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Prologue

This book is devoted to the rainbows appearing in channeling of charged particles
in crystals and nanotubes and to their various applications. We begin with a brief
report on the optical rainbow effect, occurring in scattering of light from water
droplets and similar targets. It is followed by a short review of the rainbows
occurring in scattering of atoms by atoms or molecules, nuclei by nuclei, and
atoms by crystal surfaces.

Then, we give a brief historical presentation of the process of ion channeling in
crystals, ending with a very concise description of the analytical theory of axial ion
channeling. This theory was developed by the methods of statistical mechanics
employing the continuum string model and the assumption of statistical equilibrium
in the transverse plane. The interaction potentials used to treat ion channeling are
also introduced. This is followed by a condensed description of the ways of
computer simulation of the process — using the continuum string model or the
binary collision model. The former model has been used in the majority of studies
presented in the book.

Upon that, we concentrate on the crystal rainbows, which were discovered in a
theoretical analysis of ion transmission through an axial channel of a very thin
crystal. The approach was via the ion-molecule scattering theory. In the created
model, called the model of crystal rainbows, the continuum string model was
included implicitly, and the assumption of statistical equilibrium in the transverse
plane was avoided. Analysis showed that the effect is a gestalt effect. The crystal
rainbows were observed experimentally soon after the discovery. Those were the
first quantitative measurements of ion channeling in thin crystals, leading to a
precious scaling law that has been confirmed in numerous later studies. According
to this law, the evolution of the spatial and angular distributions of channeled ions is
divided into cycles determined by the change of the reduced crystal thickness,
which have been named the rainbow cycles. This is followed by a description of the
effect of zero-degree focusing of channeled ions, being an effect of angular
focusing, which marks the ends of the rainbow cycles. Further, we introduce the
theory of crystal rainbows, which was formulated as a generalization of the model
of crystal rainbows, providing a proper treatment of ion channeling in axial
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vi Prologue

channels of crystals that are not necessarily very thin. Besides, we demonstrate that
the crystal rainbow effect can be accurately modeled using catastrophe theory, i.e.,
it is a catastrophic effect.

Next, the results of a thorough analysis of a sequence of high-resolution mea-
surements of the angular distributions of protons of kinetic energies between 2.0
and 0.7 MeV channeled in a 55 nm-thick (100) Si crystal are presented. Those
extraordinary measurements have proven to be crucial for verification of the theory
of crystal rainbows as the proper theory of ion channeling in crystals. Within that
study, a morphological method for producing very accurate ion-atom interaction
potentials has been developed. In continuation, we explore the process that is
inverse to the ion transmission process under consideration and, thus, tackle the
question of its multiplicity, directly connected to the essence of the crystal rainbow
effect, being the ion focusing along a line reflecting the symmetry of the illuminated
crystal. The consideration includes modeling using catastrophe theory. Besides, we
present a detailed study of the effect of superfocusing of channeled ions, being an
effect of spatial focusing, which occurs in the middle of each rainbow cycle. It is
explained how the effect can be used for subatomic microscopy. The effect has been
recently observed experimentally — it has been demonstrated that the diameter of a
proton beam in a Si crystal can go down to ~20 pm. Further, we prove that the
doughnut effect in ion channeling, observed with tilted crystals, is in fact a rainbow
effect. This is done using a sequence of high-resolution measurements of the
angular distributions of transmitted protons.

It has been shown theoretically that rainbows can also occur in ion channeling in
nanotubes. Here, we describe the rainbow effect in transmission of 1 GeV protons
through a bundle of very short (10, 10) achiral single-wall carbon nanotubes. Then,
the results of a study of transmission of protons of the same kinetic energy through a
bent very short (11, 9) chiral single-wall carbon nanotube are presented. We show
that, in principle, it is possible that passive elements composed of bundles of bent
carbon nanotubes substitute dipole magnets within high-energy accelerator facili-
ties. Upon that, we analyze in detail the spatial and angular rainbow effects in
transmission of the same proton beam through straight very long (11, 9) carbon
nanotubes. All three studies have been performed using the theory of crystal
rainbows.

In addition, we present a quantum mechanical consideration of transmission of
1 MeV positrons through very short (11, 9) carbon nanotubes. The time-dependent
Schrodinger equation is solved, and the spatial and angular distributions of trans-
mitted positrons are calculated using a computer simulation method. The initial
positron beam is represented as an ensemble of noninteracting Gaussian wave
packets. We examine the principal and supernumerary primary rainbows appearing
in the spatial and angular distributions. We also give a detailed explanation of the
way of their generation, which includes the effects of wrinkling of each wave
packet during its deflection from the nanotube wall and of its concentration just
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before a virtual barrier lying close to the corresponding classical rainbow. In
addition, the wave packets wrinkle in a mutually coordinated way.

We would like to thank our colleague Milan Rajcevi¢ for helping us prepare the
figures.

Authors,
March 2017
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Chapter 1
Rainbows

The optical rainbow effect appears in scattering of light in the limiting case of small
wavelengths. When the scattering process involves sunlight and water droplets in
the atmosphere, one talks about the meteorological rainbows. The history of man’s
exploration and apprehension of the phenomenon is very long and rich. Its first
explanation emerged way back in the middle of the fourth century BC. However,
a satisfactory quantitative theory of the effect did not appear before the end of
the 1960s.

In the beginning of the 1950s, it was discovered that, in elastic scattering of
atoms by atoms or molecules, an effect analogous to the meteorological rainbow
effect could occur. The first measurement of the phenomenon, which was named
the atomic rainbow, was conducted about 10 years later. After that, two similar
effects were observed experimentally in elastic nuclear scattering, one in elastic
scattering of atoms from crystal surfaces and one in transmission of ions through
crystal channels. These phenomena are referred to as the Coulomb, nuclear, sur-
face, and crystal rainbows, respectively. The rainbow effect has also been observed
in inelastic and reactive collisions of atoms with molecules, inelastic nuclear
collisions, collisions with transfer of nucleons, and inelastic collisions of molecules
with surfaces. All these effects are designated as the particle rainbow effects. In this
book, we shall consider very briefly the atomic, Coulomb, nuclear, and surface
rainbows, and concentrate at length on the crystal rainbows. The atomic, Coulomb,
and nuclear rainbow effects are similar to each other. This is a consequence of the
fact that, in these cases, the interaction potential is rotationally symmetric. On the
other hand, one can find similarities between the surface and crystal rainbows. In
these cases, the interaction potentials, not being rotationally symmetric, resemble
each other.

At the end of the 1980s, a unique meeting of a number of major researchers
of the rainbow phenomena in various fields was held in Cavtat, Yugoslavia.

© Springer International Publishing AG 2017 1
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2 1 Rainbows

Its proceedings enable one to compare all these effects with each other in order to
see their similarities and differences, and learn about the mathematical apparatus
necessary for their description [1].

1.1 Optical Rainbows

The meteorological rainbow phenomenon comprises more components: the pri-
mary, secondary, and supernumerary rainbows. The primary rainbow is a bright
circular bow seen in the sky at an angle of about 42° relative to the horizon. This
bow consists of six concentric bows of different colors — the innermost bow is
purple, then come the blue, green yellow, and orange ones, and the outermost bow
is red. The secondary rainbow is a bright circular bow occurring in the sky on the
outer side of the primary rainbow at an angle of about 50° relative to the horizon.
This bow is also composed of six concentric bows of different colors, but the order
of colors is opposite to the one in case of the primary bow. The region between the
primary and secondary rainbows is dark. The supernumerary rainbows are
the bright circular bows appearing on the inner side of the primary rainbow. The
secondary and supernumerary rainbows are considerably less intense than the
primary rainbow, and, usually, it is hard to observe them.

It seems that the first explanation of the meteorological rainbow effect was given
by Aristotle in the middle of the fourth century BC [2]. It was related to the primary
rainbow only. He thought that the rainbow appeared as a consequence of the
reflection of sunlight from a cloud as a whole, with the reflected light rays forming
a cone. On the basis of that, connecting the positions of the observer and the
reflected rays, Aristotle explained the circular shape of the rainbow. One of the
most important contributions to the explanation of the effect came from Theodoric
of Freiburg in the beginning of the fourteenth century [2]. He abandoned the
Aristotle’s idea about the rainbow appearing due to the reflection of sunlight from
a cloud as a whole, and assumed that each water droplet within the cloud produced a
rainbow. Theodoric proved that assumption in an experiment in which a spherical
glass vessel filled with water, representing an enlarged droplet, was illuminated
with light.

R. Descartes conducted an experiment similar to that of Theodoric and analyzed
in detail the process of scattering of light from a spherical water droplet [2].
Figure 1.1 gives a scheme of the process of reflections and refractions of a light
ray on the droplet for one value of its impact parameter, b [2]. The incoming ray lies
in the vertical plane dividing the droplet in two equal parts. On the droplet boundary
surface, the incoming ray is partly reflected and partly transmitted with the direc-
tions of propagation of the reflected and transmitted rays determined by the laws of
its reflection and refraction, respectively [2]. Descartes found that the rays going out
from the droplet could be clearly classified on the basis of the number of their
reflections inside the droplet. In Fig. 1.1, the outgoing rays corresponding to the
direct reflection from the droplet, and to no reflection, one reflection, two
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Fig. 1.1 A scheme of the
process of light scattering
from a spherical water
droplet. The incoming light
ray, whose impact
parameter is b, lies in the
vertical plane dividing the
droplet in two equal parts.
The outgoing rays from
classes I, II, III, IV, and V
are presented

reflections, and more than two reflections inside the droplet are denoted by I, 11, III,
IV, and V, respectively.

Figure 1.2 gives the dependences of the scattering angle of the light ray from the
water droplet, 8, which is the angle between the directions of propagation of the
incoming and outgoing rays, on b/R,, where R, is the droplet radius, for the
outgoing rays from classes III and IV that were obtained by Descartes [2]. It is
evident that, in case of the outgoing ray from class III, the dependence has a
minimum at d,,=138°, and that in case of the ray from class IV, the dependence
has a maximum at 6,,=130°. Since the distribution of impact parameters is uni-
form, relatively large intervals of b are mapped to relatively small intervals of 8 in
the vicinities of these scattering angles. As a result, the scattered light accumulates
at 0,; and 6,,, and two bright circular lines appear on the screen placed between the
droplet and light source. He realized that the corresponding angles at which those
bright lines were seen equaled 7z — 6,;=42° and = — 6,,=50°, and concluded that
the bright lines represented the primary and secondary rainbows, respectively. As
expected, the secondary rainbow was less intense than the primary rainbow, which
was clearly attributed to the additional reflection of the light rays inside the droplet
in that case. It should be mentioned that 6, and 6,5, do not depend on R, [2]. The
Descartes’ results also showed that the outgoing rays from classes III and IV could
not access the region of scattering angles between 6, and 0,,. This region has been
named Alexander’s dark band, after Alexander of Aphrodisias, who was the first to
observe it, in the beginning of the third century. This means that the regions of 8
above and below 6, are the bright and dark sides of the primary rainbow, and the
regions of 6 below and above ,, the bright and dark side of the secondary rainbow,
respectively.

In analyzing the intensity of light scattered from the water droplet as a function
of 9, 1(9), Descartes found that it tended to infinity when 6 changed toward 6, or ,,
from the bright side of the rainbow. This is illustrated in Fig. 1.3 for the primary
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Fig. 1.2 Dependences of the scattering angle of the light ray from the spherical water droplet on
b/R, for the outgoing rays from classes III and IV. The former dependence has a minimum for
6,1=138° while the latter dependence has a maximum for 6,,=130°
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Fig. 1.3 Intensities of light scattered from a spherical water droplet on 0 in the vicinity of 6,4
obtained by (a) Descartes, (b) Young, and (c) Airy; the values of /(6) are given in arbitrary units
(Adapted from Ref. [2])
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rainbow [2]. It has been established that the accumulation of the scattered light also
happens after its three or more reflections inside the droplet [2]. These effects are
referred to as the higher order meteorological rainbow effects, and they are very
hardly observed.

The fact that the primary and secondary rainbows consist of the bows of different
colors was explained by I. Newton [2]. He did that on the basis of the effect of
dispersion of light, according to which the velocity of light in a medium depended
on its characteristics. He calculated the primary and secondary rainbow angles for
different colors and found that the obtained values agreed with the values that had
come out from his experiments. With that contribution, Newton completed the
explanation of the meteorological rainbow effect within geometrical optics.

It is clearly seen in Fig. 1.2 that, on the bright side of the primary rainbow, there
are two values of b giving one value of 0. Thus, the effect of interference of the light
scattered from the water droplet can occur, resulting in the alternate reinforcements
and cancellations of the intensity of scattered light as a function of & above 6,;.
T. Young observed that fact in the beginning of the nineteenth century and used it to
explain the meteorological supernumerary rainbow effect [2]. It should be empha-
sized that the scattering angles at which the supernumerary rainbows appear depend
on R, [2]. The larger the droplet, the smaller is the difference between these angles.
The supernumerary rainbows also exist associated to the secondary rainbow, for 6
below 6,,, but it is very hard to observe them. Young’s theory enabled the
explanation of all the components of the meteorological rainbow effect, but not
quantitatively. According to this, as in the case of Descartes’ explanation, the
intensity of scattered light at 8,; and 6,, was infinite. This is illustrated in Fig. 1.3
for the primary rainbow.

The quantitative theory of the meteorological rainbow effect was founded by
R. Potter and G. B. Airy in the middle of the nineteenth century [2]. Potter analyzed
in detail the accumulation of the light rays going out from the water droplet for
60 =20,, and found that 6, in fact defines the envelope of the outgoing rays from
class III. Starting from those results, Airy formulated a theory of the effect based on
the Huygens-Fresnel principle, given in the beginning of the nineteenth century
[3]. The shape of his dependence of the intensity of scattered light on € in the
vicinity of 8, is shown in Fig. 1.3 [2]. One can see that, in this case, a maximum
lying at the scattering angle somewhat larger than 6, appears. It corresponds to the
primary rainbow. The second maximum of the dependence corresponds to the first
associated supernumerary rainbow. In Alexander’s dark band, i.e., for 8 < 8,4, the
intensity of scattered light decreases quasiexponentially. One says that the maxima
of the dependence show the diffractive character, and its quasiexponential decrease
the refractive character of the scattering process under consideration. It is important
to note that the positions and widths of the maxima depend on the ratio x; = 2zR /A,
where 1 is the wavelength of light, which is called the droplet size parameter and
changes in practice from about 100 to several thousands [2]. Airy’s theory gives
satisfactory results for x,> 5000.

The conditions for formulation of an exact theory of the meteorological rainbow
phenomenon were met in the middle of the nineteenth century, when Maxwell’s
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Fig. 1.4 Intensities of light scattered from a spherical water droplet without the directly reflected
component in the region of @ around 6,; for the parallel polarized light and x,=1500 obtained
using (a) Airy’s theory, (b) Nussenzveig’s theory, and (c) the exact theory (Adapted from Ref. [2])

theory of electromagnetic radiation emerged. The theory was created by G. Mie and
P. J. W. Debye in the beginning of the twentieth century [2]. According to it, the
scattering amplitude of light, whose square equals the intensity of light scattered
from the water droplet, is an infinite series of the functions representing the
so-called partial waves, each of which is determined by one value of the angular
momentum of light. However, the series converges slowly — the number of terms
that must be included in the calculation to attain a satisfactory accuracy is about k.
Also, the theory does not allow one to analyze separately the components of the
effect. Therefore, usually, its use is not convenient.

A satisfactory quantitative theory of the meteorological rainbow effect was
created by Nussenzveig [4—-6]. Using Watson’s transformation, he succeeded in
reducing the problem of the infinite series appearing in the above-mentioned exact
theory of the effect to the problem of an integral in the complex plane whose
solution contains a small number of terms corresponding to the saddle points and
poles of the integrand. In this theory, the angular momentum of light is a complex
variable. It enables one to analyze separately the components of the effect.
Figure 1.4 shows a comparison of the intensities of light scattered from the water
droplet without the directly reflected component obtained using Airy’s,
Nussenzveig’s, and exact theories in the region of @ around 6,; for the parallel
polarized light and x,=1500 [2, 7]. It is evident that the deviation of Airy’s theory
from the exact theory is considerable, especially in the region of supernumerary
rainbows. On the other hand, the agreement of Nussenzveig’s theory with the exact
theory is satisfactory. The fluctuations of the dependence of the intensity of
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scattered light on 6 generated by the exact theory come from the light rays from
class V, which undergo more than two reflections inside the droplet. It is worth
mentioning that, in the case of normally polarized light, the deviation of Airy’s
theory from the exact theory is smaller than that in the case of parallel polarization.

Besides Nussenzveig, Berry [8, 9] and Nye [10-12] have made exceptional
contributions to the understanding of the optical rainbow effect. Berry investigated
the possible shapes of the rainbows in the general case of scattering of light, in
which the target was not spherical. He found that the obtained shapes could be
classified using catastrophe theory [13] as a general theory of models. Nye explored
in detail the rainbows occurring in the case of transmission of laser light through a
water drop on a glass slide and reproduced the shapes of the generated rainbows
using catastrophe theory.

More information about the meteorological rainbows can be found in the books
of Van de Hulst [14] and Boyer [15], and in the review papers of Jackson [16] and
Adam [17]. Interested readers can learn more about the optical rainbows generated
with water drops from the book of Nye [18].

1.2 Particle Rainbows

1.2.1 Atomic Rainbows

The atomic rainbow effect was discovered by Firsov [19]. He performed a thorough
classical analysis of the process of elastic atomic scattering assuming that the
interaction potential had both the repulsive and attractive components, and found
that the deflection function, ®(b), where b is the impact parameter, had a minimum,
0= (E),Al. Consequently, the differential scattering cross section, o(6), where
0(b) =10(b)I is the scattering angle, tended to infinity at that point. This behavior
is analogous to the behavior of the intensity of light scattered from a water droplet
in the vicinity of the primary rainbow angle, as depicted in Fig. 1.3. A few years
later, the effect was observed by Mason [20]. However, neither Firsov nor Mason
connected it to the meteorological rainbow effect. The connection between the two
effects was revealed by Ford and Wheeler [21, 22]. Using Airy’s theory mentioned
in Sect. 1.1, they gave a semiclassical theory of the atomic and nuclear scattering in
the vicinity of an extremum of ©(b), i.e., of the atomic and nuclear rainbow
scattering. In the case of nuclear scattering, the effect they considered was the
Coulomb rainbow effect, which will be considered in the next subsection.

The atomic rainbow effect was observed experimentally for the first time by
Beck [23] with the crossed atomic and molecular beams at thermal kinetic energies.

'In Subsects. 1.2.1 and 1.2.2, the analysis is performed in the center-of-mass reference frame. This
means that the considered variables are related to the relative particle, rather than to the projectile.



8 1 Rainbows

154.3 meV

1(0) sin(0)

0 30 60 90
0 (deg)

Fig. 1.5 Experimental adjusted angular distributions of K atoms elastically scattered from HBr
molecules at kinetic energies of 83.7 and 154.3 meV (Adapted from Ref. [23])

Figure 1.5 shows the dependences of the intensity of K atoms scattered from HBr
molecules on 6, 1(9), multiplied by siné at kinetic energies of 83.7 and 154.3 meV
obtained in that experiment. In each of the two cases, the maximum appearing in
this adjusted angular distribution of scattered atoms corresponds to the primary
rainbow. The region of 8 below the maximum is the bright side of the rainbow, and
the region of 8 above the maximum is its dark side. Figure 1.6 gives the experi-
mental adjusted angular distribution of H" ions scattered from Kr atoms at kinetic
energy of 15.8 eV obtained by Weise et al. [24]. Here, one can see clearly five
maxima of the distribution, which correspond to the primary rainbow and four
associated supernumerary rainbows.

1.2.2 Coulomb and Nuclear Rainbows

As it has been said in the introductory part of this chapter, after the prediction of the
rainbow effect in elastic atomic scattering, two rainbow effects were observed
experimentally in elastic nuclear scattering. One of them, the Coulomb rainbow
effect, appeared in the region of positive values of ®(b), while the other one, the
nuclear rainbow effect, occurred in the region of negative values of @(b)'. The
Coulomb rainbows were registered for the first time by Ford and Wheeler [21, 22] —
in the previously obtained experimental results with a-particles of kinetic energy of
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Fig. 1.6 Experimental adjusted angular distribution of 15.8 eV H" ions elastically scattered from
Kr atoms (Adapted from Ref. [24])

22 MeV and m7Ag nuclei [25], and 40 MeV a-particles and 18173 and 23Th nuclei
[26]. In fact, they registered only the quasiexponential decrease of &(6) for 0
above the primary Coulomb rainbow angle. The nuclear rainbows were observed
experimentally for the first time by Goldberg and Smith with 139 MeV a-particles
and *®Ni nuclei [27].

Figure 1.7 shows the measured dependences ¢(f) divided by the corresponding
differential cross sections for Rutherford scattering, or(0), in the cases of
1760 MeV “°Ar nuclei impinging on ®Ni, '2°Sn, and 2*®Pb nuclei, i.e., the angular
distributions of scattered nuclei, in the vicinity of the primary Coulomb rainbow
angle [28]. The maxima and quasiexponential decrease of these dependences are
due to the Coulomb rainbow effect.

Figure 1.8 gives the angular distribution of 104 MeV a-particles scattered from
0Ca nuclei [29, 30]. The oscillating character of the distribution is a consequence
of the interference of its components corresponding to the positive and negative
values of ©(b)>. The figure also contains these two components. The former

°In each of the angular distributions of scattered nuclei shown in Fig. 1.7, there are no such
oscillations, because in the comprised region of 0, its component corresponding to the positive
values of ®(b) is large compared to the component corresponding to the negative values of O(b).
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Fig. 1.7 Experimental angular distributions of 1760 MeV “°Ar nuclei elastically scattered from
%ONi, 2°Sn, and 2°®Pb nuclei in the vicinity of the primary Coulomb rainbow angle (Adapted

from Ref. [28])

distribution decreases quasiexponentially, which is to be attributed to the Coulomb
rainbow effect. The maxima and quasiexponential decrease clearly seen in the latter

distribution are the signatures of the nuclear rainbow effect.

More information on the rainbows in elastic nuclear scattering can be found in
the works of McVoy and Satchler [31] and Khoa et al. [32], and the references

therein.
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Fig. 1.8 Experimental angular distributions of 104 MeV a-particles elastically scattered from
40Ca nuclei for (a) the positive and negative values of ®(b), (b) the positive values of ®(b),
and (c) the negative values of ©(b). or(f) is the corresponding differential cross section for
Rutherford scattering (Adapted from Refs. [29, 30])

1.2.3 Surface Rainbows

The surface rainbow effect was discovered by Oman [33] in a classical computer
simulation of elastic scattering of Ne atoms of thermal kinetic energies from the
(111) surface of a Ag crystal. Smith et al. [34] conducted the first measurements of
the effect, with Ar atoms of thermal kinetic energies and the (001) surface of a LiF
crystal. However, neither Oman nor Smith et al. connected the obtained results with
the meteorological rainbow effect. That was done by McClure [35] in interpreting
his classical computer experiments.

Figure 1.9 shows two experimentally obtained dependences of the intensity of
Ne atoms of kinetic energy of 49 meV scattered from the (001) surface of a LiF
crystal, 1, on the scattering angle, 8, [36]. The incoming and outgoing parts of each
atom trajectory lied in a plane parallel to the (100) crystallographic plane, with the
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Fig. 1.9 Experimental angular distributions of 49 meV Ne atoms elastically scattered from the
(001) surface of a LiF crystal for ,b=50° and 60°. The incident atom velocity vectors are parallel
to the (100) crystallographic planes (Adapted from Ref. [36])

incident angle, i.e., the angle between the incoming part of the trajectory and the
surface normal, being 9p=50° or 60°, and with 0, being the angle between the
outgoing part of the trajectory and the surface normal. Each of these angular
distributions of scattered atoms contains two pronounced maxima lying symmetri-
cally relative to the angle of specular reflection, i.e., 8y =6,. These maxima
correspond to two points between the adjacent atoms within an atomic string of
the surface parallel to the <010> crystallographic direction. The authors found
that, for the corresponding values of 6, the classical differential cross section for
elastic atom scattering tended to infinity. Hence, the maxima represent the primary
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Fig. 1.10 Measured angular distributions of 5.5, 7.3, and 8.6 keV He atoms scattered from
the (001) surface of a LiF crystal for 6y=89.29°; the values of /(0,) are given in arbitrary

units. The incident atom velocity vectors are parallel to the (010) crystallographic planes (Adapted
from Ref. [39])

surface rainbow effect. The range of 8, between the maxima is the bright side of the
rainbow while the ranges of 6, below the left maximum and above the right
maximum are its dark sides.

Interested readers can learn more about the surface rainbows from the works of
Kleyn and Horn [37] and Winter [38]. Figure 1.10 shows the experimental inten-
sities of 5.5, 7.3, and 8.6 keV He atoms elastically scattered from the (001) surface
of a LiF crystal, /, as functions of the scattering angle, 6,, obtained by Schiiller and
Winter [39] upon the publication of those two works. The incident atom velocity
vectors were parallel to the (010) crystallographic planes, with the incident angle
(relative to the surface normal) being 8,=89.29°. Thus, the atoms propagated along



14 1 Rainbows

the <100> surface channels. The scattering angle of an atom (6,) was the angle
between its outgoing trajectory and the outgoing trajectory of the atom whose
incoming trajectory lied in the plane containing the channel axis, and, as one can
see in the figure, it could take positive and negative values. For each value of the
kinetic energy, there are two more pronounced maxima lying in the peripheral parts
of the angular distribution. The authors established that they corresponded to two
lines between and parallel to the atomic strings defining the channel. These maxima
occur due to the primary rainbow effect. In addition, there are two, three, and four
less pronounced maxima lying between the more pronounced maxima for kinetic
energies of 5.5, 7.3, and 8.6 keV, respectively. Their origin is the associated
supernumerary rainbow effect. The appearance of these rainbows is attributed to
the fact that the value of 6 is very close to m/2, i.e., the value of the perpendicular
component of the incident atom velocity vector is very small.

1.2.4 Crystal Rainbows

The crystal rainbow effect was discovered by Neskovi¢ [40, 41] in a computer
simulation of the transmission of protons of kinetic energy of 7 MeV through the
<110> channel of a 150-nm thick Si crystal. Soon after that, the effect was
observed experimentally by Krause et al. [42, 43], with 7 MeV protons and a
140-nm thick (100) Si crystal. The same group [44], from the Oak Ridge National
Laboratory, Tennessee, USA, to be referred to as the Oak Ridge group, led by Datz
and Moak, performed a series of additional measurements of the effect. The pro-
jectiles were 2-9 MeV protons and 6-30 MeV C*, C°*, and C®* ions, and they
were transmitted through the <100> channels of a 179-nm thick Si crystal.
Between 2011 and 2014, a group from the National University of Singapore
[45-48], to be referred to as the Singapore group, led by Breese, conducted a series
of high-resolution measurements of the crystal rainbows with 2.0-0.7 MeV protons
and a 55-nm thick (100) Si crystal.

Besides, Petrovic et al. [49, 50] predicted the rainbow effects in 1 GeV proton
channeling in a 1 pm long bundle of (10, 10) achiral single-wall carbon nanotube,
and in 1 MeV positron channeling in a 200-nm long (11, 9) chiral single-wall
carbon nanotube, respectively.

The rainbows occurring in transmission of charged particles through crystal
channels and nanotubes will be considered in detail in Chaps. 3, 4, 5, and 6.


http://dx.doi.org/10.1007/978-3-319-61524-0_3
http://dx.doi.org/10.1007/978-3-319-61524-0_4
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Chapter 2
Ion Channeling

2.1 Basic Facts

A positively charged particle impinging on a single crystal in a direction close to a
major crystallographic axis will very probably experience a correlated series of
many small angle collisions with the crystal’s atoms [51]. As a result, an oscillatory
particle motion in the space between the atomic strings of the crystal, i.e., along the
axial crystal channels, is established. The process is called axial particle channel-
ing. Under such conditions, the yields from close encounter processes involving the
particle and crystal’s atoms are very low. If the particle stays in one channel during
the propagation through the crystal, the process is referred to as hyperchanneling.
Similar behavior is expected if the incident particle direction is in a plane close to a
major crystallographic plane, and the process is called planar channeling.

The possibility of channeling of positively charged particles in crystals was
mentioned for the first time by Stark and Wendt in 1912 [52, 53]. However, the
process was experimentally observed first about 50 years after that by Rol et al.
[54], and then by Almén and Bruce [55]. Those authors showed that the yield of ion
sputtering of monocrystalline target surfaces depended significantly on their orien-
tation. In between the appearances of those two studies, Davies et al. [56, 57]
reported on the anomalously long ranges of ions moving through polycrystalline
targets. In a reaction to the results presented in [55], Robinson [58] emphasized the
importance of the direction of ion penetration through crystals. Soon after that,
Robinson and Oen [59, 60] reported on the computer simulations of slowing down
of Cu atoms of kinetic energies between 1 and 10 keV in various monocrystalline
targets, in which very large penetration depths of the ions with the incident
directions close to the major crystallographic axes were observed. Those results
were crucial for explaining the results of the above-mentioned three experimental
studies — by the process of ion channeling. It became clear how an ion of a kinetic
energy of the order of a keV or even MeV can move long in a potential well of a
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depth of the order of an eV. Lehman and Leibfried [61, 62], Nelson and Thompson
[63], Lindhard [64], and Erginsoy [65] continued the theoretical exploration of the
process. They introduced the concept of continuum interaction potential of a
channeled ion and an atomic string and, using the approach of statistical mechanics,
founded the analytical theory of ion channeling. The theory was described in detail
by Lindhard [66].

The analytical theory of axial ion channeling is concentrated on a single atomic
string and is based on the assumptions that: (i) the ion-string interaction is well
described applying classical mechanics, (ii) the string can be treated as continuous,
rather than discrete, and (iii) the transverse ion energy is conserved [66]. These
assumptions enable an analytical description of the ion motion along the atomic
string. In order to calculate the flux of channeled ions, one has to introduce an
additional assumption — that the ion has an equal probability of finding itself at any
point in the region of the transverse plane accessible to it, which is determined by its
transverse energy [66]. However, this assumption, referred to as the assumption of
statistical equilibrium in the transverse plane, makes the theory applicable only for
thick crystals [67]. This theory has been improved by abandoning the assumption of
conservation of the transverse ion energy, i.e., taking into account the energy losses
of the ions in their collisions with the crystal’s nuclei and electrons, and treating
their motion along the atomic string as the diffusion in the transverse plane [68, 69].

2.2 Interaction Potentials

It is usually assumed that the interaction of an ion and an isolated atom can be
sufficiently accurately described as a two-body interaction, i.e., the interaction of
the nuclei of the collision partners screened by their electron clouds [51]. One also
supposes that the ion-atom interaction potential does not depend on their relative
velocity and that it is not influenced by the inelastic processes during the encounter.
The interaction of an ion and a crystal is most often treated starting from such an
interaction potential. This approach is applied in studying the process of charged
particle channeling as well.

It has been demonstrated that the (statistical) Thomas-Fermi atomic model can
lead to sufficiently accurate atom-atom interaction potentials [51]. With this
approximation, the interaction potential reads

Ura) = @ws <’—> (2.1)

Ta ds

where Z; and Z, are the projectile and target atomic numbers, respectively, e is the
elementary charge, r, is the atom-atom distance, ¢4(r,/a;) is the atom-atom screen-
ing function, and a; is the atom-atom screening length. The function ¢, describes
the screening of the nuclei of the collision partners with their electron clouds, but
without taking care of the shell structures of the clouds. It is given as the numerical



2.2 Interaction Potentials 17

solution of a differential equation [70]. Molieére [71] found a good analytical
approximation of the screening function,

( ) Za/exp( bu ") (2.2)

where (a,)=(0.10, 0.55, 0.35) and ($,)=(6.0, 1.2, 0.3) are the fitting parameters.
This expression has been commonly used in treating atomic collisions in solids.

Lindhard [66] proposed another approximation of the Thomas-Fermi atom-atom
screening function, which reads

’ <ra> _ 1
a7 12’
as [1 FCL(rafas)

(2.3)

where C_is a fitting parameter whose standard value is 3. In this expression, the two
terms represent the nuclear and electronic contributions to the atom-atom interac-
tion potential, respectively. This screening function has been widely used in
studying the process of ion channeling.

In the Thomas-Fermi atomic model, the atomic screening length is

972 1/3 _
arg = (@) 221/30!0, (2.4)

where ao = 1*/(m,e*)=0.0529 nm is the Bohr radius, m, is the electron mass, and 7
is the reduced Planck constant [72]. Firsov [73] showed that, when an atom-atom
collision is considered, one should use the screening length

972\ '/ 2 /2 ~2/3
aF—(@> ( +Z> . (2.5)

This expression reduces to Eq. (2.4) when Z; << Z,. An alternative expression
for the atom-atom screening length,

922\ s a1
ap,, = (ﬁ) (Zl/ +Z2/ ) aop, (26)

was proposed by Lindhard [72]. This means that for a,, appearing in Egs. (2.2) and
(2.3), one should choose arg, ap, or ay. It has been established [51] that, when the
projectile is a bare nucleus, the most appropriate choice is arg. If the projectile is a
screened nucleus, one should choose ag or aj..

Ziegler, Biersack, and Littmark (ZBL) [74-76] introduced an approximation of
the screening function based on the Hartree-Fock method and the assumption that
the shell structures of the electron clouds of the partners did not change during the
collision process. They applied it to 261 atomic pairs. This approximation, which is
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designated as the universal atom-atom screening function, is often used in treating
atomic collisions. It reads

4
Tq Ourq
_ = X — N 27
$zBL (aZBL> ;:l Ve P( ) ( )

azBL

with

977:2 1/3 .
azpL = (128) (Zf —|—Z§) do (2.8)

as the atom-atom screening length, where (y,)=(0.1818, 0.5099, 0.2802, 0.02817),
(60)=(3.2, 0.9423, 0.4028, 0.2016), and p=0.23 are the fitting parameters.

2.3 Computer Simulations

2.3.1 Applicability of Classical Mechanics

Let us imagine a collision of two bare nuclei, the projectile and target, with atomic
numbers Z; and Z,, whose masses are m, and m,, respectively, with the condition
my >> my. The projectile velocity and impact parameter are v and b, respectively.
Initially, the target is at rest and, being much heavier than the projectile, can be
taken to stay that way. The relativistic effects are ignored. We treat the projectile as
a wave packet. According to Bohr [77], there are two contributions to the uncer-
tainty of the projectile scattering angle. The first contribution is due to the uncer-
tainty of its initial position while the source of the second contribution is its
diffraction. The resulting two conditions reduce to Bohr’s condition for application
of classical mechanics, which reads

2717Z5e*

>> 1, 2.9
o (2.9)

where e is the elementary charge and 7 is the reduced Planck constant. According to
this expression, there is a projectile kinetic energy above which classical mechanics
cannot be used.

Lindhard [66] showed that, when two screened nuclei collide and the
corresponding screening function is given by Eq. (2.3), the condition for application
of classical mechanics is

27.,7Z,€* 3b°
>>14+——. 2.10
hv + CLa? ( )

N
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This means that for a sufficiently high ion kinetic energy or a sufficiently large
ion impact parameter, i.e., a sufficiently small ion scattering angle, quantum
mechanics must be used. For example, if a proton of kinetic energy of 2 MeV is
incident on a Si atom, C; =3, and b = a4, the left-hand side of the inequality (2.10) is
~3 and its right-hand side is 2, i.e., the inequality is not valid. Thus, since in ion
channeling b is above ~a,, making, in this case, the right-hand side of the inequality
even larger than 2, one might conclude that classical mechanics cannot be used for
describing the process of 2 MeV proton channeling in an axial channel of a Si
crystal. However, Lindhard [66] demonstrated that, even though an individual small
angle collision may not be amenable to classical treatment, the situation is opposite
for a correlated series of such collisions. He did that in cases of a real (discrete)
atomic string of a crystal, consisting of a number of equally displaced atoms, and of
a continuous string, obtained after a uniform longitudinal smearing of its atoms. In
case of the real atomic string, the uncertainty of the ion scattering angle does not
grow during the series of collisions. Also, the necessity to use quantum mechanics
decreases as the ion kinetic energy increases. In case of the continuous atomic
string, Lindhard obtained the following condition for application of classical
mechanics:

Z1Zoma?\
2(#"20"*) > 1, (2.11)
e

where m, is the electron mass, d is the distance between the atoms of the atomic
string, and a is the Bohr radius. This condition is independent of the projectile
velocity and is certainly satisfied for m; >> m,.

As it has been said in the Prologue, we shall discuss here about ion channeling in
various crystals and carbon nanotubes, and about positron channeling in carbon
nanotubes. In accordance with the inequality (2.11), the cases of ion channeling will
be described using classical mechanics, and the cases of positron channeling using
quantum mechanics [66].

2.3.2 Continuum String Model

From a classical point of view, a positively charged particle is considered to be
channeled with respect to an atomic string of a crystal if it is incident on the string at
an angle, ¢, small enough that it is scattered away from the string by a correlated
series of many glancing collisions with the atoms of the string [51]. As ¢ becomes
greater than

27,Z,e*\ *
WL‘Z(T , (2.12)



20 2 Ion Channeling

where E is the particle kinetic energy, referred to as the critical angle for axial
channeling, for which the distance of closest approach of the particle to the atomic
string is ~a [66], the particle begins to approach the string so closely that it no
longer remains channeled. Instead, it begins to interact dominantly with the indi-
vidual atoms and is scattered away from the atomic string upon one or a few larger
angle collisions, i.e., it becomes dechanneled. For ¢ >> ., one can take that the
particle moves randomly with respect to the atomic string. Thus, in the process of
axial particle channeling, it is central that the particle interaction with each atomic
string includes many consecutive small angle collisions and no collisions with the
individual atoms. Under such conditions, one can use the continuum string model,
i.e., assume that the particle interacts with a continuous atomic string, which is
obtained after a uniform longitudinal smearing of its atoms [61-66]. In this case, it
is also said that the continuum approximation is employed.

Let us take that the z axis of the reference frame is the longitudinal axis, and the
x and y axes are the transverse axes, being the vertical and horizontal axes,
respectively. The atomic strings are parallel to the z axis, with the median plane
of the crystal coinciding with the xy plane. The thermal vibrations of the atoms of
the strings are ignored. The continuum interaction potential of the particle and the
ith atomic string is defined as

Vilo) = r Ul(e?+2)"7)e (2.13)

where U is given by Eq. (2.1), p? = (x —xi)* 4 (y —y,)* is the particle-string
distance squared, x and y are the transverse components of the particle position
vector, x; and y; are the transverse coordinates of the string, and z is the longitudinal
component of the particle position vector [51]. Hence, one obtains

- 2212262 Pi
Vi) = 2 (%), (2.14)
with
fe) = | @+ )o@+ ) (215)
0

and &; = p;/a,. For Moliére’s atom-atom screening function, given by Eq. (2.2),

3
fs(&) = ZWKO(/}[&), (2.16)

(=1

where K, denotes the zero-order modified Bessel function of the second kind
[51]. For Lindhard’s atom-atom screening function, defined by Eq. (2.3),
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c 1/2
fE) =In(1 +5—;L (2.17)

1

[66]. Finally, for the ZBL atom-atom screening function, determined by Egs. (2.7)
and (2.8),

4
£E) =D riKo(5i&) (2.18)
(=1

[51]. The particle-string continuum interaction potential can be regarded as the
zero-order term of the Fourier expansion of the real (periodic) interaction potential
[51]. The coefficients of the remaining terms of the real interaction potential
decrease rapidly with the particle distance from the atomic string [61, 62]. The
particle-crystal continuum interaction potential is the sum of the particle-string
interaction potentials.

Usually, the particle velocity is such that the time of its interaction with an atom
of a string is much shorter than the period of thermal vibrations of the atom
[51]. This means that, in the case in question, the atomic string can be treated as
stationary. Thus, the particle in fact experiences the continuum potential of the
atomic string averaged over the thermal displacements of its atoms from their
equilibrium positions. The resulting particle-string continuum interaction potential
is obtained as it was shown by Appleton et al. [78]. In such a derivation, it is
assumed that the atoms of the string vibrate independently, and that, for each
translational degree of freedom, the probability of an atomic displacement is
described by a Gaussian distribution function. The standard deviation of this
distribution, i.e., the one-dimensional atomic thermal vibration amplitude, oy,, is
determined using the Debye theory of thermal vibrations [79]. The obtained
thermally averaged interaction potential begins to deviate considerably from the
corresponding static interaction potential when the particle distance from the
atomic string becomes comparable to oy, [51].

If the particle energy losses in its collisions with the crystal’s nuclei and
electrons, i.e., its nuclear and electronic energy losses, can be neglected, the
longitudinal component of the particle velocity vector can be treated as constant.
Thus, if the continuum string model is used, only the transverse particle motion
needs to be treated.

Let us assume that the process of axial ion channeling we are interested in can be
accurately described using classical mechanics and the continuum string model. A
computer simulation of the process requires that we select: (i) an ion-atom inter-
action potential, among those given in Sect. 2.2, (ii) a one-dimensional atomic
thermal vibration amplitude, (iii) an adequate expression for the ion nuclear energy
loss rate, (iv) adequate expressions for the ion electronic energy loss rate and the
rate of the corresponding uncertainty of the ion scattering angle, and (v) an
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uncertainty of the ion incident angle, corresponding to the incident ion beam
divergence [80].

Then, the transverse components of the initial ion position vector, in the entrance
plane of the crystal, are chosen from a (two-dimensional) uniform distribution over
the region of a crystal channel. The choosing is done randomly, by a random
number generator, or uniformly. In doing this, we avoid the initial position vectors
lying within the small circular regions around the atomic strings defining the
channel since the resulting channeling process would obviously include larger
angle collisions. These regions are limited by the ion-atom screening length, a.
Upon that, the transverse components of the initial ion velocity vectors are chosen
from a two-dimensional Gaussian distribution defined by the selected uncertainty of
the ion incident angle. This choosing is also performed randomly or uniformly.

With the initial conditions for the ion propagation along the channel defined, its
equations of motion in the transverse plane are solved, and its trajectory is obtained.
At the end of each step of the calculation, the longitudinal component of the ion
velocity vector is changed on the basis of the calculated ion nuclear and electronic
energy losses during the step, whereas the transverse components of the ion velocity
vector are randomly changed on the basis of the calculated uncertainties of the
components of the ion scattering angle during the step. In most cases, the nuclear
energy loss can be disregarded [66].

When the ion equations of motion in the transverse plane are solved, one can
calculate the transverse components of the final ion position vector, in the exit plane
of the crystal, and the components of the final ion channeling angle, i.e., the ion
transmission angle. The spatial and angular distributions of transmitted ions are
generated with a sufficiently large number of incident ions. If the transverse
components of the initial ion position and velocity vectors are chosen randomly,
one says that the distributions are obtained using the Monte Carlo method.

The spatial and angular distributions of transmitted ions generated following
such a computer simulation approach will be shown and analyzed in Chaps. 3, 4 and
5. In all these cases, the nuclear energy loss will be neglected [66].

2.3.3 Binary Collision Model

In the binary collision model of ion channeling in a crystal, the crystal is treated as
real, i.e., a three-dimensional symmetric arrangement of atoms. It is assumed that
the ion has only one important interaction at a time as it moves through the crystal.
In each collision, the ion scattering angle is computed using the momentum
approximation [61, 62], or this is done by numerical integration. Two computer
simulation procedures for using this model have been developed. In both of them, it
is assumed that the condition for application of classical mechanics is satisfied. In
the former procedure [59, 60], the unit cell of the crystal and its translational
properties are defined, and the computer code is left to search and find the crystal’s
atom with which the next ion interaction will happen. In the latter procedure
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[81, 82], the crystal is viewed as composed of the symmetrically arranged atomic
strings, consisting of the equally displaced atoms. In this case, the next important
ion collision occurs with the next atom of the atomic string currently involved in the
channeling process, referred to as the current central string. The critical moment in
the calculation is the one at which the attention is transferred from the current
central atomic string to the next one. The latter procedure has proven to be more
efficient than the former one [82]. Often, it is necessary to include the contributions
of the surrounding atomic strings to the ion scattering angle. This is done by treating
these atomic strings as continuous, i.e., employing the continuum approximation.

In a computer simulation going on according to the above-described latter
procedure, the ion trajectory is a straight line between the equidistant transverse
planes with the spacing equal to the distance between the atoms of the current
central atomic string. In each of these planes, the components of the ion position
and velocity vectors are updated on the basis of the outcomes of the four events
[83]: (i) the ion collision with the nearest atom of the string, being a screened
nucleus, taking into account its thermal displacement from the equilibrium position,
(i) the ion scattering from the surrounding atomic strings governed by their
thermally averaged continuum interaction potentials, (iii) the ion energy loss due
to its collision with the nearest screened nucleus, and (iv) the ion energy loss and the
changes of its scattering angle due to its collisions with the crystal’s electrons. As it
has been said in the previous subsection, in most cases, the nuclear energy loss can
be neglected [66]. If the updated ion velocity vector makes a large angle with the
atomic string, it is assumed that the ion motion has become random. For the
ion-atom interaction potential, one of those mentioned in Sect. 2.2 is selected.

The initial conditions for the ion motion along the channel are chosen in the
same way as in the computer simulation employing the continuum string model,
which has been described in the previous subsection. One may also include in the
calculations the mosaic spread of the crystal, the disorder of the crystal surface, the
correlations of the thermal vibrations of the adjacent atoms of the current central
string, and the changes of the ion charge during the propagation.

The output quantities in such a computer simulation code may include: (i) the
probability that an ion experiences a sufficiently close encounter with a crystal’s
atom to induce an event such as a large angle scattering, an energetic atom
recoiling, or a nuclear reaction, (ii) the relative number of recoiled atoms having
the kinetic energy above a certain value, and (iii) the spatial and angular distribu-
tions of transmitted ions. Two such codes that have been used most so far are the
LAROSE code, made by Barrett [81, 82], and the FLUX code, developed by
Smulders and Boerma [83]. In Subsect. 3.1.2, we shall present and analyze the
angular distributions generated with the former code.
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Chapter 3
Crystal Rainbows

This chapter is devoted to the process of ion transmission through axial crystal
channels [84, 4043, 85-88, 44, 89-100, 80, 101, 102]. The scheme of the process
is shown in Fig. 3.1. In accordance with what has been said in Sect. 2.1, the motion
of an ion close to the channel axis can be treated as an oscillatory motion around the
axis. If the impact parameter vector of the ion and the angle between its incident
momentum vector and the channel axis are fixed, the number of oscillations the ion
makes before leaving the crystal depends on its incident kinetic energy [98]. When
this energy is sufficiently high for the ion to make less than about a quarter of an
oscillation, its trajectory can be approximated by a straight line. If this is true for the
majority of ions, one says that the crystal is very thin. When, however, the majority
of ions make between about a quarter of an oscillation and about one oscillation, the
crystal is thin. The crystal is said to be thick if the majority of ions make more than
about one oscillation. Finally, if the majority of ions make much more than one
oscillation, the crystal is very thick.

3.1 Ion Channeling in Very Thin Crystals

3.1.1 Model of Crystal Rainbows

Let us now consider an ion propagating along an axial channel of a very thin crystal
[40, 41]. As it is shown in Fig. 3.1, the z axis of the reference frame, being the
longitudinal axis, coincides with the channel axis, and the origin lies in the median
plane of the crystal. The x and y axes of the reference frame, being the transverse
axes, are the vertical and horizontal axes, respectively. The incident ion momentum
vector is parallel to the channel axis. In this case, one can apply the momentum
approximation [61]. Within this approximation, the x and y components of the ion
transmission angle are
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Ton

Fig. 3.1 Scheme of a process of ion transmission through an axial crystal channel [101]. The
z axis coincides with the channel axis, and the origin lies in the median plane of the crystal. The
channel is defined by four atomic strings, and the incident ion momentum vector is parallel to the
z axis. The x components of the ion impact parameter vector and the transmission angle are
denoted by x and 6., respectively. In this case, the y components of these variables are equal to zero

+0o0
1 N
b=~z SN J 0, Undz (3.1)
i=1 k=1 -
and
1 M N +00
by =~ SN J 0,Updsz, (3.2)
i=1 k=1

respectively, where E is the incident ion kinetic energy, U; = U(x,y,z) is the
interaction potential of the ion and kth atom of the ith atomic string of the crystal,
x and y are the transverse components of the initial ion position vector, i.e., the
components of its impact parameter vector, z is the longitudinal component of the
ion position vector along the channel, M is the number of atomic strings of the
crystal, N is the number of atoms in one string, 0, = 0/0,, and 0,= 0/0,. These
expressions show that, from the point of view of 8, and 8,, the (MN + 1) particle
collision in question reduces to MN independent two-particle collisions, i.e., the
effect of multiple scattering cannot be observed. It is clear that the contributions of
the atoms of one atomic string to 6, and 8, do not depend on their positions within
the string. Consequently, in accordance with Eq. (2.13),

and
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where L = Nd is the thickness of the crystal, d is the distance between the atoms
of a string, and V; = V,(x, y) is the continuum interaction potential of the ion and ith
string [66]. These expressions demonstrate that, from the point of view of 6, and 6,,
the process we analyze in fact consists of M independent two-particle collisions.
Thus, by applying the momentum approximation, we neglect the fact that the atoms
of the atomic strings are arranged in a nonrandom way, i.e., the effect of longitu-
dinal correlations. In other words, we implicitly introduce the continuum approx-
imation, in which the atomic strings are treated as if they are continuous, rather than
discrete [66].

In the case we analyze, the ion differential transmission cross-section reads

:m, (3.5)

where
J = axexayey — ayexaxey (3.6)

is the Jacobian of the functions 0.(x, y) and 8,(x, y) [103, 104], which is the ratio of
the infinitesimal surfaces in the transmission angle (TA) plane and the impact
parameter (IP) plane. The variable J can be expressed as

J=Jo+J, (3.7)
where
M M-1 M
Jozzfii, J’:Z Z (i + 75) (3.8)
i=1 i=1 j=itl
and
L\2
Jij = (ﬁ) (0Vi0yV; — 04 Vi0yV;), (3.9)

where 0, = 0°/0x%, 0,, = 0°/0y”, and 0, = 0*/(0x0y). The term J; describes the
ion scattering from the ith atomic string, while the sum of terms J;; and J;; describes
the coupling between the ith and jth string as seen by the ion. Hence, from the point
of view of ¢, the (MN + 1) particle collision under consideration does not reduce to
MN independent two-particle collisions, i.e., the effect of multiple scattering can be
observed. In this case, the process we study is composed of M nonindependent
two-particle collisions. This is a classical interference effect — the contributions of
the atomic strings to o interfere.

One can see that the equation J'=0 defines the lines along which the effect of
multiple scattering is not observable. These lines are called the single-scattering
lines. The rainbow lines, i.e., the lines along which ¢ is infinite, are determined by
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the equation J =0. All these lines are defined in the IP plane and the TA plane. The
effect determined by them is called the crystal rainbow effect, while this model of
ion transmission through axial channels of very thin crystals is referred to as the
model of crystal rainbows. The explanation of the effect via the zeros of the
function J(x, y) is its mathematical explanation.

It should be mentioned that the above-described approach to classical small-
angle scattering from many-particle targets was applied for the first time in solving
the problem of scattering of a charged particle from an electric dipole [84]. The
problem appeared in the analysis of the experimental results related to ion scatter-
ing from metal surfaces covered with alkali atoms [105, 106].

Let us now apply the model of crystal rainbows to the transmission of protons
through the <110> channel of a very thin Si crystal. The values of E and L will be
7 MeV and 150 nm, respectively. This means that the number of atoms in one
atomic string is N =392. We assume that the ion-atom interaction potential is
obtained using the Thomas-Fermi atomic model and that it can be well described
by Lindhard’s expression with the Thomas-Fermi atomic screening length, by
Egs. (2.1), (2.3), and (2.4),

21Z2€2 Fq
UL == —7| (3.10)
a (ry + Crazg)

where Z; = 1 and Z, = 14 are the atomic numbers of the ion and atom, respectively,
e is the elementary charge, r, is the ion-atom distance, atg is the screening length,
and Cp. =3.00 [66]. As a result, according to Egs. (2.13), (2.14), (2.15), and (2.17),
the continuum interaction potential of the ion and ith atomic string reads

Z1Z,e* CLa>
Vi = ‘dze ln<1+$>, (3.11)
Pi

where d = 0.543082 nm [107], p> = (x — x;)* + (v — y;)* is the ion-string distance
squared, and x; and y; are the transverse coordinates of the string. The variable
VLi/(Z1e) is the continuum potential of the ith atomic string. The number of atomic
strings is M = 20, i.e., we take into account the strings lying on the four coordina-
tion circles nearest to the channel axis. We do not take into account the thermal
vibrations of the crystal’s atoms and the ion collisions with the crystal’s electrons.

In this case, there are one single-scattering line and one rainbow line in the IP
plane. These two lines are shown in Fig. 3.2. One can see that the single-scattering
line connects the regions of the IP plane in which the transmission process is
dominated by the interaction with one atomic string. This line is “attracted” by
the atomic strings defining the channel. On the other hand, the rainbow line lies in
the region of the IP plane where the contributions of more atomic strings are
important. This line is “repelled” by the atomic strings defining the channel. It
must be emphasized that the coordinates of the points of these two lines are
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Fig. 3.2 Rainbow line (solid line) and single-scattering line (dashed line) in the IP plane for
protons transmitted through the <110> channel of a Si crystal [41]. Eight small open circles
represent the atomic strings lying on the first and second coordination circles

determined solely by the arrangement of atomic strings and their continuum
potential — they do not depend on Z;, E, and L. Figures 3.3 and 3.4 give the
dependences of ¢ on the variable p = (x* + )"/ for ¢p =tan"'(y/x) =30 and 210°,
and on ¢ for p = 0.085 nm, respectively. The figures also contain the corresponding
dependences of ¢ when the term J’ is not taken into account, i.e., when the effect of
multiple scattering is disregarded. The radial dependence of o with the effect of
multiple scattering taken into account tends to infinity at two points, which belong
to the rainbow line in the IP plane. However, the radial dependence of ¢ with the
effect of multiple scattering neglected is smooth. Thus, the two radial dependences
clearly show that the crystal rainbow effect occurs due to the effect of multiple
scattering, i.e., because the contributions of the atomic strings to ¢ interfere. This is
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Fig. 3.3 Dependences of the proton differential transmission cross section in the case of 7 MeV
protons and the <110> channel of a 150-nm thick Si crystal on p for ¢ =30 and 210° without
(dashed line) and with (solid line) the effect of multiple scattering [41]

a manifestation of the fact that the crystal is more than a simple sum of the atomic
strings. Hence, the effect is a gestalt or synergistic effect. These conclusions
constitute the physical explanation of the crystal rainbow effect. The azimuthal
dependences of o demonstrate that, when the effect of multiple scattering is
neglected, this variable is maximal between the atomic strings and minimal toward
them, and, when the effect is included, it is the opposite. The rainbow line in the TA
plane is depicted in Fig. 3.5. It contains six cusps pointing to the atomic strings
lying on the first coordination circle. This line divides the TA plane into the bright
and dark regions — the bright region is on the inner side of the rainbow while the
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Fig. 3.4 Dependences of the proton differential transmission cross section in the case of 7 MeV
protons and the <110> channel of a 150-nm thick Si crystal on ¢ for p = 0.085 nm without
(dashed line) and with (solid line) the effect of multiple scattering [41]

dark region is on its outer side. Since the crystal is very thin, and, hence, the
majority of ions undergo one deflection from the channel wall, the rainbow we
consider is the primary rainbow.

Analysis has shown that an increase of M as well as introduction of the thermal
vibrations of the crystal’s atoms leads to a negligible change of the results presented
in Figs. 3.3, 3.4, and 3.5. The latter conclusion agrees with the already mentioned
fact that the rainbow line in the IP plane is “repelled” by the atomic strings.

But how should one calculate the angular distribution of ions transmitted
through a very thin crystal? Such a distribution can be obtained experimentally,
which would enable one to verify the model of crystal rainbows. The distribution is
given by Egs. (3.3), (3.4), (3.5), and (3.6), leading to

o =f[x(6.,0,).(6:.0,)] =F(6:.0,). (3.12)

However, x and y are complicated multivalued functions of 6, and 6,
[104]. Therefore, in order to avoid the mathematical difficulties, the Monte Carlo
method is used. The values of x and y are chosen randomly from the uniform
distribution within the region of the channel, and, according to the calculated values
of 6, and 0,, each ion is recorded as if it has entered a bin in the TA plane.
In choosing the values of x and y, the circular regions around the atomic strings
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Fig. 3.5 Rainbow line in the TA plane for 7 MeV protons transmitted through the <110> channel
of a 150-nm thick Si crystal [41]. Eight small open circles correspond to the last atoms of the
atomic strings lying on the first and second coordination circles as viewed from the channel center

having the radii equal to arg are avoided, and, thus, large values of the ion
transmission angle are eliminated.

Now, we take into account the thermal vibrations of the crystal’s atoms. They are
included in the calculations as it has been explained in Subsect. 2.3.2, i.e., by
averaging V; over the transverse displacements of the atoms from their equilibrium
positions [78]. The atomic displacements along the x and y axes are taken to be
small and independent, and described by a Gaussian distribution function. As a
result, we obtain the thermally averaged continuum interaction potential of the ion
and ith atomic string of the crystal,

2
Vi =V + % (0xVLi + 0y, V1), (3.13)
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where oy, is the standard deviation of the distribution, i.e., the one-dimensional
atomic thermal vibration amplitude. The chosen value of oy, is 0.00744 nm,
corresponding to the room temperature [108, 109]. Also, we now take into account
the ion collisions with the crystal’s electrons but only partly. Since the crystal is
very thin, the ion energy loss caused by these collisions is disregarded. However,
we include the uncertainty of the ion transmission angle appearing due to these
collisions. The corresponding average square uncertainty of the ion transmission
angle is

,  wZie’L
0 ="

neLe, (3.14)

where n, is the average density of the crystal’s electrons along the straight line
parallel to the channel axis determined by the average ion position in the transverse
position (TP) plane, while L, is a function of the magnitude of the incident ion
velocity vector, vq, and n, [66]. For L., we use the expression valid in the case when
vo is much greater than the maximal velocity of the crystal’s electrons [110]. With
the assumption that the components of the ion channeling angle are linear functions
of time, the average ion position in the TP plane is determined by x,, = x + (L6,)/6
and y,, =y + (L6,)/6.

The angular distribution of transmitted ions with the thermal vibrations of the
crystal’s atoms and the uncertainty of the ion transmission angle included is
generated as a sum of the two-dimensional Gaussian distribution functions located
at the centers of the bins with the maximal yield of the distribution corresponding to
one particular bin proportional to the number of ions that have entered the bin and
its dispersion equal to the average of 62 within the bin. In the calculations, we use
Egs. (3.3) and (3.4) with Vi, given by Eq. (3.11), substituted with V}I‘i, obtained by
Eq. (3.13). We are giving here only the final conclusions on the obtained angular
distribution. They are: (i) the rainbow line shown in Fig. 3.5 appears as a “skeleton”
of the generated angular distribution of transmitted ions; (ii) the thermal vibrations
of the crystal’s atoms cause a negligible smearing of the angular distribution; and
(iii) the ion collisions with the crystal’s electrons represent a source of moderate
smearing of the distribution [40, 41].

The consideration of angular distributions of ions transmitted through the axial
channels of very thin crystals obtained using the model of crystal rainbows will be
continued in the next subsection.

3.1.2 First Measurements of the Crystal Rainbows

As it has been described in the previous subsection, the crystal rainbow effect was
predicted by Neskovi¢ in 1983, in the Oak Ridge National Laboratory (Tennessee,
USA) [40, 41]. Soon after that, the effect was experimentally observed by a group
from the same laboratory [42, 43]. That was the first quantitative study of ion
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channeling in thin crystals. The projectiles were 7 MeV protons, and the target was
a 140-nm thick (100) Si crystal. The incident ion beam was slightly divergent — its
angular full width at half-maximum (FWHM) was below 0.01°. The region of the
crystal illuminated by the beam was about 0.5 mm in diameter. The transmitted ions
were registered with a two-dimensional position-sensitive gas proportional counter,
which included a number of vertical and horizontal anode wires and a solid-state
detector behind them. Its distance from the crystal was about 5.5 m. The effective
angular resolutions of the counter in the vertical and horizontal directions
(FWHMs) were below 6., = 0.010° and 6., = 0.015°, respectively. The crystal
was mounted in a goniometer that permitted alignment of the channel axis of
interest to the incident beam direction. The measurements were performed with
the ions propagating along the <100> and <110> axial channels.

The measured angular distribution of protons transmitted through the <110>
channels of the Si crystal is given in Fig. 3.6. In this case, N = 520 and L = 198 nm.
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Fig. 3.6 Experimental angular distribution of 7 MeV protons transmitted through the 198-nm
long <110> channels of a Si crystal. The angular distribution is represented with six contours
bounding the areas where the proton yields are above 85, 70, 50, 30, 20, and 10% of the maximal
yield. Six open circles correspond to the last atoms of the atomic strings lying on the first
coordination circle as viewed from the channel center (Adapted from Ref. [42])
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Fig. 3.7 Experimental angular distribution of 7 MeV protons transmitted through the 140-nm
long <100> channels of a Si crystal. The angular distribution is represented with six contours
bounding the areas where the proton yields are above 90, 70, 50, 30, 20, and 10% of the maximal
yield. Four open circles correspond to the last atoms of the atomic strings lying on the first
coordination circle as viewed from the channel center (Adapted from Ref. [42])

This distribution is represented with six contours bounding the areas where the ion
yields are above 85, 70, 50, 30, 20, and 10% of the maximal yield. Figure 3.7 gives
the measured angular distribution of protons transmitted through the <100>
channels of the Si crystal. In this case, N = 260 and L = 140 nm. This distribution
is represented with six contours bounding the areas in which the ion yields are
above 90, 70, 50, 30, 20, and 10% of the maximal yield.

Figures 3.8 and 3.9 show the calculated angular distributions corresponding to
the measured distributions depicted in Figs. 3.6 and 3.7, respectively. The calcula-
tions were performed using the Monte Carlo method based on the model of crystal
rainbows in the way described in the previous subsection. The sizes of a bin along
the 6, and 60, axes were both 0.002°. For the ion-atom interaction potential, the
authors used Lindhard’s expression with the Thomas-Fermi atomic screening
length, leading to Eqgs. (3.11) and (3.13). In the case of <110> channels, they
took into account the atomic strings lying on the four nearest coordination circles,
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Fig. 3.8 Theoretical angular distribution of 7 MeV protons transmitted through the 198-nm long
<110> channels of a Si crystal. The angular distribution is represented with seven contours
bounding the areas where the proton yields are above 95, 85, 70, 50, 30, 20, and 10% of the
maximal yield. Six open circles correspond to the last atoms of the atomic strings lying on the first
coordination circle as viewed from the channel center. The arrangement of atomic strings is rotated
by 90° about the z axis relative to the arrangement shown in Fig. 3.5 (Adapted from Ref. [42])

i.e., M =20, while in the case of <100> channels, they included the strings lying on
the three nearest coordination circles, i.e., M = 16. The one-dimensional atomic
thermal vibration amplitude was o, = 0.00744 nm [108, 109]. The best agreement
of the calculated distributions with the measured distributions was achieved when
the fitting parameter was set at C; =4.00. Each distribution was generated as a sum
of the two-dimensional Gaussian distribution functions located at the centers of the
bins with the maximal yield of the distribution corresponding to one particular bin
proportional to the number of ions that have entered the bin, and its vertical and
horizontal FWHMs equal to &, and &y, respectively. The authors found that, since
the employed values of 6., and 6., were their maximal values, there was no need to
include the uncertainty of the ion transmission angle caused by the ion collisions
with the crystal’s electrons.
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Fig. 3.9 Theoretical angular distribution of 7 MeV protons transmitted through the 140-nm long
< 100> channels of a Si crystal. The angular distribution is represented with six contours bounding
the areas where the proton yields are above 90, 70, 50, 30, 20, and 10% of the maximal yield. Four
open circles correspond to the last atoms of the atomic strings lying on the first coordination circle
as viewed from the channel center (Adapted from Ref. [42])

Comparison of the corresponding contours of the experimental and theoretical
angular distributions of protons transmitted through the <110> channels shows
that their shapes and extents are very close to each other. However, the experimen-
tal distribution contains one maximum off the origin, represented by the 70%
contour, instead of two such maxima of the theoretical distribution, represented
by the 85% contours. The authors attributed that discrepancy to very small tilts of
the crystal about the vertical and horizontal axes, occurring due to an imperfection
of the goniometer. One can see that the shapes of the 50, 30, 20, and 10% contours
follow the shape of the rainbow line in the TA plane depicted in Fig. 3.5. Compar-
ison of the corresponding contours of the measured and calculated angular distri-
butions of protons transmitted through the <100> channels shows that their shapes
and extents are very close to each other as well. In this case, the measured
distribution contains two maxima off the origin, represented by the 90 and 70%
contours, instead of four such maxima of the calculated distribution, represented by
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the 90% contours. That discrepancy was also attributed to the goniometer imper-
fection. As one would expect, the shapes of the 50, 30, 20, and 10% contours follow
the shape of the rainbow line in the TA plane depicted in Fig. 3.16, which will be
explained later.

We would like to mention that the crystal rainbow effect may have been
observed but not explained before the above-described measurements of the Oak
Ridge group [42, 43]. For example, Golovchenko [111] performed a transmission
experiment with 2 MeV protons and a 93-nm thick (110) Si crystal. The results of
the experiment were described as follows: “In the position corresponding to the
initial beam direction, there appeared an intense spot with small starlike arms
projecting outwards. ... The symmetry of the spots is indicative of the transverse
lattice of <110> strings. ... It does not appear possible that these observations can
be explained within the classical continuum picture. ... It is possible that these data
represent spurious results not directly caused by the interaction of the ions with the
crystal.” However, Krause et al. [42] analyzed that experimental case and found
that the obtained results were explainable using the model of crystal rainbows. A
similar conclusion might be deduced upon analysis of the transmission experiments
of Armstrong et al. [112, 113].

In continuation of its investigation of ion channeling in very thin crystals, the
Oak Ridge group [44] performed a series of quantitative measurements of the
angular distributions of 2-9 MeV protons and 6-30 MeV C**, C>*, and C®* ions
transmitted through the <100> channels of a 179-nm thick Si crystal. In that case,
N =330. The divergence of the incident ion beams (FWHM) was below 0.005°.
The region of the crystal illuminated by the beam was about 0.18 mm in diameter.
The transmitted ions were registered with a two-dimensional position-sensitive
detector, which included a microchannel plate and a hyperbolic anode. Its distance
from the crystal was 2.5 m. The effective angular resolutions of the detector in the
vertical and horizontal directions (FWHMSs) were 60\.:6”:0.0060. The crystal
was mounted in a goniometer that enabled alignment of the channel axis to the
incident beam direction. That was an extraordinary experimental and theoretical
study.

The angular distributions of transmitted ions obtained in those expeirments were
reproduced using the LAROSE computer simulation code [81, 82], mentioned in
Subsect. 2.3.3. The authors used Moliére’s approximation of the Thomas-Fermi
ion-atom interaction potential with the Thomas-Fermi atomic screening length,
defined by Egs. (2.1), (2.2), and (2.4),

212, 'y
Um = 21520 Zagexp <—ﬁ[’ ) (3.15)

ra /=1 aTF

The ion energy loss in its collisions with the crystal’s nuclei was disregarded
[66], while the thermal vibrations of the crystal’s atoms and the ion collisions with
the crystal’s electrons were taken into account. The agreement between the exper-
imental and theoretical distributions was excellent — the authors were able to
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duplicate all the details of the distributions for all the values of the incident ion
charge and kinetic energy. It must be noted that they also used in the calculations
Moliére’s interaction potential with Firsov’s ion-atom screening length [73], ag,
given by Eq. (2.5), instead of atr. However, in those cases, they could not achieve a
satisfactory agreement between the measured and calculated results. In addition, the
authors discovered that the evolution of the distribution with the increase of L could
be precisely followed via only one variable, named the reduced crystal thickness,

A:JM, (3.16)

Vav

where f(m, q;) is the frequency of ion oscillations around the channel axis, being a
function of m; and ¢, the ion mass and incident ion charge, respectively, and v,, is
the average magnitude of the ion velocity vector. In each of the analyzed cases, the
value of f was calculated via the value of L for which the width of the distribution
was minimal for the first time, corresponding to A =0.5. That precious result was in
fact the discovery of a scaling law in ion channeling in thin crystals, which has been
confirmed in numerous later studies [91, 92, 94—-100, 80, 101, 102]. If one assumes
that the ion oscillations around the channel axis are harmonic, their frequency can
be deduced from the second order terms of the Taylor expansion of the ion-crystal
continuum interaction potential in the vicinity of the channel center. Then, it is
designated as fj,.

Figure 3.10 shows the measured angular distribution of 30 MeV C®" ions
transmitted through the <100> channels of a 179-nm thick Si crystal obtained by
the Oak Ridge group. This distribution is represented with five contours bounding
the areas in which the ion yields are above 75, 50, 20, 10, and 5% of the maximal
yield. Figure 3.11 depicts the experimental yield of transmitted ions along the 6,
axis extracted from the angular distribution given in Fig. 3.10 together with the
corresponding theoretical yield. It is evident that the two dependences agree
excellently — each of them contains two maxima and two shoulders. The authors
attributed the shoulders of the dependences to the rainbow effect. Figure 3.10 also
contains the corresponding rainbow pattern in the TA plane obtained in our recent
analysis performed using the theory of crystal rainbows [97] and the ion-atom
interaction potential given in Sect. 4.1, which contains four small and four very
small cusped isosceles triangular lines away from the origin [114]. The small
rainbow lines lie on the lines 8, = + 0., and the very small lines on the 6, and 0,
axes. The figure clearly shows that the rainbow pattern appears as the “skeleton” of
the distribution. Besides, it is evident from Figs. 3.10 and 3.11 that the two observed
maxima can be connected to the two pairs of small rainbow lines lying close to the
0, axis, and the two observed shoulders to the two very small lines lying on the 0,
axis.

Let us conclude this subsection with the more precise definitions of very thin,
thin, thick, and very thick crystals than those given in the introductory part of this
chapter, which are formulated via A. One can say that the crystal is very thin if A is
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Fig. 3.10 Experimental angular distribution of 30 MeV C®" jons transmitted through the 179-nm
long <100> channels of a Si crystal. The angular distribution is represented with five contours
bounding the areas where the ion yields are above 75, 50, 20, 10, and 5% of the maximal yield.
Four open circles correspond to the last atoms of the atomic strings lying on the first coordination
circle as viewed from the channel center. The black lines are the associated rainbow lines in the TA
plane [114] (Adapted from Ref. [44])

smaller than about 0.25; it is thin if A is between about 0.25 and about 1; it is
thick if A is larger than about 1; and it is very thick if A is much larger than
about 1 [101].

3.2 Crystal Rainbows as Elementary Catastrophes

3.2.1 Crystal Rainbow Effect as a Catastrophic Effect

Here, we shall apply the model of crystal rainbows, described in Subsect. 3.1.1, to
the transmission of protons of incident kinetic energy of E = 10MeV through the
< 100> channel of an Au crystal of thickness of L = 100 nm [85—87]. The aim of the



3.2 Crystal Rainbows as Elementary Catastrophes 41

b -

1500 | { °t..i ]

2000 f

1000 | ° 1

Yield

500 | .‘Q $e .

| oo‘ﬂ".‘

-0.1 -0.05 0 0.05 0.1
0, (deg)

Fig. 3.11 Experimental yield of 30 MeV C®" ions transmitted through the 179-nm long <100>
channels of a Si crystal along the 6, axis ( full circles) and the corresponding theoretical yield ( full
diamonds with error bars) (see Fig. 3.10) (Adapted from Ref. [44])

study is to connect ion channeling to catastrophe theory, formulated by Thom
[13]. It should be noted that a similar effect, occurring in particle scattering from
surfaces, was analyzed by Berry [115].

Catastrophe theory is a general theory of models [13, 116-120]. It was founded
on the principle of structural stability, and, thus, was oriented toward reality. This
means that the theory does not belong to the mathematics proper. It enables one to
approximate a smooth (structurally stable) function in the vicinity of its degenerate
critical point with an equivalent polynomial. Such a polynomial is called the
generating function of an elementary catastrophe — G(&1, &, ..., & ap, 0, - .o, @),
where &;,i=1,2, ..., m, are the state variables, m is the corank, a;, j = 1, 2, ..., n, are
the control variables, and 7 is the codimension of the catastrophe. The set of critical
points of G is called the equilibrium set, the set of its degenerate critical points the
catastrophic set, and the set of projections of its critical points to the control space
the bifurcation set of the catastrophe. The bifurcation set is the set of points at which
a catastrophe occurs — the number of values of the mapping of the control space to
the equilibrium set (discontinuously) changes.
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Fig. 3.12 (a) Rainbow line in the IP plane for 10 MeV protons transmitted through the <100>
channel of a 100-nm thick Au crystal [85]. (b) Associated rainbow line in the TA plane [85]. The
arrangement of atomic strings is rotated by 45° about the z axis relative to the arrangement used to
obtain the angular distribution of transmitted ions shown in Figs. 3.7, 3.9, and 3.10

In the case under consideration, the distance between the atoms of the atomic
strings of the crystal is d =0.407897 nm [121]. Hence, the number of atoms in one
atomic string is N = 246. We employ Lindhard’s proton-atom interaction potential,
given by Eq. (3.10), and the continuum approximation [66], which lead to
Eq. (3.11), with Z;=1 and Z,=79. The fitting parameter is set at C; =3.00. The
corresponding value of the reduced crystal thickness is A = 0.16, which means that
the crystal is very thin. This value is calculated by Eq. (3.16) in which v,, is taken to
be the magnitude of the incident proton velocity vector and f=f}, i.e., it is deduced
from the second order terms of the Taylor expansions of the proton-crystal contin-
uum interaction potential in the vicinity of the channel center. The number of
atomic strings is M =24, i.e., we take into account the strings lying on the four
nearest coordination circles. The thermal vibrations of the crystal’s atoms and the
proton collisions with the crystal’s electrons are neglected. Figure 3.12 gives the
rainbow line in the IP plane. The transverse coordinates of the atomic strings lying
on the first coordination circle, which define the channel, in atomic units (a.u.), are:
(x;,y) =(2.73,0), (0, 2.73), (—2.73, 0), and (0, —2.73), with 1 a.u. = 0.0529 nm. As
it has been said in Subsect. 3.1.1, the coordinates of the points of the rainbow line in
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the IP plane are determined solely by the arrangement of atomic strings and their
continuum potential — they do not depend on Z;, E, and L. This figure also gives the
rainbow line in the TA plane, which is a cusped square. Each cusp of this line is
directed toward an atomic string defining the channel. The coordinates of the points
of the rainbow line in the TA plane depend on Z, E, and L. However, the ratios of
these coordinates and Z,L/E do not depend on these parameters. Hence, the shape of
this line is determined solely by the continuum potential in the channel. Since, as in
the case analyzed in Subsect. 3.1.1, the crystal is very thin, the rainbow under
investigation is the primary rainbow.

The components of the ion transmission angle, €, and 6,, are single-valued
functions of the components of the ion impact parameter vector, x and y. On the
other hand, x and y are complicated multivalued functions of 6, and 6,. One can
obtain these functions by a computer simulation method. The values of x and y are
chosen randomly or uniformly from the uniform distribution within the region of
the channel and, according to the calculated values of 8, and 6, and chosen values
of x and y, each ion is recorded as if it has entered a bin in the 6,6,x space and a bin
in the 6,0,y space. Thus, for a large number of incident ions, one obtains for one bin
in the TA plane, i.e., the 6,0, space, the distributions of x and y. The numbers of
maxima of these distributions represent the numbers of values of x and y for this
particular bin. The angular distribution of transmitted ions is generated by summing
the contents of the bins in the 8,6,x or 8,0,y space corresponding to each bin in the
TA plane.

Let us first explore the function y(6,, ,) in the vicinity of the apex of the cusp of
the rainbow line in the TA plane lying in its fourth and first quadrants. The change
of the function x(0,, 0,) in this region, along the rainbow line, is very small (see
Fig. 3.12) and, therefore, less interesting. The sizes of a bin in the 6,0,y space along
the 0, and 6, axes both equal 0.02 mrad, and its size along the y axis is 0.04 a.u. The
values of x and y are chosen uniformly, and the number of incident ions is about
900,000. Figure 3.13 gives the changes of y with 8, for three values of 6, — 0.51,
0.65, and 0.79 mrad. Comparison of this figure and Fig. 3.12 shows that y is triple-
valued on the inner side of this part of the rainbow line and single-valued on its
outer side. This means that the inner side of this part of the rainbow line is the bright
side of the rainbow and that its outer side is the dark side of the rainbow. Besides, it
is clear that y is an odd function of ;. Analogous analyses of the function x(8,, 6,)
or y(6,, 6,) in the vicinities of the apices of the other three cusps of the rainbow line
have shown that the inner side of the whole rainbow line is the bright side of the
rainbow and its outer side the dark side of the rainbow.

Now, we shall compare the shapes of the rainbow line, the line separating the
branches of the surface defined by the function y(6,, ), and the surface defined by
this function in the vicinity of the apex of the cusp lying in the fourth and first
quadrants of the TA plane with the corresponding shapes obtained using catastro-
phe theory [13, 116-120]. It is clear that the problem we consider is
one-dimensional. Therefore, the corank of the elementary catastrophe we want to
find is one, i.e., it has one behavior variable. Analysis of the bifurcation sets of the
catastrophes of this corank has shown that the first appropriate catastrophe is the
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Fig. 3.13 Changes of the functions y(6,, 6,) with 6, for three values of 6., and n(a, ) for three
values of « in the vicinity of the apex of the cusp obtained by the computer simulation method ( fu//
circles) and by Eq. (3.18) (solid lines) for 10 MeV protons transmitted through the <100> channel
of a 100-nm thick Au crystal [85]. The values of 6, and « are: (a) 0.51 mrad and 0.886, (b)
0.65 mrad and 0.317, and (c) 0.79 mrad and —0.253, respectively

cusp catastrophe, whose codimension is two, i.e., it has two control variables. We
have chosen for the behavior variable # =y/p,, where po=k,d, d is the distance
between the atoms of the atomic strings, and k, is a spatial scaling factor.
The control variables have been taken to be a= — (6, —0,.)/0y and = 0,/0,,
where 6, is the value of 6, corresponding to the apex of the cusp, Oy = kyZ,Z»¢”
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N/(2E), and kg is an angular scaling factor. For the generating function of the cusp
catastrophe, we take its dual form,

Gr = —i* + 2an* + 4pn. (3.17)

One can easily find that the equilibirum set of this catastrophe is the surface
defined by

mw—an—f=0, (3.18)

which corresponds to the surface defined by y(8,, 6,), that its catastrophic set is the
line defined by

n= i(g)m, (3.19)

which separates the branches of the surface defined by y(6,,6,), and that its
bifurcation set is the line determined by

2/3

AP
a—3’2

(3.20)

which corresponds to the rainbow line in the vicinity of the apex of the cusp.
Figure 3.14 shows the comparison of the shapes of the rainbow line in the TA
plane in the vicinity of the apex of the cusp and the line defined by Eq. (3.20).

Fig. 3.14 Rainbow line in
the TA plane in the vicinity Iy
of the apex of the cusp
(full circles) and the line
defined by Eq. (3.20) (solid 08}
line) for 10 MeV protons '
transmitted through the
<100> channel of a
100-nm thick Au crystal 06l
[85] '
S
04Ff
02Ff
0 L
-0.4 -0.2 0 0.2 0.4
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Each branch of the rainbow line is given by 12 points, corresponding to the points in
the IP plane with the y coordinates between 0 and £0.55 a.u. with the step of 0.05 a.u.
The last point of each branch of the rainbow line is chosen so that the ratio of its
a coordinate and a,,, being the a coordinate of the midpoint of the rainbow line
between the cusp under consideration and the neighboring cusp, is smaller than
and close to 0.5. The value of &, is 0.0171, which is obtained via the condition that
the average ratio of the o coordinates of the points of the rainbow line and the
corresponding points of the line given by Eq. (3.20) equals 1. Comparison of the
shapes of the lines separating the branches of the surfaces determined by the functions
n(a, f) obtained by the computer simulation method and Eq. (3.19) is depicted in
Fig. 3.15. Each branch of the former line is given by 11 points, whose a coordinates
are determined by the 6, coordinates between 0.51 and 0.71 mrad, with the step of
0.02 mrad. As in case of the rainbow line, the last point of each branch of this line is
chosen so that the ratio of its @ coordinate and «,, is smaller and close to 0.5.
The value of k,, which is obtained in the analogous way as the value of kg, is
0.120. The shapes of the surfaces under consideration are compared in Fig. 3.13.
The corresponding values of a are 0.886, 0.317, and —0.253, respectively.

One can conclude that the agreement between the shapes of the rainbow lines in
the TA plane, of the lines separating the branches of the surfaces determined by the
functions 7(a, f), and of the surfaces defined by these functions in the vicinity of the
apex of the cusp calculated by the model of crystal rainbows and catastrophe theory
is excellent. Thus, we have demonstrated that the crystal rainbow effect can be
accurately modeled using catastrophe theory. One can say that the effect is a
catastrophic effect.
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3.2.2 The *X, Catastrophe as the Organizing Center
of Crystal Rainbows

In the previous subsection, we have presented an accurate model of the rainbow
effect occurring in ion transmission through a channel of a very thin crystal created
using catastrophe theory. However, the modeling has been performed only in the
vicinity of a cusp of the rainbow line in the TA plane. But is there a catastrophic
model that will comprise the whole rainbow line appearing for this and other
arrangements of atomic strings? In order to answer this question, we are going to
apply the model of crystal rainbows to the cases of square, rectangular, centered
rectangular, and hexagonal very thin crystals with one atomic string per channel
[88-90, 93]. These are the cases of all four special two-dimensional Bravais lattices
with one atomic string per lattice point.

The projectiles will be 10 MeV protons, and the targets 100 nm thick <100>,
<110>, and <111> Au and W crystals' [88]. These crystals are very thin, i.e.,
A <0.25. Tt is well known that an Au crystal has a face-centered cubic and a W
crystal a body-centered cubic structure. Consequently, the <100> Au or W crystal
is a square, the <110> W crystal a rectangular, the <110> Au crystal a centered
rectangular, and the <111> Au or W crystal a hexagonal very thin crystal with one
atomic string per channel. We use Lindhard’s ion-atom interaction potential,
leading to Eq. (3.11). Again, C, =3.00 and M =24. The thermal vibrations of the
crystal’s atoms and the ion collisions with the crystal’s electrons are not taken into
account. It is easy to see that , and 6,, determined by Eqs. (3.3) and (3.4), can be
also obtained from the function

L
F = xby+ Y0, + - (V = Vo), (3.21)

with
V=>"V, (3.22)

where V; is the continuum interaction potential of the ion and ith atomic string, V' is
the ion-crystal continuum interaction potential, and Vj is the value of V at the
channel center, via the conditions 0,F =0 and 0,F =0. Variable V/(Z;e) is the
continuum potential in the channel. The function F is the reduced action function of
the ion [8], while the two above-introduced conditions represent the principle of
least action in the case in question. Now, Eq. (3.6), defining the ion differential
transmission cross-section, given by Eq. (3.5), can be written as

'An <hkl> Au or W crystal is an Au or W crystal oriented in a way to make the axes of its <hkl>
channels parallel to the incident proton beam direction.
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J=0,V0,V—(0,V) (3.23)
or
J = 0. F0,F — (0,F)". (3.24)

Thus, in addition to being the Jacobian of 6, and 6,, J is the Hessian of V as well
as of F. Equation (3.23) means that the rainbow line in the IP plane, which is
defined by the equation J =0, is the line along which the Gauss curvature of the
continuum potential in the channel vanishes [122].

Let us now model the crystal rainbow effect by catastrophe theory. This will be
done by approximating the ratio

(3.25)

where &=x/po, n=ylpo, a=0,/0, p=0,/0y, and Oy= ZIZZeZN/(ZE ), with the
generating function of an elementary catastrophe [8]; po and 6 are the spatial and
angular scaling factors, respectively. One should note that a and 6, are chosen here
differently than in the previous subsection and that py is left free. But how to find
the appropriate catastrophe? Equation (3.25) shows that the problem we investigate
is two-dimensional. This means that the corank of the catastrophe we are looking
for is two, i.e., it has two state variables. Our intention to describe all four special
two-dimensional Bravais lattices leads to a conclusion that our catastrophe should
be nonsimple, i.e., it should be a family of catastrophes. Analysis has shown that the
first family of catastrophes of this corank is the X, catastrophe, whose codimension
is eight — it has one modulus and seven control variables [117]. This family has
three subfamilies, which are denoted by 0X9, ng, and 4X9. Comparison of the
shapes of the bifurcation sets of all these catastrophes and the rainbow lines in the
TA plane in the above-specified ion-crystal cases has indicated that the appropriate
catastrophe is the 4X9 catastrophe [123, 12, 18]. The generating function of this
catastrophe is

Gk = (&' + K& + ") +v& +6n° + a& + p, (3.26)

where £ and # are its behavior variables, K < —2 is its modulus, and a, f3, y, and 6 are
its control variables; &, , @, and f have been defined above while K, y, and 6 are left
free; the plus and minus signs in front of the parentheses correspond to its standard
and dual forms, respectively. Hence, according to Eq. (3.25), V is approximated by

Z\Z,e%

Vi =Vo+ & + on* £ (&' + K& + 1)), (3.27)

being the catastrophic ion-crystal continuum interaction potential. This expression
is invariant under the symmetry operations relative to the channel center from the
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C,, point group, which correspond to the square, rectangular, centered rectangular,
and hexagonal very thin crystals with one atomic string per channel [124]. For
y =9, Vi is invariant under the symmetry operations relative to the channel center
from the Cy4, point group, which correspond to the square very thin crystals with one
atomic string per channel [124]. Therefore, one can assume that the *X, catastrophe
is the organizing center of crystal rainbows produced with ions and square, rectan-
gular, centered rectangular, and hexagonal very thin crystals with one atomic string
per channel.

Figure 3.16 shows the rainbow lines in the TA plane in the case of <100> Au
crystal generated by the functions F' and Gg; the required form of Gy is its dual
form. The chosen arrangement of atomic strings defining the channel is depicted in
the figure. The latter rainbow line is obtained by a fitting procedure in which
point 1’ coincides with 1 and the distance of 2’ from 2 is reduced to zero by

; ; ; — ;
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Fig. 3.16 Rainbow line in the TA plane for 10 MeV protons and a 100-nm thick <100> Au
crystal obtained by the function F (solid line) and the function Gk (dashed line) [88]. Points
1 and 2 belong to the former line, and points 1’ and 2’ to the latter line. The arrangement of atomic
strings defining the channel is shown too
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Table 3.1 Values of the modulus, free control variables, and spatial scaling factor of the
generating function of the *X, elementary catastrophe for 10 MeV protons transmitted through
the 100 nm thick <100>, <110>, and <111> Au and W crystals

Very thin crystal Form of Gk K y ) po (a.u.)
<100> Au Dual —11.30 0.263 0.263 5.05
<100> Au Standard —-3.72 0.170 0.170 4.02
<100> W Dual —11.32 0.245 0.245 5.74
<100> W Standard —-3.72 0.159 0.159 4.56
<110> W Dual —7.45 0.504 0.160 4.55
<110> Au Standard -3.69 —0.022 0.314 5.67
<111>W Standard —-2.72 —0.100 0.287 6.02
<I111> Au Standard —2.71 —0.149 0.427 3.18

changing K. The resulting values of K, y =4, and pq are given in Table 3.1. The
same fitting procedure is applied to the case of <100> W crystal with the same
arrangement of atomic strings. The obtained results are also given in Table 3.1. We
have also analyzed the cases of <100> Au and W crystals with the arrangement of
atomic strings rotated by 45° about the z axis relative to the one indicated in the
figure. In these cases, the required form of Gy is its standard form. The analogous
fitting procedure has led to the values of the parameters of Vi given in Table 3.1. It
can be shown that the values of K deduced for the two arrangements of atomic
strings, corresponding to the dual and standard forms of G, K, and K, respec-
tively, are connected by the expression K;= — 2(K, — 6)/(K,+ 2) [123].

The rainbow lines in the TA plane in the case of <110> W crystal generated by
the functions F and Gk are given in Fig. 3.17; the required form of G is its dual
form. The chosen arrangement of atomic strings defining the channel is depicted in
the figure. The latter rainbow line is obtained by a fitting procedure in which point
1" coincides with 1 and the distance of 2’ from 2 is minimized by changing K. The
resulting values of K, y, §, and p, are given in Table 3.1.

Figure 3.18 shows the rainbow lines in the TA plane in the case of <110> Au
crystal generated by the functions F' and G; the required form of G is its standard
form. The chosen arrangement of atomic strings defining the channel is given in the
figure. In this case, the channel comprises two isosceles triangular subchannels,
whose centers lie on the x axis above and below the channel center. The height of
the wall between the upper and lower subchannels is smaller than the height of the
four channel walls. Each rainbow line consists of two parts, corresponding to the
two subchannels. The latter line is obtained by a fitting procedure analogous to the
one used in the <110> W case. The resulting values of the parameters of Vi are
given in Table 3.1.

The rainbow lines in the TA plane in the case of <111> W crystal generated by
the functions F and Gk are depicted in Fig. 3.19; the required form of Gg is its
standard form. The chosen arrangement of atomic strings defining the channel is
shown in the figure. In this case, the channel comprises two equilateral triangular
subchannels, whose centers lie on the x axis above and below the channel center.
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Fig. 3.17 Rainbow line in the TA plane for 10 MeV protons and a 100-nm thick <110> W crystal
obtained by the function F (solid line) and the function Gy (dashed line) [88]. Points 1 and 2
belong to the former line, and points 1’ and 2 to the latter line. The arrangement of atomic strings
defining the channel is shown too

The height of the wall between the upper and lower subchannels equals the height
of the four channel walls. This means that the two subchannels can be also treated as
two separate channels. As in the case of <110> Au crystal, each rainbow line
consists of two parts, corresponding to the two subchannels. The latter line is
obtained by the same fitting procedure as in the <110> W case. The resulting
values of K, y, 6, and pg are given in Table 3.1. This fitting procedure has been also
applied to the case of <111> Au crystal with the arrangement of atomic strings as
in the case of <111> W crystal. The obtained results are given in Table 3.1 as well.

Let us now demonstrate the accurateness of the modeling of crystal rainbows
using catastrophe theory. We shall take the above-treated case of <100> Au crystal
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Fig. 3.18 Rainbow line in the TA plane for 10 MeV protons and a 100-nm thick <110> Au
crystal obtained by the function F (solid line) and the function Gk (dashed line) [88]. Points 1 and
2 belong to the former line, and points 1’ and 2’ to the latter line. The arrangement of atomic strings
defining the channel is shown too

and compare the ratios V/V and V1/V, where V' is the Taylor expansion of V in the
vicinity of the channel center up to the fourth order terms, as functions of the
variable p= (x*+y?)"? for ¢=tan '(y/x)=0. These dependences are given in
Fig. 3.20. As can be expected, in the vicinity of the point p = 1.06 a.u., which
belongs to the rainbow line in the IP plane, Vi is closer to V than V1. Besides, Vg/V
is between 0.99 and 1.01, i.e., Vk is a good approximation of V, in the whole region
between the channel center and wall, i.e., for p between 0 and 1.92 a.u., while V/V
is between these two values for p between 0 and 1.58 a.u. Comparison of these
dependences for the other values of ¢ and the analogous results obtained in the
other above-presented cases of very thin crystals has shown that V/(Z;e) can be
used as a good approximation of V/(Z;e) in the vicinity of the rainbow line in the IP
plane, and that it is a good approximation of V/(Z,e) in a larger region of the channel
than Vi1/(Z,e). Therefore, we may conclude that V/(Z;e) is a simple, universal, and
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Fig.3.19 Rainbow line in the TA plane for 10 MeV protons and a 100-nm thick <111> W crystal
obtained by the function F (solid line) and the function Gk (dashed line) [88]. Points 1 and 2
belong to the former line, and points 1’ and 2’ to the latter line. The arrangement of atomic strings
defining the channel is shown too

relatively accurate model potential that can be employed in solving various prob-
lems in the field of ion channeling. It has been deduced starting from Lindhard’s
ion—atom interaction potential as the exact one. If that were done starting from a
more accurate ion—atom interaction potential, e.g., the one presented in Sect. 4.1,
the resulting continuum potential in the channel would be more absolutely accurate.

One can see in Table 3.1 that the values of K obtained in the cases of <100> Au
and W crystals with the dual form of G as well as with its standard form, and in the
cases of <111> W and Au crystals coincide or are very close to each other. This is
an indication that all the square very thin crystals with one atomic string per channel
can be characterized by one value of K, that the same is true for the hexagonal very
thin crystals with one atomic string per channel, and that the same might be true for
the rectangular and centered rectangular very thin crystals with one atomic string
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Fig. 3.20 Ratios V/V (solid line) and V1/V (dashed line) as functions of p for ¢» = 0 obtained with
10 MeV protons and a 100-nm thick <100> Au crystal [88]

per channel. In order to check this indication, we shall first investigate the other
cases of square very thin crystals with one atomic string per channel.

As it has been chosen above, the projectiles will be 10 MeV protons [89]. The
targets will be 100-nm thick <100> very thin crystals of eight chemical elements
with the body-centered cubic structure — V, Cr, Fe, Nb, Mo, Ba, Eu, and Ta;
fourteen elements with the face-centered cubic structure — Al, Ca, Ni, Cu, Sr, Rh,
Pd, Ag, Ce, YD, Ir, Pt, Pb, and Th; and four elements with the diamond-type cubic
structure — C, Si, Ge, and Sn. Together with the above analyzed cases of <100> W
and Au crystals, the total number of analyzed cases of square very thin crystals with
one atomic string per channel will be 28. The arrangement of atomic strings will be
rotated by 45° about the z axis relative to the one indicated in Fig. 3.16. Conse-
quently, the required form of G will be its standard form. Figures 3.21 and 3.22
give the dependences of the parameters of Vi on Z,. It is evident that the line
representing K as a function of Z, is very close to a straight line parallel to the
abscissa, indicating that this parameter does not depend on the position of the
element in the periodic table of elements. Its average value is K°= —3.73, with
the value of the standard deviation being 0.03. Hence, we conclude that the value of
the modulus of the elementary catastrophe may be determined by the symmetry of
the very thin crystal in question. One can also see that the dependences of y and 1/pq
on Z, are periodic, indicating that these parameters are strongly correlated with the
position of the element in the periodic table. The three maxima clearly visible in the
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Fig. 3.21 Dependence of the parameter K of the catastrophic ion-crystal continuum interaction
potential on Z, in the cases of square very thin crystals with one atomic string per channel;
triangles, squares, and diamonds correspond to the crystals with the body-centered, face-centered,
and diamond-type cubic structures, respectively [89]

dependences shown in Fig. 3.22 correspond to Ni, Rh, and Ir. The fact that the
crystal density as a function of the position of the element in the periodic table is
also maximal for these three elements [125] has led us to analyze the (surface)
density of the <100> atomic strings, 7,, as a function of Z, for the 28 elements
under consideration. This dependence is shown in Fig. 3.23. Its shape is very similar
to the shapes of the dependences given in Fig. 3.22, with the three clearly visible
maxima corresponding to Ni, Rh, and Ir too. Hence, we conclude that the values of
the free control variables of the catastrophe and the spatial scaling factor may be
proportional to the value of n, of the very thin crystal under consideration.
Besides, we have analyzed the crystal rainbow effect in the transmission of
10 MeV protons through 100-nm thick <110> very thin crystals of fourteen
chemical elements with the face-centered cubic structure — Al, Ca, Ni, Cu, Sr,
Rh, Pd, Ag, Ce, Yb, Ir, Pt, Pb and Th [93]. These are the cases of centered
rectangular very thin crystals with one atomic string per channel. Together with
the above-analyzed case of <110> Au crystal, the total number of such cases we
have analyzed is 15. The values of the parameters of Vi for different values of Z,
have been obtained by a fitting procedure slightly improved relative to the one used
in the case of <110> Au crystal. Again, the line representing K as a function of Z,
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Fig. 3.22 Dependences of the parameters y (open symbols) and 1/py (full symbols) of the
catastrophic ion-crystal continuum interaction potential on Z, in the cases of square very thin
crystals with one atomic string per channel; triangles, squares, and diamonds correspond to the
crystals with the body-centered, face-centered, and diamond-type cubic structures, respectively
[89]

is very close to a straight line parallel to the abscissa. The average value of this
parameter is K" = —3.81, with the value of the standard deviation being 0.02. Thus,
one can infer that the value of the modulus of the elementary catastrophe is
determined by the symmetry of the very thin crystal in question. In this case, the
shapes of —y and 6 as functions of Z, are very similar to the shape of the density of
the <110> atomic strings, n,, as a function of Z,. Therefore, one can conclude that
the values of the free control variables of the catastrophe are proportional to the
value of 7, of the very thin crystal under consideration. This means that we have
found a consistent interpretation of all the parameters of the above-introduced
catastrophic ion—crystal continuum interaction potential. We consider this a clear
demonstration of the fact mentioned in the previous subsection that catastrophe
theory is oriented toward reality.

In addition, we shall present here the results of the analysis of the crystal
rainbows produced with 10 MeV protons and 100-nm thick <111> very thin
crystals of the above-chosen 28 chemical elements [90]. These are the cases of
hexagonal very thin crystals with one atomic string per channel. However, unlike in
the above described cases of <111> W and Au crystals, we have treated the two
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Fig. 3.23 Dependences of the density of the <100> atomic strings on Z, in the cases of square
very thin crystals with one atomic string per channel; triangles, squares, and diamonds correspond
to the crystals with the body-centered, face-centered, and diamond-type cubic structures, respec-
tively [89]

(equilateral triangular) subchannels of the channel as two separate channels. Anal-
ysis has shown that in this case, the appropriate elementary catastrophe is the
elliptic umbilic catastrophe, which is a bordering catastrophe of the X, catastrophe
[117]. Its corank is two, and its codimension is three. The generating function of
this catastrophe is

Gs =& =388 +y(& +n*) +aé + pn, (3.28)

where &£ and # are its behavior variables, and a, #, and y its control variables; &, 7, «,
and f have been defined above while y is left free. As a result, according to
Eq. (3.25), V is approximated by

2
Vs =V + @ [r(&+n°) + & —3ér°]. (3.29)

This expression is invariant under the symmetry operations relative to the
channel center from the Cs, point group [124].
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Fig. 3.24 Rainbow line in the TA plane for 10 MeV protons and a 100-nm thick <111> W crystal
obtained by the function F (solid line) and the function G5 (dashed line) [90]. Points 1 and 2 belong
to the former line and points 1’ and 2’ to the latter line. The arrangement of atomic strings defining
the channel is shown too

Figure 3.24 gives the rainbow lines in the TA plane in the case of <111> W
crystal generated by the functions F and Gs, which should be compared with
Fig. 3.19. The arrangement of atomic strings defining the channel is shown in the
figure. The latter rainbow line is obtained by a fitting procedure in which point 1’
coincides with 1. The resulting distance between points 2’ and 2 is very small. One
can see that the rainbow line generated by Vs is a very good approximation of the
line obtained by V — much better than the line generated by V. The application of
the same fitting procedure to the remaining 27 cases of <111> crystals has shown
that the shape of y as a function of Z, is very similar to the shape of the density of
the <111> atomic strings, 7,, as a function of Z,. As expected, the conclusion is
that the value of the free control variable of the elementary catastrophe is propor-
tional to the value of n, of the chosen very thin crystal.
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3.3 Zero-Degree Focusing Effect

It has been described in Subsect. 3.1.2 that Krause et al. [44] revealed a scaling law
in ion channeling in thin crystals, according to which an angular distribution of
transmitted ions changes periodically with the increase of the reduced crystal
thickness, A, defined by Eq. (3.16). However, they were concentrated mostly on
the first cycle of this change, ending at A =0.5. Following those results, we decided
to explore in detail the evolution of such an angular distribution in a longer range of
A, and began with the variation of the yield of transmitted ions in the vicinity of the
origin of the TA plane, i.e., the zero-degree yield of transmitted ions, with
L [91, 95]. Here, we are going to present the main results of those studies.

The projectiles are C®* ions, and the target is the <100> channel of a Si crystal
[91]. The incident ion kinetic energy is Ey = 25 MeV, while the crystal thickness, L,
is varied from O to 5000 atomic layers. The z axis of the reference frame coincides
with the channel axis, and the origin lies in the entrance plane of the crystal. The
x and y axes of the reference frame are the vertical and horizontal axes, respectively.
The incident ion momentum vector is parallel to the channel axis. We adopt
Lindhard’s ion-atom interaction potential, defined by Eq. (3.10), and the continuum
approximation [66], i.e., we use the continuum interaction potential of the ion and
ith atomic string of the crystal given by Eq. (3.11), with Z;=6, Z, =14, and
d = 0.543082 nm [107]. As it has been anticipated above, L will be expressed in
atomic layers; in the case under consideration, one atomic layer equals d. If
expressed in micrometers, the chosen range of L is from 0 to 2.7 pm. Instead of
atg, we employ Lindhard’s ion-atom screening length, a; , determined by Eq. (2.6).
The fitting parameter has been chosen to be C; =4.68, making the ion-atom
interaction potential at the distance coinciding with the distance between an atomic
string defining the channel and the point in the IP plane corresponding to the apex of
the cusp of the rainbow line in the TA plane (see Fig. 3.12) equal to the
corresponding Thomas-Fermi interaction potential [126]. The atomic strings lie
on the x and y axes. Their number is M = 36, i.e., we include the atomic strings lying
on the three square coordination lines nearest to the channel axis. This value gives
the average electron density on the channel axis with the accuracy higher than
3 x 1072 [126]. The thermal vibrations of the crystal’s atoms are included, via
Eq. (3.13), with the one-dimensional atomic thermal vibration amplitude being
om =0.00744nm [108, 109]. The ion collisions with the crystal’s electrons are
taken into account partly. We include the ion energy loss but neglect the uncertainty
of its transmission angle caused by these collisions. The (electronic) ion energy loss
rate can be taken to be

dE 7% (dEN""
_E:_?l <dz> , (3.30)
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Fig. 3.25 Dependence of the zero-degree yield of 25 MeV C® jons transmitted through the
<100> channel of a Si crystal on L (expressed in atomic layers) in the case of Lindhard’s
ion-crystal continuum interaction potential [91]

where —(dE/dz)’'" is the (electronic) energy loss rate of protons in a random Si
crystal [44]. For this variable, as in Ref. [44], we use the expression given by
Anderson and Ziegler [127].

The angular distributions of transmitted ions are generated as it has been
explained in Subsect. 2.3.2. The ion equations of motion in the transverse plane
are solved using the Runge-Kutta method of the fourth order [128]. The transverse
components of the initial ion position vector, i.e., the components of its impact
parameter vector, are chosen uniformly from the uniform distribution within the
region of the channel. The number of incident ions is 50,625. Figure 3.25 shows the
dependence of the zero-degree yield of transmitted ions on L (expressed in atomic
layers). For the region in the TA plane in the vicinity of the origin, we take the
region in which the x and y components of the ion transmission angle, ©, and ©,,
respectively,” are smaller than 0.0005°. One can see clearly that the zero-degree
yield changes periodically with the increase of L. Its nine maxima correspond to the
values of A equal to 0.5, 1.0, ..., and 4.5 [44], i.e., the ends of its first, second, ...,
and ninth cycles. The average distance between the neighboring maxima of
this dependence is 538 atomic layers, with the standard deviation of 6 atomic
layers. The resulting frequency of ion oscillations around the channel axis is
fL(C“) = 3.43 x 10" Hz. This effect is called the effect of zero-degree focusing
of channeled ions. It is evident that the effect decays with L. Analysis has shown
that this decay can be reproduced by a sum of two exponential functions. The
resulting characteristic half-thicknesses of the crystal are 106 and 1824 atomic

°In Sects. 3.3 and 3.4, and Chaps. 4 and 5, unlike in Sects. 3.1 and 3.2, and Chap. 6 , the vertical
and horizontal components of the ion transmission angle are denoted by ©, and ©,, respectively.
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layers. The corresponding values of A are 0.20 and 1.70, respectively. This means
that the first of these values belongs to the first cycle of the zero-degree focusing
effect and the second value to its fourth cycle. It should be mentioned that the effect
has not yet been observed experimentally.

But what are the origins of the periodicity and decay of the zero-degree focusing
effect? The answers to these questions were obtained in the study of transmission of
Ne'%* ions through the <100> channel of a Si crystal in which L was 1 um and E,
was varied from 1 to 37 MeV per nucleon [95]. The investigation was performed in
the same way as the above-described one, but neglecting the (electronic) ion energy
loss, which was found to be small. The projectile atomic number and the obtained
value of the fitting parameter in Eq. (3.10) were Z; =10 and C; =4.76, respec-
tively. However, in addition to Lindhard’s ion-crystal continuum interaction poten-
tial, we employed the corresponding catastrophic continuum interaction potential,
given by the standard form of Eq. (3.27) with y =,

Z\Ze%
d

Vi, =Vo+ V(& 4+ ) + E + K& + 1Y), (3.31)

The modulus of the catastrophe, being the *Xo elementary catastrophe, was
K= -3.75, the free control variable y =0.297, and the spatial scaling factor
po = 2.90 a.u. The angular distributions of transmitted ions were generated with
20,449 incident ions.

Figure 3.26 depicts the dependence of the zero-degree yield of transmitted ions
on E, "2, being proportional to vy L, i.e., to the reciprocal magnitude of the incident
ion velocity vector, generated with Lindhard’s ion-crystal continuum interaction
potential. For the region in the TA plane in the vicinity of the origin, we took the
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Fig. 3.26 Dependence of the zero-degree yield of Ne'®*
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in the case of Lindhard’s ion-crystal continuum
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region where the x and y components of the ion transmission angle were smaller
than 0.0001° x (60/E0)1/ 2 with Ey given in MeV. The four maxima appearing in
this dependence correspond to the values of A equal to 0.5, 1.0, 1.5, and 2.0, i.e., the
ends of the first, second, third, and fourth cycles of the zero-degree focusing effect.
The resulting frequency of ion oscillations around the channel axis is f; (Ne'®") =
3.30 x 10" Hz. When the calculations are done with the corresponding catastrophic
continuum interaction potential, this variable is fK(Nelo+) —=3.39 x 10'3 Hz. The
fact that fK(Nel(”) is very close to fL(New*) is a demonstration of accurateness of
the applied catastrophic modeling.

The study was continued with V}’y. The first aim was to see whether the maxima
of the zero-degree yield could be connected to a specific region of the IP plane.
Therefore, the IP plane was divided in three regions: region I was the region around
the channel center, region II the region around the rainbow line in the IP plane, and
region III the region around the atomic strings defining the channel. This is shown
in Fig. 3.27. The lengths of the sides of the squares separating regions I and II, and
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Fig. 3.27 Arrangement of atomic strings defining the channel in the case of transmission of Ne'®*

ions through the <100> channel of a Si crystal (blue color) [95]. RL — the rainbow line in the IP
plane (red color). 1, 11, and III — regions I, 11, and III, respectively (black color)
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Fig. 3.28 Zero-degree yield of Ne'®* ions transmitted through the < 100> channel of a 1-pm thick

Si crystal on E, "2 when only the harmonic component of the catastrophic ion-crystal continuum
interaction potential is taken into account [95]

regions II and III were equal to a,/6 and a,/2, respectively, where a; was the
distance between the atomic strings defining the channel lying on the x or y axis
[107]. Analysis clearly demonstrated that the zero-degree focusing effect was to be
attributed completely to the ions with the components of the impact parameter
vector being in region I, i.e., close to the channel center. Our second aim was to
check the role of the harmonic component of V,Jay, i.e., its zeroth and second order

terms, in making the effect periodic. Figure 3.28 gives the dependence of the zero-
degree yield of transmitted ions on E, "> when only the harmonic component of

Vi ,1s included. The resulting frequency of ion oscillations around the channel axis

coincides with fx(Ne'®"). Hence, as expected, the conclusion was that the period-

icity of the zero-degree focusing effect was to be attributed to the harmonic
component of V; ,- The figure shows that in this case, the zero-degree yield does
not decay. Consequently, one concludes that the decay of the effect is to be
attributed mainly to the anharmonic component of V*y},, i.e., its fourth order
terms. If we did not exclude the ion collisions with the crystal’s electrons, the
decay would be faster.

We also investigated in detail the evolution of the whole angular distribution of
25 MeV C°® ions transmitted through the <100> channel of a Si crystal for
A < 0.5[92] as well as of the whole distribution of 60 MeV Ne!'%* jons transmitted
through the same channel for A between 0.50 and 6.00 [94, 99, 80]. The conclu-
sion was that the cycles of the angular distribution coincided with the cycles of
the zero-degree focusing effect. It was established that those cycles were in fact
the cycles of change of the crystal rainbow effect. Therefore, they were named the
rainbow cycles.
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3.4 Theory of Crystal Rainbows

We are now ready to present the theory of crystal rainbows [97, 98, 129, 130],
which was formulated as a generalization of the model of crystal rainbows [40, 41],
described in Subsect. 3.1.1. The generalization was necessary in order to describe
the propagation of an ion beam along an axial channel of a crystal that was not
necessarily very thin. The theory has been proven to be the proper theory of ion
channeling in crystals and nanotubes. This will be explained in detail in the
remaining part of this chapter and in Chaps. 4 and 5.

The system we study is an ion moving along an axial crystal channel. As it has
been anticipated in Subsect. 2.3.1 and applied in the previous sections of this
chapter, the ion-crystal interaction is treated using classical mechanics. The z axis
of the reference frame coincides with the channel axis, and the origin lies in the
entrance plane of the crystal. The x and y axes of the reference frame are the vertical
and horizontal axes, respectively. Often, the incident ion velocity vector is parallel
to the channel axis. However, the crystal can be tilted about the x or y axis by an
angle smaller than the critical angle for axial channeling, v, defined by Eq. (2.12).
In such a case, the incident ion velocity vector makes an angle with the channel
axis, being the incident ion angle, which equals the crystal tilt angle. Let us
introduce the mappings

X =X(x0,y0;\,¢) and Y =Y(x0,yp; A, @), (3.32)

and

O, = O,(x0,yp; A, @) and O, = Oy (x0,yp; A, @), (3.33)

where x( and y are the transverse components of the initial ion position vector, i.e.,
the components of its impact parameter vector; X and Y are the transverse compo-
nents of the final ion position vector; ©, and ©, are the components of the final ion
channeling angle, i.e., the components of its transmission angle; A is the reduced
crystal thickness, defined by Eq. (3.16); and ¢ is the incident ion angle. The former
mapping is the mapping of the IP plane to the final TP plane, while the latter
mapping is the mapping of the IP plane to the TA plane. In order to obtain X, Y, ©,,
and ©,, the ion equations of motions are solved. One applies either the binary
collision model or the continuum string model presented in Subsects. 2.3.3 and
2.3.2, respectively. In the former case, the four variables are obtained upon a three-
dimensional following of the ion trajectory, while in the latter case, the calculation
is two-dimensional, i.e., the trajectory is followed in the TP plane. Since the ion
channeling angle is small, i.e., it is always smaller than ., one can take that
0,=V,/V and ©,=V,/V, where V.= V.(xo,y0; A, ) and V,, =V (x0,y0; A, @) are
the transverse components of the final ion velocity vector, and V = V(x, yo; A, @) is
its magnitude. The interaction of the ion and a crystal’s atom is described by the
appropriate interaction potential (see Sect. 2.2).
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The theory of crystal rainbows is applied in two steps. In its first step, the spatial
and angular distributions of transmitted ions, in the final TP and TA planes, are
generated by the computer simulation method described in Sect. 2.3.2.

The second step in applying the theory of crystal rainbows is as follows. Since
the components of the ion channeling angle remain small during the whole trans-
mission process, the ion differential transmission cross-section can be taken to be

1
Yo M) = T T o
o (x0, Yo; A, ) [Jo (X0, yo; A @)] ( |

where

Jo(x0,y0; A, @) = 0,,0,0,,0, — 0,,0,0,,0, (3.35)

is the Jacobian of the functions ©,(xo, yo; A, @) and Oy (xo, yo; A, @), Oy, = 0/ 0y,
and 0y, = 0/0y,. The variable Jg is the ratio of the infinitesimal surfaces in the TA
and IP planes. It determines the mapping described by Eq. (3.33). Hence, the
equation

Jo(x0,y0; Ay ) =0 (3.36)

gives the angular rainbow lines in the IP plane, i.e., the lines in this plane along
which ¢ is infinite. The images of these lines determined by ©,(xo, yo; A, @) and
0,(x0,Y0; A, ) are the rainbow lines in the TA plane. On the other hand, the
mapping described by Eq. (3.32) is determined by the Jacobian of the functions X
(x0,Y0; A, @) and Y(xo, yo; A, ). This variable reads

Jp(x0,y0; A, @) = 0, X0y Y — 0y X0,Y. (3.37)

It is the ratio of the infinitesimal surfaces in the final TP and IP planes. Thus, the
equation

Jp(x0, Yo; A, ) =0 (3.38)

gives the spatial rainbow lines in the IP plane. The images of these lines determined
by X(xo, yo; A, @) and Y(xo, yo; A, @) are the rainbow lines in the final TP plane. The
rainbow lines in the final TP and TA planes separate the bright and dark regions in
these planes, which are the bright and dark sides of the spatial and angular crystal
rainbows, respectively. It is important to realize that these lines are the envelopes of
the ion beam in these planes [131], analogous to the envelope of the outgoing light
rays from class III mentioned in Sect. 2.1. As in the first step, one can include in
these calculations the thermal vibrations of the crystal’s atoms. However, in order
to see the rainbow patterns as clear as possible, i.e., not smeared by the ion
collisions with the crystal’s electrons, the calculations are performed without taking
into account these collisions. It should be noted that, usually, one explores either an
angular distribution of transmitted ions and the associated rainbow pattern in the
TA plane, i.e., the angular crystal rainbow effect, or a spatial distribution of
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transmitted ions and the associated rainbow pattern in the final TP plane, i.e., the
spatial crystal rainbow effect.

Now, we are going to present two applications of the theory of crystal rainbows.
In both cases, the projectiles are 60 MeV Ne'®* ions, the target is a Si crystal, and
the angular crystal rainbow effect is investigated. In the former case, the ions are
transmitted through the <100> channel, which is a square channel containing one
atomic string of the crystal [97]. In the latter case, the ions are transmitted through
the <111> channel, which is a hexagonal channel containing one atomic string
[98]. This channel comprises two equilateral triangular subchannels, which are
treated here as two separate channels. The ion-atom interaction is described by
Moliére’s approximation, given by Eq. (3.15), as it was done by Krause et al.
[44]. We apply the continuum string model. According to Egs. (2.13), (2.14),
(2.15), and (2.16), the resulting Moliére’s interaction potential of the ion and ith
atomic string reads

27,7, & «
Vagi = —1 dze ZWKO(%), (3.39)

= atF

with Z, =10, Z, = 14, and d = 0.543082 nm [107]. Since it has been confirmed in
Sect. 3.3 that the periodicity of an angular distribution of transmitted ions is
determined by the harmonic component of the continuum potential in the channel,
the frequency of ion oscillations around the channel or subchannel axis, appearing
in Eq. (3.16), is calculated from the second-order terms of the Taylor expansion of
this potential in the vicinity of the channel or subchannel axis, i.e., f=f;,. In case of
the <100> channel, the crystal thickness is varied from 105 to 632 atomic layers,
with one atomic layer being equal to d. This range corresponds to the range of A
from 0.10 to 0.60, i.e., from the beginning of the first rainbow cycle to the beginning
of the second rainbow cycle. The atomic strings defining the channel lie on the
x and y axes (see Fig. 3.27). Their number is M = 36, i.e., we take into account the
atomic strings lying on the three nearest square coordination lines. In case of the
<111> channel, the crystal thickness is changed between 159 and 478 atomic
layers, corresponding to the range of A between 0.10 and 0.45, i.e., within the first
rainbow cycle. The atomic strings defining the channel lie on the x and y axes, and
the subchannel axes lie on the x axis (see Fig. 3.19 or 3.24). In order to minimize the
computation time, the calculations are performed only for the subchannel whose
axis lies on the positive part of the x axis. The contribution of the subchannel whose
axis lies on the negative part of the x axis is obtained using the fact that the channel
is symmetric relative to the y axis. The number of atomic strings is M = 36, i.e., we
take into account the atomic strings lying on the three nearest triangular coordina-
tion lines. The thermal vibrations of the crystal’s atoms are introduced by the
expression analogous to Eq. (3.13) [132], with the one-dimensional atomic thermal
vibration amplitude being oy, = 0.00744 nm [108, 109]. The ion energy loss caused
by its collisions with the crystal’s electrons has been found to be small, and it is
neglected. The ion equations of motion in the transverse plane are solved numer-
ically [128]. The components of the ion impact parameter vector are chosen
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uniformly within the region of the channel or subchannel. In case of the <100>
channel, the number of incident ions is 502,681, while in case of the <111> ions, it
is 260,240. The Jacobian of ®, and ©, [Eq. (3.35)] as well as the angular rainbow
lines in the IP plane [Eq. (3.36)] are determined numerically too [128].

Figure 3.29 shows the angular distributions of 60 MeV Ne'®* ions transmitted
through the <100> channel of a Si crystal for six characteristic values of A: 0.10,
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Fig. 3.29 Angular distributions of 60 MeV Ne'®" ions transmitted through the <100> channel of
a Si crystal for A = 0.10, 0.22, 0.26, 0.35, 0.40, and 0.60. The areas in which the yields of
trasmitted ions are above 60, 30, 15, and 5% of the maximal yield are designated by the decreasing
tones of gray color, respectively (Adapted from Ref. [97])
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0.22, 0.26, 0.35, 0.40, and 0.60 [97]. The areas in which the yields of transmitted
ions are above 60, 30, 15, and 5% of the maximal yield are designated by the
decreasing tones of gray color, respectively. The first five values of A correspond to
the first rainbow cycle while its sixth value corresponds to the beginning of the
second rainbow cycle. The angular distribution for A=0.10 is characterized by
four pronounced maxima lying on the lines directed toward the atomic strings
defining the channel. For A =0.22 and 0.26, the angular distributions contain four
pronounced maxima lying on the lines directed toward the atomic strings and eight
pronounced maxima lying close to the lines directed between the strings. The
angular distributions for A =0.35 and 0.40 are characterized by four pronounced
maxima lying on the lines directed between the atomic strings. Finally, for
A =0.60, the angular distribution is similar to the one for A =0.10, demonstrating
the periodicity of the evolution of the angular distribution with an increase of A.

The rainbow patterns in the TA plane corresponding to the angular distributions
of transmitted ions shown in Fig. 3.29 are depicted in Fig. 3.30. They contain only
the rainbow lines connecting the pronounced maxima of the angular distributions.
For A=0.10, the rainbow pattern consists of a cusped square with the cusps
directed toward the atomic strings defining the channel. Since the crystal in
question is very thin, this rainbow line would practically coincide with the line
generated using the model of crystal rainbows, described in Subsect. 3.1.1 (see
Fig. 3.12). When A =0.22, there are two cusped rectangular rainbow lines lying
along the lines directed between the atomic strings, and four cusped isosceles
triangular rainbow lines lying along the lines directed toward the strings. For
A =0.26 and 0.35, the rainbow pattern contains four cusped isosceles triangular
lines and four points. However, in the former case, the rainbow lines lie along the
lines directed between the atomic strings and the rainbow points on the lines
directed toward the strings, while in the latter case, the disposition of rainbow
lines and points is opposite. The rainbow pattern for A = 0.40 consists of a cusped
square with the cusps directed between rather than toward the atomic strings.
Finally, when A =0.60, the rainbow pattern again contains a cusped square with
the cusps directed toward the atomic strings. For A = 0.50, the rainbow line reduces
to a rainbow point [114]. Comparison of Figs. 3.29 and 3.30 clearly demonstrates
that all the pronounced maxima of the angular distributions, except those lying at
the origin, correspond to the rainbow lines in the TA plane. This means that their
origin is the crystal rainbow effect. Therefore, one can say that the evolution of the
angular distribution with an increase of A is fully determined by the evolution of the
angular crystal rainbow pattern.

Figures 3.31(a) and (b) give the yields of 60 MeV Ne'* ions transmitted through
the <100> channel of a Si crystal for A =0.22 along the lines directed toward and
between the atomic strings defining the channel, respectively. One can see that the
maximum of the yield shown in the former figure denoted by 1 corresponds to the
effect of zero-degree focusing of channeled ions, that maxima 2 correspond to the
intersections of the two cusped rectangular rainbows with the ©, axis, and that
maxima 3 and 4 correspond to the intersections of the two cusped isosceles
triangular rainbows with the same axis. One can also see that the maximum of
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the yield shown in the latter figure denoted by 1 corresponds to the zero-degree
focusing effect, and that the maxima 2 and 3 correspond to the intersections of the
two cusped rectangular rainbows with the line ©,, = ©,. It must be noted that in an
experiment, the widths of these maxima would be larger — primarily due to the
uncertainty of the ion transmission angle caused by its collisions with the crystal’s
electrons and a finite resolution of the ion detector. In order to observe these
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the line directed between the atomic strings. ® = (@% =+ @f) is the ion transmission angle [97]

maxima, one must perform a measurement similar to the latter measurements that
have been described in Subsect. 3.1.2 [44], and the measurements some of which
will be presented in Subsect. 4.1.1 [45-48].

Figure 3.32 contains the rainbow patterns in the TA plane for 60 MeV Ne'®* jons
transmitted through the <111> channel of a Si crystal for six characteristic values
of A: 0.15, 0.20, 0.25, 0.30, 0.34, and 0.45 [98]. They contain only the rainbow lines
connecting the pronounced maxima of the angular distributions of transmitted
ions. For A =0.15, there are two cusped equilateral triangular rainbow lines with
the cusps lying along the lines ® =2nz/3 and ®=2n+ 1)z/3, n=0-2.
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Fig. 3.32 Rainbow lines in the TA plane for the transmission of 60 MeV Ne'®* ions through the

<111> channel of a Si crystal for A = 0.15, 0.20, 0.25, 0.30, 0.34, and 0.45 [97]

This rainbow line would practically coincide with the line obtained using the model
of crystal rainbows, described in Subsect. 3.2.2 (see Fig. 3.19 or 3.24). The rainbow
pattern for A = 0.20 contains two cusped triangular lines corresponding to the ones
appearing for A =0.15 and a cusped equilateral hexagonal line with the cusps lying
on the lines ® =nz/3, n=0-5. For A =0.25, there are three cusped rectangular
rainbow lines with the sides perpendicular to the lines ® = 3nz/6, ® = (3n + 2)7/6,
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and ® = (3n+4)z/6, n = 0-3. The rainbow pattern for A =0.30 consists of six
cusped isosceles triangular lines lying along the lines ® =nx/3, n = 0-5. For
A =0.34, there are six rainbow points lying on the lines ® = nz/3, n = 0-5. Finally,
the rainbow pattern for A =0.45 contains six cusped isosceles triangular lines
similar to the ones appearing for A =0.30. As in case of the <100> channel, it
has been established that the origin of all the pronounced maxima of the angular
distributions of transmitted ions, except those lying at the origin, is the crystal
rainbow effect. Again, one can state that the evolution of the angular crystal
rainbow pattern with an increase of A fully determines the evolution of the angular
distribution.



Chapter 4
Rainbows in Proton Channeling in Silicon
Crystals

In this chapter, some of the high-resolution proton channeling measurements with a
very thin (100) Si crystal conducted by the Singapore group [45-48] will be
thoroughly analyzed. Those extraordinary measurements have proven to be crucial
for verification of the theory of crystal rainbows as the proper theory of ion
channeling in crystals. We shall present the results of three experimental and
theoretical studies that were induced by those measurements and performed jointly
by us and the Singapore group. The first study leads to the very accurate ion-atom
interaction potentials [133]. As a continuation, we shall additionally explore the
process that is inverse to the transmission process under consideration, and, thus,
fully answer the question of its multiplicity, which is directly connected to the
essence of the crystal rainbow effect, being the ion focusing along a line reflecting
the symmetry of the illuminated crystal. The second study is devoted to the effect of
superfocusing of channeled ions, which is the effect of spatial focusing occurring in
the middle of each rainbow cycle [134]. The third study contains the proof that the
doughnut effect in ion channeling, occurring with tilted crystals, which has been
seen and measured many times, is in fact a crystal rainbow effect [130]. Before
presenting the results of the second and third studies, we shall describe in detail the
superfocusing and doughnut effects, respectively.

In each of the three studies, the z axis of the reference frame coincides with the
channel axis, and the origin lies in the entrance plane of the crystal. The x and y axes
of the reference frame are the vertical and horizontal axes, respectively.
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4.1 Rainbow Interaction Potentials

4.1.1 High-Resolution Measurements of the Crystal
Rainbows

In ion channeling experiments in which angular distributions of ions transmitted
through a crystal are looked for, the measurement resolution is determined by:
(i) the mass and charge, the kinetic energy and its spread, and the divergence or
convergence angle of the incident ion beam, (ii) the diameter of the beam spot at the
crystal surface, (iii) the crystal thickness, alignment, and quality, (iv) the thermal
vibrations of the crystal’s atoms and the ion collisions with the crystal’s electrons,
and (v) the detector characteristics and its distance from the crystal.

In the period between 2011 and 2014, the Singapore group reported on a series of
high-resolution transmission measurements with protons of incident kinetic energy,
Ey, of 2.0 MeV focused to a spot with a diameter of about 1 pm on the surface of a
55-nm thick (100) Si crystal [45-48]. The experiments were performed with a
goniometer that made the protons propagate along the <100>, <110>,and <111>
axial crystal channels, being the major axial channels, and along several minor axial
channels. The angular distributions of transmitted protons were also measured with
the crystal tilted away from those crystallographic directions. For the protons
moving along the <100> channels, the reduced crystal thickness was A =0.12,
meaning that, in that case, the crystal was very thin. The proton beam current was
about 10 pA, and its convergence angle about 0.01°. The crystal was fabricated
using the buried SiO, layer in a silicon-on-insulator wafer as a stop for KOH
etching through a backside opening in a protective polymer layer, producing a
crystal surface area of about 0.5 mm? with a roughness of about 0.4 nm. The
distributions were recorded by photographing a highly sensitive aluminum-coated
YAG scintillator screen. Its distance from the crystal was 50 cm. The camera
exposure time was 0.8 s. The obtained results were successfully reproduced using
the FLUX computer simulation code [83], mentioned in Subsect. 2.3.3, and the
ZBL proton-atom interaction potential [74—76], described in Sect. 2.2.

The advantages of those measurements relative to the two measurements
described in Subsect. 3.1.2 [42—44] from the point of view of resolution are
connected to the facts that the crystal was considerably thinner (55 nm versus
140 and 179 nm) and the proton beam spot diameter much smaller (1 pm versus 0.5
and 0.18 mm). In the former previous experiment, the values of A were close to
0.25, and in the latter experiment, they were between 0.25 and 1. On the other hand,
the measurements in question were qualitative, unlike the previous measurements,
which had been quantitative.
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4.1.2 Interaction Potentials

In the study to be presented in the next subsection, Moliere’s and the ZBL ion-atom
interaction potentials will be employed. In the case of Moliere’s interaction poten-
tial, we shall begin the consideration with the screening function including Firsov’s
ion-atom screening length, defined by Egs. (2.2) and (2.5). We denote this interac-
tion potential as the M(ag) potential. The screening function of the ZBL interaction
potential is determined by Eqgs. (2.7) and (2.8).

The parameters of the M(ag) ion-atom interaction potential as well as of the ZBL
potential were determined to make them accurate dominantly for small ion-atom
distances. As it has been said in Subsect. 3.1.2, Krause et al. [44], in analyzing their
experimental results, concluded that they were better reproduced by Moliere’s
interaction potential with the Thomas-Fermi atomic screening length, arg, given
by Eq. (2.4), than by the M(ag) potential. We denote this interaction potential as the
M(arg) potential. That conclusion was attributed to the fact that each recorded
angular distribution of transmitted ions was generated by the ions moving close to
the channel axis, i.e., far from the atomic strings of the crystal defining the channel.
One cannot expect an interaction potential that has proven to be accurate close to
the atoms of the strings, i.e., for small ion-atom distances, to be accurate close to the
channel axis, i.e., for large ion-atom distances, where many atoms influence the ion
propagation.

The M(arg) ion-atom interaction potential can be written in a form depending
on ag, rather than on arp, with parameters (f,) changed to (8;) = (,ar/arr).
ForZ; = 1 and Z, = 14, (;) = (5.124, 1.025, 0.2562). We denote this interaction
potential as the M®(ag) potential.

4.1.3 Morphological Method of Extraction of the Interaction
Potentials

Let us now concentrate on a sequence of high-resolution measurements with 2.0,
1.5, 1.0, and 0.7 MeV focused proton microbeams channeled in a 55-nm thick
< 100> Si crystal performed by the Singapore groups and analyzed by us [133]. Fig-
ure 4.1 shows the measured angular distributions of transmitted protons for Ey=2.0
and 0.7 MeV together with the corresponding distributions generated using the first
part of the theory of crystal rainbows, described in Sect. 3.4, with two proton-atom
interaction potentials, the ZBL and M(atg) potentials, and the continuum approx-
imation [66]. The corresponding values of A calculated for the ZBL interaction
potential are 0.12 and 0.21, respectively. The atomic strings of the crystal defining
the channel intersect the lines y = =+ x. The number of atomic strings included in the
calculations is 36, i.e., we take into account the strings lying on the three nearest
square coordination lines. In the calculations, we have taken into account the
thermal vibrations of the crystal’s atoms but not the proton collisions with the
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Fig. 4.1 (a) Experimental angular distributions of 2.0 and 0.7 MeV protons transmitted through a
55-nm thick <100> Si crystal [133]. (b) Corresponding theoretical angular distributions obtained
with the ZBL ion-atom interaction potential [133]. (c¢) Corresponding theoretical angular distri-
butions generated with the M(atg) interaction potential [133]

crystal’s electrons. It has been found that the contribution of the second effect to the
shapes of the distributions is minor. As has been said in Subsect. 4.1.1, the
experimental distributions under consideration, as well as the remaining ones
given in Figs. 4.4b, e were recorded by photographing a scintillator screen. The
technique did not make possible the extraction of sufficiently accurate yields of
transmitted protons along different lines on the screen, in order to compare them
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precisely with the corresponding theoretical yields. The only possibility has been to
compare the shapes and extents of the corresponding parts of the experimental and
theoretical distributions, i.e., to perform a morphological comparison of the distri-
butions. The central part of each theoretical distribution obtained for Ey = 2.0 MeV
follows the shape of a cusped square with four maxima lying on the apices of the
cusps. However, the extent of this part of the distribution obtained with the M(atg)
interaction potential is larger than the extent of the part of the distribution generated
with the ZBL potential. The central part of the corresponding experimental distri-
bution also follows the shape of a cusped square. Its extent is closer to the extent of
the central part of the distribution generated with the M(arg) interaction potential.
The peripheral part of each theoretical distribution obtained for this value of E,
follows the shape of a line with four pairs of cusps. The extent of the peripheral part
of the corresponding measured distribution is closer to the extent of the peripheral
part of the distribution obtained with the ZBL interaction potential.

The theoretical angular distribution depicted in Fig. 4.1 obtained for
Ey=0.7 MeV with the ZBL proton-atom interaction potential also has the shape
of a cusped square with four maxima lying on the apices of the cusps. In addition, it
has an internal structure composed of four cusped isosceles triangles joined at the
origin with four pairs of maxima lying on the apices of the cusps away from the
origin and a maximum at the origin. The corresponding theoretical distribution
generated with the M(arg) interaction potential has approximately the shape of a
square with four stronger maxima lying on the lines ®, =0 and ®, =0 and four
weaker ones lying on the lines ®, = £ @®,, but without a maximum at the origin.
The corresponding experimental distribution has approximately the shape of a
square too, being closer to the theoretical distribution obtained with the M(arg)
interaction potential. Also, it does not have a maximum at the origin, like the
theoretical distribution obtained with the M(atg) interaction potential and unlike
the distribution generated with the ZBL potential.

On the basis of these comparisons, we assume that we can modify the M (ag)
proton-atom interaction potential and make it accurate close to the channel axis but
without compromising its accuracy close to the atomic strings. We shall construct
such an interaction potential and employ it for the analysis of the above-mentioned
sequence of high-resolution proton channeling measurements. The construction
will be based on adjusting the shapes of the rainbow lines in the TA plane by a
minimal modification of the M®(ag) interaction potential. This intention is based on
the well-established morphological fact that an angular distribution of transmitted
ions, generated for an incident ion kinetic energy, crystal thickness, and crystal tilt
angle, and its evolution with these parameters are fully determined by the associ-
ated rainbow pattern in the TA plane and its evolution [97, 98]. The resulting
interaction potential will be denoted as the rainbow potential. Figure 4.2 gives the
dependences of the ZBL and M(arg) interaction potentials on the proton-atom
distance. The inset shows the three components of the M*(ag) interaction potential,
to be modified in order to obtain the rainbow potential.

The construction of the rainbow proton-atom interaction potential is performed
for Eq=2.0 MeV since, in this case, two well-separated rainbow lines appear in the
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Fig. 4.2 Dependences of the ZBL, M(atr) and rainbow ion-atom interaction potentials on r,,
[133]. Inset: Components of the M®(ag) interaction potential and the second component of the
rainbow potential as functions of r, [133]

IP plane. This is shown in Fig. 4.3a for the ZBL and M(arF) interaction potentials.
These lines have been obtained using the second part of the theory of crystal
rainbows. The thermal vibrations of the crystal’s atoms are included. The first
line lies close to the channel center and the second one close to the atomic string.
It is worth mentioning here that the crystals used by Krause et al. [42—44] were not
sufficiently thin for two such (separated) lines to occur in the IP plane. The
associated rainbow lines in the TA plane are depicted in Fig. 4.3b. One should
also note that, in our earlier study [97], only the central line was registered (see
Fig. 3.30). The reason was the fact that the rainbow in question was weak. We now
focus on points 1 and 2 in the IP plane, belonging to the first and second rainbow
lines, and on points 1’ and 2’ in the TA plane, being the images of points 1 and
2, respectively. Analysis has shown that the positions of points 1’ and 2" are not
sensitive to the changes of the parameter f, are sensitive to the changes of the
parameter f5, and are very sensitive to the changes of the parameter f5. Taking
these findings into account, we choose to keep the parameters (a,), #, and 5 fixed
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Fig. 4.3 (a) Rainbow patterns in the IP plane for 2.0 MeV protons transmitted through a 55-nm
thick <100> Si crystal for the ZBL, M(arg), and rainbow ion-atom interaction potentials (black,
blue, and red lines, respectively); the blue line close to the origin is covered by the red line
[133]. The blue full circles represent the atomic strings defining the channel. (b) Associated
rainbow patterns in the TA plane; the blue line close to the origin is covered by the red line [133]

Table 4.1 Values of the parameters of the rainbow proton-atom interaction potentials in the
<100>, <110>, and <111> channels of a Si crystal

Channel A P B

<100> 5.124 1.828 0.2562
<110> 5.124 1.242 0.2562
<111> 5.124 1.475 0.2562

and change the parameter f5 with the objectives of: (i) moving point 1’
corresponding to the M(ag) interaction potential to minimize its distance from
point 1’ corresponding to the M(atg) potential, and (ii) moving point 2’
corresponding to the M(ag) potential to minimize its distance from point 2’
corresponding to the ZBL potential. In fact, we minimize the sum of squares of
the relative distances between points 1’ and between points 2’. As a result, param-
eter f; is modified from 1.025 to 1.828. The corresponding component of the
rainbow interaction potential is given in the inset of Fig. 4.2. Thus, the rainbow
interaction potential is defined by Egs. (2.2) and (2.5) with the parameters (f,)
replaced by (ﬁ}'), given in Table 4.1. This interaction potential is presented in
Fig. 4.2, and the associated rainbow lines in the IP and TA planes are shown in
Figs. 4.3a, b, respectively. The central rainbow line in the TA plane generated with
the rainbow interaction potential practically coincides with the central rainbow line
generated with the M(arg) potential, and the peripheral rainbow line in this plane
obtained with the rainbow potential is very close to the peripheral rainbow line
obtained with the ZBL potential.


http://dx.doi.org/10.1007/978-3-319-61524-0_2#Equ2
http://dx.doi.org/10.1007/978-3-319-61524-0_2#Equ5

80 4 Rainbows in Proton Channeling in Silicon Crystals

One should mention here that, if the adjusting of the shapes of the rainbow lines
in the TA plane were performed by changing both f5 and f3;, the resulting rainbow
potential would be different. However, it has been established that these differences
are minor.

Figures 4.4a, d, b, e depict the rainbow patterns in the IP and TA planes for
Ey=2.0, 1.5, 1.0, and 0.7 MeV obtained with the rainbow proton-atom interaction
potential, respectively. The corresponding values of A are 0.16, 0.19, 0.23, and
0.28, respectively. These patterns have been obtained in the same way as the
patterns shown in Fig. 4.3. As already stated, for £y =2.0 MeV, there are two
rainbow lines in the IP plane, lying close to the channel center and close to the
atomic string. The rainbow pattern in the TA plane comprises a cusped square,
being the image of the line in the IP plane close to the channel center, and a line
with four pairs of cusps, being the image of the line in the IP plane close to the
atomic string. The rainbow patterns in the IP and TA planes for Eo= 1.5 MeV are
similar to those for £y =2.0 MeV with the lines in both planes lying closer to each
other. The rainbow pattern in the IP plane for Ey=1.0 MeV contains six lines.
There are two equivalent quasi-rectangular lines connecting the neighboring chan-
nels, i.e., lying across the channel walls, and four equivalent quasi-elliptical lines
lying close to the atomic string. There is no line around the channel center. The
rainbow pattern in the TA plane contains two crossed cusped rectangular lines,
being the images of the two quasi-rectangular lines in the IP plane, and four cusped
isosceles triangular lines, being the images of the four quasi-elliptical lines in the IP
plane. Such a pattern was registered in our earlier study [97] (see Fig. 3.30). For
Ey=0.7 MeV, there are two equivalent pairs of quasi-elliptical rainbow lines in the
IP plane lying in the neighboring channels close to the channel walls and four
equivalent rainbow points in the IP plane lying close to the atomic string. Again,
there is no line around the channel center. The rainbow pattern in the TA plane
comprises four cusped isosceles triangular lines, being the images of the two pairs
of quasi-elliptical lines in the IP plane, and four points, being the images of the four
points in the IP plane. Such a pattern was also observed in our earlier study [97] (see
Fig. 3.30). In all these cases, the inner side of each rainbow line in the TA plane is
the bright side of the rainbow, while its outer side is the dark side of the rainbow. It
should be mentioned that for Eq = 0.7 MeV, there is no line in the TA plane around
the origin, which explains the above-mentioned fact that the corresponding exper-
imental distribution does not have a maximum at the origin.

Figures 4.4b, e also give the experimental angular distributions of transmitted
protons for Ey = 2.0, 1.5, 1.0 and 0.7 MeV. The corresponding rainbow patterns in
the TA plane generated with the rainbow proton-atom interaction potential fully
determine the distributions — they appear as the “skeletons” of the distributions. A
careful inspection and comparison of the measured distributions and rainbow
patterns demonstrate excellent agreement. Figures 4.4c, f depict the corresponding
angular distributions generated in the same way as the distributions shown in
Fig. 4.1, i.e., using the first part of the theory of crystal rainbows, but with the
rainbow interaction potential. A comparison of the measured and simulated
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Fig. 4.4 (a) and (d) Rainbow patterns in the IP plane for 2.0, 1.5, 1.0, and 0.7 MeV protons
transmitted through a 55-nm thick <100> Si crystal generated with the rainbow ion-atom
interaction potential. The blue full circles represent the atomic strings defining the channel. (b)
and (e) Corresponding experimental angular distributions of transmitted protons and the associated
rainbow patterns in the TA plane (red lines). (¢) and (f) Associated theoretical distributions
generated with the rainbow interaction potential (Adapted from Ref. [133])
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Fig. 4.4 (continued)

distributions also demonstrates excellent agreement, in spite of the fact that the
latter distributions have been obtained using the continuum approximation with
the thermal vibrations of the crystal’s atoms included but with the focusing of
the incident proton beam, the proton collisions with the crystal electrons, and
crystal defects neglected. On the basis of these comparisons, we conclude that the
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above-made assumption on the possibility of modification of the M*(ag) interaction
potential for protons transmitted through the <100> Si crystal has been proven.
If one starts from the four rainbow patterns given in Figs. 4.4a, d and imagines
the evolution of the pattern with a decrease of E from 2.0 to 0.7 MeV, it becomes
evident that for a certain value of E, between 1.5 and 1.0 MeV, the rainbow line
close to the channel center will join the rainbow lines close to the atomic strings
defining the channel. Similarly, for a certain value of E, between 1.0 and 0.7 MeV,
each quasi-rectangular rainbow line connecting the neighboring channels will split
into a pair of quasi-elliptical rainbow lines lying in the neighboring channels. A
detailed analysis of this evolution has shown that the lines within the rainbow
pattern in the IP plane “interact” with each other, and that, as a result, their shapes
change. These changes may lead to a qualitative change of the shape of the whole
rainbow pattern. In the former above-mentioned case, the first and second rainbow
lines “attract” each other and finally join. In the latter above-mentioned case, two
parts of each quasi-rectangular rainbow line “repel” each other, and finally split.
But how do the proton trajectories in the above-discussed cases of proton-crystal
interaction look like? How are the observed rainbows classified? These questions
will be answered using five typical trajectories of transmitted protons for
Ey=2.0 MeV calculated with the rainbow proton-atom interaction potential. The
initial points of two of these trajectories, designated as trajectories I and II, are
chosen to lie on the first rainbow line in the IP plane, being close to the channel
center, and the initial points of the remaining three of them, designated as trajec-
tories III, IV and V, on the second rainbow line in this plane, being close to the
atomic string. The projections of these trajectories on the xz and yz planes are given
in Figs. 4.5a, b, respectively. The inset of Fig. 4.5b depicts the initial points of the
trajectories. Analysis has shown that trajectories I, II, and III include one deflection
from a channel wall, and trajectories IV and V two deflections from the channel
walls. We have analyzed the other trajectories of transmitted protons for
Ey=2.0 MeV as well. The conclusion is that the trajectories of about 90% of all
the transmitted protons include one deflection from a channel wall, and that the
trajectories of the remaining about 10% of them, whose initial points lie very close
to the atomic string, include two deflections from the walls. We have also con-
cluded that all the trajectories with the initial points lying on the first rainbow line
include one deflection from a channel wall, and that the trajectories with the initial
points lying on the second rainbow line dominantly include two deflections from
the channel walls. Therefore, it is evident that for £y = 2.0 MeV the rainbows in the
TA plane corresponding to the first and second rainbows in the IP plane can be
classified in the standard way as the primary and secondary rainbows, respectively.
Analysis of the trajectories of transmitted protons for £y = 1.5, 1.0 and 0.7 MeV
calculated with the rainbow interaction potential has given similar results, but, as
expected, with the percentage of trajectories of all the transmitted protons that
include one deflection from a channel wall being lower for a lower incident proton
kinetic energy. On the basis of these results and taking into account the fact that the
two rainbows join for a certain value of E, between 1.5 and 1.0 MeV, one may
conclude that for £y = 2.0 and 1.5 MeV, the primary and secondary rainbows were
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Fig. 4.5 (a) Projections of five typical trajectories of 2.0 MeV protons transmitted through a
55-nm thick <100> Si crystal on the xz plane calculated for the rainbow ion-atom interaction
potential [133]. (b) Associated projections of the proton trajectories on the yz plane [133]. Inset:
Initial points of the proton trajectories

observed, while for E; = 1.0 and 0.7 MeV, the observed rainbows cannot be
classified in the standard way.

We would like to emphasize that the above-described morphological method of
modifying the M®(ag) proton-atom interaction potential can be applied in each case
of ion transmission through axial channels of a thin crystal where the rainbow
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pattern in the IP plane contains a line close to the channel center and a line close to
the atomic string. Such a case can always be prepared by changing the values of E,
and the crystal thickness, L. The adjusted rainbow pattern in the TA plane fully
determines the associated angular distribution of transmitted ions, generated with
the resulting rainbow interaction potential. This distribution ought to be compared
with the corresponding distribution obtained in a high-resolution measurement. If
they agree, one can conclude that a very accurate interaction potential has been
extracted from this measurement. This interaction potential should also be very
accurate for other values of E, and L [51]. Unlike the ZBL, M(ag), and M(arg)
interaction potentials, it will be accurate across the whole channel. If this method is
applied to different axial channels of a thin crystal, it will be possible to deduce an
average rainbow interaction potential to accurately simulate the ion penetration
through a randomly oriented crystal of the same atomic composition. This method
has been also used to analyze the measurements of the Singapore group with
2.0 MeV protons transmitted through the <110> and <111> channels of a
55-nm thick (100) Si crystal [135]. The resulting parameters of the M“(aF) interac-
tion potential are given in Table 4.1.

Our opinion is that this morphological method may be applied in analogous
ways in other cases where the rainbow effect occurs and plays an important role.
These cases are reviewed in Chap. 1. That would lead to more accurate interaction
potentials in the fields in question. It should be mentioned that a similar approach to
atomic scattering from crystal surfaces has already produced important results
[136, 137].

4.2 Inverse Transmission

In Subsect. 3.2.1, we have analyzed the rainbow effect in transmission of 10 MeV
protons through a 100-nm thick <100> Au crystal. The crystal has been very thin.
It has been shown that, in this process, the components of the proton impact
parameter, xo and yg, are single-valued and triple-valued functions of the compo-
nents of the proton transmission angle, ®, and ©,, on the inner side and outer side of
the rainbow line in the TA plane, respectively. On the basis of this conclusion, one
may consider the mapping of the TA plane to the IP plane, being inverse to the
mapping of the IP plane to the TA plane, and say that the multiplicity of this
mapping changes from 1 to 3 across the rainbow line in the TA plane. This means
that it is possible to talk about the inverse proton transmission as the transmission
determined by the functions xo(0,, ©,) and yo(0,, ©,).

In this section, we are going to explore the inverse transmission of 10 MeV
protons through a 55-nm thick <100> Si crystal comprising the whole TA plane
[138]. The crystal thickness, L, was chosen to be the same as in the experiments
analyzed in Sect. 4.1, and the incident proton kinetic energy, E(, was adjusted to
make the crystal very thin — the reduced crystal thickness is A =0.07. The incident
proton velocity vector is parallel to the channel axis. The calculations were
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performed using a computer simulation method similar to the one described in Ref.
[85] with the rainbow proton-atom interaction potential defined in the previous
subsection. The differences between the two methods were in: (i) including the
thermal vibrations of the crystal’s atoms (see Sect.3.4), (ii) the numerical solving of
the proton equations of motion in the transverse plane [128] instead of applying the
model of crystal rainbows, and (iii) the construction of the surfaces defined by the
functions x¢(®,, ®,) and yy(0,, ®,) from the solutions of the equations of motions.
This means that, as in the previous study, we disregarded the ion collisions with the
crystal’s electrons. The atomic strings of the crystal defining the channel intersected
the lines y = +x. The number of atomic strings included in the calculations was
64, i.e., we took into account the strings lying on the four nearest square coordina-
tion lines.

Figure 4.6 depicts the surface representing the function yy(®,,®,) in a large
region of the TA plane, comparable to the region determined by the critical angle
for axial channeling, being y.=2.37 mrad. The surface representing the function
Xo(®,, ©,) can be obtained by rotating the surface shown in the figure by 90° about
the vertical axis passing through the origin. The values of the variables x( and yq
were chosen uniformly from the uniform distribution within the region of the
channel, and the incident number of protons was 976,208. It is evident that
Yo(—0y, —0,) = —y¢(0,,0,). Figure 4.7 shows the central part of the surface
representing yo(®,, ®,) viewed from above, i.e., along the —y, axis. One can clearly
see the contour of this surface, whose projection to the ©,0, space, i.e., the TA
plane, is a cusped square. Analysis shows that this projection coincides with the
rainbow line in the TA plane (see Fig. 3.16).

It has been demonstrated in Subsect. 3.2.2 that the “X, elementary catastrophe is
the organizing center of the crystal rainbows in the cases of square, rectangular,
centered rectangular, and hexagonal very thin crystals with one atomic string per

015
0

015 Y 01 6, (deg)
6 (deg)

Fig. 4.6 Surface representing the function yy(®,, ®,) for 10 MeV protons transmitted through a
55-nm thick <100> Si crystal in a large region of the TA plane
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Fig. 4.7 Central part of the surface representing the function yy(®,,®,) for 10 MeV protons
transmitted through a 55-nm thick <100> Si crystal viewed along the —y axis. The contour of the
surface whose projection to the TA plane is a cusped square is the rainbow line in this plane

channel. As a result, we have obtained a universal, simple, and relatively accurate
model proton-atom interaction potential. One of the considered cases has been the
above-mentioned case of 10 MeV protons transmitted through a 100-nm thick
<100> Au crystal. Here, we shall compare the surface defined by the above-
depicted function yy(0,, ®,), in the case of 10 MeV protons transmitted through a
55-nm thick <100> Si crystal, in the whole TA plane with the corresponding
surface given by catastrophe theory. The appropriate form of the generating func-
tion of the *X, catastrophe is its dual form, given by Eq. (3.26) with the positive first
term. The values of the parameters of the corresponding catastrophic ion-crystal
continuum interaction potential were obtained in the same way as in Subsect. 3.2.2.
They are: K= —10.46, y =6 =0.402, and py=3.85 a.u.

Figure 4.8 gives the lines representing the function y,(®,, ©,) shown in Fig. 4.6
for ®,=0.090, 0.150, and 0.210 mrad. It is evident that, for the first value of ®,, the
multiplicity of the inverse proton transmission is 3 for ®, between —0.144 and
0.144 mrad, and it is 1 for ©, outside this interval. For the second value of ©,, the
multiplicity equals 3 for ®, between —0.163 and —0.109 mrad and between 0.109
and 0.163 mrad, and it equals 1 for ®, outside these intervals. Finally, for the third
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Fig. 4.8 Lines representing the function yo(®,,®,) for 10 MeV protons transmitted through a
55-nm thick <100> Si crystal (blue points) and the corresponding lines calculated using the
generating function of the 4Xg elementary catastrophe (red points) for (a) ©,=0.090, (b)
0,.=0.150, and (¢) ®,=0.210 mrad

value of ©,, the multiplicity is equal to 1 for all the values of ©,. Figure 4.9 shows
the lines representing y, for ©,=0.090, 0.150, and 0.210 mrad. One can see that, for
the first value of ®,, the multiplicity of the inverse proton transmission equals 3 for
0, between —0.144 and 0.144 mrad, and it equals 1 for ©, outside this interval. For
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Fig. 4.9 Lines representing the function y¢(®,,®,) for 10 MeV protons transmitted through a
55-nm thick <100> Si crystal (blue points) and the corresponding lines calculated using the
generating function of the 4Xg elementary catastrophe (red points) for (a) ©,=0.090, (b)
0, =10.150, and (¢) ®,=0.210 mrad

the second value of ©,, the multiplicity is 3 for ©, between —0.163 and —0.109
mrad and between 0.109 and 0.163 mrad, and it is 1 for ®, outside these intervals.
Finally, for the third value of ®,, the multiplicity is equal to 1 for all the values of
0,. All these conclusions are in agreement with the above-given statement that the
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multiplicity of the inverse transmission process changes from 1 to 3 across the
rainbow line. When the multiplicity equals 3, the inverse process is partly proba-
bilistic, meaning that, for a chosen pair of values of ®, and ®,, the resulting pair of
values of x and y, appears with a probability less than 1. But when the probabilities
of appearance of the three pairs of values of x, and y, corresponding to the chosen
pair of values of ®, and ®, are summed, the result is 1. These two figures also
contain the corresponding lines belonging to the equilibrium set of the *X, elemen-
tary catastrophe. One can conclude that the agreement between the lines obtained
by the computer simulation and catastrophe theory is excellent. The contour of the
surface representing yo(®,,®,) corresponds to the catastrophic set of the 4X9
elementary catastrophe, while the projection of this line to the TA plane corre-
sponds to the bifurcation set of the catastrophe. This projection is the catastrophic
model of the rainbow line in the TA plane.

All the above-presented facts, coming out of the analysis of the inverse process,
demonstrate that the surface representing the function x¢(®,,®,) or yy(®,,0,),
whose shape depends on the employed ion-atom interaction potential, contains
the basic information on the process of proton transmission in question. This
surface may be referred to as the rainbow equilibrium surface. In an experiment,
one measures the angular distribution of transmitted protons, whose “skeleton” is
the projection of the contour of this surface, being the rainbow line in the TA plane.
As it has been said above, the multiplicity of the inverse transmission process
changes from 1 to 3 across this line, resulting in an abrupt change of the yield of
transmitted protons across it, i.e., when passing from the dark side of the rainbow to
its bright side. These statements make the explanation of the crystal rainbow effect
in the spirit of catastrophe theory.

4.3 Superfocusing Effect

4.3.1 Axial Focusing

It has been explained in Sect. 3.3 that a parallel ion beam entering an axial crystal
channel aligned to its axis is almost parallel at the exit from the channel if the
corresponding reduced crystal thickness is A =n/2, with n = 1, 2, ... counting the
rainbow cycles. This means that, for these values of A, the outgoing beam is
focused around the origin of the TA plane. This is an effect of angular focusing,
occurring at the end points of the rainbow cycles. As it has been said, it is called the
effect of zero-degree focusing of channeled ions. But how does the incident parallel
beam look like for A =(n — 1)/2+ 1/4, withn =1 2, ..., i.e., at the middle points of
the rainbow cycles?

It was found in the early days of studying ion propagation along axial crystal
channels that, when the statistical equilibrium in the transverse plane is established,
the yield of ions is maximal on the channel axis [66]. However, in the initial stage of
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the process, the yield of ions on the channel axis oscillates about the line close to the
one corresponding to the statistical equilibrium. That effect was named the flux
peaking effect in ion channeling [69, 139—151]. The main aim in all those studies
was to measure the yield of ions that were backscattered from the foreign atoms
inserted in the channels in order to determine their precise locations.

Demkov and Meyer [152] reopened the theoretical studying of the flux peaking
effect before establishing the statistical equilibrium in the transverse plane. Since
the effect was qualitatively different from the flux peaking effect after establishing
the statistical equilibrium, they named it differently — the effect of superfocusing of
channeled ions. It was a very inspiring study. Following our explorations of the
zero-degree focusing effect, described in Sect. 3.3, the authors chose the proton
beam of incident kinetic energy of £y = 1MeV directed into the <100> channel of
a Si crystal and studied its focusing around the origin in the final TP plane, i.e., its
axial focusing, in the first rainbow cycle. They used the continuum approximation
[66] and considered only the paraxial part of the channel. As a result, it was
assumed that the proton-crystal continuum interaction potential was dominantly
cylindrically symmetric and harmonic. Their main conclusions were: (i) the half-
width of the superfocusing region, existing for A about 0.25, went below 5 pm,
(i1) its length was several tens of atomic layers, and (iii) the beam compression
coefficient in it went up to several hundreds. The authors suggested that the
superfocusing effect might be employed for subatomic microscopy and for increas-
ing the luminosity of an ion beam collider.

Investigation of the superfocusing effect was continued by us [153]. We selected
2 MeV protons and the <100> channel of a Si crystal, and also concentrated on the
effect occurring in the vicinity of the point A =0.250. The calculations were done
using the theory of crystal rainbows, presented in Sect. 3.4. The incident ion
velocity vector is parallel to the channel axis. We adopt Moliére’s ion-atom
interaction potential defined by Egs. (2.1), (2.2), and (2.4), and the continuum
approximation [66], i.e., we use the corresponding continuum interaction potential
of the ion and ith atomic string of the crystal, given by Egs. (2.13), (2.14), (2.15),
and (2.16). The frequency of proton oscillations around the channel axis, calculated
from the second-order terms of the Taylor expansion of the continuum potential in
the channel in the vicinity of the channel center, equals f, = 5.94 x 10" Hz. The
atomic strings lie on the x and y axes (see Fig. 3.27). Their number is M = 36, i.e.,
we include the atomic strings lying on the three nearest square coordination lines.
The thermal vibrations of the crystal’s atoms are included, via the expression
analogous to Eq. (3.13) [132], with the one-dimensional atomic thermal vibration
amplitude being oy, =0.00744 nm [108, 109]. The proton collisions with the
crystal’s electrons are disregarded. The proton equations of motion in the transverse
plane are solved numerically [128]. The components of the proton impact param-
eter vector are chosen randomly from the uniform distribution within the region of
the channel taking into account the channel symmetry. The incident number of
protons is 4,834,347. The Jacobian of X and Y [Eq. (3.37)] as well as the spatial
rainbow lines in the IP plane [Eq. (3.38)] are determined numerically too [128].
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Fig. 4.10 Axial and normalized axial yields of 2 MeV protons transmitted through the <100>
channel of a Si crystal as functions of L [153]

Figure 4.10 gives the yield of transmitted protons around the origin of the final
TP plane, i.e., their axial yield, as a function of the crystal thickness, L. For the
region in the final TP plane around the origin, we take the region in which the radial
component of the proton position vector, p, is less or equal to 0.la,, where
ao=0.0529 nm is the Bohr radius. This means that the radius of this region is
taken to be much smaller than the average radius of a hydrogen atom in its ground
state. This figure also shows the normalized yield of transmitted protons around the
origin of the final TP plane, being the ratio of their axial yield and the incident
number of protons, as a function of L. It is evident that this dependence is periodic
and decays with L [153]. In the chosen region of L, between 0 and 500 nm, it
contains three pronounced maxima. We recognize that they occur due to the
superfocusing effect, i.e., the corresponding points on the channel axis are the
superfocusing points. The values of A in question are 0.250, 0.750, and 1.250,
while the corresponding values of L are 83, 248, and 413 nm, respectively. Since the
proton energy loss is neglected, the values of A have been obtained by Eq. (3.16)
with v,, substituted with v, the magnitude of the incident ion velocity vector.
Analysis has shown that the decay of the superfocusing effect with the increase of
L is caused mainly by the anharmonic component of the continuum potential in the
channel, as in case of the zero-degree focusing effect (see Sect. 3.3). If we took into
account the proton collisions with the crystal’s electrons, the decay of the effect
would be faster.

Figures 4.11a—c depict the distributions of transmitted protons in the final TP
planes, i.e., their spatial distributions, for A =0.200, 0.250, and 0.300. The spatial
distribution for A =0.200 contains a large cusped square ridge with a number of
maxima along it. Four of these maxima are more pronounced than the others. They
lie on the lines Y = + X, pointing between the atomic strings defining the channel.
This spatial distribution also contains a net of small ridges. For A =0.250, the
spatial distribution contains a very much pronounced maximum at the origin and a
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Fig. 4.11 Spatial distributions of 2 MeV protons transmitted through the <100> channel of a Si
crystal for (a) A = 0.200, (b) A = 0.250, and (¢) A = 0.300 [153]
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Fig. 4.11 (continued)

net of very small ridges. The spatial distribution for A=0.300 contains a large
cusped square ridge with a number of maxima along it. Four of these maxima are
more pronounced than the others. They lie on the X and Y axes, pointing toward
rather than between the atomic strings defining the channel. This spatial distribution
also contains a net of small ridges. It is important to note the differences between
the scales of the yield axes in these three figures.

Analysis of the rainbow patterns in the final TP planes for A =0.200, 0.250, and
0.300 has shown that, for A =0.200, there is one cusped square rainbow line with
the cusps directed between the atomic strings defining the channel; for A =0.250,
there is a rainbow point at the origin; and for A =0.300, there is one cusped square
rainbow line with the cusps directed toward rather than between the atomic strings
defining the channel. Each of these patterns also contains a net of rainbow lines,
which originate from the regions in the impact parameter plane close to the atomic
strings defining the channel. Comparison of the spatial distributions and rainbow
patterns for these three values of A clearly demonstrates that: (i) all the ridges of the
spatial distributions coincide with the rainbow lines, i.e., they occur due to the
spatial crystal rainbow effect, (ii) the inner sides of the cusped square rainbow lines
for A =0.200 and 0.300 are the bright sides of the rainbows and their outer sides are
the dark sides of the rainbows, and (iii) the very much pronounced maximum at the
origin for A =0.250 coincides with the rainbow point, i.e., it occurs due to the
rainbow effect. The last statement means that the superfocusing effect is in fact a
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Fig. 4.12 Evolution of the rainbow line in the final TP plane in the vicinity of the first
superfocusing point for 2 MeV protons in the <100> channel of a Si crystal [153]. The chosen
values of A are 0.200, 0.220, 0.240, 0.250, 0.260, 0.280, and 0.300. The bright sides of the
rainbows are colored gray

spatial crystal rainbow effect. Let us now come back to Fig. 4.10 and say that the
additional maxima it contains, besides the three maxima occurring due to the
superfocusing effect, are caused by the rainbow lines passing through the region
around the origin.

Figure 4.12 gives the rainbow patterns in the final TP planes in the vicinity of the
superfocusing point in the first rainbow cycle for A =0.200, 0.220, 0.240, 0.250,
0.260, 0.280, and 0.300. These patterns clearly demonstrate how the cusped square
rainbow line with the cusps directed between the atomic strings defining the
channel reduces to the rainbow point, being the first superfocusing point, and
how the cusped square rainbow line with the cusps directed toward the atomic
strings defining the channel emerges from the rainbow point. Thus, one can state
that the superfocusing effect is a reduced spatial crystal rainbow effect, in which the
rainbow line becomes a rainbow point. This means that the superfocusing effect
cannot be fully explained with only the harmonic component of the continuum
potential in the channel, as it was done by Demkov and Meyer [152]. The
anharmonic component of the continuum interaction potential must be taken into
account too, as it has been implicitly done in our calculations. The effect occurs as a
result of the joint contribution of the harmonic and anharmonic components of the
continuum interaction potential to the proton beam dynamics.
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Since the inner side of each of the six rainbow lines shown in Fig. 4.12 is the
bright side of the rainbow and its outer side the dark side of the rainbow, and, thus,
the line is the envelope of the proton beam in the final TP plane [131], one can state
that these lines define the extent and shape of the superfocusing region. The
evolution of the rainbow line is such that it enters the cylindrical region around
the channel axis having the radius of 0.1ay for A =0.223 and exits this region for
A =0.275. As it has been said above, the radius of this region is taken to be much
smaller than the average radius of a hydrogen atom in its ground state. If we define
the length of the superfocusing region with these two values of A, one can calculate
that it is AL;=17 nm, being about 32 atomic layers; in this case, 1 atomic
layer = 0.543082 nm [107].

The half-width of the proton beam at the superfocusing point under consider-
ation can be estimated using a simple quantum mechanical model [152]. The
assumption is that in the paraxial part of the channel, in which p is taken to be
less or equal to p;, = 33.9 pm, being one quarter of the distance between the channel
axis and each of the atomic strings defining the channel [92, 107], the proton-crystal
continuum interaction potential is

Vi(p) = 22°myf5p?, (4.1)

where m,, is the proton mass. If the initial half-width of the proton wave packet
equals p,, the half-width of the proton wave packet at the superfocusing point is

Ps = 5.0pm, (4.2)

a 2mpf 1Py

where 7 is the reduced Planck constant. Thus, taking that the half-width of the
proton beam at the superfocusing point equals p;, one finds that it is about 11 times
smaller than ao. This value justifies the above-chosen value of the radius of
the region in the final TP plane around the origin (0.1ay). Within this model,
the compression coefficient of the proton beam at the superfocusing point is
Ky= (ph/ps)2 =47. It has been calculated that, when the anharmonic component of
the continuum potential in the channel is included, x, =37 [154].

4.3.2 Rainbow Subatomic Microscopy

Let us now verify in more detail the idea of Demkov and Mayer that the
superfocusing effect may be employed for subatomic microscopy [152]. Following
that idea, we have demonstrated in the previous subsection that the radius of a
superfocused proton beam can go down to about 5.0 pm. This means that the
approach has the potential for a breakthrough in the field of subatomic microscopy.

We shall analyze the superfocusing effect in the case of 68 MeV protons
transmitted through the <100> channel of a Si crystal in the vicinity of the point
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A =0.250 for different values of the incident proton beam angle, i.e., crystal tilt
angle [129]. The choice of this value of E, will be explained below. The problem
will be solved applying the theory of crystal rainbows as in the previous subsection
but with the following differences. The incident proton beam angle, ¢, is varied
between 0 and £0.30y,., where yw.=1.04 mrad is the critical angle for axial
channeling, defined by Eq. (2.12). The proton collisions with the crystal’s electrons
are taken into account. The corresponding energy loss rate is included in the
calculations via the expression
dE 477,'2%64 2m,v?

——= ol s 4.3
dz Mmev? el hw, (4.3)

where Z; =1 is the projectile atomic number, m, and e are the electron mass
and charge, respectively, v is the magnitude of the projectile velocity vector,
n, = AV (x,y)/(4r) is the density of the target’s electron gas averaged along
the z axis, Vi is thermally averaged Moliére’s projectile-target continuum
interaction potential (see Sect. 3.4), A=0,, + 0y, and @, = (dre’n/m,)"* is
the angular frequency of the electron gas oscillations induced by the projectile
[51]. The rate of the corresponding average square uncertainty of the projectile
channeling angle is taken into account in the calculations via the expression

do;  m, dE
dz mﬁv2 dz

(4.4)

[51]. The incident number of projectiles is 4,352,720.

Figure 4.13 shows the yields of transmitted protons around the origin in the final
TP plane as functions of A and L in the first rainbow cycle for ¢ =0 without taking
into account the proton collisions with the crystal’s electrons. For the region in the
final TP plane around the origin, we take the region in which p is below
a;=0.01ap=0.5 pm. These dependences contain a maximum at A,,=0.250,
corresponding to L,, =482 nm, being the superfocusing point. Hence, one con-
cludes that this maximum occurs due to the superfocusing effect, which is
explained by the dominance of the harmonic component of the proton-crystal
continuum interaction potential over its anharmonic component in the region
close to the channel axis [152, 153]. Its width, being a measure of the longitudinal
extent of the superfocusing region, is AA;=0.018 or AL;=35 nm, being about
64 atomic layers [107]. The figure also gives the axial yields of transmitted protons
for a; =0.5 pm with the proton collisions with the crystal’s electrons taken into
account. Now, the superfocusing maximum is much weaker and broader than the
corresponding maximum obtained without taking into account these collisions. It is
located at A,,, = 0.235, corresponding to L,, =453 nm, and its width is AA,=0.088
or AL;= 170 nm, being about 312 atomic layers [107]. The weakening and broad-
ening of the superfocusing maximum are attributed to the spreading of the spatial
distribution of transmitted protons caused by the proton collisions with the crystal’s
electrons. Its shift from the superfocusing point, being AA,,=0.015 or
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Fig. 4.13 Axial yields of 68 MeV protons transmitted through the <100> channel of a Si crystal
for (a) a;=0.5 pm without including the proton collisions with the crystal’s electrons, (b)
a; =0.5 pm with these collisions, (¢) @; =7.5 pm without the collisions, and (d) @; =7.5 pm
with the collisions as functions of A and L in the first rainbow cycle for ¢ =0 [129]

AL,,=?29 nm, can be explained if the evolution of the rainbow line in the final TP
plane in the vicinity of the superfocusing point described in the previous subsection
is taken into account. It is caused by the difference between the evolution of the
rainbow line after the superfocusing point, for A above 0.250, and the time-reversed
evolution of the rainbow line before the superfocusing point, for A below 0.250. In
the former case, the rainbow line moves away from the origin faster than in the
latter case, resulting in a decreased axial proton yield in the former case or an
increased yield in the latter case. This difference becomes observable due to the
spreading of the spatial distribution. It is evident that the weakening and broadening
of the superfocusing maximum when one takes into account the proton collisions
with the crystal’s electrons are not negligible. If £y were chosen to be 2 MeV, as in
the previous subsection, this would be even more pronounced. That is why, in this
study, Eo=68 MeV. A series of relevant experiments were conducted with this
value of Eg[155, 156].

Besides, Fig. 4.13 gives the axial yields of transmitted protons for a;=7.5 pm
without taking into account the proton collisions with the crystal’s electrons as
functions of A and L. The choice of this value of a; will be explained later. In this
case, the superfocusing maximum is located at A,,=0.243, corresponding to
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L,,=468 nm, and its width is AA;=0.105 or AL;= 202 nm, being about 373 atomic
layers [107]. The small shift of the superfocusing maximum from the superfocusing
point, being AA,, =0.002 or AL,, =3.9 nm, is attributed to the difference between
the evolution of the rainbow line in the final TP plane after the superfocusing point
and the time-reversed evolution of the rainbow line before the superfocusing point,
which becomes observable due to the larger value of a,. This figure also shows the
axial yields of transmitted protons for a; = 7.5 pm with the proton collisions with
the crystal’s electrons taken into account. As in the case of a; =0.5 pm, the
superfocusing maximum is weaker and broader than the corresponding maximum
obtained without including these collisions. It is located at A,,=0.234,
corresponding to L,, =451 nm, and its width is AA;=0.114 or AL;=220 nm,
being about 405 atomic layers [107]. Again, the weakening and broadening of the
superfocusing maximum are attributed to the spreading of the spatial distribution of
transmitted protons caused by the proton collisions with the crystal’s electrons. Its
larger shift from the superfocusing point, being AA,, =0.016 or AL,,=31 nm, is
again explained by the difference between the evolution of the rainbow line after
the superfocusing point and the time-reversed evolution of the rainbow line before
the superfocusing point, which becomes more observable due to the spreading of
the spatial distribution.

Figure 4.14a gives the spatial distributions of transmitted protons along the
X axis for ¢ =0, £0.10y ., £0.20y ., and +0.30y ., and A =0.250 with the proton
collisions with the crystal’s electrons taken into account. Each of these distributions
contains one maximum, appearing due to the superfocusing effect. The width of the
maximum for ¢ =0, lying at the origin, is AX,, =15.0 pm. This width represents
the proton beam diameter for ¢ =0 and A =0.250. The calculations have shown
that for A above 0.250, AX,, increases abruptly; for A between 0.250 and 0.225, it
practically stays the same; and for A below 0.225, it increases abruptly too. This is
illustrated in Fig. 4.14b. Thus, one can call the part of the superfocusing region
between A=0.225 and 0.250 the beam neck. Its length is AA,=0.025 or
AL, =48 nm. Accordingly, we have decided to adopt that within the beam neck
the value of its diameter is equal to its value for A =0.250 (15.0 pm). This has been
the reason for choosing the larger value of a; (7.5 pm) in the analysis of the axial
yields of transmitted protons as functions of A and L, the results of which are given
in Fig. 4.13.

As one would expect, for the positive values of ¢, the maxima of the spatial
distributions of transmitted protons given in Fig. 4.14a lie on the positive part of the
X axis, and, for the negative values of ¢, on the negative part of the X axis. The
larger the modulus of ¢, the larger is the displacement of the maximum from the
origin. Also, when the modulus of ¢ is larger, the maximum is weaker. The
positions of the maxima for ¢p=40.10y ., £0.20y ., and £0.30y . are +31.8, £
60.3, and £76.2 pm, respectively, while their heights are 97.3, 84.9, and 49.4% of
the height of the maximum for ¢ =0, respectively. Therefore, one can say that the
maxima for ¢p==0.10y . and +0.20y ., whose displacements from the origin are
below 1.3a, and above —1.3ay, respectively, are strong, as the maximum for ¢ = 0.
On the other hand, the maxima for ¢ = =+ 0.30y ., whose displacements from the
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Fig. 4.14 (a) Yields of 68 MeV protons transmitted through the <100> channel of a Si crystal
along the X axis in the final TP plane for ¢ =0, £0.10y ., £0.20y., and +0.30y ., and A = 0.250,
with the proton collisions with the crystal’s electrons taken into account [129]. (b) Widths of the
spatial distributions of transmitted protons along the X axis in the final TP plane as functions of A
and L in the vicinity of the point A =0.250 for ¢ =0 with these collisions [129]

origin are above 1.3a, and below —1.3qy, respectively, are weak. This suggests that,
by varying ¢ from O to +0.20y ., one can probe the interior of a foreign atom
inserted in the channel at a depth around A =0.250, i.e., in the vicinity of the
superfocusing point [152]. The weakening of the superfocusing effect for
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@==0.30y, can be attributed to the fact that, in this case, the proton beam is
considerably displaced from the channel axis toward the upper or lower channel
wall, respectively, and moves through the region of the channel in which the
anharmonic component of the continuum potential and the proton collisions with
the crystal’s electrons are more pronounced than in the region close to the channel
axis [153]. It should be noted that the spatial distributions given in the figure have
been calculated for A =0.250 in spite of the fact that the maximum of the depen-
dence (d) shown in Fig. 4.13 lies at A,, =0.234. The reasons for such a choice have
been the facts that the shift of that maximum from the superfocusing point, being
AA,,=0.016, was within the beam neck, extending between A =0.225 and 0.250,
and that the point A =0.250 is the superfocusing point.

The spatial distributions of transmitted protons in the two-dimensional repre-
sentation for ¢ =0, +0.10y., £0.20y, and +£0.30y ., and A =0.250 are shown in
Fig. 4.15. It is evident that each of the distributions has one maximum. The shapes
of the areas of the distributions for ¢ =0 and £0.10y, representing the constant
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Fig. 4.15 Yields of 68 MeV protons transmitted through the <100> channel of a Si crystal in the
final TP plane in the two-dimensional representation for ¢ =0, +0.10y., £0.20y,, and £0.30y,
and A =0.250 with the proton collisions with the crystal’s electrons taken into account [129]. The
areas in which the yields of transmitted protons are above 80, 50, 20, 15, 10, and 5% of the
maximal yield are designated by the decreasing tones of gray color. Four open circles represent the
atomic strings defining the channel
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proton yields are circular, while the shapes of the areas of the distributions for
@==0.20y . are quasi-ellipsoidal. The widths of the distributions along the X and
Y axes for ¢ =0, £0.10y, and +0.20y ., AX,, and AY,,, are 15 and 15 pm, 15 and
16 pm, and 14 and 20 pm, respectively. For ¢p==0.30y ., the distributions become
broader, and the shapes of their central areas representing the constant proton yields
become quasi-rectangular. It is clear that, for these values of ¢, the superfocusing
effect is attenuated and dissolved. Thus, as it has been suggested above, the
possibility to use the proton beam for probing the interior of a foreign atom inserted
in the channel in the vicinity of the superfocusing point exists only for the values of
the modulus of ¢ below 0.20y .. Figures 4.16a, b give the spatial distributions of
transmitted protons in the three-dimensional representation for ¢=0.10y,. and
0.20y, respectively.

In the analysis presented in Figs. 4.14, 4.15, and 4.16, the direction of the
incident proton beam is changed along the X axis, i.e., toward the atomic strings
defining the channel. We have also explored the spatial distributions of transmitted
protons for A =0.250 and the direction of the incident beam changing along line
Y =X, i.e., between the atomic strings defining the channel. The obtained results are
similar to those presented in Figs. 4.14, 4.15, and 4.16.

We have also investigated the dependences of the yields of the transmitted
protons around the centers of their spatial distributions on A in the region between
0.200 and 0.300 for ¢ =0.10y, and 0.20y. with the proton collisions with the
crystal’s electrons included. For the region in the final TP plane around the center,
we have taken the circular region having the radius equal to @¢; = 7.5 pm, as in cases
of the dependences (c) and (d) shown in Fig. 4.13. This is in accordance with the
facts demonstrated in Fig. 4.15 that the shapes of the areas of the distributions for
A=0.250, and ¢ =0 and 0.10y. representing the constant proton yields, are
circular while the shapes of the areas of the distributions for the same value of A
and ¢ =0.20y,. are quasi-ellipsoidal. For ¢ =0.20y,, the circular region has
approximated the quasi-ellipsoidal region. The obtained dependences are similar
to the dependence (d) displayed in Fig. 4.13, obtained for ¢ =0.

Figure 4.17 gives the rainbow patterns in the final TP plane for ¢ =0, 0.10y. and
0.20y ., and A=0.250. As it has been explained in Sect. 3.4, they are obtained
without taking into account the proton collision with the crystal’s electrons. For
@ =0, the rainbow line reduces to the rainbow point, being the superfocusing point
[153]. The rainbow patterns for ¢ = — 0.10y . and —0.20y. and the same value of A
lie in the final TP plane symmetrically with respect to the Y axis to the
corresponding patterns shown in the figure. One can see that each of the rainbow
patterns for ¢ > 0 consists of two cusped triangular rainbow lines, each of which
has two cusps directed between the atomic strings defining the channel and the third
cusp directed along the Y axis and toward the third cusp of the other line. The inner
sides of these lines are the bright sides of the rainbows, while their outer sides are
the dark sides of the rainbows. As ¢ increases, the rainbow pattern shifts along the
X axis. Also, with the increase of ¢, the two rainbows become larger and more
separated from each other. Comparison of this figure with Figs. 4.15 and 4.16
demonstrates that, in spite of the fact that each rainbow pattern is composed of two
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Fig. 4.16 Yields of 68 MeV protons transmitted through the <100> channel of a Si crystal in the
final TP plane in the three-dimensional representation for (a) ¢ =0.10y . and (b) ¢ =0.20y ., and
A =0.250, with the proton collisions with the crystal’s electrons taken into account (Adapted from
Ref. [129])
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Fig. 4.17 Evolution of the rainbow pattern in the final TP plane with an increase of ¢, taking the
values 0, 0.10y,, and 0.20y,, for A=0.250. The bright sides of the rainbows are colored gray
(Adapted from Ref. [129])

parts, the corresponding spatial distribution of transmitted protons contains only
one maximum. This is explained by the fact that, for each of the considered values
of ¢, the rainbow pattern lies within a circle of the radius as small as 2.5 pm.

Let us also analyze the evolution of the rainbow pattern in the final TP plane with
the increase of A around 0.250 for ¢=0.10y... The rainbow patterns for A = 0.200,
0.220, and 0.240 consist of a cusped rectangular line with the cusps directed
between the atomic strings defining the channel. The evolution of the rainbow
pattern with the increase of A in the region between 0.240 and 0.260 is displayed in
Fig. 4.18. For A =0.245, the rainbow pattern is composed of two cusped triangular
lines, each of which with two cusps directed between the atomic strings defining the
channel and the third cusp directed along the Y axis and toward the third cusp of the
other line. The rainbow pattern for A =0.250, which is also shown in Fig. 4.17,
consists of two cusped triangular lines, as the rainbow pattern for A =0.245. The
two rainbows occurring for A =0.250 are separated from each other less than the
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Fig. 4.18 Evolution of the rainbow pattern in the final TP plane with an increase of A in the
vicinity of the first superfocusing point, taking the values 0.240, 0.245, 0.250, 0.255, and 0.260, for
@ =0.10y . The bright sides of the rainbows are colored gray (Adapted from Ref. [129])

two rainbows occurring for A =0.245. For A =0.255, the rainbow pattern contains
two cusped triangular lines, each of which with two cusps directed between the
atomic strings defining the channel and the third cusp directed along the Y axis and
away from the third cusp of the other line. These two rainbows are larger than the
two rainbows occurring for A =0.250, and they overlap. The rainbow pattern for
A =0.260 consists of a deltoidal line with the two joints of its sides having the form
of a butterfly directed along the X axis and the other two joints of its sides having the
form of a cusp directed along the Y axis. The rainbow patterns for A =0.280 and
0.300, which are not shown in Fig. 4.18, contain a cusped deltoidal line with the
cusps directed toward rather than between the atomic strings defining the channel.
As in Fig. 4.17, the inner sides of all these lines are the bright sides of the rainbows,
while their outer sides are the dark sides of the rainbows.

It is interesting to note that the sequences of forms displayed in Figs. 4.12, 4.17,
and 4.18 coincide qualitatively with the unfoldings of the *X, elementary catastro-
phe that were analyzed in detail by Nye in the context of light reflection
[12, 18]. This coincidence is in agreement with our earlier finding, described in
Subsect. 3.2.2, that the *X, catastrophe acts as the organizing center of crystal
rainbows appearing with protons and square, rectangular, centered rectangular, and
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Fig. 4.19 Illustration of the interactions of three 68 MeV proton beams, for ¢ =0, 0.10y, and
0.20y ., with the inner-shell electrons of a sulfur atom inserted in the <100> channel of a Si crystal
at the first superfocusing point resulting in the emissions of characteristic X-rays (PIXE) [129]

hexagonal very thin crystals with one atomic string per channel. We think that this
catastrophe could be used for a simple and qualitatively accurate modeling of the
changes of the rainbow pattern with ¢ and A around the superfocusing point.

We are now going to consider a foreign atom localized in the channel in the
vicinity of the superfocusing point and exposed to the proton beam. One of the
results of the proton-foreign atom interaction can be an inner-shell ionization of the
atom resulting in the emission of a characteristic X-ray, which is referred to as
proton-induced X-ray emission (PIXE) [155, 156]. This is illustrated in Fig. 4.19.
The distance between the opposite channel walls is 271.5 pm and the radius of the
foreign atom is R, = 100 pm, corresponding to a sulfur atom [157]. Three beams are
shown — for ¢ =0, 0.10y, and 0.20y.. Since, for ¢ =0, R, is much smaller than the
length of the beam neck, being AL, =48 nm, we take that the corresponding beam
diameter is constant in the interaction region and that it is equal to its diameter at the
superfocusing point, being AX,,, = 15.0 pm. The situation is the same for ¢=0.10y .
and 0.20y... For ¢ =0, the protons propagate through the foreign atom along its
diameter coinciding with the z axis, and for ¢ =0.10y . and 0.20y ., they propagate
through the atom along its chords being practically parallel to the z axis. The larger
the value of ¢, the smaller is the length of the chord. This simple geometrical
analysis demonstrates the possibility for measuring the differential cross-section for
PIXE as functions of the components of the proton impact parameter vector within
the foreign atom. Thus, one could measure the electron density within the foreign
atom. As it has been said above, such a probing of the interior of the foreign atom
has been named the rainbow subatomic microscopy [153]. It is a measurement
technique with the picometer resolution.

The realization of the idea of rainbow subatomic microscopy depends crucially
on the possibility to localize the foreign atom in the vicinity of the superfocusing
point, i.e., to make it lie within the proton beam neck. The displacement of the
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foreign atom from the beam neck can be corrected by varying E, upward or
downward to move the neck forward or backward, respectively, and make the
atom lie within the neck. However, the effect of thermal vibrations of the foreign
atom makes its position uncertain. Since oy, is comparable to the average beam
radius [108, 109], one should cool the crystal to a temperature well below room
temperature to make the effect less pronounced. But, even at the temperature of
T =0 K, the quantum vibrations of the foreign atom would make the uncertainty of
its position comparable to the characteristic dimension of its K-shell. Using the
Debey approximate treatment of the thermal vibrations [51] and an estimated value
of the Debey temperature of the foreign atom, being 300 K [158], one can calculate
that for T=0 K, the one-dimensional thermal vibration amplitude of the foreign
atom is 6.2 pm. On the other hand, the characteristic dimension of the K-shell of the
foreign atom is 5.1 pm, and the characteristic dimensions of its L-shell and M-shell
are about 25 and 100 pm, respectively [159]. This means that the effect of thermal
vibrations is an obstacle for measuring the proton-induced emission of X-rays from
the K-shell of the foreign atom, but that it does not prevent one to measure precisely
the emissions from its L-shell and M-shell.

The resolution of the rainbow subatomic microscopy is determined by the ratio
of R, and the average proton beam radius. In the example we consider, the values of
this ratio are 13.3, 12.9, and 12.5 for the three values of ¢, respectively. Thus, one
can choose five values of ¢: 0, +0.10y ., and +0.20y ., and obtain five well-
separated measurement points. If the differential cross-section for PIXE is mea-
sured, the final result of the experiment would be the transverse projection of the
electron density within the foreign atom. In this case, the sensitivity of the micros-
copy is determined by the way the differential cross-section depends on the electron
density.

However, in order to observe experimentally the superfocusing effect, one must
have an array of foreign atoms in the channels with the same transverse positions
relative to the channel axes and the same longitudinal positions relative to the
entrance plane of the crystal. Since the proton beam radius is considerably below
R, the transverse positions of the foreign atoms must coincide with each other.
However, the longitudinal distances of the foreign atoms from the superfocusing
point do not have to coincide with each other. Instead, they must be in the region
between —AL,/2 and AL,/2. One way of creating the required array of foreign
atoms would be by the technique of ion implantation. The foreign atoms would be
implanted in a Si crystal to form a buried single-crystalline layer with the foreign
atoms at the front interface of the obtained three-layer structure facing the channels
of the Si crystal [160, 161]. After the implantation, one would have to anneal the
obtained structure to make the transverse positions of the foreign atoms within the
channels at the interface coincide with each other. Such an interface would contain
the required array of foreign atoms. The other way of creating the required array of
foreign atoms would be by the technique of epitaxial growth. The idea is to grow a
single-crystalline layer on a Si crystal with the foreign atoms at the interface of the
obtained two-layer structure facing the channels of the Si crystal [149]. This would
have to be followed by etching the Si crystal to adjust its thickness.
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Fig. 420 Width of the spatial distribution of 68 MeV protons transmitted through the <100>
channel of Si crystal along the X axis in the final TP plane as a function of Afy for ¢ =0 and
A =0.250 with the proton collisions with the crystal’s electrons taken into account [129]

In addition, in a superfocusing experiment, one must pay special attention to the
incident proton beam divergence, Ad,. Figure 4.20 gives the dependence of AX,, on
A8, for ¢ =0 and A =0.250 with the proton collisions with the crystal’s electrons
taken into account. It is clear that for A6, below about 20 prad, AX,, is below about
20 pm. The analysis has shown that the same is true for ¢ =0.10y . and 0.20y..
Taking into account the fact, which can be seen in Fig. 4.14a, that the average
distance between the superfocusing maxima for ¢ =0 and 0.10y . and between the
ones for ¢ =0.10y . and 0.20y .. is 30.2 pm, one can conclude that for Ad, below
about 20 prad, these superfocusing maxima would be clearly separated. Such a
small value of A8, has already been attained experimentally [162]. For example,
the beam collimation system consisting of two apertures of the diameters of 100 pm
placed at the distance of 5 m from each other would guarantee that Af,; would be
below 20 prad.

4.3.3 Measurement of the Superfocusing Effect

The Singapore group conducted a sequence of high-resolution measurements with
1.00, 0.90, 0.85, 0.75, 0.70, and 0.65 MeV focused proton microbeams transmitted
through a 55-nm thick <100> Si crystal, and it was analyzed by them and us
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[134]. As in their previous measurements [45—48, 130, 133], the angular distribu-
tions of transmitted protons were recorded by photographing a scintillator screen.
Analysis of the obtained angular distributions was done using the FLUX computer
simulation code [83] (see Subsect. 2.3.3) and the rainbow proton-atom interaction
potential, introduced in Subsect. 4.1.3. The analysis included the calculations of the
spatial distributions of transmitted protons for the chosen values of E. It was found
that the width of the spatial distribution was minimal for £, = 0.860 MeV, which
corresponded to the superfocusing point in the first rainbow cycle, i.e., A =0.250.
The resulting values of A corresponding to the chosen values of Ey were 0.232,
0.244, 0.251, 0.268, 0.277, and 0.288, respectively. The resulting average FWHM
of the spatial distribution, i.e., the average width of the channeled proton beam at
the exit from the crystal, at the superfocusing point, was ~20 pm. Therefore, since
one of the measurements, for A=0.251, was performed very close to the
superfocusing point, one can state that the obtained experimental angular distribu-
tion together with the theoretical spatial distribution generated for A =0.250
represent an indirect evidence of existence of the superfocusing effect.

4.4 Doughnut Effect

4.4.1 Explanation of the Doughnut Effect

Let us now explore the crystal rainbow effect with protons of incident kinetic
energy of Ey=10MeV impinging on a tilted <111> Si crystal [163-165]. The
reduced crystal thickness has been chosen to be A =0.15, meaning that the crystal
is very thin. The angular distributions of transmitted protons and the corresponding
rainbow patterns are obtained applying the theory of crystal rainbows in the same
way as in the case of 60 MeV Ne'®" jons and <111> Si crystal described in
Sect. 3.4. As a result, the value of the crystal thickness in question is L= 121 nm.
The crystal tilt angle, ¢, is varied from zero up to the critical angle for axial
channeling, . =2.62 mrad, determined by Eq. (2.12). The crystal is tilted about
the x axis. The sizes of a bin along the ©, and ©, axes both equal 0.048 mrad. The
incident number of protons is 258,788.

Figure 4.21 shows the angular distributions of 10 MeV protons transmitted
through the <111> Si crystal obtained for ¢ =0, 0.2y, 0.4y, and 0.6y,
[163, 164]. The distribution for ¢ =0 contains a cusped hexagonal part in the
central region of the TA plane with the cusps lying along the lines ® = tan7](®y/
0,) =nn/3, n=0-5. The distribution also contains six parabolic parts in the
peripheral region of the TA plane lying along the lines ® = (2n + 1)z/6, n=0-5.
For ¢ = 0.2y, the distribution is characterized by a distorted cusped hexagonal part
in the central region of the TA plane connected to a distorted parabolic part lying
along the line ® =z/2. The distribution for ¢ = 0.4y contains a circular part of a
smaller radius connected at the origin to a distorted parabolic part lying along the
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Fig. 4.21 Angular distributions of 10 MeV protons transmitted through a tilted 121-nm thick
<111> Si crystal for ¢ =0, 0.2y, 0.4y, and 0.6y .[164]

line ® = z/2 and to a semicircular part of a larger radius lying along the line ® = 37/2.
For ¢ = 0.6y, the distribution is characterized by a circular part of a larger radius
connected at the origin to a parabolic part lying along the line ® = /2. The yield of
transmitted protons along the circular part is not uniform. Its absolute maximum is
at the origin, i.e., in the direction of the incident proton velocity vector, and its
absolute minimum is on the line ® =3x/2. For ¢ >y, the circular and distorted
parabolic parts of the angular distribution disappear, leaving only a maximum in the
direction of the incident proton velocity vector. This effect has been observed by a
number of authors, e.g., by Chadderton [166], Armstrong et al. [112, 113], Rosner
etal. [167], and Andersen et al. [168]. It has been referred to as the doughnut effect
in ion channeling. However, its origin has not been determined prior to the above-
presented study.

The rainbow patterns in the TA plane corresponding to the angular distributions
shown in Fig. 4.21 are given in Fig. 4.22. For ¢ = 0, there are two cusped equilateral
triangular rainbow lines in the central region of the TA plane with the cusps lying
along the lines ® =2nx/3 and ® = (2n + 1)z/3, n=0-2, and six parabolic rainbow
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Fig. 4.22 Rainbow lines in the TA plane for 10 MeV protons transmitted through a tilted 121-nm
thick <111> Si crystal for ¢ =0, 0.2y, 0.4y, and 0.6y .[164]

lines in the peripheral region of the TA plane lying along the lines ® = (2n + 1)z/6,
n=0-5. The two triangular lines coincide with the lines shown in Fig. 3.32 for
A =0.15 while the six parabolic lines correspond to the cusped equilateral hexag-
onal line given in the same figure for A =0.20. In the case under consideration, for
A =0.15, the hexagonal line has not yet been fully developed. The rainbow pattern
for ¢ = 0.2y, clearly shows that the two cusped triangular lines and the parabolic
line lying along the line @ = 7/2 “attract” each other. For ¢ = 0.4y, this “interac-
tion” results in a circular rainbow line of a smaller radius connected at the origin to
a swallow-tailed parabolic rainbow line lying along the line ® =z/2 and being
close to two distorted parabolic rainbow lines lying along the lines ® = (2n + 1)x/6,
n=0 and 2. The rainbow pattern for ¢ = 0.6y contains a circular line of a larger
radius connected to three distorted parabolic lines lying along the lines
® =2n+ 1)z/6, n=0-2, and being close to three distorted parabolic lines lying
along the lines ® = (2n+ 1)7/6, n=3-5.

Comparison of Figs. 4.21 and 4.22 shows that the evolution of the angular
distribution of transmitted protons with an increase of ¢ can be fully explained
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by the evolution of the corresponding rainbow pattern. For the largest value of ¢
(0.6y,.), the circular part of the distribution can be attributed to the circular rainbow
line and partly to the three distorted parabolic rainbow lines lying along the lines
® =(2n+ 1)z/6, n =0-2. The parabolic part of the distribution coincides with the
distorted parabolic rainbow line lying along the line ® = /2. This means that the
doughnut effect in ion channeling, occurring for the larger values of ¢, is in fact a
crystal rainbow effect.

We shall present here two additional cases of ion transmission through channels
of a tilted crystal[169]. In the first case, the projectiles are 10 MeV protons and the
target a 100-nm thick <110> Si crystal. The angular distributions of transmitted
protons and the corresponding rainbow patterns are obtained applying the theory of
crystal rainbows in the same way as in the cases of 60 MeV Ne'%" ions and <100>
and <111> Si crystals described in Sect. 3.4. The corresponding value of A is 0.11,
meaning that the crystal is very thin. This crystal is of the centered rectangular type
with two atomic strings of the crystal per channel. The channel comprises two
isosceles triangular subchannels. It is assumed that, when the crystal is not tilted,
the subchannel axes intersect the x axis. The number of atomic strings is 32, i.e., the
atomic strings lying on the two nearest rhombic coordination lines are taken into
account. The crystal tilt angle is varied from zero up to the critical angle for axial
channeling, being now .= 3.24 mrad [Eq. (2.12)]. The crystal is tilted about the
x axis. The calculations are performed only for the subchannel whose axis lies on
the positive part of the x axis. The contribution of the subchannel whose axis lies on
the negative part of the x axis is obtained using the fact that the channel is
symmetric relative to the y axis. The sizes of a bin along the ®, and ©, axes both
equal 0.08 mrad. The incident number of protons is 50,565.

The angular distribution of transmitted protons obtained for ¢ =0 contains a
characteristic hexagonal part lying along the ®, axis, whose shape resembles the
shape of the distribution shown in Fig. 3.6 rotated by 90° about the origin because
of the different orientation of the arrangement of atomic strings. The distribution is
fully explained by the corresponding rainbow pattern in the TA plane, which
contains a characteristic hexagonal line, whose shape is similar to the shape of
the line shown in Fig. 3.5, four parabolic lines connected to the hexagonal line, and
four parabolic lines away from it. For ¢ =0.95y, the distribution consists of a
circular part of a larger radius and a circular part of a smaller radius that are close to
each other in the central region of the TA plane. The radius of the larger circular
part is close to 0.95y ... The distribution also contains a pronounced maximum at the
origin, i.e., in the direction of the incident proton velocity vector. Again, the
distribution is fully explained by the corresponding rainbow pattern in the TA
plane, which consists of a circular part of a larger radius defined by several shorter
lines and a circular part of a smaller radius defined by two circular lines.

In the second additional case of ion transmission through channels of a tilted
crystal to be presented here, the projectiles are 3.2 MeV protons and the target is a
190-nm thick <110> Si crystal. The crystal is tilted about the x axis with
@ =0.99y,.=0.327° [Eq. (2.12)]. The angular distribution of transmitted protons
and the corresponding rainbow pattern are obtained applying the theory of crystal
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rainbows in the same way as in the first additional case. The corresponding value of
A is 0.37, showing that the crystal is thin. These values of E, L, and ¢ were chosen
because the above-mentioned experimental study of Rosner et al. [167] included an
excellent measurement of the doughnut effect with these parameters. In order to
reproduce that measurement, we also generated the corresponding transmission
pattern. It was obtained in a similar way as the angular distribution, but including
the incident proton beam size and divergence angle, the proton collisions with the
crystal’s electrons, and the position of the proton detector as well. The proton
collisions with the crystal’s electrons are calculated by Eqgs. (4.3) and (4.4). The
beam diameter in the entrance plane of the crystal was 1 mm, its divergence angle
(FWHM) 0.02°, and the distance of the detector from the crystal 84.8 cm. The
transverse components of the initial proton position vectors within the beam and
within the channel were chosen randomly using the Gaussian distribution and the
uniform distribution, respectively. The sizes of a bin in the detector plane along the
x and y axes were both 0.1 mm. The incident number of protons was 180,382.
The obtained theoretical and experimental transmission patterns are depicted in
Figs. 4.23 and 4.24, respectively. Both transmission patterns contain a circular part
of a radius close to 0.99y .. and a pronounced maximum at the origin, and, in both

Yield

4

-12 Y4 (mm)

Fig. 4.23 Theoretical transmission pattern of 3.2 MeV protons channeled in a tilted 190-nm thick
<110> Si crystal for ¢ =0.99y[169]. Variables X, and Y, are the vertical and horizontal
components of the transverse position vector in the detector plane, respectively



114 4 Rainbows in Proton Channeling in Silicon Crystals

Normalized yield

Y, (arb.u.)

X, (arb.u.) 4

Fig. 4.24 Experimental transmission pattern of 3.2 MeV protons channeled in a tilted 190-nm
thick <110> Si crystal for ¢ =0.99y[169]. Variables X, and Y, are the vertical and horizontal
components of the transverse position vector in the detector plane, respectively; their values are
given in arbitrary units

cases, the yield of transmitted protons along the circular part is not uniform. One
can conclude that the agreement between the theoretical and experimental results is
very good. It should be noted that the experimental study was conducted before the
discovery of the crystal rainbow effect [40, 41], and that, consequently, the obtained
results could not have been connected in any way to that effect.

4.4.2 High-Resolution Measurement of the Doughnut Effect

It has been shown in the previous subsection that the doughnut effect is in fact the
rainbow effect with a tilted crystal. But how does the detailed evolution of a crystal
rainbow into a doughnut look like? This subsection contains an answer to this
question. It has been obtained on the basis of a sequence of high-resolution
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measurements with a 2.0 MeV focused proton microbeam transmitted through a
55-nm thick <100> Si crystal with ¢ varying between 0 and 0.15° performed by
the Singapore group and analyzed by us [130, 170]. The maximal value of ¢ is
equal to 0.43y[Eq. (2.12)].

Figure 4.25 gives a sequence of experimental angular distributions of transmit-
ted protons obtained for ¢ =0, 0.05, 0.06, 0.07, 0.09, and 0.15°. The distribution for
@ =0 coincides with the first distribution shown in Fig. 4.4b. As ¢ increases, the
distribution changes gradually from a square-like to a ring-like distribution, emerg-
ing for ¢ =0.09° and being finally formed for ¢ =0.15°. For the final value of ¢,
the yield of transmitted protons is maximal at the origin and decreases along the
ring. The ring lies on the ©, axis and has four more and four less pronounced cusps
on its outer edge. As it has been shown in the previous subsection, this is a
doughnut. It should be noted that neither the square-like distributions preceding
the ring-like ones nor the cusps on their outer edges were observed with the thicker
crystals [112, 113, 166-168]. The figure also gives the corresponding rainbow
patterns, which have been obtained applying the second part of the theory of crystal
rainbows, presented in Sect. 3.4, with the continuum approximation [66]. They
were first calculated with the ZBL proton—atom interaction potential [130]. How-
ever, the results shown in the figure have been obtained with the rainbow interaction
potential [114], presented in Subsect. 4.1.3, which has proven to be more accurate
than the ZBL potential in the case under consideration. The value of A in question is
0.12, i.e., the crystal is very thin. When the crystal is not tilted, the atomic strings
defining the channel intersect the lines y= £ x. The number of atomic strings is
36, i.e., we take into account the atomic strings lying on the four nearest square
coordination lines. The crystal is tilted about the —x axis. The thermal vibrations of
the crystal’s atoms are included. One can clearly see that the rainbow patterns
appear as the “skeletons” of the distributions. The central rainbow line, being a
cusped square for ¢ =0, changes to the cusped quasi-rectangles for ¢ =0.05 and
0.06°, to the cusped transition forms for ¢ =0.07 and 0.09°, and to a circle for
@ =0.15°. On the other hand, the peripheral rainbow pattern does not change much
with ¢. For ¢ =0.15°, it contains three pairs of equivalent lines and two additional
lines that almost join to make eight cusps. Analysis has shown that the inner side of
the central rainbow line for ¢ =0, 0.05, 0.06, or 0.07° is the bright side of the
rainbow and its outer side the dark side of the rainbow, that for ¢ =0.15°, the
situation is opposite, and that for ¢ =0.09, the inner side of this line is partly the
bright side and partly the dark side of the rainbow and its outer side partly the dark
side and partly the bright side of the rainbow. The inner side of the peripheral part of
the rainbow pattern is the bright side of the rainbow and its outer side the dark side
of the rainbow for all the values of ¢.

We are now going to analyze the rainbow patterns in the IP plane corresponding
to the rainbow patterns shown in Fig. 4.25. Figure 4.26a gives the rainbow pattern
in the IP plane for ¢ = 0. It contains a line around the channel axis, designated as q,
whose image in the TA plane is line @’ in Fig. 4.25a. The crossings of this line with
the y axis are designated as 1 and 2, and their images as 1’ and 2/, respectively. This
rainbow pattern also contains eight lines around each atomic string defining the
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Fig. 4.25 Experimental angular distributions of 2 MeV protons transmitted through a 55-nm thick
<100> Si crystal for (a) ¢ =0°, (b) ¢ =0.05°, (¢) ¢ =0.06°, (d) ¢ =0.07°, (e) ¢ =0.09°, and (f)
@=0.15°. The red lines are the associated rainbow lines in the TA plane (Adapted from Ref.
[130])
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Fig. 4.26 Rainbow lines in the IP plane for 2 MeV protons transmitted through a 55-nm thick
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channel, designated as b-i, whose images in the TA plane are lines b'-i’ in
Fig. 4.25a, respectively. The crossing of line ~ with the line parallel to the y axis
connecting the two upper atomic strings defining the channel is designated as 3 and
its image as 3’. A detailed analysis of the evolution of this rainbow pattern in the IP
plane has shown that, as ¢ increases, the “interaction” of the lines it contains with
each other becomes evident. In particular, lines a and 4 “attract” each other. For ¢
between 0 and 0.05°, these lines join dividing line a into its left and right parts and
line 4 into its left, upper, and lower parts. As a result, instead of line a, one obtains
line a;, being composed of the left part of line a and left part of line 4, and line A,
being composed of the right part of line @ and upper and lower parts of line /. This is
seen in Fig. 4.26b, which gives the rainbow pattern in the IP plane for ¢ =0.05°. It
is evident that line a,connects the neighboring channels and line /,the neighboring
atomic strings along the x axis. The rainbow patterns in the IP plane for ¢ = 0.06,
0.07, 0.09, and 0.15° are depicted in Figs. 4.26¢—f, respectively. For ¢ =0.15°, line
ay is close and almost parallel to the x axis.

We are now returning to the rainbow patterns shown in Fig. 4.25, which are the
images of the rainbow patterns given in Fig. 4.26. For ¢ =0, line &’ contains points
1" and 2/, and line 4’ point 3’. However, for ¢ =0.05°, i.e., after the joining of lines
a' and /', point 1’ belongs to line /;" and point 3’ to linea,’, with point 3’ being closer
to the origin than point 2'. The region between these two points, being on the right
side of point 3’ and the left side of point 2/, is the bright side of the rainbow.
As @ increases further to 0.06, 0.07, 0.09, and 0.015, points 2’ and 3’ move toward
each other, join, and move away from each other. For ¢ = 0.09 and 0.15°, point 3’ is
farther from the origin than point 2’. Now, the region between these two points,
being on the right side of point 2’ and the left side of point 3/, is the dark side of the
rainbow. This region is an analogue of Alexander’s dark band, occurring between
the primary and secondary meteorological rainbows [2]. This has been the above-
anticipated answer to the question about the detailed evolution of a crystal rainbow
to a doughnut. We consider its contents fascinating.

Let us also mention that, in accordance with the discussion in the final part of
Subsect. 4.1.3, the observed central and peripheral rainbows in the TA plane shown
in Fig. 4.25a can be classified in the standard way as the primary and secondary
rainbows, respectively. However, the observed central and peripheral rainbows in
this plane presented in Figs. 4.25b—f cannot be classified in the standard way.



Chapter 5
Rainbows with Protons and Carbon Nanotubes

Carbon nanotubes were discovered by Iijima in 1991 [171]. They can be described
as sheets of carbon atoms rolled up into cylinders with the atoms lying on the
hexagonal lattice sites. The diameters of nanotubes are of the order of a few
nanometers, and their lengths can be above a hundred micrometers. Nanotubes
can be single-walled and multiwalled ones, depending on the number of cylinders
they include. A nanotube is achiral or chiral. If it is achiral, the nanotube includes
the atomic strings parallel to its axis. If it is chiral, the nanotube contains the atomic
strings that spiral around its axis. Nanotubes have remarkable geometrical and
physical properties [172]. As a result, they have begun to play an important role
in the field of nanotechnologies [173].

Soon after the discovery of carbon nanotubes, Klimov and Letokhov [174]
predicted that they could be used to channel positively charged particles. After
that, a number of theoretical groups have studied ion channeling in nanotubes
[49, 132, 175-206]. The main objective of most of those studies was to investigate
the possibilities of guiding ion beams with nanotubes. Biryukov and Bellucci [177]
looked for the nanotube diameter optimal for channeling high-energy ion beams.
Krasheninnikov and Nordlund [183] studied the channeling of low-energy Ar™ ions
in achiral and chiral nanotubes. Petrovi¢ et al. [49] demonstrated that the rainbow
effect could play an important role in ion transmission through nanotubes. Exper-
imental studying of ion channeling in nanotubes is in an initial phase. The most
challenging task in such experiments still is to solve the problems of ordering,
straightening, and holding nanotubes. The first experimental data on ion channeling
in nanotubes were reported by Zhu et al. [207]. They were obtained with He™ ions
of incident kinetic energy of 2 MeV and an array of well-ordered multiwall carbon
nanotubes grown in a porous anodic aluminum oxide (Al,O3;) membrane. The
authors measured and compared the yields of ions transmitted through a bare
Al,O3 sample and an Al,O; sample including nanotubes. The first experiment
with electrons and nanotubes was performed by Chai et al. [208]. They used
300 keV electrons and studied their transport through multiwall carbon nanotubes
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of lengths in the range of 0.7-3.0 pm embedded in a carbon fiber coating. Berdinsky
et al. [209] succeeded in growing single-wall carbon nanotubes in etched ion tracks
in a silicon oxide (SiO,) layer on a silicon substrate. This result has opened a
possibility for conducting precise measurements of ion channeling in nanotubes in a
wide range of its kinetic energy.

In the period between 2003 and 2010, our group was intensely investigating the
process of proton transmission through carbon nanotubes. The most important of
the produced results were included in the booklet entitled Channeling of Protons
through Carbon Nanotubes [210]. We analyzed the angular distributions and the
corresponding rainbow patterns of 14—176 MeV and 1 GeV protons transmitted
through straight very short, short, and long bundles of (10, 10) achiral single-wall
nanotubes [49, 181, 186, 188, 190]. The chosen targets were also a bent short
bundle of (10, 10) nanotubes [185] and straight very short and short bundles of
(10, 0) achiral single-wall nanotubes [187] all being exposed to 1 GeV protons. The
former study [185] included the effect of zero-degree focusing of 1 GeV protons
channeled in a straight bundle of (10, 10) nanotubes. Then, we investigated the
angular distributions generated with 1 GeV protons and straight very long (10, 0)
and (10, 10) nanotubes [198, 204], and the angular distributions and the
corresponding rainbow patterns obtained with protons of the same kinetic energy
and straight very long (11, 9) chiral single-wall nanotubes [201]. Further, we
explored the angular and spatial distributions and the corresponding rainbow
patterns in the case of 1 GeV protons and a bent very short (11, 9) nanotube
[206]. The obtained results suggested that the rainbow effect, which was clearly
seen in the angular and spatial distributions, could be used for characterization of
bundles of nanotubes — for deducing their transverse geometrical structure and
measuring the average electron density inside and in between nanotubes. In addi-
tion, it was found that the effect could be used for shaping ion beams bent with
nanotubes to be employed within high-energy accelerator facilities.

Besides, our studies comprised the influence of the effect of dynamic polariza-
tion of the carbon atoms’ valence electrons on the angular and spatial distributions
of protons transmitted through (11, 9) carbon nanotubes and the corresponding
angular and spatial rainbows [189, 195-197]. The magnitude of the incident proton
velocity vector was varied between 3 and 10 a.u. and the nanotube length between
0.1 and 1.0 pm. The nanotubes were placed in vacuum or embedded in the dielectric
media — SiO,, Al,O3, and Ni. We also explored the cases in which protons were
directed into (6, 4) in (11, 9) chiral double-wall nanotubes [191] and a tilted (11, 9)
nanotube [205]. In the latter case, the doughnut effect in proton channeling was
observed. Our conclusions were that the rainbow effect could be used for measuring
the electron distribution within a nanotube, especially the influence of dielectric
media on the electron distribution, being relevant for employing nanotubes in
nanoelectronics, and for shaping nanosized ion beams created with nanotubes
embedded in dielectric media to be used for research in materials science and
biomedicine. An additional conclusion was that the effect could be used for locating
atoms or molecules intercalated in nanotubes.
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In this chapter, we shall describe the zero-degree focusing effect in proton
channeling in straight bundles of achiral nanotubes and the rainbow effect in proton
transmission through a bundle of straight very short achiral nanotubes. The results
produced in the investigation of proton transmission through a bent very short chiral
nanotube will be also presented. Finally, we shall analyze in detail the spatial and
angular rainbow effects in proton transmission through straight very long chiral
nanotubes.

5.1 Rainbows with a Straight Very Short Bundle
of Nanotubes

5.1.1 Zero-Degree Focusing Effect

Let us first consider the effect of zero-degree focusing of protons of incident kinetic
energy of Ey = 1 GeV channeled in straight bundles of (10, 10) achiral single-wall
carbon nanotubes [185, 186]. This effect has been described in Sect. 3.3. It is
assumed that the transverse cross-section of the bundle can be descirbed via a
(two-dimensional) hexagonal or thombic superlattice with one nanotube per prim-
itive cell [211]. We choose the z axis of the reference frame to coincide with the
bundle axis, passing through the center of the primitive cell. The incident proton
velocity vectors are all taken to be parallel to the bundle axis. The arrangement of
the nanotubes defining the primitive cell is such that their axes intersect the x and
y axes of the reference frame, which are the vertical and horizontal axes, respec-
tively, with the nanotubes defining the longer diagonal of the primitive cell
intersecting the x axis. The origin of the reference frame lies in the entrance
plane of the bundle. This is shown in Fig. 5.2. We take into account the contribu-
tions of the nanotubes lying on the two nearest rhombic coordination lines, relative
to the center of the primitive cell.

The calculations are performed using the first part of the theory of crystal
rainbows (Sect. 3.4). The interaction of the proton and a nanotube atom is described
by Moliére’s approximation of the Thomas-Fermi interaction potential determined
by Egs. (2.1), (2.2), and (2.4), with Z; = 1 and Z, = 6. It has been demonstrated that
this expression provides excellent agreement with experimental results in the field
of ion channeling [44]. We employ the continuum string model, described in
Subsect. 2.3.2, which leads to the proton-bundle continuum interaction potential
that reads

1 J

V(X,y):Z ZVU(X,)’), (51)

i=1 j=1

where, in accordance with Egs. (2.13), (2.14), (2.15), and (2.16),
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is Moliere’s continuum interaction potential of the proton and the jth atomic string
of the ith nanotube within the bundle, d = 0.24 nm is the distance between the atoms

2
of a string [172], pj; = (x — x,j)z + (y — yij> is the distance between the proton

and the string squared, x and y are the transverse components of the proton position
vector, x; and y;; are the transverse coordinates of the string, / = 16 is the number of
nanotubes within the bundle, and J = 40 is the number of strings of a nanotube.
Hence, the number of atomic strings within the bundle is I x J = 640. The nanotube
radius is R, = 0.67 nm [172], and the distance between the axes of two neighboring
nanotubes is 1.70 nm [211]. The thermal vibrations of the nanotube atoms are taken
into account. In a way analogous to the one leading to Eq. (3.13), this is done by
substituting V;;(x, y) in Eq. (5.1) with

2
Virx,y) = Vi(x,y) + % [0u:Vii(x,9) + 0y Vi (x,¥)] (5:3)

where oy, =5.3 pm is the one-dimensional atomic thermal vibration amplitude
[212]. Thus, V‘h(x, y) is obtained instead of V(x,y). The electronic proton energy
loss as well as the uncertainty of the proton channeling angle due to its collisions
with the nanotube electrons are neglected. The components of the proton impact
parameter vector are chosen uniformly from the uniform distribution within the
primitive cell of the (rhombic) superlattice.

The nanotube walls define two separate regions in the TP plane: inside the
nanotubes and in between them [49]. Accordingly, the bundle contains two types
of channels: the circular one, whose center coincides with the center of the region
inside each nanotube, and the triangular one, whose center coincides with the center
of the region in between each three neighboring nanotubes. Therefore, in this case,
one has to introduce two frequencies of proton oscillations around the channel axis,
corresponding to the circular and triangular channels. Consequently, for each value
of the bundle length, L, there are two values of the reduced bundle length, A; and
A,, corresponding to the proton motions close to the axes of the circular and
triangular channels, respectively. The values of A; and A, are calculated by
Eq. (3.16) in which v, is taken to be the magnitude of the incident proton velocity
vector, and f; =f;; and f> =fj, are deduced from the second order terms of the
Taylor expansions of the proton-bundle continuum interaction potential in the
vicinities of the circular and triangular channel centers, respectively.

Figure 5.1a shows the dependence of the zero-degree yield of protons propagat-
ing along the circular channels of the bundle on L in the range of 0-200 pm; the
Ajaxis is shown too. For the region in the TA plane in the vicinity of the origin, we

1/2
take the region in which the proton transmission angle, ® = (('))2( + 8}2) , where

©, and O, are its vertical and horizontal components, respectively, is smaller than
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Fig. 5.1 (a) Zero-degree yield of 1 GeV protons transmitted through the circular channels of a
bundle of (10, 10) achiral single-wall carbon nanotubes as a function of L [185]. (b) Corresponding
zero-degree yield of protons transmitted through the triangular channels of the bundle as a function
of L [185]

0.0109 mrad. The incident number of protons is 174,976. The six maxima of the
dependence correspond to the ends of the first six rainbow cycles, where the proton
beam channeled in the circular channels is quasiparallel [91, 95]. The positions of
these maxima should be close to A} =0.50,1.00,1.50,.... However, this is not
true. For example, the position of the first maximum of the dependence is
A1 =0.35. The large deviations of the values of these positions from their expected
values are explained by a strong anharmonicity of the proton-bundle continuum
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interaction potential in the vicinities of the centers of the circular channels [95]. If
the chosen region in the TA plane in the vicinity of the origin were smaller, the
anharmonicity of the interaction potential would be less pronounced, and, conse-
quently, the value of A; corresponding to the first maximum of the dependence
would be closer to 0.50.

The dependence of the zero-degree yield of protons propagating along the
triangular channels of the bundle on L in the range of 0-200 pm is given in
Fig. 5.1b; the Ajaxis is also shown. The incident number of protons is 136,658.
The dependence has 27 maxima, and they correspond to the ends of the first
27 rainbow cycles, where the proton beam channeled in the triangular channels is
quasiparallel [91, 95]. The positions of these maxima are close to
A»=0.50,1.00,1.50,.... For example, the position of the first maximum of the
dependence is A, = 0.49. The small deviations of the values of these positions from
their expected values are explained by a weak anharmonicity of the proton-bundle
continuum interaction potential in the vicinities of the centers of the triangular
channels [95]. It should be noted that the total zero-degree yield of channeled
protons, i.e., of protons channeled in both the circular and triangular channels, as
a function of L is the sum of the zero-degree yields shown in Figs. 5.1a, b.

5.1.2 Rainbow Effect

Now, we shall describe the rainbow effect in the transmission of 1 GeV protons
through a bundle of straight (10, 10) achiral single-wall carbon nanotubes [49]. The
bundle length is L = pm. The reduced bundle lengths corresponding to the proton
channeling inside the nanotubes and in between them, i.e., in the circular and
triangular channels of the bundle, are A; =0.015 and A, =0.070, respectively.
These values are calculated in the same way as in the previous subsection. They
tell us that, in both cases, the majority of protons make before leaving the bundle
less than a quarter of an oscillation around the channel axis (both A; and A, are
below 0.250). Therefore, one can say that the bundle we investigate is very short.

The calculations are performed using the theory of crystal rainbows (Sect. 3.4).
The interaction of the proton and bundle is described by Egs. (5.1) and (5.2). We
take into account the thermal vibrations of the nanotube atoms, and this is done by
Eq. (5.3). However, the proton collisions with the nanotube electrons are
disregarded. This is justified by the fact that the bundle is very short. If the bundle
were long (with A; and A, being above 1), this effect would cause a smearing out of
the angular distributions of channeled protons [80, 204].

Figure 5.2 shows the rainbow lines in the IP plane. One can see that inside each
nanotube, i.e., inside each circular channel of the bundle, there is one (closed)
rainbow line, while in between each three neighboring nanotubes, i.e., inside each
triangular channel of the bundle, there are one larger and four smaller (closed)
rainbow lines.

The rainbow line in the TA plane that is the image of the rainbow line in the IP
plane lying inside each nanotube is shown in Fig. 5.3a. It consists of 20 connected
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Fig. 5.2 Rainbow lines in the IP plane for 1 GeV protons channeled in a 1-pm long bundle of
(10, 10) achiral single-wall carbon nanotubes [49]

cusped triangular lines lying along the lines @ = tan_l(G)y/G)x) =2(n+ 1)z/20,
n=0-19, which correspond to the parts of the rainbow line in the IP plane in
front of the 20 pairs of atomic strings defining the nanotube (see Fig. 5.2). Points 1’
and 2’ are the intersection points of the rainbow line in the TA plane with the line
0, =0: points 1’ are the apices of the cusps and points 2 are the intersections of the
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Fig. 5.3 Rainbow lines in the TA plane corresponding to the rainbow lines in the IP plane shown
in Fig. 5.2 lying (a) inside each nanotube and (b) in between each four neighboring nanotubes [49]

parts of the rainbow line with each other. The corresponding points in the IP plane
are denoted by 1 and 2, respectively. Figure 5.3b shows the rainbow lines in the TA
plane that are the images of the rainbow lines in the IP plane lying in between each
four neighboring nanotubes. Analysis shows that this rainbow pattern consists of
two cusped equilateral triangular rainbow lines in the central region of the TA plane
with the cusps lying along the lines ® =2nz/3 and ® = (2n + 1)z/3, n=0-2, each
connected with three pairs of cusped triangular rainbow lines lying along the same
lines, and eight cusped triangular rainbow lines lying in between the six pairs of
triangular lines. The two equilateral triangular lines, each connected with the three
pairs of triangular lines, are the images of the two larger rainbow lines, while the
eight triangular lines are the images of the eight smaller rainbow lines in the IP
plane (see Fig. 5.2). Points 3/, 4/, 5, and 6’ are the intersection points of the rainbow
lines in the TA plane with line ®,=0: points 3" are the apices of the cusps, and
points 4/, 5’, and 6’ are the intersections of the parts of the larger rainbow lines with
each other. The corresponding points in the IP plane are denoted by 3, 4, 5, and
6, respectively.

The angular distribution of transmitted protons is shown in Fig. 5.4. The incident
number of protons is 2,142,538. The areas in which the yields of transmitted
protons are larger than 0.13, 0.26, and 0.39%, 1.3, 2.6, and 3.9%, and 13, 26, and
39% of the maximal yield are designated by the increasing tones of gray color. At
the very low level of the yield, corresponding to the boundary yields of 0.13, 0.26,
and 0.39% of the maximal yield, there are 20 triangular forms in the peripheral
region of the TA plane, with the maxima lying on the lines ® =2(n+ 1)z/20,
n=0-19. Further, at the low level of the yield, corresponding to the boundary
yields of 1.3, 2.6, and 3.9% of the maximal yield, there is a hexagonal structure in
the central region of the TA plane, with the maxima lying on the lines ® = nz/3,
n=0-35. Finally, at the high level of the yield, corresponding to the boundary
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Fig. 5.4 Angular distribution of 1 GeV protons transmitted through a 1-pm long bundle of
(10, 10) achiral single-wall carbon nanotubes. The areas in which the yields of transmitted protons
are larger than 0.13, 0.26, 0.39, 1.3, 2.6, 3.9, 13, 26, and 39% of the maximal yield are designated
by the increasing tones of gray color (This is an adapted figure from Ref. [49])

yields of 13, 26, and 39% of the maximal yield, there is a pronounced maximum at
the origin of the TA angle plane. The analysis shows that the first part of the angular
distribution is generated by the protons with the impact parameters close to the
atomic strings defining the nanotubes — the 20 triangular forms correspond to the
20 pairs of atomic strings defining the nanotubes. The second part of the angular
distribution is generated by the protons with the impact parameters in between the
nanotubes but not close to the centers of the triangular channels. The third part of
the angular distribution is generated to a larger extent by the protons with the
impact parameters close to the centers of the circular channels and to a smaller
extent by the protons with the impact parameters close to the centers of the
triangular channels. It should be noted that most of the protons that generate the
third part of the angular distribution interact with the nanotubes very weakly — they
move through the space inside the nanotubes virtually as through a drift space.
Thus, we can say that the angular distribution contains the information on the
transverse lattice structure of the bundle. Its first part (the peripheral region of the
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TA plane) provides information on the individual nanotubes, while its second part
(the central region of the TA plane) provides information on the way they are
connected with each other.

Comparison of Figs. 5.3 and 5.4 clearly shows that the shape of the rainbow
pattern determines the shape of the angular distribution of transmitted protons.
Also, each maximum of the angular distribution, except the maximum lying at the
origin of the TA plane, can be attributed to one of the above-mentioned character-
istic rainbow points in the TA plane. Thus, one can conclude that the rainbow
pattern enables the full explanation of the angular distribution.

5.2 Spatial and Angular Rainbows with a Bent Very Short
Nanotube

5.2.1 Spatial and Angular Distributions

The system we are going to investigate in this section is a proton moving along a
bent (11, 9) chiral single-wall carbon nanotube [206]. We have chosen the incident
proton kinetic energy to be Ey=1 GeV and the nanotube length L = 7um. The
nanotube contains 40 atomic strings, which spiral about its axis. The z axis of the
reference frame, being the longitudinal axis, is taken to coincide with the nanotube
axis and its origin to lie in the entrance plane of the nantoube. The x and y axes of
the reference frame, being the transverse axes, are the vertical and horizontal axes,
respectively. This reference frame is an inertial reference frame. The incident
proton velocity vectors are all taken to be parallel to the nanotube axis. The
interaction of the proton and a nanotube atom is described by Moliere’s approxi-
mation of the Thomas-Fermi interaction potential given by Egs. (2.1), (2.2), and
(2.4). We employ the continuum approximation, described in Subsect. 2.3.2.
However, since the nanotube under consideration is chiral, the proton-atom inter-
action potential is averaged both longitudinally and azimuthally. As a result, as it
has been shown by Artru et al. [132], one obtains the proton-nanotube continuum
interaction potential that reads

3
Ven(x%, ) = Veno Z aKg (ﬂéRn>lo (W) (5.4)

= arr atF

with

167 Z,Z,¢*R,

Ven,o =

where R, =0.69 nm nm is the nanotube radius [172], a,=0.14 nm is the atom-
atom bond length [172], p = (x* 4+ y*)"?, x and y are the transverse components of


http://dx.doi.org/10.1007/978-3-319-61524-0_2#Equ1
http://dx.doi.org/10.1007/978-3-319-61524-0_2#Equ2
http://dx.doi.org/10.1007/978-3-319-61524-0_2#Equ4
http://dx.doi.org/10.1007/978-3-319-61524-0_2#Sec5

5.2 Spatial and Angular Rainbows with a Bent Very Short Nanotube 129

the proton position vector, and /; and K, denote the zero-order modified Bessel
functions of the first and second kinds, respectively. It is evident that Egs. (5.4) and
(5.5) do not contain explicitly the nanotube chiral indices, m = 11 and n = 9. These
indices are hidden in R, = [(3"*/(27)](m* + mn + n*)"a,, [132]. With this interac-
tion potential, the frequency of proton oscillations around the nanotube axis, f=fj,,
is such that the reduced nanotube length is A =0.17. This means that the nanotube
is very short. It is evident that Vi (x,y) is cylindrically symmetric. In order to
simplify the treatment, we shall ignore the influence of the thermal vibrations of
the nanotube atoms. Since the nanotube is very short, we shall also ignore the
proton collisions with the nanotube electrons.

We shall apply the theory of crystal rainbows (Sect. 3.4). The components of the
proton impact parameter vector are chosen randomly from the uniform distribution
within a circular region around the origin of the IP plane of radius R,, — arg. If the
proton, during its motion along the nanotube, exits the circular region around the
origin of the TP plane of radius R,, — at, it is excluded from the calculation. This is
done because the proton motion becomes unstable when it approaches the nanotube
wall, leading to its dechanneling, as it has been explained in Subsect. 2.3.2.

Let us now assume that the nanotube is bent along the y axis. Its bending angle,
ayp, is varied between 0 and 2 mrad. In order to follow the proton motion properly,
we introduce the reference frame that moves relative to the inertial reference frame
along the bent nanotube axis with the velocity equal to the magnitude of the
incident proton velocity vector, vo. This means that the new reference frame rotates
in the yz plane along a circle of radius R, = L/a;,, being the radius of curvature of the
nanotube, with the tangential velocity equal to vy. This is a noninertial reference
frame, in which one has to treat the nanotube as if it is straight and use the effective
proton-nanotube continuum interaction potential,

2
myvgy
b

Van (03) = Van(w.y) +
b

(5.6)

instead of Vy(x,y) [177]. The origin of the additional term in V& (x, y) is the inertial

centrifugal force acting on the proton, occurring due to the bending of the nanotube.
It makes VE&T(x,y) noncylindrically symmetric. As a result of introducing the
noninertial reference frame, the final TP plane makes an angle with the IP plane
equal to a,. We should introduce here Tsyganov’s angle, which is the critical angle
for bending of the nanotube. It is given by the relation w = L/R., where R, = mv% /
(eE.) is the critical radius of curvature of the nanotube, with E,. being the electric field
intensity at the minimal proton distance from the nanotube wall for which its
motion is stable [180]. It has been established that the critical angle for channeling,
introduced in Subsect. 2.3.2, satisfies the relation 1//3 = (2R,/L)y [180].

Figure 5.5 shows V,(x, y) and Vf}ff (x,y) for a, =0.2 mrad along the y axis. It is
clear that along the positive part of this axis, i.e., toward the center of curvature of
the nanotube, Vflff(x, y) is above Vipu(x, y), while along its negative part, i.e., away
from the center of curvature, the situation is opposite. For the values of y between
—0.61 and 0 nm, Vf}ff(x,y) is negative, i.e., the proton is attracted to the outer
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Fig. 5.5 Continuum interaction potential along the y axis of the proton and straight (11, 9) chiral
single-wall carbon nanotube, V. ,(x,y) (thin line), and the corresponding effective continuum
interaction potential of the proton and bent nanotube for @, = 0.2 mrad, Vflgf (x,y) (thick line) [206]

nanotube wall, and for y = —0.44 nm, it is minimal. The difference between the two
interaction potentials is smaller along the lines making the angles between 0 and
90° with the y axis. When this angle equals 90°, V&T(x, y) reduces to Vep(x,y). All
this is a consequence of the fact that the proton is exposed to the centrifugal force
too, in addition to the atomic force.

The spatial distribution of protons transmitted through the straight nanotube, for
a, =0, is shown in Fig. 5.6. The incident number of protons is 785,662. Since
Ven(x, y) is cylindrically symmetric, the spatial distribution is rotationally symmet-
ric. One can see that it contains a pronounced maximum at the origin and a circular
ridge, whose radius is 0.17 nm. The transmitted proton beam is well confined within
the circular ridge. As it must be, the limiting radius of the distribution is equal to
R, — atr. The spatial distribution of protons transmitted through the bent nanotube
for @, = 0.2 mrad is shown in Fig. 5.7. The incident number of protons is the same
as in the case of a;, =0. Since Vflff (x,y) is not cylindrically symmetric, the spatial
distribution is not rotationally symmetric. It contains a pronounced complex max-
imum within a quasi-ellipsoidal ridge close to the outer nanotube wall, which

corresponds to the bottom of the interaction potential well defined by Vce}ff (x,y)
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Fig. 5.6 Spatial distribution of 1 GeV protons transmitted through a straight (11, 9) chiral single-
wall carbon nanotube for L = 7 pm [206]

(see Fig. 5.5). The transmitted proton beam is well confined within the
quasi-ellipsoidal ridge. Figure 5.8 shows the yields along the Y axis of the protons
transmitted through the straight nanotube and the bent nanotube for a;, = 0.2 mrad.
The former dependence demonstrates that the proton yield changes abruptly across
the circular ridge appearing in the corresponding spatial distribution, with its
absolute maximum lying at the origin. The latter dependence has two sharp
maxima, which belong to the quasi-ellipsoidal ridge in the corresponding spatial
distribution. The higher maximum is the absolute maximum of the spatial
distribution.

The angular distribution of protons transmitted through the straight nanotube, for
a, =0, is given in Fig. 5.9. The incident number of protons is the same as in the
cases of spatial distributions of transmitted protons. Since Vy(x,y) is cylindrically
symmetric, the angular distribution is rotationally symmetric. It contains a pro-
nounced maximum at the origin and a circular ridge, whose radius of 0.15 mrad.
The transmitted proton beam is confined within the circular ridge. The limiting
transmission angle of the distribution is 0.26 mrad. The angular distribution of
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Fig. 5.7 Spatial distribution of 1 GeV protons transmitted through a bent (11, 9) chiral single-wall
carbon nanotube for L = 7 pm and a;, =0.2 mrad [206]

protons transmitted through the bent nanotube for a;,=0.2 mrad is given in
Fig. 5.10. The incident number of protons is the same as in the case of a,=0.
Since Vflff(x,y) is not cylindrically symmetric, the angular distribution is not
rotationally symmetric. It contains a maximum close to the outer nanotube wall
and a half-moon-shaped ridge in the central region, all within an acorn-shaped
ridge. This angular distribution is similar to the one obtained earlier with 1 GeV
protons and a bundle of bent (10, 10) single-wall carbon nanotubes [185]. The
transmitted proton beam is confined within the half-moon-shaped ridge and to a
smaller extent within the rest of the acorn-shaped ridge. It is clear that the trans-
mitted proton beam is split into two components. One can say that the component of
the transmitted proton beam around the maximum close to the outer nanotube wall
is its nonbent component and that its component within the half-moon-shaped ridge
is its bent component. Let us not forget that the final TP plane makes the angle «,,
with the IP plane. Figure 5.11 gives the yields along the ®, axis of the protons
transmitted through the straight nanotube and the bent nanotube for @, = 0.2 mrad.
The former dependence demonstrates that the proton yield changes abruptly across
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Fig. 5.8 Yield along the Y axis of 1 GeV protons transmitted through a straight (11, 9) chiral
single-wall carbon nanotube for L = 7 pm (thin line) and the corresponding yield of protons
transmitted through the bent nanotube for a;, =0.2 mrad (thick line) [206]

the circular ridge appearing in the corresponding angular dependence. The latter
dependence has three sharp maxima. The highest maximum, lying around point
©®, = —0.2 mrad, represents the nonbent component of the transmitted proton beam
and the pair of lower maxima, lying around point ®, =0, its bent component. The
corresponding angular distribution has two absolute maxima, lying at the points
between the apices of the cusps of the half-moon-shaped ridge and the closest
points of the acorn-shaped ridge.

5.2.2 Spatial and Angular Rainbows

Figure 5.12 shows the spatial and angular rainbow lines in the IP plane for the
straight nanotube, for o, = 0. These lines do not cross each other. This means that,
for a, =0, there are no points in the IP plane for which the Jacobians of the
mappings of the IP plane to the final TP plane and the TA plane, defined by
Egs. (3.32) and (3.33), both vanish at the exit from the nanotube.
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Fig.5.9 Angular distribution of 1 GeV protons transmitted through a straight (11, 9) chiral single-
wall carbon nanotube for L = 7 pm [206]

The rainbow lines in the final TP plane and the TA plane for the straight
nanotube, for a;, = 0, are given in Fig. 5.13. It is evident that the former line, having
the radius of 0.17 nm, coincides with the circular ridge appearing in the
corresponding spatial distribution of transmitted protons, which is shown in
Fig. 5.6. This means that this circular ridge is a spatial rainbow ridge, which
explains the fact that the proton yield changes abruptly across it, i.e., the transmitted
proton beam is well confined within it. One can also see that the latter line, having
the radius of 0.15 mrad, coincides with the circular ridge occurring in the
corresponding angular distribution of transmitted proton, which is given in
Fig. 5.9. Hence, this circular ridge is an angular rainbow ridge, which explains
the fact that the transmitted proton beam is confined within it. One can conclude
that the rainbow effect makes the transmitted proton beam confined in both the final
TP plane and the TA plane.

Figure 5.14 gives the spatial rainbow pattern in the IP plane for the bent
nanotube when a,=0.2 mrad. It contains two closed lines and one line open
toward the outer nanotube wall. They are designated by 1, 2, and 3,. One can
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Fig. 5.10 Angular distribution of 1 GeV protons transmitted through a bent (11, 9) chiral single-
wall carbon nanotube for L = 7 pm and a;, =0.2 mrad [206]

say that “the center of gravity” of this rainbow pattern is closer to the inner than to
the outer nanotube wall. The angular rainbow pattern in the IP plane for the bent
nanotube when a;, =0.2 mrad is shown in Fig. 5.15. It contains two closed lines
and one line open toward the inner and outer nanotube walls. They are designated
by 1,, 2., and 3,. It is evident that “the center of gravity” of this rainbow pattern is
closer to the outer than to the inner nanotube wall. Comparison of these two
rainbow patterns shows that they have six crossing points, which are the points in
the IP plane for which the Jacobians of the mappings of the IP plane to the final TP
plane and the TA plane [defined by Egs. (3.32) and (3.33)] both vanish at the exit
from the nanotube. However, the analysis shows that the images of these points in
the final TP plane and the TA plane do not represent any special points in these
planes.

The rainbow pattern in the final TP plane for the bent nanotube when a;, =0.2
mrad is given in Fig. 5.16. It contains a quasi-ellipsoidal line, a cusped quasi-
rhombic line, and a quasi-circular line open toward the inner nanotube wall. They
are the images of lines 1y, 2, and 3, and are designated by 1/, 2/, and 3/,
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Fig. 5.11 Yield along the ©, axis of 1 GeV protons transmitted through a straight (11, 9) chiral
single-wall carbon nanotube for L = 7 pm (thin line) and the corresponding yield of protons
transmitted through the bent nanotube for a;, =0.2 mrad (thick line) [206]

respectively. Lines 1, and 24’ cross each other at two points. These are the points
where the rainbow effect in the final TP plane is enhanced. One can easily see that
this rainbow pattern fully explains the corresponding spatial distribution of trans-
mitted protons, which is shown in Fig. 5.7. The transmitted proton beam is defined
by lines 1" and 2. The rainbow pattern in the TA plane for the bent nanotube when
a,=0.2 mrad is given in Fig. 5.17. It contains a half-moon-shaped line, an acorn-
shaped line, and a cusped line open toward the inner and outer nanotube walls. They
are the images of lines 1,, 2,, and 3,, and are designated by 1./, 2./, and 3.,
respectively. Line 3, crosses line 2, at two points, and line 1, at four points.
These are the points at which the rainbow effect in the TA plane is enhanced. It is
evident that this rainbow pattern fully explains the corresponding angular distribu-
tion of transmitted protons, which is shown in Fig. 5.10. The bent component of the
transmitted proton beam is defined by line 1,/, the parts of line 2,/ close to line 1./,
and the parts of line 3, within line 2,’. The above-mentioned absolute maxima of
the corresponding angular distribution are connected to the apices of the cusps of
lines 1,” and 3, and the closest points of line 2.



5.2 Spatial and Angular Rainbows with a Bent Very Short Nanotube 137

0.8 =

X( (nm)
[e]
T
]

08 -06 -04 -02 0 02 04 06 08
Yo (nm)

Fig. 5.12 Spatial and angular rainbow lines in the IP plane for 1 GeV protons transmitted through
a straight (11, 9) chiral single-wall carbon nanotube for L = 7 pm (thin and thick lines, respec-
tively) [206]

Figure 5.18 gives the yield of protons transmitted through the bent nanotube for
ap, between 0 and 2 mrad normalized to the yield for a;, = 0. The incident number of
protons is 78,516. A similar dependence was obtained earlier by Zhevago and
Glebov [180]. One can take that the normalized proton yield falls at 0.5 for a, =yt
[180]. Consequently, yr=0.41 mrad, and, in accordance with the above-given
relation connecting . and wr [180], w.=0.28 mrad. This means that . is
somewhat larger than the limiting transmission angle of the angular distribution
of transmitted protons shown in Fig. 5.9, which equals 0.26 mrad. Hence, the
minimal proton distance from the nanotube wall for which its motion is stable is
somewhat smaller than ag. It is interesting to compare the bending power of the
nanotube to the bending power of a dipole magnet [180]. Since, according to the
above given relations, E. = 87 V/nm, the magnetic induction of the dipole magnet
having the same bending power as the nanotube for a;, =y would be B.=FE_/
vo=330 T. The conclusion is that the bending power of the nanotube is about
40 times higher than the bending power of the superconducting dipole magnets
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Fig. 5.13 Rainbow lines in the final TP plane and the TA plane for 1 GeV protons transmitted
through a straight (11, 9) chiral single-wall carbon nanotube for L = 7 pm (thin and thick lines,
respectively) [206]

within one of the most powerful accelerator in the world, the Large Hadron Collider
(LHC), in the European Organization for Nuclear Research (CERN), Geneva,
Switzerland [213]. Hence, in principle, it is possible that very small and cheap
passive elements composed of bundles of bent (parallel) carbon nanotubes substi-
tute very big and expensive dipole magnets within high-energy accelerator
facilities [180].

5.3 Spatial and Angular Rainbows with Straight Very
Long Nanotubes

Let us now consider a 1 GeV proton moving through a very long (11, 9) chiral
single-wall carbon nanotube [201, 214]. The nanotube length, L, is varied from
10 to 500 pm. The z axis of the reference frame coincides with the nanotube axis,
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Fig. 5.14 Spatial rainbow lines in the IP plane for 1 GeV protons transmitted through a bent
(11, 9) chiral single-wall carbon nanotube for L = 7 pm and a; = 0.2 mrad [206]

and its origin lies in the entrance plane of the nanotube. The x and y axes of the
reference frame are the vertical and horizontal axes, respectively. The incident
proton velocity vectors are parallel to the nanotube axis.

In the calculations, we employ the theory of crystal rainbows (Sect. 3.4). The
interaction of the proton and a nanotube atom is described by Moliere’s approxi-
mation of the Thomas-Fermi interaction potential given by Egs. (2.1), (2.2), and
(2.4), with Z; =1 and Z,=6. We employ the continuum approximation as in
Subsect. 5.2.1 but with the thermal vibrations of the nanotube atoms taken into
account. In a way analogous to the one giving Eq. (3.13), Eq. (5.4) and (5.5) lead to
the thermally averaged proton-nanotube continuum interaction potential

Va(xY) =Veno Z (a + ;thfé> (@) Iy (ﬂ£> (5.7)
artg

TF atg
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Fig. 5.15 Angular rainbow lines in the IP plane for 1 GeV protons transmitted through a bent
(11, 9) chiral single-wall carbon nanotube for L = 7 pm and a; = 0.2 mrad [206]

[132], where 64, =5.3 pm is the one-dimensional atomic thermal vibration ampli-
tude [212]. It is evident that it is cylindrically symmetric. The electronic proton
energy loss and the uncertainty of the proton channeling angle due to its collisions
with the nanotube electrons are disregarded. The components of the proton impact
parameter vector are chosen randomly from the uniform distribution within a circle
around the origin of the radius R, — atg.

Since VC“}: (x,y) is cylindrically symmetric, the problem we consider is in fact
one-dimensional. This means that the rainbow lines in the IP plane and the TA
plane, if they exist, will show up as circles. Consequently, it is sufficient to analyze
the mapping of the xpaxis in the IP plane to the X axis in the final TP plane, X(x),
being the spatial proton transmission function, and the mapping of the xpaxis to the
0, axis in the TA plane, ©,(xy), being the angular proton transmission function. The
abscissas and ordinates of the extrema of X(xy) determine the radii of the spatial
rainbow lines in the IP plane and the rainbow lines in the final TP plane, while the
abscissas and ordinates of the extrema of ©,(x,) determine the radii of the angular
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Fig. 5.16 Rainbow pattern in the final TP plane for 1 GeV protons transmitted through a bent
(11, 9) chiral single-wall carbon nanotube for L = 7 pm and a;, =0.2 mrad [206]

rainbow lines in the IP plane and the rainbow lines in the TA plane,
respectively [21].

In the following two subsections, we shall explore in detail how (i) the axial and
zero-degree yields of protons transmitted through the nanotube, (ii) the spatial and
angular distributions of transmitted protons, (iii) the spatial and angular proton
transmission functions, and (iv) the final proton positions and channeling angles
change with L. This will enable one to envision and fully understand the proton-
nanotube interaction in question in the corresponding four-dimensional phase
space. We would like to mention a study by Berry and O’Dell [215] of rays
propagation over long distances through a sinusoidal volume grating, with the
refractive index varying perpendicularly to the direction of incidence. We have
not been aware of that study until recently, and the results and conclusions to be
presented here have not been influenced in any way by the results and conclusions
given in it. However, one can find some qualitative similarities between them.
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Fig. 5.17 Rainbow pattern in the TA plane for 1 GeV protons transmitted through a bent (11, 9)
chiral single-wall carbon nanotube for L = 7 pm and a;, =0.2 mrad [206]

5.3.1 Spatial Rainbow Effect

Figure 5.19a depicts the normalized axial yield of transmitted protons, i.e., their
yield around the origin in the final TP plane divided by the incident number of
protons, Y, as a function of L. The incident number of protons is 314,132,833. For
the region in the final TP plane around the origin, we take the region in which the
radial component of the proton position vector, P = (X* 4 ¥*)'?, where X and Y are
its vertical and horizontal components, respectively, is less or equal to 0.025R,,
where R, =0.69 nm is the nanotube radius [172]. The dependence has 13 maxima,
which correspond to the superfocusing effect, appearing at the middle points of the
first 13 rainbow cycles (see Sect. 4.3).

Figures 5.20a, b show the spatial distributions of transmitted protons along
the X axis for L = 10 and 100 pm, respectively [214]. The size of a bin along
the X axis is 0.0028 nm, and the incident number of protons is the same as in the
case of the axial yield of transmitted protons. The spatial distributions contain a
central maximum, and 2 and 15 symmetric pairs of maxima characterized by a
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Fig. 5.18 Normalized yield of 1 GeV protons transmitted through a bent (11, 9) chiral single-wall
carbon nanotube for L = 7 pm and «;, between 0 and 2 mrad [206]
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Fig.5.19 (a) Normalized axial yield of 1 GeV protons transmitted through a (11, 9) chiral single-
wall carbon nanotube as a function of L. (b) Corresponding normalized zero-degree yield of
protons transmitted through the nanotube as a function of L
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Fig. 5.20 Spatial distributions along the X axis of 1 GeV protons transmitted through a (11, 9)
chiral single-wall carbon nanotube of lengths of (a) 10 pm and (b) 100 pm

sharp decrease of the proton yield on the large position side, respectively. The
spatial proton transmission functions obtained for L = 10 and 100 pm are given in
Figs. 5.21a, b, respectively [214]. They contain 2 and 15 symmetric pairs of
extrema, respectively, with each pair including a minimum and maximum. Each
of them defines a circular rainbow line in the IP plane and a circular rainbow line in
the final TP plane. Comparison of Figs. 5.20 and 5.21 demonstrates that the
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Fig. 5.21 Spatial transmission functions of 1 GeV protons transmitted through a (11, 9) chiral
single-wall carbon nanotube of lengths of (a) L = 10 um and (b) L = 100 pm

abscissas of the pairs of sharp maxima of each spatial distribution coincide with the
ordinates of the corresponding pairs of extrema of the associated spatial transmis-
sion function. Thus, the sharp maxima of the spatial distributions can be attributed
to the spatial rainbow effect. The bright and dark sides of each spatial rainbow are
its inner and outer sides, respectively.
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Fig. 5.22 Dependences of the number of spatial rainbows occurring with 1 GeV protons and a
(11, 9) chiral single-wall carbon nanotube (open circles) and the average distance between them
(closed circles) on L

The spatial distributions of transmitted protons along the X axis and the associ-
ated spatial transmission functions in the whole investigated region of L, between
10 and 500 pm, show that the number of obtained spatial rainbows increases and the
average distance between them decreases as L increases. These two dependences,
for L between 50 and 500 pm, are given in Fig. 5.22 [214]. The former dependence
increases linearly, while the latter one decreases exponentially as L increases. For a
sufficiently long nanotube, the average distance between the spatial rainbows
becomes smaller than the resolution of the spatial distribution, and one cannot
distinguish between the adjacent rainbows. Then, the spatial rainbows disappear
and the spatial distribution becomes a bell-shaped one.

5.3.2 Angular Rainbow Effect

The normalized zero-degree yield of transmitted protons, i.e., their yield around the

origin in the TA plane divided by the incident number of protons, Y, as a function

of L is given in Fig. 5.19b. The incident number of protons is again 314,132,833.

For the region in the TA plane around the origin, we take the region in which
1/2

the proton transmission angle, © = (G)f + @3) , where ©, and O, are its

vertical and horizontal components, respectively, is smaller than 0.025y,., where
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w.=0.23 mrad is the critical angle for axial channeling [see Eq. (2.12)]. The
dependence has 13 maxima, which correspond to the zero-degree focusing effect,
occurring at the end points of the first 13 rainbow cycles (see Sect. 3.3).

Figures 5.23a, b show the angular distributions of transmitted protons along the
0, axis for L = 10 and 100 pm, respectively [201]. The size of a bin along the
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Fig. 5.23 Angular distributions along the ®, axis of 1 GeV protons transmitted through a (11, 9)
chiral single-wall carbon nanotube of lengths of (a) 10 pm and (b) 100 pm [201]


http://dx.doi.org/10.1007/978-3-319-61524-0_2#Equ12
http://dx.doi.org/10.1007/978-3-319-61524-0_3#Sec7

148 5 Rainbows with Protons and Carbon Nanotubes

0, axis is 0.866 prad, and the incident number of protons is 16,656,140. The
angular distributions contain a central maximum, and 1 and 15 symmetric pairs
of maxima characterized by a sharp decrease of the proton yield on the large angle
side, respectively. The angular proton transmission functions obtained for L = 10
and 100 pm are given in Figs. 5.24a, b, respectively [201]. They contain 1 and
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Fig. 5.24 Angular transmission functions of 1 GeV protons transmitted through a (11, 9) chiral
single-wall carbon nanotube of lengths of (a) L = 10 pm and (b) L = 100 pm [201]
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15 symmetric pairs of extrema, respectively, with each pair including a minimum
and maximum. Each of them defines a circular rainbow line in the IP plane and a
circular rainbow line in the TA plane. Comparison of Figs. 5.23 and 5.24 shows that
the abscissas of the pairs of sharp maxima of each angular distribution coincide
with the ordinates of the corresponding pairs of extrema of the associated angular
transmission function. Hence, the sharp maxima of the angular distributions can be
explained by the angular rainbow effect. The bright and dark sides of the angular
rainbows are its inner and outer sides, respectively.

Analysis of the angular distributions of transmitted protons along the ®, axis and
the associated angular transmission functions in the whole investigated region of L,
between 10 and 500 pm, demonstrates that the number of generated angular
rainbows increases and the average distance between them decreases as
L increases. These two dependences, for L between 50 and 500 pm, are given in
Fig. 5.25 [201]. The former dependence increases linearly, while the latter one
decreases exponentially as L increases. When the nanotube becomes sufficiently
long for the average distance between the angular rainbows to become smaller than
the resolution of the angular distribution, one cannot distinguish between the
adjacent rainbows. Consequently, the angular rainbows disappear and the angular
distribution becomes a bell-shaped one. Since, as it has been shown in the previous
subsection, the same happens to the spatial distribution of transmitted protons along
the x axis, one can say that, when the nanotube becomes sufficiently long, the
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Fig. 5.25 Dependences of the number of angular rainbows occurring with 1 GeV protons and a
(11, 9) chiral single-wall carbon nanotube (open circles) and the average distance between them
(closed circles) on L [201]
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angular and spatial distributions equilibrate. As one would expect, this does not
happen in accordance with the ergodic hypothesis in ion channeling [67]. We call
this route to equilibration, which is characterized by the linear increases of the
numbers of spatial and angular rainbows and the exponential decreases of the
distances between them as L increases, the rainbow route to equilibration [201].

5.3.3 Trajectories

But how does the trajectories of the protons propagating along the nanotube look
like? How do the final proton positions and channeling angles depend on L?
Figure 5.26a gives the final proton positions, X, as functions of L in the region
comprising the first superfocusing point for 100 values of x, between —(R,, — atg)
and R,—arg with the step of Axp=0.0133 nm. The nanotube length
corresponding to the first superfocusing point, where the reduced nanotube length
equals 0.250, is Lif =19.6 pm. One can see that the lines representing the functions
X(L; xp) in the considered region of L have four envelopes. The first envelope is
defined by the proton trajectories in the first half of the first rainbow cycle, and it
terminates at the first superfocusing point. For each value of L, there are two points
belonging to each envelope. Analysis shows that these points are the spatial
rainbow points. This means that they belong to a spatial rainbow line in the final
TP plane, and that the envelope belongs to a spatial rainbow surface, which
terminates at the first superfocusing point. This cusped surface may be referred to
as the first spatial rainbow surface. Similarly, the second, third, and fourth enve-
lopes, which are defined by the proton trajectories extending down to the lines
parallel to the X axis determined by the second, third, and fourth superfocusing
points, not seen in the figure, belong to the second, third, and fourth spatial rainbow
surfaces, respectively. Figure 5.26b depicts all the envelopes in the considered
region of L. This region comprises the first 13 superfocusing points, where the first
13 spatial rainbow surfaces terminate. The number of intersections of the line
parallel to the X axis determined by a value of L with the envelopes divided by
2 equals the number of spatial rainbow lines in the final TP plane appearing for this
value of L (see Fig. 5.20).

The final proton channeling angles, ©,, as functions of L in the region compris-
ing the first zero-degree focusing point for 100 values of x, between —(R,, — arg)
and R, —arg with the step of Axp=0.0133 nm are shown in Fig. 5.27a. The
nanotube length corresponding to the first zero-degree focusing point, where the
reduced nanotube length equals 0.500, is L7 = 2L' =39.2 pm. One can see that
the lines representing the functions ©,(L; x¢) in the region of L under consideration
have six envelopes. The first envelope is defined by the proton trajectories in
the first rainbow cycle, and it terminates at the first zero-degree focusing point.
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Fig. 5.26 (a) Final proton positions as functions of L in the region comprising the first
superfocusing point in the case of 1 GeV protons and a (11, 9) chiral single-wall carbon nanotube.
(b) Envelopes of the /ines representing the functions X(L; x¢) for L between 10 and 500 pm

For each value of L, there are two points belonging to each envelope. These points
are the angular rainbow points. Hence, they belong to an angular rainbow line in the
TA plane, and the envelope belongs to an angular rainbow surface, which termi-
nates at the first zero-degree focusing point. This cusped surface may be referred to
as the first angular rainbow surface. In a similar way, the second, third, etc.
envelopes, which are defined by the proton trajectories extending down to the
lines parallel to the ®, axis determined by the second, third, etc. superfocusing
points, not seen in the figure, belong to the second, third, etc. angular rainbow
surfaces, respectively. Figure 5.27b shows all the pairs of envelopes in the region of
L we explore. This region comprises the first 13 zero-degree focusing points, where
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Fig. 5.27 (a) Final proton channeling angles as functions of L in the region comprising the first
zero-degree focusing point in the case of 1 GeV protons and a (11, 9) chiral single-wall carbon
nanotube. (b) Envelopes of the lines representing the functions ®,(L; x() for L between 10 and
500 pm

the first 13 angular rainbow surfaces terminate. The number of intersections of the
line parallel to the ®, axis determined by a value of L with the envelopes divided by
2 is equal to the number of angular rainbow lines in the TA plane occurring for this
value of L (see Fig. 5.23).



Chapter 6
Rainbows with Positrons and Carbon
Nanotubes

This chapter is devoted to the rainbows occurring in channeling of positrons of
incident kinetic energy of Eg = 1 MeV in (11, 9) chiral single-wall carbon
nanotubes. As it has been said and explained in Subsect. 2.3.1, the process will be
treated using quantum mechanics. In this case, the mass of the projectiles is
sufficiently small and their incident kinetic energy sufficiently low that they clearly
exhibit their wave properties. As it has been demonstrated in Chap. 1, in such a
case, each rainbow is composed of a principal rainbow and one or more supernu-
merary rainbows. The principal rainbow is the primary, secondary, or a higher order
rainbow.

Andersen et al. [216] registered the quantum behavior of 1 MeV positrons
channeled in a gold crystal and then backscattered from it. A similar experiment
with the same result was performed with 1.2 MeV positrons and a silicon crystal by
Pedersen et al. [217]. In both measurements, the positrons moved along the planar
crystal channels. Haakwnaasen et al. [218] observed the pronounced quantum
behavior of 1 MeV positrons transmitted through the axial and planar channels of
a silicon crystal. All those measurements were analyzed using the dynamical
diffraction theory, which is based on the expansion of the positron wave function
in the Bloch wave functions [219].

Recently, Petrovic¢ et al. [S0] presented a classical and quantum mechanical
investigation of transmission of positrons through very short (11, 9) carbon
nanotubes. The incident positron kinetic energies were 1 and 10 MeV, while the
nanotube lengths were 200 and 560 nm, respectively. The analysis was focused on
the rainbow effects, which were clearly observed in the spatial and angular distri-
butions of transmitted positrons. The quantum rainbow maxima were explained by
the constructive interference of two rays within the wave packet that started from
the points in the IP plane on two sides of the rainbow point and finished at the same
point in the final TP plane or the TA plane. Those authors used the same approach to
explore the possibility of using the quantum rainbows for characterization of very
short carbon nanotubes [220].
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Here, we shall begin with a presentation of the quantum mechanical theory of
rainbow channeling [50]. Then, the classical and quantum spatial and angular
rainbows generated with 1 MeV positrons and very short (11, 9) carbon nanotubes
will be considered [221]. The nanotube length, L, will be changed from 50 to
320 nm.

We take that the z axis of the reference frame, being the longitudinal axis,
coincides with the nanotube axis and that its origin lies in the nanotube entrance
plane. The x and y axes, being the transverse axes, are the vertical and horizontal
axes, respectively. Since the nanotubes are very short, the positron energy losses
caused by its collisions with the nanotube nuclei and electrons as well as the
uncertainty of the positron channeling angle due to its collisions with the nanotube
electrons are all neglected.

6.1 Quantum Mechanical Theory of Rainbow Channeling

6.1.1 Interaction Potentials

In this study, the interaction of the positron and a nanotube atom is described by
Moliere’s approximation of the Thomas-Fermi interaction potential given by
Egs. (2.1), (2.2), and (2.4), with Z; =1 and Z, =6. In a similar way as in Sect.
5.3, the needed continuum interaction potential of the positron and nanotube is
obtained in three steps. The first step is the axial averaging of the positron-atom
interaction potential on the basis of the continuum approximation (Subsect. 2.3.2).
The second step is the azimuthal averaging of the interaction potential obtained in
the first step on the basis of the fact that the nanotube is chiral. The resulting
positron-nanotube continuum interaction potential reads

3
R,
Ven(p;Ru) = Veno ZWKU (ﬂ[ )10 (ﬂ;p) for p <R, (6.1)
=1

arr arr
and
3
- Rn
Ven(p; Rn) = Veno g aply (ﬁé)Ko (ﬂ;p) for p >R, (6.2)
= arr arr
with
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34/3(1’2) ) (63)
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where R, ay, p, X, ¥, Iy, and K, are the same as in Egs. (5.4) and (5.5) [132]. It
should be mentioned that Eqs. (6.1) and (6.3) coincide with Egs. (5.4) and (5.5),
respectively. The function defined by Egs. (6.1), (6.2), and (6.3) is continuous, but
its first derivative is discontinuous at the point p =R,,.

In the third step, the thermal vibrations of the nanotube atoms are introduced.
This is done by the initial averaging of the interaction potential of the positron and a
nanotube atom over its displacements from the equilibrium position along the x, y,
and z axes [78]. These displacements are taken to be small and independent, and are
described by a Gaussian distribution function. This averaging appears in the third
step as the averaging of the interaction potential obtained in the second step over the
effective thermally induced changes of the nanotube radius, R, from its equilibrium
radius, R,,, along the p axis. The resulting positron-nanotube continuum interaction
potential is given by

Ry
1 (R —R,)?
VO (iR = ——— J Ven(p: R)exp | ——— ") 4R, (6.4)
d (271')1/ zoth F 2512h
1

where oy, = 5.3 pm is the one-dimensional atomic thermal vibration amplitude
[212]. The integration limits appearing in this expression are R; =R, — 60y, and
R, =R, + 60y,. They have been chosen to comprise the interval in which the
changes of the integrand are not negligible. The integration is performed numeri-
cally [128]. This function and its first derivative are continuous, i.e., its first
derivative is not discontinuous at the point p =R,. However, since the displace-
ments of the nanotube atoms are small, a useful analytical approximation of
Eq. (6.4) can be obtained by substituting V ,(p, R), represented as a function of
p — R, with its Taylor series about the point p — R,, truncated after its second-order
term [201]. For p <R, this expression becomes

t _ tﬁé PR, (P
Va(p;Ry) = chOZ( b )KO<GTF>IO<GTF)’ (6.5)

coinciding with Eq. (5.7). This function is continuous, but its first derivative is
discontinuous at the point p =R,,, in a similar way as V ,(p; R,,) given by Eqgs. (6.1)
and (6.3). Analysis has shown that the difference between V{j (p; R,) and V35, (p; R,,)
is very small, especially for p <R, — arF.

In the classical calculations to be presented here, we have used V% (p; R,,), given
by Egs. (6.3) and (6.5), as the needed positron-nanotube continuum interaction
potential. This has been done because in these calculations p <R,, — arg. On the
other hand, the quantum mechanical calculations have been performed with
Vg:l(p;Rn), given by Egs. (6.1), (6.2), (6.3), and (6.4), as the needed continuum
interaction potential. The reason is the fact that the discontinuity of the function
V‘Cll‘ (p; R,) at the point p = R,,, which must not be excluded from these calculations,
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has proven to be a source of serious numerical problems. It is important to note that
the functions V' (p; R,) and Vi, (p; R,) are cylindrically symmetric.

We would like to empha51ze that V{i' (p; R,) represents a circular potential barrier
of a finite height, which means that the positron always tunnels through the
nanotube wall, i.e., it is always partly dechanneled. However, it has been found
that when the nanotube is very short, the positron dechanneling effect is much less
pronounced than the channeling effect [221].

6.1.2 Classical Approach

The vertical and horizontal components of the initial positron position vector, in the
IP plane, are denoted as x, and y,, and the vertical and horizontal components of its
initial momentum vector as p,o and pyo, respectively. Further, the vertical and
horizontal components of the positron position vector during the channeling are
denoted as x() and y(¢), and the vertical and horizontal components of its momen-
tum vector during the channeling as p.(f) and p,(?), respectively, where ¢ denotes
time. In the classical calculations, we solve the equations of motion. Since the
positron-atom interaction potential is axially averaged, x(¢), y(), p.(?), and p,(t) are
obtained via the equations of motion in the transverse plane and the positron-
nanotube interaction potential is determined by Egs. (6.3) and (6.5). These equa-
tions read

Medyx = _axvtctll(p;Rn) (66)
and
medyy = _ayvlcl;(l’§Rn)» (6-7)

where m, is the positron mass and d,=d’/dr’. They are solved numerically
[128]. In the case under consideration, the critical angle for axial channeling is
calculated by the expression

(6.8)

W, = {V;?(Rn aTF;Rn)]1/2

Ey

[66], giving w.=7.34mrad. This means that the angle between the positron
momentum vector and nanotube axis is always smaller than .. Therefore, the
vertical and horizontal components of the positron channeling angle, in the
channeling angle (CA) plane, can be taken to be 6.(1) = p,(t)/p and 6,(t) = p,(D)/p,
respectively, where p is the magnitude of the positron momentum vector. Since the
positron energy losses during the channeling are disregarded, p equals the
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magnitude of its incident momentum vector, po. The initial values of these functions
are 6.0 = pyo/po and 6,0 = p,o/po, respectively.

It has been said above that the positron-nanotube continuum interaction potential
is cylindrically symmetric. Consequently, as in the cases described in Sect. 5.3, the
mapping of the IP plane to the TP plane or the CA plane is reduced to the mapping
of, e.g., the xy axis in the IP plane to the x axis in the TP plane or the 0, axis in the
CA plane. The former mapping, x(xo, f), is the positron spatial channeling function,
while the latter mapping, 6,(xo, 1), is the positron angular channeling function. One
can also analyze the diagrams X(6,7) = —x[xo(6y),#] and 6,(x,t) = 0,[xo(x), ]
[215, 222]. The former diagram is the negative inverse of the latter one and vice
versa. These diagrams are referred to as the spatial and angular rainbow diagrams of
the positrons channeled in the nanotube, respectively.

Let us now introduce the classical spatial and angular Hamilton principal
functions of the positrons channeled in the nanotube, S/fl (x,f) and S§'(6,,1),
respectively. In accordance with a description given in Ref. [223], these functions
satisfy the equations

dS(x, -
pd(x ):pgx(xyt) (6.9)
and
asglo., 0
— ) 1
a0, px(0y,1) (6.10)

These equations cannot be solved directly since the functions on their right sides
are multivalued. However, they can be transformed into the equations

dSCI(Xo 1) dx(xo, 1)
e Y 06, 0 11
dX() )4 J()C(),l) d.X() (6 )
and
dS ¢ (xo, t do,(xo, t
BEE0L) g, Lo, (6.12)

respectively, where S’;l(xo,t) :S/fl[x(xo),t] and S5 (xo,7) = S§![0:(x0),7]. The
functions on the right sides of these equations are single-valued. The equations
are solved numerically [128]. Their solutions lead directly to S:l (x,t) and S (0., 1),
respectively.
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6.1.3 Quantum Mechanical Approach

In the quantum mechanical calculations, the approach is via the time-dependent
Schrodinger equation. Since the positron-atom interaction potential is axially
averaged, we solve the time-dependent Schrodinger equation in the transverse
plane, which is

2

, h
Oy (x,y, 1) = =5 — Ayry (6,3, 8) + Vou (03 Ry (3, 3,1), (6.13)

where y(x, y, ) is the positron wave function in the TP plane, 0,= 0/0¢, and 7 is
the reduced Planck constant.

The incident positron beam is represented as an ensemble of noninteracting
Gaussian wave packets [50]. As a result, we implicitly take into account the
divergence of the incident beam relative to the nanotube axis. It should be empha-
sized that such a treatment differs from the previous treatments of positron channel-
ing in crystals [216-218], in which the dynamical diffraction theory was used.

An incident wave packet in the spatial representation is described by

- xOVL;%(y - yof] L 6w

where o, is its spatial standard deviation. On the other hand, the incident wave
packet in the angular representation is defined by

1
l/’s(x’y’t = O;XO’y ) =12 XpP
’ (277)1/2‘79

l//a(ex’ Qy,t = O;XO’yO)

. 2 2
lp<x09x + yogv):l Hx + ay
=5 CXp| | eXp| — , (615)
(277)1/266 |: fi 40‘%}

which is obtained from the Fourier transform of Eq. (6.14), where 6y = A /(8 In 2) 172
is its angular standard deviation with A, being the incident beam angular FWHM.
The parameters 6, and 6, are connected to each other with the corresponding
uncertainty principle, resulting in the expression 6,069 = 7/(2p).

The final wave packet in the spatial representation is defined by the function
WX, y, 5 Xo, yo) with t,=m,L/p, which is obtained via Eq. (6.13). The equation is
solved numerically [224]. We take that the computation domain is the region —D,/
2<x<D,/2and -D,/2 <y <D,/2 with D, = D, = 3R,,. The spatial distribution of
transmitted positrons is given as

2, (6.16)

Yo(63) = > clxo, o)y (2.3 8 X0.30)

X05 Yo

which is a weighted sum of the final positron spatial probability functions over the
chosen values of x( and y,, with the pairs of values of xy and y, chosen within the
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region p <R, — arr. This should be done randomly from the uniform distribution,
and the number of these pairs of values should be large. In that case, each of the
coefficients c(xo, yo) would be equal to 1/N,,, with N, being the incident number of
positrons. However, in order to minimize the computation time, the pairs of values
of xy and y, are chosen using an algorithm providing a minimal deviation of the
incident spatial distribution of positrons from the uniform distribution within the
region p < R, — atr with a smaller number of these pairs. This uniform distribution
is given by 1/[#(R,, — aTF)Z]. We achieve this by adjusting the values of c(x, yo).
The final wave packet in the angular representation is described by the function
w0y, 0y, t; X0, ¥0), which is the positron wave function in the CA plane, obtained
from the Fourier transform of y(x,y, 5 Xo, o). The transformation is performed
numerically [128]. The angular distribution of transmitted positrons is given as

Ya(0:,60) = D c(x0,70) W (0. 0y 115 x0.%) (6.17)

X05 Yo

which is the weighted sum of the final positron angular probability functions over
the chosen values of x; and y,. It should be noted that Y(x,y) and Y ,(0,, 8,), which
correspond to the whole ensemble of positrons, are cylindrically symmetric.

The exponential form of the function y(x, y,?) is

W, ,1) = Ap(x, y, )expliSy (x, y, 1) /7], (6.18)

where A,(x,y,t) and S}(x,y,)/h are the amplitude and phase of this function,

respectively, determined by its real and imaginary parts. Similarly, the exponential
form of the function y,(8,, 6y, 1) is

W0y, 6y,1) = Ag(0y, 0y, t)expliSy" (0x, 0y, 1) /7], (6.19)

where Ay(0,,0,,1) and Sg" (6., 0,,) /h are the amplitude and phase of this function,
respectively, determined by its real and imaginary parts. In accordance with a
consideration contained in Ref. [225], § /f‘“(x, y,1) and S;* (HX, 0,, t) are recognized
as the quantum spatial and angular Hamilton principal functions of a positron
channeled in the nanotube, respectively. One should note that these functions,
which correspond to one positron from the ensemble, are not cylindrically symmetric.

6.2 Spatial and Angular Primary Rainbows

6.2.1 Classical Rainbows

We have calculated and inspected the angular rainbow diagrams of the positrons
transmitted through the nanotube, é:,(x, tf), for nanotube lengths L = 50-320 nm,
with a step of 10 nm [221]. This means that the reduced nanotube length, A, has
been varied between 0.03 and 0.19. Figure 6.1 gives é;(x, tr) for L = 320 nm. The
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Fig. 6.1 Angular rainbow diagram of 1 MeV positrons transmitted through a (11, 9) chiral single-
wall carbon nanotube for L = 320 nm and p,o = p,o=0. Points £1* and 4-2* belong to the classical
SPR and SSR, and +1¢ and 42 to the classical APR and ASR, respectively [221]. Points +1°“ and

+2% designate the intersections of the curve with the 6, axis off the origin and +1% its
intersections with the x axis off the origin

incident positron momentum vector is taken to be parallel to the nanotube axis, i.e.,
Pxo=pyo=0. This curve also represents the associated spatial rainbow diagram,
X(0y, t). The positions of the rainbow extrema in the final TP plane are determined
by the tangents to the curve perpendicular to the x axis, while the positions of the
rainbow extrema in the TA plane are determined by the tangents to it perpendicular
to the 5)( axis [50, 215]. In this case, there are two pairs of extrema in the final TP
plane, designated as +1° and +2°, each of which represents a maximum and
minimum of the positron spatial transmission function, x(xo,?), respectively.
Hence, there are two circular rainbow lines in the final TP plane. Analysis shows
that the positron trajectories that correspond to extrema +1° involve one deflection
from the nanotube wall and the trajectories that correspond to extrema +2° two
deflections from the wall. Consequently, the former extrema is associated with a
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classical spatial primary rainbow (SPR), and the latter extrema with a classical
spatial secondary rainbow (SSR).

Besides, there are two pairs of extrema in the TA plane, designated as +1¢ and
+29 each of which represents a maximum and minimum of the positron angular
transmission function, 6,(xo, ty), respectively. Thus, there are two circular rainbow
lines in the TA plane. The former extrema is associated with a classical angular
primary rainbow (APR), and the latter extrema with a classical angular secondary
rainbow (ASR).

One should observe that the curve in question intersects the 0, axis at the origin,
at a pair of points closer to the origin, £1°, and at a pair of points farther from the
origin, +2%“. Each point from the former pair lies between the points corresponding
to the SPR and APR, and each point from the latter pair between the points
corresponding to the SSR and ASR. On the other hand, the curve intersects the
x axis at the origin and at a pair of other points, +1?. Each point from the pair lies
between the points corresponding to the APR and SSR.

Analysis has shown that, in the case under consideration, the angular rainbow
diagram of the positrons channeled in the nanotube, gx(x, t), evolves in the
following way (see Fig. 6.1) [215, 221]. The initial curve lies on the x axis. Its
evolution begins with its left and right branches starting to bend upward and
downward, respectively. Then, the curve reaches points +1°, where the evolution
direction changes. The former branch continues rightward and upward, and the
latter branch leftward and downward. After that, the curve passes through points +1°*
and reaches points +19, where the evolution direction changes again. The former
branch continues rightward and downward, and the latter branch leftward and
upward. In the further evolution, it passes through points 1%, reaches points +2°,
passes through points +2°, and reaches points 4-2¢. This means that the sequence of
appearance of the rainbows in this channeling process is: SPR, APR, SSR, ASR, etc.

Figure 6.2 shows the classical spatial Hamilton principal function of transmitted
positrons for L = 320 nm, Sf,l (, tf), for pyo=p,o=0. The curve representing this
function has two pairs of cusp singular points, two pairs of inflection points, and
two crunode singular points. The cusp singular points closer to the origin corre-
spond to the SPR, £1°; the cusp singular points farther from the origin to the SSR,
+2°% the inflection points closer to the origin to the APR, =19 and the inflection
points farther from the origin to the ASR, +2°. The crunode singular points, both
lying at the origin, correspond to the two pairs of points where the curve 61,()(, t)
intersects the @, axis off the origin, +1°* and +2°" (see Fig. 6.1).

The classical angular Hamilton principal function of transmitted positrons for
L = 320 nm, S§(0.t), for po=p,0=0 is depicted in Fig. 6.3. The curve
representing this function has two pairs of cusp singular points, two pairs of
inflection points, and a crunode singular point. The cusp singular points closer to
the origin correspond to the APR, +1¢ the cusp singular points farther from the
origin to the ASR, +2¢ the inflection points closer to the origin to the SPR, +1°%;
and the inflection points farther from the origin to the SSR, £2°. The crunode
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Fig. 6.2 Classical spatial Hamilton principal function of 1 MeV positrons transmitted through a
(11, 9) chiral single-wall carbon nanotube for L = 320 nm and p,o=p,,=0 divided by %
[221]. Points £1° and £2* are the cusp singular points of the curve, £1 and £2“ its inflection
points, and +1°“ and £2°“ its crunode singular points

singular point corresponds to the pair of points where the curve é;(x, tr) intersects
the x axis off the origin, +1¢° (see Fig. 6.1).

6.2.2 Quantum Rainbows

We present here the cases of transmission of the positrons through the nanotubes of
lengths of L = 50, 100, and 250 nm [221]. The incident positron beam is assumed to
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Fig. 6.3 Classical angular Hamilton principal function of 1 MeV positrons transmitted through a
(11, 9) chiral single-wall carbon nanotube for L = 320 nm and p,o=p,0=0 divided by %
[221]. Points +1¢ and +2“ are the cusp singular points of the curve, +1* and +2* its inflection
points, and +1¢ its crunode singular points

be an ensemble of noninteracting Gaussian wave packets with angular standard
deviation of 69=0.1y,. = 0.73 mrad, giving a spatial standard deviation of ¢, =
0.19 nm. The incident number of positrons is N,=301. In the cases of L = 50 and
100 nm, only the quantum SPR effect is developed, while in the case of L =250 nm,
this is true for the SPR, APR, and SSR effects. In the case of L = 250 nm, we shall
describe only the APR effect.

6.2.2.1 Quantum Spatial Primary Rainbows for L = 50 nm

Figure 6.4 shows the one-dimensional normalized spatial distribution of transmitted
positrons for L = 50 nm. It contains a pair of strong maxima at +0.40 nm, and three
pairs of weaker maxima at +0.28 nm, £0.20 nm, and £0.12 nm. Let us explain this
distribution.

Figure 6.5 gives the positron spatial transmission function, x(xo, f), in the case of
L = 50 nm. It has a maximum and minimum, +1°, at x5, ==%0.54 nm, which are
x{ =30.44 nm, respectively, belonging to the classical SPR. This means that for x,
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Fig. 6.4 One-dimensional normalized spatial distribution of 1 MeV positrons transmitted through
a (11, 9) chiral single-wall carbon nanotube for L = 50 nm described initially as an ensemble of
Gaussian wave packets [221]. Maxima +1°° belong to the principal SPR, and maxima +15, £172,
and +1*° to the supernumerary SPRs

close to x3,, the positrons concentrate in the regions just before x{ going from the
origin. Also, there are no positrons in the regions after x{. Thus, the region before x|
is the bright side of the rainbow, and the region after x{ its dark side. This figure also
contains the two-dimensional representation of the amplitudes squared of the
positron wave functions in the final TP plane along the x axis, Az (x,y=0, tf), for
—R, <xp <R, and yy=0, i.e., for p, = (x% + y%)l/2 < R, and ¢ :tanfl(yo/xo) =
0 and 7, in the case of L = 50 nm. This two-dimensional distribution has a pair of
maxima, +17°, at x’O”O =+0.53 nm and *"°=+0.41 nm, respectively. For x, close to
zero, these functions have the Gaussian shape with the width larger but close to the
initial width. However, for xy beyond +0.26 nm going from the origin, each of these
functions has a few clearly observable maxima or shoulders — it is wrinkled. This is
to be attributed to the effect of internal focusing of the corresponding wave packet.
For example, a ray within the wave packet entering the nanotube at a smaller
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Fig. 6.5 Two-dimensional representation of the amplitudes squared of the positron wave func-
tions in the final TP plane along the x axis for —R,, <xo <R, and yo=0 in the case of 1 MeV
positrons and a (11, 9) chiral single-wall carbon nanotube for L = 50 nm, and corresponding
positron spatial transmission function [221]. Points £1° belong to the classical SPR, while 41"
designate the maxima of the quantum mechanical distribution. The regions beyond the red lines
correspond to the spatial rainbow subensemble

distance from its wall than the neighboring ray can exit the nanotube at a point very
close to the final point of the neighboring ray. Hence, a few focal points appear on
the x axis, where the neighboring rays of the wave packet come very close to each
other (in the TP plane). The effect is analogous to the one described by Born and
Wolf [226]. The positions of the observed maxima or shoulders coincide with the
positions of these internal focal points.

It should be emphasized that this explanation of the effect of wave wrinkling is
more general than the one given by Petrovic et al. [50]. It applies for all the values
of x, for which the effect occurs, while the previous explanation is restricted to the
ones close to x6"°.

The positions of the maxima or shoulders of one of the functions AZ (x,y =0,t)
are close to the positions of the corresponding maxima or shoulders of the other
functions. Hence, one can say that the wave packets wrinkle in a mutually
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coordinated way. We explain this by the fact that all the projectiles interact with the
same target. For xq close to xg’o, each function contains a pronounced maximum
close to x™. The corresponding wave packet is wrinkled as if a barrier exists at X,
preventing its spreading after the barrier, and, hence, causing its concentration just
before the barrier. It is also evident that the curve connecting the positions of the
absolute maxima of Af) (x,y = 0, 1) is close to the curve representing the function x
(xo0, p). Therefore, we conclude that the above-described effects of wave wrinkling,
concentration, and coordination make the quantum SPR effect. The observed
virtual barrier represents the boundary between the bright and dark sides of the
rainbow.

Figure 6.6 gives the one-dimensional representation of the functions AZ (x,y=0,t)
for —R, < xo <R, and yo=0 in the case of L = 50 nm. In order to make the figure
clearer, the number of curves is reduced from N, =301 to 61. One can see that each
of these curves that is centered farther from the origin (for xy beyond +0.26 nm) is
wrinkled. The curves designated by red color correspond to the wave packets
belonging to a spatial rainbow subensemble that will be specified later.
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Fig. 6.6 One-dimensional representation of the amplitudes squared of the positron wave func-
tions in the final TP plane along the x axis for —R, <xp <R,, and yo =0 in the case of 1 MeV
positrons and a (11, 9) chiral single-wall carbon nanotube for L = 50 nm [221]. The curves
designated by red color correspond to the spatial rainbow subensemble
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Fig. 6.7 (a) Two-dimensional initial spatial distribution of a 1 MeV positron described as a
Gaussian wave packet placed at point (+0.53 nm, 0), and (b) resulting spatial distribution of the
positron transmitted through a (11, 9) chiral single-wall carbon nanotube for L = 50 nm graphed on
a logarithmic scale [221]

Figure 6.7a gives the two-dimensional incident spatial distribution of a positron
assumed to be a Gaussian wave packet placed at point (+0.53 nm, 0), where the
distribution Alz) (x,y =0,1) is maximal. The resulting spatial distribution of the
wave packet transmitted through the nanotube of a length of L = 50 nm is given in
Fig. 6.7b. It contains a strong maximum and a number of weaker maxima extending
toward the nanotube axis — it is wrinkled.

Figure 6.8 shows the classical spatial Hamilton principal function of the posi-
trons transmitted through the nanotube divided by 7, Sf)l (x,27)/h, in the case of
L = 50 nm. The curve representing this function has a pair of cusp singular points,
+1% at x{ ==+0.44 nm, corresponding to the maximum and minimum of the
function x(xo, ), respectively. It has three branches, joining at the cusp singular
points, which will be referred to as its horizontal branch, and its right and left
vertical branches.

Figure 6.8 also gives the phases of the positron wave functions in the final TP
plane along the x axis, Sg“ (x,y =0,1r)/h, for —R, <xo <R, and yo=0 in the case
of L = 50 nm. The number of curves is 61, instead of N, =301. It is evident that
there are several groups of curves representing these functions. The curves from
each of these groups extend together with the remaining curves in the directions
from the right nanotube wall, at +R,,= +0.69 nm, to the right cusp singular point, +1°,
and from the left wall, at —R,= —0.69 mm, to the left singular point, —1°, and then
separate from the remaining curves and continue “parallel” to the right and left
vertical branches of the curve representing the function S;l (x,t¢)/h, respectively.
Let us focus on the curves from the first group, which are most numerous and separate
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Fig. 6.8 Phases of the positron wave functions in the final TP plane along the x axis for
—R, <x9<R, and yp =0 in the case of 1 MeV positrons and a (11, 9) chiral single-wall carbon
nanotube for L = 50 nm (gray and red curves), and corresponding classical spatial Hamilton
principal function divided by 7 (blue curve) [221]. The curves designated by red color correspond
to the spatial rainbow subensemble. Points +1° are the cusp singular points of the classical curve.
Points +1°° are the cusp singular points of the envelopes of the quantum mechanical curves in the
regions around +1°, and +1°!, +1°2, and +1°3 are the common inflection points of these curves
that correspond to the rainbow subensemble. /nset: the envelope of the quantum mechanical curves
in the region around +1° (green curve), with +1°° as its singular point

first. They are designated by red color. The percentage of curves from this group is
19.3%, and the corresponding values of x, are beyond x,” = +0.54 nm going from the
origin (see Fig. 6.5). There are 21 additional groups of curves. The percentages of
curves from these groups are close to each other as well as the corresponding intervals
of values of x, extending from x” toward the origin. The average percentage of
curves from these groups is 3.8%, while the corresponding average interval of values
of x¢ is 0.03 nm. If the number of shown curves were not reduced, the figure would
contain more curves from these groups.
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The curves from the right or left subgroup of the first group are close to each
other, meaning that the corresponding wave packets are close to being in phase with
each other. This means that the behavior of these wave packets is additionally
coordinated. Besides, these curves are close to the right or left vertical branch. A
detailed analysis of all the curves in the regions around the former cusp singular
points, +1°, has shown that their envelope also has a pair of cusp singular points,
+1°° at x{o = +0.40 nm, which are close to X (see Fig. 6.5). The “vertical”
branches of the right and left parts of the envelope are defined by the curves from
the right and left subgroups of the first group, respectively, and its “horizontal”
branch by the remaining curves. This is shown in the inset of Fig. 6.8 for the
singular point +1°°. Thus, the latter singular points are the points of separation of
the curves from the first group from the remaining curves. A careful inspection of
the curves from the right and left subgroups of the first group after the separation
points has shown that each of them has three inflection points, and that the positions
of these points coincide with the positions of the corresponding inflection points of
the other curves from the subgroup. The positions of these three pairs of common
inflection points are x{! = £0.27 nm, x}?> = £-0.18 nm, and x{*> = +0.10 nm.

The same analyses have been performed for the wave packets with pg <R, and
the other values of ¢, different from 0 and z. Its conclusions coincide with those
drawn from the analysis for ¢p=0 and z, with the values of x{°, ¥, x}%, and x}’
coinciding or being close to the ones obtained for ¢ =0 and z.

Now, we can come back to the one-dimensional normalized spatial distribution
of transmitted positrons for L = 50 nm, given in Fig. 6.4. The positions of the strong
maxima coincide with :i:x{o, and the positions of the weaker maxima are close to x] L
xj'z, and x§3. They are denoted as +1°° £1°1, +1°2, and 1%, respectively. The
small differences between the positions of the weaker maxima and x3!, xi2, and {2,
respectively, are attributed to the fact that the distribution is generated with all the
values of xo and yo, rather than with only the values of xo beyond x; and yo = 0. The
strong maxima belong to a principal SPR and the weaker maxima to three super-
numerary SPRs. The positions of the strong maxima are the common positions of
the points of separation of all the wave packets from the first group. The positions of
the weaker maxima are determined by the common positions of the inflection points
of the phases of all the wave packets from the first group. The subensemble
comprising the wave packets from the first group has been named the spatial
rainbow subensemble.

6.2.2.2 Quantum Spatial Primary Rainbows for L = 100 nm

Figure 6.9 shows the one-dimensional normalized spatial distribution of transmitted
positrons for L = 100 nm. It contains a pair of weaker maxima at £0.23 nm and a
stronger maximum at the origin. The explanation of this distribution is the same as
the one already given for the spatial distribution obtained for L = 50 nm.
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Fig. 6.9 One-dimensional normalized spatial distribution of 1 MeV positrons transmitted through
a (11, 9) chiral single-wall carbon nanotube for L = 100 nm represented initially as an ensemble of
Gaussian wave packets [221]. The weaker maxima are due to the principal SPR combined with the
third supernumerary SPR, +1°° and 13, and the stronger maximum is due to the first and second
supernumerary SPRs, +1*! and £1*2, respectively

The function x(xo, ) in the case of L = 100 nm is given in Fig. 6.10. It has a
maximum and minimum, +1°, at x5, = £0.42 nm, which are x{ = £0.31 nm,
respectively, belonging to the classical SPR. This figure also contains the functions
Af)(x,y =0,#) for —R,<xo<R, and yo=0 in the case of L = 100 nm. This
two-dimensional distribution has a pair of maxima, j:l'"o, at x810 = £0.42 nm and
"= +0.26 nm. Analysis has shown that the above-described effects of wave
wrinkling, concentration, and coordination appear in this case as well, and that they
make the quantum SPR effect. The observed virtual barrier, at ™, is the boundary
between the bright and dark sides of the rainbow.

The function S;l(x, tr)/h in the case of L = 100 nm is shown in Fig. 6.11.
The curve representing this function has a pair of cusp singular points, +1°, at
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Fig. 6.10 Two-dimensional representation of the amplitudes squared of the positron wave
functions in the final TP plane along the x axis for —R, <xo <R, and yo=0 in the case of
1 MeV positrons and a (11, 9) chiral single-wall carbon nanotube for L = 100 nm, and
corresponding positron spatial transmission function [221]. Points 1° belong to the classical
SPR while 1" designate the maxima of the quantum mechanical distribution. The regions
beyond the red lines correspond to the spatial rainbow subensemble

x{ =%0.31 nm, and one crunode singular point, at the origin (£1°). The cusp
singular points correspond to the maximum and minimum of the function x(xo, #;),
respectively, and the crunode singular point corresponds to a pair of points where
the curve representing the function é;(x, tr) intersects the 5,( axis off the origin
(see Fig. 6.1).

Figure 6.11 also gives the functions S}*(x,y = 0,#)/h for —R, <xo <R, and
Yo =10 in the case of L = 100 nm. The number of curves is 61, instead of N, =301.
The curves representing these functions that belong to the first group, i.e., that
correspond to the wave packets from the spatial rainbow subensemble, are desig-
nated by red color. The values of x, in question are beyond x;’ = 4-0.39 nm going
from the origin (see Fig. 6.10). The envelope of all the curves in the regions around
the former cusp singular points, &1°, also has a pair of cusp singular points, =1°°, at
¥’ = £0.26 nm, coinciding with x™ (see Fig. 6.10). These are the points of
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Fig. 6.11 Phases of the positron wave functions in the final TP plane along the x axis for
—R, <x9 <R, and y, =0 in the case of 1 MeV positrons and a (11, 9) chiral single-wall carbon
nanotube for L = 100 nm (gray and red curves), and corresponding classical spatial Hamilton
principal function divided by 7 (blue curve) [221]. The curves designated by red color correspond
to the spatial rainbow subensemble. Points 4-1° are the cusp singular points of the classical curve.
Points +1°° are the cusp singular points of the envelopes of the quantum mechanical curves in the
regions around +1°, and +1°!, +£1°2, and +1*3 are the common inflection points of these curves
that correspond to the rainbow subensemble

separation of the curves from the first group from the remaining curves. Each of the
curves from the right and left subgroup of the first group has three inflection points
after the separation point. The positions of the three pairs of common inflection
points of these curves are x! ==40.04 nm, x}> =0.09 nm, and x} =+0.22 nm. The
values of x{, x5!, x%, and x}> obtained for the wave packets with po <R, and the
other values of ¢, different from 0 and x, coincide or are close to the ones obtained
for ¢po=0 and 7.

Comparison of the positions of the maxima of the one-dimensional normalized
spatial distribution of transmitted positrons for L = 100 nm, given in Fig. 6.9, with

x‘io, x}l, x{z, and x§3 leads to the conclusion that the weaker maxima are to be
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attributed to the principal SPR combined with the third supernumerary SPR, +1°°

and +1*%, and that the stronger maximum is to be attributed to the first and second
supernumerary SPRs, +1*' and +1°?, respectively.

6.2.2.3 Quantum Angular Primary Rainbows for L = 250 nm

Figure 6.12 shows the one-dimensional normalized angular distribution of trans-
mitted positrons for L = 250 nm. One can view it as a superposition of a strong bell-
shaped component centered at the origin, and a component consisting of two pairs

T T T T T

L =250 nm

Normalized yield

1 1 1

-10 -5 0 5 10
0, (mrad)

Fig. 6.12 One-dimensional normalized angular distribution of 1 MeV positrons transmitted
through a (11, 9) chiral single-wall carbon nanotube for L = 250 nm represented initially as an
ensemble of Gaussian wave packets [221]. Maxima +19° belong to the principal APR, and
shoulders 1" to the first supernumerary APR
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Fig. 6.13 Two-dimensional representation of the amplitudes squared of the positron wave
functions in the TA plane along the 6, axis for —R, <xo <R, and yo=0 in the case of 1 MeV
positrons and a (11, 9) chiral single-wall carbon nanotube for L = 250 nm, and corresponding
positron angular transmission function [221]. Points +1¢ belong to the classical APR, while + 1m0
and +£1™" designate the maxima of the quantum mechanical distribution. The regions beyond the
red lines correspond to the angular rainbow subensemble

of maxima at +2.3 mrad and £1.0 mrad, with the second pair of maxima seen in the
distribution as a pair of shoulders. We shall explain this distribution in a way
analogous to the one already given for the spatial distributions obtained for
L = 50 and 100 nm.

The positron angular transmission function, 6,(xo, fy), in the case of L = 250 nm
is given in Fig. 6.13. It has a maximum and minimum, +1, at x§; =F0.54 nm,
which are 67, ==+3.8 mrad, respectively, belonging to the classical APR. This
means that for x, close to x§;, the positrons concentrate in the regions just before 67,
going from the origin. Also, there are no positrons in the regions after ;. Thus, the
region before 87, is the bright side of the rainbow, and the region after 8¢, its dark
side. This figure also contains the two-dimensional representation of the amplitudes
squared of the positron wave functions in the TA plane along the 6, axis,
Az(ﬁx,ﬁy =0,1), for —R, <x¢o<R, and yo=0 in the case of L = 250 nm. This
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two-dimensional distribution has two pairs of maxima, +1"0 and +£1"", at xg’o =
F0.46 nm and 49;"0 =42.8 mrad, and at x6"1 =70.11 nm and 6)’("1 =40.5 mrad,
respectively. For xj close to zero, these functions have the Gaussian shape with the
width smaller but close to the initial width. However, for x beyond £0.33 nm going
from the origin, each of these functions has a few clearly observable maxima or
shoulders — it is wrinkled. This is to be attributed to the effect of internal focusing of
the corresponding wave packet. For example, a ray within the wave packet entering
the nanotube at a larger angle relative to its wall than the neighboring ray can exit
the nanotube at an angle very close to the final angle of the neighboring ray. Hence,
a few focal points appear on the 6, axis, where the neighboring rays of the wave
packet come very close to each other (in the TA plane) [226]. The positions of the
observed maxima or shoulders coincide with the positions of these internal focal
points.

The positions of the maxima or shoulders of one of the functions Az (6., 0, =0, tf)
are close to the positions of the corresponding maxima or shoulders of the other
functions. This means that the wave packets wrinkle in a mutually coordinated way.
For x, close to x7°, each function contains a pronounced maximum at 9;”0. The
corresponding wave packet is wrinkled as if a barrier exists at GZYO, causing its
concentration just before the barrier. One can also see that the curve connecting the
positions of the absolute maxima of Ag(&x, 0, =0, tf) is close to the curve
representing the function ,(xo, ). Thus, the conclusion is that the above-described
effects of wave wrinkling, concentration, and coordination make the quantum APR
effect. The observed virtual barrier represents the boundary between the bright and
dark sides of the rainbow.

Figure 6.14a gives the two-dimensional initial angular distribution of a positron
assumed to be a Gaussian wave packet placed at point (+0.46 mrad, 0), where the
distribution Aé (6., 0, =0, tf) is maximal. The resulting angular distribution of the
wave packet transmitted through the nanotube of a length of L = 250 nm is given in
Fig. 6.14b. It contains a strong maximum and a number of weaker maxima
extending toward the origin and beyond — it is wrinkled.

Figure 6.15 shows the classical angular Hamilton principal function of the
positrons transmitted through the nanotube divided by 7, S;l(Hx, tr)/h, in the case
of L = 250 nm. The curve representing this function has a pair of cusp singular
points, £19, at ¢, ==£3.8 nm, and one crunode singular point, at the origin (£1%).
The cusp singular points correspond to the maximum and minimum of the function
0.(xo, tp), Tespectively, and the crunode singular point corresponds to a pair of points
where the curve representing the function é;(x, tr) intersects the x axis off the origin
(see Fig. 6.1). The curve representing SC‘Ql (Ox,tr) /1 has three branches, joining at the
cusp singular points, which will be referred to as its horizontal branch, and its right
and left vertical branches.

Figure 6.15 also gives the phases of the positron wave functions in the TA plane
along the 0, axis, Sg' (6,0, = 0,1)/h, for —R, <xo <R, and yo =0 in the case of
L =250 nm. The number of curves is 61, instead of N,, = 301. One can see that there
are several groups of curves representing these functions. The curves from each of
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Fig. 6.14 (a) Two-dimensional initial angular distribution of a 1 MeV positron described as a

Gaussian wave packet placed at point (+0.46 nm, 0), and (b) resulting angular distribution of the

positron transmitted through a (11, 9) chiral single-wall carbon nanotube for L = 250 nm graphed
on a logarithmic scale [221]

these groups extend together with the remaining curves in the directions from the
right limit, determined by 4+ .= +7.3 mrad, to the right cusp singular point, 417,
and from the left limit, determined by —y.=-7.3 mrad, to the left singular point, —1¢,
and then separate from the remaining curves and continue “parallel” to the right and
left vertical branches of the curve representing the function Sgl(Hx,tf)/ h, respec-
tively. We shall focus on the curves from the first group, which separate first. They
are designated by red color. The corresponding values of x, are beyond x| =
£0.59 nm going from the origin (see Fig. 6.13). The subensemble comprising the
wave packets from the first group is called the angular rainbow subensemble.

The curves from the right or left subgroup of the first group are close to each
other, meaning that the corresponding wave packets are close to being in phase with
each other. This means that the behavior of these wave packets is additionally
coordinated. Besides, these curves are close to the right or left vertical branch. A
detailed analysis of all these curves in the regions around the former cusp singular
points, =19, has shown that their envelope also has a pair of cusp singular points,
+1°, at %) =43.00 nm, which are close to 8™ (see Fig. 6.13). The “vertical”
branches of the right and left envelopes are defined by the curves from the right and
left subgroups of the first group, respectively, and their “horizontal” branches by the
remaining curves. This means that the latter singular points are the points of
separation of the curves from the first group from the remaining curves. A careful
inspection of the curves from the right and left subgroups of the first group after the
separation point shows that each of them has several inflection points, and that the
positions of these points coincide with the positions of the corresponding inflection
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Fig. 6.15 Phases of the positron wave functions in the TA plane along the 6, axis for
—R, <x9<R, and yp =0 in the case of 1 MeV positrons and a (11, 9) chiral single-wall carbon
nanotube for L = 250 nm (gray and red curves), and corresponding classical angular Hamilton
principal function divided by 7 (blue curve) [221]. The curves designated by red color correspond
to the angular rainbow subensemble. Points +1¢ are the cusp singular points of the classical curve.
Points +1° are the cusp singular points of the envelopes of the quantum mechanical curves in the
regions around £1¢, and 41" are the common inflection points of these curves that correspond to
the rainbow subensemble

points of the other curves from the subgroup. We shall take into account here only
the right and left inflection points that lie next to the latter singular points. The
positions of the corresponding pair of common inflection points are 0)‘?% ==+1.5
mrad. The values of 6* and 6| obtained for the wave packets with po < R, and the
other values of ¢, different from 0 and x, coincide or are close to the ones obtained
for ¢po=0 and 7.

We can now come back to the one-dimensional normalized angular distribution
of transmitted positrons for L = 250 nm, given in Fig. 6.12. Its strong bell-shaped
component corresponds to the maxima of the distribution Ag(ﬁx, 0, = 0,1) at x!

and 9;"1, +1"" (see Fig. 6.13). Since the positions of the maxima and shoulders of
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., they are denoted as +1% and +£14,
respectively. The small differences between the positions of the maxima and
shoulders and 6“9 and 6], respectively, are attributed to the fact that the distribution
is generated with all the values of xy and y,, rather than with only the values x,
beyond x6° and yo = 0. The maxima belong to the principal APR and the shoulders to
a supernumerary APR. The positions of the maxima are the common positions of
the points of separation of all the wave packets from the angular rainbow
subensemble. The positions of the shoulders are determined by the common
positions of the chosen inflection points of the phases of all the wave packets
from the angular rainbow subensemble. It has been found that the other inflection
points of the phases of the wave packets from the angular rainbow subensemble are
connected to the weak supernumerary APRs, and to the principal and supernumer-
ary ASRs, not being well developed. The maxima of the distribution corresponding
to the ASRs, lying in the regions after about +5 mrad going from the origin, can be
seen in the figure.

the distribution are close to 6% and 6“]



Epilogue

Here, we shall single out several topics from the material presented in the book that
we consider interesting and important for further research and development. Our
opinion is that new high-resolution measurements of ion transmission through
channels of very thin crystals similar to those conducted by the Singapore group
[45-48], complemented with the morphological method introduced in [133], based
on the crystal rainbow effect, will lead to additional very accurate ion-atom
interaction potentials, which will prove accurate close to the channel axis as well
as close to the atomic strings defining the channel. This is explained in Chap. 4.

We have also described in Chap. 4 the effect of superfocusing of channeled ions,
which has recently been observed experimentally [134]. Detailed experimental
investigations of the possibilities of using the effect for subatomic microscopy are
very much needed and can lead to a breakthrough in the area. One can also try to
develop the idea of using the superfocusing effect for increasing the luminosity of
an ion beam collider.

It has been mentioned in Chap. 5 that a number of theoretical groups have
studied ion channeling in carbon nanotubes with the objective to investigate the
possibilities of guiding ion beams with nanotubes. We consider experimental
studying in this area a real challenge from the points of view of both projectile
beam preparation and target fabrication. If successful, such experiments could
result in a few advancements in the field of accelerator technologies.

In Chap. 6, we have introduced the quantum mechanical theory of positron
rainbow channeling in carbon nanotubes and applied it to three cases of very
short nanotubes. Our opinion is that application of the theory in the vicinity of
the first superfocusing point is a demanding theoretical task. Cosié et al. [227] have
recently published the first results along this line, related to the cases in which the
anharmonicity of the interaction has been very small. In this study, the dependence
of the quantum solution of the problem on the anharmonicity and its relation to the
classical solution is explored. In addition, a solution of the problem based on
catastrophe theory is given and compared with the quantum solution. We prove
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that an effective quantum dynamics of the ensemble can be clearly observed. This
theory should be extended to be applied to positron rainbow channeling in planar
and axial crystal channels.

It is interesting to note that the theory of crystal rainbows, which has been used
extensively in Chaps. 3, 4, 5, and 6 has been also applied in the field of ion optics
[228-231]. For example, it has been found that the rainbows also appear in proton
transmission through electrostatic and radiofrequency lenses. Such devices can be
employed for specific shaping of ion beams. We think that further research and
development in this area will definitely give interesting and useful results.
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