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Convergence of One-Parameter Operator Semigroups

This book presents a detailed and contemporary account of the classical the-
ory of convergence of semigroups and its more recent developments treating
the case where the limit semigroup, in contrast to the approximating semi-
groups, acts merely on a subspace of the original Banach space (this is the case,
for example, with singular perturbations). The author demonstrates the far-
reaching applications of this theory using real examples from various branches
of pure and applied mathematics, with a particular emphasis on mathemati-
cal biology. These examples also serve as short, nontechnical introductions to
biological concepts involved, allowing readers to develop intuitions underlying
mathematical results.

The book may serve as a useful reference, containing a significant number
of new results ranging from the analysis of fish populations to signaling path-
ways in living cells. It comprises many short chapters, which allows readers to
pick and choose those topics most relevant to them, and it contains 160 end-of-
chapter exercises so that readers can test their understanding of the material as
they go along.

ApAM BoBrOwsKI is a professor and Chairman of the Department of Math-
ematics at Lublin University of Technology, Poland. He has authored over
50 scientific papers and two books Functional Analysis for Probability and
Stochastic Processes and An Operator Semigroup in Mathematical Genetics.
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Preface

Now lift up your eyes, and look from the place where you are, northward and
southward and eastward and westward; for all the land that you see 1 will give to
you and to your seed forever.
(Gen. 13:14b-15. Holy Bible. Recovery Version. © 2003 Living Stream
Ministry, Anaheim, California.)

The question of convergence and the related Trotter—Kato—Neveu—Sova—Kurtz
Theorem lie in the center of the theory of one-parameter semigroups of opera-
tors. In fact, many key results, including the fundamental Hille—Yosida Theo-
rem, are proved by approximating a semigroup involved by a family of semi-
groups that are easier to handle. On the other hand, the most elegant proof of the
Trotter—Kato—Neveu—Sova—Kurtz Theorem is obtained by applying the Hille—
Yosida Theorem to a certain, coordinate-wise acting operator in the space of
convergent sequences [163, 211, 229]. Hence, all of the basic books devoted to
the theory, except, of course, of the classics [115] and [180] published before
the Trotter—Kato—Neveu—Sova—Kurtz Theorem was known, treat the subject
at least roughly (see, e.g., [9, 101, 128, 163, 284, 334, 353]). Other books,
like [132], take advantage of the theory and show its beautiful and far-reaching
applications.

This book aims to present the classic theory of convergence of semigroups
and also to discuss its applicability to models of mathematical biology and
other branches of mathematics. At the same time, it is an attempt at expressing
my long fascination with phenomena accompanying such convergence, and my
continuous amazement at the variety of examples, especially of the stochastic
type, found in the literature.

The main difficulty in applying the theory to the models mentioned here is
that the Trotter—Kato—Neveu—Sova—Kurtz-type theorems characterize conver-
gence that is almost uniform in time ¢ € [0, co), whereas in the models one
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often encounters a situation in which convergence is not uniform in the neigh-
borhood of + = 0. Therefore, this book splits naturally into two parts. In the first
part, I discuss the models in which the classical theory applies. In the second
part, I present methods developed for treating convergence that is not uniform
near ¢t = 0, such as singular perturbations. Therefore, in particular, the book is
an outgrowth of Tosio Kato’s project [ 199] to incorporate singular perturbations
in the theory of convergence of semigroups of operators.

As already stated, this book is equally devoted to the general theory and to
examples, which are selected from various branches of applied and pure math-
ematics with an emphasis on models of mathematical biology. These examples
serve to exemplify applications of the main theorems, but at the same time
are meant to be nontechnical, short introductions to related biological models.
Deprived of these examples, the book loses more than half of its worth (if it
possesses any). However, for readers who want to know the structure of the
book, the main theoretical chapters in Part I are:

o Chapter 2, where the basic convergence theorem is presented

o Chapter 7, where the relations between the limit pseudoresolvent and the
extended limit are presented

o Chapter 8, devoted to the characterization of the regularity subspace where
the semigroups converge in a regular way

o Chapter 14, in which the question of convergence outside of the regularity
space is discussed

e Chapter 15, in which the Hasegawa condition is introduced

o Chapter 18, which is devoted to discrete-time approximations

o Chapter 24, which is devoted to the case in which the approximating semi-
groups act in different spaces than the limit semigroup

o Chapter 25, in which the stability condition is discussed

In Part II, the most important theoretical chapters include:

o Chapters 26, 28, and 29, in which basic examples and fundamental properties
of irregular convergence are presented

o Chapter 31, providing tools for dealing with parabolic problems

o Chapter 42, presenting the important Kurtz’s Theorem, which allows dealing
with variety of convergence questions, including problems of hyperbolic type

o Chapters 54 and 55, giving some insight into alternative approaches

In Part I11, devoted to convergence of cosine families in addition to basic theory
(which is in many aspects parallel to the theory of convergence of semigroups),
we reveal the stunning result that there is no singular perturbation theory for
cosine families.
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Perhaps it should be added here that in Part II, Chapters 33 through 40 (with
the exception of Chapter 37) form an essay on singular limits involving fast
diffusion, including the treatment of the homogenization theorem of Conway,
Hoff, and Smoller discussed in Chapter 38.

This book suffers from the omission of important theorems and examples,
most of which I am simply ignorant of. Of those I am aware of, I should mention
the beautiful phenomenon ascribed to Bafico and Baldi [13]. The reason for not
including it here is that it appears to be related to convergence in weaker topol-
ogy, and I determined to restrict myself to strong topology of Banach spaces.
Other examples include the Janas—Berezin approximation method [33, 189],
state-space collapse in the theory of queues (see [295] and the references given
there), models of adaptive dynamics [79, 113, 285] (which are in most interest-
ing cases nonlinear), diffusion processes on an open book [152], and definitely
many, many more. See, for example, the recent book by J. Banasiak and M.
Lachowicz [25] written in the spirit of asymptotic analysis, and the paper by
S. N. Evans and R. B. Sowers [133] — a rich source of examples of stochastic
nature (I thank T. G. Kurtz and S. N. Evans for this reference). Fortunately,
there are other, perhaps more apt accounts of the geography of the vast land of
singular-perturbation theory, including [205, 263, 280, 311, 316, 333], to men-
tion just a few that I have on my bookshelf. (On April 30, 2015, MathSciNet
returned 2,404 matches to the “singular perturbation” query.) The other side of
this coin is that the lion’s share of the examples presented here have not been
available in book form as of this writing.

I have benefited from delivering a series of lectures at the Institute of Math-
ematics of the Polish Academy of Sciences and teaching two courses at Maria
Curie-Sktodowska University (UMCS) in Lublin, Poland, all based on the
material in this book. Judging by the feedback that I have received, audiences
have benefited, too, but you can never be sure of things like that. I would like
to thank both institutions for allowing me to teach these courses, despite the
danger of having a new generation of students interested in the theory of semi-
groups of operators. Financially, beginning in 2011 and until 2014, I was sup-
ported by the Polish Government, grant number 6081/B/H03/2011/40.

Moreover, I would like to express my thanks to Professor Jan Kisyrski, my
teacher and my friend, who introduced me to the world of convergence of semi-
groups and for years has been an invaluable “point of reference,” and to my
students, particularly to Radek Bogucki, without whom this book would have
been completely different, and Adam Gregosiewicz (a victim of my course at
UMCS), who solved many exercises — his solution manual will be available
on the web in due time, “but you can never be sure of things like that.” Spe-
cial thanks are also due to Jacek Banasiak for stimulating discussions, hints for
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solving problems, and references leading to new and interesting ones. More-
over, I would like to acknowledge friendly support I have received from A.
Batkai, K. Bogdan, D. Mugnolo, W. Chojnacki, J. Goldstein, M. Kimmel,
T. Komorowski, M. Lachowicz, H. Leszczynski, T. Lipniacki, A. Marciniak-
Czochra, R. Rudnicki, Y. Tomilov, and D. Wrzosek, who in various ways con-
tributed to my understanding of the subjects covered in the book. They have
done it in the unfeigned hope that I will be able to comprehend some complex
issues in mathematics and biology; if their hopes are shattered by the book,
they should not be held responsible for all or any misrepresentations, as they
were acting in good faith.

Last but not least, thanks are due to my family: I would like to thank my
wife Beata for her constant encouragement and help, without which it would
be very difficult to devote so much time to writing this book. Special thanks
go also to my sons, Radek and Marek, for supplementing this monograph with
unique pictures.' >

Approximately 10 years ago, after I had completed writing my first book [49], I heartily wanted to
thank Roger Astley from Cambridge University Press for his help and encouragement. However,
he did not allow me, by saying something to the effect that Cambridge University Press does
not approve of such acknowledgments. By looking at other books recently, to my astonishment I
discovered that this was a flat lie. Hence, I am thanking him now in a footnote, which is printed
in footnote-size, lest he should notice.

2 Hey, I can also thank my friends Chyl and Jarecki for, hm, being my friends.



Semigroups of Operators and
Cosine Operator Functions

In this introductory chapter, I present the rudiments of the theory of strongly
continuous semigroups of operators and the related theory of cosine operator
functions (cosine families). These theories, especially the first one, being well
known, and given the number of books devoted to the subject, I felt it unneces-
sary to present all the involved details here, but appropriate to recall basic facts.
Experts may simply skip this chapter, and students familiar with the theory may
test their fluency by checking whether they remember how to prove the facts
presented here (and perhaps do the nonstandard exercises at the end). All of the
remaining readers are asked to consult one or several of [9, 49, 132, 101, 103,
118,122,127, 128, 129, 163, 180, 193, 201, 215, 256, 284, 324, 334,343, 353]
or other relevant monographs. The real newcomers may want to begin by
reading [259]. A unified proof of the Hille-Yosida and Sova—-Da Prato—Giusti
Theorems is given in Appendix A.

Co Semigroups

A Cy semigroup or a strongly continuous semigroup in a Banach space X is a
family T = (T(t)),>o (written also as {T'(¢), t > 0}) of bounded linear operators
such that:

(@ TOT() =Tk +s),t,5 =0,
(b) T(0) =Ix,
(©) limoT(t)x =x,x € X,

with the last limit in the strong topology in X. If merely the first two conditions
are satisfied the family is said to be a semigroup. The three properties together,
combined with the Banach—Steinhaus uniform boundedness principle, imply
that there exist M > 1, w € R such that || T(¢)|| < Me“'. Moreover, the map
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[0, 00) > t > T(t)xis continuous (in the strong topology) for all x € X. Hence,
the Laplace transform R, = fooo e T (¢) dt of the semigroup is well defined for
all A > w, as a strong improper Riemann integral, and we have ||R; || < =.

Using the semigroup property, we check that:

[’ 00 . n
R :/ / e F Xt Zti dty ... dt,,
0 0 i=1

which gives ||[R}|| < M(A —w)™,n > 1.
The infinitesimal generator of (7'(¢)),~ is defined as:

1
Ax = lim —(T (t)x — x),
t—0t

for those x for which the limit exists in the strong topology. Because all inte-
grals of the form foh T(t)xds,x € X, h > 0 belong to the domain D(A) of A
and limy,_,¢ % foh T(t)xds = x, A is densely defined. Furthermore, forx € D(A),
T(t)x=x+ for T(s)Axds, and this implies that A is closed. Then, R; turns
out to be the resolvent of A in the sense that A — A has a bounded left and
right inverse: (a) R, (A — A)x = x for x € D(A), and (b) R;x belongs to D(A)
for all x € X and (A — A)R,x = x (in particular, the range of A — A is the
whole of X; this is the all-important range condition). Therefore, we write
R, = (. — A)~'. We note that the equation:

Ax —Ax =y, (1.1)

where y € X is given and x € D(A) is to be found, is called the resolvent
equation for A.
This implies in turn that R;, A > O satisfies the Hilbert Equation:

Ry — Ry = (0 — MRyR;, Ay >0, (1.2)

which could also be obtained from the fact that R, is the Laplace transform of
the semigroup.

The Hille—Yosida—Feller—Phillips—Miyadera Theorem states that the condi-
tions on A mentioned here are not only necessary but also sufficient for A to be
the generator of a strongly continuous semigroup.

Theorem 1.1 (Hille-Yosida-Feller—Phillips—Miyadera) An operator A is
the generator of a strongly continuous semigroup {T(t),t > 0} with ||T ()| <
Me(l)t l:fj(:.

o A is closed and densely defined,

o forall . > w, . — A has a continuous left and right inverse (. — A)™",
e |[A-A)"N=MA—-—w)", n>1,1A>ow.
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Using the Hilbert Equation and the estimate ||(A —A)~!| < % we may
prove that the map (w,00) 3 A — (A —A)~! € L(X) is differentiable with
d%()» —A) ' = —( —A)2. Hence, by induction:

n
drr
so that the third condition may be equivalently expressed as:

A=A =(=D"nl(x — A)~"D, n>1

d" - Mn!
o5z —A) 7" < Toaypm 1= 0,4 > .

We note that A generates a strongly continuous semigroup {7°(¢), t > 0} iff
rA—A) = fooo e T (¢)dt; this shows in particular that an operator must
not generate two different semigroups. We will write (e'4),~, {4, > 0} or
{Ty(t), t = O} for the semigroup generated by A.

The Phillips Perturbation Theorem says that if A is the generator of a strongly
continuous semigroup, then so is A + B (with domain D(B) = D(A)) where B
is a bounded operator. Moreover,

o0
e/AtB) — ZS,,(I), where
n=0

t
So(t) = e, S0 (1) = / eBS,(s)ds, n=>0.
0

Cosine Operator Functions

A strongly continuous cosine operator function (or a cosine family) is a family
{C(z),t € R} of bounded linear operators satisfying:

(a) 2C(H)C(s) =C(t+s)+C(t —s),t,5s € R,
(b) C(0) = Ix,
(c) lim—oC(t)x =x,x € X.

As in the case of semigroups, there exist M > 1 and w > 0 (note the restriction
on w; see Proposition 3.14.6 in [9] and our Exercise 61.2), such that ||C(?)| <
Me“'. Also, C(t) = C(—t) and {C(z),t € R} is a strongly continuous family.
Finally, its Laplace transform is uniquely determined by:

A2 —A) = / e MC(t)dt, A > o, (1.3)
0
where A is the infinitesimal generator defined as:
2 —
Ax — lim 2€O¥ =2

=0 12
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for those x for which this limit exists. Again, A is of necessity closed and
densely defined. The analogue of the Hille—Yosida—Feller—Phillips—Miyadera
Theorem (due to Sova [319], and Da Prato and Giusti [290]) is as follows.

Theorem 1.2 An operator A is the generator of a strongly continuous cosine
operator family {C(t), t € R} such that |C(t)|| < Me“" iff:

o A is closed and densely defined,
o forall . > w, \* — A has a continuous left and right inverse (\> — A)™!,

o I A2 =A< Ml = ) "D, 1= 0,4 > .

Formula (1.3) shows that the generator uniquely determines the cosine fam-
ily. I will write {Cos4(t), t € R} for the cosine family generated by A. I note
that there is a cosine family equivalent of the Phillips Perturbation Theorem
(Corollaries 3.14.10 and 3.14.13 in [9]).

Semigroups and Cosines

As it was seen earlier, the theories of strongly continuous semigroups and
of cosine families are quite analogous (see, however, [62] or Chapter 61). In
Appendix A, I will show that both the Hille—Yosida—Feller—Phillips—Miyadera
and the Sova—Da Prato—Giusti generation theorems may be obtained from the
Hennig—Neubrander Representation Theorem for Laplace transform. Here, 1
discuss two other connections between these theories.

Suppose that {Cosa(?), t € R} is a strongly continuous cosine family. Then
the formula:

1
2/t

defines a strongly continuous semigroup whose generator turns out to be A. In

T(t)=

o0 2
/ e~ 7 Cosy(s)ds, t>0 (1.4)
—00

other words, generators of cosine families are of necessity generators of semi-
groups, even of holomorphic semigroups (see Chapter 15). The converse, how-
ever, is not true. There are generators of holomorphic semigroups that are not
generators of cosine families. Relation (1.4) is known as the Weierstrass For-
mula [9, 139] or subordination principle [292]; see [154] for probabilistic
aspects of this relationship.

The Kisynski Theorem establishes another connection between semigroups
and cosines, as follows [9, 213]: Let again {Cos,(¢), t € R} be a strongly con-
tinuous cosine family in a Banach space X and let Xk;; be the subset of x € X
such that 7 > Cos4 (7)x is continuously differentiable. Then, Xk;s is a Banach

space when equipped with the norm ||x||kis = [|lx[| + sup,o.1 dcgg”x I, and




Semigroups and Cosines 5

the operator A(y, x) = (x, Ay) with domain D(A) composed of (y, x) with
y € D(A), x € Xk;s generates a Cy group in Xgjs X X (i.e., both A and — A gen-
erate C semigroups there), and we have:

Cosa(t) ! Coss(s)ds
=( Jo ) (R,

dC
deom Cosy(t)

(1.5)

The converse is also true: if A is a linear operator in a Banach space X, if X
is a Banach space such that:

D) Cc X; CX, (1.6)

and the topology in D(A) is not weaker than the topology in X; and the topol-
ogy in X is not weaker than the topology in X and A given here generates
a Cy group in X; x X, then A generates a strongly continuous cosine family
in X. Moreover, X is isomorphic to Xgjs. The Xkis is often referred to as the
Kisynski space. Interestingly, if condition (1.6) is omitted, Xk, is not uniquely
determined; see [237].

CONVENTION Throughout this book, when speaking about abstract Banach
spaces, [ use x, y, z, and so on to denote their elements. However, when dealing
with applications, which usually involve function spaces, for their elements I
write f, g, h or ¢, ¥, and so on and use x, y, and z to denote arguments of
functions.

Exercise 1.1 Let A be the generator of a strongly continuous semigroup
in a Banach space X. Show that lim;_, o A(A —A) 'x=x,xeX and that
limy_, o A[A(A — A)~'x — x] = Ax, x € D(A). In fact, the latter condition holds
iff x € D(A).

Exercise 1.2 Check that a bounded operator A generates the semigroup (actu-
0o Angn

ally, a group) given by e =) " < and the cosine family given by

Cosa(t) =Y 02, % Verify the Weierstrass Formula in this case.

Exercise 1.3 Let X be a Banach space, z € X be a fixed element, and f € X*

be a fixed linear functional. Consider the bounded linear operator Ax = f(x)z.

Prove that:

x4+ 8@ — 1z, r#£0,

ex = t>0,xeX,
x+1f(x)z, r=0,

where r = f(2).
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Exercise 1.4 Let X be a Banach space.

(a) Let A € £(X) be a bounded linear operator satisfying A> = A. Show that
e =Ix + (e — 1) A.

(b) Let A € £(X) be a bounded linear operator satisfying A> = 0. Show that
e = Ix +1tA.

(c) Let A € £(X) be a bounded linear operator satisfying A> = —Ix. Show
that ¢4 = (cost) Ix + (sin?) A.

(d) Let A € £(X) be a bounded linear operator satisfying A?> = Ix. Show that
e = (cosht) Ix + (sinh?)A.

Exercise 1.5 Let X = ([0, 00) be the space of continuous functions on RT,
vanishing at infinity, and let u be a non-negative, continuous function on R™
such that lim,_, o, £(x) exists (but may be infinite).

(a) Show that the related, possibly unbounded, operator M : f > —puf (with
domain composed of f such that uf € X) is the generator of the contrac-
tion semigroup in X given by:

eMf)=e "V f(x),  xt=0. (1.7)

In the case in which lim,_, o, ;(x) = 00, check that formula (1.7) does not
define a strongly continuous semigroup in the space C[0, co] of continuous
functions with (finite) limits at co. Hint: take f = 1.

(b) Let p be positive. For b € X, let abounded linear operator B in X be defined
by Bf(x) = f(0)b(x), x € R*. By (a) and the Phillips Perturbation Theo-
rem, M + B is the generator of a strongly continuous semigroup. Under the
simplifying assumption that 1(0) = 5(0), check directly that:

e MHB) £(x) = e MO (f(x) — F(0)g(x)) + f(0)g(x), (1.8)

where ¢(x) = ;% so that g € X. (M + B is one of the terms in the

predual of the generator of the McKendrick semigroup; see Chapter 50.
See also Exercise 19.3.) Hint: Note that ¢ € D(M); a direct calculation
shows that the generator of the semigroup defined by the right-hand side
of (1.8) extends M + B.

Exercise 1.6
(a) LetX = CJ0, oo] be the space of continuous functions on [0, co) with lim-
its at infinity, equipped with the usual supremum norm. Check that:

TOfx)=flx+1)
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defines a strongly continuous semigroup of operators in X, that the domain
of its generator A is composed of continuously differentiable functions f
such that f’ € X (deduce that lim,_, , f'(x) = 0), and that Af = f’.

(b) Let X be the space C[0, 1] of continuous functions on [0, 1], equipped with
the usual supremum norm. Check that:

SO f(x) = flxe™)

defines a strongly continuous semigroup of operators in X, that the domain
of its generator B is composed of functions f such that f’(x) exists for all
x € (0, 1] and lim,—, g xf'(x) = 0. Also, Bf(x) = —xf'(x), x € (0, 1] (and
clearly Bf(0) = 0).

(c) Check that:

UM fex) = f(1—(1-xe™)

defines a strongly continuous semigroup of operators in the same Banach
space C[0, 1], that the domain of its generator C is composed of functions
f such that f'(x) exists forall x € [0, 1) and lim,_, (1 — x)f'(x) = 0. Also,
Cf(x)=(1 —x)f'(x),x € [0, 1) (and clearly Cf(1) = 1).

Exercise 1.7 Two semigroups (e4),~¢ and (e'®),-¢ defined in Banach spaces
X and Y, respectively, are said to be isomorphic (or similar) iff there is an
isomorphism / : X — Y such that:

Ieh = e8], t>0.

(a) Check that x € D(A) iff Ix € D(B) and that [Ax = Blx.

(b) Check that all three semigroups of the previous exercise are similar and use
this fact to find an independent proof of the characterizations of generators
of semigroups in points (b) and (c) in the previous exercise.

Exercise 1.8 Let L!'(R*) be the space of (equivalence classes) of absolutely
integrable functions on R*.

(a) Let{T(t),t > 0} be the semigroup of shifts to the right:

Ty = {707 2y nwh,
0, X <t,
Show that the domain of its generator is composed of absolutely continu-
ous functions ¢ with ¢(0) = 0, i.e. such that ¢(x) = fox ¥ (y)dy, x > 0 for
some ¥ € L'(RT), and that Ap = —¢p' = —1//.
(b) Let >0 be a bounded, integrable function on R*. Show that I €
L(L'(R)) given by (I¢)(x) = eo “0) e (x) is an isomorphism of L' (R)
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(with ||I|| < elo mdr gpqg II7']| < 1) and check that the isomorphic image
T,() = I~'T(¢)I of the semigroup of point (a) via I is
- ROy (o —
e x—1), x>t
T, () (x) = 0 ¢ e L'RY). (1.9

X <t,

’

(c) Let A, be the generator of this semigroup. Using the fact that the product
of two absolutely continuous functions is absolutely continuous, show that
D(A,) =D(A), and that A, ¢ = Ap — up, ¢ € D(A,). (See also Exer-
cise 2.3.)

Exercise 1.9 Let A be the operator in />, the space of square-summable
sequences (xn)nzl, giVen by D(A) = {(sn)nzl S lla (ngn)nzl € 12}’ A(gn)nzl -
_(né:n)nzb

(a) Show that A is a generator and that:
e (Enzr = (€7"&n) 2 -

(b) Let L2(0, ) be the space of (classes of) square integrable functions on
(0, 2). Check that e,(x) = \/gsinx,x € (0,m),n>1, is a complete,
orthonormal system (see, e.g., [107]), and conclude that L*(0, ) is iso-
metrically isomorphic to /> with isomorphism 7 : L?(0, 7) — [? given by:

If = ((fv en))nzl 9

where the inner parenthesis denotes the scalar product in L>(0, 7).
(c) Let Bbe the operator in L?(0, 77 ) with domain D(B) composed of functions
f that can be represented in the form:

X py
flx)= ax—i—/ / h(z)dzdy
0o Jo
where a = —1 [" [ h(z) dzdy, for some h € L*(0, 7r), and given by:
Af = h.
Use (a) and (b) to show that B is a generator, and find the form of ¢'5.

Exercise 1.10 Let BUC(R) be the space of uniformly continuous functions on
the real line, equipped with the supremum norm. Check that:

1
C(t)f(x)=i[f(x—i-t)—l—f(x—t)], r,xeR,

defines a strongly continuous cosine family. Prove that its generator is given by
Af = f” with domain composed of twice continuously differentiable members
of BUC(R) such that f” € BUC(R).
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Exercise 1.11 Let BUC(R™") be the space of uniformly continuous functions
on the half-line R* equipped with the supremum norm. For f € BUC(R™), let
f. € BUC(R) be its even extension to the whole line. Check that:

1
Cf(x) = E[fe(x+ 1)+ felx—1)], teR,x e RY,

defines a strongly continuous cosine family. Prove that its generator is given by
Af = f” with domain composed of twice continuously differentiable members
of BUC(R™) such that f € BUC(R'), and f/(0) = 0.

Exercise 1.12 Let C,[0, 1] be the space of continuous functions f on [0, 1]
such that f(0) = f(1). Let f;, be the periodic extension of a f € C,[0, 1] given
by fo(x + k) = f(x), x € [0, 1] where k is any integer. Show that:

C(t)f(X)=%[fp(ert)Jrfp(x—t)], t e R, x e RY,

defines a strongly continuous cosine family and prove that its generatoris A f =
f” with domain composed of twice continuously differentiable members of
Gp10, 1] such that f7, f” € G0, 1].

Exercise 1.13 Let C[—o0, oo] be the space of continuous functions on R with
limits at +00 and —oo, and let {T'(¢), t > 0} be operators defined by:

fx+oq1), x € [0, 00),
T()f(x) = f((;'—jlx+ o1t), x € (—o_it,0),
f(-x+ 0'711‘), X € (_OO, _0‘,11‘],

where o) and o_, are given positive constants.

(a) Show that this is a strongly continuous semigroup with generator A given
by:

o f'x), x>0

Af =
f o_1f'(x), x<0O,

defined for all f satisfying the following conditions: (i) f is continuously
differentiable for x > 0, with the derivative having limits at 400 and 0 —
the latter limit is denoted f’(0+). (ii) f is continuously differentiable for
x < 0 with derivative having limits at —oo and O — the latter limit is denoted
f/(0-). (iii) We have o_ f'(0—) = o1 f"(0+).

(b) Let ar(x) = 0ggnyx. Check that / : f + f o« is an isometric isomorphism
of C[—o0, 00]. Redo point (a) by noting that S(¢) = IT ()" is the trans-
lation to the left: S()f(x) = f(x+1),x e R, > 0.
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(c) Prove that the semigroup may be extended to a group {T'(¢),t € R}, and
find an explicit formula for 7'(¢), t < 0.

(d) Prove that C(r) = %(T(t) + T(—t)),t € R defines a cosine family and find
its generator.



PART 1

Regular Convergence






2

The First Convergence Theorem

We start with a lemma concerning the relationship between convergence of
functions and their Laplace transforms. We assume that f, : Rt — X, n > 1,
where X is a Banach space, are continuous functions satisfying || f,(?)] <
M,t > 0,n > 1 for some M > 0, and denote by fn(k) = fooo e M () dt, A >
0 their Laplace transforms.

Lemma 2.1 Functions f, converge almost uniformly in t € R" iff they are
equicontinuous in n and their Laplace transforms converge (pointwise).

Here, by almost uniform convergence we mean the convergence that is uni-
form in any compact subinterval of R*, and equicontinuity in n means that for
any 1 € R* and € > 0 there exists a § > 0 such that |h| < § and r +h € R

imply || fu(r +h) — fu(O] < €.

Proof Equicontinuity is known to be necessary for uniform convergence, and
convergence of functions (even pointwise) implies convergence of resolvents
by Lebesgue Dominated Convergence Theorem. Hence, it is the converse that
is nontrivial (and useful).

The following argument proving the converse is due to J. Kisynski. Let
[*°(X) be the space of bounded sequences with values in X, equipped with
the norm [/(x,)n>1ll = sup,, [lx.[l, and let ¢(X) be its subspace of conver-
gent sequences. By equicontinuity assumption, the function F : RT — [*°(X)
given by F(t) = (fy(1))u=1 is continuous. Furthermore, [;°e ™ F(1)dr =
(fu(X))n=1, A > 0. If a bounded linear functional ¥ on [*°(X) is orthogo-
nal to ¢(X), then [j~ e ™M W(F (1)) dt = W(f(M))n=1 = 0, A > 0, implying W o
F =0, by continuity. Hence, F' has values in ¢(X) or, which is the same,
lim,_, », f,(¢) exists. Because the limit function must be continuous, the limit
is almost uniform in nonnegative ¢. ]
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We come to our first and the simplest approximation theorem. Notably, its
proof contains, in a germ form, all the main ideas to be developed later.

Theorem 2.2 Assume (e/“"),~9, n > 1 are strongly continuous semigroups in

a Banach space X that are equibounded in the sense that there exists a constant
M > 0 such that:

led | <M, t>=0,n>1. 2.1)

Let (e"1);=0 be another strongly continuous semigroup in X such that ||e"*|| <
M. The following are equivalent:

a) lim,_, o e = e (strongly).

b) lim,_oe(h — Ay~ = lim,_, o (A — A)~! (strongly) for all A > 0.

¢) lim,_oo(X — A,) "' = lim,, oo (A — A)~! (strongly) for some ). > 0.

d) For any x € D(A) there exist x, € D(A,) such that lim,_, x, = x and
lim,,—s o0 Apx, = Ax.

Moreover, if these equivalent conditions are satisfied then the limit in a) is
almost uniform int € RY.

Proof Implication a) = b) is obvious by the Lebesgue Dominated Con-
vergence Theorem, and b) = c) is trivial. Assuming that c) is satisfied,
we take an x € D(A) and find the y € X with x = (A —A)~'y. Then, we
define x, = (A —A,)”'y to see that x,, € D(A,), lim,.oo X, = (A —A) "'y =
x and lim,_ o Apx, = lim,eo(A(A —A,) 'y = 2y) = AL —A)ly — Ay =
AL — A)~'y = Ax, showing d).

To see that d) implies b), for L > 0 and y € X we find x € D(A) such
that y = Ax — Ax. Then, vectors y, = Ax, — A,x, where x, is chosen as
in d), satisfy [|(x —A) " G — DI < MA Yy, = yll, limsoy, =y and
(A—A)"'y, =x, = x= (L —A)"'y. This implies lim,_o(A —A,) 'y =
lim,,_, oo (A — A)~ 'y, showing b).

Finally, we show that b) and d) imply a). For x € D(A), let x,, be as in d)
and define f,(t) = ex, = x, + fot e A,x,ds, t > 0. Then f, are Lipschitz
continuous with constant M sup,-; |A,x, [, and lim,_, o [;° e ex,dr =
limyoe(X —A) "'y = (A —A)"lx = [ e Mexdr, A > 0.  Hence, by
Lemma 2.1, lim,_ o ex, = e“x almost uniformly in ¢t € R*. Since the
semigroups are equibounded this implies lim,_, o, e
formly in r € R™). Thus, a) follows by density argument. Il

nx = e4x (almost uni-

The equivalence of a), b), and c) is usually referred to as the (first) Trotter—
Kato Theorem, the adjective “second” being reserved for the version where the
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existence of the limit semigroup is not assumed. The fourth condition and the
related notion of extended limit of linear operators (see Chapter 7) was intro-
duced independently by M. Sova and T. G. Kurtz [132, 229, 320]." For con-
venience, we will refer to all convergence results involving resolvents as the
Trotter—Kato Theorem, and to those involving generalized limit as the Sova—
Kurtz Theorem.

Using the latter theorem greatly simplifies proofs of convergence. For exam-
ple, consider X = C[—o00, 00], the space of continuous functions on R with
limits at plus and minus infinity, and the sequence of semigroups generated by
operators A, = h, (T, — I) where T, f(x) = %(f(x—i— A+ fx—Ay),x €
R, and A, and A, are positive numbers. If lim,,_, ., h, = 0 and lim,,_,oc A, =0
with lim,,_, o 2—5’ = 1, then the semigroups converge to the Brownian motion

semigroup generated by the half of the one-dimensional Laplacian A = %dt—zz
with maximal domain C*[—o0, oo] in X:
1A 1 > b
e f(x)=E (x—l—w):—/ e 7 f(x+y)dy, (2.2)
f f == Jx+y)dy

where w;, t > 0 is a one-dimensional standard Brownian motion. Proving this
via the Trotter—Kato Theorem requires finding the form of the resolvents (A —
A,)~!, which is possible but time-consuming, while the proof via the Sova—
Kurtz version is immediate if we use Taylor’s Theorem — see Exercise 2.2. On
the other hand, it should be noted that finding (x,),>; of point (d) may require
some ingenuity, while having a closed form of (A — A,))~!' makes the reasoning
quite straightforward. The reader will find ample illustrations of these facts in
the following chapters of this monograph.

Remark 2.3 Interestingly, there is no explicit assumption of equicontinuity
of semigroups’ trajectories in Theorem 2.2. For x € D(A) this assumption is
implicit in d), and convergence of the trajectories for x € X is obtained by den-
sity argument.

In the three chapters that follow we present three examples of application
of Theorem 2.2: first in the space of continuous functions, then in the space
of integrable functions, and finally in a Hilbert space of square integrable
functions.

! Interestingly, extended limit has been introduced yet again, and its basic properties established,
by P. E. T. Jgrgensen much later [ 191], under the name of graph extension; see also [294, p. 293],
where —in studying the case of self-adjoint operators — the same notion is introduced and termed
strong graph limit, and [199], where it was used in the context of singular perturbations. In fact,
once discovered, the notion seems so natural that one wonders why some — excellent — books do
not cover it.
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Exercise 2.1 Let A be the generator of a semigroup in a Banach space X and
let B be a bounded linear operator in X. Show that for each a € R, A + aB

generates a semigroup and that lim,_,o e/ +%8) = /4,

Exercise 2.2 Prove convergence of semigroups spoken of after Theorem 2.2
by showing convergence of their resolvents, and then by showing convergence
of their generators. To this end show first that given A > 1 and a doubly infinite
(V1 )nez With limits in =00 there exists a unique (x, ),z With the same properties
such that Ax, — %(.anrl ~+ Xy—1) = Y. This (x,)nez is given by:

1 li—n|
Xp = —— A—VAa2—1 ;.
/22— 1 IEZZ ( ) Y
Also, recall that:
1 & )1 I,
r——— (x):—/ e VA f(y)dy, A > 0, x e R, (2.3)
( 242 S Ay ) S dy

Exercise 2.3 Let A be as in Exercise 1.8 and let B given by B¢ = u¢ be
the bounded multiplication operator in L' (R*), where p > 0 is assumed to be
bounded (but not necessarily integrable over R™). By the Phillips Perturbation
Theorem, A + B is a generator. Let w,(x) = e‘"il"pL(x) so that u,, is bounded
and integrable and let A, := A,,, be the generators of the semigroups defined by
(1.9) with u replaced by u,,. Use the Trotter—Kato Theorem in its Sova—Kurtz
version to show that lim,_, o e" = 4. Conclude that (1.9) holds without the
assumption that u is integrable.

s Chapter’s summary

We have covered the first convergence theorem: for a sequence of equibounded
semigroups to converge to a given limit semigroup it is necessary and sufficient
that their resolvents converge to the resolvent of the limit semigroup, and that
happens iff the limit semigroup’s generator is in a sense a limit of approximating
generators. By nature, such convergence of semigroups is almost uniform in
t € [0, 00).
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Continuous Dependence on
Boundary Conditions

For an example of Theorem 2.2, consider the space C[0, oo] of continuous func-
tions on R™ = [0, o) with limits at infinity. Let A be the operator Af = f”
with domain composed of twice continuously differentiable functions with
f” € C[0, oo], satisfying the boundary condition:

af”(0) = bf'(0) + cf(0) — dfw fdu=0, (3.1

where p is a probability measure on Rj = (0, 00), and a, b, ¢, and d are given
nonnegative constants with ¢ > d and a + b > 0.

We argue that A generates a Feller semigroup on C[0, co] (comp. [144]).
Let us recall that by definition a strongly continuous contraction semigroup in
C[0, oo] is said to be a Feller semigroup iff it maps non-negative functions into
non-negative functions [49, 132, 296]. A well-known necessary and sufficient
condition for a densely defined operator to generate a Feller semigroup is that
it satisfies the positive maximum principle (if the maximum of a f € D(A) is
attained at x € [0, oo], and f(x) > 0, then A f(x) < 0) and the range condition
(see next page).

Our A is densely defined (see Exercise 3.2) and satisfies the positive maxi-
mum principle. To see this, assume a positive maximum of f € D(A) is attained
at x = 0 (if the maximum is attained at x > O or at infinity the claim is obvi-
ous). Consider first the case where a # 0. Then ”(0) = a~'(bf'(0) — c£(0) +
alfR*+ fdu) < 0 because f/(0) <0 and alfR*+ fdu < cf(0) (here £(0) >0 is
used; in particular we may have d = 0). If a =0, we have f'(0) <0 and,
on the other hand, f'(0) = b~ '(cf(0) — deI fdu) > 0. Therefore, f/(0) =0
and the even extension of f to the whole of R is twice continuously dif-
ferentiable. Since its maximum is attained at x = 0, we have f”(0) <0, as
desired.
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It remains to be checked that the range condition is satisfied: for all > > 0
and g € C[0, oo] there exists an f € D(A) such that:

AM—-f=g (3.2
We look for f of the form:

fx) = CeV™ 4 De V™ % fx sinh vV/A(x — y)g(y) dy, 3.3)
0

where C and D are constants to be determined. Clearly, f is twice con-
tinuously differentiable and satisfies (3.2) but we need to make sure f €
D(A). Because f is to have a finite limit at co and since lim,_, o e’ﬁX(D +
#X N eYg(y)dy) = % lim,_, o, g(x), we must have:

1 o0
—Vy
C=—— e v~ dy, 3.4
zﬁ/o g(y)dy 34
that is,
Vi, L7 e Ve
x) = De~ X—l——/ e vVArTY dy =: De V™ + g, (x). 3.5
fx) 275 ), g(y)dy &.(x).  (3.5)

Also, taking:

(bVA —ah — )C +ag(0) +d [y, g1.du
a4+ bSAdc— de: e~V (dx)

, (3.6)

we see that (3.1) is satisfied.

The D defined here has a noteworthy property: if a,,, b,, ¢, d,,, and u,, tend
toa, b, ¢, d, and u, respectively (the limit of measures in the weak™ topology),
then the corresponding constants D, tend to D, provided, as we assumed, at
least one of a and b is nonzero. In other words, D depends continuously on
the boundary conditions. But this shows that so does f = (A — A)~'g defined
by (3.4)—(3.6). Hence, by Theorem 2.2 the semigroups generated by A depend
continuously on the parameters appearing in (3.1). This is an example of a much
more general principle (see [92, 94, 93] where, however, the problem is seen in
the context of L” spaces, compare also [267, Section 4] and Corollary 56.4). To
quote [93]: when a, b, ¢, and d are changed, “the domain of the corresponding
semigroup generator apparently changes, so we seem to have an unbounded,
domain-changing perturbation, and the continuous dependence result is not at
all obvious.”

A few words concerning interpretation of boundary condition (3.1) are here
in order. The semigroup generated by A is related to a stochastic process on
R™*; the form of the generator (Af = f”) tells us that, while away from the
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p= %I p=1-— % - particle ‘dies’

>

T t
P(T >t) =e @t

Figure 3.1 Elementary return Brownian motion (redrawn from [70])

boundary x = 0, the process behaves like a (re-scaled) Brownian motion. To
specify the process completely, however, we need to provide rules of its behav-
ior at the boundary, and this is the role of (3.1). Upon touching the boundary,
the particle performing Brownian motion may be stopped there, reflected, or
killed (i.e., removed from the space); it may also jump somewhere into R,
The coefficients a, b, ¢, and d may be thought of as describing relative fre-
quencies of such events, and u is the distribution of particle’s position right
after the jump. In particular, the case a =1,b=c=d =0 is the stopped
(or: absorbing) Brownian motion (the particle reaching the boundary stays
there forever), a = ¢ =d = 0, b = 1 is the reflected Brownian motion whose
paths are absolute values of paths of an unrestricted Brownian motion, and
a=b=d=0,c=1 is the minimal Brownian motion (the particle reaching
the boundary disappears).
Consider in more detail the case where a £ 0 and b = 0:

af”(0) + cf(0) — d/ fdp = 0. (3.7)
RY

This is the case of elementary return Brownian motion, in which the process
after reaching the boundary stays there for a random exponential time 7" with
parameter c/a (see Figure 3.1):

P(T>t)=¢ 4, t>0.

Attime T, the process either terminates, with probability 1 — %, or jumps, with
probability g, to a random point in R, the distribution after the jump being
1, and starts its movement afresh. (Interestingly, the possibility for a process



20 Example: Boundary Conditions

)

I p=1— < - particle ‘dies

>

T t
P(T >t)= e bt"

Figure 3.2 Elastic barrier (redrawn from [70])

to return from the boundary to R} in this way was not suggested by physical
considerations, but by the Wright—Fisher model with mutations, originating
from population genetics, see [142]-[144], [134], and Chapter 17.)

The elastic barrier where a = 0 and b # 0:

b (0) = cf(0) —d /R fdu (3.8)

may be described by analogy (see Figure 3.2). Here, after reaching the boundary
the trajectory is reflected and the process continues in this fashion for a random
time 7'. The times when the path touches x = 0 form a measurable subset of the
time axis, and the Lebesgue measure of this set is zero. There is, nevertheless,
a way to measure the time spent at the boundary, called the Lévy local time
t+; ¢ itself is a random process (on a separate probability space) increasing
only when the Brownian path is at the boundary [188, 195, 196, 296]. As in
the elementary return Brownian motion, at time 7" distributed according to (see
[188] p. 45 or [195] p. 426):

t+

P(T >t)=¢ b t>0,

the process either terminates, with probability 1 — ‘L—i,, or jumps, with probability
‘f, to a random point in R, the distribution after the jump being ., and starts
afresh.

For a detailed analytic and probabilistic treatment of boundary conditions
see, for example, [144, 145, 247]. A very nice insight into the subject may
also be gained by considering a characteristic operator of E. B. Dynkin — see
[121, 122, 123, 124, 193]. Consult also [158], where a physical interpretation
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to very general boundary conditions is given, and reader-friendly and expertly
written [324]. Here, we will merely find the most general form of boundary
conditions for the one-dimensional Laplacian generating a Feller semigroup in
Cl0, oo] (comp. [247] p. 37); this part may be skipped on the first reading.

To this end, let A be the generator of a Feller semigroup in C[0, co] with
domain contained in C?[0, oc] and such that Af = f”, f € D(A). Then, the
solution to the resolvent equation for A must be of the form (3.3) with C spec-
ified in (3.4). Hence (comp. (4.3), later on):

(L —A) lg(x) = (C + D)e V™
+ % /O [e—«/ﬂx—)’l _ e_ﬁ(xﬂ’)]g(y) dy.

Here, C =, and D = D, are in fact linear functionals indexed by A >
0; we write E, := A(C,, + D,). It is an exercise to check that E, is posi-
tive (compare Lemma 4.2, later on, note that (A — A)’1 g > 0 provided g >
0) and Ej;(e) < 1, where e = 1j9,~; in particular the norm of E; does not
exceed 1. Because lim;_, o, A(A —A)’lg = g, we have lim;_, o, E; g = g(0).
Similarly (comp. Exercise 1.1), Ag = limy_ o, A(AM(A —A) g — g), g € D(A)
implies g’(0) = limy_, o A(E; g — g(0)). Introducing for fixed r > 0, h,(x) =
X A r, we see that this may be written as:

Alirgo[g/'(o) —AFg1 +8(0A(1 — Eze)] =0, g € D), (3.9
where Fig = E; (h,g), g € C[0, 00] and g;(x) = “’W,x > 0; note that g;
has a continuous extension to an element of C[0, co] with g;(0) = £'(0). Since
the functionals ||F; || ~'F; may be identified with probability measures, it fol-
lows by the Helly principle that there exists a sequence (},),>; converging to
infinity and a probability measure v such that:

lim ||F,\n||_1Fxng:/ gdv, g € C[0, oo].
n— o0 [0,00]

Choosing further subsequences if necessary, we find a sequence such that addi-
tionally the limits:

lim A,[F, | = o > 0,
n—oo
lim A,(1 —Ey,e)=: 8 >0,
n—oQ
and lim,,_, o % =: y > 0 exist (but may be infinite). If &« and g are finite,

taking the limit in (3.9) along the chosen sequence we obtain:

¢'(0) — a/ g1 dv + Bg(0) = 0. (3.10)
[0,00]
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In the other case, dividing the expression in brackets in (3.9) by A||F; || + A(1 —
E;e) and taking the limit along the chosen sequence, we obtain:

y 1
e g1dv+ ——g(0) =0, (3.11)
L+y Jio.00] L+vy
where ﬁ =1 and ﬁ = 0 for y = co. Hence, in both cases there are non-
negative constants ag, bg, co such that:
, x) — g0
apg’(0) — bo/ g — 80 v(dx) +cog(0) =0, ge D), ((3.12)
[0,00] XAT

this is the promised, most general form of a boundary condition. Note that
ap + by must be positive, because otherwise we would have ¢y = 1, the bound-
ary condition would read g(0) = 0, and D(A) couldn’t possibly be dense in
C[0, o0].

Now, assume f(o_w] )ﬁ v(dx) =: dy is finite, and take a = ag, b = byv({0}),
¢ = co+ body, d = body and u(B) = d; ' [, == v(dx). Then (3.12) reduces to
(3.1) provided v({oo}) = 0; by the way, this explains why we assumed ¢ > d
in (3.1). As earlier, we check that the case a + b = 0 is impossible.

In the case in which dy = o0, the related process is much trickier to describe
in probabilistic terms than it is in the case dy < oo, covered earlier — compare,
for example, [124, Chapter 4].

Exercise 3.1 A matrix Q = (gij)i je1,...n) 1 said to be a Kolmogorov matrix
or an intensity matrix iff its off-diagonal entries g;;, i # j are non-negative

.....

and its rows add up to zero. If {1, ..., n} is equipped with the discrete topol-
ogy, the space R" may be identified with the space of continuous functions on
{1, ..., n}. Check that for any Kolmogorov matrix Q, the operator R" 5 x
Ox € R” satisfies the maximum principle: if maxieqi,... .y X; = x;, then the jth
coordinate of Qx is nonpositive.

AAAAA

Exercise 3.2 Given a twice continuously differentiable f € C[0, co] with
f" € C[0, oo], find a sequence f, satisfying (3.1), of the form f,(x) = f(x) +
ane P where 8, > 0, such that lim,_, o f, = f.

Exercise 3.3 Prove the properties of E; stated in the text.

Exercise 3.4 Prove the convergence result of this chapter by proving conver-
gence of the related generators (without calculating resolvents).

Exercise 3.5 A Feller semigroup generated by A in C[0, oo] is said to be
conservative iff it maps 1jo ) into itself. Equivalently, 19 ) € D(A) and
Aljp,00) = 0. Check that the semigroup related to the boundary condition (3.1)
is conservative iff c = d.
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Exercise 3.6 For a > 0 and a measure x on [0, 1), let an operator A in C[O0, 1]
be defined by Af = f’ with domain composed of continuously differentiable
functions satisfying f'(1) = a(flo,l) fdu — f(1)). Check that A is the genera-
tor of a conservative Feller semigroup in C[0, 1]. (This is the semigroup gov-
erning the Markov process in which a particle in [0, 1) moves to the right with
constant speed 1. Upon reaching the boundary x = 1 the process stays there
for an exponential time with parameter a, and then jumps to one of the points
of [0, 1), the distribution of the point after the jump being 1, to continue its
motion to the right. For a = 0, the process remains in x = 1 forever. Turning
to the case where u is the Dirac measure at zero, show that for 7 € [0, 1], the
semigroup generated by A is given by:

e f(x) = fx+1), x€[0,1] (3.13)

where, for x € [1, 2]:

x—1
F@) = f@),x €0, 1], f(x) = Vf(1) +a / e IV E(y) dy.
0

i Chapter’s summary

We have covered the first example of convergence of semigroups based on
the theorem of Chapter 2. Feller semigroups generated by a one-dimensional
Laplace operator in C[0, oo] are related to boundary conditions describing
behavior of the related process at the boundary where x = 0. At the boundary,
the process may be reflected, stopped, or killed and removed from the state-
space, it may also jump from the boundary to the interior of the right half-line.
Even though the boundary conditions influence the domains of the generators
of the semigroups, and changing coefficients in the boundary condition changes
the domain, the semigroups depend continuously on these coefficients.
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Semipermeable Membrane

This chapter may be seen as an introduction to the model of fast neurotrans-
mitters of Chapter 33. Its primary aim, however, is to further illustrate Theo-
rem 2.2. We consider particles diffusing on the real line and assume that the
physical characteristics of the material and hence the diffusion coefficients on
the positive and negative half-axes are different. The half-axes are separated by
a semipermeable membrane at x = 0, described later.

Because we want to study dynamics of the processes’ distributions, a nat-
ural concept here is that of a Markov operator, which is a linear operator
in the L'(S) = L'(S, m) space of (equivalence classes) of functions on a mea-
sure space (S, m) that are absolutely integrable with respect to the measure m.
An operator P is said to be Markov iff it leaves the positive cone invariant
(i.e., Pf > 0 for f > 0) and preserves the integral there, that is, [ Pfdm =
J fdm, for f>0. It is easy to see that Markov operators are contractions
(Exercise 4.1).

For a densely defined operator A in L!(S) to generate a semigroup of Markov
operators, it is necessary and sufficient for its resolvent to be Markov, which
means by definition that all A(A —A)~', A > 0 are Markov. This result may
be deduced from the Hille-Yosida Theorem (see [234], or Lemma 13.2 in
Chapter 13).

In our case, m is the Lebesgue measure on R. For our purposes, however,
it will be convenient to identify a member ¢ of L'(R) with the pair (¢;)ict
of functions on R* defined by ¢;(x) = ¢(ix), x > 0. Here I = {—1, 1}. Cer-
tainly ¢; € L'(R*), that is, we identify L'(R) with L'(R*) x L'(R™) (see
Figure 4.1).

With this identification in mind, and given positive constants k;, o, i € I, we
follow [57] to define the operator A in L' (R*) by:

A(Di)icr = (Gi2¢;/)iel @)
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Figure 4.1 L'(R) = L'(R*) x L'(R*) by Marek Bobrowski

with domain composed of (¢;)icr € W>'(RT) x W2!(RT) satisfying the
transmission conditions:

o1 #1(0) = kio{$1(0) — k_10%,6-1(0),  o7¢1(0)+02,¢",(0) = 0.
4.2)

Here, W2 (R") is the set of differentiable functions on R* whose derivatives
are absolutely continuous with second derivatives belonging to L' (R*). Rela-
tions (4.2) describe the way the membrane allows the traffic from one half-axis
to the other: as Lemma 4.1 shows, the second relation in (4.2) is a balance con-
dition saying that the mass inflow into one half-axis is equal to the mass outflow
out of the other one, and guarantees that the resolvent of A preserves the inte-
gral (for an alternative explanation, see Exercise 4.6). The other condition in
(4.2) describes this flow in more detail. The constants k; appearing there are
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permeability coefficients: k; describes permeability from the right to the left,
and k_; describes permeability from the left to the right (see Chapter 11 and
Exercise 11.2 for more details).

We claim that A defined earlier generates a semigroup of Markov operators
in L' (R). We will need the following two lemmas.

Lemma 4.1 For A > 0, let the operator R, (Y)ic1 = (¢;)ic1 in L' (R) be given

by:
_, x N
¢i(x)=Cie" +Die it — —— smh—(x Vi(y) dy
0,«/_
: “5 oy () dy + Die” 7 >0, (43)
= e i e %, x = U. .
20’,‘\/X 0 P

_ Ay, .
Here, C; = C;i(Yr;) = ﬁ fooo e 7 Y;(y)dy, and D; are some functionals on
L'(R). The operators AR, preserve the integral iff D; are chosen so that ¢;
satisfy the second condition in (4.2).

Proof Integrating (4.3):

1
¢l - z + Ilfl = l'
ﬁ \/X
Hence the integral is preserved iff:
oDy =C)+o (D —C1)=0. 4.4

On the other hand, ¢/(0) = i—ix(Ci — D), showing that the second condition in
(4.2) is equivalent to (4.4). Il

Lemma 4.2 The R;’s from the previous lemma leave the positive cone invari-
ant iff:
Ci+D; >0, iel 4.5)

Proof This condition means that C;(1/) + D;(¥) > 0 provided ¥ € L'(R) is
non-negative. Assuming (4.5) we have:

00> —— [ Ty gydy - ce
! - 20’,‘\/z 0 '
o0
— Ly —ﬁ<x+y>]
> e —e i(n)d
20’,‘\/X 0 [ w i
207

as long as v; > 0. Conversely, suppose that ¢; > 0if ¥; > 0. Then, C; + D; =
¢;(0) > 0 since ¢; is continuous. Il
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To show that A generates a semigroup of Markov operators, consider the
resolvent equation for A:

AD)icr — A (Di)icr = Widicr (4.6)

where ¥; € L'(R*) and A > 0 are given. The solution is given by (4.3) where
D; are to be determined so that (¢;);c1 € D(A). In particular, by the second
condition in (4.2), we must have (4.4). The other condition in (4.2) forces:

o1VA(Cy = D) = kio{(Cy + Dy) — k_107(C_y + D_y).

These two are satisfied iff:

A k_,‘ — — k,‘ i 2](,,'0’3.
D,‘ _ \/_+ (¢} 0, C1+ —i
\/X—I-k_]O'_] —I—klU] 010_]ﬁ+k_103101 +k10120_]

“4.7)

This proves that the resolvent equation has a solution. Moreover, as the coeffi-
cient of C; is no less than —1, we have D; + C; > 0. By Lemmas 4.1 and 4.2,
the resolvent of A is Markov. Hence, we are done provided we show that A is
densely defined, but this is left as an exercise.

We are interested in the limit as the membrane’s permeability increases.
Hence, we consider A, defined by (4.1) and (4.2) with k; replaced by nk;. Then,
the corresponding sequence of D; converges to:

D, — k,,‘O‘,,‘—k,'Ul' 2k—i03,-
T k_jo_1 + kjoy ! k_]O'Eldl —l—k]O'le_]

C_;. (4.8)

Therefore, ¢; defined by (4.3) and the resolvents of A, converge also. We check
(see Exercise 4.4) that (4.3) with the above D; is the resolvent of the densely
defined operator A, related to the transmission conditions:

kiof$1(0) = k_102,¢_1(0), o} (0)+ 024" ,(0) = 0. (4.9)

Because the limit of Markov operators is Markov, the resolvent of Ay, is
Markov, and we conclude that A, generates a semigroup of Markov operators.
By Theorem 2.2, the semigroups generated by A, converge to the semigroup
generated by An.

More on the limit semigroup may be found in Exercise 4.5, see also
Chapter 11.

Exercise 4.1 Show that Markov operators are contractions.
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Figure 4.2 The semigroup {7'(¢), ¢ > 0} in action: it maps the graph on the left to
the graph on the right. Here 0y = 1,0_; =2, = % Points on the left half-axis
move fast, and need to slow down on the right half-axis: hence, they are congested
in the interval [0, %]. (Redrawn from [57].)

Exercise 4.2 Check that the following relation between transcription rate dis-
tribution ¢ and protein number distribution p (taken from [279]):

—1
1 67Xb xahfl

WQUZ) dh,

px) =
defines a Markov operator from L'(0, 1) to L' (0, 00), that is, an operator map-
ping a non-negative g in the former space to a non-negative p in the latter space,
in such a way that [;° p = /01 q.

Exercise 4.3 Show that the operator defined by (4.1) and (4.2) is densely
defined. Hint: argue as in Exercise 3.2, take 8, = n for example.

Exercise 4.4 Show that (4.3) with (4.8) is the resolvent of the operator (4.1)
with transmission conditions (4.2) replaced by (4.9). Check also that the latter
operator is densely defined.

Exercise 4.5

1. Consider a process on R in which points of R™ move to the right with speed
o) and points of R™ move to the right with speed o_;. If ¢ is an initial
distribution of such points, then:

¢(X - Glt)7 X = Glta
T =1 2¢ (Tx—ot), 0<x<or,
¢(x —o_11), x <0,

is their distribution after time > 0 (see Figure 4.2). Check that this formula
defines a semigroup of Markov operators in L' (R), and that the generator of
this semigroupis By | 5, ¢(x) = 0gen®’(x). Determine the domain of By, 4, .
(Compare Exercise 1.13.)
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2. Consider J € L(L'(R)) given by J¢(x) = ¢(—x). Check that J is a Markov
operator with J~! = J. Moreover, for ¢ e D(Bs , ), we have J¢ €
DBy, »_,) and JB, | 5,J¢ = —By, - ,¢. Conclude that —B, , ,, is similar
(or: isomorphic) to By, » , [49, 128, 129], and generates the semigroup of
Markov operators {JT (¢)J,t > 0}. Use the generation theorem for groups
(see, e.g., [128] p. 79) to see that B, , ,, generates a group of Markov
operators.

3. Combine this with Theorems 3.14.15 and 3.14.17 in [9] to see that Bilm
generates the strongly continuous cosine family:

1
Ct =3 (eMForn 4 JelBrrang) 1 eR,

and the related semigroup (both composed of Markov operators) defined by
the Weierstrass Formula (1.4). The latter semigroup may be thought of as
describing diffusion with different coefficients in the two half-axes and no
barrier at x = 0. Check that the domain of B(ZLl contains functions ¢ €
W2HRT) N W>H(R™) with:

01

0_19(0—) = 01(0+),  02,¢'(0—) = o{¢'(0+), (4.10)

and we have B} , ¢ = afgn 9"

4. Recall that L'(R) is isometrically isomorphic to L' (R*) x L' (R*). Check
that the isomorphic image in the latter space of the semigroup generated by
Bi,. o is Ao provided k;o; = 1. In other words, A, describes the case of no
barrier at x = 0 if the influences of diffusion and permeability coefficients
cancel out. In general conditions (4.9) do not describe the case of no barrier
at x = 0, because there is an asymmetry in the way the particles filter in

through the membrane from one half-axis to the other.

Exercise 4.6 Consider the functionals F_ and F, on L'(R*) given by:

0 oo
F—¢=/ ¢, F+¢=/O ¢.

Let ¢ € D(A), where A is given by (4.1) and (4.2), be a density. Check that
a(t) :== F_(e¢), the proportion of probability mass in R~ at time ¢ > 0,
satisfies Sa() = 02, (Le¢)(0—), that is, the quantity o2 (<Le¢)(0—)
describes the intensity of mass inflow into R~ (or outflow out of R™) at time 7.
Derive a similar equation for B(t) = F, (e"¢) and conclude that the second
relation in (4.2) is a balance condition saying that the mass inflow into one
half-axis is equal to the mass outflow out of the other one.
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Exercise 4.7 In the Rotenberg model of cell proliferation [299], a cell in a
population is characterized by two parameters: x € (0, 1) denoting her maturity,
and v € (a, b) denoting her speed of maturation, where 0 < a < b < oo are
given minimal and maximal speeds. A cell reaching maximal maturity x = 1
divides; her daughter cells start maturing from the state x = 0 with random
velocity. It is assumed that K (v, w), the probability density of daughter cell’s
velocity, conditional on v being the velocity of the mother, is given, and we
have:

b
f K@, w)dw =1, v € (a, b).

It is assumed, furthermore, that the average number of surviving daughter cells
does not change in time and equals p € (0, 00), and that the cellular flux out of
x = 1 is the same as the flux into x = 0. This leads to the boundary condition:

b
vp(0,0) = p/ we (1, w)K(w, v)dw, v € (a,b), 4.11)

where ¢(x, v) is the cells’s population density at x and v.

In this exercise the reader will construct a semigroup related to the Rotenberg
model in the Banach space L'(£2) of absolutely integrable functions on Q =
(0, 1) x (a, b) with the usual norm:

1 rb
ol = f / v|e(x, v)| do dx < oo;
0 Ja
see [73] for an alternative approach.

1. For ¢ € L'(Q), let ¢ be its extension to QUT, where I' = {(x,v) €
R?; —v < bx < 0,0 € (a, b)} (see Figure 4.3) given by:

b
o(x,0) = g/ wd:(l—}—wv_lx,w)K(w,D)dw, (x,v) eT.

Define:

(T (1)) (x,0) = p(x —tv,v), 10,67, ¢ € L'(Q),
and check that T(t + s) = T(t)T(s) fort +s < b~ !.

2. Prove that the family {T'(¢), € [0, b~')} may be (uniquely) extended to a
strongly continuous semigroup in L' (£2) and that the semigroup’s generator
is A given by (A¢)(x,v) = —vg—f(x, v) with domain composed of ¢ such
that: (a) for almost all 0 € (a, b), x = ¢(x, v) is absolutely continuous and
such that (x,v) — —o %—f (x, v) is a member of L' (), and (b) the boundary
condition (4.11) is satisfied for almost all v € (a, b).
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—1 0l 1

Figure 4.3 Region Q U I" with  in darker shade and I in lighter shade

3. Check that for p = 1, the semigroup from point 2 is Markov.

4. Rotenberg’s model may include the case of cells that degenerate in the sense
that they do not divide. With probability ¢ < 1 they survive and are treated as
their daughters inheriting the mother cell’s velocity. In this case the bound-
ary condition becomes:

b
v¢(0,v)=q¢(1,v)+p/ we (1, w)K(w, v)dw, v € (a,b).
(4.12)

Construct the related semigroup by redefining ¢ and following the
steps 1-2. This semigroup is Markov provided p + g = 1.

iz Chapter’s summary

In our second example of convergence of semigroups, we study dynamics of
distributions of Brownian motions on the real line with a semipermeable mem-
brane at x = 0, and differing diffusion coefficients in the two half-axes. We
prove that as permeability coefficients converge to infinity, the related semi-
groups converge to a semigroup describing an “almost no membrane case.”
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Convergence of Forms

A familiar situation in which one can deduce convergence of resolvents without
calculating them is the one in which the generators are related to sesquilinear
forms; folk wisdom is that convergence of forms implies convergence of resol-
vents. Before diving into details of this implication, let us recall the rudiments
of the theory of sectorial forms [8, 99, 107, 201, 215, 282].

Let X be a complex Hilbert space and let V C X be its linear subspace. A
map a:V x V — C is said to be a sesquilinear form on V if it is linear in the
first coordinate and semilinear in the second coordinate:

a(ax + By, 7) = aa(x, z) + Ba(y, 2),
a(z, ax + By) = aa(z, x) + Ba(z, y), x,y,z€V,a,peC.

The associated quadratic form (denoted by the same letter) a : V — C given by
alx] = a(x, x) determines the sesquilinear form by the polarization principle:

ax,y) = Ll—t(a[x +y] — alx — y] + ia[x + iy] — ia[x — iy]), x,yeV.

(Recall [201, p. 49] that if X is a real Banach space, there is no analogue of this
principle, unless the form is symmetric — see further on for the definition of a
symmetric form.) The numerical range of a, denoted ® is the set of all values
of the quadratic form for x| = 1:

Oy = {z € C; Jyev,juj=12 = alx]}.

The numerical range is a convex subset of C.
For two forms, say a and b, defined on subspaces V, and Vj, respectively,
their linear combination is defined in a natural way on V,; NV}, by:

(aa+ Bb)(x,y) = aalx,y) + pb(x, y).
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In particular, we write a + « for the form defined (on V = V,) by:

(a4 a)(x, y) = alx, y) + ax,y),
where (x, y) denotes the scalar product in X. The forms:

ro__ 1 * i_ 1 *
a _E(a—i—a ) and a —E(a—a ),
where a*(x, y) = a(y, x), are referred to as the real and imaginary parts of a.
Note, however, that even though a = a' + ia', and both forms are symmetric
(i.e. (@")* = a" and (a')* = a'), a" and a' are not real-valued. We merely have
a'[x] = Na[x] and a'[x] = Ja[x],x € V.
A form a is said to be sectorial if there are constants y € R and 6 € [0, %)
such that the numerical range ®,, is contained in the sector:

Loy ={z€Clarg(z—y)l = 0}. (5.1

(In this context, y is termed the vertex of the sector.) In other words, a" >
y (i.e. (" — p)[x] = 0,x € V) and |a'[x]| < tanO(a" — y)[x], x € V. The first
of these conditions (coupled with symmetry) allows thinking of a" — y as a
scalar product. Hence, we have the following version of the Cauchy-Schwarz
inequality:

I(@" — Y)Y < V(@ =@ -y,  xyeV.

The second of these conditions allows controlling the imaginary part of the
quadratic form by its real part, and yields estimates for the resolvent of the
related operator (see later in this chapter).

A form a defined on a subspace V is said to be closed if for any sequence
(X4)n>1 of elements x, € V conditions lim,_,» X, = x and lim, ;o a[x, —
Xn] = 0 imply that x € V and lim,,_, o a[x — x,,] = 0. It is clear from this def-
inition that a is closed iff a — y is closed for some, and hence for all y € R.
Moreover, as the imaginary part of a sectorial form is controlled by its real part,
a sectorial form is closed iff its real part is closed.

Example 5.1 Let X = L?[0, 1] be the space of square integrable complex
functions on [0, 1] and let V = H'[0, 1] be its subspace of absolutely continu-
ous functions with square integrable distributional derivatives. In other words,
f e Viffthereisag € Xsuchthat f(x) = f(0) + f(f g(y)dy, x € [0, 1];insuch
acase we write g = f’. Given areal number x we consider the sesquilinear form
onV:

1
a(f, ) = k(F(1) — F(0)) (D) —g0)) + /O . (5.2)
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The related quadratic form is given by:

alf] = «|f (1) — FOP + 113

It is clear that a is symmetric. Moreover, for non-negative «, the numerical
range ®, is contained in the positive real half-axis, implying that a is sectorial
(with any 6 and any y < 0). To treat the case in which k¥ < 0, we recall (see
[201, p. 193]) that for any € > O there is a K = K(¢) such that:

SUP] IfGl < €llf'llx + Kl fllx, (5.3)

x€l0,1

for f € V. It follows that:

1£(0) — F)I* < 4(ellf lx + Kl fllx)?
< 4+ eK)If I + 4K + eK)IfII%-

In particular, choosing € so that 4(e? + €Kn) < ;—KI, we see thatthereisay > 0
such that:

1
uﬂ+wm&z?m&za (5.4)

proving that a is sectorial.
Finally, if for f,, € V we have:

lim a[f, — ful =0and lim ||, — fllx =0,
n,m—»00 11— 00

then using (5.4) we see that (f,),>1 is a Cauchy sequence in X and, conse-
quently, (f,),>1 is a Cauchy sequence in V (equipped with the norm || f|ly =
JIFI% + 11£711%). This suffices to show that f € V, for V is in fact a Hilbert
space (with the norm specified earlier). The relation lim,,_, o, a[f,, — f] = 0 is
then a direct consequence of (5.3). Hence, a is closed. Il

Next, we turn to the fundamental notion of the operator associated with a
sesquilinear form. Assume that a is sectorial and closed, and that its domain
V =V, is dense in X. Then, there exists a linear, closed operator A with domain
D(A) satisfying the following conditions:

1. D(A) C Vyand forx € D(A),y € V,:
a(-x7 y) = —(A.X, y)7

2. ifx € V4 and there is a z € X such that a(x, y) = —(z, y) forall y € V,, then
x € D(A) and Ax = z.
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Using the Lax—Milgram Lemma, it may be shown that the range of A — A is the
whole of X provided 9tA > y where y is the vertex of the sector (5.1). Also, A
is uniquely determined by the conditions given earlier.

The operator A is then the generator of a semigroup satisfying [|e’ || < e 7.
(In fact, this semigroup has a holomorphic extension, see [8, 215, 282], comp.
Chapter 15.) To see this, take A with %A > —y. Then, for x € D(A) with
llx[l = 1:

[Ax — Ax|| = |(Ax — Ax, x)| = [A(x, X) — (Ax, X)| = |2 + a(x, x)|
> dist(—A, Oq) > dist(—A, {z; Rz > y}) =NA + p,
showing the claim by the Hille-Yosida Theorem.
For example, the operator associated with the form (5.2) is Af = f” with the

domain composed of continuously differentiable functions f € X = L?[0, 1]
with ' € V = H'[0, 1] and:

F10) = f'(1) = k(f(0) = f(1)). (5.5)

For, if f satisfies the conditions listed earlier, then a(f, g) = —(f”, g) for all
g €V by integration by parts formula. Conversely, if for some f €V and
h e L*[0, 1] we have —a(f, g) = (h, g) for all g € H'[0, 1], then integrating
by parts we obtain:

1 1 X 1
/0 £+ c(F(1) — £(O)) (D) — g(0)) = /0 /0 h(y) dvg (v) dx — g(T1) /0 h
(5.6)

We note that the functions g € H'[0, 1] with g(1) = g(0) = 0 are precisely the
gofthe form g(x) = f(f k(y)dy where k € L?[0, 1] and fol k = 0. For such g this
formula reduces to:

1 1 X
g = / / h(y)dyg (x)dx,
0 0 Jo

1 1 X
ff’%=/ / h(y) dy k(x) dx,
0 0 0

for all k € L?[0, 1] satisfying fol k = 0. The subspace of functions k with this
property is the orthogonal complement of the space of constant functions. It
follows that f'(x) = f"(0) + [y h(y)dy, x € [0, 1], that is, that f" € H'[0, 1].
Plugging this relation into (5.6) and choosing g so that g(1) = 0 and g(0) =
1 we obtain f(0) = k(f(0) — f(1)). Similarly, taking g(1) = g(0) =1, we
obtain f'(1) = f'(0), completing the proof of the claim.

or, which is the same,
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Remark 5.2 Interestingly, for « = 1, operator A is the “minimal,” that is,
Krein—von Neumann extension [222] of the Laplace operator defined on
C°(0, 1) —see [4, Example 5.1], see also [266, Example 2.4].

The following main convergence theorem of this chapter is a simple version
of Theorem 3.6, p. 455 in [201].

Theorem 5.3 Let a,,n > 1 and a be sesquilinear, closed sectorial forms
defined on the same, dense subspace V of a Hilbert space X, and let A,,, n > 1
and A be the associated operators. Assume that b,, :== a,, — a are uniformly sec-
torial in the sense that all numerical ranges ®y,, lie in a single sector (5.1). If,
forx €V, lim,_, » a,[x] = a[x], then:

lim e x = e"x, xeX,
n— oo

almost uniformly int > 0.

Proof Replacing a, by a, — y results in shifting A, to A, — y (and the same
concerns a and A). Hence, without loss of generality, we assume y in (5.1) to be
zero. In particular, a;, > a" > 0. By Theorem 2.2, it suffices to show strong con-
vergence of the resolvents R; , := (A —A,)"',n>1to Ry := (A —A)~! for
NA > 0 (In fact, we could restrict ourselves to real A > 0.) Because ||R; .|| <
% we may restrict our attention to x in the dense subspace V of X.

For x € V and A with A > 0, R, ,x and R, belong to V and, expanding
(a + M)[Ry nx — R, x], we have:

a[Rnx = Roux] + ARy ux = Roux|® + b,[Ry x]
= (an + )\)[Rk,nx] - (Cl + )“)(R)L,n-x’ ka)
— (a + A)(R;\x, R)\’nX) + (Cl + )\)[R)L)C] (57)

Now, the first and the third terms cancel out (both being equal to —(x, R;_,x)).
Hence, the expression reduces to:

(a+ V[Rx] — (a, + V)(Ry ux, Ryx) + b, (R) nx, Ryx) = b,(Ry nX, RyX),

since the first and the second terms cancel out in a similar way.

The real part of the left-hand side in (5.7) is composed of three non-negative
terms. Hence, if the right-hand side converges to zero, all three of them con-
verge to zero. Forms b, being uniformly sectorial:

16, (Ry nx, Rox)| < [1 + tan0]]6" (R ux, Ryx)|
< [1 + tan01/bL [R;. . x]/ 0L [R.x].
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Because, by assumption, lim,_, «, b},[R;x] = 0, we are left with showing that
(b),[R).nx])n>1 is bounded. To this end, we estimate as follows:

0 =< b;,[Rk,nx] =< afl[Rk,nx] < (Cl:; + N )\.)[Rk,nx]

1
=N (x, R x) < — ||x]|%.
(x, Ry, nx) < ey [lx]|

This completes the proof. ]

Remark 5.4 The proof presented here is slightly simpler than that of Theo-
rem 3.6, p. 455 in [201], but this comes at the price of assuming convergence
of forms on the whole of V and not merely on a core of the limit form. Although
in the example considered in this chapter this assumption is satisfied, in general
convergence on a core is all we can hope for: As Example 3.10, p. 459 in [201]
makes it clear, resolvents may converge despite the fact that the related forms
do not converge to the limit form on the whole of V. O

For example, let (x,),>1 be a sequence of positive numbers converging to
zero, and let a, be the forms in H'[0, 1] c L?[0, 1] given by (5.2) with «
replaced by k,, and let a correspond to x = 0. Then, the forms b,(f, g) =
a,(f, g) —a(f, g = k.,(f(1) — f(0))(g(1) — g(0)) have their numerical
ranges in the positive real half-line, and therefore are uniformly sectorial.
Because lim,,_, o a, = a, it follows that:

lim e f=erf, f e L*0, 1], (5.8)
where A, are Laplace operators in L?[0, 1] with boundary conditions (5.5) and
A is the Neumann Laplace operator. Looking back to Chapter 3, we see that
the semigroups involved here describe Brownian motions on [0, 1] that, after
being reflected “many times” at x = 1, jump to x = 0, and vice versa. Formula
(5.8) simply says that as the “frequency” of such jumps decreases to zero, the
corresponding Brownian motions converge to the Brownian motion with two
reflecting barriers.

For k < 0O the boundary condition (5.5) is not associated with a stochastic
process. (For k = —1 this boundary condition and the related cosine operator
function was introduced in [71].) Nevertheless, it is interesting whether (5.8)
may be extended to the case where k, < 0. As the following theorem, taken
from [201] as well, shows, the answer is in the affirmative.

Theorem 5.5 Suppose that a and a,, n > 1 are closed, symmetric forms on a
common domain V, and that a,, 1 a, that is:

a, . [x] > alx] and lim a,[x] =al[x],x V.

n— 00
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Assume also that these forms are bounded from below (see (5.10)). Then, for
the related semigroups we have:

lim ey = e"x, xeX (5.9)
n—oo

Remark 5.6 Because the theorem is not of primary importance in what fol-
lows, we merely sketch its proof, taking for granted some additional material
on forms. The reader will also need to forgive us for using some information
on pseudoresolvents to be covered in Chapter 7; we could move this example
after Chapter 7, but this is not really the place it belongs to. A complete proof
of a more general result (Theorem 58.2) will be given in Chapter 58.

Proof By assumption, there is y such that:
yixl> <d'lx] <a'lx], xeV. (5.10)

In particular, as al = a' = 0, the numerical ranges ©, and ©,, are contained
in the half-line [y, co). Hence, for A > —y, (A —A)~' and (A — A,,)”! exist
and:

ol =A<

A=A < :
Il ( )l =ity

T Aty

Fixing such A and an x € V, we let x,, := (A — A,)~'x. Then:
(=AD" 2 x) = Oy Aty — An) = (0, + D3] = 05 (5.11)
in particular (A — A,,)~! is self-adjoint (see [294, p. 195]), that is:
(=AD" 5y = =AD"y,
for x, y € X. Moreover, for m > n:
(O = An) ™ 5, %) = (s Ay — AX) = (a4 A) (s X))
< V(@ + M1 + )]
< V(@ + D + 2)[x]
=/«»ﬁ%ruwﬂu—Aw4L@, (5.12)

implying (A — A,,)"'x, x) < ((A — A,)"'x, x). This means that the operator-
valued sequence (A — A,,)~" )n>1 bounded by 0 from below and nonincreasing.
The same argument shows that the sequence is in fact bounded from below by
(L —A)~ ! It follows (see, e.g., [49, p. 108], [201, p. 254], or [264, Chapter 4])
that the strong limit:

R, = lim (A — A,)”"

n— 00
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exists and is a bounded, self-adjoint operator. The kernel of R;, is trivial, because
if x € Ker R;, then:

0=(Rwx,x) > (A —4)"x,x) =0,

and taking the self-adjoint square root ([49, p. 109], [107, p. 173], or [294,
p. 196)), say By, of (A — A)~! we see that ||Bx|*> = ((k —A) lx, x) = 0; this
implies x € Ker B, C Ker (. — A)~' = {0}. Hence (see Exercise 7.7) there is
a closed operator, say Ao, such that R, = (A — Ap)~!. By Theorem 2.21, p. 330
in [201], for the related form ay we have a,,[x] < ao[x] < a[x], x € V (in partic-
ular, the domain of definition of ay is V). Combining this with the assumption,
we obtain ap = a, implying A = A and completing the proof. O

Exercise 5.1 Show that a sesquilinear form is symmetric iff the corresponding
quadratic form has real values.

iz Chapter’s summary

“Convergence of forms implies convergence of resolvents,” but beware: “the
form of the limit form” on some vectors may be misleading. If caution is exer-
cised, however, convergence of forms is an easy way to prove convergence of
semigroups. For more recent results in this direction, see, for example, [267]
and the references cited there.
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Uniform Approximation of Semigroups

This chapter is a detour from the main subject. To explain, we recall that our
main question is that of convergence: given a sequence of semigroups, we are
interested in finding its limit. In this chapter, we consider the related question
of approximation: given a semigroup we want to find a sequence of semigroups
converging to this semigroup and satisfying some additional properties.

For simplicity, we restrict ourselves to bounded semigroups to consider the
problem of uniform approximation in operator norm. Recall from Theorem 2.2
that semigroups by nature converge almost uniformly in strong topology: the
question is whether we may claim uniform convergence in operator norm. In
other words, we want to know if given a bounded, strongly continuous semi-
group (e”!) in a Banach space X, we may find bounded, strongly continuous
semigroups (e/), n > 1 such that:

lim sup [l — || =0,
n— o0 tZO

where ||-|lzx) denotes the operator in £(X). To avoid trivial solutions we
require that A,, # A for all n > 1. In this chapter, we will characterize semi-
groups that can be approximated in this way.

If we let Semiy, ,(X) denote the set of all bounded strongly continuous semi-
groups on X made into a metric space by means of the metric:

d(s, §) = sup 1S(t) — Sl 2ex),s
[

then our question turns into that of characterizing isolated points of the space
Semiy, -(X). It transpires that the characterization involves scalar semigroups;
by definition, a semigroup S = {S(¢), 7 > 0} is said to be scalar if each S(¢)
is a scalar multiple of Ix. If X is complex, denoting by S;; = {S[;;(*)}i>0 the
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semigroup on X given by:
Sp(t) =eIx  (t>0,z€C),

we see that every scalar semigroup in Semi, (X) is of the form Sp;; for some
z with iz < 0. If X is real, then all scalar members of Semij, ;.(X) are of the
form Sj;; where z is real and nonpositive.

Our main theorem in this chapter, taken from [63], says that isolated points
of Semiy, (X)) constitute a fraction of the set of all scalar semigroups in this
space. (This is not so in the case of cosine families: all bounded, scalar, strongly
continuous cosine families are isolated points of the metric space of strongly
continuous, bounded cosine families equipped with the metric of uniform con-
vergence in operator norm; see [63].)

Theorem 6.1 If X is a complex Banach space, then the isolated points of
Semiy, «(X) are precisely the scalar semigroups:

Sia(t) = eIy (t >0, a € R). (6.1)

If X is a real Banach space, then the only isolated point of Semiy, ;(X) is the
identity semigroup defined by S(t) = Ix for eacht > 0.

For the proof of this theorem we need two lemmas. We start with an auxiliary
result that is part of the folklore of operator theory: For a Banach space X, let
X’ be the dual space of X. Given x € X and X’ € X/, we denote by (x, x’) the
value of the functional x” at x. Let Z(L(X)) be the center of the algebra of £(X),
that is:

Z(L(X)) = {A € LX) | AB=BA foreach B € L(X)}.

Lemma 6.2 If X is a Banach space, then Z(L(X)) consists precisely of all
scalar multiples of Ix.

Proof Without loss of generality, we may assume that X is nonzero. It is clear
that any scalar multiple of Ix is in Z(L(X)). To prove the converse statement,
suppose that A € Z(L(X)). For any x' € X" and any y € X, let T, be the oper-
ator in £(X) given by:

Toyx = (x,x)y (xeX).
Then ATy, = Ty yA forall ¥’ € X' and all y € X, or equivalently:
(x, XY Ay = (Ax, X'}y, (6.2)

forallx’ € X’ and all x, y € X. Fix xy € X'\ {0} arbitrarily and next, employing
the Hahn—Banach Theorem, select x;, € X' so that (xo, x;) = 1. If we now let
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A = (Axy, x;,), then (6.2) yields Ay = Ayforally € X, or equivalently, A = Alx.
The lemma follows. O

In our next lemma we show directly that the semigroup (6.1) with a = 0 is
an isolated point of Semiy, ;(X). We remark that condition (6.3) is optimal: for
any A > 0, we have sup,. |[Ix — e *Ix| = 1, while e™ # 1 whenever ¢ > 0.

Lemma 6.3 For any semigroup T = {T (t)};>0 in Semip 5(X), if:
sup |T(r) — Ix|l < 1, (6.3)

>0

then T (t) = Ix for everyt > Q.

Proof There are many proofs of this result; two of them are outlined in Exer-
cises 6.2 and 6.3, another one may be found in [63]. Arguably the simplest
reasoning is based on the following identity (see [269, p. 54] or [357]):

AT@) —Ix) =T20) — Ix — (T() - Ix)’

(of course, it is much easier to prove this formula than to devise it as a tool
for proving the lemma). The identity shows that for o := sup,. | T(t) — ||
we have 2o < « + o2, that is, o < 2. Combining this with assumption, we
obtain o = 0. O

A generalization of Lemma 6.3 will be given in Exercise 14.3 in Chapter 14,
where the notion of an integrated semigroup is introduced.

Proof of Theorem 6.1

Necessity We first show that an isolated point of Semiy, ;(X) is necessarily
a scalar semigroup. It suffices to prove that if a semigroup S = {S(¢)},>0 is not
scalar, then S is not an isolated point of Semiy, ;(X). Let s > 0 be such that S(s)
is not a scalar multiple of Ix. Then, by Lemma 6.2, there exists B € £(X) such
that BS(s) # S(s)B. Let (€,),en be a sequence in (0, I1B]I~1) converging to 0,
and let I, = Ix + ¢,B for every n € N. Then each operator I, has a bounded
inverse and:

S,(t)=1I;'St)l, (t>0,neN)

defines a sequence of bounded strongly continuous semigroups on X. More-
over, lim, ., d(Sy,, §) = 0. As, for each n € N, S,(s) = S(s) holds if and only
if S(s)B = BS(s), we see that S,,(s) # S(s) for all n € N. Thus S is not an iso-
lated point of Semiy, 5 (X).

We next show that if a semigroup Sj; is an isolated point of the space
Semiy, -(X), then necessarily )iz = 0. This is the same as claiming that S;_; 14
is not an isolated point provided A > 0.1f0 < p < A, then, as is easily checked,
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the function # — e * — e~ on [0, 00) is non-negative and attains its maxi-
mumatt, , = (Inpu —Ini)/( — A). Because lim,,_,, 1, = A~L, we see that,
for any a € R, the expression:

SUP [1S(—ptia) ) — Si—rpia) (|| = e 7w — e M
>0
converges to 0 as © — A, proving our claim.
Sufficiency. Finally, we show that, for each a € R, Sy, is an isolated point
of Semiy, ;-(X). To this end, we note that if S is a semigroup in Semiy, ;-(X) such
that sup,.( [[S(t) — e“Ix|| < 1, then:

sup le " S(r) — Ix|| < 1

t>0

and this, by Lemma 6.3, implies that e @ S(t) = Ix for each t > 0 so that
S = Sliq, with the immediate consequence that Sy, is an isolated point of
Semip, ;. (X).

Finally, we note that if the space X is real, then every scalar semigroup in
Semiy, (X) is of the form S;_,; for some A > 0. This observation along with
straightforward modifications of the proof given thus far establishes the result
in the real case. U]

As a by-product of the proof, we obtain the following corollary.

Corollary 6.4 For any a € R, the open ball in Semiy, -(X) with radius 1 and
center at Siq) defined by (6.1) is composed solely of its center.

Exercise 6.1 Using the Weierstrass Formula, show that for a strongly con-
tinuous cosine family {C(¢), ¢t € R}, condition sup,.p |C(t) — Ix|| < 1 implies
C(t) = Ix,t € R. (See [63, 64, 89, 131, 308, 309] for more general results for
cosines.)

Exercise 6.2
A) Let X be a normed algebra with unity e. Check that for any x € X:

-1
X'—e x—ex ;
XxX—e= + Z(e—x).
n

L
B) Conclude that if o, = ||e — x"|| satisfies:
o 1 n—1
lim = =0 and liminf—Zai<1,
n—oo n n—oo n

i=1
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then x = e. In particular, x = e provided sup, .| [|x" — e|| < 1. (This result
is due to L. J. Wallen [336], who generalized a result of Cox [96] concern-
ing the case of square matrices. Cox’s Theorem was extended to bounded
operators on Hilbert space by Nakamura and Yoshida [271] and to an arbi-
trary normed algebra by Hirschfeld [181], and — as already mentioned —
by Wallen [336]. Wils [348], Chernoff [82], Nagisa and Wada [270], and
Kalton et al. [194] provided further generalizations.)
C) Deduce Lemma 6.3 from the result of Wallen.

Exercise 6.3 (H. Zwart, personal communication, see also [308].) Prove
Lemma 6.3 by proceeding as follows.

A) Recall that if X is a Banach algebra with unite, thenfora € X, |la —e|| < 1

implies that a is invertible and |la~! —¢| < % (More generally,

if a is invertible and ||a — b|| < ”alTH, then so is b and ||a~! — b7 <
a1 la=bl| )

I—[la="la—b]

B) Integrate to see that the assumption forces:

sup [A(A —A) ' — K| =g < 1.

A>0
C) Combine A) and B) to conclude that A is bounded and:
A r—A q
—=l— I < —.
A A 1—g¢g

Since A > 0 is arbitrary, this is possible only if A = 0.

== Chapter’s summary

On a little detour from our main subject, we characterize bounded strongly
continuous semigroups that can be approximated uniformly in the operator
topology. It transpires that these are all bounded, strongly continuous semi-
groups save the “purely imaginary” scalar semigroups given by (6.1). In par-
ticular, if the underlying Banach space is real, it is only the identity semigroup
S(t) = Ix, t > 0 that cannot be approximated in the way described earlier. Inter-
estingly, as W. Chojnacki has shown (see [63]) in separable Banach spaces,
all bounded, strongly continuous semigroups can be approximated uniformly
in the strong topology. For a unified, novel approach to convergence rates in
approximation theory for operator semigroups, see [164].



7

Convergence of Resolvents

The situation in which, as in Theorem 2.2, from the very beginning we know the
form of the limit semigroup (1), is not too common. It happens rather often
that we are interested in convergence of a sequence of semigroups (e4),=¢
satisfying (2.1), but have no clue as to what the limit semigroup might be. In
particular, even if the limit semigroup exists, there is no reason to expect a priori
that it is defined on the whole of the original Banach space.

In view of Theorem 2.2, a natural thing to do first in such cases is to check
convergence of (A — A,)~!. Alternatively, if the resolvents are not available in
a manageable form, following the idea of M. Sova [320] and T. G. Kurtz [229]
one should consider the “operator”:

Aerx = limA,x,, (7.1)

where x, € D(A,)) are such that lim,,_, ., x, = x and lim,_, o A, x, exists; the
domain of A., is composed of x for which at least one such sequence exists. In
general, A.,, termed the extended limit of A,,, n > 0, is not an operator in the
usual sense, as the defining limit may depend on the choice of x,,. However, it
is customary and convenient to think of A., as a “multivalued operator.” The
reader will check that A., is linear and closed (Exercise 7.2). In what follows,
by (x,y) € Ay Or Ag,x = y we mean that x € D(A.,) and y is one of possible
values of A.,x. Also, by the range of A — A, where 1 > 0, we mean the set of
z € X such that there exists an (x, y) € A, with z = Ax — y.

The approaches via extended limit and via convergence of resolvents are
equivalent in the sense of Proposition 7.2 (later on) but the latter has, of
course, the advantage of allowing us to work without actually calculating
resolvents. First, however, we need the following fundamental lemma. The
reader will find that its proof is a generalization of the argument used in
Theorem 2.2.
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Lemma 7.1 Fix A > 0.

a) Suppose (x,y) € Aey. Then lim,_ oc(X — A "o — y) exists and equals x.
b) Conversely, if the limit w = lim,,_, oo (A — An)’lzexistsfor some 7 € X, then
(w, Aw — 2) € Ae,.

Proof (x,y) € A, iff there exist x,, € D(A,,) such that:
lim (xns Anxn) = (xv y),
or, equivalently, lim,,_, oo (x,,, Ax, — A,x,) = (x, Ax — y). The limits:
lim (A —A) ' Ox—y)
n—00
lim (A —A,)~" (x, — yu) = lim x,
n—oo n— o0
exist simultaneously, and are equal, for we have ||(A — A,)~'|| < MA~'. As the
latter limit is x, a) is proved.
Conversely, if w = lim,_ (A —A,)"'z, then w, :== (A —A,)"'z € D(A,)

and lim,,_, o A,w, = lim,_, .c(A(A — A,)"'w, — z) = Aw — z, by the resolvent
equation. 0

Proposition7.2 Let i > 0be given. (A — A,))~" converge strongly iff the range
of . — Aey is dense in X.

Proof Sufficiency follows from Lemma 7.1 a) and density argument, because
(A —A,)~Y| < MA~!. For necessity, we take:

w=lim A —A,) "'z,zeX,
n— 00
to see, by Lemma 7.1 b), that w € D(A¢,) and Aw — A, = Z. O

Our next result tells us that it suffices to check convergence of the operators
(L —A,)~! for a single A > 0.

Proposition 7.3 Ifthe limit lim,_ oo (A — A,) " exists fora . > 0, then it does
forall . > 0.

Proof Suppose that the limit exists for a particular A > 0. Since (A — A,)(A —
A, 'x = x, x € X, we have:

o0
=A)"' =) =A=' =A<k (72

i=1
with the series converging because of the bound |(A —A,)~|| < MA ™.
Because of that bound, we also obtain that lim,_, . (A —A,)™" exists for
all i>1. Hence, by the Lebesgue Dominated Convergence Theorem,
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lim,_, oo (4 — A,,) ! exists for 1 € (0, 21). An easy induction argument shows
now that the same is true for i € (0, 2¥1), k > 1 and we are done. OJ

Assume now that the strong limit:

R, = lim (A —A,)~! (7.3)

n—o0

exists or, equivalently, that:
A —Aey

has a dense range for a single, hence for all A > 0. (This condition is known as
the range condition.) Then R; , A > 0 satisfies the Hilbert Equation (1.2), since
(A —A,)"", x> 0,n>1do. We will say that R;, A > 0is a pseudoresolvent.
It is easy to check that the range:

R = Range R;,
and the kernel:
K = KerR;,

do not depend on A > 0. The notation just introduced allows us to formulate
the following corollary to Lemma 7.1.

Corollary 7.4 We have:
D(Ae) =R.

Also, all possible values of Aex on x € D(Aey) are of the form AR,y — y where
x = Ry,y. Equivalently, all possible values of Ae, on R,y are of the form AR,y —
y+ z where 7 € K.

Proof The first part is immediate. For the rest we note that, if (x, z;) and (x, z2)
belong to A, then so does (0, z; — z2) and, by Lemma 7.1 a), z; — 2, € K.
Because, by Lemma 7.1 b), (R, y, AR,y — y) € Ae,, it follows that all possible
values of x = R,y are of the form AR,y —y + z where z € K. Thenx = R; (y —
and ARy —y+z=AR,(y —2) — (v — 2). 0

The vital question is: does existence of the limit in (7.3) imply convergence
of the related semigroups? As the following two examples show, the answer is
in the negative.

Example 7.5 Let (e1),-0, |le]| < M, be a semigroup acting in a complex
Banach space X;. Define X as the Cartesian product Xy x C where C is the
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field of complex numbers and let, for x € Xy, z€ C,t > 0,n > 1:

T(t
m)<x):< F)x).
Z el[ﬂ
For A > 0, we have:

00 —A)! A
fim T (1) (x) & — lim (()» 1 ) X> _ <()» A) x)’
n—o0 J z n—00 z 0

A—ni

even in the operator topology. However, Tn(t)(’;) does not converge, as n — 00,
either in the strong or in the weak topology as long as z # O. O

Example 7.6 Let X = (0, 0o) be the space of continuous functions x with
lim; ¢ x(t) =lim; s x(t) = 0. Forn > 1, let:

T,(t)x(t) = Ig+(t — nt)x(t — nt), t >0,
and let A, be the generators of these semigroups. The set Y = {x € X|3IK(x) >
0 such that 7 > K(x) = x(t) = 0} is dense in X. Forx € Y,
o0 H
A=A 'x(x) = / e MT,(Hx(t)dr = / e Mx(t — nt)dt
0 0

1 t —X(r—0) 1
— | e " x(o)do < —K()|x],
nJo n

which tends to 0 as n — oo. By the estimate ||[(A —A,)"!|| < %, we have
lim,_, oo (A — A,)"'x = 0, for all x € X. Thus, if the strong limit of T},(¢) exists
it is equal to 0, too. But, forall n > 1, r > 0, and x € X, | T,,(")x| = ||x||, a

contradiction. O

Exercise 7.1 Show that (x, 0) € A, iff lim,_, oo (A — A,)"'x exists and equals
Al

Exercise 7.2 Show that A,, is linear and closed.
Exercise 7.3 Find A., in Examples 7.5 and 7.6.

Exercise 7.4 Let ¢(X) denote the space of all convergent X-valued sequences,
with supremum norm. Define the operator A in ¢(X) by A(x,)n>1 = (AnXxn)n>1
with domain:

D(A) = {(xn)y=1 1xn € D(An), (Apxn)pz1 € (X))

Also let L: c¢(X) — X be given by L(x,),>1 = lim,_, X,. Show that x
belongs to the domain of the extended limit of A,,, n > 1, iff there exists an
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(X2)n>1 € D(A) such that L(x,),>1 = x. What are the possible values of A, on
such an x?

Exercise 7.5 Let A be closed and B be bounded, and let (b,),>1 be a sequence
of reals with lim,,_, », b,, = 00. Show that the domain of the extended limit of
A, = A + b,B is contained in the kernel of B.

Exercise 7.6 Show that the kernel and the range of a pseudoresolvent do not
depend on A.

Exercise 7.7 Assume that the kernel of a pseudoresolvent is trivial: IC = {0}.
Introducing A; = A — R;l show that it is a closed operator and its definition
does not depend on A. Conclude that the pseudoresolvent turns out to be the
resolvent of this operator.

Exercise 7.8 Assume R), A > Oisapseudoresolvent satisfying [|R} || < MA™",
n>1.

a) Using the Hilbert Equation show that (0, 00) > A — R, is a continuous
function, and then that it is inifinitely many times differentiable with Cgﬁ} =
(=1)y"'n!R* n > 0.

b) Prove by induction the Taylor Formula with integral reminder:

(t —s)?
2!

t (t _ u)nfl )

N

F@&) = fl)+ f () =)+ ()

where f is an n times continuously differentiable vector-valued function on,
say, (0, 0o). Using this show that, in analogy to (7.2):

[e9]
Ry=) RO~ lu—il <k (7.5)
i=1

Exercise 7.9 Let £ be an algebra over a commutative ring K. Amap A — R; €
L of a nonempty subset D(R) of K is called a pseudoresolvent if the Hilbert
equality: R, — R, = (i — A)R,R,, is satisfied for A, u € D(R). A pseudo-
resolvent is said to be maximal if it does not possess a proper extension to
a pseudoresolvent. Let — be a relation in K x £ defined by:

(A, A) = (11, B) iff A — B = (u — M)AB.

1. Show that — is reflexive and transitive.
2. Show that <> defined by (A, A) < (u, B)if (A,A) — (u, B) and (i, B) —
(A, A) is an equivalence relation.
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3. Show that (A,A) <> (A, B) implies A = B and conclude that nonempty
subsets of equivalence classes of <> are (graphs of) pseudoresolvents.

4. Check to see that graphs of L-valued pseudoresolvents are contained in
equivalence classes of <.

5. Check to see that a subset of K x £ is an equivalence class of <> iff it is a
graph of a maximal £-valued pseudoresolvent.

6. Conclude that every pseudoresolvent has a unique maximal extension. This
result is due to J. Kisynski [217].

== Chapter’s summary

We commence the study of the case where the limit semigroup is not a priori
given. As a first step we introduce criteria of convergence of the resolvents in
terms of the extended limit operator. The resolvents converge iff for some A > 0
(and then for all A > 0) the range of A — A, is dense in X. We also note the
first failure: the semigroups may diverge even though the resolvents converge.
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(Regular) Convergence of Semigroups

Although the sole convergence of the resolvents (7.3) does not imply con-
vergence of the semigroups, our case is not completely hopeless. For there
is always a subspace X, of X where the semigroups converge; in the second
example of the previous chapter Xy = {0}. It turns out that using R;, A > 0, or
Aex We may characterize Xy.

To this end, let X, be composed of those x for which:

T(t)x = lim ex (8.1)
n—00

exists strongly and almost uniformly in z € R*. X is termed the regularity
space (of the limit pseudoresolvent, or of A, or of the semigroups (e )i>0)s
or the Hille-Yosida space. We check that X is a closed linear subspace and
that the operators T'(r),t > 0 leave X, invariant — it suffices to check that
lim, . o €T (s)x = T(t + s)x, x € Xo almost uniformly in s € R*. (T(¢))=0
is a strongly continuous semigroup in Xy, being almost uniform limit of semi-
groups with the same property.

Theorem 8.1 Assume that the limit (7.3) exists. Then:
Xog=cIDAy) =clR (8.2)
where ‘cl’ stands for the closure.

Proof In the proof of b) and d) = a) in Theorem 2.2, we have seen in
fact that x € D(A.,) implies x € X. This forces ¢l D(A.,) C Xy. To prove
the converse, it suffices to show D(Ap) C D(A.;), where Ag is the gener-
ator of (7(t));>0. Taking x € D(Ap) and A > 0, however, we may find a
y € Xo such that x = (A —Ag)~'y. Then, (A —Ag)~ly = [“e ™T(t)ydt =
lim, o0 [y~ e MeMydt = lim,0o(h — A,) "'y = Riy € R = D(Acy). O
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Figure 8.1 The limit semigroup

Corollary 8.2 The generator of the limit semigroup equals A, the part of Aex
in Xy, defined as A, = (Aex)pa,) where D(Ay) is composed of x € D(Aey) such
that one of the values of Acyx belongs to Xo. In particular, A, is single-valued.

Proof By Corollary 7.4, for x € D(Ap) and A > 0, there exists a y such that
x =R,y and Apx = AR,y —y belongs to Xy. The latter condition holds iff
y € Xo. However, as we have seen in the proof of the theorem, for y € X,
(A —A¢)~'y = Ryy. Thus, x € D(Ap) and Apx = ARy —y = A(A — Ag) "'y —
y = Aox. Hence, A, is a restriction of Aq (in particular, A, is single-valued).
Conversely, if x € D(Ap) then for some A >0 and ye Xy, x = —
Ao)’ly = R,y € D(A.y) and one of possible values of A, on xis AR,y —y €
Xy, completing the proof. O

Corollary 8.3 If A is an operator in Xo such that (. — A)~" exists for . > 0
and coincides with R; on X, then A is the generator of the limit semigroup.

Proof By Corollary 8.2, (A —A) 'x =Ryx = (A — Ap)’lx, x € Xy. Hence, the
domains of A and A,, coincide and we have A(A — A x=rxr—-A)x—x=
AL —Ap)*lx—x:Ap()» —Ap)*lx = A, (A —A)x O

In the terminology introduced in Chapter 2, Theorem 8.1 together with
Corollaries 7.4 and 8.3 constitutes the second Sova—Kurtz and Trotter—Kato
Theorems, respectively.

We turn to an important example. Suppose that an A satisfies all the assump-
tions of the Hille—Yosida Theorem except for the one concerning density of its
domain. (Such operators are often called Hille—Yosida operators; apparently,
some of the first to study such operators were Da Prato and Sinestrari [291].)
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In particular, A — A is invertible with bounded left and right inverse (A — A)™!
satisfying:

(A =A™ < MA™". (8.3)

For i > O we define A, = w?(uw —A)~! — 1. Operators A, or their exponents
are known as the Yosida approximation. We note that:

o0 2n4n —n o n,,n
t"(u—A) "
1Ay = —tn —M < e M =
e |l = |le EO - <e EOM o M,
n= n=l

so that (&), are equibounded. Also, the resolvent equation implies:

Go—A) =L (M T —A _I,M,x>o (8.4)
. At A4 At

so that lim,_oo(A —A,)™! = (A —A)~!, A > 0. Clearly, the regularity space
here is the closure of the domain of D(A) and by Corollary 7.4, A = A.,. Hence,
by Corollary 8.2, A, generates a strongly continuous semigroup in Xp, being
the limit of the Yosida approximation.

This generalizes the Hille—Yosida Theorem and shows that Theorem 8.1
combined with Corollary 8.2 may be seen also as a generation theorem. The
same remark applies to the following result.

Corollary 8.4 Suppose that A is a densely defined operator such that some
A > 0 the range of A — A is dense in X. If A C A, for the extended limit of
generators of (€)= satisfying (2.1), then A is closable and its closure A
generates the semigroup:

T(t)x = lim ey, xeX, tr>0. (8.5)
n—00

Proof By assumption, Proposition 7.2 and Theorem 8.1, the limit R, =
lim, oo (A — A,)~! exists, and the regularity space equals X. Let B (= A¢y)
be the generator of the limit semigroup (8.5). Clearly B extends A, and since
B is closed, A is closable. By Lemma 7.1, R, (Ax — Ax) = x,x € D(A), and
since D(A) is a core for A (i.e., for x € D(A) there are x, € D(A) such that
1lim,,_, o0 X, = x and lim,,_, oo Ax, = Ax), we obtain R; (Ax — Ax) = x, x € D(A).
The proof will be complete once we show that the range of A — A is X. To
see that, given x € D(B) and A > 0 we find y € X such that x = R, y. If the
claim made above is true, we may find x' € D(A) such that A\x' — Ax’ = y. Then
x = R, (Ax' — Ax') = x/, showing that B is not a proper extension of A.
Because the range of A — A is dense in X, we are left with showing that the
range of A — A is closed. To this end, we argue as in Lemma 2.2 in [132]. Con-
sider x,, € D(A,) converging to x € D(A) in such a way that lim,,_, ., A, x, = Ax.
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By (2.1), M||Ax, — Apx, || = Allx,|l. Thus M||Ax — Ax|| > A|lx||, x € D(A) and,
by a similar argument, M|Ax — Ax|| > A|lx||, x € D(A). Therefore, if z, =
Aw, — Aw,, n > 1, where w, € D(Z), converges, then so does w,,, n > 1. This
in turn implies existence of lim,,_, oo Aw,,, and then z := lim, o 2, = 0 — Aw
where w = lim,,_, oo Wy, A being closed. This establishes the claim. O

The final corollary of this chapter may be explained as follows. Because
the convergence we obtain at the end concerns merely a subspace of X, we
really do not need convergence of the resolvents on the whole of X, do we?
Indeed, we don’t, but then we need to strengthen the assumptions we make
on the extended limit, for example (see [17] and Chapter 25 for more on this
subject).

The following result is apparently in the spirit of the first Sova—Kurtz Theo-
rem (see Chapter 2), because we assume the existence of the limit semigroup.
However, its proof would be quite impossible without the notion of extended
limit, and therefore the corollary fits in this chapter quite well. Note also that
here we are not able to characterize X,: what we do is guess, or sometimes
even choose, the subspace where convergence takes place (see Chapter 18).
Compare [232], Theorem 1.10.

Corollary 8.5 Suppose A is closable, and its closure A is the generator of a
strongly continuous semigroup (€'*);=¢ in a subspace Xq of a Banach space X,
and A, are the generators of equibounded semigroups (e

A C Aex. Then:

)0 in X. Assume

lim e x, = e"x, (8.6)
n—oo

provided lim,,_, o, x,, = x € X.

Proof Because A, is closed, A C A. First we show that if lim,_, o X, = x € Xo,
then lim, o —A,) 'x, = (A —A) 'x. Let yeD(A) be such that
Ay —Ay =x, and let y, € D(A,) be chosen so that lim,_ .y, =7y and
lim, 00 Apyn = Ky. Then x, := Ay, —A,y,,n>1 converge to x and
(A —A,)"'x, = y,,n > 1 converge to y. Because the operators (A —A,)",
n € N are equibounded, lim,,_, oo (A — A,) " 1x, = lim, 0o (h — A,) X, =y =
(. —A) .

Note that the proof presented here is an adaptation of the argument leading
from d) to b) in Theorem 2.2. Similarly, arguing as in the proof of ‘b) and d)
implies a)’ in Theorem 2.2, we obtain (8.6) for x € D(Z ), and then extend this
result to all x € X, by density argument. ]
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This chapter makes it clear that the limit semigroup may in a natural way
be defined on a subspace X of the space X where the approximating semi-
groups are given. See [251] for a natural biological example in which the limit
semigroup acts in a space that is larger than X.

Exercise 8.1 Show that the regularity space is closed.

Exercise 8.2 Check that if lim,_, o X, = x € Xo, then lim,_, o, €"x,, = T (t)x.

Exercise 8.3 Find the regularity space in Examples 7.5 and 7.6.
Exercise 8.4 Use the Hilbert Equation to show:

Xo={x e X;x = lim ARyx}.

A—00

Exercise 8.5 Show (8.4). Hint: compare (31.8).
Exercise 8.6 Fill out the details in the second part of the proof of Corollary 8.5.
Exercise 8.7 Let B be the generator of a Cy semigroup (S(¢));>o of equi-
bounded operators in a Banach space X, and assume that the limit:

o0
lim A f e MS(t)xdt = Px, (8.7
A—0 0

exists for all x € X. Conclude that P is bounded and idempotent (P?> = P), and
Range P = Ker B (in particular: BPx = 0 for x € X). Moreover, PBx = 0 for
x € D(B), S(t)P = PS(t) for t > 0 and Range B = Ker P.

Hint: Assumption (8.7) implies that the resolvents of the operators nB con-
verge to the pseudoresolvent R, = %P, A > 0; this implies P> = P. The rest
follows directly by (8.7) if we use the resolvent equation; check for instance
that lim,_,o B(A — B)"'x = x, for x € Ker P.

== Chapter’s summary

The failure of the previous chapter turns into a characterization theorem.
Assuming convergence of the resolvents we are able to characterize (a) the sub-
space X, termed the regularity space, where the semigroups converge almost
uniformly in ¢ € [0, 00), and (b) the generator of the limit semigroup.
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A Queue in Heavy Traffic

As an example of the application of Theorem 8.1, consider a queue in which
service times are independent and exponential with parameter a, and times
between customers’ arrivals are independent and independent of service times,
and exponentially distributed with parameter b (the so-called M/M/1 queue). If
b > athe queue grows, and if b < a the queue decreases in size (this statement,
though appealing, is quite incorrect: see for example Problem 10.25, p. 190 in
[343] for a precise statement). The most interesting case is therefore the one
where a = b.

Let us make some preparatory remarks for the appropriate analysis. Consider
first the times where the size of the queue may change (at least potentially), that
is, the times where a new customer arrives or (a potential) service is completed.
These form a sequence of independent, exponentially distributed random vari-
ables with parameter a + b. This is because the minimum of two independent,
exponentially distributed random variables is exponentially distributed with the
parameter being the sum of the two parameters involved.

Also, using the joint distribution of two independent exponentially dis-
tributed random variables we see that the probability that a customer arrives
before a potential service is completed is a—f:h. Hence, if the queue’s length is
x, then after service/arrival event the expected value of the weighted length is
a%hf(x -1+ bef(x + 1), provided x > 1, where f is a weight function. If
x = 0, the service is merely potential for there were no customers in the queue.

It will be convenient to take the weight functions from C[0, co] and think
also of noninteger, but non-negative lengths x. To avoid considering case x < 1

Figure 9.1 Queue’s length
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Figure 9.2 A queue in heavy traffic by Marek Bobrowski

separately, we extend f to an even function on R (denoted by the same letter)
and introduce B € L(C[0, co]) by Bf(x) = a%bf(x -1+ ﬁf(x + 1).

The consecutive powers of the contraction B describe the random process of
the queue’s length at (discrete) times of service/arrivals. The full process then

is described by the contraction semigroup:

oo
b nt}’l
T = e*““’)fuB", t>0. (9.1)
n.
n=0

Here, e
to time 7, these events forming a Poisson process. In other words, T'() = e
where  Agf(x) = (a+D)Bf(x) — (a+Db)f(x) =alf(x—1) — f()] + bl f(x
+ 1) — f(0)]

To have some insight into what happens when a = b, we consider a sequence
of scaled processes evolving in sped up time, describing heavy traffic [238,
295]. More specifically, we assume that:

is the probability that n service/arrival events occurred up
tAy

—(a+b)t (at+b)"t"
n!

e service’s intensity equals a, and arrival time’s intensity is b, < a,,

o the limits lim,_, o @, = a > 0 and lim,,_, o, v/n(a, — b,) = ¢ > 0 exist,
o service/arrival events change the queue’s length by :ELH, and

e time is sped up n times.
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This gives a sequence of contraction semigroups (e )i>0 Where

Apf(x) = nay [f( —%) —f(X)]+nbn [f<X+ %) —f(X)] n=>1

Now, let A be the operator:
Af = —cf +af, 9.2)

defined on D(A) composed of twice differentiable f € C[0, co] with f” €
C[0, oo] and such that f/(0) = 0. The even extension of an f € D(A) is twice
differentiable with the second derivative in C[—o00, oo], and using the Taylor
Formula (together with uniform continuity of members of the latter space) we
check that:

lim A, f =Af,  fe D). (9.3)

Moreover, for A > 0, the range of . — A is C[0, oo] (Exercise 9.2). Therefore,
since A, extends A, the range of (A — A.,) is C[0, oo] also, so that we are in the
set-up of Theorem 8. 1. The regularity space, containing the closure of D(A), is
C[0, oo]. Also, by Corollary 8.4 and since A is closed, A generates the semi-
group in C[0, oo] being the limit of (e )i>0-

This semigroup is related to reflected Brownian motion with drift coeffi-
cient —c, the information on reflection being hidden in the condition f'(0) = 0
imposed on the domain of the generator A. In other words, in heavy traffic, the
scaled queue’s length seen in the sped-up time performs a Brownian motion on
[0, oo) with drift toward zero (a tendency to shorten the queue), being reflected
immediately upon touching the barrier x = 0.

We note again that we have made much progress from Chapter 2, where we
had to assume existence of the limit semigroup. Here, its existence and the form
of its generator are obtained as by-products of approximation procedure.

Exercise 9.1 Check (9.3).

Exercise 9.2 For A introduced in (9.2), find the explicit, unique solution of
the equation Af — Af = g, f € D(A) where g € C[0, oc] is given. Also, check
that A is densely defined.

Exercise 9.3
(a) LetA € L(C[0, oo]) be given by:

Af() =af(x+1) —af(x), x =0,
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where a > 0 is given. Check that:
W) =Efa+N@). 120,

where N(t) is a Poisson-distributed random variable: Pr(N(t) = n) =

—ar a't"
n! °

(b) The space C[0, oo] is isometrically isomorphic to C[0, 1] with isomor-
phism 7 : C[0, 1] — CIO0, oo] given by I f(x) = f(e™). Use (a) and Exer-
cise 1.7 to check that:

€

eBf(x) = E f(xe ™), t>0,
for B € L(C[0, 1]) given by Bf(x) = af(e”'x) —af(x).

iz Chapter’s summary

As a first application of Theorem 8.1, we study semigroups related to Markov
chains describing the length of a simple Markovian queue with one server, and
find their limit in heavy traffic. In this example, the regularity space is still the
entire space, but the main difference between the analysis carried out in this
chapter and those of Chapters 3 and 4 is that here the existence of the limit
semigroup is obtained as a bonus, and didn’t need to be assumed a priori.
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Elastic Brownian Motions

We continue with illustrations of Theorem 8.1. Here, X = C[O0, oo] is the space
of continuous functions f : RT™ — R with finite limits at infinity, equipped with
the supremum norm. Given € > 0, we define the domain D(A.) of an operator
A¢ as the set of twice continuously differentiable functions f with f” € X sat-
isfying the Robin boundary condition: f(0) = € f'(0), and set A.f = % f.
From Chapter 3 we know that 2A, is the generator of a Feller semigroup in
X. Therefore, so is A and using (3.4)—(3.6) witha=d =0,b=€¢,c =1 we
obtain:

(=AD" f) = —V2 £y dy

1 o0
— e
5,

+e 2 —1 1

€V2A 4+ 1 4/24

The semigroups ("), >0, € > Oarerelated to elastic Brownian motions and, as
explained in Chapter 3, the parameter € measures the degree in which the barrier
x = 0 is “sticky.” The smaller € is, the less time the process spends at x = 0.
This suggests that as € — 0, the semigroups should converge to the one related
to minimal Brownian motion, where the Brownian traveler disappears from the
space immediately upon touching the boundary. The related semigroup may be
constructed as follows; see [44].

Let A be the generator of the Brownian motion semigroup (2.2). Since the
Gaussian distribution is symmetric, the semigroup commutes with the sym-
metry P given by Pf(x) = f(—x). In particular, the semigroup leaves the
subspace of odd functions invariant. Hence, as restricted to this subspace, it
is a strongly continuous semigroup there, with the generator being the part
of A in this subspace. On the other hand, the subspace of odd functions is
isometrically isomorphic to Cy(0, oo] C X where f(0) = 0. Hence, there exists
the isometrically isomorphic image of the latter semigroup in Cy(0, co], and its

/ T VIO £y, (10.1)
0



Example: elastic boundary 61

generator is Agf = %f” on D(Ag) = {f € Cy(0, oo]; f” € Cy(0, c0]}. By (2.3)
we also have:

O —Ag) ' fx) = fo e M fxydt = (L — A Fv)

- J% fo T eI dy (10.2)

1
a V21 Jo

where f is the odd extension of f, and A > 0, x > 0.
Turning to the convergence hypothesis we note that R; given formally by the
same formula as (A — Ag) ™"

Ry f(x) = J% /0 " eV iy dy — J% /0 " eV £(y) dy,
(10.3)

o0
e VR £y dy,

where A > 0, x > 0, maps C[0, oo] into itself. Also, comparing (10.1) and
(10.3):

(A =AD" f) = R f(x) = N eV f(y)dye V.

2e /
ev2L+1 Jo

Therefore, for every f € Xand A > 0:

2e o0
A=A = RSf] = | ———— / 2y V2
IKs )= RS ’\/—+1i313 e VP f(y)dye
efﬂ‘f”f"

Hence, if lim,_, o €, = 0, then lim,_, ,c(A — Agn)_1 = R, and we are in the
setup of Theorem 8.1. Because R; f(0) =0, Xy C Cy(0, oco]. By contrast,
because (A — Ag)~! = (R3.)|cy(0,00] 18 the resolvent of the generator of a strongly
continuous semigroup, the range of R; is dense in Cy(0, oo], showing that
Xo = Cy(0, 0o]. By the same token, (A — Ag)~' coincides with the resolvent
of the limit semigroup in Xy. Hence, by Corollary 8.3, A is the generator of
the limit semigroup.

Exercise 10.1 Let f € BUC(R) (the space of bounded, uniformly continuous

functions on R). Show that:

lim / ey dy = £)

U—> 00

uniformly in x € R.
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jump intensity = a

- - —— - _

Figure 10.1 The approximating process and the limit process for Exercises 10.4—
10.5

Exercise 10.2 (Compare [201, Example 3.10, p. 459].) For A, defined in this
chapter, let B, = €A.. Show that:

111% A=B) =277, f € Cy(0, o0, (10.4)

to conclude, by Corollary 8.5, that lim._ge® f = f, f € Cy(0, oo]. To this
end, check that the resolvent of B, is given by the right-hand side of (10.1)
with f replaced by €' f and A replaced by €', and then check that (10.4)
will follow once we show that:

U—> 00

o0 o0
tim [ ey - [ e o)y = s
0 0
uniformly in x > 0; this can be deduced from Exercise 10.1.

Exercise 10.3 Show that in the previous exercise the limit of resolvents does
not exist for f € C[0, oo] \ Cy(0, 00). (Hint: show that the limit does not exist
for fy = 1, and then write any f € C[0, oco] as f = f(0)fo + (f — f(0)f)).

Exercise 10.4 For a sequence (ay,),>1 of positive numbers converging to infin-
ity,letA,, n > 1 be the generators of semigroups of Exercise 3.6 with a replaced
by a,, and p being the Dirac delta at x = 0, so that members of D(A,) satisfy
/(1) = a,(f(0) — £(1)). Show that the semigroups (e'4");~o converge to the
semigroup describing the motion with constant velocity 1 on a circle of radius
% (see Figure 10.1). To this end:

1. Show that (A — A,)~'g(x) = C,e™* + fxl e Me(y)dy, x €0, 11, g C[O, 1],
where C,, = %’%, and find the limit pseudoresolvent.

2. Show that X, C {f é C[0, 1]] f(0) = f(1)}, and that for g € X, the limit

pseudoresolvent coincides with the resolvent of the semigroup:

T f(x) = fx@i1), 1=0,x€[0,1],
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jump intensity = a

/"‘474*"\
// ,,4_\\\
/ ;7 N
e E— | _—
z=0 I r=1 a— o0 U
V= v =

Figure 10.2 In the approximating processes considered in Exercise 10.6, a jump

fromx=1tox=0o0rx= % occurs after an exponential time with probabili-

ties p and 1 — p, respectively. In the limit process x = 1 “connects immediately”

tox=0o0rx= % with the same probabilities. As a result the limit process may

be described as follows: A toy train speeds on a railway composed of two adja-
cent circles connected at a junction marked with a small square (corresponding
to amalgamated points x = 0, x = %, and x = 1; strictly speaking, however, x = 0
and x = % are separate points, and x = 1 is not in the state-space; otherwise, the
limit process is not Markov). When on the left-hand circle, the train moves clock-
wise and after completing the full circle continues its motion counterclockwise on
the right-hand one. When it approaches the amalgamated points junction from the
right, a random switch directs it either to the left-hand circle where it continues
clockwise or to the right-hand one, where it continues counterclockwise.

of operators in {f € C[0, 1]]| f(0) = f(1)}, where @; denotes addition
modulo 1. To this end write the resolvent in the form:

00 1
/ e Mg(x @ t)dt = / e g(y) dy
0 X

o0 1
+ Z e M / e Vg(y) dy.
n=1 0

3. Conclude that Xg = {f € C[0, 1]] f(0) = f(1)} and that:
lim e f = T(1)f, f e Xo.

Exercise 10.5 Redo Exercise 10.4 by characterizing the extended limit
operator. (Hint: show first that its domain is contained in C'[0, 1] N {f €
C[0, 171 f(0) = f(1)}.) Deduce the same result directly from (3.13): to this end
prove convergence for ¢ € [0, 1] first, and then proceed by induction.

Exercise 10.6 Consider the semigroups of Exercise 3.6 with u being a convex
combination of Dirac measures at O and %; say i = pdo + (1 — p)81 2, where
p € (0, 1). Show that as a — 00, the related semigroups converge to the semi-
group describing the process in which the traveler moving with velocity 1 in
the unit interval, after reaching x = 1 jumps swiftly to O or % with probabilities
p and 1 — p, respectively. The limit semigroup is defined in the subspace of
f € [0, 1] satisfying f(1) = pf(0) + (1 — p)f(1/2). Somewhat informally
(see Figure 10.2), the limit process may be identified with the motion with
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unit velocity along the curve composed of two adjacent circles, of total length 1,
obtained from the unit interval by joining points x = 0, x = 1/2, and x = 1.

Discuss an analogous result for the case where u is a convex combination
of Dirac measures at three points, and generalize immediately to £ > 1 points.
The state-space of the limit process should be a flower with k petals.

== Chapter’s summary

Our second application of Theorem 8.1 involves convergence of elastic Brown-
ian motion semigroups to the minimal Brownian motion semigroup. It is worth
stressing that here, in contrast to the previous example, the regularity space
Xo & Xis a proper subspace of X.
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Back to the Membrane

We come back to the semipermeable membrane of Chapter 4, but now instead
of dealing with the dynamics of distributions we will study the dynamics
of expected values of related stochastic processes (see [57]). Turning from
L'(R*) x L'(R*) to its predual C[0, oco] x C[0, oo] we will be able to explain
the role of transmission conditions and establish another convergence result.
Note that by considering X = C[0, oo] x C[0, o] we become more specific
concerning the phase space of the stochastic process involved: instead of think-
ing of R we think of two copies of R*, with boundary x = 0 split into two
points, say 0— and 0+, representing positions to the immediate left and to the
immediate right from the membrane. Alternatively, the state-space of the pro-
cessis § = [—o0, 0—] U [0+, oo] and X may be naturally identified with C(S).
Given four positive numbers o;, k;, i € I = {—1, 1} we define A by:

Afier = (07 1) i (11.1)

Figure 11.1 Semipermeable membrane by Marek Bobrowski
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with domain composed of (f;)icr € C2[0, 0o] x C2[0, oo] satisfying:
1(0) = kifi(0) — ki f—i(0), iel (11.2)

the C?[0, oo] denoting twice continuously differentiable functions on R* with
second derivative in C[0, oo]. As in Chapter 4, the numbers o; are diffusion
coefficients in the left and right half-axis, and the k; are membrane’s perme-
ability coefficients as we explain in more detail now. (See Exercise 11.2 for
the relationship between A introduced here and the generator discussed in
Chapter 4.)

Viewing a member of X as a continuous function on S, and writing condition
(11.2) corresponding to i = 1 as:

—f(0+) + k1 f(0+) — Ky /fdao_ =0,
N

where &y is the Dirac measure at 0—, we see that they have the form similar
to (3.1), except that now the distribution p of the point right after the jump
from the boundary is a measure on S. Hence, according to the interpretation
provided in Chapter 3, we may describe the process related to A as follows.
(Stochastic analysis of the related snapping out Brownian motion may be found
in [239]. As it transpires, analogues of transition conditions (11.2) are used in
modelling flows between cells —see [5, 130, 148] cited after [239].) Conditional
on starting in [0+, 00), the particles initially perform a Brownian motion in this
half-axis with diffusion coefficient 0. Upon touching the boundary at 0+ they
are reflected but after a random time spent “at the boundary,” they jump to 0—
and start to perform a Brownian motion in (—o0, 0—], where the diffusion coef-
ficient is o_;. The k; is the permeability coefficient in the sense that the larger
is k1, the quicker particles filter through the membrane from 0+ to 0—. (As in
Chapter 3, the probability that the particle will still be performing the Brownian
motion in [0+, co) at time £ > 0 is e %" @ where ¢ is the Lévy local time the
particle spends at 0+. Of course, in so saying we do not count the particles that
jumped to O— and later on returned.) A particle starting in (—oo, 0—] behaves
similarly, except that the diffusion and permeability coefficients are different
here. (See Figure 11.1.)

We have not yet proved that A generates a semigroup. Because density of
its domain and the maximum principle may be shown as in Chapter 3 (see
Exercise 11.1), we restrict ourselves to checking the range condition. Given
(gi)icr € X and X > 0, we want to find (f;)icr € D(A) such that A(f;)ier —
A(fDier = (&i)ier, that is:

Afi— ol f =g iel
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As in Chapter 4, we look for (f;);c1 of the form:

_VE, X Va
filx) = C,~e i+ Die i — 7 sinh —(x »)gi(y)dy
Ly

A,
e o gdy+De Y, x>0, (11.3)

2a,f /

_
where C; := ﬁ foooe %i'gi(y)dy and D; are to be determined. Condi-

tions (11.2) now impose (0j+/A + k)D; — kiD_; = (0iv/A — k)Ci + k,C_i, i €
I. This is satisfied iff:

)\,+k_i —i_kii 2kii
\/_ o o C 4 o

= i C—iv
VA+k_jo_i + ko VA+k_jo_i + ko

completing the task.

Now, as in Chapter 4, we would like to see what happens when permeability
of the membrane becomes infinite. Replacing k; with nk; in (11.2) and defining
the related operators A,, we check that the corresponding sequence D; = D;(n)
converges to:

k_,‘O'_,‘ - k,'Ui Zkidi

D; = Ci+ C_,. 114
k_jo_1 + kjoy k_jo_1 + kjoy ( )

Therefore, the resolvents of A, converge to the operator defined by (11.3) with
D; introduced above. However, we cannot apply Theorem 2.2 here. The reason
is that f; defined by (11.3) and D; given here satisfy:
f(O)—C —|—D _ 2k_]O'_1 C + 2k10| C
: - b k_jo_1 + kjo; : k_jo_1 + ko -

= C71 + D71 = f,](o)

It follows that the range of the limit R, of (A — A,)~! is not dense in X and
cannot be the resolvent of a densely defined operator. It may be shown (Exer-
cise 11.3) though, that R;, is the resolvent of the operator A, defined by (11.1)
with (11.2) replaced by:

ko1 f1(0) + ki f2,(0) =0, f1(0) = f-1(0). (1L.5)

Notably, A is not densely defined.

We will show that the closure of the range of R;, is the subspace X of (f;)ier €
X satisfying f1(0) = f-;(0), and then characterize the limit semigroup in this
subspace. To this end first note that, by (11.3) and (11.4), the coordinates of
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R;.(gi)ien are:
H(x) = gt yydy, x>0, (11.6)
i W/— & (v)dy.
where
*( ) k_l'O’_l' — k,‘O’i ( ) 2k; i0j o_; 0
)= —  ——gif(—x) + —4m8M8 g | ——x ), x < 0.
8i k_jo_4 +k101g k_ 10 +k101 o;

For (gi)ier € Xo, g} is a continuous function, in fact a member of C[—o0, 0],

the space of continuous functions on R with limits at plus and minus infinity.
The operators B; = crl dx2 with domain C?[—00, 00] generate strongly con-

tinuous semigroups in C[—o0, 0o], and their resolvents are (see (2.3)):

o0 =
(A —B) ' g(x) = 2ailﬁ e~ g0y dy, A>0,xeR. (11.7)
In particular, lim,_, o, A(A — B;)"'g = g in C[—00, oo]. This implies that for
(gi)ier € Xo, Afi, where f; is defined by (11.6), converges in C[0, oo] to g; and
shows that the range of R, is dense in X, as claimed.
Hence, in X there is a semigroup being the limit of the semigroups generated
by A,. Its generator is the part A, of Ay, in Xj.

Exercise 11.1 Show that A given by (11.1) and (11.2) is densely defined and
satisfies the maximum principle.

Exercise 11.2 Let (only in this exercise) the operator in L'(R) defined by
(4.1) and (4.2) be denoted by A*. Also, identify a member (f;);cr of C[0, co] X
C[0, oco] with the function on R defined by f(x) = fi(x),x > 0 and f(—x) =
f-1(x), x > 0; note that f is right-continuous at 0, and has the left limit. With
this identification, check that:

/R fATD = /R pAf

for all ¢ € D(A*) and f € D(A), where A is defined by (11.1) and (11.2).

Exercise 11.3 Show directly that the closure of the domain of A, is Xy, and
that R, is the resolvent of A,

Exercise 11.4 Check that X is isometrically isomorphic to C[—o0, oo]. Show
directly that (the isomorphic image of) A, is the generator of a conservative
Feller semigroup in C[—00, 0o].
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iz Chapter’s summary

We study convergence of Feller semigroups that are in a sense ‘dual’ to those of
Chapter 4. Interestingly, although the original Markov semigroups of Chapter 4
converge on the whole of L'(R*) x L'(R™) (where the approximating semi-
groups are defined), for the Feller semigroups the regularity space is a proper
subspace of C[0, oo] x C[0, oco].
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Telegraph with Small Parameter

Our next example is taken from [44]; for a different approach to the same sin-
gular perturbation, see [139, Chapter VI] and references given at the end of
this chapter. Let A be the infinitesimal generator of a cosine operator function
{C(t),t € R} in a Banach space X such that for some M > 0:

ICoHl <M, teR. (12.1)

Given € € (0, 1), let us consider the abstract telegraph equation with small
parameter in X:

X' () + X (1) = Ax(1), x(0) = xp, ¥'(0) = x;. (12.2)

(In this equation, we take € instead the usual e merely for the later notational
convenience.) It is natural to expect (see [17, 44, 139] for selected bibliogra-
phy on the subject) that as € — 0, the solutions to this equation tend to those
of:

X(t) = Ax(1), x(0) = xy. (12.3)

This hypothesis may be stated as a result concerning convergence of semi-
groups. To this end, introducing y(t) = %, the second order Cauchy problem
(12.2), is transformed to that of order one in B = Xy x X:

d x(r)) 3 ( y(t) ) _p (x(r)) <x(0)> B (xo>
dr\y()) — \e2Ax(t) —e () L) \wo)) " \x)’
(12.4)

where Xkj; is the related Kisynski space (see Chapter 1), x and y are Xjs-and X-
valued functions, respectively, and the right-most equation defines an operator
B. in B with domain D(B,) = D(A) x Xkis. Because e A generates the cosine
family {C(e~'¢),t € R} in X, by the Kisyiiski Theorem, the operator B, given
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by B, (?) = (Ej AX) on the domain D(B,) generates a group of operators in B
and, by the Phillips Perturbation Theorem, the same is true of B, so that (12.4)
is well-posed. However, the semigroups (e'5¢),~( are not equibounded. Hence,
we consider the semigroups generated by A, with D(A.) = D(B,) where:

tAe __ I 0 1 0 X _ efly
(U s0(h 2) )= (L) ms

which turn out to be equibounded. (It should be noted that the proof of the fact
that {7, (¢), t > 0} are equibounded while {S¢(¢), ¢+ > 0} are not is nontrivial and
requires either knowing probabilistic Kac-type formulae for solutions of (12.4),
or intelligent positivity arguments — see [44, 49, 192, 212, 214].)

Let (€,)n>1 be a sequence converging to zero. To settle the question of con-
vergence of (e« )r=0 we consider the part A, of A in Xgj:

Apx = Ax; D(A,) = {x € D(A)|Ax € Xk}
Lemma 12.1 Regardless of the choice of (€y)nz1:
D(Aex) = D(Ap) X {0}

and a vector in B is a value of Aex on (;) where x € D(Ay) iff it is of the form
*),zeX

Proof For (;{) € D(A,) there existi (’y‘:) € D(A) x Xkis,n > 1 such that
lim,_, o (,)»f:i) = (;{) and lim,_ o (e_,;;ry:_zw) = (%) for some w € Xg;s and
z € X. Then y = lim, .00y, = 0 and lim, o, Ax, = lim, .o €, 'y, = w. By
closedness of A, we have x € D(A) and Ax = w € Xk;s, i.e.,x € D(A,). There-
fore, D(Aex) C D(A,) x {0} and the only possible values of A, on () where
x € D(A)) are (A%), z € X.

Conversely, taking x € D(A,) and z € X;s we define:

X0\ X
W) €,Ax — €2z

to see that lim,,_, o, (;Z) = (§) while:

. X, . Ax — €,z Ax
lim A, = lim = .
n—00 n n—00 Z Z

This shows that ({)) € D(A.,) and Aex(ﬁ) = (AZ"). Because X;; 1s dense in X and
Aey 18 closed, the result extends to any z € X. ]

The lemma combined with properties of A, characterizes the limit behavior
of the semigroups involved. Namely, it is straightforward to check with the help
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of the Weierstrass Formula that (e )0 leaves Xkjs invariant and, as restricted
to Xk;js 1s a strongly continuous semigroup in the Xk topology. Moreover, the
generator of this restricted semigroup is A,. In particular, the range of A — A,
is Xkjs and so the range of A — A., is B for all A > 0. Hence, we are in the
setup of Chapter 8. Moreover, D(A,) is dense in Xk;, so that, by Lemma 12.1,
the regularity space By equals Xk;is x {0}. Finally, it is clear that the part of A,
in the regularity space is the map (j) (“})X), x € D(A)), the generator of the
semigroup T'(¢)(§) = (“"3”), t > 0in Xg;s x {0}. Hence, we obtain:

zA,,x
lime (7)) = (€ o 12.6
lim e <0 o ) * €Ki (12.6)

It is instructive to prove that same result using the Trotter—Kato Theorem. To
this end we solve the resolvent equation for A, to see that:

O — A = <(e2)\ + DR +r—-A)" e+ 1 —A)"! )

Ae(M*e> + 1 —A)7! e+ 1 —A)!

for A > 0. This implies:

i (X _[(O—A)x x
lim (2. — A) )= 0 ., x>0, )eB, (127

so that (12.6) follows, but a thorough analysis is more time consuming than that
needed in the Sova—Kurtz approach.

Exercise 12.1 Fill out the details needed to show (12.7).

Exercise 12.2 Use (12.6) to show that the solution to (12.2) converges
almost uniformly with the first derivative to that of (12.3) iff xo € D(A,) and
X1 = A)CQ.

iz Chapter’s summary

Convergence of semigroups describing solutions of the abstract telegraph equa-
tion to those of the abstract diffusion equation is established. Here, again, the
regularity space is a proper subspace of the underlying Banach space. This is
a reflection of the fact that while the approximating semigroups are related
to hyperbolic differential equations requiring two initial conditions, the limit
semigroup is related to a parabolic equation requiring one initial condition.
Hence, the convergence is uniform around # = 0O if the initial conditions are
chosen appropriately (see Exercise 12.2). It should be noted here that conver-
gence of solutions of the abstract telegraph equation to those of the abstract
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diffusion equation has of course been studied by many authors and in various
contexts, not necessarily involving semigroups of operators or the Trotter—Kato
Theorem. See, for example, [14, 17, 27, 85, 137, 138, 139, 140, 192, 210, 212,
243, 244, 258, 272, 281, 317, 321, 355], [49] pp. 358-361, [132] pp. 468—
471, [288] pp. 1-6, and references given therein.
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Minimal Markov Chains

In this chapter we show another application of Theorem 8.1. Let I C N be a set
of indexes and let /' be the space of absolutely summable sequences (£;);cr with
the norm [|(§)icrll = D,y 1&1. Let Fi be the (positive) functional on ! given by
Fix = Zid &,x = (&)ie1 € I'. Non-negative sequences such that Fx = 1 are
termed densities or distributions; the set of distributions is denoted by D. As
in Chapter 4, a bounded linear operator in ! is said to be a Markov operator
if it leaves D invariant.

A matrix Q = (gij)i, jer is said to be a Kolmogorov matrix or an intensity
matrix or a Q-matrix iff its off-diagonal entries g;;, i # j are non-negative and
its rows add up to zero. If [ is finite, Q may be identified with the bounded oper-
ator /' sx—>x-Q = o jer Xid ji)ier, Where the dot denotes matrix multipli-
cation. It may be shown that (e'?), is then a semigroup of Markov operators
in ' (ie., x - ¢'¢ is a density provided x is); the converse statement is also true
(see Exercise 13.2).

We would like to have a similar result in the case where I is infinite. (With-
out loss of generality we assume I = N in what follows.) However, the situation
here is not so simple; the argument used in the proof for finite I carries over only
if sup,.|(—gnn») < 00. In fact, in general the operator x = (§,),>1 = xQ =
(ijl &iqin)n>1 defined on the maximal domain Dy, = {x € ":xQ el is
not a generator of a semigroup. Dy, is simply too large and A — Q may not
be one-to-one. Probabilistically, the situation is as follows. When I is finite,
the semigroup (e'?),~o maps densities into densities, because Q determines a
Markov chain with state-space I. The chain, starting at i € I waits there for
an exponential time 7; with parameter —g; ; to jump to a state j with prob-
ability _qqf, if g;; = 0 the process stays at i forever. At j, the process starts
afresh: waits for an (independent!) exponential time 7, to jump to some other
state, and so on. Because the number of states is finite, the sum of all t, is
infinite and the process is well defined for all # > 0 (see Exercise 13.4). For
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S

Y

Figure 13.1 Explosion

infinite I, generally Q determines the process only up to a certain (random)
time.

For example, if —g,, = qu.n+1 = a, for some sequence a,,n > 1, and the
remaining entries of Q are zero (which is the intensity matrix of a pure birth
process), then the process increases at exponential times 7, with Et, = a; .
If a, are chosen so that ) | al<oo, = anl 7, is finite a.s. Because
after 7 the process is left undefined by Q, it must be determined by additional
rules such as, for example, starting afresh at 1 at time t. This phenomenon is
often called explosion. Such rules have their reflections in the domain of the
generator; without restrictions on its domain, Q instead of being related to a
single Markov chain, is related to a whole class of chains.

A theorem due to Kato [180, 197] to which this chapter is devoted describes
the minimal semigroup related to the minimal Markov chain, that is, the chain
where the process is undefined after t so that the probability of observing this
process att > 0 is less than 1 (this is to say that the semigroup is sub-Markov).
Following Banasiak and Lachowicz [24], we present an abstract form of this
theorem, valid in Kantorovi¢—Banach spaces. The idea is to see the problem as
a perturbation result: we introduce the operators A and B corresponding to the
diagonal and off-diagonal parts of Q:

A (én)nzl = (qn,ngn)nzl s B(En)nzl = ZanSm (131)
m#n

n>1
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with common domain D = {(§,),>1 € AR anl |gn.nnl < oo}. We note that
D C Dy and that A generates a contraction semigroup e/ &1 =
(e"Ir&,),>1. A short calculation shows that:

|Bx|| < [|Ax||, xe€D. (13.2)

If we had a stronger relation, say ||Bx|| < r||Ax| with r € (0, 1), we would be
able to show that A + B generates a contraction semigroup (see the proof of
Theorem 13.3). Relation (13.2) allows for a more delicate result: there is an
extension Qy of A + B that generates a contraction semigroup, and later we
will see that (e/9),~ is in a sense minimal.

The argument uses the fact that [' is a lattice, and that —A and B are posi-
tive operators. To recall, a vector space is said to be ordered iff the following
conditions are satisfied:

(@ x<ux,

(b) x <yandy < ximply x =y,
(¢) x<yandy < zimply x < z,
(d) x <yimpliesx+z<x+z
() x>0and o > 0 imply ax > 0,

where x, y, and z are arbitrary members of the space, and « is a real number.

An ordered vector space is said to be a vector lattice iff there exist min-
ima and maxima of all two-element sets. The minimum and maximum of the
subset {x, y} of a vector lattice is denoted x A y and x V y, respectively. This
allows defining, for all x in the lattice, x* :=x Vv O and x~ := (—x) V0, |x| :=
x V (—x) and checking that (see Exercise 13.6):

x=x"—x" and |x|=x"4+x". (13.3)

A vector lattice is said to be a Banach lattice if it is also a Banach space with
a norm such that:

x| < Iyl = llxll < lIvll. 13.4)

Finally, a Banach lattice is said to be a KB-space or a Kantorovic-Banach
space if any sequence x,, n > 1 of its elements with 0 < x,, < x,;,n > 1 and
lx:]l <M, n > 1 for some M > 0, converges. I'is an example of a KB-space
(Exercise 13.8).

An operator A in an ordered vector space is said to be positive if Ax > 0
for x > 0; we then write A > 0. For two operators A and B, A > B means
A — B > 0. It turns out that positive linear operators defined on the whole of a
Banach lattice (with values in an ordered normed vector space) are necessarily
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bounded, [16] p. 54. We will, however, merely need the following two lemmas;
before continuing, the reader should solve Exercises 13.5-13.7.

Lemma 13.1 For a (bounded) positive operator A in a Banach lattice, || Al =
SUPx>0, x| =1 [IAxX].

Proof We need to show that sup, =1 [[Ax[| > sup,_; [|Ax[. Let us con-
sider an x with ||x|| = 1. Because |x| > 0 and || |x| || = ||x|| = 1, it suffices
to show that ||Ax|| < ||A|x|||. However, —(x7) < x < x" implies —A(x™) <
Ax < A(x™). Hence |Ax| = (Ax) VO + (—Ax) VO < (AET) VO+ (A7) Vv
0=A(x")+A(x") = Alx| and the result follows. O

Lemma 13.2 A strongly continuous semigroup (T (t));>o in a Banach lattice X
is positive (i.e., T(t) > 0 for allt > 0) iff its resolvent is positive for sufficiently
large ) (R;, > 0 for such A).

Proof We show first that the positive cone where x > 0 (or, equivalently,
where xT = x) is closed in X. To this end, it suffices to show that [x* — y*| <
|x — y| because this implies that ||x* — y*| < ||x — y||, for x, y € X. We have
0<y"+|x—y| and, since y <y", x <y +x—y <yt + |x —y|. There-
fore, x™ < y* + |x — y|. By symmetry, the claim follows.

By this, positivity of the semigroup implies positivity of the resolvent, the
resolvent being the (Laplace transform) integral of the semigroup. The con-
verse is true as the semigroup is the limit of appropriate Yosida approximation
semigroups built from the resolvent. ]

Here is our main theorem of this chapter.

Theorem 13.3 Let X be a KB-space, and let A and B be linear operators in X
with common domain D such that:

(1) A generates a semigroup of positive contractions,

(2) —A and B are positive,

(3) IBx|| = ||Ax|| forx € D,x = 0,

(4) for each nonzero x € D, x > 0 there exists a bounded, positive functional
F such that |F|| = 1, F(x) = ||x|| and F (Ax + Bx) < 0.

Then there exists an extension Qo of A + B that generates a positive contraction
semigroup in X.

Proof Let us consider C, = A + rB, r € [0, 1) with domain D. First, we show
that each C, generates a positive contraction semigroup.
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For x >0, as —A and (L —A)~' are positive, 0 < —A(A —A) 'x =x —
AL —A)"'x < x. Hence, | —A(L —A)"'x| < x = |x| implying the estimate
IAG. — A)'x|| < ||x]l. Hence, for x € D,x >0, B —A)"'x| < [AG: —
A)~'x| < |lx|l. By Lemma 13.1, the positive operator B(A — A)~! is a contrac-
tion. Hence:

R, D) =0 =AD" [BA-A)7"". rel0.1),1>0 (135
n=0

is well defined and a standard calculation shows R(r, 1) = (A — C,)”!. Clearly,
R(r, 1) = 0 but by the sole definition it is hard to see that |AR(r, A)|| < 1.

The latter estimate may be obtained from condition (4). Indeed, taking
non-negative x € D we have ||Ax — C.x|| > F(Ax — C,x) = AF (x) — F(Ax +
Bx) 4+ (1 — r)F(Bx) > AF(x) = A||x|| where F is as in (4), because B and F
are positive. Hence, for a positive y € X, taking x = (A, — C,)~'y we obtain
Iyl = All(A — C)~'y]l and, by Lemma 13.1, [(x — C,)~'|| < 1,1 > 0. By the
Hille-Yosida Theorem, C,’s generate contraction semigroups. Also, e'C are
positive operators, as so are (A — C,)~".

Let r,, n > 1 be an increasing sequence with lim, .7, = 1 and let A,, =
C,,. Then:

A=—A)'x <O —Au)'x and | —A) x| < A7 x|

for all x > 0. Because X is a KB-space, lim, (A —A,) " 'x exists. Using
decomposition (13.3) we check that the same is true for all x € X. Hence, we
are in the setup of Theorem 8.1.

Moreover, for x € D we may define x, =x € D(4,),n > 1 to see that
lim,,_, oo Apx, = lim,,_, 5o (Ax + r,Bx) = Ax + Bx. Hence, the extended limit
Ag, of A, is an extension of A + B. In particular, as D is dense in X, Xy = X.
Thus, A, is single valued and generates the limit semigroup. As we have seen,
Ay 1s an extension of A + B, completing the proof. O

Proposition 13.4 [f Q| is another extension of A + B generating a positive
contraction semigroup, then ¢'? < e/% ¢ > 0.

Proof By assumption, (A — Q;)~! exists for sufficiently large A and is positive.
Fory € D, we may write:

(I =rBy =& —-A—=rB)y—(h— 01y

Takingy = (A — A — rB)"'x, x € X, and applying (. — Q)" to both sides of
this equality:

1= =0)'BA—A—-rB)y 'x=0—-0) 'x—(A—A—rB) 'x.
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Because all operators on the left-hand side are non-negative, for large A > 0
wehave (A —A —rB)~' < (A — Q;)"'. Because (A —A — rB)~! converges to
(A — Qo) 'asr— 1, wehave (A — Qy)~! < (A — Q)~', and this implies the
claim via Yosida approximation, as in Lemma 13.2. O

The assumptions of the abstract setup of Theorem 13.3 and Proposition 13.4
are clearly satisfied in the original problem related to intensity matrices. In
fact, merely condition (4) needs to be checked (see also Exercise 13.10): in this
case, the functional F is universal for all x > 0 and equals F} introduced at the
beginning of this chapter.

Exercise 13.1 A matrix (p;;); jer may be identified with an operator P in [ !
defined by:

P& = | Y pijki
Jel iel

Show P is a Markov operator iff the coordinates in the matrix are non-negative,

and in each column they add up to 1.

Exercise 13.2 Show thatif Tis finite and Q = (g;,;);,jer is a matrix then €©9)=0
is composed of Markov operators in /! iff Q is an intensity matrix.

Exercise 13.3 If we exclude the trivial zero matrix, all 2 x 2 Kolmogorov
matrices are of the form Q = (7, %) where a, b > 0, a + b > 0. Show that:

0 1 (b+ aef(aer)t a— ae(aer)t)
¢ —

- a-+ b \b— bef(aer)t a-+ bef(aer)t

Exercise 13.4 Let 7, be independent, exponential random variables with
parameters a,, n > 1. Show that > - | 7, < 0o (a.s.)iff ) -, ai < 00.

Exercise 13.5 Show that in a vector lattice x < y implies —y < —x, x*™ < y*
andy” <x".

Exercise 13.6 Show (13.3). To this end, prove first:

xXVy+z=x+2vih+2, xyzeX
Exercise 13.7 Show that in a Banach lattice, || |x| || = ||x]|.
Exercise 13.8 Show that /! is a KB-space.

Exercise 13.9 A Banach lattice is said to have order continuous norm if any
sequence (x,),>1 of its elements satisfying 0 < x,4; < x,,n > 1, converges.
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Show that any KB-space has order continuous norm and that ¢, has order con-
tinuous norm even though it is not a KB-space.

Exercise 13.10 Show that A defined in (13.1) generates the positive contrac-
tion semigroup €4 (£, )= 1 = (€97,),1.

For a nicely written introduction to ordered vector spaces, see [16] and refer-
ences given there. For more on positive semigroups, see [269], and for positive
semigroups with applications in L' setting, see [234], see also [127]. Other
applications may be found in the already cited [16].

= Chapter’s summary

Approximating procedures are common tools for proving generation theorems:
For example, the Hille—Yosida Theorem is often proved with the help of the
Yosida approximation. Using an approximation procedure introduced by T.
Kato in his proof of existence of a minimal Markov chain semigroup related to a
Kolmogorov matrix, we follow J. Banasiak and M. Lachowicz to extend Kato’s
result to an abstract generation theorem valid in Kantorovic—Banach spaces.
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Outside of the Regularity Space:
A Bird’s-Eye View

And as they were going to buy, the bridegroom came; and those who were ready
went with him to the wedding feast. And the door was shut. And later the rest of the
virgins came also, saying, Lord, lord, open to us! But he answered and said, Truly I
say to you, I do not know you.
(Matt. 25:10-12. Holy Bible. Recovery Version. © 2003 Living Stream
Ministry, Anaheim, California.)

So far, we have proved that the necessary condition for convergence of (equi-
bounded) semigroups is convergence of the related resolvents. Also, in terms
of the limit pseudoresolvent and/or the extended limit operator, we were able
to characterize the regularity subspace where the semigroups have a limit, and
the generator of the limit semigroup. The natural question arises: what can we
say about convergence outside of the regularity space?

Theorem 14.1 Let (e"4),> be a sequence of semigroups satisfying (2.1), and
suppose that (. — A,)~" converge. Then, for x € X, there exist the following
limits:

a) lim,_, [y exds = U(t)x, 1 > 0,

b) lim, o Hy(¢)x = H(¢)x, ¢ € L'(RT),

where H,(¢p)x = fooo ¢ (s)e"“x ds is a Bochner integral, and L' (R™) is the space
of (classes of) absolutely (Lebesgue) integrable functions.

Proof Clearly, a) is a special case of b) for ¢ = 1jo;. Let €, (¢) = e M t >
0, A > 0. By assumption, the limits:
lim H,(e;) = lim (A —A,)"', 2 >0

exist. Because ||H,(¢)|| < M||@||1 g+, the map ¢ +— H,(¢) is linear, and the
set of e;, A > 0 is linearly dense in L'(RY), a three-epsilon argument shows
that H,(¢)x is a Cauchy sequence. O
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Figure 14.1 Convergence outside of X,

Condition a) is due to T. G. Kurtz [230]; condition b) is due to J. Kisynski.
From the proof it is clear that b) is in fact equivalent to convergence of resol-
vents, and so is a) as the set of u(t) = ljo, is linearly dense in L'(RY).
The operator L'(R™) 5 ¢ — H,(¢) is termed a homomorphism of the alge-
bra L'(R™) related to the semigroup (e“)~o. We recall that L'(R") is a
convolution algebra (see Appendix A); it is easy to check that H, (¢ * V) =
H,(¢)H, (), where * denotes convolution. Hence, H(¢ x ) = H(¢p)H (Y );
H is a homomorphism related to the limit pseudoresolvent.

Example 14.2 Let us consider, as in Chapter 8, an operator A satis-
fying all the assumptions of the Hille—Yosida Theorem except for the
one involving density of its domain. Then, for the Yosida approxima-
tion A, of A, the limit lim,_ o [y ™ ds=U(t),t > 0 exists. It is easy
to see that Afooo e MU@t)dt = (A —A)~!, A > 0. The family (U(t))=o is
termed the once integrated semigroup related to A, and its existence
was proved first by W. Arendt [6]. This family is Lipschitz continuous:
IU@)—U(s)| <limsup,_, o f; lle“dn | du < M(t — 5),0 < s <t. Since for
x € cID(A), lim,_, o eux = T(t)x, where (T'(t));>0 is the semigroup gen-
erated by A,, we have U(t) = fot T(s)xds, x € Xo,t > 0. The limit H(¢) =
lim,,_, o fooo ¢ (t)e*n dt is the homomorphism related to A.

To summarize, if the resolvents of a sequence of equibounded semigroups in
a Banach space converge, then on the whole of this space the limit b) in The-
orem 14.1 exists; additionally, for x from the regularity space, the semigroups
converge, too. Extending the idea of Kisynski [211] (see also [230]), all these
results may be seen from the perspective of a single generation theorem, as
explained below [45].
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Let ¢(X) be the space of all convergent X-valued sequences with supremum
norm. Given a sequence of semigroups (e"4"),-¢ satisfying (2.1), we define the
operator A in ¢(X) by:

-A(xn)nzl = (Anxn)nzl s
D(A) = {(xn)y=1 1xn € D(Ay), (Apxn)y=1 € c(X)}. (14.1)

The assumption that the limit lim,_, o, (A — A,)~" exists allows defining the
bounded linear operators R;,A >0 in c¢(X) by R, (x)u=1 = (X —
A x, )u>1. A straightforward computation shows:

Rk()h - A)(xn)nzl = (xn)nzl» (xn)nzl S D(-A) and

()V - A)Rk(xn)nzl = (xn)nzlv (xn)nzl € C(X)s
so that R;, A > 0 is the resolvent of A. Moreover, since |[(A —A,) "] <
MA™", we have |R}|| < MA™". Hence, A satisfies assumptions of Exam-
ple 14.2 and its part in ¢/ D(.A) generates a semigroup (7 (¢));>o there. It may be
shown that this closure is the space of all sequences with limits in X, and that
T (@) x)nz1 = (T, (0)x0)n>1, (Xn)u=1 € ¢l D(A). This is a counterpart of Theo-
rem 8.1. Moreover, A generates an integrated semigroup (U£(¢));>0; we check
that U(#)(xp)n=1 = ( fot ey, ds),>1. Finally, the homomorphism # related to

A is given by H(¢)(xy)u=1 = ( fooo ¢ (t)e*x, dt),=. These are restatements of
a) and b) in Theorem 14.1.

Exercise 14.1 Deduce from Lemma 2.1 that condition a) in Theorem 14.1 is
equivalent to convergence of the resolvents. Conclude that a) implies b).

Exercise 14.2 Prove the claims made here concerning A.

Exercise 14.3 A Banach algebra-valued function [0, 00) 5 f > p(t) € A is
said to be an integrated semigroup if it is integrable on any finite interval:

pO)p(s) = / T prdr - / pdn 20,
and p(0) = 0. t '
(a) Check that:
po(t) = 1o,y € L'(RF), (14.2)

is an example of an integrated semigroup. '

1" As a result of the Kisyriski Homomorphism Theorem (see for example [216] or one of [46,
47,49, 88] or Chapter 62), there is a one-to-one correspondence between Lipschitz continuous
integrated semigroups (i.e., integrated semigroups such that there is M such that:

lp() — p()lla < Mlt —s|,1,5 =0
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(b) Let p be an integrated semigroup in a unital Banach algebra A with unit u.
Show the following Wallen-type formula [336]: for s > 7:

(s~ 'p(s) — W)t p(t) — u)
S+t t
= (st)"! / p(rydr — (st)™! / p(r)dr — s~ p(s) — 7' p(t) + u.
s 0

(c) Suppose that for an integrated semigroup p the following conditions are
satisfied:

L. liminf, o 571 p(s) — ulla < 1.
2. Foreacht > 0, limy_, oo s~ [t [ p(r)dr — p(s)[la = 0.

Using (b) show that p(t) = tu,t > 0.
(d) Deduce Lemma 6.3 from (c).

= Chapter’s summary

Under assumption of resolvents’ convergence, the related semigroups converge
strongly and almost uniformly on the regularity space equal to the closure of
the range of the limit pseudoresolvent. As we know from the previous chapters,
outside of the regularity space, the semigroups in general diverge. As it turns
out, a weaker type convergence occurs outside of this space: the semigroups
do not converge here but the related homomorphisms do. A nice, panoramic
view of this fact may be seen from the high peak of the space of convergent
sequences.

and homomorphisms of the convolution algebra L! (R*). In fact, each Lipschitz continuous inte-
grated semigroup is of the form:

p=H o po,
where H is the corresponding homomorphism of L' (R™); the norm of H is the smallest Lipschitz
constant for p.
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Hasegawa’s Condition

Assume, as we do throughout this book, that (e ):>0 are strongly continuous
semigroups satisfying (2.1). Assume also that we may show that D(A., ) is dense
in X. Unfortunately, this condition alone does not imply convergence of the
semigroups. In fact, it does not even imply convergence of the resolvents. It is
clear from Proposition 7.2 and from the examples of previous chapters that the
main difficulty is establishing that the range of A — Ac,, A > 0 is the whole of
X. To repeat, this is called the range condition. Fortunately, sometimes we may
avoid checking the range condition, having been able to check the alternative
condition of Hasegawa [171]. The latter is:

lim |lefedny — ey =0, xeX, (15.1)

n,m— 00
almost uniformly in 5,7 > 0, and its weaker version in terms of resolvents is
(see Exercise 15.1):

lim (A=A —A) ' x——A)" A=A x| =0, (152)

n,m—00

forA > 0,x € X.

Theorem 15.1 (Hasegawa) The semigroups (e

D(Aey) is dense in X, and condition (15.2) holds.

)i=0 converge on X iff the set

Proof Necessity of ¢/ D(A,) = X is known from Theorem 8.1. Also, assuming
that 7(¢)x = lim,_, o ¢ x exists for all x and using:

lestreAnx — T (s + t)x||
< M| x — T(0)x]| + [le” T (t)x — T ()T (0)x]|
we obtain lim,, o €% enx = T(s + ¢)x. This limit is almost uniform in

s,t € [0, 00) because, for any 7y > 0, the range of [0,7] 2t +> T(t)x € X is
compact. By symmetry, this implies necessity of (15.1).
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Hence, it is sufficiency that is of interest here: by Theorem 8.1 we need to
show that lim,_, (A — A,)~" exists. We follow the argument of Kurtz [230].
Let [°°(X) be the space of bounded X-valued sequences equipped with
supremum norm, and let the operators R;, A > 0 in [°°(X) be defined by
Ra(Xp)n=1 = ((A —An)’lxn)nzl; we need to show that R;, A > 0 map c(X)
into itself.

Assumption on D(A.,) combined with density of all D(A,,) implies that D(.A)
defined in (14.1) is dense in ¢(X). Because | R, || < MA~!, A > 0, our task
reduces to showing that R, maps D(A) into ¢(X).

If (x,)n>1 € c¢(X), then for any permutation 7,, n > 1 of positive integers
lim,_, o0 (x, — xz,) = 0. Conversely, the last condition implies that (x,),>; €
[*°(X) is Cauchy, hence convergent. Such a permutation m,, n > 1 induces
a bounded linear operator P on [*°(X) given by P(x,)u>1 = (Xz,)n>1 With
bounded inverse P~! related to the inverse permutation. Hence, introducing
co(X) as the subspace of £ = (x,,),>1 € ¢(X) with lim,_, « x, = 0, we have that
& € c(X) iff P€ — & € ¢o(X) for all operators P induced by permutations, and
our task reduces to showing:

PRy — Ry : D(A) = ¢p(X),
for all such operators. We note that in this context (15.2) can be stated as
RiP'RyPE — P 'RIPRIE € co(X) forall & € c(X). (15.3)
For & € D(A), A > 0 and a permutation induced P:

PRLE —RuE =PRI — P HE+Ru(P — 1
+PR,P IR — AE — RyPR, P — A)E
—RyPR.I — P H(h — A)E.

Here, as & € ¢(X), (P — I)& belongs to co(X) and so does R, (P — I)& because
R, maps co(X) into itself. Because P has the same property, both terms in
the first line above belong to ¢y(X). Similarly, the third line belongs to c(X)
because L& — A£ is a member of ¢(X). Because the second line belongs to
co(x) by assumption (15.3), we are done. O

As an application, let us consider the question of existence of an infinite prod-
uct of commuting contraction semigroups. This question was first discussed in
Arendt et al. [10], a motivating example being the heat semigroup in infinite
dimensions introduced by Cannarsa and Da Prato [76]. Let B,, n > 1 be gen-
erators of commuting contraction semigroups:

e/BresBr — esBralBn s,t>0,k,n>1.
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Then 7,(t) = [];_, B is a strongly continuous contraction semigroup with the
generator A, = Y ;_, By, the closure of > _;_, By defined on ();_; D(By) (see,
e.g., [269] A-1.3.8). We say that the infinite product 7'(t) = [, e'® exists iff
the semigroups (7,,(¢)),;>0 converge.

The following theorem from [10] was proved there in a different way, the
authors being apparently unaware of Hasegawa’s result.

Theorem 15.2 Define an operator A by Ax = Y - | Byx with domain:

D(A) = yx € [|DB: ) I1Bull < oo}

k=1 k=1

and suppose D(A) is dense in X. Then, the infinite product of (€'B");=¢ exists
and its generator is the closure of A.

Proof Clearly, A is arestriction of A., and the assumption implies that D(A.,) is
dense in X. Because (e )i=0 commute, Hasegawa’s condition is satisfied and
the infinite product exists by Theorem 15.1. Also, the generator of the product,
equaling A.,, is an extension of A. Hence, we are left with proving that D(A)
is a core for A.,. To this end, by Exercise 15.2, it suffices to show that D(A) is
left invariant by T(¢) = [];=, "B

Fix k € Nand x € D(By). For any n € N and ¢t > 0, T,,(¢)x belongs to D(By)
and BT, (t)x = T,(¢)Byx as (e'B )i=0 commutes with (7,,(¢));>0. Closedness of
By implies now T'(t)x € D(By) and BT (t)x = T (¢t)Bx. Thus, for x € D(A),
T (t)x belongs to (yo; D(By) and > oo | BT (1)x|| < Y po; IBix|| < oo, prov-
ing that 7'(r)x € D(A). This completes the proof. O

As our second application we establish existence of the boundary value of
a holomorphic semigroup. To recall, a closed operator A in a complex Banach
space is said to be sectorial of angle 6y € (0, 5] if the sector:

T
B4 = {4 € C\{0): larg 2] < T + 0}

is contained in the resolvent set p(A) of A, and for all § € (0, §y) there exists
Ms > 0 such that:

M;

=AM < —,
||

A E Xy (15.4)
If A is additionally densely defined (see [9] pp. 157158, [128] p. 96, [201]
p. 488, or [353] p. 257), it generates a strongly continuous semigroup (€)=
that may be extended to the complex ¢ in Xj,. For t € X3, where § < §y, the
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v

Figure 15.1 A typical y

semigroup may be expressed as the Dunford integral:
1
el = — / e —A)"Mdxa (15.5)
2wi J,

where y is a piecewise smooth curve running, within the closure of Xz 5
(excluding A = 0), that is, within:

T
{recnonjagni < S +9}

from infinity with argA = —(5 + 9) to infinity with arg A = 7 + & (see Fig-
ure 15.1). By (15.4), the integral here is absolutely convergent and by
Cauchy’s Theorem, it does not depend on the choice of the curve. Moreover,
limy 0 ex; ex = xforallx € Xand § € (0, 8y), and the semigroup is bounded
in each sector E%M, 8 € (0, 8p). Hence, A is said to generate a bounded holo-
morphic semigroup.

Let A be sectorial of angle 8. Then for z € C with |z] = 1 and | arg z| < 8o,
A generates a strongly continuous semigroup (e'“),~. This, however, does not
need to be so if arg z = §y. The question of existence of the semigroup generated
by z0A where zy = €’ is known as that of existence of the boundary value of a
holomorphic semigroup. It turns out that the boundary value semigroup exists
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iff:
K := sup e (15.6)

1€54,,3120,]r|<1
is finite. A simple proof of necessity of this condition may be found in [9]
p- 174, and we will restrict ourselves to proving the sufficiency.

Let z, satisfy |z,| = 1, | argz,| < 8¢ and lim,_, o, 7, = zo. By assumption,
le’>4| < K for t € [0, 1] and n > 1. This implies that there exist M > 1 and
w € R such that ||| < Me®,t > 0,n > 1, and the semigroups generated
by A, = z,A — wl are equibounded. The semigroups generated by z,A, being
“cut out of” the single semigroup generated by A, commute. Hence, A,’s sat-
isfy the Hasegawa condition. Also lim,,_, o, A,x = z0Ax — wx forx € D(A), and
D(A) is dense by assumption. Therefore, the strong limit lim,,_, », "4
by Theorem 15.1, the generator of the limit semigroup is the extended limit
Age of A, and 70A — wl C Ae,. Because all z, # 0, closedness of A implies
Aey C 20A — wl. Thus z0A = wl + A, generates a semigroup as well.

" exists

Exercise 15.1 Show that (15.1) implies (15.2).

Exercise 15.2 Let A be the generator of a semigroup (e“),¢ in a Banach
space X, and D C D(A) be dense in X. Show that if e“D c D,t > 0, then D is
a core for A, that is, for any x € D(A) there are x,, € D such that lim,,_, 5, X, = X
and lim,_, o, Ax, = Ax. (See e.g. [49] p. 261, [128] p. 53, or Proposition 3.3
in [132].)

Exercise 15.3 Fora < b, let A in Cla, b] be given by Af = f” on the domain
composed of twice continuously differentiable functions satisfying f'(a) =
f'(b) = 0. Show that A is sectorial of angle 7. Also, A generates a Feller semi-

group.

== Chapter’s summary

The condition of Hasegawa gives a way to circumvent checking the range
condition. As proved by two examples given in this chapter, knowing
that Hasegawa’s condition is satisfied substantially simplifies analysis of
convergence.
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Blackwell’s Example

The explosion described in Chapter 13 does not exhaust the list of curious phe-
nomena accompanying general Markov chains. In this chapter, we would like to
discuss Blackwell’s Example of an honest Markov chain with countably many
states, all of which are instantaneous. (See the original paper [37] or e.g. [150,
p. 297] or [240, p. 65]. Predecessors of this example may be found in [114]
and [147].) The example involves infinite product of commuting semigroups
as in Chapter 15; intriguingly, it is easier to prove existence of this product
directly by finding an explicit formula than it is to do it by using Theorem 15.2.
In fact, in notations of the latter theorem, it is quite difficult to find a single,
nonzero vector x € D(A). It’s even worse: it is difficult to find a nonzero x for
which Z;’;l B, x converges, despite the fact that all B,,’s are bounded.

To begin the presentation of the example, let S be the set of functions s : N —
{0, 1} admitting value 1 finitely many times. Since S is countable, functions
x: S — R will be called sequences. By /! we denote the space of absolutely
summable sequences on S: x is a member of 1Vif ||x|| = D ies ()] < 00. We
note that the members 8, s € S of I! defined by:

1, §=s,

8s(s') =
(s) {0, J s,

form a Schauder basis for this space (see [78] for the definition); in particular,
for each x € !

X = Z x(5)ds.
ses§

Given positive numbers «,,, 8,,n > 1 we construct a sequence of Markov
semigroups in /!. To this end, we need some notation. For n > 1 let F;, be the
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map F, : S — S changing the n-th coordinate of an s from O to 1 and vice versa.
Also, for a finite set £ = {iy, ..., iy} C N, let:
Fg:=F,o0---0oF

ko

be the map that changes an s € S at its coordinates iy, . .., i. Finally, let G, :
S — {0, 1} assign to an s its n-th coordinate.

For n > 1, let B, be the bounded linear operator determined by its values on
the Schauder basis by:

(16.1)

—,3,,(35 + ﬁnaF,,(s)» if Gn(s) = O’
Bnas =
—051185 + anaFn(s)’ if Gn(s) =1

B, is the generator of a Markov chain on § in which the n-th coordinate of an
s € S jumps between 0 and 1, the intensity of the “forward” jump being 8, and
that of the “backward” jump being «,. In other words, B, is the generator of
the Markov semigroup in /' determined by (compare Exercise 13.3):

g _ [PoO8 (= pOr, i Gals) =0,
qn(t)(ss + (1 - Qn(t))(SF,,(s)s if Gn(s) = 1,

where:
On P — (ot +Bat
pa(t) = + e T,
" ayt+ By out By
qn(t) = b % g (nthur,

+
a,+ B a,+ By

It is clear that B,’s commute, so that we are in the setup of the first example
of the previous chapter, that is, in the setup of [10]. Moreover, since B,’s are
bounded, the generator of the strongly continuous semigroup 7,,(1) = [[/_, "5
is A, = >_;_, Bx. This semigroup describes n combined independent Markov
chains, each changing one of the first n coordinates of s as described earlier,
and is determined by:

L8 = Y pealt, )0k, (16.2)

with summation over 2" subsets E of {1, ..., n} and:

n

pEat,s) =[] rit, s, E),

i=1
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where:
pi(t), ifGi(s)=0andi ¢ E,
1 — pi(t), if G; =0andi € E,
rit. 5. E) = pi(t), if Gi(s) andi e (163)
qi(1), ifGi(s)=1andi ¢E,

1 —gqi(t), iifGi(s)y=1andi€kE.

This formula simply says that, if the initial state of the Markov chain related to
A, is given, its state at time r > 0 may be characterized by listing the coordi-
nates, which are different from the original ones — this is the role of the set E.
Because each coordinate evolves independently from the other ones, the prob-
ability of such a change is the product of probabilities of change or no change
on the first, second, third, and remaining coordinates.

Assume now that:

— B
;aﬁﬁn < o0, (16.4)

and fix s and a finite subset E of N. Then, for n large enough, E C {1, ..., n}.
Also, as s has finitely many coordinates different from 0, for sufficiently large
n and i > n, (¢, s, E) describes the probability of no change from initial 0
in the i-th coordinate of s (after perhaps many changes back and forth in the
meantime), that is, r;(¢, s, E) = p;(t). Recalling that (see, e.g., [312, Theorem
118]) the product [ ]2, a,, where a,, € (0, 1], converges if the series Y .- (1 —
a,) also does, we see that the limit:

pe(t,s) = lim pga(t, s) (16.5)
n—oo

exists, because the finite number of terms in the product does not influence
convergence, whereas:

- _ — s Br e~ (@ tht
leu pn<t>>—;an+ﬂnl * ><Zan+ﬂn 00,

by assumption.

Lemma 16.1 Asn — o0, the right-hand side of (16.2) converges to:

T(t)8; =Y pe(t. )dr.).
E

where the sum is over all finite subsets E of N.

Proof Clearly, ZEC“ o PEn(t,s) =1 for s€S,t>0and n> 1, and the

.....

summands are non-negative. Therefore, by (16.5) and Scheffé’s Lemma (see,
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e.g., [347, p. 55] or [49, p. 199]), all we need to show is that:
> pet.s)=1, for 1>0,s€S. (16.6)
E

The proof of this relation will be more transparent if we assume s = (0, O, .. .);
this we do without loss of generality. Also, for simplicity of notation, we sup-
press dependence on ¢ and s and write p, and pg instead of p,(¢) and pg(t, s),

respectively. Thus:
pe=[]a=po]]rn
nek n¢E

For a (finite) E C N, let:

o _[Ev irreE
"TlEuq), if1¢E.

Then:
pet+pe =[] A=po [] P
nekE n#1 néE n#1
Therefore, letting L =) ¢ .. Ec{12...) PE, We have:
L= Z ]"[(1—pn> [T »e
finite EC{2,3,...} neE n¢E ., n#1

Repeating this argument k times, we see that:

L=y [[a=p> [] »po

E neE ne(N\{1,... k)\E

where E C {k+ 1, k+2,...} are finite sets. Because the sum includes the
component corresponding to E =@, L > ], +1 Pn- On the other hand, the
last product may be chosen as close to 1 as we wish by taking k large enough.
This completes the proof. U

Theorem 16.2 The semigroups (T,(t)),>o converge to the semigroup (T (t));>0
given by:
T(t)x =Y x(s)T ()3,
ses§
where T (t)8; is defined in Lemma 16.1. The limit semigroup is strongly contin-
uous and is composed of Markov operators.

Proof The statement concerning convergence is clear by Lemma 16.1. Also,
(T'(t))>0 is a semigroup, being a limit of semigroups, and its Markovian nature
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is adirect consequence of (16.6). Hence, we are left with showing that (7'(¢)),>0
is strongly continuous, and for this it suffices to show that lim,_o 7'(¢)8; =
35,5 € S. Let s € S, and let k be so large that all coordinates of s with indexes
larger than k are zeros. Then:

put.)=[Trteos. B T w2 [Trteos. By [ 22
i=1 i=1 !

. . Qi
i=n+1 i=n+1

for n > k, where (see (16.3)):

pi(t), ifGi(s) =0,

JAGE) 7@ =
rilt, 5, 0) qi(1), if Gi(s) = 1.

Since lim,_,¢ p;(t) = lim;—o q;(t) = 1 for all i > 1, we have:

o0
.. o
liminf py(t) > ,
o Pe iﬂl a; + B

and the latter product may be chosen as close to 1 as desired. This shows that
lim, ¢ py(t, s, E) = 1. Therefore, since ||§¢| = 1, for all s’ € S, (use (16.6)):

1T ()5 — &l < I(pa(t, s, D) — 13|l + ZPE(I) =2(1 — py(t,s,9))
E#£0

converges to 0, ast — 0. O

Finally, assume:

00
Z ﬂn = 00,
n=1

(note that this assumption does not contradict (16.4)), and consider s € S. Let k
be so large that all coordinates of s with indexes n > k are zero. For such n, B,
is given by the first formula in (16.1). Since all F;(s)’s are pairwise different
and different from s, it follows that for n > k:

n k—1 n
Y Bx| =Y v+ Y B
i=1 i=1 i=k

where y; is either B; or «;, depending on whether G;(s) = 0 or G;(s) = 1. In
any case, lim,_, » |4, 8| = oo. In other words, no §; belongs to the extended
limit of the generators A,. This explains why it is difficult to use the Sova—Kurtz
Theorem here: all members of D(A,) are ‘skew’ to the members of the natural
basis. As a result, it is also quite hard to characterize the generator of the limit
semigroup.

lAndsll =
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iz Chapter’s summary

Following [58], Blackwell’s Example is presented in the context of the infinite
product of semigroups of Chapter 15. In this example, it is hard to prove exis-
tence of the limit semigroup using Theorem 15.2 but it is quite easy to prove it
directly. All states s of the Markov chain involved are instantaneous, which in
terms of the semigroup means that none of §; belongs to the domain of the gen-
erator. As a result, a manageable characterization of the generator of the semi-
group is missing. It should be perhaps noted here that examples of semigroups
given by explicit formulae, where it is hard to characterize the generator in a full
way, are known and include for instance the Cauchy semigroup (known also as
a Poisson semigroup) in the space of continuous functions [343, Chapter 10]
(but not in the L? spaces, see [256, p. 99]). However, in these examples one is
at least able to find a core of the generator; moreover, the form of the generator
on the core is known (see, e.g., Hunt’s Theorem on generators of convolution
semigroups: [178] p. 262 or [183]). A similar, but simpler, semigroup with this
property is presented in [101] pp. 349-352. In Blackwell’s Example, it is diffi-
cult to find an explicit form of a single nonzero member of the domain, not to
mention the form of the generator.



17

Wright’s Diffusion

In spite of mutations that — given the state of a population — occur indepen-
dently in each individual, members of (especially: small) populations exhibit
striking similarities. This is due to genetic drift, one of the most important
forces of population genetics. Simply put, the reason for this phenomenon is
that in a population, on the one hand, new variants are introduced randomly by
(neutral) mutations, and, on the other, many variants are also randomly lost as
not all members of the current generation pass their genetic material to the next
one.

This situation is clearly presented in the following model of Wright and
Fisher [49, 134, 141]. We suppose the population in question to be composed
of 2N individuals; in doing so we identify individuals with chromosomes (that
come in pairs), or even with corresponding loci on these chromosomes. We
assume there are only two possible alleles (variants) at this locus: A and a.
The size of the population is kept constant all the time, and we consider its
evolution in discrete non-overlapping generations formed as follows: an indi-
vidual in the daughter generation is the same as its parent (reproduction is
asexual) and the parent is assumed to be chosen from the parent generation
randomly, with all parents being equally probable. In other words, the daugh-
ter generation is formed by 2N independent draws with replacement from the
parent generation. In each draw all parents are equally likely to be chosen and
daughters have the same allele as their parents. It should be noted here that
such sampling procedure models the genetic drift by allowing some parents
not to be selected for reproduction, and hence not contributing to the genetic
pool.

Then, the state of the population at time n > 0 is conveniently described by
a single random variable X,, with values in {0, .. ., 2N} being equal to the num-
ber of individuals of type A. The sequence X,,, n > 0 is a time-homogeneous
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Figure 17.1 Wright-Fisher model: each row depicts a generation sampled with
replacement from the one lying above it

Markov chain with transition probabilities:
2NN N1 k
pu = Pr{X, 1 = 11X, =k} = ; Pi(1 — p)™" ™", where pp = —.

2N
(17.1)

In other words if X, =k, then X,,; is a binomial random variable with
parameter . A typical realization of the Wright—Fisher chain is depicted in
Figure 17.1, where N =5 and dark and light balls represent A and a alleles,
respectively. The figure illustrates also the fact that the states O and 2N are
absorbing. This is to say that if for some n, X, = 0 we must have X,,, = 0 for all
m > n, and a similar statement is true if X,, = 2N. Genetically, this expresses
the fact that in finite populations, in the absence of other genetic forces, genetic
drift (i.e., random change of allele frequencies) reduces variability of popula-
tion by fixing one of the existing alleles.

Now, imagine that the number 2N of individuals is quite large and the indi-
viduals are placed on the unit interval [0, 1] with distances between neighboring
individuals equal to 5 2N’ so that the kth individual is placed at 55 k . Imagine also
that the time that elapses from one generation to the other is 2N’ so that there
are 2N generations in a unit interval. Then the process we observe bears more
and more resemblance to a continuous-time, continuous-path diffusion process
on [0, 1], as depicted in Figure 17.2.

Since, conditional on X, =k, the expected single step displacement
E AX” of the approximating process equals . s 2Npr — 55 = 0 with variance
Azﬁ = % pr(1 — pi), in the limit we expect the process starting at x €
[0, 1] to have infinitesimal variance x(1 — x) and infinitesimal displacement
0. Indeed, for each N, a point x € [0, 1] may be identified with % where
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Figure 17.2 Diffusion approximation: the border line between the light and dark
balls resembles a path of a diffusion process

k = [2Nx], and letting N — o0 in %(l — %), which is the infinitesimal

variance in a unit time-interval, we obtain x(1 — x). Moreover, the limiting
process should inherit its boundary behavior from the approximating Markov
chains. Therefore, we conjecture that in the limit we will obtain the process
related to the semigroup in C[0, 1], generated by:

Af(x) = x(1 —x)f"(x) 17.2)

with domain D(A) composed of twice continuously differentiable functions on
(0,1) such that:

lim x(1 —x)f"(x) = lim x(1 —x)f"(x) = 0.
x—0+ x—1—

(The requirement that the process is absorbed at x = 0 and x = 1 is expressed
in the fact that Af(0) = Af(1) = 0.) This conjecture is proved, e.g. in Section
8.4.20 of [49] and in [128] pp. 224-226; see also [240] p. 120. The limiting
process is often referred to as Wright’s diffusion or the Wright—Fisher
diffusion (without mutations).

A noteworthy variant of this limit procedure arises when mutations are
allowed. Suppose, namely, that in passing from one generation to the other an
individual with allele A may change its state to allele @ with probability 53, and
an individual with allele @ may change its state to allele A with probability %,
where « and § are non-negative numbers. Then, the number of A alleles is still
a Markov chain with transition probabilities of the form (17.1), but p; is now
changed to:
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Figure 17.3 Diftusion approximation to Wright—Fisher model with mutations

Of course, this influences the expected single-step displacement and its vari-
ance (conditional on X, = k):

P L S U S N
2N 2N 2N 2N
Var <AXH) e ka(l — Pr)- (17.3)
2N 2N

This suggests that the limit process starting at x will have an infinitesimal unit-
time displacement of § — (« + f)x and the corresponding variance x(1 — x).
We will show this conjecture in Chapter 20.

An even more interesting phenomenon occurs at the boundaries x = 0 and
x = 1. For the scaled Wright-Fisher process with mutation, after reaching %,
will not stay there forever but for a geometric time 7: Pr(z > n) = (1 — %)ZN n
and then resume his motion (see Figure 17.3). Hence, we should expect a sim-
ilar behavior of the limit process: paths should be able to return to the interior
of the unit interval after a random time spent at the boundary.

We will come back to Wright’s diffusion in Chapter 20, after discussing more
general issues in Chapter 18.

i Chapter’s summary

We discuss briefly the classical, discrete-time Markov—chain-based, Wright—
Fisher model of population genetics and provide intuitions of its limit behavior
for large number of individuals and scaled space and time. We argue that in the
limit we should obtain a continuous-time Markov process (a diffusion process)
on a unit interval; the details of this approximation are postponed for a time.
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Discrete-Time Approximation

In the previous chapter, a discrete-time process is approximated by a
continuous-time process. To establish a general scheme for such an approxi-
mation, consider non-negative numbers 4, such that lim,_, o 4, = 0 and equi-
powerbounded operators 7,,, n > 1 in a Banach space X:

ITHI <M, nk>1. (18.1)

The related families of operators V,,(¢) := T[’/ Ml and et >0,n> 1, where

A, = Th L are then also composed of equibounded operators: ||V, (?)| < M,

and:

T, t)
)| = gt/ (

le ]| = e/ | Z e
The key observation concerning the 11m1t behav1or of these families is that (see
Exercise 18.1, or [49] p. 265):

o0
A
/ e MV, (H)xdr = 7"@” — A 'y, r>0n>1,xeX, (182)
0
where A, = e”;:_l. Since lim,,_, o A, = A, this relation makes it clear that
Laplace transforms of V, and e converge simultaneously, and their limits
coincide.

Theorem 18.1 Suppose the limit R, = lim,_, (A — A,)~" exists. (Equiva-
lently: the range of A — Ae, is dense in X.) Then, the limit semigroup T on
the regularity space Xy and the related integrated semigroup U (on X) may be
approximated as follows:

t t
U(t)x = lim / Vi(s)xds = lim | T"™Ixdu, xeX,t>0, (18.3)
n— o0 0 n—oo 0
T(tH)x = lim V,(t)x = lim T"/™lx, x € Xo,t >0, (18.4)
n— o0 n— o0

with the limit almost uniform int € R¥.
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Proof Since t — fot V,(s)ds is Lipschitz continuous, the assumption coupled
with (18.2) implies that the limit on the right-hand side of (18.3) exists and is
almost uniform in r € R*. Equality must hold, because both sides are continu-
ous and their Laplace transforms coincide.

Analogously, to show (18.4) we need to show merely that the limit on
the right-hand side exists. For x € Xy, U(t)x = fot T (s)xds. Hence, by the
strong continuity of {7'(¢), ¢ > 0}, lim,_, }U (t)x = x. Therefore, it suffices to
show (18.4) for x of the form x = U(s)y,y € X, s > 0. In view of (18.3) and
17" < M, this will be done once we show that lim,,_.c T,/ [* T,1/")y du
exists. However, we have:

' s u s | i ] s L u
ol P g
0 0 h,l[ﬂ
e
0 0

= Ut +s)y —U(@)y,

and the limit is almost uniform in# € R*, by the first part. By density argument
the same is true of convergence for arbitrary x € Xj. O

Perhaps the most famous corollary of this theorem is the following
Chernoff’s Product Formula.

Corollary 18.2 Suppose that V,(t),t >0,n>1 is a family of equi-
powerbounded operators:

V@Yl <M,  t>0,n>1k>1,

and assume that V,(0) = Ix, n > 1. Also, let A be a densely defined linear oper-
ator satisfying the range condition: for some A > 0 the range of . — A is dense
in X. Assume that for any sequence (h,),>1 of positive numbers converging to
zero:

lim i, (Vy(h)x —x) = Ax,  x € D(A). (18.5)
n—0o0

Then, A is closable and its closure generates the strongly continuous semi-
group:

T(t)x = lim (V,(t/n))" x, t>0,xeX, (18.6)

where the limit is almost uniform int € R™,
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Proof The operators A, = n(V,(1/n) — Ix) are generators of semigroups sat-
isfying (2.1). Hence, by Corollary 8.4, A is closable and its closure generates a
semigroup {7'(¢), t > 0}. Suppose (18.6) is not true for this semigroup. Then,
there exists an x € X, an € > 0 and a bounded sequence {z,} such that:

1T (tn)x — (Va(tn/n))" x|l = €. (18.7)

Without loss of generality, we may assume that the limit lim,,_, o, #,, =: £ exists.
Then A), = w where h, = t,/n, generate equibounded semigroups and
by assumption and Corollary 8.4,

T(t)x = lim ey, xeX.
n— 00

By Theorem 18.1,
T(s)x = lim (V,(h,)*/Mx, s>0
n—00
almost uniformly in s € R*. This contradicts (18.7) if we take s = t,,. Il

In most applications, the family V' does not depend on 7, and condition
(18.5) simplifies to lim,_, o, =" (V(t)x — x) = Ax, x € D(A). Here, however, is
an example where dependence on n allows more flexibility. This is taken from
the monograph [215], where the original idea is attributed to S. Kowalski.'

Let {T'(t),t > 0} be a semigroup of contractions generated by an opera-
tor A. Define V,(t) = (1 — nt)lx + mtT (L), for t <1 and V,(t) = T(¢), for
t > }l; clearly, all V,,(t)’s are contractions, as well. We note that if &, < rll then
hy ' (Va(hw)x — x) = n(T(2)x — x), and in the other case A, (V,(hy)x — x) =
hn_l(T (hy)x — x). It follows that (18.5) holds, and Corollary 18.2 applies. In
particular,

T(ox = lim ((1 —DIx +1T (%)) x
T — (n kip _ on—k ]_‘
= g&kg (k)t (1 —t)y"*T (n)x (18.8)

for all x € X, uniformly in# € [0, 1]. The approximation on the right-hand side
here is an analogue of Bernstein’s polynomial approximation of continuous
functions. In particular, taking {7'(¢), ¢ > 0} to be the semigroup of translations
to the left in C[0, oo], and noting that any member of C[0, 1] may be extended

! Then a freshman in mathematics at University of Warsaw, Poland, today Kowalski is a quite
well-known sociologist.



Discrete-Time Approximation 103

to a member of C[0, co], we obtain

x(t) = T(x(0) = lim 3" <Z>tk(1 ey (§> |
k=0

uniformly in 7 € [0, 1], that is, we recover the original Bernstein’s Approx-
imation Theorem. Moreover, by considering the same semigroup in spaces
like LP(R™), we obtain other, nonstandard versions of the theorem. However,
our result applies to all contraction semigroups, not merely to translation
semigroups.

Chernoff’s Product Formula implies the following Trotter’s Product For-
mula, known also as the Lie-Trotter Formula.

Corollary 18.3 Suppose that A and B and C are generators of Cy semigroups
{S@),t =0}, {T(),t >0}, and {U(t), t > 0}, respectively, in a Banach space
X. Suppose also that D is a core for C, D C D(A) N D(B) and Cx = Ax + Bx
for x € D. Finally, assume that:

ISOT®)' =M, 1=0,n=1 (18.9)

Then,

con=m[s()r ()5 izorex

strongly and almost uniformly int € R,

Proof Take V(t) = ST (t). Then t~'(V()x —x) =t 'SE)T(t)x —x) +
t71(S(t)x — x) — Bx + Ax, as t — 0 for x € D. Hence, the result follows by
Corollary 18.2. O

Condition (18.9) is often referred to as stability condition. Without a form
of stability condition, Trotter Product Formula does not hold [77, 226]. Inter-
estingly, there seems to be no Trotter product analogue for cosine operator
functions.

Exercise 18.1 Show (18.2) by direct computation.

Exercise 18.2 Let A be the generator of a semigroup such that ||| < M.t >
0. Show that "4 = lim,_, (1 — %A)f”,t > 0. (This is the Hille approxima-
tion. An analogue for cosine families may be found in [340].) Hint: Take
V(1) =V (t) = (1 — tA)~" in Corollary 18.2 and use Exercise 1.1.

Exercise 18.3 Prove the following result. Assume (18.1) and let A be the gen-
erator of a strongly continuous semigroup in a subspace X, of X. If A C Ae,,
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then:

T(t)x = lim T1"/™lyx, x e X, t>0, (18.10)
n— o0

with the limit almost uniform inz € R*. Hint: from (18.2) and Corollary 8.5 we
obtain convergence of the Laplace transforms of T,,[‘/ h”]x,, where lim,,_, oo X, =
x, x € Xo. As in Theorem 18.1, this implies convergence of fot TS/ My ds, x €

Xp and then convergence of T,,[’/ h”]x, x e X.

Exercise 18.4 (Chernoff’s Formula of kth order, J. Goldstein [162]%) Letk > 1
be an integer and let A be a densely defined linear operator in a Banach space
X, satisfying the range condition: for some A > 0 the range of A — A is dense
in X. Suppose also that {V (), > 0} is a family of contractions and that for
x € D(A), t — V(t)x is k times continuously differentiable in a neighborhood
of 0 and that V?(0)=0,i =0, ...,k — 1, while V®(0)x = k!Ax. Conclude
that:

k

t n
lim V (—) x =y, xeX.

n— 00 n

Hint: W(t) = V(t*) satisfies the assumptions of Chernoff’s Formula.

i Chapter’s summary

The main theorem of this chapter establishes, under assumption of convergence
of resolvents, convergence of discrete-parameter semigroups and their aver-
ages, to a semigroup and the related integrated semigroup, respectively. This
result is then used to prove Chernoff’s Product Formula and the Lie-Trotter
Formula. A noteworthy abstract version of the Bernstein Approximation
Theorem is presented as a first application.

2 To quote [162]: “The case k = 2 is due, independently, to Goldstein [159] and Nelson [274].
Chernoff [83] later published a variant of the kK = 2 case. The above theorem is new for k > 3.”
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Discrete-Time Approximation: Examples

Before returning to the motivating case of Wright’s diffusion, let us examine
some more elementary applications of Theorem 18.1.

Example 19.1 To begin with, let /' be the space of absolutely summable
sequences (&;)i=0. Given p, € [0, 1] such that lim,_, ., np, = A > 0, consider
T, = pnR+ (1 — py)I, where R is translation to the right (i.e., R(&)k=0 =
(&—1)r=0; by convention &_; = 0). Then, lim,_, , n[T;, — I] = A(R —I), and
Theorem 18.1 yields:

lim 7" = eM®=D, (19.1)

n—0o0

If (§u)i=0 1s interpreted as a distribution of a random variable Y, then

T, (&)i=0 1s the distribution of ¥ 4 X, where X,, is an independent Bernoulli
variable with parameter p, (i.e., P(X, = 1) = p,, P(X, = 0) = 1 — p,). There-
fore, T,'(§)i=0 is the distribution of Y 4 Z, where Z, is an indepen-
dent binomial variable: P(Z, = i) = (’l?)pil(l —p)li=0,...,n Similarly,
e*®=D (& )1=0 is the distribution of Y + Z where Z is Poisson with parameter
A. In other words, (19.1) with = 1 establishes the Poisson approximation to
binomial theorem.

Example 19.2 Next, as in Chapter 2, let h, and A, satisfy the condition

2
lim,— 00 A, = 0 with lim,,_, o % = 1,andletA = %%22 be the generator of the

Brownian motion semigroup. We have (see Exercise 2.2):
1
lim i, (Lf =)= 3", Cl=o00,00] (19.2)
n—oo
where:

1
T f(x) = z(f(x + An) + f(x = An)), xeR. (19.3)
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Therefore, Theorem 18.1 yields:

lim Tn[t/h"] =&t >0
n— 00

This formula says that Brownian motion may be approximated by properly
scaled symmetric random walks.

Example 19.3 A similar approximation may be given for the reflected Brown-
ian motion semigroup: this is the semigroup in C[0, co] generated by the oper-
ator A, f = % f” with domain composed of f € C?[0, oo] satisfying f'(0) = 0
(see Chapter 3). To this end consider a sequence of random walks where a parti-
cle atx > A, moves with equal probability either to x + A, ortox — A, while
the particle at x € [0, A,) moves either to x + A, or tries to move to the left
and is reflected at the boundary x = 0 to land at A,, — x. In other words:

I f(x) = S+ A)+3f(x— Ay, x> A, (19.4)
Lfa4+ A+ 1A, =0, 0<x<A, '
A simple trick allows deducing:
lim 7V/" = e, t>0, (19.5)

n—00

from (19.2). Namely, note that 7,, . f = T, f., where f. is the even extension of
f.Because f € D(A,), f. belongs to C*[—o0, o], (19.2) implies (19.5).

Example 19.4 In our next example, we would like to find a similar sequence
of Markov chains approximating the elastic Brownian motion semigroup of
Chapter 10, to shed some more light on the meaning of the Robin boundary
condition. To this end, we assume that in the approximating Markov chain, a
particle starting at x > A, moves with the same probability either to x — A,
or to x + A,. If the chains starts at 0 < x < A, it jumps with probability % to
x + A, oris reflected from the boundary x = 0 to land at A,, — x; however, at
the boundary it may be ‘killed’” with non-negative probability p,, and hence
it lands at A, — x with probability %(1 — pn)- As suggested by Mandl [247]
assuming lim,_, 2PA" =€ > 0, we should obtain that these chains approxi-
mate the elastic Brownian motion with parameter € (see Chapter 10).

The trouble with this approximation is that, even though the natural choice
for the Banach space here is C[0, oo] where the elastic Brownian motion semi-
group acts, the operators 7}, ¢ related to the approximating Markov chains lead
out of C[0, oo]. We have:

5P+ A+ 3f(x— Ay, x> A,

1 2 (19.6)
3 f+ A+ 51 =p)f(Ay—x), 0=<x<A,,

Tn,elf(x) = {
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and the resulting function is discontinuous at x = A,. We could use Exer-
cise 18.3 with X equal to the space BM(R™") of bounded measurable functions
on R*, and Xy = C[0, oo]. However, this approximation will simply not work
in the supremum norm. For, using Taylor’s Theorem it is easy to check that:

Thaf(x) — f(x)

lim sup
hy

n—>00 > A,

l /!

—_ = = 0,
2f (X)‘

and in particular, taking x = A,,,

1 1 —
lim 3 QA + 2hf(0) J(An) %f//(An) .

n—00

By contrast, the analogous supremum over x € [0, A,) is no less than
| 2 2/ QA+ (lhp”)f(o) (8n) 2f”(A,,)|. If this were to converge to 0, we would
need to have lim,,—, & = 0, because in general f(0) # 0. However, by
assumption lim,,_, o, 2 = 00.

Turning to the dual1 space L'(R) we check first (Exercise 19.1) that the dual
T to the operator 7, in (19.3) is given formally by the same formula and we

have

lim hi(m — ) = A4, (19.7)

T/ — A" where A* is defined as EW for ¢ € W>(R).
A* generates a strongly continuous Markov semigroup given formally by the
same formula as its predual (see (2.2)).

Analogously, A7 defined as %fx—zz for¢p € W>I(RT) satisfying ¢’ (0) = €¢(0)
generates a sub-Markov semigroup in L'(R*) and the dual T 1s formally
given by the same formula as 7}, .. The relation:

implying lim,,_ o

lim (T*elqb ¢) =A*p. ¢ € DAD), (19.8)

n—oQ

proving that lim,,_, Tn[’ e/ lh”] = e'4, may be deduced from (19.7) as follows. A

¢ € D(AY) may be extended to a ¢ € W>I(R) by:

P(—x) = p(x) — 2¢~! / x e Vgp(y)dy, x> 0
0

(comp. Lemma 60.1). Since:

1
7;:el¢(x) = 7;1*¢(x) + E[(l — Pu)P(Ay —x) — P(x — An)]1x<A”(-x)v x>0,

I More specifically, L' (R) is a subspace of the dual to C[—o0, co].



108 Discrete-Time Approximation: Examples

(19.7) reduces our task to showing that:

An
lim 7, /
n—oo 0

This, however, is an exercise in calculus (Exercise 19.2). For a different
approach to this approximation, see Chapter 24.

e / e 6Dy dy %p”q{)(x) de=0. (199
0

Example 19.5 In this example we follow the idea of Nittka [277] to express
the elastic Brownian motion semigroup in terms of the unrestricted Brown-
ian motion semigroup in C[—o0, oo] (generated by A = %ddx—zz with maximal
domain C?*[—o00, 0co]). To this end, given € > 0 and f € C[0, oo], we define

fe € C[—00, 00] by:

S, x>0
e f(—x), x<0O.

ﬂm={

It is clear that || f¢ |lc{_co.co] = IIfllcio.00) and that f; is twice continuously dif-
ferentiable in x € (—o0, 0), provided that so is f in x € (0, c0), and we have:

- 2 _1 _1
(ﬂmnzgwéﬂﬁo—&ffemam

r N 4 2xe~ 4 2xe=! g1 2xe™ ! g1
(fe)'(x) = =¢ S(=x) — -e S (=x)+e™ fi(—x), x <0,

It follows that if f € D(A,) (in particular: f(0) = € f'(0)), then fe € D(A).

Thus, V(t) = Re™E,,t > 0 is a strongly continuous family of contractions
in C[0, oo], where E. : C[0, co] — C[—o00, c0] assigns ﬂ to an f, and R maps
a g € C[—o0, oc] into its restriction to [0, oo]. Clearly, V (0) = I¢[o,007 and for
f € D(A.) we have:

gy”wav—fﬁﬂ@gf&#&f—&fﬁﬂmaf=R§ﬂy
=Af.
Hence, by Chernoff’s Product Formula,
e f = lim (Re*E.)'f, f € [0, oo], (19.10)

establishing Nittka’s approximation.

It is clear that Nittka’s argument hinges on finding a contraction E. :
C[0, co] — C[—o00, o], mapping D(A.) into D(A), and Nittka shows how to
find an analogue of this operator in the case where (0, co) is replaced by an
arbitrary bounded, class C*°, open subset of R” (and C[—o0, 00] is replaced
by Co(R")). In Lemma 60.1 in Chapter 60 we find a more carefully chosen E,
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(which, however, is not of norm 1) to express a cosine family generated by A,
in terms of the cosine family generated by A; the Weierstrass Formula allows
then an alternative way of connecting the semigroup generated by A, with the
semigroup generated by A. In fact, we have used this E, in our Markov chain
approximation of the elastic Brownian motion.

For our next example, we need the following lemma (see [63, Lemma 6], see
also [47, Example 6.2]).

Lemma 19.6 Let (€;)ren be a sequence of mutually independent Rademacher
random variables satisfying P(ex = —1) = P(e, = 1) = 1/2 for each k € N.
Let {C(t)},er be a cosine operator family in a Banach space X. Then:

C@t)" =E[C(e1t + - - - + €,t)]
foreacht € R and eachn € N.

Proof We proceed by induction on n, with ¢ € R being fixed arbitrarily. The
statement is true for n = 1 because:

1
E[C(e1n)] = E(C(t) +C(=1)) = C(@).
Assume that the statement holds for n. Then:
C)"™" = C(t)"C(t) = E[C(e1t + - - - + €,1)C(1)]

1
=E[E(C(Elt-i-"'+€nt+1)+C(61t+"‘+€nl‘—l‘)):|.

Because the €;’s are mutually independent, we have:

1
E(C(€1t+-~-+€,lt+t)+C(61t—|—--~+6nt—t))

=E[C(e1f + -+ €ptat) | €1, ..., €],
where E[C(€1f + - -- + €,411) | €1, .. ., €,] denotes the conditional expectation
of C(e1t + - - - + €,41t) given €4, . . ., €,. Now the statement for n + 1 follows

from the law of total expectation (which is a particular case of the tower prop-
erty of conditional expectation):

E[C(e1f + -+ + €u11)] = E[E[C(e11 + - + €uq10) | €1, ..., €]
The induction is complete and so is the proof. ]

Example 19.7 Suppose that {C(z), r € R} is a cosine operator family of con-
tractions. For x in the domain of its generator, say A, t C(\/Et)x is twice con-
tinuously differentiable with first derivative at O being equal 0, and the second
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derivative equaling 2Ax. The second order Chernoff’s Formula (Example 18.4)
implies that for all > 0,

n2
2t 1 © 2
lim | C —f =e’2A=—/ e 2 C(s)ds,
n—00 n 2Vt o

where the last equality is the Weierstrass Formula (1.4). Combined with
Lemma 19.6, this says that if (e;)ren 1S an infinite sequence of mutually inde-
pendent Rademacher’s random variables, then:

2
2 2
lim EC LZek - e~ C(s)ds.
n

1 [e.¢]
n—00 =1 24/ mt? /;oo
This in turn is another disguise of the Central Limit Theorem. Hence,
Lemma 19.6 is a discrete counterpart of the Weierstrass Formula. (For further
connections between limit theorems of probability theory and approximation
theorems of semigroup theory see, for example, [91, 161, 164].)

Exercise 19.1 Prove (19.7). Hint: write:

An o py
To(x) — p(x) = /0 / ¢"(x + z)dzdy.
-y

Exercise 19.2 Prove (19.9). Hint: consider the cases ¢(0) > 0, ¢(0) < 0, and
¢(0) = 0 separately. Show that for a continuous function ¢,

2 A, X B
lim — / / e~ Mg (y)dydx = ¢(0),
n—>00 hn 0 0
pn [
lim — d(x)dx = € 1¢(0).
n—o0 2h, 0

Exercise 19.3 Consider X, u, b, M, and B of Exercise 1.5. Assuming b(0) = 0
we have, by Exercise 1.3, e/ f = f + %(e”“))r — Db, feX,t>0.

(a) Combine this with (1.7), assuming additionally ©«(0) = b(0) =: g > 0, to
see that:

eBeMf =e™f 4 B F0)(1 —e b, t>0,feX.
(b) Using e'®e™ £(0) = £(0), conclude that:

(Be™)? £ =M+ B FO)(1 —eP)e™b+ B FO)(1 — e )b,
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and, by induction,
n—1
(etBerM)” f — enth + ,B_If(O)(l _ e—ﬁl) Zekl‘Mb’
k=0

fort >0,n>0, f e X.

By the Trotter Product Formula, (b) suggests:
/B £(x) = lim (e:TBe%M) fx)
n—oo
l—e i

= e M f(0) + 7O — e lim

n—o00 1 — e~ "n
_ e—p_(x)tf(x) + f(O)(l _ e—lt(x)t)b(x)y

see (1.8), where we have encountered equality between the first and the
last expression here. However, unless we check the stability condition, we
cannot claim the first equality here. If, rather than in convergence, we are
interested in the sole formula (1.8), checking the latter directly is an easier
task.

iz Chapter’s summary

Various applications of the results of the previous chapter are given, including
approximating a few types of Brownian motions by Markov chains.
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Back to Wright’s Diffusion

Let C[O0, 1] be the space of continuous functions on the closed interval [0, 1]
and let A in C[0, 1] be given by:

1
Afe) = Zx( - Of"'@x) + (B — (a+ Bx)f'(x)

on the domain composed of all polynomials. If f is a polynomial f(x) =
> o aix', then Af is the polynomial:

Af(x) (20.1)
n—1 . .
= Ba; + ; {|:,3(i+ 1)+ é(i—i— 1)i| Aivy — |:(01 + B)i+ %(i— 1)] ai}xi

- [(a + B + g(n - 1)] apx". (20.2)

In particular, A with such domain cannot possibly satisfy the range condition,
and thus does not generate a semigroup. However, a well-known criterion
(see, e.g., [49, 132, 193]) says that a densely defined operator A satistying the
maximum principle and such that for all A > 0, the range of A — A is dense in
C[0, 1], is closable, and its closure generates a Feller semigroup in this space.
Because our operator is clearly densely defined and satisfies the maximum
principle (see Exercise 20.1), we want to show that the range of A — A contains
all polynomials. By (20.2), for a polynomial g(x) = >, bix', the resolvent
equation Af — Af = g, where A > 0, is satisfied iff the coefficients satisfy the
system:

[A+(a+,3)n+ g(n— 1)]a,, — b,

[A+(a+ﬂ)i+ é(i— 1)] a; =b; + [ﬂ(i+ L)+ é(i+ 1)] Qit1,

Aag = by + Bay.
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The system clearly having a (unique) solution, our claim is proved. The
semigroup generated by the closure of A is related to Wright’s diffusion with
mutation.

We will show, as anticipated in Chapter 17, that Wright’s diffusion is a limit
of the Markov chains of the Wright—Fisher model. To this end, we consider
contraction operators in C[0, 1]:

2N
Tnf@) =Y f(k/2N) pl (1 = pen)™ ™,
k=0
where py y = x(1 — %) + (1 — x)% € [0, 1], so that p, y tends to x uniformly
in [0, 1]. For Ay := 2N(Ty — I) where [ is the identity in C[0, 1] we want to
show that:

lim Ayf =Af, f € D).
N—oo
Then, Theorem 18.1 (together with Corollary 8.4) will force:
ef = lim 7Y f, feClo,1],1 >0,
N—oo

as claimed.
By the Taylor Theorem,

Anf(x) = 2NE [f(Yn./2N) — f(x)]
=2Nf'(X)E Zcy + NE f"(x + OZ. ) Z:
= f'WIB — (@ + B)x] + NE f"(x + OZ.n)Z;

where Yy, is a binomial variable with parameters 2N and p.n, Z,n =
Yy n/2N — x,and ® = ®O(x, N) is arandom variable with values in [0, 1]. Since
NEZf, N= % peN(1 — pen) + w converges uniformly to %x(l —X),
we need to show that NE [f/(x + OZ, y) — f”(x)]Zf’ y converges uniformly
to zero.

To this end, given € > 0 we find a § > 0 such that |f"(x) — f"(y)| < e,
provided x,y € [0, 1] and |x —y| < &, and writing Z, y = Y, n/2N — pxn +
Px.n — X, we choose N so large that sup,.(o ) |[px.y — x| < /2. Then calculat-
ing the relevant expected value over the event where |Y, /2N — p,n| > 6/2
and its complement we obtain that the expression involved does not exceed:

NeEZ2y + 2N| f'IIP(\Yen/2N — pin| = 8/2)
< const. € +3287*N| f"||E (Y,n/2N — pen)*

where in the first line we have used the fact that |Z, | < 1. Since for a binomial
variable with parameters n and p, E(X — np)* = 3n’p?q> + npg(1 — 6pq),
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where g = 1 — p (see, e.g., [190] p. 110) the second summand above does not
exceed const. N~2, and the claim follows.

For a much more general diffusion approximation theorem see [132], p. 415.
A thorough discussion of the behavior of the Wright’s diffusion at the bound-
aries, and of the possibility of the diffusions’ return from the boundary to the
interior of the interval, is contained in [196].

Exercise 20.1 Show that A satisfies the positive maximum principle.
Exercise 20.2 Let A be the operator in C[—1, 1] defined by:
Af@) = (a1 — ) f'(x) + B — x*)f"(x)

for all polynomials f, where o, o, and B > 0 are constants satisfying o, >
lor|. Show that A is closable, and its closure generates a conservative Feller
semigroup in C[—1, 1].

Exercise 20.3 LetA : D(A) — X be alinear operator in a Banach space X. An
operator B in the same space is said to be relatively bounded with respect to
A, or simply A-bounded, if D(A) C D(B) and there are non-negative constants
a, b such that:

I1Bx|| < allAx|| + blix[l.  x € D(A). (20.3)

A well-known lemma (see, e.g., [128, p. 171]) says that if this condition
holds with a < 1, and A is closed then so is A + B (with domain D(A)). Use
this to show that in the space C[1, 2] of continuous functions on the interval
[1, 2], the operator f > h>f” + hf' where h(x) = x, x € [1, 2], is closed on
the domain composed of twice continuously differentiable functions such that

F)=r@=o.

Hint: The operator f — f” is closed (see Exercise 15.3), and so is f — h*f”,
since f +> h?f is continuous with bounded inverse. Also, for the Bielecki-type
norm [34, 125] in C[1, 2] given by:

Ifllx = sup le™*f(x)l, A>0
x€(1,2]

we have:

2
Ihf'|l, < sup e ™ f eMe My " (y)| dy
1

xe[1,2]

x—1 2
<2 sup / e dz | f |l < X||h2f//||x,
0

xe[1,2]

and the norm is equivalent to the original supremum norm.
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Exercise 20.4 Show that the operator of the previous exercise generates a con-
servative Feller semigroup in C[1, 2]. To this end check that:

(a) A is densely defined and satisfies the positive maximum principle.
(b) For fixed noninteger A > 0, and for any integer n > 0, there are constants
C, and G, such that:

) =CxY* + GV 4 ¥ xell,2]

A—n2’
defines a member of D(A) such that A f(x) —Af(x) =x",x €[], 2].

(c) Functions k,(x) = x", x € [1, 2], n > 0 form a linearly dense set in C[1, 2]
(because so do k¥ (x) = (x + 1)" in C[O0, 1]).

== Chapter’s summary

Using the theory developed in Chapter 18, we are able to make intuitions of
Chapter 17 more clear, and to show convergence of scaled Markov chains
involved in the Wright-Fisher model to Wright-Fisher’s diffusion on [0, 1].
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Kingman’s n-Coalescent

Individuals in the Wright—Fisher model are not independent: tracing back their
genealogical lines, we discover that some of them descend from a single com-
mon ancestor, from whom they inherit most of their genetical makeup. This
is to say that the structure of dependence is hidden in (random) genealogi-
cal trees. This structure is described by a beautiful mathematical object named
Kingman’s n-coalescent. As a first step toward its construction to which this
chapter is devoted, we define the related pure death process.

We consider the Wright—Fisher population of size M = 2N, and observe
n individuals sampled from generation 0. We are interested in the number
Xu(k), k > 1, of ancestors of this sample k generations back; we assume that
the process is well defined for all k£ > 0, that is, that the population has evolved
according to the Wright-Fisher rules for an infinitely long time. Xj,(k), kK > 0,
is a discrete-time Markov chain with values in {1, ..., n} and transition prob-
abilities p; j = pi (M) = M~ ;}(Aj) j!, where {j.} is the Stirling number of the
second kind — see e.g. [49, 165]. Indeed, M is the number of all possible ways
i members may choose their parents, and the number of ways exactly j par-
ents may be chosen is the product of three numbers. The first of them is the
number of ways the set of i elements may be partitioned into j subsets, that
is, the Stirling number of the second kind. The second is the number of ways
J parents may be chosen from the population of M individuals — the binomial
coefficient (Af ), and the third is the number of possible assignments of j parents
to j subsets.

The process Xy (k), k > 0, is a pure death process in that its paths are
non-increasing sequences. We will show that Xj,([tM]), t > 0, converges to a
continuous-time (pure death) process with intensity matrix Q = (g, ;), where:

gii= —(é),i: Looon, iy = <;)l=2n Q1.1
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Figure 21.1 Random genealogies in the Wright-Fisher model

and g; ; = 0 otherwise. To this end, we note first that to prove that

M [(pi,j)lsi,jsn B 1]

converges to Q it suffices to show that the corresponding entries of these matri-
ces converge. Moreover,

i—1

Pi,i=n<1—£>=1—§£+h1
k=1 M oM

where || < 2071 Y073 CU g0 that limy o MAy = 0. Similarly,

. i2 .
i\ 1 k 1 (i

-1 = Y 1-=1=% h
Pii-1 (2>ME< M) M<2>Jr2
where || < 2'”(;)% Z;;zl

limy— 0o Mpi; — 11 =

(21.2)
(1;4_%)’ so that limy;_, .o Mh, = 0. This shows that

—(;) = —limy_, oo Mp; ;—. Moreover, since:

n
Pij= Zpi,j =1,

(21.3)
j=1 j=1
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s

/]

Figure 21.2 Untangled genealogies (redrawn from [66])

for j#ii—1, Mpij <M} ;. pij=M1—pi—pii-1) <Mlh|+
M|hy| — 0 as M — o0, as desired.

A more careful analysis allows tracing of the whole genealogy of a sam-
ple. To this end, for a sample of # individuals we consider the Markov chain
Ru(k), k = 0, of equivalence relations in {1, ..., n}; the pair (i, j) belongs
to the equivalence relation Ry, (k) iff the individuals i and j have a common
ancestor k generations ago. Each equivalence class corresponds to a member
of a population that lived k generations ago, yet the opposite statement is not
true because some members of this generation may not have had descendants.
R(0) is the main diagonal in the square {(i, j)|1 < i, j < n} and by this anal-
ysis, Ry (k) eventually reaches the full equivalence relation, that is, the whole
square (see Figure 21.2 and Table 21.1).

We follow Kingman [207], [209] (compare [325]) to show that the process
Ry ([Mt]),t > 0, converges, as M — 00, to the continuous-time Markov chain
with intensity matrix Q given by:

—(%), ife=¢,
gee =31, if&<¢&, (21.4)

0, otherwise,



Kingman’s n-Coalescent 119

Table 21.1 Equivalence relations in Figure 21.2 (redrawn

from [66])

equivalence relation equivalence classes
Re(0) {TH2}{3}{4}{5}{6}
Re(1) {1, 2H{3H{4}{5, 6}
Re(2) {1, 2}{3, 4}{5, 6}
Re(3) and Re(4) {1,2}{3,4,5, 6}
Re(5) and consecutive ones {1,2,3,4,5,6}

N

Figure 21.3 Converging genealogical lines

where |£| denotes the number of equivalence classes in an equivalence relation
& and we write £ < £ iff £ C £ and £’ is formed by amalgamating (exactly)
two equivalence classes of £. The Markov chain with intensity matrix (21.4) is
called the n-coalescent of Kingman.

To this end we note that pg ¢, the transition probability of the chain
R, is zero if £ ¢ E'. Also if £ C & yet £ £ &', then |E] — |E'| = 2, and
pe.er < Pigl,ie) Where p; ;i is the transition probability of the related pure
death chain. Hence, limpy .o Mpg ¢ = 0. Moreover, pg ¢ = pjej, e/, o that
limy oo M(pe.s — 1) = — (). Finally, it € < &, pe.e = (5) ™ prerer1 (we
do know which two equivalence classes are to be amalgamated), so that
limpy— oo Mps e = 1, as desired.

This result may be used to derive many classic formulae for sampling distri-
butions in population genetics (see [134]) and in particular the famous Ewens
Sampling Formula (see [208]).
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iz Chapter’s summary

As another application of the theory developed in Chapter 18, we establish
existence of the n-coalescent of J. F. C. Kingman, a continuous-time Markov
process, being the limit of a sequence of discrete-time processes. This is a pro-
cess whose state-space is the set of equivalence relations on a set of n elements.
After arriving at an equivalence relation with k equivalence classes, the process
waits for an exponential time with parameter (1;), to amalgamate two random
equivalence classes into one, and then continues in the same manner until it
arrives at the absorbing state where all elements of the set are in relation with
each other.
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The Feynman—Kac Formula

One of the most interesting results that can be deduced from the Lie-Trotter
Approximation Theorem of Chapter 18 is the famous Feynman-Kac Formula.
The latter fact is nowadays usually formulated in the context of real (or vector-
valued) Markov processes, and there are well-developed and intuitive tools of
stochastic analysis for its proof [240, 298]. For our purposes, however, it will
be more appropriate to think of Lévy processes with values in a locally compact

group.
To explain the original Feynman—Kac Formula, we note that the half of the
one-dimensional Laplacian A = 5 —= of Chapter 2 may also be considered in

the space Cy(—o0, 00) of functlons vamshlng at infinity: when considered with
maximal domain CS(—oo, 00), A generates the Brownian motion semigroup:

e f) =Ef(x+w,) = 7 f(x+y)dt, 22.1)

«/_ / °
where w;, t > 0 is a standard Brownian motion. For s > 0, the solution to the
related nonautonomous Cauchy problem:

du(t, x) _ 3%u(t, x)

Fyaiairw, + V(t, xu(t,x), u(s,x)=fx),xeR,t>s (22.2)
X

Figure 22.1 Feynman-Kac Formula by Radek Bobrowski
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is given by the Feynman—Kac Formula:

u(t,x) = E exp |:/ V(r,x+w,_,) dri| flw,_y), (22.3)

provided V is sufficiently regular.

Asindicated earlier, in this chapter it is our aim to show that a similar formula
holds for a much broader class of semigroups, namely, those related to certain
Lévy processes in locally compact groups. Our main tool is the Lie—Trotter-type
formula for evolution families of operators given later, and we follow [43].

Let A be the generator of a strongly continuous semigroup (e4),> in a
Banach space X and suppose that, for some A € R,

e <e™, t>0. (22.4)

Furthermore, let ® > 0 be given and V() € L(X),t € [0, ®] be a strongly
continuous family of operators such that, for every x € D(A), the function
t — V(t)x is strongly continuously differentiable. By the classic result of Kato
(see, e.g., [223] ch. 2, Theorems 3.6 and 3.7, or the corollary at p. 102 in [326]),
for x € D(A) and s € [0, ®) the nonautonomous Cauchy problem

du(t)
dr

=Au(t)+V(u(), u(s)=ux1¢€ls, O] (22.5)

has a unique (classical) solution. Here, we restrict ourselves to proving unique-
ness of the solutions: suppose that u : [s, ®] — X is strongly continuously dif-
ferentiable, u(r) € D(A) for r € [s, ®], and (22.5) is satisfied. Replacing ¢ in
(22.5) by r, applying e~ to both sides, and integrating from s to ¢, we see
that u satisfies the following Volterra Equation:

u(@) = ey + f AV (Mu(r) dr, t € [s, O] (22.6)

s

We will show that for each x € X, there exists a unique continuous u satisfying
(22.6). (In general, such a u needs not satisfy (22.5)).

To this end, let X’ be the space of continuous X-valued functions on [s, ®]
equipped with Bielecki-type norm [34, 125]:

lull, = sup e " u(),
rels, 0]
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where 1 > X, and let K be the operator in X mapping u into the function defined
by the right-hand side of (22.6). Then,

t
IKu; — Kus|l, <M sup e f M luy (r) — wa ()| dr
tels,0] K

t
<M sup / e WD A fluy — u |,
tels,0] Js

<
_,bL—)\

llur — uzll s up,uy € X,

where M = sup,(9 g IV (r)|l. It follows that for large 1, K is a contraction,
and Banach’s Fixed Point Theorem implies that there is a unique u satisfying
(22.6).!

Therefore the map x +— u(t) € X, denoted S(¢, s), is linear and continuous.
The operators S(¢, 5), ® >t > s > 0 form the evolution family generated by
A+ V(t),t € [0, ®]. Uniqueness of solutions of (22.5) implies:

S(t,s) =S8, r)S(, s), O>t>r>s.
Theorem 22.1 (Lie-Trotter-type formula) We have

S(t, s)x = lim S,(¢, s)x, x e X,
n—0o0
where
S, (2, 5) = DAV I=B)AAMV =28 | (AA AV ()
and A, = =2,

n

Remark 22.2 In the “true” Lie-Trotter Formula, S, would need to be defined
by:

Sa(t, s) = ™ AR, t — A R(t — Ayt —2A,) -2 R(s + Ay, $),

where R is the evolution family generated by V(¢), ¢ € [0, ®] (compare [28],
Theorems 2.2 and 3.2). However, with the definition we use, the proofs of The-
orem 22.1 and of the Feynman—Kac Formula are slightly shorter (comp. [43]).

Proof (Compare [128] pp. 227-229, see also [275].) Let A" be the space of X-
valued continuous functions on [s, ®]. Identifying a member f of A’ with its
extension to (—oo, ®] given by f(r) = f(s), r < s, we define: [S(#)f](r) =
e f(r—1),t >0 and [S,(t)f1(r) = e f(r — 1), 7 € [5, O], where A, >
0 is the Yosida approximation of A. Then (S(¢));>0 and (S,,(¢));>¢ are strongly
continuous semigroups in X, and we have lim,_,, S,,(t) = S(¢) strongly in

! Local uniqueness of solutions follows by Gronwall’s Lemma.
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X. Let A and A, be their generators and let B be the bounded operator in X’
given by:

(Bf)(s) =V(s)f(s),s € [0, O]

The operators A, have the common domain composed of continuously differ-
entiable functions, and for such functions we have [ A, f1(s) = A, f(s) — f'(s).

Therefore u,,, 1 > 0 defined by u,, (t) = [e"=AFB) £](t), t € [s, O] where
f(r) =x,r € [s, ®], are differentiable and satisfy:

du,, (1)

i (s B)e = AHB) £1(r) 4 [ AFD) £1 (1)

= A, () +VOu, (1), wu(s) = x.

It follows that u,, () = e"~4ux + [T e@=4V (r)u, (r) dr. Introducing u(t) :=
[e¢=9A+B) £1(1), we see that lim,,_, o u, (t) = u(t). Hence, u satisfies (22.6),
implying u(t) = S(t, s)x.

On the other hand, since ||S(¢)|| < e and ||e’?| < X where K = SUP,¢[s.0]
IV (r)||, the semigroups generated A — A and B — K satisfy the stability condi-
tion (18.9). Therefore, by the Trotter Product Formula for semigroups, u(t) =
lim,_, oo [(e2Ae®B)" £](1). Since:

[(eA,,AeA,ZB)” f] (1) = e2AeMVU—ANAAAV (=280 | Ao AV ()

we are done. O

Coming back to our main subject, let G be a locally compact group, and let
g:,t > 0be aLévy process in G. The latter means that:

(a) the random variables g,;,g, ' and g, 7, h > 0 are independent, and

(b) the random variables g,+hgt’1 and g, t, h > 0 have the same distribution,

(c) sample pathst — g,(w) have left limits and are right continuous for almost
all w in the probability space 2 where the process is defined.

It follows that the Borel measures on G defined by w,(B) = Pr(g, € B), form a
convolution semigroup: [, * by = [s4s-

Let X be a commutative Banach algebra, and let U be a strongly continuous
representation of G by linear continuous automorphisms of X:

U(gU(g2) =U(g182), 81,82 ¢€4.

Then the formula:

Tt)x=EU(g)x = / U(g)x u,(dg), t>0,xeX (22.7)
g
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defines a semigroup of operators in X; using (c) in the definition of a Lévy
process we check that the semigroup is strongly continuous. We let A denote
its generator and assume that (22.4) holds.

Theorem 22.3 (The Feynman-Kac Formula) Suppose that W is a strongly
continuous representation of the group G by linear continuous automorphisms
of X such that for some M > 0:

Wl <M, geg, (22.8)
and, forx,y €e Xand g€ G,
U(9)(xy) = [W(gxI[U(g)y], W(g)xy) = [W(@x]I[W(gyl. (22.9)

If[0,00) > t = V(t) € X is strongly continuously differentiable, then the evo-
lution family related to A + V (t),t > 0 is given by (we identify V(t) € X with
the related multiplication operator):

S(t, s)x = Eexp [/ W(g;—)V(r) dr] U(gi—s)x. (22.10)

Proof (Comp. [163] pp. 54-55.) By (22.9),

W) =wip ) 2 =Y T v pegyvex @any

! n!
n=0 n=0
The same formula implies by induction argument that, given g; € G and x, y; €
X,i=1,2,...,n, wehave:

U(g)yaU(gn-1)yn—1...U(g)y1x
== [W(gn)yn] [W(gngn—l )yn—l]
o W(gngn1 - U (8n&n—1 - - - 81)X]. (22.12)

Here, to avoid an excessive number of brackets, we agree to calculate “from
the right to the left.” This means that for operators A and B, and vectors x, y,
and z, the expression BzAyx is calculated by multiplying vectors x and y, taking
the value of A on xy, multiplying it by z and calculating B on zAyx. The value
of Bz(Ay)x is calculated by multiplying the vectors x, Ay, and z, and calculating
B on this product.

To use the Lie-Trotter-type formula, fix x € X, r > s > 0 and n € N. Let

t_
Vi=AV(s),si=s+(G—DA,i=1,2,....n, A=A, = —S.By(22.7),
n
Su(t, )x = T(A) " T(A)" .. T(A)e"x

_ / / Ulga(@n)e" - - Ulga(@)e" xdP@y). .. dP(@,).
Q Q
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By (22.12), the integrand is the product of:

W(ga(wy))e"
W(ga(wp)ga(wn-1 ))eV'H

W(ga(@n)ga(@n—1) - ..gal(w;))e"
U(ga(wn)ga(wp—1)...ga(w))x.

By (22.11), this is the product of U(ga(@,)ga(@wp—1)...ga(w1))x and of the
exponent of:
W(gA (wn))vn + W(gA (wn)gA(a)n—l))Vn—l
+ -+ W(gal@)gal@n1) - - galwi)Vi,

because X is commutative. Since g;, t > 0 has independent, identically dis-
tributed increments, S, (%, s) is the expected value of the random vector

F,(t,s) = U(gt—s)-x exXp |:An ZW(gt—s,')V(si)] e X.

i=1

By (c) in the definition of the Lévy process, r +— W(g,_,)V(r), r € [s,t] is
left continuous and has right limits, and therefore it is Riemann integrable; the
expression in the exponent is its integral sum. Hence F, (¢, s) a.s. tends to:

1
F(t,s) = exp [f W(gi—rV(r) dr} U(8i—s)x.
Since [[Fy(z, )x|| < e 9| U(gi_)xll, where L:=sup,_,, [V(r)]., the
Lebesque Dominated Convergence Theorem completes the proof. O

Returning to the Brownian motion semigroup, we note that (22.1) may be
written as:

T(nf=EUw)f,

where U is the strongly continuous representation of G =R given by
U@t)f(x) = f(x+1),x,t € R, and the Brownian motion is a standard exam-
ple of a Lévy process. Since:

Ut fif) =lU®AIUG L], fi, o € Co(—00, 00),

condition (22.9) is satisfied with W = U. Since U(t),t € R are contractions,
(22.4) is satisfied also, and (22.3) turns out to be a particular case of(22.10).
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In the next chapter, we present an example where W # U.

Exercise 22.1 Show that the domains of A, considered in the proof of Theo-
rem 22.1 are composed of continuously differentiable members of A’

Exercise 22.2 Show (22.12).

i Chapter’s summary

The Chernoff Product Formula of Chapter 18 is an elegant means for proving
the celebrated Feynman—Kac Formula [163, pp. 54-55]. Here, we establish the
latter in a quite general situation of a Lévy process on a locally compact group.
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The Two-Dimensional Dirac Equation

Our main goal in this chapter is the proof of the Feynman—Kac-type formula for
the two-dimensional Dirac Equation. Introducing multiplicationinG := R x Z
by:

(a,m)(b,n) = (a(—=1)"+ b, n+ m)

we see that G is a noncommutative locally compact group. Let N(¢),7 > O be a
homogenous Poisson process with the mean value EN(t) =t,and let g,,t > 0
be the process in G defined by:

g = (s0.NO),

where £(t) = fot (=N ds is sometimes termed the telegraph process. A short
calculation shows that g;, ¢t > 0 has independent, identically distributed incre-
ments in G, that is, conditions (a) and (b) of the definition of a Lévy process
are satisfied (see the previous chapter). Because the points of discontinuity of
the process g;, t > 0 are exactly the points of jumps of the Poisson process, it
follows that g,, r > 0 is a Lévy process.

Let A be the generator of a strongly continuous group G(t), ¢ € R of bounded
linear automorphisms of a Banach space X, B be a linear, bounded automor-
phism of this space, and U be the mapping from G into L(X) defined by:

U(a, m) = B"G(a).
Theorem 23.1 Suppose
G(t)B = BG(—t1), t € R. (23.1)

Then U is a strongly continuous representation of the group G by linear auto-
morphisms of X. Furthermore, fort > 0, the one-parameter group of operators
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generated by the operator A + B has the form:
T(t)x= / e'U(g)x 11 (dg) = Ee'U(g)x, xeX, (23.2)
g

where [, is the distribution of g;.
Proof We have:

U(a,m)U (b, n) = B"G(a)B"G(b) = B"™"G((—1)"a + b)
= U((a, m)(b, n)),

proving that U is a representation. Hence, (23.2) defines a continuous semi-
group of operators. Since lim,—.¢ g, = (0, 0) (almost surely), u, converges to
the Dirac measure at (0, 0). This implies that the semigroup is strongly contin-
uous, and we are left with showing that A + B is its generator.

To this end we define the Borel measures on R by:

) (B) = (B x {n}), n>0,1>0.

Then:
oo
T()x = Z / e'B"G(s)x i (ds) (23.3)
n=0 R
and:
1 (B) =e"'8(B 1),
supp i} C [—t,t], teR,neN,
0 "o,
w(R) = P(N(t) = n) = ;e .
Thus:

/ ' G(s)x 1 (ds) = G(t)x and lim
R 1—

’1 Z / e'B"G(s)x uf(ds)” =0.
4 n=2 R
(23.4)

Given ¢ > 0, there exists ad(e) > 0 such that the inequality ||G(s)x — x|| <
holds for |s| < 8(¢). Therefore, for ¢ small enough,

/ e'BG(s)x p! (ds) B /‘ BG(s)x — Bx
STV By i atdid
R 1 R t

£
1Bl

e 11/ (ds)

< / T IBIIG(s)x — x| ¢l (ds) < e
R

(23.5)
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Combining (23.3), (23.4) and (23.5),

. Titx—x Gi)x—x
lim < ; — ;

):Bx, x e X.

t—0

It follows that the domain of the generator of the semigroup 7 is the domain of
A, and that the generator of 7 is the operator A + B. O

For example, let Co(R x {—1, 1}) be the space of continuous complex func-
tions on R x {—1, 1} vanishing at infinity. Also, let G(¢)f(x, k) = f(x + kt, k)
and Bf(x, k) = zf(x, —k), t,x € R, k = —1, 1 where z is a given complex con-
stant. Then, (23.1) holds and the representation U has the form:

Ut n)f(x, k) = 2 f(x + ke, (=1)"k).
Thus:
T(O)f(x, k) = Ee' " f(x + k& (@), (=1)"k).

Turning to the related Feynman—Kac Formula, we note that since N(f) is
Poisson distributed with parameter 7, (22.4) holds with A = |z|. Moreover, X is a
commutative Banach algebra with multiplication f; f>(x, k) = fi(x, k) fo(x, k).
Introducing:

W, n)f(x, k) = f(x+kt, (—1)"k),
we see that W is a representation of G and (22.8) holds with M = 1. Also,

[U @, ) (fi )1, k) = 28 fi (e + ke, (=1)'0) fox + ke, (=1)"k)
=W, mfil(x, k) - [U(, n) f2](x, k),

proving the first condition in (22.9). The second condition there is immediate.
Therefore, if Rt 5 t + V() € Xis strongly continuously differentiable, the
solution of the two-dimensional Dirac Equation:

%(r, x, k) = k% (t, x, k) + zu(t, x, —k) + V(t, x, k)u(t, x, k),
where x € R, ¢ > s > 0, with initial condition u(s, x, k) = f(x, k) is:
u(t, x, k) = E &7V fx+ ket — 5), k(=1)N)
X exp [ / t Vnx+&@ —r), (—D)N k) dr:| (23.6)

This formula was originally obtained in [38, 39, 40, 41]; see also [43, 354].



The Two-Dimensional Dirac Equation 131

Exercise 23.1 Show that for a € R the probabilistic formula for the equation:

ou(t, x) 4 du(t, x)

+ bu(t, —x) + V(t, x)u(t,x), u(s,x)= f(x),
ot ox

is:
u(t,x) =E e D" f[(—=DV I (x — ak (t — 9))]
X exp [/, V(r (=D (x — ak(t — 1)) dri| ,

wherex e R, ¢t > s > 0.

Exercise 23.2 Show that (23.1) is equivalent to each of the following two con-
ditions: (a) B leaves D(A) invariant and ABx = —BAx for x € D(A), and (b)
BA+A)'=O—-A)"B,A>0.

Exercise 23.3 Let H := R x {—1, 1} be the Kisyriski group with multiplica-
tion defined by:

& ), D)= El+n. kD) & neR, k==l

and let H x Z be the direct product of H and the group of integers Z. Check
that:

Go={(€. k.2): k=(—1)}

is a subgroup of H x Z, and that this subgroup is isomorphic to the group G
defined at the beginning of this chapter.

iz Chapter’s summary

We prove the Feynman—Kac Formula for a telegraph process related to the two-
dimensional Dirac Equation.
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Approximating Spaces

In many applications, especially in the context of discrete approximation, the
approximating operators are naturally defined in different spaces than the limit
semigroup. Until now, we have chosen to ignore this fact, because our aim
was to stress that the limit semigroup may act on a subspace of the original
space; the latter phenomenon may also be described in the more general setup of
approximating spaces but the issuing formulation is not so intuitively appealing.
On the other hand, one may not ignore facts for too long without paying a
price. For example, we could have avoided the trouble we had with Markov
chains approximating elastic Brownian motion (see Chapter 18) had we chosen
different spaces for the related operators.

Here are the details. Given A, > 0 and p, > 0, consider a random walk
on the mesh M,, = {0, A,, 2A,, ...}, moving to the left or right with equal
probability when started at kA, k > 1; conditional on starting at O the process
is either killed with probability % pn or moves to A,. The related operators in

_ SR EM
L T =
B = O //“
B fr.-_r.:. 8 | L]
i
u =
ol ]

Figure 24.1 Approximating spaces by Marek Bobrowski
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the space C, of continuous functions on M, (i.e., in the space of convergent
sequences) are:

LA, + A+ LA, — A, k>1,
SN, + Ay) + 5 ( ) > (24.1)

(1= 3p)f(A), k=0

Consider also the operators P, : C[0, co] — C, given by P, f(kA,) = f(kA,).
We have ||P,|| <1 and it is natural to think of a sequence (f,),>1 such that
fu € Cy, as converging to f € C[0, oo] iff:

];l,elf(kAn) = {

lim ||P,f — full, = 0,
n—oQo
where || - ||, denotes the (supremum) norm in C,. It is clear from Chapter 18

that for A, ¢ = h;'(T,.e1 — I) we have:

lim sup |An el f (kA,) — —f"(kA ) =0,

n—oo k

for f € D(A.), provided hm,HOO A,=0 and hm,Hoo = = 1. Moreover, if
A, = 52 then A, a f(0) = 1f'(O) = 1152 £/(©,4,) = f/(0)] — 0. where
® [ ] Hence, under such conditions,

nll)rgo ”An,elpnf - PnAéf”n =0, f € D(Ao), (242)

and no supremum-norm-difficulties emerge.

In this context it is vital to ask whether (24.2) implies lim, . 7, T/l f=
e f, that is, lim,_, o | T/ P, f — P,e" f||, = 0, and happily the answer is
in the positive.

In fact, from the very beginning of this book we could have assumed that
the approximating semigroups (e/“),~¢ are defined in Banach spaces X, with
norms || - ||, respectively, and that there exist equi-bounded operators P, map-
ping a limit Banach space X into X,,. Had we agreed to say that (x;),>, where
X, € X,,, converges to anx € X iff lim,_, oo ||x, — P,x||, = 0, all the results pre-
sented in the book would remain true with obvious modifications (this is what
S. N. Ethier and T. G. Kurtz do in their monograph [132]).! Here is another
example of such an approximation.

Let us consider a financial market herding model [187], where N agents are
active on a financial market. Each of them is either optimistic or pessimistic
about the market future, but may change his attitude on his own or by being

! However, it seems to be an open problem whether there is a trick allowing to deduce results
pertaining to the latter setup from the one involving a single Banach space.
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influenced by other agents, with probability for the other change being propor-
tional to the number of agents of opposite views. In other words, an optimistic
agent changes his mind with intensity ap + BNp, where Np is the number of
pessimistic colleagues, and «p and B are certain constants. Similarly, a pes-
simistic agents’ intensity is «p + BNp, where No = N — Np is the number of
optimistic agents; f is a herding constant.

We assume that agents’ decisions to change their minds are independent of
the decisions of the other agents, and consider the random process Xy (7), ¢ > 0
describing the difference between the numbers of optimistic and pessimistic
agents. Hence, conditional on Xy =k € N ={-N,-N+2,...,N —2,N},
the time to the first change is exponential with parameter:

ANk = PNk + qn ks

where:

N+k N—k
Py = No(ap + BNp) = > 05P+ﬂ— , and

N—k N+k
qnx = Np(ap + BNo) = T( 0+,3—>-

At the time of change, Xy either decreases or increases by two with probabilities
DPN.x/ vk and gy k/An i, respectively. The generator of this process in the space
of continuous functions f on N is given by Ay f(k) = pyi[f(k —2) — f(k)] +
gn.xlf(k+2) — f(k)] with obvious changes when |k| =

We will show that as N — oo, N~ Xy converges to the diffusion process on
[—1, 1] with generator:

Af(x) = lao — ap — (a0 + ap)x] f(x) + B(1 — ) f"(x),

introduced in Exercise 20.2. To this end, let Py : C[—1, 1] — C(N"'N) be
given by Py f(k/N) = f(k/N). Identifying Ay’s with their isomorphic images
in C(N~'\), by Taylor’s Formula we obtain:

2
AnJKIN) = S (Gnk = pridf '(k/N)

2PN k

PN e /N — 6y) + "”

—5f"(k/N + 6,),
where 6; € (0, 1%). Therefore,

PNk QNk

Anf(k/N) = PxAf(k/N) = —==f"(k/N — 1) + ——=f"(k/N + 62)

—pad - m)f”(k/N).
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Since f” is uniformly continuous on [—1, 1] and:

2(ap V ap)
N

it follows that limy_, o |Anf — PyvAfllciv-1a) = O for all polynomials f. Thus
limy_ oo [[€4Y f — Pye fllcov-1ay for all f € C[—1, 1], as claimed.

Similarly, as in the case of Wright’s diffusion, it is clear from the form of the
approximating Markov chains that in the limit diffusion process there should
be a possibility for a path to reemerge in (—1, 1) after reaching the boundary at
—1 or +1. See the discussion in [187].

)

2 2
m(PN,k +gni) — Bl — ﬁ) <

Exercise 24.1 In notations of Chapter 12, let B, be the Cartesian product of
Xkis and X equipped with the norm II(;‘,)II6 = |Ixllx. + €llylx. Also, let P.:
Xkis — Be be given by Pex = (j). Show that:

(a) The spaces B, approximate Xgjs in the sense specified in this chapter.

(b) The semigroups generated by B, are equi-bounded (when considered in
the spaces B, ). Hint: use the fact that the semigroups defined in (12.5) are
equi-bounded.

(c) The semigroup (e )i>0 leaves Xkjs invariant, and is a strongly continuous
semigroup in Xk;js. The generator of the restricted semigroup is the part of
A in Xkjs.

(d) Forx € Xkis, lime_,¢ ||e'%<P.x — P.ex|. = 0.

== Chapter’s summary

Results concerning regular convergence of semigroups of operators may be nat-
urally generalized to the case where the approximating semigroups are defined
in Banach spaces approximating in a sense the Banach space where the limit
semigroup is defined. Such situations occur naturally in many contexts, espe-
cially when one deals with approximation of diffusion processes via Markov
chains. (However, Exercise 24.1 is of different nature.) As an example, we
present a financial market herding model, where a sequence of Markov chains
approximates a diffusion on the unit interval.
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Boundedness, Stabilization

Throughout the foregoing chapters, we have always assumed that the semi-
groups under consideration were equi-bounded. Hence, it is a high time for us
to explain that this is in a sense a sine qua non condition for strong and almost
uniform convergence of semigroups. To this end, assume that (e"4);~0,n > 1
are strongly continuous semigroups in a Banach space X such that the strong
limit:

lim ex

n— o0
exists for all x € X and is almost uniform in# > 0. Let C([0, 1], X) be the space
of continuous functions f : [0, 1] — X, with the usual supremum norm. Also,
let X be the space of C([0, 1], X)-valued convergent sequences (fi)r>1 (With
the norm [|(fi)k=1ll = sup;=; || fill). Consider the linear operator A : X — X’
given by:

Ax = (fis1 € X,

where fi(t) = e"*x, t € [0, 1]. Since convergence in X implies coordinate con-
vergence, and convergence in C([0, 1], X)) implies pointwise convergence, A is
closed. By the Closed Graph Theorem, A being defined on the whole of X, A
is bounded. It follows that there is a constant M > 1 such that:

e <M,  tel0,1],

(note that M > ||Ix|| = 1), and so for any ¢ > 0, taking / to be the largest integer
=t

”etA,,” < || etA . .el‘A e(t—l)A,,” < Ml+1 — MellnM < Mea)t’

[ times

where w = In M.
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To recapitulate, almost uniform convergence of semigroups forces existence
of M > 1 and w € R such that:

]| < Me*!, t>0,n>1. (25.1)

Such a stability condition is thus necessary for almost uniform convergence.
We note that by shifting A,’s by w (i.e., taking A}, = A — wly) we obtain gener-
ators of equi-bounded semigroups, thus reducing the general problem of con-
vergence to that of convergence of equi-bounded semigroups.

The argument presented above is valid, certainly, if we assume that the semi-
groups converge on the whole of X (and the limit is almost uniform in # > 0).
As we have seen, though, convergence often takes place merely on a subspace
Xp of X. It is clear that in such a case, equi-boundedness is not necessary. For
example, given a converging sequence (a,),>1 of non-negative numbers, we
see that the semigroups:

etA,, (x, y) — (e—a,,tx, enly)

defined in X = R? with, say, Euclidean norm, satisfy (25.1) for no M and w,
and yet they converge on the subspace X of (x, y) with y = 0. In cases like that
(25.1) should be replaced by:

lex] < Me|lxll,  1=0,n>1,x€ X, (25.2)

Having said this, we recall from Chapters 7 and 8 that under assumption
of equi-boundedness the sole range condition for A., implies existence of the
limit semigroup on a regularity space. In particular, if a densely defined opera-
tor A C A, satisfies the range condition, it automatically is a restriction of the
generator of a semigroup (i.e., of the limit semigroup). Interestingly, sometimes
asymptotic analysis (see Chapter 55) may be successfully applied in the case
where the semigroups involved are not a priori equi-bounded but we know that
the limit operator generates a semigroup [17]. This suggests that the assump-
tions of equi-boundedness and of the existence of the limit generator are to
some extent complementary — compare Pazy’s comment in [284, p. 86]; see
also [128, 163]. Indeed, if existence of the limit semigroup may be assumed,
proving convergence of approximating semigroups is much easier, as then they
may be compared with the limit object [229, 284]; in such a case, the assump-
tion of some kind of equi-boundedness plays a secondary, but still essential,
role. We illustrate this idea in the following Theorem 25.1 where we prove con-
vergence under a blending of assumptions involving existence of the limit semi-
group and equi-boundedness. For an example of application see [ 1 7], where this
theorem comes from.
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Theorem 25.1 Ler (e )i=0 be (not necessarily equibounded) semigroups in
a Banach space X and let (e*);=0 be a semigroup in a (closed) subspace Xo of
X such that for some M > 0,

e x|l < M|x], e ] < Mlx|l,  xeXo, t>0. (25.3)
Further, suppose that:

a) (A —A,)"", n> 1 exist and are equibounded for each A > 0;
b) for any x in a core D of A there exist x, € D(A,) such that

lim A,x, = Ax, (25.4)
lim e%(x, —x)=0, >0, (25.5)

n—oo
Vi 1020 €™ Apx, || < M. (25.6)

Then lim,_, o, €4 x = ex, x € Xo.

Proof For x € D, the sequence (x,),>1 described in assumption b) satis-
fies lim,_, o X, = x. Since (A — A,)~" are equibounded, we may argue as in
Lemma 7.1 a) to see that lim,_o.(A — A,) "' (Ax — Ax) = x, x € X,. The set
of y of the form y = Ax — Ax, x € D is dense in X, since D is a core for A.
Using equiboundedness of (A — A,)~! coupled with density of D, we obtain
existence of the limit lim,_, (A — A,)~" on the whole of X,. Moreover, we
have lim,_, s (A —A,)"'x, = (A — A)"'x as well as:

lim (A —A,)'Ax, = (A — A) 'Ax, xeD. (25.7)

n— o0

‘We observe that,
t
ey, —ex = / e Apx, — e Ax)ds + x, — x (25.8)
0

where, by (25.6), the integrands s — e**"A,x, — e Ax on the right-hand
side are equibounded. Hence, the right-hand sides are Lipschitz continu-
ous with the same Lipschitz constant. By Lemma 2.1 and (25.7) it follows
that lim,_, o f(; (e A,x, — e Ax)ds = 0, and (25.8) implies lim,,_, o, e x, =
ex. Using again (25.5) we get lim,_, o, e“x = e"4x for any x € D and the
claim follows by density and (25.3). O

We conclude this chapter by discussing the situation where the limit semi-
group ("), is defined on the whole of the space, and yet the approximating
semigroups (e )i=0, n > 1 fail to satisfy (25.1). Of course, in such a case we
cannot expect to have strong and almost uniform convergence. What we can
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hope for, however, is that there are stabilizing operators W,, n > 1, that is,
bounded linear operators such that lim,,_, .o W, = Ix and:

lim W,e = e/,

n— 00

This idea, coming from [255], is certainly very much related to the theory of
regularized semigroups [111].

The following example of such a situation, originally presented in [255], has
been slightly modified to make the phenomenon yet more transparent. Consider
the space X = ¢ of complex sequences converging to zero, equipped with the
usual supremum norm. The vectors:

€n = (5n,k)k21
(where 6, is the Kronecker symbol) form a Schauder basis in ¢ (see,
e.g., [78]). In particular, for any (& )i>1 € co,

Eit = Y Ecer
k=1
Consider the strongly continuous semigroup {7°(¢), ¢ > 0} in ¢y given by
T EN=1 = (€9&),., = Y e Eer.
k=1

It is an easy task to show that the generator of this semigroup is:

A(€k=1 = (k&)=

with domain composed of (§)x>1 € co such that (k& )i>1 € co. Now, forn > 1
let:

Bn(gk)kzl == ngnen
WaCE=1 = kaek-
k#n

Then, A, := A + B, (with domain D(A)) is the generator of a semigroup, and

since A and B, commute, e/t = ee'Br is given by:

" . .
e n(%_k)kzl — Z etkt%-kek + e(m-‘rn)t%.nen'
k#n
In particular, ||’ || > ||e"4e,|| = e". It follows that the semigroups (&4
n > 1 cannot converge, despite the fact that for (§;)>1 € D(A),

1An(Ei=1 — AEi=11l = I1B2(E k=1l = |né,] = 0.

)r>0s
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On the other hand, W,,, n > 1 is a stabilizing sequence of operators because:
IWa (€1 = Edeat Il = 164 — 0
and:

[Woe (E k=1 — e EDis1 || = €&, = 0,

for all (& )r=1 € co, proving that lim, ., W, = Ix and lim,_, ., W,e"4" = e
(strongly).

Here is a general theorem covering situations analogous to the one previously
presented. It is a simple generalization of Theorem 2.4 in [255].

Theorem 25.2 Suppose (e);=q,n > 1 are strongly continuous semigroups
in a Banach space, and W,,,n > 1 are bounded linear operators such that
lim,,—, oo W, = Ix (strongly). Assume, furthermore, that there is an M > 0 such
that:

[W,e || <M,  t>0. (25.9)

Finally, let A C Acx be a densely defined operator such that .. — A is dense in X
Jorall . > 0. Then A is closable, A generates a strongly continuous semigroup,
and lim,_, oo W,e" = e strongly and almost uniformly int > 0.

Proof We argue as in Theorem 2.2. The Laplace transform of ¢ — W,e"x
defines a family of bounded linear operators:

o0
Rox = / e MW, x dr, A>0n>1xeX,
0

with [|R, ;|| < % We claim that the strong limit R, := lim,_, « R, exists for
all A > 0. To prove this claim we take A > 0 and note that it suffices to check
that lim,,_, o R, ,y exists for y of the formy = Ax — Ax, x € D(A), such y form-
ing a dense subspace by assumption. Taking x,, € D(A,) such that lim,_, o X, =
x and lim,_, , A,x, we see that for y, = Ax, — A,x, we have lim, .y, = y.
By the estimate for the norm of R, , the sequences (R, ,Y),>1 and (R, Yn)u>1

converge or diverge simultaneously. On the other hand,
oo
Rn,kyn = / Wne_(k_A’l)t()”xn _An-xn)dt
0
*d
= / _(VVne_OL_An)rxn)dt = ann — X,
0 dr n—00

proving the claim. As a by-product of the proof we obtain:

Ry (Ax — Ax) = x, x € D(A). (25.10)
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Next, for x € D(A) we take x,, € D(A,,) as earlier, and consider:
I3
o) = Wpex, = Wyx, + f W,e* A ,x, ds, n>1,t>0. (2511)
0

These functions are Lipschitz continuous with common constant:

L = M sup [|Apx,]|.

n>1

Moreover, their Laplace transforms converge, by the first part of the proof.
Hence, by Lemma 2.1, the limit lim,,_, o W,e"4x, exists and is almost uniform
int > 0. By (25.9), it follows that the same is true if x, is replaced by x. By the
same token, since D(A) is dense in X, for any x € X, the limit:

T(t)x = lim W,ex
n— o0

exists and is almost uniform in ¢ > 0. In particular, {7'(¢), t > 0} is a strongly
continuous family of bounded linear operators with ||7(¢)|| < M, and:

o0
111% THx=x, Rx= / e MT(r)xdr, xeX,A>0. (25.12)
1— 0

Using (25.10), forx € D(A) and A, u > O:

(A — WR,LR,(Ax —Ax) = (A — )R, x, and
(R, —R)(Ax —Ax) =R, (ux —Ax) + R, (A — p)x — x
= (A — wWR,x.

It follows that the bounded linear operators (A — )R, R; and R,, — R;, coincide
on a dense set, and therefore are equal. In other words, the Hilbert Equation
(1.2) is satisfied. We know from Chapter 7 that this implies that R;, A > 0 have
common range and kernel. On the other hand, by (25.12),

lim ARyx = x, x e X. (25.13)
L—o00

In particular, the kernel of R, , A > 0O is trivial. Defining B = A — (R,)~! on the
range of R;, we obtain a closed linear operator, and, by the Hilbert Equation,
the definition of B does not depend on A > 0. Relation (25.13) shows that B
is densely defined. Since R, = (A — B)~!, the second part of (25.12) may be
written as:

o0
r=—B)'x= / e MT(t)xdr, xeX, A >0.
0

It follows (see, e.g., [9, Thm 3.1.7]) that {7'(¢), t > 0} is a strongly continuous
semigroup, and B is its generator.
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Finally, taking x € D(A) and letting n — oo in (25.11), we obtain 7'(f)x =
X+ fé T(s)Axds,t > 0. Dividing by  and letting t — 0, yields then x € D(B)
and Bx = Ax. Hence, B is a closed extension of A, and so A is closable. Clearly,
A C B. To check that B cannot be a proper extension of A we argue as in Corol-
lary 8.4. O

== Chapter’s summary

Boundedness condition may be relaxed to some extent, if additional informa-
tion on the limit operator and/or semigroup is available. In fact, assumptions of
boundedness and existence of the limit semigroup are complementary. In gen-
eral, convergence requires some kind of boundedness and some information on
the extended limit. Moreover, if there is no hope for any kind of boundedness
we may still resort to stabilizing operators.



PART II

Irregular convergence
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First Examples

Can a sequence of semigroups converge outside of the regularity space? A
casual reader may quickly answer in the negative: didn’t we define the reg-
ularity space as the space where the semigroups converge? No, we did not. The
regularity space is the space where the semigroups converge almost uniformly
int € [0, 0o0). Hence, the semigroups may and in fact quite often do converge
outside of the regularity space, though they do not converge almost uniformly in
t € [0, 00). Such convergence will be referred to as irregular. Unfortunately,
the methods developed in the first part of the book are in general useless in
proving such convergence: we have reached the limits of the theory of strongly
continuous semigroups.

Let us start by presenting a simple and yet surprising example showing that
semigroups may converge even if the regularity space is trivial, [52].

Example 26.1 Let {Tp(),t > 0} be a semigroup of equibounded operators
in a Banach space X, generated by an operator Ay, and let A, = Ag — nlx.
Then, e’ = e " Ty(t) and the semigroups (e*"),~0, n > 0 are equibounded.
Moreover, R, = lim,_,oo(A —A,)~! = 1lim,,oo(A + 1 —Ag)~! =0, (even in
the operator norm) since ||(A +n — Ag) || < A£+n for appropriate constant M.
Hence X, = {0} and all we can infer from the Trotter—Kato Theorem is that
lim,,_, o0 €40 = 0, while in fact we have lim,_ o, e* = 0,¢ > 0 in the opera-

tor norm. O

Example 26.2 For given a, b > 0, let:

—a a 1 0 1 0
(L Yoo = () mr= (1 0).

From Chapter 13 we know that || exp(tAg)|| = 1, where A, is treated as an

operator in R? equipped with the norm || (;) | = |x| 4 |y|. (Recall that the value
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of Ap on (;‘) € R? is obtained by multiplying Ay by (x,y) from the left; in

agreement with notations used throughout the book we write, however, Ag (’y‘)
for this value.) Moreover, ||J|| = 1 and so, by the Phillips Perturbation The-
orem, || exp[t(Ag + nJ)]|| < e™. Hence, as A, = Ao + nJ — nl, || exp(tA,)| =
e || explt(Ag + n)]|l < 1.

Let us consider a sequence (if"), n > 1 of points of R?. The sequences

Yn

(f), n>1andA, (f), n > 1 converge simultaneously iff there exists the limit

lim,,_, o ny, =: [; in particular we have then lim, ., y, = 0. In this case,
lim, 00 A, ("") = (_‘”‘ ), where x = lim,,_, o x,,. This shows that D(A.,) = Xo

Yn ax—l

is composed of (f) with y = 0, and A, restricted to X is given by Ac,(j) =

(_gx). In other words, we obtain:

—at

lim expA) ()= ("), xers>o. 26.1)

On the other hand, recalling a formula from page 7 of [269],

inh(tp, no .
exp(tA,) = e’ {sm—(p)An + |:cosh(tp,,) _In smh(tpn)i| I} ,  (26.2)
p

n n

where r, = MLZ(A”) = —L’ZH'”, pn = /1> —d, and d, = det(A,) = an. Since

lim,— oo % =—1,1lim,_ I;—l =2, and lim,,_, (7, + p,) = —a, we obtain:
. x e Yx
lim exp(tA,) = , x,yeR,t >0, (26.3)
n— 00 y 0

that is, that the semigroups converge on the whole of X.

To explain the probabilistic intuition behind this example, we note that Ag
is an intensity matrix of a (most general) two-state honest Markov chain. For
n > 1, A, is an intensity matrix of a sub-Markov chain behaving as follows.
Starting in state 1, the chain remains there for an exponential time with param-
eter a, and then jumps to the state 2. At 2, the chain waits for an exponential
time with parameter b + n; at the moment of jump it goes to state 1 with prob-
ability ﬁ or disappears with probability ;7. It is clear that as n — oo, such
processes approach the process which, at the state 1 waits for an exponential
time with parameter a to jump to state 2, and at state 2 it immediately disappears
from the state-space. O

Example 26.3 Let X = [* be the space of bounded sequences x = (§,),>1
equipped with the supremum norm, and A be the operator given by Ax =
(—né&,)p>1 defined on the domain D(A) C [*° composed of all x such that
(—n&,)n>1 belongs to [*°. We have A(A —A)’l(nn)nzl = (ﬁnﬂn)nzl, and so
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[A(L —A)~! < 1, A > 0, proving that the estimate (8.3) is satisfied with M =
1. Hence, A is a Hille—Yosida operator.

From Chapter 8 we know that for the Yosida approximation of A, A, is
A and the regularity space X, is the closure of D(A). Here, any x € D(A)
is also a member of ¢, (the space of sequences converging to zero) because
1€, < %H(nén)nz] I, and so the closure of D(A) is contained in c¢y. Consider-
ing sequences (&,),> that are eventually zero, we prove that Xg = c/ D(A) =
Co g; ll

Despite this fact the Yosida approximation of A converges for all x € [*°.
This can be seen by noting first that:

22 A
oAty — (e’*’em’fg‘,,) _ (e—ﬁr&»
n>1 n>1

and that lim;_, o, e 7! = e, ¢ > 0. Defining:

T()x = (&), , . x €%, (26.4)
we have, for any k € N,
IT(0)x — x|l < sup e 7" —e™| ||x|| + e~ 7 |x]|. (26.5)
1<n<k

This is because for n > k,

An an
e Tl —eM| = o~ il — oM

Ak

_ Ay Ak
< e Mn < e +k

. _ .
since % < n and the sequence e ', n > 1, decreases. Now, for arbitrary
€.

t>0and ¢ > 0 we choose a k so that e ¥ ||x|| < 5; in fact one such k may
be chosen for all # larger than a given 9. With this k fixed we may choose a A
large enough so that the supremum in (26.5) is less than 5 and so is e w! [IxII,
uniformly in any interval [fy, #;] where 0 < 7y < 1;.

Thus, the Yosida approximation converges for x € [ uniformly in any inter-
val [to, t;]. If x belongs to ¢y, the term e~ wl [lx]] in (26.5) may be replaced by
sup,-, |&,l. Since for such x, limy_,  sup, -, [§,| = 0, in this case the conver-
gence is almost uniform in 7 > 0. As we shall see in Chapter 28, this situation

is typical: convergence outside of X is always almost uniform in ¢ € (0, 00).

Example 26.4 Let {T'(r),t > 0} be an asymptotically stable semigroup in
a Banach space X: that is, assume that lim,_ o 7(f)x =0 strongly for
x € X. By the Banach-Steinhauss Theorem, this implies that the operators
involved are equibounded and so are the semigroups {7,(?), > 0} defined by
T,(t) = T(nt),t > 0,n > 1. Moreover, we have lim,,_, o, 7,,(t)x = 0, ¢ > 0 and
lim,,_, » 7,(0)x = x. The limit here is not almost uniform in [0, c0), except in
the case where x = 0 — it is almost uniform in (0, c0), even uniform in any
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interval of the form [§, c0) where § > 0. In other words, X, = {0}, but the semi-
groups converge on the whole of X.

Example 26.5 Let X be a Banach lattice with order continuous norm and let
Ay be the generator of a positive strongly continuous contraction semigroup
in X. Suppose that B, is a sequence of positive increasing sequence of oper-
ators, that is, that D(B,,) C D(B,+1) and 0 < B,x < B, x, for non-negative
x € D(B,),n > 1. Assume finally that the operators A, = Ay — B,, n > 1 with
domains D(Ag) N D(B,), respectively, generate positive strongly continuous
contraction semigroups in X. (This scheme is discussed in [24] in the con-
text of difficulties with constructing semigroups related to fragmentation mod-
els with spatial dependence and external fields.) These assumptions imply
0<A—A, ) '<A—=A)",n>1,1>0. To see this we note that for
x €X, the x, = (A — A,) " 'x satisfy Ax, — Agx, + B,x, = x. Hence, if x > 0,
we have x,, > 0 and:

Xoy1 = (A — A;H—l)71 (Ax, — Aoxp + Byy1X, + Bux, — Byy1x,) (26.6)
<@AX- An-H)_l (Ax, — Aox, + Bn+1xn) = Xn (26.7)

since B,x, < B,+1x,. Therefore, the limit lim,,_, o (A — A,)"!x exists for non-
negative, hence all elements x € X. On the other hand, the fact that (A —
A,)~', n > 1 is decreasing implies "4+ < et > 0,n > 1 and establishes
strong convergence of e n > 1foreacht > 0.

By the Sova—Kurtz Theorem, these semigroups converge almost uniformly
in [0, 0o) for x € X, which is the closure of D(A.,) — and the authors of [24]
make an assumption to the effect that X, = X. However, as we have already
noted, the semigroups do converge on the whole of X regardless of whether we

make such an assumption or not.

Example 26.6 The semigroups considered here are building blocks of the
model of stochastic gene expression of Chapter 46 and constitute a special
example of the Tikhonov Theorem of Chapter 44, but are worthwhile presenting
independently. Let X = C([0, 1]?) and for given r > 1, i € {0, 1}, let the semi-
group {S; ,(t), 1 > 0} be given by S; (1) f(x, y) = f(xi(?), yi-(t)) where x;(1) =
i+ —ie™ and y; (t) =ye " + Hx - —eT)+i(l —e), t >
0. We note that (x;(), y; -(¢)) is the solution of the Cauchy problem:

dy
— =i—x,
dt

d ir

SN b=y, x1(0) = x,yi,(0) = y € [0, 1. (26.8)

dr
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The second equation here implies that y; , chases x; with efficiency r. Hence,
as r becomes infinite, y; , should become equal to x;, and in the limit we should
obtain the semigroup related to the Cauchy problem % =1i—x;,x(0)=x

And this is so: we check that the domain of the extended limit, as r — oo,
of generators of these semigroups is contained in the subspace X, of func-
tions f € X that do not depend on y: f(x,y) = f(x, x), x, y € [0, 1]. Moreover,
the domain of the part of the extended generator A in X, contains functions
such that [0, 1] > x — f(x, x) is continuously differentiable (with left-hand
and right-hand derivatives at 1 and 0, respectively), and for such f is given
by Af(x,x) = (i —x)%. It follows that the regularity space here is the
space X of functions that do not depend on y. The proof of these statements
is straightforward but quite lengthy, especially for what we obtain as a result:
for f € Xo, lim,_, o S; () f(x, y) = f(x;(t), x;(¢)). For, by direct inspection we
have, for f € Xo, S; () f(x, y) = f(xi(), yi,, (1)) = f(xi(2), x:(2)).

On the other hand, the distance between:

(xi(®), i, (1)) and  (x;(2), x;(1))
is:

1
(x— e ———(x—i)e™"| < (1 + ——)e" +

it
o —=de +r—1 r—1 - r—1 r—1°

Hence, by uniform continuity of f € X, we obtain that for any f € X,
lim, 00 ;. (t) f(x,¥) = f(x;(t), x;(¢)), with the limit uniform in any interval
of the form ¢ € [§, 00), § > 0 but in general not almost uniform in [0, c0).

In other words, despite the fact that X, C X the semigroups converge on the
whole of X. O

Example 26.7 Irregular convergence may also take place in the context
of Chernoff’s Product Formula, or the Trotter Product Formula; see [198,
200, 277]. To consider just one simple example, let us come back to
Nittka’s approximation (19.10), and let P, be the contraction in C[—00, 0]
given by P. = E_R. The family S (t) = E.e*R,t > 0 is then a semigroup in
C[—o00, co], which is degenerate in the sense that lim,_o S¢(t)f = f merely
for f € C[—o0, oo] satisfying P. f = f. Since convergence in (19.10) is almost
uniform, instead of + we may take t, = #’l, to conclude that lim,,_, o, e f =
lim,Hoo(Re%AEe)”f,f € C[0, oo]. Replacing f by Rf, f € C[—00, o0] and
applying E. to both sides of this relation, we see that:

Sc()f = lim E«(Re#TEY'Rf = lim (Peer )P f

= lim (P.e#=*y"! f = lim (P.e"*)'f, f € C[—o00, o0, 1 > 0,
n— oo n— o0
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and the same argument applies to Nittka’s general setup (see [277] p. 1439).
Clearly, the limit cannot be uniform around t = O for f # P, f, and we are deal-
ing with the Trotter’s Product Formula involving two semigroups, one of which
(T(t) := P.,t = 0) is degenerate. (In particular, here X, is the space where

f:Pef)

Exercise 26.1 Using the fact that A, in Example 26.2 satisfy A2 + (a + b +
n)A, + anl = 0 (which is a particular case of the Cayley—Hamilton The-
orem [236]) show (26.2). Hint: show (A1, — Aa.)AN = (Af, — A5 DA, +
(Aiahs = Aoudk D,k > 1, where Ajy = 1y — (= 1)py, i = 1, 2.

Exercise 26.2 Prove (26.1) by checking that:

G Ay = 1 A+b+n a
YT R4 Ma+b)+n(h+a) b A+a)

Exercise 26.3 Consider the system of equations:
dx

dr
dy
dr

=a — Bx,

=yx— 0y, x(0) = x0, y(0) = yo € R, (26.9)

describing dynamics of mRNA (x) and protein (y) levels, provided the gene
responsible for the protein’s production is turned on (comp. Exercise 2.2,
p- 23 in [3] and the model of gene expression in Chapter 46, equation (46.3)).
Here, o, B, y, and § are positive constants describing production rate and nat-
ural decay of mRNA and the protein. Use the variation of constants formula
to find the solution of this equation. Consider also the case where production
and degradation of mRNA takes place on the much faster scale than that of the
protein, that is, replace o and B by na and nf, respectively, and check that the
corresponding solutions converge to those of:

X =

o —8y,  y(0)=y, R (26.10)

o
ﬂ b
dy yao
B

Is this convergence uniform in #? In which intervals?
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iz Chapter’s summary

A number of examples are given showing that semigroups may and in fact quite
often do converge outside of the regularity space. Of course, outside the regu-
larity space convergence fails to be uniform and is merely point-wise. As we
shall see later, it is around ¢ = 0 that the limit is not uniform.
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Extremely Strong Genetic Drift

In this chapter, we discuss another example of a family of semigroups converg-
ing outside of the regularity space. This family is related to the notion of genetic
drift and comes from [66, 67].

As formula (21.1) shows, if the population size M = 2N in the Wright—Fisher
model is large and the time is measured in units of M = 2N generations, the
distribution of the time (counted backward) when there are j ancestors of the
given sample is approximately exponential with parameter j(j — 1)/2. In par-
ticular, the time to the most recent common ancestors of a pair of individuals
is approximately exponential with parameter M~! = (2N)~!.

In the related Moran-type model with mutations, time is continuous, indi-
viduals are exchangeable, and the distribution of the time to the common
ancestor of two individuals is exponential with parameter N~!, where N is
the so-called effective population size (in general, the whole of the popula-
tion cannot mate randomly, hence, to correct for this, the actual size of the
population must be reduced to its effective size N; N does not have to be an
integer).

Consider a locus on a chromosome of an individual in such a model, and
suppose that the alleles (variants) at this locus may be numbered by posi-
tive integers so that the mutation process is a Markov chain with values in
N. This is the case for example with micro-satellite loci, where the Durret-
Kruglyak Markov chain describes the number of short tandem repeats [120].
Let {P(t), t > 0} be the related semigroup of Markov operators in /', the space
of absolutely summable sequences; if x € I! is the initial distribution of the
chain, then P(¢)x is its distribution at time 7. Operators P(#) may be identified
with transition matrices of the chain and the value of P(#)x is obtained by multi-
plying the corresponding matrix by x from the left. Analogously, if the intensity
matrix Q involved is nonexplosive, Q may be identified with the generator of
{P(t),t > 0} (see Chapter 13 or [49, 180, 278]).
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Figure 27.1 Extremely strong genetic drift by Marek Bobrowski

Let M be the space of matrices (m;;); jen With absolutely summable entries,
and let M be its subspace where m;; = mj; (“s” is for “symmetric”). Because
the members of our population are exchangeable, the joint distribution of allelic
types of two individuals sampled from the population is a member of M. Our
first goal is to study the time evolution of such a joint distribution.

To this end, suppose that we have observed the population in the time inter-
val [0, 7] and that the joint allelic distribution of two individuals sampled from
this population at time O was m € M. Consider two individuals living at time
t; with probability e ~"/N
started to observe the population. In such a case, since during the time inter-
val [0, ¢] the individuals evolved independently, the joint allelic distribution is
T (t)m = P(t)mP*(t), where * denotes the transpose. (We note in passing that
T (¢) is the tensor product of two copies of P(t), i.e., T(t) = P(t) ® P(t). Here,
M is viewed as the projective tensor product [108, 304] of two copies of [';
M is invariant for T'(¢). More specifically M = I'®,1', and T(¢t) = P(t) ®x
P(t).) This is just saying that if X(¢) and Y (¢) are processes representing
allelic types of our individuals, then, by independence assumption, Pr(X(¢) =
LY ()= j) = 121 Pi(®)prj(t) Pr(X(0) = k, Y (0) = ), where py;(t) are the
entries of P(t), that is, the transition probabilities of the Markov chain involved.

their common ancestor died before time 0, when we
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Suppose next that the time to the most recent common ancestor equals s €
[0, 7], so that the split of genealogical lines of our individuals occurred att — s.
The distribution of allelic type of the common ancestor at 0 is the marginal
distribution of m, and at time ¢ — s, this distribution is P(t — s)Km, where the
operator K : My — [!:

Km = (imi]) = imij
i=1 Jj=1

calculates the marginal distribution of a symmetric joint probability matrix.
Immediately after the split, the joint probability distribution of the pair of pro-
cesses formed of the common ancestor was concentrated on the main diagonal
and was equal to @P(t — s)Km where ©(§;);> is the diagonalization of (§);>1,
that is, the entries of ®(&;);>; are all zero except on the diagonal where the
(i, i) entry is &;. Hence, at time 7 the joint distribution of our two individuals is
T(s)OP(t — s)Km.

Gathering all the information, we obtain that the joint distribution of allelic
types of two individuals sampled at time ¢ from the Moran population is:

izl i>1

Sn(t)ym = e T (t)m + zlv / e VT (s)®P(t — s)Km ds. (7.1
0

Using the facts that K® = [;; and:
KT(t) = P(t)K

(the latter formula says that the operator K intertwines semigroups {7'(¢), ¢ >
0} and {P(¢),t > 0}, [127,287]), we check that {Sy(¢), t > 0} is a strongly con-
tinuous semigroup in M generated by A + %,@K - ﬁl M., where A is the gen-
erator of {T'(t),t > 0}. (For the characterization of A in terms of Q see, e.g.,
[269].)

Clearly, for extremely small N, the Markov chains involved here are strongly
correlated: the genetic drift is so strong that the individuals are almost iden-
tical. Hence, as N — 0, we should expect that the semigroups {Sy(?), r > 0}
converge in a sense to {P(t), t > 0}, which describes the evolution of a single
individual.

This may be achieved as follows. The subspace D of M, formed by matri-
ces with off-diagonal entries equal to zero, is isometrically isomorphic to I!;
the isomorphism is ® : /! — M with the inverse K restricted to the range
of ©. Hence, the semigroup {P*(¢),t > 0} given by P*(t) = ®P(t)K is an
isometrically isomorphic copy of {P(), t > 0} in D. Clearly, P*(¢) has an exten-
sion to the whole of M, which we denote by the same symbol. We remark that
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although t + P*(¢)m is continuous for m € M, {P*(¢), t > 0} is not a strongly
continuous semigroup, since lim,_,o P*(t)m = ®Km # m unless m € D.

We claim that limy_.oSy(t)m = P*(t)m,t > 0. For m € D this may be
proved using the the Trotter—Kato Theorem (see Exercise 27.2). However, for-
mula (27.1) provides a simple proof of the general result. To show this, we note
that as N — 0 the measures on [0, 00) with densities t ]\l,e” /N tend weakly
to the Dirac measure at zero (the point mass at 0). Therefore, since 7'(f) and
P(t) are contractions, the integral in (27.1) converges as N — 0 to the value of
the integrand at 0, that is, to @ P(t)Km = P*(t)m. Since the first term in (27.1)
converges to 0 (for ¢ > 0), the claim is proved.

Exercise 27.1 Check directly that, for Sy(¢) defined in (27.1),
lim Sy(t) =T(t),
N—oo
uniformly in compact intervals.

Exercise 27.2 Let X and Y be two Banach spaces, and let K : X — Y and
® : Y — X be two bounded linear operators such that K® = Iy; in the non-
trivial case, though, we do not have @K = Ix. Also, let (e1);50 and (/%)=
be two strongly continuous semigroups of equibounded operators in X and Y,
respectively, and assume that K intertwines (€)= and (e'?),»o: e’PK = Ke'4,
t>0.

o Using the Phillips Perturbation Theorem or checking directly prove that for
any € > 0 the operator A, = A + é@K — %IX (with domain D(A)) generates
a strongly continuous semigroup {S¢(¢), t > 0} given by:

1

Sty =e e + é / e e’ @e K ds. (27.2)

0

e Check the following facts. K is onto Y since it has the right inverse ©.
Hence, the range of © is equal to the range of ®K. Since ®K is idempo-
tent ((OK)> = OK), its range X' is a closed linear subspace of X. Thus, ©
being injective, it establishes an isomorphism between Y and X', with inverse
K. The semigroup composed of S(t) = ®e'BK (as restricted to X') is thus
the isomorphic copy in X’ of the semigroup (e'%),~¢ in Y.

e Check that A —A)'=(+1-A"'+la+i-A"'en-B) 'K
for A > 0. Use this to prove that X' = X, (the regularity space), and
lim,_oSc(t)x = S(t)x, x € X, t > 0 from the Trotter—Kato Theorem.

o Use (27.2) to show that lim._o Sc(#)x = S(t)x, x € X, t > 0.
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iz Chapter’s summary

As another illustration of the fact that semigroups may converge outside of
their regularity space, we consider the limit, as N — 0, of a family of semi-
groups modeling dynamics of joint distribution of allelic types of two individ-
uals sampled from a Moran population of effective size N. The limit semigroup
is “degenerated” in the sense that it describes a pair of two identical individ-
uals, so that while the approximating semigroups are defined in the space of
summable matrices, the regularity space is composed of its subspace of matri-
ces that are diagonal.
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The Nature of Irregular Convergence

By the Trotter—Kato Theorem, on the regularity space X, the semigroups con-
verge almost uniformly in ¢ € R". The situation outside of Xg is somewhat
similar: the limit, if it exists, is almost uniform in # € R} [48]. This chapter is
devoted to the proof of this result.

We start with the connection between irregular convergence and generation
of noncontinuous semigroups. To this end, suppose that A is a Hille—Yosida
operator. We know that the part A, of A in Xy = ¢/ D(A) generates a strongly
continuous semigroup there. In particular, (A — A,)"'x = [[ e e rxdr, x €
Xo. The operator A itself generates a once-integrated semigroup (U (¢)),> and
we have:

o0
r=A)"x= )\/ e MU (H)xdr, x e X. (28.1)
0

However, sometimes there exists a semigroup (7'(t)),>( of bounded operators
such that:

o0
h=A)"x= / e MT(H)xdr, xeX, (28.2)
0

and then we say that A generates a noncontinuous semigroup, see, for example,
[9]. (This is the case, e.g., with the operator in Example 26.3 of Chapter 26 and
the semigroup (26.4).) The adjective noncontinuous refers to the fact that this
semigroup is not strongly continuous except for x € X. Instead, the trajectories
t — T(t)x are assumed to be merely (Bochner) measurable. By [180] p. 305,
Thm. 10.2.3, this implies that they are continuous in ¢ € (0, co). Since the
Laplace transform restricted to continuous functions is injective, this implies
that the semigroup, if it exists, is unique. We note the following criterion for
existence of such a semigroup.
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Proposition 28.1 The following conditions are equivalent:

a) er (L — A)~' f belongs to D(Ap), forallx € X, A > 0, and t > 0;
b) forallx € X andt > 0, the limit lim,,_, o e — A) " x exists;
c) A generates a noncontinuous semigroup (T (t));>o.

If these conditions are satisfied, T (t)x = lim,,_, o e —A) .

Proof Forx € X,t > 0and u > 0 let:
t
U,(t)x = M/ eMr(u—A) xds —er(u—A) " x+ (u—A)"x. (28.3)
0

Clearly, ¢ +— U,(t) is strongly continuous with [|U,(¢)] < M?*t + (M?* +
M)p~"', and:

o0 o0 t
A / e MU, (txdt = A / e M f eMr(w —A) xdsdr
0 0 0

20 =A T (w=A) T+ (n—A) 'y
=pu(t—A) " (n—-A)x

A=A T (uw—-A x4+ (mw-A)""x
=—-A)"'x

Hence, by (28.1) and the injectivity of the Laplace transform for continuous
functions, U,,(t) does not depend on p > 0 and coincides with the integrated
semigroup generated by A.

If (c) holds, then integrating (28.2) by parts and comparing with (28.1),
by injectivity of the Laplace transform for continuous functions, we see that
Ult)x = for T(s)xds,t > 0,x € X. Hence, (0,00) >t + U(¢) is strongly dif-
ferentiable. Because U coincides with U, so is ¢ er(; —A)~! or, which
is the same, a) holds.

By Exercise 8.4, (a) implies that lim,, o0 st(u(p — A)~' — Der (A — A)~1x
exists forall x € X, ¢ > 0 and A > 0. Since ¢*» commutes with (A — A)~' and
because of the Hilbert Equation, the expression above is €47 ui(u — A)~1 (A —
A)'x — e pu(u — A)~'x. Since the limit of the first term here exists also, b)
follows.

Finally, if (c) holds, we may define T(¢) = lim;_, o e»A(A —A)~!, ¢ > 0.
Since the range of (A — A)~! belongs to Xo, 7(¢) is an extension of e”» and
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T(t)x € Xy, x € X. Hence, by (8.4),
T()T()x = lim erer pu(u —A) 'x = lim e“ pu(u — A) 'x
H—>00 H—>00
=T+ s)x

proving the semigroup property. Finally, the trajectories of (7'(¢))>o are
bounded and measurable, as limits of continuous functions, and the

calculation:
o0 o0
/ e MT(H)xdt = lim e Mue (n — Ay 'xdr
0 U—> 00 0
= lim (A — Ag) ' u(n — A)~'x
U—> 00
= lim p(u—A)"' A=A Tx=1—-A4)"x,
=00
shows (28.2). O

Example 28.2 A well-known example of a nondensely defined operator gen-
erating a noncontinuous semigroup is that of a sectorial operator. Apparently
the first to consider this example where Da Prato and Sinestrari [291, 314],
who noted that with an operator A satisfying (15.4), but not densely defined,
one may associate the semigroup defined by the Dunford integral (15.5). Except
for x € X, this semigroup no longer has the property that lim,_, ¢ ;cx, €4x = x
for 6 € (0, &p). See also [246].

For ¢ > 0 this semigroup coincides with the one described in Proposition
28.1. For A, is a sectorial operator and generates the strongly continuous semi-
group given by (15.5). It is well known that erx e D(A p) for all x € X and
t > 0 ([9] p.160, [128] p. 101, [201] p. 488, or [284] p. 61). This implies that
condition a) in Proposition 28.1 is satisfied, and the semigroup generated by A
exists. Moreover,

T(t)x = lim erpu(u —A)~'x
HU—> 00

: 1 tA —1 —1
= lim — [ e®u(u —A)""(h —A) 'xdr
o0 27 J,

1
= —,/e’x()» —A) 'xda, xeX,t>0
2wi J,

as claimed.

Proposition 28.3 Assume that the semigroups (e"A"),=¢ satisfy (2.1). The
strong limit 1im,_ o e x exists for all x € X, iff the operator A defined by
(14.1) generates a noncontinuous semigroup in c(X).
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Proof For necessity, suppose that (7 (f));>o is the semigroup generated by .A.
Then, for (x,),>1 € ¢(X),

/ e MTO)=1dt = A — A7 @duz1 = (A —A) " xa),
A >

o0
— </ e Melhny, dt> )
0 n>1

Since the Laplace transform is injective for continuous functions, we must have
T () (X)n=1 = (€4x,)p>1. In particular, for all x € X, (e”*x),~; belongs to
¢(X), that is, lim,,_, o, €™ x exists.

Conversely, note that if (e“x),~; belongs to ¢(X) for all x € X, then
(e x,),=1 belongs to ¢(X) for all (x,,),=1 € c(X), too. Define (T (t))=0, T (t) :
¢(X) = ¢(X), and (Tp(?))s>0, To(t) : X — X by:

T @) (xp)u>1 = (e’A”xn)Pl , To(H)x = lim e™x.
- n—oQo
It is evident that (7(¢))>0 and To(t) are semigroups. Furthermore, the
trajectories ¢ > Tp(f)x being pointwise limits of continuous functions are
strongly measurable ([180] p. 72, Thm 3.5.4), hence strongly continuous in
t > 0.

We proceed to show that the same is true for (7(¢))>0. Let us recall that
by the B. J. Pettis Theorem ([180] p.72, Thm 3.5.3), a vector-valued function
is strongly measurable iff it is weakly measurable and almost separably val-
ued. Fix (x,),>1 € ¢(X) and let x = lim,_, « x,,. The vectors Typ(w)x where w
is a rational number form a dense set in Z = {y € X;y = Tp(t)x,t > 0}. Let
Z C c(X) be the set of all sequences (y,),>; that are ultimately one of Tp(w)x
and initially are of the form y, = T,(w,)x,, where w,, are rational numbers.
Then, Z is countable and its closure contains the set W = {(z,)n>1, (Zn)n>1 =
T (#)(xp)n=1,t > 0}. Indeed, for ¢ > 0 and € > 0O there exists an ny € N such
that for n > ny, |le"x, — Ty(t)x|| < €. Consequently, there is a rational num-
ber w such that ||e"4x, — To(w)x|| < € for such n. Next, we find rational num-
bers w1, wa, . . . wy, such that || x, — e“ix, || < €, forn < ng. Then, (2,)n=1
defined as z, = e”x, for n < ng and z, = Ty(w)x for n > ny, belongs to Z
and [ T()0o)nz1 — a1 || < €, as desired.

Furthermore, t — 7T (¢) is weakly measurable. Indeed, any functional W €
¢(X)* may be represented in the form:

Wizt = Yo) + ) Palxa)

n=1
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where x = lim,_, oo X, ¥; € X*, and Y- [|¥nllx+ < 0o, which implies that
t— \I'[(e’A"xn)nzl] is a pointwise limit of measurable functions. Thus, our
claim on strong measurability of (7 (¢)),>o follows from Pettis’s Theorem.

Finally,
o0 o0
/ e_MT(t)(-xn)nzl dr = (/ e_)"e’A"xn dl)
0 0 n>1
= (G- =AD" %),y
=0 — A =1,
as desired. OJ

Theorem 28.4 Assume that the semigroups (€'*"),=o satisfy (2.1) and converge

on the whole of X. Then the limit is almost uniform in t € (0, 00).

Proof The semigroup (7 (¢)),>0, being measurable, is strongly continuous for
t > 0, and, thus, uniformly continuous on any compact subinterval of (0, co).
The same remarks apply to (7p(?)),;>0. Fix x € X and r > 1. For any € > 0,
there exists a § such that:

1T (@) (=1 = T () ()1 || < % and  [[To()f — To(s)fIl < g

whenever |s — t| < 6 and r~! < s,t < r. Therefore, for such s, 7, and all n > 1
we get, recalling that 7 (£)(x),>1 = (etA”x),,zl,

llenx — To(xl| < llex — ex]| + le™x — To(s)x|
2 )
+ [1To(s)x — To(2)x|| < 3€ + [le*x — To(s)x]| (28.4)
Sets; =r~! + i%, i=1,2,..., [%(r — =] where [] is integer part. For any

t € [r~!, r], there exists an i such that |s; — #| < 8. Since one can choose an g
such that for n > ny, sup; lesidn f — To(sp)| < % by (28.4) we get:

sup |lex — Ty(t)x|| <€, forn > np,
telr-1,r]

as desired. ]
Corollary 28.5 Forallt > 0 and x € X, Ty(t)x belongs to X,.

Proof By Proposition 28.3, operator .4 generates a noncontinuous semigroup
(T (1));>0- By Proposition 28.1, T (t)(x,)u>1 € cID(A). Since cID(A) is com-
posed of sequences converging to elements of X, we are done. ]



162 The Nature of Irregular Convergence

iz Chapter’s summary

The irregular convergence is somewhat regular: if the limit of semigroups
exists outside of X, it is almost uniform in ¢ € (0, co). Moreover, by nature,
the ranges of the operators forming the limit semigroup are contained in
Xo.
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Irregular Convergence Is Preserved Under
Bounded Perturbations

A useful property of irregular convergence is that it is preserved under bounded
perturbations. To explain this in more detail, suppose that {e’4", t > 0} are equi-
bounded, strongly continuous semigroups converging to a semigroup {7°(¢), t >
0}, which is strongly continuous only on the regularity space Xy C X. Assume
also that B,, are bounded linear operators converging strongly to a B. Then, by
the Phillips Perturbation Theorem:

e ntBe) — ZSn,k(l), (29.1)
k=0

where:

t
Spo = Syp(t) = f OINB S (5)ds, k= 0.
0

k
We note that ||S,((?)]| < M(Mf!’) , where M :=sup,.; > le || and K :=

sup,~ [|Bxll- Since S, o converges by assumption, and the Lebesgue Dominated
Convergence Theorem together with lim,,_, o S, £ (t) =: Si(¢) implies:

t
lim Sy 41 (1) = f T(t — 5)BS(s)ds,
n— o0 0

all summands in (29.1) converge. Using the Lebesgue Dominated Convergence
Theorem again, we see that:

[o.¢]
lim ¢4+ =% " 5,(1),

n—00
k=0

where:

So(t) =T(), Sk+1(t) = / T(t — s)BSi(s)ds, k> 0.
0
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This is what we mean by saying that irregular convergence is preserved under
bounded perturbations. We note that the regularity spaces of { e r>0Ln>1
and {e/“*8) ¢ > 0}, n > 1 coincide.

A special case is obtained for:

T(t) =P, (29.2)

where A is the generator of a strongly continuous semigroup in Xy and P is an
idempotent operator projecting X onto X. Then,

t
So(t) = P, Spa1(t) = f e 9APBS(s)dsP, k> 0.
0

In other words,

1(Ay+B,

lim ¢ ) = !U+PBp (29.3)

where PB is treated as a bounded operator in Xy. As we shall see, this explicit
formula comes in handy in many situations.

Here is an example. Let {S; ,(¢),t > 0}, 7 € {0, 1}, r > 0 be the strongly con-
tinuous semigroups in C([O0, 17%), introduced in Example 26.6, and let X be the
Cartesian product of two copies of C([0, 17%). Also, let A, be the generator of the
Cartesian product semigroup in X given by S,(£)(f, g) = (So.-@)f, S1.-(1)g),
f. g€ C([0,17%) and let B € L(X) be given in the matrix form: B = (” *),
where « and § are given non-negative members of C([0, 11%). By Example 26.6,

lim S,(t) = AP,
r—00
where:

P(f, )(x,y) = (f(x,x), glx, x)),
e (f, ), ¥) = (f(xo(t), Xo(1)), gx1 (1), x1(1))),

forall (x,y) € [0, 11%, (f, g) € X, t > 0. The operator P is a projection onto the
subspace X of pairs (f, g) € X of functions that do not depend on the second
coordinate y, and (e )r=0 1s a semigroup in Xp. Since convergence is preserved
under bounded convergence,

lim et(A,-+B) — et(A+PB)R (294)
r—00

and to obtain the matrix form for PB it suffices to replace « and S in the defi-
nition of B by @(x, y) = a(x, x) and B(x, y) = B(x, x).

To interpret this result we note that the semigroups (e4*8),- describe
a stochastic process (x(¢), y(¢), y(¢)),t > 0 on two copies of the unit square
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[0, 1]%, indexed by 0 and 1, respectively. While on the zeroth copy of the square,
y = 0 and the process moves along the integral curves of the system (26.8) with
i = 0. At a random time, the process jumps to the other copy of the square,
changing y to 1 but without changing the x and y coordinates; the intensity of
the jumps’ B depends on the position of the process. Similarly, while at the
first copy the process moves along the trajectories of the system (26.8) with
i = 1, and at a random time jumps back to the zeroth copy with intensity «. In
other words, (x(7), y(¢), y(t)),t > 0 is a solution of the stochastic differential
equation:

dx @
E:y—x, y=1—=y=0,
(29.5)
ﬂzr(x—y), y:O—'B)y:l.
dr

This is a single-gene-copy-version of Lipniacki et al.’s model of gene expres-
sion to be discussed later in Chapter 46. As r — 00, y ‘becomes’ x and the
model reduces to:

dx j—

e
This is exactly what (29.4) says, when we identify X, with the Cartesian
product of two copies of C[0, 1], and the semigroup (e'4),>( with its isomor-
phic image e (f, g)(x) = (f(xo(1)), g(x1 (1)), f, g € C[0, 1], x € [0, 11,7 > 0,
in the latter space.

y—x, y=1%y=0 y=0L,=1 (29.6)

v Chapter’s summary

By perturbing an irregularly converging sequence of semigroups by a sequence
of bounded operators having a strong limit, we obtain another sequence of irreg-
ularly converging semigroups. If the limit of the first sequence is of special form
(29.2), the other limit is of the form (29.3).
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Stein’s Model

In the Stein’s model of neuronal variability — classical today, and quite gen-
erally “accepted as acceptable” — the state of a neuron is characterized by the
difference V between its actual potential and potential “at rest” [322, 323].

This difference, termed depolarization, increases at excitation impulses,
which form a Poisson process with parameter A, and decreases in a similar
way at inhibitory impulses according to an independent Poisson process with
parameter ;.' A characteristic feature of the model is a threshold value © >
0, above which the neuron “fires,” and V immediately resets to zero. Then a
refractory period begins, when excitation and inhibitory impulses have no
effecton V.

Because of this special period, a natural state-space for the model is not the
half-line (—oo, ®) but rather the set depicted at Figure 30.1, with horizontal
interval (—1, 0) — (0, 0) corresponding to this period, here assumed to be of
unit length (see [303] for a slightly different approach). While at a point (0, p)
of the vertical half-line, the underlying Markov process is nearly of pure jump
type: it waits for an exponential time with parameter A 4+ w and then either
jumps to (0, p + a), with probability ﬁ orto (0, p — a), with probability ﬁ
where a and b are excitation and inhibitory magnitudes; in between the jumps
the absolute value of the potential decreases along one of the curves ¢ — pe™"
(cf., e.g., [146, Section 10.2]). Once V exceeds ®, the process jumps to the
point (—1, 0) and proceeds through the interval (—1, 0) — (0, 0) with constant
speed: after reaching (0, 0) it resumes jumping (and decreasing).

Notwithstanding the fact that the refractory period, from the mathematical
point of view, makes the model nontrivial, sometimes its existence may be

' In the simplest version of the model (see [322, p. 175] or [346, p. 107]), the latter possibility is
excluded — see, however, [322, p. 181]. Of course, for the model to work properly, parameters
A, 4, a, b, and v (see further on) must be chosen so that the general tendency for V to increase
remains.
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Figure 30.1 State-space of the Stein model with dashed arrows depicting jumps
and the solid line denoting motion with constant speed. Exponential decay between
jumps is neglected.

disregarded (see, e.g., [346]). In such a case, the state-space shrinks back to
the vertical half-line (—oo, ®), and the entire process is really simple. In this
chapter, we would like to obtain this simplified model as a limit of the full
model with the length of refractory period decreasing to zero or, equivalently,
with the speed v with which the process proceeds through the refractory period
increasing to infinity (see Figure 30.2). In our analysis, for simplicity of exposi-
tion, we assume that the exponential decay parameter v is zero, that is, that the
effect of decay between jumps is negligible. (Incorporating v > 0 to the model
requires changing the strong topology to the topology of bounded pointwise
convergence; besides this technical inconvenience, the analysis is practically
the same.)

The choice of the Banach space for the semigroup describing Stein’s process
is a nontrivial matter. For, while the motion through the refractory period is
conveniently put in terms of a translation semigroup in the space C[—1, 0] of
continuous functions on [—1, 0], the jump-type process on the vertical half-line
is not of Feller type — the space of continuous functions is not a good choice
here.

For that reason we will work in the space X of pairs (f, g) such that f €
C[—1,0], g € BM(—o00, ®) and f(0) = g(0); here BM(—o00, ®) is the space
of bounded (Lebesgue or Borel) measurable functions on (—oo, ®). The norm
in X is inherited from the Cartesian product C[—1, 0] x BM(—o0, ®).
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(0,0) (0,0)

Figure 30.2 State-space collapse in the Stein model

The generator of the jump part of the process is the following bounded linear
operator:

B(f,g) = (f. ) (30.1)

where:
h(x) = Alglx +a) — gx0)] + ulglx —b) — g(x)], x € (=00, ® —a),
ALf(=1) — g@)] + nlglx —b) —g(x)], x€[O —a, O]

we assume throughout that ® > a. (Note that & need not be continuous if g
is: this is why the process of jumps is not of Feller type.) The other part of the

process (related to the refractory period behavior) is also quite easy to describe.
In fact, this part of the semigroup is given explicitly by the formula:

T, (f. 8) = (fo 8, (30.2)

where:
Joi ) = f((x+0t)A0),x € [-1,0]

and o, as previously explained, is the speed with which the process proceeds
through the refractory period.

It is easy to check that {7, ,,t > 0} is a strongly continuous semigroup in
X. The domain of its generator is composed of pairs (f, g) € X such that f €
C'[—1, 0] with £'(0) = 0, and for such a pair:

Au(f? g) = (Uf/v O)

Now, as already remarked, operator B of (30.1) is bounded, and the Phillips
Perturbation Theorem implies that A, + B is a generator as well. Since both the
semigroup generated by A, and the semigroup generated by B are contraction
semigroups, so is the semigroup generated by A, + B (by the Trotter Product
Formula). This semigroup describes the full Stein process.
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Our task is therefore to find the strong limit:

lim et(Au +B)
v—>00

To this end, we will use the main result of Chapter 29, and therefore, start by
considering:

lim e,
L—> 00

This is very simple, since e is given explicitly by (30.2), that is e"* = T, ,.
It follows that for any r > 0, choosing v > t~!, we obtain:

Joax) = f(1), x e [-1,0].

Let Xy be the subspace Xy of X composed of pairs (f, g) where f(x) =
£(0), x € [—1, 0] (hence, X, may be identified with BM(—o0, ®)). Also, let
A be the zero operator in Xy, and let P be the projection of X on X, given by:

P(f, 8) = ((0), g).
In these notations, we have:

lim e = &P, (30.3)

V—> 00

that is, the limit semigroup is of the form (29.2). Since:

G(g(0), g) := PB(g(0), g) = (h(0), h)
where:

hix) — Alg(x +a) — g(x)] + ulglx — b) — g(x)].  x € (=00, ® — a),
(x) =

A[8(0) — g(0)] + ulglx — b) — g(x)], x€[0—a, 0]
the result established in Chapter 29 shows that:

lim /B = ¢Gp
V—> 00

As already mentioned, X, is isometrically isomorphic to BM(—o0, ®). The
natural isomorphism maps the semigroup ('), into the semigroup (e'® );~0,
where & is defined by &g = h with h defined earlier. The latter semigroup
describes the pure jump process in which a particle starting at x < ® — a jumps
after exponential time with parameter A to x + a (with probability ﬁ) or to
x — b (with probability ﬁ); forx > ® — a, the jump to x + a is replaced by a
jump to 0. This is exactly the process from the Stein model without refractory
period. Hence, our task is completed.

Exercise 30.1 Consider the space X = C ([0, 1] U {2}) of continuous functions
on the union of the unit interval and the one-point set {2}. Show that, for A > 0
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and v > 0, the formula:

Sx+on), x€[0,1—ot],
T,(O)fx) = e f(1) + (1 — =T f(2), xe(l—ot 1],
f(2), X = 2,

defines the strongly continuous semigroup in C ([0, 1]U {2}) generated by
A, f(x) =of'(x),x €[1,2],A,f(2) = 0 with domain composed of f with the
property that fjj 17 is of class C'and o f(1) = A(f(2) — f(1)).

Exercise 30.2 Let P be the projection of X = C ([0, 1] U {2}) onto the sub-
space X, of functions f that are constant on [0, 1], given by Pf(x) = f(1),x €
[0, 1], Pf(2) = 2. The subspace may be identified with R2. Let T(¢) be the iso-
morphic copy in Xy of the semigroup S(¢)(x,y) = (e x + (1 —e )y, y) in
R2. Show that, in the notations of the previous exercise,

lim 7,(t)f = TOPf,  feX,t>0.

= Chapter’s summary

As refractory period in the Stein model of neural variability shrinks to zero,
the state-space of the related Markov process collapses to a smaller set, and
the limit process significantly simplifies. Using the principle established in the
previous chapter, we prove pointwise convergence of the related semigroups of
operators.
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Uniformly Holomorphic Semigroups

How can we prove irregular convergence in practice? As the following lemma
shows, if convergence of the resolvents is already established (and this is a
necessary condition for convergence), the problem boils down to showing that
the trajectories of the semigroups are equicontinuousint € (0, co). We omit the
proof of the lemma since it is a simple modification of the proof of Lemma 2.1;
see Exercise 31.1.

Lemma 31.1 Uniformly bounded functions f, : (0, co) — X converge almost
uniformly int € (0, 00) iff a) for eacht > 0 and € > 0O there exists a 5 € (0, 1)
such that || f,(t) — fu(s)|| < € provided |s — t| < §, and b) their Laplace trans-
forms converge (pointwise).

One of the ways of obtaining such equicontinuity in a hidden way is
assuming uniform holomorphicity of the semigroups involved [44, 48]. This
approach is especially useful because uniform holomorphicity may be conve-
niently expressed in terms of the related resolvents. Semigroups generated by
asequence A,, n > 1 of sectorial operators are said to be uniformly holomor-
phic if the choice of §; and M;’s in (15.4) does not depend on n. In other
words, we require that there exists 8y € (0, 5] such that the sector Xz5 C C
is contained in the resolvent sets p(A,) of A,,, and for all § € (0, §¢) there exists
M;s > 0 such that:

—1 MS
A=Al < I A€ Xz GL1)
Note that this estimate combined with the Dunford Integral Formula (15.5)
implies that e are equibounded in each sector Yz4s5,8 < do.

Theorem 31.2 Uniformly holomorphic semigroups converge iff their resol-
vents do. Specifically, the following are equivalent:
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(a) lim,_ o e exists for all t € DIESEN

(b) lim,_, o e exists for all t > 0,

(c) lim,_ o (L — A,)~" exists for some X in the open right half-plane,
(d) operator A defined in (14.1) is sectorial with angle §,

(e) lim,_oo(h —A,)"! exists for all ). € E%MO.

Proof Our plan is to prove implications (a) = (b) = (¢) = (d) first, and then
to establish (e) = (d) and (d) = [(a) & (e)].
The first of these is trivial. Condition (b) implies convergence in (c) for all A
in the open right half-plane, because for such A, (A —A,)~! = fooo e M dr.
Assuming (c), we define the operator R, in c¢(X), the space of convergent
X-valued sequences, by:

,R/A(xn)nzl = (()\ - An)_lxn)nzl . (312)

Then R, is a right and left inverse to A — A, where A was defined in (14.1).
Moreover, by (31.1), |R.] < %‘i for appropriate § < §y. Hence A € p(A).
Since ngo is connected, to show that:

14, C PA), (313)

it suffices to prove that Xz 5, N p(A) is both open and closed in Xz ;5. It is
open, since p(A) is open in C. To check that it is closed, we consider (A, ),>1 C
p(A)N 2%4_50 converging to A € Z%HO. Then for some § < 8¢, A and all A, are
members of Xz 5, and (31.1) implies that:

M
(x —A)X] > M—TIIXII, X € D(A). (31.4)
It follows that the range of A — A is closed: if lim,,,(AX, — AX,) =Y €
¢(X), then (X,,)q>1 is a Cauchy sequence in ¢(X), and since A is closed, X :=
lim,_, » X, belongs to D(A) and lim,,_, o, 1.X,, — AX,, = LX — AX. Moreover,
the range of A — A is dense in ¢(X) : for Y € ¢(X), we take X, = (A, — A)~'Y
to see that:
M;
[An]

converges to zero. Hence, the range of A — A is ¢(X). Relation (31.4) shows
now that A — A is injective, and then that (A — A)~! is bounded with norm not
exceeding %, that is, & € p(A), completing the proof of (31.3). Finally, if A
belongs to Tx 15, then (31.4) shows that ||(A — A7 < %, establishing (d).
If (e) holds, then R; in (31.2) is well defined for all A € E%Mw and is a
right and left inverse of A — A. Also, (31.1) shows that ||(A — A)~"|| < 4 for

2]
A € Xz, proving (d).

1Y = = DXl = 1A = 2)Xll = 7= |2 = 2allIY ] (3L.5)
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Finally, assume (d). Fix z with |z] = 1 and | argz| < &y. The operators zA,
generate strongly continuous, equibounded semigroups {7 ,(¢), t > 0} given
by T.,() = et > 0. Since A is sectorial with angle 8y, 7.4 generates a (non-
continuous) semigroup {e’ZA, t > 0}. Proposition 28.3 shows that lim,,_, » el
exists for # > 0. Since z is arbitrary, this proves (a). Moreover, for A in the open
right half-plane there exists the limit of:

oo
./ e Medt =0 —zA) =70 AT
0

Since all members of Xz, are of the form Azt

half-plane and z is as above, this shows (e). O

where X is in the open right

For our first example, let A, be the operators of Chapter 10 related to Brow-
nian motions with elastic barrier, this time considered in the space C[0, oo] of
complex functions. For A € X, let v/ denote the unique square root of A lying
in the right half-plane. Then a calculation similar to that presented in Chapter 3
shows that the resolvent of A¢ is still given by (10.1). Introducing H(z) =
we rewrite the latter formula as:

v+1’

(A—&)Vuﬁa%ﬁfmeﬁwy%@my (31.6)

where fe(x) = f(x) for x > 0 and f.(x) = H(E«/ﬂ)f(—x) for x < 0. Since
the linear fractional function H maps the imaginary axis into the unit circle
and the right half-plane into the open unit ball, we have |H(e+/21)| < 1 and
SUp,cg | fe(X)| = sup,-¢ | f(x)|. Therefore, for |argA| < 7 + 8 < 7:

2 1 1
I«/_| Sﬁe\/_ |)»|cos(”+ 2)

the last inequality following from "‘f‘ﬁﬁl = cos(arg/21) > cos(7 + 3 ) This

shows that A.’s generate uniformly holomorphic semigroups.
Moreover, using (10.1) again,

[(h—A) ' <

(O — A 00 — (O — Ag)  f(x) = eV f(y) dye—VE,

2e /
ev2r+1Jo

Thus for f € C[0,00]and A € X,

10 =AD" f = .= A)' fIl < 1

ex/_—l-l'ﬁe\/—

which tends to 0, as € — 0. It follows that the semigroups generated by A,
converge on a space much larger than Cy(0, oo] (see Chapter 10), in fact they



174 Uniformly Holomorphic Semigroups

converge on the whole of C[0, oo], but the limit semigroup is continuous merely
on Cy(0, oo].

Turning to the second example, we consider a nondensely defined, secto-
rial operator A of angle &y, that is, assume that (15.4) is satisfied. Our aim is
to show that the semigroups generated by the related Yosida approximation:
Ay, = p’R, — i, > 0 where R, = (1 — A)~!, are uniformly holomorphic
and converge to the noncontinuous semigroup generated by A. We start with
the following lemma.

Lemma 31.3 Foranyr,u > 0and 7 > |a| > 0,

2
<./ . 31.7
“ Y 14cosa ( )

Proof Fix u, r > 0 and define f(x) = 2(u? 4+ 2urcosa + r*) — (1 + cosa)
(1 + r)?, fora € [0, ). We have fO0)=0, f'(a) = (u — r)?sina > 0. Thus

2 ’ :
f(@) = 0,foralla € [0, 7). Hence, 7oy > e, a € [0, ), which

w+r
i+ re®

is equivalent to (31.7) because | + re®| = \/,u2 + 2urcosa + r2, and cos is
an even function. O

Returning to our example, observe that, by the Hilbert Equation,

(I —vR)UI+VvR,—,) =T+ VvR,_,)I —VvR,) =1, (31.8)
provided p1, p — v € Xz 5. Itis easy to check thatif 4 > Oand A € Xz, then
2 2
ﬁ—“ﬂ € Xz 5. Thus, since % = — /\‘i—u we may use (31.8) with v = 52— to
obtain:

1 - 1
I- R,| =1+ R .
)V+/'L )L_{_M e

It follows that for any u > 0, the resolvent set of A, contains Xz ;5 and (com-
pare (8.4)):

— -1
(A=A = (k+r—1’Ry)
1 2 -
A+ At

1 nw 2
=—+4+|—— ) R, ;L>O,}\.€E%+5.
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This combined with (15.4) yields:

TR prp T
U T 4wl A4 pl?

e M

A+ pl A+ pl |4

!
< max(m,, )M L

[+ Al A

Writing A = |A|e® and using (31.7), we obtain:
/

G- =AD" < ﬁ > 0,1 € Try,
where M/ = max{M;, 1} T3 <1n6’ since coso > cos(% + ) = —ssin§, estab-
lishing the first claim.

Hence, there exists the limit:
S(H)x = lim ey, teTrxeX

JL—>00

By the Lebesgue Dominated Convergence Theorem and (5.4):

o0 o0
f e MS(H)xdr = lim e Meixdt = lim (A —A,) 'x
0 HL—> 00

u—o00 Jo

1 2
= lim X+ e R x
p—oo | A+ u A+ =

=0 —-A)"x

Thus, {S(z), t > 0} coincides with the semigroup generated by A. The same is
true for 7 € Xz ;5 by uniqueness of holomorphic extension (Exercise 31.3).

Exercise 31.1 Prove Lemma 31.1.

Exercise 31.2 Proof (¢) = (a) in Theorem 31.2 using the Dunford integral
and the Dominated Convergence Theorem.

Exercise 31.3 Prove the last claim of this chapter. Hint: use linear functionals
to reduce the problem to scalar-valued functions. Recall that zeros of an analytic
function are isolated points [329].

Exercise 31.4 For a < b, let Cla, b] be the space of all continuous func-
tions f : [a, b] — C. For any non-negative numbers w, v define the opera-
torAM,u,by D(Au.) = (f € C?la, bl; f(a) — uf'(a) = 0, f(b) + vf'(b) = 0},
Apnf =3 d{ Check that A, , is densely defined iff u, v > 0. Show that for
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f € Cla, b] there exists f,, : R — C such that sup,.p | fu.vo ()| = I fllcia.n
and the resolvent of A,, , has the form:

= Au)  fx) = VR E () dy, A€ Ty

1 o0
[ .
V2Ah J-xo
Conclude that A, , generate uniformly holomorphic semigroups (and Feller
semigroups at the same time), and that:

lim e f = eoof, f € Cla, b]

n,v—0

even though the limit semigroup is strongly continuous merely on the subspace
Co(a, b) where f(a) = f(b) = 0. Beware, calculations are lengthy.

= Chapter’s summary

Uniformly holomorphic semigroups converge iff their resolvents do, regardless
of what the range of the limit pseudoresolvent is. Besides proving this funda-
mental result, we give two examples of such convergence. In the first of these,
we come back to the elastic Brownian motions of Chapter 10, and in the second
we study the Yosida approximation of a sectorial operator.
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Asymptotic Behavior of Semigroups

We start with a simple corollary to Theorem 31.2; see for example [126], p. 105
for an alternative proof.

Corollary 32.1 Assume A is sectorial. Then the limit lim,_, o, € exists iff so
does limy _,o A(A — A)~.

Proof (Necessity) Let (1,),>1 be a sequence of positive numbers such that
lim,,, o0 A, = 0 and define k, = A, 1. Since lim,,_, o, € exists, there exists the
limit of (1 — x,A)~! = A, (A, — A)~!. Since (A,),> is arbitrary, this proves the
claim.

(Sufficiency) Let (k,).>1 be a sequence of positive numbers with infi-
nite limit. The operators A, = k,A are then sectorial with the same angle
as A :for & € Tz45,8 < 8 we have [|(4 — i, A) 7| = [ 2(2 —A)7"| < 2.
Moreover,

_ ) !
Iim(A—«,A) = Ilim —| ——A A>0

n—o00 n—00 K, \ K

exists. Therefore, lim,_. o, ™, > 0 exists. Since (kn)n>1 1s arbitrary, this
completes the proof. (]

For a particular instance of Corollary 32.1, leta < band A in C[a, b] be given
by:

Af=f" DA) = {f € C*[0,1]: f'(a) = f'(b) =0}).  (32.1)

By Exercise 15.3, A is sectorial of angle 5 and generates a conservative,

bounded holomorphic Feller semigroup.
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Corollary 32.2 For A defined above,

1 b
lim ¢ f = lim 1. = A)™'f = m[ f, feClabl

11— 00
where fa b [ is identified with the appropriate constant function on [a, b].

Proof To establish the convergence of the resolvents, it suffices to show that for
any positive sequence (k,),>1 With lim,_, o k, = 00, we have lim,_, o A(A —
knA) L f = ﬁ fa b f, A > 0. It is clear that the domain of the extended limit
A,y of k,A is contained in the kernel of A, and the latter set is composed of
constant functions. On the other hand, given a constant # and f € Cla, b],

we consider g(x) = fxb fb f(z)dzdy and x(x) = % x € [a, b], to define

fa=u+Lleg— Ki(fabf))(. Then f,, € D(A), lim, .o f, = uand k,Af, = f —
(fab f)x, proving that f — (fub f)x is a possible value of A, on u:

b
Aexu:f_</ f>X~ (32.2)

Therefore, given A > 0 and / € Cl[a, b] we may choose u = 2N b — a)’lfab h
and f = Au — hto see that [* f =0 and so iu — (f — (f* f)x) = h. Since h
is arbitrary, this shows that the range of A — A, equals C[a, b], proving that the
resolvents converge.

Furthermore, (32.2) implies that all f with fab f = 0 are values of A,, on 0,
that is, that for such f, lim,_, oo (A — K,,A)’lf = 0. Since {e"*, t > 0} is conser-
vative, it leaves constant functions invariant, and so must A(A — k,A)~". Com-
bining the previous and writing f = (f — 7= fab N+ = fab f we obtain our
claim.

We are left with establishing the part concerning semigroups. Let (k,)n>1
be as earlier. Operators k,A are sectorial with the same angle as A. Hence,
convergence of resolvents implies convergence of the semigroups. For f with
fab f = 0, the semigroups must converge to 0, since their resolvents do. Arguing
as for the resolvents, we obtain lim,,_, o, "4 f= ﬁ fab f,t > 0. This com-
pletes the proof because (k,),>1 is arbitrary. O

Corollary 32.2 is well known, and may be proved in many ways. Its physical
interpretation is that as time passes the temperature distribution in an isolated
finite rod “averages out” and becomes constant throughout the rod. Another
proof of this result may be deduced, for example, from the explicit form of
(e");=0 givenin [128], p. 68. In fact, amuch stronger' result than Corollary 32.2

! The result involves a change from strong topology to operator topology. Hence, perhaps, we
should say, “yet operatorer result.”
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is true: there is K > 0 and € > 0 such that:

e —P| cctany < Ke™s (32.3)

where Pf = ﬁ fab f, and the scalar fab f is identified with a constant function
in Cla, b]. (See also Chapter 38.)

Estimate (32.3) is a typical application of the theory of asymptotic behav-
ior of semigroups, as developed, for example, in [7, 9, 128, 269, 330] (com-
pare [127]). Here we recall a result from [7, Section 3.5.1] that seems to be
most suitable for establishing (32.3).

To begin with, for a semigroup ()0, by:

s =s(A) = sup{Rr: 1 € a(A)},

where o (A) is the spectrum of A, we denote the spectral bound of A. Let S
be a locally compact Hausdorf space, and let Cy(S) be the space of continuous
functions on S, vanishing at infinity. An f € Cy(S) is said to be strictly positive
if f(x) > 0for all x € S. A functional F' € [Cy(S)]* is termed strictly positive
if Ff > 0 for all nonzero f > 0. A semigroup (e"1),> is said to be irreducible
if for some (all) A > s(A), (A — A)~! f is strictly positive for all nonzero f > 0.

Theorem 32.3 Let (¢4 )i=0 be a positive, irreducible Cy-semigroup on Cy(S).
Assume that € is compact for some ty > 0. Then, s(A) > —o0, and there is a
strictly positive f, € Cy(S) and a strictly positive F € [Cy(S)]* such that F f,, =

1 and:

e e — Pll sy < Ke ™, (32.4)

for some K > 0 and € > 0, where P is the projection given by Pf = (F f) fs.

In this theorem, the assumption that is arguably hardest to check is that of
compactness of €4, because the semigroup is rarely given explicitly. A useful
criterion for automatic compactness of all 4, ¢ > 0 is for the semigroup to be
norm-continuous for all 7 > 0 (i.e., lim,_,, [|e®* — e4|| = 0, ¢ > 0) and for the
resolvent operator (A — A)~! to be compact for some A (see, e.g., [128, p. 119]).
Finally (see [128, p. 117]), (A — A)~! is compact iff D(A) with graph norm
embeds compactly into Cy(S), that is, iff a unit ball in D(A) is relatively compact
as a set in Cy(S). Since all holomorphic semigroups are norm continuous for
t > 0, we obtain the following corollary.

Corollary 32.4 Let an operator A generate a positive, irreducible, holomor-
phic semigroup in Cy(S). Assume that D(A) embeds compactly into Cy(S). Then
the thesis of Theorem 32.3 holds.
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Before diving into examples, we recall a well-known criterion for exponen-
tial decay to zero (see, e.g., [7, p- 13]).

Proposition 32.5 Let (e'*),~ be norm-continuous for t > 0 and assume that
S(A) < 0. Then, constants K > 0 and € > 0 may be chosen so that:

e < Ke™®, t>0.

Assumptions of this proposition are particularly easy to check for positive semi-
groups, because for such semigroups s(A) is a member of o (A), see [9, Prop.
3.11.2]. Therefore, conditions s(A) < 0and 0 € p(A) (p(A) is the resolvent set
of A) imply s(A) < 0.

Example 32.6 We start by showing (32.3); for simplicity we restrict ourselves
to the case where a = 0, b = 1 (the natural isometric isomorphism of Cla, b]
with C[0, 1] allows recovering the general case). Defining, given f € CI[O0, 1],
its extension f to the whole real line by:

f@n+x) = fx), FfCn+1+x) =f1—x), neZ,xel0,]1],
we easily check that:
1. _
Ct)f(x) = E(f(x+ )+ fx—1)), reR, xel0,1] (32.5)

is a cosine family of contractions in C[0, 1] with generator (32.1) (where a = 0
and b = 1). This allows calculating (A — A)~" explicitly:

=A)" f) = % /Oooe‘ﬁ’C(t)f(x) dr
= %/0 e VHIFx+1) + fx — )] dt

_ ! [ ” e VHI= F (1) dt

2V oo
1 00 2n 2n+1 B
X (L))o
 J— !
= m Z [/0 e_ﬁ|y+2n_l_x‘f(1 —y)dy

1
+ / eV £(y) dy)
0

1
- fo ki (x )£ () d,
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where (compare [146], pp. 341-343 and p. 478):

[o¢]
k. (x,y) = Z [e-VA2n—y=x| | o=VA2nty—x]
Since k; (x, y) > Oforallx, y € [0, 1], the related semigroup is not only positive
but also irreducible. Since the semigroup generated by A is holomorphic, we
are left with showing the compact embedding assumption. Now, members f of
the unit ball in D(A) satisfy:

I+ <1 and £ = £O) + /0 /0 F/0)dy.x € [0, 11.

It follows that || f|| < 1 and |f(x) — f(¥)| < |x —y|, x,y € [0, 1]. The Arzela—
Ascoli Theorem shows now that such f form arelatively compact set in C[0, 1].

Hence, (32.4) holds for some projection P. Since e leaves constant func-
tions invariant, s(A) must equal 0. Finally, Corollary 32.2 forces Pf = fol £,
and completes the proof.

Example 32.7 Let Cy(0, 1) be the subspace of f € C[0, 1] satisfying f(0) =
f(1) = 0. Given f € Cy(0, 1), we define its extension f to the whole real line
by:

fen+x)=f(x), fQn+14+x)=—f(1—x), nelZxel01].
Then,

1 . ~
Cit)f(x) = 5(f(x+t)+f(x—t)), teR,xe[0,1] (32.6)
is a cosine family of contractions in Cy(0, 1) with generator:

Af = f",D@A) = {f € C*[0, 1]; f(0) = f"(0) = f"(1) = f(1) = O}.
(32.7)

In particular, (e"1),~( is norm-continuous for ¢ > 0, and since A satisfies the
positive maximum principle, (e"* )i>0 is a Feller semigroup.

Given g € Cy(0, 1), we note that the function f given by f(x) =ax+
[ [2 g(z)dzdy, with a = — [ [ g(z)dzdy, belongs to D(A) and Af = g.
Since ker A = {0}, we conclude that 0 € p(A). Proposition 32.5 is now in force
and we obtain that there are constants K > and € > 0 such that:

e < Ke™©. (32.8)

This agrees with our intuition (except for, perhaps, the speed of decay): In the
related stochastic process, particles touching either of the boundaries are killed
and removed from the state-space. Hence, expected number of particles in the
interval diminishes with time.
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Example 32.8 Let Cy(0, 1] be the space of continuous functions on [0, 1]
vanishing at x = 0. We consider the family of operators in Cy(0, 1], given by
A, f = f”, on the domain:

D(A,) = {f € C*[0,1]: £(0) = f"(0) =0, f(1) + vf"(1) = O}.

Operators A,, v > 0 are densely defined in Cy(0, 1] and satisfy the positive
maximum principle. Since, as we shall see soon, the range condition is also sat-
isfied, they are generators of Feller semigroups in Cy(0, 1]. These semigroups
describe Brownian motions on the unit interval in which a particle touching
x = 0 is killed and removed from the state-space. When touching x = 1, it is
trapped there for an exponential time with parameter v=!, so that the expected
time spent at x = 1 is v: after this time elapses, the particle is also killed and
removed from the state-space. It is clear that in such a process all particles will
eventually be killed, and the particles’ expected survival time grows with v. In
other words, we should have:

lim et f =0, feC, 1] (32.9)
— 00
and:

e < et for v; < v,. (32.10)

To prove the second of these assertions, we note that a solution to the resol-
vent equation: Af — A, f = g, where g € Cy(0, 1] and A > 0, may be found by
searching for f € D(A,) of the form:

f(x) = C; sinh v/Ax 4+ C; cosh VAx + fo,.(x), (32.11)
where f,;(x) = ﬁ fol e~V*x=Yg(y) dy. Such an f belongs to D(A, ) iff:

vg(1)
1+va

+ h(0)cosh /A + h(1).
(32.12)

Cy = —f,,(0) and (sinhv/2)C) =

In particular, as claimed, the range condition is satisfied. Since C) is an increas-
ing function of v (provided g(1) > 0), we obtain (A — A,,)~! < (A — A,,)~! for
v1 < vy and (32.10) follows.

Also, as in the previous example, given g € Cy(0, 1], we take f(x) = ax +
Iy J5 g(z)dzdy. For a = — fol fo 8 dy —vg(l), f€D@A,) and A, f =g.
Again, since ker A, is trivial, 0 € p(A,) and (32.9) follows by Proposition 32.5.

Example 32.9 A more interesting asymptotic behavior is obtained in the limit
case v — oo of the previous example, that is, for the operator:

Asf=1F", D) =1{feC0,1]: f(0)= f"(0)=0, f'(1) = 0}.
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Again, A is the generator of a Feller semigroup, but here the boundary condi-
tion describes a trap at x = 1: a particle reaching x = 1 stays there forever. An
elementary potential theory [124, p. 75] or [146, p. 478] tells us that the prob-
ability that a Brownian traveler starting at x € (0, 1) will reach x = 1 before
reaching x = 0 equals x. This is the probability the traveller will be trapped at
x = 1; with probability 1 — x the traveller will eventually be killed and removed
from the state-space. Hence, we expect:

llixgoe“‘xf(x) = f(1)x, f € Cy(0,1],x € [0, 1].

(Recall e~ f(x) = E, f(w(t)), where w(t),t > 0 is the stochastic process
described above, and E, is the expected value, conditional on the process start-
ing at x).

One is tempted to deduce this claim from (32.4), for everything seems to
be prepared for the application of Theorem 32.3. Members of the unit ball in
D(A) are of the form:

x oy
fx) = afx—i-/ / () dy, x € [0, 1].
o Jo

where |a¢| may be estimated by 2, and the Arzela—Ascoli Theorem can be used
again to prove compactness of the embedding D(A) < Cy(0, 1]. Irreducibility
is also within our reach: (A — A,)~! is an increasing limit of (A — A,)~" (see
(32.12)). Since e is irreducible (see Exercise 32.7), so is e/4>.

Or, is it? Well, C; in (32.12) is an increasing function of v iff g(1) > 0. For
g(1) = 0, C, does not change with v and (. — A, )~ coincides with (A — Ag)~!,
which is zero at both interval’s ends. Hence, for such g, the irreducibility condi-
tion is violated (at one point!). By the way, the fact that for all v > 0 (including
V= 00):

(A—A)Tg=(—Ap) g provided g(1) =0 (32.13)

is, on the second thought, not surprising at all, and could have been predicted.

Fortunately, the very reason that does not allow applying Theorem 32.3,
allows applying Proposition 32.5.> For (32.13) implies that the semigroups
(e )i=0 leave the subspace Cy(0, 1) C Cy(0, 1] invariant, and coincide with
(e"),~¢ there. Therefore, introducing f,.(x) =x, Ff = f(1) and Pf =
(F f)fs, we obtain A, fi = 0 and, by (32.8),

e~ = Pflleyo.n = 14~ = PPllcyon = 1% = Plleyo.n
< Ke—et”f _ Pf“Cg(O,l) < 2Ke “f”Co(O-]]

2 “Wiles realized that exactly what was making the Euler System fail is what would make the
Horizontal Iwasawa Theory approach he had abandoned three years earlier work™ [1, p. 132].
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since f — Pf belongs to Cy(0, 1). In other words,
e f = PfI| < 2Ke™,
as desired.

Example 32.10 Let A be the Laplace operator in C[0, 1] defined on D(A) C
C?[0, 1] where:

)= f1)=f1)— fQ). (32.14)

We have encountered this boundary condition in (5.5). As shown in [71], A is
the generator of a unique semigroup (even of a cosine family) that preserves
the first two moments:

1
F,-:/ X f(x)dx, i=0,1,
0

thatis, such that — Fje' f is constant for each f e C[0, 1]. Moreover (see [71,
Theorem 4.3]), there is K > 0 and € > 0 such that:

e — P|| < Ke ™, (32.15)
where:

Pf = (Foffo+ (FL ),

fo(x) =1and fi(x) = 12x — 6, x € [0, 1]. (We note in passing that F| f; =
Fofo = 1.) Interpreted, (32.15) means that the smoothing property of diffusion
combined with preservation of moments forces the trajectories of the semi-
group to forget, as time passes, the shape of the initial condition and remember
merely its zeroth and first moments.

It is worth stressing that this result is not a particular instance of (32.4): P is
not a projection on a one-dimensional space. Interestingly, however, two cases
of convergence of type (32.4) may be derived from (32.15). To this end, we
note that the spaces:

COdd[Ov ]] and Ceven[ov 1]

of odd and even functions, respectively, are left invariant by the semigroup
(e)=0. (By definition f € Couql0, 1] if f(1 —x) = —f(x), x € [0, 1], while
f € CevenlO, 1] if f(x) = f(1 —x),x € [0, 1].) As it transpires, on the latter
space, e’ coincides with the Neumann Laplace semigroup (see [71]), and our
result reduces to Example 32.6.

An arguably more interesting conclusion may be obtained from the part in
the other space: We start by noting that Cyqq[0, 1] is isometrically isomorphic



Asymptotic Behavior of Semigroups 185

Y
A\

Figure 32.1 Isomorphism 7 : Coqq[0, 1] — Cp(0, 1]

to Cy(0, 1]. The isomorphism is given by (see Figure 32.1):

1+x
I: CoualO, 17 — Cy(0, 1], If(x):=f (T) , xel0,1]
with inverse given by:
) —f(1 = 2x), xe[0,1),
fx —1), xe[3. 1]

Let Ayqq be the generator of e as restricted to Cogg[0, 1]; we have Agaq f = f”
with domain composed of twice continuously differentiable odd functions sat-
isfying f'(0) = —2£(0). The isomorphic image of Ayqq in Cy(0, 1] is given by
Aimage f = [Acaal -1 f with domain equal to the image of the domain of D(Ay4q),
that is,

D(Aimage) = {f € C*[0, 111 £(0) = £"(0) = 0 and f'(1) = f(1)},
Aimage/ = 41"
By (32.15), since Fyf = 0 for f € Coul0, 11,
les f — (B fill < Me NI fll,  f € CoalO, 11.
It follows that:
llemss f — (I OIAI < Me™IIfll, f € Go(0, 11,

Introducing f(x) = x,x € [0, 1], we obtain If; =6f, and FiI~'f = 1F.
Therefore,

”etAa.mgef —3(F f)fell < Me™||f]. (32.16)

Since F1(3f,) = 1, we obtained a result of the type (32.4).
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The strongly continuous semigroup generated by Ajmagee, and the related
cosine family, were considered in [54]. This semigroup describes chaotic move-
ment of particles in the interval [0, 1] with constant inflow of particles from the
boundary at x = 1 and outflow at the boundary x = 0 (see Chapter 40). Condi-
tion (32.16) says that the rates of inflow and outflow are so tuned here that in
the limit a nontrivial equilibrium is attained.

In Chapter 40 we will have handy estimates of (A — Aimage)_1 at our disposal,
and will be able to show (32.16) directly from Theorem 32.3 without alluding
to the results of [71].

Exercise 32.1 For the elastic Brownian motion semigroups (e"4<),¢, € > 0
show that lim,_, o €< = 0. Hint: use (10.1); consider constant functions and
those in L' (R™) N C[0, o] separately.

Exercise 32.2 Let A be the generator of the reflected Brownian motion semi-
group in C[0, co]: Af = %f”, D(A) = {f € C?[0, oo]; f/(0) = 0}. Show that A
is sectorial of angle 7 and that lim, _, e f = f(00), where f(o0) is identified
with the appropriate constant function in C[0, oo].

Exercise 32.3 Let A be the generator of the absorbed (stopped) Brownian
motion semigroup in Cy(0, 1] with a trap at x = 1. More specifically, Af =
%f”,D(A) ={f € C3(0, 1]; f € Co(0, 11, f(1) = 0}. Show that A is secto-
rial of angle % and that lim,_, o, e f = Pf, where Pf(x) = xf(1), x € (0, 1].
(Probabilistically, this result is interpreted as follows: In the absorbed Brown-
ian motion a particle starting at x € [0, 1] will eventually be trapped (stopped)
atx = 1 orkilled and removed from the state-space at x = 0. x is the probability
that the particle will be trapped at 1 and 1 — x is the probability that it will be
killed at 0, and we have Pf(x) = (1 — x)f(0) +xf(1).)

Exercise 32.4 Let, as in Exercise 1.12, C,[0, 1] be the space of continu-
ous functions f on [0, 1] such that f(0) = f(1). As a generator of a bounded
cosine family, the operator A f = f” with domain composed of twice continu-
ously differentiable members of C,,[0, 1] such that ', f” € C,[0, 1], generates
a holomorphic semigroup of angle 7 (by the Weierstrass Formula). Show that

lim, o € f = [y £, f € GlO, 11.

Exercise 32.5 Show that formula (32.5) defines a cosine family of contractions
in C[0, 1] with generator (32.1) (where a = 0 and b = 1).

Exercise 32.6 Show that formula (32.6) defines a cosine family of contractions
with generator (32.7). Calculating as in Example 32.6, prove that:

1
(= A f() = /0 ko (e, )£ () dy
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where (compare [146], p. 478):

o0
k(x.y)= Y [~ VA=l _ o= VAlny=d), (32.17)

n=—0o0

Exercise 32.7 Prove that for o € [—2,2] and u > 0,

oo —_ —
Z e H2ntal _ e te 2ueu\a|.
1 —e2u ’

n=—0o0

(check this for o € [0, 2] first, and then deduce the general case). Conclude that,
since |x —y| < x+y, ki (x, y) in (32.17) is strictly positive for x, y € (0, 1).

Exercise 32.8 Let Cy(0, 1] be the space of continuous functions on [0, 1] van-
ishing at x = 0. Consider the family of operators in Cy(0, 1], given by:

Af =", DA) = {f € C°[0, 1] : f(0) = f"(0) = 0, f(1) +vf'(1) = O}.

(a) Check that operators A,, v > 0 are densely defined in Cy(0, 1] and satisfy
the positive maximum principle.

(b) Show that (32.11) is a solution to the resolvent equation for A, iff C; =
—f¢,,.(0) and

VA (fgr(1) + fo3.(0)sinh V/3) + f,:(0) cosh /A — fo(1)

C =
: sinh v/A 4+ va/A cosh /A

(32.18)

(¢) Recall that a linear-fractional function x — % (strictly) increases iff

the determinant a;jay — ajpas; is (strictly) positive. Check that in the case
considered the determinant is \/X(e‘/X Jer (1) — fo(0)] > 0, so that C; is
a strictly increasing function of v.

(d) Describe heuristically stochastic processes governed by (e )i>0 and inter-
pret point (c).

iz Chapter’s summary

The holomorphic semigroups convergence theorem of the previous chapter
has led us naturally into the world of asymptotic behavior of semigroups. We
recalled a typical criterion for existence of the limit, as r — 00, of semigroups’
trajectories, in terms of positivity and compactness. Also, we provided a few
examples of such limits for Brownian motions on a unit interval with various
boundary conditions. One result we will use often in what follows (and greatly
generalize, see Chapter 38) says that diffusion on a compact interval with Neu-
mann boundary conditions averages everything out as time goes to infinity.
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As we shall see in the following chapters, this fundamental property of dif-
fusion, when coupled with other mechanisms, leads to interesting, often sur-
prising, singular limits. In fact, all the following chapters, up to Chapter 40,
are a long detour from the main subject, aimed at one goal: to show variety
of phenomena with fast diffusion acting behind the scene. (The only excep-
tion is Chapter 37, where we will be completely led astray; see Figure 37.1.)
We will continue investigating the main subject (which, to recall for those who
have been lost by the abundance of distractions, is: how do we prove irregular
convergence?) in Chapter 41.
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Fast Neurotransmitters

Our next two chapters are devoted to an application of the theoretical results
concerning uniformly holomorphic semigroups to modeling fast neurotrans-
mitters. We start by drawing the necessary bio-mathematical background.

In an attempt to understand phenomena behind synaptic depression, Aristi-
zabal and Glavinovi¢ introduced a simple ODE model of dynamics of levels
of neurotransmitters [12]. They adopted the following widely accepted, sim-
plified but sufficiently accurate description (see [273] and other papers cited
in [12]): neurotransmitters are localized in three compartments, or pools: the
large pool, where also their synthesis takes place, the small intermediate pool,
and the immediately available pool, from which they are released during stimu-
lus. Moreover, they assumed that the dynamics of levels U;, i = 1, 2, 3 of vesi-
cles with neurotransmitters in the pools is analogous to that of voltages across
the capacitors in the electric circuit reproduced (with minor changes) as our
Figure 33.1. This results in the following system of ordinary differential equa-
tions for U;:

U, U, 0
Ué U3 R3lc3 (E - U3)
where:
1 1 1
“RG T RG e 0
_ 1 1 1 1
0= "G TRG T RG  RG
0 1 1
R,C3 Ry
Us

(The reason why # & is included in the second and not in the first summand
in (33.1) is explained in Corollary 34.5.) For the electric circuit, £ denotes
the electromagnetic source, the constants C;s are capacitors’ sizes, while R;s
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R3 Ry Ry Ry
Synthesis — Cs — s — i
Stimulus
Large pool Small pool Immediately available pool

Figure 33.1 The ODE model of Aristizabal and Glavinovi¢ (redrawn with
insignificant changes from [12])

characterize the resistors. Biologically, E represents synthesis and C;s are the
capacities to store vesicles, but R;s do not have a clear meaning. Merely the
compounds I%C,- are interpreted as the pools’ replenishment rates.

A more recent PDE model of Bielecki and Kalita [35] zooms in on vesicles
with neurotransmitters, and assumes that they move according to a diffusion
process in a three-dimensional domain €2. As a result, in the linear version of
the model, the (unknown) concentration p of vesicles in the cytoplasm satisfies
a Fokker—Planck-type equation:

ap

o =Ap+ BB —p) (33.2)

where A is a second order, elliptic partial differential operator, g : 2 — R is
the rate of neurotransmitters’ production, and p is a balance concentration of
vesicles.

Our goal is to show a connection between these models. To this end, follow-
ing [70], first we note that equations (33.1) and (33.2) are of quite a different
nature: while (in the absence of stimulus and production) the latter is conser-
vative, the former is not. However, the dual to the matrix Q in (33.1) is an
intensity matrix (it has non-negative off-diagonal entries, and the sums of its
entries in each column are zero), and the dual equation to (33.1) is conserva-
tive. This suggests that to find a link between the two models, one must first
pass from the description of dynamics of densities (concentrations), to that of
expected values, that is, instead of considering the Fokker—Planck-type equa-
tion (33.2) one should pass to the dual Kolmogorov backward equation. More-
over, to find such a link, one needs to specify the way vesicles move from one
pool to another, that is, to specify the transmission conditions [100], which
are missing in Bielecki and Kalita’s model. (In proving formula (33.3) below,
instead of introducing appropriate transmission conditions, Bielecki and Kalita
use what they call “technical conditions,” without showing that these technical
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conditions are satisfied.) These transmission conditions, describing communi-
cation between pools, are of crucial importance in the analysis.

We introduce a one-dimensional version of the Bielecki and Kalita model,
where vesicles perform a Brownian motion on three adjacent intervals (corre-
sponding to pools) with diffusion coefficients varying from pool to pool, and
where the mechanism of passing from one pool to another is specified by means
of transmission conditions. Our main result (Theorem 34.4) says that as the
diffusion coefficients in the model tend to infinity and the boundary and trans-
mission conditions are scaled in an appropriate way, the solutions to the related
Cauchy problems converge to those of the model of Aristizabal and Glavinovi€.
Roughly speaking, if diffusion in three separate pools is large and communi-
cation between pools is slow, the ODE model is a good approximation of the
PDE model.

We note that to show a connection between the two models, Bielecki and
Kalita also divide €2 into three subregions 23, €2, and 2, corresponding to
the three pools. They assume that the diffusion process the vesicles perform
is a three-dimensional Brownian motion and the diffusion coefficients, say
o1, 02, 03 vary from region to region, and suggest (see [35, Thm. 2]) that the
quantities:

fsz,» P
volume ;’

i=1,2,3, (33.3)

satisfy the ODE system (33.1) of Aristizabal and Glavinovi¢ with C; =
volume & - However, this formula is at least doubtful: the proof of (33.3) given
in [35] contains a number of errors. Moreover, in the absence of stimulus
and neurotransmitter’s production, the total number of vesicles should remain
constant. Hence, U, 4+ U, + Us = const, provided volume ; = 1,i =1, 2, 3.
However, system (33.1) is not conservative, that is, (U; + U, + Uz)" # 0 unless
all C;* are the same (no stimulus case is obtained by letting Ry — 00, and no
production results in removing the second summand in (33.1)). Hence, formula
(33.3) cannot hold unless all o;” are the same.

In our model, we imagine the three pools as three adjacent intervals [0, 73],
[r3, 2] and [r, 1] of the real line, corresponding to the large, the small, and
the immediately available pools, respectively. As in the model of Bielecki and
Kalita, in each of those intervals, vesicles perform Brownian motions with
respective diffusion coefficients o3, 0, and o). The pools are separated by
semipermeable membranes located at x = r;3 and x = r,. Therefore, it is con-
venient to think of the actual state-space €2 of the process performed by the
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no transmission conditions

in the original model boundary condition
o1 Imm. available pool
o
03 2 Small pool

Large pool

Figure 33.2 The PDE model of Bielecki and Kalita

vesicles as the union of three intervals:
Qi=QUQUQ :=[0,r5]|U[r].rn]|U[F. n]

(In order to keep our notations consistent with those of [12] and [35], the inter-
vals are numbered “from the right to the left.”) Note that r3 is now split into two
points: r; and ry, representing positions to the immediate left and to the imme-
diate right from the first membrane; a similar remark concerns r,. Vesicles in
all pools may permeate through the membrane(s) to the adjacent pool(s), and
their ability to filter from the ith into the jth pool is characterized by permeabil-
ity coefficients k;; > 0,1, j =1, 2, 3, |i — j| = 1. The left end-point x = O is a
reflecting boundary for the process, and the right end-point x = r is an elas-
tic boundary with elasticity coefficient k1o > 0. The case kjo > 0 characterizes
the boundary during stimulus, and k;o = 0 describes it in between stimuli (i.e.,
when there is no stimulus, x = r; is a reflecting boundary). Hence, ko charac-
terizes vesicles’ ability to be released from the terminal bouton.

To describe our model more formally, we note that €2 is a (disconnected)
compact space and the function o defined on €2 by:

ox)=o0;, xe€,i=12,3,
is continuous. A typical member of the Banach space:
X=C(Q)

of complex continuous functions on 2 is depicted in Figure 33.3. We note
that the space is isometrically isomorphic to the Cartesian product C(£21) x
C(£2,) x C(£23) of the spaces of continuous functions on the three intervals.
In other words, a member of C(£2) may be identified with three continuous
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Figure 33.3 A typical member of C(€2) (redrawn from [70])

functions fi, f2, f3 being restrictions of f to the three intervals 2y, 2,, Q3,
respectively.
We prove (see Theorem 34.4) that the operator A in C(£2) defined as:

Af =of” (33.4)

for twice continuously differentiable functions f on 2 satisfying the
conditions:

f(0)=0, Fry) = kaalf () = (3],
) = ksl f () = fO)], [ =kalf () = f(ry)], (33.5)
[r) = kol f(r}) = f(r;)], () = —kiof(ro),

generates a Feller semigroup {e4«, ¢ > 0} in C(£2). The semigroup is conserva-
tive iff k9 = 0, and describes the dynamics of expected values of neurotrans-
mitters’ levels in the three pools.

Using this semigroup, we study the case when the diffusion coefficients tend
to infinity while the permeability coefficients tend to zero. To this end, we con-
sider operators A, n > 1 defined by (33.4) with o replaced by «,0 and all
permeability coefficients in (33.5) divided by «,, where (k,),>1 is a sequence
of positive numbers tending to infinity. We will show that:

lim e f = e'CPf, t>0,feC() (33.6)
n—oo
where:
kg =Ky Ky 0
, S _w W , _ oikij
0= ka1 —ky —ky o Ky | kij = ﬁ
0 k3 —ks

|©2;] is the length of the ith interval, and the operator P given by Pf =
(17! fQ,f),‘=1,2,3 is a projection on the subspace X, of C(€2) of functions
that are constant on each of the three subintervals separately; the subspace may
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= Large Small In?m.
§ n — oo Pool Pool Available
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Figure 33.4 Approximating a Markov chain by diffusion processes (redrawn
from [70])

be identified with R?, and its members may be identified with triples of real
numbers.

Intuitively, as the diffusion coefficients increase, the transition probabilities
between points in each interval separately tend to 1. As a result, the points
become indistinguishable and may be lumped together. Points from differ-
ent intervals may not be lumped together since as n — oo the permeability
coefficients I% tend to zero and in the limit the membranes become reflecting
boundaries, s’éparating the intervals. However, because of the intimate rela-
tion between diffusion and permeability coefficients, the three states of the
limit process, that is, the three intervals contracted to three separate points,
communicate as the states of a Markov chain with intensity matrix Q (see
Figure 33.4).

Comparing this intensity matrix with the Q of (33.1), we obtain the following

relations between parameters in the two models:

I ok 1 ok 1 ooky
RoCy 11| " RiCy Q] RG] (33.7)
1 odky 1 03k32

RG] RG]

These relations agree with the intuition that the replenishment rate from the
ith to the jth pool is directly proportional to permeability of the membrane
separating them and to the speed of diffusion in the ith interval, and inversely
proportional to the length of this interval. Moreover, see Corollary 34.5,

1 1 [" E 1 [n

3 3
- == B and — = — BD., (33.8)
RCGy 3 Jo RyCGy 3 Jo
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Figure 33.5 Reducing the number of dimensions by spherical symmetry

where p and 8 were introduced in (33.2). In other words, we are able to interpret
the compound parameters of the ODE model (33.1) without alluding to their
electrical analogues.

The model presented here is one-dimensional for simplicity of exposition. It
may be readily generalized to the full three-dimensional model, but the proof of
the related convergence result is much more involved and technical. One may
also reduce the three-dimensional model to a variant of the model considered
here as follows (see Figure 33.5). Suppose that the domains in the Bielecki
and Kalita model are balls centered at the origin, with radiuses r3 < ry < ry.
Assuming spherical symmetry of the process, we obtain that the neurotrans-
mitter’s distribution depends merely on the distance x € [0, 3] from the origin.
Equivalently, vesicles’ distances from the origin may be modeled as a Bessel
process [296] on 2. This leads (compare [54]) to the model presented above
with Af(x) = o f"(x) replaced by o%(x f(x))” and the reflecting boundary at
x = 0 removed. (This is because the three-dimensional Brownian motion with
probability 1 does not reach the origin in a finite time, and so the Bessel process
never reaches x = 0. In other words, in Feller’s classification [134, 143],x =0
is a natural boundary for the latter process and there is no need for specifying
boundary condition there.)
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Finally, a word of explanation of transmission conditions is in order. Con-
sidering, for example, the third condition in (33.5), we note that it has the form
of the elastic barrier condition (3.8) with O replaced by r;r, b=1,c=d =k,
and 1 equal to the Dirac measure at r; . Hence, it describes the process in which
the vesicles in 2, bounce from the membrane separating it from €25 to filter into
the latter interval at a random time 7" with distribution:

P(T>t)=e ™" >0

Clearly, the larger k»s is, the shorter the time needed for the vesicle to filter
through the membrane. Hence, k53 is truly a permeability coefficient for passing
from €2, to ©23. On the other hand, as indicated previously, dividing k>3 by «;,
and letting n — oo we obtain P(T > t) = 1, that is, the time to filter through
the membrane is infinite and the boundary is reflecting. The interpretation of
the other boundary and transmission conditions in (33.5) is analogous.

s Chapter’s summary

We describe two models of fast neurotransmitters, a simpler one based on a
system of ODEs, and a more involved one, coming down to a PDE, and dis-
cuss ways of connecting them. We anticipate that fast diffusion (which, we
know from the previous chapter, averages things out) combined with appropri-
ately tuned permeability conditions should lump an interval with semiperme-
able membranes at two midpoints and reflecting barriers at the ends, into three
separate points communicating as the states of a Markov chain.
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Continuing the subject of neurotransmitters, we turn to proving the main con-
vergence result announced in the previous chapter; we keep the notations intro-
duced there.

Corollary 34.1 Let A be sectorial and assume that B is A-bounded in the
sense that D(A) C D(B) and ||Bf|| < allAf|, f € D(A), for some constant a.

Iflim,_, o € exists, then for any sequence (Kn)n=1 with lim,,_, o k, = 00, we
have:

lim e'“A+B) = [im ™, t>0.

n—o0 S—> 00

Proof Let §, be the angle of A. For A € 2%4_5, S < do,

IBG — 16, A) | < ac |[knA (K — i, A) 7|
<ar; 20— 1, A) =
< ak; ' (Ms +1) = g, = g,(5). (34.1)

Therefore, for n > ny where ny is sufficiently large, ||B(A — KyA) ! I <gn <
qn, < 1. It follows that A € p(k,A + B),

A—1,A—B) ' =0 —x,A)7" Z[B(,\ — i, A7 (34.2)
k=0

and:

IO — 1A = B = (10 = s, )" Y [BO = 1, )]
k=0
1
1—gqn

IA

I — ke, )|

M,
5 ah (34.3)

IA

l_qno
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This implies that the operators x,A + B, n > ny are sectorial with angle §. On
the other hand, using (34.1), (34.2), and the Lebesgue Dominated Conver-
gence Theorem, lim,_, ,o(A — k,A — B)~! = lim,_, oo (A — k,A)~". Therefore,
lim,,_, o, e'®4*+B) exists and equals lim,,_, o, "4 = lim,_, o, €*4, 1 > 0. O

Let G; in C(£2;) be the version of the operator A of Corollary 32.2, and let B
in X be defined by Bf = (0;G; fi)ic1 = o f” on the domain D(G;) x D(G;) x
D(Gj3). Then B is sectorial with angle 7 because G; are, and by Corollary 32.2
we have:

lim '’ f = Pf, (34.4)

1—>00

where P is as defined after (33.6).
Lemma 34.2 A satisfies the positive maximum principle.

Proof Let xp € 2 be the coordinate where the positive maximum of f is
attained. If xo belongs to the interior of any of the intervals in €2, the claim
is obvious. If xy = 0, then by the first condition in (33.5), f'(x¢) = 0 and f
may be uniquely extended to the even, twice continuously differentiable func-
tion on [—r3, r3]. Since the maximum of this extension is attained at xo = 0,
f"(xo) <0, proving the claim. If xo = r;, then f’(r) > 0 and, on the other
hand, by the second relation in (33.5), f'(r;) < 0. Therefore, f'(r;) = 0 and
we may proceed as earlier to show that f”(r;) < 0. The remaining cases are
treated similarly. We note that it is only at x = r;| that we use the fact that the
maximum is positive. O

We introduce the functionals Fj; € X* describing permeability from the ith
to the jth pool:
F(f) = kaalf(r7) — f(r)], Bs(f) = kas[f(r3) — f(r)],
B (f) = kalf(3) — f03)], Fio(f) = kol f(ry) — f(r5)], (34.5)
Fio(f) = —kiof(r),
the Oth pool representing the space outside of the terminal bouton. Then the

domain of A,, may be equivalently described as composed of twice continu-
ously differentiable functions f on €2 satisfying:

f(0)=0, knf'(r3) = F(f),
knf (r}) = Faa(f), inf'(ry) = Far(f), (34.6)
inf (r¥) = Fio(f), nf'(r1) = Fio(f).

Given a € R we may choose ¥ € C2[0, 1] with arbitrarily small supre-
mum norm so that ¥ (0) = ¥ (1) = ¥'(0) =0 and ¢'(1) = a; for example
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Y(x) = x sin =— ”(x D] . Using translations, symmetries, and stretching trans-
formatlons we may find v;; with norms not exceeding arbitrary € such that:

Yo € C*lry, 1 ], Yio(ry) =0, Yior) =1,
Y2 € Cri, i ], V() =1, Vi(r) =0,
Y1 € CPlr L 5 ], Yy (ri)=0 V() =1, (34.7)
Vo3 € C°[rf, 5 ], V(7)) = 1, Y3(ry) =0,
Y € C*[0, 7], ¥3,(0) =0, Vi(ry) =1,

and ;; vanish at the ends of intervals where they are defined.

Lemma 34.3 Fixn. The map I,, = Ix — /cn’lJ, where:

(Fr2 )Y + (Fiof)v0
Jf = | )Y + (Far1f)v2 and Ixf = f, (34.8)
(F2/)¥32
is an isomorphism of X with I7' = Ix + «, ' J.

Proof Since all ;;’s vanish at the ends of the intervals where they are defined,
FjoJ=0. (34.9)

Clearly, I, is linear and bounded. To show that 7, is injective, we assume
that I, f = I, g for some f, g € X. Applying F;; to both sides of this relation, by
(34.9), we obtain Fj;(f) = F;;(g). Therefore, Jf = Jg, and this coupled with
I,f = I,gimplies f = g.

Finally, given g € X we define f = g + «, 'Jgto see that, by (34.9), Fi(f)=
Fij(g)andso Jf = Jg. Then, I,f = (g + /cn’ng) - Kn’l.lf = g, proving that 7,
is onto and establishing the formula for 7, !. u

Theorem 34.4 A is the generator of a holomorphic Feller semigroup, which is
conservative iff kig = 0. Moreover, (33.6) holds.

Proof The key step is to pass to similar (or: isomorphic) semigroups [49, 129].

Let B, = L,A,,I, ~1. For f €D(A,,), I,f is twice continuously differentiable,

since ;; are, and conditions (34.7) imply I, f € D(B). Since the converse impli-

cation is also true, f € D(A,,) iff I, f € D(B). This shows that D(B,) = D(B).
Moreover, for f € D(B),

K,, n f—KnO'fN—i-O'(Jf)”—K,,O'f//—i-O'Kf
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where K f is given by the right-hand side of (34.8) with ;;’s replaced by their
second derivatives. Thus,

Buf = knBf + Cf + Dnf,

where Cf = —J(o f") = —JBf and D, f = oK f — LI(cKf).
Since [|¥i;ll < €, for I := max{|[Fa2|, |Fasll + 1 Fa1ll, 1Fi2ll + [1Fioll}, we
have ||J|| < el. Therefore:

ICSIl < ellBfIl  f € D(B),
that is, C is B-bounded with bound /e. Calculating as in (34.1), for L € X 245,

IC = kuB) || < lek,  lkuB(A — kuB) ™|
= lek, 1O — k,B) "' 1|
<lex; (M5 +1). (34.10)

Taking sufficiently small € we see that |C(A — k,B)~!|| < ¢ for some g < 1
and alln > 1. It follows that A € p(B,, + C), that is, x,B + C satisfies the range
condition. Since D, are bounded, the same is true for B, and for A, (for suf-
ficiently large X). In particular, choosing «,, = 1 for some n we see, in view of
Lemma 34.2 that A generates a holomorphic, Feller semigroup; this semigroup
is conservative iff 1o € D(A,), that is, iff kjp = 0. We are left with showing
(33.6).

By Corollary 34.1 and (34.4) lim,_, o0 '®8+C©) = P, > 0, and since irregu-
lar convergence is preserved under bounded perturbations (see (29.3)):

lim eB = e Pkp =¢e'2P 1 > 0

n—oo
because, calculating:
oy (Flo — Fa)f
oPKf = | & (Fa1 — F23)f
oS

we see that o PK as restricted to Xy equals Q (for f € Xy, f (r;r ) = f(ry) and
f(r;) = f(rD). Since e = [ 1B, and lim,_ o I, = lim, oo I, = Ix,
this completes the proof. O

As a corollary, we obtain the following result. Given a non-negative f €
C(23), we may identify it with (0, 0, ) € C(£2) and interpret it as a neuro-
transmitters’ production rate in the large pool. 8 may also be identified with
the bounded multiplication operator in C(£2) mapping f € C(2) to Bf.
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Figure 34.1 Two pools with one separating membrane

Corollary 34.5 Let p € C(R2) be given, and fix f € C(S2). The mild solutions
to the inhomogeneous Cauchy problems:

du,
dr

converge to those of the Cauchy problem related to (33.1) with initial conditions
U;(0) = |97 fQ f and the constants in Q satisfying (33.7) and (33.8). The
convergence is uniform in t in compact subintervals of R} .

= (A, = Blun + BP, u(0) = f, (34.11)

Proof By (33.6) and (29.3),

lim e@a=F) = ¢/@-FPPp (34.12)
n—oo
strongly and almost uniformly in ¢ € R}. The mild solution to (34.11) is
(see [128]):

t
Un(t) = et(AKn—ﬁ)f+/ e(z—x)(AK,,—Pﬂ)ﬂﬁds.
0

By (34.12), this converges to:

t
Ut) =e" @ Ppf+ / e CFPpp ds.
0
Since PB = (0,0, ;- [* B) and PBp = (0,0, + [ B7), U solves (33.1) with
the specified initial conditions. » O

Exercise 34.1 This exercise clarifies (hopefully) the mechanism discussed
in this chapter, by considering the case of two pools. For further simplicity,
assume, as in Figure 34.1, that two intervals representing pools are of the same
unit length, and consider the operator Af = f” defined for twice continuously
differentiable functions in B = C[0, 1] x C[1, 2] (each pair of functions in B
is identified with a single function on [0, 2], continuous in this interval except
perhaps at x = 1 where it has limits from the left and from the right), satisfying



202

Fast Neurotransmitters 11

boundary and transmission conditions:

=12 =0,
fA=)=alf(1+) — fA-)],
f(A+) = BLf+) — f(1-)],

where o« and S play the role of permeability coefficients of the membrane
located at x = 1 (see Figure 34.1).

(a)
(b)

()

Prove directly that A is a Feller generator and find its resolvent.

Using (a), prove that, if Af = f” isreplaced by A, f = nf” and the perme-
ability coefficients are divided by n, the related semigroups e’ converge,
as n — 00, to e'2P where:

([ ]9

is a map from X to R? (identified with the subspace C X of functions that
are constant on each of the intervals) and:

-0 o
Q_<,3 _IB>, (34.13)
is the intensity matrix of the simplest Markov chain.

Let A be the operator in L'[0, 2] defined by A¢ = ¢” for all functions ¢
with the following properties. (a) ¢ restricted to [0, 1] is differentiable, its
derivative is absolutely continuous and the second derivative belongs to
L'[0, 1], (b) similar conditions are met for the restriction of ¢ to [1,2],
(c) transmission conditions:

¢'(1+) = ¢'(1-) = Bp(1+) — ad(1-).

are satisfied. Show that, in the sense described in Exercise 11.2, this oper-
ator is dual to the one of point (a). Imitating point (b), prove a conver-
gence theorem in this space; note that it involves the transpose of the matrix
(34.13).

= Chapter’s summary

We provide a rigorous proof of the convergence theorem for semigroups mod-
elling activity of neurotransmitters, anticipated in the previous chapter. The
argument relies on the fact that the semigroups are uniformly holomorphic.
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From Diffusions on Graphs to
Markov Chains and Back Again

The result from the previous chapter may be readily generalized to a nice
abstract setup [55] (see also [19, 20] for further developments). To this end,
imagine a finite graph G without loops, and a Markov process on G obeying the
following rules:

« While on the ith edge, imagined as a C' curve in R?, the process behaves like
a one-dimensional Brownian motion with variance o; > 0.

o Graph’s vertices are semipermeable membranes, allowing communication
between the edges; permeability coefficients p;;, describing the possibility
to filter through the membrane from the ith to the jth edge, depend on the
edges. In particular, p;; is in general different from p ;. At each vertice, the
process may also be killed and removed from the state-space.

Now, suppose the diffusion’s speed increases while membranes’ permeability
decreases (i.e., 0; — oo and p;; — 0). As a result points in each edge commu-
nicate almost immediately and in the limit are lumped together, but the mem-
branes prevent lumping of points from different edges. Again, an appropriate
choice of scaling of permeability coefficients leads to a limit process in which
communication between lumped edges is possible. The lumped edges form
then vertices in the so-called line graph of G (see [112]) and communicate
as the states of a Markov chain with jumps’ intensities directly proportional
to permeability coefficients p;; and the diffusion coefficients o;, and inversely
proportional to the edges’ lengths (see Figure 35.1 and Theorem 35.2).

This procedure may also be reversed: given a finite-state Markov chain, we
may find a graph G and construct a fast diffusion on G approximating the chain.

Let us be more specific. Let G = (V, £) be a finite geometric graph [265]
without loops, where V C IR? is the set of vertices and & is the set of edges of
finite length. The number of edges is N, and the edges are seen as C' curves
connecting vertices. For i € N :={1,..., N}, L;, R; € V denote the left and
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¢ B C D
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E F
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Figure 35.1 From diffusion on G to a Markov chain on the vertices of the
line graph of G; edges “shrink” to vertices, vertices “split” into edges (redrawn
from [55])

right endpoints of the ith edge E;, respectively; the decision which is the left
point and which is the right point is made arbitrarily.

Since each vertex V is a semipermeable membrane, the future behavior of the
related diffusion process starting at V depends on which side of the membrane
it lies. Hence, if K < N edges are incident in V, V splits naturally into k points.
By V; € N we denote V as an endpoint of the ith edge (if V' is not an endpoint
of this edge, we leave V; undefined).

The state-space of the diffusion process is the union S = U;enE; of disjoint
edges; as earlier, even though endpoints of many edges coincide, we treat them
as distinct. S is a (disconnected) compact topological space, and the related
space of continuous complex functions C(S) is isometrically isomorphic to the
Cartesian product C(E}) x --- x C(Ey) of spaces of continuous functions on
the edges (equipped with the norm || (f;)ien | = max;en |l fillc(g;))- On the other
hand, each C(E;) is isometrically isomorphic to the space C[0, d;] of contin-
uous functions on the interval [0, d;], where d; is the length of the ith edge:
a function f € C(E;) is then identified with its image /f € C[O0, d;], given by
If(t) = f(p), where p is the unique point on E;, whose distance from the left
endpoint of E; (along the edge) is t € [0, d;]. In particular, we may meaning-
fully speak of continuously differentiable functions on E;; these are simply the
images of continuously differentiable functions on [0, d;].

Leto € C(S)be defined by o (p) = o;, for p € E;, where o; are given positive
numbers. We define the operator A in C(S) by:

Af=of" (35.1)

for twice continuously differentiable functions on C(S), satisfying the trans-
mission conditions described later.
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Figure 35.2 [;js and r;js are permeability coefficients of the membranes at ver-
tices, and determine probabilities of passing from one edge of the graph to another
(redrawn from [55])

For each i, let /; and r; be non-negative numbers describing the possibility of
passing through the membrane from the ith edge to the neighboring edges at the
left and right endpoints, respectively. Also, let /;; and r;;, j # i be non-negative
numbers satisfying it lij <l and > izjTij = Ti- These numbers determine
the probability that after filtering through the membrane from the ith edge, a
particle will enter the jth edge (see Figure 35.2). By default, if E; is not incident
in L;, we put /;; = 0. In particular, by convention /;; f(V;) = O for f € C(S),if V;
is not defined; the same remark concerns r;;. In these notations, the transmission
conditions mentioned earlier are as follows: if L; =V, then:

V) =0fV) =Y L f(V); (35.2)
JF
and if R; =V, then:
—f' V) = rif (Vi) = > ris f(V)). (35.3)
JF

Again, their interpretation is that the diffusion process starting at the ith edge
“bounces” from the membrane at the left end, and the time it spends at the
membrane is measured by the related Lévy local time ¢*. Then, at a random
time 7 distributed according to P(T > t) = e_’iﬁ,t > 0, the process filters
through the membrane; the probability that it will filter to the jth edge is Il—’,
1—-1 'y ;i lij 1s the probability that the particle is removed from the state-
space. The behavior at the right end is analogous.

Proposition 35.1 A generates a Feller semigroup in C(S), denoted {e*,t > 0}.
The semigroup is conservative iff:

Zlijzl,-and Zr,-,:ri, ieN. (35.4)
J#i i
Theorem 35.2 Let (k,),>1 be a sequence of positive numbers converging to
infinity, and let operators A, be defined by (35.1) with o replaced by k,0 and
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with domain composed of C*(S) functions satisfying the transmission condi-
tions (35.2) and (35.3) with all permeability coefficients divided by «k,, respec-
tively. Then:

lim e f = 'CPF, feC),t>0, (35.5)

n—o0

where P is the projection of C(S) on the space Cy(S) of functions that are con-
stant on each edge, given by:

Pf:(d;‘/f) , (35.6)
E; ieN

while Q is the operator in Co(S) represented by the matrix (q;;)i, jen With g;; =
oidfl(lij +rij) fori # jand q;j = —rridfl(li + 1) fori = j.

As always, the limit here is strong and almost uniform in ¢ € (0, c0); for
f € Cy(S) the formula holds for t = 0, as well, and the limit is almost uniform
in t € [0, 00). Q is the intensity matrix of the limit Markov chain; the limit
semigroup is in general substochastic, because the rows of Q do not necessarily
add up to 0.

The proof is a straightforward generalization of the one presented in the pre-
vious chapter, where G was composed of three adjacent intervals. Instead of
discussing all the details, we restrict ourselves to presenting its main steps.

First for i € N we define F ;, F;; € [C(S)]* by:

Raif = Lf V) =Y Lif (VL Ff = —[nf() =Y _ rijf(V)l.
J#i J#i
(35.7)
“I” and “r” standing for “left” and “right,” respectively. Also, given € > 0 we
find ¥, ;, Yr.; € C*(E;) such that ||, Vil < €, ¥1; and V¥ ; vanish at both
ends of E; while:
Y (L) = Yy (R = 1, U (R) = Yy (L) = 0. (35.8)
Then, we define J € L(C(S)) by:

Jf = (R + il Wri)iep - (35.9)

Then, for « # 0, the map I, = I¢(s) — «~1J turns out to be an isomorphism
of C(S) with I7! = I¢(s) + k ~'J, where Ics) is the identity operator in C(S).

Let G; in C(E;) be the version of the operator A of Corollary 32.2, and let B
in C(S) be defined by:

Bf = (0iGif)ien (35.10)
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on the Cartesian product of domains of G;. Equivalently, Bf = o f” forall f €
C%(S) satisfying the Neumann boundary conditions f'(L;) = f'(R;) =0,i €
N. Then B is sectorial with angle 7 because G; are, and by Corollary 32.2
we have:

lim A(A — k,B)"' f = PF,
n—oQo

where P was defined in Theorem 35.2.
Turning to isomorphic images B, = I, A, I U of A,, we check that D(B,)
coincides with D(B) and:

B,f =k,Bf +Cf+D,f, f €D(B)

where Cf = —J(of") = —JBf, D,f = oKf — KLJ(O'Kf), and Kf is given
by the right-hand side of (35.9) with v ;’s and lpr,;’s replaced by their second
derivatives.

Since B is sectorial and C is B-bounded, B, generate semigroups, and so do
A,,. Since the latter operators satisfy the maximum principle, they are genera-
tors of Feller semigroups. These semigroups are conservative iff Iy € D(A,,),
that is, iff (35.4) holds. This proves Proposition 35.1. Moreover, «,B + C are
equiholomorphic.

Since the semigroups generated by «,B + C are uniformly holomorphic, con-
vergence of their resolvents implies convergence of the semigroups, and we
check that lim,_, oo (A — kyB — C)~! = lim,_, oo (A — k,B)~!, which we know
to be equal to A~!P, A > 0. Thus,

lim e*B+C" = p t>0
n— 00

and since bounded perturbations preserve convergence,

B

lim &' = &7 PKp, t > 0.

n—0oo

Finally, calculating:

oPKf = (0id; ' (F.if — R.if)) (35.11)

iel
= {owd " D Wi+ ripf (V) = oid U+ ) f(V:)
J# iel

we see that o PK as restricted to Cy(S) equals O, and the result follows as
before.

Interestingly, the procedure described in Theorem 35.2 may be reversed: any
finite-state (possibly not honest) Markov chain is a limit of fast diffusions on
a graph in the following sense. Let Q be a (substochastic) N x N intensity
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Figure 35.3 Star-shaped graph with six edges (redrawn from [55])

matrix, and let G be the star-shaped graph with N edges, all vertices but one
of degree 1, the special vertex with degree N (see Figure 35.3), and all the
edges of length 1. We number the edges clockwise, from 1 to N, and agree that
the special vertex is the left end of all the edges. Finally, we take o; = 1, r; = 0,
and /;; = g;;. Then, by Theorem 35.2 the related diffusions on G with arbitrary
choice of «, converge to the Markov chain on the vertices of the related line
graph (these vertices may be identified with natural numbers 1, ..., N) with
intensity matrix Q.

An L'(R) analogue of our main Theorem 35.2 may be found in [166] — a
step toward this result is contained in Exercise 35.2.

Exercise 35.1 Show that A defined in this chapter satisfies the maximum prin-
ciple. Assuming (35.4), use the same argument to check that if G is con-
nected, then the kernel of A contains merely constant functions. Hint: a function
belonging to the kernel must be linear on each edge, and its maximal value must
be attained at the end of an edge. Use (35.2) and (35.3) to persuade yourself
that the derivative at this edge must be zero, and hence, that the maximal value
is attained at the entire edge. Use the transmission conditions again to check
that the function must have the same maximal value at all neighboring edges.

Exercise 35.2 Let W2 (S) be the space of functions on S that, as restricted to
any edge, have absolutely continuous derivatives and integrable second deriva-
tive. Let A* be the operator A*¢p = o ¢” with domain composed of members of
W?21(S) satisfying the transition conditions:

o (L) = ol (L) — Y (oiliid (L) + oirij (R),
ielt
. ’ (35.12)
oi¢'(R)) = Z (0ilijp(Li) + 0irijp(R;)) — ojr;p(R)), jeN.

s~ TR
ielj

Here, IJL and If are the sets of indexes i # j of edges incident in L; and R},
respectively, and the asterisk in the sums denotes the fact that, since there are no
loops, at most one of the terms o;¢(L;)/;; and 0;¢(R;)r;; is taken into account.
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Check that [((Af)¢p = [((A*p)f for all f € D(A) and ¢ € D(A*). Compare
Exercise 11.2. Calculations are intelligent and somewhat lengthy, but not as
lengthy as in Exercise 31.4.

== Chapter’s summary

As proved in this chapter, fast diffusions on finite graphs with semipermeable
membranes on vertices may be approximated by finite-state Markov chains pro-
vided the related permeability coefficients are appropriately small.
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Semilinear Equations, Early Cancer Modeling

This chapter provides background material for the homogenization theorem of
Chapter 38. We start by recalling basic theory of semilinear Cauchy problems
(see [177, 284] and [318] for more information on the subject). Let A be the
generator of a semigroup of equibounded operators in a Banach space X, and
let F : X — X be a continuous function. For f € D(A), the Cauchy problem of
finding a continuously differentiable function u such that u(0) = f,u(t) € D(A)
and:

du(t)
dr
for ¢ in an interval [0, §), § > 0 is said to be semilinear. Replacing ¢ in (36.1)

by s, applying e’ to both sides, and integrating from 0 to t < §, we see that
u satisfies:

= Au(t) + F(u(1)) (36.1)

u(t) = e f + / e F (u(s)) ds (36.2)
0

in the same interval. For f € X, a u satisfying (36.2) is said to be a mild solu-
tion of (36.1), and of course such a # may but needs not satisfy (36.1). A suf-
ficient condition for a mild solution to solve (36.1) is that f € D(A) and F is
continuously differentiable, see [284].

If F is (globally) Lipschitz continuous, that is, if there is a constant L > 0
such that

IF(f) = F@l < LIf -zl f.geX, (36.3)

then for each f € X the solution of (36.2) exists and is unique on the whole of
R*. To show this, we argue as in Chapter 22. Let X, be the Banach space
of continuous functions on R™, with values in X, and of at most exponen-
tial growth with exponent © > 0; we equip X, with the Bielecki-type norm
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[34, 125]:

llull, = supe™ u(®)].
>0
Then, the operator K given by Ku(t) = e f + fot e 9AF (u(s)) ds is a contrac-
tion in X, provided u > LM, where M is the bound for the semigroup (e'1),>¢:

t
|Ku — Kvll,, < MLsup e””/ llu(s) — v(s)| ds
0

>0

t
<ML supf e M) ds lu— o],
0

>0

ML
< —|u—vol,, u,v € X,. (36.4)
"

Hence, our claim follows by Banach’s Fixed Point Theorem. (Again, to show
local uniqueness of solutions one needs to invoke the Gronwall Lemma.)

As a by-product of the proof, we see that mild solutions are of at most expo-
nential growth with parameter © > ML. (Also, bearing in mind that existence
and uniqueness of classical solutions of a Cauchy problem for initial values
from a dense set combined with continuous dependence on those initial values
is equivalent to existence of the related semigroup, and taking F(f) = Bf, f €
X for a bounded linear operator B we obtain an elegant proof of the Phillips
Perturbation Theorem.)

However, for many applications, condition (36.3) is too restrictive. A more
realistic assumption is that for all » > 0 there exists an L(r) such that:

IF(f) = F@l < LI f - gl A1 Mgl < r. (36.5)

This assumption of local Lipschitz continuity does not guarantee existence of
solutions of (36.1) on the whole half-line. A more careful analysis involv-
ing Banach’s Fixed Point Theorem shows that in this case for all f € X the
mild solution of (36.1) is unique and exists on a maximal interval of the form
[0, tmax (f)), see [284], p. 186.

The reason for nonexistence of global solutions is that the vector field F may
cause the solutions to reach infinity in finite time, which is amply expressed in
the statement that if . (f) < oo then:

lim Ju(?)|| = oo,
1= tmax (f)
and in general there is no remedy for this phenomenon even if A = 0. Fortu-
nately, in some cases the form of the vector field forces solutions of (36.1)
starting from specific f to stay bounded in time. In view of the above
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discussion this guarantees that for such f the solutions exist and are unique
on the whole half-line.

To describe a particular situation of this type, we specialize to the case where
Xis the space C(Sy) of continuous functions on the union Sy of N copies of a
compact metric space S. We will write:

N ={1,...,N}.

Note that a member f of C(Sy) may be naturally identified with a member of
C(S x N): f(x, i) is the value of f at x in the ith copy of S. Equivalently, f may
be identified with an N-tuple of members of C(S):

f:(fli"'va)a .fl():f(vl)

We assume that we are given operators A;, i € N being the generators of con-
servative Feller semigroups in C(S), and that the domain of A is composed of f
such that f; € D(A;), and we have (Af); = A, f;. Furthermore, we assume that
(36.1) takes the form:

du; (¢,
% = Au(t, X) + Fu(t, ),  xeSieN, (36.6)
where u(t, x) € RV is the vector (u;(t, x), ..., un(t, x)), F : RV — RY is of

class C', and F; : RY — R is the ith coordinate of F. (Note that F defines, in
a natural way, a function X — X, denoted in what follows by the same letter,
see also Exercises 36.2 and 36.3.) F' being smooth, it is locally Lipschitz con-
tinuous in the sense that for » > 0 there exists L(r) such that |F(«) — F(B8)| <
L(r)|a — B| provided the norms of @ € RY and B € R" do not exceed r. This
guarantees existence of local solutions to (36.6). Moreover, for f € D(A), the
mild solutions are classical solutions as well.

Proposition 36.1 Given constants m; < M;,i =1, ..., N, consider a ‘rect-
angle’ R composed of o € RN with ith coordinate in the interval [m;, M,
i=1,...,N. Suppose that F is of class C' and that for all « € R with the
ith coordinate equal to M;, and for all B € R with ith coordinate equal to m;
we have:

Fia) < 0 and Fy(B) > 0. (36.7)
Let M be the set of f € C(Sy) such that:
m; < fi < M;, ieN.

Then, solutions of (36.6) starting at f € D(A) N M never leave M.
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Figure 36.1 Sets B; and C;. Here, S; is the interval [a, b], B; = [a, ] and C; =
{b, d}

Proof Suppose that our thesis is not true for some f € D(A) N M. Then there
is a to > 0 such that u(t) € M for t <ty and for any € > 0 there is a ¢’ €
(to, to + €) with u(t') ¢ M. Without loss of generality we may assume 7y = 0
(for otherwise we may replace f by u(fy)). Let /() denote %. Note that
f cannot belong to the interior of M, for this would imply that the solution
stays in M for at least some short time interval. It follows that one of the sets
B;, C;, i € N defined by (see Figure 36.1):
(x, i) € B; if fi(x) = M; (x,0) € G if fi(x) = m;

is nonempty. We claim that so is one of the sets B;:

(x, 1) € B if f;(x) = M; and u(0, x) > 0,
or Ci:

(x, 1) € C/if fi(x) = m; and u(0, x) < 0.

For the proof, suppose without loss of generality (this assumption merely

allows focusing our attention) that both B = J,,,B; and C = J,., C; are
nonempty, where:

I = {i € N| B; is nonempty} and J = {i € | C; is nonempty}.

If the claim is not true, B and C being compact, there is an € > 0 such that
u'(0, x) < —e for x € Band u/(0, x) > € for x € C. Let:

Dn = UD,‘,” and En = UEi,n

iel ieJ
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be unions of compact sets:
. 1 ) 1
Din =100l fix) =M; — — ¢ and E; , = {(x, D] filx) =m; + — ¢,
n n

and let:

8, =max max min d(x,y), §, =max max min d(x,y),
il (x.i)eD,; (v,i)eB; ic] (x)eEy; (n)eC

where d is the metric in S. Since D; ,+1 C D; p, 8p+1 < 8,; analogously 8,’1“ <
8. If lim,_, o 8, > 0, there exists a § > 0 and y, € D) », such that for each
X € Biny, d(x,y,) = 6. Since S is compact, it follows that there is an iy and
Yy € Ny=1D;,,, (in particular: f(y, ip) = M,,) such that for x € B;, we have
d(x,y) > . This being clearly impossible, we must have lim,,_, o, 8, = 0. Anal-
ogously, we check that lim,_, o, §, = 0. By continuity, there is an nj such that
u'(0,x) < —e€ for x € D,, and u/'(0, x) > € forx € E,,, and then there is#; > 0
such that /(1, x) < —e forx € D,,, and t € [0, 1], and (¢, x) > € for x € E,,
and ¢ € [0, #;]. Clearly, for x € D, and t <1}, u;(¢,x) < u;(0,x) = fi(x) <
M;. Let M = SUP;cio.1] llw' ()]l and 77 = min;g minges[M; — fi(x)] > 0. Then,
forr <t := min(noLM, Z.1) and (x,0) & Dyy» wi(t, x) < 1,0, x) +tM < M,
implying that u;(t, x) < M; for all x € S,i € A and ¢ € [0, #,]. Analogously,
we show that u;(¢, x) > m; for all i and x, provided ¢ is in a short interval. This
contradicts the way f was chosen, proving the claim.

Let i be such that B is nonempty. At (x, i) € B}, f; attains its maximum
and f; € D(A;). Hence, A, f;(x) < 0 (since A; is the generator of a conservative
Feller semigroup, it satisfies the maximum principle). Moreover, F;(u(0, x)) <
0, since the ith coordinate of u;(0,x) is M;. This shows that u}(0, x) can-
not be equal to A;u;(0, x) 4+ F;(u(0, x)), contradicting (36.6). Analogously, if
a C! is non-empty, f; attains its minimum at (x, i) € C;. Hence, A; fi(x) > 0,
and (0, x) < 0 cannot be equal to the sum of two terms: A;u;(0,x) > 0 and
F;(u(0, x)) > 0. This contradiction completes the proof. ]

Coupled with the previous discussion, Proposition 36.1 shows that under the
stated conditions, for initial data in M, the semilinear Cauchy problem is well
posed on the whole half-line.

Taking for S the space composed of N distinct points, we may identify
members of C(S) with N-dimensional vectors, that is, members of R". Then,
(36.6) with A = 0 is a system of N ordinary differential equations of N vari-
ables. In this context, relations (36.7) (and their relatives (36.8)) are known
as the Miiller conditions [337, 338]. They guarantee that a solution of such
a system starting in the ‘rectangle’ R never leaves this rectangle. In the con-
text of reaction-diffusion equations, reasonings akin to that presented in our
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proposition are referred to as the method of (invariant) rectangles, see [318],
and in particular Thm. 14.7, p. 200 there.
Before turning to an example, we need to weaken condition (36.7).

Proposition 36.2 Suppose that in Proposition 36.1, (36.7) is changed to read:
Fi(a) <0and Fi(B) = 0. (36.8)
Then, the thesis remains the same.

Proof The idea is of course to approximate solutions of (36.1) with F satis-
fying (36.8) by solutions of (36.1) with F satisfying (36.7). Let us equip RV
with the supremum norm. Let » > 0 be so large that R is contained in the ball
K(0, r) C RY, and let Lo(= L(r)) be a common Lipschitz constant for all F’s,
as restricted to K(0, r). Since the F;’s may be extended to the whole of RN with-
out increasing their Lipschitz constants ([117] p. 189), we may find a globally
Lipschitz continuous function  on RY with Lipschitz constant L, that agrees
with F on K(O, r).
Let H : RV — RV be given by H = (H,(-), ..., Hy(-)) and:

o — m;

H;(a) = (0, ..., cos( ), ...,0), i=1,...,N,
i —m
—_—
ith coordinate
where «; is the ith coordinate of «. Clearly H;(«) = 1 provided «; = m;, and
H;(a) = —1 provided «; = M;. It follows that for all n, the F,, := F+ %H sat-
isfies condition (36.7) and is globally Lipschitz continuous with Lipschitz con-
stant Ly = Lo + maXi=1 ..~ 375, -
Let u" be the solution to (36.1) with F replaced by F;:

u'(t) = e f + / e"™ME (u"(s)) ds. (36.9)
0

For i > L, we have, as in (36.4):

t
lu" — u™|,, < sup e ™ / e TAIE, (" (5)) — Fu (W™ (s))] ds|
>0 0

< supe /0 HEW(5)) — Eyu™ ()

>0

+ 1Fu(u™($)) — Fn(u” (5))]1] ds

L,
=< - ||“n_um||u+_ .
28 min m

1 1 ‘
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Hence,

" —u™ [l =

n m

n,m>1,

1 1 ‘ 1

w—1L’
and we see that (u"),~ is a Cauchy sequence in A&),. Denoting by u its limit,
and passing with #z to infinity in (36.9), we see that u satisfies (36.2) with F
replaced by F. On the other hand, by Proposition 36.1, all «"’s belong to M.
Since M is closed, so does u. In particular, since F coincides with F on K O, r),
we recognize u as the solution of (36.2) and of (36.6). O

As an example, we consider the following (rescaled) model of early lung
cancer due to Marciniak-Czochra and Kimmel, see [249, 250]:

0

5 = (@p = Datb.c) — doye,

b _ w(e)g — dyb — db

— =alc)g — —db,

Y g b

dg  13%

o = ;ﬁ —a(c)g — dgg + k(c) + db, (36.10)

where ¢, b, and g are densities of cells, and of bound and free growth factor
molecules, respectively, distributed across the unit interval [0, 1] (we keep the
notations of [249]). The first equation expresses the fact that cells may divide
with efficiency p € [0, 1], and that the rate at which they enter mitosis depends
on the number of cells and on the number of bound receptors via the Hill-type
function (see, e.g., [3]):

a(b, c) =

; 36.11
b+ ¢ ( )

(ap > 0 and an integer m are given constants); the constant d. > 0 is the rate
at which the cells die. The third equation tells us that free growth factors dif-
fuse freely on the interval with diffusion constant y", and we assume that the
interval endpoints are reflecting barriers:

dg(t,x)  dg(t,x)
0x |x:0_ 0xX  |r=1

=0.

These molecules may also bind to the cells on the cell’s membranes, and the
rate of binding depends on the cells density: a(c) = ac?, for some o > 0. Such
free growth factors are produced by external medium at the rate xy > 0 and

by the cells at the rate {1 (with k1 > 0), so that the total production rate is

k(c) =Ko+ %; the constant d, > 0 is the rate at which free growth factors

are eliminated. Finally, the first term in the second equation describes influx of
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bound growth factors, and the two remaining terms are responsible for dissoci-
ation (at the rate d > 0) and elimination of these molecules (at the rate d;, > 0).

Let S5 be the union of three copies of the unit interval. The members of the
space C(S3) may be identified with triplets of continuous functions on [0, 1].
Using this identification, let A be the operator in C(S3) given by A(c, b, g) =
(0,0, y’l ¢") with domain composed of the triplets where g € C2[0, 1] and
g(0) =g (1) =0. Clearly, A generates the Feller semigroup e(c, b, g) =
(¢, b, T(t)g) where {T(¢),t > 0} is the semigroup describing the Brownian
motion on [0, 1] with reflecting barriers at both endpoints. Hence, (36.10) is
a special case of (36.6) with:

Fi(c,b,8) = (2p — Da(b, c) — d.)c,
F(c,b, g) = a(c)g — dpb — db,
F(c, b, g) = —a(c)g — dgg + k(c) + db.

We proceed to show that assumptions of Proposition 36.2 are satisfied
with m; = my = m3 = 0. Since F(0,b,g) =0, F>2(c,0, g) = a(c)g > 0 and
Fi(c,b,0) = k(c) + db > 0 (provided b, c, g > 0), we see that the second con-
dition in (36.8) is fulfilled. It remains to find M, M,, M5 > 0 such that:

2p— Dab,M)—d. <0,
a(c)g — dyMy — dM, <0,
—a(c)M3 — dyM3 + k(c) +db < 0,

aslongas0 <c¢ <M;,0<b<M,and0 < g < Mj;. The first two inequalities
are satisfied iff % <d.and M, < (d”d)Mz ,and the third is satisfied iff
M > K<f>++dM2 for ¢ € [0, M;] which clearly holds if M3 > Mﬂ If 2p —

1)ag > d., we define M, and M3 as functions of M5:

(ZP—I)ao—dc>”l' ko + k1 + dM>
2 ), My = ——— T

M, =M
1 2( d. d,

Then all the three conditions are satisfied if:

(dy+d)dy ((2p—1)ag—d.\ "
o d.

and it is clear that such an M, may be chosen. In the case (2p — 1)ag < d,, the
first condition is satisfied for all M, and M,. Hence, we may take an arbitrary

M, > 0 and define M; = /@t OM pg. — ot tdM;
aMs dg
It follows that, provided initial conditions are non-negative and uniformly
bounded by M, M, and M3, respectively, the solutions of (36.10) are well

defined, unique, bounded, and non-negative on the whole half-line.

(ko + k1 + dMy))M, <

’
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Exercise 36.1 Under conditions of Proposition 36.2 and arguing as in its proof,
check that if u; and u, are mild solutions of (36.6) with initial conditions f;
and f5, respectively, then [lu; — us ||, < % Conclude that mild solutions

starting in M never leave M, and are defined on the whole half-line.

Exercise 36.2 Suppose F : R — R is of class C!, and let F¢- : C(S) — C(S),
where S is a compact topological space, be given by [Fe(f)](x) = F(f(x)), f €
C(S), x € S. Prove that F¢ is of class C!, that is, that for each f € C(S) there
exists a bounded linear operator Ay in C(S) such that:

Fe(f +h) — Fe(f) —Ash —0
heC(S), [hl—0 I ’

and Ay depends continuously on f (A is the Fréchet differential of F¢ at
). Hint: take (Azh)(x) = F'(f(x))h(x); in other words, A is the operator of
multiplication by the function x — F’(f(x)).

Exercise 36.3 Given a natural k, repeat the previous exercise for F : R¥ — RF
and Fr mapping [C(S)TF into itself via the formula:

FC(flv"'sfk): (gl""vgk)
where g;(x) = F;(fi(x), ..., fix)),i=1,... k.

iz Chapter’s summary

As an application of the method of invariant rectangles (or the Miiller Theorem)
for semilinear equations, we establish global existence and non-negativity
of solutions of an early cancer model due to A. Marciniak-Czochra and
M. Kimmel.
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Coagulation-Fragmentation Equation

On another detour from the main subject we consider a discrete model of coag-
ulation and fragmentation. To explain the reason for leaving the main road, we
recall from the previous chapter that the Miiller conditions serve as a means
to guarantee global existence (in time) of solutions of a semilinear equation in
the case where the nonlinear part is merely locally Lipschitz continuous. They
simply force solutions to stay in a bounded region and hence not blow up. A
similar idea may be used to show existence of solutions of other equations, of
which the system this chapter is devoted to is a nice example; under certain
conditions, the norm is preserved along solutions of the equation involved, and
hence there can be no blowup.

The model is taken from McBride et al. [257] (see [16, Chapter 8] for the
continuous analogue). A population we are interested in is composed of clusters
(or: mers) that can fragment, or break into smaller pieces, and coagulate, that
is, join to other clusters to form larger ones. We assume there is a fundamental
unit for all mers, and each mer is composed of an integer number of such units;
a mer of n fundamental units is referred to as an n-mer. Hence, a population is
characterized by a sequence (&,),>1 where &, is the number (concentration) of
n-mers. The total “mass” or “size” of the population is ) . | n&,. The master
equation for the concentrations u,(f) of n-mers at time ¢ > 0 reads:

du, (t) >
ar = —auu,(t) + m;ﬂ ambm,num(t)
1 n—1 o0
+5 ; Ko b (£t (£) — ; knmltn O (8), (371

forn > 1,1 > 0. Here, the first two terms correspond to fragmentation events:
a, > 0 is the breakdown rate for n-mers, and b,, , > 0 is the fraction of n-mers
produced upon the breakdown of an m-mer. The remaining two terms describe
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Shall we fragment
or coagulate?

Figure 37.1 Coagulation and fragmentation by Radek Bobrowski

coagulation: if an n-mer coagulates with an m-mer with rate &, ,, > 0, then the
first sum is the total number of new n-mers, and the second is the number of
n-mers that become larger mers by coagulating with other mers. We assume:
m—1
a; =0, kom =kpp, n,m=>1, anm,n =m, m>2,
n=1
that is, that 1-mer cannot break up any further and that the mass of a fragmented
m-mer is the same as before its fragmentation.

It will be convenient to consider the master equation (37.1) as a semi-
linear equation in the space X of sequences x = (&,),>; such that x| :=
Z;L n|&,| < oco. Of course, X is a Banach space (this space is isometrically
isomorphic to / I'via isomorphism 7 : X — [! givenby I (EDn=1 = (n€)>1). To
this end, we write (for the time being, merely formally):

du(t)
dr

= Au(t) + Bu(t) + K(u(t)), t>0, (37.2)

where:

m=n+1

A(%-n)nzl = (_anén)nzls B(gn)nzl = < Z ambm,n$m> s
n>1

with common domain D = {(§,),>1 € X|A(&,)n>1 € X} (see later), and:

n—1 00
K((gn)nzl) = <% an—m,mgn—mgm - Z kn,méném) ;
m= m=1 n

1 >1
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by convention Zglz] = 0. The function K is defined for all x € X provided we
assume, as we do, that there is a k > 0 such that:

knm <k, nym> 1. (37.3)

(For the case of unbounded &, ,,, see [15, 26].)

Except for a special choice of coefficients, the Cauchy problem related to
(37.2) is not well posed. However, we will show now that there is a generator
G of a positive semigroup, such that G extends A + B. To this end, we use the
main theorem of Chapter 13 (Thm. 13.3): itis clear that X is a KB-space and the
first two assumptions in Theorem 13.3 are satisfied. Next, forx = (§,),>1 € D,

m—1

00 00 )
”Bx” < Zn Z ambm,n|Em| = Zaln|5m| anm.n
m=2 n=1

n=1 m=n+1

oo
=D _maylsul = [Ax]l  (recall a; = 0),

m=1

so that the third assumption is satisfied as well. Since a similar calcula-
tion shows that for any x > 0, x € D, and for the functional M defined by

M(En)nzl = Zzo:l nén’
M(Ax+Bx) =0, Mx=|x|, and M| =1, (37.4)

existence of the generator is secured by Theorem 13.3.
We proceed to show that (e’G)lzo is a Markov semigroup, that is, that it leaves
D = {x > 0,x € X| Mx = 1} invariant. For this, we need the following lemma.

Lemma 37.1

(a) For »>0, (A —G)' = Z;’;O(}L —A)’IBK where by definition B, =
B —A)"L
(b) Operators (. — G)~', » > 0 are Markov ifflim,_, o B} = 0.

Proof The proof of Theorem 13.3 makes it clear that we have:

(A —G) ' = limR(r, 1)
11

where, see (13.5), R(r,.) = (A, — A)~! Zzio r"B}, and the limit is monotone.
Since B;, and (A — A)~! are non-negative,

N
Z(A—A)—lr"BggR(r,A)g(,\—G)—‘, A>0,N>1.
n=0
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This implies:
N

Z(A—A)*lBﬁf(A—G)*l, A>0,N>1. (37.5)

n=0
Hence, for x>0, YN (A —A)"'Blx <YM (A —A)"'B/x,» >0, and
N 0= A) "B < 1. = G)"Hlllxll, » > 0. Since X is a KB-space, the
series Y oo (A — A)~' B .x exists for such x. Using decomposition x = x* — x~
(see Chapter 13) we see that:

oo
S, =Y (.—A)"B}
n=0
converges in the strong topology, and (37.5) implies S, < (A — G)~'. On the
other hand, R(r, 1) < S, and taking the limit as r 7 1 we obtain (A — G) ' <
S;.. This completes the proof of (a).
For the proof of (b) we note first that:

N N

I +BZ(A —A)'B =( —A)Z(/\ —A)'B! 4+ BY, A >0,
n=0 n=0
both sides being equal to Zgiol B}. Hence, for x € D,
N N
Mx+M@A+B)> (h—A) "' Bix=MLY (.—A)" B +MB)*'x.
n=0 n=0

Using (a) and (37.4), and letting N — oo,

l=Mr(A—G) 'x+ Jlim 1B ]

Thus, MA(A — G)~'x = 1 iff lim,_ oo B}x = 0 for x € D. The latter condition
holds iff lim,,_, o B} = 0 strongly, completing the proof. (|

We return to the proof of the fact that e'G .t > 0 are Markov operators, or
that A(A — G)™!, A > 0 are Markov operators (see Chapter 13 for this equiv-
alence). Using (37.4) and the definition of A, we show first that B;, A > 0 are
contractions (see Lemma 13.1):

IBix| = MB(L —A) 'x=—-MAL—A) 'x= A —A)""x|

<lxl,  x=0.

Next, let ¢; = (8;4)n>1 € X, i > 1 where §; , is the Kronecker symbol. Since
{ei, i > 1} is a Schauder basis for X (see, e.g., [78]), in view of Lemma 37.1,
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it suffices to show:

lim Ble; =0,  A>0,i>1. (37.6)

n—o0

To this end, we fix A > 0, and fori > 1 let:

) <
i = q(h, i) = max .
a q k=l...i A+ ay
By the definition of the operators A and B,
1 i-1
=1, _ . = o
(A—A) e = A+ai€’ and Be,—a,;bue].

We claim that:

IBieill < q;lleill = gi'i, n>0,i>1. (37.7)

This is clear for n = 0 and the induction step is proved as follows:

i—1 i—1 i—1

a; .

1B el = = | 3" buBie;| < ai| Y- buBles| < a* Dby
= =1 =1

= q;H_l i,
completing the proof of the claim. Since (37.7) implies (37.6), we are done.
This analysis allows replacing the ill-posed Cauchy problem related to equa-
tion (37.2) by the well-posed one:

du(t)
dr

= Gu(t) + K(u(1)), t>0,u(0)=x=>0, (37.8)

where G extends A + B and is the generator of a Markov semigroup. (In fact,
see Exercise 37.3, G is the closure of A + B.) However, to see that this problem
is indeed well posed, we need to exhibit basic properties of K.

We begin by introducing two bilinear forms in X:

n—1
1
Ki(x, y) = (E Z kn—m,mén—m”)m)
n>1

m=1

ICZ(xv )’) = (En Z km,n”m)
n>1

m=1
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where x = (§,)p>1, Y = (Nn)n>1 € X. To show that these forms map X x X into
X, we estimate (recall (37.3)):

o0 n—1
n
1< D25 D KnemmlEnml 1l

n=1 m=1

oo n o0
<kD 5 D Vewmlinl

m=1 n=m+1
oo 00
n—+m
Sk —|‘i:n|| m|

o0 o0
<k nmlg Il = klx] Iyl

m=1 n=1

and [|KCo(x, I < k302, nl&l 3272, Injl < kllx[l [lyll- As a by-product of this
calculation, both forms are seen to be continuous. Hence, K := K; — K, is also
a continuous bilinear form, and ||IC(x, y)|| < 2k]|x]| ||y]|. Since K is a quadratic
form associated with KC, that is, Kx = K(x, x), K is locally Lipschitz continuous
(see Exercise 37.1). Hence, (37.8) has local solutions in time.

For the global existence we need the following property of K:

MK(x) =0, xeX, (37.9)

or, expanded,

o0

n n—1 o o0
Z 5 kn—mm&n—mm = Z 1y Z knm&m:
m=1

n=1 m=1 n=1

where, as before, x = (§,),>1. To explain, note that:

1
E Z kn_m,méfn—m%‘m

m=1

is the fraction of mers of size smaller than n that coagulated into mers of size n,
or the fraction of “gained” mers of size n. Thus the left-hand side is the mass of
all mers “gained” by coagulation. Similarly, &, >~ ky w&x is the fraction of
n-mers that coagulated with other mers, thus becoming mers of larger size; the
right-hand side is therefore the mass of all mers “lost” by coagulation. Hence,
for non-negative x, the formula simply expresses the fact that by coagulation
no mass is really lost or gained. For the formal proof, we change the order of
summation on the left-hand side to obtain, as in the estimate for ||/Cy (x, y)||,
that it equals D> | > "5k, mEmén. BY kiny = kym this can be written as
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the half of:

Z Z nkn msmgn + Z Z mkm ,,Emém

m=1 n=1 m=1 n=1

and thus it equals the right-hand side.

Had we established (as in [257, Theorem 4.7]) that mild solutions of (37.8)
are non-negative, provided initial condition is, with (37.9) at hand, the proof
of global existence would be easy. We would simply use the relation u(t) =
e'Ox + f(; e 9GK (u(s)) ds to see that:

lu(®)|| = Mu(t) = Me'x + 0 = Mx = ||x], x>0, (37.10)

because for y € ker M, and any s > 0, Me*Cy = MeSG + — Me*Oy™ = Myt —
My~ = My = 0, by the Markov property of e*“; in other words, e'C leaves
ker M invariant. (Recall that by (37.9) K maps X into ker M.) This would imply
that solutions cannot blow up, and the result would follow.

However, because we do not have the result mentioned earlier at our disposal,
we will take a slightly different route and prove global existence directly (of
course, with the help of (37.9)). To this end, for fixed real number p > 0 and
non-negative x € X, we consider the set S = {y € X|y > 0, ||y]| = |||}, and
the complete metric space C, of continuous functions v : R™ — S, with the
Bielecki-type distance [34, 125]:

dy(v1,v2) = supe” ' [[o1 () — v2(0)||.
>0

Also, let L be a Lipschitz constant for K restricted to S, so that:
K1) = Kl < Lllyr = y2ll, yi, 2 €,
and let bounded linear functionals F; € X* be given by:
F (Mu)p=1 = mis i>1.

For y= (nn)nzl €S and o := k”x” F(’Cz()’, Y)) =ni Zm_ m,illm = k||Y||
Fy = aFy, or F;Jay — K,(y, y)] > 0. Since K (y, y) > 0, it follows that:

K@) +ay >0, yEeS. (37.11)

Next, forv € C,, let:

t
w(t) = e “el%x + / e~ Y=9e=9G K (n(s5)) + av(s)] ds, t>0.
0
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By (37.11), w(t) > 0. As in (37.10),

t
lo@®)| =Mw(t) =e “Mx + Ol/ e I My (s)ds
0

t
=e “Mx+ ot/ e " Mxds = Mx = ||x||.
0

It follows that the transformation u — Uu := w maps C, into C,. Moreover,
for vy, vy € C,, arguing similarly as in (36.4),

dp(Ul)l, Ul)z)

<supe™” f e “IIK (1 (s) = va(s)) + @(vi(s) — va(9)]]l ds
0

>0

< sup(L+ a) e U= =P5 1 (5) — 0o (s)|| ds

>0

< sup(L—|—a) g~ (ota)s dsd,(v1,02)

t>0

L+«
=—d (01, 02).
p+o

For p > L, the fraction here is less than 1. By the Banach Fixed Point Theorem,
this proves existence of u € C, such that Uu = u, that is,

ut) = e *e'x + / e e IC K (u(s)) + au(s)]ds,  (37.12)
0

fort > 0.

It remains to show that u is a mild solution to (37.8). This can be deduced as
follows. First, we note that all the three terms in (37.12) are bounded, and their
Laplace transforms are well defined for A > 0. Writing:

a(h) = /0 N e Mu(t)ydr and Ku(r) = /0 h e MK(u(t))dt, r>0,
we have, by (37.12),
40)=04a — G 'x+( + o — G 'Ku() +a(h+a — G) 'a(n), A > 0.
Therefore, 7i()) belongs to the domain of G, and for all A > 0, we have ()» +
oa— G =x+ Ku(k) + ai(A). Thisreduces to (A — G)ii(A) = x + Ku(k)

or:

A =0 =G 'x+ (0 — G Ku(h).
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This, however, means that the Laplace transforms of continuous functions
t+> u(t) and t — eCx + fé "G (K (u(s))) ds coincide. It follows that these
functions are equal to each other, completing the proof.

Exercise 37.1 Check that KX is locally Lipschitz continuous.

Exercise 37.2 Check that K is Fréchet differentiable, and find its derivative.
Deduce that for x € D(G) mild solutions of (37.8) are strong solutions of this
equation.

Exercise 37.3 (See [16, p. 120]) Using (37.6) and:

N
(A—A—B)Z(A—A)—IB';xzx—B;V“x, xreX
n=0
N
Z(A—A)*IB;(,\—A—B)x=x—(A—A)*1B;VBx, xeD,
n=0

show that (A —A+ B)~' =Y~ (A — A)"!B}. Deduce that G = A + B.

iz Chapter’s summary

On a little detour from the main subject, we prove well-posedness of the
coagulation-fragmentation equation from the discrete model of McBride
et al. [257]. This is a particular case of a semilinear equation in an I'-type
space, with locally Lipschitz-continuous nonlinearity. For non-negative initial
conditions, the solutions preserve the norm and hence do not blow up, forcing
existence of global solutions in time.
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Homogenization Theorem

Our main goal in this chapter is (a simple version of) the homogenization the-
orem of Conway, Hoff, and Smoller [95, 318]. In the case we are interested in,
the theorem deals with equation (36.6) with S being a compact interval [a, b],
and all generators A; being scalar multiples of the one-dimensional Laplace
operator with Neumann boundary conditions. In other words, we are consider-
ing:

u;(t, x) 9%u;(t, x)
= O’i
ot ax?

+ Fi(u(t, x)), x€lablieN, (38.1)

where o;’s are given positive constants, with boundary conditions:

u;(t, x) _ Ouy(t, x)

0X  |x=a 0X  |x=b

=0, ieN. (382)

We start with the following Poincaré’s and Sobolev’s inequalities (comp. [2,
84, 318]). By D we denote the derivative with respect to x € [a, b] (one-sided,
where necessary). Also, L?[a, b] is the Hilbert space of square integrable func-
tions on [a, b], with the usual norm || f||3 = fab[f(x)]2 dx.

Lemma 38.1 Let f € C'[a, b] and suppose for some xg € [a, b], f(xo) = 0.
Then:

(a) (Poincaré’s inequality) there is a A > O (independent of f) such that:
AMIFI5 < IDFI,

(b) (Sobolev’s inequality) and:

I fllsup =" sup Ol < Ifllwr := /IFII5 + IDSII5.

x€la,b]
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Proof We have f(x) = f;; Df(y)dy, x € [a, b], where, to recall, for x < xy,
In ); Df(y)dy equals by definition — [ D f(y) dy. Hence, by Schwarz’s inequal-
ity applied to the inner integral:

2

||f||§§/ah zde/ab (/abmf(yndy) dx

b b b
<(b-a) / / D) dydx = (b — a)’ / IDf(y)I* dy.

/ Df(y)dy

Xo

This implies (a) with A = (b — a)~2.
Next, introducing g(x) = (f (x))? > 0, we have for any x € [a, b],

X X b
g(X)=/ g/(y)dy=/ 2f(y)f’(y)dy§/ 21fDI L ()] dy

X0 X0 a

b b
- / LFOIP dy + / DO dy = (1121,

Hence, || fllsup = SUPyefa,p) v/&X) = [ f w2 0

Suppose that assumptions of Proposition 36.2 concerning F are satisfied, so
that M is an invariant set for equation (38.1). Let R C R" be the rectangle
related to M, and let:

N N 9F(a) 2
o= IiIel}\I/IUi and M = sup ZZ( ) . (38.3)

oo
a€R i=1 j=1 J

Also, let L>(Sy) be the Cartesian product of N copies of L*[a, b]; the norm
in the latter space, denoted in what follows || - ||;2s,), is related to the scalar
product:

N b
<f.g>= Z/ figi, [ = (fien> 8 = @ien € L*(Sy).
i=1 ¢

If all coordinates of f = (f;);en are differentiable, we write D f for (D f;)ien -
Theorem 38.2 (Conway—Hoff-Smoller) Assume F € C? and:
d:=ocl—M >0,

where A is the constant from Poincaré Lemma. Let u be the solution of the
Cauchy problem related to (38.1) with initial condition f € D(A%) N M and

let ¢ .= ||Df||L2(SN)
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(a) We have || Du(t)|12sy) < ce ¥ 1> 0.
(b) Denoting u(t) = (u;(t))icn, where u;(t) = ﬁf: u;(t, x)dx, we have
[lee(t) — u(®)l 1205y < \/Lxe_dt,f > 0.

(c) Moreover,
A+1
() = 70y = | e 1 20

(d) There are: a constant c¢; and functions G; : [0, 00) — R, i € N such that:
u(t) = F(u(t)) + Gi(t),
while |Gi(t)| < cie™¥,t > 0.
For the proof of the theorem we need a (not too) technical lemma.

Lemma 38.3 Suppose F € C3, f € D(A?) N M, and let u be the solution of
(38.1). Then, treated as a function of two variables, u possesses the mixed par-
tial derivative:
0%u(t, x)
at dx
and the latter is continuous.

, t>0,x€[a,b],

Proof Recalling notation of Chapter 36, we let:
A(fien = (0:D* fiien
on the domain:
D(A) = {(f)ien € C(Sw); fi € C’la, b], Dfi(a) = Dfi(b) = 0,i € N'}.
When equipped with the graph norm:

If1la == £+ IAS] == sup || fillces) + sup 1D fillecs)-
ieN ieN

D(A) is a Banach space, denoted in what follows by [D(A)]. Moreover, (e"4),-¢
leaves D(A) invariant, and its restriction to this subspace is a strongly continu-
ous semigroup in [D(A)] with generator being the restriction of A do D(A?).

Let R C RY be the rectangle related to M C C(Sy),and F : RY — R¥bea
C? function that agrees with F on R and vanishes outside of a ball containing RR.
It may be checked that for f € D(A), the function Fpu)f := F o f belongs to
D(A). In fact, since F and all its three derivatives vanish outside of a ball, Fpa) :
[D(A)] — [D(A)] is globally Lipschitz. A calculation similar to Exercise 36.2,
but slightly more tedious, shows that Fpp4) : [D(A)] — [D(A)] has a continuous
Fréchet differential.
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It follows that for f € D(A?), there is a classical, unique, global solution u
to (38.1) with F replaced by F, in the space [D(A)] (in particular, derivatives
and continuity are understood in the graph norm). Since the norm in [D(A)]
is stronger than that of C(Sy), u is a solution to (38.1) with F replaced by F,
in C(Sy) as well. If f € D(A%) N M, the latter solution never leaves M, and
hence is a solution of the original equation (38.1). This implies, by uniqueness
of solutions, that for f € D(A%) N M, the solution to (38.1) has values in D(A)
(even in D(A?)), and is continuously differentiable as a function R* — [D(A)].
In particular, Du/(¢) exists for all t > 0 and t — Du/(t) € C(Sy) is continuous.
This implies existence and continuity of the partial derivative:

3%u(t, x)
dx ot

and so the lemma follows by the well-known result of multivariate calculus. [

, t>0,x € [a,b],

Proof of Theorem 38.2. (a) Lemma 38.3, combined with compactness of the
interval [a, b], implies that t — Du(t) € C(Sy) is continuously differentiable.
Because the supremum norm is stronger than the Hilbert space norm, the same
is true if we consider this function as having values in L*(Sy). Let:

¢(1) = IDu)|72(5,) =< Du(), Du(t) >, 1 =0.
Then ¢ is differentiable and:

b a2

0-u;(t, i(t,
u;(t, x) ou;(t x)dx
oxot ox

i¢(z)—2 dp (t), Du(t) —22N:/
& _<dtu,u>—i:1a

N b 2
Au;(t, x) 9~u;(t, x)
= -2 dx
;/a ot ox?

where in the last step we have used integration by parts formula plus the Neu-
mann boundary conditions.

On the other hand, multiplying the ith equality in (38.1) by D?u;(t, x) and
integrating over the interval [a, b], we obtain:

/ dui(t, x) 3%u(t, N
p ot 0x2

2 2
= 0il|lD7u;(t, )l

b
+/Fma)fm“”

Summing over i € N renders now:

_¢>(t)+2ox¢(;)< 22/ Fu. ))8 u,(t 9 e
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where we have used the Poincaré Lemma. Integrating the right-hand side by
parts, using the boundary conditions, and applying Schwarz inequality twice,
we see that it does not exceed 2M || Du(r)||? = 2M¢(t). (Alternatively, we

L2(Sn)
use the following estimate:
N N N N
2 2
2wy = (DD ai; ) ok
i=1 j=1 i=1 j=1 k=1

that holds for all numbers a;;,v;,i,j=1,...,N. This inequality sim-
ply means that |(Av,v)| < |A|||lv]|>, where Av is the matrix product of
(@i j)i,j=1,..~ and (v;)i=1,.. n, and (-, -) denotes the standard scalar product in
RN.) Therefore, <S¢ (1) + 2d¢(t) < 0, or, which is the same, < (e**¢ (1)) < 0.
This implies €2 ¢ (¢) < ¢(0), and (a) follows since ||Du(?)||;2¢s,) = V).

(b) Fix i € N and ¢ > 0. Since u;(t, -) is a continuous function, for some
x € [a, b] we have u;(t, x) = lea fab u;(t,y)dy. Hence, u;(t) — u;(¢) satisfies the
assumptions of Poincaré’s Lemma. Since D[u;(t) — u;(t)] = Du;(t), (b) is an
immediate consequence of (a).

(c) follows immediately by (a), (b), and the Sobolev inequality.

(d) We have:

1 b dui(t,
o= L [,
b—aJ, at

1 b92ut, x) 1 b
= i dx Fi(u(t, dx.
b—a/a(7 0x2 +b—a/a (u@t, x))

The Neumann boundary conditions imply that the first term on the right-hand
side vanishes. Hence, by (c), (d) follows with:

1 b
Gi(t) = m/ Fi(u(t, x)) dx — Fi(u(t)),

because:
1 b
|Gi(1)] < m/ [Fi(u(t, x)) — Fi(u())| dx < L{ju(t) — u(®)|lsup-

where L is a Lipschitz constant for F;’s. ]

The primary significance of the theorem is that it describes long-time behav-
ior of solutions to (38.1): if diffusion coefficients are sufficiently large as com-
pared to the size of the interval (which is hidden in the constant from the
Poincaré Lemma) and the forcing nonlinear terms F;’s, solutions to (38.1)
homogenize along N copies of the interval [a, b] as time tends to infinity, and
when identified with N real-valued functions, for large times they are very close
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C}l l}) —_— ]
: ; '

Figure 38.1 State-space collapse for reaction-diffusion processes with fast
diffusion

to solutions of
w(t) = Fu(r)), t>0. (38.4)

Point (a) says that as t — oo, the derivative of the solution decays exponen-
tially, suggesting that — and (b) makes it precise — the solution becomes “flat.”
Point (c) says that the latter statement is true in the supremum norm as well,
and point (d) specifies the dynamics of the “flattened” solution.

However, one could also look at the theorem from a different angle: suppose
o > 0 and we multiply all o;’s in (38.1) by «,, > 0, where lim,,_, », ,, = 0.
Then, for sufficiently large n, we have d > 0 and the theorem’s estimates are
in force. Letting n — 0o, we obtain that solutions of (38.1) converge to those
of (38.4). It is the latter point of view that prevails in this book. The intuitive
reason for this result is that fast diffusion “merges” or “lumps” points in each
interval into a single point (see Figure 38.1).

For example, let us consider a (one-dimensional variant of a) model of kinase
phosphorylation and dephosphorylation, due to Zuk et al. [356]. In the model,
kinase molecules diffusing in a compartment, modeled as an interval [a, b], are
divided into three classes: unphosphorylated, KCy, singly phosphorylated, K,
and doubly phosphorylated, /C;. Any kinase, whether phosphorylated or not,
is an enzyme, leading to phosphorylation of other kinases, and the higher the
phosphorylation level is, the higher the intensity ¢; of such reaction, i = 0, 1, 2.
In particular,

Ki+ Ki — K; + K, withintensity ¢;, i=0,1,2,
where ¢y < ¢; < ¢ are given. Similarly,
IC,' + ’CO — ’C,’ + ICI, with intensity 2C,’, i= 0, 1, 2,

the factor 2 reflecting the fact that a kinase of type [y may be phosphorylated
at any of its two residues.
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A phosphorylated kinase may also be dephosphorylated by a phosphatase P:
P+ Ki — P+ K;_y, withintensity id, i=1,2;

(for doubly phosphorylated kinase, the intensity of dephosphorylation is twice
larger, because there are two residues).

These assumptions lead to the following system of equations for kinase con-
centrations, u;(¢, x) denoting concentration of kinase /C; at time ¢ and spatial
location x:

8u0 8

o a— + du,C — 2u02c,ul,

u 92uy 2 2

8tl = O’W — duC + 2uy ;c,ul —u IXO:C,M, + 2dCu,,

duy _ By Z 2dC (38.5)
a9 = 3 a2 u Cij — Uus, .

i=0

with “no-flux” Neumann boundary conditions (38.2). Here, C is the (constant)
number, or concentration, of phosphatases and o > 0 is the common diffusion
coefficient for all kinases. To explain, the term 2u, Z?:o c;u; in the nonlinear
part in the first equation is the number of kinase molecules that changed the
class ICy to IC; by being phosphorylated at one residue, and du;C is the number
of singly phosphorylated kinase molecules that underwent a process of dephos-
phorylation. Similarly, the term u, Z?:o c;u; is the number of singly phosphory-
lated molecules that became doubly phosphorylated, and 2dCu; is the number
of doubly phosphorylated molecules that became singly phosphorylated.

If o is very large, concentrations of kinase molecules do not depend on the
spatial position x, and hence are constant along the interval [a, b]. Then, ¢
u;(t, -) may be identified with real functions 7 — u;(t), and the Conway—Hoff-
Smoller Theorem says that the system is well-approximated by the differential
equations:

2

d
% = dbtlc — 2u0 i:EO Cildj,
du 2 2
Ttl = —du,C + 2u ,-ZEO citj — uj ;:O cit + 2dCus,
du 2
2
ar Uj E ciu Uz ( )

i=0
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Exercise 38.1 Check that the nonlinear part in (38.5) is locally Lipschitz-
continuous, and that solutions starting at non-negative initial conditions stay
non-negative all the time. Also, ||ug + u; + uz||sup does not vary with time. In
particular, solutions starting at non-negative initial conditions never blow up.

iz Chapter’s summary

If no mass is lost at the boundary (which is expressed in the Neumann boundary
conditions), diffusion has a property of homogenizing solutions along bounded
intervals: as diffusion coefficients tend to infinity, solutions to (38.1) converge
to those of (38.4).!

! For an ingenious, probabilist’s look at a homogenization theorem (with periodic boundary condi-
tion instead of Neumann boundary condition) consult the works of Pardoux, Pang, and Vereten-
nikov (see, e.g., [283] and references given there).
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Shadow Systems

In modeling, one often needs to combine diffusion equations with ordinary dif-
ferential equations — see, for example, the model of early cancer, presented in
Chapter 36. In such cases o defined in (38.3) equals 0, and the main assumption
of the Conway—Hoff—Smoller Theorem is not satisfied. On the other hand, the
latter theorem speaks about convergence of solutions of systems of equations
involving diffusion to solutions of ordinary differential equations. Hence, intu-
itively, lack of diffusion in some of the equations of the approximating systems
should not spoil convergence. As we shall see, and this is the subject of this
chapter, solutions do in fact converge to those of a shadow system (this notion
seems to be originally introduced by J. P. Keener, see [203]). On our way to this
goal, we will generalize the Conway—Hoff—Smoller Theorem in its part con-
cerning convergence as diffusion coefficients tend to infinity. We follow [59].
We begin by noting that in the case where F =0 and N = 1, combined
points (c) and (d) of the Conway—Hoff—Smoller Theorem have already been

SHADOWS XP

LOADING DESKTOP...

Figure 39.1 Shadow(s) system(s) by Radek Bobrowski



Shadow Systems 237

encountered in Chapter 32. For, in this case G; in (d) equals zero (see the proof),
so that /' (t) = 0, and u(¢t) = const. = ﬁ fab f- Hence, (c) says that:

A+

[ = PFll gy =\ e, (39.1)

where ¢ = c(f), P is the projection Pf = tha fab f, and A is the Neumann
Laplace operator. This is Corollary 32.2 supplied with the rate of convergence,
or a version of (32.3) — (c depends on f, but instead of unknown, perhaps quite
small €, we have A = ﬁ .

We will show that the main result of the previous chapter concerning con-
vergence as diffusion coefficients converge to infinity may be recovered from
(32.3). Moreover, we will generalize the result to all semigroups satisfying
(32.3) and to systems where some “diffusion coefficients” are zero.

More specifically, we come back to the setup of Chapter 36: S is a compact
metric space, N is a natural number, and A;, i € N are generators of conserva-
tive Feller semigroups in C(S). Additionally, we assume that there are Ny < N,
€ > 0, M > 0 and rank-one projections P;, i € Ny := {1, ..., Ny} such that:

e — Pl <Me™,  t>0,ieN, (39.2)
while:
A =0, ie N\ MNo.
(A rank-one projection is a projection of the form Pf = (F f)f,, where the
vector f, and the functional F are given.) In other words, only Ny < N first
equations in (36.6) are partial differential equations; the remaining ones are
ordinary differential equations, although all u;’s depend on x and ¢ (see, for
instance, (36.10)).
It will be convenient to rewrite (36.6) in the following form:

W () = Au@) + Fu@), v@),  u©0) = f e [COI™,

v'(1) = G(u(t), v(1)), v(0) = g € [CHI"™,
where u(t) = (ui(t), ..., un, (1)), 0(t) = (Uny+1, - - ., un(t)), and A is the gen-
erator of the Cartesian product semigroup:

In studying the fast-diffusion analogue of this system:
W, (1) = 16,20, (1) + F (1, (1), 0,(1)), 1,(0) = f € [CHI™,
v, () = G(u, (1), v, (1)), 0,(0) =g € [COI"™, n=>1
(39.3)
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where lim,_, o k, = 00, we assume that either the Miiller conditions are sat-
isfied or for some other reason (see Chapter 37 or Exercise 38.1) solutions to
these equations, starting in a bounded subset M of C(Sy) never leave M.

Theorem 39.1 Under the stated conditions, (the mild) solutions to the system
(39.3) starting in M, converge to those of the shadow system:

u'(t) = PF(u(), v(t, -)), u(0) = Pf € RM,
v'(1) = G(u(r), v (1)), 0(0) = g € [C(S)I, (39.4)

almost uniformly in t € (0, 00), where P(f)i=1..n, = (Pifi)i=1... Ny

To explain: F(u(t), v(t,-)) is a member of [C(S)]"; P on the right-hand
side of the first equation is applied to this member. Here and in what follows,
No-tuples of real numbers will be alternately treated as elements of R, and
elements of [C(S)]™, that is, identified with an Ny-tuple of constant functions.

For example, solutions to the early cancer model (36.10) converge as y — 0,
to those of:

9 _ (2p— Dath.c)—d

5—(( p— Da(b, c) —d.)c,

b

v = wa(c)g — dpb — db,

g !

P —/0 [a(c)g + dog — Kk (c) — db]. (39.5)

(The integral here is with respect to the variable x.)
For the proof of the theorem we recall Gronwall’s Lemma.

Lemma39.2 Suppose o : RY — RY is a measurable function that is bounded
on each subinterval of R™. Ifthere are non-negative constants a and b such that:

a(t) <a-+ b/ a(s)ds, t>0, (39.6)
0

then a(t) < ae”,t > 0.
Proof By (39.6) and induction argument, it follows that:

1 -1
) @t —s)

n—1
btk
alt) < akZ; o +V - a(s)ds, t>0,n>1.  (39.7)

Since the first term on the right-hand side converges, as n — oo, to ae? | it
suffices to show that:

t(t— n—1
lim b”/ ﬁa(s) ds =0.
n— 00 o (m—1!
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However, « is bounded on [0, ¢]. Hence, the integral here does not exceed
const.l'l—",, and we are done. O

Proof of Theorem 39.1 Let:
(1) = [l (8) — u(®)]| + [[0,(1) — 0 @), 1=0,

where norms are those of [C(S)]Y and [C(S)]V ™, respectively. Since:

t
u,(t) = e f + / e =ONE (1, (5), 0,(5)) ds,
0

t)n(l‘) =4 + / G(un(s)’ Un(S)) dS,
0
while:
ut) =Pf + / PF (u(s), v(s, -))ds,
0

o(t) =g+ / G(u(s), v(s))ds,
0
we have:
a,(t) < e f — Pf]

+/ eI E (u,,(s), 0,(s5)) — PF (4,(5), 0,(s, -))|| ds
0
+/ |PF (w,(s), 0,(s, -)) — PF(u(s), v(s, -))| ds

0

+/0 G (ua(s), a(s)) — G(u(s), v(s))| ds.

However, solutions stay in a bounded region. It follows that we can choose a
Lipschitz constant L such that the last two integrands do not exceed Lo, (s), s €
[0, £]. For the same reason, using (39.2), we see that the first integrand does not
exceed Ce"('=%) where C = M SUP (. 0)eM [|F(u, 0)].

Now, consider t € [ty, t;] where 7y > 0. Since the first term above may also
be estimated using (39.2), for the non-negative constants:

_ C
an = Me™ | fll;cespo + »

n

we obtain:

t
wn(t) < an + 2L / n(s) ds,
0
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while lim,,_, o, a, = 0. Therefore, by Gronwall’s Lemma,

Lt 2Lt

a,(t) < a,e” < aye

This completes the proof. O

We note that in the case where A is the Neumann Laplace operator, Theo-
rem 39.1 has been established in [248]. The latter paper also gives more delicate
information on the speed of convergence based on heat semigroup estimates to
be found, for example, in [300, p. 25] or [349, Lemma 1.3].

As already mentioned, Theorem 39.1 recovers the main result of the previous
chapter on convergence of solutions of reaction-diffusion equations with fast
diffusion to those of (38.4): it suffices to take A as the Neumann Laplacian
and Ny = N. We note however that the theorem does not include the Conway—
Hoff—Smoller Theorem in its estimates and information on the limit behavior as
t — oo. Remarkably, for Ny < N, the limit behavior of solutions to a reaction-
diffusion equation with some diffusion coefficients equalling zero may be quite
different from that of the solution to the related shadow system [248].

On the other hand, Theorem 39.1 shows that “homogenization” is not a phe-
nomenon related directly to diffusion equation with reflecting boundary condi-
tions but, rather, with asymptotic behavior of the involved semigroup. In partic-
ular, the class of semigroups satisfying (39.2) contains many more objects than
just the Neumann Laplacian semigroup. As we have seen in Chapter 32, even
if we restrict ourselves to the Laplace operator in C[0, 1], there is a number of
boundary conditions that may replace the reflecting boundary conditions. (For
yet another boundary condition suitable for Theorem 39.1, see Exercise 32.3.)

== Chapter’s summary

We discuss convergence, as diffusion coefficients tend to infinity, of solutions
to reaction-diffusion equations coupled with ordinary differential equations, to
shadow systems. We show in particular that it is not the relation to Laplace oper-
ator and Neumann boundary conditions that is crucial here but, rather, asymp-
totic behavior of the semigroup involved — it is assumption (39.2) that does the
trick.
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Kinases

In the last chapter devoted to various models involving fast diffusion, we con-
sider a model of kinase activity due to KaZzmierczak and Lipniacki [202] (see
also [97]). Kinases are enzymes that transport phosphate groups: in doing
this, protein kinases transmit signals and control complex processes in cells.
In [202], following [75], a cell is modeled as a unit 3D ball. All kinases, whether
active (i.e., phosphorylated) or inactive, are diffusing inside the ball. Binding a
receptor located at the cell membrane (the sphere) by an extracellular is a signal
that is to be conveyed to the cell: this is done by the kinases that, when touching
the boundary (the sphere), become activated; such active kinases are randomly
inactivated when meeting phosphatases that are uniformly distributed over the
cell (see Figure 40.1).

In the no feedback case, where all receptors at the membrane are ligand-
bound almost simultaneously, reaching uniform stable concentration R, the
master equation for the concentration of active kinases (after suitable rescal-
ing) is a diffusion-degradation equation:

0K*
ot

with boundary condition (this b.c. is missing in [75] and was introduced
in [202]):

=dAK* — K*, t>0,

aR(1 — K}) = dn(VK*),.

Here, d > 0 and a > are a diffusion coefficient and a reaction coefficient,
respectively, K is the value of K* at the boundary, n(VK*); is the normal
derivative at the boundary, and the term —K™* describes random dephosphory-
lation of active kinases.

Under the assumption of spherical symmetry (made in both papers cited ear-
lier), that is, under the assumption that K* depends merely on the distance r
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Figure 40.1 Kinases’ activation and inactivation by Marek Bobrowski

from the ball’s center, the master equation becomes,

dK* da*, . .
6= 7W(rK t,r)—K*t,r), t>0re1], (40.1)

with boundary condition:

a *
d
or

(t, 1) =aR(l — K*(z, 1)), t>0. (40.2)

We note that, in agreement with the intuitions presented earlier, the first part
of the operator on the right-hand side of (40.1) is the generator of the 3D
Bessel process, modeling the distance of a 3D Brownian motion from the ori-
gin (see [296] p. 251). Condition (40.2) in turn describes an inflow of active
kinases from the boundary (see also later in this chapter).

One of the aims of both [75] and [202] is to show that (perhaps somewhat sur-
prisingly) slow diffusion is necessary for effective signal transmission. Hence,
KaZmierczak and Lipniacki study the case of infinitely fast diffusion and com-
pare the properties of solutions of the limit equation with those of (40.1)—(40.2).
In doing this, they derive the form of the limit equation to be:

*

=3aR(l — K*) — K*, t>0. (40.3)

To explain, as diffusion coefficients increase to infinity, the active kinases’ dis-
tribution becomes uniform over the interval and may be identified with a real
function of time: its dynamics is then described by (40.3). Nevertheless, the
form of the limit equation is quite curious, with a particularly intriguing factor
3.1In [202], equation (40.3) is obtained by integrating the master equation over
the ball and using the Gauss Theorem.
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Here, following [59], we would like to present a semigroup-theoretical proof
of convergence of solutions to (40.1)—(40.2) with d — oo, to those of (40.3).
(In [202], no proof of such convergence is given.)

Convergence of related semigroups
Let C(0, 1] be the space of f € C[0, 1] satisfying £(0) = 0. Given ¢ < 1, let:
Gf=1f" (40.4)
with domain:
D(G.) = {f € C*[0, 1]; f(0) = f"(0) = 0 and (1) = cf(1)}.

For ¢ < 0, we know from Exercise 32.8 that G, generates a Feller semigroup
in Cy(0, 1] —in the notations of that exercise, G. = A_.. In the related stochas-
tic process (a Brownian motion), all particles touching the boundary x = O are
instantaneously killed and removed from the state-space, while those touching
x = 1 are partially killed and removed, and partially reflected for ¢ < 0, and
reflected for ¢ = 0 (see Chapter 3). However, for ¢ € (0, 1], the boundary con-
dition f'(1) = cf(1) describes inflow of particles through the boundary x = 1,
and the related semigroup cannot be of Feller type. The operator G, has already
been encountered in Chapter 32: condition (32.16) involves a scalar multiple
of G, and forces:

lim 9 f = Pf, f e G0, 1], (40.5)
—00

where P : f + 3(F, f)h, where h(x) = x, x € [0, 1]; in particular, (e/?1),¢ is a
bounded semigroup. To repeat, this condition says that the rates of inflow and
outflow are so tuned here that in the limit a nontrivial equilibrium is attained. On
the other hand, in the process related to ¢ = 1, the inflow of particles through
the boundary x = 1 is faster than for 0 < ¢ < 1, and obviously for ¢ = 0 there
is no inflow at all. Therefore, expected numbers of particles in the interval in
the case 0 < ¢ < 1 should be larger than in the case ¢ = 0 and smaller than in
the case ¢ = 1. In other words, we should have:

e <% <, cef0,1],1>0. (40.6)
We make these intuitions precise in the following lemma.

Lemma 40.1 The operators G.,c < 1 generate strongly continuous, equi-
bounded semigroups in Cy(0, 1]: there is M > 0 such that:

e <M,  t>0,c<l. (40.7)
Moreover, (40.6) holds.
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Proof In view of the remarks made earlier, we may restrict ourselves to ¢ €
(0, 1]; for other c, (40.7) holds with M = 1. Given A > 0 and g € Cy(0, 1], we
want to solve the resolvent equation for G.: A f — G.f = g. Any solution must
be of the form:

f(x) = C; sinh(v/Ax) 4 C, cosh(v/Ax) + fo(x), (40.8)

where:

1! .
f) = = | e s
We see that f € D(G,) iff C; = —f,,(0) and:

VAC; cosh VA + V/AC, sinh v/A = ¢C; sinh v/A + ¢C; cosh /A
+ (e + V) fou(D), (40.9)

where we used fg,.k(l) = —«/ng,x(l )and fg/fx(O) = Af;,(0). It follows that the
resolvent equation has a unique solution, and C; is a linear-fractional function

of c: C(c) = O;Cc—ig where:

ad — By = N (fg,)\(l) + f¢.,.(0) cosh x/x) cosh v/
+ Vi (fg,x(l) — f¢2.(0)sinh ﬁ) sinh v/
= Vi (fer (e + 020) >0,

provided g > 0. It follows that, for such g, C; increases with ¢ (while C; is
constant). This shows in particular that:

A=—G) '<(r=-G)'<(—=G)celo, 1. (40.10)

Since (A — Go)~! is the resolvent of a Feller generator, (A — Go)~ ', A > 0are
positive operators in Cy(0, 1]. Therefore, (A — G.)~!, A > 0 are positive oper-
ators too. On the other hand, as we have already seen, G| is the generator of a
bounded, positive semigroup: there is M > 0 such that ||e’®'|| < M. It follows
that for A > 0 and integers k > 0,

M =G < M,
and (40.10) implies:

A = G ¥ < M.
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Since the domains D(G,) are clearly dense in Cy(0, 1], the Hille-Yosida Theo-
rem completes the proof of (40.7). Condition (40.6) is now a direct consequence
of (40.10). ]

Our main step in proving KaZzmierczak and Lipniacki’s claim is the following
theorem.

Proposition 40.2 Given real numbers d, > aR with lim,_, o, d, = 00, we con-
sider operators:

An = dnGc,,
where ¢, = 1 — Z_R (with domain D(A,) = D(G,)). Then:

lim e f = e 3Ripy, f € Co(0, 00)

n—oo

almost uniformly int € (0, 00), where P is defined after (40.5).

The easiest road to this result leads through Kurtz’s Theorem of Chapter 42.
Hence, we postpone the proof to that chapter. We note that the curious factor 3
is already here, and it turns out to be a direct consequence of the definition of
P!

The physical phenomenon described by Proposition 40.2 is quite similar to
that of the main result of Chapter 35. To explain, in the particular case where the
graph contains only one edge identified with the interval [0, 1], Theorem 35.2
states that for the semigroups generated by:

Anf =kaf", D@A,) = (f €C0,1]: f(0) =0, f(1) = —Kﬁf(l)},

where a > 0 is given, we have:

1
lim e f = e / f
0

n—o0

This is interpreted as follows: Condition f'(1) = —- f(1) describes a partial
outflow of particles through the boundary x = 1. When x — 00, the boundary
x = 1 becomes reflecting, but at the same time solutions homogenize over the
interval. Because of the tuning of speed of homogenization and outflow, in the
limit we still have a possibility of probability mass’ loss. The limit process is
a single-state Markov chain in which a particle after an exponential time with
parameter a > 0, disappears from the state-space.

Proposition 40.2 is similar: here conditions f'(1) = f(1) and f(0)=0
describe a balance: inflow and outflow rates cancel out. By considering f'(1) =
(1— %) f(1), we decrease the rate of inflow through x = 1. Again letting



246 Kinases

d, — 00, on the one hand, we “homogenize” solutions and, on the other, grad-
ually increase the rate of inflow to the balance state. However, the tuning of the
rates of outflow and inflow is so that in the limit, probability mass still decays
exponentially.

Proof of the Main Convergence Result

We start by noting that the boundary condition in (40.2) is arguably easier to
comprehend, when we turn to the equations for the concentration of inactive
kinases:

K°=1-K*

(the total concentration of kinases is normalized to 1). The master equation then
becomes:

oK* (t,r) 49 (Ko(t )) +1—-K°%t,r) (40.11)
1) = ———(r T - 7)), .
ot r or?
fort > 0, r € (0, 1], while the boundary condition:
0K°® R
. =—-2k0G 1), >0, (40.12)
or d

turns out to be the familiar Robin boundary condition, describing partial out-
flow of inactive kinases at the boundary. Hence, (40.2) indeed describes an
inflow of active kinases from the boundary.

Next, we rewrite (40.11) and (40.12) in terms of:

L(t,r) = rK°(t,r).
This gives:

oL 9%L
R e
ot or?
where h(r) = r, r € [0, 1], with boundary condition:

+h—L,  t>0, (40.13)

aL aR
S D= (1 - 7) L, 1). (40.14)

Proposition 40.3 Solutions to the system (40.13)—(40.14) with initial condi-
tion f € Cy(0, 1] converge, as d — oo, to those of

dL
5 = ~GaR+DLO)+h (40.15)

with initial condition Pf, for all t > 0.
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Proof Let d,,n>1 be as in Proposition 40.2. Equations (40.13) with d
replaced by d,,, may be seen as semilinear, and their solutions are given by:

t
L,(t)=e e f+ / e (=9 =9up ds.
0
Proposition 40.2 yields now:

t
lim L,(t) = e—ze—3aRsz+/ e~ (=) =3aRE=) pp 4.
0

n—o0

Since Ph = h, the right-hand side is the mild solution of (40.15). O

Equation (40.15) describes dynamics in the one-dimensional subspace span-
ned by A. In particular, all L(r)’ are scalar multiples of A. Since L = hK°L,
solutions of (40.11)—(40.12) converge, as d — 00, to scalars evolving accord-
ing to:

dK® o
el —@BaR+ DK () + 1.
Hence, the limit equation for K* is:
dK* dK* o " x
T - & = @BaR+ 1)K°(t) — 1 =3aR(1 — K*) — K*,

which was our goal.

Alternative Proof of (32.16)

We complete this chapter by giving an alternative proof of (32.16) — this relation
was crucial for the proof of the main result in this chapter (see (40.5)): we will
show that K > 0 and € > 0 may be chosen so that:

[e'C — P|| < Ke ™, t>0, (40.16)

where Pf = 3(F, f)h.
Exercise 32.8 (c¢) combined with (40.10) shows that for operators G, defined
in (40.4), we have:

A=A "< -Gy '<(r-GD', <1

(we recall that A, in Exercise 32.8 (c¢) coincides with G_,, v > 0). Moreover,
see Exercise 32.7, (A —Ag) "' f(x) = fol ky(x, y)f(y)dy > 0 for all x € (0, 1),
provided f > 0 is nonzero. Using Exercise 32.8 (c) again, we see that:

A=G)' f(H)= =Gy f(H = —A)" f(1)
> —A)) ' f(1)=0,
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for f > 0, v > 0. It follows that (e/*! )i>0 1s irreducible. Moreover, by the proof
of Theorem 4.1 in [54], G; is the generator of a cosine family. Therefore, the
semigroup generated by G, is holomorphic.

To apply Corollary 32.4, we need to show that D(G;) embeds compactly
in Cy(0, 1]. To this end, assume f € C?[0, 1] satisfies f'(1) = f(1). Then,
for g(x) = f(1 —x) we have ¢(0) = —g(0), and so g(x) = g(0)(1 —x) +
Jo Jo &' (2) dzdy. It follows that members of the unit ball in D(G)) satisfy:

1—x py
IAI+If T <1 and  f(x) =f(1)X+/ f f'(z)dzdy, x € [0, 1].
0 0

Since [f(1)] < 1, all f in the ball are Lipschitz-continuous with constant 2.
(Alternatively, use a version of Landau’s inequality.) Therefore, the Arzela—
Ascoli Theorem implies the claim.

Thus, by Corollary 32.4, there is a strictly positive f, and a functional F such
that F f, = 1 and:

e e f — (Ffll <Ke @IIfll,  feCo0,11,t>0 (40.17)

for some constants K > 0 and € > 0. Since &7 € D(G) and G;h = 0, we have
e/%1h = h. Therefore, s(G,) in this formula must be equal to 0. Next, (40.17)
with s(G1) = 0, implies lim,_, o, e'G Jf« = f«. This in turn shows that f, is a
fixed point of the semigroup, and hence belongs to the kernel of G;. Since this
kernel is spanned by A, without loss of generality we may assume f, = 3h.
We are left with showing that F' in (40.17) coincides with Fj. We note that our
remarks combined with (40.17) yield:

lim 'O f = 3(Ff)h. (40.18)

Integrating by parts and using boundary conditions, we check that F1 (G, f) =
0 for all f e D(G,). It follows that ¢ — F;(e'®") is constant, that is, that
Fi (&G f)=F f for all t >0 and f € D(G;). A density argument shows
that the same is true for all f € Cy(0, 1]. Therefore, using (40.17), Fi f =
lim,_, o F1 (%' f) = FFB(Ff)h) = Ff for all f e Cy(0, 1], since F3h =1,
completing the proof.

Notes

The model of Kazmierczak and Lipniacki [202] has two variants: the no-
feedback case described earlier, and the case with feedback, in which kinases
interact with receptors. More specifically, initially, only a part of receptors
is activated by the extracellular ligands: subsequently inactive receptors are
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activated by meeting active kinases, which in turn were previously activated by
active receptors. In the latter variant, dynamics is described by the system:

aK* d d? . N
(t,r)= ;ﬁ(rl( (t, r)) — K*(t, 1),

dt
da i (t,1) =aR()(1 — K*(, 1)),
or
dR(t) .
P gK*(t, D[Ryax — R(#)] — DR(2), t>0,re(0,1],

(40.19)

where b, ¢, R, > 0 are constants, and R(t) € [0, R,,,.] is the number of active
receptors. As in the no-feedback case, the model’s authors predict the limit
equations, as d — 00, to be:

dK* (1) . «
- = 3aR(t)(1 — K*(1)) — K*(1),
% = GK*()[Ryax — R)] — bR(t), 1> 0. (40.20)

Clearly, the first equation here may be obtained by replacing the constant R
in (40.3) by the function R(-). However, system (40.19), while natural biologi-
cally, is quite complicated mathematically. In particular, (40.19) is an example
of a dynamic boundary value problem, with interactions between the “interior”
and the boundary. Hence, even the question of existence of solutions is nontriv-
ial and the nonlinearity in the boundary makes the problem even more difficult.
In particular, (40.19) does not seem to come within reach of the elegant, linear
theory developed in [80, 276]. Hence, analysis of asymptotic behavior of this
systems, as d — 0o, must be the subject of further research.

== Chapter’s summary

In considering a signaling pathways model of activity of kinases we show that
solutions to (40.1) and (40.2) converge to those of (40.3). In other words, if dif-
fusion inside the cell is fast, a probabilistic model involving diffusion becomes
a deterministic one. Although the idea seems to be self-explanatory, the limit
model is of curious form because of the influence of boundary conditions
involved.
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Uniformly Differentiable Semigroups

After a long detour leading through various convergence theorems involving
fast diffusions, we come back to our main question: “How can we prove irreg-
ular convergence of semigroups?”. In Theorem 31.2, we covered the case where
the semigroups are uniformly holomorphic, but this condition is quite restric-
tive, and may be weakened considerably. To this end, recall that a semigroup
(e )i>0 1s said to be differentiable iff e*x € D(A) forallx € Xands > 0. Holo-
morphic semigroups are differentiable, and a differentiable semigroup of equi-
bounded operators is holomorphic iff there exists a constant C > 0 such that
Ae™|| < € forallt > 0 ([9] p. 160, [128] p. 101, [201] p. 488, or [284] p. 61).

The necessary and sufficient conditions for an operator A to generate a
differentiable semigroup, due to A. Pazy, are presented in the following
theorem.

Theorem 41.1 Suppose |et|| < M, t > 0. The semigroup is differentiable iff
for all b > 0 there exist constants aj, € R, and C, > 0 such that:

pPA)D Xy ={rLeC;Nek >a,—blog|Imr|} 41.1)
and.:
(A —A)71II < Cp|SmA| for h € Xy, Ned <0. 41.2)

Corollary 41.2 Let A be a (nondensely defined) Hille—Yosida operator. If the
semigroup (e"47),= is differentiable then A generates a noncontinuous semi-
group (see Chapter 28).

Proof Since the range of (A — A)~! is contained in X, our assumption implies
a) in Proposition 28.1, and the corollary follows. O

Here is the main theorem of this chapter, taken from [48].



Uniformly Differentiable Semigroups 251

Proposition 41.3 Suppose that equibounded semigroups (e

differentiable in the sense that for all b > O there exist constants a, € R, and
Cp > 0 such that for alln € N:

)0 are equi-

P(A,) D Xy = {A; Ne A > a, — blog|SmA|}
and:
[ —A)7H < Gyl Sma| forx € £p,Rer <0,n > 1. (41.3)
Then the following are equivalent,

(a) lim,_ o e exists for allt > 0,
(b) lim,_ oo (A — A,) " exists for all & in the open right half-plane,
(c) lim,_, oo(A — A,)~" exists for some X in the open right half-plane.

Proof Implication (a) = (b) was explained in Theorem 31.2, and the fact that
(c) implies (b) is left as an exercise (Exercise 41.1). Since (b) = (c) is trivial
we are left with showing (b) = (a). The proof consists of three steps.

Step 1. Fix b > 0. Consider a purely imaginary A € Zb, we want to show that
A € p(A), where A was defined in (14.1). For « : 4\”~mA|Cb and u == A+,
we have (u —A,) "1 = Y72 o (—a) (A — A,)~* D Therefore:

< *lamc
= 3RmAIC.

00 1
— _1 —_ - —_—
e =AD" <11 G =AD" EZO 7

It follows that (A —A,)~' = > 02, sf(u — A,)~**D, and this implies that
lim, oo (A — A,,) ! exists by the Dominated Convergence Theorem. Hence, R,
defined in (31.2) is both aright and left inverse of A — A, and | R;.|| < Cp|ImA|,
showing that . € p(A).

Step 2. We show that X, N {A; Rer < 0} C p(A). To this end we note that
3, N {A; RNed <0} N p(A)isopenin T, N {1; Red < 0} since p(A) is open in
C. To show that the former set is closed in the latter We argue as in the proof of
(¢c) = (d) in Theorem 31.2: it is enough to replace ] | by Cp|Im,| in (31.5).
Since X, N {A; Rer < 0} N p(A) is nonempty by Step 1, and X, N {A; Rer <
0} is connected, X, N {A; Red <0} N p(A) = X, N {A; Rer < 0} and we are
done.

Step 3. By Step 2, A satisfies (41.1). Moreover, for A € %;, (41.3) implies
(A — A)@)n=11l = Cp|ImA|||(x,)n=11l, proving that A satisfies (41.2). Hence,
the semigroup generated by A, is differentiable. By Corollary 41.2, A
generates a noncontinuous semigroup, and Proposition 28.3 completes the
proof. O
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Exercise 41.1 Use the Hille—Yosida estimates for (A — A,)~! to show that, in
Proposition 41.3, (c) implies (b).

i Chapter’s summary

The main theorem of Chapter 31 is generalized: its main assumption of uniform
holomorphicity is dropped and replaced by that of uniform differentiability.
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Kurtz’s Singular Perturbation Theorem

THISIS A
REALLY

SINGULAR
THEOREM

Figure 42.1 A singular theorem by Radek Bobrowski

Theorem 41.1 is a dead end. First of all, conditions (41.1) and (41.2) are
quite hard to check in practice and I am not aware of interesting examples of
equidifferentiable semigroups (that are not equiholomorphic). There is no hope
for further generalizations either, such as to equi-normcontinuous semigroups
(comp. [87, 253]). Last but not least, in dealing with “hyperbolic” problems
we should not expect additional regularity of solutions, and the method of the
previous chapters simply fails.

Luckily, a surprising number of examples of degenerate convergence falls
into the following scheme, devised by T. G. Kurtz [132, 232, 233]. Let (€,),>1
be a sequence of positive numbers converging to 0. Suppose 4,,, n > 1 are gen-
erators of equibounded semigroups {e"4, r > 0} in a Banach space X, and Q
generates a strongly continuous semigroup (e'?),~¢ such that:

lim ¢'%x =: Px, reX (42.1)

—00

exists. Then (see Exercise 8.7) P is a bounded idempotent operator and:

Ker Q = Range P, Range Q = Ker P. (42.2)
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Lemma 42.1 (Kurtz) Suppose (42.1) is satisfied and lim,_, o, e**' = '@,
Then:
lim ex =0, xeKerPt>0 (42.3)

n—00

uniformly in intervals of the form [ty, 00), ty > 0.

Proof Let x € Ker P and suppose (42.3) does not hold uniformly in one of the
specified intervals. Then there exists a sequence (#,),>, separated from 0 and
such that:

le4x|| > 8, n>1 (42.4)

for some positive § > 0. On the other hand, there exists an s > 0 such that
lleCx|| < % where M is a constant larger than all ||e"4||. Also, for large n,

2 and Z > 5. For such n,
.

SOy _ aS€ndy
le**x — e™ x| < 537

el = fles x| < Mle* x|

< M|je*“Yx — x| + M| e x| < 8,
contradicting (42.4). O

Let, as before, A,’s be the generators of equibounded semigroups and sup-
pose (42.1) holds for a Q. Denote:

X' = Range P.

Theorem 42.2 (Kurtz) Let A be an operator in X, D be a subset of its domain,
and assume that:

(a) forx € D, (x, Ax) € Aey Where Ae, is the extended limit of A,,,n > 1,

(b) fory in a core D' of Q, (v, Qy) € Bex Where Be is the extended limit of
€A, n>1,

(c) the operator PA with domain D N X' is closable and its closure PA gener-
ates a strongly continuous semigroup in X',

Then:

lim e x =Py, xeX,t>0. (42.5)
n—oo
Proof Forx € D(A)andy € D', we take z,, = x,, + €,y, where x, € D(A,,) and
vn € D(A,) are such thatlim,,_, o ¥, = ¥, lim, 00 €,4, Y, = Oy, lim,, oo X, = X
and lim,,—, o A;X, = Ax. Clearly, lim,_, o 7, = x and lim,,_, .o A2, = Ax + Qy,
that is, Aexx = Ax + Qy. Since A, is closed, and D’ is a core for Q, Qy here
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may be replaced by any member of the closure of the range of Q. Moreover, by
(42.2), Oy may be replaced by any member of the kernel of P. Taking PAx — Ax
instead of Qy we obtain that PAx € X' is a value of A,, on x; PAx — Ax belongs
to the kernel, since P is idempotent.

By (c) and Corollary 8.5 it follows that (42.5) holds for x € X’ and the
convergence is almost uniform in ¢ € [0, co0). By the same result, (b) implies
lim,,_, o, €4 = e'?. Hence, by Kurtz’s Lemma, lim,_,,, e"*x =0 for x €
KerP, and the convergence is uniform in intervals of the form [7y, c0). Writ-
ing x € X as (x — Px) 4+ Px and noting that x — Px belongs to KerP since P is
idempotent, we complete the proof. O

As aby-product of the proof we obtain that X’ = X, that is, that X’ coincides
with the regularity space. For, we have seen that for x € X', the limit (42.5) is
almost uniform in [0, o). On the other hand, for x ¢ X', the limit cannot be
uniform in a neighborhood of 0, since the limit function is discontinuous at
0 (for t = 0, the left-hand side obviously converges to x). We also note that
Kurtz’s Theorem does not require checking directly the range condition — this
is one of its biggest advantages. However, a kind of range condition for the
space X' is, certainly, involved in requirement (c).

For a more general version of Kurtz’s Theorem, see [132].

Armed with this magnificent tool, we may give a simple proof of the main
theorem of Chapter 35 (assuming Proposition 35.1). In fact, the biggest obsta-
cle in the analysis is the apparent conflict of notations we need to overcome.
To begin with, the role of Q of Kurtz’s Theorem will be played by B defined
in (35.10). By Corollary 32.2, we have:

lim e* = P,

t—00
with P defined in (35.6) (here, happily, notation for P of Kurtz’s Theorem
and that used in Chapter 35 agree well). Moreover, we have X' := Range P =
Co(S), the space of functions that are constant on each edge. The semigroups
we want to consider are (e )>0 defined in Theorem 35.2, which by Propo-
sition 35.1 are composed of contractions. To comply with notations of Kurtz’s
Theorem, these semigroups will be denoted (e )=0- Also, the role of ¢, is
played by «,!. Next, we define Af := oK f and take D = Cy(S).

Lemma 42.3 We have D = Cy(S) = X' C D(Aey) and:
Aext = 0Ku = Au, ueb,

so that condition (a) in Kurtz’s Theorem is satisfied.
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Proof As the proof of Corollary 32.2 reveals, there are f,, € D(B) such that
lim,_, o f, = uand, lim,_,  «,, f, = 0 (take f = Oinrelation (32.2)). Let g, =
I L. Clearly, lim,,_, o g, = u. Moreover,

Angn = 0} + 0 f) =0k f] +0Kfy — oKu,
as claimed. ]
Lemma 42.4 Forall f € D(B),

Becf = Bf,
so that (b) in Kurtz’s Theorem is satisfied.
Proof We take f, =I_'f € D(A,). Certainly, lim,_, o f, = f and:
K A =0 f + 10U ) — of =B,

as desired. O

To complete the proof, we note that by (35.11), PA restricted to Cyp(S) = D =
X’ coincides with Q of Theorem 35.2:

PAu = P(c Ku) = 0 PKu = Qu.

Since this Q is the generator of a semigroup in Cy(S), we do not need to
close it, (c) in Kurtz’s Theorem is satisfied, and (42.5) with PA replaced by
Q yields (35.5).

We close this chapter with the promised proof of Proposition 40.2.

Proof of Proposition 40.2 We check the conditions of Kurtz’s Theorem. The
semigroups (e"4"),=9,n > 1 are equibounded by Lemma 40.1. Also, (40.5)
shows that (42.1) is satisfied with G| playing the role of Q. Next, for f € D(Gy),
we consider:

fn = f +anx
where x (x) := %X €[0,1],and a, := % We have f, € D(G,,) and

lim,_, » fn = f, while:
Gc,,fn — f// + anX” - f// — G]f,

proving condition (b) in Kurtz’s Theorem. Moreover, taking f from the sub-
space X' = Range P, that is f of the form f = ah for some @ € R, we have for
the same f;,

aaR

Anfu = dnanX” = duyanx — mx-
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Let A, be the extended limit of A,,, n > 1. It follows that for f = ah, we have
(f,Af) € Ay where Af = l_o‘c‘:)lfh 7 X - This proves condition (b).

Finally, F1 x = coth 1 — 1. Therefore, PAf = —3aaRh = —3aRf and PA is
clearly the generator of the semigroup e’ f = e 3"’ f on X'. This proves con-

dition (c) and completes the proof. O

Exercise 42.1 Show that Example 26.2 fits into the setup of Kurtz’s Theorem
and deduce (26.3) without alluding to (26.2).

Exercise 42.2 (This generalizes Example 26.2.) Consider a Banach space X
and let Ay be the generator of a contraction semigroup in X x X. Show that
the operators A, = Ap — (8 n(}x) with domain D(A) generate contraction semi-

groups in X x X with the regularity space X x {0}. Prove also:
0
lim e’A”< ) =0, for x € X. (42.6)
n—o00 X

Exercise 42.3 Assume that generators A,, n > 1 satisfy the assumptions of
Kurtz’s Theorem (in fact, it suffices to assume (a) and (b)). Let B be a bounded
linear operator such that BA,,, n > 1 are generators of equibounded semigroups
and so is BQ. Also, assume that lim,_, o, ¢'?¢ =: Py exists. Prove that if PzBA is
closable and and its closure generates a strongly continuous semigroup, then:

lim '8 = P88 Py
n—oo

i Chapter’s summary

A fundamental (and very useful) theorem of T. G. Kurtz is established. Many
chapters to follow are devoted to its applications. Here, we present two of such
applications: an alternative proof of Theorem 35.2 and a proof of Proposi-
tion 40.2.
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A Singularly Perturbed Markov Chain

To begin with applications of Kurtz’s Theorem, we consider a singularly per-
turbed Markov chain. This example is a piece of a bigger puzzle presented
in [21], and at the same time provides probabilistic interpretation of Lemma 5.1
there. For a systematic treatment of singularly perturbed Markov chains, includ-
ing inhomogeneity in time and infinite state-space, see [352].

Let N € N, and two N x N Kolmogorov matrices A and Q be given; as in
Chapter 13, a Kolmogorov matrix is identified with an operator in /), (the space
of sequences of length N, equipped with the /'-type norm). Given a sequence
(€n)n>1 of positive numbers converging to zero, we consider the operators:

hoit o
El’l

Each A,, describes a Markov chain being a combination of two: the “slow” one

(A), and the “fast” one (¢, '0). We are interested in the limit behavior of the

related Markov semigroups (e )0, > 1.

Before proceeding, we need more information on the structure of Q. To recall
(see [90, 278]), states of a Markov chain are of two types: the transient and the
recurrent ones. The state-space (which may be identified with {1, ..., N}) may
be divided into closed recurrent classes, say Cy, Cs, . . . , G, where m < N, with
all states communicating within each class but not between the classes, and the
remaining states being transient. The process starting at one of the latter states
will after some time reach one of the recurrent classes never to return to its
starting point. A process starting at a state of the former type, visits this state
infinitely many times (see Figure 43.1).

This fact has its reflection in the structure of the null space of Q: its
basis is formed by m non-negative eigenvectors vy, vz, ..., 0, € RV, corre-
sponding to the stationary, limit distributions of the closed, recurrent classes.
These eigenvectors have disjoint supports (and in particular are linearly
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Figure 43.1 A Markov chain example: out of eight points, five are recurrent and
form two clusters (in blue), and the remaining three (in olive) are transient. Two
basic eigenvectors for this chain have supports {s, s2, s3} and {s4, 55}, respectively.

independent), and by suitable rearrangement of the states, we may assume that
these supports are {n; =1,...,Ni},...,{ny, ..., Ny}, where nj,; =N, +
l,je{l,...,m—1}, and N,, < N. In the terminology of Chapter 13, these
vectors are distributions.

Moreover, the limits lim;_. p;;(t) = p;; exist, where p;;(t) are
coordinates of the matrix P(r) = e/¢. Since the matrices involved here
are finite-dimensional, it follows that (42.1) is fulfilled. If i and j belong to
the same class of communicating states, p; ; in fact does not depend on i. More
specifically, for i € {ny, ..., N}, the ithrow of P = (p; ;)i j=1,...~ is composed
of the coordinates of the eigenvector vy, the fact that the process never leaves
the kth class being expressed in all the coordinates vy, I & {ng, ..., Ni}, of vy
being equal zero. Finally, the remaining rows are convex combinations of the
eigenvectors, say the ith row is:

Zai,kuk, i> N,. 43.1)
k=1

(For example, in the case of the Markov chain depicted at Figure 43.1,

01,1 01,2 01,3 0 0 0 0 O

01,1 01,2 01,3 0 0 0 0 O

01,1 01,2 01,3 0 0 0 0 O

p— 0 0 0 02,4 025 0 0 O

0 0 0 V2.4 025 0 0 0 ’

Qe 1011 (V12 61013 Oeola4 Ogov2s 0 0 0
Q71011 Q71012 ®7,1013 072024 072025 0 0 0

Qg vyl g (V2 g 1013 0gola4 ogovas O 0 0

where v;  is the kth coordinate of v;.)



260 A Singularly Perturbed Markov Chain

In particular, the related operator P (mapping x to x - P) is a projection on
the kernel of Q, in agreement with (42.2). Writing:

P&z N:Z Zgz v;+ Z %_jza/kvk»

j=1 i=n; J=Npu+1 k=1
m N;
= E &+ E Elal il v
Jj=1 \i=n; i=N,,+1

we see that, as a map from R" with standard basis to X, with the basis
{v1, ..., 0}, P may be identified with the N x m matrix P* given by (see also
Exercise 43.1):

1, ie {I’lj,...,Nj},
p}k,j= 0, ief{l,....,Ny}\{nj,...,N;},

Qjj, 1> lvm-

The quantity pj, is the probability that a chain starting at i € {1, ..., N} will
endupinthe kthclass,k=1,...,m

Returning to the limit behavior of the semigroups: by Exercise 7.5, the related
regularity space is contained in the kernel of Q. Hence, we expect Kurtz’s
Theorem to work with Xo = X’ = Ker Q. In notations of Kurtz’s Theorem,
(x, Ax) € Agy and (x, Ox) € B for all x € X. Also, (PA)x,, being a bounded
operator, generates a semigroup. Applying the theorem:

lim e*'x = ™ Px, xeR"t>0. (43.2)

n— 00
To interpret this result, we note that the transformation matrix for (PA)x,, in
the basis {vy, v2, ..., 0y}, is the (matrix) product of three matrices:

Q*=C-A-P,

where C is the change of basis matrix, composed of m rows being the m eigen-
vectors (in the normal order). We claim that Q* is a Kolmogorov matrix, so that
the limit process is a Markov chain with m states. To thisend, fori =1, ..., N,
let 1; = (1,...,1) € R'. Then, since the coordinates in each row of P* add up
tol,P* -1, = 1, and, since A is a Kolmogorov matrix, Q - 1,, = 0. This implies
that O* - 1,, = 0, that is, that the coordinates in each row of Q* add up to 1. To
see that the off-diagonal entries in Q* are non-negative, we calculate, recalling
that the support of v;’s is {n;, ..., N;}, in self-explanatory notations:

M N Nj  Ni N Ni
* *
a5y =) vuapi; =YY v+ Y Y vide;. (43.3)

k=1 I=n; k=n; I=n; k=N,,+1 I=n;
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Figure 43.2 State-space lumping for a Markov chain example: two recurrent
classes become two “aggregate” points of the limit Markov chain, communicat-
ing directly (blue arrows), or via transient states (which are not states of the limit
chain; that is the reason for black arrows to be dashed).

If i # j, since {n;, ..., N;} N {n;, ..., N;} =, the indexes k and [ in the first
sum on the right are never equal. Similarly, in the second sum we have k >
N,, > [. Hence, for such i and j, the sum does not involve the diagonal elements
of the matrix A, proving that the sum is non-negative, because matrices P* and
C are non-negative.

Probabilistically, when transitions in the chain Q are “very fast,” the commu-
nicating states in each closed class become lumped together to form a single
point (each point corresponds to one class, that is, to one basic eigenvector).
Since the remaining, transient states are disregarded, the limit Markov chain’s
state-space has m points, which may be identified with m classes of Q. In itself,
the Markov chain described by Q does not allow communication between these
classes, but transitions are possible through the slow process related to A. As
seen in (43.3), there are two ways for the process starting in class C; to jump to
class C;. At Q-equilibrium, a particle starting in C; will be at / € C; with prob-
ability v, ;, but the slow process may transfer it to one of the states k € C; —the
first sum on the right is the intensity of such a jump. The other way is via one of
the transient states: from / € C; the particle may be transferred to one of k > N,,
and then go to C; forced by the sweeping Q-chain — the second sum is the inten-
sity of such an indirect jump (see Figure 43.2). Hence, while Q lumps points in
communicating classes, A allows transitions between the classes (interestingly,
both A and Q influence transition rates).

A “biological” interpretation could read as follows. Imagine a colony of birds
living on a number of islands, and think of the fast chain (Q) as representing
transitions between various feeding grounds located at those islands, occurring
on a daily basis. While on an island, birds may change feeding places but gen-
erally do not leave the island; hence, each island with various feeding grounds
corresponds to a cluster of communicating states for Q. Transient states may
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then represent deserted islands, where there is not enough food, forcing birds to
look for a better place to live. Also, think of A as describing “slow” migration
processes, occurring on yearly basis; such transitions may be due to nesting,
seasons, and so on. Then, (43.3) may be explained as follows: if the number
of birds is large, their “fast” daily migrations between feeding grounds on each
island do not change their “stationary” distribution, and, as remarked earlier,
no transitions between the islands are possible on daily basis. However, on a
yearly basis, such transitions are possible: in search for a companion, a nest,
or for other reasons, a bird may be transferred from one island to another via
a deserted place or directly, and — on the scale of years — intensities of such
transitions are given by (43.3).

Yet another interpretation, a psychological one, is that the states of thought-
less happiness seem to be recurrent in humans, while the states of intellectual
activity are apparently painful and hence transient. The vision of stationary dis-
tributions related to recurrent, closed classes is not really encouraging. We need
another independent intensity matrix to lead us from such a stationary distri-
bution to a transient, temporary state of mind called thinking, quickly to return
to another stationary distribution. Nevertheless, sometimes in making such a
forced jump from one closed set of preoccupations to another, we manage to
avoid going through dangerous places described earlier.

A number of examples involving singularly perturbed Markov chains can be
found in [352].

Exercise 43.1 Check that for the Markov chain depicted at Figure 43.1,

1 0
1 0
1 0
" 0 1
=10 1
®6,1 Q62
71 072
og1 a8

s Chapter’s summary

We present one of the simplest of tons of applications of Kurtz’s Singular Per-
turbation Theorem: a limit of singularly perturbed Markov chains. Applications
are “birdy”-like [344].
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A Tikhonov-Type Theorem

As another application of Kurtz’s Singular Perturbation Theorem we show a
Tikhonov-type theorem on dynamical systems with fast motion along chosen
axes. Our approach is based on [61, 233].

We start with a description of semigroups related to systems of ordinary dif-
ferential equations in an M-dimensional rectangle J, defined as:

Ji={xeRM;v<x<w]

where V = (0))iepm < W = (w;)jem are vectors in RM, M := {1, ..., M}, and
inequalities are understood coordinate-wise.

Leta = (a;) jem, be a vector of Lipschitz continuous functions a; : J — R.
The functions a; may be extended to functions on R” without increasing their
Lipschitz constants (see [117] p. 189). Hence, for each extension, the initial
value problem for the system of ODEs in RM:

dx(r)
dr

has a unique global solution. Moreover, the Miiller conditions:

—ax(@), t>0, 44.1)

aj(uy>0 for ueJwithu; =vj, (44.2)
aj(u) <0 for ueJwithu; =w;,

imply that the trajectories of (44.1) starting in J remain there forever and do not
depend on the extension chosen. This condition simply says that on the faces
of J, the vector field a points toward the interior of J, forcing the trajectories to
remain in J; see Chapter 36 or [337, 338].

By s(¢, -) we denote the function mapping the initial value X € J into the
solution X(¢) of (44.1) at time #; X — X(t) = s(¢, X). By the theorem on con-
tinuous dependence of solutions on initial conditions ([339], p. 145), s(t, X) is
continuous in X.
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Let C = C(J) be the space of continuous functions on J, and let C' denote the
set of f e C that have continuous partial derivatives in J. Equivalently, f € C'
iff it may be extended to a continuously differentiable function on R¥. Such an
extension is not unique, but the partial derivatives of all extensions of f are the
same in J.

Proposition 44.1 The formula S(t)f(X) = f(s(t, X)) defines a cy semigroup
of contractions in C. For the infinitesimal generator A of {S(t),t > 0}, we have
C!' ¢ D(A) and:

M Bf
Af(X) = Zaj(x)BT(x), fecC xel. (44.3)
j=1 /

Moreover, C' is a core for A.

Lemma 44.2 There exists a sequence {@,},>1 of continuously differentiable
functions a,, : J — RM with the same Lipschitz constants, satisfying the Miiller
condition and such that lim,,_, ; sup,.; |[a(X) — a,(X)|gx = 0.

Proof Rectangles J and [0, 1Y are diffeomorphic with diffeomorphism p :
RM — RM, defined by:

mapping faces of J onto corresponding faces of [0, 1]”. Hence, without loss of
generality, we may assume that J = [0, 1]”. Let a, be the multivariate Bern-
stein polynomials [245]:

1
a,Ax):IEa(—X), X=x1,...,xy)eJ, n=>1, (44.4)
n

where X = (Xi, ..., Xy) is arandom vector with independent, binomially dis-
tributed coordinates; the probability of success for X; being x; and the number
of trials being n. The Miiller condition says that on the face where the ith coor-
dinate of X is O (or 1, respectively) the ith coordinate of a is non-negative (or
nonpositive, respectively). Since for X on such a face, %X admits values from
this face, a, satisfy the Miiller condition as well. Since it is well known that a,,
converge uniformly to a (for the one-dimensional case, see e.g., [49]; the gen-
eralization to the multivariate case is straightforward), we are left with showing
that they are Lipschitz continuous with the Lipschitz constant A. To this end we
rephrase the proof from [74] (devoted to one-dimensional case) in probabilistic
terms to make it suitable for the M-dimensional case we are interested in here.
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o fotar
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Figure 44.1 A Bernoulli trial with a chance to make up

Let x € [0, 1) and y € [x, 1] be given. Suppose that in a Bernoulli trial the
probability of success is x, but in the case of failure we obtain a second, inde-
pendent chance with probability of success equal = ~- Clearly, the resulting
probability of success in such combined experlment is y (see Figure 44.1).
Therefore, if X is a binomial variable with parameters » and x, and condition-
allyon X =k € {0, ..., n}, Z is binomial with parameters n — k and 3= e~ x, then
X + Z is binomial w1th parameters n and y. (Z is the number of makeup trials.)
Moreover, EZ=EY — EX = n(y — x).

Now, let X be as in (44.4) and Y be a similar random vector with parame-
ters y € J. In estimating |Ea(X/n) — Ea(Y/n)| we may replace ¥; by X; + Z;
if x; < y;, and X; by ¥; + Z; in the other case, where Z; is as described earlier;
in particularEZ = n|x; — y;|. Hence, assuming |a(x) — a(y)| < Alx—-y| :=
AZI , |xi = yil, we obtain |[Ea(X/n) —Ea(Y/n)| < 2 Zl WEZ = Alx—
yl-

Proof of Proposition 44.1 Without loss of generality, here we also assume J =
[0, 11™. The Miiller condition implies that s(¢, X) € J, provided X € J, so S(t)
is an operator in C (S(¢)f € C since s(t, -) is continuous). Since s(¢, -), ¢ > 0,
being related to an autonomous differential equation, is a semiflow, {S(z), t >
0} is a semigroup. Moreover, using supy )., |f(X(1))| < supy, [f(X)|, we
have ||S(#)f|l < IIfll. For the jth coordinate of X(z) we have |x;(t) — x;| <
|f(; a;j(X(s))ds| <t |la;ll, where |la;|| = supyc; la;(X)|. It follows that X(¢)
tends to X uniformly in X € J as t — 0. Hence, f being uniformly continuous,
{S(t),t = 0} is a ¢y contraction semigroup in C.

For f € C', let f be a continuously differentiable extension of f to RM.
Fix x € J and define ¢(¢) := f(X(t)). We have S(')f(xt)ff(x) = ‘p(’):‘”(o). By the
Lagrange Theorem, for any ¢ > 0 there exists 6 € (0, 1) such that:

o) — ¢(0) 2 of
— = @'(01) = Z a_x, (X(01)) a;(x(61)). (44.5)

j=1
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The derivative of f is continuous, hence uniformly continuous when restricted
to the compact set J. Thus, for X € J, the right-hand side of (44.5) tends as
t — 0 uniformly to the right-hand side in (44.3).

In order to prove that C' is a core for A, it suffices to show that the operator
defined by the right-hand side of (44.3), say A;, with domain equal to C', is
closable and its closure generates a strongly continuous semigroup in C. To
this end, by Proposition 3.7, p. 19 in [132], it suffices to show that there exists a
norm || - ||| on C', a constant w > 0, a sequence {&,} C (0, 00), n > 1, tending
to 0, and a sequence {U,(t),t > 0}, n > 1, of contraction semigroups in C, with
generators G, such that:

(a) C' C D(Gy),
() A1f = Gufll < &llflll, for f € C', and
(© Up()C" C Chand [|U, (0 f | < eI fIll, fort = 0, f e C.

We define ||| f]I| = IIfIl + Z, ! af I, where || - || is the supremum norm in C.
For a, defined in Lemma 44.2, let &, = (d;,) e, be its continuously dif-
ferentiable extension to R, Since &, satisfy the Miiller condition, the integral
curves X,(t) of (44.1) with a replaced by a,, never leave J. Let s,(t, -),t > 0
be the functions mapping the initial value X € J into the related solution X, (¢),
and let {U,(t), t > 0} be the corresponding semigroups defined by U, (¢)f(X) =
f(sn(t, X)), with the generators G,. By the first part of the proof, C! C D(G,)
and, for f € C', G, is given by the right-hand side of (44.3) with a replaced by
a,. Next, for f € C' wehave A, f — G,.f = Z] (aj — al")ax hence (b) fol-
lows with &, := max epm{lla; — aju}. For the proof of (c), let f € C' and let f
be its continuously differentiable extension to RM. Since d, are continuously
differentiable, we have s,(z, ) € C', t > 0, by the theorem on smooth depen-
dence of solutions on the initial data (Chapter 1 in [196]). Hence, U,(t)f € C'
for all #+ > 0, being restriction of a continuously differentiable function f o
sn(t, -). We are left with proving that || U,(t)f]|| < e“'|||fll|, fort >0, f € C".
Defining D,(t) = (‘”k“(’ ))k jem, where sy, are coordinates of s,, we obtain by
the chain rule V(U, (t)f) (V)D,(t). By [196], p. 28, we have dtD (1) =
M, D,(t), where M, = ( )k jem and D,(0) is the identity matrix, hence
D, (t) = exp(tM,). Since ak,, e C'are Lipschitz continuous with Lipschitz con-
stants A, IIaak" | <A for k, j € M. Using V(U,(t)f) = (Vf)exp(tM,) we
obtain |||Un(t)f||| <e|Iflll, foro =MA,t>0and f € C'. O

Armed with Proposition 44.1 we turn to studying convergence of semigroups
related to fast motions along some axes. To this end, we choose a natural
K € [0, M) and split a into two parts, @ = (%), composed of its first K, and
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the remaining M — K coordinates, respectively. The last M — K coordinates are
then multiplied by «,, > 0, where lim,,_, o, K, = 00. As a result, we consider the
sequence of initial value problems:

dya) )
yd,(t) — AW (). (), Ya(0) = .
% — 16 aYn(0). Za(0)), Z,(0) = Z; (44.6)

we write X, (t) = (Zg;) for their solutions. Following Tikhonov [328, 332], we
will show that these solutions converge to a certain limit. However, in contrast
to Tikhonov, we want the limit to be uniform in initial data, and thus will assume
more than he did. Namely, we will assume that problems (44.6) are of uniformly
Tikhonov-type, that is, introduce the following Assumptions A and B.

Assumption A For any y € Jy there exists a unique ¢(y) € J, such that
a(y, ¢(y)) = 0, where ¢ is Lipschitz continuous. For K = 0, there is a unique
¢ € J solving a(p) = 0.

Here, and in what follows, J; and Jy are multidimensional ‘faces’ of J defined
as:

J; = {z € RM7K| there exist y € R¥ such that (Z) elJ},

Jy=1{ye RX| there exist z € RM~K such that <Z> eJ}.

The initial value problem for the boundary layer system corresponding to (44.6)
is:

dz(t)

dr

y € Jy is treated as a fixed parameter. The solution to (44.7) will be denoted
2(t,V, Z). The point ¢(y) € J; is called the singular point or the equilibrium
of (44.7). The equilibrium is called (Lyapunov) stable if for every € > 0 there
exists §(e) such that |z(¢,Y, Z) — ¢(y)| < € fort > 0 as long as |Z — ¢(y)| <
S(€).

The point ¢(y) is called attractive if there exists 8 such that:

=ay,z@), z0)=2z =0 (44.7)

lim 2(1.9.2) = ¢(). (44.8)

provided |Z — ¢(¥)| < 8¢. A stable equilibrium that is also attractive is called
asymptotically stable. The initial value Z for which (44.8) holds is said to lie in
the basin of attraction of ¢(y).

Assumption B For any § € Jy, the point ¢(V), is an asymptotically stable
equilibrium of (44.7) and the whole of J; is a subset of its basin of attraction.
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The main result (Theorem 1) of [182] says that in such a case ¢(y) is stable
uniformly with respect to V:

B’ for each € > 0 there exists §(¢) > 0 such that, for any y, |Z — ¢(Y)| < 8(¢)
implies |z(¢, Y, Z) — ¢(y)| < € forall t > 0.

As already mentioned, our assumptions are stronger than those of Tikhonov
[328, 332]. First of all, the ODEs we consider are autonomous and their solu-
tions never leave the compact set J. Moreover, we require that the entire J lies in
the domain of attraction of a unique singular point. Originally it was assumed
that in a sufficiently small neighborhood of any singular point there were no
other singular points.

Under our assumptions the solutions to problems (44.6) converge to (wz')fzt))))
where:

dy(@)

% = a(y@), p(y(®))), y(0) =y. (44.9)

The limit here is uniform in initial data ¥ and Z and almost uniform in ¢ €
(0, 00). If K = 0, all equations in (44.6) are singularly perturbed and the y coor-
dinate does not appear there. In this case, the limit here is a constant function
equal to ¢ of Assumption A, and the result follows in fact by Lemma 44.3.
For the proof of our Tikhonov-type theorem we will need the following form
of Gronwall’s Lemma. Suppose A > 0 and B > 0 are constants, and v is a con-
tinuous, non-negative function on an interval [ty, fo + /]. Then, the inequality:

v(t)sA/ v(s)ds+B, 1€ [t 1o+ h] (44.10)

4]
implies:
(1) < BT 1 e [ty, 1o + h].

For the proof, it suffices to show inductively that (44.10) implies:

a1 n=l gk
U(t) <An/ (t )1)' U( )ds—i—BZA(t—tO)v

forn > 1 and ¢ € [ty, o + h], and then pass with n to infinity.
Lemma 44.3 We have:

lim 2(,9.2) = ¢(9), (44.11)

uniformly in (g) elJ.
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Proof We argue as in the proof of Theorem 7 in [252]. Suppose (44.11) is not
uniform in (Z) Then, there is € > 0 such that for all n > 1 there exists (’2') elJ
and 1, > n with:

|Z(tna yna zn) - <P(37n)| > €. (4412)

By compactness of J, without loss of generality we may assume that

the sequence (?)pl converges to a (f) € J. Since v,(t) := |z(t, Y4, 2,,) —
z(t, §*, Z*)| satisfies:

t
oa(t) <12, — 77| +/ [a(Yn, Z(s, Yu. 24)) — A", 2(5, ¥, Z°))| ds,
0

and the integrand here can be estimated by A(|y,, — ¥*| + v, (s)), where A is a
Lipschitz constant of &, we have:

t
ou(t) < 12, — 2 + Al — §] +/ 0a(5) ds).
0
By Gronwall’s Lemma, this gives:

oa(t) < (12, — Z*| + At]y, — ¥*)ed,  fort > 0.

By Assumption B, there exists 7* =¢*(y*) such that |z(t*,y*, 2*) —
@(§*)| < 8(e) for 8(e) defined in B’. Hence, by the estimate for v,(t*), and
continuity of ¢, there exists m > t* such that |z(t*, V., Z,) — o(Yn)| <
3(€). Therefore, since (44.7) 1is autonomous, z(m,V,,Z,) = z(m —
t*, Vm, Z(t*, Yy Z))  satisfies  |z(m, Yy, 2,,) — ¢(¥m)| < €, contradicting
(44.12). ]

Let A, and B be the generators of the semigroups related to (44.6) and (44.7),
respectively:

eV f(§.2) = f). P f(§.2) = f(V,2(. 9. 2).
Then, Proposition 44.1 yields:

X 9 M 9
Anf(x) = Zaj<x>a—f(x) +in Y a,-(x)a—f(x),
j=1 Xj j=K+1 Y
= Af(X) +k,Bf(xX)  feC' xel. (44.13)

Lemma 44.3 says that lim,_, o, ¢’ = P, where Pf(y,Z) = f(¥, ¢(§)); P is a
projection onto the subspace Cy of f € C which do not depend on z. Therefore,
we are in the setup of Theorem 42.2 with Q replaced by B, ¢, replaced by
i1 and X = Cy. To see this, we check that for f € c'n Cy wehave A, f =
Af,and for g e C L imy, o0 éA,,g = Bg, proving that assumptions (a) and (b)
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of this theorem are satisfied. Introducing S(¢)f (Y, 2) = f(y(¢), Z), where y(-)
solves (44.9), we see that these operators leave Jy invariant and form a strongly
continuous semigroup there. Since the generator of this semigroup coincides
with PA on C' N Cy, and the latter set is its core, the generator equals PA, and
Kurtz’s Theorem gives:

lim e f = ™ Pf, feCt>0. (44.14)

n—o0

Untangled, this formula reads:
Im f(y (1), z,()) = fy®), o (y®)),  feC

Since for f we could in particular take functions assigning to X € J its coor-
dinates, this means lim,,_, o @”g;) = (w({fz))), uniformly in initial data ¥ and Z
and almost uniformly inz € (0, co). Additionally, y,(¢), n > 1 converge almost
uniformly in 7 € [0, 0co) since the corresponding coordinate functions belong
to the regularity space. This is a uniform version of the Tikhonov Theorem,;
note that Example 26.6 is a particular case of this result.

As the following example shows, the classical assumptions of Tikhonov do
not guarantee that the convergence is uniform in initial data. The solution to the

Riccati Equation:

dz,

dr

isz,(t,2) =2+ gﬂeim_l , forZ < 2,and z,(z, 2) = 2, and there are two sin-

gular points here: "1 and 2. As a result, even though:

= Kn(zﬁ -z,—-2), z,0)= Z,

lim z,(t,2) = —1,

n— 00

for Z < 2 and ¢ > 0, the convergence is uniform in Z in no interval containing
both singular points, for sups¢[_; 5, 12,(#,Z) + 1| = 3,7 > 0.

i Chapter’s summary

As an application of Kurtz’s Theorem we prove a version of Tikhonov’s
Theorem. The latter describes convergence of solutions to a system of ordinary
differential equations in the case where the movement along some chosen axes
is much faster than along the remaining ones. In passing (Proposition 44.1) we
characterize generators of semigroups related to ordinary differential equations
in rectangles.
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Fast Motion and Frequent Jumps Theorems for
Piecewise Deterministic Processes

Piecewise deterministic processes (or PDPs for short), main actors in this chap-
ter, were introduced and studied by M. H. A. Davis [105, 104, 106], who proph-
esied in 1984: “These (processes) were only isolated rather recently but seen
general enough to include as special cases practically all the non-diffusion
continuous-time processes of applied probability” ([104], p. 1). This was cer-
tainly an overstatement, as it is hard to overestimate the role of point processes
in nowadays modeling [98]. Nevertheless, the number of models of applied
probability involving PDPs is at least surprising.

In between jumps, a typical trajectory of such a process (surprise, surprise!)
is an integral curve of one of many given vector fields. These trajectories may
lie on manifolds of Euclidean spaces of various degrees, and so the state-space
of the process may look like the one in Figure 45.1. A stochastic component

S/

Figure 45.1 A state-space of a piecewise deterministic process
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~

=

Figure 45.2 Trajectory of the process

in these processes is restricted to jumps between the manifolds. These occur at
random times, and intensity of jumps varies from region to region. The latter
characteristic distinguishes PDPs from random evolutions of Kac, Griego, and
Hersh [168, 169], where the jumps occur at a fixed rate.

We will restrict our attention to PDPs with state-space equal to N + 1 copies
of the M-dimensional rectangle J described in the previous chapter, where N is
anatural number: the case N = 1 is depicted in our Figure 45.2. Following [61],
we will study limit behavior of these processes in two cases: that of frequent
jumps and that of fast motion along chosen axes. In the first of these cases, the
limit process is a deterministic motion along “averaged” curves on another copy
of J formed of “lumped” copies J x {i},i € N := {1, ..., N} (see Figure 45.3).
The other situation of interest is the one in which as in the Tikhonov Theo-
rem, the motion along some axes is much faster than along the remaining ones.
Then the limit process is again piecewise deterministic, but its state-space
becomes more “flat,” as depicted in Figure 45.4. Both theorems are motivated
by biological models of the following chapters, and both will be seen to be
consequences of Kurtz’s Singular Perturbation Theorem.

Turning to the formal description of the first theorem, let:

a = (a;j)jeM, ieN

be a matrix of Lipschitz continuous functions a;;:J — R. By a; =
(@ij)jem, 1 € N we denote the M-dimensional column vectors of a. Suppose
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Figure 45.3 Frequent jumps approximation

also that each a; satisfies the Miiller condition (44.2). Then, for each i € N, the
trajectories of the system:
dX,’ (t )
dr

= a;(x;(1)), ieN,t>0 (45.1)

starting in J remain there forever; our processes move along these trajectories
between jumps. Hence, the deterministic part of our processes is determined by
the generators A; of the related Feller semigroups {S;(¢), ¢ > 0} in C(J), where
S fX) = f(X:(2)), t >0, xe J, i € N, and X;(¢) is the solution of (45.1)
starting from X, described in Proposition 44.1. Since the state-space of the pro-
cess is composed of N + 1 copies of J, the Banach space X of continuous func-
tions on the state-space is isometrically isomorphic to the Cartesian product of
N + 1 copies of C(J) equipped with the norm || (f})ien | = sup;eps Il fill-

The random part of the processes, that is, the jumps, are determined by
a sequence of (N + 1) x (N + 1) intensity matrices Q, = (qijn)i jen,n = 1
with C-valued entries; the fact that jumps’ intensities depend on the state of the
processes is reflected in the fact that the entries depend on X. Inasmuch as a
continuous function 4 € C = C(J) may be identified with the related multipli-

cation operator C 5 f — hf € C, the Q, may be identified with the bounded
multiplication operators in B given by:

N
Q fiex = | D ainli | - (45.2)
j=0 ieN
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Hence, our PDPs are related to the semigroups generated by the operators
A, in B given by:

An (fien = Aifdien + kn Qulfidio, (45.3)

where f; € D(A;) and the domain of 4, denoted D, is the Cartesian product
of D(A;), i € N. The sequence (k,),>0 appearing here is composed of non-
negative numbers with ko = 0, x, > 0, n > 1, and lim,,_, » K, = 00; the latter
assumption being the reflection of the fact that we want to describe the frequent
jumps limit.

Of course, we still need to show that each A, generates a Feller semigroups.
To this end, note that Ay is the generator of the Feller semigroup {e’AO, t >0}
given by e (f)ienr = (€ fi)ien; this is the semigroup related to motions
along integral curves of (45.1) on each copy of J separately, with no communi-
cation between the copies. Since Q,, is bounded, the Phillips Perturbation Theo-
rem implies that 4, = Ay + «,Q,, generates a strongly continuous semigroup.
However, O, generates a Feller semigroups too. Hence, by the Trotter Product
Formula, so does A,,. Moreover, the same formula makes it clear that our PDPs
are “mixtures” of motions along trajectories of (45.1) and Markov chains gov-
erned by x,Q,. In these Markov chains, a point (p, i) € J x {i} jumps between
its own copies (p, j), j € N with intensity matrix Kn(Gijn(P))i jen

We assume that the strong (entry-wise) limit lim,_, o, Q, =: Q exists and
that for X € J there exists a unique (up to a constant) left row-eigenvector of
Q(x) corresponding to 0 eigenvalue. (Since Q(x), x € J are intensity matrices,
the existence of a unique eigenvector corresponding to zero eigenvalue vy = 0
implies that algebraic multiplicity of vy is 1; see [262], p. 696.) Then there
exists the unique, non-negative left eigenvector with the sum of entries equal
to 1, denoted ly(X), and we assume that:

lim &'9f = Pyf, f e B, (45.4)

—00

where:
Pof = [lf] e B, felB, [f1=(ien €B, feC,

and lpf(X) is the scalar product of ly(x) and f(Xx), X € J. (We stress that some

coordinates of this vector may vanish.) Under this assumption we will show

that if the entries g;; € C of Q@ = (g;;)i jen are Lipschitz continuous, then so is

X = lp(X) and the limit semigroup is related to the following system of ODE:s:
dx(t)

—g = o), (45.5)
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where aly is the product of the matrix a and the vector ly, now treated as a col-
umn. Clearly, aly is Lipschitz continuous on J and since &;’s satisfy the Miiller
condition (44.2) so do the entries of aly, being convex combinations of &;’s.
Thus, the trajectories of (45.5) starting in J remain there forever. By Proposi-
tion 44.1, the generator B of the related semigroup {S(¢),r > 0} in C is given
by Bf =< aly, Vf >, f € C!, and C! is a core for B. By (45.3), we obtain:

Bf =<aly, Vf >=1oA[f] and [Bf]=Podolf], feC'. (45.6)

Hence, the claim made earlier may be expressed in the following frequent
jumps theorem, promised previously.

Theorem 45.1 Suppose that Q, converges strongly to the Q with Lipschitz
continuous entries and (45.4) holds. Then, writing {4, t >0} for the semi-
groups generated by A, = Ao + k,Qn, we have:

lim e f = S(1)Pyf, f e B. (45.7)
n—o0

Here {S(t),t > 0} given by S@)[f] = [S(t)f] is an isometrically isomorphic
copy of {S(t),t > 0} in:

Bo ={[f1€B; f €C}.

As always, the limit here is almost uniform in ¢ € [0, co) for f in the regu-
larity space By and almost uniform in ¢ € (0, o) for the remaining f. What
is interesting here is that the limit does not depend on the rate with which
Q, tends to Q. If 9,(X) are not intensity matrices, the result is no longer
valid, as the following example shows. Suppose Ay and Q are as in the the-
orem, and k,, = n, so that the limit lim,,_, o, e’ 4T"Df = S(¢)Pof exists. Then,
for Q, = O — %I where I is the identity in B, we have lim,_, o, e/0"90f =
lim,,_ oo ! At — e~ S(1)Pyf. At the same time for @, = Q — \/L%I we
have lim,,_, o €' AT90f = lim,,_, o, e V! AotnAf = 0 1 > 0.

Postponing temporarily the proof of Theorem 45.1, let us turn to the second
main subject of this chapter. Here, we are interested in the situation where the
motion along the last M — K > 0 axes in our PDP process is relatively faster
than that along the remaining ones, where 0 < K < M. More specifically, as in
(44.6), systems (45.1) are replaced by the singularly perturbed ones:

dyi,n(t) dzi,n(t)
dr dr

= a;(Yin(1), Zin(1)), = Kk 8,(Yin(t), Zin(t)), t = 0,

(45.8)

...............
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Figure 45.4 Fast deterministic motion approximation

such that ko =0 and «, — oco. We assume that a;; : J — R are Lipschitz
continuous in J, the Miiller condition (44.2) is satisfied, and the systems are of
uniformly Tikhonov type (see Chapter 44).

Hence, the generators of the approximating semigroups are of the form:

Al‘l + Ql’l’

where Q, are intensity matrices converging strongly to an intensity matrix O,
and A,(f)ien = (Anifdien, for fi € D(A, ;) where A,,; are given by (44.13)
with a; replaced by a;;.

Our fast motion theorem says that as n — 00, the piecewise deterministic
process related to A, + Q, in B, moving along integral curves of (45.8) with
jumps given by Q,,, becomes another piecewise deterministic process, with the
first coordinates Y;(¢) of the trajectories between jumps being the integral curves
of the reduced and modified systems:

dy;(®)
dr

in Jy, and the second coordinates z;(t) changing according to the formula
z;(t) = @;(y(t)), where ¢;(y) is the unique vector satisfying:

= ai(yi(1), gi(yi (1)), t>0,ieN (45.9)

ai(y, ¢i(y)) = 0.

Since z; is determined by Y;, the latter process may be identified with that
moving along the integral curves of (45.9). As a result, the state-space of
the limit piecewise deterministic process collapses to N + 1 copies of Jy, as
shown in Figure 45.4, and its jump intensities are governed by an appropriately
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modified matrix PQ (see below). If K = 0, all equations in (45.8) are singu-
larly perturbed and the y coordinate does not appear there. By Assumption A,
there are unique ¢; € J solving a;(¢;) = 0,i € N, and the limit process is a
Markov chain with states ¢; and intensity matrix PQ = (g;;($))i, jen-
Formally, let By = (Cy)N +1 be the (N + 1)-fold Cartesian product of Cy
and let P : B +— By be defined by P(fi)ien = (Pifi)ien, where Pif(y) =
F(y, @i(y)). Also, let PA; be the generator of the semigroup of motion along
curves of (45.9) (see Chapter 44) and let Ay be the generator of the Carte-
sian product of the semigroups generated by the operators P,A; : e (f))ien =

(e[BAiﬁ)ie/\/-
Theorem 45.2 We have:

lim e/ AtOnf — e (AtPADE feB, r>0. (45.10)

n—0o0

As before, for f € By the limit is almost uniform in ¢ € [0, 00), and in general
it is almost uniform in ¢ € (0, c0).

The proof of our theorem is immediate once we are armed with the Tikhonov-
type theorem of Chapter 44, which in our case yields, by definition of Ay,
lim,,_, o €4 = e"P. Hence, Theorem 45.2 follows because convergence is
preserved under bounded perturbations and (45.10) is a special case of (29.3).

We are thus left with showing Theorem 45.1. We start by showing that under
our assumptions the map X — lp(X) assigning to X a left eigenvector of Q(X)
may be chosen to be Lipschitz-continuous. We argue as in Theorem 8 in [236],
p- 130. Fix X € J. Since we assume that ly(X() is unique (up to a constant),
one of the principal minors of Q(Xy), say the jth, has nonzero determinant (see
Lemma 9 in [236]). Therefore the jth entry in ly(Xo) is nonzero, for otherwise
the entire ly(X) would need to be zero, and without loss of generality we may
assume it equals 1. By continuity, we may assume the same is true for X in
a neighborhood of Xy. Then, denoting by Iy ..(X) the vector lp(X) with the jth
entry removed, we obtain:

I (XM j(X) = —¢;(X)
or:
L. (X) = —¢;(X)LM; (01,

where M ;(X) and ¢;(X) are the jth principal minor and the jth row of Q(X)
(with the jth entry removed), respectively. With this definition, X > lp(X) is
locally Lipschitz continuous, since the entries of Q are Lipschitz continuous.
Then the classic result says that this map is Lipschitz continuous on the whole of
the compact set J (see, e.g., [339], p. 107 or Exercise 45.1), proving our claim.
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Next, we fix X, write a nonzero left eigenvector as lp(X) = (/;)ien, and claim
that (|/;]);en is a left eigenvector of Q(X), as well. To show this, we argue as
on p. 310 in [305]: for simplicity we write g;; for g;;(X). By assumption for
all je N, lq; = Zi# liqij, where q; = —q;;. Hence, |l;|g; < Zi# lilgij. If
contrary to our claim one of these inequalities is strict, then:

Dol < YD Mg =Y 1Y g =Y Il

JjeN JEN i#j ieN J#I ieN
a contradiction.

Finally, by continuity and since ly(X) is nonzero, the map assigning the sum
of entries of ly(X) to an X € J is bounded away from 0. Dividing ly(X) by the
sum of its entries if necessary, we obtain that 1y (X) is the unique left eigenvector
with non-negative entries summing to 1. Since taking the absolute value of
coordinates and dividing by the sum of coordinates do not destroy Lipschitz
continuity, we conclude that the map assigning to X the unique left probability
eigenvector of Q(X) corresponding to 0 eigenvalue, is Lipschitz continuous.
Without this information, we could not claim that the Cauchy problem related
to the system (45.5) is well posed.

Proof of Theorem 45.1. Note that we are in the setup of Theorem 42.2 with
X, A,, Q and P replaced by B, A4,, @ and P, respectively. Condition (a) in
Theorem 42.2 is clearly satisfied for D = {[f], f € C'}, since [f] € D(Ap) and
9,[f1 = 0. Moreover, for f € D(A), we have lim,,_ » KiAnf = Of, proving
(b) with D’ = D(Ap). The set D(Ap), being dense in B, is a core for Q since
Q is bounded. Using (45.6) we check that condition (c) is also satisfied. This
shows (45.7). O

The following proposition allows checking assumption (45.4) in practice.
Proposition 45.3 Assume that:

(DE) for each x € J, Q(X) has N + 1 real distinct eigenvalues vi(X), i € N,
or
(SG) foreach x € J, Q(X) is irreducible and its spectral gap is positive.

Then (45.4) holds.

Matrices:

-1 1 0 2 1 1
o=|0 -1 1 ]ado=[1 -2 1
0o 2 -2 11 =2

show that it may happen that (DE) is satisfied while (SQ) is not, and vice versa.
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For the proof of the proposition, assume first (DE) holds. Since Q(x) is an
intensity matrix, one of the eigenvalues is zero and the others are negative. Let
v;(X) be the eigenvalue of Q(X) with the ith smallest absolute value. Then, v; are
continuous functions of X ([236], Thm. 6, p. 130). A straightforward modifica-
tion of the proof of Theorem 8, p. 130 in [236] shows that there are continuous
functions I; such that ;(x) is a left eigenvector corresponding to v;(X). Also, as
we have already seen, Iy may be chosen to be a probability vector (but does not
need to be strictly positive), and X — 1y(X) is Lipschitz continuous.

Let £(x) be the (N 4+ 1) x (N + 1) matrix with the ith row equal to 1;(X).
Since the rows form a basis of R¥*!, £(x) is invertible. The columns of its
inverse R(X) are the right eigenvectors r;(X) of Q(x). This implies that r; are
continuous, because taking an inverse of an invertible matrix is a continuous
map. Because of the choice of 1y, entries of ry equal 1.

As it was the case with Q, matrices R and £ may be identified with bounded
multiplication operators in B. Clearly, £ is the inverse of R.

For f = (fi)y>1 € Band g € C let gf € B denote (gf;)n>1-

Lemma 45.4 B may be represented as the direct sum B = @i\lzo B;, where:
B :=Ker(Q—v)={feB;f=hr;,heC}, ielN, (45.11)
and v; is seen as a bounded operator in B mapping f to vf.

Proof The key to the proof is the fact that Q@ commutes with the operators
g: f— gf; the argument is quite the same as in the elementary case where Q
does not depend on X.

For f € B there exist a unique h = (4;),=1 € B such that f = "V hr;.
To see this, let h = L£f. Then, f = Rh = Z?/:O h;r;. On the other hand, if
£ =3 hr; for W = (h),=1, then 0 = YV (h; — h))r; = R(h — ') imply-
ing h = h' since R is invertible.

Since B;s are clearly closed, it remains to show (45.11). The vectors of the
form hr;, h € C belong to Ker (Q — v;) because Q commutes with the operator
h : £+ hf. Conversely, suppose 0 # f = ZIJV ohjrj € B; and for some jo #
i and Xo € J, hj,(Xo) # 0. Then, vf = Of = QXY hjr)) = YV (hjvyr;
implying Z, ohj(v; —vr; = 0. Therefore, for all j, h;j(v; —v;) =0, and
Vj,(Xo) = vi(Xo). This contradicts (DE). ]

Multiplying the column vector r; by the row vector I; we obtain a matrix
P; = r;l;; this definition agrees with the previously introduced definition
of Py. Seen as operators in B, P; are idempotent since lir; =Z. Since
rll(ZJ ohjr)) = hix;, P; is the projection on B; with the kernel @ﬁﬁl

(comp. Thms. 3.2.11 and 3.2.14 in [261]) and we have Z = Zi:O ‘P;. Moreover,
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Qf = Q(Ziv:() h,‘l‘,‘) = Ziv:O h,‘Ql’,‘ = ZiV:O l)ih,'l',‘ = vazl viPif, fe B, that iS,
Q= vazl v;P;. This gives immediately, Q" = va=1 vi'P;, n > 1 and:

N
=Po+ Yy e"P. (45.12)
i=1
Since v;, i € {1, ..., N} are negative, we see that (DE) implies (45.4).

Next assume (SG) holds. More specifically, we assume that for all X €
J, O(X) is nonzero, and for some k > 1, the matrix (y’lQ—{—I)k, where
y = y(X) = max;(—gq;;(X)), has all entries positive. By the Perron Theo-
rem [236, 305], there exists a unique, strictly positive, left, row-eigenvector
lo = (l)imo. . NOFK =y 1Q+1 corresponding to the eigenvalue 1. Clearly, 1y
is an eigenvector of Q corresponding to eigenvalue 0, and we have already seen
that X — ly(x) is Lipschitz continuous. The spectral gap is defined as the small-
est nonzero eigenvalue A = A(x) of I — (IC + IC*) where the entries k;; and k*

of IC and IC* are related by ki = ” L We assume that A(x) > 0, which 1mp11es
Ao = infyey () > 0. Then. see [305] p. 328, | Q) — 1| < \ﬁ ~lat,
Since /; > 0 is a continuous function of X, it follows that there exists a con-
stant Ko such that:

le"” ™9 — Pof|| < Koe ™ |f]].
Using positivity of y, we see that this implies (45.4). O

Exercise 45.1 Assume (S, d) is a compact metric space and f:S — R
is locally Lipschitz continuous, that is, for each p € S there exists € > 0
and M), such that |f(q) — f(¢)| = M,d(p, q), as long as d(p, ), d(p,q') <
€. Show that f is (globally) Lipschitz: there exists M such that |f(p) —
f(@| <Md(p, q) for p,q € S. Hint: assume that the hypothesis is not true,
choose p,, g, such that |f(p,) — f(g,)| > nd(px, q,) and pass to convergent
subsequences.

iz Chapter’s summary

Two convergence theorems for piecewise deterministic processes are proved.
The first of them deals with the case in which, much as in the Tikhonov’s The-
orem, motions along some chosen axes are “very fast.” The other is devoted
to the case in which jumps are very frequent. In the first theorem, the state-
space of the limit process is composed of less-dimensional rectangles. In the
second, the rectangles do not lose dimensions but get lumped together into a
single rectangle.
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Models of Gene Regulation and
Gene Expression

Motivations of Theorem 45.1 include Kepler—Elston’s model of stochastic gene
regulation ([204], section titled “Regulated systems II: mutual repressors”). In
the model, two proteins responsible for a gene’s expression are considered.
They are products of the same gene and at the same time act as mutual repres-
sors. If none of them is bound to a regulatory sequence, called operator, in the
gene, both are being produced at a common, constant rate. When one of them
is bound to the operator, production of the other is repressed and its existing
molecules gradually degrade. Proteins leave the operator at random times, thus
triggering production of the protein previously repressed (see Figure 46.1).

These assumptions are formalized as follows. Let y € {0, 1, 2} denote the
state of the operator, 0 referring to the unoccupied state, 1 to being occupied by
a dimer of the first protein, and 2 to being occupied by a dimer of the second
protein. Then, in the intervals where y = iis constant, the vector X; = (x;;) j=1,2
of normalized levels of proteins satisfies:

dx;(z)
dr

= (Fj(i) — x;j (1)) j=1,2, (46.1)

where Fi(0)=F(1)=FR0)=K2)=1 and FF2)=K()=0, x;e
[0, 1].
Hence, we are in the setup of Theorem 45.1 with N =2, M = 2,

v=(0,0),w=(I,1) and ai(xj)j=12 = (Fj(i) = xj)j=1.

Clearly a;, i € N are Lipschitz-continuous and the Miiller condition (44.2) is
satisfied.

In [204], y jumps from 1 or 2 to O with the same constant intensity oy,
and since the proteins bind to the operator as dimers, the intensities «; and
o, of jumps from O to 1 and 2, respectively, are proportional to the squares
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protein 1
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operato

proteinl @ @

degradation degradation degradation degradation

Figure 46.1 Gene expression with two mutually repressing proteins. When a
dimer of one protein binds to the operator, production of the other is repressed,
and vice versa.

of the corresponding protein levels. Here, we replace these particular inten-
sities by arbitrary non-negative Lipschitz-continuous functions «g, ¢, o, on
J = [0, 1]%. This leads to:

—0p —Qy o (2%]
Q= (%) -y 0 |;
(o)) 0 —0

we assume merely that &g > 0 and 0 := g + o] + o2 > . Then, Q(X) has
three distinct eigenvalues, vp(X) = 0, vi(X) = —ap(X), 12(X) = —o(X), and
we check that lg = (%2, 21, 2

By Proposition 45.3 and Theorem 45.1 with Q, = Q and arbitrary «,, the
semigroups of the corresponding piecewise deterministic processes converge
to the semigroup describing deterministic motion along the interval curves of:

dx(r) (a0t o o
el ( . xj(t)>j=1’2, (46.2)

oot

because a(X)lo(X) = (=~ — x;)=1.2. Intuitively, as noted in [204], when
k, — 00, y reaches its (conditional) statistical equilibrium with probabilities
of being at 0, 1, and 2 equal to ¢, %, and 2, respectively. Therefore F;(i) in
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auto-regulation

active d
gene

degradation degradation

Figure 46.2 Simplified diagram of auto-regulated gene expression (redrawn with
insignificant changes from [69])

(46.1) may be replaced by conditional expected values EF;(y), j = 1, 2; this
leads to (46.2).

Another motivation for Theorem 45.1 is the model of stochastic gene expres-
sion due to Lipniacki et al. [69, 172, 242, 241], see also [50, 60]. The model
describes stochastic mechanisms governing production and degradation of pro-
teins in a cell, with intermediary role of mRNA in the process. It is assumed
that the cell contains several copies of a gene, activated and inactivated indepen-
dently. When at least one copy of the gene is activated, transcription of mRNA
is initiated that stimulates production of proteins. Increasing level of proteins
may in turn stimulate deactivation of gene copies and degradation of proteins
and mRNA (so-called auto-regulation; see Figure 46.2).

Formally this process can be described as follows. Let y e N =
{0, 1,..., N} denote the number of active copies of the gene, x; the level of
mRNA and x; the level of proteins. For constant y = 7, X; = (x;;)j=1,2 satisfies:

dx;(1) _ ( —cxj1 (1) + di >
dt \kxa(t) — lxn())’

(46.3)

where ¢ and d denote the mRNA degradation and production rates per active
gene copy, while k and / are the protein’s translation and degradation rates,
respectively.

Taking M = 2,v = (0, 0),

w = (Nde™ ', Nkd(lc)™") and  a;(X) = (—cx; + di, kx; — Ix),

we see that a; are Lipschitz-continuous and the Miiller condition is satisfied.
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In [242], intensity of activation of a single gene’s copy is assumed to
be constant, while deactivation rate is proportional to the level of proteins.
Here we use more general rates of the form afy, bB;, where By and B
are arbitrary, non-negative, Lipschitz continuous functions, and a and b are
real positive parameters. Because gene copies are activated and deactivated
independently, conditionally on y (f) = i, intensities of activation of another
gene copy and of deactivation of an active gene copy are (N — i)afy and ibB,
respectively.

We consider the case in which activation/deactivation rates become infinite
by replacing a and b by a, and b,, and letting a,, b, tend to infinity in such
a way that r ;= lim,,_, o Z—n > 0 exists. Jump intensities of the approximating
processes are then described by b, Q,, where Q,, = (gij.n)i jen and:

iBy, ifj=i—1, 1<i<N,
—(N—=i3po—ipr, ifj=i, 0<i<N,

Gijn = o . . (46.4)
(N = D)3 Bos ifj=i+1, 0<i<N-1,
0, otherwise.

We will show later that (Lemma 46.1), assuming that rfy + B; is strictly
positive, for x € J = [0, Ndc— "] x [0, Nkd(Ic)~'] the limit matrix Q(X) =
lim,,_, o, ©@,(X) has N + 1 distinct eigenvalues:

vi(X) = —i(rfo(X) + B1(X)), i € N,

1 N i gN—i
andly = ( gte (3) 0oV B] )ieN.
By Proposition 45.3 and Theorem 45.1 with k,, = b,,, the semigroups of the
corresponding piecewise deterministic processes converge to the semigroup of

the ODE:

Nrdﬂo
dx(@) _ (—cxl(t) + ,ﬁo+ﬁl) | 46.5)
dr kxi (1) — Lxa (1)

for a(X)ly(X) = (_CX‘Z;W). This proves the hypothesis made in [242].
Let us also consider the case of large protein’s translation and degradation
rates k and / (this case is not discussed in the published version of [242], but
the related hypothesis was stated in the preprint preceding publication). To this
end we replace k and / in (46.3) by «, and n«,,, where (k,),> satisfies the usual
assumptions and 7 is a positive constant. Replacing X; in (46.3) by ()") eJ,
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we rewrite (46.3) to the form compatible with (45.8):

dy; (1) . dzia(0)
; - - int da -
o cyin(t) + di &

= 1, Vi n(t) — nzin(@)), €N
(46.6)

so that now y; , is the level of proteins and z; , is the level of mRNA (we changed
the font of y and z to stress that they are scalars here). Then we are in the
setup of Theorem 45.2 with K = 1, and &;(y, z) = —cy + di, &;(y, 2) = y — nz.
Note also that k// does not change with n, and neither does J = [0, Ndc ' x
[0, Nd(nc)~']. Jumps of the approximating processes are governed by Q, =
bQ = (gij), with g;; € C defined by (46.4) where a,, b, are replaced by fixed
parameters a, b.

The systems (46.6) are of uniformly Tikhonov-type. Indeed, for § € Jy =
[0, Ndc™'], Z= oY) = % € J; =[0,Nd(nc)~'] is the unique solution to
a;(y, Z) = 0, and ¢ is Lipschitz continuous (in this example, &; does not depend
on i and neither do ¢; and Z;). Also, z;(t) — % = (z:(0) — %)e_”’ for i e N,
where z;(t) are the solutions of the boundary layer systems corresponding to
(46.6) and Assumption B is satisfied for all i, too.

By Theorem 45.2, if the proteins’ translation and degradation rates are large,
but stay in a fixed proportion 7, in the limit process the level of mRNA is gov-
erned by:

dy;
% =—cyi(t)+di, ieN,

with the level of proteins given by z;(t) = and jumps driven by £LQ =
(Lg;j), where Lg;;(y) = q;;(y, %). Note that for N = 1 and rescaled coefficients,

this result has been obtained in Example 26.6.

i)
1

Lemma 46.1 Suppose rfo + By is strictly positive on J. Then, for X € J,
the limit matrix Q(X) = lim,_, oo 9,(X) has N + 1 distinct eigenvalues v;(X) =

—i(rPo(x) + 1(X)), i € N.

Proof Let Q(N) = (gij)i, jen denote the limit (N 4 1) x (N + 1) matrix Q in
the Lipniacki model with » = 1 (i.e., g;;’s are given by (46.4) with a, /b, = 1)
and assume that 8y + f; = 1. We will prove that the characteristic polynomial
of Q(N) is:

deth — QN) = AL+ DA +2)...(A+N), N> 1. (46.7)

To this end, we perform the following operations on the matrix A — Q(N): start-
ing from the right, to each column we add the sum of columns preceding it,
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obtaining the matrix with the same determinant:

NBo + A by A Py
=B (N—=Dfo+4r A
0 —28 (N —=2)By+ 2
0 =3B
280 + X A by
0 0 —(N=DB Bo+2r A
0 —NB, A

Next, starting from the top down, from each row we subtract the one lying below
it, leaving the last row unchanged. Applying the Laplace expansion along the
last column of the resulting matrix and using By + B = 1 we obtain det(A —
O(N)) = rdet(h + 1 — QN — 1)). Since the case N = 1 is easily checked,
(46.7) follows by induction.

Dropping the simplifying assumption (r = 1, 8y + B1 = 1) we replace Sy by
rBo and divide the matrix by rBy + B; > 0, to see that the eigenvalues of the
limit matrix are —i(rBy + B1),i € N. O

A deeper insight into the way biological systems, like those described by
(46.1) and (46.3) work, may be gained by reading expertly and reader-friendly
written monograph by Uri Alon [3].

iz Chapter’s summary

We discuss two motivating examples of the main theorems of the previous chap-
ter: models of gene regulation and gene expression. As an application of the the-
orems we conclude that under certain conditions, these models may be reduced
to simpler ones.
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Oligopolies, Manufacturing Systems, and
Climate Changes

Piecewise deterministic Markov models such as those in Theorem 45.1 are
present not only in mathematical biology, but also in other applied sciences.
In this chapter we exhibit three examples of this type, taken from [61].

First, we consider a manufacturing system ([149, 293, 310, 352]) where
items are produced at the rate # > 0 and sold at the demand rate z > 0. By
X(t) € R we denote the surplus, that is, the difference between cumulative pro-
duction and cumulative demand at time ¢ and by a > 0 we denote the spoilage
rate of a finished product. The rate of production # = u(y ) depends on a number
y of active parallel production machines. We consider a so-called failure-prone
system, where each machine is subject to breakdown and repair, so it can either
be operational or out of order. We assume that the system consists of two iden-
tical machines, that is, y € N = {0, 1, 2}. Then, in the intervals where y =i
is constant, the surplus is governed by the ODE:

dx;(r)
dr

= —ax;(t) + u(i) — z. (47.1)

Suppose that #(0) = 0 and u(1) < u(2). In the notation of Theorem 45.1, we
have M = 1,J = [’71, %], and a;(X) = —aX + u(i) — z; the latter functions
are Lipschitz continuous and satisfy (44.2).

Let ;# > 0 be the intensity of machine failures and let £ (X) > O be the inten-
sity of repairs. We suppose that £ depends on X, because if the surplus is low,
machines are repaired quicker than if it is high. There is a single repair crew; if
two machines are out of order, the repair crew is working on the one that failed
first. If machines break down independently, this leads to the intensity matrix:

—§(X) £(X) 0
QX =| n —n—-E&X) &)
0 21 -2
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Eigenvalues of Q(x) equal 0 and %((—l)k«/u(u +4£(X)) — Bu + 2£(x))),
k=1,2,and:

2 2
lo(X) — <2M 218 (X) S(X)>’

oX)’ o(X)  o(X)

where o (X) = 2u? + 2u&(X) + £2(x). Taking Q, = Q and assuming & to be
Lipschitz continuous we obtain, by Proposition 45.3 and Theorem 45.1, that if
the breakdowns and repairs occur in a much faster scale than production, the
surplus satisfies the ODE:

dx(6) _ 208 (X) )

o - O+ =y S

Our next example is that of oligopoly (see, e.g., [174]). We consider M play-
ers in a market with random switches of economic situation y (), described
by two market modes: recession y () = 0 and prosperity y () = 1. Let the
stochastic investment rate u;; € R of the jth firm (j € M = {1, ..., M}) in the
ith market mode (i € N = {0, 1}) depend on i and j; we assume that ug; < u;;
for j € M. In the models of optimal control or in stochastic games, u;;’s usu-
ally depend on ¢ and are treated as control tools [174]. Here we disregard the
elements of control and games, leaving the process uncontrolled. If y =i is

u2) —z.

constant, the market production capacity X; = (x;; )}-e A satisfies:

dx; (1)

A
where U; = (u;;) jepm, and the capacity deterioration rate is set to 1 for simplic-
ity. In the notation of Theorem 45.1, for i € N we have a;(X) = U; — X, V =
(u0;)jers W = (u1;)jer and J = [uor, uyy] x - -+ x [uon, ury] C RM. Clearly
a; are Lipschitz continuous and the Miiller condition is satisfied.

Intensity matrix Q of market switches is determined by the following nor-
malized jump intensities: goo = —1, q11 = —Sp, Su(X) =x1 + -+ - + X, X =
(x;) jem (if the total supply is too large, a transition from prosperity to recession
is highly probable). The negative eigenvalue of Q(x) equals —1 — s,,. Further-
more, Iy = (li”zM, ; +lsM ). By Proposition 45.3 and Theorem 45.1 with Q,, = Q
and arbitrary «,, if market switches are frequent, the semigroups of the related
piecewise deterministic processes converge to the semigroup describing deter-

u —x(1), ieN, (47.2)

ministic motion along the integral curves of:
dx(r) s
= M U() +
dr 1+ Sm 1+ Su

Consider also the case in which market switches occur rarely when compared
to the time scale of the economic activity, comp. [174]. To this end, we replace

u; — X(1). (47.3)
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(47.2) by the singularly perturbed equations of type (45.8):

dz; (1)
dr

=k, (U; — Z; 4 (1)), i€N, (47.4)

so that the marked production capacity is now denoted by z and not by x. Here
all coordinates are singularly perturbed, J; = J, Jy = {0} and &;(z) = U; — 2
are Lipschitz-continuous and satisfy the Miiller condition. Thus we are in the
setup of Theorem 45.2 with K = 0. Intensities of jumps between integral curves
of the full system (47.4) are given by Q described earlier.

The systems (47.4) are of uniformly Tikhonov type because ¢; = u; is
the unique root of @; and as in the previous example the solutions of the
related boundary layer system converge to U;, regardless of the initial condi-
tion. Hence, by Theorem 45.2, in the limit as n — oo, we obtain the Markov
chain jumping between the points u; with intensity matrix PQ = (Pg;;), where
Poqoo = — Yy ) and Pygyy = —1.

In our final example, we consider a piecewise deterministic process inspired
by the stochastic game of interactions between economy and climate
described in [174] and [173]. It is a model of economic activity in a changing
climate, based on the observation that the natural environment evolves slowly
when compared to the economic growth.

The model assumes that in the global economy there are M players, called
nations. The world climate may be in one of several climate modes, i € N. For
the ith climate mode let z; € RM denote the M-dimensional vector of the accu-
mulated capital of M nations. In accordance with a widely accepted view (see,
e.g., [174, 173] and references given there), we assume that climate changes
are to some extent stimulated by the human economic activity, since the latter
leads to accumulation of greenhouse gases (GHG, e.g., CO,) in the atmosphere.
Lety; € R be the average concentration of GHG in the ith climate mode. The
levels of y; and z; satisfy:

dyi(z) dz;(r)
o - —BYi(t) + 0;zi(1), = k(U — azi(1)), (47.5)
where « = diag{e, ..., oy} is the M x M diagonal matrix of capital depreci-

ationrates o; > 0, U; = (u;}) jer 1S the vector of investment rates, g > 0 is the
GHG natural elimination rate, 0; = (0;;) jerm is the vector of GHG production
rates 0;; > 0 in the national economies, 0;Z; is the scalar product of o; and z;,
and « is a positive parameter.

Suppose that there are three possible climate modes, so that A" = {0, 1, 2}.
The climate may either remain unchanged (i = 0) or experience a sudden
change, resulting from catastrophes caused by the increasing concentration of
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Figure 47.1 “Indian Summer” or “Golden Polish Autumn”

GHG. For instance, the climate may change due to a slowdown in the ocean
currents (the so-called thermohaline circulation, i = 1) or due to the Antarctic
and Greenland ice sheet collapse (i = 2). We assume that intensities of switches
in the climate modes are given by the matrix Q(Y) = (g;;(¥))i, jen, Where g;;
are climate transition rates continuous in y. We assume i = 2 is the cemetery
state, that is,

—qo1(Y) —qo2(y)  qo1(y)  qo1(y)
Ay) = 0 —q12(y) qn2(y)
0 0 0

Let us note now that the economic activity takes place in a faster time scale than
the climate changes. To incorporate this information in our model we replace
the parameter « in (47.5) by a sequence (k,)n>1, satisfying the usual assump-
tions. Then we are in the setup of Theorem 45.2 with Lipschitz-continuous
functions a; and &, given by:

ai(y,z)=—-By+oz and a(y,z)=u;, —az,

N=2,K=1 and M+ 1 instead of M (the model contains M production
variables and one variable describing the level of GHG). To show this we
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introduce:
M
Qmax = Max o;, Omax = Max E Oij, Umax = MaX U;;
ieN ieN 4 ij
J=1
M
Omin = Min o; Oin = Min E Oj; Umin = MiN ;.
ieN ieN £ " 72 ij /
j=

It follows that if the jth coordinate of z equals v = uminamgx (or w = Umax @,
respectively), then the jth coordinate of &,(y, Z) = U; — «z, is non-negative
(or, nonpositive, respectively). Since a;(y,z) >0 for y =g := 0B Omin
and @;(y, z) < 0 for Y = wo := WP 'Omax, provided z € J, = [v, w] x -+ x
[v, w], this shows that the system (47.5) satisfies the Miiller condition in
J =Jy x Jz, where Jy = [vg, wo]. Moreover, the equilibrium point ¢;(y) does
not depend of y and equals o' u; € J,. We check that Assumption B is satisfied,
similarly as in the previous examples, using explicit form of the solution to the
boundary layer system of (47.5). Thus (47.5) are of uniformly Tikhonov-type.

By Theorem 45.2 the original process moving along integral curves of (47.5)
with jumps determined by Q, converges as n — 00 to the limit process, moving
along integral curves of:

dyi(t) _ ) =1
dt - ﬂyl(t)+ala uh

with z;(t) = «~'u; and jumps described by PQ = Q.

iz Chapter’s summary

We continue with applications of theorems of Chapter 45. We present models
of manufacturing systems, oligopolies, and interactions between economy and
climate.



48

Convex Combinations of Feller Generators

Let S be a locally compact Hausdorff space, and let «;, i =0, ..., N, where
N is an integer, be non-negative continuous functions on S with Zf’: 0 =
1. Furthermore, let A;,i =0,...,N and A be generators of Feller semi-
groups {e4, t > 0} and {e4, ¢ > 0} in Cy(S) with related Feller processes X; =
{Xi(t),t > 0} and X = {X(¢),t > 0}. Finally, suppose that D := ﬂﬁvzo D(A)) is
a core for A and that Af = " | ;A f for f € D. Then, it is natural to expect
that X may be described as follows: conditional on being at p € S, X behaves
like X; with probability «;(p).

Unfortunately, none of the previously introduced formulae for the semigroup
{e, t > 0} support such an interpretation. If we assume N = 1 and o and o
to be constants, we end up in the setup of the Trotter Product Formula to obtain:

agt ayt n
e = lim [eTUA"eTItA‘] ,

so that the process {X(¢),# >0} is a “mixture” of {Xo(xot),? > 0} and
{Xi(a1t),t = 0}. However, this is still far from the interpretation we desire to
have. In the case in which A or A, are bounded, {e*, > 0} may be expressed
explicitly as the Dyson—Phillips perturbation series, but neither this formula
allows for the desired interpretation.

On the other hand, we could use the intuitions developed in the previous
chapters and approximate X by a sequence &, n > 0 of Feller processes in an
extended space SN+1 composed of N + 1 copies S x {i},i =0,1,...,NofS.
These processes are “mixtures” of two components. The first of these starting
on S x {i}, behaves like X; and never leaves S x {i}. The second is composed
of independent Markov chains indexed by p € S: conditional on starting from a
(p,1),i =0,...,Nitis aMarkov chain with states (p, j), j=0,1,..., Nand
certain intensity matrix depending on n and «;(p), j =0, ..., N. This matrix

is chosen so that (ct;(p))i—o.... ny 18 its unique invariant probability measure. Put
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Figure 48.1 State-space merging for N = 1 (redrawn with insignificant changes
from [51])

otherwise, X},’s are somewhat similar to piecewise deterministic processes of
Chapter 45 in that their behavior may be described as follows: starting at the
ith copy of S, they stay there, behaving like X; until random time t when they
jump to jth copy of S to behave like X; there. At the time 7, conditional on
being at (p, i) they jump to (p, j); the distribution of t and the probability of
choosing j are determined by the intensity matrix changing with p.

Now, increasing jump intensities as n — 00, corresponds to convergence of
the Markov chains described above to their equilibria. In the limit, points of
SN+1 with same first coordinates get glued together (the chain is at the equilib-
rium) to form another copy of S, and the limit process defined there may indeed
be thought of as that behaving with probability «;(p) like X; — conditional on
being at p (see Figure 48.1).

Thus, in a sense we reverse the procedure known from Theorem 45.1. There,
we show that the limit of piece-wise deterministic processes with frequent
jumps is a deterministic motion along “averaged” curves of the determinis-
tic motions involved. Here, given a convex combination of generators of Feller
semigroup, we approximate the related process by an appropriate averaging
procedure; this idea is developed in [51, 60, 72].

Specifically, the processes {X),(t), n > 0} are related to the Feller semigroups
{T.(),t > 0} generated by the operators:

An(f)izo,..N = Aif)izo,..N +19(fi=o...n, [i € D(A)), (48.1)

where Cy(SM*!) is identified via isometric isomorphism with the Cartesian
product of N + 1 copies of Cy(S), and:

Q= (qij)i,j:O ..... N (48.2)
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is an operator matrix whose entries are multiplication operators related to func-
tions g;j, and g;; have the following properties.' (a) For all p € S, the scalar

.....

.....

Zf’vzo a; f;, we have:

lim ¢ =P (strongly). (48.3)

—>00

For example, the matrix:

060—1 o (0%) oN
(o)) o —1 (0%) N
Q: (&%)} o1 (6%) -1 ... oN , (484)
o o o ooy —1

possesses these properties. For, («;(p));cy is the unique stationary measure for
Q(p), and we have Q@ = P — Z, where Z is the identity on Y, and P is idem-
potent. Hence (see Exercise 1.4 (a)),

o0

tnf])n
e =e"" Z ot e '+ - 1DP),
n=0 :

implying (48.3).

Elements of Cy(S), the space of continuous functions vanishing at infinity,
defined on S, a locally compact Hausdorff space, will be denoted by f, g, A,
and so on. The Cartesian product of N + 1 copies of this space will be denoted
by B, and its elements by f, g, h, (fo, fi,.--, fn), (f)ien, etc. We will also
write [f] for the element (f, f, ..., f), where f € X. Operators in Cy(S) will
be denoted A, B, etc. and these in B by A, 5, etc. with possible subscripts; the
only exception to this rule are multiplication operators ¢;. Finally, we put:

Theorem 48.1 LetA;,i =0, ..., N and A be generators of Feller semigroups
{4 t > 0} and {4, 1t > 0} in Co(S). Also suppose that Af = Zf.vzo A f =

.....

A. Finally, let A, n > Owith D(A,) = D(Ag) x D(A) x -+ x D(Ay) C Y be

! In what follows, for notational convenience, we will not distinguish between a bounded, contin-
uous function 4 on S and the related multiplicative operator Cy(S) > f — hf € Co(S).
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given by (48.1) and suppose that condition (48.3) is fulfilled. Then, A,’s gen-
erate contraction semigroups in B and:

lim e"f = [e"convf], f e B. (48.5)

n—0o0

We are actually able to prove a more abstract version of this result, where o;
are bounded, commuting operators in a Banach space X, such that Zﬁ\,:o o =
Ix. Similarly as in the case in which X = Cy(S), elements of X will be denoted
X, y, zand so on with possible subscripts, and elements of the Cartesian product
Y of N + 1 copies of X will be denoted by X, y, z, (xo, X1, - - ., Xn), (Xi)ien’> and
so on. We will also write [x] for the element (x, x, ..., x), where x € X, and
CONV(X,)ic0, N = D ng ki

Theorem 48.2 Let A;, i € N and A be the generators of semigroups (€%, t >
0} and {e*,t > 0} in a Banach space X. Suppose that Ax = conv(A;x)i—o... N
for x e D := ﬂf.vzo D(A;) and that this last set is a core for A. Finally, let
A,,n > 0with D(A,) = D(Ayg) x D(A}) x --- x D(Ay) C Y be given by:

Ap )iy = (Aix)ien +nQ (X)), xieD@A),i=0,...,N (48.6)
where Q is a bounded linear operator in Y such that:

lim ¢'9x = [convx], (48.7)
11— 00

and suppose that A,’s generate equibounded semigroups {T,(t),t > 0} in Y.
Then,

lim e"'x = [e*convx], x € X. (48.8)

n— 00
Note that our theorem involves “double convex combination” in that in the
limit we have the semigroup generated by a convex combination of generators,
acting on a convex combination of initial conditions. Moreover, Theorem 48.1
is a special case of Theorem 48.2. Indeed, under its assumptions, Ay is the
generator of the semigroup {7y(¢), t > 0} given by:

760) (fi)ie,/\/ = (elAiﬁ)ieN'

Because Q is a bounded, the Phillips Perturbation Theorem implies that 4,
generates a strongly continuous semigroup. However, Q is also the genera-
tor of a contraction semigroup. Hence, by the Trotter Product Formula, so is
A, = Ao + nQ, implying that all the assumptions of Theorem 48.2 are satis-
fied (assumption (48.3) is a special case of (48.7) — see (48.9)).

As is often the case, it is much easier to prove our theorem than it is to dis-
cover it; with the experience of the previous chapters, the reader will not be
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surprised to learn that the theorem is a direct consequence of that of Kurtz. To
show this, first we note that in notations introduced earlier,

Px = [convXx]. (48.9)

Next, let A = Ay. For x € X, P[x] = [x] and so, by (42.2), Q[x] = 0. Taking
x € D we see that 4, [x] = A[x], showing that [x] is a member of the domain
of the extended limit A of A, and Ae[x] = A[x]. Similarly, for any x in
the common domain of A, lim,_, o %Anx = Ox. Finally, let Xy = Range P
be the subspace of vectors of the form [x], x € X. Then, PA[x] = [Ax],x € D
is closable and generates the strongly continuous semigroup in Xy given by
ePA[x] = [e"x]. Hence, all the assumptions of Kurtz’s Singular Perturbation
Theorem are satisfied (with €, = ﬁ, and Q, A, and A replaced by their calli-
graphic versions), and we are done.

Turning to examples, let us start with the case of Poisson processes with
changing colors, inspired by the “single gene, no feedback™ section of [204]
(see in particular equations (4), (5), and (21) there).

Example 48.3 Let o; = (oj(p))p=1,1=0,..., N be convergent sequences
with Zf\': o =1,and ¢;,;i =0, ..., N be positive constants. (In other words
we are in S = N, and Cy(S) is ¢¢.) The state-space of the sequence {X,(¢), t >
0}, n > 1 of processes to be described is N x {0, ..., N} with the first coordi-
nate denoting the state of a regular Poisson process, and the second its chang-
ing color. The process &, (t),t > 0, starting at a point (p, i) waits there for
an exponential time with parameter ¢; + n(1 — «;(p)) to jump, with probabil-
ity m to (p+ 1, i) or, with probability %, to (p, j), j # 1.
Equivalently, X, (t),t > 0 is a “mixture” of two processes: the first of them,
at the i-th copy of N, is a Poisson process with intensity c;; the other is com-
posed of independent p-indexed color change Markov chains with values in
{(p,0),...,(p, N)} and intensity matrix nQ where Q is given by (48.4). This
mixture is a Feller process and its generator (after suitable identification of iso-
morphic objects) is:

Ay ien = (€iPX)ien + 1Q (X)) ienrs

where (x;);cn belongs to the space B, the Cartesian product of N + 1 copies of
co = ¢o(N), and P is the operator in cg given by P(§,)p>1 = (§p41 — &p)p=1-
For large n, the probability of Poisson-type transition (p, i) — (p + 1, i) is
small (provided «;(p) # 1), while transitions (p, i) — (p, j) occur relatively
often. As a result, before Poisson-type transition occurs, the color change pro-
cess reaches its equilibrium, so that we are at (p, j) with probability o;(p).
Hence, in the limit, the intensity of Poisson-type transition becomes state
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dependent and equals Zf\’: o ci2i(p). The same is true in the case in which
a;(p) = 1, when the process, after waiting for an exponential time with param-
eter ¢; jumps right away to (p + 1, i). In other words, processes {X,(t),t >
0}, n > 1 approximate the process in N with generator:

A (&) - (Zc,a (P)eps1 — sp) :
p=1

i=0

that is, a pure birth process with intensities averaged over equilibrium states.
Theorem 48.2 makes these intuitions precise.

Example 48.4 A classical situation in which a convex combination (with con-
stant coefficients) of Feller generators is also a generator, is the one where
these generators are related to Lévy processes in R” — this follows directly
by the Lévy—Khintchine Formula, see, for example, [146, 193]. It is precisely
in this context that Hille and Phillips write of a cone of generators [180].
By Hunt’s Theorem [178, 183], this statement is also true for generators of
Lévy processes with values in a Lie group.

For a still more concrete example, let @ and b be two positive constants. The
operator Af = af” + bf’ with maximal domain in Cy(R) is known to generate
a Feller semigroup in this space (see, e.g., [247], Theorem 1, p. 38); the constant
a is the diffusion coefficient, and b is the drift coefficient of the related Feller
process. Writing Af = _%[(a +b)f"] + a+b [(a + D)f'], by Theorem 48.1, we
have the following alternatlve description of this process: at each instant of
time, with probabﬂlty ; the process moves to the right with speed a + b or,

with probability —% e it behaves like the (rescaled) Brownian motion.

Example 48.5 Assume that A, Ay, and A; are generators of Feller semi-
groups in Cy(S), ap and a; are positive constants, Af = apAof + a1Af
for f € D(A)ND(B) and the last set is a core for A. Let {X,(z),t > 0},
{Xi(¢t),t > 0}and {X (1), t > 0} be the corresponding Feller processes. Writing
A=~ ”_’ﬁa ((ap + a1)Ag) + o +a ((ag + a;)A;) we see that {X (¢), + > 0} may be
interpreted as a process evolving, at each instant of time, as {Xo((ao + ai )t) t>

0} with probability

ag +a

s> Chapter’s summary

We provide an approximation of the semigroup generated by a convex com-
bination of Feller generators that supports the intuition that the related pro-
cess chooses its dynamics randomly from the set of generators forming the
convex combination. The approximation involves state-space lumping/merging
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as in Figure 48.1 (for a systematic theory of state-space merging/lumping, see
the monographs [220, 219, 221]). The number of examples of convex com-
binations of Feller generators is at least surprising, see, for example, arti-
cles on fast-switching dynamical systems [307] and fast-switching diffusions
[185, 350, 351]. A number of examples will be presented in the following
chapters.
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The Dorroh Theorem and the
Volkonskii Formula

Following [51], let us study in more detail a very special, but curious case where
in the convex combination of the previous chapter, all the operators but one are
zero. To simplify notation, we will write A instead of Ay (the notation A for
convex combination of generators will not be used here). In what follows, the
reader will hopefully forgive me this change in notation, persuaded that it was
worthwhile dropping unnecessary subscripts.

So, let A be the generator of a Feller semigroup {e4,t > 0}inCy(S) and let o
be a continuous function on S with 0 < ay < a(p) < 1 for some oy and all p €
S. Then, xA with domain D(A) is the generator of another Feller semigroup,
say {e“4,t > 0}, in Cy(S). Indeed, by Dorroh’s Theorem [116] (see also the
interesting extension in [170]; for further results and further literature see [128])
aA generates a strongly continuous semigroup of contractions in Cy(S), and
since A satisfies the positive maximum principle, this semigroup is composed
of positive contractions.

Let us write ®A as ¢A + (1 — o)B where B is the zero operator (i.e., Bx = 0,
x € Cy(S)) and recall that e'® = Icys). t = 0. In particular, B generates the “no
movement” process. Theorem 48.1 shows now that a Feller process {Xy4(?), t >
0} related to «A may be described as follows: conditional on being at p € S,
with probability «(p) the process behaves like X4 and with probability 1 — «(p)
it stays at p. As a result, the process “slows down” as at each point it hesitates
whether to move or to stay, and the smaller « is, the slower the process moves.

This agrees with the explicit formula for {X,4(¢), r > 0}, known as Volkon-
skii’s Formula (see [298], pp. 277-278) involving change of time (see
[296, 298]), the procedure of changing the speed at which the original pro-
cess runs through its path. To explain this in more detail, let us assume that S
is, additionally, metrizable and separable, so that there exists a Markov process
{X4(2),t = 0} related to A with paths that are right-continuous and have left
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limits (see, e.g., [296], p. 91). Consider the process A(t) = fo a(x (Y)), since it
is increasing, we may define ®(t) = A~!(¢). Then, ®(¢), t > 0is atime change
needed here (see Definition 1.2, p. 180 of [296], see also Proposition 1.1, p. 179
in the same monograph), and Volkonskii’s Formula says that the time-changed
process:

X(t) = Xa(0(1))
is a version of the process related to ¢A. Since r < A(t) < it, we have:
apt < OF) <t

hence, {X(t),t > 0} is indeed a “slowed-down" process {Xx(t), > 0}.

The following direct calculation of the resolvent of ¢A gives an indepen-
dent proof of the fact that this operator is the generator of a Feller semigroup,
and of Volkonskii’s Formula We recall that by the Feynman—Kac Formula
for any posmve c,A— c generates the contraction semigroup e/—¢a 2 Jf(p)=
E, el u(XA(V))d‘f(XA(t)) p €S, feCyS), where E, stands for expected
value conditional on X4(0) = p, and B = 1 — «. Writing:

—1 —1
(k—aA)_1=<)L—A+&—)»> a_lz[k—<A—Aé>] a !,
o [07

and taking ¢ = A in the Feynman—Kac Formula, we see that:

(=)' f(p) = / e ME, e 5“””“%(&(:»&
0

=E, / Te 0L ) a
o

0
= /O e ME, f(Xa(O())) drt,

for pe S,1 >0, f € Cy(S), with the last equality following by a change of
variables — see [296], p. 8 for an appropriate version. The Laplace trans-
form being injective on bounded measurable functions, we have e/* f(p) =
E,f(Xa(®())) for almost all > 0. Since t > E,f(Xs(O())) is right-
continuous, this equality is true for all # > 0, completing the proof.

As acorollary to this example and the Trotter Product Formula we see that the
process related to a convex combination of two generators may be equivalently
seen as a mixture of two time-changed processes.

Dorroh’s Theorem [116] cited earlier is a prototype of a whole class of multi-
plicative perturbation theorems —see [ 128], pp. 201-204 and notes on p. 237.
The fact that «A is a generator may also be shown in a straightforward way
by going along typical lines for proving such theorems, that is, by replacing
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multiplicative perturbation by an additive one and using theorems on addi-
tive perturbations. Here are the details: we define the operator D as Df =
aAf — Af with domain equal to D(A), and note that for every r € R and f €
D(A), [A+ rD]f = [(1 — r) + ra]Af. This implies that, as A satisfies the pos-
itive maximum principle, so do operators A 4 rD, r € [0, 1]. Hence, they are
dissipative. Moreover, |Df]| < sup s le(p) — 1]|Ax]| < (1 — a)[|Af]| forall
f € D(A),withO < 1 — ag < 1. Therefore, conditions of Theorem 3.2 of [284]
(or Theorem 4.11 of [16]) are satisfied, and we conclude that A = A + D gen-
erates a strongly continuous contraction semigroup {74 (), > 0} in Co(S).
Again, since oA satisfies the positive maximum principle, {Ty4(¢),t > 0} is
composed of positive contractions.

In the Dorroh Theorem, the assumption sup s @(p) < 1 may be relaxed to
SUp,es (p) = a1 < 00. Indeed, oA is the generator of a Feller semigroup and
we may write oA as —(ozlA) so that the role of A will be played by o A.
On the other hand, the assumption «(p) > «y > 0 is essential. This is seen
from the following example. Let S = [0, oo] and let A be the generator of
the Brownian motion with reflecting boundary at p = 0, that is, let A = dp
with domain D(A) composed of twice differentiable functions f such that
there exist finite limits lim,,_, f”(p) and lim,_, o f”(p), and f'(0+) = 0. Also,
let a(p) = p*> A 1. Then A is the generalized Laplacian of W. Feller with
canonical scale s(p) = p — 1 and canonical measure m(p) = 2 — —, p>0-
see [132, 247, 353]. We have fo m(p) ds(p) = —oo. In other words, 1n Feller’s
boundary classification [132, 193, 247, 353], 0 is an inaccessible boundary for
«A. Hence, by Theorem 1, p. 38 of [247], A with maximal domain in Cy[0, o]
generates a Feller semigroup. Therefore, oA restricted to the domain of A is not
the generator of a semigroup.

Contrary to what the above example may seem to suggest, when « is not
strictly positive, in general there may be many extensions of a¢A that gen-
erate Feller semigroups in Cy(S). To see this, let us consider X = C[0, 0o]
and A = dip with maximal domain; A generates the semigroup {74 (¢),t > 0}
of translations Tx(#)f(p) = f(p+1t) in C[0, co]. We note that the function
a(p) = 24/[1 — p] A2 is not Lipschitz continuous at p = 1. As a result, the
solutions to the Cauchy problem related to p/(r) = «(p) are not unique. In par-

ticular, we may define two semiflows {r/,7 > 0},i = 1,2 in [0, c0) such that
dn

& = ol "). The first of these is determined by:

p+2/T—p—1>, 0<t<.T—p, pel0,1),
rlp)y=1p+2+2p—1, 0<t<1- p—l, €[l,2),
p+2t, t>0,p>2,
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and the second is the same as the first except that for p=1 we put
rrtz(p) =1, > 0. Since, as t — 0+, nti(p) converges to p uniformly in p €
[0, 00), the corresponding semigroups {S;(¢),¢ > 0} in C[0, oo] given by
Si(t)f(p) = f(m/(p)) are strongly continuous. Moreover, for f € D(A) we
have, by the Lagrange Theorem, %(S,-(t)f(p) — f(p)) :Af(éi)w =
AfEVTEE = AfEDa(rl(p), where & = &(t, p) € (p, 7 (p)) and T, =
7;(t, p) € (0, t). Hence, by uniform convergence of r; and uniform continuity
of Af and o, Af(&;) converges uniformly to A f(p) and a(n;'i (p)) converges to
a(p), as t — 0+. This shows that generators of these semigroups (which are
different, semigroups being different) are extensions of «A.

In the same way as the semiflows and the corresponding semigroups pre-
sented here differ in their behavior at p = 1, in general the various semigroups
related to extensions of ¢A will differ in their behavior at the “boundary” where
a=0.

The literature devoted to the problem of when ad%), where « is assumed con-
tinuous, generates a semigroup in a space of continuous functions is abundant
and includes [30, 31, 109, 110]; I would like to thank Charles Batty for these
references.

s Chapter’s summary

The curious case in which all but one generators in a convex combination are
equal zero is studied: the related stochastic process randomly slows down. In
particular, we express this process with the help of Volkonskii’s change of time
formula. Our path leads through the archetypical example of multiplicative per-
turbations, that is, the Dorroh Theorem, and we complete the chapter with a
short discussion of when the operator of first derivative composed with bounded
multiplication operator is a generator.
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Convex Combinations in Biological Models

Sy (pi -y (R,

We have noted previously that the main theorem of Chapter 48 is in a sense
a converse to the frequent jumps theorem of Chapter 45. In other words, we
have already encountered examples of convex combinations of Feller gener-
ators. For instance, in the model of gene regulation, the generators of semi-
groups describing motions along the integral curves of (46.1) are for f e C!
given by:

0 . 0
Aif(xr, x0) = (Fi1 (i) — xl)_f(xl» xX2) + (F2 () — XZ)_f(xl, X2),
ax 0xp
i =0, 1, 2, while the limit equation (46.2) is related to the generator:
oy + o 0 oy + o 0
Afra) = (2 ) Py (22 0 Y.
o ax; o 0xy

Hence, recalling the definition of F;’s we obtain:

which is a convex combination since Z?:o a=o0.
Similarly, in the model of gene expression, the generators of deterministic
motions (46.3) in the approximating processes are:

0 0
Aif(x1, x2) = (—cxy + di)—f(xl,xz) + (kxy — lxz)—f(xh X2),
x| 0x;
i € {0, ..., N}, while in the limit the generator is (see (46.5)):

0 0
Af(xi1,x2) = (—cx; + Nda(xy, x2)) a—;(xh x2) + (kxy — lxz)a—;;(xh X2),



304 Convex Combinations in Biological Models

— b)) ; .
where a(x;, xp) = oGt B G Noting that:

N
Zi(jj)ai(l — )V = Na,

i=0

we obtain:

(N i N—i
A=) ;)= A
i=0

abinomial-type convex combination. This result agrees with our intuition: since
the gene copies are switched off and on independently, and in the case of fre-
quent jumps, given the state (x;, x,), the probability that a single gene copy is
active is a(x;, x»), then (]:./)ai(xl , 00)(1 — a;(xy, x2))V 7 is the probability that
there are exactly i active gene copies.

Finally, let us consider the model of dynamics of a solea solea or Engraulis
encrasicholus population with both age and vertical structures, presented in
[11] (see also [22, 23, 306]). In the model, the fish habitat is divided into N
spatial patches and the fish densities or age profiles #; in the i-th patch satisfy

the following system of equations:

N
8n,’(l, Cl) + ani(t, a) — _M[(a)n[(t, Cl) + G_l Zku(a)nj(t, a)7

Jt da -
j=1
o0
n;(t,0) = / bi(a)n(t,a)da, i=1,...,N,
0
ni(0,a) = ¢i(a), i=1,...,N, (50.1)

[P

where “¢” stands for time, “a” stands for age, ¢; is the initial population dis-
tribution in patch 7, and p; and b; are age-specific and patch-specific mortality
and birth rates.

In the absence of the terms € ! Zl;;l kij(a)n;(t, a) each of the patches could
have been treated separately, and the population densities there would satisfy
the McKendrick Equation [268, 302] (called also Sharpe-Lotka—McKendrick
Equation [341, 342], or Lotka—McKendrick Equation [184]). In this equation,

the term W describes aging process (without the other factors, the operator

—3‘7—(1 would (;esult in shifting the age profile to the right), u; describes deaths
(the term —pu;n; takes away a portion of the age profile shifted by —% — see
(50.4), further on), and the boundary condition n;(t, 0) = fOoo bi(a)n;(t, a)da
describes the process of births (b;(a)n;(¢, a) may be thought of as the number

of individuals born to all fish at age a living in patch i at time ¢).
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The matrix k(a) = (k;;(a)) is composed of intensities of movements between
patches that occur on a daily basis: the sum of entries in each column of the
matrix is zero. The factor € ™! (with € « 1) corresponds to the fact that the
age-related processes and vertical migrations (between the patches) occur at
different time scales, a day being the fast time scale as compared to the fish
lifetime.

The main question addressed in [11] is that of whether in approaching mod-
eling such populations one may disregard the vertical migration to work with a
model that has been aggregated, or averaged, over the whole water column. To
this end, the authors assume that the matrix k is irreducible, and hence possesses
the unique normalized right eigenvector v(a) = (v;(a))i=1,...n corresponding to
the simple dominant eigenvalue O [155]. Moreover, they consider the case in
which the population distribution over the patches does not change in time and
agrees with the stable population distribution dictated by the matrix k:

i(t, [
WD @), =1 N.az0,
n(t, a)

where n = Zf\;l n;. This is tacitly assuming that migrations governed by k hold
so fast, as compared to aging processes, that the population distribution over the
patches reaches the (age-specific) equilibrium much before the aging process
intervenes. As in our theorems, this corresponds to letting in (50.1) € — 0.
In such a simplified, aggregated model, the population density satisfies the
McKendrick Equation with averaged birth and mortality rates:

on(t,a) 0n(t,a)
ot + da

n(t,0) = /00 b,(a)n(t,a)da, n(0, a) = ¢,(a), (50.2)
0

= —ua(a)n(t, a),

where “a” stands for “aggregated,” u, = vazl v;u; and b, = vazl v;b;. Here,
the weights v; mark the underlying, hidden spatial structure.
Equation (50.1) is related to a semigroup {7¢(¢), t > 0} of operators in Y, the

.....

where L' be the space of Lebesgue integrable functions on [0, co). The gener-
ator of this semigroup is A. = A + ¢ ' where:

A(Pi)i=1,..nv = (Aidi)i=1,...N, i € D(A}),

N
K(@i=1,..n = Zkij¢j cpiel,
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and A, is the operator in L' given by:

Aip(a) = —¢'(a) — pi(a)p(a)

with domain D(A;) composed of absolutely continuous functions ¢ such that
¢’ € L' and ¢(0) = fooo bi(a)p(a)da,i=1,...,N.

On the other hand, (50.2) is related to the semigroup {S(¢), ¢ > 0} in L' gen-
erated by the operator A, given by:

Agp(a) = —¢'(a) — pa(a)p(a)

with domain D(A,) composed of absolutely continuous functions ¢ such that
¢ € L' and ¢(0) = [;~ by(a)p(a)da.

To see that we are actually dealing with a semigroup generated by a convex
combination of generators, we need to pass to the space C = C[0, oo] of con-
tinuous functions on [0, co) with limits at infinity. To this end, we assume that
mortality and birth rates u;, b;, i = 1, ..., N belong to C. Then, as we shall see
shortly, the predual A, , to A; in C is given by:

Aixf(a) = f'(a@) — pi(a)f(a) + bi(a) £ (0),

and a similar statement is true for A, .. Notably, all of these operators share
the same domain C' composed of differentiable functions f € C with f’ € C.
Moreover, A, , is a convex combination of A, , with (age dependent) o;; = v;:

N
Auxf = Z%‘Ai,*f, fe c'.

i=1
Therefore, we are left with showing the claim on the predual of A;. To sim-
plify notation, we drop the subscript to consider the operator A in L' given by:

Ap(x) = —¢'(x) — n(x)¢p(x) (almost surely),

with domain D(A) composed of absolutely continuous functions ¢ such that
¢’ e L' and ¢(0) = fooo b(x)¢(x)dx. Here, b € C and u € C are non-negative.
We will show that A generates a strongly continuous semigroup {7;, ¢ > 0} in
L' such that its predual in C is generated by:

Af(x) = f'(x) — nf(x) + Bf(x) (50.3)

where Bf(x) = f(0)b(x), with domain C' composed of differentiable functions
f € Cwith f" € C. We note that B is bounded with ||B|| = bmax, Where by =
max,so b(x). Clearly,

Aof(x) = f'(x) — n(x) f(x)
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(with domain equal to C') generates a strongly continuous contraction semi-
group {P(t),t > 0} in C, given by:

7fx+l ( )d

PO f(x) = f(x+1)e” s HY, feCt=>0.

By the Phillips Perturbation Theorem, it follows that A, generates the semi-
group {T'(¢),t > 0} given by T'(¢t) = Z:io T,,(t) where:

To(t) = P(r), and 7,41 (1) = [ P(t — 5)BT,(s)ds, n > 0,
0

t"b

and we have || T,()|| < ”?!““ .n>0,|T@)| <ebm Itis easy to see that P*(¢)

the dual to P(¢) leaves L' invariant, and is given by:

—f(; (x—s)ds _
P (1)¢(x) = {(e) TR —n, a2t (50.4)

B X <t.

Moreover, {P*(), t > 0} is a strongly continuous contraction semigroup in L'.
Since:

P(@)Bf = f(0)P(¢)b, t>0,feC, (50.5)
introducing kf(s) = e~ Jorwdu£g) we see that:
P(t)BP(s)f = ks(s)P(t)b.

Hence,

Ti(t) = f ke(t — s)P(s)bds = k(1) % P(t)b,
0
and so, by induction and (50.5),
T 1 (1) = [kp (O™ * ky(t) % P(t)b = [kp(t)]™ * T (1),

where “"*” denotes the n-th convolution power.
We check directly that the dual 77" (¢) to 7 (¢) leaves L' invariant (even though
B* does not have this property); 7;*(¢) as restricted to L' is given by the formula:

_fx w()dy [ b( f_ ) _f:ﬂ—x M(l‘>d”¢( )d t >
e Jo s+ x)e s)ds, > x,
T (t)p(x) = io fo

> r<x.
Hence, so do 7,’(t),t > 0, n > 2 and we have:

T () = [ky()]™ * T (t),n > 0,1 > 0. (50.6)
Clearly, |T,) ()|l < ”’%, n>0,and so T*(t) := Z;’io T,)(t), with the series

converging almost uniformly, leaves L! invariant as well. We note that,
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by (50.6),
T*(t) =P (t) + T, (t) + k(2) = T} (¢)

where k(1) = Zfli 1 Lkp (1)1 (comp. [184], Chapter 1). The last series converges
almost uniformly in 7 > 0, being dominated by Y | b"m“;t!nil ; in particular k
is continuous. {7*(¢), t > 0} is a semigroup, since so is {7'(¢), ¢ > 0}, and its
strong continuity follows by strong continuity of {P*(t),t > 0} and {7}"(¢), t >
0}.

Finally, for A > bp,x, the solution to the resolvent equation for A:

(A 4 1(x))p(x) + ¢'(x) = P (x), Vel

is:
i (bHPY) .
(A=A Y (x) =) = T—(e.b) b)e* + H Y (%)

where:

v X X
e (x) = e e o rOd gy () = / e e S D%y (¢ yydy,
0

and for f € C and ¢ € L' we write (f, ¢) := fooo f(x)¢(x)dx. On the other
hand,

o0 o0
/ e MP*(t)dt = Hj, / e MTH(t)p dt = (b, Hf ¢)e,
0 0

and [, e k(1) dt = (e;., b). Therefore,

/oo e T 1)y dt = Hi Y + (1 + /OO e‘“k(ﬁdt) /OO e NI ()Y dt
0 0 0

oo
=H;y + ) (e, b) (b, Hiy) e, = (L — A) 'y
n=0
This implies that A is the generator of {T*(¢), t > 0}, and completes our proof.
It should be noted that, even though the setup of L' is natural for popula-
tion dynamic models, including the McKendrick model, the perspective of the
space of measures leads to their significant unification [301, 302]. Hence, the
approach via C[0, oo] (as the predual to the space of measures) presented earlier
may have some merit in itself.

Exercise 50.1 Describe the convex combinations of Feller generators involved
in the models of a manufacturing system and of an oligopoly of Chapter 47.

Exercise 50.2 Let us consider the problem of modeling a McKendrick-type
population with very large death rate. (I thank Mustapha Mokhtar-Kharoubi
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for suggesting this problem.) For the limit to be nontrivial, we need to balance
the death rate with the growth rate. To this end, we take X = Cy[0, 00), the
space of continuous functions on R* vanishing at infinity." We consider the
sequence of operators given by (cf. (50.3))

Aof = f = nuf +nf ()b = (d% —nM + nB) f (50.7)

on a common domain D composed of continuously differentiable members of
X such that f/ € X and nf € X. Here, u and b are positive functions on R™
such that b € X and ¢ := /% € X. We assume ¢(0) = 1 and ||g|| < 1, so that
the birth rate does not exceed the death rate, and for newborns they are equal.
Also, M and B are operators described in Exercise 1.5, while % is defined for
continuously differentiable f such that f’ € X; thus, D = D(M) N D(d%).

(a) The formula:
Ty f(x) = fx+ ) #ody

defines a strongly continuous semigroup in X. Show that the domain of its
generator G, contains D and:

Guf = f —nuf, feb.

Moreover, check that C(I)O[O, 00), the space of continuously differentiable
functions with compact supports is contained in D, and is left invariant by
the semigroup. By Exercise 15.2, conclude that CéO[O, 00), is a core for G,
and so is D.

(b) By (a) and the Phillips Perturbation Theorem, A,, is closable and its closure
A, = G, + nBis a generator. Use (1.8) to show that e'™*+#) ¢ > 0 are con-
tractions. Then, use the Lie-Trotter Formula to show that e/*, ¢ > 0 are
contractions, as well.

(¢) Assume g € D. Then, A,q = ¢, and for f € D, lim,_, %A,lf =—nf+
Bf. By (1.8), lim,_, o, e'M*B) f = f(0)q := Pf. Use Kurtz’s Theorem to
conclude that in this case:

lim e f = e~ £(0)q, (50.8)

n—oQo

where a := —¢'(0) < 0 since, by assumption, g(0) = 1 and ||¢g|| < 1. In
particular, the regularity space is spanned by g.

I We work in Cy[0, co) rather than in L' (R), because the limit involves a point mass concentrated
at the origin, the phenomenon L' (R*) is not likely to capture. Also, we prefer Cy[0, 00) over
C[0, o], because we want to use the handy formula (1.8).
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Since the dual to the operator appearing on the right-hand side of (50.8)
maps a measure on R* to a scalar multiple of the Dirac measure at 0, the
formula may be interpreted by saying that under the stated conditions, the
limit population is composed solely of newborn individuals, and a neces-
sary and sufficient condition for persistence of the population is ¢’'(0) = 0.

== Chapter’s summary

We give a few examples of convex combinations of Feller generators in bio-
logical models. These include models of gene expression and gene regu-
lation, and a model of fish dynamics. The latter model uses the important
McKendrick semigroup as a building block. For an example of a convex com-
bination of Feller generators in actuarial sciences, see [72, Example 7].
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Recombination

In this chapter we present another example of irregular convergence of semi-
groups. This example involves both Kurtz’s Lemma and a convex combination
of generators, but not in a context of Feller operators, but Markov operators.

To start with biological background, recall that recombination, one of the
basic factors influencing genetic variability, is a process by which genetic mate-
rial is transferred between chromosomes. Its models in population genetics
have a long history, reflecting its importance. Recently there have been at least
three monographs that thoroughly explain recombination, mostly in the context
of the coalescent in reverse time. These are Durrett [119], Hein et al. [175], and
Wakeley [335]. Recombination is providing additional genetic variability to a
population, which supplements mutation and can counterbalance the effects of
genetic drift and selective sweeps that, themselves, strive to reduce the vari-
ability. In this way, it contributes to the evolutionary process (see, for exam-
ple, [156]).

In cross-over, a particular type of recombination taking place in the course
of meiotic division, homologous (alike) chromosomes exchange parts of their
genetic material as depicted in Figure 51.1. For any two loci (i.e., genes or
other sequences with given locations along the chromosome), the probability
that there is a cross-over (or rather an odd number of cross-overs) between them,
is called the recombination fraction, r. If the alleles (variants of sequences) at
these two loci were (A, B;) on chromosome 1 and (A,, B,) on chromosome 2,
respectively, and recombination occurs between them, then they are replaced
by (A}, B;) and (A,, By), respectively.

—> / —>

Figure 51.1 Cross-over
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In this chapter we study semigroups related to a continuous-time Moran-
type model, discussed in [65], of a population under mutations, genetic drift
and recombination, where there are only two recombining loci. (The general
case of n > 2 loci is dealt with in the next chapter.) To this end, we consider
a population of M = 2N individuals. Each individual is represented as a pair
of integer-valued random variables; the i—th individual being a pair (Xj, Y;),
i=1,...,2N. Here, X; and Y; describe allelic types at the first and second
locus of the ith individual; if alleles are numbered, X; and ¥; may be thought
as integer-valued random variables (changing in time). We assume that these
pairs are exchangeable (i.e., that permutations of the pairs do not change the
distribution of the entire population), that each pair evolves in time as a pair
of independent, nonexplosive Markov chains, and that each individual (pair)
evolves independently from the other ones, but with the same transition prob-
abilities; this models mutations at two sites of a chromosome in each individ-
ual. More specifically, we assume that the process of mutations on the first site
in each individual is described by means of a strongly continuous semigroup
{Sx(t),t > 0} of Markov operators in {'. As in Chapter 27, this means that if
x € 1" is the distribution of the type of an allele at time O then Sy (7)x is the
distribution of allele types at time ¢. Analogously, we assume that the process
of mutations on the second site is governed by a semigroup {Sy(¢), ¢ > 0}.

Because we assume that new mutations occur at the first site independently
of new mutations at the second site, the dynamics of the joint two-dimensional
distributions in an individual is described by means of the tensor product
semigroup {Sxy (1), 1 = 0}, Sxy (t) = Sx (1) ® Sy (1) (see, e.g., [269], or the next
chapter). In other words, if m is a matrix of joint distribution of allelic types at
time 0, then at time ¢ the joint distribution is Sx (#)mS7 (¢), where Sx (t) and Sy (¢)
are identified with matrices and * denotes the transpose. The natural Banach
space where Sxy is defined is the space M of infinite matrices with absolutely
summable entries. We note that M is isometrically isomorphic to /' and we
may meaningfully speak of distributions, Markov operators, and so on in this
space.

We also incorporate recombination and genetic drift in the model by assum-
ing that each individual’s life-length is an exponential random variable with
parameter A and that at the moment of individual’s death, the pair (X, Y;)
by which it is represented is replaced by another pair in the following man-
ner. With probability 1 — r, where r € [0, 1] is a given parameter, one of the
pairs (X;,Y;), j=1,...,2N is drawn at random to replace the deceased one;
with probability r the X — variable is drawn at random first and the Y-variable
next, independently from the result of the first draw. As a consequence, a
new pair becomes one of the already existing pairs (including the one just
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deceased) (X, Y;), each of them with probability (1 — r)ﬁ + rﬁ, or a
“mixed one” (X;, Y;), j # k each with probability rﬁ. The same procedure
may be described in the following way. Three numbers i, j, and k are chosen
withreplacement from 1, 2, ..., 2N; then X; is replaced by X, and ¥; is replaced
by Y; with probability 1 — r or by Y; with probability ». By symmetry of the
procedure just described it is clear that after an individual’s death the members
of the population remain exchangeable (details may be found in [65]).

The first vital question is: can we argue as in Chapter 27 to find a formula
or an equation describing evolution of joint distributions of a pair of individu-
als? It may seem surprising initially, but the answer is in the negative, and the
guilty party is recombination. To see this, note that if we trace the genealogy of
a chosen pair of individuals back in time and if we are lucky enough, then the
first event we encounter is the one where a “dying” individual was replaced by
a different, but entire individual. In other words, we find a common ancestor
of the considered pair. However, we could also encounter a situation in which
the dying individual inherited parts of his genetic makeup from two different
individuals. In this case, the distribution of allelic types of our pair turns out to
depend on the distribution of allelic types of three individuals, with the third
individual “hitchhiking” to the considered genealogy (see, e.g., [315] and the
papers cited there). This does not allow finding a closed formula, similar to
(27.1). In fact, in populations with recombination, a distribution of any sample
of individuals depends on the distributions of larger samples. Hence, in study-
ing such populations we cannot simplify the analysis by considering samples,
but need to take into account the entire population.

We could circumvent the difficulty by taking a slightly more mod-
est approach [65]. Instead of describing the entire distribution of a ran-
domly chosen pair of individuals, say the ith and the jth individual (i #
J,i,j=1,...,2N), that is, instead of describing the distribution of the four-
dimensional random vector (X;(t), Yi(¢), X;(t), Y;()), let us try to describe the
pair of two distributions, composed of the distribution of the two-dimensional
vector (X;(t), Y;(t)) and of the distribution of the vector (X;(¢), Y;(t)) (see Fig-
ure 51.2). (By exchangeability, none of these distributions depends on the
choice of i and j.)

Let E(t) denote the distribution of (X;(z), Y;(¢)), and let F(¢) denote the dis-
tribution of (X;(¢), Y;()). As we shall see, these two objects are nicely coupled,
and the pair forms a closed system in the sense that (E(¢), F(¢)), t > 0 depends
merely on (E, F) := (E(0), F(0)) and not on the distributions of larger vec-
tors. In fact, there is a semigroup in the Cartesian product M? = M x M of
two copies of M, governing the dynamics of the pair. (We note that with the
norm |[(£)| = IIEllxm + [IF || v, the space M? is isometrically isomorphic to /'
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F

Figure 51.2 A closed system of two distributions, E and F

Hence, as it was the case with M, it is meaningful and quite intuitive to speak
of distributions and Markov operators in this space.)

To see this let us consider first the case in which in the interval [0, 7] there
were no death/birth events. In other words, in this time interval each site in
each individual was undergoing an independent process of mutations. In this
case, the distribution of (X;(z), Y;(z)) is Sxy (t)E. Analogously, the distribution
of (X;(t),Y;(t)) is Sxy(t)F and so the dynamic is governed by the Cartesian

product semigroup:
E\  (Sxy()E
SU)(F) - <Sxy(r>F)' LD

Moreover, at random times, the action of this semigroup is perturbed by
death/birth events. To deal with these, we denote by (?gi) and (igi) the con-
sidered pair of distributions right before and right after a birth/death event that

took place at time ¢, respectively, and claim that:

(@(r)) _ (i e (E(”) (512)
20 ﬁ 1_# F(t)) )

To prove this claim, assume without loss of generality that the randomly cho-
sen individuals were the individuals number 1 and 2, and the birth/death event
involved individuals number i, j, and k. If i # 1, the distribution E(¢) does not
change, because (X (#), Y;(¢)) is left intact. Neither does E(¢) change if i = 1
but there is no recombination event; in this case (X;(¢), Y;(¢)) is replaced by
(X;(t), Y;(t)), which is a pair of variables with the same distribution as that
of (X;(t), Y1(¢)). In the case of recombination, (X;(?), Y;(¢)) is replaced by
(X(t), Yi(t)). The distribution of this vector is either E(r) Gif j = k), or F(t)
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(in the other case). Since the probability of recombination event with j # k is
2N-1
r (2N)2 B

N 2
E@) = <1 —r F(@),

2
) EO+

(2N)?
proving the first part of formula (51.2). The second part is proven similarly.

The matrix on the right-hand side of (51.2), denoted ® in what follows,
describes a change in (?) caused by a single birth/death event. Noting that the
time to the first death/birth event is an exponential random variable with param-
eter 2AN (as a minimum of 2N independent, exponential random variables with
parameter A), we see that all changes caused by birth/death events up to time
t > 0 are described by the operator (compare (9.1)):

00
e—ZANIGZANt@) — e—ZANl § :

n=0

(2ANt)" o

n!

As a result, the dynamics of the (ﬁ) pair is described by the sum of two
operators:

G=A+210 (51.3)

where A is the generator of the semigroup {S(¢), t > 0} responsible for muta-
tions, and Q = 2N(® — I,2) so that LQ is the generator of the semigroup
responsible for birth/death events (I, denotes the identity operator in M?).
Since the latter operator is bounded, G is the generator of a strongly continuous
semigroup, and since both A and A Q generate Markov semigroups, so does G.

Formula (51.3) may be rewritten as follows. By (51.1), the domain D(A)
of the generator of {S(¢),t > 0} is D(G) x D(G) where G is the generator of
{Sxy(t),t > 0}, and A(f;) = (gf;),for (ﬁ) € D(A). Hence, for such (ﬁ),the vec-

tor (ﬁg;) =9 (f;) satisfies:

dE(t)x 2N — 1 2N — 1
=GE@{t)—rA E(@t)+rx F(),
dr 2N
(51.4)
dF(t)x

A A
e GE(t) + NE(t) - ]—vF(t), t>0.

We are interested in the limit of our semigroups as . — 00; this is the case
where the birth/death events are relatively faster than mutations. (Comp. [65]
where the limit as + — oo is considered, and applications to linkage disequi-
librium and microsatellites are discussed.) For notational convenience and to
stress dependence on X, we will write G, for the generator defined in (51.3). In
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this notation, we are interested in the limit:
lim e'%.
A—>00

2N—

N L and

To solve this problem, we note first that Q = (_“ ¢ ) where a = r<5—
b = . Thus, by Exercise 13.3,

0 1 (b+ae(a+b)t - ae(a+b)t)

© T at b \po b g petaror

It follows that:

b a 2 r(2N—1)
. tQ _ [ atb at+b ) _ [ rCN-1)+2 r@eN-D+2 ) _ |
lim e = ( b a ) - ( 2 rA(2N—1) ) =P.

t—00 N
a+b a+b r@2N—1)+2 r2N—1)+2

Hence, choosing a sequence (A,),>; with lim,_, ., A, = 0o and defining A, =
G,, we are in the setup of Kurtz’s Theorem 42.2 with €, = A;l ,X = M? and
X' := Range P composed of (ﬁ) such that E = F. Next, taking

A=AandD = {<§>;E € D(G)} Cc D(A)NX/

we see that lim,,_, .o A, (g) = A(g) (because Q(g) = 0), establishing condition
(a) in Kurtz’s Theorem. Moreover, the operator P.A with domain D generates

the strongly continuous semigroup:

P A E _ Sxy (H)E
E Sxy (E
in X/, proving condition (¢) in the theorem. Finally, for (?) € D(A),

lim, o0 A, 'A ( )= Q(lf), showing that (b) in the theorem is satisfied with
D = D(.A). Kurtz’s Theorem in this case yields (see the definition of a and b):

lim &/ (E) = e”’AP<E) - (SXYU)[“L’E e ]> (51.5)
r—oo \F F Sxy (O Z5E + -5 F]
From the mathematical viewpoint, what we have obtained in the limit is again
a convex combination of generators and initial conditions, much as in the cases
described in the previous chapters, except that in a different type of space. In
fact, we could generalize the proof presented here to deal with the case where
each component in the Cartesian product semigroup (51.1) is different; the limit
then would involve a semigroup generated by a convex combination of the cor-
responding generators.
Biologically, however, such a generalization does not make much sense: as
long as we restrict ourselves to distributions, the process of mutations is the
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same regardless of whether we look at (X;, ¥;) or at (X;, ;). What is noteworthy
here is that in the limit we obtain a convex combination of initial conditions E
and F. Moreover, it is actually quite important that the limit involves merely the
mutation semigroup {Sxy(¢), r > 0}, one of the building blocks of the model.
For formula (51.5) states that if death/birth events occur on a faster time-scale
than mutations, distributions E and F influence each other via formula (51.2)
so often, that in the limit they are “mixed together” (a similar conclusion may
be drawn for large times ¢; see [65]). As a result, £(t) may be approximated by
the value of Sy (¢) on a convex combination of E(0) and F(0) (and the same
is true for F(1)):
r2N — 1)

2

In other words, a model with recombination reduces to a model without recom-
bination, with the former influencing the latter merely via coefficients of the
convex combination shown here. The reader should notice the role of the
recombination coefficient, r, or rather of the related compound s = r(2N — 1)
in (51.6). In particular, for s < 1 the influence of the ' (0) term can be neglected
and for s >> 1 the latter term becomes dominant. Hence, interestingly, in suffi-
ciently large populations, even if the recombination coefficient is quite small,
the “pure” distribution of pairs (X;, ¥;) does not have as much influence as the
mixed one of (X;, ¥;).

Exercise 51.1 Show that the death/birth events do not destroy exchangeability
of the pairs of random variables considered in the model of this chapter.

Exercise 51.2 Show the other part of formula (51.2), the one involving F(z).

iz Chapter’s summary

If birth/death events occur relatively more often than mutations, distributions
of pairs (X;, Y;) and (X;, ;) (see Figure 51.2) in a model with recombinations
are well-approximated by those in a model without recombination. Formally,
formula (51.5) holds. In this case, it is not the convex combination of gener-
ators, but rather the convex combination of initial conditions obtained in the
limit, that is of importance.
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Recombination (Continued)

In this chapter, following [68], we generalize the findings of Chapter 51 to an
arbitrary (but finite) number of recombination sites.

We start with the case in which there are two such sites. As before, we
consider a population of 2N individuals, but now each individual is repre-
sented as a triple of random variables describing three loci on a chromosome in
linear order; the i-th individual being a triple (X;,Y;,Z;), i =1,...,2N. The
two recombination sites lie between X; and Y;, and between Y; and Z; (see
Figure 52.1).

A distribution of such a triple may be identified with a member of the space
M3 of absolutely summable three-dimensional matrices m = (@; j k)i, j keN-
More generally, the distribution of an n-tuple of random variables may be iden-
tified with a member of the space M, of absolutely summable n-dimensional

matrices m = (W, ...i, )i.....i,eN; the norm in this space is:
Il = D Ittiril-
Ilyeney inGN

Note that M,, is isometrically isomorphic to /' and hence it is meaningful to
speak about distributions and Markov operators in M,,.

On the other hand, it will be convenient to view M, as a tensor product of n
copies of I' : M,, = (I')"®; the tensor product:

X1 QX Q- Qxy,
of x; = (& j)ien € " j=1,... nis:
XX Q® - Qx, = (& 1,2 & wi..iyeN € M.

More specifically, M, is isometrically isomorphic to the completion of the
algebraic tensor product with respect to the projective norm [108, 304].
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X; Y; Z;

Figure 52.1 Anindividual (a chromosome) represented as a triple of random vari-
ables; two recombination sites are marked with grey vertical lines

Coming back to our model: we assume that the triples describing individu-
als are exchangeable, and that each of them evolves in time as a triple of inde-
pendent Markov chains, independent of the other triples, but with the same
transition probabilities; this models mutation at three loci of a chromosome
in each individual. More specifically, the process of mutation at the first locus
in each individual is described by means of a strongly continuous semigroup
{Sx(t),t > 0} of Markov operators in ['. As before, this means that if x € /' is
the distribution of allele types at time O then Sx (#)x is the distribution of allele
types at time 7. The process of mutation on the second locus is governed by a
semigroup {Sy (¢), t > 0}, and the process of mutation on the third locus is gov-
erned by a semigroup {Sz(¢),t > 0}. Then it is the tensor product semigroup
{8, =0},

S(1) = Sx(t) ® Sy (1) @ Sz(1), (52.1)

that describes evolution of distributions at three loci.

To explain this in more detail, assume temporarily that at time O the distribu-
tion of the allelic types is concentrated at the point (i, j, k) € N3, By assumption
of independence, the probability that at time ¢ the allelic types will be (¢, j', k')
is the product of three transition probabilities: from i to ', from j to j' and from
k to k' in the three Markov chains described by the semigroups {Sx(¢),t > 0},
{Sy(t),t = 0}, and {Sz(¢), t > 0}, respectively. This is the same as saying that
the joint distribution of the allelic types at time # is Sx (t)e; ® Sy (t)e; @ Sz(t)ey,
where e, = (84,8)pen € [ and dq.p 1s the Dirac delta. In general, if the initial
distribution is m = (u; j )i, j ken, by the total probability formula it follows that
the joint distribution of the allelic types at time 7 is:

D wijaSx (e ® Sy(te; ® Sz(t)ex.
i,j,keN

This formula serves as the definition of Sy (7) ® Sy () ® Sz(¢) for all m € M,,
(m does not need to be a distribution), and so-defined {S(¢), r > 0} is a strongly
continuous semigroup of Markov operators.

More generally, if {S;(¢),r > 0},i =1, ..., n are strongly continuous semi-
groups of Markov operators in /!, then an analogous formula defines the tensor
product semigroup {S;(t) ® - -- ® S,(t), ¢t > 0}; this is a strongly continuous
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Markov semigroup in M, describing evolution of n independent Markov
chains.

We also incorporate recombination and genetic drift in the model by assum-
ing that each individual’s life-length is an exponential random variable with
parameter A and that at the moment of an individual’s death, the triple by which
it is represented is replaced by another triple in the following manner. With
probability 1 — r, where r = r; + r, with r|, r, € [0, 1] such that r € (0, 1],
are given parameters, one of the triples (X;,Y;, Z;), j=1,...,2N is drawn
at random to replace the deceased one. With probability r; the X —variable is
drawn at random first and the par (Y, Z) next, independently of the result of the
first draw (this models recombination after the first locus). With probability r,,
the pair (X, Y) is drawn first and the variable Z next, independently of the first
draw (this models recombination after the second locus). As a consequence, a
new triple becomes one of the already existing triples (including the one just
deceased) (X, Y}, Z;), each of them with probability (1 — r) 5 + rﬁ, or one
of the two types of “mixed ones”: either (X;, Yz, Z;), j # k each with probabil-
ity 1 g or (X, Yj, Z), j # k each with probability 2 g

As before, by symmetry of the procedure just described it is clear that after
an individual’s death the members of the population remain exchangeable. This
fact may also be deduced from Exercise 51.1 if we note that either the pair
(X, Y) or the pair (Y, Z) can be treated as a single compound locus.

We proceed to finding a closed system of distributions hidden in the model.
To recall, in the case of a single recombination site, we considered a pair
of two-dimensional distributions. Here, we will need a five-tuple of three-
dimensional distributions. To describe them, note that by exchangeability of
the triples the distribution of (X,, Y,, Z,) where a # b does not depend on the
choice of a and b; we will denote it by D 5. The same is true of the distributions
of X,.Y,,Z,), X, Y, 2Z,), (X,, Yy, Zy) and (X,, Y, Z.) where a, b, and ¢ are
distinct numbers; we denote these distributions by Dy, D121, D122, and D3,
respectively.

Vector D with coordinates Dii1, D112, D121, D122, D123 (note the lexico-
graphic order) is a member of the Cartesian product Mg of five copies of M.
More generally, the Cartesian product M of m copies of M,, provides a way
of gathering information on distributions of m n-tuples of variables. The norm
in this space is [|[(m;)i=1, _mll = D ie; Ilmillm,. Again, M2 is isomorphically
isomorphic to /' and we may speak of distributions and Markov operators in
this space. In particular, the Cartesian product of m Markov semigroups in M,
is a Markov semigroup in M. It is the product, say:

{S@),t >0}, (52.2)
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of five copies of the mutation semigroup S(¢) defined in (52.1) that describes
evolution of the vector D in the absence of death/birth events.

To describe the semigroup governing these events, we proceed as in the previ-
ous chapter to find a formula that allows deriving from D, the vector of distribu-
tions right before such an event, the vector D of the corresponding distributions
right after this event. As in (51.2) we will find a transition matrix ® such that:

D = eD. (52.3)
In fact, we will write ® as a convex combination:
O=10-rNOy)+r0+nrnd, (52.4)

of three transition matrices, corresponding to the cases of no recombination,
and of recombination after the first and after the second locus, respectively.

To this end, let (X,,, Y, Z,) and (X,,, Y, Z,),a = 1, ..., 2N be the triples rep-
resenting individuals in the population immediately before and immediately
after an individual’s death. We note that if there was no recombination, none
of D112, D121, and D1y, has changed unlessi =1, j = 2ori =2, j = 1. In this
last case D][g = D]z] = D]zz = Dyy;. Hence,

1 0 0 0 0
2 2

avy - aw 0 0 0

O = | zor 0 1 — o 0 . (525)

2 2

(2N)? 0 0 1— (2N)? 0
0 _2 _2 _2 1 — -5

(2N)? (2N)? (2N)? (2N)?

where the form of the last row is justified as follows. If i = 1, j = 2, then
()21, ?2,23) = (XQ, Yz,Z3) and so 5123 = D112; similarly we show that this
equality is true when i = 2 and j = 1. Analogously, Di23 = Dy, if either i =
2,j=3o0ri=3,j=2and Dy = Dy ifeitheri =3, j=lori=1, j = 3.
In the remaining cases D3 = Dj23.

To find the three rows in the middle of ®; we consider recombination

between the first two loci, by listing the possible cases in Table 52.1.
This gives ©; in the form:

2N—1 2N—1
I - 0 0 Ny 0
2N+1 V=2 | ON—1 4 2N-] 2N—1 2N—1 (QN—1)(2N—-2)
(2N)3 2N (2N)3 (2N)? (2N)3 (2N)3 (2N)3
2N+1 2N—1 V=2 4 ON—L 4 2N-] 2N—1 QN—1)2N-2)
(2N)3 (2N)3 2N (2N)3 (2N)? (2N)3 (2N)3
2 2
0 2 2 2 6

(N)? (N)? (2N)? @2
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Table 52.1 Calculation of ®. Ifi = 1 and recombination took place after the
first locus, (X1, Y1,Z1) = (X;, Yi, Z) and so (X,, Ya, Z) = (X}, Ya, Zy). Con-
sidering all possible cases for j and k we obtain four entries in the middle row
of Table 52.1. The remaining entries in the table are obtained similarly.

i=1, i=1, i=1, i=1,
i£2, =2 j=2 j#2, i=2 i=2
i£1,2 k#£2 k£2 k=2 k=2 k#1 k=1

- Dypp, j =k
Dy;» D2 Diz,;;ﬁk Dy Dy Dy Dy» Dy
. Do, j=k
?121 Dy, Dii;,jﬁék Dipp Dy D> Dy, Dy
D1 Din D12 D11y D1y D12 D12 D1y

Obtaining the first row here is straightforward, and the last row is obtained by
noting that: (a) for i =1, Dm = Dy, provided j = 2, Dm = Dy provided
Jj =3,and 5123 = D3 in the remaining cases, (b) fori = 2, D123 = Dy, pro-
vided k =1, D123 = Dy, provided k = 3, and 5123 = D3 in the remaining
cases, (c) for i = 3, D123 = Dyay provided k = 1, Di»s = D12 provided k = 2,
and D3 = D)3 in the remaining cases, and (d) for i > 4, Di»3 = Dias.

To cover the case of recombination after the second locus we note that
our model is symmetric with respect to numbering loci. More specifically, if
the loci were numbered from the last one to the first, the distributions Dy,
D112, D121 s D1227 D123 would have become D]]], D122, D121 s D112, D123, which
amounts to transposition of Dy, and Dj,. Since such a numbering transposes
recombination loci, the matrix ®, may be obtained from ®; by interchanging
columns 2 and 4 and, next, interchanging rows 2 and 4. This completes the
proof of (52.3).

It follows that the dynamics of D is governed by the generator:

G.=A+21Q (52.6)

where A is the generator of the semigroup (52.2) responsible for mutations,
and Q@ = 2N(® _IM§)~

Lemma 52.1 The transition matrix ® is ergodic.

Proof For a transition matrix & = (¢;;) where i, j are, say, in the set
{1, ..., k}, where « is a natural number, we define the Dobrushin’s ergodicity
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coefficient « as:

o« =a(®) = min Zm1n(¢,k,¢,k>—1—— max Dm jl;

1<i,j<k

(52.7)

see [186] Sections 1.11.3—1.11.5. This coefficient provides an efficient way of
studying asymptotic behavior of @ in that if «(®) > 0 then the matrix ® is
ergodic and there exists a probability vector (7;);—1 ..., such that:

" — T < (1 — a(P))" (52.8)

where ITis a k X k matrix with all rows equal to (77;);=;....«, and || - || denotes
the maximum of all absolute values of entries of a matrix ([186] Section 4.1.3).

To estimate the Dobrushin’s coefficient of ® we note that 8 =2 — 2«
(which is the maximum appearing in (52.7)) is a convex function of P,
and so « is concave. Therefore, x(®) > (1 — r)a(®p) + ra(©1) + Ha(O,).
Since for ®¢ this maximum is attained for i =1 and j =5, and equals 2,
a(®p) = 0. Similarly, the maximum for ®, is attained simultaneously for
i, 7)=0,2),01,3),(,5),(2,4),(3,4), and (4,5) (provided 2N > 3), and
equals 2 — % Hence, a(®)) = ﬁ Finally, since interchanging rows and
columns do not influence the value of «, x(®;) = «(®;). Hence, a(®) >
ra(®p) > (227’)2 > 0. OJ

.....

The ergodicity of the transition matrix ® implies that:

lim ©"D =P, D e M3, (52.9)

n— oo
where P maps D into the vector with all coordinates equal 1Dy + m2D112 +
3Dy 4+ 4D + 7wsDy23. It follows that:

lim ¢'°D = PD, De M;. (52.10)

1—00
This shows that the key structure and properties of the last chapter’s model
carry over to the case of two recombination loci, and we have the following
analogue of (51.5):

lim %D = e™APD = S(1)PD. (52.11)

L—00

Again, all coordinates in the limit object are the same; if individual’s life-length
is short as compared to the time of observation, recombination events mix coor-
dinates of D making them identical, and we have:

D11 () ~S@) (1 D111(0) + m2D112(0) + 73D121(0) + 74D125(0) + 715D 123(0)).
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Xin Xio Xiz Xia Xis Xie Xir Xigs Xio Xino
|

i

Xin Xje2 Xz Xja Xis Xje Xjr Xks Xko Xkio
\

Figure 52.2 A recombination event at the seventh recombination site for n = 10

In other words, as in the previous chapter, recombination influences the model
merely through the stationary distribution of ®, and this is regardless of the
way mutations are modeled.

Finally, we turn to the general case. Here, because of the complexity of the
model, explicit calculation of the matrix ® is impossible. Nevertheless, we can
prove that such a matrix exists and show that it is ergodic.

Here are the details. In the general model there are n loci, and hence n — 1
possible recombination sites. The population is composed of 2N individu-
als represented by n-tuples of random variables (X, 5)p=1,.n.a=1,...,2N,
a being the individual number and b being the locus number. In between
death/recombination events each locus in each individual evolves indepen-
dently with mutation on the b-th locus described by a Markov semigroup
{Sp(t),t > 0}. The time to such an event is exponential with parameter 2AN.
At the moment of death three numbers i, j, and k are chosen with replacement
from 1, ..., 2N, and then:

o with probability 1 — r (probability of no recombination), the entire n-tuple
(Xi.)i=1.....n 1s replaced by the n-tuple (X ;)i=1. .n

e form=1,...,n— 1, with the probability r,, (recombination after locus m),
the X;;,/ =1,...,marereplaced by the X;;, [ =1,...,m,and the X;;, [ =
m+1,...,narereplaced by X3 ;, [l =m+ 1, ..., n (see Figure 52.2).

Above, the positive numbers r,,,, m = 1, .., n — 1 are such that Z”m;ll I'm=T€
(0, 1]. Arguing as before we see that such a procedure does not lead out of the
class of exchangeable n-tuples.

The distributions forming a closed system are labelled as D;, . ; where the
multi-indexes (i1, . .., i,) satisfy the following properties:
1. ijis 1,

2. iy <max(iy,...,ip_1)+ 1, a>2;
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such multi-indexes will be called regular. There are @, regular multi-indexes,
where @, is the Bell number, the number of ways to partition a set of n elements
into subsets [165]. For every partition we have a natural order of its elements
(subsets) where the first subset is the one containing the element 1 and the kth
is the one containing the smallest number not included in the previous k — 1
subsets (provided such number exists). To such naturally ordered partition we
assign the regular multi-index by labeling elements of the kth subset with label
k, and this map is injective. On the other hand, given a regular multi-index,
we obtain a partition by collecting all numbers with the same index into one
subset. Such assignment of a partition is injective, since the multi-index agrees
with the labeling obtained from the natural order.

We arrange all the distributions D;,_; in the lexical order, thus forming vec-
tor D. Similarly, we form the vector D of the distributions Di1 ,,,,, i,» and consider
the way a coalescence/recombination event influences it. Suppose the recom-
bination occurred after the sth locus; we are interested in Dil ,,,,, ;, and we know
that the ith individual died to be replaced partly by the jth and partly by the
kth individual. Then, D,—l ,,,,, i, equals D . where the multi-index (ji, ..., j.)
is formed as follows. First, all occurrences of i up to and including the sth
place in (iy, ..., i,) are replaced by j, and all the remaining occurrences are
replaced by k. Then, the newly formed multi-index is transformed into a regu-
lar multi-index as follows. First, we change all occurrences of i; to 1, if the first
condition of regularity is not yet met. Next, we look for the first place, say iy,
where the second requirement is not met. If there is no such place, we are done.
Otherwise, we replace i, and all its occurrences by the smallest integer larger
than all ig preceding i,, and we continue this procedure until the multi-index is
regular.

As a result, Di, AAAAA ;, 1s a convex combination of all possible D,
choice of 7, j, and k leading from Dil i, toDj, ; adds the term ﬁ ..... i
to this combination (all choices of i, j, and k are equally likely). All coefficients
of this combination are, themselves, linear combinations of 1, 2N)~!, (2N)2
and (2N)73.

Hence, there exists a w,, X @, matrix ® such that:

yeeey

9.
j,’s; each

..........

D = 6D.

Since @, is a fast growing sequence ([165], p. 693, e.g., w4y = 15, w5 = 52,
and @y = 21147), finding an explicit form of ® by hand is not advisable. How-
ever, we have the following fundamental lemma, generalizing Lemma 52.1.

Lemma 52.2 The transition matrix © is ergodic.
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Proof Theindex (1, ..., 1)isan aperiodic state for ®, since the one-step transi-
tion probability from this state to itself is positive. Hence, ® being finite, it suf-
fices to show that all other states communicate with (1, ..., 1). Let (i1, ..., i,)
be an arbitrary regular multi-index. Consider a recombination event: let s
be the recombination site number, i be the number of the individual to be
replaced, j be the number of the individual supplying the loci with numbers
1 through s, and k be the number of the individual supplying the loci with
numbers s + 1 through n. Taking s = 1,i = j = 1, and k = i, we jump from

(1,...,1)to (i, ip, ..., 02), i; being equal to 1 by assumption. After arriving
at (iy, iay ..y dpy ..., 01), I > 2wechooses =1,i=j =i, k=i tojump to
(i1, 12y« -y 0, 041, - - - 0141 ). Hence, after at most n — 1 jumps, we arrive at
(i1, ...y 0p).
Conversely, starting from (iy, ..., i,), wechooses =n—1,i = j =i, k=
in—1 tojump to (i, ..., in—2, in—1, i,—1 ). After arriving at:
(il,...,in_z_l,in_[,...,in_[), 1<l<n-2

we choose s=n—1—1,i=j=1i,; and k =i,_;_1, to jump to (iy,...,
Ine1—2, In—i—1, ..., In—i—1). Hence, after at most n — 1 jumps we arrive at
(i1, ...,i1)=(,..., 1), proving our claim. [l

To conclude: the findings of the previous chapter are valid in the case of any
finite number of loci, as well. Frequent recombinations mix distributions of the
considered system to such an extend that these distributions become identical.
Moreover, Dy 1(t) may be approximated by the value of the mutation operator
S(¢) on a convex combination of all coordinates of the initial condition with
coefficients in the combination coming from the stationary state of the matrix
®. For more details, see [68].

Exercise 52.1 Show that (52.9) implies (52.10).

Exercise 52.2 Discuss the details of construction of the mutation semigroup
in the general case of n loci.

iz Chapter’s summary

Formula (52.11) extends (51.5): this result says that the findings of the previous
chapter are still valid if the number of recombination sites is finite. If mutations
are relatively rare as compared to birth/death events, a model with recombina-
tions reduces to the model without recombinations provided initial condition
is appropriately modified. This modified initial condition contains information
on recombination coefficient and ‘mixed’ distributions.
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Averaging Principle of Freidlin and Wentzell:
Khasminskii’s Example

The famous observation of Freidlin and Wentzel [151], [153] says that R9-
valued stochastic processes may converge to stochastic processes on graphs.
How closely this observation is related to phenomena this book is devoted to
can be judged by reading the following first sentences from their original paper:

Let X¢(¢), e > 0 be a family of Markov processes on a space M. It is possible that
as € — 0 the process X¢(¢) moves faster and faster in some directions, whereas the
motion in other direction does not accelerate. This is the situation where one can
expect that the so-called averaging principle works: We can identify the points in the
state-space M in the “fast” directions, obtaining a new space Y (M) (Y is the mapping
effecting the identification). The “fast” motion across Y (M) is not a Markov process
in general, but in its “fast” time it is nearly one because the characteristics of the
“fast” motion depend on the “slow” variables and vary slowly compared to the “fast”
motion itself. The slow process Y (X¢(¢)) also is not a Markov one, but the averaging
principle means that it converges in some sense to a Markov process Y (¢) on Y (M)
as € — 0, and the characteristics of the process Y (X¢(¢)) are obtained by averaging
the characteristics of the process Y (X¢(r)) over the “fast” directions with respect to
the stationary distribution of the fast Markov process.

Our goal is to present a semigroup-theoretical approach to two typical
instances of such convergence. In this chapter, based on [59], we consider the
following example of Khasminskii [206] (for the other instance, see Chap-
ter 58): Imagine a Brownian motion in an ellipsoidal annulus (see Figure 53.1)
with reflection at the boundary (i.e., with the Neumann boundary conditions). If
we assume that diffusion is fast along the ellipses, then it is natural to expect that
the limit process resembles a diffusion on an interval: points on each ellipse are
lumped together so that the ellipse shrinks to a single point of the limit interval.

We will deduce this hypothesis from the abstract result explained below later
(Proposition 53.1). Let X and Y be two Banach spaces, and let X&®, Y be their
injective tensor product [108, 304], that is, the completion of the set of linear
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Figure 53.1 State-space collapse in Khasminskii’s Example. In the terminology
of the quote, “fast directions” are ellipses, and since each ellipse is characterized
by its intersection point with an interval, Y (M) may be identified with the interval
(redrawn from [59] with permission of Elsevier)

combinations:
u= ixi@)yi, (53.1)
i=1
of simple tensors in the injective norm:
l[ulls = sup Xn:F(xi)G(Yi)
i=1

where the supremum is taken over all representations (53.1) and all bounded
linear functionals F € X* and G € X* of norm at most 1. We note that:

lx @ ylle = llxllx lIylly, reX,yeY. (53.2)

Next, let A and Q be the generators of equibounded semigroups in X and Y,
respectively, and assume that thereisay, € Y of norm 1, and a linear functional
Y € Y* such that ¥y, # 0 and:

lim 9y = (Yy)y..y €Y. (53.3)
—00
Then y, € ker Q and ¥y, = 1. Also, given € > 0, let:
Se(t) = e @, e 10 (53.4)
be the injective tensor product semigroup in X®,Y determined by:
St =Y (ex) ® (e %y
i=1

for u of the form (53.1). The operators S.(¢),t > 0, € > 0 are bounded in X&, Y
with [[Se()l zxg,v) = e 2co e @l £cyy» SO that by assumption they are
equibounded. A simple calculation based on (53.2) shows that lim,_,o Se (t)u =
u, for tensors of the form (53.1), and since the set of such tensors is dense in
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X®,Y and the operators are equibounded, {S.(¢), t > 0} are strongly continu-
ous semigroups.

Let A. be the generator of {S.(¢),¢ > 0}, and let D be the set of tensors u
that can be represented in the form (53.1) with all x; € D(A), y; € D(Q). Using
(53.2) again, we show that u € D belongs to D(A.) and:

n

1 n
Acu = Z(Axi) Qyi+ < in ® (Qyi)- (53.5)
i=1

i=1

Since D(A) is dense in X and invariant for {e’4, r > 0}, and a similar statement
is true for D(Q), D is dense in X®, Y and invariant for {S.(¢), ¢ > 0}. It follows,
see Exercise 15.2, that D is a core for A..

Let X C X®,Y be the subspace of simple tensors of the form x ® y,., where
x € X. Clearly, X is isometrically isomorphic to X, with natural isomorphism
X ® yy > x (recall ||y,|ly = 1). Let 2 be the copy of A in X, that is, let 2A(x ®
Vi) = (Ax) ® y, for x € D(A). The operator 2 generates the semigroup in X
given by e (x ® y,) = ("x) ® y,. Also, let (e"?),~( be the tensor product
semigroup:

e =¥, el = Ik ®, 9, t>0.

For u of the form (53.1),

lim e = Dok ® Yy = (Z(l/fyi)xt) ® Yx.

i=1 i=1

Hence, the set of such tensors being dense in X®, Y, P := lim,_, o, e’ exists
in the strong topology. Clearly, Range P = Range P = X.

Proposition 53.1 We have:

lim ey = e Pu, ueX®,Y, >0,

e—0

with the limit almost uniform int € (0, 00). For u € X, the relation is true for
t =0, as well, and the limit is almost uniform int € [0, 00).

Proof Let x € D(A), that is, x ® y, € D(). By Qy, = 0 and equation (53.5),
we have A (x ® y4) = (Ax) ® y,, so that x ® y, belongs to D(A.,), where
Ae, is the extended limit of A as € — 0, and Ae,(x ® y,) = (Ax) ® y,. Sim-
ilarly, for u of the form (53.1) with all y; € D(Q) (such u form a core for
), lim_g€Acu =Y+ x; ® (Qy;) = Qu, and, as we have seen, the strong
limit lim,_, o e exists. Finally, PA=PA=2A1is a generator. Therefore, all
assumptions of Kurtz’s Theorem are satisfied and the proposition follows. []
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Remark 53.2 It is clear from the proof that the same theorem is valid for the
projective tensor norm and, in fact, for any tensor norm (see, e.g., [108] Chap-
ter IT or [304] Chapter 6 for the definition). We have chosen the injective tensor
norm merely to fix our attention (in Khasminskii’s Example this is exactly the
norm that is needed).

Coming back to our main subject: in proving the hypothesis of Khasminskii
it is natural to apply a stretching transformation first so that ellipses become
circles; one term of the Laplace operator generating the related semigroup is
then scaled by a factor, and so for simplicity we assume that we are in an annu-
lus (a ring), where the radiuses of points lie between, say, 1 and 2, and the
(pre-)generator is the half of the two-dimensional Laplacian with Neumann
boundary conditions.

The next step is to pass to polar coordinates: then the (pre-)generator has the
form:

(53.6)

1 [8%u(r,a) 10u(r,a) 1 8%u(r, )
Beu(r,a) = 2 or? rooar err ol ’

where € « 1 indicates that the angular motion is much faster than the radial.

As we will explain next, this operator “almost” comes from a tensor product
semigroup of the form (53.4) (see (53.12)), and this will allow using Propo-
sition 53.1. To this end, we recall, see Exercise 20.4, that the operator Af =
h*f" 4+ hf', where h(r) = r, r € [1, 2], with domain composed of twice contin-
uously differentiable functions satisfying f'(1) = f'(2) = 0, is the generator of
a conservative Feller semigroup in C[1, 2] (C[1, 2] is the space of continuous
functions on [1, 2]). Similarly, see Exercise 1.12, Qf = f” with domain equal
to the set of twice continuously differentiable functions on [0, 27r] and such
that f/, f” € C,[0, 2], generates a conservative Feller semigroup in C,[0, 271,
where C,[0, 2] is the space of continuous, “periodic” functions on [0, 27 ],
that is, functions f such that f(0) = f(27). Moreover, see Exercise 32.4, the
strong limit lim,_, o e'Cf = % f02" [ exists for f € Cp[0, 27 ], that is, assump-
tion (53.3) is satisfied with y, = l and ¥ f = % 0277 f-

Therefore, as we have seen A, defined in (53.4) satisfy the assumptions of
the theorem of Kurtz. By Exercise 44.2, if we can find a nice operator B such
that B, = BA, where B, is defined by (53.6) (on a yet unspecified but suffi-
ciently large domain; see (53.12) further on), we can conclude that the limit of
lim,_, e exists. This is precisely our goal.

Before we accomplish this, we need to say a few words about the space
C[1, 2]®8Cp[0, 2] and operators A, in this space. Since Cp[0, 2] may be
identified with the space of continuous functions on a circle, the injective
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tensor product of C[1, 2] and G, [0, 2] is C,(R), the space of continuous func-
tions on a surface of a cylinder, that is, the space of continuous functions on
the rectangle R = [1, 2] x [0, 27], that are “periodic” with respect to «, that is,
f(r,0)= f(r,2m), r € [0, 27]. (A fundamental and basic example says that
the injective tensor product of two spaces of continuous functions on compact
sets K and K>, respectively, is the space of jointly continuous functions on the
Cartesian product K| x K;, see, for example, [304], p. 50.) This means that
simple tensors, that is, functions of the form:

(f®gra)=f(rgla), feCll,2],geCl0,2n],r € [1,2], a € [0, 27],

form a linearly dense set in C,(R); this may be deduced from the Stone—
Weierstrass Theorem without appealing to [304], p. 50.

For tensors of the form u = ) ., f; ® g; where f; € D(A) and g; € D(Q),
the generator of (e/4<),~q defined in (53.4) is given by:

) 3%u(r, ) n rau(r, o) l 9%u(r, )

Acu(r,a) =r 52 o R (53.7)
Lemma 53.3 This formula extends to u in the set:
du(r, du(r,
D =luccw) u(r, o) _ u(r, ) _ol.
r or  |r=1 or =2

where CI%

up to the second order belonging to C,(R).

(R) is the subspace of functions with continuous partial derivatives

Proof For the sake of this argument, let A denote the operator given by (53.7)
with domain D'. This operator is then densely defined (since D C D’) and sat-
isfies the maximum principle:
u € D(AY) and u(ro, p) = sup u(r,a) ==  Alu(rg, o) <O0.
(r,a)eR

Moreover, the range of Al r) — A? is for A > 0 dense in C,(R) (since so is
(Mc,r) —A)p, D being a core for A¢). Hence, by the result already cited in
Chapter 20, A? is closable and its closure generates a Feller semigroup (see [49,
132, 193]). Since (A¢)p C AE, we have A, = (Ao)p C AE. Thus we must have
D' C D(A,), for otherwise we would have two generators with one being a

proper extension of the other, which we know is impossible (see, e.g., the proof
of Corollary 8.4). ]

Having explained the background, we note the following explicit formula for
(etQ )tzo :

eCf(a) = E f(wq(21)), feGl0,2n], a € [0, 27], (53.8)
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where wy (1) = (o + w(t))mod 27, w(t), t > 0isastandard Brownian motion,
and E stands for expected value. It follows that:

1 2w
e’Qu(r, o) = Eu(r,w,(2t)) and Pu(r,a) = o / u(r,)da;  (53.9)
T Jo
Pu is a projection of u on the space X of functions in C,(R) that do not depend

on «. Therefore, Proposition 53.1 yields:

lim e4u = " Pu, u € Cy(R), (53.10)

11— 00

where 2( is defined on u = f ® 1j0.2,) With f € D(A) by:

82 bl a )
5 07u(r, a)+r u(r, oz)'

Au = (Af) ® 10,271, 1€, Qu(r, ) =7 (53.11)
ar? ar
Now, defining B, by (53.6) on D', we see that:
1
Aau=2mBu and Bou= ﬁAeu, ueD, (53.12)

where £ is identified with a function on R (i.e., h(r, «) = r). This key relation
proves that we are in the setup of Exercise 44.2. Here are the details:

The multiplication operator B mapping u to Z—;lzu is an isomorphism of C,(R).
It follows that:

B. = BA, (with D(B.) = D(A.)),

because A, is closed and D' is its core. By Dorroh’s Theorem B, is a generator
of a Feller semigroup, and to apply Exercise 42.3 it suffices to check that the
strong limit:

Pg = lim e'59 (53.13)

11— 00
exists, and that PgB2l is a generator.
1 92u(r,a)

Starting with the first claim, we note that BQu(r, o) = o e and:

eB(r, a) = E u(r, we (2r t)).

The latter relationship may either be checked directly or deduced from the first
part of (53.9) and the Volkonskii Formula. It follows immediately that the limit
(53.13) exists with Pg = P.

Also, by (53.11), the operator 2, defined by:

1
2h2
for u = f ® ljo.2), f € D(A), is a generator in X as so is A, in C[1, 2] (the
latter statement is true, again, by Dorroh’s Theorem). Exercise 42.3 now

Ay = PpBRAu = ( Af) ® 1,271 =: (Arf) ® 110,271,
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shows that:

lim %y = ¥ Pu, u € Cy(R), (53.14)

—>00
which was our goal.

To explain: The operator £, is the radial part of B, and a copy of A, in X.
The latter operator is given by:

L[ dfr)  1dfr)
Arf(r)zz[ dr? +; dr :|

Except for reflecting barriers’ conditions (f'(1) = f'(2) = 0), A, is formally
the same as the generator of the two-dimensional Bessel process, that is,
of the process modeled as a distance of a two-dimensional standard Brow-
nian motion from the origin ([188, p. 60], [296, p. 252]). This shows that
(53.14) is a semigroup-theoretical formulation of the Khasminskii example:
as the diffusion’s angular speed increases to infinity, the semigroups describing
Brownian motions on an annulus converge to a system involving diffusion only
in the radial direction, that is, the two-dimensional Bessel process with reflect-
ing barriers at r = 1 and r = 2.

Exercise 53.1 Since we have already bumped into projective and injective ten-
sor norms, it is a high time to consider an example showing basic differences
between these norms. To this end, let X = ¢y be the space of sequences x =
(&i)i=1 converging to zero, with the usual supremum norm || x||., = sup;-, |&il,
andlet Y = /! be the space of absolutely summable sequences y = (1;);>1 with
the norm ||y||; = ijl [njl. Forx € cpand y € I' we define an infinite matrix
xX®y:

rQy= (Einj)[,jzl’ (53.15)
termed the tensor product of x and y.

(a) Let 901 be the space of matrices (u; ;);, j>1 for which:

lullx == sup lus j| (53.16)
— izl

J=

is finite. Prove that ||-||; is a complete norm in 90, and that linear
combinations:

u= in ® i (53.17)
i=1

(where n € N,x; € X,y; € Y may vary) form a dense set in 9y, the
(closed) subspace of 9t of matrices (u; ;); j>1 for which “rows” (u; ;)i>1,
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Jj = 1 belong to cy. Check moreover that:

X @ yllz = llxlle, ¥l (53.18)

Matrices of the form x ® y are called simple tensors, their linear combina-
tions are termed tensors, and the space X ® Y of these combinations is the
tensor product of X and Y. The norm || - ||, is called the projective norm,
and 9, the completion of X ® Y in this norm, is termed the projective
tensor product, and denoted X®,Y = co®,1'.

(b) In X ® Y we introduce the injective norm:

lulle = sup Y Jui jI.
i>1

e
Check that:
lx @ ylle = llxlley 1yl (53.19)
while:
llulle < llullx, ueXQY. (53.20)
Prove also that the completion of X ® Y in || - ||, is the space of matrixes u

for whichIu = (3 =1 lu; j|)i=1 belongs to cy. The latter space is termed the
injective tensor product, and denoted cy®,/'. As suggested by (53.20),
as sets:

CO®J‘[ZI D CO®£ll-
Find a sample matrix u € co®,I' \ co®!'.

Exercise 53.2 Prove the properties of y, stated in the text, that is, that y* €
ker Q and vy, = 1. Hint: show first that e’%y, = y,., ¢t > 0.

= Chapter’s summary

As an example of the averaging principle of Freidlin and Wentzell, we consider
the Khasminskii’s approximation of diffusions on ellipsoidal annulus with fast
motion in angular direction, by a (radial) diffusion on an interval. The latter
diffusion is the two-dimensional Bessel process. This result is derived from an
abstract theorem on convergence of semigroups in tensor product spaces.
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Comparing Semigroups

Kurtz’s Theorem 42.2 seems to provide an efficient way of dealing with most
irregular convergence problems that do not fit into the scheme of uniformly
holomorphic semigroups of Chapter 31. However, in some examples, the struc-
ture of Kurtz’s Theorem is not so obvious at first glance. Furthermore, the the-
orem in question has inherited from its predecessor, the Trotter—Kato Theorem,
both its elegance and the main deficiency — no information on the rate of con-
vergence, the subject neglected throughout this book, as well. Hence, it may be
profitable to, at least roughly, look at alternative approaches to the question of
irregular convergence.

Let us start with the method of comparing semigroups [50, 52]. To explain
this, suppose that we already succeeded in characterizing the regularity space
Xo of a sequence (e )i=0 of equibounded semigroups and that we want to
establish convergence outside of X. This convergence often amounts to null
convergence lim,,_, oo ey = 0forr > Oandxina subspace, say X, in a sense
complementary to X, in X. (For example, in Kurtz’s Theorem Xy = RangeP
and X; = Ker P.) Of necessity, these x satisfy lim,,_, oo (A — A) 'x=0,1>0,
i.e., they are values of A., on 0. To prove this null convergence we look for a
sequence of semigroups (e/5- )i=0 Which are close to (e )i>0 and are known
to converge to zero on X;. Typically, D(A,) C D(B,) and e® leaves D(A,)
invariant, so that we may write:

"d
e’A"x _ e[B”x - _ — (e(tfs)A,,esB,,x) ds
0 ds

t
= / el (A, — B,)ePixds, x e D(A,). (54.1)
0
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If A, — B, is a bounded operator, this equality extends to the whole of X and
equiboundedness reduces the problem to proving that:

t
lim ||(A — ByePx|ds = xeX,. (54.2)
n— 00
To illustrate, we consider the semigroups of Chapter 12 (see equation (12.5))
related to the abstract telegraph equation. We will show that:

0 0
1ime’Ae<)=<>, yeX,t>0. (54.3)
e—>0 y 0

1B, 1A

To construct the semigroups (e*¢);>o we will compare (e’ );~0 to, we recall
that by the Kisynski Theorem, the operator B(}) = () with domain D(B) =
D(A) x Xkjs generates the group {G(7),t € R} of operators in B = Xgjs X

X, given by G(t)(i) _ (C(t)x + [, C(s)yds

<—62x +ely

e 'Ax —e 2y
e =e ’é_zG(te ). In particular, if M > 1 and w € R are chosen so that

IG(@®)|| < Me®,t > 0 then ||e/5| < Me< ™2 = 0, for t > 0. On the other
hand, for y € Xgjs and ¢ > 0, calculating as in (54 1),

0 0 ! 0
e’B‘< ) - em‘( ) = / e (B, —Ae)e“B‘< )ds
y v/ Jo y

= —/te(IS)Ae ( 2¢ ¢ ﬁ)OC(u)ydu> ds. (54.4)
0

Since Xkjs is dense in X (in the norm in X), the right-most and left-
most expressions here are equal for all y € X. Therefore, the oper-
ators e, ¢ >0,0 <€ <1 being equibounded, we need to show that
f Le =l fo C(u)ydu| ds = f(; Le=<|l Jy C(u)ydul| ds converges to zero, as
€ — 0. Since fo C(u)ydu tends to 0 as s — 0, the result follows because the
measures on [0, co) with densities s — %e’f converge weakly, as € — 0, to
the Dirac measure at 0.

It is instructive to compare our semigroups also with the semigroups gener-
ated by B, (i) = (é )) Then e/5 (y) = (e,,ffzy) and the calculation (54.4) gives:

0 0 ‘ lema
et&( ) _ elAE< ) _ _/ e1=9Ac (560 Y> ds, (54.5)
y y 0

). Hence, the operators B, (f) =

), 0 < € < 1 with common domain D(B), generate the groups
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proving that the norm of the difference on the left-hand side does not
exceed €K||y|lx. 0;5*2 e "du < eK||y|lxy., Where K is the constant such that
|e"4<|| < K forallt > 0 and € > 0. This combined with the density argument,
gives a slightly shorter proof of (54.3), and has an additional advantage: since
the rate of convergence of e’5 is clearly seen, we obtain the rate of null conver-
gence of e« fory € Xk;, (see the next chapter for more on this approximation).

Of course, the applicability of the method of comparing semigroups is not
restricted to irregular convergence. If we can guess the limit semigroup, we
can replace B, by the generator of the limit semigroup in (54.1) and proceed
with natural estimates, and often a careful analysis gives rates of convergence
for initial data in a dense set. See, for example, [163] p. 48, and the proof of
Chernoff’s Product Formula given at p. 51, which in fact provides such rates.
Moreover, each approximating semigroup may, as in Chapter 24, be defined in
a different Banach space.

We conclude this chapter with the example of this type I have learned from
A. Bétkai (see also [29]). As in Chapter 24, we assume that approximat-
ing equibounded semigroups (e )i>0 are defined in spaces X, and the limit
semigroup (e )r>0 1is defined in a space X, where X, converge to X in the
sense that lim,,_, , ||P,x — x|, = 0, where P, are certain equibounded opera-
tors P, : X — X,,. Furthermore, we assume that there exists a dense subspace
Y C D(A) of X, left invariant by (e"4);~0, equipped with a norm || - ||y stronger
than that in X, such that ("4 )i>0 restricted to Y is a strongly continuous semi-
group of equibounded operators there.

Now, assume that P,Y C D(A,)), n > 1 and that there exist constants C > 0
and p € Nsuchthatforallx € Y, ||A,P,x — P,Ax|| < ’% |lx|ly. Then calculating
as in (54.1), we obtain:

"d
elAnan — PnezAx — —/ E (e(t—s)A,,PneSAx) ds
o das

t
= / e (A, P, — P,A)e" xds, xeV. (54.6)
0

If we assume, without loss of generality, that all the semigroups involved here
have the same bound M, this implies that:

t,C C
An A 2 _ a2
e Pux — Puexllx < | M"— dsllxlly = tM"—||x]y.
0 np np

The moral is that for x € Y the semigroups converge with the rate inherited
from convergence of generators and that, since Y is dense, the same is true for
all x € X, obviously except for the rate.
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As an example, let us consider the following model of the spread of an
infectious disease [231] (see [260] for a recent generalization of this model,
where further references may also be found). In the model, a population consists
of n individuals, some of which are ill. Each of them may recover independently
of the others, and the time to recovery is exponential with parameter r. A healthy
member of the population may become infected by contacting those already
ill, and the chance of being infected in a short interval is proportional to the
number of infected individuals he can contact. We assume furthermore that each
individual becomes infected independently of the others, and independently of
the recoveries. In other words, denoting by X,,(¢), t > 0 the number of infected
individuals at time ¢, we obtain a continuous-time Markov chain with jump
intensities:

k — k — 1 with intensity rk, k — k + 1 with intensity Lk(n — k),

where A is a constant describing infectiousness of the disease. The generator
A, of the process %,t > 0 with A replaced by An~!, in the space C(S,) of
continuous functions (i.e., sequences) on the set S, = {0, % % e, "n;l 1} is
given by:

Anf <5> = rn—nyf (’il> + rkf (k;l> - Pk(n — k) + rk:| f (5) .
n n n n n n

We will show that for large n, the process described here is well-
approximated by the deterministic process of moving along integral curves of
the equation:

dx

T Ax(l —x) —rx, x(0)=xy €0, 1]. 54.7)
To this end, let A be the generator of the semigroup in C[0, 1] given by T'(¢)f
(x0) = f(x(¢)) where x(¢) is the solution to (54.7) starting at xq. For f €
C2[0, 1], that is, in the set of twice continuously differentiable functions (with
one-sided derivatives at the ends of the interval) the generator is given by:

Af(x) = (x(1 — x) — rx)f'(x).

Also, C?[0, 1] is invariant for the semigroup, since for f in this set, f(x(¢)) is
twice continuously differentiable in initial condition (see Chapter 1 in [327],
see also Exercise 54.4). Hence, we may proceed with X = C[0, 1] and Y =
c?[o, 11.
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The operators P, : X — X, are given here by P, f (5) =f (’;‘), and the dif-
ference A, P, f (%) —PAf (%) equals, by the Taylor Formula,

CIIICORIORTO]
et (5 - (8) 2 ()]
LRtk (o)

for certain 61, 6, € (0, 1). Hence, the norm of the difference does not exceed:

1 A+4r . 1 A+4r
5 sup |f7(x)] = >~
271 4 x€[0,1] 2]1 4

£ 20,17

This proves our claim and gives the rate of convergence of the semigroups for
fe C?[0, 1], since all the semigroups involved here are contractions.

Exercise 54.1 Do Exercise 42.2 by the method of comparing semigroups.
Exercise 54.2 Use Kurtz’s Lemma to prove (54.3).

Exercise 54.3 For a discrete-time analogue of (54.1) consider a semigroup
of operators, say (e’A)tzo, and the question of convergence of the families
P,E’/ h"],t > 0,n>1 to this semigroup, where P, are bounded linear oper-
ators and h,,n > 1 is a positive null sequence (i.e., lim,_~ h, =0 and
h, > 0). Since for this convergence it is necessary and sufficient to have
lim,,_, oo ||/ — elt/mIA || = 0, define R, = e, and show that:
[t/hn]
Plllt/hu] _Rl:/h"] — Z (Prllt/hn]—kR/; _ P,L’/h"lkaRﬁ’l).
k=1
In the particular case where all the operators considered here are equi-
powerbounded, this implies: || PY/") — RY/™V| < [t/h,)M||P, — R,||, for some
constant M. Use this to reestablish the Bernstein-type approximation (18.8) of a
semigroup. Discuss the rate of convergence. Hint: write P, — R,, = h,L(P"h;lX —
Btz n
b 7"
Exercise 54.4 Show that the solution to (54.7) is:
aCeM

x(t) — 14+Cert 2 .
a, t >0, provided xp = a,

t >0, provided xy # a,

Xo
a—xgp*

wherea =1— 5 and C =
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iz Chapter’s summary

A way to prove irregular convergence is often to compare the semigroups in
question with other semigroups which are close to the original ones and, on the
other hand, are known or can be proved to converge. We explain the method
in more detail, taking as a case study the semigroups related to the abstract
telegraph equation. A question of convergence rate is also discussed and the
model of infectious disease is studied.
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Relations to Asymptotic Analysis

As we have seen in the previous chapter, the method of comparing semigroups
hinges on an intelligent guess of the semigroups to be compared with the semi-
groups whose convergence we are to show. A hint for such a guess may be
obtained from the very form of the semigroups involved, or by physical or
biological considerations underlying the model in question. However, a sys-
tematic way of deriving the form of the searched-for semigroups is provided
by asymptotic analysis, an alternative, ingenuous method of proving conver-
gence theorems; see [263]. Additionally, in many cases the semigroups derived
in this way seem to be in a sense optimal [17].

In this chapter, we discuss this method briefly in the context of the
Chapman-Enskog expansion method. Asymptotic analysis begins with
decomposition of the underlying Banach space into a so-called hydrodynamic
space and a complementary space called kinetic space. As we shall see, the first
of them roughly corresponds to the regularity space of the semigroups under
study, and the second is the space of null convergence. Then, the semigroups
are decomposed into parts corresponding to these two subspaces.

Once this is achieved, these parts are expanded into (truncated) formal series
in € P, where € is the small parameter involved and p > 0 is a certain power,
characterizing the problem in question; in the Chapman—Enskog method it is
merely the kinetic part that is being expanded, and the hydrodynamic part is
left intact. Then, comparing like terms in the expansion allows calculating the
bulk part of the approximating semigroups, which corresponds to the limit
semigroup in the regularity space. This part, however, is not able to describe
transient phenomena occurring because of passing from the whole space to its
subspace. Asymptotic analysis takes care of this by “blowing up” the time near
t = 0, that is, by introducing fast time 7 = é, and redoing analysis described
above in this new time. This allows calculating the initial layer, which some-
times gives the form of the semigroups we should compare our semigroups
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with. More complicated situations, however, require calculating boundary lay-
ers and corner layers, which are handled similarly, see [263] or [22].

For example, let us consider the question of convergence of the semigroups
of (12.5); a thorough analysis of a more general telegraph system is given in
[17]. The related Cauchy problem is:

dx —1

— =€ .

dr Y

d o o

?f —eAx—e2y,  x(0) =X, y(0) = . (55.1)

We note the somewhat unusual way of denoting initial values used here; this
convention is forced by the fact that we will need many indexes for x and y in
a minute.

In this example, the space is already decomposed into the hydrodynami-
cal and kinetic parts, played by Xk;s x {0} and {0} x X, respectively. To start
asymptotic analysis, first we write x and y in the form: x = X and y =y, + €y,
and insert these to (55.1); the line over x and y is reserved for denoting the bulk
part of x and y. This renders:

dx 1 _ _
T E(yo +€y))s
% + e% = AT — e 2Gy+eyy), x0)=xy0)=y. (552)

Comparing like terms related to € 72, ¢ ~! and €”, we obtain the relations:

dx  _ -
Yo =0, a =Y, and Ax =y;;
the remaining terms are disregarded since they disappear as € — 0, anyway.
This implies that the bulk part in the hydrodynamical space should satisfy
% = AX, x(0) = ¥, in agreement with our findings from Chapter 12 in which
we proved that the limit semigroup is generated by the part of A in the Kisyniski
space Xis.

So, we hope that x — X and y — €y, converge to 0 as ¢ — 0. However, since
y,(0) = Ax and y(0) = ;, it is clear that this cannot be true at = 0: as € — 0
there are transient phenomena hidden in the initial layer. To find the formula for
the latter, we consider the fast time 7 = te 2. In terms of 7, the system (55.1)
reads:

dx

— = €Yy,

dr Y

dy 0 0

—— = €Ax —, x(0) = x, y(0) = y. (55.3)

dr
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Inserting the initial layer expansion x = ¥ and y = J, + €¥, into these equa-
tions, and comparing like terms as before, we obtain:

X dyo

— =0and — = —Jp.

de a0

The first of these relations tells us that X is constant. On the other hand, we
know that for large times, the influence of & should be negligible. Hence, we
take ¥ = 0. The other formula combined with §(0) =)0) forces y(1) = e”)o).
Coming back to the original time, we see that the initial layer has the form
y() = e”(z)o). We note that this was exactly the analysis presented here that
hinted the usage of the semigroups e’® in (54.5).

Having completed these formal considerations, we still need to prove that the
approximation we have found works well. To this end we introduce u = x — X
andvo =y — e% — §, where X(¢) = €% and §(t) = e "¢ 'y, and check that,

forx € D(A?) and y € X, u and v are differentiable with:

du dx dx

u & o e, 5y — o1 “1x
% 5 5 € y—e (y—o+9) =€ v+e 7,
dvo dy d&x dy . 5 d’x 5
— =——€———=¢€¢ Ax—€ y—€e—+€ Yy
a A S ar roeymegate

4 5 d>x
=€ Au—c¢ VL —€—.
dr

Hence,

d u u e—le—te’z;
E<v) — A, <D> + f(t), where f(t) = <—eetAA2§c>’ (55.4)

with the initial condition #(0) = 0 and v(0) = —€AX. Thus, by the variation of
constants formula:

wu®)\ _ a0 /f A
<v(t)>_ < <A52>+ ) € f(s)ds. (55.5)

In order to prove that the right-hand side converges to O we consider the case
y = 0 first. Then, || f(t)|| < € const.||A%X||, > 0 and the result easily follows,
since the initial condition clearly converges to 0, as well (and the semigroups
generated by A, are equicontinuous). By the way, this combined with density
argument reestablishes the main theorem of Chapter 12 and gives the rates of
convergence forx e D(Alz)).

By linearity, we are left with checking the case X = 0. However, for such

(o) =<(5) -« (5)
v(t) y y

initial data:
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(55.5) reduces to (54.5), and the simple estimate given in Chapter 54 completes
the proof.

Incidentally, this example shows nicely how these two approaches: asymp-
totic analysis and semigroup-theoretical methods, intertwine and complement
each other. For more on this subject, see the already cited [17]. But again, the
big moral is that using asymptotic analysis may help us guess the semigroups
we want to compare our semigroups with.

Exercise 55.1 Use asymptotic analysis to prove the main result of Chapter 48.

= Chapter’s summary

A brief discussion of asymptotic analysis is given. A magnificent tool in itself
(see, e.g., [25, 263]), the asymptotic analysis may also be considered as a way
to provide intelligent hints of the form of the limit semigroup and of semigroups
we need to compare the original semigroups with.
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Greiner’s Theorem

In Chapter 50, we have encountered a curious phenomenon: the boundary con-
dition in the limit semigroup related to fish dynamics (see (50.2)) is a convex
combination of boundary conditions involved in the approximation (see (50.1)).
This effect is very similar to that observed in Chapter 48, where convex combi-
nations of Feller generators resulting from “averaging” the stochastic processes
involved were studied. As we have seen in Chapter 50, these two effects are in
a sense dual: under additional regularity conditions on the model’s parameters,
the predual of the McKendrick semigroup may be constructed in a space of
continuous functions, and the perturbation of a boundary condition becomes a
perturbation of the generator.

Taking all this into account we arrive at the following tempting hypothesis
(similar to that discussed in Chapter 50). Let o be a bounded linear operator
in a Banach space X, and let A be a closed operator in this space. Suppose
that for @, ®, mapping D(A) to another Banach space Y, A|xer ¢, and Ajyer o,
are generators of strongly continuous semigroups in X. Assume finally that
A|kero, Where @, = @ + ®,8 and B = Ix — «, is a generator also. Then,
it is tempting to think of the later semigroup as describing dynamics, which
is a result of averaging the semigroups generated by A|yere, and Ajxero,. In
Chapter 57, following [ 18], we use the abstract setup of Greiner [167] to provide
an approximation of the semigroup generated by Ay, by semigroups built
from those generated by A|yer o, and A|ker o, , that supports this intuition.

Note that the problem posed here is in a sense converse to the result of
[11, 21, 22, 23, 25] (where convergence of solutions to (50.1) as € — 0 was
established using asymptotic analysis, even in a much more general case, that
is, without the assumption of irreducibility of migration matrix): there, a com-
plex model is reduced to a simpler one involving convex combination of the
boundary conditions while here, given a generator with convex combination



346 Greiner’s Theorem

Figure 56.1 Ancient bounds of a town in a slightly perturbed condition

of boundary conditions, we want to construct an appropriate approximating
sequence of semigroups.

What we want to do in this chapter is to prepare the reader for the next one,
by presenting Greiner’s ideas in a nutshell.

Let X and Y be two Banach spaces, A : D(A) — X be a closed operator in
X,and L : D(A) — Y be a linear operator that is continuous with respect to the
graph norm in D(A). Moreover, assume L to be surjective, and suppose that Ay,
defined as the restriction of A to ker L, generates a semigroup of operators in
X. The main question studied in [167] was whether, given F € L(X, Y), the
operator Ap defined as the restriction of A to ker(L — F') is the generator as
well. While in general (see [167, Example 1.5]) the answer is in the negative,
Greiner’s first fundamental theorem [167, Thm. 2.1] establishes that A is the
generator for any F provided there is a constant y > 0 such that for A larger
than some Ag:

ILx]| = Ay x|, for all x € ker(A — A). (56.1)

To recall the basic structure related to assumption (56.1) (see [167, Lemma
1.2]), we fix L > A¢ in the resolvent set of Ay, and consider an x € D(A). Since
Ay is a generator, we can choose x; € D(Agp) so that (A — Ag)x; = (A — A)x.
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Writing x, = x — x;, we have:
X=x1+x (56.2)

with x; € ker L = D(Ap) and x; € ker(A — A). Such a decomposition of x is
unique, because otherwise we could find a nonzero y € D(Ag) Nker(A — A),
implying that y is an eigenvector of A related to A, a contradiction.

Since L is assumed to be surjective, condition (56.1) shows, by the open
mapping theorem, that L restricted to ker(A — A) is an isomorphism of ker(: —
A) (with the graph norm) and Y. Following Greiner, by L, we denote the inverse
of L xer(r—4)-

Before going further, let’s see some examples.

Example 56.1

(a) Let A be the second derivative in C[0, co] with D(A) = C?[0, oo], and
let Lf = f”(0). Clearly, Ag is the generator of the Brownian motion stopped at
x = 0. For fixed A > 0, ker(A — A) is spanned by e where ¢, (x) = e ™, x >
0. Since Le j; = —A while |le 5|l = 1, condition (56.1) holds with y =1 (in
fact, we have equality there). Moreover, for f € D(A) and A > 0, we take C =
F7(0)A! to see that:

f=h+h=—-Ces)+Cey,

with f; € kerL = D(Ap) and f;, € ker(A — A). Hence, the isomorphism L;
maps C € R to Ceﬁ € ker(A — A).
(b) In the motivating example of fish population dynamics,

AWHERY - LIRY) Agp = —¢,

and L : WH(RT) — R is given by Lo = ¢(0). Then, A, generates the semi-
group of translations to the right: e’ ¢(x) equals ¢(x — t) for x > ¢ and equals
0 for x <r. In this case, ker(A —A), A > 0 is spanned by e, defined as in
point (b). Since Le;, = 1 and ||e; || = % condition (56.1) is satisfied with y = 1
(again, we have equality there). A ¢ € D(A) may be represented as:

¢ =1+ ¢2 1= (¢ — ¢(0)e;) + ¢(0)e,

and the isomorphism L, maps C € R to Ce; € ker(L — A).

(c) Let us look at Rotenberg’s model, presented in Exercise 4.7, from the
perspective of Greiner’s Theorem. To recall, we are working in the Banach
space X = L!(Q) of absolutely integrable functions ¢ on Q = (0, 1) x (a, b).
Here, Y is chosen to be the space L!(a, b) of absolutely integrable functions ¢
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on (a, b). For the domain of the operator A we choose ¢ of the form:

¢<x,v>=¢(o>+f0 (v 0) dy,

where ¢ € Y and, for almost all v, ¥ (-, v) is absolutely integrable over (0, 1),
and define (A¢)(x, v) = —o ¥ (x, v). Moreover, we let Lo = ¢. Again, Ag is a
generator with:

e’A°¢(x, 0) = {?(x —t), x> t,

s x < ot.
The kernel of A — A is composed of functions of the form:
P, v) = @)™,
where ¢ € Y. For such ¢,
b 1 . b .
Molx = / |¢<v>|A/ e Mdedo = f o(1 —e™™ Hlp®)|dv
a 0 a
<blely,

proving that condition (56.1) is fulfilled with y = b~'; recall that Ly = ¢. We
leave it to the reader to work out the decomposition (56.2) in this case. U

Since in all applications to be presented later on, the semigroups generated
by A( are contractions, in the statement of the Greiner Theorem we restrict
ourselves to such semigroups.

Theorem 56.2 (Greiner) Suppose (56.1) holds and Ay is the generator of a
semigroup of contractions. Then, for any F, so is A — ||F|ly .

Proof For simplicity of notation let y = ||[F||y~!. By (56.1), the operator L;,
as amap from Y to X has a norm not exceeding (Ly )~!. Therefore, for A > VE,
ILAF |l £y < ”%y" < 1,and so I — L, F is invertible with:

—1 % n 1
(= LF) ™' < Y L F I, = by (56.3)
n=0 Ay
Next, fix A > yr and y € X, and suppose x € D(Af) solves:
A —Apx = y. (56.4)
Let x; := x — L, Fx. Then, x; € D(Ap) and:

Ax —Apx = . (56.5)
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For, L being the left inverse of L, , Lx; = Lx — LL; Fx = Lx — Fx = 0, and:
A, —Aox), = Ax — AL Fx —Ax+ AL, Fx = Ax — Ax =,

since L, Fx belongs to ker(A — A) and A is a restriction of A.
Conversely, if for some x € D(A), x; :=x — L, Fx belongs to D(Ay) and
(56.5) holds, then Lx = Lx; + LL,Fx = LL,Fx = Fx,ie.,x € D(Ar), and:

AX — Apx = Ax) + AL, Fx — Ax), — AL, Fx = Ax) — Ax, =;

this shows that such x solves (56.5).
It follows that for A > yp, the resolvent equation for A has a unique solution
and:

A=A '=U-LF) 'O —A)7!, (56.6)

implying, by (56.3),

1

G= vl =AM = O = yr)3— e

1»

since A(A — Ag)~! are contractions. By the Hille—Yosida Theorem, the proof
will be complete, once we show that D(Ar) is dense in X.

To this end, note that lim;_, o, || L, F|| = 0, and so (I — L, F)~! converges, as
L — 00, to I in the operator topology. Since lim; o A(A — Ag) " 'x =x,x €
X by assumption, the formula for (A —Ag)~" implies that limy_ o A(A —
Arp)~'x = x, x € X. This shows that Ay is densely defined. ]

Example 56.3

(a) Let F € C[0, oo]. By the Riesz Representation Theorem, there is a
(signed) Borel measure u such that F f = f[o. ool fdu. By Greiner’s Theorem,
operator A from Example 56.1 (a) with domain equal to the kernel of L — F
is a generator. In particular, we obtain a generation theorem for the elemen-
tary return Brownian motion (see (3.7)); note, however, that the information on
the growth of this semigroup gained from Greiner’s Theorem is far from being
satisfactory. Neither does the theorem tell us anything about preservation of
positivity, and so on.

(b) Turning to Example 56.1 (b), we see that Greiner’s Theorem shows that
forany b € L>(0, 0o), operator A with domain composed of absolutely contin-
uous functions ¢ with derivative in L'(R™) and ¢(0) = fooo b(x)¢p(x) dx is the
generator of a semigroup in L' (R*), such that ||e’*|| < e/lPl:>0~ This is the
McKendrick semigroup: for other proofs of existence of this semigroup see, for
example, [54, 128, 129, 184].
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(c) In Rotenberg’s model (Example 56.1(c) and Exercise 4.7), we would like
to define F : X — Y by:

b
(Fo)(v) = pv_1 / we (1, w)K(w, v)dw, v € (a,b). (56.7)

Unfortunately, this is not a bounded linear operator, and the Greiner Theorem
is not applicable for the Rotenberg model. However, since (56.1) holds, the
theorem clearly applies to any bounded linear operator F : X — Y. U

Before completing this chapter, we note that formula (56.6) is worth com-
menting. One of its immediate consequences is that the resolvent of Ar depends
continuously on F (say, in the strong topology). This yields the following
corollary on continuous dependence of semigroups on boundary conditions (cf.
Chapter 3):

Corollary 56.4 Suppose F, € L(X, Y) are bounded linear operators converg-
ing strongly to F € L(X,Y). Assume also that lim,_, , ||F,|| = ||F||. Then:

lim e?m! = e’
n—oo

Proof By Greiner’s Theorem, B, = A, — yr,, where yg, = ||F,||y !, are gen-
erators of contraction semigroups. Since:

=By '=(+ys—A45)",  1>0,
formula (56.6) yields:
(=B = = Ligy, F) "'+ v, — Ao) ™.

If F # 0, assuming without loss of generality:

1 3
SIF = IRl = S IF], n>1, (56.8)
2 2
we see that:
= k
(e L)»'H/Fn Fn)_l = Z (L/H—yp,, Fn)
k=0
where:

WG _ _SIFI 3
<A+ ||E,||>y T Ay +AIF T 4

||LA+}/F,,Fn|| =

provided A > == ||F|| IfF = 0 we fix A > 0 and instead of (56.8) assume with-

out of generallty that | F,|| < Ay n > 1toobtain ||Ly,, Full < Z’ as before.
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Moreover, for each k, lim, oo (Ly4y, F)* = (L;4y, F)*. Hence, for such 2,

oo
. -1 k 1
Tim (7 = Ly, F) Zgﬁhmf)zu—hmf),

by the Lebesgue Dominated Convergence Theorem, and, therefore,
Jim (A= B = = Ly ) ot yr =A™ = Ot yr —Ap) 7

By the Trotter—Kato Theorem, it follows that lim,,_, o, &5 = e4*~7F"_ The the-
sis is now immediate by e = /Bl O
Exercise 56.1 Find decomposition (56.2) in Rotenberg’s model.
Exercise 56.2 In Example 56.1 (c) introduce new L by:

L)) = ¢(0,v) — gp(1,v),

where g € (0, 1]. Check that so modified A generates a contraction semigroup,
and that (56.1) is satisfied with y = b~!. Hint: for ¢ € L'(Q), let:

dx —k,v) =g¢p(x,0),x€[0,1),k=0,1,....

Then, ¢ (x,v) = ¢(x — vt,v). This semigroup describes the Rotenberg
model in which all cells pass their maturation speed to their daughters.

iz Chapter’s summary

We prove the theorem of Greiner, which allows perturbing boundary conditions
of a generator. The setup of the theorem will be used in the next chapter in
dealing with generators related to convex combinations of boundary conditions.
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Fish Population Dynamics and Convex
Combination of Boundary Conditions

>< o >< o > o> ><o>

We come back to the question mentioned at the beginning of Chapter 56.
Can the semigroup related to a convex combination of boundary conditions be
thought of as an average of the semigroups related to the boundary conditions
involved in the convex combination?

To answer this question in the affirmative, we follow [18] and throughout
this chapter assume that A and L are as in the setup of the Greiner Theorem;
in particular, Ay is the generator of a contraction semigroup and (56.1) holds.
Also, given a bounded linear operator o € £(X), and two operators Fi, F> €
L(X,Y), we define:

Fa = F]O( +F2,3

where B = Ix — « (“a” for “average”). By Greiner’s Theorem, A; := Ap, and
A, 1= Ap,, are generators with D(A;) = ker ®;, where &, =L - F,,i=1,2
and D(A,) = ker ®,, where ®, = L — F,.

Our main goal is to approximate (e"4*),-¢ by means of semigroups built from
(e"1);50 and (e"42),-¢. To this end, we introduce operators A, , k > 0, in:

B:=XxX
given by:
D(A,) = D(A}) x D(Ay) = ker ®; x ker ®»,

_ (A O B o) _.
.AK—<O A2)+K</3 —Ol) = Ay +«Q.
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By Greiner’s Theorem,
e <e”, >0, (57.1)

for some w € R. We assume that:

= Ixzo‘“) 572
P = Q+ Ixxx (,3/3 (57.2)

is a contraction in B. We note that P is idempotent, hence:
e/ctQ — e—KteKtP — e—/ct [IXXX + (enc _ I)P]
=e “Ikx+ (1 —e)P. (57.3)

It follows that ||e’?|| < 1 and for the semigroups generated by A, (which exist
by the Phillips Perturbation Theorem) we have, by the Trotter Product Formula,

t Kt n
lex] < lim H [eﬁ““oe?g] xH <elx.  reXxX
n— o0
so that
e || < e, k>0,1>0. (57.4)

Operator P is a projection on the subspace B’ C B of vectors of the form
(“;); the latter space is isomorphic to X with isomorphism Z : X — B’ given

B
by:
Ix = ox .
Bx
Theorem 57.1 In this setup, assume that o leaves D(A) invariant. Then:

tA,
lim e ("‘) _ Ie’A“IIP(xl) _ <°‘e (1 +x2)), (57.5)

K—+00 X2 X2 BetA(x) + x2)

fort > 0,x1,x, € X. For ()X(;) € B’ the same is true for t = 0 as well, and the
limit is almost uniform in t € [0, co); for other (2) the limit is almost uniform
int € (0, 00).

Intuitively, this result may be explained as follows. The components of the
semigroup (e'*);~¢ are uncoupled, while in (e**<);~¢ the coupling is real-
ized by the operator Q, which may be thought of as describing a Markov
chain switching one dynamics into the other (the jumps’ intensities are state-
dependent; see examples given later). As k — 0o, the Markov chain reaches its
statistical equilibrium, so that with “probability” « it chooses the first dynam-
ics, and with “probability” B, it chooses the second dynamics. This results in a
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convex combination of boundary conditions in the limit semigroup, thus con-
firming our intuitions on (e"4),~o. (Again, compare Chapter 48.)

Theorem 57.2 Under conditions of the previous theorem, let:

B, O
B = ,
(5 »)
where By and B, are bounded linear operators. Then,

lim A+B) (M) = geutBiatBpz—1p (™ (57.6)
k=400 X X2 '

fort > 0,x1,x, € X. For (2) € B’ the same is true for t = 0 as well, and the
limit is almost uniform int € [0, 00); for other (2) the limit is almost uniform
int € (0, 00).

Remark 57.3 For Theorems 57.1 and 57.2, in addition to (56.1) and (57.1),
we assume that P, defined in (57.2), is a contraction in B and « leaves D(A)
invariant. While the nature of the first and the last conditions is transparent,
the other two require a comment. As already mentioned, together they imply
stability condition (57.4) (which, as we know, is a common assumption in con-
vergence theorems), and in fact our theorems remain true if we simply assume
(57.4). However, for the sake of applications it is more convenient to assume
the two conditions discussed above. Out of these two, the one requiring P to
be a contraction seems to be most restrictive, apparently excluding spaces with
supremum norm. On the other hand, this assumption is often satisfied in L' -type
spaces. (Similarly, the “dual” theorem in Chapter 48 is designed for spaces of
continuous functions.) In particular, if X is an AL-space, that is, a Banach lat-
tice such that:

llx+ vl =[xl + Iyl x,y =0,
and B is equipped with the order ‘(;‘) > 0 iff x > 0 and y > 0” and the norm
Il (’:) I = llx|l 4 llyll, then P is a contraction provided « and B are positive oper-
ators. For, in such a case,
X a(x+y) X
P(y) = H( )H = lla(x+ I+ 1B&+ I =lx+yll = H( ) ,
px+y) y

for x, y > 0, and P is positive. Hence, by Lemma 13.1,
1Pl = sup

o %.7C)

as desired. O

-
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For the proof of the theorems we need a set of lemmas.

Lemma 57.4 Let 2, denote the extension of operator A, to the maximal
domain D(A) x D(A)andlet ® : X x X — Y x Y be given by CD(Q) = (i;;)
For x € D(A,), we define:

X1 = ax + LX,

X2 = ,B.X - Lk-fs
where X :== Flax — Lax = LBx — F,8x € Y, by D(A,) = ker ®,. Then,
K A . K . K
A 1, = ox , lim 1, = ox and lim & “, =0.
X2k A'Bx K—+00 \ X 4 IBx k—>—+00 X4
(57.7)

Proof Using AL, X = kL, X, we get:
X1k Aax + kL X
Ao = y
X2 ABx — kL, X
0 Xie) —BLX — al, X _ —L.x\
x.) \BLE+aLix) \Lx)

this shows the first part. Next, by (56.1), we have ||L X| < ﬁ”ill. It follows
that lim,_, o (1) = (§7) and:

while:

X2,k Bx
® X1k Lox + X — Flax — F{L X Lox + X — Flax 0
= —> = .
X2k LBx — X+ Fpx + KL X)) «—oo \LBx — X+ F>Bx 0
(57.8)
This completes the proof. U

Unfortunately, in general C;) does not belong to D(A, ). Our main goal is
to modify this vector appropriately without altering its crucial properties (see
Lemma 57.7). To this end, we need the following two lemmas.

Lemma 57.5 Let A > max(Ag, ). Then ker(A — ) is composed of vectors

of the form:
X\ _ Kk + ok —Ag)ahy, — by ’ (57.9)
X2 by, + hyge — k(A 4k — Ag)~lahy,

where hy, € Ker(A — A) and hy_, € ker(A + k — A) may be chosen arbitrarily.
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o —IX
B Ix

Iy I _ .
<_}/§3 5). A vector x = (2) satisfies Ax — A,.x = 0iff fory = Z~'x we have:

Proof The operator Z = ( ) is an isomorphism of B with the inverse

Ay — I Zy =0. (57.10)
On the other hand,

_1 Aa +AB 0 A 0
A7 = = .

—BAa +aAB PA+ oA —«k 0A —Aa A—«

Hence, (57.10) is satisfied for y = (i;) iff:
A1 —Ayn =0 and (A +k)y2 — Ay = (@A — Aa)y;.

The first condition here means that y; is a member, say £, of ker(A — A). Con-
sequently, the other condition may be written in the form:

A+ Kk)y, — Ay, = (A 4+« — A)ah; — kah;,

or (A 4+« —A)(y» —ahy) = —kah,. Therefore, by (56.2), y, — ah, differs
from —« (A + k — Ag)~'ah; by an element of ker(A + k — A), say h; . This
is equivalent to saying that:

y2 = ahy + e —k(h+k —Ag)'ahy.

To complete the proof it suffices to calculate (1) = Z(%"). O

% »
Lemma 57.6 There is Ay such that for A > A and all k > 0

X]

[P1x1]l + 1 P2x2ll = [lx1 ]| + [lx2| for all (x ) € ker(A — ). (57.11)
2

Proof Fix A > max(Ag, w)and« > 0. By Lemma 57.5, a vector C') € ker(A —
2, ) is of the form (57.9). Using (57.1) and then (56.1),
2|l

2 1
< —— ||Lh ——||Lh —||Lh
lr ]l + ezl < )»y()»—i—/c—a))” rll =+ y(A+K)|| 2t |+ M|I Al

A

K
- (LA + LA )

for an appropriately chosen constant K > 0. Since F; and F, are bounded oper-
ators,

K
1Evxill + 1 F2x2ll = 5= CNLAA N + N LAl

with possibly different K.
On the other hand, the map Y x Y > (y1,y2) = |ly2ll + ly1 + y2| is a
norm in Y x Y and [[y2 + [ly1 + y2Il < 2(lly1]l + lly2[l)- Hence, by the open
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mapping theorem, [[y1[| + [[y2[l = p(lly2ll + lly1 + y2||) for some constant . >
0 and all y;,y, € Y. It follows that (recall (A + k — Ag)~'ah, € D(Ap) =
ker L),
[D1x1 [l + [[Pox2|l = [[Lhstic + Frxill + 1Lk + Ly — Faxa|
> Lkl + 1Lk + Li | = Il = Bl

1 K
> <— - —) (LA LR D)
noA

K
> N (LA =+ NILA 4 1)
> il + [lx2ll,
provided A > 2K u. ]

The map ® from Lemma 57.4 is surjective. Arguing as in the proof of the
decomposition (56.2), we see that any vector v € X x X may be uniquely writ-
ten as v = v + v, where v; € ker ® = D(A,), and v, € ker(A — 2, ), where
A > max(A;, ) and k > 0 are fixed (A, is defined in Lemma 57.6). Hence, ®
restricted to ker(A — %, ) is surjective as well, and inequality (57.11) shows that
it is invertible, with inverse, say J, ., of norm at most 1.

Lemma 57.7 Forx € D(A,), there are (
that:

) € D(A1) x D(A>) = D(A,) such

Yk
V2.

K K A
im (%) = (“* and lim A, Y} — (2 .
k= +00 \ Y2, Bx Kk>F00 T\ Yo ABx

Proof Take A > A and define (see Lemma 57.4):

(yl,K> — (xl,/() _JA!Kq)(xl,K)‘

Y2,k X2,k X2,k

Then, CDGL) =& x;”) ) Xl) = 0, proving that ()V;) € D(A,). Also, by
Lemma 57.4,

. RAWS ox . X1k ax
lim ) = — lim J, @ 7 )= ,
k=400 \ Yy le Kk—>+o00 X2k le
< ch(jl«) — 0by (57.8). Similarly,
2. K—>00
P A . «
lim AKCI’ ) = ( “x> + lim QlKJMCD(xl’ )
K—>—+00 2k A,Bx k—>+00 ? X2k
Aax . X1,k
+ A lim J)L K@ ’
ABx k—>+o0 X2k

Aax
(352) -

by (56.1) and since HJM o) ()X‘;:)
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Lemma 57.7 combined with Kurtz’s Theorem is all we need to prove Theo-
rem 57.1. To see this we start by noting that, although the semigroups generated
by A,, « > 0in B are not equibounded, those generated by A, — wl, x > 0,
are (by (57.4)). It is easy to see that Kurtz’s Theorem holds in such a case as
well. Next, we take Q = Q, and then (42.1) follows by (57.3) with P = P.
Therefore, B" = RangeP is the space of vectors of the form (gi) xeX. Let A
be the operator in B given by:

ox Aax ox
AG) =G peo={()meow}.

This operator is well defined since we assumed that « leaves D(A) invariant. By
Lemma 57.7, condition (a) in Kurtz’s Theorem is satisfied with D = ZD(A,):
more precisely, for x € D, (x, Ax) is a member of the extended limit of A, .
Next, for x; € D(A}), x, € D(A;), we have lim,_, |, k"' A, (2) = Q(;) SO

that (b) in Kurtz’s Theorem is satisfied (for A D’ = D(A;) x D(A;). The latter
set is a core for @, Q being bounded. Finally, D N B’ = D = ZD(A,) and:

PATx = PA(“x) - <an> = TAx=TAx,  x € D(Ay).
Bx BAx
This shows that P A is an isomorphic copy in B’ of the generator A, in X, and
hence is a generator, as well. Therefore, Kurtz’s Theorem is applicable, and
(57.5) is a particular case of (42.5).
Finally, Theorem 57.2 is a direct consequence of Theorem 57.1 and the prin-
ciple established in Chapter 29 (see in particular formula (29.3)).

Example 57.8 Let us come back to the motivating example of the fish popu-
lation dynamics, where:

A:WHERY) - L'RY) Agp=—¢/,

and L : WHI(RY) — Ris given by L¢ = ¢(0). We have seen in Example 56.3
(a) that Greiner’s Theorem applies here.

For b; € L*(R"),i =1, 2, the functionals Fi¢p = fooo bi(a)¢p(a)da are lin-
ear and bounded. Hence, Ar, generates a semigroup of operators and so does
Afr + B;, where given p; € L°(R"), B; is a (bounded) multiplication operator
¢ — —p;¢. Itis well known (see, e.g., [54, 128, 184]) that there is w such that
ef@rtBD| < e = 1,2, implying (57.1).

Let o € WH(RT) satisfy 0 < o < 1. Then the related multiplication oper-
ator (denoted in what follows by the same letter) is bounded in L'(R"),
and leaves D(A) = W (R*) invariant. Moreover, the related operator P (see

(57.2)) in L'(R*) x L'(R"), equipped with the norm H @) = 11l e +
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|21l r+). is a contraction (see Remark 57.3). Hence, all assumptions of The-
orem 57.2 are satisfied. This establishes that the general model (50.1) (with
N = 2 and normalized matrix k) may be approximated by the averaged one
(50.2). For the general case, see [21, 22, 23, 25].

Example 57.9 Let X = L'(R). For our purposes, it will be convenient to iden-
tify ¢ € L'(R) with the pair (¢ i)jes of functions on R* defined by ¢;(a) =
¢(ja),a > 0, where J = {—1, 1}. Certainly ¢; € L'(R*), that is, we identify
L'(R) with L'(R*) x L'(R™). With this identification in mind, and given con-
stants k; > 0, 0; > 0, j € J, we define an operator A in L'(R) by:
A(9),e=(079]) ;. DA =WRY) x WI(RT),
and L : D(A) — R?, by
L(8)) ;= (#5(0) — k;j$;(0) ._; -
The semigroup generated by Ay, the restriction of A to ker L, is composed of
Markov operators in L' (R) and describes dynamics of distributions of two inde-
pendent elastic Brownian motions on two half-axes, with two different elas-
ticity coefficients (k;) in each half-axis, and no communication between the
half-axes.
The subspace ker(A — A) is composed of vectors of the form (¢;);ej =
J

(Ciex;)jes, where C; are arbitrary constants, A; = =, and e; was defined in
J

the previous example. For such vectors and L'-type norm in R?,

A
1L (8)) ;e Il = Y 167(0) — k;p; (O) = (% +kj) 1G]

L

jel jel
Vi
> .
>—> (Gl
jel
M(#) Il =VAY oilCil <oVA I ICH, 2>,
jel j€l

where 0 = max{oj, o_1}. Hence, condition (56.1) is satisfied with y = o2
Therefore, given Fj; € L°(R), je J,i =1, 2, Arestricted to (¢;)jey = ¢ €

L'(R) satisfying:
$3(0) — k;;(0) = /R Fjip, jeld, (57.12)

is the generator of a semicontractive semigroup in L' (R) for both i, and (57.1) is
satisfied. Nonlocal boundary conditions (57.12) do not seem to have any clear
probabilistic interpretation, comp. [145, p. 470]. Nevertheless, they may model
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two populations occupying (one-dimensional) domains with a joint boundary,
in which the flux of individuals across the common boundary is proportional not
only to the difference of the densities at the boundary but also to the (weighted)
difference of total numbers of individuals in each domain.

For sufficiently regular 0 < o < 1, the related multiplication operator in
L'(R) leaves D(A) invariant, and the related operator P is a contraction (see
Remark 57.3). Therefore Theorem 57.1 ensures that in the limit (57.5) we
obtain (an isomorphic copy) of the semigroup generated by A restricted to
(¢))jes = ¢ € L'(R), which satisfy:

¢;(0) — k;9;(0) = /(Ole,1 + BFj2)o. jel;
R

the right-hand side here is a convex combination of the right-hand sides in
(57.12).

iz Chapter’s summary

Let o be an operator in a Banach space X, and let ®;, ®, € L(X, Y) be two
operators to another Banach space Y. Furthermore, let (¢/4),( be a semigroup
in X generated by A, with domain equal to ker ®,, where &, = ® o + P,
a € L(X) is a bounded operator and B = Ix — . We show that (e"4),~( can
be approximated by a family of semigroups in X x X obtained by “averag-
ing” two semigroups with the generators being the realizations of the same for-
mal expression but restricted to different domains, equal to ker ®; and ker ®,,
respectively. This result is motivated by a model of dynamics of solea solea
from Chapter 50.
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Averaging Principle of Freidlin and Wentzell:
Emergence of Transmission Conditions

Let us start with the example that was one of the motivations for the averaging
principle of Freidlin and Wentzell [151], [153] (another motivation for this prin-
ciple was discussed in Chapter 53). Imagine N diffusions (with different diffu-
sion and drift coefficients) on N copies of an interval with Neumann boundary
conditions at the ends (see Figure 58.1). Suppose also that, as in Chapter 48,
these diffusions are coupled by Markov chains: while at the ith copy, the pro-
cess behaves according to the rules governed by operator:

d? d
e + bia
but after a random time depending on its position, may jump to another copy of
the interval to behave according to the rules described by the operator defined
there. In distinction to the situation of Chapter 48 we assume, however, that
on the left part of the interval no communication is possible: the intensities of

A=

jumps are zero here.

Freidlin and Wentzell’s result says that ([ 151, Theorem 5.1]) as the intensities
of jumps (in the right part of the interval) tend to infinity, the corresponding
processes converge weakly to a diffusion on a graph formed by identifying
corresponding points of all the right-parts of the intervals (see Figure 58.2).
The generator of the limit process is a convex combination of the generators

0 1 Al =a1 d% + blﬁ with reflection at endpoints
0 1 Ay = agdcic—Q2 + bg% with reflection at endpoints
0 1 As = ag,dﬁ‘i%2 + b3% with reflection at endpoints

Figure 58.1 Three diffusions on three copies of the unit interval coupled by
Markov chains in the right part of the interval copies (redrawn from [56])
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Figure 58.2 The limit process on a graph is generated by an averaged operator
A (a convex combination of the involved operators A;) with Neumann boundary
conditions at the graph’s ends, and balance, transmission conditions at point x*
where the segments meet, that is, at the new vertex of the graph (redrawn from

(56D

of the involved diffusions — a phenomenon thoroughly studied in Chapter 48.
However, a new phenomenon is observed here as well: at the junction x* where
the intervals meet, transmission conditions need to be introduced. They are of
the form:

N N
D @ m ) f_ (") = (Z m(x*)m(x*)) fro) (58.1)
i=1 i=1
where m;(x*),i=1,..., N are probabilities of the equilibrium state of the
Markov chain at x*, ﬂ _(x*) is the left-hand derivative of f at x* calculated
on the ith interval, and f/ (x*) is the right-hand derivative of f at x* calculated
on the edge formed by amalgamating right parts of the original intervals.

In this chapter, following [56], we drop secondary features of the example to
focus on the reason for emergence of this transmission condition and its unique
form. More specifically, we consider the case of two intervals (i.e., we take
N = 2), and assume that diffusion coefficients are constant throughout these
intervals and there is no drift at all, so that a;(x) = @; > 0 and b;(x) = 0 for
x € [0, 1], and some constants a; > 0. (The effect of convex combination has
been studied in Chapter 48 for processes much more general than diffusion
processes, so we would gain no generality by introducing variable coefficients
here.) Moreover, we assume that for some x* € (0, 1), the Kolmogorov matrix
does not depend on x € [x*, 1] and equals:

<_’6 P ) (58.2)
a -«

where «, 8 > 0 are given constants (so that the stationary distribution is
ﬁ, a‘%ﬁ)); for x € [0, x*), the Kolmogorov matrix is 0.

Since the operator related to such a choice of Kolmogorov matrices (see

later, equation (58.3)) does not leave the space of continuous functions invari-
ant, we will work in the Hilbert space H of pairs f = (fi, f») of square
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integrable functions on the unit interval, equipped with the scalar product:

1
fog= / (afig1 + Bf282).
0
For k > 0, we define a sesquilinear form:
a, =a-+«q

where for f = (f1, f>) and g = (g1, £2),

1 — —
a(f.g) = fo (arfig] + Parfsdy)

while:

1
00, g) = ap / A=)

Here, the domain V of the form a is the space of pairs f = (fi, f») where f; €
H'[0, 1], that is, f; are absolutely continuous with square integrable derivatives
fie L?[0, 1], while the domain of q is the whole of H.

It is clear that both a and ¢ are symmetric, and:

alf1>0, for feV, and q[f]>O0for f e H.

A direct calculation shows that the operator related to a (in the sense of Chap-
ter 5) is:

A(f1, ) = (a1 fl, aofy)

with domain composed of pairs (f;, f») where f; € H*[0, 1] (i.e., f; are con-
tinuously differentiable functions f; € L*[0, 1] with fleH 1o, 1) satisfying
f1(0) = f/(1) = 0. Moreover, the operator related to q is given by:

O(f1, f2) = (B(fo — fOlpe 1, a(fi — )1 17)s (58.3)

where 1|+ 17 is the indicator function of the interval [x*, 1]. It follows that both A
and Q generate semigroups of self-adjoint contraction operators, and the same
is true for the operators A, = A + «Q related to forms a,.

The problem is that of finding the limit:

lim e,
K—>+00

To this end, we introduce Hj as the subspace of H composed of (f, f>) such
that (fi — f2)1j+.1; = 0; such pairs may be identified with square integrable
functions on a Y-shaped graph obtained by removing the middle segment in
the left-hand part in Figure 58.2.
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Let Vo = Hy NV and let:

x* o . 1 o
b(f,g) = fo (war fg, + Barfudy) + / (ay + Bar)fig;

by definition of Hl, f and g; in the second integral may be replaced by f, and
&2, respectively, without altering b. Again,

x* 1
011 = [ @alfiP+ palfit)+ [ @+ paifif =0
0 x*
and b is symmetric. Integration by parts shows that the related operator B in Hj
is given by:
B(f1, f2) = (lel//, Xzfz/’) ,

where x; = a;ljo ) + (z55a1 +

(f1, f>) such that:

——as) 1 1). Its domain is composed of pairs

a+p a+ﬂ

(A) f; are continuous on [0, 1], and continuously differentiable on [0, x*] and
[x*, 1] separately (one-sided derivatives at x* may differ),

B) ()0 € H'[0, x*] and ()]« € H'[x*, 1],

(C) wehave f/(1) = f/(0) = 0 and:

(aar + Par) f{ . (x") = aar f| _(x*) + Bar fo,— (x"), (58.4)

where + and — denote the right-sided and left-sided derivatives, respec-
tively. (Again, f] , (x*) on the left-hand side may be replaced by f; , (x*).)

Certainly, (58.4) is a counterpart of (58.1): these conditions inform of a flux
balance (cf. eq. (4.2) and its discussion); we stress that along with this trans-
mission condition, the continuity condition at x* is tacitly assumed (as implied

by (A)).
Theorem 58.1 We have:

lim e*'f = ¢e'?Pf, t>0,feH (58.5)

K—>—+00

strongly and almost uniformly int > 0, where projection P € L(H) is given by

P(f1, 2) = (g1, &)
g = filjo) +(

“ fi+ L p)
a+ B ! a+p 2) bt

To prove this theorem, we need a “degenerate convergence version” of The-
orem 5.5. In this version, the limit “upper bound” form needs not be densely
defined, and the limit semigroup exists on a subspace of the original space. This
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result is due to B. Simon [313] (while Theorem 5.5 and its fuller version pre-
sented in [201] is due to T. Kato); it has recently been generalized by Ch. Batty
and A. F. M. ter Elst to the case of series of sectorial forms [32]. We adopt the
argument from the latter paper to prove B. Simon’s Theorem.

Theorem 58.2 Let 0 < ¢ < ¢y < ... be positive symmetric closed sesquilin-
ear forms in a Hilbert space H. Define the form ¢ by:

D(c)={x e[ \D(c,) : supclx] < oot .

n>1 nz1

and c¢(x,y) =lim,_ ¢,(x,y). Then, ¢ is closed, positive, and symmetric.
Moreover, denoting by C the closed operator related to ¢, defined in Hy = D(¢),
and by C, the closed operators related to ¢, defined in H, we have:

lim (A —C) 'y=0-0""y, yeH,,

n— o0

lim (A —C,) 'y=0, y e Hy.
n—0o0

Proof In the example of Freidlin and Wentzel’s averaging principle the limit
form ¢ will be closed “by inspection.” Hence, instead of proving that ¢ is closed
in general we refer the reader to [102, 201, 297] or [313], and note that B.
Simon’s argument, based on a canonical decomposition of a form into closable
and singular parts, is of special beauty.

For definiteness, we note that the main assumption means that for all n > 1,
the domain D(c,) of ¢, contains D(¢,+), and:

culx] < e x], x € D(cyq1)-

(a) Since the forms ¢, increase with 7, the resolvents (A — C,)~' decrease
(see calculation (5.12)). Moreover, they are bounded from below by 0 (compare
(5.11)). It follows (see, e.g., [49, p. 108], [201, p. 254] or [264, Chapter 4]) that
the strong limit:

R, = lim (A —C,)™!
n— oo
exists and is a bounded, self-adjoint operator.
(b)Fory €e Hand A > 0, letx, = (A — C,)~'y. Then, for all 7 € H,
cn(xna Z) + )\(xns Z) = (y’ Z); (586)

(note that in this proof, in distinction to the convention used in this chapter, (-, -)
denotes again the scalar product (in H) and not a pair). Upon taking z = x,,, it
follows that:

cala] + Al 12 < Iyl 11l
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and then:
lxall < 27yl and  culxa] < A7l (58.7)

(c) We know that (x,),>; converges strongly to an x € H. We claim that it
converges weakly to x in all the Hilbert spaces D(c,,), m > 1. This is because,
as seen from the following estimate, this sequence is bounded in D(c,,) (if we
disregard the first m — 1 elements, which need not belong to this space): for
n > m, we have:

1%l Deeyy = @mlXn] + 1%l < @nlxa] + xall < A7V + IYIP]. (58.8)

For if the sequence does not converge weakly to x, we can choose its subse-
quence that converges weakly to an X' € D(c,,) different from x (recall, see, e.g.,
[224, Lemma 5.69] or [254, p. 149], that from a bounded sequence in a Hilbert
space one may choose a weakly convergent one). By Mazur’s Theorem (see,
e.g., [235, p. 102]), there is a sequence of convex combinations of elements of
this subsequence that converges to x” in the strong topology of D(c,,). Hence,
all but finite number of these convex combinations lie in a ball centered at x’
with radius € := % lx — x'|| (since the norm in D(c,,) is stronger than that in H).
This, however, is impossible, since without loss of generality we may assume
that all elements of the original sequence belong to the ball centered in x and
radius €. This contradiction proves the claim. Therefore, x € [ D(c).
(d) With self-explanatory notations, for z € D(c,,),

m>1

[(X, 2)D(e,n] = 1im [(x, 2)pee,)| < Limsup ||x, || pee,) 121 Dee,)-
=00 n—00

Hence (see (58.8)),

cnlx] < Ixllpe,y = sup (X, Dpee,ny| < limsup [1x, | pee,)
Izl pemy=1 n—00
< A7yl + Iyl (58.9)

It follows that x € D(c).
(e) Our next aim is to show that for z € D(c),

c(x, 2) + Ax,2) = (3, 2). (58.10)

We will deduce this from (58.6): clearly, it suffices to show that we have
lim,,_, oo ¢, (X4, 7) = ¢(x, 2). Since lim,_,  ¢,(x, 2) = c(x, z), we are left with
showing that lim,,_,  ¢,(x — x,,, ) = 0. To this end, given € > 0, we choose
ng so that (¢, — ¢,,)[z] < €2, for n > ny. Then, for sufficiently large n, we have
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[cn, (X — X4, 2)| < € (by (b)), and:
[ (x — xp, 2)| < |Cno(-x — Xp, 2)| + (¢, — Cno)(x — Xp, 2)|
< €4 /(cn — cu)lx — x,14/(cn — ¢4y)[2] (since ¢, — ¢y > 0)

S 6(1 + (cn - cno)[x_xn])

< e(l +/eulx — x,1)
<e¢ (1 + V2¢,[x,] + 2Cn[x]>

2 2
<e€ (1 + \/X IylI* + X(Ilyll2 + ||y||)> (by (58.7) and (58.9)).

This completes the proof of (58.10).

(f) For y L D(¢) (closure in the strong topology in H), equation (58.10) says
that x € D(C), and Cx = Ax, implying x = 0 (because C is the generator of a
contraction semigroup). This means that for such y, lim,_, ,o(A — C,)~'y = 0.
On the other hand, if y € D(c), then (58.10) shows thatx € D(C) and Ax — Cx =
y., that is, lim, ooc(A — C,) "'y = (A — C)"!y. O

Proof of Theorem 58.1 Since q > 0, the forms a, increase with «, so that we
are in the setup of Simon’s Theorem. It is clear that:

sup a,[f] < oo
k>0

iff q[f]1 =0, that is, iff f € Hy. Therefore, the limit form coincides with a
restricted to V) and this equals b (see Exercise 58.2). It follows that:

lim (A —A) f=0— B)"'f,  feH,,

that is, that for D(B) is a subset of the domain of the extended limit A,
of A.,k — oo and A.,g = Bg, g € D(B). Hence, condition (a) of the Kurtz
Singular Perturbation Theorem is satisfied with D = D(B).

We check the remaining conditions. For all f € D(A),

lim «'A.f = 0Of

K—>+00
while D(A) is dense in H and Q is bounded, proving condition (b). Next, Q and
P are related by the following formula:

Q = (a+ B)P — In).
It follows that lim,_, o, e/¢ = P (see (57.3)). Finally, for f € D(B) we have:
PAf = Bf.

In particular, PA is is closed, proving assumption (c) in Kurtz’s Theorem and
completing the proof. ]
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Exercise 58.1 Prove that operators A, Q, and B correspond to forms a, ¢, and
b, respectively.

Exercise 58.2 Check that on Vj, the forms a, b, and a, coincide.

Exercise 58.3 Prove that (A —B) 'fof < (A —A) 'fo f, f € Hy.

Exercise 58.4 Prove an analogue of (33.6) (i.e., of the main result in Chap-
ters 33 and 34) in L?(R2), by completing the following steps (we keep notations
from the chapters just mentioned).

1.

For each x > 0 define an operator A, in L?(S) with domain D(A, ) com-
posed of all f with the property that f restricted to €2; is a member of
H*(Q),i=1,2,3 and the following transmission conditions hold:

f(0)=0, Kf'(r3) = kol f(r3) — f(r)],
Kf' () = ksl f(r5) = f(r)], Kf' () = ki [f(r3) = f(r))],
K f'(ry) = knlf(y) — f()], kf'(r) = —kiof(ro), (58.11)

(of course, at the interval’s endpoints, the derivatives are one-sided). The
operator is then defined as:

Acf =kof".

Equip L?(R2) with the scalar product (which is evidently equivalent to the
natural one):

3
fog=;wif9[f§

where:

w1 = kp1k320203,
wy = ki2k3p0103,

w3 = kioko30107.

(This scalar product allows working with symmetric operators.) Also, intro-
duce the sesquilinear form:

3
a(f.g) =k Y _ wo; / 17
i=1 ki

+ 03wk (1) — FOr)g(ry) — g(r3)]
+ orwikil (i) — F)g(ry) — ()]
+ arwikio f(r)g(r), (58.12)
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onV C L*(R2), where V is composed of g with the property that g restricted
to ; belongs to H'(2;). Prove that a, is the form related to A.. Hint: use
the relations:

03w3k3y = orwrky3 and o2woky1 = oqwikyn

following directly from the definition of w;’s.

3. Let Hy be composed of functions that are constant on each interval €2;,
and thus may be identified with R3. Prove that the limit limy s 400 @, [ f]
exists and is finite iff f € Hy. Moreover, writing f = (f1, f2, f3) and g =
(g1, 82, 83) for f, g € Hy (where f; = fiq, is identified with a real number,
and similarly for g), the limit form is given by:

a(f, &) = oswsknlfo — f1(g2 — g3) + crwikialfi — £21(g1 — &2)

+ o1wikio f181- (58.13)
Check that the related (bounded) operator Q is given by:
h fi
HLl—Olfe (matrix multiplication),
f3 f3

where Q was defined in Chapter 33 (right after (33.6)).
4. Conclude that, as in (33.6),

lim e = e'CP,

K—00

where P is the orthogonal projection onto Hy:

1
= <|Q1| F il IQzI f |Q%| f)'

To this end, combine B. Slmon sand T. G. Kurtz s theorems.

i Chapter’s summary

The approximation procedure considered in this chapter is a close relative of
those of Chapters 48 and 57. In Chapter 48, the generator of a limit semigroup
was a convex combination of generators of original semigroups. In Chapter 57
it was the domain of the generator of the limit semigroup that we focused on:
this domain was the kernel of a convex combination of operators describing
domains of generators of original semigroups. In other words, the boundary
or transmission conditions were changed in the limit, as a result of averaging.
Here, in this chapter, the averaging process leads to another phenomenon: it
forces emergence of transmission conditions at a point where they were not
needed before.
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Averaging Principle Continued: L'-Setting

The approach of the previous chapter is quite elegant: the quadratic forms con-
tain all the information needed for the limit theorem. The arguable elegance,
however, comes perhaps at the cost of blurring the mechanism of emergence
of transmission conditions in the limit. To explain: the information about these
conditions is compressed, or, so to say, “zipped” in the quadratic form b corre-
sponding to the operator B. While it is seen without a shadow of a doubt that
the limit form cannot be anything other than b, from the perspective of forms it
is still somewhat difficult to grasp the way transmission conditions come into
existence. In other words, with forms, the picture is quite clear, but some part of
the mystery is still there — unless you master the connection between the opera-
tor and the form. Therefore, in this chapter, we present another approach, where
calculations are much more explicit, if a bit complex. As we shall see, conver-
gence of semigroups involved may be deduced from convergence of solutions
of a four-dimensional linear system of equations (see (59.9)).

To this end, we follow [56] to work with the semigroups of Markov operators
in the space of absolutely integrable functions. These semigroups are respon-
sible for evolution of densities of the Markov processes involved (and are per-
haps a bit more natural than those of the previous chapter). More specifically,
we work with the space X = L!(R) x L'(R) identified with the space of inte-
grable functions f : R x {1, 2} — R. In other words, each pair (f|, f») € X is
identified with such a function, defined by f(x, i) = fi(x),i = 1,2, x € R. The
norm in X is given by:

1A= A1l wy + 1200 w)-

Given two diffusion coefficients a;, a, > 0 we define:

fr\ _ a1f1”)
A3)=(r)
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for fi, o € W»'(R). Then, A generates a semigroup of Markov operators in
X: the reader has noticed probably that we got rid of reflecting (Neumann)
boundary conditions (which have no bearing on the phenomenon under study)
and have allowed Brownian particles to diffuse freely on two copies of the real
axis. Next, for given intensities «, 8 > 0 we define bounded linear operators in

X by:
Q<fl> _ ((Olfz - /3f1)1[0,oo)>
f2 (Bfi —af2)l0,00)
and P = ﬁQ + Ix, so that:

P(fl> _ (fll(oo,o) +o'(f1 + fz)llo,oo)) ’ (59.1)

bH foloo,0) + B'(fi + f2)110,00)
where:
o =—2 and B = P .
a+f o+ f

It is easy to see that P is a Markov operator; it follows that Q generates a
semigroup (€'?),~o of such operators. This semigroup describes the process in
which states (x, i) where x < 0 are absorbing, while (x, 1) and (x, 2) commu-
nicate as states of a Markov chain with intensity matrix (58.2). (In particular, it
is the point O that plays now the role of x* of the previous chapter.) Therefore,
as in Chapter 45, the Phillips Perturbation Theorem combined with the Trotter
Product Formula, implies that for each « > 0 the operator:

Ac=A+«Q

generates a semigroup of Markov operators in X. (This semigroup is in a sense
dual to that generated by A, of the previous chapter.)

Since we want to find the limit:

lim e,
K—+00

we turn to studying the resolvent equation Af — A, f =g, for A > 0 and g €
X. As we shall see, the solution f € D(A) (which exists and is unique, A,
generating the contraction semigroup) may be found in a quite explicit way.

To begin with, we note that on the left half-axis, the resolvent equation takes
the form:

Afix) — aif] (x) = gi(x), x<0,i=12.

Basic principles of ordinary differential equations tell us that there are solutions
to this equation that are integrable on the left half-axis, and they are given by
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(compare the beginning of Chapter 3):

Ay 1 0 —\/le—vl
it = el 4 / Vil ndy,  x<0,  (59.2)
i J—00

where [, [, are (yet) unknown constants.
On the right half-axis, the resolvent equation takes the form:

A+ Bfi—afl —afp =g,
A+ —arfy —Bfi =g (59.3)

More precisely, this is (a part of) the resolvent equation for .A4;; the general
case will be recovered later by replacing each instance of @ and 8 by ko and
k B, respectively. Moreover, g1, g, are now treated as members of L'(Rt) and
solutions are also sought in this space. The question of existence of these solu-
tions is answered in Lemma 59.1, below, but we need to make some preparatory
remarks for this result.

The quadratic equation:

A +oa—at)r+p—ait) =ap
has precisely two real solutions:

_ Ot a)a + (+ Bay — (—1)'VA
h 2a1a; ’

i=1,2,

i
where:

A =[A+a)a + A+ Pax)* — darax[(h + a)(h + B) — ap]
> [(A+a)a; + (A + Blaz]* — daar (b + @)X + B)
=[(A +@)a; — (A + B)az]* > 0.

Moreover, since /A < (A + a)a; + (A + B)ay, these solutions are positive;
we note that:

VA
Hh—lh=——. (59.4)
ajap
We look for (the first coordinate of) solutions of (59.3) of the form':

2

fi =) (kiey + (=1YGyhy) | (59.5)

i=1

where k1, k, are constants, ¢,(x) = e_*ﬁ", x> 0and, fort > 0and h € L'(R™),

o0
Gih(x) = / eVl dy,  x20, (59.6)
0

! Such a form is suggested by straightforward, but lengthy analysis involving standard methods of
ODEs with constant coefficients, accompanied with the care to obtain solutions in LYRT).
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and:

1
hi
2/t A

We note that G, is a bounded linear operator in L' (R™).

(agr + (A +a — ast;)gr).

Lemma 59.1 The pair (fi, f>), where fi is given by (59.5), and:
L=a N O+ B —aif —g1)
solves (59.3) (for any constants ki, k).

Proof By the very definition of f5, the first equality in (59.3) is satisfied, and we
are left with proving the second one. To this end, we note that G;4 € W>!(RT),
and:

(G:h)" = tG,;h — 2/th, he L' (RY). (59.7)

It follows that:

2
arfl = a1y tilkie, + (—1)Ghi) + 2J/farhy — 2J/bah,.

i=1

Since:
2/hath — 2/hahy = S22 —1)g = —g1,  (see (59.4))
JA
we obtain:
2
afy =Y (h+ B — at)(kie, + (—1)Gyhy). (59.8)

i=1

Therefore, invoking (59.7) (again) and the definition of A; (for the first time),
we see that o ((A + ) fo — axfy) equals:

2
DI+ @)+ B) — artih + @) — axti(h + B) + araat} 1(kier, + (—1)'G,hy)
i=1

+ 2ax/0 (A + B — ait))hy — 2ax/ti (A + B — art))y

ﬂi(k + (= Gyh) + 20+ B — art)
=« i€1; - 111 — —ain)8
pn VA

Ao — AP
A+ azti;(K B altZ)gl—%()‘"i_ﬁ_altl)&

~ Atao—awn)+ g —ain)

\/Z 81,
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since ;s are roots of the quadratic. For the same reason, the terms involving
g1 cancel out, both being equal to «Bg;. To summarize, using (59.4) one more
time,

aaiay

VA

This proves the second equality in (59.3). ]

a((A+a)f—arfy) =aBfi + (t1 —)g2 = affi +ag.

Now, the pair (fi, f>) € X defined by (59.2), (59.5), and (59.8) belongs to
D(A) iff:

fi0=) = £i(0) and f/(0—)= fi(0), i=12.
The first of these conditions (compatibility of values) may be written as:
2
Li+Dy =Y (k+(=1)C),

i=1

2
bh+Dy =Y Eiki+(=1)C),

i=1

where:
1 ¢ JE
C; := (G h;)(0), D; .= eV g:(y)dy and
(G,;hi)(0) sz_m gi(y)dy
A — at;
E,‘ = —+ ﬂ @ .
o
Since:

(G,h) (0) = V1(G,h)(0),

the other condition (compatibility of derivatives) reads (see also Exercise 59.2):

A A 2 A
\/;111 — /;Dl = ; VE(=1)'C — k),

2
\/azzlz - [20: = > VEE(1/C =k
Hence, we have the following linear system of equations for [y, b, k1, k»:
h—k—ky=0C—-C —Dy,
b — Erky — Exky = E2Cy — E1Cy — Ds,
Vsili + ik + Vibks = VG — 1 Cr + /51Dy,
V2l + V1 Eky + VhEky = RECy — JHECy + /52D3,
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where for further simplicity of notation s; = ui The Jordan—Gauss elimination
method (stopped one step before completion) yields now:
h—ki—ky=C —C — Dy,
b — Erky — Exky = E;Cy — E\Cy — Dy,
(V51 + ViDki+ (51 + Vidke = (Vi = /s
+ (V51 = V1)C1 + 251D,
E\(V52 + ViDki +Ex ({52 + Vh)ke = Ex(V — /52)C
+ E1 (/52 — /11)C1 + 24/5:D;.
(59.9)

Before continuing, we present a lemma summarizing asymptotic behavior of
constants and functions appearing in the definition of f; and f5.

Lemma 59.2 Let:
a, =d'a; + Bas.

If each occurence of a and B is replaced by ko and k 8, respectively, then:

. VA . t + .
@ tim Y2 — @t pa.  tim =P dm =2,
K—>+00 K K—>+00 K ajay K—>—+00 a,
.. . ai . B
(ii) lm E; = ——, lim E, = —,
K—>—400 as K—>+00 o
(i) lim by = 22 (g1 + g2) = h
iii) lim = - = ,
e 2 2\/)»_% 81 T &2 2,00
a/

© _ [T, _
= /O e Vi (g1(v) + g2(0)) dy = Crne.
/ ﬂaz

. o
(0) lim tihy = — (g2 — —g1),
—>—+00 2a, 1

aa
(vi) lim /1,C, =0.
K—>+00

(iv) lim C, =
K—+00

Proof Except for (vi), all claims are immediate by standard calculus, if proven
consecutively. To show (vi), we note that for each > 0,

o0
L'(RT)> h> Eh:= / e VOh(y)dy
0
is a bounded linear functional of norm 1. Moreover, for i € L' (RT) N L®(R™),

1
|Fh| < \—/;Hh”Lw(Rﬂ,
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implying lim,_, o, F;h = 0. Therefore,
lim F,h = 0, h e L'(RY),

—>00

because L' (R*) N L®(R*) is dense in L' (R*) and the functionals are equi-
bounded. Since /f;C; = F,4/fih; and lim,_, 1 #; = 00, this combined with
(v) completes the proof. U

We are finally able to state the first of the two main results of this chapter: it
provides information on convergence of resolvents.

Proposition 59.3 If each occurence of a and B is replaced by ko and k3,
respectively, then:

(a) For k large enough, (59.9) has a unique solution. Moreover, equations
(59.2), (59.5), and (59.8) with ki, k», 1, b calculated from (59.9), give the
solution to the resolvent equation for A,.

(b) As k — oo, the solutions to the resolvent equations for A, converge to:

(f1, 2) = Ry(g1, &2)

defined by:
lie + ; F 12 VA ey, x <0,
Ay_y .
i) = Jhe Vot 4 oo e 5l L gyydy, 2 0.i= 1,
gfl(ao x>20,i=2,
(59.10)
where:

LEGE )2 (Do 2 En e o
(e /D) 2 (- y5)

Lh=k+Co—Dy and I, = Ek—{— ECZ,oo —D».
o o

(59.11)

Proof (a) For the main determinant, say W, of the last two equations in (59.9),
we have:

(2D )

Since lim,_, 1 o0 /f1 = 00, this shows uniqueness of k; and k; in (59.9), which
in turn implies uniqueness of /; and [, (by the first two equations). The rest is
clear.
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E

- f2

Figure 59.1 The “infinite y”-shaped graph; its three edges, when identified with
three half-axes are domains of three functions (redrawn from [56])

(b) Using Cramer’s rule for the last two equations in (59.9) and Lemma 59.2,
we see that lim,_, oo k; = 0 and lim,_, 1~ k» = k for k defined in (59.11).
Passing to the limit in the first two equations (and using Lemma 59.2) we
obtain limy_ 4o ly =k + Cooo — Dy and lime oo b = £k + £Cy oo — D
By (59.5) and (59.8), this shows that the solutions of the resolvent equa-
tions converge to (fi, f>) defined by formula (59.10) because the map ¢
e, € L'(R*) is norm-continuous (with lim,_, . ¢, = 0), and the map ¢ — G, €
L(L'(R")) is strongly continuous. ]

All that is left to do now is to interpret, or decipher, this result and provide
the link with the Freidlin—Wentzell transmission conditions. To this end, let:

Xo ={(f1, ) e X;afolps = Bfilr+].

This subspace of X is isometrically isomorphic to L! (Y), the space of integrable
functions on an “infinite y”-shaped graph depicted in Figure 59.1. The latter
space in turn may be identified with:

Y =L'R")x L'(R™) x L'(R"),
the isometric isomorphism 7 : Xy — Y being given by:
I(f1, f2) = (fig-, o (i + f2)1re)-

We have I7'(fi, f2, f3) = (iU fz, f2U B'f3), where for f e L'(R™) and
g € L'(R"), f U gis a “union of graphs”-function:

fx), x<0

(fUgX) = o). x>0,

Next, let By be the operator in Y given by:

Bo(fi, fo. 3) = (a1 f] s ax 3, aaf3)
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on the domain composed of (fi, f», f3) such that f, o e W»'(R7), f3 €
W21 (R™) satisfy the transmission conditions:

f1(0—-) =o' f3(04), f2(0-) = B f3(0+)
a, f3(0+) = a1 f{(0—) + ar f5(0-). (59.12)

These transmission conditions are dual to those of the previous chapter: to be
more precise, they describe the same physical/biological phenomenon, yet in a
different, “dual” space.

Now, the isomorphic copy of By in X is given by:

B(f1. f) = (afl x2fs) -

where x; = a;1(—x0,0) + @alj0,00), On the domain composed of (f1, f>) such that
/1 and f> are continuous on R (so that in particular:

fi(0=) = f;(0+); (59.13)
this corresponds to the first two conditions in (59.12)),

fig- - €W RY),  fig € WH(RY)

and:

auf1(0+) = o' (a1 f](0=) + a2 f5(0-)) . (59.14)

(It goes without saying that (f1, f>) € Xo.)
It is quite easy to solve the resolvent equation for B. Given A > 0 and
(g1, &) € X, we have:

X 10 = e
m;eV —I—Tmffooe i gindy, x<0,

= Y ne Vi g o eVE g )y, vz 0i=1, (919

f%fl(x) x>0,i=2.

Here, the constants m, m,, and n are chosen so that transmission conditions
(59.13) and (59.14) are satisfied, that is,

m; +D; =n+C, n’l2+D2=§(n+C)

aa\/z(c —n)=ao |:a1\/z(11 — D)+ dz\/z(lz - Dz):| , (59.16)
ay aq an
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where C = 2\/1—E fooo e_\/gygl(y) dy and, as previously,
1 © S
D; = eV gi(y) dy.
> [ N gi(y)dy
Finally, for (g1, g2) € Xo, &'(g1 + g2)r+ = 81 g+ SO that Cy. .o = C, and

(59.15) is the same as (59.10), except perhaps for the constants. Moreover, a
bit of algebra shows that for k of (59.11), we have then:

((aa1 + ﬂag)\/aza — aal\/g — ﬂaz\/%> C + 2a/ra1Dy + 20~/ arD>

(@ay + par) [ 2 + aay [2 + pa 2
_ (@ — o Jai — B J@)C + 2 JaiDy + 20 J@Ds
- Jax ¥ o Ja + By |

This, however, is just the assertion that & is the same as n of (59.16). It follows
that m; = [;,i = 1, 2 and so:

Ri(g1,8) =0 —B)" (g1, 82), (g1, 82) € Xo. (59.17)

More generally,

k=

R, =(X—-B)'P, (59.18)
where P is defined in (59.1).
Theorem 59.4 We have
lim e f = e PPy, t>0,feX (59.19)

K—>—400
strongly and almost uniformly int > 0.
Proof Relation (59.18) (in fact, (59.17) suffices) shows that condition (a) of

Kurtz’s Singular Perturbation Theorem is satisfied. The rest of the argument is
precisely the same as in the proof of Theorem 58.1. U

Exercise 59.1 Use the fact that f;s are roots of the quadratic to show that (com-
pare (59.5)):
2

=" (ke s+ (=1YG,h),

i=1
where ki = (. + B — aitki and by = 35=(Bg1 + (A + B — art))g>).
Exercise 59.2

(a) Show that for G, of (59.6), |G| < Z.
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(b) Fort > 0,let H € L(L'(R™)) be given by (see (59.2)):

0
H f(x) = / e_“ﬁ‘x_y‘f(y) dy, x < 0.

The Banach spaces L'(R*) and L'(R™) are isometrically isomorphic
with isomorphism J : L'(R*) — L'(R™) given by Jf(x) = f(—x),x < 0.
Check that H, = JG,J .

iz Chapter’s summary

We prove a “dual” version of the main result of the previous chapter. In contrast
to the arguments presented there, the question of convergence of resolvents is
reduced to that of a (singular) convergence of solutions of a system of linear
equations in R*. Probabilistically, the main theorem of this chapter speaks of
convergence of densities of the stochastic processes involved in L' norm. On
the way to our theorem, we introduce a dual form of Freidlin—Wentzell trans-
mission conditions (see (59.13) and (59.14)).



PART III

Convergence of cosine families






60

Regular Convergence of Cosine Families

Cosa,

-~ Cosa,
Cos 4,

Cos 4,

Suppose that A, are the generators of equibounded cosine operator functions
{Cosg, (t),t € R} in a Banach space X:

[Cosa, (DI = M, teRn>1
Suppose furthermore that the strong limit:
lim (3> —A,)"!' =: R (60.1)
n—0o0

exists for all A > 0. Then, by (1.3) and Lemma 2.1, the related sine functions:
Sing, (¢) = fé Cosg, (s)ds, t > 0 converge strongly as well, and for each mem-
ber of X, the limit is almost uniform in 7 € [0, c0). Moreover, arguing as in
Theorem 14.1, we obtain that for all ¢ € L' (R*) there exists the strong limit,

[ee]

lim @(t)Cosgy, (t)dt =: Hy(¢). (60.2)
n— o0 0

In contrast to the case of semigroups, Hy is not a representation of the con-
volution algebra L' (RT). However, introducing L. (R), the space of integrable
even functions on R, we check that the map H(¢) = Hp(2¢) where ¢ is the
restriction of ¢ € L!(R) to RY, is a representation of L!(R). The latter space
is a convolution algebra with convolution ¢; * ¢,(t) = ffooo o1t — $)pa(s)ds,
and the map ¢ — 2¢ is an isometric isomorphism of L'(RT) and L!(R) (as
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Banach spaces, but not as Banach algebras). Then:

[e¢]

lim @(t)Cosy, (t)dt = H(¢), ¢ € LL(R). (60.3)

—
n—oo J_ o

We note the formula:

Cosy, (A —A,) " = / Sing, (5)A*(A2 —A) = Dds+ (A —A,) 7!
0
(60.4)

relating the cosine families with their resolvents and sine functions. For the
proof of (60.4) we multiply both sides by e, integrate over R* and multiply
the result by u > 0, obtaining equality W —A)"TO2 - A = A2(u? -
A)TTA? =AD" = (P —A) 4+ (A% —A,)7L. Since the latter equality is
true by the Hilbert Equation, the Laplace transforms of both sides coincide,
and (60.4) follows because its both sides are continuous in .

Formula (60.4) implies that the limit lim,_, Cosa, (#)R;2x exists for all
x, that is, that the limit lim,_, ., Cosy4, (¢)x exists for all x in the range R of
R;, A > 0, and is almost uniform in # € [0, c0). Since the cosine families are
equibounded, the same is true for x in the closure of the range, that is, in the
regularity space of the limit pseudoresolvent R; , A > 0. On the other hand, the
Weierstrass Formula makes it clear that convergence of cosine families implies
convergence of the related semigroups of operators, and these do not converge
almost uniformly outside of the regularity space.

This leads to the conclusion that, as in the case of semigroups, the regularity
space Xy where a sequence of equibounded cosine families converges strongly
with the limit almost uniformint € [0, 00), is equal to the closure of the range
of the limit pseudoresolvent:

Xo = cI R. (60.5)

In particular, the regularity spaces for semigroups and cosine families coin-
cide. This is a generalization of the Trotter—Kato Theorem analogue Thm. 8.6
in [163], p. 119 due, independently, to Goldstein [160] and Konishi [218]. The
reader should convince herself that the generator of the limit cosine family
{C(t),t € R} is the part in X, of the extended limit of A,,’s.

But there is much more going on here than in the case of semigroups (see
[47]). First of all, differentiating (60.4) with respect to ¢ and arguing as earlier
we obtain:

d d
lim ECOSAW O —A,) 'x = EC(;)szx.

n—oo (f
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This result is readily generalized; we have:

d d
lim —CosA t)x, = ECO(t)x (60.6)

n—oQ

(where x = lim,,_, o, x;,) for all (x,),>; in the domain of the operator .4 defined
by (14.1) and in its completion with respect to the norm |||(x,),=1lll1 =
Sup,ey 1l + SuPyego, 1) SuP ey | 42 -

Put otherwise: A satisfies all assumptions of the Sova—DaPrato—Giusti gener-
ation theorem, but that of being densely defined. Hence, it generates a strongly
continuous cosine family only on the closure of its domain: this is a restate-
ment of (60.5). As is always the case, on the related Kisyniski space, the cosine
family is differentiable: this is a restatement of (60.6).

Finally, A,’s generate the semigroups (e"),~, n > 1 related to the cosine
families by the Weierstrass Formula (1.4). Although, as we shall shortly see,
for x ¢ Xy the limit lim,,_, o, Cos,, (t)x need not exist (see next), the limit:

lim ™'y, xeX.1>0 (60.7)
always does! This follows from (60.3) with ¢(s) = re 7, and the Weier-
strass Formula.

Let us turn to examples. First, consider a Banach space X’ and a bounded
cosine operator function {C(z), t € R} in X’ with the generator A. For all n > 1

the family:
C,(t) (x) - ( Cl)x ) . teRxeX.aceR, (60.8)
a a cos nt

of operators acting in X := X’ x R, forms a cosine operator function. We have:

00 2 a4yl 2 ay-l
im [ e G0 <x> df = lim <)“(A ~A) x) _ (MA A) x),
n—o0 J a n—0o0 Eve) O

22+n?

so that (60.1) is satisfied. By contrast, lim,,_, o, G, (¢) (x) does not exist unless
a

a = 0 (in other words, Xy = X’ x {0}). However, the related sine functions
always converge:

lim [ Cy(s) (x> ds = lim (fo C,(S)Xd‘) _ <fo C(s)xds)’
n—oo J a n— 00 %Sln(l’ll‘) 0

Furthermore, (60.3) takes the form:

e . ® H()C(t)xd
nll)rrolo d()C,(2) (Z) dr = nll>ngo ( f_”oo ig; cc()ts)();t)tdt>

(f ¢(t)C(t)x dt)
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the fact that lim,,_, f fooo ¢(t) cos(nt)dt = 0 is known as a Riemann Theorem,
or Riemann Lemma. Finally, in agreement with (60.7),

, x ) ex ex
lim e =lim | ., |= fort > 0,x € X.
n—o00 a n—oo \ e " ’a 0

A more elaborate example of this type is related to the elastic Brownian
motion semigroups (e ),~o of Chapters 10 and 31. In Chapter 31, we showed
that the regularity space for these semigroups is Cy(0, oc], but they converge to
the minimal Brownian motion semigroup on the entire C[0, co]. Here, we will
show that A, generate cosine families {Cos,_, t € R} with:

[Cosa (D < 3, teR, (60.9)

but in spite of this estimate and in spite of convergence of the semigroups, these
families do not converge outside of Cy(0, co] C CI[0, oo].

The method of constructing Cosy, (¢) used next is Lord Kelvin’s method of
images [53, 54, 86]: we start with the key lemma (see [86] for an inspiration
for this result, and [53] for its more general version). Let C[—o0, oo] be the
space of continuous functions with limits at +o0c and —oo, and let:

1
Cit)f(x) = 5(f(x+t)+f(x—t)), x,teR (60.10)
be the basic cosine family. Certainly, {C(7),t € R} is strongly continuous
and its generator is A = d‘l—zz with (maximal) domain D(A) = C*[—o0, o0],

composed of all twice differentiable functions with the second derivative in
C[—o00, 00].

Lemma 60.1 For every [ € D(Ac), there exists a unique function f. €
C[—00, o] such that:

o fe() = f(x),x =0,
o [CO)f I+ € D(AL), t € R.

Proof Our task is to find g(x) := fc(—x),x > 0. Since C(¢t) = C(—t),t > 0,
the second condition requires that:

d
€D+ felr = Dlmo = fe() + fe(=0), 1=0.
Hence, it suffices to find the g satisfying:

ed () +gt)=€f't)— f(1) (60.11)
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with the initial condition g(0) = f(0), where f(¢),t > 0 is treated as given. It
follows that the unique g satisfying our condition is:

g(t) = f(t) — 2e ec x f(1), (60.12)

where e.(t) = e’(]’,t > 0. The resulting f; is twice continuously differen-
tiable since g (0) = —f7(0) (f is in D(A¢)!) and g’ (0) = f”(0). ]

For f € C[0, oo] and € > 0, the function f, € C[—o00, o0] given by fc(x) =
f(x), x>0 and fc(x) = g(—x),x < 0, where g is given by (60.12), will be
called the e-extension of f.

Theorem 60.2 Let X, C C[—00, oo] be composed of e-extensions of members
of C[0, oo]. Then:

o X, is isomorphic to C[0, o],
o X, is a closed invariant subspace for {C(t),t € R},
o A, generates the cosine family {Cos,_, t € R} given by

Cosy, f(x) = C(t)fe(x), x>0. (60.13)

Proof The isomorphism spoken of in the first pointis Z : C[0, oco] — X, given
by Zf = f.. By (60.12), |Z|| <3 and ||Z7'|| < 1. The image of D(A.) via T
is by Lemma 60.1 invariant for C. Hence, the same is true of its closure, which
equals X.. The infinitesimal generator of the restriction of {C(¢), t € R} to X,
is the part A, of A in X.. By (60.12), f € D(A¢) is a necessary condition for
fe to be twice continuously differentiable. Thus ZD(A.) D D(A,). The con-
verse inclusion is immediate, and we have Z~'A »L =A.. Hence, A, and A,
are indistinguishable up to the isomorphism Z; this shows (60.13). O

Note that | Z]] < 3 (.. llgllcto.cor < 31 fllcio.oc)) implies (60.9).

The basic cosine family commutes with symmetries P,, @ € R given by
P, f(x) = f(2a — x), x € R. Hence, it leaves the subspace of odd functions
in C[—o0, oo] invariant. Since this subspace is isometrically isomorphic to
Cy(0, oo] composed of functions in C[0, oo] vanishing at zero, A, defined on:

D(An) = {f € Co(0, 00], f is twice differentiable with f” € Cy(0, 0]}
generates the cosine family:
Ca()f = CO) fm: 1 eR, (60.14)

where f;, is the odd extension of f.
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Theorem 60.3 For f € C[0, o] and x,t > 0,

Hfae+0+ fx—0l, x>t

lim C = 60.15

e Cosa. (07 () Hfa+0—fe—x], 0<x<t, (019
(pointwise in x € R). In particular, for f € Cy(0, 0o],

lin}) Cosa, (1) f =Cn(t)f (60.16)

strongly and uniformly in t € [0, 00). Outside of Cy(0, oo], the limit (60.16)
does not exist in the supremum norm sense.

Proof By (60.12) and (60.13),

Hfa+D+ fax =0, x>t

C =
S OID =N f b 04 7 -0~ 26 eow ft -], 0=x <1,

Since the measures on R* with densities € "'e, tend to the Dirac measure at 0,
a standard argument shows lim._o € e, * f(x) = f(x), x > 0, and the limit
is uniform in x € [xg, 00) for any xy > 0. This shows (60.15). Moreover, the
limit considered here is uniform in x € [0, oo] iff f(0) = 0. Hence, for f €
Co(0, o], the limit (60.15) is uniform in x, r € [0, 00), establishing (60.16).
For the same reason, for f & Cy(0, oo] the limit is not uniform. O

Relation (60.16) may be obtained from our Trotter—Kato Theorem analogue
for cosine families, but this approach does not render uniform convergence in
t € [0, 00).

Since both cosine families defined by (60.8) and those of Theorem 60.3
converge, on their regularity space, uniformly in ¢ € [0, co0), we conclude this
chapter by presenting cosine families converging merely almost uniformly in
t € [0, oo) (see [62] for more on this subject; see also Exercises 60.2 and 60.3).
Our example is a modification of (60.8): in X = R? we consider the cosine
families C,(1)(%) = (% Cfssk;l’), t € R, (}) € R?, where (A,)u>1 is a sequence of
real, nonzero numbers converging to 0. Again, the regularity space here is R x
{0}, and the limit cosine family is C(¢)(;) = (“%SOt) = (;).x € Rt € R: for
any T > 0, sup,e(_7.7 ICa((5) — (§) | = Ix] sup,e_7.7 | cOs Ant — cos 0] <
2T|x||Aa| converges to 0, as n — oo. However, sup,.g [IC,()(5) — ;) =
|x| sup, g | cos At — 1| = 2|x|, proving that the limit is not uniform on the

whole real line, unless x = 0.

Exercise 60.1 Assume that X is a complex Banach space. Show that the semi-
groups (e'),= related to a sequence of equibounded cosine families are uni-
formly holomorphic and deduce (60.7) from Theorem 31.2.
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Exercise 60.2 Let ¢y be the space of all (real or complex) sequences & =
(&x)ken convergent to 0, equipped with the usual supremum norm. For each
n € N, let ¢, be the element of ¢y such that (¢,); = 1 if k = n and = O other-
wise. Then every & = (& )ren in ¢ can conveniently be represented as the series
&= Z,fi | &kei convergent in the norm of ¢q. For each t € R and each n € N,
let C,(t) be the linear operator on ¢y defined by C,(1)§ = Y _;_, (cos kt)&xe, +
Z,fin 11 5keks and, for each ¢ € R, let C(¢) be the linear operator on ¢y given by
Ct)E = Z,fil (cos kt)érey, with & = (& )ren being an arbitrary member of cy.
Show that, for each n € N, C,, = {Cos,(#)};cr is a strongly continuous cosine
family of contractions on ¢, and also C = {Cos(?)},cr is a strongly continuous
cosine family of contractions on c¢y. Prove that:

sup IC@®)E — Ci@)§ | = 0.

Exercise 60.3 For the cosine family C;,, defined in (60.14) and A,, # 1 such that
lim, , o A, = 1, consider the cosine families C,(t) = C,,(A,t), t € R, n > 1.
Show that these families converge to Cy, but the limit is not uniform on R.
Hint: show that for each f € Cy(0, oo],

J@o) — (A +2r)0)  fu(d = A1)

”Cm(t)f - Cn(t)f” = P ) P

> 0.

Exercise 60.4 Use Lord Kelvin’s method of images to find an explicit formula
for the cosine family generated by the operator related to the stopped Brown-
ian motion, introduced in Exercise 32.3. With the help of this formula give an
independent proof of the convergence result in Exercise 32.3.

== Chapter’s summary

In many respects, the theory of convergence of cosine families is analogous
to that of semigroups. In both cases, convergence of resolvents is a sine qua
non condition, and in both cases this condition guarantees convergence of the
original family (be it semigroup or cosine family) on the regularity space, which
for both families is the same and equals the closure of the range of the limit
pseudoresolvent. However, in the case of cosine families, there are effects that
are not visible for semigroups, for example, convergence of derivatives. More
importantly, outside of the regularity space interesting things start to happen:
while the cosine families may or may not converge here, the related semigroups
(given by the Weierstrass Formula) always do. As we shall see in Chapter 61,
outside of the regularity space, the cosine families must not converge.
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Cosines Converge in a Regular Way

In the examples of the previous chapter, it is striking that the cosine families
considered there do not converge outside of the regularity space in spite of the
fact that the related semigroups do. Hence, a natural questions arises: can we
find a sequence of cosine families that converges outside of its regularity space?
Or, perhaps, cosine families by nature cannot converge in the irregular way?

To answer this question, we start by discussing the question of continuity of
trajectories of cosine families. Let us recall that the main result of the paper [81]
of Chander and Singh (see also [228]) says that a strongly measurable cosine
family is strongly continuous in # € R \ {0} (this is a cosine family analogue of
[180], p. 305, Thm. 10.2.3). As shown by H. Fattorini even earlier (see [135,
Lemma 5.2] and [139, pp. 24-26]), this result can be considerably strengthened:
a strongly measurable cosine family on a Banach space is strongly continuous
on the whole of R. (See, e.g., [289, p. 529] and [331, Proposition 2.1.2] for
versions of this theorem for other operator families.) This explains why there is
no need for a cosine family analogue of Abel summable and related classes of
semigroups (see [180]) — all measurable cosine families form just one class —
and also marks the fundamental difference between the theories of semigroups
and cosine families.

For the proof of Fattorini’s Theorem we use the following argument of W.
Chojnacki [62]:
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Proposition 61.1 Ler X be a Banach space and Cos: R — L(X) be a cosine
function. If, for an x € X, the function t — Cos(t)x, x € X, is continuous on
(a, o0) for some a € R, then it is continuous on R.

Proof To show continuity at a given ¢t € R, we choose 7 > 0 so that t + h >
a+ 1. Then:

Cos(t)x = 2Cos(h)Cos(t + h)x — Cos(t + 2h)x

foreach r € R. Noting thatt + /4 > aand v + 2h > a whenevert >t — 1 and
exploiting the assumption, we get:

112} Cos(t + h)x = Cos(t + h)x and 1153 Cos(t + 2h)x = Cos(t + 2h)x.
As Cos(h) is bounded, we also have:
112 Cos(h)Cos(t + h)x = Cos(h)Cos(t + h)x.
Therefore:
112 Cos(t)x = 2Cos(h)Cos(t + h)x — Cos(t + 2h)x = Cos(t).
Since ¢ was chosen arbitrarily, the result follows. |

Combining this observation with the main result of Chander and Singh [81],
we immediately obtain the announced theorem.

Theorem 61.2 (Fattorini) A strongly measurable cosine family of operators
is strongly continuous int € R.

As it transpires, a stronger result holds: measurability of a single trajectory of
a cosine function implies its continuity. This may be deduced from Fattorini’s
Theorem (see Exercise 61.1): a direct proof of this theorem can be found in
Chapter 63.

Theorem 61.2 has an immediate bearing on the issue of convergence of
cosine families, as we will explain now. Suppose that, as in the previous chapter,
A, are the generators of equibounded cosine operator functions {Cosy, (), t €
R} in a Banach space X, and that limit in (60.1) exists. Then, the regularity
space X where the cosine families converge almost uniformly in ¢ € [0, 00) is
characterized by equation (60.5). Now, let Y be the subspace of X where the
strong limit Cos(t) := lim,_, o, Cosy, (¢) exists for all # € R. Since in the defi-
nition of Y we do not require the limit to be uniform in any way, Xo C Y. What
is surprising is that the inclusion may also be reversed, and the reader should
note the key role of Theorem 61.2 in the proof presented here.
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Theorem 61.3 We have:
Y = X.

Proof As mentioned earlier, it suffices to show Y C X. This may be done by
following the argument presented in Chapter 28 (Proposition 28.3 and Theo-
rem 28.4), but here is a much shorter proof based on (60.5).

Clearly, Y is a closed subspace of X. Moreover, Y is left invariant by Cos, and
Cos satisfies the cosine functional equation in Y, since so do Cos,,. By Theo-
rem 61.2, Cos being measurable as a strong limit of Cosy,,, is strongly contin-
uous in 7 € R. Let A be its generator. By assumption and the Lebesgue Dom-
inated Convergence Theorem, Ryx = lim,_,oo(A —A,) 'x =1 —A) " 'x,x €
Y, » > 0. Now, any x € D(A) may be represented as x = (A —A)~ 'y = R,y
for some A > 0 and y € Y. This implies D(A) C R. Since D(A) is dense in Y
and both Y and X are closed, we are done. O

Theorem 61.3 may be phrased as follows: outside of the regularity space
(60.5) the trajectories of cosine families must not converge; a statement not
valid for semigroups. To put it yet another way: examples of the previous chap-
ter seemed to show that cosine families may not converge outside of regularity
space. Our theorem makes it clear that cosine families must not converge out-
side of this space. Theorem 61.2 shows that in contrast to semigroups there
is no need for dividing cosine families into classes, such as Abel summable
and strongly continuous cosine families, according to their regularity around
origin (compare [180], p. 305): all measurable cosine families belong to the
single class of strongly continuous families. Theorem 61.3, in turn, shows
that there is no need to develop a theory of irregular convergence of cosine
families (analogous to the existing theory of semigroups): if cosine families
converge, they do so regularly. In particular, there is no singular perturbation
theory for cosine families, analogous to the singular perturbation theory for
semigroups.

© And this seems like a perfect ending for this book. ©

Exercise 61.1 (See [62].) Let {Cos(?)};cr be a cosine family on a Banach
space X. Let x € X be such that the function # — Cos(#)x is measurable on R.
Show that the function r — Cos(¢)x is continuous on R. Hint: let X be the set
of all those y € X, for which ¢ — Cos(¢)y is measurable on R. Show that X is
a closed linear subspace of X, left invariant by the cosine family, and deduce
the result from Theorem 61.2.
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Exercise 61.2 Suppose that {C(?), t € R} is a cosine family in a Banach space
X such that the strong limit:

lim C(t)x
11— 00

exists for all x € X. Conclude that C(t)x = x,t € R, x € X. Hint: Consider the
cosine families C,(t) = C(nt) and find their limit family.

Exercise 61.3 Prove the following individual version of the previous exercise:
if {C(¢),t € R} is a bounded cosine family in a Banach space X, and for some
x € Xthe limit lim,_, o, C(¢)x exists, then forall € R, we have C(t)x = x. Hint:
Consider the subspace of X where the limit specified earlier exists, and prove
that this subspace is closed and invariant for the cosine family. (Note that this
is in contrast to the case of semigroups; see Chapter 32.)

Exercise 61.4 Let (¢1),~( be a strongly continuous semigroup in a Banach
space X such that the strong limit:

Px = lim ex
—00

exists for all x € X. Show that either the kernel of P is nontrivial or A = 0. State
and prove an analogous result in the case where the strong limit limy g A(X —
A)~x exists.

iz Chapter’s summary

Trajectories of (equibounded, strongly continuous) cosine families either con-
verge almost uniformly in # € R or do not converge at all. In particular, there
is no singular perturbation theory for cosine families, like the one presented in
this bogg for semigroups. Hence, do not anticipate the second volume of this
book!
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Appendix A: Representation Theorem
for the Laplace Transform

The Hennig—Neubrander Representation Theorem

Suppose i : R — R (or C) is of exponential growth, that is, there exists M >
0 and w € R such that |a(¢)| < Me* forall ¢ > 0. Then, the Laplace transform:

f) = / b e Mh(t)dt
0

of h exists for all A > w and, differentiating under the integral sign (which is
legitimate by the exponential growth assumption) we obtain:

£ 00 <

< m A>w,neN. (62.1)
The classical theorem of Widder ([345], p. 315, Theorem 16a) states that the
converse is also true: an infinitely differentiable function satisfying (62.1) is a
Laplace transform of a function 4 satisfying |h(r)| < Me“', ¢t > 0.

If we turn our attention to functions with values in a Banach space X, expo-
nential growth condition implies estimate (62.2) in the same way as above, but
(62.2) does not force f to be the Laplace transform of a function of exponential
growth. The typical example here is f(A) = e, € L. (RT), where LL (R") is the
space of equivalence classes of integrable with weight R™ > 7 — e, and ¢, is
the equivalence class of the function R* 5 7 — e™* (see Example 62.2, later
on). The Hennig—Neubrander Representation Theorem [176] shows that this
example is archetypical: all functions satisfying (62.2) are images of e; via a
linear map from L! (R*) to X.

Theorem 62.1 (Hennig-Neubrander) Fix w € R and let f be an X—valued
function. The following statements are equivalent.
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(1) f is infinitely differentiable and there exists a constant M > 0 such that:

LA™l <

< W, A>w,ne N. (622)
— @

(2) There exists a bounded linear operator T:LCIU(RJr) — X, such that
S =T(ey) for A > w.

Since in this book we need this result merely in the case w = 0, we present
the proof in this particular case. This is done without loss of generality, since
the general proof is the same modulo technicalities [46]. Other proofs may be
found, for example, in [9, 176].

Let L' (RT) be the convolution algebra of (equivalence classes of) Lebesgue
integrable functions ¥ : Rt — R. We will use the following notation:
L' (R*Y) 3 ¢ = {y(¢)} means that v is the equivalence class of the function
R* >t — () € R. Insuch cases, to avoid misunderstandings, we will always
use ¢ as an independent variable of the function . Other variables should be
considered as parameters. We recall that L' (R*) is also a Banach algebra, mul-
tiplication being the standard convolution:

(W % 9)(0) = /0 Ut — $)p(s)ds.

The function (0,00) > A+ ¢, = {e*} € L'(R") satisfies the Hilbert
Equation:

(A — ey ke, =e, — e,
and we have |le;|lpig+) = % Therefore, it is infinitely differentiable, and:

|

*(n+1) ”

—A
of  =|ne = e ™"l

dar

LI®Y) L'(®*)

o0 n!
= / e Mitdr = T (62.3)
0

This shows sufficiency of (2) in the Henning—Neubrander Theorem; the con-
verse will be shown in the next section.

Example 62.2 To see that there is no function / such that e; = [, e ™ h(t) d
consider u(t) = 1y, € L'(RT),t > 0. u(-) is continuous and

X / e Mu(s)ds = [e; — e M u(r). (62.4)
0

Hence A [~ e *u(r) dt = e;. Now, if [~ e™h(t) dt = e; holds for a bounded
measurable function 4, one gets, by invertibility of the Laplace transform
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for continuous functions, u(t) = fot h(s)ds, which is a contradiction, since
u(t) is not differentiable. Indeed, for any r > 0, g(h) = %(u(t +h)—ut)) =
%1[,,,%) does not converge in L'(RT), as & — 0, since ||q(2h) — q(h)|| = 1,
h> 0. OJ

A Proof via Yosida Approximation

Throughout this section (0, c0) 3 A — f(X) is an infinitely differentiable func-
tion with values in a Banach space X, satisfying:

()
IO < )\n+1’ (62.5)
where M > 0 is a constant. We put:
X n,,2n n p(n)
t —1
gut)=e 2y CDVW i 0, (62.6)

e nl(n+ 1)!

g, (t) will be called the Yosida approximation of f. This approximation in
(almost) this form has been studied first by R. Phillips [180, 286]. We follow
closely [46]. (See also [36] for further developments.)

This definition agrees well with the definition introduced in Chapter 8
in the sense that if f(A)= (k A)~! is the resolvent of an operator
A satisfying (8.3) then, by (w —(h — A) "= (=1)"n!(A, —A)Y""!, we have
e M+ g )y =eMI ’2(+A) 41, The absence of the term e in
our definition is due to the fact that instead of working in the Banach algebra
of operators we want to deal with an arbitrary Banach space, where it does not
make sense to speak of a unit element.

Lemma 62.3 g,, i > 0 are continuous and bounded by M.

Proof Fix pu > 0. The estimate:

= M(e" — 1),

l"+1,bL2"+2(—l)nf(n)(lL) H l‘"+1,bL(n+l)

nl(n+1)! (n—l—l)‘

n=0 n= O

which is valid by (62.5), proves that the series appearing in (62.6) is convergent
absolutely and almost uniformly. Its sum is therefore a continuous function.
Furthermore, ||g,(1)|| < M(1 —e ™) < M, as claimed. O

Lemma 62.4 The Laplace transform of g, is:

0 2 )‘M
e Mg (1) dt = — ( ) A > 0.
/0 s =G o a g
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Proof Forv € (0, u)and n > 1 (see (7.4)),

n _ k n
f(v)=Zf“‘)(u)%+f f<"+”<s)( 5) dt.

n

By (62.5), the norm of the integral reminder here does not exceed:

M [jn—v (n+1)
=7< iz ) ’

and so it converges to zero. Thus f(v) = Y oo f™ ()" In particular,

(n)
f(Hu =y A (M)(Hu w", A, M>0s1nceu>ﬁ>0
Therefore,

o0 S 2n+2 —1y (n) 00
/ e Mg, (t)dt = P et g
nl(n+ 1)! 0

n=0

2 2\" )
A —u S ()
_(kﬂL) ;(wu) n!
2 o0 n
T RN AR D)
_()\+M> ,;(kﬂt M) n!
2
_ iz A
_<k+u> f<k+u>' =

Lemma 62.5 Suppose f satisfies (62.5). For ¢ € L'(R*) the limit:

T@) = Jim [ s0s,0a, (©2.7)

exists and T : L'"(RY) — X is a bounded linear operator with | T|| < M.

Proof By (62.4), the operators T, :L'(R*) — X defined as T,(¢)=
Jo~ ¥ (t)g, (1) dr satisty || 7, || < M. By Lemma 62.4,

o A
Tulen =G ! (A T u)

converges to f(A), as 4 — oo. Since the e;, A > 0 form a total set in L' (R*),
the proof is complete. ]

Lemma 62.5 proves in particular the necessity of (2) in the Henning—Neu-
brander Theorem for, as we have seen, 7 defined there satisfies 7 (e;) = f(1).
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Applications: The Kisynski, the Widder,
and the Arendt Theorems

Let us consider some applications of this theorem. If f has values in a Banach
algebra and satisfies the Hilbert Equation, the corresponding 7 is a homo-
morphism of the convolution algebra L' (R™); this is the Kisynski Homomor-
phism Theorem. Indeed, it is enough to show T (e;)7T (e,) = T (e; * ¢,,), the
set e;, A > w being total in Li) (R™). This formula, however, follows from the
Hilbert Equation:

1 1
T(e;:)T (ey) = RyR, = m[RA —R,]= T(u — )L(ex - 6,4))
=T(ex*xe,).
Corollary 62.6 If f satisfies (62.5), then the limit:
t
lim gu(s)ds =:u(t) (62.8)

H—> 00 0

exists (almost uniformly in t € [0, 00)) and is a Lipschitz continuous function
with the Lipschitz constant M. Furthermore,

/ ” e Mu(t)dr = A% ( ) for x> w. (62.9)
0

Proof By Lemma 62.5 there exists the limit lim,,_, o f(; gu(s)ds ;= u(t), and
since the integrands here are bounded by M, the limit is almost uniform in
[0, 00) and u is Lipschitz continuous. Formula (62.9) follows by 7 (e;) = f()
and integration by parts. O

Theorem 62.7 (Widder) A necessary and suffficient condition for an
infinitely differentiable complex-valued function f to be the Laplace transform
of a bounded measurable function is that there exist a constant M > 0 such
that:

LF™ )] < (62.10)

)Ln-H

Proof We have seen that (62.10) is necessary. Conversely, if (62.10) holds,
then, by Corollary 1, there exists a Lipschitz continuous function u(z), |u(t) —
u(s)| < Mjt — s| satistying (62.9). Since u(t) is complex-valued, then, by the
Lebesgue Theorem, it is differentiable a.e., and, by (62.9), /(¢) is a function
we were looking for. ]
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As a by-product of our proof we also obtain an inversion formula for the
Laplace transform, valid if original function is bounded:

t
L7 = i lim / gu(s)ds.
dt n—>o J,

Theorem 62.8 (Arendt) Suppose (0,00) 2 L — f(X) is an infinitely dif-
ferentiable vector-valued function, then the following two conditions are
equivalent:

a) there exists an M > 0 such that (62.5) holds,
b) there exists a function u with values in the same Banach space, Lipschitz
continuous with the Lipschitz constant M, such that (62.9) holds.

Proof The proof of b) = a) is straightforward. To prove the converse, we use
u from Corollary 1. O

Generation Theorem for Solution Families

The theory presented here allows unifying approaches to Hille—Yosida—Feller—
Phillips—Miyadera and Da Prato—Giusti—Sova theorems and in a straightfor-
ward way explains the striking parallelism and similarity between them. It is
remarkable that the following theorem, which includes both theorems men-
tioned earlier as special cases n = 1, n = 2, respectively, is so easily derived
from Theorem 62.8 (for more about this subject see the excellent “Green
Book” [9]). It is necessary to add here, however, that it is only these two cases
that are of importance in the theory, since higher order Cauchy problems are
well posed (in a certain, reasonable sense) iff the operator appearing on the
right-hand side of the involved equation x(¢) = Ax(¢) is bounded ([163, p.
125], [135, 136], and [179]) We present the proof in the general case, since it
is equally simple for all n € N.

Theorem 62.9 Letn € N and let A be a densely defined closed linear operator
acting in a Banach space L. The following two conditions are equivalent:

1) There exists a strongly continuous family {T (t),t > 0} of bounded linear
operators, such that:
a) TOx =x,
b) there exist constants M > 1, w > 0 satisfying:

1T <Me™, forall t>0,
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c) forh > w, A" € p(A) and:
o0
AT —A) k= / e MT(t)xdt,
0

2) there exist constants M > 1, w > 0 such that for all . > w:

Mk!

s—u—a))kﬂ’ k € N.

d_ ()\'nfl()\'n _A)flx)

K
|7

Furthermore, if one of the above assumptions is satisfied, then:

(i) the operators T(t),t > 0 commute,
(ii) x belongs to D(A) iff there exists the limit lim;_,¢ W (and equals
Ax),
(iii) the functiont — x(t) = T (t)x is a solution to the Cauchy problem

d'x(t)
drm
Proof 1)=2)

Ax, x(0)=xeD@A), X0)=-.--=x""D©0)=0.

dk n—1lsqn -1

/ ” e M(=t)*T(1)x dt
0

Mk!

9]
<M e Merbdt = —————.
- /0 (A — w)k+!

2) = 1). By Arendt’s Theorem, there exists a family {U(z),t > 0} of
bounded linear operators such that:

o0
M2 —A) = / e MU (H)x dr, (62.11)
0

U@ — U <M / " du, 62.12)

Furthermore, the Yosida approximation gives:

Ut) =H.)

t 00 ky2k(_1 kd_")\nfl W — A)!
= lim [ e *sA2 § ) “W (' ) ds, (62.13)
A—00 0 —0 k(k+ 1)

where the limit is taken in the uniform operator topology. This formula shows
that U () commute with A.
Let x € D(A) be given. Define {T'(¢)x, t > 0} by:
1
(n—2)!

T(t)x := / (t — )" DU (s)Ax ds + x.
0
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(Forn=1putT(t)x = U(t)Ax + x). For A > w,

—At _ —At
/ e MT(t)xdr = —/ e MU(t)Axdt + —x
0 )\’nfl 0 A

1
_ n—2.4n —1

= AT = A et
=h—x)". (62.14)

Combining (62.14) and (62.11),
o0 t o0
/ e M / T(s)xdsdr = A" 2(A" — A) 'x = / e MU (H)xdr.
0 0 0

Consequently, U(t)x = f(; T (s)x ds. It follows that:
Tt)x =U'(t)x, x € D(A). (62.15)

Using (62.12) we get || T(¢)x|| < Me*'|x||. Therefore, the operators T'(f) may
be extended to the whole of the space X by continuity, and formulae (62.14)—
(62.15), remain true for every x € X.

Condition (i) follows from (62.13) and (62.15). To prove (ii) consider x €
D(A). By definition,

T()x —x=

Y /0 (t — 5)" DU (s)Axds

_ t _ ¢)(n—D
= T /0 (t — )" DT (s)Ax ds. (62.16)

Thus,
n(Tt)x—x) . n!
m——— =1
10 " 1—0 t” (n— 1)'

/ (t — )" VT (s)Axds = Ax.

n!(T (h)x—x)
hn

Conversely, if limj,_, =y, we can apply the already proven result

to obtain:

x=W"—AW"—A) x= A —A) /oo e MT(t)xdt
0

)\'n 1
o (T(h)y—1) >
:x/ e MT(t)xdt — 1 limn( () )[ e MT(t)xdt
0 A= o0 n 0
o (T (h)x —
— M = A) k- / ey fim XD
A=l g h—0 h

=AW —A) k= =AYy
=" —A) [\ —y] € D(A).

Condition (iii) is a direct consequence of (62.16). O
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Appendix B: Measurable Cosine Functions
Are Continuous

This chapter is devoted to the proof of the individual version of ‘measurability
implies continuity theorem’ for cosine families, announced in Chapter 61. The
entire direct argument presented here is due to W. Chojnacki, whom the author
is grateful for granting permission to include this proof in this book. The main
result reads:

Theorem 63.1 Let X be a Banach space and let {Cos(t)};cr be a cosine family
on X. Let x € X. If the function t + Cos(t)x is measurable on R, then it is
continuous on R.

Theorem 63.1 will be deduced from the following result:

Theorem 63.2 Let X be a Banach space, let {Cos(t)};cr be a cosine family on
X, and let:

Y ={x e X |t ||Cos(t)x| is measurable on R}.
IfY # {0}, then the function d: R — [0, 0o) defined by:
d(t) = sup{|lx| " [C@)x| | x € Y\ {0} (r€R)

is locally bounded.

Background

We start by laying out some background material. Denote by m the Lebesgue
measure and by m* the outer Lebesgue measure, both on R. First, we present a
minor modification of a result of Kurepa [227, Lemma 1], which in turn is akin
to the famous theorem of Steinhaus [49, 225].
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Lemma 63.3 Let K C R be a measurable set such that 0 < m(K) < co. Then
there exists a > 0 with the property that for every —a < s < a there is a mea-
surable set Wy C K of positive measure such thatt, t + %s, t + s € K whenever
teW,.

Proof Define the function u: R — [0, 00) by:
u(s) = m<1m <K - %s) N(K — s)) (s € R).
We have:
lu(s) —u(0)] = ‘/}R lk(t)[1x<t + %S)ll((t +5) = 1lk(O)1k(@ +5)
+1x @)1k +5) — 11<(t)] dr

1
< /R 1K(I+ §S> — 1g()

where 14 denotes the characteristic function of the set A. As the two right-most
integrals tend to zero as s — 0, u is continuous at s = 0. Since u(0) = m(K) #
0, there exists a > 0 such that u(s) # 0 for each —a < s < a. But u(s) £ 0
implies that the set:

dl+/ [1g(t +5) — 1x(2)] dt,
R

WS::K0<K—%S>H(K—S)

has positive measure. Moreover, it is immediately seen thatz, z 4 %s, t+sek
whenever ¢t € W;. The proof is complete. ]

In what follows we shall exploit the concept of the measurable boundaries of
an arbitrary real-valued function on R, due to Blumberg [42]. Foraset E C R
and a point x € R, the exterior density of E at x, D.(E, x), is defined by:

. m*(ENT)
D.,(E,x)= lim ————,
mH—0  m(l)

with I denoting a closed interval that contains x, whenever the limit exists. Let
f: R — R be an arbitrary function. For any ¢ € R, let:

A ={xeR]| f(x)>1},
B,={xeR| f(x) <t}.
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The upper and lower approximate limits of f at a point x € R are defined by:
ap limsup f(§) = inf{t € R | D.(A;, x) = 0},
E—>x
ap liminf f(£) = suplt & B | De(B.x) = 0},

with the proviso that inf § = co and sup ¥ = —oo. Blumberg calls the extended
real-valued functions:

x> ap limsup f(§) and x> ap lig_ninff(S)
E—x X

the upper and lower measurable boundaries of f; we shall denote these func-

tions as ug(f) and Iz(f), respectively. This terminology and notation allude to

the fact, established by Blumberg, that ug(f) and [3(f) are both measurable

and satisfy

I (f) (x) < f(x) < ug(f)(x) for almost all x € R.

Goffman and Zink [157] have provided an additional substantiation to the above
nomenclature by proving the following result:

e if g: R — R is measurable and f(x) < g(x) for almost all x € R, then
up(f)(x) < g(x) for almost all x € R.

o if g: R — Ris measurable and g(x) < f(x) for almost all x € R, then g(x) <
Ig(f)(x) for almost all x € R.

When we choose not to distinguish between classes of equivalent measur-
able functions and measurable functions themselves, the combined result of
Blumberg, Goffman, and Zink can be phrased as saying that ug(f) and Iz(f)
are the least measurable majorant and the greatest measurable minorant of f,
respectively.

We note the following simple property of the mappings f +— up(f)and f
Ig(f), which will be of relevance later on: If f: R — R s an arbitrary function,
then:

up(Tif) = Ti(up(f)) and I (T.f) = Ti(Ig (f))

foreacht € R. Here, given g € R — Randt € R, T;g denotes the translate of
g by t, defined by:

Tg(x) =glx+1) (xeR).

The two constituent parts of this property will be referred to as the translational
equivariance of the upper and lower measurable boundary, respectively.
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Proof of Theorem 63.2

We are now in position to establish Theorem 63.2. Our proof will essentially
be a refinement of an argument due to Kurepa (see the proof of [227, Thm. 1]).
We begin by noting that, by the cosine functional equation, for any s, ¢ € R,

C(s) = 2C(s + 1)C(t) — C(s + 2t)
=2C(s+1)C{t) + Ix — 2C2<%s + t),

where Ix denotes the identity operator on X, and this implies:

2

1
ICOI = 2ICGs +DIHICD +2HC<§S+I> + L

Our next lemma establishes an analogous inequality to this one in which the
function# — ||C(?)|| on the right-hand side is replaced by the lower measurable
boundary k: R — R U {—oc} of t = ||C(?)]:

k() =lp (r = ||Cos(D)|) 1) (t € R).
Lemma 63.4 Suppose that Y # {0} and let x € Y \ {0}. Fix s € R. Then:

2
[Cos(s)x|l < <2k(s + k() +2 [k<%s + t)} + 1) [lxl (63.1)

for almost allt € R.

Proof Ast — |lx||~!||Cos(t)x]|| is a measurable minorant of ¢ — ||C(¢)], we
have:

x|~ |Cos(t)x|| < k(z) for almost all t € R
and further:
[|Cos(t)x|| < k(t)||x|| for almostall t € R. (63.2)
Fix s € R arbitrarily. Note that, for each ¢ € R, the identity:

Cos(s)x + Cos(s + 2t)x = 2Cos(s + 1)Cos(?)x

implies:

[[Cos(s)x]|| — ||Cos(s 4 2t)x|| < 2||Cos(s + ¢)Cos(t)x]|.
Since the function ¢ — ||Cos(s)x|| — ||Cos(s + 2¢)x]|| is measurable, it follows
that:

[[Cos(s)x]|| — [|Cos(s + 2t)x|| < 2lg (Tt + ||Cos(s + t)Cos(7)x||) (t) (63.3)
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for almost all # € R. On the other hand,
Ig (t +— ||[Cos(s + 7)Cos(t)x]|) () < ||Cos(s + t)Cos(t)x||
=< [ICos(s + )| Cos(r)x|| (63.4)
for almost all # € R. Define the function m: R + [0, co) U {—o0} by:
m(r) = |[Cos(t)x]| 5 (r — ||Cos(s + T)Cos(t)x|) (¢), if Cos(t)x # 0;
, otherwise.

Clearly, m is measurable and, by (63.4), it is a minorant of ¢ — ||Cos(s + )|
almost all on R. Hence, by the translational equivariance of the lower measur-
able boundary, m(t) < k(s + t) for almost all # € R. Moreover, again by (63.4),
Ig(t +— ||Cos(s + 7)Cos(t)x]||)(¢) = 0 for almost every ¢ such that Cos(t)x =
0. Consequently,

lg (r > [|Cos(s + 7)Cos(T)x|) (t) < k(s +1)|[Cos(t)x||
for almost all # € R. Combining this estimate with (63.2) and (63.3), we get:
[|Cos(s)x]| < [|Cos(s + 2¢)x|| 4+ 2k(s + t)k(t)||x]| (63.5)

for almost all r € R.
Observe that, for each ¢ € R, the identity:

1
Cos(s + 2t)x = 2cOs2(§s + t>x —x

implies:
[Cos(s + 26)x|| — |lx]| < 2‘ COSZ(%S +t>x .
Since the function ¢ + ||Cos(s 4+ 2f)x|| — ||x|| is measurable, it follows that:
[[Cos(s + 2t)x|| — ||lx|]| < 2Ip (‘L’ > ‘ Cosz(%s —+ r)x > (1) (63.6)

for almost all € R. On the other hand,

Ip <r — ‘Cosz<%s + t>x ) ) <

<
for almost all t € R. Thus:

> <||x||—113 (z > ‘

1
Cos*( =s +1¢
os<2s+)x
C l—i—t ’
os| =

2s

llxIl
A1 172
Cos (Es—f-t)x >(t)>
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is a measurable minorant of ¢ ||Cos(%s + t)|| almost all on R. Consequently,
by the translational equivariance of the lower measurable boundary,

1 1/2 1
<||x||llB <r > ‘ C052<§s + r)x ) (t)) < k(ES + t>

for almost all ¢+ € R, whence:
1 2
Yoo [e(Ls+o) oo

1
g (‘L’ — ”C052<§s + t)x

for almost all ¢ € R, and further, on account of (63.6),

| 2
ICos(s + 2)x|| — |Ix|| <2 |:k<§s + t)] 1%l

for almost all ¢+ € R. Combining this inequality with (63.5), we complete the
proof. (|

Proof of Theorem 63.2 As k is measurable and attains only finite values from
above, there exists a measurable set K C R of finite positive measure such that:

L :=supk(t) < oo.
tek

By Lemma 63.3, there exists a > 0 with the property that for each 0 < s <a
there is a measurable set Wy C K of positive measure such thatz, r + %s, t+se
K whenever r € Wy. Fix 0 < s < aand x € Y — {0}. In view of Lemma 63.4,
the set W, of those ¢ € W, for which (63.1) holds is of full measure in W, and,
given that W has positive measure, W, has positive measure and in particular
is nonvoid. Select any r € W,. Invoking (63.1) with this 7, we see that:

ICos(s)x|l < (4L* + 1)|lx]|.
In view of the arbitrariness of x, we have:
d(s) < (4L* + 1). (63.7)
For any b > 0, let:

D(b) = sup d(s).
5€[0,b]

As s in (63.7) is arbitrary within [0, a], it follows that:
D(a) < (4L> + 1). (63.8)
Now, using:

[Cos(b + h)x|| < 2[|Cos(b)|[|Cos(h)x|| + [[Cos(b — h)x||
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with 0 < h < b, we find that, for every b > 0,

sup d(s) = 2||Cos(b)|D(b) + D(b)
se[b,2b]

and further:

D(2b) = max ( sup d(s), sup d(s))
5€[0,b] selb.2b]

< max(D(b), 2|[Cos(b)||D(b) + D(b))
= 2||Cos(b) || D(b) + D(b).

As an immediate consequence, if D(b) < oo, then D(2b) < oo forevery b > 0.
This together with (63.8) implies that # — d(¢) is bounded on [0, b] for each
0 < b < oo. Since t + d(¢) is even, it follows that t — d(t) is bounded on
every finite interval of R. ]

Proof of Theorem 63.1
We now proceed to establish Theorem 63.1.
Proof of Theorem 63.1 Let:
7 = {x € X | t — Cos(t)x is measurable on R}.

Itis clear that Z is a linear subspace of X. Since the pointwise limit of a sequence
of measurable functions is a measurable function, Z is also closed. Moreover,
Z is invariant for each operator Cos(s), s € R, that is,

Cos(s)Z C 7 (63.9)

forevery s € R.Forifs € Randx € Z,thent + Cos(¢ + s)xandt > Cos(t —
s)x are both measurable, and consequently the function

t = C(t)C(s)x = %(Cos(t + 5)x 4+ Cos(t — s)x)

is measurable too. Retaining the notation from the statement of Theorem 63.2,
we clearly have Z C Y, and if only Z contains a nonzero element, then it fol-
lows from Theorem 63.2 that, for each ¢ € R,

[Cos(@)|z]l < d(2),

where Cos(t)|7 denotes the restriction of Cos(t) to Z.
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Letx € Z. If x = 0, then the assertion of the theorem is trivial. Suppose then
that x is nonzero. Let a, b € R be such that @ < b. Then, for any s,7, T € R,

Cos(t) = 2Cos(s)Cos(t — s) — Cos(t — 2s)
Cos(t) = 2Cos(s)Cos(t — s) — Cos(t — 2s)
so that:
Cos(t)x — Cos(t)x = 2Cos(s)(Cos(t — s)x — Cos(t — s)x)
~+ (Cos(t — 2s)x — Cos(t — 2s)x). (63.10)

The functions s +— Cos(t — 2s5)x and s — Cos(t — 2s)x are measurable, and,
by Theorem 63.2, they also are locally bounded. Hence both functions are
locally integrable. Eq. (63.10) now implies that the function:

s > Cos(s)(Cos(t — s)x — Cos(t — s)x)

is locally integrable, too, and we have:

b
(b—a)(Cos(t)x — C(t)x) = 2/ Cos(s)(Cos(t — s)x — Cos(t — s)x)ds

b
+ / (Cos(t — 2s5)x — Cos(t — 25)x)ds.
By the invariance property of Z (as per (63.9)), Cos(t — s)x and Cos(t — s)x
are in Z, and so, for s € [a, b],

[|Cos(s)(Cos(t — s)x — Cos(t — s)x)||
< ICos(s)lzllICos(t — s)x — Cos(t — s)x||
< M||Cos(t — s)x — Cos(t — s)x||

where M := sup(, , d(s) is, by Theorem 63.2, a finite positive number. Con-
sequently,

b
(b —a)||Cos(t)x — C(t)x|| < 2M/ [[Cos(t — s)x — Cos(t — s)x|| ds

b
+ / [[Cos(t — 2s)x — Cos(t — 2s)x]| ds.

But the integrals on the right-hand side tend to zero as T — ¢ (see, e.g., [180,
Thm. 3.8.3]), so lim;_,, ||Cos(7)x — C(t)x|| = 0, as required. O

We finally remark that while the space Z introduced in the proof of Theo-
rem 63.1 is contained in the set Y from the statement of Theorem 63.2, the two
sets are generally different. To see this, let /! (R) be the space of all absolutely
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summable functions f: R — C with the norm:
I =Y 1f@l.
xeR

Foreacht € R, let:
1
Cos(t) = E(Tt +T),

where T, denotes the translation operator by ¢ on I'(R). The family Cos =
{Cos()}cr is a cosine family of contractions on /! (R). Denote by ¢, the ele-
ment of /' (R) such that:
1, ifx=1,
e (x) =

0, otherwise.

It is readily seen that:

1
Cos(t)eg = E(et +ey)

for each t € R. Consequently, ||Cos(t)ep||; = 1 for each t € R, and we see that
eo is a member of the corresponding space Y for Cos. On the other hand,

[Cos(s)ey — Cos(t)egll = 2

whenever s # t. This implies that for every uncountable set A C R, the set
{Cos(t)ey | t € A} is nonseparable. In particular, {Cos(t)ey | t € A} is non-
separable for every measurable set A C R of positive measure. By the
Pettis Measurability Theorem (see, e.g., [180, Thm. 3.5.3]), the function ¢
Cos(t)ey is not measurable, meaning that ¢y does not belong to the space Z for
Cos. We have thus identified ey as a member of Y \ Z.
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