfer efficiency (CTE) for the signal to retain good fidelity. Devices with
CTE of 0.999 99 are readily attainable and CTE of 0.999 999 5 has been
achieved. Note that charge that is inefficiently transferred is not lost, but simply
trails 1 or 2 pixels behind the original pixel that lost the charge. Also note that
CTE is cumulative - a charge packet that moves through 4K pixels with 0.999
99 CTE will retain 96% of the original charge packet (0.999 994K = 0.96).

9. Amplification
Although astronomy is accustomed to the detection of a few photons per

pixel, the electric charge of a few electrons is extremely small. A critical part
of the design of a focal plane array is the amplifier which converts the small
amount of charge in each pixel into a signal that can be transmitted off the
detector. The amplifier in an optical or infrared detectors is typically a field
effect transistor (FET), a solid state structure which allows a very small amount
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Figure 19. CCD array architecture, showing the parallel and serial transfers required to move
the pixel charge to the output amplifier.

of charge to change the current flow of millions of electrons per second. In an
IR array, there is an amplifier in each pixel. For optical CCDs, there are a small
number of amplifiers at the edge of the detector, typically 2 or 4 amplifiers on
a large scientific array.
Figure 20 shows the amplifier for a CCD developed for the Craf/Cassini

space mission. This is a MOSFET (metal-oxide-semiconductor field effect
transistor), which has a gate, source and drain. Charge on the gate will affect
the flow of current between the source and drain. The amount of amplification
is tremendous – a single electron added to the gate will reduce the current flow
by 300 million electrons per second! The current is measured by connecting
the amplifier output to ground via a resistor - a change in the current through
the resistor will produce a change in the voltage at the output node. The sen-
sitivity of an amplifier, which is called the responsivity, is typically stated in
units of microvolts per electron (µV/e−).
Amplifiers are not perfect. There is always random fluctuation in the current

through an amplifier, even if there is no change in the charge on the gate of the
amplifier. This random fluctuation of the current produces a false signal that
looks like a real signal. The readout noise is the rms variation of the signal, and
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Figure 20. Example of CCD MOSFET amplifier - Craf/Cassini design. This is a high resolu-
tion image of the fronside of a n-channel CCD - note the 40 µm scale shown on the right. Only
the portion of the CCD near the output amplifier is shown. In the photograph on the left, a small
portion of the image array is seen. The operation of the pixel readout is as follows. The charge
from each pixel is moved to the output amplifier through the serial register. Multiple pixels can
be binned in the serial direction at the summing well. When a pixel is read out, the output gate
is first set to the reset voltage by the reset transistor which is controlled by the reset clock. For
a typical CCD, the reset voltage is about 9 volts, which “turns on” the current flowing between
source and drain in the MOSFET. After the reset gate is open and closed, the charge in the sum-
ming well is pushed over the “wall” of the output gate by clocking the summing well positive
(high enough voltage to push charge over the output gate, but not so high as to push charge back
up the serial register). The charge on the output gate affects the current from source to drain -
with more electron charge on the gate there is less current between source and drain. The linear
dynamic range of a typical CCD MOSFET is 2 volts - a high responsivity (20 µV/e−) amplifier
will saturate at about 100,000 electrons. Figure courtesy of J. Janesick

is stated in units of electrons at the gate of the amplifier. The noise spectrum
of a FET, shown in Fig. 21, has two components, a white noise component
and a 1/f noise component. By reading out slower, the random white noise
fluctuations can be averaged, and lower noise achieved, until the 1/f noise
becomes dominant. Since a CCD places the amplifiers at the edge of the array,
there is room to design and place a very low noise amplifier. The amplifiers
in IR arrays have less room and more signals in close vicinity, and thus IR
amplifiers typically have higher noise.
The CCD MOSFET is a destructive readout device - there is only one mea-

surement per charge packet. However, an infrared amplifier can be read out
several times, with averaging and corresponding reduction in the effective
readout noise (16 reads can reduce the noise by a factor of

√
16 or 4). In

theory, multiple readout of an infrared amplifier could achieve extremely low
noise, but in practice, due to other complications, the noise reduction usually
reaches a limit of 4-5 improvement (achieved after 16-32 reads).
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Figure 21. Noise spectrum of detector amplifiers. Note that both axes have logarithmic scale.
There are two main components of noise - the white noise which is present at all frequencies,
and the 1/f noise that is dominant at low frequencies. 1/f noise has a fractal structure and is
seen in many physical systems. The bandpass of a measurement decreases for slower readout,
and the readout noise will correspondingly decrease. A limit to reduction in readout noise is
reached at the “knee” of the noise spectrum (where white noise equals 1/f noise) - reading
slower than the frequency knee will not decrease readout noise.

CCD detector designers try to increase the signal-to-noise ratio of an ampli-
fier in two ways: (1) increase the responsivity, or (2) decrease the random cur-
rent fluctuation between source and drain. The responsivity can be increased
by decreasing the amplifier size. Decreasing the amplifier size decreases the
capacitance of the MOSFET. The responsivity of a MOSFET obeys the capac-
itor equation which relates voltage, V , to the charge Q on a capacitance C :
V = Q/C.
For example, the amplifier shown in Fig. 20 has a gate dimension of 5 by
20 µm with a capacitance of 100 fF; this amplifer has a responsivity of 1.6
µV/e−. New designs by MIT Lincoln Laboratory have a gate size of 1 by 10
µm, reducing the capacitance by more than a factor of ten, for a responsivity
of 10-20 µV/e−.
The best CCD amplifiers that have been produced achieve read noise of 1.5

e− at 50,000 pixels per second and 4 e− at 1 million pixels per second. (These
are rates per readout port. Lower noise can be achieved for a given frame rate
by adding more readout ports.) The best readout noise achieved with infrared
detectors is 15 e− for a single read and 3-5 e− after many samples.
There will be new developments in the area of amplifier design during the

next few years that may break the 1 electron noise barrier. Photon-noise lim-
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ited performance at all light levels may truly be “just around the corner” (Guy
Monnet, European Southern Observatory - 1999).

10. Summary
This chapter has shown the importance of detectors in the astronomical en-

terprise and the role that they fill in an astronomical observatory. The physics
and operation of optical and infrared detectors for ground-based telescopes
was presented. The detection of light was shown to consist of five steps: (1)
getting light into the detector, (2) charge generation, (3) charge collection, (4)
charge transfer (only in CCDs, not in IR), and (5) charge amplification. These
steps were explained for optical and infrared detectors and the state-of-the-art
performance was presented throughout the text. Optical and infrared detec-
tors have achieved a high level of performance and will continue to serve as
the “eyes” of astronomy, allowing humankind to explore the cosmos on ever
grander scales.
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1. Principles of dispersion
1.1 Basic equations
Light incident on a diffraction grating is diffracted according to the grating

equation:

mρλ = n1 sin α + n2 sin β (1)

where ρ = 1/a is the ruling density where a is the centre-to-centre spacing of
the rulings and m is the spectral order. The geometry is shown in Fig. 1. The
incident and diffracted light makes angles of α and β to the normal in media
of refractive index n1 and n2 respectively. Differentiating with respect to the
diffracted angle gives the angular and linear dispersions respectively as:

dλ

dβ
=

cos β

mρ

dλ

dx
=

dλ

dβ

dβ

dx
=

cos β

mρf2
(2)

where, referring to Fig. 1 which shows a generic spectrograph, f2 is the fo-
cal length of the camera and x is the distance measured on the surface of the
detector in the dispersion direction.
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Figure 1. Layout of a generic spectrograph employing a reflection grating. Angles α and β
have the same sign if they are on the same side of the grating normal. Inset: the condition for
interference of light by a diffraction grating.

The spectral resolution, defined as the width of the distribution of light pro-
jected on the detector, is

δλ =
dλ

dx
s′ =

cos β

mρf2
s′ (3)

where s′ is the width of the image of the slit, whose actual width is s, on the
detector. By conservation of Etendue, this is s′ = s(F2/F1) where F1 and F2

are the focal ratio of the collimator and camera respectively. Thus

δλ =
s cos β

mρf2

F2

F1
=

s

mρF1W
(4)

where W = D2/ cos β is the length of the intersection of the plane of the
grating with the beam from the collimator and D2 is the size of the camera
aperture.
The dimensionless resolving power is

R ≡ λ

δλ
=

mρλF1W

s
(5)
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or, in terms of the parameters more relevant to an observer,

R =
mρλW

χDT
= (sinα + sinβ)

W

χDT
(6)

where χ is the angular slitwidth and DT is the diameter of the telescope aper-
ture.
From the second form of Eq. 6, it can be seen that the critical parameter

for maximising R isW/(χDT ) since the geometric term ≤2. Thus obtaining
high resolving power depends on maximising the length of the grating-beam
intersection and minimising the angular slitwidth. It is also necessary to en-
sure thatW scales in proportion to the telescope aperture (for constant χ), i.e.
extremely large telescopes require equally large instruments!
If the slit is very narrow, comparable to the diffraction limit of the telescope,

χ ≈ λ/DT , the resolving power is

R∗ = mρW (7)

and so is determined only by the total number of illuminated rulings multiplied
by the spectral order, independent of the telescope aperture.
Decreasing the slitwidth reduces throughput for extended objects or for

point sources if the image is too broad. Thus a convenient figure of merit is the
product of the throughput and the resolving power. One option for increasing
this product is image slicing in which the image is divided into a number of
thin slices which are rearranged into a long, narrow slit. If the slicing optics
are efficient, the full benefit of high resolving power can be obtained without
sacrificing throughput. A generalisation of this approach will be discussed in
the section on integral field spectroscopy.

1.2 Reflection gratings in low order
This section refers to classically-ruled plane diffraction gratings where the

grooves have a blazed profile as illustrated in Fig. 2a.
The intensity of light from a diffraction grating (e.g. Jenkins and White

1976) is given by:

I =

(
sin2 Nφ

sin2 φ

)(
sin2 θ

θ2

)
(8)

where φ is the phase difference between adjacent rulings and θ is the phase dif-
ference between the centre and edge of one ruling. The first term describes the
interference between rulings while the second term describes the diffraction of
light from a single ruling. This diffraction pattern modulates the interference
pattern as shown in Fig. 2b. Unfortunately the peak of this envelope occurs at
zero diffraction order (m = 0) whereas we would like it to peak at some useful
order, such as m = 1. Shifting the envelope in this way is known as ‘blazing’
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and may be done simply by angling each ruling to form an inclined facet with
angle γ to the plane of the grating. The ‘blaze condition’ corresponds to spec-
ular reflection off each ruling as illustrated in Fig. 2a such that α + β = 2γ.
Ψ = α − β is the angle between the input and output rays which is fixed by
the angle between the axes of the collimator and camera. Thus we can rewrite
Eq. 1 for the blaze condition, at which λ = λB , as:

mρλB = sinα + sin β = 2 sin γ cos(Ψ/2) (9)

The variation of grating efficiency with wavelength shown in Fig. 2c is based
on a simple model of diffraction which is valid for a > λ. For finer rulings,
polarisation and resonance effects complicate the situation (Palmer 2000). In
the simple case, the efficiency drops to 40% of the peak (blaze) value at the
following wavelengths (Schroeder 2000).

λ+ =
2mλB

2m − 1
λ− =

2mλB

2m + 1
(10)

so the useful wavelength range is λ+ − λ− � λB/m. The figure also shows
the blaze profile for second order. In general, the peak of the blaze profile in
orderm occurs at λB(m = 1)/m. As the expression for λ+ − λ− shows, the
width of the profile also scales with 1/m.
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An unusual feature of the geometry employed with reflection gratings is that
the beam entering the camera may be squashed or expanded in the dispersion
direction so that the beam size parallel to dispersion and along the slit respec-
tively is

Dλ = W cos β DS = W cos α (11)

so there is an anamorphic factor

A =
Dλ

DS
=

cos β

cos α
(12)

which results in an elliptical beam at the camera, assuming that the incident
beam is circular. If A > 1, it is necessary to oversize the camera aperture.
In this case the image of the slit is also demagnified so that: (a) the num-
ber of pixels to which the slitwidth projects is decreased, thereby reducing the
oversampling of the slit by the detector and increasing the wavelength range
that fits on the detector; and (b) the separation of slits which are displaced in
the dispersion direction (as is usual in multiobject spectroscopy) is reduced on
the detector. Since the anamorphism is a function of the tilt of the grating, a
spectrograph which allows the grating tilt to be varied to bring different wave-
lengths of interest onto the detector must account for variation in this magnifi-
cation. The two main configurations for a spectrograph with Ψ �= 0 are shown
in Fig. 3.
Apart from using the grating in zero order so that it works like a mirror,

maintaining a (compact) round beam at the camera (A = 1) requires that the
spectrograph adopt the Littrow configuration for whichΨ = 0 and the incident
and diffracted rays are parallel. From equations 6 and 9, the resolving power
at blaze in the Littrow configuration is

RL
B =

2D1 tan γ

χDT
(13)

sinceW = D2/ cos α and α = γ, D1 = D2 in Littrow. The blaze wavelength
in a non-Littrow configuration is related to the Littrow blaze wavelength via

λB = λL
B cos

(
Ψ

2

)
(14)

where λL
B = 2 sin γ/mρ from Eq. 9.

Fig. 4 shows the efficiency of the set of reflection gratings delivered with the
Gemini Multiobject Spectrograph (GMOS) for Gemini-North (Section 2.3).

1.3 Grisms
A grism consists of a prism with a grating optically interfaced to one side.

The usual configuration is shown in Fig. 5. The prism deflects the zero-order
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light to one side so that first order light can propagate directly along the optical
axis. This allows the collimator and camera to be in line, soΨ = π ⇒ |A| = 1,
an anamorphic, Littrow configuration.
The grating equation (1) is modified such that n1 ≡ n where n = nG = nR,

the refractive indices of the glass and resin respectively, and n2 = 1. The
condition for rays to pass undeviated through the grism is

mρλU = (n − 1) sin φ (15)

and the blaze condition (when θ = 0, Eq. 8) corresponds to λB = λU . Al-
though this is only true for the special case shown in the figure, it is the
favoured geometry since it ensures that the blaze and undeviated wavelengths
are equal.
Following the same arguments as before, it is simple to show that the re-

solving power is given by Eq. 6 as before, or at blaze, by substituting from
Eq. 15:

RB =
(n − 1) tanφD1

χDT
(16)

sinceW = D1/ cos φ.
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Figure 4. The efficiency of gratings used in the Gemini Multiple Object Spectrograph
(GMOS) from measurements by the vendor in Littrow configuration.
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Figure 5. A grism with the facet size much exaggerated. The blaze condition is when δ = 0.

1.4 Volume phase holographic gratings
A full description is given by Barden et al. (2000). In a VPH grating, the

interference condition is provided not by structuring the surface into facets, as
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varied by tilting the grating and adjusting the collimator-camera angle.

in the surface relief (SR) gratings already discussed, but by a periodic variation
in the refractive index within the body of the material (made from dichromated
gelatine, DCG, sandwiched between optical glass). This usually has a har-
monic form:

n(x, z) = ng + ∆ng cos [2πρg(x sin γ + z cos γ)] (17)

where γ is the angle between lines of constant n (the ‘fringes’) and the grating
surface, and z, x are coordinate directions parallel to the optical axis and the
orthogonal direction in which dispersion occurs. The geometry can be varied
so that the fringes are perpendicular, parallel or at some arbitrary angle to the
surface (Fig. 6).
VPH gratings obey the grating equation (1) with n1 = n2 = 1 if the incident

and diffracted angles are defined in air, and ρ is the frequency of the intersec-
tion of the fringes with the grating surface. Thus ρ = ρg sin γ where ρg is
the true fringe density. The diffracted energy pattern is governed by Bragg
diffraction giving a maximum when

mρλB = 2 sinα (18)

The resolving power is given by Eq. 6 withW = D1/ cos α, or at blaze,

RB =
2 tan αD1

χDT
(19)

which is identical to the expression for a SL reflection grating with γ = α.
Kogelnik’s analysis of the efficiency (see Barden et al., 2000 is applicable

when 2πλdρ2
g/ng > 10 where d is the thickness of the DCG layer. The width
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Figure 7. Efficiency of a VPH grating with ρ = 1200/mm (=ν). The superblaze envelope is
indicated (from Barden et al., 2000).

of the ‘blaze’ peak is given at FWHM is terms of the Bragg envelopes in terms
of angle at fixed wavelength as

∆α ∝ 1

ρgd
(20)

and wavelength at fixed angle as

∆λ ∝ 1

ρg tan αg
∆ng =

1

ρg tan αg

λ

d
(21)

Figure 7 shows the latter, spectral envelope for different incident angles and
illustrates the superblaze envelope obtained by simultaneously optimising both
wavelength and incident angle.
The advantage of VPH gratings is that the peak efficiency can be very high,

e.g. ∼90% in Fig. 7 compared with 70–80% for SL gratings (e.g. Fig. 4).
However the width of the blaze peak is generally narrower than for SL gratings
restricting their use in applications requiring a large simultaneous wavelength
range. However, from equations 20 and 21, it is expected that the situation will
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Figure 8. Example of a VPH ‘vrism’.

improve as manufacturers learn how to maximise ∆n and minimise d. Unlike
SL gratings, the blaze (i.e. Bragg) condition may be altered by changing the
tilt of the grating (α) but this also requires a change in the collimator-camera
angle, Ψ, which is mechanically undesirable.
To avoid the bent geometry required for utilisation of VPH gratings, they are

sometimes combined with a prism analogously to a grism (‘vrisms’; Fig. 8).
For these,

R =
mρλW

χDT
=

mρλ

χDT
D1(1 + tan δ tan φ) (22)

where, for the configuration shown in the figure, δ = φ − arcsin(sinφ/n1).

1.5 Limits to resolving power: immersed gratings
For the dispersion options examined so far, it is plain from Eq. 6, that the

resolving power increases with ruling density and spectral order. However
the illuminated grating length, W , imposes a limit. If this becomes too big
the diffracted beam will overfill the camera, and, although R will continue to
increase, the throughput will fall. This is shown in Fig. 9 where the resolving
power obtainable from a set of gratings intended for GMOS is plotted against
wavelength for a range of tilt angles α. The traces are terminated at the point
where the camera is overfilled. It can be seen that R cannot exceed ∼5000
for χ = 0.5′′. Increasing the spectral order will not help since the product
of this and the ruling density is fixed for a given wavelength since mρλ =
(sinα + sinβ) ≤ 2.
Overcoming this limit is possible by optically-interfacing a prism to the

reflection grating using an appropriate gel or cement. As shown in Fig. 10,
the beam exiting the grating is squeezed in dispersion allowing it to fit within
the camera aperture so that no light is lost. Lee & Allington-Smith (2000)
show that practical immersed gratings can be built which effectively double the
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maximum resolving power. This is also demonstrated in Fig. 9 which includes
traces for immersed gratings.

Figure 9. Predicted resolving power for GMOS equipped with the gratings described in Ta-
ble 1 and slit width 0.5 arcsec. Those prefixed by ‘X’ are hypothetical immersed gratings with
prism vertex angle, φ, given in the Table 1. The dots mark the nominal blaze condition. The
box marks the requirements for measuring the velocity dispersion of dSph galaxies using the
Calcium triplet.

1.6 Limits to resolving power: echelle gratings
Another solution is to use unimmersed gratings in very high order. From

Eq. 13, it can be seen that increasing the groove angle, γ, increases the resolv-
ing power at blaze but this requires large mρ since this ∝ sin γ (from Eq. 9).
Instead of increasing the ruling density, which is subject to a fabrication limit
for large gratings, another option is to increase m. An echelle is a coarse
grating with large groove angle which is used in high order. They are often
characterised by tan γ so, for example, ‘R2’ implies γ = 63.5. Fig. 11 shows
the general configuration. The disadvantage of working in high order is that
the spectra will overlap unless a passband filter is used to isolate the order of
interest. Since the free spectral range is � λ/m, the useful wavelength range
is small, so a better option is to introduce dispersion perpendicular to the pri-
mary dispersion direction to spread the orders out over a 2-D detector (Fig. 11).
However, this makes it impossible to use for multiple-object spectroscopy, al-
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Figure 10. Ray-tracing through an immersed grating suitable for GMOS with ρ = 1800/mm,
with a 35-deg prism for 630 < λ < 682nm.

though with careful design a useful length of slit can be accommodated without
order overlaps (e.g. ESI/Keck, Sheinis et al. 2002).

1.7 Prisms
Finally, we need to consider the use of prisms as dispersing elements. Al-

though capable only of low dispersion, they have the advantage that, because
they do not rely on interference effects, there are no multiple orders to overlap

Table 1. Details of gratings appearing in Fig. 9. The names in parenthesis refer to the actual
gratings delivered with GMOS-N (except for R150 which is slightly different) φ is the vertex
angle of the immersed prism if present.

Name ρ γ φ
(mm−1) (deg) (deg)

A (B1200) 1200 17.5 0.0
B (R831) 831 19.7 0.0
C (B600) 600 8.6 0.0
D (R600) 600 17.5 0.0
H (R400) 400 9.7 0.0
IA (R150) 158 3.6 0.0
X1 2400 21.0 30.0
X2 1800 26.7 30.0
X3 1200 17.5 30.0
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Figure 11. Left: Littrow configuration for an echelle grating. Right: example of the layout of
orders (labelled bym) on the detector showing the wavelength ranges covered.

inconveniently. For this reason, they are sometimes used for multiple-object
spectroscopy of faint objects where only low spectral resolution is required
without the penalty of order overlap, or for cross-dispersion in echelle spectro-
graphs. ESI (Sheinis et al. 2002) uses them in both these ways.
The equivalent of the grating equation for a prism is the application of Fer-

mat’s principle to the configuration shown in Fig. 12.

tn = 2L cos α (23)

where t is the baselength of the prism. Since β = π − φ − 2α, the angular
dispersion can be written as

dλ

dβ
=

D1

t

dλ

dn
(24)

in terms of the variation of refractive index with wavelength. Unfortunately,
almost every suitable optical material has a highly non-linear dn/dλ leading
to large variations in dispersion with wavelength. However this problem can
be ameliorated through the use of composites of different materials. The re-
solving power is derived in the same way as for grating spectrographs (i.e. by
considering the projection of the slit on the detector and conserving Etendue)
to get

R =
λ

χDT
t
dn

dλ
(25)

By comparison with Eq. 6, it can be seen that the analogues ofmρ andW are
dn/dλ and t, respectively.
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Figure 12. Prism configuration considered in the text.

2. Multiple object spectroscopy
2.1 Introduction
The purpose of multiobject spectroscopy (MOS) is to obtain spectra of many

objects within a wide field of view. Modern spectrographs have fields of ∼5–
200 arcmin within which several tens to hundreds of objects may be observed
simultaneously. With microslit techniques, the multiplex advantage may be
increased still further. The main technological options are (Fig. 13):

Multi-slit systems in which the field is mapped onto the detector via a mask.
This admits only the light of pre-selected objects so that a spectrum is
produced at the location of each slitlet. The slit mask is custom-made for
each observation. Recent examples include GMOS (Hook et al. 2003;
Table 2), VIMOS (Le F„evre et al. 2003) and DEIMOS (Faber et al.
2003).

Multi-fibre systems in which optical fibres are positioned on each target to
guide the light to a fixed pseudo-slit at the spectrograph entrance. The
fibres are positioned at the telescope focus typically by means of a pick-
and-place robot. Because the fibres can be very long, this configuration
is suitable for coupling gravitationally-invariant instruments to the tele-
scope. Recent examples include 2DF (Lewis et al. 2002) and FLAMES
(Pasquini et al. 2003).

2.2 Issues affecting MOS
2.2.1 Overlaps between spectra. If the distribution of targets in the
field maps directly to the detector, as in a multislit system, the spectrum of one
object may overlap that of another, leading to a restriction in the maximum
surface density of targets which may be observed simultaneously. It is also
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Figure 13. Illustration of the difference between multislit and multifibre spectrographs.

Table 2. Details of the Gemini Multiobject Spectrographs

Image scale 0.072 arcsec/pixel
Field of view 5.5 × 5.5 arcmin
Detector CCD: 3 × (2048 × 4608) pixels
wavelength range 0.4 – 1 µm
Slit width 0.2 arcsec minimum
Resolving power 5000 maximum with 0.5 arcsec slit
Flexure rate 9(3) mas/hour in dispersion(spatial) direction
Velocity accuracy 2km/s (projected)
Throughput of optics ∼80%
Modes Single-slit, multislit and integral field spectroscopy

possible for light of different orders from different objects to overlap. For ex-
ample, at low dispersion where the spectrum are short, it may be possible to
use multiple banks of slits (separated in dispersion) to increase the multiplex
advantage. But this can lead to overlaps between the zero order of some ob-
jects and the first order spectra of other objects. The solution is careful mask
design using software that accurately predicts the layout of the spectra on the
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detector taking account of the efficiency (blaze function) of the disperser (and
filter if present). Multi-fibre systems do not suffer this problem since the dis-
tribution of targets in the field is not related to the layout of spectra on the
detector. However they are limited by the distance of closest approach of the
fibres which is determined by the fibre positioning system.

2.2.2 Imaging mode. It is a good idea if the spectrograph includes a
direct imaging mode to help identify targets (e.g. from multi-band photome-
try) and to provide contemporaneous astrometry (important due to the proper
motion of reference stars). However the detector-frame coordinates must be
carefully converted to slit-plane coordinates taking into account the inevitable
optical distortion between the slit and detector. An imaging mode is also es-
sential for target acquisition and station-keeping in the presence of guiding
errors (see below). This capability can easily be provided in a multislit system
by replacing the disperser with a clear aperture or mirror. This is not possible
with multifibre systems, although coherent fibre bundles can be used to acquire
reference stars.

2.2.3 Stability. All spectrographs are subject to structural deformation
due to thermal effects or, in the case of instruments mounted directly on the
telescope, variation in the gravity vector. This can be divided into two parts.

Before the slit. Motion of the image delivered by the telescope with respect to
the slit causes both a loss of throughput and an error in the barycentre of
the spectral lines recorded on the detector, unless the object uniformly
fills the slit (which implies low throughput). This can cause errors in
measurement of radial velocities. For MOS, there is the particular prob-
lem of variations in the image scale or rotations of the mask. These can
cause errors which depend on position in the field resulting in spurious
radial trends in the data. Fibre systems are almost immune to this prob-
lem because the fibres scramble positional information.

After the slit. Flexure may cause the image of the slit to move on the detector.
This can cause loss of signal/noise and errors in radial velocity deter-
minations. The solution is to make sure that wavelength calibration ob-
servations are repeated more frequently than the timescale of the image
motion although it is obviously better to minimise flexure to reduce cal-
ibration overheads. Active control of flexure is often required for larger
instruments (e.g. GMOS: Murowinski et al., 2003). Thermally-induced
errors can be reduced by eliminating heat sources within the instrument
enclosure and insulating it to buffer external temperature changes.

2.2.4 Calibration. Wavelength calibration to measure the dispersion
relation between wavelength and position on the detector requires illumination
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by a lamp whose spectrum contains numerous well- defined spectral features.
For MOS, this must be done using the same fibre or slitmask configuration
as for the science observation since the dispersion relation changes slightly
over the field. Sensitivity calibration requires illumination which is spatially-
uniform but spectrally unstructured (e.g. from a quartz lamp). The instrumen-
tal response is a function not only of the detector but also of the specific dis-
persion and field configuration so the calibration exposure must be taken using
the same setup as for the science observations. For both types of observation,
the calibration light must be delivered to the instrument by a system which
mimics the exit pupil of the telescope (e.g. GCAL on Gemini: Ramsay-Howat
et al. 2000). Exposures of the twilight sky can be used to correct for large-
scale inhomogeneities in the flatfield illumination provided by the calibration
system. A common problem is detector fringing resulting from interference
effects in the active layer of CCDs. Since the fringing pattern is sensitive to
flexure, it is important to repeat calibrations while tracking the target. This is
the big advantage of a calibration system which can deliver light at any time to
the instrument without requiring a slew to acquire a particular calibration field.

2.2.5 Atmospheric refraction. The apparent position of an object
may be shifted vertically with respect to the true position due to refraction in
the atmosphere. The shift is A(λ) tan φ where φ is the zenith distance and
A � 50 arcsec. This has two effects.

The chromatic component , atmospheric dispersion, due to the wavelength-
dependency of A, can be several arcsec over the wavelength range 0.4−
1µm with most of the variation at the blue end. Unless the slit is placed
vertically (at the parallactic angle), light at some wavelengths may miss
the slit leading to spectrophotometric errors at wavelengths different
from that used for guiding. The requirement for a vertical slit is in-
convenient for MOS and, in any case, can only be satisfied at one time
of the night, so a better option is to remove the dispersion using an at-
mospheric dispersion compensator placed before the instrument (Wynne
and Worswick 1988).

The non-chromatic component produces a distortion � AΨsec2 φ in the
field, where Ψ is half the field of view. In some parts of the sky the
dominant effect is a rotation which can be corrected by the telescope
control system. In other parts the effect is a squashing or stretching of
the field which cannot be corrected by software. The effect is signifi-
cant for very large fields or for smaller fields if high spatial resolution
is also required. For MOS, the distortion can induce measurement er-
rors in radial velocities which depend on both position within the field
and the range of zenith distances at which the observations are made.
For GMOS, to achieve its goal of measuring radial velocities to an accu-
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racy of 2km/s over a multiobject field, requires a separate mask for each
range of airmass, with the slit positions fine-tuned to match the expected
distortion.

2.2.6 Sky subtraction. With multislit systems, the use of slitlets allows
the sky spectrum to be measured immediately adjacent to the object providing
the slitlet is long enough. For multifibre systems, the sky must be estimated
from the spectrum obtained from a different part of the field leading to possible
errors in subtraction especially near to bright sky emission lines. An alterna-
tive is to alternately sample the sky and object with the same fibre and subtract
the spectra. This must be done more frequently than the timescale for intrin-
sic variations in the background, especially at longer wavelength (0.7 − 2µm)
where OH emission from the atmosphere produces a forest of lines whose rel-
ative intensity varies on the timescale of minutes (Ramsay et al. 1992). These
problems mean that multislit systems are often preferred to multifibre systems
for observing very faint objects where quality of subtraction is critical. Vari-
ous strategies have been proposed to alleviate this problem (e.g. Watson et al.
1998, see also Allington-Smith and Content 1998).
Nod and shuffle (see Glazebrook and Bland-Hawthorn, 2001 and references

therein) makes use of the ability of some CCD controllers to move (shuffle)
photoelectrons accumulated by a CCD from one part of the detector to another.
If synchronised with a movement of the telescope (nod), the same detector
pixels can be used to sample alternatively object and sky rapidly without the
overhead and loss of signal/noise involved in reading the detector before each
nod. This allows a reduction in the length of the slitlets since they no longer
provide sky estimation at their ends. Thus the multiplex gain can be much
increased with only a modest increase in overall exposure time.

3. Integral field spectroscopy
3.1 Introduction
Integral field spectroscopy (IFS; Court„es 1982) is a technique to produce a

spectrum for each point in a contiguous two-dimensional field, resulting in a
datacube with axes given by the two spatial coordinates in the field and the
wavelength. The advantages of IFS are as follows.

Spectra are obtained for the full field simultaneously without the need
for repeated pointings.
There are no slit losses, unlike slit spectroscopy where the slit cannot be
opened up without degrading spectral resolution.
Target acquisition is easy: there is no need to position the object care-
fully on the slit.
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The position of the object in the field can be unambiguously determined
post facto by summing the datacube in wavelength to produce a white-
light image. In contrast, the position of the target with respect to the slit
is difficult to determine in slit spectroscopy.
By making use of the spatial information, the velocity field of an ex-
tended, structured object can be obtained unambiguously without errors
caused by uncertainty in the position of a feature within the slit.
Even in poor seeing, IFS acts as an image slicer to maximise the product
of spectral resolution and throughput.

IFS is a specific example of a 3D technique, which all produce datacubes.
These include Imaging Fourier Transform Spectroscopy (IFTS) and Fabry-
Perot Spectroscopy (FPS), tunable filters and stepped exposures with a longslit
(see Bennett, 2000 for a general review). Unlike IFS, they all require multiple
exposures to generate the datacube, involving scanning of a physical param-
eter of the instrument such as the Etalon spacing in an FPS. However, it can
be shown that, to first order, all 3D techniques are of equivalent speed for
the same number of detector pixels, NxNy. For example, compare IFTS and
IFS. For IFTS, every pixel receives a signal obtained in time t with a single
setting of the scanning mirror position. After scanning through Ns steps, the
data series recorded in each pixel is transformed into a spectrum containing
nλ samples, where for simplicity we assume nλ = Ns. Thus the datacube
obtained in time Nst contains nxnynλ = NxNyNs samples where nx = Nx

and ny = Ny are the numbers of spatial samples in the field. For IFS, the same
NxNy pixels must record all the spectral and spatial information in one go, so
n′

xn′
ynλ = NxNy where n′

x, n′
y are the dimensions of the IFS field, which is

much smaller than that of the IFTS since n′
xn′

y = nxny/Ns. However in the
same total time, a larger IFS field can be mosaiced from Ns separate point-
ings to generate the same total number of samples, NxNyNs. Thus the same
number of (spatial×spectral) samples are produced in the same time.
From this, it can be seen that the optimum choice of 3D technique depends

on the observing strategy appropriate to the particular scientific investigation.
However there are other, second-order, considerations to be considered which
violate this datacube theorem. These include whether the individual exposures
are dominated by photon noise from the background or the detector, and the
stability of the instrument and background over a long period of stepped expo-
sures.

3.2 Techniques of IFS
There are many different techniques of IFS, summarised in Fig. 14. The first

(e.g. Bacon et al., 2001) is the use of lenslet arrays to produce an image of the
telescope pupil for every spatial sample. Because each pupil image is smaller
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than the extent of each spatial sample, this pattern of spots can be dispersed to
produce a spectrum of each spatial sample. By tilting the angle of dispersion,
the overlap between spectra can be minimised, although the number of spectral
samples in each spectrum is necessarily limited. The second technique uses
optical fibres to segment the image in the telescope focal plane and reformat the
samples into a pseudo-slit at the entrance to the spectrograph (e.g. Allington-
Smith et al., 2002). Lenslets (e.g. Lee and Allington-Smith, 2000) almost
always have to be used to improve the coupling of light into (and sometimes out
of) the fibres since the phenomenon of focal ratio degradation (e.g. Carrasco
and Parry, 1994), a non-conservation of Étendue, is minimised at faster input
focal ratios than that typically provided by the telescope. This technique allows
the spectrum to cover many pixels since spectral overlaps are eliminated. This
also reduces the number of wasted pixels between spectra so that the detector
surface is used more efficiently than in fibreless techniques. The ultimate in
efficient detector utilisation is the third technique in which the image is split
into slices which are rearranged end to end to form a pseudo-slit (e.g. Thatte
et al., 1997; Content, 1997; Dubbeldam et al., 2000). Because there are no
unused pixels between samples in the spatial direction (except between slices),
the detector utilisation can approach 100%. This improvement in performance
is bought at the expense of a complex optical system requiring multifaceted
mirrors made by techniques such as diamond-turning in metal. However the
avoidance of fibres brings the benefit of easier use in cold environments which
makes slicer systems a better choice for cooled infrared instruments.

Figure 14. The main techniques of integral field spectroscopy.



Spectroscopy 175

3.3 Sampling with fibre-lenslet systems
For image slicers, contiguous slices of the sky are re-arranged end-to-end

to form the pseudo-slit. In that case it is obvious that the sky can be correctly
sampled (according to the Nyquist sampling theorem) by the detector pixels on
which the slices are projected in the same way as required for direct imaging.

Figure 15. Illustration of the way in which the image is sampled in two dimensions by a
fibre-lenslet IFU. In the direction in which the fibres are ordered at the slit (x), the distribution
of light in the field, pseudo-slit and detector are shown in turn. At the slit, the finite width
of the images produced by the fibres contribute only marginally to the overall width of the
reconstructed image.

It is less obvious that this principle can also be applied to fibre-lenslet sys-
tems. At first sight, it might seem preferable to keep the output of each fibre
independent of its neighbour by preventing the images produced by each fibre
at the slit from overlapping. However this would severely limit the number
of fibres which could address a given detector, so some overlapping must be
tolerated. The situation is shown in Fig. 15 where it can be seen that the over-
sampling is determined by the way that the image produced by the telescope
is sampled by the lenslets at the fibre input. Subsequently, it is permissible for
the images produced by each fibre at the pseudoslit to overlap provided that



176 OPTICS IN ASTROPHYSICS

fibres which are adjacent at the slit are also adjacent on the sky and that the
fibre-to-fibre response is reasonably uniform. Allington-Smith and Content,
1998 show that the only effect is a slight degradation in spatial resolution in
the dimension parallel to the slit.
The integral field unit (IFU) built for GMOS serves as a successful example

of the application of this technique (Allington-Smith et al., 2002). It has 1500
lensed fibres in two fields (to aid background subtraction), of which the largest
covers 7 × 5 arcsec, with a hexagonal sampling pattern with 0.2 arcsec pitch
and ∼100% filling factor. The throughput of the IFU alone (including losses
at the spectrograph pupil) is ∼65%. The whole unit fits within the envelope
of a multislit mask and so can be loaded into the focal plane of GMOS when
required, in the same way as a multislit mask.

Figure 16. (a) Illustration of the principle of the Advanced Image Slicer (Content 1997) show-
ing just 3 slices. For clarity the S3 mirrors are represented as transmission optics. (b) shows
how the sky image may be anamorphically magnified before the IFU so that each slice can
project to a width of two pixels (detector pixel boundaries shown as dashed lines) so that the
sampling element (hatched outline) is square when projected on the sky as in (c). (d) shows how
this squeezes the beam (ellipse) at the spectrograph pupil (circle) in such a way as to give extra
room for the effect of diffraction (dashed ellipse).
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3.4 Advanced Image slicers
The optical principle of an image slicer is shown in Fig. 16. This is an

example of the advanced type proposed by Content (1997). The sky is imaged
onto a set of inclined slicing mirrors (S1) which reflect the light striking each
slice to a set of pupil mirrors (S2). The slicing mirrors are designed to form an
image of the telescope pupil on the S2 mirrors. This means that the S1 mirror
facets must be curved instead of flat as in early designs, but greatly reduces
the lateral extent of the S2 mirrors leading to a reduction in the overall size of
the instrument. The S2 mirrors are also figured so as to reimage the field onto
the slit mirrors, S3, to form the pseudo-slit which consists of images of each
slice arranged end to end. Finally, the S3 mirrors are also powered so as to
reimage the telescope pupil onto the stop of the spectrograph (normally at the
dispersing element).

Figure 17. Steps in the construction of a datacube of the nucleus of NGC1068 from obser-
vations with the integral field unit of the Gemini Multiobject Spectrograph installed on the
Gemini-north telescope. The datacube is illustrated by a few spectra distributed over the field
and equivalently by a few slices at a given radial velocity in the light of the [OIII]5007 emission
line. Only a few percent of the total data content is shown.

An advantage of this arrangement is that the original image is resampled
only in one dimension rather than the two of the other techniques. This means
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that diffraction (which is significant at wavelengths where the angular sam-
pling is ∼ λ/d where d is the physical width of the slice) broadens the beam
emerging from the IFU only in the dispersion direction. This helps to improve
throughput, particularly in the infrared. By introducing anamorphic magnifi-
cation (e.g. 2×) before the IFU, the sky image is stretched in the dispersion
direction so that the width of each slice projects onto 2 detector pixels. This
allows the slit to be correctly oversampled in the dispersion direction, while al-
lowing the spatial element, defined by one detector pixel in the spatial direction
and the width of the slice in the dispersion direction, to be conveniently square
when projected on the sky. This also brings the benefit of reducing the width of
the beam at the spectrograph pupil by a factor of 2 so that the beam spreading
produced by diffraction can be easily accommodated within the circular stop
of a conventional design of spectrograph.

4. Conclusion
This paper has illustrated how the principles of optics are applied to as-

tronomical spectroscopy. I can think of no better way to conclude than by
showing just one example of the astrophysical product. Fig. 17 shows an ex-
ample of the construction of a datacube for the nucleus of the active galaxy
NGC1068 using the IFU of GMOS-N (Allington-Smith et al., 2002). With
proper exploitation of the aperture of current telescopes and the construction
of 30-100m telescopes, data of this quality will be available routinely for much
fainter and more distant objects than this.
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Abstract There are several good reviews of adaptive optics (AO) as well as a few text-
books (Hardy(1988), Roddier(1999), Tyson(2000)). The proceedings of earlier
Carg„ese Summer schools also serve as a good introduction. While it is necessary
to briefly explain the principles of AO, I will try to emphasize some particular
aspects in more detail than the existing reviews. The more recent developments
in AO will also be examined in some detail. These include Multi-Conjugate AO
(MCAO) and the development of AO for the next generation of Extremely Large
Telescopes (ELTs).

Keywords: adaptive optics, multiconjugate adaptive optics, extremely large telescopes

1. INTRODUCTION
One of the basic tasks of observational astronomy is to make images (or

’maps’) of distant sources. The angular (and hence spatial) resolution of these
images will depend on the optical quality of the telescope and camera we use
and at best it will be limited by diffraction at the entrance aperture. This
diffraction-limited resolution is given approximately by λ/D radians, where
λ is the wavelength of observation and D is the aperture diameter. Using the
fact that 1 arcsecond corresponds to approximately 4.85 µrad, we could expect
a 10m telescope to have a resolution of 0.01 arcsecond when observing at 0.5
µm. However, no matter how carefully we make the telescope we never obtain
resolution which is this good. In fact, the resolution will be in the range of ap-
proximately 0.3-3 arcseconds and will not depend on the telescope diameter if
the diameter is larger than about 10cm. This is due to the effects of the Earth’s
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turbulent atmosphere on the amplitude and phase of electromagnetic waves
passing through it. The effect of atmospheric turbulence on images is described
in several texts and also in this book (Ch. 1). Here we repeat the definitions of
the parameters of turbulence which are of most importance to adaptive optics.
The most important parameter is r0, the Fried parameter, which can be defined
as the radius of a circle over which the mean square wavefront variance is 1
rad2. A telescope of diameter less than r0 will be diffraction-limited when
observing through the turbulence, while a telescope of diameter larger than
r0will be seeing-limited i.e. the resolution will be poorer than the diffraction
limit. The value of r0 depends on the integrated strength of turbulence along
the line of sight. It also depends on the zenith angle of the observation, since
the effective path through the turbulence is longer at higher zenith distance.
Since it is defined in terms of radians, it will also depend on the wavelength of
observation. For Kolmogorov turbulence the expression for r0 is as follows:

r0 =

[
0.423k2(cos γ)−1

∫
C2

n(h)dh

]− 3
5

where k = 2π/λ is the wavenumber,z is the zenith angle and C2
n is the

turbulence structure function. The dependence of r0 on wavelength and zenith
angle are r0 ∝ λ

6
5 and r0∝ (cos γ)−

3
5 .As useful figures of thumb, the value

of r0 increases by a factor of three from the visible to the J band (1.25 µm)
and a factor of 6 from the visible to the K band (2.2 µm). The full-width at
half-maximum of a seeing-limited image is given by

fwhmseeing
∼= 0.97λ/r0

which implies that the full-width at half maximum depends on wavelength
as λ− 1

5 and is therefore slightly better in the near infrared than in the visible.
Atmospheric turbulence is a dynamic process and the wavefront aberrations

are constantly changing. A characteristic timescale may be defined as the time
over which the mean square change in wavefront error is less than 1 rad2. If the
turbulence were concentrated in a single layer with Fried parameter r0 moving
with a horizontal speed of v ms−1 then the characteristic time, τ0, is given by

τ0 = 0.314r0/v

For example, a layer with r0 = 10 cm at 0.5µm moving at a speed of 10 m/s
will give rise to wavefront errors having τ0 = 3.1ms at 0.5 µm. This will scale
with wavelength in the same way as r0, so that the corresponding value of τ0

at 2.2 µm is approximately 19 ms.
Another parameter of the turbulence which strongly influences the perfor-

mance of an adaptive optics (AO) system is the isoplanatic angle. The light
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from stars in different parts of the telescope field of view will pass through
different parts of the turbulence. At a given layer of turbulence, the degree of
overlap of the beams corresponding to different stars depends on their separa-
tion and on the height of the layer. When the mean square difference in the
wavefront errors corresponding to two stars is equal to 1 rad2 then the stars are
separated by the isoplanatic angle. For a single layer with a given value of r0

at a height h, the isoplanatic angle is given by

θ0 = 0.314r0 cos(γ)/h

For example, a layer of r0 = 10 cm at 0.5 µm at an altitude of 1 km above
a telescope observing at a zenith angle of 30◦ will give rise to an isoplanatic
angle of 5.6 arcseconds. This would be considered a very small field of view
for most astronomical applications. The isoplanatic angle has the same wave-
length dependence as r0 so that the corresponding value of θ0 at 2.2 µm would
be ≈34 arcseconds, a much more useful value.

2. AO Principle
Since the image is degraded by rapidly varying phase and amplitude er-

rors introduced by passing through turbulence, it should be possible to recover
the degradation by measuring and correcting the phase and amplitude of the
wavefronts before they form the final image. This is the basic idea of adaptive
optics. It can be shown (Roddier, 1981) that the effects of amplitude errors on
image quality should be negligible at good astronomical sites when observing
in the infrared. Amplitude errors are introduced by the propagation of phase
errors, and it is usually true that the telescope is in the near-field of the turbu-
lence i.e. the propagation distance is short enough to ensure that the amplitude
errors are small. For this reason, all AO systems built up to now measure and
correct phase errors alone.
Figure 1 outlines the basic AO system. Wavefronts incoming from the tele-

scope are shown to be corrugated implying that they have phase errors. Part
of the light is extracted to a wavefront phase sensor (usually referred to as a
wavefront sensor, WFS). The wavefront phase is estimated and a wavefront
corrector is used to cancel the phase errors by introducing compensating opti-
cal paths. The most common wavefront compensator is a deformable mirror.
The idea of adaptive optics was first published by Babcock (1953) and shortly
after by Linnik (1957).

2.1 Modal Correction
The random phase error of a wavefront which has passed through turbu-

lence may be expressed as a weighted sum of orthogonal polynomials. The
usual set of polynomials for this expansion is the Zernike polynomials, which
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Figure 1. Block Diagram of Adaptive Optics system.

are orthogonal on a circle of unit radius The Zernike polynomials are most
concisely expressed in polar coordinates, whence they may be decomposed
into radial and azimuthal terms;

Zm
n =

√
n + 1Rm

n (r)




√
2 cos(mθ)√
2 sin(mθ)

1(m = 0)




The index n is the radial degree and the indexm is the azimuthal frequency.
The function Rm

n (r) is a radial function given by

Rm
n (r) =

(n−m)/2∑
s=0

(−1)s(n − s)!

s! [(n + m)/2 − s]! [(n − m)/2 − s]!
rn−2s

The first Zernike polynomials correspond to familiar Seidel aberrations (pis-
ton, tip, tilt, defocus, astigmatism, coma) although modified to ensure orthog-
onality (e.g. Zernike coma includes some tip or tilt). We can consider that
measurement and correction of Zernike polynomials become more difficult as
one goes to higher orders; tip and tilt can be corrected by a simple tilting mir-
ror, defocus could be corrected by a vibrating membrane while the wavefront
corrector has to assume increasingly complicated shapes in order to correct
higher orders. It is therefore of interest to determine how well a wavefront is
corrected if we only correct the first j polynomials of its Zernike expansion.
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Noll (1976) determined the residual wavefront variance as a function of the
number of corrected terms.

∆j = αj (D/r0)
5/3

and the coefficients αj decrease as a function of j, the order of correction.
In order to determine how image quality depends on the degree of correction,
we consider first the structure function of the wavefront phase errors.
The phase structure function for a separation r is defined as the mean value

of the square difference of phase for all points with that separation. For wave-
fronts affected by Kolmogorov turbulence it is given by

Dφ(r) = 6.88 (r/r0)
5/3

and so it increases without limit as the distance r increases. Using simu-
lations it is possible to examine what happens to the structure function when
the wavefront phase errors are corrected up to different orders of correction.
The simulation generates phase screens corresponding to Kolmogorov turbu-
lence as sums of Zernike polynomials. It is therefore simple to generate phase
screens with Zernike polynomials removed. Figure 2 shows the phase structure
function with no correction, and correction of 10, 20 and 40 Zernike polynomi-
als for a case of D/r0 = 10. The following behavior is observed; when there
is correction of Zernike terms, the structure function no longer rises without
limit, rather it saturates at a value for distance r larger than a distance lc. This
distance is smaller as the degree of correction increases. From the definition of
the structure function it can be seen that the value to which the structure func-
tion saturates is equal to twice the residual variance,∆j . Finally, it can be seen
that at distances shorter than lc the structure function has the same functional
behavior as in the uncorrected case, but with a larger effective value of r0. This
behavior has been studied in detail by Canales and Cagigal (1996), and they
define a ’Generalised Fried parameter’, ρ0, such that for r < lc

Dφ(r) = 6.88 (r/ρ0)
5/3

The Optical Transfer Function (OTF) is related to the phase structure func-
tion as follows (Roddier,1981)

OTF = OTFTel exp (−Dφ/2)

where OTFTel is the OTF of the diffraction-limited telescope. The Point
Spread Function (PSF), which is the image of a point source, is related to the
OTF by a Fourier transform. When the wavefront is partially compensated, the
saturated region of the structure function leads to a plateau at high frequencies
in the OTF which in turn gives rise to a sharp peak in the PSF. The amount of
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Figure 2. Phase structure function with no correction (solid), 10 (dashed), 20 (dot-dash) and
40 (triple-dot-dash) Zernike polynomials corrected.

coherent energy in the peak is given by exp (−∆j) times the total energy. The
un-saturated region of the structure function (r < lc) gives rise to a broad halo
in the PSF. The energy in the halo is (1 − exp (−∆j)) times the total energy
and the width of the halo is given by

ωh = 1.27λ/ρ0

This result is very interesting; as we increase the degree of compensation, the
amount of energy in the coherent diffraction-limited core increases and the size
of the residual halo decreases. This behavior can be seen in Fig. 3.
Since the PSF of partially corrected images is not simple (like a Gaus-

sian, for example) it cannot be completely characterized by a single parameter.
However, a very useful parameter is the Strehl ratio, defined as the ratio of the
peak intensity measured to that which would be provided by a perfect system.
When the AO correction is good, then the Strehl ratio is given by exp (−∆j),
which ignores the contribution of the halo. When the correction is low order,
then the coherent peak is negligible and the Strehl ratio is given by (ρ0/D)2

.The fact that AO correction leads to a concentration of energy in the core of
the PSF means that much fainter objects can be detected when AO is used, pro-
viding that the AO system has high throughput. The calculation of the gain in
sensitivity to point sources is straightforward and presented in other AO texts
(e.g. Hardy,1998). In the case in which the main source of noise in the image
is that due to the background (e.g emission from the sky and thermal emission
from the telescope), the gain in signal-to-noise ratio for point source detection
is given by

G = SRD/r0.
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Figure 3. Point spread function section with no correction (top left), 0, 20 and 40 (bottom
right) Zernike polynomials corrected for D/r0=10. The pixel size is λ/2D and Strehl ratio is
given by the peak value.

For example, on a 10 m telescope with r0 = 1 m a Strehl ratio of 0.6 corre-
sponds to a gain of 6. On a 50 m telescope the corresponding gain would be 30.
The limiting magnitude for point source detection is increased by 2.5 log (G),
so that the limiting magnitude of a 50 m telescope would be increased by 3.7.
The time required to reach a given magnitude will be proportional to 1/G2, so
that efficiency of a large telescope will be greatly enhanced by adaptive optics.

2.2 Wavefront Sensing
In the early days of Adaptive Optics, some systems controlled the deformable

mirror using measurements made on the corrected image e.g. the shape of the
deformable mirror is ’dithered’ to maximize a measurement of image sharp-
ness (Buffington et al., 1976). Nowadays, however, the vast majority of AO
systems send part of the input light to a wavefront phase sensor. These wave-
front sensors can be divided into different types according to different criteria.
They can be divided into pupil plane and image plane sensors depending on
whether the detector is placed at a pupil or image plane. We consider dividing
wavefront sensors into Interferometric and Propagation type sensors.



188 OPTICS IN ASTROPHYSICS

Many different interferometric sensors have been proposed for use in AO
systems. A simple example is the Point Diffraction Interferometer (PDI), also
called the Smart Interferometer (Fig. 4ba). This device consists of a semi-
transparent disk with a pinhole at the center. Light which passes through the
pinhole emerges as coherent spherical wavefronts, which will interfere with
the aberrated light passing through the semi-transparent region. In this way the
device provides its own coherent reference. A disadvantage of this device is
the loss of light due to the use of a semi-transparent plate.
The Mach-Zehnder Interferometer operates in a similar way, except that the

input light is divided into two arms and the pinhole is placed in one of the
arms (Fig. 4bb). A disadvantage here is the possibility of having non-common
path errors between the two arms. This system was proposed for use in AO
by Angel (1994). The Interferometer which has been most commonly used in
AO systems is the Lateral Shearing Interferometer (LSI). In this device , the
wavefronts are made to coincide with slightly shifted versions of themselves.
Let u1(r) and u2(r) represent the original and shifted wavefronts.

u1 (−→r ) = a1 (−→r ) exp (iφ1 (−→r ))

u2 (−→r ) = a1

(−→r +
−→
d
)

exp
(
iφ1

(−→r +
−→
d
))

When the shear distance is small, then the following Taylor expansion can
be made

φ1

(−→r +
−→
d
)
≈ φ1 (−→r ) + ∇φ1 (−→r ) · −→d + · · ·

and the resulting intensity in the interference pattern is given by

I (−→r ) ≈ (1)

|a1 (−→r )|2 +
∣∣∣a1

(−→r +
−→
d
)∣∣∣2 + (2)

2 |a1 (−→r )| ×
∣∣∣a1

(−→r +
−→
d
)∣∣∣ cos

(
∇φ1 (−→r ) · −→d

)
(3)

This shows that the spacing of the fringes gives a measure of the gradient of the
phase in the direction of the shear. It is necessary to also shear the wavefront
in a perpendicular direction in order to recover the two-dimensional phase gra-
dient. The sensitivity of the interferometer can be adjusted by changing the
shear distance. An advantage of this device is that it does not require a coher-
ent reference (since the wavefront is interfered with itself). However, unlike
the PDI and Mach-Zehnder it measures the gradient of the phase errors rather
than directly measuring the errors. In practical LSI, the shear is provided by a
diffraction grating; the interference pattern is observed in the region of overlap
of the zeroth and first order diffracted wavefronts.
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Most WFSs in use in AO systems rely on propagation, i.e. converting phase
errors into measurable intensities. A simple example of the underlying prin-
ciple is the lens; the presence of a focused image implies a quadratic phase
component in the wavefront. The intensity variation along the direction of
propagation (z) of a beam having phase φ(x, y) is given by the Irradiance
Transport Equation, which is simply the continuity equation for light beams:

∂I/∂z = − (∇I · ∇φ + I∇2φ
)

the first term represents the transverse shift of the beam due to local wavefront
tilt while the second term may be interpreted as the change in irradiance due
to focusing or defocussing of the beam caused by local wavefront curvature.
The intensity variations can be enhanced by placing a mask at one plane and
measuring the intensity at another plane. An example of this is the Shack-
Hartmann wavefront sensor which is a refinement of the Hartmann sensor. In
the Hartmann sensor an array of apertures is placed in one plane and the result-
ing pattern of spots recorded (usually at the focal plane). The position of each
spot is linearly related to the wavefront slope over the corresponding aperture.
In Shack’s modification the array of apertures is replaced by an array of lenses,
which is more versatile and allows the whole wavefront to be measured. The
spot positions are usually determined simply by measuring the centroides xn

xn ≡ I−1
n

∫
−→x I(−→x )d2x = fI−1

n

∫
a2(−→r ) [∇φ(−→r )] d2−→r

where In is the total intensity corresponding to the nth subaperture, f is the
microlens focal length, and a(r) is the amplitude of the wavefront. This equa-
tion shows that amplitude variations will affect the centroide measurements.
Voitsekhovich et al. (2001) have shown that the effect is small.
Practical Shack-Hartmann wavefront sensors employmicrolens arrays, whe-

re the physical size of the microlenses is typically in the range 0.1-0.5mm. The
spot images are usually formed on a CCD detector. The focal length of the mi-
crolenses is determined by the required image scale and the pupil demagnifica-
tion factor i.e. the ratio of the size of the telescope entrance pupil to the size of
the microlens array. Using the Lagrange Invariant, the following relation can
be determined:

f = pDarray/Dpupil

where Darray is the size of the microlens array, Dpupil is the size of the tele-
scope entrance pupil and p is the required image scale (in m per radian). For
example, if we require that pixels of side 13 µm correspond to 0.5 arcsecond
when we map a 10m aperture onto a 3mm microlens array, then the microlens
focal length should be 1.61mm. This length is very short and implies either that
the microlens array has to be placed inside the detector housing or re-imaging
optics has to be placed between the microlens array and the detector.
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Figure 4a. Point Diffraction Interferome-
ter.

Figure 4b. Mach Zehnder Interferometer.

The idea of using propagation of intensity to measure wavefront errors is
applied more directly in the curvature sensor. Conceptually, the irradiance is
measured at two planes which are equally spaced about the telescope focus and
the normalized difference in intensity obtained.

∆I ≡ (I2 − I1)/(I2 + I1)

It can be derived from the transport of intensity equation that this signal has
two terms; at the edges of the pupil it is proportional to the local wavefront
gradient in the direction normal to the pupil edge (i.e. radial in the case of a
circular pupil) and elsewhere in the pupil it is proportional to the local wave-
front curvature (Roddier, 1988). The signal is more intense when the planes
are nearer the telescope focus, but diffraction will limit the spatial resolution
more. Thus there is a trade-off between resolution and signal-to-noise (see Ch.
24).
In real curvature sensors, a vibrating membrane mirror is placed at the tele-

scope focus, followed by a collimating lens, and a lens array. At the extremes
of the membrane throw, the lens array is conjugate to the required planes. The
defocus distance can be chosen by adjusting the vibration amplitude. The ad-
vantage of the collimated beam is that the beam size does not depend on the
defocus distance. Optical fibers are attached to the individual lenses of the
lens array, and each fiber leads to an avalanche photodiode (APD). These de-
tectors are employed because they have zero readout noise. This wavefront
sensor is practically insensitive to errors in the wavefront amplitude (by virtue
of normalizing the intensity difference).
The pyramid wavefront sensor has recently been proposed (Ragazzoni, 1996).

A four-sided pyramid is placed with its vertex at the telescope focus, and
following the pyramid is some optics to image the pupil plane onto a detec-
tor.Since a four-sided prism is employed, four pupil images will be formed
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on the detector. In the absence of aberrations, the four pupil images will be
uniformly illuminated. If we consider a local phase gradient (Fig. 5) then the
aberrated ray will miss the vertex of the pyramid and illuminate only one of
the pupil images. By comparing the pupil images it is therefore possible to
see that at a particular position in the pupil there is a gradient in the x (and/or)
y direction. However we do not have a measure of the gradient. This can be
obtained by modulating the position of the input beam on the pyramid. If we
consider an aberrated ray which strikes the pyramid as shown in Fig. 6 then
circular modulation of either the pyramid or the beam will cause the ray to
trace out a circle over the sides of the pyramid. The time spent on each face,
and hence the intensity at the corresponding point in each of the four pupil im-
ages, will depend on the ray aberration. If we consider integrating four pupil
images,I1, I2, I3 and I4 over at least one modulation cycle, then signals Sx and
Sy can be defined as

Sx(x, y) = (I1(x, y) + I4(x, y)) − (I2(x, y) + I3(x, y)) /
∑

Ii

Sy(x, y) = (I1(x, y) + I2(x, y)) − (I3(x, y) + I4(x, y)) /
∑

Ii

.
It can be shown using geometrical optics that these signals are related to the

wavefront gradient by

∂W/∂x ∝ R sin(Sx)and∂W/∂y ∝ R sin(Sy)

Where R is the modulation amplitude. It can be seen that the sensor re-
sponse is approximately linear in the regime of small wavefront slopes. It can
also be seen that the sensitivity of the wavefront sensor is inversely propor-
tional to the modulation amplitude. It has been argued that in closed-loop AO
the modulation amplitude can be reduced in order to increase the sensitivity
of the sensor (Ragazzoni and Farinato, 1999), and that this is a fundamental
advantage over the Shack-Hartmann sensor. However, in this regime the sen-
sor will not be sensitive to large wavefront gradients which could be caused by
non-compensated high spatial frequency errors.

2.3 Wavefront Correction
In order to compensate for the distortions in the wavefront due to the at-

mosphere we must introduce a phase correction device into the optical beam.
These phase correction devices operate by producing an optical path differ-
ence in the beam by varying either the refractive index of the phase corrector
(refractive devices) or by introducing a variable geometrical path difference
(reflective devices, i.e. deformable mirrors). Almost all AO systems use de-
formable mirrors, although there has been considerable research about liquid
crystal devices in which the refractive index is electrically controlled.
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Figure 5. Pyramid wavefront sensor concept. Wavefront tilt causes the corresponding zone to
be brighter in one pupil image and darker in the other.
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Figure 6. Path of aberrated ray on pyramid when circular modulation is applied. The offset of
the circle from the pyramid vertex is proportional to the local wavefront slope.

The main characteristics which determine the performance of a wavefront
corrector are the number of actuators, actuator stroke and the temporal re-
sponse. The number of actuators will determine the maximum Strehl ratio
which can be obtained with the AO system. The price of a deformable mirror
is directly related to the number of actuators. The actuator stroke should be
enough to compensate wavefront errors when the seeing is moderately poor.
This can be derived from the Noll formula with α0 = 1.03. For example, on a
10m telescope with r0 = 0.05m at 0.5 µm, the rms wavefront error is 6.7 µm.
The deformable mirror stroke should be a factor of at least three times this.
It should also include some margin for correction of errors introduced by the
telescope itself. The required stroke is too large for most types of deformable
mirror, and it is common practice to off-load the tip-tilt component of the wave-
front error to a separate tip-tilt mirror. The Noll coefficient α2 = 0.134 and
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the rms wavefront stroke is then 2.4 µm. Note that the physical stroke required
is independent of the wavelength being corrected.
Deformable mirrors basically consist of an array of electromechanical actu-

ators coupled to a reflective faceplate. The actuators employed in deformable
mirrors are usually either piezoelectric or electrostrictive. Piezoelectric ma-
terials expand when a voltage is applied. The most commonly used material
is lead zirconate titanate, Pb(Zr,Ti)O3, usually referred to as PZT. The mate-
rial is ’poled’ by subjecting it to a strong field at 150◦C and cooling. This
process aligns the dipoles parallel to the applied field. The response of poled
PZT to applied voltage is linear and bipolar (i.e. can be made to both ex-
pand and contract). The main disadvantage of PZT is that it exhibits 10-20%
hysterisis. This means that when a voltage is applied and then removed, the
actuator does not return to exactly the same length it had before the voltage
was applied. The effect in a closed-loop AO system is to reduce the effective
bandwidth. Electrostrictive materials exhibit a strain which is proportional to
the square of the applied field. Lead magnesium niobate (PMN) is a commonly
used electrostrictive material which shows a large electrostrictive effect. PMN
actuators are generally composed of multiple thin layers in order to maximise
the available stroke. A bias voltage has to be applied in order to allow bipolar
operation. The optimal working temperature of PMN is around 25◦C at which
temperature its hysteresis is less than 1%. However the characteristics of PMN
are strongly temperature dependent; the sensitivity and hysteresis of the mate-
rial increases as its temperature is decreased. At about −10◦C the hysteresis is
∼15 % and the sensitivity is twice the level of that at 25◦C.
The faceplate is usually continuous, although some systems have employed

segmented deformable mirrors in which groups of three actuators are attached
to mirror segments. This has the disadvantage of requiring measurements to
ensure that there are no piston errors between the segments. An alternative type
of deformable mirror is the bimorph mirror, in which electrodes are placed be-
tween two sheets of oppositely poled actuator material. Applying a voltage to
an electrode causes one sheet to contract and the other sheet to expand in the
vicinity of the electrode. This results in a local curvature of the deformable
mirror surface, and this type of mirror is usually (though not exclusively) em-
ployed in systems having a curvature sensor. A disadvantage of bimorph mir-
rors is that it is difficult to have a large number of actuators; if the electrode
size is reduced then the bimorph thickness has also to be reduced in order to
maintain stroke.
Deformable mirrors are usually placed at a greatly reduced image of the tele-

scope entrance pupil - the typical diameter of PZT or PMN based deformable
mirrors is in the range 10-20 cm. A completely different approach is to make
one of the telescope mirrors deformable, and the best choice is the secondary
mirror (relatively small and usually coincides with the aperture stop for in-
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frared observations). The main advantage of this approach is that it does not
increase the emissivity of the system and thereby allows detection of fainter ob-
jects in background limited operation. Equivalently, it allows a given limiting
magnitude to be reached in less time. If the secondary mirror is adaptive then
adaptive correction is available at any telescope focus (except prime) equipped
with a wavefront sensor. The disadvantages are the increased cost and com-
plexity when compared to standard deformable mirrors. Maintenance is also
more difficult. Since the mirror has to be used when the telescope is not using
adaptive optics (unless provision is made for interchange of secondary mirrors)
the mirror has to maintain a good static figure when not in closed loop.
Correction with a deformable secondary mirror has recently been demon-

strated at the MMT. The mirror consists of an aluminium cold plate, a solid
Zerodur reference and a 1-2 mm thick meniscus shell with permanent magnets
glued on the back. These are attracted by 336 voice coil actuators which pass
through the reference. The position of the meniscus under each voice coil is
controlled using a capacitive sensor which feeds back to the voice coil cur-
rent through a local control loop. The spacing between the actuators is ∼25
mm. The spacing between the shell and the reference is 40-50 µm.This space
provides damping for the suppression of vibrations.

2.4 Performance Limitations
The performance of real adaptive optics systems are limited by several fac-

tors. There are two main approaches to estimating the performance of the sys-
tem; numerical simulation and analytical modeling. In numerical simulation
a model of the system is built in software and the response to a large number
of simulated wavefronts is measured. The input wavefront errors should have
the same spatial and temporal characteristics as expected from the theory of
propagation through turbulence, and different techniques exist to do so. If the
turbulence is distributed in layers and the near-field approximation is assumed,
then wavefronts corresponding to each layer are simulated, shifted according
to the wind-speed of the layer and summed. If near-field conditions are not
assumed then the wavefronts should be propagated to the telescope entrance
pupil using Fresnel transforms (Ellerbroek, 2001). Analytical approaches are
generally faster since it is not required to simulate a large number of wave-
fronts. However models which aim to determine the optimal performance,
which usually implies including a priori knowledge of the turbulent statistics
in the AO control, can be quite involved. An approach which serves to build
an error budget for the AO system is to use simple expressions for the error
sources and combine them quadratically to give the final performance. The
tip-tilt and higher-order error terms are usually considered separately. If the
total tip-tilt error in radians of wavefront tilt is σtilt, then the corresponding
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Strehl ratio is given by

SRtt =

(
1 +

π2

2

(
σtilt

λc/D

)2
)−1

where λc is the wavelength at which the AO correction is required. If σho

is the total higher order wavefront error then the Strehl ratio is given by the
Mar«echal expression.

SRho = exp
(−σ2

ho

)
The overall SR is given by the product of the tip-tilt and higher order Strehls.
The main error sources are noise in the wavefront sensor measurement, im-

perfect wavefront correction due to the finite number of actuators and band-
width error due to the finite time required to measure and correct the wavefront
error. Other errors include errors in the telescope optics which are not corrected
by the AO system (e.g. high frequency vibrations, high spatial frequency er-
rors), scintillation and non-common path errors. The latter are wavefront errors
introduced in the corrected beam after light has been extracted to the wavefront
sensor. Since the wavefront sensor does not sense these errors they will not be
corrected. Since the non-common path errors are usually static, they can be
measured off-line and taken into account in the wavefront correction.
The accuracy with which a wavefront sensor measures phase errors will be

limited by noise in the measurement. The main sources of noise are photon
noise, readout noise (see Ch. 11) and background noise. The general form of
the phase measurement error (in square radians) on an aperture of size d due
to photon noise is

σ2
phot = β (θd/λ)2 /nph

Where nph is the number of photons used in the measurement, θ is the angular
size of the guide image and λ is the measurement wavelength. The factor β
depends on the detail of the phase measurement. This general expression will
hold for all wavefront sensors (Rousset, 1993). The angular size of the guide
source image depends on whether the source is extended or point-like, which
is usually the case. For point-like sources, the image size depends on whether
the aperture is larger or smaller than r0; if it is larger, then the image is seeing-
limited and the size is approximately λ/r0. If d is smaller than r0, then the
image is diffraction-limited and the size is approximately λ/d.
Increasing the diameter, d, increases the number of photons in the wavefront

measurement, and therefore reduces the error due to photon noise. However,
increasing the diameter also increases aliasing in the wavefront sensor mea-
surement. If the deformable mirror actuator spacing is matched to the subaper-
ture size, then the fitting error will also depend on the subaperture diameter.
There is therefore an optimum subaperture diameter which depends on the
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Figure 7. Strehl ratio at 2.2 µm as a function of guide star magnitude for typical system pa-
rameters (throughput = 0.4, read noise = 5 e− per pixel per frame, etc.) with r0 = 0.2 m and
τ0 = 5 ms at 0.5 µm.

guide star magnitude. In the same way, the exposure time can be chosen to
minimize the sum of the errors due to photon noise and bandwidth. Figure 7
shows an example of K-band Strehl ratio predicted as a function of guide star
magnitude when subaperture diameter and wavefront sensor exposure time are
optimized at each magnitude. We can see that the Strehl ratio (in this system)
can be greater than 0.2 for guide stars of magnitude mR < 16. The probabil-
ity of finding guide stars this bright within an isoplanatic angle of an arbitrary
object is very small unless we are observing in the Galactic plane (where it is
impossible to see interesting extragalactic objects). Laser guide stars (LGS)
are necessary to increase the sky coverage (Ch. 15 and 14).

3. Multiconjugae AO
3.1 Field anisoplanatism
One of the main limitations of ’conventional’ AO is anisoplanatism; most

objects of scientific interest are too faint to act as their own reference source for
AO correction, and it would be useful to use bright nearby objects, preferably
stars, which act as point sources. However, the light from the object of interest
which is intercepted by the telescope passes through a part of the turbulence
which is different from that traversed by the light from the reference star. This
leads to a decorrelation between the wavefront measurements obtained with
the reference star and that which should be applied to correct the wavefronts
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Figure 8. Isoplanatic angle at 2.2µm as a function of conjugate altitude of the deformable mir-
ror for different turbulence profiles obtained at the Observatorio del Roque de los Muchachos.

from the science object. The error is referred to as field anisoplanatism, and
it is a function of the angular separation between the reference star and the
science object. We have seen that typical values for the isoplanatic angle are
∼ 6 arcseconds at visible wavelengths while the corresponding value at 2.2µm
would be ∼ 36 arcseconds.
The main consequence of isoplanatism is to reduce the sky coverage of AO

systems. In addition, the PSF is not constant inside the field of view, a fact
which complicates the analysis of images obtained using AO. For example, as-
tronomical photometry is usually performed by comparing objects in the field
to a known point spread function which is considered constant over the field.

3.2 Optimal single-conjugate correction
If the turbulence really were concentrated in a single layer then placing the

deformable mirror at an image of that layer would allow correction with an in-
finite isoplanatic angle. Even though the turbulence will never be completely in
a single thin layer, there will be an optimal conjugate altitude for every turbu-
lence distribution. Figure 8 shows the isoplanatic angle at 2.2µm for different
turbulence profiles obtained at the Observatorio del Roque de los Muchachoes
(ORM) on La Palma in the Canary islands. It can be seen that a modest gain in
isoplanatic angle can be obtained by placing the deformable mirror conjugate
to ∼2.5 km.
Some practical complications are introduced when this technique is used;

since the deformable mirror is not conjugate to the pupil it has to be made
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larger in order to allow correction of beams over the field of view. If the
wavefront sensor is conjugate to the deformable mirror then it too has to be
over-sized since the guide star will illuminate different areas of the wavefront
sensor depending on its position in the field of view. For a given guide star
position there will be parts of the deformable mirror for which no wavefront
measurement is available. Veran (2000) has shown that extrapolation can be
used to control those parts of the deformable mirror.
The idea of optimal conjugation can be extended by using multiple de-

formable mirrors-this is referred to as multi-conjugate AO or MCAO. Again,
the question arises as to the optimal altitudes of the deformable mirrors. Toko-
vinin et al. (2000) showed that if the turbulence in the volume defined by the
field of view and the telescope aperture is perfectly known, then the isoplanatic
error in an MCAO system withM deformable mirrors is given by

σ2 = (θ/θM )5/3

where θM depends on the number of deformable mirrors, their altitudes of
conjugation and the turbulence profile. Using this expression with turbulence
profiles obtained at the ORM we obtain that using two DMs the optimal alti-
tudes are 660 m and 13 km, while for three DMs the optimal altitudes are 290
m, 3.9 km and 13.8 km.
The main difficulty in MCAO is how to obtain the information necessary to

control multiple deformable mirrors. In single-conjugate AO one uses a wave-
front measurement which corresponds to ’collapsing’ or averaging the cylinder
of light from the reference star onto a disk at the single plane of conjugation. In
MCAO it is necessary to retain some 3-dimensional information, and for this
reason wavefront sensing for MCAO is sometimes referred to as ’tomography’
by analogy with medical tomography. However, it is not necessary to perform a
full 3D reconstruction of the turbulent volume which we are correcting; rather
it is necessary to obtain enough information to control the deformable mirrors
in a way which will give a uniform (and high) Strehl ratio over the field of view.
There are two basic approaches being developed; referred to as ’star-oriented’
(SO) and ’layer-oriented’ (LO) wavefront sensing. In both approaches mul-
tiple guide stars are used to ’illuminate’ as much as possible of the turbulent
volume. In a star-oriented scheme (Fig. 9) one implements a wavefront sen-
sor for each reference star. The information from the wavefront sensors (e.g.
the Shack-Hartmann centroid displacements) are combined into a single mea-
surement vector which is multiplied by a pre-defined control matrix to give the
required vector of actuator commands for the set of deformable mirrors. The
control scheme is a simple generalization of single-conjugate AO.

In the layer-oriented approach each wavefront sensor ’sees’ all the guide
stars but each is coupled to a single deformable mirror. Each wavefront sensor
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Figure 9. Schematic diagram of Star-Oriented MCAO; there is one wavefront sensor for each
reference star.

is conjugate to the DM which it will control. In principle, each wavefront
sensor-deformable mirror pair is independent of the others and has its own
control loop. The LO approach potentially has some advantages over star-
oriented; the light from several possibly faint guide stars can be added without
requiring a wavefront sensor for each source. For example, if the low order
WFS is a pyramid sensor then a pyramid is placed at the position of each guide
star and the pupils are observed on a single detector. In addition, the spatial and
temporal sampling of each detector may be optimized if there is knowledge of
the temporal statistics as a function of altitude.
The control approach in both LO and SO can be either zonal or modal;

most theoretical and simulation work is being done using the modal approach
which may have some advantages including the rejection of waffle modes and
avoiding problems due to the central obscuration.

3.3 Modal tomography
The modal analysis is a fairly straightforward generalization of the single

conjugate case. In modal MCAO, Zernike polynomials are defined at layers
conjugate to each DM. The unit circle on which the Zernikes are defined may
be taken as the circle within which are inscribed the footprints from guidestars
anywhere inside the field of view -this circle is usually referred to as the ’meta-
pupil’, for which at layer l, the Zernike expansion of the wavefront error is

φ(l)(r(l)) = Σn
i=1a

(l)
n Zn

(
2r(l)

D
(l)
m

)
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The cylinder (cone in the case of LGSs) from a guide star at angle θ inter-
cepts a circle of diameter D(l) at layer l. The Zernike expansion of the phase
on this circle will have coefficients b(l)which will be related to the coefficients
of the Zernike expansion on the whole meta-pupil by a linear relation:

b(l)(θ, hl) = P (θ : hl)a
(l)

where P is a projection matrix. This is equivalent to the classical optical sub-
aperture testing in which measurements on subapertures of a large optic are
related to the aberrations in the whole optic (Negro, 1984). In fact, the idea of
modal tomography was developed in the mid-eighties as a way to determine the
aberrations of individual elements of an optical system (Lawrence and Chow,
1984). The phase at position r on the pupil for wavefronts coming from di-
rection θ is the sum of the phase from L layers along that direction (assuming
near-field conditions).

3.4 Limitations
There are (of course!) some limitations to the performance of MCAO. The

first is a generalized aliasing whereby wavefront errors occurring at a certain
altitude may be determined to have occurred at a different altitude. If we con-
sider a sinusoidal wavefront error with a spatial frequency f occurring at an
altitude H , then it can be seen that for a guide star observing at angle θ it
may appear that the wavefront error is at ground level if θ = 1/fH . This
aliasing then imposes a trade-off between the field of view and the maximum
spatial frequency which can be corrected; it is generally found that increasing
the field of view leads to reduced average Strehl ratio and greater variance in
the Strehl ratio over the field. Another limitation on performance is due to the
fact that the guide star footprints do not completely cover the meta-pupil, and
this ’meta-pupil vignetting’ increases as the guide star separation increases and
also as the altitude of the turbulence being sensed increases. As with single-
conjugate AO, a large effort has been put into numerical simulation of MCAO
systems. Figure 10 shows an example result from such simulations (Femenia
and Devaney, 2003). The Strehl ratio is mapped for fields of view of diameter
1 and 1.5 arcminute using a 10 m telescope (such as the GTC) and a triangle
of natural guide stars. The average Strehl ratio is reduced on the larger field of
view, and there are stronger variations in the Strehl ratio.

3.5 MCAO with LGS
We saw that the probability of finding bright guide stars is small outside

the Galactic plane. It is clear that the probability of finding constellations of
useful guide stars is very small, even if we make optimistic assumptions about
the field of view and the limiting magnitude. The number density of stars on
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Figure 10. Results of numerical simulations to obtain the Strehl ratio at 2.2 µm over the field
of view for a field of diameter 1 arcminute (left) and 1.5 arcminute (right) when using three
natural guide stars.

the sky follows Poisson statistics; if the mean number of guide stars up to a
certain magnitude in the field of view is µ then the probability of finding n
guide stars is given by

p(n) = µn exp (−µ) /n!

The probability of finding at least 3 guide stars is therefore given by

p(n ≥ 3) = 1 − (p(0) + p(1) + p(2))

= 1 − exp(−µ)
[
1 + µ + µ2/2

]
For example, at Galactic coordinates (l, b) = (90, 40) the average number

of stars brighter than mR = 16 in a field of view of diameter 2 arcminutes is
0.66. The probability of finding three such stars is therefore 3%. In addition,
even if we have three stars which are bright enough it is unlikely that they will
span the field of view. An obvious solution would be to employ LGSs. With
multiple LGSs we can generate a guide star constellation around any field we
wish to observe. The guide stars can always have the same spatial configuration
and (approximately) the same flux, so that the system calibration is stable.
This is an important advantage over natural guide star MCAO where it will be
necessary to estimate new control matrices for each guide star configuration.
The cone effect will not be a problem since 3D information is available from
the guide star constellation. However, multiple LGS systems will be complex
and expensive. In addition, the indeterminacy of tip-tilt (see Ch. 15) will
lead to tip-tilt anisoplanatism which if uncorrected would practically nullify
the benefit of MCAO. In the case of multiple LGS, the lack of information
on their tip-tilt leads to indeterminacy in the altitude of quadratic phase errors
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(defocus and astigmatism) and this in turn gives rise to tip-tilt anisoplanatism.
To see this imagine that the turbulence gives rise to a defocus of amplitude a1

at altitude h and a defocus a0 at a layer at the telescope entrance pupil. For a
star at direction θ the net phase error at position x in the pupil is

φ(x) = a0x
2 + a1(x + θh)2

= a0x
2 + a1x

2 + a1(θh)2 + 2a1xθh

The last term is a tilt (phase linear in x) which depends on θ and is therefore
anisoplanatic. A natural guide star constellation can detect all these terms (ex-
cept the third which is a piston and does not affect image quality) and would
completely correct the field of view if connected to two deformable mirrors,
one conjugate to the pupil and the other to the layer at altitude h. However,
LGSs would not detect the tilt term and tilt anisoplanatism will lead to a non-
uniform Strehl ratio over the corrected field of view. Different solutions have
been proposed to solve this problem. It is clear that it could be solved using
a constellation of polychromatic guide stars. Another obvious approach is to
measure tip-tilt on several (at least three) natural guide stars over the field of
view. In principle, these guide stars could be very faint. This approach will be
employed in the Gemini-South MCAO system. Finally, it has been proposed
that combining guide stars which originate at different altitudes can solve the
problem. Such hybrid approaches could involve combining sodium and natural
guide stars or sodium and Rayleigh guide stars or Rayleigh guide stars at dif-
ferent ranges. To see the principle of these hybrid schemes, consider again the
case of having defocus screens at pupil and altitude h. In the case of measuring
with a LGS at direction θ generated at altitudeH the phase at position x in the
pupil is given by a modified version of the last equation:

φ(x) = a0x
2 + a1 (1 − h/H)2 x2 + a1(θh)2 + 2a1x (1 − h/H) θh

where the 1 − h/H term takes into account the cone shape of the laser beam
(at h = 0 the beam covers the pupil, at h = H the beam has zero extent).
With the LGS constellation we cannot measure the third (no effect) or fourth
terms. In fact, if a0 = a1 (1 − h/H)2 then it would appear that there is no
phase error ! If we employ a guide star generated at a different altitudeH ′ then
this degeneracy cannot occur. There is information in the difference between
the measurements obtained with the guide stars atHandH ′ about the altitudes
at which the quadratic phase errors occur.
An extension of layer-oriented MCAO has been proposed as a way to get

good sky coverage. In principle, LO can combine light from multiple faint
guide stars inside the field of view. Even so, the sky coverage will be low
for the fields of view over which good Strehl can be obtained (≤2 arcmin).
The proposed ’multiple field of view layer-oriented’ is based on the fact that
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layers near the telescope pupil are well sampled by stars over a very large field
of view. The idea is that guide stars on an annular field of inner diameter 2
arcminutes and outer diameter ≥ 6 arcminutes would be sensed conjugate to
the pupil, while stars on the inner 2 arcminutes would be sensed conjugate
to high (i.e. ∼ 10 km) altitude. The stars in the inner field would control
the deformable mirror conjugate to high altitude and the stars on the outer
annular field would control the deformable mirror conjugate to the pupil. A
complication arising with this approach is that the guide stars on the outer
annulus are only partially corrected and so the wavefront measurements using
them are not strictly in closed loop. The range and linearity of the wavefront
sensors used has to be increased with respect to closed-loop sensors.

4. Measures of AO performance
The basic goal of AO systems is to provide diffraction-limited images in an

efficient way. This goal is never fully achieved and we have seen that images
obtained with AO systems typically have a diffraction-limited core on a halo
which is somewhat smaller than the uncorrected image. The most important
parameter characterizing AO-corrected images is the Strehl ratio. When an
image is obtained with an AO system the usual procedure to determine the
Strehl ratio is to compare it with an image obtained by Fourier transforming
a mask corresponding to the telescope entrance pupil. Both images have to
be normalized to contain the same total energy and the theoretical image has
to be filtered to include the effect of the detector pixel size. It should also
be taken into account that the real image will not be centered exactly in the
center of a pixel. The Strehl ratio obtained from averaging the Strehl ratio of
short exposure images will always be higher that obtained from an equivalent
long-exposure image due to errors in the tip-tilt correction.
Astronomers are accustomed to describing images by their full-width at

half-maximum (FWHM). If the Strehl ratio is high, then the fwhm should ap-
proximate to the theoretical value for a diffraction-limited image (1.029λ/D
for a circular aperture). For moderate values of Strehl ratio (> 0.1) there is a
fairly monotonic relation between Strehl ratio and FWHM, while a low value
of Strehl ratio may correspond to a wide range of FWHM. This is because in
this regime the halo dominates the image, and its width depends on the current
seeing conditions.
In order to evaluate system performance it is useful to plot SR as a func-

tion of r0. This may be compared to simulations or model predictions and
deviations indicate that there are problems. When this occurs, what are the
diagnostics that can be examined ? There is a great deal of information in the
wavefront sensor measurements and provision should be made to store them.
Zernike decomposition of the residuals helps to identify if there are problems
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corresponding to some particular modes. Temporal spectra of open and closed-
loop wavefront sensor data can be compared in order to show if the bandwidth
of the system is as expected. This can also identify telescope vibrations, which
can severely limit AO performance. The Strehl ratio should also be plotted
as a function of guide star magnitude for observations taken in similar seeing
conditions (r0 and τ0) in order to determine whether the system is capable of
providing correction up to the predicted limiting magnitude.
Finally a word about efficiency; observing time on large telescopes is a valu-

able asset, both in terms of cost and considering the ratio of observing time
available to the time requested by astronomers. Marco et al. (2001) state that
the observing efficiency defined as the ratio of ’science shutter time’ to avail-
able dark time is 10-30% for the ADONIS AO system while the corresponding
ratio for other instruments is 50-80%. Some of this difference is due to the fact
that most AO exposures are of short duration and the readout time is significant.
In addition, AO systems use time to close the loop and optimize performance.
Observations may also be necessary to characterize the PSF.
Another indicator of the performance of AO systems is the number of refer-

eed publications per year based on observations made using AO. This has been
rising steadily over the last decade and is now >30 per year (see
http://www2.keck.hawaii.edu:3636/realpublic/inst/ao/ao sci list.html).

5. Challenges for AO
5.1 Extreme Adaptive Optics
Since 1995 more than 100 planets have been detected around other stars.

The detections have been made by indirect techniques, usually by detecting
periodicities in radial velocity measurements, from which orbital parameters
can be determined. Direct detection of light from extra-solar planets would
greatly increase our knowledge of these objects allowing determination of pa-
rameters such as temperature and composition. However, the photons from
extra-solar planets are lost among the relatively huge number of photons from
the host star. The relative brightness of a mature (i.e. cool) planet to the host
star is of order of 109. If we are to detect these objects using AO then it is
necessary to beat down the uncorrected halo of light from the central star so
that the planet will be revealed. This implies obtaining very high Strehl ratios,
so that a very large fraction of the stellar light is contained in the coherent core.
Systems designed to do this are examples of ’extreme AO’ (ExAO or XAO).
On 8-10 m telescopes these systems will require several thousand actuators
and have to run at a few KHz. They will use the central star as the source for
wavefront sensing. In some designs the XAO system is a second stage correc-
tor after a ’conventional’ AO system. In addition to very high order correction
all other sources of scattered light have to be controlled. These sources include
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stray light and ghost images, which are controlled by using very smooth optics,
careful baffling, highly reflective coatings etc. Scattering of light at the edge
of the telescope pupil is controlled by coronography. Extreme AO on an ELT
such as OWL will require hundreds of thousands of actuators - the ultimate
challenge for adaptive optics !

5.2 AO on Extremely Large Telescopes
The next generation of ’Extremely Large Telescopes’ (ELTs) has been de-

scribed in Ch. 7. We have seen that the detection power of these telescopes is
enormousely enhanced by AO. It is usually argued that AO is fundamental for
ELTs, indeed some ELTs only consider operation with AO. How will AO scale
to these telescopes of the future? This issue is being addressed by the different
ELT project teams. We can get an idea of the complexity of AO systems on
ELTs using simple expressions. In order to keep the fitting error constant as we
increase the telescope diameter D the number of actuators on the deformable
mirror has to increase as D2. The number of subapertures in the wavefront
sensor has to increase accordingly as well as the number of pixels in the wave-
front sensor detector. In order to maintain the bandwidth the pixel readout rate
also has to increase as D2 (while keeping the read-noise low !). If the control
approach used on current AO systems is employed, then the required comput-
ing power scales as D4. As an example, consider scaling the Keck AO system
to a 30 m telescope (such as CELT) and a 100m telescope (such as OWL). The
deformable mirror in the Keck AO system has 349 actuators. This would be
increased to about 3000 actuators on a 30 m telescope. If the wavefront sen-
sor employs quad cells then the detector would have 128×128 pixels, which
corresponds to detectors which exist today. With 1 kHz sampling the com-
puting power required is about 10 Gflop. The biggest challenge for a near-IR
AO system on a 30 m telescope is therefore likely to be the deformable mirror.
The same system scaled to OWL would have 35000 actuators and would need
a 512×512 pixel detector. The computing power at 1kHz sampling would be
of order 103 Gflops. It has been pointed out (Gavel, 2001) that in the time-
frame of the OWL project this computing power exceeds what will be possible
even given Moore’s law. It is therefore essential to develop alternative control
strategies such as those employing sparse matrix techniques. It is clear that de-
formable mirrors having such a large number of actuators will require a major
development effort. One possibility is to employ micromirrors (see Ch. 10)
although the small actuator spacing implies a small mirror size, and mapping
the (extremely) large entrance pupil onto a small mirror is optically difficult.
LGSs on ELTs also present severe challenges. The first problem is the per-

spective elongation which is a small problem on 8-10 m telescopes where the
elongation is ∼ 0.73 arcseconds (laser launched from behind secondary mir-
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ror) while it would be ∼ 2.2 arcseconds on a 30 m telescope and∼ 7.3 arcsec-
onds on a 100 m telescope. The laser power has to be significantly increased
(without saturating the sodium layer) in order to compensate for this effect.
Another problem arises from the fact that telescopes are designed to work at
infinite conjugates while the LGS is at a finite distance. For example, in a tele-
scope of focal length 170 m (e.g. the 10 m GTC) the sodium LGS focus is
about 32 cm after the natural guide star one. In an ELT this distance will be
greatly increased. The optical quality of the laser guide star image will be very
bad in the case of OWL and will even depend on the telescope elevation.
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Abstract The principles of the laser guide star (LGS) for adaptive optics (AO) are de-
scribed, as well as the physical processes involved in their generation. System
design issues are addressed, such as laser spot elongation and brightness. The
two main families of LGS, based either on Rayleigh or sodium resonant scatter-
ing are discussed in terms of performances and of laser technologies required to
match requirements. LGS aided AO systems built for astronomical telescopes
are described, with a special emphasis for the Lick and Keck systems which are
the only ones in routine operation for science. The future 30-100 m telescopes
need an intense R&D program for a new generation of robust turn key lasers.
These lasers must be compact, have nearly diffraction limited beam quality with
10 to 50 W output at 589 nm.

Keywords: lasers, laser guide star, adaptice optics, sum-frequency lasers, fiber lasers, Ra-
man lasers

1. Introduction
The development of adaptive optic (AO) systems to correct for wavefront

distortions introduced by the atmosphere represents one of the major advances
in astronomical telescope technology of the 20th century. However, in spite of
the great progress in AO, sky coverage is limited to sources located near bright
stars that provide a measure of wavefront distortions.
In order to overcome the requirement of having a bright "natural guide

star" (NGS) near an astronomical source, a first generation of laser guide
stars (LGS), or laser beacons, has been deployed to produce bright artificial
stars from which wavefront distortions can be assessed. LGSs consist of the
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backscattered light generated by ground-based laser beams passing through the
atmosphere. The beam is generated by a laser launched by a small telescope
attached to the main telescope, transmitted into the atmosphere and pointed
close to the source. The backscattered light returned from a column of a spe-
cific diameter, length, and altitude is observed as the artificial star.
The basic layout of a laser guided AO system is shown in Fig. 1. Im-

plementation of LGS referencing requires the addition of a laser and launch
telescope, plus one or more additional wavefront sensors (WFS), including a
tip-tilt sensor. Multiple LGSs require additional lasers and launch systems,
or a multiplexing scheme. Multi-conjugate AO (MCAO) requires additional
deformable mirrors, operating in series, plus multiple WFSs.
This article gives a brief introduction into the formation of LGSs, either

through Rayleigh backscattering in the lower atmosphere, or through resonant
backscattering from the sodium layer at an altitude of 90 km. The most im-
portant properties of the sodium layer are summarized, and some technical
issues relevant to the generation of sodium LGSs are discussed. The article
concludes with a review of the laser technologies and their demonstration, as
well as a description of systems under development.

Figure 1. Schematic of a laser guided
adaptive optics system. The laser is pro-
jected along or parallel to the telescope axis
onto the science object. The deformable
mirror can be a separate entity, or can be an
adaptive secondary. The light is split among
the cameras by dichroics.

Figure 2. Magnitude of Rayleigh and
sodium backscatter return as a function of
atmospheric density.

1.1 History of laser guide stars
The idea of creating a LGS using Rayleigh scattering from a focused laser

beam was proposed in 1981 by Feinleib and Hutchin, and also by Hunter. In
1982 Happer proposed using fluorescence in the mesospheric sodium layer for
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atmospheric compensation (Happer et al., 1994). In 1983 Fugate demonstrated
that reliable wavefront measurements could be made from a Rayleigh LGS at
10km based on comparison with those from a natural guide star (NGS). In
1984 the first demonstration of a Na LGS was performed and compared with
a nearby natural star to determine it’s usefulness for atmospheric correction (
Humphreys et al., 1991). The first AO compensated stellar images were ob-
tained with a Rayleigh beacon in 1988 (Zollars, 1992), followed by the first
high pulse rate compensation demonstration in 1989 (Fugate et al., 1991) at
the Starfire Optical Range (SOR). compensation was demonstrated in 1989 (
Fugate et al., 1991) at the Starfire Optical Range (SOR). The existence of the
US Government-sponsored work on laser beacons described above was not
publicly revealed until 1991 (Fugate et al., 1991; Primmerman et al., 1991).
In the meantime, similar ideas were published in the open literature by Foy

and Labeyrie (1985). Their paper presented the concept of using Rayleigh
or resonant backscatter from pulsed laser beams to measure wavefront dis-
tortion in AO systems. Based on this suggestion, Thompson and Gardner
(1987) demonstrated a Na LGS using a pulsed dye laser on Mauna Kea. They
published several papers covering the theory and practice of Rayleigh and Na
LGSs, investigated the characteristics of the sodium layer, analyzed methods of
implementing LGS/AO and expected performance. A comparison of Rayleigh
LGS and NGS wavefront sensing was also carried outby Foy et al. (1989).
(Foy et al., 1989). The first WFS measurements using a sodium LGS were
performed at Lawrence Livermore National Laboratory (LLNL) in 1992 with
a 1100 W dye laser, which had been developed for atomic vapor laser isotope
separation (AVLIS)(Max et al., 1994; Avicola et al., 1994). They compared
well with models (Morris, 1994). AO systems with LGSs are now included
in the planning for nearly all major telescopes, and several prototype systems
have been commissioned (Quirrenbach, 1997; Max et al., 1997; Pennington
et al., 2002). Several good reviews of AO have been published in the past
few years (Beckers, 1993; Hardy, 1998; Tyson, 1997; Dainty et al., 1998, see
also Ch. 13). These contain a wealth of introductory material about LGSs.
A number of detailed technical accounts have also been collected in Volume
11 of the JOSA. In addition, the last conferences and workshops on AO were
organized by SPIE ( 4007, 4125, 4839). The present article is intended to give
an overview of the basic principles of LGSs, and to set the stage for the later
contributions in this volume, which will treat many aspects in more detail.

2. Laser Guide Stars
There are several factors to consider when using a LGS. First, beacons are

formed within the earth’s atmosphere, near the telescope aperture. As a result,
they don’t sample the full telescope aperture when focused on object at infin-
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ity. This effect, called the cone effect, leads to wavefront error called focal
anisoplanatism (see Ch. 15). The laser light is also spread out by turbulence
on the way up. This produces a finite spot size (0.5-2 arcsec), which increases
the WFS measurement error. Even when using a LGS, a NGS is required to
compensate for image motion because the laser beam is randomly displaced by
turbulence (see Ch. 15). Use of LGSs complicates the telescope optical sys-
tem more than conventional AO. Additional optical components are required
for beam sharing with the laser. Unwanted scattered light, and laser light, must
be rejected by the science-imaging path. Finally, lasers for LGSs have special
requirements. The pulse repetition rate is the controlling factor in designing
the AO feedback loop. It must be ∼ 10× higher than the compensation band-
width (several kHz). Sodium beacons must be accurately tuned to Na D2 line
(589.2 nm), with specific pulse shapes and spectral content.
There are two types of scattering used for LGSs. Rayleigh scattering is

produced by scattering from air molecules, small aerosols, and is generated at
altitudes up to ∼ 30 km. Sodium resonance fluorescence occurs in a thin layer
of sodium atoms deposited by meteors at an altitude of 90-100 km. To create
sodium LGSs a laser, tuned to the 589 nm resonance line of Na, is used to
resonantly excite the Na atoms, giving rise to fluorescence at the same wave-
length. In addition, Mie scattering occurs in the lower atmosphere, producing
backscatter that competes with the desired returns. This is radiation scattered
from small particles and aerosols of a size comparable to the wavelength of the
incident radiation, with no change in frequency.
The Lidar (light detection and ranging) equation defines the energy detected

at a receiver of area RA because of the scattering process as the light beam
propagates through the atmosphere. Assuming emission from a scattering vol-
ume at distance R is uniform over 4π sr, the fraction of photons collected is
AR/(4πR2). Regardless of the type of scattering, the number of photons Nν

detected is the number of transmitted photons + the probability that a trans-
mitted photon is scattered + the probability that a scattered photon is collected
+ the probability that a collected photon is detected + background photons
(noise). With simplifying assumptions, described below, the Lidar equation
may be expressed symbolically in the form:

N(H) = [
EL

hc
](σBn(H)∆H)[

AR

4πH2
](ToptT

2
atmηd) + NB (1)

where N(H) is the expected number of photons detected in a range ∆H , EL

the laser energy (J), λ the wavelength (m), h the Planck’s constant, c the speed
of light,σB the effective backscatter cross-section (m2), n(H) the number den-
sity of scatterers at range H , ∆H the receiver range gate length (m), AR the
area of the receiving aperture (m2), Topt the transmission of transmitter and re-
ceiver optics, Tatm the one-way transmission of atmosphere between telescope
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and LGS, ηd the quantum efficiency of the detector at λ, and NB the number
of background and noise photoelectrons.
The assumptions are that ∆H � H , so that n(H) and Tatm are constant

over ∆H , and that the scattering process is linear so that σb is constant. The
first assumption is justified in the case of focused beams using a range gate
in the detector optical system to select a small region around the focus. In
the case of sodium beacons, there may be significant layering within the focal
volume, which is accommodated by using an average value of n(H). The Na
resonance fluorescence process is easily saturated, so care must be taken to use
an appropriate value of σb. The two factors n(H) and σb in the Lidar equation
are specific to the type of scattering employed. For Rayleigh scattering,

σR
B = π2(n2 − 1)2/(N2λ4) (2)

where n is the index of refraction and N is the atom density. For Na, an
effective cross-section is used, which is a function of the spectrum of the laser
pulse (see Section 14.3.1.1).

2.1 Rayleigh Guide Stars
Rayleigh scattering results from interactions of the electromagnetic wave of

the laser beam with atoms and molecules in the atmosphere. The laser elec-
tromagnetic fields induce dipole moments in the air molecules, which then
emit radiation at same frequency as the exciting radiation (elastic scattering).
Rayleigh scattering is not isotropic and the cross section depends on the po-
larization of the incident light. Along direction of propagation, radiation from
both polarization components add. Perpendicularly, only the perpendicular
component is scattered. Rayleigh scattering is much more effective at shorter
wavelengths and depends strongly on the altitude. The product of the cross-
section with the density of molecules at a given altitude is:

σR
Bn(H) = π2(n2−1)2λ−4n(H) ∼= 3.6×10−31λ−4.0117P (H)/T (H)m−1sr−1

(3)
where P (H) is the pressure in millibar, and T (H) is temperature in degrees K
at altitude H . Because P (H) falls off exponentially with H , Rayleigh LGSs
are generally limited to altitudes below 8-12 km. However, Rayleigh scattering
dominates over sodium scattering for altitudes < 75 km (Fig. 2).
Pulsed lasers are used to generate a Rayleigh LGS, so thatH and∆H can be

selected through "range gating" for each pulse. A shutter in front of the WFS
is opened when the light returning from the bottom end of the desired column
reaches the detector, i.e., after a time T = 2(H/cos(z)−∆H/2cos(z))/c has
elapsed, where z is the zenith distance. The shutter is closed again when it
reaches its upper end at T = 2(H/cos(z) + ∆H/2cos(z))/c. The angular
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size α of the beacon formed at the focus of a converging beam is determined
by∆H/cos(z). It is normally limited to 1-2 arcsec because of turbulence.
The power required for a Rayleigh LGS is ≈100 W per beacon. The trade

off between increasing ∆H to increase the return flux and decreasing it to
decrease the spot size, which increases SNR, is given by:

∆H/H ≤ 4.88(λ/Dproj)(H/r0) (4)

whereDproj is the diameter of the laser projector and r0 is the Fried parameter
(see Ch. 1). Because of the strength of Rayleigh scattering, it is fairly easy
to generate bright guide stars with this method. Furthermore, the exact wave-
length of the laser does not matter. It is therefore possible to choose a laser
technology that gives high power output at moderate cost. Many types of lasers
have been used, including excimer (Thompson and Castle, 1992), copper vapor
lasers (Fugate et al., 1994), frequency doubled or tripled neodymium-doped yt-
trium aluminum garnet (Nd:YAG) lasers (Fugate et al., 1991; Foy et al., 1989)
and tunable dye lasers (Zollars, 1992). Rayleigh LGS have proved effective
only for small telescope apertures (< 2m), because of cone effect. Multiple
laser beams can be used to create a tomographic image of the turbulence,1 but
this process makes an already complicated system even more complex.

3. Sodium Guide Stars
Resonance scattering occurs when an incident laser is tuned to a specific

atomic transition. An absorbed photon raises the atom to an excited state. The
atom then emits a photon of the same wavelength via spontaneous or stimulated
emission, returning to the initial lower state. This can lead to large absorption
cross-sections, making the process much more efficient in generating backscat-
tered light than molecular scattering. To create sodium LGSs, a laser, tuned to
the 589 nm resonance line of Na, is used to resonantly excite Na atoms in the
mesosphere at ∼ 100 km altitude. This produces a bright artificial star.
See Table 1 for the values of important parameters of the sodium layer.

3.1 Physics of the Sodium Atom
Sodium has 1 valence electron, and 10 bound electrons. The first two excited

states are the 32P1/2 and the 32P3/2 states. Transitions to these levels give rise
to the D1 and D2 transitions respectively. There are two hyperfine levels in the
32S1/2 ground state, and four hyperfine levels in the 32P3/2 excited state (Fig.
3). There is no significant energy difference between the hyperfine levels in
the 32P3/2 state. Thus, the six permitted lines appear in two groups, producing
a double peaked spectral distribution, with the peaks separated by 1.772 GHz.
The 16 ns natural lifetime of excited Na is much shorter than the 140 µs

mean time between collisions, thus the line broadening due to collision-induced
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Table 1. Basic data about the mesospheric layer and the sodium atom.

Layer attitude 92 km Oscillator strength ofD2 0.66
Layer thickness 10 km D2 wavelength 589.2 nm
Temperature in laser 215 ±15 K Energy of 589 nm photon 3.38 10−19J
Column density 2 - 9 1013 m2 D2 Doppler width at 215 K 1.19 GHz
Peak sodium density 4 109/m3 D2 Hyperfine splitting 1.77 GHz
Molecular density 7.1 1019/m3 D2 hyperfine components ratio 5:3
Sodium-molecule colli-
sion time

150 µs Peak D2 cross section for natu-
ral linewidth

1.1 10−13m2

Natural width of D lines 10 MHz Peak D2 cross sec-
tion for Doppler linewidth

8.8 10−16m2

D2 natural lifetime 16 ns Saturation intensity per veloc-
ity group

64 W/m2

D1 oscillator strength 0.33 Optical depth of Na layer ≤ 0.1

transitions is negligible. The 1.07 GHz (at 200 K) Doppler broadened linewidth
is ∼ 100 times greater than the homogeneous one. Doppler broadening is
therefore the dominant factor in determining the linewidth. The combined hy-
perfine energy separations and the Doppler broadening result in a 3 GHz full-
width-half-maximum (FWHM) absorption profile. Sodium is normally in the
ground state at 200 K. When a laser pulse passes through the medium, some of
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the atoms absorb a photon and are excited to the upper state. When you shine
a laser on the sodium layer, the optical depth is only a few percent. Most of
the light just keeps on going upwards. Atoms in the upper state may de-excite
back to the lower state by either spontaneous or stimulated emission. With
spontaneous decay, a photon of the same energy and wavelength is emitted
incoherently and isotropically. At low levels of incident radiation, the mean
time for an atom in the excited state to absorb a photon (provoking stimulated
emission) is much longer than 16 ns mean lifetime, so most of the population
remains in the excited state. In this regime the backscatter is proportional to
the laser energy. The scattered fluxes are limited by three effects: saturation,
optical pumping and radiation pressure, which will now be discussed.

3.1.1 Radiative Saturation. Higher levels of radiation create a larger
population in the excited state, allowing stimulated emission to become a com-
peting process. In this process, atoms in the excited state absorb photons,
which re-emit coherently; that is with the same frequency, phase and direction
as the incident photon. Thus stimulated emission does not produce backscat-
tered photons. As the incident energy increases, a greater proportion of the
excited atoms absorb a photon and produce stimulated emission before they
decay naturally. The net result is that the population of atoms available to
produce backscatter decreases, i.e., the medium saturates.
Consider a two level atom that initially has a ground state n containing

N atoms and an empty upper state m. The atom is then excited by a ra-
diation field tuned to the transition ν = Wm − Wn/h, where hν � kT .
In equilibrium, BnmU(ν)Nn = AmnNm + BmnU(ν)Nm , where Amn =
1/lifetime in upper state = Einstein’s coefficient A, Bnm = Bmn = Ein-
stein’s coefficient B, and U(ν) is the radiation density (J/cm3Hz). Hence
Nm = Nn[BnmU(ν)]/[BnmU(ν) + Amn]. If f is the fraction of atoms in
levelm and (1 − f) the fraction in level n it comes

f = BmnU(ν)(1−f)/(BmnU(ν)+Amn) = 1/(2+Amn/[BmnU(ν)]) (5)

At low U(ν), f = BmnU(ν)/Amn, and the number of photons radiated in
spontaneous emission/s is NBmnU(ν). As the pump radiation increases,

lim
U(ν)→∞

f = 1/2 (6)

We can define the saturation level as the radiation field generating 1/2 this
max: Usat(ν) = Amn/2Bmn = 8hπν3/c3 J Hz /cm3. The ratio Amn/Bmn is
known from Planck’s black body formula. The intensity of the radiation field
I(ν) is related to U(ν) by I(ν) = U(ν)cW Hz/cm2 .
We can estimate the saturation intensity for a natural linewidth∆ν as: Isat =

4π(hν)∆ν/λ2. Writing this in terms of the transition probabilityA(= 2π∆ν):



Laser Technologies forLaser Guided Adaptive Optics 215

Isat = 2(hν)A/λ2 W/cm2. Thus at 589 nm, Isat = 12.1 mW/cm2. More
refined calculations, taking into account the hyperfine splitting and the polar-
ization of the exciting radiation field, give:

Isat = (π/2)(hν)A/λ2 = 9.48 and Isat = (π/3)(hν)A/λ2 = 6.32mW/cm2

(7)
Saturation can be controlled by limiting the peak pulse power of the laser,

and by tailoring the pulse width, repetition rate and spectral bandwidth. From
an altitude of 85-95 km, the density varies from 2.9 × 1019 to 1.7 × 1020

molecules/m3 and the mean time between collisions of the Na atoms varies
from 27 to 155 µs (U.S. Standard, 1976). With a single frequency laser tuned to
the peak of D2, only a few percent (≈10MHz/1 GHz) interact strongly with the
field until they collide with another atom or molecule. With a multi-frequency
laser one can excite many velocity groups at once, reducing saturation. The
photon return per Watt of laser power depends on the spectral bandwidth (Fig.
5, d’Orgeville et al., 2000). The optimum laser linewidth is somewhat less than
the Doppler width, with a value of 300 - 600 MHz being near optimum.

Figure 5. Dependence of photon
return per Watt of laser power on
the degree of spectral bandwidth
added to the pulse.

Figure 6. The Zeeman sub-levels of the ground state
and the second excited state, and the effects of optical
pumping with right- hand circularly polarized light. The
transition on the right represents the trapped state since
decay to the lower ground state is forbidden. Solid lines:
some of the allowed transitions that lead to trapped state.
Dashed lines: other allowed transitions that either pro-
ceed away from the trapped state, or terminate in the
F = 1 level and are lost to further pumping.

For a typical spot size of 1 arcsec the laser intensity is nominally 2 mW/cm2,
so the laser power must be � 2.4 W to avoid saturation for a single frequency
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CW laser. By spreading the power over three spectral lines, the saturation flu-
ence becomes 3× larger, and 7.2 W can be used. Thus saturation is not a major
concern for CW lasers with output powers of a few Watts. For pulsed lasers,
however, the situation is very different. Depending on the pulse format, their
peak power Ppeak can be many orders of magnitude higher than the average
power P . For example, a laser with a pulse duration of 20 ns, a repetition
frequency of 10 kHz, and an P = 10 W would have Ppeak ≈ 50 kW, which
would badly saturate the D2 line for any useful spot diameter. Peak power is
defined as the P /duty cycle, where the duty cycle is the fraction of time laser
is "on". The pulsed dye laser at the Keck Observatory produces 120 ns pulses
at 26 kHz. To achieve PL < 2.4W, the laser spectrum must be broadened over
the full double peaked 3 GHz Doppler width at 10 MHz intervals, so the laser
interacts with 300 velocity groups. Thus PL ≤ 2.4×3×10−3×300 = 2.2W.
An analytical model can be used to predict saturation for high repetition rate
lasers (Milonni et al., 1998). While this improves the photon return, CW lasers
with only 500 MHz are more efficient because they match only the stronger of
the two spectral peaks. Photon return saturates as ln(1 + Ipeak/Isat), where
Ipeak is proportional to the power and inversely proportional to the LGS spot
area, pulse length and repetition rate. The spot size assumption has a major in-
fluence on the laser power required; however increasing it to reduce saturation
is counter-productive in terms of WFS SNR optimization.
With pulsed lasers it is also possible to redistribute the atoms between the

magnetic sublevels (see Sect. 14.3.1.3). Nevertheless, saturation is a major
concern for the design of pulsed Na LGS systems.

3.1.2 Radiation pressure. Radiation pressure on the Na atoms can
substantially change the amount of resonant fluorescence by altering their ra-
dial velocity and by pushing them out of resonance. This process is particularly
important for single frequency laser, or laser that consists of a comb of frequen-
cies separated by several homogeneous linewidths (Fugate et al., 1994). After
an atom absorbs a photon, it radiatively decays by emitting a photon in an arbi-
trary direction. This process on average causes the atom to absorb one unit of
photon linear momentum per absorption/emission cycle, which increases the
absorption frequency of the atom by 50 kHz. At the saturation intensity, an
atom absorbs a laser photon every 64 ns, thus the atom’s resonant frequency
shifts at a chirp rate of 50 kHz/64 ns = 0.78 MHz/µs. As the atom moves out
of resonance with the radiation, the frequency chirp decreases.
Collisions between the Na atoms and molecules will redistribute the atomic

velocities and fill the velocity hole created by radiation pressure. These col-
lisions, however, are relatively infrequent. Therefore, ample time exists for
a long laser pulse to push the atoms out of resonance before collisions can
rethermalize the vapor. This loss in excitation efficiency can be overcome with
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radiation that has spectral content at intervals of the homogeneous linewidth.
Then the Na atoms will be pushed merely from one homogeneous velocity
group to another. This is the same spectral content requirement given earlier
for complete excitation over the Doppler profile. It is also possible, however,
to increase the Na excitation efficiency of a single-frequency laser, or of laser
radiation that consists of a sparse comb of frequencies, by chirping the laser
frequencies so they follow the resonant frequency of the Na atoms. This tech-
nique sweeps the Na atoms into velocity groups in resonance with the laser
radiation, and increases the absorbance of the Na vapor.

3.1.3 Circular Polarization and Optical Pumping. For laser illumi-
nation times that are long compared to the radiative lifetime, the effects of op-
tical pumping must be considered. For the highest efficiency, the laser should
be tuned to the transition between the 32S1/2 F = 2 state and the 32P3/2 level,
because there are 5 angular momentum M states in this level as opposed to
3 in the F = 1 one, with the corresponding increase in population. In the
decay process, some of the electrons decay to the F = 1 level. These atoms
are then effectively lost to further pumping (Jeys et al., 1991). However, there
exists two Zeeman sublevels (M = +3, M = −3) of the F = 3 level for
which there is no allowed transition to the 3S1/2 F = 1 level (Fig. 6). Due
to conservation of angular momentum, absorption and emission of photons re-
quires a shift of ∆M = ±1 or 0 depending on whether the photon is right
hand or left hand circularly or linearly polarized respectively. In Fig. 6 this
would correspond to a shift of one column right or left or a transition straight
down. Spontaneous photon emission is random in its polarization, therefore
has no tendency to move the electrons toward either extreme. Similarly, lin-
early polarized causes transitions within the same column and therefore has no
tendency to move the electrons toward either of the extreme Zeeman sublevels.
With right hand circularly polarized light, both ground states can be excited,

thus all of the absorption transitions will cause ∆M = 1. After several exci-
tation/decay cycles the Na atoms will have absorbed angular momentum from
the radiation field and will reside in the higher angular momentum hyperfine
state (F = 2). This will cause the electrons to migrate to theM = 3 Zeeman
sublevel. Once in this state the electron is "trapped" repeatedly transitioning
between the F = 3, M = 3 excited state, and the F = 2, M = 2 ground state.
The Na absorption profile will then consist of only the F = 2 peak. Left hand
circularly polarized light causes the same effect but in the other "direction".
There is no "trapped" state for the F = 1 level.
The earth’s magnetic field does compete with the optical pumping process

by causing a precession of the atomic magnetic moment at the Larmor fre-
quency, νLarmor = 0.35 MHz, thus allowing transitions that would otherwise
be forbidden. In the absence of a perturbing magnetic field, about 20 excita-
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tion/decay cycles are required to pump most of the Na atoms into the F = 2
ground state with circular polarization. The cycle time of the Na atom should
be short, preferably less than 500 ns and the intensity of the laser and the pulse
format are important. For νLarmor > nmin/(20δt), the effects of circularly po-
larized pumping diminishes because fewer atoms are pumped into the F = 2
state. Here nmin is the minimum number of times that each Na atom must
spontaneously radiate a photon and δt is the laser pulse length. Experimental
observations have confirmed that the projection of circularly polarized light
produces a ∼ 30% increase in LGS brightness over linearly polarized light (
Ge et al., 1997; Morris, 1994).

3.2 Properties of the Sodium Layer
Na is likely deposited in the upper atmosphere by meteors along with other

metals (Clemesha et al., 1981) and distributed by solar winds (Happer et al.,
1994). This atomic layer is "eaten away" at its bottom by chemical reactions
(e.g. molecule and aggregate formation). Fe, Al, Ca are more abundant than
Na, but the D2 transition is so strong that it provides the largest product of col-
umn density cNa and transition cross section, nominally 103−104 atoms/cm3.
The layer has been studied mostly with Lidar technique (Blamont and Don-
ahue, 1961; Albano et al., 1970; Bowman et al., 1969; Sarrazin, 2001).
There are considerable geographic, seasonal, and short-term variations in

all parameters of the Na layer, that should be taken into account by the LGS
system design. The average height of the layer is at ≈ 92 km and is usually
≈ 10 km thick. The variable height distribution is normally Gaussian in shape
(Fig. 7), but it can become stratified, which can cause problems in the AO
system. At mid-latitudes there are seasonal variations with a maximum in
winter, which is ≈ 3 times higher than the minimum in the summer (Fig. 8).
The abundance profile also changes on time scales of hours (Fig. 9). All in all,
there is a factor of at least 6 between the maximum and minimum abundance.
The layer density also varies between 3 and 6×109/cm2 on a seasonal basis (
Simonich et al., 1979), as well as daily and hourly (Papen and Gardner, 1996;
Megie et al., 1978; O’Sullivan et al., 1999; Michaille et al., 2001). cNa can
vary by a full order of magnitude in extreme cases. This alone gives a variation
of the LGS by 2.5 magnitudes with serious effects on the performance of a
LGS system, so efforts should be made to monitor it, and respond quickly to
changes, in order to optimize the observing program.

3.3 Guide Star System Design Issues
The cone effect and image stabilization are addressed by Foy in Ch. 15.
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Figure 7. The vertical
distribution of the sodium
atoms can be seen by look-
ing at the laser return from
the side. This distribution
varies dynamically on the
time scale of a few minutes.

Figure 8. At University of
Illinois: factor of three vari-
ation between December-
January (high) and May-
June

Figure 9. At La Palma:
variation in the height
(horizontal axis) and signal
strength (right axis) of the
Na layer as a function of
time (left axis) for two
nights.

3.3.1 Launch geometry and spot elongation. The variations of the
effective height,H , of the Na layer do not affect the performance of the system
per se, but they have to be taken into account in the focusing procedures. For
a large telescope, the Na layer is very far out of focus relative to the science
object (see Ch. 7). The WFS must be mounted on a translation stage to follow
the focus of the LGS, whose distance is (H/cosz), where z is the zenith angle.
This height must be calibrated regularly to account for motion of the Na laye.
H and thickness of the Na layer,∆H , give a limit on the maximum separation
d between the projector and the telescope. The Na "spot" is actually a long
thin column, which appears elongated when viewed from a distance d (Fig. 7).
The elongation at zenith is given: ε = d∆H/H2 ≈ 0.24d arcsec.
Therefore d must not be larger than a few meters. Thus the beam projector

has to be attached directly to the telescope structure. If it is mounted at the side
of an 8-meter telescope the spot size changes by a factor of 3 across the pupil.
This not only requires more laser power (to make up for the effect of the larger
LGS), but optimum wavefront reconstruction is more difficult, since the noise
is anisotropic the pupil. In addition possible stratification of the Na layer can
introduce systematic errors into the wavefront determination. If the projector
is located at the middle of the pupil, this effect causes a change of focus, which
is not very important because the LGS already has to be automatically focused
by its own control loop. If the laser is launched from the side, stratification
introduces astigmatism into the wavefront measurement that must be corrected
using data obtained from a NGS within the isoplanatic patch. This effect is
independent on the spot size. Both these effects are minimized if the beacon is
launched along the optical axis, a factor that must be traded against the added
complexity and cost of placing the launch telescope in this position.
In many cases engineering drive the decision towards one or the other solu-

tion. The WFS must be able to separate the Na LGS from the much brighter
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Rayleigh one from the lower atmosphere. In pulsed laser systems with suitable
repetition rates this can be done by range gating. When viewed slightly from
the side, the Rayleigh light forms a cone, which points towards the sodium spot
(Fig. 24). The Rayleigh cone corresponds to heights from 0 to≈40 km, the Na
spot to≈92 km. This gap of a few arc seconds allows us to reject the Rayleigh
light by a field stop. In principle it is also possible to feed the laser beam into
the the main telescope and use it as the projector. This "monostatic" configu-
ration has severe drawbacks. The enormous amount of scattered light requires
gating not only of the WFS, but also of the scientific camera. And phospho-
rescence of coatings or other materials in the telescope may produce a glow
that persists long after the laser pulse, which is unacceptable for observations
of faint objects. This approach is not suited for astronomical applications.

3.3.2 Sodium Guide Star Brightness. From the properties of the Na
atom and the Na layer (Table 1), we can estimate the power needed for the AO
system. Assuming isotropic emission and no saturation, the photon flux F of
the LGS observed with the WFS is given by:

F = η.cNa.σdPLcos(z)/(4πH2Ephoton) (8)

where σd is the peak D2 cross-section, and Ephoton is the energy of a 589.2 nm
photon. η is an overall efficiency factor, which includes the instrumental and
atmospheric transmission, and the quantum efficiency of the WFS detector.
If we assume η = 10%, cNa = 5 × 1013/m2 and require a minimum F =
300000/m2/s for AO correction in the IR, we find that an average laser power
of 2.4 W is needed. This rough estimate demonstrates that LGSs are feasible
in principle with currently available laser technology.
For any practical system, the variations of the LGS brightness due to ∂cNa/∂t

are a major concern. Furthermore, the LGS brightness depends strongly on z.
The cos(z) scaling results from the combination of a factor cos2(z) for the
distance to the LGS, and a factor 1/cos(z) for the length of the Na column.
It should be noted that when we compare the brightness of a LGS to a NGS,

the result depends on the spectral bandwidth, because the LGS is a line source,
whereas the NGS is a continuum one. The magnitude scale is a logarithmic
measure of flux per spectral interval (see Ch. 15). This means that a (flat)
continuum source has a fixed magnitude, no matter how wide the filter is. In
contrast, the magnitude of a line source is smaller for narrower bandpasses.
It is therefore advisable to use the equivalent magnitude only for qualitative
arguments. The photon flux should be used in careful system analyses.
Figure 9 shows that the Na LGS brightness can vary by several magnitudes

over fairly short times. Clearly, these variations have a strong influence on the
performance of the AO system. The performance degradation with increasing
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z is stronger than for NGSs because of the cos(z) term in the LGS brightness,
and the performance depends critically on the cNa and on the seeing.

3.3.3 Spot size. The size of the LGS is a critical issue, since it defines
the saturation effects of the laser and the power needed to reach a given system
performance, and also the quality of the wavefront sensing. There is an opti-
mum diameter of the projector, because, if the diameter is too small, the beam
will be spread out by diffraction and if it is too large it will be distorted due
to atmospheric turbulence. The optimum diameter is about 3r0, thus existing
systems use projection telescopes with diameters in the range of 30-50 cm.

3.3.4 Safety Considerations. High-power lasers raise a number of
safety issues. There are the flammability and the toxicity of dye solutions.
Most importantly, the eye hazards of laser radiation require careful shielding
of the beam, and interlocks that restrict access to the laser room and to the
dome. The laser could also dazzle aircraft pilots if they look directly down the
beam. It is therefore necessary to close a shutter in the beam when a plane
comes too close, either manually by human spotters, or automatically by use
of radar, thermal IR or CCD cameras. Care must also be taken to avoid hitting
overhead satellites in the case of pulsed or high power laser systems.

4. Laser Guide Star Technologies and Experiments
4.1 Rayleigh Guide Star Lasers
Because of the strength of Rayleigh scattering, it is fairly easy to gener-

ate bright LGSs with this method. Several commercial laser technologies can
provide high power output at moderate cost. General requirements include a
power output of ≈ 100 W, pulse rate of >1 KHz and good beam quality to
produce a small beacon diameter. Because the Rayleigh cross-section is pro-
portional to λ−4, scattering is most efficient at UV wavelengths and is useful
up to ≈ 600 nm. Historically the high power lasers needed for Rayleigh LGSs
have had poor beam quality. This required the projection of the laser through
the main telescope in order to create a seeing limited spot. Copper vapor lasers
(λ 510.6+ 578.2 nm), were among the first to be demonstrated. Excimer lasers
have also been used to produce light at 351 nm. They work at best efficiency in
the range of 300-350 Hz. Excimer laser technology is quite mature and is very
reliable; however, they are fairly large and have a high power consumption.
Advances in laser technology now allow for solid-state lasers of high beam

quality. These beams may be projected from a much smaller auxiliary tele-
scope, which negates the need for optical switching and completely eliminates
any main telescope fluorescence. Solid-state YAG lasers are the most common
type of lasers commercially available. These lasers use a crystal as the lasing
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medium (solid-state), and can be reasonably compact and relatively efficient.
The standard operating wavelength (1064 nm), can be frequency doubled in a
nonlinear crystal to produce 532 nm or frequency tripled to produce 355 nm.

4.2 Rayleigh Beacon Demonstrations
4.2.1 Starfire Optical Range. Rayleigh LGSs with AO at the SOR
1.5 m telescope (Fugate and Wild, 1994) have yielded near diffraction limited
images (Fig.10). The LGS/AO experiments utilized a 75 W and later on 150
W copper vapor laser. The 546-actuators deformable mirror controled from a
CCD Shack-Hartmann WFS had a 143 Hz closed loop control bandwidth. The
system achieved a NGS vs. LGS Strehl for the same object of 0.59 vs. 0.48.

Figure 10. β Del at λ 850 nm observed
at SOR with Rayleigh LGS/AO. Separation
0.275”, magnitude difference 1.07. Without
AO, the image would occupy the entire field
of view. (Fugate and Wild, 1994).

Figure 11. (a) Schematic of the Rayleigh
LGS system on the 2.5-m telescope at Mount
Wilson.

4.2.2 Mt. Wilson Observatory. The UnISIS excimer laser system is
deployed on the 2.5 m telescope at Mt. Wilson Observatory (Thompson and
Castle, 1992). A schematic of the system layout is shown in Fig. 11. The 30W,
351 nm excimer laser is located in the coudé room. The laser has a 20 ns pulse
length, with a repetition rate of 167 or 333 Hz. The laser light is projected
from the 2.5 m mirror and focused at 18 km. A fast gating scheme isolates the
focused waist. A NGS is needed to guide a tip-tilt mirror. Even with relatively
poor seeing, UnISIS has been able to correct a star to the diffraction limit.

4.2.3 Advanced Rayleigh Guide Star Concepts. The main disad-
vantage of Rayleigh is its low altitude and the cone effect. This problem is
significantly reduced when Rayleigh LGSs are used in a constellation for mul-
ticonjugate adaptive optics (MCAO) (Beckers, 1987). Projection of multiple
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seeing-limited Rayleigh beams from an auxiliary telescope with a low power
solid-state laser has recently been reported (Lloyd-Hart et al., 2001). There
are also two novel and attractive proposals for Rayleigh LGSs: first, the use of
a dynamic refocusing mirror in the telescope’s focal plane can make the LGS
much brighter and/or higher (Angel and Lloyd-Hart, 2000), and second, the
explicit measurement of the return from each laser at multiple heights which
can improve the ability to discriminate between atmospheric layers.
In the past, Rayleigh performance has been limited by poor laser beam qual-

ity and by depth of field limitations. New near diffraction-limited YAG-based
lasers remove the depth of field restriction for the projected beam. UV lasers
are now available with sufficiently high quality beam profile to allow ≈ 20 cm
diameter projectors. If light returned by Rayleigh scattering could be collected
by a WFS over a large range of height, then bright LGSs could be made using
relatively cheap lasers of a few W. To be useable though, the returning light
must be held in focus on a WFS. Lloyd-Hart et. al.(2001) have demonstrated
that a sinusoidal motion of a mirror in the focal plane can maintain a well-
focused image over heights from about 16 to � 30 km. For an AO running at
1 kHz at 354 nm, the mean return flux integrated over this range is about 10
times the flux from a Na laser of the same power. Because of the low altitude
multiple beams could be used to provide complete sampling of the turbulence,
and this approach moves naturally towards an implementation of MCAO.
A preliminary demonstration of multiple Rayleigh LGSs was done at Stew-

ard Observatory’s 1.5 m telescope (Fig. 12). The laser was a pulsed, frequency-
tripled YAG, triggerable at rates from a few hundred Hz to 10 kHz with pulse
powers in the range 3-6 J, depending on pulse rate. The beam had a Strehl
∼ 0.5. The projected beam was 25 cm in diameter. The waist width was 2.3
arcsec FWHM, consistent with the (one way) seeing of 1.5 arcsec. Prelimi-
nary reductions indicated the system produced N = 1.4 103 photons/m2/s/km
per spot, assuming atmospheric transmission of 66% over the 14 km to the
telescope at 2.5 km altitude. Thus high beam quality of the YAG laser allows
projection from a small projector, greatly simplifying the system and eliminat-
ing fluorescence in the main telescope. 6W lasers and better beam quality are
available, and should be powerful enough to provide beacons at 33 km altitude.
The use of dynamic refocusing optics is currently being tested at the Stewart

1.5-m telescope (Georges et al., 2002), and will eventually be deployed at the
6.5-mMultipleMirror Telescope (MMT) (Lloyd-Hart et al., 2001). In addition,
a similar scheme using phase diversity instead of dynamic focus has been pro-
posed (Lloyd-Hart et al., 2001). With refocused beacons, implementing height
diversity can be accomplished by multiply gating each beacon as the pulse flies
away from the telescope. Wavefront sensor detectors are required that can ei-
ther be read out or store an image on a timescale of 10µs. For extremely large
telescopes range gating or refocusing will be needed even for sodium LGSs,
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Figure 12. Schematic view of the projector used to launch 3 simultaneous Rayleigh beams
into the sky. A spinning mirror M1 at an image of the exit pupil directed successive laser pulses
into three separate beams (only 2 shown here) without causing beam wander on the primary
mirror M2. Electronic synchronization was implemented between the motor and the laser.

which then lose the advantage of simpler focal plane optics. A combination of
Rayleigh and sodium beacons may be desired for these systems.

4.3 Sodium Guide Star Lasers
For large telescope apertures, Na LGS offer improve sampling of the atmo-

spheric turbulence due to their much higher altitude. Single beam systems are
now being developed for and deployed on 8-10 m class telescopes. Since res-
onant backscattering from the mesospheric Na layer is the method chosen for
most LGS projects, we will concentrate mostly on this technique.
Finding a suitable laser for the generation of a Na LGS is very non-trivial

task because of the highly demanding and partially conflicting requirements.
The need to operate at the D2 wavelength limits the choices to tunable or spe-
cially designed lasers, which are difficult to obtain with high power output.
Good beam quality is needed for the generation of seeing limited LGSs. Pulsed
systems must have a pulse format and spectral bandwidth that minimize satu-
ration. The pulse repetition frequency has to be at least as high as the desired
read rate of the WFS. Furthermore, the ideal laser system should be affordable
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and easy to maintain. No laser has been built so far that fulfills all these re-
quirements simultaneously; thus compromises have to be made. Consequently,
there is no agreement yet about the most promising technology, and a number
of different approaches have been taken in the existing and planned Na LGS
systems. The D2 line doesn’t correspond to any common laser materials, so
clever approaches been necessary to produce the required wavelength. The
approaches that have been demonstrated or are on the horizon include:
1 Dye lasers, which can lase in either pulsed or CW formats. They may
be pumped by flashlamps or by other lasers such as copper vapor, argon
ion or by frequency doubled Nd:YAG lasers.
2 Sum-frequency mixing of two solid-state YAG lasers in a nonlinear crys-
tal (see Ch. 20) to generate 589 nm in CW, CWmode-locked and macro-
micro pulse formats. The Nd:YAG lasers can be pumped by flashlamps,
but higher efficiency is obtained using diode lasers.
3 Sum-frequency mixing of two diode pumped fiber lasers (938 and 1583
nm) in a nonlinear crystal. CW format has been demonstrated at low
power levels; higher powers and pulsed formats are under development.
4 Frequency doubled/Raman shifted fiber laser to generate 589 nm. This
is a diode pumped, CW format currently under development.

A laser tuned to D2 produces Rayleigh scattering up to ≈ 40 km. When pro-
jected coaxially with the telescope, the D2 return must be separated from the
Rayleigh scattering from lower layers. For a pulsed format, this can be done
with range gating. Scattered light at the top of the Na layer should be received
at the telescope before the next pulse is transmitted. This requires a period of
667µs. The maximum pulse length is governed by the physical gap between
the Rayleigh and Na returns. Rayleigh becomes negligible above 40 km, and
the lowest altitude for Na generation is ≈80 km. To avoid overlap between
these two signals the pulse length should not exceed the physical distance be-
tween them (≈ 40 km), which corresponds to a pulse length < 133µs. Thus in
a coaxial projection geometry, the maximum pulse repetition rate should not
exceed 1500 Hz and the duty cycle should not exceed 20%.
For projection from the side of the telescope, the Na and Rayleigh returns

are angularly separated. Thus a field stop in the focal plane of the WFS elimi-
nates the pulse overlap problem, allowing higher pulse repetition rates with no
limitation on the duty cycle. The final projection geometry is from behind the
telescope secondary. Delivery method of the beam to the projector determines
the pulse format at present. Any temporal format can be used with free space
propagation across the secondary. A more desirable method is to transport the
beam in an optical fiber to reduce black body radiation and scattered light;
however, the current state-of-the-art fiber transport requires a CW beam (<
10W) with significant bandwidth. Rapid advances in fiber technology should
enable the transport of other pulse formats and higher powers in the future.
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4.3.1 Continuous-Wave Dye Lasers. Only one commercially avail-
able laser type is directly applicable to Na LGSs. This is a CW dye laser,
pumped by an argon ion Ar+ or a frequency doubled YAG laser (Jacobsen et
al., 1994; Quirrenbach, 1997). One advantage of the single- frequency CW
laser system is that it is always "on". This provides the lowest peak power,
thereby reducing saturation. With atmospheric transmission of 0.6-0.8, the
maximum CW power that can be used without adding spectral bandwidth is 4-
5 W. A ring dye laser made by Coherent (CTI), produces∼ 3W, when pumped
by a 25 W Ar+ laser (Georges et al., 2002). The dye molecule is Rhodamine
6G dissolved in water or ethylene glycol, and pumped through a nozzle under
high pressure, so that a free dye jet is generated. The pump laser is focused into
the dye jet, producing stimulated emission over a wide spectral range. The ex-
act frequency and linewidth are then selected by tuning the cavity. The power
output of CW lasers is a nearly linear function of the pump power, up to 4-6
Watts because of the tendency of the dye jet to become unstable when the pump
deposits too much heat. In addition, a modeless, 3 GHz dye oscillator has re-
cently been demonstrated (Pique and Farinotti, 2003). The continuous spectral
profile provided by this design would be of assistance in reducing saturation,
allowing increased return for lower power CW formats.
Ar+ lasers are robust, but the efficiency is low,≈0.05%. The heat generating

additional turbulence near the telescope is a serious problem. They are now
replaced with frequency doubled YAG lasers. These cannot yet deliver quite
the same power at 532 nm, but they are much more efficient. CW dye laser
systems have now been used to demonstrate Na LGSs at several observatories.

ALFA. ALFA (Adaptive Optics with Laser guide star For Astronomy) was
a joint project of the Max-Planck- Institutes for Astronomy and for Extrater-
restrial Physics from 1997-2001 (Glindemann and Quirrenbach, 1997). The
system was installed at the 3.5-m telescope in Calar Alto, Spain. ALFA used
a commercial CW dye laser with an argon ion pump laser. The commercial
dye laser was modified and optimized for high power output, producing 4-6
W single mode with good beam quality. This corresponds to a calculated mv

of 9-12 magnitude depending on z and CNa. The best Strehl produced by the
LGS/AO system was ∼ 0.23.

ESO VLT/Max Planck CW Dye Laser. The MPI is developing a CW
dye laser for deployment on one ESO 8-m VLT telescope in 2004 (Fig. 13).
The oscillator is a Coherent 899 ring dye laser, with a 2-5 W output, pumped
by a 10 W, Coherent Verdi frequency-doubled Nd:YAG laser. The beam is
amplified in a four-pass amplifier with 4 high velocity dye jets pumped with
4 10 W Verdi lasers. The system utilizes Rhodamine 6G in ethylene glycol;
however, because of the high pump power, the dye degrades quickly , and must
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be changed weekly. The laser system, PARSEC, has now been demonstrated at
12.5W, with good beam quality. Phase modulation will be used to add ∼ 500
MHz of bandwidth to mitigate saturation, and to allow delivery of the beam via
a photonic crystal fiber to a projector behind the telescope secondary mirror.
Production of this modulator has required a significant R&D effort since the
bandwidth is added at high power, requiring a large aperture to prevent optical
damage. The large aperture requires a very efficient, high power RF driver,
technically challenging to produce.
Another technical challenge is presented by the beam projection system be-

hind the secondary mirror. The VLT will be the first telescope to utilize a fiber
delivery system to the projector. This required the development of a special
photonic crystal fiber to allow the transport of high power without inducing
nonlinear optical effects in the fiber. The current fiber is limited to transport of
∼ 8W, due to simulated Brillouin scattering in the fiber (SBS). SBS is caused
by an electrostrictive interaction between light propagating in a material and
the material itself, which creates an acoustic wave in the material. This in turn
creates an index grating that reflects the beam back on itself, thus limiting the
amount of power which can propagate in the fiber core. This effect scales as the
product of the intensity of the beam in the fiber and the fiber length (Agrawal).

4.3.2 Pulsed Dye Lasers. To generate Na LGSs pulsed dye lasers
can be pumped by copper vapor lasers (Hogan and Web, 1995) or by pulsed
Nd:YAG lasers (Friedman et al., 1994). They can deliver much higher out-
put power than CW lasers, because the pulses are much shorter than the time
needed for the development of thermal instabilities if the velocity of the dye
is such that the dye is completely changed in the active region before the next
pulse. Velocities of ≈ 10-30 m/sec are possible, so that pulse repetition rate
can be of ≈ 10-30 KHz, with pulse lengths of ≈ 120 ns. The effectiveness is
thus limited by the duty cycle (� 1%). It is always necessary to use a spectral
format matched to the Doppler width of the D2 line to avoid saturation.

LLNL AVLIS Laser. The first WFS measurements using a Na LGS were
performed at LLNL (Max et al., 1994; Avicola et al., 1994). These experi-
ments utilized an 1100 W dye laser, developed for atomic vapor laser isotope
separation (AVLIS). The wavefront was better than 0.03 wave rms. The dye
laser was pumped by 1500W copper vapor lasers. They are not well suited as a
pump for LGSs because of their 26 kHz pulse rate and 32 ns pulse length. The
peak intensity at the Na layer, with an atmospheric transmission of 0.6 and a
spot diameter of 2.0 m, is 25 W/cm2, ≈ 4× the saturation. The laser linewidth
and shape were tailored to match the D2 line. The power was varied from 7 to
1100 W on Na layer to study saturation. The spot size was measured to be ∼ 7
arcsec FWHM at 1100 W. It reduced to 4.6 arcsec after accounting for satura-
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tion (diffraction limit = 3.1 arcsec). The spot centroid motion was∼ 0.5 arcsec
rms. Measurements of the LGS intensity, size and motion compared well with
models of Na LGS (Morris, 1994). Even in the highly saturated state, the LGS
proved to be bright enough, at sample rates of 125 Hz, for an AO system.

Lick Observatory. The success of the LLNL/AVLIS demonstration led
to the deployment of a pulsed dye laser / AO system on the Lick Observa-
tory 3-m telescope (Friedman et al., 1995). LGS system (Fig. 14). The dye
cells are pumped by 4 70W, frequency-doubled, flashlamp-pumped, solid-state
Nd:YAG lasers. Each laser dissipates ∼ 8 kW, which is removed by water-
cooling. The YAG lasers, oscillator, dye pumps and control system are located
in a room in the Observatory basement to isolate heat production and vibra-
tions from the telescope. A grazing incidence dye master oscillator (DMO)
provides a single frequency 589.2 nm pulse, 100-150 ns in length at an 11 kHz
repetition rate. The pulse width is a compromise between the requirements
for Na excitation and the need for efficient conversion in the dye, for which
shorter pulses are optimum. The laser utilizes a custom designed laser dye,
R-2 perchlorate, that lasts for 1-2 years of use before replacement is required.
The cavity is frequency locked to theD2 emission from a Na cell. The seed

pulse is broadened to 3 GHz using two phase modulators to mitigate saturation
and to allow transport of the low power seed pulse through an optical fiber up
to the telescope for additional amplification. The frequency-doubled Nd:YAG
pump beams are delivered to the amplifier cabinet mounted on the side of the
telescope via large mode optical fibers. It contains a dye preamplifier, spatial
filter and dye amplifier, bringing the laser power up to ∼ 18W. The amplified
beam is relay-imaged to a diagnostic package mounted ∼ 7m above the final
dye amplifier on the side of the telescope, prior to injection into the projector.
A high-speed tip-tilt mirror, driven by the AO system, stabilizes the laser beam
in the optical field of view. It also compensates for jitter in the outgoing beam
plus the residual anisotropic wavefront tilt errors due to the physical separation
between the telescope and the laser projector. There is also a WFS to measure
the beam quality prior to projection. This table also contains the first element
of the afocal beam expander and a fast shutter to cut off the laser beam in an
emergency. Centering of the beam into the projection is accomplished using
two adjustable mirrors in a dogleg configuration. Sensing of the beam position
is implemented with 2 CCD cameras. The status of the beam is transmitted
to the computer control in the laser room, and to the telescope control room.
The objective of the laser projector is mounted near the top of the telescope
tube. The projection aperture is 29 cm, ≈ 3 × r0 at the Lick site. A radar dish
adjacent detects approaching airplanes, and shutters the laser when triggered.
The entire system is monitored by a Macintosh using Labview.
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Figure 13. The Parsec CW dye laser sys-
tem
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Figure 14. Layout of the Lick Observatory
laser guide star system.

The Lick AO system demonstrated the first wavefront correction using a Na
LGS (Max et al., 1997), and engineering tests demonstrated LGS corrected
Strehls of 0.5-0.6 at 2.2µm (Fig. 15, Gavel et al., 2003). In 2002, the LGS sys-
tem was turned over to the Observatory staff for operation in science observing
mode. It is used almost 100 nights per year. The first refereed science paper
using a sodium LGS/AO system was published by Perrin et al. (2004).

W.M. Keck Observatory. A LGS system similar to the Lick Observatory
design has been commissioned at the Keck Observatory (see Section 14.4.3.4).

4.3.3 Sum-Frequency Nd:YAG Lasers. The sum- frequency mixed
Nd:YAG laser (Jeys et al., 1989) is specifically developed for Na LGSs. Nd:YAG
lasers normally operate at 1064 nm, but they can also lase at 1319 nm. By
a fortunate coincidence, the sum-frequency of the two Nd:YAG wavelengths
produce 589 nm, which is the Na D2 wavelength: 1/1064 + 1/1319 = 1/589
nm (Fig. 16). The outputs of two Nd:YAG master oscillators tuned to 1064
and 1319 nm are amplified and then superimposed with a dichroic mirror. The
beams are then passed through a nonlinear crystal (lithium triborate (LBO)),
which produces the sum-frequency. This laser type has the advantage of being
all solid-state, avoiding the chemistry of dye solutions. Sum frequency gener-
ation can be very efficient, providing an inherently high quality wavefront and
its spectral and temporal properties can be matched to the Na layer.
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Figure 15. Lick Observatory 3 m telescope results with their experimental LGS-AO.

Figure 16. Sum-frequency mixing two
Nd:YAG lasers at 1064 and 1319 nm in a
nonlinear crystal produces 589 nm light. Figure 17. Schematic diagram of the

AFRL CW sum-frequency laser.

On the other hand, the technologies for obtaining stable laser action at 1319
nm and for the nonlinear mixing of the two Nd:YAG wavelengths are far from
trivial, and the robustness of this system for routine observations is only now
being demonstrated. Conversion efficiency is proportional to the square of the
intensity. Thus two beams must be overlapped and tightly focused into the
LBO crystal. However, the angular content of the focused radiation must be
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kept less than the phase-matching angular acceptance of the crystal. The nar-
row angular acceptance of these crystals limits the degree of beams focusing.
In addition, if the light is CW or pulsed with a high duty cycle, the tight focus-
ing results in a high average intensity at the focus, resulting in local heating.
The small temperature acceptance range, relatively high absorption coefficients
and high susceptibility to photorefractive damage in some crystals severely
limit the utility of these materials in high average intensity applications.

Macro-Micro Pulse Sum Frequency Lasers. The sum-frequency lasers,
pumped by flashlamps, were originally demonstrated in a macro/micro pulse
format at Lincoln Laboratory, giving 5 W at 10 Hz (Jeys et al., 1989) and then
10-20 W at an 840 Hz (Jelonek, 1992; Jeys, 1992). A duty cycle of 10-15%
can be achieved allowing macro pulse lengths of 100 − 150µs at a repetition
rate of 1 kHz. By mode-locking the master oscillators, the output is obtained
as a train of sub-nanosecond micro pulses with a spectral width of 2-3 GHz,
matching the D2 line FWHM. These short pulses also produce efficient con-
version in the nonlinear crystal. More recently, a pure CW format has been
demonstrated at the 20 W level by the Air Force Research Laboratory (AFRL),
for use on the SOR (Bienfang et al.). A mode-locked, CW pulse format is
being developed by CTI for the Gemini North Observatory (McKinnie, 2003).
Various theoretical studies have been completed comparing the efficiency of
different pulse formats, including CW (Milonni et al., 1999). For average laser
powers � 20 W, diode lasers are more attractive than flashlamps for pump-
ing. They are efficient, compact and produce little electrical noise. They also
produce their output at near-IR wavelengths for which YAG lasers have strong
absorption bands. Currently, diodes are expensive and have limited lifetime.
However, their reliability is steadily improving, while the cost is decreasing.
A third generation macro-micro pulse system was developed in collabora-

tion with the University of Chicago (Kibblewhite and Shi, 1999). Each YAG
head consisted of double-pass zigzag slabs pumped by 40 diode lasers. De-
formable mirrors were used in each cavity to maintain beam quality. The in-
frared light passed twice through an LBO sum frequency crystal. At a 100
MHzmicro pulse frequency, the pulse format appears CW to the sodium atoms.
The crystal, however, sees a higher peak power, leading to an increase in con-
version efficiency of ≈ 5: 30% conversion efficiency was achieved (mv =
9.2 with r0 = 10 cm). The laser produced 4-10 W average power with 1 GHz
of bandwidth. The total power used by the laser and support electronics was
∼ 2300 W. Efforts are now in progress to scale the slab technology to higher
powers. A redesigned system that should be capable of scaling to higher pow-
ers has now been demonstrated at >4 W, and is intended to be installed on the
Hale telescope at Palomar Observatory.
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AFRL CW Sum-Frequency Generation Laser. This laser (Fig. 17) uses
a doubly-resonant external cavity to create the high field strength required to
achieve highly efficient nonlinear sum-frequency generation with CW laser
sources (Vance et al., 1998). Furthermore, high-power, linearly polarized,
TEM00, stable, single-frequency, injection-locked lasers are required to obtain
significant circulating fields (Teehan et al., 2000). A high-power ring-laser os-
cillator is injection-locked to a low-power, nonplanar ring oscillator (NPRO),
produced by Lightwave Electronics Corp. It provides a stable single-frequency
reference to which the high-power ring oscillators are phase locked using the
Pound-Drever-Hall (PDH) technique (Drever et al., 1983). A piezoelectric
transducer-mounted mirror in the ring oscillator acts as the actuator for the
phase- locked loop. Phase sidebands for the PDH technique are created using
resonant electro-optic modulators in the low-power NPRO beam. These phase
sidebands are also used in phase locking the sum-frequency generation cavity.
The high-power ring oscillators contain two diode-pumped Nd:YAG rod

amplifiers built by Lightwave Electronics Corp. Each amplifier uses a 1.6-
mm diameter, 63-mm long Nd:YAG rod. It uses three 20-W diode in the 1064
nm ring oscillator and three 25-W diode in the 1319 nm one. A 20×5×5
mm3, noncritically phase matched LBO crystal is used for sum-frequency gen-
eration (SFG). Nearly 60% optical-to-optical conversion efficiency was ob-
tained through implementation of doubly-resonant sum-frequency mixing in
LBO. The SFG cavity is made simultaneously resonant with single longitu-
dinal modes of the pump and signal lasers by the PDH technique. A piezo
actuator adjusts the position of the second flat cavity mirror to lock it to 1319
nm, while the frequency of the 1064 nm laser is tuned by adjusting the fre-
quency of the NPRO to which this laser is locked to make it resonant with the
SFG cavity by using the NPRO’s internal PZT actuator. The output wavelength
is fixed with respect to Doppler-free absorption at theD2 line in a sodium cell.
"First light" on the sky was November, 2002. For 12W of circularly/linearly

polarized light, the LGS magnitude was V = 7.2 / 7.9, with a measured flux of
1050/650 photons/cm2/s. The laser power has now been scaled the power to
50 W, prior to permanent installation on SOR in 2004.

Gemini North Observatory/CTI Mode-locked SFG Laser. CTI is de-
veloping the first commercial solid-state Na LGS system. It will be installed
on the center section of the 8-m Gemini North telescope, with the output beam
relayed to a projector behind the secondary mirror. The projected beam is
required to be 10-20 W power, with M2 < 1.5. The architecture is based
on sum-frequency mixing two mode-locked solid-state Nd:YAG lasers. The
mode-locked format provides significantly higher peak intensity than CW, en-
abling more efficient SFG conversion. The laser is also free of the thermal and
intensity transients that are inherent in the macro pulse format. The chosen
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Table 2. Keck laser specifications

Average power 20 Watts
Pulse repetition rate 25 kHz
Pulse duration 125 ns
Beam quality 2.5 × diffraction limit (DL)
Beam size 50 cm
Wavelength 589 nm (sodiumD2 line)

format is also compatible with upgrade paths for the higher power level and
modulated pulse formats required for MCAO.
Linearly polarized, near-diffraction-limited, mode-locked 1319 and 1064

nm pulse trains are generated in separate dual-head, diode-pumped resonators.
Each 2-rod resonator incorporates fiber-coupled diode lasers to end-pump the
rods, and features intracavity birefringence compensation. The pulses are sta-
bilized to a 1 GHz bandwidth. Timing jitter is actively controlled to < 150 ps.
Models indicate that for the mode-locked pulses, relative timing jitter of 200
ps between the lasers causes < 5% reduction in SFG conversion efficiency.
The SFG stage design calls for ≈ 50 W of IR light focused into a SFG

crystal, to generate � 20W at 589 nm. To date, CTI has demonstrated 30 W
of linearly polarized light at 1064 nm, and 18 W at 1319 nm, both with near-
diffraction-limited beam. At the time of writing this article, >4 W at 589 nm
has been demonstrated by SFG in a nonlinear periodically poled KTP crys-
tal. Periodically poled materials are a recent advance in nonlinear materials
that enable high efficiency frequency conversion of CW beams by overcoming
the phase matching limitations of long crystal lengths. They have been used
reliably in the IR; but they suffer from photorefractive damage in the visible.
Solving this problem is an active area of materials research; as it has not solved
in the required timeframe for Gemini deployment in late 2004, bulk LBO crys-
tals and a resonant ring scheme will to be used to achieve the power required.

4.3.4 A Systems Design Example: The Keck Laser Guide Star.

System Design. For the Keck AO, LGS requirements are 0.3 ph/cm2/ms
for the return flux and 0.6 arcsec for the spot diameter. The resulting laser
system specifications are given in Table 2. The repetition rate was increased
by a factor of 2 relative to the Lick system to improve the sodium return.
The overall conceptual layout of the pulsed dye laser LGS system is shown

in Fig. 18. A thermally insulated room located on the dome floor houses much
of the laser system to minimize vibrations on the telescope and the heat dis-
sipated within the dome. The enclosure houses 6 frequency-doubled Nd:YAG
pump lasers, the DMO, the associated laser electronics and diagnostics, the
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safety system and the computer systems that operate the laser system. The dye
pumps are located in a flammable materials cabinet on the dome floor outside
the laser room. The dye flow tubes, large mode fibers for pump beam delivery
and single mode fiber to deliver the 589 nm seed beam to the laser table are
routed to the side of the telescope elevation ring. The package there consists
of three parts: the dye amplifier system and the diagnostic system on a com-
mon table, and the projector. The projector is mounted to the outside of the
telescope frame. The input telescope lens is located on the laser table, and
the final projection lens is mounted at the top of the secondary mount. An IR
camera is mounted adjacent to the final lens for aircraft surveillance.

Figure 18. Layout of the pulsed dye laser
guide star system at the Keck observatory.
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Figure 19. A set of 6 frequency-doubled,
Q-switched Nd:YAG lasers are used to pump
the DMO, preamplifier and power amplifier.

The 6 Nd:YAG lasers pump the DMO, preamplifier and power amplifier
(Fig. 19, Friedman et al., 1998). The YAG lasers are built from commer-
cially available flashlamp/laser rod assemblies, acousto-optic Q-switches and
frequency doubling crystals (LBO and KTP). Most of the mirror mounts and
crystal holders are commercial. Nd:YAGs are frequency doubled to 532 nm us-
ing a nonlinear crystal. The Nd:YAG rod and nonlinear crystal are both in the
pump laser cavity to provide efficient frequency conversion. The 532 nm light
is coupled out through a dichroic and fed to multimode fibers which transport
the light to the DMO and amplifier dye cells.
The pump lasers were designed and built at LLNL. Two laser cavity configu-

rations are employed. Two "L" shaped cavities run at the full system repetition
rate of 26 kHz, producing 40-50 W per laser. They pump the DMO and pream-
plifier dye cells. Four "Z" cavity lasers run at 13 kHz, each producing between
60-80 W. They are interleaved in the power amplifier dye cell to produce an
effective 26 kHz repetition rate. Flashlamps were used to pump the frequency-
doubled YAG lasers as diode-pumps were much more expensive at the time the
Keck LGS was designed. In addition, high wavefront quality is not required
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from the pump lasers, since the light is used simply to illuminate the dye cells,
and transport to the cells via multimode fiber.
The frequency-doubled YAG beams pump the custom dye, R-2 perchlorate,

to get the 589.2 nm beam. The dye waveform generator (WFG) consists (Fig.
20) of the DMO, mode and wavelength diagnostics, 2 phase modulators and the
single-mode polarization maintaining (SMPM) fiber launch. They are located
in a thermal enclosure to maintain the 1 C temperature control for wavelength
stability. DMO dye cell is pumped from the side by one YAG laser, delivered
by 2 multimode fibers and coupled into the cell by mode matching optics.
A single 90 ns long YAG output is divided between 2 fibers, differing in path
length. The 2 fiber outputs are recombined at the cell, producing a longer pump
duration (150 ns) for the oscillator. The DMO cavity is formed by 2 mirrors on
either side of a dye cell. The cavity contains a grating to tune the wavelength,
and an etalon to produce a narrow linewidth. The cavity length is adjusted by
a piezoelectric mirror to keep the output beam single mode. Automatic control
loops maintain the spectral purity and wavelength of the beam, and enable
tuning on and off resonance for background subtraction.
The DMO output is diagnosed with a scanning interferometer to determine

its mode content, then passed through 2 electro-optics modulators that generate
spectral sidebands to match the D2 line profile. Another scanning interferom-
eter validates the spectral profile. Two diagnostics make up the wavelength
acquisition and tracking system. A hollow cathode lamp containing a buffer
gas of Ne and Na emits a spectrum containing the D1 and D2 sodium lines
along with adjacent neon lines. A simple fixed spectrometer is used to tune
the DMO output to the D2 wavelength. Fine-tuning is obtained by observing
the fluorescence from the vacuum Na cell using both a TV camera and a pho-
todiode. Two control loops ensure that the laser stays single mode (before the
modulators) and centered on wavelength. Once the beam has been properly
formatted, it is injected into the SMPM fiber toward the dye laser table.
The SMPM fiber and the pump fibers exit the room and travel ≈ 80 m

through the azimuth and elevation bearings to reach the rest of the laser system
on the telescope elevation ring. The laser package consists of a dye preampli-
fier and a power amplifier both pumped by fibers from the YAG pump system.
Only 3.5 mW of 589 nm light can be delivered to the laser table due to the long
fiber propagation path. SBS is not an issue because of the phase-modulated
bandwidth that is added prior to the fiber. The main issue is stimulated Raman
scattering (SRS), which becomes detectable at ∼ 3 mW. By 5 mW, a signifi-
cant portion of the light has been Raman shifted reducing the system efficiency.
Once the seed beam exits the fiber, an integrated lens assembly produces a 300
µm beam waist in the preamplifier cell. The beam enters the dye cell at a graz-
ing incidence angle and bounces off the side of the cell where the pump fiber
is located to provide a more spatially uniform intensity profile.
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Figure 20. Photograph and schematic diagram of the Keck dye laser waveform generator.

After the preamplifier, the beam is expanded to 2 mm, collimated and im-
aged onto a 1 mm aperture, producing a flat-top intensity profile. A 3-element
telescope relays the aperture plane to the amplifier with a collimated 0.5-mm
diameter. The telescope contains a spatial filter pinhole. The nominal power
levels are 3 mW into the preamp, 500 mW out of the preamp and 200 mW
out of the aperture. A 6◦ angle of incidence bounce beam geometry is utilized
in the amplifier cell. The "bounce" footprint overlaps with the 4 pump beam
fibers, arranged in 2 time sets of 13 kHz. The pump fibers have ≈50-60%
transmission. The amplifier brings the power up to � 20W at 26 kHz.
Motorized mirror pairs, networked alignment cameras and energy moni-

tors are located in between each major assembly described above to provide
a means of identifying and correcting system misalignment and performance
degradation via a remote computer interface. An automated pointing and cen-
tering loop keeps the beam centered in the projection optics, while a high-
bandwidth, tip-tilt mirror stabilizes the laser beam in the optical field of view
using a signal derived from the wavefront sensor of the adaptive optics sys-
tem on the main telescope. A diagnostics suite directly below the projector
provides an essential monitor of the parameters of the projected beam:
1 Beam position and angle.
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2 Near field beam profile: to check the spatial and intensity profiles.
3 Total power.
4 Beam collimation and static aberrations.
5 Dynamic wavefront errors.
6 Polarization.
7 A fast shutter/calorimeter.
8 A camera to look down through the projector for alignment of L4.

Several launch concepts were investigated for the Keck including launching
from behind the secondary with reflective designs. The off-axis configuration
was chosen because although it does require about twice the laser power as the
on-axis case, the implementation is much easier. For example, getting the beam
behind the secondary requires transmitting the beam across the primary mirror
in the shadow of one of the secondary support struts. If the beam is not baffled
either because it is too large or not well controlled, scattering could disrupt the
control loop. Encasing the beam in a tube will increase the IR emissivity of the
background and trying to keep a small diameter beam behind a secondary strut
would probably require a separate centering loop. Finally the transmission
losses due to propagating from behind the secondary are higher than those of
the off-axis beam train making the comparison more complicated. Reflective
designs may be significantly cheaper than refractors but there is always the
problem of aligning the reflective primary or inserting a flat to retro the beam.
Also, tilt or jitter of the mirror will result directly in a tilt or jitter of the beam.
Refractive designs can be made with a flat surface as the last surface and tilt
of the lens does not tilt the beam, to first order. Placing the flat facing the sky
does force one to use an aspheric surface for the curve, increasing the cost, but
it also eliminates the need for a large flat and gimbaled mount to hold it.
The projector chosen for Keck is an afocal Gregorian telescope (see Ch. 3)

which expands the beam to a full 50-cm round profile. The final lens is placed
with the plane surface facing the sky and the aspheric surface ground to give a
1/10 wave (rms) transmitted wave front. A back reflection from the last surface
is used to monitor the quality of the wave front as it leaves the dome.
The laser control system has multiple GUI interfaces, coordinated via EPICS.

A state sequencer streamlines start-up and shutdown. Safety systems and inter-
locks prevent the operator from inadvertently damaging the system. An alarm
handler detects faults and provides error and status messages. Real-time power
diagnostics provide a means of identifying power drops due to alignment drift,
and cameras provide references for repeatable alignment. Automation allows
remote alignment and calibration of the laser. Remote controlled power ad-
justment allows the YAG powers to be independently controlled. Temperature
monitoring is provided to sense misalignment of the beams into the fibers, and
to control the YAG, DMO and dye temperatures. Counters on external YAG
shutters monitor when to change dye, while internal shutter counters monitor
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the number of hours the flashlamps have operated. The wavelength control
system provides detune capability to allow background subtraction.

Safety Systems. A safety system is provided with built in safety shutdowns
and emergency stop buttons. Crash buttons are located in the laser room, the
laser table enclosure and the dome. The laser system is tied into the Observa-
tory emergency stop system. Included both in the laser room and on the laser
table are surveillance cameras, heat exchangers, alcohol sensors and fire detec-
tors. In addition to personnel safety features, extensive interlocks have been
installed in the laser to prevent the operator from inadvertently damaging it.
The Mauna Kea Laser Guide Star Policy’s (Wizinowich et al., 1998) main

requirements include a Laser Traffic Control system for the mountain, Federal
Aviation Association (FAA) approval of an aircraft safety program and partic-
ipation in the U.S. Space Command program to protect satellites. The need
for a beam collision avoidance system was identified early in the effort to per-
mit the use of LGS above Mauna Kea. A collision occurs when the projected
laser beam enters the field of view of an instrument mounted on a secondary
telescope, which would impact its observations. The implemented laser traf-
fic control system includes the collection of participating telescope’s pointing
data, the determination of potential collision, and the automatic shuttering of
the laser prior to a collision (Summers et al., 2002). The aircraft control sys-
tem consists of an IR camera that automatically block the laser whenever an
aircraft enters the area close to the beam. This system is augmented by two
human spotters on opposites sides of the dome equipped with crash buttons.
Keck participates in the Satellite Clearinghouse Program. All planned observ-
ing targets must be manually submitted 2 days in advance of planned use. A
list of shutdown times per object is then faxed to the Observatory.

Laser System Performance. Prior to installation on the telescope, a serie
of three 40-hour performance runs were performed to demonstrate the required
laser performance. The average energy for the final run was 17.4 W, with a
daily variation of ±0.2 − 0.5 W (Fig. 21). The power drifted down ∼ 0.1
W/hr due to temperature and alignment drift. Under observing conditions, this
drift can be corrected on line by remote alignment. The average Strehl ratio
of the amplified beam was ∼ 0.83. The Strehl varied less than 1% over a
day (Fig. 22). The laser had <1% down time during the final 40-hour run,
in compliance with the specification for < 3% downtime during a run. The
initial turn-on of the system each day is nominally <5 minutes, while system
warm-up, alignment and calibration take ∼ 2 hours/day prior to a run. This
time frame should reduce as operation experience with the system increases.
First projection of the laser occurred on December 22 and 23, 2001 (Fig.

23). The projected power was ≈ 17 W. The LGS magnitude was mv ≈ 9.5.
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Figure 21. Plot of energy as a function of
time during the final performance run prior
to installation at the summit.

Figure 22. The Strehl ratio varies < 1%
over the course of a day.

Under 1 arcsec seeing, the LGS FWHM was 1.4 arcsec. Images taken with
the Keck primary mirror defocused (Fig. 24) demonstrated the level of distor-
tion expected for an off-axis projection system. Low-level scattering was also
minimal, consistent with expectations and seeing conditions.

Figure 23. First light with the Keck guide
star laser, December 2001. (Phototaken by J.
MacDonald of the CFHT)

Figure 24. The acquisition camera image
of the Keck LGS with the segmented mir-
ror "unstacked." The brightening on the left
is the Rayleigh scatter of light from the laser.
The 36 spots show an elongation increasing
with distance from the laser source, which is
left of the camera.

LGS/AO System Integration. A number of modifications have been im-
plemented in the Keck II AO system to accommodate LGS/AO (Contos et al.,
2002): a tip-tilt sensor to provide NGS- based tip-tilt, a low bandwidth WFS
(LBWFS) to measure long term focus using a NGS, focus tracking for the high
bandwidth WFS (HBWFS) looking at the LGS, and a tip-tilt control loop for
the laser pointing.
To overcome the effects associated with laser uplink, a quadrupole tip-tilt

sensor on the AO bench is interfaced with the tip-tilt mirror on laser table
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to determine coordinate and gain transformation for tip-tilt correction. The
HBWFS monitors the LGS to correct for higher-order aberrations using the
DM. The LBWFS is used to calibrate the HBWFS to compensate for spot
elongation due to the finite thickness of the Na layer. In NGS mode, the WFS
focus is conjugate to infinity. However, the distance to the Na layer varies from
≈90 km at zenith to 180 km at a zenith angle of 60◦ so the WFS is mounted on
a translation stage (>250mm) to maintain conjugation to the Na layer. Moving
the stage also changes the distance to the pupil, so one of the elements of the
WFS pupil relay optics is translated as well, and additional degree of freedom
are implemented for pupil singlet tracking. Na light is rejected from the science
path by an IR transmissive dichroic.
To validate that aberrations obtained from the LGS are affecting the science

object as well, a dim NGS (≈ 19th mag) is monitored with the LBWFS. The
LBWFS has time-averaged focus information, while the HBWFSmeasured fo-
cus term also includes changes in the height of the Na layer. Since the LBWFS
monitors a much dimmer star, it must integrate for tens of seconds to minutes
to get the required signal level. The time averaged focus and wavefront infor-
mation provided to the AO system is utilized by adjusting the stage position,
which drives the DM focus, ultimately off-loading to the secondary piston.
Before acquiring the laser on the WFS it is important that the telescope be

focused as well as possible, because the height of the sodium layers not known
exactly. Next the laser is viewed on the TV-guider, which produces an excellent
picture of the Rayleigh cone tipped by the LGS. The LSG is steered to overlap
with the science target position, then the TV-guider is moved out so the LGS
can be seen on the WFS. The positioning can then be fine-tuned using the laser
launch optics. The dim NGS should be located within 60 arcsec of the science
object. Both the launch telescope and WFS focus are adjusted to obtain the
perfect focus positions so that the spots are as small and bright as possible. A
reference fiber is then moved into the laser focus position in the AO bench and
used to calibrate modes on the WFS. Once calibration is complete, the fiber is
moved out and the system is ready to be used.
On September 20th,2003, all subsystems finally came together to reveal the

unique capability of the Keck LGS/AO system. The system locked on HK
Tau, a 15th magnitude well-known T Tauri binary, revealing details of the cir-
cumstellar disk of its companion (Fig. 25). This was the first demonstration
of a LGS/AO system on a large telescope. The FWHM is 50 milli-arcsec,
compared to 183 milli- arcsec for the uncorrected image. While locked on a
14th magnitude star, the LGS/AO system recorded Strehls ∼ 0.36 (at 2.1µm),
30-sec exposure time, compared to 0.04 for uncorrected images.
Of the above Na LGS/AO systems, only 4 have obtained sharpened images,

namely those at Lick, MMT, Calar Alto and most recently Keck. They show
that the technology is available today to deploy LGSs, but a substantial amount
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Figure 25. First light image of the Keck
LGS AO system. The lens-like nebula at up-
per left is a disk of dust and gas surrounding
the young star HK Tau B. The star is hidden
from direct view, seen only in light reflected
off the upper and lower surfaces of the disk.

Figure 26. Block diagram of the proof of
concept 589 nm CW fiber laser system.

of system engineering is required before observations with LGS become a rou-
tine affair. Current Na LGSs are just sufficient for system development of the
single laser case. It is clearly not feasible to deploy multiple laser systems of
the technologies described in this article for next generation AO systems. It
is also clear that an LGS/AO system requires multidisciplinary technologies,
very well engineered systems and an overall tuning together with the science
instrument, in order to perform as expected at a good astronomical site.

4.3.5 Next Generation Sodium Laser Technologies.

LGS issues for ELTs.

Next generation LGS/AO systems will employ multiple LGSs for MCAO
to enlarge the corrected field of view up to 10× those of current- generation
AO systems (see Ch. 13 and 15). Furthermore, concepts for MCAO on 30m
class telescopes rely strongly on the feasibility of Na LGSs. It is generally
conceded that Rayleigh LGSs at ranges of 20-30 km, by themselves, are not
a viable option for ELTs due to the severity of the cone effect. Detailed sim-
ulations and analytical AO performance models indicate that Na LGSs will
enable MCAO systems with diffraction-limited image quality in the near IR
over 1-2 arc minute fields of view, with performance similar to the 8-m class
MCAO systems now under development. But new laser and beam projection
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concepts must be developed with performances well beyond the current gener-
ation. 30-m telescopes will be strongly affected by cone effect, spot elongation
and Rayleigh backscatter from multiple LGSs. In addition, ∼ 50 − 100 W
power will be required for extending AO capability toward visible and MCAO
applications. The elongation of a LGS varies as hd/H2, where H is the range
to the Na layer, h is its thickness, and d is the separation between the projector
and a WFS subaperture. The value of d reaches at least 15 m for a 30 m ELT,
yielding an elongation � 3 arcsec. Wavefront measurement error varies lin-
early with the source width and measurement accuracy can only be recovered
by increasing the SNR. Power requirements will increase significantly for ELT
LGS/AO systems unless new concepts are developed. Several methods have
been proposed to defeat the elongation problem, including laser in the 10-50W
range, innovative pulse and spectral formats, and/or a multiplicity of projectors
for each LGS location.
Although feasible in principle, increasing Na laser powers to ∼ 50 W will

require significant advances in the engineering of the components, and will
increase the cost and complexity of the final systems as well.
Since elongation occurs in only one dimension on each WFS subaperture,

multiple lasers with separate launch locations could be used to generate mul-
tiple, co-located LGSs with distinct orientations. WFS measurements of two
or more elongated spots could then be used to accurately determine both com-
ponents of the wavefront gradient vector. Nelson, et. al., have shown that this
approach should be able to eliminate the impact of elongation on measure-
ment accuracy if the total power is increased by a factor of 3 to generate the
additional LGSs (Ellerbroek, priv. comm.). A complication is the increased
number of projectors and beam transport systems, and custom-made detector
arrays required. While feasible, this is also a costly and complicated solution.
Another complication is that multiple lasers create overlapping Rayleigh

scatter regions, making it challenging to discriminate the LGS at 100 km al-
titude from low-altitude scattered light. The potential issues associated with
Rayleigh laser backscatter in MCAO systems are not yet fully understood.
Many options for LGS constellations and projector configurations require at
least some of the subapertures in each WFS to observe their guide star through
Rayleigh backscatter if CW or quasi-CW lasers are employed. Models indicate
that the variability in the Rayleigh signal induced by photon arrival statistics
should not prevent accurate wavefront sensing if the mean backscatter level
can be accurately determined and subtracted off from the LGS signal. This last
assumption needs to be verified empirically. Meanwhile, a pulsed laser format
would allow individual beams to be gated on and off at different times and/or
repetition rates to prevent fratricide between beams. This provides a strong
motivation for employing a pulsed laser format.
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An alternate approach to eliminate spot elongation is by dynamically fo-
cusing on a short laser pulse traveling up through the Na layer Beletic (priv.
comm.). A 2µs pulse would correspond to a pulse length of 65 km, which
would be acceptable for a 30-m class telescope. The laser duty cycle should be
as high as possible to limit saturation, but a pulse-to-pulse separation of about
60µs is desirable to avoid multiple pulses in the Na layer at any one time. This
separation would also eliminate low-altitude Rayleigh backscatter during the
WFS measurement if the pulse-to-pulse timing were adjustable. This tech-
nique will require the development of specialized CCD design able to track the
pulse in the correct direction and speed within each subaperture. Beletic, et.al.,
are developing such a CCD. It will utilize a novel pixel geometry to transfer
photoelectric charges to accumulate the laser return within a small number of
pixels. This is similar to "time delay and integration" or "nod-and-shuffle".
The CCD design will enable shuttering out the Rayleigh backscatter and will
allow the on-chip (noiseless) integration of return from multiple pulses. Com-
bining a 2µs pulsed laser with the custom- designed CCD looks to be the most
promising method for dealing with spot elongation.
One final area of necessary research is that of laser delivery. With multiple

guide stars, it will be highly desirable to minimize the size and complexity of
projectors systems. Fiber transport would also reduce the cost, complexity, and
throughput losses associated with relaying the beam from the laser to the pro-
jector. ESO has been supporting the development of a large core fiber optics.
Transport fibers are now available to deliver up to 10W of CW power to launch
sites on the telescope over distances < 25 m. To date, these fibers are limited
to use with CW laser systems with significant bandwidth (>500 MHZ), due to
nonlinear optical effects in the fiber. However, for ELTs, it will be necessary
to develop fiber usable at the required powers and possibly a pulsed format
without inducing SBS. Hollow core photonic crystal fibers should match these
requirements. This is an important area of investment for ELTs.
The search for better laser technologies continues. A number of solid-state

techniques to obtain 589 nm light have already been discussed above. Some
of the more promising approaches employ fiber laser technologies developed
for the telecommunications industry. Fiber lasers are very compact, efficient
and rugged. They are alignment-free and provide built-in fiber delivery with
diffraction-limited outputs, making these lasers ideal for LGS applications.
One such laser that involves sum-frequency mixing of 938 nm Nd:doped fiber
laser with a 1583 nm erbium:doped fiber laser to generate 589 nm, is being
developed by LLNL (Payne et al., 2001). Another fiber laser concept that
involves Raman-shifting an Ytterbium:doped fiber laser to 1178 nm and fre-
quency doubling the output to 589 nm, is being developed at ESO (Hackenberg
et al., 2003). A third concept, being pursued by CTI, sum-frequency mixes two
YAG-based wave-guided lasers to generate 589 nm. It will be interesting to see
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which new ideas will come to fruition over the next few years. A more detailed
description of the two fiber laser systems mentioned above will now follow.

Fiber laser guide star systems. It is now widely appreciated that the
heat- dissipation characteristics of fibers, coupled with the high efficiencies
demonstrated (> 80%) and excellent spatial mode characteristics, make fiber
lasers a preferred candidate for many high power applications. Based on these
features, fiber laser technologies would provide a compact, efficient, robust,
turnkey laser source, ideally suited for LGS applications.
Fiber lasers with single-frequency CW output powers of 500 W and good

beam quality have been demonstrated (Limpert et al., 2003). In the telecom
world, chains of 30+ fiber amplifiers are used in series in undersea cable appli-
cations where they must operate continuously without failure for >20 years.
Optical-to-optical conversion efficiencies of >60% are regularly obtained in
fiber lasers and amplifiers which, combined with diode laser wall plug effi-
ciencies of 40% and non-linear conversion efficiencies of 40%, yield total wall
plug efficiencies of close to 10%. This minimizes power consumption and
cooling requirements to the lowest that are technically feasible in any high
power laser system. Because the light in fiber lasers propagates within sin-
gle mode, polarization maintaining waveguide cores, fiber lasers do not need
routine alignment. Finally, these units are lightweight and are rugged with re-
spect to vibration and thus can be easily mounted in convenient locations on
the telescope with power and system operation controlled remotely.

LLNL sum-frequency generation fiber laser. LLNL is developing a 589
nm CW fiber laser system, in collaboration with ESO. It is based on sum-
frequency mixing two fiber lasers in a nonlinear crystal (Fig. 26). By combin-
ing a 1583 nm Er/Yb:doped fiber laser with a 938 nm Nd:silica fiber laser, one
can generate 589 nm light via sum-frequency mixing in a periodically poled
crystal. Erbium-doped fiber lasers (EDFA) are widely used in the telecom in-
dustry. A 1583 nm EDFA system, with 11 W of linearly polarized output, has
now been demonstrated in an all-fiber form. The main technical challenge in
the design is the Nd:fiber laser. Prior to the LLNL work, no 938 nm fiber laser
with > 0.1 W output (Dragic and Papen, 1999) had been demonstrated. LLNL
has now demonstrated an 8 W, 938 nm fiber laser, with linear polarization and
near diffraction limited beam quality (Dawson et al., 2003). A Nd:doped fiber
operating at 938 nm is a somewhat novel device, since theNd3+ ions must op-
erate on the resonance transition (i.e. 4F3/2 −4 I9/2), while suppressing ASE
losses at the 1088 nm transition. To circumvent this difficulty, a high power
seed pulse is used to extract gain preferentially at 938 nm and custom-designed,
low numerical aperture amplifier fiber is used to suppress the competing 1088
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nm (Dawson et al.). This design should scale to >100 W with access to addi-
tional pump diodes.
The CW design utilizes a periodically poled material for the sum frequency

mixing process; however, if these materials do not prove to be sufficiently
robust, a resonant ring design will be employed with a bulk crystal to achieve
the required conversion efficiency. Both the 1583 and 938 nm laser subsystems
are currently operating at their design power and as of this writing, 0.5 W
of 589 nm light has been demonstrated via sum-frequency mixing in PPKTP.
LLNL expects to demonstrate 5-10 W at 589 nm by the end of 2004. The
system is expected to fit in one standard size rack when field-hardened and
will run on standard wall power.
The LLNL fiber system architecture also lends itself to producing a pulsed

format. The primary challenge in making a pulsed fiber laser is in avoiding
nonlinear effects in the fiber due to high peak power, in particular, SBS to be
<1% . The SBS threshold for a given peak power is a function of the amplifier
gain and length, the core size of the fiber and the bandwidth. SBS can be
partially offset by broadening the bandwidth of the signal in the fiber. The
SBS gain bandwidth is ∼ 50MHz at 1583 nm and ∼ 300MHz at 938 nm (
Dawson et al., 2003). As the bandwidth becomes increasingly larger than the
SBS gain bandwidth, the power that can be transmitted through the same fiber
increases as length and core size increases. Use of 1 GHz bandwidth increases
the upper limit on the output power from the fibers by a factor of 10. For a
1% duty cycle a bandwidth of 1 GHz is required (also beneficial for reducing
saturation in the Na layer). As the duty cycle increases it would be possible
to operate the amplifier with less bandwidth. LLNL expects to demonstrate a
pulsed version of its fiber laser within 3 years.

ESO Raman fiber laser.

ESO is developing a Raman fiber laser. A 40 W CW commercial ytterbium-
doped fiber laser (YDFL) operating at 1121 nm is used to pump a germanosil-
icate single mode fiber. The pump laser photons excite the molecules of the
fiber and are thus downshifted in frequency by an amount equal to the energy
difference between the final and initial states of the molecule. This so-called
"Stokes" shift depends on the material composition. It is 17 THz in silica, thus
the pump photons are frequency shifted to exactly 1178 nm. The efficiency
reaches 80-90% in single mode fibers. YDFLs are commercially available
at output powers �100 W CW, which make them the ideal pump source for
this application. In a final step, the 1178 nm output of the Raman fiber laser
is frequency-doubled in a nonlinear crystal to produce 589 nm. Ideally the
frequency doubling will happen in a single pass through a periodically poled
crystal.
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The two configurations of amplifier and resonator are being prototyped. In
the Raman amplifier configuration, the Raman fiber is seeded with light from a
tunable narrowband laser (recently commercially available) operating at twice
the D2 wavelength. The output is the seed light amplified by the SRS process
in a single pass. Parasitic nonlinear optical effects like SBS are suppressed by
the use of a sufficiently short Raman fiber. In the Raman resonator configura-
tion, a narrowband resonator is created within a single mode fiber using a pair
of fiber Bragg gratings tuned to 1178 nm. The Bragg gratings for the Raman-
shifted light are designed such that they only reflect 1178 nm and not wave-
lengths that might be created by parasitic nonlinear processes such as SBS.
Again, SBS is suppressed by use of a sufficiently short fiber This is the more
attractive of the two designs, as high power narrowband Raman fiber lasers are
not commercially available at this time.
With commercially available YDFL as pumps, powers � 40 W at 1178 nm

are feasible. This sets an upper limit to the conversion efficiency needed in the
subsequent second harmonic generation. Numerical simulations for the ampli-
fier and resonator Raman laser configuration indicate feasibility of the system
with sufficient SBS suppression. ESO has assembled the amplifier configura-
tion, and has demonstrated up to 4 W CW at 1178 nm. ESO’s goal is to have
compact and turnkey commercial fiber lasers for LGS/AO within 3 years.
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LASER GUIDE STARS: PRINCIPLE,
CONE EFFECT AND TILT MEASUREMENT
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Abstract We explain the laser guide star concept and why we do need laser guide stars
(LGS) to greatly enhance adaptive optics performances at large telescopes. Then
we discuss the two physical limitations of LGS, which are the cone effect and
the indetermination of the tilt of the incoming wavefront. Solutions to overcome
them are explained.

Keywords: laser guide star, adaptive optics, lasers, cone effect, tilt

Introduction : Why do we need laser guide stars?
Adaptive optics (AO) aims at providing diffraction limited long exposure

images at large telescopes (Ch. 13). Let us briefly recall that it works thanks to
deformable mirrors (DM) which correct on line the incoming wavefront cor-
rugated by phase disturbances during its crossing of the turbulent atmosphere
(Ch. 1). This correction requires to measure the phase lags onto the telescope
pupil, which is achieved by a wavefront sensor. Whatever the kind of wave-
front sensor (Ch. 13), it needs enough light to reach the required measurement
accuracy, which is typically λ/2π, where λ is the wavelength, or much less in
case of the so-called extreme AO (Ch. 13).
When the source of interest is too faint to provide the AO wavefront sen-

sor with enough light, on relies on a field star close to the source. It has to
lie within the isoplanatism patch of the source of interest, i.e. a few arcsecs
to a few tens of arcsecs from the visible to the near infrared (Ch. 13). This
constraint put severe limits to the surface of the sky adaptive optics observa-
tions can be used. The so-called sky coverage is significantly smaller than 1%
at short wavelengths, which is not acceptable for most of astrophysical pro-
grammes at high angular resolution. The concept of Laser Guide Star (LGS)
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has been proposed (Foy and Labeyrie, 1985, see also Ch. 14). It is to over-
come these drastic limitations, by creating an artificial spot high enough in the
atmosphere to provide the AO device with a proper sampling of atmospheric
turbulent layers. This spot is produced by the scattering of a laser beam shot
within the isoplanatic patch of the source of interest. Possible backscattering
processes, namely Rayleigh scattering up to 20-30km high and fluorescence
by sodium atoms in the mesosphere at ≈ 95km , are discussed in detail by D.
Pennington in Ch. 14. The most widely use backscattering process is sodium
fluorescence, relying on the absorption/emission between the two first energy
levels 3S1/2 and 3P3/2, corresponding to the so calledD2 sodium line (that of
orange lights in the streets). In this chapter, we will consider in most cases the
LGS in the mesosphere.
For all that, the laser guide star does not solve the sky coverage problem,

unfortunately. Why? Mainly for the three following reasons.
The saturation of the absorption. Roughly speaking, saturation
of the absorption occurs when each of the sodium atoms in a column of
section equal to the cross section of the D2 transition have absorbed a
photon per time interval equal to the lifetime of the upper energy level.
There is not so much sodium in the mesosphere (≈ 1 metric ton all
around the Earth). Thus, in spite of the relatively high cross section of
the 3S1/2 → 3P3/2 transition, saturation occurs at a quite low level, ≈
180 W.m−2 (see Ch.14). To get enough return flux at the minimum laser
power, one needs to optimize the laser specifications (continuous wave
or pulsed, pulse width, pulse repetition rate, (average) power, spectral
profile) taking into both saturation, technological, budget and operation
constraints. This is the challenge described in detail in the above men-
tioned chapter.

The cone effect. LGSs are formed at finite distance whereas programme
sources are at infinity. The area of turbulent layers lit by a LGS is in-
cluded inside a cone of summit the LGS and base the telescope mirror.
The same area lit by a natural star is inside a cylinder: at the telescope
level, the curvature of the wavefront from the LGS is not negligible,
whereas it is for a star. The larger the telescope diameter and the shorter
the wavelength, the stronger the cone effect. Also the higher the tur-
bulent layer and the smaller the coherence length of the wavefront (the
Fried parameter r0) the stronger the cone effect. We discuss in section
15.2 the effect of the poor sampling of turbulent layers, and the way to
overcome it, using arrays of LGS, 3 dimensional mapping of phase lags
(also called tomography) and multiconjugate adaptive optics (MCAO).

The tilt indetermination The round trip time of light to the meso-
sphere is ≈ 0.6 ms (at zenith). It is significantly shorter than the coher-
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ence time of the tilt component of the incoming wavefront, so that the tilt
is mostly the same on the ways to and back from the mesosphere. Thus if
one launches the laser beam through the main telescope full aperture, the
deviation of the upward beam is canceled by the deviation of the return
one. From the telescope the LGS appears always in the direction of the
upward beam, whatever the tilt, preventing us from measuring it. If the
beam is launched from an auxiliary telescope or refractor aside the main
telescope, because of the unknown tilt affecting the upgoing beam, one
does not know the LGS location, preventing us from disentangling be-
tween the upward and downward beams and thus again from measuring
the tilt. In section 15.3 we discuss how important it is that AO devices
are able to correct for the tilt.

1. Sky coverages
Adaptive optics requires a reference source to measure the phase error distri-

bution over the whole telescope pupil, in order to properly control DMs. The
sampling of phase measurements depends on the coherence length r0 of the
wavefront and of its coherence time τ0. Both vary with the wavelength λ as
λ6/5 (see Ch. 1). Of course the residual error σφ in the correction of the incom-
ing wavefront depends on the signal to noise ratio of the phase measurements,
and in particular of the photon noise, i.e. of the flux from the reference. This
residual error in the phase results in the Strehl ratio following: S = exp(−σφ).
Consequently for a given telescope diameter and a given wavefront detec-

tor the Strehl ratio depends on the seeing parameters, the wavelength of the
observation and the magnitude of the phase reference.
Following a millennial tradition, most astronomers measure optical fluxes

in magnitude units. A magnitude is defined as :

m = −2.5 log(flux) + constant (1)

At λ = 500nm, the flux corresponding to mV = 0 and 10 are respectively
3.6 10−8 and 3.6 10−12erg.s−1.cm−2.nm−1. Figure 1 shows the number of
photons as a function of λ for a star with a temperature of 104K.
Figure 2 describes the theoretical Strehl ratio expected at an 8m telescope

with good and average seeing conditions at Cerro Paranal (Le Louarn et al.,
1998). The Strehl ratio drops from V ≈ 12 mag., because of photon noise
which prevails in the case of a faint reference source. When there is no star
brighter than the threshold corresponding to the required Strehl within the iso-
planatic field around the programme object, adaptive optics could not work.
This leads to the concept of sky coverage. It is the probability to find a

suitable reference source being the seeing conditions, the wavelength of the
observation, the required Strehl, and the number of stars per square degree in
the direction of the programme source.
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Figure 1. Number of photons/m2/s/
◦

A for
a star withm = 0 and Teff ≈ 104 K

Figure 2. Predicted Strehl ratio at an 8m
telescope versus magnitude of the refer-
ence source at 550 nm. Solid lines r0 =
0.2 m and τ0 = 6.6 ms, crosses : r0 = 0.15
m and τ0 = 3 ms. Top to bottom : 2.2, 1.65
and 1.25 µm.

Figure 3. Sky coverage of an adaptive optics at an 8m telescope. Pupil sampling by the actua-
tors of the deformable mirror : 0.5m. 0 = 0.17m. From top to bottom: in a direction of galactic
latitude b = 0ř (the Milky Way), b = 20ř and b = 90ř (the galactic pole). From left to right :
K, J and V bands.

From Fig.3, in the 2.2µm range sky coverage is very satisfactory in the
galactic plane and still acceptable in the direction of the galactic pole. But
at shorter wavelengths, is is no longer true. In particular, the sky coverage
is ridiculously small at in the visible. This is why artificial phase reference
sources have been proposed (Foy and Labeyrie, 1985; Fugate et al., 1991;
Primmerman et al., 1991). They are called Laser Guide Stars (improperly
in my view), or LGSs.
The basic principle of a LGS is to launch a laser beam toward the sky very

close to the direction of the programme source. The beam is backscattered by
some species in the high atmosphere, producing a spot viewed as a “star” from
the telescope. Backscattering processes are Mie scattering, due large particles,
Rayleigh scattering due to small particles and molecules, mostly N2, and fluo-
rescence, mostly within the sodiumD2 line. Mie scattering is not suitable, be-
cause above the inversion layer, where are located the best astronomical sites,
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the density of large particles is very low. Because of the exponential decrease
of atmospheric density, Rayleigh scattering is not efficient above ≈20-25km,
just above the highest turbulent layers. Fluorescence is active in the so called
sodium layer in the mesosphere, at ≈ 92km above sea level. This high altitude
allows us to sample all the turbulent layers. Its main limitation is the critical
requirement to avoid saturation of the absorption with pulsed lasers, whereas
the return flux is barely enough with continuous wave lasers. These processes
are explained and discussed in detailed in the D. Pennington lecture in this
volume in Ch. 14.

2. The cone effect
2.1 What is it?
The laser spot in the backscattering layer is located at finite distance from the

telescope pupil, whereas the programme source is at infinity. Thus the volume
lit by the backscattered flux inscribed between the spot and the telescope pupil
is a cone (see Fig. 4). The same volume lit by a natural star is a cylinder.
In another wording, the curvature radius of wavefront from the LGS is not
negligible, whereas the wavefront from the natural star is plane (not taking
into account phase disturbances by turbulence). At the altitude of each of the
turbulent layers, the pupil maps homothetically. Consequently, the sampling
across the pupil is not preserved at the level of each turbulent layer. The outer
ring of the sampled area at each turbulent layer is smaller than the telescope
pupil. For instance, as view from a point at the edge of the telescope pupil, the
phase measured for a given layer on the line of sight of the LGS is different
from the one which one should measure on the line of sight of the programme
source at infinity. Optical paths to the pupil from a natural guide star (NGS)
and from a LGS are different except on axis. As long as this difference at the
levels of turbulent layers is negligible with respect to the coherence length,
there is no significant effect on the restored wavefront. It is intuitive that the
errors due to the cone effect:

1 increase with the telescope diameterD: edges are farther away from the
optical axis at large telescopes
2 decrease with the altitude of the backscattering layerH
3 increase with the altitude of the turbulent layers
4 increase with the zenith distance z (projected distances to the turbulent
layers increase with z)
5 decrease with the wavelength (since the coherence length increases)

Let d0 be the diameter of the telescope for which the cone effect causes a
phase error σ2

φ = 1 rad2. Thus for a telescope D:the phase error is σφ =



254 OPTICS IN ASTROPHYSICS

(D/d0)
5/6, and its variance :

σ2
φ =

2π2

λ2

1

H cos z

∫ H

0
C2

n(h)h2(h1/3 − 1) dh (2)

where C2
n(h) is the vertical profile of the refractive index structure constant.

The behavior of d0 is shown in Fig. 5. At 2.2µm, d0 is larger than the present
time largest telescopes (8 - 10 meters) if the LGS is formed in the mesosphere
and if the vertical profile of the turbulence strength is favorable (most of the
seeing is caused by low altitude layers). Whatever these parameters, a Rayleigh
LGS makes an error σ2

φ > 1 rad2, which is too large. At visible wavelengths,
the cone effect severely degrades the image quality. This is shown in Fig. 6.
It describes modeled Strehl ratios due to the only cone effect (i.e.: all other
aberrations being perfectly corrected). Even at infrared wavelengths the degra-
dation of the Strehl ratio is barely acceptable. Thus a full sampling of the
uppermost layer is mandatory. It requires several LGSs.

2.2 How to overcome the cone effect?
The cone effect has been identified at the beginning of the LGS story (Foy

and Labeyrie, 1985). Several methods have been proposed to overcome it.
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Figure 6. Strehl ratio due to the only cone
effect, as a function of wavelength. Full
and dashed lines: 8m and 3.6m telescopes
respectively. Top to bottom: optimistic
(r0 = 0.25m) and standard models (r0 =
0.15m) for Paranal. Court. of M. Le
Louarn
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Figure 7. Piston and tilt removed phase
variance at a 4m telescope versus altitude.
Wavelength: 0.5µm. Solid line: single
LGS. Dashed line: at zenith. Dotted line:
array of 4 LGSs 45◦. Hufnagel-Valley21
turbulence model.

All of them rely on arrays of LGGs. Most of them belonging to two families
: either stitching of the telescope pupil, or mapping of the volume of phase
disturbances around the line of sight.

2.2.1 Stitching methods. I will briefly describe this approach, since
it seems more and more not to be the right one. The principle is to divide
the pupil in subpupils of diameter � d0, and launch an LGS in front of each
subpupil, so that the cone effect is negligible for each beam. It cannot pro-
vide us with high Strehl ratios since tilt indetermination (Sect. 15.3) causes
discontinuities between restored local wavefronts. Indeed, with the Hufnagel-
Valley5/7 turbulence model, d0(1µm) ≈ 6m with a single laser spot and
d0(1µm) ≈ 15m with an infinite spot array. Thus the maximum gain when
increasing the array size is given by:

σ2
∞/σ2

1 = (6/15)5/3 = 0.217 (3)

(Fried, 1995). The maximum gain with an infinite number of spots is a factor of
� 5. But since one increases the volume of the turbulent atmosphere properly
sampled due to the number of LGSs, one decreases σ2

φ. There is a trade-off
between these two errors. This is shown in Fig. 7 (Sasiela, 1994). The phase
variance due to the cone effect is compared to that of the stitching method for
a 4m telescope at 0.5µm. At such a short wavelength, the cone effect is so
large that the tilt stitching phase error is smaller than the cone effect one, even
at z = 45◦ and for the highest altitude of the LGSs. Of course, it is less
favorable for an 8-10m class telescope.
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2.2.2 3D-mapping methods. The 3-dimensional mapping of the phase
disturbances in the volume around the line of sight (Tallon and Foy, 1990) is
also called “tomography”. Consider an array ofm LGSs at the altitude H and
at locations (θl

x, θl
y), with l the LGS index. Ideally, there are at least as many

LGSs as turbulent layers, but in fact it is enough to restrict to dominant ones.
The laser spots have to be distributed in such a way that each coherent cell in
each layer is lit by at least one LGS as view from the pupil. Thus the whole
turbulent volume in between the array and the pupil is sampled. Consequently,
the wider the array and the volume, the larger is m. Observe the array with
a Shack-Hartmann WFS, each of the subpupils observing the whole array (or
equivalently withm Shack-Hartmann WFS, each of them observing one of the
LGSs). It provides at least 2 × N × m slope measurements of the N 2-D
phase delays through the m turbulent layers. Therefore one should be able to
derive the phase delay map and to reconstruct the wavefront at the level of the
turbulent layers, over a surface at least as large as the pupil, i.e. with no longer
any cone effect. Finally when these delays are used to command ndm DMs
conjugated with the turbulent layers, the resulting corrected wavefront leads to
a corrected image free from cone effect, over a field possibly larger than the
isoplanatic field (Foy and Labeyrie, 1985), depending onm. This is similar to
tomography with the additional problem that the equation array is degenerated
because of the tilt indetermination (see 15.3). The use of a cascade of DMs as
been called MultiConjugate Adaptive Optics (Beckers, 1988).
With the assumption that the amplitude of the influence functions of the

DMs is proportional to the command, measurements b and phase delays (i.e.:
commands X to the DMs) are related by a matrix linear equation b = AX ,
as in classical AO; it has to be inverted (see Ch. 13).
The interaction matrix can be built following Le Louarn and Tallon, 2002.

We assume narrow fields approximation for the propagation from the turbulent
layers, i.e.: phase perturbations by the turbulent layers simply add at the level
of the pupil. It also means that scintillation is negligible. A point (x, y) in the
turbulent layer at altitude h is projected onto the pupil at (xpupil, ypupil):

x = (1 − h/H)xpupil − hθl
x (4)

y = (1 − h/H)ypupil − hθl
y (5)

A difference with single DM AO is that there is a propagation between the
DMs. But since Fresnel diffraction is distributive, influence functions remain
proportional to the command after propagation.
Le Louarn and Tallon, 2002 consider triangular influence functions after

propagation:

f(x, y) = p(x/ds)p(y/ds)with p(x) = { 1 − |x| if |x| ≤ 1
0 otherwise

. (6)
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where ds is the actuator spacing. They are maximum at the center of the actu-
ators, and at the center of the neighboring ones. The matrix A is built from
the influence functions of a DM generated for each DM, shifted and translated
according to Eq. 4, resampled on the pupil subaperture grid. Each column of
A is filled with the average per subaperture of these functions. This has to be
done for each DM and LGS.
Piston and tilts are not sensed from a monochromatic LGS, which causes

a degeneracy in the inversion of A. Therefore one has to consider no longer
measurements from any subaperture i with coordinates (xi, yi), but piston and
tilts removed measurements in b:

b′il = bil − αlxi − βlyi (7)

where:

αl =

(∑
i

xibil

)
/

(∑
i

x2
i

)
andβl =

(∑
i

yibil

)
/

(∑
i

y2
i

)
(8)

are determined by a least square fit of the slope measurements for the LGS l.
It yields:

b′il =
∑

j

(
δij −

(
xixj/

∑
k

x2
k

)
−
(

yiyj/
∑

k

y2
k

))
gjl. (9)

where δij is the Kronecker’s symbol. For the piston removed measurement
vector, one has:

b
′′

il =
∑

j

(
δij − 1/N2

sub

)
gjl. (10)

To have more measurements than unknowns, for a square geometry of the
pupil and subpupils, one has to fulfill:

m ≥ ndm +

ndm∑
i−1

((2hiθ − (Dhi/H)) /D)2 (11)

assuming θx = θy = θ. For a zero field of view (correction including that of
the cone effect perfect only on axis), Eq. 11 becomes m ≥ ndm. For a given
number of LGSs, the field is limited by the constraint that the center of the
pupil projected onto the highest turbulent layer hmax be sampled, yielding:

θ ≤ (1 − hmax/H) (D/2hmax) . (12)

Le Louarn and Tallon (2002) have given an in-depth analysis of the eigen-
modes of a 3D mapping system, in the case of a square geometry and 2 de-
formable mirrors conjugated to the ground layer (5×5 actuators) and to 10km
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Figure 8. Eigenvalues of
a 3D mapping system with
zero field. Top to bottom:
piston and tilts measured by
the LGSs, piston not mea-
sured and neither piston nor
tilts measured. Curves are
normalized to 1, 10 and 100
from bottom to top.

Figure 9. Eigenvalues of
a 3D mapping system with
zero field (dashed curve) and
non zero field of view (solid
curve). Neither piston nor
tilts are measured. from the
LGSs.

Figure 10. Eigenvalues of
a 4 LGSs 3D mapping sys-
tem with a 	=0 field. Neither
piston nor tilts are measured
from the LGSs. Dashed
line: without natural guide
star. Solid line: with a
NGS to measure tilts, de-
focus and astigmatisms (Le
Louarn and Tallon, 2002).

(7×7 actuators). Their is then maximum field of view is 66 arcsec, far above
the isoplanatic domain. For a given mode, there are obviously two phase cor-
rections, one per deformable mirror. Either they add (even modes) or they
subtract each other (odd modes). The last mode is singular.
For zero field of view (Fig. 8), as expected, there are respectively 2, 4 and 8

singular modes when the piston and the tilts are measured from the LGSs, when
the piston is not but the tilt is (case of the polychromatic LGS, see 15.3), and
when neither the piston nor the tilts are measured (monochromatic LGS case).
Even and odd modes correspond respectively to the high and low eigenvalues
(lowest and highest modes).
When the piston is assumed to be measured from the LGSs (top curve), the

corresponding mode is singular because one cannot measure the contribution
of each layer to the total piston. This case is not realistic, since no wavefront
sensor measures the piston. When the tilts are measured from the LGSs (case
of the polychromatic LGS), the odd piston is not measured again. The even
piston is no longer available. And the two odd tilt modes are not also, because
whereas the tilt is measured, the differential tilt between the two DMs is not:
one does not know where the tilt forms. Thus there are 4 zero eigenvalues.
When neither the piston nor the tilts are measured from the LGSs, there are

5 more 0 eigenvalues: the two even tilt modes, and the odd defocus and astig-
matism modes. These last modes result from combinations of not measured
tilts in front of the LGSs.
When the field of view is increased(Fig. 9), there are 24 more actuators: 21

more odd ones and 3 more singular ones. They correspond to degenerate odd
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piston modes: there are more combinations of phases to make waffle modes.
The number of even modes remains unchanged.
The degeneracy has to be removed, because light from the programme ob-

ject does not follow the same path through the turbulent layers as that from a
LGS. If the LGSs do not provide the required measurement, a natural guide
star (NGS) has to be observed in the field of view to get measurements of these
modes. Figure 10 shows that adding the NGS drops the number of the singular
from 12 to 7: 2 odd tilts, 1 even piston and 4 odd pistons, which do not need to
be corrected. But three of the eigenvalues are very weak. Thus much attention
should be paid for noise propagation. In particular it may raises severe con-
straints about the magnitude of the NGS. Another way is to measure only tilt
modes from 3 NGSs in the field (Ellerbroek and Rigaut, 2001).
Without considering photon noise, Le Louarn and Tallon (2002) have found

that the 4 LGSs 3D mapping system delivers a Strehl ratio of 80% on axis
when a single LGS would have been limited to S ≈10%. These numbers
have to be compared with S ≈85% obtained with the same MCAO device
fed with a NGS. With a field of view of 100 arcsec, they get S ≈30% with
little anisoplanatism. Performances are weakly dependent on errors in the al-
titude of the turbulent layers (which could be measured from the 3D mapping
system, at the expenses of the linearity of the equations, since the interaction
matrix depends on layer altitudes). Unsensed layers do not produce a signifi-
cant anisoplanatism, as the central obscuration within which no measurement
is available.
Many useful references about MCAO and cone effect are given in Le Louarn

and Tallon (2002).
The only 3D mapping system with LGSs under construction today is that

for the Gemini South 8m telescope at Cerro Pachon, Chile (Ellerbroek et al.,
2002). It consists of 5 LGSs, 3 deformable mirrors with a total of 769 actuators
and one 1020 subapertures wavefront sensor per LGS (Fig. 11). It is expected
to be the most performing MCAO device.

2.2.3 Rayleigh LGSs. Other methods have been proposed to solve the
cone effect problem. Let us briefly mention the following (Lloyd-Hart et al.,
2001). A Rayleigh beam at 360nm is focused at 25km with an 8cm projector.
The beam is narrower than 1arcsec over ± 7.5km for a 0.6 arcsec seeing. A
fast camera at the telescope records images during 100µs, which are defocused
away from the altitude 25km. Then a phase diversity algorithm allows us to
recover phases errors. In fact it is a bit more complex, because of the variation
of scale with altitude, which requires tomographic techniques to be taken into
account. Figure 12 shows the propagation of light backscattered from different
regions.
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Figure 11. Layout of the multiconjugate
adaptive optics with 5 LGSs at the Gemini
South 8m telescope (F. Rigaut, private com-
munication).

Figure 12. Rays from different scattering
regions

Spatial resolution is a function of altitude of the backscattering region Hi,
since the size of the defocus image writes: D(Hf −Hi)/(HfHi). WithHf =
25km andHi =17 km and if the spot is observed with a resolution of 1 arcsec,
then when projected to the pupil the resolution is 5 × 10−6(HfHi)/(Hf −
Hi) ≈ 0.26m. At a 32 m, the defocus image is 2 arcmin wide.
Several LGSs are required. If more than 19 for a 32m, thus one would

have to use two slightly different colors to prevent confusion. In spite of the
required high number of spots, the authors claim that such a device should be
more efficient than devices based on 589nm lasers.
In conclusion of this section, I think that first it is mandatory to remove the

cone effect at very large telescopes, and that second this requires:

Either to measure the first 5 orders from a single NGS,
Or to measure the tilt for at least 3 NGS,
Or use polychromatic LGSs.
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3. The tilt determination
3.1 What is the problem?
Let us first consider the case where the laser beam is emitted through the

telescope. The outgoing beam undergoes a tilt deflection through the turbulent
atmosphere as does the backscattered light. The round trip time to the meso-
sphere is ≈ 0.6 ms at zenith. It is much shorter than the tilt coherence time:

τ0,tilt = 12.33 (D/r0)
1/6 (r0/v) (13)

At an 8m telescope in a good site, r0 ≈ 0.15m and a wind velocity of
v ≈ 30m/s, τ0,tilt ≈ 0.12 s at λ = 0.5µm to 1.2 s at λ = 5µm. It scales
as λ. τ0,tilt is ≈ 10 times larger than the wavefront coherence time. Thus
both deflections to and from the mesosphere approximately cancel each other
and the LGS apparent location is fixed with respect to the optical axis. The
principle of inverse return of light applies: one does not know the LGS location
in the sky, and the tilt cannot be measured.
Launching the laser beam from the telescope raises technical problems. In

addition there is a major concern for the science channel with scattered light
in the telescope and in its immediate surrounding. All the current or planned
LGSs devices use an auxiliary projector mated to the telescope structure or
behind the secondary mirror. In this case, again the location of the LGS is
unknown, now because the tilt affecting the upgoing beam is not known. Thus
again the tilt cannot be sensed.
This indetermination is a severe problem. Indeed, frames shorter than τ0,tilt

can be corrected up to the diffraction limit by the AO + LGS device, but be-
cause the tilt remains uncorrected images wander from frame to frame, with an
rms excursion:

σθ = 0.062D−1/6r
−5/6
0 cos z−2, (14)

The D−1/6 term is due to the variation of the phase gradient with the base-
line according to the structure function of the air refraction index. At an 8-m
telescope,σθ = 0.21′′ and 0.43′′ respectively at zenith and at 45◦ for r0 = 0.15
m. For comparison the telescope diffraction limit is 0.055′′ and 0.014′′ in K
and V. Therefore, the tilt must be corrected.

3.2 Use of a natural guide star
One can measure the tip and tilt with a natural guide star for these only

modes. Figure 13 shows that the magnitude of the tilt reference star has to be
brighter than typically 15 in the near infrared. The sky coverage is limited by
the probability to find that star within the isoplanatic patch of the programme
source.
These probabilities are shown in Fig. 14 for the case of an AO device with

several LGSs and 2 deformable mirrors. The corrected field is 6”. 3 NGSs
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Figure 13. Strehl ratio ver-
sus V magnitude of the nat-
ural reference source for tilt
sensing. Solid line: good
seeing with r0 = 0.2m.
Crosses: standard seeing,
with r0 = 0.15m. From
top to bottom: K, H and J
bands.

Figure 14. Sky cov-
erage for a LGSs + 2
deformable mirrors AO.
Field: 6”. 3 NGS sense
the tilt. Dotted, dashed
and solid curves: toward
bII = 5◦, 20◦and 90◦,
respectively, V magnitude.
Open circles : R magnitude.

Figure 15. Sky coverage
for a LGSs + 1 deformable
mirrors AO device. Field is
6” wide. 1 NGS is required
to sense the tilt. Same sym-
bols as Fig. 14.

are required to sense the tilt. They are plotted for the V magnitudes (science
channel in the R band), and for the R magnitudes (science channel in the V
band or in the near IR). For observations in the visible, the limiting magnitude
is ≈ 12-14, and the sky coverage is ≈ 10−12 toward the galactic pole, and
≈ 10−7 − 10−6 toward the galactic plane. It is slightly less desperate for IR
observations, the highest probability reaching≈ 1% in the galactic plane with a
reasonable limiting magnitude of 17.5 (but ≈ 1.4 10−9 toward the pole!) (Fig.
15).
With a single deformable mirror AO, and if a single NGS is used (see Le

Louarn and Hubin, 2004), the point spread function is quite peaked in the cor-
rected field, but the probability to find it is much higher: from ≈ 10−4 toward
the galactic pole for observations in the visible to 50% toward the galactic
plane for observations in the near infrared.
Here we have considered that the tilt reference stars have to be inside the

corrected field, to insure the maximum possible Strehl ratio. Relaxing this re-
quirement would lead to less lower sky coverages, at the expense of the Strehl
ratio. I do not discuss here the case of LGSs+AO systems aiming not at pro-
viding diffraction limited images, but at increasing the encircled energy, i.e. to
decrease the width of the incoherent image ; the global performances of such
devices should be compared with those of postprocessing methods, as blind
deconvolution (see Ch. 25), which are by far much less expensive.
Thus in most cases, correction of the tilt from the LGSs is mandatory.
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3.3 Perspective method
The tilt can be measured from the deviation of the mesospheric plume with

respect to a foreground NGS observed at the focus of an auxiliary telescope
located in such a way that the NGS lies within the isoplanatic patch ε of any
portion of the plume (Ragazzoni et al., 1995).
Mesospheric sodium atoms excited at the 3P3/2 level scatter light in every

direction. The backscattered beam observed at an auxiliary telescopeB meters
away from the main one looks like a plume strip with an angular length φ ≈
B δh /H2 where δh stands for the thickness of the sodium layer. The tilt of the
wavefront at the auxiliary telescope and vibrations equally affects the plume
and the NGS. Thus departures of the plume from the average NGS location
is due to the only tilt on the upward laser beam. Therefore measuring this
departure allows us to know the actual location of the LGS, and to derive the
tilt. Because of Earth rotation and of perspective effects, the auxiliary telescope
has to track the diurnal rotation, and simultaneously to move on the ground to
keep aligned the NGS and the LGS plume. Two mobile auxiliary telescopes
are necessary for the two components of the tilt.
In addition to the LGS brightness, a tilt isoplanatic angle φ causes another

flux limitation: only the fraction φ/ε of the plume can be used to sense one
component of the tilt. From preliminary studies, the telescope diameter of
the auxiliary telescopes should range around ≈ 25cm. This concept should
provide us with a sky coverage � 50%, provided that the auxiliary telescopes
can move across several hundred meters baselines.
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Figure 18. Air refraction index versus
wavelength.

Figure 19. The polychromatic LGS. The
laser beam is tilted on its way to the meso-
sphere, where it produces a spectrum span-
ning from the UV to the infrared. The op-
tical path of the backscattered light depends
on the wavelength.

An experiment has been done between the two 3.5 and 2.2m telescopes
at Calar Alto (Esposito et al., 2000), using the ALFA LGS device (Davies
et al., 2000). A promising reduction by a factor of 2.5 was obtained for the tilt
variance. As far as I know, this approach is no longer carried on.

3.4 The polychromatic LGS
The goal of the polychromatic LGS (PLGS) is to provide us with a 100%

sky coverage, down to visible wavelengths. Its basic principle relies on the
chromatic property of the air refraction index n (Fig. 18).
If a laser beam produces in the outer atmosphere a spectrum spanning from

the ultraviolet to at least the red, then the return light will follow different
optical paths depending on the wavelength (Fig. 19). The air refraction index
is a function of air temperature T and pressure P :

n(λ, P, T ) − 1 = f(λ) × g(P, T ) (15)

By derivating:

∆ n/(n − 1) = ∆ f(λ)/λ (16)
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Figure 20. Energy levels of neutral sodium
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herent 2-photon excitation for the polychro-
matic LGS. Wavelengths (nm), lifetimes (ns)
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2002.

and applying to the tip tilt θ:

θλ3 = ∆θλ1,λ2 × (nλ3 − 1)/∆nλ1,λ2 (17)

Therefore the tip-tilt at λi expresses in terms of the tip-tilt difference be-
tween any two wavelengths (Foy et al., 1995).

3.4.1 What excitation process?. The physical process which creates
the PLGS has to span a large λ interval, including the deepest possible ultra-
violet. It is again the excitation of mesospheric sodium! Figure 20 shows the
process in the case of a resonant incoherent 2-photon excitation. The valence
electron of sodium atom is raised from the 3S1/2 ground level to the 3P3/2

level by a laser beam locked on the 589nm D2 transition. Almost simultane-
ously, the electric field of a second beam, locked on 569nm, raises it up to the
high energy level 4D5/2 (≈ 0.5eV from ionization). Then there is radiative
cascade back to the ground state through the 4P1/2 level. The line spectrum
spans from 330 nm, close to the absorption cutoff of atmosphere ozone, to the
near infrared at 2.3µm. This spectrum is well suitable for the PLGS.

3.4.2 Feasibility study. A feasibility study of the PLGS has been
carried out in France. It is the Étoile Laser Polychromatique pour l’Optique
Adaptative (ELP-OA). It has addressed the following main topics: i/ return
flux at 330nm, ii/ accuracy of tilt measurements, iii/ telescope vibrations, iv/
wide spectral profile of lasers and vi/ budget link. I will shortly review them in
the following
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Return flux @ 330nm. The question was : does the non linear excita-
tion of sodium in the mesosphere works, and then does it generates enough
backscattered light?

Theoretical level populations. Since there are population variations
on time scale shorter than some level lifetimes, a complete description of the
excitation has been modeled solving optical Bloch equations (Beacon model,
Bellenger, 2002) at CEA. The model has been compared with a laboratory ex-
periment set up at CEA/Saclay (Fig. 21). The reasonable discrepancy when
both beams at 589 and 569 nm are phase modulated is very likely to spectral
jitter, which is not modeled: velocity classes of Na atoms excited at the in-
termediate level cannot be excited to the uppermost level because the spectral
profile of the 569 nm beam does not match the peaks of that of the 589 nm
beam.

Experiments on the sky. Two experiments have been carried out at
the sky, using two laser installations built for the American and French pro-
grammes for Uranium isotope separation, respectively AVLIS at the Lawrence
Livermore Nat’l Lab (California) in 1996 and SILVA at CEA/Pierrelatte (South-
ern France) in 1999. The average power was high : ≈ 2 × 175 W, with a
pulse repetition rate of 12.9 and 4.3 kHz, a pulse width of 40 ns and a spectral
width of 1 and 3 GHz. Polarization was linear. The return flux was � 5 105

photons/m2/s (Foy et al., 2000). Thus incoherent two-photon resonant absorp-
tion works, with a behavior consistent with models. But we do need lower
powers at observatories!
At CEA/Pierrelatte, the laser average power has been varied, from 5 to 50

W, which are values closer to what we can reasonably install at astronomi-
cal sites. The spectral width was 1 GHz, the pulse width ≈ 40 ns and the
pulse repetition rate 5 kHz. Polarization was linear again. Figure 23 shows the
measured 330 nm return fluxes compared with the prediction from the Bea-
con model. Beacon overestimates measurements by a factor of ≈ 3. This
can be due to the Na column density, unknown at the time of the experiment,
to a slight misalignment of the two beams resulting in non fully overlapping
spots at the mesosphere, in laser instabilities (variable power and modulation,
time lag between 569 and 589nm and spectral jitter) and in the assumption
of a hypergaussian profile of the model beam. Being these uncertainties, the
agreement between observations and model is satisfactory.

Accuracy in differential tilt measurements. Since one measures the
differential tilt to get the tilt itself, one needs an accuracy (n − 1)/∆n higher
than it would be required if the tilt could be measured directly. If the wave-
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Figure 23. Return flux 330nm: Measure-
ments at Pierrelatte versus Beacon model (
Bellenger, 2002).

length base is 330 - 589.6nm, (n− 1)/∆n ≈ 25. Can we measure the tilt with
such an high accuracy ? An experiment has been made at the 1.52 m telescope
at Observatoire de Haute-Provence (OHP). Natural stars were used to mimic
polychromatic LGSs. A set of dichroic beam splitters and filters divided the
image into 4 images at 4 wavelengths from 365 to 700 nm. Figure 24 shows
the correlation between the differential tilts 700 nm - 390 nm and 570 nm - 365
nm. This correlation is independent from telescope vibrations. Its is due to the
chromatic variation of n − 1 . The standard deviation of the differential tilt
versus tilt relation is ≈ 1 Airy disk at 650 nm (Fig. 25). It could be improved
with more accurate flat fielding, and by using a phase restoration algorithm (
Vaillant et al., 2000).
Thus the tilt can be measured with enough accuracy from the chromatic

differential tilt.

Measurements of telescope vibrations. The polychromatic LGS is not
sensitive to mechanical motions, since for each frame the whole set of chro-
matic images is fixed with respect to the optical axis. A pendular seismometer
has been specially developed (Tokovinin, 2000) to measure low frequency vi-
brations (Koehler, 1998; Altarac et al., 2001), which are inaccurately sensed
by accelerometers. It consists in an aluminum cylinder with an 1 kg mass at
each edge, and supported at its center by a pair of Bendix strings. It is servoed
at equilibrium. The signal from the capacitive sensors of the servo system
provides us with the telescope vibrations of motions. The frequency ranges
is ≈ 0.5 − 50 Hz. The standard deviation of vibration measurements is ≈ 3
marcsec, or ≈ 1/4 of the Airy disc of an 8m telescope at 550nm. Thus we are
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Figure 26. Vibrations of
the OHP 1.52m telescope
(tracking, dome open).
The records at 23h35
(solid line)and at 23h50
(dotted line) show the signal
stability. Amplitude is 66
mas rms (Tokovinin, 2000).

now able to measure telescope vibrations/motions to the accuracy required at
an 8m class telescope.

Which lasers?. The above mentioned accuracy of the tilt measurements
can be achieve if there are enough return photons. The average laser power
required to get them is ≈ 2 × 20W. Up to now, there is no cw laser available
that powerful (see Ch. 14). In addition it raised the problem of saturation of the
absorption by Na atoms in theD2 transition. These two problems have justified
the development of the modeless laser (LSM) at LSP (Pique and Farinotti,
2003).
In the LSM oscillator (Fig. 27) an acousto-optic crystal shifts the frequency

of the beam each times the beam crosses it. It breaks interferences in the cav-
ity, resulting in a broad continuous spectral profile. The FWHM is ≈ 3 GHz,
matching very well the hyperfine + Doppler width of theD2 line formed in the
mesosphere. The LSM for the 569 nm transition is under development. It has
to match a FWHM of 1 GHz, since there is the hyperfine structure of the 3P3/2

energy level is negligible with respect to the Doppler width. The large pro-
file makes much easier the optical stabilization: an electronic servoloop is no
longer necessary. The return flux measured at laboratory is ≈ 6 times higher
than that for a monomode oscillator, and ≈ 3 times that of a phase modu-
lated one (e.g.: the LSM would result in an LGS brighter by 1.2 magnitude
of the Keck LGS). These are the gains expected from theory and measured at
laboratory (Fig. 28). The expected gain for ELP-OA with respect to 2 phase
modulated oscillators is ≈ 10, since there are two transitions.
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Budget link. We have developed an end-to-end model to estimate the
performances of a PLGS at an 8m telescope. Measured fluxes with the LLNL
and CEA experiments have been used as input. Figure 29 describes the ex-
pected Strehl ratio due to the only tilt in the K, J and V bands (Schöck et al.,
2002). A modeless laser with an output average power of 25 W is assumed.
The maximum Strehl modeled in this configuration is ≈ 0.5 at 550 nm, and
� 0.9 in K at 2.2µm, whatever the direction in the sky. These performances
rely on the most powerful LSM one can reasonably build, and on a center of
gravity algorithm to measure δθs. Requirements would be significantly less
severe if δθs are measured with the much more efficient phase restoration al-
gorithm.
All these results assert the feasibility of the PLGS concept. A demonstrator

to evaluate performances on the sky is now being studied. It will be first run at
the coudé focus of the 1.5m telescope at OHP.

3.4.3 Non resonant coherent excitation. Another excitation process
of the 4P5/2 energy level relies on 2-photon non resonant coherent processes
(Foy et al., 1995). Fast adiabatic passages or π pulses can be used to excite
the uppermost level directly, without populating the intermediate 3P3/2 level.
Theoretically, the whole population of sodium atoms would be raised up to the
4P5/2 level, resulting in an increase by a factor of 6 in the return flux with
respect to the resonant incoherent excitation. A theoretical study (Froc et al.,
2000) concluded that it should work. An in depth study of the process have
been carried on, both theoretically (Biegert et al., 2000) and experimentally (
Biegert and Diels, 2003) at UNM/Albuquerque. An experiment has also been
carried out at the CAR/Toulouse laboratory (de Beauvoir and Girard, private
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communication). All these works conclude in the feasibility of this excitation
process in terms of return photons. Of course the lasers which are required are
more critical than in the case of the incoherent resonant excitation, but Biegert
(private communication) is optimistic.

3.5 Other concepts
Other concepts have been proposed to measure the tilt without any NGS

limiting the sky coverage. Let us briefly mention the following ones:

the dual adaptive concept: a second AO+LGS shoots at the sky within the
isoplanatic patch of the programme source close to a comparatively faint
NGS. It is used to measure the tilt with a higher accuracy, because it is
shrunk by the AO (Rigaut and Gendron, 1992). This concept is not so far
from the use of a NGS and an array of LGSs feeding a MCAO device.

the Rayleigh and the fluorescent D2 plumes: measuring from the same beam
the differential location of Rayleigh scattered light at moderate altitude
and of the D2 one at the mesosphere level provides a measurement of
the tilt for the outgoing beam, thus allowing us to derive the tilt (Angel
et al., 2001).

radiowave interferences can be produced at an altitude of ≈ 250km with ra-
diotelescopes 30-100 km apart. They break species in the ionosphere, in
particular N and O (Ribak et al., 2003). The fringe pattern is not affected
by any tilt on the upward radio beams. The moderate altitude increases
the cone effect.

4. Conclusion
A long path has been followed to overcome these two physical problems

raised by the laser guide star, namely the cone effect and the tilt determination.
And there is still a lot of work to be carried out before everything is solved.
But I would say that the mathematics and the physics involved in the solutions
we have today in hands are mastered. it is now clear that:

MCAO without LGSs is limited to the infrared domain, with a better proba-
bility close to the Galactic plane

LGS without MCAO is of limited interest, except for “small” telescopes in
the IR

MCAO with LGSs definitely requires to determine the tilt. We can hardly
rely on natural guide stars, because they are too few, except again in
the infrared and relatively close to the galactic plane, and except if the
goal is to increase the only encircled energy, not to reach the diffrac-
tion limit. The highest interest of the combination MCAO+LGS lies in
observations at visible/red wavelengths.
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Next steps toward experimental works will be particularly exciting: the
MCAO MAD bench at ESO, the MCAO+LGSs device at Gemini South, ex-
periments at the MMT and at Mt Wilson, the polychromatic LGS demonstrator
in France. Also we still have a lot to learn with the feedback from the devices
running now or very shortly, at Lick, Keck and ESO. But the biggest chal-
lenge of the coming years will be to extrapolate this know how to the case of
decametric or even hectometric optical telescopes.
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Abstract Fundamentals of amplitude interferometry are given, complementing animated
text and figures available on the web. Concepts as the degree of coherence of
a source are introduced, and the theorem of van Cittert – Zernike is explained.
Responses of an interferometer to a spatially extended source and to a spectrally
extended one are described. Then the main methods to combine the beams from
the telescopes are discussed, as well as the observable parameters – vibilities and
phase closures.

Keywords: amplitude interferometry, stellar interferometry, coherence, interferometers, beam
recombinaison, phase closure, visibility

Introduction
This article complements the three lectures on “Interferometry” at the CNRS-

/NATO/EC Summer school “Optics in Astrophysics” in Carg„ese, Corse, in
September 2002. The original lectures make extensive use of the features of
Powerpoint, including animated text and figures. Therefore the original Pow-
erpoint files, as well as PDF versions thereof, are available for download from
the web sites of the Summer school and of the author. Several animations
were prepared using MathCAD to produce animations in “avi” format, each
of which is several MB in size. These animations are separately available for
download at the same web sites.
The organisation of this article is as follows:

each of the three lectures comprises a section of this article.
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Subsections and subsubsections are organised thematically, with refer-
ences to one or more viewgraphs of a lecture.
(I.20) refers to lecture I, viewgraph 20, (I.6-9) to lecture I, viewgraphs 6
to 9.

The reader of this article is therefore encouraged to avail herself (himself)
of the lecture material to be viewed along with reading this article.

1. Lecture I: Fundamentals of Interferometry
1.1 Why Interferometry?
What Is Interferometry (I.3) Interferometry deals with the physical phe-
nomena which result from the superposition of electromagnetic (e.m.) waves.
Practically, interferometry is used throughout the electromagnetic spectrum;
astronomers use predominantly the spectral regime from radio to the near UV.
Essential to interferometry is that the radiation emerges from a single source
and travels along different paths to the point where it is detected. The spatio-
temporal coherence characteristics of the radiation is studied with the interfer-
ometer to obtain information about the physical nature of the source.
Interferometry in astronomy is used to surpass the limitations on angular

resolution set by the Earth’s atmosphere (i. e., speckle interferometry), or by
the diffraction of the aperture of a single telescope. We will focus in this lecture
on interferometry with multiple telescope arrays with which it is possible to
obtain information on spatial scales of the source beyond the diffraction limit
of its member telescopes.

Diffraction–limited Imaging (I.4) The resolution of a single telescope is
limited by diffraction at its aperture stop, which in many cases is formed by
the primary mirror. The image of a point source (e. g., a very distant star) at a
wavelength λ is ideally an extended patch of light in a focal plane, surrounded
by a regular sequence of rings. The radius of the innermost dark ring sets a
limit for the resolution of the telescope in the sense of a lower limit for the an-
gle between two point sources at the celestial sphere which appear separated.
This limit is approximately λ/D, where D is the diameter of the entrance
pupil of the telescope – i. e., the image of the aperture stop in the space to-
wards the source. Its inverse, Rα = λ/D, is called the diffraction limit of the
telescope. The diffraction limit can be overcome only by making the telescope
larger or by decreasing the wavelength. If the latter is undesireable and the
former impossible, two or more telescopes with their optical beams combined
by interferometry may improve the resolution.
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1.2 Interference Basics
Young’s Interference Experiment (I.5) A Young’s interferometer basically
consists of a stop with two holes (“array elements”), illuminated by a distant
point source, and a screen which picks up the light at a sufficiently large dis-
tance behind the holes. The light patch produced by the stop is extended and
shows a set of dark fringes which are oriented perpendicularly to the direction
which connects the centers of the two openings.
The diameter D of the openings (we assume that they are equal), the base-

line B (distance between the centers of the holes), the separation F between
the stop and the screen, and the wavelength λ fully characterise the intensity
distribution which is observed on the screen. While the characteristic dimen-
sion of the light patch is approximately λF/D, the fringe period is λF/B.
In order to observe fringes, the screen should be placed in the regime of

Fraunhofer diffraction where F/B >> B/λ. In practice, such an interferom-
eter can be realized by placing the stop immediately in front of a collecting
optics, e. g., a lens or a telescope, and by observing the fringes in its focal
plane (F = feff ).

Basic Interferometer Properties (I.6-9) Although the relationship between
element aperture diameter, baseline, and wavelength is quite simple, it is in-
structive to visualise the influence of each of these characteristics. To this
end, we consider a Young’s interferometer with element diameters D = 1m, a
baseline B = 10m at a wavelength λ = 1µm in the animations. The intensity
profile across the fringe pattern on the detector (screen) is shown with linear
and logarithmic intensity scales in the lower two panels. The blue line repre-
sents the intensity pattern produced without interference by a single element.

Variation of baseline between 5 and 15 m: note that the fringe pattern con-
tracts while the baseline increases, but the blue envelope remains con-
stant.

Variation of element diameter between 0.5 and 1.5 m: the overall patch size
decreases with increasing diameter while the fringe period is unaffected.
The first animation shows the effect with normalized peak intensity. The
second animation shows the effect of increasing collecting power; the
peak intensity actually increases proportional toD4.

Variation of wavelength between 0.5 and 1.5 µm: both fringe pattern and en-
velope expand as the wavelength increases, the ratio between envelope
width and fringe period remains constant at B/D.

Geometric Relation between Source and Interferometer (I.10-13) If the
position of the source changes with respect to the orientation of the interferom-
eter, the position of the illuminated area on the detector changes proportionally.
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The fringe also moves at the same rate, in e., the intensity pattern moves as an
entity.
A relative motion between envelope and fringe pattern can be produced

through a change of the differential delay between the two interferometer arms
by, e. g., inserting a piece of glass into the beam behind one of the holes. This
time the fringe pattern is displaced with respect to the position of the overall
envelope. If d is the thickness of the glass and n is its index of refraction,
the differential delay produced is δ = d(n − 1). The animation on page 13
shows how the fringe pattern moves as the delay is changed by ±2µm while
the position of the envelope does not change.

1.3 Diffraction Theory and Coherence
If we wish to include spectral coverage and extended sources into our con-

siderations, we need to review the theory of diffraction and to introduce some
concepts of coherence.

Monochromatic Waves (I.14) A monochromatic e.m. wave Vω(r, t) can
be decomposed into the product of a time–independent, complex-valued term
Uω(r) and a purely time–dependent complex factor exp jωt with unity magni-
tude. The time–independent term Uω is a solution of the Helmholtz equation.
Sets of base functions which are solutions of the Helmholtz equation are plane
waves (constant wave vector k and spherical waves whose amplitude varies
with the inverse of the distance of their centers.

Propagation of Field (I.15) A popular method to solve the Helmholtz equa-
tion in the presence of a diffracting aperture is the Kirchhoff–Fresnel integral.
It is based on the Huyghens’ principle, where the field is represented by a su-
perposition of spherical waves. The field amplitude Uω at a position r0 in an
extended volume behind the aperture is computed from the field amplitude Uω

at a position r1 inside the aperture. This is done by integration of the field in-
side the aperture Σ, weighted by the amplitude and phase term of the spherical
wave, 1/r exp(2πj r/λ) with j =

√−1. The term χ(ϑ) is an inclination term
which is 1 for small values of the angle ϑ that the direction of the line connect-
ing r0 and r1 makes with the general direction of light propagation, and which
vanishes for increasing ϑ.

Nonmonochromatic Waves (I.16) Diffraction theory is readily expandable
to non-monochromatic light. A formulation of the Kirchhoff–Fresnel integral
which applies to quasi–monochromatic conditions involves the superposition
of retarded field amplitudes.
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Intensity at a Point of Superposition (I.17) The measurable physical pa-
rameter of an optical wave is its energy density or intensity. If two fields are
superimposed, the measured intensity is given by the sum of the individual
intensities plus aterm which describes the long term correlation of the field
amplitudes. Long term means time scales which are large compared to the in-
verse of the mean frequency ω̄/2π (about 10−12 s); the time scale is set by the
time resolution of the detector. This is why the field product term is expressed
in the form of an ergodic mean 〈· · · 〉. An interferometer produces superim-
posed fields, the correlation of which carries the desired information about the
astronomical source. We will discuss exactly how this happens in the following
sections.

Concepts of Coherence (I.18-21) The correlation term in the expression for
the intensity of superimposed fields, and in general the ergodic mean of the
product of field amplitudes sampled at different points in space and time, is
called mutual intensity. If the conditions are temporally stationary – which
they would be if the observed sources are stable with time – it is the time
difference τ which matters.
Usually we are only interested in mutual intensity suitably normalised to

account for the magnitude of the fields, which is called the complex degree of
coherence γ12(τ). This quantity is complex valued with a magnitude between
0 and 1, and describes the degree of “likeness” of two e. m. waves at positions
r1 and r2 in space separated by a time difference τ . A value of 0 represents
complete decorrelation (“incoherence”) and a value of 1 represents complete
correlation (“perfect coherence”) while the complex argument represents a dif-
ference in optical phase of the fields. Special cases are the complex degree of
self coherence γ11(τ) where a field is compared with itself at the same posi-
tion but different times, and the complex coherence factor µ12 = γ12(0) which
refers to the case where a field is correlated at two positions at the same time.
In the first case, the degree of self coherence depends on the spectral char-

acteristics of the source. The coherence time τc represents the time scale over
which a field remains correlated; this time is inversely proportional to the spec-
tral bandwidth ∆ω of the detected light. A more quantitative definition of
quasi–monochromatic conditions is based on the coherence time; all relevant
delays within the interferometer should be much shorter than the coherence
length c τc. A practical way to measure temporal coherence is to use a Michel-
son interferometer. As we shall see, in the second case the spatial coherence
depends on the apparent extent of a source.
One should keep in mind that e. m. waves are transverse vector fields and

are polarized. Strictly speaking, one has to consider the polarisation charac-
teristics of the light throughout this treatment. Polarisation plays an important
practical role as instrumental depolarisation can change the coherence charac-
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teristics of the light and therefore advesely influence measurements. However,
it is not really important in the understanding of most celestial sources which
is why we will not consider polarisation in this lecture.

Extended Spectral Distribution (I.22-23) Let us now turn back to our in-
terferometer experiment. Only the central fringe of a Young’s interferome-
ter represents the position of zero delay in time between the superimposed
beams, for each maximum to the side there is a corresponding number of
oscillation periods (2π/ω) of delay. It should therefore be no surprise that
the contrast of the fringe pattern is reduced if the spectral distribution of the
source is changed from monochromatic to extended. Note how the fringe pat-
tern contrast remains high near the central fringe while it is reduced in the
wings as the source’s spectral distribution becomes broader and the spectral
resolution Rλ = λ̄/∆λ = ω̄/∆ω becomes smaller. The reduction of contrast
is caused by the superposition of interference patterns with different fringe
spacings which remain centered on the position of zero delay.
A delay error shifts the position of zero delay with respect to the overall

intensity envelope, resulting in a substantial reduction of overall contrast. The
contrast may vanish entirely if the zero delay position coincides with a min-
imum. Therefore, there is a relation between the allowable delay error δmax

and the spectral bandwidth ∆ω of the detected radiation if the amplitude error
of the fringe modulation is to remain small, i. e., δmax ≤ λ̄ · Rλ = λ̄2/∆λ.

1.4 Interferometry of Extended Sources
We now turn our attention to extended sources which we will assume mono-

chromatic for the time being.

Extended Incoherent Sources (I.24-26) First, we investigate how the co-
herence properties of light propagates by inserting the Kirchhoff–Fresnel for-
mula into the expression for mutual intensity. We note that the propagation
of coherence between two planes Σ1 and Σ2 involves a fourfold integration
over two coordinates within Σ1. Next, we note that extended sources can be
decomposed into a distribution of point sources whose brightness is given by
the intensity distribution I(r1) of the extended source.
We still need to consider the coherence properties of astronomical sources.

The vast majority of sources in the optical spectral regime are thermal radia-
tors. Here, the emission processes are uncorrelated at the atomic level, and the
source can be assumed incoherent, i. e., J12 = λ2/π I(r1) · δ(r2 − r1), where
δ(r) denotes the Dirac distribution. In short, the general source can be decom-
posed into a set of incoherent point sources, each of which produces a fringe
pattern in the Young’s interferometer, weighted by its intensity, and shifted to
a position according to its position in the sky. Since the sources are incoherent,
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the intensity patterns add directly without further interference, and the fringe
contrast decreases.

Theorem of van Cittert – Zernike (I.27-28) In order to quantify the reduc-
tion in fringe contrast one first transports mutual intensity from the source to
the position of the interferometer. All celestial sources of interest have large
distances S compared to their dimensions, the differences in the propagation
distances S1 and S2 can be expanded in first order to simplify the propaga-
tion equation. Inclination terms χ(ϑ) are set to unity. Linear distances r in
the source surface are replaced by apparent angles ϑ = r/S. The coherence
transport equation can then be simplified to involve an integral over the source
of the source intensity, weighted by a term exp−2πjϑ(x1 − x2)/λ, where x1

and x2 are the positions of the two apertures of the interferometer.
We are now ready to derive an expression for the intensity pattern observed

with the Young’s interferometer. The correlation term is replaced by the com-
plex coherence factor transported to the interferometer from the source, and
which contains the baseline B = x1 − x2. Exactly this term quantifies the
contrast of the interference fringes. Upon closer inspection it becomes appar-
ent that the complex coherence factor contains the two-dimensional Fourier
transform of the apparent source distribution I(ϑ) taken at a spatial frequency
s = B/λ̄ (with units “line pairs per radian”). The notion that the fringe con-
trast in an interferometer is determined by the Fourier transform of the source
intensity distribution is the essence of the theorem of van Cittert – Zernike.

Response of the Interferometer to Extended Sources (I.29-32) We will
now examine the response of the interferometer to the simplest source, a dou-
ble point source of equal brightness with apparent separation δα varying be-
tween 0 and 0.1 arcsec. The Fourier transform of the source intensity is a
cosine function with a period proportional to δα and is sampled by the inter-
ferometer at a constant frequency. Note how the contrast of the fringe varies
periodically as the source separation increases and the interferometer scans the
cosine visibility function. Each time the cosine term becomees negative, the
“contrast” of the fringe pattern changes sign and central fringe, which is bright
for a zero separation, becomes dark. Eventually the separation of the double
source becomes so large that it is resolved by the individual elements of t he
interferometer and the two Airy functions separate.
The next source we investigate is the surface of an extended, limb–darkened

star whose apparent diameter increases from 1 to 25 milli-arcseconds. The
visibility function of such a source resembles the Airy function, varying peri-
odically between zero and a maximum value which decreases with increasing
frequency. Note how the fringe contrast vanishes repeatedly to rise again with-
out reaching its previous maximum value as the source’s apparent diameter
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increases. A detailed investigation of the visibility function permits deriving
the stellar apparent diameter and the limb darkening coefficients.
However, the response of a two-way interferometer to an extended source

for a single baseline is not unique. The decrease in contrast indicates that the
source is resolved by the baseline but does not give any information about the
source’s structure. The full information can only be obtained by measuring the
two-dimensional visibility function as completely as possible, which implies
measurements with many baselines.

1.5 Summary and Conclusion (I.33-34)
The fundamental quantity for interferometry is the source’s visibility func-

tion. The spatial coherence properties of the source is connected with the two-
dimensional Fourier transform of the spatial intensity distribution on the ce-
setial sphere by virtue of the van Cittert – Zernike theorem. The measured
fringe contrast is given by the source’s visibility at a spatial frequency B/λ,
measured in units line pairs per radian. The temporal coherence properties is
determined by the spectral distribution of the detected radiation. The measured
fringe contrast therefore also depends on the spectral properties of the source
and the instrument.

2. Lecture II: Concepts of Interferometry
2.1 Elements of an Interferometer (II.3)
The diagram presents the essential elements which constitute an interfer-

ometer – here in particular the VLT Interferometer. There are two telescopes
which collect the light to be coherently combined. Each light path needs op-
tics to direct the beams into a stationary laboratory where combinaiton takes
place. The optics include delay lines which guarantee equal optical path length
from the source through the two telescopes up to the point of detection. This
configuration can be extended to more than two telescopes, each of which is
equipped with its own delay line.

2.2 Baselines and Projected Baselines (II.4-8)
The diameter of a telescope entrance pupil or the distance between two tele-

scopes determine the baseline, which determines the resolution of the interfer-
ometer in combination with the detected wavelength. The table compares the
resolution of single telescopes and interferometers at optical and radio wave-
lengths. Note that the resolution of optical interferometers is comparable to
that of radio very long baseline interferometry (VLBI).
The spatial frequency measured by the interferometer is a two-dimensional

quantity. It depends on the three-dimensional baselineBik between telescopes
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i, k and the direction S of the source (directional cosines). Since the direc-
tion of the source changes with time with respect to the baseline of a multi-
ple telescope interferometer, the visibility function is sampled at the projected
baselineB′

ik. Two of the three components ofB
′
ik are the sampled frequencies

projected onto the celestial sphere, traditionally denoted u and v (“UV plane”).
The third component, w is the geometric delay which needs to be compensated
by the delay lines. The relationship between telescope positions and projected
baseline can be formulated as a matrix equation where the matrix depends on
site latitude, and source declination and hour angle. Note that the geometric
delay is generated in vacuum above the atmosphere, and therefore delay lines
should operate in vacuum as well for the interferometer to be fully achromatic.

2.3 Array Configuration and Earth-rotational Synthesis
(II.9-16)

This section presents the layout of several interferometers, and the range of
the visibility function with are sampled through the course of a night while
the source transverses the sky (uv coverage). The map of frequencies covered
by a reasonable range of source hour angles on the UV plane depends on the
array configuration and is called a “sausage diagram”. There are N(N − 1)/2
pairs “sausages” for an interferometer with N telescopes; each pair belongs to
a projected baseline (B′

ik and −B′
ik). The goal of the array configuration is to

obtain an optimum sampling of the UV plane up to a limit set by the longest
baselines.
The projected baseline of the LBT only rotates while its length remains

constant, independent of source declination, since the two telescopes share the
same mount. The VLT interferometer produces six sausages when all four
main telescopes are combined; the prominent diagonal orientation reflects the
asymmetric array layout. The pattern can be made substantially denser when
auxiliary telescopes are included into the array (thinner sausages). The cover-
age is also strongly dependent on source declination, note how the pattern be-
comes more circular for sources with southern declinations (the latitude of the
VLTI is 24.5◦ south). The Keck interferometer features one baseline between
its 10m telescopes (thick sausages), eight baselines between the 10m and the
four 1.5m outrigger telescopes (medium sausages), and six baselines between
the outriggers themselves (thin sausages). The thickness of the sausage is an
indication for sensitivity. Generally, arrays with independent telescopes have
a deficit in coverage for short baselines because telescope domes mutually ob-
struct the view.
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2.4 Beam Combination (II.17-18)
There are many ways to combine the beans which are collected by several

telescopes in order to produce a fringe. A fundamental distinction for inter-
ferometry at optical wavelengths is the size of combined field of view. One
refers to “multi–mode” beam combination if the combined field exceeds the
resolution element of a single telescope, and to “single mode” beam com-
bination if the combined field does not exceed the resolution element. The
term “mode” is related to optical throughput (“etendue”), the product of field
area and the solid angle covered by a focal beam. For a single resolution ele-
ment of a telescope with diameter D and focal length f this product becomes
(λf/D)2(D/f)2 = λ2. In a multi–mode beamcombiner the throughput is
just many times λ2.

Single Mode Beam Combination (II.19-21) The realisation of single beam
combiners based on single mode optical fibers is quite popular because light is
easily transported once it has been transferred into the fiber, and micro-optical
elements can be used for beam combination. Furthermore, the light level in
each fiber is easily monitored, making high precision measurements of the
fringe contrast possible. Measurements of visibility with the highest accuracy
are done using fiber beamcombiners. Since the measured field is constrained
to the size of the Airy disk (“antenna pattern”), this mode bears the most sim-
ilarity to radio interferometry. The IOTA interferometer with FLUOR and the
VLTI VINCI and AMBER beamcombiners are examples for fiber based single
mode beamcombiners.

Multi–Mode Beam Combination (II.22-27) It is possible to distinguish be-
tween “pupil plane” and “image plane” beam combination in a multi–mode
beamcombiner depending on whether the beams intersect in overlapping im-
ages of the aperture stops or the sources; such a distinction is irrelevant for
single mode beam combination. In an image plane, the light originating from
each (Airy-disk sized) point in the source may carry its own interference pat-
tern which can be detected separately and simultaneously with a high reso-
lution camera. The Fourier transform of such a detection is resolved at each
baseline; the number of resolution elements is given by the area of the detected
field divided by the area of the Airy disk. The GI2T interferometer uses image
plane beam combination.
The beams which originate from different locations intersect the pupil plane

with different angles, where they all produce the same intensity pattern, al-
though with a phase which depends on their position in the field. The simulta-
neous detection of a pathlength modulated fringe results in the visibility due to
all sources whose light is allowed to reach the detector, representing a single
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point in the Fourier plane. Examples for multi–mode pupil plane beamcom-
biners include NPOI, COAST and VLTI MIDI.

Fizeau- and Michelson Beam Combination (II.28-30) A special case of
an image plane multi–mode beamcombiner is a Fizeau interferometer. The
optical configuration is equivalent to a large telescope whose entrance aperture
is covered with a mask with holes which represent the interferometer array
and where the fringes are observed in the focal plane. Such a configuration
preserves the Helmholtz-Lagrange invariant within each array element and the
array as a whole. An image plane beam combiner where this is not the case
is called a Michelson (stellar) interferometer. Another way to describe these
two types of beam combination is that for the Fizeau interferometer, the exit
pupil is an exactly scaled and oriented replica of the entrance pupil of the
interferometer as seen by the source (“homothetic mapping”). This is easy to
realize with a masked telescope, but difficult for a distributed array.
The external geometric differential delay (see below) of an off axis source

is exactly balanced within a Fizeau interferometer, resulting in fringes with
the same phase on top of each source in the field. The position of a source
may differ from the “position of zero OPD” in a Michelson interferometer
depending on how dissimilar entrance and exit pupils are. The fringe contrast
of off-axis sources also depend on the temporal degree of coherence of the
detected light.

Differential Delay Tracking (III.3-4) Consider two nearby sources (stars)
which are observed by a two-element interferometer. Both elements point at
the same star, resulting in a projected baseline B ′ and a geometric delay w
which is canceled by a delay line to detect the zeroth order (white light) fringe
at the beamcombiner. The second star appears at an angle α from the first star,
in direction of the projected baseline. There is a differential geometric delay
δw = αB′ which, when left uncompensated, results in a phase shift 2πδw/λ
at the beamcombiner. A second, differential delay line can be used to cancel
the differential delay and to produce a white light fringe also for the second
star. The differential delay can be measured with high precision, permitting
high precision measurements of the angle between both stars. The position
of one of the two stars which is unresolved to the interfeometer may serve as
a phase reference, making it possible to measure directly the object phase of
the other source. Monitoring of secular variations of relative positions of two
stars caused by, e. g., the reflex motion due to low mass companions, to the
precision of a few micro-arcsec is the most compelling use for off source phase
referencing.
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2.5 Observables (III.5)
The physical quantity directly detected by the interferometer is the corre-

lated flux and the complex visibility for a given wavelength, corresponding
to an angle frequency on the celestial sphere which depends on the projected
baseline. Let us summarise which kind of quantities an interferometer can de-
liver and which kind of information on the observed source can be extracted.

Group delay (III.6) Group delay encodes information on the source posi-
tion. This observable can be calibrated using reference stars or suitable metrol-
ogy. It is used for high precision astrometry.

Visibility Amplitude (III.7) This is the most readily measured observable,
the maximum contrast of the interferogram. It contains essential photometric
information for images of the source and all information for circularly (or el-
liptically) symmetric sources. A high precision measurment requires calibrator
sources with known visibilities and / or monitoring of system parameters for
calibration.

Referenced Phase (III.8) The directly detected phase is not a good observ-
able because its errors cannot be controlled. There are several possibilities to
create references for the phase which are measured simultaneously, including
the phase of a second source or the phase of the same source at a different
wavelength. Phases are essential for generating images (maps) of extended
sources of any degree of complexity. Phases can be substantially transformed
by shifting the origin of the source coordinate system.

Closure Phases (III.9-10) Closure phases are obtained by triple products of
the complex visibilities from the baselines of any subset of three apertures of a
multi–element interferometer. Element-dependent phase errors cancel in these
products, leaving baseline dependent errors which can be minimised by careful
designs. Although there are many closure relations in a multi–element array,
there are always fewer independent closure phases than baselines. Closure
phases are essential for imaging if no referenced phases are available.

2.6 Sensitivity (III.11-12)
A simple expression for the signal-to-noise ratio (SNR) of a measurement

of visibility amplitude involves several parameters relating to interferometer
and source properties. The formula presented here provides the fundamen-
tal sensitivity limit. Contrast loss arising from instrumental jitter and seeing
are summarised in a common factor “system Strehl”, which is the ratio of
the number of photons which can be used for a coherent measurement to the
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total number of photons. Other sources of error include photon noise, back-
ground photons, and detector noise which is expressed here in the form of an
equivalent photon count. The redundancy of the considered baseline (number
of baselines with the same baseline vector) and the number of array elements
influence the measured signal. One can distinguish between coherent and inco-
herent measurements which can be combined to improve the SNR. It suffices
to increase the number of detected photons for combining coherent measure-
ments (e.g., increasing the exposure time), while the SNR only increases with
the square root of the number of incoherent measurements (e.g., adding the
moduli squared). The graphs show the SNR as function of source magnitude
in the H band (λ = 1.6µm) for arrays with 1.8m and 8m diameter elements
and for various instrumental conditions and source visibilities.

3. Lecture III: Practical Interferometry (III.13-35)
This lecture provides an overview of exisiting interferometers at the time of

the course, Summer 2002. Although just recently becoming a significant tool
for observational astrophysics, stellar interferometry at optical wavelengths
looks back to a history of almost 140 years! Since there is substantial progress,
any information provided here would be superseded quickly. Also, links on
the world-wide web have the tendency to become obsolete. A good and well
maintained, up-to-date resource are the “Optical Long Baseline Interferometry
News”, edited by Peter Lawson (http://olbin.jpl.nasa.gov/).
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Abstract We propose a general presentation of waveguides use in the frame of high res-
olution imaging by stellar interferometry. Brief recalls on guiding principle are
followed by the required functions to be implemented. This paper is concluded
by a present status on the experimental developments.
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1. GENERAL PROPERTIES OF OPTICAL
WAVEGUIDES

The purpose of this chapter is to propose a general overview of waveguides
properties. This short introduction cannot include detailed presentations. For
additional information you can refer to a large number of books. We suggest
you Jeunhomme, 1990.

1.1 Guiding light
Figure 1 gives a scheme of an optical fibre. The guiding properties result

from the refractive index difference between the core (high refractive index n1)
and the cladding (low refractive index n2). By means of total reflection, the
light is trapped over the fibre core area S if its propagation direction is included
in an angular cone defined by β angle.

S = π/4w2 (1)
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Figure 1. Optical fibre general scheme and refractive index profile.

sin(β) =
√

n2
1 − n2

2 (2)

where w is the core diameter. It results in a limitation of the position over
a surface S and a restriction on the angular domain over a solid angle ∆Ω.
Consequently such waveguide can be used as beam spatial filter in order to
reduce the number of spatial degree of freedom.
The number of spatial degree of freedom N, so called étendue, is given by

N =
S × ∆Ω

λ2
(3)

with

∆Ω = 2π(1 − cosβ) (4)

It corresponds to the number of optical path to be used for light beams trap-
ping and it depends on the wavelength λ. By using a small diameter fibre
with a small core/cladding refractive index difference, it is possible to design
a monomode waveguide with N = 1. The main interest of such waveguides
is to have a perfect control of the spatial geometry of the beam propagating in
the core. By this way, the optical path is fully controlled and the disturbances
over the propagation are minimized. These disturbances are called dispersion
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Figure 2. Near field and far field of a multimode fibre. The number of speckle structures
allows to roughly determine the number of modes.

and can result from chromatic effects, polarization properties and multimode
behaviors.

1.2 Characterization of the light propagation
By deriving or computing the Maxwell equation in the frame of a cylindrical

geometry, it is possible to determine the modal structure for any refractive
index shape. In this paragraph we are going to give a more intuitive model to
determine the number of modes to be propagated. The refractive index profile
allows to determine w and the numerical aperture NA = sin(β) , as defined
in equation 2. The near field (fiber output) and far field (diffracted beam) are
related by a Fourier transform relationship: Far field = TF(Near field).
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Consequently the outlines of the far field are characteristics of the smallest
detail in the near field. Due to the diffraction laws it is possible to link Φ the
speckle substructure typical dimension to the numerical aperture:

Φ ≈ λ

2β
(5)

The number of speckle spots to be squeezed in S, the core area, approxi-
mately gives the number of modes to be propagated in the waveguide.

N ≈ S
πΦ2

4

(6)

If the core only corresponds to one speckle spot the fibre is monomode.
Otherwise the waveguide is multimode. This back to the envelop calculation
intuitively shows the origin of the mode number. Note that N is wavelength
dependent: the larger the wavelength, the lower the number of mode.
The propagation of light depends on the spectral domain because of the

wavelength dependence of the material refractive index and the evolution of
modal structure over the spectrum. The global result of these coupled com-
plex effects can be summarized by the β propagation constant evolution as a
function of wavelength λ or frequency ω. This waveguide property, so-called
dispersion, is often expressed using Taylor’s series:

β(ν) = β0 +
dβ

dω
(ω − ω0) +

d2β

dω2
× (ω − ω0)

2

2
+ ... (7)

The second term corresponds to a simple delay and can be generated by air
propagation. The third and higher terms are specific of propagation through
material. They induce pulse spreading for optical telecommunications and
degradation of the interferences contrast in the frame of interferometry.
The last point to consider is the birefringent properties of waveguides due

to mechanical or thermal stresses. The propagation of each spatial mode is
degenerated and the two neutral axis are characterized by their specific propa-
gation constant. These properties are wavelength dependent leading to a very
complex situation when broadband sources are launched in the waveguide.
The effects of dispersion and birefringence on stellar interferometry will be

discussed in Sections 17.2.3 and 17.2.4. New kind of fibres has been design
to manage the dispersion properties using a silica / air structure. These fibres,
so called Photonic Crystal Fibres, are very promising for many applications
(Peyrilloux et al., 2002).

1.3 Fibre material
Silica is the more conventional material used for fibre manufacturing. The

optical fibre telecommunications concentrated the main efforts for waveguide
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Figure 3. Photonic Crystal Fibre (PCF). An air hole / silica arrangement allows to manage the
dispersion properties.

Table 1. Polarization preserving fibres available

Material Operating wavelength attenuation
Chalcogenide 3-10µ m 0.5 dB/m @ 6µ m
Fluoride 0.5- 4.3 µ m 0.02 dB/m @ 2.6µ m
Sapphire 0.2-4 µ m 20 dB/m @ 3µ m
AgBr/Cl 3.3-15µ m 0.7 dB/m @ 10.6µ m
Silica∗ 0.2- 3µ m 0.2 dB/km @ 1.5µ m
PPMA 0.4-0.8 µ m 1 dB/m @ 0.8µ m

research on silica fibres leading to very high quality productions. Neverthe-
less, for more specific applications, a large set of waveguide type have been
developed as shown in the following table (Tapanes, 1991).

2. Context of Waveguides Use in Stellar Interferometry
2.1 Basic information
The stellar interferometry is based on the spatial coherence analysis of the

source by mixing the optical fields E1, E2 collected by two or more separated
telescopes (see Ch. 16). In a two telescopes configuration, the corresponding
interferometric signal is given by:
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Figure 4. The fringe contrasts measure the resemblance (cross-correlation) of the two mixed
fields. (right).

I(δ) = I1 + I2 + 2

∫
E1(t)E

∗
2(t + δ/c)dt (8)

with I1 and I2 the intensity of beam 1 and 2 and δ the optical path difference.
The last term gives the coherence of the optical fields and can be expressed
as the cross-correlation of E1 and E2. Consequently this interferometric mea-
surement is based on the analysis of the resemblance between the fields to be
mixed. The complex visibility of fringes is given by the Zernike and Van Citert
theorem and is equal to the Fourier transform of the intensity distribution of the
object.
Obviously, the analysis of the correlation between the two fields emerging

from the telescope and related devices makes necessary to avoid dissymme-
try between the interferometric arms. Otherwise, it may result in confusion
between a low correlation due to a low spatial coherence of the source and a
degradation of the fringe contrast due to defects of the interferometer. The fol-
lowing paragraphs summarize the parameters to be controlled in order to get
calibrated data.

2.2 Optical paths stabilization
The fringes can be spatially or temporally displayed but during the integra-

tion time, in the first case, or over the full scan, in the second case, phase shifts
may induce contrast degradation or chirp on fringes. Consequently a servo
control system is necessary. In order to generate an error signal it is necessary
to measure the optical path of each arm using a metrology laser. The simulta-
neous propagation of the science and metrology signals is possible by means
of spectral multiplexing using dichroic plates. An example is given in Sect.
17.3.3. If the error signal is available, it is possible to compensate the optical
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path fluctuation by using actuators such as optical fibre modulator. The servo
loop includes:

Error signal generation.
Data processing with a PID filter.
Power stage with high voltage amplifiers.
PZT actuator.

An example for the first step of this process is developed in Sect. 17.3.3.

2.3 Differential dispersion compensation
The fringes contrasts are subject to degradation resulting from dissymme-

try in the interferometer. The optical fields to be mixed are characterized by
a broadband spectrum so that differential dispersion may induce a variation of
the differential phase over the spectrum. Detectors are sensitive to the super-
position of the different spectral contributions. If differential dispersion shifts
the fringes patterns for the different frequency, the global interferogramme is
blurred and the contrast decreases. Fig. 5 shows corresponding experimental
results.
This behavior can be analyzed using the channeled spectrum method Shang,

1981 as shown in Fig. 6. A spectral analysis of the interferometric output sig-
nal allows to visualize the different interferometric status over the spectrum. If
the phase shift is independent of the frequency (top), all the spectral compo-
nents give synchronized fringes leading to a good contrast. Conversely, second
order dispersion term leads to a degradation of the fringes visibility because of
unsynchronized fringes (middle and bottom). The compensation of dispersion
effects is easy for the first order term that can be canceled by an air delay line.
Conversely, for higher order terms, the only solution is to cut the waveguides
in order to cancel the differential effect. This technique is efficient for homo-
geneous fibres (Reynaud and Lagorceix, 1996) but is more difficult for long
propagation lengths (Perrin et al., 2000).

2.4 Birefringence control and compensation
The evolution of polarization status of optical fields propagating in a stan-

dard waveguide is complex and sensitive to local stresses. The compensation
of these fluctuations is possible using fibre loops (LeFevre, 1980) but this tech-
nique is restricted to narrow spectral bandwidth. When a broadband spectrum
propagates in a fibre the only solution consists in the use of polarization pre-
serving fibres based on high internal birefringence able to mask small pertur-
bations. By this way, two polarization modes with a very low cross talk allow
to preserve the polarization coherence. Figure 7 shows experimental results
on the degradation of the fringes contrast with standard fibres (right) and the
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Figure 5. Evolution of the fringes contrast C as a function of the differential dispersion (a.u.)
The maximum of this function corresponds to the cancellation of differential dispersion between
the fibre arms of the interferometer.

contrast improvement using polarization preserving fibres (left). Due to group
velocity dispersion between the two polarization modes a birefringent com-
pensator is necessary. A fibre version, so called optical fibre compensator, has
been developed using a fibre coil squeezed in order to enhance the internal
stresses (Lagorceix and Reynaud, 1995).

2.5 Spatial filtering
One of the attractive features of single mode waveguides is their ability to

filter the spatial field distribution. All the wavefront aberrations only result in
a photometric fluctuation easy to monitor. It results in a very good calibration
of the interferometric data as firstly demonstrated by FLUOR, as seen in Fig.
8 (Coudé du Foresto et al., 1998). Nevertheless, care has to be taken to keep
in mind that turbulence may have a spectral selectivity in the launching pro-
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Figure 6. Channel spectrum and related spectral phase shifts. Top: compensated dispersion;
the phase is constant over the spectrum. Middle and bottom: Second order effect with or without
first order. The spectral phase variation induces channel in the spectrum.

Figure 7. Influence of the polarization preservation in a fibre interferometer. Right: Standard
fibre use leads to a complex pulse response associated with fringe degradations with polarization
crosstalk. Left: Using polarization preserving fibre, the two polarization modes give rise to
contrasted fringes and can be separated using a polarizer.
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cess so that a spectral analysis of the interferometric and photometric output is
required.

Figure 8. Calibration of the fringes contrasts by means of spatial filtering in monomode
waveguides.

3. BASIC FUNCTIONS
Figure 9 gives a global scheme of an all guided stellar interferometer. The

four functions to be implemented are discussed in the following paragraphs.

1. Launching star light in the waveguides.
2. Coherent propagation in the optical fibres.
3. Synchronization of the optical fields to be mixed by means of delay
lines.
4. Interferometric mixing.

3.1 Launching star light in the wave-guides
This first step makes necessary a correction of the atmosphere aberrations

by means of an adaptive optics or at the minimum a tip tilt device. If the
turbulence induces high aberrations the coupling efficiency is decreased by a
factor 1/N where N is the number of spatial modes of the input beam. Note
that tilt correction is also mandatory in a space mission as long as instabilities
of the mission platform may induce pointing errors. Figure 10 (left) illustrates
the spatial filtering operation. This function allows a very good calibration of
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Figure 9. General scheme of a guided stellar interferometer.

the spatial parameters but may induce high losses for an aberrated input beam.
Figure 10 (right) gives an example of star light launching on CFH Telescope
with the help of the PUEO adaptive optics in the frame of the OHANA project.

3.2 Light coherent propagation
The coherent propagation of star light through optical fibres over long dis-

tance has been mainly investigated at IRCOM and kilometric linkages are now
possible. The two main points to be managed are:

The differential dispersion and polarization properties of optical fibres.
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Figure 10. Left: Monomode optical fibre acts as a spatial filter. The coupling efficiency is 1/N
where N is the input beam number of modes. Right: Using a wavefront corrector the coupling
efficiency is significant and quite stable (K band CFHT/ OHANA) (Perrin et al., 2000).

The optical path fluctuation resulting from thermal constraints and me-
chanical vibrations.

To answer the first point, the use of polarization preserving fibres is mandatory
when used with a large spectral bandwidth. A channeled spectrum technique
based on interferences in the spectral domain allows correcting the differential
dispersion as long as the fibres are homogeneous. This can easily achieved
for few 10 m long fibres. The OAST1 study has demonstrated the possibil-
ity to correct the dispersion and birefringent dissymmetry in the visible do-
main where the dispersion is particularly stringent (Reynaud and Lagorceix,
1996). This technique has been also used with fluoride fibres in the frame of
the FLUOR experiment. For very long optical fibres up to 500 m the inhomo-
geneities of the waveguide make this correction more difficult. In the frame
of the OHANA project, IRCOM has compensated two 300 m fibres leading to
fringe contrasts in the range of 80% over the J band (Vergnole et al., 2004).
For the K band, the same job is achieved by LESIA team from Meudon and
Verre Fluoré.
The second point deals with stability of the instrument. The optical fibre

lengths have to be servo in order to cancel the disturbing effects of thermal and
mechanical perturbations. This servo control system need a specific design as
shown on Fig. 11. As long as the fibre ends at the telescopes foci are far from
each other, the optical path of each waveguide is controlled by launching the
metrological light to do a round trip from the mixing station to the telescope
foci. This optical path is compare to a reference fibre and, after processing the
interferometric signal, a set of PZT actuator enable to correct the fluctuations.
Typical nm stability has been obtained in the different experiments (OAST1,
OAST2...).
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Figure 11. Principle of servo control system for optical paths stabilization in a fibre linked
interferometer.

3.3 Optical fibre delay lines
The optical fibre delay lines have been developed at IRCOM (Simohamed

and Reynaud, 1999). The principle of these devices takes advantage of the
good elasticity of silica fibres. A mechanical stretcher induces a geometrical
elongation of the waveguide up to 2%. Figure 12 shows a picture of the update
version. The waveguide is glued on a rubber cylinder and a radial expansion
enables to induce the optical delay. The resulting properties have been investi-
gated in the frame work of coherent propagation for interferometry:

The attenuations resulting from this mechanical elongation are not sig-
nificant and difficult to be accurately measured. They are lower than 1%
(Fig. 13).
The variation of the delay is proportional to the applied stress. It results
in a mechanical command easy to manage.
The optical delay results form the augmentation of the length of a dis-
persive material and the deformation of the optical waveguide. Con-
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Figure 12. Optical fibre delay line (IRCOM).

sequently, the dispersive properties vary as a function of the generated
optical delay.

The main consequences are twice. First, it results in contrast degradations as a
function of the differential dispersion. This feature can be calibrated in order
to correct this bias. The only limit concerns the degradation of the signal to
noise ratio associated with the fringe modulation decay. The second drawback
is an error on the phase closure acquisition. It results from the superposition
of the phasor corresponding to the spectral channels. The wrapping and the
nonlinearity of this process lead to a phase shift that is not compensated in the
phase closure process. This effect depends on the three differential dispersions
and on the spectral distribution. These effects have been demonstrated for the
first time in the ISTROG experiment (Huss et al., 2001) at IRCOM as shown
in Fig. 14.

Figure 13. Left: Optical delay as a function of the stretching parameter. Right: Transmission
close to 100 % upper curve and contrasts as function of the generated delay. Low contrast
corresponds to a fringes packet spreading.
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Figure 14. One of the three contrasts (left) and phase closure (right)evolution as functions of
the optical delay to be generated between the telescopes of a three aperture stellar interferome-
ter(OPD between T1 - T2 and T2 - T3 reported in the horizontal plane).

3.4 Beams combination
The different studies are mainly reported on the OBLIN site (NASA). The

main goal is to simplify and integrate all the functions to be achieved in the
beam combiner by using integrated optics and optical fibre components. Con-
sequently, the compactness, the stability and the reliability are significantly
improved. Figure 15 illustrates the simplification of the experimental setup.
Such devices have to provide interferometric mixing and photometry of the

incoming beam in order to remove the photometric visibility factor from the
acquired data.
This work has been developed by the FLUOR team (Kervella et al., 2003)

(Observatoire de Meudon) in the K-band with a different experiment on the
IOTA interferometer. This experiment is now implemented on CHARA. Figure
16 gives a schematic representation and a photo of this combiner.
The component are 2×2 fluoride fibre couplers connected together in order

to provide the photometric and interferometric outputs. A replica of this com-
biner has been implemented of the VLTI and first results have been obtained
recently on the sky (Berger et al., 1999). For the J and H-band the use of in-
tegrated optics components have been successfully tested on the sky by IMEP
and LAOG teams from Grenoble. This project, so called IONIC, has been im-
plemented on IOTA (Traub et al., 2003; Rousselet-Perraut et al., 2002) and has
provided experimental results including the contrasts and phase closure acqui-
sition. Figure 17 gives the idea of the outline dimensions of this combiner.
Other laboratory studies conducted at IRCOM have compared the coupler

and integrated optics in the visible (670 nm) in the frame of the ISTROG in-
strument (Huss et al., 2001; Fig. 18). The high dispersion effect in this spectral
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Figure 15. Classical recombining devices (up) and guided optics alternatives (down).

Figure 16. The FLUOR scheme and the corresponding experimental assembly.

domain leads to phase closure bias to be corrected. Similar results have been
obtained with the two kinds of components but the potential of integrated op-
tics components seems higher even if technological efforts are necessary for
the short wavelengths.
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Figure 17. The IONIC combiner and the first three telescopes results on IOTA.

Figure 18. ISTROG Interferometer. The high improvement on the accuracy of contrast mea-
surements with such devices mainly results from the efficient spatial filtering and the spatial
stability of the recombining assembly.

The high improvement on the accuracy of contrast measurements with such
devices mainly results from the efficient spatial filtering and the spatial stability
of the recombining assembly.
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Abstract This is an introduction to gravitational wave astronomy. The physical bases of
gravitation and the generation and detection of gravitational waves are recalled
and then kilometric detectors under construction are described.
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1. Introduction
This course is an introduction to gravitational wave astronomy for students

not involved in the field. It aims at covering two different and somehow dis-
connected aspects of this branch of experimental gravitation: first it starts by
a very brief approach of the physical bases of gravitation and the generation
and detection of gravitational waves (gw), then it covers a technical descrip-
tion of the giant detectors (observatories) that are being built on earth, focusing
on optics. Just because those two aspects of gravitational wave astronomy can
easily be disconnected (one could easily work on a interferometric gravita-
tional wave detector without knowing nor understanding anything about gw),
it is very important they are not. The concept of gravitational waves cannot
be fully seized if one separates the theoretical picture of the Einstein theory
of gravitation from the technical achievements of Virgo LIGO, GEO, TAMA,
and soon LISA. But do not think it is simply a question of intellectual satis-
faction, the reason lies in gravitation itself. In general relativity the concept of
measurement is crucial, often misleading. The description of a measurement
procedure, the choice of a particular reference frame used by the observer in-
fluences, not the measurement by itself, but the interpretation of the physical
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effect. This is why a question as seemingly simple as "what happens when a
gravitational wave crosses an interferometer ?" is, by far, not a trivial one.
As a short course intended to give a first insight into gravitational wave

astronomy, this lecture will try to answer the following questions:

What are gravitational waves?
How are they generated?
What can we learn from them?
How can they be detected?
How does a gravitational wave observatory work?

2. Gravitational Waves
2.1 What is a gravitational wave ?
Before we enter into a mathematical representation of gravitational waves,

it is useful to summarize their main characteristics:

gw are periodical perturbations of the gravitational field;
they are generated by fast displacements of large amounts of matter;
they propagate at the speed of light;
they are nearly not absorbed by matter;
gravitational waves carry energy, so they carry information.

What is very interesting for us is that the physical phenomenons that gener-
ate gw usually do not generate electromagnetic waves, or are localized in re-
gions inside the sources from where electromagnetic radiation cannot escape.
They are our only messenger from those regions. In order to formalize those
characteristics we must look at the relativistic theory of gravitation, the Gen-
eral Relativity (GR). The GR is founded on the Einstein Equivalence Principle
(EEP), which endows the Newton equivalence principle and states that the Spe-
cial theory of Relativity (SR) is locally valid. This means that an observer can
always build, in a small region of spacetime (in a small 3-space volume and
for a short duration), a minkowskian coordinate system fixed in the laboratory
(comoving with the laboratory). In this coordinate system the SR holds, which
means that the form of the fundamental element (proper time) is the one of SR:

dτ2 = c2dt2 − dx2 − dy2 − dz2 = ηµνdxµdxν (1)

where dx = (cdt, dx, dy, dz) is the separation between two events and η =
diag{1,−1,−1,−1} is the Minkowski tensor. The fundamental property of
light is that dτ 2

γ = 0. This coordinate system is in free-fall and the world-line
of the observer is a geodesic. The problem is that EEP is strictly valid only
in a infinitely small region of spacetime. In practice laboratories on earth or
inside satellites have a finite spatial and temporal extension, so if an observer
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builds a coordinate system in its laboratory, it will not be minkowskian, and its
world-line will not be a geodesic. The immediate effect is that the fundamental
element is not in the one of SR, it has a more general form:

dτ2 = gµνdxµdxν (2)

where g is a tensor whose non-diagonal elements may not be null. If the ob-
server carries an experiment inside the laboratory, he will find discrepancies
between the experimental results and the SR. Nevertheless it can be shown
that the fundamental property of light : dτ 2

γ = 0 still holds. Now we know that
on earth, and in the solar system, SR works pretty well, so g in a laboratory
cannot be very different from η. We write the elements of g as

gµν = ηµν + kµν (3)

where the elements of k are small so that k can be seen as a perturbation of η.
The last thing we need to know is the content of k. The difference between the
coordinate system in which SR holds (kµν = 0) and the operational coordinate
system (kµν �= 0) is that the first one is free falling, while in the second the
observer can measure the acceleration in the gravitational field. That means
that what is contained in k must be the gravitational field. For example the
gravitational field of earth give a correction to η00 and

k00 = −2GM⊕

r⊕c2
(4)

The relation between the value of g and the energy and mass content of the
Universe is given by the field equations of GR:

Gµν =
8πG

c4
T νµ (5)

where T is the energy-momentum tensor, andG is a tensor whose elements de-
pend only on g and its partial derivative up to second order. Equation 5 is thus
a set of 16 non-linear differential equations that link the elements of g to the
sources of gravitation in the Universe (In fact there are only four independent
elements in G, because T is a symmetric tensor, and verifies ∇µTµν = 0 ). In
the case where g is close to η (weak field approximation) these equations can
be written

�kµν = −16πG

c4

(
Tµν − 1

2
ηµνT

)
(6)

where � is the d’Alembertian operator. Just like in the case of electromag-
netism, one is free to use a particular gauge transformation in order to simplify
the Einstein equations. In the preceding equation we used a particular gauge
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equivalent to the Lorentz gauge in electromagnetism. Compare these equations
with the electromagnetic field equations written in their covariant form:

�Aµ = jµ (7)

The analogy with electromagnetic waves is evident. In empty space Eq.(6)
becomes:

�kµν = 0 (8)
which admits solutions in the form of plane waves, hence the name gravita-
tional waves, which propagate at the speed of light. Before we end with this
part we want to be able to compute the values of the elements of k knowing
the elements of T. In the case where the source moves slowly (vk � c) then
T 00 ≈ ρc2, the elements of k contain static parts (the earth gravitational field)
and time dependent parts that we note hµν . In a system of cartesian coordi-
nates centered on the observer oriented such as the z-axis points along the line
of sight, these elements are:

hxx = −hyy = h+

(
t − R

c

)
, hxy = hyx = h×

(
t − R

c

)
,

hxz = hyz = hzz = 0

(9)

where
h+ =

−G

c4R

(
Ïxx − Ïyy

)
, h× =

−2G

c4R
Ïxy (10)

The I are the reduced quadrupoles :

Ijk =

∫∫∫
ρ (t,x)

(
xjxk − 1

3
δjkx2

)
d3x (11)

that must be evaluated at the retarded time t − R/c, where R/c is the delay
between the emission and detection of the wave. In order to find this last re-
sult it was necessary to perform multipolar expansion of the impulsion-energy
tensor. We see here a fundamental difference between electromagnetic and
gravitational waves. While the first source term for electromagnetic waves is
the dipole, it is the quadrupole for gravitational radiation. The fact that the
perturbation k appeared in the metric because the observer and its coordinate
system does not follow a geodesic, could lead one to conclude that after all
gravitational waves are only a mathematical artefact that appears when one
performs a change of coordinates. This is not true, although it may not evi-
dent to get convinced, the fact is that gw can induce effects on an apparatus
whatever the coordinate system which is used to describe the experiment. The
sources loose energy while generating gravitational waves. The power radiated
out is:

Lgw =
G

5c5

∑
j,k

(...
I

jk
)2

(12)
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2.2 A proof of the existence of gravitational waves
Take a system of two gravitationally bounded stars. This system being non-

spherically symmetric and non-static, looses potential energy via emission of
gw. This in turn results in a decrease of the distance r between the two stars
and and increase of the angular velocity ω. With the following definitions :

M=M1 + M2 m=M1M2/M

M=M2/5m3/5 τ =GM/c3

one may express the angular velocity as

ω (t) =
1

8τ

(
t

5τ

)−3/8

(13)

where t is here the time remaining before the two stars merge. Of course,
for the variations of the orbital parameters to be detectable, the amount of
energy emitted in the form of gw has to be a non-negligible fraction of the
internal power flow of the system. A gravitationally bound system of mass
M and size R has a kinetic energy E ≈ GM 2/R, a characteristic speed v ≈
(GM/R)1/2 and the characteristic time for the masses to move is T ≈ R/v ≈
R3/2/(GM)1/2 then has an internal power flow

Lint ≈ G3/2

(
M

R

)5/2

(14)

the third time derivative of the reduced quadrupole is of the order ofMR2/T 3

so
Lgw ≈ G

5c5
L2

int (15)

A binary system will be efficient if

G

c5
Lint =

(
GM

Rc2

)5/2

→ 1 (16)

so it must be a compact system of massive stars. The change of orbital pa-
rameters because of the energy loss via gravitational wave emission is a purely
relativistic effect, of course absent from the newtonian theory of gravitation.
Moreover the rate of change of the orbital parameters is dictated by the field
equation of GR, thus if one could observe such variations and at the same
time be able to measure precisely the mass parameters of the binary system,
one could compare those variations with the ones predicted by the theory. If
both agree, one could claim to have observed, although indirectly, gravitational
waves. But there is a problem: in order to evaluate the mass of the stars the
measurement of orbital frequency is not enough, all other orbital parameters
(masses, eccentricity) must be known. The quest seems hopeless...
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2.2.1 The binary pulsar PSR1913+16. In 1974 Russell Hulse and
Joseph Taylor discovered a very special pulsar: PSR1916+13. A striking fea-
ture that was revealed just after its discovery was a large shift of the pulses
rate with a period of a few hours. This was explained by Doppler shift, so
PSR1916+13 is in fact a binary system in which a pulsar orbits about the cen-
ter of mass of the system. Thanks to the presence of this very stable local clock,
Hulse and Taylor were able to obtain all the orbital parameters of this system.
By studying the variations of those parameters over nearly twenty years, they

Figure 1. Shift of the periastron of PSR1913+16 recorded during 8 years. The horizontal line
(no shift) is the newtonian prediction, while the curve is the prediction of GR.

saw a decrease of the orbital phase shift with a quadratic behavior (Fig. 1).
This result shows that the orbital period is not constant, because if it was, then
the phase shift would just be a consequence of an inaccurate determination of
the period, and it would have a linear time dependence. When comparing the
predicted phase shift to the observed one, the two results agree to within one
percent.

2.3 Sources of gravitational waves
First of all, let us see if we can build a home-made source of gravitational

waves. For this we build an apparatus in which a mass m moves periodically
at the angular frequency ω along a characteristic length D. The quadrupole
moment has a magnitude of the order of I ≈ mD2 and a time derivative of the
order of mD2ω. Eqs. 10 and 12 give us orders of magnitude for the ampli-
tude of the gravitational waves and the luminosity h ≈ (GmD2ω2)/(rc4)
and Lgw ≈ (Gm2D4ω6)/(5c5). Taking D = 10 m, m = 104 kg, and
ω = 628 rad/s we end with h ≈ 3 × 10−34 and L ≈ 3 × 10−25 J. The
detectors built today aim at detecting amplitudes not smaller that 10−21, so a
few years will pass until we will be able to detect gravitational waves emit-
ted by terrestrial sources. The same kind of order of magnitude calculations
lead us to conclude that gravitational events in the solar system will be out of
reach during our near future. Let us point out the required features of potential
sources:
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The sources are to be found outside the solar system.
The sources must be as massive as possible (star-like objects).
The source must be in a non-steady state (because of the second time
derivative of I).
The motion of the source must be fast (possibly relativistic).
A spherical object cannot radiate gravitational waves (quadrupolar source
term).

Points two and four seem incompatible, usually the massive objects are slower
than light ones for a given density. Thus good quantity to look at is not mass
but compactness C (see Bonazzola in Barone et al., Eds., 2000). Compactness
can be defined as:

C = RS/R (17)
with R being the radius of the source and RS its Swarzschild radius. The best
candidates as gravitational wave emitters are : supernovae, neutron stars and
black holes. The amplitude of gw emitted by real astrophysical objects, and
the rate of detectable events are very difficult to estimate accurately, because
we have so few information about the sources, and also because reliable esti-
mations of gravitational waveform require to perform calculation in full GR,
and not with the linearized equations just presented.

2.3.1 Neutron stars. Neutron stars are compact (CNS ≈ 0.3) rela-
tivistic objects. They can participate to the emission of gravitational waves
following different mechanisms, either alone or in binary systems.

Rotation of a neutron star. A rotating neutron star can emit periodic
gw if some phenomenon breaks its axial symmetry. We can think of some
anisotropy of the solid outer layer of the star, like mountains, or a deformation
of the star induced by its own magnetic field (Crab pulsar), or by accretion
(X-ray binary). Although the estimated amplitude of gw is small for this kind
of isolated object, we can use the fact that it is periodical with a remarkable
stability over years, so the gw signal could be integrated over large periods.
Four years of integration should allow to detect the gw signal of the crab pulsar
if its ellipticity is larger than 5 × 10−6. The detection of such gw will allow
us to probe the interior of neutron stars, in particular to know wether it is
superconductor. This information will in turn help to refine the models of
pulsar magnetospheres.

Coalescing neutron star binaries. Coalescing of neutron stars (or black
holes) is foreseen to be the the most powerful source of detectable gw. The
frequency of such events is estimated to be ∼ 1y−1(D/200Mpc)−3 and their
amplitude will allow detection of sources as far as 50Mpc. We are thus waiting
for about one event every 60 years with the current sensitivity of detectors.
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This number depends a lot on the knowledge of the gravitational waveform,
especially during the last seconds before the two stars merge into one single
object. Therefore with accurate models at our disposal the number of detected
events could increase significantly. The successful detection of neutron star
coalescence will give precious informations about the equation of state of those
objects the density of which is 4 to 10 times the nuclear density. The stiffness
of the equation of state fixes the instant at which the two bodies lose their
coherence, which should appear as a sharp decrease of the gravitational signal.
Also the number of detected events should help to refine the stellar evolution
models.

2.3.2 Black holes. One great achievement of gravitational wave as-
tronomy would be the first detection of a signal coming directly from a black
hole. Just like with neutron stars, black holes can emit gw either alone or in
binary systems.

Oscillations of black holes. Non-radial oscillations of black holes can
be excited when a mass is captured by the black hole. The so called quasi-
normal modes have eigenfrequencies and damping times which are character-
istic of black holes, and very different of eigenfrequencies and damping times
of quasi normal modes of stars having the same mass. Also the eigenmodes
being different for a star and a black hole, the associated gw will also exhibit
characteristic features.

Coalescence of black holes. The coalescence of two black holes will
generate even more gravitational waves than neutron stars coalescence, and
coalescence of two 10M� black holes will be detectable up to 500Mpc

2.4 Idealized optical detection of gravitational waves
One important point to keep in mind is that as long as masses are free falling,

ie as long as no force acts on them, they keep on moving in spacetime follow-
ing geodesics, so keeping their coordinates, whether or not local spacetime
curvature is time-dependent (in presence of gravitational waves). Although the
speed of light in vacuum is c even in the presence of gw, the time needed for
light to go back and forth between two free falling masses depends on the grav-
itational field (curvature of spacetime) between them. Let us suppose that in
absence of gw an observer at the origin of its system of coordinates measures
the distance between one mirror having spatial coordinates (0,0,0) and another
mirror having spatial coordinates (L,0,0) by measuring its proper time τobs (its
ageing) while the light performs a round trip. The observer being at rest during
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the measurement (dxobs = 0) we have

dτobs = cdt (18)

Using the fact that
dτ2

γ = c2dt2 − dx2 = 0 (19)

he will measure

Tobs =
τobs

c
=

2

c

L∫

0

dx =
2L

c
(20)

and conclude that the value of the spatial distanceD0 between the two mirrors
equals: D0 ≡ cTobs/2 = L. Now if a gravitational wave propagating along
the z axis of the local coordinate system is present, the dτγ is still equal to zero
but we have

dτ2
γ = c2dt2 − (1 + hxx(t))dx2 = 0 (21)

The observer measures:

Tobs =
2

c

√
1 + h+ (t)

L∫

0

dx ≈
(

1 +
hxx (t)

2

)
2L

c
(22)

(In order to remove the perturbation h(t) from the integral we supposed that
the period of the gravitational wave was much longer than the round trip time
of light). The observer now concludes that the spatial distance Lgw between
the two mirrors is:

Lx,gw ≡ cTobs

2
=

(
1 +

hxx(t)

2

)
L0 (23)

Now if there is a third mirror with spatial coordinates (0,L,0), the spatial dis-
tance between this mirror and the mirror at (0,0,0) will be

Ly,gw ≡ cTobs

2
=

(
1 +

hyy(t)

2

)
L0 (24)

The observer concludes that the presence of the gw modifies the distance be-
tween free falling masses. The last thing to do in order to detect gw is thus to
measure with a great accuracy the distance between two masses. But do not
forget that the amplitudes of gw have been estimated in the range h ≈ 10−21 to
h ≈ 10−27 so even if the two masses are 1 km apart, the change in length will
be at most δL = 5 × 10−19m ! At first sight we may be doubtful at the pos-
sibility to detect such a small variation of distance. Before the development of
laser the task seemed out of reach, but since then it seems we have everything
at hand to succeed.
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2.4.1 A simple Michelson interferometer. If we place two mirrors
at the end of two orthogonal arms of length L oriented along the x and y di-
rections, a beamsplitter plate at the origin of our coordinate system and send
photons in both arms trough the beamsplitter. Photons that were sent simulta-
neously will return on the beamsplitter with a time delay which will depend on
which arm they propagated in. The round trip time difference, measured at the
beamsplitter location, between photons that went in the x-arm (x-beam) and
photons that went in the y arm (y-beam) is

δt =
Lx,gw − Ly,gw

c
=

2L

c

(
hxx (t)

2
− hyy (t)

2

)
=

2L

c
h+ (t) (25)

In the case were the arms are oriented at 45◦ from the x, y axes, the same
equation holds but h+ has to be replaced by h×. If the incident light is a
monochromatic plane wave of frequency νopt, this time delay will appear as a
phase shift δϕ between the x-beam and y-beam :

δϕ = 2πνopt
2L

c
h+ (t) = 2π

2L

λopt
h+ (t) (26)

We see here the gain brought by the use of light: the small value of h is partially
counterweighted by L/λopt. If L ≈ 1 km and λopt ≈ 10−6m we gain a factor
109 and the challenge is now to measure phase shifts of the order of 10−11rad.
We may also note at this point that we perform a differential measurement as
we measure the phase difference between waves that followed different paths.
We now end the theoretical description of gravitational waves, and start the

practical description of gravitational wave detectors.

3. Interferometric gravitational wave detectors
3.1 Properties of real optical detectors
From what we have learn in the preceding sections we can already outline

some features we will expect of a real interferometric detector :

The detector must be able to measure optical phases of about 10−11rad.
The effect of gw being a modification of phase of light after a round trip
in the arms, any disturbance that mimics this signal must be cancelled.
The measurement being differential, the noise which in uncorrelated be-
tween both arms is much more dangerous than correlated noise.

In fact we could find many other requirements, but those three are directly re-
lated to the optical properties of the detector. At this point we could simply
describe the various optical components of the detector, but it is more interest-
ing to understand what led to the choice of some particular properties of those
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components. In order to do this we need to investigate the main limitations of
real gw detectors. The number of potential noise sources is impressive : seis-
mic noise, thermal noise, shot noise, etc, contribute to limit the sensitivity of
gw detectors. We will only focus on the ones most closely related to the per-
formances of optical components and laser source. By doing this we certainly
dismiss many of the characteristics of passive and active components, but in
the other hand we will have a better understanding of why real gw detectors
are built the way they are, and why they are so similar.

3.1.1 Laser properties and optics quality requirements. It seems
that any kind of light source could be used to perform the phase shift mea-
surement. But looking at Eq.(26) we see that the longer the arms, the larger
the phase shift to detect, so in practice the need is for kilometer long arms.
It would be impossible to realize a beam of non-laser light well collimated
enough to propagate back and forth over kilometers, and non laser light having
a small coherence length, a few microns up to a centimeter say, it would be
impossible to build two kilometer-long arms having the same length to within
a fraction of the coherence length of the source. On the other hand lasers can
have coherence lengths of tens of meters and their divergence is limited so that
they can propagate without difficulty over kilometers. Now it is well known
that the field amplitude A(x, y, z) of a real laser beam can be represented as a
superposition of functions (modes) of the form:

Amn (x, y, z) = Hm

(
x
√

2

w (z)

)
Hn

(
y
√

2

w (z)

)
w (0)

w (z)
exp

(
− (x2 + y2

)
w (z)2

)

× exp

(
−i

(
kz +

kr2

2R (z)
− (1 + m + n) tan−1

(
z

z0

)))

(27)
where w(0) is the beam waist, w(z) is the beam size at a distance z from the
beam waist position, k is the wavenumber, z0 is the Rayleigh range,R(z) is the
beam radius of curvature and the functions Hm, n are Hermite polynomials of
order m and n. w(z), R(z), and z0 are functions of w(0), λ, z only (z0 does
not depend on z). The Amn form a complete orthonormal basis in the (x, y)
plane. We can remark that the phase term in these functions depends on the val-
ues of the two integersm and n. Thus in order to obtain the required 10−11rad
sensitivity, only one single mode must be present. The transverse section of a
mode is roughly equal to S = πw (z)

√
1 + m

√
1 + n. The m = n = 0, or

TEM00 mode is chosen in practice because it is the simplest to generate in a
laser, but chiefly because it is the smallest one. The obligation to work with a
single-mode beam puts severe requirements on the surface quality of mirrors.
When a laser beam interacts with an optical component, either being transmit-
ted, or reflected, or both, its shape is usually modified. A beam incident on a
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Figure 2. Right figure: amplitude of theMijkl coefficients of a real mirror. If the mirror were
perfect, then only diagonal elements would be non-null. Left figure: surface figure map of a
Virgo mirror.

component, represented by a complex amplitude A0 =
∑
i,j

a
(0)
ij Aij with a

(0)
ij

being complex numbers, will be converted in a reflected or transmitted beam
A1 =

∑
i,j

a
(1)
ij Aij . The effect of an optical component is thus to change the

incident amplitude vector a(0)
ij into a new amplitude vector a

(1)
ij , so the optical

component acts as an operatorM on the laser beam:

a
(1)
ij =

∑
kl

Mijkla
(0)
kl (28)

For example, if a mirror is characterized by a reflectance r(x, y) and a surface
figure h(x, y), the reflection operator R is:

Rijkl =

∫∫

x,y

A∗
ij (x, y, z)Akl (x, y, z) r (x, y) exp(

4iπh (x, y)

λ
)dxdy (29)

The requirement of single-mode operation is that for each component an each
type of interaction (reflection, beam splitting, transmission), one has

M00kl � 1, ∀(k, l) �= (0, 0) (30)

If this happens, then the components are said to be matched to the beam (see
Fig. 2). The requirements of Eq. (30) can be converted into surface quality
requirements, concerning chiefly the surface figure and the homogeneity of the
reflection factor. In terms familiar to astronomers, the surface figure require-
ments for gw detectors are in the (λ/100, λ/200) range on about 1000 cm2

surfaces (see Fig. 2).This requirement is in practice very difficult to fulfill, and
new mirror manufacturing methods had to be developed (see Ch. 19).
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3.1.2 Scattered light noise. It is common in optics to separate the
effects of large scale aberrations and the ones of small scale defects. Although
this distinction is mathematically meaningless, it is in fact sensitive in practice
for two reasons:

When performing optical simulations of laser beam propagation, using
either the modal representation presented before, or fast Fourier trans-
form algorithms, the available number of modes, or complex exponen-
tials, is not infinite, and this imposes a frequency cutoff in the simula-
tions. All defects with frequencies larger than this cutoff frequency are
not represented in the simulations, and their effects must be represented
by scalar parameters.
The polishing of a mirror is divided into major steps : shaping, polishing,
superpolishing, each using different techniques to correct surface defects
at different scales (see Ch. 8). The so-called surface figure is fixed by
the shaping process, while roughness is fixed during the superpolishing
process, so there is a natural distinction between the two kinds of defects,
but the spatial frequency frontier between the two is not clearly defined.

3.1.3 Shot noise. Although a gw modifies the phase of light, what is
detected at the output port of the interferometer is a change of power. In a
perfect interferometer the output power is:

Pout = Pin cos2
(

2π
δL

λ

)
(31)

where δL is the arm length difference. Pout can change either when δL changes,
for example when a gw passes, or when Pin changes. The rate of arrival of
photons on the detector is n̄ (n̄ = λPout

2π�c ), the number of photons collected in a
time τ is N̄ = n̄τ . Because this photon counting is characterized by a Poisson
distribution, the fluctuations of this measurement are given by:

σN̄

N̄
=

1√
n̄τ

(32)

In order to convert this fluctuation into an equivalent length fluctuation, we
have to fix the working point of the interferometer. The simplest choice is to
work at the point where dPout/dδL is maximum. At that point Pout = Pin/2
and

dPout

dδL
=

2π

λ
Pin (33)

The fluctuation of the photon number σN̄ is interpreted as a length fluctuation
σδL, and

σδL =
σN̄
/
N̄

1
Pout

dPout

dL

(34)
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that we can write using Eq. (32):

σδL =

√
�cλ

4πPinτ
(35)

This can be converted in an equivalent gravitational wave noise using σh =
σL/L

σh =
1

L

√
�cλ

4πPinτ
(36)

or

σh = 1.64 × 10 - 21
(

100km
L

)√(
λ

1064nm

)(
10W
Pin

)(
10ms

τ

)
(37)

The value of σh is inversely proportional to the square root of the integration
time, so in terms of spectral density (one-sided) it has a white amplitude:

σh (f) =
1

L

√
�cλ

2πPin
(38)

or

σh(f) = 2.3 × 10 - 22Hz−1/2

(
100km

L

)√(
λ

1064nm

)(
10W
Pin

)
(39)

Remember that the aim is to detect amplitude in the range 10−21 to 10−27, so
values given in Eq. (37) are the low limits of what is required. From this last
equation we can draw some conclusions. We have only three parameters to
play with to lower the photon shot noise: arm length, laser power and integra-
tion time.

For technical reasons the choice of Nd-YAG laser (λ = 1064 nm) is
common to all detectors. Reliable 10W Nd-YAG lasers are available
today but 10W is not enough.
Interferometric detectors have arms with physical length of only a few
kilometers. In order to use longer arms the laser beam has to be folded.
The common choice is to use Fabry-Perot cavities in the arms. This has
also the advantage of increasing the amount of stored power, and thus
brings a solution to the preceding problem. With Fabry-Perot cavities
the stored power can reach a few kilowatts. In Virgo, the arms are 3
kilometer long cavities with a finesse of 50, equivalent to 150 kilometer
unfolded arms. The use of kilometer long arms also imposes require-
ments on the beam diameter. For technical, (and financial) reasons, the
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smaller the mirrors the better. The diameter of a laser beam at a distance
z from the beam waist position is given by the formula:

w (z) = w (0)

√
1 +

(
λz

πw (0)2

)2

(40)

so, for a given arm length L there is an optimal value of the beam waist
that gives the smallest beam spot size w(L). The minimum beam radius
(at e−2) is of the order of 4 ∼ 5 cm, so the diameter of the mirrors must
be around 6w(L) ≈ 30 cm.
Even if the length and power problem is solved, the integration time
cannot be reduced well below 10ms so the detection is limited to signals
with frequencies below a few hundreds of hertz (in fact a few kilohertz).

We have seen how the presence of shot noise dictates some key choices : min-
imum laser power, beam and mirror diameter, necessity to use Fabry-Perot
cavities in the arms. Other noise sources will fix other important optical pa-
rameters.

3.1.4 Radiation pressure noise. When dealing with shot noise we
only assumed that this noise only affected the number of collected photons,
but shot noise has another subtle effect. The laser beam exerts a force on each
mirror equal to:

F =
P

c
(41)

so fluctuations of the laser power induce fluctuations of this force:

σF =
σP

c
(42)

If the mass of the mirror isM then the displacement will be x with mẍ = F ,
its spectrum will be:

x (f) =
P (f)

mc × (2πf)2
(43)

or

x (f) =
1

mf2

√
�Pin

8π3cλ
(44)

Each mirror will be affected by this noise and it can be shown that the effects
will be uncorrelated in the two arms. In terms of equivalent gw spectral density
we have

σh (f) = 2
x (f)

L
=

1

Lmf2

√
�Pin

2π3cλ
(45)
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or

σh (f) = 2.3 × 10−24Hz−1/2

(
100km

L

)(
1kg
m

)(
1Hz
f

)2

×
√(

Pin

10W

)(
1064nm

λ

) (46)

The radiation pressure noise decreases rapidly with frequency, so we focus our
attention on the worst case, the low frequency domain. Because of the seismic
noise which is very large at low frequency, it will be very difficult to detect gw
below a few hertz, so we put this as a limit. Equation (46) exhibits interesting
features:

we see that the radiation pressure noise increases with increasing power,
so just as shot noise places a lower limit to laser power, radiation pres-
sure noise puts an upper limit. At 2Hz with 10 kg mirrors, the radiation
pressure noise becomes dominant when Pin is higher than 40 kW, so
in order to work in an optimal configuration at low frequency, the laser
power in the arms should not exceed a few tens of kilowatts. In Virgo
the intra-cavity power is around 15 kW.
The noise is inversely proportional to the mirror mass, so a mass of 1,
preferably 10 or more kilograms is required.

3.1.5 Frequency noise. If the two interferometer arms are not exactly
symmetric (if they have different lengths δL �= 0 or finessesδF �= 0), then the
laser frequency noise σν can mimic a gravitational wave signal

σh =
λ

c

(
δL

L
+

δF

F

)
σν (47)

At 10Hz in a typical Nd-YAG laser σν ≈ 1000Hz/
√
Hz, and the typical fi-

nesse asymmetry is of the order of one percent. In order to detect a gw signal
the laser frequency noise has to be lowered by six orders of magnitudes (com-
pared to the noise of a free running laser), and the two arms made as identical
as possible. In order to achieve this complex frequency stabilization meth-
ods are employed in all interferometric detectors, and in order to insure the
perfect symmetry of the interferometer, all pairs of Virgo optical components
are coated during the same run (both Fabry-Perot input mirrors then both end
mirrors are coated simultaneously).

3.1.6 Internal thermal noise of mirrors. Mirror substrates are trans-
parent material cylinders. They are affected by thermal noise and each one
of their modes of vibration can be represented by an harmonic oscillator. The
study of thermal noise in solids is a complex task, made difficult because no
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simple mathematical model can mimic with a sufficient accuracy the behavior
of a real mirror. Nevertheless, using a simple harmonic oscillator represen-
tation, it is relatively easy to show that the displacement noise of a mirror is
given by:

σ2
x =

kBT

2π3Q(f)M (f0)

f0

f2

(
f2
0

Q2 +
(

f2−f2
0

f

)2
) (48)

where T is the temperature, kB is the Boltzmann constant, f0 the resonance
frequency, M(f0) is the equivalent mass of the vibration mode, and Q(f) is
the mechanical quality factor of the resonance. A simple way to represent
internal damping in solids is to add an imaginary part φ, called loss angle, to
the oscillator spring constant. In this case the mechanical quality factor reads:

Q =
f

φf0
(49)

The lowest resonance frequency of 10 kg, 30 cm diameter mirrors is about
6 kHz, and we have seen that we will not be able to detect signals with fre-
quencies higher than a few kHz, so we are always in the case f � f0. In this
case Eq.(48) simplifies to

σ2
x =

kBTφ

2π3Mf2
0 f

(50)

or

σh =
2

L

√
kBTφ

2π3Mf2
0

1√
f

(51)

taking f0 = 6 kHz we obtain

σh = 1.7 × 10−23Hz−1/2

(
100km

L

)√(
T

300K

)(
φ

10−6

)(
5kg
M

)(
1Hz
f

)

(52)
So in order to minimize this noise one possibility is to work at low temperature,
this is what is done in the Japanese TAMA project. The other solution is to use
optical materials with a low value of the loss angle, or equivalently a high
quality factor.

3.1.7 Compilation of results. In order to reduce as much as possible
the effects of possible sources of noise we were forced to fix some properties
of passive and active optical components. Let us summarize what we have
learned. The laser has the following properties: λ = 1064 nm, P > 10W,
single mode operation, w(0) ≈ 3 cm. The mirrors must have the following
properties: m > 10 kg, ffl ≈ 30 cm, surface figure λ/100, roughness 0.1

◦
A
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rms, made with high Q material The interferometer arms: must be Fabry-Perot
cavities, L in the kilometer range, giving an equivalent optical path length of
about 100 km. By adding (quadratically) all noise sources we can estimate
the achievable sensitivity of interferometric detectors. The sensitivity curve of
Virgo is shown on Fig. 3.

Figure 3. Virgo sensitivity curve with contribution from all identified noise sources

3.2 The future of gw detection
3.2.1 Obligatory improvements. All the actual interferometric detec-
tors of gw share more or less the same optical characteristics, except for the
length of their arms that differs, from 300 meters for TAMA, up to 4000 m
for LIGO, chiefly for geographical and financial reasons. Their designs were
frozen during the last decade, and were based on the technology that was avail-
able at that time, or that was thought to be available by the end of the century.
It was the fate of all interferometric gw detectors to be based on years old tech-
nology. Fromwhat we have learned in the preceding sections, it is clear that the
sensitivity of current detectors is really close to the minimum required one, we
have currently no safety margin, so if one single subsystem of those complex
detectors fails to reach its performance objectives, then detection will become
impossible. That is why, since the starting of all projects, it was foreseen to
regularly improve their sensitivity by using up to date technology and replace
some parts of the detectors. In parallel to the construction of all the actual large
interferometers, a lot of work was made to improve the performances of optical
components and materials. The main efforts were aimed at understanding and
improving the mechanical quality factor of mirrors (including their holders),
improving the coating processes and characterization methods, finding ways
to work at low temperature, studying new optical configurations, developing
higher power laser sources...
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COATINGS PRINCIPLES
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Abstract The principles of coatings to either enhance reflectivity of mirrors or to enhance
transmission of glass optics are described. Then the ion assisted deposition and
ion beam sputtering techniques are addressed. Performances of these technique-
sand their limitations are illustrated with the characteristics of the VIRGO mir-
rors coated at LMA. The importance of metrology is emphasized.

Keywords: dielectric coatings, metallic coatings, deposition, ion beam sputtering, ion as-
sisted deposition

1. Introduction
Coatings of optical surfaces to improve either their reflectivity or transmis-

sion are critical to make a sound use of the scarce photons collected big tele-
scopes. Poor reflectivity has been in the past of strong limitation to the de-
velopment of telescopes (see Ch. 3). Most of the telescope mirrors today are
aluminum coated, with reflectivity of ≈85%. Being the number of mirrors in
trains of mirrors to bring the light from the sky to e.g. the coudé focus, the
total throughput is frustrating low. The same concern applies to focal instru-
mentation, of which the throughput rarely exceeds 30%. Because of the cost
of the present very large telescopes, and still more that of the forthcoming de-
cametric or hectometric ones, one has to ensure that each of their components
is as much efficient as possible, starting by the first one light hit, the primary
mirror. Also one needs to have a robust surface, keeping its optical quality for
a rather long time, depending on the application. Astronomical telescope mir-
rors are exposed to a relatively severe environment: temperature fluctuations,
dust, humidity, ... Because of dust in particular, the mirrors have to be cleaned
quite frequently (typically once a year). Passivation methods have been little
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studied in the case of telescopes, presumably because of a lack of cooperation
between opticians in Astrophysics and those in the field of coatings.
What is a coating on a substrate? It is a thin layer, of a stack of thin layers,

made of materials with a refraction index different from that of the substrate.
Part of the light is reflected at each interface between the layers or between
air and the first layer or between the last one and the substrate. Reflected
beams interfere so that for a given wavelength and a given thickness, reflected
light can be either canceled out or maximized. It corresponds to maximum
transmission or reflectivity of the layer respectively. These materials and their
indexes are chosen in order to fit as close as possible the specifications for the
final coated optics.
In this lecture we recall the basic principles of the two main coating families:

dielectric and metallic coatings. In a second part, we describe the coatings
deposition techniques and we address their performances and limitation. Most
of the examples given in this lecture have been developed for the gravitational
waves interferometers VIRGO and LIGO (see Ch. 18).

2. Principles : Dielectric Coatings
Layers with a thickness of λ/4, where λ is the wavelength of interest, or

so-called quarterwave layers give maximum interference effect (because of
the reflexion, the phases of incoming and reflected beams are opposed) over
the maximum wavelength interval. Halfwave layers are absentee layers: they
have no effect on the phase (but of course they decrease the amplitude). The
thicker the layer, the higher is the frequency of the interference pattern and
the shorter the wavelength interval of maximum reflectivity per period. The
reflectivity of dielectric layers and of metal layers varies slowly and strongly
respectively with increasing λ. The optical thickness of a quarterwave layer is
λ0/4nf , where λ0 is the working wavelength and nf the refraction index of
the filter layer. It transforms the refraction index following nt = n2

f/ns, where
ns is the substrate refractive index. Interference calculations for two waves
is straightforward when the Waves are combined exactly in or out of phase.
Resultant amplitudes are the sum or the difference of individual amplitudes
respectively. All other cases are intermediate (see Ch. 2). The phase lag
suffered by a wave traveling across a film of thickness d and index n is δ =
2πnd/λ. In case of a single film coating, reflection losses are canceled out if
n0/nf = nf/ns, or nf = (n0ns)

1/2.
Let us now consider a stack consisting of x quarterwave layers of high index

nH and of x−1 quarterwave layers of low index nL; it is denoted n0|HLHL ...
LH|ns. Its reflectance R is
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Figure 1. Incoming light undergoes a λ/2 phase delay δ when reflected at the interface be-
tween a low index medium and a high index medium. There is a null phase delay at the interface
between a high index medium and a low index medium. In case of a quarterwave film, the phase
lag is λ/4 on the way to the substrate, then 0 (left) or λ/2 (right) at the substrate surface and
again is λ/4 on the way back, so that δ = λ/2 (left) or λ (right). Both reflected beams either
have the same phase and they interfere constructively (left) or have a λ/2 phase delay and they
interfere destructively. This is the goal of a coating respectively for a mirror (maximum reflec-
tivity) or for a lens (maximum transmittance). Since the beam reflected at the substrate surface
is slightly attenuated, in the film material, the destruction can never be total: the reflectivity is
never enhanced up to 100%.

R =

n0 − n2x
H

n
2(x−1)
L

ns

n0 +
n2x

H

n
2(x−1)
L

ns

(1)

Thus the phase delay increases by λ/2 every L|H interface, leading to com-
plex interference patterns (Fig. 2). Ripples on the blue and red edges of the
high reflectivity area in Fig. 2 are usually strongly decreased by adding several
layers at each end of the coating and refining them in a matching structure, in
this case, adding a two pairs of a halfwave low index layer plus a 0.1λ/4 wave
high index layer on the entrance side (denoted (2L.1H)^2) and symmetrically
a (.1H2L)^2 coating on the substrate side; they act as impedance adapters. In
this notation, the exponent is the number of layer systems in the parentheses,
L andH are respectively low and high index layers and the preceding number
is the thickness of the layer in quarterwave unit. Further decreases of the rip-
ple pattern can be achieved with more complex adaptation of indexes on both
sides of the coating. Figure 2 shows that adding the layers to decrease ripples
widens the high reflectivity area, and shifts it toward the red (see also Fig. 10).

Broadband coatings. Broader bandwidth reflective coatings can be achieved.
Figure 3 shows a 400 nm wide coating consisting of 22 layers arranged as
(HL)^5 1.2L(1.4H1.4L)^5 1.4H , where layers are made of cryoliteNa3AlF6

(low index, n = 1.35) and of ZnS (high index, n = 2.35). This is a school
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Figure 2. Transmittance spectral profile of
a coating consisting of a quarterwave stack
of 23 layer stack centered on 800 nm. Light
gray: without ripple control. Dark gray: with
ripple control. It can be used either as a inter-
mediate band filter, or a shortwave dichroic
beam splitter or a longwave one.

Figure 3. A broadband reflecting coating,
achieved with 22 layers (top). Simply adding
a poorly matched layer lead to a significantly
lower reflectance (bottom)

case, since material can interact at their interface, so that the index gradient
is not infinite; this is particularly true with ZnS, which is a inhomogeneous
material. Adding another layer, with the purpose of decreasing the ripples, can
degrade the reflectance significantly, as shown in the bottom part of Fig. 3.
Thus the trade-off of the arrangement of layers is critical.

Multicavity filters. Multicavity Fabry-Perot filters are used to make very
narrow transmission filters. A simple Fabry-Perot cavity (see Ch. 2) consists of
a halfwave layer surrounded by two reflectors of typically 10 layers each. Fig-
ure 4 shows three transmission profiles obtained with one, two or three cavity
filters. The three cavity ((HL)^5HH(LH)^5) ^3 filter has a 1.2 nm band-
width. It has ≈ 60 layers. Note that the three-peak top of the transmittance.
Each cavity has to be well adapted to the following one; if not the resulting
transmittance can be very poor. Such cavities are broadly used in telecoms in
between arrays of antennas for cell phones.

Oblique incidence and wide angle. At oblique incidence, the path dif-
ference between the beams is reduced. Their amplitudes is increased for s-
polarized light and decreased for p- one (Fig. 5). As a result, for instance
for a reflective coating, the filter is blue shifted with s-polarized light at 45◦
incidence with respect to the normal incidence case, and the ripple pattern is
strongly enhanced. The shift is a little bit stronger for p-polarized light, with
a not so strong enhancement of ripples; but the bandwidth is significantly re-
duced. Figure 7 shows an example of an antiflection coating for λ = 510 nm.
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Figure 4. Transmittance of a multicavity
Fabry-Perot filter.

Figure 5. Effect of the incidence angle on
the spectral profile of a transmission coating.
G: normal incidence. R: p-polarization. B:
s-polarization.

Figure 6. Reflectance for s- and p- polar-
ization of a 8 layers 45◦ beam splitter.

Figure 7. Reflectance versus semi-angular
field for both s- and p- polarization at 510
nm.

Three materials are used: MgF2 (n ≈ 1.35), Al2O3 (n ≈ 1.8) and TiO2

(n ≈ 2.35). The reflectance is very good, and almost constant over a field of
±35◦ for both polarizations: this is a huge field for astrophysical instruments!

Non-polarizing filters. The design of dielectric coatings in order to have
equal p- and s- polarization over a wide spectral region is exceptionally diffi-
cult. Figure 6 shows the two polarization components for a 45◦ beam splitter
in the 500-600 nm region. Layers are made of 8 layers of TiO2, Al2O3 and
SiO2, in order of decreasing n. Playing with the numbers and the parameters
of the layers allows us to translate the curves one with respect to the other, but
they can never have the same shape.
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Figure 8. Top: the electric
field versus the number of
the layer. Bottom: magni-
fication of the left part of
the top curve; each lobe cor-
responds to a single layer.
Three coatings are shown,
with 3 different entrance lay-
ers: a low index and a high
index quarterwave, and a
halfwave.

Figure 9. Absorption per
layer for the coatings of Fig.
8. Top: at the working wave-
length λ0 = 800 nm. Bot-
tom: at λ = 550 nm. Dark:
high index quarterwave en-
trance layer. Gray: high
index quarterwave. Light
gray: halfwave.

Figure 10. Transmittance
of the reflection coating of
Fig. 8. The coating with
a halfwave entrance layer
gives the better transmit-
tance curve.

The role of the entrance layer. let us consider again the transmittance
of a coating deposited on a mirror, computed for λ0 = 800 nm in 3 cases
with 3 different entrance layers: L(HL)^10, H(HL)^10 and LL(HL)^10
(Fig. 8). The square of the integral of the radiation electric field E versus
the layer number is the absorption. Most of the absorption occurs between the
first layers. When the first layer is a quarterwave, E is maximum at the surface.
This is bad since dust will be attracted. The absorption is larger for a high index
quarterwave than for a low index one, whatever the layer (Fig. 9). At contrary,
with halfwave first layer, E = 0 at the surface, which minimizes the risk of
pollution of the coating by dust. And the absorption is also minimum. The
transmittance curves are given in Fig. 10. The bandwidth is slightly narrower
with the halfwave entrance layer than with quarterwave ones. The reflectance
is slightly better. The main difference are the the weaker ripples. Thus the
entrance layer of a reflecting coating should be a halfwave.
The absorptance per layer (Fig. 9) is smaller at 550 nm than at λ0. But its

sum over the whole stack is significantly higher. Indeed the stack is optimized
for λ0 in order thatE fades when the incoming radiation crosses the coating. It
reaches nearly 0 from the 10th layer with a low index halfwave entrance layer,
or slightly more with a high index quarterwave one (Fig. 11). But at λ = 550
nm, E ≈ 20 V/m whatever the number of the layer and whatever the entrance
layer, up to enter the substrate, which results in a low reflectance.
To summarize this section about dielectric coatings, let us recall their ad-

vantages and drawbacks. Advantages are:

Reflectances can be > 99.9%
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Figure 11. Radiation electric field in the
coating of Fig. 8 with a low index halfwave
entrance layer. At λ = 550 nm the electric
field never vanishes.

Figure 12. Reflectance of a coating cen-
tered on λ0 = 1.064µm, for three numbers
of layers.

Absorption losses are low, <10−5 in the visible and the infrared.

But drawbacks are :

High efficiency coatings have more than 30 layers, for which the depo-
sition time is long. Thus they are expensive.
High reflectances are obtained over a short domain (∆λ ≈ 250 nm).

A typical reflectance response is given in Fig. 12, for 6, 14 and 26 layers. The
reflectance is given by

R =

(
1 − nH/nL)2xn2

H/nS

)2
(
1 + nH/nL)2xn2

H/nS

)2 (2)

and the FWHM bandwidth by

∆λ = πλ0 arcsin ((nH − nL) / (nH + NL)) (3)

The higher the number of layers, the sharper are the edges of the filter, and
the more contrasted the ripple pattern.

3. Coatings including metallic layers
Now we describe metallic layer coatings, which are widely used in astron-

omy. Gold is slightly better at infrared wavelengths than silver. At short wave-
lengths aluminum is by far the best of the 3 metals (Fig. 13), but with a marked
minimum around 800 nm. The driving parameter is the thermal conductivity.
Silver tarnishes rapidly. Thus a passivation layer is required to keep its

reflectance at its value when freshly deposited. It can be done sandwiching
the Ag layer between two quarterwave SiO2 layers (Fig. 14): the reflectance
is not significantly altered (except in the ultraviolet, in a region where silver
is not good), but now the Ag layer is protected against oxidation. One can
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Figure 13. Reflectance of a 100 nm thick
coating. Dark: gold, gray, silver and light
gray: aluminum. Figure 14. Reflectance of a 100 nm thick

silver coating enhanced with two quarter-
wave SiO2 layers.

Figure 15. Antireflection glass mirror
coated with a 10 nm layer of Cr, with a 100
nm layer ofMgF2 plus a 3 nm layer of Al.

Figure 16. Reflectance of a coating on
a glass substrate, made of 3 doublets of
high/low index quarterwave layers symmet-
rically deposited on each side of 100 nm Cr
layer.

decrease the reflectance as well (Fig. 15): 10 nm thick layer of Cr deposited
on a glass substrate has its reflectance enhanced in the blue, but almost zeroed
in the 550-600 nm region. This is obtained with a dielectric phase matching
100 nm layer of MgF2 coated with a thin film of Al. The wavelength of the
low reflectance region can be shifted by tuning the width of the Al coating.
It is amazing that a metallic layer can act as an antireflection coating. More
complex designs can be achieved, as shown in Fig. 16. Here a 100 nm thick
layer of Cr is surrounded on each side with three doublets of high-low index
quarterwave layers, deposited on a glass substrate; the reflectance profile is
similar to that of a dichroic beam splitter. A higher (odd) number of layers
would produce sharper edges of the transmission region.
The popular Al coating can be enhanced significantly with a low index

(SiO2 or MgF2) and a high index (TiO2) coating. The higher the number



Coatings Principles 335

Figure 17. Enhanced reflectance of an Al
coating on a glass substrate, with one or sev-
eral doublets of high (TiO2) and low (SiO2

orMgF2) index quarterwave layers.

Figure 18. An example of an Al layer on
a glass substrate coated with 20 doublets of
TiO2−SiO2 layers, leading to a reflectance
of 99.54% flat over 120 nm, compared with
the 3-doublet case of Fig. 17.

of doublets of HL layers, the higher the maximum reflectance, at the expense
of the bandwidth (Fig. 17).
To summarize this section about metallic coatings, let us recall their advan-

tages and drawbacks. High reflectances (>90%) are obtained

over a large range of incident angles
over a wide spectral range, from the ultraviolet to the infrared.

But metallic coatings have high absorption losses. But one can remedy them
with dielectric coatings, which are necessary also to passivate the metal, avoid-
ing oxidation. Aluminum is the best metal for the ultraviolet; in addition it ad-
heres on most substrates; it needs passivation. Silver is easy to deposit; it has
the highest reflectance in the visible and the infrared; since it tarnish rapidly,
passivation is mandatory. Gold is the best material beyond ≈ 700 nm, and it is
considered that it does not tarnish, which is not true actually because its surface
is not that stable on the long term.

4. Coating deposition techniques
We now describe the current techniques of deposition. A coating process

involves several parameters. There is the nature of the substrate: a crystal or
an amorphous material, the quality of its polishing and its temperature. There
are also the characteristics of the source, as temperature and emission law, and
those of the medium in between, as its pressure and composition. In evap-
oration process the energy of particles is ≈ 0.1 eV, or 1100 K; their impact
velocity is in the range of m.s−1. With sputtering techniques, the energy lies
in between 10-50 eV and the impact velocity is in the range of km.s−1.
The most widely deposition technique is the ion assisted deposition (IAD).

A material in a melting-pot is vaporized by heating either with an electron
beam, or by Joule effect, or with a laser beam, or with microwaves, or whatever
else. The vapor flow condensates on the substrate. In the same time, an ion
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Figure 19. Schematic view of the ion as-
sisted deposition technique. As the vapor
condenses on the substrate, ions hammer the
coating in formation to compress it.

Figure 20. Schematic view of the ion beam
sputtering (IBS) technique. See text.

source is used to pack the coating as it is deposited (Fig. 19). The ion source is
loaded with either a reactive gas -either N if the vapor is a nitrure, or O in case
it is an oxide, in order to control the stoichiometry, or with a neutral gas, e.g.
argon or krypton with the drawback that they are absorbing materials which
consequently change the absorption coefficient. Ions are used as hammers to
improve the volume factor of the coating.
The lowest losses are obtained with the ion beam sputtering (IBS) technique.

It is used for the coatings of the gravitational waves interferometers as VIRGO
(see Ch. 18). A source projects ions on a target so that materials for the
coating are sputtered (Fig. 20). Ions are generally argon or krypton, depending
on the mass of the target atom, which has to be close to that of the projected
ions. At LMA, the target area is 80×60 m2 for VIRGO coatings. Ions are
accelerated up to 1.5 - 2 kV, and the intensity is ≈ 1 A. Thus to prevent the
beam from diverging, one neutralizes the charge of the beam with a particular
ion source. Then the sputtered particles condense on the substrate. As in the
IAD technique, an assist source(withO2, with its own neutralizer (with argon),
tunes the stoichiometry by compressing the coating as it forms. Losses as low
as of≈ 10−7 have been obtained, at 1.064 µmYAG wavelength with a process
time of ≈ 70 hours. The process is fully automatized. For VIRGO, a tantalum
oxide is used; in this case the target is a Ta plate, and O2 is injected in the
sputtered particles beam to form Ta2O5.
Figure 21 shows the large coater for the VIRGO optics at LMA (Lyon). The

technology is DIBS. Its size is 2×2.2×2.2 m3. The inner pressure is 2× 10−8

mBar. The coater is located in a 150 m2 class 1 room whith metrology and
control. In a class 1 room, tolerance is <10 particles of 0.1µm and <1 particle
of 0.5 µm ×foot−3×s−1.
The uniformity of the layer thickness is a strong requirement in order to

get high quality wavefront surfaces. It is controlled thanks to a mask with
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an aperture moving in front of the substrate during the deposition process.
After several iterations of the deposition, the thickness profile becomes very
smooth. Positions and velocity are computer controlled. Figure 23 shows the
thickness of a Ta2O5 layer and its optimization over a diameter of up to 700
mm. Whereas a relative uniformity of 6 10−3 is achieved without masking
over a diameter of 350 mm, it can reach 6 10−3 over a diameter of 700 mm
with a mask in front of the coated optics moved by computer controlled robot.
Figure 24 shows a reduction from 30 to 14 nm peak-to-valley or 6 to 1.5 rms.
The VIRGO IBS coater allows us to get at 1064 nm an absorption as low as

0.1 10−6 and a process scattering in the range 0.6 − 4 10−6. The repeatability
of the wavelength centering is ±0.4%. Nowadays the wavefront error after
corrective coating is ≈1 nm rms.
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Figure 25. The absorption bench for
VIRGO coatings.

Figure 26. Bench for s- and p- polarization
measurements of the losses due to birefrin-
gence in s- and p- polarization (dex scale).
The cross in the left image is due to the mir-
ror support.

5. Metrology
After an optics has been coated, several tests are done to characterize its

performances. They are briefly discussed in the following paragraphs.

Absorption. A bench has been built at LMA for VIRGO in order to mea-
sure the coating and bulk (or blank as said in astronomical optics) absorption
(Fig. 25). The source is a 28 W cw YAG:ND3+ laser. The bench accom-
modates diameters up to 400 mm for which the sensitivity is 2 10−8 for the
coating absorption, and 2 10−8cm−1 for the bulk. A typical absorption for a
VIRGO mirror is 0.63 10−6 over a diameter of 150 mm.

Polarization. The amplitude and the principle axis direction both in s- and
in p- polarization can be mapped up to a diameter of 400 mm (Fig. 26). The
sensitivity is 10−5 rad.cm−1.

Relative reflexion. Measurements of the map of the relative reflexion are
done with a sensitivity of 2 10−5 (Fig. 27).

Scattering and transmission. Figure 28 shows the layout of the scattering
measurement bench. Scattering is measured over almost 4π steradians, with
two ≈ 1◦ dead angles, in the direction of the source and of the detector. A
typical value of the amount of scattered light is 4 10−6 over 1502 mm2. On the
back side, one measures the transmission. A typical value of the transmission
obtained at LMA for VIRGO is 42.9 ± 0.210−6 over a diameter of 50 mm.

Wavefront. A critical parameter of coatings, for VIRGO or other instru-
ments, is the wavefront rms error. It is measured with the bench in Fig. 29,
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Figure 29. The bench for wavefront mea-
surements, located close to the air filters.

Figure 30. An example of the map of de-
partures from the mean wavefront over 150
mm in diameter.The peak-to-valley error is
29 nm.

located near the ceiling close to the air filters of the room. Indeed measure-
ments are typically 2-day long, so that dust pollution is a concern in spite of
the high cleanness quality of the room. The wavefront error is 3.8 rms over a
diameter of 150 mm in Fig. 30, or λ/280, within the VIRGO specs.
Finally, microroughness and defects are micromapped, down to a threshold

of 0.3 µm. Table 1 summarizes the LMA-VIRGO measurements of optics for
the VIRGO end mirror, and compares them with VIRGO requirements. For all
parameters, average values are significantly better than the specifications.

6. Limitations
Purity of materials and environmental conditions are the main causes of

limitations of the performances of the coating processes.

Materials purity

quality of the bulk (blank),
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Table 1. Summary of measurements of the parameters of VIRGO optics at LMA, compared
with VIRGO specifications.

Parameter VIRGO requirements LMA-VIRGO measurements

Average scattering < 5 10−6 4 10−6 over 1502 mm2

Average transmission T 10 10−6 < T < 50 10−6 42.9 ± 0.2 10−6 over ∅50 mm

Average absorption < 5 10−6 0.63 ± 0.07 10−6over ∅ 150 mm

Birefringence < 5 10−4rad.cm−1 < 5 10−4rad.cm−1over ∅150 mm

Wavefront flatness < 8 nm rms over ∅150 mm 3.8 nm rms over ∅ 150 mm

Curvature radius 3450 ± 100 m over ∅150 mm 3580 ± 17 m over ∅150 mm

residuals of chemicals used for the polishing process,
residuals of chemicals used for the cleaning process, coating,
purity of sputtering targets,
cleanness of the coater walls,
purity of the components of the ion sources,
purity of gazes used for the deposition process, ...

Environmental conditions

contamination by particles,
organic contamination,
cleanness of boxes for transfers and transportation, ...

The control of materials purity and of environmental conditions requires to
implement physico-chemical analysis tools like ESCA, RBS, AUGER, SEM,
XTM, SIMS or others. The principle of SIMS (Secondary Ion Mass Spec-
troscopy) is shown in Fig. 31: an ion gun projects common ions (like O+,
Ar+, Cs+, Ga+, ...) onto the sample to analyze. In the same time a flood gun
projects an electron beam on the sample to neutralize the clusters. The sample
surface ejects electrons, which are detected with a scintillator, and secondary
ions which are detected by mass spectrometry with a magnetic quadrupole.
Figures 32 and 33 shows profiles obtained with a SIMS device to detect

pollution by sodium, and to a less extent by potassium. Such analyzes greatly
improve the efficiency of the search for the origin of unexpected problems in
the deposition process.
Wavefront accuracies of� λ/1000 are a target within the 4-5 coming years,

in particular for relatively gravitationally faint sources observed with VIRGO.
Extremely large telescopes (see Ch. 7) are also a big challenge for researchers
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in the fields of coatings. Further progresses will aim at decreasing optical
losses, and at widening their performances over a very large spectral range.
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Abstract Optical Parametric Oscillators provide a very efficient source of tunable coherent
radiation. The principle of different kinds of OPOs are described. OPOs are
used in astronomy for Laser Guide Star systems, and they may be used for other
nonlinear optics applications in astrophysics, such as frequency conversion or
parametric amplification.

Keywords: optical parametric oscillators, nonlinear optics

1. Introduction
The Optical Parametric Oscillator (OPO) was first predicted (Akhmanov

and Khokhlov, 1962; Kingston, 1962; Kroll, 1962) and then realized at the
very beginning of nonlinear optics shortly after the discovery of lasers, first in
the pulsed regime (Giordmaine and Miller, 1965; Akhmanov et al., 1966) then
in continuous wave (cw) (Smith et al., 1968). It generated immediately a large
interest as a coherent source of broadly tunable radiation. OPOs were replaced
after the 1970s by dye lasers, who possess the same advantage but are easier to
use. They were then almost completely forgotten for a decade. They have just
recently known a very impressive renewal of interest under the conjunction
of several factors among which one can cite: the existence of all solid state
lasers, both efficient and easy to use which can serve as pump beams for the
OPO, the development of nonlinear crystals with low absorption and price, and
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with reproducible properties, the progress of locking techniques necessary to
stabilize the system as well as the improvement in quality and flux resistance
of dielectric coatings. OPOs capable of covering all the visible spectrum have
thus been developed. Pulsed OPOs can now be found in many laboratories
for both fundamental and applied research, and more and more in industry
due to their often irreplaceable character as a compact and efficient source of
tunable radiation for spectroscopy and diagnosis in the visible and infrared. cw
OPOs, harder to use, have started their breakthrough more recently due to their
unique character as a very broadly tunable source of highly monochromatic
light. Their development has also been boosted by research made in quantum
optics, since it was found that they are remarkable sources of radiation with
purely quantum properties.
This chapter presents a short description of the physics of cw OPOs. Af-

ter a brief presentation of the basic principles of OPOs, we will describe the
properties of cw OPOs. The reader wishing to read further can read the refer-
ences Byer, 1975; Brunner and Paul, 1977; Shen, 1984; JOSA, 1993; JEOS,
1997; CRAS, 2000.

2. Parametric interaction and amplification in nonlinear
optics

If an intense electromagnetic wave, called pump wave, of frequency ω0 is
sent in a crystal possessing a second order optical non linearity, of coefficient
χ(2), one creates in the crystal a nonlinear polarization which induces the gen-
eration of two new electromagnetic waves of frequencies ω1 and ω2 so that
ω0 = ω1 + ω2. This phenomenon, one of the most important in nonlinear
optics, is called "parametric generation" (Shen, 1984) and the generated waves
are called respectively signal and idler. The name "signal" denotes usually the
wave with the largest frequency. In this paragraph, we will describe this phe-
nomenon in the simplest possible way so that we can extract the basic physical
ideas. We suppose that all the interacting waves are plane waves propagating
along the axis Oz, with wave vectors ki = niωi/c (i = 0, 1, 2 respectively for
pump signal and idler et ni is the linear index of refraction at frequency ωi)
and we denote Ei(z)eikiz the respective complex amplitudes. Starting from
the Maxwell equations, the following propagation equations can be derived for
the amplitudes Ei inside the crystal (Shen, 1984):

dE0

dz
= i

ω0

2n0c
χ(2)E1E2e

−i∆kz

dE1

dz
= i

ω1

2n1c
χ(2)E0E

∗
2ei∆kz (1)

dE2

dz
= i

ω2

2n2c
χ(2)E0E

∗
1ei∆kz
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where ∆k = k1 + k2 − k0. One can deduce immediately from Eq. 1 that the
quantities :

Πtot =
ε0c

2

[
n0|E0|2 + n1|E1|2 + n2|E2|2

]
(2)

∆N =
ε0c

2

[
n1|E1|2

�ω1
− n2|E2|2

�ω2

]
(3)

are constant through propagation. In particular, Πtot is the sum of the energy
flux of the three waves interacting in the crystal. Its conservation shows that
there is no energy storage in the crystal and that all the energy gained by the sig-
nal and idler fields through the parametric interaction is taken from the pump
energy which decreases with z. The equations 1 can be solved analytically
in the general case in terms of elliptic functions (Armstrong, 1962). One can
show that the conversion efficiency is maximum when the following condition,
called the phase matching condition is fulfilled:

∆k = 0 ⇐⇒ n0ω0 − n1ω1 − n2ω2 = 0 (4)

This condition ensures constructive interferences between the fields generated
by parametric interaction in different points of the crystal. If this condition is
not fulfilled, the amplitude of the different field oscillates as a function of z on
scales inversely proportional to ∆k. A small phase mismatch will lower the
non linearity but if it is large, the signal and idler fields are nowhere intense. A
large parametric conversion efficiency can be obtained with a large phase mis-
match by modifying the non linear medium, for example by a proper periodical
modulation of the non linearity ("quasi phase matching").
An important configuration is the case where the input signal field on the

crystal is small, the idler field zero and the pump field sufficiently large for its
variation along z to be negligible. The following solutions for equations 1 can
be found in the case of∆k = 0:

E1(z) = gE1(0) and E2(z) = i
√

g2 − 1

√
n1ω2E0

n2ω1E∗
0

E∗
1(0) (5)

where

g = cosh

(
χ(2)

2c

√
ω1ω2

n1n2
|E0|z

)
(6)

The complex amplitude of the signal field at the output of the crystal is ampli-
fied by a factor g with respect to the input field. g is always larger than one
so that there is always coherent amplification of the signal field: one speaks of
parametric amplification. Nonlinear optics provides an amplification different
from the amplification occurring in a medium which present population inver-
sion. For a typical value of the nonlinear coefficient of 1 pm/V , a pump of
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1 µm and a 1 cm long crystal, the parametric gain is on the order of a few
units for a pump on the order of 108 W/cm2. g can thus be very large if pulsed
pumps are used.

3. Principle of Optical Parametric Oscillators

χ(2)

Pump beam Output beam(s)

Figure 1. Schematic representation of an Optical Parametric Oscillator

It is well known that by inserting an optical amplifier obtained by population
inversion in an optical cavity, one can realize sources of coherent radiations,
namely lasers. One can operate in the same way with parametric amplification
as shown on Fig. 1. A nonlinear crystal illuminated by an input pump is in-
serted in an optical cavity. This cavity is represented for convenience as a ring
cavity but consists usually of a linear cavity. An important difference with the
laser is that there are three different fields, instead of one, which are present in
the amplifying medium, all these fields being able to be recycled by the cavity
mirrors. One obtain thus different types of "Optical Parametric Oscillators" or
OPOs.

3.1 Singly resonant singly resonant OPO (SROPO)
In this case, either the signal or the idler wave amplified by the crystal is

reinjected at its entrance. It is the exact analog of the laser and oscillation and
emission of coherent light starts when the pump field E0 reaches the value
where the parametric gain, g, times the amplitude loss coefficient is equal to
one. When the OPO is above its oscillation threshold, the energy transferred
to the signal and idler waves is taken on the pump, whose amplitude decreases
in the crystal which amounts to reducing the parametric gain with respect to
its threshold value (of the order of a Watt). We have here a saturation of the
gain which is analog to the one occurring in lasers but of a different physical
origin. As for a laser, the steady state is reached when the saturated gain is
equal to the losses. The output power in the signal wave increases rapidly as
the pump intensity is increased. A simple model of SROPO (Brunner and Paul,
1977; Rosencher and Fabre, 2002) based on equations 1 shows that in steady
state, a conversion efficiency of 100 % from pump to signal and idler can be
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obtained. When the cavity finesse is large (typically over 50), this steady state
is predicted theoretically for a pump intensity equal to π2/4 ≈ 2.4 times the
threshold intensity. Thus, despite the low value of the nonlinear effects, fre-
quency conversion can be very significant if the signal field is recycled inside
the cavity. If the pump intensity is larger than this value, reconversion through
sum frequency of the signal (see Ch. 14) and idler fields occurs and the conver-
sion efficiency is lowered. The maximal conversion obtained experimentally
is 93% (Bosenberg et al., 1996).

3.2 Doubly resonant OPO (DROPO)
In a DROPO, the signal and idler fields are both recycled inside the cavity.

Above, the oscillation threshold, both fields have a non zero value at the en-
trance of the crystal and solution 5 cannot be used. If the variation of the fields
over the crystal length L is small, equations 1 can be solved to the first order
(still in the case∆k = 0):

E1(L) = E1(0) + i
ω1

2n1c
χ(2)LE0(0)E∗

2(0) (7)

E2(L) = E2(0) + i
ω2

2n2c
χ(2)LE0(0)E∗

1(0) (8)

the second term being small with respect to the first one. The variation of
the signal (resp. idler) field is thus proportional to the amplitude of the idler
(resp. signal) field. There is thus a crossed amplification term which is very
characteristic of parametric interaction. In the case of a doubly resonant OPO
in a high finesse cavity, the steady state behavior fixes a value for the pump
intensity at the center of the crystal which is independent of the input pump
power (Fabre et al., 1997). This is analogous to the gain clamping which occurs
in laser above threshold. The energy conversion can also be very efficient
in this case : four times above threshold, a 100% efficiency is predicted in
the steady state regime by a simple model based on equations 1 (Byer, 1975)
while an efficiency of 81% was observed experimentally (Breitenbach et al.,
1995). The oscillation threshold for a DROPO (of the order of 500 mW) is
significantly lowered with respect to a SROPO since both fields are enhanced
by the cavity when it is close to the double resonance for both fields. With
a moderate pump power, the DROPO oscillates only on restricted intervals
centered on a discrete ensemble of values for the cavity length who verify the
double resonance conditions (Eckart et al., 1991; Debuisschert et al., 1992).
Thus, the output power is very dependent on the cavity length and a stable
output is ensured only with the use of active electronics which control the
cavity length.
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3.3 Other types of OPOs
The SROPO and the DROPO are the two main categories of OPOs used

today. Other configurations less common can also be useful

the TROPO in which all three fields resonate inside the cavity. The
threshold (of the order of mW) is lowered with respect to the DROPO (
Brunner and Paul, 1977; Debuisschert et al., 1992). However, the triple
resonance condition for the cavity is harder to reach. In some conditions
of operation, this device can be bistable, or even instable or chaotic (
Drummond et al., 1980; Lugiato et al., 1988; Pettiaux et al., 1989).
The pump enhanced singly resonant OPO. It consists in an OPO in which
the cavity is resonant for the signal and pump beams (Schiller et al.,
1999). The basic properties of this device are the same as the SROPO’s
but with a lower threshold.
The intracacity OPO consists in an OPO resonant for the signal beam
and inserted within the pump laser cavity (Falk, 1971). This makes for
a simple and compact generator of coherent light which benefits from
the enhancement of the pump by the laser cavity. This cavity can be
formed of totally reflecting mirrors for the pump since it is not used
outside of the cavity making the cavity of very high finesse. There is
however a complex nonlinear coupling between the laser and the OPO
operations. The system emits not only the signal beam, with the same
coherence properties as a laser beam, but also a second coherent beam,
on the idler mode (which justifies its name). One can deduct from 3 that
in the absence of absorption in the cavity, the output powers for these
two beams are in the ratio of the frequencies ω1 and ω2.

4. Conclusion
We have shown the different aspects of Optical Parametric Oscillators which

explain the present interest for these sources, in fundamental as well as in ap-
plied physics. The very rapid development of compact, not power demanding
sources including the pump laser and the OPO, should lead to an even wider
use of such sources, in particular for industrial or medical applications.
T. Coudreau and A. Maître are also at the Pôle Matériaux et Phénomènes

Quantiques FR CNRS 2437.
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Abstract The statistical properties of the electromagnetic field find their origin in its quan-
tum nature. While most experiments can be interpreted relying on classical elec-
trodynamics, in the past thirty years, many experiments need a quantum descrip-
tion of the electromagnetic field. This gives rises to distinct statistical properties.

Keywords: quantum optics, one photon state, photon statistics

1. Introduction
With the advent of extremely large aperture telescopes, there is a growing

interest in the statistical properties of the field emitted by astronomical sources
(Dravins, 2001). The goal is to obtain important physical information concern-
ing the source by looking at the statistical characteristics of the light it emits.
This domain was pioneered by two radio astronomers, Hanbury Brown and
Twiss (1956) who measured the intensity correlation function 〈I(t)I(t + τ)〉
of light. As this quantity is sensitive to the “granularity” of light, i.e. its pho-
tonic content, they opened a new and very fruitful way of investigating the
quantum properties of light.
Statistical properties of light are described within the framework of quan-

tum optics which is based on a quantized description of the electromagnetic
field. In section 21.2 we will depict specific experiments which have been
performed to show that a quantum description is necessary in some cases. We
will describe in Section 21.3 the standard tools for the analysis of the statistical
properties of light and give the results obtained for a number of sources.
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2. Historical background
2.1 Wave approach of light
At the beginning of the 19th century, the particle description favored by

Newton (1952) was replaced by a wave description : Young performed inter-
ference experiments which he interpreted as the capacity of light to be added
or subtracted much like wave at the surface of water. Later on, Fresnel devel-
oped a mathematical theory of interferences and diffraction where light was
seen as a scalar wave. The experiments on interferences with polarized light
made by Arago made it necessary for Fresnel to revise his theory and make it
a transverse vectorial wave. Maxwell showed that light was actually a wave
of electric and magnetic fields in the form E cos(ωt − k.r) with E ⊥ k. This
electromagnetic description of light was gradually able to give a quantitative
account of all the optical phenomena known at this time, with the exception
of the thermal radiation and the photoelectric effect. The classical description
of the radiation by a perfectly emitting body placed at thermal equilibrium led
to divergences both at low and high frequency while the discharge of an elec-
trometer occurred only with ultraviolet light, not with lower frequency light.
These phenomena led to the famous introduction of the quanta by Planck in
1900 and to the advent of quantum mechanics.

2.2 Quantum description of light : the wave/particle
duality

In 1905, Einstein wrote a very famous article (Einstein, 1965) in which he
explained that light was made of unbreakable quanta of energy the basic unit
being E = hν where E is the energy of one quantum, h is the Planck con-
stant and ν the light frequency. Millikan very carefully tested this experimen-
tally and his results were in agreement with the theory. A few years later, the
Compton effect was discovered. As a beam of high energy light is shone on an
ensemble of electrons, diffusion might occur and light with a different wave-
length is emitted. This can be seen as a collision between a quantum of light
and an electron. This collision respected the conservation of the momentum.
Thus, the photon, since it is its name, gained a given momentum �k where
� = h/2π and k is the wave vector. The photon now had a definite energy
and momentum. Its existence was further attested by photomultipliers. When
faint light is shone on a photomultiplier, the signal obtained consists in pulses
well consistent with the idea of photons. But light has also a wave character
which must be incorporated in the new description of light in terms of photons.
In 1909, Taylor performed an interference experiment with a very faint source
(equivalent to "a candle burning at a distance slightly exceeding a mile”). He
recorded the interference pattern using a photographic plate. With a very short
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exposure time, a few bright spots were observed but with no clear behavior.
As the exposure time was increased, going up to three months, the interference
pattern became clearly visible. It must be noted that the source was so weak
that the mean electromagnetic energy inside the experimental set-up was well
below one quantum of light. This led Dirac to say that "each photon then in-
terferes only with itself”. So light seemed to have a strange double character
which is usually labeled as its wave/particle duality.
In the 1920s, quantum mechanics was developed and led to a complete the-

ory of matter including energy levels and atomic collisions. It was then possi-
ble to make the complete and ab initio calculation of the behavior of an atom
interacting with a classical electric field. This so called semi classical theory
explained the energy transfers by units of hν corresponding to the separation
of energy levels as well as the momentum transfer in units of �k. The semi
classical theory could explain all the previous results (black body radiation,
photoeletric effect Compton effect) without referring to photons. So it seemed
that the concept of photon was not so necessary : for example, the previously
mentioned “observation” of the photon in the photomultiplier could also be
seen as the sudden “quantum jump” of the electron of the photocathode into a
continuum state induced by the classical incident wave.
In a parallel way, the ideas and methods of quantummechanics were applied

to the electromagnetic field. The electromagnetic field was shown to be quan-
tized with properties analogous to the harmonic oscillator. Thus the energy of
the field would grow in units of hν. However, in the absence of excitation, the
energy is non zero and given by Evacuum = hν

2 : even in vacuum, light has a
non zero energy! This means that even if the electromagnetic field is null on
average, its square is not. Through a quadratic Stark effect, vacuum can thus be
coupled to atoms. This effect, known as the Lamb shift, was predicted (Bethe,
1947) and verified experimentally on the hydrogen energy levels with great
precision as early as the 1950s (Lamb and Retherford, 1947). This experiment
showed that indeed a quantum description of light was necessary to account
for the detailed properties of the atomic levels including their lifetimes. How-
ever, all the experimental results in optics could be at that time explained using
classical fields interacting with quantum atoms.
There was thus the need for optical experiments showing the flaws of classi-

cal electrodynamics. An important difference between a wave and a particle is
with respect to a beam splitter : a wave can be split in two while a photon can
not. An intensity correlation measurement between the two output ports of the
beamsplitter is a good test as a wave would give a non zero correlation while
a particle would show no correlation, the particle going either in one arm or
the other. However, when one takes an attenuated source, such as the one used
by Taylor, it contains single photon pulses but also a (small) fraction of two
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photon pulses. These two photon pulses can give correlations and thus make
the experiment non conclusive.
To obtain single photon pulses, one can use the emission by a single dipole

as shown below in section 21.3.1. The experiment was performed in 1977
by Kimble, Dagenais and Mandel (Kimble et al., 1977). They showed that
single atoms from an atomic beam emitted light which, at small time scales,
exhibited a zero correlation function. This result can not be explained through
a semiclassical theory and requests a quantum description of light.
In 1986, Grangier et al. used an atomic cascade to produce a one photon

state. The atomic cascade produces two photons which can be separated us-
ing wavelength filtering. The presence of one photon indicates with very high
probability the presence of the second one. Thus by a trigger on one pho-
ton, one generates a true one photon state (not a mixture with a zero photon
state). When this state is sent in a Mach-Zehnder interferometer, ones obtains
interferences as the path difference is changed. One thus obtains interferences,
sensitive to the path difference between the two arms even in situations when
light has been shown to “follow” one and only one of these paths.
The previous experiments are a manifestation of the wave/particle duality of

light which manifests as a particle in some experiments (the correlation after
the beam splitter) and as a wave in others (the interferometer). But there exists
experiments where both “classical” descriptions fail : this is the case of the
experiment by Hong et al. (Hong et al., 1987). In this experiment, a non-
linear material is illuminated with a laser beam and generates pair of photons
which can be separated by a polarizing beamsplitter. The two photons are then
recombined on a standard beamsplitter. As the position of the beamsplitter is
varied, one expects for classical waves an interference pattern which is not seen
experimentally. Thus the crystal is not a source of classical light. Furthermore,
when the two path lengths are identical, one observes an absence of correlation
between the two output ports, meaning that the two photon always exit by the
same port, which is not predicted if one considers light as a classical particle.
All these experiments can be explained simply using quantum electrody-

namics. There has been to date no experiment to violate this theory. We will
now see what are its predictions in various cases.

3. Statistical properties of the electromagnetic field
As different sources are considered, the statistical properties of the emitted

field changes. A random variable x is usually characterized by its probability
density distribution function, P (x). This function allows for the definition of
the various statistical moments such as the average,

x̄ =

∫ +∞

−∞
xP (x)dx (1)
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or the variance,

∆x =

∫ +∞

−∞
(x − x̄)2P (x)dx (2)

Another indicator is also largely used for time varying statistical variables,
the autocorrelation function

f(t, τ) = 〈x(t)x(t + τ)〉 (3)

I will present here the properties of various sources when the random vari-
able considered is the field intensity. In this case, one has access to the mean
and variance via a simple photodetector. The autocorrelation function can be
interpreted as the probability of detecting one photon at time t + τ when one
photon has been detected at time t. The measurement is done using a pair of
photodetectors in a start stop arrangement (Kimble et al., 1977). The system
is usually considered stationary so that the autocorrelation function, which is
denoted g(2) depends only on τ and is defined by :

g(2)(τ) =
〈I(t)I(t + τ)〉√〈I(t)〉〈I(t + τ)〉 (4)

where 〈 〉 denotes a statistical average.
We provide here only a brief introduction to the statistical properties of the

electromagnetic field. The interested reader will find further reading in e.g
Mandel and Wolf (1995) and Scully and Zubairy (1997).

3.1 Single dipole
One considers here a single dipole (atom, ion, . . . ) emitting light via sponta-

neous emission between two energy levels. The atom is brought to the excited
state by a given pumping mechanism (collision, deexcitation from an upper
level . . . ). In this case, the mean intensity and the variance depend strongly
on the pumping rate. However, the intensity autocorrelation function exhibits
a striking feature. For τ going to zero, g(2)(τ) also goes to zero. This can be
easily explained : the dipole which emits a photon has to be reexcited by the
pumping mechanism to be able to emit a second photon. The time scale of
the emission is given by the linewidth of the transition, Γ. Thus between two
successive emissions, a typical time τ = Γ−1 elapses and it is not possible for
the source to emit simultaneously two photons.

3.2 Spontaneous emission by an incoherent ensemble of
dipoles

An incoherent ensemble of dipoles constitutes the usual source in astro-
physics (or earth). These dipoles interact weakly with each other so that no



356 OPTICS IN ASTROPHYSICS

phase relation exists between the waves emitted in different regions of the
source. When the medium is dilute, the probability for stimulated emission
is very small and spontaneous emission dominates. This kind of radiation is
called thermal or chaotic light. In this case, the probability density distribution
function in terms of photon numbers can be written

P (m) =
n̄m

(1 + n̄)1+m
(5)

where the average photon number n̄ depends on the pumping rate. The vari-
ance can be readily calculated

∆n2 = n̄2 + n̄ (6)

The characteristic property of the autocorrelation function was first demon-
strated experimentally by Hanbury Brown and Twiss (1956) using two radiote-
lescopes. As τ goes to zero, g(2)(τ) goes to two.

3.3 Laser field
A laser consists in a medium where stimulated emission dominates over

spontaneous emission placed inside an optical cavity which recycles the optical
field. Above threshold, the photon number probability density distribution is
poissonian, that means that the photon arrival time are a random variable. The
probability of obtainingm photons during a given time interval is thus

P (m) = e−n̄ n̄m

m!
(7)

The intensity obeys a gaussian statistics so that its variance is equal to the mean
intensity

∆n2 = n̄ (8)
Finally, the field autocorrelation function is constant equal to 1.

3.4 Fock state
A Fock state is a state containing a fixed number of photons,N . These states

are very hard to produce experimentally for N ≥ 2. Their photon number
probability density distribution P (m) is zero everywhere except for m = N ,
their variance is equal to zero since the intensity is perfectly determined. Fi-
nally, the field autocorrelation function is constant

g(2)(τ) = 1 − 1

n̄
(9)

The different behaviors for the field autocorrelation function are summa-
rized on Fig. 1.
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τ

g ( )(2) τ

Figure 1. g(2)(τ) for a single dipole (dashed line), thermal state (dash dotted line) and laser
field (continuous line).

4. Conclusion
We have shown in this chapter how some experiments made it necessary in

some cases to use a quantum description of light instead of the standard semi-
classical theory where only the atomic part is quantized. A brief description of
different fields in terms of their statistical properties was also given. This de-
scription makes it possible to discriminate between the different sources using
the intensity autocorrelation function g(2)(τ).
T. Coudreau is also at the Pôle Matériaux et Phénomènes Quantiques FR

CNRS 2437.
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Abstract The techniques of atom cooling combined with the atom interferometry make
possible the realization of very sensitive and accurate inertial sensors like gy-
roscopes or accelerometers. Below earth-base developments, the use of these
techniques in space, as proposed in the HYPER project (ass.stud), should pro-
vide extremely-high sensitivity for research in fundamental physics.

Keywords: atom interferometry, laser cooling, Raman transition

Introduction
Inertial sensors are useful devices in both science and industry. Higher pre-

cision sensors could find practical scientific applications in the areas of general
relativity (Chow et al., 1985), geodesy and geology. Important applications of
such devices occur also in the field of navigation, surveying and analysis of
earth structures. Matter-wave interferometry has recently shown its potential
to be an extremely sensitive probe for inertial forces (Clauser, 1988). First,
neutron interferometers have been used to measure the Earth rotation (Colella
et al., 1975) and the acceleration due to gravity (Werner et al., 1979) in the
end of the seventies. In 1991, atom interference techniques have been used in
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proof-of-principle work to measure rotations (Riehle et al., 1991) and accel-
erations (Kasevich and Chu, 1992). In the following years, many theoretical
and experimental works have been performed to investigate this new kind of
inertial sensors (Atom Interferometry, 1997). Some of the recent works have
shown very promising results leading to a sensitivity comparable to these of
other kinds of sensors, as well for rotation (Gustavson et al., 2000) as for ac-
celeration (Peters et al., 2001).

1. Inertial sensors based on atom interferometer: basic
principle

We present here a summary of recent work with light-pulse interferome-
ter based inertial sensors. We first outline the general principles of opera-
tion of light-pulse interferometers. This atomic interferometer (Bordé et al.,
1992; Bordé et al., 1989) uses two-photon velocity selective Raman transi-
tions (Kasevich et al., 1991), to manipulate atoms while keeping them in long-
lived ground states.

1.1 Principle of a light pulse matter-wave interferometer
Light-pulse interferometers work on the principle that, when an atom ab-

sorbs or emits a photon, momentum must be conserved between the atom and
the light field. Consequently, an atom which emits (absorbs) a photon of mo-
mentum �keff will receive a momentum impulse of δp = −�keff (+�keff ).
When a resonant traveling wave is used to excite the atom, the internal state of
the atom becomes correlated with its momentum: an atom in its ground state
|1〉 with momentum p (labelled |1, p〉 ) is coupled to an excited state |2〉 of
momentum p + �keff (labelled |2, p + �keff 〉) (Bordé et al., 1992). A precise
control of the light-pulse duration allows a complete transfer from one state
(for example |1, p〉) to the other (|2, p + �keff 〉) in the case of a π pulse and a
50/50 splitting between the two states in the case of a π/2 pulse (half the dura-
tion of a π pulse). This is analogous to, for example, a polarizing beam splitter
(PBS) in optics, where each output port of the PBS (i.e. the photon momen-
tum) is correlated to the laser polarization (i.e. the photon state). In the optical
case, a precise control of the input beam polarization allows for controlling the
balance between the output ports. In the case of atoms, a precise control of the
light-pulse duration plays the role of the polarization control.
We use a π/2 − π − π/2 pulse sequence to coherently divide, deflect and

finally recombine an atomic wavepacket. The first π/2 pulse excites an atom
initially in the |1, p〉 state into a coherent superposition of states |1, p〉 and
|2, p + �keff 〉. If state |2〉 is stable against spontaneous decay, the two parts
of the wavepacket will drift apart by a distance �kT/m in time T . Each
partial wavepacket is redirected by a π pulse which induces the transitions
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|1, p〉 → |2, p + �keff 〉 and |2, p + �keff 〉 → |1, p〉. After another interval
T the two partial wavepackets once again overlap. A final pulse causes the
two wavepackets to interfere. The interference is detected, for example, by
measuring the number of atoms in the |2〉 state. We obtain a large wavepacket
separation by using laser cooled atoms and velocity selective stimulated Ra-
man transitions (Kasevich et al., 1991). A very important point of these light
pulse interferometers is their intrinsic accuracy thanks to the knowledge of the
light frequency which defines the scaling factor of the interferometers.

1.2 Application to earth-based inertial sensors
Inertial forces manifest themselves by changing the relative phase of the de

Broglie matter waves with respect to the phase of the driving light field, which
is anchored to the local reference frame. The physical manifestation of the
phase shift is a change in the probability to find the atoms in, for example, the
state |2〉, after the interferometer pulse sequence as described above. A com-
plete analytic treatment of wave packet phase shifts in the case of acceleration,
gradient of acceleration and rotation together (Antoine and Bordé, 2003) can
be realized with a formalism similar to ABCD matrices in light optics.
If the three light pulses of the pulse sequence are only separated in time, and

not separated in space (i.e. if the velocity of the atoms is parallel to the laser
beams), the interferometer is in a gravimeter or accelerometer configuration.
In a uniformly accelerating frame with the atoms, the frequency of the driving

Figure 1. Principle of the atom-fountain-based gravimeter achieved in S. Chu group at Stan-
ford. The right figure shows a two days recording of the variation of gravity. The accuracy
enables to resolve ocean loading effects.



362 OPTICS IN ASTROPHYSICS

laser changes linearly with time at the rate of −keff .a. The phase shift arises
from the interaction between the light and the atoms (Atom Interferometry,
1997; Antoine and Bordé, 2003) and can be written:

∆φ = φ1(t1) − 2φ2(t2) + φ3(t3) (1)

where φi(ti) is the phase of light pulse i at time ti relative to the atoms. If the
laser beams are vertical, the gravitationally induced chirp can be written:

∆φ = −keff .gT 2 (2)

It should be noted that this phase shift does not depend on the atomic initial
velocity or on the mass of the particle. Recently, an atomic gravimeter with
accuracy comparable to the best corner cube has been achieved (Fig. 1, Pe-
ters et al., 2001). The main limitation of this kind of gravimeter on earth is
due to spurious acceleration from the reference platform. Measuring gravity
gradient may allow to overcome this problem. Indeed, using the same refer-
ence platform for two independent gravimeters enables to extract gravity fluc-
tuations. A such apparatus (McGuirk et al., 2002), using two gravimeters as
described above but sharing the same light pulses, has shown a sensitivity of
3.10−8s−2.Hz−1/2 and has a potential on earth up to 10−9s−2.Hz−1/2.
In the case of a space separation of the laser beams (i.e. if the atomic veloc-

ity is perpendicular to the direction of the laser beams), the interferometer is
in a Mach-Zehnder configuration. Then, the interferometer is also sensitive to
rotations, as in the Sagnac geometry (Sagnac, 1913) for light interferometers.
For a Sagnac loop enclosing area A, a rotation Ω produces a phase shift:

∆φSagnac =
4π

λvL
Ω.A (3)

where λ is the particle wavelength and vL its longitudinal velocity. The area
A of the interferometer depends on the distance between two pulses L and on
the recoil velocity VT = �k/m:

A = L2 VT

VL
(4)

Thanks to the use of massive particle, atomic interferometers can achieve a
very high sensitivity. An atomic gyroscope (Gustavson et al., 2000) using ther-
mal caesium atomic beams (vL ∼ 300m.s−1) and with an overall interferom-
eter length of 2m has demonstrated a sensitivity of 6.10−10rad.s−1.Hz−1/2.
The apparatus consists of a double interferometer using two counter-propagating
sources of atoms, sharing the same lasers. The use of the two signals enables
to discriminate between rotation and acceleration (Fig. 2).
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Figure 2. Diagram of the atomic Sagnac interferometer at Yale (Gustavson et al., 2000). In-
dividual signals from the outputs of the two interferometers (gray lines), and difference of the
two signals corresponding to a pure rotation signal (black line) versus rotation rate.

1.3 Cold atom gyroscope and application in space:
HYPER project

Atomic Sagnac interferometers should benefit from cold atomic sources in
two ways. First, reducing the velocity dispersion of the atomic sample (few
millimeters per second) enables to drastically reduce the longitudinal velocity
of the atoms vL (few cm.s−1) and enhances in the same way the enclosed area
and the sensitivity for a constant length. Second, the accuracy and the knowl-
edge of the scaling factor of this gyroscope depends directly of the longitudinal
velocity of the atoms and can be better controlled with cold atomic sources than
with thermal beams, as it has already been demonstrated with atomic clocks (
Marion et al., 2003). Presently first prototypes based on atomic fountains of
laser cooled atoms are under construction in a joint project of SYRTE and
IOTA in Paris (Yver-Leduc et al., 2003) as well as at the IQO in Hannover.
Laser cooling can efficiently reduce the velocity of the atoms but cannot cir-

cumvent the acceleration due to gravity. On the ground the 1-g gravity level
sets clear limitations to the ultimate sensitivities. The HYPER project (Hy-
per precision cold atom interferometry in space) will follow precisely this line
and will benefit from the space environment, which enables very long inter-
action time (few seconds) and low spurious vibrational level. The sensitivity
of the atomic interferometer can achieve few 10−12rad.s−1.Hz−1 to rotation
and 10−12g.Hz−1 to acceleration. This very sensitive and accurate apparatus
offers the possibility of different tests of fundamental physics (ass.stud). It
can realize tests of General Relativity by measuring the structure of the Lense-
Thirring effect (magnitude and sign) or testing the equivalence principle on
individual atoms. It can also be used to determine the fine structure constant
by measuring the ratio of Planck’s constant to the atomic mass.
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2. Measurement of the Lense-Thirring effect
The measurement of the Lense-Thirring effect is the first scientific goal of

the HYPER project (Fig. 3) and will be more detailed in this section. The
Lense-Thirring effect consists of a precession of a local reference frame (re-
alized by inertial gyroscopes) and a non-local one realized by pointing the
direction of fixed stars. This Lense-Thirring precession is given by:

ΩLT =
GI

c2

3(ω.r)r − ωr2

r5
(5)

The high sensitivity of atomic Sagnac interferometers to rotation rates will
enable HYPER to measure the modulation of the precession due to the Lense-
Thirring effect while the satellite orbits around the Earth. In a Sun-synchronous,
circular orbit at 700 km altitude, HYPER will detect how the direction of the
Earth’s drag varies over the course of the near-polar orbit as a function of the
latitudinal position θ:

(
Ωx

Ωy

)
∝ 3

2

(
sin(2θ)

cos(2θ) − 1
3

)
(6)

where ex and ey define the orbital plane with −→ey‖−→J the inertial momentum of
the Earth and θ ≡ arcos(r.ex).
HYPER carries two atomic Sagnac interferometers, each of them is sensitive

to rotations around one particular axis, and a telescope used as highly sensi-
tive star-tracker (10−9 rad in the 0.3 to 3 Hz bandwidth). The two units will
measure the vector components of the gravitomagnetic rotation rate along the
two axes perpendicular to the telescope pointing direction which is directed
to a guide star. The drag variation written above describes the situation for
a telescope pointing in the direction perpendicular to the orbital plane of the
satellite. The orbit, however, changes its orientation over the course of a year
which has to be compensated by a rotation of the satellite to track continu-
ously the guide star. Consequently the pointing of the telescope is not always
directed parallel to the normal of the orbital plane. According to the equation,
the rotation rate signal will oscillate at twice the frequency of the satellites
revolution around the Earth. The modulated signals have the same amplitude
(3.75x10−14 rad.s−1) on the two axes but are in quadrature. The resolution
of the atomic Sagnac units (ASU) is about 3.10−12 rad.s−1 for a drift time of
about 3s. Repeating this measurement every 3 seconds, each ASU will reach
after one orbit of 90 minutes the level of 7.10−14 rad.s−1, in the course of one
year the level of 2.10−15 rad.s−1, i.e. a tenth of the expected effect.
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Figure 3. Diagram of the measurement of the Lense-Thirring effect. The black lines visualize
the vector field of the Earth’s drag ΩLT . The sensitive axes of the two ASUs are perpendicular
to the pointing of the telescope. The direction of the Earth’s drag varies over the course of the
orbit showing the same structure as the field of a magnetic dipole. Due to this formal similarity
the Lense-Thirring effect is also called gravitomagnetic effect. The modulation of the rotation
rate ΩLT due to Earth’s gravitomagnetism as sensed by the two orthogonal ASUs in the orbit
around the Earth appears at twice the orbit frequency.

3. Summary
Previous experiments measuring the gravitational acceleration of Earth and

its gradient or rotations have been demonstrated to be very promising. Sen-
sitivities better than 1 nrad.s−1.Hz−1/2 for rotation measurements and 4.10−9

g.Hz−1/2 for a gravity measurement have already been obtained. The sensi-
tivity of matter-wave interferometers for rotations and accelerations increases
with the measurement time and can therefore be dramatically enhanced by
reducing the atomic velocity. Moreover, the use of optical transitions to ma-
nipulate the atomic wave packets enables an intrinsic knowledge of the scaling
factor of these inertial sensors, which is directly linked to the frequency of the
transition. Therefore, combining cold atomic sources and Raman transition
based atomic interferometers results in high sensitive and high accurate iner-
tial sensors. Going to space will enhance the benefit of cold atoms by increas-
ing the interaction time and opens up entirely new possibilities for research in
fundamental physics or for inertial navigation with unprecedented precision.
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Abstract We compare homo-or heterodyne power and phase detection to the photon count-
ing detection. The noise equivalent power of such a detector is equal to that of a
quantum limited photon counter. We show that interferometry between remote
sites can be processed by exchanging classical information. This process is well
known in radio astronomy and could apply to the optical domain. However,
vacuum fluctuation is a strong source of noise at high photon energy and limits
the performance of a non quantum interferometer compared to a conventional
optical interferometer.

Keywords: coherent detection, incoherent source, thermal emission, Shottky noise, photon
counting, vacuum fluctuation, photon bunching, intensity interferometer, phase
interferometer, Hanbury Brown-Twiss

1. Introduction
For a radio astronomer, a star is a source of noise; this noise can be de-

tected and correlated from antenna to antenna in order to position precisely the
source. For optical observer, the star is a source of photons, the unique pho-
ton goes through a variety of optical paths and materialize on the focal plane
detector.
It is clear that the nature of the electromagnetic phenomena is the same for

optics and radio wave, the only experimental differences being that radiowave
photons are far below the spectral density of noise of actual detectors and that
the temperature of the source is such that each mode is statistically populated
by many photons in the radio wave domain whereas the probability of presence
of photons is very small in the optical domain.
Optical specialists used to distinguish between coherent and non coherent

waves because of the very large bandwidth of optical domain. However as
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electronic components are becoming faster, there is a growing domain of over-
lap between optical and electronic bandwidth. As a matter of example, the
modulation sideband of optical fiber components fills a significant part of infra
red spectrum.
We investigate here whether coherent detection of optical waves issued from

celestrial sources can be processed in a way similar to radio astronomy (Fig.
1).

2. Heterodyne detection of optical wave
A radio wave detector is composed of :

an antenna preamplifier

a frequency shifter composed of local oscillator and multiplier

an intermediate frequency amplifier (Fig. 1).

Figure 1. Radiowave detector and Optical coherent detection.

In optical domain, preamplifier is no more an utopia and is in actual use
in fiber communication. However quantum physics prohibits the noiseless
cloning of photons: an amplifier must have a spectral density of noise greater
than 1 photon/spatial mode ( a "spatial mode" corresponds to a geometrical ex-
tent of λ2/4). Most likely, an optical heterodyne detector will be limited by the
photon noise of the local oscillator and optical preamplifier will not increase
the detectivity of the system.
Optical parametric oscillator (OPO, see 20) is the real equivalent to the radio

frequency shifter; however OPO can be replaced by a simple addition of a local
oscillator (e.g. laser) through a beam splitter. Multiplication takes place at
the level of detectors. For sake of symmetry, detectors can be placed at both
output of the beam splitter, the intermediate frequency is then the output of the
differential amplifier.
The main source of noise of such a heterodyne detector is the photon noise

that takes place at the splitting of the local oscillator. Quantum physicists see
this noise as originating from vacuum fluctuation on the input arm. This gives
directly the spectral density of noise at input: hν/2.
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3. Use of heterodyne as a power detector
In term of quantum physics, the heterodyning of the signal is an amplitude

and phase detector (Fig. 2). This raises a paradox similar to the EPR paradox.
Because of the duality of particle and wave, detecting the electric field requires
that no photon has ever been transmitted from the source to the detector (even
if emission took place years ago!) and that the source shall be considered
as an electromagnetic field emitter. The main practical consequence is that
each sample of heterodyne signal is receiving signal and noise whereas photon
detectors receive a stochastic sequence of noiseless events (photon or nil).

Figure 2. Mixing of a Laser oscillator with a spread spectrum Optical source

The electronic output signal is the sum of the photon noise of local oscilla-
tor (laser) and the modulation due to interference of the source with the local
oscillator:

Photon noise is stochastic phenomena and has a white spectrum over the
electronic frequency domain.

Interference corresponds to frequency shift of the optical spectrum to-
wards the electronic frequency domain.

A noise power equivalent to one photon generates an interference signal
which has an amplitude equals to twice the rms photon noise of the source.
But as only the in-phase components of the source generates an interference
with the local oscillator, the result is that the spectral Noise Equivalent Power
of the heterodyne receiver is hν.
Finally, although heterodyne receiver is basically an amplitude-phase detec-

tor, its detectivity as a power receiver is similar to a quantum limited detector:
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The advantages of this type of detector are that even a noisy photodi-
ode can easily be turned into a quantum limited detector and that the
spectrum of the source can be analyzed precisely.

The disadvantage is that the optical bandwidth that can be detected is
equal to the output electronic bandwidth. As communication compo-
nents are growing faster, this disadvantage tends to disappear.

4. Use of heterodyne as a phase detector
Since a heterodyne receiver is an amplitude and phase detector, it could

nicely be used to correlate optical signals received at various remote sites. The
local oscillator can be a single laser distributed by optical fiber to the various
sites or local lasers that can be synchronized "a posteriori" by reference to a
common source (e.g. a bright star).
Heterodyne is a very efficient tool for detecting the phase of a "coherent"

signal i.e. a signal which has a stable phase relation to the local oscillator. The
detector is only limited by the quantum fluctuation of vacuum. This property
is common use in coherent lidar. Satellite to satellite optical communications
using laser as a local oscillator are under development (Fig. 3).
It is conceivable to detect amplitude and phase emitted by a celestial object

at various observation sites and to correlate the results in order to create a huge
interferometer (Fig. 3). Because laser can be very stable, the phase reference
between lasers can be extracted at low data rate for example from the corre-
lation of the interference signal of each laser with a high magnitude star. The
main difference with communication case above is that the absolute phase of
the thermal emission is meaningless; only the phase correlation from site to
site can be exploited. Emission of thermal source is governed by the Planck’
law. This law states that the probability of photon population of a mode is :

p = 1/(exp(hν/kT − 1)) (1)
A mode is defined by its polarization, a geometrical extent equal to λ2/4

and time-bandwidth equal to unity. The population of mode is ≈1% near the
emission peak:

λT = 3000µm.K (2)
In astronomical observation, the probability of population is much smaller

because the angular size of the thermal source is much smaller than the Airy
spot of the instrument. Therefore we will consider the correlation of signals
which are much smaller than the noise. Let us normalize the pump to unity.
Each output gives a signal:

s1 =
√

p × cos(φ + σ1) s2 =
√

p × cos(φ + σ2) (3)
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Figure 3. Detection of thermal source through multiple point heterodyne

where p is the population of a mode φ is the random phase of the thermal
emission and σ1 − σ2 is the optical path difference between two sites. The
only useful information on optical path is given by the correlation of the two
outputs:

S = s1 × s2 = p × cos(σ1 − σ2) (4)

The noise power is normalized to unity; one needs N ≈ 1/p2samples to
obtain a signal equal to the noise

5. Exploitation of heterodyne interferences
Interference between remote sites can be processed digitally by correlating

the output patterns of individual heterodyne sensors. The processing is a very
simple "exclusive OR" gate and can run at teraoperations per second. The
technological bottle neck is more in storing and transmitting the signals as it is
today the case in radioastronomy.
A remarkable properties of very noisy channel with Gaussian noise distri-

bution is that the channel capacity can be increased by discarding samples in
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the center of the distribution. This can be explained by computing the error
rate when receiving a sample of value "a" issued from a modulation "±ε”:

P + /P− = erfc((a − ε)/σ)/erfc((a + ε)/σ) (5)

Figure 4. Channel capacity of noisy channel with discarded samples (S/N = 0.01)

This function is decreasing towards zero. This brings the surprising result
that for higher realization of the noise sample, error rate is lower. Correlating
samples with high deviation from the 50/50 power division at the output of
the optical beamsplitters could give interference data without overcharging the
information link (Fig. 4).

6. Conclusion
The beating of a faint source with a high power coherent source is a well

known process to detect its phase and amplitude. The same detection equip-
ment allows the evaluation of the power of the source with theoretical limits
similar to a noiseless photon counter. Such detection apparatus are limited
by the bandwidth of the electronic component; as this bandwidth is rapidly
increasing, this may be a competitive solution for quantum limited detection
in the far infra red. The phase of a thermal source is an useless information;
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only the phase relation through two or more optical paths is of interest to the
observer.
In conventional interferometry, the photon who materializes in the focal

plane gives an information on the path difference between two branches of
the interferometer. Every student in quantum physics has learned that the ob-
server who detects in which branch the photon is passed has destroyed the
interference pattern and can have no knowledge on path difference. However,
radioastronomers who are working at multiphoton level do translate the elec-
tromagnetic phenomena into a classical observation and obtain a path relation
between various observation sites. Optical heterodyne detectors obey to the
same rule and can bring an interferometric information even while proceeding
classical measurement. The cost of looking inside the branches of the interfer-
ometer is that information is proportional to the square of the received optical
power. A naïve interpretation of quantum physics is that signal can only be
measured when photons are bunched together and can be detected on both
branches.
Since the absolute phase of the faint object is an useless information, the

spectral quality of the local oscillator is not required. A star can be used as
a local oscillator searching for interference with the faint glow of one of its
planet. The observation sites must be within the coherence distance of the
star while beating fringes between star and planet may be hundred to thousand
times smaller. Each observation site cannot resolve the two objects; there-
fore only one output of the heterodyne beamsplitter can be exploited. This
experiment is clearly the Hanbury Brown -Twiss. In the original experiment,
bunching was observed within the coherence domain of a "round" star. More
complex objects generate "bunching interferences" that could allow to estimate
their shape even in presence of atmospheric perturbation.
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Abstract Wavefront sensing for adaptive optics is addressed. The most popular wavefront
sensors are described. Restoring the wavefront is an inverse problem, of which
the bases are explained. An estimator of the slope of the wavefront is the im-
age centroid. The Cramèr-Rao lower bound is evaluated for several probability
distribution function
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1. Introduction
For what is an apparently straightforward problem, wavefront sensing has

produced a large number of apparently quite different solutions (for example
the Shack-Hartmann (Lane and Tallon, 1992), curvature (Roddier, 1988) and
pyramid (Ragazzoni, 1996) sensors). Underlying this diversity is the problem
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that phase distortions at optical frequencies cannot be measured directly, and
their effects on intensity are non-linearly related to the wavefront distortion. A
typical wavefront sensor manipulates the wavefront to produce intensity fluc-
tuations that can be linearly related to the wavefront. The resulting linear equa-
tions are then solved to estimate the wavefront.
In order to accurately estimate the wavefront a number of properties are

desirable in a wavefront sensor (Marcos, 2002). These are:

Linearity: A linear relationship should exist between the wavefront and
the wavefront sensing data. This ensures a unique easily obtainable so-
lution.
Broadband: The wavefront sensor should be able to operate across a
wide range of wavelengths. Often light is limited and it is important to
use every available photon to minimize the noise.
Sensitivity: The wavefront sensing measurements need to be sensitive to
changes in the wavefront. Clearly we want to make the best possible use
of the available light.

Rather than attempting to focus on all aspects of wavefront sensing in this
chapter we will focus on the problem of estimating parameters from the mea-
surements. This is a problem that underlies all wavefront sensors, and indeed
most instruments.
The wavefront is represented over a finite region, usually the instrument

aperture, as a sum of basis functions, Ψ(u, v). There is some flexibility in how
we choose these functions, but essentially they should be chosen so that we
can represent an arbitrary wavefront distortion, φ(u, v), by

φ(u, v) =

∞∑
i=1

aiΨi(u, v) (1)

where ai is the weight of the ith basis function.
For a circular aperture a typical set of basis functions are the Zernike poly-

nomials (Noll, 1976), but for other geometries alternative basis functions may
be more appropriate. The objective of most wavefront sensors is to produce a
set of measurements, m, that can be related to the wavefront by a set of linear
equations

m = Θa (2)

where Θ is the interaction matrix (Lane and Tallon, 1992) which maps the
slope (or curvature) measurements to the weights of the bases.
The first problem of wavefront sensing should now be readily apparent. In

practice we always have a finite number of measurements m, but the number
of unknown parameters we need to estimate, a, is infinite. This problem is not
unique to wavefront sensing, but typical of a general class of problem known as
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inverse problems. The techniques to solve this problem, discussed in Section
24.2, are common to most wavefront sensors.
The second problem is how we can obtain a linear relationship between the

coefficients describing the wavefront and our measurements. It is how this lin-
ear relationship is obtained that differentiates, for example, a Shack-Hartmann
and a curvature sensor. In all wavefront sensors to transform a wavefront aber-
ration into a measurable intensity fluctuation it is necessary to propagate the
wavefront. As a first approximation this propagation is described by geometric
optics, and we discuss the linear relationship between the wavefront slope and
the image displacement in Section 24.3.
One of the major questions that should always be asked of any estima-

tion technique is whether is is optimal. This problem can be addressed using
Cramèr-Rao bounds and we illustrate this in Section 24.4. We conclude this
chapter in Section 24.5 with the application of these statistical techniques to
the Shack-Hartmann and curvature sensors.

2. Solving the inverse problem
The problem we face is that we have to estimate a wavefront, which has an

infinite number of degrees of freedom, from a finite number of measurements.
At first this may seem impossible, but in reality an infinite range of possible
solutions describes most practical situations, not just wavefront sensing. The
key to solving the problem is that we need to make an assumption about the
relative likelihood of the solutions. As an example of how this is done, consider
a wavefront sensor which makes a single measurement that is sensitive to only
two basis functions.
Since we have only one measurement, a conventional approach would be

to estimate the coefficient of only one basis function. In this case the two
factors that decide which basis function should be chosen are how sensitive
the measurement is to each basis function and a priori how likely each basis
function is.
In order to put this in the context of wavefront sensing consider estimat-

ing a wavefront aberration that we know to consist of the sum of a tilt and a
coma, from the image taken at the focal plane. Section 24.3 shows that the
displacement of the image is a linear function of the weightings, a2 and a7, of
the tilt, Ψ2, and coma, Ψ7, terms respectively. Assuming the variance of the
tilt and coma are related as in a Kolmogorov turbulence model (see Ch. 1),
the expected variance of the tilt over a circular aperture, 0.455(D/r0)

5/3, is
much greater than the expected variance of the coma, 0.0064(D/r0)

5/3 (Noll,
1976). This suggests that if we are going to estimate only a single coefficient
we should estimate the tilt alone. However, by doing this we effectively as-
sume that the coefficient of the coma term is zero. In practice it is unusual for
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the coma to be identically zero and it is in fact negatively correlated with the
tilt (Noll, 1976).
A more general approach to finding a solution than simply assuming some

coefficients are zero is provided by a Bayesian approach. Since the displace-
ment d is a linear function of two unknowns, a2 and a7, we can write

d = ξa2 + ηa7 + n (3)

where n is an additive noise term.
We now assume that our estimates of the two unknown modes, â2 and â7,

are linear functions of the displacement, d,

â2 = αd

â7 = βd. (4)

Our objective is to minimize the expected error, E, between the true coeffi-
cients and our estimates.

E =

〈
(a2 − â2)

2 + (a7 − â7)
2

〉
(5)

where 〈·〉 denotes the ensemble average. This cannot be done directly from
Eq. 5 as a2 and a7 are unknown. However, if we substitute Eq.’s 3 and 4
into Eq. 5, and make the reasonable assumption that the measurement noise is
uncorrelated with both â2 and â7, such that 〈a2n〉 and 〈a7n〉 are both equal to
0, we obtain,

E =

〈
(a2 − α(ξa2 + ηa7 + n))2 + (y − β(ξa2 + ηa7 + n))2

〉

=

〈
a2

2

〉
(1 − 2αξ + α2ξ2 + β2ξ2) +

〈
a2

7

〉
(1 − 2βη + α2η2 + β2η2) +

〈
a2a7

〉
(−2αη − 2βξ + 2α2ξη + 2β2ξη) +

〈
n2

〉
(α2 + β2). (6)

The error is a function of the covariance of the two unknown parameters, a2

and a7, and the noise, n. The minimization of the error in Eq. 6 provides a
mechanism for simultaneously estimating both a2 and a7.
The key point is that the underdetermined system of linear equations is ren-

dered soluble by an assumption of the prior probabilities of the unknown coef-
ficients. It is important to realize that truncating the number of modes creates
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an implicit assumption on the prior probabilities of the unknown modes; we
assume the higher order modes are zero.
Statistically speaking we are seeking the most likely set of basis coefficients

given our observed data. Mathematically this can be written as,
max
â {Pr{â|m}} (7)

where Pr and | denote probability and conditional probability respectively.
Pr{â|m} is difficult to express directly but is rendered more tractable by the
use of Bayes theorem,

Pr{â|m} =
Pr{m|â}Pr{â}

Pr{m} . (8)

This approach is equivalent to the maximum a posteriori (MAP) approach
derived by Wallner (Wallner, 1983). The position of the maximum is un-
changed by a monotonic transformation and hence further simplification can
be achieved by taking the logarithm of Eq. 8

log[Pr{â|m}] = log[Pr{m|â}] + log[Pr{â}] − log[Pr{m}]. (9)

It is worthwhile to consider each of these terms in turn. The term log[Pr{m|â}]
represents how likely it would be to observe our given measurements if the pa-
rameters were equal to a. We can compute this by using

m̂ = Θâ (10)

to estimate the measurements that we would have expected from our current
wavefront estimate. The difference, m̂−m, is then an estimate of the noise, n̂.
Assuming the noise is a zero mean Gaussian random variable we can estimate
log[Pr{m|â}] by

Pr{m|â} = exp

[
− 1

2
n̂T N−1n̂

]

= exp

[
− 1

2
(m̂ − m)T N−1(m̂ − m)

]
(11)

where N = 〈nnT 〉 is the expected noise covariance.
The log[Pr{m}] term of Eq. 9 can be discarded since it is not a function of

â, the variable we are maximizing. Put simply, however improbable our data it
remains what we have measured.
The term Pr{â} is the key to solving an underdetermined system of equa-

tions. Given two possible solutions which would produce exactly the same
measurements, we use Pr{â} to select the most likely. In the case of a wave-
front aberration caused by atmospheric turbulence the estimated coefficients,
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â, are also zero mean Gaussian random variables so their probability distribu-
tion is given by:

Pr{â} = exp

[
− 1

2
âT C−1â

]
. (12)

Here C = 〈aaT 〉 is the covariance of the basis functions used to model the
turbulence. Covariance matrices are positive semi-definite by definition which
implies âT C−1â > 0, and thus a defined maximum of Pr{â} exists.
Using Eq.’s 11 and 12 in Eq. 9 yields

log[Pr{â|m}] = −1

2

(
âC−1â + (m̂ − m)T N−1(m̂ − m)

)
. (13)

Substituting Eq. 10 for m̂ into Eq. 13 gives

log[Pr{â|m}] = −1

2

(
âC−1â + (Θâ − m)T N−1(Θâ − m)

)
. (14)

Equating the partial derivative of Eq. 14 with respect to â to zero

∂log[Pr{â|m}]
∂â

= âT C−1 + âT ΘT N−1Θ − ΘT N−1m = 0 (15)

defines the reconstructor, Ω, which maximize the probability,

â = (C−1 + ΘT N−1Θ)−1ΘT N−1m (16)
= Ωm.

As expected the optimal estimator is indeed a function of both the covariance
of the atmospheric turbulence and the measurement noise. A matrix identity
can be used to derive an equivalent form of Eq. 16 (Law and Lane, 1996)

Ω = CΘT (ΘCΘT + N)−1. (17)

The term inverted in Eq. 17 is the covariance of the measurements and conse-
quently directly measurable,

〈mmT 〉 = ΘCΘT + N. (18)

If we consider the relative merits of the two forms of the optimal reconstructor,
Eq.’s 16 and 17, we note that both require a matrix inversion. Computation-
ally, the size of the matrix inversion is important. Eq. 16 inverts an M × M
(measurements) matrix and Eq. 17 a P × P (parameters) matrix. In a tradi-
tional least squares system there are fewer parameters estimated than there are
measurements, ie M > P , indicating Eq. 16 should be used. In a Bayesian
framework we are trying to reconstruct more modes than we have measure-
ments, ie P > M , so Eq. 17 is more convenient.
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The relationship between the noise and atmospheric covariances is also evi-
dent in Eq. 17. If the noise on the measurements is large theN term dominates
the inverse which means only the large eigenvalues of C contribute to the in-
verse. Consequently only the low order modes are compensated and a smooth
reconstruction results. When the data is very noisy then Ω and hence â tend
to zero. If the data is very noisy, then no estimate of the basis coefficients is
made.
If in the ideal case the noise on the measurements is zero, such that N =

0, then the measurements are explained exactly and the basis coefficients are
assigned by their relative probability, which is determined by C.
If we decide to only estimate a finite number of basis modes we implicitly

assume the coefficients of all the other modes are zero and that the covariance
of the modes estimated is very large. Thus ΘN−1Θ becomes large relative to
C−1 and in this case Eq. 16 simplifies to a weighted least squares formula

Ω = (ΘT N−1Θ)−1ΘT N−1. (19)

Here the information on the relative probability of the basis coefficients con-
tained in C is lost.
An advantage of this approach is that we are now able to predict the form of

the residual error by substituting Eq. 16 into the general form of Eq. 5,

E =

〈
(a − Ωm)(a − Ωm)T

〉
. (20)

Then by further substituting Θa + n form we obtain,

E =

〈(
(I − ΩΘ)a − Θn

)(
(I − ΩΘ)a − Θn

)〉
(21)

where I is the identity matrix. If Eq. 21 is expanded and the noise and the
signal are assumed to be uncorrelated then the residual error simplifies to,

E =

〈
(I − ΩΘ)C(I − ΩΘ)T + ΩNΩT

〉
. (22)

A numerical value for the residual error can be obtained by taking the trace of
each matrix in Eq. 22. Thus provided the statistics of the noise and turbulence
are known, then the error in the reconstruction can be predicted.

2.1 Estimation example
Finally, we return to our example of a two mode turbulence, tilt and coma,

with a single measurement of the centroid displacement, d. We assume, for
simplicity, that there is no noise on the measurements, hence N = 0. If we as-
sume atmospheric turbulence of severityD/r0=4, then from Noll (Noll, 1976)
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we can calculate the covariance of the Zernikes,

C =

[
4.61 −0.15
−0.15 0.064

]
(23)

and the interaction matrix from (Primot et al., 1990) as Θ =
[

4 4.9
]
. If we

then substitute these matrices into Eq. 17,
(

a2

a7

)
= CΘT (ΘCΘT )−1d (24)

=

[
4.61 −0.15
−0.15 0.064

] [
4

4.9

]

([
4 4.9

] [ 4.61 −0.15
−0.15 0.064

] [
4

4.9

])−1

d

=

(
0.2551
−0.0041

)
d

we obtain the desired result of two modes being estimated from a single mea-
surement. Note that as expected the reconstructed coefficient of tilt is much
greater than that of the coma but the coma estimate is non-zero. If we now as-
sume there is noise on the measurements we see in Fig. 1 that as N increases
the reconstructed coefficient of a2 tends to zero as expected. The coefficient of
coma, a7, decreases at the same rate as that of a2. It is worth noting that due
to the log scale on the abscissa of Fig. 1, the solution is not unduly sensitive to
the exact value of the noise covariance, N .

100 101 102 103 104 1050.00

0.05

0.10

0.15

0.20

0.25

N

a 2

Figure 1. The coefficient of tilt, a2, with increasing noise covariance, N .
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3. Obtaining linear measurements from a wavefront
Essentially our only tool for transforming a wavefront aberration into a mea-

surable quantity is propagating the wavefront and observing the light intensity.
This relationship between the aberrations in the wavefront at the aperture and
the expected image at the detector can be modeled using Fourier analysis. We
begin by defining the complex field in the aperture,

U0(x) = A(x) exp[iφ(x)], (25)

where A(x) is the amplitude and φ(x) the phase of the wave. The Cartesian
coordinates are given by x = (x, y) in the aperture plane and ξ = (ξ, η) in the
measurement plane.
For a given wavelength λ we can calculate the complex field at the mea-

surement plane located a distance z away by the Fresnel diffraction formula (
Goodman, 1996)

U1(ξ) = 1/iλz exp [i2πz/λ] exp
[
iπ/λzξ2

] ∫ ∞

−∞
U0(x) exp

[
iπ/λzx2

]

exp [−i2π/λzx · ξ] dx. (26)

The intensity of the wave I(ξ) is what can be measured at the detector

I(ξ) =

∣∣∣∣1/λz

∫ ∞

−∞
U0(x) exp

[
iπ/λzx2

]
exp [−i2π/λzx · ξ] dx

∣∣∣∣
2

. (27)

It is the shape of this distribution which imposes limits on the ability to estimate
the wavefront. In the special case where the measurement plane is in fact at
the focal plane, the relationship between the aperture and measurement plane
simplifies to

I(ξ) = 1/λ2f2

∣∣∣∣
∫ ∞

−∞

∫ ∞

−∞
A(x) exp[iφ(x)] exp[−i2π/λfx · ξ]dx

∣∣∣∣
2

, (28)

where f is the focal length of the lens or mirror. Defining u = (u, v) =
(ξ, η)/(λf), the complex amplitudes at the aperture and the image plane form
a Fourier transform pair.
Unfortunately, there is not a linear relationship between the light intensity

in the measurement plane and the wavefront. This is shown in Fig. 2 which
shows the intensities measured at the focal plane for a wavefront equal to pure
tilt and coma terms individually. It is apparent that scaling the wavefront by
α (in this case 5) does not result in a linear increase in the measured intensity
by a factor α. The key difference between existing existing wavefront sensors
such as the Shack-Hartmann, curvature and pyramid sensors is how they trans-
form the measured intensity data to produce a linear relationship between the
measurements and the wavefront.
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3.1 The effect of slope on the image
The simplest linear relationship is between the displacement of an image

and the mean slope. If the LMS angle of arrival of the wavefront is θ =
(θx, θy), then the phase can be written as φ(x) = φ̃(x) + (2π/λ)θ · x, where
φ̃(x) is the zero LMS slope phase. Setting Ũ0(x) = A(x) exp[iφ̃(x)] leads to
U0(x) = Ũ0(x) exp[i(2π/λ)θ ·x]. The corresponding intensity at the detector
is

|I(ξ)|2 =

∣∣∣∣1/λz

∫ ∞

−∞
Ũ0(x) exp[iπ/λzx2] exp[−i2π/λzx · (ξ − θz)]dx

∣∣∣∣
2

.

(29)
By comparison with Eq. 27, this shows that the effect of the wavefront slope
is to displace the image by

∆ξ = θz, (30)

as shown in Fig. 3.
The effect of overall slope on the wavefront can be removed by re-centering

the speckle image, and in most adaptive optics systems this is performed by a
planar tip/tilt mirror (Roddier and Roddier, 1993).

Figure 2. (a) The tilt phase screen, (b) the resulting intensity distribution in the measurement
plane from the tilt screen, (c) the resulting intensity distribution from the tilt screen scaled by 5,
(d) the coma phase screen, (e) the resulting intensity distribution from the coma screen, and (f)
the resulting intensity distribution from the coma screen scaled by 5.
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Figure 3. Least mean-square slope of a wavefront.

3.2 Estimating image displacement
Although it is apparent that the displacement of an image is related to the

mean slope of the wavefront, there remains the task of estimating this dis-
placement. The received intensity I(ξ, η) ultimately determines how well a
displacement can be estimated.
The intensity I(ξ, η) is open to a number of different interpretations, but one

of the most useful for analysis is that when I(ξ, η) is normalized to 1, it can be
thought of as a probability distribution function (pdf), h(ξ, η), for the arrival
location of a single photon. This interpretation enables statistical estimation
techniques to be applied.
As an example, consider a planar wavefront from an incoherent source pass-

ing through an aberration-free circular lens. When the image is diffraction-
limited, an Airy disc pattern is observed (Goodman, 1996). For an aperture of
radius 1/(2π) the pdf for photon arrival is given by

h(ρ) =
J1(ρ)2

πγρ2
, (31)

where ρ =
√

u2 + v2 is the radial distance from the centre of the image and
J1(ρ) is a Bessel function of order one of the first kind. The normalization
constant γ = 4

3π2 ensures that
∫∞
0 h(ρ)dρ = 1. To determine the location of

the centre of the pdf from a speckle image, the centroid estimator is usually
used (Roggemann and Welsh, 1996). In Sect. 24.3.4, it is shown that the
centroid is an optimal estimator for a Gaussian PSF but not for an Airy disc.

3.3 Maximum-likelihood estimator
In order to discuss how we can use statistical methods to estimate the errors

in measuring the displacement we use the notation h(u|a). This is the condi-
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tional probability of photon arrival given the displacement a. In this case the
parameter we are estimating is the displacement hence the conditional proba-
bility h(u|a) is equal to h(u − a).
Again an approach that chooses the displacement a to maximize the prob-

ability of obtaining the received data appears reasonable. This is illustrated
in Fig. 4, where the two possible locations of the positioning of the pdf in
Fig. 4(a) is clearly more consistent with the observed data than Fig. 4(b). Let
us assume an ideal detector, one with a large number of pixels and with the
only noise resulting from the discrete nature of photons. The probability of D
photons in a pixel is given by

P (D) =
λD exp[−λ]

D!
(32)

where λ is the mean number of expected photons. If we assume that the pixels
are very finely sampled, then λ → 0, and we measure the presence of single
photon locations ui with a probability,

P (1) = λ exp[−λ] ≈ λ. (33)

If we further assume the pdf is Gaussian with variance σ2,

h(u) =
1

2πσ2
exp[−u2/2σ2], (34)

the likelihood of detecting R photons at positions given by ui is equal to,
R−1∏
i=0

h(ui|a) =
R−1∏
i=0

1/2πσ2 exp

[−(ui − âu)2 − (vi − âv)
2

2σ2

]
. (35)

Taking the natural logarithm of Eq. 35 yields
R−1∑
i=0

lnh(ui|a) = R ln 1/2πσ2 −
R−1∑
i=0

[
(ui − âu)2 + (vi − âv)

2

2σ2

]
. (36)

(a) (b)

Figure 4. The estimation of the pdf from the observed data where (a) the pdf is consistent with
the data, and (b) the pdf is inconsistent with the data.
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Differentiating with respect to au and equating to zero to find the maximum
gives

1/σ2
R−1∑
i=0

(ui − âu) = 0, (37)

which holds if âu = 1/R
∑R−1

i=0 ui. Similarly, âv = 1/R
∑R−1

i=0 vi. This
is the conventional centroid estimator and its great convenience is its simple
computational form. As a consequence it is widely used, regardless of whether
the underlying pdf is Gaussian.

3.4 Variance of the estimator
Although it sounds reasonable to use the maximum likelihood to define our

estimate of the displacement, there are two questions that remain. Firstly, what
is the variance of the error associated with this estimate? This definesN which
was used in Eq. 22 to determine the error in the wavefront reconstruction.
Secondly, is it possible to do better than the centroid? In other words is it
optimal?
In practice the pdf of the image is sampled using a CCD array with finite

pixels. Using∆ to denote the pixel width and δ to describe the offset from the
origin to the first pixel the centroid can be computed from

âu =

∑
i

∑
j(i∆ − δ)h̃(i∆, j∆)∑
i

∑
j h̃(i∆, j∆)

(38)

where h̃ is used to denote the actual measured intensity. The variance of this
estimate depends strongly on the type of noise that predominates in the CCD.
If it is read noise then each pixel can be modeled as having a noise variance
equal to η2. The overall noise variance is equal to,

E

[
(âu − au)2

]
= η2

∑
i

∑
j

(i∆ − δ)2 (39)

This variance grows without bound with the size of the CCD and dictates that
the smallest practical number of pixels should be used. A 2×2 array (or quad-
cell) with δ = 1

2 , is thus the configuration that dominates many existing slope
sensors (Tyler and Fried, 1982).
In future improvements in technology may mean that that read noise no

longer is the dominant noise source, and Poisson noise arising from the quan-
tum nature of light is in fact the limiting factor. In this case the variance of the
centroid noise is equal to,

E

[
(âu − au)2

]
=

1

R

∑
i

∑
j

(i∆ − δ)2h(i∆, j∆) (40)



388 OPTICS IN ASTROPHYSICS

which can be approximated by a continuous integral

E

[
(âu − au)2

]
=

1

R

∫ ∞

−∞

∫ ∞

−∞
(âu − au)2h(u|a)dudv. (41)

For the Gaussian pdf in Eq. 34
∫ ∞

−∞

∫ ∞

−∞

u2

2πσ2
exp[−u2 + v2

2σ2
]dudv = σ2. (42)

The traditional analysis has then used a Gaussian to approximate both the Airy
disk and sinc2 distribution as in Fig. 6 (Primot et al., 1990; Welsh and Gardner,
1989). The value of σ in Eq. 41 is determined by matching the Gaussian
approximation and the actual intensity at both the peak and the exp[−1] points
(Welsh and Gardner, 1989). When this is done we find

E

[
(âu − au)2

]
=

(1.22λf)2

(2
√

2d)2
(43)

for a circular lenslet of diameter d and focal length f , and

E

[
(âu − au)2

]
=

(1.05λf)2

(2
√

2d)2
(44)

for a square lenslet with a dimension d.
An interesting result occurs when instead of using the Gaussian approxima-

tion the Airy disk is used directly in the calculations. In this case the variance
goes to infinity,

E[(â − a)2] =

∫ ∞

−∞

∫ ∞

−∞
(u − a)2

J1(u − a)2

π(u − a)2
dudv

= 2π

∫ ∞

0

J1(ρ)2

π
ρdρ

= ∞ (45)

Physically, the reason for this is that the probability of detecting photons very
far away from the centre of the Airy disc does not decay quickly enough (Irwan
and Lane, 1999). The second moment of the PSF corresponding to any discon-
tinuous aperture measured on any infinite plane, not just on the focal plane, is
also infinite (Teague, 1982). The reason this happens is that the Fourier trans-
form of any discontinuous function decays as |x|−1 far away from the origin.
Hence, the PSF, which is the modulus squared, decays as |x|−2. The area of
integration increases as |x|2, so the integral does not converge. Although there
are very few photons far from the centre, a centroid calculation weights them
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Figure 5. Simulation of photon arrival for 100 photons for (a) the Airy disk and (b) the Gaus-
sian approximation.

too highly. Figure 5 shows a simulation of the photon arrival assuming an Airy
disk and a Gaussian approximation for 100 photons in each case. The presence
of outlying photons from the Airy disk is readily apparent.
Truncating the plane constrains the centroid estimate to a certain region,

making the variance finite. Since the truncated plane is placed where the cen-
tre is expected to be we are implicitly adding prior information (van Dam and
Lane, 2000). The smaller the plane, the more the centroid is effectively local-
ized and the more prior information is assumed. Therefore, by adding prior in-
formation, truncating the plane can improve the centroid estimate, even though
some photons are lost. The optimal solution is to maximize the likelihood di-
rectly,

max
a

{
N−1∏
i=0

h(
√

(ui − au)2 + (vi − av)2)

}
, (46)

but this is more computationally intensive (van Dam and Lane, 2000).

4. Cramèr-Rao Lower Bounds
Finally we need to compare the variance of our estimator with the best at-

tainable. It can be shown that The Cramèr-Rao lower bound (CRLB) is a lower
bound on the variance of an unbiased estimator (Kay, 1993). The quantities es-
timated can be fixed parameters with unknown values, random variables or a
signal and essentially we are finding the best estimate we can possibly make.
The bound can be calculated provided that ∂h(u|a)

∂a and ∂2h(u|a)
∂a2 exist and are

absolutely integrable, which is the case for all the PSFs of interest (van Trees,
1968). The CRLB can be extended to any number of measurements and is
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Figure 6. Comparison of the (a) Airy disc (oscillating) and Gaussian (monotonically decreas-
ing) distributions, and (b) sinc2 (oscillating) and Gaussian (monotonically decreasing) distribu-
tions.

formally stated as follows: If â is an unbiased estimator of a,

E

[
(âu − au)2

]
≥
(

E

{[
∂ lnh(u|a)

∂a

]2})−1

(47)

or equivalently

E

[
(âu − au)2

]
≥
(
−E

[
∂2 lnh(u|a)

∂a2

])−1

. (48)

Note that by unbiased we mean that when the noise tends to zero we expect
â → a. The left-hand side can be written simply as Var(â), the variance of the
estimate, since the estimator is unbiased. The CRLB for some PDFs of interest
is now computed.

4.1 CRLB for a Gaussian distribution
A Gaussian PDF in one dimension centred at u = a with variance σ2 is

defined as

h(u|a) = 1/
√

2πσ2 exp
[−(u − a)2/2σ2

]
. (49)
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A direct evaluation of Eq. 49 gives

E

[
(âu − au)2

]
≥
(
−E

[
∂2 lnh(u|a)

∂a2

])−1

=

(
E

[
∂2

∂a2

(u − a)2

2σ2

])−1

=
(
E
[
1/σ2

])−1

= σ2. (50)

This demonstrates that provided the pdf of photon arrival is Gaussian the cen-
troid is indeed optimal.
Figure 7 shows that for the maximum likelihood estimator the variance in

the slope estimate decreases as the telescope aperture size increases. For the
centroid estimator the variance of the slope estimate also decreases with in-
creasing aperture size when the telescope aperture is less than the Fried pa-
rameter, r0 (Fried, 1966), but saturates when the aperture size is greater than
this value.
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Figure 7. The variance in the slope estimate versus aperture size for the centroid and maximum
likelihood estimators for turbulence defined by r0 = 0.25.
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4.2 CRLB for square and round apertures
For a square aperture of length L, the CRLB for the best variance is (van

Dam and Lane, 2000)

E

[
(âu − au)2

]
≥ 3/4 (λf/πL)2 (51)

and for an aperture of diameter d

E

[
(âu − au)2

]
≥ (λf/πd)2 . (52)

4.3 CRLB for a speckle pattern
It is worth noting that it is the average curvature of the pdf that determines

our ability to estimate a parameter. As an example consider estimating the
displacement of a known speckle pattern as in Fig. 8(a). If we use a centroid
estimator for the displacement of the speckle the displacement accuracy ap-
proaches that of a Gaussian with a dimension equal to the width of the speckle
image, Fig. 8(b). In contrast, if we use a maximum likelihood estimator which
matches the detail in the speckle we obtain a performance approaching that of
a Gaussian with a width equal to a single speckle, Fig.8(c). This is because
when we look at Eq. 48 it is the average curvature of the intensity and not its
size that defines our ability to estimate displacement.

5. The wavefront sensors
Both the Shack-Hartmann and the curvature sensor measure wavefront slope

(Roggemann and Welsh, 1996). Although the latter is more often considered
to measure curvature an entirely equivalent analysis based on slope is possi-

(a) (b) (c)

Figure 8. (a) The speckle image at the focal plane, (b) centroid estimator of the displacement,
and (c) maximum likelihood estimator of the displacement.
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ble (Marcos, 2002). We conclude with a brief discussion of how statistical
techniques can be applied to these sensors.

5.1 The Shack-Hartmann Approach

PLANAR WAVE-FRONT

LENSLET ARRAY

CCD DETECTOR

(a)

ABERRATED WAVE-FRONT

LENSLET ARRAY

CCD DETECTOR

(b)

Figure 9. The Shack-Hartmann sensor with (a) a planar wavefront and (b) an aberrated wave-
front. The dashed lines are the perpendicular bisectors of the lenslets.

One obvious way to increase the available measurements is to subdivide
the aperture and measure the mean slope over each portion. This is shown in
Figure 9. Clearly if we subdivide the aperture intoN subapertures and measure
the mean slope across each subaperture we obtain 2N measurements.
As a simple rule of thumb if a simple least squares estimate is employed the

number of modes estimated should be half the number of measurements. If a
Bayesian approach is employed the number of modes estimated should be at
least the number of measurements.
The analysis of this sensor is straightforward. We estimate the noise covari-

ance using the techniques outlined in Section 24.3.4 and the use the general
Bayesian formulae to calculate the reconstructor and predict performance.

5.2 Curvature sensor
The curvature sensor first proposed by Roddier (Roddier, 1988), does not

make measurements at the focal plane. Instead measurements are taken at
two planes symmetrically distributed around the focal plane as shown in Fig.
10. These measurements are best thought of as blurred images of the aperture
and consequently our ability to measure the tilt is affected since as we move
from the focal plane the light is spread over a wider angle. Consequently we
would expect the tilt signal to degrade as we move away from the aperture.
This can be formalized by the CRLB and Fig. 11 shows the best attainable tilt
performance (Marcos, 2002).
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Figure 10. A schematic diagram of the
wavefront curvature sensor set-up.

10−5 10−4 10−3 10−20

0.2

0.4

0.6

0.8

1

1.2

1.4 x 10−5

Distance from the focal plane (m)

St
an

da
rd

 d
ev

ia
tio

n 
of

 s
lo

pe
 e

st
im

at
e 

(ra
d)

Figure 11. CRLB of slope estimate for dif-
ferent levels of turbulence, D = 1 m and
1 photon. The curves represent, from top to
bottom,D/r0 = 40, 20, 10, 5, 1 and 0.

6. Conclusion
In this paper we have endeavored to show some of the statistical principles

underlying wavefront sensing. It is important to realize that the problem is in-
herently one of parameter estimation; because as such it is part of a significant
literature beyond traditional wavefront sensing.
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INTRODUCTIONTO IMAGERECONSTRUCTION
AND INVERSE PROBLEMS

Eric Thiébaut
Observatoire de Lyon (France)
thiebaut@obs.univ-lyon1.fr

Abstract Either because observed images are blurred by the instrument and transfer
medium or because the collected data (e.g. in radio astronomy) are not in the
form of an image, image reconstruction is a key problem in observational as-
tronomy. Understanding the fundamental problems underlying the deconvolu-
tion (noise amplification) and the way to solve for them (regularization) is the
prototype to cope with other kind of inverse problems.

Keywords: image reconstruction, deconvolution, inverse problems, regularization

1. Image formation
1.1 Standard image formation equation
For an incoherent source, the observed image y(s) in a direction s is given

by the standard image formation equation:

y(s) =

∫
h(s|s′)x(s′) ds′ + n(s) (1)

where x(s′) is the object brightness distribution, h(s|s′) is the instrumental
point spread function (PSF), and n(s) accounts for the noise (source and de-
tector). The PSF h(s|s′) is the observed brightness distribution in the direction
s for a point source located in the direction s′.
Figure 1 shows the simulation of a galaxy observed with a PSF which is

typical of an adaptive optics system. The noisy blurred image in Fig. 1 will
be used to compare various image reconstruction methods described in this
course.

© 2006 Springer. Printed in the Netherlands.  
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Figure 1. Simulation of the image of a galaxy. From top-left to bottom-right: true object
brightness distribution, PSF (instrument + transfer medium), noiseless blurred image, noisy
blurred image. The PSF image was kindly provided by F. and C. Roddier.

1.2 Discrete form of image formation equation
For discretized data (e.g. pixels), Eq. (1) can be written in matrix form:

y = H · x + n (2)

whereH is the response matrix, y, x and n are the data, object brightness dis-
tribution and noise vectors. These vectors have the same layout; for instance,
the data vector corresponding to a N×N image writes:

y =
[
y(1, 1), y(2, 1), . . . , y(N, 1), y(1, 2), . . . , y(N, 2), . . . , y(N, N)

]T
.

1.3 Shift invariant PSF
Within the isoplanatic patch of the instrument and transfer medium, the PSF

can be assumed to be shift invariant:

h(s|s′) = h(s − s′) , (3)

for ‖s − s′‖ small enough. In this case, the image formation equation involves
a convolution product:

y(s) =

∫
h(s − s′)x(s′) ds′ + n(s) (4a)

FT−→ ŷ(u) = ĥ(u) x̂(u) + n̂(u) (4b)
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where the hats denote Fourier transformed distributions and u is the spatial
frequency. The Fourier transform ĥ(u) of the PSF is called the modulation
transfer function (MTF).
In the discrete case, the convolution by the PSF is diagonalized by using the

discrete Fourier transform (DFT):

ŷu = ĥu x̂u + n̂u (5)

where index u means u-th spatial frequency u of the discrete Fourier trans-
formed array.

1.4 Discrete Fourier transform
The 1-D discrete Fourier transform (DFT) of a vector x is defined by:

x̂u =
N−1∑
k=0

xk e−2 i π u k/N FT←− xk =
1

N

N−1∑
u=0

x̂u e+2 i π u k/N

where i ≡ √−1 and N is the number of elements in x. The N × N discrete
Fourier transform (2-D DFT) of x writes:

x̂u,v =
∑
k,l

xk,l e
−2 i π (u k+v l)/N FT←− xk,l =

1

N2

∑
u,v

x̂u e+2 i π (u k+v l)/N

where N is the number of elements along each dimension. Using matrix nota-
tion:

x̂ = F · x FT←− x = F−1 · x̂ =
1

Npixel
FH · x̂

whereNpixel is the number of elements in x, andFH is the conjugate transpose
of F given by (1-D case):

Fu,k ≡ exp(−2 i π u k/N) .

In practice, DFT’s can be efficiently computed by means of fast Fourier trans-
forms (FFT’s).

2. Direct inversion
Considering the diagonalized form (5) of the image formation equation, a

very tempting solution is to perform straightforward direct inversion in the
Fourier space and then Fourier transform back to get the deconvolved image.
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In other words:

The result is rather disappointing: the deconvolved image is even worse than
the observed one! It is easy to understand what happens if we consider the
Fourier transform of the direct solution:

x̂(direct)
u = ŷu/ĥu = x̂u + n̂u/ĥu (6)

which shows that, in the direct inversion, the perfect (but unknown) solution
x̂u get corrupted by a term n̂u/ĥu due to noise. In this latter term, division by
small values of the MTF ĥu, for instance at high frequencies where the noise
dominates the signal (see Fig. 2a), yields very large distortions. Such noise
amplification produces the high frequency artifacts displayed by the direct so-
lution.
Instrumental transmission (convolution by the PSF) is always a smoothing

process whereas noise is usually non-negligible at high frequencies, the noise
amplification problem therefore always arises in deconvolution. This is termed
as ill-conditioning in inverse problem theory.

3. Truncated frequencies
A crude way to eliminate noise amplification is to use a suitable cutoff fre-

quency ucutoff and to write the solution as:

x̂(cutoff)
u =




ŷu

ĥu

for |u| < ucutoff

0 for |u| ≥ ucutoff

(7)

In our example, taking ucutoff = 80 frequels guarantees that the noise re-
mains well below the signal level (see Fig. 2a); the resulting image is shown in
Fig. 3a. The improvement in resolution and quality is clear but the stiff trun-
cature of frequencies is responsible of ripples which can be seen around bright
sources in Fig. 3a. A somewhat smoother effect can be obtained by using other
kind of inverse filters like the Wiener filter described in the next section.
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Figure 2a. Profiles of the power-spectra
of the true brightness distribution, the
noiseless blurred image, and the actual
data (noisy and blurred image). Clearly
the noise dominates after frequency �
80 frequels.
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Figure 2b. Profiles of the modulation
transfer function (MTF), its inverse and
Wiener inverse-filter.

Figure 3a. Restored image using a sim-
ple cutoff frequency (ucutoff = 80) in the
deconvolution.

Figure 3b. Image obtained by using
Wiener inverse-filter.
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4. Wiener inverse-filter
The Wiener inverse-filter is derived from the following two criteria:

The solution is given by applying a linear filter f to the data and the
Fourier transform of the solution writes:

x̂(Wiener)
u ≡ f̂ (Wiener)

u ŷu . (8)

The expected value of the quadratic error with respect to the true object
brightness distribution must be as small as possible:

f (Wiener) = arg min
f

E
{∥∥∥x(Wiener) − x(true)

∥∥∥2}
(9)

where E{x} is the expected value of x. For those not familiar with this
notation,

arg min
f

φ(f)

is the element f which minimizes the value of the expression φ(f).

To summarize, Wiener inverse-filter is the linear filter which insures that the
result is as close as possible, on average and in the least squares sense, to the
true object brightness distribution.
In order to derive the expression of the filter, we write the expected value ε

of the quadratic error:

ε ≡ E
{∥∥∥x(Wiener) − x(true)

∥∥∥2}
= E
{∑

k

(
x

(Wiener)
k − x

(true)
k

)2}

by Parseval’s theorem (in its discrete form):

ε =
1

Npixel
E
{∑

u

∣∣∣x̂(Wiener)
u − x̂(true)

u

∣∣∣2
}

=
1

Npixel
E
{∑

u

∣∣∣f̂u ŷu − x̂(true)
u

∣∣∣2
}

.

The extremum of ε (actually a minimum) is reached for f such that:
∂ε

∂Re{f̂u}
= 0 and

∂ε

∂Im{f̂u}
= 0, ∀u .

Since the two partial derivatives of ε have real values, the minimum of ε obeys:
∂ε

∂Re{f̂u}
+ i

∂ε

∂Im{f̂u}
= 0, ∀u

⇐⇒ E
{
ŷ�

u (f̂u ŷu − x̂u)
}

= 0, ∀u

⇐⇒ E
{

(ĥu x̂u + n̂u)� (f̂u (ĥu x̂u + n̂u) − x̂u)
}

= 0, ∀u

⇐⇒ (|ĥu|2 f̂u − ĥ�
u) E{|x̂u|2} + f̂u E{|n̂u|2} = 0, ∀u
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where z� denotes the complex conjugate to z. The last expression has been
obtained after some simplifications which apply when the signal and the noise
are uncorrelated and when the noise is centered: E{n̂u} = 0. The final relation
can be solved to obtain the expression of the Wiener inverse-filter:

f̂ (Wiener)
u =

ĥ�
u

|ĥu|2 +
E{|n̂u|2}
E{|x̂u|2}

. (10)

Figure 2b and Eq. (10) show that the Wiener inverse-filter is close to the direct
inverse-filter for frequencies of high signal-to-noise ratio (SNR), but is strongly
attenuated where the SNR is poor:

f̂ (Wiener)
u �




1/ĥu for SNRu � 1

0 for SNRu � 1
with SNRu ≡

√√√√ |ĥu|2 E{|x̂u|2}
E{|n̂u|2}

.

The Wiener filter therefore avoids noise amplification and provides the best
solution according to some quality criterion. We will see that these features are
common to all other methods which correctly solve the deconvolution inverse
problem. The result of applying Wiener inverse-filter to the simulated image is
shown in Fig. 3b.
Wiener inverse-filter however yields, possibly, unphysical solution with neg-

ative values and ripples around sharp features (e.g. bright stars) as can be seen
in Fig. 3b. Another drawback of Wiener inverse-filter is that spectral densities
of noise and signal are usually unknown and must be guessed from the data.
For instance, for white noise and assuming that the spectral density of object
brightness distribution follows a simple parametric law, e.g. a power law, then:




E{|n̂u|2} = constant

E{|x̂u|2} ∝ ‖u‖−β
=⇒ f̂u =

ĥ�
u

|ĥu|2 + α ‖u‖β
, (11)

where ‖u‖ is the length of the u-th spatial frequency. We are left with the
problem of determining the best values for α and β; this can be done by means
of Generalized Cross-Validation (GCV, see related section).

5. Maximum likelihood
Maximum likelihood methods are commonly used to estimate parameters

from noisy data. Such methods can be applied to image restoration, possibly
with additional constraints (e.g., positivity). Maximum likelihood methods are
however not appropriate for solving ill-conditioned inverse problems as will be
shown in this section.
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5.1 Unconstrained maximum likelihood
The maximum likelihood (ML) solution is the one which maximizes the

probability of the data y given the model among all possible x:

x(ML) = arg max
x

Pr{y|x} = arg min
x

φML(x) (12a)

where
φML(x) ∝ − log

(
Pr{y|x})+ constant (13b)

is the likelihood penalty related to the log-likelihood up to an additive constant
(and also up to a multiplicative strictly positive factor).

5.1.1 Unconstrained ML for Gaussian noise. In the case of Gaussian
noise, the log-likelihood reads:

− log
(
Pr{y|x}) =

1

2
(H · x − y)T · W · (H · x − y) + constant

whereH ·x is the model of the data (see Eq. (2)) and the weighting matrixW

is the inverse of the covariance matrix of the data:

W = Cov(y)−1 . (14b)

Taking η = 2 and dropping any additive constant, the likelihood penalty
φGauss(x) writes:

φGauss(x) ≡ (H · x − y)T · W · (H · x − y) . (15b)

The minimum of φGauss(x) obeys:

∂φGauss(x)

∂xk

∣∣∣∣
x(ML)

= 0, ∀k .

The gradient of the penalty is:

∇φGauss(x) = 2HT · W · (H · x − y) , (16b)

then x(ML) solves of the so-called normal equations:

HT · W · (H · x(ML) − y) = 0 (17b)

which yields a unique minimum provided thatHT ·W ·H be positive definite
(by construction this matrix is positive but may not be definite). The solution
of the normal equations is:

x(ML) = (HT · W · H)−1 · HT · W · y (18b)
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which is the well known solution of a weighted linear least squares problem1.
However we have not yet proven that the ML solution is able to smooth out the
noise. We will see that this is not the case in what follows.

5.1.2 Unconstrained ML for Gaussian white noise. For Gaussian
stationary noise, the covariance matrix is diagonal and proportional to the iden-
tity matrix:

Cov(y) = diag(σ2) = σ2 I ⇐⇒ W ≡ Cov(y)−1 = σ−2 I .

Then the ML solution reduces to:

x(ML) = (HT · H)−1 · HT · y .

Taking the discrete Fourier transform of x(ML) yields:

x̂(ML)
u =

ĥ�
u ŷu

|ĥu|2
=

ŷu

ĥu

(19b)

which is exactly the solution obtained by the direct inversion of the diagonal-
ized image formation equation. As we have seen before, this is a bad solution
into which the noise is amplified largely beyond any acceptable level. The
reader must not be fooled by the particular case considered here for sake of
simplicity (Gaussian stationary noise and DFT to approximate Fourier trans-
forms), this disappointing result is very general: maximum likelihood only is
unable to properly solve ill-conditioned inverse problems.

5.2 Constrained maximum likelihood
In the hope that additional constraints such as positivity (which must hold

for the restored brightness distribution) may avoid noise amplification, we can
seek for the constrained maximum likelihood (CML) solution:

x(CML) = arg min
x

φML(x) subject to xj ≥ 0, ∀j . (20b)

Owing to the constraints, no direct solution exists and we must use iterative
methods to obtain the solution. It is possible to use bound constrained ver-
sion of optimization algorithms such as conjugate gradients or limited mem-
ory variable metric methods (Schwartz and Polak, 1997; Thiébaut, 2002) but
multiplicative methods have also been derived to enforce non-negativity and
deserve particular mention because they are widely used: RLA (Richardson,
1972; Lucy, 1974) for Poissonian noise; and ISRA (Daube-Witherspoon and
Muehllehner, 1986) for Gaussian noise.

1For general linear least squares problems, rather than directly use Eq. (18b) to find x(ML), it is generally
faster to solve the normal equations by Cholesky factorization of HT · W · H or to compute the least
squares solution from QR or LQ factorizations (see e.g., Press et al., 1992).
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5.2.1 General non-linear optimization methods. Since the penalty
may be non-quadratic, a non-linear multi-variable optimization algorithm must
be used to minimize the penalty function φML(x). Owing to the large number
of parameters involved in image restoration (but this is also true for most in-
verse problems), algorithms requiring a limited amount of memory must be
chosen. Finally, in case non-negativity is required, the optimization method
must be able to deal with bound constraints for the sought parameters. Non-
linear conjugate gradients (CG) and limited-memory variable metric methods
(VMLM or L-BFGS) meet these requirements and can be modified (using gra-
dient projection methods) to account for bounds (Schwartz and Polak, 1997;
Thiébaut, 2002). Conjugate gradients and variable metric methods only re-
quire a user supplied code to compute the penalty function and its gradient
with respect to the sought parameters. All the images in this course where
restored using VMLM-B algorithm a limited-memory variable metric method
with bound constraints (Thiébaut, 2002).

5.2.2 Richardson-Lucy algorithm. RLA has been obtained indepen-
dently by Richardson (1972) and Lucy (1974) on the basis of probabilistics
considerations. Exactly the same algorithm has also been derived by others
authors using the expectation-maximization (EM) procedure (Dempster et al.,
1977). RLA is mostly known by astronomers whereas EM is mostly used in
medical imaging; but, again, they are just different names for exactly the same
algorithm. RLA yields the constrained maximum likelihood solution for Pois-
sonian noise:

x(RLA) = arg min
x

φPoisson(x) subject to xj ≥ 0, ∀j (21a)

where:
φPoisson(x) =

∑
j

[ỹj − yj log ỹj ] (22b)

and ỹ ≡ H·x is the model of the observed image. Starting with an initial guess
x(0) (for instance a uniform image), RLA improves the solution by using the
recursion:

x
(k+1)
j =

(
HT · q(k)

)
j

x
(k)
j with q

(k)
j = yj/ỹ

(k)
j (23b)

where q(k) is obtained by element-wise division of the data y by the model
ỹ(k) ≡ H · x(k) for the restored image x(k) at k-th iteration. The following
pseudo-code implements RLA given the data y, the PSF h, a starting solution
x(0) and a number of iterations n:

RLA(y, h, x(0), n)
ĥ := FFT(h) (store MTF)
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for k = 0, ..., n − 1

ỹ(k) := FFT−1
(
ĥ × FFT(x(k))

)
(k-th model)

x(k+1) := x(k) × FFT−1
(
ĥ� × FFT(y/ỹ(k))

)
(new estimate)

return x(n)

where multiplications × and divisions / are performed element-wise and ĥ�

denotes the complex conjugate of the MTF ĥ. This pseudo-code shows that
each RLA iteration involves 4 FFT’s (plus a single FFT in the initialization to
compute the MTF).

5.2.3 Image Space Reconstruction Algorithm. ISRA (Daube-
Witherspoon and Muehllehner, 1986) is a multiplicative and iterative method
which yields the constrained maximum likelihood in the case of Gaussian
noise. The ISRA solution is obtained using the recursion:

x
(k+1)
j = x

(k)
j

(HT · W · y)j

(HT · W · H · x(k))j
(24b)

A straightforward implementation of ISRA is:
ISRA(y, h,W, x(0), n)

ĥ := FFT(h) (store MTF)
r := FFT−1

(
ĥ� × FFT(W · y)

)
(store numerator)

for k = 0, ..., n − 1

ỹ(k) := FFT−1
(
ĥ × FFT(x(k))

)
(k-th model)

s(k) := FFT−1
(
ĥ� × FFT(W · ỹ(k))

)
(k-th denominator)

x(k+1) := x(k) × r/s(k) (new estimate)
return x(n)

which, like RLA, involves 4 FFT’s per iteration. In the case of stationary noise
(W = σ−2 I), ISRA can be improved to use only 2 FFT’s per iteration:

ISRA(y, h, x(0), n)
ĥ := FFT(h) (compute MTF)
r := FFT−1

(
ĥ� × FFT(y)

)
(store numerator)

for k = 0, ..., n − 1

s(k) := FFT−1
(
|ĥ|2 × FFT(x(k))

)
(k-th denominator)

x(k+1) := x(k) × r/s(k) (new estimate)
return x(n)

Multiplicative algorithms (ISRA, RLA and EM) are very popular (mostly
RLA in astronomy) because they are very simple to implement and their very
first iterations are very efficient. Otherwise their convergence is much slower
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than other optimization algorithms such as constrained conjugate gradients or
variable metric. For instance, the result shown in Fig. 4c was obtained in 30
minutes of CPU time on a 1 GHz Pentium III laptop by VMLM-B method,
against more than 10 hours by Richardson-Lucy algorithm.
Multiplicative methods are only useful to find a non-negative solution and,

owing to the multiplication in the recursion, they leave unchanged any pixel
that happens to take zero value2.
At the cost of deriving specialized algorithms, multiplicative methods can

be generalized to other expressions of the penalty to account for different noise
statistics3 (Lantéri et al., 2001) and can even be used to explicitly account for
regularization (Lantéri et al., 2002).

5.3 Maximum likelihood summary
Constraints such as positivity may help to improve the sought solution (at

least any un-physical solution is avoided) because it plays the role of a floating
support (thus limiting the effective number of significant pixels). This kind of
constraints are however only effective if there are enough background pixels
and the improvement is mostly located near the edges of the support. In fact,
there may be good reasons to not use non-negativity: e.g. because there is no
significant background, or because a background bias exists in the raw image
and has not been properly removed.
Figures 4b and 4c show that neither unconstrained nor non-negative maxi-

mum likelihood approaches are able to recover a usable image. Deconvolution
by unconstrained/constrained maximum likelihood yields noise amplification
— in other words, the maximum likelihood solution remains ill-conditioned
(i.e. a small change in the data due to noise can produce arbitrarily large
changes in the solution): regularization is needed.
When started with a smooth image, iterative maximum likelihood algo-

rithms can achieve some level of regularization by early stopping of the it-
erations before convergence (see e.g. Lantéri et al., 1999). In this case, the
regularized solution is not the maximum likelihood one and it also depends on
the initial solution and the number of performed iterations. A better solution
is to explicitly account for additional regularization constraints in the penalty
criterion. This is explained in the next section.

2This feature is however useful to implement support constraints when the support is known in advance.
3If the exact statistics of the noise is unknown, assuming stationary Gaussian noise is however more robust
than Poissonian (Lane, 1996).
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6. Maximum a posteriori (MAP)
6.1 Bayesian approach
We have seen that the maximum likelihood solution:

x(ML) = arg max
x

Pr{y|x} ,

which maximizes the probability of the data given the model, is unable to cope
with noisy data. Intuitively, what we rather want is to find the solution which
has maximum probability given the data y. Such a solution is called the maxi-
mum a posteriori (MAP) solution and reads:

x(MAP) = arg max
x

Pr{x|y} . (25b)

From Baye’s theorem:

Pr{x|y} =
Pr{y|x} Pr{x}

Pr{y} ,

and since the probability of the data y alone does not depend on the unknowns
x, we can write:

x(MAP) = arg max
x

Pr{y|x} Pr{x} .

Taking the log-probabilities:

x(MAP) = arg min
x

[
− log

(
Pr{y|x})− log

(
Pr{x})] .

Finally, the maximum a posteriori solves:

x(MAP) = arg min
x

φMAP(x) (26a)

where the a posteriori penalty reads:

φMAP(x) = φML(x) + φprior(x) (27b)

with:

φML(x) = −η log Pr{y|x} + constant (28c)
φprior(x) = −η log Pr{x} + constant (28d)

where η > 0. φML(x) is the likelihood penalty and φprior(x) is the so-called a
priori penalty. These terms are detailed in what follows. Nevertheless, we can
already see that the only difference with the maximum likelihood approach, is
that the MAP solution must minimize an additional term φprior(x) which will
be used to account for regularization.
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6.2 MAP: the likelihood penalty term
We have seen that minimizing the likelihood penalty φML(x) enforces

agreement with the data. Exact expression of φML(x) should depends on the
known statistics of the noise. However, if the statistics of the noise is not
known, using a least-squares penalty is more robust (Lane, 1996). In the fol-
lowing, and for sake of simplicity, we will assume Gaussian stationary noise:

φML(x) = (H · x − y)T · W · (H · x − y)

=
1

σ2

∑
k

(
(H · x)k − yk

)2 (29a)

=
1

Npixel σ2

∑
u

|ĥu x̂u − ŷu|2 . (29b)

where the latter expression has been obtained by (discrete) Parseval’s theorem.

6.3 MAP: the a priori penalty term
The a priori penalty φprior(x) ∝ − log Pr{x} allows us to account for ad-

ditional constraints not carried out by the data alone (i.e. by the likelihood
term). For instance, the prior can enforce agreement with some preferred (e.g.
smoothness) and/or exact (e.g. non-negativity) properties of the solution. At
least, the prior penalty is responsible of regularizing the inverse problem. This
implies that the prior must provide information where the data alone fail to do
so (in particular in regions where the noise dominates the signal or where data
are missing). Not all prior constraints have such properties and the enforced a
priori must be chosen with care. Taking into account additional a priori con-
straints has also some drawbacks: it must be realized that the solution will be
biased toward the prior.

6.4 Needs of a tunable a priori
Usually the functional form of the a priori penalty φprior(x) is chosen from

qualitative (non-deterministic) arguments, for instance:
“Since we know that noise mostly contaminates the higher fre-

quencies, we should favor the smoothest solution among all the
solutions in agreement with the data.”

Being qualitative, the relative strength of the a priori with respect to the like-
lihood must therefore be adjustable. This can be achieved thanks to an hyper-
parameter µ:

φMAP(x) = φµ(x) ≡ φML(x) + µ φprior(x) . (30)

Alternatively µ can be seen as a Lagrange multiplier introduced to solve the
constrained problem: minimize φprior(x) subject to φML(x) be equal to some
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value (see Gull’s method below). Also note that there can be more than one
hyperparameter. For instance, α and β in our parameterized Wiener filter in
Eq. (11) can be seen as such hyperparameters.

6.5 Smoothness prior
Because the noise usually contaminates the high frequencies, smoothness

is a very common regularization constraint. Smoothness can be enforced if
φprior(x) is some measure of the roughness of the sought distribution x, for
instance (in 1-D):

φroughness(x) =
∑

j

[xj+1 − xj ]
2. (31)

The roughness can also be measured from the Fourier transform x̂ of the dis-
tribution x:

φprior(x) =
∑

u

wu |x̂u|2

with spectral weights wu ≥ 0 and being a non-decreasing function of the spa-
tial frequency, e.g.:

wu = |u|β with β ≥ 0 .

The regularized solution is easy to obtain in the case ofGaussian white noise
if we choose a smoothness prior measured in the Fourier space. In this case,
the MAP penalty writes:

φµ(x) = φGauss(x) + µ φprior(x)

= (H · x − y)T · W · (H · x − y) + µ
∑

u

wu |x̂u|2

=
1

σ2

∑
j

(
(H · x)j − yj

)2
+ µ

∑
u

wu |x̂u|2

=
1

Npixel σ2

∑
u

|ĥu x̂u − ŷu|2 + µ
∑

u

wu |x̂u|2

of which the complex gradient is:

∂φµ(x)

∂Re(x̂u)
+ i

∂φµ(x)

∂Im(x̂u)
=

2

Npixel σ2
ĥ�

u (ĥu x̂u − ŷu) + 2µ wu x̂u .

The root of this expression is the MAP solution:

x̂[µ]
u ≡ ĥ�

u ŷu

|ĥu|2 + µ Npixel σ2 wu

(32)
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Figure 4. Comparison of deconvolution results by various methods and regularization levels.
From top-left to bottom-right: (a) true object, (b) observed image, (c) non-negative maximum
likelihood (ML) solution, (d) solution by Wiener inverse-filter, (e) unconstrained maximum
a posteriori (MAP) solution with quadratic smoothness, (f) non-negative MAP solution with
�1 − �2 norm, (g) under-regularized non-negative MAP solution with quadratic smoothness, (h)
non-negative MAP solution with quadratic smoothness, (i) over-regularized non-negative MAP
solution with quadratic smoothness. The regularization level µGCV has been obtained from
generalized cross-validation (GCV).



Introduction to Image Reconstruction and Inverse Problems 413

Taking µ Npixel σ
2 wu = E{|n̂u|2}/E{|x̂u|2} or wu = ‖u‖β and α =

µ Npixel σ
2, this solution is identical to the one given by Wiener inverse-filter

in Eq. (11). This shows that Wiener approach is a particular case in MAP
framework.

6.6 Other kind of regularization terms
There exist many different kind of regularization which enforce different

constraints or similar constraints but in a different way.
For instance, the smoothness regularization in Eq. (31) is quadratic with

respect to the sought parameters and is a particular case of Tikhonov regular-
ization:

φTikhonov(x) = (D · x)T · (D · x)

where D is either the identity matrix or some differential operator. Quadratic
regularization may also be used in the case of a Gaussian prior or to find a so-
lution satisfying some known correlation matrix (Tarantola and Valette, 1982):

φGP(x) = (x − p)T · C−1
x · (x − p)

whereCx is the assumed correlation matrix (whenp = 0) or covariance matrix
with respect to the prior p which is also the default solution when there are no
data.
The well-known maximum entropy method (MEM) can be implemented

thanks to a non-quadratic regularization term which is the so-called negen-
tropy:

φMEM(x) =
∑

j

[
pj − xj + xj log

(
xj

pj

)]

where p is some prior distribution.
Non-quadratic �1 − �2 norms applied to the spatial gradient may be used to

enforce a smoothness constraints but avoid ripples around point-like sources
or sharp edges. In effect, the �1 − �2 norm will prevent small differences of
intensity between neighbor pixels but put less constraints for large differences.
The effectiveness of using such a norm to measure the roughness of the sought
image is shown in Fig. 4f which no longer exhibits ripples around the bright
stars.

7. Choosing the hyperparameter(s)
In order to finally solve our inverse problem, we have to choose an adequate

level of regularization. This section presents a few methods to select the value
of µ. Titterington et al. (1985) have made a comparison of the results obtained
from different methods for choosing the value of the hyperparameters.
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7.1 Gull’s approach
For Gaussian noise, the MAP solution is given by minimizing:

φµ(x) = χ2(x) + µ φprior(x)

where: χ2 ≡ [m(x) − y]T · W · [m(x) − y] ,

where m(x) is the model. For a perfect model, the expected value of χ2 is
equal to the number of measurements: E{χ2} = Ndata. If the regularization
level is too small, the MAP model will tend to overfit the data resulting in a
value of χ2 smaller than its expected value. On the contrary, if the regulariza-
tion level is too high, the MAP model will be too biased by the a priori and χ2

will be larger than its expected value. These considerations suggest to choose
the weight µ of the regularization such that:

χ2(x[µ]) = E{χ2} = Ndata

where x[µ] is the MAP solution obtained for a given µ. In practice, this choice
tends to oversmooth the solution. In fact, the model being derived from the
data, it is always biased toward the data and, even for a correct level of regu-
larization, the expected value of χ2 must be less than Ndata. For a parametric
model withM free parameters adjusted so as to minimize χ2, the correct for-
mula is:

E{χ2} = Ndata − M ,

the difference Ndata −M is the so-called number of degrees of freedom. This
formula cannot be directly applied to our case because the parameters of our
model are correlated by the regularization and M � Nparam. Gull (1989),
considering that the prior penalty is used to control the effective number of
free parameters, stated thatM � µ φprior(x). Following Gull’s approach, the
hyperparameter µ and the MAP solution are obtained by:

x(Gull) = arg min
x

φµ(x) subject to: φµ(x) = Ndata (33)

with φµ(x) = χ2(x) + µ φprior(x) and also possibly subject to xj ≥ 0,∀j.
This method is rarely used because it requires to have a very good estimation
of the absolute noise level.

7.2 Cross-validation
Cross-Validation methods make use of the fact that it is possible to estimate

missing measurements when the solution of an inverse problem is obtained.

7.2.1 Ordinary cross-validation. Let:

x[µ,k] = arg minφµ(x|y[k]) where y[k] ≡ {yj : j �= k} (34)
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be the regularized solution obtained from the incomplete data set where the
k-th measurement is missing; then:

ỹ[µ,k] ≡ (H · x[µ,k]
)
k

(35)

is the predicted value of the missing data yk. The cross-validation penalty is
the weighted sum of the quadratic difference between the predicted value and
the real measurement:

CV(µ) ≡
∑

k

(ỹ[µ,k] − yk)
2

σ2
k

(36)

where σ2
k is the variance of the k-th measurement (noise is assumed to be

uncorrelated). For a given value of the hyperparameter, CV(µ) measures the
statistical ability of the inversion to predict the value of missing data. A good
choice for the hyperparameter is the one that minimizes CV(µ) since it would
achieve the best prediction capability. CV(µ) can be re-written into a more
workable expression:

CV(µ) =
∑

k

(ỹ
[µ]
k − yk)

2

σ2
k (1 − a

[µ]
k,k)

2
(37)

where:
ỹ[µ] = H · x[µ] (38)

is the model for a given µ and a[µ] is the so-called influence matrix:

a
[µ]
k,l =

∂ỹ
[µ]
k

∂yl
. (39)

7.2.2 Generalized cross-validation. To overcome some problems
with ordinary cross-validation, Golub et al. (1979) have proposed the gener-
alized cross-validation (GCV) which is a weighted version of CV:

GCV(µ) =
∑

k

w
[µ]
k

(ỹ[µ,k] − yk)
2

σ2
k

=

∑
k(ỹ

[µ]
k − yk)

2/σ2
k[

1 − 1
Npixel

∑
k a

[µ]
k,k

]2 . (40)

7.2.3 (G)CV in the case of deconvolution. In our case, i.e. gaussian
white noise and smoothness prior, the MAP solution is:

x̂[µ]
u ≡ ĥ�

u ŷu

|ĥu|2 + µ ru

with ru = Npixel σ
2 wu.
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the Fourier transform of the corresponding model is:

ˆ̃y
[µ]
u ≡ ĥu x̂[µ]

u =
|ĥu|2 ŷu

|ĥu|2 + µ ru

= q[µ]
u ŷu with q[µ]

u =
|ĥu|2

|ĥu|2 + µ ru

and all the diagonal terms of the influence matrix are identical:

a
[µ]
k,k =

∂ỹ
[µ]
k

∂yk
=

1

Npixel

∑
u

q[µ]
u .

In our case, i.e. gaussian white noise and smoothness prior, CV and GCV have
the same expression:

CV(µ) = GCV(µ) =

∑
u

(
1 − q

[µ]
u

)2
|ŷu|2[

1 − 1
Npixel

∑
u q

[µ]
u

]2

which can be evaluated for different values of µ in order to find its minimum.

8. Myopic and blind deconvolution
So far, we considered image deconvolution assuming that the PSF was per-

fectly known. In practice, this is rarely the case. For instance, when the PSF
is measured by a calibration procedure, it is corrupted by some level of noise.
Moreover, if the observing conditions change, the calibrated PSF can mismatch
the actual PSF. It may even be the case that the PSF cannot be properly cali-
brated at all, because it is varying too rapidly, or because there is no time or no
means to do such a calibration. What can we do to cope with that?
In this case, since the unknown are the object brightness distribution x and

the actual PSF h, the MAP problem has to be restated as:

{x,h}(MAP) = arg max
{x,h}

Pr{x,h|y} (41)

where the data are y = {yobj,yPSF}, yobj being the observed image of the
object and yPSF being the calibration data. Expanding the previous equation:

{x,h}(MAP) = arg max
{x,h}

Pr{x,h|y}

= arg max
{x,h}

Pr{y|x,h} Pr{x,h}
Pr{y}

= arg max
{x,h}

Pr{y|x,h} Pr{x} Pr{h}
Pr{y}

= arg max
{x,h}

Pr{y|x,h} Pr{x} Pr{h}
= arg min

{x,h}
(− log Pr{y|x,h} − log Pr{x} − log Pr{h})
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we find that the sought PSF and object brightness distribution are a minimum
of:

φmyopic(x,h) = φML(y|x,h) + µobj φobj(x) + µPSF φPSF(h) (42)

where φML(y|x,h) ∝ − log Pr{y|x,h} is the likelihood penalty and where
φobj(x) ∝ − log Pr{x} and φpsf(h) ∝ − log Pr{h} are regularization terms
enforcing the a priori constraints for the sought distributions.
Assuming Gaussian noise and if the calibration data is given by an image of

a point-like source, the MAP criterion writes:

φmyopic(x,h) = (h � x − yobj)
T · Wobj · (h � x − yobj)

+(h − yPSF)T · WPSF · (h − yPSF)

+µobj φobj(x) + µPSF φPSF(h) (43)

where � denotes convolution and whereWobj andWPSF are the weighting
matrices for the object and PSF images respectively.
Solving such a myopic deconvolution problem is much more difficult be-

cause its solution is highly non-linear with respect to the data. In effect, what-
ever are the expressions of the regularization terms, the criterion to minimize
is no longer quadratic with respect to the parameters (due to the first likelihood
term). Nevertheless, a much more important point to care of is that unless
enough constraints are set by the regularization terms, the problem may not
have a unique solution.
A possible algorithm for finding the solution of the myopic problem is to

proceed by successive regularized deconvolutions. At every stage, a new es-
timate of the object is obtained by a first regularized deconvolution given the
data, the constraints and an estimate of the PSF, then another regularized de-
convolution is used to obtain a new estimate of the PSF given the constraints,
the data and the previous estimate of the object brightness distribution:

x(k+1) = arg min
x

[
(h(k) � x − yobj)

T · Wobj · (h(k) � x − yobj)

+ µobj φobj(x)
]

h(k+1) = arg min
h

[
(h � x(k+1) − yobj)

T · Wobj · (h � x(k+1) − yobj)

+ (h − yPSF)T · WPSF · (h − yPSF)

+ µPSF φPSF(h)
]

where x(k) and h(k) are the sought distributions at k-th iteration. Such an
iterative algorithm does reduce the global criterion φMAP(x,h) but the final
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Figure 5. Example of blind deconvolution in action. Left: true object brightness and PSF.
Middle: simulation of corresponding observed image. Right: the two components found by
blind deconvolution. Source: Thiébaut, 2002.

solution depends on the initial guess x(0) orh(0) unless the regularization terms
warrant unicity.
Myopic deconvolution has enough flexibility to account for different cases

depending on the signal-to-noise ratio of the measurements:

In the limitWPSF → +∞, the PSF is perfectly characterized by the
calibration data (i.e. h ← yPSF) and myopic deconvolution becomes
identical to conventional deconvolution.

In the limitWPSF → 0 or if no calibration data are available, myopic
deconvolution becomes identical to blind deconvolutionwhich involves
to find the PSF and the brightness distribution of the object from only an
image of the object.

Stated like this, conventional and blind deconvolution appear to be just two ex-
treme cases of the more general myopic deconvolution problem. We however
have seen that conventional deconvolution is easier to perform than myopic
deconvolution and we can anticipate that blind deconvolution must be far more
difficult.
Nevertheless a number of blind deconvolution algorithms have been devised

which are able to notably improve the quality of real (i.e. noisy) astronomical
images (e.g. Ayers and Dainty, 1988; Lane, 1992; Thiébaut and Conan, 1995).
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Figure 6a. Microscopic image of chro-
mosomes (courtesy Jean-Claude Bernengo
from the Centre Commun de Quantimétrie,
Université Claude Bernard, Lyon, France).

Figure 6b. Microscopic image of chro-
mosomes improved by blind deconvolu-
tion.

For instance and following the MAP approach, blind deconvolution involves
the minimization of the join criterion (Thiébaut and Conan, 1995; Thiébaut,
2002):

φblind(x,h) = (h � x − yobj)
T · Wobj · (h � x − yobj)

+µobj φobj(x) + µPSF φPSF(h) . (44)

Figure 5 shows an example of blind deconvolution by the resulting algorithm
applied to simulated data. Of course the interest of blind deconvolution is
not restricted to astronomy and it can be applied to other cases for which the
instrumental response cannot be properly calibrated for instance in medical
imaging (see Fig. 6a and Fig. 6b).

9. Concluding remarks
We have seen how to properly solve for the inverse problem of image de-

convolution. But all the problems and solutions discussed in this course are
not specific to image restoration and apply for other problems.
Inverse problems are very common in experimental and observational sci-

ences. Typically, they are encountered when a large number of parameters (as
many as or more than measurements) are to be retrieved from measured data
assuming a model of the data – also called the direct model. Such problems are
ill-conditioned in the sense that a simple inversion of the direct model applied
directly to the data yields a solution which exhibits significant, or even dom-
inant, features which are completely different for a small change of the input
data (for instance due to a different realization of the noise). Since the objec-
tive constraints set by the data alone are not sufficient to provide a unique and
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satisfactorily solution, additional subjective constraints must be taken into ac-
count. Enforcing such a priori constraints in order to make the inverse problem
well-conditioned is termed regularization.
In addition to the mathematical requirement that regularization is effectively

able to supplement the lack of information carried by the data alone, it is impor-
tant that the regularization constraints be physically relevant because the regu-
larized solution will be biased toward the a priori. For instance, the smoothness
constraints is efficient for avoiding noise amplification in deconvolution but it
will give a solution which is systematically smoother than the observed object.
For that reason, in the case of stellar field images, maximum entropy regular-
ization may be preferred to smoothness constraints. However, the important
point is more what type of constraints is set by the regularization rather than
how exactly this is implemented. There are many different ways to measure the
roughness (first or second derivatives, ...) but they shall give solutions which
differ only for details.
The level of regularization must be tuned with care: too high and the re-

sult will be excessively biased toward the a priori which means that not all the
informational contents of data is extracted; too low and the solution will be cor-
rupted by artifacts due to the amplification of the noise. A number of methods
have been devised to objectively find the good level of regularization. Among
others, generalized cross validation (GCV) chooses the level of regularization
for which the solution of the inverse problem has the best capability to pre-
dict missing measurements. Generally, solving inverse problems can be stated
as constrained optimization of some criterion, the so-called penalty function.
There is therefore a strong link between inverse problems and non-linear con-
strained optimization methods.
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