


Convergence of One-Parameter Operator Semigroups

This book presents a detailed and contemporary account of the classical the-
ory of convergence of semigroups and its more recent developments treating
the case where the limit semigroup, in contrast to the approximating semi-
groups, acts merely on a subspace of the original Banach space (this is the case,
for example, with singular perturbations). The author demonstrates the far-
reaching applications of this theory using real examples from various branches
of pure and applied mathematics, with a particular emphasis on mathemati-
cal biology. These examples also serve as short, nontechnical introductions to
biological concepts involved, allowing readers to develop intuitions underlying
mathematical results.
The book may serve as a useful reference, containing a significant number

of new results ranging from the analysis of fish populations to signaling path-
ways in living cells. It comprises many short chapters, which allows readers to
pick and choose those topics most relevant to them, and it contains 160 end-of-
chapter exercises so that readers can test their understanding of the material as
they go along.

Adam Bobrowski is a professor and Chairman of the Department of Math-
ematics at Lublin University of Technology, Poland. He has authored over
50 scientific papers and two books Functional Analysis for Probability and
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Preface

Now lift up your eyes, and look from the place where you are, northward and
southward and eastward and westward; for all the land that you see I will give to
you and to your seed forever.

(Gen. 13:14b–15. Holy Bible. Recovery Version. © 2003 Living Stream
Ministry, Anaheim, California.)

The question of convergence and the related Trotter–Kato–Neveu–Sova–Kurtz
Theorem lie in the center of the theory of one-parameter semigroups of opera-
tors. In fact, many key results, including the fundamental Hille–Yosida Theo-
rem, are proved by approximating a semigroup involved by a family of semi-
groups that are easier to handle. On the other hand, the most elegant proof of the
Trotter–Kato–Neveu–Sova–Kurtz Theorem is obtained by applying the Hille–
Yosida Theorem to a certain, coordinate-wise acting operator in the space of
convergent sequences [163, 211, 229]. Hence, all of the basic books devoted to
the theory, except, of course, of the classics [115] and [180] published before
the Trotter–Kato–Neveu–Sova–Kurtz Theorem was known, treat the subject
at least roughly (see, e.g., [9, 101, 128, 163, 284, 334, 353]). Other books,
like [132], take advantage of the theory and show its beautiful and far-reaching
applications.
This book aims to present the classic theory of convergence of semigroups

and also to discuss its applicability to models of mathematical biology and
other branches of mathematics. At the same time, it is an attempt at expressing
my long fascination with phenomena accompanying such convergence, and my
continuous amazement at the variety of examples, especially of the stochastic
type, found in the literature.
The main difficulty in applying the theory to the models mentioned here is

that the Trotter–Kato–Neveu–Sova–Kurtz-type theorems characterize conver-
gence that is almost uniform in time t ∈ [0,∞), whereas in the models one
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often encounters a situation in which convergence is not uniform in the neigh-
borhood of t = 0. Therefore, this book splits naturally into two parts. In the first
part, I discuss the models in which the classical theory applies. In the second
part, I present methods developed for treating convergence that is not uniform
near t = 0, such as singular perturbations. Therefore, in particular, the book is
an outgrowth of Tosio Kato’s project [199] to incorporate singular perturbations
in the theory of convergence of semigroups of operators.
As already stated, this book is equally devoted to the general theory and to

examples, which are selected from various branches of applied and pure math-
ematics with an emphasis on models of mathematical biology. These examples
serve to exemplify applications of the main theorems, but at the same time
are meant to be nontechnical, short introductions to related biological models.
Deprived of these examples, the book loses more than half of its worth (if it
possesses any). However, for readers who want to know the structure of the
book, the main theoretical chapters in Part I are:

� Chapter 2, where the basic convergence theorem is presented
� Chapter 7, where the relations between the limit pseudoresolvent and the
extended limit are presented

� Chapter 8, devoted to the characterization of the regularity subspace where
the semigroups converge in a regular way

� Chapter 14, in which the question of convergence outside of the regularity
space is discussed

� Chapter 15, in which the Hasegawa condition is introduced
� Chapter 18, which is devoted to discrete-time approximations
� Chapter 24, which is devoted to the case in which the approximating semi-
groups act in different spaces than the limit semigroup

� Chapter 25, in which the stability condition is discussed

In Part II, the most important theoretical chapters include:

� Chapters 26, 28, and 29, in which basic examples and fundamental properties
of irregular convergence are presented

� Chapter 31, providing tools for dealing with parabolic problems
� Chapter 42, presenting the important Kurtz’s Theorem, which allows dealing
with variety of convergence questions, including problems of hyperbolic type

� Chapters 54 and 55, giving some insight into alternative approaches

In Part III, devoted to convergence of cosine families in addition to basic theory
(which is in many aspects parallel to the theory of convergence of semigroups),
we reveal the stunning result that there is no singular perturbation theory for
cosine families.



Preface xiii

Perhaps it should be added here that in Part II, Chapters 33 through 40 (with
the exception of Chapter 37) form an essay on singular limits involving fast
diffusion, including the treatment of the homogenization theorem of Conway,
Hoff, and Smoller discussed in Chapter 38.
This book suffers from the omission of important theorems and examples,

most of which I am simply ignorant of. Of those I am aware of, I shouldmention
the beautiful phenomenon ascribed to Bafico and Baldi [13]. The reason for not
including it here is that it appears to be related to convergence in weaker topol-
ogy, and I determined to restrict myself to strong topology of Banach spaces.
Other examples include the Janas–Berezin approximation method [33, 189],
state-space collapse in the theory of queues (see [295] and the references given
there), models of adaptive dynamics [79, 113, 285] (which are in most interest-
ing cases nonlinear), diffusion processes on an open book [152], and definitely
many, many more. See, for example, the recent book by J. Banasiak and M.
Lachowicz [25] written in the spirit of asymptotic analysis, and the paper by
S. N. Evans and R. B. Sowers [133] – a rich source of examples of stochastic
nature (I thank T. G. Kurtz and S. N. Evans for this reference). Fortunately,
there are other, perhaps more apt accounts of the geography of the vast land of
singular-perturbation theory, including [205, 263, 280, 311, 316, 333], to men-
tion just a few that I have on my bookshelf. (On April 30, 2015, MathSciNet
returned 2,404 matches to the “singular perturbation” query.) The other side of
this coin is that the lion’s share of the examples presented here have not been
available in book form as of this writing.
I have benefited from delivering a series of lectures at the Institute of Math-

ematics of the Polish Academy of Sciences and teaching two courses at Maria
Curie-Skłodowska University (UMCS) in Lublin, Poland, all based on the
material in this book. Judging by the feedback that I have received, audiences
have benefited, too, but you can never be sure of things like that. I would like
to thank both institutions for allowing me to teach these courses, despite the
danger of having a new generation of students interested in the theory of semi-
groups of operators. Financially, beginning in 2011 and until 2014, I was sup-
ported by the Polish Government, grant number 6081/B/H03/2011/40.
Moreover, I would like to express my thanks to Professor Jan Kisyński, my

teacher and my friend, who introduced me to the world of convergence of semi-
groups and for years has been an invaluable “point of reference,” and to my
students, particularly to Radek Bogucki, without whom this book would have
been completely different, and Adam Gregosiewicz (a victim of my course at
UMCS), who solved many exercises – his solution manual will be available
on the web in due time, “but you can never be sure of things like that.” Spe-
cial thanks are also due to Jacek Banasiak for stimulating discussions, hints for
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solving problems, and references leading to new and interesting ones. More-
over, I would like to acknowledge friendly support I have received from A.
Bátkai, K. Bogdan, D. Mugnolo, W. Chojnacki, J. Goldstein, M. Kimmel,
T. Komorowski, M. Lachowicz, H. Leszczyński, T. Lipniacki, A. Marciniak-
Czochra, R. Rudnicki, Y. Tomilov, and D. Wrzosek, who in various ways con-
tributed to my understanding of the subjects covered in the book. They have
done it in the unfeigned hope that I will be able to comprehend some complex
issues in mathematics and biology; if their hopes are shattered by the book,
they should not be held responsible for all or any misrepresentations, as they
were acting in good faith.
Last but not least, thanks are due to my family: I would like to thank my

wife Beata for her constant encouragement and help, without which it would
be very difficult to devote so much time to writing this book. Special thanks
go also to my sons, Radek and Marek, for supplementing this monograph with
unique pictures.1,2

1 Approximately 10 years ago, after I had completed writingmy first book [49], I heartily wanted to
thank Roger Astley from Cambridge University Press for his help and encouragement. However,
he did not allow me, by saying something to the effect that Cambridge University Press does
not approve of such acknowledgments. By looking at other books recently, to my astonishment I
discovered that this was a flat lie. Hence, I am thanking him now in a footnote, which is printed
in footnote-size, lest he should notice.

2 Hey, I can also thank my friends Chyl and Jarecki for, hm, being my friends.



1

Semigroups of Operators and
Cosine Operator Functions

In this introductory chapter, I present the rudiments of the theory of strongly
continuous semigroups of operators and the related theory of cosine operator
functions (cosine families). These theories, especially the first one, being well
known, and given the number of books devoted to the subject, I felt it unneces-
sary to present all the involved details here, but appropriate to recall basic facts.
Experts may simply skip this chapter, and students familiar with the theory may
test their fluency by checking whether they remember how to prove the facts
presented here (and perhaps do the nonstandard exercises at the end). All of the
remaining readers are asked to consult one or several of [9, 49, 132, 101, 103,
118, 122, 127, 128, 129, 163, 180, 193, 201, 215, 256, 284, 324, 334, 343, 353]
or other relevant monographs. The real newcomers may want to begin by
reading [259]. A unified proof of the Hille–Yosida and Sova–Da Prato–Giusti
Theorems is given in Appendix A.

C0 Semigroups

A C0 semigroup or a strongly continuous semigroup in a Banach space X is a
family T = (T (t ))t≥0 (written also as {T (t ), t ≥ 0}) of bounded linear operators
such that:

(a) T (t )T (s) = T (t + s), t, s ≥ 0,
(b) T (0) = IX,
(c) limt→0 T (t )x = x, x ∈ X,

with the last limit in the strong topology in X. If merely the first two conditions
are satisfied the family is said to be a semigroup. The three properties together,
combined with the Banach–Steinhaus uniform boundedness principle, imply
that there exist M ≥ 1, ω ∈ R such that ‖T (t )‖ ≤ Meωt . Moreover, the map
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[0,∞) � t 	→ T (t )x is continuous (in the strong topology) for all x ∈ X.Hence,
the Laplace transformRλ =

∫∞
0 e−λtT (t ) dt of the semigroup is well defined for

all λ > ω, as a strong improper Riemann integral, and we have ‖Rλ‖ ≤ M
λ−ω .

Using the semigroup property, we check that:

Rnλ =
∫ ∞

0
. . .

∫ ∞

0
e−λ

∑n
i=1 tiT

(
n∑
i=1

ti

)
dt1 . . . dtn,

which gives ‖Rnλ‖ ≤ M(λ− ω)−n, n ≥ 1.
The infinitesimal generator of (T (t ))t≥0 is defined as:

Ax = lim
t→0

1

t
(T (t )x− x),

for those x for which the limit exists in the strong topology. Because all inte-
grals of the form

∫ h
0 T (t )x ds, x ∈ X, h > 0 belong to the domain D(A) of A

and limh→0
1
h

∫ h
0 T (t )x ds = x, A is densely defined. Furthermore, for x ∈ D(A),

T (t )x = x+ ∫ t0 T (s)Ax ds, and this implies that A is closed. Then, Rλ turns
out to be the resolvent of A in the sense that λ− A has a bounded left and
right inverse: (a) Rλ(λ− A)x = x for x ∈ D(A), and (b) Rλx belongs to D(A)
for all x ∈ X and (λ− A)Rλx = x (in particular, the range of λ− A is the
whole of X; this is the all-important range condition). Therefore, we write
Rλ = (λ− A)−1.We note that the equation:

λx− Ax = y, (1.1)

where y ∈ X is given and x ∈ D(A) is to be found, is called the resolvent
equation for A.

This implies in turn that Rλ, λ > 0 satisfies the Hilbert Equation:

Rλ − Rμ = (μ− λ)RμRλ, λ, μ > 0, (1.2)

which could also be obtained from the fact that Rλ is the Laplace transform of
the semigroup.
The Hille–Yosida–Feller–Phillips–Miyadera Theorem states that the condi-

tions on Amentioned here are not only necessary but also sufficient for A to be
the generator of a strongly continuous semigroup.

Theorem 1.1 (Hille–Yosida–Feller–Phillips–Miyadera) An operator A is
the generator of a strongly continuous semigroup {T (t ), t ≥ 0} with ‖T (t )‖ ≤
Meωt iff:

� A is closed and densely defined,
� for all λ > ω, λ− A has a continuous left and right inverse (λ− A)−1,
� ‖(λ− A)−n‖ ≤ M(λ− ω)−n, n ≥ 1, λ > ω.
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Using the Hilbert Equation and the estimate ‖(λ− A)−1‖ ≤ M
λ−ω , we may

prove that the map (ω,∞) � λ→ (λ− A)−1 ∈ L(X) is differentiable with
d
dλ (λ− A)−1 = −(λ− A)−2. Hence, by induction:

dn

dλn
(λ− A)−1 = (−1)nn!(λ− A)−(n+1), n ≥ 1

so that the third condition may be equivalently expressed as:

� ‖ dn

dλn (λ− A)−1‖ ≤ Mn!
(λ−ω)n+1 , n ≥ 0, λ > ω.

We note that A generates a strongly continuous semigroup {T (t ), t ≥ 0} iff
(λ− A)−1 = ∫∞0 e−λtT (t ) dt; this shows in particular that an operator must
not generate two different semigroups. We will write (etA)t≥0, {etA, t ≥ 0} or
{TA(t ), t ≥ 0} for the semigroup generated by A.
The Phillips Perturbation Theorem says that if A is the generator of a strongly

continuous semigroup, then so is A+ B (with domain D(B) = D(A)) where B
is a bounded operator. Moreover,

et(A+B) =
∞∑
n=0

Sn(t ), where

S0(t ) = etA, Sn+1(t ) =
∫ t

0
e(t−s)ABSn(s) ds, n ≥ 0.

Cosine Operator Functions

A strongly continuous cosine operator function (or a cosine family) is a family
{C(t ), t ∈ R} of bounded linear operators satisfying:

(a) 2C(t )C(s) = C(t + s)+C(t − s), t, s ∈ R,

(b) C(0) = IX,
(c) limt→0C(t )x = x, x ∈ X.

As in the case of semigroups, there existM ≥ 1 and ω ≥ 0 (note the restriction
on ω; see Proposition 3.14.6 in [9] and our Exercise 61.2), such that ‖C(t )‖ ≤
Meωt . Also, C(t ) = C(−t ) and {C(t ), t ∈ R} is a strongly continuous family.
Finally, its Laplace transform is uniquely determined by:

λ(λ2 − A)−1 =
∫ ∞

0
e−λtC(t ) dt, λ > ω, (1.3)

where A is the infinitesimal generator defined as:

Ax = lim
t→0

2[C(t )x− x]

t2
,
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for those x for which this limit exists. Again, A is of necessity closed and
densely defined. The analogue of the Hille–Yosida–Feller–Phillips–Miyadera
Theorem (due to Sova [319], and Da Prato and Giusti [290]) is as follows.

Theorem 1.2 An operator A is the generator of a strongly continuous cosine
operator family {C(t ), t ∈ R} such that ‖C(t )‖ ≤ Meωt iff:

� A is closed and densely defined,
� for all λ > ω, λ2 − A has a continuous left and right inverse (λ2 − A)−1,
� ‖ dn

dλn [λ(λ
2 − A)−1]‖ ≤ Mn!(λ− ω)−(n+1), n ≥ 0, λ > ω.

Formula (1.3) shows that the generator uniquely determines the cosine fam-
ily. I will write {CosA(t ), t ∈ R} for the cosine family generated by A. I note
that there is a cosine family equivalent of the Phillips Perturbation Theorem
(Corollaries 3.14.10 and 3.14.13 in [9]).

Semigroups and Cosines

As it was seen earlier, the theories of strongly continuous semigroups and
of cosine families are quite analogous (see, however, [62] or Chapter 61). In
Appendix A, I will show that both the Hille–Yosida–Feller–Phillips–Miyadera
and the Sova–Da Prato–Giusti generation theorems may be obtained from the
Hennig–Neubrander Representation Theorem for Laplace transform. Here, I
discuss two other connections between these theories.
Suppose that {CosA(t ), t ∈ R} is a strongly continuous cosine family. Then

the formula:

T (t ) = 1

2
√
πt

∫ ∞

−∞
e−

s2

4t CosA(s) ds, t > 0 (1.4)

defines a strongly continuous semigroup whose generator turns out to be A. In
other words, generators of cosine families are of necessity generators of semi-
groups, even of holomorphic semigroups (see Chapter 15). The converse, how-
ever, is not true. There are generators of holomorphic semigroups that are not
generators of cosine families. Relation (1.4) is known as theWeierstrass For-
mula [9, 139] or subordination principle [292]; see [154] for probabilistic
aspects of this relationship.
TheKisyński Theorem establishes another connection between semigroups

and cosines, as follows [9, 213]: Let again {CosA(t ), t ∈ R} be a strongly con-
tinuous cosine family in a Banach space X and let XKis be the subset of x ∈ X

such that t 	→ CosA(t )x is continuously differentiable. Then, XKis is a Banach
space when equipped with the norm ‖x‖Kis = ‖x‖ + supt∈[0,1] ‖ dCA(t )x

dt ‖, and
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the operator A(y, x) = (x,Ay) with domain D(A) composed of (y, x) with
y ∈ D(A), x ∈ XKis generates aC0 group inXKis × X (i.e., bothA and−A gen-
erate C0 semigroups there), and we have:

etA =
(
CosA(t )

∫ t
0 CosA(s) ds

dCosA(t )
dt CosA(t )

)
, t ∈ R. (1.5)

The converse is also true: if A is a linear operator in a Banach space X, if X1

is a Banach space such that:

D(A) ⊂ X1 ⊂ X, (1.6)

and the topology in D(A) is not weaker than the topology in X1 and the topol-
ogy in X1 is not weaker than the topology in X and A given here generates
a C0 group in X1 × X, then A generates a strongly continuous cosine family
in X. Moreover, X1 is isomorphic to XKis. The XKis is often referred to as the
Kisyński space. Interestingly, if condition (1.6) is omitted, XKis is not uniquely
determined; see [237].

CONVENTION Throughout this book, when speaking about abstract Banach
spaces, I use x, y, z, and so on to denote their elements. However, when dealing
with applications, which usually involve function spaces, for their elements I
write f , g, h or φ,ψ, and so on and use x, y, and z to denote arguments of
functions.

Exercise 1.1 Let A be the generator of a strongly continuous semigroup
in a Banach space X. Show that limλ→∞ λ(λ− A)−1x = x, x ∈ X and that
limλ→∞ λ[λ(λ− A)−1x− x] = Ax, x ∈ D(A). In fact, the latter condition holds
iff x ∈ D(A).

Exercise 1.2 Check that a bounded operator A generates the semigroup (actu-
ally, a group) given by etA =∑∞

n=0
Antn

n! and the cosine family given by

CosA(t ) =
∑∞

n=0
A2nt2n

(2n)! . Verify the Weierstrass Formula in this case.

Exercise 1.3 Let X be a Banach space, z ∈ X be a fixed element, and f ∈ X∗

be a fixed linear functional. Consider the bounded linear operator Ax = f (x)z.
Prove that:

etAx =
⎧⎨⎩x+

f (x)
r (ert − 1)z, r 
= 0,

x+ t f (x)z, r = 0,
t ≥ 0, x ∈ X,

where r = f (z).
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Exercise 1.4 Let X be a Banach space.

(a) Let A ∈ L(X) be a bounded linear operator satisfying A2 = A. Show that
etA = IX + (et − 1)A.

(b) Let A ∈ L(X) be a bounded linear operator satisfying A2 = 0. Show that
etA = IX + t A.

(c) Let A ∈ L(X) be a bounded linear operator satisfying A2 = −IX. Show
that etA = (cos t ) IX + (sin t )A.

(d) Let A ∈ L(X) be a bounded linear operator satisfying A2 = IX. Show that
etA = (cosh t ) IX + (sinh t )A.

Exercise 1.5 Let X = C0[0,∞) be the space of continuous functions on R+,
vanishing at infinity, and let μ be a non-negative, continuous function on R+

such that limx→∞ μ(x) exists (but may be infinite).

(a) Show that the related, possibly unbounded, operator M : f 	→ −μ f (with
domain composed of f such that μ f ∈ X) is the generator of the contrac-
tion semigroup in X given by:

eMt f (x) = e−μ(x)t f (x), x, t ≥ 0. (1.7)

In the case in which limx→∞ μ(x) = ∞, check that formula (1.7) does not
define a strongly continuous semigroup in the spaceC[0,∞] of continuous
functions with (finite) limits at∞. Hint: take f ≡ 1.

(b) Letμ be positive. For b ∈ X, let a bounded linear operatorB inX be defined
by B f (x) = f (0)b(x), x ∈ R+. By (a) and the Phillips Perturbation Theo-
rem,M + B is the generator of a strongly continuous semigroup. Under the
simplifying assumption that μ(0) = b(0), check directly that:

et(M+B) f (x) = e−μ(x)t ( f (x)− f (0)q(x))+ f (0)q(x), (1.8)

where q(x) = b(x)
μ(x) so that q ∈ X. (M + B is one of the terms in the

predual of the generator of the McKendrick semigroup; see Chapter 50.
See also Exercise 19.3.) Hint: Note that q ∈ D(M); a direct calculation
shows that the generator of the semigroup defined by the right-hand side
of (1.8) extends M + B.

Exercise 1.6
(a) Let X = C[0,∞] be the space of continuous functions on [0,∞) with lim-

its at infinity, equipped with the usual supremum norm. Check that:

T (t ) f (x) = f (x+ t )
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defines a strongly continuous semigroup of operators in X, that the domain
of its generator A is composed of continuously differentiable functions f
such that f ′ ∈ X (deduce that limx→∞ f ′(x) = 0), and that A f = f ′.

(b) Let X be the spaceC[0, 1] of continuous functions on [0, 1], equipped with
the usual supremum norm. Check that:

S(t ) f (x) = f (xe−t )

defines a strongly continuous semigroup of operators in X, that the domain
of its generator B is composed of functions f such that f ′(x) exists for all
x ∈ (0, 1] and limx→0 x f ′(x) = 0. Also, B f (x) = −x f ′(x), x ∈ (0, 1] (and
clearly B f (0) = 0).

(c) Check that:

U (t ) f (x) = f (1− (1− x)e−t )

defines a strongly continuous semigroup of operators in the same Banach
space C[0, 1], that the domain of its generator C is composed of functions
f such that f ′(x) exists for all x ∈ [0, 1) and limx→1(1− x) f ′(x) = 0.Also,
C f (x) = (1− x) f ′(x), x ∈ [0, 1) (and clearly C f (1) = 1).

Exercise 1.7 Two semigroups (etA)t≥0 and (etB)t≥0 defined in Banach spaces
X and Y, respectively, are said to be isomorphic (or similar) iff there is an
isomorphism I : X → Y such that:

IetA = etBI, t ≥ 0.

(a) Check that x ∈ D(A) iff Ix ∈ D(B) and that IAx = BIx.
(b) Check that all three semigroups of the previous exercise are similar and use

this fact to find an independent proof of the characterizations of generators
of semigroups in points (b) and (c) in the previous exercise.

Exercise 1.8 Let L1(R+) be the space of (equivalence classes) of absolutely
integrable functions on R+.

(a) Let {T (t ), t ≥ 0} be the semigroup of shifts to the right:

T (t )φ(x) =
{
φ(x− t ), x ≥ t

0, x < t,
φ ∈ L1(R+).

Show that the domain of its generator is composed of absolutely continu-
ous functions φ with φ(0) = 0, i.e. such that φ(x) = ∫ x0 ψ (y) dy, x ≥ 0 for
some ψ ∈ L1(R+), and that Aφ = −φ′ = −ψ.

(b) Let μ ≥ 0 be a bounded, integrable function on R+. Show that I ∈
L(L1(R+)) given by (Iφ)(x) = e

∫ x
0 μ(y) dyφ(x) is an isomorphism of L1(R+)
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(with ‖I‖ ≤ e
∫∞
0 μ(x) dx and ‖I−1‖ ≤ 1) and check that the isomorphic image

Tμ(t ) = I−1T (t )I of the semigroup of point (a) via I is

Tμ(t )φ(x) =
{
e−
∫ x
x−t μ(y) dyφ(x− t ), x ≥ t

0, x < t,
φ ∈ L1(R+). (1.9)

(c) Let Aμ be the generator of this semigroup. Using the fact that the product
of two absolutely continuous functions is absolutely continuous, show that
D(Aμ) = D(A), and that Aμφ = Aφ − μφ, φ ∈ D(Aμ). (See also Exer-
cise 2.3.)

Exercise 1.9 Let A be the operator in l2, the space of square-summable
sequences (xn)n≥1, given by D(A) = {(ξn)n≥1 ∈ l1, (nξn)n≥1 ∈ l2}, A(ξn)n≥1 =
−(nξn)n≥1.
(a) Show that A is a generator and that:

etA (ξn)n≥1 =
(
e−ntξn

)
n≥1 .

(b) Let L2(0, π ) be the space of (classes of) square integrable functions on
(0, 2π ). Check that en(x) =

√
π
2 sin x, x ∈ (0, π ), n ≥ 1, is a complete,

orthonormal system (see, e.g., [107]), and conclude that L2(0, π ) is iso-
metrically isomorphic to l2 with isomorphism I : L2(0, π )→ l2 given by:

I f = (( f , en))n≥1 ,

where the inner parenthesis denotes the scalar product in L2(0, π ).
(c) Let B be the operator in L2(0, π ) with domainD(B) composed of functions

f that can be represented in the form:

f (x) = ax+
∫ x

0

∫ y

0
h(z) dz dy

where a = − 1
π

∫ π
0

∫ y
0 h(z) dz dy, for some h ∈ L2(0, π ), and given by:

A f = h.

Use (a) and (b) to show that B is a generator, and find the form of etB.

Exercise 1.10 Let BUC(R) be the space of uniformly continuous functions on
the real line, equipped with the supremum norm. Check that:

C(t ) f (x) = 1

2
[ f (x+ t )+ f (x− t )], t, x ∈ R,

defines a strongly continuous cosine family. Prove that its generator is given by
A f = f ′′ with domain composed of twice continuously differentiable members
of BUC(R) such that f ′′ ∈ BUC(R).
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Exercise 1.11 Let BUC(R+) be the space of uniformly continuous functions
on the half-line R+ equipped with the supremum norm. For f ∈ BUC(R+), let
fe ∈ BUC(R) be its even extension to the whole line. Check that:

C(t ) f (x) = 1

2
[ fe(x+ t )+ fe(x− t )], t ∈ R, x ∈ R+,

defines a strongly continuous cosine family. Prove that its generator is given by
A f = f ′′ with domain composed of twice continuously differentiable members
of BUC(R+) such that f ′′ ∈ BUC(R+), and f ′(0) = 0.

Exercise 1.12 Let Cp[0, 1] be the space of continuous functions f on [0, 1]
such that f (0) = f (1). Let fp be the periodic extension of a f ∈ Cp[0, 1] given
by fp(x+ k) = f (x), x ∈ [0, 1] where k is any integer. Show that:

C(t ) f (x) = 1

2
[ fp(x+ t )+ fp(x− t )], t ∈ R, x ∈ R+,

defines a strongly continuous cosine family and prove that its generator is A f =
f ′′ with domain composed of twice continuously differentiable members of
Cp[0, 1] such that f ′, f ′′ ∈ Cp[0, 1].

Exercise 1.13 LetC[−∞,∞] be the space of continuous functions on R with
limits at +∞ and −∞, and let {T (t ), t ≥ 0} be operators defined by:

T (t ) f (x) =

⎧⎪⎪⎨⎪⎪⎩
f (x+ σ1t ), x ∈ [0,∞),

f ( σ1
σ−1
x+ σ1t ), x ∈ (−σ−1t, 0),

f (x+ σ−1t ), x ∈ (−∞,−σ−1t],
where σ1 and σ−1 are given positive constants.

(a) Show that this is a strongly continuous semigroup with generator A given
by:

A f =
{
σ1 f ′(x), x ≥ 0

σ−1 f ′(x), x < 0,

defined for all f satisfying the following conditions: (i) f is continuously
differentiable for x > 0, with the derivative having limits at +∞ and 0 –
the latter limit is denoted f ′(0+). (ii) f is continuously differentiable for
x < 0with derivative having limits at−∞ and 0 – the latter limit is denoted
f ′(0−). (iii) We have σ−1 f ′(0−) = σ1 f ′(0+).

(b) Let α(x) = σsgn xx. Check that I : f 	→ f ◦ α is an isometric isomorphism
of C[−∞,∞]. Redo point (a) by noting that S(t ) = IT (t )I−1 is the trans-
lation to the left: S(t ) f (x) = f (x+ t ), x ∈ R, t ≥ 0.
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(c) Prove that the semigroup may be extended to a group {T (t ), t ∈ R}, and
find an explicit formula for T (t ), t < 0.

(d) Prove thatC(t ) = 1
2 (T (t )+ T (−t )), t ∈ R defines a cosine family and find

its generator.



PART I

Regular Convergence





2

The First Convergence Theorem

We start with a lemma concerning the relationship between convergence of
functions and their Laplace transforms. We assume that fn : R+ → X, n ≥ 1,
where X is a Banach space, are continuous functions satisfying ‖ fn(t )‖ ≤
M, t ≥ 0, n ≥ 1 for some M > 0, and denote by f̂n(λ) =

∫∞
0 e−λt fn(t ) dt, λ >

0 their Laplace transforms.

Lemma 2.1 Functions fn converge almost uniformly in t ∈ R+ iff they are
equicontinuous in n and their Laplace transforms converge (pointwise).

Here, by almost uniform convergence we mean the convergence that is uni-
form in any compact subinterval of R+, and equicontinuity in n means that for
any t ∈ R+ and ε > 0 there exists a δ > 0 such that |h| < δ and t + h ∈ R+

imply ‖ fn(t + h)− fn(t )‖ < ε.

Proof Equicontinuity is known to be necessary for uniform convergence, and
convergence of functions (even pointwise) implies convergence of resolvents
by Lebesgue Dominated Convergence Theorem. Hence, it is the converse that
is nontrivial (and useful).
The following argument proving the converse is due to J. Kisyński. Let

l∞(X) be the space of bounded sequences with values in X, equipped with
the norm ‖(xn)n≥1‖ = supn ‖xn‖, and let c(X) be its subspace of conver-
gent sequences. By equicontinuity assumption, the function F : R+ → l∞(X)
given by F (t ) = ( fn(t ))n≥1 is continuous. Furthermore,

∫∞
0 e−λtF (t ) dt =

( f̂n(λ))n≥1, λ > 0. If a bounded linear functional � on l∞(X) is orthogo-
nal to c(X), then

∫∞
0 e−λt�(F (t )) dt = �( f̂n(λ))n≥1 = 0, λ > 0, implying� ◦

F ≡ 0, by continuity. Hence, F has values in c(X) or, which is the same,
limn→∞ fn(t ) exists. Because the limit function must be continuous, the limit
is almost uniform in nonnegative t. �
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We come to our first and the simplest approximation theorem. Notably, its
proof contains, in a germ form, all the main ideas to be developed later.

Theorem 2.2 Assume (etAn )t≥0, n ≥ 1 are strongly continuous semigroups in
a Banach spaceX that are equibounded in the sense that there exists a constant
M > 0 such that:

‖etAn‖ ≤ M, t ≥ 0, n ≥ 1. (2.1)

Let (etA)t≥0 be another strongly continuous semigroup in X such that ‖etA‖ ≤
M. The following are equivalent:

a) limn→∞ etAn = etA (strongly).
b) limn→∞(λ− An)−1 = limn→∞(λ− A)−1 (strongly) for all λ > 0.
c) limn→∞(λ− An)−1 = limn→∞(λ− A)−1 (strongly) for some λ > 0.
d) For any x ∈ D(A) there exist xn ∈ D(An) such that limn→∞ xn = x and

limn→∞ Anxn = Ax.

Moreover, if these equivalent conditions are satisfied then the limit in a) is
almost uniform in t ∈ R+.

Proof Implication a) ⇒ b) is obvious by the Lebesgue Dominated Con-
vergence Theorem, and b) ⇒ c) is trivial. Assuming that c) is satisfied,
we take an x ∈ D(A) and find the y ∈ X with x = (λ− A)−1y. Then, we
define xn = (λ− An)−1y to see that xn ∈ D(An), limn→∞ xn = (λ− A)−1y =
x and limn→∞ Anxn = limn→∞(λ(λ− An)−1y− λy) = λ(λ− A)−1y− λy =
A(λ− A)−1y = Ax, showing d).
To see that d) implies b), for λ > 0 and y ∈ X we find x ∈ D(A) such

that y = λx− Ax. Then, vectors yn = λxn − Anxn where xn is chosen as
in d), satisfy ‖(λ− An)−1(yn − y)‖ ≤ Mλ−1‖yn − y‖, limn→∞ yn = y and
(λ− An)−1yn = xn → x = (λ− A)−1y. This implies limn→∞(λ− An)−1y =
limn→∞(λ− A)−1y, showing b).
Finally, we show that b) and d) imply a). For x ∈ D(A), let xn be as in d)

and define fn(t ) = etAnxn = xn +
∫ t
0 e

sAnAnxn ds, t ≥ 0. Then fn are Lipschitz
continuous with constant M supn≥1 ‖Anxn‖, and limn→∞

∫∞
0 e−λtetAnxndt =

limn→∞(λ− An)−1xn = (λ− A)−1x = ∫∞0 e−λtetAx dt, λ > 0. Hence, by
Lemma 2.1, limn→∞ etAnxn = etAx almost uniformly in t ∈ R+. Since the
semigroups are equibounded this implies limn→∞ etAnx = etAx (almost uni-
formly in t ∈ R+). Thus, a) follows by density argument. �

The equivalence of a), b), and c) is usually referred to as the (first) Trotter–
Kato Theorem, the adjective “second” being reserved for the version where the
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existence of the limit semigroup is not assumed. The fourth condition and the
related notion of extended limit of linear operators (see Chapter 7) was intro-
duced independently by M. Sova and T. G. Kurtz [132, 229, 320].1 For con-
venience, we will refer to all convergence results involving resolvents as the
Trotter–Kato Theorem, and to those involving generalized limit as the Sova–
Kurtz Theorem.
Using the latter theorem greatly simplifies proofs of convergence. For exam-

ple, consider X = C[−∞,∞], the space of continuous functions on R with
limits at plus and minus infinity, and the sequence of semigroups generated by
operators An = h−1n (Tn − I) where Tn f (x) = 1

2 ( f (x+
n)+ f (x−
n)), x ∈
R, and hn and
n are positive numbers. If limn→∞ hn = 0 and limn→∞
n = 0
with limn→∞


2
n

hn
= 1, then the semigroups converge to the Brownian motion

semigroup generated by the half of the one-dimensional Laplacian A = 1
2

d2

dx2

with maximal domain C2[−∞,∞] in X:

etA f (x) = E f (x+ wt ) = 1√
2πt

∫ ∞

−∞
e−

y2

2t f (x+ y) dy, (2.2)

where wt, t ≥ 0 is a one-dimensional standard Brownian motion. Proving this
via the Trotter–Kato Theorem requires finding the form of the resolvents (λ−
An)−1, which is possible but time-consuming, while the proof via the Sova–
Kurtz version is immediate if we use Taylor’s Theorem – see Exercise 2.2. On
the other hand, it should be noted that finding (xn)n≥1 of point (d) may require
some ingenuity, while having a closed form of (λ− An)−1 makes the reasoning
quite straightforward. The reader will find ample illustrations of these facts in
the following chapters of this monograph.

Remark 2.3 Interestingly, there is no explicit assumption of equicontinuity
of semigroups’ trajectories in Theorem 2.2. For x ∈ D(A) this assumption is
implicit in d), and convergence of the trajectories for x ∈ X is obtained by den-
sity argument.

In the three chapters that follow we present three examples of application
of Theorem 2.2: first in the space of continuous functions, then in the space
of integrable functions, and finally in a Hilbert space of square integrable
functions.

1 Interestingly, extended limit has been introduced yet again, and its basic properties established,
by P. E. T. Jørgensenmuch later [191], under the name of graph extension; see also [294, p. 293],
where – in studying the case of self-adjoint operators – the same notion is introduced and termed
strong graph limit, and [199], where it was used in the context of singular perturbations. In fact,
once discovered, the notion seems so natural that one wonders why some – excellent – books do
not cover it.
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Exercise 2.1 Let A be the generator of a semigroup in a Banach space X and
let B be a bounded linear operator in X. Show that for each a ∈ R, A+ aB
generates a semigroup and that lima→0 et(A+aB) = etA.

Exercise 2.2 Prove convergence of semigroups spoken of after Theorem 2.2
by showing convergence of their resolvents, and then by showing convergence
of their generators. To this end show first that given λ > 1 and a doubly infinite
(yn)n∈Z with limits in±∞ there exists a unique (xn)n∈Z with the same properties
such that λxn − 1

2 (xn+1 + xn−1) = yn. This (xn)n∈Z is given by:

xn = 1√
λ2 − 1

∑
i∈Z

(
λ−
√
λ2 − 1

)|i−n|
yi.

Also, recall that:(
λ− 1

2

d2

dx2

)−1
f (x) = 1√

2λ

∫ ∞

−∞
e−
√
2λ|x−y| f (y) dy, λ > 0, x ∈ R. (2.3)

Exercise 2.3 Let A be as in Exercise 1.8 and let B given by Bφ = μφ be
the bounded multiplication operator in L1(R+), where μ ≥ 0 is assumed to be
bounded (but not necessarily integrable over R+). By the Phillips Perturbation
Theorem, A+ B is a generator. Let μn(x) = e−n

−1xμ(x) so that μn is bounded
and integrable and let An := Aμn be the generators of the semigroups defined by
(1.9) with μ replaced by μn. Use the Trotter–Kato Theorem in its Sova–Kurtz
version to show that limn→∞ etAn = etAμ . Conclude that (1.9) holds without the
assumption that μ is integrable.

� Chapter’s summary

We have covered the first convergence theorem: for a sequence of equibounded
semigroups to converge to a given limit semigroup it is necessary and sufficient
that their resolvents converge to the resolvent of the limit semigroup, and that
happens iff the limit semigroup’s generator is in a sense a limit of approximating
generators. By nature, such convergence of semigroups is almost uniform in
t ∈ [0,∞).



3

Continuous Dependence on
Boundary Conditions

For an example of Theorem 2.2, consider the spaceC[0,∞] of continuous func-
tions on R+ = [0,∞) with limits at infinity. Let A be the operator A f = f ′′

with domain composed of twice continuously differentiable functions with
f ′′ ∈ C[0,∞], satisfying the boundary condition:

a f ′′(0)− b f ′(0)+ c f (0)− d
∫
R
+∗
f dμ = 0, (3.1)

where μ is a probability measure on R+∗ = (0,∞), and a, b, c, and d are given
nonnegative constants with c ≥ d and a+ b > 0.

We argue that A generates a Feller semigroup on C[0,∞] (comp. [144]).
Let us recall that by definition a strongly continuous contraction semigroup in
C[0,∞] is said to be a Feller semigroup iff it maps non-negative functions into
non-negative functions [49, 132, 296]. A well-known necessary and sufficient
condition for a densely defined operator to generate a Feller semigroup is that
it satisfies the positive maximum principle (if the maximum of a f ∈ D(A) is
attained at x ∈ [0,∞], and f (x) ≥ 0, then A f (x) ≤ 0) and the range condition
(see next page).
Our A is densely defined (see Exercise 3.2) and satisfies the positive maxi-

mum principle. To see this, assume a positive maximum of f ∈ D(A) is attained
at x = 0 (if the maximum is attained at x > 0 or at infinity the claim is obvi-
ous). Consider first the case where a 
= 0. Then f ′′(0) = a−1(b f ′(0)− c f (0)+
d
∫
R
+∗
f dμ) ≤ 0 because f ′(0) ≤ 0 and d

∫
R
+∗
f dμ ≤ c f (0) (here f (0) ≥ 0 is

used; in particular we may have d = 0). If a = 0, we have f ′(0) ≤ 0 and,
on the other hand, f ′(0) = b−1(c f (0)− d

∫
R
+∗
f dμ) ≥ 0. Therefore, f ′(0) = 0

and the even extension of f to the whole of R is twice continuously dif-
ferentiable. Since its maximum is attained at x = 0, we have f ′′(0) ≤ 0, as
desired.
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It remains to be checked that the range condition is satisfied: for all λ > 0
and g ∈ C[0,∞] there exists an f ∈ D(A) such that:

λ f − f ′′ = g. (3.2)

We look for f of the form:

f (x) = Ce
√
λx + De−

√
λx − 1√

λ

∫ x

0
sinh

√
λ(x− y)g(y) dy, (3.3)

where C and D are constants to be determined. Clearly, f is twice con-
tinuously differentiable and satisfies (3.2) but we need to make sure f ∈
D(A). Because f is to have a finite limit at ∞ and since limx→∞ e−

√
λx(D+

1
2
√
λ

∫ x
0 e

√
λyg(y) dy) = 1

2λ limx→∞ g(x), we must have:

C = 1

2
√
λ

∫ ∞

0
e−
√
λyg(y) dy, (3.4)

that is,

f (x) = De−
√
λx + 1

2
√
λ

∫ ∞

0
e−
√
λ|x−y|g(y) dy =: De−

√
λx + gλ(x). (3.5)

Also, taking:

D = (b
√
λ− aλ− c)C + ag(0)+ d

∫
R
+∗
gλ dμ

aλ+ b
√
λ+ c− d

∫
R
+∗
e−
√
λxμ( dx)

, (3.6)

we see that (3.1) is satisfied.
The D defined here has a noteworthy property: if an, bn, cn, dn, and μn tend

to a, b, c, d, and μ, respectively (the limit of measures in the weak∗ topology),
then the corresponding constants Dn tend to D, provided, as we assumed, at
least one of a and b is nonzero. In other words, D depends continuously on
the boundary conditions. But this shows that so does f = (λ− A)−1g defined
by (3.4)–(3.6). Hence, by Theorem 2.2 the semigroups generated by A depend
continuously on the parameters appearing in (3.1). This is an example of amuch
more general principle (see [92, 94, 93] where, however, the problem is seen in
the context of Lp spaces, compare also [267, Section 4] and Corollary 56.4). To
quote [93]: when a, b, c, and d are changed, “the domain of the corresponding
semigroup generator apparently changes, so we seem to have an unbounded,
domain-changing perturbation, and the continuous dependence result is not at
all obvious.”
A few words concerning interpretation of boundary condition (3.1) are here

in order. The semigroup generated by A is related to a stochastic process on
R+; the form of the generator (A f = f ′′) tells us that, while away from the
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x

tT

P (T > t) = e−
c
a
t

p = d
c

μ

p = 1 − d
c

- particle ‘dies’

Figure 3.1 Elementary return Brownian motion (redrawn from [70])

boundary x = 0, the process behaves like a (re-scaled) Brownian motion. To
specify the process completely, however, we need to provide rules of its behav-
ior at the boundary, and this is the role of (3.1). Upon touching the boundary,
the particle performing Brownian motion may be stopped there, reflected, or
killed (i.e., removed from the space); it may also jump somewhere into R+.
The coefficients a, b, c, and d may be thought of as describing relative fre-
quencies of such events, and μ is the distribution of particle’s position right
after the jump. In particular, the case a = 1, b = c = d = 0 is the stopped
(or: absorbing) Brownian motion (the particle reaching the boundary stays
there forever), a = c = d = 0, b = 1 is the reflected Brownian motion whose
paths are absolute values of paths of an unrestricted Brownian motion, and
a = b = d = 0, c = 1 is the minimal Brownian motion (the particle reaching
the boundary disappears).
Consider in more detail the case where a 
= 0 and b = 0:

a f ′′(0)+ c f (0)− d
∫
R
+∗
f dμ = 0. (3.7)

This is the case of elementary return Brownian motion, in which the process
after reaching the boundary stays there for a random exponential time T with
parameter c/a (see Figure 3.1):

P(T > t ) = e−
c
a t, t ≥ 0.

At time T , the process either terminates, with probability 1− d
c , or jumps, with

probability d
c , to a random point in R+∗ , the distribution after the jump being

μ, and starts its movement afresh. (Interestingly, the possibility for a process
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x

tT

P (T > t) = e−
c
b
t+

μ

p = 1 − d
c

- particle ‘dies’

Figure 3.2 Elastic barrier (redrawn from [70])

to return from the boundary to R+∗ in this way was not suggested by physical
considerations, but by the Wright–Fisher model with mutations, originating
from population genetics, see [142]–[144], [134], and Chapter 17.)

The elastic barrier where a = 0 and b 
= 0:

b f ′(0) = c f (0)− d
∫
R
+∗
f dμ (3.8)

may be described by analogy (see Figure 3.2). Here, after reaching the boundary
the trajectory is reflected and the process continues in this fashion for a random
time T . The times when the path touches x = 0 form a measurable subset of the
time axis, and the Lebesgue measure of this set is zero. There is, nevertheless,
a way to measure the time spent at the boundary, called the Lévy local time
t+; t+ itself is a random process (on a separate probability space) increasing
only when the Brownian path is at the boundary [188, 195, 196, 296]. As in
the elementary return Brownian motion, at time T distributed according to (see
[188] p. 45 or [195] p. 426):

P(T > t ) = e−
c
b t
+
, t ≥ 0,

the process either terminates, with probability 1− d
c , or jumps, with probability

d
c , to a random point in R+∗ , the distribution after the jump being μ, and starts
afresh.
For a detailed analytic and probabilistic treatment of boundary conditions

see, for example, [144, 145, 247]. A very nice insight into the subject may
also be gained by considering a characteristic operator of E. B. Dynkin – see
[121, 122, 123, 124, 193]. Consult also [158], where a physical interpretation
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to very general boundary conditions is given, and reader-friendly and expertly
written [324]. Here, we will merely find the most general form of boundary
conditions for the one-dimensional Laplacian generating a Feller semigroup in
C[0,∞] (comp. [247] p. 37); this part may be skipped on the first reading.

To this end, let A be the generator of a Feller semigroup in C[0,∞] with
domain contained in C2[0,∞] and such that A f = f ′′, f ∈ D(A). Then, the
solution to the resolvent equation for A must be of the form (3.3) with C spec-
ified in (3.4). Hence (comp. (4.3), later on):

(λ− A)−1g(x) = (C + D)e−
√
λx

+ 1

2
√
λ

∫ ∞

0
[e−

√
λ|x−y| − e−

√
λ(x+y)]g(y) dy.

Here, C = Cλ and D = Dλ are in fact linear functionals indexed by λ >

0; we write Eλ := λ(Cλ + Dλ). It is an exercise to check that Eλ is posi-
tive (compare Lemma 4.2, later on, note that (λ− A)−1g ≥ 0 provided g ≥
0) and Eλ(e) ≤ 1, where e = 1[0,∞]; in particular the norm of Eλ does not
exceed 1. Because limλ→∞ λ(λ− A)−1g= g, we have limλ→∞ Eλg= g(0).
Similarly (comp. Exercise 1.1), Ag= limλ→∞ λ(λ(λ− A)−1g− g), g ∈ D(A)
implies g′′(0) = limλ→∞ λ(Eλg− g(0)). Introducing for fixed r > 0, hr(x) =
x ∧ r, we see that this may be written as:

lim
λ→∞

[g′′(0)− λFλg1 + g(0)λ(1− Eλe)] = 0, g ∈ D(A), (3.9)

where Fλg= Eλ(hrg), g ∈ C[0,∞] and g1(x) = g(x)−g(0)
x∧r , x > 0; note that g1

has a continuous extension to an element ofC[0,∞] with g1(0) = g′(0). Since
the functionals ‖Fλ‖−1Fλ may be identified with probability measures, it fol-
lows by the Helly principle that there exists a sequence (λn)n≥1 converging to
infinity and a probability measure ν such that:

lim
n→∞‖Fλn‖

−1Fλng=
∫
[0,∞]

gdν, g ∈ C[0,∞].

Choosing further subsequences if necessary, we find a sequence such that addi-
tionally the limits:

lim
n→∞ λn‖Fλn‖ =: α ≥ 0,

lim
n→∞ λn(1− Eλne) =: β ≥ 0,

and limn→∞
‖Fλn‖
1−Eλn e =: γ ≥ 0 exist (but may be infinite). If α and β are finite,

taking the limit in (3.9) along the chosen sequence we obtain:

g′′(0)− α

∫
[0,∞]

g1 dν + βg(0) = 0. (3.10)
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In the other case, dividing the expression in brackets in (3.9) by λ‖Fλ‖ + λ(1−
Eλe) and taking the limit along the chosen sequence, we obtain:

γ

1+ γ

∫
[0,∞]

g1 dν + 1

1+ γ
g(0) = 0, (3.11)

where γ

1+γ = 1 and 1
1+γ = 0 for γ = ∞. Hence, in both cases there are non-

negative constants a0, b0, c0 such that:

a0g
′′(0)− b0

∫
[0,∞]

g(x)− g(0)

x ∧ r ν( dx)+ c0g(0) = 0, g ∈ D(A); (3.12)

this is the promised, most general form of a boundary condition. Note that
a0 + b0 must be positive, because otherwise we would have c0 = 1, the bound-
ary condition would read g(0) = 0, and D(A) couldn’t possibly be dense in
C[0,∞].

Now, assume
∫
(0,∞]

1
x∧r ν( dx) =: d0 is finite, and take a = a0, b = b0ν({0}),

c = c0 + b0d0, d = b0d0 and μ(B) = d−10

∫
B

1
x∧r ν( dx). Then (3.12) reduces to

(3.1) provided ν({∞}) = 0; by the way, this explains why we assumed c ≥ d
in (3.1). As earlier, we check that the case a+ b = 0 is impossible.

In the case in which d0 = ∞, the related process is much trickier to describe
in probabilistic terms than it is in the case d0 <∞, covered earlier – compare,
for example, [124, Chapter 4].

Exercise 3.1 A matrix Q = (qi j )i, j∈{1,...,n} is said to be a Kolmogorov matrix
or an intensity matrix iff its off-diagonal entries qi j, i 
= j are non-negative
and its rows add up to zero. If {1, . . . , n} is equipped with the discrete topol-
ogy, the space Rn may be identified with the space of continuous functions on
{1, . . . , n}. Check that for any Kolmogorov matrix Q, the operator Rn � x 	→
Qx ∈ Rn satisfies the maximum principle: if maxi∈{1,...,n} xi = x j, then the jth
coordinate of Qx is nonpositive.

Exercise 3.2 Given a twice continuously differentiable f ∈ C[0,∞] with
f ′′ ∈ C[0,∞], find a sequence fn satisfying (3.1), of the form fn(x) = f (x)+
αne−βnx, where βn ≥ 0, such that limn→∞ fn = f .

Exercise 3.3 Prove the properties of Eλ stated in the text.

Exercise 3.4 Prove the convergence result of this chapter by proving conver-
gence of the related generators (without calculating resolvents).

Exercise 3.5 A Feller semigroup generated by A in C[0,∞] is said to be
conservative iff it maps 1[0,∞) into itself. Equivalently, 1[0,∞) ∈ D(A) and
A1[0,∞) = 0. Check that the semigroup related to the boundary condition (3.1)
is conservative iff c = d.
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Exercise 3.6 For a ≥ 0 and a measure μ on [0, 1), let an operator A inC[0, 1]
be defined by A f = f ′ with domain composed of continuously differentiable
functions satisfying f ′(1) = a(

∫
[0,1) f dμ− f (1)). Check that A is the genera-

tor of a conservative Feller semigroup in C[0, 1]. (This is the semigroup gov-
erning the Markov process in which a particle in [0, 1) moves to the right with
constant speed 1. Upon reaching the boundary x = 1 the process stays there
for an exponential time with parameter a, and then jumps to one of the points
of [0, 1), the distribution of the point after the jump being μ, to continue its
motion to the right. For a = 0, the process remains in x = 1 forever. Turning
to the case where μ is the Dirac measure at zero, show that for t ∈ [0, 1], the
semigroup generated by A is given by:

etA f (x) = f̃ (x+ t ), x ∈ [0, 1] (3.13)

where, for x ∈ [1, 2]:

f̃ (x) = f (x), x ∈ [0, 1], f (x) = e−a(x−1) f (1)+ a
∫ x−1

0
e−a(x−1−y) f (y) dy.

� Chapter’s summary

We have covered the first example of convergence of semigroups based on
the theorem of Chapter 2. Feller semigroups generated by a one-dimensional
Laplace operator in C[0,∞] are related to boundary conditions describing
behavior of the related process at the boundary where x = 0. At the boundary,
the process may be reflected, stopped, or killed and removed from the state-
space, it may also jump from the boundary to the interior of the right half-line.
Even though the boundary conditions influence the domains of the generators
of the semigroups, and changing coefficients in the boundary condition changes
the domain, the semigroups depend continuously on these coefficients.
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Semipermeable Membrane

This chapter may be seen as an introduction to the model of fast neurotrans-
mitters of Chapter 33. Its primary aim, however, is to further illustrate Theo-
rem 2.2. We consider particles diffusing on the real line and assume that the
physical characteristics of the material and hence the diffusion coefficients on
the positive and negative half-axes are different. The half-axes are separated by
a semipermeable membrane at x = 0, described later.
Because we want to study dynamics of the processes’ distributions, a nat-

ural concept here is that of a Markov operator, which is a linear operator
in the L1(S) = L1(S,m) space of (equivalence classes) of functions on a mea-
sure space (S,m) that are absolutely integrable with respect to the measure m.
An operator P is said to be Markov iff it leaves the positive cone invariant
(i.e., P f ≥ 0 for f ≥ 0) and preserves the integral there, that is,

∫
P f dm =∫

f dm, for f ≥ 0. It is easy to see that Markov operators are contractions
(Exercise 4.1).

For a densely defined operator A in L1(S) to generate a semigroup of Markov
operators, it is necessary and sufficient for its resolvent to be Markov, which
means by definition that all λ(λ− A)−1, λ > 0 are Markov. This result may
be deduced from the Hille–Yosida Theorem (see [234], or Lemma 13.2 in
Chapter 13).
In our case, m is the Lebesgue measure on R. For our purposes, however,

it will be convenient to identify a member φ of L1(R) with the pair (φi)i∈I
of functions on R+ defined by φi(x) = φ(ix), x ≥ 0. Here I = {−1, 1}. Cer-
tainly φi ∈ L1(R+), that is, we identify L1(R) with L1(R+)× L1(R+) (see
Figure 4.1).

With this identification in mind, and given positive constants ki, σi, i ∈ I, we
follow [57] to define the operator A in L1(R+) by:

A (φi)i∈I =
(
σ 2
i φ

′′
i

)
i∈I (4.1)
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Figure 4.1 L1(R) = L1(R+)× L1(R+) by Marek Bobrowski

with domain composed of (φi)i∈I ∈W 2,1(R+)×W 2,1(R+) satisfying the
transmission conditions:

σ 2
1 φ

′
1(0) = k1σ

2
1 φ1(0)− k−1σ 2

−1φ−1(0), σ 2
1 φ

′
1(0)+ σ 2

−1φ
′
−1(0) = 0.

(4.2)

Here,W 2,1(R+) is the set of differentiable functions on R+ whose derivatives
are absolutely continuous with second derivatives belonging to L1(R+). Rela-
tions (4.2) describe the way the membrane allows the traffic from one half-axis
to the other: as Lemma 4.1 shows, the second relation in (4.2) is a balance con-
dition saying that the mass inflow into one half-axis is equal to the mass outflow
out of the other one, and guarantees that the resolvent of A preserves the inte-
gral (for an alternative explanation, see Exercise 4.6). The other condition in
(4.2) describes this flow in more detail. The constants ki appearing there are
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permeability coefficients: k1 describes permeability from the right to the left,
and k−1 describes permeability from the left to the right (see Chapter 11 and
Exercise 11.2 for more details).
We claim that A defined earlier generates a semigroup of Markov operators

in L1(R).We will need the following two lemmas.

Lemma 4.1 For λ > 0, let the operator Rλ(ψi)i∈I = (φi)i∈I in L1(R) be given
by:

φi(x) = Cie
√
λ

σi
x + Die

−
√
λ

σi
x − 1

σi
√
λ

∫ x

0
sinh

√
λ

σi
(x− y)ψi(y) dy

= 1

2σi
√
λ

∫ ∞

0
e−

√
λ

σi
|x−y|

ψi(y) dy+ Die
−
√
λ

σi
x
, x ≥ 0. (4.3)

Here, Ci = Ci(ψi) = 1
2σi
√
λ

∫∞
0 e−

√
λ

σi
y
ψi(y) dy, and Di are some functionals on

L1(R). The operators λRλ preserve the integral iff Di are chosen so that φi
satisfy the second condition in (4.2).

Proof Integrating (4.3):∫
R+

φi = σi√
λ
Di + 1

λ

∫
R+

ψi − σi√
λ
Ci.

Hence the integral is preserved iff:

σ1(D1 −C1)+ σ−1(D−1 −C−1) = 0. (4.4)

On the other hand, φ′i (0) =
√
λ
σi
(Ci − Di), showing that the second condition in

(4.2) is equivalent to (4.4). �
Lemma 4.2 The Rλ’s from the previous lemma leave the positive cone invari-
ant iff:

Ci + Di ≥ 0, i ∈ I. (4.5)

Proof This condition means that Ci(ψ )+ Di(ψ ) ≥ 0 provided ψ ∈ L1(R) is
non-negative. Assuming (4.5) we have:

φi(x) ≥ 1

2σi
√
λ

∫ ∞

0
e−

√
λ

σi
|x−y|

ψi(y) dy−Cie−
√
λ

σi
x

≥ 1

2σi
√
λ

∫ ∞

0

[
e−

√
λ

σi
|x−y| − e−

√
λ

σi
(x+y)
]
ψi(y) dy

≥ 0,

as long as ψi ≥ 0. Conversely, suppose that φi ≥ 0 if ψi ≥ 0. Then,Ci + Di =
φi(0) ≥ 0 since φi is continuous. �
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To show that A generates a semigroup of Markov operators, consider the
resolvent equation for A:

λ (φi)i∈I − A (φi)i∈I = (ψi)i∈I , (4.6)

where ψi ∈ L1(R+) and λ > 0 are given. The solution is given by (4.3) where
Di are to be determined so that (φi)i∈I ∈ D(A). In particular, by the second
condition in (4.2), we must have (4.4). The other condition in (4.2) forces:

σ1
√
λ(C1 − D1) = k1σ

2
1 (C1 + D1)− k−1σ 2

−1(C−1 + D−1).

These two are satisfied iff:

Di =
√
λ+ k−iσ−i − kiσi√
λ+ k−1σ−1 + k1σ1

Ci +
2k−iσ 3

−i
σ1σ−1

√
λ+ k−1σ 2

−1σ1 + k1σ 2
1 σ−1

C−i.

(4.7)

This proves that the resolvent equation has a solution. Moreover, as the coeffi-
cient of Ci is no less than −1, we have Di +Ci ≥ 0. By Lemmas 4.1 and 4.2,
the resolvent of A is Markov. Hence, we are done provided we show that A is
densely defined, but this is left as an exercise.
We are interested in the limit as the membrane’s permeability increases.

Hence, we consider An defined by (4.1) and (4.2) with ki replaced by nki. Then,
the corresponding sequence of Di converges to:

Di = k−iσ−i − kiσi
k−1σ−1 + k1σ1

Ci +
2k−iσ 3

−i
k−1σ 2

−1σ1 + k1σ 2
1 σ−1

C−i. (4.8)

Therefore, φi defined by (4.3) and the resolvents of An converge also. We check
(see Exercise 4.4) that (4.3) with the above Di is the resolvent of the densely
defined operator A∞ related to the transmission conditions:

k1σ
2
1 φ1(0) = k−1σ 2

−1φ−1(0), σ 2
1 φ

′
1(0)+ σ 2

−1φ
′
−1(0) = 0. (4.9)

Because the limit of Markov operators is Markov, the resolvent of A∞ is
Markov, and we conclude that A∞ generates a semigroup of Markov operators.
By Theorem 2.2, the semigroups generated by An converge to the semigroup
generated by A∞.

More on the limit semigroup may be found in Exercise 4.5, see also
Chapter 11.

Exercise 4.1 Show that Markov operators are contractions.
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1
2

1
2

Figure 4.2 The semigroup {T (t ), t ≥ 0} in action: it maps the graph on the left to
the graph on the right. Here σ1 = 1, σ−1 = 2, t = 1

2 . Points on the left half-axis
move fast, and need to slow down on the right half-axis: hence, they are congested
in the interval [0, 1

2 ]. (Redrawn from [57].)

Exercise 4.2 Check that the following relation between transcription rate dis-
tribution q and protein number distribution p (taken from [279]):

p(x) =
∫ 1

0

e−xb
−1
xah−1

bah�(ah)
q(h) dh,

defines a Markov operator from L1(0, 1) to L1(0,∞), that is, an operator map-
ping a non-negative q in the former space to a non-negative p in the latter space,
in such a way that

∫∞
0 p = ∫ 10 q.

Exercise 4.3 Show that the operator defined by (4.1) and (4.2) is densely
defined. Hint: argue as in Exercise 3.2, take βn = n for example.

Exercise 4.4 Show that (4.3) with (4.8) is the resolvent of the operator (4.1)
with transmission conditions (4.2) replaced by (4.9). Check also that the latter
operator is densely defined.

Exercise 4.5
1. Consider a process on R in which points of R+ move to the right with speed

σ1 and points of R− move to the right with speed σ−1. If φ is an initial
distribution of such points, then:

T (t )φ(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
φ(x− σ1t ), x ≥ σ1t,

σ−1
σ1
φ
(
σ−1
σ1
x− σ−1t

)
, 0 < x < σ1t,

φ(x− σ−1t ), x ≤ 0,

is their distribution after time t ≥ 0 (see Figure 4.2). Check that this formula
defines a semigroup of Markov operators in L1(R), and that the generator of
this semigroup isBσ−1,σ1φ(x) = σsgn xφ

′(x). Determine the domain ofBσ−1,σ1 .
(Compare Exercise 1.13.)
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2. Consider J ∈ L(L1(R)) given by Jφ(x) = φ(−x). Check that J is a Markov
operator with J−1 = J. Moreover, for φ ∈ D(Bσ−1,σ1 ), we have Jφ ∈
D(Bσ1,σ−1 ) and JBσ−1,σ1Jφ = −Bσ1,σ−1φ. Conclude that −Bσ−1,σ1 is similar
(or: isomorphic) to Bσ1,σ−1 [49, 128, 129], and generates the semigroup of
Markov operators {JT (t )J, t ≥ 0}. Use the generation theorem for groups
(see, e.g., [128] p. 79) to see that Bσ−1,σ1 generates a group of Markov
operators.

3. Combine this with Theorems 3.14.15 and 3.14.17 in [9] to see that B2
σ−1,σ1

generates the strongly continuous cosine family:

C(t ) = 1

2

(
e|t|Bσ−1,σ1 + Je|t|Bσ−1 ,σ1 J

)
, t ∈ R,

and the related semigroup (both composed of Markov operators) defined by
the Weierstrass Formula (1.4). The latter semigroup may be thought of as
describing diffusion with different coefficients in the two half-axes and no
barrier at x = 0. Check that the domain of B2

σ−1,σ1 contains functions φ ∈
W 2,1(R+) ∩W 2,1(R−) with:

σ−1φ(0−) = σ1φ(0+), σ 2
−1φ

′(0−) = σ 2
1 φ

′(0+), (4.10)

and we have B2
σ−1,σ1φ = σ 2

sgn xφ
′′.

4. Recall that L1(R) is isometrically isomorphic to L1(R+)× L1(R+). Check
that the isomorphic image in the latter space of the semigroup generated by
B2
σ−1,σ1 is A∞ provided kiσi = 1. In other words, A∞ describes the case of no

barrier at x = 0 if the influences of diffusion and permeability coefficients
cancel out. In general conditions (4.9) do not describe the case of no barrier
at x = 0, because there is an asymmetry in the way the particles filter in
through the membrane from one half-axis to the other.

Exercise 4.6 Consider the functionals F− and F+ on L1(R+) given by:

F−φ =
∫ 0

−∞
φ, F+φ =

∫ ∞

0
φ.

Let φ ∈ D(A), where A is given by (4.1) and (4.2), be a density. Check that
α(t ) := F−(etAφ), the proportion of probability mass in R− at time t ≥ 0,
satisfies d

dtα(t ) = σ 2
−1(

d
dxe

tAφ)(0−), that is, the quantity σ 2
−1(

d
dxe

tAφ)(0−)
describes the intensity of mass inflow into R− (or outflow out of R−) at time t.
Derive a similar equation for β(t ) = F+(etAφ) and conclude that the second
relation in (4.2) is a balance condition saying that the mass inflow into one
half-axis is equal to the mass outflow out of the other one.
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Exercise 4.7 In the Rotenberg model of cell proliferation [299], a cell in a
population is characterized by two parameters: x ∈ (0, 1) denoting hermaturity,
and v ∈ (a, b) denoting her speed of maturation, where 0 ≤ a < b <∞ are
given minimal and maximal speeds. A cell reaching maximal maturity x = 1
divides; her daughter cells start maturing from the state x = 0 with random
velocity. It is assumed that K(v,w), the probability density of daughter cell’s
velocity, conditional on v being the velocity of the mother, is given, and we
have: ∫ b

a
K(v,w) dw = 1, v ∈ (a, b).

It is assumed, furthermore, that the average number of surviving daughter cells
does not change in time and equals p ∈ (0,∞), and that the cellular flux out of
x = 1 is the same as the flux into x = 0. This leads to the boundary condition:

vφ(0, v ) = p
∫ b

a
wφ(1,w)K(w, v ) dw, v ∈ (a, b), (4.11)

where φ(x, v ) is the cells’s population density at x and v .
In this exercise the reader will construct a semigroup related to the Rotenberg

model in the Banach space L1(�) of absolutely integrable functions on � =
(0, 1)× (a, b) with the usual norm:

‖φ‖L1(�) =
∫ 1

0

∫ b

a
v|φ(x, v )| dv dx <∞;

see [73] for an alternative approach.

1. For φ ∈ L1(�), let φ̃ be its extension to � ∪ �, where � = {(x, v ) ∈
R2;−v < bx < 0, v ∈ (a, b)} (see Figure 4.3) given by:

φ̃(x, v ) = p

v

∫ b

a
wφ(1+ wv−1x,w)K(w, v ) dw, (x, v ) ∈ �.

Define:

(T (t )φ)(x, v ) = φ̃(x− tv, v ), t ∈ [0, b−1), φ ∈ L1(�),

and check that T (t + s) = T (t )T (s) for t + s < b−1.
2. Prove that the family {T (t ), t ∈ [0, b−1)} may be (uniquely) extended to a

strongly continuous semigroup in L1(�) and that the semigroup’s generator
is A given by (Aφ)(x, v ) = −v ∂φ

∂x (x, v ) with domain composed of φ such
that: (a) for almost all v ∈ (a, b), x 	→ φ(x, v ) is absolutely continuous and
such that (x, v ) 	→ −v ∂φ

∂x (x, v ) is a member of L1(�), and (b) the boundary
condition (4.11) is satisfied for almost all v ∈ (a, b).
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10−1

b

a

Figure 4.3 Region � ∪ � with � in darker shade and � in lighter shade

3. Check that for p = 1, the semigroup from point 2 is Markov.
4. Rotenberg’s model may include the case of cells that degenerate in the sense

that they do not divide.With probability q ≤ 1 they survive and are treated as
their daughters inheriting the mother cell’s velocity. In this case the bound-
ary condition becomes:

vφ(0, v ) = qφ(1, v )+ p
∫ b

a
wφ(1,w)K(w, v ) dw, v ∈ (a, b).

(4.12)

Construct the related semigroup by redefining φ̃ and following the
steps 1–2. This semigroup is Markov provided p+ q = 1.

� Chapter’s summary

In our second example of convergence of semigroups, we study dynamics of
distributions of Brownian motions on the real line with a semipermeable mem-
brane at x = 0, and differing diffusion coefficients in the two half-axes. We
prove that as permeability coefficients converge to infinity, the related semi-
groups converge to a semigroup describing an “almost no membrane case.”
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Convergence of Forms

A familiar situation in which one can deduce convergence of resolvents without
calculating them is the one in which the generators are related to sesquilinear
forms; folk wisdom is that convergence of forms implies convergence of resol-
vents. Before diving into details of this implication, let us recall the rudiments
of the theory of sectorial forms [8, 99, 107, 201, 215, 282].

Let X be a complex Hilbert space and let V ⊂ X be its linear subspace. A
map a : V ×V → C is said to be a sesquilinear form on V if it is linear in the
first coordinate and semilinear in the second coordinate:

a(αx+ βy, z) = αa(x, z)+ βa(y, z),

a(z, αx+ βy) = αa(z, x)+ βa(z, y), x, y, z ∈ V, α, β ∈ C.

The associated quadratic form (denoted by the same letter) a : V → C given by
a[x] = a(x, x) determines the sesquilinear form by the polarization principle:

a(x, y) = 1

4
(a[x+ y]− a[x− y]+ ia[x+ iy]− ia[x− iy]), x, y ∈ V.

(Recall [201, p. 49] that if X is a real Banach space, there is no analogue of this
principle, unless the form is symmetric – see further on for the definition of a
symmetric form.) The numerical range of a, denoted�a is the set of all values
of the quadratic form for ‖x‖ = 1:

�a = {z ∈ C; ∃x∈V,‖x‖=1z = a[x]}.

The numerical range is a convex subset of C.

For two forms, say a and b, defined on subspaces Va and Vb, respectively,
their linear combination is defined in a natural way on Va ∩Vb by:

(αa+ βb)(x, y) = αa(x, y)+ βb(x, y).
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In particular, we write a+ α for the form defined (on V = Va) by:

(a+ α)(x, y) = a(x, y)+ α(x, y),

where (x, y) denotes the scalar product in X. The forms:

ar = 1

2
(a+ a∗) and ai = 1

2i
(a− a∗),

where a∗(x, y) = a(y, x), are referred to as the real and imaginary parts of a.
Note, however, that even though a = ar + iai, and both forms are symmetric
(i.e. (ar )∗ = ar and (ai )∗ = ai), ar and ai are not real-valued. We merely have
ar[x] = �a[x] and ai[x] = �a[x], x ∈ V.

A form a is said to be sectorial if there are constants γ ∈ R and θ ∈ [0, π2 )
such that the numerical range �a is contained in the sector:

�θ,γ = {z ∈ C; | arg(z− γ )| ≤ θ}. (5.1)

(In this context, γ is termed the vertex of the sector.) In other words, ar ≥
γ (i.e. (ar − γ )[x] ≥ 0, x ∈ V ) and |ai[x]| ≤ tan θ (ar − γ )[x], x ∈ V . The first
of these conditions (coupled with symmetry) allows thinking of ar − γ as a
scalar product. Hence, we have the following version of the Cauchy-Schwarz
inequality:

|(ar − γ )(x, y)| ≤
√
(ar − γ )[x]

√
(ar − γ )[y], x, y ∈ V.

The second of these conditions allows controlling the imaginary part of the
quadratic form by its real part, and yields estimates for the resolvent of the
related operator (see later in this chapter).
A form a defined on a subspace V is said to be closed if for any sequence

(xn)n≥1 of elements xn ∈ V conditions limn→∞ xn = x and limn,m→∞ a[xn −
xm] = 0 imply that x ∈ V and limn→∞ a[x− xn] = 0. It is clear from this def-
inition that a is closed iff a− γ is closed for some, and hence for all γ ∈ R.

Moreover, as the imaginary part of a sectorial form is controlled by its real part,
a sectorial form is closed iff its real part is closed.

Example 5.1 Let X = L2[0, 1] be the space of square integrable complex
functions on [0, 1] and let V = H1[0, 1] be its subspace of absolutely continu-
ous functions with square integrable distributional derivatives. In other words,
f ∈ V iff there is a g ∈ X such that f (x) = f (0)+ ∫ x0 g(y) dy, x ∈ [0, 1]; in such
a case wewrite g= f ′. Given a real number κ we consider the sesquilinear form
on V :

a( f , g) = κ ( f (1)− f (0))(g(1)− g(0))+
∫ 1

0
f ′g′. (5.2)
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The related quadratic form is given by:

a[ f ] = κ| f (1)− f (0)|2 + ‖ f ′‖2X.

It is clear that a is symmetric. Moreover, for non-negative κ , the numerical
range�a is contained in the positive real half-axis, implying that a is sectorial
(with any θ and any γ ≤ 0). To treat the case in which κ < 0, we recall (see
[201, p. 193]) that for any ε > 0 there is a K = K(ε) such that:

sup
x∈[0,1]

| f (x)| ≤ ε‖ f ′‖X + K‖ f‖X, (5.3)

for f ∈ V. It follows that:

| f (0)− f (1)|2 ≤ 4(ε‖ f ′‖X + K‖ f‖X)2
≤ 4(ε2 + εK)‖ f ′‖2X + 4(K2 + εK)‖ f‖2X.

In particular, choosing ε so that 4(ε2 + εKη) ≤ −1
2κ , we see that there is a γ > 0

such that:

a[ f ]+ γ ‖ f‖2X ≥
1

2
‖ f ′‖2X ≥ 0, (5.4)

proving that a is sectorial.
Finally, if for fn ∈ V we have:

lim
n,m→∞ a[ fn − fm] = 0 and lim

n→∞‖ fn − f‖X = 0,

then using (5.4) we see that ( f ′n)n≥1 is a Cauchy sequence in X and, conse-
quently, ( fn)n≥1 is a Cauchy sequence in V (equipped with the norm ‖ f‖V =√
‖ f‖2

X
+ ‖ f ′‖2

X
). This suffices to show that f ∈ V, for V is in fact a Hilbert

space (with the norm specified earlier). The relation limn→∞ a[ fn − f ] = 0 is
then a direct consequence of (5.3). Hence, a is closed. �
Next, we turn to the fundamental notion of the operator associated with a

sesquilinear form. Assume that a is sectorial and closed, and that its domain
V = Va is dense inX. Then, there exists a linear, closed operator Awith domain
D(A) satisfying the following conditions:

1. D(A) ⊂ Va and for x ∈ D(A), y ∈ Va:

a(x, y) = −(Ax, y),

2. if x ∈ Va and there is a z ∈ X such that a(x, y) = −(z, y) for all y ∈ Va, then
x ∈ D(A) and Ax = z.
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Using the Lax–Milgram Lemma, it may be shown that the range of λ− A is the
whole of X provided �λ > γ where γ is the vertex of the sector (5.1). Also, A
is uniquely determined by the conditions given earlier.
The operator A is then the generator of a semigroup satisfying ‖etA‖ ≤ e−γ t .

(In fact, this semigroup has a holomorphic extension, see [8, 215, 282], comp.
Chapter 15.) To see this, take λ with �λ > −γ . Then, for x ∈ D(A) with
‖x‖ = 1:

‖λx− Ax‖ ≥ |(λx− Ax, x)| = |λ(x, x)− (Ax, x)| = |λ+ a(x, x)|
≥ dist(−λ,�a) ≥ dist(−λ, {z; �z ≥ γ }) = �λ+ γ ,

showing the claim by the Hille–Yosida Theorem.
For example, the operator associated with the form (5.2) is A f = f ′′ with the

domain composed of continuously differentiable functions f ∈ X = L2[0, 1]
with f ′ ∈ V = H1[0, 1] and:

f ′(0) = f ′(1) = κ ( f (0)− f (1)). (5.5)

For, if f satisfies the conditions listed earlier, then a( f , g) = −( f ′′, g) for all
g ∈ V by integration by parts formula. Conversely, if for some f ∈ V and
h ∈ L2[0, 1] we have −a( f , g) = (h, g) for all g ∈ H1[0, 1], then integrating
by parts we obtain:∫ 1

0
f ′g′ + κ ( f (1)− f (0))(g(1)− g(0)) =

∫ 1

0

∫ x

0
h(y) dy g′(x) dx− g(1)

∫ 1

0
h.

(5.6)

We note that the functions g ∈ H1[0, 1] with g(1) = g(0) = 0 are precisely the
gof the form g(x) = ∫ x0 k(y) dywhere k ∈ L2[0, 1] and ∫ 10 k = 0. For such g this
formula reduces to: ∫ 1

0
f ′g′ =

∫ 1

0

∫ x

0
h(y) dy g′(x) dx,

or, which is the same, ∫ 1

0
f ′k =

∫ 1

0

∫ x

0
h(y) dy k(x) dx,

for all k ∈ L2[0, 1] satisfying ∫ 10 k = 0. The subspace of functions k with this
property is the orthogonal complement of the space of constant functions. It
follows that f ′(x) = f ′(0)+ ∫ x0 h(y) dy, x ∈ [0, 1], that is, that f ′ ∈ H1[0, 1].
Plugging this relation into (5.6) and choosing g so that g(1) = 0 and g(0) =
1 we obtain f ′(0) = κ ( f (0)− f (1)). Similarly, taking g(1) = g(0) = 1, we
obtain f ′(1) = f ′(0), completing the proof of the claim.
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Remark 5.2 Interestingly, for κ = 1, operator A is the “minimal,” that is,
Krein–von Neumann extension [222] of the Laplace operator defined on
C∞c (0, 1) – see [4, Example 5.1], see also [266, Example 2.4].

The following main convergence theorem of this chapter is a simple version
of Theorem 3.6, p. 455 in [201].

Theorem 5.3 Let an, n ≥ 1 and a be sesquilinear, closed sectorial forms
defined on the same, dense subspace V of a Hilbert space X, and let An, n ≥ 1
and A be the associated operators. Assume that bn := an − a are uniformly sec-
torial in the sense that all numerical ranges �bn lie in a single sector (5.1). If,
for x ∈ V, limn→∞ an[x] = a[x], then:

lim
n→∞ etAnx = etAx, x ∈ X,

almost uniformly in t ≥ 0.

Proof Replacing an by an − γ results in shifting An to An − γ (and the same
concerns a and A). Hence, without loss of generality, we assume γ in (5.1) to be
zero. In particular, arn ≥ ar ≥ 0.By Theorem 2.2, it suffices to show strong con-
vergence of the resolvents Rλ,n := (λ− An)−1, n ≥ 1 to Rλ := (λ− A)−1 for
�λ > 0 (In fact, we could restrict ourselves to real λ > 0.) Because ‖Rλ,n‖ ≤
1
�λ we may restrict our attention to x in the dense subspace V of X.

For x ∈ V and λ with �λ > 0, Rλ,nx and Rλ belong to V and, expanding
(a+ λ)[Rλ,nx− Rλx], we have:

a[Rλ,nx− Rλx]+ λ‖Rλ,nx− Rλx‖2 + bn[Rλ,nx]

= (an + λ)[Rλ,nx]− (a+ λ)(Rλ,nx,Rλx)

− (a+ λ)(Rλx,Rλ,nx)+ (a+ λ)[Rλx]. (5.7)

Now, the first and the third terms cancel out (both being equal to −(x,Rλ,nx)).
Hence, the expression reduces to:

(a+ λ)[Rλx]− (an + λ)(Rλ,nx,Rλx)+ bn(Rλ,nx,Rλx) = bn(Rλ,nx,Rλx),

since the first and the second terms cancel out in a similar way.
The real part of the left-hand side in (5.7) is composed of three non-negative

terms. Hence, if the right-hand side converges to zero, all three of them con-
verge to zero. Forms bn being uniformly sectorial:

|bn(Rλ,nx,Rλx)| ≤ [1+ tan θ ]|br(Rλ,nx,Rλx)|
≤ [1+ tan θ ]

√
brn[Rλ,nx]

√
brn[Rλx].
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Because, by assumption, limn→∞ brn[Rλx] = 0, we are left with showing that
(brn[Rλ,nx])n≥1 is bounded. To this end, we estimate as follows:

0 ≤ brn[Rλ,nx] ≤ arn[Rλ,nx] < (arn +� λ)[Rλ,nx]

= � (x,Rλ,nx) ≤ 1

�λ‖x‖
2.

This completes the proof. �

Remark 5.4 The proof presented here is slightly simpler than that of Theo-
rem 3.6, p. 455 in [201], but this comes at the price of assuming convergence
of forms on the whole ofV and not merely on a core of the limit form. Although
in the example considered in this chapter this assumption is satisfied, in general
convergence on a core is all we can hope for: As Example 3.10, p. 459 in [201]
makes it clear, resolvents may converge despite the fact that the related forms
do not converge to the limit form on the whole of V . �

For example, let (κn)n≥1 be a sequence of positive numbers converging to
zero, and let an be the forms in H1[0, 1] ⊂ L2[0, 1] given by (5.2) with κ

replaced by κn, and let a correspond to κ = 0. Then, the forms bn( f , g) =
an( f , g)− a( f , g) = κn( f (1)− f (0))(g(1)− g(0)) have their numerical
ranges in the positive real half-line, and therefore are uniformly sectorial.
Because limn→∞ an = a, it follows that:

lim
n→∞ etAn f = etA f , f ∈ L2[0, 1], (5.8)

where An are Laplace operators in L2[0, 1] with boundary conditions (5.5) and
A is the Neumann Laplace operator. Looking back to Chapter 3, we see that
the semigroups involved here describe Brownian motions on [0, 1] that, after
being reflected “many times” at x = 1, jump to x = 0, and vice versa. Formula
(5.8) simply says that as the “frequency” of such jumps decreases to zero, the
corresponding Brownian motions converge to the Brownian motion with two
reflecting barriers.
For κ < 0 the boundary condition (5.5) is not associated with a stochastic

process. (For κ = −1 this boundary condition and the related cosine operator
function was introduced in [71].) Nevertheless, it is interesting whether (5.8)
may be extended to the case where κn < 0. As the following theorem, taken
from [201] as well, shows, the answer is in the affirmative.

Theorem 5.5 Suppose that a and an, n ≥ 1 are closed, symmetric forms on a
common domain V , and that an ↑ a, that is:

arn+1[x] ≥ arn[x] and lim
n→∞ an[x] = a[x], x ∈ V.
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Assume also that these forms are bounded from below (see (5.10)). Then, for
the related semigroups we have:

lim
n→∞ etAnx = etAx, x ∈ X. (5.9)

Remark 5.6 Because the theorem is not of primary importance in what fol-
lows, we merely sketch its proof, taking for granted some additional material
on forms. The reader will also need to forgive us for using some information
on pseudoresolvents to be covered in Chapter 7; we could move this example
after Chapter 7, but this is not really the place it belongs to. A complete proof
of a more general result (Theorem 58.2) will be given in Chapter 58.

Proof By assumption, there is γ such that:

γ ‖x‖2 ≤ arn[x] ≤ ar[x], x ∈ V. (5.10)

In particular, as ain = ai = 0, the numerical ranges �a and �an are contained
in the half-line [γ ,∞). Hence, for λ > −γ , (λ− A)−1 and (λ− An)−1 exist
and:

‖ (λ− A)−1 ‖ ≤ 1

λ+ γ
, ‖ (λ− An)

−1 ‖ ≤ 1

λ+ γ
.

Fixing such λ and an x ∈ V , we let xn := (λ− An)−1x. Then:(
(λ− An)

−1 x, x
) = (xn, λxn − Anxn) = (an + λ)[xn] ≥ 0; (5.11)

in particular (λ− An)−1 is self-adjoint (see [294, p. 195]), that is:

((λ− An)
−1 x, y) = (x, (λ− An)

−1 y),

for x, y ∈ X.Moreover, for m ≥ n:

((λ− Am)
−1 x, x) = (xm, λxn − Anxn) = (an + λ)(xn, xm)

≤
√
(an + λ)[xn](an + λ)[xm]

≤
√
(an + λ)[xn](am + λ)[xm]

=
√(

(λ− An)−1 x, x
) (
(λ− Am)−1 x, x

)
, (5.12)

implying ((λ− Am)−1x, x) ≤ ((λ− An)−1x, x). This means that the operator-
valued sequence ((λ− An)−1)n≥1 bounded by 0 from below and nonincreasing.
The same argument shows that the sequence is in fact bounded from below by
(λ− A)−1. It follows (see, e.g., [49, p. 108], [201, p. 254], or [264, Chapter 4])
that the strong limit:

Rλ = lim
n→∞ (λ− An)

−1
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exists and is a bounded, self-adjoint operator. The kernel ofRλ is trivial, because
if x ∈ Ker Rλ then:

0 = (Rλx, x) ≥
(
(λ− A)−1 x, x

) ≥ 0,

and taking the self-adjoint square root ([49, p. 109], [107, p. 173], or [294,
p. 196]), say Bλ, of (λ− A)−1 we see that ‖Bλx‖2 =

(
(λ− A)−1x, x

) = 0; this
implies x ∈ Ker Bλ ⊂ Ker (λ− A)−1 = {0}. Hence (see Exercise 7.7) there is
a closed operator, say A0, such that Rλ = (λ− A0)−1. By Theorem 2.21, p. 330
in [201], for the related form a0 we have an[x] ≤ a0[x] ≤ a[x], x ∈ V (in partic-
ular, the domain of definition of a0 is V ). Combining this with the assumption,
we obtain a0 = a, implying A = A0 and completing the proof. �
Exercise 5.1 Show that a sesquilinear form is symmetric iff the corresponding
quadratic form has real values.

� Chapter’s summary

“Convergence of forms implies convergence of resolvents,” but beware: “the
form of the limit form” on some vectors may be misleading. If caution is exer-
cised, however, convergence of forms is an easy way to prove convergence of
semigroups. For more recent results in this direction, see, for example, [267]
and the references cited there.



6

Uniform Approximation of Semigroups

This chapter is a detour from the main subject. To explain, we recall that our
main question is that of convergence: given a sequence of semigroups, we are
interested in finding its limit. In this chapter, we consider the related question
of approximation: given a semigroup we want to find a sequence of semigroups
converging to this semigroup and satisfying some additional properties.
For simplicity, we restrict ourselves to bounded semigroups to consider the

problem of uniform approximation in operator norm. Recall from Theorem 2.2
that semigroups by nature converge almost uniformly in strong topology: the
question is whether we may claim uniform convergence in operator norm. In
other words, we want to know if given a bounded, strongly continuous semi-
group (etA) in a Banach space X, we may find bounded, strongly continuous
semigroups (etAn ), n ≥ 1 such that:

lim
n→∞ sup

t≥0
‖etA − etAn‖ = 0,

where ‖·‖L(X) denotes the operator in L(X). To avoid trivial solutions we
require that An 
= A for all n ≥ 1. In this chapter, we will characterize semi-
groups that can be approximated in this way.
If we let Semib,sc(X) denote the set of all bounded strongly continuous semi-

groups on X made into a metric space by means of the metric:

d(S, S̃) = sup
t≥0
‖S(t )− S̃(t )‖L(X),

then our question turns into that of characterizing isolated points of the space
Semib,sc(X). It transpires that the characterization involves scalar semigroups;
by definition, a semigroup S = {S(t ), t ≥ 0} is said to be scalar if each S(t )
is a scalar multiple of IX. If X is complex, denoting by S[z] = {S[z](t )}t≥0 the
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semigroup on X given by:

S[z](t ) = ezt IX (t ≥ 0, z ∈ C),

we see that every scalar semigroup in Semib,sc(X) is of the form S[z] for some
z with �z ≤ 0. If X is real, then all scalar members of Semib,sc(X) are of the
form S[z] where z is real and nonpositive.
Our main theorem in this chapter, taken from [63], says that isolated points

of Semib,sc(X) constitute a fraction of the set of all scalar semigroups in this
space. (This is not so in the case of cosine families: all bounded, scalar, strongly
continuous cosine families are isolated points of the metric space of strongly
continuous, bounded cosine families equipped with the metric of uniform con-
vergence in operator norm; see [63].)

Theorem 6.1 If X is a complex Banach space, then the isolated points of
Semib,sc(X) are precisely the scalar semigroups:

S[ia](t ) = eiat IX (t ≥ 0, a ∈ R). (6.1)

If X is a real Banach space, then the only isolated point of Semib,sc(X) is the
identity semigroup defined by S(t ) = IX for each t ≥ 0.

For the proof of this theoremwe need two lemmas.We start with an auxiliary
result that is part of the folklore of operator theory: For a Banach space X, let
X′ be the dual space of X. Given x ∈ X and x′ ∈ X′, we denote by 〈x, x′〉 the
value of the functional x′ at x. Let Z(L(X)) be the center of the algebra ofL(X),
that is:

Z(L(X)) = {A ∈ L(X) | AB = BA for each B ∈ L(X)}.
Lemma 6.2 If X is a Banach space, then Z(L(X)) consists precisely of all
scalar multiples of IX.

Proof Without loss of generality, we may assume that X is nonzero. It is clear
that any scalar multiple of IX is in Z(L(X)). To prove the converse statement,
suppose that A ∈ Z(L(X)). For any x′ ∈ X′ and any y ∈ X, let Tx′,y be the oper-
ator in L(X) given by:

Tx′,yx = 〈x, x′〉y (x ∈ X).

Then ATx′,y = Tx′,yA for all x′ ∈ X′ and all y ∈ X, or equivalently:

〈x, x′〉Ay = 〈Ax, x′〉y, (6.2)

for all x′ ∈ X′ and all x, y ∈ X. Fix x0 ∈ X \ {0} arbitrarily and next, employing
the Hahn–Banach Theorem, select x′0 ∈ X′ so that 〈x0, x′0〉 = 1. If we now let
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λ = 〈Ax0, x′0〉, then (6.2) yields Ay = λy for all y ∈ X, or equivalently, A = λIX.
The lemma follows. �
In our next lemma we show directly that the semigroup (6.1) with a = 0 is

an isolated point of Semib,sc(X). We remark that condition (6.3) is optimal: for
any λ > 0, we have supt≥0 ‖IX − e−λt IX‖ = 1, while e−λt 
= 1 whenever t > 0.

Lemma 6.3 For any semigroup T = {T (t )}t≥0 in Semib,sc(X), if:

sup
t≥0
‖T (t )− IX‖ < 1, (6.3)

then T (t ) = IX for every t ≥ 0.

Proof There are many proofs of this result; two of them are outlined in Exer-
cises 6.2 and 6.3, another one may be found in [63]. Arguably the simplest
reasoning is based on the following identity (see [269, p. 54] or [357]):

2(T (t )− IX) = T (2t )− IX − (T (t )− IX)
2

(of course, it is much easier to prove this formula than to devise it as a tool
for proving the lemma). The identity shows that for α := supt≥0 ‖T (t )− IX‖
we have 2α ≤ α + α2, that is, α ≤ α2. Combining this with assumption, we
obtain α = 0. �
A generalization of Lemma 6.3 will be given in Exercise 14.3 in Chapter 14,

where the notion of an integrated semigroup is introduced.

Proof of Theorem 6.1
Necessity We first show that an isolated point of Semib,sc(X) is necessarily

a scalar semigroup. It suffices to prove that if a semigroup S = {S(t )}t≥0 is not
scalar, then S is not an isolated point of Semib,sc(X). Let s > 0 be such that S(s)
is not a scalar multiple of IX. Then, by Lemma 6.2, there exists B ∈ L(X) such
that BS(s) 
= S(s)B. Let (εn)n∈N be a sequence in (0, ‖B‖−1) converging to 0,
and let In = IX + εnB for every n ∈ N. Then each operator In has a bounded
inverse and:

Sn(t ) = I−1n S(t )In (t ≥ 0, n ∈ N)

defines a sequence of bounded strongly continuous semigroups on X. More-
over, limn→∞ d(Sn, S) = 0. As, for each n ∈ N, Sn(s) = S(s) holds if and only
if S(s)B = BS(s), we see that Sn(s) 
= S(s) for all n ∈ N. Thus S is not an iso-
lated point of Semib,sc(X).

We next show that if a semigroup S[z] is an isolated point of the space
Semib,sc(X), then necessarily�z = 0. This is the same as claiming that S[−λ+ia]
is not an isolated point provided λ > 0. If 0 < μ < λ, then, as is easily checked,
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the function t 	→ e−μt − e−λt on [0,∞) is non-negative and attains its maxi-
mum at tλ,μ = (lnμ− ln λ)/(μ− λ). Because limμ→λ tλ,μ = λ−1, we see that,
for any a ∈ R, the expression:

sup
t≥0
‖S[−μ+ia](t )− S[−λ+ia](t )‖ = e−μtλ,μ − e−λtλ,μ

converges to 0 as μ→ λ, proving our claim.
Sufficiency. Finally, we show that, for each a ∈ R, S[ia] is an isolated point

of Semib,sc(X). To this end, we note that if S is a semigroup in Semib,sc(X) such
that supt≥0 ‖S(t )− eiat IX‖ < 1, then:

sup
t≥0
‖e−iatS(t )− IX‖ < 1

and this, by Lemma 6.3, implies that e−iatS(t ) = IX for each t ≥ 0 so that
S = S[ia], with the immediate consequence that S[ia] is an isolated point of
Semib,sc(X).
Finally, we note that if the space X is real, then every scalar semigroup in

Semib,sc(X) is of the form S[−λ] for some λ ≥ 0. This observation along with
straightforward modifications of the proof given thus far establishes the result
in the real case. �

As a by-product of the proof, we obtain the following corollary.

Corollary 6.4 For any a ∈ R, the open ball in Semib,sc(X) with radius 1 and
center at S[ia] defined by (6.1) is composed solely of its center.

Exercise 6.1 Using the Weierstrass Formula, show that for a strongly con-
tinuous cosine family {C(t ), t ∈ R}, condition supt∈R ‖C(t )− IX‖ < 1 implies
C(t ) = IX, t ∈ R. (See [63, 64, 89, 131, 308, 309] for more general results for
cosines.)

Exercise 6.2
A) Let X be a normed algebra with unity e. Check that for any x ∈ X:

x− e = xn − e

n
+ x− e

n

n−1∑
i=1

(e− xi).

B) Conclude that if αn = ‖e− xn‖ satisfies:

lim
n→∞

αn

n
= 0 and lim inf

n→∞
1

n

n−1∑
i=1

αi < 1,
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then x = e. In particular, x = e provided supn≥1 ‖xn − e‖ < 1. (This result
is due to L. J. Wallen [336], who generalized a result of Cox [96] concern-
ing the case of square matrices. Cox’s Theorem was extended to bounded
operators on Hilbert space by Nakamura and Yoshida [271] and to an arbi-
trary normed algebra by Hirschfeld [181], and – as already mentioned –
by Wallen [336]. Wils [348], Chernoff [82], Nagisa and Wada [270], and
Kalton et al. [194] provided further generalizations.)

C) Deduce Lemma 6.3 from the result of Wallen.

Exercise 6.3 (H. Zwart, personal communication, see also [308].) Prove
Lemma 6.3 by proceeding as follows.

A) Recall that ifX is a Banach algebra with unit e, then for a ∈ X, ‖a− e‖ < 1
implies that a is invertible and ‖a−1 − e‖ ≤ ‖a−e‖

1−‖a−e‖ . (More generally,
if a is invertible and ‖a− b‖ < 1

‖a−1‖ , then so is b and ‖a−1 − b−1‖ ≤
‖a−1‖2‖a−b‖
1−‖a−1‖‖a−b‖ .)

B) Integrate to see that the assumption forces:

sup
λ>0
‖λ(λ− A)−1 − IX‖ =: q < 1.

C) Combine A) and B) to conclude that A is bounded and:∥∥∥∥Aλ
∥∥∥∥ = ∥∥∥∥λ− A

λ
− IX

∥∥∥∥ < q

1− q
.

Since λ > 0 is arbitrary, this is possible only if A = 0.

� Chapter’s summary

On a little detour from our main subject, we characterize bounded strongly
continuous semigroups that can be approximated uniformly in the operator
topology. It transpires that these are all bounded, strongly continuous semi-
groups save the “purely imaginary” scalar semigroups given by (6.1). In par-
ticular, if the underlying Banach space is real, it is only the identity semigroup
S(t ) = IX, t ≥ 0 that cannot be approximated in the way described earlier. Inter-
estingly, as W. Chojnacki has shown (see [63]) in separable Banach spaces,
all bounded, strongly continuous semigroups can be approximated uniformly
in the strong topology. For a unified, novel approach to convergence rates in
approximation theory for operator semigroups, see [164].



7

Convergence of Resolvents

The situation in which, as in Theorem 2.2, from the very beginning we know the
form of the limit semigroup (etA)t≥0 is not too common. It happens rather often
that we are interested in convergence of a sequence of semigroups (etAn )t≥0
satisfying (2.1), but have no clue as to what the limit semigroup might be. In
particular, even if the limit semigroup exists, there is no reason to expect a priori
that it is defined on the whole of the original Banach space.
In view of Theorem 2.2, a natural thing to do first in such cases is to check

convergence of (λ− An)−1. Alternatively, if the resolvents are not available in
a manageable form, following the idea of M. Sova [320] and T. G. Kurtz [229]
one should consider the “operator”:

Aexx = limAnxn, (7.1)

where xn ∈ D(An) are such that limn→∞ xn = x and limn→∞ Anxn exists; the
domain of Aex is composed of x for which at least one such sequence exists. In
general, Aex, termed the extended limit of An, n ≥ 0, is not an operator in the
usual sense, as the defining limit may depend on the choice of xn. However, it
is customary and convenient to think of Aex as a “multivalued operator.” The
reader will check that Aex is linear and closed (Exercise 7.2). In what follows,
by (x, y) ∈ Aex or Aexx = y we mean that x ∈ D(Aex) and y is one of possible
values of Aexx. Also, by the range of λ− Aex, where λ > 0, we mean the set of
z ∈ X such that there exists an (x, y) ∈ Aex with z = λx− y.

The approaches via extended limit and via convergence of resolvents are
equivalent in the sense of Proposition 7.2 (later on) but the latter has, of
course, the advantage of allowing us to work without actually calculating
resolvents. First, however, we need the following fundamental lemma. The
reader will find that its proof is a generalization of the argument used in
Theorem 2.2.
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Lemma 7.1 Fix λ > 0.

a) Suppose (x, y) ∈ Aex. Then limn→∞(λ− An)−1(λx− y) exists and equals x.
b) Conversely, if the limitw = limn→∞(λ− An)−1z exists for some z ∈ X, then

(w, λw − z) ∈ Aex.

Proof (x, y) ∈ Aex iff there exist xn ∈ D(An) such that:

lim
n→∞(xn,Anxn) = (x, y),

or, equivalently, limn→∞(xn, λxn − Anxn) = (x, λx− y). The limits:

lim
n→∞ (λ− An)

−1 (λx− y)

lim
n→∞ (λ− An)

−1 (λxn − yn) = lim
n→∞ xn

exist simultaneously, and are equal, for we have ‖(λ− An)−1‖ ≤ Mλ−1. As the
latter limit is x, a) is proved.

Conversely, if w = limn→∞(λ− An)−1z, then wn := (λ− An)−1z ∈ D(An)
and limn→∞ Anwn = limn→∞(λ(λ− An)−1wn − z) = λw − z, by the resolvent
equation. �
Proposition 7.2 Let λ > 0 be given. (λ− An)−1 converge strongly iff the range
of λ− Aex is dense in X.

Proof Sufficiency follows from Lemma 7.1 a) and density argument, because
‖(λ− An)−1‖ ≤ Mλ−1. For necessity, we take:

w = lim
n→∞ (λ− An)

−1 z, z ∈ X,

to see, by Lemma 7.1 b), that w ∈ D(Aex) and λw − Aexw = z. �
Our next result tells us that it suffices to check convergence of the operators

(λ− An)−1 for a single λ > 0.

Proposition 7.3 If the limit limn→∞(λ− An)−1 exists for a λ > 0, then it does
for all λ > 0.

Proof Suppose that the limit exists for a particular λ > 0. Since (λ− An)(λ−
An)−1x = x, x ∈ X, we have:

(μ− An)
−1 =

∞∑
i=1

(λ− An)
−i(λ− μ)i−1, |μ− λ| < λ, (7.2)

with the series converging because of the bound ‖(λ− An)−i‖ ≤ Mλ−i.
Because of that bound, we also obtain that limn→∞(λ− An)−i exists for
all i ≥ 1. Hence, by the Lebesgue Dominated Convergence Theorem,
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limn→∞(μ− An)−1 exists for μ ∈ (0, 2λ). An easy induction argument shows
now that the same is true for μ ∈ (0, 2kλ), k ≥ 1 and we are done. �

Assume now that the strong limit:

Rλ = lim
n→∞ (λ− An)

−1 (7.3)

exists or, equivalently, that:

λ− Aex

has a dense range for a single, hence for all λ > 0. (This condition is known as
the range condition.) ThenRλ, λ > 0 satisfies the Hilbert Equation (1.2), since
(λ− An)−1, λ > 0, n ≥ 1 do. We will say that Rλ, λ > 0 is a pseudoresolvent.
It is easy to check that the range:

R = Range Rλ

and the kernel:

K = KerRλ

do not depend on λ > 0. The notation just introduced allows us to formulate
the following corollary to Lemma 7.1.

Corollary 7.4 We have:

D(Aex) = R.

Also, all possible values of Aex on x ∈ D(Aex) are of the form λRλy− y where
x = Rλy. Equivalently, all possible values of Aex on Rλy are of the form λRλy−
y+ z where z ∈ K.

Proof The first part is immediate. For the rest we note that, if (x, z1) and (x, z2)
belong to Aex then so does (0, z1 − z2) and, by Lemma 7.1 a), z1 − z2 ∈ K.
Because, by Lemma 7.1 b), (Rλy, λRλy− y) ∈ Aex, it follows that all possible
values of x = Rλy are of the form λRλy− y+ zwhere z ∈ K. Then x = Rλ(y−
z) and λRλy− y+ z = λRλ(y− z)− (y− z). �

The vital question is: does existence of the limit in (7.3) imply convergence
of the related semigroups? As the following two examples show, the answer is
in the negative.

Example 7.5 Let (etA)t≥0, ‖etA‖ ≤ M, be a semigroup acting in a complex
Banach space X0. Define X as the Cartesian product X0 × C where C is the
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field of complex numbers and let, for x ∈ X0, z ∈ C, t ≥ 0, n ≥ 1:

Tn(t )

(
x
z

)
=
(
T (t )x

eitnz

)
.

For λ > 0, we have:

lim
n→∞

∫ ∞

0
e−λtTn(t )

(
x
z

)
dt = lim

n→∞

(
(λ− A)−1x

1
λ−ni z

)
=
(
(λ− A)−1x

0

)
,

even in the operator topology. However, Tn(t )
(x
z

)
does not converge, as n→∞,

either in the strong or in the weak topology as long as z 
= 0. �

Example 7.6 Let X = C0(0,∞) be the space of continuous functions x with
limτ→0 x(τ ) = limτ→∞ x(τ ) = 0. For n ≥ 1, let:

Tn(t )x(τ ) = 1R+ (τ − nt )x(τ − nt ), t ≥ 0,

and let An be the generators of these semigroups. The set Y = {x ∈ X|∃K(x) >
0 such that τ > K(x)⇒ x(τ ) = 0} is dense in X. For x ∈ Y,

(λ− An)
−1x(τ ) =

∫ ∞

0
e−λtTn(t )x(τ ) dt =

∫ τ
n

0
e−λt x(τ − nt ) dt

= 1

n

∫ τ

0
e−

λ
n (τ−σ )x(σ ) dσ ≤ 1

n
K(x)‖x‖,

which tends to 0 as n→∞. By the estimate ‖(λ− An)−1‖ ≤ 1
λ
, we have

limn→∞(λ− An)−1x = 0, for all x ∈ X. Thus, if the strong limit of Tn(t ) exists
it is equal to 0, too. But, for all n ≥ 1, t > 0, and x ∈ X, ‖Tn(t )x‖ = ‖x‖, a
contradiction. �

Exercise 7.1 Show that (x, 0) ∈ Aex iff limn→∞(λ− An)−1x exists and equals
λ−1x.

Exercise 7.2 Show that Aex is linear and closed.

Exercise 7.3 Find Aex in Examples 7.5 and 7.6.

Exercise 7.4 Let c(X) denote the space of all convergent X-valued sequences,
with supremum norm. Define the operatorA in c(X) byA(xn)n≥1 = (Anxn)n≥1
with domain:

D(A) = {(xn)n≥1 |xn ∈ D(An), (Anxn)n≥1 ∈ c(X)}.
Also let L : c(X)→ X be given by L(xn)n≥1 = limn→∞ xn. Show that x
belongs to the domain of the extended limit of An, n ≥ 1, iff there exists an
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(xn)n≥1 ∈ D(A) such that L(xn)n≥1 = x.What are the possible values of Aex on
such an x?

Exercise 7.5 Let A be closed and B be bounded, and let (bn)n≥1 be a sequence
of reals with limn→∞ bn = ∞. Show that the domain of the extended limit of
An = A+ bnB is contained in the kernel of B.

Exercise 7.6 Show that the kernel and the range of a pseudoresolvent do not
depend on λ.

Exercise 7.7 Assume that the kernel of a pseudoresolvent is trivial: K = {0}.
Introducing Aλ = λ− R−1λ show that it is a closed operator and its definition
does not depend on λ. Conclude that the pseudoresolvent turns out to be the
resolvent of this operator.

Exercise 7.8 AssumeRλ, λ > 0 is a pseudoresolvent satisfying ‖Rnλ‖ ≤ Mλ−n,
n ≥ 1.

a) Using the Hilbert Equation show that (0,∞) � λ→ Rλ is a continuous
function, and then that it is inifinitely many times differentiable with dnRλ

dλn =
(−1)nn!Rn+1λ , n ≥ 0.

b) Prove by induction the Taylor Formula with integral reminder:

f (t ) = f (s)+ f ′(s)(t − s)+ f ′′(s)
(t − s)2

2!

+ · · · +
∫ t

s

(t − u)n−1

(n− 1)!
f (n)(u) du (7.4)

where f is an n times continuously differentiable vector-valued function on,
say, (0,∞). Using this show that, in analogy to (7.2):

Rμ =
∞∑
i=1

Riλ(λ− μ)i−1, |μ− λ| < λ. (7.5)

Exercise 7.9 LetL be an algebra over a commutative ringK.Amap λ 	→ Rλ ∈
L of a nonempty subset D(R) of K is called a pseudoresolvent if the Hilbert
equality: Rλ − Rμ = (μ− λ)RλRμ is satisfied for λ,μ ∈ D(R). A pseudo-
resolvent is said to be maximal if it does not possess a proper extension to
a pseudoresolvent. Let→ be a relation in K× L defined by:

(λ,A)→ (μ,B) iff A− B = (μ− λ)AB.

1. Show that→ is reflexive and transitive.
2. Show that↔ defined by (λ,A)↔ (μ,B) if (λ,A)→ (μ,B) and (μ,B)→

(λ,A) is an equivalence relation.
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3. Show that (λ,A)↔ (λ,B) implies A = B and conclude that nonempty
subsets of equivalence classes of↔ are (graphs of) pseudoresolvents.

4. Check to see that graphs of L-valued pseudoresolvents are contained in
equivalence classes of↔.

5. Check to see that a subset of K× L is an equivalence class of↔ iff it is a
graph of a maximal L-valued pseudoresolvent.

6. Conclude that every pseudoresolvent has a unique maximal extension. This
result is due to J. Kisyński [217].

� Chapter’s summary

We commence the study of the case where the limit semigroup is not a priori
given. As a first step we introduce criteria of convergence of the resolvents in
terms of the extended limit operator. The resolvents converge iff for some λ > 0
(and then for all λ > 0) the range of λ− Aex is dense in X. We also note the
first failure: the semigroups may diverge even though the resolvents converge.
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(Regular) Convergence of Semigroups

Although the sole convergence of the resolvents (7.3) does not imply con-
vergence of the semigroups, our case is not completely hopeless. For there
is always a subspace X0 of X where the semigroups converge; in the second
example of the previous chapter X0 = {0}. It turns out that using Rλ, λ > 0, or
Aex we may characterize X0.

To this end, let X0 be composed of those x for which:

T (t )x = lim
n→∞ etAnx (8.1)

exists strongly and almost uniformly in t ∈ R+. X0 is termed the regularity
space (of the limit pseudoresolvent, or of Aex, or of the semigroups (etAn )t≥0),
or the Hille–Yosida space. We check that X0 is a closed linear subspace and
that the operators T (t ), t ≥ 0 leave X0 invariant – it suffices to check that
limn→∞ etAnT (s)x = T (t + s)x, x ∈ X0 almost uniformly in s ∈ R+. (T (t ))t≥0
is a strongly continuous semigroup in X0, being almost uniform limit of semi-
groups with the same property.

Theorem 8.1 Assume that the limit (7.3) exists. Then:

X0 = cl D(Aex) = clR (8.2)

where ‘cl’ stands for the closure.

Proof In the proof of b) and d) ⇒ a) in Theorem 2.2, we have seen in
fact that x ∈ D(Aex) implies x ∈ X0. This forces cl D(Aex) ⊂ X0. To prove
the converse, it suffices to show D(A0) ⊂ D(Aex), where A0 is the gener-
ator of (T (t ))t≥0. Taking x ∈ D(A0) and λ > 0, however, we may find a
y ∈ X0 such that x = (λ− A0)−1y. Then, (λ− A0)−1y =

∫∞
0 e−λtT (t )y dt =

limn→∞
∫∞
0 e−λtetAny dt = limn→∞(λ− An)−1y = Rλy ∈ R = D(Aex). �
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etA1 etA2etA1 etA2 etAp

Figure 8.1 The limit semigroup

Corollary 8.2 The generator of the limit semigroup equals Ap, the part of Aex

inX0, defined as Ap = (Aex)|D(Ap ) where D(Ap) is composed of x ∈ D(Aex) such
that one of the values of Aexx belongs to X0. In particular, Ap is single-valued.

Proof By Corollary 7.4, for x ∈ D(Ap) and λ > 0, there exists a y such that
x = Rλy and Apx = λRλy− y belongs to X0. The latter condition holds iff
y ∈ X0. However, as we have seen in the proof of the theorem, for y ∈ X0,
(λ− A0)−1y = Rλy. Thus, x ∈ D(A0) and Apx = λRλy− y = λ(λ− A0)−1y−
y = A0x. Hence, Ap is a restriction of A0 (in particular, Ap is single-valued).

Conversely, if x ∈ D(A0) then for some λ > 0 and y ∈ X0, x = (λ−
A0)−1y = Rλy ∈ D(Aex) and one of possible values of Aex on x is λRλy− y ∈
X0, completing the proof. �

Corollary 8.3 If A is an operator in X0 such that (λ− A)−1 exists for λ > 0
and coincides with Rλ on X0, then A is the generator of the limit semigroup.

Proof ByCorollary 8.2, (λ− A)−1x = Rλx = (λ− Ap)−1x, x ∈ X0. Hence, the
domains of A and Ap coincide and we have A(λ− A)−1x = λ(λ− A)−1x− x =
λ(λ− Ap)−1x− x = Ap(λ− Ap)−1x = Ap(λ− A)−1x. �

In the terminology introduced in Chapter 2, Theorem 8.1 together with
Corollaries 7.4 and 8.3 constitutes the second Sova–Kurtz and Trotter–Kato
Theorems, respectively.
We turn to an important example. Suppose that an A satisfies all the assump-

tions of the Hille–Yosida Theorem except for the one concerning density of its
domain. (Such operators are often called Hille–Yosida operators; apparently,
some of the first to study such operators were Da Prato and Sinestrari [291].)
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In particular, λ− A is invertible with bounded left and right inverse (λ− A)−1

satisfying:

‖(λ− A)−n‖ ≤ Mλ−n. (8.3)

For μ > 0 we define Aμ = μ2(μ− A)−1 − μ. Operators Aμ or their exponents
are known as the Yosida approximation. We note that:

‖etAμ‖ =
∥∥∥∥∥e−tμ

∞∑
n=0

μ2ntn(μ− A)−n

n!

∥∥∥∥∥ ≤ e−μt
∞∑
n=0

M
tnμn

n!
= M,

so that (etAμ )t≥0 are equibounded. Also, the resolvent equation implies:

(λ− Aμ)
−1 = 1

λ+ μ
+
(

μ

λ+ μ

)2 (
λμ

λ+ μ
− A

)−1
, μ, λ > 0 (8.4)

so that limμ→∞(λ− Aμ)−1 = (λ− A)−1, λ > 0. Clearly, the regularity space
here is the closure of the domain ofD(A) and by Corollary 7.4, A = Aex. Hence,
by Corollary 8.2, Ap generates a strongly continuous semigroup in X0, being
the limit of the Yosida approximation.
This generalizes the Hille–Yosida Theorem and shows that Theorem 8.1

combined with Corollary 8.2 may be seen also as a generation theorem. The
same remark applies to the following result.

Corollary 8.4 Suppose that A is a densely defined operator such that some
λ > 0 the range of λ− A is dense in X. If A ⊂ Aex for the extended limit of
generators of (etAn )t≥0 satisfying (2.1), then A is closable and its closure A
generates the semigroup:

T (t )x = lim
n→∞ etAnx, x ∈ X, t ≥ 0. (8.5)

Proof By assumption, Proposition 7.2 and Theorem 8.1, the limit Rλ =
limn→∞(λ− An)−1 exists, and the regularity space equals X. Let B (= Aex)
be the generator of the limit semigroup (8.5). Clearly B extends A, and since
B is closed, A is closable. By Lemma 7.1, Rλ(λx− Ax) = x, x ∈ D(A), and
since D(A) is a core for A (i.e., for x ∈ D(A) there are xn ∈ D(A) such that
limn→∞ xn = x and limn→∞ Axn = Ax), we obtain Rλ(λx− Ax) = x, x ∈ D(A).
The proof will be complete once we show that the range of λ− A is X. To

see that, given x ∈ D(B) and λ > 0 we find y ∈ X such that x = Rλy. If the
claim made above is true, we may find x′ ∈ D(A) such that λx′ − Ax′ = y. Then
x = Rλ(λx′ − Ax′) = x′, showing that B is not a proper extension of A.
Because the range of λ− A is dense in X, we are left with showing that the

range of λ− A is closed. To this end, we argue as in Lemma 2.2 in [132]. Con-
sider xn ∈ D(An) converging to x ∈ D(A) in such away that limn→∞ Anxn = Ax.
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By (2.1),M‖λxn − Anxn‖ ≥ λ‖xn‖. ThusM‖λx− Ax‖ ≥ λ‖x‖, x ∈ D(A) and,
by a similar argument, M‖λx− Ax‖ ≥ λ‖x‖, x ∈ D(A). Therefore, if zn =
λwn − Awn, n ≥ 1, where wn ∈ D(A), converges, then so does wn, n ≥ 1. This
in turn implies existence of limn→∞ Awn, and then z := limn→∞ zn = w − Aw

where w = limn→∞ wn, A being closed. This establishes the claim. �

The final corollary of this chapter may be explained as follows. Because
the convergence we obtain at the end concerns merely a subspace of X, we
really do not need convergence of the resolvents on the whole of X, do we?
Indeed, we don’t, but then we need to strengthen the assumptions we make
on the extended limit, for example (see [17] and Chapter 25 for more on this
subject).
The following result is apparently in the spirit of the first Sova–Kurtz Theo-

rem (see Chapter 2), because we assume the existence of the limit semigroup.
However, its proof would be quite impossible without the notion of extended
limit, and therefore the corollary fits in this chapter quite well. Note also that
here we are not able to characterize X0: what we do is guess, or sometimes
even choose, the subspace where convergence takes place (see Chapter 18).
Compare [232], Theorem 1.10.

Corollary 8.5 Suppose A is closable, and its closure A is the generator of a
strongly continuous semigroup (etA)t≥0 in a subspace X0 of a Banach space X,
and An are the generators of equibounded semigroups (etAn )t≥0 in X. Assume
A ⊂ Aex. Then:

lim
n→∞ etAnxn = etAx, (8.6)

provided limn→∞ xn = x ∈ X0.

Proof Because Aex is closed, A ⊂ A. First we show that if limn→∞ xn = x ∈ X0,
then limn→∞(λ− An)−1xn = (λ− A)−1x. Let y ∈ D(A) be such that
λy− Ay = x, and let yn ∈ D(An) be chosen so that limn→∞ yn = y and
limn→∞ Anyn = Ay. Then x′n := λyn − Anyn, n ≥ 1 converge to x and
(λ− An)−1x′n = yn, n ≥ 1 converge to y. Because the operators (λ− An)−1,
n ∈ N are equibounded, limn→∞(λ− An)−1xn = limn→∞(λ− An)−1x′n = y =
(λ− A)−1x.
Note that the proof presented here is an adaptation of the argument leading

from d) to b) in Theorem 2.2. Similarly, arguing as in the proof of ‘b) and d)
implies a)’ in Theorem 2.2, we obtain (8.6) for x ∈ D(A), and then extend this
result to all x ∈ X0 by density argument. �
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This chapter makes it clear that the limit semigroup may in a natural way
be defined on a subspace X0 of the space X where the approximating semi-
groups are given. See [251] for a natural biological example in which the limit
semigroup acts in a space that is larger than X.

Exercise 8.1 Show that the regularity space is closed.

Exercise 8.2 Check that if limn→∞ xn = x ∈ X0, then limn→∞ etAnxn = T (t )x.

Exercise 8.3 Find the regularity space in Examples 7.5 and 7.6.

Exercise 8.4 Use the Hilbert Equation to show:

X0 = {x ∈ X; x = lim
λ→∞

λRλx}.
Exercise 8.5 Show (8.4). Hint: compare (31.8).

Exercise 8.6 Fill out the details in the second part of the proof of Corollary 8.5.

Exercise 8.7 Let B be the generator of a C0 semigroup (S(t ))t≥0 of equi-
bounded operators in a Banach space X, and assume that the limit:

lim
λ→0

λ

∫ ∞

0
e−λtS(t )x dt = Px, (8.7)

exists for all x ∈ X. Conclude that P is bounded and idempotent (P2 = P), and
Range P = Ker B (in particular: BPx = 0 for x ∈ X). Moreover, PBx = 0 for
x ∈ D(B), S(t )P = PS(t ) for t ≥ 0 and Range B = Ker P.
Hint: Assumption (8.7) implies that the resolvents of the operators nB con-

verge to the pseudoresolvent Rλ = 1
λ
P, λ > 0; this implies P2 = P. The rest

follows directly by (8.7) if we use the resolvent equation; check for instance
that limλ→0 B(λ− B)−1x = x, for x ∈ Ker P.

� Chapter’s summary

The failure of the previous chapter turns into a characterization theorem.
Assuming convergence of the resolvents we are able to characterize (a) the sub-
space X0, termed the regularity space, where the semigroups converge almost
uniformly in t ∈ [0,∞), and (b) the generator of the limit semigroup.
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A Queue in Heavy Traffic

As an example of the application of Theorem 8.1, consider a queue in which
service times are independent and exponential with parameter a, and times
between customers’ arrivals are independent and independent of service times,
and exponentially distributed with parameter b (the so-called M/M/1 queue). If
b > a the queue grows, and if b < a the queue decreases in size (this statement,
though appealing, is quite incorrect: see for example Problem 10.25, p. 190 in
[343] for a precise statement). The most interesting case is therefore the one
where a = b.

Let us make some preparatory remarks for the appropriate analysis. Consider
first the times where the size of the queue may change (at least potentially), that
is, the times where a new customer arrives or (a potential) service is completed.
These form a sequence of independent, exponentially distributed random vari-
ables with parameter a+ b. This is because the minimum of two independent,
exponentially distributed random variables is exponentially distributed with the
parameter being the sum of the two parameters involved.
Also, using the joint distribution of two independent exponentially dis-

tributed random variables we see that the probability that a customer arrives
before a potential service is completed is b

a+b . Hence, if the queue’s length is
x, then after service/arrival event the expected value of the weighted length is
a

a+b f (x− 1)+ b
a+b f (x+ 1), provided x ≥ 1, where f is a weight function. If

x = 0, the service is merely potential for there were no customers in the queue.
It will be convenient to take the weight functions from C[0,∞] and think

also of noninteger, but non-negative lengths x. To avoid considering case x < 1

a b

xx− 1 x + 1

Figure 9.1 Queue’s length
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Figure 9.2 A queue in heavy traffic by Marek Bobrowski

separately, we extend f to an even function on R (denoted by the same letter)
and introduce B ∈ L(C[0,∞]) by B f (x) = a

a+b f (x− 1)+ b
a+b f (x+ 1).

The consecutive powers of the contraction B describe the random process of
the queue’s length at (discrete) times of service/arrivals. The full process then
is described by the contraction semigroup:

T (t ) =
∞∑
n=0

e−(a+b)t
(a+ b)ntn

n!
Bn, t ≥ 0. (9.1)

Here, e−(a+b)t (a+b)
ntn

n! is the probability that n service/arrival events occurred up
to time t, these events forming a Poisson process. In other words, T (t ) = etA0

where A0 f (x) = (a+ b)B f (x)− (a+ b) f (x) = a[ f (x− 1)− f (x)]+ b[ f (x
+ 1)− f (x)].

To have some insight into what happens when a = b, we consider a sequence
of scaled processes evolving in sped up time, describing heavy traffic [238,
295]. More specifically, we assume that:

� service’s intensity equals an and arrival time’s intensity is bn < an,
� the limits limn→∞ an = a > 0 and limn→∞

√
n(an − bn) = c > 0 exist,

� service/arrival events change the queue’s length by ± 1√
n
, and

� time is sped up n times.
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This gives a sequence of contraction semigroups (etAn )t≥0 where

An f (x) = nan

[
f

(
x− 1√

n

)
− f (x)

]
+ nbn

[
f

(
x+ 1√

n

)
− f (x)

]
, n ≥ 1.

Now, let A be the operator:

A f = −c f ′ + a f , (9.2)

defined on D(A) composed of twice differentiable f ∈ C[0,∞] with f ′′ ∈
C[0,∞] and such that f ′(0) = 0. The even extension of an f ∈ D(A) is twice
differentiable with the second derivative in C[−∞,∞], and using the Taylor
Formula (together with uniform continuity of members of the latter space) we
check that:

lim
n→∞An f = A f , f ∈ D(A). (9.3)

Moreover, for λ > 0, the range of λ− A is C[0,∞] (Exercise 9.2). Therefore,
since Aex extends A, the range of (λ− Aex) isC[0,∞] also, so that we are in the
set-up of Theorem 8.1. The regularity space, containing the closure of D(A), is
C[0,∞]. Also, by Corollary 8.4 and since A is closed, A generates the semi-
group inC[0,∞] being the limit of (etAn )t≥0.

This semigroup is related to reflected Brownian motion with drift coeffi-
cient−c, the information on reflection being hidden in the condition f ′(0) = 0
imposed on the domain of the generator A. In other words, in heavy traffic, the
scaled queue’s length seen in the sped-up time performs a Brownian motion on
[0,∞) with drift toward zero (a tendency to shorten the queue), being reflected
immediately upon touching the barrier x = 0.

We note again that we have made much progress from Chapter 2, where we
had to assume existence of the limit semigroup. Here, its existence and the form
of its generator are obtained as by-products of approximation procedure.

Exercise 9.1 Check (9.3).

Exercise 9.2 For A introduced in (9.2), find the explicit, unique solution of
the equation λ f − A f = g, f ∈ D(A) where g ∈ C[0,∞] is given. Also, check
that A is densely defined.

Exercise 9.3

(a) Let A ∈ L(C[0,∞]) be given by:

A f (x) = a f (x+ 1)− a f (x), x ≥ 0,
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where a > 0 is given. Check that:

etA f (x) = E f (x+ N(t )), t ≥ 0,

where N(t ) is a Poisson-distributed random variable: Pr(N(t ) = n) =
e−at a

ntn

n! .
(b) The space C[0,∞] is isometrically isomorphic to C[0, 1] with isomor-

phism I : C[0, 1]→ C[0,∞] given by I f (x) = f (e−x). Use (a) and Exer-
cise 1.7 to check that:

etB f (x) = E f (xe−N(t ) ), t ≥ 0,

for B ∈ L(C[0, 1]) given by B f (x) = a f (e−1x)− a f (x).

� Chapter’s summary

As a first application of Theorem 8.1, we study semigroups related to Markov
chains describing the length of a simple Markovian queue with one server, and
find their limit in heavy traffic. In this example, the regularity space is still the
entire space, but the main difference between the analysis carried out in this
chapter and those of Chapters 3 and 4 is that here the existence of the limit
semigroup is obtained as a bonus, and didn’t need to be assumed a priori.
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Elastic Brownian Motions

We continue with illustrations of Theorem 8.1. Here, X = C[0,∞] is the space
of continuous functions f : R+ → Rwith finite limits at infinity, equipped with
the supremum norm. Given ε > 0, we define the domain D(Aε ) of an operator
Aε as the set of twice continuously differentiable functions f with f ′′ ∈ X sat-
isfying the Robin boundary condition: f (0) = ε f ′(0), and set Aε f = 1

2 f
′′.

From Chapter 3 we know that 2Aε is the generator of a Feller semigroup in
X. Therefore, so is Aε and using (3.4)–(3.6) with a = d = 0, b = ε, c = 1 we
obtain:

(λ− Aε )
−1 f (x) = 1√

2λ

∫ ∞

0
e−
√
2λ|x−y| f (y) dy

+ ε
√
2λ− 1

ε
√
2λ+ 1

1√
2λ

∫ ∞

0
e−
√
2λ(y+x) f (y) dy. (10.1)

The semigroups (etAε )t≥0, ε > 0 are related to elastic Brownianmotions and, as
explained in Chapter 3, the parameter εmeasures the degree inwhich the barrier
x = 0 is “sticky.” The smaller ε is, the less time the process spends at x = 0.
This suggests that as ε → 0, the semigroups should converge to the one related
to minimal Brownian motion, where the Brownian traveler disappears from the
space immediately upon touching the boundary. The related semigroup may be
constructed as follows; see [44].
Let A be the generator of the Brownian motion semigroup (2.2). Since the

Gaussian distribution is symmetric, the semigroup commutes with the sym-
metry P given by P f (x) = f (−x). In particular, the semigroup leaves the
subspace of odd functions invariant. Hence, as restricted to this subspace, it
is a strongly continuous semigroup there, with the generator being the part
of A in this subspace. On the other hand, the subspace of odd functions is
isometrically isomorphic toC0(0,∞] ⊂ Xwhere f (0) = 0. Hence, there exists
the isometrically isomorphic image of the latter semigroup inC0(0,∞], and its
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generator is A0 f = 1
2 f
′′ on D(A0) = { f ∈ C0(0,∞]; f ′′ ∈ C0(0,∞]}. By (2.3)

we also have:

(λ− A0)
−1 f (x) =

∫ ∞

0
e−λtetA f̃ (x) dt = (λ− A)−1 f̃ (x)

= 1√
2λ

∫ ∞

0
e−
√
2λ|x−y| f (y) dy (10.2)

− 1√
2λ

∫ ∞

0
e−
√
2λ(x+y) f (y) dy,

where f̃ is the odd extension of f , and λ > 0, x ≥ 0.
Turning to the convergence hypothesis we note that Rλ given formally by the

same formula as (λ− A0)−1:

Rλ f (x) = 1√
2λ

∫ ∞

0
e−
√
2λ|x−y| f (y) dy− 1√

2λ

∫ ∞

0
e−
√
2λ(x+y) f (y) dy,

(10.3)

where λ > 0, x ≥ 0, maps C[0,∞] into itself. Also, comparing (10.1) and
(10.3):

(λ− Aε )
−1 f (x)− Rλ f (x) = 2ε

ε
√
2λ+ 1

∫ ∞

0
e−
√
2λy f (y) dy e−

√
2λx.

Therefore, for every f ∈ X and λ > 0:∥∥(λ− Aε )
−1 f − Rλ f

∥∥ = ∣∣∣∣ 2ε

ε
√
2λ+ 1

∣∣∣∣ sup
x≥0

∣∣∣∣∫ ∞

0
e−
√
2λy f (y) dy e−

√
2λx

∣∣∣∣
≤
∣∣∣∣ 2ε

ε
√
2λ+ 1

∣∣∣∣ 1√
2λ
‖ f‖ −→

ε→0
0.

Hence, if limn→∞ εn = 0, then limn→∞(λ− Aεn )
−1 = Rλ and we are in the

setup of Theorem 8.1. Because Rλ f (0) = 0, X0 ⊂ C0(0,∞]. By contrast,
because (λ− A0)−1 = (Rλ)|C0(0,∞] is the resolvent of the generator of a strongly
continuous semigroup, the range of Rλ is dense in C0(0,∞], showing that
X0 = C0(0,∞]. By the same token, (λ− A0)−1 coincides with the resolvent
of the limit semigroup in X0. Hence, by Corollary 8.3, A0 is the generator of
the limit semigroup.

Exercise 10.1 Let f ∈ BUC(R) (the space of bounded, uniformly continuous
functions on R). Show that:

lim
μ→∞μ

∫ ∞

−∞
e−μ|x−y| f (y) dy = f (x)

uniformly in x ∈ R.
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x = 0 x = 1−→
v=1

jump intensity = a

a → ∞
0 = 1

v = 1

Figure 10.1 The approximating process and the limit process for Exercises 10.4–
10.5

Exercise 10.2 (Compare [201, Example 3.10, p. 459].) For Aε defined in this
chapter, let Bε = εAε . Show that:

lim
ε→0

(λ− Bε )
−1 f = λ−1 f , f ∈ C0(0,∞], (10.4)

to conclude, by Corollary 8.5, that limε→0 etBε f = f , f ∈ C0(0,∞]. To this
end, check that the resolvent of Bε is given by the right-hand side of (10.1)
with f replaced by ε−1 f and λ replaced by ε−1λ, and then check that (10.4)
will follow once we show that:

lim
μ→∞μ

∫ ∞

0
e−μ|x−y| f (y) dy− μ

∫ ∞

0
e−μ(x+y) f (y) dy = f (x)

uniformly in x ≥ 0; this can be deduced from Exercise 10.1.

Exercise 10.3 Show that in the previous exercise the limit of resolvents does
not exist for f ∈ C[0,∞] \C0(0,∞). (Hint: show that the limit does not exist
for f0 ≡ 1, and then write any f ∈ C[0,∞] as f = f (0) f0 + ( f − f (0) f0)).

Exercise 10.4 For a sequence (an)n≥1 of positive numbers converging to infin-
ity, letAn, n ≥ 1 be the generators of semigroups of Exercise 3.6with a replaced
by an, and μ being the Dirac delta at x = 0, so that members of D(An) satisfy
f ′(1) = an( f (0)− f (1)). Show that the semigroups (etAn )t≥0 converge to the
semigroup describing the motion with constant velocity 1 on a circle of radius
1
2π (see Figure 10.1). To this end:

1. Show that (λ− An)−1g(x)=Cneλx+
∫ 1
x eλ(x−y)g(y) dy, x∈ [0, 1], g∈C[0, 1],

where Cn = g(1)+an
∫ 1
0 e−λyg(y) dy

λeλ+an(eλ−1) , and find the limit pseudoresolvent.
2. Show that X0 ⊂ { f ∈ C[0, 1] | f (0) = f (1)}, and that for g ∈ X0, the limit

pseudoresolvent coincides with the resolvent of the semigroup:

T (t ) f (x) = f (x⊕1 t ), t ≥ 0, x ∈ [0, 1],
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x = 0 x = 1−→
v=1

jump intensity = a

a → ∞
v = 1 v = 1

Figure 10.2 In the approximating processes considered in Exercise 10.6, a jump
from x = 1 to x = 0 or x = 1

2 occurs after an exponential time with probabili-
ties p and 1− p, respectively. In the limit process x = 1 “connects immediately”
to x = 0 or x = 1

2 with the same probabilities. As a result the limit process may
be described as follows: A toy train speeds on a railway composed of two adja-
cent circles connected at a junction marked with a small square (corresponding
to amalgamated points x = 0, x = 1

2 , and x = 1; strictly speaking, however, x = 0
and x = 1

2 are separate points, and x = 1 is not in the state-space; otherwise, the
limit process is not Markov). When on the left-hand circle, the train moves clock-
wise and after completing the full circle continues its motion counterclockwise on
the right-hand one. When it approaches the amalgamated points junction from the
right, a random switch directs it either to the left-hand circle where it continues
clockwise or to the right-hand one, where it continues counterclockwise.

of operators in { f ∈ C[0, 1] | f (0) = f (1)}, where ⊕1 denotes addition
modulo 1. To this end write the resolvent in the form:∫ ∞

0
e−λtg(x⊕1 t ) dt =

∫ 1

x
eλ(x−y)g(y) dy

+
∞∑
n=1

e−λn
∫ 1

0
eλ(x−y)g(y) dy.

3. Conclude that X0 = { f ∈ C[0, 1] | f (0) = f (1)} and that:

lim
n→∞ etAn f = T (t ) f , f ∈ X0.

Exercise 10.5 Redo Exercise 10.4 by characterizing the extended limit
operator. (Hint: show first that its domain is contained in C1[0, 1] ∩ { f ∈
C[0, 1] | f (0) = f (1)}.) Deduce the same result directly from (3.13): to this end
prove convergence for t ∈ [0, 1] first, and then proceed by induction.

Exercise 10.6 Consider the semigroups of Exercise 3.6 withμ being a convex
combination of Dirac measures at 0 and 1

2 ; say μ = pδ0 + (1− p)δ1/2, where
p ∈ (0, 1). Show that as a→∞, the related semigroups converge to the semi-
group describing the process in which the traveler moving with velocity 1 in
the unit interval, after reaching x = 1 jumps swiftly to 0 or 1

2 with probabilities
p and 1− p, respectively. The limit semigroup is defined in the subspace of
f ∈ C[0, 1] satisfying f (1) = p f (0)+ (1− p) f (1/2). Somewhat informally
(see Figure 10.2), the limit process may be identified with the motion with
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unit velocity along the curve composed of two adjacent circles, of total length 1,
obtained from the unit interval by joining points x = 0, x = 1/2, and x = 1.

Discuss an analogous result for the case where μ is a convex combination
of Dirac measures at three points, and generalize immediately to k ≥ 1 points.
The state-space of the limit process should be a flower with k petals.

� Chapter’s summary

Our second application of Theorem 8.1 involves convergence of elastic Brown-
ian motion semigroups to the minimal Brownian motion semigroup. It is worth
stressing that here, in contrast to the previous example, the regularity space
X0 � X is a proper subspace of X.
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Back to the Membrane

We come back to the semipermeable membrane of Chapter 4, but now instead
of dealing with the dynamics of distributions we will study the dynamics
of expected values of related stochastic processes (see [57]). Turning from
L1(R+)× L1(R+) to its predualC[0,∞]×C[0,∞] we will be able to explain
the role of transmission conditions and establish another convergence result.
Note that by considering X = C[0,∞]×C[0,∞] we become more specific

concerning the phase space of the stochastic process involved: instead of think-
ing of R we think of two copies of R+, with boundary x = 0 split into two
points, say 0− and 0+, representing positions to the immediate left and to the
immediate right from the membrane. Alternatively, the state-space of the pro-
cess is S = [−∞, 0−] ∪ [0+,∞] and X may be naturally identified withC(S).

Given four positive numbers σi, ki, i ∈ I = {−1, 1} we define A by:

A ( fi)i∈I =
(
σ 2
i f

′′
i

)
i∈I , (11.1)

Figure 11.1 Semipermeable membrane by Marek Bobrowski
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with domain composed of ( fi)i∈I ∈ C2[0,∞]×C2[0,∞] satisfying:

f ′i (0) = ki fi(0)− ki f−i(0), i ∈ I; (11.2)

theC2[0,∞] denoting twice continuously differentiable functions on R+ with
second derivative in C[0,∞]. As in Chapter 4, the numbers σi are diffusion
coefficients in the left and right half-axis, and the ki are membrane’s perme-
ability coefficients as we explain in more detail now. (See Exercise 11.2 for
the relationship between A introduced here and the generator discussed in
Chapter 4.)

Viewing a member of X as a continuous function on S, and writing condition
(11.2) corresponding to i = 1 as:

− f ′(0+)+ k1 f (0+)− k1

∫
S
f dδ0− = 0,

where δ0− is the Dirac measure at 0−, we see that they have the form similar
to (3.1), except that now the distribution μ of the point right after the jump
from the boundary is a measure on S. Hence, according to the interpretation
provided in Chapter 3, we may describe the process related to A as follows.
(Stochastic analysis of the related snapping out Brownian motionmay be found
in [239]. As it transpires, analogues of transition conditions (11.2) are used in
modelling flows between cells – see [5, 130, 148] cited after [239].) Conditional
on starting in [0+,∞), the particles initially perform a Brownian motion in this
half-axis with diffusion coefficient σ1. Upon touching the boundary at 0+ they
are reflected but after a random time spent “at the boundary,” they jump to 0−
and start to perform a Brownian motion in (−∞, 0−], where the diffusion coef-
ficient is σ−1. The k1 is the permeability coefficient in the sense that the larger
is k1, the quicker particles filter through the membrane from 0+ to 0−. (As in
Chapter 3, the probability that the particle will still be performing the Brownian
motion in [0+,∞) at time t > 0 is e−k1t

+(t ) where t+ is the Lévy local time the
particle spends at 0+. Of course, in so saying we do not count the particles that
jumped to 0− and later on returned.) A particle starting in (−∞, 0−] behaves
similarly, except that the diffusion and permeability coefficients are different
here. (See Figure 11.1.)
We have not yet proved that A generates a semigroup. Because density of

its domain and the maximum principle may be shown as in Chapter 3 (see
Exercise 11.1), we restrict ourselves to checking the range condition. Given
(gi)i∈I ∈ X and λ > 0, we want to find ( fi)i∈I ∈ D(A) such that λ( fi)i∈I −
A( fi)i∈I = (gi)i∈I, that is:

λ fi − σ 2
i f

′′
i = gi, i ∈ I.
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As in Chapter 4, we look for ( fi)i∈I of the form:

fi(x) = Cie
√
λ

σi
x + Die

−
√
λ

σi
x − 1

σi
√
λ

∫ x

0
sinh

√
λ

σi
(x− y)gi(y) dy

= 1

2σi
√
λ

∫ ∞

0
e−

√
λ

σi
|x−y|gi(y) dy+ Die

−
√
λ

σi
x
, x ≥ 0, (11.3)

where Ci := 1
2σi
√
λ

∫∞
0 e−

√
λ

σi
xgi(y) dy and Di are to be determined. Condi-

tions (11.2) now impose (σi
√
λ+ ki)Di − kiD−i = (σi

√
λ− ki)Ci + kiC−i, i ∈

I. This is satisfied iff:

Di =
√
λ+ k−iσ−i − kiσi√
λ+ k−1σ−1 + k1σ1

Ci + 2kiσi√
λ+ k−1σ−1 + k1σ1

C−i,

completing the task.
Now, as in Chapter 4, we would like to see what happens when permeability

of the membrane becomes infinite. Replacing ki with nki in (11.2) and defining
the related operators An, we check that the corresponding sequence Di = Di(n)
converges to:

Di = k−iσ−i − kiσi
k−1σ−1 + k1σ1

Ci + 2kiσi
k−1σ−1 + k1σ1

C−i. (11.4)

Therefore, the resolvents of An converge to the operator defined by (11.3) with
Di introduced above. However, we cannot apply Theorem 2.2 here. The reason
is that fi defined by (11.3) and Di given here satisfy:

f1(0) = C1 + D1 = 2k−1σ−1
k−1σ−1 + k1σ1

C1 + 2k1σ1
k−1σ−1 + k1σ1

C−1

= C−1 + D−1 = f−1(0).

It follows that the range of the limit Rλ of (λ− An)−1 is not dense in X and
cannot be the resolvent of a densely defined operator. It may be shown (Exer-
cise 11.3) though, that Rλ is the resolvent of the operator A∞ defined by (11.1)
with (11.2) replaced by:

k−1 f ′1(0)+ k1 f
′
−1(0) = 0, f1(0) = f−1(0). (11.5)

Notably, A∞ is not densely defined.
Wewill show that the closure of the range ofRλ is the subspaceX0 of ( fi)i∈I ∈

X satisfying f1(0) = f−1(0), and then characterize the limit semigroup in this
subspace. To this end first note that, by (11.3) and (11.4), the coordinates of
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Rλ(gi)i∈I are:

fi(x) = 1

2σi
√
λ

∫ ∞

−∞
e−

√
λ

σi
|x−y|g∗i (y) dy, x ≥ 0, (11.6)

where

g∗i (x) =
k−iσ−i − kiσi
k−1σ−1 + k1σ1

gi(−x)+ 2kiσi
k−1σ−1 + k1σ1

g−i

(
−σ−i

σi
x

)
, x < 0.

For (gi)i∈I ∈ X0, g∗i is a continuous function, in fact a member of C[−∞,∞],
the space of continuous functions on R with limits at plus and minus infinity.
The operators Bi = σ 2

i
d2

dx2 with domain C2[−∞,∞] generate strongly con-
tinuous semigroups inC[−∞,∞], and their resolvents are (see (2.3)):

(λ− Bi)
−1 g(x) = 1

2σi
√
λ

∫ ∞

−∞
e−

√
λ

σi
|x−y|g(y) dy, λ > 0, x ∈ R. (11.7)

In particular, limλ→∞ λ(λ− Bi)−1g= g in C[−∞,∞]. This implies that for
(gi)i∈I ∈ X0, λ fi, where fi is defined by (11.6), converges inC[0,∞] to gi and
shows that the range of Rλ is dense in X0, as claimed.
Hence, inX0 there is a semigroup being the limit of the semigroups generated

by An. Its generator is the part Ap of A∞ in X0.

Exercise 11.1 Show that A given by (11.1) and (11.2) is densely defined and
satisfies the maximum principle.

Exercise 11.2 Let (only in this exercise) the operator in L1(R) defined by
(4.1) and (4.2) be denoted by A∗. Also, identify a member ( fi)i∈I ofC[0,∞]×
C[0,∞] with the function on R defined by f (x) = f1(x), x ≥ 0 and f (−x) =
f−1(x), x > 0; note that f is right-continuous at 0, and has the left limit. With
this identification, check that:∫

R

f A∗φ =
∫
R

φA f

for all φ ∈ D(A∗) and f ∈ D(A), where A is defined by (11.1) and (11.2).

Exercise 11.3 Show directly that the closure of the domain of A∞ is X0, and
that Rλ is the resolvent of A∞.

Exercise 11.4 Check that X0 is isometrically isomorphic toC[−∞,∞]. Show
directly that (the isomorphic image of) Ap is the generator of a conservative
Feller semigroup inC[−∞,∞].
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� Chapter’s summary

We study convergence of Feller semigroups that are in a sense ‘dual’ to those of
Chapter 4. Interestingly, although the original Markov semigroups of Chapter 4
converge on the whole of L1(R+)× L1(R+) (where the approximating semi-
groups are defined), for the Feller semigroups the regularity space is a proper
subspace of C[0,∞]×C[0,∞].
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Telegraph with Small Parameter

Our next example is taken from [44]; for a different approach to the same sin-
gular perturbation, see [139, Chapter VI] and references given at the end of
this chapter. Let A be the infinitesimal generator of a cosine operator function
{C(t ), t ∈ R} in a Banach space X such that for some M > 0:

‖C(t )‖ ≤ M, t ∈ R. (12.1)

Given ε ∈ (0, 1), let us consider the abstract telegraph equation with small
parameter in X:

ε2x′′(t )+ x′(t ) = Ax(t ), x(0) = x0, x
′(0) = x1. (12.2)

(In this equation, we take ε2 instead the usual ε merely for the later notational
convenience.) It is natural to expect (see [17, 44, 139] for selected bibliogra-
phy on the subject) that as ε → 0, the solutions to this equation tend to those
of:

x′(t ) = Ax(t ), x(0) = x0. (12.3)

This hypothesis may be stated as a result concerning convergence of semi-
groups. To this end, introducing y(t ) = dx(t )

dt , the second order Cauchy problem
(12.2), is transformed to that of order one in B = XKis × X:

d

dt

(
x(t )

y(t )

)
=
(

y(t )

ε−2Ax(t )− ε−2y(t )

)
=: Bε

(
x(t )

y(t )

)
,

(
x(0)

y(0)

)
=
(
x0
x1

)
,

(12.4)

whereXKis is the related Kisyński space (see Chapter 1), x and y areXKis-andX-
valued functions, respectively, and the right-most equation defines an operator
Bε inBwith domainD(Bε ) = D(A)× XKis. Because ε−2A generates the cosine
family {C(ε−1t ), t ∈ R} in X, by the Kisyński Theorem, the operator B̃ε given
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by B̃ε (xy) = ( y
ε−2Ax

) on the domain D(Bε ) generates a group of operators in B

and, by the Phillips Perturbation Theorem, the same is true of Bε so that (12.4)
is well-posed. However, the semigroups (etBε )t≥0 are not equibounded. Hence,
we consider the semigroups generated by Aε with D(Aε ) = D(Bε ) where:

etAε =
(
1 0
0 ε

)
Sε (t )

(
1 0
0 ε−1

)
, Aε

(
x

y

)
=
(

ε−1y
ε−1Ax− ε−2y

)
, (12.5)

which turn out to be equibounded. (It should be noted that the proof of the fact
that {Tε (t ), t ≥ 0} are equibounded while {Sε (t ), t ≥ 0} are not is nontrivial and
requires either knowing probabilistic Kac-type formulae for solutions of (12.4),
or intelligent positivity arguments – see [44, 49, 192, 212, 214].)

Let (εn)n≥1 be a sequence converging to zero. To settle the question of con-
vergence of (etAεn )t≥0 we consider the part Ap of A in XKis:

Apx = Ax; D(Ap) = {x ∈ D(A)|Ax ∈ XKis}.
Lemma 12.1 Regardless of the choice of (εn)n≥1:

D(Aex) = D(Ap)× {0}
and a vector in B is a value of Aex on (x0) where x ∈ D(Ap) iff it is of the form
(Axz ), z ∈ X.

Proof For (xy) ∈ D(Aex) there exist (xnyn) ∈ D(A)× XKis, n ≥ 1 such that
limn→∞ (xnyn) = (xy) and limn→∞ ( εn

−1yn
ε−1n Axn−ε−2n yn

) = (wz ) for some w ∈ XKis and
z ∈ X. Then y = limn→∞ yn = 0 and limn→∞ Axn = limn→∞ ε−1n yn = w. By
closedness of A, we have x ∈ D(A) and Ax = w ∈ XKis, i.e., x ∈ D(Ap). There-
fore, D(Aex) ⊂ D(Ap)× {0} and the only possible values of Aex on (x0) where
x ∈ D(Ap) are (Axz ), z ∈ X.
Conversely, taking x ∈ D(Ap) and z ∈ XKis we define:(

xn
yn

)
:=
(

x

εnAx− ε2nz

)
to see that limn→∞ (xnyn) = (x0) while:

lim
n→∞Aεn

(
xn
yn

)
= lim

n→∞

(
Ax− εnz

z

)
=
(
Ax

z

)
.

This shows that (x0) ∈ D(Aex) and Aex(x0) = (Axz ). Because XKis is dense in X and
Aex is closed, the result extends to any z ∈ X. �

The lemma combined with properties of Ap characterizes the limit behavior
of the semigroups involved. Namely, it is straightforward to check with the help
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of the Weierstrass Formula that (etA)t≥0 leaves XKis invariant and, as restricted
to XKis is a strongly continuous semigroup in the XKis topology. Moreover, the
generator of this restricted semigroup is Ap. In particular, the range of λ− Ap
is XKis and so the range of λ− Aex is B for all λ > 0. Hence, we are in the
setup of Chapter 8. Moreover, D(Ap) is dense in XKis so that, by Lemma 12.1,
the regularity space B0 equals XKis × {0}. Finally, it is clear that the part of Aex

in the regularity space is the map (x0) 	→ (Ax0 ), x ∈ D(Ap), the generator of the
semigroup T (t )(x0) = (e

tAp

0 ), t ≥ 0 in XKis × {0}. Hence, we obtain:

lim
ε→0

etAε
(
x

0

)
=
(
etApx

0

)
, x ∈ XKis. (12.6)

It is instructive to prove that same result using the Trotter–Kato Theorem. To
this end we solve the resolvent equation for Aε to see that:

(λ− Aε )
−1 =

(
(ε2λ+ 1)(λ2ε2 + λ− A)−1 ε(λ2ε2 + λ− A)−1

Aε(λ2ε2 + λ− A)−1 ε2(λ2ε2 + λ− A)−1

)
,

for λ > 0. This implies:

lim
ε→0

(λ− Aε )
−1
(
x

y

)
=
(
(λ− A)−1 x

0

)
, λ > 0,

(
x

y

)
∈ B, (12.7)

so that (12.6) follows, but a thorough analysis is more time consuming than that
needed in the Sova–Kurtz approach.

Exercise 12.1 Fill out the details needed to show (12.7).

Exercise 12.2 Use (12.6) to show that the solution to (12.2) converges
almost uniformly with the first derivative to that of (12.3) iff x0 ∈ D(Ap) and
x1 = Ax0.

� Chapter’s summary

Convergence of semigroups describing solutions of the abstract telegraph equa-
tion to those of the abstract diffusion equation is established. Here, again, the
regularity space is a proper subspace of the underlying Banach space. This is
a reflection of the fact that while the approximating semigroups are related
to hyperbolic differential equations requiring two initial conditions, the limit
semigroup is related to a parabolic equation requiring one initial condition.
Hence, the convergence is uniform around t = 0 if the initial conditions are
chosen appropriately (see Exercise 12.2). It should be noted here that conver-
gence of solutions of the abstract telegraph equation to those of the abstract
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diffusion equation has of course been studied by many authors and in various
contexts, not necessarily involving semigroups of operators or the Trotter–Kato
Theorem. See, for example, [14, 17, 27, 85, 137, 138, 139, 140, 192, 210, 212,
243, 244, 258, 272, 281, 317, 321, 355], [49] pp. 358–361, [132] pp. 468–
471, [288] pp. 1–6, and references given therein.
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Minimal Markov Chains

In this chapter we show another application of Theorem 8.1. Let I ⊂ N be a set
of indexes and let l1 be the space of absolutely summable sequences (ξi)i∈I with
the norm ‖(ξi)i∈I‖ =

∑
i∈I |ξi|. Let F1 be the (positive) functional on l1 given by

F1x =
∑

i∈I ξi, x = (ξi)i∈I ∈ l1. Non-negative sequences such that F1x = 1 are
termed densities or distributions; the set of distributions is denoted by D. As
in Chapter 4, a bounded linear operator in l1 is said to be a Markov operator
if it leaves D invariant.
A matrix Q = (qi j )i, j∈I is said to be a Kolmogorov matrix or an intensity

matrix or aQ-matrix iff its off-diagonal entries qi j, i 
= j are non-negative and
its rows add up to zero. If I is finite,Qmay be identified with the bounded oper-
ator l1 � x 	→ x · Q = (

∑
j∈I x jq ji)i∈I, where the dot denotes matrix multipli-

cation. It may be shown that (etQ)t≥0 is then a semigroup of Markov operators
in l1 (i.e., x · etQ is a density provided x is); the converse statement is also true
(see Exercise 13.2).
We would like to have a similar result in the case where I is infinite. (With-

out loss of generality we assume I = N in what follows.) However, the situation
here is not so simple; the argument used in the proof for finite I carries over only
if supn≥1(−qn,n) <∞. In fact, in general the operator x = (ξn)n≥1 	→ xQ =
(
∑

j≥1 ξiqin)n≥1 defined on the maximal domain Dmax = {x ∈ l1; xQ ∈ l1} is
not a generator of a semigroup. Dmax is simply too large and λ− Q may not
be one-to-one. Probabilistically, the situation is as follows. When I is finite,
the semigroup (etQ)t≥0 maps densities into densities, because Q determines a
Markov chain with state-space I. The chain, starting at i ∈ I waits there for
an exponential time τ1 with parameter −qi,i to jump to a state j with prob-
ability qi, j

−qi,i ; if qi,i = 0 the process stays at i forever. At j, the process starts
afresh: waits for an (independent!) exponential time τ2 to jump to some other
state, and so on. Because the number of states is finite, the sum of all τn is
infinite and the process is well defined for all t > 0 (see Exercise 13.4). For
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τ t

X(t)

Figure 13.1 Explosion

infinite I, generally Q determines the process only up to a certain (random)
time.
For example, if −qn,n = qn,n+1 = an for some sequence an, n ≥ 1, and the

remaining entries of Q are zero (which is the intensity matrix of a pure birth
process), then the process increases at exponential times τn with Eτn = a−1n .
If an are chosen so that

∑∞
n=1 a

−1
n <∞, τ =∑n≥1 τn is finite a.s. Because

after τ the process is left undefined by Q, it must be determined by additional
rules such as, for example, starting afresh at 1 at time τ . This phenomenon is
often called explosion. Such rules have their reflections in the domain of the
generator; without restrictions on its domain, Q instead of being related to a
single Markov chain, is related to a whole class of chains.
A theorem due to Kato [180, 197] to which this chapter is devoted describes

theminimal semigroup related to the minimal Markov chain, that is, the chain
where the process is undefined after τ so that the probability of observing this
process at t > 0 is less than 1 (this is to say that the semigroup is sub-Markov).
Following Banasiak and Lachowicz [24], we present an abstract form of this
theorem, valid in Kantorovič–Banach spaces. The idea is to see the problem as
a perturbation result: we introduce the operators A and B corresponding to the
diagonal and off-diagonal parts of Q:

A (ξn)n≥1 =
(
qn,nξn

)
n≥1 , B (ξn)n≥1 =

⎛⎝∑
m
=n

qm,nξm

⎞⎠
n≥1

(13.1)
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with common domain D = {(ξn)n≥1 ∈ l1;
∑

n≥1 |qn,nξn| <∞}. We note that
D ⊂ Dmax and that A generates a contraction semigroup etA(ξn)n≥1 =
(etqn,nξn)n≥1. A short calculation shows that:

‖Bx‖ ≤ ‖Ax‖, x ∈ D. (13.2)

If we had a stronger relation, say ‖Bx‖ ≤ r‖Ax‖ with r ∈ (0, 1), we would be
able to show that A+ B generates a contraction semigroup (see the proof of
Theorem 13.3). Relation (13.2) allows for a more delicate result: there is an
extension Q0 of A+ B that generates a contraction semigroup, and later we
will see that (etQ0 )t≥0 is in a sense minimal.
The argument uses the fact that l1 is a lattice, and that −A and B are posi-

tive operators. To recall, a vector space is said to be ordered iff the following
conditions are satisfied:

(a) x ≤ x,
(b) x ≤ y and y ≤ x imply x = y,
(c) x ≤ y and y ≤ z imply x ≤ z,
(d) x ≤ y implies x+ z ≤ x+ z,
(e) x ≥ 0 and α ≥ 0 imply αx ≥ 0,

where x, y, and z are arbitrary members of the space, and α is a real number.
An ordered vector space is said to be a vector lattice iff there exist min-

ima and maxima of all two-element sets. The minimum and maximum of the
subset {x, y} of a vector lattice is denoted x ∧ y and x ∨ y, respectively. This
allows defining, for all x in the lattice, x+ := x ∨ 0 and x− := (−x) ∨ 0, |x| :=
x ∨ (−x) and checking that (see Exercise 13.6):

x = x+ − x− and |x| = x+ + x−. (13.3)

A vector lattice is said to be a Banach lattice if it is also a Banach space with
a norm such that:

|x| ≤ |y| �⇒ ‖x‖ ≤ ‖y‖. (13.4)

Finally, a Banach lattice is said to be a KB-space or a Kantorovič–Banach
space if any sequence xn, n ≥ 1 of its elements with 0 ≤ xn ≤ xn+1, n ≥ 1 and
‖xn‖ ≤ M, n ≥ 1 for some M > 0, converges. l1 is an example of a KB-space
(Exercise 13.8).
An operator A in an ordered vector space is said to be positive if Ax ≥ 0

for x ≥ 0; we then write A ≥ 0. For two operators A and B, A ≥ B means
A− B ≥ 0. It turns out that positive linear operators defined on the whole of a
Banach lattice (with values in an ordered normed vector space) are necessarily
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bounded, [16] p. 54. We will, however, merely need the following two lemmas;
before continuing, the reader should solve Exercises 13.5–13.7.

Lemma 13.1 For a (bounded) positive operator A in a Banach lattice, ‖A‖ =
supx≥0,‖x‖=1 ‖Ax‖.

Proof We need to show that supx≥0,‖x‖=1 ‖Ax‖ ≥ sup‖x‖=1 ‖Ax‖. Let us con-
sider an x with ‖x‖ = 1. Because |x| ≥ 0 and ‖ |x| ‖ = ‖x‖ = 1, it suffices
to show that ‖Ax‖ ≤ ‖A|x| ‖. However, −(x−) ≤ x ≤ x+ implies −A(x−) ≤
Ax ≤ A(x+). Hence |Ax| = (Ax) ∨ 0+ (−Ax) ∨ 0 ≤ (A(x+)) ∨ 0+ (A(x−)) ∨
0 = A(x+)+ A(x−) = A|x| and the result follows. �

Lemma 13.2 A strongly continuous semigroup (T (t ))t≥0 in a Banach latticeX

is positive (i.e., T (t ) ≥ 0 for all t ≥ 0) iff its resolvent is positive for sufficiently
large λ (Rλ ≥ 0 for such λ).

Proof We show first that the positive cone where x ≥ 0 (or, equivalently,
where x+ = x) is closed in X. To this end, it suffices to show that |x+ − y+| ≤
|x− y| because this implies that ‖x+ − y+‖ ≤ ‖x− y‖, for x, y ∈ X. We have
0 ≤ y+ + |x− y| and, since y ≤ y+, x ≤ y+ + x− y ≤ y+ + |x− y|. There-
fore, x+ ≤ y+ + |x− y|. By symmetry, the claim follows.

By this, positivity of the semigroup implies positivity of the resolvent, the
resolvent being the (Laplace transform) integral of the semigroup. The con-
verse is true as the semigroup is the limit of appropriate Yosida approximation
semigroups built from the resolvent. �

Here is our main theorem of this chapter.

Theorem 13.3 Let X be a KB-space, and let A and B be linear operators in X

with common domain D such that:

(1) A generates a semigroup of positive contractions,
(2) −A and B are positive,
(3) ‖Bx‖ ≤ ‖Ax‖ for x ∈ D, x ≥ 0,
(4) for each nonzero x ∈ D, x ≥ 0 there exists a bounded, positive functional

F such that ‖F‖ = 1,F (x) = ‖x‖ and F (Ax+ Bx) ≤ 0.

Then there exists an extension Q0 of A+ B that generates a positive contraction
semigroup in X.

Proof Let us consider Cr = A+ rB, r ∈ [0, 1) with domain D. First, we show
that each Cr generates a positive contraction semigroup.



78 Example: Markov Chains

For x ≥ 0, as −A and (λ− A)−1 are positive, 0 ≤ −A(λ− A)−1x = x−
λ(λ− A)−1x ≤ x. Hence, | − A(λ− A)−1x| ≤ x = |x| implying the estimate
‖A(λ− A)−1x‖ ≤ ‖x‖. Hence, for x ∈ D, x ≥ 0, ‖B(λ− A)−1x‖ ≤ ‖A(λ−
A)−1x‖ ≤ ‖x‖. By Lemma 13.1, the positive operator B(λ− A)−1 is a contrac-
tion. Hence:

R(r, λ) = (λ− A)−1
∞∑
n=0

rn
[
B (λ− A)−1

]n
, r ∈ [0, 1), λ > 0 (13.5)

is well defined and a standard calculation shows R(r, λ) = (λ−Cr )−1. Clearly,
R(r, λ) ≥ 0 but by the sole definition it is hard to see that ‖λR(r, λ)‖ ≤ 1.

The latter estimate may be obtained from condition (4). Indeed, taking
non-negative x ∈ D we have ‖λx−Crx‖ ≥ F (λx−Crx) = λF (x)− F (Ax+
Bx)+ (1− r)F (Bx) ≥ λF (x) = λ‖x‖ where F is as in (4), because B and F
are positive. Hence, for a positive y ∈ X, taking x = (λ−Cr )−1y we obtain
‖y‖ ≥ λ‖(λ−Cr )−1y‖ and, by Lemma 13.1, ‖(λ−Cr )−1‖ ≤ 1

λ
, λ > 0. By the

Hille–Yosida Theorem, Cr’s generate contraction semigroups. Also, etCr are
positive operators, as so are (λ−Cr )−1.
Let rn, n ≥ 1 be an increasing sequence with limn→∞ rn = 1 and let An =

Crn . Then:

(λ− An)
−1 x ≤ (λ− An+1)−1 x and ‖ (λ− An)

−1 x‖ ≤ λ−1‖x‖
for all x ≥ 0. Because X is a KB-space, limn→∞(λ− An)−1x exists. Using
decomposition (13.3) we check that the same is true for all x ∈ X. Hence, we
are in the setup of Theorem 8.1.
Moreover, for x ∈ D we may define xn = x ∈ D(An), n ≥ 1 to see that

limn→∞ Anxn = limn→∞(Ax+ rnBx) = Ax+ Bx. Hence, the extended limit
Aex of An is an extension of A+ B. In particular, as D is dense in X, X0 = X.

Thus, Aex is single valued and generates the limit semigroup. As we have seen,
Aex is an extension of A+ B, completing the proof. �
Proposition 13.4 If Q1 is another extension of A+ B generating a positive
contraction semigroup, then etQ0 ≤ etQ1 , t ≥ 0.

Proof By assumption, (λ− Q1)−1 exists for sufficiently large λ and is positive.
For y ∈ D, we may write:

(1− r)By = (λ− A− rB)y− (λ− Q1)y.

Taking y = (λ− A− rB)−1x, x ∈ X, and applying (λ− Q1)−1 to both sides of
this equality:

(1− r)(λ− Q1)
−1B(λ− A− rB)−1x = (λ− Q1)

−1x− (λ− A− rB)−1x.
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Because all operators on the left-hand side are non-negative, for large λ > 0
we have (λ− A− rB)−1 ≤ (λ− Q1)−1. Because (λ− A− rB)−1 converges to
(λ− Q0)−1 as r→ 1, we have (λ− Q0)−1 ≤ (λ− Q1)−1, and this implies the
claim via Yosida approximation, as in Lemma 13.2. �

The assumptions of the abstract setup of Theorem 13.3 and Proposition 13.4
are clearly satisfied in the original problem related to intensity matrices. In
fact, merely condition (4) needs to be checked (see also Exercise 13.10): in this
case, the functional F is universal for all x ≥ 0 and equals F1 introduced at the
beginning of this chapter.

Exercise 13.1 A matrix (pi j )i, j∈I may be identified with an operator P in l1

defined by:

P(ξi)i∈I =
⎛⎝∑

j∈I
pi jξ j

⎞⎠
i∈I

.

Show P is a Markov operator iff the coordinates in the matrix are non-negative,
and in each column they add up to 1.

Exercise 13.2 Show that if I is finite andQ = (qi j )i, j∈I is a matrix then (etQ)t≥0
is composed of Markov operators in l1 iff Q is an intensity matrix.

Exercise 13.3 If we exclude the trivial zero matrix, all 2× 2 Kolmogorov
matrices are of the form Q = (−a a

b −b) where a, b ≥ 0, a+ b > 0. Show that:

etQ = 1

a+ b

(
b+ ae−(a+b)t a− ae−(a+b)t

b− be−(a+b)t a+ be−(a+b)t

)
.

Exercise 13.4 Let τn be independent, exponential random variables with
parameters an, n ≥ 1. Show that

∑∞
n=1 τn <∞ (a.s.) iff

∑∞
n=1

1
an
<∞.

Exercise 13.5 Show that in a vector lattice x ≤ y implies −y ≤ −x, x+ ≤ y+

and y− ≤ x−.

Exercise 13.6 Show (13.3). To this end, prove first:

x ∨ y+ z = (x+ z) ∨ (y+ z), x, y, z ∈ X.

Exercise 13.7 Show that in a Banach lattice, ‖ |x| ‖ = ‖x‖.
Exercise 13.8 Show that l1 is a KB-space.

Exercise 13.9 A Banach lattice is said to have order continuous norm if any
sequence (xn)n≥1 of its elements satisfying 0 ≤ xn+1 ≤ xn, n ≥ 1, converges.
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Show that any KB-space has order continuous norm and that c0 has order con-
tinuous norm even though it is not a KB-space.

Exercise 13.10 Show that A defined in (13.1) generates the positive contrac-
tion semigroup etA(ξn)n≥1 = (etqn,nξn)n≥1.

For a nicely written introduction to ordered vector spaces, see [16] and refer-
ences given there. For more on positive semigroups, see [269], and for positive
semigroups with applications in L1 setting, see [234], see also [127]. Other
applications may be found in the already cited [16].

� Chapter’s summary

Approximating procedures are common tools for proving generation theorems:
For example, the Hille–Yosida Theorem is often proved with the help of the
Yosida approximation. Using an approximation procedure introduced by T.
Kato in his proof of existence of a minimalMarkov chain semigroup related to a
Kolmogorov matrix, we follow J. Banasiak andM. Lachowicz to extend Kato’s
result to an abstract generation theorem valid in Kantorovič–Banach spaces.
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Outside of the Regularity Space:
A Bird’s-Eye View

And as they were going to buy, the bridegroom came; and those who were ready
went with him to the wedding feast. And the door was shut. And later the rest of the
virgins came also, saying, Lord, lord, open to us! But he answered and said, Truly I
say to you, I do not know you.

(Matt. 25:10–12. Holy Bible. Recovery Version. © 2003 Living Stream
Ministry, Anaheim, California.)

So far, we have proved that the necessary condition for convergence of (equi-
bounded) semigroups is convergence of the related resolvents. Also, in terms
of the limit pseudoresolvent and/or the extended limit operator, we were able
to characterize the regularity subspace where the semigroups have a limit, and
the generator of the limit semigroup. The natural question arises: what can we
say about convergence outside of the regularity space?

Theorem 14.1 Let (etAn )t≥0 be a sequence of semigroups satisfying (2.1), and
suppose that (λ− An)−1 converge. Then, for x ∈ X, there exist the following
limits:

a) limn→∞
∫ t
0 e

sAnx ds = U (t )x, t ≥ 0,
b) limn→∞ Hn(φ)x = H(φ)x, φ ∈ L1(R+),
whereHn(φ)x =

∫∞
0 φ(s)etAnx ds is a Bochner integral, and L1(R+) is the space

of (classes of) absolutely (Lebesgue) integrable functions.

Proof Clearly, a) is a special case of b) for φ = 1[0,t]. Let eλ(t ) = e−λt, t ≥
0, λ > 0. By assumption, the limits:

lim
n→∞Hn(eλ) = lim

n→∞ (λ− An)
−1 , λ > 0

exist. Because ‖Hn(φ)‖ ≤ M‖φ‖L1(R+ ), the map φ 	→ Hn(φ) is linear, and the
set of eλ, λ > 0 is linearly dense in L1(R+), a three-epsilon argument shows
that Hn(φ)x is a Cauchy sequence. �
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etA1 etA2etA1 etA2 etAp

H(φ)

∫ t

0
esAp ds

Figure 14.1 Convergence outside of X0

Condition a) is due to T. G. Kurtz [230]; condition b) is due to J. Kisyński.
From the proof it is clear that b) is in fact equivalent to convergence of resol-
vents, and so is a) as the set of u(t ) = 1[0,t] is linearly dense in L1(R+).
The operator L1(R+) � φ 	→ Hn(φ) is termed a homomorphism of the alge-
bra L1(R+) related to the semigroup (etAn )t≥0. We recall that L1(R+) is a
convolution algebra (see Appendix A); it is easy to check that Hn(φ ∗ ψ ) =
Hn(φ)Hn(ψ ), where ∗ denotes convolution. Hence, H(φ ∗ ψ ) = H(φ)H(ψ );
H is a homomorphism related to the limit pseudoresolvent.

Example 14.2 Let us consider, as in Chapter 8, an operator A satis-
fying all the assumptions of the Hille–Yosida Theorem except for the
one involving density of its domain. Then, for the Yosida approxima-
tion Aμ of A, the limit limμ→∞

∫ t
0 e

tAμs ds = U (t ), t ≥ 0 exists. It is easy
to see that λ

∫∞
0 e−λtU (t ) dt = (λ− A)−1, λ > 0. The family (U (t ))t≥0 is

termed the once integrated semigroup related to A, and its existence
was proved first by W. Arendt [6]. This family is Lipschitz continuous:
‖U (t )−U (s)‖ ≤ lim supμ→∞

∫ t
s ‖euAμ‖ du ≤ M(t − s), 0 ≤ s ≤ t. Since for

x ∈ clD(A), limμ→∞ etAμx = T (t )x, where (T (t ))t≥0 is the semigroup gen-
erated by Ap, we have U (t ) = ∫ t0 T (s)x ds, x ∈ X0, t ≥ 0. The limit H(φ) =
limμ→∞

∫∞
0 φ(t )etAμ dt is the homomorphism related to A.

To summarize, if the resolvents of a sequence of equibounded semigroups in
a Banach space converge, then on the whole of this space the limit b) in The-
orem 14.1 exists; additionally, for x from the regularity space, the semigroups
converge, too. Extending the idea of Kisyński [211] (see also [230]), all these
results may be seen from the perspective of a single generation theorem, as
explained below [45].
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Let c(X) be the space of all convergent X-valued sequences with supremum
norm. Given a sequence of semigroups (etAn )t≥0 satisfying (2.1), we define the
operator A in c(X) by:

A (xn)n≥1 = (Anxn)n≥1 ,

D(A) = {(xn)n≥1 |xn ∈ D(An), (Anxn)n≥1 ∈ c(X)}. (14.1)

The assumption that the limit limn→∞(λ− An)−1 exists allows defining the
bounded linear operators Rλ, λ > 0 in c(X) by Rλ(xn)n≥1 = ((λ−
An)−1xn)n≥1. A straightforward computation shows:

Rλ(λ−A)(xn)n≥1 = (xn)n≥1, (xn)n≥1 ∈ D(A) and

(λ−A)Rλ(xn)n≥1 = (xn)n≥1, (xn)n≥1 ∈ c(X),

so that Rλ, λ > 0 is the resolvent of A. Moreover, since ‖(λ− An)−n‖ ≤
Mλ−n, we have ‖Rn

λ‖ ≤ Mλ−n. Hence, A satisfies assumptions of Exam-
ple 14.2 and its part in cl D(A) generates a semigroup (T (t ))t≥0 there. It may be
shown that this closure is the space of all sequences with limits in X0 and that
T (t )(xn)n≥1 = (Tn(t )xn)n≥1, (xn)n≥1 ∈ cl D(A). This is a counterpart of Theo-
rem 8.1. Moreover, A generates an integrated semigroup (U (t ))t≥0; we check
that U (t )(xn)n≥1 = (

∫ t
0 e

sAnxn ds)n≥1. Finally, the homomorphism H related to
A is given byH(φ)(xn)n≥1 = (

∫∞
0 φ(t )etAnxn dt )n≥1. These are restatements of

a) and b) in Theorem 14.1.

Exercise 14.1 Deduce from Lemma 2.1 that condition a) in Theorem 14.1 is
equivalent to convergence of the resolvents. Conclude that a) implies b).

Exercise 14.2 Prove the claims made here concerning A.

Exercise 14.3 A Banach algebra-valued function [0,∞) � t 	→ p(t ) ∈ A is
said to be an integrated semigroup if it is integrable on any finite interval:

p(t )p(s) =
∫ s+t

t
p(r) dr −

∫ s

0
p(r) dr, s, t ≥ 0,

and p(0) = 0.

(a) Check that:

p0(t ) = 1[0,t ) ∈ L1(R+), (14.2)

is an example of an integrated semigroup.1

1 As a result of the Kisyński Homomorphism Theorem (see for example [216] or one of [46,
47, 49, 88] or Chapter 62), there is a one-to-one correspondence between Lipschitz continuous
integrated semigroups (i.e., integrated semigroups such that there isM such that:

‖p(t )− p(s)‖A ≤ M|t − s|, t, s ≥ 0
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(b) Let p be an integrated semigroup in a unital Banach algebra A with unit u.
Show the following Wallen-type formula [336]: for s > t:

(s−1p(s)− u)(t−1p(t )− u)

= (st )−1
∫ s+t

s
p(r) dr − (st )−1

∫ t

0
p(r) dr − s−1p(s)− t−1p(t )+ u.

(c) Suppose that for an integrated semigroup p the following conditions are
satisfied:

1. lim infs→∞ ‖s−1p(s)− u‖A < 1.
2. For each t > 0, lims→∞ s−1‖t−1 ∫ s+ts p(r) dr − p(s)‖A = 0.

Using (b) show that p(t ) = tu, t ≥ 0.
(d) Deduce Lemma 6.3 from (c).

� Chapter’s summary

Under assumption of resolvents’ convergence, the related semigroups converge
strongly and almost uniformly on the regularity space equal to the closure of
the range of the limit pseudoresolvent. As we know from the previous chapters,
outside of the regularity space, the semigroups in general diverge. As it turns
out, a weaker type convergence occurs outside of this space: the semigroups
do not converge here but the related homomorphisms do. A nice, panoramic
view of this fact may be seen from the high peak of the space of convergent
sequences.

and homomorphisms of the convolution algebra L1(R+ ). In fact, each Lipschitz continuous inte-
grated semigroup is of the form:

p = H ◦ p0,
whereH is the corresponding homomorphism of L1(R+ ); the norm ofH is the smallest Lipschitz
constant for p.
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Hasegawa’s Condition

Assume, as we do throughout this book, that (etAn )t≥0 are strongly continuous
semigroups satisfying (2.1). Assume also that wemay show thatD(Aex) is dense
in X. Unfortunately, this condition alone does not imply convergence of the
semigroups. In fact, it does not even imply convergence of the resolvents. It is
clear from Proposition 7.2 and from the examples of previous chapters that the
main difficulty is establishing that the range of λ− Aex, λ > 0 is the whole of
X.To repeat, this is called the range condition. Fortunately, sometimes wemay
avoid checking the range condition, having been able to check the alternative
condition of Hasegawa [171]. The latter is:

lim
n,m→∞‖e

sAnetAmx− etAmesAnx‖ = 0, x ∈ X, (15.1)

almost uniformly in s, t ≥ 0, and its weaker version in terms of resolvents is
(see Exercise 15.1):

lim
n,m→∞‖ (λ− An)

−1 (λ− Am)
−1x− (λ− Am)

−1 (λ− An)
−1 x‖ = 0, (15.2)

for λ > 0, x ∈ X.

Theorem 15.1 (Hasegawa) The semigroups (etAn )t≥0 converge on X iff the set
D(Aex) is dense in X, and condition (15.2) holds.

Proof Necessity of cl D(Aex) = X is known from Theorem 8.1. Also, assuming
that T (t )x = limn→∞ etAnx exists for all x and using:

‖esAnetAmx− T (s+ t )x‖
≤ M‖etAmx− T (t )x‖ + ‖esAnT (t )x− T (s)T (t )x‖

we obtain limn,m→∞ esAn etAmx = T (s+ t )x. This limit is almost uniform in
s, t ∈ [0,∞) because, for any t0 > 0, the range of [0, t0] � t 	→ T (t )x ∈ X is
compact. By symmetry, this implies necessity of (15.1).
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Hence, it is sufficiency that is of interest here: by Theorem 8.1 we need to
show that limn→∞(λ− An)−1 exists. We follow the argument of Kurtz [230].
Let l∞(X) be the space of bounded X-valued sequences equipped with
supremum norm, and let the operators Rλ, λ > 0 in l∞(X) be defined by
Rλ(xn)n≥1 = ((λ− An)−1xn)n≥1; we need to show that Rλ, λ > 0 map c(X)
into itself.
Assumption onD(Aex) combined with density of allD(An) implies thatD(A)

defined in (14.1) is dense in c(X). Because ‖Rλ‖ ≤ Mλ−1, λ > 0, our task
reduces to showing that Rλ maps D(A) into c(X).
If (xn)n≥1 ∈ c(X), then for any permutation πn, n ≥ 1 of positive integers

limn→∞(xn − xπn ) = 0. Conversely, the last condition implies that (xn)n≥1 ∈
l∞(X) is Cauchy, hence convergent. Such a permutation πn, n ≥ 1 induces
a bounded linear operator P on l∞(X) given by P (xn)n≥1 = (xπn )n≥1 with
bounded inverse P−1 related to the inverse permutation. Hence, introducing
c0(X) as the subspace of ξ = (xn)n≥1 ∈ c(X) with limn→∞ xn = 0, we have that
ξ ∈ c(X) iff Pξ − ξ ∈ c0(X) for all operators P induced by permutations, and
our task reduces to showing:

PRλ −Rλ : D(A)→ c0(X),

for all such operators. We note that in this context (15.2) can be stated as

RλP−1RλPξ − P−1RλPRλξ ∈ c0(X) for all ξ ∈ c(X). (15.3)

For ξ ∈ D(A), λ > 0 and a permutation induced P:

PRλξ −Rλξ = PRλ(I − P−1)ξ +Rλ(P − I)ξ

+ PRλP−1Rλ(λ−A)ξ −RλPRλP−1(λ−A)ξ

−RλPRλ(I − P−1)(λ−A)ξ .

Here, as ξ ∈ c(X), (P − I)ξ belongs to c0(X) and so doesRλ(P − I)ξ because
Rλ maps c0(X) into itself. Because P has the same property, both terms in
the first line above belong to c0(X). Similarly, the third line belongs to c0(X)
because λξ −Aξ is a member of c(X). Because the second line belongs to
c0(x) by assumption (15.3), we are done. �

As an application, let us consider the question of existence of an infinite prod-
uct of commuting contraction semigroups. This question was first discussed in
Arendt et al. [10], a motivating example being the heat semigroup in infinite
dimensions introduced by Cannarsa and Da Prato [76]. Let Bn, n ≥ 1 be gen-
erators of commuting contraction semigroups:

etBnesBk = esBketBn , s, t ≥ 0, k, n ≥ 1.
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Then Tn(t ) =
∏n

k=1 e
tBk is a strongly continuous contraction semigroupwith the

generator An =
∑n

k=1 Bk, the closure of
∑n

k=1 Bk defined on
⋂n

k=1 D(Bk ) (see,
e.g., [269] A-1.3.8). We say that the infinite product T (t ) =∏∞

k=1 e
tBk exists iff

the semigroups (Tn(t ))t≥0 converge.
The following theorem from [10] was proved there in a different way, the

authors being apparently unaware of Hasegawa’s result.

Theorem 15.2 Define an operator A by Ax =∑∞
k=1 Bkx with domain:

D(A) =
{
x ∈

∞⋂
k=1

D(Bk );
∞∑
k=1
‖Bkx‖ <∞

}

and suppose D(A) is dense in X. Then, the infinite product of (etBn )t≥0 exists
and its generator is the closure of A.

Proof Clearly, A is a restriction of Aex and the assumption implies thatD(Aex) is
dense in X. Because (etAn )t≥0 commute, Hasegawa’s condition is satisfied and
the infinite product exists by Theorem 15.1. Also, the generator of the product,
equaling Aex, is an extension of A. Hence, we are left with proving that D(A)
is a core for Aex. To this end, by Exercise 15.2, it suffices to show that D(A) is
left invariant by T (t ) =∏∞

k=1 e
tBk .

Fix k ∈ N and x ∈ D(Bk ). For any n ∈ N and t ≥ 0, Tn(t )x belongs to D(Bk )
and BkTn(t )x = Tn(t )Bkx as (etBk )t≥0 commutes with (Tn(t ))t≥0. Closedness of
Bk implies now T (t )x ∈ D(Bk ) and BkT (t )x = T (t )Bkx. Thus, for x ∈ D(A),
T (t )x belongs to

⋂∞
k=1 D(Bk ) and

∑∞
k=1 ‖BkT (t )x‖ ≤

∑∞
k=1 ‖Bkx‖ <∞, prov-

ing that T (t )x ∈ D(A). This completes the proof. �

As our second application we establish existence of the boundary value of
a holomorphic semigroup. To recall, a closed operator A in a complex Banach
space is said to be sectorial of angle δ0 ∈ (0, π2 ] if the sector:

�π
2 +δ0 =

{
λ ∈ C \ {0}; |arg λ| < π

2
+ δ0

}
is contained in the resolvent set ρ(A) of A, and for all δ ∈ (0, δ0) there exists
Mδ > 0 such that:

‖(λ− A)−1‖ ≤ Mδ

|λ| , λ ∈ �π
2 +δ. (15.4)

If A is additionally densely defined (see [9] pp. 157–158, [128] p. 96, [201]
p. 488, or [353] p. 257), it generates a strongly continuous semigroup (etA)t≥0
that may be extended to the complex t in �δ0 . For t ∈ �δ , where δ < δ0, the
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δ0

γ

Figure 15.1 A typical γ

semigroup may be expressed as the Dunford integral:

etA = 1

2π i

∫
γ

etλ(λ− A)−1 dλ (15.5)

where γ is a piecewise smooth curve running, within the closure of �π
2 +δ

(excluding λ = 0), that is, within:{
λ ∈ C \ {0}; |arg λ| ≤ π

2
+ δ
}

from infinity with arg λ = −( π2 + δ) to infinity with arg λ = π
2 + δ (see Fig-

ure 15.1). By (15.4), the integral here is absolutely convergent and by
Cauchy’s Theorem, it does not depend on the choice of the curve. Moreover,
limt→0,t∈�δ

etAx = x for all x ∈ X and δ ∈ (0, δ0), and the semigroup is bounded
in each sector �π

2 +δ, δ ∈ (0, δ0). Hence, A is said to generate a bounded holo-
morphic semigroup.
Let A be sectorial of angle δ0. Then for z ∈ C with |z| = 1 and | arg z| < δ0,

zA generates a strongly continuous semigroup (etzA)t≥0. This, however, does not
need to be so if arg z = δ0.The question of existence of the semigroup generated
by z0A where z0 = eiδ0 is known as that of existence of the boundary value of a
holomorphic semigroup. It turns out that the boundary value semigroup exists



Hasegawa’s Condition 89

iff:

K := sup
t∈�δ0 ,� t≥0,|t|≤1

‖etA‖ (15.6)

is finite. A simple proof of necessity of this condition may be found in [9]
p. 174, and we will restrict ourselves to proving the sufficiency.
Let zn satisfy |zn| = 1, | arg zn| < δ0 and limn→∞ zn = z0. By assumption,

‖etznA‖ ≤ K for t ∈ [0, 1] and n ≥ 1. This implies that there exist M ≥ 1 and
ω ∈ R such that ‖etznA‖ ≤ Meωt, t ≥ 0, n ≥ 1, and the semigroups generated
by An = znA− ωI are equibounded. The semigroups generated by znA, being
“cut out of” the single semigroup generated by A, commute. Hence, An’s sat-
isfy the Hasegawa condition. Also limn→∞ Anx = z0Ax− ωx for x ∈ D(A), and
D(A) is dense by assumption. Therefore, the strong limit limn→∞ etAn exists
by Theorem 15.1, the generator of the limit semigroup is the extended limit
Aex of An, and z0A− ωI ⊂ Aex. Because all zn 
= 0, closedness of A implies
Aex ⊂ z0A− ωI. Thus z0A = ωI + Aex generates a semigroup as well.

Exercise 15.1 Show that (15.1) implies (15.2).

Exercise 15.2 Let A be the generator of a semigroup (etA)t≥0 in a Banach
space X, and D ⊂ D(A) be dense in X. Show that if etAD ⊂ D, t ≥ 0, then D is
a core for A, that is, for any x ∈ D(A) there are xn ∈ D such that limn→∞ xn = x
and limn→∞ Axn = Ax. (See e.g. [49] p. 261, [128] p. 53, or Proposition 3.3
in [132].)

Exercise 15.3 For a < b, let A inC[a, b] be given by A f = f ′′ on the domain
composed of twice continuously differentiable functions satisfying f ′(a) =
f ′(b) = 0. Show that A is sectorial of angle π

2 . Also, A generates a Feller semi-
group.

� Chapter’s summary

The condition of Hasegawa gives a way to circumvent checking the range
condition. As proved by two examples given in this chapter, knowing
that Hasegawa’s condition is satisfied substantially simplifies analysis of
convergence.
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Blackwell’s Example

The explosion described in Chapter 13 does not exhaust the list of curious phe-
nomena accompanying generalMarkov chains. In this chapter, wewould like to
discuss Blackwell’s Example of an honest Markov chain with countably many
states, all of which are instantaneous. (See the original paper [37] or e.g. [150,
p. 297] or [240, p. 65]. Predecessors of this example may be found in [114]
and [147].) The example involves infinite product of commuting semigroups
as in Chapter 15; intriguingly, it is easier to prove existence of this product
directly by finding an explicit formula than it is to do it by using Theorem 15.2.
In fact, in notations of the latter theorem, it is quite difficult to find a single,
nonzero vector x ∈ D(A). It’s even worse: it is difficult to find a nonzero x for
which

∑∞
n=1 Bnx converges, despite the fact that all Bn’s are bounded.

To begin the presentation of the example, let S be the set of functions s : N →
{0, 1} admitting value 1 finitely many times. Since S is countable, functions
x : S→ R will be called sequences. By l1 we denote the space of absolutely
summable sequences on S: x is a member of l1 if ‖x‖ :=∑s∈S |x(s)| <∞.We
note that the members δs, s ∈ S of l1 defined by:

δs(s
′) =

{
1, s′ = s,

0, s′ 
= s,

form a Schauder basis for this space (see [78] for the definition); in particular,
for each x ∈ l1:

x =
∑
s∈S

x(s)δs.

Given positive numbers αn, βn, n ≥ 1 we construct a sequence of Markov
semigroups in l1. To this end, we need some notation. For n ≥ 1 let Fn be the
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map Fn : S→ S changing the n-th coordinate of an s from 0 to 1 and vice versa.
Also, for a finite set E = {i1, . . . , ik} ⊂ N, let:

FE := Fi1 ◦ · · · ◦ Fik ,

be the map that changes an s ∈ S at its coordinates i1, . . . , ik. Finally, let Gn :
S→ {0, 1} assign to an s its n-th coordinate.
For n ≥ 1, let Bn be the bounded linear operator determined by its values on

the Schauder basis by:

Bnδs =
{
−βnδs + βnδFn(s), if Gn(s) = 0,

−αnδs + αnδFn(s), if Gn(s) = 1.
(16.1)

Bn is the generator of a Markov chain on S in which the n-th coordinate of an
s ∈ S jumps between 0 and 1, the intensity of the “forward” jump being βn and
that of the “backward” jump being αn. In other words, Bn is the generator of
the Markov semigroup in l1 determined by (compare Exercise 13.3):

etBnδs =
{
pn(t )δs + (1− pn(t ))δFn(s), if Gn(s) = 0,

qn(t )δs + (1− qn(t ))δFn(s), if Gn(s) = 1,

where:

pn(t ) = αn

αn + βn
+ βn

αn + βn
e−(αn+βn )t,

qn(t ) = βn

αn + βn
+ αn

αn + βn
e−(αn+βn )t .

It is clear that Bn’s commute, so that we are in the setup of the first example
of the previous chapter, that is, in the setup of [10]. Moreover, since Bn’s are
bounded, the generator of the strongly continuous semigroup Tn(t ) =

∏n
k=1 e

tBk

is An =
∑n

k=1 Bk. This semigroup describes n combined independent Markov
chains, each changing one of the first n coordinates of s as described earlier,
and is determined by:

Tn(t )δs =
∑

E⊂{1,...,n}
pE,n(t, s)δFE (s), (16.2)

with summation over 2n subsets E of {1, . . . , n} and:

pE,n(t, s) =
n∏
i=1

ri(t, s,E ),
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where:

ri(t, s,E ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
pi(t ), if Gi(s) = 0 and i 
∈ E,
1− pi(t ), if Gi(s) = 0 and i ∈ E,
qi(t ), if Gi(s) = 1 and i 
∈ E,
1− qi(t ), if Gi(s) = 1 and i ∈ E.

(16.3)

This formula simply says that, if the initial state of the Markov chain related to
An is given, its state at time t ≥ 0 may be characterized by listing the coordi-
nates, which are different from the original ones – this is the role of the set E.
Because each coordinate evolves independently from the other ones, the prob-
ability of such a change is the product of probabilities of change or no change
on the first, second, third, and remaining coordinates.
Assume now that:

∞∑
n=1

βn

αn + βn
<∞, (16.4)

and fix s and a finite subset E of N. Then, for n large enough, E ⊂ {1, . . . , n}.
Also, as s has finitely many coordinates different from 0, for sufficiently large
n and i > n, ri(t, s,E ) describes the probability of no change from initial 0
in the i-th coordinate of s (after perhaps many changes back and forth in the
meantime), that is, ri(t, s,E ) = pi(t ). Recalling that (see, e.g., [312, Theorem
118]) the product

∏∞
n=1 an, where an ∈ (0, 1], converges if the series

∑∞
n=1(1−

an) also does, we see that the limit:

pE (t, s) := lim
n→∞ pE,n(t, s) (16.5)

exists, because the finite number of terms in the product does not influence
convergence, whereas:

∞∑
n=1

(1− pn(t )) =
∞∑
n=1

βn

αn + βn
(1− e−(αn+βn )t ) ≤

∞∑
n=1

βn

αn + βn
<∞,

by assumption.

Lemma 16.1 As n→∞, the right-hand side of (16.2) converges to:

T (t )δs :=
∑
E

pE (t, s)δFE (s),

where the sum is over all finite subsets E of N.

Proof Clearly,
∑

E⊂{1,...,n} pE,n(t, s) = 1 for s ∈ S, t ≥ 0 and n ≥ 1, and the
summands are non-negative. Therefore, by (16.5) and Scheffé’s Lemma (see,
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e.g., [347, p. 55] or [49, p. 199]), all we need to show is that:∑
E

pE (t, s) = 1, for t ≥ 0, s ∈ S. (16.6)

The proof of this relation will be more transparent if we assume s = (0, 0, . . .);
this we do without loss of generality. Also, for simplicity of notation, we sup-
press dependence on t and s and write pn and pE instead of pn(t ) and pE (t, s),
respectively. Thus:

pE =
∏
n∈E

(1− pn)
∏
n
∈E

pn.

For a (finite) E ⊂ N, let:

E1 =
{
E \ {1}, if 1 ∈ E,
E ∪ {1}, if 1 
∈ E.

Then:

pE + pE1 =
∏

n∈E,n
=1
(1− pn)

∏
n
∈E,n
=1

pn.

Therefore, letting L =∑finiteE⊂{1,2,... } pE , we have:

L =
∑

finiteE⊂{2,3,... }

∏
n∈E

(1− pn)
∏

n
∈E,n
=1
pn.

Repeating this argument k times, we see that:

L =
∑
E

∏
n∈E

(1− pn)
∏

n∈(N\{1,...,k})\E
pn,

where E ⊂ {k + 1, k + 2, . . . } are finite sets. Because the sum includes the
component corresponding to E = ∅, L ≥∏∞

n=k+1 pn. On the other hand, the
last product may be chosen as close to 1 as we wish by taking k large enough.
This completes the proof. �
Theorem 16.2 The semigroups (Tn(t ))t≥0 converge to the semigroup (T (t ))t≥0
given by:

T (t )x =
∑
s∈S

x(s)T (t )δs

where T (t )δs is defined in Lemma 16.1. The limit semigroup is strongly contin-
uous and is composed of Markov operators.

Proof The statement concerning convergence is clear by Lemma 16.1. Also,
(T (t ))t≥0 is a semigroup, being a limit of semigroups, and its Markovian nature
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is a direct consequence of (16.6). Hence, we are left with showing that (T (t ))t≥0
is strongly continuous, and for this it suffices to show that limt→0 T (t )δs =
δs, s ∈ S. Let s ∈ S, and let k be so large that all coordinates of s with indexes
larger than k are zeros. Then:

p∅(t, s) =
n∏
i=1

ri(t, s,E )
∞∏

i=n+1
pi(t ) ≥

n∏
i=1

ri(t, s,E )
∞∏

i=n+1

αi

αi + βi

for n ≥ k, where (see (16.3)):

ri(t, s,∅) =
{
pi(t ), if Gi(s) = 0,

qi(t ), if Gi(s) = 1.

Since limt→0 pi(t ) = limt→0 qi(t ) = 1 for all i ≥ 1, we have:

lim inf
t→0

p∅(t ) ≥
∞∏

i=n+1

αi

αi + βi
,

and the latter product may be chosen as close to 1 as desired. This shows that
limt→0 p∅(t, s,E ) = 1. Therefore, since ‖δs′ ‖ = 1, for all s′ ∈ S, (use (16.6)):
‖T (t )δs − δs‖ ≤ ‖(p∅(t, s,∅)− 1)δs‖ +

∑
E 
=∅

pE (t ) = 2(1− p∅(t, s,∅))

converges to 0, as t → 0. �

Finally, assume:

∞∑
n=1

βn = ∞,

(note that this assumption does not contradict (16.4)), and consider s ∈ S. Let k
be so large that all coordinates of swith indexes n ≥ k are zero. For such n, Bnδs
is given by the first formula in (16.1). Since all Fn(s)’s are pairwise different
and different from s, it follows that for n ≥ k:

‖Anδs‖ =
∥∥∥∥∥

n∑
i=1

Bix

∥∥∥∥∥ ≥
k−1∑
i=1

γi +
n∑
i=k

βi,

where γi is either βi or αi, depending on whether Gi(s) = 0 or Gi(s) = 1. In
any case, limn→∞ ‖Anδs‖ = ∞. In other words, no δs belongs to the extended
limit of the generators An. This explains why it is difficult to use the Sova–Kurtz
Theorem here: all members of D(Aex) are ‘skew’ to the members of the natural
basis. As a result, it is also quite hard to characterize the generator of the limit
semigroup.
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� Chapter’s summary

Following [58], Blackwell’s Example is presented in the context of the infinite
product of semigroups of Chapter 15. In this example, it is hard to prove exis-
tence of the limit semigroup using Theorem 15.2 but it is quite easy to prove it
directly. All states s of the Markov chain involved are instantaneous, which in
terms of the semigroup means that none of δs belongs to the domain of the gen-
erator. As a result, a manageable characterization of the generator of the semi-
group is missing. It should be perhaps noted here that examples of semigroups
given by explicit formulae, where it is hard to characterize the generator in a full
way, are known and include for instance the Cauchy semigroup (known also as
a Poisson semigroup) in the space of continuous functions [343, Chapter 10]
(but not in the Lp spaces, see [256, p. 99]). However, in these examples one is
at least able to find a core of the generator; moreover, the form of the generator
on the core is known (see, e.g., Hunt’s Theorem on generators of convolution
semigroups: [178] p. 262 or [183]). A similar, but simpler, semigroup with this
property is presented in [101] pp. 349–352. In Blackwell’s Example, it is diffi-
cult to find an explicit form of a single nonzero member of the domain, not to
mention the form of the generator.
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Wright’s Diffusion

In spite of mutations that – given the state of a population – occur indepen-
dently in each individual, members of (especially: small) populations exhibit
striking similarities. This is due to genetic drift, one of the most important
forces of population genetics. Simply put, the reason for this phenomenon is
that in a population, on the one hand, new variants are introduced randomly by
(neutral) mutations, and, on the other, many variants are also randomly lost as
not all members of the current generation pass their genetic material to the next
one.
This situation is clearly presented in the following model of Wright and

Fisher [49, 134, 141]. We suppose the population in question to be composed
of 2N individuals; in doing so we identify individuals with chromosomes (that
come in pairs), or even with corresponding loci on these chromosomes. We
assume there are only two possible alleles (variants) at this locus: A and a.
The size of the population is kept constant all the time, and we consider its
evolution in discrete non-overlapping generations formed as follows: an indi-
vidual in the daughter generation is the same as its parent (reproduction is
asexual) and the parent is assumed to be chosen from the parent generation
randomly, with all parents being equally probable. In other words, the daugh-
ter generation is formed by 2N independent draws with replacement from the
parent generation. In each draw all parents are equally likely to be chosen and
daughters have the same allele as their parents. It should be noted here that
such sampling procedure models the genetic drift by allowing some parents
not to be selected for reproduction, and hence not contributing to the genetic
pool.
Then, the state of the population at time n ≥ 0 is conveniently described by

a single random variable Xn with values in {0, . . . , 2N} being equal to the num-
ber of individuals of type A. The sequence Xn, n ≥ 0 is a time-homogeneous



Wright’s Diffusion 97

Figure 17.1 Wright–Fisher model: each row depicts a generation sampled with
replacement from the one lying above it

Markov chain with transition probabilities:

pkl := Pr{Xn+1 = l|Xn = k} =
(
2N

l

)
plk(1− pk )

2N−l, where pk = k

2N
.

(17.1)

In other words, if Xn = k, then Xn+1 is a binomial random variable with
parameter k

2N . A typical realization of the Wright–Fisher chain is depicted in
Figure 17.1, where N = 5 and dark and light balls represent A and a alleles,
respectively. The figure illustrates also the fact that the states 0 and 2N are
absorbing. This is to say that if for some n, Xn = 0 we must have Xm = 0 for all
m ≥ n, and a similar statement is true if Xn = 2N. Genetically, this expresses
the fact that in finite populations, in the absence of other genetic forces, genetic
drift (i.e., random change of allele frequencies) reduces variability of popula-
tion by fixing one of the existing alleles.
Now, imagine that the number 2N of individuals is quite large and the indi-

viduals are placed on the unit interval [0, 1] with distances between neighboring
individuals equal to 1

2N , so that the kth individual is placed at
k
2N . Imagine also

that the time that elapses from one generation to the other is 1
2N , so that there

are 2N generations in a unit interval. Then the process we observe bears more
and more resemblance to a continuous-time, continuous-path diffusion process
on [0, 1], as depicted in Figure 17.2.
Since, conditional on Xn = k, the expected single-step displacement

E 
Xn
2N of the approximating process equals 1

2N 2Npk − k
2N = 0 with variance

Var 
Xn
2N = 1

2N pk(1− pk ), in the limit we expect the process starting at x ∈
[0, 1] to have infinitesimal variance x(1− x) and infinitesimal displacement
0. Indeed, for each N, a point x ∈ [0, 1] may be identified with k

2N where
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Figure 17.2 Diffusion approximation: the border line between the light and dark
balls resembles a path of a diffusion process

k = [2Nx], and letting N →∞ in [2Nx]
2N (1− [2Nx]

2N ), which is the infinitesimal
variance in a unit time-interval, we obtain x(1− x). Moreover, the limiting
process should inherit its boundary behavior from the approximating Markov
chains. Therefore, we conjecture that in the limit we will obtain the process
related to the semigroup in C[0, 1], generated by:

A f (x) = x(1− x) f ′′(x) (17.2)

with domain D(A) composed of twice continuously differentiable functions on
(0,1) such that:

lim
x→0+

x(1− x) f ′′(x) = lim
x→1−

x(1− x) f ′′(x) = 0.

(The requirement that the process is absorbed at x = 0 and x = 1 is expressed
in the fact that A f (0) = A f (1) = 0.) This conjecture is proved, e.g. in Section
8.4.20 of [49] and in [128] pp. 224–226; see also [240] p. 120. The limiting
process is often referred to as Wright’s diffusion or the Wright–Fisher
diffusion (without mutations).
A noteworthy variant of this limit procedure arises when mutations are

allowed. Suppose, namely, that in passing from one generation to the other an
individual with allele Amay change its state to allele awith probability α

2N , and
an individual with allele a may change its state to allele A with probability β

2N ,
where α and β are non-negative numbers. Then, the number of A alleles is still
a Markov chain with transition probabilities of the form (17.1), but pk is now
changed to:

pk = k

2N

(
1− α

2N

)
+
(
1− k

2N

)
β

2N
.
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β

α

Figure 17.3 Diffusion approximation to Wright–Fisher model with mutations

Of course, this influences the expected single-step displacement and its vari-
ance (conditional on Xn = k):

E

Xn
2N

= pk − k

2N
= 1

2N
(β − (α + β )

k

2N
),

Var

(

Xn
2N

)
= 1

2N
pk(1− pk ). (17.3)

This suggests that the limit process starting at x will have an infinitesimal unit-
time displacement of β − (α + β )x and the corresponding variance x(1− x).
We will show this conjecture in Chapter 20.
An even more interesting phenomenon occurs at the boundaries x = 0 and

x = 1. For the scaled Wright–Fisher process with mutation, after reaching 0
2N ,

will not stay there forever but for a geometric time τ : Pr(τ ≥ n) = (1− β

2N )
2Nn

and then resume his motion (see Figure 17.3). Hence, we should expect a sim-
ilar behavior of the limit process: paths should be able to return to the interior
of the unit interval after a random time spent at the boundary.
Wewill come back toWright’s diffusion in Chapter 20, after discussingmore

general issues in Chapter 18.

� Chapter’s summary

We discuss briefly the classical, discrete-time Markov–chain-based, Wright–
Fisher model of population genetics and provide intuitions of its limit behavior
for large number of individuals and scaled space and time. We argue that in the
limit we should obtain a continuous-time Markov process (a diffusion process)
on a unit interval; the details of this approximation are postponed for a time.
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Discrete-Time Approximation

In the previous chapter, a discrete-time process is approximated by a
continuous-time process. To establish a general scheme for such an approxi-
mation, consider non-negative numbers hn such that limn→∞ hn = 0 and equi-
powerbounded operators Tn, n ≥ 1 in a Banach space X:

‖Tkn ‖ ≤ M, n, k ≥ 1. (18.1)

The related families of operators Vn(t ) := T [t/hn]
n and etAn , t ≥ 0, n ≥ 1, where

An = Tn−I
hn

, are then also composed of equibounded operators: ‖Vn(t )‖ ≤ M,
and:

‖etAn‖ = e−t/hn‖
∞∑
k=0

(Tnt )k

hknk!
‖ ≤ M.

The key observation concerning the limit behavior of these families is that (see
Exercise 18.1, or [49] p. 265):∫ ∞

0
e−λtVn(t )x dt = λn

λ
(λn − An)

−1x, λ > 0, n ≥ 1, x ∈ X, (18.2)

where λn = eλhn−1
hn

. Since limn→∞ λn = λ, this relation makes it clear that
Laplace transforms of Vn and e·An converge simultaneously, and their limits
coincide.

Theorem 18.1 Suppose the limit Rλ := limn→∞(λ− An)−1 exists. (Equiva-
lently: the range of λ− Aex is dense in X.) Then, the limit semigroup T on
the regularity space X0 and the related integrated semigroup U (on X) may be
approximated as follows:

U (t )x = lim
n→∞

∫ t

0
Vn(s)x ds = lim

n→∞

∫ t

0
T [u/hn]
n x du, x ∈ X, t ≥ 0, (18.3)

T (t )x = lim
n→∞Vn(t )x = lim

n→∞ T
[t/hn]
n x, x ∈ X0, t ≥ 0, (18.4)

with the limit almost uniform in t ∈ R+.
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Proof Since t 	→ ∫ t
0 Vn(s) ds is Lipschitz continuous, the assumption coupled

with (18.2) implies that the limit on the right-hand side of (18.3) exists and is
almost uniform in t ∈ R+. Equality must hold, because both sides are continu-
ous and their Laplace transforms coincide.
Analogously, to show (18.4) we need to show merely that the limit on

the right-hand side exists. For x ∈ X0, U (t )x = ∫ t0 T (s)x ds. Hence, by the
strong continuity of {T (t ), t ≥ 0}, limt→0

1
t U (t )x = x. Therefore, it suffices to

show (18.4) for x of the form x = U (s)y, y ∈ X, s > 0. In view of (18.3) and
‖T [t/hn]

n ‖ ≤ M, this will be done once we show that limn→∞ T [t/hn]
n

∫ s
0 T

[u/hn]
n y du

exists. However, we have:

T

[
t
hn

]
n

∫ s

0
T

[
u
hn

]
n y du =

∫ s

0
T

[
u+hn[ t

hn ]
hn

]
n y du =

∫ s+hn
[

t
hn

]
hn
[

t
hn

] T

[
u
hn

]
n y du

=
∫ s+hn

[
t
hn

]
0

T

[
u
hn

]
n y du−

∫ hn
[

t
hn

]
0

T

[
u
hn

]
n y du

−→
n→∞ U (t + s)y−U (t )y,

and the limit is almost uniform in t ∈ R+, by the first part. By density argument
the same is true of convergence for arbitrary x ∈ X0. �

Perhaps the most famous corollary of this theorem is the following
Chernoff’s Product Formula.

Corollary 18.2 Suppose that Vn(t ), t ≥ 0, n ≥ 1 is a family of equi-
powerbounded operators:

‖(Vn(t ))k‖ ≤ M, t ≥ 0, n ≥ 1, k ≥ 1,

and assume thatVn(0) = IX, n ≥ 1. Also, let A be a densely defined linear oper-
ator satisfying the range condition: for some λ > 0 the range of λ− A is dense
in X. Assume that for any sequence (hn)n≥1 of positive numbers converging to
zero:

lim
n→∞ h

−1
n (Vn(hn)x− x) = Ax, x ∈ D(A). (18.5)

Then, A is closable and its closure generates the strongly continuous semi-
group:

T (t )x = lim
n→∞ (Vn(t/n))

n x, t ≥ 0, x ∈ X, (18.6)

where the limit is almost uniform in t ∈ R+.
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Proof The operators An = n(Vn(1/n)− IX) are generators of semigroups sat-
isfying (2.1). Hence, by Corollary 8.4, A is closable and its closure generates a
semigroup {T (t ), t ≥ 0}. Suppose (18.6) is not true for this semigroup. Then,
there exists an x ∈ X, an ε > 0 and a bounded sequence {tn} such that:

‖T (tn)x− (Vn(tn/n))
n x‖ ≥ ε. (18.7)

Without loss of generality, we may assume that the limit limn→∞ tn =: t exists.
Then A′n = Vn(hn )−I

hn
, where hn = tn/n, generate equibounded semigroups and

by assumption and Corollary 8.4,

T (t )x = lim
n→∞ etA

′
nx, x ∈ X.

By Theorem 18.1,

T (s)x = lim
n→∞(Vn(hn))

[s/hn]x, s ≥ 0

almost uniformly in s ∈ R+. This contradicts (18.7) if we take s = tn. �

In most applications, the family V does not depend on n, and condition
(18.5) simplifies to limt→0+ t−1(V (t )x− x) = Ax, x ∈ D(A). Here, however, is
an example where dependence on n allows more flexibility. This is taken from
the monograph [215], where the original idea is attributed to S. Kowalski.1

Let {T (t ), t ≥ 0} be a semigroup of contractions generated by an opera-
tor A. Define Vn(t ) = (1− nt )IX + ntT ( 1n ), for t ≤ 1

n and Vn(t ) = T (t ), for
t > 1

n ; clearly, all Vn(t )’s are contractions, as well. We note that if hn ≤ 1
n then

h−1n (Vn(hn)x− x) = n(T ( 1n )x− x), and in the other case h−1n (Vn(hn)x− x) =
h−1n (T (hn)x− x). It follows that (18.5) holds, and Corollary 18.2 applies. In
particular,

T (t )x = lim
n→∞

(
(1− t )IX + tT

(
1

n

))n
x

= lim
n→∞

n∑
k=0

(
n

k

)
tk(1− t )n−kT

(
k

n

)
x (18.8)

for all x ∈ X, uniformly in t ∈ [0, 1]. The approximation on the right-hand side
here is an analogue of Bernstein’s polynomial approximation of continuous
functions. In particular, taking {T (t ), t ≥ 0} to be the semigroup of translations
to the left inC[0,∞], and noting that any member ofC[0, 1] may be extended

1 Then a freshman in mathematics at University of Warsaw, Poland, today Kowalski is a quite
well-known sociologist.
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to a member of C[0,∞], we obtain

x(t ) = T (t )x(0) = lim
n→∞

n∑
k=0

(
n

k

)
tk(1− t )n−kx

(
k

n

)
,

uniformly in t ∈ [0, 1], that is, we recover the original Bernstein’s Approx-
imation Theorem. Moreover, by considering the same semigroup in spaces
like Lp(R+), we obtain other, nonstandard versions of the theorem. However,
our result applies to all contraction semigroups, not merely to translation
semigroups.
Chernoff’s Product Formula implies the following Trotter’s Product For-

mula, known also as the Lie–Trotter Formula.

Corollary 18.3 Suppose that A and B and C are generators of C0 semigroups
{S(t ), t ≥ 0}, {T (t ), t ≥ 0}, and {U (t ), t ≥ 0}, respectively, in a Banach space
X. Suppose also that D is a core for C, D ⊂ D(A) ∩D(B) and Cx = Ax+ Bx
for x ∈ D. Finally, assume that:

‖(S(t )T (t ))n‖ ≤ M, t ≥ 0, n ≥ 1. (18.9)

Then,

U (t )x = lim
n→∞

[
S
( t
n

)
T
( t
n

)]n
x, t ≥ 0, x ∈ X

strongly and almost uniformly in t ∈ R+.

Proof Take V (t ) = S(t )T (t ). Then t−1(V (t )x− x) = t−1S(t )(T (t )x− x)+
t−1(S(t )x− x)→ Bx+ Ax, as t → 0 for x ∈ D. Hence, the result follows by
Corollary 18.2. �

Condition (18.9) is often referred to as stability condition. Without a form
of stability condition, Trotter Product Formula does not hold [77, 226]. Inter-
estingly, there seems to be no Trotter product analogue for cosine operator
functions.

Exercise 18.1 Show (18.2) by direct computation.

Exercise 18.2 Let A be the generator of a semigroup such that ‖etA‖ ≤ M, t ≥
0. Show that etA = limn→∞(1− t

nA)
−n, t ≥ 0. (This is the Hille approxima-

tion. An analogue for cosine families may be found in [340].) Hint: Take
Vn(t ) = V (t ) = (1− tA)−1 in Corollary 18.2 and use Exercise 1.1.

Exercise 18.3 Prove the following result. Assume (18.1) and let A be the gen-
erator of a strongly continuous semigroup in a subspace X0 of X. If A ⊂ Aex,
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then:

T (t )x = lim
n→∞T

[t/hn]
n x, x ∈ X0, t ≥ 0, (18.10)

with the limit almost uniform in t ∈ R+.Hint: from (18.2) and Corollary 8.5 we
obtain convergence of the Laplace transforms of T [·/hn]

n xn where limn→∞ xn =
x, x ∈ X0. As in Theorem 18.1, this implies convergence of

∫ t
0 T

[s/hn]
n x ds, x ∈

X0 and then convergence of T [t/hn]
n x, x ∈ X.

Exercise 18.4 (Chernoff’s Formula of kth order, J. Goldstein [162]2) Let k ≥ 1
be an integer and let A be a densely defined linear operator in a Banach space
X, satisfying the range condition: for some λ > 0 the range of λ− A is dense
in X. Suppose also that {V (t ), t ≥ 0} is a family of contractions and that for
x ∈ D(A), t 	→ V (t )x is k times continuously differentiable in a neighborhood
of 0 and that V (i)(0) = 0, i = 0, . . . , k − 1, while V (k)(0)x = k!Ax. Conclude
that:

lim
n→∞V

( t
n

)nk
x = et

kAx, x ∈ X.

Hint: W (t ) = V (tk ) satisfies the assumptions of Chernoff’s Formula.

� Chapter’s summary

The main theorem of this chapter establishes, under assumption of convergence
of resolvents, convergence of discrete-parameter semigroups and their aver-
ages, to a semigroup and the related integrated semigroup, respectively. This
result is then used to prove Chernoff’s Product Formula and the Lie–Trotter
Formula. A noteworthy abstract version of the Bernstein Approximation
Theorem is presented as a first application.

2 To quote [162]: “The case k = 2 is due, independently, to Goldstein [159] and Nelson [274].
Chernoff [83] later published a variant of the k = 2 case. The above theorem is new for k ≥ 3.”
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Discrete-Time Approximation: Examples

Before returning to the motivating case of Wright’s diffusion, let us examine
some more elementary applications of Theorem 18.1.

Example 19.1 To begin with, let l1 be the space of absolutely summable
sequences (ξk )k≥0. Given pn ∈ [0, 1] such that limn→∞ npn = λ > 0, consider
Tn = pnR+ (1− pn)I, where R is translation to the right (i.e., R(ξk )k≥0 =
(ξk−1)k≥0; by convention ξ−1 = 0). Then, limn→∞ n[Tn − I] = λ(R− I), and
Theorem 18.1 yields:

lim
n→∞T

[nt]
n = eλt(R−I). (19.1)

If (ξk )k≥0 is interpreted as a distribution of a random variable Y , then
Tn(ξk )k≥0 is the distribution of Y + Xn where Xn is an independent Bernoulli
variable with parameter pn (i.e.,P(Xn = 1) = pn,P(Xn = 0) = 1− pn). There-
fore, Tnn (ξk )k≥0 is the distribution of Y + Zn where Zn is an indepen-
dent binomial variable: P(Zn = i) = (ni )p

i
n(1− pn)n−1, i = 0, . . . , n. Similarly,

eλ(R−I)(ξk )k≥0 is the distribution of Y + Z where Z is Poisson with parameter
λ. In other words, (19.1) with t = 1 establishes the Poisson approximation to
binomial theorem.

Example 19.2 Next, as in Chapter 2, let hn and 
n satisfy the condition

limn→∞
n = 0 with limn→∞

2
n

hn
= 1, and let A = 1

2
d2

dx2 be the generator of the
Brownian motion semigroup. We have (see Exercise 2.2):

lim
n→∞ h

−1
n (Tn f − f ) = 1

2
f ′′, C2[−∞,∞] (19.2)

where:

Tn f (x) = 1

2
( f (x+
n)+ f (x−
n)), x ∈ R. (19.3)



106 Discrete-Time Approximation: Examples

Therefore, Theorem 18.1 yields:

lim
n→∞ T

[t/hn]
n = etA, t ≥ 0.

This formula says that Brownian motion may be approximated by properly
scaled symmetric random walks.

Example 19.3 A similar approximation may be given for the reflected Brown-
ian motion semigroup: this is the semigroup inC[0,∞] generated by the oper-
ator Ar f = 1

2 f
′′ with domain composed of f ∈ C2[0,∞] satisfying f ′(0) = 0

(see Chapter 3). To this end consider a sequence of randomwalks where a parti-
cle at x ≥ 
n moves with equal probability either to x+
n or to x−
n while
the particle at x ∈ [0,
n) moves either to x+
n or tries to move to the left
and is reflected at the boundary x = 0 to land at 
n − x. In other words:

Tn,r f (x) =
{

1
2 f (x+
n)+ 1

2 f (x−
n), x ≥ 
n,

1
2 f (x+
n)+ 1

2 f (
n − x), 0 ≤ x < 
n.
(19.4)

A simple trick allows deducing:

lim
n→∞ T

[t/hn]
n,r = etAr , t ≥ 0, (19.5)

from (19.2). Namely, note that Tn,r f = Tn fe, where fe is the even extension of
f . Because f ∈ D(Ar ), fe belongs toC2[−∞,∞], (19.2) implies (19.5).

Example 19.4 In our next example, we would like to find a similar sequence
of Markov chains approximating the elastic Brownian motion semigroup of
Chapter 10, to shed some more light on the meaning of the Robin boundary
condition. To this end, we assume that in the approximating Markov chain, a
particle starting at x ≥ 
n moves with the same probability either to x−
n

or to x+
n. If the chains starts at 0 ≤ x < 
n, it jumps with probability 1
2 to

x+
n or is reflected from the boundary x = 0 to land at 
n − x; however, at
the boundary it may be ‘killed’ with non-negative probability pn, and hence
it lands at 
n − x with probability 1

2 (1− pn). As suggested by Mandl [247]
assuming limn→∞ 2
n

pn
= ε > 0, we should obtain that these chains approxi-

mate the elastic Brownian motion with parameter ε (see Chapter 10).
The trouble with this approximation is that, even though the natural choice

for the Banach space here isC[0,∞] where the elastic Brownian motion semi-
group acts, the operators Tn,el related to the approximating Markov chains lead
out of C[0,∞]. We have:

Tn,el f (x) =
{

1
2 f (x+
n)+ 1

2 f (x−
n), x ≥ 
n,

1
2 f (x+
n)+ 1

2 (1− pn) f (
n − x), 0 ≤ x < 
n,
(19.6)
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and the resulting function is discontinuous at x = 
n. We could use Exer-
cise 18.3 with X equal to the space BM(R+) of bounded measurable functions
on R+, and X0 = C[0,∞]. However, this approximation will simply not work
in the supremum norm. For, using Taylor’s Theorem it is easy to check that:

lim
n→∞ sup

x≥
n

∣∣∣∣Tn,el f (x)− f (x)

hn
− 1

2
f ′′(x)

∣∣∣∣ = 0,

and in particular, taking x = 
n,

lim
n→∞

∣∣∣∣∣ 12 f (2
n)+ 1
2 f (0)− f (
n)

hn
− 1

2
f ′′(
n)

∣∣∣∣∣ .
By contrast, the analogous supremum over x ∈ [0,
n) is no less than
| 1

2 f (2
n )+ 1
2 (1−pn ) f (0)− f (
n )

hn
− 1

2 f
′′(
n)|. If this were to converge to 0, we would

need to have limn→∞
pn
hn
= 0, because in general f (0) 
= 0. However, by

assumption limn→∞
pn
hn
= ∞.

Turning to the dual1 space L1(R) we check first (Exercise 19.1) that the dual
T ∗n to the operator Tn in (19.3) is given formally by the same formula and we
have

lim
n→∞

1

hn
(Tnφ − φ) = A∗φ, (19.7)

implying limn→∞ T [t/hn]
n = etA

∗
, where A∗ is defined as 1

2
d2

dx2 for φ ∈W 2,1(R).
A∗ generates a strongly continuous Markov semigroup given formally by the
same formula as its predual (see (2.2)).

Analogously, A∗ε defined as
1
2

d2

dx2 for φ ∈W 2,1(R+) satisfying φ′(0) = εφ(0)
generates a sub-Markov semigroup in L1(R+) and the dual T ∗n,el is formally
given by the same formula as Tn,el. The relation:

lim
n→∞

1

hn
(T ∗n,elφ − φ) = A∗εφ, φ ∈ D(A∗ε ), (19.8)

proving that limn→∞ T [t/hn]
n,el = etA

∗
ε , may be deduced from (19.7) as follows. A

φ ∈ D(A∗ε ) may be extended to a φ ∈W 2,1(R) by:

φ(−x) = φ(x)− 2ε−1
∫ x

0
e−ε

−1(x−y)φ(y) dy, x > 0

(comp. Lemma 60.1). Since:

T ∗n,elφ(x) = T ∗n φ(x)+
1

2
[(1− pn)φ(
n − x)− φ(x−
n)]1x<
n (x), x ≥ 0,

1 More specifically, L1(R) is a subspace of the dual to C[−∞,∞].
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(19.7) reduces our task to showing that:

lim
n→∞ h

−1
n

∫ 
n

0

∣∣∣∣2ε−1 ∫ x

0
e−ε

−1(x−y)φ(y) dy− 1

2
pnφ(x)

∣∣∣∣ dx = 0. (19.9)

This, however, is an exercise in calculus (Exercise 19.2). For a different
approach to this approximation, see Chapter 24.

Example 19.5 In this example we follow the idea of Nittka [277] to express
the elastic Brownian motion semigroup in terms of the unrestricted Brown-
ian motion semigroup in C[−∞,∞] (generated by A = 1

2
d2

dx2 with maximal
domain C2[−∞,∞]). To this end, given ε > 0 and f ∈ C[0,∞], we define
f̃ε ∈ C[−∞,∞] by:

f̃ε (x) =
{
f (x), x ≥ 0

e2xε
−1
f (−x), x < 0.

It is clear that ‖ f̃ε‖C[−∞,∞] = ‖ f‖C[0,∞] and that f̃ε is twice continuously dif-
ferentiable in x ∈ (−∞, 0), provided that so is f in x ∈ (0,∞), and we have:

( f̃ε )
′(x) = 2

ε
e2xε

−1
f (−x)− e2xε

−1
f ′(−x), and

( f̃ε )
′′(x) = 4

ε2
e2xε

−1
f (−x)− 4

ε
e2xε

−1
f ′(−x)+ e2xε

−1
f ′′(−x), x < 0.

It follows that if f ∈ D(Aε ) (in particular: f (0) = ε f ′(0)), then f̃ε ∈ D(A).
Thus, V (t ) = RetAEε, t ≥ 0 is a strongly continuous family of contractions

inC[0,∞], where Eε : C[0,∞]→ C[−∞,∞] assigns f̃ε to an f , and Rmaps
a g ∈ C[−∞,∞] into its restriction to [0,∞]. Clearly, V (0) = IC[0,∞] and for
f ∈ D(Aε ) we have:

lim
t→0

t−1(V (t ) f − f ) = R lim
t→0

t−1(etAEε f − Eε f ) = RAEε f = R
1

2
( f̃ε )

′′

= Aε f .

Hence, by Chernoff’s Product Formula,

etAε f = lim
n→∞(Re

t
n AEε )

n f , f ∈ C[0,∞], (19.10)

establishing Nittka’s approximation.
It is clear that Nittka’s argument hinges on finding a contraction Eε :

C[0,∞]→ C[−∞,∞], mapping D(Aε ) into D(A), and Nittka shows how to
find an analogue of this operator in the case where (0,∞) is replaced by an
arbitrary bounded, class C∞, open subset of Rn (and C[−∞,∞] is replaced
by C0(Rn)). In Lemma 60.1 in Chapter 60 we find a more carefully chosen Eε
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(which, however, is not of norm 1) to express a cosine family generated by Aε
in terms of the cosine family generated by A; the Weierstrass Formula allows
then an alternative way of connecting the semigroup generated by Aε with the
semigroup generated by A. In fact, we have used this Eε in our Markov chain
approximation of the elastic Brownian motion.

For our next example, we need the following lemma (see [63, Lemma 6], see
also [47, Example 6.2]).

Lemma 19.6 Let (εk )k∈N be a sequence of mutually independent Rademacher
random variables satisfying P(εk = −1) = P(εk = 1) = 1/2 for each k ∈ N.
Let {C(t )}t∈R be a cosine operator family in a Banach space X. Then:

C(t )n = E[C(ε1t + · · · + εnt )]

for each t ∈ R and each n ∈ N.

Proof We proceed by induction on n, with t ∈ R being fixed arbitrarily. The
statement is true for n = 1 because:

E[C(ε1t )] = 1

2
(C(t )+C(−t )) = C(t ).

Assume that the statement holds for n. Then:

C(t )n+1 = C(t )nC(t ) = E[C(ε1t + · · · + εnt )C(t )]

= E

[
1

2

(
C(ε1t + · · · + εnt + t )+C(ε1t + · · · + εnt − t )

)]
.

Because the εk’s are mutually independent, we have:

1

2

(
C(ε1t + · · · + εnt + t )+C(ε1t + · · · + εnt − t )

)
= E[C(ε1t + · · · + εn+1t ) | ε1, . . . , εn],

where E[C(ε1t + · · · + εn+1t ) | ε1, . . . , εn] denotes the conditional expectation
of C(ε1t + · · · + εn+1t ) given ε1, . . . , εn. Now the statement for n+ 1 follows
from the law of total expectation (which is a particular case of the tower prop-
erty of conditional expectation):

E[C(ε1t + · · · + εn+1t )] = E
[
E[C(ε1t + · · · + εn+1t ) | ε1, . . . , εn]

]
.

The induction is complete and so is the proof. �
Example 19.7 Suppose that {C(t ), t ∈ R} is a cosine operator family of con-
tractions. For x in the domain of its generator, say A, t 	→ C(

√
2t )x is twice con-

tinuously differentiable with first derivative at 0 being equal 0, and the second
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derivative equaling 2Ax. The second order Chernoff’s Formula (Example 18.4)
implies that for all t > 0,

lim
n→∞

[
C

(√
2t

n

)]n2
= et

2A = 1

2
√
πt2

∫ ∞

−∞
e−

s2

4t2C(s) ds,

where the last equality is the Weierstrass Formula (1.4). Combined with
Lemma 19.6, this says that if (εk )k∈N is an infinite sequence of mutually inde-
pendent Rademacher’s random variables, then:

lim
n→∞EC

⎛⎝√2t

n

n2∑
k=1

εk

⎞⎠ = 1

2
√
πt2

∫ ∞

−∞
e−

s2

4t2C(s) ds.

This in turn is another disguise of the Central Limit Theorem. Hence,
Lemma 19.6 is a discrete counterpart of the Weierstrass Formula. (For further
connections between limit theorems of probability theory and approximation
theorems of semigroup theory see, for example, [91, 161, 164].)

Exercise 19.1 Prove (19.7). Hint: write:

Tnφ(x)− φ(x) =
∫ 
n

0

∫ y

−y
φ′′(x+ z) dz dy.

Exercise 19.2 Prove (19.9). Hint: consider the cases φ(0) > 0, φ(0) < 0, and
φ(0) = 0 separately. Show that for a continuous function φ,

lim
n→∞

2

hn

∫ 
n

0

∫ x

0
e−ε

−1(x−y)φ(y) dy dx = φ(0),

lim
n→∞

pn
2hn

∫ 
n

0
φ(x) dx = ε−1φ(0).

Exercise 19.3 ConsiderX, μ, b,M, and B of Exercise 1.5. Assuming b(0) = 0
we have, by Exercise 1.3, etB f = f + f (0)

b(0) (e
b(0)t − 1)b, f ∈ X, t ≥ 0.

(a) Combine this with (1.7), assuming additionally μ(0) = b(0) =: β > 0, to
see that:

etBetM f = etM f + β−1 f (0)(1− e−βt )b, t ≥ 0, f ∈ X.

(b) Using etBetM f (0) = f (0), conclude that:(
etBetM

)2
f = e2tM f + β−1 f (0)(1− e−βt )etMb+ β−1 f (0)(1− e−βt )b,
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and, by induction,

(
etBetM

)n
f = entM f + β−1 f (0)(1− e−βt )

n−1∑
k=0

ektMb,

for t ≥ 0, n ≥ 0, f ∈ X.
(c) By the Trotter Product Formula, (b) suggests:

et(B+M) f (x) = lim
n→∞

(
e
t
n Be

t
n M
)n

f (x)

= e−μ(x)t f (x)+ β−1 f (0)(1− e−μ(x)t ) lim
n→∞

1− e−
β

n t

1− e−
μ(x)
n t

= e−μ(x)t f (x)+ f (0)(1− e−μ(x)t )b(x),

see (1.8), where we have encountered equality between the first and the
last expression here. However, unless we check the stability condition, we
cannot claim the first equality here. If, rather than in convergence, we are
interested in the sole formula (1.8), checking the latter directly is an easier
task.

� Chapter’s summary

Various applications of the results of the previous chapter are given, including
approximating a few types of Brownian motions by Markov chains.
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Back to Wright’s Diffusion

Let C[0, 1] be the space of continuous functions on the closed interval [0, 1]
and let A in C[0, 1] be given by:

A f (x) = 1

2
x(1− x) f ′′(x)+ (β − (α + β )x) f ′(x)

on the domain composed of all polynomials. If f is a polynomial f (x) =∑n
i=0 aix

i, then A f is the polynomial:

A f (x) (20.1)

= βa1 +
n−1∑
i=1

{[
β(i+ 1)+ i

2
(i+ 1)

]
ai+1 −

[
(α + β )i+ i

2
(i− 1)

]
ai

}
xi

−
[
(α + β )n+ n

2
(n− 1)

]
anx

n. (20.2)

In particular, A with such domain cannot possibly satisfy the range condition,
and thus does not generate a semigroup. However, a well-known criterion
(see, e.g., [49, 132, 193]) says that a densely defined operator A satisfying the
maximum principle and such that for all λ > 0, the range of λ− A is dense in
C[0, 1], is closable, and its closure generates a Feller semigroup in this space.
Because our operator is clearly densely defined and satisfies the maximum
principle (see Exercise 20.1), we want to show that the range of λ− A contains
all polynomials. By (20.2), for a polynomial g(x) =∑n

i=0 bix
i, the resolvent

equation λ f − A f = g, where λ > 0, is satisfied iff the coefficients satisfy the
system:[

λ+ (α + β )n+ n

2
(n− 1)

]
an = bn,[

λ+ (α + β )i+ i

2
(i− 1)

]
ai = bi +

[
β(i+ 1)+ i

2
(i+ 1)

]
ai+1,

i = 1, . . . , n− 1,

λa0 = b0 + βa1.
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The system clearly having a (unique) solution, our claim is proved. The
semigroup generated by the closure of A is related to Wright’s diffusion with
mutation.
We will show, as anticipated in Chapter 17, that Wright’s diffusion is a limit

of the Markov chains of the Wright–Fisher model. To this end, we consider
contraction operators in C[0, 1]:

TN f (x) =
2N∑
k=0

f (k/2N) pkx,N (1− px,N )
2N−k,

where px,N = x(1− α
2N )+ (1− x) β

2N ∈ [0, 1], so that px,N tends to x uniformly
in [0, 1]. For AN := 2N(TN − I) where I is the identity in C[0, 1] we want to
show that:

lim
N→∞

AN f = A f , f ∈ D(A).

Then, Theorem 18.1 (together with Corollary 8.4) will force:

etA f = lim
N→∞

T [2Nt]
N f , f ∈ C[0, 1], t ≥ 0,

as claimed.
By the Taylor Theorem,

AN f (x) = 2NE
[
f (YN,x/2N)− f (x)

]
= 2N f ′(x)E Zx,N + NE f ′′(x+�Zx,N )Z

2
x,N

= f ′(x)[β − (α + β )x]+ NE f ′′(x+�Zx,N )Z
2
x,N

where YN,x is a binomial variable with parameters 2N and px,N , Zx,N :=
Yx,N/2N − x, and� = �(x,N) is a random variable with values in [0, 1]. Since
NEZ2

x,N = 1
2 px,N (1− px,N )+ [β−(α+β )x]2

4N converges uniformly to 1
2x(1− x),

we need to show that NE [ f ′′(x+�Zx,N )− f ′′(x)]Z2
x,N converges uniformly

to zero.
To this end, given ε > 0 we find a δ > 0 such that | f ′′(x)− f ′′(y)| < ε,

provided x, y ∈ [0, 1] and |x− y| < δ, and writing Zx,N = Yx,N/2N − px,N +
px,N − x, we choose N so large that supx∈[0,1] |px,N − x| < δ/2. Then calculat-
ing the relevant expected value over the event where |Yx,N/2N − px,N | ≥ δ/2
and its complement we obtain that the expression involved does not exceed:

NεEZ2
x,N + 2N‖ f ′′‖P(|Yx,N/2N − px,N | ≥ δ/2)

≤ const. ε + 32δ−4N‖ f ′′‖E (Yx,N/2N − px,N )
4

where in the first line we have used the fact that |Zx,N | ≤ 1. Since for a binomial
variable with parameters n and p, E(X − np)4 = 3n2p2q2 + npq(1− 6pq),
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where q = 1− p (see, e.g., [190] p. 110) the second summand above does not
exceed const.N−2, and the claim follows.
For a much more general diffusion approximation theorem see [132], p. 415.

A thorough discussion of the behavior of the Wright’s diffusion at the bound-
aries, and of the possibility of the diffusions’ return from the boundary to the
interior of the interval, is contained in [196].

Exercise 20.1 Show that A satisfies the positive maximum principle.

Exercise 20.2 Let A be the operator in C[−1, 1] defined by:

A f (x) = (α1 − α2x) f
′(x)+ β(1− x2) f ′′(x)

for all polynomials f , where α1, α2 and β > 0 are constants satisfying α2 ≥
|α1|. Show that A is closable, and its closure generates a conservative Feller
semigroup in C[−1, 1].
Exercise 20.3 Let A : D(A)→ X be a linear operator in a Banach spaceX. An
operator B in the same space is said to be relatively bounded with respect to
A, or simply A-bounded, if D(A) ⊂ D(B) and there are non-negative constants
a, b such that:

‖Bx‖ ≤ a‖Ax‖ + b‖x‖, x ∈ D(A). (20.3)

A well-known lemma (see, e.g., [128, p. 171]) says that if this condition
holds with a < 1, and A is closed then so is A+ B (with domain D(A)). Use
this to show that in the space C[1, 2] of continuous functions on the interval
[1, 2], the operator f 	→ h2 f ′′ + h f ′ where h(x) = x, x ∈ [1, 2], is closed on
the domain composed of twice continuously differentiable functions such that
f ′(1) = f ′(2) = 0.

Hint: The operator f 	→ f ′′ is closed (see Exercise 15.3), and so is f 	→ h2 f ′′,
since f 	→ h2 f is continuous with bounded inverse. Also, for the Bielecki-type
norm [34, 125] in C[1, 2] given by:

‖ f‖λ = sup
x∈[1,2]

|e−λx f (x)|, λ > 0

we have:

‖h f ′‖λ ≤ sup
x∈[1,2]

e−λx
∫ 2

1
eλye−λyy2| f ′′(y)| dy

≤ 2 sup
x∈[1,2]

∫ x−1

0
e−λz dz ‖h2 f ′′‖λ ≤ 2

λ
‖h2 f ′′‖λ,

and the norm is equivalent to the original supremum norm.
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Exercise 20.4 Show that the operator of the previous exercise generates a con-
servative Feller semigroup inC[1, 2]. To this end check that:

(a) A is densely defined and satisfies the positive maximum principle.
(b) For fixed noninteger λ > 0, and for any integer n ≥ 0, there are constants

C1 and C2 such that:

f (x) = C1x
√
λ +C2x

−√λ + 1

λ− n2
xn, x ∈ [1, 2],

defines a member of D(A) such that λ f (x)− A f (x) = xn, x ∈ [1, 2].
(c) Functions kn(x) = xn, x ∈ [1, 2], n ≥ 0 form a linearly dense set inC[1, 2]

(because so do k�n(x) = (x+ 1)n in C[0, 1]).

� Chapter’s summary

Using the theory developed in Chapter 18, we are able to make intuitions of
Chapter 17 more clear, and to show convergence of scaled Markov chains
involved in the Wright–Fisher model to Wright–Fisher’s diffusion on [0, 1].
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Kingman’s n-Coalescent

Individuals in the Wright–Fisher model are not independent: tracing back their
genealogical lines, we discover that some of them descend from a single com-
mon ancestor, from whom they inherit most of their genetical makeup. This
is to say that the structure of dependence is hidden in (random) genealogi-
cal trees. This structure is described by a beautiful mathematical object named
Kingman’s n-coalescent. As a first step toward its construction to which this
chapter is devoted, we define the related pure death process.
We consider the Wright–Fisher population of size M = 2N, and observe

n individuals sampled from generation 0. We are interested in the number
XM (k), k ≥ 1, of ancestors of this sample k generations back; we assume that
the process is well defined for all k ≥ 0, that is, that the population has evolved
according to the Wright–Fisher rules for an infinitely long time. XM (k), k ≥ 0,
is a discrete-time Markov chain with values in {1, . . . , n} and transition prob-
abilities pi, j = pi, j(M) = M−i{ ij}

(M
j

)
j!, where { ij} is the Stirling number of the

second kind – see e.g. [49, 165]. Indeed,Mi is the number of all possible ways
i members may choose their parents, and the number of ways exactly j par-
ents may be chosen is the product of three numbers. The first of them is the
number of ways the set of i elements may be partitioned into j subsets, that
is, the Stirling number of the second kind. The second is the number of ways
j parents may be chosen from the population of M individuals – the binomial
coefficient

(M
j

)
, and the third is the number of possible assignments of j parents

to j subsets.
The process XM (k), k ≥ 0, is a pure death process in that its paths are

non-increasing sequences. We will show that XM ([tM]), t ≥ 0, converges to a
continuous-time (pure death) process with intensity matrix Q = (qi, j ), where:

qi,i = −
(
i

2

)
, i = 1, . . . , n, qi,i−1 =

(
i

2

)
, i = 2, . . . . , n (21.1)
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Figure 21.1 Random genealogies in the Wright–Fisher model

and qi, j = 0 otherwise. To this end, we note first that to prove that

M
[(
pi, j
)
1≤i, j≤n − I

]
converges to Q it suffices to show that the corresponding entries of these matri-
ces converge. Moreover,

pi,i =
i−1∏
k=1

(
1− k

M

)
= 1−

i−2∑
k=1

k

M
+ h1

where |h1| ≤ 2i−1
∑i−1

l=2
(i−1)l
Ml , so that limM→∞Mh1 = 0. Similarly,

pi,i−1 =
(
i

2

)
1

M

i−2∏
k=1

(
1− k

M

)
= 1

M

(
i

2

)
+ h2 (21.2)

where |h2| ≤ 2i−1
( i
2

)
1
M

∑i−2
l=1

(i−2)l
Ml so that limM→∞Mh2 = 0. This shows that

limM→∞M[pi,i − 1] = −( i2) = − limM→∞Mpi,i−1.Moreover, since:

n∑
j=1

pi, j =
i∑
j=1

pi, j = 1, (21.3)
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Figure 21.2 Untangled genealogies (redrawn from [66])

for j 
= i, i− 1, Mpi, j ≤ M
∑

j 
=i,i−1 pi, j = M(1− pi,i − pi,i−1) ≤ M|h1| +
M|h2| −→ 0 as M→∞, as desired.
A more careful analysis allows tracing of the whole genealogy of a sam-

ple. To this end, for a sample of n individuals we consider the Markov chain
RM (k), k ≥ 0, of equivalence relations in {1, . . . , n}; the pair (i, j) belongs
to the equivalence relation RM (k) iff the individuals i and j have a common
ancestor k generations ago. Each equivalence class corresponds to a member
of a population that lived k generations ago, yet the opposite statement is not
true because some members of this generation may not have had descendants.
RM (0) is the main diagonal in the square {(i, j)|1 ≤ i, j ≤ n} and by this anal-
ysis, RM (k) eventually reaches the full equivalence relation, that is, the whole
square (see Figure 21.2 and Table 21.1).
We follow Kingman [207], [209] (compare [325]) to show that the process

RM ([Mt]), t ≥ 0, converges, asM→∞, to the continuous-timeMarkov chain
with intensity matrix Q given by:

qE,E ′ =

⎧⎪⎪⎨⎪⎪⎩
−(|E |2 ), if E = E ′,
1, if E ≺ E ′,
0, otherwise,

(21.4)
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Table 21.1 Equivalence relations in Figure 21.2 (redrawn
from [66])

equivalence relation equivalence classes

R6(0) {1}{2}{3}{4}{5}{6}
R6(1) {1, 2}{3}{4}{5, 6}
R6(2) {1, 2}{3, 4}{5, 6}
R6(3) and R6(4) {1, 2}{3, 4, 5, 6}
R6(5) and consecutive ones {1,2,3,4,5,6}

Figure 21.3 Converging genealogical lines

where |E | denotes the number of equivalence classes in an equivalence relation
E and we write E ≺ E ′ iff E ⊂ E ′ and E ′ is formed by amalgamating (exactly)
two equivalence classes of E . The Markov chain with intensity matrix (21.4) is
called the n-coalescent of Kingman.

To this end we note that pE,E ′ , the transition probability of the chain
RM , is zero if E 
⊂ E ′. Also if E ⊂ E ′ yet E 
≺ E ′, then |E | − |E ′| ≥ 2, and
pE,E ′ ≤ p|E |,|E ′| where pi, j is the transition probability of the related pure
death chain. Hence, limM→∞MpE,E ′ = 0. Moreover, pE,E = p|E |,|E |, so that

limM→∞M(pE,E − 1) = −(|E |2 ). Finally, if E ≺ E ′, pE,E ′ =
(|E |
2

)−1
p|E |,|E |−1 (we

do know which two equivalence classes are to be amalgamated), so that
limM→∞MpE,E ′ = 1, as desired.

This result may be used to derive many classic formulae for sampling distri-
butions in population genetics (see [134]) and in particular the famous Ewens
Sampling Formula (see [208]).
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� Chapter’s summary

As another application of the theory developed in Chapter 18, we establish
existence of the n-coalescent of J. F. C. Kingman, a continuous-time Markov
process, being the limit of a sequence of discrete-time processes. This is a pro-
cess whose state-space is the set of equivalence relations on a set of n elements.
After arriving at an equivalence relation with k equivalence classes, the process
waits for an exponential time with parameter

(k
2

)
, to amalgamate two random

equivalence classes into one, and then continues in the same manner until it
arrives at the absorbing state where all elements of the set are in relation with
each other.
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The Feynman–Kac Formula

One of the most interesting results that can be deduced from the Lie–Trotter
Approximation Theorem of Chapter 18 is the famousFeynman–Kac Formula.
The latter fact is nowadays usually formulated in the context of real (or vector-
valued) Markov processes, and there are well-developed and intuitive tools of
stochastic analysis for its proof [240, 298]. For our purposes, however, it will
be more appropriate to think of Lévy processes with values in a locally compact
group.
To explain the original Feynman–Kac Formula, we note that the half of the

one-dimensional Laplacian A = 1
2

d2

dx2 of Chapter 2 may also be considered in
the spaceC0(−∞,∞) of functions vanishing at infinity: when considered with
maximal domain C2

0 (−∞,∞), A generates the Brownian motion semigroup:

etA f (x) = E f (x+ wt ) = 1√
2πt

∫ ∞

−∞
e−

y2

2t f (x+ y) dt, (22.1)

where wt, t ≥ 0 is a standard Brownian motion. For s ≥ 0, the solution to the
related nonautonomous Cauchy problem:

∂u(t, x)

∂t
= ∂2u(t, x)

∂x2
+V (t, x)u(t, x), u(s, x) = f (x), x ∈ R, t ≥ s, (22.2)

Figure 22.1 Feynman–Kac Formula by Radek Bobrowski
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is given by the Feynman–Kac Formula:

u(t, x) = E exp

[∫ t

s
V (r, x+ wt−r ) dr

]
f (wt−s), (22.3)

provided V is sufficiently regular.
As indicated earlier, in this chapter it is our aim to show that a similar formula

holds for a much broader class of semigroups, namely, those related to certain
Lévy processes in locally compact groups. Ourmain tool is the Lie–Trotter-type
formula for evolution families of operators given later, and we follow [43].
Let A be the generator of a strongly continuous semigroup (etA)t≥0 in a

Banach space X and suppose that, for some λ ∈ R,

‖etA‖ ≤ eλt, t ≥ 0. (22.4)

Furthermore, let � > 0 be given and V (t ) ∈ L(X), t ∈ [0,�] be a strongly
continuous family of operators such that, for every x ∈ D(A), the function
t → V (t )x is strongly continuously differentiable. By the classic result of Kato
(see, e.g., [223] ch. 2, Theorems 3.6 and 3.7, or the corollary at p. 102 in [326]),
for x ∈ D(A) and s ∈ [0,�) the nonautonomous Cauchy problem

du(t )

dt
= Au(t )+V (t )u(t ), u(s) = x, t ∈ [s,�] (22.5)

has a unique (classical) solution. Here, we restrict ourselves to proving unique-
ness of the solutions: suppose that u : [s,�]→ X is strongly continuously dif-
ferentiable, u(r) ∈ D(A) for r ∈ [s,�], and (22.5) is satisfied. Replacing t in
(22.5) by r, applying e(t−r)A to both sides, and integrating from s to t, we see
that u satisfies the following Volterra Equation:

u(t ) = e(t−s)Ax+
∫ t

s
e(t−r)AV (r)u(r) dr, t ∈ [s,�]. (22.6)

We will show that for each x ∈ X, there exists a unique continuous u satisfying
(22.6). (In general, such a u needs not satisfy (22.5)).
To this end, let X be the space of continuous X-valued functions on [s,�]

equipped with Bielecki-type norm [34, 125]:

‖u‖μ = sup
r∈[s,�]

e−μr‖u(r)‖,
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whereμ > λ, and letK be the operator inX mapping u into the function defined
by the right-hand side of (22.6). Then,

‖Ku1 − Ku2‖μ ≤ M sup
t∈[s,�]

e−μt
∫ t

s
eλ(t−r)‖u1(r)− u2(r)‖ dr

≤ M sup
t∈[s,�]

∫ t

s
e−(μ−λ)(t−r) dr ‖u1 − u2‖μ

≤ M

μ− λ
‖u1 − u2‖μ, u1, u2 ∈ X ,

where M = supr∈[0,�] ‖V (r)‖. It follows that for large μ, K is a contraction,
and Banach’s Fixed Point Theorem implies that there is a unique u satisfying
(22.6).1

Therefore the map x 	→ u(t ) ∈ X, denoted S(t, s), is linear and continuous.
The operators S(t, s),� ≥ t ≥ s ≥ 0 form the evolution family generated by
A+V (t ), t ∈ [0,�]. Uniqueness of solutions of (22.5) implies:

S(t, s) = S(t, r)S(r, s), � ≥ t ≥ r ≥ s.

Theorem 22.1 (Lie–Trotter-type formula) We have

S(t, s)x = lim
n→∞ Sn(t, s)x, x ∈ X,

where

Sn(t, s) = e
nAe
nV (t−
n )e
nAe
nV (t−2
n ) · · · e
nAe
nV (s),

and 
n = t−s
n .

Remark 22.2 In the “true” Lie–Trotter Formula, Sn would need to be defined
by:

Sn(t, s) = e
nAR(t, t −
n)e

nAR(t −
n, t − 2
n) · · · e
nAR(s+
n, s),

where R is the evolution family generated by V (t ), t ∈ [0,�] (compare [28],
Theorems 2.2 and 3.2). However, with the definition we use, the proofs of The-
orem 22.1 and of the Feynman–Kac Formula are slightly shorter (comp. [43]).

Proof (Compare [128] pp. 227–229, see also [275].) Let X be the space of X-
valued continuous functions on [s,�]. Identifying a member f of X with its
extension to (−∞,�] given by f (r) = f (s), r < s, we define: [S (t ) f ](r) =
etA f (r − t ), t ≥ 0 and [Sμ(t ) f ](r) = etAμ f (r − t ), r ∈ [s,�], where Aμ, μ >

0 is the Yosida approximation of A. Then (S (t ))t≥0 and (Sμ(t ))t≥0 are strongly
continuous semigroups in X , and we have limμ→∞ Sμ(t ) = S (t ) strongly in

1 Local uniqueness of solutions follows by Gronwall’s Lemma.
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X . Let A and Aμ be their generators and let B be the bounded operator in X
given by:

(B f )(s) = V (s) f (s), s ∈ [0,�].

The operators Aμ have the common domain composed of continuously differ-
entiable functions, and for such functions we have [Aμ f ](s) = Aμ f (s)− f ′(s).

Therefore uμ, μ > 0 defined by uμ(t ) = [e(t−s)(Aμ+B) f ](t ), t ∈ [s,�] where
f (r) = x, r ∈ [s,�], are differentiable and satisfy:

duμ(t )

dt
= [(Aμ + B)e(t−s)(Aμ+B) f ](t )+ [e(t−s)(Aμ+B) f ]′(t )

= Aμuμ(t )+V (t )uμ(t ), uμ(s) = x.

It follows that uμ(t ) = e(t−s)Aμx+ ∫ ts e(t−r)AμV (r)uμ(r) dr. Introducing u(t ) :=
[e(t−s)(A+B) f ](t ), we see that limμ→∞ uμ(t ) = u(t ). Hence, u satisfies (22.6),
implying u(t ) = S(t, s)x.

On the other hand, since ‖S(t )‖ ≤ eλt and ‖etB‖ ≤ eKt where K = supr∈[s,�]

‖V (r)‖, the semigroups generatedA− λ and B − K satisfy the stability condi-
tion (18.9). Therefore, by the Trotter Product Formula for semigroups, u(t ) =
limn→∞[(e
nAe
nB )n f ](t ). Since:[(

e
nAe
nB)n f ] (t ) = e
nAe
nV (t−
n )e
nAe
nV (t−2
n ) · · · e
nAe
nV (s)x,

we are done. �

Coming back to our main subject, let G be a locally compact group, and let
gt, t ≥ 0 be a Lévy process in G. The latter means that:

(a) the random variables gt+hg−1t and gt, t, h ≥ 0 are independent, and
(b) the random variables gt+hg−1t and gh, t, h ≥ 0 have the same distribution,
(c) sample paths t → gt (ω) have left limits and are right continuous for almost

all ω in the probability space � where the process is defined.

It follows that the Borel measures on G defined by μt (B) = Pr(gt ∈ B), form a
convolution semigroup: μt ∗ μs = μt+s.

Let X be a commutative Banach algebra, and letU be a strongly continuous
representation of G by linear continuous automorphisms of X:

U (g1)U (g2) = U (g1g2), g1, g2 ∈ G.

Then the formula:

T (t )x = E U (gt )x =
∫
G
U (g)xμt (dg), t ≥ 0, x ∈ X (22.7)
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defines a semigroup of operators in X; using (c) in the definition of a Lévy
process we check that the semigroup is strongly continuous. We let A denote
its generator and assume that (22.4) holds.

Theorem 22.3 (The Feynman–Kac Formula) Suppose that W is a strongly
continuous representation of the group G by linear continuous automorphisms
of X such that for some M > 0:

‖W (g)‖ ≤ M, g ∈ G, (22.8)

and, for x, y ∈ X and g ∈ G,

U (g)(xy) = [W (g)x][U (g)y], W (g)(xy) = [W (g)x][W (g)y]. (22.9)

If [0,∞) � t 	→ V (t ) ∈ X is strongly continuously differentiable, then the evo-
lution family related to A+V (t ), t ≥ 0 is given by (we identify V (t ) ∈ X with
the related multiplication operator):

S(t, s)x = E exp

[∫ t

s
W (gt−r )V (r) dr

]
U (gt−s)x. (22.10)

Proof (Comp. [163] pp. 54–55.) By (22.9),

W (g)(ey) =W (g)
∞∑
n=0

yn

n!
=

∞∑
n=0

[W (g)y]n

n!
= eW (g)y, g ∈ G, y ∈ X. (22.11)

The same formula implies by induction argument that, given gi ∈ G and x, yi ∈
X, i = 1, 2, . . . , n, we have:

U (gn)ynU (gn−1)yn−1 . . .U (g1)y1x

= [W (gn)yn] [W (gngn−1)yn−1]

. . . [W (gngn−1 . . . g1)y1][U (gngn−1 . . . g1)x]. (22.12)

Here, to avoid an excessive number of brackets, we agree to calculate “from
the right to the left.” This means that for operators A and B, and vectors x, y,
and z, the expression BzAyx is calculated by multiplying vectors x and y, taking
the value of A on xy, multiplying it by z and calculating B on zAyx. The value
of Bz(Ay)x is calculated by multiplying the vectors x, Ay, and z, and calculating
B on this product.
To use the Lie–Trotter-type formula, fix x ∈ X, t > s ≥ 0 and n ∈ N. Let

Vi = 
V (si), si = s+ (i− 1)
, i = 1, 2, . . . , n, 
 = 
n = t − s

n
. By (22.7),

Sn(t, s)x = T (
)eVnT (
)eVn−1 · · · T (
)eV1x

=
∫
�

. . .

∫
�

U (g
(ωn))e
Vn · · ·U (g
(ω1))e

V1x dP(ω1) . . . dP(ωn).
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By (22.12), the integrand is the product of:

W (g
(ωn))e
Vn

W (g
(ωn)g
(ωn−1))eVn−1

...

W (g
(ωn)g
(ωn−1) . . . g
(ω1))e
V1

U (g
(ωn)g
(ωn−1) . . . g
(ω1))x.

By (22.11), this is the product of U (g
(ωn)g
(ωn−1) . . . g
(ω1))x and of the
exponent of:

W (g
(ωn))Vn +W (g
(ωn)g
(ωn−1))Vn−1
+ · · · +W (g
(ωn)g
(ωn−1) · · · g
(ω1))V1,

because X is commutative. Since gt, t ≥ 0 has independent, identically dis-
tributed increments, Sn(t, s) is the expected value of the random vector

Fn(t, s) = U (gt−s)x exp

[

n

n∑
i=1

W (gt−si )V (si)

]
∈ X.

By (c) in the definition of the Lévy process, r 	→W (gt−r )V (r), r ∈ [s, t] is
left continuous and has right limits, and therefore it is Riemann integrable; the
expression in the exponent is its integral sum. Hence Fn(t, s) a.s. tends to:

F (t, s) = exp

[∫ t

s
W (gt−r )V (r) dr

]
U (gt−s)x.

Since ‖Fn(t, s)x‖ ≤ eML(t−s)‖U (gt−s)x‖, where L := sups≤r≤t ‖V (r)‖, the
Lebesque Dominated Convergence Theorem completes the proof. �

Returning to the Brownian motion semigroup, we note that (22.1) may be
written as:

T (t ) f = E U (wt ) f ,

where U is the strongly continuous representation of G = R given by
U (t ) f (x) = f (x+ t ), x, t ∈ R, and the Brownian motion is a standard exam-
ple of a Lévy process. Since:

U (t )( f1 f2) = [U (t ) f1][U (t ) f2], f1, f2 ∈ C0(−∞,∞),

condition (22.9) is satisfied with W = U . Since U (t ), t ∈ R are contractions,
(22.4) is satisfied also, and (22.3) turns out to be a particular case of(22.10).
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In the next chapter, we present an example whereW 
= U.

Exercise 22.1 Show that the domains of Aμ considered in the proof of Theo-
rem 22.1 are composed of continuously differentiable members of X .

Exercise 22.2 Show (22.12).

� Chapter’s summary

The Chernoff Product Formula of Chapter 18 is an elegant means for proving
the celebrated Feynman–Kac Formula [163, pp. 54–55]. Here, we establish the
latter in a quite general situation of a Lévy process on a locally compact group.
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The Two-Dimensional Dirac Equation

Our main goal in this chapter is the proof of the Feynman–Kac-type formula for
the two-dimensional Dirac Equation. Introducingmultiplication inG := R× Z

by:

(a,m)(b, n) = (a(−1)n + b, n+ m)

we see that G is a noncommutative locally compact group. Let N(t ), t ≥ 0 be a
homogenous Poisson process with the mean value EN(t ) = t, and let gt, t ≥ 0
be the process in G defined by:

gt =
(
ξ (t ),N(t )

)
,

where ξ (t ) = ∫ t0 (−1)N(s) ds is sometimes termed the telegraph process. A short
calculation shows that gt, t ≥ 0 has independent, identically distributed incre-
ments in G, that is, conditions (a) and (b) of the definition of a Lévy process
are satisfied (see the previous chapter). Because the points of discontinuity of
the process gt, t ≥ 0 are exactly the points of jumps of the Poisson process, it
follows that gt, t ≥ 0 is a Lévy process.

Let A be the generator of a strongly continuous groupG(t ), t ∈ R of bounded
linear automorphisms of a Banach space X, B be a linear, bounded automor-
phism of this space, andU be the mapping from G into L(X) defined by:

U (a,m) = BmG(a).

Theorem 23.1 Suppose

G(t )B = BG(−t ), t ∈ R. (23.1)

Then U is a strongly continuous representation of the group G by linear auto-
morphisms ofX. Furthermore, for t ≥ 0, the one-parameter group of operators
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generated by the operator A+ B has the form:

T (t )x =
∫
G
etU (g)xμt (dg) = E etU (gt )x, x ∈ X, (23.2)

where μt is the distribution of gt .

Proof We have:

U (a,m)U (b, n) = BmG(a)BnG(b) = Bm+nG
(
(−1)na+ b

)
= U
(
(a,m)(b, n)

)
,

proving that U is a representation. Hence, (23.2) defines a continuous semi-
group of operators. Since limt→0 gt = (0, 0) (almost surely), μt converges to
the Dirac measure at (0, 0). This implies that the semigroup is strongly contin-
uous, and we are left with showing that A+ B is its generator.

To this end we define the Borel measures on R by:

μn
t (B) = μt

(
B × {n}), n ≥ 0, t ≥ 0.

Then:

T (t )x =
∞∑
n=0

∫
R

etBnG(s)xμn
t (ds) (23.3)

and:

μ0
t (B) = e−tδ(B − t ),

supp μn
t ⊂ [−t, t], t ∈ R, n ∈ N,

μn
t (R) = P

(
N(t ) = n

) = tn

n!
e−t .

Thus:∫
R

etG(s)xμ0
t (ds) = G(t )x and lim

t→0

∥∥∥∥∥1t
∞∑
n=2

∫
R

etBnG(s)xμn
t (ds)

∥∥∥∥∥ = 0.

(23.4)

Given ε > 0, there exists a δ(ε) > 0 such that the inequality ‖G(s)x− x‖ < ε
‖B‖

holds for |s| < δ(ε). Therefore, for t small enough,∥∥∥∥∫
R

etBG(s)xμ1
t (ds)

t
− Bx

∥∥∥∥ = ∥∥∥∥∫
R

BG(s)x− Bx

t
et μ1

t (ds)

∥∥∥∥
≤
∫
R

t−1‖B‖‖G(s)x− x‖ etμ1
t (ds) ≤ ε.

(23.5)
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Combining (23.3), (23.4) and (23.5),

lim
t→0

(
T (t )x− x

t
− G(t )x− x

t

)
= Bx, x ∈ X.

It follows that the domain of the generator of the semigroup T is the domain of
A, and that the generator of T is the operator A+ B. �

For example, letC0(R× {−1, 1}) be the space of continuous complex func-
tions on R× {−1, 1} vanishing at infinity. Also, let G(t ) f (x, k) = f (x+ kt, k)
and B f (x, k) = z f (x,−k), t, x ∈ R, k = −1, 1 where z is a given complex con-
stant. Then, (23.1) holds and the representationU has the form:

U (t, n) f (x, k) = zk f (x+ kt, (−1)nk).

Thus:

T (t ) f (x, k) = E et zN(t ) f (x+ kξ (t ), (−1)N(t )k).

Turning to the related Feynman–Kac Formula, we note that since N(t ) is
Poisson distributedwith parameter t, (22.4) holds with λ = |z|.Moreover,X is a
commutative Banach algebra with multiplication f1 f2(x, k) = f1(x, k) f2(x, k).
Introducing:

W (t, n) f (x, k) = f (x+ kt, (−1)nk),

we see thatW is a representation of G and (22.8) holds withM = 1. Also,

[U (t, n)( f1 f2)](x, k) = zk f1(x+ kt, (−1)nk) f2(x+ kt, (−1)nk)
= [W (t, n) f1](x, k) · [U (t, n) f2](x, k),

proving the first condition in (22.9). The second condition there is immediate.
Therefore, ifR+ � t 	→ V (t ) ∈ X is strongly continuously differentiable, the

solution of the two-dimensional Dirac Equation:

∂u

∂t
(t, x, k) = k

∂u

∂x
(t, x, k)+ zu(t, x,−k)+V (t, x, k)u(t, x, k),

where x ∈ R, t ≥ s ≥ 0, with initial condition u(s, x, k) = f (x, k) is:

u(t, x, k) = E et−szN(t−s) f (x+ kξ (t − s), k(−1)N(t−s) )

× exp

[∫ t

s
V (r, x+ ξ (t − r), (−1)N(t−r)k) dr

]
(23.6)

This formula was originally obtained in [38, 39, 40, 41]; see also [43, 354].
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Exercise 23.1 Show that for a ∈ R the probabilistic formula for the equation:

∂u(t, x)

∂t
= a

∂u(t, x)

∂x
+ bu(t,−x)+V (t, x)u(t, x), u(s, x) = f (x),

is:

u(t, x) = E et−sbN(t−s) f
[
(−1)N(t−s)(x− aξ (t − s))

]
× exp

[∫ t

s
V
(
r, (−1)N(t−r)(x− aξ (t − r)

)
dr

]
,

where x ∈ R, t ≥ s ≥ 0.

Exercise 23.2 Show that (23.1) is equivalent to each of the following two con-
ditions: (a) B leaves D(A) invariant and ABx = −BAx for x ∈ D(A), and (b)
B(λ+ A)−1 = (λ− A)−1B, λ > 0.

Exercise 23.3 Let H := R× {−1, 1} be the Kisyński group with multiplica-
tion defined by:

(ξ, k)(η, l) = (ξ l + η, kl) ξ, η ∈ R, k, l = ±1,
and let H× Z be the direct product of H and the group of integers Z. Check
that:

G0 =
{
(ξ, k, z) : k = (−1)z}

is a subgroup of H× Z, and that this subgroup is isomorphic to the group G
defined at the beginning of this chapter.

� Chapter’s summary

We prove the Feynman–Kac Formula for a telegraph process related to the two-
dimensional Dirac Equation.
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Approximating Spaces

In many applications, especially in the context of discrete approximation, the
approximating operators are naturally defined in different spaces than the limit
semigroup. Until now, we have chosen to ignore this fact, because our aim
was to stress that the limit semigroup may act on a subspace of the original
space; the latter phenomenonmay also be described in themore general setup of
approximating spaces but the issuing formulation is not so intuitively appealing.
On the other hand, one may not ignore facts for too long without paying a
price. For example, we could have avoided the trouble we had with Markov
chains approximating elastic Brownian motion (see Chapter 18) had we chosen
different spaces for the related operators.
Here are the details. Given 
n > 0 and pn > 0, consider a random walk

on the mesh Mn = {0,
n, 2
n, . . . }, moving to the left or right with equal
probability when started at k
n, k ≥ 1; conditional on starting at 0 the process
is either killed with probability 1

2 pn or moves to 
n. The related operators in

Figure 24.1 Approximating spaces by Marek Bobrowski
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the space Cn of continuous functions on Mn (i.e., in the space of convergent
sequences) are:

Tn,el f (k
n) =
{

1
2 f (k
n +
n)+ 1

2 f (k
n −
n), k ≥ 1,

(1− 1
2 pn) f (
n), k = 0.

(24.1)

Consider also the operators Pn : C[0,∞]→ Cn given by Pn f (k
n) = f (k
n).
We have ‖Pn‖ ≤ 1 and it is natural to think of a sequence ( fn)n≥1 such that
fn ∈ Cn as converging to f ∈ C[0,∞] iff:

lim
n→∞‖Pn f − fn‖n = 0,

where ‖ · ‖n denotes the (supremum) norm in Cn. It is clear from Chapter 18
that for An,el = h−1n (Tn,el − I) we have:

lim
n→∞ sup

k≥1
|An,el f (k
n)− 1

2
f ′′(k
n)| = 0,

for f ∈ D(Aε ), provided limn→∞
n = 0 and limn→∞

2
n

hn
= 1. Moreover, if


n = εpn
2−pn , then |An,el f (0)− 1

2 f
′′(0)| = 1

2 |

2
n

hn
f ′′(�n
n)− f ′′(0)| → 0, where

�n ∈ [0, 1]. Hence, under such conditions,

lim
n→∞‖An,elPn f − PnAε f‖n = 0, f ∈ D(Aε ), (24.2)

and no supremum-norm-difficulties emerge.
In this context it is vital to ask whether (24.2) implies limn→∞ T [t/hn]

n f =
etAε f , that is, limn→∞ ‖T [t/hn]

n Pn f − PnetAε f‖n = 0, and happily the answer is
in the positive.
In fact, from the very beginning of this book we could have assumed that

the approximating semigroups (etAn )t≥0 are defined in Banach spaces Xn with
norms ‖ · ‖n, respectively, and that there exist equi-bounded operators Pn map-
ping a limit Banach space X into Xn. Had we agreed to say that (xn)n≥1, where
xn ∈ Xn, converges to an x ∈ X iff limn→∞ ‖xn − Pnx‖n = 0, all the results pre-
sented in the book would remain true with obvious modifications (this is what
S. N. Ethier and T. G. Kurtz do in their monograph [132]).1 Here is another
example of such an approximation.
Let us consider a financial market herding model [187], where N agents are

active on a financial market. Each of them is either optimistic or pessimistic
about the market future, but may change his attitude on his own or by being

1 However, it seems to be an open problem whether there is a trick allowing to deduce results
pertaining to the latter setup from the one involving a single Banach space.
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influenced by other agents, with probability for the other change being propor-
tional to the number of agents of opposite views. In other words, an optimistic
agent changes his mind with intensity αP + βNP, where NP is the number of
pessimistic colleagues, and αP and β are certain constants. Similarly, a pes-
simistic agents’ intensity is αO + βNO, where NO = N − NP is the number of
optimistic agents; β is a herding constant.
We assume that agents’ decisions to change their minds are independent of

the decisions of the other agents, and consider the random process XN (t ), t ≥ 0
describing the difference between the numbers of optimistic and pessimistic
agents. Hence, conditional on XN = k ∈ N = {−N,−N + 2, . . . ,N − 2,N},
the time to the first change is exponential with parameter:

λN,k = pN,k + qN,k,

where:

pN,k = NO(αP + βNP) = N + k

2

(
αP + β

N − k

2

)
, and

qN,k = NP(αO + βNO) = N − k

2

(
αO + β

N + k

2

)
.

At the time of change,XN either decreases or increases by twowith probabilities
pN,k/λN,k and qN,k/λN,k, respectively. The generator of this process in the space
of continuous functions f onN is given by AN f (k) = pN,k[ f (k − 2)− f (k)]+
qN,k[ f (k + 2)− f (k)] with obvious changes when |k| = N.
We will show that as N →∞, N−1XN converges to the diffusion process on

[−1, 1] with generator:
A f (x) = [αO − αP − (αO + αP)x] f

′(x)+ β(1− x2) f ′′(x),

introduced in Exercise 20.2. To this end, let PN : C[−1, 1]→ C(N−1N ) be
given by PN f (k/N) = f (k/N). Identifying AN’s with their isomorphic images
in C(N−1N ), by Taylor’s Formula we obtain:

AN f (k/N) = 2

N
(qN,k − pN,k ) f

′(k/N)

+ 2pN,k
N2

f ′′(k/N − θ1)+ 2qN,k
N2

f ′′(k/N + θ2),

where θi ∈ (0, 2
N ). Therefore,

AN f (k/N)− PNA f (k/N) = 2pN,k
N2

f ′′(k/N − θ1)+ 2qN,k
N2

f ′′(k/N + θ2)

− β(1− k2

N2
) f ′′(k/N).
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Since f ′′ is uniformly continuous on [−1, 1] and:∣∣∣∣ 2N2
(pN,k + qN,k )− β(1− k2

N2
)

∣∣∣∣ ≤ 2(αO ∨ αP)

N
,

it follows that limN→∞ ‖AN f − PNA f‖C(N−1N ) = 0 for all polynomials f . Thus
limN→∞ ‖etAN f − PNetA f‖C(N−1N ) for all f ∈ C[−1, 1], as claimed.

Similarly, as in the case of Wright’s diffusion, it is clear from the form of the
approximating Markov chains that in the limit diffusion process there should
be a possibility for a path to reemerge in (−1, 1) after reaching the boundary at
−1 or +1. See the discussion in [187].

Exercise 24.1 In notations of Chapter 12, let Bε be the Cartesian product of
XKis and X equipped with the norm ‖(xy)‖ε = ‖x‖XKis + ε‖y‖X. Also, let Pε :
XKis → Bε be given by Pεx =

(x
0

)
. Show that:

(a) The spaces Bε approximate XKis in the sense specified in this chapter.
(b) The semigroups generated by Bε are equi-bounded (when considered in

the spaces Bε). Hint: use the fact that the semigroups defined in (12.5) are
equi-bounded.

(c) The semigroup (etA)t≥0 leaves XKis invariant, and is a strongly continuous
semigroup in XKis. The generator of the restricted semigroup is the part of
A in XKis.

(d) For x ∈ XKis, limε→0 ‖etBεPεx− PεetAx‖ε = 0.

� Chapter’s summary

Results concerning regular convergence of semigroups of operators may be nat-
urally generalized to the case where the approximating semigroups are defined
in Banach spaces approximating in a sense the Banach space where the limit
semigroup is defined. Such situations occur naturally in many contexts, espe-
cially when one deals with approximation of diffusion processes via Markov
chains. (However, Exercise 24.1 is of different nature.) As an example, we
present a financial market herding model, where a sequence of Markov chains
approximates a diffusion on the unit interval.
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Boundedness, Stabilization

Throughout the foregoing chapters, we have always assumed that the semi-
groups under consideration were equi-bounded. Hence, it is a high time for us
to explain that this is in a sense a sine qua non condition for strong and almost
uniform convergence of semigroups. To this end, assume that (etAn )t≥0, n ≥ 1
are strongly continuous semigroups in a Banach space X such that the strong
limit:

lim
n→∞ etAnx

exists for all x ∈ X and is almost uniform in t ≥ 0. LetC([0, 1],X) be the space
of continuous functions f : [0, 1]→ X, with the usual supremum norm. Also,
let X be the space of C([0, 1],X)-valued convergent sequences ( fk )k≥1 (with
the norm ‖( fk )k≥1‖ = supk≥1 ‖ fk‖). Consider the linear operator A : X → X
given by:

Ax = ( fk )k≥1 ∈ X ,

where fk(t ) = etAk x, t ∈ [0, 1]. Since convergence inX implies coordinate con-
vergence, and convergence inC([0, 1],X) implies pointwise convergence,A is
closed. By the Closed Graph Theorem, A being defined on the whole of X, A
is bounded. It follows that there is a constantM ≥ 1 such that:

‖etAn‖ ≤ M, t ∈ [0, 1],

(note thatM ≥ ‖IX‖ = 1), and so for any t ≥ 0, taking l to be the largest integer
≤ t,

‖etAn‖ ≤ ‖ etA · · · etA︸ ︷︷ ︸
l times

e(t−l)An‖ ≤ Ml+1 = Mel lnM ≤ Meωt,

where ω = lnM.
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To recapitulate, almost uniform convergence of semigroups forces existence
of M ≥ 1 and ω ∈ R such that:

‖etAn‖ ≤ Meωt, t ≥ 0, n ≥ 1. (25.1)

Such a stability condition is thus necessary for almost uniform convergence.
We note that by shifting An’s by ω (i.e., taking A′n = A− ωIX ) we obtain gener-
ators of equi-bounded semigroups, thus reducing the general problem of con-
vergence to that of convergence of equi-bounded semigroups.
The argument presented above is valid, certainly, if we assume that the semi-

groups converge on the whole of X (and the limit is almost uniform in t ≥ 0).
As we have seen, though, convergence often takes place merely on a subspace
X0 of X. It is clear that in such a case, equi-boundedness is not necessary. For
example, given a converging sequence (an)n≥1 of non-negative numbers, we
see that the semigroups:

etAn (x, y) = (e−antx, enty)

defined in X = R2 with, say, Euclidean norm, satisfy (25.1) for no M and ω,
and yet they converge on the subspace X0 of (x, y) with y = 0. In cases like that
(25.1) should be replaced by:

‖etAnx‖ ≤ Meωt‖x‖, t ≥ 0, n ≥ 1, x ∈ X0. (25.2)

Having said this, we recall from Chapters 7 and 8 that under assumption
of equi-boundedness the sole range condition for Aex implies existence of the
limit semigroup on a regularity space. In particular, if a densely defined opera-
tor A ⊂ Aex satisfies the range condition, it automatically is a restriction of the
generator of a semigroup (i.e., of the limit semigroup). Interestingly, sometimes
asymptotic analysis (see Chapter 55) may be successfully applied in the case
where the semigroups involved are not a priori equi-bounded but we know that
the limit operator generates a semigroup [17]. This suggests that the assump-
tions of equi-boundedness and of the existence of the limit generator are to
some extent complementary – compare Pazy’s comment in [284, p. 86]; see
also [128, 163]. Indeed, if existence of the limit semigroup may be assumed,
proving convergence of approximating semigroups is much easier, as then they
may be compared with the limit object [229, 284]; in such a case, the assump-
tion of some kind of equi-boundedness plays a secondary, but still essential,
role. We illustrate this idea in the following Theorem 25.1 where we prove con-
vergence under a blending of assumptions involving existence of the limit semi-
group and equi-boundedness. For an example of application see [17], where this
theorem comes from.
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Theorem 25.1 Let (etAn )t≥0 be (not necessarily equibounded) semigroups in
a Banach space X and let (etA)t≥0 be a semigroup in a (closed) subspace X0 of
X such that for some M > 0,

‖etAnx‖ ≤ M‖x‖, ‖etA‖ ≤ M‖x‖, x ∈ X0, t ≥ 0. (25.3)

Further, suppose that:

a) (λ− An)−1, n ≥ 1 exist and are equibounded for each λ > 0;
b) for any x in a core D of A there exist xn ∈ D(An) such that

lim
n→∞Anxn = Ax, (25.4)

lim
n→∞ etAn (xn − x) = 0, t ≥ 0, (25.5)

∃Mx∀n≥1,t≥0 ‖etAnAnxn‖ ≤ Mx. (25.6)

Then limn→∞ etAnx = etAx, x ∈ X0.

Proof For x ∈ D, the sequence (xn)n≥1 described in assumption b) satis-
fies limn→∞ xn = x. Since (λ− An)−1 are equibounded, we may argue as in
Lemma 7.1 a) to see that limn→∞(λ− An)−1(λx− Ax) = x, x ∈ X0. The set
of y of the form y = λx− Ax, x ∈ D is dense in X0, since D is a core for A.
Using equiboundedness of (λ− An)−1 coupled with density of D, we obtain
existence of the limit limn→∞(λ− An)−1 on the whole of X0. Moreover, we
have limn→∞(λ− An)−1xn = (λ− A)−1x as well as:

lim
n→∞(λ− An)

−1Anxn = (λ− A)−1Ax, x ∈ D. (25.7)

We observe that,

etAnxn − etAx =
∫ t

0
(esAnAnxn − etAAx) ds+ xn − x (25.8)

where, by (25.6), the integrands s 	→ esAnAnxn − etAAx on the right-hand
side are equibounded. Hence, the right-hand sides are Lipschitz continu-
ous with the same Lipschitz constant. By Lemma 2.1 and (25.7) it follows
that limn→∞

∫ t
0 (e

sAnAnxn − esAAx) ds = 0, and (25.8) implies limn→∞ etAnxn =
etAx. Using again (25.5) we get limn→∞ etAnx = etAx for any x ∈ D and the
claim follows by density and (25.3). �

We conclude this chapter by discussing the situation where the limit semi-
group (etA)t≥0 is defined on the whole of the space, and yet the approximating
semigroups (etAn )t≥0, n ≥ 1 fail to satisfy (25.1). Of course, in such a case we
cannot expect to have strong and almost uniform convergence. What we can
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hope for, however, is that there are stabilizing operators Wn, n ≥ 1, that is,
bounded linear operators such that limn→∞Wn = IX and:

lim
n→∞Wne

tAn = etA.

This idea, coming from [255], is certainly very much related to the theory of
regularized semigroups [111].
The following example of such a situation, originally presented in [255], has

been slightly modified to make the phenomenon yet more transparent. Consider
the space X = c0 of complex sequences converging to zero, equipped with the
usual supremum norm. The vectors:

en =
(
δn,k
)
k≥1

(where δn,k is the Kronecker symbol) form a Schauder basis in c0 (see,
e.g., [78]). In particular, for any (ξk )k≥1 ∈ c0,

(ξk )k≥1 =
∑
k≥1

ξkek.

Consider the strongly continuous semigroup {T (t ), t ≥ 0} in c0 given by

T (t )(ξk )k≥1 =
(
eiktξk

)
k≥1 =

∑
k≥1

eiktξkek.

It is an easy task to show that the generator of this semigroup is:

A(ξk )k≥1 = (ikξk )k≥1

with domain composed of (ξk )k≥1 ∈ c0 such that (kξk )k≥1 ∈ c0. Now, for n ≥ 1
let:

Bn(ξk )k≥1 = nξnen

Wn(ξk )k≥1 =
∑
k 
=n

ξkek.

Then, An := A+ Bn (with domain D(A)) is the generator of a semigroup, and
since A and Bn commute, etAn = etAetBn is given by:

etAn (ξk )k≥1 =
∑
k 
=n

eiktξkek + e(in+n)tξnen.

In particular, ‖etAn‖ ≥ ‖etAnen‖ = ent . It follows that the semigroups (etAn )t≥0,
n ≥ 1 cannot converge, despite the fact that for (ξk )k≥1 ∈ D(A),

‖An(ξk )k≥1 − A(ξk )k≥1‖ = ‖Bn(ξk )k≥1‖ = |nξn| −→
n→∞ 0.
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On the other hand,Wn, n ≥ 1 is a stabilizing sequence of operators because:

‖Wn(ξk )k≥1 − (ξk )k≥1‖ = |ξn| −→
n→∞ 0

and:

‖Wne
tAn (ξk )k≥1 − etA(ξk )k≥1‖ = |eintξn| −→

n→∞ 0,

for all (ξk )k≥1 ∈ c0, proving that limn→∞Wn = IX and limn→∞WnetAn = etA

(strongly).
Here is a general theorem covering situations analogous to the one previously

presented. It is a simple generalization of Theorem 2.4 in [255].

Theorem 25.2 Suppose (etAn )t≥0, n ≥ 1 are strongly continuous semigroups
in a Banach space, and Wn, n ≥ 1 are bounded linear operators such that
limn→∞Wn = IX (strongly). Assume, furthermore, that there is an M > 0 such
that:

‖Wne
tAn‖ ≤ M, t ≥ 0. (25.9)

Finally, let A ⊂ Aex be a densely defined operator such that λ− A is dense inX

for all λ > 0. Then A is closable, A generates a strongly continuous semigroup,
and limn→∞WnetAn = etA strongly and almost uniformly in t ≥ 0.

Proof We argue as in Theorem 2.2. The Laplace transform of t 	→WnetAnx
defines a family of bounded linear operators:

Rn,λx =
∫ ∞

0
e−λtWne

tAnx dt, λ > 0, n ≥ 1, x ∈ X,

with ‖Rn,λ‖ ≤ M
λ
.We claim that the strong limit Rλ := limn→∞ Rn,λ exists for

all λ > 0. To prove this claim we take λ > 0 and note that it suffices to check
that limn→∞ Rn,λy exists for y of the form y = λx− Ax, x ∈ D(A), such y form-
ing a dense subspace by assumption. Taking xn ∈ D(An) such that limn→∞ xn =
x and limn→∞ Anxn we see that for yn = λxn − Anxn we have limn→∞ yn = y.
By the estimate for the norm of Rn,λ, the sequences (Rn,λy)n≥1 and (Rn,λyn)n≥1
converge or diverge simultaneously. On the other hand,

Rn,λyn =
∫ ∞

0
Wne

−(λ−An )t (λxn − Anxn) dt

=
∫ ∞

0

d

dt
(Wne

−(λ−An )t xn) dt =Wnxn −→
n→∞ x,

proving the claim. As a by-product of the proof we obtain:

Rλ(λx− Ax) = x, x ∈ D(A). (25.10)
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Next, for x ∈ D(A) we take xn ∈ D(An) as earlier, and consider:

fn(t ) =Wne
tAnxn =Wnxn +

∫ t

0
Wne

sAnAnxn ds, n ≥ 1, t ≥ 0. (25.11)

These functions are Lipschitz continuous with common constant:

L = M sup
n≥1
‖Anxn‖.

Moreover, their Laplace transforms converge, by the first part of the proof.
Hence, by Lemma 2.1, the limit limn→∞WnetAnxn exists and is almost uniform
in t ≥ 0. By (25.9), it follows that the same is true if xn is replaced by x. By the
same token, since D(A) is dense in X, for any x ∈ X, the limit:

T (t )x = lim
n→∞Wne

tAnx

exists and is almost uniform in t ≥ 0. In particular, {T (t ), t ≥ 0} is a strongly
continuous family of bounded linear operators with ‖T (t )‖ ≤ M, and:

lim
t→0

T (t )x = x, Rλx =
∫ ∞

0
e−λtT (t )x dt, x ∈ X, λ > 0. (25.12)

Using (25.10), for x ∈ D(A) and λ,μ > 0:

(λ− μ)RμRλ(λx− Ax) = (λ− μ)Rμx, and

(Rμ − Rλ)(λx− Ax) = Rμ(μx− Ax)+ Rμ(λ− μ)x− x

= (λ− μ)Rμx.

It follows that the bounded linear operators (λ− μ)RμRλ andRμ − Rλ coincide
on a dense set, and therefore are equal. In other words, the Hilbert Equation
(1.2) is satisfied. We know from Chapter 7 that this implies that Rλ, λ > 0 have
common range and kernel. On the other hand, by (25.12),

lim
λ→∞

λRλx = x, x ∈ X. (25.13)

In particular, the kernel of Rλ, λ > 0 is trivial. Defining B = λ− (Rλ)−1 on the
range of Rλ, we obtain a closed linear operator, and, by the Hilbert Equation,
the definition of B does not depend on λ > 0. Relation (25.13) shows that B
is densely defined. Since Rλ = (λ− B)−1, the second part of (25.12) may be
written as:

(λ− B)−1x =
∫ ∞

0
e−λtT (t )x dt, x ∈ X, λ > 0.

It follows (see, e.g., [9, Thm 3.1.7]) that {T (t ), t ≥ 0} is a strongly continuous
semigroup, and B is its generator.
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Finally, taking x ∈ D(A) and letting n→∞ in (25.11), we obtain T (t )x =
x+ ∫ t0 T (s)Ax ds, t > 0. Dividing by t and letting t → 0, yields then x ∈ D(B)
and Bx = Ax.Hence, B is a closed extension of A, and so A is closable. Clearly,
A ⊂ B. To check that B cannot be a proper extension of Awe argue as in Corol-
lary 8.4. �

� Chapter’s summary

Boundedness condition may be relaxed to some extent, if additional informa-
tion on the limit operator and/or semigroup is available. In fact, assumptions of
boundedness and existence of the limit semigroup are complementary. In gen-
eral, convergence requires some kind of boundedness and some information on
the extended limit. Moreover, if there is no hope for any kind of boundedness
we may still resort to stabilizing operators.



PART II

Irregular convergence
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First Examples

Can a sequence of semigroups converge outside of the regularity space? A
casual reader may quickly answer in the negative: didn’t we define the reg-
ularity space as the space where the semigroups converge? No, we did not. The
regularity space is the space where the semigroups converge almost uniformly
in t ∈ [0,∞). Hence, the semigroups may and in fact quite often do converge
outside of the regularity space, though they do not converge almost uniformly in
t ∈ [0,∞). Such convergence will be referred to as irregular. Unfortunately,
the methods developed in the first part of the book are in general useless in
proving such convergence: we have reached the limits of the theory of strongly
continuous semigroups.
Let us start by presenting a simple and yet surprising example showing that

semigroups may converge even if the regularity space is trivial, [52].

Example 26.1 Let {T0(t ), t ≥ 0} be a semigroup of equibounded operators
in a Banach space X, generated by an operator A0, and let An = A0 − nIX.
Then, eAnt = e−ntT0(t ) and the semigroups (etAn )t≥0, n ≥ 0 are equibounded.
Moreover, Rλ = limn→∞(λ− An)−1 = limn→∞(λ+ n− A0)−1 = 0, (even in
the operator norm) since ‖(λ+ n− A0)−1‖ ≤ M

λ+n for appropriate constantM.
Hence X0 = {0} and all we can infer from the Trotter–Kato Theorem is that
limn→∞ etAn0 = 0, while in fact we have limn→∞ etAn = 0, t > 0 in the opera-
tor norm. �

Example 26.2 For given a, b ≥ 0, let:

An =
(−a a
b −b− n

)
, n ≥ 0, I =

(
1 0
0 1

)
, and J =

(
1 0
0 0

)
.

From Chapter 13 we know that ‖ exp(tA0)‖ = 1, where A0 is treated as an
operator in R2 equipped with the norm ‖(xy)‖ = |x| + |y|. (Recall that the value
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of A0 on
(x
y

) ∈ R2 is obtained by multiplying A0 by (x, y) from the left; in

agreement with notations used throughout the book we write, however, A0
(x
y

)
for this value.) Moreover, ‖J‖ = 1 and so, by the Phillips Perturbation The-
orem, ‖ exp[t(A0 + nJ)]‖ ≤ ent . Hence, as An = A0 + nJ − nI, ‖ exp(tAn)‖ =
e−nt‖ exp[t(A0 + nJ)]‖ ≤ 1.

Let us consider a sequence
(xn
yn

)
, n ≥ 1 of points of R2. The sequences(xn

yn

)
, n ≥ 1 and An

(xn
yn

)
, n ≥ 1 converge simultaneously iff there exists the limit

limn→∞ nyn =: l; in particular we have then limn→∞ yn = 0. In this case,
limn→∞ An

(xn
yn

) = (−axax−l
)
, where x = limn→∞ xn. This shows that D(Aex) = X0

is composed of
(x
y

)
with y = 0, and Aex restricted to X0 is given by Aex

(x
0

) =(−ax
0

)
. In other words, we obtain:

lim
n→∞ exp(tAn)

(
x

0

)
=
(
e−atx
0

)
, x ∈ R, t ≥ 0. (26.1)

On the other hand, recalling a formula from page 7 of [269],

exp(tAn) = ernt
{
sinh(t pn)

pn
An +

[
cosh(t pn)− rn

pn
sinh(t pn)

]
I

}
, (26.2)

where rn = trace(An )
2 = − a+b+n

2 , pn =
√
r2n − dn and dn = det(An) = an. Since

limn→∞ rn
pn
= −1, limn→∞ n

pn
= 2, and limn→∞(rn + pn) = −a, we obtain:

lim
n→∞ exp(tAn)

(
x

y

)
=
(
e−atx
0

)
, x, y ∈ R, t > 0, (26.3)

that is, that the semigroups converge on the whole of X.
To explain the probabilistic intuition behind this example, we note that A0

is an intensity matrix of a (most general) two-state honest Markov chain. For
n ≥ 1, An is an intensity matrix of a sub-Markov chain behaving as follows.
Starting in state 1, the chain remains there for an exponential time with param-
eter a, and then jumps to the state 2. At 2, the chain waits for an exponential
time with parameter b+ n; at the moment of jump it goes to state 1 with prob-
ability b

b+n or disappears with probability n
b+n . It is clear that as n→∞, such

processes approach the process which, at the state 1 waits for an exponential
timewith parameter a to jump to state 2, and at state 2 it immediately disappears
from the state-space. �

Example 26.3 Let X = l∞ be the space of bounded sequences x = (ξn)n≥1
equipped with the supremum norm, and A be the operator given by Ax =
(−nξn)n≥1 defined on the domain D(A) ⊂ l∞ composed of all x such that
(−nξn)n≥1 belongs to l∞. We have λ(λ− A)−1(ηn)n≥1 = ( λ

λ+nηn)n≥1, and so
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‖λ(λ− A)−1‖ ≤ 1, λ > 0, proving that the estimate (8.3) is satisfied withM =
1. Hence, A is a Hille–Yosida operator.
From Chapter 8 we know that for the Yosida approximation of A, Aex is

A and the regularity space X0 is the closure of D(A). Here, any x ∈ D(A)
is also a member of c0 (the space of sequences converging to zero) because
|ξn| ≤ 1

n‖(nξn)n≥1‖, and so the closure of D(A) is contained in c0. Consider-
ing sequences (ξn)n≥1 that are eventually zero, we prove that X0 = cl D(A) =
c0 � l1.
Despite this fact the Yosida approximation of A converges for all x ∈ l∞.

This can be seen by noting first that:

eAλt x =
(
e−λte

λ2

λ+n tξn

)
n≥1

=
(
e−

λn
λ+n tξn

)
n≥1

and that limλ→∞ e−
λn
λ+n t = e−nt, t ≥ 0. Defining:

T (t )x = (e−ntξn)n≥1 , x ∈ l∞, (26.4)

we have, for any k ∈ N,

‖T (t )x− eAλt x‖ ≤ sup
1≤n<k

|e− λn
λ+n t − e−nt | ‖x‖ + e−

λk
λ+k t‖x‖. (26.5)

This is because for n ≥ k,∣∣∣e− λn
λ+n t − e−nt

∣∣∣ = e−
λn
λ+n t − e−nt < e−

λn
λ+n t < e−

λk
λ+k t

since λn
λ+n ≤ n and the sequence e−

λn
λ+n t, n ≥ 1, decreases. Now, for arbitrary

t > 0 and ε > 0 we choose a k so that e−kt‖x‖ < ε
2 ; in fact one such k may

be chosen for all t larger than a given t0. With this k fixed we may choose a λ
large enough so that the supremum in (26.5) is less than ε

2 and so is e−
kλ
λ+k t‖x‖,

uniformly in any interval [t0, t1] where 0 < t0 < t1.
Thus, the Yosida approximation converges for x ∈ l∞ uniformly in any inter-

val [t0, t1]. If x belongs to c0, the term e−
λk
λ+k t‖x‖ in (26.5) may be replaced by

supn≥k |ξn|. Since for such x, limk→∞ supn≥k |ξn| = 0, in this case the conver-
gence is almost uniform in t ≥ 0. As we shall see in Chapter 28, this situation
is typical: convergence outside of X0 is always almost uniform in t ∈ (0,∞).

Example 26.4 Let {T (t ), t ≥ 0} be an asymptotically stable semigroup in
a Banach space X: that is, assume that limt→∞ T (t )x = 0 strongly for
x ∈ X. By the Banach–Steinhauss Theorem, this implies that the operators
involved are equibounded and so are the semigroups {Tn(t ), t ≥ 0} defined by
Tn(t ) = T (nt ), t ≥ 0, n ≥ 1. Moreover, we have limn→∞ Tn(t )x = 0, t > 0 and
limn→∞ Tn(0)x = x. The limit here is not almost uniform in [0,∞), except in
the case where x = 0 – it is almost uniform in (0,∞), even uniform in any
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interval of the form [δ,∞) where δ > 0. In other words,X0 = {0}, but the semi-
groups converge on the whole of X.

Example 26.5 Let X be a Banach lattice with order continuous norm and let
A0 be the generator of a positive strongly continuous contraction semigroup
in X. Suppose that Bn is a sequence of positive increasing sequence of oper-
ators, that is, that D(Bn) ⊂ D(Bn+1) and 0 ≤ Bnx ≤ Bn+1x, for non-negative
x ∈ D(Bn), n ≥ 1. Assume finally that the operators An = A0 − Bn, n ≥ 1 with
domains D(A0) ∩D(Bn), respectively, generate positive strongly continuous
contraction semigroups in X. (This scheme is discussed in [24] in the con-
text of difficulties with constructing semigroups related to fragmentation mod-
els with spatial dependence and external fields.) These assumptions imply
0 ≤ (λ− An+1)−1 ≤ (λ− An)−1, n ≥ 1, λ > 0. To see this we note that for
x ∈ X, the xn = (λ− An)−1x satisfy λxn − A0xn + Bnxn = x. Hence, if x ≥ 0,
we have xn ≥ 0 and:

xn+1 = (λ− An+1)−1 (λxn − A0xn + Bn+1xn + Bnxn − Bn+1xn) (26.6)

≤ (λ− An+1)−1 (λxn − A0xn + Bn+1xn) = xn (26.7)

since Bnxn ≤ Bn+1xn. Therefore, the limit limn→∞(λ− An)−1x exists for non-
negative, hence all elements x ∈ X. On the other hand, the fact that (λ−
An)−1, n ≥ 1 is decreasing implies etAn+1 ≤ etAn , t ≥ 0, n ≥ 1 and establishes
strong convergence of etAn , n ≥ 1 for each t ≥ 0.
By the Sova–Kurtz Theorem, these semigroups converge almost uniformly

in [0,∞) for x ∈ X0, which is the closure of D(Aex) – and the authors of [24]
make an assumption to the effect that X0 = X. However, as we have already
noted, the semigroups do converge on the whole of X regardless of whether we
make such an assumption or not.

Example 26.6 The semigroups considered here are building blocks of the
model of stochastic gene expression of Chapter 46 and constitute a special
example of the Tikhonov Theorem of Chapter 44, but are worthwhile presenting
independently. Let X = C([0, 1]2) and for given r > 1, i ∈ {0, 1}, let the semi-
group {Si,r(t ), t ≥ 0} be given by Si,r(t ) f (x, y) = f (xi(t ), yi,r(t )) where xi(t ) =
i+ (x− i)e−t and yi,r(t ) = ye−rt + r

r−1 (x− i)(e−t − e−rt )+ i(1− e−rt ), t ≥
0.We note that (xi(t ), yi,r(t )) is the solution of the Cauchy problem:

dxi
dt
= i− xi,

dyi,r
dt

= r(xi − yi,r ), xi(0) = x, yi,r(0) = y ∈ [0, 1]. (26.8)
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The second equation here implies that yi,r chases xi with efficiency r. Hence,
as r becomes infinite, yi,r should become equal to xi, and in the limit we should
obtain the semigroup related to the Cauchy problem dxi

dt = i− xi, xi(0) = x.
And this is so: we check that the domain of the extended limit, as r→∞,

of generators of these semigroups is contained in the subspace X0 of func-
tions f ∈ X that do not depend on y: f (x, y) = f (x, x), x, y ∈ [0, 1].Moreover,
the domain of the part of the extended generator A in X0, contains functions
such that [0, 1] � x 	→ f (x, x) is continuously differentiable (with left-hand
and right-hand derivatives at 1 and 0, respectively), and for such f is given
by A f (x, x) = (i− x) d f (x,x)

dx . It follows that the regularity space here is the
space X0 of functions that do not depend on y. The proof of these statements
is straightforward but quite lengthy, especially for what we obtain as a result:
for f ∈ X0, limr→∞ Si,r(t ) f (x, y) = f (xi(t ), xi(t )). For, by direct inspection we
have, for f ∈ X0, Si,r(t ) f (x, y) = f (xi(t ), yi,r(t )) = f (xi(t ), xi(t )).

On the other hand, the distance between:

(xi(t ), yi,r(t )) and (xi(t ), xi(t ))

is:∣∣∣∣(y− i)e−rt+ 1

r − 1
(x− i)e−t− r

r − 1
(x− i)e−rt

∣∣∣∣ ≤ (1+ r

r − 1
)e−rt + 1

r − 1
.

Hence, by uniform continuity of f ∈ X, we obtain that for any f ∈ X,
limr→∞ Si,r(t ) f (x, y) = f (xi(t ), xi(t )), with the limit uniform in any interval
of the form t ∈ [δ,∞), δ > 0 but in general not almost uniform in [0,∞).
In other words, despite the fact that X0 � X the semigroups converge on the

whole of X. �

Example 26.7 Irregular convergence may also take place in the context
of Chernoff’s Product Formula, or the Trotter Product Formula; see [198,
200, 277]. To consider just one simple example, let us come back to
Nittka’s approximation (19.10), and let Pε be the contraction in C[−∞,∞]
given by Pε = EεR. The family Sε (t ) = EεetAεR, t ≥ 0 is then a semigroup in
C[−∞,∞], which is degenerate in the sense that limt→0 Sε (t ) f = f merely
for f ∈ C[−∞,∞] satisfying Pε f = f . Since convergence in (19.10) is almost
uniform, instead of t we may take tn = nt

n+1 , to conclude that limn→∞ etAε f =
limn→∞(Re

tn
n AEε )n f , f ∈ C[0,∞]. Replacing f by R f , f ∈ C[−∞,∞] and

applying Eε to both sides of this relation, we see that:

Sε (t ) f = lim
n→∞Eε (Re

t
n+1AEε )

nR f = lim
n→∞(Pεe

t
n+1A)nPε f

= lim
n→∞(Pεe

t
n+1A)n+1 f = lim

n→∞(Pεe
t
n A)n f , f ∈ C[−∞,∞], t > 0,
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and the same argument applies to Nittka’s general setup (see [277] p. 1439).
Clearly, the limit cannot be uniform around t = 0 for f 
= Pε f , and we are deal-
ing with the Trotter’s Product Formula involving two semigroups, one of which
(T (t ) := Pε, t ≥ 0) is degenerate. (In particular, here X0 is the space where
f = Pε f .)

Exercise 26.1 Using the fact that An in Example 26.2 satisfy A2
n + (a+ b+

n)An + anI = 0 (which is a particular case of the Cayley–Hamilton The-
orem [236]) show (26.2). Hint: show (λ1,n − λ2,n)Akn = (λk1,n − λk2,n)An +
(λ1,nλk2,n − λ2,nλ

k
1,n)I, n, k ≥ 1, where λi,n = rn − (−1)i pn, i = 1, 2.

Exercise 26.2 Prove (26.1) by checking that:

(λ− An)
−1 = 1

λ2 + λ(a+ b)+ n(λ+ a)

(
λ+ b+ n a

b λ+ a

)
.

Exercise 26.3 Consider the system of equations:

dx

dt
= α − βx,

dy

dt
= γ x− δy, x(0) = x0, y(0) = y0 ∈ R, (26.9)

describing dynamics of mRNA (x) and protein (y) levels, provided the gene
responsible for the protein’s production is turned on (comp. Exercise 2.2,
p. 23 in [3] and the model of gene expression in Chapter 46, equation (46.3)).
Here, α, β, γ , and δ are positive constants describing production rate and nat-
ural decay of mRNA and the protein. Use the variation of constants formula
to find the solution of this equation. Consider also the case where production
and degradation of mRNA takes place on the much faster scale than that of the
protein, that is, replace α and β by nα and nβ, respectively, and check that the
corresponding solutions converge to those of:

x = α

β
,

dy

dt
= γα

β
− δy, y(0) = y0 ∈ R. (26.10)

Is this convergence uniform in t? In which intervals?
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� Chapter’s summary

A number of examples are given showing that semigroups may and in fact quite
often do converge outside of the regularity space. Of course, outside the regu-
larity space convergence fails to be uniform and is merely point-wise. As we
shall see later, it is around t = 0 that the limit is not uniform.
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Extremely Strong Genetic Drift

In this chapter, we discuss another example of a family of semigroups converg-
ing outside of the regularity space. This family is related to the notion of genetic
drift and comes from [66, 67].
As formula (21.1) shows, if the population sizeM = 2N in theWright–Fisher

model is large and the time is measured in units of M = 2N generations, the
distribution of the time (counted backward) when there are j ancestors of the
given sample is approximately exponential with parameter j( j − 1)/2. In par-
ticular, the time to the most recent common ancestors of a pair of individuals
is approximately exponential with parameter M−1 = (2N)−1.
In the related Moran-type model with mutations, time is continuous, indi-

viduals are exchangeable, and the distribution of the time to the common
ancestor of two individuals is exponential with parameter N−1, where N is
the so-called effective population size (in general, the whole of the popula-
tion cannot mate randomly, hence, to correct for this, the actual size of the
population must be reduced to its effective size N; N does not have to be an
integer).
Consider a locus on a chromosome of an individual in such a model, and

suppose that the alleles (variants) at this locus may be numbered by posi-
tive integers so that the mutation process is a Markov chain with values in
N. This is the case for example with micro-satellite loci, where the Durret-
Kruglyak Markov chain describes the number of short tandem repeats [120].
Let {P(t ), t ≥ 0} be the related semigroup of Markov operators in l1, the space
of absolutely summable sequences; if x ∈ l1 is the initial distribution of the
chain, then P(t )x is its distribution at time t. Operators P(t ) may be identified
with transition matrices of the chain and the value of P(t )x is obtained by multi-
plying the corresponding matrix by x from the left. Analogously, if the intensity
matrix Q involved is nonexplosive, Q may be identified with the generator of
{P(t ), t ≥ 0} (see Chapter 13 or [49, 180, 278]).
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Figure 27.1 Extremely strong genetic drift by Marek Bobrowski

LetM be the space of matrices (mi j )i, j∈N with absolutely summable entries,
and letMs be its subspace where mi j = mji (“s” is for “symmetric”). Because
the members of our population are exchangeable, the joint distribution of allelic
types of two individuals sampled from the population is a member ofMs. Our
first goal is to study the time evolution of such a joint distribution.
To this end, suppose that we have observed the population in the time inter-

val [0, t] and that the joint allelic distribution of two individuals sampled from
this population at time 0 was m ∈Ms. Consider two individuals living at time
t; with probability e−t/N their common ancestor died before time 0, when we
started to observe the population. In such a case, since during the time inter-
val [0, t] the individuals evolved independently, the joint allelic distribution is
T (t )m = P(t )mP∗(t ), where ∗ denotes the transpose. (We note in passing that
T (t ) is the tensor product of two copies of P(t ), i.e., T (t ) = P(t )⊗ P(t ). Here,
M is viewed as the projective tensor product [108, 304] of two copies of l1;
Ms is invariant for T (t ). More specifically M = l1⊗̂π l1, and T (t ) = P(t )⊗π

P(t ).) This is just saying that if X (t ) and Y (t ) are processes representing
allelic types of our individuals, then, by independence assumption, Pr(X (t ) =
i,Y (t ) = j) =∑k,l≥1 pki(t )pl j(t ) Pr(X (0) = k,Y (0) = l), where pki(t ) are the
entries of P(t ), that is, the transition probabilities of theMarkov chain involved.
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Suppose next that the time to the most recent common ancestor equals s ∈
[0, t], so that the split of genealogical lines of our individuals occurred at t − s.
The distribution of allelic type of the common ancestor at 0 is the marginal
distribution of m, and at time t − s, this distribution is P(t − s)Km, where the
operator K : Ms → l1:

Km =
( ∞∑
i=1

mi j

)
j≥1
=
⎛⎝ ∞∑

j=1
mi j

⎞⎠
i≥1

calculates the marginal distribution of a symmetric joint probability matrix.
Immediately after the split, the joint probability distribution of the pair of pro-
cesses formed of the common ancestor was concentrated on the main diagonal
and was equal to�P(t − s)Km where�(ξi)i≥1 is the diagonalization of (ξ )i≥1,
that is, the entries of �(ξi)i≥1 are all zero except on the diagonal where the
(i, i) entry is ξi. Hence, at time t the joint distribution of our two individuals is
T (s)�P(t − s)Km.
Gathering all the information, we obtain that the joint distribution of allelic

types of two individuals sampled at time t from the Moran population is:

SN (t )m = e−
t
N T (t )m+ 1

N

∫ t

0
e−

s
N T (s)�P(t − s)Km ds. (27.1)

Using the facts that K� = Il1 and:

KT (t ) = P(t )K

(the latter formula says that the operator K intertwines semigroups {T (t ), t ≥
0} and {P(t ), t ≥ 0}, [127, 287]), we check that {SN (t ), t ≥ 0} is a strongly con-
tinuous semigroup inMs generated by A+ 1

N�K − 1
N IMs , where A is the gen-

erator of {T (t ), t ≥ 0}. (For the characterization of A in terms of Q see, e.g.,
[269].)
Clearly, for extremely small N, the Markov chains involved here are strongly

correlated: the genetic drift is so strong that the individuals are almost iden-
tical. Hence, as N → 0, we should expect that the semigroups {SN (t ), t ≥ 0}
converge in a sense to {P(t ), t ≥ 0}, which describes the evolution of a single
individual.
This may be achieved as follows. The subspace D of Ms formed by matri-

ces with off-diagonal entries equal to zero, is isometrically isomorphic to l1;
the isomorphism is � : l1 →Ms with the inverse K restricted to the range
of �. Hence, the semigroup {P�(t ), t ≥ 0} given by P�(t ) = �P(t )K is an
isometrically isomorphic copy of {P(t ), t ≥ 0} inD. Clearly,P�(t ) has an exten-
sion to the whole ofMs, which we denote by the same symbol. We remark that
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although t 	→ P�(t )m is continuous form ∈Ms, {P�(t ), t ≥ 0} is not a strongly
continuous semigroup, since limt→0 P�(t )m = �Km 
= m unless m ∈ D.
We claim that limN→0 SN (t )m = P�(t )m, t > 0. For m ∈ D this may be

proved using the the Trotter–Kato Theorem (see Exercise 27.2). However, for-
mula (27.1) provides a simple proof of the general result. To show this, we note
that as N → 0 the measures on [0,∞) with densities t 	→ 1

N e
−t/N tend weakly

to the Dirac measure at zero (the point mass at 0). Therefore, since T (t ) and
P(t ) are contractions, the integral in (27.1) converges as N → 0 to the value of
the integrand at 0, that is, to �P(t )Km = P�(t )m. Since the first term in (27.1)
converges to 0 (for t > 0), the claim is proved.

Exercise 27.1 Check directly that, for SN (t ) defined in (27.1),

lim
N→∞

SN (t ) = T (t ),

uniformly in compact intervals.

Exercise 27.2 Let X and Y be two Banach spaces, and let K : X → Y and
� : Y → X be two bounded linear operators such that K� = IY; in the non-
trivial case, though, we do not have �K = IX. Also, let (etA)t≥0 and (etB)t≥0
be two strongly continuous semigroups of equibounded operators in X and Y,
respectively, and assume that K intertwines (etA)t≥0 and (etB)t≥0: etBK = KetA,
t ≥ 0.

� Using the Phillips Perturbation Theorem or checking directly prove that for
any ε > 0 the operator Aε = A+ 1

ε
�K − 1

ε
IX (with domain D(A)) generates

a strongly continuous semigroup {Sε (t ), t ≥ 0} given by:

Sε (t ) = e−
t
ε etA + 1

ε

∫ t

0
e−

s
ε esA�e(t−s)BK ds. (27.2)

� Check the following facts. K is onto Y since it has the right inverse �.
Hence, the range of � is equal to the range of �K. Since �K is idempo-
tent ((�K)2 = �K), its range X′ is a closed linear subspace of X. Thus, �
being injective, it establishes an isomorphism betweenY andX′, with inverse
K|X′ . The semigroup composed of S(t ) = �etBK (as restricted to X′) is thus
the isomorphic copy in X′ of the semigroup (etB)t≥0 in Y.

� Check that (λ− Aε )−1 = (λ+ 1
ε
− A)−1 + 1

ε
(λ+ 1

ε
− A)−1�(λ− B)−1K

for λ > 0. Use this to prove that X′ = X0 (the regularity space), and
limε→0 Sε (t )x = S(t )x, x ∈ X′, t ≥ 0 from the Trotter–Kato Theorem.

� Use (27.2) to show that limε→0 Sε (t )x = S(t )x, x ∈ X, t > 0.
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� Chapter’s summary

As another illustration of the fact that semigroups may converge outside of
their regularity space, we consider the limit, as N → 0, of a family of semi-
groups modeling dynamics of joint distribution of allelic types of two individ-
uals sampled from aMoran population of effective size N. The limit semigroup
is “degenerated” in the sense that it describes a pair of two identical individ-
uals, so that while the approximating semigroups are defined in the space of
summable matrices, the regularity space is composed of its subspace of matri-
ces that are diagonal.
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The Nature of Irregular Convergence

By the Trotter–Kato Theorem, on the regularity space X0 the semigroups con-
verge almost uniformly in t ∈ R+. The situation outside of X0 is somewhat
similar: the limit, if it exists, is almost uniform in t ∈ R+∗ [48]. This chapter is
devoted to the proof of this result.
We start with the connection between irregular convergence and generation

of noncontinuous semigroups. To this end, suppose that A is a Hille–Yosida
operator. We know that the part Ap of A in X0 = cl D(A) generates a strongly
continuous semigroup there. In particular, (λ− Ap)−1x =

∫∞
0 e−λtetApx dt, x ∈

X0. The operator A itself generates a once-integrated semigroup (U (t ))t≥0 and
we have:

(λ− A)−1 x = λ

∫ ∞

0
e−λtU (t )x dt, x ∈ X. (28.1)

However, sometimes there exists a semigroup (T (t ))t≥0 of bounded operators
such that:

(λ− A)−1 x =
∫ ∞

0
e−λtT (t )x dt, x ∈ X, (28.2)

and then we say that A generates a noncontinuous semigroup, see, for example,
[9]. (This is the case, e.g., with the operator in Example 26.3 of Chapter 26 and
the semigroup (26.4).) The adjective noncontinuous refers to the fact that this
semigroup is not strongly continuous except for x ∈ X0. Instead, the trajectories
t 	→ T (t )x are assumed to be merely (Bochner) measurable. By [180] p. 305,
Thm. 10.2.3, this implies that they are continuous in t ∈ (0,∞). Since the
Laplace transform restricted to continuous functions is injective, this implies
that the semigroup, if it exists, is unique. We note the following criterion for
existence of such a semigroup.
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Proposition 28.1 The following conditions are equivalent:

a) etAp (λ− A)−1 f belongs to D(Ap), for all x ∈ X, λ > 0, and t > 0;
b) for all x ∈ X and t > 0, the limit limμ→∞ etApμ(μ− A)−1x exists;
c) A generates a noncontinuous semigroup (T (t ))t≥0.

If these conditions are satisfied, T (t )x = limμ→∞ etApμ(μ− A)−1x.

Proof For x ∈ X, t ≥ 0 and μ > 0 let:

Uμ(t )x = μ

∫ t

0
esAp (μ− A)−1x ds− etAp (μ− A)−1x+ (μ− A)−1x. (28.3)

Clearly, t 	→ Uμ(t ) is strongly continuous with ‖Uμ(t )‖ ≤ M2t + (M2 +
M)μ−1, and:

λ

∫ ∞

0
e−λtUμ(t )x dt = λμ

∫ ∞

0
e−λt
∫ t

0
esAp (μ− A)−1x ds dt

− λ (λ− A)−1 (μ− A)−1x+ (μ− A)−1x

= μ (λ− A)−1 (μ− A)−1x

− λ (λ− A)−1 (μ− A)−1x+ (μ− A)−1x

= (λ− A)−1 x.

Hence, by (28.1) and the injectivity of the Laplace transform for continuous
functions, Uμ(t ) does not depend on μ > 0 and coincides with the integrated
semigroup generated by A.

If (c) holds, then integrating (28.2) by parts and comparing with (28.1),
by injectivity of the Laplace transform for continuous functions, we see that
U (t )x = ∫ t0 T (s)x ds, t > 0, x ∈ X. Hence, (0,∞) � t 	→ U (t ) is strongly dif-
ferentiable. Because U coincides with Uμ, so is t 	→ etAp (μ− A)−1 or, which
is the same, a) holds.
By Exercise 8.4, (a) implies that limμ→∞ μ(μ(μ− A)−1 − I)etAp (λ− A)−1x

exists for all x ∈ X, t > 0 and λ > 0. Since etAp commutes with (λ− A)−1 and
because of the Hilbert Equation, the expression above is etApμλ(μ− A)−1(λ−
A)−1x− etApμ(μ− A)−1x. Since the limit of the first term here exists also, b)
follows.
Finally, if (c) holds, we may define T (t ) = limλ→∞ etApλ(λ− A)−1, t > 0.

Since the range of (λ− A)−1 belongs to X0, T (t ) is an extension of etAp and
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T (t )x ∈ X0, x ∈ X. Hence, by (8.4),

T (s)T (t )x = lim
μ→∞ esApetApμ(μ− A)−1x = lim

μ→∞ e(s+t )Apμ(μ− A)−1x

= T (t + s)x

proving the semigroup property. Finally, the trajectories of (T (t ))t≥0 are
bounded and measurable, as limits of continuous functions, and the
calculation:∫ ∞

0
e−λtT (t )x dt = lim

μ→∞

∫ ∞

0
e−λtμetAp (μ− A)−1x dt

= lim
μ→∞(λ− A0)

−1μ(μ− A)−1x

= lim
μ→∞μ(μ− A)−1 (λ− A)−1 x = (λ− A)−1 x,

shows (28.2). �
Example 28.2 A well-known example of a nondensely defined operator gen-
erating a noncontinuous semigroup is that of a sectorial operator. Apparently
the first to consider this example where Da Prato and Sinestrari [291, 314],
who noted that with an operator A satisfying (15.4), but not densely defined,
onemay associate the semigroup defined by the Dunford integral (15.5). Except
for x ∈ X0 this semigroup no longer has the property that limt→0,t∈�δ

etAx = x
for δ ∈ (0, δ0). See also [246].
For t > 0 this semigroup coincides with the one described in Proposition

28.1. For Ap is a sectorial operator and generates the strongly continuous semi-
group given by (15.5). It is well known that etApx ∈ D(Ap) for all x ∈ X0 and
t > 0 ([9] p.160, [128] p. 101, [201] p. 488, or [284] p. 61). This implies that
condition a) in Proposition 28.1 is satisfied, and the semigroup generated by A
exists. Moreover,

T (t )x = lim
μ→∞ etApμ(μ− A)−1x

= lim
μ→∞

1

2π i

∫
γ

etλμ(μ− A)−1(λ− A)−1x dλ

= 1

2π i

∫
γ

etλ(λ− A)−1x dλ, x ∈ X, t > 0

as claimed.

Proposition 28.3 Assume that the semigroups (etAn )t≥0 satisfy (2.1). The
strong limit limn→∞ etAnx exists for all x ∈ X, iff the operator A defined by
(14.1) generates a noncontinuous semigroup in c(X).
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Proof For necessity, suppose that (T (t ))t≥0 is the semigroup generated by A.
Then, for (xn)n≥1 ∈ c(X),∫ ∞

0
e−λtT (t )(xn)n≥1 dt = (λ−A)−1 (xn)n≥1 =

(
(λ− An)

−1 xn
)
n≥1

=
(∫ ∞

0
e−λtetAnxn dt

)
n≥1

.

Since the Laplace transform is injective for continuous functions, we must have
T (t )(xn)n≥1 = (etAnxn)n≥1. In particular, for all x ∈ X, (etAnx)n≥1 belongs to
c(X), that is, limn→∞ etAnx exists.
Conversely, note that if (etAnx)n≥1 belongs to c(X) for all x ∈ X, then

(etAnxn)n≥1 belongs to c(X) for all (xn)n≥1 ∈ c(X), too. Define (T (t ))t≥0, T (t ) :
c(X)→ c(X), and (T0(t ))t≥0,T0(t ) : X → X by:

T (t )(xn)n≥1 =
(
etAnxn

)
n≥1 , T0(t )x = lim

n→∞ etAnx.

It is evident that (T (t ))t≥0 and T0(t ) are semigroups. Furthermore, the
trajectories t 	→ T0(t )x being pointwise limits of continuous functions are
strongly measurable ([180] p. 72, Thm 3.5.4), hence strongly continuous in
t > 0.

We proceed to show that the same is true for (T (t ))t≥0. Let us recall that
by the B. J. Pettis Theorem ([180] p.72, Thm 3.5.3), a vector-valued function
is strongly measurable iff it is weakly measurable and almost separably val-
ued. Fix (xn)n≥1 ∈ c(X) and let x = limn→∞ xn. The vectors T0(w)x where w

is a rational number form a dense set in Z = {y ∈ X; y = T0(t )x, t > 0}. Let
Z ⊂ c(X) be the set of all sequences (yn)n≥1 that are ultimately one of T0(w)x
and initially are of the form yn = Tn(wn)xn, where wn are rational numbers.
Then, Z is countable and its closure contains the set W = {(zn)n≥1, (zn)n≥1 =
T (t )(xn)n≥1, t > 0}. Indeed, for t > 0 and ε > 0 there exists an n0 ∈ N such
that for n > n0, ‖etAnxn − T0(t )x‖ < ε. Consequently, there is a rational num-
ber w such that ‖etAnxn − T0(w)x‖ < ε for such n. Next, we find rational num-
bersw1,w2, . . .wn0 such that ‖etAnxn − ewnAnxn‖ < ε, for n ≤ n0. Then, (zn)n≥1
defined as zn = ewnAnxn for n ≤ n0 and zn = T0(w)x for n > n0, belongs to Z
and ‖T (t )(xn)n≥1 − (zn)n≥1‖ < ε, as desired.
Furthermore, t → T (t ) is weakly measurable. Indeed, any functional � ∈

c(X)∗ may be represented in the form:

�(xn)n≥1 = ψ0(x)+
∞∑
n=1

ψn(xn)
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where x = limn→∞ xn, ψi ∈ X∗, and
∑∞

n=0 ‖ψn‖X∗ <∞, which implies that
t → �[(etAnxn)n≥1] is a pointwise limit of measurable functions. Thus, our
claim on strong measurability of (T (t ))t≥0 follows from Pettis’s Theorem.

Finally, ∫ ∞

0
e−λtT (t )(xn)n≥1 dt =

(∫ ∞

0
e−λtetAnxn dt

)
n≥1

= ((λ− An)
−1 xn

)
n≥1

= (λ−A)−1(xn)n≥1,

as desired. �

Theorem 28.4 Assume that the semigroups (etAn )t≥0 satisfy (2.1) and converge
on the whole of X. Then the limit is almost uniform in t ∈ (0,∞).

Proof The semigroup (T (t ))t≥0, being measurable, is strongly continuous for
t > 0, and, thus, uniformly continuous on any compact subinterval of (0,∞).
The same remarks apply to (T0(t ))t≥0. Fix x ∈ X and r > 1. For any ε > 0,
there exists a δ such that:

‖T (t ) (x)n≥1 − T (s) (x)n≥1 ‖ <
ε

3
and ‖T0(t ) f − T0(s) f‖ < ε

3
,

whenever |s− t| < δ and r−1 ≤ s, t ≤ r. Therefore, for such s, t, and all n ≥ 1
we get, recalling that T (t )(x)n≥1 = (etAnx)n≥1,

‖etAnx− T0(t )x‖ ≤ ‖etAnx− esAnx‖ + ‖esAnx− T0(s)x‖
+ ‖T0(s)x− T0(t )x‖ ≤ 2

3
ε + ‖esAnx− T0(s)x‖ (28.4)

Set si = r−1 + i δ2 , i = 1, 2, . . . , [ 2
δ
(r − r−1)] where [·] is integer part. For any

t ∈ [r−1, r], there exists an i such that |si − t| < δ. Since one can choose an n0
such that for n ≥ n0, supi ‖esiAn f − T0(si)‖ < ε

3 , by (28.4) we get:

sup
t∈[r−1,r]

‖etAnx− T0(t )x‖ < ε, for n ≥ n0,

as desired. �

Corollary 28.5 For all t > 0 and x ∈ X, T0(t )x belongs to X0.

Proof By Proposition 28.3, operator A generates a noncontinuous semigroup
(T (t ))t≥0. By Proposition 28.1, T (t )(xn)n≥1 ∈ clD(A). Since clD(A) is com-
posed of sequences converging to elements of X0, we are done. �
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� Chapter’s summary

The irregular convergence is somewhat regular: if the limit of semigroups
exists outside of X0, it is almost uniform in t ∈ (0,∞). Moreover, by nature,
the ranges of the operators forming the limit semigroup are contained in
X0.
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Irregular Convergence Is Preserved Under
Bounded Perturbations

A useful property of irregular convergence is that it is preserved under bounded
perturbations. To explain this in more detail, suppose that {etAn , t ≥ 0} are equi-
bounded, strongly continuous semigroups converging to a semigroup {T (t ), t ≥
0}, which is strongly continuous only on the regularity space X0 ⊂ X. Assume
also that Bn are bounded linear operators converging strongly to a B. Then, by
the Phillips Perturbation Theorem:

et(An+Bn ) =
∞∑
k=0

Sn,k(t ), (29.1)

where:

Sn,0 = etAn , Sn,k+1(t ) =
∫ t

0
e(t−s)AnBnSn,k(s) ds, k ≥ 0.

We note that ‖Sn,k(t )‖ ≤ M (MKt )k

k! , where M := supn≥1,t≥0 ‖etAn‖ and K :=
supn≥1 ‖Bn‖. Since Sn,0 converges by assumption, and the Lebesgue Dominated
Convergence Theorem together with limn→∞ Sn,k(t ) =: Sk(t ) implies:

lim
n→∞ Sn,k+1(t ) =

∫ t

0
T (t − s)BSk(s) ds,

all summands in (29.1) converge. Using the Lebesgue Dominated Convergence
Theorem again, we see that:

lim
n→∞ et(An+Bn ) =

∞∑
k=0

Sk(t ),

where:

S0(t ) = T (t ), Sk+1(t ) =
∫ t

0
T (t − s)BSk(s) ds, k ≥ 0.



164 Convergence Under Perturbations

This is what wemean by saying that irregular convergence is preserved under
bounded perturbations.We note that the regularity spaces of {etAn , t ≥ 0}, n ≥ 1
and {et(An+Bn ), t ≥ 0}, n ≥ 1 coincide.

A special case is obtained for:

T (t ) = etAP, (29.2)

where A is the generator of a strongly continuous semigroup in X0 and P is an
idempotent operator projecting X onto X0. Then,

S0(t ) = etAP, Sk+1(t ) =
∫ t

0
e(t−s)APBSk(s) ds P, k ≥ 0.

In other words,

lim
n→∞ et(An+Bn ) = et(A+PB)P (29.3)

where PB is treated as a bounded operator in X0. As we shall see, this explicit
formula comes in handy in many situations.
Here is an example. Let {Si,r(t ), t ≥ 0}, i ∈ {0, 1}, r > 0 be the strongly con-

tinuous semigroups inC([0, 1]2), introduced in Example 26.6, and let X be the
Cartesian product of two copies ofC([0, 1]2). Also, letAr be the generator of the
Cartesian product semigroup in X given by Sr(t )( f , g) = (S0,r(t ) f , S1,r(t )g),
f , g ∈ C([0, 1]2) and let B ∈ L(X) be given in the matrix form: B = (−β β

α −α),
where α and β are given non-negativemembers ofC([0, 1]2). By Example 26.6,

lim
r→∞ Sr(t ) = etAP,

where:

P( f , g)(x, y) = ( f (x, x), g(x, x)),

etA( f , g)(x, y) = ( f (x0(t ), x0(t )), g(x1(t ), x1(t ))),

for all (x, y) ∈ [0, 1]2, ( f , g) ∈ X, t ≥ 0. The operator P is a projection onto the
subspace X0 of pairs ( f , g) ∈ X of functions that do not depend on the second
coordinate y, and (etA)t≥0 is a semigroup in X0. Since convergence is preserved
under bounded convergence,

lim
r→∞ et(Ar+B) = et(A+PB)P, (29.4)

and to obtain the matrix form for PB it suffices to replace α and β in the defi-
nition of B by α̃(x, y) = α(x, x) and β̃(x, y) = β(x, x).

To interpret this result we note that the semigroups (etAr+B)t≥0 describe
a stochastic process (x(t ), y(t ), γ (t )), t ≥ 0 on two copies of the unit square
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[0, 1]2, indexed by 0 and 1, respectively.While on the zeroth copy of the square,
γ = 0 and the process moves along the integral curves of the system (26.8) with
i = 0. At a random time, the process jumps to the other copy of the square,
changing γ to 1 but without changing the x and y coordinates; the intensity of
the jumps’ β depends on the position of the process. Similarly, while at the
first copy the process moves along the trajectories of the system (26.8) with
i = 1, and at a random time jumps back to the zeroth copy with intensity α. In
other words, (x(t ), y(t ), γ (t )), t ≥ 0 is a solution of the stochastic differential
equation:

dx

dt
= γ − x, γ = 1

α→ γ = 0,
(29.5)

dy

dt
= r(x− y), γ = 0

β→ γ = 1.

This is a single-gene-copy-version of Lipniacki et al.’s model of gene expres-
sion to be discussed later in Chapter 46. As r→∞, y ‘becomes’ x and the
model reduces to:

dx

dt
= γ − x, γ = 1

α̃→ γ = 0, γ = 0
β̃→ γ = 1. (29.6)

This is exactly what (29.4) says, when we identify X0 with the Cartesian
product of two copies of C[0, 1], and the semigroup (etA)t≥0 with its isomor-
phic image etA( f , g)(x) = ( f (x0(t )), g(x1(t ))), f , g ∈ C[0, 1], x ∈ [0, 1], t ≥ 0,
in the latter space.

� Chapter’s summary

By perturbing an irregularly converging sequence of semigroups by a sequence
of bounded operators having a strong limit, we obtain another sequence of irreg-
ularly converging semigroups. If the limit of the first sequence is of special form
(29.2), the other limit is of the form (29.3).
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Stein’s Model

In the Stein’s model of neuronal variability – classical today, and quite gen-
erally “accepted as acceptable” – the state of a neuron is characterized by the
difference V between its actual potential and potential “at rest” [322, 323].

This difference, termed depolarization, increases at excitation impulses,
which form a Poisson process with parameter λ, and decreases in a similar
way at inhibitory impulses according to an independent Poisson process with
parameter μ.1 A characteristic feature of the model is a threshold value � >

0, above which the neuron “fires,” and V immediately resets to zero. Then a
refractory period begins, when excitation and inhibitory impulses have no
effect on V .

Because of this special period, a natural state-space for the model is not the
half-line (−∞,�) but rather the set depicted at Figure 30.1, with horizontal
interval (−1, 0)− (0, 0) corresponding to this period, here assumed to be of
unit length (see [303] for a slightly different approach). While at a point (0, p)
of the vertical half-line, the underlying Markov process is nearly of pure jump
type: it waits for an exponential time with parameter λ+ μ and then either
jumps to (0, p+ a), with probability λ

λ+μ or to (0, p− a), with probability μ

λ+μ ,
where a and b are excitation and inhibitory magnitudes; in between the jumps
the absolute value of the potential decreases along one of the curves t 	→ pe−νt

(cf., e.g., [146, Section 10.2]). Once V exceeds �, the process jumps to the
point (−1, 0) and proceeds through the interval (−1, 0)− (0, 0) with constant
speed: after reaching (0, 0) it resumes jumping (and decreasing).

Notwithstanding the fact that the refractory period, from the mathematical
point of view, makes the model nontrivial, sometimes its existence may be

1 In the simplest version of the model (see [322, p. 175] or [346, p. 107]), the latter possibility is
excluded – see, however, [322, p. 181]. Of course, for the model to work properly, parameters
λ,μ, a, b, and ν (see further on) must be chosen so that the general tendency for V to increase
remains.
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(-1,0)

(0,Θ)

Figure 30.1 State-space of the Stein model with dashed arrows depicting jumps
and the solid line denotingmotionwith constant speed. Exponential decay between
jumps is neglected.

disregarded (see, e.g., [346]). In such a case, the state-space shrinks back to
the vertical half-line (−∞,�), and the entire process is really simple. In this
chapter, we would like to obtain this simplified model as a limit of the full
model with the length of refractory period decreasing to zero or, equivalently,
with the speed v with which the process proceeds through the refractory period
increasing to infinity (see Figure 30.2). In our analysis, for simplicity of exposi-
tion, we assume that the exponential decay parameter ν is zero, that is, that the
effect of decay between jumps is negligible. (Incorporating ν > 0 to the model
requires changing the strong topology to the topology of bounded pointwise
convergence; besides this technical inconvenience, the analysis is practically
the same.)
The choice of the Banach space for the semigroup describing Stein’s process

is a nontrivial matter. For, while the motion through the refractory period is
conveniently put in terms of a translation semigroup in the space C[−1, 0] of
continuous functions on [−1, 0], the jump-type process on the vertical half-line
is not of Feller type – the space of continuous functions is not a good choice
here.
For that reason we will work in the space X of pairs ( f , g) such that f ∈

C[−1, 0], g ∈ BM(−∞,�) and f (0) = g(0); here BM(−∞,�) is the space
of bounded (Lebesgue or Borel) measurable functions on (−∞,�). The norm
in X is inherited from the Cartesian product C[−1, 0]× BM(−∞,�).
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(-1,0)

(0,Θ) (0,Θ)

Figure 30.2 State-space collapse in the Stein model

The generator of the jump part of the process is the following bounded linear
operator:

B( f , g) = ( f , h) (30.1)

where:

h(x) =
{
λ[g(x+ a)− g(x)]+ μ[g(x− b)− g(x)], x ∈ (−∞,�− a),

λ[ f (−1)− g(x)]+ μ[g(x− b)− g(x)], x ∈ [�− a,�];
we assume throughout that � > a. (Note that h need not be continuous if g
is: this is why the process of jumps is not of Feller type.) The other part of the
process (related to the refractory period behavior) is also quite easy to describe.
In fact, this part of the semigroup is given explicitly by the formula:

Tv,t ( f , g) = ( fv,t, g), (30.2)

where:

fv,t (x) = f ((x+ vt ) ∧ 0) , x ∈ [−1, 0]
and v , as previously explained, is the speed with which the process proceeds
through the refractory period.
It is easy to check that {Tv,t, t ≥ 0} is a strongly continuous semigroup in

X. The domain of its generator is composed of pairs ( f , g) ∈ X such that f ∈
C1[−1, 0] with f ′(0) = 0, and for such a pair:

Av ( f , g) = (v f ′, 0).

Now, as already remarked, operator B of (30.1) is bounded, and the Phillips
Perturbation Theorem implies that Av + B is a generator as well. Since both the
semigroup generated by Av and the semigroup generated by B are contraction
semigroups, so is the semigroup generated by Av + B (by the Trotter Product
Formula). This semigroup describes the full Stein process.
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Our task is therefore to find the strong limit:

lim
v→∞ et(Av+B).

To this end, we will use the main result of Chapter 29, and therefore, start by
considering:

lim
v→∞ etAv .

This is very simple, since etAv is given explicitly by (30.2), that is etAv = Tv,t .
It follows that for any t > 0, choosing v > t−1, we obtain:

fv,t (x) = f (1), x ∈ [−1, 0].
Let X0 be the subspace X0 of X composed of pairs ( f , g) where f (x) =

g(0), x ∈ [−1, 0] (hence, X0 may be identified with BM(−∞,�)). Also, let
A be the zero operator in X0, and let P be the projection of X on X0 given by:

P( f , g) = (g(0), g).

In these notations, we have:

lim
v→∞ etAv = etAP, (30.3)

that is, the limit semigroup is of the form (29.2). Since:

G(g(0), g) := PB(g(0), g) = (h(0), h)

where:

h(x) =
{
λ[g(x+ a)− g(x)]+ μ[g(x− b)− g(x)], x ∈ (−∞,�− a),

λ[g(0)− g(x)]+ μ[g(x− b)− g(x)], x ∈ [�− a,�];
the result established in Chapter 29 shows that:

lim
v→∞ et(Av+B) = etGP.

As already mentioned, X0 is isometrically isomorphic to BM(−∞,�). The
natural isomorphism maps the semigroup (etG)t≥0 into the semigroup (etG)t≥0,
where G is defined by Gg= h with h defined earlier. The latter semigroup
describes the pure jump process in which a particle starting at x < �− a jumps
after exponential time with parameter λ to x+ a (with probability λ

λ+μ ) or to
x− b (with probability μ

λ+μ ); for x > �− a, the jump to x+ a is replaced by a
jump to 0. This is exactly the process from the Stein model without refractory
period. Hence, our task is completed.

Exercise 30.1 Consider the spaceX = C ([0, 1] ∪ {2}) of continuous functions
on the union of the unit interval and the one-point set {2}. Show that, for λ > 0
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and v > 0, the formula:

Tv (t ) f (x) =

⎧⎪⎪⎨⎪⎪⎩
f (x+ vt ), x ∈ [0, 1− vt],

e−λ(t−
1−x
v

) f (1)+ (1− eλ(t−
1−x
v

) ) f (2), x ∈ (1− vt, 1],

f (2), x = 2,

defines the strongly continuous semigroup in C ([0, 1] ∪ {2}) generated by
Av f (x) = v f ′(x), x ∈ [1, 2],Av f (2) = 0 with domain composed of f with the
property that f|[0,1] is of class C1 and v f (1) = λ( f (2)− f (1)).

Exercise 30.2 Let P be the projection of X = C ([0, 1] ∪ {2}) onto the sub-
space X0 of functions f that are constant on [0, 1], given by P f (x) = f (1), x ∈
[0, 1],P f (2) = 2. The subspace may be identified with R2. Let T (t ) be the iso-
morphic copy in X0 of the semigroup S(t )(x, y) = (e−λt x+ (1− e−λt )y, y) in
R2. Show that, in the notations of the previous exercise,

lim
v→∞Tv (t ) f = T (t )P f , f ∈ X, t > 0.

� Chapter’s summary

As refractory period in the Stein model of neural variability shrinks to zero,
the state-space of the related Markov process collapses to a smaller set, and
the limit process significantly simplifies. Using the principle established in the
previous chapter, we prove pointwise convergence of the related semigroups of
operators.
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Uniformly Holomorphic Semigroups

How can we prove irregular convergence in practice? As the following lemma
shows, if convergence of the resolvents is already established (and this is a
necessary condition for convergence), the problem boils down to showing that
the trajectories of the semigroups are equicontinuous in t ∈ (0,∞).We omit the
proof of the lemma since it is a simple modification of the proof of Lemma 2.1;
see Exercise 31.1.

Lemma 31.1 Uniformly bounded functions fn : (0,∞)→ X converge almost
uniformly in t ∈ (0,∞) iff a) for each t > 0 and ε > 0 there exists a δ ∈ (0, t )
such that ‖ fn(t )− fn(s)‖ < ε provided |s− t| < δ, and b) their Laplace trans-
forms converge (pointwise).

One of the ways of obtaining such equicontinuity in a hidden way is
assuming uniform holomorphicity of the semigroups involved [44, 48]. This
approach is especially useful because uniform holomorphicity may be conve-
niently expressed in terms of the related resolvents. Semigroups generated by
a sequence An, n ≥ 1 of sectorial operators are said to be uniformly holomor-
phic if the choice of δ0 and Mδ’s in (15.4) does not depend on n. In other
words, we require that there exists δ0 ∈ (0, π2 ] such that the sector �π

2 +δ0 ⊂ C

is contained in the resolvent sets ρ(An) of An, and for all δ ∈ (0, δ0) there exists
Mδ > 0 such that:

‖(λ− An)
−1‖ ≤ Mδ

|λ| , λ ∈ �π
2 +δ. (31.1)

Note that this estimate combined with the Dunford Integral Formula (15.5)
implies that etAn are equibounded in each sector �π

2 +δ, δ < δ0.

Theorem 31.2 Uniformly holomorphic semigroups converge iff their resol-
vents do. Specifically, the following are equivalent:
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(a) limn→∞ etAn exists for all t ∈ �π
2 +δ0 ,

(b) limn→∞ etAn exists for all t ≥ 0,
(c) limn→∞(λ− An)−1 exists for some λ in the open right half-plane,
(d) operator A defined in (14.1) is sectorial with angle δ0,
(e) limn→∞(λ− An)−1 exists for all λ ∈ �π

2 +δ0 .

Proof Our plan is to prove implications (a)⇒ (b)⇒ (c)⇒ (d) first, and then
to establish (e)⇒ (d) and (d)⇒ [(a) & (e)].
The first of these is trivial. Condition (b) implies convergence in (c) for all λ

in the open right half-plane, because for such λ, (λ− An)−1 =
∫∞
0 e−λtetAn dt.

Assuming (c), we define the operator Rλ in c(X), the space of convergent
X-valued sequences, by:

Rλ(xn)n≥1 =
(
(λ− An)

−1xn
)
n≥1 . (31.2)

Then Rλ is a right and left inverse to λ−A, where A was defined in (14.1).
Moreover, by (31.1), ‖Rλ‖ ≤ Mδ

|λ| for appropriate δ < δ0. Hence λ ∈ ρ(A).
Since �π

2 +δ0 is connected, to show that:

�π
2 +δ0 ⊂ ρ(A), (31.3)

it suffices to prove that �π
2 +δ0 ∩ ρ(A) is both open and closed in �π

2 +δ0 . It is
open, since ρ(A) is open inC. To check that it is closed, we consider (λn)n≥1 ⊂
ρ(A) ∩�π

2 +δ0 converging to λ ∈ �π
2 +δ0 . Then for some δ < δ0, λ and all λn are

members of �π
2 +δ , and (31.1) implies that:

‖(λ−A)X‖ ≥ Mδ

|λ| ‖X‖, X ∈ D(A). (31.4)

It follows that the range of λ−A is closed: if limn→∞(λXn −AXn) = Y ∈
c(X), then (Xn)n≥1 is a Cauchy sequence in c(X), and since A is closed, X :=
limn→∞ Xn belongs to D(A) and limn→∞ λXn −AXn = λX −AX . Moreover,
the range of λ−A is dense in c(X) : forY ∈ c(X), we take Xn = (λn −A)−1Y
to see that:

‖Y − (λ−A)Xn‖ = ‖(λ− λn)Xn‖ ≤ Mδ

|λn| |λ− λn|‖Y‖ (31.5)

converges to zero. Hence, the range of λ−A is c(X). Relation (31.4) shows
now that λ−A is injective, and then that (λ−A)−1 is bounded with norm not
exceeding Mδ

|λ| , that is, λ ∈ ρ(A), completing the proof of (31.3). Finally, if λ

belongs to �π
2 +δ , then (31.4) shows that ‖(λ−A)−1‖ ≤ Mδ

|λ| , establishing (d).
If (e) holds, then Rλ in (31.2) is well defined for all λ ∈ �π

2 +δ0 , and is a

right and left inverse of λ−A. Also, (31.1) shows that ‖(λ−A)−1‖ ≤ Mδ

|λ| for
λ ∈ �π

2 +δ, proving (d).
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Finally, assume (d). Fix z with |z| = 1 and | arg z| < δ0. The operators zAn
generate strongly continuous, equibounded semigroups {Tz,n(t ), t ≥ 0} given
by Tz,n(t ) = etzAn , t ≥ 0. SinceA is sectorial with angle δ0, zA generates a (non-
continuous) semigroup {etzA, t ≥ 0}. Proposition 28.3 shows that limn→∞ etzAn

exists for t ≥ 0. Since z is arbitrary, this proves (a). Moreover, for λ in the open
right half-plane there exists the limit of:∫ ∞

0
e−λtetzAn dt = (λ− zAn)

−1 = z−1(λz−1 − An)
−1.

Since all members of �π
2 +δ0 are of the form λz−1 where λ is in the open right

half-plane and z is as above, this shows (e). �

For our first example, let Aε be the operators of Chapter 10 related to Brow-
nian motions with elastic barrier, this time considered in the space C[0,∞] of
complex functions. For λ ∈ �π , let

√
λ denote the unique square root of λ lying

in the right half-plane. Then a calculation similar to that presented in Chapter 3
shows that the resolvent of Aε is still given by (10.1). Introducing H(z) = z−1

z+1 ,
we rewrite the latter formula as:

(λ− Aε )
−1 f (x) = 1√

2λ

∫ ∞

−∞
e−
√
2λ|x−y| fε (y) dy (31.6)

where fε (x) = f (x) for x ≥ 0 and fε (x) = H(ε
√
2λ) f (−x) for x < 0. Since

the linear fractional function H maps the imaginary axis into the unit circle
and the right half-plane into the open unit ball, we have |H(ε

√
2λ)| < 1 and

supx∈R | fε (x)| = supx≥0 | f (x)|. Therefore, for | arg λ| ≤ π
2 + δ < π :

‖(λ− Aε )
−1‖ ≤ 2

|√2λ|
1

�e√2λ
≤ 1

|λ| cos( π4 + δ
2 )

the last inequality following from �e√2λ
|√2λ| = cos(arg

√
2λ) ≥ cos( π4 + δ

2 ). This
shows that Aε’s generate uniformly holomorphic semigroups.
Moreover, using (10.1) again,

(λ− Aε )
−1 f (x)− (λ− A0)

−1 f (x) = 2ε

ε
√
2λ+ 1

∫ ∞

0
e−
√
2λy f (y) dye−

√
2λx.

Thus for f ∈ C[0,∞] and λ ∈ �π ,

‖(λ− Aε )
−1 f − (λ− A0)

−1 f‖ ≤
∣∣∣∣ 2ε

ε
√
2λ+ 1

∣∣∣∣ 1

�e√2λ
‖ f‖,

which tends to 0, as ε → 0. It follows that the semigroups generated by Aε
converge on a space much larger than C0(0,∞] (see Chapter 10), in fact they
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converge on the whole ofC[0,∞], but the limit semigroup is continuousmerely
on C0(0,∞].

Turning to the second example, we consider a nondensely defined, secto-
rial operator A of angle δ0, that is, assume that (15.4) is satisfied. Our aim is
to show that the semigroups generated by the related Yosida approximation:
Aμ = μ2Rμ − μ,μ > 0 where Rμ = (μ− A)−1, are uniformly holomorphic
and converge to the noncontinuous semigroup generated by A. We start with
the following lemma.

Lemma 31.3 For any r, μ > 0 and π > |α| ≥ 0,∣∣∣∣ μ+ r

μ+ reiα

∣∣∣∣ ≤
√

2

1+ cosα
. (31.7)

Proof Fix μ, r > 0 and define f (α) = 2(μ2 + 2μr cosα + r2)− (1+ cosα)
(μ+ r)2, for α ∈ [0, π ). We have f (0) = 0, f ′(α) = (μ− r)2 sinα ≥ 0. Thus
f (α) ≥ 0, for all α ∈ [0, π ). Hence, 2

1+cosα ≥ (μ+r)2
μ2+2μr cosα+r2 , α ∈ [0, π ), which

is equivalent to (31.7) because |μ+ reiα| =
√
μ2 + 2μr cosα + r2, and cos is

an even function. �

Returning to our example, observe that, by the Hilbert Equation,

(I − νRμ)(I + νRμ−ν ) = (I + νRμ−ν )(I − νRμ) = I, (31.8)

providedμ,μ− ν ∈ �π
2 +δ. It is easy to check that ifμ > 0 and λ ∈ �π

2 +δ then
λμ

λ+μ ∈ �π
2 +δ . Thus, since

λμ

λ+μ = μ− μ2

λ+μ we may use (31.8) with ν = μ2

λ+μ to
obtain: (

I − μ2

λ+ μ
Rμ

)−1
= I + μ2

λ+ μ
R λμ

λ+μ
.

It follows that for any μ > 0, the resolvent set of Aμ contains �π
2 +δ and (com-

pare (8.4)):

(λ− Aμ)
−1 = (μ+ λ− μ2Rμ

)−1
= 1

λ+ μ

(
I − μ2

λ+ μ
Rμ

)−1
= 1

λ+ μ
+
(

μ

λ+ μ

)2

R λμ

λ+μ
, μ > 0, λ ∈ �π

2 +δ.
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This combined with (15.4) yields:

‖(λ− Aμ)
−1‖ ≤ 1

|λ+ μ| +
μ2

|λ+ μ|2 ‖R λμ

λ+μ
‖

≤ 1

|λ+ μ| +
μ

|λ+ μ|
Mδ

|λ|
≤ max{Mδ, 1}μ+ |λ||μ+ λ|

1

|λ| .

Writing λ = |λ|eiα and using (31.7), we obtain:

‖(λ− Aμ)
−1‖ ≤ M′

δ

|λ| , μ > 0, λ ∈ �π
2 +δ,

where M′
δ = max{Mδ, 1}

√
2

1−sin δ , since cosα ≥ cos( π2 + δ) = − sin δ, estab-
lishing the first claim.
Hence, there exists the limit:

S(t )x = lim
μ→∞ etAμx, t ∈ �π

2 +δ, x ∈ X.

By the Lebesgue Dominated Convergence Theorem and (5.4):∫ ∞

0
e−λtS(t )x dt = lim

μ→∞

∫ ∞

0
e−λtetAμx dt = lim

μ→∞(λ− Aμ)
−1x

= lim
μ→∞

{
1

λ+ μ
x+
(

μ

λ+ μ

)2

R λμ

λ+μ
x

}
= (λ− A)−1x.

Thus, {S(t ), t ≥ 0} coincides with the semigroup generated by A. The same is
true for t ∈ �π

2 +δ by uniqueness of holomorphic extension (Exercise 31.3).

Exercise 31.1 Prove Lemma 31.1.

Exercise 31.2 Proof (e) ⇒ (a) in Theorem 31.2 using the Dunford integral
and the Dominated Convergence Theorem.

Exercise 31.3 Prove the last claim of this chapter. Hint: use linear functionals
to reduce the problem to scalar-valued functions. Recall that zeros of an analytic
function are isolated points [329].

Exercise 31.4 For a < b, let C[a, b] be the space of all continuous func-
tions f : [a, b]→ C. For any non-negative numbers μ, ν define the opera-
tor Aμ,ν , byD(Aμ,ν ) = { f ∈ C2[a, b]; f (a)− μ f ′(a) = 0, f (b)+ ν f ′(b) = 0},
Aμ,ν f = 1

2
d2 f
dx2 . Check that Aμ,ν is densely defined iff μ, ν > 0. Show that for
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f ∈ C[a, b] there exists fμ,ν : R → C such that supx∈R | fμ,ν (x)| = ‖ f‖C[a,b]
and the resolvent of Aμ,ν has the form:

(λ− Aμ,ν )
−1 f (x) = 1√

2λ

∫ ∞

−∞
e−
√
2λ|x−y| fμ,ν (y) dy, λ ∈ �π.

Conclude that Aμ,ν generate uniformly holomorphic semigroups (and Feller
semigroups at the same time), and that:

lim
μ,ν→0

etAμ,ν f = etA0,0 f , f ∈ C[a, b]

even though the limit semigroup is strongly continuous merely on the subspace
C0(a, b) where f (a) = f (b) = 0. Beware, calculations are lengthy.

� Chapter’s summary

Uniformly holomorphic semigroups converge iff their resolvents do, regardless
of what the range of the limit pseudoresolvent is. Besides proving this funda-
mental result, we give two examples of such convergence. In the first of these,
we come back to the elastic Brownian motions of Chapter 10, and in the second
we study the Yosida approximation of a sectorial operator.
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Asymptotic Behavior of Semigroups

We start with a simple corollary to Theorem 31.2; see for example [126], p. 105
for an alternative proof.

Corollary 32.1 Assume A is sectorial. Then the limit limt→∞ etA exists iff so
does limλ→0 λ(λ− A)−1.

Proof (Necessity) Let (λn)n≥1 be a sequence of positive numbers such that
limn→∞ λn = 0 and define κn = λ−1n . Since limn→∞ etκnA exists, there exists the
limit of (1− κnA)−1 = λn(λn − A)−1. Since (λn)n≥1 is arbitrary, this proves the
claim.
(Sufficiency) Let (κn)n≥1 be a sequence of positive numbers with infi-

nite limit. The operators An = κnA are then sectorial with the same angle
as A : for λ ∈ �π

2 +δ, δ < δ0 we have ‖(λ− κnA)−1‖ = ‖ λ
κn
( λ
κn
− A)−1‖ ≤ Mδ

|λ| .
Moreover,

lim
n→∞(λ− κnA)

−1 = lim
n→∞

λ

κn

(
λ

κn
− A

)−1
, λ > 0

exists. Therefore, limn→∞ etκnA, t ≥ 0 exists. Since (κn)n≥1 is arbitrary, this
completes the proof. �

For a particular instance of Corollary 32.1, let a < b and A inC[a, b] be given
by:

A f = f ′′, D(A) = { f ∈ C2[0, 1] : f ′(a) = f ′(b) = 0}. (32.1)

By Exercise 15.3, A is sectorial of angle π
2 and generates a conservative,

bounded holomorphic Feller semigroup.
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Corollary 32.2 For A defined above,

lim
t→∞ etA f = lim

λ→0
λ(λ− A)−1 f = 1

b− a

∫ b

a
f , f ∈ C[a, b]

where
∫ b
a f is identified with the appropriate constant function on [a, b].

Proof To establish the convergence of the resolvents, it suffices to show that for
any positive sequence (κn)n≥1 with limn→∞ κn = ∞, we have limn→∞ λ(λ−
κnA)−1 f = 1

b−a
∫ b
a f , λ > 0. It is clear that the domain of the extended limit

Aex of κnA is contained in the kernel of A, and the latter set is composed of
constant functions. On the other hand, given a constant u and f ∈ C[a, b],
we consider g(x) = ∫ bx ∫ by f (z) dz dy and χ (x) = cosh(b−x)

sinh(b−a) , x ∈ [a, b], to define

fn = u+ 1
κn
g− 1

κn
(
∫ b
a f )χ . Then fn ∈ D(A), limn→∞ fn = u and κnA fn = f −

(
∫ b
a f )χ, proving that f − (

∫ b
a f )χ is a possible value of Aex on u:

Aexu = f −
(∫ b

a
f

)
χ. (32.2)

Therefore, given λ > 0 and h ∈ C[a, b] we may choose u = λ−1(b− a)−1
∫ b
a h

and f = λu− h to see that
∫ b
a f = 0 and so λu− ( f − (

∫ b
a f )χ ) = h. Since h

is arbitrary, this shows that the range of λ− Aex equalsC[a, b], proving that the
resolvents converge.
Furthermore, (32.2) implies that all f with

∫ b
a f = 0 are values of Aex on 0,

that is, that for such f , limn→∞(λ− κnA)−1 f = 0. Since {etA, t ≥ 0} is conser-
vative, it leaves constant functions invariant, and so must λ(λ− κnA)−1. Com-
bining the previous and writing f = ( f − 1

b−a
∫ b
a f )+ 1

b−a
∫ b
a f we obtain our

claim.
We are left with establishing the part concerning semigroups. Let (κn)n≥1

be as earlier. Operators κnA are sectorial with the same angle as A. Hence,
convergence of resolvents implies convergence of the semigroups. For f with∫ b
a f = 0, the semigroupsmust converge to 0, since their resolvents do. Arguing

as for the resolvents, we obtain limn→∞ etκnA f = 1
b−a
∫ b
a f , t > 0. This com-

pletes the proof because (κn)n≥1 is arbitrary. �
Corollary 32.2 is well known, and may be proved in many ways. Its physical

interpretation is that as time passes the temperature distribution in an isolated
finite rod “averages out” and becomes constant throughout the rod. Another
proof of this result may be deduced, for example, from the explicit form of
(etA)t≥0 given in [128], p. 68. In fact, amuch stronger1 result thanCorollary 32.2

1 The result involves a change from strong topology to operator topology. Hence, perhaps, we
should say, “yet operatorer result.”
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is true: there is K > 0 and ε > 0 such that:∥∥etA − P
∥∥
L(C[a,b]) ≤ Ke−εt, (32.3)

where P f = 1
b−a
∫ b
a f , and the scalar

∫ b
a f is identified with a constant function

in C[a, b]. (See also Chapter 38.)
Estimate (32.3) is a typical application of the theory of asymptotic behav-

ior of semigroups, as developed, for example, in [7, 9, 128, 269, 330] (com-
pare [127]). Here we recall a result from [7, Section 3.5.1] that seems to be
most suitable for establishing (32.3).
To begin with, for a semigroup (etA)t≥0, by:

s = s(A) = sup{�λ : λ ∈ σ (A)},
where σ (A) is the spectrum of A, we denote the spectral bound of A. Let S
be a locally compact Hausdorf space, and letC0(S) be the space of continuous
functions on S, vanishing at infinity. An f ∈ C0(S) is said to be strictly positive
if f (x) > 0 for all x ∈ S. A functional F ∈ [C0(S)]∗ is termed strictly positive
if F f > 0 for all nonzero f ≥ 0. A semigroup (etA)t≥0 is said to be irreducible
if for some (all) λ > s(A), (λ− A)−1 f is strictly positive for all nonzero f ≥ 0.

Theorem 32.3 Let (etA)t≥0 be a positive, irreducible C0-semigroup on C0(S).
Assume that et0A is compact for some t0 > 0. Then, s(A) > −∞, and there is a
strictly positive f∗ ∈ C0(S) and a strictly positive F ∈ [C0(S)]∗ such that F f∗ =
1 and:

‖e−s(A)tetA − P‖L(C0(S)) ≤ Ke−εt, (32.4)

for some K ≥ 0 and ε > 0, where P is the projection given by P f = (F f ) f∗.

In this theorem, the assumption that is arguably hardest to check is that of
compactness of et0A, because the semigroup is rarely given explicitly. A useful
criterion for automatic compactness of all etA, t > 0 is for the semigroup to be
norm-continuous for all t > 0 (i.e., lims→t ‖esA − etA‖ = 0, t > 0) and for the
resolvent operator (λ− A)−1 to be compact for some λ (see, e.g., [128, p. 119]).
Finally (see [128, p. 117]), (λ− A)−1 is compact iff D(A) with graph norm
embeds compactly intoC0(S), that is, iff a unit ball inD(A) is relatively compact
as a set in C0(S). Since all holomorphic semigroups are norm continuous for
t > 0, we obtain the following corollary.

Corollary 32.4 Let an operator A generate a positive, irreducible, holomor-
phic semigroup inC0(S). Assume that D(A) embeds compactly intoC0(S). Then
the thesis of Theorem 32.3 holds.
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Before diving into examples, we recall a well-known criterion for exponen-
tial decay to zero (see, e.g., [7, p. 13]).

Proposition 32.5 Let (etA)t≥0 be norm-continuous for t > 0 and assume that
s(A) < 0. Then, constants K ≥ 0 and ε > 0 may be chosen so that:

‖etA‖ ≤ Ke−εt, t > 0.

Assumptions of this proposition are particularly easy to check for positive semi-
groups, because for such semigroups s(A) is a member of σ (A), see [9, Prop.
3.11.2]. Therefore, conditions s(A) ≤ 0 and 0 ∈ ρ(A) (ρ(A) is the resolvent set
of A) imply s(A) < 0.

Example 32.6 We start by showing (32.3); for simplicity we restrict ourselves
to the case where a = 0, b = 1 (the natural isometric isomorphism of C[a, b]
with C[0, 1] allows recovering the general case). Defining, given f ∈ C[0, 1],
its extension f̃ to the whole real line by:

f̃ (2n+ x) = f (x), f̃ (2n+ 1+ x) = f (1− x), n ∈ Z, x ∈ [0, 1],

we easily check that:

C(t ) f (x) = 1

2
( f̃ (x+ t )+ f̃ (x− t )), t ∈ R, x ∈ [0, 1] (32.5)

is a cosine family of contractions inC[0, 1] with generator (32.1) (where a = 0
and b = 1). This allows calculating (λ− A)−1 explicitly:

(λ− A)−1 f (x) = 1√
λ

∫ ∞

0
e−
√
λtC(t ) f (x) dt

= 1

2
√
λ

∫ ∞

0
e−
√
λt[ f̃ (x+ t )+ f̃ (x− t )] dt

= 1

2
√
λ

∫ ∞

−∞
e−
√
λ|t−x| f̃ (t ) dt

= 1

2
√
λ

∞∑
n=−∞

(∫ 2n

2n−1
+
∫ 2n+1

2n

)
e−
√
λ|t−x| f̃ (t ) dt

= 1

2
√
λ

∞∑
n=−∞

[
∫ 1

0
e−
√
λ|y+2n−1−x| f (1− y) dy

+
∫ 1

0
e−
√
λ|y+2n−x| f (y) dy]

=
∫ 1

0
kλ(x, y) f (y) dy,
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where (compare [146], pp. 341–343 and p. 478):

kλ(x, y) =
∞∑

n=−∞
[e−

√
λ|2n−y−x| + e−

√
λ|2n+y−x|].

Since kλ(x, y) > 0 for all x, y ∈ [0, 1], the related semigroup is not only positive
but also irreducible. Since the semigroup generated by A is holomorphic, we
are left with showing the compact embedding assumption. Now, members f of
the unit ball in D(A) satisfy:

‖ f‖ + ‖ f ′′‖ ≤ 1 and f (x) = f (0)+
∫ x

0

∫ y

0
f ′′(y) dy, x ∈ [0, 1].

It follows that ‖ f‖ ≤ 1 and | f (x)− f (y)| ≤ |x− y|, x, y ∈ [0, 1]. The Arzelà–
Ascoli Theorem shows now that such f form a relatively compact set inC[0, 1].

Hence, (32.4) holds for some projection P. Since etA leaves constant func-
tions invariant, s(A) must equal 0. Finally, Corollary 32.2 forces P f = ∫ 10 f ,
and completes the proof.

Example 32.7 Let C0(0, 1) be the subspace of f ∈ C[0, 1] satisfying f (0) =
f (1) = 0. Given f ∈ C0(0, 1), we define its extension f̃ to the whole real line
by:

f̃ (2n+ x) = f (x), f̃ (2n+ 1+ x) = − f (1− x), n ∈ Z, x ∈ [0, 1].

Then,

C(t ) f (x) = 1

2
( f̃ (x+ t )+ f̃ (x− t )), t ∈ R, x ∈ [0, 1] (32.6)

is a cosine family of contractions inC0(0, 1) with generator:

A f = f ′′,D(A) = { f ∈ C2[0, 1]; f (0) = f ′′(0) = f ′′(1) = f (1) = 0}.
(32.7)

In particular, (etA)t≥0 is norm-continuous for t > 0, and since A satisfies the
positive maximum principle, (etA)t≥0 is a Feller semigroup.
Given g ∈ C0(0, 1), we note that the function f given by f (x) = ax+∫ x

0

∫ y
0 g(z) dz dy, with a = − ∫ 10 ∫ y0 g(z) dz dy, belongs to D(A) and A f = g.

Since kerA = {0}, we conclude that 0 ∈ ρ(A). Proposition 32.5 is now in force
and we obtain that there are constants K ≥ and ε > 0 such that:

‖etA‖ ≤ Ke−εt . (32.8)

This agrees with our intuition (except for, perhaps, the speed of decay): In the
related stochastic process, particles touching either of the boundaries are killed
and removed from the state-space. Hence, expected number of particles in the
interval diminishes with time.
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Example 32.8 Let C0(0, 1] be the space of continuous functions on [0, 1]
vanishing at x = 0. We consider the family of operators in C0(0, 1], given by
Aν f = f ′′, on the domain:

D(Aν ) = { f ∈ C2[0, 1] : f (0) = f ′′(0) = 0, f (1)+ ν f ′′(1) = 0}.
Operators Aν, ν > 0 are densely defined in C0(0, 1] and satisfy the positive
maximum principle. Since, as we shall see soon, the range condition is also sat-
isfied, they are generators of Feller semigroups in C0(0, 1]. These semigroups
describe Brownian motions on the unit interval in which a particle touching
x = 0 is killed and removed from the state-space. When touching x = 1, it is
trapped there for an exponential time with parameter ν−1, so that the expected
time spent at x = 1 is ν: after this time elapses, the particle is also killed and
removed from the state-space. It is clear that in such a process all particles will
eventually be killed, and the particles’ expected survival time grows with ν. In
other words, we should have:

lim
t→∞ etAν f = 0, f ∈ C0(0, 1] (32.9)

and:

etAν1 ≤ etAν2 , for ν1 ≤ ν2. (32.10)

To prove the second of these assertions, we note that a solution to the resol-
vent equation: λ f − Aν f = g, where g ∈ C0(0, 1] and λ > 0, may be found by
searching for f ∈ D(Aν ) of the form:

f (x) = C1 sinh
√
λx+C2 cosh

√
λx+ fg,λ(x), (32.11)

where fg,λ(x) = 1
2
√
λ

∫ 1
0 e−

√
λ|x−y|g(y) dy. Such an f belongs to D(Aν ) iff:

C2 = − fg,λ(0) and (sinh
√
λ)C1 = νg(1)

1+ νλ
+ h(0) cosh

√
λ+ h(1).

(32.12)

In particular, as claimed, the range condition is satisfied. SinceC1 is an increas-
ing function of ν (provided g(1) ≥ 0), we obtain (λ− Aν1 )

−1 ≤ (λ− Aν2 )
−1 for

ν1 ≤ ν2 and (32.10) follows.
Also, as in the previous example, given g ∈ C0(0, 1], we take f (x) = ax+∫ x

0

∫ y
0 g(z) dz dy. For a = − ∫ 10 ∫ y0 g(y) dy− νg(1), f ∈ D(Aν ) and Aν f = g.

Again, since kerAν is trivial, 0 ∈ ρ(Aν ) and (32.9) follows by Proposition 32.5.

Example 32.9 A more interesting asymptotic behavior is obtained in the limit
case ν →∞ of the previous example, that is, for the operator:

A∞ f = f ′′, D(A∞) = { f ∈ C2[0, 1] : f (0) = f ′′(0) = 0, f ′′(1) = 0}.
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Again, A∞ is the generator of a Feller semigroup, but here the boundary condi-
tion describes a trap at x = 1: a particle reaching x = 1 stays there forever. An
elementary potential theory [124, p. 75] or [146, p. 478] tells us that the prob-
ability that a Brownian traveler starting at x ∈ (0, 1) will reach x = 1 before
reaching x = 0 equals x. This is the probability the traveller will be trapped at
x = 1; with probability 1− x the traveller will eventually be killed and removed
from the state-space. Hence, we expect:

lim
t→∞ etA∞ f (x) = f (1)x, f ∈ C0(0, 1], x ∈ [0, 1].

(Recall etA∞ f (x) = Ex f (w(t )), where w(t ), t ≥ 0 is the stochastic process
described above, and Ex is the expected value, conditional on the process start-
ing at x).

One is tempted to deduce this claim from (32.4), for everything seems to
be prepared for the application of Theorem 32.3. Members of the unit ball in
D(A∞) are of the form:

f (x) = a f x+
∫ x

0

∫ y

0
f ′′(y) dy, x ∈ [0, 1].

where |a f |may be estimated by 2, and the Arzelà–Ascoli Theorem can be used
again to prove compactness of the embedding D(A) ↪→ C0(0, 1]. Irreducibility
is also within our reach: (λ− A∞)−1 is an increasing limit of (λ− Aν )−1 (see
(32.12)). Since etA0 is irreducible (see Exercise 32.7), so is etA∞ .
Or, is it? Well, C2 in (32.12) is an increasing function of ν iff g(1) > 0. For

g(1) = 0,C2 does not change with ν and (λ− Aν )−1 coincides with (λ− A0)−1,
which is zero at both interval’s ends. Hence, for such g, the irreducibility condi-
tion is violated (at one point!). By the way, the fact that for all ν ≥ 0 (including
ν = ∞):

(λ− Aν )
−1 g= (λ− A0)

−1 g, provided g(1) = 0 (32.13)

is, on the second thought, not surprising at all, and could have been predicted.
Fortunately, the very reason that does not allow applying Theorem 32.3,

allows applying Proposition 32.5.2 For (32.13) implies that the semigroups
(etAν )t≥0 leave the subspace C0(0, 1) ⊂ C0(0, 1] invariant, and coincide with
(etA0 )t≥0 there. Therefore, introducing f∗(x) = x, F f = f (1) and P f =
(F f ) f∗, we obtain A∞ f∗ = 0 and, by (32.8),

‖etA∞ f − P f‖C0(0,1] = ‖etA∞ ( f − P f )‖C0(0,1] = ‖etA0 ( f − P f )‖C0(0,1)

≤ Ke−εt‖ f − P f‖C0(0,1) ≤ 2Ke−εt‖ f‖C0(0,1]

2 “Wiles realized that exactly what was making the Euler System fail is what would make the
Horizontal Iwasawa Theory approach he had abandoned three years earlier work” [1, p. 132].
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since f − P f belongs toC0(0, 1). In other words,

‖etA∞ f − P f‖ ≤ 2Ke−εt,

as desired.

Example 32.10 Let A be the Laplace operator in C[0, 1] defined on D(A) ⊂
C2[0, 1] where:

f ′(0) = f ′(1) = f (1)− f (0). (32.14)

We have encountered this boundary condition in (5.5). As shown in [71], A is
the generator of a unique semigroup (even of a cosine family) that preserves
the first two moments:

Fi =
∫ 1

0
xi f (x) dx, i = 0, 1,

that is, such that t 	→ FietA f is constant for each f ∈ C[0, 1].Moreover (see [71,
Theorem 4.3]), there is K ≥ 0 and ε > 0 such that:

‖etA − P‖ ≤ Ke−εt, (32.15)

where:

P f = (F0 f ) f0 + (F1 f ) f1,

f0(x) = 1 and f1(x) = 12x− 6, x ∈ [0, 1]. (We note in passing that F1 f1 =
F0 f0 = 1.) Interpreted, (32.15) means that the smoothing property of diffusion
combined with preservation of moments forces the trajectories of the semi-
group to forget, as time passes, the shape of the initial condition and remember
merely its zeroth and first moments.
It is worth stressing that this result is not a particular instance of (32.4): P is

not a projection on a one-dimensional space. Interestingly, however, two cases
of convergence of type (32.4) may be derived from (32.15). To this end, we
note that the spaces:

Codd[0, 1] and Ceven[0, 1]

of odd and even functions, respectively, are left invariant by the semigroup
(etA)t≥0. (By definition f ∈ Codd[0, 1] if f (1− x) = − f (x), x ∈ [0, 1], while
f ∈ Ceven[0, 1] if f (x) = f (1− x), x ∈ [0, 1].) As it transpires, on the latter
space, etA coincides with the Neumann Laplace semigroup (see [71]), and our
result reduces to Example 32.6.
An arguably more interesting conclusion may be obtained from the part in

the other space: We start by noting that Codd[0, 1] is isometrically isomorphic
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1 1

I

Figure 32.1 Isomorphism I : Codd[0, 1]→ C0(0, 1]

to C0(0, 1]. The isomorphism is given by (see Figure 32.1):

I : Codd[0, 1]→ C0(0, 1], I f (x) := f

(
1+ x

2

)
, x ∈ [0, 1]

with inverse given by:

I−1 f (x) =
{− f (1− 2x), x ∈ [0, 1

2

)
,

f (2x− 1), x ∈ [ 12 , 1].
Let Aodd be the generator of etA as restricted toCodd[0, 1]; we have Aodd f = f ′′

with domain composed of twice continuously differentiable odd functions sat-
isfying f ′(0) = −2 f (0). The isomorphic image of Aodd in C0(0, 1] is given by
Aimage f = IAoddI−1 f with domain equal to the image of the domain ofD(Aodd),
that is,

D(Aimage) = { f ∈ C2[0, 1] : f (0) = f ′′(0) = 0 and f ′(1) = f (1)},
Aimage f = 4 f ′′.

By (32.15), since F0 f = 0 for f ∈ Codd[0, 1],

‖etAodd f − (F1 f ) f1‖ ≤ Me−εt‖ f‖, f ∈ Codd[0, 1].

It follows that:

‖etAimage f − (F1I
−1 f )I f1‖ ≤ Me−εt‖ f‖, f ∈ C0(0, 1].

Introducing f∗(x) = x, x ∈ [0, 1], we obtain I f1 = 6 f∗ and F1I−1 f = 1
2F1.

Therefore,

‖etAimage f − 3(F1 f ) f∗‖ ≤ Me−εt‖ f‖. (32.16)

Since F1(3 f∗) = 1, we obtained a result of the type (32.4).
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The strongly continuous semigroup generated by Aimage, and the related
cosine family, were considered in [54]. This semigroup describes chaotic move-
ment of particles in the interval [0, 1] with constant inflow of particles from the
boundary at x = 1 and outflow at the boundary x = 0 (see Chapter 40). Condi-
tion (32.16) says that the rates of inflow and outflow are so tuned here that in
the limit a nontrivial equilibrium is attained.
In Chapter 40 wewill have handy estimates of (λ− Aimage)−1 at our disposal,

and will be able to show (32.16) directly from Theorem 32.3 without alluding
to the results of [71].

Exercise 32.1 For the elastic Brownian motion semigroups (etAε )t≥0, ε > 0
show that limt→∞ etAε = 0. Hint: use (10.1); consider constant functions and
those in L1(R+) ∩C[0,∞] separately.

Exercise 32.2 Let A be the generator of the reflected Brownian motion semi-
group inC[0,∞]: A f = 1

2 f
′′,D(A) = { f ∈ C2[0,∞]; f ′(0) = 0}. Show that A

is sectorial of angle π
2 and that limt→∞ etA f = f (∞),where f (∞) is identified

with the appropriate constant function inC[0,∞].

Exercise 32.3 Let A be the generator of the absorbed (stopped) Brownian
motion semigroup in C0(0, 1] with a trap at x = 1. More specifically, A f =
1
2 f
′′,D(A) = { f ∈ C2

0 (0, 1]; f ′′ ∈ C0(0, 1], f ′′(1) = 0}. Show that A is secto-
rial of angle π

2 and that limt→∞ etA f = P f , where P f (x) = x f (1), x ∈ (0, 1].
(Probabilistically, this result is interpreted as follows: In the absorbed Brown-
ian motion a particle starting at x ∈ [0, 1] will eventually be trapped (stopped)
at x = 1 or killed and removed from the state-space at x = 0. x is the probability
that the particle will be trapped at 1 and 1− x is the probability that it will be
killed at 0, and we have P f (x) = (1− x) f (0)+ x f (1).)

Exercise 32.4 Let, as in Exercise 1.12, Cp[0, 1] be the space of continu-
ous functions f on [0, 1] such that f (0) = f (1). As a generator of a bounded
cosine family, the operator A f = f ′′ with domain composed of twice continu-
ously differentiable members ofCp[0, 1] such that f ′, f ′′ ∈ Cp[0, 1], generates
a holomorphic semigroup of angle π

2 (by the Weierstrass Formula). Show that

limt→∞ etA f = ∫ 10 f , f ∈ Cp[0, 1].

Exercise 32.5 Show that formula (32.5) defines a cosine family of contractions
in C[0, 1] with generator (32.1) (where a = 0 and b = 1).

Exercise 32.6 Show that formula (32.6) defines a cosine family of contractions
with generator (32.7). Calculating as in Example 32.6, prove that:

(λ− A)−1 f (x) =
∫ 1

0
kλ(x, y) f (y) dy
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where (compare [146], p. 478):

kλ(x, y) =
∞∑

n=−∞
[e−

√
λ|2n+y−x| − e−

√
λ|2n−y−x|]. (32.17)

Exercise 32.7 Prove that for α ∈ [−2, 2] and μ > 0,

∞∑
n=−∞

e−μ|2n+α| = e−μ|α| + e−2μeμ|α|

1− e−2μ
;

(check this for α ∈ [0, 2] first, and then deduce the general case). Conclude that,
since |x− y| ≤ x+ y, kλ(x, y) in (32.17) is strictly positive for x, y ∈ (0, 1).

Exercise 32.8 LetC0(0, 1] be the space of continuous functions on [0, 1] van-
ishing at x = 0. Consider the family of operators in C0(0, 1], given by:

Aν f = f ′′,D(Aν ) = { f ∈ C2[0, 1] : f (0) = f ′′(0) = 0, f (1)+ ν f ′(1) = 0}.
(a) Check that operators Aν, ν > 0 are densely defined in C0(0, 1] and satisfy

the positive maximum principle.
(b) Show that (32.11) is a solution to the resolvent equation for Aν iff C2 =

− fg,λ(0) and

C1 = ν
√
λ( fg,λ(1)+ fg,λ(0) sinh

√
λ)+ fg,λ(0) cosh

√
λ− fg,λ(1)

sinh
√
λ+ ν

√
λ cosh

√
λ

.

(32.18)

(c) Recall that a linear-fractional function x 	→ a11x+a12
a21x+a22 (strictly) increases iff

the determinant a11a22 − a12a21 is (strictly) positive. Check that in the case
considered the determinant is

√
λ(e

√
λ fg,λ(1)− fg,λ(0)] > 0, so that C1 is

a strictly increasing function of ν.
(d) Describe heuristically stochastic processes governed by (etAν )t≥0 and inter-

pret point (c).

� Chapter’s summary

The holomorphic semigroups convergence theorem of the previous chapter
has led us naturally into the world of asymptotic behavior of semigroups. We
recalled a typical criterion for existence of the limit, as t →∞, of semigroups’
trajectories, in terms of positivity and compactness. Also, we provided a few
examples of such limits for Brownian motions on a unit interval with various
boundary conditions. One result we will use often in what follows (and greatly
generalize, see Chapter 38) says that diffusion on a compact interval with Neu-
mann boundary conditions averages everything out as time goes to infinity.



188 Asymptotic Behavior of Semigroups

As we shall see in the following chapters, this fundamental property of dif-
fusion, when coupled with other mechanisms, leads to interesting, often sur-
prising, singular limits. In fact, all the following chapters, up to Chapter 40,
are a long detour from the main subject, aimed at one goal: to show variety
of phenomena with fast diffusion acting behind the scene. (The only excep-
tion is Chapter 37, where we will be completely led astray; see Figure 37.1.)
We will continue investigating the main subject (which, to recall for those who
have been lost by the abundance of distractions, is: how do we prove irregular
convergence?) in Chapter 41.
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Fast Neurotransmitters

Our next two chapters are devoted to an application of the theoretical results
concerning uniformly holomorphic semigroups to modeling fast neurotrans-
mitters. We start by drawing the necessary bio-mathematical background.
In an attempt to understand phenomena behind synaptic depression, Aristi-

zabal and Glavinovič introduced a simple ODE model of dynamics of levels
of neurotransmitters [12]. They adopted the following widely accepted, sim-
plified but sufficiently accurate description (see [273] and other papers cited
in [12]): neurotransmitters are localized in three compartments, or pools: the
large pool, where also their synthesis takes place, the small intermediate pool,
and the immediately available pool, from which they are released during stimu-
lus. Moreover, they assumed that the dynamics of levelsUi, i = 1, 2, 3 of vesi-
cles with neurotransmitters in the pools is analogous to that of voltages across
the capacitors in the electric circuit reproduced (with minor changes) as our
Figure 33.1. This results in the following system of ordinary differential equa-
tions forUi: ⎛⎜⎝U

′
1

U ′
2

U ′
3

⎞⎟⎠ = Q

⎛⎝U1

U2

U3

⎞⎠+
⎛⎝ 0

0
1

R3C3
(E −U3)

⎞⎠ , (33.1)

where:

Q =

⎛⎜⎜⎝
− 1

R0C1
− 1

R1C1

1
R1C1

0
1

R1C2
− 1

R2C2
− 1

R1C2

1
R2C2

0 1
R2C3

− 1
R2C3

⎞⎟⎟⎠ .

(The reason why U3
R3C3

is included in the second and not in the first summand
in (33.1) is explained in Corollary 34.5.) For the electric circuit, E denotes
the electromagnetic source, the constants Cis are capacitors’ sizes, while Ris
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R3 R2 R1 R0

E C3 C2 C1Synthesis

Stimulus

Large pool Small pool Immediately available pool

Figure 33.1 The ODE model of Aristizabal and Glavinovič (redrawn with
insignificant changes from [12])

characterize the resistors. Biologically, E represents synthesis and Cis are the
capacities to store vesicles, but Ris do not have a clear meaning. Merely the
compounds 1

RiCj
are interpreted as the pools’ replenishment rates.

A more recent PDE model of Bielecki and Kalita [35] zooms in on vesicles
with neurotransmitters, and assumes that they move according to a diffusion
process in a three-dimensional domain �. As a result, in the linear version of
the model, the (unknown) concentration ρ of vesicles in the cytoplasm satisfies
a Fokker–Planck-type equation:

∂ρ

∂t
= Aρ + β(ρ − ρ) (33.2)

where A is a second order, elliptic partial differential operator, β : �→ R is
the rate of neurotransmitters’ production, and ρ is a balance concentration of
vesicles.
Our goal is to show a connection between these models. To this end, follow-

ing [70], first we note that equations (33.1) and (33.2) are of quite a different
nature: while (in the absence of stimulus and production) the latter is conser-
vative, the former is not. However, the dual to the matrix Q in (33.1) is an
intensity matrix (it has non-negative off-diagonal entries, and the sums of its
entries in each column are zero), and the dual equation to (33.1) is conserva-
tive. This suggests that to find a link between the two models, one must first
pass from the description of dynamics of densities (concentrations), to that of
expected values, that is, instead of considering the Fokker–Planck-type equa-
tion (33.2) one should pass to the dual Kolmogorov backward equation. More-
over, to find such a link, one needs to specify the way vesicles move from one
pool to another, that is, to specify the transmission conditions [100], which
are missing in Bielecki and Kalita’s model. (In proving formula (33.3) below,
instead of introducing appropriate transmission conditions, Bielecki and Kalita
use what they call “technical conditions,” without showing that these technical
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conditions are satisfied.) These transmission conditions, describing communi-
cation between pools, are of crucial importance in the analysis.
We introduce a one-dimensional version of the Bielecki and Kalita model,

where vesicles perform a Brownian motion on three adjacent intervals (corre-
sponding to pools) with diffusion coefficients varying from pool to pool, and
where the mechanism of passing from one pool to another is specified bymeans
of transmission conditions. Our main result (Theorem 34.4) says that as the
diffusion coefficients in the model tend to infinity and the boundary and trans-
mission conditions are scaled in an appropriate way, the solutions to the related
Cauchy problems converge to those of the model of Aristizabal and Glavinovič.
Roughly speaking, if diffusion in three separate pools is large and communi-
cation between pools is slow, the ODE model is a good approximation of the
PDE model.
We note that to show a connection between the two models, Bielecki and

Kalita also divide � into three subregions �3,�2, and �1, corresponding to
the three pools. They assume that the diffusion process the vesicles perform
is a three-dimensional Brownian motion and the diffusion coefficients, say
σ1, σ2, σ3 vary from region to region, and suggest (see [35, Thm. 2]) that the
quantities:

Ui =
∫
�i
ρ

volume �i
, i = 1, 2, 3, (33.3)

satisfy the ODE system (33.1) of Aristizabal and Glavinovič with Ci =
volume �i

σi
. However, this formula is at least doubtful: the proof of (33.3) given

in [35] contains a number of errors. Moreover, in the absence of stimulus
and neurotransmitter’s production, the total number of vesicles should remain
constant. Hence,U1 +U2 +U3 = const, provided volume �i = 1, i = 1, 2, 3.
However, system (33.1) is not conservative, that is, (U1 +U2 +U3)′ 
= 0 unless
all Ci’ are the same (no stimulus case is obtained by letting R0 →∞, and no
production results in removing the second summand in (33.1)). Hence, formula
(33.3) cannot hold unless all σi’ are the same.
In our model, we imagine the three pools as three adjacent intervals [0, r3],

[r3, r2] and [r2, r1] of the real line, corresponding to the large, the small, and
the immediately available pools, respectively. As in the model of Bielecki and
Kalita, in each of those intervals, vesicles perform Brownian motions with
respective diffusion coefficients σ3, σ2, and σ1. The pools are separated by
semipermeable membranes located at x = r3 and x = r2. Therefore, it is con-
venient to think of the actual state-space � of the process performed by the
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Imm. available pool
σ1

Small pool
σ2

Large pool

σ3

no transmission conditions
in the original model boundary condition

Figure 33.2 The PDE model of Bielecki and Kalita

vesicles as the union of three intervals:

� := �3 ∪�2 ∪�1 :=
[
0, r−3

] ∪ [r+3 , r−2 ] ∪ [r+2 , r1].
(In order to keep our notations consistent with those of [12] and [35], the inter-
vals are numbered “from the right to the left.”) Note that r3 is now split into two
points: r−3 and r+3 , representing positions to the immediate left and to the imme-
diate right from the first membrane; a similar remark concerns r2. Vesicles in
all pools may permeate through the membrane(s) to the adjacent pool(s), and
their ability to filter from the ith into the jth pool is characterized by permeabil-
ity coefficients ki j ≥ 0, i, j = 1, 2, 3, |i− j| = 1. The left end-point x = 0 is a
reflecting boundary for the process, and the right end-point x = r1 is an elas-
tic boundary with elasticity coefficient k10 ≥ 0. The case k10 > 0 characterizes
the boundary during stimulus, and k10 = 0 describes it in between stimuli (i.e.,
when there is no stimulus, x = r1 is a reflecting boundary). Hence, k10 charac-
terizes vesicles’ ability to be released from the terminal bouton.
To describe our model more formally, we note that � is a (disconnected)

compact space and the function σ defined on � by:

σ (x) = σi, x ∈ �i, i = 1, 2, 3,

is continuous. A typical member of the Banach space:

X = C(�)

of complex continuous functions on � is depicted in Figure 33.3. We note
that the space is isometrically isomorphic to the Cartesian product C(�1)×
C(�2)×C(�3) of the spaces of continuous functions on the three intervals.
In other words, a member of C(�) may be identified with three continuous
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x

f(x)

r2 r1r3

Figure 33.3 A typical member of C(�) (redrawn from [70])

functions f1, f2, f3 being restrictions of f to the three intervals �1,�2,�3,
respectively.
We prove (see Theorem 34.4) that the operator A in C(�) defined as:

A f = σ f ′′ (33.4)

for twice continuously differentiable functions f on � satisfying the
conditions:

f ′(0) = 0, f ′(r−3 ) = k32[ f (r
+
3 )− f (r−3 )],

f ′(r+3 ) = k23[ f (r
+
3 )− f (r−3 )], f ′(r−2 ) = k21[ f (r

+
2 )− f (r−2 )], (33.5)

f ′(r+2 ) = k12[ f (r
+
2 )− f (r−2 )], f ′(r1) = −k10 f (r1),

generates a Feller semigroup {etAκ , t ≥ 0} inC(�). The semigroup is conserva-
tive iff k10 = 0, and describes the dynamics of expected values of neurotrans-
mitters’ levels in the three pools.
Using this semigroup, we study the case when the diffusion coefficients tend

to infinity while the permeability coefficients tend to zero. To this end, we con-
sider operators Aκn , n ≥ 1 defined by (33.4) with σ replaced by κnσ and all
permeability coefficients in (33.5) divided by κn, where (κn)n≥1 is a sequence
of positive numbers tending to infinity. We will show that:

lim
n→∞ etAκn f = etQP f , t > 0, f ∈ C(�) (33.6)

where:

Q =

⎛⎜⎝−k
′
10 − k′12 k′12 0

k′21 −k′21 − k′23 k′23
0 k′32 −k′32

⎞⎟⎠ , k′i j =
σiki j
|�i| ,

|�i| is the length of the ith interval, and the operator P given by P f =
(|�i|−1

∫
�i
f )i=1,2,3 is a projection on the subspace X0 of C(�) of functions

that are constant on each of the three subintervals separately; the subspace may
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Figure 33.4 Approximating a Markov chain by diffusion processes (redrawn
from [70])

be identified with R3, and its members may be identified with triples of real
numbers.
Intuitively, as the diffusion coefficients increase, the transition probabilities

between points in each interval separately tend to 1. As a result, the points
become indistinguishable and may be lumped together. Points from differ-
ent intervals may not be lumped together since as n→∞ the permeability
coefficients ki j

κn
tend to zero and in the limit the membranes become reflecting

boundaries, separating the intervals. However, because of the intimate rela-
tion between diffusion and permeability coefficients, the three states of the
limit process, that is, the three intervals contracted to three separate points,
communicate as the states of a Markov chain with intensity matrix Q (see
Figure 33.4).
Comparing this intensity matrix with theQ of (33.1), we obtain the following

relations between parameters in the two models:

1

R0C1
= σ1k10
|�1| ,

1

R1C1
= σ1k12
|�1| ,

1

R1C2
= σ2k21
|�2| ,

(33.7)
1

R2C2
= σ2k23
|�2| ,

1

R2C3
= σ3k32
|�3| .

These relations agree with the intuition that the replenishment rate from the
ith to the jth pool is directly proportional to permeability of the membrane
separating them and to the speed of diffusion in the ith interval, and inversely
proportional to the length of this interval. Moreover, see Corollary 34.5,

1

R3C3
= 1

r3

∫ r3

0
β and

E

R3C3
= 1

r3

∫ r3

0
βρ, (33.8)
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Figure 33.5 Reducing the number of dimensions by spherical symmetry

where ρ and β were introduced in (33.2). In other words, we are able to interpret
the compound parameters of the ODE model (33.1) without alluding to their
electrical analogues.
The model presented here is one-dimensional for simplicity of exposition. It

may be readily generalized to the full three-dimensional model, but the proof of
the related convergence result is much more involved and technical. One may
also reduce the three-dimensional model to a variant of the model considered
here as follows (see Figure 33.5). Suppose that the domains in the Bielecki
and Kalita model are balls centered at the origin, with radiuses r3 < r2 < r1.
Assuming spherical symmetry of the process, we obtain that the neurotrans-
mitter’s distribution depends merely on the distance x ∈ [0, r3] from the origin.
Equivalently, vesicles’ distances from the origin may be modeled as a Bessel
process [296] on �. This leads (compare [54]) to the model presented above
with A f (x) = σ f ′′(x) replaced by σ 1

x (x f (x))
′′ and the reflecting boundary at

x = 0 removed. (This is because the three-dimensional Brownian motion with
probability 1 does not reach the origin in a finite time, and so the Bessel process
never reaches x = 0. In other words, in Feller’s classification [134, 143], x = 0
is a natural boundary for the latter process and there is no need for specifying
boundary condition there.)
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Finally, a word of explanation of transmission conditions is in order. Con-
sidering, for example, the third condition in (33.5), we note that it has the form
of the elastic barrier condition (3.8) with 0 replaced by r+3 , b = 1, c = d = k23,
andμ equal to the Dirac measure at r−3 . Hence, it describes the process in which
the vesicles in�2 bounce from themembrane separating it from�3 to filter into
the latter interval at a random time T with distribution:

P(T > t ) = e−k23t
+
, t ≥ 0.

Clearly, the larger k23 is, the shorter the time needed for the vesicle to filter
through themembrane. Hence, k23 is truly a permeability coefficient for passing
from �2 to �3. On the other hand, as indicated previously, dividing k23 by κn
and letting n→∞ we obtain P(T > t ) = 1, that is, the time to filter through
the membrane is infinite and the boundary is reflecting. The interpretation of
the other boundary and transmission conditions in (33.5) is analogous.

� Chapter’s summary

We describe two models of fast neurotransmitters, a simpler one based on a
system of ODEs, and a more involved one, coming down to a PDE, and dis-
cuss ways of connecting them. We anticipate that fast diffusion (which, we
know from the previous chapter, averages things out) combined with appropri-
ately tuned permeability conditions should lump an interval with semiperme-
able membranes at two midpoints and reflecting barriers at the ends, into three
separate points communicating as the states of a Markov chain.
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Fast Neurotransmitters II

Continuing the subject of neurotransmitters, we turn to proving the main con-
vergence result announced in the previous chapter; we keep the notations intro-
duced there.

Corollary 34.1 Let A be sectorial and assume that B is A-bounded in the
sense that D(A) ⊂ D(B) and ‖B f‖ ≤ a‖A f‖, f ∈ D(A), for some constant a.
If limt→∞ etA exists, then for any sequence (κn)n≥1 with limn→∞ κn = ∞, we
have:

lim
n→∞ et(κnA+B) = lim

s→∞ esA, t > 0.

Proof Let δ0 be the angle of A. For λ ∈ �π
2 +δ, δ < δ0,

‖B(λ− κnA)
−1‖ ≤ aκ−1n ‖κnA(λ− κnA)

−1‖
≤ aκ−1n ‖λ(λ− κnA)

−1 − I‖
≤ aκ−1n (Mδ + 1) =: qn = qn(δ). (34.1)

Therefore, for n ≥ n0 where n0 is sufficiently large, ‖B(λ− κnA)−1‖ ≤ qn <
qn0 < 1. It follows that λ ∈ ρ(κnA+ B),

(λ− κnA− B)−1 = (λ− κnA)
−1

∞∑
k=0

[B(λ− κnA)
−1]k (34.2)

and:

‖(λ− κnA− B)−1‖ = ‖(λ− κnA)
−1

∞∑
k=0

[B(λ− κnA)
−1]k‖

≤ ‖(λ− κnA)
−1‖ 1

1− qn

≤ Mδ

1− qn0
|λ|−1. (34.3)
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This implies that the operators κnA+ B, n ≥ n0 are sectorial with angle δ. On
the other hand, using (34.1), (34.2), and the Lebesgue Dominated Conver-
gence Theorem, limn→∞(λ− κnA− B)−1 = limn→∞(λ− κnA)−1. Therefore,
limn→∞ et(κnA+B) exists and equals limn→∞ etκnA = lims→∞ esA, t > 0. �
Let Gi inC(�i) be the version of the operator A of Corollary 32.2, and let B

in X be defined by B f = (σiGi fi)i∈I = σ f ′′ on the domain D(G1)× D(G2)×
D(G3). Then B is sectorial with angle π

2 because Gi are, and by Corollary 32.2
we have:

lim
t→∞ etB f = P f , (34.4)

where P is as defined after (33.6).

Lemma 34.2 A satisfies the positive maximum principle.

Proof Let x0 ∈ � be the coordinate where the positive maximum of f is
attained. If x0 belongs to the interior of any of the intervals in �, the claim
is obvious. If x0 = 0, then by the first condition in (33.5), f ′(x0) = 0 and f
may be uniquely extended to the even, twice continuously differentiable func-
tion on [−r3, r3]. Since the maximum of this extension is attained at x0 = 0,
f ′′(x0) ≤ 0, proving the claim. If x0 = r−3 , then f ′(r−3 ) ≥ 0 and, on the other
hand, by the second relation in (33.5), f ′(r−3 ) ≤ 0. Therefore, f ′(r−3 ) = 0 and
we may proceed as earlier to show that f ′′(r−3 ) ≤ 0. The remaining cases are
treated similarly. We note that it is only at x = r1 that we use the fact that the
maximum is positive. �
We introduce the functionals Fi j ∈ X∗ describing permeability from the ith

to the jth pool:

F32( f ) = k32[ f (r
+
3 )− f (r−3 )], F23( f ) = k23[ f (r

+
3 )− f (r−3 )],

F21( f ) = k21[ f (r
+
2 )− f (r−2 )], F12( f ) = k12[ f (r

+
2 )− f (r−2 )], (34.5)

F10( f ) = −k10 f (r1),
the 0th pool representing the space outside of the terminal bouton. Then the
domain of Aκn may be equivalently described as composed of twice continu-
ously differentiable functions f on � satisfying:

f ′(0) = 0, κn f
′(r−3 ) = F32( f ),

κn f
′(r+3 ) = F23( f ), κn f

′(r−2 ) = F21( f ), (34.6)

κn f
′(r+2 ) = F12( f ), κn f

′(r1 ) = F10( f ).

Given a ∈ R we may choose ψ ∈ C2[0, 1] with arbitrarily small supre-
mum norm so that ψ (0) = ψ (1) = ψ ′(0) = 0 and ψ ′(1) = a; for example
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ψ (x) = aε
π
x2 sin π (x−1)

ε
. Using translations, symmetries, and stretching trans-

formations, we may find ψi j with norms not exceeding arbitrary ε such that:

ψ10 ∈ C2[r+2 , r1 ], ψ ′10(r
+
2 ) = 0, ψ ′10(r1) = 1,

ψ12 ∈ C2[r+2 , r1 ], ψ ′12(r
+
2 ) = 1, ψ ′12(r1) = 0,

ψ21 ∈ C2[r+3 , r
−
2 ], ψ ′21(r

+
3 ) = 0, ψ ′21(r

−
2 ) = 1, (34.7)

ψ23 ∈ C2[r+3 , r
−
2 ], ψ ′23(r

+
3 ) = 1, ψ ′23(r

−
2 ) = 0,

ψ32 ∈ C2[0 , r−3 ], ψ ′32(0) = 0, ψ ′32(r
−
3 ) = 1,

and ψi j vanish at the ends of intervals where they are defined.

Lemma 34.3 Fix n. The map In = IX − κ−1n J, where:

J f =

⎛⎜⎝(F12 f )ψ12 + (F10 f )ψ10

(F23 f )ψ23 + (F21 f )ψ21

(F32 f )ψ32

⎞⎟⎠ and IX f = f , (34.8)

is an isomorphism of X with I−1n = IX + κ−1n J.

Proof Since all ψi j’s vanish at the ends of the intervals where they are defined,

Fi j ◦ J = 0. (34.9)

Clearly, In is linear and bounded. To show that In is injective, we assume
that In f = Ing for some f , g ∈ X. Applying Fi j to both sides of this relation, by
(34.9), we obtain Fi j( f ) = Fi j(g). Therefore, J f = Jg, and this coupled with
In f = Ing implies f = g.

Finally, given g ∈ Xwe define f = g+ κ−1n Jg to see that, by (34.9), Fi j( f ) =
Fi j(g) and so J f = Jg. Then, In f = (g+ κ−1n Jg)− κ−1n J f = g, proving that In
is onto and establishing the formula for I−1n . �

Theorem 34.4 A is the generator of a holomorphic Feller semigroup, which is
conservative iff k10 = 0. Moreover, (33.6) holds.

Proof The key step is to pass to similar (or: isomorphic) semigroups [49, 129].
Let Bn = InAκn I

−1
n . For f ∈ D(Aκn ), In f is twice continuously differentiable,

sinceψi j are, and conditions (34.7) imply In f ∈ D(B). Since the converse impli-
cation is also true, f ∈ D(Aκn ) iff In f ∈ D(B). This shows that D(Bn) = D(B).

Moreover, for f ∈ D(B),

Aκn I
−1
n f = κnσ f

′′ + σ (J f )′′ = κnσ f
′′ + σK f ,
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where K f is given by the right-hand side of (34.8) with ψi j’s replaced by their
second derivatives. Thus,

Bn f = κnB f +C f + Dn f ,

where C f = −J(σ f ′′) = −JB f and Dn f = σK f − 1
κn
J(σK f ).

Since ‖ψi j‖ < ε, for l := max{‖F32‖, ‖F23‖ + ‖F21‖, ‖F12‖ + ‖F10‖}, we
have ‖J‖ < εl. Therefore:

‖C f‖ ≤ εl‖B f‖ f ∈ D(B),
that is,C is B-bounded with bound lε. Calculating as in (34.1), for λ ∈ �π/2+δ ,

‖C(λ− κnB)
−1‖ ≤ lεκ−1n ‖κnB(λ− κnB)

−1‖
= lεκ−1n ‖λ(λ− κnB)

−1 − I‖
≤ lεκ−1n (Mδ + 1). (34.10)

Taking sufficiently small ε we see that ‖C(λ− κnB)−1‖ ≤ q for some q < 1
and all n ≥ 1. It follows that λ ∈ ρ(Bn +C), that is, κnB+C satisfies the range
condition. Since Dn are bounded, the same is true for Bn, and for Aκn (for suf-
ficiently large λ). In particular, choosing κn = 1 for some n we see, in view of
Lemma 34.2 that A generates a holomorphic, Feller semigroup; this semigroup
is conservative iff 1� ∈ D(Aκ ), that is, iff k10 = 0. We are left with showing
(33.6).
By Corollary 34.1 and (34.4) limn→∞ et(κnB+C) = P, t > 0, and since irregu-

lar convergence is preserved under bounded perturbations (see (29.3)):

lim
n→∞ etBn = etσPKP = etQP, t > 0

because, calculating:

σPK f =

⎛⎜⎝
σ1
|�1| (F10 − F12) f
σ2
|�2| (F21 − F23) f

σ3
|�3|F32 f

⎞⎟⎠
we see that σPK as restricted to X0 equals Q (for f ∈ X0, f (r+2 ) = f (r1) and
f (r−2 ) = f (r+3 )). Since etAκn = I−1n etBn In and limn→∞ In = limn→∞ I−1n = IX,
this completes the proof. �

As a corollary, we obtain the following result. Given a non-negative β ∈
C(�3), we may identify it with (0, 0, β ) ∈ C(�) and interpret it as a neuro-
transmitters’ production rate in the large pool. β may also be identified with
the bounded multiplication operator in C(�) mapping f ∈ C(�) to β f .
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0 21− 1+

Figure 34.1 Two pools with one separating membrane

Corollary 34.5 Let ρ ∈ C(�) be given, and fix f ∈ C(�). The mild solutions
to the inhomogeneous Cauchy problems:

dun
dt

= (Aκn − β )un + βρ, u(0) = f , (34.11)

converge to those of the Cauchy problem related to (33.1)with initial conditions
Ui(0) = |�i|−1

∫
�i
f and the constants in Q satisfying (33.7) and (33.8). The

convergence is uniform in t in compact subintervals of R+∗ .

Proof By (33.6) and (29.3),

lim
n→∞ et(Aκn−β ) = et(Q−Pβ )P (34.12)

strongly and almost uniformly in t ∈ R+∗ . The mild solution to (34.11) is
(see [128]):

un(t ) = et(Aκn−β ) f +
∫ t

0
e(t−s)(Aκn−Pβ )βρ ds.

By (34.12), this converges to:

U (t ) = et(Q−β )P f +
∫ t

0
e(t−s)(Q−Pβ )Pβρ ds.

Since Pβ = (0, 0, 1
r3

∫ r3
0 β ) and Pβρ = (0, 0, 1

r3

∫ r3
0 βρ ), U solves (33.1) with

the specified initial conditions. �

Exercise 34.1 This exercise clarifies (hopefully) the mechanism discussed
in this chapter, by considering the case of two pools. For further simplicity,
assume, as in Figure 34.1, that two intervals representing pools are of the same
unit length, and consider the operator A f = f ′′ defined for twice continuously
differentiable functions in B = C[0, 1]×C[1, 2] (each pair of functions in B

is identified with a single function on [0, 2], continuous in this interval except
perhaps at x = 1 where it has limits from the left and from the right), satisfying
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boundary and transmission conditions:

f ′(0) = f ′(2) = 0,

f ′(1−) = α[ f (1+)− f (1−)],

f ′(1+) = β[ f (1+)− f (1−)],

where α and β play the role of permeability coefficients of the membrane
located at x = 1 (see Figure 34.1).

(a) Prove directly that A is a Feller generator and find its resolvent.
(b) Using (a), prove that, if A f = f ′′ is replaced by An f = n f ′′ and the perme-

ability coefficients are divided by n, the related semigroups etAn converge,
as n→∞, to etQP where:

P f =
(∫ 1

0
f ,
∫ 2

1
f

)
is a map from X to R2 (identified with the subspace ⊂ X of functions that
are constant on each of the intervals) and:

Q =
(−α α

β −β
)
, (34.13)

is the intensity matrix of the simplest Markov chain.
(c) Let A be the operator in L1[0, 2] defined by Aφ = φ′′ for all functions φ

with the following properties. (a) φ restricted to [0, 1] is differentiable, its
derivative is absolutely continuous and the second derivative belongs to
L1[0, 1], (b) similar conditions are met for the restriction of φ to [1, 2],
(c) transmission conditions:

φ′(1+) = φ′(1−) = βφ(1+)− αφ(1−).

are satisfied. Show that, in the sense described in Exercise 11.2, this oper-
ator is dual to the one of point (a). Imitating point (b), prove a conver-
gence theorem in this space; note that it involves the transpose of the matrix
(34.13).

� Chapter’s summary

We provide a rigorous proof of the convergence theorem for semigroups mod-
elling activity of neurotransmitters, anticipated in the previous chapter. The
argument relies on the fact that the semigroups are uniformly holomorphic.
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From Diffusions on Graphs to
Markov Chains and Back Again

The result from the previous chapter may be readily generalized to a nice
abstract setup [55] (see also [19, 20] for further developments). To this end,
imagine a finite graph G without loops, and a Markov process on G obeying the
following rules:

� While on the ith edge, imagined as aC1 curve in R3, the process behaves like
a one-dimensional Brownian motion with variance σi > 0.

� Graph’s vertices are semipermeable membranes, allowing communication
between the edges; permeability coefficients pi j, describing the possibility
to filter through the membrane from the ith to the jth edge, depend on the
edges. In particular, pi j is in general different from p ji. At each vertice, the
process may also be killed and removed from the state-space.

Now, suppose the diffusion’s speed increases while membranes’ permeability
decreases (i.e., σi →∞ and pi j → 0). As a result points in each edge commu-
nicate almost immediately and in the limit are lumped together, but the mem-
branes prevent lumping of points from different edges. Again, an appropriate
choice of scaling of permeability coefficients leads to a limit process in which
communication between lumped edges is possible. The lumped edges form
then vertices in the so-called line graph of G (see [112]) and communicate
as the states of a Markov chain with jumps’ intensities directly proportional
to permeability coefficients pi j and the diffusion coefficients σi, and inversely
proportional to the edges’ lengths (see Figure 35.1 and Theorem 35.2).

This procedure may also be reversed: given a finite-state Markov chain, we
may find a graph G and construct a fast diffusion on G approximating the chain.
Let us be more specific. Let G = (V, E ) be a finite geometric graph [265]

without loops, where V ⊂ R3 is the set of vertices and E is the set of edges of
finite length. The number of edges is N, and the edges are seen as C1 curves
connecting vertices. For i ∈ N := {1, . . . ,N}, Li,Ri ∈ V denote the left and
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B C D

FE

G

Figure 35.1 From diffusion on G to a Markov chain on the vertices of the
line graph of G; edges “shrink” to vertices, vertices “split” into edges (redrawn
from [55])

right endpoints of the ith edge Ei, respectively; the decision which is the left
point and which is the right point is made arbitrarily.
Since each vertexV is a semipermeable membrane, the future behavior of the

related diffusion process starting at V depends on which side of the membrane
it lies. Hence, if k ≤ N edges are incident in V , V splits naturally into k points.
By Vi ∈ N we denote V as an endpoint of the ith edge (if V is not an endpoint
of this edge, we leave Vi undefined).

The state-space of the diffusion process is the union S = ∪i∈NEi of disjoint
edges; as earlier, even though endpoints of many edges coincide, we treat them
as distinct. S is a (disconnected) compact topological space, and the related
space of continuous complex functionsC(S) is isometrically isomorphic to the
Cartesian product C(E1)× · · · ×C(EN ) of spaces of continuous functions on
the edges (equipped with the norm ‖( fi)i∈N ‖ = maxi∈N ‖ fi‖C(Ei )). On the other
hand, each C(Ei) is isometrically isomorphic to the space C[0, di] of contin-
uous functions on the interval [0, di], where di is the length of the ith edge:
a function f ∈ C(Ei) is then identified with its image I f ∈ C[0, di], given by
I f (t ) = f (p), where p is the unique point on Ei, whose distance from the left
endpoint of Ei (along the edge) is t ∈ [0, di]. In particular, we may meaning-
fully speak of continuously differentiable functions on Ei; these are simply the
images of continuously differentiable functions on [0, di].
Let σ ∈ C(S) be defined by σ (p) = σi, for p ∈ Ei, where σi are given positive

numbers. We define the operator A in C(S) by:

A f = σ f ′′ (35.1)

for twice continuously differentiable functions on C(S), satisfying the trans-
mission conditions described later.
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←−
lki

−→
rik

←−
lij

−→
rji

σi

σj σk

Figure 35.2 li js and ri js are permeability coefficients of the membranes at ver-
tices, and determine probabilities of passing from one edge of the graph to another
(redrawn from [55])

For each i, let li and ri be non-negative numbers describing the possibility of
passing through the membrane from the ith edge to the neighboring edges at the
left and right endpoints, respectively. Also, let li j and ri j, j 
= i be non-negative
numbers satisfying

∑
i
= j li j ≤ li and

∑
i
= j ri j ≤ ri. These numbers determine

the probability that after filtering through the membrane from the ith edge, a
particle will enter the jth edge (see Figure 35.2). By default, if Ej is not incident
in Li, we put li j = 0. In particular, by convention li j f (Vj ) = 0 for f ∈ C(S), ifVj
is not defined; the same remark concerns ri j. In these notations, the transmission
conditions mentioned earlier are as follows: if Li = V , then:

f ′(Vi) = li f (Vi)−
∑
j 
=i

li j f (Vj ); (35.2)

and if Ri = V , then:

− f ′(Vi) = ri f (Vi)−
∑
j 
=i

ri j f (Vj ). (35.3)

Again, their interpretation is that the diffusion process starting at the ith edge
“bounces” from the membrane at the left end, and the time it spends at the
membrane is measured by the related Lévy local time t+. Then, at a random
time T distributed according to P(T > t ) = e−lit

+
, t ≥ 0, the process filters

through the membrane; the probability that it will filter to the jth edge is li j
li
;

1− l−1i
∑

j 
=i li j is the probability that the particle is removed from the state-
space. The behavior at the right end is analogous.

Proposition 35.1 A generates a Feller semigroup inC(S), denoted {etA, t ≥ 0}.
The semigroup is conservative iff:∑

j 
=i
li j = li and

∑
j 
=i

ri j = ri, i ∈ N . (35.4)

Theorem 35.2 Let (κn)n≥1 be a sequence of positive numbers converging to
infinity, and let operators Aκn be defined by (35.1) with σ replaced by κnσ and



206 Diffusions on Graphs and Markov Chains

with domain composed of C2(S) functions satisfying the transmission condi-
tions (35.2) and (35.3) with all permeability coefficients divided by κn, respec-
tively. Then:

lim
n→∞ etAκn f = etQP f , f ∈ C(S), t > 0, (35.5)

where P is the projection of C(S) on the space C0(S) of functions that are con-
stant on each edge, given by:

P f =
(
d−1i

∫
Ei

f

)
i∈N

, (35.6)

while Q is the operator in C0(S) represented by the matrix (qi j )i, j∈N with qi j =
σid

−1
i (li j + ri j ) for i 
= j and qi j = −σid−1i (li + ri) for i = j.

As always, the limit here is strong and almost uniform in t ∈ (0,∞); for
f ∈ C0(S) the formula holds for t = 0, as well, and the limit is almost uniform
in t ∈ [0,∞). Q is the intensity matrix of the limit Markov chain; the limit
semigroup is in general substochastic, because the rows ofQ do not necessarily
add up to 0.
The proof is a straightforward generalization of the one presented in the pre-

vious chapter, where G was composed of three adjacent intervals. Instead of
discussing all the details, we restrict ourselves to presenting its main steps.
First for i ∈ N we define Fl,i,Fr,i ∈ [C(S)]∗ by:

Fl,i f = [li f (Vi)−
∑
j 
=i

li j f (Vj )]; Fr,i f = −[ri f (Vi)−
∑
j 
=i

ri j f (Vj )],

(35.7)

“l” and “r” standing for “left” and “right,” respectively. Also, given ε > 0 we
find ψl,i, ψr,i ∈ C2(Ei) such that ‖ψl,i‖, ‖ψr,i‖ < ε, ψl,i and ψr,i vanish at both
ends of Ei while:

ψ ′l,i(Li) = ψ ′r,i(Ri) = 1, ψ ′l,i(Ri) = ψ ′r,i(Li) = 0. (35.8)

Then, we define J ∈ L(C(S)) by:

J f = ((Fl,i f )ψl,i + (Fr,i f )ψr,i
)
i∈N . (35.9)

Then, for κ 
= 0, the map Iκ = IC(S) − κ−1J turns out to be an isomorphism
of C(S) with I−1κ = IC(S) + κ−1J, where IC(S) is the identity operator inC(S).

Let Gi in C(Ei) be the version of the operator A of Corollary 32.2, and let B
in C(S) be defined by:

B f = (σiGi fi)i∈N (35.10)
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on the Cartesian product of domains of Gi. Equivalently, B f = σ f ′′ for all f ∈
C2(S) satisfying the Neumann boundary conditions f ′(Li) = f ′(Ri) = 0, i ∈
N . Then B is sectorial with angle π

2 because Gi are, and by Corollary 32.2
we have:

lim
n→∞ λ(λ− κnB)

−1 f = P f ,

where P was defined in Theorem 35.2.
Turning to isomorphic images Bn = IκnAκn I

−1
κn

of Aκn we check that D(Bn)
coincides with D(B) and:

Bn f = κnB f +C f + Dn f , f ∈ D(B)
where C f = −J(σ f ′′) = −JB f , Dn f = σK f − 1

κn
J(σK f ), and K f is given

by the right-hand side of (35.9) with ψl,i’s and ψr,i’s replaced by their second
derivatives.
Since B is sectorial and C is B-bounded, Bn generate semigroups, and so do

Aκn . Since the latter operators satisfy the maximum principle, they are genera-
tors of Feller semigroups. These semigroups are conservative iff IS ∈ D(Aκn ),
that is, iff (35.4) holds. This proves Proposition 35.1. Moreover, κnB+C are
equiholomorphic.
Since the semigroups generated by κnB+C are uniformly holomorphic, con-

vergence of their resolvents implies convergence of the semigroups, and we
check that limn→∞(λ− κnB−C)−1 = limn→∞(λ− κnB)−1, which we know
to be equal to λ−1P, λ > 0. Thus,

lim
n→∞ e(κnB+C)t = P, t > 0

and since bounded perturbations preserve convergence,

lim
n→∞ etBn = etσPKP, t > 0.

Finally, calculating:

σPK f = (σid−1i (Fr,i f − Fl,i f )
)
i∈I (35.11)

=
⎛⎝σid−1i ∑

j 
=i
(li j + ri j ) f (Vj )− σid

−1
i (li + ri) f (Vi)

⎞⎠
i∈I

we see that σPK as restricted to C0(S) equals Q, and the result follows as
before.
Interestingly, the procedure described in Theorem 35.2 may be reversed: any

finite-state (possibly not honest) Markov chain is a limit of fast diffusions on
a graph in the following sense. Let Q be a (substochastic) N × N intensity
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Figure 35.3 Star-shaped graph with six edges (redrawn from [55])

matrix, and let G be the star-shaped graph with N edges, all vertices but one
of degree 1, the special vertex with degree N (see Figure 35.3), and all the
edges of length 1. We number the edges clockwise, from 1 to N, and agree that
the special vertex is the left end of all the edges. Finally, we take σi = 1, ri = 0,
and li j = qi j. Then, by Theorem 35.2 the related diffusions on G with arbitrary
choice of κn converge to the Markov chain on the vertices of the related line
graph (these vertices may be identified with natural numbers 1, . . . ,N) with
intensity matrix Q.

An L1(R) analogue of our main Theorem 35.2 may be found in [166] – a
step toward this result is contained in Exercise 35.2.

Exercise 35.1 Show that A defined in this chapter satisfies the maximum prin-
ciple. Assuming (35.4), use the same argument to check that if G is con-
nected, then the kernel ofA contains merely constant functions.Hint: a function
belonging to the kernel must be linear on each edge, and its maximal value must
be attained at the end of an edge. Use (35.2) and (35.3) to persuade yourself
that the derivative at this edge must be zero, and hence, that the maximal value
is attained at the entire edge. Use the transmission conditions again to check
that the function must have the same maximal value at all neighboring edges.

Exercise 35.2 LetW 2,1(S) be the space of functions on S that, as restricted to
any edge, have absolutely continuous derivatives and integrable second deriva-
tive. Let A∗ be the operator A∗φ = σφ′′ with domain composed of members of
W 2,1(S) satisfying the transition conditions:

σ jφ
′(Lj ) = σ jl jφ(Lj )−

∑
i∈ILj

∗
(σili jφ(Li)+ σiri jφ(Ri)),

(35.12)
σ jφ

′(Rj ) =
∑
i∈IRj

∗
(σili jφ(Li)+ σiri jφ(Ri))− σ jr jφ(Rj ), j ∈ N .

Here, ILj and IRj are the sets of indexes i 
= j of edges incident in Lj and Rj,
respectively, and the asterisk in the sums denotes the fact that, since there are no
loops, at most one of the terms σiφ(Li)li j and σiφ(Ri)ri j is taken into account.
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Check that
∫
S(A f )φ =

∫
S(A

∗φ) f for all f ∈ D(A) and φ ∈ D(A∗). Compare
Exercise 11.2. Calculations are intelligent and somewhat lengthy, but not as
lengthy as in Exercise 31.4.

� Chapter’s summary

As proved in this chapter, fast diffusions on finite graphs with semipermeable
membranes on verticesmay be approximated by finite-stateMarkov chains pro-
vided the related permeability coefficients are appropriately small.
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Semilinear Equations, Early Cancer Modeling

This chapter provides background material for the homogenization theorem of
Chapter 38. We start by recalling basic theory of semilinear Cauchy problems
(see [177, 284] and [318] for more information on the subject). Let A be the
generator of a semigroup of equibounded operators in a Banach space X, and
let F : X → X be a continuous function. For f ∈ D(A), the Cauchy problem of
finding a continuously differentiable function u such that u(0) = f , u(t ) ∈ D(A)
and:

du(t )

dt
= Au(t )+ F (u(t )) (36.1)

for t in an interval [0, δ), δ > 0 is said to be semilinear. Replacing t in (36.1)
by s, applying e(t−s)A to both sides, and integrating from 0 to t < δ, we see that
u satisfies:

u(t ) = etA f +
∫ t

0
e(t−s)AF (u(s)) ds (36.2)

in the same interval. For f ∈ X, a u satisfying (36.2) is said to be a mild solu-
tion of (36.1), and of course such a u may but needs not satisfy (36.1). A suf-
ficient condition for a mild solution to solve (36.1) is that f ∈ D(A) and F is
continuously differentiable, see [284].
If F is (globally) Lipschitz continuous, that is, if there is a constant L > 0

such that

‖F ( f )− F (g)‖ ≤ L‖ f − g‖, f , g ∈ X, (36.3)

then for each f ∈ X the solution of (36.2) exists and is unique on the whole of
R+. To show this, we argue as in Chapter 22. Let Xμ be the Banach space
of continuous functions on R+, with values in X, and of at most exponen-
tial growth with exponent μ > 0; we equip Xμ with the Bielecki-type norm
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[34, 125]:

‖u‖μ = sup
t≥0

e−μt‖u(t )‖.

Then, the operator K given by Ku(t ) = etA f + ∫ t0 e(t−s)AF (u(s)) ds is a contrac-
tion inXμ provided μ > LM, whereM is the bound for the semigroup (etA)t≥0:

‖Ku− Kv‖μ ≤ ML sup
t≥0

e−μt
∫ t

0
‖u(s)− v (s)‖ ds

≤ ML sup
t≥0

∫ t

0
e−μ(t−s) ds ‖u− v‖μ

≤ ML

μ
‖u− v‖μ, u, v ∈ Xμ. (36.4)

Hence, our claim follows by Banach’s Fixed Point Theorem. (Again, to show
local uniqueness of solutions one needs to invoke the Gronwall Lemma.)
As a by-product of the proof, we see that mild solutions are of at most expo-

nential growth with parameter μ > ML. (Also, bearing in mind that existence
and uniqueness of classical solutions of a Cauchy problem for initial values
from a dense set combined with continuous dependence on those initial values
is equivalent to existence of the related semigroup, and taking F ( f ) = B f , f ∈
X for a bounded linear operator B we obtain an elegant proof of the Phillips
Perturbation Theorem.)
However, for many applications, condition (36.3) is too restrictive. A more

realistic assumption is that for all r > 0 there exists an L(r) such that:

‖F ( f )− F (g)‖ ≤ L(r)‖ f − g‖, ‖ f‖, ‖g‖ ≤ r. (36.5)

This assumption of local Lipschitz continuity does not guarantee existence of
solutions of (36.1) on the whole half-line. A more careful analysis involv-
ing Banach’s Fixed Point Theorem shows that in this case for all f ∈ X the
mild solution of (36.1) is unique and exists on a maximal interval of the form
[0, tmax( f )), see [284], p. 186.
The reason for nonexistence of global solutions is that the vector field F may

cause the solutions to reach infinity in finite time, which is amply expressed in
the statement that if tmax( f ) <∞ then:

lim
t→tmax( f )

‖u(t )‖ = ∞,

and in general there is no remedy for this phenomenon even if A = 0. Fortu-
nately, in some cases the form of the vector field forces solutions of (36.1)
starting from specific f to stay bounded in time. In view of the above
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discussion this guarantees that for such f the solutions exist and are unique
on the whole half-line.
To describe a particular situation of this type, we specialize to the case where

X is the space C(SN ) of continuous functions on the union SN of N copies of a
compact metric space S. We will write:

N = {1, . . . ,N}.

Note that a member f of C(SN ) may be naturally identified with a member of
C(S×N ): f (x, i) is the value of f at x in the ith copy of S. Equivalently, f may
be identified with an N-tuple of members of C(S):

f = ( f1, . . . , fN ), fi(·) = f (·, i).

We assume that we are given operators Ai, i ∈ N being the generators of con-
servative Feller semigroups inC(S), and that the domain of A is composed of f
such that fi ∈ D(Ai), and we have (A f )i = Ai fi. Furthermore, we assume that
(36.1) takes the form:

dui(t, x)

dt
= Aiui(t, x)+ Fi(u(t, x)), x ∈ S, i ∈ N , (36.6)

where u(t, x) ∈ RN is the vector (u1(t, x), . . . , uN (t, x)), F : RN → RN is of
class C1, and Fi : RN → R is the ith coordinate of F . (Note that F defines, in
a natural way, a function X → X, denoted in what follows by the same letter,
see also Exercises 36.2 and 36.3.) F being smooth, it is locally Lipschitz con-
tinuous in the sense that for r > 0 there exists L(r) such that |F (α)− F (β )| ≤
L(r)|α − β| provided the norms of α ∈ RN and β ∈ RN do not exceed r. This
guarantees existence of local solutions to (36.6). Moreover, for f ∈ D(A), the
mild solutions are classical solutions as well.

Proposition 36.1 Given constants mi < Mi, i = 1, . . . ,N, consider a ‘rect-
angle’ R composed of α ∈ RN with ith coordinate in the interval [mi,Mi],
i = 1, . . . ,N. Suppose that F is of class C1 and that for all α ∈ R with the
ith coordinate equal to Mi, and for all β ∈ R with ith coordinate equal to mi

we have:

Fi(α) < 0 and Fi(β ) > 0. (36.7)

LetM be the set of f ∈ C(SN ) such that:

mi ≤ fi ≤ Mi, i ∈ N .

Then, solutions of (36.6) starting at f ∈ D(A) ∩M never leaveM.
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fi(x)

mi

Mi

ba dc

Figure 36.1 Sets Bi and Ci. Here, Si is the interval [a, b], Bi = [a, c] and Ci =
{b, d}

Proof Suppose that our thesis is not true for some f ∈ D(A) ∩M. Then there
is a t0 ≥ 0 such that u(t ) ∈M for t ≤ t0 and for any ε > 0 there is a t ′ ∈
(t0, t0 + ε) with u(t ′) 
∈M. Without loss of generality we may assume t0 = 0
(for otherwise we may replace f by u(t0)). Let u′(t ) denote du(t )

dt . Note that
f cannot belong to the interior of M, for this would imply that the solution
stays in M for at least some short time interval. It follows that one of the sets
Bi,Ci, i ∈ N defined by (see Figure 36.1):

(x, i) ∈ Bi if fi(x) = Mi, (x, i) ∈ Ci if fi(x) = mi

is nonempty. We claim that so is one of the sets B′i:

(x, i) ∈ B′i if fi(x) = Mi and u
′
i(0, x) ≥ 0,

or C′i :

(x, i) ∈ C′i if fi(x) = mi and u
′
i(0, x) ≤ 0.

For the proof, suppose without loss of generality (this assumption merely
allows focusing our attention) that both B =⋃i∈I Bi and C =⋃i∈J Ci are
nonempty, where:

I = {i ∈ N |Bi is nonempty} and J = {i ∈ N |Ci is nonempty}.
If the claim is not true, B and C being compact, there is an ε > 0 such that
u′(0, x) < −ε for x ∈ B and u′(0, x) > ε for x ∈ C. Let:

Dn =
⋃
i∈I

Di,n and En =
⋃
i∈J

Ei,n
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be unions of compact sets:

Di,n =
{
(x, i)| fi(x) ≥ Mi − 1

n

}
and Ei,n =

{
(x, i)| fi(x) ≤ mi + 1

n

}
,

and let:

δn = max
i∈I

max
(x,i)∈Dn,i

min
(y,i)∈Bi

d(x, y), δ′n = max
i∈J

max
(x,i)∈En,i

min
(y,i)∈Ci

d(x, y),

where d is the metric in S. Since Di,n+1 ⊂ Di,n, δn+1 ≤ δn; analogously δ′n+1 ≤
δ′n. If limn→∞ δn > 0, there exists a δ > 0 and yn ∈ Di(n),n, such that for each
x ∈ Bi(n), d(x, yn) ≥ δ. Since S is compact, it follows that there is an i0 and
y ∈ ∩n≥1Di0,n (in particular: f (y, i0) = Mi0 ) such that for x ∈ Bi0 we have
d(x, y) ≥ δ. This being clearly impossible, wemust have limn→∞ δn = 0. Anal-
ogously, we check that limn→∞ δ′n = 0. By continuity, there is an n0 such that
u′(0, x) < −ε for x ∈ Dn0 and u

′(0, x) > ε for x ∈ En0 , and then there is t1 > 0
such that u′(t, x) < −ε for x ∈ Dn0 and t ∈ [0, t1], and u′(t, x) > ε for x ∈ En0
and t ∈ [0, t1]. Clearly, for x ∈ Dn0 and t ≤ t1, ui(t, x) ≤ ui(0, x) = fi(x) ≤
Mi. Let M̃ = supt∈[0,t1] ‖u′(t )‖ and m̃ = mini
∈I minx∈S[Mi − fi(x)] > 0. Then,
for t ≤ t2 := min( 1

n0M̃
, m̃
M̃
, t1) and (x, i) 
∈ Dn0 , ui(t, x) ≤ ui(0, x)+ tM̃ ≤ Mi,

implying that ui(t, x) ≤ Mi for all x ∈ S, i ∈ N and t ∈ [0, t2]. Analogously,
we show that ui(t, x) ≥ mi for all i and x, provided t is in a short interval. This
contradicts the way f was chosen, proving the claim.
Let i be such that B′i is nonempty. At (x, i) ∈ B′i, fi attains its maximum

and fi ∈ D(Ai). Hence, Ai fi(x) ≤ 0 (since Ai is the generator of a conservative
Feller semigroup, it satisfies the maximum principle). Moreover, Fi(u(0, x)) <
0, since the ith coordinate of ui(0, x) is Mi. This shows that u′i(0, x) can-
not be equal to Aiui(0, x)+ Fi(u(0, x)), contradicting (36.6). Analogously, if
a C′i is non-empty, fi attains its minimum at (x, i) ∈ C′i . Hence, Ai fi(x) ≥ 0,
and u′i(0, x) ≤ 0 cannot be equal to the sum of two terms: Aiui(0, x) ≥ 0 and
Fi(u(0, x)) > 0. This contradiction completes the proof. �

Coupled with the previous discussion, Proposition 36.1 shows that under the
stated conditions, for initial data inM, the semilinear Cauchy problem is well
posed on the whole half-line.
Taking for S the space composed of N distinct points, we may identify

members of C(S) with N-dimensional vectors, that is, members of RN . Then,
(36.6) with A = 0 is a system of N ordinary differential equations of N vari-
ables. In this context, relations (36.7) (and their relatives (36.8)) are known
as the Müller conditions [337, 338]. They guarantee that a solution of such
a system starting in the ‘rectangle’ R never leaves this rectangle. In the con-
text of reaction-diffusion equations, reasonings akin to that presented in our
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proposition are referred to as themethod of (invariant) rectangles, see [318],
and in particular Thm. 14.7, p. 200 there.
Before turning to an example, we need to weaken condition (36.7).

Proposition 36.2 Suppose that in Proposition 36.1, (36.7) is changed to read:

Fi(α) ≤ 0 and Fi(β ) ≥ 0. (36.8)

Then, the thesis remains the same.

Proof The idea is of course to approximate solutions of (36.1) with F satis-
fying (36.8) by solutions of (36.1) with F satisfying (36.7). Let us equip RN

with the supremum norm. Let r > 0 be so large that R is contained in the ball
K(0, r) ⊂ RN , and let L0(= L(r)) be a common Lipschitz constant for all Fi’s,
as restricted toK(0, r). Since the Fi’s may be extended to the whole ofRN with-
out increasing their Lipschitz constants ([117] p. 189), we may find a globally
Lipschitz continuous function F̃ on RN with Lipschitz constant L0 that agrees
with F on K(0, r).

Let H : RN → RN be given by H = (H1(·), . . . ,HN (·)) and:

Hi(α) = (0, . . . , cos(
αi − mi

Mi − mi
π )︸ ︷︷ ︸

ith coordinate

, . . . , 0), i = 1, . . . ,N,

where αi is the ith coordinate of α. Clearly Hi(α) = 1 provided αi = mi, and
Hi(α) = −1 provided αi = Mi. It follows that for all n, the Fn := F̃ + 1

nH sat-
isfies condition (36.7) and is globally Lipschitz continuous with Lipschitz con-
stant L1 = L0 +maxi=1,...,N π

Mi−mi
.

Let un be the solution to (36.1) with F replaced by Fn:

un(t ) = etA f +
∫ t

0
e(t−s)AFn(un(s)) ds. (36.9)

For μ > L1 we have, as in (36.4):

‖un − um‖μ ≤ sup
t≥0
‖e−μt

∫ t

0
e−(t−s)A[Fn(un(s))− Fm(u

m(s))] ds‖

≤ sup
t≥0

e−μt
∫ t

0
[‖Fn(un(s))− Fn(u

m(s))‖

+ ‖Fn(um(s))− Fm(u
m(s))‖] ds

≤ L1
μ
‖un − um‖μ + 1

μ

∣∣∣∣1n − 1

m

∣∣∣∣ .
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Hence,

‖un − um‖μ ≤
∣∣∣∣1n − 1

m

∣∣∣∣ 1

μ− L1
, n,m ≥ 1,

and we see that (un)n≥1 is a Cauchy sequence in Xμ. Denoting by u its limit,
and passing with n to infinity in (36.9), we see that u satisfies (36.2) with F
replaced by F̃ . On the other hand, by Proposition 36.1, all un’s belong to M.
SinceM is closed, so does u. In particular, since F̃ coincides with F onK(0, r),
we recognize u as the solution of (36.2) and of (36.6). �

As an example, we consider the following (rescaled) model of early lung
cancer due to Marciniak-Czochra and Kimmel, see [249, 250]:

∂c

∂t
= ((2p− 1)a(b, c)− dc)c,

∂b

∂t
= α(c)g− dbb− db,

∂g

∂t
= 1

γ

∂2g

∂x2
− α(c)g− dgg+ κ (c)+ db, (36.10)

where c, b, and g are densities of cells, and of bound and free growth factor
molecules, respectively, distributed across the unit interval [0, 1] (we keep the
notations of [249]). The first equation expresses the fact that cells may divide
with efficiency p ∈ [0, 1], and that the rate at which they enter mitosis depends
on the number of cells and on the number of bound receptors via the Hill-type
function (see, e.g., [3]):

a(b, c) = a0bm

bm + cm
; (36.11)

(a0 > 0 and an integer m are given constants); the constant dc > 0 is the rate
at which the cells die. The third equation tells us that free growth factors dif-
fuse freely on the interval with diffusion constant γ−1, and we assume that the
interval endpoints are reflecting barriers:

∂g(t, x)

∂x |x=0
= ∂g(t, x)

∂x |x=1
= 0.

These molecules may also bind to the cells on the cell’s membranes, and the
rate of binding depends on the cells density: α(c) = αc2, for some α > 0. Such
free growth factors are produced by external medium at the rate κ0 > 0 and
by the cells at the rate κ1c

1+c (with κ1 > 0), so that the total production rate is
κ (c) = κ0 + κ1c

1+c ; the constant dg > 0 is the rate at which free growth factors
are eliminated. Finally, the first term in the second equation describes influx of



Semilinear Equations 217

bound growth factors, and the two remaining terms are responsible for dissoci-
ation (at the rate d > 0) and elimination of these molecules (at the rate db > 0).

Let S3 be the union of three copies of the unit interval. The members of the
space C(S3) may be identified with triplets of continuous functions on [0, 1].
Using this identification, let A be the operator in C(S3) given by A(c, b, g) =
(0, 0, γ−1g′′) with domain composed of the triplets where g ∈ C2[0, 1] and
g′(0) = g′(1) = 0. Clearly, A generates the Feller semigroup etA(c, b, g) =
(c, b,T (t )g) where {T (t ), t ≥ 0} is the semigroup describing the Brownian
motion on [0, 1] with reflecting barriers at both endpoints. Hence, (36.10) is
a special case of (36.6) with:

F1(c, b, g) = ((2p− 1)a(b, c)− dc)c,

F2(c, b, g) = α(c)g− dbb− db,

F3(c, b, g) = −α(c)g− dgg+ κ (c)+ db.

We proceed to show that assumptions of Proposition 36.2 are satisfied
with m1 = m2 = m3 = 0. Since F1(0, b, g) = 0,F2(c, 0, g) = α(c)g ≥ 0 and
F3(c, b, 0) = κ (c)+ db ≥ 0 (provided b, c, g ≥ 0), we see that the second con-
dition in (36.8) is fulfilled. It remains to find M1,M2,M3 > 0 such that:

(2p− 1)a(b,M1)− dc ≤ 0,

α(c)g− dbM2 − dM2 ≤ 0,

−α(c)M3 − dgM3 + κ (c)+ db ≤ 0,

as long as 0 ≤ c ≤ M1, 0 ≤ b ≤ M2 and 0 ≤ g ≤ M3. The first two inequalities

are satisfied iff (2p−1)a0Mm
2

Mm
2 +Mm

1
≤ dc andM1 ≤

√
(db+d)M2

αM3
, and the third is satisfied iff

M3 ≥ κ (c)+dM2

αc2+dg for c ∈ [0,M1] which clearly holds ifM3 ≥ κ0+κ1+dM2
dg

. If (2p−
1)a0 > dc, we define M1 and M3 as functions of M2:

M1 = M2

(
(2p− 1)a0 − dc

dc

) 1
m

, M3 = κ0 + κ1 + dM2

dg
.

Then all the three conditions are satisfied if:

(κ0 + κ1 + dM2)M2 ≤ (db + d)dg
α

(
(2p− 1)a0 − dc

dc

)− 2
m

,

and it is clear that such anM2 may be chosen. In the case (2p− 1)a0 ≤ dc, the
first condition is satisfied for all M1 and M2. Hence, we may take an arbitrary

M2 > 0 and define M1 =
√

(db+d)M2
αM3

,M3 = κ0+κ1+dM2
dg

.
It follows that, provided initial conditions are non-negative and uniformly

bounded by M1,M2 and M3, respectively, the solutions of (36.10) are well
defined, unique, bounded, and non-negative on the whole half-line.
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Exercise 36.1 Under conditions of Proposition 36.2 and arguing as in its proof,
check that if u1 and u2 are mild solutions of (36.6) with initial conditions f1
and f2, respectively, then ‖u1 − u2‖μ ≤ μ‖ f1− f2‖

μ−L1 . Conclude that mild solutions
starting inM never leave M, and are defined on the whole half-line.

Exercise 36.2 Suppose F : R → R is of class C1, and let FC : C(S)→ C(S),
where S is a compact topological space, be given by [FC( f )](x) = F ( f (x)), f ∈
C(S), x ∈ S. Prove that FC is of class C1, that is, that for each f ∈ C(S) there
exists a bounded linear operator Af in C(S) such that:

lim
h∈C(S),‖h‖→0

FC( f + h)− FC( f )− Af h

‖h‖ = 0,

and Af depends continuously on f (Af is the Fréchet differential of FC at
f ). Hint: take (Af h)(x) = F ′( f (x))h(x); in other words, Af is the operator of
multiplication by the function x 	→ F ′( f (x)).

Exercise 36.3 Given a natural k, repeat the previous exercise for F : Rk → Rk

and FC mapping [C(S)]k into itself via the formula:

FC( f1, . . . , fk ) = (g1, . . . , gk )

where gi(x) = Fi( f1(x), . . . , fk(x)), i = 1, . . . , k.

� Chapter’s summary

As an application of the method of invariant rectangles (or theMüller Theorem)
for semilinear equations, we establish global existence and non-negativity
of solutions of an early cancer model due to A. Marciniak-Czochra and
M. Kimmel.
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Coagulation-Fragmentation Equation

On another detour from the main subject we consider a discrete model of coag-
ulation and fragmentation. To explain the reason for leaving the main road, we
recall from the previous chapter that the Müller conditions serve as a means
to guarantee global existence (in time) of solutions of a semilinear equation in
the case where the nonlinear part is merely locally Lipschitz continuous. They
simply force solutions to stay in a bounded region and hence not blow up. A
similar idea may be used to show existence of solutions of other equations, of
which the system this chapter is devoted to is a nice example; under certain
conditions, the norm is preserved along solutions of the equation involved, and
hence there can be no blowup.
The model is taken from McBride et al. [257] (see [16, Chapter 8] for the

continuous analogue). A population we are interested in is composed of clusters
(or: mers) that can fragment, or break into smaller pieces, and coagulate, that
is, join to other clusters to form larger ones. We assume there is a fundamental
unit for all mers, and each mer is composed of an integer number of such units;
a mer of n fundamental units is referred to as an n-mer. Hence, a population is
characterized by a sequence (ξn)n≥1 where ξn is the number (concentration) of
n-mers. The total “mass” or “size” of the population is

∑∞
n=1 nξn. The master

equation for the concentrations un(t ) of n-mers at time t ≥ 0 reads:

dun(t )

dt
= −anun(t )+

∞∑
m=n+1

ambm,num(t )

+ 1

2

n−1∑
m=1

kn−m,mun−m(t )um(t )−
∞∑
m=1

kn,mun(t )um(t ), (37.1)

for n ≥ 1, t ≥ 0. Here, the first two terms correspond to fragmentation events:
an ≥ 0 is the breakdown rate for n-mers, and bm,n ≥ 0 is the fraction of n-mers
produced upon the breakdown of an m-mer. The remaining two terms describe
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Figure 37.1 Coagulation and fragmentation by Radek Bobrowski

coagulation: if an n-mer coagulates with an m-mer with rate kn,m ≥ 0, then the
first sum is the total number of new n-mers, and the second is the number of
n-mers that become larger mers by coagulating with other mers. We assume:

a1 = 0, kn,m = km,n, n,m ≥ 1,
m−1∑
n=1

nbm,n = m, m ≥ 2,

that is, that 1-mer cannot break up any further and that the mass of a fragmented
m-mer is the same as before its fragmentation.
It will be convenient to consider the master equation (37.1) as a semi-

linear equation in the space X of sequences x = (ξn)n≥1 such that ‖x‖ :=∑∞
n=1 n|ξn| <∞. Of course, X is a Banach space (this space is isometrically

isomorphic to l1 via isomorphism I : X → l1 given by I(ξn)n≥1 = (nξn)n≥1). To
this end, we write (for the time being, merely formally):

du(t )

dt
= Au(t )+ Bu(t )+ K(u(t )), t ≥ 0, (37.2)

where:

A (ξn)n≥1 = (−anξn)n≥1, B (ξn)n≥1 =
( ∞∑
m=n+1

ambm,nξm

)
n≥1

,

with common domain D = {(ξn)n≥1 ∈ X|A(ξn)n≥1 ∈ X} (see later), and:

K((ξn)n≥1) =
(
1

2

n−1∑
m=1

kn−m,mξn−mξm −
∞∑
m=1

kn,mξnξm

)
n≥1
;
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by convention
∑0

m=1 = 0. The function K is defined for all x ∈ X provided we
assume, as we do, that there is a k ≥ 0 such that:

kn,m ≤ k, n,m ≥ 1. (37.3)

(For the case of unbounded kn,m see [15, 26].)
Except for a special choice of coefficients, the Cauchy problem related to

(37.2) is not well posed. However, we will show now that there is a generator
G of a positive semigroup, such that G extends A+ B. To this end, we use the
main theorem of Chapter 13 (Thm. 13.3): it is clear thatX is a KB-space and the
first two assumptions in Theorem 13.3 are satisfied. Next, for x = (ξn)n≥1 ∈ D,

‖Bx‖ ≤
∞∑
n=1

n
∞∑

m=n+1
ambm,n|ξm| =

∞∑
m=2

am|ξm|
m−1∑
n=1

nbm,n

=
∞∑
m=1

mam|ξm| = ‖Ax‖ (recall a1 = 0),

so that the third assumption is satisfied as well. Since a similar calcula-
tion shows that for any x ≥ 0, x ∈ D, and for the functional M defined by
M(ξn)n≥1 =

∑∞
n=1 nξn,

M(Ax+ Bx) = 0, Mx = ‖x‖, and ‖M‖ = 1, (37.4)

existence of the generator is secured by Theorem 13.3.
We proceed to show that (etG)t≥0 is aMarkov semigroup, that is, that it leaves

D = {x ≥ 0, x ∈ X |Mx = 1} invariant. For this, we need the following lemma.

Lemma 37.1

(a) For λ > 0, (λ− G)−1 =∑∞
n=0(λ− A)−1Bnλ where by definition Bλ =

B(λ− A)−1.
(b) Operators λ(λ− G)−1, λ > 0 are Markov iff limn→∞ Bnλ = 0.

Proof The proof of Theorem 13.3 makes it clear that we have:

(λ− G)−1 = lim
t↑1

R(r, λ)

where, see (13.5), R(r, λ) = (λ− A)−1
∑∞

n=0 r
nBnλ, and the limit is monotone.

Since Bλ and (λ− A)−1 are non-negative,

N∑
n=0

(λ− A)−1 rnBnλ ≤ R(r, λ) ≤ (λ− G)−1 , λ > 0,N ≥ 1.
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This implies:

N∑
n=0

(λ− A)−1 Bnλ ≤ (λ− G)−1 , λ > 0,N ≥ 1. (37.5)

Hence, for x ≥ 0,
∑N

n=0(λ− A)−1Bnλx ≤
∑N+1

n=0 (λ− A)−1Bnλx, λ > 0, and
‖∑N

n=0(λ− A)−1Bnλ‖ ≤ ‖(λ− G)−1‖‖x‖, λ > 0. Since X is a KB-space, the
series

∑∞
n=0(λ− A)−1Bnλx exists for such x. Using decomposition x = x+ − x−

(see Chapter 13) we see that:

Sλ :=
∞∑
n=0

(λ− A)−1 Bnλ

converges in the strong topology, and (37.5) implies Sλ ≤ (λ− G)−1. On the
other hand, R(r, λ) ≤ Sλ and taking the limit as r ↑ 1 we obtain (λ− G)−1 ≤
Sλ. This completes the proof of (a).
For the proof of (b) we note first that:

IX + B
N∑
n=0

(λ− A)−1 Bnλ = (λ− A)
N∑
n=0

(λ− A)−1 Bnλ + BN+1λ , λ > 0,

both sides being equal to
∑N+1

n=0 B
n
λ. Hence, for x ∈ D,

Mx+M(A+ B)
N∑
n=0

(λ− A)−1 Bnλx = Mλ

N∑
n=0

(λ− A)−1 Bnλ +MBN+1λ x.

Using (a) and (37.4), and letting N →∞,

1 = Mλ (λ− G)−1 x+ lim
N→∞

‖BN+1λ x‖.

Thus, Mλ(λ− G)−1x = 1 iff limn→∞ Bnλx = 0 for x ∈ D. The latter condition
holds iff limn→∞ Bnλ = 0 strongly, completing the proof. �

We return to the proof of the fact that etG, t ≥ 0 are Markov operators, or
that λ(λ− G)−1, λ > 0 are Markov operators (see Chapter 13 for this equiv-
alence). Using (37.4) and the definition of A, we show first that Bλ, λ > 0 are
contractions (see Lemma 13.1):

‖Bλx‖ = MB (λ− A)−1 x = −MA (λ− A)−1 x = ‖A (λ− A)−1 x‖
≤ ‖x‖, x ≥ 0.

Next, let ei = (δi,n)n≥1 ∈ X, i ≥ 1 where δi,n is the Kronecker symbol. Since
{ei, i ≥ 1} is a Schauder basis for X (see, e.g., [78]), in view of Lemma 37.1,
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it suffices to show:

lim
n→∞B

n
λei = 0, λ > 0, i ≥ 1. (37.6)

To this end, we fix λ > 0, and for i ≥ 1 let:

qi = q(λ, i) = max
k=1,...,i

ak
λ+ ak

< 1.

By the definition of the operators A and B,

(λ− A)−1 ei = 1

λ+ ai
ei and Bei = ai

i−1∑
j=1

bi je j.

We claim that:

‖Bnλei‖ ≤ qni ‖ei‖ = qni i, n ≥ 0, i ≥ 1. (37.7)

This is clear for n = 0 and the induction step is proved as follows:

‖Bn+1λ ei‖ = ai
λ+ ai

∥∥∥∥∥∥
i−1∑
j=1

bi jB
n
λe j

∥∥∥∥∥∥ ≤ qi

∥∥∥∥∥∥
i−1∑
j=1

bi jB
n
λe j

∥∥∥∥∥∥ ≤ qn+1i

i−1∑
j=1

bi j j

= qn+1i i,

completing the proof of the claim. Since (37.7) implies (37.6), we are done.
This analysis allows replacing the ill-posed Cauchy problem related to equa-

tion (37.2) by the well-posed one:

du(t )

dt
= Gu(t )+ K(u(t )), t ≥ 0, u(0) = x ≥ 0, (37.8)

where G extends A+ B and is the generator of a Markov semigroup. (In fact,
see Exercise 37.3,G is the closure of A+ B.) However, to see that this problem
is indeed well posed, we need to exhibit basic properties of K.

We begin by introducing two bilinear forms in X:

K1(x, y) =
(
1

2

n−1∑
m=1

kn−m,mξn−mηm

)
n≥1

K2(x, y) =
(
ξn

∞∑
m=1

km,nηm

)
n≥1
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where x = (ξn)n≥1, y = (ηn)n≥1 ∈ X. To show that these forms map X× X into
X, we estimate (recall (37.3)):

‖K1(x, y)‖ ≤
∞∑
n=1

n

2

n−1∑
m=1

kn−m,m|ξn−m||ηm|

≤ k
∞∑
m=1

n

2

∞∑
n=m+1

|ξn−m||ηm|

≤ k
∞∑
m=1

∞∑
n=1

n+ m

2
|ξn||ηm|

≤ k
∞∑
m=1

∞∑
n=1

nm|ξn||ηm| = k‖x‖ ‖y‖,

and ‖K2(x, y)‖ ≤ k
∑∞

n=1 n|ξn|
∑∞

j=1 |η j| ≤ k‖x‖ ‖y‖. As a by-product of this
calculation, both forms are seen to be continuous. Hence,K := K1 −K2 is also
a continuous bilinear form, and ‖K(x, y)‖ ≤ 2k‖x‖ ‖y‖. Since K is a quadratic
form associated withK, that is,Kx = K(x, x),K is locally Lipschitz continuous
(see Exercise 37.1). Hence, (37.8) has local solutions in time.
For the global existence we need the following property of K:

MK(x) = 0, x ∈ X, (37.9)

or, expanded,

∞∑
n=1

n

2

n−1∑
m=1

kn−m,mξn−mξm =
∞∑
n=1

nξn

∞∑
m=1

kn,mξm,

where, as before, x = (ξn)n≥1. To explain, note that:

1

2

n−1∑
m=1

kn−m,mξn−mξm

is the fraction of mers of size smaller than n that coagulated into mers of size n,
or the fraction of “gained” mers of size n. Thus the left-hand side is the mass of
all mers “gained” by coagulation. Similarly, ξn

∑∞
m=1 kn,mξm is the fraction of

n-mers that coagulated with other mers, thus becoming mers of larger size; the
right-hand side is therefore the mass of all mers “lost” by coagulation. Hence,
for non-negative x, the formula simply expresses the fact that by coagulation
no mass is really lost or gained. For the formal proof, we change the order of
summation on the left-hand side to obtain, as in the estimate for ‖K1(x, y)‖,
that it equals

∑∞
m=1
∑∞

n=1
n+m
2 kn,mξmξn. By km,n = kn,m this can be written as
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the half of:

∞∑
m=1

∞∑
n=1

nkn,mξmξn +
∞∑
m=1

∞∑
n=1

mkm,nξmξn,

and thus it equals the right-hand side.
Had we established (as in [257, Theorem 4.7]) that mild solutions of (37.8)

are non-negative, provided initial condition is, with (37.9) at hand, the proof
of global existence would be easy. We would simply use the relation u(t ) =
etGx+ ∫ t0 e(t−s)GK(u(s)) ds to see that:

‖u(t )‖ = Mu(t ) = MetGx+ 0 = Mx = ‖x‖, x ≥ 0, (37.10)

because for y ∈ kerM, and any s ≥ 0, MesGy = MesGy+ −MesGy− = My+ −
My− = My = 0, by the Markov property of esG; in other words, esG leaves
kerM invariant. (Recall that by (37.9) K maps X into kerM.) This would imply
that solutions cannot blow up, and the result would follow.
However, because we do not have the result mentioned earlier at our disposal,

we will take a slightly different route and prove global existence directly (of
course, with the help of (37.9)). To this end, for fixed real number ρ > 0 and
non-negative x ∈ X, we consider the set S = {y ∈ X | y ≥ 0, ‖y‖ = ‖x‖}, and
the complete metric space Cρ of continuous functions v : R+ → S, with the
Bielecki-type distance [34, 125]:

dρ (v1, v2) = sup
t≥0

e−ρt‖v1(t )− v2(t )‖.

Also, let L be a Lipschitz constant for K restricted to S, so that:

‖K(y1)− K(y2)‖ ≤ L‖y1 − y2‖, y1, y2 ∈ S,

and let bounded linear functionals Fi ∈ X∗ be given by:

Fi (ηn)n≥1 = ηi, i ≥ 1.

For y = (ηn)n≥1 ∈ S and α := k‖x‖, Fi(K2(y, y)) = ηi
∑∞

m=1 km,iηm ≤ k‖y‖
Fiy = αFiy, or Fi[αy−K2(y, y)] ≥ 0. Since K1(y, y) ≥ 0, it follows that:

K(y)+ αy ≥ 0, y ∈ S. (37.11)

Next, for v ∈ Cρ , let:

w(t ) = e−αtetGx+
∫ t

0
e−α(t−s)e(t−s)G[K(v (s))+ αv (s)] ds, t ≥ 0.
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By (37.11), w(t ) ≥ 0. As in (37.10),

‖w(t )‖ = Mw(t ) = e−αtMx+ α

∫ t

0
e−α(t−s)Mv (s) ds

= e−αtMx+ α

∫ t

0
e−α(t−s)Mx ds = Mx = ‖x‖.

It follows that the transformation u 	→ Uu := w maps Cρ into Cρ . Moreover,
for v1, v2 ∈ Cρ , arguing similarly as in (36.4),

dρ (Uv1,Uv2)

≤ sup
t≥0

e−ρt
∫ t

0
e−α(t−s)‖K(v1(s)− v2(s))+ α(v1(s)− v2(s)]‖ ds

≤ sup
t≥0

(L+ α)
∫ t

0
e−ρ(t−s)e−α(t−s)e−ρs‖v1(s)− v2(s)‖ ds

≤ sup
t≥0

(L+ α)
∫ t

0
e−(ρ+α)s ds dρ (v1, v2)

= L+ α

ρ + α
dρ (v1, v2).

For ρ > L, the fraction here is less than 1. By the Banach Fixed Point Theorem,
this proves existence of u ∈ Cρ such thatUu = u, that is,

u(t ) = e−αtetGx+
∫ t

0
e−α(t−s)e(t−s)G[K(u(s))+ αu(s)] ds, (37.12)

for t ≥ 0.
It remains to show that u is a mild solution to (37.8). This can be deduced as

follows. First, we note that all the three terms in (37.12) are bounded, and their
Laplace transforms are well defined for λ > 0. Writing:

û(λ) =
∫ ∞

0
e−λtu(t ) dt and K̂u(λ) =

∫ ∞

0
e−λtK(u(t )) dt, λ > 0,

we have, by (37.12),

û(λ)= (λ+α − G)−1x+(λ+ α − G)−1K̂u(λ)+α(λ+α − G)−1û(λ), λ > 0.

Therefore, û(λ) belongs to the domain of G, and for all λ > 0, we have (λ+
α − G)û(λ) = x+ K̂u(λ)+ αû(λ). This reduces to (λ− G)û(λ) = x+ K̂u(λ),
or:

û(λ) = (λ− G)−1x+ (λ− G)−1 K̂u(λ).
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This, however, means that the Laplace transforms of continuous functions
t 	→ u(t ) and t 	→ etGx+ ∫ t0 e(t−s)G(K(u(s))) ds coincide. It follows that these
functions are equal to each other, completing the proof.

Exercise 37.1 Check that K is locally Lipschitz continuous.

Exercise 37.2 Check that K is Fréchet differentiable, and find its derivative.
Deduce that for x ∈ D(G) mild solutions of (37.8) are strong solutions of this
equation.

Exercise 37.3 (See [16, p. 120]) Using (37.6) and:

(λ− A− B)
N∑
n=0

(λ− A)−1 Bnλx = x− BN+1λ x, x ∈ X

N∑
n=0

(λ− A)−1 Bnλ(λ− A− B)x = x− (λ− A)−1 BNλBx, x ∈ D,

show that (λ− A+ B)−1 =∑∞
n=0(λ− A)−1Bnλ. Deduce that G = A+ B.

� Chapter’s summary

On a little detour from the main subject, we prove well-posedness of the
coagulation-fragmentation equation from the discrete model of McBride
et al. [257]. This is a particular case of a semilinear equation in an l1-type
space, with locally Lipschitz-continuous nonlinearity. For non-negative initial
conditions, the solutions preserve the norm and hence do not blow up, forcing
existence of global solutions in time.
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Homogenization Theorem

Our main goal in this chapter is (a simple version of) the homogenization the-
orem of Conway, Hoff, and Smoller [95, 318]. In the case we are interested in,
the theorem deals with equation (36.6) with S being a compact interval [a, b],
and all generators Ai being scalar multiples of the one-dimensional Laplace
operator with Neumann boundary conditions. In other words, we are consider-
ing:

∂ui(t, x)

∂t
= σi

∂2ui(t, x)

∂x2
+ Fi(u(t, x)), x ∈ [a, b], i ∈ N , (38.1)

where σi’s are given positive constants, with boundary conditions:

∂ui(t, x)

∂x |x=a
= ∂ui(t, x)

∂x |x=b
= 0, i ∈ N . (38.2)

We start with the following Poincaré’s and Sobolev’s inequalities (comp. [2,
84, 318]). By D we denote the derivative with respect to x ∈ [a, b] (one-sided,
where necessary). Also, L2[a, b] is the Hilbert space of square integrable func-
tions on [a, b], with the usual norm ‖ f‖22 =

∫ b
a [ f (x)]

2 dx.

Lemma 38.1 Let f ∈ C1[a, b] and suppose for some x0 ∈ [a, b], f (x0) = 0.
Then:

(a) (Poincaré’s inequality) there is a λ > 0 (independent of f ) such that:

λ‖ f‖22 ≤ ‖D f‖22,

(b) (Sobolev’s inequality) and:

‖ f‖sup := sup
x∈[a,b]

| f (x)| ≤ ‖ f‖W 2,1 :=
√
‖ f‖22 + ‖D f‖22.
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Proof We have f (x) = ∫ xx0 D f (y) dy, x ∈ [a, b], where, to recall, for x ≤ x0,∫ x
x0
D f (y) dy equals by definition− ∫ x0x D f (y) dy. Hence, by Schwarz’s inequal-

ity applied to the inner integral:

‖ f‖22 ≤
∫ b

a

∣∣∣∣∫ x

x0

D f (y) dy

∣∣∣∣2 dx ≤
∫ b

a

(∫ b

a
|D f (y)| dy

)2

dx

≤ (b− a)
∫ b

a

∫ b

a
|D f (y)|2 dy dx = (b− a)2

∫ b

a
|D f (y)|2 dy.

This implies (a) with λ = (b− a)−2.
Next, introducing g(x) = ( f (x))2 ≥ 0, we have for any x ∈ [a, b],

g(x) =
∫ x

x0

g′(y) dy =
∫ x

x0

2 f (y) f ′(y) dy ≤
∫ b

a
2| f (y)| | f ′(y)| dy

≤
∫ b

a
[ f (y)]2 dy+

∫ b

a
[D f (y)]2 dy = ‖ f‖2W 2,1 .

Hence, ‖ f‖sup = supx∈[a,b]
√
g(x) ≤ ‖ f‖W 2,1 . �

Suppose that assumptions of Proposition 36.2 concerning F are satisfied, so
that M is an invariant set for equation (38.1). Let R ⊂ RN be the rectangle
related toM, and let:

σ := min
i∈N

σi and M = sup
α∈R

√√√√ N∑
i=1

N∑
j=1

(
∂Fi(α)

∂α j

)2

. (38.3)

Also, let L2(SN ) be the Cartesian product of N copies of L2[a, b]; the norm
in the latter space, denoted in what follows ‖ · ‖L2(SN ), is related to the scalar
product:

< f , g>=
N∑
i=1

∫ b

a
figi, f = ( fi)i∈N , g= (gi)i∈N ∈ L2(SN ).

If all coordinates of f = ( fi)i∈N are differentiable, we write D f for (D fi)i∈N .

Theorem 38.2 (Conway–Hoff–Smoller) Assume F ∈ C3 and:

d := σλ−M > 0,

where λ is the constant from Poincaré Lemma. Let u be the solution of the
Cauchy problem related to (38.1) with initial condition f ∈ D(A2) ∩M and
let c := ‖D f‖L2(SN ).



230 Homogenization Theorem

(a) We have ‖Du(t )‖L2(SN ) ≤ ce−dt, t ≥ 0.

(b) Denoting u(t ) = (ui(t ))i∈N , where ui(t ) = 1
b−a
∫ b
a ui(t, x) dx, we have

‖u(t )− u(t )‖L2(SN ) ≤ c√
λ
e−dt, t ≥ 0.

(c) Moreover,

‖u(t )− u(t )‖sup ≤
√
λ+ 1

λ
ce−dt , t ≥ 0.

(d) There are: a constant c1 and functions Gi : [0,∞)→ R, i ∈ N such that:

u′i(t ) = Fi(u(t ))+ Gi(t ),

while |Gi(t )| ≤ c1e−dt, t ≥ 0.

For the proof of the theorem we need a (not too) technical lemma.

Lemma 38.3 Suppose F ∈ C3, f ∈ D(A2) ∩M, and let u be the solution of
(38.1). Then, treated as a function of two variables, u possesses the mixed par-
tial derivative:

∂2u(t, x)

∂t ∂x
, t ≥ 0, x ∈ [a, b],

and the latter is continuous.

Proof Recalling notation of Chapter 36, we let:

A( fi)i∈N = (σiD
2 fi)i∈N

on the domain:

D(A) = {( fi)i∈N ∈ C(SN ); fi ∈ C2[a, b],D fi(a) = D fi(b) = 0, i ∈ N }.
When equipped with the graph norm:

‖ f‖A := ‖ f‖ + ‖A f‖ := sup
i∈N

‖ fi‖C(S) + sup
i∈N

‖D2 fi‖C(S),

D(A) is a Banach space, denoted in what follows by [D(A)]. Moreover, (etA)t≥0
leaves D(A) invariant, and its restriction to this subspace is a strongly continu-
ous semigroup in [D(A)] with generator being the restriction of A do D(A2).

LetR ⊂ RN be the rectangle related toM ⊂ C(SN ), and F̃ : RN → RN be a
C3 function that agrees withF onR and vanishes outside of a ball containingR.
It may be checked that for f ∈ D(A), the function FD(A) f := F̃ ◦ f belongs to
D(A). In fact, since F̃ and all its three derivatives vanish outside of a ball, FD(A) :
[D(A)]→ [D(A)] is globally Lipschitz. A calculation similar to Exercise 36.2,
but slightly more tedious, shows thatFD(A) : [D(A)]→ [D(A)] has a continuous
Fréchet differential.
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It follows that for f ∈ D(A2), there is a classical, unique, global solution u
to (38.1) with F replaced by F̃ , in the space [D(A)] (in particular, derivatives
and continuity are understood in the graph norm). Since the norm in [D(A)]
is stronger than that of C(SN ), u is a solution to (38.1) with F replaced by F̃ ,
in C(SN ) as well. If f ∈ D(A2) ∩M, the latter solution never leaves M, and
hence is a solution of the original equation (38.1). This implies, by uniqueness
of solutions, that for f ∈ D(A2) ∩M, the solution to (38.1) has values in D(A)
(even inD(A2)), and is continuously differentiable as a functionR+ → [D(A)].
In particular, Du′(t ) exists for all t ≥ 0 and t 	→ Du′(t ) ∈ C(SN ) is continuous.
This implies existence and continuity of the partial derivative:

∂2u(t, x)

∂x ∂t
, t ≥ 0, x ∈ [a, b],

and so the lemma follows by the well-known result of multivariate calculus.�
Proof of Theorem 38.2. (a) Lemma 38.3, combined with compactness of the
interval [a, b], implies that t 	→ Du(t ) ∈ C(SN ) is continuously differentiable.
Because the supremum norm is stronger than the Hilbert space norm, the same
is true if we consider this function as having values in L2(SN ). Let:

φ(t ) = ‖Du(t )‖2L2(SN ) =< Du(t ),Du(t ) >, t ≥ 0.

Then φ is differentiable and:

d

dt
φ(t ) = 2 <

d

dt
Du(t ),Du(t ) >= 2

N∑
i=1

∫ b

a

∂2ui(t, x)

∂x∂t

∂ui(t, x)

∂x
dx

= −2
N∑
i=1

∫ b

a

∂ui(t, x)

∂t

∂2ui(t, x)

∂x2
dx,

where in the last step we have used integration by parts formula plus the Neu-
mann boundary conditions.
On the other hand, multiplying the ith equality in (38.1) by D2ui(t, x) and

integrating over the interval [a, b], we obtain:∫ b

a

∂ui(t, x)

∂t

∂2ui(t, x)

∂x2
dx = σi‖D2ui(t, ·)‖22

+
∫ b

a
Fi(u(t, x))

∂2ui(t, x)

∂x2
dx.

Summing over i ∈ N renders now:

d

dt
φ(t )+ 2σλφ(t ) ≤ −2

N∑
i=1

∫ b

a
Fi(u(t, x))

∂2ui(t, x)

∂x2
dx,
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where we have used the Poincaré Lemma. Integrating the right-hand side by
parts, using the boundary conditions, and applying Schwarz inequality twice,
we see that it does not exceed 2M‖Du(t )‖2L2(SN ) = 2Mφ(t ). (Alternatively, we
use the following estimate:∣∣∣∣∣∣

N∑
i=1

N∑
j=1

ai, jviv j

∣∣∣∣∣∣ ≤
√√√√ N∑

i=1

N∑
j=1

a2i, j

N∑
k=1

v2
k ,

that holds for all numbers ai, j, vi, i, j = 1, . . . ,N. This inequality sim-
ply means that |(Av, v )| ≤ ‖A‖‖v‖2, where Av is the matrix product of
(ai, j )i, j=1,...N and (vi)i=1,...,N , and (·, ·) denotes the standard scalar product in
RN .) Therefore, d

dtφ(t )+ 2dφ(t ) ≤ 0, or, which is the same, d
dt (e

2dtφ(t )) ≤ 0.
This implies e2dtφ(t ) ≤ φ(0), and (a) follows since ‖Du(t )‖L2(SN ) =

√
φ(t ).

(b) Fix i ∈ N and t ≥ 0. Since ui(t, ·) is a continuous function, for some
x ∈ [a, b] we have ui(t, x) = 1

b−a
∫ b
a ui(t, y) dy. Hence, ui(t )− ui(t ) satisfies the

assumptions of Poincaré’s Lemma. Since D[ui(t )− ui(t )] = Dui(t ), (b) is an
immediate consequence of (a).
(c) follows immediately by (a), (b), and the Sobolev inequality.
(d) We have:

u′i(t ) =
1

b− a

∫ b

a

∂ui(t, x)

∂t
dx

= 1

b− a

∫ b

a
σi
∂2ui(t, x)

∂x2
dx+ 1

b− a

∫ b

a
Fi(u(t, x)) dx.

The Neumann boundary conditions imply that the first term on the right-hand
side vanishes. Hence, by (c), (d) follows with:

Gi(t ) = 1

b− a

∫ b

a
Fi(u(t, x)) dx− Fi(u(t )),

because:

|Gi(t )| ≤ 1

b− a

∫ b

a
|Fi(u(t, x))− Fi(u(t ))| dx ≤ L‖u(t )− u(t )‖sup,

where L is a Lipschitz constant for Fi’s. �

The primary significance of the theorem is that it describes long-time behav-
ior of solutions to (38.1): if diffusion coefficients are sufficiently large as com-
pared to the size of the interval (which is hidden in the constant from the
Poincaré Lemma) and the forcing nonlinear terms Fi’s, solutions to (38.1)
homogenize along N copies of the interval [a, b] as time tends to infinity, and
when identified withN real-valued functions, for large times they are very close
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Figure 38.1 State-space collapse for reaction-diffusion processes with fast
diffusion

to solutions of

u′(t ) = F (u(t )), t ≥ 0. (38.4)

Point (a) says that as t →∞, the derivative of the solution decays exponen-
tially, suggesting that – and (b) makes it precise – the solution becomes “flat.”
Point (c) says that the latter statement is true in the supremum norm as well,
and point (d) specifies the dynamics of the “flattened” solution.
However, one could also look at the theorem from a different angle: suppose

σ > 0 and we multiply all σi’s in (38.1) by κn > 0, where limn→∞ κn = ∞.
Then, for sufficiently large n, we have d > 0 and the theorem’s estimates are
in force. Letting n→∞, we obtain that solutions of (38.1) converge to those
of (38.4). It is the latter point of view that prevails in this book. The intuitive
reason for this result is that fast diffusion “merges” or “lumps” points in each
interval into a single point (see Figure 38.1).
For example, let us consider a (one-dimensional variant of a)model of kinase

phosphorylation and dephosphorylation, due to Żuk et al. [356]. In the model,
kinase molecules diffusing in a compartment, modeled as an interval [a, b], are
divided into three classes: unphosphorylated, K0, singly phosphorylated, K1,
and doubly phosphorylated, K2. Any kinase, whether phosphorylated or not,
is an enzyme, leading to phosphorylation of other kinases, and the higher the
phosphorylation level is, the higher the intensity ci of such reaction, i = 0, 1, 2.
In particular,

Ki +K1 → Ki +K2, with intensity ci, i = 0, 1, 2,

where c0 < c1 < c2 are given. Similarly,

Ki +K0 → Ki +K1, with intensity 2ci, i = 0, 1, 2,

the factor 2 reflecting the fact that a kinase of type K0 may be phosphorylated
at any of its two residues.
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A phosphorylated kinase may also be dephosphorylated by a phosphataseP:

P +Ki → P+Ki−1, with intensity id, i = 1, 2;

(for doubly phosphorylated kinase, the intensity of dephosphorylation is twice
larger, because there are two residues).
These assumptions lead to the following system of equations for kinase con-

centrations, ui(t, x) denoting concentration of kinase Ki at time t and spatial
location x:

∂u0
∂t

= σ
∂2u0
∂x2

+ du1C − 2u0

2∑
i=0

ciui,

∂u1
∂t

= σ
∂2u1
∂x2

− du1C + 2u0

2∑
i=0

ciui − u1

2∑
i=0

ciui + 2dCu2,

∂u2
∂t

= σ
∂2u2
∂x2

+ u1

2∑
i=0

ciui − 2dCu2, (38.5)

with “no-flux” Neumann boundary conditions (38.2). Here,C is the (constant)
number, or concentration, of phosphatases and σ > 0 is the common diffusion
coefficient for all kinases. To explain, the term 2u0

∑2
i=0 ciui in the nonlinear

part in the first equation is the number of kinase molecules that changed the
classK0 toK1 by being phosphorylated at one residue, and du1C is the number
of singly phosphorylated kinase molecules that underwent a process of dephos-
phorylation. Similarly, the term u1

∑2
i=0 ciui is the number of singly phosphory-

lated molecules that became doubly phosphorylated, and 2dCu2 is the number
of doubly phosphorylated molecules that became singly phosphorylated.
If σ is very large, concentrations of kinase molecules do not depend on the

spatial position x, and hence are constant along the interval [a, b]. Then, t 	→
ui(t, ·) may be identified with real functions t 	→ ui(t ), and the Conway–Hoff–
Smoller Theorem says that the system is well-approximated by the differential
equations:

du0
dt

= du1C − 2u0

2∑
i=0

ciui,

du1
dt

= −du1C + 2u0

2∑
i=0

ciui − u1

2∑
i=0

ciui + 2dCu2,

du2
dt

= u1

2∑
i=0

ciui − 2dCu2. (38.6)
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Exercise 38.1 Check that the nonlinear part in (38.5) is locally Lipschitz-
continuous, and that solutions starting at non-negative initial conditions stay
non-negative all the time. Also, ‖u0 + u1 + u2‖sup does not vary with time. In
particular, solutions starting at non-negative initial conditions never blow up.

� Chapter’s summary

If no mass is lost at the boundary (which is expressed in the Neumann boundary
conditions), diffusion has a property of homogenizing solutions along bounded
intervals: as diffusion coefficients tend to infinity, solutions to (38.1) converge
to those of (38.4).1

1 For an ingenious, probabilist’s look at a homogenization theorem (with periodic boundary condi-
tion instead of Neumann boundary condition) consult the works of Pardoux, Pang, and Vereten-
nikov (see, e.g., [283] and references given there).
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Shadow Systems

In modeling, one often needs to combine diffusion equations with ordinary dif-
ferential equations – see, for example, the model of early cancer, presented in
Chapter 36. In such cases σ defined in (38.3) equals 0, and the main assumption
of the Conway–Hoff–Smoller Theorem is not satisfied. On the other hand, the
latter theorem speaks about convergence of solutions of systems of equations
involving diffusion to solutions of ordinary differential equations. Hence, intu-
itively, lack of diffusion in some of the equations of the approximating systems
should not spoil convergence. As we shall see, and this is the subject of this
chapter, solutions do in fact converge to those of a shadow system (this notion
seems to be originally introduced by J. P. Keener, see [203]). On our way to this
goal, we will generalize the Conway–Hoff–Smoller Theorem in its part con-
cerning convergence as diffusion coefficients tend to infinity. We follow [59].
We begin by noting that in the case where F ≡ 0 and N = 1, combined

points (c) and (d) of the Conway–Hoff–Smoller Theorem have already been

SHADOWS XP

LOADING DESKTOP...

Figure 39.1 Shadow(s) system(s) by Radek Bobrowski



Shadow Systems 237

encountered in Chapter 32. For, in this caseGi in (d) equals zero (see the proof),
so that u′(t ) = 0, and u(t ) = const. = 1

b−a
∫ b
a f . Hence, (c) says that:

∥∥etA f − P f
∥∥
sup ≤

√
λ+ 1

λ
ce−λt, (39.1)

where c = c( f ), P is the projection P f = 1
b−a
∫ b
a f , and A is the Neumann

Laplace operator. This is Corollary 32.2 supplied with the rate of convergence,
or a version of (32.3) – (c depends on f , but instead of unknown, perhaps quite
small ε, we have λ = 1

b−a ).
We will show that the main result of the previous chapter concerning con-

vergence as diffusion coefficients converge to infinity may be recovered from
(32.3). Moreover, we will generalize the result to all semigroups satisfying
(32.3) and to systems where some “diffusion coefficients” are zero.
More specifically, we come back to the setup of Chapter 36: S is a compact

metric space, N is a natural number, and Ai, i ∈ N are generators of conserva-
tive Feller semigroups inC(S). Additionally, we assume that there are N0 ≤ N,
ε > 0, M > 0 and rank-one projections Pi, i ∈ N0 := {1, . . . ,N0} such that:

‖etAi − Pi‖ ≤ Me−εt, t > 0, i ∈ N0, (39.2)

while:

Ai = 0, i ∈ N \N0.

(A rank-one projection is a projection of the form P f = (F f ) f∗, where the
vector f∗ and the functional F are given.) In other words, only N0 ≤ N first
equations in (36.6) are partial differential equations; the remaining ones are
ordinary differential equations, although all ui’s depend on x and t (see, for
instance, (36.10)).

It will be convenient to rewrite (36.6) in the following form:

u′(t ) = Au(t )+ F (u(t ), v(t )), u(0) = f ∈ [C(S)]N0,

v′(t ) = G(u(t ), v(t )), v(0) = g ∈ [C(S)]N−N0,

where u(t ) = (u1(t ), . . . , uN0 (t )), v(t ) = (uN0+1, . . . , uN (t )), and A is the gen-
erator of the Cartesian product semigroup:

etA( fi)i=1,...,N0 = (etAi fi)i=1,...,N0 .

In studying the fast-diffusion analogue of this system:

u′n(t ) = κnAun(t )+ F (un(t ), vn(t )), un(0) = f ∈ [C(S)]N0,

v′n(t ) = G(un(t ), vn(t )), vn(0) = g ∈ [C(S)]N−N0, n ≥ 1

(39.3)
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where limn→∞ κn = ∞, we assume that either the Müller conditions are sat-
isfied or for some other reason (see Chapter 37 or Exercise 38.1) solutions to
these equations, starting in a bounded subset M of C(SN ) never leave M.

Theorem 39.1 Under the stated conditions, (the mild) solutions to the system
(39.3) starting inM, converge to those of the shadow system:

u′(t ) = PF (u(t ), v (t, ·)), u(0) = P f ∈ RN0 ,

v ′(t ) = G(u(t ), v (t )), v (0) = g ∈ [C(S)]N−N0, (39.4)

almost uniformly in t ∈ (0,∞), where P( fi)i=1,...,N0 = (Pi fi)i=1,...,N0 .

To explain: F (u(t ), v (t, ·)) is a member of [C(S)]N0 ; P on the right-hand
side of the first equation is applied to this member. Here and in what follows,
N0-tuples of real numbers will be alternately treated as elements of RN0 , and
elements of [C(S)]N0 , that is, identified with an N0-tuple of constant functions.
For example, solutions to the early cancer model (36.10) converge as γ → 0,

to those of:

∂c

∂t
= ((2p− 1)a(b, c)− dc)c,

∂b

∂t
= α(c)g− dbb− db,

∂g

∂t
= −

∫ 1

0
[α(c)g+ dgg− κ (c)− db]. (39.5)

(The integral here is with respect to the variable x.)
For the proof of the theorem we recall Gronwall’s Lemma.

Lemma 39.2 Suppose α : R+ → R+ is a measurable function that is bounded
on each subinterval ofR+. If there are non-negative constants a and b such that:

α(t ) ≤ a+ b
∫ t

0
α(s) ds, t ≥ 0, (39.6)

then α(t ) ≤ aebt, t ≥ 0.

Proof By (39.6) and induction argument, it follows that:

α(t ) ≤ a
n−1∑
k=0

bktk

k!
+ bn

∫ t

0

(t − s)n−1

(n− 1)!
α(s) ds, t ≥ 0, n ≥ 1. (39.7)

Since the first term on the right-hand side converges, as n→∞, to aebt , it
suffices to show that:

lim
n→∞ b

n
∫ t

0

(t − s)n−1

(n− 1)!
α(s) ds = 0.
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However, α is bounded on [0, t]. Hence, the integral here does not exceed
const. t

n

n! , and we are done. �

Proof of Theorem 39.1 Let:

αn(t ) = ‖un(t )− u(t )‖ + ‖vn(t )− v (t )‖, t ≥ 0,

where norms are those of [C(S)]N0 and [C(S)]N−N0 , respectively. Since:

un(t ) = eκntA f +
∫ t

0
eκn(t−s)AF (un(s), vn(s)) ds,

vn(t ) = g+
∫ t

0
G(un(s), vn(s)) ds,

while:

u(t ) = P f +
∫ t

0
PF (u(s), v (s, ·)) ds,

v (t ) = g+
∫ t

0
G(u(s), v (s)) ds,

we have:

αn(t ) ≤ ‖eκntA f − P f‖

+
∫ t

0
‖eκn(t−s)AF (un(s), vn(s))− PF (un(s), vn(s, ·))‖ ds

+
∫ t

0
‖PF (un(s), vn(s, ·))− PF (u(s), v (s, ·))‖ ds

+
∫ t

0
‖G(un(s), vn(s))− G(u(s), v (s))‖ ds.

However, solutions stay in a bounded region. It follows that we can choose a
Lipschitz constant L such that the last two integrands do not exceed Lαn(s), s ∈
[0, t]. For the same reason, using (39.2), we see that the first integrand does not
exceed Ce−εκn(t−s), where C = M sup(u,v)∈M ‖F (u, v)‖.
Now, consider t ∈ [t0, t1] where t0 > 0. Since the first term above may also

be estimated using (39.2), for the non-negative constants:

an = Me−εκnt0‖ f‖[C(S)]N0 +
C

εκn

we obtain:

αn(t ) ≤ an + 2L
∫ t

0
αn(s) ds,
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while limn→∞ an = 0. Therefore, by Gronwall’s Lemma,

αn(t ) ≤ ane
Lt ≤ ane

2Lt1 .

This completes the proof. �
We note that in the case where A is the Neumann Laplace operator, Theo-

rem 39.1 has been established in [248]. The latter paper also gives more delicate
information on the speed of convergence based on heat semigroup estimates to
be found, for example, in [300, p. 25] or [349, Lemma 1.3].
As alreadymentioned, Theorem 39.1 recovers the main result of the previous

chapter on convergence of solutions of reaction-diffusion equations with fast
diffusion to those of (38.4): it suffices to take A as the Neumann Laplacian
and N0 = N. We note however that the theorem does not include the Conway–
Hoff–Smoller Theorem in its estimates and information on the limit behavior as
t →∞. Remarkably, for N0 < N, the limit behavior of solutions to a reaction-
diffusion equation with some diffusion coefficients equalling zero may be quite
different from that of the solution to the related shadow system [248].
On the other hand, Theorem 39.1 shows that “homogenization” is not a phe-

nomenon related directly to diffusion equation with reflecting boundary condi-
tions but, rather, with asymptotic behavior of the involved semigroup. In partic-
ular, the class of semigroups satisfying (39.2) contains many more objects than
just the Neumann Laplacian semigroup. As we have seen in Chapter 32, even
if we restrict ourselves to the Laplace operator in C[0, 1], there is a number of
boundary conditions that may replace the reflecting boundary conditions. (For
yet another boundary condition suitable for Theorem 39.1, see Exercise 32.3.)

� Chapter’s summary

We discuss convergence, as diffusion coefficients tend to infinity, of solutions
to reaction-diffusion equations coupled with ordinary differential equations, to
shadow systems.We show in particular that it is not the relation to Laplace oper-
ator and Neumann boundary conditions that is crucial here but, rather, asymp-
totic behavior of the semigroup involved – it is assumption (39.2) that does the
trick.
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Kinases

In the last chapter devoted to various models involving fast diffusion, we con-
sider a model of kinase activity due to Kaźmierczak and Lipniacki [202] (see
also [97]). Kinases are enzymes that transport phosphate groups: in doing
this, protein kinases transmit signals and control complex processes in cells.
In [202], following [75], a cell is modeled as a unit 3D ball. All kinases, whether
active (i.e., phosphorylated) or inactive, are diffusing inside the ball. Binding a
receptor located at the cell membrane (the sphere) by an extracellular is a signal
that is to be conveyed to the cell: this is done by the kinases that, when touching
the boundary (the sphere), become activated; such active kinases are randomly
inactivated when meeting phosphatases that are uniformly distributed over the
cell (see Figure 40.1).
In the no feedback case, where all receptors at the membrane are ligand-

bound almost simultaneously, reaching uniform stable concentration R, the
master equation for the concentration of active kinases (after suitable rescal-
ing) is a diffusion-degradation equation:

∂K∗

∂t
= d#K∗ − K∗, t ≥ 0,

with boundary condition (this b.c. is missing in [75] and was introduced
in [202]):

aR(1− K∗b ) = dn(∇K∗)b.
Here, d > 0 and a > are a diffusion coefficient and a reaction coefficient,
respectively, K∗b is the value of K∗ at the boundary, n(∇K∗)b is the normal
derivative at the boundary, and the term −K∗ describes random dephosphory-
lation of active kinases.
Under the assumption of spherical symmetry (made in both papers cited ear-

lier), that is, under the assumption that K∗ depends merely on the distance r



242 Kinases

P

P

P

P

P

P

Figure 40.1 Kinases’ activation and inactivation by Marek Bobrowski

from the ball’s center, the master equation becomes,

∂K∗

∂t
(t, r) = d

r

∂2

∂r2
(
rK∗(t, r)

)− K∗(t, r), t ≥ 0, r ∈ (0, 1], (40.1)

with boundary condition:

d
∂K∗

∂r
(t, 1) = aR(1− K∗(t, 1)), t ≥ 0. (40.2)

We note that, in agreement with the intuitions presented earlier, the first part
of the operator on the right-hand side of (40.1) is the generator of the 3D
Bessel process, modeling the distance of a 3D Brownian motion from the ori-
gin (see [296] p. 251). Condition (40.2) in turn describes an inflow of active
kinases from the boundary (see also later in this chapter).
One of the aims of both [75] and [202] is to show that (perhaps somewhat sur-

prisingly) slow diffusion is necessary for effective signal transmission. Hence,
Kaźmierczak and Lipniacki study the case of infinitely fast diffusion and com-
pare the properties of solutions of the limit equationwith those of (40.1)–(40.2).
In doing this, they derive the form of the limit equation to be:

dK∗

dt
= 3aR(1− K∗)− K∗, t ≥ 0. (40.3)

To explain, as diffusion coefficients increase to infinity, the active kinases’ dis-
tribution becomes uniform over the interval and may be identified with a real
function of time: its dynamics is then described by (40.3). Nevertheless, the
form of the limit equation is quite curious, with a particularly intriguing factor
3. In [202], equation (40.3) is obtained by integrating the master equation over
the ball and using the Gauss Theorem.
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Here, following [59], we would like to present a semigroup-theoretical proof
of convergence of solutions to (40.1)–(40.2) with d→∞, to those of (40.3).
(In [202], no proof of such convergence is given.)

Convergence of related semigroups

Let C0(0, 1] be the space of f ∈ C[0, 1] satisfying f (0) = 0. Given c ≤ 1, let:

Gc f = f ′′ (40.4)

with domain:

D(Gc) = { f ∈ C2[0, 1]; f (0) = f ′′(0) = 0 and f ′(1) = c f (1)}.
For c ≤ 0, we know from Exercise 32.8 that Gc generates a Feller semigroup
inC0(0, 1] – in the notations of that exercise, Gc = A−c. In the related stochas-
tic process (a Brownian motion), all particles touching the boundary x = 0 are
instantaneously killed and removed from the state-space, while those touching
x = 1 are partially killed and removed, and partially reflected for c < 0, and
reflected for c = 0 (see Chapter 3). However, for c ∈ (0, 1], the boundary con-
dition f ′(1) = c f (1) describes inflow of particles through the boundary x = 1,
and the related semigroup cannot be of Feller type. The operatorG1 has already
been encountered in Chapter 32: condition (32.16) involves a scalar multiple
of G1 and forces:

lim
t→∞ etG1 f = P f , f ∈ C0(0, 1], (40.5)

where P : f 	→ 3(F1 f )h, where h(x) = x, x ∈ [0, 1]; in particular, (etG1 )t≥0 is a
bounded semigroup. To repeat, this condition says that the rates of inflow and
outflow are so tuned here that in the limit a nontrivial equilibrium is attained. On
the other hand, in the process related to c = 1, the inflow of particles through
the boundary x = 1 is faster than for 0 < c < 1, and obviously for c = 0 there
is no inflow at all. Therefore, expected numbers of particles in the interval in
the case 0 < c < 1 should be larger than in the case c = 0 and smaller than in
the case c = 1. In other words, we should have:

etG0 ≤ etGc ≤ etG1 , c ∈ [0, 1], t ≥ 0. (40.6)

We make these intuitions precise in the following lemma.

Lemma 40.1 The operators Gc, c ≤ 1 generate strongly continuous, equi-
bounded semigroups in C0(0, 1]: there is M > 0 such that:

‖etGc‖ ≤ M, t ≥ 0, c ≤ 1. (40.7)

Moreover, (40.6) holds.
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Proof In view of the remarks made earlier, we may restrict ourselves to c ∈
(0, 1]; for other c, (40.7) holds withM = 1. Given λ > 0 and g ∈ C0(0, 1], we
want to solve the resolvent equation for Gc: λ f − Gc f = g. Any solution must
be of the form:

f (x) = C1 sinh(
√
λx)+C2 cosh(

√
λx)+ fg,λ(x), (40.8)

where:

fg,λ(x) = 1

2
√
λ

∫ 1

0
e−
√
λ|x−y|g(y) dy.

We see that f ∈ D(Gc) iffC2 = − fg,λ(0) and:
√
λC1 cosh

√
λ+

√
λC2 sinh

√
λ = cC1 sinh

√
λ+ cC1 cosh

√
λ

+ (c+
√
λ) fg,λ(1), (40.9)

where we used f ′g,λ(1) = −
√
λ fg,λ(1) and f ′′g,λ(0) = λ fg,λ(0). It follows that the

resolvent equation has a unique solution, and C1 is a linear-fractional function
of c: C1(c) = αc+β

γ c+δ where:

αδ − βγ =
√
λ
(
fg,λ(1)+ fg,λ(0) cosh

√
λ
)
cosh

√
λ

+
√
λ
(
fg,λ(1)− fg,λ(0) sinh

√
λ
)
sinh

√
λ

=
√
λ
(
fg,λ(1)e

√
λ + fg,λ(0)

)
> 0,

provided g ≥ 0. It follows that, for such g, C1 increases with c (while C2 is
constant). This shows in particular that:

(λ− G0)
−1 ≤ (λ− Gc)

−1 ≤ (λ− G1)
−1 , c ∈ [0, 1]. (40.10)

Since (λ− G0)−1 is the resolvent of a Feller generator, (λ− G0)−1, λ > 0 are
positive operators in C0(0, 1]. Therefore, (λ− Gc)−1, λ > 0 are positive oper-
ators too. On the other hand, as we have already seen, G1 is the generator of a
bounded, positive semigroup: there is M > 0 such that ‖etG1‖ ≤ M. It follows
that for λ > 0 and integers k ≥ 0,

‖λk(λ− G1)
−k‖ ≤ M,

and (40.10) implies:

‖λk(λ− Gc)
−k‖ ≤ M.
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Since the domains D(Gc) are clearly dense inC0(0, 1], the Hille–Yosida Theo-
rem completes the proof of (40.7). Condition (40.6) is now a direct consequence
of (40.10). �

Ourmain step in proving Kaźmierczak and Lipniacki’s claim is the following
theorem.

Proposition 40.2 Given real numbers dn > aR with limn→∞ dn = ∞, we con-
sider operators:

An = dnGcn

where cn = 1− aR
dn
(with domain D(An) = D(Gcn )). Then:

lim
n→∞ etAn f = e−3aRtP f , f ∈ C0(0,∞)

almost uniformly in t ∈ (0,∞), where P is defined after (40.5).

The easiest road to this result leads through Kurtz’s Theorem of Chapter 42.
Hence, we postpone the proof to that chapter. We note that the curious factor 3
is already here, and it turns out to be a direct consequence of the definition of
P!
The physical phenomenon described by Proposition 40.2 is quite similar to

that of the main result of Chapter 35. To explain, in the particular case where the
graph contains only one edge identified with the interval [0, 1], Theorem 35.2
states that for the semigroups generated by:

An f = κn f
′′, D(An) = { f ∈ C2[0, 1] : f ′(0) = 0, f ′(1) = − a

κn
f (1)},

where a > 0 is given, we have:

lim
n→∞ etAn f = e−at

∫ 1

0
f .

This is interpreted as follows: Condition f ′(1) = − a
κn
f (1) describes a partial

outflow of particles through the boundary x = 1. When κ →∞, the boundary
x = 1 becomes reflecting, but at the same time solutions homogenize over the
interval. Because of the tuning of speed of homogenization and outflow, in the
limit we still have a possibility of probability mass’ loss. The limit process is
a single-state Markov chain in which a particle after an exponential time with
parameter a > 0, disappears from the state-space.
Proposition 40.2 is similar: here conditions f ′(1) = f (1) and f (0) = 0

describe a balance: inflow and outflow rates cancel out. By considering f ′(1) =
(1− aR

dn
) f (1), we decrease the rate of inflow through x = 1. Again letting
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dn →∞, on the one hand, we “homogenize” solutions and, on the other, grad-
ually increase the rate of inflow to the balance state. However, the tuning of the
rates of outflow and inflow is so that in the limit, probability mass still decays
exponentially.

Proof of the Main Convergence Result

We start by noting that the boundary condition in (40.2) is arguably easier to
comprehend, when we turn to the equations for the concentration of inactive
kinases:

K% = 1− K∗

(the total concentration of kinases is normalized to 1). The master equation then
becomes:

∂K%

∂t
(t, r) = d

r

∂2

∂r2
(
rK%(t, r)

)+ 1− K%(t, r), (40.11)

for t ≥ 0, r ∈ (0, 1], while the boundary condition:

∂K%

∂r
(t, 1) = −aR

d
K%(t, 1), t ≥ 0, (40.12)

turns out to be the familiar Robin boundary condition, describing partial out-
flow of inactive kinases at the boundary. Hence, (40.2) indeed describes an
inflow of active kinases from the boundary.
Next, we rewrite (40.11) and (40.12) in terms of:

L(t, r) = rK%(t, r).

This gives:

∂L

∂t
= d

∂2L

∂r2
+ h− L, t ≥ 0, (40.13)

where h(r) = r, r ∈ [0, 1], with boundary condition:

∂L

∂r
(t, 1) =

(
1− aR

d

)
L(t, 1). (40.14)

Proposition 40.3 Solutions to the system (40.13)–(40.14) with initial condi-
tion f ∈ C0(0, 1] converge, as d→∞, to those of

dL

dt
= −(3aR+ 1)L(t )+ h (40.15)

with initial condition P f , for all t > 0.
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Proof Let dn, n ≥ 1 be as in Proposition 40.2. Equations (40.13) with d
replaced by dn, may be seen as semilinear, and their solutions are given by:

Ln(t ) = e−tetAn f +
∫ t

0
e−(t−s)e(t−s)Anh ds.

Proposition 40.2 yields now:

lim
n→∞ Ln(t ) = e−te−3aRtP f +

∫ t

0
e−(t−s)e−3aR(t−s)Ph ds.

Since Ph = h, the right-hand side is the mild solution of (40.15). �
Equation (40.15) describes dynamics in the one-dimensional subspace span-

ned by h. In particular, all L(t )’ are scalar multiples of h. Since L = hK%L,
solutions of (40.11)–(40.12) converge, as d →∞, to scalars evolving accord-
ing to:

dK%

dt
= −(3aR+ 1)K%(t )+ 1.

Hence, the limit equation for K∗ is:

dK∗

dt
= − dK%

dt
= (3aR+ 1)K%(t )− 1 = 3aR(1− K∗)− K∗,

which was our goal.

Alternative Proof of (32.16)

We complete this chapter by giving an alternative proof of (32.16) – this relation
was crucial for the proof of the main result in this chapter (see (40.5)): we will
show that K ≥ 0 and ε > 0 may be chosen so that:

‖etG1 − P‖ ≤ Ke−εt, t > 0, (40.16)

where P f = 3(F1 f )h.
Exercise 32.8 (c) combined with (40.10) shows that for operators Gc defined

in (40.4), we have:

(λ− A0)
−1 ≤ (λ− Gc)

−1 ≤ (λ− G1)
−1 , c ≤ 1;

(we recall that Aν in Exercise 32.8 (c) coincides with G−ν, ν ≥ 0). Moreover,
see Exercise 32.7, (λ− A0)−1 f (x) =

∫ 1
0 kλ(x, y) f (y) dy > 0 for all x ∈ (0, 1),

provided f ≥ 0 is nonzero. Using Exercise 32.8 (c) again, we see that:

(λ− G1)
−1 f (1) ≥ (λ− G0)

−1 f (1) ≥ (λ− Aν )
−1 f (1)

> (λ− A0)
−1 f (1) = 0,
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for f ≥ 0, ν > 0. It follows that (etG1 )t≥0 is irreducible. Moreover, by the proof
of Theorem 4.1 in [54], G1 is the generator of a cosine family. Therefore, the
semigroup generated by G1 is holomorphic.
To apply Corollary 32.4, we need to show that D(G1) embeds compactly

in C0(0, 1]. To this end, assume f ∈ C2[0, 1] satisfies f ′(1) = f (1). Then,
for g(x) = f (1− x) we have g′(0) = −g(0), and so g(x) = g(0)(1− x)+∫ x
0

∫ y
0 g

′′(z) dz dy. It follows that members of the unit ball in D(G1) satisfy:

‖ f‖ + ‖ f ′′‖ ≤ 1 and f (x) = f (1)x+
∫ 1−x

0

∫ y

0
f ′′(z) dz dy, x ∈ [0, 1].

Since | f (1)| ≤ 1, all f in the ball are Lipschitz-continuous with constant 2.
(Alternatively, use a version of Landau’s inequality.) Therefore, the Arzelà–
Ascoli Theorem implies the claim.
Thus, by Corollary 32.4, there is a strictly positive f∗ and a functional F such

that F f∗ = 1 and:

‖e−s(G1 )tetG1 f − (F f ) f∗‖ ≤ Ke−εt‖ f‖, f ∈ C0(0, 1], t > 0 (40.17)

for some constants K ≥ 0 and ε > 0. Since h ∈ D(G1) and G1h = 0, we have
etG1h = h. Therefore, s(G1) in this formula must be equal to 0. Next, (40.17)
with s(G1) = 0, implies limt→∞ etG1 f∗ = f∗. This in turn shows that f∗ is a
fixed point of the semigroup, and hence belongs to the kernel of G1. Since this
kernel is spanned by h, without loss of generality we may assume f∗ = 3h.
We are left with showing that F in (40.17) coincides with F1. We note that our
remarks combined with (40.17) yield:

lim
t→∞ etG1 f = 3(F f )h. (40.18)

Integrating by parts and using boundary conditions, we check thatF1(G1 f ) =
0 for all f ∈ D(G1). It follows that t 	→ F1(etG1 ) is constant, that is, that
F1(etG1 f ) = F1 f for all t ≥ 0 and f ∈ D(G1). A density argument shows
that the same is true for all f ∈ C0(0, 1]. Therefore, using (40.17), F1 f =
limt→∞ F1(etG1 f ) = F1(3(F f )h) = F f for all f ∈ C0(0, 1], since F13h = 1,
completing the proof.

Notes

The model of Kazmierczak and Lipniacki [202] has two variants: the no-
feedback case described earlier, and the case with feedback, in which kinases
interact with receptors. More specifically, initially, only a part of receptors
is activated by the extracellular ligands: subsequently inactive receptors are
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activated by meeting active kinases, which in turn were previously activated by
active receptors. In the latter variant, dynamics is described by the system:

∂K∗

∂t
(t, r) = d

r

∂2

∂r2
(
rK∗(t, r)

)− K∗(t, r),

d
∂K∗

∂r
(t, 1) = aR(t )(1− K∗(t, 1)),

dR(t )

dt
= qK∗(t, 1)[Rmax − R(t )]− bR(t ), t ≥ 0, r ∈ (0, 1],

(40.19)

where b, q,Rmax > 0 are constants, and R(t ) ∈ [0,Rmax] is the number of active
receptors. As in the no-feedback case, the model’s authors predict the limit
equations, as d →∞, to be:

dK∗(t )
dt

= 3aR(t )(1− K∗(t ))− K∗(t ),

dR(t )

dt
= qK∗(t )[Rmax − R(t )]− bR(t ), t ≥ 0. (40.20)

Clearly, the first equation here may be obtained by replacing the constant R
in (40.3) by the function R(·). However, system (40.19), while natural biologi-
cally, is quite complicated mathematically. In particular, (40.19) is an example
of a dynamic boundary value problem, with interactions between the “interior”
and the boundary. Hence, even the question of existence of solutions is nontriv-
ial and the nonlinearity in the boundary makes the problem even more difficult.
In particular, (40.19) does not seem to come within reach of the elegant, linear
theory developed in [80, 276]. Hence, analysis of asymptotic behavior of this
systems, as d→∞, must be the subject of further research.

� Chapter’s summary

In considering a signaling pathways model of activity of kinases we show that
solutions to (40.1) and (40.2) converge to those of (40.3). In other words, if dif-
fusion inside the cell is fast, a probabilistic model involving diffusion becomes
a deterministic one. Although the idea seems to be self-explanatory, the limit
model is of curious form because of the influence of boundary conditions
involved.
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Uniformly Differentiable Semigroups

After a long detour leading through various convergence theorems involving
fast diffusions, we come back to our main question: “How can we prove irreg-
ular convergence of semigroups?”. In Theorem 31.2, we covered the case where
the semigroups are uniformly holomorphic, but this condition is quite restric-
tive, and may be weakened considerably. To this end, recall that a semigroup
(etA)t≥0 is said to be differentiable iff etAx ∈ D(A) for all x ∈ X and t > 0. Holo-
morphic semigroups are differentiable, and a differentiable semigroup of equi-
bounded operators is holomorphic iff there exists a constant C > 0 such that
‖AetA‖ ≤ C

t for all t > 0 ([9] p. 160, [128] p. 101, [201] p. 488, or [284] p. 61).
The necessary and sufficient conditions for an operator A to generate a

differentiable semigroup, due to A. Pazy, are presented in the following
theorem.

Theorem 41.1 Suppose ‖etA‖ ≤ M, t ≥ 0. The semigroup is differentiable iff
for all b > 0 there exist constants ab ∈ R, and Cb > 0 such that:

ρ(A) ⊃ �b := {λ ∈ C; �e λ > ab − b log |�m λ|} (41.1)

and:

‖(λ− A)−1‖ ≤ Cb|�m λ| for λ ∈ �b,�e λ ≤ 0. (41.2)

Corollary 41.2 Let A be a (nondensely defined) Hille–Yosida operator. If the
semigroup (etAp )t≥0 is differentiable then A generates a noncontinuous semi-
group (see Chapter 28).

Proof Since the range of (λ− A)−1 is contained in X, our assumption implies
a) in Proposition 28.1, and the corollary follows. �

Here is the main theorem of this chapter, taken from [48].
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Proposition 41.3 Suppose that equibounded semigroups (etAn )t≥0 are equi-
differentiable in the sense that for all b > 0 there exist constants ab ∈ R, and
Cb > 0 such that for all n ∈ N:

ρ(An) ⊃ �b := {λ; �e λ > ab − b log|�mλ|}
and:

‖(λ− An)
−1‖ ≤ Cb|�mλ| for λ ∈ �b,Reλ ≤ 0, n ≥ 1. (41.3)

Then the following are equivalent,

(a) limn→∞ etAn exists for all t ≥ 0,
(b) limn→∞(λ− An)−1 exists for all λ in the open right half-plane,
(c) limn→∞(λ− An)−1 exists for some λ in the open right half-plane.

Proof Implication (a)⇒ (b) was explained in Theorem 31.2, and the fact that
(c) implies (b) is left as an exercise (Exercise 41.1). Since (b)⇒ (c) is trivial
we are left with showing (b)⇒ (a). The proof consists of three steps.
Step 1. Fix b > 0. Consider a purely imaginary λ ∈ �b;wewant to show that

λ ∈ ρ(A), where A was defined in (14.1). For α := 1
4|�mλ|Cb and μ := λ+ α,

we have (μ− An)−1 =
∑∞

k=0(−α)k(λ− An)−(k+1). Therefore:

‖(μ− An)
−1‖ ≤ ‖ (λ− An)

−1 ‖
∞∑
k=0

1

4k
≤ 4

3
|�mλ|Cb.

It follows that (λ− An)−1 =
∑∞

k=0 s
k(μ− An)−(k+1), and this implies that

limn→∞(λ− An)−1 exists by the Dominated Convergence Theorem. Hence,Rλ

defined in (31.2) is both a right and left inverse of λ−A, and ‖Rλ‖ ≤ Cb|�mλ|,
showing that λ ∈ ρ(A).
Step 2. We show that �b ∩ {λ; �eλ ≤ 0} ⊂ ρ(A). To this end we note that

�b ∩ {λ; �eλ ≤ 0} ∩ ρ(A) is open in�b ∩ {λ; �eλ ≤ 0} since ρ(A) is open in
C. To show that the former set is closed in the latter we argue as in the proof of
(c)⇒ (d) in Theorem 31.2: it is enough to replace Mδ

|λn| by Cb|�mλn| in (31.5).
Since �b ∩ {λ; �eλ ≤ 0} ∩ ρ(A) is nonempty by Step 1, and �b ∩ {λ; �eλ ≤
0} is connected, �b ∩ {λ; �eλ ≤ 0} ∩ ρ(A) = �b ∩ {λ; �eλ ≤ 0} and we are
done.
Step 3. By Step 2, A satisfies (41.1). Moreover, for λ ∈ �b, (41.3) implies

‖(λ−A)(xn)n≥1‖ ≥ Cb|�mλ|‖(xn)n≥1‖, proving thatA satisfies (41.2). Hence,
the semigroup generated by Ap is differentiable. By Corollary 41.2, A
generates a noncontinuous semigroup, and Proposition 28.3 completes the
proof. �
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Exercise 41.1 Use the Hille–Yosida estimates for (λ− An)−1 to show that, in
Proposition 41.3, (c) implies (b).

� Chapter’s summary

Themain theorem of Chapter 31 is generalized: its main assumption of uniform
holomorphicity is dropped and replaced by that of uniform differentiability.
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Kurtz’s Singular Perturbation Theorem

Figure 42.1 A singular theorem by Radek Bobrowski

Theorem 41.1 is a dead end. First of all, conditions (41.1) and (41.2) are
quite hard to check in practice and I am not aware of interesting examples of
equidifferentiable semigroups (that are not equiholomorphic). There is no hope
for further generalizations either, such as to equi-normcontinuous semigroups
(comp. [87, 253]). Last but not least, in dealing with “hyperbolic” problems
we should not expect additional regularity of solutions, and the method of the
previous chapters simply fails.
Luckily, a surprising number of examples of degenerate convergence falls

into the following scheme, devised by T. G. Kurtz [132, 232, 233]. Let (εn)n≥1
be a sequence of positive numbers converging to 0. Suppose An, n ≥ 1 are gen-
erators of equibounded semigroups {etAn , t ≥ 0} in a Banach space X, and Q
generates a strongly continuous semigroup (etQ)t≥0 such that:

lim
t→∞ etQx =: Px, x ∈ X (42.1)

exists. Then (see Exercise 8.7) P is a bounded idempotent operator and:

Ker Q = Range P, RangeQ = Ker P. (42.2)
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Lemma 42.1 (Kurtz) Suppose (42.1) is satisfied and limn→∞ eεnAnt = etQ.
Then:

lim
n→∞ etAnx = 0, x ∈ Ker P, t > 0 (42.3)

uniformly in intervals of the form [t0,∞), t0 > 0.

Proof Let x ∈ Ker P and suppose (42.3) does not hold uniformly in one of the
specified intervals. Then there exists a sequence (tn)n≥1, separated from 0 and
such that:

‖etnAnx‖ ≥ δ, n ≥ 1 (42.4)

for some positive δ > 0. On the other hand, there exists an s > 0 such that
‖esQx‖ < δ

2M where M is a constant larger than all ‖etAn‖. Also, for large n,
‖esQx− esεnAnx‖ < δ

2M and tn
εn
> s. For such n,

‖etnAnx‖ = ‖e tn
εn
(εnAn )x‖ ≤ M‖esεnAnx‖

≤ M‖esεnAnx− esQx‖ +M‖esQx‖ < δ,

contradicting (42.4). �

Let, as before, An’s be the generators of equibounded semigroups and sup-
pose (42.1) holds for a Q. Denote:

X′ = Range P.

Theorem 42.2 (Kurtz) Let A be an operator inX, D be a subset of its domain,
and assume that:

(a) for x ∈ D, (x,Ax) ∈ Aex where Aex is the extended limit of An, n ≥ 1,
(b) for y in a core D′ of Q, (y,Qy) ∈ Bex where Bex is the extended limit of

εnAn, n ≥ 1,
(c) the operator PA with domain D ∩ X′ is closable and its closure PA gener-

ates a strongly continuous semigroup in X′.

Then:

lim
n→∞ eAntx = etPAPx, x ∈ X, t > 0. (42.5)

Proof For x ∈ D(A) and y ∈ D′, we take zn = xn + εnyn where xn ∈ D(An) and
yn ∈ D(An) are such that limn→∞ yn = y, limn→∞ εnAnyn = Qy, limn→∞ xn = x
and limn→∞ Anxn = Ax. Clearly, limn→∞ zn = x and limn→∞ Anzn = Ax+ Qy,
that is, Aexx = Ax+ Qy. Since Aex is closed, and D′ is a core for Q, Qy here
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may be replaced by any member of the closure of the range of Q.Moreover, by
(42.2),Qymay be replaced by any member of the kernel of P. Taking PAx− Ax
instead of Qy we obtain that PAx ∈ X′ is a value of Aex on x; PAx− Ax belongs
to the kernel, since P is idempotent.
By (c) and Corollary 8.5 it follows that (42.5) holds for x ∈ X′ and the

convergence is almost uniform in t ∈ [0,∞). By the same result, (b) implies
limn→∞ etεnAn = etQ. Hence, by Kurtz’s Lemma, limt→∞ etAnx = 0 for x ∈
KerP, and the convergence is uniform in intervals of the form [t0,∞). Writ-
ing x ∈ X as (x− Px)+ Px and noting that x− Px belongs to KerP since P is
idempotent, we complete the proof. �

As a by-product of the proof we obtain thatX′ = X0, that is, thatX′ coincides
with the regularity space. For, we have seen that for x ∈ X′, the limit (42.5) is
almost uniform in [0,∞). On the other hand, for x 
∈ X′, the limit cannot be
uniform in a neighborhood of 0, since the limit function is discontinuous at
0 (for t = 0, the left-hand side obviously converges to x). We also note that
Kurtz’s Theorem does not require checking directly the range condition – this
is one of its biggest advantages. However, a kind of range condition for the
space X′ is, certainly, involved in requirement (c).
For a more general version of Kurtz’s Theorem, see [132].
Armed with this magnificent tool, we may give a simple proof of the main

theorem of Chapter 35 (assuming Proposition 35.1). In fact, the biggest obsta-
cle in the analysis is the apparent conflict of notations we need to overcome.
To begin with, the role of Q of Kurtz’s Theorem will be played by B defined
in (35.10). By Corollary 32.2, we have:

lim
t→∞ etB = P,

with P defined in (35.6) (here, happily, notation for P of Kurtz’s Theorem
and that used in Chapter 35 agree well). Moreover, we have X′ := Range P =
C0(S), the space of functions that are constant on each edge. The semigroups
we want to consider are (etAκn )t≥0 defined in Theorem 35.2, which by Propo-
sition 35.1 are composed of contractions. To comply with notations of Kurtz’s
Theorem, these semigroups will be denoted (etAn )t≥0. Also, the role of εn is
played by κ−1n . Next, we define A f := σK f and take D = C0(S).

Lemma 42.3 We have D = C0(S) = X′ ⊂ D(Aex) and:

Aexu = σKu = Au, u ∈ D,

so that condition (a) in Kurtz’s Theorem is satisfied.
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Proof As the proof of Corollary 32.2 reveals, there are fn ∈ D(B) such that
limn→∞ fn = u and, limn→∞ κn f ′′n = 0 (take f = 0 in relation (32.2)). Let gn =
I−1κn

fn. Clearly, limn→∞ gn = u.Moreover,

Angn = σκn f
′′
n + σ (J fn)

′′ = σκn f
′′
n + σK fn −→

n→∞ σKu,

as claimed. �
Lemma 42.4 For all f ∈ D(B),

Bex f = B f ,

so that (b) in Kurtz’s Theorem is satisfied.

Proof We take fn = I−1κn
f ∈ D(An). Certainly, limn→∞ fn = f and:

κ−1n An fn = σ f ′′ + κ−1n σ (J f )′′ −→
n→∞ σ f ′′ = B f ,

as desired. �
To complete the proof, we note that by (35.11), PA restricted toC0(S) = D =

X′ coincides with Q of Theorem 35.2:

PAu = P(σKu) = σPKu = Qu.

Since this Q is the generator of a semigroup in C0(S), we do not need to
close it, (c) in Kurtz’s Theorem is satisfied, and (42.5) with PA replaced by
Q yields (35.5).
We close this chapter with the promised proof of Proposition 40.2.

Proof of Proposition 40.2 We check the conditions of Kurtz’s Theorem. The
semigroups (etAn )t≥0, n ≥ 1 are equibounded by Lemma 40.1. Also, (40.5)
shows that (42.1) is satisfiedwithG1 playing the role ofQ. Next, for f ∈ D(G1),
we consider:

fn = f + anχ

where χ (x) := sinh x
sinh 1 , x ∈ [0, 1], and an := f (1)(1−cn )

cn−coth 1 .We have fn ∈ D(Gcn ) and
limn→∞ fn = f , while:

Gcn fn = f ′′ + anχ
′′ → f ′′ = G1 f ,

proving condition (b) in Kurtz’s Theorem. Moreover, taking f from the sub-
space X′ = Range P, that is f of the form f = αh for some α ∈ R, we have for
the same fn,

An fn = dnanχ
′′ = dnanχ → αaR

1− coth 1
χ.
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Let Aex be the extended limit of An, n ≥ 1. It follows that for f = αh, we have
( f ,A f ) ∈ Aex where A f = αaR

1−coth 1χ. This proves condition (b).
Finally, F1χ = coth 1− 1. Therefore, PA f = −3αaRh = −3aR f and PA is

clearly the generator of the semigroup etPA f = e−3aRt f on X′. This proves con-
dition (c) and completes the proof. �
Exercise 42.1 Show that Example 26.2 fits into the setup of Kurtz’s Theorem
and deduce (26.3) without alluding to (26.2).

Exercise 42.2 (This generalizes Example 26.2.) Consider a Banach space X

and let A0 be the generator of a contraction semigroup in X× X. Show that
the operators An = A0 − (0 0

0 nIX
) with domainD(A0) generate contraction semi-

groups in X× X with the regularity space X× {0}. Prove also:

lim
n→∞ etAn

(
0

x

)
= 0, for x ∈ X. (42.6)

Exercise 42.3 Assume that generators An, n ≥ 1 satisfy the assumptions of
Kurtz’s Theorem (in fact, it suffices to assume (a) and (b)). Let B be a bounded
linear operator such that BAn, n ≥ 1 are generators of equibounded semigroups
and so is BQ. Also, assume that limt→∞ etBQ =: PB exists. Prove that if PBBA is
closable and and its closure generates a strongly continuous semigroup, then:

lim
n→∞ etBn = etPBBAPB.

� Chapter’s summary

A fundamental (and very useful) theorem of T. G. Kurtz is established. Many
chapters to follow are devoted to its applications. Here, we present two of such
applications: an alternative proof of Theorem 35.2 and a proof of Proposi-
tion 40.2.
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A Singularly Perturbed Markov Chain

To begin with applications of Kurtz’s Theorem, we consider a singularly per-
turbed Markov chain. This example is a piece of a bigger puzzle presented
in [21], and at the same time provides probabilistic interpretation of Lemma 5.1
there. For a systematic treatment of singularly perturbedMarkov chains, includ-
ing inhomogeneity in time and infinite state-space, see [352].
Let N ∈ N, and two N × N Kolmogorov matrices A and Q be given; as in

Chapter 13, a Kolmogorov matrix is identified with an operator in l1N (the space
of sequences of length N, equipped with the l1-type norm). Given a sequence
(εn)n≥1 of positive numbers converging to zero, we consider the operators:

An = A+ 1

εn
Q.

Each An describes a Markov chain being a combination of two: the “slow” one
(A), and the “fast” one (ε−1n Q). We are interested in the limit behavior of the
related Markov semigroups (etAn )t≥0, n ≥ 1.

Before proceeding, we needmore information on the structure ofQ.To recall
(see [90, 278]), states of a Markov chain are of two types: the transient and the
recurrent ones. The state-space (which may be identified with {1, . . . ,N}) may
be divided into closed recurrent classes, sayC1,C2, . . . ,Cm, wherem ≤ N, with
all states communicating within each class but not between the classes, and the
remaining states being transient. The process starting at one of the latter states
will after some time reach one of the recurrent classes never to return to its
starting point. A process starting at a state of the former type, visits this state
infinitely many times (see Figure 43.1).
This fact has its reflection in the structure of the null space of Q: its

basis is formed by m non-negative eigenvectors v1, v2, . . . , vm ∈ RN , corre-
sponding to the stationary, limit distributions of the closed, recurrent classes.
These eigenvectors have disjoint supports (and in particular are linearly
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s1

s2

s3

s4

s5

s6 s7

s8

Figure 43.1 A Markov chain example: out of eight points, five are recurrent and
form two clusters (in blue), and the remaining three (in olive) are transient. Two
basic eigenvectors for this chain have supports {s1, s2, s3} and {s4, s5}, respectively.

independent), and by suitable rearrangement of the states, we may assume that
these supports are {n1 = 1, . . . ,N1}, . . . , {nm, . . . ,Nm}, where n j+1 = Nj +
1, j ∈ {1, . . . ,m− 1}, and Nm ≤ N. In the terminology of Chapter 13, these
vectors are distributions.
Moreover, the limits limt→∞ pi, j(t ) = pi, j exist, where pi, j(t ) are

coordinates of the matrix P(t ) = etQ. Since the matrices involved here
are finite-dimensional, it follows that (42.1) is fulfilled. If i and j belong to
the same class of communicating states, pi, j in fact does not depend on i.More
specifically, for i ∈ {nk, . . . ,Nk}, the ith row of P = (pi, j )i, j=1,...,N is composed
of the coordinates of the eigenvector vk, the fact that the process never leaves
the kth class being expressed in all the coordinates vk,l , l 
∈ {nk, . . . ,Nk}, of vk
being equal zero. Finally, the remaining rows are convex combinations of the
eigenvectors, say the ith row is:

m∑
k=1

αi,kvk, i > Nm. (43.1)

(For example, in the case of the Markov chain depicted at Figure 43.1,

P =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

v1,1 v1,2 v1,3 0 0 0 0 0
v1,1 v1,2 v1,3 0 0 0 0 0
v1,1 v1,2 v1,3 0 0 0 0 0
0 0 0 v2,4 v2,5 0 0 0
0 0 0 v2,4 v2,5 0 0 0

α6,1v1,1 α6,1v1,2 α6,1v1,3 α6,2v2,4 α6,2v2,5 0 0 0
α7,1v1,1 α7,1v1,2 α7,1v1,3 α7,2v2,4 α7,2v2,5 0 0 0
α8,1v1,1 α8,1v1,2 α8,1v1,3 α8,2v2,4 α8,2v2,5 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where vi,k is the kth coordinate of vi.)
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In particular, the related operator P (mapping x to x · P) is a projection on
the kernel of Q, in agreement with (42.2). Writing:

P (ξi)i=1,...,N =
m∑
j=1

⎛⎝ Nj∑
i=n j

ξi

⎞⎠ v j +
N∑

j=Nm+1
ξ j

m∑
k=1

α j,kvk,

=
m∑
j=1

⎛⎝ Nj∑
i=n j

ξi +
N∑

i=Nm+1
ξiαi, j

⎞⎠ v j,

we see that, as a map from Rn with standard basis to X0 with the basis
{v1, . . . , vm}, P may be identified with the N × m matrix P∗ given by (see also
Exercise 43.1):

p∗i, j =

⎧⎪⎪⎨⎪⎪⎩
1, i ∈ {n j, . . . ,Nj},
0, i ∈ {1, . . . ,Nm} \ {n j, . . . ,Nj},
αi, j, i > Nm.

The quantity p∗i,k is the probability that a chain starting at i ∈ {1, . . . ,N} will
end up in the kth class, k = 1, . . . ,m.

Returning to the limit behavior of the semigroups: by Exercise 7.5, the related
regularity space is contained in the kernel of Q. Hence, we expect Kurtz’s
Theorem to work with X0 = X′ = Ker Q. In notations of Kurtz’s Theorem,
(x,Ax) ∈ Aex and (x,Qx) ∈ Bex for all x ∈ X0. Also, (PA)|X0 , being a bounded
operator, generates a semigroup. Applying the theorem:

lim
n→∞ eAntx = etPAPx, x ∈ Rn, t > 0. (43.2)

To interpret this result, we note that the transformation matrix for (PA)|X0 , in
the basis {v1, v2, . . . , vm}, is the (matrix) product of three matrices:

Q∗ = C · A · P∗,
whereC is the change of basis matrix, composed of m rows being the m eigen-
vectors (in the normal order). We claim thatQ∗ is a Kolmogorov matrix, so that
the limit process is a Markov chain withm states. To this end, for i = 1, . . . ,N,
let 1i = (1, . . . , 1) ∈ Ri. Then, since the coordinates in each row of P∗ add up
to 1,P∗ · 1m = 1n and, sinceA is a Kolmogorovmatrix,Q · 1n = 0. This implies
that Q∗ · 1m = 0, that is, that the coordinates in each row of Q∗ add up to 1. To
see that the off-diagonal entries in Q∗ are non-negative, we calculate, recalling
that the support of vi’s is {ni, . . . ,Ni}, in self-explanatory notations:

q∗i j =
M∑
k=1

Ni∑
l=ni

vi,lal,k p
∗
k, j =

Nj∑
k=n j

Ni∑
l=ni

vi,lal,k +
N∑

k=Nm+1

Ni∑
l=ni

vi,lal,kαk, j. (43.3)
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Figure 43.2 State-space lumping for a Markov chain example: two recurrent
classes become two “aggregate” points of the limit Markov chain, communicat-
ing directly (blue arrows), or via transient states (which are not states of the limit
chain; that is the reason for black arrows to be dashed).

If i 
= j, since {ni, . . . ,Nj} ∩ {ni, . . . ,Nj} = ∅, the indexes k and l in the first
sum on the right are never equal. Similarly, in the second sum we have k >
Nm ≥ l. Hence, for such i and j, the sum does not involve the diagonal elements
of the matrix A, proving that the sum is non-negative, because matrices P∗ and
C are non-negative.

Probabilistically, when transitions in the chainQ are “very fast,” the commu-
nicating states in each closed class become lumped together to form a single
point (each point corresponds to one class, that is, to one basic eigenvector).
Since the remaining, transient states are disregarded, the limit Markov chain’s
state-space hasm points, which may be identified withm classes ofQ. In itself,
the Markov chain described byQ does not allow communication between these
classes, but transitions are possible through the slow process related to A. As
seen in (43.3), there are two ways for the process starting in classCi to jump to
class Cj. At Q-equilibrium, a particle starting inCi will be at l ∈ Ci with prob-
ability vi,l , but the slow process may transfer it to one of the states k ∈ Cj – the
first sum on the right is the intensity of such a jump. The other way is via one of
the transient states: from l ∈ Ci the particle may be transferred to one of k > Nm
and then go toCj forced by the sweepingQ-chain – the second sum is the inten-
sity of such an indirect jump (see Figure 43.2). Hence, while Q lumps points in
communicating classes, A allows transitions between the classes (interestingly,
both A and Q influence transition rates).
A “biological” interpretation could read as follows. Imagine a colony of birds

living on a number of islands, and think of the fast chain (Q) as representing
transitions between various feeding grounds located at those islands, occurring
on a daily basis. While on an island, birds may change feeding places but gen-
erally do not leave the island; hence, each island with various feeding grounds
corresponds to a cluster of communicating states for Q. Transient states may
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then represent deserted islands, where there is not enough food, forcing birds to
look for a better place to live. Also, think of A as describing “slow” migration
processes, occurring on yearly basis; such transitions may be due to nesting,
seasons, and so on. Then, (43.3) may be explained as follows: if the number
of birds is large, their “fast” daily migrations between feeding grounds on each
island do not change their “stationary” distribution, and, as remarked earlier,
no transitions between the islands are possible on daily basis. However, on a
yearly basis, such transitions are possible: in search for a companion, a nest,
or for other reasons, a bird may be transferred from one island to another via
a deserted place or directly, and – on the scale of years – intensities of such
transitions are given by (43.3).
Yet another interpretation, a psychological one, is that the states of thought-

less happiness seem to be recurrent in humans, while the states of intellectual
activity are apparently painful and hence transient. The vision of stationary dis-
tributions related to recurrent, closed classes is not really encouraging.We need
another independent intensity matrix to lead us from such a stationary distri-
bution to a transient, temporary state of mind called thinking, quickly to return
to another stationary distribution. Nevertheless, sometimes in making such a
forced jump from one closed set of preoccupations to another, we manage to
avoid going through dangerous places described earlier.
A number of examples involving singularly perturbed Markov chains can be

found in [352].

Exercise 43.1 Check that for the Markov chain depicted at Figure 43.1,

P∗ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0
1 0
1 0
0 1
0 1
α6,1 α6,2

α7,1 α7,2

α8,1 α8,2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

� Chapter’s summary

We present one of the simplest of tons of applications of Kurtz’s Singular Per-
turbation Theorem: a limit of singularly perturbedMarkov chains. Applications
are “birdy”-like [344].
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A Tikhonov-Type Theorem

As another application of Kurtz’s Singular Perturbation Theorem we show a
Tikhonov-type theorem on dynamical systems with fast motion along chosen
axes. Our approach is based on [61, 233].
We start with a description of semigroups related to systems of ordinary dif-

ferential equations in an M-dimensional rectangle J, defined as:

J := {x ∈ RM; v ≤ x ≤ w},
where v = (vi)i∈M ≤ w = (wi)i∈M are vectors in RM,M := {1, . . . ,M}, and
inequalities are understood coordinate-wise.
Let a = (a j ) j∈M, be a vector of Lipschitz continuous functions a j : J→ R.

The functions aj may be extended to functions on RM without increasing their
Lipschitz constants (see [117] p. 189). Hence, for each extension, the initial
value problem for the system of ODEs in RM:

dx(t )
dt

= a(x(t )), t ≥ 0, (44.1)

has a unique global solution. Moreover, the Müller conditions:

a j(u) ≥ 0 for u ∈ J with u j = v j, (44.2)

a j(u) ≤ 0 for u ∈ J with u j = w j,

imply that the trajectories of (44.1) starting in J remain there forever and do not
depend on the extension chosen. This condition simply says that on the faces
of J, the vector field a points toward the interior of J, forcing the trajectories to
remain in J; see Chapter 36 or [337, 338].

By s(t, ·) we denote the function mapping the initial value x ∈ J into the
solution x(t ) of (44.1) at time t; x 	→ x(t ) = s(t, x). By the theorem on con-
tinuous dependence of solutions on initial conditions ([339], p. 145), s(t, x) is
continuous in x.
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LetC = C(J) be the space of continuous functions on J, and letC1 denote the
set of f ∈ C that have continuous partial derivatives in J. Equivalently, f ∈ C1

iff it may be extended to a continuously differentiable function on RM. Such an
extension is not unique, but the partial derivatives of all extensions of f are the
same in J.

Proposition 44.1 The formula S(t ) f (x) = f (s(t, x)) defines a c0 semigroup
of contractions in C. For the infinitesimal generator A of {S(t ), t ≥ 0}, we have
C1 ⊂ D(A) and:

A f (x) =
M∑
j=1

a j(x)
∂ f

∂x j
(x), f ∈ C1, x ∈ J. (44.3)

Moreover, C1 is a core for A.

Lemma 44.2 There exists a sequence {an}n≥1 of continuously differentiable
functions an : J→ RM with the same Lipschitz constants, satisfying the Müller
condition and such that limn→∞ supx∈J |a(x)− an(x)|RM = 0.

Proof Rectangles J and [0, 1]M are diffeomorphic with diffeomorphism ρ :
RM → RM , defined by:

ρ (ui)i=1,...,M =
(
ui − vi

wi − vi

)
i=1,...,M

,

mapping faces of J onto corresponding faces of [0, 1]M. Hence, without loss of
generality, we may assume that J = [0, 1]M . Let an be the multivariate Bern-
stein polynomials [245]:

an(x) = Ea
(
1

n
X

)
, x = (x1, . . . , xM ) ∈ J, n ≥ 1, (44.4)

where X = (X1, . . . ,XM ) is a random vector with independent, binomially dis-
tributed coordinates; the probability of success for Xi being xi and the number
of trials being n. The Müller condition says that on the face where the ith coor-
dinate of x is 0 (or 1, respectively) the ith coordinate of a is non-negative (or
nonpositive, respectively). Since for x on such a face, 1

nX admits values from
this face, an satisfy the Müller condition as well. Since it is well known that an
converge uniformly to a (for the one-dimensional case, see e.g., [49]; the gen-
eralization to the multivariate case is straightforward), we are left with showing
that they are Lipschitz continuous with the Lipschitz constant�. To this end we
rephrase the proof from [74] (devoted to one-dimensional case) in probabilistic
terms to make it suitable for theM-dimensional case we are interested in here.
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start
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failure success

1 − x x

y−x
1−x1 −

y−x

1−x

Figure 44.1 A Bernoulli trial with a chance to make up

Let x ∈ [0, 1) and y ∈ [x, 1] be given. Suppose that in a Bernoulli trial the
probability of success is x, but in the case of failure we obtain a second, inde-
pendent chance with probability of success equal y−x

1−x . Clearly, the resulting
probability of success in such combined experiment is y (see Figure 44.1).
Therefore, if X is a binomial variable with parameters n and x, and condition-
ally on X = k ∈ {0, . . . , n}, Z is binomial with parameters n− k and y−x

1−x , then
X + Z is binomial with parameters n and y. (Z is the number of makeup trials.)
Moreover, EZ = E Y − E X = n(y− x).

Now, let X be as in (44.4) and Y be a similar random vector with parame-
ters y ∈ J. In estimating |Ea(X/n)− Ea(Y/n)| we may replace Yi by Xi + Zi
if xi ≤ yi, and Xi by Yi + Zi in the other case, where Zi is as described earlier;
in particular EZi = n|xi − yi|.Hence, assuming |a(x)− a(y)| ≤ �‖x− y‖ :=
�
∑M

i=1 |xi − yi|, we obtain |Ea(X/n)− Ea(Y/n)| ≤ �
n

∑M
i=1 EZi = �‖x−

y‖.
Proof of Proposition 44.1 Without loss of generality, here we also assume J =
[0, 1]M. The Müller condition implies that s(t, x) ∈ J, provided x ∈ J, so S(t )
is an operator in C (S(t ) f ∈ C since s(t, ·) is continuous). Since s(t, ·), t ≥ 0,
being related to an autonomous differential equation, is a semiflow, {S(t ), t ≥
0} is a semigroup. Moreover, using supx(t )∈J | f (x(t ))| ≤ supx∈J | f (x)|, we
have ‖S(t ) f‖ ≤ ‖ f‖. For the jth coordinate of x(t ) we have |x j(t )− x j| ≤
| ∫ t0 a j(x(s)) ds| ≤ t ‖a j‖, where ‖a j‖ = supx∈J |a j(x)|. It follows that x(t )
tends to x uniformly in x ∈ J as t → 0. Hence, f being uniformly continuous,
{S(t ), t ≥ 0} is a c0 contraction semigroup inC.
For f ∈ C1, let f̂ be a continuously differentiable extension of f to RM.

Fix x ∈ J and define ϕ(t ) := f̂ (x(t )). We have S(t ) f (x)− f (x)
t = ϕ(t )−ϕ(0)

t . By the
Lagrange Theorem, for any t ≥ 0 there exists θ ∈ (0, 1) such that:

ϕ(t )− ϕ(0)

t
= ϕ′(θt ) =

M∑
j=1

∂ f̂

∂x j
(x(θt )) a j(x(θt )). (44.5)
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The derivative of f̂ is continuous, hence uniformly continuous when restricted
to the compact set J. Thus, for x ∈ J, the right-hand side of (44.5) tends as
t → 0 uniformly to the right-hand side in (44.3).

In order to prove that C1 is a core for A, it suffices to show that the operator
defined by the right-hand side of (44.3), say A1, with domain equal to C1, is
closable and its closure generates a strongly continuous semigroup in C. To
this end, by Proposition 3.7, p. 19 in [132], it suffices to show that there exists a
norm |‖ · ‖| onC1, a constantω > 0, a sequence {εn} ⊂ (0,∞), n ≥ 1, tending
to 0, and a sequence {Un(t ), t ≥ 0}, n ≥ 1, of contraction semigroups inC, with
generators Gn such that:

(a) C1 ⊂ D(Gn),
(b) ‖A1 f − Gn f‖ ≤ εn|‖ f‖|, for f ∈ C1, and
(c) Un(t )C1 ⊂ C1 and |‖Un(t ) f‖| ≤ eωt |‖ f‖|, for t ≥ 0, f ∈ C1.

We define |‖ f‖| = ‖ f‖ +∑M
j=1 ‖ ∂ f

∂x j
‖,where ‖ · ‖ is the supremum norm inC.

For an defined in Lemma 44.2, let ân = (â jn) j∈M, be its continuously dif-
ferentiable extension to RM. Since ân satisfy the Müller condition, the integral
curves xn(t ) of (44.1) with a replaced by an, never leave J. Let sn(t, ·), t ≥ 0
be the functions mapping the initial value x ∈ J into the related solution xn(t ),
and let {Un(t ), t ≥ 0} be the corresponding semigroups defined byUn(t ) f (x) =
f (sn(t, x)), with the generators Gn. By the first part of the proof, C1 ⊂ D(Gn)
and, for f ∈ C1, Gn is given by the right-hand side of (44.3) with a replaced by
an. Next, for f ∈ C1 we have A1 f − Gn f =

∑M
j=1(a j − a jn)

∂ f
∂x j

, hence (b) fol-
lows with εn := max j∈M{‖a j − a jn‖}. For the proof of (c), let f ∈ C1 and let f̂
be its continuously differentiable extension to RM. Since â jn are continuously
differentiable, we have sn(t, ·) ∈ C1, t ≥ 0, by the theorem on smooth depen-
dence of solutions on the initial data (Chapter 1 in [196]). Hence,Un(t ) f ∈ C1

for all t ≥ 0, being restriction of a continuously differentiable function f̂ ◦
sn(t, ·).We are left with proving that |‖Un(t ) f‖| ≤ eωt |‖ f‖|, for t ≥ 0, f ∈ C1.

Defining Dn(t ) = ( ∂skn(t,·)
∂x j

)k, j∈M, where skn are coordinates of sn, we obtain by

the chain rule ∇(Un(t ) f ) = (∇ f )Dn(t ). By [196], p. 28, we have d
dt Dn(t ) =

MnDn(t ), where Mn = ( ∂akn
∂x j

)k, j∈M and Dn(0) is the identity matrix, hence

Dn(t ) = exp(tMn). Since akn ∈ C1 are Lipschitz continuous with Lipschitz con-
stants �, ‖ ∂akn

∂x j
‖ ≤ � for k, j ∈M. Using ∇(Un(t ) f ) = (∇ f ) exp(tMn) we

obtain |‖Un(t ) f‖| ≤ eωt |‖ f‖|, for ω = M�, t ≥ 0 and f ∈ C1. �

Armedwith Proposition 44.1 we turn to studying convergence of semigroups
related to fast motions along some axes. To this end, we choose a natural
K ∈ [0,M) and split a into two parts, a = (aa), composed of its first K, and
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the remainingM − K coordinates, respectively. The lastM − K coordinates are
then multiplied by κn > 0, where limn→∞ κn = ∞. As a result, we consider the
sequence of initial value problems:

dyn(t )
dt

= a(yn(t ), zn(t )), yn(0) = ỹ,

dzn(t )
dt

= κn a(yn(t ), zn(t )), zn(0) = z̃; (44.6)

we write xn(t ) =
(yn(t )
zn(t )

)
for their solutions. Following Tikhonov [328, 332], we

will show that these solutions converge to a certain limit. However, in contrast
to Tikhonov, wewant the limit to be uniform in initial data, and thus will assume
more than he did. Namely, wewill assume that problems (44.6) are of uniformly
Tikhonov-type, that is, introduce the following Assumptions A and B.
Assumption A For any y ∈ Jy there exists a unique ϕ(y) ∈ Jz such that

a(y, ϕ(y)) = 0, where ϕ is Lipschitz continuous. For K = 0, there is a unique
ϕ ∈ J solving a(ϕ) = 0.
Here, and in what follows, Jz and Jy are multidimensional ‘faces’ of J defined

as:

Jz = {z ∈ RM−K | there exist y ∈ RK such that

(
y
z

)
∈ J},

Jy = {y ∈ RK | there exist z ∈ RM−K such that

(
y
z

)
∈ J}.

The initial value problem for the boundary layer system corresponding to (44.6)
is:

dz(t )
dt

= a(ỹ, z(t )), z(0) = z̃, t ≥ 0; (44.7)

ỹ ∈ Jy is treated as a fixed parameter. The solution to (44.7) will be denoted
z(t, ỹ, z̃). The point ϕ(ỹ) ∈ Jz is called the singular point or the equilibrium
of (44.7). The equilibrium is called (Lyapunov) stable if for every ε > 0 there
exists δ(ε) such that |z(t, ỹ, z̃)− ϕ(ỹ)| < ε for t > 0 as long as |z̃− ϕ(ỹ)| <
δ(ε).

The point ϕ(ỹ) is called attractive if there exists δ0 such that:

lim
t→∞ z(t, ỹ, z̃) = ϕ(ỹ), (44.8)

provided |z̃− ϕ(ỹ)| < δ0. A stable equilibrium that is also attractive is called
asymptotically stable. The initial value z̃ for which (44.8) holds is said to lie in
the basin of attraction of ϕ(ỹ).

Assumption B For any ỹ ∈ Jy, the point ϕ(ỹ), is an asymptotically stable
equilibrium of (44.7) and the whole of Jz is a subset of its basin of attraction.
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The main result (Theorem 1) of [182] says that in such a case ϕ(ỹ) is stable
uniformly with respect to ỹ:

B′ for each ε > 0 there exists δ(ε) > 0 such that, for any ỹ, |z̃− ϕ(ỹ)| < δ(ε)
implies |z(t, ỹ, z̃)− ϕ(ỹ)| < ε for all t > 0.

As already mentioned, our assumptions are stronger than those of Tikhonov
[328, 332]. First of all, the ODEs we consider are autonomous and their solu-
tions never leave the compact set J. Moreover, we require that the entire J lies in
the domain of attraction of a unique singular point. Originally it was assumed
that in a sufficiently small neighborhood of any singular point there were no
other singular points.
Under our assumptions the solutions to problems (44.6) converge to

( y(t )
ϕ(y(t ))

)
where:

dy(t )
dt

= a(y(t ), ϕ(y(t ))), y(0) = ỹ. (44.9)

The limit here is uniform in initial data ỹ and z̃ and almost uniform in t ∈
(0,∞). IfK = 0, all equations in (44.6) are singularly perturbed and the y coor-
dinate does not appear there. In this case, the limit here is a constant function
equal to ϕ of Assumption A, and the result follows in fact by Lemma 44.3.
For the proof of our Tikhonov-type theorem we will need the following form

of Gronwall’s Lemma. Suppose A > 0 and B ≥ 0 are constants, and v is a con-
tinuous, non-negative function on an interval [t0, t0 + h]. Then, the inequality:

v (t ) ≤ A
∫ t

t0

v (s) ds+ B, t ∈ [t0, t0 + h] (44.10)

implies:

v (t ) ≤ BeA(t−t0 ), t ∈ [t0, t0 + h].

For the proof, it suffices to show inductively that (44.10) implies:

v (t ) ≤ An
∫ t

t0

(t − s)n−1

(n− 1)!
v (s) ds+ B

n−1∑
k=0

Ak(t − t0)k

k!
,

for n ≥ 1 and t ∈ [t0, t0 + h], and then pass with n to infinity.

Lemma 44.3 We have:

lim
t→∞ z(t, ỹ, z̃) = ϕ(ỹ), (44.11)

uniformly in
(ỹ
z̃

) ∈ J.
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Proof We argue as in the proof of Theorem 7 in [252]. Suppose (44.11) is not
uniform in

(ỹ
z̃

)
. Then, there is ε > 0 such that for all n ≥ 1 there exists

(ỹn
z̃n

) ∈ J
and tn ≥ n with:

|z(tn, ỹn, z̃n)− ϕ(ỹn)| ≥ ε. (44.12)

By compactness of J, without loss of generality we may assume that
the sequence

(ỹn
z̃n

)
n≥1 converges to a

(ỹ∗
z̃∗
) ∈ J. Since vn(t ) := |z(t, ỹn, z̃n)−

z(t, ỹ∗, z̃∗)| satisfies:

vn(t ) ≤ |z̃n − z̃∗| +
∫ t

0
|a(ỹn, z(s, ỹn, z̃n))− a(ỹ∗, z(s, ỹ∗, z̃∗))| ds,

and the integrand here can be estimated by�(|ỹn − ỹ∗| + vn(s)), where� is a
Lipschitz constant of a, we have:

vn(t ) ≤ |z̃n − z̃∗| +�(t|ỹn − ỹ∗| +
∫ t

0
vn(s) ds).

By Gronwall’s Lemma, this gives:

vn(t ) ≤ (|z̃n − z̃∗| +�t|ỹn − ỹ∗|)e�t, for t > 0.

By Assumption B, there exists t∗ = t∗(ỹ∗) such that |z(t∗, ỹ∗, z̃∗)−
ϕ(ỹ∗)| < δ(ε) for δ(ε) defined in B′. Hence, by the estimate for vn(t∗), and
continuity of ϕ, there exists m > t∗ such that |z(t∗, ỹm, z̃m)− ϕ(ỹm)| <
δ(ε). Therefore, since (44.7) is autonomous, z(m, ỹm, z̃m) = z(m−
t∗, ỹm, z(t∗, ỹm, z̃m)) satisfies |z(m, ỹm, z̃m)− ϕ(ỹm)| < ε, contradicting
(44.12). �
Let An and B be the generators of the semigroups related to (44.6) and (44.7),

respectively:

etAn f (ỹ, z̃) = f (xn(t )), etB f (ỹ, z̃) = f (ỹ, z(t, ỹ, z̃)).

Then, Proposition 44.1 yields:

An f (x) =
K∑
j=1

a j(x)
∂ f

∂x j
(x)+ κn

M∑
j=K+1

a j(x)
∂ f

∂x j
(x),

=: A f (x)+ κnB f (x) f ∈ C1, x ∈ J. (44.13)

Lemma 44.3 says that limt→∞ etB = P, where P f (ỹ, z̃) = f (ỹ, ϕ(ỹ)); P is a
projection onto the subspaceCy of f ∈ C which do not depend on z. Therefore,
we are in the setup of Theorem 42.2 with Q replaced by B, εn replaced by
κ−1n and X0 = Cy. To see this, we check that for f ∈ C1 ∩Cy we have An f =
A f , and for g ∈ C1, limn→∞ 1

κn
Ang= Bg, proving that assumptions (a) and (b)
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of this theorem are satisfied. Introducing S(t ) f (ỹ, z̃) = f (y(t ), z̃), where y(·)
solves (44.9), we see that these operators leave Jy invariant and form a strongly
continuous semigroup there. Since the generator of this semigroup coincides
with PA on C1 ∩Cy, and the latter set is its core, the generator equals PA, and
Kurtz’s Theorem gives:

lim
n→∞ etAn f = etPAP f , f ∈ C, t > 0. (44.14)

Untangled, this formula reads:

lim
n→∞ f (yn(t ), zn(t )) = f (y(t ), ϕ(y(t ))), f ∈ C.

Since for f we could in particular take functions assigning to x ∈ J its coor-
dinates, this means limn→∞

(yn(t )
zn(t )

) = ( y(t )
ϕ(y(t ))

)
, uniformly in initial data ỹ and z̃

and almost uniformly in t ∈ (0,∞).Additionally, yn(t ), n ≥ 1 converge almost
uniformly in t ∈ [0,∞) since the corresponding coordinate functions belong
to the regularity space. This is a uniform version of the Tikhonov Theorem;
note that Example 26.6 is a particular case of this result.
As the following example shows, the classical assumptions of Tikhonov do

not guarantee that the convergence is uniform in initial data. The solution to the
Riccati Equation:

dzn
dt
= κn(z2n − zn − 2), zn(0) = z̃,

is zn(t, z̃) = 2+ 3
z̃+1
z̃−2 e

−3κnt−1 , for z̃ < 2, and zn(t, 2) = 2, and there are two sin-
gular points here: −1 and 2. As a result, even though:

lim
n→∞ zn(t, z̃) = −1,

for z̃ < 2 and t > 0, the convergence is uniform in z̃ in no interval containing
both singular points, for supz̃∈[−1,2) |zn(t, z̃)+ 1| = 3, t > 0.

� Chapter’s summary

As an application of Kurtz’s Theorem we prove a version of Tikhonov’s
Theorem. The latter describes convergence of solutions to a system of ordinary
differential equations in the case where the movement along some chosen axes
is much faster than along the remaining ones. In passing (Proposition 44.1) we
characterize generators of semigroups related to ordinary differential equations
in rectangles.
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Fast Motion and Frequent Jumps Theorems for
Piecewise Deterministic Processes

Piecewise deterministic processes (or PDPs for short), main actors in this chap-
ter, were introduced and studied byM. H. A. Davis [105, 104, 106], who proph-
esied in 1984: “These (processes) were only isolated rather recently but seen
general enough to include as special cases practically all the non-diffusion
continuous-time processes of applied probability” ([104], p. i). This was cer-
tainly an overstatement, as it is hard to overestimate the role of point processes
in nowadays modeling [98]. Nevertheless, the number of models of applied
probability involving PDPs is at least surprising.
In between jumps, a typical trajectory of such a process (surprise, surprise!)

is an integral curve of one of many given vector fields. These trajectories may
lie on manifolds of Euclidean spaces of various degrees, and so the state-space
of the process may look like the one in Figure 45.1. A stochastic component

Figure 45.1 A state-space of a piecewise deterministic process
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Figure 45.2 Trajectory of the process

in these processes is restricted to jumps between the manifolds. These occur at
random times, and intensity of jumps varies from region to region. The latter
characteristic distinguishes PDPs from random evolutions of Kac, Griego, and
Hersh [168, 169], where the jumps occur at a fixed rate.

We will restrict our attention to PDPs with state-space equal to N + 1 copies
of theM-dimensional rectangle J described in the previous chapter, where N is
a natural number: the caseN = 1 is depicted in our Figure 45.2. Following [61],
we will study limit behavior of these processes in two cases: that of frequent
jumps and that of fast motion along chosen axes. In the first of these cases, the
limit process is a deterministic motion along “averaged” curves on another copy
of J formed of “lumped” copies J × {i}, i ∈ N := {1, . . . ,N} (see Figure 45.3).
The other situation of interest is the one in which as in the Tikhonov Theo-
rem, the motion along some axes is much faster than along the remaining ones.
Then the limit process is again piecewise deterministic, but its state-space
becomes more “flat,” as depicted in Figure 45.4. Both theorems are motivated
by biological models of the following chapters, and both will be seen to be
consequences of Kurtz’s Singular Perturbation Theorem.
Turning to the formal description of the first theorem, let:

a = (ai j ) j∈M, i∈N

be a matrix of Lipschitz continuous functions ai j : J→ R. By ai =
(ai j ) j∈M, i ∈ N we denote the M-dimensional column vectors of a. Suppose
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Figure 45.3 Frequent jumps approximation

also that each ai satisfies the Müller condition (44.2). Then, for each i ∈ N , the
trajectories of the system:

dxi(t )
dt

= ai(xi(t )), i ∈ N , t ≥ 0 (45.1)

starting in J remain there forever; our processes move along these trajectories
between jumps. Hence, the deterministic part of our processes is determined by
the generators Ai of the related Feller semigroups {Si(t ), t ≥ 0} inC(J), where
Si(t ) f (x) = f (xi(t )), t ≥ 0, x ∈ J, i ∈ N , and xi(t ) is the solution of (45.1)
starting from x, described in Proposition 44.1. Since the state-space of the pro-
cess is composed of N + 1 copies of J, the Banach space X of continuous func-
tions on the state-space is isometrically isomorphic to the Cartesian product of
N + 1 copies of C(J) equipped with the norm ‖( fi)i∈N ‖ = supi∈N ‖ fi‖.

The random part of the processes, that is, the jumps, are determined by
a sequence of (N + 1)× (N + 1) intensity matrices Qn = (qi j,n)i, j∈N , n ≥ 1
withC-valued entries; the fact that jumps’ intensities depend on the state of the
processes is reflected in the fact that the entries depend on x. Inasmuch as a
continuous function h ∈ C = C(J) may be identified with the related multipli-
cation operator C � f → h f ∈ C, the Qn may be identified with the bounded
multiplication operators in B given by:

Qn ( fi)i∈N =
⎛⎝ N∑

j=0
qi j,n f j

⎞⎠
i∈N

. (45.2)
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Hence, our PDPs are related to the semigroups generated by the operators
An in B given by:

An ( fi)i∈N = (Ai fi)i∈N + κnQn( fi)
N
i=0, (45.3)

where fi ∈ D(Ai) and the domain of An, denoted D, is the Cartesian product
of D(Ai), i ∈ N . The sequence (κn)n≥0 appearing here is composed of non-
negative numbers with κ0 = 0, κn > 0, n ≥ 1, and limn→∞ κn = ∞; the latter
assumption being the reflection of the fact that we want to describe the frequent
jumps limit.
Of course, we still need to show that eachAn generates a Feller semigroups.

To this end, note that A0 is the generator of the Feller semigroup {etA0, t ≥ 0}
given by etA0 ( fi)i∈N = (etAi fi)i∈N ; this is the semigroup related to motions
along integral curves of (45.1) on each copy of J separately, with no communi-
cation between the copies. SinceQn is bounded, the Phillips Perturbation Theo-
rem implies thatAn = A0 + κnQn generates a strongly continuous semigroup.
However,Qn generates a Feller semigroups too. Hence, by the Trotter Product
Formula, so doesAn. Moreover, the same formula makes it clear that our PDPs
are “mixtures” of motions along trajectories of (45.1) and Markov chains gov-
erned by κnQn. In these Markov chains, a point (p, i) ∈ J × {i} jumps between
its own copies (p, j), j ∈ N with intensity matrix κn(qi j,n(p))i, j∈N .
We assume that the strong (entry-wise) limit limn→∞Qn =: Q exists and

that for x ∈ J there exists a unique (up to a constant) left row-eigenvector of
Q(x) corresponding to 0 eigenvalue. (SinceQ(x), x ∈ J are intensity matrices,
the existence of a unique eigenvector corresponding to zero eigenvalue ν0 = 0
implies that algebraic multiplicity of ν0 is 1; see [262], p. 696.) Then there
exists the unique, non-negative left eigenvector with the sum of entries equal
to 1, denoted l0(x), and we assume that:

lim
t→∞ etQf = P0f, f ∈ B, (45.4)

where:

P0f = [l0f] ∈ B, f ∈ B, [ f ] = ( f )i∈N ∈ B, f ∈ C,

and l0f(x) is the scalar product of l0(x) and f(x), x ∈ J. (We stress that some
coordinates of this vector may vanish.) Under this assumption we will show
that if the entries qi j ∈ C ofQ = (qi j )i, j∈N are Lipschitz continuous, then so is
x 	→ l0(x) and the limit semigroup is related to the following system of ODEs:

d x(t )
dt

= al0(x(t )), (45.5)
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where al0 is the product of the matrix a and the vector l0, now treated as a col-
umn. Clearly, al0 is Lipschitz continuous on J and since ai’s satisfy the Müller
condition (44.2) so do the entries of al0, being convex combinations of ai’s.
Thus, the trajectories of (45.5) starting in J remain there forever. By Proposi-
tion 44.1, the generator B of the related semigroup {S(t ), t ≥ 0} in C is given
by B f =< al0,∇ f >, f ∈ C1, and C1 is a core for B. By (45.3), we obtain:

B f =< al0,∇ f >= l0A0[ f ] and [B f ] = P0A0[ f ], f ∈ C1. (45.6)

Hence, the claim made earlier may be expressed in the following frequent
jumps theorem, promised previously.

Theorem 45.1 Suppose that Qn converges strongly to the Q with Lipschitz
continuous entries and (45.4) holds. Then, writing {etAn, t ≥ 0} for the semi-
groups generated by An = A0 + κnQn, we have:

lim
n→∞ etAnf = S (t )P0f, f ∈ B. (45.7)

Here {S (t ), t ≥ 0} given by S (t )[ f ] = [S(t ) f ] is an isometrically isomorphic
copy of {S(t ), t ≥ 0} in:

B0 = {[ f ] ∈ B; f ∈ C}.
As always, the limit here is almost uniform in t ∈ [0,∞) for f in the regu-

larity space B0 and almost uniform in t ∈ (0,∞) for the remaining f. What
is interesting here is that the limit does not depend on the rate with which
Qn tends to Q. If Qn(x) are not intensity matrices, the result is no longer
valid, as the following example shows. Suppose A0 and Q are as in the the-
orem, and κn = n, so that the limit limn→∞ et(A0+nQ)f = S (t )P0f exists. Then,
for Qn = Q− 1

n I where I is the identity in B, we have limn→∞ et(A0+nQn )f =
limn→∞ e−tet(A0+nQ)f = e−tS (t )P0f. At the same time for Qn = Q− 1√

n
I we

have limn→∞ et(A0+nQn )f = limn→∞ e−
√
ntet(A0+nQ)f = 0, t > 0.

Postponing temporarily the proof of Theorem 45.1, let us turn to the second
main subject of this chapter. Here, we are interested in the situation where the
motion along the last M − K > 0 axes in our PDP process is relatively faster
than that along the remaining ones, where 0 ≤ K < M. More specifically, as in
(44.6), systems (45.1) are replaced by the singularly perturbed ones:

dyi,n(t )
dt

= ai(yi,n(t ), zi,n(t )),
dzi,n(t )

dt
= κn ai(yi,n(t ), zi,n(t )), t ≥ 0,

(45.8)

yi,n = (xi, j,n)Tj=1,...,K, zi,n = (xi, j,n)Tj=K+1,...,M , ai(·) := (ai j(·))Tj=1,...,K and
ai(·) := (ai j(·))Tj=K+1,...,M, and κn is a sequence of non-negative numbers
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Figure 45.4 Fast deterministic motion approximation

such that κ0 = 0 and κn →∞. We assume that ai j : J 	→ R are Lipschitz
continuous in J, the Müller condition (44.2) is satisfied, and the systems are of
uniformly Tikhonov type (see Chapter 44).
Hence, the generators of the approximating semigroups are of the form:

An +Qn,

where Qn are intensity matrices converging strongly to an intensity matrix Q,
and An( fi)i∈N = (An,i fi)i∈N , for fi ∈ D(An,i) where An,i are given by (44.13)
with a j replaced by ai j.

Our fast motion theorem says that as n→∞, the piecewise deterministic
process related to An +Qn in B, moving along integral curves of (45.8) with
jumps given byQn, becomes another piecewise deterministic process, with the
first coordinates yi(t ) of the trajectories between jumps being the integral curves
of the reduced and modified systems:

dyi(t )
dt

= ai(yi(t ), ϕi(yi(t ))), t ≥ 0, i ∈ N (45.9)

in Jy, and the second coordinates zi(t ) changing according to the formula
zi(t ) = ϕi(yi(t )), where ϕi(y) is the unique vector satisfying:

ai(y, ϕi(y)) = 0.

Since zi is determined by yi, the latter process may be identified with that
moving along the integral curves of (45.9). As a result, the state-space of
the limit piecewise deterministic process collapses to N + 1 copies of Jy, as
shown in Figure 45.4, and its jump intensities are governed by an appropriately
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modified matrix PQ (see below). If K = 0, all equations in (45.8) are singu-
larly perturbed and the y coordinate does not appear there. By Assumption A,
there are unique ϕi ∈ J solving ai(ϕi) = 0, i ∈ N , and the limit process is a
Markov chain with states ϕi and intensity matrix PQ = (qi j(ϕ̃i))i, j∈N .

Formally, let By = (Cy)N+1 be the (N + 1)-fold Cartesian product of Cy

and let P : B 	→ By be defined by P ( fi)i∈N = (Pi fi)i∈N , where Pi f (y) =
f (y, ϕi(y)). Also, let PiAi be the generator of the semigroup of motion along
curves of (45.9) (see Chapter 44) and let A0 be the generator of the Carte-
sian product of the semigroups generated by the operators PiAi : etA0 ( fi)i∈N =
(etPiAi fi)i∈N .

Theorem 45.2 We have:

lim
n→∞ et(An+Qn )f = et(A0+PQ)Pf, f ∈ B, t > 0. (45.10)

As before, for f ∈ By the limit is almost uniform in t ∈ [0,∞), and in general
it is almost uniform in t ∈ (0,∞).

The proof of our theorem is immediate oncewe are armedwith the Tikhonov-
type theorem of Chapter 44, which in our case yields, by definition of A0,
limn→∞ etAn = etA0P . Hence, Theorem 45.2 follows because convergence is
preserved under bounded perturbations and (45.10) is a special case of (29.3).

We are thus left with showing Theorem 45.1. We start by showing that under
our assumptions the map x 	→ l0(x) assigning to x a left eigenvector of Q(x)
may be chosen to be Lipschitz-continuous. We argue as in Theorem 8 in [236],
p. 130. Fix x0 ∈ J. Since we assume that l0(x0) is unique (up to a constant),
one of the principal minors ofQ(x0), say the jth, has nonzero determinant (see
Lemma 9 in [236]). Therefore the jth entry in l0(x0) is nonzero, for otherwise
the entire l0(x0) would need to be zero, and without loss of generality we may
assume it equals 1. By continuity, we may assume the same is true for x in
a neighborhood of x0. Then, denoting by l0,∗(x) the vector l0(x) with the jth
entry removed, we obtain:

li,∗(x)M j(x) = −c j(x)
or:

li,∗(x) = −c j(x)[M j(x)]−1,

where M j(x) and c j(x) are the jth principal minor and the jth row of Q(x)
(with the jth entry removed), respectively. With this definition, x 	→ l0(x) is
locally Lipschitz continuous, since the entries of Q are Lipschitz continuous.
Then the classic result says that thismap is Lipschitz continuous on thewhole of
the compact set J (see, e.g., [339], p. 107 or Exercise 45.1), proving our claim.
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Next, we fix x, write a nonzero left eigenvector as l0(x) = (li)i∈N , and claim
that (|li|)i∈N is a left eigenvector of Q(x), as well. To show this, we argue as
on p. 310 in [305]: for simplicity we write qi j for qi j(x). By assumption for
all j ∈ N , l jq j =

∑
i
= j liqi j, where q j = −q j j. Hence, |l j|q j ≤

∑
i
= j |li|qi j. If

contrary to our claim one of these inequalities is strict, then:∑
j∈N
|l j|q j <

∑
j∈N

∑
i
= j
|li|qi j =

∑
i∈N

|li|
∑
j 
=i

qi j =
∑
i∈N

|li|qi,

a contradiction.
Finally, by continuity and since l0(x) is nonzero, the map assigning the sum

of entries of l0(x) to an x ∈ J is bounded away from 0. Dividing l0(x) by the
sum of its entries if necessary, we obtain that l0(x) is the unique left eigenvector
with non-negative entries summing to 1. Since taking the absolute value of
coordinates and dividing by the sum of coordinates do not destroy Lipschitz
continuity, we conclude that the map assigning to x the unique left probability
eigenvector of Q(x) corresponding to 0 eigenvalue, is Lipschitz continuous.
Without this information, we could not claim that the Cauchy problem related
to the system (45.5) is well posed.

Proof of Theorem 45.1. Note that we are in the setup of Theorem 42.2 with
X,An,Q and P replaced by B,An,Q and P0, respectively. Condition (a) in
Theorem 42.2 is clearly satisfied forD = {[ f ], f ∈ C1}, since [ f ] ∈ D(A0) and
Qn[ f ] = 0. Moreover, for f ∈ D(A0), we have limn→∞ 1

κn
Anf = Qf, proving

(b) with D′ = D(A0). The set D(A0), being dense in B, is a core for Q since
Q is bounded. Using (45.6) we check that condition (c) is also satisfied. This
shows (45.7). �

The following proposition allows checking assumption (45.4) in practice.

Proposition 45.3 Assume that:

(DE) for each x ∈ J, Q(x) has N + 1 real distinct eigenvalues νi(x), i ∈ N ,

or
(SG) for each x ∈ J, Q(x) is irreducible and its spectral gap is positive.

Then (45.4) holds.

Matrices:

Q =
⎛⎝−1 1 0

0 −1 1
0 2 −2

⎞⎠ and Q =
⎛⎝−2 1 1

1 −2 1
1 1 −2

⎞⎠
show that it may happen that (DE) is satisfied while (SQ) is not, and vice versa.
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For the proof of the proposition, assume first (DE) holds. Since Q(x) is an
intensity matrix, one of the eigenvalues is zero and the others are negative. Let
νi(x) be the eigenvalue ofQ(x) with the ith smallest absolute value. Then, νi are
continuous functions of x ([236], Thm. 6, p. 130). A straightforward modifica-
tion of the proof of Theorem 8, p. 130 in [236] shows that there are continuous
functions li such that li(x) is a left eigenvector corresponding to νi(x). Also, as
we have already seen, l0 may be chosen to be a probability vector (but does not
need to be strictly positive), and x 	→ l0(x) is Lipschitz continuous.

Let L(x) be the (N + 1)× (N + 1) matrix with the ith row equal to li(x).
Since the rows form a basis of RN+1, L(x) is invertible. The columns of its
inverse R(x) are the right eigenvectors ri(x) of Q(x). This implies that ri are
continuous, because taking an inverse of an invertible matrix is a continuous
map. Because of the choice of l0, entries of r0 equal 1.
As it was the case withQ,matricesR andLmay be identified with bounded

multiplication operators in B. Clearly, L is the inverse of R.
For f = ( fi)n≥1 ∈ B and g ∈ C let gf ∈ B denote (gfi)n≥1.

Lemma 45.4 B may be represented as the direct sum B =⊕N
i=0 Bi, where:

Bi := Ker (Q− νi) = {f ∈ B; f = hri, h ∈ C}, i ∈ N , (45.11)

and νi is seen as a bounded operator in B mapping f to νif.

Proof The key to the proof is the fact that Q commutes with the operators
g : f 	→ gf; the argument is quite the same as in the elementary case where Q
does not depend on x.

For f ∈ B there exist a unique h = (hi)n≥1 ∈ B such that f =∑N
i=0 hiri.

To see this, let h = Lf. Then, f = Rh =∑N
i=0 hiri. On the other hand, if

f =∑N
i=0 h

′
iri for h

′ = (h′i)n≥1, then 0 =∑N
i=0(hi − h′i)ri = R(h− h′) imply-

ing h = h′ sinceR is invertible.
Since Bis are clearly closed, it remains to show (45.11). The vectors of the

form hri, h ∈ C belong to Ker (Q− νi) becauseQ commutes with the operator
h : f 	→ hf. Conversely, suppose 0 
= f =∑N

j=0 h jr j ∈ Bi and for some j0 
=
i and x0 ∈ J, h j0 (x0) 
= 0. Then, νif = Qf = Q(

∑N
j=0 h jr j ) =

∑N
j=0 h jν jr j

implying
∑N

j=0 h j(ν j − νi)r j = 0. Therefore, for all j, h j(ν j − νi) = 0, and
ν j0 (x0) = νi(x0). This contradicts (DE). �

Multiplying the column vector ri by the row vector li we obtain a matrix
Pi = rili; this definition agrees with the previously introduced definition
of P0. Seen as operators in B, Pi are idempotent since liri = I. Since
rili(
∑N

j=0 h jr
j ) = hiri, Pi is the projection on Bi with the kernel

⊕N
j 
=i B j

(comp. Thms. 3.2.11 and 3.2.14 in [261]) and we have I =∑N
i=0 Pi. Moreover,
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Qf = Q(
∑N

i=0 hiri) =
∑N

i=0 hiQri =
∑N

i=0 νihiri =
∑N

i=1 νiPif, f ∈ B, that is,
Q =∑N

i=1 νiPi. This gives immediately, Qn =∑N
i=1 ν

n
i Pi, n ≥ 1 and:

etQ = P0 +
N∑
i=1

etνiPi. (45.12)

Since νi, i ∈ {1, . . . ,N} are negative, we see that (DE) implies (45.4).
Next assume (SG) holds. More specifically, we assume that for all x ∈

J, Q(x) is nonzero, and for some k ≥ 1, the matrix (γ−1Q+ I)k, where
γ = γ (x) = maxi(−qii(x)), has all entries positive. By the Perron Theo-
rem [236, 305], there exists a unique, strictly positive, left, row-eigenvector
l0 = (li)i=0,...,N ofK = γ−1Q+ I corresponding to the eigenvalue 1. Clearly, l0
is an eigenvector ofQ corresponding to eigenvalue 0, and we have already seen
that x 	→ l0(x) is Lipschitz continuous. The spectral gap is defined as the small-
est nonzero eigenvalue λ = λ(x) of I − 1

2 (K +K∗) where the entries ki j and k∗i j
of K and K∗ are related by k∗i j = k jil j

li
.We assume that λ(x) > 0, which implies

λ0 := infx∈J λ(x) > 0. Then, see [305] p. 328, |(etγ−1Q)i j − l j| ≤
√

1
li
e−λ0t .

Since li > 0 is a continuous function of x, it follows that there exists a con-
stant KQ such that:

‖etγ−1Qf − P0f‖ ≤ KQe
−λ0t‖f‖.

Using positivity of γ , we see that this implies (45.4). �
Exercise 45.1 Assume (S, d) is a compact metric space and f : S→ R

is locally Lipschitz continuous, that is, for each p ∈ S there exists ε > 0
and Mp such that | f (q)− f (q′)| ≤ Mpd(p, q), as long as d(p, q), d(p, q′) <
ε. Show that f is (globally) Lipschitz: there exists M such that | f (p)−
f (q)| ≤ Md(p, q) for p, q ∈ S. Hint: assume that the hypothesis is not true,
choose pn, qn such that | f (pn)− f (qn)| > nd(pn, qn) and pass to convergent
subsequences.

� Chapter’s summary

Two convergence theorems for piecewise deterministic processes are proved.
The first of them deals with the case in which, much as in the Tikhonov’s The-
orem, motions along some chosen axes are “very fast.” The other is devoted
to the case in which jumps are very frequent. In the first theorem, the state-
space of the limit process is composed of less-dimensional rectangles. In the
second, the rectangles do not lose dimensions but get lumped together into a
single rectangle.
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Models of Gene Regulation and
Gene Expression

Motivations of Theorem 45.1 include Kepler–Elston’s model of stochastic gene
regulation ([204], section titled “Regulated systems II: mutual repressors”). In
the model, two proteins responsible for a gene’s expression are considered.
They are products of the same gene and at the same time act as mutual repres-
sors. If none of them is bound to a regulatory sequence, called operator, in the
gene, both are being produced at a common, constant rate. When one of them
is bound to the operator, production of the other is repressed and its existing
molecules gradually degrade. Proteins leave the operator at random times, thus
triggering production of the protein previously repressed (see Figure 46.1).
These assumptions are formalized as follows. Let γ ∈ {0, 1, 2} denote the

state of the operator, 0 referring to the unoccupied state, 1 to being occupied by
a dimer of the first protein, and 2 to being occupied by a dimer of the second
protein. Then, in the intervals where γ = i is constant, the vector xi = (xi j ) j=1,2
of normalized levels of proteins satisfies:

dxi(t )
dt

= (Fj(i)− xi j(t )) j=1,2, (46.1)

where F1(0) = F1(1) = F2(0) = F2(2) = 1 and F1(2) = F2(1) = 0, xi j ∈
[0, 1].

Hence, we are in the setup of Theorem 45.1 with N = 2, M = 2,

v = (0, 0),w = (1, 1) and ai(x j ) j=1,2 = (Fj(i)− x j ) j=1,2.

Clearly ai, i ∈ N are Lipschitz-continuous and the Müller condition (44.2) is
satisfied.
In [204], γ jumps from 1 or 2 to 0 with the same constant intensity α0,

and since the proteins bind to the operator as dimers, the intensities α1 and
α2 of jumps from 0 to 1 and 2, respectively, are proportional to the squares
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protein 1
dimer

operator

protein 2protein1

degradation degradation

operator

protein 2protein1

degradation degradation

Figure 46.1 Gene expression with two mutually repressing proteins. When a
dimer of one protein binds to the operator, production of the other is repressed,
and vice versa.

of the corresponding protein levels. Here, we replace these particular inten-
sities by arbitrary non-negative Lipschitz-continuous functions α0, α1, α2 on
J = [0, 1]2. This leads to:

Q =
⎛⎝−α1 − α2 α1 α2

α0 −α0 0
α0 0 −α0

⎞⎠ ;
we assume merely that α0 > 0 and σ := α0 + α1 + α2 > α0. Then, Q(x) has
three distinct eigenvalues, ν0(x) = 0, ν1(x) = −α0(x), ν2(x) = −σ (x), and
we check that l0 = ( α0

σ
, α1
σ
, α2
σ
).

By Proposition 45.3 and Theorem 45.1 with Qn = Q and arbitrary κn, the
semigroups of the corresponding piecewise deterministic processes converge
to the semigroup describing deterministic motion along the interval curves of:

dx(t )
dt

=
(
α0 + α j

σ
− x j(t )

)
j=1,2

, (46.2)

because a(x)l0(x) = ( α0+α j
σ

− x j ) j=1,2. Intuitively, as noted in [204], when
κn →∞, γ reaches its (conditional) statistical equilibrium with probabilities
of being at 0, 1, and 2 equal to α0

σ
, α1
σ
, and α2

σ
, respectively. Therefore Fj(i) in
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Figure 46.2 Simplified diagram of auto-regulated gene expression (redrawn with
insignificant changes from [69])

(46.1) may be replaced by conditional expected values EFj(γ ), j = 1, 2; this
leads to (46.2).
Another motivation for Theorem 45.1 is themodel of stochastic gene expres-

sion due to Lipniacki et al. [69, 172, 242, 241], see also [50, 60]. The model
describes stochastic mechanisms governing production and degradation of pro-
teins in a cell, with intermediary role of mRNA in the process. It is assumed
that the cell contains several copies of a gene, activated and inactivated indepen-
dently. When at least one copy of the gene is activated, transcription of mRNA
is initiated that stimulates production of proteins. Increasing level of proteins
may in turn stimulate deactivation of gene copies and degradation of proteins
and mRNA (so-called auto-regulation; see Figure 46.2).
Formally this process can be described as follows. Let γ ∈ N =

{0, 1, . . . ,N} denote the number of active copies of the gene, x1 the level of
mRNA and x2 the level of proteins. For constant γ = i, xi = (xi j ) j=1,2 satisfies:

dxi(t )
dt

=
( −cxi1(t )+ di
kxi1(t )− lxi2(t )

)
, (46.3)

where c and d denote the mRNA degradation and production rates per active
gene copy, while k and l are the protein’s translation and degradation rates,
respectively.
Taking M = 2, v = (0, 0),

w = (Ndc−1,Nkd(lc)−1) and ai(x) = (−cx1 + di, kx1 − lx2),

we see that ai are Lipschitz-continuous and the Müller condition is satisfied.
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In [242], intensity of activation of a single gene’s copy is assumed to
be constant, while deactivation rate is proportional to the level of proteins.
Here we use more general rates of the form aβ0, bβ1, where β0 and β1

are arbitrary, non-negative, Lipschitz continuous functions, and a and b are
real positive parameters. Because gene copies are activated and deactivated
independently, conditionally on γ (t ) = i, intensities of activation of another
gene copy and of deactivation of an active gene copy are (N − i)aβ0 and ibβ1,
respectively.
We consider the case in which activation/deactivation rates become infinite

by replacing a and b by an and bn, and letting an, bn tend to infinity in such
a way that r := limn→∞ an

bn
≥ 0 exists. Jump intensities of the approximating

processes are then described by bnQn where Qn = (qi j,n)i, j∈N and:

qi j,n =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

iβ1, if j = i− 1, 1 ≤ i ≤ N,

−(N − i) anbn β0 − iβ1, if j = i, 0 ≤ i ≤ N,

(N − i) anbn β0, if j = i+ 1, 0 ≤ i ≤ N − 1,

0, otherwise.

(46.4)

We will show later that (Lemma 46.1), assuming that rβ0 + β1 is strictly
positive, for x ∈ J = [0,Ndc−1]× [0,Nkd(lc)−1] the limit matrix Q(x) =
limn→∞Qn(x) has N + 1 distinct eigenvalues:

νi(x) = −i(rβ0(x)+ β1(x)), i ∈ N ,

and l0 =
(

1
(rβ0+β1 )N

(N
i

)
(rβ0)iβN−i1

)
i∈N

.

By Proposition 45.3 and Theorem 45.1 with κn = bn, the semigroups of the
corresponding piecewise deterministic processes converge to the semigroup of
the ODE:

dx(t )
dt

=
(
−cx1(t )+ Nrdβ0

rβ0+β1
kx1(t )− lx2(t )

)
, (46.5)

for a(x)l0(x) = (−cx1+
Nrdβ0 (x)

rβ0 (x)+β1 (x)
kx1−lx2

). This proves the hypothesis made in [242].
Let us also consider the case of large protein’s translation and degradation

rates k and l (this case is not discussed in the published version of [242], but
the related hypothesis was stated in the preprint preceding publication). To this
end we replace k and l in (46.3) by κn and ηκn, where (κn)n≥1 satisfies the usual
assumptions and η is a positive constant. Replacing xi in (46.3) by

(yi,n
zi,n

) ∈ J,
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we rewrite (46.3) to the form compatible with (45.8):

dyi,n(t )

dt
= −cyi,n(t )+ di,

dzi,n(t )

dt
= κn(yi,n(t )− ηzi,n(t )), i ∈ N ;

(46.6)

so that now yi,n is the level of proteins and zi,n is the level of mRNA (we changed
the font of y and z to stress that they are scalars here). Then we are in the
setup of Theorem 45.2 with K = 1, and ai(y, z) = −cy+ di, ai(y, z) = y− ηz.
Note also that k/l does not change with n, and neither does J = [0,Ndc−1]×
[0,Nd(ηc)−1]. Jumps of the approximating processes are governed by Qn =
bQ = (qi j ), with qi j ∈ C defined by (46.4) where an, bn are replaced by fixed
parameters a, b.

The systems (46.6) are of uniformly Tikhonov-type. Indeed, for ỹ ∈ Jy =
[0,Ndc−1], z̃ = ϕ(ỹ) = ỹ

η
∈ Jz = [0,Nd(ηc)−1] is the unique solution to

ai(ỹ, z̃) = 0, and ϕ is Lipschitz continuous (in this example, ai does not depend
on i and neither do ϕi and z̃i). Also, zi(t )− y

η
= (zi(0)− y

η
)e−ηt for i ∈ N ,

where zi(t ) are the solutions of the boundary layer systems corresponding to
(46.6) and Assumption B is satisfied for all i, too.
By Theorem 45.2, if the proteins’ translation and degradation rates are large,

but stay in a fixed proportion η, in the limit process the level of mRNA is gov-
erned by:

dyi(t )
dt

= −cyi(t )+ di, i ∈ N ,

with the level of proteins given by zi(t ) = yi(t )
η

and jumps driven by LQ =
(Lqi j ), where Lqi j(y) = qi j(y,

y
η
). Note that forN = 1 and rescaled coefficients,

this result has been obtained in Example 26.6.

Lemma 46.1 Suppose rβ0 + β1 is strictly positive on J. Then, for x ∈ J,
the limit matrixQ(x) = limn→∞Qn(x) has N + 1 distinct eigenvalues νi(x) =
−i(rβ0(x)+ β1(x)), i ∈ N .

Proof Let Q(N) = (qi j )i, j∈N denote the limit (N + 1)× (N + 1) matrix Q in
the Lipniacki model with r = 1 (i.e., qi j’s are given by (46.4) with an/bn = 1)
and assume that β0 + β1 = 1. We will prove that the characteristic polynomial
of Q(N) is:

det(λ−Q(N)) = λ(λ+ 1)(λ+ 2) . . . (λ+ N), N ≥ 1. (46.7)

To this end, we perform the following operations on thematrix λ−Q(N): start-
ing from the right, to each column we add the sum of columns preceding it,
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obtaining the matrix with the same determinant:⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Nβ0 + λ λ λ . . . . . . λ λ

−β1 (N − 1)β0 + λ λ . . . . . . . . . λ

0 −2β1 (N − 2)β0 + λ . . . . . . . . . λ

. . . 0 −3β1 . . . . . . . . . . . .

...
...

. . .
. . .

...
...

...

0 . . . . . . . . . 2β0 + λ λ λ

0 . . . . . . 0 −(N − 1)β1 β0 + λ λ

0 . . . . . . . . . 0 −Nβ1 λ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Next, starting from the top down, from each rowwe subtract the one lying below
it, leaving the last row unchanged. Applying the Laplace expansion along the
last column of the resulting matrix and using β0 + β1 = 1 we obtain det(λ−
Q(N)) = λ det(λ+ 1−Q(N − 1)). Since the case N = 1 is easily checked,
(46.7) follows by induction.
Dropping the simplifying assumption (r = 1, β0 + β1 = 1) we replace β0 by

rβ0 and divide the matrix by rβ0 + β1 > 0, to see that the eigenvalues of the
limit matrix are −i(rβ0 + β1), i ∈ N . �
A deeper insight into the way biological systems, like those described by

(46.1) and (46.3) work, may be gained by reading expertly and reader-friendly
written monograph by Uri Alon [3].

� Chapter’s summary

Wediscuss twomotivating examples of themain theorems of the previous chap-
ter: models of gene regulation and gene expression. As an application of the the-
orems we conclude that under certain conditions, these models may be reduced
to simpler ones.



47

Oligopolies, Manufacturing Systems, and
Climate Changes

Piecewise deterministic Markov models such as those in Theorem 45.1 are
present not only in mathematical biology, but also in other applied sciences.
In this chapter we exhibit three examples of this type, taken from [61].
First, we consider a manufacturing system ([149, 293, 310, 352]) where

items are produced at the rate u ≥ 0 and sold at the demand rate z ≥ 0. By
x(t ) ∈ R we denote the surplus, that is, the difference between cumulative pro-
duction and cumulative demand at time t and by a > 0 we denote the spoilage
rate of a finished product. The rate of production u = u(γ ) depends on a number
γ of active parallel production machines. We consider a so-called failure-prone
system, where each machine is subject to breakdown and repair, so it can either
be operational or out of order. We assume that the system consists of two iden-
tical machines, that is, γ ∈ N = {0, 1, 2}. Then, in the intervals where γ = i
is constant, the surplus is governed by the ODE:

dxi(t )
dt

= −axi(t )+ u(i)− z. (47.1)

Suppose that u(0) = 0 and u(1) ≤ u(2). In the notation of Theorem 45.1, we
haveM = 1, J = [−za ,

u(2)−z
a ], and ai(x) = −ax+ u(i)− z; the latter functions

are Lipschitz continuous and satisfy (44.2).
Let μ > 0 be the intensity of machine failures and let ξ (x) > 0 be the inten-

sity of repairs. We suppose that ξ depends on x, because if the surplus is low,
machines are repaired quicker than if it is high. There is a single repair crew; if
two machines are out of order, the repair crew is working on the one that failed
first. If machines break down independently, this leads to the intensity matrix:

Q(x) =

⎛⎜⎝−ξ (x) ξ (x) 0

μ −μ− ξ (x) ξ (x)

0 2μ −2μ

⎞⎟⎠ .
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Eigenvalues of Q(x) equal 0 and 1
2 ((−1)k

√
μ(μ+ 4ξ (x))− (3μ+ 2ξ (x))),

k = 1, 2, and:

l0(x) =
(
2μ2

σ (x)
,
2μξ (x)
σ (x)

,
ξ 2(x)
σ (x)

)
,

where σ (x) = 2μ2 + 2μξ (x)+ ξ 2(x). Taking Qn = Q and assuming ξ to be
Lipschitz continuous we obtain, by Proposition 45.3 and Theorem 45.1, that if
the breakdowns and repairs occur in a much faster scale than production, the
surplus satisfies the ODE:

dx(t )
dt

= −ax(t )+ 2μξ (x)
σ (x)

u(1)+ ξ 2(x)
σ (x)

u(2)− z.

Our next example is that of oligopoly (see, e.g., [174]). We considerM play-
ers in a market with random switches of economic situation γ (t ), described
by two market modes: recession γ (t ) = 0 and prosperity γ (t ) = 1. Let the
stochastic investment rate ui j ∈ R of the jth firm ( j ∈M = {1, . . . ,M}) in the
ith market mode (i ∈ N = {0, 1}) depend on i and j; we assume that u0 j ≤ u1 j
for j ∈M. In the models of optimal control or in stochastic games, ui j’s usu-
ally depend on t and are treated as control tools [174]. Here we disregard the
elements of control and games, leaving the process uncontrolled. If γ = i is
constant, the market production capacity xi = (xi j )Tj∈M satisfies:

dxi(t )
dt

= ui − xi(t ), i ∈ N , (47.2)

where ui = (ui j ) j∈M, and the capacity deterioration rate is set to 1 for simplic-
ity. In the notation of Theorem 45.1, for i ∈ N we have ai(x) = ui − x, v =
(u0 j ) j∈M, w = (u1 j ) j∈M and J = [u01, u11]× · · · × [u0M, u1M] ⊂ RM . Clearly
ai are Lipschitz continuous and the Müller condition is satisfied.
Intensity matrix Q of market switches is determined by the following nor-

malized jump intensities: q00 = −1, q11 = −sM , sM (x) = x1 + · · · + xM , x =
(x j ) j∈M (if the total supply is too large, a transition from prosperity to recession
is highly probable). The negative eigenvalue ofQ(x) equals−1− sM . Further-
more, l0 = ( sM

1+sM ,
1

1+sM ). By Proposition 45.3 and Theorem 45.1 withQn = Q
and arbitrary κn, if market switches are frequent, the semigroups of the related
piecewise deterministic processes converge to the semigroup describing deter-
ministic motion along the integral curves of:

dx(t )
dt

= sM
1+ sM

u0 + 1

1+ sM
u1 − x(t ). (47.3)

Consider also the case in whichmarket switches occur rarely when compared
to the time scale of the economic activity, comp. [174]. To this end, we replace
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(47.2) by the singularly perturbed equations of type (45.8):

dzi,n(t )
dt

= κn(ui − zi,n(t )), i ∈ N , (47.4)

so that the marked production capacity is now denoted by z and not by x. Here
all coordinates are singularly perturbed, Jz = J, Jy = {0} and ai(z) = ui − z
are Lipschitz-continuous and satisfy the Müller condition. Thus we are in the
setup of Theorem 45.2 withK = 0. Intensities of jumps between integral curves
of the full system (47.4) are given by Q described earlier.
The systems (47.4) are of uniformly Tikhonov type because ϕi = ui is

the unique root of ai and as in the previous example the solutions of the
related boundary layer system converge to ui, regardless of the initial condi-
tion. Hence, by Theorem 45.2, in the limit as n→∞, we obtain the Markov
chain jumping between the points ui with intensity matrixPQ = (Piqi j ), where
P0q00 = −

∑M
m=1 u

0
m and P1q11 = −1.

In our final example, we consider a piecewise deterministic process inspired
by the stochastic game of interactions between economy and climate
described in [174] and [173]. It is a model of economic activity in a changing
climate, based on the observation that the natural environment evolves slowly
when compared to the economic growth.
The model assumes that in the global economy there are M players, called

nations. The world climate may be in one of several climate modes, i ∈ N . For
the ith climate mode let zi ∈ RM denote theM-dimensional vector of the accu-
mulated capital ofM nations. In accordance with a widely accepted view (see,
e.g., [174, 173] and references given there), we assume that climate changes
are to some extent stimulated by the human economic activity, since the latter
leads to accumulation of greenhouse gases (GHG, e.g., CO2) in the atmosphere.
Let yi ∈ R be the average concentration of GHG in the ith climate mode. The
levels of yi and zi satisfy:

dyi(t )
dt

= −βyi(t )+ σizi(t ),
dzi(t )
dt

= κ (ui − αzi(t )), (47.5)

where α = diag{α1, . . . , αM} is theM ×M diagonal matrix of capital depreci-
ation rates α j > 0, ui = (ui j ) j∈M is the vector of investment rates, β > 0 is the
GHG natural elimination rate, σi = (σi j ) j∈M is the vector of GHG production
rates σi j ≥ 0 in the national economies, σizi is the scalar product of σi and zi,
and κ is a positive parameter.
Suppose that there are three possible climate modes, so that N = {0, 1, 2}.

The climate may either remain unchanged (i = 0) or experience a sudden
change, resulting from catastrophes caused by the increasing concentration of
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Figure 47.1 “Indian Summer” or “Golden Polish Autumn”

GHG. For instance, the climate may change due to a slowdown in the ocean
currents (the so-called thermohaline circulation, i = 1) or due to the Antarctic
and Greenland ice sheet collapse (i = 2).We assume that intensities of switches
in the climate modes are given by the matrix Q(y) = (qi j(y))i, j∈N , where qi j
are climate transition rates continuous in y. We assume i = 2 is the cemetery
state, that is,

Q(y) =

⎛⎜⎝−q01(y)− q02(y) q01(y) q01(y)

0 −q12(y) q12(y)

0 0 0

⎞⎟⎠ .

Let us note now that the economic activity takes place in a faster time scale than
the climate changes. To incorporate this information in our model we replace
the parameter κ in (47.5) by a sequence (κn)n≥1, satisfying the usual assump-
tions. Then we are in the setup of Theorem 45.2 with Lipschitz-continuous
functions ai and ai given by:

ai(y, z) = −βy+ σiz and ai(y, z) = ui − αz,

N = 2, K = 1 and M + 1 instead of M (the model contains M production
variables and one variable describing the level of GHG). To show this we
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introduce:

αmax = max
i∈N

αi, σmax = max
i∈N

M∑
j=1

σi j, umax = max
i j

ui j

αmin = min
i∈N

αi, σmin = min
i∈N

M∑
j=1

σi j, umin = min
i j
ui j.

It follows that if the jth coordinate of z equals v = uminα
−1
max (or w = umaxα

−1
min,

respectively), then the jth coordinate of ai(y, z) = ui − αz, is non-negative
(or, nonpositive, respectively). Since ai(y, z) ≥ 0 for y = v0 := vβ−1σmin

and ai(y, z) ≤ 0 for y = w0 := wβ−1σmax, provided z ∈ Jz = [v,w]× · · · ×
[v,w], this shows that the system (47.5) satisfies the Müller condition in
J = Jy × Jz, where Jy = [v0,w0]. Moreover, the equilibrium point ϕi(y) does
not depend of y and equals α−1ui ∈ Jz.We check that Assumption B is satisfied,
similarly as in the previous examples, using explicit form of the solution to the
boundary layer system of (47.5). Thus (47.5) are of uniformly Tikhonov-type.
By Theorem 45.2 the original process moving along integral curves of (47.5)

with jumps determined byQ, converges as n→∞ to the limit process, moving
along integral curves of:

dyi(t )
dt

= −βyi(t )+ σiα
−1ui,

with zi(t ) = α−1ui and jumps described by PQ = Q.

� Chapter’s summary

We continue with applications of theorems of Chapter 45. We present models
of manufacturing systems, oligopolies, and interactions between economy and
climate.
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Convex Combinations of Feller Generators

Let S be a locally compact Hausdorff space, and let αi, i = 0, . . . ,N, where
N is an integer, be non-negative continuous functions on S with

∑N
i=0 αi =

1. Furthermore, let Ai, i = 0, . . . ,N and A be generators of Feller semi-
groups {etAi , t ≥ 0} and {etA, t ≥ 0} inC0(S ) with related Feller processes Xi =
{Xi(t ), t ≥ 0} and X = {X (t ), t ≥ 0}. Finally, suppose thatD :=⋂N

i=0 D(Ai) is
a core for A and that A f =∑N

i=0 αiAi f for f ∈ D. Then, it is natural to expect
that X may be described as follows: conditional on being at p ∈ S , X behaves
like Xi with probability αi(p).

Unfortunately, none of the previously introduced formulae for the semigroup
{etA, t ≥ 0} support such an interpretation. If we assume N = 1 and α0 and α1
to be constants, we end up in the setup of the Trotter Product Formula to obtain:

etA = lim
n→∞

[
e

α0t
n A0e

α1t
n A1

]n
,

so that the process {X (t ), t ≥ 0} is a “mixture” of {X0(α0t ), t ≥ 0} and
{X1(α1t ), t ≥ 0}. However, this is still far from the interpretation we desire to
have. In the case in which A0 or A1 are bounded, {etA, t ≥ 0}may be expressed
explicitly as the Dyson–Phillips perturbation series, but neither this formula
allows for the desired interpretation.
On the other hand, we could use the intuitions developed in the previous

chapters and approximate X by a sequence Xn, n ≥ 0 of Feller processes in an
extended space SN+1 composed of N + 1 copies S × {i}, i = 0, 1, . . . ,N of S .
These processes are “mixtures” of two components. The first of these starting
on S × {i}, behaves like Xi and never leaves S × {i}. The second is composed
of independent Markov chains indexed by p ∈ S: conditional on starting from a
(p, i), i = 0, . . . ,N it is a Markov chain with states (p, j), j = 0, 1, . . . ,N and
certain intensity matrix depending on n and α j(p), j = 0, . . . ,N. This matrix
is chosen so that (αi(p))i=0,...,N is its unique invariant probability measure. Put
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A0

p

nα1(p)

p
A1

q

q

nα0(q)
n → ∞ α0A0 + α1A1

Figure 48.1 State-space merging for N = 1 (redrawn with insignificant changes
from [51])

otherwise, Xn’s are somewhat similar to piecewise deterministic processes of
Chapter 45 in that their behavior may be described as follows: starting at the
ith copy of S , they stay there, behaving like Xi until random time τ when they
jump to jth copy of S to behave like Xj there. At the time τ, conditional on
being at (p, i) they jump to (p, j); the distribution of τ and the probability of
choosing j are determined by the intensity matrix changing with p.
Now, increasing jump intensities as n→∞, corresponds to convergence of

the Markov chains described above to their equilibria. In the limit, points of
SN+1 with same first coordinates get glued together (the chain is at the equilib-
rium) to form another copy of S , and the limit process defined there may indeed
be thought of as that behaving with probability αi(p) like Xi – conditional on
being at p (see Figure 48.1).
Thus, in a sense we reverse the procedure known from Theorem 45.1. There,

we show that the limit of piece-wise deterministic processes with frequent
jumps is a deterministic motion along “averaged” curves of the determinis-
tic motions involved. Here, given a convex combination of generators of Feller
semigroup, we approximate the related process by an appropriate averaging
procedure; this idea is developed in [51, 60, 72].
Specifically, the processes {Xn(t ), n ≥ 0} are related to the Feller semigroups

{Tn(t ), t ≥ 0} generated by the operators:

An( fi)i=0,...,N = (Ai fi)i=0,...,N + nQ( fi)i=0,...,N, fi ∈ D(Ai), (48.1)

where C0(SN+1) is identified via isometric isomorphism with the Cartesian
product of N + 1 copies ofC0(S ), and:

Q = (qi j)i, j=0,...,N (48.2)
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is an operator matrix whose entries are multiplication operators related to func-
tions qi j, and qi j have the following properties.1 (a) For all p ∈ S, the scalar
matrix

(
qi, j(p)

)
i, j=0,...,N is an intensity matrix (describing the chain referred to

earlier) with unique stationary measure αi(p), and (b) defining P as the oper-
ator mapping ( fi)i=0,...,N ∈ [C0(S)]N+1 to the vector with all coordinates equal∑N

i=0 αi fi, we have:

lim
t→∞ etQ = P (strongly). (48.3)

For example, the matrix:

Q =

⎛⎜⎜⎜⎜⎜⎝
α0 − 1 α1 α2 . . . αN

α0 α1 − 1 α2 . . . αN

α0 α1 α2 − 1 . . . αN
...

...
. . .

. . .
. . .

α0 α1 α2 . . . αN − 1

⎞⎟⎟⎟⎟⎟⎠ , (48.4)

possesses these properties. For, (αi(p))i∈N is the unique stationary measure for
Q(p), and we have Q = P − I, where I is the identity on Y, and P is idem-
potent. Hence (see Exercise 1.4 (a)),

etQ = e−t
∞∑
n=0

tnPn

n!
= e−t (I + (et − 1)P ),

implying (48.3).
Elements of C0(S ), the space of continuous functions vanishing at infinity,

defined on S , a locally compact Hausdorff space, will be denoted by f , g, h,
and so on. The Cartesian product of N + 1 copies of this space will be denoted
by B, and its elements by f, g,h, ( f0, f1, . . . , fN ), ( fi)i∈N , etc. We will also
write [ f ] for the element ( f , f , . . . , f ), where f ∈ X. Operators in C0(S ) will
be denoted A,B, etc. and these in B by A,B, etc. with possible subscripts; the
only exception to this rule are multiplication operators αi. Finally, we put:

conv f = conv( fi)i=0,...,N =
N∑
i=0

αi fi.

Theorem 48.1 Let Ai, i = 0, . . . ,N and A be generators of Feller semigroups
{etAi , t ≥ 0} and {etA, t ≥ 0} in C0(S ). Also suppose that A f =

∑N
i=0 αiAi f =

conv(Ai f )i=0,...,N for f ∈ D :=⋂N
i=0 D(Ai) and that this last set is a core for

A. Finally, letAn, n ≥ 0with D(An) = D(A0)× D(A1)× · · · × D(AN ) ⊂ Y be

1 In what follows, for notational convenience, we will not distinguish between a bounded, contin-
uous function h on S and the related multiplicative operatorC0(S ) � f → h f ∈ C0(S ).
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given by (48.1) and suppose that condition (48.3) is fulfilled. Then, An’s gen-
erate contraction semigroups in B and:

lim
n→∞ etAn f = [etAconv f], f ∈ B. (48.5)

We are actually able to prove a more abstract version of this result, where αi
are bounded, commuting operators in a Banach space X, such that

∑N
i=0 αi =

IX. Similarly as in the case in which X = C0(S ), elements of X will be denoted
x, y, z and so on with possible subscripts, and elements of the Cartesian product
Y of N + 1 copies of X will be denoted by x, y, z, (x0, x1, . . . , xN ), (xi)i∈N , and
so on. We will also write [x] for the element (x, x, . . . , x), where x ∈ X, and
conv(xi)i=0,...,N =

∑N
i=0 αixi.

Theorem 48.2 Let Ai, i ∈ N and A be the generators of semigroups {etAi , t ≥
0} and {etA, t ≥ 0} in a Banach space X. Suppose that Ax = conv(Aix)i=0,...,N
for x ∈ D :=⋂N

i=0 D(Ai) and that this last set is a core for A. Finally, let
An, n ≥ 0 with D(An) = D(A0)×D(A1)× · · · × D(AN ) ⊂ Y be given by:

An (xi)i∈N = (Aixi)i∈N + nQ (xi)n≥1 xi ∈ D(Ai), i = 0, . . . ,N (48.6)

where Q is a bounded linear operator in Y such that:

lim
t→∞ etQx = [conv x], (48.7)

and suppose that An’s generate equibounded semigroups {Tn(t ), t ≥ 0} in Y.
Then,

lim
n→∞ etAnx = [etAconv x], x ∈ X. (48.8)

Note that our theorem involves “double convex combination” in that in the
limit we have the semigroup generated by a convex combination of generators,
acting on a convex combination of initial conditions. Moreover, Theorem 48.1
is a special case of Theorem 48.2. Indeed, under its assumptions, A0 is the
generator of the semigroup {T0(t ), t ≥ 0} given by:

T0(t ) ( fi)i∈N =
(
etAi fi

)
i∈N .

Because Q is a bounded, the Phillips Perturbation Theorem implies that An

generates a strongly continuous semigroup. However, Q is also the genera-
tor of a contraction semigroup. Hence, by the Trotter Product Formula, so is
An = A0 + nQ, implying that all the assumptions of Theorem 48.2 are satis-
fied (assumption (48.3) is a special case of (48.7) – see (48.9)).
As is often the case, it is much easier to prove our theorem than it is to dis-

cover it; with the experience of the previous chapters, the reader will not be
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surprised to learn that the theorem is a direct consequence of that of Kurtz. To
show this, first we note that in notations introduced earlier,

Px = [conv x]. (48.9)

Next, let A = A0. For x ∈ X, P[x] = [x] and so, by (42.2), Q[x] = 0. Taking
x ∈ D we see that An[x] = A[x], showing that [x] is a member of the domain
of the extended limit Aex of An and Aex[x] = A[x]. Similarly, for any x in
the common domain of An, limn→∞ 1

nAnx = Qx. Finally, let X0 = RangeP
be the subspace of vectors of the form [x], x ∈ X. Then, PA[x] = [Ax], x ∈ D
is closable and generates the strongly continuous semigroup in X0 given by
ePAt[x] = [etAx]. Hence, all the assumptions of Kurtz’s Singular Perturbation
Theorem are satisfied (with εn = 1

n , and Q, An and A replaced by their calli-
graphic versions), and we are done.
Turning to examples, let us start with the case of Poisson processes with

changing colors, inspired by the “single gene, no feedback” section of [204]
(see in particular equations (4), (5), and (21) there).

Example 48.3 Let αi = (αi(p))p≥1, i = 0, . . . ,N be convergent sequences
with

∑N
i=0 αi = 1, and ci, i = 0, . . . ,N be positive constants. (In other words

we are in S = N, andC0(S) is c0.) The state-space of the sequence {Xn(t ), t ≥
0}, n ≥ 1 of processes to be described is N× {0, . . . ,N} with the first coordi-
nate denoting the state of a regular Poisson process, and the second its chang-
ing color. The process Xn(t ), t ≥ 0, starting at a point (p, i) waits there for
an exponential time with parameter ci + n(1− αi(p)) to jump, with probabil-
ity ci

ci+n(1−αi(p)) to (p+ 1, i) or, with probability nα j (p)
ci+n(1−αi(p)) , to (p, j), j 
= i.

Equivalently, Xn(t ), t ≥ 0 is a “mixture” of two processes: the first of them,
at the i-th copy of N, is a Poisson process with intensity ci; the other is com-
posed of independent p-indexed color change Markov chains with values in
{(p, 0), . . . , (p,N)} and intensity matrix nQ where Q is given by (48.4). This
mixture is a Feller process and its generator (after suitable identification of iso-
morphic objects) is:

An (xi)i∈N = (ciPxi)i∈N + nQ (xi)i∈N ,

where (xi)i∈N belongs to the space B, the Cartesian product of N + 1 copies of
c0 = c0(N), and P is the operator in c0 given by P(ξp)p≥1 = (ξp+1 − ξp)p≥1.

For large n, the probability of Poisson-type transition (p, i)→ (p+ 1, i) is
small (provided αi(p) 
= 1), while transitions (p, i)→ (p, j) occur relatively
often. As a result, before Poisson-type transition occurs, the color change pro-
cess reaches its equilibrium, so that we are at (p, j) with probability α j(p).
Hence, in the limit, the intensity of Poisson-type transition becomes state
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dependent and equals
∑N

i=0 ciαi(p). The same is true in the case in which
αi(p) = 1, when the process, after waiting for an exponential time with param-
eter ci jumps right away to (p+ 1, i). In other words, processes {Xn(t ), t ≥
0}, n ≥ 1 approximate the process in N with generator:

A
(
ξp
)
p≥1 =

(
N∑
i=0

ciαi(p)ξp+1 − ξp

)
p≥1

,

that is, a pure birth process with intensities averaged over equilibrium states.
Theorem 48.2 makes these intuitions precise.

Example 48.4 A classical situation in which a convex combination (with con-
stant coefficients) of Feller generators is also a generator, is the one where
these generators are related to Lévy processes in Rn – this follows directly
by the Lévy–Khintchine Formula, see, for example, [146, 193]. It is precisely
in this context that Hille and Phillips write of a cone of generators [180].
By Hunt’s Theorem [178, 183], this statement is also true for generators of
Lévy processes with values in a Lie group.
For a still more concrete example, let a and b be two positive constants. The

operator A f = a f ′′ + b f ′ with maximal domain inC0(R) is known to generate
a Feller semigroup in this space (see, e.g., [247], Theorem 1, p. 38); the constant
a is the diffusion coefficient, and b is the drift coefficient of the related Feller
process.WritingA f = a

a+b [(a+ b) f ′′]+ b
a+b [(a+ b) f ′], by Theorem 48.1, we

have the following alternative description of this process: at each instant of
time, with probability b

a+b the process moves to the right with speed a+ b or,
with probability a

a+b , it behaves like the (rescaled) Brownian motion.

Example 48.5 Assume that A,A0, and A1 are generators of Feller semi-
groups in C0(S ), a0 and a1 are positive constants, A f = a0A0 f + a1A1 f
for f ∈ D(A) ∩D(B) and the last set is a core for A. Let {X0(t ), t ≥ 0},
{X1(t ), t ≥ 0} and {X (t ), t ≥ 0} be the corresponding Feller processes. Writing
A = a0

a0+a1 ((a0 + a1)A0)+ a1
a0+a1 ((a0 + a1)A1) we see that {X (t ), t ≥ 0}may be

interpreted as a process evolving, at each instant of time, as {X0((a0 + a1)t ), t ≥
0} with probability a0

a0+a1 or as {X1((a0 + a1)t ), t ≥ 0} with probability a1
a0+a1 .

� Chapter’s summary

We provide an approximation of the semigroup generated by a convex com-
bination of Feller generators that supports the intuition that the related pro-
cess chooses its dynamics randomly from the set of generators forming the
convex combination. The approximation involves state-space lumping/merging
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as in Figure 48.1 (for a systematic theory of state-space merging/lumping, see
the monographs [220, 219, 221]). The number of examples of convex com-
binations of Feller generators is at least surprising, see, for example, arti-
cles on fast-switching dynamical systems [307] and fast-switching diffusions
[185, 350, 351]. A number of examples will be presented in the following
chapters.
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The Dorroh Theorem and the
Volkonskii Formula

Following [51], let us study inmore detail a very special, but curious case where
in the convex combination of the previous chapter, all the operators but one are
zero. To simplify notation, we will write A instead of A0 (the notation A for
convex combination of generators will not be used here). In what follows, the
reader will hopefully forgive me this change in notation, persuaded that it was
worthwhile dropping unnecessary subscripts.
So, let A be the generator of a Feller semigroup {etA, t ≥ 0} inC0(S ) and let α

be a continuous function on S with 0 < α0 ≤ α(p) ≤ 1 for some α0 and all p ∈
S . Then, αA with domain D(A) is the generator of another Feller semigroup,
say {etαA, t ≥ 0}, in C0(S ). Indeed, by Dorroh’s Theorem [116] (see also the
interesting extension in [170]; for further results and further literature see [128])
αA generates a strongly continuous semigroup of contractions in C0(S ), and
since αA satisfies the positive maximum principle, this semigroup is composed
of positive contractions.
Let us write αA as αA+ (1− α)Bwhere B is the zero operator (i.e., Bx = 0,

x ∈ C0(S )) and recall that etB = IC0(S ), t ≥ 0. In particular, B generates the “no
movement” process. Theorem 48.1 shows now that a Feller process {XαA(t ), t ≥
0} related to αA may be described as follows: conditional on being at p ∈ S ,
with probability α(p) the process behaves likeXA andwith probability 1− α(p)
it stays at p. As a result, the process “slows down” as at each point it hesitates
whether to move or to stay, and the smaller α is, the slower the process moves.

This agrees with the explicit formula for {XαA(t ), t ≥ 0}, known as Volkon-
skii’s Formula (see [298], pp. 277–278) involving change of time (see
[296, 298]), the procedure of changing the speed at which the original pro-
cess runs through its path. To explain this in more detail, let us assume that S
is, additionally, metrizable and separable, so that there exists a Markov process
{XA(t ), t ≥ 0} related to A with paths that are right-continuous and have left
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limits (see, e.g., [296], p. 91). Consider the process �(t ) = ∫ t0 ds
α(XA(s))

; since it
is increasing, wemay define�(t ) = �−1(t ). Then,�(t ), t ≥ 0 is a time change
needed here (see Definition 1.2, p. 180 of [296], see also Proposition 1.1, p. 179
in the same monograph), and Volkonskii’s Formula says that the time-changed
process:

X̃ (t ) = XA(�(t ))

is a version of the process related to αA. Since t ≤ �(t ) ≤ 1
α0
t, we have:

α0t ≤ �(t ) ≤ t;
hence, {X̃ (t ), t ≥ 0} is indeed a “slowed-down" process {XA(t ), t ≥ 0}.

The following direct calculation of the resolvent of αA gives an indepen-
dent proof of the fact that this operator is the generator of a Feller semigroup,
and of Volkonskii’s Formula. We recall that by the Feynman–Kac Formula,
for any positive c, A− c β

α
generates the contraction semigroup et(A−c

β

α
) f (p) =

Ep e−c
∫ t
0

β

α
(XA(s)) ds f (XA(t )), p ∈ S, f ∈ C0(S ), where Ep stands for expected

value conditional on XA(0) = p, and β = 1− α. Writing:

(λ− αA)−1 =
(
λ− A+ λ

α
− λ

)−1
α−1 =

[
λ−
(
A− λ

β

α

)]−1
α−1,

and taking c = λ in the Feynman–Kac Formula, we see that:

(λ− αA)−1 f (p) =
∫ ∞

0
e−λtEp e−λ

∫ t
0

β

α
(XA(s)) ds

f

α
(XA(t )) dt

= Ep

∫ ∞

0
e−λ�(t ) f

α
(XA(t )) dt

=
∫ ∞

0
e−λtEp f (XA(�(t ))) dt,

for p ∈ S, λ > 0, f ∈ C0(S ), with the last equality following by a change of
variables – see [296], p. 8 for an appropriate version. The Laplace trans-
form being injective on bounded measurable functions, we have etαA f (p) =
Ep f (XA(�(t ))) for almost all t > 0. Since t 	→ Ep f (XA(�(t ))) is right-
continuous, this equality is true for all t ≥ 0, completing the proof.

As a corollary to this example and the Trotter Product Formulawe see that the
process related to a convex combination of two generators may be equivalently
seen as a mixture of two time-changed processes.
Dorroh’s Theorem [116] cited earlier is a prototype of a whole class ofmulti-

plicative perturbation theorems – see [128], pp. 201–204 and notes on p. 237.
The fact that αA is a generator may also be shown in a straightforward way
by going along typical lines for proving such theorems, that is, by replacing
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multiplicative perturbation by an additive one and using theorems on addi-
tive perturbations. Here are the details: we define the operator D as D f =
αA f − A f with domain equal to D(A), and note that for every r ∈ R and f ∈
D(A), [A+ rD] f = [(1− r)+ rα]A f . This implies that, as A satisfies the pos-
itive maximum principle, so do operators A+ rD, r ∈ [0, 1]. Hence, they are
dissipative.Moreover, ‖D f‖ ≤ supp∈S |α(p)− 1|‖Ax‖ ≤ (1− α0)‖A f‖ for all
f ∈ D(A), with 0 ≤ 1− α0 < 1. Therefore, conditions of Theorem 3.2 of [284]
(or Theorem 4.11 of [16]) are satisfied, and we conclude that αA = A+ D gen-
erates a strongly continuous contraction semigroup {TαA(t ), t ≥ 0} in C0(S ).
Again, since αA satisfies the positive maximum principle, {TαA(t ), t ≥ 0} is
composed of positive contractions.
In the Dorroh Theorem, the assumption supp∈S α(p) ≤ 1 may be relaxed to

supp∈S α(p) = α1 <∞. Indeed, α1A is the generator of a Feller semigroup and
we may write αA as α

α1
(α1A) so that the role of A will be played by α1A.

On the other hand, the assumption α(p) ≥ α0 > 0 is essential. This is seen
from the following example. Let S = [0,∞] and let A be the generator of
the Brownian motion with reflecting boundary at p = 0, that is, let A = d2

dp2

with domain D(A) composed of twice differentiable functions f such that
there exist finite limits limp→0 f ′′(p) and limp→∞ f ′′(p), and f ′(0+) = 0. Also,
let α(p) = p2 ∧ 1. Then αA is the generalized Laplacian of W. Feller with
canonical scale s(p) = p− 1 and canonical measure m(p) = 2− 2

p , p > 0 –
see [132, 247, 353]. We have

∫ 1
0 m(p) ds(p) = −∞. In other words, in Feller’s

boundary classification [132, 193, 247, 353], 0 is an inaccessible boundary for
αA. Hence, by Theorem 1, p. 38 of [247], αAwith maximal domain inC0[0,∞]
generates a Feller semigroup. Therefore, αA restricted to the domain of A is not
the generator of a semigroup.
Contrary to what the above example may seem to suggest, when α is not

strictly positive, in general there may be many extensions of αA that gen-
erate Feller semigroups in C0(S ). To see this, let us consider X = C[0,∞]
and A = d

dp with maximal domain; A generates the semigroup {TA(t ), t ≥ 0}
of translations TA(t ) f (p) = f (p+ t ) in C[0,∞]. We note that the function
α(p) = 2

√|1− p| ∧ 2 is not Lipschitz continuous at p = 1. As a result, the
solutions to the Cauchy problem related to p′(t ) = α(p) are not unique. In par-
ticular, we may define two semiflows {π i

t , t ≥ 0}, i = 1, 2 in [0,∞) such that
dπ i

t
dt = α(π i

t ). The first of these is determined by:

π1
t (p) =

⎧⎨⎩
p+ 2t

√
1− p− t2, 0 ≤ t ≤ √1− p, p ∈ [0, 1),

p+ t2 + 2t
√
p− 1, 0 ≤ t ≤ 1−√p− 1, p ∈ [1, 2),

p+ 2t, t ≥ 0, p ≥ 2,
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and the second is the same as the first except that for p = 1 we put
π2
t (p) = 1, t ≥ 0. Since, as t → 0+, π i

t (p) converges to p uniformly in p ∈
[0,∞), the corresponding semigroups {Si(t ), t ≥ 0} in C[0,∞] given by
Si(t ) f (p) = f (π i

t (p)) are strongly continuous. Moreover, for f ∈ D(A) we
have, by the Lagrange Theorem, 1

t (Si(t ) f (p)− f (p)) = A f (ξi)
π i
t (p)−π i

0(p)
t =

A f (ξi)
dπ i

t (p)
dt |t=τi = A f (ξi)α(π i

τi
(p)), where ξi = ξi(t, p) ∈ (p, π i

t (p)) and τi =
τi(t, p) ∈ (0, t ). Hence, by uniform convergence of π i

t and uniform continuity
of A f and α, A f (ξi) converges uniformly to A f (p) and α(π i

τi
(p)) converges to

α(p), as t → 0+. This shows that generators of these semigroups (which are
different, semigroups being different) are extensions of αA.
In the same way as the semiflows and the corresponding semigroups pre-

sented here differ in their behavior at p = 1, in general the various semigroups
related to extensions of αAwill differ in their behavior at the “boundary” where
α = 0.
The literature devoted to the problem of when α d

dp , where α is assumed con-
tinuous, generates a semigroup in a space of continuous functions is abundant
and includes [30, 31, 109, 110]; I would like to thank Charles Batty for these
references.

� Chapter’s summary

The curious case in which all but one generators in a convex combination are
equal zero is studied: the related stochastic process randomly slows down. In
particular, we express this process with the help of Volkonskii’s change of time
formula. Our path leads through the archetypical example of multiplicative per-
turbations, that is, the Dorroh Theorem, and we complete the chapter with a
short discussion of when the operator of first derivative composedwith bounded
multiplication operator is a generator.
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Convex Combinations in Biological Models

n
i=0

n
i pi(1 − p)n−i

i

We have noted previously that the main theorem of Chapter 48 is in a sense
a converse to the frequent jumps theorem of Chapter 45. In other words, we
have already encountered examples of convex combinations of Feller gener-
ators. For instance, in the model of gene regulation, the generators of semi-
groups describing motions along the integral curves of (46.1) are for f ∈ C1

given by:

Ai f (x1, x2) = (F1(i)− x1)
∂ f

∂x1
(x1, x2)+ (F2(i)− x2)

∂ f

∂x2
(x1, x2),

i = 0, 1, 2, while the limit equation (46.2) is related to the generator:

A f (x1, x2) =
(
α0 + α1

σ
− x1

)
∂ f

∂x1
(x1, x2)+

(
α0 + α2

σ
− x2

)
∂ f

∂x2
(x1, x2).

Hence, recalling the definition of Fi’s we obtain:

A = σ−1
2∑
i=0

αiAi,

which is a convex combination since
∑2

i=0 αi = σ .
Similarly, in the model of gene expression, the generators of deterministic

motions (46.3) in the approximating processes are:

Ai f (x1, x2) = (−cx1 + di)
∂ f

∂x1
(x1, x2)+ (kx1 − lx2)

∂ f

∂x2
(x1, x2),

i ∈ {0, . . . ,N}, while in the limit the generator is (see (46.5)):

A f (x1, x2) = (−cx1 + Ndα(x1, x2))
∂ f

∂x1
(x1, x2)+ (kx1 − lx2)

∂ f

∂x2
(x1, x2),
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where α(x1, x2) = rβ0(x1,x2 )
rβ0(x1,x2 )+β1(x1,x2 ) . Noting that:

N∑
i=0

i

(
N

i

)
αi(1− α)N−i = Nα,

we obtain:

A =
N∑
i=0

(
N

i

)
αi(1− α)N−iAi,

a binomial-type convex combination. This result agrees with our intuition: since
the gene copies are switched off and on independently, and in the case of fre-
quent jumps, given the state (x1, x2), the probability that a single gene copy is
active is α(x1, x2), then

(N
i

)
αi(x1, x2)(1− αi(x1, x2))N−i is the probability that

there are exactly i active gene copies.
Finally, let us consider the model of dynamics of a solea solea or Engraulis

encrasicholus population with both age and vertical structures, presented in
[11] (see also [22, 23, 306]). In the model, the fish habitat is divided into N
spatial patches and the fish densities or age profiles ni in the i-th patch satisfy
the following system of equations:

∂ni(t, a)

∂t
+ ∂ni(t, a)

∂a
= −μi(a)ni(t, a)+ ε−1

N∑
j=1

ki j(a)n j(t, a),

ni(t, 0) =
∫ ∞

0
bi(a)ni(t, a) da, i = 1, . . . ,N,

ni(0, a) = φi(a), i = 1, . . . ,N, (50.1)

where “t” stands for time, “a” stands for age, φi is the initial population dis-
tribution in patch i, and μi and bi are age-specific and patch-specific mortality
and birth rates.
In the absence of the terms ε−1

∑N
j=1 ki j(a)n j(t, a) each of the patches could

have been treated separately, and the population densities there would satisfy
the McKendrick Equation [268, 302] (called also Sharpe–Lotka–McKendrick
Equation [341, 342], or Lotka–McKendrick Equation [184]). In this equation,
the term ∂ni(t,a)

∂a describes aging process (without the other factors, the operator
− ∂

∂a would result in shifting the age profile to the right), μi describes deaths
(the term −μini takes away a portion of the age profile shifted by − ∂

∂a – see
(50.4), further on), and the boundary condition ni(t, 0) =

∫∞
0 bi(a)ni(t, a) da

describes the process of births (bi(a)ni(t, a) may be thought of as the number
of individuals born to all fish at age a living in patch i at time t).
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Thematrix k(a) = (ki j(a)) is composed of intensities of movements between
patches that occur on a daily basis: the sum of entries in each column of the
matrix is zero. The factor ε−1 (with ε ' 1) corresponds to the fact that the
age-related processes and vertical migrations (between the patches) occur at
different time scales, a day being the fast time scale as compared to the fish
lifetime.
The main question addressed in [11] is that of whether in approaching mod-

eling such populations one may disregard the vertical migration to work with a
model that has been aggregated, or averaged, over the whole water column. To
this end, the authors assume that thematrix k is irreducible, and hence possesses
the unique normalized right eigenvector v(a) = (vi(a))i=1,...,N corresponding to
the simple dominant eigenvalue 0 [155]. Moreover, they consider the case in
which the population distribution over the patches does not change in time and
agrees with the stable population distribution dictated by the matrix k:

ni(t, a)

n(t, a)
= vi(a), i = 1, . . . ,N, a ≥ 0,

where n =∑N
i=1 ni. This is tacitly assuming that migrations governed by k hold

so fast, as compared to aging processes, that the population distribution over the
patches reaches the (age-specific) equilibrium much before the aging process
intervenes. As in our theorems, this corresponds to letting in (50.1) ε → 0.
In such a simplified, aggregated model, the population density satisfies the
McKendrick Equation with averaged birth and mortality rates:

∂n(t, a)

∂t
+ ∂n(t, a)

∂a
= −μa(a)n(t, a),

n(t, 0) =
∫ ∞

0
ba(a)n(t, a) da, n(0, a) = φa(a), (50.2)

where “a” stands for “aggregated,” μa =
∑N

i=1 viμi and ba =
∑N

i=1 vibi. Here,
the weights vi mark the underlying, hidden spatial structure.
Equation (50.1) is related to a semigroup {Tε (t ), t ≥ 0} of operators in Y, the

Cartesian product ofN copies of L1 (with norm ‖(φi)i=1,...,N‖Y =
∑N

i=1 ‖φi‖L1 ),
where L1 be the space of Lebesgue integrable functions on [0,∞). The gener-
ator of this semigroup is Aε = A+ ε−1K where:

A(φi)i=1,...,N = (Aiφi)i=1,...,N, φi ∈ D(Ai),

K(φi)i=1,...,N =
⎛⎝ N∑

j=1
ki jφ j

⎞⎠
i=1,...,N

, φi ∈ L1,
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and Ai is the operator in L1 given by:

Aiφ(a) = −φ′(a)− μi(a)φ(a)

with domain D(Ai) composed of absolutely continuous functions φ such that
φ′ ∈ L1 and φ(0) = ∫∞0 bi(a)φ(a) da, i = 1, . . . ,N.
On the other hand, (50.2) is related to the semigroup {S(t ), t ≥ 0} in L1 gen-

erated by the operator Aa given by:

Aaφ(a) = −φ′(a)− μa(a)φ(a)

with domain D(Aa) composed of absolutely continuous functions φ such that
φ′ ∈ L1 and φ(0) = ∫∞0 ba(a)φ(a) da.
To see that we are actually dealing with a semigroup generated by a convex

combination of generators, we need to pass to the space C = C[0,∞] of con-
tinuous functions on [0,∞) with limits at infinity. To this end, we assume that
mortality and birth rates μi, bi, i = 1, . . . ,N belong toC. Then, as we shall see
shortly, the predual Ai,∗ to Ai in C is given by:

Ai,∗ f (a) = f ′(a)− μi(a) f (a)+ bi(a) f (0),

and a similar statement is true for Aa,∗. Notably, all of these operators share
the same domain C1 composed of differentiable functions f ∈ C with f ′ ∈ C.
Moreover, Aa,∗ is a convex combination of Ai,∗ with (age dependent) αi = vi:

Aa,∗ f =
N∑
i=1

αiAi,∗ f , f ∈ C1.

Therefore, we are left with showing the claim on the predual of Ai. To sim-
plify notation, we drop the subscript to consider the operator A in L1 given by:

Aφ(x) = −φ′(x)− μ(x)φ(x) (almost surely),

with domain D(A) composed of absolutely continuous functions φ such that
φ′ ∈ L1 and φ(0) = ∫∞0 b(x)φ(x) dx. Here, b ∈ C and μ ∈ C are non-negative.
We will show that A generates a strongly continuous semigroup {Tt, t ≥ 0} in
L1 such that its predual inC is generated by:

A∗ f (x) = f ′(x)− μ f (x)+ B f (x) (50.3)

where B f (x) = f (0)b(x), with domainC1 composed of differentiable functions
f ∈ C with f ′ ∈ C. We note that B is bounded with ‖B‖ = bmax, where bmax =
maxx≥0 b(x). Clearly,

A0 f (x) = f ′(x)− μ(x) f (x)
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(with domain equal to C1) generates a strongly continuous contraction semi-
group {P(t ), t ≥ 0} in C, given by:

P(t ) f (x) = f (x+ t )e−
∫ x+t
x μ(y) dy, f ∈ C, t ≥ 0.

By the Phillips Perturbation Theorem, it follows that A∗ generates the semi-
group {T (t ), t ≥ 0} given by T (t ) =∑∞

n=0 Tn(t ) where:

T0(t ) = P(t ), and Tn+1(t ) =
∫ t

0
P(t − s)BTn(s) ds, n ≥ 0,

and we have ‖Tn(t )‖ ≤ tnbnmax
n! , n ≥ 0, ‖T (t )‖ ≤ ebmaxt . It is easy to see that P∗(t )

the dual to P(t ) leaves L1 invariant, and is given by:

P∗(t )φ(x) =
{
e−
∫ t
0 μ(x−s) dsφ(x− t ), x ≥ t,

0, x < t.
(50.4)

Moreover, {P∗(t ), t ≥ 0} is a strongly continuous contraction semigroup in L1.
Since:

P(t )B f = f (0)P(t )b, t ≥ 0, f ∈ C, (50.5)

introducing k f (s) = e−
∫ s
0 μ(u) du f (s), we see that:

P(t )BP(s) f = k f (s)P(t )b.

Hence,

T1(t ) =
∫ t

0
k f (t − s)P(s)bds = k f (t ) ∗ P(t )b,

and so, by induction and (50.5),

Tn+1(t ) = [kb(t )]
n∗ ∗ k f (t ) ∗ P(t )b = [kb(t )]

n∗ ∗ T1(t ),
where “n∗” denotes the n-th convolution power.

We check directly that the dual T ∗1 (t ) to T1(t ) leaves L
1 invariant (even though

B∗ does not have this property); T ∗1 (t ) as restricted to L
1 is given by the formula:

T ∗1 (t )φ(x) =
{
e−
∫ x
0 μ(y) dy

∫∞
0 b(s+ t − x)e−

∫ s+t−x
s μ(u) duφ(s) ds, t ≥ x,

0, t < x.

Hence, so do T ∗n (t ), t ≥ 0, n ≥ 2 and we have:

T ∗n+1(t ) = [kb(t )]
n∗ ∗ T ∗1 (t ), n ≥ 0, t ≥ 0. (50.6)

Clearly, ‖T ∗n (t )‖ ≤ tnbnmax
n! , n ≥ 0, and so T ∗(t ) :=∑∞

n=0 T
∗
n (t ), with the series

converging almost uniformly, leaves L1 invariant as well. We note that,
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by (50.6),

T ∗(t ) = P∗(t )+ T ∗1 (t )+ k(t ) ∗ T ∗1 (t )
where k(t ) =∑∞

n=1[kb(t )]
∗n (comp. [184], Chapter 1). The last series converges

almost uniformly in t ≥ 0, being dominated by
∑∞

n=1
bnmaxt

n−1

n! ; in particular k
is continuous. {T ∗(t ), t ≥ 0} is a semigroup, since so is {T (t ), t ≥ 0}, and its
strong continuity follows by strong continuity of {P∗(t ), t ≥ 0} and {T ∗1 (t ), t ≥
0}.

Finally, for λ > bmax, the solution to the resolvent equation for A:

(λ+ μ(x))φ(x)+ φ′(x) = ψ (x), ψ ∈ L1,
is:

(λ− A)−1ψ (x) = φ(x) = (b,H∗λψ )

1− (eλ, b)
eλ + H∗λψ (x)

where:

eλ(x) = e−λxe−
∫ x
0 μ(y) dy, H∗λψ (x) =

∫ x

0
e−λye−

∫ x
x−y μ(z) dzψ (x− y) dy,

and for f ∈ C and φ ∈ L1 we write ( f , φ) := ∫∞0 f (x)φ(x) dx. On the other
hand, ∫ ∞

0
e−λtP∗(t ) dt = H∗λ ,

∫ ∞

0
e−λtT ∗1 (t )φ dt = (b,H∗λφ)eλ,

and
∫∞
0 e−λt kb(t ) dt = (eλ, b). Therefore,∫ ∞

0
e−λtT ∗(t )ψ dt = H∗λψ +

(
1+
∫ ∞

0
e−λt k(t ) dt

)∫ ∞

0
e−λtT ∗1 (t )ψ dt

= H∗λψ +
∞∑
n=0

(eλ, b)
n (b,H∗λψ ) eλ = (λ− A)−1ψ.

This implies that A is the generator of {T ∗(t ), t ≥ 0}, and completes our proof.
It should be noted that, even though the setup of L1 is natural for popula-

tion dynamic models, including the McKendrick model, the perspective of the
space of measures leads to their significant unification [301, 302]. Hence, the
approach viaC[0,∞] (as the predual to the space ofmeasures) presented earlier
may have some merit in itself.

Exercise 50.1 Describe the convex combinations of Feller generators involved
in the models of a manufacturing system and of an oligopoly of Chapter 47.

Exercise 50.2 Let us consider the problem of modeling a McKendrick-type
population with very large death rate. (I thank Mustapha Mokhtar-Kharoubi
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for suggesting this problem.) For the limit to be nontrivial, we need to balance
the death rate with the growth rate. To this end, we take X = C0[0,∞), the
space of continuous functions on R+ vanishing at infinity.1 We consider the
sequence of operators given by (cf. (50.3))

An f = f ′ − nμ f + n f (0)b =
(

d

dx
− nM + nB

)
f , (50.7)

on a common domain D composed of continuously differentiable members of
X such that f ′ ∈ X and μ f ∈ X. Here, μ and b are positive functions on R+

such that b ∈ X and q := b
μ
∈ X. We assume q(0) = 1 and ‖q‖ ≤ 1, so that

the birth rate does not exceed the death rate, and for newborns they are equal.
Also, M and B are operators described in Exercise 1.5, while d

dx is defined for
continuously differentiable f such that f ′ ∈ X; thus, D = D(M) ∩ D( d

dx ).

(a) The formula:

Tn(t ) f (x) = f (x+ t )e−n
∫ x+t
x μ(y) dy

defines a strongly continuous semigroup in X. Show that the domain of its
generator Gn contains D and:

Gn f = f ′ − nμ f , f ∈ D.
Moreover, check that C1

00[0,∞), the space of continuously differentiable
functions with compact supports is contained in D, and is left invariant by
the semigroup. By Exercise 15.2, conclude thatC1

00[0,∞), is a core forGn,
and so is D.

(b) By (a) and the Phillips Perturbation Theorem, An is closable and its closure
An = Gn + nB is a generator. Use (1.8) to show that et(M+B), t ≥ 0 are con-
tractions. Then, use the Lie–Trotter Formula to show that etAn , t ≥ 0 are
contractions, as well.

(c) Assume q ∈ D. Then, Anq = q′, and for f ∈ D, limn→∞ 1
nAn f = −μ f +

B f . By (1.8), limt→∞ et(M+B) f = f (0)q := P f . Use Kurtz’s Theorem to
conclude that in this case:

lim
n→∞ etAn f = e−at f (0)q, (50.8)

where a := −q′(0) ≤ 0 since, by assumption, q(0) = 1 and ‖q‖ ≤ 1. In
particular, the regularity space is spanned by q.

1 We work inC0[0,∞) rather than in L1(R+ ), because the limit involves a point mass concentrated
at the origin, the phenomenon L1(R+ ) is not likely to capture. Also, we prefer C0[0,∞) over
C[0,∞], because we want to use the handy formula (1.8).
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Since the dual to the operator appearing on the right-hand side of (50.8)
maps a measure on R+ to a scalar multiple of the Dirac measure at 0, the
formula may be interpreted by saying that under the stated conditions, the
limit population is composed solely of newborn individuals, and a neces-
sary and sufficient condition for persistence of the population is q′(0) = 0.

� Chapter’s summary

We give a few examples of convex combinations of Feller generators in bio-
logical models. These include models of gene expression and gene regu-
lation, and a model of fish dynamics. The latter model uses the important
McKendrick semigroup as a building block. For an example of a convex com-
bination of Feller generators in actuarial sciences, see [72, Example 7].
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Recombination

In this chapter we present another example of irregular convergence of semi-
groups. This example involves both Kurtz’s Lemma and a convex combination
of generators, but not in a context of Feller operators, but Markov operators.
To start with biological background, recall that recombination, one of the

basic factors influencing genetic variability, is a process by which genetic mate-
rial is transferred between chromosomes. Its models in population genetics
have a long history, reflecting its importance. Recently there have been at least
three monographs that thoroughly explain recombination, mostly in the context
of the coalescent in reverse time. These are Durrett [119], Hein et al. [175], and
Wakeley [335]. Recombination is providing additional genetic variability to a
population, which supplements mutation and can counterbalance the effects of
genetic drift and selective sweeps that, themselves, strive to reduce the vari-
ability. In this way, it contributes to the evolutionary process (see, for exam-
ple, [156]).

In cross-over, a particular type of recombination taking place in the course
of meiotic division, homologous (alike) chromosomes exchange parts of their
genetic material as depicted in Figure 51.1. For any two loci (i.e., genes or
other sequences with given locations along the chromosome), the probability
that there is a cross-over (or rather an odd number of cross-overs) between them,
is called the recombination fraction, r. If the alleles (variants of sequences) at
these two loci were (A1,B1) on chromosome 1 and (A2,B2) on chromosome 2,
respectively, and recombination occurs between them, then they are replaced
by (A1,B2) and (A2,B1), respectively.

Figure 51.1 Cross-over
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In this chapter we study semigroups related to a continuous-time Moran-
type model, discussed in [65], of a population under mutations, genetic drift
and recombination, where there are only two recombining loci. (The general
case of n ≥ 2 loci is dealt with in the next chapter.) To this end, we consider
a population of M = 2N individuals. Each individual is represented as a pair
of integer-valued random variables; the i−th individual being a pair (Xi,Yi),
i = 1, . . . , 2N. Here, Xi and Yi describe allelic types at the first and second
locus of the ith individual; if alleles are numbered, Xi and Yi may be thought
as integer-valued random variables (changing in time). We assume that these
pairs are exchangeable (i.e., that permutations of the pairs do not change the
distribution of the entire population), that each pair evolves in time as a pair
of independent, nonexplosive Markov chains, and that each individual (pair)
evolves independently from the other ones, but with the same transition prob-
abilities; this models mutations at two sites of a chromosome in each individ-
ual. More specifically, we assume that the process of mutations on the first site
in each individual is described by means of a strongly continuous semigroup
{SX (t ), t ≥ 0} of Markov operators in l1. As in Chapter 27, this means that if
x ∈ l1 is the distribution of the type of an allele at time 0 then SX (t )x is the
distribution of allele types at time t. Analogously, we assume that the process
of mutations on the second site is governed by a semigroup {SY (t ), t ≥ 0}.

Because we assume that new mutations occur at the first site independently
of new mutations at the second site, the dynamics of the joint two-dimensional
distributions in an individual is described by means of the tensor product
semigroup {SXY (t ), t ≥ 0}, SXY (t ) = SX (t )⊗ SY (t ) (see, e.g., [269], or the next
chapter). In other words, if m is a matrix of joint distribution of allelic types at
time 0, then at time t the joint distribution is SX (t )mS∗Y (t ), where SX (t ) and SY (t )
are identified with matrices and ∗ denotes the transpose. The natural Banach
space where SXY is defined is the spaceM of infinite matrices with absolutely
summable entries. We note that M is isometrically isomorphic to l1 and we
may meaningfully speak of distributions, Markov operators, and so on in this
space.
We also incorporate recombination and genetic drift in the model by assum-

ing that each individual’s life-length is an exponential random variable with
parameter λ and that at the moment of individual’s death, the pair (Xi,Yi)
by which it is represented is replaced by another pair in the following man-
ner. With probability 1− r, where r ∈ [0, 1] is a given parameter, one of the
pairs (Xj,Yj ), j = 1, . . . , 2N is drawn at random to replace the deceased one;
with probability r the X – variable is drawn at random first and the Y -variable
next, independently from the result of the first draw. As a consequence, a
new pair becomes one of the already existing pairs (including the one just



Recombination 313

deceased) (Xj,Yj ), each of them with probability (1− r) 1
2N + r 1

(2N )2 , or a
“mixed one” (Xj,Yk ), j 
= k each with probability r 1

(2N )2 . The same procedure
may be described in the following way. Three numbers i, j, and k are chosen
with replacement from 1, 2, . . . , 2N; thenXi is replaced byXj, andYi is replaced
by Yj with probability 1− r or by Yk with probability r. By symmetry of the
procedure just described it is clear that after an individual’s death the members
of the population remain exchangeable (details may be found in [65]).
The first vital question is: can we argue as in Chapter 27 to find a formula

or an equation describing evolution of joint distributions of a pair of individu-
als? It may seem surprising initially, but the answer is in the negative, and the
guilty party is recombination. To see this, note that if we trace the genealogy of
a chosen pair of individuals back in time and if we are lucky enough, then the
first event we encounter is the one where a “dying” individual was replaced by
a different, but entire individual. In other words, we find a common ancestor
of the considered pair. However, we could also encounter a situation in which
the dying individual inherited parts of his genetic makeup from two different
individuals. In this case, the distribution of allelic types of our pair turns out to
depend on the distribution of allelic types of three individuals, with the third
individual “hitchhiking” to the considered genealogy (see, e.g., [315] and the
papers cited there). This does not allow finding a closed formula, similar to
(27.1). In fact, in populations with recombination, a distribution of any sample
of individuals depends on the distributions of larger samples. Hence, in study-
ing such populations we cannot simplify the analysis by considering samples,
but need to take into account the entire population.
We could circumvent the difficulty by taking a slightly more mod-

est approach [65]. Instead of describing the entire distribution of a ran-
domly chosen pair of individuals, say the ith and the jth individual (i 
=
j, i, j = 1, . . . , 2N), that is, instead of describing the distribution of the four-
dimensional random vector (Xi(t ),Yi(t ),Xj(t ),Yj(t )), let us try to describe the
pair of two distributions, composed of the distribution of the two-dimensional
vector (Xi(t ),Yi(t )) and of the distribution of the vector (Xi(t ),Yj(t )) (see Fig-
ure 51.2). (By exchangeability, none of these distributions depends on the
choice of i and j.)
Let E(t ) denote the distribution of (Xi(t ),Yi(t )), and let F (t ) denote the dis-

tribution of (Xi(t ),Yj(t )). As we shall see, these two objects are nicely coupled,
and the pair forms a closed system in the sense that (E(t ),F (t )), t ≥ 0 depends
merely on (E,F ) := (E(0),F (0)) and not on the distributions of larger vec-
tors. In fact, there is a semigroup in the Cartesian product M2 =M×M of
two copies of M, governing the dynamics of the pair. (We note that with the
norm

∥∥(E
F

)∥∥ = ‖E‖M + ‖F‖M, the spaceM2 is isometrically isomorphic to l1.
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Xj Yj

Xi Yi

F

E

Figure 51.2 A closed system of two distributions, E and F

Hence, as it was the case withM, it is meaningful and quite intuitive to speak
of distributions and Markov operators in this space.)
To see this let us consider first the case in which in the interval [0, t] there

were no death/birth events. In other words, in this time interval each site in
each individual was undergoing an independent process of mutations. In this
case, the distribution of (Xi(t ),Yi(t )) is SXY (t )E. Analogously, the distribution
of (Xi(t ),Yj(t )) is SXY (t )F and so the dynamic is governed by the Cartesian
product semigroup:

S (t )
(
E

F

)
=
(
SXY (t )E

SXY (t )F

)
. (51.1)

Moreover, at random times, the action of this semigroup is perturbed by
death/birth events. To deal with these, we denote by

(E(t )
F (t )

)
and
(Ẽ(t )
F̃ (t )

)
the con-

sidered pair of distributions right before and right after a birth/death event that
took place at time t, respectively, and claim that:(

Ẽ(t )

F̃ (t )

)
=
(
1− r 2N−1(2N )2 r 2N−1(2N )2

2
(2N )2 1− 2

(2N )2

)(
E(t )

F (t )

)
. (51.2)

To prove this claim, assume without loss of generality that the randomly cho-
sen individuals were the individuals number 1 and 2, and the birth/death event
involved individuals number i, j, and k. If i 
= 1, the distribution E(t ) does not
change, because (X1(t ),Y1(t )) is left intact. Neither does E(t ) change if i = 1
but there is no recombination event; in this case (X1(t ),Y1(t )) is replaced by
(Xj(t ),Yj(t )), which is a pair of variables with the same distribution as that
of (X1(t ),Y1(t )). In the case of recombination, (X1(t ),Y1(t )) is replaced by
(Xj(t ),Yk(t )). The distribution of this vector is either E(t ) (if j = k), or F (t )
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(in the other case). Since the probability of recombination event with j 
= k is
r 2N−1(2N )2 ,

Ẽ(t ) =
(
1− r

2N − 1

(2N)2

)
E(t )+ r

2N − 1

(2N)2
F (t ),

proving the first part of formula (51.2). The second part is proven similarly.
The matrix on the right-hand side of (51.2), denoted � in what follows,

describes a change in
(E
F

)
caused by a single birth/death event. Noting that the

time to the first death/birth event is an exponential random variable with param-
eter 2λN (as a minimum of 2N independent, exponential random variables with
parameter λ), we see that all changes caused by birth/death events up to time
t ≥ 0 are described by the operator (compare (9.1)):

e−2λNte2λNt� = e−2λNt
∞∑
n=0

(2λNt )n

n!
�n.

As a result, the dynamics of the
(E
F

)
pair is described by the sum of two

operators:

G = A+ λQ (51.3)

where A is the generator of the semigroup {S (t ), t ≥ 0} responsible for muta-
tions, and Q = 2N(�− IM2 ) so that λQ is the generator of the semigroup
responsible for birth/death events (IM2 denotes the identity operator in M2).
Since the latter operator is bounded, G is the generator of a strongly continuous
semigroup, and since bothA and λQ generate Markov semigroups, so does G.
Formula (51.3) may be rewritten as follows. By (51.1), the domain D(A)

of the generator of {S (t ), t ≥ 0} is D(G)× D(G) where G is the generator of
{SXY (t ), t ≥ 0}, andA(EF) = (GEGF), for (EF) ∈ D(A). Hence, for such

(E
F

)
, the vec-

tor
(E(t )
F (t )

) = etG
(E
F

)
satisfies:

dE(t )x

dt
= GE(t )− rλ

2N − 1

2N
E(t )+ rλ

2N − 1

2N
F (t ),

(51.4)
dF (t )x

dt
= GE(t )+ λ

N
E(t )− λ

N
F (t ), t ≥ 0.

We are interested in the limit of our semigroups as λ→∞; this is the case
where the birth/death events are relatively faster than mutations. (Comp. [65]
where the limit as t →∞ is considered, and applications to linkage disequi-
librium and microsatellites are discussed.) For notational convenience and to
stress dependence on λ, we will write Gλ for the generator defined in (51.3). In
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this notation, we are interested in the limit:

lim
λ→∞

etGλ .

To solve this problem, we note first that Q = (−a a
b −b) where a = r 2N−12N and

b = 1
N . Thus, by Exercise 13.3,

etQ = 1

a+ b

(
b+ ae−(a+b)t a− ae−(a+b)t

b− be−(a+b)t a+ be−(a+b)t

)
.

It follows that:

lim
t→∞ etQ =

(
b

a+b
a

a+b
b

a+b
a

a+b

)
=
(

2
r(2N−1)+2

r(2N−1)
r(2N−1)+2

2
r(2N−1)+2

rλ(2N−1)
r(2N−1)+2

)
=: P .

Hence, choosing a sequence (λn)n≥1 with limn→∞ λn = ∞ and defining An =
Gλn we are in the setup of Kurtz’s Theorem 42.2 with εn = λ−1n ,X =M2 and
X′ := RangeP composed of

(E
F

)
such that E = F . Next, taking

A = A and D = {
(
E

E

)
;E ∈ D(G)} ⊂ D(A) ∩ X′

we see that limn→∞ An
(E
E

) = A
(E
E

)
(becauseQ

(E
E

) = 0), establishing condition
(a) in Kurtz’s Theorem. Moreover, the operator PA with domain D generates
the strongly continuous semigroup:

etPA
(
E

E

)
=
(
SXY (t )E

SXY (t )E

)
in X′, proving condition (c) in the theorem. Finally, for

(E
F

) ∈ D(A),
limn→∞ λ−1n An

(E
F

) = Q
(E
F

)
, showing that (b) in the theorem is satisfied with

D′ = D(A). Kurtz’s Theorem in this case yields (see the definition of a and b):

lim
λ→∞

etGλ
(
E

F

)
= etPAP

(
E

F

)
=
(
SXY (t )[ b

a+bE + a
a+bF]

SXY (t )[ b
a+bE + a

a+bF]

)
. (51.5)

From themathematical viewpoint, what we have obtained in the limit is again
a convex combination of generators and initial conditions, much as in the cases
described in the previous chapters, except that in a different type of space. In
fact, we could generalize the proof presented here to deal with the case where
each component in the Cartesian product semigroup (51.1) is different; the limit
then would involve a semigroup generated by a convex combination of the cor-
responding generators.
Biologically, however, such a generalization does not make much sense: as

long as we restrict ourselves to distributions, the process of mutations is the
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same regardless of whether we look at (Xi,Yi) or at (Xi,Yj ). What is noteworthy
here is that in the limit we obtain a convex combination of initial conditions E
and F . Moreover, it is actually quite important that the limit involves merely the
mutation semigroup {SXY (t ), t ≥ 0}, one of the building blocks of the model.
For formula (51.5) states that if death/birth events occur on a faster time-scale
than mutations, distributions E and F influence each other via formula (51.2)
so often, that in the limit they are “mixed together” (a similar conclusion may
be drawn for large times t; see [65]). As a result, E(t ) may be approximated by
the value of SXY (t ) on a convex combination of E(0) and F (0) (and the same
is true for F (t )):

E(t ) ∼ SXY (t )

[
2

r(2N − 1)+ 2
E(0)+ r(2N − 1)

r(2N − 1)+ 2
F (0)

]
. (51.6)

In other words, a model with recombination reduces to a model without recom-
bination, with the former influencing the latter merely via coefficients of the
convex combination shown here. The reader should notice the role of the
recombination coefficient, r, or rather of the related compound s = r(2N − 1)
in (51.6). In particular, for s' 1 the influence of theF (0) term can be neglected
and for s) 1 the latter term becomes dominant. Hence, interestingly, in suffi-
ciently large populations, even if the recombination coefficient is quite small,
the “pure” distribution of pairs (Xi,Yi) does not have as much influence as the
mixed one of (Xi,Yj ).

Exercise 51.1 Show that the death/birth events do not destroy exchangeability
of the pairs of random variables considered in the model of this chapter.

Exercise 51.2 Show the other part of formula (51.2), the one involving F̃ (t ).

� Chapter’s summary

If birth/death events occur relatively more often than mutations, distributions
of pairs (Xi,Yj ) and (Xi,Yi) (see Figure 51.2) in a model with recombinations
are well-approximated by those in a model without recombination. Formally,
formula (51.5) holds. In this case, it is not the convex combination of gener-
ators, but rather the convex combination of initial conditions obtained in the
limit, that is of importance.
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In this chapter, following [68], we generalize the findings of Chapter 51 to an
arbitrary (but finite) number of recombination sites.
We start with the case in which there are two such sites. As before, we

consider a population of 2N individuals, but now each individual is repre-
sented as a triple of random variables describing three loci on a chromosome in
linear order; the i-th individual being a triple (Xi,Yi,Zi), i = 1, . . . , 2N. The
two recombination sites lie between Xi and Yi, and between Yi and Zi (see
Figure 52.1).
A distribution of such a triple may be identified with a member of the space

M3 of absolutely summable three-dimensional matrices m = (μi, j,k )i, j,k∈N.
More generally, the distribution of an n-tuple of random variables may be iden-
tified with a member of the space Mn of absolutely summable n-dimensional
matrices m = (μi1,...,in )i1,...,in∈N; the norm in this space is:

‖m‖Mn =
∑

i1,...,in∈N
|μi1,...,in |.

Note that Mn is isometrically isomorphic to l1 and hence it is meaningful to
speak about distributions and Markov operators inMn.

On the other hand, it will be convenient to viewMn as a tensor product of n
copies of l1 : Mn = (l1)n⊗; the tensor product:

x1 ⊗ x2 ⊗ · · · ⊗ xn

of x j = (ξi, j )i∈N ∈ l1, j = 1, . . . , n, is:

x1 ⊗ x2 ⊗ · · · ⊗ xn = (ξi1,1ξi2,2 · · · ξin,n)i1,...,in∈N ∈Mn.

More specifically, Mn is isometrically isomorphic to the completion of the
algebraic tensor product with respect to the projective norm [108, 304].
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Xi Yi Zi

Figure 52.1 An individual (a chromosome) represented as a triple of random vari-
ables; two recombination sites are marked with grey vertical lines

Coming back to our model: we assume that the triples describing individu-
als are exchangeable, and that each of them evolves in time as a triple of inde-
pendent Markov chains, independent of the other triples, but with the same
transition probabilities; this models mutation at three loci of a chromosome
in each individual. More specifically, the process of mutation at the first locus
in each individual is described by means of a strongly continuous semigroup
{SX (t ), t ≥ 0} of Markov operators in l1. As before, this means that if x ∈ l1 is
the distribution of allele types at time 0 then SX (t )x is the distribution of allele
types at time t. The process of mutation on the second locus is governed by a
semigroup {SY (t ), t ≥ 0}, and the process of mutation on the third locus is gov-
erned by a semigroup {SZ (t ), t ≥ 0}. Then it is the tensor product semigroup
{S(t ), t ≥ 0},

S(t ) = SX (t )⊗ SY (t )⊗ SZ (t ), (52.1)

that describes evolution of distributions at three loci.
To explain this in more detail, assume temporarily that at time 0 the distribu-

tion of the allelic types is concentrated at the point (i, j, k) ∈ N3. By assumption
of independence, the probability that at time t the allelic types will be (i′, j′, k′)
is the product of three transition probabilities: from i to i′, from j to j′ and from
k to k′ in the three Markov chains described by the semigroups {SX (t ), t ≥ 0},
{SY (t ), t ≥ 0}, and {SZ (t ), t ≥ 0}, respectively. This is the same as saying that
the joint distribution of the allelic types at time t is SX (t )ei ⊗ SY (t )e j ⊗ SZ (t )ek,
where eα = (δα,β )β∈N ∈ l1 and δα,β is the Dirac delta. In general, if the initial
distribution is m = (μi, j,k )i, j,k∈N, by the total probability formula it follows that
the joint distribution of the allelic types at time t is:∑

i, j,k∈N
μi, j,kSX (t )ei ⊗ SY (t )e j ⊗ SZ (t )ek.

This formula serves as the definition of SX (t )⊗ SY (t )⊗ SZ (t ) for all m ∈Mn

(m does not need to be a distribution), and so-defined {S(t ), t ≥ 0} is a strongly
continuous semigroup of Markov operators.
More generally, if {Si(t ), t ≥ 0}, i = 1, . . . , n are strongly continuous semi-

groups of Markov operators in l1, then an analogous formula defines the tensor
product semigroup {S1(t )⊗ · · · ⊗ Sn(t ), t ≥ 0}; this is a strongly continuous
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Markov semigroup in Mn describing evolution of n independent Markov
chains.
We also incorporate recombination and genetic drift in the model by assum-

ing that each individual’s life-length is an exponential random variable with
parameter λ and that at the moment of an individual’s death, the triple by which
it is represented is replaced by another triple in the following manner. With
probability 1− r, where r = r1 + r2 with r1, r2 ∈ [0, 1] such that r ∈ (0, 1],
are given parameters, one of the triples (Xj,Yj,Zj ), j = 1, . . . , 2N is drawn
at random to replace the deceased one. With probability r1 the X−variable is
drawn at random first and the par (Y,Z) next, independently of the result of the
first draw (this models recombination after the first locus). With probability r2,
the pair (X,Y ) is drawn first and the variable Z next, independently of the first
draw (this models recombination after the second locus). As a consequence, a
new triple becomes one of the already existing triples (including the one just
deceased) (Xj,Yj,Zj ), each of themwith probability (1− r) 1

2N + r 1
(2N )2 , or one

of the two types of “mixed ones”: either (Xj,Yk,Zk ), j 
= k each with probabil-
ity r1 1

(2N )2 or (Xj,Yj,Zk ), j 
= k each with probability r2 1
(2N )2 .

As before, by symmetry of the procedure just described it is clear that after
an individual’s death the members of the population remain exchangeable. This
fact may also be deduced from Exercise 51.1 if we note that either the pair
(X,Y ) or the pair (Y,Z) can be treated as a single compound locus.
We proceed to finding a closed system of distributions hidden in the model.

To recall, in the case of a single recombination site, we considered a pair
of two-dimensional distributions. Here, we will need a five-tuple of three-
dimensional distributions. To describe them, note that by exchangeability of
the triples the distribution of (Xa,Ya,Zb) where a 
= b does not depend on the
choice of a and b; we will denote it byD112. The same is true of the distributions
of (Xa,Ya,Za), (Xa,Yb,Za), (Xa,Yb,Zb) and (Xa,Yb,Zc) where a, b, and c are
distinct numbers; we denote these distributions by D111,D121,D122, and D123,
respectively.
Vector D with coordinates D111, D112, D121,D122,D123 (note the lexico-

graphic order) is a member of the Cartesian productM5
3 of five copies ofM3.

More generally, the Cartesian product Mm
n of m copies of Mn provides a way

of gathering information on distributions of m n-tuples of variables. The norm
in this space is ‖(mi)i=1,...,m‖ =

∑m
i=1 ‖mi‖Mn . Again, Mm

n is isomorphically
isomorphic to l1 and we may speak of distributions and Markov operators in
this space. In particular, the Cartesian product of mMarkov semigroups inMn

is a Markov semigroup in Mm
n . It is the product, say:

{S (t ), t ≥ 0}, (52.2)
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of five copies of the mutation semigroup S(t ) defined in (52.1) that describes
evolution of the vector D in the absence of death/birth events.
To describe the semigroup governing these events, we proceed as in the previ-

ous chapter to find a formula that allows deriving fromD, the vector of distribu-
tions right before such an event, the vector D̃ of the corresponding distributions
right after this event. As in (51.2) we will find a transition matrix � such that:

D̃ = �D. (52.3)

In fact, we will write � as a convex combination:

� = (1− r)�0 + r1�1 + r2�2 (52.4)

of three transition matrices, corresponding to the cases of no recombination,
and of recombination after the first and after the second locus, respectively.
To this end, let (Xa,Ya,Za) and (X̃a, Ỹa, Z̃a), a = 1, . . . , 2N be the triples rep-

resenting individuals in the population immediately before and immediately
after an individual’s death. We note that if there was no recombination, none
of D112,D121, and D122 has changed unless i = 1, j = 2 or i = 2, j = 1. In this
last case D̃112 = D̃121 = D̃122 = D111. Hence,

�0 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0
2

(2N )2 1− 2
(2N )2 0 0 0

2
(2N )2 0 1− 2

(2N )2 0 0
2

(2N )2 0 0 1− 2
(2N )2 0

0 2
(2N )2

2
(2N )2

2
(2N )2 1− 6

(2N )2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (52.5)

where the form of the last row is justified as follows. If i = 1, j = 2, then
(X̃1, Ỹ2, Z̃3) = (X2,Y2,Z3) and so D̃123 = D112; similarly we show that this
equality is true when i = 2 and j = 1. Analogously, D̃123 = D122 if either i =
2, j = 3 or i = 3, j = 2, and D̃123 = D121 if either i = 3, j = 1 or i = 1, j = 3.
In the remaining cases D̃123 = D123.
To find the three rows in the middle of �1 we consider recombination

between the first two loci, by listing the possible cases in Table 52.1.
This gives �1 in the form:⎛⎜⎜⎜⎜⎜⎜⎜⎝

1− 2N−1
(2N)2

0 0 2N−1
(2N)2

0
2N+1
(2N)3

2N−2
2N + 2N−1

(2N)3
+ 2N−1

(2N)2
2N−1
(2N)3

2N−1
(2N)3

(2N−1)(2N−2)
(2N)3

2N+1
(2N)3

2N−1
(2N)3

2N−2
2N + 2N−1

(2N)3
+ 2N−1

(2N)2
2N−1
(2N)3

(2N−1)(2N−2)
(2N)3

2
(2N)2

0 0 1− 2
(2N)2

0

0 2
(2N)2

2
(2N)2

2
(2N)2

1− 6
(2N)2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.
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Table 52.1 Calculation of�1. If i = 1 and recombination took place after the
first locus, (X̃1, Ỹ1, Z̃1) = (Xj,Yk,Zk ) and so (X̃1, Ỹ2, Z̃1) = (Xj,Y2,Zk ). Con-
sidering all possible cases for j and k we obtain four entries in the middle row
of Table 52.1. The remaining entries in the table are obtained similarly.

i = 1, i = 1, i = 1, i = 1,
j 
= 2, j = 2, j = 2, j 
= 2, i = 2, i = 2,

i 
= 1, 2 k 
= 2 k 
= 2 k = 2 k = 2 k 
= 1 k = 1

D̃112 D112
D112, j = k
D123, j 
= k D121 D111 D122 D112 D111

D̃121 D121
D121, j = k
D123, j 
= k D112 D111 D122 D121 D111

D̃122 D122 D122 D111 D111 D122 D122 D111

Obtaining the first row here is straightforward, and the last row is obtained by
noting that: (a) for i = 1, D̃123 = D112 provided j = 2, D̃123 = D121 provided
j = 3, and D̃123 = D123 in the remaining cases, (b) for i = 2, D̃123 = D112 pro-
vided k = 1, D̃123 = D122 provided k = 3, and D̃123 = D123 in the remaining
cases, (c) for i = 3, D̃123 = D121 provided k = 1, D̃123 = D122 provided k = 2,
and D̃123 = D123 in the remaining cases, and (d) for i ≥ 4, D̃123 = D123.
To cover the case of recombination after the second locus we note that

our model is symmetric with respect to numbering loci. More specifically, if
the loci were numbered from the last one to the first, the distributions D111,
D112, D121,D122,D123 would have become D111, D122, D121,D112,D123, which
amounts to transposition of D112 and D122. Since such a numbering transposes
recombination loci, the matrix �2 may be obtained from �1 by interchanging
columns 2 and 4 and, next, interchanging rows 2 and 4. This completes the
proof of (52.3).
It follows that the dynamics of D is governed by the generator:

Gλ = A+ λQ (52.6)

where A is the generator of the semigroup (52.2) responsible for mutations,
and Q = 2N(�− IM5

3
).

Lemma 52.1 The transition matrix � is ergodic.

Proof For a transition matrix ! = (φi j ) where i, j are, say, in the set
{1, . . . , κ}, where κ is a natural number, we define the Dobrushin’s ergodicity
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coefficient α as:

α = α(!) = min
1≤i, j≤κ

κ∑
k=1

min(φik, φ jk ) = 1− 1

2
max

1≤i, j≤κ

κ∑
k=1
|φi,k − φ j,k|,

(52.7)

see [186] Sections 1.11.3–1.11.5. This coefficient provides an efficient way of
studying asymptotic behavior of ! in that if α(!) > 0 then the matrix ! is
ergodic and there exists a probability vector (πi)i=1,...,κ such that:

‖!n −"‖ ≤ (1− α(!))n (52.8)

where " is a κ × κ matrix with all rows equal to (πi)i=1,...,κ , and ‖ · ‖ denotes
the maximum of all absolute values of entries of a matrix ([186] Section 4.1.3).

To estimate the Dobrushin’s coefficient of � we note that β = 2− 2α
(which is the maximum appearing in (52.7)) is a convex function of !,
and so α is concave. Therefore, α(�) ≥ (1− r)α(�0)+ r1α(�1)+ r2α(�2).
Since for �0 this maximum is attained for i = 1 and j = 5, and equals 2,
α(�0) = 0. Similarly, the maximum for �1 is attained simultaneously for
(i, j) = (1, 2), (1, 3), (1, 5), (2, 4), (3, 4), and (4, 5) (provided 2N ≥ 3), and
equals 2− 1

N2 . Hence, α(�1) = 2
(2N )2 . Finally, since interchanging rows and

columns do not influence the value of α, α(�2) = α(�1). Hence, α(�) ≥
rα(�1) ≥ 2r

(2N )2 > 0. �

The ergodicity of the transition matrix � implies that:

lim
n→∞�nD = P, D ∈M5

3, (52.9)

where P maps D into the vector with all coordinates equal π1D111 + π2D112 +
π3D121 + π4D122 + π5D123. It follows that:

lim
t→∞ etQD = PD, D ∈M5

3. (52.10)

This shows that the key structure and properties of the last chapter’s model
carry over to the case of two recombination loci, and we have the following
analogue of (51.5):

lim
λ→∞

etGλD = etPAPD = S (t )PD. (52.11)

Again, all coordinates in the limit object are the same; if individual’s life-length
is short as compared to the time of observation, recombination events mix coor-
dinates of D making them identical, and we have:

D111(t )∼ S(t )(π1D111(0)+π2D112(0)+π3D121(0)+π4D122(0)+π5D123(0)).
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Xi,1 Xi,2 Xi,3 Xi,4 Xi,5 Xi,6 Xi,7 Xi,8 Xi,9 Xi,10

Xj,1 Xj,2 Xj,3 Xj,4 Xj,5 Xj,6 Xj,7 Xk,8 Xk,9 Xk,10

Figure 52.2 A recombination event at the seventh recombination site for n = 10

In other words, as in the previous chapter, recombination influences the model
merely through the stationary distribution of �, and this is regardless of the
way mutations are modeled.
Finally, we turn to the general case. Here, because of the complexity of the

model, explicit calculation of the matrix� is impossible. Nevertheless, we can
prove that such a matrix exists and show that it is ergodic.
Here are the details. In the general model there are n loci, and hence n− 1

possible recombination sites. The population is composed of 2N individu-
als represented by n-tuples of random variables (Xa,b)b=1,...,n, a = 1, . . . , 2N,
a being the individual number and b being the locus number. In between
death/recombination events each locus in each individual evolves indepen-
dently with mutation on the b-th locus described by a Markov semigroup
{Sb(t ), t ≥ 0}. The time to such an event is exponential with parameter 2λN.
At the moment of death three numbers i, j, and k are chosen with replacement
from 1, . . . , 2N, and then:

� with probability 1− r (probability of no recombination), the entire n-tuple
(Xi,l )l=1,...,n is replaced by the n-tuple (Xj,l )l=1,...,n

� for m = 1, . . . , n− 1, with the probability rm (recombination after locus m),
the Xi,l, l = 1, . . . ,m are replaced by the Xj,l, l = 1, . . . ,m, and the Xi,l, l =
m+ 1, . . . , n are replaced by Xk,l, l = m+ 1, . . . , n (see Figure 52.2).

Above, the positive numbers rm,m = 1, .., n− 1 are such that
∑n−1

m=1 rm = r ∈
(0, 1]. Arguing as before we see that such a procedure does not lead out of the
class of exchangeable n-tuples.

The distributions forming a closed system are labelled as Di1,...,in where the
multi-indexes (i1, . . . , in) satisfy the following properties:

1. i1 is 1,
2. iα ≤ max(i1, . . . , iα−1)+ 1, α ≥ 2;
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such multi-indexes will be called regular. There are #n regular multi-indexes,
where#n is the Bell number, the number of ways to partition a set of n elements
into subsets [165]. For every partition we have a natural order of its elements
(subsets) where the first subset is the one containing the element 1 and the kth
is the one containing the smallest number not included in the previous k − 1
subsets (provided such number exists). To such naturally ordered partition we
assign the regular multi-index by labeling elements of the kth subset with label
k, and this map is injective. On the other hand, given a regular multi-index,
we obtain a partition by collecting all numbers with the same index into one
subset. Such assignment of a partition is injective, since the multi-index agrees
with the labeling obtained from the natural order.
We arrange all the distributionsDi1,...,in in the lexical order, thus forming vec-

torD. Similarly, we form the vector D̃ of the distributions D̃i1,...,in , and consider
the way a coalescence/recombination event influences it. Suppose the recom-
bination occurred after the sth locus; we are interested in D̃i1,...,in and we know
that the ith individual died to be replaced partly by the jth and partly by the
kth individual. Then, D̃i1,...,in equals Dj1,..., jn where the multi-index ( j1, . . . , jn)
is formed as follows. First, all occurrences of i up to and including the sth
place in (i1, . . . , in) are replaced by j, and all the remaining occurrences are
replaced by k. Then, the newly formed multi-index is transformed into a regu-
lar multi-index as follows. First, we change all occurrences of i1 to 1, if the first
condition of regularity is not yet met. Next, we look for the first place, say iα ,
where the second requirement is not met. If there is no such place, we are done.
Otherwise, we replace iα and all its occurrences by the smallest integer larger
than all iβ preceding iα , and we continue this procedure until the multi-index is
regular.
As a result, D̃i1,...,in is a convex combination of all possible Dj1,..., jn ’s; each

choice of i, j, and k leading from D̃i1,...,in to Dj1,..., jn adds the term
1

(2N )3Dj1,..., jn

to this combination (all choices of i, j, and k are equally likely). All coefficients
of this combination are, themselves, linear combinations of 1, (2N)−1, (2N)−2

and (2N)−3.
Hence, there exists a #n ×#n matrix � such that:

D̃ = �D.

Since #n is a fast growing sequence ([165], p. 693, e.g., #4 = 15,#5 = 52,
and#9 = 21147), finding an explicit form of� by hand is not advisable. How-
ever, we have the following fundamental lemma, generalizing Lemma 52.1.

Lemma 52.2 The transition matrix � is ergodic.
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Proof The index (1, . . . , 1) is an aperiodic state for�, since the one-step transi-
tion probability from this state to itself is positive. Hence,� being finite, it suf-
fices to show that all other states communicate with (1, . . . , 1). Let (i1, . . . , in)
be an arbitrary regular multi-index. Consider a recombination event: let s
be the recombination site number, i be the number of the individual to be
replaced, j be the number of the individual supplying the loci with numbers
1 through s, and k be the number of the individual supplying the loci with
numbers s+ 1 through n. Taking s = 1, i = j = 1, and k = i2 we jump from
(1, . . . , 1) to (i1, i2, . . . , i2), i1 being equal to 1 by assumption. After arriving
at (i1, i2, . . . , il, . . . , il ), l ≥ 2 we choose s = l, i = j = il , k = il+1 to jump to
(i1, i2, . . . , il, il+1, . . . , il+1). Hence, after at most n− 1 jumps, we arrive at
(i1, . . . , in).
Conversely, starting from (i1, . . . , in), we choose s = n− 1, i = j = in, k =

in−1 to jump to (i1, . . . , in−2, in−1, in−1). After arriving at:

(i1, . . . , in−l−1, in−l, . . . , in−l ), 1 ≤ l ≤ n− 2

we choose s = n− l − 1, i = j = in−l and k = in−l−1, to jump to (i1, . . . ,
in−l−2, in−l−1, . . . , in−l−1). Hence, after at most n− 1 jumps we arrive at
(i1, . . . , i1) = (1, . . . , 1), proving our claim. �
To conclude: the findings of the previous chapter are valid in the case of any

finite number of loci, as well. Frequent recombinations mix distributions of the
considered system to such an extend that these distributions become identical.
Moreover,D11...1(t ) may be approximated by the value of the mutation operator
S(t ) on a convex combination of all coordinates of the initial condition with
coefficients in the combination coming from the stationary state of the matrix
�. For more details, see [68].

Exercise 52.1 Show that (52.9) implies (52.10).

Exercise 52.2 Discuss the details of construction of the mutation semigroup
in the general case of n loci.

� Chapter’s summary

Formula (52.11) extends (51.5): this result says that the findings of the previous
chapter are still valid if the number of recombination sites is finite. If mutations
are relatively rare as compared to birth/death events, a model with recombina-
tions reduces to the model without recombinations provided initial condition
is appropriately modified. This modified initial condition contains information
on recombination coefficient and ‘mixed’ distributions.
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Averaging Principle of Freidlin and Wentzell:
Khasminskii’s Example

The famous observation of Freidlin and Wentzel [151], [153] says that Rd-
valued stochastic processes may converge to stochastic processes on graphs.
How closely this observation is related to phenomena this book is devoted to
can be judged by reading the following first sentences from their original paper:

Let X ε (t ), ε > 0 be a family of Markov processes on a space M. It is possible that
as ε → 0 the process X ε (t ) moves faster and faster in some directions, whereas the
motion in other direction does not accelerate. This is the situation where one can
expect that the so-called averaging principle works: We can identify the points in the
state-spaceM in the “fast” directions, obtaining a new spaceY (M) (Y is the mapping
effecting the identification). The “fast” motion across Y (M) is not a Markov process
in general, but in its “fast” time it is nearly one because the characteristics of the
“fast” motion depend on the “slow” variables and vary slowly compared to the “fast”
motion itself. The slow process Y (X ε (t )) also is not a Markov one, but the averaging
principle means that it converges in some sense to a Markov process Y (t ) on Y (M)
as ε → 0, and the characteristics of the process Y (X ε (t )) are obtained by averaging
the characteristics of the process Y (X ε (t )) over the “fast” directions with respect to
the stationary distribution of the fast Markov process.

Our goal is to present a semigroup-theoretical approach to two typical
instances of such convergence. In this chapter, based on [59], we consider the
following example of Khasminskii [206] (for the other instance, see Chap-
ter 58): Imagine a Brownian motion in an ellipsoidal annulus (see Figure 53.1)
with reflection at the boundary (i.e., with the Neumann boundary conditions). If
we assume that diffusion is fast along the ellipses, then it is natural to expect that
the limit process resembles a diffusion on an interval: points on each ellipse are
lumped together so that the ellipse shrinks to a single point of the limit interval.
We will deduce this hypothesis from the abstract result explained below later

(Proposition 53.1). Let X and Y be two Banach spaces, and let X⊗̂εY be their
injective tensor product [108, 304], that is, the completion of the set of linear
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Figure 53.1 State-space collapse in Khasminskii’s Example. In the terminology
of the quote, “fast directions” are ellipses, and since each ellipse is characterized
by its intersection point with an interval, Y (M) may be identified with the interval
(redrawn from [59] with permission of Elsevier)

combinations:

u =
n∑
i=1

xi ⊗ yi, (53.1)

of simple tensors in the injective norm:

‖u‖ε = sup

∣∣∣∣∣
n∑
i=1

F (xi)G(yi)

∣∣∣∣∣
where the supremum is taken over all representations (53.1) and all bounded
linear functionals F ∈ X∗ and G ∈ X∗ of norm at most 1. We note that:

‖x⊗ y‖ε = ‖x‖X ‖y‖Y, x ∈ X, y ∈ Y. (53.2)

Next, let A and Q be the generators of equibounded semigroups in X and Y,
respectively, and assume that there is a y∗ ∈ Y of norm 1, and a linear functional
ψ ∈ Y∗ such that ψy∗ 
= 0 and:

lim
t→∞ etQy = (ψy)y∗, y ∈ Y. (53.3)

Then y∗ ∈ kerQ and ψy∗ = 1. Also, given ε > 0, let:

Sε (t ) = etA ⊗ε e
ε−1tQ (53.4)

be the injective tensor product semigroup in X⊗̂εY determined by:

Sε (t )u =
n∑
i=1

(etAxi)⊗ (eε
−1tQyi)

for u of the form (53.1). The operators Sε (t ), t ≥ 0, ε > 0 are bounded inX⊗̂εY

with ‖Sε (t )‖L(X⊗̂εY) = ‖etA‖L(X)‖eε−1tQ‖L(Y), so that by assumption they are
equibounded. A simple calculation based on (53.2) shows that limt→0 Sε (t )u =
u, for tensors of the form (53.1), and since the set of such tensors is dense in
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X⊗̂εY and the operators are equibounded, {Sε (t ), t ≥ 0} are strongly continu-
ous semigroups.
Let Aε be the generator of {Sε (t ), t ≥ 0}, and let D be the set of tensors u

that can be represented in the form (53.1) with all xi ∈ D(A), yi ∈ D(Q). Using
(53.2) again, we show that u ∈ D belongs to D(Aε ) and:

Aεu =
n∑
i=1

(Axi)⊗ yi + 1

ε

n∑
i=1

xi ⊗ (Qyi). (53.5)

Since D(A) is dense in X and invariant for {etA, t ≥ 0}, and a similar statement
is true forD(Q),D is dense inX⊗̂εY and invariant for {Sε (t ), t ≥ 0}. It follows,
see Exercise 15.2, that D is a core for Aε .

Let X ⊂ X⊗̂εY be the subspace of simple tensors of the form x⊗ y∗, where
x ∈ X. Clearly, X is isometrically isomorphic to X, with natural isomorphism
x⊗ y∗ 	→ x (recall ‖y∗‖Y = 1). Let A be the copy of A in X, that is, let A(x⊗
y∗) = (Ax)⊗ y∗ for x ∈ D(A). The operator A generates the semigroup in X

given by etA(x⊗ y∗) = (etAx)⊗ y∗. Also, let (etQ)t≥0 be the tensor product
semigroup:

etQ = et0 ⊗ε e
tQ = IX ⊗ε e

tQ, t ≥ 0.

For u of the form (53.1),

lim
t→∞ etQu =

n∑
i=1

xi ⊗ (ψyi)y∗ =
(

n∑
i=1

(ψyi)xi

)
⊗ y∗.

Hence, the set of such tensors being dense in X⊗̂εY, P := limt→∞ etQ exists
in the strong topology. Clearly, Range P = Range P = X.

Proposition 53.1 We have:

lim
ε→0

etAεu = etAPu, u ∈ X⊗̂εY, t > 0,

with the limit almost uniform in t ∈ (0,∞). For u ∈ X, the relation is true for
t = 0, as well, and the limit is almost uniform in t ∈ [0,∞).

Proof Let x ∈ D(A), that is, x⊗ y∗ ∈ D(A). By Qy∗ = 0 and equation (53.5),
we have Aε (x⊗ y∗) = (Ax)⊗ y∗, so that x⊗ y∗ belongs to D(Aex), where
Aex is the extended limit of Aε as ε → 0, and Aex(x⊗ y∗) = (Ax)⊗ y∗. Sim-
ilarly, for u of the form (53.1) with all yi ∈ D(Q) (such u form a core for
Q), limε→0 εAεu =

∑n
i=1 xi ⊗ (Qyi) = Qu, and, as we have seen, the strong

limit limt→∞ etQ exists. Finally, PA = PA = A is a generator. Therefore, all
assumptions of Kurtz’s Theorem are satisfied and the proposition follows. �
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Remark 53.2 It is clear from the proof that the same theorem is valid for the
projective tensor norm and, in fact, for any tensor norm (see, e.g., [108] Chap-
ter II or [304] Chapter 6 for the definition). We have chosen the injective tensor
norm merely to fix our attention (in Khasminskii’s Example this is exactly the
norm that is needed).

Coming back to our main subject: in proving the hypothesis of Khasminskii
it is natural to apply a stretching transformation first so that ellipses become
circles; one term of the Laplace operator generating the related semigroup is
then scaled by a factor, and so for simplicity we assume that we are in an annu-
lus (a ring), where the radiuses of points lie between, say, 1 and 2, and the
(pre-)generator is the half of the two-dimensional Laplacian with Neumann
boundary conditions.
The next step is to pass to polar coordinates: then the (pre-)generator has the

form:

Bεu(r, α) = 1

2

[
∂2u(r, α)

∂r2
+ 1

r

∂u(r, α)

∂r
+ 1

εr2
∂2u(r, α)

∂α2

]
, (53.6)

where ε ' 1 indicates that the angular motion is much faster than the radial.
As we will explain next, this operator “almost” comes from a tensor product

semigroup of the form (53.4) (see (53.12)), and this will allow using Propo-
sition 53.1. To this end, we recall, see Exercise 20.4, that the operator A f =
h2 f ′′ + h f ′, where h(r) = r, r ∈ [1, 2], with domain composed of twice contin-
uously differentiable functions satisfying f ′(1) = f ′(2) = 0, is the generator of
a conservative Feller semigroup in C[1, 2] (C[1, 2] is the space of continuous
functions on [1, 2]). Similarly, see Exercise 1.12, Q f = f ′′ with domain equal
to the set of twice continuously differentiable functions on [0, 2π ] and such
that f ′, f ′′ ∈ Cp[0, 2π ], generates a conservative Feller semigroup inCp[0, 2π ],
where Cp[0, 2π ] is the space of continuous, “periodic” functions on [0, 2π ],
that is, functions f such that f (0) = f (2π ). Moreover, see Exercise 32.4, the
strong limit limt→∞ etQ f = 1

2π

∫ 2π
0 f exists for f ∈ Cp[0, 2π ], that is, assump-

tion (53.3) is satisfied with y∗ ≡ 1 and ψ f = 1
2π

∫ 2π
0 f .

Therefore, as we have seen Aε defined in (53.4) satisfy the assumptions of
the theorem of Kurtz. By Exercise 44.2, if we can find a nice operator B such
that Bε = BAε where Bε is defined by (53.6) (on a yet unspecified but suffi-
ciently large domain; see (53.12) further on), we can conclude that the limit of
limε→0 eBε exists. This is precisely our goal.
Before we accomplish this, we need to say a few words about the space

C[1, 2]⊗̂εCp[0, 2π ] and operators Aε in this space. Since Cp[0, 2π ] may be
identified with the space of continuous functions on a circle, the injective
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tensor product ofC[1, 2] andCp[0, 2π ] isCp(R), the space of continuous func-
tions on a surface of a cylinder, that is, the space of continuous functions on
the rectangle R = [1, 2]× [0, 2π ], that are “periodic” with respect to α, that is,
f (r, 0) = f (r, 2π ), r ∈ [0, 2π ]. (A fundamental and basic example says that
the injective tensor product of two spaces of continuous functions on compact
sets K1 and K2, respectively, is the space of jointly continuous functions on the
Cartesian product K1 × K2, see, for example, [304], p. 50.) This means that
simple tensors, that is, functions of the form:

( f ⊗ g)(r, α) = f (r)g(α), f ∈ C[1, 2], g ∈ Cp[0, 2π ], r ∈ [1, 2], α ∈ [0, 2π ],

form a linearly dense set in Cp(R); this may be deduced from the Stone–
Weierstrass Theorem without appealing to [304], p. 50.

For tensors of the form u =∑n
i=1 fi ⊗ gi where fi ∈ D(A) and gi ∈ D(Q),

the generator of (etAε )t≥0 defined in (53.4) is given by:

Aεu(r, α) = r2
∂2u(r, α)

∂r2
+ r

∂u(r, α)

∂r
+ 1

ε

∂2u(r, α)

∂α2
. (53.7)

Lemma 53.3 This formula extends to u in the set:

D′ =
{
u ∈ C2

p (R) |
∂u(r, α)

∂r |r=1
= ∂u(r, α)

∂r |r=2
= 0

}
,

where C2
p (R) is the subspace of functions with continuous partial derivatives

up to the second order belonging to Cp(R).

Proof For the sake of this argument, let A�ε denote the operator given by (53.7)
with domain D′. This operator is then densely defined (since D ⊂ D′) and sat-
isfies the maximum principle:

u ∈ D(A�ε ) and u(r0, α0) = sup
(r,α)∈R

u(r, α) �⇒ A�εu(r0, α0) ≤ 0.

Moreover, the range of λICp(R) − A�ε is for λ > 0 dense in Cp(R) (since so is
(λICp(R) − A)|D, D being a core for Aε). Hence, by the result already cited in
Chapter 20, A�ε is closable and its closure generates a Feller semigroup (see [49,
132, 193]). Since (Aε )|D ⊂ A�ε, we have Aε = (Aε )|D ⊂ A�ε . Thus we must have
D′ ⊂ D(Aε ), for otherwise we would have two generators with one being a
proper extension of the other, which we know is impossible (see, e.g., the proof
of Corollary 8.4). �

Having explained the background, we note the following explicit formula for
(etQ)t≥0:

etQ f (α) = E f (wα (2t )), f ∈ Cp[0, 2π ], α ∈ [0, 2π ], (53.8)
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wherewα (t ) = (α + w(t ))mod 2π ,w(t ), t ≥ 0 is a standard Brownianmotion,
and E stands for expected value. It follows that:

etQu(r, α) = E u(r,wα (2t )) and Pu(r, α) = 1

2π

∫ 2π

0
u(r, α) dα; (53.9)

Pu is a projection of u on the space X of functions inCp(R) that do not depend
on α. Therefore, Proposition 53.1 yields:

lim
t→∞ etAεu = etAPu, u ∈ Cp(R), (53.10)

where A is defined on u = f ⊗ 1[0,2π] with f ∈ D(A) by:

Au = (A f )⊗ 1[0,2π], i.e., Au(r, α) = r2
∂2u(r, α)

∂r2
+ r

∂u(r, α)

∂r
. (53.11)

Now, defining Bε by (53.6) on D′, we see that:

Aεu = 2h2Bεu and Bεu = 1

2h2
Aεu, u ∈ D′, (53.12)

where h is identified with a function on R (i.e., h(r, α) = r). This key relation
proves that we are in the setup of Exercise 44.2. Here are the details:
The multiplication operator Bmapping u to 1

2h2 u is an isomorphism ofCp(R).
It follows that:

Bε = BAε (with D(Bε ) = D(Aε )),

because Aε is closed and D′ is its core. By Dorroh’s Theorem Bε is a generator
of a Feller semigroup, and to apply Exercise 42.3 it suffices to check that the
strong limit:

PB = lim
t→∞ etBQ (53.13)

exists, and that PBBA is a generator.
Starting with the first claim, we note that BQu(r, α) = 1

r2
∂2u(r,α)
∂α2 , and:

etBQu(r, α) = E u(r,wα (2r
−2t )).

The latter relationship may either be checked directly or deduced from the first
part of (53.9) and the Volkonskii Formula. It follows immediately that the limit
(53.13) exists with PB = P.

Also, by (53.11), the operator Ar defined by:

Aru := PBBAu =
(

1

2h2
A f

)
⊗ 1[0,2π] =: (Ar f )⊗ 1[0,2π],

for u = f ⊗ 1[0,2π], f ∈ D(A), is a generator in X as so is Ar in C[1, 2] (the
latter statement is true, again, by Dorroh’s Theorem). Exercise 42.3 now
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shows that:

lim
t→∞ etBεu = etArPu, u ∈ Cp(R), (53.14)

which was our goal.
To explain: The operator Ar is the radial part of Bε , and a copy of Ar in X.

The latter operator is given by:

Ar f (r) = 1

2

[
d2 f (r)

dr2
+ 1

r

d f (r)

dr

]
.

Except for reflecting barriers’ conditions ( f ′(1) = f ′(2) = 0), Ar is formally
the same as the generator of the two-dimensional Bessel process, that is,
of the process modeled as a distance of a two-dimensional standard Brow-
nian motion from the origin ([188, p. 60], [296, p. 252]). This shows that
(53.14) is a semigroup-theoretical formulation of the Khasminskii example:
as the diffusion’s angular speed increases to infinity, the semigroups describing
Brownian motions on an annulus converge to a system involving diffusion only
in the radial direction, that is, the two-dimensional Bessel process with reflect-
ing barriers at r = 1 and r = 2.

Exercise 53.1 Since we have already bumped into projective and injective ten-
sor norms, it is a high time to consider an example showing basic differences
between these norms. To this end, let X = c0 be the space of sequences x =
(ξi)i≥1 converging to zero, with the usual supremum norm ‖x‖c0 = supi≥1 |ξi|,
and letY = l1 be the space of absolutely summable sequences y = (η j ) j≥1 with
the norm ‖y‖l1 =

∑
j≥1 |η j|. For x ∈ c0 and y ∈ l1 we define an infinite matrix

x⊗ y:

x⊗ y = (ξiη j)i, j≥1, (53.15)

termed the tensor product of x and y.

(a) Let M be the space of matrices (ui, j )i, j≥1 for which:

‖u‖π :=
∑
j≥1

sup
i≥1
|ui, j| (53.16)

is finite. Prove that ‖·‖π is a complete norm in M, and that linear
combinations:

u =
n∑
i=1

xi ⊗ yi (53.17)

(where n ∈ N, xi ∈ X, yi ∈ Y may vary) form a dense set in M0, the
(closed) subspace of M of matrices (ui, j )i, j≥1 for which “rows” (ui, j )i≥1,
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j ≥ 1 belong to c0. Check moreover that:

‖x⊗ y‖π = ‖x‖c0 ‖y‖l1 . (53.18)

Matrices of the form x⊗ y are called simple tensors, their linear combina-
tions are termed tensors, and the space X⊗ Y of these combinations is the
tensor product of X and Y. The norm ‖ · ‖π is called the projective norm,
and M0, the completion of X⊗ Y in this norm, is termed the projective
tensor product, and denoted X⊗̂πY = c0⊗̂π l1.

(b) In X⊗ Y we introduce the injective norm:

‖u‖ε = sup
i≥1

∑
j≥1
|ui, j|.

Check that:

‖x⊗ y‖ε = ‖x‖c0 ‖y‖l1 , (53.19)

while:

‖u‖ε ≤ ‖u‖π , u ∈ X⊗ Y. (53.20)

Prove also that the completion of X⊗ Y in ‖ · ‖ε is the space of matrixes u
for which Iu = (

∑
j≥1 |ui, j|)i≥1 belongs to c0. The latter space is termed the

injective tensor product, and denoted c0⊗̂εl1. As suggested by (53.20),
as sets:

c0⊗̂π l
1 ⊃ c0⊗̂εl

1.

Find a sample matrix u ∈ c0⊗̂εl1 \ c0⊗̂π l1.

Exercise 53.2 Prove the properties of y∗ stated in the text, that is, that y∗ ∈
kerQ and ψy∗ = 1. Hint: show first that etQy∗ = y∗, t ≥ 0.

� Chapter’s summary

As an example of the averaging principle of Freidlin andWentzell, we consider
the Khasminskii’s approximation of diffusions on ellipsoidal annulus with fast
motion in angular direction, by a (radial) diffusion on an interval. The latter
diffusion is the two-dimensional Bessel process. This result is derived from an
abstract theorem on convergence of semigroups in tensor product spaces.
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Comparing Semigroups

Kurtz’s Theorem 42.2 seems to provide an efficient way of dealing with most
irregular convergence problems that do not fit into the scheme of uniformly
holomorphic semigroups of Chapter 31. However, in some examples, the struc-
ture of Kurtz’s Theorem is not so obvious at first glance. Furthermore, the the-
orem in question has inherited from its predecessor, the Trotter–Kato Theorem,
both its elegance and the main deficiency – no information on the rate of con-
vergence, the subject neglected throughout this book, as well. Hence, it may be
profitable to, at least roughly, look at alternative approaches to the question of
irregular convergence.
Let us start with the method of comparing semigroups [50, 52]. To explain

this, suppose that we already succeeded in characterizing the regularity space
X0 of a sequence (etAn )t≥0 of equibounded semigroups and that we want to
establish convergence outside of X0. This convergence often amounts to null
convergence limn→∞ etAnx = 0 for t > 0 and x in a subspace, say X1, in a sense
complementary to X0 in X. (For example, in Kurtz’s Theorem X0 = RangeP
andX1 = Ker P.) Of necessity, these x satisfy limn→∞(λ− An)−1x = 0, λ > 0,
i.e., they are values of Aex on 0. To prove this null convergence we look for a
sequence of semigroups (etBn )t≥0 which are close to (etAn )t≥0 and are known
to converge to zero on X1. Typically, D(An) ⊂ D(Bn) and etBn leaves D(An)
invariant, so that we may write:

etAnx− etBnx = −
∫ t

0

d

ds

(
e(t−s)AnesBnx

)
ds

=
∫ t

0
e(t−s)An (An − Bn)e

sBnx ds, x ∈ D(An). (54.1)
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If An − Bn is a bounded operator, this equality extends to the whole of X and
equiboundedness reduces the problem to proving that:

lim
n→∞

∫ t

0
‖(An − Bn)e

sBnx‖ ds = 0, x ∈ X1. (54.2)

To illustrate, we consider the semigroups of Chapter 12 (see equation (12.5))
related to the abstract telegraph equation. We will show that:

lim
ε→0

etAε
(
0

y

)
=
(
0

0

)
, y ∈ X, t > 0. (54.3)

To construct the semigroups (etBε )t≥0 we will compare (etAε )t≥0 to, we recall
that by the Kisyński Theorem, the operator B

(x
y

) = ( yAx) with domain D(B) =
D(A)× XKis generates the group {G(t ), t ∈ R} of operators in B = XKis ×
X, given by G(t )

(x
y

) = (C(t )x+ ∫ t0 C(s)y dsdC(t )x
dt +C(t )y

)
. Hence, the operators Bε

(x
y

) =(−ε−2x+ ε−1y
ε−1Ax− ε−2y

)
, 0 < ε < 1 with common domain D(B), generate the groups

etBε = e−tε
−2
G(tε−1). In particular, if M ≥ 1 and ω ∈ R are chosen so that

‖G(t )‖ ≤ Meωt, t ≥ 0 then ‖etBε‖ ≤ Me
tω
ε
− t

ε2 −→
ε→0

0, for t > 0. On the other

hand, for y ∈ XKis and t ≥ 0, calculating as in (54.1),

etBε
(
0

y

)
− etAε

(
0

y

)
=
∫ t

0
e(t−s)Aε (Bε − Aε )e

sBε

(
0

y

)
ds

= −
∫ t

0
e(t−s)Aε

(
1
ε2
e−

s
ε2
∫ s

ε

0 C(u)y du
0

)
ds. (54.4)

Since XKis is dense in X (in the norm in X), the right-most and left-
most expressions here are equal for all y ∈ X. Therefore, the oper-
ators etAε , t ≥ 0, 0 < ε < 1 being equibounded, we need to show that∫ t
0

1
ε2
e−

s
ε2 ‖ ∫ s

ε

0 C(u)y du‖ ds =
∫ t

ε

0
1
ε
e−

s
ε ‖ ∫ s0 C(u)y du‖ ds converges to zero, as

ε → 0. Since
∫ s
0 C(u)y du tends to 0 as s→ 0, the result follows because the

measures on [0,∞) with densities s 	→ 1
ε
e−

s
ε converge weakly, as ε → 0, to

the Dirac measure at 0.
It is instructive to compare our semigroups also with the semigroups gener-

ated by Bε
(x
y

) = ( 0
ε−2y

)
. Then etBε

(x
y

) = ( x
e−tε−2 y

)
and the calculation (54.4) gives:

etBε
(
0

y

)
− etAε

(
0

y

)
= −

∫ t

0
e(t−s)Aε

(
1
ε
e−

s
ε2 y

0

)
ds, (54.5)
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proving that the norm of the difference on the left-hand side does not

exceed εK‖y‖XKis

∫ tε−2
0 e−u du ≤ εK‖y‖XKis , where K is the constant such that

‖etAε‖ ≤ K for all t ≥ 0 and ε > 0. This combined with the density argument,
gives a slightly shorter proof of (54.3), and has an additional advantage: since
the rate of convergence of etBε is clearly seen, we obtain the rate of null conver-
gence of etAε for y ∈ XKis (see the next chapter for more on this approximation).

Of course, the applicability of the method of comparing semigroups is not
restricted to irregular convergence. If we can guess the limit semigroup, we
can replace Bn by the generator of the limit semigroup in (54.1) and proceed
with natural estimates, and often a careful analysis gives rates of convergence
for initial data in a dense set. See, for example, [163] p. 48, and the proof of
Chernoff’s Product Formula given at p. 51, which in fact provides such rates.
Moreover, each approximating semigroup may, as in Chapter 24, be defined in
a different Banach space.
We conclude this chapter with the example of this type I have learned from

A. Bátkai (see also [29]). As in Chapter 24, we assume that approximat-
ing equibounded semigroups (etAn )t≥0 are defined in spaces Xn and the limit
semigroup (etA)t≥0 is defined in a space X, where Xn converge to X in the
sense that limn→∞ ‖Pnx− x‖n = 0, where Pn are certain equibounded opera-
tors Pn : X → Xn. Furthermore, we assume that there exists a dense subspace
Y ⊂ D(A) of X, left invariant by (etA)t≥0, equipped with a norm ‖ · ‖Y stronger
than that in X, such that (etA)t≥0 restricted to Y is a strongly continuous semi-
group of equibounded operators there.
Now, assume that PnY ⊂ D(An), n ≥ 1 and that there exist constants C > 0

and p ∈ N such that for all x ∈ Y, ‖AnPnx− PnAx‖ ≤ C
np ‖x‖Y. Then calculating

as in (54.1), we obtain:

etAnPnx− Pne
tAx = −

∫ t

0

d

ds

(
e(t−s)AnPnesAx

)
ds

=
∫ t

0
e(t−s)An (AnPn − PnA)e

sAx ds, x ∈ Y. (54.6)

If we assume, without loss of generality, that all the semigroups involved here
have the same bound M, this implies that:

‖etAnPnx− Pne
tAx‖X ≤

∫ t

0
M2 C

np
ds‖x‖Y = tM2 C

np
‖x‖Y.

The moral is that for x ∈ Y the semigroups converge with the rate inherited
from convergence of generators and that, since Y is dense, the same is true for
all x ∈ X, obviously except for the rate.



338 Comparing Semigroups

As an example, let us consider the following model of the spread of an
infectious disease [231] (see [260] for a recent generalization of this model,
where further referencesmay also be found). In themodel, a population consists
of n individuals, some of which are ill. Each of themmay recover independently
of the others, and the time to recovery is exponential with parameter r. A healthy
member of the population may become infected by contacting those already
ill, and the chance of being infected in a short interval is proportional to the
number of infected individuals he can contact.We assume furthermore that each
individual becomes infected independently of the others, and independently of
the recoveries. In other words, denoting by Xn(t ), t ≥ 0 the number of infected
individuals at time t, we obtain a continuous-time Markov chain with jump
intensities:

k→ k − 1 with intensity rk, k→ k + 1 with intensity λk(n− k),

where λ is a constant describing infectiousness of the disease. The generator
An of the process X (t )

n , t ≥ 0 with λ replaced by λn−1, in the space C(Sn) of
continuous functions (i.e., sequences) on the set Sn = {0, 1

n ,
2
n , . . . ,

n−1
n , 1} is

given by:

An f

(
k

n

)
= λ

n
k(n− k) f

(
k + 1

n

)
+ rk f

(
k − 1

n

)
−
[
λ

n
k(n− k)+ rk

]
f

(
k

n

)
.

We will show that for large n, the process described here is well-
approximated by the deterministic process of moving along integral curves of
the equation:

dx

dt
= λx(1− x)− rx, x(0) = x0 ∈ [0, 1]. (54.7)

To this end, let A be the generator of the semigroup in C[0, 1] given by T (t ) f
(x0) = f (x(t )) where x(t ) is the solution to (54.7) starting at x0. For f ∈
C2[0, 1], that is, in the set of twice continuously differentiable functions (with
one-sided derivatives at the ends of the interval) the generator is given by:

A f (x) = (λx(1− x)− rx) f ′(x).

Also, C2[0, 1] is invariant for the semigroup, since for f in this set, f (x(t )) is
twice continuously differentiable in initial condition (see Chapter 1 in [327],
see also Exercise 54.4). Hence, we may proceed with X = C[0, 1] and Y =
C2[0, 1].
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The operators Pn : X → Xn are given here by Pn f ( kn ) = f ( kn ), and the dif-
ference AnPn f ( kn )− PnA f ( kn ) equals, by the Taylor Formula,

nλ
k

n

(
1− k

n

)[
f

(
k + 1

n

)
− f

(
k

n

)
− 1

n
f ′
(
k

n

)]
+ nr

k

n

[
f

(
k − 1

n

)
− f

(
k

n

)
+ 1

n
f ′
(
k

n

)]
= 1

2n

{
λ
k

n

(
1− k

n

)
f ′′
(
k

n
+ θ1

1

n

)
+ r

k

n
f ′′
(
k

n
− θ2

1

n

)}
for certain θ1, θ2 ∈ (0, 1). Hence, the norm of the difference does not exceed:

1

2n

λ+ 4r

4
sup
x∈[0,1]

| f ′′(x)| ≤ 1

2n

λ+ 4r

4
‖ f‖C2[0,1].

This proves our claim and gives the rate of convergence of the semigroups for
f ∈ C2[0, 1], since all the semigroups involved here are contractions.

Exercise 54.1 Do Exercise 42.2 by the method of comparing semigroups.

Exercise 54.2 Use Kurtz’s Lemma to prove (54.3).

Exercise 54.3 For a discrete-time analogue of (54.1) consider a semigroup
of operators, say (etA)t≥0, and the question of convergence of the families
P[t/hn]
n , t ≥ 0, n ≥ 1 to this semigroup, where Pn are bounded linear oper-

ators and hn, n ≥ 1 is a positive null sequence (i.e., limn→∞ hn = 0 and
hn > 0). Since for this convergence it is necessary and sufficient to have
limn→∞ ‖P[t/hn]

n − e[t/hn]hnA‖ = 0, define Rn = ehnA, and show that:

P[t/hn]
n − R[t/hn]

n =
[t/hn]∑
k=1

(
P[t/hn]−k
n Rkn − P[t/hn]−k+1

n Rk−1n

)
.

In the particular case where all the operators considered here are equi-
powerbounded, this implies: ‖P[t/hn]

n − R[t/hn]
n ‖ ≤ [t/hn]M‖Pn − Rn‖, for some

constantM. Use this to reestablish the Bernstein-type approximation (18.8) of a
semigroup. Discuss the rate of convergence. Hint: write Pn − Rn = hn(

Pn−IX
hn

−
Rn−IX
hn

).

Exercise 54.4 Show that the solution to (54.7) is:

x(t ) =
{

aCeμt

1+Ceμt , t ≥ 0, provided x0 
= a,

a, t ≥ 0, provided x0 = a,

where a = 1− r
λ
and C = x0

a−x0 .
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� Chapter’s summary

A way to prove irregular convergence is often to compare the semigroups in
question with other semigroups which are close to the original ones and, on the
other hand, are known or can be proved to converge. We explain the method
in more detail, taking as a case study the semigroups related to the abstract
telegraph equation. A question of convergence rate is also discussed and the
model of infectious disease is studied.
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Relations to Asymptotic Analysis

As we have seen in the previous chapter, the method of comparing semigroups
hinges on an intelligent guess of the semigroups to be compared with the semi-
groups whose convergence we are to show. A hint for such a guess may be
obtained from the very form of the semigroups involved, or by physical or
biological considerations underlying the model in question. However, a sys-
tematic way of deriving the form of the searched-for semigroups is provided
by asymptotic analysis, an alternative, ingenuous method of proving conver-
gence theorems; see [263]. Additionally, in many cases the semigroups derived
in this way seem to be in a sense optimal [17].
In this chapter, we discuss this method briefly in the context of the

Chapman–Enskog expansion method. Asymptotic analysis begins with
decomposition of the underlying Banach space into a so-called hydrodynamic
space and a complementary space called kinetic space. Aswe shall see, the first
of them roughly corresponds to the regularity space of the semigroups under
study, and the second is the space of null convergence. Then, the semigroups
are decomposed into parts corresponding to these two subspaces.
Once this is achieved, these parts are expanded into (truncated) formal series

in ε−p, where ε is the small parameter involved and p > 0 is a certain power,
characterizing the problem in question; in the Chapman–Enskog method it is
merely the kinetic part that is being expanded, and the hydrodynamic part is
left intact. Then, comparing like terms in the expansion allows calculating the
bulk part of the approximating semigroups, which corresponds to the limit
semigroup in the regularity space. This part, however, is not able to describe
transient phenomena occurring because of passing from the whole space to its
subspace. Asymptotic analysis takes care of this by “blowing up” the time near
t = 0, that is, by introducing fast time τ = t

ε
, and redoing analysis described

above in this new time. This allows calculating the initial layer, which some-
times gives the form of the semigroups we should compare our semigroups
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with.More complicated situations, however, require calculating boundary lay-
ers and corner layers, which are handled similarly, see [263] or [22].
For example, let us consider the question of convergence of the semigroups

of (12.5); a thorough analysis of a more general telegraph system is given in
[17]. The related Cauchy problem is:

dx

dt
= ε−1y,

dy

dt
= ε−1Ax− ε−2y, x(0) = o

x, y(0) = o
y. (55.1)

We note the somewhat unusual way of denoting initial values used here; this
convention is forced by the fact that we will need many indexes for x and y in
a minute.
In this example, the space is already decomposed into the hydrodynami-

cal and kinetic parts, played by XKis × {0} and {0} × X, respectively. To start
asymptotic analysis, first we write x and y in the form: x = x and y = y0 + εy1
and insert these to (55.1); the line over x and y is reserved for denoting the bulk
part of x and y. This renders:

dx

dt
= 1

ε
(y0 + εy1),

dy0
dt
+ ε

dy1
dt
= ε−1Ax− ε−2(y0 + εy1), x(0) = o

x, y(0) = o
y. (55.2)

Comparing like terms related to ε−2, ε−1 and ε0, we obtain the relations:

y0 = 0,
dx

dt
= y1, and Ax = y1;

the remaining terms are disregarded since they disappear as ε → 0, anyway.
This implies that the bulk part in the hydrodynamical space should satisfy
dx
dt = Ax, x(0) = o

x, in agreement with our findings from Chapter 12 in which
we proved that the limit semigroup is generated by the part of A in the Kisyński
space XKis.

So, we hope that x− x and y− εy1 converge to 0 as ε → 0. However, since

y1(0) = A
o
x and y(0) = o

y, it is clear that this cannot be true at t = 0: as ε → 0
there are transient phenomena hidden in the initial layer. To find the formula for
the latter, we consider the fast time τ = tε−2. In terms of τ , the system (55.1)
reads:

dx

dτ
= εy,

dy

dτ
= εAx− y, x(0) = o

x, y(0) = o
y. (55.3)



Asymptotic Analysis 343

Inserting the initial layer expansion x = x̃ and y = ỹ0 + εỹ1 into these equa-
tions, and comparing like terms as before, we obtain:

dx̃

dτ
= 0 and

dỹ0
dτ

= −ỹ0.

The first of these relations tells us that x̃ is constant. On the other hand, we
know that for large times, the influence of x̃ should be negligible. Hence, we
take x̃ = 0. The other formula combined with ỹ(0) = o

y forces ỹ(τ ) = e−τ
o
y.

Coming back to the original time, we see that the initial layer has the form
ỹ(t ) = e−tε

−2 o
y. We note that this was exactly the analysis presented here that

hinted the usage of the semigroups etBε in (54.5).
Having completed these formal considerations, we still need to prove that the

approximation we have found works well. To this end we introduce u = x− x
and v = y− ε dx

dt − ỹ, where x(t ) = etAp
o
x and ỹ(t ) = e−tε

−2 o
y, and check that,

for
o
x ∈ D(A2

p) and
o
y ∈ X, u and v are differentiable with:

du

dt
= dx

dt
− dx

dt
= ε−1y− ε−1(y− v + ỹ) = ε−1v + ε−1ỹ,

dv

dt
= dy

dt
− ε

d2x

dt2
− dỹ

dt
= ε−1Ax− ε−2y− ε

d2x

dt2
+ ε−2ỹ

= ε−1Au− ε−2v − ε
d2x

dt2
.

Hence,

d

dt

(
u

v

)
= Aε

(
u

v

)
+ f (t ), where f (t ) =

(
ε−1e−tε

−2 o
y

−εetAA2 ox

)
, (55.4)

with the initial condition u(0) = 0 and v (0) = −εAox. Thus, by the variation of
constants formula:(

u(t )

v (t )

)
= −εetAε

(
0

A
o
x

)
+
∫ t

0
e(t−s)Aε f (s) ds. (55.5)

In order to prove that the right-hand side converges to 0 we consider the case
o
y = 0 first. Then, ‖ f (t )‖ ≤ ε const.‖A2 ox‖, t ≥ 0 and the result easily follows,
since the initial condition clearly converges to 0, as well (and the semigroups
generated by Aε are equicontinuous). By the way, this combined with density
argument reestablishes the main theorem of Chapter 12 and gives the rates of
convergence for

o
x ∈ D(A2

p).
By linearity, we are left with checking the case

o
x = 0. However, for such

initial data: (
u(t )

v (t )

)
= etAε

(
0
o
y

)
− etBε

(
0
o
y

)
,
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(55.5) reduces to (54.5), and the simple estimate given in Chapter 54 completes
the proof.
Incidentally, this example shows nicely how these two approaches: asymp-

totic analysis and semigroup-theoretical methods, intertwine and complement
each other. For more on this subject, see the already cited [17]. But again, the
big moral is that using asymptotic analysis may help us guess the semigroups
we want to compare our semigroups with.

Exercise 55.1 Use asymptotic analysis to prove the main result of Chapter 48.

� Chapter’s summary

A brief discussion of asymptotic analysis is given. A magnificent tool in itself
(see, e.g., [25, 263]), the asymptotic analysis may also be considered as a way
to provide intelligent hints of the form of the limit semigroup and of semigroups
we need to compare the original semigroups with.
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Greiner’s Theorem

In Chapter 50, we have encountered a curious phenomenon: the boundary con-
dition in the limit semigroup related to fish dynamics (see (50.2)) is a convex
combination of boundary conditions involved in the approximation (see (50.1)).
This effect is very similar to that observed in Chapter 48, where convex combi-
nations of Feller generators resulting from “averaging” the stochastic processes
involved were studied. As we have seen in Chapter 50, these two effects are in
a sense dual: under additional regularity conditions on the model’s parameters,
the predual of the McKendrick semigroup may be constructed in a space of
continuous functions, and the perturbation of a boundary condition becomes a
perturbation of the generator.
Taking all this into account we arrive at the following tempting hypothesis

(similar to that discussed in Chapter 50). Let α be a bounded linear operator
in a Banach space X, and let A be a closed operator in this space. Suppose
that for !1,!2 mapping D(A) to another Banach space Y, A| ker!1 and A| ker!1

are generators of strongly continuous semigroups in X. Assume finally that
A| ker!a where !a = !1α +!2β and β = IX − α, is a generator also. Then,
it is tempting to think of the later semigroup as describing dynamics, which
is a result of averaging the semigroups generated by A| ker!1 and A| ker!1 . In
Chapter 57, following [18], we use the abstract setup of Greiner [167] to provide
an approximation of the semigroup generated by A| ker!a by semigroups built
from those generated by A| ker!1 and A| ker!1 , that supports this intuition.
Note that the problem posed here is in a sense converse to the result of

[11, 21, 22, 23, 25] (where convergence of solutions to (50.1) as ε → 0 was
established using asymptotic analysis, even in a much more general case, that
is, without the assumption of irreducibility of migration matrix): there, a com-
plex model is reduced to a simpler one involving convex combination of the
boundary conditions while here, given a generator with convex combination



346 Greiner’s Theorem

Figure 56.1 Ancient bounds of a town in a slightly perturbed condition

of boundary conditions, we want to construct an appropriate approximating
sequence of semigroups.
What we want to do in this chapter is to prepare the reader for the next one,

by presenting Greiner’s ideas in a nutshell.
Let X and Y be two Banach spaces, A : D(A)→ X be a closed operator in

X, and L : D(A)→ Y be a linear operator that is continuous with respect to the
graph norm inD(A).Moreover, assume L to be surjective, and suppose that A0,
defined as the restriction of A to ker L, generates a semigroup of operators in
X. The main question studied in [167] was whether, given F ∈ L(X,Y), the
operator AF defined as the restriction of A to ker(L− F ) is the generator as
well. While in general (see [167, Example 1.5]) the answer is in the negative,
Greiner’s first fundamental theorem [167, Thm. 2.1] establishes that AF is the
generator for any F provided there is a constant γ > 0 such that for λ larger
than some λ0:

‖Lx‖ ≥ λγ ‖x‖, for all x ∈ ker(λ− A). (56.1)

To recall the basic structure related to assumption (56.1) (see [167, Lemma
1.2]), we fix λ > λ0 in the resolvent set of A0, and consider an x ∈ D(A). Since
A0 is a generator, we can choose x1 ∈ D(A0) so that (λ− A0)x1 = (λ− A)x.
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Writing x2 = x− x1, we have:

x = x1 + x2 (56.2)

with x1 ∈ ker L = D(A0) and x2 ∈ ker(λ− A). Such a decomposition of x is
unique, because otherwise we could find a nonzero y ∈ D(A0) ∩ ker(λ− A),
implying that y is an eigenvector of A0 related to λ, a contradiction.
Since L is assumed to be surjective, condition (56.1) shows, by the open

mapping theorem, that L restricted to ker(λ− A) is an isomorphism of ker(λ−
A) (with the graph norm) andY. Following Greiner, by Lλ we denote the inverse
of L| ker(λ−A).
Before going further, let’s see some examples.

Example 56.1
(a) Let A be the second derivative in C[0,∞] with D(A) = C2[0,∞], and

let L f = f ′′(0). Clearly, A0 is the generator of the Brownian motion stopped at
x = 0. For fixed λ > 0, ker(λ− A) is spanned by e√λ, where eλ(x) = e−λx, x ≥
0. Since Le√λ = −λ while ‖e√λ‖ = 1, condition (56.1) holds with γ = 1 (in
fact, we have equality there). Moreover, for f ∈ D(A) and λ > 0, we takeC =
f ′′(0)λ−1 to see that:

f = f1 + f2 := ( f −Ce√λ)+Ce√λ,

with f1 ∈ ker L = D(A0) and f2 ∈ ker(λ− A). Hence, the isomorphism Lλ
maps C ∈ R to Ce√λ ∈ ker(λ− A).

(b) In the motivating example of fish population dynamics,

A :W 1,1(R+)→ L1(R+) Aφ = −φ′,

and L :W 1,1(R+)→ R is given by Lφ = φ(0). Then, A0 generates the semi-
group of translations to the right: etA0φ(x) equals φ(x− t ) for x > t and equals
0 for x ≤ t. In this case, ker(λ− A), λ > 0 is spanned by eλ defined as in
point (b). Since Leλ = 1 and ‖eλ‖ = 1

λ
, condition (56.1) is satisfied with γ = 1

(again, we have equality there). A φ ∈ D(A) may be represented as:

φ = φ1 + φ2 := (φ − φ(0)eλ)+ φ(0)eλ,

and the isomorphism Lλ maps C ∈ R to Ceλ ∈ ker(λ− A).
(c) Let us look at Rotenberg’s model, presented in Exercise 4.7, from the

perspective of Greiner’s Theorem. To recall, we are working in the Banach
space X = L1(�) of absolutely integrable functions φ on � = (0, 1)× (a, b).
Here, Y is chosen to be the space L1(a, b) of absolutely integrable functions ϕ
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on (a, b). For the domain of the operator A we choose φ of the form:

φ(x, v ) = ϕ(v )+
∫ x

0
ψ (y, v ) dy,

where ϕ ∈ Y and, for almost all v , ψ (·, v ) is absolutely integrable over (0, 1),
and define (Aφ)(x, v ) = −vψ (x, v ). Moreover, we let Lφ = ϕ. Again, A0 is a
generator with:

etA0φ(x, v ) =
{
φ(x− vt ), x > vt,

0, x ≤ vt.

The kernel of λ− A is composed of functions of the form:

φ(x, v ) = ϕ(v )e−λv
−1x,

where ϕ ∈ Y. For such φ,

λ‖φ‖X =
∫ b

a
|ϕ(v )|λ

∫ 1

0
e−λv

−1x dx dv =
∫ b

a
v (1− e−λv

−1
)|ϕ(v )| dv

≤ b‖ϕ‖Y,
proving that condition (56.1) is fulfilled with γ = b−1; recall that Lφ = ϕ. We
leave it to the reader to work out the decomposition (56.2) in this case. �

Since in all applications to be presented later on, the semigroups generated
by A0 are contractions, in the statement of the Greiner Theorem we restrict
ourselves to such semigroups.

Theorem 56.2 (Greiner) Suppose (56.1) holds and A0 is the generator of a
semigroup of contractions. Then, for any F, so is AF − ‖F‖γ−1.
Proof For simplicity of notation let γF = ‖F‖γ−1. By (56.1), the operator Lλ,
as a map from Y to X has a norm not exceeding (λγ )−1. Therefore, for λ > γF ,
‖LλF‖L(X) ≤ ‖F‖

λγ
< 1, and so I − LλF is invertible with:

‖(I − LλF )
−1‖ ≤

∞∑
n=0
‖LλF‖nL(X) =

1

1− ‖F‖
λγ

= λ

λ− γF
. (56.3)

Next, fix λ > γF and y ∈ X, and suppose x ∈ D(AF ) solves:
λx− AFx = y. (56.4)

Let xλ := x− LλFx. Then, xλ ∈ D(A0) and:

λx− A0x = y. (56.5)
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For, L being the left inverse of Lλ, Lxλ = Lx− LLλFx = Lx− Fx = 0, and:

λxλ − A0xλ = λx− λLλFx− Ax+ ALλFx = λx− Ax = y,

since LλFx belongs to ker(λ− A) and AF is a restriction of A.
Conversely, if for some x ∈ D(A), xλ := x− LλFx belongs to D(A0) and

(56.5) holds, then Lx = Lxλ + LLλFx = LLλFx = Fx, i.e., x ∈ D(AF ), and:

λx− AFx = λxλ + λLλFx− Axλ − ALλFx = λxλ − Axλ = y;

this shows that such x solves (56.5).
It follows that for λ > γF , the resolvent equation for AF has a unique solution

and:

(λ− AF )
−1 = (I − LλF )

−1(λ− A0)
−1, (56.6)

implying, by (56.3),

(λ− γF )‖(λ− AF )
−1‖ ≤ (λ− γF )

λ

λ− γF

1

λ
= 1,

since λ(λ− A0)−1 are contractions. By the Hille–Yosida Theorem, the proof
will be complete, once we show that D(AF ) is dense in X.

To this end, note that limλ→∞ ‖LλF‖ = 0, and so (I − LλF )−1 converges, as
λ→∞, to I in the operator topology. Since limλ→∞ λ(λ− A0)−1x = x, x ∈
X by assumption, the formula for (λ− AF )−1 implies that limλ→∞ λ(λ−
AF )−1x = x, x ∈ X. This shows that AF is densely defined. �

Example 56.3
(a) Let F ∈ C[0,∞]. By the Riesz Representation Theorem, there is a

(signed) Borel measure μ such that F f = ∫[0,∞] f dμ. By Greiner’s Theorem,
operator A from Example 56.1 (a) with domain equal to the kernel of L− F
is a generator. In particular, we obtain a generation theorem for the elemen-
tary return Brownian motion (see (3.7)); note, however, that the information on
the growth of this semigroup gained from Greiner’s Theorem is far from being
satisfactory. Neither does the theorem tell us anything about preservation of
positivity, and so on.
(b) Turning to Example 56.1 (b), we see that Greiner’s Theorem shows that

for any b ∈ L∞(0,∞), operator Awith domain composed of absolutely contin-
uous functions φ with derivative in L1(R+) and φ(0) = ∫∞0 b(x)φ(x) dx is the
generator of a semigroup in L1(R+), such that ‖etAb‖ ≤ et‖b‖L∞ (0,∞) . This is the
McKendrick semigroup: for other proofs of existence of this semigroup see, for
example, [54, 128, 129, 184].



350 Greiner’s Theorem

(c) In Rotenberg’s model (Example 56.1(c) and Exercise 4.7), we would like
to define F : X → Y by:

(Fφ)(v ) = pv−1
∫ b

a
wφ(1,w)K(w, v ) dw, v ∈ (a, b). (56.7)

Unfortunately, this is not a bounded linear operator, and the Greiner Theorem
is not applicable for the Rotenberg model. However, since (56.1) holds, the
theorem clearly applies to any bounded linear operator F : X → Y. �
Before completing this chapter, we note that formula (56.6) is worth com-

menting. One of its immediate consequences is that the resolvent of AF depends
continuously on F (say, in the strong topology). This yields the following
corollary on continuous dependence of semigroups on boundary conditions (cf.
Chapter 3):

Corollary 56.4 Suppose Fn ∈ L(X,Y) are bounded linear operators converg-
ing strongly to F ∈ L(X,Y). Assume also that limn→∞ ‖Fn‖ = ‖F‖. Then:

lim
n→∞ eAFn t = eAFt .

Proof By Greiner’s Theorem, Bn = AFn − γFn , where γFn = ‖Fn‖γ−1, are gen-
erators of contraction semigroups. Since:

(λ− Bn)
−1 = (λ+ γFn − AFn

)−1
, λ > 0,

formula (56.6) yields:

(λ− Bn)
−1 = (I − Lλ+γFn Fn)

−1(λ+ γFn − A0)
−1.

If F 
= 0, assuming without loss of generality:

1

2
‖F‖ ≤ ‖Fn‖ ≤ 3

2
‖F‖, n ≥ 1, (56.8)

we see that:

(I − Lλ+γFn Fn)
−1 =

∞∑
k=0

(
Lλ+γFn Fn

)k
where:

‖Lλ+γFn Fn‖ ≤
‖Fn‖(

λ+ ‖Fn‖
γ

)
γ
≤

3
2‖F‖

λγ + 1
2‖F‖

≤ 3

4

provided λ > 3
2γ ‖F‖. IfF = 0, we fix λ > 0 and instead of (56.8) assumewith-

out of generality that ‖Fn‖ ≤ 3
4λγ , n ≥ 1 to obtain ‖Lλ+γFn Fn‖ ≤ 3

4 , as before.
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Moreover, for each k, limn→∞(Lλ+γFn Fn)
k = (Lλ+γF F )

k. Hence, for such λ,

lim
n→∞(I − Lλ+γFn Fn)

−1 =
∞∑
k=0

(
Lλ+γF F

)k = (I − Lλ+γF F )
−1,

by the Lebesgue Dominated Convergence Theorem, and, therefore,

lim
n→∞ (λ− Bn)

−1 = (I − Lλ+γF F )
−1(λ+ γF − A0)

−1 = (λ+ γF − AF )
−1 .

By the Trotter–Kato Theorem, it follows that limn→∞ etBn = etAF−γF t . The the-
sis is now immediate by etAFn = etBn+γFn t . �
Exercise 56.1 Find decomposition (56.2) in Rotenberg’s model.

Exercise 56.2 In Example 56.1 (c) introduce new L by:

(Lφ)(v ) = φ(0, v )− qφ(1, v ),

where q ∈ (0, 1].Check that so modified A0 generates a contraction semigroup,
and that (56.1) is satisfied with γ = b−1. Hint: for φ ∈ L1(�), let:

φ̃(x− k, v ) = qkφ(x, v ), x ∈ [0, 1), k = 0, 1, . . . .

Then, etA0φ(x, v ) = φ̃(x− vt, v ). This semigroup describes the Rotenberg
model in which all cells pass their maturation speed to their daughters.

� Chapter’s summary

We prove the theorem of Greiner, which allows perturbing boundary conditions
of a generator. The setup of the theorem will be used in the next chapter in
dealing with generators related to convex combinations of boundary conditions.
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Fish Population Dynamics and Convex
Combination of Boundary Conditions

o o o o

ooo o

oo o o

We come back to the question mentioned at the beginning of Chapter 56.
Can the semigroup related to a convex combination of boundary conditions be
thought of as an average of the semigroups related to the boundary conditions
involved in the convex combination?
To answer this question in the affirmative, we follow [18] and throughout

this chapter assume that A and L are as in the setup of the Greiner Theorem;
in particular, A0 is the generator of a contraction semigroup and (56.1) holds.
Also, given a bounded linear operator α ∈ L(X), and two operators F1,F2 ∈
L(X,Y), we define:

Fa = F1α + F2β

where β = IX − α (“a” for “average”). By Greiner’s Theorem, Ai := AFi and
Aa := AFa , are generators with D(Ai) = ker!i, where !i = L− Fi, i = 1, 2
and D(Aa) = ker!a, where !a = L− Fa.
Our main goal is to approximate (etAa )t≥0 by means of semigroups built from

(etA1 )t≥0 and (etA2 )t≥0. To this end, we introduce operators Aκ , κ > 0, in:

B := X× X

given by:

D(Aκ ) = D(A1)× D(A2) = ker!1 × ker!2,

Aκ =
(
A1 0
0 A2

)
+ κ

(−β α

β −α
)
=: A0 + κQ.
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By Greiner’s Theorem,

‖etA0‖ ≤ eωt, t ≥ 0, (57.1)

for some ω ∈ R. We assume that:

P := Q+ IX×X =
(
α α

β β

)
(57.2)

is a contraction in B. We note that P is idempotent, hence:

eκtQ = e−κteκtP = e−κt
[
IX×X + (etκ − 1)P

]
= e−κt IX×X + (1− e−κt )P . (57.3)

It follows that ‖etQ‖ ≤ 1 and for the semigroups generated byAκ (which exist
by the Phillips Perturbation Theorem) we have, by the Trotter Product Formula,

‖etAκ x‖ ≤ lim
n→∞

∥∥∥[e t
nA0e

κt
n Q
]n
x
∥∥∥ ≤ eωt‖x‖, x ∈ X× X,

so that

‖etAκ‖ ≤ eωt, κ > 0, t ≥ 0. (57.4)

Operator P is a projection on the subspace B′ ⊂ B of vectors of the form(
αx
βx

)
; the latter space is isomorphic to X with isomorphism I : X → B′ given

by:

Ix =
(
αx

βx

)
.

Theorem 57.1 In this setup, assume that α leaves D(A) invariant. Then:

lim
κ→+∞ etAκ

(
x1
x2

)
= IetAaI−1P

(
x1
x2

)
=
(
αetAa (x1 + x2)

βetAa (x1 + x2)

)
, (57.5)

for t > 0, x1, x2 ∈ X. For
(x1
x2

) ∈ B′ the same is true for t = 0 as well, and the

limit is almost uniform in t ∈ [0,∞); for other (x1x2) the limit is almost uniform
in t ∈ (0,∞).

Intuitively, this result may be explained as follows. The components of the
semigroup (etA0 )t≥0 are uncoupled, while in (etAκ )t≥0 the coupling is real-
ized by the operator Q, which may be thought of as describing a Markov
chain switching one dynamics into the other (the jumps’ intensities are state-
dependent; see examples given later). As κ →∞, the Markov chain reaches its
statistical equilibrium, so that with “probability” α it chooses the first dynam-
ics, and with “probability” β, it chooses the second dynamics. This results in a
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convex combination of boundary conditions in the limit semigroup, thus con-
firming our intuitions on (etAa )t≥0. (Again, compare Chapter 48.)

Theorem 57.2 Under conditions of the previous theorem, let:

B =
(
B1 0
0 B2

)
,

where B1 and B2 are bounded linear operators. Then,

lim
κ→+∞ et(Aκ+B)

(
x1
x2

)
= Iet(Aa+B1α+B2β )I−1P

(
x1
x2

)
, (57.6)

for t > 0, x1, x2 ∈ X. For
(x1
x2

) ∈ B′ the same is true for t = 0 as well, and the

limit is almost uniform in t ∈ [0,∞); for other (x1x2) the limit is almost uniform
in t ∈ (0,∞).

Remark 57.3 For Theorems 57.1 and 57.2, in addition to (56.1) and (57.1),
we assume that P, defined in (57.2), is a contraction in B and α leaves D(A)
invariant. While the nature of the first and the last conditions is transparent,
the other two require a comment. As already mentioned, together they imply
stability condition (57.4) (which, as we know, is a common assumption in con-
vergence theorems), and in fact our theorems remain true if we simply assume
(57.4). However, for the sake of applications it is more convenient to assume
the two conditions discussed above. Out of these two, the one requiring P to
be a contraction seems to be most restrictive, apparently excluding spaces with
supremum norm. On the other hand, this assumption is often satisfied in L1-type
spaces. (Similarly, the “dual” theorem in Chapter 48 is designed for spaces of
continuous functions.) In particular, if X is an AL-space, that is, a Banach lat-
tice such that:

‖x+ y‖ = ‖x‖ + ‖y‖, x, y ≥ 0,

and B is equipped with the order “
(x
y

) ≥ 0 iff x ≥ 0 and y ≥ 0” and the norm

‖(xy)‖ = ‖x‖ + ‖y‖, then P is a contraction provided α and β are positive oper-
ators. For, in such a case,∥∥∥∥P(xy

)∥∥∥∥ = ∥∥∥∥(α(x+ y)

β(x+ y)

)∥∥∥∥ = ‖α(x+ y)‖ + ‖β(x+ y)‖ = ‖x+ y‖ =
∥∥∥∥(xy
)∥∥∥∥,

for x, y ≥ 0, and P is positive. Hence, by Lemma 13.1,

‖P‖ = sup∥∥∥(xy)∥∥∥=1,(xy)≥0
∥∥∥∥P(xy

)∥∥∥∥ = 1,

as desired. �
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For the proof of the theorems we need a set of lemmas.

Lemma 57.4 Let Aκ denote the extension of operator Aκ to the maximal
domain D(A)× D(A) and let! : X× X → Y× Y be given by!

(x1
x2

) = (!1x1
!2x2

)
.

For x ∈ D(Aa), we define:

x1,κ = αx+ Lκ x̃,

x2,κ = βx− Lκ x̃,

where x̃ := F1αx− Lαx = Lβx− F2βx ∈ Y, by D(Aa) = ker!a. Then,

Aκ

(
x1,κ
x2,κ

)
=
(
Aαx

Aβx

)
, lim
κ→+∞

(
x1,κ
x2,κ

)
=
(
αx

βx

)
and lim

κ→+∞!

(
x1,κ
x2,κ

)
= 0.

(57.7)

Proof Using ALκ x̃ = κLκ x̃, we get:

A0

(
x1,κ
x2,κ

)
=
(
Aαx+ κLκ x̃

Aβx− κLκ x̃

)
while:

Q
(
x1,κ
x2,κ

)
=
(−βLκ x̃− αLκ x̃

βLκ x̃+ αLκ x̃

)
=
(−Lκ x̃
Lκ x̃

)
;

this shows the first part. Next, by (56.1), we have ‖Lκ x̃‖ ≤ 1
κγ
‖x̃‖. It follows

that limκ→+∞
(x1,κ
x2,κ

) = (αx
βx

)
and:

!

(
x1,κ
x2,κ

)
=
(
Lαx+ x̃− F1αx− F1Lκ x̃

Lβx− x̃+ F2βx+ F2Lκ x̃

)
−→
κ→∞

(
Lαx+ x̃− F1αx

Lβx− x̃+ F2βx

)
=
(
0

0

)
.

(57.8)

This completes the proof. �

Unfortunately, in general
(x1,κ
x2,κ

)
does not belong to D(Aκ ). Our main goal is

to modify this vector appropriately without altering its crucial properties (see
Lemma 57.7). To this end, we need the following two lemmas.

Lemma 57.5 Let λ > max(λ0, ω). Then ker(λ− Aκ ) is composed of vectors
of the form: (

x1
x2

)
=
(

κ (λ+ κ − A0)−1αhλ − hλ+κ
hλ + hλ+κ − κ (λ+ κ − A0)−1αhλ

)
, (57.9)

where hλ ∈ ker(λ− A) and hλ+κ ∈ ker(λ+ κ − A) may be chosen arbitrarily.
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Proof The operator I =
(
α −IX
β IX

)
is an isomorphism of B with the inverse(

IX IX
−β α

)
. A vector x = (x1x2) satisfies λx− Aκx = 0 iff for y = I−1xwe have:

λy− I−1AκIy = 0. (57.10)

On the other hand,

I−1AκI =
(

Aα + Aβ 0
−βAα + αAβ βA+ αA− κ

)
=
(

A 0
αA− Aα A− κ

)
.

Hence, (57.10) is satisfied for y = (y1y2) iff:
λy1 − Ay1 = 0 and (λ+ κ )y2 − Ay2 = (αA− Aα)y1.

The first condition here means that y1 is a member, say hλ of ker(λ− A). Con-
sequently, the other condition may be written in the form:

(λ+ κ )y2 − Ay2 = (λ+ κ − A)αhλ − καhλ

or (λ+ κ − A)(y2 − αhλ) = −καhλ. Therefore, by (56.2), y2 − αhλ differs
from −κ (λ+ κ − A0)−1αhλ by an element of ker(λ+ κ − A), say hλ+κ . This
is equivalent to saying that:

y2 = αhλ + hλ+κ − κ (λ+ κ − A0)
−1αhλ.

To complete the proof it suffices to calculate
(x1
x2

) = I
(y1
y2

)
. �

Lemma 57.6 There is λ1 such that for λ > λ1 and all κ > 0

‖!1x1‖ + ‖!2x2‖ ≥ ‖x1‖ + ‖x2‖ for all
(
x1
x2

)
∈ ker(λ− Aκ ). (57.11)

Proof Fix λ > max(λ0, ω) and κ > 0.By Lemma 57.5, a vector
(x1
x2

) ∈ ker(λ−
Aκ ) is of the form (57.9). Using (57.1) and then (56.1),

‖x1‖ + ‖x2‖ ≤ 2κ‖α‖
λγ (λ+ κ − ω)

‖Lhλ‖ + 2

γ (λ+ κ )
‖Lhλ+κ‖ + 1

γ λ
‖Lhλ‖

≤ K

λ
(‖Lhλ‖ + ‖Lhλ+κ‖)

for an appropriately chosen constant K > 0. Since F1 and F2 are bounded oper-
ators,

‖F1x1‖ + ‖F2x2‖ ≤ K

λ
(‖Lhλ‖ + ‖Lhλ+κ‖) ,

with possibly different K.
On the other hand, the map Y× Y � (y1, y2) 	→ ‖y2‖ + ‖y1 + y2‖ is a

norm in Y× Y and ‖y2‖ + ‖y1 + y2‖ ≤ 2(‖y1‖ + ‖y2‖). Hence, by the open
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mapping theorem, ‖y1‖ + ‖y2‖ ≤ μ(‖y2‖ + ‖y1 + y2‖) for some constantμ >

0 and all y1, y2 ∈ Y. It follows that (recall (λ+ κ − A0)−1αhλ ∈ D(A0) =
ker L),

‖!1x1‖ + ‖!2x2‖ = ‖Lhλ+κ + F1x1‖ + ‖Lhλ + Lhλ+κ − F2x2‖
≥ ‖Lhλ+κ‖ + ‖Lhλ + Lhλ+κ‖ − ‖F1x1‖ − ‖F2x2‖

≥
(
1

μ
− K

λ

)
(‖Lhλ‖ + ‖Lhλ+κ‖)

≥ K

λ
(‖Lhλ‖ + ‖Lhλ+κ‖)

≥ ‖x1‖ + ‖x2‖,
provided λ ≥ 2Kμ. �
The map ! from Lemma 57.4 is surjective. Arguing as in the proof of the

decomposition (56.2), we see that any vector v ∈ X× X may be uniquely writ-
ten as v = v1 + v2 where v1 ∈ ker! = D(Aκ ), and v2 ∈ ker(λ− Aκ ), where
λ > max(λ1, ω) and κ > 0 are fixed (λ1 is defined in Lemma 57.6). Hence, !
restricted to ker(λ− Aκ ) is surjective as well, and inequality (57.11) shows that
it is invertible, with inverse, say Jλ,κ , of norm at most 1.

Lemma 57.7 For x ∈ D(Aa), there are
(y1,κ
y2,κ

) ∈ D(A1)× D(A2) = D(Aκ ) such
that:

lim
κ→+∞

(
y1,κ
y2,κ

)
=
(
αx

βx

)
and lim

κ→+∞Aκ

(
y1,κ
y2,κ

)
=
(
Aαx

Aβx

)
.

Proof Take λ > λ1 and define (see Lemma 57.4):(
y1,κ
y2,κ

)
:=
(
x1,κ
x2,κ

)
− Jλ,κ!

(
x1,κ
x2,κ

)
.

Then, !
(y1,κ
y2,κ

) = !
(x1,κ
x2,κ

)−!
(x1,κ
x2,κ

) = 0, proving that
(y1,κ
y2,κ

) ∈ D(Aκ ). Also, by
Lemma 57.4,

lim
κ→+∞

(
y1,κ
y2,κ

)
=
(
αx

βx

)
− lim

κ→+∞ Jλ,κ!
(
x1,κ
x2,κ

)
=
(
αx

βx

)
,

by (56.1) and since
∥∥∥Jλ,κ!(x1,κx2,κ

)∥∥∥ ≤ ∥∥∥!(x1,κx2,κ

)∥∥∥ −→
κ→∞ 0 by (57.8). Similarly,

lim
κ→+∞Aκ

(
y1,κ
y2,κ

)
=
(
Aαx

Aβx

)
+ lim

κ→+∞AκJλ,κ!

(
x1,κ
x2,κ

)
=
(
Aαx

Aβx

)
+ λ lim

κ→+∞ Jλ,κ!
(
x1,κ
x2,κ

)
=
(
Aαx

Aβx

)
. �
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Lemma 57.7 combined with Kurtz’s Theorem is all we need to prove Theo-
rem 57.1. To see this we start by noting that, although the semigroups generated
by Aκ , κ ≥ 0 in B are not equibounded, those generated by Aκ − ωI, κ ≥ 0,
are (by (57.4)). It is easy to see that Kurtz’s Theorem holds in such a case as
well. Next, we take Q = Q, and then (42.1) follows by (57.3) with P = P .
Therefore, B′ = RangeP is the space of vectors of the form

(
αx
βx

)
, x ∈ X. Let A

be the operator in B given by:

A
(
αx

βx

)
=
(
Aαx

Aβx

)
, D(A) =

{(
αx

βx

)
; x ∈ D(A)

}
.

This operator is well defined since we assumed that α leavesD(A) invariant. By
Lemma 57.7, condition (a) in Kurtz’s Theorem is satisfied with D = ID(Aa):
more precisely, for x ∈ D, (x,Ax) is a member of the extended limit of Aκ .

Next, for x1 ∈ D(A1), x2 ∈ D(A2), we have limκ→+∞ κ−1Aκ

(x1
x2

) = Q
(x1
x2

)
so

that (b) in Kurtz’s Theorem is satisfied (forA D′ = D(A1)× D(A2). The latter
set is a core for Q, Q being bounded. Finally, D ∩ B′ = D = ID(Aa) and:

PAIx = PA
(
αx

βx

)
=
(
αAx

βAx

)
= IAx = IAax, x ∈ D(Aa).

This shows that PA is an isomorphic copy in B′ of the generator Aa in X, and
hence is a generator, as well. Therefore, Kurtz’s Theorem is applicable, and
(57.5) is a particular case of (42.5).
Finally, Theorem 57.2 is a direct consequence of Theorem 57.1 and the prin-

ciple established in Chapter 29 (see in particular formula (29.3)).

Example 57.8 Let us come back to the motivating example of the fish popu-
lation dynamics, where:

A :W 1,1(R+)→ L1(R+) Aφ = −φ′,
and L :W 1,1(R+)→ R is given by Lφ = φ(0).We have seen in Example 56.3
(a) that Greiner’s Theorem applies here.
For bi ∈ L∞(R+), i = 1, 2, the functionals Fiφ =

∫∞
0 bi(a)φ(a) da are lin-

ear and bounded. Hence, AFi generates a semigroup of operators and so does
AFi + Bi, where given μi ∈ L∞(R+), Bi is a (bounded) multiplication operator
φ 	→ −μiφ. It is well known (see, e.g., [54, 128, 184]) that there is ω such that
‖et(AFi+Bi )‖ ≤ eωt, i = 1, 2, implying (57.1).

Let α ∈W 1,∞(R+) satisfy 0 ≤ α ≤ 1. Then the related multiplication oper-
ator (denoted in what follows by the same letter) is bounded in L1(R+),
and leaves D(A) =W 1,1(R+) invariant. Moreover, the related operator P (see

(57.2)) in L1(R+)× L1(R+), equipped with the norm
∥∥∥(φ1φ2)∥∥∥ = ‖φ1‖L1(R+ ) +
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‖φ2‖L1(R+ ), is a contraction (see Remark 57.3). Hence, all assumptions of The-
orem 57.2 are satisfied. This establishes that the general model (50.1) (with
N = 2 and normalized matrix k) may be approximated by the averaged one
(50.2). For the general case, see [21, 22, 23, 25].

Example 57.9 Let X = L1(R). For our purposes, it will be convenient to iden-
tify φ ∈ L1(R) with the pair (φ j ) j∈J of functions on R+ defined by φ j(a) =
φ( ja), a ≥ 0, where J = {−1, 1}. Certainly φ j ∈ L1(R+), that is, we identify
L1(R) with L1(R+)× L1(R+). With this identification in mind, and given con-
stants k j ≥ 0, σ j > 0, j ∈ J, we define an operator A in L1(R+) by:

A
(
φ j
)
j∈J =

(
σ 2
j φ
′′
j

)
j∈J , D(A) =W 2,1(R+)×W 2,1(R+),

and L : D(A)→ R2, by

L
(
φ j
)
j∈J =

(
φ′j(0)− k jφ j(0)

)
j∈J .

The semigroup generated by A0, the restriction of A to ker L, is composed of
Markov operators in L1(R) and describes dynamics of distributions of two inde-
pendent elastic Brownian motions on two half-axes, with two different elas-
ticity coefficients (k j) in each half-axis, and no communication between the
half-axes.
The subspace ker(λ− A) is composed of vectors of the form (φ j ) j∈J =

(Cieλ j ) j∈J, where Cj are arbitrary constants, λ j =
√
λ

σ j
, and eλ was defined in

the previous example. For such vectors and L1-type norm in R2,

‖L (φ j
)
j∈J ‖ =

∑
j∈J
|φ′j(0)− k jφ j(0)| =

∑
j∈J

(√
λ

σi
+ k j

)
|Cj|

≥
√
λ

σ

∑
j∈J
|Cj|,

λ‖ (φ j
)
j∈J ‖ =

√
λ
∑
j∈J

σ j|Cj| ≤ σ
√
λ
∑
j∈J
|Cj|, λ > 0,

where σ = max{σ1, σ−1}. Hence, condition (56.1) is satisfied with γ = σ−2.
Therefore, given Fj,i ∈ L∞(R), j ∈ J, i = 1, 2, A restricted to (φ j ) j∈J = φ ∈

L1(R) satisfying:

φ′j(0)− k jφ j(0) =
∫
R

Fj,iφ, j ∈ J, (57.12)

is the generator of a semicontractive semigroup in L1(R) for both i, and (57.1) is
satisfied. Nonlocal boundary conditions (57.12) do not seem to have any clear
probabilistic interpretation, comp. [145, p. 470]. Nevertheless, they may model
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two populations occupying (one-dimensional) domains with a joint boundary,
in which the flux of individuals across the common boundary is proportional not
only to the difference of the densities at the boundary but also to the (weighted)
difference of total numbers of individuals in each domain.
For sufficiently regular 0 ≤ α ≤ 1, the related multiplication operator in

L1(R) leaves D(A) invariant, and the related operator P is a contraction (see
Remark 57.3). Therefore Theorem 57.1 ensures that in the limit (57.5) we
obtain (an isomorphic copy) of the semigroup generated by A restricted to
(φ j ) j∈J = φ ∈ L1(R), which satisfy:

φ′j(0)− k jφ j(0) =
∫
R

(αFj,1 + βFj,2)φ, j ∈ J;

the right-hand side here is a convex combination of the right-hand sides in
(57.12).

� Chapter’s summary

Let α be an operator in a Banach space X, and let !1,!2 ∈ L(X,Y) be two
operators to another Banach space Y. Furthermore, let (etAa )t≥0 be a semigroup
in X generated by Aa with domain equal to ker!a, where !a = !1α +!2β,

α ∈ L(X) is a bounded operator and β = IX − α. We show that (etAa )t≥0 can
be approximated by a family of semigroups in X× X obtained by “averag-
ing” two semigroups with the generators being the realizations of the same for-
mal expression but restricted to different domains, equal to ker!1 and ker!2,
respectively. This result is motivated by a model of dynamics of solea solea
from Chapter 50.
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Averaging Principle of Freidlin and Wentzell:
Emergence of Transmission Conditions

Let us start with the example that was one of the motivations for the averaging
principle of Freidlin andWentzell [151], [153] (another motivation for this prin-
ciple was discussed in Chapter 53). Imagine N diffusions (with different diffu-
sion and drift coefficients) on N copies of an interval with Neumann boundary
conditions at the ends (see Figure 58.1). Suppose also that, as in Chapter 48,
these diffusions are coupled by Markov chains: while at the ith copy, the pro-
cess behaves according to the rules governed by operator:

Ai = ai
d2

dx2
+ bi

d

dx
but after a random time depending on its position, may jump to another copy of
the interval to behave according to the rules described by the operator defined
there. In distinction to the situation of Chapter 48 we assume, however, that
on the left part of the interval no communication is possible: the intensities of
jumps are zero here.
Freidlin andWentzell’s result says that ([151, Theorem 5.1]) as the intensities

of jumps (in the right part of the interval) tend to infinity, the corresponding
processes converge weakly to a diffusion on a graph formed by identifying
corresponding points of all the right-parts of the intervals (see Figure 58.2).
The generator of the limit process is a convex combination of the generators

A3 = a3
d2

dx2 + b3
d
dx

with reflection at endpoints

A2 = a2
d2

dx2 + b2
d
dx

with reflection at endpoints

A1 = a1
d2

dx2 + b1
d
dx

with reflection at endpoints

0 1

0

10

1

Figure 58.1 Three diffusions on three copies of the unit interval coupled by
Markov chains in the right part of the interval copies (redrawn from [56])
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x∗ A = a d2

dx2 + b d
dx

Figure 58.2 The limit process on a graph is generated by an averaged operator
A (a convex combination of the involved operators Ai) with Neumann boundary
conditions at the graph’s ends, and balance, transmission conditions at point x∗

where the segments meet, that is, at the new vertex of the graph (redrawn from
[56])

of the involved diffusions – a phenomenon thoroughly studied in Chapter 48.
However, a new phenomenon is observed here as well: at the junction x∗ where
the intervals meet, transmission conditions need to be introduced. They are of
the form:

N∑
i=1

ai(x
∗)πi(x∗) f ′i,−(x

∗) =
(

N∑
i=1

ai(x
∗)πi(x∗)

)
f ′+(x

∗) (58.1)

where πi(x∗), i = 1, . . . ,N are probabilities of the equilibrium state of the
Markov chain at x∗, f ′i,−(x

∗) is the left-hand derivative of f at x∗ calculated
on the ith interval, and f ′+(x

∗) is the right-hand derivative of f at x∗ calculated
on the edge formed by amalgamating right parts of the original intervals.
In this chapter, following [56], we drop secondary features of the example to

focus on the reason for emergence of this transmission condition and its unique
form. More specifically, we consider the case of two intervals (i.e., we take
N = 2), and assume that diffusion coefficients are constant throughout these
intervals and there is no drift at all, so that ai(x) = ai > 0 and bi(x) = 0 for
x ∈ [0, 1], and some constants ai > 0. (The effect of convex combination has
been studied in Chapter 48 for processes much more general than diffusion
processes, so we would gain no generality by introducing variable coefficients
here.) Moreover, we assume that for some x∗ ∈ (0, 1), the Kolmogorov matrix
does not depend on x ∈ [x∗, 1] and equals:(−β β

α −α
)

(58.2)

where α, β > 0 are given constants (so that the stationary distribution is
( α
α+β ,

β

α+β )); for x ∈ [0, x∗), the Kolmogorov matrix is 0.
Since the operator related to such a choice of Kolmogorov matrices (see

later, equation (58.3)) does not leave the space of continuous functions invari-
ant, we will work in the Hilbert space H of pairs f = ( f1, f2) of square
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integrable functions on the unit interval, equipped with the scalar product:

f ◦ g=
∫ 1

0
(α f1g1 + β f2g2).

For κ > 0, we define a sesquilinear form:

aκ = a+ κq

where for f = ( f1, f2) and g= (g1, g2),

a( f , g) =
∫ 1

0
(αa1 f

′
1g
′
1 + βa2 f

′
2g
′
2)

while:

q( f , g) = αβ

∫ 1

x∗
( f1 − f2)(g1 − g2).

Here, the domain V of the form a is the space of pairs f = ( f1, f2) where fi ∈
H1[0, 1], that is, fi are absolutely continuous with square integrable derivatives
f ′i ∈ L2[0, 1], while the domain of q is the whole of H.
It is clear that both a and q are symmetric, and:

a[ f ] ≥ 0, for f ∈ V, and q[ f ] ≥ 0 for f ∈ H.

A direct calculation shows that the operator related to a (in the sense of Chap-
ter 5) is:

A( f1, f2) = (a1 f
′′
1 , a2 f

′′
2 )

with domain composed of pairs ( f1, f2) where fi ∈ H2[0, 1] (i.e., fi are con-
tinuously differentiable functions fi ∈ L2[0, 1] with f ′i ∈ H1[0, 1]) satisfying
f ′i (0) = f ′i (1) = 0.Moreover, the operator related to q is given by:

Q( f1, f2) = (β( f2 − f1)1[x∗,1], α( f1 − f2)1[x∗,1]), (58.3)

where 1[x∗,1] is the indicator function of the interval [x∗, 1]. It follows that bothA
and Q generate semigroups of self-adjoint contraction operators, and the same
is true for the operators Aκ = A+ κQ related to forms aκ .

The problem is that of finding the limit:

lim
κ→+∞ etAκ .

To this end, we introduce H0 as the subspace of H composed of ( f1, f2) such
that ( f1 − f2)1[x∗,1] = 0; such pairs may be identified with square integrable
functions on a Y -shaped graph obtained by removing the middle segment in
the left-hand part in Figure 58.2.
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Let V0 = H0 ∩V and let:

b( f , g) =
∫ x∗

0
(αa1 f

′
1g
′
1 + βa2 f

′
2g
′
2)+

∫ 1

x∗
(αa1 + βa2) f

′
1g
′
1;

by definition of H0, f1 and g1 in the second integral may be replaced by f2 and
g2, respectively, without altering b. Again,

b[ f ] =
∫ x∗

0
(αa1| f ′1|2 + βa2| f ′2|2)+

∫ 1

x∗
(αa1 + βa2)| f ′1|2 ≥ 0,

and b is symmetric. Integration by parts shows that the related operator B in H0

is given by:

B( f1, f2) =
(
χ1 f

′′
1 , χ2 f

′′
2

)
,

where χi = ai1[0,x∗ ) + ( α
α+β a1 + β

α+β a2)1[x∗,1]. Its domain is composed of pairs
( f1, f2) such that:

(A) fi are continuous on [0, 1], and continuously differentiable on [0, x∗] and
[x∗, 1] separately (one-sided derivatives at x∗ may differ),

(B) ( fi)′|[0,x∗] ∈ H1[0, x∗] and ( fi)′|[x∗,1] ∈ H1[x∗, 1],
(C) we have f ′i (1) = f ′i (0) = 0 and:

(αa1 + βa2) f
′
1,+(x

∗) = αa1 f
′
1,−(x

∗)+ βa2 f2,−(x∗), (58.4)

where + and − denote the right-sided and left-sided derivatives, respec-
tively. (Again, f ′1,+(x

∗) on the left-hand side may be replaced by f ′2,+(x
∗).)

Certainly, (58.4) is a counterpart of (58.1): these conditions inform of a flux
balance (cf. eq. (4.2) and its discussion); we stress that along with this trans-
mission condition, the continuity condition at x∗ is tacitly assumed (as implied
by (A)).

Theorem 58.1 We have:

lim
κ→+∞ eAκ t f = etBP f , t > 0, f ∈ H (58.5)

strongly and almost uniformly in t > 0, where projection P ∈ L(H) is given by
P( f1, f2) = (g1, g2),

gi = fi1[0,x∗ ) +
(

α

α + β
f1 + β

α + β
f2

)
1[x∗,1].

To prove this theorem, we need a “degenerate convergence version” of The-
orem 5.5. In this version, the limit “upper bound” form needs not be densely
defined, and the limit semigroup exists on a subspace of the original space. This
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result is due to B. Simon [313] (while Theorem 5.5 and its fuller version pre-
sented in [201] is due to T. Kato); it has recently been generalized by Ch. Batty
and A. F. M. ter Elst to the case of series of sectorial forms [32]. We adopt the
argument from the latter paper to prove B. Simon’s Theorem.

Theorem 58.2 Let 0 ≤ c1 ≤ c2 ≤ . . . be positive symmetric closed sesquilin-
ear forms in a Hilbert space H. Define the form c by:

D(c) =
{
x ∈
⋂
n≥1

D(cn) : sup
n≥1

cn[x] <∞
}
,

and c(x, y) = limn→∞ cn(x, y). Then, c is closed, positive, and symmetric.
Moreover, denoting byC the closed operator related to c, defined inH0 = D(c),
and by Cn the closed operators related to cn defined in H, we have:

lim
n→∞ (λ−Cn)−1 y = (λ−C)−1 y, y ∈ H0,

lim
n→∞ (λ−Cn)−1 y = 0, y ∈ H⊥

0 .

Proof In the example of Freidlin and Wentzel’s averaging principle the limit
form cwill be closed “by inspection.” Hence, instead of proving that c is closed
in general we refer the reader to [102, 201, 297] or [313], and note that B.
Simon’s argument, based on a canonical decomposition of a form into closable
and singular parts, is of special beauty.
For definiteness, we note that the main assumption means that for all n ≥ 1,

the domain D(cn) of cn contains D(cn+1), and:

cn[x] ≤ cn+1[x], x ∈ D(cn+1).
(a) Since the forms cn increase with n, the resolvents (λ−Cn)−1 decrease

(see calculation (5.12)). Moreover, they are bounded from below by 0 (compare
(5.11)). It follows (see, e.g., [49, p. 108], [201, p. 254] or [264, Chapter 4]) that
the strong limit:

Rλ = lim
n→∞ (λ−Cn)−1

exists and is a bounded, self-adjoint operator.
(b) For y ∈ H and λ > 0, let xn = (λ−Cn)−1y. Then, for all z ∈ H,

cn(xn, z)+ λ(xn, z) = (y, z); (58.6)

(note that in this proof, in distinction to the convention used in this chapter, (·, ·)
denotes again the scalar product (in H) and not a pair). Upon taking z = xn, it
follows that:

cn[xn]+ λ‖xn‖2 ≤ ‖y‖ ‖xn‖
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and then:

‖xn‖ ≤ λ−1‖y‖ and cn[xn] ≤ λ−1‖y‖2. (58.7)

(c) We know that (xn)n≥1 converges strongly to an x ∈ H. We claim that it
converges weakly to x in all the Hilbert spaces D(cm),m ≥ 1. This is because,
as seen from the following estimate, this sequence is bounded in D(cm) (if we
disregard the first m− 1 elements, which need not belong to this space): for
n ≥ m, we have:

‖xn‖D(cm ) = am[xn]+ ‖xn‖ ≤ an[xn]+ ‖xn‖ ≤ λ−1[‖y‖ + ‖y‖2]. (58.8)

For if the sequence does not converge weakly to x, we can choose its subse-
quence that converges weakly to an x′ ∈ D(cm) different from x (recall, see, e.g.,
[224, Lemma 5.69] or [254, p. 149], that from a bounded sequence in a Hilbert
space one may choose a weakly convergent one). By Mazur’s Theorem (see,
e.g., [235, p. 102]), there is a sequence of convex combinations of elements of
this subsequence that converges to x′ in the strong topology of D(cm). Hence,
all but finite number of these convex combinations lie in a ball centered at x′

with radius ε := 1
3‖x− x′‖ (since the norm inD(cm) is stronger than that in H).

This, however, is impossible, since without loss of generality we may assume
that all elements of the original sequence belong to the ball centered in x and
radius ε. This contradiction proves the claim. Therefore, x ∈⋂m≥1 D(cm).

(d) With self-explanatory notations, for z ∈ D(cm),

|(x, z)D(cm )| = lim
n→∞ |(xn, z)D(cm )| ≤ lim sup

n→∞
‖xn‖D(cm )‖z‖D(cm ).

Hence (see (58.8)),

cm[x] ≤ ‖x‖D(cm ) = sup
‖z‖D(cm )=1

|(x, z)D(cm )| ≤ lim sup
n→∞

‖xn‖D(cm )

≤ λ−1[‖y‖ + ‖y‖2]. (58.9)

It follows that x ∈ D(c).
(e) Our next aim is to show that for z ∈ D(c),

c(x, z)+ λ(x, z) = (y, z). (58.10)

We will deduce this from (58.6): clearly, it suffices to show that we have
limn→∞ cn(xn, z) = c(x, z). Since limn→∞ cn(x, z) = c(x, z), we are left with
showing that limn→∞ cn(x− xn, z) = 0. To this end, given ε > 0, we choose
n0 so that (cn − cn0 )[z] ≤ ε2, for n ≥ n0. Then, for sufficiently large n, we have
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|cn0 (x− xn, z)| ≤ ε (by (b)), and:

|cn(x− xn, z)| ≤ |cn0 (x− xn, z)| + |(cn − cn0 )(x− xn, z)|
≤ ε +√(cn − cn0 )[x− xn]

√
(cn − cn0 )[z] (since cn − cn0 ≥ 0)

≤ ε(1+√(cn − cn0 )[x− xn])

≤ ε(1+
√
cn[x− xn])

≤ ε
(
1+
√
2cn[xn]+ 2cn[x]

)
≤ ε

(
1+
√
2

λ
‖y‖2 + 2

λ
(‖y‖2 + ‖y‖)

)
(by (58.7) and (58.9)).

This completes the proof of (58.10).
(f) For y ⊥ D(c) (closure in the strong topology in H), equation (58.10) says

that x ∈ D(C), and Cx = λx, implying x = 0 (because C is the generator of a
contraction semigroup). This means that for such y, limn→∞(λ−Cn)−1y = 0.
On the other hand, if y ∈ D(c), then (58.10) shows that x ∈ D(C) and λx−Cx =
y., that is, limn→∞(λ−Cn)−1y = (λ−C)−1y. �

Proof of Theorem 58.1 Since q ≥ 0, the forms aκ increase with κ , so that we
are in the setup of Simon’s Theorem. It is clear that:

sup
κ>0

aκ [ f ] <∞

iff q[ f ] = 0, that is, iff f ∈ H0. Therefore, the limit form coincides with a

restricted to V0 and this equals b (see Exercise 58.2). It follows that:

lim
κ→+∞ (λ− Aκ )

−1 f = (λ− B)−1 f , f ∈ H0,

that is, that for D(B) is a subset of the domain of the extended limit Aex

of Aκ , κ →∞ and Aexg= Bg, g ∈ D(B). Hence, condition (a) of the Kurtz
Singular Perturbation Theorem is satisfied with D = D(B).
We check the remaining conditions. For all f ∈ D(A),

lim
κ→+∞ κ−1Aκ f = Q f

whileD(A) is dense in H and Q is bounded, proving condition (b). Next, Q and
P are related by the following formula:

Q = (α + β )(P− IH).

It follows that limt→∞ etQ = P (see (57.3)). Finally, for f ∈ D(B) we have:
PA f = B f .

In particular, PA is is closed, proving assumption (c) in Kurtz’s Theorem and
completing the proof. �
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Exercise 58.1 Prove that operators A,Q, and B correspond to forms a, q, and
b, respectively.

Exercise 58.2 Check that on V0, the forms a, b, and aκ coincide.

Exercise 58.3 Prove that (λ− B)−1 f ◦ f ≤ (λ− Aκ )−1 f ◦ f , f ∈ H0.

Exercise 58.4 Prove an analogue of (33.6) (i.e., of the main result in Chap-
ters 33 and 34) in L2(�), by completing the following steps (we keep notations
from the chapters just mentioned).

1. For each κ > 0 define an operator Aκ in L2(S) with domain D(Aκ ) com-
posed of all f with the property that f restricted to �i is a member of
H2(�i), i = 1, 2, 3 and the following transmission conditions hold:

f ′(0) = 0, κ f ′(r−3 ) = k32[ f (r
+
3 )− f (r−3 )],

κ f ′(r+3 ) = k23[ f (r
+
3 )− f (r−3 )], κ f ′(r−2 ) = k21[ f (r

+
2 )− f (r−2 )],

κ f ′(r+2 ) = k12[ f (r
+
2 )− f (r−2 )], κ f ′(r1) = −k10 f (r1), (58.11)

(of course, at the interval’s endpoints, the derivatives are one-sided). The
operator is then defined as:

Aκ f = κσ f ′′.

2. Equip L2(�) with the scalar product (which is evidently equivalent to the
natural one):

f ◦ g=
3∑
i=1

wi

∫
�i

f g

where:

w1 = k21k32σ2σ3,

w2 = k12k32σ1σ3,

w3 = k12k23σ1σ2.

(This scalar product allows working with symmetric operators.) Also, intro-
duce the sesquilinear form:

aκ ( f , g) = κ

3∑
i=1

wiσi

∫
Ii

f ′g′

+ σ3w3k32[ f (r
+
3 )− f (r−3 )][g(r

+
3 )− g(r−3 )]

+ σ1w1k12[ f (r
+
2 )− f (r−2 )][g(r

+
2 )− g(r−2 )]

+ σ1w1k10 f (r1)g(r1), (58.12)



Emergence of Transmission Conditions 369

onV ⊂ L2(�), whereV is composed of gwith the property that g restricted
to �i belongs to H1(�i). Prove that aκ is the form related to Aκ . Hint: use
the relations:

σ3w3k32 = σ2w2k23 and σ2w2k21 = σ1w1k12

following directly from the definition of wi’s.
3. Let H0 be composed of functions that are constant on each interval �i,

and thus may be identified with R3. Prove that the limit limκ→+∞ aκ [ f ]
exists and is finite iff f ∈ H0. Moreover, writing f = ( f1, f2, f3) and g=
(g1, g2, g3) for f , g ∈ H0 (where fi = f|�i is identified with a real number,
and similarly for g), the limit form is given by:

q( f , g) = σ3w3k32[ f2 − f3](g2 − g3)+ σ1w1k12[ f1 − f2](g1 − g2)

+ σ1w1k10 f1g1. (58.13)

Check that the related (bounded) operator Q is given by:⎛⎝ f1f2
f3

⎞⎠ 	→ Q

⎛⎝ f1f2
f3

⎞⎠ (matrix multiplication),

where Q was defined in Chapter 33 (right after (33.6)).
4. Conclude that, as in (33.6),

lim
κ→∞ etAκ = etQP,

where P is the orthogonal projection onto H0:

P f =
(

1

|�1|
∫
�1

f ,
1

|�2|
∫
�2

f ,
1

|�3|
∫
�3

f

)
.

To this end, combine B. Simon’s and T. G. Kurtz’s theorems.

� Chapter’s summary

The approximation procedure considered in this chapter is a close relative of
those of Chapters 48 and 57. In Chapter 48, the generator of a limit semigroup
was a convex combination of generators of original semigroups. In Chapter 57
it was the domain of the generator of the limit semigroup that we focused on:
this domain was the kernel of a convex combination of operators describing
domains of generators of original semigroups. In other words, the boundary
or transmission conditions were changed in the limit, as a result of averaging.
Here, in this chapter, the averaging process leads to another phenomenon: it
forces emergence of transmission conditions at a point where they were not
needed before.
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Averaging Principle Continued: L1-Setting

The approach of the previous chapter is quite elegant: the quadratic forms con-
tain all the information needed for the limit theorem. The arguable elegance,
however, comes perhaps at the cost of blurring the mechanism of emergence
of transmission conditions in the limit. To explain: the information about these
conditions is compressed, or, so to say, “zipped” in the quadratic form b corre-
sponding to the operator B. While it is seen without a shadow of a doubt that
the limit form cannot be anything other than b, from the perspective of forms it
is still somewhat difficult to grasp the way transmission conditions come into
existence. In other words, with forms, the picture is quite clear, but some part of
the mystery is still there – unless you master the connection between the opera-
tor and the form. Therefore, in this chapter, we present another approach, where
calculations are much more explicit, if a bit complex. As we shall see, conver-
gence of semigroups involved may be deduced from convergence of solutions
of a four-dimensional linear system of equations (see (59.9)).
To this end, we follow [56] to work with the semigroups ofMarkov operators

in the space of absolutely integrable functions. These semigroups are respon-
sible for evolution of densities of the Markov processes involved (and are per-
haps a bit more natural than those of the previous chapter). More specifically,
we work with the space X = L1(R)× L1(R) identified with the space of inte-
grable functions f : R× {1, 2} → R. In other words, each pair ( f1, f2) ∈ X is
identified with such a function, defined by f (x, i) = fi(x), i = 1, 2, x ∈ R. The
norm in X is given by:

‖ f‖ = ‖ f1‖L1(R) + ‖ f2‖L1(R).

Given two diffusion coefficients a1, a2 > 0 we define:

A
(
f1
f2

)
=
(
a1 f ′′1
a2 f ′′2

)
,
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for f1, f2 ∈W 2,1(R). Then, A generates a semigroup of Markov operators in
X: the reader has noticed probably that we got rid of reflecting (Neumann)
boundary conditions (which have no bearing on the phenomenon under study)
and have allowed Brownian particles to diffuse freely on two copies of the real
axis. Next, for given intensities α, β > 0 we define bounded linear operators in
X by:

Q
(
f1
f2

)
=
(
(α f2 − β f1)1[0,∞)

(β f1 − α f2)1[0,∞)

)
and P = 1

α+βQ+ IX, so that:

P
(
f1
f2

)
=
(
f11(−∞,0) + α′( f1 + f2)1[0,∞)

f21(−∞,0) + β ′( f1 + f2)1[0,∞)

)
, (59.1)

where:

α′ = α

α + β
and β ′ = β

α + β
.

It is easy to see that P is a Markov operator; it follows that Q generates a
semigroup (etQ)t≥0 of such operators. This semigroup describes the process in
which states (x, i) where x < 0 are absorbing, while (x, 1) and (x, 2) commu-
nicate as states of a Markov chain with intensity matrix (58.2). (In particular, it
is the point 0 that plays now the role of x∗ of the previous chapter.) Therefore,
as in Chapter 45, the Phillips Perturbation Theorem combined with the Trotter
Product Formula, implies that for each κ > 0 the operator:

Aκ = A+ κQ

generates a semigroup of Markov operators in X. (This semigroup is in a sense
dual to that generated by Aκ of the previous chapter.)
Since we want to find the limit:

lim
κ→+∞ etAκ ,

we turn to studying the resolvent equation λ f −Aκ f = g, for λ > 0 and g ∈
X. As we shall see, the solution f ∈ D(A) (which exists and is unique, Aκ

generating the contraction semigroup) may be found in a quite explicit way.
To begin with, we note that on the left half-axis, the resolvent equation takes

the form:

λ fi(x)− ai f
′′
i (x) = gi(x), x < 0, i = 1, 2.

Basic principles of ordinary differential equations tell us that there are solutions
to this equation that are integrable on the left half-axis, and they are given by
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(compare the beginning of Chapter 3):

fi(x) = lie
√

λ
ai
x + 1

2
√
λai

∫ 0

−∞
e
−
√

λ
ai
|x−y|

gi(y) dy, x < 0, (59.2)

where l1, l2 are (yet) unknown constants.
On the right half-axis, the resolvent equation takes the form:

(λ+ β ) f1 − a1 f
′′
1 − α f2 = g1,

(λ+ α) f2 − a2 f
′′
2 − β f1 = g2. (59.3)

More precisely, this is (a part of) the resolvent equation for A1; the general
case will be recovered later by replacing each instance of α and β by κα and
κβ, respectively. Moreover, g1, g2 are now treated as members of L1(R+) and
solutions are also sought in this space. The question of existence of these solu-
tions is answered in Lemma 59.1, below, but we need to make some preparatory
remarks for this result.
The quadratic equation:

(λ+ α − a2t )(λ+ β − a1t ) = αβ

has precisely two real solutions:

ti = (λ+ α)a1 + (λ+ β )a2 − (−1)i√

2a1a2

, i = 1, 2,

where:


 = [(λ+ α)a1 + (λ+ β )a2]
2 − 4a1a2[(λ+ α)(λ+ β )− αβ]

> [(λ+ α)a1 + (λ+ β )a2]
2 − 4a1a2(λ+ α)(λ+ β )

= [(λ+ α)a1 − (λ+ β )a2]
2 ≥ 0.

Moreover, since
√

 < (λ+ α)a1 + (λ+ β )a2, these solutions are positive;

we note that:

t1 − t2 =
√



a1a2
. (59.4)

We look for (the first coordinate of) solutions of (59.3) of the form1:

f1 =
2∑
i=1

(
kieti + (−1)iGtihi

)
, (59.5)

where k1, k2 are constants, et (x) = e−
√
tx, x ≥ 0 and, for t > 0 and h ∈ L1(R+),

Gth(x) =
∫ ∞

0
e−
√
t|x−y|h(y) dy, x ≥ 0, (59.6)

1 Such a form is suggested by straightforward, but lengthy analysis involving standard methods of
ODEs with constant coefficients, accompanied with the care to obtain solutions in L1(R+ ).



Emergence of transmission conditions II 373

and:

hi = 1

2
√
ti


(αg2 + (λ+ α − a2ti)g1).

We note that Gt is a bounded linear operator in L1(R+).

Lemma 59.1 The pair ( f1, f2), where f1 is given by (59.5), and:

f2 = α−1((λ+ β ) f1 − a1 f
′′
1 − g1)

solves (59.3) (for any constants k1, k2).

Proof By the very definition of f2, the first equality in (59.3) is satisfied, and we
are left with proving the second one. To this end, we note thatGth ∈W 2,1(R+),
and:

(Gth)
′′ = tGth− 2

√
th, h ∈ L1(R+). (59.7)

It follows that:

a1 f
′′
1 = a1

2∑
i=1

ti(kieti + (−1)iGtihi)+ 2
√
t1a1h1 − 2

√
t2a1h2.

Since:

2
√
t1a1h1 − 2

√
t2a1h2 = a1a2√



(t2 − t1)g1 = −g1, (see (59.4))

we obtain:

α f2 =
2∑
i=1

(λ+ β − a1ti)(kieti + (−1)iGtihi). (59.8)

Therefore, invoking (59.7) (again) and the definition of hi (for the first time),
we see that α((λ+ α) f2 − a2 f ′′2 ) equals:

2∑
i=1

[(λ+ α)(λ+ β )− a1ti(λ+ α)− a2ti(λ+ β )+ a1a2t
2
i ](kieti + (−1)iGtihi)

+ 2a2
√
t2(λ+ β − a1t2)h2 − 2a2

√
t1(λ+ β − a1t1)h1

= αβ

2∑
i=1

(kieti + (−1)iGtihi)+
αa2√


(λ+ β − a1t2)g2

+ (λ+ α − a2t2)(λ+ β − a1t2)√



g1 − αa2√


(λ+ β − a1t1)g2

− (λ+ α − a2t1)(λ+ β − a1t1)√



g1,
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since tis are roots of the quadratic. For the same reason, the terms involving
g1 cancel out, both being equal to αβg1. To summarize, using (59.4) one more
time,

α((λ+ α) f2 − a2 f
′′
2 ) = αβ f1 + αa1a2√



(t1 − t2)g2 = αβ f1 + αg2.

This proves the second equality in (59.3). �
Now, the pair ( f1, f2) ∈ X defined by (59.2), (59.5), and (59.8) belongs to

D(A) iff:

fi(0−) = fi(0) and f ′i (0−) = fi(0), i = 1, 2.

The first of these conditions (compatibility of values) may be written as:

l1 + D1 =
2∑
i=1

(ki + (−1)iCi),

l2 + D2 =
2∑
i=1

Ei(ki + (−1)iCi),

where:

Ci := (Gtihi)(0), Di := 1

2
√
λai

∫ 0

−∞
e
√

λ
ai
y
gi(y) dy and

Ei := λ+ β − a1ti
α

.

Since:

(Gth)
′(0) = √t(Gth)(0),

the other condition (compatibility of derivatives) reads (see also Exercise 59.2):√
λ

a1
l1 −

√
λ

a1
D1 =

2∑
i=1

√
ti((−1)iCi − ki),√

λ

a2
l2 −

√
λ

a2
D2 =

2∑
i=1

√
tiEi((−1)iCi − ki).

Hence, we have the following linear system of equations for l1, l2, k1, k2:

l1 − k1 − k2 = C2 −C1 − D1,

l2 − E1k1 − E2k2 = E2C2 − E1C1 − D2,√
s1l1 +

√
t1k1 +

√
t2k2 =

√
t2C2 −

√
t1C1 +√s1D1,√

s2l2 +
√
t1E1k1 +

√
t2E2k2 =

√
t2E2C2 −

√
t1E1C1 +√s2D2,
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where for further simplicity of notation si = λ
ai
. The Jordan–Gauss elimination

method (stopped one step before completion) yields now:

l1 − k1 − k2 = C2 −C1 − D1,

l2 − E1k1 − E2k2 = E2C2 − E1C1 − D2,

(
√
s1 +

√
t1)k1+(

√
s1 +

√
t2)k2 = (

√
t2 −√s1)C2

+ (
√
s1 −

√
t1)C1 + 2

√
s1D1,

E1(
√
s2 +

√
t1)k1+E2(

√
s2 +

√
t2)k2 = E2(

√
t2 −√s2)C2

+ E1(
√
s2 −

√
t1)C1 + 2

√
s2D2.

(59.9)

Before continuing, we present a lemma summarizing asymptotic behavior of
constants and functions appearing in the definition of f1 and f2.

Lemma 59.2 Let:

aa = α′a1 + β ′a2.

If each occurence of α and β is replaced by κα and κβ, respectively, then:

(i) lim
κ→+∞

√



κ
= (α + β )aa, lim

κ→+∞
t1
κ
= α + β

a1a2
aa, lim

κ→+∞ t2 =
λ

aa
,

(ii) lim
κ→+∞E1 = −a1

a2
, lim

κ→+∞E2 = β

α
,

(iii) lim
κ→+∞ h2 =

1

2

α′√
λaa

(g1 + g2) := h2,∞,

(iv ) lim
κ→+∞C2 = α′

2
√
λaa

∫ ∞

0
e
−
√

λ
aa
y
(g1(y)+ g2(y)) dy =: C2,∞,

(v ) lim
κ→+∞

√
t1h1 = α′

2aa
(g2 − βa2

αa1
g1),

(vi) lim
κ→+∞

√
t1C1 = 0.

Proof Except for (vi), all claims are immediate by standard calculus, if proven
consecutively. To show (vi), we note that for each t > 0,

L1(R+) � h 	→ Fth :=
∫ ∞

0
e−
√
tyh(y) dy

is a bounded linear functional of norm 1.Moreover, for h ∈ L1(R+) ∩ L∞(R+),

|Fth| ≤ 1√
t
‖h‖L∞(R+ ),
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implying limt→∞ Fth = 0. Therefore,

lim
t→∞Fth = 0, h ∈ L1(R+),

because L1(R+) ∩ L∞(R+) is dense in L1(R+) and the functionals are equi-
bounded. Since

√
t1C1 = Ft1

√
t1h1 and limκ→+∞ t1 = ∞, this combined with

(v) completes the proof. �
We are finally able to state the first of the two main results of this chapter: it

provides information on convergence of resolvents.

Proposition 59.3 If each occurence of α and β is replaced by κα and κβ,
respectively, then:

(a) For κ large enough, (59.9) has a unique solution. Moreover, equations
(59.2), (59.5), and (59.8) with k1, k2, l1, l2 calculated from (59.9), give the
solution to the resolvent equation for Aκ .

(b) As κ →∞, the solutions to the resolvent equations for Aκ converge to:

( f1, f2) = Rλ(g1, g2)

defined by:

fi(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
lie
√

λ
ai
x + 1

2
√
λai

∫ 0
−∞ e

−
√

λ
ai
|y−x|

gi(y) dy, x < 0,

ke
−
√

λ
aa
x + α′

2
√
λaa

∫∞
0 e

−
√

λ
aa
|x−y|

(g1 + g2)(y) dy, x ≥ 0, i = 1,
β

α
f1(x) x ≥ 0, i = 2,

(59.10)

where:

k =
[
β

α

(√
λ
aa
−
√

λ
a2

)
+ a1

a2

(√
λ
aa
−
√

λ
a1

)]
C2,∞ + 2

√
λ
a2
D2 + 2 a1a2

√
λ
a1
D1

β

α

(√
λ
aa
+
√

λ
a2

)
+ a1

a2

(√
λ
aa
+
√

λ
a1

) ,

l1 = k +C2,∞ − D1 and l2 = β

α
k + β

α
C2,∞ − D2.

(59.11)

Proof (a) For the main determinant, sayW , of the last two equations in (59.9),
we have:

lim
κ→+∞

W√
t1
= β

α

(√
λ

a2
+
√
λ

aa

)
+ a1
a2

(√
λ

a1
+
√
λ

aa

)

= 0.

Since limκ→+∞
√
t1 = ∞, this shows uniqueness of k1 and k2 in (59.9), which

in turn implies uniqueness of l1 and l2 (by the first two equations). The rest is
clear.
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f1

f2

f3

Figure 59.1 The “infinite y”-shaped graph; its three edges, when identified with
three half-axes are domains of three functions (redrawn from [56])

(b)Using Cramer’s rule for the last two equations in (59.9) and Lemma 59.2,
we see that limκ→+∞ k1 = 0 and limκ→+∞ k2 = k for k defined in (59.11).
Passing to the limit in the first two equations (and using Lemma 59.2) we
obtain limκ→+∞ l1 = k +C2,∞ − D1 and limκ→+∞ l2 = β

α
k + β

α
C2,∞ − D2.

By (59.5) and (59.8), this shows that the solutions of the resolvent equa-
tions converge to ( f1, f2) defined by formula (59.10) because the map t 	→
et ∈ L1(R+) is norm-continuous (with limt→∞ et = 0), and the map t 	→ Gt ∈
L(L1(R+)) is strongly continuous. �

All that is left to do now is to interpret, or decipher, this result and provide
the link with the Freidlin–Wentzell transmission conditions. To this end, let:

X0 = {( f1, f2) ∈ X;α f21R+ = β f11R+}.

This subspace ofX is isometrically isomorphic to L1(Y ), the space of integrable
functions on an “infinite y”-shaped graph depicted in Figure 59.1. The latter
space in turn may be identified with:

Y = L1(R−)× L1(R−)× L1(R+),

the isometric isomorphism I : X0 → Y being given by:

I( f1, f2) = ( f1|R−, f2|R− , ( f1 + f2)|R+ ).

We have I−1( f1, f2, f3) = ( f1 ∪ α′ f3, f2 ∪ β ′ f3), where for f ∈ L1(R−) and
g ∈ L1(R+), f ∪ g is a “union of graphs”-function:

( f ∪ g)(x) =
{
f (x), x < 0

g(x), x ≥ 0.

Next, let B0 be the operator in Y given by:

B0( f1, f2, f3) = (a1 f
′′
1 , a2 f

′′
2 , aa f

′′
3 )
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on the domain composed of ( f1, f2, f3) such that f1, f2 ∈W 2,1(R−), f3 ∈
W 2,1(R+) satisfy the transmission conditions:

f1(0−) = α′ f3(0+), f2(0−) = β ′ f3(0+)

aa f
′
3(0+) = a1 f

′
1(0−)+ a2 f

′
2(0−). (59.12)

These transmission conditions are dual to those of the previous chapter: to be
more precise, they describe the same physical/biological phenomenon, yet in a
different, “dual” space.
Now, the isomorphic copy of B0 in X0 is given by:

B( f1, f2) =
(
χ1 f

′′
1 , χ2 f

′′
2

)
,

where χi = ai1(−∞,0) + aa1[0,∞), on the domain composed of ( f1, f2) such that
f1 and f2 are continuous on R (so that in particular:

fi(0−) = fi(0+); (59.13)

this corresponds to the first two conditions in (59.12)),

f1|R− , f2|R− ∈W 2,1(R−), f1|R+ ∈W 2,1(R+)

and:

aa f
′
1(0+) = α′

(
a1 f

′
1(0−)+ a2 f

′
2(0−)

)
. (59.14)

(It goes without saying that ( f1, f2) ∈ X0.)
It is quite easy to solve the resolvent equation for B. Given λ > 0 and

(g1, g2) ∈ X, we have:

fi(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
mie

√
λ
ai
x + 1

2
√
λai

∫ 0
−∞ e

−
√

λ
ai
|y−x|

gi(y) dy, x < 0,

ne
−
√

λ
aa
x + 1

2
√
λaa

∫∞
0 e

−
√

λ
aa
|x−y|

g1(y) dy, x ≥ 0, i = 1,
β

α
f1(x) x ≥ 0, i = 2.

(59.15)

Here, the constants m1,m2, and n are chosen so that transmission conditions
(59.13) and (59.14) are satisfied, that is,

m1 + D1 = n+C, m2 + D2 = β

α
(n+C)

aa

√
λ

aa
(C − n) = α′

[
a1

√
λ

a1
(l1 − D1)+ a2

√
λ

a2
(l2 − D2)

]
, (59.16)



Emergence of transmission conditions II 379

where C = 1
2
√
λaa

∫∞
0 e

−
√

λ
aa
y
g1(y) dy and, as previously,

Di := 1

2
√
λai

∫ 0

−∞
e
√

λ
ai
y
gi(y) dy.

Finally, for (g1, g2) ∈ X0, α
′(g1 + g2)|R+ = g1|R+ so that C2,∞ = C, and

(59.15) is the same as (59.10), except perhaps for the constants. Moreover, a
bit of algebra shows that for k of (59.11), we have then:

k =
(
(αa1 + βa2)

√
λ
aa
− αa1

√
λ
a1
− βa2

√
λ
a2

)
C + 2α

√
λa1D1 + 2α

√
λa2D2

(αa1 + βa2)
√

λ
aa
+ αa1

√
λ
a1
+ βa2

√
λ
a2

= (
√
aa − α′

√
a1 − β ′

√
a2)C + 2α′

√
a1D1 + 2α′

√
a2D2√

aa + α′
√
a1 + β ′

√
a2

.

This, however, is just the assertion that k is the same as n of (59.16). It follows
that mi = li, i = 1, 2 and so:

Rλ(g1, g2) = (λ− B)−1 (g1, g2), (g1, g2) ∈ X0. (59.17)

More generally,

Rλ = (λ− B)−1 P, (59.18)

where P is defined in (59.1).

Theorem 59.4 We have

lim
κ→+∞ eAκ t f = etBP f , t > 0, f ∈ X (59.19)

strongly and almost uniformly in t > 0.

Proof Relation (59.18) (in fact, (59.17) suffices) shows that condition (a) of
Kurtz’s Singular Perturbation Theorem is satisfied. The rest of the argument is
precisely the same as in the proof of Theorem 58.1. �
Exercise 59.1 Use the fact that tis are roots of the quadratic to show that (com-
pare (59.5)):

f2 =
2∑
i=1

(
k̃ie√ti + (−1)iGti h̃i

)
,

where k̃i = (λ+ β − a1ti)ki and h̃i = 1
2
√
ti


(βg1 + (λ+ β − a1ti)g2).

Exercise 59.2

(a) Show that for Gt of (59.6), ‖Gt‖ ≤ 2√
t
.
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(b) For t > 0, let Ht ∈ L(L1(R−)) be given by (see (59.2)):

Ht f (x) =
∫ 0

−∞
e−
√
t|x−y| f (y) dy, x < 0.

The Banach spaces L1(R+) and L1(R−) are isometrically isomorphic
with isomorphism J : L1(R+)→ L1(R−) given by J f (x) = f (−x), x ≤ 0.
Check that Ht = JGtJ−1.

� Chapter’s summary

We prove a “dual” version of the main result of the previous chapter. In contrast
to the arguments presented there, the question of convergence of resolvents is
reduced to that of a (singular) convergence of solutions of a system of linear
equations in R4. Probabilistically, the main theorem of this chapter speaks of
convergence of densities of the stochastic processes involved in L1 norm. On
the way to our theorem, we introduce a dual form of Freidlin–Wentzell trans-
mission conditions (see (59.13) and (59.14)).
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Convergence of cosine families
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Regular Convergence of Cosine Families

CosA1

CosA2

CosA3

. . .
CosAn

...

Suppose that An are the generators of equibounded cosine operator functions
{CosAn (t ), t ∈ R} in a Banach space X:

‖CosAn (t )‖ ≤ M, t ∈ R, n ≥ 1.

Suppose furthermore that the strong limit:

lim
n→∞(λ

2 − An)
−1 =: Rλ2 (60.1)

exists for all λ > 0. Then, by (1.3) and Lemma 2.1, the related sine functions:
SinAn (t ) =

∫ t
0 CosAn (s) ds, t ≥ 0 converge strongly as well, and for each mem-

ber of X, the limit is almost uniform in t ∈ [0,∞). Moreover, arguing as in
Theorem 14.1, we obtain that for all φ ∈ L1(R+) there exists the strong limit,

lim
n→∞

∫ ∞

0
φ(t )CosAn (t ) dt =: H0(φ). (60.2)

In contrast to the case of semigroups, H0 is not a representation of the con-
volution algebra L1(R+). However, introducing L1e (R), the space of integrable
even functions on R, we check that the map H(ϕ) = H0(2φ) where φ is the
restriction of ϕ ∈ L1e (R) to R+, is a representation of L1e (R). The latter space
is a convolution algebra with convolution ϕ1 ∗ ϕ2(t ) =

∫∞
−∞ ϕ1(t − s)ϕ2(s) ds,

and the map ϕ→ 2φ is an isometric isomorphism of L1(R+) and L1e (R) (as
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Banach spaces, but not as Banach algebras). Then:

lim
n→∞

∫ ∞

−∞
ϕ(t )CosAn (t ) dt = H(φ), ϕ ∈ L1e (R). (60.3)

We note the formula:

CosAn (t )(λ
2 − An)

−1 =
∫ t

0
SinAn (s)(λ

2(λ2 − An)
−1 − I) ds+ (λ2 − An)

−1

(60.4)

relating the cosine families with their resolvents and sine functions. For the
proof of (60.4) we multiply both sides by e−μt , integrate over R+ and multiply
the result by μ > 0, obtaining equality μ2(μ2 − An)−1(λ2 − An)−1 = λ2(μ2 −
An)−1(λ2 − An)−1 − (μ2 − An)−1 + (λ2 − An)−1. Since the latter equality is
true by the Hilbert Equation, the Laplace transforms of both sides coincide,
and (60.4) follows because its both sides are continuous in t.
Formula (60.4) implies that the limit limn→∞ CosAn (t )Rλ2x exists for all

x, that is, that the limit limn→∞ CosAn (t )x exists for all x in the range R of
Rλ, λ > 0, and is almost uniform in t ∈ [0,∞). Since the cosine families are
equibounded, the same is true for x in the closure of the range, that is, in the
regularity space of the limit pseudoresolvent Rλ, λ > 0. On the other hand, the
Weierstrass Formula makes it clear that convergence of cosine families implies
convergence of the related semigroups of operators, and these do not converge
almost uniformly outside of the regularity space.
This leads to the conclusion that, as in the case of semigroups, the regularity

space X0 where a sequence of equibounded cosine families converges strongly
with the limit almost uniform in t ∈ [0,∞), is equal to the closure of the range
of the limit pseudoresolvent:

X0 = clR. (60.5)

In particular, the regularity spaces for semigroups and cosine families coin-
cide. This is a generalization of the Trotter–Kato Theorem analogue Thm. 8.6
in [163], p. 119 due, independently, to Goldstein [160] and Konishi [218]. The
reader should convince herself that the generator of the limit cosine family
{C(t ), t ∈ R} is the part in X0 of the extended limit of An’s.

But there is much more going on here than in the case of semigroups (see
[47]). First of all, differentiating (60.4) with respect to t and arguing as earlier
we obtain:

lim
n→∞

d

dt
CosAn (t )(λ

2 − An)
−1x = d

dt
C(t )Rλ2x.
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This result is readily generalized; we have:

lim
n→∞

d

dt
CosAn (t )xn =

d

dt
C0(t )x (60.6)

(where x = limn→∞ xn) for all (xn)n≥1 in the domain of the operator A defined
by (14.1) and in its completion with respect to the norm |‖(xn)n≥1‖|1 =
supn∈N ‖xn‖ + supt∈[0,1] supn∈N ‖ dCn(t )xndt ‖.

Put otherwise:A satisfies all assumptions of the Sova–DaPrato–Giusti gener-
ation theorem, but that of being densely defined. Hence, it generates a strongly
continuous cosine family only on the closure of its domain: this is a restate-
ment of (60.5). As is always the case, on the related Kisyński space, the cosine
family is differentiable: this is a restatement of (60.6).
Finally, An’s generate the semigroups (etAn )t≥0, n ≥ 1 related to the cosine

families by the Weierstrass Formula (1.4). Although, as we shall shortly see,
for x 
∈ X0 the limit limn→∞ CosAn (t )x need not exist (see next), the limit:

lim
n→∞ eAntx, x ∈ X, t > 0 (60.7)

always does! This follows from (60.3) with ϕ(s) = 1
2
√
πt
e−

s2

4t , and the Weier-
strass Formula.
Let us turn to examples. First, consider a Banach space X′ and a bounded

cosine operator function {C(t ), t ∈ R} in X′ with the generator A. For all n ≥ 1
the family:

Cn(t )

(
x
a

)
=
(
C(t )x
a cos nt

)
, t ∈ R, x ∈ X′, a ∈ R, (60.8)

of operators acting inX := X′ × R, forms a cosine operator function. We have:

lim
n→∞

∫ ∞

0
e−λtCn(t )

(
x
a

)
dt = lim

n→∞

(
λ(λ2 − A)−1x

λa
λ2+n2

)
=
(
λ(λ2 − A)−1x

0

)
,

so that (60.1) is satisfied. By contrast, limn→∞Cn(t )
(
x
a

)
does not exist unless

a = 0 (in other words, X0 = X′ × {0}). However, the related sine functions
always converge:

lim
n→∞

∫ t

0
Cn(s)

(
x
a

)
ds = lim

n→∞

(∫ t
0 C(s)x ds
a
n sin(nt )

)
=
(∫ t

0 C(s)x ds
0

)
,

Furthermore, (60.3) takes the form:

lim
n→∞

∫ ∞

−∞
φ(t )Cn(t )

(
x
a

)
dt = lim

n→∞

( ∫∞
−∞ φ(t )C(t )x dt

a
∫∞
−∞ φ(t ) cos(nt ) dt

)
= lim

n→∞

(∫∞
−∞ φ(t )C(t )x dt

0

)
;
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the fact that limn→∞
∫∞
−∞ φ(t ) cos(nt ) dt = 0 is known as a Riemann Theorem,

or Riemann Lemma. Finally, in agreement with (60.7),

lim
n→∞ etAn

(
x
a

)
= lim

n→∞

(
etAx
e−n

2ta

)
=
(
etAx
0

)
for t > 0, x ∈ X′.

A more elaborate example of this type is related to the elastic Brownian
motion semigroups (etAε )t≥0 of Chapters 10 and 31. In Chapter 31, we showed
that the regularity space for these semigroups isC0(0,∞], but they converge to
the minimal Brownian motion semigroup on the entireC[0,∞]. Here, we will
show that Aε generate cosine families {CosAε , t ∈ R} with:

‖CosAε (t )‖ ≤ 3, t ∈ R, (60.9)

but in spite of this estimate and in spite of convergence of the semigroups, these
families do not converge outside of C0(0,∞] ⊂ C[0,∞].

The method of constructing CosAε (t ) used next is Lord Kelvin’s method of
images [53, 54, 86]: we start with the key lemma (see [86] for an inspiration
for this result, and [53] for its more general version). Let C[−∞,∞] be the
space of continuous functions with limits at +∞ and −∞, and let:

C(t ) f (x) = 1

2
( f (x+ t )+ f (x− t )), x, t ∈ R (60.10)

be the basic cosine family. Certainly, {C(t ), t ∈ R} is strongly continuous
and its generator is A = d2

dx2 with (maximal) domain D(A) = C2[−∞,∞],
composed of all twice differentiable functions with the second derivative in
C[−∞,∞].

Lemma 60.1 For every f ∈ D(Aε ), there exists a unique function fε ∈
C[−∞,∞] such that:

� fε (x) = f (x), x ≥ 0,
� [C(t ) fε]|R+ ∈ D(Aε ), t ∈ R.

Proof Our task is to find g(x) := fε (−x), x ≥ 0. Since C(t ) = C(−t ), t ≥ 0,
the second condition requires that:

ε
d

dx
[ fε (x+ t )+ fε (x− t )]|x=0 = fε (t )+ fε (−t ), t ≥ 0.

Hence, it suffices to find the g satisfying:

εg′(t )+ g(t ) = ε f ′(t )− f (t ) (60.11)
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with the initial condition g(0) = f (0), where f (t ), t ≥ 0 is treated as given. It
follows that the unique g satisfying our condition is:

g(t ) = f (t )− 2ε−1eε ∗ f (t ), (60.12)

where eε (t ) = e−ε
−1t, t ≥ 0. The resulting fε is twice continuously differen-

tiable since g′(0) = − f ′(0) ( f is in D(Aε )!) and g′′(0) = f ′′(0). �

For f ∈ C[0,∞] and ε > 0, the function fε ∈ C[−∞,∞] given by fε (x) =
f (x), x ≥ 0 and fε (x) = g(−x), x < 0, where g is given by (60.12), will be
called the ε-extension of f .

Theorem 60.2 LetXε ⊂ C[−∞,∞] be composed of ε-extensions of members
of C[0,∞]. Then:

� Xε is isomorphic to C[0,∞],
� Xε is a closed invariant subspace for {C(t ), t ∈ R},
� Aε generates the cosine family {CosAε , t ∈ R} given by

CosAε f (x) = C(t ) fε (x), x ≥ 0. (60.13)

Proof The isomorphism spoken of in the first point is I : C[0,∞]→ Xε given
by I f = fε. By (60.12), ‖I‖ ≤ 3 and ‖I−1‖ ≤ 1. The image of D(Aε ) via I
is by Lemma 60.1 invariant for C. Hence, the same is true of its closure, which
equals Xε . The infinitesimal generator of the restriction of {C(t ), t ∈ R} to Xε

is the part Ap of A in Xε . By (60.12), f ∈ D(Aε ) is a necessary condition for
fε to be twice continuously differentiable. Thus ID(Aε ) ⊃ D(Ap). The con-
verse inclusion is immediate, and we have I−1ApI = Aε . Hence, Ap and Aε
are indistinguishable up to the isomorphism I; this shows (60.13). �

Note that ‖I‖ ≤ 3 (i.e., ‖g‖C[0,∞] ≤ 3‖ f‖C[0,∞]) implies (60.9).
The basic cosine family commutes with symmetries Pα, α ∈ R given by

Pα f (x) = f (2α − x), x ∈ R. Hence, it leaves the subspace of odd functions
in C[−∞,∞] invariant. Since this subspace is isometrically isomorphic to
C0(0,∞] composed of functions inC[0,∞] vanishing at zero, Am defined on:

D(Am) = { f ∈ C0(0,∞], f is twice differentiable with f ′′ ∈ C0(0,∞]}

generates the cosine family:

Cm(t ) f = C(t ) fm, t ∈ R, (60.14)

where fm is the odd extension of f .
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Theorem 60.3 For f ∈ C[0,∞] and x, t ≥ 0,

lim
ε→0

CosAε (t ) f (x) =
{

1
2 [ f (x+ t )+ f (x− t )], x ≥ t,
1
2 [ f (x+ t )− f (t − x)], 0 ≤ x < t,

(60.15)

(pointwise in x ∈ R). In particular, for f ∈ C0(0,∞],

lim
ε→0

CosAε (t ) f = Cm(t ) f (60.16)

strongly and uniformly in t ∈ [0,∞). Outside of C0(0,∞], the limit (60.16)
does not exist in the supremum norm sense.

Proof By (60.12) and (60.13),

CosAε (t ) f (x) =
{

1
2 [ f (x+ t )+ f (x− t )], x ≥ t
1
2 [ f (x+ t )+ f (t − x)− 2ε−1eε ∗ f (t − x)], 0 ≤ x < t.

Since the measures on R+ with densities ε−1eε tend to the Dirac measure at 0,
a standard argument shows limε→0 ε

−1eε ∗ f (x) = f (x), x > 0, and the limit
is uniform in x ∈ [x0,∞) for any x0 > 0. This shows (60.15). Moreover, the
limit considered here is uniform in x ∈ [0,∞] iff f (0) = 0. Hence, for f ∈
C0(0,∞], the limit (60.15) is uniform in x, t ∈ [0,∞), establishing (60.16).
For the same reason, for f 
∈ C0(0,∞] the limit is not uniform. �

Relation (60.16) may be obtained from our Trotter–Kato Theorem analogue
for cosine families, but this approach does not render uniform convergence in
t ∈ [0,∞).

Since both cosine families defined by (60.8) and those of Theorem 60.3
converge, on their regularity space, uniformly in t ∈ [0,∞), we conclude this
chapter by presenting cosine families converging merely almost uniformly in
t ∈ [0,∞) (see [62] for more on this subject; see also Exercises 60.2 and 60.3).
Our example is a modification of (60.8): in X = R2 we consider the cosine
families Cn(t )

(x
a

) = (x cos λnta cos nt

)
, t ∈ R,

(x
a

) ∈ R2, where (λn)n≥1 is a sequence of
real, nonzero numbers converging to 0. Again, the regularity space here is R×
{0}, and the limit cosine family is C(t )

(x
0

) = (x cos 0t0

) = (x0), x ∈ R, t ∈ R: for
any T > 0, supt∈[−T,T ] ‖Cn(t )

(x
0

)− (x0)‖ = |x| supt∈[−T,T ] | cos λnt − cos 0t| ≤
2T |x||λn| converges to 0, as n→∞. However, supt∈R ‖Cn(t )

(x
0

)− (x0)‖ =
|x| supt∈R | cos λnt − 1| = 2|x|, proving that the limit is not uniform on the
whole real line, unless x = 0.

Exercise 60.1 Assume that X is a complex Banach space. Show that the semi-
groups (etAn )t≥0 related to a sequence of equibounded cosine families are uni-
formly holomorphic and deduce (60.7) from Theorem 31.2.
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Exercise 60.2 Let c0 be the space of all (real or complex) sequences ξ =
(ξk )k∈N convergent to 0, equipped with the usual supremum norm. For each
n ∈ N, let en be the element of c0 such that (en)k = 1 if k = n and = 0 other-
wise. Then every ξ = (ξk )k∈N in c0 can conveniently be represented as the series
ξ =∑∞

k=1 ξkek convergent in the norm of c0. For each t ∈ R and each n ∈ N,
let Cn(t ) be the linear operator on c0 defined by Cn(t )ξ =

∑n
k=1(cos kt )ξkek +∑∞

k=n+1 ξkek, and, for each t ∈ R, letC(t ) be the linear operator on c0 given by
C(t )ξ =∑∞

k=1(cos kt )ξkek, with ξ = (ξk )k∈N being an arbitrary member of c0.
Show that, for each n ∈ N, Cn = {Cosn(t )}t∈R is a strongly continuous cosine
family of contractions on c0, and alsoC = {Cos(t )}t∈R is a strongly continuous
cosine family of contractions on c0. Prove that:

sup
t∈R
‖C(t )ξ −Cn(t )ξ‖ = 0.

Exercise 60.3 For the cosine familyCm defined in (60.14) and λn 
= 1 such that
limn→∞ λn = 1, consider the cosine families Cn(t ) = Cm(λnt ), t ∈ R, n ≥ 1.
Show that these families converge to Cm but the limit is not uniform on R.

Hint: show that for each f ∈ C0(0,∞],

‖Cm(t ) f −Cn(t ) f‖ ≥
∣∣∣∣ f (2t )− f ((1+ λn)t )

2
− fm((1− λn)t )

2

∣∣∣∣ , t ≥ 0.

Exercise 60.4 Use Lord Kelvin’s method of images to find an explicit formula
for the cosine family generated by the operator related to the stopped Brown-
ian motion, introduced in Exercise 32.3. With the help of this formula give an
independent proof of the convergence result in Exercise 32.3.

� Chapter’s summary

In many respects, the theory of convergence of cosine families is analogous
to that of semigroups. In both cases, convergence of resolvents is a sine qua
non condition, and in both cases this condition guarantees convergence of the
original family (be it semigroup or cosine family) on the regularity space, which
for both families is the same and equals the closure of the range of the limit
pseudoresolvent. However, in the case of cosine families, there are effects that
are not visible for semigroups, for example, convergence of derivatives. More
importantly, outside of the regularity space interesting things start to happen:
while the cosine familiesmay or may not converge here, the related semigroups
(given by the Weierstrass Formula) always do. As we shall see in Chapter 61,
outside of the regularity space, the cosine families must not converge.
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Cosines Converge in a Regular Way

In the examples of the previous chapter, it is striking that the cosine families
considered there do not converge outside of the regularity space in spite of the
fact that the related semigroups do. Hence, a natural questions arises: can we
find a sequence of cosine families that converges outside of its regularity space?
Or, perhaps, cosine families by nature cannot converge in the irregular way?

To answer this question, we start by discussing the question of continuity of
trajectories of cosine families. Let us recall that the main result of the paper [81]
of Chander and Singh (see also [228]) says that a strongly measurable cosine
family is strongly continuous in t ∈ R \ {0} (this is a cosine family analogue of
[180], p. 305, Thm. 10.2.3). As shown by H. Fattorini even earlier (see [135,
Lemma 5.2] and [139, pp. 24–26]), this result can be considerably strengthened:
a strongly measurable cosine family on a Banach space is strongly continuous
on the whole of R. (See, e.g., [289, p. 529] and [331, Proposition 2.1.2] for
versions of this theorem for other operator families.) This explains why there is
no need for a cosine family analogue of Abel summable and related classes of
semigroups (see [180]) – all measurable cosine families form just one class –
and also marks the fundamental difference between the theories of semigroups
and cosine families.
For the proof of Fattorini’s Theorem we use the following argument of W.

Chojnacki [62]:
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Proposition 61.1 Let X be a Banach space and Cos: R → L(X) be a cosine
function. If, for an x ∈ X, the function t 	→ Cos(t )x, x ∈ X, is continuous on
(a,∞) for some a ∈ R, then it is continuous on R.

Proof To show continuity at a given t ∈ R, we choose h > 0 so that t + h >
a+ 1. Then:

Cos(τ )x = 2Cos(h)Cos(τ + h)x− Cos(τ + 2h)x

for each τ ∈ R. Noting that τ + h > a and τ + 2h > awhenever τ > t − 1 and
exploiting the assumption, we get:

lim
τ→t

Cos(τ + h)x = Cos(t + h)x and lim
τ→t

Cos(τ + 2h)x = Cos(t + 2h)x.

As Cos(h) is bounded, we also have:

lim
τ→t

Cos(h)Cos(τ + h)x = Cos(h)Cos(t + h)x.

Therefore:

lim
τ→t

Cos(τ )x = 2Cos(h)Cos(t + h)x− Cos(t + 2h)x = Cos(t ).

Since t was chosen arbitrarily, the result follows. �

Combining this observation with the main result of Chander and Singh [81],
we immediately obtain the announced theorem.

Theorem 61.2 (Fattorini) A strongly measurable cosine family of operators
is strongly continuous in t ∈ R.

As it transpires, a stronger result holds: measurability of a single trajectory of
a cosine function implies its continuity. This may be deduced from Fattorini’s
Theorem (see Exercise 61.1): a direct proof of this theorem can be found in
Chapter 63.
Theorem 61.2 has an immediate bearing on the issue of convergence of

cosine families, as wewill explain now. Suppose that, as in the previous chapter,
An are the generators of equibounded cosine operator functions {CosAn (t ), t ∈
R} in a Banach space X, and that limit in (60.1) exists. Then, the regularity
space X0 where the cosine families converge almost uniformly in t ∈ [0,∞) is
characterized by equation (60.5). Now, let Y be the subspace of X where the
strong limit Cos(t ) := limn→∞ CosAn (t ) exists for all t ∈ R. Since in the defi-
nition of Y we do not require the limit to be uniform in any way, X0 ⊂ Y.What
is surprising is that the inclusion may also be reversed, and the reader should
note the key role of Theorem 61.2 in the proof presented here.
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Theorem 61.3 We have:

Y = X0.

Proof As mentioned earlier, it suffices to show Y ⊂ X0. This may be done by
following the argument presented in Chapter 28 (Proposition 28.3 and Theo-
rem 28.4), but here is a much shorter proof based on (60.5).
Clearly,Y is a closed subspace ofX. Moreover,Y is left invariant by Cos, and

Cos satisfies the cosine functional equation in Y, since so do CosAn . By Theo-
rem 61.2, Cos being measurable as a strong limit of CosAn , is strongly contin-
uous in t ∈ R. Let A be its generator. By assumption and the Lebesgue Dom-
inated Convergence Theorem, Rλx = limn→∞(λ− An)−1x = (λ− A)−1x, x ∈
Y, λ > 0. Now, any x ∈ D(A) may be represented as x = (λ− A)−1y = Rλy
for some λ > 0 and y ∈ Y. This implies D(A) ⊂ R. Since D(A) is dense in Y

and both Y and X0 are closed, we are done. �

Theorem 61.3 may be phrased as follows: outside of the regularity space
(60.5) the trajectories of cosine families must not converge; a statement not
valid for semigroups. To put it yet another way: examples of the previous chap-
ter seemed to show that cosine families may not converge outside of regularity
space. Our theorem makes it clear that cosine families must not converge out-
side of this space. Theorem 61.2 shows that in contrast to semigroups there
is no need for dividing cosine families into classes, such as Abel summable
and strongly continuous cosine families, according to their regularity around
origin (compare [180], p. 305): all measurable cosine families belong to the
single class of strongly continuous families. Theorem 61.3, in turn, shows
that there is no need to develop a theory of irregular convergence of cosine
families (analogous to the existing theory of semigroups): if cosine families
converge, they do so regularly. In particular, there is no singular perturbation
theory for cosine families, analogous to the singular perturbation theory for
semigroups.

� And this seems like a perfect ending for this book.�

Exercise 61.1 (See [62].) Let {Cos(t )}t∈R be a cosine family on a Banach
space X. Let x ∈ X be such that the function t 	→ Cos(t )x is measurable on R.
Show that the function t 	→ Cos(t )x is continuous on R. Hint: let X0 be the set
of all those y ∈ X0 for which t 	→ Cos(t )y is measurable on R. Show that X0 is
a closed linear subspace of X0, left invariant by the cosine family, and deduce
the result from Theorem 61.2.
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Exercise 61.2 Suppose that {C(t ), t ∈ R} is a cosine family in a Banach space
X such that the strong limit:

lim
t→∞C(t )x

exists for all x ∈ X. Conclude thatC(t )x = x, t ∈ R, x ∈ X. Hint: Consider the
cosine familiesCn(t ) = C(nt ) and find their limit family.

Exercise 61.3 Prove the following individual version of the previous exercise:
if {C(t ), t ∈ R} is a bounded cosine family in a Banach space X, and for some
x ∈ X the limit limt→∞C(t )x exists, then for all t ∈ R, we haveC(t )x = x.Hint:
Consider the subspace of X where the limit specified earlier exists, and prove
that this subspace is closed and invariant for the cosine family. (Note that this
is in contrast to the case of semigroups; see Chapter 32.)

Exercise 61.4 Let (etA)t≥0 be a strongly continuous semigroup in a Banach
space X such that the strong limit:

Px = lim
t→∞ etAx

exists for all x ∈ X. Show that either the kernel of P is nontrivial or A = 0. State
and prove an analogous result in the case where the strong limit limλ→0 λ(λ−
A)−1x exists.

� Chapter’s summary

Trajectories of (equibounded, strongly continuous) cosine families either con-
verge almost uniformly in t ∈ R or do not converge at all. In particular, there
is no singular perturbation theory for cosine families, like the one presented in
this book for semigroups. Hence, do not anticipate the second volume of this
book!�
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Appendix A: Representation Theorem
for the Laplace Transform

The Hennig–Neubrander Representation Theorem

Suppose h : R+ → R (or C) is of exponential growth, that is, there existsM ≥
0 and ω ∈ R such that |h(t )| ≤ Meωt for all t ≥ 0. Then, the Laplace transform:

f (λ) =
∫ ∞

0
e−λth(t ) dt

of h exists for all λ > ω and, differentiating under the integral sign (which is
legitimate by the exponential growth assumption) we obtain:

| f (n)(λ)| ≤ Mn!

(λ− ω)n+1
, λ > ω, n ∈ N. (62.1)

The classical theorem of Widder ([345], p. 315, Theorem 16a) states that the
converse is also true: an infinitely differentiable function satisfying (62.1) is a
Laplace transform of a function h satisfying |h(t )| ≤ Meωt, t ≥ 0.

If we turn our attention to functions with values in a Banach space X, expo-
nential growth condition implies estimate (62.2) in the same way as above, but
(62.2) does not force f to be the Laplace transform of a function of exponential
growth. The typical example here is f (λ) = eλ ∈ L1ω(R+), where L1ω(R+) is the
space of equivalence classes of integrable with weight R+ � t 	→ eωt , and eλ is
the equivalence class of the function R+ � t 	→ e−λt (see Example 62.2, later
on). The Hennig–Neubrander Representation Theorem [176] shows that this
example is archetypical: all functions satisfying (62.2) are images of eλ via a
linear map from L1ω(R

+) to X.

Theorem 62.1 (Hennig–Neubrander) Fix ω ∈ R and let f be an X−valued
function. The following statements are equivalent.
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(1) f is infinitely differentiable and there exists a constant M > 0 such that:

‖ f (n)(λ)‖ ≤ Mn!

(λ− ω)n+1
, λ > ω, n ∈ N. (62.2)

(2) There exists a bounded linear operator T : L1ω(R
+)→ X, such that

f (λ) = T (eλ) for λ > ω.

Since in this book we need this result merely in the case ω = 0, we present
the proof in this particular case. This is done without loss of generality, since
the general proof is the same modulo technicalities [46]. Other proofs may be
found, for example, in [9, 176].

Let L1(R+) be the convolution algebra of (equivalence classes of) Lebesgue
integrable functions ψ : R+ → R. We will use the following notation:
L1(R+) � ψ = {ψ (t )} means that ψ is the equivalence class of the function
R+ � t → ψ (t ) ∈ R. In such cases, to avoid misunderstandings, we will always
use t as an independent variable of the function ψ . Other variables should be
considered as parameters. We recall that L1(R+) is also a Banach algebra, mul-
tiplication being the standard convolution:

(ψ ∗ ϕ)(t ) =
∫ t

0
ψ (t − s)ϕ(s) ds.

The function (0,∞) � λ 	→ eλ = {e−λt} ∈ L1(R+) satisfies the Hilbert
Equation:

(λ− μ)eλ ∗ eμ = eμ − eλ,

and we have ‖eλ‖L1(R+ ) = 1
λ
. Therefore, it is infinitely differentiable, and:∥∥∥∥ dn

dλn
eλ

∥∥∥∥
L1(R+ )

=
∥∥∥n!e∗(n+1)λ

∥∥∥
L1(R+ )

= ‖{e−λt tn}‖L1(R+ )

=
∫ ∞

0
e−λt tn dt = n!

λn+1
. (62.3)

This shows sufficiency of (2) in the Henning–Neubrander Theorem; the con-
verse will be shown in the next section.

Example 62.2 To see that there is no function h such that eλ =
∫∞
0 e−λth(t ) dt

consider u(t ) = 1[0,t ) ∈ L1(R+), t ≥ 0. u(·) is continuous and

λ

∫ t

0
e−λsu(s)ds = [eλ − e−λt]u(t ). (62.4)

Hence λ
∫∞
0 e−λtu(t ) dt = eλ. Now, if

∫∞
0 e−λth(t ) dt = eλ holds for a bounded

measurable function h, one gets, by invertibility of the Laplace transform
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for continuous functions, u(t ) = ∫ t0 h(s)ds, which is a contradiction, since
u(t ) is not differentiable. Indeed, for any t ≥ 0, q(h) = 1

h (u(t + h)− u(t )) =
1
h1[t,t+h) does not converge in L1(R+), as h→ 0, since ‖q(2h)− q(h)‖ = 1,
h > 0. �

A Proof via Yosida Approximation

Throughout this section (0,∞) � λ→ f (λ) is an infinitely differentiable func-
tion with values in a Banach space X, satisfying:

‖ f (n)(λ)‖ ≤ Mn!

λn+1
, (62.5)

where M > 0 is a constant. We put:

gμ(t ) = e−μt tμ2
∞∑
n=0

tnμ2n(−1)n f (n)(μ)
n!(n+ 1)!

, for μ > 0. (62.6)

gμ(t ) will be called the Yosida approximation of f . This approximation in
(almost) this form has been studied first by R. Phillips [180, 286]. We follow
closely [46]. (See also [36] for further developments.)
This definition agrees well with the definition introduced in Chapter 8

in the sense that if f (λ) = (λ− A)−1 is the resolvent of an operator
A satisfying (8.3) then, by dn

dλn (λ− A)−n = (−1)nn!(λ− A)n+1, we have
e−μt + gμ(t ) = e−μt

∑∞
n=0

tnμ2n(μ−A)−n
n! = etAμ . The absence of the term e−μt in

our definition is due to the fact that instead of working in the Banach algebra
of operators we want to deal with an arbitrary Banach space, where it does not
make sense to speak of a unit element.

Lemma 62.3 gμ, μ > 0 are continuous and bounded by M.

Proof Fix μ > 0. The estimate:

∞∑
n=0

∥∥∥∥ tn+1μ2n+2(−1)n f (n)(μ)
n!(n+ 1)!

∥∥∥∥ ≤ M
∞∑
n=0

tn+1μ(n+1)

(n+ 1)!
= M(eμt − 1),

which is valid by (62.5), proves that the series appearing in (62.6) is convergent
absolutely and almost uniformly. Its sum is therefore a continuous function.
Furthermore, ‖gμ(t )‖ ≤ M(1− e−μt ) ≤ M, as claimed. �
Lemma 62.4 The Laplace transform of gμ is:∫ ∞

0
e−λtgμ(t ) dt = μ2

(λ+ μ)2
f

(
λμ

λ+ μ

)
, μ, λ > 0.
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Proof For ν ∈ (0, μ) and n ≥ 1 (see (7.4)),

f (ν) =
n∑

k=0
f (k)(μ)

(ν − μ)k

k!
+
∫ ν

μ

f (n+1)(ξ )
(ν − ξ )n

n!
dξ .

By (62.5), the norm of the integral reminder here does not exceed:

M(n+ 1)
∫ μ

ν

(
ξ − ν

ξ

)n 1

ξ 2
dξ = M(n+ 1)

ν

∫ μ−ν
μ

0
αn dα

= M

ν

(
μ− ν

μ

)(n+1)
,

and so it converges to zero. Thus f (ν) =∑∞
n=0 f

(n)(μ) (ν−μ)
n

n! . In particular,
f ( λμ

λ+μ ) =
∑∞

n=0
f (n) (μ)
n! ( λμ

λ+μ − μ)n, λ, μ > 0 since μ >
λμ

λ+μ > 0.
Therefore,∫ ∞

0
e−λtgμ(t ) dt =

∞∑
n=0

μ2n+2(−1)n f (n)(μ)
n!(n+ 1)!

∫ ∞

0
e−(λ+μ)t tn+1 dt

=
(

μ

λ+ μ

)2 ∞∑
n=0

( −μ2

λ+ μ

)n
f (n)(μ)

n!

=
(

μ

λ+ μ

)2 ∞∑
n=0

(
λμ

λ+ μ
− μ

)n f (n)(μ)
n!

=
(

μ

λ+ μ

)2

f

(
λμ

λ+ μ

)
. �

Lemma 62.5 Suppose f satisfies (62.5). For φ ∈ L1(R+) the limit:

T (φ) = lim
μ→∞

∫ ∞

0
φ(t )gμ(t ) dt, (62.7)

exists and T : L1(R+)→ X is a bounded linear operator with ‖T ‖ ≤ M.

Proof By (62.4), the operators Tμ : L1(R+)→ X defined as Tμ(ψ ) =∫∞
0 ψ (t )gμ(t ) dt satisfy ‖Tμ‖ ≤ M. By Lemma 62.4,

Tμ(eλ) = μ2

(λ+ μ)2
f

(
λμ

λ+ μ

)
converges to f (λ), as μ→∞. Since the eλ, λ > 0 form a total set in L1(R+),
the proof is complete. �
Lemma 62.5 proves in particular the necessity of (2) in the Henning–Neu-

brander Theorem for, as we have seen, T defined there satisfies T (eλ) = f (λ).
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Applications: The Kisyński, the Widder,
and the Arendt Theorems

Let us consider some applications of this theorem. If f has values in a Banach
algebra and satisfies the Hilbert Equation, the corresponding T is a homo-
morphism of the convolution algebra L1(R+); this is theKisyński Homomor-
phism Theorem. Indeed, it is enough to show T (eλ)T (eμ) = T (eλ ∗ eμ), the
set eλ, λ > ω being total in L1ω(R

+). This formula, however, follows from the
Hilbert Equation:

T (eλ)T (eμ) = RλRμ = 1

μ− λ
[Rλ − Rμ] = T

(
1

μ− λ
(eλ − eμ)

)
= T (eλ ∗ eμ).

Corollary 62.6 If f satisfies (62.5), then the limit:

lim
μ→∞

∫ t

0
gμ(s) ds =: u(t ) (62.8)

exists (almost uniformly in t ∈ [0,∞)) and is a Lipschitz continuous function
with the Lipschitz constant M. Furthermore,∫ ∞

0
e−λtu(t ) dt = f (λ)

λ
, for λ > ω. (62.9)

Proof By Lemma 62.5 there exists the limit limμ→∞
∫ t
0 gμ(s) ds := u(t ), and

since the integrands here are bounded by M, the limit is almost uniform in
[0,∞) and u is Lipschitz continuous. Formula (62.9) follows by T (eλ) = f (λ)
and integration by parts. �

Theorem 62.7 (Widder) A necessary and suffficient condition for an
infinitely differentiable complex-valued function f to be the Laplace transform
of a bounded measurable function is that there exist a constant M > 0 such
that:

| f (n)(λ)| ≤ Mn!

λn+1
. (62.10)

Proof We have seen that (62.10) is necessary. Conversely, if (62.10) holds,
then, by Corollary 1, there exists a Lipschitz continuous function u(t ), |u(t )−
u(s)| ≤ M|t − s| satisfying (62.9). Since u(t ) is complex-valued, then, by the
Lebesgue Theorem, it is differentiable a.e., and, by (62.9), u′(t ) is a function
we were looking for. �
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As a by-product of our proof we also obtain an inversion formula for the
Laplace transform, valid if original function is bounded:

L−1( f ) = d

dt
lim
μ→∞

∫ t

0
gμ(s) ds.

Theorem 62.8 (Arendt) Suppose (0,∞) � λ→ f (λ) is an infinitely dif-
ferentiable vector-valued function, then the following two conditions are
equivalent:

a) there exists an M ≥ 0 such that (62.5) holds,
b) there exists a function u with values in the same Banach space, Lipschitz

continuous with the Lipschitz constant M, such that (62.9) holds.

Proof The proof of b)⇒ a) is straightforward. To prove the converse, we use
u from Corollary 1. �

Generation Theorem for Solution Families

The theory presented here allows unifying approaches to Hille–Yosida–Feller–
Phillips–Miyadera and Da Prato–Giusti–Sova theorems and in a straightfor-
ward way explains the striking parallelism and similarity between them. It is
remarkable that the following theorem, which includes both theorems men-
tioned earlier as special cases n = 1, n = 2, respectively, is so easily derived
from Theorem 62.8 (for more about this subject see the excellent “Green
Book” [9]). It is necessary to add here, however, that it is only these two cases
that are of importance in the theory, since higher order Cauchy problems are
well posed (in a certain, reasonable sense) iff the operator appearing on the
right-hand side of the involved equation x(n)(t ) = Ax(t ) is bounded ([163, p.
125], [135, 136], and [179]) We present the proof in the general case, since it
is equally simple for all n ∈ N.

Theorem 62.9 Let n ∈ N and let A be a densely defined closed linear operator
acting in a Banach space L. The following two conditions are equivalent:

1) There exists a strongly continuous family {T (t ), t ≥ 0} of bounded linear
operators, such that:
a) T (0)x = x,
b) there exist constants M ≥ 1, ω ≥ 0 satisfying:

‖T (t )‖ ≤ Meωt, for all t ≥ 0,
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c) for λ > ω, λn ∈ ρ(A) and:

λn−1(λn − A)−1x =
∫ ∞

0
e−λtT (t )x dt,

2) there exist constants M ≥ 1, ω ≥ 0 such that for all λ > ω:∥∥∥∥ dkdλk (λn−1(λn − A)−1x
)∥∥∥∥ ≤ Mk!

(λ− ω)k+1
, k ∈ N.

Furthermore, if one of the above assumptions is satisfied, then:

(i) the operators T (t ), t ≥ 0 commute,
(ii) x belongs to D(A) iff there exists the limit limh→0

n!(T (h)x−x)
hn (and equals

Ax),
(iii) the function t → x(t ) = T (t )x is a solution to the Cauchy problem

dnx(t )

dtn
= Ax, x(0) = x ∈ D(A), x′(0) = · · · = x(n−1)(0) = 0.

Proof 1)⇒ 2)∥∥∥∥ dk

dλk
(λn−1(λn − A)−1x)

∥∥∥∥ = ∥∥∥∥∫ ∞

0
e−λt (−t )kT (t )x dt

∥∥∥∥
≤ M

∫ ∞

0
e−λt eωt tk dt = Mk!

(λ− ω)k+1
.

2) ⇒ 1). By Arendt’s Theorem, there exists a family {U (t ), t ≥ 0} of
bounded linear operators such that:

λn−2(λn − A)−1x =
∫ ∞

0
e−λtU (t )x dt, (62.11)

‖U (t )−U (s)‖ ≤ M
∫ t

s
eωu du. (62.12)

Furthermore, the Yosida approximation gives:

U (t ) = H(1[0,t ) )

= lim
λ→∞

∫ t

0
e−λssλ2

∞∑
k=0

skλ2k(−1)k dk

dλk λ
n−1(λn − A)−1

k!(k + 1)!
ds, (62.13)

where the limit is taken in the uniform operator topology. This formula shows
thatU (t ) commute with A.
Let x ∈ D(A) be given. Define {T (t )x, t ≥ 0} by:

T (t )x := 1

(n− 2)!

∫ t

0
(t − s)(n−2)U (s)Ax ds+ x.
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(For n = 1 put T (t )x = U (t )Ax+ x). For λ > ω,∫ ∞

0
e−λtT (t )x dt = 1

λn−1

∫ ∞

0
e−λtU (t )Ax dt + 1

λ
x

= 1

λn−1
Aλn−2(λn − A)−1x+ 1

λ
x

= (λ− x)−1 . (62.14)

Combining (62.14) and (62.11),∫ ∞

0
e−λt
∫ t

0
T (s)x ds dt = λn−2(λn − A)−1x =

∫ ∞

0
e−λtU (t )x dt.

Consequently,U (t )x = ∫ t0 T (s)x ds. It follows that:
T (t )x = U ′(t )x, x ∈ D(A). (62.15)

Using (62.12) we get ‖T (t )x‖ ≤ Meωt‖x‖. Therefore, the operators T (t ) may
be extended to the whole of the space X by continuity, and formulae (62.14)–
(62.15), remain true for every x ∈ X.
Condition (i) follows from (62.13) and (62.15). To prove (ii) consider x ∈

D(A). By definition,

T (t )x− x = 1

(n− 2)!

∫ t

0
(t − s)(n−2)U (s)Ax ds

= 1

(n− 1)!

∫ t

0
(t − s)(n−1)T (s)Ax ds. (62.16)

Thus,

lim
t→0

n!(T (t )x− x)

tn
= lim

t→0

n!

tn
1

(n− 1)!

∫ t

0
(t − s)(n−1)T (s)Ax ds = Ax.

Conversely, if limh→0
n!(T (h)x−x)

hn = y, we can apply the already proven result
to obtain:

x = (λn − A)(λn − A)−1x = 1

λn−1
(λn − A)

∫ ∞

0
e−λtT (t )x dt

= λ

∫ ∞

0
e−λtT (t )x dt − 1

λn−1
lim
h→0

n!(T (h)− I)

hn

∫ ∞

0
e−λtT (t )x dt

= λn(λn − A)−1x− 1

λn−1

∫ ∞

0
e−λtT (t ) lim

h→0

n!(T (h)x− x)

hn
dt

= λn(λn − A)−1x− (λn − A)−1y

= (λn − A)−1[λnx− y] ∈ D(A).
Condition (iii) is a direct consequence of (62.16). �
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Appendix B: Measurable Cosine Functions
Are Continuous

This chapter is devoted to the proof of the individual version of ‘measurability
implies continuity theorem’ for cosine families, announced in Chapter 61. The
entire direct argument presented here is due to W. Chojnacki, whom the author
is grateful for granting permission to include this proof in this book. The main
result reads:

Theorem 63.1 LetX be a Banach space and let {Cos(t )}t∈R be a cosine family
on X. Let x ∈ X. If the function t 	→ Cos(t )x is measurable on R, then it is
continuous on R.

Theorem 63.1 will be deduced from the following result:

Theorem 63.2 Let X be a Banach space, let {Cos(t )}t∈R be a cosine family on
X, and let:

Y = {x ∈ X | t 	→ ‖Cos(t )x‖ is measurable on R}.

If Y 
= {0}, then the function d : R → [0,∞) defined by:

d(t ) = sup{‖x‖−1‖C(t )x‖ | x ∈ Y \ {0}} (t ∈ R)

is locally bounded.

Background

We start by laying out some background material. Denote by m the Lebesgue
measure and by m∗ the outer Lebesgue measure, both on R. First, we present a
minor modification of a result of Kurepa [227, Lemma 1], which in turn is akin
to the famous theorem of Steinhaus [49, 225].
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Lemma 63.3 Let K ⊂ R be a measurable set such that 0 < m(K) <∞. Then
there exists a > 0 with the property that for every −a < s < a there is a mea-
surable setWs ⊂ K of positive measure such that t, t + 1

2 s, t + s ∈ K whenever
t ∈Ws.

Proof Define the function u : R → [0,∞) by:

u(s) = m

(
K ∩
(
K − 1

2
s

)
∩ (K − s)

)
(s ∈ R).

We have:

|u(s)− u(0)| =
∣∣∣∣∫

R

1K (t )

[
1K

(
t + 1

2
s

)
1K (t + s)− 1K (t )1K (t + s)

+ 1K (t )1K (t + s)− 1K (t )

]
dt

∣∣∣∣
≤
∫
R

∣∣∣∣1K(t + 1

2
s

)
− 1K (t )

∣∣∣∣ dt + ∫
R

|1K (t + s)− 1K (t )| dt,

where 1A denotes the characteristic function of the set A. As the two right-most
integrals tend to zero as s→ 0, u is continuous at s = 0. Since u(0) = m(K) 
=
0, there exists a > 0 such that u(s) 
= 0 for each −a < s < a. But u(s) 
= 0
implies that the set:

Ws := K ∩
(
K − 1

2
s

)
∩ (K − s)

has positive measure. Moreover, it is immediately seen that t, t + 1
2 s, t + s ∈ K

whenever t ∈Ws. The proof is complete. �

In what follows we shall exploit the concept of themeasurable boundaries of
an arbitrary real-valued function on R, due to Blumberg [42]. For a set E ⊂ R

and a point x ∈ R, the exterior density of E at x, De(E, x), is defined by:

De(E, x) = lim
m(I)→0

m∗(E ∩ I)
m(I)

,

with I denoting a closed interval that contains x, whenever the limit exists. Let
f : R → R be an arbitrary function. For any t ∈ R, let:

At = {x ∈ R | f (x) > t},
Bt = {x ∈ R | f (x) < t}.
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The upper and lower approximate limits of f at a point x ∈ R are defined by:

ap lim sup
ξ→x

f (ξ ) = inf{t ∈ R | De(At, x) = 0},

ap lim inf
ξ→x

f (ξ ) = sup{t ∈ R | De(Bt, x) = 0},

with the proviso that inf ∅ = ∞ and sup∅ = −∞. Blumberg calls the extended
real-valued functions:

x 	→ ap lim sup
ξ→x

f (ξ ) and x 	→ ap lim inf
ξ→x

f (ξ )

the upper and lower measurable boundaries of f ; we shall denote these func-
tions as uB( f ) and lB( f ), respectively. This terminology and notation allude to
the fact, established by Blumberg, that uB( f ) and lB( f ) are both measurable
and satisfy

lB ( f ) (x) ≤ f (x) ≤ uB( f )(x) for almost all x ∈ R.

Goffman and Zink [157] have provided an additional substantiation to the above
nomenclature by proving the following result:

� if g: R → R is measurable and f (x) ≤ g(x) for almost all x ∈ R, then
uB( f )(x) ≤ g(x) for almost all x ∈ R.

� if g: R → R is measurable and g(x) ≤ f (x) for almost all x ∈ R, then g(x) ≤
lB( f )(x) for almost all x ∈ R.

When we choose not to distinguish between classes of equivalent measur-
able functions and measurable functions themselves, the combined result of
Blumberg, Goffman, and Zink can be phrased as saying that uB( f ) and lB( f )
are the least measurable majorant and the greatest measurable minorant of f ,
respectively.
We note the following simple property of the mappings f 	→ uB( f ) and f 	→

lB( f ), which will be of relevance later on: If f : R → R is an arbitrary function,
then:

uB(Tt f ) = Tt (uB( f )) and lB (Tt f ) = Tt (lB ( f ))

for each t ∈ R. Here, given g ∈ R → R and t ∈ R, Ttg denotes the translate of
g by t, defined by:

Ttg(x) = g(x+ t ) (x ∈ R).

The two constituent parts of this property will be referred to as the translational
equivariance of the upper and lower measurable boundary, respectively.
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Proof of Theorem 63.2

We are now in position to establish Theorem 63.2. Our proof will essentially
be a refinement of an argument due to Kurepa (see the proof of [227, Thm. 1]).
We begin by noting that, by the cosine functional equation, for any s, t ∈ R,

C(s) = 2C(s+ t )C(t )−C(s+ 2t )

= 2C(s+ t )C(t )+ IX − 2C2

(
1

2
s+ t

)
,

where IX denotes the identity operator on X, and this implies:

‖C(s)‖ ≤ 2‖C(s+ t )‖ ‖C(t )‖ + 2

∥∥∥∥C(12 s+ t

)∥∥∥∥2 + 1.

Our next lemma establishes an analogous inequality to this one in which the
function t 	→ ‖C(t )‖ on the right-hand side is replaced by the lower measurable
boundary k : R → R ∪ {−∞} of t 	→ ‖C(t )‖:

k(t ) = lB (τ 	→ ‖Cos(τ )‖) (t ) (t ∈ R).

Lemma 63.4 Suppose that Y 
= {0} and let x ∈ Y \ {0}. Fix s ∈ R. Then:

‖Cos(s)x‖ ≤
(
2k(s+ t )k(t )+ 2

[
k

(
1

2
s+ t

)]2
+ 1

)
‖x‖ (63.1)

for almost all t ∈ R.

Proof As t 	→ ‖x‖−1‖Cos(t )x‖ is a measurable minorant of t 	→ ‖C(t )‖, we
have:

‖x‖−1‖Cos(t )x‖ ≤ k(t ) for almost all t ∈ R

and further:

‖Cos(t )x‖ ≤ k(t )‖x‖ for almost all t ∈ R. (63.2)

Fix s ∈ R arbitrarily. Note that, for each t ∈ R, the identity:

Cos(s)x+ Cos(s+ 2t )x = 2Cos(s+ t )Cos(t )x

implies:

‖Cos(s)x‖ − ‖Cos(s+ 2t )x‖ ≤ 2‖Cos(s+ t )Cos(t )x‖.
Since the function t 	→ ‖Cos(s)x‖ − ‖Cos(s+ 2t )x‖ is measurable, it follows
that:

‖Cos(s)x‖ − ‖Cos(s+ 2t )x‖ ≤ 2lB (τ 	→ ‖Cos(s+ τ )Cos(τ )x‖) (t ) (63.3)
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for almost all t ∈ R. On the other hand,

lB (τ 	→ ‖Cos(s+ τ )Cos(τ )x‖) (t ) ≤ ‖Cos(s+ t )Cos(t )x‖
≤ ‖Cos(s+ t )‖‖Cos(t )x‖ (63.4)

for almost all t ∈ R. Define the function m : R 	→ [0,∞) ∪ {−∞} by:

m(t ) =
{
‖Cos(t )x‖−1lB (τ 	→ ‖Cos(s+ τ )Cos(τ )x‖) (t ), if Cos(t )x 
= 0;

0, otherwise.

Clearly, m is measurable and, by (63.4), it is a minorant of t 	→ ‖Cos(s+ t )‖
almost all on R. Hence, by the translational equivariance of the lower measur-
able boundary,m(t ) ≤ k(s+ t ) for almost all t ∈ R. Moreover, again by (63.4),
lB(τ 	→ ‖Cos(s+ τ )Cos(τ )x‖)(t ) = 0 for almost every t such that Cos(t )x =
0. Consequently,

lB (τ 	→ ‖Cos(s+ τ )Cos(τ )x‖) (t ) ≤ k(s+ t )‖Cos(t )x‖
for almost all t ∈ R. Combining this estimate with (63.2) and (63.3), we get:

‖Cos(s)x‖ ≤ ‖Cos(s+ 2t )x‖ + 2k(s+ t )k(t )‖x‖ (63.5)

for almost all t ∈ R.
Observe that, for each t ∈ R, the identity:

Cos(s+ 2t )x = 2Cos2
(
1

2
s+ t

)
x− x

implies:

‖Cos(s+ 2t )x‖ − ‖x‖ ≤ 2

∥∥∥∥Cos2(12 s+ t

)
x

∥∥∥∥.
Since the function t 	→ ‖Cos(s+ 2t )x‖ − ‖x‖ is measurable, it follows that:

‖Cos(s+ 2t )x‖ − ‖x‖ ≤ 2lB

(
τ 	→

∥∥∥∥Cos2(12 s+ τ

)
x

∥∥∥∥) (t ) (63.6)

for almost all t ∈ R. On the other hand,

lB

(
τ 	→

∥∥∥∥Cos2(12 s+ τ

)
x

∥∥∥∥) (t ) ≤
∥∥∥∥Cos2(12 s+ t

)
x

∥∥∥∥
≤
∥∥∥∥Cos(12 s+ t

)∥∥∥∥2‖x‖
for almost all t ∈ R. Thus:

t 	→
(
‖x‖−1lB

(
τ 	→

∥∥∥∥Cos2(12 s+ τ

)
x

∥∥∥∥) (t )

)1/2
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is a measurable minorant of t 	→ ‖Cos( 12 s+ t )‖ almost all onR. Consequently,
by the translational equivariance of the lower measurable boundary,(

‖x‖−1lB
(
τ 	→

∥∥∥∥Cos2(12 s+ τ

)
x

∥∥∥∥) (t )

)1/2

≤ k

(
1

2
s+ t

)
for almost all t ∈ R, whence:

lB

(
τ 	→

∥∥∥∥Cos2(12 s+ τ

)
x

∥∥∥∥) (t ) ≤
[
k

(
1

2
s+ t

)]2
‖x‖

for almost all t ∈ R, and further, on account of (63.6),

‖Cos(s+ 2t )x‖ − ‖x‖ ≤ 2

[
k

(
1

2
s+ t

)]2
‖x‖

for almost all t ∈ R. Combining this inequality with (63.5), we complete the
proof. �
Proof of Theorem 63.2 As k is measurable and attains only finite values from
above, there exists a measurable set K ⊂ R of finite positive measure such that:

L := sup
t∈K

k(t ) <∞.

By Lemma 63.3, there exists a > 0 with the property that for each 0 ≤ s ≤ a
there is a measurable setWs ⊂ K of positive measure such that t, t + 1

2 s, t + s ∈
K whenever t ∈Ws. Fix 0 ≤ s ≤ a and x ∈ Y− {0}. In view of Lemma 63.4,
the setW ′

s of those t ∈Ws for which (63.1) holds is of full measure inWs, and,
given thatWs has positive measure,W ′

s has positive measure and in particular
is nonvoid. Select any t ∈W ′

s . Invoking (63.1) with this t, we see that:

‖Cos(s)x‖ ≤ (4L2 + 1)‖x‖.
In view of the arbitrariness of x, we have:

d(s) ≤ (4L2 + 1). (63.7)

For any b > 0, let:

D(b) = sup
s∈[0,b]

d(s).

As s in (63.7) is arbitrary within [0, a], it follows that:

D(a) ≤ (4L2 + 1). (63.8)

Now, using:

‖Cos(b+ h)x‖ ≤ 2‖Cos(b)‖‖Cos(h)x‖ + ‖Cos(b− h)x‖
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with 0 ≤ h ≤ b, we find that, for every b > 0,

sup
s∈[b,2b]

d(s) ≤ 2‖Cos(b)‖D(b)+ D(b)

and further:

D(2b) = max
(
sup
s∈[0,b]

d(s), sup
s∈[b,2b]

d(s)
)

≤ max(D(b), 2‖Cos(b)‖D(b)+ D(b))

= 2‖Cos(b)‖D(b)+ D(b).

As an immediate consequence, ifD(b) <∞, thenD(2b) <∞ for every b > 0.
This together with (63.8) implies that t 	→ d(t ) is bounded on [0, b] for each
0 < b <∞. Since t 	→ d(t ) is even, it follows that t 	→ d(t ) is bounded on
every finite interval of R. �

Proof of Theorem 63.1

We now proceed to establish Theorem 63.1.

Proof of Theorem 63.1 Let:

Z = {x ∈ X | t 	→ Cos(t )x is measurable on R}.
It is clear thatZ is a linear subspace ofX. Since the pointwise limit of a sequence
of measurable functions is a measurable function, Z is also closed. Moreover,
Z is invariant for each operator Cos(s), s ∈ R, that is,

Cos(s)Z ⊂ Z (63.9)

for every s ∈ R. For if s ∈ R and x ∈ Z, then t 	→ Cos(t + s)x and t 	→ Cos(t −
s)x are both measurable, and consequently the function

t 	→ C(t )C(s)x = 1

2
(Cos(t + s)x+ Cos(t − s)x)

is measurable too. Retaining the notation from the statement of Theorem 63.2,
we clearly have Z ⊂ Y, and if only Z contains a nonzero element, then it fol-
lows from Theorem 63.2 that, for each t ∈ R,

‖Cos(t )|Z‖ ≤ d(t ),

where Cos(t )|Z denotes the restriction of Cos(t ) to Z.
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Let x ∈ Z. If x = 0, then the assertion of the theorem is trivial. Suppose then
that x is nonzero. Let a, b ∈ R be such that a < b. Then, for any s, t, τ ∈ R,

Cos(τ ) = 2Cos(s)Cos(τ − s)− Cos(τ − 2s)

Cos(t ) = 2Cos(s)Cos(t − s)− Cos(t − 2s)

so that:

Cos(τ )x− Cos(t )x = 2Cos(s)(Cos(τ − s)x− Cos(t − s)x)

+ (Cos(t − 2s)x− Cos(τ − 2s)x). (63.10)

The functions s 	→ Cos(t − 2s)x and s 	→ Cos(τ − 2s)x are measurable, and,
by Theorem 63.2, they also are locally bounded. Hence both functions are
locally integrable. Eq. (63.10) now implies that the function:

s 	→ Cos(s)(Cos(τ − s)x− Cos(t − s)x)

is locally integrable, too, and we have:

(b− a)(Cos(τ )x−C(t )x) = 2
∫ b

a
Cos(s)(Cos(τ − s)x− Cos(t − s)x) ds

+
∫ b

a
(Cos(t − 2s)x− Cos(τ − 2s)x) ds.

By the invariance property of Z (as per (63.9)), Cos(τ − s)x and Cos(t − s)x
are in Z, and so, for s ∈ [a, b],

‖Cos(s)(Cos(τ − s)x− Cos(t − s)x)‖
≤ ‖Cos(s)|Z‖‖Cos(τ − s)x− Cos(t − s)x‖
≤ M‖Cos(τ − s)x− Cos(t − s)x‖

whereM := sups∈[a,b] d(s) is, by Theorem 63.2, a finite positive number. Con-
sequently,

(b− a)‖Cos(τ )x−C(t )x‖ ≤ 2M
∫ b

a
‖Cos(τ − s)x− Cos(t − s)x‖ ds

+
∫ b

a
‖Cos(t − 2s)x− Cos(τ − 2s)x‖ ds.

But the integrals on the right-hand side tend to zero as τ → t (see, e.g., [180,
Thm. 3.8.3]), so limτ→t ‖Cos(τ )x−C(t )x‖ = 0, as required. �

We finally remark that while the space Z introduced in the proof of Theo-
rem 63.1 is contained in the set Y from the statement of Theorem 63.2, the two
sets are generally different. To see this, let l1(R) be the space of all absolutely
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summable functions f : R → C with the norm:

‖ f‖1 :=
∑
x∈R
| f (x)|.

For each t ∈ R, let:

Cos(t ) = 1

2
(Tt + T−t ),

where Tt denotes the translation operator by t on l1(R). The family Cos =
{Cos(t )}t∈R is a cosine family of contractions on l1(R). Denote by et the ele-
ment of l1(R) such that:

et (x) =
{
1, if x = t;
0, otherwise.

It is readily seen that:

Cos(t )e0 = 1

2
(et + e−t )

for each t ∈ R. Consequently, ‖Cos(t )e0‖1 = 1 for each t ∈ R, and we see that
e0 is a member of the corresponding space Y for Cos. On the other hand,

‖Cos(s)e0 − Cos(t )e0‖1 = 2

whenever s 
= t. This implies that for every uncountable set A ⊂ R, the set
{Cos(t )e0 | t ∈ A} is nonseparable. In particular, {Cos(t )e0 | t ∈ A} is non-
separable for every measurable set A ⊂ R of positive measure. By the
Pettis Measurability Theorem (see, e.g., [180, Thm. 3.5.3]), the function t 	→
Cos(t )e0 is not measurable, meaning that e0 does not belong to the space Z for
Cos. We have thus identified e0 as a member of Y \ Z.
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[356] P. J. Żuk, M. Kochańczyk, J. Jaruszewicz, W. Bednorz, and T. Lipniacki, Dynam-
ics of a stochastic spatially extended system predicted by comparing deterministic
and stochastic attractors of the corresponding birth-death process, Phys. Biol. 9
(2012), no. 5, 055002 (12pp). (Cited on page 233.)

[357] H. Zwart, Three line proof: less than one law, Ulmer Seminar (2014), p. 341.
(Cited on page 42.)



Index

Q-matrix, 74

absorbing state, 97
AL-space, 354
alleles, 96, 152, 311
approximation
discrete-time, 100, 105
Hille, 103
Yosida, 53

asymptotic analysis, 341
averaging principle
of Freidlin and Wentzell, 327, 361, 370

Banach lattice, 76
basic cosine family, 386
Bernstein
Approximation Theorem, 103
polynomials, 103

Bielecki
distance, 225
norm, 122, 211

birds inhabiting islands, 262
boundary conditions, 17
continuous dependence on, 18, 350
convex combination of, 352
general, 21
perturbation of, 346
Robin, 60, 106
singular perturbation of, 369

Brownian motion
elastic, 60
elementary return, 19
minimal, 60
snapping out, 66
stopped (absorbing), 19

bulk part, 341

cell division, 30, 347
cell proliferation, 30
change of time, 299
Chapman-Enskog expansion method,

341
Chernoff’s Product Formula, 101
of kth order, 104

climate, 289
coagulation, 219
comparing semigroups, 335
condition
boundary, 17
Hasegawa’s, 85
Müller, 214, 263
range, 2, 85
transmission, 25

convergence
irregular, 145, 390
regular, 51, 383, 390

convex combination of generators,
292

core of an operator, 53, 89
cosine
family, 3
operator function, 3

cross-over, 311

densities, 74
depolarization, 166
discrete-time approximation, 100, 105
distributions, 74

early cancer, 216, 238
elastic barrier, 20
elementary return Brownian motion, 19
Engraulis encrasicholus, 304



436 Index

Equation
Hilbert, 2, 47
resolvent, 2
semilinear, 210

evolution family, 123
Ewens Sampling Formula, 119
Example
Blackwell’s, 90
Khasminskii’s, 327

exchangeable random variables, 312
excitation impulses, 166
explosion, 75
extended limit, 15, 45

Feynman–Kac Formula, 121
fish population dynamics, 304, 352
Formula
Chernoff’s Product, 101
Ewens Sampling, 119
Feynman–Kac, 121
Lie–Trotter, 103, 123
Taylor’s, 49
Trotter’s Product, 103
Volkonskii’s, 299
Weierstrass, 4, 110

Fréchet differential, 218
fragmentation, 219

gene
expression, 165, 283, 303
regulation, 281, 303

genetic drift, 96
graph extension, 15
Gronwall’s Lemma, 238
growth factor molecules, 216

heavy traffic, 57
herding model, 133
Hilbert Equation, 2, 47
Hill-type function, 216
Hille approximation, 103
Hille–Yosida
operators, 52
space, 51

holomorphic semigroup, 87, 171
boundary value of, 87

homogenization theorem
of Conway, Hoff, and Smoller, 228
of Pardoux and Veretennikov, 235

homomorphism, 82
hydrodynamic space, 341

inequality
Poincaré, 228
Sobolev, 228

infectious disease, 338
infinite product of semigroups, 86, 90
inhibitory impulses, 166
injective norm, 328, 334
injective tensor product, 327, 334
intensity matrix, 74
irregular convergence, 145, 390
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