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Preface

Our daily lives can be maintained by the high-technology systems. Computer
systems are typical examples of such systems. We can enjoy our modern
lives by using many computer systems. Much more importantly, we have to
maintain such systems without failure, but cannot predict when such systems
will fail and how to fix such systems without delay. A stochastic process is a
set of outcomes of a random experiment indexed by time, and is one of the
key tools needed to analyze the future behavior quantitatively. Reliability
and maintainability technologies are of great interest and importance to the
maintenance of such systems. Many mathematical models have been and will
be proposed to describe reliability and maintainability systems by using the
stochastic processes.

The theme of this book is “Stochastic Models in Reliability and Main-
tainability.” This book consists of 12 chapters on the theme above from the
different viewpoints of stochastic modeling. Chapter 1 is devoted to “Renewal
Processes,” under which classical renewal theory is surveyed and computa-
tional methods are described. Chapter 2 discusses “Stochastic Orders,” and
in it some definitions and concepts on stochastic orders are described and ag-
ing properties can be characterized by stochastic orders. Chapter 3 is devoted
to “Classical Maintenance Models,” under which the so-called age, block and
other replacement models are surveyed. Chapter 4 discusses “Modeling Plant
Maintenance,” describing how maintenance practice can be carried out for
plant maintenance. Chapter 5 is devoted to “Imperfect Preventive Mainte-
nance,” reviewing some imperfect maintenance models. Chapter 6 discusses
“Generalized Renewal Processes,” and generalized renewal processes and gen-
eral repair models are described. Chapter 7 is devoted to “I'wo-Unit Redun-
dant Models,” under which several two-unit redundant models are surveyed
and their optimization policies are analyzed. Chapter 8 focuses on “Marko-
vian Deteriorating Systems,” from which optimal inspection and/or replace-
ment policies are derived. Chapter 9 is devoted to “Semi-Markov Reliability
Models,” where transient analyses of semi-Markov reliability models are sur-
veyed and numerical solution techniques are described. Chapter 10 discusses
“Software Reliability Models,” reviewing typical software reliability models.
Chapter 11 is devoted to “Data Communication Systems,” showing how data
communication systems can be formulated by means of reliability models, and
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optimal policies are discussed. Chapter 12 discusses “Monte-Carlo Methods”:
here some Monte-Carlo methods are surveyed in reliability models.

This book will be of interest and importance to such users of “Stochas-
tic Models in Reliability and Maintenance” as operations research analysts,
probabilists, statisticians, applied mathematicians, engineers, and graduate
students who are interested in reliability and maintenance. References lead-
ing further into the subject matter are cited in the end of each chapter. I
believe that all the chapters of this book will introduce the readers to the
major up-to-date theory and practice in stochastic models in reliability and
maintenance.

I would like to express my sincere appreciation to all the contributors to
this book. I am also indebted to Professor Tadashi Dohi, Dr. Takashi Satow,
and Dr. Hiroyuki Okamura, Hiroshima University, Japan, for their patient
support in completion of the editing. Finally, I would like to express my
sincere appreciation to Dr. Werner A. Miiller, Springer-Verlag, Heidelberg,
Germany, for his friendly and patient help.

Shunji Osaki
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Summary.

In this chapter, we review classical renewal theory and focus on the
computational aspects for the renewal function. As well known, the renewal
processes have an important role in understanding the discrete event sys-
tems arising in queueing theory, production and inventory control, design
of communication systems, performance evaluation in computer science
and product warranty estimation and also in reliability and maintenance
modeling. On the other hand, from the practical perspective, since the
computation of the renewal function is not so easy, the system analyst
tends to treat the renewal function via the simplest method for him or
her. In fact, a large number of authors have discussed the computation
problems of the renewal function. Nevertheless, no articles reporting those
results in a systematic way have appeared in the literature. In this chap-
ter, we survey the computational aspects of the renewal function based on
the most recent results obtained up to the present stage. A comprehensive
bibliography in this research area is also provided.

Keywords: renewal processes, renewal function, approximations, inte-
gral equation, series expansion, bounds, interpolation
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2 1. Renewal Processes

1.1 Introduction

The stochastic processes provide the basis for modeling a variety of un-
certain behaviors that we face in our daily life. Especially, the renewal
processes play an important role in understanding the discrete event sys-
tems arising in queueing theory [1], [2], production and inventory control
3], design of communication systems, performance evaluation in computer
science [4] and product warranty estimation 5], [6] as well as reliability and
maintenance modeling (7], [8], [9], [10], [11]. In fact, almost standard text-
books on the stochastic processes [12], [13], [14], [15] spend many pages on
renewal theory. First, the renewal theory was developed by Feller [16], [17].
After those, Smith [18], [19] and Cox [20] published their excellent papers
and monograph, respectively, which include most of the important results
on renewal theory established before 1960s. On the other hand, from the
practical perspective, since the computation of the renewal function is not
so easy, the system analyst tends to treat the renewal function via the
simplest method for him or her. In fact, a great number of authors have
discussed the computation problems of the renewal function. Nevertheless,
no articles reporting those results in a systematic way have appeared in
the literature.

In this chapter, we review mainly the computational aspects of the re-
newal function based on the most recent results obtained up to the present
stage. The computation methods discussed here are classified into two
categories: analytical approximation method and numerical computation
method. The former corresponds to approximating the renewal function
based on its mathematical structure, the latter to computing it numer-
ically. In general, the numerical computation methods proposed in the
earlier literature can calculate the value of renewal function accurately.
However, in many applications, it is often necessary to evaluate any prob-
abilistic quantity based on the analytical form of renewal function. For
instance, if one considers the mean inter-departure time in a GI/G/1 loss
system, then the expected number of renewals in a random interval has to
be evaluated. Hence, the analytical approach to approximating the renewal
function may be very useful for treating such a complex probabilistic quan-
tity. Consequently, it will be meaningful for the system analyst to master
the computation methods of renewal function from both the directions
above.

The rest of this chapter proceeds as follows. In Section 1.2, the ba-
sic theory of both continuous and discrete renewal processes is outlined.
Section 1.3 describes some useful properties of the renewal function. Af-
ter introduction of a few solvable examples in which the explicit form of
the renewal function is available, some specific methods for a special class
of inter-arrival (or inter-failure) time distributions are discussed. Further,
we consider the asymptotic properties of the renewal function. In Section
1.4, some analytical methods are developed to approximate the renewal
function. First, we describe the so-called phase approximation method,
which approximates the underlying renewal process by the phase-type re-
newal processes. Next, two analytical methods with the known theoretical
distributions and the equilibrium distribution are explained, respectively.
Since these methods are tractable and, at the same time, are developed
based on the mathematical structure of the renewal function, it may be
easier to evaluate the error bound for the approximation formulae than
the (conceptually) rough approximation such as the phase method. Also,
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the basic ideas behind these approximations are unique and are applica-
ble to develop any approximation formula for the wider class of stochastic
processes.

Section 1.5 is devoted to obtaining some bounds of the renewal func-
tion. The evaluation of the renewal function by its upper and lower bounds
is interesting as it can disclose the qualitative properties of the renewal
function in the shorter time domain, since the asymptotic behaviour of
the renewal function is well known. We introduce three kinds of bounds.
Their existence depends on the aging property of the underlying inter-
arrival time distribution function. In other words, the upper and lower
bounds of the renewal function can be evaluated for only a few classes of
random variables denoting the inter-arrival time. In Section 1.6, we discuss
four typical methods to calculate the renewal function numerically. Since
the recent development of computer technology, rather complex numeri-
cal calculation problems can be solved within a satisfactory computation
time. This fact will support us in executing the numerical calculation of
the renewal function and its variations on computer, if we require to seek
them with a high degree of accuracy. More specifically, we introduce the
rational function approximations as well as the classical methods such as
the Laplace inversion techniques, the cubic spline algorithms and the dis-
critization algorithms. Finally, some remarks are presented in Section 1.7.
Here, we refer to the other methods of evaluating the renewal function and
describe the future view in the renewal approximation theory. A compre-
hensive bibliography in this research area is also provided.

1.2 Basic Renewal Theory

1.2.1 Continuous renewal theory

First of all, let us define the terminologies used in this chapter. The time
to occurrence of an event, X, is called the arrival time or the failure time,
and can be defined as a non-negative random variable. Suppose that X
(> 0) is a continuous random variable having probability density function
f() (¢ > 0). Then the probability distribution function or the failure
time distribution, F(t), is represented as F(t) = Pr{X <t} = fé f(z)dz
(t > 0), where F(0) = 0 and F(oo) = 1. If the event means a failure,
the reliability function is defined as the probability that the unit does not
fail until time ¢, and is denoted by F(t) = Pr{X > t} = [ f(x)dz,
where @(-) = 1 — #(-) in general, F(0) = 1 and F(oco0) = 0. Denoting
the mathematical expectation operator by E, then E[X] = [;° zdF(z) =
[5° F(z)dz is said MTTF (mean time to failure) or if not, MTBF (mean
time between failures).

Define the probability that the unit fails at (¢,t+ A], provided that it
is operative at time t, as follows.

Pr{t<X§t+A|X>t}:%-A+O(A), (1.1)
where Pr{A: | Az} is the conditional probability for the event A; pro-

vided that the event Az occurs, and the function o(A) satisfies lima_o
o(A)/A = 0. Then, the function 7(t) = f(t)/F(t) is called the failure rate
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or the hazard rate. Using the failure rate, the reliability function and the
probability density function are represented as F(t) = exp{— fot r(z)dz}
and f(t) = r(t) exp{— fot r(xz)dz}, respectively. In particular, the function

H(t)= [ Ot r(z)dz is called the cumulative hazard or simply the mean value
function.

Define the convolution between two failure time distributions F'(t) and
G(t) (t 2 0) by

FrG(t) = /0 Pt - 2)g(z)dz = /0 "Gt - ) (@)ds, (1.2)

where g(t) = dG(t)/dt. For the identical distributions, the n-fold (n =

0,1,2,---) convolution of the failure time distribution, F(")(t), is recur-
sively defined as follows:

FO(t) = 1(¢), (1.3)

FMt)y=F«F" V1), n=123,--, (1.4)
where 1(t) is the unit step function. Similarly, the n-fold convolution of
the probability density function f™ (t) becomes

FO@r) =), (1.5)
f™) = / t F0( - 2) f(z)da
dOF(")(t)
= n=123,---, (1.6)

where §(¢) is the Dirac’s delta function. Evidently, the n-fold convolution
of the failure time distribution means the probability that a unit fails n
times up to time ¢.

Let N(t) (t > 0) be the number of failures (renewals) during the time
interval (0, t]. More specifically, if the inter-failure times Xi, X2, --- are
identically and independently distributed non-negative random variables,
the resulting stochastic process {N(t),t > 0} is called the renewal process,
where F(t) = Pr{X, <t} (k=1,2,---). Denote the time to occurrence of
the nth failure by S,, = X1+ X2+---+ X,,, where So =0andn =1,2,---.
Since the number of failures up to time t (> 0) is N(t) = max{n : S, < t},
it is seen that Pr{N(t) > n} = Pr{S,. < t}. Hence, the probability that
the number of failures up to time ¢t is just n becomes

Pr{N(t) = n} = Pr{N(t) > n} — Pr{N(t) > n+ 1}
= Pr{Sn < n} — Pr{Sn41 <t}
=F™M @) - F"*Y(1), n=01,---. (1.7)
Then the renewal function M(t) is defined as the expectation of the random
variable N (t) for fixed ¢. That is,

M(t) = E[N(t)] = > _ nPr{N(t) = n}

I

i Pr{N(t) > k} = f: Pr{Sk < t}

k=1

Il

F®(2)

ol

>
I
-
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= F(t)+ F « M(t) / m(z)dz, (1.8)

where m(t) is the renewal density and given by

m(t) = 2O _ $ oo,

k=1
= f(t)+ /0 m(t — z)f(z)dz
= f(t)+ /Ot f(t — z)m(z)dz. (1.9)

Equation (1.8) is called the renewal equation and is a special case of the
Volterra integral equations.

The following theorems are fundamental but are the most important
results to characterize the renewal function and its variation.

Theorem 1.2.1 (elementary renewal theorem)

M@ 1
fim, = = E (10
tlggo m(t) = ﬁ (1.11)

Theorem 1.2.2 (Blackwell’s theorem)  For an arbitrary real number
a (>0),

a

tli}IEO{M t+a) M(t)} = ﬁ, (1.12)
. _ Var[X] 1
tli’&{M E[X]} TEXE 2 (1.13)

Theorem 1.2.3 (key renewal theorem) Suppose that an arbitrary
function ¢(t) is differentiable with respect to t € (0,00) and is non-
decreasing. Then,

tliglq/ Bt — 2)dM(z) = Jo” [;])d”. (1.14)
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1.2.2 Discrete renewal theory

Next, we summarize the discrete renewal theory. Let D (D = 0,1,2,---)
be the discrete non-negative random variable with period one, and denote
the failure time or the number of failures, having probability mass func-
tion f(d) (d=0,1,2,---, f(0) =0). Then the failure time distribution is
F(d) = Y9, f(j), where F(0) = 0 and F(co) = 1. The reliability func-
tion is F(d) = 352441 f(4), where F(0) = 1 and F(c0) = 0. Then the
MTTF and the failure rate become E[D] = 35 df(d).= >3, F(d) and
r(d) = f(d)/F(d—1) = f(d)/ Y524 f(7), respectively. Using the failure
rate 7(d), the reliability function and the probability mass function can be
represented by F(d) = H;'i:o 7(j) and f(d) = r(d) H;té 7(j), respectively.

For two discrete failure time distributions F(d) and G(d) (g9(d) =
G(d) - G(d-1),d=0,1,2,---), define the convolution:

FxG(d ZF(d i)g ch i (1.15)

By analogy with (1.3) and (1.4), the n-fold convolution F(™(d) for identical
distributions is recursively defined as

FO@) =1, (1.16)

FA)=F« F"Y(d), n=1,23--. (1.17)

Then, the corresponding n-fold convolution for identical probability mass
functions is

FO () = {(1): 2: B (1.18)

f(n) Zf(n 1) : ()

:F<”>(d) F™(d-1), d=01,2-. (1.19)

Now, we are in a position to develop the discrete renewal theory. Let
N(d) (d=0,1,2,---) be the random variable representing the number of
failures that have occurred during the time period (0, d]. Then the discrete
renewal function M (d) = E[N(d)] is defined by

M(d) = E[N(d)] = i F®(d)

k=1

F(d)+ Fx M(d) = (1.20)

OM&

where m(d) (d=0,1,2,---, and m( ) = 0) is the renewal probability mass
function and means the probability that the failure occurs at time d, that
is,

m(d) = M(d) - M(d - 1) = if(k)(d)

d d
= f(d)+>_m(d—3)f(G) = f(d) + D f(d—j)m@). (1.21)
7=0

j=0
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Equation (1.20) is called the discrete renewal equation and is the anal-
ogy of (1.8). In general, the discrete renewal theory has one-to-one corre-
spondence to the continuous version. For instance, we have the following
theorems for the discrete renewal processes:

Theorem 1.2.4 (discrete elementary renewal theorem)
M(d) 1

A T EDp (1:22)
. 1
dlgx;o m(d) = Bk (1.23)

Theorem 1.2.5 (discrete Blackwell’s theorem) For an arbitrary
integer a (> 0),

a

. t _ Var[D] 1
Jim {M1(d) - E[D]} “3EDE 2 (1.25)

Theorem 1.2.6 (discrete key renewal theorem)  Suppose that an
arbitrary function ¢(d) can take the difference ¢(d + 1) — ¢(d) for d =

1,2,.-- and is non-decreasing. Then,
! PE(0))
. s N j=0
Jim j§=0 #(d — j)m(35) ~ED] (1.26)

For more details on the discrete renewal theory, see Karlin and Taylor [14],
Munter [21], Allan et al. [22] and Kaio and Osaki [23]. In the following
sections, we direct our attention to calculating the renewal function for
the continuous renewal process.

1.3 Some Useful Properties of the Renewal
Function

1.3.1 Specific examples

In this section, we deal with some specific examples arising in reliabil-
ity and maintenance theory. First, suppose that the inter-failure times
X1, X2, , X, obey the exponential distributions with mean 1/X (> 0),



8 1. Renewal Processes

i.e. F(t) = 1 — exp(—At). Then, the corresponding renewal process is re-
duced to the homogeneous Poisson process. That is, since the characteristic
function of the partial sum S, = X1 + Xo+ -+ Xy is

E[e™*] = /0 we"“dp(x)=( A )" (1.27)

A —iu

for i = v/—1 and is the characteristic function of the gamma distribution,
the n-fold convolution F(")(t) becomes the gamma distribution. Thus, it
is easy to obtain

_ f: F(")
-z n—1
= Z/ e AT e, (1.28)
(n—1)!

Similarly, consider the case in Wthh the inter-failure time distribu-
tion is the gamma distribution F'(¢ fo exp(—=Az)\*z* " 'dz/I'(c), where
(e, A) € (0,00) x (0,00) are the shape and the scale parameters, respec-
tively, and I'(-) is the standard gamma function. Since the sum of two
independent random variables having a gamma («, A) distribution and a
gamma (3, \) distribution becomes the gamma (o + 3, A) distribution, the
n-fold convolution is

F™(t) =

1 i —Azyna, noa—1
T(na) /0 e Ay dx (1.29)
and is reduced to the gamma (na, \) distribution. For integral values of
a, the renewal function can be obtained in closed form [7].

The third example is the case where the inter-failure time is the Weibull
distribution F(t) = 1 —exp(~t*p*), where (a, p) € (0,00) x (0,00) are the
shape parameter and the scale one, respectively. Unfortunately, the renewal
function in this case cannot be obtained in closed form. Leadbetter [24]
and Smith and Leadbetter [25] derived expansions of the renewal function
in power series of t*. Also, Lomnicki [26] proposed an alternative method
to expand the Weibull renewal function into finite series of appropriate
Poissonian functions of t*. Soland [27], [28] developed a method involving
numerical solution of the integral form. Jaquette [29] improved Soland’s
method by using asymptotic expansions of the dominating residues of the
Laplace transform of the renewal function. Weiss [30] applied the Laguerre
expansions to calculate the renewal process with the Weibull inter-failure
time distribution. It should be noted that the Laguerre expansion method
can be applied to the calculation with the general inter-failure time dis-
tribution. For more detail, see e.g. Weeks [31], Keilson and Nunn [32],
Sumita and Kijima [33], [34] and Abate, Choudhury and Whitt [35]. Al-
though the power series methods have been considered to function well for
only the specific distribution cases, it has been found recently that these
approaches may be useful to evaluate the complex stochastic models with
general distributions. For example, see Blanc [36] and Gong and Hu [37].

1.3.2 Asymptotic properties
Suppose that the inter-failure time dlstnbutlon F(t) is non-arithmetric

with finite second and third moments, E[X?] and E[X®]. Then, from The-
orem 1.2.2,
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. ¢ E[X?]

1 M(t) — =

Jim {01() E[X] } EX] )2
Equation (1.30) tells us that the renewal function becomes, for larger ¢ > 0,

~1 (1.30)

t k-1

M(t) = X + 5 + o(1), t — o0, (1.31)
where cx = /Var[X]/E[X] is the coefficient of variation of the random
variable X. Hence, the renewal function approximates to a straight line
asymptotically. Leadbetter [38] evaluated the error bounds for the above
linear approximation to the renewal function. Sahin [39] provided some
conditions for the accuracy of the approximation M(t) ~ 1/E[X] + (c¢k —
1)/2 within the context of a class of distributions, and examined how large
is enough for a asymptotic approximation to be sufficiently accurate in
terms of time scale ¢. Further, higher order asymptotic approximation has
been studied by Carlsson [40]. He obtained

_ ot &1 [Tz QsQu)
MO=sx " "2~ TEXE CEXR
+o(t™logt), t— oo, (1.32)

where Q(t) = [° F(z)dz, if F(t) is strongly non-lattice with finite mo-
ments of integer order m (> 2).

1.4 Analytical Approximation Methods

In this section, we introduce some analytical methods to approximate the
renewal function. The main advantages of these methods are the analyti-
cally easy treatment and the reduction of computation time of the renewal
function. If any probabilistic quantity depending on the renewal function
needs to be evaluated, then the analytical approaches may be useful. Also,
the basic mathematical ideas introduced in this section are quite interest-
ing for developing the approximation formulae for some applications.

1.4.1 Phase renewal processes

The most intuitive argument to approximate the renewal function is to
approximate the underlying renewal process by any other stochastic pro-
cess. First, Neuts [41], [42] considered the renewal processes of phase type.
Kao [43] described the computation method of the renewal function apply-
ing the phase-type renewal processes. Consider a continuous-time Markov
chain with state space {1,2,---,m + 1}, where each state k = 1,2,--- ,m
denotes the transient state and m + 1 is the absorbing one. Then, the
infinitesimal generator Q for the underlying Markov chain is
T T°

where T is a nonsingular m x m matrix having the elements T;; < 0 for
1 <4< mand Tf{ > 0 for i # j, and T is an m vector satisfying
T® > 0and Te+TY = 0, where e = (1, -- - , 1). Define the vector of initial
probabilities (@, @m41), where « is an m vector such that 0 < o < 1. The
phase-type distribution is the distribution of the time until absorption in

(1.33)
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state m + 1 given the initial probability vector (@, @m+1), and is defined
by

Fp(t) = 1 — aexp(Tt)e. (1.34)
If the inter-failure time distribution is the phase-type distribution, the
corresponding stochastic counting process is said the phase-type renewal
process.

To evaluate the renewal function for the phase-type renewal process,
consider the continuous-time Markov chain with state spa.ce {1,---,m}
and infinitesimal generator Q* = T + T®A°, where T® is an m x m
matrix with identical columns To and A® = dlag(al, -, &m). Suppose
that Q” is irreducible with stationary probability vector m and that the
stationary probability matrix IT has identical rows 7. Define the stochastic
process denoting the state of this process by {J(t),¢ > 0}, where v/(t) is the
probability vector with the element v;(t) = Pr{J(t) = j}. When the mean
inter-failure time (asymptotic renewal rate) E[X] is given, Neuts [41], [42]
derived the following formula:

M(t) = [X]{t+a[l exp(Q"t)|T e}

- E—[IX—]{t—y(t)T_le—l}. (1.35)

Since the probability vector v(t) is the solution of the following differential
equation:

d"(t) v(t)Q", (1.36)
with mltlal condition v(0) = «, we can calculate it by some numerical
integration methods such as the method of Runge-Kutta. Alternatively,
Kao [43] applied the well-known randomization methods [44] for finding
the time-dependent state probability vector v(t).

Of course, the above result is not sufficient to approximate the re-
newal function with an arbitrary inter-failure distribution function, since
the knowledge of the underlying distribution function is not reflected suffi-
ciently. In other words, based on the knowledge on several moments of the
inter-failure time, we have to specify completely the approximating renewal
process by fitting a convenient distribution to those moments. For this
problem, Whitt [45] proposed some methods on the moments matching.
The framework to approximate the general distribution by the phase-type
distributions was made by Altiok [46]. Also, Van der Heijden [47] discussed
a simple three-moment approximation method with a Coxian distribution
to approximate the general distribution function. Taking account of the in-
formation on finite moments, the phase-type renewal process can approx-
imate a renewal process with an arbitrary accuracy. Recently, Asmussen
et al. [48] proposed an interesting method based on the EM (expectation-
maximization) algorithm. However, the accuracy strongly depends on the
number of states for the underlying Markov chain. Though the increasing
number of phases leads to the increasing approximation performance, a
great deal of computation effort will be required.

1.4.2 Gamma approximations

Tijms [49] presented the gamma approximation for the renewal function,
where the underlying inter-failure time distribution function F(t) is re-
placed by more tractable distribution function having the same first two
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moments as F(t). More specifically, define the following approximation
scheme:

M(t) = i F™(t)
F(t) + i ES(t

n=2

F(t)+ FP(t) + Z FP (1)

Q

Q

k

S F® () + i FP(t), (1.37)

n=1 n=k+1

Q

where Fg(-) is called the dummy distribution. Since the accurate approx-
imation depends on the exact computation of the first few terms in the
infinite series, it is important to select a suitable dummy distribution Fg(-).
From the tractability, Tijms [49] recommended the use of the gamma dis-
tribution as a dummy distribution, that is,

Fe(t) = F(la—) /t Nzt le T gy (1.38)

for A (> 0) and a (> 0). Consequently, from (1.29), F, (”)(t) is obtained
in closed form. The parameters A and a should be selected by fitting on
the first two moments of F'(t) and should be the solutions of the following
simultaneous equations:

E[X] = 7;—“ and Var[X] = 22

A2’
if they exist. In the computations above, since the infinite series has to
be truncated, this can be established using the stopping criterion that the
evaluation of the terms in the series is stopped at the first & as soon as
Fék)(t)Fg(t)/[l — Fg(t)] < e for some pre-specified € > 0 (e.g. € = 107°).

A similar but somewhat different method from the above was proposed
by Smeitink and Dekker [50]. They used the Coxian distribution and its
variation instead of the gamma distribution. Since the choice of the dummy
distribution depends strongly on the squared coefficient of variation c%,
they used the Coxian-2 distribution on the first two moments for 0.5 <
c%. From the discussion in 1.4.1, define the Coxian-2 distribution with
parameters A\; (> 0), A2 (> 0) and p (0 < p < 1). Then, the probability
density function becomes

ple >+ (1 —p))\zte_“, f A==

(1.39)

fe(t) = )‘1< ey )e-m if Ay # As. (1.40)
A1—A -
Hha(1- B2 )e

The renewal function for the Coxian-2 distribution has the following ex-
plicit form:

It

> E

B A1zt _ (1 —p)(A2 — pA1)
M(1—p)+ s (1 —p) + 22

Mg(T)
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X{l __e—[M(l—P)-H\z]t}' (1'41)

On the other hand, for 0 < ¢% < 1, the so-called Ej_1 x distribution can
fit the underlying inter-failure time distribution with density function

fo th2e A L tET1gm A

) =pAF (1A 1.42
Falt) = P g + (- DN (1.42)
where p € [0,1], A > 0 and k > 2. Note that the Ex_1, distribution is
a special case of the Coxian-2 distribution for 0.5 < ¢ < 1. In [50], the
n-fold convolution of an Ej_1 x distribution is given in a closed form, that
is,

) n n . . n(k—1)+5—-1 (/\t)leﬁl\t
Fg'(t) = Z <]> (1-p)p" ’{1— > —u_}
7=0 =0
(1.43)
Substituting these dummy distributions into (1.37) yields the approxima-
tion form of the renewal function.

An alternative method called the gamma approximation was proposed
by Ross [51] independently. Let Yi,---,Y, be independent exponentials,
each having rate A (> 0). Suppose that Y; (: = 1,2,---,n) is also inde-
pendent of the renewal process {N(t),t > 0} having inter-failure time
distribution F(t). Define ¥, = E[N(Y; + --- + Y;)] for an arbitrary
r (=1,2,---,n). Then, Ross [51] proved the following recursive formula:

3 (1 + %) E[X7 e XN /51 + Ele ™)

j=1
wr,)\ =

1.44
1 — E[e~*Xi] (144)
Since 9, x can be recursively solved, then the approximation of the renewal
function will be obtained by setting A = n/t in the above formula, i.e.
M(t) = 9y n/:. For instance, Ross [51] derived the following approximation
formulae with three orders:

Ele Xi/¢]
- 1.45
P11/t =B X/7’ (1.45)
QE[Xie—ZX.i/t] E[e—2x,;/t]
Y22/t = Xz T —2X, /1]’
t{1 — E[e~2Xi/t]} 1 — E[e~2Xi/t]

9E[X;e *X/12 GtE[Xie i/t + 9B[XPe X/

(1.46)

Y33/t = t2{1 — E[e-3X:/1]}3 2t2{1 — B[e~3X:/t]}2
E[e—sx,_/z]
] SO S 1.47
1 — E[e=3%i/t] (147)
In general, for an arbitrary r (> 0), it holds that
r—1
> A+ Yoy (n/t) /5t + ao
wr,n/t == s (1'48)

1—&0

where a; = E[X/e™"Xi/]. This means that the renewal function M(t) can
be approximated by [ M(t)dFgs(t), where

t
Fa(t) = F—(ITJ/O Nz lem g, (1.49)
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when r = n.

In this approximation scheme, it is known that the nth approximation
Yn,nse converges to M(t) as n goes to infinity, if M(t) is a continuous
function of t. More precisely, Angus and Hong [52] proved that the rate
of convergence of 9, ,,; to M(t) is no worse than O(1/y/n) when M(t)
satisfies a local Lipschitz condition at ¢. Also, Ross [51] showed that the
approximation v, ,,; is an increasing function of n, each of which is less
than M (t), if the inter-failure time distribution is DFR (decreasing failure
rate). Similarly, the mean residual life and the mean excess life can also
be approximated with this gamma approximation.

1.4.3 Methods based on equilibrium distribution

The methods belonging to this class provide the most traditional approx-
imation schemes. The particular merit of the methods introduced here is
that they combine simplicity and accuracy. Of particular interest to us is
the derivation procedure of the approximation formulae for the renewal
function without specifying the inter-failure time distribution. Actually,
the approximations based on the gamma and the Coxian distributions
have been developed in terms of tractability. On the other hand, it is
known that many approximation formulae in mathematical analysis were
made by ignoring unnecessary terms from a complex mathematical expres-
sion. Here, we focus on the direct (and analytical) approximation of the
renewal equation in (1.8).

Define the equilibrium distribution for the inter-failure time distribu-
tion F(t) by

F(t) = E[X / F(r (1.50)

From the integral equation for the renewal density in (1.9), it is straight-
forward to derive

F(t) + /Ot m(t — 7)F(r)dr = 1. (1.51)

Since (1.51) simply expresses the fact that the integral of this density

between 0 and ¢ has to be unity, we have F(t)/ fo m(t — T)F(r)dr = 1,
and in consequence,

/ m(t — 7)dF (1)

/mt—T (m)dr

Bartholomew [53] obtained an approximation form by replacing the second
term of the right-hand side in (1.52) by fo dF(t /fo F(r)dr. That is,

m(t) ~ mp(t)
= f@t) +

M(t) ~ (t)

m(t) = (1.52)

F(t)
H(t)—E[_X—]7 (1~53)

Ax] / o (1.54)
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Bartholomew [53] also discussed the approximation of the discrete renewal
function along the similar way. Further, he examined the usefulness for the
above approximation formula by comparing the most classic methods by
Feller [12] and Weiss [30].

Ozbaykal [54] proposed a different approximation form Mo(t) of the
renewal function. To explain the derivation procedure for Mo(t), let us
start from an alternative expression of the renewal equation (see e.g. Karlin
and Taylor [14]) as follows.

M(t) = 1/E[X] — Fe(t) + /otE(t —7)dM(7). (1.55)

This can be verified by taking the Laplace transform of both sides of the
equation in (1.8). Since M (t) satisfies the equation

t
F(t) = / m(t — 7)F(7)dr (1.56)
0
if it also satisfies (1.8), combining (1.9), (1.55) and (1.56), we obtain

M(t) = ﬁ - F.(t)+ /OtE(t—T)

F(r) / m(r — t)dF(t)

+ f(7)| dr. (1.57)
/ m(r — t)F(t)dt

If the approximation should be tractable, it is troublesome to evaluate the
term within the bracket in (1.57). The idea proposed by Ozbaykal [54] is
to drop it from (1.57). Hence, we have

M(t) Mo (t)

E[tX] Fu(t) + / Fe(t — )dr. (1.58)

Deligénul [55] developed a similar approximation formula to Ozbaykal’s
[54]. By dropping m(r — t)’s from (1.57), we get the following improved
approximation scheme:

M(t) MD (t)

*(1)

— F.(t T T dr. 1.59

ai ~ PO+ [ Fae-n{rn+ L0 ar as)

It can be easily verified that the Deligénul approximation is exact if F'(t)

is the exponential distribution. Although we do not prove it here, the error

function |M(t) — Mp(t)| is less than |M(t) — Mp(t)| for all t > 0, if F(t)

is DFR. Also, it is shown in the numerical comparison with the mixed

exponential and the gamma distributions that this method outperforms
both Mp(t) and Mo(t) [55].

1.5 Bounds

The upper and lower bounds may be useful to evaluate the renewal function
if knowledge of the distribution is incomplete and only the information on
a few moments is available, since the asymptotic properties for the renewal
function are well known. The most famous bounds for the renewal function
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were derived by Barlow and Proschan (7], [56] and Barlow [57]. From the
asymptotic property in 1.3.2, it is expected that t/E[X] — a; < M(t) <
t/E[X] — au, where a; and a, (a; > a.) are constants. It is known that
M(t) > t/E[X] — 1 when a; = 1 [7]. More specifically, if one restricts the
class of distribution functions, a pair of bounds can be derived. If F(t) is
NBUE (New Better Than Used in Expectation), then

t t
— - 1< M) < =—.
B LS MO S g
On the other hand, if F(t) is IFR (Increasing Failure Rate), tighter lower
and upper bounds are available. That is,

t tF(t)

[¢3) _ (e o) *

/ F(z)dz / F(z)dz
0

Since t/E[X] — 1 < t/ [;° F(x)dx and tF(t)/ [;° F(z)dz < t/E[X], the
IFR case can provide tighter bounds of the renewal functlon [7].

Let us return the general form t/E[X] — a; < M(¢) < t/E[X] — au.

If we substitute this into the renewal equation in (1.8), then we obtain

M(t) > t/E[X]— F.(t). Since F.(t) < 1, after n iterations with the renewal

function, we have the following tight lower bound:

M(t) > —— +ZF(’°) ZF * FED (1) — FM (1) (1.62)

(1.60)

<M(t) < (1.61)

for all ¢ > 0. From t/E[X] = 3% Fex F*D(1), limpoo F™(t) = 0
and (1.8), the sequence of lower bounds defined by (1.62) is monotone
non-decreasing in n for any fixed ¢t and converges to the real value M (t).
This fact is quite interesting and is desirable for developing other bounds
of the renewal function.

The linear bounds of Marshall [58] are recognized to the best lin-
ear bounds of the renewal function. Define the linear function Io(a,t) =
t/E[X] + a. Substituting this into M(t) in the renewal equation yields

t —
Ii(a,t) = EX] +a—aF(t) — Fe(t) + F(). (1.63)
By successive iterations, we have
+=(n ) (k— 1) - (k)
I.(a,t) = E[X]—Fa—aF ZF *F )+ZF (t)
(1.64)
Now, define
a; = inf M__Fe(—t) and a, = sup E(—t)—_:—Fe—(tz (1.65)
20 F(t) t20  F(t)
Then, Marshall’s bounds are given by
In(al’t) < M(t) < In(auat)a (166)

where limn oo In(a,t) = M(t) for any real a. If we focus on the linear
bounds then

+ar < M(t) < + au. (1.67)

[X ] E[X ]
Also, bounds for the renewal function can be characterized in terms
of the aging property for the inter-failure time distribution. Consider the
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renewal processes with DFR and IMRL (Increasing Mean Residual Life)
inter-failure times. If F'(¢) is DFR, then the renewal function M(t) is con-
cave and the renewal density m(t) is decreasing [7]. {Although this result
was extended such that if F'(t) is NBU (NWU), then the renewal function
M () is convex (concave), where NBU (NWU) is New Better Than Used
(New Worse Than Used) [59]} . Based on these results, Brown [60] derived
some interesting inequalities on the renewal function. Define the ith mo-
ment p; = E[X*] = [[° ¢*dF(t), where y; = E[X]. Brown [60] proved that
if F'(t) is IMRL, then, for an arbitrary k (> 0),

U(t) — i, ct™t < M(t) < U(1), (1.68)

where U(t) = t/u1 + p2/(2u3) and ¢; is the solution of

i—1
i1y (/i) (v /(G + 1 = 5))
=y — =1 , (1.69)
3%
Hit2 M2 i+ 1
P = o - - . 1.70
LR ) ) - A GV (170

Further, Brown [60] obtained

U(t) - V() < M(t) < U(), (1.71)
where
V(t) = (e)” - (m/;f%_) T trl) - 1)_1, (1.72)

a is the real number satisfying (0 < a < ao) and ¢r(ao) = [, exp(aot)dF(t)
< oo for an arbitrary ao > 0. Since the recursive equation in (1.69) can be
solved explicitly for an arbitrary k > 0, we can obtain an arbitrary num-
ber of lower bounds with IMRL inter-failure time. Further, Brown [60]
showed that the above results can be improved for DFR inter-failure time
distributions, although we omit to show them. For further monotonicity
properties for the renewal process, see [61]. Also, the other upper bounds
for the renewal function were found independently by Stone [62] and Daley
[63].

1.6 Numerical Methods

The most well-known methods to compute the renewal function are the
numerical algorithms introduced in this section. As an advantage of the
numerical methods, they can guarantee great accuracy in calculation of
the renewal function on computer. As described in Section 1.1, the recent
development of computer technology enables us to carry out rather com-
plex numerical calculations within a satisfactory computation time. Hence,
if only the numerical value of renewal function at a fixed time is needed,
the numerical methods will be superior to the analytical ones in terms of
computation accuracy.



1.6 Numerical Methods 17

1.6.1 Laplace inversion technique

In principle, the most popular method to solve the Voltera integral equa-
tion in (1.8) numerically is the Laplace-Stieltjes (LS) inversion transform.
Define the LST (Lapla.ce-StleltJes transform) of the inter-failure time distri-
bution by F*(s) = [;* exp(— st)dF(t) Then, from a simple manipulation,
the LST of the renewal function is

/Oooexp( st)dM(t Z{F (s)}™

_ _F(s)

T 1-F*(s)’
Of course, (1.73) means the Laplace transform of the renewal density.
Noting that the underlying function M (t) has one-to-one correspondence
with M*(s), the renewal function can be specified completely by M *(s).
The inversion formula for obtaining the renewal density m(t) = dM(t)/dt
from M™(s) is given by

1

M (s)

(1.73)

1 b+ic
m(t) = lim — e** M*(s)ds, (1.74)
e—o0 0T Jy_je

where i = /=1 is an imaginary unit, b > max{c,0} and o is a radius of
convergence. The inversion formula in (1.74) is known as the Bromwich in-
version integral, but may be hard to use directly. A natural way to evaluate
the above equation is to apply the Fourier series method. More precisely,
since, after some manipulations, we have

m(t) = _2_‘; 000 Re(M*(b-{— zu)) cos(xt)dz
- _iebt /Ooolm(M*(b—l—iu)) sin(zt)dz, (1.75)

the Bromwich inversion integral can be calculated by performing a numer-
ical integration. Applying the well-known trapezoidal formula with step
size h (> 0), the renewal density can be represented as

m(t) ~ ———Re(M () + 2he” ZR( (b + ikh) ) cos (kh).
(1.76)

Of course, when the above method is used, it is important to evaluate the
discritization error, the truncation error and the roundoff error.

To the best of our knowledge, one of the most famous inversion methods
in applications is the Jagerman’s method (64], [65]. This method is also
called the Post-Widder inversion formula [66]. For the renewal density
m(t) under regularity conditions,

D" /n+1\n+tt d™
(=1) (—Jtr ) 2 M (8) ls=nry/e - (L.77)
In the literature, many other inversion techniques have been developed,
since this problem plays a significant part in the context of numerical cal-
culation algorithms. For the recent results on the Laplace inversion tech-
nique and its variation, see Davies and Martin [67], Abate et al. [68] and
the references therein.

m(t) = lim

n—oo nl
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1.6.2 Cubic spline algorithm

The spline function is the piecewise continuous polynomial function to
approximate an arbitrary function so as to satisfy some conditions for
continuity. Define the knots of the spline function &1,£2,- -+ ,&, (n > 1).
The spline function z(z) with knots &; (j = 1,2,---,n) is called to have
the degree m, if
(i) the function z(z) in the interval [¢,&41] (j = 0,1,--- ,n — 1) is a
polynomial function with less than degree m and
(ii) both the function z(x) and its (m — 1)th derivative are absolutely
continuous in (—o0, 00).
The spline function with the above properties is known to approximate
an arbitrary function better than the other polynomial functions with the
same degree. In addition, if the spline function with the degree 2k — 1
(k=1,2,---) can be expressed by a polynomial with degree & — 1 in two
boundary ranges (—o0,£1] and [€,,00), then it is called the natural spline
function. Usually, the natural cubic spline function is used in the functional
approximation problem in terms of the accuracy and the computation
effort.

Cléroux and Mcconalogue [69] and Mcconalogue [70] proposed the cu-
bic spline algorithm to calculate the k-fold convolution F*¥)(t) for the
inter-failure time distribution F(t). Divide the time interval [0, t] by n seg-
ments with equal length d (> 0). At each point jd (j = 1,-- ,n), define
a sequence (0, F¥)(0)), (d, F®(d)), ---, (nd, F® (nd)), where it is as-
sumed that k-fold convolution of the inter-failure time distribution F*)(t)
(0 < k < n) can be recursively evaluated. Next, interpolate a discrete
points (jd, F*)(jd)) = (jd, Fj(k)) in the range [jd, jd + d] by the following
piecewise polynomial:

(jd+d—t)? (t —jd)®

j .
zi(t) = 6d cj + 6d ci+1+ Aj(jd+d—1t)
+A;n(t—jd),  jd<t<jd+d, (1.78)
where
Fj(k) j 1.79
iT T4 T &Y 7=0,1,---,n-1 (1.79)
and ¢; (j =0,1,---,n), called the spline coefficient, satisfies
1 1 3 k k
ch—l +cj + ZC]‘+1 = sz{FJ(“)I - QFJ-(k) + F((j_zl)}y (1.80)
1 3 Fl(k) - Fo(k) /()
ot Lo = SEIRD py (1.81)
F® —oF® 1+ F®
Cn-1= ph : 2 (1.82)
In (1.81), F'$" is defined by
k) _ | f(0), k=1
Fo *{o, k>1, (1.83)

if the density f(t) exists. The above simultaneous equations can be solved
numerically.
We evaluate the convolution expression by the following discritized one:
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FD < g, (1.84)
=1 rjdtd
FHD =Z/ 2 fid — t)dt, i=1,2,-- ,m. (1.85)
j=0"3d
Since the values of the convoluted distribution function at each point
(0, Fék)), (d, Fl(k)), (2d, Fz(k)), <o+, (nd, Fy(lk)) are available recursively,

it is possible to compute the renewal function numerically by applying any
numerical integral method for the obtained interpolation function z;(¢).
Cléroux and Mcconalogue [69] recommended using the five point-robatto
formula as a suitable numerical integral method, rather than the usual
trapezoidal formula. For an arbitrary continuous function g(t), the five
point-robatto formula is given by

gdtd d . . )
/jd g(t)dt = ﬁ(—){f)[g(ad) +9(jd +d)] + 49 [g(ad +di)

Folid+d)] +649(Gd+ D)}, 0<j<n—1 (186)
where di = d(1 — /3/7)/2 and dz = d(1 + /3/7)/2.

Note that success of the cubic spline algorithm depends on the choice of
knots. Even though the number of knots is fixed, the position of the knots
will influence the shape of the interpolated function. Actually, we often
face the problem that the approximated function gives rise to extreme
fluctuations for a given position of the knots. Consequently, although the
problem of determining the optimal position of knots is essentially im-
portant for the function approximation, this is not so easy to solve, since
the underlying problem is reduced to the non-linear optimization problem
for a multi-modal function with multiple variables. Latterly, Mcconalogue
[71] and Baxter [72] have improved the spline algorithm for distributions
with densities having singularities at the origin. Since this method can eas-
ily be extended for the variance function and the integral of the renewal
function, it has been used for a long time as the most effective numeri-
cal method to calculate the renewal function. Baxter et al. [73] compared
various tabulations on the computation results. Further, Deligonil and
Bilgen [74] applied the Galerkin technique to the cubic spline algorithm
and characterized the solution of the Volterra equation of renewal theory.

1.6.3 Discritization algorithm

It will be intuitive to calculate the renewal function by solving the renewal
equation numerically, although the previous numerical methods focused
on the convolution expression of the inter-failure time distribution. Xie
[75] derived a discritization algorithm or a direct Rieman-Stieltzes inte-
gration method, for the renewal equation. Divide the time interval [0, ]
by n (> 0) line segments with equal length d (> 0). Define the values
of the renewal function and the inter-failure time distribution function
at each point i = 0,d,2d,--- ,nd = t by M; = M(id) and K; = F(id)
(i =0, 1, ---, n), respectively, where F; = F((i — 1/2)d). Then, the
following recursive formula gives the approximated value of the renewal
function M;:
i-1
K; + Z(Mj = Mj_1)Fioji1 — Mia Fy

j=1

M; = (1.87)

1-F ’
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where M(0) =0and i = 1,--- ,n. It is not hard to calculate M; recursively
on computer. Also, it is a surprising fact that the above simple method
has never been discussed before the paper by Xie [75]. In fact, this method
has a nice convergence property, and is applicable to the discrete renewal
function. Note in this method that the accuracy depends heavily on the
choice of the grid size d. In other words, the suitable grid size d is re-
lated to the shape of the underlying distribution F(t) and the time scale ¢.
Though Tijms [49] recommends that d should be selected in the range of
0.05 ~ 0.01, in general, it is necessary to adjust the grid size d by the trial
and error method in advance. Also, it is known that this method results
in smaller round errors in the discritized approximation for a sufficiently
larger time scale t. Conversely, for a smaller time scale, this method does
not always function well. Since the discritization method is based on the
simple iteration scheme, it can be extended from a variety of standpoints.
For instance, see Boehme et al. [76] and Banjevic [77]. Recently, Ayhan,
Limén-Robles and Wortman [78] proposed an algorithm based on discriti-
zation to compute the bounds of renewal function.

1.6.4 Approximation by rational functions

Though an approximation based on rational functions is the most classical
approach, such an attempt has not been made for a long time. Chaudhry
[79] proposed an interesting computation method with rational functions.
Suppose that the LST of the inter-failure distribution function F*(s) =
I~ exp(—st)dF(t) can be expressed by a rational function, i.e.

P(s)

Q(s)’
where Q(s) and P(s) are polynomials of degree k (> 1) and strictly larger
than k, respectively, and Q(0) = P(0) [since F*(0) = 1, we define 0/0 = 1.
That is, the two functions above have no factors in common|. Hence, the
LST of the renewal function is, from (1.73),

. P(s)
M = o6 - P)
for Re(s) > 0. Since the function Q(s) — P(s) is a polynomial of degree
k and M*(s) can converge for Re(s) > 0, Rouche’s theorem [79] provides
that the equation Q(s) — P(s) = 0 has k roots. Denote the roots by s; (i =

F*(s) = (1.88)

(1.89)

1,2,---,k), where s; = 0. Then, the expression in (1.89) can be rewritten
as
LY

* _ i 1.90

M*(s) ; o (1.90)
where

[ (5= s:)P(s) P(si)
A =1 - 1.91
i Gw - Pe)) = oG- PG (o

with ¢{"}(s) denoting the nth derivative of the function ¢(s). Fortunately,

since taking the inverse transform of (1.90) yields m(t) = Zle exp(sit),

a closed-form expression for the renewal function can be obtained as

kol gogsit k21l 4
M(t)= At + Y ——— - s— (1.92)
i—1 [3 )

S

i=1
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For large t, we have
kol
M(t) ~ Akt — =, 1.93
(0= At =3 5 (1.93)

Actually, the above method can provide a nice performance to calculate
the renewal function numerically for some specific distribution functions.
Also, Chaudhry [79] showed that the computation time required for this
method is much less than that needed for the discritization method. As
mentioned above, this method depends heavily on the shape of the inter-
failure time distribution function. In other words, if the assumption that
the LST of the renewal function can be expressed by a rational function
is violated, then this method will lose its validation. However, it is known
that the LSTs of the renewal functions for some typical inter-failure time
distributions, such as the gamma distribution, become rational functions.
Also, since there is one-to-one correspondence between matrix-exponential
distributions and distributions having rational Laplace transforms, this
method can be applied to a wider class of inter-failure time distributions
than the usual phase distributions in 1.4.1 and 1.4.2.

Recently, a more sophisticated method with rational functions was pro-
posed by Garg and Kalagnanam [80]. Their method is completely based
on the Padé approximation for general stochastic discrete event systems
by Gong, Nananukul and Yan [81]. The fundamental idea is to expand
the probability density function and/or its convolution expression into a
Maclaurin series. Further, by calculating an appropriate Padé approxima-
tion from the Maclaurin coefficients, the renewal function can be approx-
imated consistently. First, we give a brief description of Padé approxima-
tion theory [82]. Suppose that the renewal function can be expressed by
the following power-series expansion:

M) = icjtj. (1.94)

The [I/m] Padé approximation to M(t) is given by the following rational
function:
Pi(t)

mi) = 4,

where Pi(t) = Y!_ja;t’ and Qm(t) = Y7, b;t’, each of which has
a MacLaurin expansion whose first [ + m + 1 coeflicients agree with
those of M(t). Since this can be expressed by M(t) — Pi(t)/Qm(t) =
O(t"+™*1), multiplying both sides by Q. (t) and equating the coefficients

of t%,¢%, -+ t*™ and let bo by convention, we have the matrix equation
Cb = —c, where

(1.95)

Cl-m+1 Cl—-m+2 - C
Cl-m+2 Cl—-m+3 ' Cl41

C= . . ‘ : , (1.96)

Cl Cl41 ce Cl4+m~1
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bm Cl+1
bm—l Ci42
b=| |, e=| | |. (1.97)
bl Cl4+m
The values of the coefficients a; (j = 0,1,---,1) can be evaluated using
the estimates of b; (j =0,1,---,m) as follows.
aop = Co

a1 =c +bico

min(l,m)

a =c + Z bjcl_j. (1.98)

If the matrix C is singular, then more precise definition of Padé approxi-
mation will be needed. For more detail, see [82].

Consequently, if the renewal function can be expressed by the form in
(1.94), the Padé approximation is available. Consider two probability den-
sity functions f(t) and g(t), where f(0) = g(0) = 0. Then, their MacLaurin
series are given by

o (i} i
ft) = Z f—z(,o)t— (1.99)
Z 9{1}(0)#, (1.100)

respectlvely. The MacLaurin series of the convolution f * g(t) is

0 / £t - 2)g
f{k} {n k} Otn+l
ZZ (0)

1
oS n+1).

(1.101)

Since the nth derivative of the convolution is given by
n—1

(Fx9)™©0) =Y 0" 177 0), (1.102)

j=0

replacing g(t) with f*~(t), we have
n—1
(F®) o) = 3 o) (s 5D) I o). (1.103)
=0

Hence, we can calculate the coefficients of the MacLaurin series expansion
of the renewal function, i.e.

F®(t)

™8

M(t) =

x>
Il

1
(F(k)){j}(O)tj

i (1.104)

e
M

o
.l_t.
<.
I
o
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This means that the renewal function can be expressed simply by (1.94).
Actually, the above algorithm can be applied to more complex computa-
tion. For instance, Gong, Nananukul and Yan [81] evaluated the expected
number of renewals in a random interval and showed that it can be ex-
pressed in a quite simple series expansion.

1.7 Concluding Remarks

In this chapter, we have focused on the computational aspects of the re-
newal function and have outlined several methods of calculating it from a
variety of standpoints. Before closing this chapter, we describe some topics
that could not be discussed here because of the limited pages.

The statistical estimation problem for the renewal function is also im-
portant from the practical point of view. Frees [83], [84] [85] proposed
some non-parametric estimators of the renewal function, provided that
a complete sample of the inter-failure time is given. Schneider, Lin and
O’Cinneide [86] compared two nonparametric estimators in terms of com-
putation time. Also, Baker [87] and Griibel and Pitts [88] improved the
non-parametric estimation method of Frees [83]. From the drastic develop-
ment of neural computation, it has recently become possible for the neural
network architecture to be applied to several kinds of scientific computa-
tion and information processing technique. Dohi et al. [89], [90] proposed
a new computation method to calculate the renewal function applying the
radial basis function neural network [91], [92]. In fact, their idea is similar
to the cubic spline algorithm in Section 1.6, but it can also be applied to
the statistical estimation problem.

The simulation technique for the renewal process also seems to be im-
portant, since the classical renewal theory can never provide the probability
on the number of renewals. Brown, Solomon and Stephens [93] derived a
minimum variance unbiased estimator of the renewal function. Shanthiku-
mar [94] provided a unified framework based on the idea of uniformization
to develop hybrid simulation and analytic models of renewal processes.
Ross [95] improved the estimator in [93] by combining the techniques of
control variates and conditional expectation. A series of results on coupling
of the renewal processes were established by Lindvall [96], [97], [98], [99].
In fact, the coupling theory can be used to derive the other bounds of the
renewal function as well as the asymptotic results for the renewal process
such as Blackwell’s theorem.

Although we have introduced several methods to calculate the renewal
function in this chapter, of course, a numerical comparison of those meth-
ods should be carried out for a set of inter-failure time distributions. In the
near future, we will report the comparative results. Also, in forgoing re-
search, the approximation schemes for the general stochastic processes have
to be developed. For instance, to the best of our knowledge, no efficient
computation algorithm of the renewal function for the two-dimensional
renewal process [100], [101], [102] has been reported except the straight
line approximation and some bounds. Also, though the superimposed re-
newal processes [103], [104], [105], [106] are very useful to describe several
phenomena, very few methods have been reported in the literature [107].
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Summary.

Stochastic orders and related inequalities are very important in various
areas of reliability and maintainability theory. The purpose of this chapter
is to provide a brief survey of the useful known results concerning stochastic
orders and their applications developed in these areas.

Keywords: stochastic orders, stochastic inequalities, univariate charac-
terization, conditional stochastic orders, bivariate characterization, notions
of aging, stochastic comparisons, reliability systems, redundancy improve-
ment, maintenance policies

2.1 Introduction

Stochastic orders (SOs) and inequalities are very important in various ar-
eas of applied probability and statistics. In particular, in reliability and
maintainability theory, SOs have important roles in, for example, defin-
ing notions of positive or negative aging, bounding system reliabilities
and availability, and comparing maintenance policies. During the last four
decades, vast literatures have been devoted to the developments of the
studies on the various SOs and their applications in reliability and main-
tainability theory. The purpose of this chapter is to provide a brief sur-
vey of known results concerning the various SOs and their applications
developed in these areas, which are useful to both reliability researchers
and practitioners. The criteria adopted for choice of materials are neither
generality nor newness, but simplicity, usefulness, and applicability. Ac-
cordingly, some results are not new but even classical and well known.
First, in Section 2.2, we define several SOs in a systematic way. These
are classified into two categories: (1) SOs generated from univariate func-
tion classes (Subsection 2.2.1), and (2) (uniformly) conditional SOs (Sub-
section 2.2.2). In this section, we give various characterizations of these
SOs, and relationships among them. The final subsection (Subsection
2.2.3) presents recent important results which state that both types of
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32 2. Stochastic Orders in Reliability Theory

these SOs can be characterized by bivariate function classes in a unified
way.

In Section 2.3, we gather many applications from various areas in relia-
bility and maintainability theory. The first applications in Subsection 2.3.1
concern the unified treatment of various notions of positive or negative ag-
ing. Subsection 2.3.2 gives various and related stochastic inequalities in
terms of the SOs, which are useful in the reliability maintainability the-
ory. Subsection 2.3.3 considers the problems of bounding, evaluating, and
comparing system reliabilities. Next, Section 2.3.4 discusses the problems
of redundancy improvement. In Section 2.3.5, we gather many results on
stochastic comparisons of maintenance policies: replacement—upon—failure
policy, age replacement policy, block replacement policy, minimal repair
policy, and minimal repair policy with block replacement.

2.2 Definitions and Basic Properties

For a given set A, a subset B of the Cartesian product A x A is called a
binary relation on A. If (a,b) € Ax Aisin B C A x A then we write aBb.

Definition 2.2.1 (ordering relation) A binary relation B on a given
set A is called an ordering relation on A if

(P1) (reflexivity): aBa;

(P2) (transitivity): aBb and bBc imply aBc

are satisfied. In addition, if

(P3) (anti-symmetry): aBb and bBa imply a = b,

B is called a partial ordering relation, where a,b,c € A.

If A is a collection of random elements, such as random variables, ran-
dom vectors, or stochastic processes, an ordering relation B is called a
stochastic ordering relation [or a stochastic order (SO)], where the equality
= in (P3) is interpreted as the equivalence in distribution (or probabilistic
law) =4 (or =g). In fact, most of stochastic ordering relations are con-
sidered between marginal probability distributions of individual random
elements instead of random elements themselves.

In this chapter, we are mainly concerned with univariate SOs, that
is, stochastic ordering relations between (real-valued) random variables
(RVs). For an RV X, we define

Fx(z) :== P(X < z), ¢ € R := (~00,00): cumulative distribution
function (CDF);
Fx(z) := P(X > z), « € R: survival function (SF);

Hx(z) := —logFx(z), x € R: cumulative hazard rate function
(CHRF);
mx(z) := [ Fx(u)du /Fx(z), z € R: mean residual life function

(MRLF) [provided that the integral [ Fx (u)du is well defined, and
this is the case when X has a finite mean].
If X is a continuous RV, that is, Fx is absolutely continuous so that it is
differentiable almost everywhere, we denote
fx(z), z € R: probability density function (PDF);
hx(x) := fx(z)/Fx(z), z € R: hazard rate function (HRF) or failure
rate function (FRF);
rx(x) := fx(x)/Fx(z), z € R: reversed hazard rate function (RHRF)
or reversed failure rate function (RFRF).
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In this section, we introduce the definitions of several SOs of interest
in reliability theory, and gather basic information needed for subsequent
developments. Since the pages are limited, all the results are given with no
derivations or proofs. The reader interested in full details of the SOs and/or
other SOs including various multivariate SOs should consult Stoyan [61],
Marshall and Olkin [45], and Shaked and Shanthikumar [56].

2.2.1 Stochastic orders generated from univariate
functions

Most important SOs considered in the reliability literature can be classified
into two types: (1) SOs generated from univariate function classes, and (2)
SOs based on the conditional distributions.

The first type of SOs consist of those generated from univariate function
classes. Let F be a class of real-valued functions defined on R. For RVs X
and Y with CDFs Fx and Fy, a stochastic ordering relation X > Y (or
Fx > Fy) is said to be generated from F if

/ f(z)dFx (z / f(zx)dFy(z)  forall f € F (2.1)

for which the integrals exist, or equivalently,
E[f(X)] > E[f(Y))] for all f € F. (2.2)

In this case, we denote it by X > Y (or Fx >r Fy) to make the
dependence of F explicit. The simplest example of a stochastic order of
this type is a generated case when F is a singleton set consisting of the
identity function (i.e., ir : * € R — x € R) only. Then, the resulting SO
> 7 becomes the usual ordering by the expected values (or means) of RVs,
that is,

X >5 Y <= E[X] > E[Y]. (2.3)

It is noted that this SO does not satisfy (P3) of Definition 2.2.1; hence it
is not a partial order.

SOs of the above type considered in the present chapter, which fre-
quently appear in the reliability literature, are the following.

Definition 2.2.2 Let X and Y be RVs with CDFs Fx and Fy. Then,
(1) X is said to be greater than Y in the sense of ordinary stochastic order
(OSO), written as X > Y (or Fx > Fy), if it is generated by

Fst :={f :R—= R, f(z) is increasing in z € R}; (2.4)

(2) X is said to be greater than Y in the sense of convex order (CxO),
written as X >c Y (or Fx >cx Fy), if it is generated by

Fex :={f:R— R, f(x) is convex in z € R}; (2.5)

(3) X is said to be greater than Y in the sense of concave order (CvO),
written as X >¢, Y (or Fx >c, Fy), if it is generated by

Fov :={f:R—> R, f(x) is concave in z € R}; (2.6)
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(4) X is said to be greater than Y in the sense of increasing convex order
(ICxO), written as X >icx Y (or Fx >icx Fy), if it is generated by

Fiex :={f : R = R, f(z) is increasing and convex in z € R}; (2.7)

(5) X is said to be greater than Y in the sense of increasing concave order
(ICvO), written as X >icy Y (or Fx >icv Fy), if it is generated by

Fiev := {f : R > R, f(z) is increasing and concave in € R}. (2.8)

In the above definitions, and throughout this chapter, the terms “in-
creasing” and “decreasing” are used in the weak sense, i.e., to mean ‘nonde-
creasing’ and ‘nonincreasing,’ respectively. Similarly, the terms “concave”
and “convex” are used in the weak sense.

Remark 2.2.1

(1) SOs of the above type depend only on the marginal distributions.
Hence, for these stochastic ordering relations between X and Y, the
dependence between these two RVs does not matter. Furthermore,
they are not necessarily defined on the same probability space.

(2) In other areas such as decision theory, economics, and finance, OSO,
CvO, and ICvO are usually called the first order stochastic dominance
(FSD), the mean preserving contraction (MPC), and the second order
stochastic dominance (SSD), respectively.

(3) CvO and ICvO are dual to CxO and ICxO, respectively. That is,
X >« Yifandonly if Y > X, and X >icv Y if and only if =Y >jcx
—X (note the minus signs for ICvO).

(4) Each of X >s Y and X >cx Y implies X >icx Y, and each of X > Y
and X >., Y implies X >, Y.

Figure 2.1 depicts the conceptual picture of the relations.

Higher degrees of SOs could be generated from the following two fam-
ilies of univariate function classes: for a positive integer n € Zj4 =
{1,2,---}, we define

7-‘"‘+:={f:]R——>R, f<k)20foralllc=1,---,n}; (2.9)

FMT o= {f:R-»R, (1)1 f® >0 forallk=1,--- ,n},

(2.10)
where f(k) is the k—th order derivative of function f. It is noted Fs,
Ficx, and Fiey correspond to Fi+, F2+ and F*~, respectively. In order
to characterize the SOs generated from function classes 7't and F™~,
functions F)’}’Jr and Fy'~ have important roles, where, for an RV X,

Fy*(2) = FY"(2) == fx(z), z€R, (2.11)
and, for n = 1,2, - , we recursively define as
o0
Fyt(z) = / Fy bt (w)du, zeR; (2.12)
T
Fy™(z) = / Fy V" (uwdu, z€R, (2.13)

—00
provided that these integrals are well defined. Note that
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Fx*(z) =Fx(z), =zeR (2.14)
Fe*(2) =/ Fx(u)du, z€R; (2.15)
Fy~(z) = Fx(z), =z€R; (2.16)
F¥(z) = / Fx(u)du, z€R (2.17)
X2 Y
N
X Zicx Y
/ N
X2aY E[X] > E[Y]
N\ /
X Zicv Y
/
X>a Y 1
I -Y Zicx -X
Y > X

Fig. 2.1. Stochastic orders generated from univariate functions

We start with the well known equivalent conditions of OSO.

Proposition 2.2.1 For RVs X and Y with CDFs Fx and Fy, the

following are equivalent:

(1) X st Y;

(2) Fx(z) < Fy(z) (or Fx(x) > Fy(z)) for all z € R;

(3) There exist RVs X and Y defined on the same probablhty space, for
which X > Y almost certainly, X =4 XandY =4 Y. O

Characterizations such as (3) in Proposition 2.2.1 are called stochastic
coupling (see also (3) in Propositions 2.2.2-2.2.5 below). Note that, for any
RV X with CDF FX, it holds that

Fx(z) =P(X > z) = E [1(3,00)] for all z € R, (2.18)

where 14(-) is the indicator function of set A. This and Proposition 2.2.1
(2) imply that OSO > can be generated by

{l(a,oo)(') ca€ R} (C fst). (219)

Proposition 2.2.2 For RVs X and Y with CDFs Fx and Fy, the
following are equivalent:

(1) X 2 Y5

(2) [ Fx(u) du>f°°_F—y u)du for all z € R, and E[X] = E[Y] ;

(3) There exist RVs X and ¥ defined on the same probability space for

which E[X| Y] = ¥ almost certainly, X =¢ X, and Y =4 Y.
O



36 2. Stochastic Orders in Reliability Theory

Proposition 2.2.3 For RVs X and Y with CDFs Fx and Fy, the
following are equivalent:
1) X >Cv Y
(2) [° Fx(u)du < f Fy(u)du for all z € R, and E[X] = E[Y];
(3) There exist RVs X and Y defined on the same probablhty space for

which X = E[Y| X] almost certainly, X =4 X, and Y =4 Y.
O

Proposition 2.2.4 For RVs X and Y with CDFs Fx and Fy, the

following are equivalent:

(1) X Zicx Y (OI‘ Fx Zicx FY);

(2) foofx u>f°°Fy )du for all z € R;

(3) There ex1st RVs X and Y defined on the same probablllty space for
which E[X| Y] > Y almost certainly, X =4 X and Y =4 Y. O

Note that, for any RV X with CDF Fx, it holds that
| Fxtwdu = B((X - 2]

= Elmax{z, X}] -z for all z € R, (2.20)
where, for a real number a € R, (a)+ := max{a,0}.
Equation (2.20) and Proposition 2.2.4 (2) imply that ICxO >icx can be
generated by

{(- —a)+: a €R} (C Fiex). (2.21)
Proposition 2.2.5 For RVs X and Y with CDFs Fx and Fy, the

following are equivalent:
(1) X >,Cv (or Fx >icv Fy);

2) [* Fx(u)du< f Fy (u)du for all z € R;
(3) There exist RVs X and Y defined on the same probablhty space for
which X > E[Y| X] almost surely, X =4 X, and Y =4 Y. O

Note that, for any RV X with CDF Fx, it holds that
| Fxdu=EBl@- x)4]

=z — E[min{z, X }| for all z € R. (2.22)
Equation (2.22) and Proposition 2.2.5 (2) imply that ICvO >icy can be
generated by

{=(a=)+: a€R} (C Ficev). (2.23)

Stoyan [61] proposed the following properties that SO > is desired to
possess: For RVs X and Y,

(C) X =Y implies X + Z = Y + Z for any RV which is independent of
X and Y;

(R) For a,b € R with a > b, we have a > b;

(M) X > Y implies aX > aY for any a > 0;

(E) X =Y implies E[X] > E[Y].

Property (C) is called the convolution property. We note that any real

number can be considered as a degenerate RV, which is independent of

any other RV. Hence, property (C) implies that:
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(C') X =Y implies X + ¢ = Y + ¢ for any real number c.
Property (R) is called the real number property, (M) the multiplication
property, and (E) the expectation property.

For the SOs given in Definition 2.2.2, we have the following result. The
proof of the convolution properties is straightforward from the fact that,
for F = -7:5'17 fcx, fcv, Ficx, and Ficv,

if f(-)€F then f(-+y)€eF for all y € R. (2.24)

Proposition 2.2.6

(1) OSO satisfies all the properties;

(2) CxO and CvO satisfy (C) and (M). (E) holds with an equality;

(3) ICxO and ICvO satisfy all the properties. O

2.2.2 Conditional stochastic orders

The second type of SOs are based on the conditional distributions. Let H
be a family of Borel subsets of R. For an RV X and an event E, the RV
conditional on the event E is denoted by [X| E], provided that P(F) > 0.
Especially, for an RV X and a Borel subset D of R, the RV conditional on
the event {X € D} is denoted by [X| X € D], provided that P(X € D) >
0. Then, for two RVs X and Y, we write X = Y if

[X| X € D] >4 [Y] Y € D] forall D € H (2.25)

for which the conditional RVs are well defined. SOs which can be defined
in such a way are called (uniformly) conditional stochastic orders [29],
[70], [71]. Among them, we mainly consider the following three SOs of the
second type.

Definition 2.2.3 Let X and Y be RVs with CDFs Fx and Fy. Then,

(1) X is said to be greater than Y in the sense of likelihood ratio order
(LRO), written as X >, Y (or Fx >\ Fy), if (2.25) holds for Hy; :=
{(s,t] : —o0 < s <t < 00};

(2) X is said to be greater than Y in the sense of hazard rate order
(HRO), written as X > Y (or Fx >n: Fy), if (2.25) holds for
Hie == {(s,00) : s € R};

(3) X is said to be greater than Y in the sense of reversed hazard rate
order (RHRO), written as X >, Y (or Fx >m Fy), if (2.25) holds
for Hin := {(—o0,t] : t € R}.

Remark 2.2.2

(1) By analogy with Remark 2.2.1, these SOs depend only on the marginal
distributions. Hence, for a stochastic ordering relation between X and
Y, the dependence between the two RVs does not matter. Further-
more, they are not necessarily defined on the same probability space.

) RHRO is dual to HRO. That is, X >,, Y if and only if =Y >p, —X
(note the minus signs).

) X 21 Y implies both X >, Y and X >3, Y;

) Each of X >/, Y and X >, Y implies X >4 Y;

) For an example, in (2.25), if we replace OSO >g with ICXO >icx, we
obtain another rich family of SOs, so-called (uniformly) conditional
variability orders [71].



38 2. Stochastic Orders in Reliability Theory

XZth
/ N\
XZIrY XZstY
N\
XZrhY

!
-Y 2}" -X

Fig. 2.2. Conditional stochastic orders

Figure 2.2 depicts the conceptual picture of the relations.

Since Hir = {(s,t] : —00 < s <t < o0}, (2.25) is rewritten as
Plz<X<t) Pz<Y<t)
P(s<X<t) = P(s<Y <t

for all —co < s< T <t<oo, (2.26)
so that X >); Y if and only if

Fx(t) — Fx(z) > Fy(t) — Fy(z)
Fx(t) — Fx(s) — Fy(t) — Fy(s)

forall —co<s<zx<t<oo.
(2.27)

With the usual limiting arguments, we have the following characterization
of LRO.

Proposition 2.2.7 Let X and Y be RVs with CDFs Fx and Fy, and
suppose that they have PDFs fx and fy, respectively. Then, X >, Y (or
Fx >\ Fy) if and only if fx(z)/fy(z) is increasing in z on the union of
the supports of X and Y (where a/0 is taken to be equal to oo whenever
a > 0), or, equivalently

/;;Eg ]{;Eg ’ >0 forall —oo<s<t<o0. (2.28)

O
Since Hnr = {(s,00) : s € R}, (2.25) is rewritten as

PX>z, X>s) _ PY>z, Y >5s)
P(X >s) - P(Y > s)

forall —c0o<s<x< o0,

(2.29)
so that X >, Y if and-only if

= > = for all — o0 < s < T < o0. (2.30)

Hence we have the next characterization of HRO, which is similar to
Proposition 2.2.7.
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Proposition 2.2.8 For RVs X and Y with CDFs Fx and Fy, X >n Y
(or Fx >p Fy) if and only if Fx(z)/Fy(z) is increasing in ¢ € R (where
a/0 is taken to be equal to co whenever a > 0), or, equivalently,

>0 for all —oco < s <z < oo. (2.31)

a

For RV X with PDF fx, recall that the function hx (z) := fx (z)/Fx(z),
z € R is called the hazard rate function (HRF) of X (or failure rate func-
tion). The next proposition justifies the term “hazard rate order.”

Proposition 2.2.9 Let X and Y be RVs with CDFs Fx and Fy. Sup-
pose that they have PDFs fx and fy so that they have HRFs hx and hy,
respectively. Then, X >1, Y (or Fx >p, Fy) if and only if hx(z) < hy(x)
for all z € R. a

Since Hrnh = {(—00,t] : t € R}, (2.25) is rewritten as

PX<z X<t) PV <z, Y8 o 0 oczct<oo

P(X <t) - P(Y <t)
(2.32)
so that X >, Y if and only if
Fx(:l:) FY(.’L‘)
< — . 2.
Fx(t) = Fy(0) forall —co<ax<t<oo (2.33)

Hence we have the next characterization of RHRO, which is similar to
Propositions 2.2.7, 2.2.8.

Proposition 2.2.10 For RVs X and Y with CDFs Fx and Fy, X > Y
(or Fx >, Fy) if and only if Fx(z)/Fy(z) is increasing in € R (where
a/0 is taken to be equal to co whenever a > 0), or, equivalently,

Fy(z‘) Fy(t)
Fx(z) Fx(t)

‘20 forall —oo<z <t<o0. (2.34)

O

For RV X with PDF fx, recall that the function rx (z) := fx(x)/Fx(x),
x € R is called the reversed hazard rate function (RHRF) of X. The next
proposition justifies the term “reversed hazard rate order.”

Proposition 2.2.11 Let X and Y be RVs with CDFs Fx and Fy.
Suppose that they have PDFs fx and fy so that they have RHRFs rx
and ry, respectively. Then, X >, Y (or Fx >, Fy) if and only if rx (x) >
ry(z) for all z € R.

For the SOs given in Definition 2.2.3, the convolution property (C)
needs not hold (see Appendix 2.A for Pélya frequency of order 2 (PF2)
functions).

Proposition 2.2.12
(1) LRO satisfies (C) for Z with a PF, PDF. It satisfies (R), (M) and
E .

)
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(2) HRO satisfies (C) for Z with a PF, SF. It satisfies (R), (M) and (E).
(3) RHRO satisfies (C) for Z with a PF, CDF. It satisfies (R), (M) and
(E). O

Let us return to the definition (2.25) of conditional stochastic orders,
and replace the ordinary stochastic order (>s) with ordering by the ex-
pected values. Then, with H := {(s,00) : s € R} (= Hhn:), we have another
stochastic ordering:

X>Y <« EX|X>s|>E[Y|Y>s] forallseR.  (2.35)
Since

EX| X >s]=E[X —s| X > s]+s=mx(s)+s, (2.36)
(2.35) is rewritten as

X Y < mx(s) > my(s) for all s € R, (2.37)

so that, in this case, X is said to be greater than Y in the sense of mean
residual life order (MRLO), written X >y Y (or Fx >mn Fy), where,
for an RV X, mx(z) := [° Fx(u)du /Fx(z), = € R is the mean residual
life function (MRLF) of X (provided that the integral [° Fx (u)du is well
defined, and this is the case when X has a finite mean). Furthermore, it is
noted that

X>nY — X > V. (2.38)

Proposition 2.2.13 For RVs X and Y with CDFs Fx and Fy, X >mn
Y (or Fx >mn Fy) if and only if f;o T x(u)du /f:’ Fy (u)du is increasing
in x € R (where a/0 is taken to be equal to oo whenever a > 0), or,
equivalently,

[ Fyudu [ Fy(u)du
g 5 F > - . (2.39
fs Fx(u)dufz Fx (u)du >0 forall —co < s <z < oco. ( )

O

Propositions 2.2.7, 2.2.8, 2.2.10, and 2.2.13 suggest the introduction of
the following two families of stochastic ordering relations:

Definition 2.2.4  For a nonnegative integer n € Zy := {0,1,--- }:

(1) X >™* Y (or Fx >™% Fy) if Fp'*(z)/Fy*(2) is increasing in z € R
(where a/0 is taken to be equal to co whenever a > 0), or, equivalently,
if

Fyi(s) Fy' ()
> - 2.40
Fpt(s) Fot(z) | 2 0 forall —co<s<z<oo, (240)

or, equivalently for n # 0, if

Fi't@) - By ()

o < — for all z € R; (2.41)
Frt@ Rt ()
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(2) X >™7 Y (or Fx >™~ Fy)if Fy~(z)/Fy ™ (z) is increasing in z € R
(where a/0 is taken to be equal to co whenever a > 0), or, equivalently,
if

Fy~(z) Fy™(t)

. — Y- >0 forall —oco<z<t< o0, 2.42
Fi(z) Fp (1) (242)

or, equivalently for n # 0, if

PRl (@) | P (@)

prages > — for all z € R. (2.43)
Fy™(z) Fy(z)
It is noted that
>0t = > 2V =g 2P = > (2.44)
20T =2 2V =2 (2.45)

2.2.3 Bivariate characterization of stochastic orders

Let G be a class of real-valued bivariate functions on R* = R x R. For two
RVs X and Y, a stochastic ordering relation X > Y is said to be generated
from G if

Elg(X™,Y")] > E[g(Y™", X™)] forall g € g (2.46)

for independent RVs X* and Y* such that X* =¢ X and Y* =q Y [see
the univariate characterization (2.1) or (2.2)]. In this case, we denote it by
X >g Y (or Fx >g Fy). Note that, as stated in Remarks 2.2.1 (1) and
2.2.2 (2), most stochastic ordering relations between X and Y depend only
on their marginal distributions. Therefore, in the bivariate characterization
(2.46), we need to consider independent RVs X* and Y™ such that X™ =4
XandY*=4Y.

When a stochastic ordering relation X >7 Y is generated from some
univariate function class F, that is, it is of the first type, it is also generated
by the corresponding bivariate function class [32], [34].

Proposition 2.2.14 Let F be a class of univariate functions and define

Gr={g: R®> - R, Ag(,y) € F for each y € R}, (2.47)
where we define

Ag(z,y) = g(z,y) - 9(y,x),  (z,y) €R”. (2.48)
Then, X >7 Y (or Fx >7 Fy) if and only if X >g, Y (or Fx >g¢ Fyl)j

Corollary 2.2.1 Let X and Y be RVs with CDFs Fx and Fy:
(1) X >4 Y (or Fx >« Fy) if and only if (2.46) holds for
Gst = {g:R® > R, Ag(z,y) is increasing in z € R
for each y € R}; (2.49)
(2) X >cx Y (or Fx >cx Fy) if and only if (2.46) holds for
Gex = {g :R? S R, Ag(z,y) is convex in z € R
for each y € R}; (2.50)



42 2. Stochastic Orders in Reliability Theory

(3) X > Y (or Fx >cv Fy) if and only if (2.46) holds for
Gev := {g: R* - R, Ag(z,y) is concave in z € R
for each y € R}; (2.51)
(4) X >iex Y (or Fx >icx Fy) if and only if (2.46) holds for
Giex := {9 : R* = R, Ag(z,y) is increasing and
convex in = € R for each y € R}; (2.52)
(5) X >iev Y (or Fx >icv Fy) if and only if (2.46) holds for
Giev :={g: R* - R, Ag(z,y) is increasing
and concave in x € R for each y € R}. (2.53)

For the SOs of the second type, no univariate characterization is known,
while the bivariate characterizations are possible [59].

Proposition 2.2.15 Let X and Y be RVs on R:
(1) X >, Y (or Fx >\ Fy) if and only if (2.46) holds for

G = {g: R? - R, Ag(z,y) > 0 for all z > y}; (2.54)

(2) X >n: Y (or Fx >p; Fy) if and only if (2.46) holds for
Gne = {g: R%? - R, Ag(z,y) is increasing in z for z > y}; (2.55)

(3) X >m Y (or Fx > Fy) if and only if (2.46) holds for
G :={g: R? > R, Ag(z,y) is increasing in z for z < y} . (2.56)

O

2.3 Applications in Reliability Theory

2.3.1 Notions of aging

Various aging notions in reliability theory are systematically understood
by considering SOs. Let X be a nonnegative-valued RV with CDF FYx,
representing the lifetime (or failure time) of an item (or a system). Fx
is called the life(time) distribution function (or failure time distribution
function), and its complementary function Fx :=1— Fyx is the reliability
function (or survival function). Further, for a nonnegative real number
t € Ry = [0,00), we let [X —t| X > t] be the residual life (or remaining
life) (RL) of age t, that is, the RV X —t conditional on the event {X > t},
provided that Fx(t) = 1 — Fx(t) = P(X > t) > 0. Let = be some
SO defined on a collection of nonnegative RVs. The first kind of positive
[negative] aging notions could be defined by comparing the life time of a
new item with those of used ones with various ages: A nonnegative valued
RV X (or its CDF Fx) could be said to be (or to have the property of)
new better [worse] than used in the sense of SO = if

X = [R][X -t X >t for all t € Ry. (2.57)

Definition 2.3.1  Let X be a nonnegative—valued RV with CDF Fx.
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(1) X (or Fx) is said to be (or to have the property of) new better [worse]
than used (NBU [NWUJ) if it is new better [worse] than used in the
sense of OSO:

X >a [<ot] [X —t] X >t for all t € Ry; (2.58)

(2) X (or Fx) is said to be (or to have the property of) new better [worse]
than used in ezpectation (NBUE [NWUE]) if it is new better [worse]
than used in the sense of the usual ordering in expectations:

E[X] > [<] E[X —t| X > ] for all t € R, (2.59)

By definition,

NBU [NWU] — NBUE [NWUE]J. (2.60)
Since
PIX -t/ X>t]|>z)=P(X —t>z| X >t)

_P(X>t+ux)

T OP(X >)

- E%%%@ t, z € Ry, (2.61)

and recall that the MRLF of X is given by

/ Fx (u)du
mx(t) = e, te Ry, 2.62
x(t) = s : (262)

we have the following characterizations.

Proposition 2.3.1 Let X be a nonnegative-valued RV with CDF Fx.
(1) X (or Fx) is NBU [NWU]J if and only if log Fx(z) is sub-additive
[super-additive] in z on the set {z : Fx(z) > 0}, that is,

Fx(t+z) < [>] Fx(z)Fx(t) for all z,t € Ry; (2.63)
(2) X (or Fx) is NBUE [NWUE] if and only if
Ydu

o /00 Fx(’u,
/0 Px(wduz[s] fppe—  forallte Ry (260

O

The second kind of positive [negative] aging notions could be defined
by comparing the residual life at all ages: A non—negative valued RV X (or
its CDF Fx) could be said to be (or to have the property of) decreasing
[increasing] residual life in the sense of SO > if

(X —s| X>s] =[] [ X —t] X > forall 0 < s <t < oo. (2.65)

Definition 2.3.2  Let X be a nonnegative-valued RV with CDF Fx.
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(1) X (or Fx) is said to be (or to have the property of) increasing [de-
creasing| likelihood ratio (ILR [DLR]) if it is decreasing [increasing]
residual life in the sense of LRO:

[X—s| X >s|>1 [<iu] [X—t| X >t] foral0<s<t<oo; (2.66)

(2) X (or Fx) issaid to be (or to have the property of) increasing [decreas-
ing] hazard rate (IHR [DHRY)) if it is decreasing [increasing] residual
life in the sense of HRO:

[X—5| X > 5] >nr [<ne] [X—t| X > ] forall0<s<t<oo (2.67)

{in reliability theory, it is more commonly said to be (or to have the
property of) increasing [decreasing] failure rate (IFR [DFR])};

(3) X (or Fx) is said to be (or to have the property of) decreasing [increas-
ing] reversed hazard rate (DRHR [IRHR]) if it is decreasing [increasing]
residual life in the sense of RHRO:

[X—s| X >8] >m [<in] [X—t| X >t] forall0<s <t<oo; (2.68)

(4) X (or Fx) is said to be (or to have the property of) decreasing [increas-
ing] mean residual life (DMRL [IMRL)) if it is decreasing [increasing]
residual life in the sense of MRLO:

[X —SI X > S] >mrl [Smrl] [X - tl X > t}
forall 0 <s <t <oo. (2.69)

Figure 2.3 depicts the conceptual picture of the relations.

NBU [NWU]
/ N
THR [DHR] NBUE [NWUE]
/ N /
ILR [DLR] DMRL [IMRL]
N

DRHR [IRHR]

Fig. 2.3. Positive and negative aging

Proposition 2.3.2 (ILR)  For a nonnegative-valued RV X with CDF
Fx, if X has a PDF fx, then the following are equivalent:
(1) X (or Fx) is ILR, that is,

(X —s] X >8] > [X—t| X > ] for all 0 < s <t < oo; (2.70)

(2) fx is a PF function;
(3) fx is log-concave, that is, log fx (z) is concave in z on the set {z €
R, : fx(z) > 0}. 0

Proposition 2.3.3 (ILR)  For a nonnegative-valued RV X with CDF
Fx, the following are equivalent:
(1) X (or Fx) is ILR, that is,

(X —s| X >s] > [X—t| X >t forall 0 < s <t < oo; (2.71)



2.3 Applications in Reliability Theory 45

(2) X (or Fx) is new better than used in the sense of LRO, that is,
X > [X —t] X >t for all t € Ry; (2.72)
(3) It holds that

X+s<u X+t forall0 <s<t<oo. (2.73)
O

Proposition 2.3.4 (IHR, DHR) For a nonnegative-valued RV X
with CDF Fx, the following are equivalent:
(1) X (or Fx) is IHR [DHR), that is,

[X—5| X > s] >hr [Sne) [X—t| X >t forall 0< s <t<oo; (2.74)

(2) Fx(t+z)/Fx(t) is decreasing [increasing] in t € Ry for each z € Ry;

(3) Fx is a PF; function;

(4) Fx is log—concave [log—convex], that is, log Fx (z) is concave [convex]
in « on the set {z € Ry : Fx(z) > 0}.

Furthermore, if X has a PDF fx so that it has HRF hx, the following

condition is also equivalent to the above ones:

(5) The HRF hx(z) is increasing [decreasing] in x on the set {x € Ry :

fx(:v) > 0}. [}

The characterization (5) of the above proposition justifies the term
“increasing [decreasing] hazard rate.”

Proposition 2.3.5 (IHR, DHR) For a nonnegative-valued RV X
with CDF Fx, the following are equivalent:
(1) X (or Fx) is IHR [DHR], that is,

[X—5| X > ] >pr [<ne) [X—t| X >t] forall 0< s <t < oo; (2.75)

(2) X (or Fx) is decreasing [increasing] residual life in the sense of OSO,
that is,

[X—5] X >8] > [<st] [X—t| X >t] forall0<s<t<oo; (2.76)

(3) X (or Fx) is new better [worse| than used in the sense of the hazard
rate order, that is,

X >he [She) [X =8 X > ¢ for all t € Ry ; (2.77)

(4) It holds that
X+s<n X+t forall 0 < s <t < oo. (2.78)
O

Usually, condition (2) of the above proposition is used as the definition
of IHR [DHR].

Proposition 2.3.6 (DRHR, IRHR) For a nonnegative—valued RV
X with CDF Fx, the following are equivalent:
(1) X (or Fx) is decreasing [increasing] reversed hazard rate, that is,

[X—s| X > 5] > [<en] [X—t| X >t] forall0< s <t<oo; (2.79)
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(2) Fx is a PF2 function;

(3) Fx is log—concave [log—convex], that is, log Fx (z) is concave [convex]
in = on the set {x € R : Fx(x) > 0}.

Furthermore, if X has a PDF fx so that it has RHRF rx, the following

condition is also equivalent to the above ones:

(4) The RHRF rx(z) is decreasing [increasing] in = on the set {z € Ry :
Fx (.’E) > 0}. a

The characterization (4) of the above proposition justifies the term
“decreasing [increasing] reversed hazard rate.”

Proposition 2.3.7 (DRHR, IRHR) For a nonnegative-valued RV
X with CDF Fx, the following are equivalent:
(1) X (or Fx) is decreasing [increasing| reversed hazard rate, that is,

[X—=5| X > 5] > [<en] [X—t| X >t] forall0<s<t<oo; (2.80)

(2) X (or Fx) is new better [worse| than used in the sense of RHRO, that
is,

X >m [Son) [X — 8] X > ¢ for all t € Ry; (2.81)

(3) It holds that
X+s<in X+t forall0 < s<t< oo. (2.82)
m}

Proposition 2.3.8 (DMRL, IMRL) For a nonnegative-valued RV
X with CDF Fx, X (or Fx) is DMRL [IMRL] if and only if the mean
residual life of X at age t is decreasing [increasing] in t € Ry.:

EX-s| X >s] > [<]E[X-t] X > ] for all 0 < s <t < 00, (2.83)
or equivalently, mx(t) = [~ Fx(u)du /Fx(t) is decreasing [increasing]
in t on the set {t € Ry : Fx(t) > 0}. o

The characterization of the above proposition justifies the term “de-
creasing [increasing| mean residual life.”

Proposition 2.3.9 (DMRL, IMRL) For a nonnegative-valued RV
X with CDF Fx, the following are equivalent:
(1) X (or Fx) is DMRL [IMRL], that is,

[X—35 X >8] Zmn [X—t| X >t for all 0 < s <t < oc0; (2.84)

(2) X (or Fx) is decreasing [increasing] residual life in the sense of ICxO,
that is,

[X 5| X > 8] Ziex [Siex) [X—t| X > t] forall 0 < s <t < oo; (2.85)
(3) X (or Fx) is new better than used in the sense of MRLO, that is,

X Zmn [X —t| X > ] for all t € Ry; (2.86)
(4) It hold that
X+8<mn X+t forall 0 <s <t < oo. (2.87)

O
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2.3.2 Useful stochastic inequalities in reliability theory

The following results are generalizations of the convolution properties (C)-
of SOs stated in Proposition 2.2.12.

Proposition 2.3.10 (convolution) Let (X;,Y;),i=1,---,n be in-
dependent pairs of RVs.
(1) For any SO > of >, >cx, Zev, Ziex, and icv,

n n
XizVii=1,,n=3Y X,z Y Y (2.88)
=1 =1

(2) fallof X;,i=1,--- ,nand Y;,i = 1,--- ,n (except possibly one Xj
and one Y; (k # 1)) have PF; PDFs (so that these are ILR RVs), then

XizuVi, i=1- n=3 Xi>n y Y (2.89)
i=1 i=1

(3) Ifall of X;,i=1,---,nand Y;, i = 1,--- ,n have PF2 SFs (so that
these are IHR RVs), then

Xizn Vi, i=1,,n=3 XiZum y Y (2.90)
=1 =1

(4) Ifallof X;,2=1,--- ,nand Y;,i=1,--- ,n have PF; CDFs (so that
these RVs are decreasing reversed hazard rate), then

n n
Xizm Vi, i=1,- ,n=Y X; >m y Y (2.91)
=1 i=1

(5) Ifall of X;,i=1,---,nand Y;, % = 1,--- ,n have PF, SFs (so that
these are IHR RVs), then

XiZ2mn Y, i=1,--- 7H$ZXZ' ZmrlZYi- (2.92)
i=1 =1

0

In the proofs of the next proposition, the following observations are
keys: for any a € R,
(1) max{z,a} is increasing and convex in z € R;
(2) min{z,a} is increasing and concave in z € R.

Proposition 2.3.11 (maximum and minimum)  Let (X;,Y;),7=1,
.-+, m be independent pairs of RVs.
(1) For any SO = of >4, >cx, and >icx, it holds that
Xi=Y,i=1,---,n
= max{Xi, -+, Xn} = max{¥1, .-, Yo }; (2.93)
(2) For any SO > of >, >cv, and >icy, it holds that
Xi=Y,i=1,---,n
= min{X1, -+, Xn} = min{Y1, -+, Yn} (2.94)
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(3) It holds that
Xi Zhr }/iy Z=19 v
= min{X1, -+, Xn} > min{Y1, -+, Yn}; (2.95)
(4) It holds that
Xi2m Y, i=1,---,n
= max{X1, -+, Xn} >m max{Y1, -+, Yo} (2.96)
O

For RVs X;,i=1,--- ,n, let

X<+ < X(n) (2.97)
denote their increasing alignment, that is, Xy, k = 1,--- ,n are the k-
th order statistics of X;, ¢ = 1,--- ,n. The following results are partial

generalizations of Proposition 2.3.11 (3), (4).

Proposition 2.3.12 (order statistics)  Let (X;,Y:),¢=1,---,n be
independent pairs of RVs. Suppose that both of X;, ¢ =1,---,n and Y;,
i=1,---,n are identically distributed. Then:

(1) It holds that

Xi Zhr Yviy 1= 11 yn = X(k) Zhr }/(k)7 k= 17 , 1 (298)
(2) It holds that

Xi Zrh }/’iy 1= 11 yn = X(k) Zrh }/(k)v k= -+ ,n. (299)

]
2.3.3 Stochastic comparisons of system reliabilities
Consider a reliability system consisting of n components C = {c1,- -+ ,cn}
whose structure function is given by
¢:{0,1}" :={0,1} x --- x {0,1} — {0,1}. (2.100)
n times
It is assumed that
(1) ¢(0,---,0) =0
(3) (Monotonicity) For (u1, - ,us), (v1, - ,vs) € {0,1}",
w<v, i=1,- ,n==d(u1, -+ ,un) < p(v1, -+ ,vn). (2.101)

Fori=1,--- ,n,let {Si(t); t € Ry} be a decreasing, right—continuous,
{0, 1}—valued stochastic process representing the state of component c; at
time ¢, that is,

0 if component c; is failed at time ¢. (2.102)

1 if component ¢; is functioning at time t;
Si(t) =
Similarly, let {S(t); ¢t € Ry} be a decreasing, right—continuous, {0,1}-
valued stochastic process representing the state of the system at time ¢,
that is,
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_J 1 if the system is functioning at time ¢;
5(t) = {0 if the system is failed at time t. (2.103)

By definition, we have

Let X;, i = 1,--- ,n be nonnegative RVs representing the lifetime (or
failure time) of component c;. Since
{X: >t} < {Si(t) = 1}, (2.105)
we have .
P(Si(t)=1) = P(X; >t) = Fx,(t)
=1- Fx,(t), teRy (2.1086)

Similarly, if we let X be nonnegative RVs representing the lifetime (or
failure time) of the system, then, since

{X >t} < {S(¢t) =1}, (2.107)
we have
P(S(t)=1)=P(X >t)=Fx(t) =1— Fx(t). (2.108)

If we define a function
T:R}Y =Ry x - xRy - Ry (2.109)
| ———

n times

T(t1, -+, tn) = sup{t e Ry 3¢(1[0,t,-,)(t)’ ,1[o,t,-)(t)) = 1}

= inf {t € Ry : ¢ (Lo, (1), Loe) (1)) = 0},
(2.110)
then it determines the lifetime of the system by the lifetimes of compo-
nents, that is,

X:T(X17'“ 7X’n)7 (2.111)

and we call 7 the system lifetime function of ¢. It is noted that, since ¢ is
an increasing function, 7 is also an increasing function.

Furthermore, if the lifetimes X;, i = 1,.-- ,n of components are mutu-
ally independent then the reliability of the system at time ¢t € R, can be
given by

Fx(t) = P(X > t)

= P(1(X1,--+ , Xn) > 1)

= P(¢(Sl(t)v e 7Sn(t)) = )

=h(Fx,(t),-- , Fx, (1)), (2.112)

where F'x, (i=1,---,n) is the SF of RV X;, and
he[0,1]™ == [0,1] x --- x [0,1] = [0, 1] (2.113)
N e
n times

is so-called the system reliability function of ¢.
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An important example of a (monotone) reliability system is the k—out-
ofn system (k € {1,---,n}), whose structure function ¢, : {0,1}" —
{0,1} is defined by

1 if Zn:si > k;
i=1

0 if zn:si <k,
=1

In particular, the n-out—of-n and 1-out—of-n systems are called the series
system and the parallel system, and their structure functions ¢,, and ¢1|,
are given by

Skin(s1,7 ,80) = (s1,+-+,8n) € {0,1}". (2.114)

Onin(51, -+ ,82) = min{sy, -+ ,sn}
n
=[[se (51, ,8) €{0,1}%; (2.115)
¢>l|n(sly Tty sn) = I?1?31»)({51, T, Sn}
n
=1-JJ(1=s),  (s1,--+,8n) €{0,1}".
- (2.116)
The system lifetime function 7y, of k—out-of-n system ¢, is given by
Tein( s tn) = tn-kt1y, (£ ,ta) € RY, (2.117)
where t(1y < --- < t(y,) are the increasing alignments of t;, 1 =1,--- ,n. In
particular,

Tn|n(t1a' . 7tn) = min{t1,--- ytn}, (tl,' N ,tn) € R:, (2118)

Tin(ty, -+, tn) = max{ti, - ,t.}, (t1,-- ,ta) €eRG.  (2.119)

The system reliability function hg, of the k—out—of-n system ¢y, is
given by

hiin(P1, -+, Pn)

= Z HPf'(l'-pi)l—S",

{(s1,+ ,5n)€{0,1}m: ST s, >k} i=1

(p1,-++ ,pn) €10,1]™. (2.120)
In particular,
hn|n(p17"' 7pn) = Hpiy (Pl,"' ,pn) € [0, 1]”, (2121)
i=1
hia(pr,---,pa) = 1=[[(1=ps),  (p1,-+-,pa) € [0,1]".
i=1
(2.122)

Since for any reliability system with a monotone structure function ¢,
the system lifetime function 7 is increasing. Hence, we have:

Proposition 2.3.13 Let (X;,Y;),i=1,--- ,n be independent pairs of
nonnegative RVs representing the lifetimes of component c;. Then, for any
(monotone) reliability system with structure function ¢,

Xizs Yi,i=1,--- ,n=7(X1, -, Xn) 2 7(Y1, -, Ya). (2.123)
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]

The following proposition is a direct corollary of Proposition 2.3.11.

Proposition 2.3.14 (series and parallel systems) Let (X;,Y:),
i =1, ---,m be independent pairs of nonnegative RVs representing the
lifetimes of component c;.
(1) For any SO ¥ of >s, >cx, and >icyx, it holds that

X =Y, i=1,---,n

= (X1, Xn) = T (Ya, -0, Ya); (2.124)
(2) For any SO = of >4, >cv, and Zicv, it holds that

Xlt}/u Z:]-v ,n

- Tn|n(X17"' 7Xn) tTnln(Y].y"' 7Yn)§ (2125)
(3) It holds that

Xicn Y, i=1,---,n

- Tnln(Xla"' 7Xn) Zhr Tn|n(yla"' aY‘n); (2126)
(4) It holds that

Xi Zrh }/iy 1= 17 ,

= T1n(X1, s Xn) 2 T1n(Y1, -+, Ya). (2.127)

[}

Proposition 2.3.15 (k—out—of-n system)  Let (X;,Y:),i=1,---,n
be independent pairs of nonnegative RVs. Suppose that both of X;, i =
1,---,nand Y;, i = 1,--- ,n are identically distributed. Then:
(1) It holds that, for k =1,--- ,n,

X Zhr 1/7;7 1= 1’... n

:>Tk|n(X17"' 7Xn) Zhr Tk|n(Y1,~-~ ,Yn); (2_128)
(2) 1t holds that, for k =1,--- ,n,

Xi>wmY,i=1,--- | n

= Tkln(X17"' vXn) >rh Tk|n(y1,"‘ ,Yn)- (2129)

O

2.3.4 Redundancy improvement

In this section, we consider some redundancy improvement problems of
reliability systems. The next proposition implies that component-wise hot
standby redundancy is superior to system—wise hot standby redundancy,
in the sense of an SO.

Proposition 2.3.16 Let X;, i = 1,--- ,n be a collection of mutually
independent nonnegative RVs representing the lifetimes of component ¢;s
of a reliability system. Further, let Y;, i = 1,--- ,n be another collection

of nonnegative RVs representing lifetimes of components which are inde-
pendent of each other as well as of X;s.
(1) For any reliability with monotone structure function ¢,
T(max{X1,Y1}, - ,max{Xn,Yn})
>s max{7(X1,  , Xn), (Y1, -, Ya)}; (2.130)
(2) If X;, Yi, i =1, -+ ,n are identically distributed RVs, then, for any
k-out-of-n system (k € {1,--- ,n}),
Trjn(max{X1,Y1},--- ,max{Xn, Yn})
>1r max{7gn (X1, , Xn), Ten (Y1, , Ya) }. (2.131)
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O

Next, we consider a situation where an additional component could be
utilized to improve the lifetime of the system. Two cases are considered:
In the first case, only one standby component, which is common to all
positions of the system, is available, while, in the second case, all standby
components, each of which is specific to a single position and stochastically
equivalent to the original one, are available. For the proofs of the following
results, see Boland and Proschan [9], where the bivariate characterizations
of SOs given in Section 2.2.3 play the key parts.

Proposition 2.3.17 Let X;, ¢ = 1,---,n be mutually independent
nonnegative RVs representing the lifetimes of component ¢;s of a reliability
system. Further, let Y be a nonnegative RV representing the lifetime of a
common component which could be utilized for a hot standby (or parallel)
redundancy in any position of components. If X;s are ordered as X1 >st

- >st Xn, then, for any k = 1,---,n, the lifetime of the k-out-of-n
system with a hot standby redundancy in component c;
Tepn (X1, -+ Xac1,max{Xs, Y}, Xig1,- -, Xn) (2.132)
is increasing in 7 € {1,--- ,n} in the sense of OSO >. a

Proposition 2.3.18 Let X;, 7 = 1,---,n be a collection of mutually
independent nonnegative RVs representing the lifetimes of component ¢;s
of a reliability system. Further, let Y;, 2 = 1,--- ,n be another collection
of nonnegative RVs representing lifetimes of components which are inde-
pendent of each other as well as of X;s. It is assumed that only one of
them could be utilized for a hot standby (or parallel) redundancy in the
position of corresponding component c;, respectively. If X;s are ordered as
X125 >t Xnand X; =q Yi,i=1,---,n, then:

(1) the lifetime of the series system with a hot standby redundancy in

component ¢;

Toin (X1, , Xic1, max{X;, Yi}, Xiz1, -+, Xn) (2.133)

is increasing in 7 € {1,--- ,n} in the sense of OSO >st;
(2) the lifetime of the parallel system with a hot standby redundancy in
component c¢;

T1|n(X1, e ,Xi_1, max{Xi, Y,}, X1‘+1, ey, Xn) (2134)
is decreasing in ¢ € {1,--- ,n} in the sense of OSO >. O
Proposition 2.3.19 Let X;, i = 1,---,n be mutually independent

nonnegative RVs representing the lifetimes of component ¢;s of a reliability

system. Further, let Y be a nonnegative RV representing the lifetime of a

common component which could be utilized for a cold standby redundancy

in any position of components. If X;s are ordered as X1 >ir --- 21 X,

then:

(1) the lifetime of the series system with a cold standby redundancy in
component ¢;

Tnln(Xl,"' ,Xi_l,Xi +Y, Xi+1,"' ,Xn) (2.135)

is increasing in ¢ € {1,--- ,n} in the sense of OSO >st;
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(2) the lifetime of the parallel system with a cold standby redundancy in
component ¢;

7-1|'rl()(17"' yXi—lei+Y7X‘i+1a'” 7Xﬂ) (2136)

is decreasing in ¢ € {1,--- ,n} in the sense of OSO >. O

Proposition 2.3.20 Let X;,i = 1,---,n be a collection of mutually
independent nonnegative RVs representing the lifetimes of component c;
of reliability system. Further, let Y;, ¢ = 1,--- ,n be another collection
of nonnegative RVs representing lifetimes of components which are in-
dependent of each other as well as X;s. It is assumed that only one of
them could be utilized for a cold standby redundancy in the position of

component c;, respectively. If X;s are ordered as X; >y, -++ >1r X» and
Xi =q Y, i =1,---,n, then the lifetime of parallel system with a cold
standby redundancy in component c;

Tin (X1, o, Xem1, Xi + Y5, Xig1, -+, Xn) (2.137)
is decreasing in i € {1, -+ ,n} in the sense of OSO >. o

2.3.5 Stochastic comparisons of maintenance policies

This section is devoted to the stochastic comparison of maintenance poli-
cies. Although many maintenance policies have been proposed in the reli-
ability literatures, we consider only five classical ones: replacement—upon—
failure policy, age replacement policy, block replacement policy, minimal
repair policy, and minimal repair policy with block replacement.

2.3.5.1 Replacements upon failures. Consider an item (or a sys-
tem) operating continuously in time. Suppose that it is replaced by a
new item (or it is perfectly or mazimally repaired to make the item “as
good as new”) only when it fails (failure replacement or corrective replace-
ment). Such a maintenance policy is called replacement—upon—failure policy
(RUFP) We assume that the required time for a replacement is negligible.
Let X;,i=1,2,-- be the time to failure (TTF) after the (:—1)-st replace-
ment, and assume that they are independently and identically distributed
(IID) nonnegative RVs with common CDF Fx.
Denote the the k-th replacement time by

k
So:=0; Sk Z:ZXi, k=1,2,---, (2.138)
i=1

and the number of failures (replacements) during the time interval [0, t] by
Nx(t) :=sup{k € Zy : Sx < t}, t € Ry. (2.139)

Then, the counting process {Nx(t); t € Ry} is a renewal process with
inter-renewal times {X;; ¢ € Z;,} and an inter-renewal CDF Fx. For a
fixed t € Ry, the distribution of RV Nx () is of great interest in reliability
theory. Explicit formulas for its CDF, however, are not available except
in some special cases, such as when Fx is an exponential distribution.
Therefore, stochastic bounds on the CDF would be practically useful.

Proposition 2.3.21 Assume that Fx has no mass at the origin.
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(1) If Fx is NBU [NWU] then
P(Nx(t) <n)

>[<] ) i—iﬂ(—t&e“’”“) forall t € Ry, n € Zy;  (2.140)
1=0
(2) If Fx is IFR [DFR] then
P(Nx(t) <n)

> <] i {(n+ 1)Hx (ﬁ)}ze—(nﬂ)m{(ﬁ),

1!

=0
forallt e Ry, n € Zy, (2.141)
where Hx (x) := —log Fx(z), x € Ry is the cumulative hazard rate func-
tion (CHRF) of X. a

It can be shown that, if Fx is IFR [DFR],
i {Hx®)}' -rx®

n (TL+ I)Hx n_t_ ¢
<2 Z { p ( +1)} e~ (HDHx (5747)
forallt € Ry, n € Z,. (2.142)

The following proposition is a direct corollary of Proposition 2.3.10 (1)
for SO Zst-

Proposition 2.3.22 If Fx >4 Fy, then
Nx (t) <st Ny(t) for all t € Ry. (2.143)

O

2.3.5.2 Age replacement. Suppose an item is replaced when a failure
occurs (failure replacement or corrective replacement) or when it reaches
the predetermined age T € R, 4 := (0, 00) (preventive replacement). Such
a maintenance policy is called age replacement policy (ARP). For any CDF
Fx and preventive replacement age T € R, 4, define
Ng(t : T), t € Ry: the number of failures during the time interval
[0,t] under ARP;
R% (t:T),t € Ry: the number of (failure or preventive) replacements
during the time interval [0,t] under ARP.
By definition

Ng(t:T)<R%(t:T)as. foralltcRy, T €Ryy. (2.144)

Proposition 2.3.23 For any CDF F¥,

R%(t:S)>« RX(t:T)  forallteRy, 0<S<T. (2.145)

O

Proposition 2.3.24 The following conditions are equivalent:
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(1) Fx is NBU;
(2) It holds that
N%(t:kT) > N%(t:T) forallt € Ry, T € Ryy, k€ Zyy;

(2.146)
(3) It holds that
Nx(t) >s N%(t:T) forallt € Ry, T € Ryy. (2.147)
O
Proposition 2.3.25  Fx is IFR if and only if
Ng(t:S) < NX(t:T)  forallteRy, 0<S<T. (2.148)
O

Proposition 2.3.26 If Fx > Fy, then

(1)

N2t :T)<a Np(t:T)  forallt Ry, T €Ryy;  (2.149)
(2

RY%(t:T) < Ry(t:T) forallte Ry, T€Ryy.  (2.150)

0

2.3.5.3 Block replacement. Suppose an item is replaced upon failure
(failure replacement or corrective replacement) and at the scheduled (calen-
dar) times kT, k =1,2,--- (preventive replacement), where T € Ry} is a
predetermined fixed time interval. Such a maintenance policy is called block
replacement policy (BRP). For any CDF Fx and preventive replacement
interval T € Ry 4, define
NE(t : T), t € Ry: the number of failures during the time interval
[0,t] under BRP;
RE(t:T),t € Ry: the number of (failure or preventive) replacements
during the time interval [0, {] under BRP.
By definition

NR@t:T)< R%(t:T) as. forallt e Ry, T € Ryy. (2.151)
Proposition 2.3.27 The following conditions are equivalent:
(1) Fx is NBU;
(2)
NR(t:kT) > Nx(t:T) forallt € Ry, T €Ryy, k€ Zyy;
(2.152)
3)
Nx(t) > N2(t:T)  forallt € Ry, T € Ry (2.153)

0
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Proposition 2.3.28 If Fx >4 Fy, then
(1)

NR(t:T) <s Ng(t:T) forallt € Ry, T € Ryy;  (2.154)
(2)
R%(t:T) <s Ry(t:T) forallt € Ry, T€Ryy.  (2.155)

O

2.3.5.4 Minimal repair. An item (or a system) is minimally repaired
each time it fails, which means that the minimal repair does not make
the item as good as new but restores its function and makes it “as good
as it was just before it failed.” Suppose an item with lifetime X fails at
age z and then it is minimally repaired; then the time to the next failure
is stochastically equals to [X — z| X > «|. It is assumed that the time
required for a minimal repair is negligible. Such a maintenance policy is
called a minimal repair policy (MRP).

Define

NY¥(t) (= R¥(t)), t € Ry: the number of failures (minimal repairs)

during the time interval [0, {] under MRP,
then it is well known that counting process {N¥ (t); t € Ry} is a non-
homogeneous Poisson process with mean value function (MVF) Hx(t),
t € Ry and intensity function (IF) hx(t), t € R4 (provided that X has a
PDF fx).

Let T3, i € Z4+ be the length of time between the (i — 1)-st and the
i-th failure.

Proposition 2.3.29
(1) If Fx is NBU [NWU], then

Ty 2 [<st] Ts for all i € Zy+; (2.156)
(2) If Fx is IFR [DFR], then

Ti >he [<he] Tiga for all i € Z4+. (2.157)

Proposition 2.3.30 If Fx >4 Fy, then
N () <o NY(2) forall t € Ry, T € Ryy; (2.158)

O

2.3.5.5 Minimal repair with block replacement. Suppose an
item is preventively replaced at the scheduled (calendar) times kT, k =
1,2, (block replacement or periodic replacement), while it is minimally
repaired for failures which occur between them (minimal repair), where
T € R4 is a predetermined fixed time interval (block replacement in-
terval). Such a maintenance policy is called a minimal repair policy with
block replacement (MRPBR). For any CDF Fx and periodic replacement
interval T' € R4 4, define



2.3 Applications in Reliability Theory 57

NXB(t: T), t € Ry: the number of failures during the time interval
[0,t] under MRPBP;

RYB(¢t : T), t € R4: the number of renovations (that is, minimal
repairs and (preventive) replacements) during the time interval [0, ]
under MRPBP.
By definition

NY¥B(t:T) < R¥B(t: T) as. forallt e Ry, T € Ryq. (2.159)
Proposition 2.3.31 If Fx >4 Fy, then
1)
NXB(t:T) < N¥B(¢t:T)  forallte Ry, T € Ryy; (2.160)
(2)

RXB(t:T) <« RYB(t:T) forallte Ry, T € Ryy. (2.161)

]

2.3.5.6 Stochastic comparison of different maintenance poli-
cies.

Proposition 2.3.32 For any CDF Fx,
RX(t:T) >« R%(t:T) > Nx(t)  forallte Ry, T € Ryy. (2.162)

O

Proposition 2.3.33  If Fx is NBU [NWU]J, then

(1)
Nx(t) > [<st) NX(t:T) forallte Ry, T €Ryy;  (2.163)
(2)
NX (t) 2ot [<et] Nx(2)
>o [<st] Nx(t:T) forallteRy, T eRyy; (2.164)
3)
NY(t) >o [<st] NXB(t:T)
> [<et)] NE(t:T) forallteRy, T€Ry ;. (2.165)

Proposition 2.3.34  If Fx is NBU, then
(B.1)

RYXP(t:T) >« R%(t:T) forallteRy, T€R4. (2.166)

Conversely, if Fx is NWU, then
(W.1)

RR(t:T)>s NX¥(t) forallte Ry, T € Ryy; (2.167)
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(W.2)
REM(t:T) >4 N¥(t)  forallt € Ry, T € Riy;
(W.3)

R%(t:T) >« NX(t) forallt e Ry, T € Ryy.

Proposition 2.3.35 If Fx is IFR [DFR], then
Nx(t) 2e [<ot] NR(t:T)

>a [<at) NR(t:T) forallte Ry, T € Ryy.

(2.168)

(2.169)

(2.170)
m}

Although all of the results are concerned with comparisons of marginal
distributions of counting processes at an arbitrary single time instant, more
generally, stochastic comparisons of processes themselves (that is, compar-
isons of arbitrary finite dimensional distributions) are possible. But, for
the presentation of these results, concepts of multivariate SOs are needed;

hence we have avoided them [8].
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2.A TP, Functions

In this appendix, we provide the information needed in this chapter about
total positivity. The reader interested in more detailed discussions of the
theory of total positivity should consult to Karlin (1968).

For a real-valued function K(z,y) on R = R x R, we denote

T T2\ _ K(z1,91) K(21,92) Al
K(yl yz) = det(K(mz,m) K(z2.y2) )’ z1 < T2, Y1 < y2. (A.1)

Definition 2.A.1 A nonnegative function K(z,y) is said to be totally
positive of order 2 or simply TPz, denoted by K € TPy, if

K (:;i ;;) = K(xlyyl)K(x27y2) - K(z1,y2)K($1,y2) 2 07

1 < X2, Y1 < Y2. (A2)

For nonnegative functions K(z, z) and L(z,y) defined on (a rectangle
subset of) R = R x R, let

(e o)
M@y = [ K@lGds, o ueR (A3)
— 00
The next result is a special case of the well known composition formula

(see page 17 of Karlin (1968)).
Proposition 2.A.1 We have

(“ x2> // L1 “‘2) L(* Zz) dz1dzs. (A.4)
Y1 Y2 21<22 z1 22 Y1 Y2

As a consequence, if K € TPz and L € TP, then M € TP». a

Definition 2.A.2 A nonnegative function f(z) on a subset of R is said
to be Pélya frequency of order 2 (PF2) in z if f(z — y) is TPz in = and y;
i.e.,

fl@r—y) f(x2—y2)— flx1—y2) fw2—11) 20, x1 <22, Y1 <y2. (AD)

The class of PF, functions is important and has many applications in
various fields. A key property that every PF» function possesses is the
characterization that it has the form f(z) = e~#*) where ¢(z) is a convex
function.

Proposition 2.A.2 Every PF; function on R is log—concave. O
The next result is found in page 128 of Karlin (1968).
Proposition 2.A.3 For CDFs F and G, let
oo
H(z) = / Flz - 4)dG(y) / Glz—y)dF(y), zE€R. (A6)

— 00

If both F and G are PF; then so is H (H is a CDF too). O
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Summary.

This chapter concerns the basic preventive maintenance policies aris-
ing in the context of the mathematical maintenance theory. Simple but
practically important preventive maintenance optimization models, which
involve age replacement and block replacement, are reviewed in the frame-
work of the well-known renewal reward argument. Some variations to these
basic models as well as the corresponding discrete time models are also in-
troduced with the aim of their application of the theory to the practice.

Keywords: Preventive maintenance, age replacement, block replace-
ment, order replacement, inspection strategies, renewal reward policies,
continuous and discrete models, cost models, optimization

3.1 Introduction

The mathematical maintenance policies centered on preventive mainte-
nance have been developed mainly in the research area of operations re-
search/ management science, to generate the effective preventive main-
tenance schedule. The most important problem in mathematical main-
tenance policies is to design the maintenance plan by two maintenance
options, preventive replacement and corrective replacement. In preventive
replacement, the system or unit is replaced by a new one before it fails.

S. Osaki (ed.), Stochastic Models in Reliability and Maintenance
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On the other hand, corrective replacement replaces each failed unit. A
huge number of replacement methods have already been proposed in the
literature. At the same time, some technical books on this problem have
been published. For example, Arrow, Karlin and Scarf (1], Barlow and
Proschan [2], [3], Jorgenson, McCall and Radner [4], Gnedenko, Belyayev
and Solovyev [5], Gertsbakh [6], Ascher and Feingold [7] and Osaki (8], [9]
are the classical but very important works in which to study the mathemat-
ical maintenance theory. Many authors have also published monographs
on the specific topics. The reader can refer to Osaki and Hatoyama [10],
Osaki and Cao [11], Ozekici [12] and Christer, Osaki and Thomas [13]. Re-
cently, Barlow [14] and Aven and Jensen [15] presented excellent textbooks
reviewing the mathematical maintenance theory. On the other hand, some
survey papers will be useful to review the history of this research context,
such as McCall [16], Osaki and Nakagawa [17], Pierskalla and Voelker [18],
Sherif and Smith [19] and Valdez—Flores and Feldman [20].

Since the mechanism that will cause failure may be considered to be
uncertain in most real complex systems , the mathematical technique used
to deal with the maintenance problems should be based on convertional
probability theory. If we are interested in the dynamic behavior of system
failures depending on time, the problems are essentially reduced so that
we study the stochastic processes presenting phenomena of both failure
and replacement. In fact, since the theory of stochastic processes depends
strongly on the mathematical maintenance theory, many textbooks on the
stochastic processes have treated several maintenance problems. See, for
example, Feller [21], Karlin and Taylor [22], [23], Taylor and Karlin [24]
and Ross [25]. In other words, in order to design the maintenance schedule
effectively, both the underlying stochastic process governing the failure
mechanism and the role of maintenance options carried out on the process
have to be analyzed carefully. In that sense, the mathematical maintenance
theory is one of the most important parts in applied probability modelling.

In this tutorial article, we present the basic preventive maintenance
policies arising in the context of the maintenance theory. Simple but prac-
tically important preventive maintenance optimization models, which in-
volve age replacement and block replacement, are reviewed in the frame-
work of the well-known renewal reward argument. Some variations on
these basic models as well as the corresponding discrete time models are
also introduced with the aim of applying of the theory to practice. In
most textbooks and technical papers, the discrete-time preventive main-
tenance models have been paid little attention. The main reason is that the
discrete-time models are ordinarily considered as trivial analogies of the
continuous-time ones. However, we often face some maintenance problems
modeled in discrete-time setting in practice. If one considers the situation
where the number of take—offs from airports influences the damage to an
airplane, the parts making up the airplane should be replaced after a pre-
specified number of take—offs rather than a specific lapse of time. Also, in
the Japanese electric power company under our investigation, the failure
time data of electric switching devices are recorded as group data (the
number of failures per year) and it is not easy to carry out the preven-
tive replacement schedule at the unit of week or month since the service
team is engaged in other works, too. Our questionnaire suggests that it is
helpful for practitioners to have the preventive replacement schedule deter-
mined roughly for the unit of lyear. This will motivate the discrete-time
maintenance models.
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3.2 Block Replacement

For block replacement models, the preventive replacement is executed pe-

riodically at a prespecified time kto (to > 0) or kN (N = 0,1,2,...),

(k=1,2,3,...). If the unit fails during the time interval ((k — 1)to, kto] or

((k—1)N,kN], then the corrective maintenance is done at the time of fail-

ure. The main property for the block replacement is easier administration

in general, since the preventive replacement time is scheduled in advance

and one need not observe the age of a unit. In this section, we develop the

following three variations of the block replacement model;

(i) A failed unit is replaced instantly at failure (Model I)

(ii) A failed unit remains inoperable until the next scheduled replacement
comes (Model II)

(iii) A failed unit undergoes minimal repair (Model III)

The cost components used in this section are the following:

¢p (> 0): unit preventive replacement cost at time kto or kN, (k =
1,2,3,...).

¢c (> 0): unit corrective replacement cost at failure time.

¢m (> 0): unit minimal repair cost at failure time.

Model 1

First, we consider the continuous-time block replacement model [2].
A failed unit is replaced by a new one during the replacement interval
to, and the scheduled replacement for the non—failed unit is performed at
kto (k=1,2,3,...). Let F(t) be the continuous lifetime distribution with
finite mean 1/A (> 0). From the well-known renewal reward theorem, the
expected cost per unit of time in the steady—state for the block replacement
model can be formulated directly as follows.

ceM(to) + cp

Bc(to) = tO )

where the function M(t) = $°7°, F*)(t) denotes the mean number of

failures during the time period (0, ] (the renewal function) and F*(t) the

k—fold convolution of the lifetime distribution. The problem is, of course,

to derive the optimal block replacement time t; which minimizes Bc(to).
Define the numerator of the derivative of Bc(to) as

Je(to) = cc[tom(to) — M(to)] — cp, (3.2)

where the function m(t) = dM(t)/dt is the renewal density. Then, we have
the optimal block replacement time t; which minimizes the expected cost
per unit of time in the steady-state B.(to)-

Theorem 3.2.1
(1) Suppose that the function m(t) is strictly increasing with respect to
t (>0).
(i) If jc(o0) > O, then there exists one finite optimal block replace-
ment time t5 (0 < t§ < oo) which satisfies jc(t5) = 0. Then the
corresponding minimum expected cost is

Bc(ta) = ccm(ts)' (33)
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(ii) If je(oo) < 0, then t; — oo, that is, it is optimal to carry out
only the corrective replacement, and the corresponding minimum
expected cost is

B.(00) = Ace. (3.4)

(2) Suppose that the function m(t) is decreasing with respect to ¢ (> 0).
Then, the optimal block replacement time is t5 — 0.

Next, we formulate the discrete-time block replacement model [29]. In
the discrete—time setting, the expected cost per unit of time in the steady—
state is

ccM(N) + ¢,

By(N) = N ,

N=0,1,2,..., (3.5)

where the function M (n) = 33>, F®®)(n) is the discrete renewal function
for the discrete lifetime distribution F(n) (n = 0,1,2,...), F**)(n) the
k—fold convolution; for more detail see Munter [26] and Kaio and Osaki
[27]. Define the numerator of the difference of By(N) as

Ja(N) = c[Nm(N +1) - M(N)] - ¢, (3-6)

where the function m(n) = M(n) — M(n — 1) is the renewal probability
mass function. Then, we have the optimal block replacement time N*

which minimizes the expected cost per unit of time in the steady-state
B4(N).

Theorem 3.2.2

(1) Suppose that the m(n) is strictly increasing with respect to n (> 0).
(i) If jg(oo) > 0, then there exists one finite optimal block replace-
ment time N* (0 < N* < oo) which satisfies ja(N — 1) < 0 and
ja(N) > 0. Then the corresponding minimum expected cost satisfies

the inequality

cem(N™) < B4(N™) < ccm(N™ +1). (3.7)

(ii) If ja(c0) < 0, then N* — oo, that is, it is optimal to carry out
only the corrective replacement and the corresponding minimum
expected cost is

By(0) = Ace. (3.8)

(2) Suppose that the function m(n) is decreasing with respect to n (> 0).
Then, the optimal block replacement time is N* — oo.

Remark 3.2.1 A large number of variations on the block replacement
model have been studied in the literature. Though we assume in the model
above that the cost component is constant, some modifications are possible.
Tilquin and Cleroux [30] and Berg and Epstein [31] extended the original
model in terms of cost structure.

Model 1T

For the first model, we have assumed that a failed unit is detected
instantly just after failure. This implies that a sensing device monitors the
operating unit. Since such a case is not always general, however, we assume
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that the failure is detected only at kto (to > 0) or kN (N =0,1,2,...),
(k=1,2,3,...) [9]. Consequently, in Model II, a unit is always replaced at
kto or kN, but is not replaced at the time of failure, and the unit remains
inoperable for the time duration from the occurrence of failure until its
detection.

In the continuous—time model, since the expected duration from the oc-
currence of failure until its detection per cycle is given by fot *(to—t)dF(t) =

o (¢ dt, we have the expected cost per unit time in the steady-state;
0 p

to

Ce F(t)dt+ cp

Celto) = —0— , (3.9)

where c. is changed to the cost of failure per unit time, that is, the cost oc-
curs per unit time for system down. Define the numerator of the derivative
of C.(to) with respect to to as kc(to), i€

ke(to) = ce{ F(to)to - / “ F(t)t} - . (3.10)

Theorem 3.2.3

(i) If kc(oo) > 0, then there exists one unique optimal block replacement
time t§ (0 < ¢5 < oo) which satisfies kc(t5) = 0, and the corresponding
minimum expected cost is

C.(t) = ccF(t7). (3.11)
(ii) If kc(o0) < 0, then t; — oo and Cc(o0) = ce.

On the other hand, in the discrete-time setting, the expected cost per
unit of time in the steady-state is

N-1

ce Y F(k)+cp
k=1

Co(N) = —m——,  N=0,12,..., (3.12)

where the function F'(n) is the lifetime distribution (n = 0, 1,2, ...). Define
the numerator of the difference of Cy(N) as

ia(N) = c.[NF(N) — Z F(k)] — cp. (3.13)

Then, we have the optimal block replacement time N* which minimizes
the expected cost per unit time in the steady-state Cq(V).

Theorem 3.2.4

(i) If ja(oo) > 0, then there exists one finite optimal block replacement
time N* (0 < N* < oo) which satisfies ig(N — 1) < 0 and i4(N) > 0.
Then the corresponding minimum expected cost satisfies the inequality

ceF(N* = 1) < C4(N*) < c. F(N*). (3.14)

(ii) If Z4(c0) <0, then N* — oo.
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Remark 3.2.2 It is noticed that Model II has not been studied in many
works in the literature, since this cannot detect the failure instantly and is
not invariably superior to Model I in terms of cost minimization. However,
as described previously, one can see that continuous monitoring of the
operating unit is not always possible for all practical applications.

Model IIT

In the final model, we assume that minimal repair is performed when a
unit fails and the failure rate is not disturbed by each repair. If we consider
a stochastic process {N(t),t > 0} in which N(t) represents the number of
minimal repairs up to time ¢, the process {N(t),t > 0} is governed by a
non-homogeneous Poisson process with mean value function

Alt) = /0 ' r(@)da, (3.15)

which_is also called the hazard function, where the function r(t) =
f(t)/F(t) is called the failure rate or the hazard rate, in general 9(-) =
1 —9(-). Noting this fact, Barlow and Hunter [28] gave the expected cost
per unit time in the steady—state for the continuous-time model;

A(t
Ve(to) = M. (3.16)
to
Define the numerator of the derivative of V,(to) as
lc(to) = Cm[to’l‘(to) — A(to)] — Cp. (317)

Then, we have the optimal block replacement time (with minimal repair)
to which minimizes the expected cost per unit time in the steady-state
Ve(to).

Theorem 3.2.5
(1) Suppose that F(t) is strictly IFR (Increasing Failure Rate), i.e. the
failure rate is strictly increasing.
(i) Iflc(co) > 0, then there exists one finite optimal block replacement
time with minimal repair t; (0 < t5 < oo) which satisfies I.(t5) = 0.
Then the corresponding minimum expected cost is

Ve(ts) = cmr(t5). (3.18)

(ii) If lc(c0) < 0, then t§ — oo and the corresponding minimum
expected cost is

Ve(00) = cmr(00). (3.19)

(2) Suppose that F(t) is DFR (Decreasing Failure Rate), i.e. the failure
rate is decreasing. Then, the optimal block replacement time with
minimal repair is t5 — oo.

Next, we formulate the discrete-time block replacement model with
minimal repair [29]. In the discrete-time setting, the expected cost per
unit time in the steady-state is

_emA(N)+ ¢

Va(N) N )

N=01,2,..., (3.20)
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where the function A(n) is the mean value function of the discrete non-
homogeneous Poisson process. Define the numerator of the difference of

Vd(N) as
la(N) = em[Nr(N +1) — A(N)] = cp, (3.21)

where the function r(n) = A(n) — A(n — 1) = f(n)/F(n — 1) is the failure
rate function. Then, we have the optimal block replacement time with
minimal repair N* which minimizes the expected cost per unit time in the
steady-state V().

Theorem 3.2.6

(1) Suppose that F(n) is strictly IFR.

(i) If lg(co0) > 0 , then there exists one finite optimal block replace-
ment time with minimal repair N* (0 < N* < oo) which satisfies
la(N —1) < 0 and l4(N) > 0. Then the corresponding minimum
expected cost satisfies the inequality

emT(N™) < Vg(N™) < emr(N* +1). (3.22)

(ii) If I4(c0) <0, then N* — oo.
(2) Suppose that F(n) is DFR. Then, the optimal block replacement time
with minimal repair is N* — oo.

Remark 3.2.3  So far as we know, a large number of papers on minimal
repair models have been published. Morimura [32], Tilquin and Cleroux
(33] and Cleroux, Dubuc and Tilquin [34] deal with several interesting mod-
ifications. Latter, Park [35], Nakagawa [36]-[40], Nakagawa and Kowada
[41], Phelps [42], Berg and Cleroux [43], Boland [44], Boland and Proschan
(45], Block, Borges and Savits [46] and Beichelt [47] propose extended min-
imal repair models from the standpoint of generalization. Among the most
interesting models with minimal repair is the (¢,T)-policy. The (t,T)-
policy is a combined policy with three kinds of maintenance options; min-
imal repair, failure replacement and preventive replacement. That is, min-
imal repair is executed for failures during the first period [0, t), but failure
replacement is done for [t, T], where T is the preventive replacement time.
Tahara and Nishida [48] were the first to formulate this model. After in-
vestigations by Phelps [49] and Segawa, Ohnishi and Ibaraki [50], Ohnishi
[51] recently proved the optimality of the (¢, T)-policy under average cost
criterion, via the dynamic programming approach. This tells us that the
(t, T)-policy is optimal if we have only three kinds of maintenance options.

3.3 Age Replacement

As well known, in the age replacement model, if the unit does not fail
before a prespecified time to (to > 0) or N (N = 0,1,2,...), then it is
replaced by a new one preventively; otherwise, it is replaced at the failure
time. Denote the corrective and the preventive replacement costs by c. and
Cp, Tespectively, where, without loss of generality, c. > c,. This model plays
a central role in all replacement models, since the optimality of the age
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replacement model has been proved by Bergman [52] if the replacement by
a new unit is the only maintenance option (i.e., if no repair is considered
as an alternative option). In the rest of this section, we introduce three
kinds of age replacement models.

Basic Age Replacement Model (Barlow and Proschan [2], Barlow and
Hunter [53] and Osaki and Nakagawa [54])

From the renewal reward theorem, it can be seen that the expected
cost per unit time in the steady-state for the age replacement model is

ceF(to) + cpF(to)
/ K F(t)dt
0

If one can assume that the density is f(t) for the lifetime distribution F(t)
(t > 0), the failure rate r(t) = f(t)/F(t) necessarily exists. Define the
numerator of the derivative of A.(to) with respect to to, divided by F'(to)
as he(to), i.e.

Ac(to) = to > 0. (3.23)

to c

he(to) = r(to) F(t)dt — F(to) — (3.24)
0

c — Cp

Then, we have the optimal age replacement time 3 which minimizes the
expected cost per unit time in the steady-state Ac(to).

Theorem 3.3.1
(1) Suppose that the lifetime distribution F(t) is strictly IFR.
(i) If r(00) > K = Ace/(cc — ¢p), then there exists one finite optimal
age replacement time t5 (0 < t5 < oo) which satisfies h.(ty) = 0.
Then the corresponding minimum expected cost is

Ac(to) = (cec — cp)r(ts). (3.25)

(ii) If r(00) < K, then t5 — 0o and Ac(00) = Be(00) = Ace.
(2) If F(t) is DFR, then t§ — oo.

Next, let us consider the case where the cost is discounted by the dis-
count factor o (a > 0) [55]. The present value of a unit cost after t (¢ > 0)
period is exp(—at). In the continuous-time age replacement problem, the
expected total discounted cost over an infinite time horizon is

to _
Ce / e~ f(t)dt + cpe” 0 F(to)
0

% -
a/ e F(t)dt

0

Ac(to; a) = ) to Z 0. (326)

Define the numerator of the derivative of A.(to;a) with respect to to,
divided by F'(to) exp(—ato) as hc(to; ),

to

he(to; ) = T(to)/

_ to
e ' F(t)dt — / e f(t)dt — —2—.  (3.27)
0 0 —Cp

Ce

Then, we have the optimal age replacement time &, which minimizes the
expected total discounted cost over an infinite time horizon A (to; ).
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Theorem 3.3.2
(1) Suppose that the lifetime distribution F'(t) is strictly IFR.
(i) If r(o00) > K(c), then there exists one finite optimal age replace-
ment time t§ (0 < t§ < oo) which satisfies he(tg; @) = 0, where

coF*(a) + cpF* ()

K(a) = e F (@)’ (3.28)
F*(a) = / ” “otf(t)dt. (3.29)
Then the correZponding minimum expected cost is
Ac(ty;a) = EC—_——CC;“M — cp. (3.30)
(if) If r(o0) < K(a), then t5 — oo and
Ac(00;0) = c.F* () /F* (). (3.31)

(2) If F(t) is DFR, then ty — oo.

Following Nakagawa and Osaki [56], let us consider the discrete age
replacement model. Define the discrete lifetime distribution F(n) (n =
0,1,2,...), the probability mass function f(n) and the failure rate r(n) =
f(n)/F(n —1). From the renewal reward theorem, it can be seen that the
expected cost per unit time in the steady—state for the age replacement
model is

., N=01,2,.... (3.32)

Define the numerator of the difference of A4(N) as

Cp

ha(N —r(N+1Z (i—1)— F(N) - (3.33)

— Ce—Cp
Then, we have the optimal age replacement time N* which minimizes the
expected cost per unit time in the steady-state Aq(N).

Theorem 3.3.3
(1) Suppose that the lifetime distribution F(N) is strictly IFR.

(i) If r(oco) > K, then there exists one finite optimal age replace-
ment time N* (0 < N* < oo) which satisfies hg(N* — 1) < 0 and
ha(N™) > 0. Then the corresponding minimum expected cost satis-
fies the following inequality

(ce — cp)P(N™) < Ag(N™) < (cc — cp)r(N™ +1). (3.34)

(ii) If r(c0) < K, then N* — oo and A4(00) = Bg(o0) = Ace.
(2) If F(N) is DFR, then N* — oo.
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We introduce the discount factor 8 (0 < 8 < 1) in the discrete-time
age replacement problem. The present value of a unit cost after n (n =
0,1,2,...) periods is 8". In the discrete-time age replacement problem,
the expected total discounted cost over an infinite time horizon is

N
ce Y B f(j) + cpBY F(N)
Ag(N; ) = —= < , N=0,1,2,.... (3.35)
——I;ﬂz VF“z—l

Define the numerator of the difference of Aq(N;3) as

N

N
ha(N; B) =r(N+1)Y B FGi~1) - # f(j) -
j=0

i=1

(3.36)

Then, we have the optimal age replacement time N* which minimizes the
expected total discounted cost over an infinite time horizon A4(N; G).

Theorem 3.3.4
(1) Suppose that the lifetime distribution F(N) is strictly IFR.

(i) If r(co) > K(B), then there exists one finite optimal age replace-
ment time N (0 < N* < oo) which satisfies ha(N* — 1; ) < 0 and
ha(N*;8) > 0. Then the corresponding minimum expected cost
satisfies the following inequalities.

(cc — cp)r(N7)

=@/ o <AdN58) (337)
and
. (ce = cp)r(N™ 4+ 1) 3
Ag(N™;8) < 1-5)/7 cp, (3.38)
where
ce Y B fG) e D (1= B)f()
K(8) = —=2 7=0 (3.39)

(cc—cp) Y BF(i—-1)

=1

(i) If r(oc0) < K(B), then N* — oo and

ce Y B f(5)

7=0
Z(l—ﬂ’)f

(2) If F(N) is DFR, then N* — oo.

Aq(oo; B) = (3.40)
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Theorem 3.3.5
(1) For the continuous—time age replacement problems, the following re-
lationships hold.

Ac(to) = lirr}) aAc(to; o), (3.41)
he(to) = lin}) he(to; @), (3.42)
K = lim K(a). (3.43)

(2) For the discrete-time age replacement problems, the following rela-
tionships hold.

A4(N) = éi_’ml(l — B)Ad4(N; B), (3.44)
ha(N) = },iinl ha(N; B), (3.45)
K = lim K(0). (3.46)

Remark 3.3.1 Glasser [57], Scheaffer [58], Cleroux and Hanscom [59],
Osaki and Yamada [60] and Nakagawa and Osaki [61] extended the basic
age replacement model mentioned above. Here, we introduce an interest-
ing topic on the age replacement policy under a different cost criterion
from the expected cost per unit of time in the steady—state. Based on the
seminal idea by Derman and Sacks [62], Ansell, Bendell and Humble [63]
analyzed the age replacement model under an alternative cost criterion.
In the continuous-time model with no discount, let Y; and S; denote the
total cost and the time length for i~th cycle (i = 1,2,...), respectively,
where Yi = ccl{x,<to} + cpl{x;>t0}, Si = min{X;, to}, Xi is the lifetime
for the i-th cycle and I;.} is the indicator function.

In (3.23), we find that

lim E[total cost on (0,¢]] _ B

t—o00 t

[Yi]/E[Si] = Ac(to). (3.47)

On the other hand, let NU(t) denote the number of cycles up to time ¢.
Then, we define

1 NU(t)
n(t) = 0] ; E[Y;/Si], (3.48)

where 7(t) is the mean of the ratio E[Y;/S;] during NU(t) cycles. From
the independence of each cycle, we have
AX(to) = lim n(t) = E[Y;/5]

_ /0 ® (o )AF () + / ” (en/to)dF (D). (3.49)

to
This interesting cost criterion is called the expected cost ratio and is of

course different from E[Y;]/E[S;]. Ansell, Bendell and Humble [63] com-
pared this model with an approximated age replacement policy with finite
time horizon by Christer [64], [65] and Christer and Jack [66].
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3.4 Order Replacement

In both block and age replacement problems, a spare unit is available
whenever the original unit fails. However, it should be noted that this
assumption is questionable in most practical cases. In fact, if a sufficiently
large number of spare units is always kept on hand, a large inventory
holding cost will be needed. Hence, if system failure can be considered as
a rare event for the operating system, the spare unit will be ordered when
it is required. There were seminal contributions by Wiggins [67], Allen
and D’Esopo [68], [69], Simon and D’Esopo [70], Nakagawa and Osaki
[71] and Osaki [72]. A large number of order replacement models have
been analyzed by many authors. For instance, the reader should refer to
Thomas and Osaki [73], [74], Kaio and Osaki [75]-[78] and Osaki, Kaio
and Yamada [79]. A comprehensive bibliography in this research area is
listed in Dohi, Kaio and Osaki [80].

Continuous-Time Model

Let us consider a replacement problem for one—unit system where each
failed unit is scrapped and each spare is provided, after a lead time, in
response to an order. The original unit begins operating at time ¢ = 0, and
the planning horizon is infinite. If the original unit does not fail up to a
prespecified time to € [0, 00), the regular order for a spare is made at the
time to and after a lead time L, (> 0) the spare is delivered. Then if the
original unit has already failed by t = to + L2, the deliver spare is put into
operation immediately. But even if the original unit is still operating, the
unit is replaced by the spare preventively. On the other hand, if the original
unit fails before the time to, an expedited order is made immediately at
the failure time and the spare is put into operation just after it is delivered
after a lead time L; (> 0). In this situation, it should be noted that the
regular order is not made. The same cycle repeats itself continually.

Under this model, define the interval from one replacement to the fol-
lowing replacement as one cycle. Let ¢; (> 0), c2 (> 0), k1 (> 0), w (> 0)
and s (< 0) be the expedited ordering cost, the regular ordering cost,
the system down (shortage) cost per unit of time, the operation cost per
unit of time and the salvage cost per unit of time, respectively. Then, the
expected cost per unit time in the steady—state is

Oc(to) = Ve(to)/Te(to), (3.50)

where

Vlto) = &1 /0 AR (@) + oo / " R + kl{ /
+ / O o+ Lo - HAE(D)} +w] / O R ()

t

0
L.dF(t)

to

+/ (to + Lz)dF(t)} + S/ (t—to— L;)dF(t)
to+L2 to+L2

_ to+Lz2
= ClF(to) + CZF(to) + k]{(L1 - Lz)F(to) + / F(t)dt}
to+Lo a oo _ to
+w / Fl)dt + s ] F)dt, to>0  (351)
0 to+L2

and
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Te(to) = /Oto(t + L1)dF(t) + Aw(to + L2)dF(t)
= (L1 — L2)F(to) + L2 + / “ F(t)dt. (3.52)

0
Define the numerator of the derivative of Oc(to) with respect to to,
divided by F(to) as gc(to), i.e.

gc(to) = {(kl —w+ 8)R(to) + (w —s) + {kl(Ll — L)
+(c1 — C2)]r(t0)}{(L1 — Ly)F(to) + La + /0 “ F(t)dt}
_{w/t0+L2 F(t)dt + c1 F(to) + c2F(to)

+hy [(L1 — L2)F(to) + /tom F(t)dt]

to

s / Ftydt}{(Lr — Layr(to) +1}, (3.53)
to+L2
where the function

R(to) = Lot }?(220)— F(to) (3.54)

has the same monotone properties as the failure rate 7(fo), that is, R(t) is
increasing (decreasing) if and only if r(t) is increasing (decreasing). Then,
we have the optimal order replacement time t5 which minimizes the ex-
pected cost per unit time in the steady—state Oc(to).

Theorem 3.4.1
(1) Suppose that the lifetime distribution F'(t) is strictly IFR.
(i) If g.(0) < 0 and g.(co0) > O, then there exists one finite optimal
order replacement time t§ (0 < t§ < oo) which satisfies g.(t5) = 0.
Then the corresponding minimum expected cost is

(k1 — w + s)R(tg) + (w — s) + u(to)

Oc(to) = . , 3.55
() (L1 — La)r(t5) + 1 (3:55)
where
M(to) = {kl (L] — Lz) + (C] — Cz)}’r‘(to). (356)
(ii) If gc(o0) < 0, then t5 — oo and
w/A+ a1+ kila
(oo) = HATaTRM 3.57
Oclos) = 2222 (357)
(iii) If gc(0) > O, then t5 =0 and
1 Ly _ Lo
0.(0) = {w [ Fiyat + 2 + ky / F(t)dt
L, 0 0
+s / F(t)dt}. (3.58)
L

(2) Suppose that F(t) is ]23FR‘ If the inequality
Lo _ Lo
{w / F(t)dt + ca + ki / F(t)dt
0 0
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+s/ F’(t)dt}(Ll +1/2)
L3

<(w/A+c1+kiL1)L2 (3.59)
holds, then t5 = 0, otherwise, t§ — co.

Discrete-Time Model
In the discrete order-replacement model, the function in (3.54) is given
by

N+Lo N
> )= fn)
R(N) = 2= n=1 (3.60)
> fn)
n=N+1
Then, the expected cost per unit time in the steady-state is
O4(N) = Va(N)/Tu(N), (3.61)
where
N+Ly oo N-1 oo
VaN)=w 3 Y f)+ar Y. f(n)+e2 Y. f(n)
i=1 n=3 N n=1 NiL, i_;N
o (L Z DI IO!
n=1 i=N+1n=1
+s Z E f(n)} (3.62)
i=N+Ly+1n=i
and

MZ

Ta(N) = (L1 — L2)

)+ L2 + Z Z f(n (3.63)

n=1 i=1 n=1

Note in the equations above that L, and L, are positive integers.
Similar to (3.53), define the numerator of the difference of Ogq(N) with
respect to N, divided by F'(N) as ga(N), i.e.

qa(N) = {(k1 —w+ s)R(N) + (w — 5) + [k (L1 — La)

e = e2)lr(N) H{ (L = L2) NZ Fm) + Lo

N oo N+Ly oo N-1
Y im)—{u 3 Y s ra Y i)

e 3 fm) +ka[(Ly = L) 3 f(n)

Nizivz 1 (9 n:1<x>
+ Y Y m]+s S Y rm)
1=N+1n=1 i=N+La+1n=1
x[(L1 — La)r(N) +1]. (3.64)

Then, we have the optimal order replacement time N* which minimizes
the expected cost per unit time in the steady-state Oq(N).
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Theorem 3.4.2
(1) Suppose that the lifetime distribution F(N) is strictly IFR.
(i) If g4(0) < 0 and gq4(co0) > 0, then there exists one finite optimal
order replacement time N* (0 < N* < co) which satisfies g4(N™ —
1) < 0 and g4(N*) > 0.
(ii) If g4(oo0) <0, then N* — oo.
(iii) If gq(0) > 0, then N* = 0.
(2) Suppose that F(N) is DFR. Then N* = 0, otherwise, N* — oo.

Remark 3.4.1 This section has dealt with typical order-replacement
models in both continuous and discrete—time settings. These models can be
extended from various viewpoints. Thomas and Osaki [74] and Dohi, Kaio
and Osaki [80] presented continuous models with stochastic lead times.
Osaki, Kaio and Yamada [79] proposed a combined model with minimal
repair and introduced the alternative concept of negative ordering time.
Recently, Dohi, Kaio and Osaki [81], Dohi, Shibuya and Osaki [82] and
Shibuya, Dohi and Osaki [83] applied the order-replacement model to anal-
ysis of the special problems of continuous review cyclic inventory control.

3.5 Inspection Strategies

There are several systems where failures are not detected immediately they
occur, usually those in which failure is not catastrophic and an inspection
is needed to reveal the fault. If we execute too many inspections, then
system failure is detected more rapidly, but we incur a high inspection
cost. Conversely, if we execute few inspections, the interval between the
failure and its detection increases and we incur a high cost of failure. The
optimal inspection policy minimizes the total expected cost composed of
costs for inspection and system failure. From this viewpoint, many authors
have discussed optimal and/or near-optimal inspection policies [86], 2],
(87]-[95].

Among those policies, the inspection policy discussed by Barlow et al.
[86], [2] is the best known. They have discussed the optimal inspection pol-
icy in the following model. A one-unit system is considered, which obeys an
arbitrary lifetime distribution F(t) with a p.d.f. (probability density func-
tion) f(t). The system is inspected at prespecified times t; (k= 1,2,3,...),
where each inspection is executed perfectly and instantaneously. The pol-
icy terminates with an inspection which can detect the system failure. The
costs considered are ¢;(> 0), the cost of an inspection, and ks(> 0), the
cost of failure per unit of time. Then the total expected cost is

Cp = i /tk+1[ci(k +1) + ks (te+1 — t)]dF(2) . (3.65)
k=0"tk

They have obtained an algorithm to seek the optimal inspection—time se-
quence which minimizes the total expected cost in (3.65) by using the
recurrence formula

F(te) — F(te-1)  ci

t —tr = - =
k+1 k 7(tr) Kk’

k=1,2,3,..., (3.66)
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where f(t) is a PF, (Pélya frequency function of order 2) with f(t +
A)/f(t) strictly decreasing for t > 0, A > 0, and with f(t) > 0 for t > 0,
and to = 0. The algorithm is as follows:

begin:
t1
choose t; to satisfy ¢; = kf/ F(t)dt ;
0
repeat
compute t2, t3, ..., recursively using (3.66);

if any tx+1 — ek > tp — tk—1,

then reduce t; ;

if any tg41 — tx <O,

then increase t; ;
until ¢t; < t2 < --- are determined to the degree of accuracy
required;
end.

However, this algorithm by Barlow et al. is complicated to execute,
because one must apply trial and error to decide the first inspection time
t1, and the assumption on f(t) is restrictive. To overcome these difficulties,
some improved procedures for obtaining the near-optimal inspection policy
have been proposed [87], [89]-[95].

We review the near—optimal inspection policies proposed by Kaio and
Osaki [87], [94], [95], Munford and Shahani [89], and Nakagawa and Yasui
[92]. We follow the inspection model and notation introduced by Barlow
et al. For more detail, see each of the cited papers.

Near-optimal inspection policy of Kaio and Osaki (K&O policy)

Introduce the inspection density at time t, n(t), which is a smooth
function and denotes the approximate number of inspections per unit of
time at time t. Then the total expected cost up to the detection of the
failure is approximately

Cn(n(t)) =c: /Ooo n(t)F(t)dt + ks /000 Z}(_tde(t) , (3.67)

where 1) = 1 — 1, in general. The density n(t) which minimizes the func-
tional Cr(n(t)) in (3.67) is

n(t) = [ker(t)]"/?, (3.68)

where k. = ks/(2c;), and r(t) = f(t)/F(t), a failure rate. The inspection
times tx (k=1,2,3,...) satisfy

ti
k=/ n(t)dt, k=1,2,3,.... (3.69)
0

Substituting n(t) in (3.68) into (3.69) yields the near-optimal inspection—
time sequence.

Kaio and Osaki obtained this procedure by developing that of Keller
[93]. For details, see Kaio and Osaki [87]. Note that the procedure does
not depend on assumptions about the p.d.f. f(t).
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Near-optimal inspection policy of Munford and Shahani (M&S policy)
Let

F(tk) - F(tk_1) _

_ ., k=1,23,..., 0<p<l. 3.70
F(th_1) P , (3.70)

Then the inspection times ¢, (k=1,2,3,...) are
te=F'1-5%), k=1,23,..., (3.71)

where the probability p is chosen such that the near-total expected cost
up to the detection of the failure, Cp(p) , is minimized:

Cp(p) = % + kj (i t3p*1p — /0°° tf(t)dt) . (3.72)

This procedure does not depend on assumptions about the p.d.f. f(t).
For details, see Munford and Shahani [89], and additionally Munford and
Shahani [90] for the case of the Weibull distribution and Tadikamalla [91]
for the gamma distribution.

Near-optimal inspection policy of Nakagawa and Yasui (N&Y policy)

This procedure is based on one of Barlow et al. [86], [2] (abbreviated
to B policy below). If the p.d.f. f(t) is a PF3, the following algorithm is
obtained:

begin:

C; .

Z;f— )

determine t,, after sufficient time has elapsed to give the de-
gree of accuracy required,;

compute t,—1 to satisfy

F(tn) - F(tn_1) C;

choose d appropriately for 0 < d <

t _ -1 — = ———--— —

n tn 1 d f(tn) kf )
repeat

compute tp_2 > th_3 > -+ recursively using (3.66);
until t; <Oor tip1 —t; >t ;

end.
For details, see Nakagawa and Yasui [92].

Remark 3.5.1 From numerical comparisons with Weibull and gamma

distributions, we conclude that there are no significant differences between

the optimal and near—optimal inspection policies [95], and consequently we

should adopt the that is policy simplest to compute, that of Kaio and Osaki

[87]. There are the following advantages when we use the K&O policy:

(i) We can obtain the nearly optimal inspection policy uniquely, immedi-
ately and easily from (3.68) and (3.69) for any distributions, while the
B and N&Y policies cannot treat non—PF» distributions.

(ii) We can analyze more complicated models and easily obtain their near—
optimal inspection policies; for example, see Kaio and Osaki [87].
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3.6 Conclusions

This chapter has been concerned with basic preventive maintenance poli-
cies and their variations, in terms of both continuous and discrete-time
modeling. For further detail on the discrete models, see Nakagawa [29], [84]
and Nakagawa and Osaki [85]. Since the mathematical maintenance mod-
els are applicable to a variety of real problems, such a modeling technique
will be useful for practitioners and researchers. Though we have reviewed
only the most basic maintenance models in this limited space, a num-
ber of earlier models should be re-formulated in a discrete-time setting,
because, in most cases, the continuous—time models can be regarded as ap-
proximated models for actual maintenance problems and the maintenance
schedule is often desired in discretized circumstance. These motivations
for discrete-time setting will be evident from the recent development of
computer technologies and their related computation abilities.
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4. A Review of Delay Time Analysis for
Modelling Plant Maintenance

A. H. Christer
Centre for OR & Applied Statistics,
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Summary.

Delay time analysis is a pragmatic mathematical concept readily em-
braced by engineers, which has been developed as a means to model main-
tenance decision problems. Attention is focused upon the maintenance en-
gineering decisions of what to do, as opposed to the logistical decisions
of how to do it. This paper reviews the cumulative knowledge and ex-
perience of delay time modelling. The decision environment within which
Delay time models are intended as decision aids is briefly reviewed, and
the initial development of simple DT models for a repairable component
and a complex plant presented. Variations on the basic model are outlined
and discussed, including perfect and nonperfect inspection, steady state
and non-steady state conditions, and homogeneous and non-homogeneous
Poisson arrival rate of defects. Attention is given to the parameter estima-
tion process, and both subjective and objective estimation techniques are
outlined. Case sketches present practical experience in using the DT con-
cept to model actual plant, to assess the benefits obtained, and to validate
modelling and parameter assessment. References are given throughout to
related work as well as to future developments.

Keywords: delay time concept, maintenance, reliability, engineering,
production

4.1 Introduction

This chapter is essentially a paper previously published in the Journal of
the Operational Research Society Vol 50, 1999, 1120-1137 and reproduced
here by kind permission of the Editor.

From time to time estimates are published for particular countries in-
dicating the level of national expenditure on maintenance. One particular
study conducted in the Netherlands (Geraerds [1]) considered the split
of GDP across expenditure sectors of health, education, defence, ..., and
within each of these sectors estimated the level of expenditure ultimately
being expended on maintenance activities. The overall conclusion was that
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some 14% of the Netherlands GDP was consumed by maintenance activi-
ties. The breakdown between expenditure areas was 34% industrial plant,
22% bujldings, 19% housing, 19% transport, and 6% roads. Interestingly,
the author later commented that this distribution had remained relatively
stable over subsequent years. Interestingly, the World Development Report,
World Band 1998/99 indicates that a 6.7% of GDP within the Netherlands
is expended upon public health, which places maintenance expenditure
within a relative context at twice the level of public health expenditure.
Comparable orders of magnitude can be expected for other developed coun-
tries, with perhaps an increase in total level for developing countries.

Two points follow immediately from such estimates. The first is that
the figures are enormous, and therefore the topic is worthy of serious and
sustained study. The second point is that there is little further one can
do with these figures, since one cannot say if the order of magnitude is
too high, too low, or about right. Although the implication when such
macro figures are presented is invariably of excessive expenditure, in reality
the appropriateness of any maintenance expenditure needs to be assessed
within the context of a specific industry, plant and circumstance. Whilst
exploring maintenance expenditure at the macro level is of interest, it will
not of itself solve any resource problems or produce improvements. To do
this we need to address specifics and develop maintenance decision models.

Over the last thirty years the OR/MS community world wide has con-
tributed to the area of maintenance decision making through the pub-
lication of many hundreds of papers under the general umbrella title of
“maintenance”. Here ‘maintenance’ is a Catholic term embracing aspects
of plant management including servicing, inspection, repair, overhaul, reli-
ability and replacement. Review papers within the area are numerous [2],
(3], [4], 3], [6], [7], 8], [9], [10]. Yet despite this outflow, valid evidence of
impact and of modelling being productively used within industry, or even
considered for use, is thin on the ground. Very few publications are based
upon an actual maintenance situation as opposed to a postulated scenario.
Only a small subset use case data, and of these very few present a valida-
tion or post study check upon the model or consider observing its influence
upon decision making.

There are other views on the scale of impact of OR modelling in main-
tenance. In a study based upon a postal survey of 200 randomly selected
Fortune 500 industrial firms, Hsu [11], it was reported that 89% of firms
used modelling in some form for equipment replacement decisions, though
it may only have been a discounted cash flow or payback period calculation.
This positive picture of modelling use contrasted sharply with the findings
of a survey by Christer and Waller [12], who, based upon 20 in-depth stud-
ies within the U.K., raised concerns for the perceived role and quality of
equipment replacement modelling where it was used. For the more costly
equipment surveyed, they reported that modelling often had little actual
influence upon decision making because issues were dominated by factors
omitted from the analysis. Where modelling was influential, usually for the
lower unit value items, the authors raised concerns for the appropriateness
of the models and the relevance of the modelling process to the replace-
ment decision. Although some form of discounted cash flow or payback
period calculation may have been used, it was seen more as an accounting
ritual than as an influential factor informing a decision. Such cases would
have contributed to the count in the 89% of model users in Hsu’s sur-
vey, which highlights the difficulties in forming a meaningful and accurate
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picture of modelling use in the maintenance area based upon arms-length
postal research. Either way, the modelling concept of delay-time analysis
and modelling introduced below does, it is argued, provide a modelling
framework readily applicable to a class of actual industrial maintenance
problems.

To clarify the objective of the type of modelling we are concerned with
here, consider a plant item with a maintenance practice, or concept [13],
of servicing every period T, with repair of failures as they arise. The ser-
vice consists of a check list of activities to be undertaken, and a general
inspection of the operational state of the plant. Any defect identified leads
to immediate repair, and the objective of the maintenance concept is to
minimise operational downtime.

Conceptually, there is a relationship between the expected downtime
per unit of time D(T), and the service period T' (Figure 4.1). If T were
small, the downtime per unit of time would be large because the plant
would frequently be unavailable due to servicing, and if T were sufficiently
large, the downtime per unit of time would essentially be that under a
breakdown maintenance policy. If the chosen service period is T™, all that
we can expect to be known of D(T) is the observed value D(T"), that
is the current downtime measure. One wishes to reduce D(T™), and if a
model such as Figure 4.1 were available, there would be little difficulty
in identifying a good operational period for T, which need not be finite.
Unfortunately, in the absence of modelling, all that is generally available
is the data of Figure 4.2. To move from Figure 4.2 to Figure 4.1 requires

D(T)

N Y

Fig. 4.1. Downtime model: service period T’

maintenance modelling, and Figure 4.1 is a graphical representation of the
model. The model could equally well be cost based or reliability based.
Of course, the above model addresses an engineering decision for a single
plant. If there were a large number of items of different plant then even
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Fig. 4.2. Downtime information

knowing the most appropriate period, T, for each item might still present
considerable logistical problems of supplying the correct spares and materi-
als with competent fitters and correct instructions and briefing notes to the
appropriate plant at the time scheduled for service. This requires logistical
support, scheduling, and spares provisioning which, whilst potentially aided
by a mature literature on modelling to guide decision making, is not of the
maintenance engineer’s decision type being addressed here, but of a more
general class of scheduling and inventory control modelling applied within
a maintenance context. It has been recognised that in the integrated man-
agement of maintenance concepts for sets of plant, economic dependence
for set-up costs is possible, and the logistics may require a compromise be-
tween the optimal maintenance concept for particular plant items and the
associated logistical costs [14], [15], [16] [17]. However, these operational
procedures are considerably aided and simplified by the existence of valid
maintenance models for plant items such as Figure 4.1. Here we are in-
terested in modelling engineering decisions of what to do, as opposed to
modelling the implementation of the maintenance decisions. In short, we
wish to model the decision of what to do as opposed to how to do it. Both
types of modelling are important to maintenance, but the former is less
understood and, in the view of the author, has the greater potential for
impact upon industrial performance. Delay time modelling has been devel-
oped to have relevance within the operating culture currently found within
industry, and before introducing the delay time concept, it is appropriate
to characterise the decision environment in which it is to be used. Also, if
as suggested above, maintenance modelling such as Figure 4.1 is a useful
guide to decision making, we should perhaps consider why its use is not
common practice, and how maintenance decisions are currently made in
the absence of modelling. This is a relevant question to the modeller, since
modelling is common place in related areas of activity, including inventory
control, logistics and scheduling.
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4.2 Maintenance Practice

The role of management within the maintenance area is traditionally the
province of the engineer, with decision making strongly influenced by ed-
ucational background and industrial experience. Maintenance modelling
is unlikely to have featured in either of these environments. Few univer-
sity engineering programmes address maintenance engineering, and even
fewer consider rudimentary concepts of modelling the decision process of
maintenance. Currently, the concept of maintenance modelling is a scarce
commodity within industry. Engineering judgement and sound common
sense have, with good reason, held sway in the area of maintenance for
generations. Accumulated experience is essentially in engineering detail,
which may be captured for modelling. One observes that the management
of maintenance practice within industry has evolved over time, but slowly
and with little input from modelling.

In the 1960s maintenance by ‘indices’ was very popular, with numerous
indices of performance being defined [18]. However, without modelling the
significance of an index level is unknown. Planned preventive maintenance
(PPM) dominated the 1970s, with advocates prescribing what proportion
of maintenance activity should be planned [19]. Virtually none of these
advocates attempted to model or even consider modelling the problem.
Information technology started its impact in the 1980s with the develop-
ment of computer-based maintenance information systems. The belief was
that instant access to past data would solve problems. With relatively few
exceptions, one observed that after a while such systems, even when kept
updated, were seldom accessed for data and, perhaps not surprisingly, were
ultimately degraded. It is argued here that such systems provide more in-
formation on the already known point of Figure 4.2, but without skills
in data analysis and the concept of maintenance modelling, cannot aid
the manager with his key decision problems, that is provide the model of
Figure 4.1. This remains true today.

Total production maintenance (TPM; Nikojima [20]) rose in popular-
ity in the 1990s and is based upon much sound engineering practice. But
again, we observe that in the absence of maintenance modelling, a TPM
search for improvement cannot stop when the best is attained, because the
state of ‘best’ is unknown. Any such search for improvement needs to be
guided by modelling if the inefficient consumption of resource in a situa-
tion of diminishing returns is to be avoided. Reliability Centre Maintenance
(RCM [21]), has also become very popular over the past decade, and has
some comparable features to the delay time concept which will be devel-
oped below. However, unlike DTM, RCM is a procedure, not a modelling
methodology, and is therefore subject to the same criticism as TPM.

All the above ‘fashions’ have two common features. First they are pre-
scriptive in that they propose procedures allegedly leading to improvement,
and secondly, there is a lack of any underpinning scientific concept, testing,
verification or validation. Fashions driving management practice appear to
have sometimes been embraced remarkably quickly. When directors respon-
sible for annual maintenance spends of $30M to several billion have been
asked how much is spent researching the effectiveness of the spend, the an-
swer has been zero, or worse, ‘I don’t understand the question’. Compare
this with the marking function, where a spend of a few hundred thousand
dollars will typically be followed up with a further expenditure exploring
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the effectiveness of the spend and lessons learnt. Clearly there is a problem
here and a culture to be changed.

Condition-based maintenance is currently very common within indus-
try. Here, maintenance action, or lack of it, is based upon measures of con-
dition information which could be provided by oil analysis, vibration anal-
ysis, thermal techniques, ... . Although there is an abundance of technical
literature on these techniques, the associated decision problem is relatively
untouched [22]. Aghjagan [23] reported that since introducing a condition
monitoring regime based upon oil analysis of gear boxes, the incident of
gearbox failure whilst in use of all the Canadian Pacific locomotives had
fallen by 90%. This is a notable accolade for condition monitoring. How-
ever, it transpired during reconditioning of ‘defective’ gearboxes that in
50% of occasions there was no evident gearbox fault. Seemingly, condition
monitoring can be at the same time very effective and rather inefficient.
This is another example where the maintenance decision process requires
modelling.

To increase the uptake of valid modelling within the maintenance func-
tion, two developments are necessary. First, maintenance engineers need to
be informed of the service OR/MS can supply to aid the management of
the maintenance process. This would be aided by increasing the number
of validated case histories. The second is to interest OR/MS scientists in
addressing actual industrial maintenance problems by highlighting the ob-
served scope for contributing in practice [24]. This paper has been written
to stimulate the second of these, and the remainder of this paper introduces
an approach to modelling the engineering aspects of maintenance, called
delay time analysis and modelling, and presents a review of developments.
Though still being developed by, amongst others, colleagues at Salford Uni-
versity, this concept has nevertheless enjoyed success in modelling and has
influenced maintenance practice.

4.3 The Delay Time Concept

We are interested in the relationship between the performance of equip-
ment and maintenance intervention, and to capture this the conventional
reliability analysis of time to first failure, or time between failures [25],
[26] requires enrichment. Consider a repairable item of plant. It could be,
say, a component, a machine, or an integrated set of machines forming a
production line, but viewed by management as a plant unit. The inter-
action between maintenance concept and equipment performance may be
captured using the delay time concept presented below.

Let the item of plant be maintained on a breakdown basis. The time
history of breakdown or failure events is a random series of points (see
Figure 4.3). For any one of these failures, the likelihood is that had the

-6—6—06—6—6—> time

Fig. 4.3. Failure points ‘o’

plant been inspected at some point just prior to failure, it could have been
seen that all was not well and a defect was present which, though the plant
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was still working, would ultimately lead to a failure. Such signals include
excessive vibration, unusual noise, excessive heat, surface staining, smell,
reduced output, increased quality variability, ... . The first instance where
the presence of a defect might reasonably be expected to be recognised by
an inspection is called the initial point u of the defect, and the time h to
failure from w is called the delay time of the defect, see Figure 4.4. Had an

—h—
—0 @
u failure

Fig. 4.4. The delay time for a defect

inspection taken place in (u,u+h), the presence of a defect could have been
noted and corrective action taken prior to a failure. Given that a defect
arises, its delay time represents a window of opportunity for preventing a
failure. Clearly, the delay time h is a characteristic of the plant concerned,
the type of defect, the nature of any inspection, and perhaps the person
inspecting. For example, if the plant was a vehicle, and the maintenance
practice was to respond when the driver reported a problem, then there is
in effect a form of continuous monitoring inspection of cab-related aspects
of the vehicle, with a reasonably long delay time consistent with the rate of
deterioration of the defect. However, should the exhaust collapse because
a support bracket was corroded through, the likely warning period for the
driver, the delay time, would be virtually zero, since he would not normally
be expected to look under the vehicle. At the same time, had an inspection
been undertaken by a service mechanic, the delay time might have been
measured in weeks or months. Had the exhaust collapsed because securing
bolts became loose before falling out, then the driver could have a warning
period of excessive vibration, and perhaps noise, and the defect have a
driver-related delay time measured in days or weeks.

To see why the delay time concept is of use, consider Figure 4.5 incor-
porating the same failure point pattern as Figure 4.3 along with the initial
points associated with each failure arising under a breakdown system. Had

Fig. 4.5. ‘o’ initial points; ‘e’ failure points

an inspection taken place at point (A), one defect could have been identi-
fied and the seven failures reduced to six. Likewise, had inspection taken
place at points (B) and point (A), four defects could have been identified
and the seven failures now reduced to three. Figure 4.5 demonstrates that
provided it is possible to model the way defects arise, that is the rate of
arrival of defects A\(u), and their associated delay time h, then the delay
time concept can capture the relationship between inspection frequency
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and the number of plant failures. As first explored in the appendix to
Christer [27], knowing the relationship then enables the construction of a
delay-time-based maintenance model.

4.4 Basic Delay Time Maintenance Model:
Complex Plant

A complex plant, or multi-component plant, is one where a large number of
failure modes arise, and the correction of one defect or failure has nominal
impact in the steady state upon the overall plant failure characteristics.
Consider the following basic complex plant maintenance modelling scenario
where:

(a) An inspection takes place every T time units, costs Cr units and re-
quires Dy time units, where D; << T.

(b) Inspections are perfect in that all (and only) defects present will be
identified.

(c) Defects identified will be repaired during the inspection period.

(d) Defects arise at a constant rate A per unit of time.

(e) The probability density function for delay time of faults f(h) is inde-
pendent of the initial point u.

(f) Failure will be repaired immediately at an average cost ¢; and down-
time dy.

(g) The plant has operated sufficiently long since new to be effectively in
a steady state.

(h) Defects and failures only arise whilst plant is operating.

These assumptions characterise the simplest non-trivial inspection prob-
lem. Under these assumptions, for a defect with delay time h, the ex-
pected number of breakdowns over (0,7), ENs(T), is given by Christer
and Wang (28],

T
ENg¢(T) = )\/0 F(T — u)du

and therefore, the probability b(T") that a fault arising causes a breakdown
given inspection period T is

b(T) = (E]\;"TT)) T / F(T - u)du (4.1)

which increases from 0 to 1 as T increases from 0 to infinity. This expression
is a basic building block for modelling the inspection aspect of maintenance.

Accepting these assumptions, the expected number of failures over an
inspection period is ATb(T), and the expected cost per unit time C(T) and
downtime per unit time D(7T) become

_ [ Cr + CyATH(T)
o - {2350mm)

and

(4.2)
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(4.3)

_ [ Dr+dsATH(T)
b(T) = { T+ Dy }

respectively. In this formulation, it has been assumed that Adsb(T) << 1,
that is in estimating the number of failures over an inspection period T,
it is not necessary to make allowance for the loss of operating period due
to failures. If this condition is not valid, a modification to the model is
readily made [29], [30]. Equations (4.2) and (4.3) are delay-time-based
maintenance models of the inspection practice, and (4.3) is a particular
form of the conceptual curve of Figure 4.1. Both criterion models (4.2) and
(4.3) clearly exhibit the expected characteristics of having large values for
small T', and having an asymptotic value for large T corresponding to the
breakdown system value of C = Acy and D = Ady.

The existence of a delay time period associated with failures is not new
to engineers. Its existence has been the rationale underpinning PM and
inspection systems for years, and more recently the concept of reliability-
centred maintenance [21]. What is new, however, is an attempt to capture
the relationship quantitatively and exploit it in modelling maintenance
practice. Planned maintenance activity will usually embrace two activities.
First, preventive actions such as cleaning, greasing, oil changes and pos-
sibly age- or use-based replacements, all of which are designed to prevent
defects arising, that is influence and hopefully reduce A(u). Secondly, the
inspection element of PM, which accepts defects arise, but seeks to reduce
the consequences, namely failures, by identifying defects for corrective ac-
tion before failure. As such, inspections do not influence defects arising,
but they should influence the number of failures. The nature of inspections
and the definition of failure adopted will usually be consistent with custom
and practice within a client organisation.

4.5 Basic Maintenance Model: Component
Tracking

A second basic type of delay time model concerns the inspection mainte-
nance of a repairable component which is assumed to have a single failure
mode. At most one defect can exist at any given time, and the time from
stochastically new to the initial point of a defect, u, is now governed by a
pdf g(u) with c.d.f. G(u) say. The c.d.f. of time to failure given no inter-
vention, P(t) say, is the convolution of g(u) and f(h).

P(t) = /t g(u)F(t —u)du

=0
and the component reliability at time ¢ is
R(t) =1- P().

Suppose a component is replaced or repaired both at failure and when
detected at inspection to be in a defective state. A similar case has been
considered by Cox [31] based upon component wear level. We assume per-
fect inspections, and the special case where g(u) is negative exponential,
which implies inspections are effectively renewal points. Assume a failure
replacement, inspection replacement and inspection require downtimes of
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dy, dr and d; respectively. The expected downtime D(T') of an inspection
cycle of length T is given by the sum of the expected downtimes over (0, T")
when no defect arises, when a defect arises and is identified at T', and when
a failure arises. That is

T
D(T) = dsP(T) + (d; +d) [ gl = F(T = )] du

=0
+d;(1 — G(¢))
= (df —dr — d;)P(T) + d,G(T) + ds.
Similarly, the expected cycled length M (T') is given by
M(T) = (T+d:;))(1 - G(T))+ (T + dr + di) P(T)

+ (dfp(:r) + /0 ’ R(t)dt - TR(T)) )

and the downtime per unit time measure to inform the choice of T' becomes

D(T)
M(T)

This expression is equivalent to Figure 4.1 for the basic D.T. component
tracking case.

The assumptions of this case may be relaxed in the same way as those
of the basic maintenance model for complex plant. Indeed, Baker and
Wang [32] have investigated the case where component age influences the
initial point distribution g(u) and delay time distribution f(h), where u and
h are possibly correlated, and where an inspection can have a hazardous ef-
fect upon component life. However, the relaxation will be discussed mainly
in the complex plant case, since this is the more common case encountered
within industry.

4.6 Relaxation of Assumptions

4.7 Non-perfect Inspection

Perhaps the most suspect assumption in the above modelling is that of
perfect inspection. If a defect has a probability r of being identified at a
non-perfect inspection, then the above delay time models of (4.2) and (4.3)
for C(T) and D(T) are still valid for the steady state, but with modified
b(T). Of the AT defects expected to arise over an inspection period T', the
expected number resulting in failures is [69]

EN4(T) = ,\Z/ r(1 = )" 'R(nT — u)du.

Consequently, the probability b(T") that a defect will give rise to a failure
given non-perfect inspections of period T is

oo T
= % Sor1- r)"/o F(nT - u)du, (4.4)
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where

Fz) = /0 " f(h)dh.

4.8 Non-steady-state Condition

All the plant actually modelled to date using the delay time concept has
been sufficiently old to satisfy assumption (g) concerning steady state.
Should this assumption be in question, it is a relatively straightforward
task to relax it. This is only necessary, of course, if 7 < 1 since A(u) is
currently assumed to be constant. Suppose, for example, a plant item has
been inspected every period T since new, and its age is now nT. We concern
ourselves with both the average downtime per unit of time to date, and
during the last inspection cycle ((n — 1)T,nT) (see Figure 4.6).

| | o l o1 |Cl ]
I I [ = | I

new T 2T (-HT T (n-)T nT

Fig. 4.6. Non-steady-state inspection case

Let N; denote the expected number of failures occurring in operat-
ing period ((j — 1)T, jT). Since N; = N;_1+ failure arising from defects
originating in the first inspection period (0,T"), we have

Njoy+ (1 =r)? N [T (F(T — )

N — —F((j — 1T —u))du for j > 1,
=

(4.5)
)\fuT:O F(T — u)du, for 7 = 1.

The total expected number of failure repairs over (0, nT) is }°7_; Nj, and
from (4.5) it can be shown that

AL —r)?~! N F(jT - u)du
N, = AN (1 =) [T (T — w)du)  for j > 1,

AfuT:O F(T — u)du, for j = 1.
Clearly, the long-term probability of a defect arising as a breakdown is
>N

lim ol

n—oo nT

(4.6)

If interest was in selecting inspection period T to control the total downtime
over a fixed time period 7, then for any 7, n* inspection cycles would be
completed where
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n*"(T+ Dr) < 7 < (n"+1)(T + Dr).

The total downtime over (0, 7) now becomes

Ir'(r;T) = (TL*DI + ds iNj + 6) , (4.7)

Jj=1

where € represents the contribution to expected downtime due to failures
arising over (n*(T+ Dy), 7). The form of € depends upon operating practice
when failures occur near the end point 7. Should 7 be known to within a
density function ©(7), then an objective function which has been used in
a related context [33] is

I%n{AzwnTmewﬁ.

Of interest in some cases for monitoring and accounting purposes would
be the expected downtime per unit of time measure over the last, or next,
operating period ((n — 1)T,nT), namely

DI + din

e (4.8)

It can be shown that downtime measure (4.8) will tend to the steady state
unit of time measure of (4.3) as n increases. Cases where the steady state
assumption may not be valid are evident when the objective function is the
reliability of plant or a repairable component. Here interest is usually re-
stricted to a finite operating period or to a mission time. Exploratory mod-
elling work has established the potential for DTM to aid decision making
in such cases, [34], [35], [36], [37], Reliability modelswill more naturally be
of the component tracking type discussed below. The important point here
is that the requirements for a steady state situation may be readily relaxed
in delay-time modelling at the expense of some additional mathematical
detail.

4.9 Non-homogeneous Defect Arrival Rate A

It has been the author’s experience that the assumption of constant defect
arrival rate for mature plant has been justified for most plant, but not all.
In a study of the maintenance practice of the roll change mechanism of a
high-tech steel rolling mill [38], evidence was found that the rate of arrival
of defects in the plant was higher just after a periodic planned maintenance
intervention (PM), but subsequently settled down to a steady level prior
to the next PM. If there was to be any change in A, one would expect
it to be lower just after PM and rising with time, not vice versa. Clearly
something is wrong with the PM, and having been highlighted, the problem
becomes predominantly an engineering issue. However, the point is that
cases exist where because of perhaps wear mechanisms or the nature of
human intervention, the arrival rate A of defects is time dependent, that is
A= Au).

Suppose all the above basic modelling assumptions (a)-(g) are valid
excepting (d), where now A = A(u), and u is the operating time from when
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the plant was stochastically as new. Defects and failures are assumed not
to arise or occur during an inspection period downtime. Criterion measures
of interest such as the downtime per unit time, will now depend upon the
time zone (0 — ¢) over which the measurement is made, or the time ¢ at
which a local measure is taken. If the time of interest is ¢, then for some
integer n, we have nT < ¢t < (n+ 1)T (see Figure 4.7). Because of perfect
inspections, the expected number of failures occurring over ((j — 1)T, 5T
is given by

0 |l % H J| { { % Ir operating time

T 2T ¢-HT iT (n-n)T nT t

Fig. 4.7.n <T < (n+1)T

5T
N; = / Aw)F(JT — u)du (4.9)
G-1T

with the expected number of defects identified at the j-th inspection being
3T
/ A(u)du — N;.
G-n)T

Over the period ¢, we have the overall expected downtime D(t) given by

n §T
D(t) = nD;y + dy Z/ Auw)F(UT — u)du

j—1/@E-1)T

+/t A(uw)F(t — u)du] , nT <t < (n+ 1)T. (4.10)
nT

Likewise, the expected downtime per unit time measured over the last
complete inspection period is

nT
D; +df/ Au)F(nT — u)du
(n-1)T

T+ D;

(4.11)

If conditions are non-steady, the assumptions of constant inspection period
T needs to be relaxed. This assumption is normally not relaxed lightly since
to operate a variable inspection period policy requires evidence of sufficient
benefit to justify the operational inconvenience. However, it is possible
to assume an inspection policy T'(T1,T2,...) and optimise the objective
function with respect to the inspection vector T. This has been investigated
in the case of a component tracking model [39] [42] and as expected, the
nature of the problem changes. If defects arise at an increasing rate and
inspections accordingly become more frequent, the point could arise where
it is appropriate to replace the plant. Now, instead of just searching for
the best inspection practice, one has to consider integrating inspection
modelling with the modelling of a replacement decision (or overhaul to a
much improved condition). In this case, it may be necessary to consider a
finite modelling horizon and consider the influence of taxation upon capital
expenditure [40], [41]. :
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4.10 Condition-dependent Cost and Downtime for
Repair

Although most of the developments of the delay time concept in mainte-
nance modelling have been in the context of industrial mechanical plant,
where characteristic timescales are days and perhaps weeks, initially the
concept was developed in the area of building maintenance, where delay
time scales may be measured in months and perhaps years [43], [44]. Over
a long delay time period, a building defect would characteristically increase
in severity and therefore cost of repair (see Figure 4.8).

Repair A
cost 1 a

C(1)

/ a

| time
u (u+t) u+h

Fig. 4.8. Repair cost over delay time h; u = initial point

If C(7) is the cost of repair at time (7 4 u), then by inspecting at time
7 after the initial point a saving of (C(h) — C(7)) is possible. In this case,
repair cost savings as well as failure avoidance are possible. This aspect
has been developed further and applied in a civil engineering context to
model the degradation and maintenance of concrete structures [45], but for
industrial plant the curve C(r) is believed in the main to be relatively flat,
with perhaps a discontinuous increase at the failure point because of the
inconvenience and possible additional cost of associated failure damage.
In the remainder of this paper, we will assume the repair cost and repair
downtime of a defect to be constant over the delay time period.

Other assumptions in the modelling may likewise be relaxed, but the
important point for the present is that providing A(u) and f(h) can be
estimated, the delay time concept should be capable of producing the target
inspection model of Figure 4.1.

The option might exist to subdivide defect types into independent clus-
ters with common arrival patterns A;(u) or g;(u), and pdf’s f;(k), and
thereby construct more refined models. Such options are developments in
modelling detail and not principle, and as such will not be considered fur-
ther here. As an aid to qualitative modelling, the delay time concept only
has practical value if delay time parameters can be estimated. We now
consider the techniques established to estimate f(h), A(u) and 7.
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4.11 Case Experience Using Subjective Data: Case
Experience

The first industrial study requiring the estimation of delay time parame-
ters was the downtime modelling of a complex high-speed canning line [46].
Cans can be filled and sealed at a rate of up to 1,000 per minute, and the
line operated 24 hours per day, 7 days a week, 50 weeks a year. For the
previous 5 years, since new, the maintenance concept had been to stop pro-
duction once every 24 hours to inspect the line and rectify identified faults.
These brief events (20-30 minutes) were called pit-stops. Breakdowns were
rectified when they occurred. Management wanted to know if the 24-hour
inspection period could be improved upon to further reduce production
downtime.

Before attempting to model the inspection of an existing plant, thought
needs to be given to identifying engineering solutions to reduce the rate of
defects arising, that is A(u). This entails considering what actually causes
defects, as opposed to the usually recorded maintenance information sys-
tem data on what the defect was. A snap-shot survey system was estab-
lished to collect detailed information and assessment at every maintenance
intervention over a 6-week period [47]. Part of this survey was designed to
provide an estimate of the delay time for each defect as follows:

At every breakdown, the maintenance fitter repairing the plant would be
asked to estimate

HLA: How long ago the defect causing the failure may first have been
expected to have been recognised at an inspection.

If a defect was identified at an inspection, then in addition to HLA, the
fitter would be asked to estimate

HML: How much longer the defect could be left unattended before repair
was essential.

The estimates are given by (see Figures 4.9 and 4.10) A =HLA for a break-

Fig. 4.9. Breakdown: A = HLA

down and h = HLA + HML for an inspection repair. f(h) is estimated from

the synthesis of estimation of {il} At the time of repair, the maintenance
fitter has information available to inform his estimate. In addition to his
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HLA HML

A
A

Fig. 4.10. Inspection: h = HLA + HML

experience, the defect is present and the plant may be examined and op-
eratives questioned. Even so, in this study there were problems.

Estimating HLA and HML, as well as providing judgements as to causes
of defects, was a novel task for the engineers, and the first attempt high-
lighted misconceptions. Typically the HLA estimate would be very short
for inspection repairs, a matter of minutes. The implication of the en-
gineers’ estimates is that perhaps one should not inspect, since defects
seemingly entered the plant just before an inspection (see Figure 4.11).
Once the consequences of their estimates was accepted by the engineers,
they also accepted that the HLA measure, as well as the HML, was being
underestimated and appropriate ‘revisions’ were made.

Inspection

Fig. 4.11. o, initial points

On occasions, engineers would provide a range estimate of HLA and
HML, not a point estimate. This led to an optimistic and pessimistic esti-
mate for h, and therefore for f(k), and consequently for the estimate of the
probability of a defect arising as a breakdown, b(T'), (4.1). The observed
value of b(T = 24) lay reassuringly between the optimistic and pessimistic
estimates of b(T') for T = 24 hours. This was welcomed, but not expected
since the b(T) curves are a synthesis of subjective assessments, and the
b(T = 24) is the observed and objective point of current practice.

The subsequent model for downtime per unit time as a function of in-
spection period, D(T), corresponding to (4.3), is reproduced in Figure 4.12.

Evidently, the 24-hour pit-stops based upon engineers’ judgement, with
just over 7 hours downtime per week, was the best one could sensibly do
with the plant since the marginal improvement in moving to T’ = 30 hours
could not justify the effort of an unnatural period. Management had chosen
the best inspection period, but without modelling did not know it.

As a consequence of a snap-shot survey, the key plant component where
engineering solutions could reduce the rate of defect arrival was the set of
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Fig. 4.12. Maintenance model Fig. 4.13. Maintenance model
for canning line: original plant for canning line: modified plant

40 filling valves on each line. It was known that valves were troublesome,
but the extent had never been quantified. Over the 6-week survey, 72 valve
faults were identified, causing management to task three engineers to pro-
pose design improvements to the valves. A redesigned valve with a trou-
blesome flange region removed was developed, tested and ready for use,
and the analysts were asked what the inspection period for the redesigned
plant should be. It proved possible by removing from the delay time esti-
mates {h} all estimates associated with defects believed designed out, and
adjusting the rate of arrival of defects A accordingly, to provide within a
day a model of D(t) for the new, and as yet untried, plant. The new curve,
Figure 4.13, now bottomed out at just over 5 hours per day, but remained
very flat between T' = 40 and T = 100 before slowly increasing.

This revised curve was used by management to argue and win the case
for growing out to weekly pit-stops. A year later, on a return visit to
monitor developments, pit-stops were still weekly, the downtime level was
as predicted, and none of the ‘designed out’ valve faults had occurred.
Two years later, a visiting check revealed that pit-stops had now moved to
two-weekly, but were of a more substantial nature.

This study shows how the delay time concept can model plant down-
time, even untried modifications, and be influential in improving main-
tenance practice. It is to be noted that without the intervention of OR
modelling (i) the appropriateness of a 24-hour pit-stop policy, or its rela-
tive gain over any other period, would be unknown, (ii) the initiative to
redesign the valve would not have started in the foreseeable future, (iii)
savings of 2 hours per week in downtime would not have been realised,
(iv) a change in pit-stop period would not have occurred. In this case, the
model represented by (4.3) was simple to solve, but graphical techniques
are also possible for this and more complex cases (48]. However, perhaps
the most enduring feature of this first study is a verified and validated ex-
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ample that the delay time concept can be utilised to model and influence
actual maintenance practice.

4.12 Revision of Subjectively Estimated Delay
Time Distribution

In the canning line problem, the underestimation problem of HLA and
HML was resolved by presenting to engineers the implication of their esti-
mates, and inviting a revision. There was no need for further adjustment
since the subsequent model of b(T'), or D(T'), was satisfactorily close to the
known point for T = 24 hours. In general, a further ‘adjustment’ will be
necessary, since as observed elsewhere, there is no guarantee the subjec-
tively based model will model the status quo [29], [49]. Underestimating
delay time measures will imply the known point of Figure 4.3 lies below
the model of Figure 4.1, or above if h is overestimated.

The task of revising both the delay time distribution and the delay time
maintenance model has been addressed by Christer and Redmond [50], who

transform the estimated delay time to h = ah+w, where w and the stretch
factor o are assumed constant. In the case w = 0, a unique value of «
exists to match a delay time model to the status quo measure irrespective
of the quality of inspection r. The model may also be updated by changing
the assumed wrong initial value of 7, and a unique revised r value exists
provided b* > b(To;r = 1), where b* is the observed status quo value of
b(To) and To, the current inspection period.

Other cases including varying w, o and r together can lead to unique
solution, no solution, or multiple solutions to status quo equation such
as b* = b(Top). Some possible means of resolving the latter case are also
discussed in the paper. There are numerous options here, and the actual
updating technique selected in any case will probably depend upon the
context, and sensitivity analysis of the decision consequence to different
updating options. Experience to date indicates decisions to be robust to
updating procedures. Even so, there is a case for exploring Bayesian tech-
niques for updating prior distribution and models [51].

4.13 Correction for Sampling Bias

It is possible that estimates of delay time measures of specific defects for
use in the synthesis approach to estimating delay time parameters may
only be obtainable at either inspections, h; = (HLA + HML) or at break-
down, hy = (HLA) or that the estimator may only be experienced in one
of these cases. Both sets of estimate {h;} and {hs} lead to estimates of
density function F;(h) and Fy(h), but neither is the process delay time
distribution F'(h). This is because there is a bias towards small delay time
in {hs} for breakdown estimates, and larger delay time estimates in {h:},
since defects with larger delay time are more likely to span an inspection.
Christer and Redmond [52] address this sampling bias problem and propose
ways of estimating F(h) from either {h;} or {hs}. It may still, however, be
necessary to revise the delay time distribution estimate or model to match
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the status quo condition. This bias is related to the well-known waiting
time paradox [53].

4.14 Subjective Estimation of the Delay Time
Distribution Directly

An alternative subjective technique for estimating delay time parameters is
to estimate the delay time distribution directly [54]. This is based upon the
work of Cooke [55] and in essence entails providing a mesh of class intervals
and asking a group of experts to indicate, for 100 random faults arising
within the plant, how many delay times would lie within each interval.
This provides a histogram from which to estimate f(h). An advantage of
the method over the previous one of synthesis is speed, ofen reducing to
an afternoon that which may otherwise require a survey spanning weeks or
months. The contextual difference is in the nature of the experience and
the evidence influencing the final delay time estimate. However, where both
methods have been used, and subsequently revised to satisfy status quo
conditions, the resulting maintenance models have been very similar in form
and in decision consequence [49]. In practice, when a data collection survey
is necessary to define the maintenance problem and identify engineering
solutions, it is recommended that the delay time distribution be estimated
using the synthesis technique in addition to the probability estimating
technique. The latter could aid modelling decisions to extend or terminate
the longer timescale subjective data collection survey.

4.15 Objective Estimation of Delay Time
Parameters

Component Models

Baker and Wang [56] were the first to estimate delay time parameters using
objective data. Interest is restricted to a component tracking DT model of
independent components subject to inspection, where defects and failures
are effectively repaired to replacement level. Using the multiplication law
of likelihood, expressions are developed for the likelihood of observing the
recorded sequence of events. The likelihood is conditional upon assumed
forms of g(u), the pdf for the initial point u, and f(k), for each compo-
nent. Inspections as such may or may not be perfect, and when the plant
consists of more than one component, opportunistic inspection may take
place at failure repairs. Parameter fits for g(u), f(h) and the quality of
inspection 7, are obtained by maximising the likelihood expression. The
authors advocate choosing between different possible parametric forms of
g(u) and f(u) using the Akaike information criterion, and medical equip-
ment maintenance data is used to demonstrate the technique.

This important paper on component tracking models was developed
further by Baker and Wang [32]. Still addressing component modelling,
the mathematical form of the likelihood was extended to allow the initial
point u and delay time h to depend upon the age of the parent plant,
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and to permit inspection to have adverse as well as beneficial effects. An
implicit assumption in the likelihood formulation is that the required data
exists. This may not be the case, and ways of combining existing objective
data with subjective data with subjective data within a likelihood formu-
lation for delay time parameter estimation of component tracking models
is discussed in Baker and Christer [57].

Multi-component Plant

Component tracking models for maintenance modelling are appropriate for
equipment that has very few inspected or otherwise monitored repairable
components. Though components can be combined to form a plant, for
complex equipment consisting of many components the implied complexity
becomes too great. A preferred approach for modelling complex plant is
to directly model the rate of arrival of defects at time u as A(u), with the
delay time density function f(h) as before. If sufficient data exist for given
forms of f(h) and A(u), the maximum likelihood technique may be used
for parameter estimation.

A common set of seven steps is proposed for deriving objective estimates
of delay time parameter in the case of both component tracking and multi-
component models. These are

(1) Clarify the definition accuracy, completeness and content of available
data. This is important for stages (2) or (3).
(2) Formulate and confirm assumptions defining the operating custom and
practice over the period for which objective data have been collected.
(3) Identify candidates forms for A(u), f(h) and r, the probability of de-
tection of a fault at inspection.

(4) Formulate the likelihood expression for observed data.

(5) Obtain maximum likelihood estimates of parameter for assumed forms
of A(u), f(h) and 7.

(6) Use an information criterion to make choice between different forms of
A(w), f(h) and r.

(7) Check goodness of fit of choice to observed data.

The mathematical form of a likelihood will, of course, depend upon the data
available and the operating practice. Suppose, for example, inspection takes
place every k days, say, with identified defects removed, ! inspection cycles
of data are available, M, defects are identified at the n-th inspection,
1 < n <1, and my; failure occurred on the j-th day of the n-th cycle,
1 < j <k, see Figure 4.14.

My (my; failures) M,

L N |
‘ ] | 1 | ‘
1 2 -l j k-1
(n-1)"" Inspection n'Inspection

Fig. 4.14. Possible data format

The likelihood expression for this data set is
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n=1

k
H (mn; failure on j-th day of n-th cycle)}. (4.12)

i1

{P(Mn defects identified and removed at n-th inspection)
P

l

L= 11
X

J

In formulating such expressions for likelihood, the task is considerably
aided by the assumption of a Poisson process for A(u), and by extension
to the theory of NHPP applicable to the delay time context.

First, there are intuitive arguments supporting the assumption of a
Poisson process of defects arising within complex plant, which are essen-
tially those supporting Poisson arrivals of failure in complex plant main-
tained on a breakdown basis [26]. For established plant, the probability of
a fault arriving in a small time interval will be hardly influenced by the
pattern of previous fault arrivals and subsequent failures and repairs (and
subsequent change in the risk of future faults arising) since the arrivals will
relate to a negligible fraction of the total complex plant. This independence
of previous epochs characterises an NHPP, and one might reasonably an-
ticipate fault arrivals for established complex plant to follow an NHPP,
or a homogeneous Poisson Process (HPP) over a short time period. Fur-
ther support is given here by Barlow and Proschan [25] who proved that
for a complex plant with negligible repair times and subject to breakdown
maintenance, the failure process (and in our cases the corresponding fault
arrival process) follows a HPP in the steady state.

An important feature of the failure process we wish to model here is
that the plant is not only repaired upon breakdown, but also subject to
periodic inspection and repair of identified defects. Also, at breakdowns,
on occasion the failed plant can be subject to an opportunistic inspection.
Suffice it to say, assuming defects arise as a HPP, the probabilistic results
of Ross [58] can be extended in the current context using the following
theorems, Christer and Wang [28], Christer et al. [58]:

(1) For perfect or imperfect inspections, in the absence of opportunistic
inspection for the plant at a breakdown, the rate of arrival of failures
(breakdowns) between inspections follows a NHPP.

(2) If perfect or imperfect PM inspections take place, the number of defects
identified at PM is Poisson distributed.

(3) When opportunistic inspections take place at a breakdown, then both
the above statements still hold provided the Poisson property of inde-
pendent increments of the failure process may be assumed [58]:

To be more specific, suppose a complex plant new at time ¢ = 0 has PM
inspections at times T;, i = 1,2, ... . The period between PMs may not be
constant. Defects are assumed to arise at constant rate A\, and a defect has
probability r of being detected at an inspection. The pdf and cdf of delay
time are as before. We have from the above theorems that in this case

(i) the failure rate arrival process follows a NHPP with failure rate function
at time t given by

=1

v(t) = A{Z(l — ) T (F(t — Tpe1) — F(t — Tn))

n=1

+F(t-Tier)}, T <t<T, (4.13)
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(ii) the expected number of defects identified at the i-th PM is E(Ny(T3))

E(N,(T3)) = A Z r(1—r)" /T" (1-F(Ti —w)du,  (4.14)

Thn-1

and
(iii) the number of defects identified at the PM in the steady state is
Poisson distributed with mean lim;_ o, E(Np(T3))

For example, if (T;4+1—T;) = T for all ¢ > 1, that is inspections are regular,
we have the steady state value of E(N,(T;)) becoming E(N,(T)) where

oo T
B(No(T)) = {XT -2 3" (1 - r)"-1/0 F(nT —u)du}.  (4.15)

This expression is consistent with (4.4) and gives the parameter of the
Poisson distribution of defects identified at T. In the case of finite ¢ when
condition may not yet be steady, the distribution of the number of defects
identified at T is Poisson with parameter E(N,(T5;)) given by (4.14).

Expressions (4.3)—(4.5) readily generalise to where defects identified
at PM may not always be rectified, but be left to be attended to at a
subsequent PM or cause a future failure [60]. The above theoretical results
help considerably in formulating likelihood expressions such as (4.12).

The likelihood formulation (4.12) is based upon one format of possi-
ble available data. Unfortunately, in some cases data relating to activities
undertaken and defects rectified at a PM inspection is not recorded. This
considerably complicates the estimation problem because of the correlation
between parameters to be estimated. For example, a failure epoch pattern
may be attributable to a high A and r value with defects being filtered out,
or to a relatively low A and r value, with most defects giving rise to fail-
ures. This situation arises [59], [60], [62]. One procedure here is to obtain
a subjective estimate for either A or r, and then seek maximum likelihood
estimates for the remaining parameters.

We now comment on the practical experience of using the above mod-
elling and parameter estimating methods.

4.16 Case Experience Using Objective Data: HPP
of Defect Arrival

The first modelling study undertaken using objective data was the down-
time modelling of a 1700 ton extrusion press used in copper products man-
ufacture. It operated 16 hours a day (2 shifts), was a key plant, was 35
years old at the start of the project, and had had a history of frequent
breakdowns. Two years previous, a PM system lasting 2 hours per week
had been introduced consisting of a thorough plant inspection along with
subsequent adjustment or repair of faults found. A full account of this
study is given in Christer, Wang, Baker and Sharp [59].

After a time it was agreed with management that the following assump-
tions describe the press maintenance practice

(1) Faults may be assumed to arise according to a Poisson process of rate
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(2) All faults are assumed to be independent of each other and follow the
same delay time distribution.

(3) The delay time h of a fault is independent of its time of origin and has
pdf f(h) and cdf F(h).

(4) PMs carried out at PMs are assumed to be independent of each other
and follow the same delay time distribution.

(5) All identified faults are rectified by repair or replacement during the
PM, or as soon as possible after.

(6) Failures are identified immediately and repaired.

(7) PMs are performed on a regular basis of period T'.

The objective here is to identify the best operating period T to minimise the
downtime per unit time D(T') for the plant, that is minimise the equivalent
expression to (4.2).

The data format in this study is that described in Figure 4.14, with
corresponding likelihood expression of (4.12). It was evident that some
defects will always have a zero delay time, and others may occasionally [59].
Accordingly, a mixed delay time distribution of the form

F(h)y=1-(1- P)e "

was adopted, where P = Pr(h = 0). The outcome of the above methodology
for estimating parameters was, in this case,

a = 0.179 per day

P = 0.5546

r=0.9

A =1.356 per day.

It proved possible to derive a closed form expression for the steady state
expected number of failures E(Ny) over a PM period T, namely

)\r(e"‘T - 1)(1 - p)

E(Ny) = -
(Ny) = AT (e T 147

(4.16)

The second term on the RHS of (4.16) represents the reduction in the
number of failures arising over the inspection period attributable to the
inspection process. The objective function corresponding to (4.3) can now
be formulated.

Initially, PM was weekly and took two hours: dp = 120 minutes. Sub-
sequently, maintenance engineers were allowed early morning access to the
plant before production started, thereby reducing production time lost to
PM to 30 minutes. This was later further reduced to zero when all PM work
was scheduled to take place before production commenced. The downtime
per unit of time model corresponding to these three cases is presented in
Figure 4.15.

Clearly, if dp = 120, the best PM period is two or three weekly, but
not weekly as practised. Weekly PM is appropriate when dp = 30, and
obviously PMs are done as often as possible to reduce downtime when
dp = 0. Changes in practice meant it was possible here to validate modelling
prediction using observed values for different PM periods (Table 4.1).

The closeness of the observed and modelled downtime provides reassur-
ance of the validity of the joint problem modelling and parameter estima-
tion process. The greater variance between the observed and the predicted
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Fig. 4.15. Press downtime per day

Table 4.1. Observed and predicted % downtime per press hour.

% downtime per press hour | Observation Model Prediction
No PM 5.47 5.53
Weekly PM (dp = 120) 4.06 4.05
Daily PM (dp = 0) 2.45 1.85

in the case where dp = 0 is believed due in part to a relatively short op-
erating period providing the observed measure. There is, however, another
explanation which sheds greater light upon the modelling process.

To gain insight into the objectively and subjectively based modelling
process, a repeat study was undertaken for this same plant, but using sub-
jective data [61]. Subjectively estimated parameters required revision in
this case (as discussed previously) to satisfy status quo conditions, and the
subsequent results proved remarkably consistent with those of the objec-
tively based study, and are summarised in part in Figure 4.16.
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o culs. Ruvived
(dp=0)
\ e 0b4 (dpe2)
~0-sub. Revwed
e o e=get] (dp=2)
= cDsarvalion

-e— sl
e when o=
x = OLSSIVEtION
when Up=2

Expecled downtime per press hour(%)
© - N W & OO N ®

1 3 S 7 9 11 13 15 17 19 21 23 25 27 29
PM interval (day)

Fig. 4.16. Comparison of objective and subjective model

The closeness of the objective, and subjectively revised models in the
case dp = 2 hours is evident and adds credibility to both the objective
and subjective modelling procedures. More interesting is the difference in
the models for dp = 0. Where the subjective model is revised to satisfy a
status quo point corresponding to dp = 0 hours, it appears a better fit than
the objective model. Whilst both models are similar in form and decision
consequence, the difference in model prediction is of the order of 0.5% in
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downtime per press hour. In both objective and subjective cases, the model
assumes dp = 0 since PM is in downtime per press hour scheduled before
the start of production. However, the plant was not always completely
available for production at the scheduled time, and had an average of as
little as 5 minutes delay to commencing production been assumed, the
modelled point would coincide with the observation.

Often, there is a lack of data available on the findings and action at
inspection, though breakdowns are recorded. This can lead to convergence
problems when optimising a likelihood formulation, which so far have been
resolved by blending both objective and subjective data [62]. Other prob-
lems caused by small sample sizes have been investigated by [63].

Case Experience Using Objective Data and NHPP of Defect Arrivals

Perhaps the most complex plant yet tackled using the delay time concept
is a high-technology steel manufacturing plant which operates 24 hours a
day seven days a week with the exception of maintenance downdays (2
weekly) when PM and inspection take place [38]. Between downdays, the
plant, consisting of seven rolling mills each with three rollers, operates
at such a rate that a hardened steel roller can wear within a period just
over three hours and need replacing. A roll change mechanism dedicated
to each mill performs this task, which is normally completed within 12
minutes. Sometimes the roll change mechanism does not work, which causes
abnormal roll change periods of up to several hours. The modelling task
was to study the performance of the roll change mechanism as a function
of downday period.

Between downdays, defects arise which may or may not cause an ab-
normal roll change at some point within the role change mechanism, see
Figure 4.17. Defects arise, and may be present during a role change, but if

The delay time in the context of
the roll change mechanism

normal roll change
Down-day \ Down-day

N T~ ’i._}—‘H

abnormal roll change

Fig. 4.17. Defect and failure arrival patterns

they have not led to a failure, the roll change will be normal. In this sit-
uation, a failure as such is not recognisable until the mechanism is called
upon. We are, therefore, dealing with a problem of the preparedness type.
Other modelling variations that arose in this case are that failures present
at roll changes are not always repaired, but subject to temporary measures
to replace rollers and restore production. The same defect will be present
at the next, and therefore abnormal, role change. This was modelled by
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introducing a probability Q that a failure present at a roll change is fixed.
Also, it was evident from data analysis that downday maintenance was not
perfect, and could inject faults. An appropriate form of A was the NHPP
expression A(u) = A1 + Aze~*3%. Data from over 1,000 roll changes led to
maximum likelihood estimate of:

Q = 0.5884, i.e. 40% of failures temporarily fixed
P =0.1280, 13% of defects have zero delay time
A1 = 0.2004, 1 defect arises every 5 hours on average (long term)
A2 = 1.470
A3 = 0.065
a = 0.010, exponential delay time parameter.

initially, 1 extra defect arises every 40 minutes

The resulting model of downtime per day is shown in Figure 4.18, when
t. = 19 minutes is the mean time required for a abnormal repair. Before
the study commenced, management had moved from a two- to a three-week
PM period, but had done so based upon judgement and not quantitative
modelling. This model shows that as far as the roll change mechanism is
concerned, the change was appropriate, and that an even larger increase in
down-day period may be contemplated. The existence of the model could
have considerably reduced the decision stress for management in their deci-
sion to extend the PM period. Insufficient information on and understand-
ing of PM activity prevents us from drawing the conclusion that PM is
ineffective, though clearly it can be made more effective through quality
techniques to prevent the introduction of faults. The gain of modelling in

’7 250 B
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—-revised model, L, =30
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Expected downtime per day (min/day)
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Fig. 4.18. Expected downtime per day for roll change mechanim as function of
downday period

this context is the increased insight into the order of magnitude of con-
tributing effects and the consequence of possible changes. For instance, if
at a roll change failures were fully fixed, i.e. @ = 1, then presumably the
expected roll change period would increase for the failure case, but decrease
for the rest. Using the model, we see that there is virtually no change be-
tween performance given current practice and always fully repairing failures
at roll changes, if the average time for all roll changes is &% = 30 minutes.
This indicates the scope for changing policy and improving the downtime.
Other measures, such as improved practice at PM and design changes to
reduce A(u), can likewise be examined. As it is, the study supported the
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previous decision of management, identified weaknesses in the information
system, and both highlighted and quantified areas for detailed engineering
study.

4.17 Discussion of Further Developments in Delay
Time Modelling

So far, much of the modelling discussed has assumed a uniform inspec-
tion/PM period. This is, of course, convenient in practice, but is not nec-
essary and may be relaxed. The modelling task can then become one of
inspection and replacement modelling [64]. Reliability as a criterion has
also been considered, where interest is focused on the dependence of relia-
bility upon inspection practice for a repairable component [34], [35], relia-
bility over a mission period [36], and safety as measured by an undetected
defect [37].

The estimation of parameters when modelling complex plant is con-
siderably aided by the assumption of a Poisson arrival process and the
consequential Poisson arrival process for failures. In the case where op-
portunistic inspections take place, the failure arrival rate is still Poisson
provided the property of independent increments is valid [58]. This is a
strong assumption and can be non-trivial to establish. Suffice it to say,
where attempts have been made to check its validity within a modelling
context by simulation, the assumption of independent increments appeared
reasonable [28].

Case studies and associated theoretical developments are required in
the area of non-uniform inspections, where the depth of inspection as well
as the period of inspection are decision variables. Different depths of in-
spection correspond to a different delay time distribution F(h). Oppor-
tunistic inspection can increase the technical complexity of maintenance
modelling, but needs to be addressed in a more coherent fashion since it
is a frequent occurrence in practice. Though simple to implement in prac-
tice, opportunistic inspection can considerably increase the complexity of
maintenance modelling [28]. It is convenient to assume steady state con-
ditions in modelling. However, if the time zone of requirement for plant is
both finite and known, it could be productive to modify maintenance deci-
sions accordingly, and finite horizon modelling is required. The relationship
of equipment inspection modelling to health screening is frequently com-
mented on, but as yet is not fully explored, though a useful start has been
made by Baker [65]. Once Bayesian techniques for the revision of models
and delay time parameters have been explored and sufficient understanding
has been gained from the modelling of case studies, a long-term aspiration
would be to couple maintenance information systems to intelligent deci-
sion support systems, as postulated by Kobbacy et al. [66] and Ascher and
Kobbacy [67], to enable delay time analysis and modelling to become one
of several modelling techniques whose modelling is almost automatic with
a computer system.

Of the other techniques available within the literature for modelling the
consequences of maintenance interactions, Markov-based techniques such
as that of Winden and Dekker [68] are the most numerous, though the
literature is thin if interest is in validated applications, or even applica-
tions. The high-speed canning line problem discussed above [46] could also
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have been modelled as a Markov process. Had this been done, joint own-
ership of the model with the engineers would have been more problematic
because of the distance between Markov concepts and current engineer-
ing practice. Such communication problems within maintenance have long
been recognised [2]. Also, there would be little to guide the estimation of
Markov transition probabilities for modified plant. However, if g(u) is neg-
ative exponential and f(h) arbitrary, a Markov or semi-Markov model may
be constructed where the transition probabilities are functions of the delay
time parameters [70]. This is to be expected since the DTM approach is of a
more fundamental nature and models the process giving rise to state tran-
sitions. When g(u) is non-exponential, inspections become imperfect, the
period of inspection non-uniform, identified defects are not always repaired,
or opportunistic inspections take place at, say, breakdowns, the resulting
state space for a semi-Markov approach becomes prohibitively large, and
the parameter estimation problem very complex. Another approach, such
as DTM, is required.

4.18 Conclusions

The delay time concept is a natural one within the maintenance engineering
context. More importantly, it can be used to build qualitative models of the
inspection practice of plant, both existing and modified, which have proved
in practice to be valid. Techniques exist to estimate delay time parameters
given objective data, or subjective data, or a mixture, and where the ob-
jective and subjective techniques were jointly tested, have given consistent
results. The theory is still developing, but so far there has been no tech-
nical barrier to developing a delay-time-based maintenance model for any
plant studied. Though only industrial manufacturing has been addressed
in the cases cited here, other modelling areas of equal applicability for the
delay time approach could be cited. These include vehicle fleets, including
lorries and buses [71], [49], transportation systems, roadways and motor-
ways, high-rise housing, concrete structures [50], [72], 73], and housing
estates [43].

Close collaboration is required with engineers to produce a snap-shot
model, interpret data analysis, and agree a set of defining assumptions
for a model. This team approach ensures joint ownership of a modelling
exercise, which is essential for implementation. The DTM requirement that
a model be capable of modelling the status quo situation and predicting the
consequence of changes, which can later be observed and compared with
the prediction is important. It increases both the quality of science within
modelling and, through this validation, its impact. If a model proves invalid,
one must return to earlier stages, perhaps to the initial snap-shot phase, to
understand why and revise accordingly. Sometimes the conclusion is that
attention to engineering issues and practice is required before maintenance
decisions can be usefully modelled [62].

Engineers are generally not used to modelling decisions in management
processes, especially maintenance decisions. As such, unless stimulated by
some means, maintenance management are unlikely to request such mod-
elling support. The author is aware of remarkably few OR groups who ever
consider maintenance as an area of study. It is hoped, therefore, that this
paper will highlight the fact that modelling real maintenance problems
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is a substantive task where OR/MS support can both benefit the client,
produce clearly auditable improvements and challenge the analyst.

The potential for OR/MS to impact upon the area of maintenance
management is considerable, but relatively unrecognised within industry.
It is believed that in the short term, and despite its importance, OR/MS
will continue to have only a minor impact upon maintenance practice. The
situation will change when the education of engineers embraces decision
modelling concepts for maintenance, and when the OR/MS practitioners
within industry start to address maintenance decision. In particular, the
area is expected to gain considerably as more OR/MS and engineering
academics with an interest in the area of maintenance collaborate to test
modelling theories and jointly develop new theories and models in conjunc-
tion with case situations.
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5. Imperfect Preventive Maintenance Models

Toshio Nakagawa
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Summary.

Two imperfect preventive maintenance (pm) models where (i) the age of
the unit becomes z units of time younger at pm and (ii) the age ¢ or the
failure rate r(t) reduces to at or ar(t) at pm have been well-known. This
chapter applies the notion (ii) of imperfectness to a sequential policy where
the pm is done at sequential intervals. The expected costs of two models and
optimal intervals are analytically derived. Further, we also apply this notion to
a cumulative damage model where the total damage Yx reduces to axYx at the
k-th pm. The expected cost is obtained, and optimal policies which minimize
it are discussed. To make it possible to understand these results easily and
correctly, some numerical examples of each model are given.

Keywords: preventive maintenance, imperfect pm, sequential pm, shock
model, age of younger, decrease of damage

5.1 Introduction

The maintenance of an operating unit after failure is costly, and sometimes it
requires a long time to repair failed units. It would be an important problem
to determine when to maintain the unit preventively before it fails. However,
it would not be wise to maintain the unit too often. From this point of view,
commonly considered maintenance policies are replacement policies for the
unit with no repair and preventive maintenance policies for the unit with
repair. It may be wise to maintain the unit to prevent failure when the failure
rate increases with age.

The usual preventive maintenance (pm) of the unit is done before failure
at a specified time T after its installation. The mean time to failure (MTTF),
the availability and the expected cost are derived as the measures of relia-
bility for maintained units. Optimal pm policies which maximize or minimize
these measures have been summarized in [1], [2], [3]. All models have assumed
that “after pm the unit is as good as new.” Actually, this assumption might
not be true. The unit after pm usually might be younger at pm, and occa-
sionally, it might be worse than before pm because of faulty procedures, e.g.,

S. Osaki (ed.), Stochastic Models in Reliability and Maintenance
© Springer-Verlag Berlin Heidelberg 2002
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wrong adjustments, bad parts, and damage done during pm. Generally, the
improvement of the unit by pm would depend on the resources spent for pm.

Weiss (4] first assumed that the inspection to detect failures may not be
perfect. Similar models, in that inspections, test and detection of failures are
uncertain, were treated in Coleman and Abrams [5] and Noonan and Fain [6].
Chan and Downs [7], Nakagawa [8], [9] and Murthy and Nguyen [10] consid-
ered the imperfect pm where after pm the unit is not as new with a certain
probability, and discussed the optimal policies which maximize the availability
or minimize the expected cost.

It is imperative to check a computer system and remove as many faults,
failures and degradations as possible by providing fault tolerant techniques.
Imperfect maintenances for a computer system were first treated by Ingle
and Siewioreck [11]. Helvic [12], Yak et al. [13] and Nakagawa and Yasui [14]
considered that while the system is usually renewed after pm, it sometimes
remains unchanged, and obtained the MTTF and the availability. Chung [15]
studied the imperfect test of intermittent faults which had occurred in digital
systems.

Nakagawa [16], [17] considered two imperfect pm models of the unit:

(i) The age becomes z units of time younger at each pm and (ii) the failure
rate is reduced in proportion to that before pm or the pm cost. Lie and Chun
(18] and Jayabalan and Chaudhuri [19] introduced an improvement factor in
failure rate or age after maintenance, and Canfield [20] considered the system
degradation with time where the pm restores the hazard function to the same
shape.

Brown and Proschan [21], Fontenot and Proschan [22], and Bhattacharjee
[23] assumed that a failed unit is as good as new with a certain probability and
investigated some properties of a failure distribution. Similar imperfect repair
models were studied by Ebrahimi [24], Natvig [25], Makis and Jardine [26],
and Zhao [27]. Further, Shaked and Shanthikumar [28], and Sheu et al. [29],
[30] derived multivariate distributions and studied probabilistic quantities of
imperfect repair models. Recently, Wang and Pham [31], [32] considered the
extended pm models with imperfect repair and discussed the optimal policies
which minimize the expected cost and maximize the availability.

This chapter summarizes the results of sequential imperfect pm models
which could be applied to actual systems and would be helpful for future
studies in research fields.

Section 5.2 considers a sequential imperfect pm model where the pm is done
at successive times and the age or the failure rate reduces in proportional to
those before pm. The expected cost rates are obtained and optimal policies
which minimize them are discussed. It is shown in numerical examples that
optimal intervals are uniquely determined when the failure time has a Weibull
distribution.

Section 5.3 applies a sequential pm policy to a cumulative damage model.

5.2 Sequential Imperfect Preventive Maintenance

5.2.1 Introduction

A sequential policy where preventive maintenance (pm) is done at fixed inter-
vals x) was proposed in [33], [34]. This policy could be applied to real systems,
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because most systems need more frequent maintenances with age. In one ap-
proximation model of imperfect pm, the system has different failure rates in
the period k of pm, while they increase with the number of pm’s [35].

It is reasonable to postulate the system where pm reduces the failure rate
or the age. The improvement by pm depends on cost of pm and/or age of the
system.

By introducing improvement factors [17], [18] in failure rate and age for
a sequential pm policy [33], [34], we consider the following two pm policies:
The pm is done at fixed intervals zx (k =1,2,---,N — 1) and the system is
replaced at the N-th pm. If the system fails between pm’s it undergoes only
minimal repair. The pm is imperfect as follows:

(i) The age after the k-th pm falls to axt when it was ¢ before pm.
(i) The failure rate in the k-th pm becomes bxr(t) when it was 7(t) in the
previous period of pm.

The expected cost rates of two models are obtained and optimal sequences
{z};} are derived. When the failure time has a Weibull distribution, optimal
intervals are computed explicitly.

5.2.2 Model A - age

Consider the sequential pm policy for a one-unit system which has to operate
for an infinite span. It is assumed that [36]:

1. The pm is done at fixed intervals zx (k= 1,2,--- , N — 1) and the system
is replaced at the N-th pm, i.e., the unit is maintained preventively at
successive times 1 < 1+ Z2 < -+ < T1+ T2 + -+ + N1 and is replaced
at time 1 + z2 + -+ - + xn where 2o = 0.

2. The unit undergoes only minimal repair at failures between replacements
and is as good as new at replacement.

3. The age after the k-th pm reduces to axt when it was ¢ before pm, i.e., the
unit of age ¢t becomes t(1 — ax) units of time younger at the k-th pm, where
O=ar<a1<az<---<an <1

4. The cost of each minimal repair is c;, the cost of each pm is c2, and the
cost of replacement at the N-th pm is cs.

5. The times for pm, repair and replacement are negligible.

The unit is aged from ak-](-’Ek—l + ak—2Tg—2+ -+ ag—20K-3 " azalxl)
after the k — 1-pm to Tk + ak—1(Tk—1 + ak—2Tk—2 + * * - + Qk—20k—3 * - - G201T1)
before the k-th pm, i.e., from ag—1Yx—1 to Yi, where Yy = x + ar—1Tk-1 +
-+ ak—1ak—2 + - -+ + aza1z1 (k = 1,2,---), which is the age of the unit
immediately before the k-th pm. Thus, the expected cost rate is

c Z /Yk r(t)dt + (N — 1)c2 +c3

k=1Y%k-1Yk—1

Ca(1h, Yz, -+, Yn) = N1

> (- an)Ye+Yn
k=1
N=1,2--, (5.1
since Tx = Yy — ax—1Yx—1 and Eszl Tp = sz_ll(l —ak)Yr + Yn.

To find an optimal sequence {Yy } which minimizes C4, differentiating
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Ca(Y1,Ya,- -+, Yn) with respect to Yi and setting it equal to zero, we have
r(Y) — axr(arYs) _ r(Yn), k=12 N-1, (5.2)
1- ag
CIT(YN) = CA(Ylvyzy'“ 1YN) (53)

Suppose that Yy (0 < Yn < 00) is fixed. If r(t) is strictly increasing then there
exists some Yy (0 < Yy < Yn) which satisfies (5.2), since

7(0) — axr(0) <
1-—ax

r(Yn) — axr(axYn)
1- ag

T(YN)a

> T(YN).

Further, if r (t) is also strictly increasing then a solution to (5.2) is unique.
Thus, substituting each Yj into (5.3), its equation becomes a function only
of Yn which is

r(Yn) Z(l—ak Yi + Yn Z/ r(t)dt = (L“—lc-)lczﬂ (5.4)

where each Yy (k =1,2,---,N — 1) is given by some function of Yx. If there
exists a solution Yy to (5.4), then a sequence {Yx} minimizes the expected
cost Ca(Y1,Y2, - ,YN).

Finally, suppose that Yi,Ya, - ,Yn are determined from (5.2) and (5.4).
Then, from (5.3), the resulting cost is ¢;7(Yn) which is a function of N. To
complete an optimal pm schedule, we may seek an optimal number N* which
minimizes 7(Yn).

From the above discussions, we can specify the computing procedure for
obtaining the optimal pm schedule:

1. Solve (5.2) and express Y (k = 1,2, -+, N — 1) by a function of Yn.
2. Substitute Yx into (5.4) and solve it with respect to Yn.

3. Determine N* which minimizes r(Yn).

4. Compute zx (k=1,2,--- ,N*) from zx = Yx — ax—1Yk-1.

5.2.3 Model B - failure rate

3. The failure rate in the k-th pm becomes bxr(t) when it was r(t) in the
(k—1)-th pm, i.e., the unit has the failure rate Bi7(t) in the k-th pm period,
where 1 =bo < b1 <by <--- <bn-1, Bx =[]} b; (k=1,2,---,N) and
1=B1<By<---<Bn.

1,2,4,5. Same as the assumptions of Model A.

The expected cost rate until replacement is

Clsz/ dt+(N—1)Cz+63

1+ T2+ +ZIN

1l

Ce(z1,z2, - ,ZN)
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Differentiating Cp(z1,z2, -+ ,Zn) with respect to zx and setting it equal to
zero, we have

B]’f‘((L‘l) = Bz’f’(.’Ez) == BNT'(Z‘N), (56)

C1Bk7‘(1‘k) =CB(.’E1,22,'~~ ,.’EN), k= 1,2,"' ,N. (57)
When the failure rate is strictly increasing to infinity, we can specify the
computing procedure for obtaining an optimal schedule [36]:

1. Solve Bir(zx) = D and express zx (k= 1,2,--- ,N) by a function of D.
2. Substituting z into (5.7) and solve it with respect to D.
3. Determine N* which minimizes D.

Next, if the unit has the different failure rate rx(t) in the k-th pm, the
expected cost rate is [35]

N oz
c1 Z / Tk(t)dt + (N - 1)62 + c3
k=10

Cs(z1,22, - ,ZN) = P )
N=1,2--. (5.8)
Equations (5.6) and (5.7) are rewritten as follows:
ri(z1) = ra(x2) = --- = rn(zN), (5.9)
ClTk(Ik)=5'B(z1,wz,--- JEIN), k=1,2,---,N. (5.10)

Similar discussions to the above are possible.

5.2.4 Numerical examples
Suppose that the failure time of the unit has a Weibull distribution, i.e., 7(t) =

at*™! for a > 1.
From the computing procedure of Model A, by solving (5.2), we have

1—ag

1/(a=1)
] Yy, k=1,2-,N—1 (5.11)

Y. =
k [l—a‘i

Substituting Y} into (5.4) and arranging it,

Ya® = ﬂ__l)ci—:@, (5.12)
(a—1)a Z dx.
k=0
where
_ 1/(a—1)
dkE(l“ak)[i Zf{j! ’ k:071y2,"'7N_1'
—ag

Next, we consider the problem which minimizes
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Ca(N) = Q\f—‘ﬁf—)fiﬂ N=12--, (5.13)
di
k=0
and which is the same problem as minimizing r(Yw), i.e., Ca(Y1,Y2, -+, Yn).
From the inequality Ca(N + 1) > C4(N), we have
C3
La(N)2 2, N=12:-, (5.14)
2
where
N1
Lany=S £ _(N-1), N=1,2,---. (5.15)
k=0 N

If di is decreasing in k then L4(N) is increasing in N. Thus, there exists a
finite and unique minimum N* which satisfies (5.14) if L4(00) > c3/c2.

Show that d is decreasing in k from the assumption that ax < ax41. Let
g(z)=(1-2)*/(1-2%) (0< z < 1) for @ > 1. Then, g(z) is decreasing from
1 to 0, and hence,

(1 —(J.k)a (1 —ak+1)°
T—ag = T-af,

which follows that dx > dky1. Further, if ax — 1 as k — oo then

lim dy = lim [g(z)]"/“~" =0,
k— o0 z—1
t.e., LA(N) — o0 as N — o0, and a finite N* exists uniquely.

Therefore, if ax — 1 as k — oo then an N* is a finite and unique minimum
which satisfies (5.14), and the optimal intervals are zx = Yx — ax—1Yi—1 (k=
1,2,---,N"), where Y; and Yy are given in (5.11) and (5.12), respectively.

For Model B, by solving Bxr(zx) = D, we have

p (YD
w-lag] o k=izew (5.16)
aBk

Substituting zx into (5.7) and arranging it,

pe/ta=1) _ v —NI)CZ t+cs 7 (5.17)
(1= 1/a) Y [1/(aBy)]) /7Y

k=1

which is a function of N. Let denote D by D(N). Then, from the inequality
D(N +1) > D(N), an N* to minimize D is given by a unique minimum which
satisfies
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Le(N) > &2, (5.18)

N Bn11 1/(a=1)
LB(N)EZ(B—:) -(N-1), N=1,2,---,
k=1

which is increasing in N since By is increasing in k. Further, if By — oo as
k — oo then Lg(N) — oo as N — oo, and hence, a finite N exists uniquely
in (5.18), and the optimal intervals are given in (5.16) and (5.17).

Tables 5.1 and 5.2 give the optimal number N* and the pm intervals z1,
z2, -+, N+ for c3/ca = 2,5,10,20,40 where c1/c; = 3, @ = 2, and oy =
k/(k+1),bp =1+ k/(k+1) (k=0,1,2,---). These examples indicate that
z1 > 2 > -+ > zn+ for Model B, but z; > zn+ > z2 for c3/c2 = 10,20, 40 of
Model A. This indicates that it would be reasonable to do frequent pm with
age, but it would be better to do the last pm as late as possible because the
unit should be replaced at the next pm.

Table 5.1. Optimal N* and pm intervals of Model A when c¢1/c2 =3

Cs/cz

2 5 10 20 40
N~ 1 2 4 7 11
T 0.54 0.82 1.07 1.40 1.84
T2 0.82 0.43 0.56 0.74
T3 0.28 0.36 0.48
T4 0.92 0.27 0.35
s 0.21 0.28
Te 0.18 0.23
x7 1.13 0.20
s 0.17
T9 0,15
Z10 0.14
T11 1.45

5.3 Shock Model with Imperfect Preventive
Maintenance

5.3.1 Introduction

A sequential pm policy where the pm is done at fixed intervals zx(k =
1,2,---,N) has been proposed in [33], [34]. This could be useful for real sys-
tems because we might need more frequent maintenances with age. In many
practical situations, however, the pm seems imperfect only in the sense that it
does not make a system like new. Some types of imperfect pm were considered
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Table 5.2. Optimal N* and pm intervals of Model B when ¢ /c2 = 3

ca/ca

2 5 10 20 40
N* 2 3 4 5 6
T 0.77 1.06 1.37 1.82 2.45
T2 0.52 0.71 0.92 1.21 1.64
3 0.43 0.55 0.73 0.98
T4 0.31 0.42 0.56
Ts 0.23 0.31
Te 0.17

in 18], [20]. In this chapter, we apply a sequential pm policy to a shock model
(cumulative damage model) where each pm is imperfect.

A system is subject to shocks which occur randomly in time, and upon
occurrence of shocks it suffers random damage which is additive. Each shock
causes a system failure with probability p(z) when the total damage is z. If the
system fails between pm’s, it undergoes only minimal repair [1]. We introduce
an improvement factor in damage in order to describe imperfect pm actions:
The amount of damage after the k-th pm becomes axYx when it was Yj before
pm, i.e., the k-th pm reduces the amount Yi of damage to axYx. This is an
extension of shock models [37], [38], [39], [40], [41], and would be applied to
related reliability models [42], [43].

In this chapter, we describe the model under consideration and obtain the
expected cost rate when shocks occur at a Poisson process and p(z) is exponen-
tial [44]. Further, we discuss three types of optimal policies which minimize the
expected cost rate, when the pm is done at periodic times and an improvement
factor is constant, i.e., zx = z and ax = a. Optimal number N*(z), optimal
interval 2*(N), and optimal pair (N*,z*) are derived. Numerical examples are
given to demonstrate potential usefulness of this study. Further discussions of
optimal policies are referred to [44].

5.3.2 Model and expected cost

Consider a sequential pm policy for the system where the pm is done at fixed
intervals zx(k = 1,2,---,N) where o = 0. We call an interval from the
(k — 1)-th pm to the k-th pm period k.

Suppose that shocks occur at a Poisson process with rate A\. Random vari-
ables Xx(k = 1,2,--- ,N) denote the number of shocks in period k, i.e.,
Pr{Xx = j} = [(Azk)?/j" exp(=Azx)(j = 0,1,2,---). Further, we denote
by Zi; the amount of damage caused by the j-th shock in period k. It is as-
sumed that Z; are non-negative, independent and identically distributed, and
have an identical distribution G(z) for all k and j. The damage is additive,
and G (z) is the j-fold Stieltjes convolution of G(z) with itself ( = 1,2,---),
where G(O)(z) =1 for z > 0. Then, it follows that

Pr{Zx+ Zro+ -+ Zk; <2} = GPV(2), j=0,1,2,---. (5.19)

The system fails with probability p(z) when the total amount of damage
becomes z at each shock. If the system fails between pm’s, it undergoes only
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minimal repair, and hence, the amount of damage remains unchanged by min-
imal repair.

Next, introduce an improvement factor in pm: Suppose that the k-th pm
reduces 100(1 — ax)% of the total damage. Letting Yix be the total amount
of damage in the end of period k, i.e., just before the k-th pm, the k-th pm
reduces it to axYx. During period k, the total damage is additive and is not
removed since a failed system undergoes only minimal repair. Thus, since the
amount ijil Zyj of damage is incurred during period k, we evidently have

X
Yi=ar1Yor + 3 Zkj, k=12, ,N, (5.20)

=1

where Yo = 0 and Z(;:l =0.

Let c1 be the cost of minimal repair, c; be the cost of each pm and c3 be
the cost of replacement at the N-th pm (c3 > c2). Then, since the system fails
with probability p(-) at each shock, the total expected cost in period k is

X
Ck)=cz+c1 Y plar—1Yeo1 + Zk1 + Zka + -+ + Zij),
j=1
k=1,2,--- ,N—1. (5.21)
Similarly, the total expected cost in period N is
XN
C(N)=cs+a ) plan-1Yn-1+ Zn1 + Zna + -+ + Zn;). (5.22)

=1

To obtain the expectations of (5.21) and (5.22), we assume that probability
p(2) is exponential, i.e., p(z) = 1 — e~ >* for some constant s > 0. Letting g(s)
be the Laplace-Stieltjes transform of G(z), we have

E{exp[—s(Zk1 + Zxa + -+ + Zk;)]} = /Om e 2 dGY) (z) = [g(s))’.
(5.23)

The probability that the system fails at the first shock is

/oo p(2)dG(z) = /00(1 —e ) dG(2) =1 - g(s). (5.24)
0 0

Using the law of total probability in (5.21), the expected cost in period k
is

X
E{C(k)} =2+ a1 E {Zp(ak—lylc—l +Zry+ Zka + -+ ij)}
j=1
=c+ta i Pr{X; =n} Xn: E{B(k)}, (5.25)

where



134 5. Imperfect Preventive Maintenance Models

B(k) =1 —exp|—s(ak-1Ye-1+ Zk1 + Zk2 + - - + Zk;)].

Let Bx(s) = E{exp(—sY%)}. Then, since Yx—1 and Z; are independent of each
other, we have, from (5.23),

E{B(k)} = 1 — Br-1(sar-1)[g(s)]’-

Thus, from the assumption that Xk has a Poisson distribution,

BO®} =crte Y P e an) 3 (1- B (sar-1)lg(s)))

— e [Azk— 1 f(;zs)ﬁk_l(sak_lm ~expl-Azk(1 - g(s))]}] :
k=1,2---,N—1.  (5.26)

Similarly, the expected cost in period N is

E{C(N)} =C3+C1[)\$N ~1 i(zzs)ﬁN—l(saN—l){l —exp[Azn(1 —9(3))]}] .
(5.27)

It remains to determine Bx_;(sakx—1). Let A]—k = Hf:j a; for j < k, and
=1 for j > k. Then, from (5.20),

Xk_1 k-1 X
k-1
@k-1Yk-1=ak-1ak—2Yk-2+ak-1 Z Z(k—l)i:Z A; ZZji )
=1

i=1 j=1

and hence,
Br-1(sak-1) = E{exp(—sax-1Yx-1)}

o5 (o))

Recalling that Z;; is independent and has a distribution G(z) , we have

X
FE {exp <—SAjk_1 Z ij') }
=1

Pr{X; =n}E {exp (‘—SAjk_l 2": Zji) }

=1

|
NgE

n=0

I

/\.’tj)n

") exp(—ay)lg(s4,* )"

I
NgE

n=0

= exp{—Az;[1 — g(SAjk—l)}}’

It

and consequently,
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k-1
Br-1(sak-1) = exp {— Z Az;[1 — g(sAjk‘l)]} . (5.28)

j=1

Substituting (5.28) into (5.26) and (5.27), respectively, the expected costs
in period k are

k—1
E{C(k)} =c2 +C1 |:)\Ik — 1——— { Z)\mj SA k— 1)]}
x {1 —exp[—Azk(l—g }}, e, N-1,
(5.29)
and
N-1
E{C(N)} =cs+a AmN—l { Azl —g(sA; "~ 1)]}
x {1—exp[-Azn(1 - g(s))]}} (5.30)

Therefore, the expected cost rate until replacement is

z

-1

E{C(k)} + E{C(N)}
- N
5
k=1
(N — Dea+ s + [NZA )
)62 C3 C1 o~ Tk l—-g(s)
N k-1
xzexp{—Z)\l‘j[l—g(sAjN——1)]}
k=1 j=1

x{1 — exp[—Azx(1 — 9(5))]}}

N
D o
k=1

k

Il

C((El,:ltz, tee ,(EN) =

(5.31)

5.3.3 Optimal policies

The expected cost rate in (5.31) is very complicated, and we cannot analyze
optimal policies. Suppose that x = = and ax = a, i.e., the pm is done at
period times kx (k = 1,2,---,N) and an improvement factor ax is constant.
Then, the expected cost rate is rewritten as
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(N - 1)02 +c3 — C1l—f%QN(.’L‘)
Nz ’

C(N,z) = Xe1 + (5.32)

where

N
Qn(x)=[1- ef’\I[l_g“)]] Zexp(—)\xﬁk), N=12---,

k=1
and
51 = 0,
k-1 )
&e=) [1-g(sa”)], k=23,
j=1

When a = 0, i.e., the pm is perfect, £, = 0 and the expected cost rate is

c2—C lf(gs()s) [1- e~ Peli=9()])

C(o0,z) = Ae1 + (5.33)

x

Since c3 > c2, C(N, z) in (5.32) is decreasing in N, and hence, N* = oco. Thus,
the optimal interval z* is easily derived by differentiating (5.33) and setting it
equal to zero.

Before discussing optimal policies, we define a function which plays an
important role in the following parts. Let

Ti(x) = c(k)—c1 1—3(%[1—6

where ¢(1) = c3 and c(k) = c2 (k= 2,3,--+, N). Then, (5.32) can be simplified
as

“Aall=9(M) exp(—Azx), k=1,2,---, (5.34)

N
C(N,z) = Aer + ﬁ S Ti(a). (5.35)
k=1

(1) Optimal number N*(z)

We seek an optimal number N*(z) which minimizes C(N,z) in (5.35) for
0 < a < 1 when z is fixed. From the inequality C(N + 1,z) > C(N, x), we
have

C3 — C2

> 2 - . 5.3
LiNle) 2 B28s N=12, (5.36)
where L(0|z) =0 and
N
L(N|z) =) exp(—Azéx) — Nexp(-Axén+1), N =1,2,---. (5.37)

k=1
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Evidently,
L(N|z) — L(N — 1|z) = N[exp(— zén) — exp(—AzEn+1)] > 0,

since &y is strictly increasing in N. Hence, L(N|z) is increasing in N. Thus,
if L(oco|z) = limn—oo L(N|x) > (c3 — c2)/[cs — Ti(x)] then there exists a finite
and unique minimum N*(z) which satisfies (5.36).

Example 5.3.1 Suppose that the amount of damage at each shock has an
exponential distribution G(z) = 1 — e ** and g(s) = p/(s + p). Then,

k-1
gk:Z[aj/(aj+u/s)]7 k:2737
j=1

Assume that the amount of damage after pm is reduced in proportion to
pm cost ¢z, i.e., c2/ca = 1 — a. Table 5.3 gives the optimal number N*(z) and
the resulting cost rates C(N*,z)/(Ac1) for a = 0.9 ~ 0.1 and c3/c1 = 3,5,10
when Az = 7 and g(s) = 0.9, i.e., u/s = 9. This indicates that N*(z) are
not increasing with respect to a against our expectation. But, this can be
explained because L(N|x) depends on a through c2/cs. For example, suppose
that = 7 days, i.e., the pm is scheduled on the weekend and shocks occur
on the average once a day. Further, if a = 0.5 and c3/c1 = 5, i.e., the pm cost
is half of the replacement cost and the damage is reduced to half by pm, then
the system should be replaced at three weeks. When a is small, several N*(x)
become infinite. These cases indicate that the damage is removed greatly by
pm and the system should undergo only pm rather than replacement.

Table 5.3 Optimal N*(x) and expected cost rates C(N™,x)/(Ac1)
‘ when g(s) =0.9,Az =7 and c2/cz =1—a

63/01
3 5 10
a [N (@) OV, 2)/0a) | N @) CWIV,2)/0c) | N (@ CWIN,z)/(Ac1)
0.9 2 0.7408 3 0.8917 7 1.1203
0.8 2 0.7508 3 0.9192 6 1.2084
0.7 2 0.7597 3 0.9443 6 1.2869
0.6 2 0.7674 3 0.9671 9 1.3569
0.5 2 0.7739 3 0.9876 oo™ 1.4086
0.4 2 0.7790 3 1.0062 (o] 1.4656
0.3 1 0.7813 3 1.0229 oo 1.5324
0.2 1 0.7813 oo™ 1.0367 (e 1.6081
0.1 1 0.7813 00 1.0487 o] 1.6915

*

oo* indicates that N*(x) may not be infinite, but is very large.

(2) Optimal number z*(N)

We seek an optimal interval z* (N) which minimizes C(N, z) in (5.35) when
N is fixed. Differentiating C(N,z) with respect to = and setting it equal to
zero, we have

23 T (@) = 3 Tu(e), (5.38)
k=1

k=1
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i.e.,

N

Z [1 + A€k {1 + Az[l — g(z) + §k]}e_’\x[1—g(s)’] exp(—Azk)

k=1

_ (N—-1)c2+c3l1— g(s). (5.39)
c1 a(s)

Note that the term with & = 1 in the left-hand side of (5.39) is a gamma
distribution of order 2 so that it increases from 0 to 1. Other terms with
k (k = 2,3,---,N) are unimodal, each having the mode which is a unique
solution of

e Ae(1=g(s)) _ (_ﬁ_)z (5.40)
1-g(s)+&k/

Thus, the left-hand side in (5.39) is increasing from O first, then oscillating
and finally decreasing to converge to 1. Therefore, there are possibly at most
(2N — 1) solutions which satisfy (5.39). An optimal z*(N) is either one of
solutions or z*(N) = oco. If there is no solution then z*(N) = oco. In particular,
when N = 1, there exists a unique solution if g(s)/[1 — g(s)] > c3/c1.

Example 5.3.2 We compute z*(N) for N = 1,2,---,7 when g(s) = 0.9,
c3fci = 5 and a = ca/c3 = 0.5. Table 5.4 indicates the values of z*(N)
and C(N,z*)/(Ac1) when N varies. In this case, the optimal interval becomes
infinity for N > 7.

Table 5.4 Optimal z*(N) and expected cost rates
C(N*,z*)/(Ac1) when g(s) =0.9,c3/c1 =5
and a = c2/c3 = 0.5

N z*(N) C(N,z")/(Ac1)
1 18.627 0.860271

2 13.358 0.909511

3 11.665 0.942916

4 10.816 0.965437

5 10.293 0.981115

6 9.933 0.992396

7 0o 1

(3) Optimal pair (N*,z*)

We seek both optimal z* and N* together. From (5.32), we can see
that C(N,00) = Aci for any N > 1. Thus, optimal (N*,z*) must satisfy
C(N*,z*) < Aci. It also follows from (5.32) that a necessary condition for
(N*,z*) is that Tx(z*) < 0 at least one k < N*, since otherwise no contribu-
tion to the second term in (5.32) occurs.

Next, consider the inequality Tk(z) < 0. This is equivalent to

he(z) > ng—)rf%, (5.41)
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where

hi(z) = [1 — e 9O exp(—Aagy).

It is easy to see that hk'(m) =0 (k=2,3,--+,N) has a unique solution mg
which satisfies

[1—g(s) +&kle 7900 = ¢ (5.42)

Thus, hi(z) is unimodal with mode my, and hence, we have

hk(x)ghk(mk)<1 £k )( £k )Ml—g(s)]a. (5.43)

C1—g(s) €k ) \1—g(s) + &

It is proved that both my and hi(mk) are decreasing in k so that me, and
hoo (M) exist. It follows that

N* <k* =min{k22:hk(mk) < 5‘21—__"(8—)}. (5.44)

c1 g(s)

Here, if hoo(meo) > (c2/c1)(1 — g(s)]/g(s), then we set k* = oo. Since my
is decreasing, ¥ > mg«—;. On the other hand, z* < maz{z*(1),m2}. To
this end, suppose that z satisfies (5.36). Recall that T (z) < 0 for z < my,
Ty > 0for x > mg, and my is decreasing in k. Hence, if *(1) > m then either
z" = z*(1) with N* =1 or z* < z*(1). If 2*(1) < m2, then z* > m2 never
happens since Zszl Tk,(x*)/N > Ty (z*(1)). Thus, z* < maz{z*(1),ms}, as
desired.

Therefore, we have the following optimal policy: Suppose that ¥* < oo.
Then, optimal pair (N*,z*) is confined as N* < k* and mg«-1 < z* <
maxz{z*(1),m2}, where k* is given in (5.44) and mj is a unique solution of
(5.42). Therefore, the optimal pair is given by

z(N*)= inf z"(N)= inf N*(z). (5.45)

1<N<k* mpx _1<x<mazx{z*(1),m2}

Example 5.3.3 Consider the model in Example 5.3.1 and determine an
optimal pair (N*,z") which minimizes C'(N,z). In this example, hs(m4) ~
0.2621 < 0.27 so that N* < 3. In fact, from Table 5.4, it is evident that
N* =1 and z* = 18.627.

5.4 Conclusions

Most pm’s are imperfect, i.e., units are not as new, but are younger at least
at each pm. The improvement of units by pm depends on the resources spent
for pm, i.e., pm costs, pm times, repairmen’s abilities, factory equipments and
so on. But, it would be very difficult to estimate improvement factors and
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reliability measures connected with them. It seems that there is no practical
paper that has dealt with imperfect pm. I fully expect that imperfect pm
models will be applied to real systems and some reports on these subjects will
be made and published in the near future.

Recently, Pham and Wang [31], [32] have given good summaries of these
models over the past 30 years. Such papers and this chapter are very helpful
and useful for future studies. I believe that there are still many theoretical
problems in imperfectness, and hope that many researchers will study these
interesting subjects.
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6. Generalized Renewal Processes and General
Repair Models

Masaaki Kijima
Faculty of Economics,
Tokyo Metroporitan University
Tokyo 192-0397, Japan

Summary.

This chapter considers a generalized renewal process (g-renewal process
for short) and its applications to reliability theory. The g-renewal process was
first developed by Kijima and Sumita [21] and used by Kijima, Morimura
and Suzuki [18] to construct the failure process of a repairable system with
general repair. Since then, many authors have proposed various general repair
models and investigated the associated failure processes. See, for example,
Kijima [13], Baxter, Kijima and Tortorella [3], Last and Szekli [23], [24] and
references therein. Stadje and Zuckerman [30] and Makis and Jardine [26]
considered optimal maintenance strategies, while Dagpunar [6] developed some
computational methodology for a general repair functional. See also Guo and
Love [8] and Dorado, Hollander and Sethuraman [7] for statistical issues on
this subject.

In this chapter, the intention is to outline the connection between the the-
ory of g-renewal processes and general repair models. A general repair model
with full generality is constructed using a general point process, as demon-
strated by Last and Szekli [23], [24]. Here, we do not intend to cover such
results. See Kijima, Li and Shaked [17] for a survey of general repair models.

Keywords: Markov process, renewal process, point process, virtual age,
effective age, stochastic ordering, hazard rate, g-renewal function

6.1 Background and Motivation

In reliability models, we often encounter the situation that the underlying
stochastic process is described by a Markov partial-sum process. To be more

specific, let X,, n =1,2,---, be a sequence of random variables and define
S"ZZXZ" n=0,1,2---, (6.1)
i=1

where Sy = 0. The process {Sp, n =0,1,2,---} (or {Sn} for short) is called a
partial-sum process with increments X, ; and if the probability distribution of

S. Osaki (ed.), Stochastic Models in Reliability and Maintenance
© Springer-Verlag Berlin Heidelberg 2002
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Sn+1 depends only on the value of Sy, then it is called Markovian. For example,
suppose that the increments X, are independent, identically distributed (IID)
random variables. Then, since

Sn+1 = Sn + Xn+1, n=20,12---,

the partial-sum process {Sn} is a Markov process in discrete time on the real
line which is temporally and spatially homogeneous.
Throughout this chapter, in order to state the motivation of our study from

the context of reliability theory, we consider the following simple basic model
(BM).

(BM) Consider a system which is maintained by repair. A new system is
put in operation at time 0 and, when it fails, a repair activity takes place
immediately, which is executed by a negligible time. We denote the working
time between the n-th and (n + 1)-th failures by X,y1, where the 0-th
failure is assumed to occur at time 0. The working-time distribution of the
new system is denoted by F(t), ¢t > 0, i.e. F(t) is the distribution function
of X;. Distribution functions of X, other than X; may differ according to
repair activities. In any case, however, S, describes the total working time
of the system up to the n-th failure, or the elapsed time until the n-th failure
since installation of the new system.

In this section, we provide several examples of reliability models in which
Markovian partial-sum processes appear naturally.

First, suppose that the increments X,, are non-negative and IID. Then, the
partial-sum process {S,} is a Markov process on the non-negative real line.
In this case, we are interested in the associated counting process {N(t), t > 0}
(or {N(t)} for short) defined by

N(t) = sup{n : Sp < t}, t>0. (6.2)

Since X, are non-negative, N(t) is non-decreasing in ¢t and jumps up by a pos-
itive integer almost certainly. The random quantity N (t) registers the number
of failed systems up to time t in the basic model, and the counting process
{N(t)} is called a renewal process. Classical renewal theory has been studied
extensively in the applied probability literature and appears in any standard
textbook such as Cinlar [5] or Ross [29].

Example 6.1.1 Consider a system subject to failure and in which failures,
if any, are fixed by repair which is executed by a negligible time. Suppose that
the repair activity is perfect in the sense that it provides a functioning system
which is as good as new. This means that the working times X, are IID and
we are in the situation that classical renewal theory is applicable. In practice,
the perfect repair assumption may be reasonable for systems with one unit
which is structurally simple.

In the classical renewal model, the increments X, are IID regardless of the
state of the system. In certain situations, however, it would be more realistic
to assume that they are not identical nor independent. For example, if the
working times become shorter as the number of failures increases, then a repair
model in which the increments X, are not identically distributed may be more
plausible. See Kijima [12] for such a repair model. On the other hand, if the
increment X,41 is considered to depend on the total working time or the level
of cumulative damage up to the n-th failure, then the partial-sum process
{Sn} becomes Markovian with temporal homogeneity but not with spatial
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homogeneity. In the following sections, we study such a generalized renewal
model with some details.

Example 6.1.2 Consider a system subject to failure, but in this example,
repair activities are assumed to be minimal. That is, repair restores the system
to its functioning condition just prior to failure. More formally, suppose that
F(t) is absolutely continuous with density function f(t), and let

r(t) = % >0, (6.3)

where F(t) = 1 — F(t) is the survival distribution of X;. The function r(t) is
called the hazard rate function of F(t). Under the minimal repair assumption,
the hazard rate remains undisturbed by repair. See, e.g., Barlow and Proschan
[1]. Now suppose that S, = y. Then, the increment Xn41 = Sny1 — Sn is
distributed by

F(z+y) - Fy)
1-F(y) ~

Hence, the partial-sum process {Sn} is a Markov process in discrete time on
the non-negative real line with temporal homogeneity but not with spatial
homogeneity. The associated counting process {N(t)} is a non-homogeneous
Poisson process (NHPP) with intensity function r(t). Especially, if the working-
time distribution F'(t) is exponential then, from (6.4), its memoryless property
leads to

P{Xn+1 < :EISn = y} = T > 0. (64)

P{Xn41 <z|Sn =y} =F(z), 220,

and the associated counting process becomes an ordinary Poisson process.
The minimal repair assumption is plausible for systems consisting of many
components each having its own failure mode.

Example 6.1.3 In many practical instances, repair activities may not re-
sult in the extreme situations considered in the above two examples, but in
a complicated intermediate one. Let V, denote the virtual age of the system
immediately after the n-th repair, and suppose that, given V,, = y, the func-
tioning system obtained has the (n + 1)-th working time X,41 distributed
by

F(z+y) — F(y)
By z>0. (6.5)

Recall that F'(z) is the working-time distribution of a new system, and a new
system is assumed to have the virtual age Vo = 0. Note the difference between
(6.4) and (6.5). Let Ap, n =1,2,---, be the degree of the n-th repair. Kijima
[13] considered, as his Model I, a general repair model in which

P{Xni1 <z|Vo =y} =

Vn+1 =Vn+An+1Xn+1, TL:0,1,2,"' .

That is, the n-th repair does not remove the damage incurred before the (n—1)-
th repair, but reduces the additional age X, to ApX,. Typically, 0 < A, <1,
but the case A, > 1, i.e. a clumsy repair, may exist in practice. Note that if
Arn = 0 then one has a perfect repair, while A, = 1 means a minimal repair.
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Suppose that A, = a for all n as considered in Kijima, Morimura and Suzuki
[18]. Then, Vi, = aS, and so, from (6.5), we obtain

F(z + ay) — F(ay)
P{Xpn+1 <2z|Sp, =y} = , > 0. 6.6
Hence, in this case, the partial-sum process {S,} is a Markov process with
temporal homogeneity. Note that if A, are random variables, then {S,} may
not be Markovian, although the virtual age process {V,.} is always so.

Example 6.1.4 Baxter, Kijima and Tortorella [3] considered a general re-
pair model in which, given the effective age Y = y, the n-th working time X,
is distributed by

IﬂxnsﬂY=y}=fﬂ§¥§@§Ql 20, (6.7)

and the effective age Y may depend on the partial sum S, and others. The ef-
fective age is interpreted as the difference between the degree of effort required
to perform a perfect repair and the degree of effort actually expended. Now,
let Gy(z) be the distribution function of the effective age Y when S, = y.
Then, from (6.7), the working-time distribution is given by

+u) - Fu)

P{Xni1 < 2/Sn =y} = /Om F(‘”I e, s>0 (68)

Thus, the partial-sum process {S,} is a Markov process with temporal homo-
geneity. It should be noted that if, given S, = vy, the effective age is almost
certainly Y = ay, i.e.

17 > )
G“@={q32£, (6.9)

then (6.8) reduces to (6.6).

In some situations, however, increments need not be positive, as the next
example shows. A general renewal theory that permits negative increments
has been developed by Keener [11], where the partial-sum process {S.} is
Markovian on the real line with temporal homogeneity but not with spatial
homogeneity. Note that, because of the two-sided nature of the increments, the
real time ¢ cannot be explicitly incorporated and the meaning of the counting
process defined by (6.2) is lost in this model.

Example 6.1.5 This example considers a periodic preventive maintenance
(PM) model in which a certain amount of the damage level is reduced by
maintenance activities. The PM is called imperfect if it does not make a system
as new but younger. Many types of imperfect PM have been considered in
the literature, and the reader is referred to, e.g., Pham and Wang [28] and
Nakagawa [27]. Suppose that a new system is put in operation at time 0
and the PM is scheduled at periodic times n = 1,2,---. Let S, denote the
cumulative damage at the end of the n-th period and let D, be the amount
of damage incurred during the n-th period. We assume that each PM reduces
1006%, 0 < b < 1, of the total damage. Such a periodic imperfect PM model
is considered in Kijima and Nakagawa [19], [20]. Formally, the PM mechanism
is described by
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Sn+1=(1—b)sn+Dn+1’ n=0,1,2,---,

where So = 0. If the damage D,, depends only on the level of the cumulative
damage Sy, then the process {S,} is Markovian with temporal homogeneity
but not with spatial homogeneity. To see this, suppose S, = y. Then, the
increment X,4+1 = Sn4+1 — Sy is distributed by

P{Xn41 <z|Sn =y} = P{Dn41 <z + by|Sn = y}.

Note that, in this model, the increment X, +1 may be negative. Now, suppose
that the system fails when the accumulated damage first exceeds a level &.
Assuming the system failure is detected only by PM, the distribution of the
time to failure, T" say, is obtained through the equations

P{T>n}=P{S, <€, n=12---.

The random variable T is called the first passage time into the upper set (&, 00).

6.2 Generalized Renewal Processes

Let X,,n =1,2,---, be a sequence of positive random variables, and define
the partial-sum process {S,} by (6.1). Associated with {S.} is the counting
process {N(t)} defined by (6.2). In this section, we assume that, as in Kijima
and Sumita [21], the distribution of X, +1 is dependent on the value of S, only,
i.e.

P{Xni1 < z|Sn =y} = F(zly), =220, (6.10)

where {F(z|y), y > 0} denotes the family of distribution functions indexed by
y. We note that the probability in (6.10) is independent of n. Hence {S.} is a
Markov process in discrete time defined on the non-negative real line, which
is temporally homogeneous but not spatially homogeneous. Also, since S, is
almost certainly non-decreasing in n, the process {S»} is a pure jump process.
Many authors have studied the first passage times of pure jump processes into
the upper set of a pre-épecified level, since it represents the time to failure of
a system (cf. Example 6.1.5). The reader is referred to a recent survey article
by Li and Shaked [25].

Definition 6.2.1 The counting process {N(t)} is called a generalized re-
newal process (or g-renewal process for short) generated from the family of
conditional distributions {F(z|y)} if, given S, = y, the increment X, fol-
lows the conditional distribution F(z|y).

In the following, in order to eliminate technical difficulties, we assume that
the conditional distribution F(z|y) is absolutely continuous in z with density

7]
=—F > 0.
f(zly) = 5 F(ely), 220
The survival distribution of F(z|y) is denoted by F(z|y). Note that, if F'(z|y) is
absolutely continuous, then the counting process N(t) is simple, i.e. it admits
no multiple jumps, and N(0+) = 0.
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X, X, e Xy e
T [ —>
0 Sl Sz e SN(r) ! SN(r)+l e time

® failure epoch

Fig. 6.1. Failure epochs and the partial-sum process {Sn}

For the g-renewal process {N(t)}, let
M(a,b) = N(b) — N(a), a<b,

and M(a,b) =0 for a > b. The random quantity M (a,b) counts the jumps of
N(t) in the interval (a, b]. Since, referring to Figure 6.1, we have

Snwy Sy < N(y) > N(t),
it follows that
P{Snu) <y} = P{M(y,t) =0} = G(ylt), y>0. (6.11)

In reliability context, G(y|t) is called the interval reliability since it is the
probability that there is no failure in the interval (y,t]. It should be noted
that G(y|t) has a mass at y = 0, i.e. G(0|t) = F(t|0) for all t > 0.

Of interest in this chapter is a generalized renewal function (g-renewal
function for short) defined by

H(t) = E[N(t)], t>0. (6.12)

If H(t) is absolutely continuous, then one has a generalized renewal density
h(t) satisfying

h(t) = %H(t), £>0. (6.13)

We call h(t) a g-renewal density for short. The g-renewal density plays a key
role in subsequent developments. For example, as we shall show later, the
interval reliability G(y|t) is expressed in terms of the g-renewal density, if it
exists; see (6.21) below.

Let Ly (y,t) denote the probability that there are at least n failures in the
interval (y,t] given that there is a failure at time vy, i.e.

La(y,t) = P{M(y,t) 2 n|Sn+) =y}, 0<y<t (6.14)
Then, we have L (y,t) = F(t — y|y) and

t

Lus1(v,t) =/ Lol )f(z — yly)dz, n=1,2-. (6.15)
Y

Also, under the conditions stated above, the density
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0
ln(yv t) = a—th(yvt)a y > 07

exists and satisfies
t
brs0) = [ eae)1(z iy,
y

Moreover, it can be shown using a simple induction argument that

lasr(9,1) = / a0, 2) (¢ — 2]2)dz.

Yy

See Kijima and Sumita [21] for the proofs.
Now, suppose that

(C1) For a given t > 0, there exists a distribution function Ai(z) with
At(0+) = 0 such that F(z|y) < A¢(z) for 0<z<t—yand 0<y <t.

Then, Kijima and Sumita [21] proved that the series

L(y,t) =Y La(y,t), y<t,

n=1
is convergent and uniformly bounded. It follows from (6.14) that
L(y’ t) = E[M(ya t)|SN(y+)=y], 0 S y< t, (616)
and, from (6.15), we obtain

L. = F(t-vl) = [ 105G - ylds,  y<e (6.17)
Y

Note from (6.12) and (6.16) that
H(t) = E[N(t)] = L(0,t).

Hence, taking y = 0 in (6.17), we have
H(t) = F(t0) + /0 L0 S0z, t >0, (6.18)
Under the given conditions, L(y,t) is differentiable with respect to t and
€0 = 21w =3 bt y<t
n=1
Hence H(t) is differentiable and, from (6.18) and (6.13), we have

h(t) = F(t[0) + /O 02, 0)£(210)dz = £(0,1).

Kijima and Sumita [21] proved that, under technical conditions, the g-renewal
density h(t) is a unique solution of the generalized renewal equation (g-renewal
equation for short)
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hie) = £610)+ [ Wt - ywdy, 20 (6.19)

Note that (6.19) can be viewed as a Volterra integral equation of the second
kind which has the form

h(z) = g(x) + / " h()K (2,y)dy, (6.20)

where the kernel is given by K(x,y) = f(z — yly) and g(x) = f(z|0). Some
numerical techniques to solve the Volterra equation (6.20) have been developed
by Jagerman [10]. See Kijima, Morimura and Suzuki [18] for an approximation
of the g-renewal function H(t).

We next turn our attention to a relation between the interval reliability
G(y|t) and the g-renewal density h(t). Observe that, for y, t, A > 0, we have

G(y+ Alt) — G(ylt)
= P{M(y+ A,t) =0, M(y,y + 4) > 0}
= P{M(y,y + A) > 0}P{M(y + A,t) = 0|M(y,y + 4) > 0},
and that

lim S PAM(y, 5+ 4) > 0} = h(),
since the counting process {N(t)} is simple. Since

lim P{M(y+ A,t) = 0|M(y,y + 4) > 0} = F(t - yly),
it follows that

90l = 5Ol = hFE -~ sl).  v>0.
Noting G(0|t) = F(t|0), integration of g(z|t) over [0,y] yields

G(y|t) = F(t|0) + / h(z)F(t — z|z)dz, 0<y<t. (6.21)

It should be noted that since, from (6.19),

H(t) = F(4)0) + / h(z)F(t - o|z)dz
we obtain

G(tt) = 1 — F(t|0) + H(t) - /Ot h(z)F(t — o|z)dz = 1,

as expected.
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6.3 g-Renewal Processes in Discrete Time

In this section, we assume that the increments X,, are non-negative, discrete
random variables taking values of multiples of At almost surely. That is, sup-
pose

gij = P{Xn41 = jALS, = iAt}, 4,5=0,1,2,---. (6.22)

It follows that the partial-sum process {S,} is a Markov chain on the non-
negative lattice with time-homogeneous transition probabilities

Pis = P{Snt1 = jAYS, = it} = qij—s, j>i. (6.23)
As before, of interest is the associated counting process defined by
N =sup{n: S, <t}, t=0,1,2,---, (6.24)
where No = 0. Note that T, = N, + 1 is the first passage time for the upper
set (z,00).
By definition (6.24), we observe the fundamental identity
{(Ny>n}={S.<t}, t,n=0,1,2---. (6.25)
Since {Sn <t} C {Sn < t+ 1}, it follows from (6.25) that
P{N;>n} < P{Nyy1>n}, n=01,2" -, (6.26)

so that NV is stochastically non-decreasing in t. In the following, we obtain a
monotonicity result of {NV;} in terms of a stronger stochastic ordering under a
condition on the conditional probabilities ¢;;. Note that the stochastic mono-
tonicity result (6.26) holds under no assumption. See Kijima [16] for details of
stochastic ordering relations. It should be noted that, since distribution prop-
erties are preserved under limit, the results of this section also hold for the
continuous-time case.

Definition 6.3.1 Let X and Y be non-negative, discrete random variables.
1. X is said to be greater than Y in the sense of hazard rate ordering if
P{X >n}P{Y >n+1} < P{X >n+1}P{Y > n}
foralln=0,1,2,---.
2. ;)f( is said to be greater than Y in the sense of reversed hazard rate ordering
P{X <n}P{Y <n+1} < P{X <n+1}P{Y <n}
foralln=0,1,2,---.

Given the conditional probabilities g;; in (6.22), let
J
Qij = Z Qi,n—i, Jj2i, (6.27)
n=t

and Qs; = 0 for j < 4. The next result is due to Kijima [14].
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Theorem 6.3.1 Suppose that

QijQit141 2 Qij+1Qi4ry, 4,7 =0,1,2,--, (6.28)
where Q;; are defined by (6.27). Then,

P{Sn < t}P{Snt1 <t+1} > P{Sy <t + 1}P{Sny1 < t}
forallt,n=20,1,2,---.

Definition 6.3.1 and Theorem 6.3.1 together imply that, under the condition
(6.28), the partial-sum process {S,} is non-decreasing in n in the sense of
reversed hazard rate ordering. Since, from (6.25), we have

P{N; > n} = P{Sn <t},

we also conclude that the g-renewal process { N;} is non-decreasing in t in the
sense of hazard rate ordering.

Definition 6.3.2 Let X be a non-negative random variable with distribu-
tion function F(z).

1. X (or F(x)) is said to be IHR (increasing hazard rate) if
F(z+h)F(y) > F(x)F(y+h), z<y,

for any h > 0.
2. X (or F(z)) is said to be DHR (decreasing hazard rate) if

Fz+h)F(y) <F(@)Fly+h), z<y,

for any h > 0.

In Definition 6.3.2, suppose that F(t) is absolutely continuous with hazard
rate function 7(t) defined in (6.3). Then, F(t) is IHR (DHR, respectively) if
and only if 7(t) is non-decreasing (non-increasing) in t. For discrete random
variable X, its hazard rate function is defined by

_P{X=n)

"= P(X > n)

n=0,1,2,---. (6.29)
We note that X is greater than Y in the sense of hazard rate ordering if and
only if the hazard rate function of X is smaller than that of Y, provided that
the respective hazard rate functions exist. Hence, that the g-renewal process
{N:} is non-decreasing in t in the sense of hazard rate ordering is equivalent
to

P{Ng :n} > P{Nt+1 :TL}
P{Ng ZTL} - P{Nt+1 > n}’
forallt=0,1,2,---.

The next result concerns a distribution property of the first passage time
under the condition of Theorem 6.3.1. See Kijima [14] for the proof.

Theorem 6.3.2 Suppose that the condition (6.28) holds. Then, N, as well
as the first passage time T} is IHR for every z > 0.

n=01,2---,
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6.4 Monotonicity and Asymptotic Properties of the
g-Renewal Density

First, in the ordinary renewal theory, it is well known that the renewal density
is constant if and only if the underlying increments are exponential. This result
can be extended to the generalized case as follows.

Theorem 6.4.1 Suppose that the g-renewal density h(t) exists. Then, h(t)
is constant if and only if

flzly) =6e7%, @, y>0,

for some 6 > 0.

The “if” part follows since, form (6.19), the equation
t

h(t) = 6% +/ 0e =0V p(y)dy
0

implies h(t) = 6. The “only if” part is much involved, and the reader is referred
to Kijima and Sumita [21] for the proof. Theorem 6.4.1 states that, if f(z|y)
depends on y, then the g-renewal density h(t) cannot be constant.

Next, in the ordinary renewal case, Brown [4] proved that if the increments
are DHR then the renewal density is monotone and non-increasing, while from
Kijima [15], if the increments follow a generalized Erlang distribution of any or-
der, which is IHR, then it is monotone and non-decreasing. Such monotonicity
results are useful in various applications, as observed in Hirayama and Kijima
[9]. In this section, we consider monotonicity and asymptotic properties of the
g-renewal density.

For the conditional distribution function F(z|y), define the associated haz-
ard rate function (see (6.3)) by

_ f(=zly)
= el ° >0. (6.30)

Recall that F(z|y) is DHR if r(z|y) is non-increasing in , while it is IHR if
r(z|y) is non-decreasing in z where defined. According to Kijima and Sumita
[21], the next result follows.

r(zly)

Theorem 6.4.2 Suppose that the g-renewal density h(t) exists. If F(z|y)
is DHR (IHR, respectively) for every y > 0, and if

r(@ly) 2 () rOlz+y), =z,y2>0, (6.31)
then h(t) is monotone non-increasing (non-decreasing).

Unfortunately, the conditions in Theorem 6.4.2 become meaningless in the
ordinary renewal context except the constant case (see Theorem 6.4.1). They
are, however, meaningful for the generalized case, as the following examples
suggest. These examples are taken from Kijima and Sumita [21].

Example 6.4.1 Consider the NHPP model given in Example 6.1.2. From
(6.4), we obtain
faly) = L&D Fgpy) - Flzty),
F(y) F(y)
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It follows from (6.30) that the conditional hazard rate is given by

_ Sty
r(zly) = Faty) - F(z +y),

whence r(x|y) = r(0|z +y). Note that if F(z) is IHR (DHR) then so is F(z|y)
for any y > 0. Therefore, if the underlying working-time distribution F(z) is
IHR (DHR) then the intensity function h(t) is non-decreasing (non-increasing),
as it should be.

Example 6.4.2 Let

f(zly) = p(y)0e™* + (1 - p(y))ve™ ™, 220,

where 0 < p(y) < 1 and @ > v > 0. Since a mixture of DHR distributions
is DHR (see Barlow and Proschan [2]), f(z]y) is DHR for each y > 0. The

condition (6.31) for the non-increasing case is satisfied if e®="*p(z + y) is
non-increasing in z. Hence, if the weighting function p(y) is non-increasing in
y reasonably fast, the conditions for h(t) to be monotone non-increasing are
satisfied.

Finally, we consider an asymptotic behavior of the g-renewal density h(t).

Theorem 6.4.3 Suppose that condition (C1) holds, and that F(z|y) —
Fo(z) as y — oo where Fy(z) is absolutely continuous with density fo(x) and
finite mean po. Suppose further that pu, = [;° zf(z|y)dz < oo for all y > 0.

Then h(t) — pg' as t — oo.

From Theorem 6.4.3, we note that the g-renewal function H(t) is asymp-
totically equal to t/uo as t — oo. These results were proved in Kijima and
Sumita [21] and can be observed in Example 6.4.2 explicitly.

6.5 On the g-Renewal Function

In the ordinary renewal context, it is well known that the renewal function
H(t) is super-additive (or sub-additive, respectively), i.e.
H(h) < (=) H(t+ h) — H(t), t,h>0, (6.32)
if the underlying working-time distribution F(z) is NBU (NWU), i.e.
Fz+y) < (2) F(@)F(y), =z,y20. (6.33)

See, e.g., Barlow and Proschan [2] for details. Knowing that H(t) is super-
additive or sub-additive gives us some information on the rate of increase of
H(t) with ¢. By a simple induction argument, it is easily seen that if H(t) is
super-additive (sub-additive) then, for any h > 0, we have

H(nh) H(h)
nh “h

Hence, roughly speaking, H(t) is non-decreasing at a rate that is greater (less)
than that of a linear function. Note that if F(z) is DHR then it is NWU, and
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H (t) being concave implies that it is sub-additive. In the rest of this chapter,
we derive these results in the generalized renewal context.

Before proceeding, it is convenient to obtain a couple of preliminary prop-
erties of L, (y,t) defined in (6.14).

Lemma 6.5.1 Suppose that Li(y,t) = F(t—yly) is non-increasing in y < ¢.
Then, so is Ln(y,t) foralln =1,2,---.

Proof. Under the conditions stated earlier, we have Ly(t,t) = F(0|t) = 0 for
any t > 0. Hence, on integration by parts, it follows from (6.15) that

Los0:0) = [Pz~ 1lo) o= Ln(z,O1d

Let y < u < t, and suppose that the lemma is proved up to some n > 2. Then,
since both L, (z,t) and F(t — z|z) are non-increasing in z < ¢, we obtain

Lo (3,1) /F(z—ytw—[ La(2t)]dz

> / Flz— u|u)$[—Ln(z,t)]dz = Lo (u,1),
proving the lemma. ]

Lemma 6.5.2 Under the condition of Lemma 6.5.1, suppose further that,
for any h > 0, L1(t,t+h) = F(h|t) is non-decreasing (non-increasing) in ¢ > 0.
Then, so is Ln(t,t +h) foralln=1,2,---

Proof. Suppose that F(h|t) is non-decreasing in ¢t > 0. From (6.15), we have
h
Losi(tt+h) = / Ln(t +u,t + h) f (ult)du
0

Let ¢ < t’ and suppose that Ly (t,t + h) for some n > 2 is non-decreasing in
t > 0. Then,

h
Loti(t,t+h) < / Ln(t' +u,t' + k) f(ult)du
Oh 8
:/ F(ult) u[ Lot +u, ¢ + b)) du

/ Fu|t Ln(t' +u,t’ + h)] du

= Ln+1(t ,t +h),

where the last inequality follows since, from Lemma 6.5.1, L,(t + u,t + h) is
non-increasing in u < h for all t. The other case follows similarly. ]

Define v(t) = Sn(t)+1 — t, the forward recurrence time at t. It is not hard
to see that

P{y(t) > u} = F(t + u|0) + /tf(t — z + u|z)h(z)dz, u>0, (6.34)
0

provided that the g-renewal density h(t) exists. The next definition is parallel
o (6.33).
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Definition 6.5.1 The family {F(z|t)} of conditional distribution functions
is said to be g-NBU (or g-NWU, respectively) if

Flz+ylt) < () F@lOF@), 2,90, (6.35)
holds for all ¢t > 0.

A probabilistic interpretation of (6.35) is as follows. From (6.10), we observe
that

P{Xat1 > 2+ 4lSa = 8}
P{Xn+1 > yISn - t}

_ Fz+ylt)
Flalt)

P{Xn+1 >x +y|Xn+1 >y, Sp= t} =

Hence, if
P{Xnt1 > 2+ y|Xnt1 >y, Sn =t} < (2) P{Xns1 > 2[Sn = 0},

then this assumption means that the remaining working time conditional on
the event {Xn41 > y, Sn = t} is stochastically smaller (greater) than the
working time of a system with age 0. Especially, for the case that ¢ = 0 in
(6.35), we have the ordinary definition of NBU (NWU); see (6.33).

Lemma 6.5.3 Suppose that the family of conditional distribution functions
{F(z|y)} is ¢-NBU (g-NWU, respectively). Then,

P{y(t) >u} < (2) F(ul0), u>0,
for any t > 0.

Proof. Suppose that {F(z|y)} is g-NBU. Then, from (6.34), it is readily seen
that

P{~(t) > u} < F(u|0)F(t|0) + F(u|0) /Ot F(t — z|z)h(z)dz

= F(ul0)P{¥(t) = 0},

and the result follows. The other case is proved similarly. ]

We are now in a position to prove the main result of this section. See
Kotlyar [22] for some related results.

Theorem 6.5.1 Suppose that F(t — y|y) is non-increasing in y < t, that
F(h|t) is non-decreasing (non-increasing, respectively) in ¢t > 0 for any h > 0,
and that the family of conditional distribution functions {F(z|y)} is g-NBU
(9-NWU). Then, the g-renewal function H (t) is super-additive (sub-additive).

Proof. Let I'y(x) = P{y(t) < z}. It is easily seen that
®© L,k
Hit+h) -H@O) =Y / Ln(t + 2.t + h)dT ().
n=170
Also, on integration by parts, we obtain

h h o
/Ln(t+x,t+h)dr,(x):/ I(@) g~ Ln(t + 3, + B)da.
0 0 i
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Suppose that F'(h|t) is non-decreasing in ¢ and that {F(z|y)} is g-NBU. Since
Ln(t + z,t + h) is non-increasing in z < h from Lemma 6.5.1, it follows from
Lemma. 6.5.3 that

. 0 " 8
/0Ft(a:)%[—Ln(t+z,t+h)]dx2/0 F(x|0)£[—Ln(t+x,t+h)]d:c,

whence

h

h
/ Ln(t+z,t + h)dli(x) > Ln(t +z,t + h)f(x|0)dz
0 0

for all n =1,2,---. But, since L,(¢,t + h) is non-decreasing in ¢ from Lemma
6.5.2, we obtain

h h
/ Ln(t+z,t + h)f(z|0)dz > / Ly(z, h) f(z|0)dz, n=1,2---.
0 0

It follows that
H(t+h) - >Z/ Ln(z, k) f(x|0)dz,

the right hand side being equal to H(h), proving that H(t) is super-additive.
The sub-additive case can be proved similarly. |

Finally, suppose that the conditions of Theorem 6.4.3 hold. Then, if H(t)
is super-additive (sub-additive, respectively), we have

H(R) < (2) Jim [H(t +h) — H(1)] = Nl (6.36)
Soo o

It should be noted that all the conditions of Theorems 6.4.3 and 6.5.1 are au-
tomatically satisfied in the ordinary renewal case. Hence, the results obtained
so far in this section generalize the well-known results in the ordinary renewal
context. Note, however, that the inequality (6.36) actually holds for the ordi-
nary renewal case under a weaker assumption. See, e.g., Barlow and Proschan
(2].

6.6 A General Repair Model

In this section, we consider a general repair model given in Example 6.1.4. The
family of conditional distribution functions to be considered is then given by

Flaly) = / “*;f(u F® agyw), zy>0, (6.37)

where F(z) is the working-time distribution of a new system and Gy(z) is
the distribution function of the effective age Y when S, = y. The survival
distribution is

Flaly) = /0 ” %ﬁday(u), 2y >0. (6.38)
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Recall that F(z) is IHR (DHR, respectively) if F'(x+u)/F(u) is non-increasing
(non-decreasing) in u > 0 for all z > 0.

The results of this section were proved in Baxter, Kijima and Tortorella [3];
however, we recover their results from the general results obtained in Section
6.5. For comparisons of failure processes, i.e. g-renewal processes, in terms of
repair activities, we refer to Baxter, Kijima and Tortorella [3]. See also Last and
Szekli [23] in the general content. In the following, we assume that the condition
(C1) is satisfied and the g-renewal density exists. Also, to avoid unnecessary
technical difficulties, it is assumed that Gy(0+) = 0 and Gy(co) = 1 for all
y2>0.

Let Yy, denote the effective age when S, = y. For y > 0, we define Ay =
Yy/y. If Y, = ay almost certainly as in (6.9), then A, = a almost certainly
for any y, which represents the degree of repair introduced in Example 6.1.3.
Recall that, for non-negative random variables X and Y, X is said _to be
stochastically smaller than Y if Fx(x) < Fy(z) for all z > 0, where Fx ()
(or Fy(z), respectively) is the survival distribution of X (Y).

Lemma 6.6.1 F(z — y|y) is non-increasing in y < z if one of the following
conditions holds.

1. F(z) is DHR and Y, is stochastically non-decreasing in y > 0.
2. F(z) is IHR, 0 < Ay < 1 for all y, and A, is stochastically non-increasing
iny>0.

Proof. For the first part of the lemma, let y < y'. Then, from (6.38) and
integration by parts, we obtain

F(z - yly) < /Ooo E(i%y/—“‘)dcy(u)

@
= F(m—y’)+/0w6y(u % [F(””I;(i’:; “)} du
<Fe-v)+ [ oywg [FEt Y]y
=F(z-y'ly),

where the second inequality holds since F(x) is DHR and Gy(z) < G/ (z)
under the assumption.

Next, to prove the second part, let I'y(z) denote the distribution function
of Ay. Then, since 0 < Ay < 1 and from (6.38), we have

Flx—-yly) = /0 Wdfy(a), y<z. (6.39)
Note that
KA [F(w - (1= a)y)]
9y F(ay)
F(z - (1-a)y)

= W{(l —a)r(z — (1 - a)y) +ar(ay)},

which is non-negative since 0 < a < 1. Also,
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9 [-F—(w—y-l-ay)] = F(z—y+ay) {r(ay) —r(ay+z—y)},

Oa Fl(ay) F(ay)

which is non-positive since F(z) is IHR. It follows that F(z — y + ay)/F(ay)
is non-decreasing in y and non-increasing in a. The rest of the proof is similar
to that of the first part, and the proof is complete. |

The assumption that the effective age Y, depends on the cumulative oper-
ating time may be interpreted as a change in the quality of repair over time,
perhaps reflecting an increase in the skill of the repairman with experience
or improved repair procedure, in which case it is plausible to assume that Y,
is stochastically non-increasing in y. Alternatively, as a system ages, it may
become increasingly difficult to perform a satisfactory repair, in which case we
assume that Y, is stochastically non-decreasing in y. The assumption A4, < 1
implies that repair never clumsy.

The assumption A, is stochastically non-increasing in y is weaker than the
assumption that Y} is stochastically non-increasing in y. In fact, while Y, is
stochastically non-decreasing in y, A, can be stochastically non-increasing in
y (see Theorem 6.6.1 below). For example, consider the case given in Example
6.1.3. In this case, Ay = a almost surely while Y, = ay is non-decreasing in y.
We note that there is a flaw in Lemma 4.3 of Baxter, Kijima and Tortorella
[3], which affects their Theorem 4.5. The following results correct the flaw.

Lemma 6.6.2 Suppose that Y, is stochastically non-decreasing in y >
0. If F(z) is DHR (IHR, respectively), then F(h|t) is non-increasing (non-
decreasing) in t > 0 for all h > 0.

Proof. The lemma follows since

F(hlt) = / Gil(u [ F(h+u) “)}

F(u)

and Gi(u) < Gy (u) whenever t < t'. n
Lemma 6.6.3 The family of conditional distribution functions {F(z|y)}
is ¢-NWU (g-NBU, respectively) if the underlying working-time distribution
F(z) is NWU (NBU).
Proof. Suppose that F(z) is NWU. Then, from (6.33),

Ft+v+u) >Ft+uwF(v), tv,u>0.

It follows that

CF(t+v+u) — © F(t+u)
/0 —Wde(u) > F(v)/0 Wde(u)y

which can be rewritten, from (6.38), as
F(t+vly) > F(o[0)F(tly),  t,v>0,

for all y > 0. The other case follows similarly. u

Corollary 6.6.1 If the underlying working-time distribution F(z) is NBU
(NWU), then
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P{rt)>u} < (2) F(u), u>0,

for any t > 0. That is, the forward recurrence time at any time is stochastically
smaller (greater) than the working time of a new system.

The next theorem follows from Lemmas 6.6.1 — 6.6.3 and Theorem 6.5.1.
Theorem 6.6.1 Suppose that Y, is stochastically non-decreasing in y > 0.

1. If F(z) is DHR, then the g-renewal function H(t) is sub-additive.
2. If F(z) is IHR, 0 < A, < 1 for all y, and Ay is stochastically non-increasing

in y > 0, then H(t) is super-additive.
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7. Two-Unit Redundant Models

Toshio Nakagawa
Department of Industrial Engineering,
Aichi Institute of Technology
Toyota 470-0392, Japan

Summary.

A two-unit system is the most fundamental redundant model in reliability
theory, and it has been analyzed by many researchers over the past 40 years.
In recent years, such systems have spread among industries and been used
even in a daily life. In particular, computer systems have been composed of
various types of redundant ones to achieve high reliability and accuracy with
their rapid advancement and low cost. This chapter surveys the early results
of a two-unit standby system, its preventive maintenance and other systems,
using a unique modification of the regeneration point techniques of Markov
renewal processes. Reliability quantities of a two-unit system are obtained,
and optimum preventive maintenance policies which maximize the mean time
to system failure and the availability are analytically discussed. Finally, other
two-unit systems are briefly presented.

Keywords: two units, standby system, MTTF, availability, preventive
maintenance, parallel system, Markov renewal process

7.1 Introduction

A system with high reliability can be achieved by the use of redundancy and
maintenance. This chapter considers a redundant system of two repairable
units. Such two-unit redundant systems are basic in reliability theory and can
be found in many practical applications, e.g., computer systems in industries
and military applications, electric power stations and distributors, and elec-
tronic telephone exchange systems. Simple but basic two-unit standby and
other two-unit redundant systems are discussed thoroughly in this chapter.

S. Osaki (ed.), Stochastic Models in Reliability and Maintenance
© Springer-Verlag Berlin Heidelberg 2002
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Let us sketch the early working of such two-unit redundant systems. The
first contribution to reliability analysis of two-unit redundant systems was
made by Epstein and Hosford [1]. Gaver (2], [3] treated similar models as-
suming general repair time distributions. Gnedenko [4], Srinivasan [5] and
Liebowitz [6] discussed a two-unit standby system with more generalized as-
sumptions. Gnedenko [7] and Solovyev (8] obtained the limiting theorems
which gave the asymptotic distributions to system failure. Srinivasan [9] also
discussed a similar system with noninstantaneous switchover. In other con-
tributions, Mine and Osaki [10], Osaki [11], [12], [13], [14], [15], [16], [17] and
Osaki and Asakura [18] discussed several variations of two-unit redundant
systems by using Markov renewal processes. Moreover, several interesting
two-unit redundant systems were discussed by Garkavi and Gogolovskiy [19],
Harris [20], Mazumdar [21], Buzacott [22], Linton and Braswell [23], and oth-
ers. Most of the content of this chapter is based on the authors’ own original
works that appeared in Osaki and Nakagawa [24], Nakagawa and Osaki [25],
[26], [27], (28], [29], [30], [31], [32] and Yamada and Osaki [33]. Most of the
results in [25] and [31] were rewritten by discrete time processes in [34].

Kodama and Deguchi [35], Kodama et al. [36], Adachi and Kodama [37],
Ohashi and Nishida [38], Parathasarathy [39], Wiens [40], Jack [41], Wells [42]
and Vanderperre [43] studied two-unit redundant systems under more general
forms. Mine and Kawai [44] and Kumar et al. [45] discussed the maintenance
policies for two-unit systems with degraded states. Further, Nakagawa and
Osaki [46], Kumar and Agarwal [47] and Yearout et al. [48] reviewed many
literatures of Goel, Gupta, Gopalan, Kapur, Kapoor, Kumar, Naidu, Rama-
narayanan, Subramanian and so on. Using the results of two-unit systems,
Laprie et al. [49], De and Krakan [50], Trivedi and Geist [51], Ng [52], Hu and
Mouftah [53], Ibe et al. [54], Walker [55], Reibman [56] and Choi et al. [57]
applied them to the analysis of computer systems and fault-tolerant systems.
Further, Gai et al. [58] analyzed a full-authority, dual-redundant aircraft en-
gine controller, and Tapiero and Hsu [59] studied a randomized two-station
machining process with blocking.

In Section 7.2, we introduce a two-unit standby system and derive the
following quantities:

(i) The first-passage time distributions.

(i) The expected numbers of visits to a specified state during a given finite
interval.

(iii) The transition probabilities.

The above quantities are obtained by using the results of a unique modifica-
tion of Markov renewal processes.

In Section 7.3, we treat the preventive maintenance (pm) of a two-unit
standby redundant system. Then, we obtain the optimum pm policies which
maximize the mean time to system failure and the availability.
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In Section 7.4, we describe several interesting variants of two-unit sys-
tems and briefly discuss the main results for such models. We finally show
developments and scopes of other two-unit systems.

7.2 Two-Unit Standby System

A two-unit standby redundant system with a single repairman (or repair
facility) is one of the most fundamental and important redundant systems in
reliability theory: a system consists of two units, where one unit is used for
operation and the other is in standby as an initial condition. If an operating
unit fails, then it undergoes repair immediately and the other standby unit
takes over its operation. Either of the two units is alternately operating. It can
be said that a system failure occurs when both units are down simultaneously.

Gaver (3] obtained the Laplace-Stieltjes (LS) transform of the distribution
of the time to system failure and the mean time to failure (MTTF) for the
model with exponential failure times and general repair times. Gnedenko [4],
[60] and Srinivasan [5] extended the results for the model with both general
failure and repair times. Further, Osaki [12] obtained the same results by
using the signal-flow graph method.

In the model above, we consider the system of two identical units and are
interested in the following quantities: (i) The first-passage time distributions,
(ii) the expected numbers of visits to a state during (0, t], and (iii) the transi-
tion probabilities. We obtain the above three quantities and their associated
means or limiting values, and derive some reliability properties of a two-unit
standby system.

A unique modification of the regeneration point techniques of Markov
renewal processes ([61], [62]) is applied for analyzing the system, since some
epochs (or time instants) at which the system makes transitions into some
states are not regeneration points.

7.2.1 Model and assumptions

Consider a two-unit standby redundant system of two identical units: an
operating unit has a general failure time distribution F'(t) with finite mean
1/, and a failed unit has a general repair time distribution G(¢) with finite
mean 1/p. If an operating unit fails and the other unit is in standby, the
failed unit undergoes repair immediately and the standby unit takes over its
operation immediately. However, if an operating unit fails while the other
unit is under repair, the failed unit must wait for repair until a repairman
is free. This situation means that a system failure has occurred. It is also
assumed that a failed unit recovers its functioning upon repair completion
and is as good as new. A unit in standby neither deteriorates nor fails in the
standby interval. Two units are used alternately for its operation, as described
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above. Even if a system failure occurs, the system can operate again upon
repair completion. That is, the system repeats up and down alternately. All
random variables considered here are independent of each other.

To analyze the above system, we define the following three system states
which represent the states of the process:

State -1: One unit begins to operate and the other is in standby.

State 0: One unit is operating and the other unit is in standby.

State 1: One unit is operating and the other unit is under repair.

State 2: One unit is under repair and the other unit is waiting for repair.
The system states defined above form a Markov renewal process: state -1
represents an initial time instant. An epoch at which the system makes a
transition into state 1 is a regeneration point. However, the epochs at which
the system makes a transition into state j (j = 0,2) are not regeneration
points except all failure and repair times are exponential.

It is noted that the index i (i = 0,1, 2) of system states denotes the num-
ber of failed units. Further, the epoch for state 0 is when a system recovery
occurs, and the epoch for state 2 is when a system failure occurs.

Define a mass function (or one-step transition distribution) Q;;(t) from
state i (i = —1,1) to state j (j = 0,1,2) by the probability that after making
a transition into state i, the process next makes a transition into state j, in
a smaller amount of time than time ¢ in a Markov renewal process. Then,
from the theory of Markov renewal processes, the following mass functions
are obtained:

Q-11(t) = F(t), (7.1)
anaﬁﬂwwmx (72)
Qua(t) = /0 Clu)dF(u), (7.3)

where F(t) =1 — F(t) and G(t) = 1 — G(t).

It is impossible to define the mass functions Qo1(t) and Q21(t) since the
epochs for states 0 and 2 are not regeneration points. Thus, define a new mass
function ng)( t) (or 521)( t)) which is the recurrence time distribution for state
1 via state O (or state 2 ). That is, Q(O)( t) (or Q(121) (t) ) is the probability that
after making a transition into state 1, the process next makes a transition
into state O (or state 2 ) and returns to state 1, in a smaller amount of time
than time ¢. In a similar fashion, the new mass functions are given by

9m=LGwﬁwx (7.4)
@ t) = /0 t F(u)dG(u). (7.5)

Throughout this chapter, we denote the LS transform of the function by
the corresponding lowercase letter. For instance, ¢;;(s fo e~ %tdQq;(t) for
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Re(s) > 0, and so on. The LS transforms g;;(s) and qg-c)(s) of the mass
functions Q;;(t) and ng)(t) can easily be obtained from (7.1) ~ (7.5).

7.2.2 First-passage time distributions

We obtain the first-passage time distributions and the mean first-passage
times by using the mass functions.

Let H;;(t) denote the first-passage time distributions from state i (1 =
—1,1) to state j (j = 0,1,2). First, suppose that the process starts in the
epoch for state 3. Then, from (7.4) and (7.5), the recurrence time distribution
Hj:(t) for state 1 is given by

Hyi(t) = Q1Y (1) + Q¥ (t) = F(t)G(t), (7.6)

which can be interpreted as the probability that the process comes back to
state 1 via state O or state 2, whichever occurs first. Thus, the mean recurrence
time l1; for state 1 is

lllEAwthll(t):1/)\+1//1—1/’y, (77)

where 1/y = [[°F(t)G(t)dt.
The first-passage time distributions H;;(t) (j = 0,2) are given by solving
the following renewal-type equation:

Hio(t) = Quo(t) + Q2 (t) » Hyo(t), (7.8)

where the asterisk mark represents the Stieltjes convolution, i.e., A(t)xB(t) =
fo (t —u)dA(u fo A(t — u)dB(u) for any A(t) and B(t). The first term
of the right- hand side of (7.8) can be interpreted as the probability that the
process goes to state 0 directly, and the second term is the probability that
the process goes to state 0 after returning to state 1 via state 2. Similarly,

Hua(t) = Qua(t) + Q17 (t) * Hia(t). (7.9)
Next, suppose that the process starts from state -1. Then,
H_y1;(t) = Q_11(t) * Hy;(t), Jj=0,2. (7.10)
Thus, taking the LS transforms of (7.8), (7.9) and (7.10), and solving them,
ho10(s) = _‘I'“( 2)a10(s) (7.11)
1- g7 (s)
h_12(s) = QL(EQ;M (7.12)
1—q11(s)

The mean first-passage times [_1; (j = 0,2), starting from state -1, are



170 7. Two-Unit Redundant Models

1 1
l_10 = X + ——72—)— (713)
ul — ¢;7(0)]
=g — 1 (7.14)
—12 = — —_— .
A -4 )

which represent the mean first-passage times to system recovery and system
failure, respectively. Note that (7.12) and (7.14) are the LS transforms of the
distribution of the time to system failure and its mean time.

Further, it can be seen that Hio(t) and /1o represent the distribution of
the busy period of a repairman and its mean time, respectively. It is finally
noted that the mean downtime [4 after systern failure is

ldz/oootng?(t)—/O tdQ12(t) F )G(t) (7.15)

7.2.3 Expected numbers of visits to state

Consider the expected numbers of visits to state j (j = 0,1,2) during the
interval (0,¢t]. Let M;;(t) be the expected numbers of occurrences of state j
during (0, t], starting in the epoch for state ¢ (i = —1,1) at time 0, where the
first visit to state j is not counted if ¢ = j.

First, suppose that the process starts from state 1 at time 0. Then, we
have the following renewal—type equation:

Mio(t) = Quo(t) — QD(t) + QD (1) * [1 + Mio(t)] + QY (£) * Mio(t)
= Q1olt )+H11(t)*M10( ), (7.16)

where the first term on the right-hand side is the probability that the process
goes to state 0 directly and then stays at state 0, the second term is the
expected number that the process returns to state 1 via state 0 and goes to
state 0, and finally, the third term is the expected number that the process
returns to state 1 via state 2 and then goes to state 0. In a similar fashion,

My (t) = Q) * [1 + My ()] + Q2 (t) * [1 + M1 (2)]

=H11( )*[1+M11( )] (717)
Mia(t) = Qua(t) — QP (1) + Q1Y (1) * Ma(t) + Q1 () » [1 + Mia(1)]
= Q12(t) + Hll( ) * Mlg(t). (718)

The expected numbers of visits to state j (j = 0, 1,2) during (0, t], starting
from state -1, are

M_11(t) = Q-11(t) * [1 + Mu(t)], (7.19)
M_y1;(t) = Q-11(t) * My;(t),  j=0,2. (7.20)

Thus, combining (7.16)~(7.20), we have the LS transforms of the expected
numbers:
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_ _g-1(s)

m_11(s) = m, (7.21)
_q-11(8)q14(s) .

m_1j(S) = m’ = 0,2. (722)

Note that m_19(s) and m_jo(s) are the LS transforms of expected numbers
of system recovery and system failure during (0, ], respectively.

Further, if F(t) and G(t) are nonlattice and their means are finite, there
exist the limits M; = lim;_oo M;;(t)/t (i = —1,1;5 = 0,1,2) of expected
numbers of visits to state j per unit of time in the steady-state, which are in-
dependent of an initial state i [63]. Thus, by applying the Tauberian theorem
in (7.21) and (7.22), respectively,

M= - (7.23)
I
M= @ g (7.24)
I

A quantity of some interest is the total expected number of units which
have failed (or have been repaired) during (0,¢]. Let M;s(t) (or My(t)) be
the expected number of failed units (or repaired units) during (0,¢], if the

process starts from state ¢ (i = —1,1). Then,
Mig(t) = Qua(t) = Q17 () + Hua(t) » [1+ Mag (1))
= F(OG(t) + Hin () * [1+ M (1)), (7.25)
Mir(t) = Quo(t) = @17 (8) + Hin(t)  [1+ M (2)]
= F(t)G(t) + Hu1(t) * [L + My,(t)). (7.26)
If the process starts from state -1, then
M_1,(t) = Q-11(t) * M1,(t). (7.28)

Thus, combining them, we have

g 11 (9)[1+ qua(s) — ¢ 2(s)]

m_15(s) = T hi(s) , (7.29)
gn(8)ao(s) + 42 (s)]
m_1(s) = : _Ohn ) . (7.30)

7.2.4 Transition probabilities

Denote as P;;(t) the probability that the process is in state j (j =0,1,2) at
time t, starting from state i (i = —1,1) at time 0. Then, we have
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Pio(t) = Quo(t) — QY (t) + Hui(t) * Pro(t)

= F(t)G(t) + Hu1(t) * Pro(t), (7.31)
Pii(t) =1 — Quo(t) — Qu2(t) + Hix(t) * Pri(t)

= F(t)G(t) + Hu (t) » Pu(t), (7.32)
Pia(t) = Qua(t) — Q1Y (t) + Hua(t) * Pra(t)

= F(t)G(t) + Hu1(t) » Pr2(t), (7.33)

which can be similarly interpreted as described in the preceding sections.
Further, if the process starts from state -1, then

P_1p(t) =1 —Q-11(t) + Q-11(t) * Pro(t)

= F(t) + Q_n(t) * Pl()(t), (734)
P_1;(t) = Q_n(t) * Pi;(t), j=0,2. (7.35)
Thus, the LS transforms of P_q,(t) (j =0,1,2) are
(0)
p-10(s) = 1 - q_11(s) + q‘ll(s)qu°£fi(;)q1‘ G, (7.36)
_g-11(8)[1 = g1o(s) — qu2(s)]
p-11(8) = T h(s) , (7.37)
_ g-11(8)[g12(s) — i 0)
p-12(s) = T~ he(9) L (7.38)
where it is evident that
P_10(t) + Po11(t) + P-12(t) = 1. (7.39)

If F(t) and G(t) are non-lattice and their means are finite, there exist the
limiting probabilities P; = lim;—oo Pij(t) (i = —1,1;5 = 0,1,2) which are
independent of an initial state i. Thus, by applying the Tauberian theorem
in (7.36)~(7.38),

Pp=1- — (7.40)
pliy
p =14 A+ (7.41)
11
1
Po=1-—. 7.42
p N (7.42)

It is noted that A(t) = P_10(t) + P-11(t) represents the pointwise avail-
ability of the system at time ¢, and A(t) = P_12(t) represents the pointwise
unavailability at time ¢, given that the two units are initially good. It is also
noted that A = Py 4+ P, represents the steady-state (or limiting interval)
availability and A = P, represents the steady-state unavailability.
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7.3 Preventive Maintenance of Two-Unit Systems

Preventive maintenance (pm) is of great interest in reliability theory, and
many contributions to pm policies have been made in Chapter 5. For a two-
unit standby system, Rozhdestvenskiy and Fanarzhi [64] considered two pm
policies and obtained one method of approximating the optimum pm policy
which minimizes the mean time to system failure. Osaki and Asakura [18]
showed that the mean time to system failure of the system with pm is greater
than that with only repair maintenance under the suitable conditions.

Berg [65], [66], [67] considered the replacement policy for a two-unit sys-
tem where, at failure points of one unit, the other unit is replaced if its age
exceeds a control limit. Almeida and Souza [68] obtained the maintenance
strategy for a two-unit standby system with waiting time for repair. Further,
Gupta and Kumar [69], and Pullen and Thomas [70] examined the oppor-
tunistic replacement policy for two-unit systems.

Consider a two-unit standby redundant system with repair and pm main-
tenances. We derive optimum pm policies which maximize the mean time to
system failure and the availability. We obtain such quantities above by using
the technique of Markov renewal processes used in Section 7.2, and discuss
optimum policies under suitable conditions.

7.3.1 Model and analysis

Consider the same two-unit standby system as in Section 7.2, where two units
are statistically identical: it is assumed that an operating unit has a failure
time distribution F'(t) with finite mean 1/\ and a failed unit has a repair
time distribution Gi(t) with finite mean 1/u;. The other assumptions are
the same as in Section 7.2.

We consider the following pm policy for an operating unit. When an oper-
ating unit works for a specified time T without failure, we stop the operation
of an operating unit for pm. It is assumed that the time to pm completion
has a general distribution G3(t) with finite mean 1/u3, and a preventively
maintained unit is as good as new upon pm completion. Further, we make
the following two assumptions:

1. Pm of an operating unit is done only if the other unit is in standby.
2. An operating unit that has forfeited pm because of assumption 1 undergoes
pm just upon repair or pm completion of the other unit.

Under the above assumptions, we derive the mean time to system failure
and the availability as follows [26]: the mean time to system failure is
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T . T
{1/71 +/0 (61 + G1 (1)) F'(t)dt /0 (02 + Ga(t))dF (1)

T _ T
| [+ Gae)Fo [1— | @+ Gienare)
0
UT) = — 7

T T
61 / (63 + G2 (t))dF(t) + 62 [1 - / (61 + G1(t))dF (%)
0 0

(7.43)

where

ﬁiz/ Gi(t)dF(t), i=1,2,
0

1/v = /Ooo Ft)Gi(t)dt, i=1,2.

Consider the following two special cases of pm policies. The first one is
that where an operating unit undergoes pm upon repair or pm completion.
That is, a repairman is always busy for repair or pm. In this case, setting
T =0 in (7.43), we have

1
1(0) = —.
© G272

The second is the case where no pm is done. In this case, setting T' = oo, we
have

(7.44)

l(o0) = % + %9;, (7.45)
which is equal to (7.14).
The steady-state availability A(T) is
T oo
[1 /7 + /0 F(t)G(t)dt {1 - /T Gg(t)dF(t)}
T 1 poo

+ {1 /v2 + / F(t)Go(t)dt / G1(t)dF(t)

A(T) = ° T (7.46)

T
1/u1+/0 F(t)G,(t)dt

-[1— /T ” Gz(t)dF(t)] |

T oo
1/u2+/0 F(t)Ga(t)dt /T G1(t)dF(t)

+

When an operating unit undergoes pm upon repair or pm completion,
i.e., T = 0, the availability is

A0) = 2/t (L= 61/ (7.47)

G2/ + (1~ 61)/p2’
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Next, when no pm is done, i.e., T = 0o, the availability is

T
Al = T T~ i

which is equal to the sum of (7.40) and (7.41).

(7.48)

7.3.2 Optimum preventive maintenance policies

Of our interest is to find optimum scheduled times T* which maximize the
mean time [(T) in (7.43) and the availability A(T") in (7.46). It is assumed
that G1(t) < Ga(t) for 0 < t < co. That is, the probability that repair is
completed up to time t is less than the probability that pm is completed
up to time t. It is also assumed that there exists a density f(t) of F(t). Let
r(t) = f(t)/F(t) be the failure rate.

We have the following optimum pm policy which maximizes the mean
time to system failure:

Theorem 7.3.1 It is assumed that G;1(t) < Ga(t) for 0 < t < oo, and
the failure rate r(t) is continuous and strictly increasing where r(co) =
limt_,oo T'(t)

(i) If r(00) > M, 0171 > 6272 and r(0) < m, or r(00) > M and 011 < 2y2,
then there exists a finite and unique optimum scheduled time 7™ (0 < T™* <
00), which satisfies

r(T)

T [ T
/ F(t)K(t)dt + / F(t)f(t)dt} - / K(t)dF(t)
0 0 0

_ 6, /0 Oof(t)dF(t) + 62 /0 ooK(t)dF(t)

7.49
50, , (7.49)
and the resulting mean time is
w11
T ) = )\+ )\—01
RGN0 O .
— | ~ F(t)dt| . 7.50
o . [ o+ eoFe (7.50)

(ii) If r(00) < M, then the optimum scheduled time is T* = 00, i.e., no pm
is done, and the mean time is given in (7.45).

(iil) If 61y1 > 62y2 and r(0) > m, then the optimum scheduled time is T* = 0,
i.e., pm is done just upon repair or pm completion, and the mean time is
given in (7.44), where
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01G2(t) - 0,G, (t)
01 — 62 '
__ bmm
T b — a2’
Y]
T 6, -6y

I

K(t)

Proof. First note that K(t) > 0 for 0 < t < oo and

o0
/ FOR(t)de = 2202/
0 b1 — 62
It is further noted that 6; > 6, and 2 > 7; from the assumption G(t) <
Ga(t) for 0 <t < o0.
To find an optimum time 7* which maximizes A(T) in (7.46), differenti-
ating A(T') with respect to T and setting it equal to zero, we have

T
r(T) {/0 [01Ga(t) — 62G1 ()| F(t)dt + 01/72 — 92/71}

T 00
- /0 [6,Ga(t) — 6,G1 (t)]dF (t) = / 0:C2(t) + Gy (1) dF(t).  (7.51)
0

Accepting the definition of K(t) and adjusting both side of (7.51), we have

(7.49).
Define that
L(T) = r(T) /TF(t)K(t)dt+/°°’F_(t)?(t)dt] —/T K(t)dF(t),
0 0 0

then, we easily have

L(0) = (0) /0 T FOR @b,

L(c0) = T(i") - /0 © K)dF(),

L(T) =r'(T)

T 00
/ F(t)K(t)dt + / F(t)f{—(t)dt} :
0 0

Therefore, if 011 > 0272, then L(T) is continuous, positive for 7' > 0, and
is strictly increasing since r(t) is continuous and strictly increasing. Next,
accepting the definition that

o, /0 K(t)dF(t) + 65 /0 K(t)dF(t)
61 — 6, '

Then, D > 0, and if further r(0) < m and r(c0) > M, then L(0) < D <
L(00). From the monotonicity and continuity of L(T'), there exists a finite

D=
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and unique T* (0 < T™* < co0) which satisfies (7.51). In this case, the resulting
mean time is easily given in (7.50).

If 7(0) > m, then L(0) > D. Thus, I'(T) < 0 for any positive T, which
implies that the optimum time is T* = 0, since [(7T') is a strictly decreasing
function of T'.

If r(00) < M, then L(co) < D, i.e., L(T) < D for any finite T, which
implies that the optimum time is T* = oo, i.e., no pm is done.

On the other hand, if 611 < 6272, then L(0) < 0, L'(0) < 0 and L'(c0) >
0. Further, it is easily seen that there exists a unique solution of L'(T") = 0
for 0 < T < oo. Thus, L(T') is a unimodal function and strictly increasing in
the interval between the solution of L'(T) = 0 and infinity. If 6,y = 6272,
then L(0) = 0 and L(T) is strictly increasing. In either case, if r(c0) > M,
there exists a finite and unique 7* (0 < T* < oo) which satisfies (7.49). If
r(00) < M, then L(T) < D for any finite T', and hence, the optimum time is
T* = 0. |

Next, we seek an optimum pm time T* which maximizes the availability
A(T) in (7.46), and have the optimum pm policy:

Theorem 7.3.2 It is assumed that G1(t) < G2(t) for 0 < t < 0o, and the
failure rate is continuous and strictly increasing.

(i) If r(c0) > Mo, Bipr > Bous and r(0) < ma, or 7(00) > Mz and Biu; <
B2 2, then there exists a finite and unique optimum scheduled time T* (0 <
T* < 00) which satisfies

r(T)

T__ oo T
/0 F(t) Ko (t)dt + /0 Kg(t)dt:! _ /0 K(t)dF ()

4 / T Ra(t)dF () + o /0 ” Ka()dF ()

B — B ’ (7:52)
and the resulting availability is
a+ [ awaromr - [ Fociod
A(T*) = & 5 - 50 .
/pr = 1/m+1/A+ /T* G1(t)dF(t)/r(T*) — /* F(t)Gy(t)dt
(7.53)

(ii) If r(o0) < M>, then the optimum scheduled time is T* = oo, i.e., no pm
is done, and the availability is given in (7.48).

(iii) If Bipu1 > Popz and 7(0) > meg, then the optimum scheduled time is
T* =0, and the availability is given in (7.47), where
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Bi = / ” F(t)Gi(t)dt, i=1,2,
0
BrGa(t) — B2G1(t)

Ka(t) = B1 — B2 '
_ Bib2+ B2(1—61)
B1/p2 — B2/ 11
_AB
My = B1— B2

Proof. Differentiating A(T') in (7.46) with respect to T' and setting it equal
to zero, we have

T
r(T) {/0 [B1G2(t) — B2G1(t)|F(t)dt + Br/p2 — ﬂz/m}

oo

T

- [ 31Ga(t) - B:Gr(0)aF @) = [ (3:Gale) + BaGr(OWF(), (750

0 0

which implies (7.52) after some calculations using K»(t). In a similar method

of proving Theorem 7.3.1, we can prove this theorem. |
It has been shown that the problem of maximizing the availability is

formally coincident with that of minimizing the expected cost [32].

7.3.3 Replacement of a two-unit parallel system

We consider the following three age replacement policies for a two-unit par-
allel system (see Section 7.4.1), where it is replaced at (1) time T or both
failures of two units, whichever occurs first, (2) time T or failure of either of
the two units, whichever occurs first, and (3) time T or failure of either of
the two units, whichever occurs last. In case (3), the system is also replaced
when both units have failed before time T

The two units are mutually independent and have an identical failure time
distribution F'(t). We consider one cycle from t = 0 to the replacement: let
¢; (1 =0,1,2) be the replacement cost when 4 units have failed. Then, the
expected cost per one cycle is, for case (1),

c2[F(T))? + 2¢, F(T)F(T) + co[F(T))?

C(T) = T , (7.55)
| - perya
for case (2),

T
/ (F(t)]2dt
0
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and for case (3),
PP {1 [FOF
|- pors [ o
0 T

We can discuss optimum replacement times which minimize the expected
costs C;(T) (1 = 1,2,3). Further, if costs ¢; are given, we compare three
expected costs and decide which policy is the best among three models.

Cs(T) = (7.57)

7.4 Other Two-Unit Systems

We show other typical two-unit redundant systems; (1) two-unit parallel sys-
tem, (2) two-unit priority standby system, and (3) two-unit standby system
with imperfect switchover. We are interested in the following three reliability
measures for each model: (i) the distribution of the time to system failure,
(ii) the expected number of occurrences of system failure during (0,t], and
(iii) the pointwise unavailability at time t. To analyze the systems, we use
a unique modification of regeneration point techniques in Markov renewal
processes. The detained derivations are omitted and the results are shown
directly.

7.4.1 Two-unit parallel system

Consider a system of two identical units, where the system can perform its
functioning by one of two units: two identical units begin to operate at time
0. If one of two operating units fails, the system continues to operate only
on the other unit, and a repair of the failed unit is done. A system failure
occurs when both units are down simultaneously. Several contributions to
such a two-unit parallel system have been made: Epstein and Hosford [1]
discussed the system with both exponential failure and repair times. Gaver
[2] extended the model with exponential failure and general repair times,
and derived the steady-state availability by using the supplementary variable
techniques. Gnedenko (7] proved two limiting theorems under the assumption
that the repair time is significantly less than the time to system failure.

In this section, we consider a two-unit parallel system with exponential
failure and general repair times, which includes a standby system. It would be
impossible to analyze the system under the assumption that all distributions
are arbitrary, since there is no regeneration point at which the system makes
a transition into any state.

Assume that an operating unit has an exponential distribution and a
failed unit has a general distribution G(t) with finite mean 1/u. A failed
unit recovers its functioning upon repair completion and begins to operate
again immediately. If both units are down simultaneously, there will be a
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queue until a repairman is free. This situation means that a system failure
has occurred. Further, from the exponential assumption of failure times, the
probability that either of two units fails during (t,t + At], given that two
units are operating at time t, is A\gAt + o(At), and the probability that one
unit fails during (¢,¢ + At], given that one unit is operating at time ¢, is
AL AL + o(At).

Two units begin to operate at time 0, and it can be said that a system fail-
ure occurs when both units are down simultaneously. Then, the LS transform
of the distribution of the time to system failure is

AoA1 1—g(s+ M)

h(s) = , 7.58
(5) S+ A1 84 o[l —g(s+ A1) ( )

and its mean time is
=L 1 (7.59)

—
AL Aol —g(M)]
The LS transform of the expected number of system failures during (0, ¢]
is
Ao A1 1-— g(S + /\1)
s+Xos+A1—g(s)+sg(s+A)/(s+ X)’

and its expected number of system failures per unit of time in the steady-
state, i.e., M = lim;_o, M(t)/t, is

m(s) = (7.60)

_ =gl (7.61)
1/p+g9(A1)/Xo
Finally, the LS transform of the pointwise unavailability is

Ao 1—g(s) —s[1—g(s+A1)]/(s+ M)

a(s) = 7.62
a(s) s+X  1—g(s)+sg(s+ A1)/(s+ Ao) ( )
and the steady-state unavailability is

1/p+g(A1)/Ao
The model discussed so far includes several interesting redundant models
as special cases, as follows:
() do=X=2A
The model corresponds to a two-unit standby system with exponential failure
and repair times, which was discussed in Section 7.2 when F(t) =1 — e~
The mean time to system failure is

1 1

== —+ —_, (7.64)
A AL =g(V)]
the expected number of system failures is
1—9() (7.65)

VRTINS
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and the unavailability is

7. Yp—[1-gWN)/A (7.66)
1/p+g(A)/A

(2) )\0 =2\ and )\1 =A
The model corresponds to a two-unit parallel system with identical units.
Gaver [2] obtained the LS transform of the distribution of the time to system
failure and its mean time. He further obtained the steady-state availability
by using the supplementary variable technique.
B) o=A+XNand A\ =)
The model corresponds to a two-unit standby system with standby failure,
i.e., each unit has the failure rate A\ when it is operating and the failure rate
X when it is in standby. Gnedenko et al. [60] obtained the LS transform of
the distribution of the time to system failure and its mean time, and studied
their asymptotic behaviors.
(4) =nrand \; =(n—1)A (n >2)
The model is a 2-out-of-n system (n > 2), which is composed of n parallel
units and a single repairman. A system failure occurs when 2 out of n units are
down simultaneously. Downton [71] discussed, in general, a k-out-of-n system
(n > k). Further, Ramanarayanan [72], Kumar [73], Linton [74], Schneeweiss
[75] and Bruning [76] considered the modified models of two-unit systems
which form a part of k-out-of-n systems.

7.4.2 Two-unit priority standby system

Consider a two-unit standby system of a priority and a non-priority units:
if the priority unit fails then it undergoes repair immediately even if the
non-priority unit is under repair. If repair of the priority unit is completed,
then it begins to operate again immediately even if the non-priority unit is
operating. If repair of non-priority unit is completed, then it is immediately
ready for system operation as standby. Osaki [14] first considered this model,
and Buzacott [22] extended it and derived the steady-state availability.

Assume that the time to failure and the time to repair completion of the
priority unit have general distributions F (t) with finite mean 1/A; and G1(t)
with finite mean 1/, respectively. Also assume that the time to failure and
the time to repair completion of the non-priority unit have the respective
exponential distributions (1 —e~*2*) and (1 — e~#2*). The other assumptions
are the same as described in Section 7.2.

It can be said that a system failure occurs when both units are down
simultaneously. Then, the LS transform of the distribution of the time to
system failure is

_ fi(s)[A2/(s + A2)][1 — gu(s + A2)]
h(s) = A eTIrEy , (7.67)

and its mean time is
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|l = _1_ + .___1—
e M[l—gi(A2)]

The LS transform of the expected number of system failures during (0, t]

(7.68)

is
F1(8) {2/ (s + A2)][1 — g1 (s + A2)][1 = fu(s + p2)g1(s)]
+f1(s + p2)[g1(s) — g1(s + A2)]}

N T IO O I R
(7.69)
and its expected number in the steady-state is
(/A +1/p1)[1 = fi(p2)g1(A2)]
The LS transform of the pointwise unavailability is
_ooy _ S1(8)[1 = g1(s)]
"= A OaG)
A/ 2 —ai(s + X)L = fils +p)ar)] 70y

[1 = f1(5)g1(8)][L = fi(s + p2)g1(s + A2)] ’
and its steady-state unavailability is

S Ym L= Al -a)
A= UM+ 1/ Aa(1/h + 1)1 — fi(p2)gi(A2)]” (7.72)

Further, Dimitrov [77] considered the model where the non-priority unit
fails when its total operating time exceeds a specified time (, i.e., a system
failure occurs when the total repair time of the priority unit is ¢. Mine and
Kawai (78] and Singh et al. [79] considered two-unit systems with priority
repair.

7.4.3 Two-unit standby system with imperfect switchover

In the preceding sections, we have assumed that each switchover is perfect.
However, it is true that the switchover device (switch) has an important role
for a two-unit standby system. In this section, we discuss a two-unit standby
system taking account of failure of the switch.

Suppose that the switch assumes up and down states repeatedly, which
is independent of the behavior of failure and repair times of each unit. The
switch can work only when a unit is changed from standby state to operating
state.

Consider a two-unit standby system in Section 7.2 taking account of im-
perfect switchover, i.e., the failure and repair times of each unit have general
distributions F(t) and G(t) with means 1/X and 1/, respectively. The switch
assumes up and down states repeatedly, with the two exponential distribu-
tions having means of 1/\s and 1/pu,, respectively. That is, the probability
that the switch is up at time ¢, given that it was up at time 0, is
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— M As Ot 73

P As + s * As + ,use ’ (7.73)
(see, e.g., Barlow and Proschan [80], p. 78).

The switch can be used only when a unit is changed from standby state
to operating state. Thus, if the switch is down (or faulty) when it is needed,
the system is down until it becomes up.

Then, the LS transform of the distribution of the time to system failure,
starting that one unit begins to operate, the other unit is in standby and the
switch is up, is

1 f(s) /O " et P()dF (1)

h(s) = f(s) — = , (7.74)
1 —/ e St P(t)G(t)dF (t)
0
and its mean time is
- P(t)dF(t)
= ; 14 /0 (7.75)

1 /0 P()G(t)dF (1)

The LS transform of the expected number of system failures during (0, ¢]
is

m(s) = /000 e **P(t)dF(t)
()~ [s/(s-+0)] [ e P00}
x [f(s) _ /O e P(t)G(t)dF(t)}

1—/0 e **P(t)G(t)dF(t) ;/0 e ' F(t)dG(t)
/(s + )] [ e POGOIR()
0
and its expected number in the steady-state is
- / PR
M = 0 , (7.77)

A Uyt () | Poceare

where P=1— P and 1/y = [° F(t)G(t)dt.
The LS transform of the pointwise availability is
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1 £(s) { / " et P()dF (1)
e/ (s + o) /0 " e‘“TD(t)dF(t)}

oo k]

- /0 e P(t)G(t)dF (t) — /0 e~ F(£)dG(2)

s/ (5 + ps)] /0 " P G(t)dF(t)
(7.78)

and its steady-state availability is
1/A

N+ 1n= 1774 () [ POGRAE)

The results obtained here are coincident with those in Section 7.2 when
P(t) =1 for t > 0. Osaki [16] obtained the distribution of the time to system
failure when F(t) = 1 — e~*t. Further, Garkavi and Gogolovskiy [19] and
Nakagawa and Osaki [30] considered the modified model where the failure of
the switch can be detected only when it is used. Nakagawa [81] considered
two types of switching failures.

Omar and Nasr [82], Srinivasan [9], Osaki [12] and Kalpakam and Shahul-
Hameed [83] considered a two-unit standby system with non-instantaneous
switchover. That is, the time required for bringing the standby unit into the
operating state, which is called the switchover time, is introduced.

Mazumdar [21] considered a two-unit standby system in which failures are
revealed by inspections. That is, a failure in the standby state is revealed only
by a specific test which is made at periodic intervals. After that, Nielsen and
Runge [84], Gopalan [85], Gupta [86], Singh [87] and Veklerov [88] suggested
the modified models with several switching failures and analyzed them.

A= (7.79)

7.4.4 Other models

1) Two-unit parallel fuel charging system

Buzacott [89] discussed a fuel charge/discharge system for a nuclear reactor,
which consists of two fuel-charging machines operating in parallel. When both
machines have been down for more than T, the reactor becomes subcritical
and shuts down spontaneously. Calabro [90] called such time T' allowed down
time. This model is an extension of a two-unit parallel system discussed in
Section 7.4.1. Nakagawa and Osaki [91] derived the distribution of the time
to the first reactor shutdown and the pointwise unavailability.

2) Two-unit parallel system with bivariate exponential failure law
Consider a two-unit parallel system with dissimilar units whose failure law
is the bivariate exponential distribution. Let X; and X5 denote the lifetimes
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of units 1 and 2, respectively. Then, the joint survival distribution of X; and
X2 is

Pr{X: >z and X2 > 22} = exp{—M1x1 — A2x2 — A12maz(z1,2)},
(7.80)

where the failure law of only unit ¢ (¢ = 1,2) is exponential with rate A; + A12
and the simultaneous failure law of both units is so with rate Aj2. Harris
[20] discussed such a system and obtained the distribution of the time to
system failure. Okumoto [92] and Pijnenburg et al.[93] derived the steady-
state availability.

Further, Dhillon [94] considered a parallel system with common-cause
failures. Nahman and Mijuskovié [95], Lesanovsky [96] and Alsammarae [97]
analyzed the reliability of two transmission lines with common-cause failures.
Murthy and Nguyen [98] considered a two-unit system with failure interaction
and obtained the expected cost.

3) Intermittently used system

Consider an intermittently used system which is alternately operative and
inoperative, but is used intermittently. Gaver [2] introduced the so-called
disappointment time, which is the times to system failure during a usage
period, or to occurrence of a need during system inoperative period, whichever
occurs first. Osaki [99] and Nakagawa et al. [100] obtained the distribution
of the disappointment time. Further, Srinivasan [5] and Kapil et al. [101]
discussed a two-unit standby system which is intermittently used.
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Summary.

This chapter deals with optimal maintenance problems for Markovian de-
teriorating systems. The function of the system deteriorates with time, and the
grade of deterioration is classified as one of s+2 discrete states, 0,1,...,s,s+1,
in the order of increasing deterioration. State 0 is a good state, i.e., the system
is like new, the states 1, ..., s are deterioration states and the state s+ 1 is a
failure state. In a normal operation, these states are assumed to constitute a
discrete or continuous time Markovian process with an absorbing state s+1. In
Section 8.1, we first introduce a basic replacement problem for a discrete time
Markovian deteriorating system. In Section 8.2, we discuss an optimal inspec-
tion and replacement problem for the system in Section 8.1. In Section 8.3,
we consider an optimal inspection and replacement problem under incomplete
system observation. In Section 8.4, we treat a continuous time Markovian dete-
riorating system and discuss an optimal inspection and replacement problem.
In Section 8.5, we deal with a maintenance problem in queueing system and
discuss an optimal maintenance policy based on both the queue length and
the server state.

Keywords: Markovian deteriorating system, Markovian decision process,
control limit rule, semi-Markov decision process, partially observable Markov
decision process, switch curve structure, totally positive of order 2

8.1 A Basic Optimal Replacement Problem for a
Discrete Time Markovian Deteriorating System

The system is observed at each time and then we can choose one of two actions,
that is,

action 0: we continue to operate the system without replacement,

S. Osaki (ed.), Stochastic Models in Reliability and Maintenance
© Springer-Verlag Berlin Heidelberg 2002
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action 1: we replace the system with a new one.

When we choose action 0 for the system in state ¢, then the system moves to
state j with probability p;; at the next time and operating cost L; is incurred.
When we choose action 1 for the system in state i, then the system becomes
new at the next time and replacement cost C; is incurred. Here, for simplicity
of discussion, we assume that it takes one unit of time for replacement. For
such a system, our problem is to choose a policy i.e., to choose an action for
each state, which minimizes total discounted expected cost in an infinite time
horizon. Such a policy is called an optimal policy. We denote a discount factor
by 8,0< B < 1.

8.1.1 Some conditions on transition probabilities and cost
structure

For transition probability p;; and costs L;, C;, we introduce the following
conditions. In this chapter, the term ‘increasing’ means ‘nondecreasing.’

s+1

(C.1) For any k, Zp,-j is increasing in 1.
j=k

(C.2) L; and C; are increasing in 3.

(C.3) L; — C; are increasing in i.

(C.1) is shown to be equivalent to the following condition (C.4).

s+1
(C.4) For any increasing function f;, Z pi; fj is increasing in 1.
3=0

(C.1) means that as the system deteriorates, it is more likely to make a tran-
sition to higher states. (C.2) means that as the system deteriorates, it is more
costly to operate or to replace. (C.3) means that the merit of replacement
becomes bigger as the system deteriorates.

The Markovian deteriorating system, an optimal replacement problem and
the conditions in this section were proposed and studied by Derman [4].

8.1.2 Formulation by Markovian decision process (MDP)

Our problem is formulated by a Markovian Decision Process with state space
S+1={0,1,...,s,5s + 1} where each number corresponds to the state of
the system, action space {0,1} and immediate costs are L; and C;. We let
v; denote the total discounted expected cost incurred when the system starts

with state ¢ and an optimal policy is employed. Here in after, Z denotes

J
that the sum is taken over all the values which j can take. Then, v; obeys the
following equations:

vi =min{Li + 8 piyv;, Ci + Puo},  i€S+1. (8.1)
J
The first term in the parenthesis corresponds to action 0 and the second term,

to action 1. Corresponding to the above equation, we consider the function
(n=0,1,...) defined inductively as
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’U? =0,
! = min{L; + ﬁz pi;vy, Ci + Bug}, (8.2)

J
ieS+1, n=12,...,.

vy is interpreted as the optimal expected cost of the n period version of our
problem. By the standard argument of the theory of contraction mapping, it
is guaranteed that v} converges to vi, 1 € S + 1.

8.1.3 Optimality of control limit rule

In this section we examine the structure of an optimal replacement policy. We
first give the following lemma, which has an important role in our discussion.

Lemma 8.1.1 The optimal cost function v; is increasing in 1.

Proof. The proof is done through a mathematical induction method in n in
(8.2). First v; is increasing in 4 under (C.2). Assuming that v} is increasing
in 7, then Z pi;v; is shown to be increasing in i by (C.4). Furthermore, v}
J
converges to v;. Hence, together with condition (C.2), v; is increasing. |
Using this lemma, we have the following theorem with respect to the struc-
ture of an optimal policy. We let D; denote an optimal action at state i.

Theorem 8.1.1 There exists the state K such that

D — 0, for0<i<K-1,
*T11, for K<i<s+1,

where 0 < K < s+ 2.

Proof. Subtracting the second term corresponding to action 1 from the first
term corresponding to action 0 in (8.1), then we have

Li - C, + ﬁZpijvj - ,B'U().
J

According to the condition (C.3) and (C.4) together with lemma 8.1.1, the
above function increases in 3. This implies that this theorem holds. |

Such a type of policy is called the “Control Limit Rule” and state K is
called the control limit state.

8.2 An Optimal Inspection and Replacement
Problem

In this section, we discuss an optimal inspection and replacement problem for
a discrete time Markovian deteriorating system. In the basic optimal replace-
ment problem, it is assumed that the state of the system can be identified at
any time without any cost. It is, however, costly to identify the state through
inspection. In this section, we take account of such a situation and discuss an
optimal inspection and replacement problem. In this problem, we assume that
each inspection time is negligibly small and inspection cost A is incurred.
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8.2.1 Transition probability

We investigate some properties of the transition probability of the states of
the system without replacement. First, we introduce the following conditions
instead of the condition (C.1).

(C.5) The system cannot recover its function without replacement, that
is,

pij =0, fori > j.

(C.6) A function f(z,y) of two variables over linearly ordered sets is said
to be totally positive for order 2 (TP2), if

F(@,y) f(z2,92) > f(x2,91) f(21,92)

for any 1 < x2, y1 < Y2

One-step transition probability p;; is (TPz), that is
PimPjn > PinPjm forany i < j, m<n,i,j €S+ 1.

It is easily seen that (C.6) implies (C.1). That is, (C.6) is a stronger con-
dition than (C.1).

If we denote P;;(t) as t-step transition probability from state i to state j,
then it has the the following properties. For proof, see Karlin (8].

s+1

(P.1) For any k and t, Z P;;(t) is increasing in i.
j=k

(P.2) For any t, P;;(t) is TPz in 3, j.

(P.3) For any i, P;;(t) is TPz in j,¢.

Here, we give a so-called variation diminishing property of TP function, which
is stated for our transition probability and in our problem.

(P.4) If f; changes its sign at most once in ¢ and any change that oc-
curs is from negative, then Z Pi;(t)f; changes its sign at most

J
once in t for each ¢ and in i for each t, and if a change occurs, it
is from negative. These properties have an important role in our
discussion.

8.2.2 Formulation by semi-Markov decision process (SMDP)

Our inspection and replacement problem is formulated by a semi-Markov de-
cision process. First, we let F; denote the time when the state of the system
is identified to be in state ¢ by inspection or replacement. At each E;, we can
choose one of the following actions.

action I(t) : We do not replace the system, and the next inspection is

(1<t<oo) planned to be made t unit time after, where I(co) means
that we do neither inspection nor replacement of the sys-
tem.

action R : We replace the system with a new one.
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Our problem is to determine the action at each E; which minimizes the
total discounted expected cost in an infinite time horizon. We let v; denote the
total discounted cost when the system starts with E; and an optimal policy
is adopted thereafter. Furthermore, we let H;(t) denote the total discounted
cost when the system starts from E; with action I(¢) and an optimal policy is
adopted after the next inspection time. Then H;(t) is given by

Hi(t) = Li(t) + B°A+ 8° > Pis(t)v;, (8.3)

where L;(t) is the discounted expected operating cost during time interval ¢
when the system starts from E;, and is given by,

L;(0) =0,
Li(t) = Li+ B piL;(t —1). (8.4)

We let R; denote total discounted cost when the system starts from E; with
action R and an optimal policy is adopted after the system becomes new. R;
is given by

R; = C; + Bvo. (85)
Then, optimal cost v; obeys the following equation.

v = min{1£r§i<noo Hi(t), R:}, 1e€S+1 (8.6)

Corresponding to the above equation, we consider the following recursive equa-
tion.

v? =0,

= min{lgglm HIY(t), R},

HPPM (1) = Li(t) + BA+ B Py(t)], 0
R:‘“ = C; + Bud, 168;1, n=20,1,2,... .

8.2.3 Structure of optimal inspection and replacement policy

We investigate the structure of an optimal policy. First, we have the following
lemmas.

Lemma 8.2.1 Expected operating cost L;i(t) is increasing in <.

Proof. Proof is easily desived from (C.2), (P.1) and (8.8). |
Lemma 8.2.2 The optimal function v; is increasing in <.

Proof. Using the recursive (8.7), lemma 8.2.1, and (P.1), proof is done
through mathematical induction method in n. [ |

The following theorem means that an optimal policy exists in a control
limit rule for replacement. We let D; denote an optimal action at E;. For
example, when we write D; = I(¢;), then an optimal action at E; is that we
do not replace the system and the next inspection is made ¢; unit time after.
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Theorem 8.2.1 There exist K such that

Di:{%ti), for0<i<K-1,

for K <i<s+1, (8.8)

where 0 < K < s+ 2.
Proof. Subtracting R; from H;(t), we have

Hi(t)~ Ri = Li— Ci— fro+ B A+ B pi Li(t—1)+8" Y _ Pi(t)v;. (8.9)
J J

From (C.3), (P.1), lemmas 8.2.1 and 8.2.2, it is shown that H;(t) — R; is
increasing in ¢, which implies that a control limit rule is optimal. ]

Next, we investigate the optimal inspection time interval t;, where : =
0,1,...,K — 1. Let

Bi(t) = H,'(t + 1) — H,-(t). (8.10)
Using (8.3) and (8.4), we have

Hy(t)=Li+ B pi Hi(t — 1) (8.11)

Hence, B;(t) can be written as

Bi(t)=B"Y_ Py(t)b;, (8.12)
J
where
biILi+ﬁA+ﬂZpi]’Uj — A — ;. (813)
j

For the sign of b;, we have the following lemma.

Lemma 8.2.3 b; changes its sign at most once, and when a change occurs
it is from negative.

Proof. For 0 <i< K — 1, using (8.11), we have
Hi(l) = Li+ﬁA+,BZp,‘j’Uj, if t; = 1,
J

vi= d Hit) = Li+ B3 puHy(t~1) ift 22, (8.14)

j
> L; + 521’:‘1%‘-
J

From (8.13) and (8.14), b; is negative. For K < i < s+ 1, since D; = R, we
have

bi=—(1=B)A+L; — Ci + B _ piv; — Bvo.

J
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The right hand side increases in i, which means that the sign of b; changes
at most once and when change occurs it is from negative to positive. This
completes the proof. |

For the behavior of B;(¢) in 7 and t, we have the following lemma.

Lemma 8.2.4 B;(t) changes its sign in ¢t at most once and when change
occurs it is from negative. Moreover, if B;(t) > 0, then B;41(t) > 0.

Proof. Using properties (P.2) (P.3) (P.4), (8.12) and lemma 8.2.3, the proof
is done. ]

A

Hz(t)

Hiya(t)

ti tiv1
Fig. 8.1. The behavior of H;(t)

From this lemma, we have the following theorem for the structure of an
optimal inspection and replacement policy.
Theorem 8.2.2 There exists an optimal policy of the form,
D= {I(t,-), 0<i<K-—1,
R, K<i<s+1,

and to > t1 > -+ > tg_1.

8.3 An Optimal Inspection and Replacement Policy
with Incomplete Information

In this section, we discuss an optimal inspection and replacement problem in
circumstances where the system is monitored by some mechanism which gives
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some information about the state of the system but does not necessarily tell
the true state of the system. We assume that the outcome of the monitoring
mechanism is classified into levels 0,1, ..., m. We let M denote the set of the
outcome {0,1,...,m}.

8.3.1 Some notations and conditions

The relation between the true state of the system and the outcome of the
monitor is assumed to be described by the following conditional probability.

gi0 = P (the outcome is 0 given that the system is in state i).

The cost structure of the system and the notations are same as in the previous
section, that is,

L; : operating cost of the system in state i,
Ci : replacement cost of the system in state i,
A : inspection cost.

Here, we assume that replacement and inspection take one unit of time. For
convenience of expression, we define the following notations:

P = (pij)ijes+1: (s +2) x (s + 2) matrix,

Q = (gio)ies+1,6em : (s + 2) x (m + 1) matrix,

L = (Lo,Ly,...,Ls1)7,

C = (Co,C1,...,Cs1)7,

F = {(fo, f1,- ., fs+1)T : fi is increasing in i}.

Our inspection and replacement problem is considered under the following
conditions, using the above notations.

(C2)LeF,CeF

(C3) L-CeF

(C.5) P is upper triangular.

(C.6) Transition matrix P is TPx.

These conditions have been introduced in the previous two sections. In addition
to the above conditions, we introduce the following condition, which relates
the true states of the system and the outcomes of the monitor.

(C.7) Q is TP, that is
qi0950' — Qiergje > O for any i < j, 6 < 6'.

This condition means that higher deterioration of the system gives higher
outcome levels from the monitor probabilistically.

8.3.2 Formulation by partially observable Markov decision
process (POMDP)

Our problem is to find the optimal action at each time which minimizes the
total discounted expected cost in an infinite time horizon. Appealing to the
standard theory of POMDP studied by Eckles [5], Sondik [22] and others,
our problem is formulated by a Markov decision process in which the state
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space is probability distribution over S+ 1. We denote the state space in MDP
formulation by

X ={z=(®0,Z1,-..,%Ts+1) :2: >0, i €S+ 1, inz 1},

where z; is the probability that the system is in state 7.
At each time, we can choose one of the following three actions based on
the state probability z € X.

action 0: we continue to operate the system with monitoring,

action 1: we inspect the system (this action means that we can exactly
catch the true state of the system),

action 2: we replace the system with a new one.

When an action is selected at state z (probability distribution over S + 1),
we have the following state transition at the next time.

(0) When action 0 (continue to operate) is selected, the probability that the
outcome at the next time is 6 is

P(0|z) = Z Z TiPijq;e,
R

which is the (6 + 1)-th component of zPQ. If the outcome is 6, then the
probability that the system is in state j is given by

Z ZiPijq;56
Tj(z,0) = <*—s—, (8.15)
Z Z ZiPijq56
g
which is derived by using Bayes’ formula. We let
T(z,0) = (To(z,0),T1(=,0),...,Ts+1(z,0)),

which is the next state in MDP formulation.

Z TiPij
’ i T(z9)

>

Fig. 8.2. State transition
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(1) When action 1 is selected, the system is known to be in state j with prob-
ability (zP);, which is the (5 + 1)-th component of x P, that is

(zP); = Z ZiPij - (8.16)

When the state of the system is exactly identified to be in state j, the state
in MDP is e;, where

ej = (00,01,...,0j-1,1;,0j41,...,0s41).

(2) When action 2 is selected, the next state becomes e, since the system is
replaced with a new one.

We let v(z) denote the optimal total discounted expected cost in an infinite
time horizon when the initial state is . Then v(z) obeys the following equation.

v(z) = min{W(z), I(z), R(z)}, (8.17)

where W (z), I(z) and R(z) correspond to action 0, 1 and 2, respectively, and
are

W(z) = L+ By P(8lz)v(T(,0)),
6

I(z)=zL+A+p Z(zp)jv(e,), (8.18)
R(z) = zC + Bu(eo).

Corresponding to the above equation, we have the following recursive equation.
" (z) = min{W"™(z), I"*(z), R (2)},
where
P(z) =0,
W™ (z) = zL + B8 P(0lz)v™(T(=,0)), (8.19)
0

I"Y(z) =aL+ A+ Y (zP);v"(e)),
7
R (2) = 2C + Bu™(eo).

From the theory of contraction mapping, v™(z) is seen to converge on the
optimal cost function v(z) uniformly on X.

8.3.3 Some properties of TP, order

In this section, we introduce two partial orders on X and discuss their prop-
erties.
s s+1 s+1
Definition 8.3.1 z < z’ if and only if Z T < Z z
i=k i=k
for any k, k=0,1,...,s+ 1.
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T
Definition 8.3.2 z < z’ if and only if z;z; < xzac;
forany0<i<j<s+1.

5 T
It is easily seen that the binary relations < and < are partial orders on X.
Under the conditions (C.5), (C.6) and (C.7), we have the following lemmas .
For the proof of these lemmas, see Ohnishi [17].

S 4. . ’
Lemma 8.3.1 z <z ifand only if zf < z'f for any f € F.
T s
Lemma 8.3.2 Ifz < z’, then z < z’.

T
Lemma 8.3.3 If z < z/, then

zP < z'P.

T
Lemma 8.3.4 If z < 2/, then

T !
zPQ < 2’ PQ.

This implies that

zPQg < z'PQg
for any g € {(9(0),9(1),...,9(m))" : g(0) < g(1) <--- < g(m)}.

T . . .
Note that this binary relation < is defined on the set of the probability distri-
bution on M.

Lemma 8.3.5 Ifz 2 z’, then
T U
T(x,0) < T(z',6).
for any 0 € M.

Lemma 8.3.6 If6 < ¢, then

T(z,0) < T(z,6').

Lemma 8.3.7 Let a real-valued function f(z, ) of two variables z € X and
0 € M satisfy the following two properties:

(1) f(z,0) is increasing in 6 for any x.
(2) If z < 2, then f(z,0) < f(z',0) for any 0.
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. T ’
Then, if z < z’,

ZP(0|m)fx9 > Pl (', 6).

[

T
Lemma 8.3.8 If x < z/, then

T T
z<(l-a)z+az’ <z’

forany0 < a<1.

8.3.4 Some properties of optimal function

In this section, we discuss some properties of the optimal function v(z). First
we have the following lemma.

T
Lemma 8.3.9 If z < z’, then v(z) < v(z).

Proof. The proof is done through mathematical induction method in 7, using
(8.19).
Wi(z) < W'(z'), I'(z) < I'(z') and R'(z) < R'(z")
are easily seen to hold from the (C.2) and lemma 8.3.1. We assume that
v™(z) < v™(z').
Then, from lemma 8.3.5, we have
v (T(z,8)) < v™(T(z',0)) for any § € M.

Hence , using lemma 8.3.4, we have
> P(Olz)o™(T(x,0)) < > P(6la’)v™(T(x',0)) for any 6 € M. (8.20)
6 6

which means that

Wn+1($) S Wn+l(xl).

T
It is easily seen that e; < e; for ¢ < j. Using lemmas 8.3.1, 8.3.2 and 8.3.3, we
have

S @P)s"(en) < 3 (Pl (ey), (8.21)

which means that
In+1($) < In+1(2)/).

Hence, from (8.19), we have
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() < @),
which means that
v(z) < v(z')
since v™(z) converges to v(z). |

Lemma 8.3.10 v(z) is a concave function.

Proof. Proof is done through a mathematical induction method in n, using
(8.19). W'(z), I'(z) and R*(z) are linear in z, which means that they are
concave functions. We assume that v"(z) is concave in z. We let

U($ Z ZiPi09006, Z Z;Pi1q16, - - -, 2 $ipz’sq$6),
[
= Z z TiPijq56-
i g

Then,

pita e v (i)

Here , note that u(z) and U(z) are linear.
For arbitrary z, z’ and o (0 < o < 1), we let

To = (1 - a)z+ az'.

Then, we have

vteon (562
=U(%)Un((1—a>U(as) u(e) | aU() u (( )))
)

U(za) U(z)  Ulza) U
o 52 (52 27 ()]

= (- (5 ) + " ()

which means that W™*!(z) is concave. I"*'(z) and R™*'(z) are linear, that is,
they are concave. Hence v"*!(z) is a concave function. Furthermore, v"“(m)
converges on the optimal function v(z) uniformly, which means that v(z) is a
concave function. This completes the proof.

T . .
If z < 2’ implies h(z) < h(z’), then we say that h(z) is increasing with
T .
respect to the partial order <. Then, according to the same discussion as on
the proof of lemmas 8.3.9 and 8.3.10, we have the following lemma.

T
Lemma 8.3.11 W(z), I(z) and R(z) are increasing with respect to < and
are concave functions.
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8.3.5 Structure of optimal inspection and replacement policy

In this section, we investigate the structural properties of an optimal inspection
and replacement policy with incomplete information.

Lemma 8.3.12 W(z) — R(z) and I(z) — R(z) are increasing with respect
T
to the partial order < and are concave functions.

Proof. From (8.18), we have
W(z) - R(z) = (L - C) + B> _ P(8lz)v(T(z,6)) — Bu(eo),
6

and

I(z) - R(z) = 2(L - C) + A+ BY_(zP);v(e;) — Bo(eo)-
J

From (C.3) and (8.20) and (8.21), the result follows. n

Lemma 8.3.13 W(z) — I(z) is a concave function.

Proof. Since W(z) is a concave function and I(z) is a linear function, the

result follows. u
Using lemmas 8.3.12 and 8.3.13, we obtain the following structure of an

optimal policy.

Theorem 8.3.1 We let D(z) denote the optimal action at z € X. For any

T
zand z' (z < '), a1, @z and a3 (0 < o1 < a2 < as < 1) exist such that

0, for 0 < a < ai,
)1, for ;1 < a < ay,
D(xa) = 0, for az < a < as,
2, foraz <a<l,

where 7, = (1 — a)z + ax’.
This theorem states that there exists an optimal policy such that the line

T
segment {To : o = (1—a)z+ax’, 0 < a < 1,z < z'} is divided into at most
four regions and a control limit rule for replacement holds.
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8.3. The behavior of W(z), I(x) and R(z)

8.4 An Optimal Inspection and Replacement
Problem of a Continuous Time Markovian
Deteriorating System

8.4.1 A continuous time Markovian deteriorating system

The system considered here has the following properties.

1)

The level of deterioration is assumed to be quantified in many states,
0,1,...,s,s+1 in order of increasing deterioration, where state 0 is a good
state, i.e. the system is like new, states 1,2,...,s are deterioration states,
and state s + 1 is a failed state. In a normal operation, these states consti-
tute a continuous time Markov process with an absorbing state s + 1. We
let S ={0,1,...,s}.

From state ¢, a random transition is possible only to state ¢ + 1 or s + 1,
that is, one-step deterioration or catastrophic failure can occur.

The failure of the system can be detected at any time and then the system is
replaced with a new one, where replacement time is assumed to be negligible.
The states 0,1, ..., s cannot be identified without inspection, where inspec-
tion time is assumed to be negligible.

When the system is observed to be in state ¢ € S by inspection or replace-
ment, we can take one of the following actions.

R :the system is preventively replaced with a new one,

I(t) :we do not replace, and the next inspection is planned to be
made ¢t unit time after.

I(o0) : we do not replace and operate the system without inspection
until it fails.
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6) We let E;, i € S denote the time instant at which inspection or replacement
has been completed and the system is in state i. Then our problem is to
find an action at each E; to minimize the total discounted expected cost.

7) For the cost structure, we treat the following simple case.

a: inspection cost,

b : preventive replacement cost, i.e., the cost for replacement of the
system in state i € S,

c: corrective replacement cost, i.e., the cost of a failed system.

We need the cost a + b for each preventive replacement. We assume that

c>a+b

8.4.2 Transition probability

We consider the state transition probability of the system with neither inspec-
tion nor replacement, which describes the behavior of the system between two
successive inspections and/or replacement. We first introduce the following
notations.

(i : transition rate from state i to state i + 1, 3s = 0,
a; : transition rate from state i to state ¢ + 1.

We assume that
a; < aj; fori<j,

P;;(t): Pr{ the system is in state j at time t | the system is in state i
at time 0,}
Fi(t) : Pis4a(t),
Fi(t) : 1= Fi(t) = Y_ Py(1),
j€ES

P;;(t) and F;(t) satisfy the following equations.

&Z(Q = =X Pi;(t) + Bi Piy1,(t)
= —Py()Aj + Pij-1(t)Bj-1, (8.22)
5ut) = 28— \Fu(t) - F a0
=Y Py(t)e;. (8.23)
JES

With respect to P;;(t), we have the following lemmas.

Lemma 8.4.1 P;;(t) is TPz ini,j € S.
Lemma 8.4.2 P;;(t)is TP2in j € S, t.

Lemma 8.4.3 F,(t) > F,(t) for i < j.

Proof. For the proofs of these lemmas, see Mine [16]. ]
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8.4.3 Formulation by semi-Markov decision process

Our optimal inspection and replacement problem is formulated by semi-
Markov decision process. The following notations are introduced. We let v;
the optimal total discounted expected cost when the system starts with E;,
1 € S. We introduce o > 0 as a discount factor.

By an elementary probabilistic consideration, v; is expressed as

v; = min{ min H;(t), b+ vo},
0<t<oo
Hi(t) = ae™®*Fy(t) + ety Py(t)v;
. jES
+(c+ vo)/ e~ " fi(z)dz,
0
where H;(t) (0 <t < o0), H(oo) and b + vo correspond to action I(t), I(co)

and R, respectively.
It is easily shown that (8.24) is equivalent to the following equation.

(8.24)

v = mm{ogtusnoo Gi(t), b+ vo},
. _ 1 —otp —at - » )
) = T—mm {ae Fi®+e™ 3, Po(th (8.25)

j=it1

+ (¢ + o) /Ot e”“’fi(a:)d:c}.

8.4.4 Structure of optimal policy

We discuss the property of an optimal policy. First, we have the following
theorem. We let D; denote an optimal action at E;.

Theorem 8.4.1 D, = I(c0) or R.
Proof. From (8.25), we have
ae~(atrt (c+ vo)Xs
1—e(atrt o+ As
It is clear, then, that G;(t) is decreasing in ¢, which completes the proof. W
Theorem 8.4.2 When D; = I(c0), then D; = I(o0) for i € S.
Proof. From (8.25), we have

Gs(t) =

o p—
Gi(00) = (c+ vo)(l = a/ e"“Fi(x)dz),
0
which is decreasing in i. Hence, G5(00) < b+ vo means that G;(00) < b + vo,
that is D; # R. We assume that D; = I(o00) for j > i+ 1, then we have
[Gi(t) = Gi(c0))(1 — e™* Pis(t))

= ae™Fi(t) + e~ Y Py(t)G;(o0)
JjES
t

+ (¢ + vo) / e~ ** fi(z)dx — Gi(o0)
0

= e “'Fi(t) >0,
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which means that D; # I(t), 0 < t < co. u

Theorem 8.4.3 When Ds; = R, optimality of a control limit rule for re-
placement holds.

Proof. Tt is sufficient to show that D; = Rand Dj4, = Dji2 =---=Ds = R,
j > ¢ implies that D; = R.

[Gj(t) — (b+ wo)](1 — e~ Py;(t)) — [Ga(t) — (b+v0)|(1 — e ** Pyu(t))

> ae”*F;(t) + (b+vo)e " F,;(t) + (c + vo) /t e~ ** fi(z)dz
0

t

- {ae""fi(t) + (b4 vo)e  **Fi(t) + (c+ vo)/

0o

e_“”fi(z)dm}
= (c—a—b)e” *"Fi(t) + alc + vo) /t e “*Fi(z)dz

t
- {(c —a—be *F;(t) +alc+ vo)/ e *F; (a:)dx} >0,
0
since ¢ > a + b and F;(x) > F;(z) for i < j. a
In the following, we consider the case where

D, - [1(t), foro<i<K-1,
"7 1R, for K<i<s,

where 0 < K < s.
By using (8.22) and (8.23), we have that

dH;(t
—dtQ = —(a + )\,‘)Hi(t) + ﬂiHi+1(t) + ai(c + ’UO)
= e_°‘t Z Pi]‘(t)h,j,
JjES
where

hi = —(a 4 Ai)vi + Bivig1 + ci(c + vo) — (¢ + ai)a.
Fori=0,1,...,K — 1, we have
dH;(t;)

0= == = —(a+ )i+ BiHisi(t:) + as(c+ vo)
> —(a+ A)vi + Bivit1 + aic + vo).
Hence, h; < 0.
Fori=K,...,s, we have

hi=(c—a—-"b)a; — (a+b+vo)a

which increases in i. Hence h;, i € S changes its sign at most once, and if a

sign change occurs it is from negative. Since P;;(t) is TPz in ¢, j (¢, 5 € S)

and in j € S, t, Z P;;(t)h; changes its sign at most once in t for each i and
j€S

in ¢ for each t by variation diminishing property of TP: function. From the
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above discussion, we have the following theorem for the structural property of
an optimal policy.

Theorem 8.4.4 There exists an optimal policy with the form
_fI(t;), for0<i< K -1,
Ds = { R, for K <i<s, (8.26)

and co >to >ty > ti-1.

8.5 An Optimal Maintenance Problem for a
Queueing System

This section studies an optimal maintenance policy for a queueing system.
Though service to the customer is one of the main purposes of a queueing
system, failure of the server makes it impossible to serve the customers. To
achieve the maximum service or minimum loss of the customers, we need to
consider an optimal maintenance policy for queueing systems. For this purpose,
we must consider the processes of the queue length and deterioration, which
means that the state space becomes two-dimensional. In a problem with two-
dimensional state space, the switch curve structure is often discussed, as the
control limit rule is discussed in a problem with one-dimensional state space. In
this section, we introduce and analyze a maintenance problem for an M/G/1
queueing system.

8.5.1 Model description

We consider an M/G/1 queueing system with arrival rate A(> 0) and service
distribution function G(t). We assume the existence of density function g(z).
The server has s + 2 states {0,1,...,s,s + 1}. As explained in the previous
sections, the state 0 is a good state, i.e., the system is like new, the states
1,...,s are deterioration states, the state s + 1 is a failure state, and the sets
S + 1 and S are also defined in a similar way. The server state transition
forms a continuous time Markovian process with transition rate ;. We can

assume Z vi; = I for all 4 by uniformization [21]. The queue length process

J

and the server state process are assumed to be independent. When the server
fails, the system stops and cannot serve the customer. To prevent a failure
and to recover from a failure, we have a preventive maintenance action and a
corrective maintenance action, respectively. At decision epochs, we can start
the maintenance. The decision epochs are the departure time, the transition
time of the server state when the system is empty, and the arrival time to
the empty system. For convenience, the failure epoch is also considered as a
decision epoch, though only one action (corrective maintenance) is allowed. In
other words, the decision epochs are the time when either the queue length
or the server state changes and no customer is in service. To perform the
maintenance, we lose the customers who are in the system at the start of the
maintenance and who arrive while the maintenance. The distribution functions
of the preventive and the corrective maintenance time are denoted by Hi(z)
and Hz(x), respectively. By maintenance the server becomes new and the
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system becomes empty, because all the customers are lost during maintenance.
We consider that a cost of one for each lost customer is incurred and minimize
the total expected discounted cost with discount factor a.

The system state is expressed by the pair of the queue length ¢ (¢ > 0) and
the server state k € S + 1.
In state (¢, k) (k € S), we can choose one of the following two actions

action 1: the preventive maintenance,
action 2: continuing the service.

In (¢, s+ 1) we must choose

action 3: the corrective maintenance.

Queue
length
Server : :
state
s+1 A
:
—> time
0
Corrective
: Lo Do : : . maintenance
0 ‘—*———'_O'O'O—O'Q - S % » time
Decision epochs
€  Arrival O Deterioration

to the empty system during the empty system

& Departure X Failure

Fig. 8.4. The process of queue length, server state and decision epoch
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The transition probabilities are expressed by using following probabilities.

A;(z) : The probability that i customers arrive at the queue during a
time z. Since the Poisson arrival is assumed,

A,(z‘) = %ﬂ;—)ie_”.

Qri(z) : The probability that the server state is [ after time z (without
the failure), given the initial state k.

By this notation, we can express the transition probability from state (, k) to
(4, 1) within time ¢ for each action.

(1) When action 1 is selected, the next state becomes (0,0) and the transition
time distribution is Hi(t).
(2) When action 2 is selected, the probabilities to state (j,!) are

t
/ Ajii(@)Qu(z)g(z)de  ifi>1andl€ S,

0

t

/ Aj—i(x)G(2)dQr,s41(x) ifi>1andl=s+1,
2 (8.27)
/ *ykle_(F“‘)xdx ifi=0and 7 =0,
0

t
/ Ae~(T+Nz g0 ifi=0,j=1and k=1.
0

(3) When action 3 is selected, the next state becomes (0,0) and the transition
time distribution is Ha(t).

We consider the cost functions which specify the total expected discounted
cost until the next transition for each pair of state and action.

Here we consider the total expected discounted number of arrivals in the
time interval (0,¢]. We can easily obtain

N(t) = 2(1 —e ), (8.28)

The function N(t) is also the total expected discounted cost during the main-
tenance when time ¢ is needed for the maintenance, because all arrivals are
lost during the maintenance.

(1) When action 1 is selected in state (i,k), the expected cost until the next
transition is

i+ / " N()dH(E) = i + Ahn, (8.29)
1]

where h; = / e~ **H1(t)dt. (ha is also defined in the same way.)

0

(2) When action 2 is selected in state (4, k), the expected cost until the next
transition is 0.

(3) When action 3 is selected in state (i, s+ 1), the expected cost until the next
transition is

i+ / - N(t)dHa(t) = i + Aho. (8-30)
0
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8.5.2 Formulation by semi-Markov decision process

For the optimality equation, we define the following functions with respect to
(i, k):
M (i, k) : the cost function when we perform preventive maintenance at
the decision epoch and operate optimally thereafter,
W (i, k) : the cost function when we continue the service at the decision
epoch and operate optimally thereafter,
V (i,k) : the optimal value function for state (3,k),
D(i, k) : the optimal action for state (i, k).

Through the standard use of semi-Markov decision process, we obtain the
following equations for this problem.

M(i, k) = i + Ah + (1 — ah1)V(0,0),

1 [s+l

W(0,k) =~ - > V(0,1 + AV(1,k)|,
=0

A+T

Wik =YY / T A (@) Qu@)V (i + - 1,Dg(@)dz  (831)

j=01=0"0
oo oo _
+ Z/ C—OIAJ‘(J:)G(:E)V(Z' +3,8+ l)in,sH(ac), 12>1,
=070

V(i k) = min[M (i, k), W(i,k)], k€S,
V(i,s+ 1) = i + Mz + (1 — ah2)V(0,0).

Since M (i, k) is independent of k, M(i, k) is denoted by M(%) in the rest of
this section.

8.5.3 Properties of value function

We introduce the following conditions.

s+1

(C.8) For any m, Z k! is increasing in k.
l=m

(C.9) Haz(z) > Ha() for all z.

(C.10) A < g(z)/G(x) for all x.

(C.8) means that as the system deteriorates, it is more likely to make a transi-
tion to higher states. (C.9) indicates that the time for corrective maintenance
is stochastically longer than that for preventive maintenance. From (C.9),
hi1 < h2 holds. (C.10) indicates that the service rate is always larger than
the arrival rate. From (C.8), the following lemma is obtained [23].

s+1
Lemma 8.5.1 For any m, Z Qri(z) is increasing in k.
l=m
Under these conditions, we have the following lemma through the value
iteration similar to (8.2) and the mathematical induction method in n.
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Lemma 8.5.2
1. W(i, k) and V (¢, k) are increasing with respect to k.
2. W(i+1,k)—W(i k) < 1.

Proof.  For the proof, see Koyanagi [13]. n

8.5.4 Structure of optimal policy

We obtain the following theorem for the structure of the optimal policy by
lemma 8.5.2.

Theorem 8.5.1 If D(i,l) = 2, then D(j, k) =2 for | > k and i < j.

Proof. First, we note that W (%,l) < M(%) holds when D(i,l) = 2. Then we

can prove the following inequality
W(,k) S W(G,H) <W(E,0) +j5 -1
S M(E) 45 —i= M(®5).

Thus, D(j, k) = 2. The first and the second inequalities hold with the first and
the second properties of lemma 8.5.2, respectively. ]

This theorem indicates the switch curve structure of the optimal policy.
The switch curve structure indicates that a two-dimensional state space is
divided by an increasing function and the optimal action changes across the
function.

increasing function

preventive maintenance

I continue the service

Fig. 8.5. The switch curve structure of the optimal policy
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9. Transient Analysis of Semi—Markov
Reliability Models — A Tutorial Review with
Emphasis on Discrete-Parameter Approaches

Attila Csenki
School of Computing and Mathematics,
University of Bradford
Bradford BD7 1DP, Great Britain

Summary.

Semi-Markov models can be usefully employed for the analysis of various
reliability and performance characteristics of technical systems. We consider
semi-Markov dependability models of systems whose finite state space S is
partitioned into the set of up states U, the set of repairable down states D,
and a state w, standing for irrecoverable system failure: S = U UD U {w}. A
great number of reliability and performance measures for such models are ex-
amined in this chapter. It is discussed how these measures can be obtained as
solutions of certain systems of integral equations if the modelling process has
a continuous time parameter. The discrete parameter framework is discussed
separately in more detail, since, even though it is subsumed within the con-
tinuous parameter case, it deserves special attention for three reasons. First,
in some applications, discrete-time modelling is appropriate. Second, discrete—
time models can be used for approximately analysing continuous-time models.
Finally, for discrete-time models, the computational solution is technically less
involved and it will thus be more accessible for even the mathematically less
sophisticated analyst. We also present a framework within which many of the
measures will be seen to admit of a formal closed form solution.

Keywords: Reliability, maintenance, semi-Markov processes

AMS Subject Classifications: 60K05, 60K15, 60K20, 90B25

9.1 Introduction

For the evaluation of reliability and performance characteristics of real-life in-
dustrial or computer systems, it is fairly common to assume a Markovian (e.g.,
[12], [60], [99]) or semi-Markovian framework (e.g., 3], [20], [59], [71], [87]).
Whereas knowledge of the analysis techniques for Markov systems is rather
universal and the topic is well covered in the textbook literature (e.g., [8], [53],
[56], [65], [67], [72], [96], [104], [110]), the reliability textbooks also dealing with
the semi-Markov context at any length are much fewer in number (e.g., [9],
[91], [92], [101]). The analysis of semi-Markov models in various applications
has for decades been an active research area (as evidenced, for example, by

S. Osaki (ed.), Stochastic Models in Reliability and Maintenance
© Springer-Verlag Berlin Heidelberg 2002
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the books [29], [58], [63], [84], [89], [109]). It appears though that a system-
atic collection of results pertaining to the analysis of semi-Markov reliability
models has not been undertaken. It is our intention here to present a unified
framework within which all known reliability /performance characteristics of
semi-Markov models can be arrived at in a systematic fashion. The work re-
ported here has partly been inspired by the author’s study of Birolini’s books
[13], [14] which, with the material in this paper, will attain, so it is hoped, a
certain degree of completion.

This chapter is organised as follows. In Section 9.2, we present the class of
models which will be examined later. These are essentially semi-Markov mod-
els whose finite state space is partitioned into ‘working,” ‘repair,” and ‘failure’
states. In Section 9.3, we collect and interrelate the most commonly used relia-
bility and dependability measures for the class of systems under consideration.
In Section 9.4, the methods of analysis are expounded by exemplifying them
on a selected set of the measures from Section 9.3. The renewal argument in
its various guises will be seen to lead to systems of integral equations, or, in
the discrete—parameter case, to recurrence relations. In Section 9.5, we collect
and discuss (without proofs) the results pertaining to some further reliabil-
ity measures not covered in Section 9.4. In Section 9.6, we discuss numerical
solution techniques and describe in particular how to approximate continuous—
time models by discrete-parameter models for a computational solution of the
former. The chapter finishes with Section 9.7, where some recent developments
are referred to and possible futher work is indicated.

9.2 Modelling Framework

Two classes of models will be considered here: models of irreparable, and mod-
els of repairable systems. The models belonging to the first category are semi-
Markov processes Y whose finite state space S is partitioned as S = UUDU{?,
where U stands for the set of ‘up’ (i.e., working) states, D stands for the set
of repairable ‘down’ states, and the states in {2 stand for irrecoverable sys-
tem failure. Y is thus absorbing with §2 being the set of all absorbing states.
2 is assumed to contain one single element if the analysis does not involve
considering the system’s failure modes; in this case, 2 = {w}, say. Models of
repairable systems, on the other hand, will have their finite state space parti-
tioned as S = U U D, where, as before, U and D stand for the set of working
and repairable down states, respectively. In this latter case, the system will
alternate between U and D indefinitely and it is usually assumed that the mod-
elling process Y is irreducible. (It should be noted though that irreducibility
is a somewhat stronger assumption than what is needed for modelling the
repairability condition.)

We can also distinguish between continuous— and discrete—parameter mod-
els. Let us first describe the notational framework and the assumptions for the
continuous—parameter case. Here, the parameter set is [0,+00) and ¢ is the
time parameter, i.e., Y = (Y; : t € [0,400)). The sequence of states visited by
Y is governed by the transition probabilities p, ,,s,5" € S,s # §', giving rise
to P = (ps,s : 8,8 € S), the transition probability matrix of the embedded
Markov chain X = (X; : 4 = 0,1,---). (The diagonal entries of P are zero
by definition.) F, . stands for the cumulative distribution function (cdf) of
the holding time in s € S given that the next state to be visited by Y is
s’ € S,s' # s. The matrix P and the conditional holding time distributions
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allow a complete probabilistic description of the behaviour of Y, provided the
initial condition at ¢ = 0 is known. It will be assumed that Y starts in some
s € S at time zero, formally denoted by the event {Yo = s,Yo_ # s}. It is also
assumed that no instantaneous transitions may occur, i.e. Fy s (0) = 0 for all
s,8' €S, s # 5. The semi-Markov kernel Q(t) = (gs,5(t) : 5,58' € S), defined
by gs,s/(t) = ps,s'Fs,5(t), t > 0 [66] or [92] is a matrix—valued function on
[0, +00) whose entries are cdfs of finite measures on [0, +00); it will be used to
represent our results concisely. (Again, the diagonal entries of Q are identical
to zero by definition.)

A great deal of material is available in the literature on discrete—parameter
models in the reliability /performance area. Whereas most of it is concerned
with models which are, or which can be made, Markovian (see, e.g., [17] and
[116] and the references cited therein), the semi-Markov case has received
much less attention [55]. Discrete—parameter models are important for two
reasons. First, in some modelling contexts, the system’s age is best measured
not in units of time but in units of some other, integral quantity; for example,
the age of an assembly plant (or some component thereof) may be measured
by the number of units processed; or, the mechanical age of a vehicle (though
usually not its monetary value) is a function of the vehicle’s mileage. This lat-
ter example is indicative of the other role in which discrete-parameter models
are used: it is in a practical sense not meaningful to quote a vehicle’s exact
mileage; for, say, maintenance purposes, it suffices to record it to the near-
est 1000 miles. Thus, what we are given is a discrete-parameter approxima-
tion to a continuous—parameter process. It is indeed an established technique
for numerical analysis to replace a continuous—time dependability model by
an approximating discrete—parameter model; in [51] and [52], for example, a
continuous—time Markov model of a computer system is numerically analyzed
by considering a discrete-parameter Markov chain approximating the origi-
nal model at the time instances 0, 6,24, -- with some ‘small’ § > 0. This
discrete-time approximation idea is, incidentally, useful also in other contexts
than the computational. For example, in [40] and [24], closed form expressions
for certain quantities concerning continuous—time Markov processes could be
derived by relating them to their discrete-parameter counterpart. Also, in
(58], p. 842, the Kolmogorov differential equations are arrived at via their
discrete-parameter counterpart. (This classical work by Howard [58], Chapter
10, is still the best reference for discrete-time semi-Markov models.) Mode and
Pickens in [84] and [85] have demonstrated the utility of discrete-parameter
semi-Markov models in the context of demography. In [85], it is argued that
discrete-parameter modelling has several advantages: it may be more appro-
priate from a modelling point of view; it is readily amenable to computer
implementation, i.e. it obviates the need for the discretisation step involved
in the numerical solution of continuous—time models; finally, the modeller, not
always a mathematician, may be more comfortable working with discrete—
parameter entities. Even though discrete-parameter semi-Markov processes
can be subsumed within the continuous—parameter case, it is for the above
reasons that they will be commented upon separately. In addition, the con-
struction of approximate discrete-parameter models for a given continuous—
time model will also be described. The notational frameworks for the discrete—
and continuous-parameter cases are similar. Now, the parameter set is as-
sumed to be A = {80,681,082, -} with §o < 61 < d2 < ---, and the sys-
tem may be observed at, for example, equally spaced time instances starting
at 0, in which case é; = ¢, ¢ > 0. As before, the embedded Markov chain
X =(Xi:1=0,1,---) records the sequence of states visited by Y. P is the
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transition probability matrix of X. Now, it will be more appropriate to work
with the probability mass functions (rather than the cdfs) of the conditional
holding times: f, . (t) stands for probability of Y spending t time instants in
s € S given that the next state to be visited is s’ € S, s’ # s. By definition,
fs,s'(0) = 0. In lieu of the semi~Markov kernel, we shall use the matrix—valued
function H(t), defined by H(t) = (hs ¢ (t): s,s' € S),t=0,1,---, where

’
pss’fs s’y for 33£57

h 5= ’ ’
8,8 0, for s =s'.

Notice that H can be thought of as the density with respect to the counting
measure of the semi-Markov kernel of Y. Corresponding to the continuous-
parameter case, it will be assumed that Y starts a new visit in some s € S at
time o, formally expressed by the event {Ys, = s,Ys, # s}.

To conclude this section, let us add some more notation. I and 0 stand
respectively for the identity matrix and the zero matrix; 1 stands for the
column vector of ones. (The size of these will be clear from the context.) An
obvious subscript notation will be used to denote submatrices of a given matrix
or a group of entries of a given vector; for example, the U—D—entries of Q will
be denoted by Qup, i.e. Qup = (qu,a : u € U,d € D). Finally, I;...} denotes
the indicator function of the subscript event {-- - }.

9.3 Dependability Measures

Practical, application—driven circumstances will determine the reliability mea-
sures chosen by the reliability engineer for the assessment of any given system.
In what follows, we discuss a class of measures which are, from a mathematical
point of view, closely related to each other in that for semi-Markov models
they are all amenable to analysis by the same technique, the renewal argument.
The core set of the measures addressed below is listed in Birolini’s books [13],
[14], where the focus of attention is on two types of systems: first, the one-unit
system modelled by the alternating renewal process (this is the special case
when the state space S comprises two elements, S = {u} U {d}); and, second,
the many—unit system modelled by a Markov process.

We are now going to introduce the most commonly used reliability mea-
sures. The reliability is defined as the probability of the system being in the
set of up states U throughout the time interval [0,¢], ¢t > 0,

R(t) =P(Y, € U for all v € [0, ¢]).

The point availability is defined as the probability that the system is in the set
of up states U at the time instant ¢, t > 0 [13], [14],

PA(t) = P(Y: € U).

The interval reliability is defined as the probability that the system is in the
set of up states U throughout the time interval [t,t + z], with z,¢t > 0 [13],
[14], [30], [34],

IR(z,t) =P(Y, € U for all v € [t,t + z]).

For t = 0, the above is the reliability: IR(z,0) = R(z); for x = 0, it equals the
point availability: TR(0,t) = PA(t). The next two reliability measures are in-
stances of what Baxter in [6] and [7] termed ‘compound availability measures’.
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The first of them is the joint availability. It is defined as the probability of the
system being in the set of up states U at both time instants t and ¢ + = with
t,z >0,

JA(z,t) = P(Ys, Yeyz € U).

The joint interval reliability is defined as the probability that the system is
in the set of up states U throughout both [t1,t1 + z1] and [t2,t2 + x2] with
z1,t1,Z2,t2 > 0 [6], [13], [14],

JIR(I1,Iz,t1,t2) =
P(Y, € U for all v € [t1,¢1 + 1] U [t2, b2 + x2]).

If the intervals [t1,t1 +z1] and [t2, t2 + z2] overlap, the joint interval reliability
can be written in terms of the interval reliability as

JIR(:L‘l,l'z,h,tz) =
IR(maz{z1 + t1,T2 + t2} — min{t1,t2}, min{t1, t2}).

We note that the measures JA and JIR (and many of the other compound
availability measures) have been discussed in the literature for various special
systems [64], [88]. All the reliability measures listed thus far are seen to be
instances of the set reliability,

SR(T)=P(Y: €U for all t € T),

where T is some non—empty subset of [0, +00) [35]. The cumulative work until
final breakdown is defined as

+oo
C: / I{YLEM}dt'
0

This performance measure is applicable to systems the state space of which
comprises up states, repairable down states and one or more irrecoverable
failure states; the modelling semi-Markov process is thus absorbing. The cu-
mulative operational time is defined as

t
CO(t)=/ I{yveu}d’l).
(o]

This is the total time spent by the system in the set up states & during the fi-
nite time interval [0, t], t > 0; see, e.g. [28], [43], [L00]. Notice that for absorbing
models it is CO(+00) = C, the cumulative work until final breakdown. An-
other performance measure expressible in terms of the cumulative operational
time CO(t) is the interval availability [37], [110]

1 t+z - CO(t
TA(t,t+x) = E/ Iy, cuydv = CO(t—i—zi ( );
t

this is the proportion of time spent by the system in & during [¢,¢ + z], where
xz > 0,t > 0. For the definition of the next dependability measure, we need the
notion of the mission time, m(t); this is the earliest calendar time by which a
mission of length ¢ is completed, i.e.,

m(t) = min{v > 0: CO(v) > t}.

The above is well defined since the sample paths of CO(.) are continuous and
non—decreasing with CO(t) — +o0 a.s. for t — +00. Now, the mission avail-
ability [13], [14], [36], is defined as the probability that during the completion
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of a mission of length to > 0, no down—period lasts for longer than t; > 0 time
units,

MA(to,t5) =
P(no visit of Y in D during [0, m(to)] lasts for longer than ty).

This dependability measure is of importance in applications where system
down periods of up to a certain length can be tolerated, for example, in the
nuclear and food industries; a special system of this kind was examined in [54].
We note in passing that there seems to be some disagreement in the literature
about what should be termed ‘mission availability’. In [65], p. 139, ‘mission
availability’ is used to denote what is the mean of the interval availability, and
what in [101] is termed the ‘fractional duration in the set of up states U’; we
shall use the latter terminology. A measure similar to the mission availability
is the work-mission availability [13], [14], [39],

m(to)
WMA(to, t5) =P (/ Iiy,epydt < tf) .
0

It is the probability that during the completion of a mission of length ¢, > 0,
in total no more than t; > 0 units of time are spent in the set of down states
D. From

m(to) m(to)
/ I{ytep}dt = m(to) - / I{Yleu}dt = m(to) — to,
0 0
we see that the work—mission availability can be expressed in terms of the
mission time m as WM A(to, ts) = P (m(to) — to < tg). It can also be expressed
in terms of the cdf of the cumulative operational time CO. To show this, notice
that CO and m are interrelated by CO(t) > v <& m(v) < t. Thus,

WMA(to,tf) = P(m(to) <ty + to)
P(CO(ts + to > to)
=1-P(CO(t; +to < to — 0). (9.1)

For a repairable system, the modelling irreducible semi-Markov process Y
alternates between U and D indefinitely. Let the length of the ith visit to
B € {U,D} be denoted by Tg,i, i = 1,2, --. The (joint) distribution of these
sequences of working and repair periods, also called ‘sojourn times’ and denoted
respectively by {Ty,i:i=1,2,---} and {Tp,; : ¢ = 1,2, -}, is a dependabil-
ity measure of the system. Notice in particular that the reliability can be
expressed in terms of the first sojourn time of Y in U as R(t) = P(Tu,1 > t). A
closely related measure is the length of the first m working (and repair) periods,
TSm =181+ -+ TBm, m > 1, B € {U,D}. The latter two dependability
measures are, of course, also declared for the absorbing model. Then, we have
for B € {U, D},

Ts,i = 0 < Y visits B less than ¢ times before absorption.

I

The number of repair periods during the finite time interval [0,t], denoted by
Mp(t), can be thought of as the (undiscounted) cumulative repair cost during
[0,¢] if every repair incident is associated with the same unit cost. Mp(t),
t > 0, can be expressed in terms of the sequences of sojourn times as follows:
{Mp(t) =m} =
{Yo €U, TSum +TSp,m-1 <t < TSum+1+TSpm}
U{Yo € D,TSu,m-1+TSpm-1 <t < TSym +TSp,m}. (9.2)
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We note in passing that a similar reasoning can also be used to express CO(t),
the cumulative operational time during [0,t], in terms of the sojourn times
of Y in U and D [98]. It is thus seen that knowledge of the operational and
repair periods gives access to a number of other system reliability measures of
interest. Whereas Mp(t) is defined for both irreducible and absorbing models,
the a. s. limit of Mp(t) for t — +oo, that is the total number of repair periods
until final breakdown, is a meaningful measure for absorbing Y only. Even
though this quantity is within the scope of this review, it will not be given
further consideration here, since it is expressible in terms of Y’s embedded
Markov chain and hence it can be analysed within the Markovian framework
([26], [29], Ch. 3). 1t is also customary to consider the expected values of
some of the above dependability characteristics which are random variables.
For example, if Yo € U, E(Tu,1) is known as the mean time to failure (MTTF).
Another example for a measure of this kind is the fractional duration in the set
of up states U, defined in [101] as the expected value of the interval availability,
FDu(t,t +z) = E(IA(t,t + z)). It is easily seen that the fractional duration
can be represented in terms of the point availability as

1 t+z
FDy(t,t+z) = > / PA(v)dv.
t

In the steady state analysis, mean values are used as t — +o0. For instance,
the limiting availability [92] is defined as the limit of the point availability:
limi— 40 PA(t). (Note, however, that steady state analysis does not concern
us here).

The integral equations to be considered for the above dependability mea-
sures will require Y’s initial state to be specified. To this end, we shall use a
subscript notation. For example,

R,(t)=P(Y, €U forall v € [0,t] | Yo = s, Yo # 5)

stands for the reliability function of Y at time ¢ given that Y starts in s € S
at time zero; these then form the entries of the reliability (column) vector
R(t) = (Rs(t) : s € S). A similar notation applies to the vector form of the
other dependability measures.

It should be noted that an alternative formulation for two of the depend-
ability measures is afforded by the framework of semi-Markov reward pro-
cesses. A semi-Markov reward process (e.g., [58], Ch. 13, [20], [97]) is obtained
if we complement our semi-Markov process Y (now called the structure-state
process) with a vector p of real reward rates, p = (p(s) : s € S). p(s) is inter-
preted as the rate at which reward is accumulated while Y resides in s € S.
It is easily seen that by defining p(s) = Iy(s), the reward accumulated dur-
ing [0, t] equals CO(t). Transition-based rewards (as opposed to reward rates)
are used to explore event counts [44]. Then, Y is endowed with a real array
A = (as;,s, : 51,52 € S) of ‘lump rewards’: the reward as,,s, accrues every
time Y makes a transition from s; to s2. Now, if we are interested in, for
example, Mp(t), the number of repair periods during [0, t], knowing that Y
has started in the set of up states U at time 0, the array A of rewards will
be thus defined as as,,s, = Iu(s1)Ip(s2), and the reward accumulated during
[0, t] now equals Mp(t). The special case of Markov reward models is well cov-
ered in literature; we would like to single out the review papers [44] and [113]
and the references therein.
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9.4 Methods of Analysis

Having collected the most commonly used dependability measures in the pre-
vious section, we now embark upon their analysis. The purpose of this section
is to exemplify the techniques of analysis by applying them to a selected set of
dependability characteristics; the remaining results will be discussed (without
proof) in the next section.

9.4.1 Continuous—parameter models

We start with the first sojourn times Ty,1 and Tp,1, since they will be seen
later to be of fundamental importance. For B € {U, D}, let the events £(b),
b € B, be defined by
£(b) =
{first entry of Y into B is via b and Y starts at t = 0 in S\B}.

If, as we shall assume without loss of generality, the sample paths of Y are
right—continuous, then a more formal definition of £(b) via the first sojourn
times is
E() = {Yrs,5, =band Yo € S\B,Yo- € B}.
We shall need two families of finite measures, {ky,4 : u € U,d € D} and
{Kau :u €U,d € D}, defined for (measurable) A C [0, +00) by
Kau = P({Tp,1 € A}NE() | Yo =d,Yo- # d), (9.3)
Ku,d = P({Tu € A}NE(d) | Yo = u, Yo- # u). (9.4)
The cdfs of Ky, and K4, will be denoted by k. 4 and k4. respectively, i.e.,
we put ky a(t) = ku,q([0,t]) and k4. (t) = Ka,u([0, t]); these are then assembled
to form the matrices Kyp and Kpy. These two matrices will give access to

a large number of dependability measures from Section 9.3. For example, it is
easily seen that the reliability can be expressed as

Ru(t) =1 - Kup(t), Rp(t) = 0.

Similarly, the point availability, though not directly expressible in terms of
the matrices Kyp(t) and Kpu(t), satisfies the following system of integral
equations

PAy(t) = lKuD(dw)PAD(t —w)+1 - Kup(t)1, (9.5)
[0t

PAp(t) = o Kopu(dw)PAy(t — w) + 1 — Kpu(t)1. (9.6)

The matrices Kyp(t) and Kpy(t) are themselves solutions of some integral
equations; these are

Kun(t) = /[ , Quua(d)Kuup(t —w) + Quo (), (9.7)

Kopu(t) = : ]QDD(dw)KDu(t - w) + Qou(t). (9-8)
0,t

Some explanation is now in order on what kind of integral is meant in (9.5)—
(9.8). Since Kyp and Kpy are matrices of cdfs of finite measures on [0, +00),
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and considering that the same also holds for Quu and Qpp, the integrals in
(9-5)-(9.8) can be thought of as Stieltjes integrals. Alternatively, they can be
interpreted in the more general measure-theoretic framework.
Before proceeding further, we want to outline the proofs of (9.7), (9.8) and
(9.5), (9.6), these being typical samples of proofs in the present framework.
Proof of (9.7) and (9.8). For w € U, d € D and t > 0, the following holds
according to the renewal argument

ky,a(t) = P({Tu,1 <t} NE(d) | Y starts in u)
> P({Tux <t}NE(D) | Xo = u, X1 = 8)Pus

seS

s#u

= Z P{Tux <t} NE(D) | Xo = u, X1 = 8)Pu,s
selU
s#u
+P({Tuy <t} NEW) | Xo = u, X1 = d)pu,d

= Z Du,s P({Tu, <t-w}NE(d)|Y starts in s)

Il

selU [0.¢
s#u
Fu,s(dw) + pu,dFu,d(t)
= Y ks,a(t — w)qu,s(dw) + qu,a(t)
sey
s#u

= ks,a(t — w)qu,s(dw) + qu,a(t)-
seu [0,t]
(The last step is by gu,u = 0.) Thus, (kuq4(t):u € U,d € D) satisfies (9.7).

Equation (9.8) is shown along the same lines by interchanging the roles of U
and D.

Note that (9.7) and (9.8) are also available from [89], p. 45, where convolu-
tion equations are systematically explored for transition times between specific
subsets of the state space of a finite semi—Markov process.

Proof of (9.5) and (9.6). For w € U, d € D and t > 0, we have, again by
the renewal argument,
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PAu(t) =P(Y: €U, Ty <t|Y starts in u)
+P(Tu,y > t|Y starts in u)
=) P{Y: €U, Tun < t} NE() | Y starts in u)
deD
+1- Z P(Tu, <t} NE()|Y starts in u)
deD

Z / P(Y;—w € U | Y starts in u)
deD 7 10:1]

Il

P({Tu,1 € dw}NE(d) | Y starts in u) + 1 — ky,q4(t)

PA,(t — w)ky,a(dw) + 1 — ky,a(t). (9.9)
dep V(0]

The matrix form of (9.9) is (9.5). Equation (9.6) is obtained from
PA4(t) =P(Y: €U, Tp,1 < t|Y starts in d)
=Y P{Y:€U,Tp1 <t} NE(u) | Y starts in d)

u€U

Z/ P(Y;—w €U | Y starts in u)
ueU [0,¢]

P({Tp,1 € dw}NE(u) | Y starts in d)

> /[0 . PAL(t — w)kuy,a(dw).

u€eU

There is a great deal of material available in the literature on the numerical
solution of systems of integral equations such as (9.5)—(9.8); see, for example,
the books [41], [42], [68] Ch. 4, and [75]. Most (but not all) of the systems
considered here will be of the convolution type, which is encountered notably
in renewal theory and more generally whenever the renewal argument is ap-
plicable. Boehme et al. [15] have recently discussed the use of the two—point
trapezoidal rule for the numerical solution of integral equations of the convo-
lution type in reliability theory. In one of the numerical examples discussed in
Section 9.6 their method was used.

We shall now consider T'Sy,m, the total length of the first m > 1 working
periods of a repairable system; put T'Sy,0 = 0. Let h(.; m) denote the column
vector of the cdfs of T'Sy,m, m > 0, i.e.,

h(t;m) = (P(TSum <t|Yo=s,Yo- #s):s€S),t €0,+00).

Then, the following recurrence relation holds

hy(;0) =1, (9.10)
hy(t;m) =
o Kup(dw)(I — Ppp) '"Ppuhy(t — w;m — 1), m>1 (9.11)
Furtherlr;ore,

hp(t;m) = (I - Ppp)  'Ppuhu(t;m), m > 0. (9.12)
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Equations (9.10)-(9.12) hold of course only if the system under consideration is
repairable. (Otherwise, (I—Ppp) is not invertible since Y’s embedded Markov
chain is absorbing.)

Proof of (9.10)-(9.12). We start with the proof of (9.12). Equation (9.12)
holds of course for m = 0 since P is a stochastic matrix and thus
(I-Pop) '"Ppul = 1. Equation (9.12) is seen to hold for m > 1 by

ha(t;m) = Z P{{TSu,m <t} NE(u) | Y starts in d)

u€U
= Z hu(t;m)P(E(u) | Y starts in d),
weu
and
(P(E(u) | Y starts in d) : d € D,u € U) =
Poy + PpopPou + PhpPoy + - = (I — Ppp) 'Pou. (9.13)

Equation (9.10) holds by T'Sy/,,» = 0. For m = 1, (9.11) holds by
hu(;1) = " P({Tux < t}NE) | Y starts in u)

deD
=Y kua(t) = Koy o ()1
deD
- / K (u)p(dw)(I — Ppp) *Poyhu(t — w;0). (9.14)
[0,¢]

(The last step in (9.14) follows from (9.10) and from the fact that P is a
stochastic matrix.) By the renewal argument, we have for m > 2,

hu(t;m) = P(TSu,m < t|Y starts in u)

=D P({Tua+ Y Tue <t} NE) | Y starts in u)

deD =2
= Z / P(TSum-1 <t—w]|Y starts in d)
dep Y (0:]

P({Tu,1 € dw}N&(d) | Y starts in u)

= Z / ha(t — w;m — 1)Ky, qa(dw),
deD /10t

which in matrix form is written as

hy(t;m) = o Kup(dw)hp(t — w;m — 1). (9.15)
0.t

Equation (9.15) with (9.12) gives (9.11).
]

We have already shown how the length of the first working period, Ti,1,
is related to the U—entries of the reliability vector R(t) and how this can be
expressed in terms of the measures defined in (9.3) and (9.4). These measures
can be used to express the cdf of the mth working period, Tyym, m > 1. For
the first working period, which is identical to the cumulative working time for
m =1, we have, according to (9.10)-(9.12),
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(P(Tu, < t|Y starts inu) :u € U) =

Kuyp(dw)(I — P'DD)_IP'Dul = Kupl. (9.16)
[0,¢]

For m > 2 and u € U, it is
P(Ty,m < t|Y starts in u) =

Z P(Ty,m-1 < t|Y starts in s)P(E(s) | Y starts in u) =
s€D

Z Z P(Ty,m-1 < t} | Y starts in s2)

51€D sy €U
P(E(s2) | Y starts in s1)P(E(s1) | Y starts in u),
from which it follows by (9.13) that
(P(Tu,m < t|Y starts in u) : u € U) =
(I - Puw) 'Pup(I - Ppp) Py
(P(Tu,m-1 < t|Y starts in u): u € U). (9.17)
By induction, we get from (9.16) and (9.17),
(P(Tu,m < t|Y startsin u) : u € U) =
(1= Pwt) "Pup(I - Ppp) 'Ppy)" 'Kupl, m>1.  (9.18)
Similarly, for m > 1, d € D, it is
P(Ty,m < t|Y starts in d) =

Z P(Tu,m < t|Y starts in s)P(E(s) | Y starts in d),
seU

from which it follows, again by (9.13), that
(P(Tyu,m < t|Y startsin d) :d € D) =
(I-Pop) '"Pou (B(Tu,m < t|Y starts in u) : u € U). (9.19)
Equations (9.18) and (9.19) show that
(P(Tu,m < t|Y startsin d) :d € D) = (I - Ppp) 'Ppu
(I =Puw) '"Pup(I-Ppp) 'Pou)™ 'Kupl, m>1 (9.20)
Equations (9.18) and (9.20) show once again the instrumental role played by
the measures in (9.3) and (9.4).

Rewritten in the form of one single integral equation, recurrence relations
like (9.10)-(9.11) involve high~dimensional Stieltjes integrals which are awk-
ward to evaluate numerically. In such cases, it may still be possible to solve
the system in the Laplace transform domain and then obtain a computational
solution by numerical Laplace transform inversion. Let K;;p and K}, stand

for the matrix of Laplace transforms of the measures defined in (9.3) and (9.4),
i.e.,

K (r) = /[ Kuas(dt)exp(—rt); ABe{U,D}, A+B.
0,+00)

(The entries of the above matrices are of course the Laplace-Stieltjes trans-
forms of the corresponding cdfs.) Furthermore, let h*(7;m) stand for the vector
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of Laplace transform of the random variable TS/, m, i.e., we put for m > 0
and 7 € C, R() > 0,

h*(r;m) = (E (exp(—TT'Su,m) | Y starts in s) : s € S).
Then, (9.10)—(9.12) translates to
h(r;0) =1,
h #(1;m) = Kip (7)1 = Ppp) ' Ppuhg(r;m — 1), m>1,
h 5(m;m) = (I - Ppp) "Ppuhy(m;m), m > 0.
Thus, for m >0
hi(r;m) = (Kip(1)(I — Ppp) " 'Pou) ™1, (9.21)
hp(r;m) = (I - PDD)_IP’DU(KZ{D(T)(I —Pop) 'Ppu)"1. (9.22)

By (9.7), we have of course the matrix K;;p(7) expressed in terms of the
Laplace transform of the kernel matrix Q,

Q' (r) = / Q(dt) exp(~7t),
[0,4+00)

KZ(D(T) =1~ ta{u)_let{D- (9.23)

The system of equations (9.21)—(9.23) represent a closed form solution in the
Laplace transform domain for the total length of the first m cumulative work-
ing periods. An exhaustive treatment of the sojourn time vector in the Laplace
transform domain can be found in [22] and [29], Ch. 8.

Many methods exist for the numerical inversion of the Laplace transform;
we would like to list the following references: [2], [10], [11], Ch. 6, [19], [21],
[45], [46], [47] Chapter VIL6, [48], [49], [50], [61], [62], [76], [77], [78], [79],
[102], [105], [106], [107], [108], Chapters 8 and 9, [111], and [115]. In the relia-
bility /dependability setting, the methods from [102] and [105] have been em-
ployed in [18] and [71] respectively. In the author’s own work [25], [29], Ch. 10,
a method due to Weeks [115] has been employed; it is based upon a Laguerre
polynomial representation of the original function whose Laguerre coefficients
are inferred from the Laplace transform by using fast Fourier transform. (This
method is also implemented in the widely used NAG Fortran library [90].) It
must be added, however, that according to [11], Section 1.10, no single method
can be devised which will perform numerical Laplace transform inversion to
a given accuracy, since the inverse of the Laplace transform is unstable under
small perturbations.

We have thus far outlined the numerical procedures available for the anal-
ysis of continuous-parameter semi—~Markov reliability models. In most cases,
it will also be possible to establish a formal closed form solution of the integral
equations under consideration. For this, we shall need the notion of the Stielt-
jes convolution of matrix-valued functions on [0, +c0). Let M be a matrix
of cdfs of finite measures on [0, +00). Furthermore, let N be a (compatible)
matrix of measurable functions on [0, +00); for our purposes it suffices to as-
sume that the entries of N are bounded functions. Then, M * N, the Stieltjes
convolution of M and N, is defined for ¢ € [0, +00) by the Stieltjes integral

(M % N) (t) = M(dw)N(t — w). (9.24)
[0,t)
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The (both right and left) neutral element of the Stieltjes convolution is
id = (Jjo,400)I : 2 0). For a square matrix of cdfs, M say, repeated, i—fold
convolution is defined recursively by M*(©® = id, M*(F1) = M*®) x« M. With
this notation then, the formal solution of (9.5)—(9.8) is as follows

PAy =
3 (Kup * Kpu)™ ) 1 — Kup * (Kou x Kup)* 1)
i=0
+1 - Kypl, (9.25)
PAp =
Z((KDU * Kup)*(i) * K-Dul - (K‘DM * KuD)*(i+1) 1), (926)
1=0
where
e .
Kup =) Quu P Quo, (9.27)
i=0
o .
Kpy = Z Qoo" Y Qou. (9.28)
i=0

Proof of (9.25)-(9.28). Write (9.7) as
Kup = Quu * Kup + Quop,

from which, by induction, it follows for n > 1 that

n—1
Kup = Quu™ * Kup + Z Quu™® * Quo. (9-29)
i=0
Equation (9.27) follows from (9.29) by n — +oco. (9.28) is deduced from (9.8)
in a similar fashion. To show (9.25) and (9.26), we write (9.5) and (9.6) as

PAy =Kup*PAp +1 - Kypl, (9~30)

PAp = Koy * PAy. (9.31)
Using (9.31), it follows upon premultiplication of (9.30) by Kpy, that

PAp = Koy * Kup * PAp + Koul — Kpy * Kuol. (9.32)

By induction, we get from (9.32) for n > 1,
PAD = (K'Du * Kup)*(n) * PA‘D

n-—1
+ 3 (Kou * Kup)™® « Kpul — (Kpu * Kup) 1V 1). (9.33)

i=

Equation (9.26) now follows from (9.33) by n — +o0. (9.25) readily follows
from (9.26) and (9.30).

Let us conclude this section by observing that if Y is an alternating renewal
process and thus the system being modelled comprises one repairable unit, it
is S = {u,d}, and Kyp = Fy 4 and Kpy = Fy,., are respectively the time to
failure and repair time cdf.
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9.4.2 Discrete—parameter models

The results for each quantity in the discrete—parameter case will of course
look very similar to the corresponding continuous—parameter dependability
measure. However, in the discrete—parameter formulation, the schemes for the
solution of the equations will arise in a natural fashion from the recurrence
relations defining those equations. To illustrate the point, let us examine the
mth working period, Ty,. In analogy to (9.18) and (9.20), we now have the
following: for t = 0,1,--- it is

(P(Tu,m <t|Y starts in u) : u €U) =
(I1=Pu) "Pup(I - Pop) 'Pour)™ 'Lupl, m>1, (9.34)

(P(Tum <t|Y startsin d) : d € D) = (I - Ppp) 'Ppu
((I_PL{L{)_IPL{‘D(I‘PDD)—IPDu)m_lLu'Dl, m>1, (9.35)
where Lyp is a matrix—valued function on {0, 1, - - } satisfying the recurrence

relation
t—1

Lun(t Z Hyw(t - i)Lup(3) + Z Hup(i), t=0,1,---. (9.36)

1=0

The correspondence between (9.7) and (9.36) is obvious. It is also clear that
(9.36) can be used directly to compute the matrices Lyp(0), Lyp(1), - --.
Thus, the discrete-parameter framework leads us to a rather straightforward
computational implementation, whereas in the continuous—parameter case we
arrive at a system of integral equation; therefore, from a practitioner’s point
of view, the discrete-parameter model may well be the preferred option.

Proof of (9.84)-(9.36). In view of the fact that the discrete-parameter
case can be thought of as a special case within the continuous-parameter
framework, (9.34) and (9.35) are seen to hold by (9.18) and (9.20), respectively,
if we put

Lup(i) = Kup(t) for t € [4,i+ 1), 1=0,1,---.
Using

qs1,sg = Ps1,s2 Z fsl 52 ]) Z hsl 32 y 81,82 € S,

we can write (9.7) as

Lup(i Z Hyu(j)Lup (i — 7) + Z Hyp(j

- Z Hyw (i — j)Lun(j) + Z Hyp(j)
5=0 3=0

This is identical to (9.36) since Hy,(0) = 0
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We conclude this section by noting that all discrete—parameter results are
obtainable independently from their continuous—parameter counterpart by re-
working through their proofs via the renewal argument. As indicated earlier,
this approach may indeed be more appropiate in a context where the prob-
lem domain calls for discrete-parameter modelling and if the modeller is less
interested in mathematical niceties and, finally, if a computational implemen-
tation is the modeller’s priority; see, [58], Ch. 10, [84] and [85]. There is also the
possibility of analysing the convolution equations for discrete-parameter semi—
Markov models by means of generating functions. Since this is well explained
in [58] (there called ‘geometric transform’), this topic will not be covered here.

9.5 Equations for the Dependability Measures

We have dealt with four of the measures from Section 9.3 already: the reliability
R, the point availability PA, the length of the mth working period Ti,m, and
the total length of the first m working periods T'Sy,m. Let us now address the
remaining measures in turn.

For the interval reliability, we have the following integral equations [34]

IRy(z,t) = | Kup(dw)IRop(z,t — w)
[0,]
+1 - Kup(t + z)1. (9.37)
IRp(z,t) = Koy (dw)IRy(z,t — w). (9.38)
[0,¢]

The joint availability satisfies the following system [31],

JAy(z,t) = Kuyp(dw)JAp(z,t — w)
[0,¢]

+ / Kup(dw)PAp(t +z — w)
(t,t+z)
+1 - Kup(t + )1, (9.39)

JAp(z,t) = Kou(dw)JAy(z, t — w). (9.40)
[0,

Note that prior to solving the system (9.39)-(9.40), we need the point avail-
abilities from the system (9.5)—(9.6).
For the joint interval reliability, we have [35]

JIRu(xl,tl,.’Ez,tz) =

KuD(dw)JIRD(.’L‘1,t1 - w, T2,z — ’LU)
[0,t1)

+/ Kup(dw)IRp(z2,t2 — w)
(t1+z1,t2)
+1 — Kup(t2 + z2)1, (9.41)
JIRD(JI],tl,{Bz,tz) =
Koy (dw)JIRy (z1,t1 — w, T2,t2 — w). (9.42)

[0,¢1]
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Note that now, in order to solve the system (9.41)—(9.42), we need the interval
reliability from (9.37)-(9.38).

The set reliability [35], of which the last three are instances, satisfies the
following system of integral equations

SRu/(T) = / Kup (dw)SRo (T — w) 1[0, +00)),
[0,4+00)\T

SRD (T) = / Kpu(d’w)SRu(T),
[0,inf(T)}

where for T' C [0, 4+00), w € [0, +o0), we put T —w = {t —w:t € T}

Before proceeding futher, let us add that systems of integral equations like
the above, when written in the Laplace transform domain, can be used with
a Tauberian argument to explore the steady state behaviour of the reliability
measure under consideration (see, for example, [30] for corresponding results
for the interval reliability).

Let us now turn our attention to the cumulative up—time until final break-
down, C. The assumption here is that Y is absorbing and its state space S is
partitioned as S = U U DU {w}. Results in the Laplace transform domain on
the distribution of C' can be found in [20] and [70]. (The discussions in [70]
and [20] are set in the more general semi-Markov reward context. However, as
far as the performance measure C is concerned, considering the accumulated
reward until absorption does not entail more generality since, as shown in
[20], the latter can be written by a ‘change of pace’ technique as a cumulative
up—time variable C of a modified semi-Markov process.) In what follows, we
want to concentrate on the evaluation of the cdf of C in the discrete—parameter
framework. Then, C' is defined by

szl{yaieu},

=0

and by [33] we have for

¢(t)=(P(CSt|Y5(,=S,Y5_1#S):SGS), t=0,1,---,
the vector of cdfs of C, the following
du(0) = 0, (9.43)

t

du(t) = E(Huu(l) +Hup(t)(I - PDD)ﬁIPDu)d)u(t —1)

=1

¢
+ Z Hyp()(I - PDD)_lPDul
=1

t
+ZHu{w}(i)1, t=1,2---, (9.44)
i=1
¢p(t) = (I- P'DD)-l(PDu(ﬁu(t) + P'D{w}l), t=0,1,---, (9.45)
by =1 (9.46)

By (9.43)-(9.46) a recurrence relation is defined which can be used for the
numerical evaluation of ¢. Equations (9.43)-(9.46) also give rise to a formal
closed form expression for ¢. To see this, we define the (ordinary) convolution
of two matrix—valued functions M and N, defined on the non-negative integers,
by
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(M * N)( ZM N(t — i), t=0,1,--.

The neutral element of the convolution operation is
. _J I, fort =0,
id(t) = {O, fort > 1.

With this notation then, (9.43)-(9.44) imply the following closed form repre-
sentation of ¢y

oo
du = Z Ayt
n=0

#(Hup * (1~ Pop) "Ppiuy1) + Hugu) * 1), (9.47)

where Auu(t) = Huu(t) + Hup(t)(l — PDD)_IPDL{, t=0,1,---

The next dependability measure to be examined is the cumulative opera-
tional time CO(t). For the continuous-parameter case, double-Laplace trans-
form results are known under both the Markov and semi-Markov assumptions
[103], [70], i.e. a closed form expression is available for the double-Laplace
transform

+o00 +o00
/ / exp(—Tit1 — T2t2)f(t1,t2)dt1dt2,
0

(11,72 € C, R(71), R(12) > 0), where for t1,t2 € [0, +00),
f(tl,tz) = (P(CO(tl) < tg | Yo =s,Yo- 7\6 S) 18 € S) (948)

For repairable systems, the corresponding integral equations in the time do-
main read as follows [37]

f(tl,tz) =1, 0<t <tz < o0, (949)
fu(ti, t2) = Kup (dw)fp(t1 — w,t2 — w),
[0,t2]
0<t2 <t < o0, (9.50)
fp(ti,t2) = / Kopu(dw)fu(t1 — w, t2)
[0,t1—t2]
+1 = Kpu(t — t2)1, 0 <tz < t1 < +00. (9.51)

Note that (9.50) and (9.51) are not convolution equations and thus it will not
be possible to find a formal closed form expression for the cdf of the cumulative
operational time. In the discrete-parameter case, the cumulative operational
time is written as

t
:ZI{Y,;IEU}$ te{0717}7
=0

and its cdf can be computed from the following recurrence relation [28]
0 , if t2 =0,

ZHuu You(ts —t,t2 — t)
qbu(tl,tz) = ’:1 (9.52)
+ Z Hyup(t)pp(ts — t,ta —t), if t1 > t2 > 1,

i=1

1, if t2 > t1,
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and
0, ifty =t =0,
t1
> Hou(t)pu(ts - t,t2)
=1
t1,t2) = 131 9.53
ot t2) + > Hpp(t)¢pp(t1 — t,t2), if t1 > t2 and ( )
i=1
(tlvtz) ?é (07 0)7
1, if t2 > t1,
with

¢(t17t2) = (P(Co(tl) <ta ] Yso =8,Ys_, # 3) HERS S)

for t1,t2 =0,1,---. It is seen that (9.52) and (9.53) do not show a close cor-
respondence to their respective continuous-parameter counterpart, (9.50) and
(9.51). This is because the discrete-parameter equations (9.52) and (9.53) have
been set up so as to make them computationally tractable without first having
to compute the discrete—parameter versions of Kyyp and Kpy. Both systems of
equations are of course arrived at via the renewal argument: for (9.49)—(9.51),
the regeneration points are taken to be the instants of change from I to D and
D to U, whereas for (9.52)-(9.53) they are defined by the instants of departures
from and arrivals to individual states. (It is, of course, also possible to establish
a system for the discrete-parameter case which mirrors (9.49)-(9.51).) Note
that there is no closed form expression for the cdf of CO(t) corresponding to
(9.43)—(9.46) since, as in the continuous—parameter case, (9.52)—(9.53) cannot
be written in terms of convolutions. However, using (9.1), we can approach
the cumulative operational time via the work-mission availability which, as it
will be shown next, will give rise to closed form expressions for both of these
measures. The work-mission availability WMA(t), written as a function of
t = (t1,t2) € [0, +00)?, satisfies the following system of integral equations [39]

WMAy(t) =1- Kup(mi(t))1

+ | Guu(dw)WMAy(t — w), (9.54)
[0,t]

WMAp(t) = KDu(‘Irz(t))l — Gpp(t)1

+ Gpp(dw)WMAp(t — w), (9.55)
(0.,t]

where 7;(t) = ¢;, ¢ = 1,2, are the projection operators and the matrix-valued
functions Gyu and Gpp on t = (t1,t2) € [0, 400)? are defined by

Guu(t)) = Kup(m () Kpu(m(t)),
G'DD(t)) = KDu(Wz(t))Ku’D(Wl (t)).

As is also shown in [39], the two components of the work-mission—availability
vector can be expressed in terms of each other as

WMAy(t1,t2) = 1 — Kyp(mi(t1))1

+ Kup(dw)WMAp(t; — w, t2), (9.56)
[0,t4]

WMADp(t1,t2) = Kopu(dw)WMAy(t1,tz — w). (9.57)

[0,t2]
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(In numerical work, it will therefore be sufficient to compute one of the com-
ponents of WMA by solving (9.54) or (9.55) since the other component is
easily obtained via either (9.56) or (9.57).) The integrals in (9.54)—(9.57) can,
by analogy with all the previous formulae, be thought of as either (now two—
dimensional) Stieltjes integrals or integrals with respect to appropriately de-
fined finite measures on [0, +00)?. To deduce a formal closed form solution of
(9.54) and (9.55), the two—dimensional version of the Stieltjes convolution of
matrix—-valued functions is needed: by analogy with (9.24), for M and N on
[0, +00)? we define M * N for t € [0, +00)? by the Stieltjes integral

(M« N)(t) = M(dw)N(t — w).
[0,t]
id = (Ij 4.00)2(t)I : t € [0,+00)%) is now the neutral element of the Stieltjes
convolution. Repeated i-fold convolution is defined analogously to that in
the one—dimensional case. Now, the formal solution of (9.54) and (9.55) is
respectively

WMAu =1- (KU’D o 71'1)1
+ Z G u*(n) 1 — (KMD o 7f1)1) (958)

and
WMAp = (KuD o 7r1)1 - Gppl

+> Gop"™ x ((Kpu 0 m)1 — Gppl). (9.59)

n=1

(The closed form expressions for Kyp and Kpy are given respectively by
(9.27) and (9.28).) (9.58), (9.59) and (9.1) now give access to closed form
expressions also for the cumulative operational time; for instance, in [39], it is
shown that for a one-unit system modelled by an alternating renewal process
(with § = {u,d}), (9.58) translates to

111>(00(t1 Sta| Yo =u, Yoo # u) = Fyup(ta)
- Z p" M (t2) = Fup™ ™ (82)) Faoun™™ (11 — ta), (9-60)

where Fup = Fyu,q4 and Fyoun = Fy ., stand for the time to failure and repair
time cdf, respectively.

The methodology for treating the remaining dependability measures from
Section 9.3 is similar to the approaches described above. For the interval avail-
ability, a system of integral equations in terms of Kyp and Kpy has been es-
tablished in [37]; it is not a convolution equation, so that it will not be possible
to arrive at a closed form expression for the interval availability, which would
be analogous to (9.47) or (9.60). In [36], a system of integral equations akin to
(9.54)—(9.55) is derived for the mission availability. Closed form expressions
analogous to (9.60) were also established in [36] for the mission availability.
Mnp(t), the number of repair periods during the time interval [0,¢] has been
addressed in a number of papers: based on (9.2), a closed form expression for
the cdf of Mp(t) was established in [27] under the Markov assumption; under
the semi—-Markov assumption, various results for Mp(t) in the Laplace trans-
form domain are available from [23], [25], [29] Chapters 9 and 10, [80] and [81].
The discrete-parameter version of Mp(t) under the semi-Markov assumption
has been dealt with in [32].
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9.6 Numerical Solution Techniques

In this section, the two main techniques for solving for reliability measures in
continuous—time semi-Markov models will be addressed. First, a brief overview
of the approach based on solving the corresponding integral equations is given
in Section 9.6.1. In Section 9.6.2, the time—discretisation approach is then
explored in more detail; this is based on replacing the original model by an
approximating discrete-parameter semi-Markov model. For numerical results
concerning actual systems, the reader will be referred to work available in the
literature.

9.6.1 Solving the integral equations

For continuous—parameter models, most of the systems of integral equations
are of the convolution type. (The systems (9.41)-(9.42) and (9.49)-(9.51),
however, obviously do not fall into this category.) These convolution equations
can be written in the form

H(t)= [ J(dw)H(t — w)V(t), (9.61)
[0,¢]

where J and V are known matrix—valued functions on [0, +0c0)™ and H is
an unknown matrix—valued function, also defined on [0, +00)™, m = 1,2. The
following are examples of systems with the form (9.61): equation (9.7) with
m =1, J(t) = Quu(t), V(t) = Quo(t), H(t) = Kup(t); equations (9.5)-(9.6)
with m =1,

I = [Kvg(t) Kup (t)] , (9.62)

v - [V SO e - [pAed |

equations (9.39)—(9.40) (for fixed z > 0) with m = 1, J(t) as in (9.62), and

Kup(dw)PAp(t+z —w)+1 - Kup(t+x)1

V(t) — {f(t,t—{-z] 0 s

)

1O - [ Jae ]

and, finally, (9.54) with m = 2, J(t) = Guu(t), V(t) =1— Kup(m(t))1,
H(t) = WMAy(t).

A simple yet effective method of solving (9.61) computationally is the two-
point trapezoidal rule, described for m = 1 for example in [15]. A more com-
prehensive reference, though still addressing the case m = 1 only, is the book
of Linz [75]. A two~dimensional version of that rule (m = 2) has been used in
[39] for solving the system (9.54)-(9.55). If the system of integral equations
is not of the convolution type (as is the case of (9.49)—(9.51)), it may still be
possible to devise a numerical solution scheme based on the one—panel formula
[37].
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9.6.2 Discrete—parameter approximations

In this section, the process of replacing a continuous—time process Y by some
discrete-parameter process Y(®) will be discussed [28], [33]. The sequence of
states visited by Y®) will be taken to be identical to that visited by Y; thus,
the embedded Markov chain of Y(®) can be taken to be X. The index set of
Y@ s the lattice A® = {0,8,26,- -}, with § > 0 fixed. The unit of measure-
ment for the holding times of Y® is §; that means that for k =1,2,--- and
81,82 €S (s1 # s2), the holding time probability mass function fs(f,)sz(k) de-
notes the probability of the event that Y(®) will spend k instants (from A®))
in s1, given that the next state to be visited by Y® is sy. These holding
time distributions of Y(®) are obtained by approximating those of Y by appro-
priate discrete distributions whose support is {8,25,36 - -- }. In what follows,
discrete, parametric approrimations will be described for some of the more
common classes of continuous distributions in reliability theory. T will stand
for the continuous random variable on (0, +0c) whose distribution is to be
approximated by that of some other random variable T®) on {§,26,35---}.
T will be found to converge in distribution on T as § — 0.

If T' is exponentially distributed with rate parameter 8 € (0, +0c0), then the
distribution of the random variable T(® with

(T = ks) = 086(1 — 65)F~',  k=1,2,---,

will converge for 6 — 0 on that of T' by the continuity theorem of Laplace
transforms (e.g., [47], [83]) since the following holds in the Laplace transform
domain

E (exp(~TT(6))) = f: exp(—Tk8)85(1 — 08)*!

k=1
_ 06 exp(—79) 8

T1-(1- 06)exp(—70) O +7 + o(1)

= E (exp(—7T)) + o(1). (9.63)

Equation (9.63) is, of course, an instance of the well-known approximation of
the exponential distribution by the geometric distribution.

If T has a Weibull distribution with scale parameter 8 € (0, +oc0) and shape
parameter 3 € (0, +00), i.e.,

P(T<t)=1-exp (—(t@)ﬁ), t>0,

then T®) is assumed to have the following discrete Weibull distribution [86],
[91],

®) (ke=1)" \¥
P(T =k5)=(1—(95)") —(1—(05)) . k=1,2,---.
The cdf of T® is given by
K”
]P’(T(‘”glcé):l—(l—(eé)ﬁ) . k=01,

For t > 0, therefore, the following holds as § — 0,
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1t/5°(68)° \ "
MTmfg)zpa“)Sﬁﬂw)ZI‘(1_—755F_)
_ (t6)® + o(1) e
_1—<1——jgaF“)

=1—exp (—(t@)ﬂ) +0(1).

[x] denotes the integer part of z. The exponential case is obtained by putting

B8=1.
If T has an Erlang distribution, i.e., for some 6 € (0,+o0) andn =1,2,---,

]P 3 n—1 (to)g
(T<t)=1-exp(-t0) Y S t>0 (9.64)
2=0 ’

then T® is assumed to have the following negative binomial distribution,

k-1 n k—-n
® _ _[GI)e0) (1 —-00)< " ifke{n,n+1,--},
BT = kd) {Q ifke{1,2,--,n—1}.

We use the continuity theorem again to establish that T tends to T in
distribution as § — 0,

E (exp 1T 5) ) Z exp(—7kd) ( )(95) - 06)*
R
k=n
_ 06 exp(—79) n
N (1 — (1 -66) exp(—q-é))

2 n 0 n
(08 +0(@) " _ +o(1)
(7 +6)5 + O(82) 04T
= E (exp(—7T)) + o(1). (9.65)
Put n =1 in (9.65) to obtain the exponential case again.
The random variable T in (9.64) has density
9
I'(n)
Allowing n € (0, +00) in (9.66) to be nonintegral, we get the gamma distribu-

tion with scale parameter # and shape parameter n: The distribution of T
will be a shifted negative binomial distribution on {6,26,34,--- }; this is best
arrived at as follows. For 85 € (0, 1), we get, by Taylor expansion of (1 —z)™"
about the origin (with z = 1 — 64),

P(T € (t,t +dt)) = (t0)" ' exp(—tf)dt, t> 0. (9.66)

= -1
)™ =3 & (H(n +j>> (1- 65",
£=0 j=0

from which it is seen that with k =1,2,---,
k-2

P(T® = ké) = ﬁ(ﬂ(nﬂ)) (68)"(1 - 66)"~*
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a probability mass function is defined on {6, 26,34, - -- }. Now, the convergence
in distribution of T® to T for § — 0 is shown again by Laplace transforms,

E (exp(—TT(‘s)))

(e k—2
=y G _1 737 eXP(=Thd) <H(n + j)) (08)"(1 — 66)*~?
k=1 j=0

(06)™ exp(—T19) Z )] 1 (H(n+] ) (exp(—78)(1 — 68))*!

06 " 6 \"
-7 = — 1
exp(=7 )(1—(1—96)exp(—76)> (0+T) +o(l)
= E (exp(—7T)) + o(1).
Note that, since the Erlang family is contained in the gamma class, the present
approximation offers an alternative to the one discussed previously.

If T is uniformly distributed in some interval (to,t1) C (0, +00), then T®
will be distributed according to the following discrete uniform distribution

_ _ ﬁ()—,lka{[to/(S]-f-l ,[tl/é]},
P = k) = { T e e Y el

T converges in distribution to T as § — 0 since

sl exp(Tkd)

o2 /0]~ Tt0/]

_ exp (—76([to/d] + 1)) — exp (—76([t1/8] + 1))
([t1/8] = [to/d]) (1 — exp(—79))

_ exp(—7to) — exp(—7t1) + o(1)
(t1 — to)T + 0(1)

= E (exp(—7T)) + o(1).

It should be noted that the above approximations are all such that
P(TP =k8) ~P((k—1)6 <T < ké), k=1,2,---. (9.67)

Equation (9.67) is one of the methods of approximating a distribution on
(0, +00) by what is considered to be a more manageable one. (An alternative
method of approximation uses mixtures of Erlang distributions (e.g., [112]).
However, the approximation then does not yield a discrete-parameter semi—
Markov process but a continuous-time Markov process, whose state space,
incidentally, can become very large.)

E (exp(—rT(‘s)))

9.7 Recent Developments, Conclusions and Further
Work

Masuda and Yamakawa [82] have recently extended the analysis of a compound
dependability measure from [38] to the semi-Markovian case. In [73], closed
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form expression for some simple dependability measures for semi-Markov mod-
els are obtained by considering approximations to the solutions of the corre-
sponding convolution equations brought about by truncating the infinite se-
ries solution. Noteworthy is also the general modelling framework reported by
Limnios and Oprisan [74].

It would appear that the question of parameter estimation from observed
realisations (possibly censored) will be of interest here [93]. However, it is more
likely that estimates of the model parameters will be compiled from statistical
information on the individual building blocks. In [95], Platis et al. consider de-
pendability measures for non—homogeneous discrete parameter Markov models
in power engineering. There seems to be some scope for examining the usual
dependability measures discussed in this chapter for these processes. In [16],
Bousfiha and Limnios deal with the numerical computation of reliability mea-
sures of semi-Markov models by approximating the holding times by phase-
type distributions. Another noteworthy related reference is [57]. The numbers
of papers on phase-type distributions are legion; in [1], Aalen gives a thorough
overview of their use in survival analysis.

There are several possibilities for future work. The device of the Laguerre
transform [69] for Laplace transform inversion has proved a rather useful tool
for models where the quantity of interest can be represented in terms of convo-
lutions of some other quantities with known Laplace transforms. A systematic
exploration of this computational approach for the suggested dependability
measures could be carried out. The dependability measures discussed here
could be explored for non-semi-Markovian models. Many practical (and still
rather simple) models are not semi-Markovian, and not even regenerative.
For such models approximations to the dependability measures are of interest
[114]. An interesting more general class of models are the self-exciting point
processes [94]. For example, for a one-unit system (which would be modelled
by the alternating renewal process if a semi-Markovian approach was taken)
the self-exciting point process model allows the unit’s (random) hazard rate to
be a function of the unit’s past; hence, quantities such as the unit’s cumulative
up—time or the number of past repair events can also be included in the model.

In Section 9.4.2 we have addressed the possibility of approximating a
continuous-time semi-Markov model by a discrete-parameter one and then
using its corresponding discrete—parameter analogue as an approximation to
the original quantity of interest. Even though this is a perfectly valid practical
approach, not a lot is known about the degree of accuracy achieved by this
without some additional numerical experimentation. There is scope for work in
deriving bounds on the distance of the approximation to the true value. (If the
dependability measure concerned satisfies an integral equation, this question
will probably lead to consideration of the error analysis in the numerical solu-
tion of integral equations.) The present modelling framework (semi-Markovian
with a partitioned state space) also seems to have been explored for an entirely
different application (ion channels in cell neurology) in quite great detail [4],
[5]. There may be some profit in studying that literature and trying to see
what is applicable from that field of research in the reliability area.
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10. Software Reliability Models

Shigeru Yamada
Department of Social Systems Engineering,
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Tottori 680-8552, Japan

Summary:.

Software reliability is one of the most important characteristics of software
quality. Its measurement and management technologies during the software
life-cycle are essential to produce and maintain quality/reliable software sys-
tems. In this chapter, we discuss software reliability modeling and its appli-
cations. As to software reliability modeling, hazard rate and NHPP models
are investigated particularly for quantitative software reliability assessment.
Further, imperfect debugging and software availability models are also dis-
cussed with reference to incorporating practical factors of dynamic software
behavior. And three software management problems are discussed as an appli-
cation technology of software reliability models: the optimal software release
problem, statistical testing-progress control, and the optimal testing-effort al-
location problem.

Keywords: software reliability measurement and assessment, reliability
growth model, imperfect debugging model, availability model, optimal release
problem, testing-progress control, optimal testing-effort allocation problem

10.1 Introduction

In recent years, many computer system failures have been caused by soft-
ware faults introduced during the software development process. This is an
inevitable problem, since a software system installed in the computer sys-
tem is an intellectual product consisting of documents and source programs
developed by human activities. Then, total quality management (TQM) is
considered to be one of the key technologies needed to produce more highly
quality software products [1], [2]. In the case of TQM used for software devel-
opment, all phases of the development process, i.e. requirement specification,
design, coding, and testing, have to be controlled systematically to prevent
the introduction of software bugs or faults as far as possible and to detect any
introduced faults in the software system as early as possible. Basically, the
concept of TQM means assuring the quality of the products in each phase to
the next phase. Particularly, quality control carried out at the testing phase,

S. Osaki (ed.), Stochastic Models in Reliability and Maintenance
© Springer-Verlag Berlin Heidelberg 2002



254 10. Software Reliability

which is the last stage of the software development process, is very important.
During the testing phase, the product quality and the software performance
during the operation phase are evaluated and assured. In concrete terms, a
lot of software faults introduced in the software system through the first three
phases of the development process by human activities are detected, corrected,
and removed. Figure 10.1 shows a general software development process called
a waterfall paradigm.

Therefore, TQM for software development, i.e. software TQM, has been
emphasized. Software TQM aims to manage the software life-cycle compre-
hensively, considering productivity, quality, cost and delivery simultaneously.
In particular, the management technologies for improving software reliability
are very important. The quality characteristic of software reliability is that
computer systems can continue to operate regularly without the occurrence of
failures in software systems.

In this chapter, we discuss a quantitative technique for software qual-
ity /reliability measurement and assessment as one of the key software re-
liability technologies, which is a so-called software reliability model, and its
applications.
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Fig. 10.1. A general software development process (water-fall paradigm)

10.2 Definitions and Software Reliability Model

Generally, a software failure caused by software faults latent in the system
cannot occur except on a specific occasion when a set of specific data is put
into the system under a specific condition, i.e. the program path including
software faults is executed. Therefore, the software reliability is dependent on
the input data and the internal condition of the program. We summarize the
definitions of the technical terms related to the software reliability below.

A software system is a product which consists of the programs and doc-
uments produced through the software development process discussed in the
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previous section (see Figure 10.1). The specification derived by analyzing user
requirements for the software system is a document which describes the ex-
pected performance of the system. When the software performance deviates
from the specification and an output variable has an improper value or the
normal processing is interrupted, it is said that a software failure occurs. That
is, software failure is defined as an unacceptable departure of program opera-
tion from the program requirements. The cause of software failure is called a
software fault. Then, software fault is defined as a defect in the program which
causes a software failure. The software fault is usually called a software bug.
Software error is defined as human action that results in the software system
containing a software fault (3], [4]. Thus, the software fault is considered to be
a manifestation of software errors.

Based on the basic definitions above, we can describe a software behavior
as Input(/)-Program(P)-Output(O) model [5], [6], as shown in Figure 10.2.

In this model a program is considered as a mapping from the input space
constituting input data available on use to the output space constituting out-
put data or interruptions of normal processing. Testing space T is an input
subspace of I, the performance of which can be verified and validated by soft-
ware testing. Software faults detected and removed during the testing phase
map the elements of input subspace E into an output subspace O’ constituting
the events of a software failure. That is, the faults detected during the testing
phase belong to the intersection of subspace F and T. Software faults remain-
ing in the operation phase belong to the subspace E but not to the testing
space T.

Under the definitions for technical terms above, software reliability is de-
fined as the attribute that a software system will perform without causing
software failures over a given time period under specified conditions, and is
measured by its probability [3], [4]. A software reliability model is a mathe-
matical analysis model for the purpose of measuring and assessing software
quality/reliability quantitatively. Many software reliability models have been
proposed and applied to practical use because software reliability is considered
to be a “must-be quality ” characteristic of a software product. The software
reliability models can be divided into two classes [6], [7]. One treats the up-
per software development process, i.e. design and coding phases, and analyzes
the reliability factors of the software products and processes. The other deals
with testing and operation phases by describing a software failure-occurrence
phenomenon or software fault-detection phenomenon, by applying the stochas-
tic/statistics theories and can estimate and predict the software reliability.

In the former class, a software complezity model is well known and can
measure the reliability by assessing the complexity based the structural char-
acteristics of products and the process features to produce the products. In
the latter class, a software reliability growth model is especially well known.
Further, this model is divided into three categories [6], [7]:

(1) Software failure-occurrence time model
The model which is based on the software failure-occurrence time or the
software fault-detection time.
(2) Software fault-detection count model
The model which is based on the number of software failure-occurrences
or the number of detected faults.
(3) Software availability model
The model which describes the time-dependent behavior of software system
alternating up (operation) and down (fault correction) states.
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The software reliability growth models are utilized for assessing the degree
of achievement of software quality, deciding the time to software release for
operational use, and evaluating the maintenance cost for faults undetected
during the testing phase. We discuss the software reliability growth models
and their applications below.

Input Space / Program P Output Space O

fault

q ™\ ./
N O/
0!
T
Input subspace mapped into
the output subspace of software

failures during operation by
undetected faults in the testing

E

T : Input subspace of , verified and validated by testing (Testing
Domain)

E : Input subspace mapped into the output subspace of O’ by
software faults

O': Output subspace of O, constituting events of software failures
caused by software faults latent in program P

Fig. 10.2. An input-program-output model for software behavior

10.3 Software Reliability Growth Modeling

Generally, a mathematical model based on stochastic and statistical theories
is useful to describe the software fault-detection phenomena or the software
failure-occurrence phenomena and estimate the software reliability quantita-
tively. During the testing phase in the software development process, software
faults are detected and removed with a lot of testing-effort expenditures. Then,
the number of faults remaining in the software system decreases as the test-
ing goes on. This means that the probability of software failure-occurrence is
decreasing, so that the software reliability is increasing and the time interval
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between software failures becoming longer with the testing time (see Figure
10.3).

Software Reliability

Testing Time

Number of Remaining Faults

Testing Time Software Failure

=0
— t

— -

Time-Interval Testing Time

between Failures

Fig. 10.3. Software reliability growth

A mathematical tool which describes software reliability aspect is a software
reliability growth model [6], [8], [9].

Based on the definitions discussed in the previous section, we can develop a
software reliability growth model based on the assumptions used for the actual
environment during the testing phase or the operation phase. Then, we can
define the following random variables on the number of detected faults and
the software failure-occurrence time (see Figure 10.4):

{N@)=i}

=0 .
]

1 2 3 i-1
W ¥—+» Time
= X1 X2 He— X — Xi—

3
« Sl- v

“— Si
(S 4=0,X ,=0)

v

( X: Software fault detection or software failure occurrence)

Fig. 10.4. The stochasic quantities related to a software fault-detection phe-
nomenon or a software failure-occurrence phenomenon
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N(t) = the cumulative number of software faults (or the cumulative number
of observed software failures) detected up to time ¢,

S = the i-th software-failure occurrence time (i = 1,2,...;S = 0),
Xi = the time interval between (i — 1)-st and i-th software failures (i =
1,2,...;X0 20).

Figure 10.4 shows the occurrence of event {N(t) = i} since i faults have
been detected up to time t. From these definitions, we have

Si=) X, Xi = 5; - Si-1. (10.1)
k=1

Assuming that the hazard rate, i.e. the software failure rate, for X;(i =
1,2,...), zi(z), is proportional to the current number of residual faults re-
maining in the system, we have

zi(z) = (N — i+ 1)\(z), i=12,...,N;2>0,\z) >0, (10.2)

where N is the initial fault content and \(x) the software failure rate per fault
remaining in the system at time z. If we consider two special cases in (10.2)
as

Az) = ¢, ¢ >0, (10.3)
Az) =¢z™ ', ¢>0,m>0, (10.4)

then two typical software hazard rate models, respectively called the Jelinski-
Moranda model [10] and the Wagoner model {11] can be derived, where ¢ and
m are constant parameters. Usually, it is difficult to assume that a software
system is completely fault free or failure free. Then, we have a software hazard
rate model called the Moranda model [12] for the case of the infinite number
of software failure occurrences as

zi(z) = DK 1, i=1,2..;D>00<k<]1, (10.5)

where D is the initial software hazard rate and k the decreasing ratio. Equation
(10.5) describes a software failure-occurrence phenomenon where a software
system has high frequency of software failure occurrence during the early stage
of the testing or the operation phase and it gradually decreases thereafter.
Based on the software hazard rate models above, we can derive the software
reliability function for X;(: = 1,2,...) as

Ri(x) = exp {— /0GE zi(z)d:c] , 1=12,.... (10.6)

In this section, we discuss NHPP models (8], [13]-[15], which are modeled
for random variable N(t) as typical software reliability growth models. In the
NHPP models, a nonhomogeneous Poisson process (NHPP) is assumed for the
random variable N (t), the distribution function of which is given by
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Pr{N(t) =n} = {LT(:!)—}:exp[—H(t)], n=12,...,

H(t) = /0 t h(z)dz, (10.7)

where Pr{A} means the probability of event A. H(t) in (10.7) is called a
mean value function which indicates the expectation of N(t), i.e. the expected
cumulative number of faults detected (or the expected cumulative number of
software failures occurred) in the time interval (0,t], and h(t) in (10.7) called
an intensity function which indicates the instantaneous fault-detection rate at
time ¢t.

From (10.7), various software reliability assessment measures can be de-
rived. For examples, the expected number of faults remaining in the system
at time ¢ is given by

n(t) = a— H(t), (10.8)

where a = H(00), i.e. parameter a denotes the expected initial fault content in
the software system. Given that the testing or the operation has been going on
up to time ¢, the probability that a software failure does not occur in the time
interval (t,¢ + z](z > 0) is given by conditional probability Pr{X; > z|S;-1 =
t} as

R(z|t) = exp[H(t) — H(z +t)], t>0,z>0. (10.9)

R(z|t) in (10.9) is a so-called software reliability. Measures of MTBF (mean
time between software failures or fault detections) can be obtained follows:

MTBF1(t) = 375, (10.10)

MTBF¢(t) = (10.11)

t
H(t)
MTBFsin (10.10) and (10.11) are called instantaneous and cumulative MTBFs,
respectively.

It is obvious that the lower the value of n(¢) in (10.8), the higher the value
R(z|t) for specified = in (10.9), or the longer the value of MTBFs in (10.10)
and (10.11), the higher the achieved software reliability is. Then, analyzing ac-
tual test data with accepted NHPP models, these measures can be utilized to
assess software reliability during the testing or operation phase, where statis-
tical inferences, i.e. parameter estimation and goodness-of-fit test, are usually
performed by a method of maximum likelihood.

To assess the software reliability actually, it is necessary to specify the mean
value function H(t) in (10.7). Many NHPP models considering the various
testing or operation environments for software reliability assessment have been
proposed in the last decade. Typical NHPP models are summarized in Table
10.1. As discussed above, a software reliability growth is described as the
relationship between the elapsed testing or operation time and the cumulative
number of detected faults and can be shown as the reliability growth curve
mathematically (see Figure 10.5). Among the NHPP models in Table 10.1,
exponential and modified exponential software reliability growth models are
appropriate when the observed reliability growth curve shows an exponential
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curve ((A) in Figure 10.5). Similarly, delayed S-shaped and inflection S-shaped
software reliability growth models are appropriate when the reliability grouth
curbe is S shaped ((B) in Figure 10.5).

A

(A)

N
\

(B)

Number of Detected Faults

—>
Testing Time

Fig. 10.5. Typical software reliability growth curves

In addition, as for computer makers or software houses in Japan, logistic
curve and Gompertz curve models have often been used as software quality
assessment models, on the assumption that software fault-detection phenom-
ena can be shown by S-shaped reliability growth curves [30], [31]. In these
deterministic models, the cumulative number of faults detected up to testing
t is formulated by the following growth equations:

__k
1+ me~at’
G(t) = ka®,  0<a<1,0<b<1,k>0. (10.13)

In (10.12) and (10.13), assuming that a convergence value of each curve (L(co)
or G(00)), i.e. parameter k, represents the initial fault content in the software
system, it can be estimated by a regression analysis.

L(t) = m>0,a >0,k >0, (10.12)

10.4 Imperfect Debugging Modeling

Most software reliability growth models proposed so far are based on the as-
sumption of perfect debugging, i.e. that all faults detected during the testing
and operation phases are corrected and removed perfectly. However, debugging
actions in real testing and operation environments are not always performed
perfectly. For example, typing errors invalidate the fault-correction activity
or fault-removal is not carried out precisely due to incorrect analysis of test
results [32]. We therefore have an interest in developing a software reliabil-
ity growth model which assumes an imperfect debugging environment (cf. [33],
[34]). Such an imperfect debugging model is expected to estimate reliability
assessment measures more accurately.
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Table 10.1. A summary of NHPP models
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Mean Value Function

Intensity Function

NHPP model HG) h() Environment
; A software failure-occurrence
ngl:gr::: t::lliam- m@y=a(l-") o phenomenon with a constant fault-
ility h,, (t) = abe . . T
growth model [16],[17] (@>0,b>0) " detection rate at an arbitrary time is

described.

Modified

exponential

software reliability
growth model [18],(19]

2
my(1)=ayp, (1-e™"
=1
@>0,0<b,<bi<1,
2
Y, =1,0<p <I)
i=1

hp(t) = (/12:[)I ble""'
=1

A difficulty of software fault-detection
during the testing is considered, (b, is
the fault-detection rate for easily
detectable faults: b, is the fault-
detection rate for hardly detectable
faults).

Delayed S-shaped
software reliability

M(t) = a[1-(1+bt )™

hy (1) = ab?te™

A software fault-detection process is
described by two successive
phenomena, i.e. failure-detection

0,b ALY
growth model [20],(21] (@>0>0) process and fault-isolation process.
bt
Inflection S-shaped 1) = a(l-e™) ab (1+c)e ™ | A software failure-occurrence
software reliability (l+ce™) b= - phenomenon with mutual dependency
growth model [22],[23] @>0b>0.c>0) (l+ce™)’ of detected faults is described.
-rW ()
Testing-effort- Twy=all-e” ml ] The time-dependent behavior of
deg)endent W(t)=o(l-e?") h(O=araf the amount of testing effort and
software reliability 2>00<r<l “m ™" ® | the cumulative number of detected
growth model [241,(25) | ¢ P I; om0 ! faults is considered.
Testing-domain- Dity=all- -1 (ve™ . . .
v-b The testing domain, which is the set
dependent iy | ho(f) = @Y (o, L
software reliability ~be™)] () =7 - (¢7=¢ ") | of software functions influenced by
growth model [26],[27} (v+b) executed test cases, is considered.
When the testing or operation time is
- measured on the basis of the number of
Logarithmic we = Yl (Aot 41) ) CPU hours, an exponentially decreasing
Poisson execution [} A= S f fail e i idered with
time model 28], [29] (s>0,6 >0) AoB1+1) software failure rate is considered wi

respect to the cumulative number of
software failures.

a
b

c

= the expected number of initial fault content in the software system

= the parameter representing the fault-detection rate

= the parameter representing the inflection factor of test personnel

o,B,m = the parameters which determine the testing-effort function W(r)

\%

= the testing-domain growth rate

Ao = the initial software failure rate

0

= the reduction rate of software failure rate
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10.4.1 Imperfect debugging model with perfect correction
rate

To model an imperfect debugging environment, the following assumptions are
made:

(1) Each fault which causes a software failure is corrected perfectly with
probability p(0 < p < 1). It is not corrected with probability ¢(= 1 — p).
We call p the perfect debugging rate or the perfect correction rate.

(2) The hazard rate is given by (10.5) and decreases geometrically each time
a detected fault is corrected.

(3) The probability that two or more software failures occur simultaneously
is negligible.

(4) No new faults are introduced during the debugging. At most one fault is
removed when it is corrected, and the correction time is not considered.

Let X(t) be a random variable representing the cumulative number of faults
corrected up to the testing time ¢t. Then, X(t) forms a Markov process [35].
That is, from assumption (1), when i faults have been corrected by arbitrary
testing time ¢,

_ 1, with probability g,
X(t) = {i+ 1, with probability p, (10.14)

(see Figure 10.6). Then, the one-step transition probability for the Markov
process that after making a transition into state i, the process {X(t),t >
O}makes a transition into state j by time t is given by

Fig. 10.6. A diagrammatic representation of transitions between states of X (t)
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Qi;(t) = pij (1 — exp[—Dk't]), (10.15)

where p;; are the transition probabilities from state i to state j and are given
by

pij =< D, (j‘l+1), 1,7 =0,1,2,.... (10.16)
0, (elsewhere),

Equation (10.15) represents the probability that if 7 faults have been corrected
at time zero, j faults are corrected by time t after the next software failure
occurs. Therefore, based on Markov analysis by using the assumptions and
stochastic quantities above, we have the software reliability function and the
mean time between software failures for X; (i = 1,2,...) as

Ri(z) = i (Z; 1>psq’ =% exp[— Dk’ z], (10.17)
X,]—/OOR( (’”Lq) G+a™ (10.18)

And if the initial fault content in the system, N, is specified, the expected
cumulative number of faults debugged imperfectly up to time t is given by

N n-1
_4g i
M(t) == Ain(1 — exp|—pDEk't]), 10.19
(t) =5 X::z::o ( p[-pDk't]) (10.19)
where A; , is
Ao,1 =1
App = KOO 2,3,...;i=0,1,2 1
iwn = T . . ) n==4s29,...50=0U,1,4,...,n (1020)
[T - )
=0
J#i

10.4.2 Imperfect debugging model for introduced faults

Besides the imperfect debugging factor above in fault-correction activities, we
consider the possibility of introducing new faults in the debugging process. It is
assumed that the following two kinds of software failures exist in the dynamic
environment [36], [37], i.e. the testing or user operation phase:

(F1) software failures caused by faults originally latent in the software system
prior to the testing (which are called inherent faults),

(F2) software failures caused by faults introduced during the software opera-
tion owing to imperfect debugging.
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In addition, it is assumed that one software failure is caused by one fault and
that it is impossible to discriminate whether the fault that caused the software
failure that has occurred is F1 or F2. As to the software failure-occurrence rate
due to F1, the inherent faults are detected with the progress of the operation
time. In order to consider two kinds of time dependencies on the decreases of
F1, let a;(t)(¢ = 1,2) denote the software failure-occurrence rate for F1. On
the other hand, the software failure-occurrence rate due to F2 is denoted as
constant A(X > 0), since we assume that F2 occurs randomly throughout the
operation. When we consider the software failure-occurrence phenomena due
to F1 and F2 simultaneously, the software failure-occurrence rate at operation
time ¢ is given by

hi(t) = A+ ai(t),  i=1,2. (10.21)

From (10.21), the expected cumulative number of software failures in the time
interval (0,t] (or the expected cumulative number of detected faults) is given
by

H;(t) = /\tt-}- Aq(t),

Ai(t) = / w(@)ds, i=1,2 (1022)
0

Then, we have two imperfect debugging models based on an NHPP discussed
in Section 10.3, where h;(t) in (10.21) and H;(t) in (10.22) are used as the
intensity functions and the mean value functions (¢ = 1,2) for an NHPP,
respectively. Especially, exponential and delayed S-shaped software reliability
growth models are assumed for describing software failure-occurrence phenom-
ena attributable to the inherent faults as (see Table 10.1)

ar(t) = abe™™,  a>0,b>0, (10.23)
ax(t) = ab’te™®,  a>0,b>0, (10.24)

where a is the expected number of initially latent inherent faults and b the
software failure-occurrence rate per inherent fault. Therefore, the mean value
functions of NHPP models for the imperfect debugging factor are given by

Hi(t) = At +a(1 —e™"), (10.25)
Ha(t) = Xt + a[l — (14 bt)e . (10.26)

From these imperfect debugging models we can derive several software
reliability measures for the next software failure-occurrence time interval X
since current time ¢, such as the software reliability function R;(zl|t), the
software hazard rate z;(z|t), and the mean time between software failures
E;[X|t](: = 1,2):

Ri(z|t) = exp[H:(t) — Hi(t + z)], t>0,z>0, (10.27)
2 (alt) = —B%R,-(xh)/&(mlt) — hi(t + ), (10.28)

E;[X|t] = /0°° Ri(z|t)dz. (10.29)
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10.5 Software Availability Modeling

Recently, software performance measures such as the possible utilization fac-
tors have begun to be interesting for metrics as well as the hardware products.
That is, it is very important to measure and assess software availability, which
is defined as the probability that the software system is performing success-
fully, according to the specification, at a specified time point [38]—[40]. Several
stochastic models have been proposed so far for software availability mea-
surement and assessment. One group [41] has proposed a software availability
model considering a reliability growth process, taking account of the cumu-
lative number of corrected faults. Others [42]-[44] have constructed software
availability models describing the uncertainty of fault removal. Still others [45]
and [46] have incorporated the increasing difficulty of fault removal.

The actual operational environment needs to be more clearly reflected
in software availability modeling, since software availability is a customer-
oriented metrics. In [46] and [47] the development of a plausible model is
described, which assumes that there exist two types of software failure occur-
ring during the operation phase. Furthermore, in [48] an operational software
availability model is built up from the viewpoint of restoration scenarios.

The above models have employed Markov processes for describing the
stochastic time-dependent behaviors of the systems which alternate between
the up state, operating regularly, and the restoration state (down state) when
a system is inoperable [49]. Several stochastic metrics for software availability
measurement in dynamic environment are derived from the respective models.

We discuss a fundamental software availability model [44] below.

10.5.1 Model description

The following assumptions are made for software availability modeling:

(1) The software system is unavailable and starts to be restored as soon
as a software failure occurs, and the system cannot operate until the
restoration action is complete.

(2) The restoration action implies debugging activity, which is performed
perfectly with probability a(0 < a < 1) and imperfectly with probability
b(= 1 —a). We call a the perfect debugging rate. One fault is corrected
and removed from the software system when the debugging activity is
perfect.

(3) When n faults have been corrected, the time to the next software failure
occurrence and the restoration time follow exponential distributions with
means of 1/\, and 1/un, respectively.

(4) The probability that two or more software failures will occur simultane-
ously is negligble.

Consider a stochastic process {X(t),t > 0} with the state space (W,R)
where up state vector W= {Wp;n = 0,1,2,...} and down state vector R=
{Rn;n =0,1,2,...}. Then, the events {X(t) = W,} and {X(t) = Rn} mean
that the system is operating and inoperable, respectively, due to the restoration
action at time ¢, when n faults have already been corrected.

From assumption (2), when the restoration action has been completed in
{X(t) = Rn},
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X(t) =

{ Wy,  with probablity b, (10.30)

Whn+1, with probablity a.

We use the Moranda model discussed in Section 10.3 to describe the software
failure-occurrence phenomenon, i.e. when n faults have been corrected, the
software hazard rate A, is given by

A = DK™, n=0,1,2...;D0>00<k<1. (10.31)

The expression of (10.31) comes from the point of view that software reliability
depends on the debugging efforts, not the residual fault content. We do not
note how many faults remain in the software system.

Next, we describe the time-dependent behavior of the restoration action.
The restoration action for software systems includes not only the data recovery
and the program reload, but also the debugging activities for manifested faults.
From the viewpoint of the complexity, there are cases where the faults detected
during the early stage of the testing or operation phase have low complexity
and are easy to correct/remove, and as the testing is in progress, detected
faults have higher complexity and are more difficult to correct/remove [8]. In
the above case, it is appropriate that the mean restoration time becomes longer
with the increasing number of corrected faults. Accordingly, we express u, as
follows:

n = Er™, n=0,1,2..;E>00<r<1, (10.32)

where E and r are the initial restoration rate and the decreasing ratio of the
restoration rate, respectively. In (10.32) the case of 7 = 1, i.e. un = E, means
that the complexity of each fault is random.

Let T, and Un(n = 0,1,2,...) be the random variables representing the
next software failure occurrence and the next restoration time intervals when n
faults have been corrected, in other words the sojourn times in states W, and
R,, respectively. Furthermore, let Y (t) be the random variable representing
the cumulative number of faults corrected up to time t. The sample behavior
of Y(t) is illustrated in Figure 10.7. It is noted that the cumulative number
of corrected faults is not always coincident with that of software failures or
restoration actions. The sample state transition diagram of X(t) is illustrated
in Figure 10.8.

10.5.2 Software availability measures

We can obtain the state occupancy probabilities that the system is in states
W, and R, at time point t as

Pw, (t) = Pr{X(t) = Wx}

gnt1(t) | gnya(t)
= =0,1,2,... 10.33
aAn + aAnNn ) n 0? b b K ( )

Pr..(t) = Pr{X(t) = Rn}

i) g0 (10.34)
apin
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Fig. 10.7. A sample realization of Y (t)
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Fig. 10.8. A state transition diagram for software availability modeling
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respectively, where g, (t) is the probability density function of random variable
Sn, which denotes the first passage time to state W, and g;,(t) = dgn(t)/dt.
gn(t) and g;,(t) can be given analytically.

The following equation holds for arbitrary time ¢:

WK

[Pw, (t) + Pgr,(t)] = 1. (10.35)
0

n

The instantaneous availability is defined as

At) = i Pw,, (t), (10.36)

which represents the probability that the software system is operating at spec-

ified time point ¢t. Furthermore, the average software availability over (0,t] is
defined as

Aao(t) = % /0 " Az, (10.37)

which represents the ratio of system’s operating time to the time interval (0, t].
Using (10.33) and (10.34), we can express (10.36) and (10.37) as

Alt) = i [gn+1 G (t )]

n=0 O,An/l,n
o0
— 1N g (10.38)
n=0 Apin
1 o Gny1(t) | gns1(t)
Aav - -
®) t nX;; [ adn + aAnlin
1 & Gnt1(t)
=1-= T\ 10.39
1 th:o P (10.39)

respectively, where G, (t) is the distribution function of S,.

10.6 Application of Software Reliability Assessment

It is very important to apply the results of software reliability assessment to
management problems with software projects for attaining higher productivity
and quality. We discuss three software management problems as application
technologies of software reliability models.
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10.6.1 Optimal software release problem

Recently, it is becoming increasingly difficult for the developers to produce
highly reliable software systems efficiently. Thus, it has been necessary to con-
trol a software development process in terms of quality, cost, and release time.
In the last phase of the software development process, testing is carried out
to detect and fix software faults introduced by human work, prior to its re-
lease for the operational use. The software faults that cannot be detected and
fixed remain in the released software system after the testing phase. Thus, if a
software failure occurs during the operational phase, then a computer system
stops working and it may cause serious damage in our daily life.

If the duration of software testing is long, we can remove many software
faults in the system and its reliability increases. However, this increases the
testing cost and delays software delivery. In contrast, if the length of software
testing is short, a software system with low reliability is delivered and it in-
cludes many software faults which have not been removed in the testing phase.
Thus, the maintenance cost during the operation phase increases.

It is therefore very important in terms of software management that we find
the optimal length of software testing, which is called an optimal release time.
Such a decision problem is called an optimal software release problem [50]-
[57]. These decision problems have been studied in the last decade by many
researchers. We discuss optimal software release problems which consider both
a present value and a warranty period (in the operational phase) during which
the developer has to pay the cost for fixing any faults detected. It is very
important with respect to software development management, then that we
solve the problem of an optimal software testing time by integrating the total
expected maintenance cost and the reliability requirement.

10.6.1.1 Maintenance cost model. The following notations are defined:

co = the cost for the minimum quantity of testing which must be done,
ct = the testing cost per unit time,

cw = the maintenance cost per one fault during the warranty period,

T = the software release time, i.e. additional total testing time,

T* = the optimum software release time.

We discuss a maintenance cost model for formulation of the optimal release
problem. The maintenance cost during the warranty period is considered. The
concept of a present value is also introduced into the cost factors. Then, the
total expected software maintenance cost WC(T) can be formulated as:

T
WC(T) = co + Ct/ e~ *'dt + Cy(T), (10.40)
0

where Cy(T') is the maintenance cost during the warranty period. The param-
eter « in (10.40) is a discount rate of the cost. When we apply an exponential
software reliability growth model based on an NHPP with mean value function
m(t) and intensity function hnm(t) discussed in Section 10.3 (see Table 10.1),
we discuss the following three cases in terms of the behavior of Cy(T) (see
Figure 10.9):
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hn(t)
A
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reliability growth
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Fig. 10.9. Software reliability growth aspects during the warranty period

(Case 1)

When the length of the warranty period is constant and the software re-
liability growth is not assumed to occur after the testing phase, Cy (T') is
represented as:

T+T,
Co(T) = cu / hom(T)e ™ *dt. (10.41)
T
(Case 2)
When the length of the warranty period is constant and the software relia-
bility growth is assumed to occur even after testing, Cw(T') is given by:

T+Tw
Cu(T) = cu / hom (£)e ™ dt. (10.42)
T
(Case 3)
When the length of the warranty period obeys a distribution function W (t)
and the software reliability growth is assumed to occur even after the testing
phase, Cy,(T') is represented as:

oo T+Tw
Cu(T) = cw / / ho (t)e™ *tdtdW (Ty,), (10.43)
0 T

where we assume that the distribution of the warranty period is a truncated
normal distribution:

dW (t) 1 2 2
—t = exp[—(t — n)°/(20 >0,u>0,0>0 10.44

A== /Ow expl—(t - p)?/(20°)dt. (10.45)
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Let us consider the optimal release policies for minimizing WC(T) in
(10.40) with respect to T of Case 1, which is a typical case for optimal software
release problems. Substituting (10.41) into (10.40), we rewrite it as:

T T+Tw
WC(T) =co+c1 / ™ dt + cwhm(T) / e~ *dt. (10.46)
0 T

Differentiating (10.46) in terms of T and equating it to zero yields:

hm(T) = m (10.47)

Note that WC(T) is a convex function with respect to T' because d*WC(T')/
dT? > 0. Thus, the equation dWC(T)/dT = 0 has only one finite solution
when the condition A, (0) > ct/[cwTw(b+ )] holds. The solution T1 of (10.47)
and the optimum release time can be shown as follows:

T = I [abchw(b—i— a)
b Ct

] , 0< T < oo. (10.48)
When the condition hAm(0) < ct/[cwTw(b + @)] holds, WC(T') in (10.46) is a
monotonically increasing function in terms of the testing time 7. Then, the
optimum release time 7™ = 0. Therefore, we can obtain the optimal release
policies as follows:

[Optimal Release Policy 1]

(1.1) If Am(0) > ct/[cwTw(b + @)], then the optimum release time is 7" = T1.
(1.2) If hm(0) < ct/[cwTw(b+ )], then the optimum release time is 7" = 0.

Similarly, we can obtain the optimal release policies for Case 2 and Case 3
[55], [58].

10.6.1.2 Maintenance cost model with reliability requirement.
Next, we discuss the optimal release problem with the requirement for software
reliability. In the actual software development, the manager must spend and
control the testing resources with a view to minimizing the total software cost
and satisfying reliability requirements rather than only minimizing the cost.
From the exponential software reliability growth model, the software reliability
function can be defined as the probability that a software failure does not occur
during the time interval (T, T+ z] after the total testing time T, i.e. the release
time. The software reliability function is given as follows:

R(z|T) = exp[—{m(T + z) — m(T)}]. (10.49)

From (10.49), we derive the software reliability function as follows:

R(z|T) = exp[—e™"T - m(z)). (10.50)

Let the software reliability objective be Ro(0 < Ro < 1). We can evaluate
optimum release time 7" = T* which minimizes (10.40) while satisfying the
software reliability objective Rp. Thus, the optimal software release problem
is formulated as follows:
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minimize WC(T) subject to R(z|T) > Ro. (10.51)

For the optimal release problem formulated by (10.51), let Tr be the optimum
release time with respect to T satisfying the relation R(z|T) = Ry for specified
z. By applying the relation R(z|T) = Ro into (10.50), we can obtain the
solution Tr as follows:

Tr = % {lnm(x) —Inln (Rio)} . (10.52)

Then, we can derive the optimal release policies to minimize the total expected
software maintenance cost and to satisfy the software reliability objective Rp.
For Case 1,the optimal release policies are given as follows:

[Optimal Release Policy 2]

(2.1) If h,m(O) > ct/[cwTw(b+ a)] and R(z|0) < Ro,then the optimum release
time is T* = max{T1, Tr

(2.2) If hm(O) > q/[ch b + a)] and R(z|0) > Ro,then the optimum release
time is T" = T1.

(2.3) If hm(0) < ct/[ch (b + a)] and R(z|0) < Ro,then the optimum release
time is T = Tg.

(2.4) If hm(0) < ct/[cwTw(b+ )] and R(x|0) > Ro,then the optimum release
time is T* = 0.

Similarly, we can obtain the optimal release policies for Case 2 and Case 3
[58].

10.6.2 Statistical software testing-progress control

As well as quality /reliability assessment, software-testing managers should as-
sess the degree of testing progress. We can construct a statistical method for
software testing-progress control based on a control chart method as follows
[6], [59]. This method is based on several instantaneous fault-detection rates
derived from software reliability growth models based on an NHPP. For exam-
ple, the intensity function based on the delayed S-shaped software reliability
growth model in Section 10.3 (see Table 10.1) is given by

dM(t) b2 —bt

hum(t) = i , a>0,b>0. (10.53)
From (10.53), we can derive

InZm(t) =lna+2-1nb — bt, (10.54)

Zu(t) = ﬁi(—t) (10.55)

t

The mean value of the instantaneous fault-detection rate represented by
(10.55) is defined as the average-instantaneous fault-detection rate. Equation
(10.54) means that the relation between the logarithm value of Z(t) and the
testing time has a linear property. If the testing phase progresses smoothly and
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the reliability growth is stable in the testing, the logarithm of the average-
instantaneous fault-detection rate decreases linearly with the testing time.
From (10.54), we can also estimate the unknown parameters a and b by the
method of least squares, and assess the testing progress by applying a regres-
sion analysis to the observed data. It is assumed that the form of the data is
(te, Zx)(k =1,2,...,n) where t, is the kth testing time and Zj is the realiza-
tion of average-instantaneous fault-detection rate Zs(t). Letting the estimated
unknown parameters be @ and b, we obtain the estimator of Y (= In Zx(t)) as
follows:

Y=InZu({t)=Ina+2 -Inb—bt =Y — bt — ©), (10.56)
where
1o 1 &
52 Ye=InZy, f=-)t, k=12...n
k=1 k=1

The variation, which is explained as the regression to the dependent vari-
able, Y, is

3

Sy = Xn:( Ve — V)2 =02 (tr — D)2 (10.57)

On the other hand, the error-variation not explained as the regression is rep-
resented as the summation of residual squares. That is,

n
=) (Ve - Vi) (10.58)
k=1
The unbiased variances from (10.57) and (10.58) are:

S,
=5 e = c . 10.59
b Ve — (10.59)

With reference to (10.56), we discuss the logarithm of average-instantaneous
fault-detection rate Yo = In Zp(to) at t = to(to > tn) by using the results of

the analysis of variance. The 100(1 — a) percent confidence interval to Yo is
given by

Yo+t (n -2,1- %) \/ Var[Yo),

Var[Yo] = {1 + ;1; + %} Ve. (10.60)

Var[Yo)] in (10.60) is the variance of Yo. t(h, p) in (10.60) is 100p percent point
of t-distribution at degree of freedom h. We now make the control chart which
consists of the center line by the logarithm of the average-instantaneous fault-
detection rate, and the upper and lower control limits which are given by



274 10. Software Reliability

(10.60). We can assess the testing progress by applying a regression analysis
to the observed data.

The testing-progress assessment indices for the other NHPP models are
given by the following intensity function:

o him(t) = abe™ with relation In hn,(t) = (Ina + Inb) — bt (for the expo-
nential software reliability growth model),

o hu(t) = Xo/(Xobt + 1) with relation Inh,(t) = InXo — Ou(t) (for the
logarithmic Poisson execution time model),

o hx(t) = ABtP~! with relation In hy(t) = (In A +InG) + (8—1)Int (for the
Weibull process model [6], [8]).

The procedure of testing-progress control is shown as follows:

Step 1: An appropriate model is selected to apply and the model parameters
are estimated by the method of least squares.

Step 2: To certify goodness-of-fit of the estimated regression equation for the
observed data, we use the F-test.

Step 3: Based on the result of the F-test, the center line and upper and lower
control limits of the control chart are calculated. The control chart is drawn.

Step 4: The observed data are plotted on the control chart and the stability
of the testing progress is judged.

10.6.3 Optimal testing-effort allocation problem

We discuss a management problem to achieve a reliable software system effi-
ciently during module testing in the software development process by applying
a testing-effort-dependent software reliability growth model based on an NHPP
(see Table 10.1). We take account of the relationship between the testing ef-
fort spent during the module testing and the detected software faults where
the testing effort is defined as resource expenditures spent on software testing,
e.g. manpower, CPU hours, and executed test cases. The software development
manager has to decide how to use the specified testing effort effectively in or-
der to maximize the software quality and reliability [60]. That is, to develop
a quality and reliable software system, it is very important for the manager
to allocate the specified amount of testing-effort expenditure for each software
module under some constraints. We can observe the software reliability growth
in the module testing in terms of a time-dependent behavior of the cumulative
number of faults detected during the testing stage.

Based on the testing-effort-dependent software reliability growth model,
we consider the following testing-effort allocation problem [61], [62]:

(1) The software system is composed of M independent modules. The number
of software faults remaining in each module can be estimated by the
model.

(2) The total amount of testing-effort expenditure for module testing is spec-
ified.

(3) The manager has to allocate the specified total testing-effort expenditure
to each software module so that the number of software faults remaining
in the system may be minimized.

The following are defined:
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a = the expected initial fault content,

r = the fault-detection rate per unit of testing-effort expenditure
0<r<l),

i = the subscript for each software module number ¢ = 1,2,..., M,

w; = the weight for each module(w; > 0),

n; = the expected number of faults remaining in each module,

gi, @ = the amount of testing-effort expenditure for each module to
be allocated and the total testing-effort expenditure before
module testing (¢; > 0,Q > 0).

From (10.8) and Table 10.1, i.e. n(t) = a-exp[—rW(t)], the estimated number
of remaining faults for module i is formulated by

n; = a; - expl—Tigqi), 1=1,2,...,M. (10.61)

Thus, the optimal testing-effort allocation problem is formulated as:

M M
minimize Z win; = Z w;a; - exp[—rigi), (10.62)
i=1 i=1
M
sothat ¥ ¢<Q, @>0, i=12,..,M, (10.63)

=1

where it is supposed that the parameter a; and r; have already been estimated
by the model.
To solve the problem above, we consider the following Lagrangian:

M M
L= Z w;a; - exp[—riqi] + A (Z qi — Q) s (1064)
=1

i=1

and the necessary and sufficient conditions [63] for the minimum are

oL

o —w;iar; - exp[—rig] + A > 0,
qz"gL_ZO, 1=1,2,..., M,

e : (10.65)
qu - Q7

i=1

¢ >0, 1=1,2,..., M,

where A is a Lagrange multiplier.
Without loss of generality, setting 4; = wia;r:(t = 1,2,..., M), we can
assume that the following condition is satisfied for the tested modules:

A1>2A22> > Apo1 2> Ap > Agp1 > - > Au. (10.66)

This means that it is arranged in order of fault detectability for the tested
modules. Now, if Ay > X\ > Agy1, from (10.65) we have
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¢; = max {O, %(lnAi - ln)\)} R

i.e.
1 .
¢ = r—i(lnA,-—ln)\), 1=1,2,... k, ' (10.67)
g =0, i=k+1,...,M,
From (10.65) and (10.67), In )\ is given by
k 1
- . —InA; - Q
mA=;t¥L—i——, k=1,2,...,M. (10.68)
E L
=1 r;
Let A\x denote the value of the right-hand side of (10.68). Then, the optimal
Lagrange multiplier \* exists in the set {A1, A2, ..., A} . Hence, we can obtain

A* by the following procedures:

(1) Set k= 1.

(2) Compute Ax by (10.68).

(3) If Ax > Ak > Ak41, then \* = X (stop). Otherwise, set k = k+ 1 and go
back to (2).

The optimal solutions ¢ (: = 1,2,..., M) are given by
sl InA; —In X" i =1,2 k

Qi—r_(n : — In )a 1= 1,4,...,K, } (1069)
¢ =0, i=k+1,...,M,

which means that the amount of testing-effort expenditure is needed more for
the tested modules containing more faults.
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Summary.

We survey the data transmission models in a communication system from
the viewpoint of reliability: data transmission often fails owing to errors gen-
erated by disconnections, noises or distortions in a communication line. To
protect against such errors and to ensure accurate transmission of data,
the following three schemes of error-control procedures are mainly used:
(i) Forward-error-correction (FEC) scheme, (ii) automatic-repeat-request
(ARQ) scheme, and (iii) hybrid ARQ schemes, which combines FEC with
ARQ. ARQ schemes are mainly employed in data transmission systems to
achieve high reliability of communication. Further, three protocols of stop-
and-wait (SW), go-back-N (GBN) and selective-repeat (SR) have been well
known in ARQ schemes. In this chapter, we formulate three typical stochastic
models of SW ARQ, SR ARQ and hybrid ARQ schemes, and discuss analyt-
ically and numerically optimal policies to improve the data throughput.

Keywords : communication system, data transmission, error control,
ARQ), retransmission number, mean time to success, throughput

S. Osaki (ed.), Stochastic Models in Reliability and Maintenance
© Springer-Verlag Berlin Heidelberg 2002



282 11. Reliability Models in Data Communication Systems

11.1 Introduction

One of the important problems in a communication system is how to trans-
mit the data accurately and rapidly to a recipient. However, errors in data
transmission are unavoidable because of disturbing factors such as discon-
nections, noises or distortions in a communication line [1], [2]. Error-control
procedures are indispensable to transmission of high-quality data, and their
various techniques have been considered from the viewpoints of reliability and
accuracy. The main techniques in error-correcting strategies are classified into
the following three schemes: (i) forward-error-correction (FEC) scheme, (ii)
automatic-repeat-request (ARQ) scheme and (iii) hybrid ARQ scheme.

An FEC scheme is the policy of transmitting the data together with error-
detecting and error-correcting codes without making any retransmissions: the
correcting code is used for the correction of expected error patterns which
occur frequently. Since no retransmission is made, the data throughput of the
system is held at a constant level, but the data transmission with unexpected
error patterns may be passed without correcting errors. For this reason, this
scheme is not used except in special cases.

An ARQ scheme is the policy of retransmitting the data when some er-
rors have been detected: a receiver requires retransmission of the same data
when errors have been detected in its data transmission. Since the coding
and decoding for error corrections are omitted, the error-control procedure
is simple, and can also cope easily with unexpected error patterns. However,
the data throughput decreases significantly in the case where a large number
of retransmissions are required. The three main protocols of stop-and-wait
(SW), go-back-N (GBN) and selective-repeat (SR) have become familiar in
ARQ schemes.

A hybrid ARQ scheme is the policy of combining FEC with ARQ to
cover up defects of two schemes, and can be further divided into two types
of schemes, type-I hybrid ARQ and type-II hybrid ARQ: this aims to reduce
the number of retransmissions and to gain a constant data throughput even
in a worse environment, by coding error patterns which occur frequently.

In the past, a variety of ideas for the above error-correcting strategies
and their modified communication systems were proposed and studied, and
a great many protocols of ARQ schemes have appeared in research reports.
In recent years, the broadcast-type protocols of ARQ schemes have seen con-
spicuous development. As a result, research on ARQ protocols has progressed
in the following directions(3], [4] :

1) Modifications of SW and GBN protocols to improve the data throughput
are [4], [5], [6], [7], [8], 9], [10], [11], [12].

2) Modifications of SR protocols with finite buffer area [13], [14], [15], [16],
17], (18], [19].
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3) Integrations of coding techniques into ARQ protocols are found in [20],
21], [22), (23], [24], [25], [26], [27], (28], [29], 30}, [31], [32], [33], [34, [35],
(36], [37], [38].

4) Techniques of broadcast-type ARQ protocols are found in [39], [40], [3],
(41], [42], [43], [44], [45],[46].

5) Queueing behaviors of ARQ protocols are found in [47], [48].

6) Methodologies in analyzing the performance of ARQ protocols are found
in [49], 50}, [51], [52], [53].

ARQ schemes are mainly used in data communication systems to achieve
high reliability of communication. Here, we summarize three typical stochas-
tic models of SW ARQ, SR ARQ and hybrid ARQ schemes and discuss
analytically their optimal policies for improving the data throughput.

11.2 SW ARQ Model with Intermittent Faults

In this section, we formulate a stochastic model of ARQ scheme with SW
protocols. The ARQ strategy is widely employed in point-to-point data trans-
mission because its error control is easy and simple.

We model data transmissions with intermittent faults as follows [54], [55]:
faults in a communication system occur intermittently and are hidden, and
sometimes cause errors in data transmissions. Some faults occur repeatedly,
and consequently become permanent failures from hidden faults [56].

It is assumed that when the system is in a normal condition, i.e., no fault
occurs, errors of data transmission occur with probability go. If some faults
are hidden, errors of data transmission occur with probability ¢1 (g1 > o).
Further, if the duration of hidden faults exceeds a threshold time, faults
become permanent failures and errors occur with probability g2 (g2 > q1).

When errors have occurred in a communication system, it is supposed
that the data transmission will fail with certainty and an ARQ strategy is
made. However, the data throughput decreases significantly if retransmissions
are repeated without limitation. To keep the level of data throughput, if all
numbers N of ARQ strategies have failed, the system is inspected and main-
tained. We repeat the above procedure until data transmission is successful.
Forming the generating functions of probabilities that the transmission fails
at k times successively, we derive the mean time to successful data trans-
mission and discuss an optimal number N* which minimizes it. Numerical
examples are finally given for several values of g, ¢; and go.

11.2.1 Intermittent faults

Faults in a communication system occur according to an exponential distri-
bution (1 — e~**) and are hidden. If the duration time X of hidden faults
exceeds an upper limit time Y, then faults become permanent failures, and
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otherwise, faults are recovered from a hidden state. This indicates that if the
event {X < Y} occurs hidden faults disappear, and if the event {X > Y}
occurs faults become permanent failures. It is assumed that both random
variables X and Y are independent and have exponential distributions, i.e.,
Pr{X <t} =1-e" and Pr{Y <t} =1-e?,

We define the following states of the above model :

State 0 : No fault occurs and the system is in a normal condition.
State 1 : Hidden fault occurs.
State 2 : Permanent failure occurs.

"The mass functions (one-step transition probabilities) Q;;(t) from state i
to state j of a Markov renewal process are

Qoi(t) =1—e, (11.1)
t
_ -0z, —px,y M _ = (uto)t
Q1o(t) —-/0 e Tue Hrdx = R [1 e ] , (11.2)
t
= T0TeHrgy = — |1 — e~ Wt 11.3
Q12(t) A e "Te M dx P [1 e ] ( )

Using the above mass functions, the transition probabilities that the sys-
tem is in state j at time ¢, given that it was in state ¢ at time O are, from
[54],

Poo(t) = ——— [+ 0 = 72)e™" — (u+6 = m)e™™"], (11.4)
Poi(t) = A [e72t — e M1, (11.5)
Y1 — 72
I - _
Po(t) = e — e Mt) | 11.6
10(t) "= [ e ] (11.6)
1
Pi(t) = - Mt (N — —mt] 11.7
11(t) N [( Y2)e ( T1)e ] ( )
Py (t) + Pi1(t) + Pia(t) =1, 1=0,1, (11.8)
where

[A+u+o+\/(x+u+e)2—4w},

Yo [/\+#+9—\/(/\+u+0)2—4/\0]-
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11.2.2 ARQ policy

We consider the following ARQ strategy, which detects errors in a communi-
cation system :

(1) We transmit a certain amount of data, which is named unit data, to a
receiver. A time a is required for transmission of unit data.

(a) If there is no fault in a communication line, i.e., the system is in state
0, errors of data transmission occur with probability go (0 < ¢go < 1).
When errors do not occur with probability 1 —gqo, the data is transmitted
correctly and we call it success of data transmission.

(b) If there are hidden faults, i.e., the system is in state 1, errors of data
transmission occur with probability q1 (g0 < ¢1 < 1) and do not with
probability 1 — q1.

(c) If there are permanent failures, i.e., the system is in state 2, errors
occur with probability g2 (1 < g2 < 1) and do not with probability
1- q2.

(2) When errors have occurred, the data transmission fails. We call it failure
of data transmission.

(3) We transmit the data until the total number of retransmissions and the
first transmission reaches a specified number N or the data transmission
succeeds, whichever occurs first. If the transmission fails at N times succes-
sively, the system is inspected and maintained. After that, the system can
return to a normal condition and the same transmission is made again from
the beginning. A time v is required for all times resulting from inspection,
maintenance and the restart of transmission.

Let Q;(k) (¢ = 0,1) be the probabilities that the transmission fails at k
(k =1,2,---) times successively, starting from state i, and Q;(0) = 1. Then,
we have the following renewal equations :

Qi(k) = Pio(a)qoQo(k—1)+Pi1(a)q1Q1(k—1)+Pia(a)gh, i=0,1. (11.9)

Let us introduce the generating functions V;(2) = S pe, Qi(k)2* (i =
0,1). Then, forming the generating functions of (11.9),

Vi(z) =1+ i Qi(k)F
k=1

q2z
1 —qo2

=14 Pjp(a)qozVo(z) + Pi1(a)q12V1(z) + Pi2(a) , 1=0,1.
(11.10)

Solving (11.10) for Vy(z), we have
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1-— qlz[Pu(a) P01 ] + q22
x {Po2(a) — q12[P11(a)Poz(a) — Poi(a)Pr2(a)]} /(1 — g22)

V =
o(2) (1 - gozPoo(a)] [1 — q12P11(a)] — q0q122Po1(a)Pio(a)
(11.11)
Thus, from Appendix 2 in [55] and the definition of Vj(z),
Qo(k) = A + Az , k=0,1,2,---, (11.12)

where

51 = %{q()Poo(a) + q1P11(a)
+v/[q0Poo(a) — q1P11(a))? + 4g0q1Po1(a)Pro(a)},
sy = %{qopoo(a) + q1P11(a)

—v/[g0Poo(a) — g1 P11(a)]? + 49091 Po1(a)Pio(a)},

A1 = {s1 — ai[Pu(a) — Poi(a)]} s¥ — {52 — a1[Pr1(a) — Por(a)]} 55,

gk
A= { [SIPM(G) — ai[Pu(a)Poz(a) - POl(a)Pn(a)]} ' ‘8911 - ZZ

s5—db
— |s2Po2(a) — q1[Pri(@)Poz(a) — Por(a) Pra(a)] | - 7= ol

It is evident that Q¢(0) = 1 and Qo(1) = qoPoo(a) + q1Po1(a) + q2Poz2(a).
Using Qo(k), the probability that the transmission succeeds at the k-th
time for the first time is

1 - Qo(k) — [1 - Qo(k — 1)) = Qo(k — 1) ~ Qo(k). (11.13)

Hence, the expected number of transmissions until all N transmissions fail
or some transmission succeeds is

N
Eo(N) =) k[Qo(k — 1) — Qo(k)] + NQo(N)
o
= > Qo(k), N=12,--. (11.14)
k=0
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Further, the mean time to the success of data transmission is given by the
renewal function

Mo(N) = aBo(N) + Qo(N)[v + Mo(N)]. (11.15)

Solving (11.15) for My(N), we have

a Y0 Qo(k) +vQo(N)

Mo(N) = 1 -Qo(N) '

N=1,2--. (11.16)

11.2.3 Optimal retransmission number

We seek an optimal retransmission number N*, including the first transmis-
sion, which minimizes My(N) in (11.16). Let ¢(N) = Qo(N + 1)/Qo(N) be
the probability that the retransmission fails at the (N + 1)-th time, given
that it has failed at N times successively. Then, forming the inequality
My(N +1) — My(N) > 0, we have

N-1
1—Q0(N ZQO

N=1,2,---. (11.17)
1-q(N) &~

QIG

Denoting the left-hand side of (11.17) by L(N),

1 1
1-g(N) 1-¢(N-1)

L(N) = L(N —1) = [1 — Qo(N)) [

Then, if ¢(N) is strictly increasing in N, then L(N) is also strictly increasing
in N. Further, we easily have

L(N)>%)](—Vl)—)—1, N=23,-. (11.18)

Hence, if g(00) = limy o0 ¢(N) > [v 4+ aQo(1)]/(a + v), then there exists a

finite N* which satisfies (11.17).
Therefore, we have the following optimal policy:

(i) If L(1) < v/a < L(co) then there exists a unique minimum N* (2 <
N* < 00) which satisfies (11.17).

(ii) If L(1) > v/a then N* = 1, i.e., when the first data transmission has
failed, a communication system is inspected immediately.

(iii) If L(co) < v/a then N* = oo, i.e., the system is not inspected at all.
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11.2.4 Numerical examples and remarks

Suppose that the mean time of fault occurrences is 1/ = 21, 600a, the mean
duration of hidden faults is 1/u = 300a, the mean upper limit time is 1/6 =
300a, and the inspection time after N failures of retransmissions is v = 60a.
For example, when a = 1 second, 1/\ = 6 hours, 1/u = 1/6 = 5 minutes and
v = 1 minute.

Table 11.1. Optimal retransmission numbers N* when 1/A = 21,600a,
1/pu = 300a, 1/6 = 300a and v = 60a
q = 0.0 qo = 0.1

q1 q2 q2

099 0999 1.0 099 0999 1.0
0.1 5 5 5 10 9 9
0.2 7 7 7 10 9 9
0.3 9 8 8 10 9 9
0.4 12 10 10 12 11 11
0.5 14 13 13 15 13 13

Table 11.1 gives the optimal numbers N* for ¢; (i = 0, 1,2) which satisfy
(11.17). This shows that N* increase with ¢;. It is indicated that we should
adopt an ARQ strategy when hidden faults have occurred. However, from
[55], N* depend little on 1/ and 1/u. That is, N* are roughly determined
by g; (1 = 0,1,2). For example, when q; = 0.1 ~ 0.3, N* are 5 ~ 10 and take
almost the same values as actual numbers in practical fields.

We have defined the three states of no fault, hidden fault, and permanent
failure according to the occurrences of intermittent faults, and have discussed
the optimal ARQ strategy which minimizes the mean time to the success of
data transmission. The methods used in this section and the results derived
here could be applied to the analysis of more advanced hybrid ARQ schemes.

11.3 SR ARQ Model with Retransmission Number

In this section, we formulate a stochastic model of an ARQ scheme with
SR protocol: we transmit blocks of data continuously and retransmit only
the blocks in which errors are detected. Hence, the SR protocol is the most
efficient in the ARQ scheme. However, the implementation of the SR protocol
requires an extensive buffer (theoretically, an infinite buffer) at the receiver
side.

We consider the following model of SR ARQ scheme [57]: we transmit a
certain amount of data, which is named a block, successively from a sender to
a receiver. If a receiver detects errors in a certain block, it returns a negative
acknowledgement (NAK) to a sender. Conversely, if the block is transmitted
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successfully, a receiver sends a positive acknowledgement (ACK) to a sender.
When a sender receives s, NAK for a certain block transmission, the same
block is retransmitted to a receiver. If a sender receives the successive N + 1
NAK’s, we stop the data transmission for some time to inspect and maintain a
communication system. After that, the system returns to a normal condition.

For the above model, we obtain the expected numbers of ACK’s and
retransmitted blocks and the mean time until a receiver sends the successive
N + 1 NAK’s for the first time. Using these results, optimal numbers N*
which minimize the mean time per successful blocks and the mean loss time
per the mean time are derived.

11.3.1 Model and analysis

We consider the following SR ARQ strategy which detects and corrects errors
in a communication system:

(1) We transmit n blocks successively to a receiver.

(2) A receiver checks every block whether errors have occurred or not. If no
errors have been detected, a receiver returns ACK’s for these successful
blocks successively and accepts them. We call this success of data trans-
mission. Conversely, if some errors have been detected, a receiver returns
NAK'’s for these blocks to a sender. We call this failure of data transmis-
sion.

(3) When a sender has received NAK, we retransmit the erroneous block until
the success of data transmission. If a sender has received the successive
N 41 NAK’s, we stop the data transmission for some time v to transmit
its block to a receiver again.

(4) A mean time a is required to prepare one block for sending and b is
required for all times resulting from transmission, which includes trans-
mitting, checking and returning ACK or NAK, where (n — 1)a < b. That
is, the mean time from preparation of n blocks for sending to receipt of
ACK or NAK for the first block is a + b.

In the above ARQ strategy, we introduce the following probabilities of
€errors :

(5) Errors of each transmitted block occur with probability go (= 1 — po),
and do not occur with 1 — go in a normal condition. When the (j — 1)-th
consecutive errors have occurred, errors in the next transmitted block occur
with probability ¢; (=1 —-p;) (j =1,2,---,N), where it is assumed that
0 < q1 < --- < gn. This assumption indicates that if data transmissions
fail repeatedly at many times there might be faults in a communication
line and a transmission environment then becomes worse with the number
of transmissions.
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(6) When no errors have occurred in a block, errors occur the next transmit-
ted block with probability go. That is, if the data transmission succeeds
after some NAK'’s, it returns to a normal condition and the probability of
errors becomes qg.

We investigate reliability properties of the above ARQ strategy until the
successive N +1 NAK'’s. The mean time to the successive N +1 NAK’s, after
we have received ACK or NAK, is given by a renewal function

00 N
=Y 'Y [F(k-1) - F(k)][(j — Da + (k + 1)a + h(N)]
j=1 k=1
+ Zpg‘lF(N) [(j — 1)a+ Na, (11.19)

where F(k) = gog1---qx (k = 0,1,2,---), which represents the probability
on the successive k + 1 NAK’s. The first term on the right-hand side in
(11.19) is the mean time after j — 1 (j = 1,2,---) ACK’s until we receive
the successive N + 1 NAK’s. The second term is the mean time after j — 1
(j = 1,2,---) ACK’s and the successive k (k = 1,2,---,N) NAK’s until
we receive one ACK and hence, the data transmission returns to a normal
condition. Solving (11.19) for h(N), we have

Zpﬁ‘lF(N) ((j — )a+ Naj

+Zp{) Z[F —1) = F(k)] [(j — 1)a + (k + 1)a]

h(N) = <
1—2% Py IF(k—1) - F(k)]
a N-1 =
=7 |1t kz:% F(k) (11.20)

Thus, the mean duration of the data transmission from preparation of sending
n blocks to the receipt of the successive N +1 NAK’s is

H(N) =a+b+h(N)

N-1
a
=b+ 1+ S F(k)|, N=1,2---. 11.21
FV) :;:o (k) (11.21)
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Similarly, the expected number M;(N) of ACK blocks and the expected
number M3(N) of retransmitted blocks until the successive N +1 NAK’s are,
respectively,

Zpg"F(N
N

+Zp3 ‘Z[F (k=1) = F(k)[(G—1)+1]
7j=1

00 N

1-> pb” 1Z{F —1) - F(k)]

j=1
_1-F(N) ~
= —F@ N=1,2--, (11.22)

S P IN - F(N)
j=1
N

+ >0 lzkm—n F(k)]
My(N) = —2= ~

1
1-2.m ‘Z[F(k—l ~ F(k)]

N-
“I_N) Z F(k), N=12-. (11.23)

Evidently, we have the relation

h(N) = a [My(N) + My(N)]. (11.24)

11.3.2 Optimal policy

From (11.21) and (11.22), the mean time to N + 1 NAK’s per the successful
transmitted blocks is given by

H(N)

Ll(Nl) = Ml(Nl)

N;—1
(@+b)+a Y F(k)

k=0
_ _ —1,2,.-. 1.25
TN b, Ny=1,2, (11.25)




292 11. Reliability Models in Data Communication Systems

We seek an optimal number N} which minimizes Ly (N;). From the inequality
Li(N1+1)— Li(N) >0,

Ny—1

ZF

Let denote the left side of (11.26) by Q1(N1). Then, we easily have

G“

Ni=1,2--. (11.26)
1—qn+1 —QN1+1

Q:(1) = Po + qo(g2 — q1)

(11.27)
1-¢

— F(N; —-1)
(1 - qu)(l — gN,+1
Thus, Q1(N1) strictly increases from Q1(1). Further, we have

Q1(N1)—Q1(N1 - 1)=

) (gNy+1 —an,) >0, (11.28)

Ni—1

1
Qi(Ny) > T ; F(k)(qN,+1 — Qr+1)- (11.29)

Hence, if lim;_, o, g; = 1, then a finite solution to (11.26) exists.
Therefore, we have the following optimal policy :

(i) If limj.0q; = 1 and Q1(1) < (a + b)/a, then there exists a unique
minimum number Ny (2 < N < oo) which satisfies (11.26), and the
resulting mean time is

a

<Li(N{)+b<

1 —qn; 1—gn;1

(ii) IfQq1(1) > (a+b)/athen Ny = 1, that is, when the first data transmission
has failed, a communication system is inspected immediately.

Next, from (11.21) and (11.23), the mean loss time due to retransmissions
and inspections per the mean recurrence time to an initial state is

Ny-1
F(Nz) +a Y F(k)
= k=0 o , Np=1,2,---. (11.30)
(n+v)F(N2) +a

1+ Y F(k)

k=0
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We seek an optimal number Nj which minimizes Ly(N5). Forming the in-
equality Ly(Na + 1) — Ly(Na) > 0,

Nz—1

v
+ ) F(k) > o Me=12 (11.31)
k=0

a/b+ F(Ns)
1—qn,+1

Let us denote the left side of (11.31) as Q2(N). Then, we have

Q2(1) — (J,/b+ qo(l —q2 + ql)
1—go
a/b+ F(Na)
(1 - QNz)(]- - qN2+1)

Thus, Q2(N2) strictly increases from Q2(1).
Therefore, we have the following optimal policy :

, (11.32)

Q2(N2) — Q2(N2 — 1) =

(gNy+1 — qn,) > 0. (11.33)

(iii) If lim; o g; = 1 and Q2(1) < v/b then there exists a unique minimum
number N3 (2 < Ny < 0o) which satisfies (11.31).
(iv) If Q2(1) > v/b then Ny = 1.

11.3.3 Numerical examples and remarks

We compute numerically optimal numbers N; and Nj which minimize
L1(Ny) in (11.25) and L(N3) in (11.30), respectively. Suppose that the trans-
mission time is b = 5a ~ 40a and the mean inspection time after N +1 NAK’s
is v = 2a, 5a,10a. Further, the probability that errors of the j-th trans-
mitted block occur, after the (j — 1)-th consecutive error is g; =1- pitl
(3=0,1,2,---).

Table 11.2. Optimal numbers N} to minimize Li(N1) when ¢; =1 — p !

b/a

p 5 10 15 20 25 30 35 40
09220 27 32 35 38 40 41 43
090 |16 21 25 27 29 31 33 34
084 | 9 12 14 16 17 18 19 20
080 | 7 9 11 12 13 14 15 15
0.70 | 4 5 6 7 8 8 9 9
0.60 | 3 4 4 5 5 6 6 6
0.50 | 2 3 3 3 4 4 4 4

Table 11.2 gives optimal numbers N} which satisfy (11.26). It is shown
from Table 11.2 that N} increase with p and b/a. For example, when the
length of block is 8,192 bits and a bit error rate is 3.7 x 10~°, i.e., p is 0.70,
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Ny are 4 ~ 9 and take almost the same values as ARQ numbers in practical
fields. However, when p is larger, N are also larger. This indicates that when
the error rates in the data transmission system become smaller, we should
continue to transmit blocks whenever possible.

Table 11.3. Optimal numbers N; to minimize Ly(N2) when g; =1 —p’*!

v/b=2 v/b= v/b=10

P b/a b/a b/a

5 10 20 30| 5 10 20 30| 5 10 20 30
092 | 26 34 42 47| 37 45 53 58| 45 54 62 67
090 |20 26 33 37|29 35 42 46| 36 42 49 53
084 |11 15 19 21}17 21 25 27|21 25 29 31
08| 8 11 14 15|12 15 18 20| 16 19 22 23
070 | 3 4 6 6 6 8 9 10/ 9 10 11 12
060 | 1 1 1 1 1 2 2 2 3 3 3 3

Table 11.3 gives optimal numbers NJ which satisfy (11.31). From these

values, we could also estimate the allowed inspection time v after N + 1
NAK’s.

11.4 Hybrid ARQ Models with Response Time

In this section, we propose two stochastic models of hybrid ARQ schemes
which combine the advantages of both FEC and SW ARQ schemes [58], [59]:
when the first transmission of hybrid ARQ scheme has failed, we repeatedly
transmit the same data together with FEC until success of data transmission.
This is called type-I hybrid ARQ. However, the data throughput is decreased
even in a good environment by bit increments of correcting codes. To improve
the throughput, we would rather transmit the data with only error-correcting
codes when the transmission has failed. This is called type-II hybrid ARQ.

We derive the mean times to success of data transmission for both hybrid
ARQ schemes using Markov renewal processes, and compare them. Further,
we discuss analytically and numerically which scheme is better.

Suppose that a certain amount of data, which is named unit data, is
transmitted successively from a sender to a receiver. Then, we call a unit
data with error-detecting code a data block and one with both error-detecting
and error-correcting codes, a coded data block. Furthermore, we call only the
error-correcting code with error-detecting code the correcting code block.

It is assumed that errors of each block transmission occur with certain
probabilities as follows: the probabilities of errors in data block and correcting
code block are the same go, and the probability of errors in a coded data
block is g1, where 0 < go < g1 < 1. This is because while both data block and
correcting code block are almost the same size, the coded data block is bigger
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than the other blocks since it consists of redundant bits of error-detecting and
error-correcting codes. It is also assumed that when errors of each block have
occurred, they are detected.

Similarly, both mean times required for each transmission of data block
and correcting code block are the same value a and the mean time for coded
data block is a@ + b, where 0 < b < a. That is, the mean time b represents an
additional transmission time for the error-correcting code.

When the data transmission of blocks has failed, we repeatedly retransmit
the same blocks. If the data transmission has not succeeded by time T, we
stop it, and inspect and maintain the transmission system for some time v,
where T is called the deadline time [60], [61].

11.4.1 Type-I hybrid ARQ

The coded data block is transmitted from a sender to a receiver. When the
errors have been detected they can be corrected by themselves with probabil-
ity @ (0 < @ < 1). If the error correction fails, we retransmit the same block
at the request of a receiver. Note that ¢;(1 — ) is the probability that the
errors of coded data block are detected, but are not corrected.

We define the following states of the data transmission:

State 0 : The coded data block begins to be transmitted.
State S : The data transmission succeeds.
State F : The data transmission has failed before time 7T'.

The above system states form a Markov renewal process [62], where state S
is an absorbing state and both states 0 and F are regenerating points.

Let A;(t) be a degenerate distribution placing unit mass at a + b, i.e.,
Ai(t) =1fort >a+b,0fort <a+b, and Q4(t) (i =0,F;5 =0,S,F)
be mass functions of a Markov renewal process. Then, the Laplace-Stieltjes
(LS) transforms of Q;;(t) are

ws(s) =Yl - i -q-a) [ etaal@, 13y
j=1 0

wr(s) = Y lan(1 ~ ) ~'eT(4FV(T) — 4P(T)), (11.35)
j=1

gro(s) = e™*", (11.36)

where AU)(t) denotes the j-fold Stieltjes convolution of a distribution A(t)
with itself, i.e., AU)(t) = [7 AU~V (t—u)dA(u) (j =1,2,---),and AO(t) = 1
for t > 0.

We obtain the mean time to success of transmission of the coded data
block. Let H(t) be the first-passage time distribution from state 0 to state
S. Then, we have the renewal equation
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Hi(t) = Qos(t) + Qor(t) * Qro(t) x Hy(t), (11.37)

where the asterisk denotes the Stieltjes convolution. Taking the LS transforms
on both sides of (11.37) and arranging them, we have

_ qos(s)
ha(s) = 1 —qor(s)qro(s) (11.38)

Thus, the mean time to the success of data transmission is given by

0(T) = lim [_%IS(QJ
_ a+b [T +v — Ni(a+b)][q1(1 — )™
T l-q(1- a) 1- (1 - )M ) (11.39)

where Ny = [T'/(a + b)] for T > a + b which denotes the greatest integer
contained in [ - ].

11.4.2 Type-II hybrid ARQ

The data block is transmitted from a sender to a receiver. When the errors
have been detected, only the correcting code block is transmitted from a
sender at the request of a receiver. If the error correction has failed, the same
data block is retransmitted.

(1) The data block D; is transmitted :

(a) If no errors have been detected in D;, D; is accepted. We call the
transmission success of data transmission.

(b) If errors have been detected, a receiver keeps D and requests trans-
mission of the correcting code block C; only.

(2) The correcting code block C; is transmitted :

(a) If no errors have been detected in Cy, a receiver can correct errors of
D, with probability a; (0 < a3 < 1), and D; is accepted. We call the
transmission success of data transmission. Otherwise, a receiver keeps
C) and requests transmission of the data block D.

(b) If errors have been detected, the transmission of D5 is required.

(3) The data block D; (j = 2,3,---) is retransmitted :

(a) If no errors have been detected in Dj, D; is accepted (success of data
transmission).
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(b) If errors have been detected, they can be corrected by C;_1, which has
been kept, with probability as (0 < az < 1) (success of data transmis-
sion). Otherwise, a receiver keeps D; and requests transmission of the
correcting code block C; only.

(4) The correcting code block C; (j = 2,3,---) is retransmitted :

(a) If no errors have been detected in Cj, C; can correct D; with proba-
bility oy (success of data transmission). Otherwise, a receiver keeps C;
and requests transmission of D .

(b) If the errors have been detected, the transmission of D is required.

(5) Steps (3) and (4) are repeated until the success of data transmission.
(6) If the data transmission has not succeeded by time T, it is stopped and
is restarted from the beginning of (1) after time v.

Let x = a1(1 —qo), X = qo(1 —az)(1 —z). Then, it is easily seen that z is
the probability that the correcting code block C; (j = 1,2,---) can correct
errors in data block D;, which has been kept, and X is the probability that
C; fails to correct errors of D; and also cannot correct errors of D1 when
they are detected.

We define the following system states:

State 0: The data block D; begins to be transmitted.
States S and F: The same as the states of Section 11.4.1.
To derive mass functions Q;;(t), we use the following notations:

Ds( ) =1-—qo,
Ds(j) = X 7%(1 — z — X), §=2,3,---,
Dp(j) = qX’~',  j=1,2,---,
Cs()—qoxXJ 1 J=12,--,
Cr(0) =

Cr(j) = q0(1 —z) XY j=1,2,---.

Note that Dg(j) and Dr(j) (j = 2,3,---) represent the probabilities that
the transmissions of data block have failed successively at (j — 1) times and
the transmission of D; succeeds or fails, respectively, and Cs(j) and Cr(j)
(j = 2,3,--+) are the probabilities that the transmissions of correcting code
block have failed successively at (j — 1) times and the transmission of C;
succeeds or fails, respectively. It is easily seen that

Ds(j) + Dr(j) = CF(j—l), j=1,2,--,
Cs(7) +Cr(j) = Dr(j), j=1,2,--

Let Ag(t) =1 for t > a, 0 for ¢t < a. Then, the LS transforms of Q;;(t)
are given by
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Gos(s) = ZDS(J / ~stgA%V(1)

T .
(j)/0 e~td A (1), (11.40)

_+_
$

-

Cr(j)e*T[AF(T) - AP (T))

r%sg

qor(s)

<.
Il

.Mg o

+ Y Dr(e*T1AP(T) — AP(T)). (11.41)

1

J

It is evident that gos(0) + gor(0) = 1. The first term on the right-hand side
in (11.40) is the LS transform of the probability that errors of D;_; cannot
be corrected by C;_; and the transmission of D; succeeds. The second term
is the LS transform of the probability that the transmission of D; has failed
and Cj can correct errors of D;.

We obtain the mean time ¢;;(T) to success of data block transmission.
Substituting (11.36), (11.40) and (11.41) into (11.38), and arranging them,
we have, for 2ja <T < (2§ +1)a (j =1,2,---),

N>

Z[DS(j)e—(zj—l)sa 1 Cs()e2]

h = 11.42
II(S) 1— CF(NQ)e_s(T+v) ) ( )
and for (2j + 1)a<T <2(j+1)a (j =1,2,---),
N2+1 ) N2 ]
Z Ds(j)e—(2j-—l)sa +ch(j)e—2]sa
hir(s) = 2= = : (11.43)

1 — Dp(Ny + 1)e~s(T+v)
where Ny = [T/(2a)] for T > 2a. Thus, the mean time to success of data
block transmission is, for 2ja <T < (2j +1)a (j = 1,2,---),
a+v+T —2aN; + aqgo [(QJ(;_‘;;‘NT—I’ +XN2*1J

1 —go(1 —z)X N1
+2aNy —T — v, (11.44)

r(T) =

and for (2j +1)a<T <2(j+1)a (j=1,2,---),
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N
a+v+T — (2N, + 1)a + 22C2=2)(=X"2)

1 —goXNe
+(2N2 + Da—T —v. (11.45)

£r(T) =

11.4.3 Comparison of type-I and type-II hybrid ARQs

We compare the mean times of type-I and type-II hybrid ARQ’s, taking note
of the probability go of errors of data block, which is the most fundamental
probability between two models.

First, we compare three probabilities o, a; and a2 of correcting errors.
It would be reasonable to assume that oo < a1 because the correcting code
block by which errors were detected has not been kept and hence, the errors in
D; might not be amenable to correction by Cj_1. The transmission of a coded
data block for type-I policy often fails since the decoding at the receiver side
may be made imperfectly owing to complicated correcting codes, and hence,
we would have a < ;. We cannot explain clear relations between a and axs;
however, there exists an inequality o > a5 in many practical cases.

From (11.39) and (11.44), we have

L2(g0) = 41(T) — £11(T)
_ a+b 1
T 1-q(l-a) 1 —qo(1l —z)XNa-1
[T + v — 2aNa)go(1 — z) X N2~1
(T 40— Ni(a+ b)liar (1 — o)™
o + [2aNy — Ny(a + b)][q1(1 — )]V go(1 — z) X N2~1
1—[g1(1 — o)™

+a+ aquNz—1 +

aqo(2—$)(1—XN2_1)>. (11.46)
1-X

We easily have

ai(1-a) +b  [T+v— Ni(a+d)]a(l - o)™

L»(0) =

1-q(l-a) 1-[q1(1 - o)™
>0, (11.47)
a+b 2a 1 _
(1) = a  ay 1—(1—oag)h1 (a +a(l—ag)M!

[T + v — 2aNo)(1 — ap)N2!
— [T +v— Ni(a+Db))(1 —a)M
+ [2aN2 — Ni(a +b)](1 - )M (1 — o)1 ) (11.48)

1-[1-a)™
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— Na(1 — z + goa1) XV>7! [agoe2(2 — z)

L! = ’ .

2(q0) [1—go(1-— )X N2-1]2 - X +T+v aNo
—af2 -z +qa; + @Gaa(l —a)] 1-XN

+ 1—qo(1—z)XN2—1 . X7 <0. (11.49)

Hence, Lo (qo) is strictly decreasing in go from L2(0) to Lz(1). Thus, if L2(1) <
0 then there exists a unique solution go (0 < go < 1) which satisfies La(go) =
0. It is easily seen that if o > ap then Ly(1) < 0. We have the same results
in the case where £17(T) is given in (11.45).

Therefore, we have the following results, where o = 1 for La(1) > 0:

(i) If0 < go < Go then £;(T) > £11(T), i.e., type-Il ARQ is better than type-I
ARQ.

(ii) If o < go < 1 then £;(T) < £11(T), i.e., type-1 ARQ is better than
type-II ARQ.

11.4.4 Numerical examples and remarks

Table 11.4. Comparison between the mean times until the success of data
transmission for type-I and type-II hybrid ARQ’s

T a do 6(7) 01(T)
0.1 { 0.177 29047 | * 2.283
0.2 * 4462 4.831
2a | 0.3 *  6.052 8.954
0.4 * 7.722 15.245
0.5 * 0477 24.828
0.1 1.536 | * 1.124
0.2 1577 | * 1.295
4a | 0.3 | 0.323 1629 | * 1.561
0.4 * 1.696 1.997
0.5 *1.781 2.702
0.1 1535 | * 1.119
0.2 1.572 | * 1.259
8a | 0.3 1610 | * 1.420
0.4 | 0.428 1.651 | * 1.606
0.5 *1.694 1.820
0.1 1535 | * 1.119
0.2 1572 | * 1.259
oo | 0.3 1610 | * 1.420
0.4 | 0.428 1.651 | * 1.605
0.5 * 1.693 1.818

* . minimum values

We compute and compare numerically the mean times until the transmis-
sion of a data block succeeds. Suppose that the probability of errors of coded
data block is g1 /go = 1.2, which is relative to probability go of errors in a data
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block. That is, the rate of increment bits of error-correcting code is about
20%. The total additional times increased by increment bits and required
for coding and decoding blocks are b/a = 0.5, which is relative to the time
a for block transmission. Further, the time for restart after inspections and
maintenances of the system is v/a = 60. Moreover, the probabilities o and
ay of error corrections are a/a; = 0.9 and a2/a; = 0.9, which are relative
to the probability a; of error correction of the conecting code block.

Table 11.4 gives the mean times £;(T"), ¢17(T") and go for go = 0.1 ~ 0.5
when a; = 0.9 and T = 2a, 4a, 8a, 00. It can be seen that both mean times
increase with go and decrease with the response time T'. Type-I ARQ becomes
better than type-II ARQ as qq is increasing, and conversely, type-II ARQ is
better than type-I ARQ when qq is relatively small. This indicates that type-
II ARQ would be more effective than type-I ARQ in a normal environment
of a conventional communication system.

It is easily noted that the mean times £;(T) and £;;(T") and the proba-
bilities §o are almost unchanged when 7' = 8a and T = oco. Since the upper
bound of retransmission numbers is nearly 8 in practice, §o = 0.428 gives the
probability of a turning point to show which scheme is better.

We have formulated two stochastic models of hybrid ARQ’s with response
time T, and have derived the mean times for successful data transmission.
Comparing them, we have analyzed and discussed which scheme is better
and have evaluated these results in numerical examples. Type-I hybrid ARQ
is better than type-II one in a worse environment, while on the other hand,
type-II ARQ is better in a normal environment. That is, to improve data
transmission, we should retransmit only the error-correcting code in normal
conditions.

Further studies to develop more useful techniques of error-correcting cod-
ing and more practical error-control technologies of hybrid ARQ can be ex-
pected in these research areas.
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Summary.

This paper aims with the evaluation of probability of rare events defined
on Markovian systems by Monte Carlo methods. Optimal change of measure
and failure biaising techniques are presented. This model is used to describe
highly reliable Markovian systems. Finally, we discuss reliability evaluation by
analytical statistical methods for non-Markovian systems of type k-out-of-n.

Keywords: Monte Carlo methods, rare event, Markovian system, non-
Markovian system, k-out-of-n system, importance sampling, optimal impor-
tance sampling, failure biasing scheme, analytical statistical method

12.1 Introduction

In many systems design or analysis, an event whose probability of occurrence
is quite small, is a key parameter of the system’s efficacy. Consequently, in
cases where the requirements for the reliability of the system are extremely
high, such events cannot be neglected. Power systems, nuclear stations, com-
munications systems, and computer networks are examples of systems that
must attain a high reliability. The last one may be obtained either by choos-
ing individual components having a highly reliable nature, or by increasing
components’ redundancy. Systems of this type may contain a large number of
components, that may interact to each other in a complicated way. In order
to circumvent the state space size explosion problem stemming from the fact
that the state space of a system comprising n components may contain 2"
distinct states, state lumping or state aggregation techniques have been sug-
gested [1], [17]. However, when such techniques are employed, a considerable
amount of computer time and memory is needed. More importantly, the flex-
ibility in modeling all interdependencies between different components of the
system is limited, and it is usually very difficult to assess the error incurred
through the state aggregation process. Moreover, the analysis of a system that
is non-Markovian in nature is much more complicated, and in the general
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case, analytical solutions are not available. For this type of system, the only
tractable solution seems to be simulation.

Besides its simplicity, one of the major advantages of the Monte Carlo
simulation method is that among all numerical methods using n points to
produce an approximate solution in s-dimensional spaces, the Monte Carlo
method has an absolute error that decreases as n~ /2, while all other methods
have errors decreasing as n~'/* at best. However, direct simulation of a rare
event (whose probability of occurrence is usually less than 107°) is a formidable
task. To get an idea of the probability we have to hit the event several times.
Thus, direct simulation suffers from the drawback that the effort needed to
estimate the probability of a rare event at a given level of precision increases
as the event becomes rarer and rarer. Therefore, modifications of the direct
simulation scheme have to be carried out in order to accelerate the simulation
procedure. This may be done by reducing the variance of the corresponding
estimator, and the associated methods are called variance reduction methods
(2], [8], [18], [33], [34]. In this chapter, we deal with some of the variance
reduction methods actually used in reliability systems, especially those ones
that are based on the idea of importance sampling.

The organization of this chapter is as follows : In Section 12.2 we present
the problem associated with direct simulation of a rare event, while in Section
12.3 we give some background theory concerning importance sampling. Sec-
tion 12.4 discusses the optimal change of measure which in some cases may be
obtained analytically. Some particular cases in which this change of measure
can be recursively calculated are given in Section 12.5. The model used to
describe highly reliable Markovian systems is briefly presented in Section 12.6,
while Section 12.7 discusses the regenerative method of simulation. Some of
the commonly used failure biasing schemes are presented in Section 12.8, while
some principles of the optimal change of measure are used in Section 12.9 to
develop heuristics for the unreliability estimation of the systems. Finally, in
Section 12.10, we discuss the analytical statistical method for the unreliabil-
ity estimation of k-out-of-n systems. We close this chapter with some global
remarks.

12.2 The Problem with Direct Simulation

Consider a probability space (£2,F,P) and let X be a real random variable
having density f. Suppose that we are interested in estimating the following
quantity

+o00

1=B k0] = [ @)@, (12.1)

- 00
where h : R — R. In such cases, an unbiased estimator for v will be 4, =
15"  h(w'), where (w',...,w") is an n-sample of f. Clearly, if h(z) = 1a(z)
with 14(z) = 1, if x € A and 0 otherwise, then v = P(X € A). Furthermore,

the variance of 4, is equal to A’(—ln_l) Thus, the associated 100 x (1 — §)%,
confidence interval will be

) iu(l—4a) - (- %
[%_Zé/z,uvin_%), N v_(_nv_rz)
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where 25/, is defined by the equation §/2 = P(Z > z5/2) and Z denotes a
random variable having the standard normal distribution N (0, 1). The natural
way to construct the confidence interval will be to continue the simulation until
the interval’s half width becomes less than « times the value of the parameter
that we are trying to estimate. In other words, the stopping criterion for our
simulation will be (for any « €]0, 1])

~ (1 _A ) ':I-n(l—'hYﬂ.)
25/2 jf——;l < k7, implying that 25/2—7—71— < K. (12.2)

Thus, the relative error (RE) of an estimator 4., which is defined as the ratio

of its standard deviation to its expected value, will be given by (as n — +00)

[ dn(1—4n)
n

. ~ n—+oo
since yn — 7.

N 1
RE(An) = 25/2 ~ 25)2 7
The last equation clearly illustrates the inconvenience of using direct simula-
tion: the relative error of the estimator remains unbounded, while the event
becomes rarer and rarer (i.e. RE(4n) — 400 when v — 0). It also means that
in order for the equation (12.2) to be satisfied and thus obtain the desired
relative precision of estimation, we have to considerably increase the size n of
the sample. Put another way, in order to estimate v up to a certain level of
precision, one has to increase the number of iterations of the algorithm as the
probability of the event becomes smaller and smaller.

12.3 Importance Sampling

In order to overcome this difficulty, one needs to apply importance sampling.
Importance sampling changes the original probabilistic dynamics of the sys-
tem, and at the same time modifies the function to be integrated.

Consider that we make the following change of measure in (12.1)

+o0o
7T /_oo h(=) ;'((xx)) f(z)dz = B [R(X)L(X)], (12.3)

where L(X) = ff,((f()) represents the likelihood ratio and the subscript f means

that the expected value is taken with respect to the new density f'.

The term importance sampling stems from the fact that the process is
sampled in the areas that are important for the estimation of v, for example
the areas where the event {X € A} is realized if h(z) = 1la(z). In other
words, f' has to be chosen in such a way as to make the rare event under
consideration more likely to occur. Moreover, in order to keep the unbiasedness
of the estimates, the results obtained have to be multiplied by the appropriate
likelihood ratio. This is the compensatory factor, since the system has been
simulated using a density which is not directly associated with the system’s
model.

Equation (12.3) is valid only in the case that f'(z) > 0, for every z € R
with f(z) > 0 and h(z) > 0, which implies that a possible value of X under f is
also possible under f’. Note, however, that we can have f'(z) = 0 and f(z) > 0
for any x € R with h(z) = 0. Consequently, the new unbiased estimator of
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v will be 4n(f') = 2 31 | h(w')L(w’), where the new n-sample (w',...,w")

n
has now been generated using f’. Furthermore, its variance is given by

+oo 2
Varplin(r)) = [ #ie) (£5) 1)z =

= E;[h(X)L(X)] — 7> (12.4)

The aim of unportance sampling is to find a suitable - and easily imple-
mentable - new density f’, in order to minimize the variance of 4.(f’) and,
by doing this, reduce the cost of the estimation procedure. In other words,
when importance sampling is used a rare event must be realized more often,
signifying that its new probablllty must be greater than the original one. Con-
sequently, the L term in equation (12.4) should be kept as small as p0351ble
Moreover, if L is uniformly less than one, then Vary [yn(f')] < v — 72
Vary [%(f )] and we will certamly obtain a variance reduction. Another alter-
native would be to choose f' such that E¢[h(X)L(X)] is of the same order
of magnitude as v2. In such cases the associated change of measure is some-
times called asymptotically efficient or asymptotically optimal (see the survey
of Heidelberger [19] for a discussion on this matter).

Of course, the unconstrained optimal solution for (12.4), given by

@)= M=)/ (@) (12.5)
Y
always exists and is called “the optimal change of measure.”

In Kuruganti and Strickland [24], an optimal change of measure is defined
as the measure that results in a zero variance estimator for the unknown
quantity. Using the optimal change of measure for the simulation, the exact
value.of the parameter will be obtained in the first trial. However, this has the
disadvantage of containing 7, the parameter that we are trying to estimate,
and for this reason it is not directly exploitable. Nevertheless, as will be shown
in what follows, we can explicitly construct this optimal change of measure in
certain special cases. This will enable us not only to estimate y at a minimum
cost, but also - and more importantly - to find its exact value as a by-product
of the intermediate calculations [24], [25].

The interested reader can find the conditions for the applicability as well as
the theoretical framework behind importance sampling in [13] by Glynn and
Iglehart. In their work, importance sampling is extended to problems arising
in the simulation of both discrete time and continuous time Markov processes,
as well as in semi-Markov processes. In the same paper, the authors discuss
the problem of steady state quantities estimation, which can be carried out
by exploiting the regenerative structure of the Markov chain, and also the
estimation of transient quantities, where a different approach has to be used.

12.4 The Optimal Change of Measure

12.4.1 Remarks

Consider again expression (12.5) and let h(z) = 14(z). Then

ff(=x) = @1,4(@‘ (12.6)
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will be the optimal change of measure associated with the estimation of v =
P(X € A). Equation (12.6) seems at first sight to be of no use, since it contains
the unknown parameter. However, it provides us with a very useful insight
concerning the choice of the new density f'(-), since the following hold [41] :

e All the mass of the probability is concentrated on the event {X € A},
and thus only samples corresponding to the realization of this event will
be produced when the optimal change of measure is used to carry out the
simulation.

e On A, the new density is nothing else than the conditional density of X,
given that {X € A} has occurred

oy @) 1a(@) _ [ fzlX € 4), sz €A,
F@)=Fxean ~ 0 otherwise.

Hence the relative likelihood of the values of X on A is the same for the
original and the new distribution :

dF*(z1) _ dF(z1)

= h A
dF* (z2) dF(xz)’ where z1,22 €

and F(-) represents the cdf corresponding to the density f(-).

12.4.2 Preliminary definitions

Consider a continuous time Markov chain X = {X; : t > 0}, with state space
E ={0,1,...,s}, s < 400, infinitesimal generator Q@ = {q(z,y) : z,y € E},
and initial law u(-). The quantity q(z) = —g(z,z) represents the total rate
out of state . Suppose also that the state space of the system is divided into
two disjoint subsets, U and F', with UUF = Eand UNF = . The set U =
{0,1,...,m} represents the set of operational states, while F' = {m+1,...,s}
stands for the set of failed states of the system. In state 0, all components are
considered new. Define also 0 =Ty < T1 < ... < T < ..., the sequence of the
successive jump times of the chain X. Then Y = {Y,, n > 0}, defined by

Yn = XT

n

n=20,1,...,

will be the embedded discrete time Markov chain associated with X;. The
elements of its transition matrix P = {P(z,y): z,y € E}, are given by
P(z,y) = q(z,y)/q(x), when = # y and 0 otherwise. Let us also define :

I' = {(z,y): z,y € E and P(z,y) > 0}: the set of all feasible transitions;
F(z) ={y € E: (z,y) is a failure transition};

R(z) ={y € E: (z,y) is a repair transition};

T = inf{¢t > 0: X; € B}: the hitting time for B C E (with the convention
that inf ) = +o00);

7 = inf{n > 0: Y,, € B}: the number of jumps for Y to enter B C E;

e v = P(rr < 70): the probability that the system starting from state O,
reaches F' without returning to the initial state.

The probability P(7s < 79) is a performance measure of great importance,
since it is associated with:

e the mean time of failure of the system (MTTF) (see Section 12.7);
e the unreliability of the system at time ¢ [38].
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12.4.3 The recursive approach

Kuruganti and Strickland [24], [25] have obtained the optimal change of mea-
sure for the estimation of P(7r < 79), which also corresponds to a discrete
time Markov chain. This optimal change of measure is described by the tran-
sition matrix P* = {P*(z, y): z,y, € E}, whose elements must be chosen such
that the following conditions hold :

e Unfeasibility conditions
Using the optimal change of measure, the event has to be realized at every
trial. For the case of P(7r < 79) estimation, it is therefore necessary to
eliminate all transitions going to state 0, from any state z € U — {0}. For
every pair of states (z,y), if P(z,y) > 0, or if all paths from y to F include
state 0, then P*(z,y) = 0.

e Direct path conditions
Let us define a direct path, as a sequence of states visited exactly once and
going from state O to any state in F. Then the likelihood ratio of the initial
to the new measure for all direct paths of the chain for which the event
{TF < 70} is realized is constant and equal to ~.

e Loop conditions
Also define a loop, as a sequence of states visited exactly once and whose
first and last elements coincide. Then the likelihood ratio of the initial to
the new measure for all loops along a path where {7F < 70} is realized is
constant and equal to 1.

e Stochastic matrix conditions

ZP*(m,y):l, Ve e E.
yeEE

Note that the cycle (loop) conditions are trivially satisfied when the impor-
tance sampling distribution is the original one. However, the first two optimal-
ity conditions are not satisfied.

By also defining y(z) as the probability that the system reaches F starting
from state x without visiting state 0, Kuruganti and Strickland [24], [25] ob-

tained the situation where the elements of the new transition matrix are given
by

P*(z,y) = P(I;E];;(y)' (12.7)

In this case, P(x,y)y(y) denotes the contribution to (z) of any path starting
from state x with the transition (z,y) and realizing the event {7r < 70}. Under
the optimal change of measure the probability of the (z,y) transition must be
in proportion to P(z,y)y(y). Moreover, the constant of proportionality must
be exactly y(z) = ZyEF(x)UR(z) P(z,y)v(y), the probability that the system
reaches F' starting from = without visiting state 0. Using this representation for
the new transition matrix, it is trivial to see that the optimality conditions are
verified. It is necessary, however, to underline the importance of the elimination
of all transitions going to state 0: any arbitrary simulation scheme for the
estimation of P(tr < 7o) can be improved by eliminating such transitions.
Moreover, Kuruganti and Strickland have also proposed a way of calculating
the optimal change of measure, as well as the variance of the corresponding
estimator, recursively [26].
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Juneja, in [10], selected importance sampling distributions for Markov-
additive processes, satisfying at least one of the following two conditions for
the corresponding likelihood ratio:

e Equi-probable cycle condition (EPC), where the likelihood ratio is one for
all cycles (loops);

e Dominant probability cycle condition (DPC), where the likelihood ratio is
bounded by one for all cycles (loops);

Juneja demonstrated that with importance sampling measures satisfying one
of the previous two conditions, a large variance reduction can be obtained in
estimating rare event probabilities. Furthermore, using large deviations argu-
ments he showed that in the case of stochastic systems formed by interaction
of independent Markov additive processes, only exponentially twisted distri-
butions can satisfy the EPC condition.

Example 12.4.1 Consider the state diagram given on the left-hand side of
figure 12.1, representing a Markov chain with state space £ = {0,1,... ,5},
F = {5} and suppose that we are interested in estimating P(rr < 70) using
simulation. By eliminating all the repair transitions going to state 0, we obtain
the transition diagram given on the right-hand side of the same figure. In order
to evaluate the new transition probabilities pj; = P*(¢,j), we have to make
use of the following system of equations :

e Unfeasibility conditions;
pio = 0 = pio;

e Direct path conditions;

p(jlpisp:js = pgzpz4pis = constant = P(7r < 70);
P01P13P3s  Po2P24Pss
e Loop conditions;
p1sps1 = pisps1  and  paaPaz = PraPaz;
e Stochastic matrix conditions;

Do1 + Poz = Pis = D3 = P31 + P3s = Paz + Pis = 1.

Pi3 M
P T3 LT
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— ~.
Py N~ TN l’ﬁy e i s
/ Pay < Py
/ P ~ Py /

0 TTTTT—— S 0 @ s
& ~~L40 % y
~- \ )
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R \“’é/ 4 7 has [N .
274 2~ T4
Py b7

Fig. 12.1. System’s state diagram before and after the transformation
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0109 - - - - 0.017 0.983
08 - - 02 - - 00 - - 1.0 -
e . . . . . 1.0 -

- 09 - - - 01 - 018 - - - 0.82
06 - 03 - - 01 0.0 - 03 - - 07

P =

The original (P) and the new transition probability matrix (P*) are given
above. Thus, in order to find the exact value of v = P(7r < 70), we just have
to calculate the likelihood ratio for any (direct) path going from state 0 to
state 5. For the direct path 0 — 2 — 4 — 5, we obtain

= Po2P2aPas _ 5 130793,

*

P62P34P4s
We obtain the same result as expected by using the direct path0 — 1 — 3 — 5:
= PorP1sPss _ 130793,
Po1P13P35

See also [25] for an application of the optimal importance sampling to tandem
queues.

12.4.4 Exact calculation of y(x)

In order to calculate the probabilities v(z) for any = € E, it is sufficient to
note that:

v@)= > Py, Vzek, (12.8)
yEE-{0}

and consequently solve the system of s-type (12.8) equations. In particular,
we are interested in finding v(0) = P(7r < 70).

12.5 Cases of Application of the Recursive Approach

The simplest case in which the recursive approach can be applied is the case of
Birth-Death Markov chains. Consider such a chain Y = {Y,,n > 0}, with state
space £ = {0,1,...,s}, F = {s} and whose state-diagram is given in figure
12.2. Let us also denote as p; the transition probability P(Y,, = i+1|Y,—1 = i),
with po = 1 and ps; = 0.

B 2] P 2 R R 31
TS T T~ T T TS - TS - .~ T TN
0® '@ 2@ 1@ - i ® :
‘\‘ _____ // ‘\‘m____/ ‘\\...-—/—// ‘~~\_m__ ,,,,, ‘\‘~‘.“.__/// ‘\‘..m—/” “\\ >>>> ‘///

Fig. 12.2. State diagram for a birth-death process

In order to find the optimal change of measure, the following system of equa-
tions has to be solved (Vi =1,...,s — 2) (loop conditions)



12.5 Cases of Application of the Recursive Approach 315

pi(1 = piy1) = p; (1 — piy1) =
Pl = pit) (12.9)
p;

Given that the transition to state 0 will be eliminated (unfeasibility condition),
we obtain p} = 1, and using equation (12.9) we can therefore recursively
calculate all consecutive p; values, for i = 2,...,s— 1. The procedure remains
the same when we have more than one transitions to state 0, from different
states, as illustrated in figure 12.3. These transitions will be eliminated and
will not affect the system of equations to be solved.

P =1—

Fig. 12.3. Multiple transitions to state 0

For systems having more than one repair transition at any state s (but exactly
one failure transition), the procedure is still simple and efficient, since it remains
recursive. Consider, for instance, the system whose state diagram is illustrated
in figure 12.4. In order to find the optimal change of measure, we first have
to eliminate all transitions going to state 0. We will thus obtain pj = 1 and
p; = 1. Using the optimality condition concerning the cycle 1 — 2 — 1, we can
calculate the value of p3. Again, using the condition for the cycle 2 — 3 — 2,
we obtain the value of p3,, while the corresponding condition for the cycle
2 — 3 — 1 — 2, will give us the value of pj; and thus p3 = 1 —p3; —p3,. Ina
similar fashion, all transition probabilities can be calculated.

AT
s @
- \...,.—/"/
Fig. 12.4. Multiple repairs at each state
Consider now the case of a system whose state space is F = {0,1,2,...,s},

with F' = {s}, as in figure 12.5. The subsets G;, i = 1,...,k are as in figure
12.4. From any state of these subsets, we may have a transition to state 0.
Furthermore, from state 0, multiple transitions to different states in the sub-
sets G;, 1 = 1,...,k, are allowed. However, only the last state of these sets
communicates with state s and, moreover, there are no transitions between
these sets.

For this system, we can easily obtain the new transition probabilities - in
the way described previously - except from pg;, for ¢ = 1,...,k. In order to
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Fig. 12.5. State diagram with k subsets G;

find them, we have to use the conditions associated with the k direct paths and
also the fact that E:zl po; = 1. Note, however, that from the k(—kz_—l) equations
associated with the direct paths that we will obtain, only the (k — 1) - those
combining the i-th direct path with the (k — 1) remaining direct paths - are
independent.

In the simple case of a birth and death process, Juneja in [10] has obtained
the optimal change of measure, using its dominant probability cycle condition.
Using similar arguments, he also obtained the optimal change of measure for
the M/M/1 queue that consists in interchanging the arrival rate to the service
rate of customers. The same result has also been demonstrated by Cottrell et
al. in [6], using a large deviations approach.

Stationary distribution

Suppose that the initial chain has a stationary law denoted by 7 and also
that under P* the new stationary law is *. Since 7 is the stationary law of
the initial chain, then it must satisfy 7P = 7 and thus

Z m(z)P(x,y) = m(y) = (from (12.7))

I

z€EE
™ w(x)ij’{j)ﬂ =) = Y 7@ P (#,9) = 7(u)1(),
z€E z€E
implying that )
e @)@
@ = s @

12.6 System Model

We consider a system having C different types of components, 0 < C < 400,
with n;, 0 < n; < 400 components of each type. Let N = Ef’;l n; be the
total number of components of the system. The components may fail and
consequently get repaired. The repair discipline is arbitrary, but it follows the
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“work conserving rule,” where the repairmen are occupied as long as there are
unfinished repairs. This system can be described by the following process [14]

Xt:(Xl(t)7X2(t)’°"aXC(t))7 t>0,

where X;(t) is the number of type i components that are operational at time ¢.
For a more general class of highly reliable systems, we have to add some more
state descriptors in the state of the system, for instance the list of components
waiting to be repaired, etc.

An interpretation of the term “highly reliable” for a Markovian system
is the fact that the failure rates of individual components are much smaller
than the corresponding repair rates. Let fmin be the minimum repair rate of
a component and Amq, the maximum failure rate. Without loss of generality
we can suppose that pmi, = 1, while we note € = Amaz for the parame-
ter that reflects the highly rellable nature of the system, which is called the
“rarity parameter” of the system. We define also a function f(e) to be o(c%)
if f(¢)/e? — 0 when € — 0, where d is a constant. In a similar fashion,
f(e) = O(e?) if | f(€)| < c16? for a constant ¢; > 0 and for all € that are suf-
ficiently small. Moreover, f(¢) = O(e?) if [f(€)| > c2¢® for a constant ¢z > 0.
Finally, f(e) = ©(e%) if f(¢) = O(e?) and f(e) O(e?). For a more detailed
description of the system model the reader is referred to [29], [30], [36].

Shahabuddin [36] has made the following assumptions concerning the sys-
tem model :

Assumption 12.6.1

e The Markov chain is irreducible over the set E.

e All states in £ — {0} have at least one repair transition.
e All states in U have at least one repair transition.

Using the previous assumptions, Shahabuddin [36] has demonstrated that
the elements of the transition matrix P corresponding to a failure transition
may be written as ce? + o(ed)7 c € (0,1], d > 1, while those that correspond
to a repair transition can be written as ¢ + o(1), ¢ € (0,1]. Consequently,
if all failure probabilities are of the same e-order then the system is called
balanced, and otherwise it is called unbalanced. For the transition from state 0
- whose probabilities are written as ce? + o(ed), ¢>0,d >0 - he has made a
supplementary assumption, namely

Assumption 12.6.2
e For all y € F, P(0,y) is either 0, or it has the form ce? +o(e?), ¢ > 0,d > 0.

The last assumption means that the system cannot go directly to a failed
state from state 0, or if such a transition exists its probability is much smaller
than all other failure transitions. If this assumption is not satisfied then the
event {rr < 10} (as well as system failure) is no longer a rare event since in
this case we will obtain v = ¢+ o(1), ¢ > 0.

Shahabuddin has also demonstrated that the probability v = P(7r < 7o)
and the variance of the estimator 4, may be represented as aoe” +0(¢"), where
aop and r are positive constants.



318 12. Quick Monte Carlo Methods in Stochastic Systems and Reliability

12.7 Regenerative Simulation

Consider T a stopping time for {Y, : n > 0}. That means that the realization
or not of the event {7 = n} may be determined by Y" = (Yo,...,Yn). Let us
note E, the set of all possible paths of the chain Y until time n

En = {yn = (y07y17' --,yn) ‘Y5 € E}
Then, for any y" € E,,, we have

P(y") = u(yo)P(yo,v1) . .. P(yn—1,Yn),

where u(yo) = P(Yo = yo), the initial law of the chain. Also let B, stand for
the set of paths for which {r = n}. It is then obvious that B, C (2,.

Proposition 12.7.1 (Goyal et al. [16])

Consider a discrete time Markov chain with transition probability matrix P.
Let P be the probability measure associated with the different trajectories of
the chain and 7 a stopping time which is finite under P, with probability 1.
Note also Z, a measurable function of Y” for which Ep{|Z(Y")|] < co. Let P’
be a new probability measure for which 7 is also finite with probability 1 and
for any y™ € B,, P'(y") #0 whenever Z( ")P(y") # 0. Then Ep[Z(Y )] =

Ep/[Z(YT)L(YT)], with L(Y™) = for any y" € Bn. o

Pl(y") b
We have to note here that the new importance sampling measure may not

necessarily correspond to a time-homogeneous Markov chain. We can use, for
example, a measure P’

P'(y") = P'(%0)P'(11lyo) .. . P'(ynlyo .- - yn—1),

where P'gynlyo ...Yn—1) represents the likelihood of the path Y;, = y. given
that Y™™" = (yo,...,Yn—1). Such a measure used in importance sampling is
called a “dynamic importance sampling measure” (DIS, see [36] and references
therein).

The steady state unavailability of the system o represents the fraction of
time for which the system is considered failed. Let h(y) = 1/q(y) be the mean
sojourn time in state y and let g(y) = 1r(y)h(y). We can then write (7]

Ep [Z\i 9(Ys)

o — T'f) =0 (12.10)
Ep [Z h(Yz)

For the estimation of the MTTF (mean time to failure) of the system, we have
the following representation [16]

Epmin(To, Tr)]
P(Tr < To)

min(7g,Tp)—1

Ep Z h(Yk)
- o (12.11)
Ep [1{7'1-'<‘m}] .

MTTF = Ep[T¥] =
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which is the key relation for the MTTF estimation using Monte Carlo. Con-
sequently, the general problem of estimation can be formulated as the ratio of
two expectations
_ Ep[G]
Ep(H]’

where G and H for the case of steady state unavailability and MTTF esti-
mation have been given above. In the case of MTTF estimation, the main
problem of the simulation lies in our difficulty in estimating the denominator
that corresponds to a rare event, while for the numerator we can simply use
direct simulation. In the case of unavailability estimation, we use importance
sampling to estimate the numerator and direct simulation for the denomina-
tor.

Simulation of the two parts of the ratio can be carried out independently,
and so we can use a different number of samples to estimate IEp[G] and Ep [H].
This method is called “measure-specific dynamic importance sampling” (MS-
DIS; see [16] and [15]). Suppose that a total number of n regenerative cycles
will be used for the simulation. Suppose also that the first (n cycles,' with
0 < ¢ < 1, will be generated using P1, while the remaining (1 — {)n cycles will
use P2 (P1 # P3). Let L represent the likelihood ratio between the original
and the new measure and note as Gj, L;, and H; the samples of G, L, and
H respectively from the i-th regenerative cycle. We can then construct the
following estimator for n

ES;I GiLj

~ _ {n
.0 = Yl cnpr Hili '

(1-On
This is a consistent estimator for 7, and we have [16]
LM Tn,e) =1
with probability 1. Moreover,

Va(fimey — 1) 5 N(0,6%(P1,Ps) /ES,[H]), (12.12)

where “%” denotes the convergence in distribution and
_ Varp,|GL] i 772 Varp,[HL] .

¢ (1-0)
Thus, in the case of steady-state unavailability estimation we can take P; # P

and P, = P, while in the case of MTTF estimation we can choose P = P
and P # P.

o*(P1,P3) (12.13)

12.8 Failure Biasing Methods

12.8.1 Simple failure biasing (SFB)

This method is also known as “Biasl”. Introduced for the first time by Lewis
and Bohm in [27], it has since been modified by Shahabuddin [16], [39]. Simple

! Suppose that ¢(n € N.
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failure biasing increases the probability of failure at any state z € U, by
allocating p (0 < p < 1) as the new total failure probability, and consequently
decreases the corresponding repair probability. New transition probabilities
are attributed proportionally to the original ones, preserving in this way the
probabilistic structure of the system. Let us note P’ = {P’(z,y) : z,y € E} for
the new transition probability matrix. Then the change of measure obtained
by SFB is described by :

P(O,y)a for ¢ = O, AS] F(O),
’ pzueg(x; F)'(z'y)’ for ye F(IL‘), reU-— {O}a
P'(z,y) = (l—P)m, for y € R(z), = € U — {0},
P(I7y)» forzGF,
0, otherwise.

12.8.2 Balanced failure biasing (BFB)

A method slightly different from SFB is the method called balanced failure
biasing. Introduced by Shahabuddin in [35] this method is also known as
“Biasl/Balancing.” It differs from SFB in the way the new probabilities are
attributed to different states. This time they are attributed uniformly. The
change of measure is described by :

pl—Fﬁ, for y € F(z),z € U,

P(z, _

Pl(a"y y) = (1- p)iyeR(I) P(z,y)’ for y € R(z),z € U — {0},
P(z,y), for z € F,
0, otherwise.

Both of the above techniques increase the failure transition probabilities,
and thus the event {7r < 7o} becomes more likely to occur. Simple failure
biasing is the most natural way to accelerate failures of individual components,
since it preserves the system’s original underlying probabilistic structure. It
involves the inconvenience, however, of allocating a new transition probability
that may still depend on the rarity parameter of the system. This happens
when the system is unbalanced and some failure transitions that lie along the
most likely path to failure have an O(g) probability. Using SFB, these paths
will not be significantly emphasized. In order to circumvent this difficulty and
thus have transition probabilities of the same order of magnitude, BFB has to
be used. Using this method, all transition probabilities are ©(1) and therefore
independent of the rarity parameter ¢ [19], [30], [29], [36].

Shahabuddin [36] gave an example of an unbalanced system for which sim-
ple failure biasing cannot give bounded relative error, while in [29], Nakayama
constructed an unbalanced system for which simple failure biasing gives
bounded relative error. It has been demonstrated that simple failure biasing
has the property of bounded relative error only for balanced systems, while
when balanced failure biasing is used the property holds for both balanced and
unbalanced systems [35], [36], [10]. However, it may be the case that in some
systems SFB has a better performance than BFB.

Concerning the failure biasing constant p, Goyal et al., in [16], suggested
using values between 0.5 and 0.9, since in general the best value of p is difficult
to obtain.
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12.8.3 Bias2 failure biasing

This method developed by Goyal et al. [16] changes the transition matrix in
a way similar to the SFB method. The new failure probability at any state
z € U — {0} becomes pp and consequently the new repair probability becomes
equal to 1 — po. Moreover, this method gives preference to failures of those
type of components that have some components already failed. This is done
via the constant p1. In order to describe this method, we need first to define

Fy(z) = {y € F(z) : ni(y) < ni(x) < ni(0) for at least one type i}.

This set contains all states y for which the transition (z,y) has at least a type
4 component that has already failed at state z, and at least one component of
this type fails on this transition. Then

Fi(z) = F(z) — F2(z),
will be the set of all the other failure transitions, from state z. Moreover, let

Pr(z)= Y Pz,2), fori=1,2,
2€F;(z)

be the total probability of taking a failure transition in F;(z) from state z.
The new transition probability matrix is described by:

o for (z,y) ¢ I,

P'(z,y) = 0;
o at state 0, P'(0,y) = P(0,y), Vy € F(0) (no changes);
e at state z € U — {0}, we have :

— if Fi(z) # 0 and Fz(z) # 0, then :

popr 5y, for y € Fa(a),
P(z,y)
P'(z,y) = po(1 _pl)i’;d(z)’ for y € Fi(z),
(1= po) Pﬁf(’f))v for y € R(z),
0, otherwise;

— if Fi(z) =0, or Fo(x) =, then :

Po I;(Fft(’:))v for Yy € F(w)v

P'(z,y) = (1 = po) I;E:(’f)), for y € R(z),
0, otherwise;

e finally for (z,y) € "'and z € F,
P/(m’y) = P(x’y)

This method has the bounded relative error (BRE) property for balanced sys-
tems, but can give unbounded relative error in the case of unbalanced systems
[30]. A slight modification of this method, called Bias2 Balanced Failure Bias-
ing (where the probabilities are allocated to individual transitions in a uniform
fashion) gives rise to bounded relative error for any type of system (see [30]
for details).

The empirical values for the constants po and p1 - proposed by Goyal et al.
[16] - are 0.8 and 0.7.
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12.8.4 Failure distance biasing (FDB)

This method is based on the notion of failure distance. Introduced and devel-
oped by Carrasco in [3] and [4], distance biasing involves the inconvenience of
necessitating a lot of information about the system. This information is not
always easy to obtain (for instance the minimal cut sets, whose calculus is
extremely long). In order to describe the method, let us first define for any
state z € U, the failure distance as

C
d(z) = g}ei}; (Z (ni(x) - ni(y))>

and d(z) = 0 for x € F. The failure distance represents the minimal number
of components whose failure in state z would take the system down.

Using this definition, transitions can be classified in two different categories.
We say that a failure transition (z,y) € I' is dominant if d(y) < d(z). In
the opposite case, it is called non-dominant. Moreover, (z,y) is critical when
d(y) < d(z) — 1, where the criticality of the transition is defined as c(z,y) =
d(x) — d(y). Consider also two constants pg,pc, 0 < pa,pc < 1, which are
independent of the rarity parameter €. Distance biasing does not change the
transition probabilities from a failed state. Take a state € U — {0}. The new
transition probabilities will be allocated proportionally to the original ones.
The total failure probability at state x becomes pp, while the corresponding
repair probability becomes (1—po). After that, the set F'(z) is divided into two
sets, the first one containing the dominant transitions while the second one
contains the non-dominant transitions. A conditional probability (1 — pa) is
then allocated to the non-dominant transitions, and consequently we allocate
pa to the dominant transitions.? Furthermore, the set of dominant transitions
is divided into a set containing the transitions of minimal criticality, where
we allocate (1 — pc) and all the other transitions where we allocate pc. This
last step of the procedure can be repeated recursively until the time we obtain
transitions of the same criticality in every set. The values proposed empirically
by Carrasco (3], [4] are : pp = 0.8, pg = 0.7 and p. = 0.2.

Introduced informally by Shahabuddin [36], the following two methods are
slight modifications of the BFB. They both have the bounded relative error
property for any type of system.

12.8.5 Balanced 1 failure biasing (B1FB)

This method is similar to SFB, but this time transition probabilities are dis-
tributed uniformly. The new transition matrix is described by

oy forz =0, y € F(0),

13/(1:7y)= m, foryeF(a:)UR(z), ZCGU—{O},
P(z,y), for x € F,
0, otherwise.

This method can be modified by introducing the failure biasing constant once
more to give preference to failures of individual components.

2 If one of these two sets is empty the allocation does not take place.
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12.8.6 Balanced 2 failure biasing (B2FB)

pﬁ: for S F(l’),

P(z,y) = (1= P)iray» for y € R(z),
P(z,y), for z € F,
0, otherwise.

Remark : As we have already mentioned, the optimal change of measure con-
cerning the estimation of the probability P(7r < 7o), implies the elimination
of all transitions of the Markov chain going to state 0. Consequently, any fail-
ure biasing method used to estimate this probability can be further improved
by eliminating such transitions.

12.8.7 Bounded relative error and failure biasing

Bounded relative error is a guarantee for the efficiency of a method. However,
a method that does not have this property is not necessarily less powerful than
any other that satisfies it.

In [30], Nakayama established a necessary and sufficient condition for a
failure biasing method to have bounded relative error. This condition, however,
is very difficult to verify in practice, since one has to examine a large number
of sample paths of the Markov chain. He also gave a sufficient condition for
bounded relative error to hold: the elements of the new probability matriz
must be independent of the rarity parameter, €, for all feasible transitions of
the chain. This result was established before by Shahabuddin in [36], using an
approach based on matrix calculus.

In the following table, we summarize when the bounded relative error prop-
erty is verified by the different failure biasing methods and we also give the
suggested empirical values for the failure biasing constants.

Method Balanced Unbalanced Suggested values
system system
SFB BRE not always p € 0.5,0.9
BFB BRE BRE p € (0.5,0.9
Bias2 BRE not always (po, p1) = (0.8,0.7)
FDB BRE not always | (po, p4, pc) = (0.8,0.7,0.2)
B1FB BRE BRE p € 10.5,0.9
B2FB BRE BRE p € 10.5,0.9

12.9 Unreliability Estimation

12.9.1 One-component system

Consider a one-component system that may, at a given time t, be either op-
erational or failed. When it has failed a repairman repairs the component and
the system is as good as new again. This system may be described by a two-
state Markov process having state space E = {0,1}. State O is the up state
of the system while state 1 is the down state (F = {1}). Let A and u be the
failure and repair rates of the component and suppose that we are interested
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in estimating the unreliability of the system at time t, denoted by R(t). This
quantity stands for the probability that the system fails before ¢

Rt)=P(To <t)=Fo(t)=1—e M, (12.14)

where Tp is the sojourn time in state 0 and Fy(-) the corresponding cdf. For
the system to fail before ¢t the sojourn time in state 0 must be obviously less
than ¢ (see (12.14)) and so if we want to use importance sampling in order
to estimate R(t), then the optimal change of measure, in a way analogous to
relation (12.6), will be given by

. A - Az
fx(x) = j;i(:gf)) Lio,y(z) = I_:e’g_Ttl[o,t](z)-

The optimal change of measure, which is conditional on the fact that the
component will finally fail before t, can help us to develop efficient changes
of measure for the unreliability estimation of a Markovian system, as shown
below.

12.9.2 General case

Consider now the Markov chain defined in Section 12.6. Our goal is to use
importance sampling in order to estimate the quantity £ = Eg[h(X)], where
h(-): E — R and E¢ implies that the expected value is taken with respect to
the measure induced by the generator @ (supposed conservative). Suppose also
that the function may be expressed as h(Yo, Vo, ..., Ya, Vo), with Y; the state
visited at the i-th jump of the process and V; the corresponding sojourn time.
Moreover, conditionally on {Y, : n > 0}, {V,, : n > 0} are i.i.d. exponential
r.v. with parameter T(y‘"m = @.

For the unreliability estimation of the system we can change both the
transition matrix as well as the laws governing the sojourn times of the system
in different states. In the first case, we can use a “failure biasing” method that
will accelerate the failures of individual components, while for the sojourn
times we can use the change of measure corresponding to the optimal change
of measure for the one component system. Suppose that at time s the system
is in a state y € U. For the system to fail before time ¢, it must make at least
one transition in the interval (s,t), meaning that the sojourn time at state
y must be less than ¢t — s. Using the conditional laws, we are sure that the
system will finally fail before the observation period expires [11], and so the
event {Tr < t}, representing the failure of the system before ¢, will be realized
at every time during the simulation.

The realizations of the chain will have the form (o, vo,...,¥Yn,Vn), With
Yo,..-,Yn-1 € U, yn € Fand vo,...,Vn-1,v, such that v; >0fori =0,...,n
and vo+...+vn—1 < t. The set I" represents the set of all possible transitions,
while

A= {(y07v07y1,vly-»-,yn,vn) 1"2 l,yO-——O,yn € Fayl ¢ Fa
1<i<n,(Yi,yiy1) ENfor 0<i<m,vo+vi+...+vn-1<t
and v; > 0 fori=0,...,n}

will represent the set of paths for which the event {Tr < t} has been realized.
The likelihood of such a path will be :
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n—1
(o) H P(yi,yis1 Hq yi)e~ a(yi)vi
1=0 1=0

Using an importance sampling estimator corresponding to the new generator
Q’, verifying

Q(3,5) # 0 implying that Q'(,7) # 0,
the corresponding likelihood ratio will be [13]

e~ 1Wi)vi

H P/( £l i) U qyz Je —q'(yi)vi’

y’hy‘H-l

where we suppose that the initial laws were the same.
The variance of this importance sampling estimator for £ = P(Tr < t), will
be given by

2
Varg [Lirp<a L()] = Eq/ 111, < L* ()] — (Bg [1(rp <ty L()])

2
= Eq [l(r.<nL* ()] £,
and we are rather interested in its first part

Eq [1(r. <0 L()] = Eq[1{r, <} L(")]

_ E nl:f P%(yi, yit1)
/

P (s 1
(¥0,%0,¥1,-,Yn,vn) €A 1=0 (¥, yi41)

t pt—vg t—vg—...— Uy _1 o qy()e»qyouo qy"_le_qynflv.n—l
0 Jo 0 0 dwge MM Gy g Pn1Tmd

- .
1—e~ %0 l_e_‘ly”_l(L—'“O'-“‘”n-l)

—qyg V0 —qy; V1

- Qyo€ e Qy,_ € Wn-1"n"ldyeduy .. dun_y =

— Z H yz,yz+1)
P(

(¥0,%0,¥1,---,Yn,vn)EA =0 y”yH'l)

t—vy—...—Vp_1 [eS)
/ / / (1 _e_Qy“t)”‘(l _e—qy.,,,l(t—vo—-u—vv,.._l))
0

-x
T gy.e v dyg .. . duy,.

Note that (1 —e " %0%) <1, ..., (1 —e Wa-1(t=?0===n-1)y < 1 Then:

gy, €

B= (1 _ e_qyot)(l _ e—qyl(t—vo)) o (1 _ e'—‘h/.,,v_l(t"u()_'-"‘vn-l)) <1.
Then, given the fact that P’ = P, we obtain

n—1

EQ’{l%TFSt}LZ(')] < Z H P(yi, yi+1)

(¥0,20,Y1+-+1Yn ,vn)EA 1=0

t t—vg t—...—vy 1 e 9]
. / / . / / quoe 0% gy, e” Wn-1""duodvr . . . dun
o Jo 0 0

=Eq[lirp <y =&,
which means that
Varg [1(r. <ty L()] < Varg[l(r.<y] = € — &,

and so the variance of the new estimator is less than the variance of the direct
estimator.
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12.9.3 Example

Consider the state diagram given in figure 12.6, representing a system consist-
ing of two types of components, with two components of each type [32]. The
state space E = {0, ..., 8} contains 9 states and the system is considered oper-
ational if at least one component of each type is operational, while otherwise
it is considered failed (F = {4,...,8}). Failure times follow an exponential
distribution with parameter A = 10~*, while the corresponding repair rate is
pn=10.

Fig. 12.6. System’s state diagram

In order to accelerate the failures of individual components a failure biasing
method has to be used. This will make the system move towards the failed
set of states with a relatively high probability. Moreover, in order to estimate
its unreliability we need to observe a system failure before the observation
period, and thus the conditioning method can be appropriate. The associated
estimation results are illustrated in figure 12.7 together with the exact value
of the system’s unreliability obtained by an analytical method. Note that we
used a time step of 0.2 and we observe the system until time ¢ = 10. Another
approach would be to use the conditioning method only for the holding times
in state 0, since the time spent in this state represents the majority of the time
spent by the process. This method is known as forcing and it was introduced
by Lewis and Béhn in [27]. Another alternative could be to use the condition
that the system will fail before time T, with T" > ¢ the actual observation
period of the system (in the example we have used T' = 20 time units). Note
also that both the methods give very good results for small values of time.
Similar arguments can be used for the estimation of measures such as the
expected interval availability and the steady state availability [16].

12.10 Analytical-Statistical Methods

The idea behind an analytical-statistical method is efficient combination of
Monte Carlo simulation and analytical solutions. To estimate a given quantity
of interest using this method, simulation and analytical solutions have to be
used interchangeably.

The first analytical-statistical method is due to Kovalenko, but in recent
years a lot of interesting results have been obtained for a variety of problems
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Fig. 12.7. Estimation results for 2000 iterations

(see Chapter 6 and 7 of [23] and references therein). Thus, quick simulation
algorithms have been constructed for efficient estimation of the unreliability
and unavailability of a repairable system, the evaluation of non-stationary state
probabilities of alternating renewal processes, the evaluation of the sojourn
times distribution of Markov processes, etc.

What it is interesting to note is that using an analytical-statistical method
we do not modify the system’s underlying probabilistic structure. The variance
reduction obtained stems from the fact that a significant part of the algorithm
uses analytical solutions to calculate rare event probabilities. It is therefore
different from importance sampling where the system is simulated using a new
probability measure.

Below, we briefly review the basic principles of the analytical-statistical
method for the unreliability estimation of k-out-of-n structures, which is the
most suitable for the illustration of this quick simulation method.

Simulation of k-out-of-n structures

Consider a system having n independent components and let Fi(-), Gi(-)
(i=1,...,n) represent the cumulative distribution functions associated with
the failure and repair of individual components respectively. A system is de-
fined as a k-out-of-n : F' system, if it is failed when at least k of its n compo-
nents are failed.

Suppose that we are interested in estimating the unreliability of the system
at time ¢, which stands for the probability that the system fails before ¢, where
[0, ] is our observation period. This is denoted by R(t). Let Tr be the hitting
time representing the entrance of the system to the failed subset of states,
denoted by F' and containing states with at least k components failed. Then,
the unreliability of the system at time ¢t may be written as R(t) = P(Tr < t).
Let T; also be a sequence of positive random variables 0 < Ty < T3 ... < Tk,
where T; stands for the time the system has ¢ failed components for the first
time. Since for the system to fail by time t at least k components have to be
failed by the same instant, then by defining B;(t) = {T; < t}, for 1 < i <k,
we can write
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R(t) = P(Tr < t) = P[Bx(t)] = P[Ni_1 Bi(t)]
= P[Bi(t)| Bx—1(t)|P[Br_1(t)| Be_2(t)] ... P[B1(t))- (12.15)

The analytical-statistical method provides an efficient way of estimating
the conditional probabilities in (12.15) and thus estimating the unreliability of
the system at time ¢. The details of the exact calculation of these probabilities
are given in [23].

No doubt one of the basic advantage and the main interest of the method is
that it can also be used in the case of non-Markovian systems. In such systems,
we get rid of the assumption on the exponentiality of the failures and repairs
of individual components. Moreover, under some reasonable conditions for the
distribution functions F;(-), i = 1,...,n, the analytical-statistical method has
the bounded relative error property (see again [23]), which is a guarantee for
the efficiency of the method.

Consider for example the system illustrated in figure 12.8, where we sup-

Fig. 12.8. State diagram for a 2-out-of-4 system

pose that the failure and repair distributions of individual components are
exponential with parameters \; = A =10"2, y; = u=1,i=1,...,4 and the
system has only one repairman. The estimation results for this small system
are given in figure 12.9, where the unreliability of the system together with
the associated 95% confidence interval is illustrated. The exact value is also
represented in the same figure for comparison purposes. Note that the esti-
mates obtained using the analytical-statistical method are quite stable even
for a small number of iterations.

Similar remarks can be made for the estimation of the unreliability of a

2-out-of-3 system with A\; = 1072, Ao = 1074, A3 = 1075, u; = 1,4 = 1,2,3.
These results are illustrated in figure 12.10. Note that we are estimating a
probability of the order of 10~%, using only 10* iterations, meaning that a
large variance reduction is obtained.
+ Consider now a consecutive k-out-of-n : F' system, denoted by C(k,n : F).
This system is consisting of n statistically independent components, connected
in a linear fashion and it is considered failed if at least k consecutive compo-
nents are failed. Systems of this kind have become very popular in recent
years, since they are associated with many important applications (see [5] for
a survey in this topic).

A modification of the previous algorithm concerning simple k-out-of-n sys-
tems can also be used in this case. Let Ay (t) represent the event {k consecutive
components are failed by time t}. Then the unreliability of a C(k,n : F) sys-
tem at time ¢, denoted by R.(t), in a way similar to equation (12.15), can be
estimated by
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Fig. 12.9. Estimation results for the 2-out-of-4 system

Re(t) = P[Ax(t)] = P[Ax(t) N Bk(t)]
=P [Ak(t) N {mi'C:lBi(t)}:I
— P[Ax(8)| Bx (O)]P[Bi (8)| Be-1(1)] . .. P[Ba (8)]- (12.16)

The analytical-statistical method can be used to estimate the conditional
probabilities P[B;(¢)|B;—1(t)] for i = 2, ...,k, while direct simulation can be
effectively used to estimate P[A(t)| Bk (t)], since the system will already have
k components failed. Moreover, a splitting technique can be used to obtain
better estimates of the conditional probability P[Ax(t)|Bk(t)]. Thus, at any
time when the system has k components failed before time ¢, we perform re-
peated simulations to check whether the system will finally fail before the time
horizon. The average value of the results of these simulations will then be our
estimate for the probability P[A(t)|Bx(t)]. Given that all the other condi-
tional probabilities in equation (12.16) have already been calculated using the
analytical-statistical method, we can thus obtain one estimate of the system’s
unreliability. By repeating the same procedure for a number of times, depend-
ing of course on the chosen confidence interval, an estimate of R.(t) can be
obtained.

12.11 Concluding Remarks

In this paper, we have discussed some quick simulation methods currently used
in reliability systems.

Simulation is a good alternative for systems having a large state space
and/or many interdependencies between individual components, since in such
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Fig. 12.10. Estimation results for the 2-out-of-3 system

cases the existing analytical solutions are not efficient. However, direct sim-
ulation suffers from the drawback that the effort needed to estimate up to a
certain level the probability of an event increases as the event becomes rarer
and rarer, and thus it may be inappropriate in such settings. Therefore, mod-
ifications of the direct simulation scheme have to be carried out.

The associated methods, called variance reduction methods, reduce the
variance of the corresponding estimator, thus accelerating the estimation pro-
cedure. Importance sampling and analytical-statistical methods are quite ap-
propriate for quick simulation of reliability systems, where the rare event under
question is usually associated with the failure of the system or the entrance of
the system to a subset of states and it may happen when only a few events,
each of which are rare, happen.

However, we have to note the principal difference between importance sam-
pling and analytical statistical methods. In the first case, we change the prob-
abilistic dynamics of the original system S and simulate a new one, say Si.
The goal of this change of measure is to make the rare event under considera-
tion more likely to occur. A compensatory factor called the likelihood ratio is
introduced into the estimator in order to eliminate the bias resulting from this
change of measure. Unbiased estimates of the parameter are thus obtained.
In the second case, the system is simulated using the original failure and re-
pair distributions for the individual components, and the variance reduction
stems from the fact that rare event probabilities are explicitly calculated using
analytical expressions.

Furthermore, an analytical-statistical method does not make many restric-
tive assumptions for the system model, thus enabling simulation of systems
that may be non-Markovian in nature. On the other hand, importance sam-
pling is principally used in Markovian systems, where the regenerative struc-
ture of the system can be exploited.
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mean time to success, 287, 295, 298

mean value function, 259

min cut set, 322

minimal repair, 79, 127, 132, 133, 147

minimal repair policy, 56

minimal repair policy with block
replacement, 56

minimal repair, 147

mission availability, 223, 224, 238

M/M/1 queue, 316

model I, 67

model II, 67, 68

model III, 67, 70

modified exponential software reliability
growth model, 261

monitoring mechanism, 200

Monte Carlo method, 308, 319

Moranda model, 258

MTBF, 3

MTTF, 3, 173, 175, 180, 181, 183, 318,
319

must-be quality, 255

national maintenance expenditure, 89
NBU, 16

NBUE, 15

nearly optimal inspection policies, 80
negative aging, 42

negative ordering time, 79
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new better than used, 42

new better than used in expectation, 43

new worse than used, 42

new worse than used in expectation, 43

NHPP defect arrival, 100

NHPP failure arrival rate, 109

NHPP model, 258

non-homogeneous Poisson process
(NHPP), 147, 155, 258

non-perfect inspection, 98

non-steady state, 99

numerical comparisons, 81

NWU, 16

objective estimation of parameters,
107, 108

objective-subjective comparison, 112

opportunistic inspections, 115

opportunistic replacement, 173

optimal policy, 127, 129

optimal action, 195

optimal change of measure, 308, 310,
314, 315, 324

optimal inspection policy, 79

optimality equation, 214

optimal policy, 135, 136, 139

optimal software release problem, 269

optimal testing-effort allocation
problem, 275

optimization, 66

optimum policy, 175, 177

order replacement, 76

ordinary stochastic order, 33

Padé approximation, 21

parallel system, 50

partially observable Markov decision
process, 200

partial-sum process, 145

perfect repair, 146, 147

periodic preventive maintenance, 132,
135

permanent failure, 283-285

phase-type distribution, 9

phase-type renewal processe, 9

point availability, 222, 225, 226, 234

pointwise availability, 172, 180, 182,
183

Poisson arrival, 213

Poisson process, 132

positive aging, 42

Post-Widder inversion formula, 17

preventive maintenance, 65, 66, 148,
173
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queueing system, 193

rare event, 308, 313

rarity parameter, 317

rational function, 20

regenerative structure, 310

relative error, 309

reliability, 115, 222, 224-226, 229, 234

reliability centred maintenance, 93

renewal argument, 220, 222, 227-229,
234, 237

renewal density, 5

renewal function, 4

renewal process, 4, 146

renewal reward, 66, 67, 72, 73

repair, 146

repair time distribution, 167, 173, 181,
182

replacement, 127, 193

replacement modeling, 90, 115

replacement—upon—failure policy, 53

retransmission number, 287

reversed hazard rate order, 37

reversed hazard rate ordering, 153

revising delay time distributions, 106

Rouche’s theorem, 20

sampling bias correction, 106

second-order stochastic dominance, 34

semi-Markov decision process, 196

semi-Markov processes, 310

semi-Markov reward processes, 225

sequential preventive maintenance, 126

series system, 50

set reliability, 223, 235

shock model, 131, 132

signal-flow graph, 167

software failure-occurrence time model,
255

software availability, 265

software availability model, 255

software bug, 255

software complexity model, 255

software error, 255

software failure, 255

software failure rate, 258

software fault-detection count model,
255

software reliability, 258, 259

software reliability growth model, 255,
257

software reliability model, 254

software system, 254

sojourn time, 224-226

selective repeat (SR), 282, 288

steady-state availability, 172, 174, 177,
180, 182, 184

stochastically smaller, 160

stochastic lead times, 79

stochastic ordering, 153

stochastic ordering relation, 32

stopping time, 318

structure of optimal policy, 209

sub—additive, 43, 156

subjective estimation of parameters,
107

super—additive, 43, 158

stop-and-wait (SW), 283, 294

switch curve structure, 211

Tauberian argument, 235

Tauberian theorem, 171, 172

testing domain dependent software
reliability growth model, 261

testing effort dependent software
reliability growth model, 261

total discounted expected cost, 194

totally positive order 2, 196

total productive maintenance, 93

transition probability, 167

transition probability, 171, 196

(t,T) — —policy, 71

two-unit parallel system, 178, 179, 181

two-unit priority standby system, 179,
181

two-unit standby system, 167, 173, 180,
181

two-unit standby system with imperfect
switch, 179, 182

unbalanced system, 320
uniformization, 211

variable inspection periods, 101, 115
variance reduction, 310, 313

variation diminishing property, 196
virtual age, 147

expected number of visits to state, 182
Volterra integral equation, 152

Wagoner model, 258

warranty period, 269

Weibull distribution, 129

Weibull distribution, 129

work conserving rule, 317
work-mission—availability, 224, 237



