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PREFACE 

About three years has passed away since the famous mathematician, 
a member of the Acadkmie des Sciences de Paris, an oversea Member of 
the Chinese Academy of Sciences, Professor J.-L. Lions’ death. As an 
outstanding mathematician, he made notable pioneer contributions to many 
fields of applied mathematics and enjoyed a worldwide high prestige and 
reputation. He held a series of high-level posts such as President of the 
IMU (International Mathematical Union), President of the Acadbmie des 
Sciences de Paris. He played an important role and had a considerable 
influence in the international community of mathematics. The Journal 
Chinese Annals of Mathematics published a special issue (Vol. 23, Ser.B, 
No.2, 2002) dedicated to the memory of Professor J.-L. Lions, carrying 
papers contributed by his friends, students and colleagues. Afterwards the 
next several issues of the journal also published some papers of its kind. 
These papers involve many branches of mathematics and are of high quality 
and worth preserving. Here we collect them into a volume and offer it to 
the readers. Meanwhile a short essay of mine in memory of Professor J.-L. 
Lions is added as a supplement to the article of Professor P. G. Ciarlet, 
which is a brief account of Professor J.-L. Lions’ life and achivements. 

I would like to express my thanks to the faculty of the Editorial Office 
of Chinese Annals of Mathematics, especially to Professor Cai Zhijie and 
Professor Xue Mi, for their assistance in editing this book. 

February 2004 
LI Tatsien (LI Daqian) 
Department of Mathematics 
F‘udan University 
Shanghai 200433, China 
dqli@fudan.edu.cn 
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JACQUES-LOUIS LIONS, 1928-2001* 

P. G. CIARLET 
Analyse Nume‘rique, Universite‘ Pierre et Marie Curie, 4 Place 

Jussieu, 75230 Paris, France. E-mail: pgc@ann.jussieu. fr 

Jacques-Louis Lions was born in the heart of Provence in the charming 
city of Grasse, much renowned for its perfume industry and its historical 
center. 

In spite of his young age, he had the courage and determination to  
join the French Rksistance at the end of 1943, as a soldier in the FFI 
(French Forces of the Interior). There he met Andrke, his wife and life-long 
companion. 

Their son Pierre-Louis, who was born in 1956, would also be distin- 
guished by mathematical talent. This gift earned him the highest math- 
ematical distinction, the Fields Medal, awarded to him during the 1994 
International Congress of Mathematicians in Zurich. His parents had the 
great joy of being present for this unique occasion. 

At the early age of nineteen, Jacques-Louis Lions passed the entrance 
exam to the highly coveted Ecole Normale Supkrieure de la rue d’Ulm. 
There he met Bernard Malgrange among others and at  the end of their 
studies, they both decided to  opt for a university carrier in mathematics (a 
rather uncommon choice at a time when most “Normaliens” would rather 
teach the famed “classes de Mathkmatiques Spkciales” in the lyc6es). They 
were then awarded a grant by CNRS (National Center for Scientific Re- 
search) to prepare their doctoral dissertations. And so they both went to  

*This article is a translation adapted by the author from an article that appeared in 
French in the October 2001 issue of “MATAPLI”, published here with the kind permis- 
sion of its Editor-in-Chief, Brigitte LUCQUIN. 
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2 P. G. CIARLET 

Nancy to  work under the guidance of a prestigious thesis advisor, Lau- 
rent Schwartz, who had just received the Fields Medal for his theory of 
distributions in 1950. 

After defending his thesis in 1954, Jacques-Louis Lions began his career 
“en province”, which is to  say outside of the Paris region as was then 
customary, at the University of Nancy, where he held a professorship from 
1954 to 1962. 

Far from keeping him fully occupied, his remarkable mathematical achie- 
vements during that period left him enough time to  envision the immense 
opportunities offered by Scientific Computing, which was then coming of 
age, with the manifold industrial applications that would henceforth be- 
come amenable. This constant quest for applications, which was to guide 
him all his life and to  become one of the most exceptional aspects of his 
career, materialized in 1958 when he became scientific consultant for the 
SEMA (Society for Economics and Applied Mathematics), a society headed 
by Robert Lattks, who had entered the Ecole Normale Supkrieure one year 
after him. 

While this kind of inclination is common nowadays, it required lots of 
courage to  follow it at the time. The applications of mathematics were then 
far from arousing the enthusiasm that they now generate! 

After Nancy, Jacques-Louis Lions was named professor at the University 
of Paris, where he very quickly created a weekly seminar on “Numerical 
Analysis”, a discipline that was practically unheard of in France at that 
time. This seminar first met in the basement of the Institut Henri Poincark, 
then in a dusty room of the Institut Blaise Pascal, which was situated rue 
du Maroc in the North of Paris. 

When the University of Paris broke into thirteen distinct universities, 
he chose the sixth one, which was to  be later named Universitk Pierre et 
Marie Curie. Two of his major initiatives there were to  found the Lab- 
oratoire d’Analyse Numkrique (after thirty years on the Jussieu campus, 
this department has been located rue du Chevaleret, near Place d’Italie, 
since 1999) and to  create a DEA (Diplome d’Etudes Approfondies, a set 
of advanced courses that a doctoral student has to pass before beginning 
a dissertation) specialized in Numerical Analysis. This DEA, from which 
a considerable number of applied mathematicians now holding positions in 
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universities, at CNRS, or in industry graduated over the years, was always 
highly regarded. As a tribute to his memory and as an expression of grati- 
tude, the Laboratoire d’ Analyse Numbrique, which is currently headed by 
Yvon Maday, has just been renamed Laboratoire Jacques-Louis Lions. 

In 1973, at the early age of fourty-five, Jacques-Louis Lions had the 
highly unusual honor of being simultaneously named professor at the cele- 
brated Colkge de France and elected to the French Academy of Sciences. 
At the Collhge de France, he held the Chair entitled “Mathematical Anal- 
ysis of Systems and of their Control” for twenty-five years. His series of 
lectures, which in the tradition of the CollCge had to be renewed each year, 
were always followed by vast audiences, attracting not only his own students 
but also students of his students! 

The “Seminar of Applied Mathematics” that he organized there until 
1998, first with Jean Leray, then with Ha’im Brezis for many years, soon 
became an “institution within an institution”. Indeed, countless applied 
mathematicians, either from Paris and its vicinity or French and foreign 
colleagues happening to be in Paris, gathered each Friday afternoon to hear 
prestigious lecturers, such as Stuart Antman, John Ball, Felix Browder, 
Ciprian Foias, Gu Chao-hao, Li Ta-tsien, Klaus Kirchgassner, Peter Lax, 
Andrew Majda, Louis Nirenberg, Olga Oleinik, Sergei Sobolev, Tosio Kato, 
Mark Vishik, and many others. 

From 1966 to 1986, Jacques-Louis Lions was also part-time professor 
at the Ecole Polytechnique, where he created a course in numerical anal- 
ysis from scratch that soon became a legend! Following the rule at the 
Ecole Polytechnique, he also wrote lecture notes, the contents of which 
were revolutionary for the time, at least in France. Indeed these notes con- 
stituted a kind of encyclopedia where, with his natural gift for teaching, 
Jacques-Louis Lions described and analyzed practically all that was then 
known about the numerical analysis of partial differential equations. Intro- 
ductions to numerical optimization and numerical linear algebra were also 
presented in two separate chapters written by his first two doctoral stu- 
dents, Jean Cka and Pierre-Arnaud Raviart. A mystery remains about the 
first versions of these lecture notes. They were affectionately referred to as 
“the Diplodocus”, even though no one including their author ever seemed 
to understand the reason for this! 
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But all these essentially academic activities, that would normally occupy 
all of one’s time, did not take up all of his. Far from it! 

From 1980 to 1984, he was also President of INRIA (National Institute 
for Research in Computer Science and Automatics), normally a full-time 
position! His leadership was of profound and lasting influence at INRIA: 
During his first weeks at the head of this institute, he used his incredible 
talents as an organizer to  rejuvenate the organization and objectives, in 
particular by introducing the notion of project, gathering a clearly identified 
team around a well-defined objective on a specific theme. 

During his four-year term as president, he strongly advocated the cre- 
ation of start-up companies by researchers from the institute and he ini- 
tialized its decentralization through the creation of similar institutes at 
Sophia-Antipolis and Rennes. Due to  his personal prestige, the teams he 
was able to gather, and the numerous first-class international conferences 
that he organized there, he greatly contributed to  the fame of INRIA. 

From 1984 to  1992, he held another high-level, and also normally full- 
time, official position as President of CNES (National Center for Space 
Studies), where he continued and developed the action of his predecessor 
Hubert Curien (current President of the Academy of Sciences), who had 
just been named Minister of Research and Technology. There he used not 
only his eminent intellectual capacities but also his talents for intelligent 
persuasion to  convince the French authorities that  the orientations he ad- 
vocated were well-founded. In this way, he played a major role in the 
conception of the French-American “Topex-Poseidon” space program for 
oceanography. Topex-Poseidon is also the name of the satellite that  made 
it possible to at last understand “El Nifio”, a major event in climatology. 
His influence was likewise a decisive factor in the French-Russian negoci- 
ations that ultimately allowed Jean-Loup Chrktien and Michel Tognini to  
participate in manned space missions. 

His presence at the Monday afternoon seances at the French Academy of 
Sciences remained rare for many years. But eventually, he gave new life to  
this noble “Compagnie” (as it is traditionally known among its members) 
when he became President in January 1997 for the customary two years. 
Immediately after Lions took office, President Jacques Chirac gave him the 
mission of supervizing the drafting of a document concerning the state of 
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the art worldwide in each of the following areas: “Access to knowledge 
for all and electronic processing of information, knowledge of our planet 
and ways of life, understanding life systems and improving health-care for 
all”. He immediately began to work on this ambitious undertaking by 
creating and heading a “Committee 2000”, whose task was to analyze the 
three questions and make proposals, under his ongoing close supervision. 
Remarkably, in spite of the scope of this project, he was able to meet the 
2000 deadline he had set himself. 

Indeed, he personally handed President Jacques Chirac the requested 
document during a ceremony held at the Elysde Palace on 25 January, 
2000. He even succeeded in having all the Members and Corresponding 
Members of the Academy invited for the occasion, a first indeed! 

However, Jacques-Louis Lions’s actions during his presidency were not 
limited to the Committee 2000. His efforts were decisive in promoting the 
need for a profound reform in the status of the Academy. The principles 
of this reform have now been accepted. He also played a major role in the 
creation of an Academy of Technology, always desired but never achieved 
before. This academy was eventually created on 12 December, 2000. 

As exemplified by his presidencies at INRIA and CNES, Lions was an 
exceptionally successful promoter of ever closer ties between academic re- 
search, too often seen as disconnected from the real world, and the more 
pragmatic industrial research. In this spirit, he headed scientific committees 
in major public utility companies, such as Mktkorologie Nationale, Gaz de 
France, France Telecom, or Electricitd de France and he held high level ad- 
visory positions in major companies, such as Pechiney, Dassault Aviation, 
or Elf. 

Jacques-Louis Lions’s influence extended far beyond frontiers. Since the 
beginning of his career, he was an indefatigable traveler who, in addition 
to traditional venues in Europe or the Americas, very quickly added less 
canonical ones to his list of destinations. For instance, as early as 1957 he 
set out for a three-month visit to the Tata Institute of Fundamental Re- 
search in Bombay, at the time a genuinely adventurous trip! He enjoyed the 
splendor of the ancient Taj Mahal Hotel and the hospitality of Kollagunta 
Gopalaiyer Ramanathan, with whom he contributed to the creation of an 
applied branch of the Tata Institute on the campus of the Indian Institute 
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of Sciences in Bangalore twenty years later. 
In 1966 he began a long series of visits in the former Soviet Union. 

Often invited by the USSR Academy of Sciences or by the Novosibirsk 
Institute for Computation, he initiated manifold scientific exchanges with 
eminent soviet mathematicians such as Guri Marchuk, Olga Oleinik, Lev 
Semenovitch Pontryagin, Ilia Vekua, Mark Visik, or Nicolay Nicolayevich 
Yanenko. One of his merits during this period, and not the least, was 
to contribute greatly to  the dissemination of Soviet research in applied 
mathematics among Westerners. 

A trip that left him with a lasting impression was the journey that he 
undertook in 1975 to Beijing, where he was received with great ceremony. 
He was in particular impressed there by the mathematical talents of Feng 
Kang, who had just independently rediscovered the finite element method. 
This was the first of a long series of trips to China, which later included 
three visits to  Fudan University in Shanghai. In return he also invited the 
famous differential geometer Su Bu-chin to  visit Paris in 1982 for signing 
an agreement between Fudan University, the INRIA, and the Ecole Poly- 
technique. 

However, his international ventures were not limited to traditional sci- 
entific exchanges, as his talents as a lecturer, thesis adviser, and organizer 
produced many disciples throughout the countries he visited. 

As early as the 1960s for instance, he was the adviser of Antonio Valle, 
the first in a long series of students from Spain and Portugal, who in turn set 
up numerical analysis departments at the Universities of Malaga, Sevilla, 
Santiago de Compostela, Lisboa, or at  the Universidad Complutense de 
Madrid, modeled after the one he had created in Paris. In the same vein, 
he was in 1997 the main speaker in a European video-conference on Mathe- 
matics and the Environment, organized in Madrid by Jesus Ildefonso Diaz. 
He also chaired the Committee awarding the ten “Prizes for Young Math- 
ematicians” during the Third European Congress of Mathematics held in 
Barcelona in 2000. 

For many years, he chaired as well the Scientific Committee of the Isti- 
tuto di Analisi Numerica del CNR of the University of Pavia, headed for 
several decades by Enrico Magenes, then by Franco Brezzi. 

Together with Paul Germain, he represented France at the 1975 meet- 
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ing on “Functional Analysis and Mechanics” of the IUTAM (International 
Union for Theoretical and Applied’ Mechanics) held in Luminy, where the 
other representatives were Klaus Kirchgassner for West Germany, Sir James 
Lighthill for the United Kingdom, and William Prager for the United States. 

His intelligent proselytizing was not limited to  Europe, however. In 
China for instance, he was one of the driving forces behind the creation 
in 1997 of the LIAMA (F’rench-Chinese Laboratory of Computer Science, 
Automatics, and Applied Mathematics), an offspring of INRIA and the 
Chinese Academy of Sciences, housed since then in Beijing by the Insti- 
tute of Automatics of the academy. He likewise played a major role in 
the creation in 1998 of the ISFMA (Chinese-French Institute of Applied 
Mathematics), splendidly housed by the Department of Mathematics of 
Fudan University in Shanghai, thanks to the tireless efforts of his Director 
Li Ta-tsien. As President of the Scientific Committee of this institute, he 
attended the opening ceremony that marked its creation. He was Honorary 
Editor of “Chinese Annals of Mathematics”. He also established and kept 
close scientific ties with colleagues in Hong Kong, notably with Roderick 
Wong, Dean at City University of Hong Kong. 

Jacques-Louis Lions was also President of the IMU (International Math- 
ematical Union) from 1991 to  1995. During a meeting of this organization in 
Rio de Janeiro on 6 May, 1992, he proposed that the year 2000 be baptized 
“World Mathematical Year”. This proposal, which was later supported by 
UNESCO, turned out to  be a genuine success story that significantly con- 
tributed to the improvement of the image of mathematics in the general 
public and helped encourage mathematical research in developing countries. 

While he served as “Past-President” of the IMU from 1995 to  1999, the 
decision was taken that Beijing would host the twenty-third International 
Congress of Mathematicians in 2002, the second in Asia after that  of Kyoto 
in 1990. 

He likewise was a constant supporter of the initiatives of the Third World 
Academy of Sciences (TWAS), either directly or through colleagues from 
his group. Particularly noteworthy in this respect were his undertakings 
for the progress of mathematical research in Africa. 

The mathematical works of Jacques-Louis Lions are immense. Alone or 
in collaboration, he wrote more than twenty books, most of which have 
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become classics often translated into several foreign languages, as well as 
more than five hundred papers. The different themes of his work are briefly 
described below, in an order that approximately follows their chronology. 

He had, and will continue to have for a long time, a considerable influence 
on mathematics and their applications, not only through his own work, but 
also through that of the School he created and constantly kept in touch 
with. This School, which numbers some fifty initial students and scores of 
students of students, etc., has acquired a widespread fame over the years 
not only in university circles, but also in industry, an accurate indication 
that the directions of research he envisioned and promoted were highly 
relevant. 

If a single title were to be attached to Jacques-Louis Lions’s mathe- 
matical works, it might be with a fair degree of accuracy that of “Partial 
differential equations in all their aspects: Existence, uniqueness, regularity, 
control, homogenization, numerical analysis, etc., and the applications they 
model, such as fluid and solid mechanics, oceanography, climatology, etc.” . 

Jacques-Louis Lions produced his first mathematical works in 1951. At 
the same time two major books were published, one by Laurent Schwartz on 
the theory of distributions and one by Sergei Sobolev on their applications 
to mathematical physics, as well as a founding paper by John von Neu- 
mann and Robert Richtmyer on the numerical approximation of nonlinear 
hyperbolic problems arising in hydrodynamics. 

Inspired by these works, Lions’s first objectives were to undertake a 
systematic study of linear and nonlinear boundary value problems, notably 
by constantly using the theory of distributions, and then to find ways to 
numerically approximate their solutions. 

He began in 1954 a series of collaborations and lasting friendships with 
eminent Italian mathematicians, such as Enrico Magenes, Guido Stampac- 
chia, Ennio de Giorgi, or Giovanni Prodi (brother of the current President 
of the European Union). One such collaboration resulted in an exhaustive 
analysis of boundary value problems posed in fractional Sobolev spaces, 
thanks in particular to the theory of interpolation between Banach spaces 
that he initiated with Jack Peetre in 1961. This analysis is the object of 
the celebrated three-volume treatise “Non-Homogeneous Boundary Value 
Problems and Applications” (1968-1970) that he wrote with Enrico Ma- 
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genes. From 1965 to  1967, he also developed with Guido Stampacchia the 
foundations of the theory of variational inequalities, as they appear for 
instance in unilateral problems in elasticity. 

His inclination for applications led him to propose a particularly ele- 
gant proof of Korn’s inequality, based notably on a fundamental result in 
distribution theory known as “Lions’s lemma” (although several other re- 
sults of his bear the same name!). He further developed applications of 
the theory of variational equations or inequalities to  mechanics by math- 
ematically analyzing Bingham fluids, friction, viscoelasticity, or plasticity 
models. These applications constitute the substance of another well-known 
book, “Inequalities in Mechanics and Physics” (1972) that he wrote with 
Georges Duvaut. 

He was equally interested in the numerical simulation of these problems, 
at  a time when it was realized that the applicability of finite difference 
methods had reached its limits. For instance, these methods do not perform 
well when the problems to be approximated have rapidly varying coefficients 
or are posed on domains with complicated geometries. On the other hand, 
the finite element method, already familiar to  engineers in handling these 
types of difficulties, remained essentially unknown to mathematicians. 

With a remarkable intuition, Jacques-Louis Lions immediately foresaw 
that it was preferable to  discretize the variational, or weak, formulations 
of partial differential equation problems rather than the partial differential 
equations themselves. Accordingly, he quickly pointed out to  his group 
of colleagues and students the interest of studying and analyzing Galerkin 
methods in general and finite element methods in particular. A quite pro- 
ductive period ensued, to  which he himself contributed with another classic, 
“Numerical Analysis of Variational Inequalities” (1976), co-authored with 
Roland Glowinski and Raymond Trkmolikres. 

His book “Some Methods for Solving Nonlinear Boundary Value Prob- 
lems” (1969) is a major contribution to the theory of nonlinear partial dif- 
ferential equations, which remains even today a substantial source of inspi- 
ration (it is unfortunate that this book was never translated into English). 
In this work, Jacques-Louis Lions introduced and systematically analyzed 
the so-called compactness methods, which play a key role in the existence 
theory for the Navier-Stokes and von KArmAn equations, the monotony 
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methods he had developed with Jean Leray, and the regularization and 
penalty methods, which can for instance be applied to the Schrodinger or 
Korteweg-de Vries equations. For the most part, the results found in this 
book are either due to himself or to  his students, in particular Hai’m Brezis 
and Luc Tartar. 

Most of the works mentioned so far, together with many generalizations 
they led to, were to  be assembled in the monumental treatise “Mathematical 
Analysis and Numerical Methods for Sciences and Technology” (1984-1985) , 
conceived and edited by Jacques-Louis Lions and Robert Dautray. This 
work, which comprises almost four thousand pages, is justly regarded as 
the modern counterpart of the celebrated Courant-Hilbert . 

His ongoing interest for problems with small parameters led him to write 
(‘Singular Perturbations in Boundary Value Problems and in Optimal Con- 
t r ~ l ’ ~  (1973), a book where he laid down the foundations of the asymptotic 
analysis of such problems. The methods and notions that he then intro- 
duced and analyzed, such as a priori estimates, stiff problems, boundary 
layers, multiple scales, and so on, were subsequently recognized as funda- 
mental for many applications. For instance, they later played a major role 
in the mathematical modeling of elastic structures or (‘multi-structures” , 
made of plates, rods, or shells. 

Another field where small parameters naturally arise is the modeling of 
composite materials, of constant use in the aerospace industry for instance. 
Their asymptotic analysis, which is a special case of what became known 
as homogenization theory, was abundantly developed and illustrated by 
applications in another seminal work, “Asymptotic Analysis for Periodic 
Structures” (1978), which he wrote with Alain Bensoussan and George Pa- 
panicolaou. In this book, a substantial number of essentially empirical for- 
mulas used in the modeling of periodic structures were rigorously justified 
for the first time, thanks notably to  the compensated compactness method 
due to  his students F’rancois Murat and Luc Tartar and to  the oscillating 
test-functions method of Luc Tartar. 

A fundamental work by Lev Semenovitch Pontryagin about the optimal 
control of systems governed by ordinary differential equations (the objective 
was to  control the trajectories of artificial satellites) immediately attracted 
his attention in 1958. Through the contacts he already had at that time 
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with the engineering community, he became quickly convinced that the 
next step was to extend optimal control to distributed systems, i.e., systems 
whose state is governed by partial differential equations. The inclination 
that he then developed for the optimal control of such systems was to always 
remain at  the center of his mathematical interests. 

A pionner as always, he began by laying down the foundations of a gen- 
eral theory in yet another celebrated book, “Optimal Control of Systems 
Governed by Partial Differential Equations” (1968) , where he notably in- 
troduced an infinite-dimensional version of the Riccati equation. 

In two books co-authored with Alain Bensoussan, “Applications of Vari- 
ational Inequalities to Stochastic Control” (1978) and “Impulse Control and 
Variational Inequalities” (1983) , he continued his investigations by consid- 
ering in particular the optimal control of systems that are not necessarily 
well-posed or that have multiple states. 

After having so thoroughly analyzed the main aspects of optimal control 
theory, Jacques-Louis Lions shifted his interests to the study of “contro- 
lability”, a discipline that basically seeks to answer the following type of 
question: Given a system in an arbitrary initial state, the question is to de- 
vise a way of acting on it in such a fashion that its solution reaches a given 
final state in a finite time, for instance by imposing adequate boundary 
conditions. 

During the prestigious “John von Neumann Lecture” that he gave at the 
SIAM Congress in Boston in 1986, he presented for the first time his now 
famous “HUM” (Hilbert Uniqueness Method) for the exact controlability 
of linear time-dependent equations. He chose this particular terminology 
to emphasize the fact that the feasibility of such controlability is related in 
an essential way to the uniqueness of the solution to the adjoint problem, 
typically obtained by the Holmgren or the Carleman theorem. 

This lecture was the starting point of numerous works by himself or his 
School. In particular, he began by publishing no less than three books 
on the subject in the same year, “Exact Controlability, Perturbations and 
Stabilization of Distributed Systems” in two volumes (1988) and, with John 
Lagnese, “Modeling, Analysis, and Control of Thin Plates” (1988), which 
contains an abundance of applications to the theory of elastic plates. In 
1995, he also established with Enrique Zuazua the generic character of 
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the controlability of the three-dimensional Stokes equations: If there is no 
approximate controlability for a given open set, it is always possible to find 
another arbitrarily close open set for which this type of controlability holds. 

These works constituted yet another mark of his constant interest for 
real-life applications. He also had the concern of proposing numerically 
feasible approximation methods. These were the theme of a long article 
co-authored with Roland Glowinski, an article so long that its nearly three 
hundred pages took up two consecutive issue of “Acta Numerica” (1994- 
1995). 

Even though the last works of Jacques-Louis Lions were in different 
areas, they continued to be partly influenced by the methodology he had 
developed for questions of controlability. 

In 1990, he started to express his great interest in climatology in “El 
Planeta Tierra”. In this book, which was directly published in Spanish, he 
described in a masterly fashion and in a remarkably accessible style the most 
important problems originating in this science, such as modeling, numerical 
simulation, sensitivity to initial conditions, etc. From 1994 to 1998, his last 
courses at the Collkge de France were all about these subjects. 

The models found in climatology include complex systems of partial 
differential equations such as those of Navier-Stokes or of thermodynamics. 
But these systems had never been seriously analyzed from the mathematical 
viewpoint , although they had been blithely used in a massive way since 
the 1960s for numerical simulation in weather forecasting. 

In spite of the “truly diabolic complexity” (as he was fond of saying) 
of the combination of partial differential equations, boundary conditions, 
transmission conditions, nonlinearities, physical assumptions, etc., that en- 
ter these models, Jacques-Louis Lions, together with Roger Temam and 
Shouhong Wang, was able to study questions of existence and uniqueness 
of solutions, to establish the existence of attractors, and to propose numer- 
ical methods. He even succeeded in teaching these works on a blackboard, 
a pedagogical tour de force! 

In 1995, he began with Evariste Sanchez-Palencia another series of works 
where they developed the theory of sensitive problems, exemplified by the 
boundary value problems that appear in the theory of linearly elastic mem- 
brane shells. In such problems, which in a sense constitute the antithesis 
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of well-posed problems, arbitrarily small, yet arbitrarily smooth changes in 
the right-hand sides of the equations may induce “sudden” changes on the 
properties of their solutions. It is perhaps no coincidence that the analy- 
sis of such problems relies in particular on uniqueness theorems that bear 
resemblance with those needed in the HUM. 

In his last works, Jacques-Louis Lions returned to the numerical analysis 
of parallel algorithms and domain decomposition methods, in a long series 
of Notes aux Comptes Rendus de l’Acad6mie des Sciences most often co- 
authored with Olivier Pironneau and published from 1997 to 2001. In fact, 
these kinds of topics had been on his mind for a long time. As early as 
the 1980s, he had already been an ardent advocate of installing a parallel 
computer at INRIA. The main idea in these Notes is to introduce parallelism 
in the continuous problem rather than in the discrete one, an approach that 
is in fact quite general, since it applies equally well to any problem that is 
approximated by an iterative method, such as a fractional step method, a 
decomposition method into sub-problems in optimization theory, a domain 
decomposition method, and so forth. 

One can only be impressed by these immense works, whether by the 
quality, diversity, and novelty of the mathematics used or by the permanent 
quest for new applications that were previously believed to be inaccessible. 

Like John von Neumann, whom he deeply admired, Jacques-Louis Li- 
ons was a visionary, who very quickly understood that the availability of 
ever-increasing computational power could revolutionize the modeling of 
phenomena and thereby improve our knowledge and mastery of the phys- 
ical world, provided however that the required mathematics were simulta- 
neously created and developed. He admirably contributed to this latter 
task. 

Jacques-Louis Lions justly received numerous honors. Although he al- 
ways remained modest about them, their list is truly astonishing: He was 
Commandor of the French Legion of Honor and Great Officer of the French 
National Order of Merit, a distinction he received at the hands of Presi- 
dent Chirac on 23 February, 1999. He was a member of twenty-two foreign 
academies and Honoris Causa Doctor of nineteen universities, he received 8 
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the most prestigious prizes, and he delivered the most coveted lectures. 
He was in particular awarded three Prizes by the French Academy of 

Sciences, the John von Neumann Prize in 1986, the Harvey Prize from 
the Technion in 1991, and the Lagrange Prize at  the ICIAM meeting in 
Edinburgh in 1999. Jacques-Louis Lions was proud to  have had the rare 
honor of having shaken the hand of Emperor Akihito when he received the 
highly prestigious Japan Prize in 1991. It was the climax of a perfectly and 
meticulously organized week which had particularly impressed him! 

In particular, he was an invited speaker three times at an International 
Congress of Mathematicians, in 1958,1970, and 1974. He gave the John von 
Neumann Lecture at  the SIAM meeting in Boston in 1986. He was plenary 
speaker at the ICIAM Congress in Hamburg and at the SIAM Congress in 
Philadelphia in 1995, and he held the Galileo Chair at  the University of Pisa 
in 1996. He also had the extremely rare honor for a scientist, especially for 
a mathematician, of speaking before a parliament! More specifically, he de- 
livered an address entitled “Will it ever be possible to  describe, understand, 
and control the inanimate and animate world by means of the languages 
of mathematics and informatics?” in front of the Cortes who had specially 
gathered in Madrid on 21 January, 2000 for the occasion, as part of the 
celebrations of the “World Mathematical Year 2000”. 

He belonged to  the most famous academies, such as the USSR Academy 
of Sciences and the American Academy of Arts and Sciences to which he 
was elected in 1982 and 1986. In 1996, he was simultaneously elected to  the 
Royal Society of the United Kingdom, to the National Academy of Sciences 
of the USA, and to  the Third World Academy of Sciences, just before being 
simultaneously elected in 1998 to  the Chinese Academy of Sciences and to 
the Accademia Nazionale dei Lincei in Rome. The Pontifical Academy of 
Sciences, to  which he was elected in 1990, seemed to be particularly dear 
to him. It may perhaps be not so well-known, but it is an unusually rare 
honor to become one of its members! 

Who was the man behind all these endeavors? What I knew of him 
convinced me that both his human and professional qualities were truly 
exceptional. 

Jacques-Louis Lions wrote abundantly, very rapidly, and with an aston- 
a ishing ease not only mathematics but also countless letters, which consti- 
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tuted his favorite means of communication. He was a master with the fax, 
which he used with an amazing efficiency! For instance it was not uncom- 
mon for each one of his various collaborators at any given time to receive 
four or five faxes per week, sometimes of up to  thirty pages if their contents 
were mathematical. 

Even though he wrote abundantly, he confessed that he did not usually 
keep track of his manifold letters, perhaps because he could rely entirely on 
his memory, or perhaps because he preferred to  spare himself a herculean 
archival task! Let us hope that his correspondents had the good idea to  
keep his letters, which could thus be later compiled. 

By any measure, his abilities were astounding. For instance, he once 
told me that it only took him a few weeks to write the several hundred 
pages of the “Diplodocus” lecture notes mentioned earlier. Likewise his 
indifference to lack of sleep or to  the most extreme jetlags and his freshness 
after lengthy flights were always a subject of astonishment among his travel 
companions. 

As John Ball put it so well, “Jacques-Louis Lions was a man of con- 
siderable personal magnetism and charm, whose charisma, brilliance as a 
teacher, and accessibility attracted others to  work with him”. And indeed 
it was obvious that Jacques-Louis Lions had an ample share of charisma, 
even if charisma is not easy to  define in a rigorous manner! He was also 
incredibly open and displayed such amiable and simple manners that any 
one of his current students or collaborators felt they were at  the center of 
his attention. 

He was also very brave in the face of physical danger and suffering. 
Even when the pain became unbearable, he never complained, keeping on 
the contrary his compassion for others. 

All those who met him will cherish the memory of his warm personality, 
the vision that he so well conveyed, and his profound intelligence. 
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Shanghai 200433, China. E-mail: dqliafudan. edu. cn 

On the desk in my office at the Institut Sino-Fkanqais de Mathkmatiques 
Appliqubes (ISFMA), there is a carefully framed photo, which was taken 
when I saw Professor J.-L. Lions for the last time. That was the afternoon 
of May 29, 2000, and I was attending the meeting of the (French) Scientific 
Committee of the ISFMA presided by Prof. J.-L. Lions at the Institut de 
France in Paris. The participants were in high spirits, and after the meeting 
a group photo was taken in a quaint hall. I was sitting next to him for that 
photo and could not imagine that this would be our last time together! 

Pr0f.J.-L. Lions in the photo seems to be always watching me with his 
flashing eyes, urging me never to forget his concerns and instructions, urging 
me never to forget those unforgettable past matters which greatly influenced 
me, urging me to  move forward and do my best, and urging me to complete 
his great unfinished work of developing applied mathematics. 

In my memory, the figure of Prof. J.-L. Lions was always tall and strong, 
and his face was still glowing with health and radiating vigour. Perhaps 
due to the aesthetic disposition of French nation, he was unwilling to have 
his sick look seen by his relatives and friends. The evening of March 25, 
2001, soon after I arrived in Paris from Shanghai, I was shocked to learn 
that Prof. J.-L. Lions was seriously ill and hospitalized. Next morning I 
hurried to Collkge de France, where I confirmed the news and had more 
details. I was deeply concerned about his sickness. I left messages several 
times hoping that I would be allowed to visit him in the hospital. He 
had been a strong man and I hoped he could recover from his illness and 
regain his energy. Unfortunately, when I finished my visit to Strasbourg 
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and Clermont-Ferrand in May and returned to Paris to leave for China, I 
heard that he was more seriously ill. Soon after I returned to Shanghai 
the bad news of his death came to me through different channels. I didn't 
expect that he would pass away so soon! 

Prof. J.-L. Lions, a master of applied mathematics who enjoyed high 
prestige and reputation and acquired great achievements, and a respected 
and beloved teacher of mine, left us in such a hurry. At the moment of grief 
the fond memories of our time together freshened in my mind, stirring me 
for a long time. 

Prof. J.-L. Lions was my advisor during my stay at Collkge de France 
as a visiting scholar from January, 1979 to April, 1981. The first time we 
met, he gave me a copy of his monograph Quelques me'thodes de re'solution 
des probkmes aux limites non line'aires. I spent over half one year in study- 
ing this book deliberately gained an overall understanding to the method 
of solving nonlinear partial differential equations by using the theory of 
Sobolev space. It was a rigorous training in the basic skill of Lions School. 
During that period Prof. J.-L. Lions proposed three problems to me. I 
chose the most difficult one and wrote a paper on it. He was pleased by my 
paper and encouraged me to publish it. But I realized that at that time 
he just tested my ability, so I did not submit the paper to any journal. In 
the second half of 1979, he was lecturing at Collkge de France every Friday 
morning. In one class he introduced a new kind of function space for solving 
pointwise control problems and gave a conjecture that the function space 
should be independent of the concrete forms of the elliptic operators. Due 
to my hard study during the first half of year, I proved the conjecture next 
day and immediately sent it to him. I was surprised that he addressed my 
proof in details as a theorem in the next class. It inspired me very much 
and also taught me the way he exchanged thoughts and communicated with 
his audience through his lectures. With his encouragement and advice, I 
successfully published several papers on pointwise control problems and re- 
lated limit behaviors. These results were added into his monograph Some 
methods in the mathematical analysis of systems and their control pub- 
lished in 1981 by Scientific Press, Beijing, and he also asked me to write 
two appendices for this book. 

During the period of my stay at Collbge de France over two years, I spent 



ALWAYS REMEMBERED 21 

most of my time and energy in the study of quasilinear hyperbolic systems. 
My work related to his research fields might be only what was mentioned 
above. It is not significant and I wish I have done more. However, living 
and working near Prof. J.-L. Lions, I was imperceptibly influenced by his 
working style and thinking method, I was very impressed by many talented 
disciples of Prof. J.-L. Lions, and I could see the prosperity and strength 
of Lions School. It was really of benefit to me. Since then each time I 
visited France Prof. J.-L. Lions always welcomed me and gave me advice 
and we became closer and closer. As a result, my understanding of applied 
mathematics was greatly improved. I further realized his working style and 
thinking method. I respect him not only for his academic achievement but 
also for his great personality. It will no doubt impact me forever. 

As a master in applied mathematics, Prof. J.-L. Lions had kept close con- 
tact with some important organizations in practical field as their academic 
consultant for long time. He proposed many new mathematical concepts, 
methods and theories just from urgent needs of practical applications. They 
not only played important instructive roles in solving practical problems 
but also greatly enriched the contents of applied mathematics. His success 
shows that combining theory with practice is a broad way for the devel- 
opment of applied mathematics. His effective working mode is a valuable 
legacy to us. 

I remember that as a professor of Collbge de France, each year Prof. 
Lions always gave a new course which addressed his latest research. He 
also published a new monograph almost every year. Even in May, 2000, 
one year before his death, I followed his lecture at Universitk Pierre et Marie 
Curie on the control problems of Navier-Stokes equations. It was believable 
that what he bore in mind constantly even in his last moment probably was 
various mathematical problems which he never gave up. Such a talented 
and diligent mathematician who devoted his entire life to mathematics is 
respectable that we would learn from him and keep him in mind forever. 

Prof. J.-L. Lions was a very busy person during his lifetime, holding 
several important posts at home and abroad concurrently; nevertheless, he 
managed his life elegantly. During the days when I was a visiting scholar 
at Colkge de France, every Friday in the afternoon before and after the 
seminar he presided there were always so many persons waiting for him, 
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who wanted to  discuss with him or consult him. Though my office was 
next to  his, our talk often could not last over five minutes each time since 
he was so busy. But such a talk was always concise and effective. Each 
time I handed him my research work or problems, two or three days later I 
would receive a long letter from him, giving me his advice and instructive 
opinions. Having known him for more than twenty years, I was deeply 
impressed with his efficient working style and I urged myself to  learn from 
him. 

It is especially worth mentioning that Prof. J.-L. Lions was full of en- 
thusiasm about the development of mathematics in developing countries, 
reflecting an honest mathematician’s wide vision and broad mind. During 
the period that he took office of the Secretary-General of the International 
Mathematical Union (IMU), he made great efforts to  regain seat of the 
People’s Republic of China in IMU, resulting in a satisfactory settlement 
at the end. As the President and the past President of IMU, he again spared 
no effort to  help China meet with success in applying for hosting the In- 
ternational Congress of Mathematicians (ICM) at Beijing in 2002. When 
he visited Shanghai in 1981, he was awarded the title of Honorary Profes- 
sor of Fudan University. Since then, he was always concerned about the 
establishment of the mathematical disciplines in Fudan University. He in- 
vited Professor Su Buchin, the President of Fudan University, to  visit Paris 
in 1982 and facilitated a cooperative agreement among Fudan University, 
Ecole Polytechnique and Institut National de Recherche en Informatique 
et en Automatique (INRIA). As a result, the academic exchange and co- 
operation of Fudan University with France in mathematical fields became 
more frequently. With his effort, supported by the Presidents of China and 
France, the Institut Sino-Francais de Mathkmatiques Appliqubes (ISFMA) 
was established in Shanghai in February, 1998. He was the French Chair- 
man of the Scientific Committee of the Institute. He came to  Shanghai to  
attend the opening ceremony with a group of French mathematicians, and 
gave a scientific lecture there. The journal Chinese Ann& of Muthemutics, 
whose past Editor-in-Chief was Prof. Su Buchin, reorganized its Editorial 
Committee in 1999. Pr0f.J.-L. Lions kindly accepted the invitation to  be an 
Honorary Editor of the journal. He was also the Honorary Editor-in-Chief of 
the Series in Contemporary Applied Mathematics published by the Higher 
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Education Press, Beijing, from 2000 onwards. When Macao returned to 
China, Prof. J.-L. Lions helped to organize the conference “Mathematics 
and its Role in Civilization”, which added a piece of bright landscape for 
new-returned Macao. After he took office of the President of the Acadkmie 
des Sciences de Paris, his first outside visit was to the Academia Sinica in 
Beijing, and he was elected as an oversea member of the Chinese Academy 
of Sciences in 1998, unique member from F’rance at that time. We could 
say without any exaggeration that Prof. J.-L. Lions was an truly devoted 
friend of Chinese mathematicians and he won popular love and respect in 
Chinese mathematical community. 

Today, due to the efforts and encouragement of Prof. J.-L. Lions in his 
lifetime: 
- The International Congress of Mathematicians (ICM2002) was suc- 

cessfully held in Beijing in August 2002, and the General Assembly of the 
IMU was also smoothly held in Shanghai before ICM2002. 
- The ISFMA operates smoothly, and is playing a more important role 

in promoting the exchanges between Chinese and bench applied math- 
ematicians. Efforts have been and will be made to realize his ideas in 
developing applied mathematics. 
- The journal Chinese Annals of Mathematics has become more influ- 

ential in recent years. Hopefully the journal would become an international 
mathematical journal of great influence in near future. The second issue of 
Chinese Annals of Mathematics Ser. B (2002) as a special issue and the 
next several issues published articles contributed by his friends, students 
and colleagues, dedicated to the memory of him. 
- The theory of exact boundary controllability, which he initiated and 

made important contributions to, has got rather important progress in the 
case of general quasilinear hyperbolic systems of first order. 

. . . . . .  
When Prof. J.-L. Lions came to Shanghai to attend the opening cer- 

emony of the ISFMA in 1998, he was deeply moved by Shanghai’s great 
changes. At the reception hosted by Shanghai’s Vice-Mayor, he said: “This 
is my third visit to Shanghai, and I have seen three different cities in three 
visits !” After then I have invited him to visit Shanghai again, in particu- 
lar, I hoped he could come to Shanghai during the period of the General 
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Assembly of the IMU in 2002. I would, as host, show him the new changes 
in Shanghai in recent years. Regretfully, it has been now impossible. 
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The authors investigate the stability of a steady ideal plane flow in an 
arbitrary domain in terms of the L2 norm of the vorticity. Linear stability 
implies nonlinear instability provided the growth rate of the linearized sys- 
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$1. Introduction 

We consider solutions u = (u1 (xl, 22, t ) ,  u2(21,22, t ) )  of the incompress- 
ible two-dimensional Euler equation in a bounded domain R c lR2 with a 
smooth impermeable boundary dR : 

atu +u.vu = - v p  in & x n, u - i i  = 0 oh & X dR. (1.1) 
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n' denotes the outward normal to the boundary. The vorticity 

is then transported by the flow according to the equation 

&w + u s  V w  = 0 in lRt x R .  (1.2) 

(1.3) 

We define the operator curl-' by the formula 

curl-'w = V A 9, with - A 9  = w in R ,  9 = 0 on do.  

If the domain 0 is simply connected, then u = curl-'w . If it is not simply 
connected, but u = curl-'w at time t = 0, then u = curl-'w at all times. 
This is the only case that we consider and therefore the Euler equation is 
equivalent to the equation 

dtw + curl-'(w) - vw = 0 .  (1.4) 

If uo(z) is a stationary solution of the Euler equation (1.4), then the 
vorticity wo (z) satisfies the equation 

O = uo VWO = VQo A VWO , (1.5) 

which says that the level lines of Qo and Ro coincide. This condition is 
satisfied in particular for any solution of the nonlinear elliptic equation 

- A 9  = f(9) in R, 9 = 0 on dR. (1.6) 

The present article is composed of two parts. The first concerns the 
stability of solutions of the mean field equation which was introduced to 
the subject by Onsager [15]: 

- A s  = Ce-Douin a ,  C > 0 .  (1.7) 

The convexity of the entropy functional 

S ( w )  = s, w logwdz 

is used in conjunction with the tools developed in [3] and [41. In a standard 
normalization, the stability is proven for p > -87r, extending previous 
results obtained by Arnold's method [I] for p negative but small in absolute 
value. The case of -p  large corresponds to  large energy and seems to  be 
the rhlevant one in the formation of coherent structures. 

Our first stability theorem is as follows. 

(1.8)
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Theorem 1 .l. Consider the variational problem 

S(A,  E )  = inf w log wdz (1.9) 
W 

subject t o  the mass and energy constraints 

Assume that the minimizer  p, which satisfies 
r 

(1.10) 

(1.11) 

and always exists [3], is  unique. Consider the family  F of initial data defined 
as the nonnegative funct ions that belong to  a Holder space Co@ f o r  some 
a > 0.  Then  for  all E > 0 there exists S > 0 such that, f o r  the solutions 
w ( t )  of the Euler equation (1.4) with w(0)  E F ,  the implication 

(1.12) 

holds. 
The proof of this theorem and some variants to handle the case where 

the minimizer is not unique will be given in Section 2. 
In Section 3 it is shown how to deduce nonlinear instability from lin- 

earized instability. The method follows closely the program initiated by 
the second and third authors of this paper (in collaboration with others) 
[6,7,  lo], where it was observed that the notion of instability is a robust 
property. In particular, using a perturbation method, nonlinear instabili- 
ties can be deduced from instabilities of the linearized operator. 

In the present situation the linearized equation is 

(at + uo - V)G + ii * V W O  = 0 .  (1.13) 

Solutions of (1.13) are described by the group of operators etAo with gen- 
erator 

A& = -UO - VG - curl-'w - Vwo . (1.14) 

This generator is the sum of an advection term which generates an isometry 
group in any Lp(Q)  (1 5 p < oo), denoted by e-tuo'V, and a compact 
perturbation. It follows that the part C(A0)  of the spectrum of A0 outside 
the imaginary axis is purely discrete and that if C(A0)  # 0, the type A of 
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the semi group e-tAo in any LP space is given by 

A =  sup ReX. 
X C ( A 0 )  

(1.15) 

Linear instability corresponds to the case when A > 0 (that is, C(A0)  # 0 ) .  
We denote by o the Liapunov exponent of the autonomous flow associated 
to uo. Our instability theorem is as follows. 

Theorem 1.2 (From Linear to Nonlinear Instability). Given  a 
steady f low uo E C3 (0) , consider the linearized equation 

 at^ + uo - VG + curl-lij. V W O  = 0 .  (1.16) 

A s s u m e  that  the type A of the  semigroup and the Liapunov exponent CT of 
the  f low generated by the vector field uo satisfy the inequality 

A > 0. (1.17) 

T h e n  f o r  any  p > 2 there exist positive constants C, E O , ~ O  and a fami ly  of 
solutions of the  nonlinear Euler  equation {wg , 0 < S 5 SO} which satisfy 
both 

and 

SUP Ilws(t) - WOllL2 L €0. (1.19) 
o<tsq log61 

In two space variables the use of the vorticity equation forces the discrete- 
ness of the spectrum of A0 off the imaginary axis. In contrast, F'riedlander 
and Vishik [5] consider a different linearized operator. They linearize the 
Euler equation for the velocity to get the operator 

Boii = -(UO - 0)ii - (ii - V)UO - Vq 

on the space {ii : ii E L2(Q),V - ii = O}. They prove [5,18] that the 
essential spectral radius of etBo is equal to the maximal growth rate of 
the bicharacteristic-amplitude equations 

i = uo(z), i = -(&uo)'<, 

i, = -(a,uo)b + 2(5 * 8,uo)b < / / < I 2 .  
Thus the essential spectra of A0 and Bo are quite different. 

In [6] ,  it is proven that certain flows are nonlinearly unstable in H S  
for s > 2, by making use of the point spectrum of Bo. In [8], Grenier 

(1.18)
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proves similar results in the space { u  E L2}. Here we prove the same kind 
of theorem for the L2 norm of the vorticity. This is the very norm for 
which we obtain stability results. Furthermore, in contrast to [6] and [8], 
our results are valid (i) with no geometric hypothesis on the shape of the 
domain R and (ii) with less regularity assumed on the steady flow. 

Two basic examples are shear flow and simple rotating flow. In both 
cases, the exponent 0 vanishes. Indeed, shear flow is 

U.'( u(x2)  0 ) with Xo( t ,  q,  z2) = 

Since the flow grows only linearly in time, 0 = 0. Simple rotating flow in a 
disk is 

for which CT is also clearly equal to 0 .  
There exist classical examples [6] of shear or rotating flows going back 

to Rayleigh for which the linearized instability is proven. The previous 
comments imply that for these cases the hypothesis (1.17) is satisfied. 

$2. Stability of Solutions of the Mean Field Equation 

The solutions of the mean field equation 

are invariant under 
minimization of the 

the Euler flow. They are also closely related to the 
functional 

f 

S(w) = Iu H(w)dx with H ( w )  = w In w 

subject to the constraints 

(2.3) 
1 

w 2 0, A = / w d z ,  E = (curl-1w12dx. 

The constants A and E are positive while p is the Lagrange multiplier of 
the energy constraint. More precisely, starting from the convexity of the 
function w -+ H ( w )  2 e-l the following facts are proven in [3, 4, 111 and 
are restated in the next two theorems. 

(2.2)

(2.1)
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Theorem 2.1. (i) Denote  

P ( E ,  A )  = { w  2 0 a.e. in 0 ,  I ,  w(z )dz  = 1, I ,  Icurl-lwl2dz = E . 1 
(2.4) 

T h e n  f o r  any  pair  ( E , A )  of positive constants there i s  at  least one W m i n  

which solves the Microcanonical Variation Principle 

S ( E ,  A)  inf S(W) = S(wmin). 
wEP(E ,A)  

Furthermore, a n y  nonnegative solution w of (2.5) i s  strictly positive and 
there exists a t  least one /3 such that  w = - A q  with !P solving the corre- 
sponding P-mean field equation (2.1). 

(ii) Conversely, a n y  solution of the  P-mean field equation (2.1) i s  a so- 
lution of (2.5) with a given mass  and energy E(P) .  

With appropriate scalings, the following renormalizations are assumed 
for the domain 0 and for the solution of the mean field equation: 

101 = meas 0 = 1 and A = w(z )dz  = 1. (2.6) s, 
The set of minimizers in (2.5) is denoted by M ( E , A ) .  In particular, 
M ( E ,  l), P(E ,  1) and S ( E ,  1) are denoted by M ( E ) ,  P ( E )  and S ( E ) .  

Theorem 2.2. (i) For a n y  P > -8n there i s  at  least one solution of 
(2.1); this solution i s  always unique for P > 0. 

(ii) This  solution i s  also unique f o r  /3 > -8n if the domain 0 i s  s imply 
connected. In this setting the mapping P I+ E(P) is well defined. It i s  also 
strictly decreasing and is onto f r o m  the interval (-Sn,co) t o  the interval 
(0, E,), where 

E, = lim E(,B). 
j3> -g.rr,p+ -8.rr 

(iii) For starshaped domains there exists a number ,& 5 -8n such that  
the m e a n  field equation has n o  solution f o r  /3 < Pc. In particular if 0 i s  a 
disk, E, = oo and PC = -8n. 

In fact, the situation of the disk corresponds to the ideal case where for 
any energy E E (0, oo) any minimizer corresponds to a unique temperature 
P E (-8n, 00). As a consequence, the minimizer is uniquely defined. In 
general, the situation turns out to be more complicated, either when the 
domain is not simply connected (no uniqueness of the solution of the mean 

(2.5)
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field equation for given p), or when E, < 00 and pc < -8n in which case 
several values of ,B may correspond to  the same energy. 

For our purposes observe that for a simply connected domain a solution 
of the mean field equation 

provides a minimizer of S(wa) with the constraint E(w) = E(P) E (O,E,). 
Furthermore if up is another minimizer with the same energy, 

either p’ = p or p‘ < -8n. (2.8) 

Now we prove the stability theorem stated in the introduction. 
Proof of Theorem 1.1. The hypothesis w(0)  E F implies (cf. [20, 211) 

that the corresponding solution is well defined and smooth. In particular 
one has for w ( t )  and u(t)  = curl-’w(t) the invariance 

E ( t )  = - lu(z,t)12dx = - lu(z,0)12dz = E(O), (2.9) 1s, :h 
s, f ( 4 z ,  t ) )dz  = f ( 4 Z ’  O ) ) d z  * (2.10) h 

and for any continuous function f 

By contradiction, it is easy to  see that the statement of the theorem is 
equivalent to  the following one. For any sequence of initial data wn(0)  E F 
and for any sequence of times t ,  , the limit 

implies the existence of a subsequence nj such that 

(2.12) 

So we assume (2.11). 
We claim that 

,lit% H(w,(x, 0))dx = H ( p ) d x  S(p) . (2.13) 

To prove (2.13), the strict positivity of p as stated in Theorem 2.1 is used 
and a positive constant qo such that p(z) 2 2q0 in R is introduced. Let 
0 5 q 5 min(q0,e-l) and observe the inclusion {x R\lw,(z,O)I < q }  c 

s, 

(2.7)

(2.11)
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L 1 Iwn(z, 0) - p(2)ldx + rll l og4  
rl 

+ IIH(P)llL=(n) lw ( dx . (2.14) 

To complete the proof of the claim, choose q to  make ql log71 less than c/2 
and then choose n large enough to  ensure, with the strong L2 convergence 
of wn(0) to  p ,  that the sum of the two other terms is less than ~ / 2 .  

Then there exists a subsequence n j  denoted below by n such that wn(tn)  
converges weakly in L2(R) to  a function v(x) .  With the notation un(tn) = 
curl-lw,(t,), u, = curl-’v, the relations (2.9), (2.10) and the “entropic 
convergence lemma” (Proposition 3.1 of [2]) one has, for v E L 2 ( 0 ) ,  u 2 0 ,  
the following properties: 

S, S, (2.15) 

n z , O ) - ~ ( z > l _ > ~  

S, v(x)dx = lim w,(z, t,)dx = lim wn(x, 01dz = 1 , 

(2.16) 

(2.17) 

Thus v is a minimizer. The hypothesis concerning the uniqueness of the 
minimizer implies the relation v = p and the strong L2(R) convergence 
because S, lv(xl12dx 5 lim S, ~w,(x, t,)12dx = lim ~w,(z, 0)12dx S, 

(2.18) 

This proves Theorem 1.1. 

of the above theorem. We have the following variant. 
Since the minimizer may not be unique, we consider several extensions 
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Theorem 2.3. No assumption is made on the uniqueness of the min- 
imizer. On the other hand, consider for a given energy E ,  a minimizer 
p E P(E) .  Let F' C F be the subset of initial data uniformly bounded in 
Lm(R) by  a fixed constant k. Then for all 6 > 0 there exists 6 > 0 such 
that, for the solutions w(t) of the Euler equation (1.4) with w(0 )  E F', the 
assertion 

inf JJw(t )  - v11~~(0) 5 E (2.19) ::; V E M ( E )  
Ilw(0) - PllP(R)  L 6 * 

holds. 
Proof. The proof follows the preceding one and leads with no major 

modification to the extraction of a subsequence such that wn(tn) converges 
weakly in L2(R) to a minimizer Y E M ( E ) .  Since the uniqueness of this 
minimizer is not assumed, the relation (2.18) is no longer valid and the 
convexity of the entropy H (with the uniform boundedness) is used instead. 
In fact, by a Taylor expansion we have 

s, (H(Wn(X, tn))  - H(+, t)>)dx 

(2.20) 

with w(z ,  t )  between wn(z, tn) and ~ ( x ) .  Using the uniform boundedness of 
wn(z, 0) and the weak L2 convergence of wn(tn) , we have for 0 < a small 
enough the inequality 

(2.21) 
which proves the strong convergence. 

If the domain is simply connected, there is, as recalled above in Theorem 
2.2, a one-to-one correspondence between the solutions of the mean field 
equation for p > -87r and the minimizers with energy E > E,. This does 
not seem to exclude in general the existence of other minimizers for the same 
energy which solve a mean field equation with ,6 < -87r. In accordance with 
this observation we give the following theorem. 
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Theorem 2.4. Assume  that the open set R is  simply connected and 
consider a solution $* of the mean field equation 

(2.22) 

Denote by p = -A** the corresponding uorticity with energy E ( p )  and 
consider the same set of initial data F' as in Theorem 2.3. Then  for all 
E > 0 there exists S > 0 such that, for the solutions w ( t )  of the Euler 
equation (1.4) with w(0)  E F' ,  the assertion 

1140) - PIILz(n) L 6 * SUP 114) - Pl lP(R)  L 6 (2.23) 
t E R  

holds. 
Proof. According to  Theorem 3.2 ii) of [4], one has 

M(E(P)) = {PPJM*, (2.24) 

where any element v E M *  is a solution of the mean field equation with 
a temperature p ( v )  < -87r. Observe by contradiction that the L2(s2)- 
distance d between p and M *  is strictly positive. By Theorem 2.3, for all 
6 > 0 there exists S > 0 such that the relation 

implies the relation 

(2.26) 

We observe that for w(0)  E F' we have w(.)  E C(Rt;L2(R)).  Choosing 
E < and S < and using the triangle inequality, we conclude that 

(2.27) 

This completes the proof. 
The previous stability results involve, as in most of the contributions 

in the subject (cf. for instance [l, 13, 19]), the L2 norm of the vorticity. 
Finally we conclude this section by proving, using the notion of entropic 
convergence, a weaker result under a weaker hypothesis. 

Theorem 2.5. The  family  of initial data F is  defined as in Theorem 
1.1. For some p > 1, Fp c F denotes the subset of initial data uniformly 
bounded in LP(s2); that is, there exists k < CQ such that 

" 
(2.28) 

(2.25)
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Then for  all (A ,  E )  and E > 0 there exists S > 0 such that 

implies 

(2.29) 

(2.30) 

Proof. By (2.25) we extract from any sequence wn(tn) a subsequence, 
still denoted by w,(t,), which converges weakly in P ( R )  to  a function 
v E Lp(R). The inequality (2.29) and the compactness of the Sobolev 
imbedding W'J'(a) c L2(R) imply the following limits: 

(2.31) 

(2.32) 
Then by the entropic convergence we have 

Therefore u is a minimizer, the equality (2.32) implies the L2(R) strong 
convergence of the sequence curl-'w,(t,)), and the proof is complete. 

$3. From Linear to Nonlinear Instability 

This section is devoted to  the proof of Theorem 1.2. First we recall some 
facts about the Liapunov exponent. The classical Liapunov exponent o for 
the flow Xo (t, x) induced by uo , 

(3.1) -- - 'LLO(XO), XO(0,X) = It: , ax0 

a t  
is defined by 

1 ax, 
o = sup lim -log - 

x t - m t  I a x  I) 
where 2 denotes the 2 x 2 matrix ( a X i / a z j ) .  

Proposition 3.1. The Liapunov exponent can also be defined as 
1 

CT = lim - suplog 
t + m t  x 

(3.3) 

(3.2)

(2.33)
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This fact might exist in the theory of dynamical systems but in the 
absence of a reference a short proof is given. Clearly 

1 8x0 2 sup lim - l o g l x / .  1 ax0 lim -suplog - 
t + o t  , I ax I , t - m t  (3.4) 

To prove the converse we follow the argument of [7]. By definition of IT ,  for 
every pair E > 0 and x E a ,  there exists a “time” T[x] > 0 such that 

By the continuity of d,Xo and the boundary condition, for all x E 

is a neighborhood B, c a such that 
there 

We introduce a finite covering of a by such open sets: a = B,, U B,, U 

. . . U B,, with N < 00. Denote Bi = BZi ,  Ti = T[xi] for 1 5 i 5 N .  Given 
z E n ,  choose il such that x f Bi, and then choose the sequence 

y1 = XO(Ti,,X) E Biz, 

9 2  = Xo(Ti1 + Ti, 7 2) E Bi, , 
. . . . . .  

Now 

so that 

Similarly for any x and k we have the inequality 

mdTil+...+ik 9 41 < e[Ti,+...+Ti,](a+€) 
d X  I -  

Now, given t and x , we choose 

Sk = Ti1 + - - * + Ti, 5 t < Ti, + . + Ti, + Tik+l 
and denote by XA the derivative of 

xo (4 .) = xo (t - S k ,  xo (Sk, 4) 

(3.8)

(3.9)

Therefore
(3.5)

(3.6)

(3.7)
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with respect to x. By the chain rule and estimate (3.8) we obtain, for any 
pair ( t , z )  E [0,0o) x n, 

I [ - SUP 

< - Ce("+'>Sk < - ~ ' e ( c + ' ) t ,  

I X A ( ~ ,  Y,I] - e(c+c)Sk 
yES1,Oss<max; Ti 

(3.10) 

which implies (3.3). 
The following key lemma states that if a velocity field v( t ,  z) is close 

enough to uo(z) in C1, then their corresponding flows are close together in 
a sufficiently short time interval where qe(t-s)p is small. 

Lemma 3.1. Let ug(x) be a steady C1 solution. Let X o ( t ,  s ,  2) = Xo( t -  
s , x )  be its classical flow with Liapunov exponent 0. Let v ( t , x )  E C1 be 
another vector field defined on lRt x fi that is incompressible and tangent 
to the boundary 

V - v = O i n f l  and v . n ' = O  o n d R .  (3.11) 

Denote b y  X ( t ,  s, z) its flow 
d X  
at = v( t ,  X ) ,  X ( s ,  s ,  x )  = z. - 

Let 0 < c and p > (T + E .  Then there exist positive constants C1 , C2 and 
80 with the following property. 

For any positive constant r] the estimate 

1 60 S = - I n -  
, - P  r] 

(3.13) 

implies for s 5 t 5 s + S, the a priori estimates 

I X ( t ,  s ,  2) - X o ( t ,  s ,  x)1 5 C1qe(t-8)p, (3.14) 

Proof. When there is no risk of confusion, the arguments ( t ,  s, x )  in X 
and X o  will be omitted. The difference X - X O  satisfies 

a(x - xo) = w(t, X )  - uo(X0); ( X  - Xo)(s ,  s ,  2 )  = 0. at 

(3.12)

(3.13)

(3.15)
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Thus 

By the Taylor expansion and (3.12), we have 

191 5 I - a , , ( ~ ) ( ~  - ~ 0 ) ' )  + qe(t-s)p 5 C ~ X  - ~ 0 1 2  + qe(t-s)l. 

T* = sup(t1 : Ix(t1) - xo(t1)J 5 C1qe(tl-s)p) (3.17) 
with C1 to be determined. In the interval [s ,T*] ,  we have from (3.2) and 
(3.16) the estimate 

1 d2Uo - 

Let 

IX(t> - xo (t)  I 

Putting t = T*,  we have from (3.17) 

Hence 

if we choose 
1 C1 = 2C:' and 0 < 60 < - 

4 c ;  c:' - 
By (3.13) we have 

S q < T * - s  
and we deduce from (3.17) that  (3.14) is valid. 

define Y = g ( X  - Xo) ,  where & = & or &. It satisfies 

d dv dX dUodXo -[v(t, X ( t ,  s, 2 ) )  - uo(Xo(t, s, x ) ) ]  = - - - - - dX ax ax  d X  ax  

(3.18) 

Next we

(3.16)
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By assumption (3.12) and (3.14), for 0 5 t - s 5 S,, 

a[v - UO] - ~- d v ( t ,  X )  duo(X0) - 
d X  dX dX 

Therefore 

By (3.18) 

IY(t)l 5 

< - I 

by (3.13) we have 

we can now estimate 

It thus follows, for t - s 5 S, and 80 sufficiently small, that 

IY ( t )  I 5 Ceoe(t-s)(u+E). 

Lemma 3.2. Given uo and v as in Lemma 3.1, let i;l solve the linear 
equation 

(at + v * 0 ) G  = 0. 

Then  for any 1 5 p 5 00 and 
1 80 0 5 t 5 s, = -log- 
P V  

by Lemma 3.1. Hence 

(3.19) 

since the Jacobian equals one. This proves the desired estimate on the first 
derivatives. 
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Now we prove that the eigenfunctions are smooth. 
Lemma 3.3. A n y  eigenfunction $A E L2(s2) corresponding to  an  eigen- 

value X with Re X > o belongs to  W',P(n) for  all p < 00. 

Proof. The eigenfunction satisfies 

(3.20) 

from which we deduce the relation 

$A = lrn e - A r e - T u o . v  (curl-l$A - V W ~ )  d - ~ .  (3.21) 

By assumption, 4~ is in L2(s2) so that curl-'$x - V w o  is in H1(R). By 
Lemma 3.1 in the simple case w = uo and 0 5 t < 00, we have 

e-tu0.V w ' , P ( ~ >  + w ' , P ( ~ )  

with norm O(e("+'It) for any E > 0. Therefore the assumption ReX > o 
implies that  $A is in H1(R). Now this implies that curl-l$x . VWO belongs 
to  H2(s2) c WrvP(s2) for p < 00. Using once again the estimate 

I le- tuo'V~/W~,p 5 O(e("+')t) and ReX > o, (3.22) 

we conclude the proof of the lemma. 
The main ingredient in the proof of instability is a bootstrap lemma 

(Theorem 3.2). Before giving this lemma it is worthwhile to  compare it 
with classical results on the 2 0  Euler equation. It is known that for smooth 
initial data the solution of the Euler equation remains as smooth as the 
data. For instance, for any W'J' norm we have the crude estimate 

t 

Ilw(t>llw~*P L JW(O)IIW1*P exp (c Jd l l ~U(S) I IL - (n ,dS)  - (3.23) 

However due to  the fact that curl-' is not continuous from Loo to  W'yrn, 
time dependent estimates on IIVu(t)llL-(n, are subtle [20]. The same ob- 
servation applies to  the difference & ( t )  = w ( t )  - wo where wo is a stationary 
solution and ~ ( t )  a perturbation. The equation for ij is 

atij + UVG + curl-'(ij) - V W ~  = 0 .  (3.24) 

Applying the operator D (derivative wit8h respect to  the first or the sec- 
ond spatial variable) to the equation (3.24), multiplying this equation by 
(DL;))P-', integrating over R and using the Gronwall lemma, we deduce for 
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CZI the inequality 

By the same argument involving a nonlinear Gronwall lemma, 

II W t )  IILO” (0)  

can be estimated, but only for a short time which depends on the initial 
data. More precisely, for 

ect \ \W(0)\ \Wl,p 5 D ,  (3.26) 

we have 

(3.27) 

with convenient constants C ,  D and E.  Combining the formulas (3.25) 
and (3.27), we easily obtain the following result. 

Theorem 3.1. Given any  stationary solution wo of the 2 0  Euler equa- 
t ion  in a bounded domain a, there exist positive constants C, C’ and 8 which 
depend only o n  R and wo such that for  any perturbation 

G ( t )  = w ( t )  - wo 

we have the implication 

In contrast to the sharp, but global, Wolibner estimate [20], the above 
estimates are only local in time and the constants are not “sharp”. The 
bootstrap lemma states that under convenient hypotheses we can sharpen 
the constants in (3.28). 

Theorem 3.2 (Bootstrap Lemma). Denote by uo a steady f low with 
classical Liapunov exponent 0 as in (3.2). Let p be any real number strictly 
greater than u. Let T > 0 and p > 2. Then  there exist positive constants 
8, C1, C2, and C3 wath the following property. Let w ( t ,  x )  E C(&; WlyP) 

be any  solution of the nonlinear Euler equation which satisfies the initial 
estimate 

1140) - LJOIIW’.P(R) 5 (716 (3.29) 

and the L2 estimate 

114) - w I J ~ ~ )  I Cdeclt in [o,T].  (3.30) 

(3.25)

(3.28)
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Let 

Then  in the tame interval 0 5 t 5 min{T, Ts) , the solution also satisfies 
the W'J' estimate 

IIW(t) - WOIIwLP(R) 5 w e p t .  (3.31) 

Proof. Introduce the notation 

G ( t )  = w ( t )  - wo and G ( t )  = u(t)  - uo = curl-lG(t). 

Given > 0, let 

(3.32) 1 80 S, = -log - 
P ' I  

and S = sup{t : IlG(t)llcl 5 qep t } .  

Observe that ( G , f i )  solves the equation 

(a, + u * 0 ) G  = -ii - v w o  (3.33) 

II~(O)llwll"(n) L C16 * (3.34) 

with initial data 

By the Duhamel Principle and Lemma 3.2, this implies, for 0 5 t 5 
min{T, S,, S}, the estimate 

The norm on the right is estimated by 

IF(.> - ~woIlw' .P 5 cII~llw'lP L CII~IILP L yJJ~IIWl,P + C7ll~IlL2 

5 y I I i j l l ~ 1 , ~  + C7beF' 

by (3.30), where y is arbitrarily small. This is placed into the integral 
inequality (3.35) as 

(3.35)
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Hence for y = 1/2C and for 0 5 t 5 min{T, S,, S}, we have 

e-ptIlij(t)llWl,. 5 2CS. (3.36) 

Thus, since p > 2, we have for 0 5  t 5 min{T, S,, S}, 

llqt)llc1 L cll.(t)llW21P I C I l ~ ( t ) I l W L P  I CoSePt (3.37) 

for some constant Co. Now we choose r ]  =2CoS, and 0 = 00/2Co. It follows 
from the definition of S that S > S,. Hence 

llk(t)l[W1,p 5 2CSept (3.38) 

for 0 5  t 5 min{T, S,}. Noticing that S, = Tb, we deduce (3.31). 

linear equation 
Proof of the Instability Theorem 1.2. We now return to  the non- 

(at + uo * 0)b + (6 - V ) w o  = -(G - V ) k  (3.39) 

satisfied by the perturbation 6 = w - wo. It takes the Duhamel form 

~ ( t )  = etAOk(0) - e(t-r)Ao(ii. '0)1~1(7)d7. (3.40) 

Assuming that A > 0, by compactness (see (1.15)) there is at least one 
eigenvalue X such that ReX = A .  If X = A is a real eigenvalue, we can 
choose k(0,z)  = S~X(Z), where S is small and 4~ is the eigenfunction 

l 
Ao4x = X 4 x .  (3.41) 

However for the sake of generality the case where A is not an eigenvalue is 
considered below and then we choose for initial data the function &(O, z) = 
dZm#~(z ) .  Taking the L2 norm in (3.40) gives 

t 
l~~;)( t> - b e t ~ o ~ m 4 A l l p  5 C, 1 e(t-T)v I I (U - ~ ) i ; l l l L z d T  (3.42) 

for any A < v < 2A. Define 
6 

T = sup s : ll~;l(t) - ~ e t ~ o ~ m + A l l p  5 2llet~o~m+xllL2 , vt E LO, s ] } .  

(3.43) 

I I 4 t ) l l L 2  5 CzSePt, (3.44) 

{ 
Then for 0 5 t 5 T we have 

where p = ReX = A. Hence from Theorem 3.2 with p = A > 0, we crudely 
estimate the nonlinear term as 

(3.45) II(6 - 07)b11~2 _< l l ~ l l ~ m  I I~kIIL2 L CIIkII$l,p L C{C36ept}2 
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provided t 5 min(T6, T } .  We shall prove that T6 5 T for S small. If not, 
notice that 

lletAoSZm$xllL2 2 coGept. (3.46) 

Therefore we have for 0 5 t 5 min{Td,T} the estimate 

6 5 4 IletAOZm$x l l L 2  (3.47) 

by choosing 8 small. If T < T6, we choose t = T above to obtain 
S 

IILJ(T) - 6 e T A 0 ~ m 4 x  l lL2  5 IletAOZm$x l l L 2  , (3.48) 

which contradicts the definition of T .  Therefore Td 5 T and we can put 
t = T6 to obtain 

$4. Conclusion and Acknowledgments 

It has become increasingly apparent that the notions of stability and 
instability are dependent on the norms. Therefore our purpose has been to  
analyze both of them in the same norm. 

The analysis of the stability could be also done for other types of min- 
imizers. Consider a convex function w +- G ( w )  and the minimizer of the 
functional s, W > d X  

under the constraints of mass equal to  1 and energy given. Formally such 
a minimizer is a solution of a generalized mean field equation 

-A!& = C (G’)-’(-@!&), (4.1) 

which ought to  be studied in the same way as the standard mean field 
equation. In this direction some related stability results can be found in 

However it is the mean field equation itself or its generalization given 
in [16, 14, 121 which seems really pertinent for the description of coherent 

[19].

(3.49)
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structures. While the result of Section 2 may explain why these structures 
persist, it does not explain why they appear in the first place. In fact, 
these stability results are time-reversible, so that in order to come close to 
a solution of the mean field equation one has to start close to this solution. 
The stationary solutions do not behave like attractors but like centers of 
a dynamical system. However, justification of their frequent appearance 
could be found in one of the following possibilities. 

These solutions should be the most probable ones in terms of a conve- 
nient probability measure to be defined on the configuration space. 

0 They might be produced by the conjunction of several circumstances, 
such as the fact that the initial vorticity is bounded in Lm and a family of 
solutions converges merely weakly to a nontrivial Young measure, the fact 
that in mean time the solutions are limits of solutions of the Navier-Stokes 
equations with viscosity tending to zero, and the fact that only the w limit 
set for t + 00 is important. 

This contribution is part of a research program which was initiated dur- 
ing the visit of C. Bardos to Brown University in the spring of 2000 and 
he wishes to thank Brown University for its support and warm hospitality 
during this period. 

Any specialist of the field reading this paper will guess that we had the 
chance to benefit from some helpful discussions with several colleagues, in- 
cluding s. Friedlander, G. Haller, M. Kiessling, M. Vishik and G. Wolansky 
and we would like to thank all of them. 

And finally we would like to thank Professor Li Ta-tsien who gave us 
the opportunity to publish this article in this special issue dedicated to 
the memory of Jacques-Louis Lions. He played a fundamental role in the 
scientific training of two of us, having been the thesis advisor of the first 
author and one of the first collaborators of the third author during his 
postdoctoral year in Paris. 
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Abstract 

The objective of this paper is to consider the theory of regularity of sys- 
tems of partial differential equations with Neumann boundary conditions. 
It complements previous works of the authors for the Dirichlet case. This 
type of problem is motivated by stochastic differential games. The Neu- 
mann case corresponds to stochastic differential equations with reflection 
on boundary of the domain. 

Keywords Regularity theory, Neumann boundary conditions, Dirichlet 

2000 MR Subject Classification 35555, 35B65 
problem 

$1. Introduction 

We consider here a system of nonlinear P.D.E. with Neumann boundary 
conditions. It is the counterpart of the Dirichlet problem considered by the 
authors in several publications (see in particular the book [l]). Although 
a natural counterpart of the Dirichlet case, the results of this paper are 
presented here in a simplified and self-contained manner. 
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$2. Setting of the Problem 
2.1. Notation and Assumptions 
We consider a smooth, bounded domain R of R”. In particular, the 

boundary will be representable by local charts, so that in a sense the Neu- 
mann problem can be reduced to the Dirichlet problem. We consider the 
operator 

A = -div a D ,  (2.1) 
where a ( z )  ai j ( z )  satisfies 

a; j ( z )  = aj i (x )  is Lipschitz continuous on 0, 

ap(z)M.j  L aoltl2, V t  E > 0. (2.2) 
We now consider “Hamiltonians” , namely functions H ,  (2, p ) ,  v = 1, - - - , N ,  
p = p l ,  - - - , p ~ ,  with p,, E R”, with the following properties 

H,(x,p) are Caratheodory functions, 

with 

IQ(x,p>I F IC + Q - 4 ,  
lH,o(~,P)l L ICu + Ku c IP,I2. 

PF,  

Let a be a positive constant, we are interested in the system 

Au,  + auV = H,(x, Du) ,  

which is written in the variational form b aDu,Dvdx + a  u,vdx = H,(x, Du)vdx,  Vv E H1(R) n Lm(R). b b  
(2.10) 

2.2. Statement of the Main Result 
Theorem 2.1. W e  assume (2.2) to (2.8). Then there exists a solution 

of (2.10) which belongs to  (W2+(R))” ,V2 5 s < 00. 

(2.3)

(2.4)

(2.5)
(2.6)

(2.7)
(2.8)

(2.9)
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Remark 2.1. The assumptions are subject to some flexibility, in the 
sense that we can combine in a linear manner the equations, to achieve the 
desired structure (see [l] for details). 

Remark 2.2. The assumptions (2.6), (2.7) and (2.8) are restrictive 
only for u = 1, - - - , N - 1. A general quadratic growth can be assumed by 
H ~ ( z , p ) ,  and it is always possible to define H k ( z , p )  by the relation 

H%x, P) = H N ( x ,  P) - Q ( X , P ) P N  

and (2.8) will be verified. 

$3. The P(Q) n PO(0) Theory 

3.1. Approximat ion 
The problem (2.10) makes sense for solutions in H1 (a) n L"(R). This 

is what we are looking for to begin with. We consider as an approximation 
the problem with Hamiltonians 

where H ( s , p )  stands for the vector H I ,  - * - , H N .  Note that all the assump- 
tions (2.3)-(2.8) are satisfied for the hamiltonian HE (z, p )  with the same 
constants, provided we define 

Morevover one has 

(3.4) 
1 

l ~ E ( x , P ) l  I ;, VX,P. 

Therefore, by application of Schauder's fixed point theorem, one can obtain 
the existence of a solution uE = (u;) in (W2+(R)) N of the problem 

3.2. Loo Estimate 
Since the estimate are exactly the same for (3.5) and (2.10), we shall to 

simplify the notation consider only (2.10), with a priori estimates, assuming 

(3.1)

(3.2)

(3.3)

(3.5)
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a solution in ( V V ~ ~ ~ ( ~ ) )  exists. Let us write 

and summing up (2.10), we get 

Consider the function 

E = expy(ii +I,)-, (3.7) 
where y, L > 0 will be defined later. We test (3.6) with v = 1 - E ,  which 
is a negative function in H1 n Loo. We get 

aDii.DiiE1{G+L<o}dx + a U ( 1  - E)dx  = H,(x, u)( l  - E ) d x  

and using the assumption (2.4), together with the fact that 1 - E < 0, 
yields 

5 L ( - A  - XoIDii(2)(1 - E)dx .  

Therefore, also using (2 .2)  we get 

Choosing 

yields 

l(ii + L)(1 - E)dx  5 0. 

Since clearly (21 + L ) ( 1  - E )  2 0, we deduce 

(ii + L)(1 - E )  = 0 a.e., hence ii + L 2 0 a.e. 

Therefore we have shown 
x 

ii 2 -- a.e. 
a 

We next consider in (2.10) the test function E, - 1, with 

E ,  = expy,(u, - L)+ 

(3.8)

(3.6)
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for convenient positve constants y,, I,. Note that E, - 1 2 0. Making use 
of the assumption (2.5), it follows that 

Thus taking 

we deduce again 

(u, - Z,)(E, - 1) = O a.e. 

which implies 

A, u, 5 -. 
a 

Continuing (3.8) and (3.9) we obtain 

So we have proven 

(3.9) 

(3.10) 

(3.11) 

Remark 3.1. The estimate (3.11) is the same as for the solution of the 
Dirichlet problem. This is due to the presence of the zero order term au,, 
and to the fact that for the Dirichlet as well as for the Neurnann problem, 
the maximum and the minimum of the function u, do not take place at the 
boundary of the domain. 
3.3. H1 Estimate 
The H1 estimate is done by using the special structure (2.6)) ( 2 . 7 ) ,  (2.8). 

Recall that 

(3.12) 

We introduce the function 
N 

p ( s )  = es - s - I ,  F = n expP(yvuu), 
u=l  



52 A. BENSOUSSAN J.  FREHSE 

where y, is a positive constant to be defined later. We test (2.10) with 
v = Fy,P’(y,u,) E H1 n Lm. So we get (as in the Dirichlet case) 

hence also 
r j0 y~aDu,.Du,eYuuu Fdx 

U 

5 Fa-l&.&dx + T ~ , ( H , ~ ( D U )  - auy)F(eYuUu - 1)dx. 
4 (3.13) 

Introduce next the function 
N 

x = I-J (expP(7uuu) + exPP(-yuuu)) (3.14) 
u = l  

and the related quantities 

and we have the inequalities 

Applying the relation (3.13) with y, changed into -yy7 and summing up 
the 2N relations obtained in this way, we get the inequality 

r 

and using the assumption (2.8) yields 

(3.15)

(3.16)
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Use (2.7) to  note that 
a-'Q.Q 1 5 - ( k 2  + K2(DuI2), 

4 2a0 
hence it follows from (3.16) also 

but also 

hence 

Choosing the constants yu so that 

and recalling that X u  2 2N,  we obtain 

JDuI2dx 5 KO. 

3.4. Convergence 
Since the preceding estimates hold for uE,  we have also 

I1 U E  llm L c,  
II UE lI(Hl(n))N L K1. 

So we can extract a subsequence, still denoted by uE, such that 

uz + uu in H1(fl) weakly and L"(fl2) weak star, also a.e. 

We want to  prove that 

uE, --+ uu in H1(0) strongly. 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 
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We perform a calculation close to  that of Section 3.3, with this time 
N 

F = n exPP(Yu(UE, - 4 1 ,  
u=1 

and test (3.5) with w = F Y ~ P ' ( Y ~ ( u ~  - u u ) ) .  We obtain 
DF.DFdx yEaD(uz - uu).D(uEy - u u ) e y y ( u ~ - u y )  Fdx + s, a 7  

- - (Q" - y ,aDuu(eYu(u~-uu)  - 1)) DFdx 

F (HyOj' - CUE + Q'Du,) yu(eYu(u:-uu) - 1)dx 

FaDu,. D (u: - u , ) y ~ e Y u ( u ~ - u u ) d x  

+s, 
-.I, 

= I + I1 + 111. 
Introduce the function 

(3.24) 

(3.25) 
v 

where s represents the vector (s1, - - - , S N ) .  Note 

Moreover 
N 

hence 

/DFl 5 FID(u' - ~ ) l h ' / ~ ( u "  - u ) .  (3.26) 

Therefore considering the integrals on the right hand side of (3.24), we have 

111 5 J' ( K ( D u E  - D U I  + M / D u ~ ~ ~ / ~ ( u '  - u))lDFldx 
n 

r 

F ( k  + KIDuJ)ID(u' - ~ ) J h l / ~ ( u '  - u)dx,  (3.27) 

so 

(3.28)
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(3.29) 

(3.30) 

(3.31) 

(3.32) 

(3.33) 

From (3.30), we deduce, writing the 2N inequalities corresponding to all 
changes of yy into -yu, 

- F yZXED(ue - uu)Duudx = I’ + 11’ + 111‘. (3.34) 
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We first check that 

and 

I QEDuUyuXyE( 5 X"(k  + KIDu'l)(Du(h1/2(uE - u) .  
U 

Collecting results, we deduce from (3.36) 

5 X E h ( u E  - u)  ( k 2  + ( K 2  + g) \Du12)dx 

XEh1/2(u' - u) (  (C(k, + C u ) 2 ) 1 ' 2  + 2(  C K z ) 1 / 2 1 D u 1 2 ) d x  
U U 

- y:X:D(ut - u,)Du,dx 
U 

(3.35) 

as E + 0, h(uE - u)  -+ 0 pointwise, X E  + 2 N ,  X: -+ 2 N .  In view of the 
weak convergence in L2 of Du; to Duu,  and the L") bounds, it is easy to  
convince oneself that  the right hand side of (3.37) tends to 0. Choosing the 
3; so that 
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and recalling the X:  2 2N, we deduce immediately from (3.37) that 

J, p ( U '  - u)I2dz + 0. 

Hence we have proven (3.23). We may assume that 

DuE -+ D u  a.e., 

thus 

H;(z,Du") + H u ( x , D u )  a.e. 

Moreover since 

JHE(Z, DU"1 5 C(1 + IDUEI2), 

the convergence of Du" in L2 implies the equi-integrability of HE(z,  Du"). 
Hence from Vitali's theorem 

H:(x,Du")  -+ H v ( x , D u )  in L1. 

Therefore we can pass to the limit in (3.5), showing that u is an Hl(s2) n 
Loo(fl)  solution of (2.10). 

$4. Regularity 

4.1. An Inequality 
We associate to uu a constant cu which is arbitrary, provided that 

GU 
ICUI L -&-, 

and consider as in Section 3.3, the function 
N 

F = J-J exPNYu(% - C z 4 .  

u=1 

Let $ be in C1(fi),$ 2 0, and test (2.10) with 

(4.1)



58 A. BENSOUSSAN J. FREHSE 

We obtain 

$dx + s, aDF.D$dx 
DF.DF c y ~ a D u v D u v e Y Y ~ U Y - C Y ) F  

hence instead of (3.13) 

Introduce the function 
N 

x = (expP(yv(uv - c,)) + expP(-yv(uv - cv))) (4.3) 
v=1 

and the related quantities 

again with 2N relations with the possible choices of yv and -yv, and adding 
up, we get 

F s, y~aDuvDuvX,$dx  + aDX.D$dx s, 
5 S, X*$dx + c J ~ , ( H , O ( D U )  - auv))Xv$dx.  

v n  4 

Performing as in Section 3.3 for all terms where $ arises, and picking the 
constants yv as there, we obtain 

(4.2)

(4.5)
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Note that 

D X  = ~ y V X Y D u ,  
Y 

and thus 

P X l  I C b  - CIID'LLI, (4.7) 

where c stands for the vector of constants (q , .  . . , C N ) .  

4.2. W1>P Regularity for 2 5 p < p + ~  
Consider balls BR(ZO)  of center 20 and radius R, such that IRnBR(zo)I > 

0. By the smoothness of the boundary, we have (denote r = dQ) 

[R  n BR(zO)[ 2 cORn I(R" - 0) n BR(z0)I 2 C I R n ,  if 2 0  E r. (4.8) 

To the function u, and to a ball B - R(z0) we associate the constant 

if B2R(ZO) c Q, 

] s,, R ( Z b ) "R uv dz ' if B2R(ZO) n (R" - 0) # 0, 

We shall use the PoincarQ's inequality 

1 l ~ z ~ l  -L(,o) U J X ,  

Bq R ( b ) 
where zb E r n &R(ZO). 

(4.9) 

n ( i - $ ) + l (  J IDu,I"dz)' 

{ c; = , 

(1 [uY - u;l%) * 5 C R  
anBZR(zg)  m m R ( z o )  

(4.10) 
with A, p 2 1, n (i - i) + 1 2 0. Let r be a cut off function 

1 on B1(0), 
0 outside B2(0) .={ 

and 0 5 r 5 1,r E C". We denote 
z - 2 0  

TE((2) = r(+. 

We take in (4.5) II, = r i ,  and cv = c f .  So from (4.7) we have 

lDXl 5 Clu - CRIIDUl 

and thus we deduce from (4.7) the inequality 

dz + CR". (4.11) 
Iu - CRI J lDuI2dz 5 c J [ D u l l  

BR(Zo)no BZR (zo)nO 

From Holder's inequality and Poincark's inequality, we have 

(4.6)
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So set z = ~DI.L~*~Q, then we have the inequality 

{z*dx 5 C( { z d x )  * + C, 
B R  B6R 

(4.12) 

where 

This is the reverse Holder's inequality, implying Gehring's result, namely 
z* + E is integrable for some positive E ,  hence u E W1,P(0), for 2 5 p < 
p + E' .  

4.3. Interior C6 Regularity 
Let 01 be an open subdomain of 0, with 01 C 0. We want first to prove 

the following estimate 

(4.13) 

We consider the Green function G = G"0, solution of 

-div(a(z)DG"O) = 6(x - ZO), 
G"' I a n  = 0. (4.14) 

Note that 
n n 

n - 2 '  n - 1 '  G"O E LQ(R) n w,lT(o), 1 5 < - l < 7 - < -  (4.15) 

Moreover 

C O ~ X  - ~ 0 1 ~ - ~  5 G"" 5 C ~ I Z  - ~ 0 1 ~ - ~ ,  VX E 01, (4.16) 

where the constants CO, c1 depend only on 01. We just take in (4.5) $ = 
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GXO1, and from the definition of the Green function, one has s, aDX.DGxodx = X ( q )  > 0 ,  

ko s, IDu12Gxodz 5 KO s, Gxodx 5 C. 

Using (4.16), the estimate (4.13) follows immediately. We want to prove 
Cb regularity in 01. We shall use Morrey's result, namely 

I.(x) - 4 Y ) I  c ( SUP J B R ( X 0 )  Rn-24-26 IDuI2dx )':. (4.17) S U P  
X , Y E Q l  
X Z Y  B R ( x o ) C ~ I  

1 IDuI2dx 5 KRn-2+26, VXO E R 1 , B ~ ( z ~ )  c ill; (4.18) 
B R ( X O )  

of course, the constant K will depend on R. To check (4.18), we shall prove 
the inequality 

IDu121x-xo12-ndx+CRB 

(4.19) 
1 
with n > 2 , p  > O , B o ~ ( x 0 )  c R1. If (4.19) holds, then we can rely on 
the hole filling technique of Widman [2]. Filling the hole, we deduce from 
(4.19) 

hence 

Ix - YI6 ZOERI 

So we want to  show that 

B o ~ ( x 0 ) - B ~ ( x ~ )  s IDu121x - x012-ndx 5 C 
B R ( X O )  

1 lDu121x-xo12-ndx 5 8 1 lDu121x - xo 12-ndx + CRB (4.20) 
B R ( X O )  B o ~ ( x ~ )  

with 8 < 1. Set (XO being fixed in R l ) ,  choosing 26 < p, 

where 

we may write from (4.20) 

'This is formal, since GxO is not in C'. One proceeds first with an approximation of 
the Green function. We skip this step 
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with p = 8a2& < 1. Since cp(R0) < 03, as a consequence of (4.13), we get 
cp(R) 5 C,YR 5 Ro. So we have shown that 

J B R ( X O )  

which implies (4.18). 

I D U ~ ~ ~ X  - x012-ndx 5 K R ~ & ,  V'SO E R ~ , B R ( Q )  c R I ,  

Proof of (4.13). We apply (4.5) with 

$ = G x O ~ i ,  20 E 01, B ~ R ( ~ o )  c Ri, (4.21) 

u,dx. (4.22) ' J  C" = ct" = 
IB2R - BR/21 BzR(xo)-BR/z(xo) 

We obtain first 

.S, ID4 2 G xo TR 2>c - J 10~1~1~ - x012-ndx, (4.23) 
B R ( X O )  

K G X o r i  5 CR:. (4.24) L 
Next 

D$ = D G X o r i  + 2 G x 0 r ~ D r ~ .  

Consider 

we have from (4.7) 

PI I J Iu - CRI PIT Gxo dx 
BZR-BR 

Iu - CR12 
12 - xo12-ndx. J 5 C J  

1Dul2lx - x012-ndx + C 

But, using Poincarh's inequality we have 
BZR-BR BZR-BR R2 

hence 

(4.25)
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Consider next the term 

I1 = l aDXDGxOr idx  

= aDGxo D ( ( X  - 2 N ) r i ) d x  - 2 s, aDGxo DrR(X - 2 N ) r ~ d x  

2 -2 aDGxoDrR(X - 2N)7-~dx  

where we have used the estimate 

(4.26) IX - 2NI 5 Clu - c R 2  I . 

We estimate I1 from below as follows 
Iu - $12 

I1 2 -cJ dx - C /  G-'IDGI2lu - cRl2r;dx. 

(4.27) 
The first term on the right hand side is estimated by the right hand side of 
(4.21). So there remains to estimate the term 

BZR - BR R2 BZR-BR 

111 = 1 G-11DG121~ - cRI2ridx. 
BZR -BR 

Now, we introduce a new cut off function <, satisfying 

and we set 

thus 

<R = TR On B ~ R  - BR. 
We first test the Green function equation (4.14) with G-'I21u - c R 2  I tR 2 

which vanishes on the boundary of R, since B ~ R  c RI .  It also vanishes on 
20, hence 

(4.28) 
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On the other hand, taking in (2.10) 'u = (u, - c : ) G ~ / ~ ( ~  yields, summing 
up in v, 

aDu,D,G1/2Jidx + aD([v - cR[2(i)DGG-1/2dx 

- 5 1 aDG.DJR[u - cR12G-1/2(Rdx + aDIu - cR12.D(RG1/2(Rdx s, 
= ~ ( H . ( x ,  Du) - au,)(u, - cF)G1/2(:dx. 

So we deduce, taking into account the quadratic growth of H,, 

Furthermore 

(4.29) 

and combining this estimate in (4.29), (4.28) for 6 sufficiently small yields 

UDGDGG-~I~IU - cRI2&dx s, 
< - CR"(~-&)  + CR* 1 IDu12dx 

B Z R - B R / Z  

and using Poincark's inequality, we obtain 

aDG DGGP3I2 [u - cR I2(idx 5 C Rn(' - k + C R 7 '-* J IDuI2dx. 

(4.30) 
Going back to the definition of 111, and recalling that [ R  = TR on B2R - BR, 

BZR - B R / z  s, 
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we get 

I11 5 CR+ G-3 /2aDGDG[~  - CR12&dx, 

and from (4.30) it follows that 

5 C J  
[Du[21x - x0[2--ndx + CR1+*. 

B Z R - B R I Z  

Finally from (4.27) we obtain 

I1 2 -C/ IDz1[2[x - ~ O \ ~ - " d x  - CR1+*. 
B Z R - B R I Z  

Collecting results in the application of (4.5) and changing R into 2R, we 
obtain (4.19) with CT = 4, and /3 = 9 since ? < 1 + $ and /3 < 2. 

9 

4.4. C6 Regularity on the Boundary 
By local maps representation of the boundary, the problem amounts to 

the following. Consider a sufficiently small ball B centered on the boundary, 
and a diffeomorphism 1c, from B onto D c R", such that 

Rf = $(BnR) C {y € R n [ y n  > 0}, 

r' = $(B n r) c {y E R" I yn = 0}, 

1c,, $-' sufficiently smooth. Define next 

a- = { Y I Y n  < o , ( Y l , . ' *  ,Yn-l,-Yn) E a+}, 
R' = R+ u R- u r'. 

If z is defined on R, set 

z'(Y) = z($-l(y)), y E R+ u r' 
and define z' on R- by reflection, namely 

~ ' ( Y I , . . .  , y n - l , ~ n )  =z ' (y l , . . .  ,yn-I,-yn) ifyn < 0. 

Applying the procedure to the function uv, we have to prove 

uL(y) E C8(R'). (4.31) 

We begin to  reduce the variational problem (2.10) to a problem on B n R. 
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Consider in (2.10) functions which vanish in R - R n B, we obtain 

uvvdx = h,, Hdx,  DU)VdX, 
L B  

aDu,Dvdx + Q 
L n B  

vv E H ~ ( R  n B )  n L"(R n B), ~l~~~~ = 0. 
(4.32) 

We then perform the change of coordinates x = $-'(y), denote 

J+(x) = matrix - (2;) , 

The variational problem (4.32) reads 

a'(y)Du:Dv'dy + l+ ab(y)uIv'dy = l+ HL(y, Du')v'dy, 

VV' E H ~ ( R + )  n L"(R+), = 0, 
U ;  E H ~ ( R + )  n L ~ ( R + ) ,  (4.33) 

U ' ( Y 1 t . t  2 ab1tI2, ao(Y) 2 co. (4.34) 

Moreover the Hamiltonian HL (y,p) verify the special structure assumption, 
namely 

H: (Y 7 PI = Q'(Y , P)Pv + HAY 7 P )  (4.35) 

with 

and we have 

IQ'(y,p)l I k + % I ,  (4.36) 

IH:O(Y,P) 5 k" + Kv c I P V l 2 .  (4.37) 
P 9  

We now proceed with the reflection procedure. 

and set



REGULARITY THEORY FOR SYSTEMS OF PDE 67 

the problem 

a’(y)DuLDddy + 
VW‘ E H; (a‘) n Lm(R’), 

= 6 H:(y, Du’)v’dy, 

U: E H1(R’)  n L“(R’) 
(4.38) 

and our objective is to prove (4.31). 

to the following. Consider the variational problem 
If we drop the prime symbol, and use x instead of y ,  our problem amounts 

s, aDu,Dvdx + aou,vdx = H,(x,  Du)udx, s, s, 
vw E ~,1(a) n L ~ ( R ) ,  U ,  E ~ ~ ( 0 )  n L ~ ( R ) .  

We know that the solution is C’(S2). 
I t  is similar to  the interior C6 regularity of (2.10) considered in $4. How- 

ever we have to be careful to consider only test functions, which vanish on 
the boundary. Nevertheless, thanks to the special structure on H, we derive 
again (4.5), for any II, in C’(a),II, 2 O , I I , ~ ~ Q  = 0. In the proof of interior 
Cb regularity, we use only test functions which vanish on the boundary of 
0, hence the proof carries over, and the result follows. 

4.5. End of Proof of Theorem 2.1 

We know that we have a solution of (2.10) which belongs to W1>P(n) n 
Cb(a) ,  2 5 p < 2 + E.  We can now rely on the linear theory and Miranda- 
Nirenberg interpolation theorem [3]. Indeed H,(x,  Du)  belongs to L F  with 

> 2. Hence from the linear theory u, E W 2 F  and since u, E Cb,  we 
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have also 

provided PO < T, and thus p l  > PO. After a finite number of steps we get 
pi > y ,  and it follows that u, E W1>P(R), p > 2n, and from the linear 
theory again u, E W2ys(R), s > n. From Sobolev embedding theorem, 
u, E W1?‘(R),V’s and thus from the linear theory again u,, E W2jS(R),Vs. 
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Abstract 

The authors investigate the sensitivity of hydrostatic pressure of flows 
through porous media with respect to  the position of the soil layers. Indeed, 
these induce discontinuities of the porosity which is a piecewise constant 
coefficient IE of the partial differential equation satisfied by the pressure 
u and it leads to  the computation of the derivative of u with respect to 
changes in position of discontinuity surface of IE. 

The analysis relies on a mixed formulation of the problem. Preliminary 
numerical simulations are given to  illustrate the theory. An application to  
a simple inverse problem is also given. 

Keywords Partial differential equations, Flow through porous media, 

2000 MR Subject Classification 35Q35 
Sensitivity, Darcy's equation, Topological optimization 

$0. Introduction 

The hydrostatic pressure u in a porous medium of porosity IC can be 
found, in simple situations, by solving 

-v . ( K V U )  = f. 
When the porous medium has layers of different materials, K is smooth 
except at the interface between layers where it is discontinuous. For ground 
identification from surface data it is important to compute the sensitivity 
of u with respect to the discontinuities of IC. This is similar to topological 

69 
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optimization (cf. [2]), but here we can make an explicit use of the fact that  
K is piecewise regular and use the topology of the layers. Continuity in K 

with respect to  the L” norm has been studied earlier (cf. [4]) ,  but such a 
formalism does not allow changes in the position of the discontinuities of K .  

Problem Statement. More precisely, consider a bounded open set 
fl of R2 and a family of closed curves a I+ E ( a )  strictly inside R and 
function of a scalar parameter a separating R into two non overlapping sets 
fl,(a), i = 1,2 ,  with Lipschitz continuous boundaries: 

fi = O,(U)  u O,(U),  nl(a) n f12(a) = 0, C ( U )  = Ol(a) n O,(U>. 
Note that we do not allow C ( a )  to  touch dfl. This is for mathematical 

convenience only and it is conjectured that the following results apply also 
to the general case both in R2 and R3. 

Let K ( U )  be piecewise constant and equal to Ki on fli(a) and consider 

-V * ( K ( U ) V U ( U ) )  = f (0.1) 

with Neumann or Dirichlet condition on I? = dR. We wish to  compute the 
derivative u‘ of u(a )  with respect to  a at a = 0. 

Again the following analysis is not hard to generalize to  the case of a 
piecewise differentiable K with similar discontinuity surface C ( a ) ,  and it is 
for the sake of clarity that we present the piecewise constant case only. 

The Traditional Approach Fails. Denoting by Ifi2(u) the character- 
istic function of fl2(a) and by [K ]  the jump ~2 - ~ 1 ,  we have 

So it is tempting to  write that  

K ( U ) V U ’ V W  = - K ’ V U V W  = - ~ [ K I V U V W  s, s, 
but the last integral makes no sense because V u  is discontinuous across 

Similarly an “optimal shape design” approach seems to lead nowhere. 
Indeed with the notation of [6 ] ,  we assume that C ( a )  depends on a via a 

given function a of C1 (C) and the following local variation in the “direction” 
a around C(0) taken as a reference curve: 

c (4 * 

E ( U )  = {x + aa(x)n(x)  : x E C(O)}, (0.2) 
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where n is the unit normal to C(0) which points outside R1. 

C instead of C(0) whenever non ambiguous. 

tails), the following form of the mean value theorem is shown 

For clarity we shall drop the parameter a when it is equal to 0 and write 

Recall that in smooth situations (f E C1(R) ,  see [6, Chapter 31 for de- 

Therefore with the shorthand notation Jhni f = Jai(a) f - Jai(o) f ,  a formal 
differentiation of (0.1) would lead to  

0 = 6 (  s, K(a)Vu(a)Vw - s, f4 
KIVUVW + la2 n2VuVw +k ~ ( a ) V 6 u V w  + higher order terms 

= l a 1  
du  du  

= a 1 ( ~ 1 %  - ~ 2 % )  4 rc(a)USuVw + higher order terms. 
c (0.3) 

However the jump of ~2 across C is zero so this calculation indicates 
that u' would be zero. The example below shows that it is not the case. 
Hence the "higher order terms" are wrongly called so. 

An Example. Consider the same problem on (0, L )  with stl(u) = (0, a )  
and R2(a) = ( a , L ) ,  0 < a < L : 

Q - KUU = 0 ,  ~ ( 0 )  = 0 ,  u(L) = b. 

Let H ( z )  be the Heaviside function and 

4 4  = K 1  + ( K 2  - Kl)H(% - a ) ,  '' 0 < a < L. 
There is an analytical solution to 

u = {:;Ti 
and the continuity of u and ~ d , u  

the PDE 
x < a,  

- L ) + b ,  x > a ,  

requires 

So the derivative u' of u with respect to  a,  at a # 0, is 

-Xb[K]IE2(LK1 + a [ K ] ) - 2 ,  x < a,  
5 > a. -(x - L)b[K]Kl(LKl + u'(a)  = 
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Notice that u' is discontinuous at a: 

Outline. The paper is organized as follows. 
0 First we recall the mixed formulation of the problem and we guess the 

result by giving a heuristic argument for the derivative. 
0 Then in Sections 2 and 3 we prove existence, uniqueness and regularity 

for the solution of the mixed problem. The conjecture is proved in Section 
4. 

0 A simple numerical illustration is given in Section 5; a Raviart-Thomas 
element is used, the derivative is compared with the finite difference approx- 
imation. Finally a simple inverse problem is analyzed numerically in Sec- 
tion 6; the curve of discontinuity of K is recovered by least square (optimal 
control) from observations on a set distant from the curve. 

$1. The Conjecture 

From now on we work with the curves E(a) introduced in (0.2). For 
the sake of clarity and without loss of generality, let us consider a slightly 
different problem, for a given function f and a given vector valued function 
F :  

dU 
d n  m 

V - (KVU)  = f - V - ( K F )  in R,  1c-1 = -tcFm. (1.1) 

Let 

H(div, R) = {W E L2(R)d : V - W E L2(R)}, 

X = {V E H(div, R) : V . n = 0 on d o } ,  

L i p )  = {w € L2(R) : s, w = o}. 
Let F belong to  L2(S2)d. Consider the mixed formulation with U = K(VU+ 
F ) .  

Find (U,  u) E X x LE(R) with 

(1.2)
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This is a slight departure from the standard mixed formulation (see [3]) in 
that we have divided by K. 

Next we observe that with a piecewise constant K ,  

1 1 1  d l  
-(x) = - + [ -1 I Q ~ ,  therefore - (-) = adc  [ k] 44 K1 K da K 

with SC defined by 

Vf EH1’2+‘(R), / R f d c  =/ c f. 

So differentiating (1.2) yields 

s , (V  - U’)W = 0, 

assuming that the trace of U - W on C exists. Note, however, that  if s, n 
denote a tangent vector and a normal vector to C, U - n/tc jumps across C 
but U - S / K  = &/as does not because [U]C = 0. Hence 

and so it seems that U - n E L2(C) could be sufficient. 

(1.2) is given by: 
Conjecture 1.1. The derivative (V, v) E (Ul ,  u‘) of (U, U )  solution of 

Find (V, v) E X x Lg(R) with 

vw E Li(R), S,(V - V)w = 0, 

vw E X ,  & . w + v v . w  
(1.4) 

with 
1 

9 = -a! [ ,] u . 72. 

Remark 1.1. In the distribution sense (1.4) is 
1 
-V - Vv = Scgn, 

Note then that it is not possible to  eliminate V and write a single equation 
for v because KSC has no meaning on account of the discontinuity of K on 

V - V = 0, V - n lr= 0. 
K 

c. 

(1.3)
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Remark 1.2. It is easy to see that the conjecture is true for the one- 
dimensional example described in the introduction. 

d du u' = - /€- 
da( dx) = - b / € , l K 2 [ I E ] ( L K 1  + u [ / € ] ) - 2  

$2. Existence and Uniqueness 

Assume I? = dR of class C1il. Let C be a smooth closed curve inside 0. 
Let K > 0 be a piecewise constant function discontinuous across C only. 

Then, provided that W I+ Jz gW - n is continuous on X ,  an existence and 
uniqueness result can be shown by adapting the proof of Theorem 2.1 in 
[3] to the case K # 1. It is an application of the inf-sup lemma, namely, all 
bilinear forms being continuous, 

P* 
lIVIIH(div,O) + ,llwl10 5 c ~ ~ g ~ ~ H 1 1 2 ( C )  7 

where p* is the inf-sup constant of (W, w) I+ (V - W, w): 

$3. Regularity 

For the sake of clarity, we assume for what follows that F = 0. Recall 
also that we have assumed that I? n C = 0. 

In (1.4) U - n  Ic appears in an integral. We need to show that the integral 
exists. Functions of V have their normal component traces V - n on C in 
H-1 /2 (C) .  So we need to show that U s  n E 
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Proposition 3.1. If C is regular and f is in H1(52), then U an belongs 

For clarity the proof is given in dimension 2. Assume that C is sufficiently 
regular so that in a neighborhood 0 of C we can define a coordinate system 
0, u in which the equation of C is u = 0,n the normal to C, is tangent to 
the curves 0 = constant and Q is its curvilinear abscissa. 

t o  H1 /2 (C) .  

Problem (1.1) in variational form writes 

vw E H1(R), s, K V U V W  = s, fw. 
By taking suppw' c 0, w = 
that 

and by integrating by parts in Q we find 

because K is not a function of Q. This shows that if f is regular all partial 
derivatives in 0 of u are in H1 (0). Therefore U - s' has the same regularity. 

Now = K@ belongs to L 2 ( 0 ) .  So by V - U  = 0 we see that loi 
is in L2(Oi) for any open set Oi E O not intersecting C. 

Similarly, u . S' E ~ ~ ( 0 )  implies $U S' E L ~ ( o ) ,  i.e. & n g  E ~ ~ ( 0 ) .  
Therefore 

Corollary 3.1. If C is regular and F belongs to W2>..(52) then U is 
continuous in 52 \ C and U is in Lm ( 5 2 ) .  

This is because (3.1) shows that & satisfies a partial differential equation 
of the same type as the one of u. So by the proposition above nT7g - n 
is in H1/2(C). Therefore U . n is in H 3 / 2 ( C ) ,  hence it is also continuous 
and bounded. By the maximum principle (in R \ C, A U  is bounded), U is 
bounded everywhere. 

= K& is in L 2 ( 0  \ C). Hence U is in H1(R \ C). 

$4. Differentiability 

4.1. Continuity 
In order to study the changes Su, SU of u, U ,  when a -+ 0, let 

q = n-l ,  du = u(a )  - u(O), 6U = U ( a )  - U(O), S q  = q(a)  - q(0) .  

(1) The first equation in (1.4) is easy to establish because 

L ( O  - U)W = 0, (V - (U + 6U))w = 0 + (V SU)W = 0. (4.1) I I 

(3.1)
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Fig. 1. 

discontinuous across C. When C becomes C(u) ,  the distance from 

E(u) to  C is ullalloo, the solution of the partial differential equation 

changes. We wish to  find the derivative with respect t o  a for a given 

function a. 

The coefficient K is constant on 01 and constant on St2 and 

(2) For the second equation we have 

S,((. + Sq)(U + SU)  * w - qu - w + S U V  - W )  = 0, 

s , ( ( q  + Sq)SU. w + S U V  . W )  = - s, SqU. w. 

l ( v  + 6dISUl2 = - S, SrlU - 6 U  5 1 ~ ~ l l 0 l l ~ l l ~ I I ~ r l l l 0  

which is also 

(4.2) 

Take W = SU in (4.2), and use w = 6u in (4.1), then with K m a x  = 
max( ~i , ~ 2 ) ,  K m i n  = min( ~ 1 ,  ~ 2 )  

1 
K m a x  

* -II6Ullo L ll~llo011~77110. 

The support S(u) of Sq is a thin strip around C of width au, and q + Sq is 
either K;',, or K;:~; therefore 

for some constant C1. So we have the following result. 
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t o  

of 

Proposition 4.1. 
a is bounded in Lz(i-2) x H(div, Q ) ,  verifies V - SU = 0 and 

If U E Lm(f2), the change {6u,6U} in {u,  U }  due 

4.2. Differentiability 
Lemma 4.1. Let 0 be a neighborhood of C containing the support S(a)  
r](a) - q(0)  but sufficiently thin near C so as to be able to extend n in 

0. If U ,  W are continuous in 0 \ C and U - n, W n are continuous in 0 
then, for a small enough, 

Proof. We assume that W is smooth; the result can be extended later 
by density. Consider the case a > 0, a! >_ 0 everywhere. Then (see Fig. l), 
assuming that n is oriented from 01 (a)  to f22 ( a ) ,  and denoting by Ui ( x ,  a )  
(resp. (Ui(a, n, a ) ) )  the value of U at x E Ri (resp. 0, n for the value a of 
the parameter), we have 

where we have used the continuity with respect to a (Proposition 4.1), and 
where S(a )  is the support of Sr]: 

S(a )  = { (a,  n)  : n E [0, u a ! ( ~ ) ] } .  

By the mean value theorem, when g is continuous, there exists n(o) such 
that 

s,,,) 9 = s, do 1 d o ,  n)dn = aa(a>da,  n(4)da. s, 
Therefore (4.4) becomes 

(4.3)
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Naturally the same argument applies when a < 0 and also to the general 
case by cutting C into pieces on which a does not change sign. 

Finally (4.3) is found because 

So with {w6,Vg} = {e, y}, (4.1) gives 

vw E L i p ) ,  l ( V  * &)w = 0. (4.5) 

Let 0 be a thin strip around C containing E ( a )  for all a under consideration 
below. After division by a Equation (4.2) reads 

Accordingly by Lemma 4.1 there exists a weakly converging subsequence 
of vg, V6 and the limit w, V satisfies 

VW E H(div, fl), / (qV - W + wV - W )  + [ k ]  1 aU - nW - n = 0. 
R c 

Remark 4.1. With sufficient regularity we have in fact proved that 

Let us summarize the result: 
Theorem 4.1. The  solution of (1.2) { u ( a ) , U ( a ) } ,  with 

E ( a )  = {x + aa(z)n(z)  : x E C} 

is  differentiable in a in the sense that 

is solution of (1.4) where the j u m p  [i] is  

(4.6)
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€ 

L2-error 

$5. Discretization and Numerical Test 

0.1 0.05 0.025 0.0125 
0.96 0.71 0.56 0.46 

5.1. Discretization 
Consider a regular family of triangulations of R of maximum edge length 

h and two finite element spaces xh and Lh to  approximate and Li(R). 
Although precision is increased when the triangulations approximate C as 
an internal boundary, the theory works also without this hypothesis. The 
numerical discretization of problem (1.4) reads 

Find (v,, V h )  E Xh X Lh with 

Among the various admissible choices, we have selected the Raviart- 
Thomas element for X h  and the piecewise constant function for Lh. This 
couple satisfies the discrete inf-sup condition as shown in [l, Proposition 
3.141: 

IIv - VhIIO + 12, - Vhlo  5 chs((ItvtlHs + IIVIIHs) 

when (V,v) E (H”(0))’  x Hs(R), 0 < s 5 1. 
5.2. Numerical Simulation 
The numerical solution is calculated with freefern++ (see [5]). To 

illustrate the theory we have solved the problem 

-D - (KVU) = 0 in R,  u lr= zy, ( 5 4  

where IR is the rectangle (-5,5) x (-2.5,2.5), IC, is 6 inside an ellipse in the 
middle of the rectangle and 1 outside. 

Then the ellipse is changed by E according to 

( ( z , y ) : z = ( 2 + c ) ( ~ + E ) c o s t ,  y =  ( J Z + c ) s i n t ,  t~ (0)27r)}, 

yielding a new solution u, of (5.2). Then u: = (u, - -u) /E is compared to the 
numerical solution of (5.1). The results are displayed on Fig. 2. Decreasing 
both E and the mesh size gives convergence: 

(5.1)
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Fig. 2. Left: u’. Right: u: when E = 0.0125. Observe that both 

solutions are clearly discontinuous across C. 

$6. Identification of a Discontinuity 

Consider an “observed” data U d  on an observation set S and the problem 
of finding the best K. (i.e. the best C) to fit this data. A least square 
approach leads to  

In this example the problem is driven by a non homogeneous boundary 

Obviously a normal change acr in the position of C induces a change in 
condition rather than by a right hand side f .  

J and it is not hard to  show that the derivative J’ = dJ/da is given by 

with p solution of 

-v ’ (Kvp) = 2(U - ud)6S,  p lr= 0. 
Assume that cr = a(r1 , 7-2, . . . , rm). A gradient method on the position of C 
with step size p ,  via the parameters {ri};” would be to change ri according 
to 

(a) We ran a preliminary test by taking 

R = (-5,5) x (-2.5,2.5), D = { ( x , Y )  : (X + 2 ) 2  + y 2  < l}, 

C(rl , rg) = { (z, y) : x = (TI + 7-2 cost) cost, y = (TI + r2 cost) sin t} 
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and the reference surface C = C(&,O). As before 6 = 1 outside C and 6 
inside. We choose U d  to  be the solution of the PDE for K given by C(&, 0). 
Then we apply the steepest descent method with p = 4 starting from C(0.3, 
0.1). Fig. 3 shows the convergence curves. 

Fig. 3. Center up: Geometry of the second example showing the 

observation set (right circle), the exact and computed solution (inner 

circle and middle curve) and the initial shape (outer curve). 

Bottom left: Convergence curves for the identification problem: 
d J  d J  

curves 1 and 2 are TI  - h, 7-2, curves 3 and 4 are - - drl ' dra 
and curve 5 is J; all tend to  zero; the x-axis is the iteration count 

(from 1 to 20 here). Bottom right: Convergence curves showing 

the two gradients and the cost function for 10 iterations. 
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(b) In the previous configuration D intersects C. Now we move D to the 
right and C to  the left (Fig. 2) and ran the same test with 1-1 = 0.3 and 
1-2 = 0.5 initially. The method converges but the final shape is close to  but 
different from C (a, 0). This is because the numerical approximation does 
not “see” the right part of C which is too far. 

(c) In the third test where 1-1 = 0 and the descent is only on 1-2 ,  the 
exact solution is reached in 4 iterations. This indicates that  the method is 
sound but a conjugate gradient is needed for test (b). 

Acknowledgement. We would like to  thank F’rkd6ric Hecht for his help 
with freefern++. 
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Abstract 

The authors study homogenization of some nonlinear partial differential 
equations of the form -div ( a  (h z ,h2z ,Duh) )  = f, where a is periodic in 
the first two arguments and monotone in the third. In particular the case 
where a satisfies degenerated structure conditions is studied. It is proved 
that uh converges weakly in W;” (R) to the unique solution of a limit 
problem as h -+ 00. Moreover, explicit expressions for the limit problem 
are obtained. 
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$1. Introduction 
This paper is devoted to homogenization of partial differential operators 

including several periodically oscillating length scales. This type of equa- 
tions appear in many fields of physics and engineering sciences where the 
physical phenomena occur in highly heterogeneous media. One example 
is heat conduction in composite materials involving two different materials 
which are periodically distributed. The local characteristics are then de- 
scribed by rapidly oscillating functions. A direct numerical treatment of 
such problems is often impossible due to the rapidly oscillating functions 
and one has to apply some type of asymptotic analysis. The branch of 
mathematics developed for the analysis of these types of problems is known 

83 
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as homogenization. For more information concerning the homogenization 
theory, the reader is referred to [l, 2, 7, 101 and [12]. 

We will now give a short overview of previous results connected to this 
work and explain what our contribution is. Let us consider the class of 
partial differential equations of the form 

where a h  is increasingly oscillating as h -+ 00, R is an open bounded subset 
of R”, 1 < p < 00, l / p +  l / q  = 1 and f E W-’jq(R). The homogeniza- 
tion problem for (1.1) consists of the study of the asymptotic behavior of 
solutions uh as h --+ 00. In many important cases ?& converges weakly in 
Wi”(f2) to the solution u of the homogenized problem 

-div(b(Du) = f on 0, u E Wij’(f2). 

In [6] and [Ill the following situation was studied: a h  is of the form ah(z, 5) 
= a(hz, <), where a is monotone, continuous and satisfies suitable coercive- 
ness and growth conditions in the second argument and is periodic in the 
first argument. A corresponding homogenization result, with the difference 
that a only satisfies degenerate structure conditions, was obtained in 191. 
In this situation it is natural to work with weighted spaces which means 
that instead of (1.1) we have 

where (Ah) is a sequence of periodic weights. 
In the case when ah(z,<) = a(hz,  h2z,  <), where a is periodic in the first 

two variables, one speaks about reiterated homogenization. This concept 
was introduced by Bensoussan, Lions and Papanicolaou in [l], where it was 
stated a result for linear operators. Concerning reiterated homogenization 
of nonlinear problems we refer to [13] and [14]. One important application 
of reiterated homogenization is that it has been an indispensable tool in 
the construction of structures with extreme effective material properties. 
Concerning this topic we refer to the collection of classical papers in [ 5 ] ,  
where the introduction gives a good selection of references. We remark 
that some of the homogenization problems above also have been studied by 
r-convergence for the corresponding variational problems and by two-scale 
convergence, but leave out this discussion since it is out of the scope of this 
work. 

In this paper we study reiterated homogenization where a only satisfies 
degenerate structure conditions. More precisely we prove that the solutions 
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uh of 
-div(a(hs, h22, h h ) )  = f O n  0, Uh E w,'"(R, A h ) ,  

converges weakly to u in W,'" (R), where u is the solution of a homogenized 
problem 

-div(b(Du) = f on 0, u E W i 3 p ( 0 ) .  
This paper is organized in the following way: In Section 2 we fix some 

notation and present necessary preliminary results. Section 3 contains the 
homogenization result described above, which also is the main result of 
this paper. In Section 4 we derive a homogenization result for an auxiliary 
problem. A key ingredient in the proof of the main result is that the 
solutions of the auxiliary problem are used to define a special type of test 
function. Finally, in Section 5 we give some properties of the homogenized 
operator b. 

$2. Preliminaries and Notation 
Let R be a regular bounded open subset of R" and 1231 denote the 

Lebesgue measure of the set E in R". Moreover let (.,.) denote the Eu- 
clidean scalar product on R" and X E  the characteristic function of the set 
E. Let p be a real constant 1 < p < 00 and let q be its conjugate exponent, 
l / p +  l / q  = 1. We will denote by C and Ci constants that may change from 
one place to another. 

Furthermore, let Y = 2 = (0,l)" be the unit cube in R". Let {Ri c Y : 

i = 1, - ' - , N }  be a family of disjoint open sets such that IY\ (J Ri I = 0 

and JdRiI = 0. 

N 

i=l 

Let X be a weight on Rn, i.e. X is measurable and 

X > 0 a.e., X and X-l/(p-l)  are in Ltoc (R") . (2-1) 
We denote by LP (0, A) the set of real functions u in Ltoc (0) such that uX1/P 
is in LP (a), by W'lP (0, A) the set of the functions u in W12: (0) such that 
u E LP (QX) and Du E [LP (0 ,X) l " .  Moreover, we denote by Wi>p (R,X) 
the completion of Ct (0) with respect to the norm in W1,P (0, A), i.e. 

By Cier (Y) we mean the set of all Y-periodic functions in C1 (R") with 
mean value zero. We also define W&$' (0, A) as the set of real functions 
u in W12: (R") with mean value zero such that u is Y-periodic and u E 
WllP (Y, A) . 
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We now define the Muckenhoupt A, class: 
Definition 2.1. Let p > 1, K 2 1 and let X be a weight o n  R". Then  

X is  in the class A, ( K )  if 

for  every cube Q E R" with faces parallel to  the coordinate planes. W e  set 

Let & be a Y-periodic weight on R", i.e. X i  satisfies (2.1) and is Y- 
periodic. We define the weights x h  and Ah as 

N N - 
Ah (4 = C x n ,  (4 Xi ( h 4  , Ah (2) = C x n ,  (hz)  A2 (h") . (2.2) 

i= 1 i= 1 

Then it follows that x h ,  xh-'/(,-'), Ah and X h - l / ( P - l )  all are in & (Rn) . 
Moreover, we assume that Xi,  x h  and Xh are in A, ( K )  for some K .  

Let a : R" x R" x R" + R" be a function such that 
N 

a (Y, t> = C xni (Y> ai (275)  * (2.3) 
i=l 

We assume that a (-, x, 1) is Y-periodic and a (y,  ., 1) is 2-periodic. We also 
assume that a satisfies certain continuity and monotonicity conditions. To 
be more specific, assume that there exist constants ci, ci > 0 and constants 
Q and p with 0 5 Q I min (1,p - 1) and max (p, 2) 5 /3 < 00 such that 

. .  

1ai ( d 1 )  - ai ( 2 ,  t 2 ) l  i cf Xi (4  (1 + It11 + lt21)p-1-" It1 - t21" > 

(Ui (x, 11) - ai (2, 12)  , 11 - 12)  L C$i (4  (1 + 111 I + I12 I > p - p  151 - 52 l4  7 

(2.4) 

(2.5) 

ai (2,O) = 0 (2.6) 

for a.e. z E R", every [ E R". Moreover we assume that 

for a.e. x E R". 

hold: 
As a direct consequence of (2.4), (2.5), and (2.6) the following inequalities 
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In [8] the following result is proved. 
Lemma 2.1. Let p > 1 and K 2 1. Then there exist two positive 

constants S = 6 ( n , p ,  K )  .and C = C ( n , p ,  K )  such that 

(2.10) 

for every cube with faces parallel to  the coordinate planes and every X E 

In [9] the following weighted compensated compactness result is proved. 
Lemma 2.2. Let u E A,, K 2 I, let ( A h )  be a family  in A, ( K )  and let 

0 be an  open bounded set. Let (uh) be a family  of functions satisfying 
(1) sa lDuhlP dy  5 c1 < 00 for every h E N, 
(2) there exists a func t ion  u E W1>, (0, u)  such that uh -+ u in L1 (0) . 
Moreover, let (ah )  be a family  of vector funct ions an R" such that 

(4) div (ah )  = f E L" (0) on  c: (0) for every h E N, 
(5) there exists a E [Lq (0, v - ' / ( p - ' ) ) ]  " such that ah -+ a weakly in 

A, ( K )  * 

(3) so [ah/' Xi' '(p-')d y < - Cz < 00 for every h E N, 

[L' w]" 
Then  

for every q5 E C r  (a). 
In [15] the following convergence result for periodic functions is proved. 
Lemma 2.3. Let 1 5 p 5 00 and let uh E LrOc (R") be Y-periodic 

for h E N. Moreover, suppose that uh + u weakly an Lp  ( Y )  (weakly* if 
p = 00) as h + 00. Let wh be defined by wh (2)  = uh (hx)  . Then  as h + 00 

it holds that wh -+ sy u ( y )  d y  weakly in LP (0) (weakly* if p = 00). 

We end this section with a simple extension lemma. 
Lemma 2.4. Let X be a Y-periodic weight on  R"; let g : Y -+ Rn be a 

funct ion such that 

and let 9 be the Y-periodic extension to  Rn of 9. Then  we have 

G E [LP,,(R", A-"(p-'))]n,  J (g, Dv) dy  = 0, Vv E CA (R") . 
R" 
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In situations where no confusion can occur we will use the same notation 
for the extended function as for the original one. 

$3. The Main Theorem 
Let us consider the following Dirichlet problems: 

where f E L" (R) .  By standard results in existence theory there exist 
unique solutions for each h. Below we state the main result of this paper. 

Theorem 3.1. Let  (uh) be the solutions of (3.1). Then  

uh -+ u weakly in w ~ J  (n), 
a (hx, h'x, Duh) + b ( D u )  weakly in [L' (n)] " , 

sa ( b  ( D u )  , Qb) dx = sa f $dx for every $ E W:,' (R) , 
as h -+ m, where u is  the unique solution of 

{ u E W ; y R ) .  
The operator b : R" -+ R" is  defined as 

1 
b ((9 = IyI s, by (9, < + L h t  (Y)) dY, 

where ue is  the unique solution of the Y-ce l l  problem 

N 

i=l 
The operator by : Y x R" -+ R" is  defined as by (y, <) = 

where 
XQ; (y) bi (<) , 

1 
bi (t) = - / ai ( z , t  + Dvf (2)) dz, 

IZI z 

and vf are the unique solutions of the 2-cel l  problems { Jz (a i  ( z ,  ( + Dvf ( z ) )  , D$ ( z ) )  dz = 0 for every q5 E W,';! (2, X i ) ,  

vf E w;;; (2, Xi )  . 
Proof. Let us first prove that J I D u ~ ~ ~ ~ ~ ( ~ , ~ ~ )  5 C. By periodicity it 

follows that 

(3.1)

(3.2)

(3.3)
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Thus, by (2.8), (3.1), (3.3), Poincare’s and Holder’s inequalities we obtain 

Hence it is clear that  

Take S > 0 such that (2.11) holds. Now choose 01 such that 

1+01 - 1 + S  
p-1-01  p - 1 ‘  

- 

Then 01 > 0 and p - 1 - 01 > 0. Let Q be a cube in R” containing R. 
Holder’s inequality and (3.4) then gives 

By applying (2.11) and (3.3) in the inequality above, we obtain 
( P -  1) ( 1 + 6 ) l ( P + 6 )  

(Duhll+ul dx 5 c 5 C. (3.6) 

Next, choose S > 0 such that (2.10) holds and choose 0 2  such that 

q - 1  
q - 1 - 0 2 ,  

1 + S = (1 + 0 2 )  

Then 0 2  > 0 and q - 1 - 0 2  > 0. By using (2.10) and arguing similarly as 
for (3.6) we obtain 

s, (rlh11+u2 dx 5 c. 
This means that (uh) and ( q h )  are bounded in Wi’1+u‘(C2) and 

[L1+u2 (n)]” respectively. Since these spaces are reflexive, we have that 

(3.4)

(3.5)



90 J. BYSTROM J. ENGSTROM P. WALL 

there exist subsequences, still denoted by (uh) and ( q h ) ,  such that 

(3.7) 

(3.8) 

(3.9) 

uh -+ u* weakly in ~ g l J + ~ l  (01, 
qh -+ q* weakly in [ L ' + ~ Z  (R)]" . 

uh + u* weakly in Wi" (R) , 
From (3.7) and (3.8) it follows that 

qh + q* weakly in [L1 (n)]" . (3.10) 
From our original problem (3.1) we have 

(3.11) 

By using the fact Ci (R) c Wi" (0, Ah) and (3.10) we can pass to the limit 
in (3.11), thus 

s, (q*, Dq5) dx = s, f q5 dx for every 4 E Ch (0) . 

Density and the fact that  q* E [LQ (R)]" (see (3.17)) then gives 

.b (q, , Dq5) dx = 1 f q5 dx for every q5 E Wi" (0) . (3.12) 

Let us now observe that by (3.9), (3.10) and (3.12) the theorem is proved 
if we show that 

u* E wp (R) ,  
q* = b(Du,)  a.e. on R, 

(3.13) 
(3.14) 

since the uniqueness of the solution of the homogenized problem (3.2) then 
implies that  u* = u a.e. on R. 

We start with the proof of (3.13). We observe that since R is a regular 
bounded open set it is sufficient to  show that Du,  E [LP (R)]" . Let q5 E 
Co (0). Then Holder's inequality and (3.4) gives 

(3.15) 

Applying lirninf on both sides of (3.15) and using the weak lower semicon- 
tinuity of the norm on the left hand side and periodicity on the right hand 
side we obtain 
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By density and Landau's theorem we then have that 

Du,  E [LP(R)]". (3.16) 
By using (3.5) and arguments similar to those employed in the proof of 
(3.16) it can also be deduced that 

q* E [Lq (R)]" * (3.17) 
It remains to prove (3.14). For this purpose let us define the test function 

I t  (.) = (t, ' )  + huh (hx )  > 

where u i  is defined as in the auxiliary problem (see Section 4). To be able to  
apply the compensated 'compactness result (Lemma 2.2) we have to  prove 
certain facts about wi and a hx ,  h2x ,  Dws . Therefore, by periodicity, 

(4.5) and the fact that  Ah (5)  = x h  ( h x )  we get 
( h )  

IDw:['Ah(x)dx 5 c. (3.18) 

Moreover, by using (2.7) and (3.18) we obtain 

la(hx, h2x ,  Dwi)Iq ( A h  (x))-"('-') dx < - C. 

By periodicity and Lemma 2.3 we have that 

w i  (9 + ((7 9 in L1 (0) 7 

a hx ,h2x ,Dwi  ) + +&Y,F+DuodP=b(F) 

weakly in [L' (R)]". 
( 

Finally, due to  (4.6), we can apply Lemma 2.4 on (4.1) and obtain 

div a h z ,  h2x ,  Dw' = 0 on Ct (a) ,  
and we are now ready to  apply the compensated compactness result. In- 
deed, by the monotonicity of a we have for a fixed t that  

( (  h ) )  

(qh - a ( h x ,  h2x ,  Dwi  ( x ) )  , DUh ( x )  - D w i  ( x ) )  4 (2) dx 2 0 

for every $ E CF (R), 4 2 0. By the compensated compactness lemma 
(Lemma 2.2) with the weight v = 1, we get in the limit 

s, (rl* - (0 7 Du* (4 - 0 4 (4 dx 2 0 

for every $ E C r  (R) , $ 2 0. Hence for our fixed [ E R" we have that 
(7. - b (e )  , Du, (x) - [) _> 0 for a.e. x E 0. 
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By density and the continuity of b (see Lemma 5.2), it follows that 

(q* - b (0, D u ,  (z) - [) 2 0 for a.e. II: E R and every E R". 
Since b is monotone (5.3) and continuous (5.4), we have that b is maximal 
monotone and hence (3.14) follows. Finally, let us observe that we have 
proved the theorem only up to a subsequence, but since the homogenized 
operator is uniquely defined and the solution of the homogenized problem 
is unique we can conclude that the theorem holds for the whole sequence. 

$4. An Auxiliary Problem 
In this section we prove a homogenization result for the auxiliary prob- 

lem. This result was used in the definition of the special type of test func- 
tions defined in the proof of the main result (Theorem 3.1) of this paper. 

Fix [ and consider the following Dirichlet problems: 

By standard results in existence theory there exist unique solutions for each 
h. Below we state the auxiliary result of this paper. 

Theorem 4.1. Let  be the solutions of (4.1). W e  then  have that 

u i  -+ uE weakly in w;;: ( Y )  , 
a (3, hy, [ + D u i )  -+ b y  (y, [ + D u 5 )  weakly in [L' (Y)]" , 

as h -+ 00, where ut is the unique solution of 

( 4 4  
( b y  (9 ,  [ + D u 5 )  , D$)  dy = 0 f o r  every 6 E Wi;: ( Y )  , 

UE E w;;: ( Y )  . F N 
The operator by : Y x R" + R" is defined as b y  (y, r )  = C xni (y) bi (7) , 

i=l 
where 

and ul  are the unique solutions of the Z-cell problems 

(4.3) 
(ai ( z ,  r + Du: ( z ) )  , D 6  (2)) d z  = 0, V 6  E W;;: (2, X i ) ,  

u; E w;;; (2, Xi )  . 

(4.1)
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Moreover, if we use Young's inequality on the right hand side and rearrange 
the resulting inequality we obtain 

where q is a positive real number. By choosing q small enough we get that  

(4.4) 

In particular this implies 

s, IDu:lpxh (Y) dY I c- (4-5) 

Let us define q i  = ai(hy (+ Du$). By using (2.7) and (4.4), it follows that 

Moreover, by using (2.11), (4.5), (2.10), (4.6) and arguments similar to  
those employed in the proof of (3.6), it can be deduced that 

Thus we have that (21:) and (q;) are bounded in W&:fK1 ( Y )  and 
[L1+n2 (ni)In respectively. Since these spaces are reflexive, there exist sub- 
sequences, still denoted by (21:) and (qk), such that 

ui  -+ us weakly.in W:;t+K1 ( Y )  , qk -+ qf weakly in [LlfKz (R i ) In .  

Hence we can conclude that 

u i  +- us weakly in W;;: ( Y )  , qk + qf weakly in [L' (fl,)]". 
Using similar ideas as in the proof of (3.16), it can be shown that 

(4.7) 

qf E [Lq (Y)In. (4.8) 

(4.6)
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From (4.1) and (4.7) it follows that 
N n  

Density arguments in conjunction with (4.8) then results in 
N r  

Thus the theorem is proved if we show that 

4 E q;: ( Y )  7 (4.9) 
17: = bi (t + Du:) a.e. on Q i ,  (4.10) 

since the uniqueness of the solution of the homogenized problem (4.2) then 
implies that  us = ut a.e. on Y. 

Let us start with (4.9). We observe that since Y is a regular bounded 
open set it is sufficient to show that DUE E [LP(Y)ln which is obtained 
using the same ideas as in the proof of (3.16). 

It remains to  prove (4.10). Therefore let us define the test function wl” 
by 

where wUf E W&{ (2, Xi) is defined as in (4.3). To be able to apply the 
compensated compactness result (Lemma 2.2) we have to prove certain 
facts about wi” and ai hy, DwL” . Indeed, . (  I 

(4.12) 

follows from (4.11). Moreover, we also have that 

by (2.7) and (4.12). By periodicity we obtain 

w;’~ (-1 + (7, -1 strongly in L~ , 

ai(hy,  D W ~ ’ ~ )  +- - ai ( z ,  r + Dvr (2)) d z  = bi (7) 

weakly in [L1 ( Q i ) ]  n .  

It, s, 
Application of Lemma 2.4 on (4.3) gives div(ai(hy, Dwi’z)) = 0 on Ch ( Q i )  . 

(4.11)
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By the monotonicity of ai  we have for a fixed r that 

for every 4 E C r  ( f l i ) ,  4 2 0. By the compensated compactness lemma 
(Lemma 2.2) with u = 1, we then get in the limit 

(v: - bi (7) 7 t + 0~5 (Y> - 7 )  4 (Y) d~ L 0 

for every 4 E C r  ( Q i ) ,  4 2 0. Hence for our fixed r E R” we have that 

(qf - bi ( r )  , + 021: (y) - r )  2 0 for a.e. y E Oi. 
By density and the continuity of bi (5.2), it follows that 

( a ,  - bi (7) ,( + Dui (y) - 7) 2 0 for a.e. y E fli and every r E Rn. 
Since bi is monotone (5.1) and continuous (5.2), we have that bi is maximal 
monotone and hence (4.10) follows. 

$5.  Properties of the Homogenized Operators 6i and 6 

In this section we list some properties of the homogenized operators bi 
and b. In particular these properties imply the existence and uniqueness 
of the solution of the homogenized problem (in the auxiliary and main 
problem respectively). 

Lemma 5.1. Let bi be the homogenized operator defined in Theorem 
4.1. Then 

(a) bi (.) is strictly monotone. In particular, we have that 

(bi (71)  - bi ( 7 2 )  7 71 - 7 2 )  2 cz (1 + 1711 + 1721)~- ’  171 - 7-21’ (5.1) 
for every r1,r2 E R”. 

(b) bi (a) is continuous. In particular, we have for y = f i  that 

Ibi (71) - bz ( 7 2 ) l  5 6  (1 + 1711 + lr21)p-1-Y 171 - T2lY 

for every r1,r2 E Rn. 
(c) bi (0) = 0. 
Proof. These properties follow by using the same ideas as in [3] and [4]. 
Lemma 5.2.  Let b be the homogenized operator defined in Theorem 3.1. 

(a) b (.) is strictly monotone. In particular, we have that 
Then 

(5.2)

(5.3)
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(b) b (-) is continuous. In particular, we have for 6 = & = (8-Gp-a 
that - 

Ib (tl) - b ( t 2 ) I  I Cl(1 + It11 + lt21)p-1-6 It1 - &I6 (5.4) 
for  every {I, <2 E R". 

(c) b ( 0 )  = 0. 
Proof. These properties follow by using (5.1) and (5.2) in the corre- 

sponding theorem given in for example [3] and [4]. 
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The study of Riemann-Finsler geometry has recently been enhanced by 
the publication of a substantial book [2]. In this book we made essential 
use of a connection introduced in 1948 [3]. The connection is a natural 
generalization of the Levi-Civita connection in the Riemannian case and 
seems to be the right analytical basis of the subject. We have given a 
derivation of it. According to  Anastesie it coincides with the one introduced 
by Rund, who kindly gave an exposition of the paper in his book. 

The aim of this paper is to give a short derivation of the connection. We 
will also show how it gives a solution of the local congruence, i.e., a complete 
system of local invariants which ensures that two Finsler structures differ 
by a change of coordinates. 

51. A Simple Equivalence Problem 

Problem. Given in R" with the coordinates xi n Pfaffian forms ui, 
also n linearly linearly independent, and in R" with the coordinates 
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independent Pfaffian forms w * ; ,  1 5 i 5 n. Find the conditions that there 
exists a coordinate transformation 

x*' = x** (XI,. . . 7 xn), (1.1) 
such that 

W * l  = w i ,  

(Our Latin subscripts and supscripts have the range 1, - . - , n.) 

have, since the w's are linearly independent, 
The idea is to construct invariants under the transformation (1.1). We 

dwz = c ! j k w j  A W k ,  

c;k  + c i j  = 0. 

(1.3) 

(1.4) 

where we can suppose 

With the condition (1.4), the c;k  are completely determined. If the corre- 
sponding quantities in R*n are denoted with asterisks, we have 

c? 3k = c*' 3 k -  

dci. 3 k  = dc;; (1.6) 

(1.5) 
Differentiating, we have 

so that 

(1.7) 
* a  

c;kl = c jk l  

if 

d(2i.k = Ci.klW1 (1.8) 

and similar equations with asterisks. Continuing this process, we get a 
sequence of functions, 

(1.9) i 
c j k ,  c ; k l ,  c ; k l p ,  . "  7 

which are equal to  the corresponding functions with asterisks. The solution 
of our problem is thus given by the following theorem: 

Theorem 1.1. The transformation (1.1) has the invariant funct ions 
(1.9). .If one of the funct ions i s  a constant, the corresponding funct ion with 
asterisk mus t  be equal to  the same constant. If some of the funct ions are 
independent and another one i s  a funct ion of them,  the same mus t  be true 
with the funct ions with asterisks, by the same functional relation. 

(1.2)
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$2. The Connection in a Riemann-Finsler Space 

Let M be a manifold and T M  its tangent bundle. By S M  we mean the 
manifold of its rays, i.e., the set of non-zero tangent vectors differing by a 
positive factor. If n = dimM, then dim T M  = 2n and dim SM = 2n - 1. 
We use the local coordinates 22 of M ,  then T M  has the local coordinates 
x2, y', if the vector is y z s ,  and S M  has the same local coordinates, yi 
being then homogeneous coordinates, up to a positive factor. In this section 
we will agree on the following ranges of indices: 

. .  

15 i , j , k , . . .  5 n; 15 a , / ? , y , . . -  5 n - 1. (2.1) 

(2.2) 

A Riemann-Finsler metric on M is given by the function 

ds = F ( x ' , - . *  , ~ ~ , d x ~ , * - *  , d x n ) ,  

where F (x ,y )  is supposed to be smooth and positively homogeneous in the 
second variable, i.e., 

F ( z ,  Xy) = XF(2, y), X > 0. (2.3) 
We introduce the quantities 

which are functions on SM, and we make the regularity hypothesis that  
the matrix (gij) is positive definite (or more generally non-singular). The 
quadratic differential form Q = gij  (2, y ) d z i d x j  will be called the Riemann 
form. 

The projection 7r pulls T M  back: 
r * T M  -+TM 

-1 4 ( 2 . 5 )  
S M - i  M 

x 

and we will use the bundle at the left-hand side. In this bundle the gi j  in 
(2.4), being homogeneous of degree 0 in y k  and therefore functions on S M ,  
define an inner product. S M  has the distinguished one-form 

It  will be called the Hilbert form. 

(2.4)

(2.6)
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Lemma 2.1 Under the regularity hypothesis, the Hilbert f o rm satisfies 

H A (dH>"-l # 0, (2.7) 
and hence define a contact structure on S M .  

For proof, refer to  [2, p. 2721. 
In the bundle at the left-hand side of (2.5) we take a frame field ei and 

A connection D is by definition the absolute differential 
let WZ be the coframe field dual to  ei.  

Dei = waej. (2.8) 
Then the tensor C wZ@ei is independent of the choice of ei and the invariant 
condition 

~ ( w z  8 e i )  = o (2.9) 
is called the vanishing of torsion. This condition becomes, when written 
explicitly, 

dw2 = w3 Aw; .  (2.10) 
We wish to  introduce a torsionless connection in the bundle at the left 

column of (2.5). Analytically this is to determine the forms wj so that (2.10) 
are satisfied. We will make use of the local coordinates x i , y j  described 
above and choose an orthonormal frame xei such that e ,  is the unit vector 
along the vector yi&. On S M ,  ui, w z  form a base of the exterior algebra 
of differential forms. 

We suppose our connection to preserve the length of en and the orthog- 
onality of e ,  and e,. The connection forms therefore satisfy the conditions 

w,, = 0, w,, + w,, = 0. (2.11) 

Here and later we use the Kronecker indices 6ij to  raise or lower indices. 
Notice that in the connection forms w j  the second index is an upper index. 

We complete the Hilbert form into a coframe 

wz = vLdxk ,  (2.12) 

with 
dF 

wn = H ,  i.e., vy = - 
ay i  ' (2.13) 

y"; = 0, (2.14) 

i.e., ( en ,  w") = 0.  Let (ut) be the inverse matrix of (vf ) ,  so that 

(2.15) 
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Then 
Y k  u: = F 

101 

(2.16) 

and we have 

dxi A dxk  + =dyi A dxk  
d2 F dun  = - 

d x % J y k  dyidyk 
d2F  . d2 F 

d x i d y  dy"yk 
- - uiuqkwp A wq i- -dyi A uqkwq. 

y k  = 0 by Euler's Since - is homogeneous of degree zero in y k ,  - d F  d2F  
dyi dykdyi 

theorem, and we can write 

where 

y k ) w n  
d2F  . 1 . d F  d 2 F  

w; = -u;- dy3 + F u $ ( a  - - 
dyjdyk  dx jdyk  

(2.17) 

(2.18) 

where X,p = Xp, are to be determined. 
On the other hand, we have 

k 
dw" = dv," A d x k  = -vzduf A w i  = -v tdu$  A w P  - v,"d($)wn. (2.19) 

We now study the equations (2.11). The first equation can clearly be 
satisfied. For the existence of W E  satisfying the second equation of (2.11) 
and 

dw" = w p  A wp* + un A w:, (2.20) 
1 it is necessary and sufficient that --vg is equal to the coefficient of dyk  
F 

in the expression (2.18) for w:. This gives 

U & G j k  = 6abVfr (2.21) 

where 

(2.22) 
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since U:Gjk = + y k ( F  Fjk) = 0. Hence (2.21) can be rewritten 

uAu$Gjk = Sap- (2.23) 

S,pVp.,P = Gij. (2.24) 

In forms the last equation becomes C w a 2  = Q - H 2 .  Comparing (2.19) 

and (2.20), we get 

It can also be written 

a! 

where p&, = but are otherwise arbitrary. 
It remains to  determine u;. We find 

- 2XpuWn + (L& + ~apP:,)wy. 

dGi j  = G ~ w :  + G i j k W k .  

(2.25) 
Since Gij are functions on S M ,  we can write 

(2.26) 

We choose X p u ,  pFu so that the following equation holds 

wpa + wup = H,",W:. (2.27) 

This determines X p u ,  pFu completely by 

(pup = Gijpu$U:. 
Thus all the w j  are determined. We state the result as the theorem: 

Theorem 2.1. Given  the R i e m a n n - F i n d e r  metr ic ,  there i s  a uniquely 
defined connection in the bundle r * T M  -+ S M  3 ( x , y )  characterized by 
the conditions : 

(1) It is torsionless;  
(2 )  T h e  length of the vector y and the property of a vector I t o  y are 

(3) Relative t o  orthonormal frames the conditions 
preserved ; 

(2.2 7a) 

are satisfied. 

(2.28)
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$3. Cartan Tensor 

Condition (2.27a) in Theorem 2.1 in the last section means that the 
inner product is preserved by the parallelism defined by the connection 
when w,, = 0, i.e., when the parallelism preserves the vector y .  We wish 
to calculate the function Hapy in terms of F .  

By (2.25) and (2.27) we have 
, I  

( 3 4  H" = -G9'.u2uJ 
PU $3 P U '  

Comparing the coefficients of d y k  in (2.26), we get GgukFk1 = -F  F& - 
FlFi,. Here and later subscripts of F mean partial differentiation with re- 
spect to the corresponding yz. It following that 

G$yjuk,Fkl = F Fil or (G$yju t  - 6,"F)Fkl = 0. 

Since the matrix (Fk1) is of rank n- 1, this holds only when G$ y j u k  -@F = 
p i y k .  Multiplication of this equation by Fk and subsequent summation give 
pi = -Fi. Hence 

G$Y'U; = -Fiyk + 6FF, (3.2) 

GGyj = v"F. (3.3) 
With the help of this relation we find 

H,,, is usually called the Cartan tensor. For a Riemannian metric it is 
zero and our connection reduces to the connection of Levi-Civita. 

$4. Equivalence Theorem 
The following theorem is immediate. 
Theorem 4.1. Consider  the  bundle r * T M  -i S M  at  the  left-hand side 

of(2.5). Let 

P + S M  (4.1) 

(3.4)

(3.5)
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be i t s  principal bundle of orthonormal frames.  T h e n  dim P = $n(n+ 1) and 
in it are the f o r m s  w i ,  w i j ,  which are $n(n+ l )  in number and are linearly 
independent. I f  the  corresponding entities in M* are denoted by asterisks, 
the two R i e m a n n - F i n d e r  structures differ by a coordinate transformation 
if and only if there i s  a coordinate transformation f r o m  P t o  P* such that  
w*' = WZ, w?. = L J .  .. 

aj  23 

This reduces the equivalence problem to the problem solved in $1. 
In the principal bundle P the forms wi ,  wj  constitute a basis of A(T*P),  

the exterior algebra of its cotangent bundle. By our Theorem 1.1 the local 
invariants of our Finsler structure are obtained through the exterior deriva- 
tives of wi ,  w:. The exterior derivatives dwi are given by (2.10). To find 
dw: we differentiate (2.10), obtaining 

wj A (dwi  - wj" A w i )  = 0. 

It follows that 

dwf = wj" A w i  + Rfk.wk A w1 + P;kawk A w;, 

Rikl + Rilk = 0, 

(4.2) 

(4.3) 

where we suppose 

and we have 

The Rjkl from the Riemann curvature tensor. 
From the Riemann curvature one defines by contraction the Ricci cur- 

vature. The Ricci curvature is a scalar function on S M  and is the most 
important local invariant in Finsler geometry. For details refer to  [2, p. 
1901. 
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Abstract 

This article discusses computational methods for the numerical simu- 
lation of unsteady Bingham visco-plastic Aow. These methods are based 
on time-discretization by operator-splitting and take advantage of a char- 
acterization of the solutions involving some kind of Lagrange multipliers. 
The full discretization is achieved by combining the above operator-splitting 
methods with finite element approximations, the advection being treated 
by a wave-like equation “equivalent” formulation easier to implement than 
the method of characteristics or high order upwinding methods. The au- 
thors illustrate the methodology discussed in this article with the results 
of numerical experiments concerning the simulation of wall driven cavity 
Bingham flow in two dimensions. 
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$1. Introduction 
From the early seventies to his untimely death in 2001, Jacques-Louis 

Lions was always highly interested, not to say intrigued, in the system 
of equations and inequalities modeling Bingham visco-plastic flow (one 

105 



106 E. J.  DEAN R. GLOWINSKI 

of the success stories of the Variational Inequality Theory). Evidences of 
this interest can be found in the Chapters 6 of [l] and [2], which still are 
(to the best of our knowledge) the fundamental references concerning the 
mathematical properties of the variational inequalities modeling Bingham 
visco-plastic flow. These facts would have justified by themselves a Bing- 
ham flow related article dedicated to J. L. Lions. Actually, J. L. Lions was 
always concerned with the relevance of mathematics to applications and 
from that point of view we have been witnessing during these last years a 
surge of interest in Bingham visco-plastic fluids. It is very likely that this 
interest is motivated by the fact that material as diverse as fresh concrete, 
tortilla dough, fruits in syrup, blood in the capillaries, some muds used in 
drilling technologies, toothpastes, - - - , have a Bingham medium behavior. 

The content of this article is as follows: 
In Section 2, we shall provide the Bingham flow model, and a multiplier 

characterization of the solutions, very useful from a computational point of 
view. The system of partial differential equations and inequalities modeling 
Bingham flow will be time-discretized in Section 3, using an operator split- 
ting scheme. The finite element approximation will be discussed in Section 
4, and the solution of the subproblems encountered at each time step in 
Section 5. Finally, the results of numerical experiments will be presented 
in Section 6. 

$2. On the Modeling of Bingham Visco-Plastic Flow 
Let R be a bounded domain of IZ! (d = 2 or 3 in applications); we 

denote by I?, the boundary of R. The isothermal flow of an incompressible 
Bingham visco-plastic medium, during the time interval (0, T ) ,  is modeled 
by the following system of equations (clearly of the Navier-Stokes type): 

(2.1) 

(2.2) 

dU 
p [ z + ( u . ~ ) u ]  = ~ . a + f  i n R x ( ~ , T ) ,  

V - u = 0 in R x (0, T ) ,  

(2.3)
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u(0) = uo (with V - uo = 0); (2.4) 

for simplicity, we shall consider only Dirichlet boundary conditions, namely, 

ur(t )  . nd r  = 0, a.e. on (0 ,T) .  (2.5) u = u y  on r x (O,T), with L 
In system (2.1)-(2.5): 

of the Bingham medium; we have p > 0, p > 0 and g > 0. 
0 p (resp., ,Y and g) is the density (resp., viscosity and plasticity yield) 

0 f is a density of external forces. 

D(v) = (Pv + ( V V ) ~ ) / ~  (= (Di j (v) ) i~ i , jg ) ,  b’v E (H1(fl))d, and 
ID(v)( is the Frobemius norm of tensor D(v), i.e., 

ID(v)I = ( c lDij(v)12)1’2. 
l < i , j < d  

We clearly have trace D(v) = 0 if V - v = 0. 
We observe that if g = 0, system (2.1)-(2.5) reduces to  the Navier-Stokes 

equations modeling isothermal incompressible Newtonian viscous fluid flow. 
Having said all that, if g > 0, the above model makes no sense on the set 

Qo = ((2, t)l{x, t }  E 0 x (0, T ) ,  D(u)(z, t )  = 0). 

Following Duvaut and Lions [l and 2, Chapter 61 we eliminate the above 
difficulty by considering, instead of the (doubly) nonlinear equations (2.1)- 
(2.5), the following variational inequality model: 

Find { u ( t ) , p ( t ) }  E (H1(R))d x L2(R) such that a.e. on (0 ,T)  we have 

VU(t) : O(v - u( t ) )dx  + f ig( j (v)  - j (u( t ) )  

(2.6) 

(2-7) V - u(t) = 0 in R,  

4 0 )  = uo, 
u(t) = ur( t )  on r, 

with, in system (2.6)-(2.9), 

(2.8)
(2.9)
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(2.10) 

VU,(t) = {vlv E ( H ~ ( R ) ) ~ ,  v = ur(t) on r}, (2.11) 

Let us be honest, formulation (2.6)-(2.9) is definitely an improvement 
compared to formulation (2.1)-(2.5), in the sense that we shall be able to 
derive from it computational methods “which work” (if d = 2, at least), 
however it is still partly formal. The rigorous formulation is more compli- 
cated and is thoroughly discussed in [I and 2, Chapter 6, Section 31; it is 
assumed there that u y  = 0 on I? x (0, T )  , and uo = 0 if d = 3. If the above 
assumptions hold, it is shown in the above references that for d = 2, the 
time dependent variational inequality modeling the Bingham flow (a simple 
variant of problem (2.6)-(2.9)) has a unique solution, while uniqueness is 
still an open problem if d = 3 (as it is for the “ordinary” Navier-Stokes 

df 
equations). Suppose that d = 2 and = 0; it is worthwhile emphasizing 

U L  

the fact that the uniqueness of the time dependent solution does not imply 
a similar property for the corresponding steady state flow problem. 

For those readers who are already experts at solving the “ordinary” 
Navier-Stokes equations the main difficulty with model (2.6)-(2.9) is clearly 
the non-differentiable functional j ( - ) .  A simple way to overcome the above 
difficulty is to approximate j ( - )  by regularization, i.e., to replace it by a 
differentiable functional such as j E  (-) defined by 

jE(v) = /a dc2 + ID(v)I2dx, Vv E (H1(R))d. 

Since, Vv E (H1(R))d, we have 

(2.12) 

(2.13) 

where 101 = meas. (0) , j E  (-) is clearly an approximation of j (.). Concerning 
the differentiability of jf(.) one can show that the differential j:(v) of j E ( - )  
at v E ( H 1 ( i I ) ) d  verifies: 

D(v) : D(w) 
dx, Vv E ( H 1 ( i I ) ) d ,  Vw E ( H i ( f l ) ) d ,  s R Jm ( j 3 9 7 W )  = 

(2.14) 
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where, in (2.14), (a, a) denotes the duality pairing between (H-l(R))d and 
(H;(R))d. Taking advantage of (2.14) it is tempting to “approximate” 
problem (2.6)-(2.9) (and indeed (2.1)-(2.5)) by 

VU€(t> : V(v - U€(t))dX + fig(j,(v) - jE(UE(t ) )  

(2.15) 

(2.16) 

U€(O) = uo, (2.17) 

u,(t) = ur( t )  on r. (2.18) 

Replacing, in (2.15), v by u,(t>+Ow with t9 > 0 and w E (H;(s2))d,  dividing 
by 8, and taking (2.14) into account, we obtain at the limit as 8 -+ O+ that 
{ u,, p c }  is solution of the following nonlinear variational problem: 

V - u,(t) = 0 in 0, 

V)u,(t) - wdx 

DuE(t) : Vwdx + fig (2.19) 

f(t) - wdx, VW E (Ht(s2))d,  

V - u,(t) = 0 in R, (2.20) 

U€(O) = uo, (2.21) 
u,(t) = ur( t )  on I?. (2.22) 

(c2 + I D ( u , ) I ~ ) - ~ / ~ D D ( u , )  D(W) = (e2 + 
Since tensor (e2  + ID(U,)~~)- ’ /~D(U,)  is symmetric, we clearly have 

: vw, 
vw E (H;(s2))d. (2.23) 

Combining relations (2.19) and (2.23) implies that {u,,p,} verifies: 

(2.24) 
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V - u, = 0 in R x (0, T ) ,  (2.25) 

UE(0) = uo, (2.26) 
u, = u y  on r x (O,T), (2.27) 

a regularized variant of problem (2.1)-(2.5) that  could have been obtained 
directly. From a computational point of view, the situation looks good 
since we have replaced the variational inequality problem (2.6)-(2.9) by 
(2.24)-(2.27), which looks like a “not too complicated” variant of the usual 
Navier-Stokes equations. However, a closer inspection shows that the sec- 
ond derivative of j , ( - )  a t  v is given by 

(c2 + ID(v)~~)D(w) : D(z) - (D(v) : D(w))(D(v) : D(z)) 
( c 2  + ( D ( v ) ~ ~ ) ~ / ~  d x ,  

(2.28) 
which implies that close to those v such that D(v) is “small” we have 

Ilj”(v)lI 2 1 / E .  (2.29) 

The situation is quite clear now: For u, to  be a good approximation of 
the solution u of problem (2.6)-(2.9), we have to use small c’s; on the 
other hand, relation (2.29) shows that we can expect problem (2.19)-(2.22), 
(2.24)-(2.27) to  be badly conditioned for those situations where the rigid 
set 

is large, implying that derivative based iterative methods such as Newton’s, 
quasi-Newton’s, and conjugate gradient will perform poorly. Fortunately 
for the practitioner, there exists an elegant way to  overcome the computa- 
tional difficulties associated to  the non-differentiability of functional j (.) , 
and make the solution of problem (2.6)-(2.9) almost as simple as that  of the 
usual Navier-Stokes equations. This simplification is a direct consequence 
of Theorem 9.1 in [I and 2, Chapter 6, Section 91. When applied to  problem 
(2.6)-(2.9), the Duvaut and Lions’ results can be formulated as follows: 

Theorem 2.1. Let  {u,p} be a solution of problem (2.6)-(2.9); there ex- 
ists t h e n  a tensor-valued func t ion  X (= ( & ) l s i , j < d ) ,  not  necessarily unique, 
such that  
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X E (L"(R x (O,T)) )dxd ,  X = At, (2.30) 

(2.31) 
(2.32) 

( A (  5 I a.e. in R x (O,T), 
X : D(u) = ID(u)I a.e. in R x (O,T), 

- p A u - d ? g V . X + V p = f  i n R x ( O , T ) ,  (2.33) 

(2.34) 

(2.35) 

(2.36) 
1/2  

with 1x1 = ( C A:j) in (2.31). Conversely, if a triple {u,p,X} veri- 
l < i , j _ < d  

f ies  relations (2.30)-(2.36), t h e n  {u,p} is a solution of problem (2.6)-(2.9). 
Proof. (i) Relations (2.30)-(2.36) imply (2.6)-(2.9): Observe that the 

symmetry of X implies that 

X : Vv = X : D(v), Vv E (H'(s2))d.  (2.37) 

Multiplying both sides of relation (2.33) by v - ~ ( t ) ,  with v E VU,(t), 
integrating by parts, and taking relation (2.37) into account, we obtain 

[ .s, $( t )  * (v - u( t ) )dx  + p (U(t) * V)U(t) - (v - U ( t ) ) d Z  b 
(2.38) 

= s, f ( t )  - (v - u(t))dz,Vv E V&(t). 

From (2.31) and (2.32), we clearly have 
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which, combined with relation (2.38), imply relation (2.6). We have thus 
shown that (2.30)-( 2.36) implies (2.6)-( 2.9). 

(ii) Relations (2.6)-(2.9) imply (2.30)-(2.36): If u y  = 0 on r x (0, T ) ,  the 
implication (2.6)-(2.9) + (2.30)-(2.36) is a relatively simple consequence 
of the Hahn-Banach theorem and of the fact that j(Ov) = Oj(v), QO >_ 
0, Vv E we shall say no more sending the interested reader to 
[I and 2, Chapter 6, Section 91 for the details of the proof. If u y  # 0, the 
above result still holds, but is more complicated to prove. 

Remark 2.1. It is shown in the above references that trace (A) = 0; the 
main reasons we did not mention this property earlier are that: 

(i) Relation trace (A) = 0 is not necessary to prove the reciprocal impli- 
cation (2.30)-(2.36) + (2.6)-(2.9). 

(ii) It plays no role from a computational point of view. 
On the other hand, what will play an important computational role is 

A( t )  = P*(A(t) + r#&D(u(t)>), Vr > 0, a.e. on (O,T), (2.39) 

where, in (2.39), A is the closed convex set of (L2((n) )dxd  (and ( L m ( R ) ) d x d )  
defined by 

the fact that relations (2.31) and (2.32) imply 

A = {qlq = ( Q i j ) l l i , j < d  E ( L 2 ( W d X d ,  Iq(4l 5 1 a*e- on 01, (2.40) 

and PA : (L2((n) )dxd  +- A is the orthogonal-projection operator defined by 

(2.41) 

a.e. on 0, V q  E ( L 2 ( R ) ) d x d .  We observe that operator PA is symmetry 
preserving. 

$3. Time-Discretization of Problem 
(2.6)-( 2.9) by Operat or Splitting 

There are many ways to time-discretize problem (2.6)-(2.9) by operator 
splitting. Among the many possible schemes, we shall discuss only one, of 
the Marchuk-Yanenko type; this scheme reads as follows (with, as usual, 

= (n + a)At) : 

uo = uo, (3.1) 

then, for n 2 0, un being known, we compute { ~ ~ + l / ~ , p ~ + l } ,  u ~ + ~ / ~  and 
un+l as follows: 
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Solve the generalized Stokes problem 

and set 
U"+2/3 = u(t"+l); 

finally, solve the elliptic variational inequality 
un+l E ( f ~ l ( R ) ) ~ ,  un+1 = u;+l on r, I 

(3.3.2) 

(3.4) 
in (3.3.1), we have I?:+' = {zlz E I?, (u;4+l -n)(z) < 0). Closely related 
operator splitting techniques have been used in [3] for the simulation of 
Bingham flow in two-dimensional square cavities. 

Remark 3.1. It follows from, e.g., [4, Chapters 1 and 21 that the 
variational inequality problem (3.4) has a unique solution, characterized 
by the existence of a d x d tensor-valued function An+' such that: 

I~"+'(z)l 5 1 a.e. on R, 
A"+'(z) : D(u"+')(z) = lD(u"+')(z)1 a.e. on R. 

(3.8) 

(3.9) 

(3.2)

(3.3.1)

(3.5

(3.6)
(3.7)
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The multiplier A”+1 is not necessarily unique. 

$4. On the Finite Element 
Approximation of Problem (2.6)-(2.9) 

In this section (assuming that R is a bounded polygonal domain of I?) 
we are going to space-approximate problem (2.6)-(2.9) by a variant of the 
Bercovier-Pironneau finite element method discussed in, e.g., [4, Chapter 
71. The fundamental discrete spaces are thus: 

Vh = {VhJVh E (C0(W2,  VhlT E (W2,  VT E Gp}, 

ph = {qhlqh E co(fi), qhlT E Pl, VT E 5).  

( 4 4  

(4-3) 

VOh = {vh1vh E Vh, vh = 0 on r} (= Vh n (Hi(R))2), (4.2) 

In (4.1), PI is the space of the polynomials in two variables of degree 5 1. 
The continuous in time approximation of problem (2.6)-(2.9), associated 
to the above finite element spaces, is defined as follows: 

For t E (0 ,T)  find ( u h ( t ) , p h ( t ) }  E Vh x Ph such that 

U h ( t )  = UOh, 

u h ( t )  = U r h ( t )  .on r; 
in (4.4)-(4.7): 

0 f h  is an approximation of f .  
0 urh is an approximation of uy  so that 

(4.4)

(4.5)

(4.6)
(4.7)
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It is easy to  compute j ( u h ) ,  v)vh E v h ,  since (4.1) implies that ,  VT E 
z/2, we have D(Vh1T) E I? and therefore ID(VhlT)l E 4 which implies 

There is thus no need for numerical integration to  compute j (vh) .  The 
convergence, as h -+ 0, of {Uh,Ph}h to its continuous counterpart {u,p} is 
discussed in, e.g., [5], [6 and 7, Chapter 61. 

$5. Solution of the Subproblems Encountered 
at Each Time Step of Scheme (3.1)-(3.4) 

5.1. Solution of the Generalized Stokes Subproblems (3.2) 
Combining scheme (3.1)-(3.4) with the finite element spaces described 

in Section 4 leads to the following approximation of the generalized Stokes 
problem (3.2): 

Find {u:"'~, $+'} E vh x p h  such that 

(5-1) 

(5-2) 

(5.3) 

v * UE+1/3QhdX = 0, v q h  E P h ,  

n+1/3 - Un+l r h  on r. uh - 
The approximate generalized Stokes problem (5.1)-(5.3) is clearly of the 
Bercovier-Pironneau type; it can be solved using the discrete analogues of 
the preconditioned conjugate gradient algorithms discussed in, e.g., [8]-[lo]. 

5.2. Solution of the Transport Sub-Problems (3.3) 
To solve the transport problem (3.3) we shall combine the finite element 

spaces described in Section 4 to  the wave-like equation approach advocated 
in [ll-131; we obtain then the following discrete wave-like equation problem: 

Find Uh( t )  E v h ,  such that, vt E (tn,tn+'), 

(5.40

(5.5)
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uh(t) = u;c1 on rn+l, (5.7) 
with, in (5.4)-(5.7), 

r n + l  - = {x~x E r, ( u ~ + l / ~  - n > ( x >  < 01, 
VG!"+' = {vhlvh E vh, vh = o on r:+l}. 

The solution of discrete wave-like equation problems such as (5.4)-(5.7) has 
been addressed in [ 111-[ 131. 
5.3. Solution of the Elliptic Variational Inequalities (3.4) 
We approximate problem (3.4) by the following discrete elliptic varia- 

tional inequality 

Problem (5.8) has a unique solution. To solve the above problem we are 
going to take advantage of its equivalence with: 

u;+' E Vh, u;+1 = Un+l r h  on r, A;+' E ~ h ,  A;+' = (A;+')~, (5.9) 

* Vhdx $ s, VU:" : V V h d X  

(5.10) 
+ g h  J ~ : + l  : D(vh)dx = 0, V V ~  E v O ~ ,  

n 

lA:+ll 5 1 a.e. in R,  A;+' : D(u;+l) = ID(u;+')l a.e. in 0, (5.11) 

where, in (5.9), space Lh is defined by 

Lh = {%I% E (L"(R))47 %IT E p7 vT E % / 2 } ;  (5.12) 

we have thus vvh and D(vh) belonging to Lh, vvh E v h .  It follows from 
the symmetry of that 

(5.8)
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and from relations (5.11) that 

A:+' = P A ~ ( A : + ~  + rghD(u;+l)), 'v'r 2 0, (5.14) 
where A h  = A n L h ,  i.e., 

A h  = { q h l q h  E L h ,  I(qhlT)I 5 1, VT E %/2}, (5.15) 
and where the orthogonal-projection operator from L h  onto Ah verifies 

(5.16) 

Denote by A{ the (closed convex) subset of A h  defined by 

= { q h l q h  E A h ,  q h  = qi} ;  (5.17) 
it is an easy exercise to show that 

(5.18) 

Combining relation (5.18) with (5.14) yields 

An+l h = (At+' + rgfiVuE+'), vr  2 0. (5.19) 
We have thus shown that problem (5.8), (5.9)-(5.11) is equivalent to 

ut" E v h ,  ut" = Un+' r h  on r, A:" E L h ,  (5.20) 
Un+l - u;+2/3 

* VhdX 4- $1 VU;" : V V h d X  

(5.21) 
{ P L  At 

+ g f i  J A:+' : V v h d x  = 0, Q v h  E VOh, 
R 

A:+' = P A ; : ( X L + ~  + r g J z v u : + l ) ,  Vr 2 0. (5.22) 
Following, e.g., [6], [7], and [14], we shall use the following iterative method 
B la Uzawa to solve problem (5.8): 

At'"' is given in A:; (5.23) 
then, for k 2 0, assuming that E A{ is known, solve 

(5.24) 
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and compute 

(5.25) 
Concerning the convergence of algorithm (5.23)-(5.25), we have the follow- 
ing 

An+l,k+l - 
h - PA; + ?‘gfiVUF+l’k). 

Theorem 5.1. Suppose that 

O < r < -  p .  (5.26) 292 ’ 
we have then, VAF+l’o E A;, 

lim { u h  n + l , k  , AE+l’k} = {Un+l h (5.27) 

where, in (5.27), the pair {UE+~,A:+~’*}  is a solution of problem (5.9)- 
(5.11), u;” being then the unique solution of problem (5.8). 

k++oo  

Proof. Proving the convergence of {uL+’’”}k>O is fairly easy: 
Suppose that q h  E Lh; we shall denote by llqhllo the L2(R)-norm of q h  

; operator PA; is a contraction for 

the differences 

1/2 
defined by IlqhIlo = ( Jn 19h/2dx) 

the above norm. Next, we denote by ii;+l’k and A, 

solution of problem (5.9)-(5.11). By subtraction, we clearly obtain 
Un+l,k - Un+l h and xi+lyk - A;+’, where {u;+l, A;+’} E vh x A; is a 

h 

(5.28) 

(5.30) 

(5.29)
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Suppose that inequalities (5.26) hold; it follows then from (5.30) that the 
sequence { ) I &  I lo}k20 is decreasing. Since it is bounded from below by 
0, it converges to some limit, implying that 

--n+l,k 

(5.31) 

since (5.26) implies ~ ( p  - 2rg2) > 0,  combining (5.30) with (5.31) shows 
that lim = 0, i.e., lim u~~~~~ h -  - un+l h . To prove the convergence 

of {XL+llk}k>o - we should proceed as in, e.g., [7, Appendix 2, Section 31. 
Remark 5.1. Actually, the upper bound in (5.26) is pessimistic. Indeed, 

we can easily show (from relation (5.30)) that the convergence result (5.27) 
still holds if T verifies 

k++m k + + m  

O<r<( l+ - )  2P P 
,uAtpp 292’ (5.32) 

where, in (5.32), pp is the largest eigenvalue of the following discrete eigen- 
value/eigenfunction problem: 

(5.33) 

We recall that ,Bf = O ( / Z - ~ ) .  

$6. Numerical Experiments 

The numerical simulation of Bingham flow has not motivated as many 
publications as the solution of the “ordinary” Navier-Stokes equations. Be- 
sides [5 ] ,  relevant publications are, e.g., [15], [16], [17], [18], [19, Chapter 61 
and [3]; some of the results reported in the above references have been ob- 
tained using a stream-function formulation. The test problems considered 
here (and, actually, the methodology to solve them) are closely related to 
those in [3]. These test problems are all particular cases of the following 
problem: 

Find { u ( t ) , p ( t ) }  E (H1(R))2 x L2(s2) such that a.e. on (0 ,T)  we have 
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s, dU 
at -(t) * (v - u(t))dz + (U(t) * V)U(t) * (v - u(t))dx 

+p VU(t) : O(V - u(t))dz + f i g ( j ( v )  - j (u( t ) ) )  r 
u(0) = 0, 

~ ( t )  = u y  on I?, 

with j(v) = & JD(v)ldz, Vv E (H1(R))2. In system (6.1)-(6.4), we have 
R = ( a o , i ) 2 ,  r = an. 
l?N = { Z ~ X  = {21,z2}, 2 2  = 1, 0 < z1 < l}, and 

with U > 0. 
Vu, = {vlv E (IY~(R))~, v = u y  on r}. 
For the time-discretization of problem (6.1)-(6.4)) we have employed 

the Marchuk-Yanenko scheme (3.1)-(3.4). For the space discretization 
we have used a 128 x 128 uniform grid to  define the finite element spaces 
vh, V O ~  and Ph (see relations (4.1)-(4.3)); from these spaces we proceeded 
as in Sections 4 and 5 to  approximate problem (6.1)-(6.4) and compute 
its solutions. We have, in particular, used r = p/rg2 when computing 
{u;+’, Xi+’> by algorithm (5.23)-(5.25). 

First Test Problem. It is the particular case of problem (6.1)-(6.4) 
corresponding to U = 1/16) p = 1 and g = 0.1; for the time discretization 
we have used At  = Recalling that u(0) = 0, we have shown in Fig. 
6.l(a) the variation of the computed kinetic energy; it is clear from the 
above figure that “we” converge quickly to  a steady state solution. The 
streamlines of the computed solution at t = 2.39 are shown in Fig. 6.l(b). 
The rigidity (black) and plastic (white) regionshave been visualized in Fig. 
6.l(c). The rigidity region (3-connected here) is the one where D(u) = 0; 
it is also the region where (X(z)( < 1, as shown in Fig. 6.l(d) where the 
graph of 1x1 has been visualized. To conclude this presentation of the results 
associated to  this first test problem, let us report on the following numerical 

(6.1)

(6.2)
(6.3)
(6.4)
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9 

a -  

7 -  

6 -  

5 
0 

experiment: The parameters uo, p,  9, U being as above, we solved problem 
(6.1)-(6.4) up to  t = 1.2; let us denote by u(1.2) the velocity field at t = 1.2. 
At t = 1.2, we froze the motion of the upper wall implying that for t > 1.2 
the Bingham flow is still modeled by relations (6.1), (6.2) completed by the 
boundary condition 

u( t )  = 0 on r, if t > 1.2, 

with u(1.2) as initial condition at t = 1.2. In principle, due to the absence 
of body forces and to  the immobility of the boundary, the medium should 
return to  rest in finite time (see Remark 6.1, hereafter), i.e., we should 
have ~ ( t )  = 0, V t  2 t,, t ,  being finite. Fig. 6.l(e) shows that indeed 
IIu(t)ll(L2(n))2 converges to  zero very quickly as t -+ +oo, but finite time 
convergence is doubtful from the above figure. Actually convergence in 
finite time takes place as shown in, e.g., [7, Appendix 61, [17], [18] and [19, 
Chapter 61. In the above references time discretization was achieved with a 
fully implicit scheme B la backward Euler. It seems that for the calculation 
presented here, the splitting errors associated to scheme (3.1)-(3.4) prevent 
convergence to zero in finite time. 

0.5 1 1.5 2 2.5 

Fig. 6.l(a) Variation of the computed kinetic energy ( p  = 1, g = 
0.1, U = 1/16, Ax1 = Ax2 = 1/128, At = 
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Streamlines, U=1/16 
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Fig. 6 . l (b)  Streamlines of the computed steady state velocity field 
( p  = 1, g = 0.1, U = 1/16, Ax1 = Ax2 = 1/'128, At = 

Plastic and rigid regions, U=1/16 
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Fig. 6 . l (c)  Visualization of the computed plastic (white) and rigid 
(black) regions at steady state ( p  = 1, g = 0.1, U = 1/16, Ax1 = Ax2 = 
1/128, At = 
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I*mwII. U-1/16 

1 
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0- -0  

Fig. 6.l(d) Graph of lAhl at steady state ( p  = 1, g = 0.1, U = 
1/16, 0x1 = Ax2 = 1/128, At = 

Kinetic energy, U=1/16 
0.01 I , I I 1 I 

-0 1 2 3 4 5 6  7 8 

Fig. 6.l(e) Decay of the computed kinetic energy after the sliding of the 
upper wall has been stopped at t = 1.2 ( p  = 1, g = 0.1, U = 1/16, Ax1 = 
Ax2 = 1/128, At = 
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Second Test Problem. This test problem is the variation of the first 
one obtained by taking U = 1 instead of 1/16. Besides this modification, 
all the other physical and numerical parameters are the same. The kinetic 
energy variation, the streamlines, the plastic and rigid regions and the 
multiplier Ah have been visualized in Fig. 6.2(a) to  Fig. 6.2(d). The 
velocity of the upper wall being much larger the kinectic energy reaches 
much higher values than in the first test problem. Similarly, due to the 
higher level of stress, the plastic region is much larger than in the first case 
(compare Fig. 6.2(c) to Fig. 6.1(c)). We observe that in both cases, the 
viscous effects are so strong that the advection plays practically no role as 
shown by the symmetry of the computed results with respect to the line 
~1 = 0.5. 

0.22 

0.2 

0.18 

0.16 

0.14 

0.12 

0.1 

Kinetic energy, U=l 

o.oe 

Fig. 6.2(a) Variation of the computed kinetic energy ( p  = 1, g = 
0.1, U = 1, Ax1 = Ax2 = 1/128, At = 
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Streamlines. U=l 
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Fig. 6.2(b) Streamlines of the computed steady state velocity field 
( p  = 1, g = 0.1, U = 1, Ax1 = Ax2 = 1/128, At = 

Plastic and rigid regions, U=l 
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Fig. 6.2(c) Visualization of the computed plastic (white) and rigid 
(black) regions at steady state ( p  = 1, g = 0.1, U = 1, Ax1 = Ax2 = 
1/128, At = 
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Fig. 6.2(d) Graph of IXhJ at steady state ( p  = 1, g = 0.1, U = 
1, Ax1 = Ax2 = 1/128, At = 

Remark 6.1. (On the convergence to zero in finite time). Consider 
problem (2.6)-(2.9) and suppose that d = 2, f = 0, u y  = 0 and T = +GO. 

If the above assumptions hold, then ~ ( t )  converges to 0 in finite time as t 
increases, VUO E (L2(R))d such that V - uo = 0 and uo - n = 0 on I?. To 
prove the above result, observe that ~ ( t )  E (HA(fl))2, a.e. t E ( O , + o o ) ,  
and take v = 0 and v = 2u(t) in (2.6). We obtain then 

(6.5)

(6.6)

(6.7)
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where, in (6.6) and (6.7), A,(> 0) is the smallest eigenvalue of operator -A 
“acting” on HA(R), and y is a positive constant; inequality (6.7) is known as 
the Nirenberg-Strauss inequality and is proved in [20]. Combining relations 
(6.5), (6.6), and (6.7) yields 

(6.8) 

(6.9) 

Suppose that ~ ( t )  never vanishes; we have then ((u(t)I( > 0, Vt  2 0 and 
d d 
- dt  llu(t) ll&a = 2llu(t)Ilo,n -& llu(t) Ilo,n. 

Combining (6.8) and (6.9) we obtain 

Ilu(O)llo,n = Iluoll0,n. 

Observe now that (6.10) is equivalent to 
(6.10) 

d 
-[llu(t)llo,n + ga(PxoY)-l l  + @[Ilu(t)l/o,n + sJZ(P~oY)-ll 5 0, 
d t  P 

Ilu(O)Ilo,n = Iluoll0,n. 

a.e. t E ( O , + o o ) ,  

(6.11) 
Integrating the differential inequality in (6.11) from 0 to t we obtain 

llu(t)Ilo,n + gJz(Pxo7)-1 I e-+t[llUOIIO,R + gJz(/IA07)-1]7 Vt 2 0. 
(6.12) 

Since lim e-+t = 0, relation (6.12) makes no sense as soon as t > t,, 
with t ,  defined by 

t++m 

(6.13) 

we have then ~ ( t )  = 0 if t > t,. 
The assumptions on d, f ,  ur and T staying the same, suppose now that 

we time-discretize problem (2.6)-( 2.9) by the backward Euler scheme; we 
obtain then 

u 0 = uo; (6.14) 
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then, for n 2 1, un-' being known, find {un,pn} E 
that 

x L2(R) such 

(6.15) 

( - JRpnV * (V - u " ) ~ x  2 0, QV E (H,1(R))2, 
V . u n  = 0 on a, (6.16) 

Assuming that problem (6.14)-(6.16) has a solution, Qn 2 1 (it is not 
very difficult to prove that it is, indeed, the case), take v = 0 and 2un 
in (6.15), then take into account V - un = 0, relations (6.6) and (6.7) and 

un . un-'dx 5 IIunllO,~JIun-' I10,n; it follows then from (6.15) that s, 
~ l l U n l l O , R ( l l U n l l O , R  - I l ~ n - l l l o , n ~ + ~ o c L l l ~ " l l ~ , n + ~ J Z r - '  IIUnllO,R L 0, 

QnL 1, 
lIU0lIO,R = llu0110,R. 

(6.17) 
Suppose that un # 0 ,  Vn 2 0. We have then IIunlJO,n > 0, Qn 2 1, which 
combined with (6.17) yields 

{ At 

{ At 

i 

"(llu"I0,n - llUn-lllO,R) + ~ O ~ I I U n l l O , R  + g f i r - '  5 0, Qn L 1, 

I l ~ O l l o , n  = IlUOIIO1R. 
(6.18) 

It follows from (6.18) that 
-1 

A0 P 
IIUnllO,R + g d m o P Y ) - l s  (1 + -At) [IIUn-lllO,n + gdwoPr) - l l ,  

P 
Qn >_ 1, 

IIU0II0,R = IIuollo,n7 

IIUnllO,R + S f i ( X 0 P P  

which implies in turn that 

5 (1 + *At)-n[lluollo,n + gfi(Aopy)-'], Qn L 0. 
P (6.19) 

= 0, relation (6.19) makes no sense if n > n,, AOP -n Since lim (1 + -At) 
n++m P 
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with 
In (1 + -lluollo,a) A O W  

In (1 + -At)  AOP 

n, = gf i  ’ 
P 
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(6.20) 

we have thus 

un = 0, Vn> n,; (6.21) 
relation (6.21) is a discrete analogue of ~ ( t )  = 0, Vt 2 t,. It is worth while 
noticing that, as expected, 

P lim n,At = -In (1 + = t,. 
At+O+ AOP 

We have shown thus that the solution {un},>l of problem (6.14)-(6.16) 
behaves “discretely” like the solution of problem (2.6)-(2.9). To prove 
(and have) the same result after space discretization it will definitely help 

(6.22) 

This will not be the case, in general, if one employs the Hood-Taylor or 
Bercovier-Pironneau finite element methods to approximate problem (2.6)- 
(2.9). An easy way to overcome this difficulty, and recover the convergence 
to zero in finite discrete time, would be to replace &(ug.V)uE .(vh -ug)dz 

by 

an idea (due to R. Temam) used by many authors. 

REFERENCES 

[l] 

[2] 

[3] 

Duvaut, G. & Lions, J .  L., Les in6quations en mbcanique et en physique, Dunod, 
Paris, 1972. 
Duvaut, G. & Lions, J. L., Inequalities in mechanics and physics, Springer-Verlag, 
Berlin, 1976. 
Sanchez, F. J., On some splitting methods for the numerical simulation of the 
Navier-Stokes equations, Ph.D. dissertation, University of Houston, Department of 
Mathematics, 1996. 
Glowinski, R., Numerical methods for nonlinear variational problems, Springer- 
Verlag, New York, NY, 1984. 
Fortin, M., Calcul numdrique des Ccoulements des fluides Newtoniens incompress- 
ibles par la mbthode des elements finis, Thhse d’Etat, UniversitC Pierre et Marie 
Curie, Paris, France, 1972. 

[4] 

[5] 



130 E. J. DEAN R. GLOWINSKI 

Glowinski, R., Lions, J. L. & Tremolikres, R., Analyse numkrique des inkquations 
variationnelles, Volumes I and 11, Dunod, Paris, 1976. 
Glowinski, R., Lions, J. L. & Tremolikres, R., Numerical analysis of variational 
inequalities, North-Holland, Amsterdam, 1981. 
Cahouet, J. & Chabard, J. P., Some fast 3-D solvers for the generalized Stokes 
problem, Int. J .  Numer. Meth. in Fluids, 8(1988), 269-295. 
Glowinski, R., Finite element methods for the numerical simulation of incompress- 
ible viscous flow. Introduction to the control of the Navier-Stokes equations, In 
Anderson, C. R. and Greengard, C. (eds.) Vortex Dynamics and Vortex Meth- 
ods, Lecture in Applied Mathematics, Vol. 28, American Mathematical Society, 
Providence, RI, 1991, 219-301. 
Glowinski, R. & Pironneau, O., Finite element methods for Navier-Stokes equa- 
tions, Annual Review of Fluid Mechanics, 24( 1992), 167-204. 
Dean, E.J. & Glowinski, R., A wave equation approach to the numerical solution of 
the Navier-Stokes equations for incompressible viscous flow, C. R .  Acad. Sci. Paris, 
325 S6rie I, (1997), 789-797. 
Dean, E. J., Glowinski, R. & Pan, T. W., A wave equation approach to the numer- 
ical simulation of incompressible viscous fluid flow modeled by the Navier-Stokes 
equations, In De Santo, J.A. (ed.) Mathematical and Numerical Aspects of Wave 
Propagation, SIAM, Philadelphia, PA, 1998, 65-74. 
Pan, T. W. & Glowinski, R., A projection/wave-like equation method for natural 
convection flow in enclosures, In Bathe, K. 3. (ed.) Computational Fluid and Solid 
Mechanics, Vol. 2, Elsevier, Amsterdam, 2001, 1493-1496. 
He, J .  W. & Glowinski, R., Steady Bingham fluid flow in cylindrical pipes: a 
time dependent approach to the iterative solution, Num.  Lin. Algebra with Appl., 

Glowinski, R., M6thodes numkriques pour l’kcoulement stationnaire d’un fluide 
rigide visco-plastique incompressible, In Holt, M. (ed.) Proceedings of the Second 
International Conference o n  Numerical Methods in Fluid Dynamics, September 
15-1 9, 1970, University of California, Berkeley, Lecture Notes in Physics, Vol. 8, 
Springer-Verlag, Berlin, 1971, 385-394. 
Begis, D., Analyse Numkrique de 1’Ecoulement d’un Fluide de Bingham, Thkse de 
3& Cycle, Universitk Pierre et  Marie Curie, Paris, France, 1972. 
Begis, D. & Glowinski, R., Application des mkthodes de Lagrangien augment6 B 
la rksolution numkrique d’kcoulements bi-dimensionels de fluides visco-plastiques 
incompressibles, In Fortin, M. and Glowinski, R. (eds.) Me‘thodes de Lagrangien 
Augmente‘: Application a la Re‘solution Nume‘rique de Probltmes aux Limites, 
Dunod-Bordas, Paris, 1983, 219-240. 
Begis, D. & Glowinski, R., Application to the numerical solution of the two- 
dimensional flow of incompressible viscoplastic fluids, In Fortin, M. and Glowinski, 
R., (eds.) Augmented Lagrangian methods: Application to  the numerical solution 
of boundary value problems, North-Holland, Amsterdam, 1983, 233-255. 
Glowinski, R. & Le Tallec, P., Augmented Lagrangians and operator splitting meth- 
ods in nonlinear mechanics, SIAM, Philadelphia, PA, 1989. 
Strauss, M. J., Variation of Korn’s and Sobolev’s Inequalities, In Proceedings of 
Symposia in Pure Mathematics, Vol. 23, American Math. Society, Providence, RI, 

7(2000), 381-428. 

1973, 207-214. 

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13

[14]

[15]

[16]

[17]

[18]

[19]

[20]



O N  THE UNIQUENESS OF THE WEAK 
SOLUTIONS OF A QUASILINEAR 

HYPERBOLIC SYSTEM WITH 
A SINGULAR SOURCE TERM* 

J. P. DIAS M. FIGUEIRA 

Lisboa-Portugal. E-mail: dias@lmc. fc.ul.pt 
CMAF/UL, Av. Prof. Gama Pinto, 2, 1649-003 

Abstract 

This paper is a continuation of the authors’ previous paper El]. In this 
paper the authors prove, assuming additional conditions on the initial data, 
some results about the existence and uniqueness of the entropy weak solu- 
tions of the Cauchy problem for the singular hyperbolic system 

at + (a21)r + + = 0, 
z > o ,  t z o .  { U t  + ; (2  + u2)z = 0, 

Keywords Cauchy problem, Weak solution, Quasilinear hyperbolic sys- 

2000 MR Subject Classif icat ion 35L45, 35L67 
tem 

$1. Introduction and Main Results 

We consider the Cauchy problem for the quasilinear hyperbolic system 

at + (au), + + = 0, 
x > o ,  t > o ,  (1.1) 

ut + f (a2 + u2>,  = 0,  

*Project supported by the FCT and FEDER. 
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with the initial data 

(a(x ,O),u(z ,O))  = ( a o ( 4 ,  Uo(Z)), x > 0. (1.2) 
The system (1.1) appears in the study of the radial symetric solutions in 
R3 x R+ for a conservative system modelling the isentropic flow introduced 
by G.B.Whitham in [7, Chap.91 where a is the sound speed and u is the 
radial velocity. If f : R2 --+ R2 is defined by f ( a ,  u) = (au, ;(a2 + u2)) ,  
then two eingenvalues of Of are 

X I = u - a ,  X 2 = u + a  (1.3) 
and so the strict hyperbolicity fails if a = 0, but the system is genuinely 
nonlinear with Riemann invariants 

1 = - u + a ,  r = u +  a (1.4) 
which satisfy the equivalent system (for classical solutions) : 

r2- l2  rt + + ( T ~ ) ~  + 22 = 0, 
x > o ,  t z o ,  (1.5) 

lt - 3 ( l ”z  + * = 0, 
with initial data 

( r ( x ,  01, l(x, 0)) = (ro(x) ,  lo (x) ) ,  x > 0, (1.6) 

with ro = uo + ao, lo = -uo + ao. 
Following [l], if ao, uo E H i  (R+), we will say that 

v = ( a ,  u> E (Gm, $4 x [o, +w2 
is a weak solution for the Cauchy problem (l.l), (1.2) in R+ x [0, +oo[ if, 
for each pair cp E CF(R+ x [ O , + o o [ ) ,  $ E C~([O,+oo[x[O,+m[), 

1 

+ / R+ x [o,+m[ 
(u& + T(a2 + u2)$.) dxdt 

ao(x)cp(x, 0 )  dx + uo(x)$(x ,  0 )  dx = 0. (1.7) 
+ L+ L+ 

A weak notion of null boundary condition for v (at x = 0) is contained in 
(1.7). Moreover, we will say that v = ( a , u )  verifying (1.7) is an entropy 
weak solution if, for every pair of smooth functions q,q : R2 + R, q 
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convex (entropy/entropy flux pair) such that Vq - V f = Vq in R2, we have 

in D'(R+ x R+). By applying the compensated compacteness method 
of Tartar, Murat and DiPerna (cf. [2] and [3]) and some ideas of M. E. 
Schonbek in [6] we have proved in [l] the following result: 

Theorem 1.1. Assume a0,uo E Hd(R+), UO(X) 2 ao(x) 2 0, x E R+. 
Then, there exists v = (a ,u)  E (Lm(R+ x [ O , + O O [ ) ) ~ ,  with u 2 a 2 0 
a.e. in R+ x [O ,+oo[ ,  which is an entropy weak solution for the Cauchy 
problem (l.l), (1.2) in R+ x [0, -too[. Moreover there exists a sequence v, = 
(u,, u,) E (C([O, +GO[; H 3  n HA) n C1([O, +oo[; H 1 )  n Lm(R:))2 such that 
0 5 a, 5 uE 5 M, 21, -+ 21 a.e. in R+ x [O ,+oo[  and in ( . I ~ ~ ( R $ ) ) ~  weak 
*, v,(., 0 )  --+ u(., 0 )  in ( H J  (R+))2 and v, is the solution of the approximate 
parabolic system 

a,t + (a&u&)x + 2:;: = Eaexz, 

U E t  + : (a: + u:)x = E U E X X ,  

x > o ,  t > o ,  (1.9) 

2 

I 
with initial data 

VOE = @ O & ,  UO,) E (H3(R+) n Hi(R+)) 7 UO& 2 ao, 1 0. 

In the framework of Theorem 2.1, we have, for 

I, = -u, +a,, rE = u, +a,,  
I = -u+a, r = u + a  : (1.10) 

~ , L O , O L T & L M ~ ,  r ,"-1,"20,  Z L O , O L ~ ~ M ~ ,  r 2 - l 2 2 0 ,  a.e., 

r2-l2 
f & t  + 3 (.,")z + 2&+i)  = E T E X X ,  

l&t - 5 (1,")z + 2&.+%) = E l E X X ,  
z > o ,  t z o ,  (1.11) 

1 r2--l2 

€40 

with (r,, 1, )  E (C([O, +oo[; H 3  n H i )  n C1([O, +oo[; H1))2 and 

T & ( *  , 0) = TO& = UO, + ao& + ro, 

I&(-, 0) = loE = -UO, + ao, -+ lo in Hi(R+). (1.12) 
&+O 

We will prove the following estimate: 

(1.8)
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a0 uo Theorem 1.2. In the framework of Theorem 1.1, assume -) - E 
x x  L"(R+). Then,  we have, for  each t 2 0,  

(1.13) 

Hence, 

Now, by an adaptation of Kruzkov's methods (cf. [5]), we can prove the 

Theorem 1.3. Under the hypothesis of Theorems 1.1 and 1.2 assume 
following theorem. 

U O ,  uo E BV(R+) = {W E L1(R+) I TV(W) < +OO} 

where TV denotes the total variation in R+. Then,  we have 

(1.14) 

where c = c ( / l~o j l , ,  IIuollco, ~ ~ : ~ ~ 0 0 ,  1l:Il 00 7 TV(ao), W O ) )  > 0 and 

c1 = llFllm) > 0 do not  depend on  E .  

From Theorem 1.3 it is easy to derive 
Corollary 1.1. Under the assumptions of Theorem 1.3, the weak en- 

tropy solution ( a ,  u)  of the Cauchy problem ( l . l ) ,  (1.2) obtained by the 
vanishing viscosity method verifies a( . , t ) ,  u ( - , t )  E L1(R+) a.e. in t and 
there exists E C [0, +OO[ such that r n ( [ O ,  +oo[\E) = 0 and 

(la(., t )  - ao(.)l + I+, t )  - uo(.)l) d. = 0. 

Finally, also by adaptation of Kruzkov's method (cf. [5]), we will prove 
the following theorem. 

Theorem 1.4. Let the initial conditions ao, uo be in H,'(R+) and such 
that %, 2 E L"(R+), and let ( a l ,  ul), (a2, uz) be two weak entropy solu- 
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tions of the Cauchy problem ( l . l ) ,  (1.2) such that, for i = I, 2,  
ai ui 
x x  - 7  - E L,"P,([O, +m[x [O,  +m[) 

and there exists E c [O,+m[, with m([O,+oo[\E) = 0,  such that for each 
R > 0, 

lirn 1 
tEE 

((ai(z, t )  - ao(x)l + (u i (x ,  t )  - uo(x)l)  dx = 0. (1.15) 
t+O' O<x<R 

Then, ( a l ,  u l )  = (a2, u2) a.e. in R+ x [0, +m[. 

$2. Proof of Theorem 1.2. 

With r = r E ,  0 < c < 1, let us consider the first equation of (1.11): 

r2 - l 2  
2(x  + E )  

rt + r r ,  + ~ = & r x z .  

r2 2r 
With v = vE = 

r2 - Z 2  2 0, 

we obtain, multiplying (2.1) by - and since 
( x  + &)2  ( x  + &)2 ' 

r2 r2 + 6 ~ -  + 2 € A  < EVxz .  (2.2) 
rX vt i- 2urx - 8e- 

( X + E ) 3  ( x  +€)4 ( Z + E ) 2  - 

If we multiply (2 .2)  by up, p 2 1, and integrate in R+, we obtain with 
s. = fR+ - d x ,  

We have 

(2.1)
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and so 

Moreover, 

and so

We have also

and so, with

(2.4)

(2.5)

(2.6)
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By ( 2 . 3 ) ,  - .  . , ( 2 . 6 ) ,  we obtain 

But, since 

and $ + + &-g = 1, we derive by Holder's inequality, 

< 

( p  + 1)1 /2  (S (z + &)4P+6 

and so 

"s- VP+l < 2 (  / v p + 3 / 2 ) m  1 1 2 (: --sf_ L+:) 
p +  1 ( X + & ) 2  - P + 1 (4p + 5)2p+3 & 

We derive, by the inequality bl/Qcl/Q' 5 +b+$c, with q = E, q' = 2p+3,  

2& 

If we fix n 2 1, let p be such that 

We deduce, from (2.8), 

&.n(P+l) . ( 2 . 9 )  
2 

(4P + 5 ) P P  + 3 )  
From ( 2 . 7 )  and ( 2 . 9 )  we derive 

d 
at 
- p + 1  5 2 ( p +  l) p ( p + l )  

(4P + 5) ( 2 p  + 3 )  
Hence, for t 2 0, we obtain 

(2 .10)  

(2.7)
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and so, by the inequality (b”+’ + aPs’> l’(p+l) 5 b + c,  we deduce 

Letting p -+ +oo we obtain from (2.11), Ilv,(.,t)llm 5 llvoEIlm + P. Now 
we let n -+ +oo and we derive 

Finally we let E + 0 and we deduce a.e. on t E [ O , + o o [ ,  
and 

E Lm(R+) 

4, t )  
IIYTIL 11% 

and so 

and this achieves the proof of Theorem 1.2. 

$3. Proofs of Theorems 1.3 and 1.4 

3.1. Sketch of the proof of Theorem 1.3 
We follow the lines of the proofs of Theorems 2.3 and 3.1 of Chap.11 in [4], 

applying the method of Kruzkov for the case of scalar conservation laws (cf. 
[5]). We take the t derivative in both equations of the approximate system 
(1.11) in r, and I,; we multiply the first equation by sgn(r,t), the second 
equation by sgn(lEt) and both equations by $ ~ ( z )  = x ( z /R) ,  R > 0, where 
sgn denotes the usual sign function and x is the cut function introduced in 
(2.25) of Chap.11 in [4]. We integrate in R+ and we add the two equations. 
If we point out the estimate 

L c1 J, (IGtI + ll&tI) + R ( 4  dx, 
+ 

by Theorem 1.2, we easily deduce, with the help of Lemma 3.1 in Chap.11 
of [43, 

(2.11)
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where 

are positive constants not depending on E. The result follows if we apply 
Gronwall's inequality and then let R -+ 00. 

Before proving Theorem 1.4, we need the following lemma that can be 
proved like the Lemma 4.2 in Chap.11 of [4] (cf. also the inequality (3.12) 
in [ 5 ] ) .  

Lemma 3.1. Let (ai,ui) E ( L ~ c ( [ 0 , + ~ [ x [ 0 , + ~ [ ) 2 ,  i = 1 ,2 ,  be two 
solutions an D'(R+ x R+) of the system (1.1) verifying the entropy condition 
(1.8) and let ri = ui + ai, l i  = -Ui + ai, i = 1,2 .  Then, we have, in 
"+ x R+) J 

3.2. Sketch of the proof of Theorem 1.4 
We follow the lines of the proof of Theorem 4.1 in Chap.11 of [4], applying 

the method of Kruzkov for the case of scalar conservation laws (cf. IS]). 
W i t h T > O ,  R > O a n d  W = L " ( ] O , R + M T + l [ x [ O , T + l [ ) , l e t  u spu t  

where ri = ui + ai,  li = -ui + ai, i = 1,2.  For 6,&,8 > 0, E < 6 < 
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1 1 - [sgn(rl - r2) - (r;  - r,") - sgn(Z1 - Z2) - (1; - Zi)] dx d t  
2 2 

- i+w L+,(l - h(x/O>)(K(t - 6) - YE(t - T)) 

(I - Ye(x - R - M ( T  - t ) ) )  

Now, we point out that in the third integral in the previous inequality we 

2. Hence, can put r1 - r2  = (r1 -r2) 

by the assumptions, this integral can be estimated in modulus by 

(11 + 1 2 )  
2, 1; -/; = (11 - 12) ~ 

2 2  (r1 + r2) 

X X 

Moreover, regarding the last integral in the same inequality, we observe 
that 
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We can now continue as in the proof of Theorem 4.1 in Chap.11 of [4] to 
deduce, for almost T and 6, 

(l7-l(Q) - 7-2(.,T)I + lh(x,T) - /2(2,T)I)dZ 
.l;.lR 

J ; r , g + M ( * - d )  

+ c L T  . I f l l s R + M ( T - r )  

(Ir1(x,S) - ~ ( z , d ) I  + I l1 (X76)  - h(x,d)I)dx 

( I 7 - l ( Z , d  - 7-2 (5 ,7 )1  + I h ( v )  - / 2 ( V ) l ) d Z  

with c = c(T,R) > 0, increasing function of T and R. Hence, by the 
assumption (1.15), we derive, a.e. in T > 0, since the two solutions have 
the same initial data, 
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Abstract 

The purpose of the present paper is to call for attention to the following 
question: Which of the initial data (nonsmall) admit global smooth solu- 
tions to the Cauchy problem for nonlinear wave equations. A few cases and 
examples are sketched, showing that the general answer of this question 
may be quite complicated. 

Keywords Cauchy problem, Initial data, Global smooth solution 
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$1. Introduction 

For hyperbolic equations the most fundamental problem is the Cauchy 
problem. In the linear case, the well-posedness of the Cauchy problem has 
been established successfully long time ago [2,6]. In the nonlinear case the 
existence and uniqueness of the local solution is also well-known [2, la]. One 
of main problems to be settled is the existence of global smooth solutions. 
There are a series of important works in this direction. In particular, for 
a big class of nonlinear wave equations, the existence of global solutions to 

*Project supported by the Chinese Special Funds for Major State Basic Research 
Project “Nonlinear Science”. 
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the Cauchy problem with sufficient small initial data is quite clear [7 - 141. 
However, the existence of global solutions to the simplest wave equation 

utt - uxx = f (u )  

is still to  be elucidated if the initial data 

u ( 0 , 4  = 40(4, ut(O,4 = 41 (4 (1.2) 
are nonsmall. For simplifying the statement we suppose that each function 
appeared is of C". Define C[f] as the set of initial data for which the 
Cauchy problem (1.1) and (1.2) admits a global smooth solution on the 
entire t - x  plane. The main problem is to identify C[f]. The purpose of the 
present paper is to  call for attention to this problem. Some examples will 
be sketched so as to explain some approaches to the construction of C[f]. It 
is expected that these examples will give some insight to the further study. 

$2. Hyperbolic Liouville Equation 

The hyperbolic Liouville equation is 

utt - uxx = -eu. 

The equation has a general solution of the form [I] 

where ( = y, 77 = F. It is seen that 
(i) The expression (2.2) is meaningful if and only if 

+'(06'(d < 0, 1cI(t> + 4(77> # 0. (2.3) 

$1 = uq!~ + b, 41 = u4 - b, (u,b = const.) (2.4) 

(ii) u is unchanged if @ and 4 are replaced by 

(iii) u is a global solution if @, 4 are defined on (--oo,oo) and (2.3) holds 

(iv) The expression (2.2) exhausts all C" solutions not only in local 

(i), (ii) and (iii) are abvious, (iv) follows from the fact that the unique 

for every E (--oo,cQ), q E (--oo,oo). 

sense but also and in global sense if (iii) holds. 

solution to the Gousart problem with the boundary condition 

ulr=o = a h ) ,  ulo=o - - P ( t )  ( 4 0 )  = P(0))  (2.5) 

(1.1)

(2.1)

(2.2)
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can be expressed in the form (2.2). Thus the initial data 

4 0 7 4  = $o(z), ut(O,z) = $ 1 ( 4  (2.6) 
admit a global solution on the t-z plane iff there exist $, $ defined on 
(-00,oo) and satisfy (iii) such that 

Consequently, the set of all C" initial data with global solutions, i.e. 
E[-e"], has been obtained explicitly. However, it is quite difficult to check 
whether a given pair (40(z), $1 (z)) can be initial data of a global smooth 
solution. The problem is reduced to seeing whether the solution (4, G) of 
(2.7) and (2.8) is a global one and satisfies (iii) or not. 

Remark: In [l], there is a table of special nonlinear PDEs with explicit 
solutions. Some of them can be treated in a similar way. 

$3. Some Cases for x [ ~ ] = C ~ X C ~  

There is a big class of nonlinear wave equations, for which any given ini- 
tial data 40,  41 will admit a global smooth solution. Among these nonlinear 
wave equations we mention 

(i) Equations with f(u) of weak nonlinearity 
Let h(t, 2) be the solution of wave equation 

= o  d 2 h  d2h  
at2 ax2 
--- 

satisfying the initial data ( 4 0 ,  41). The equation (1.1) with the same initial 
data is equivalent to the integral equation 

1 
u(z , t )  = h(t ,z)  + - 2 s,,, f (477 "dt7 (3.1) 

.=) 

where is the characteristic triangle bounded by the z-axis and two 
characteristic lines passing through ( t ,  2). The function f(u) is called to be 
of weak nonlinearity if 

If(u)I < ( u [ ' + ~ ,  for lul > A ( A  is a positive constant, r < 1). (3.2) 

(2.7)

(2.8)
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It is well-known that the solution u(z , t )  exists globally. Example: sine- 
Gordon equation 

utt - uxx = sinu. 

(ii) Equations with strong nonlinear dissipation 
Suppose that f (u)  = -F'(u) and F ( u )  > ku2 (k is a positive constant). 

Let u be a solution on the characteristic triangle A,,,,, with the vertices 
( a ,  0), (0, -a) and (0, a) .  Then we have the energy inequality 

& + u: + F(u))dz L 1 (4: + 4& + F(4o))dz (0 L 7- L 4,  (3.3) 
10 

where 1, is the interval t = r ,  -a + r 5 z 5 a - r. It follows that u is 
bounded in A(a,o) and hence the solution u( t ,z)  exists on A,,,,) for any 
a > 0. Example: f (u)  = - sinhu, i.e. the minus sinh-Gordon equation 

utt - uxx = - sinhu. (3.4) 

$4. Dual Relation 
If we know C[f], then C[-f] can be constructed in the following way. 
Let ($0,41) E C[f]. By solving the Cauchy problem for (1.1) with the 

initial data ($0, $1) we obtain the solution u(t, z) which is defined on the 
whole sc-t plane. Let 

$0 = u(t, O ) ,  $1 = UX(t, 0). ( 4 4  

(4.2) 

By interchanging t and z, it is obvious that the Cauchy problem for 

'Utt - 'Uxx = -f(4 
with the initial data w(0,z) = $o(z), vt(0,z) = $1(z) on the line t = 0 
admits the global solution 

w(t,z) = u(z,t). (4.3) 
The transformation (40,qhl) -+ ($0,$1) is denoted by L f .  Thus C[-f] can 
be obtained from C[f] via the transformation 

Lf {40,  411 = ($0, $11. (4.4) 

The domain and range of L f  are C[f] and C[-f] respectively. 
It is obvious that if C[f] is nonempty, then C[-f] is nonempty too and 

L-f  = ( L f ) - l .  For example, let f = sinhu. Then C[sinhu] = L(-sinhU) : 
C[sinh(-u)] = L(-sinhU) : C" x C". 
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Even in this case, the structure of C[sinhu] is not very clear and it is dif- 
ficult to answer whether a given { # o ,  #I} belongs to C[sinh u] or not. How- 
ever, C[sinhu] is quite big and there exists a 1-1 mapping from C" x C" 
to C[sinh u] . In C[sinh u] , 140 I may be infinitely large, since in C[ - sinh 7 . 4 ,  

($0 can be arbitrary and Go(()) = $O(o)  if ($07 $1) E L ( - s i n h ~ ) ( ( $ o ,  $1)- 

$5.  Case of Hyperbolic Systems 

The problem is more difficult even in the case of 1 + 1 dimension. How- 
ever, we can mention the following facts. Besides those, in [9,10,12] there 
are a series of results on global classical solutions. 

(i) For the Euler equations for isentropic gas, the only global smooth 
solutions are the trivial ones (i.e. u=const, p=const.) [3.10]. 

(ii) For the harmonic maps from R1+' to any complete Riemann manifold 
(so called wave maps) any smooth initial data admits a global solution [4]. 

(iii) For the harmonic maps from Rlfl  to the Lorentz surface S1jl, the 
classification of initial data according to the global existence has been dis- 
cussed in [5]. The situation is quite complicated. 

In short, the problem of determining initial data such that the Cauchy 
problem admits global smooth solution is of significance and worthy to be 
studied further. 
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$1. Introduction 
We establish regularity results for the GFD-Stokes system and some 

second order elliptic partial differential equations related to the primitive 
equations of the ocean in thin domains with varying bottom topography. 
These equations constitute the core part of the Primitive Equations (PEs 
for brevity) for the atmosphere and the ocean. Motivated by the small- 
ness of the aspect ratio of the domain occupied by the ocean, we studied 
the global existence of solutions for the PEs in thin domains, in [6]. As a 
preliminary step, we study, in this article, the H2-regularity of solutions of 
the Stokes-type problem and some second order elliptic partial differential 
equations related to the primitive equations. Compared to the work [18, 
191, an important aspect of our results in this article is that we determine 
the dependence on the thickness parameter E and the bottom topography 
for the constants of the H 2  regularity. We also derive as in [16] some 
Sobolev inequalities with the exact dependence on E of the constants ap- 
pearing in the aforementioned inequalities. These results play a crucial role 
in establishing the global existence of strong solutions of the PEs in thin 
domains (see [6)). 

We present an outline of this article. In the rest of this section we 
describe the problem and present the main results. Then, in Section 2, we 
study the H 2  regularity of two nonhomogeneous elliptic boundary value 
problems. In Section 3 we use the results of Section 2 and give the proof 
of the main Theorem. Finally in Section 4, we derive various Sobolev type 
inequalities together with some applications of the results of Section 3. 

Notations. The domain occupied by the ocean is of the form 

ME = {(51,22,23)) E R3, (21,22) E L--Eh(Z1,22) < 2 3  < 0) > 

and its boundary d M ,  = ri U l?b U rl, where is the interface between the 
ocean and the atmosphere, assumed to be a bounded smooth open subset of 
R2, I ' b  is the bottom boundary of the ocean, and rl is its lateral boundary. 
Throughout this article , we will assume that h is independent of E ,  where 
E is the small parameter representing the thickness of the domain. In the 
final results we assume that h is a positive constant but in several parts 
of the article we will make the following assumptions concerning h: there 
exist positive constants JI, h, hl such that 
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h E C 2 ( c ) ,  0 < 5 h 5 h, and Ilhllc~cf;, 5 hl.  (1.1) 
We are concerned with the regularity of solutions of the GFD-Stokes prob- 
lem, namely, 

d 2 V  + gradp = fi in M E ,  

where v = w(z1,z2,z3) E R2, and p = p(z1,z2) E R are the unknown 
functions, f l  is the external volume force, a, > 0, gv are given. We are also 
interested in the regularity of solutions of the following elliptic problem 
related to the equation of the temperature T or the equation of salinity: 

a2T 
d X i  

+ a,T = 9, on F i ,  

-AT- - = f2  in M E ,  

where T = T(zl,22,23) E R is the unknown function, f 2  is the heating 
source inside the ocean, a~ > 0,gT is given, n is the unit outward nor- 
mal to the boundary. Throughout this article, we use V, A, div to denote 
the two dimensional gradient, Laplacian and divergence operators on the 
horizontal plane, and use V3, A3 and d i v ~  for the corresponding 3D differ- 
ential operators. The spaces H'(M,), & ( M E ) ,  s > 0, are the usual Sobolev 
spaces constructed on L2(M,), and 

lL2(M&) = (L2(M&))2 ,  W S ( M & )  = ( H S ( M E ) ) 2 .  

Furthermore, we define the space (see [S-lo]) 

V1 = {v E C"(M,) : vis zero nearrl  Urb, div w d x  = 0}, (1.4) 

and HI is defined to be the closure of V1 in lL2 ( M E ) ,  H 2 - - L 2 ( M , ) ,  and 
V1 is the closure of V1 in H1 ( M E ) ,  V2 = H1(M,). The norms and inner 
products for the spaces H and Hk ( k  = 1 , 2 )  are the L2 ones, all denoted 

(1.2)

(1.3)
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by ( - , a ) &  and I - I&. Throughout the paper, co will stand for a numerical 
constant that  may vary from line to line. 

The main result of this paper is the following 
Theorem 1.1. The hypotheses are those above, and we assume that 

ME is convex and that h is a positive constant. Let (w,p)  E H1 ( M E )  x 
L2(I'i)  (resp. T E H 1 ( M E ) )  be a weak solution of (1.2) (resp. (1.3)). Then 

(%P> E @ ( M E )  x WM&), T E H 2 ( M & ) .  (1.5) 
Moreover the following inequalities hold ; 

2 2 
IvIw(M,) +&IpIw(ri) I %[Ifill + tgwI&(ri) +~ IvgwI i2 ( r~ ) ] ,  

ITI&(M., L co ( I f i l l +  IvgT12z(ri) + IgT12L2(ri))- 

(1.6) 

(1.7) 
Remark 1.1. We will study in a separate article the case where ME is 

not convex and h satisfies (1.1). 

$2. Preliminary Results 

A preliminary step in the proof of Theorem 1.1 is the study of the H 2 -  
regularity of the solution of an auxiliary elliptic boundary value problem, 
which is obtained by setting p = 0 in (1.2), and deleting the second equation 
(compare also to (1.3)). 

Lemma 2.1. Assume that ME is convex, and h E C2(Fi). For f E 
L2(ME)  and g E Hi(I ' i ) ,  there exists a unique XP E H2(M,) solution of 

Q = o on  rb u rl. 
Furthermore, there exists a constant c(h, a )  depending only on a and h (and 
I'i), such that 

For a function in L 2 ( r i ) ,  its norm is denoted b y  I - li. 

The proof of Lemma 2.1 is given below. We first construct a function 9* 
satisfying the boundary conditions in (2.1) and with the exact dependence 
on E of the L2-norm of the second order derivatives (see Lemma 2.2 below). 

(2.1)
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Then eas3 (9 - 9*) = 6 satisfies the homogeneous Neumann condition on 
I'i and the homogeneous Dirichlet boundary condition on rl U r b .  By a 
reflection argument, we extend the force f to 2 3  > 0 to be an odd function. 
We then consider a homogeneous Dirichlet problem on the convex domain 

A 

M = ( ( x l , x 2 , x 3 )  E R3;  (x l ,X2)  E ri, -&h(Xl,x2) < x3 < & h ( x l , x 2 ) } ,  

the solution of which @ coincides with $ on M E .  Finally we use the 
classical H 2  regularity results in convex domains (see [4]) to obtain that 
@ E H2(G,) and thus 6 and XP are in H 2 ( M E )  together with the bounds 
on the L2-norm of their second derivatives. We start with the following 
lifting lemma. 

Lemma 2.2. Let h E C 2 ( F i )  and g E HA(l?i). There exists 9* E 
H 2 ( M E ) ,  such that 

dQ* 
8x3 

+a** = 9  on ri, \ k * = O  on rlurb. - 

Furthermore, there exists a constant c (h)  depending only on h, such that 
for  0 < E 5 1, 

Proof. We first construct a function 5 as a solution of the heat equation 
with -x3 corresponding to time: - 

= -A@ in ri x (-oo,O), 

Note that \ k * ( q ,  x2,x3) = 0 when ( x l ,  x 2 ,  x 3 )  E rl U I'b. Furthermore 

+ a** = e-"+(x1,22, x z ) ,  (2.4) 
d9*  
3x3 

+ a@* = 9; that is, 9* satisfies the a9* and therefore, if x3 = 0, we have - 
ax3 

boundary conditions in (2.1). Now we recall the classical energy estimates 

(2.2)

(2.3)
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for % solution of the heat equation with -23 corresponding to time. 
We have 

x3 aii 2 O avii - - l - l z  2 ax3 (4 - l3 "I,,, 

Hence (2.5), (2.6), and (2.3) yield 

and by integration of (2.5) and (2.6) with respect to 2 3  

obtain 
from -EL to 0, we 

Iiil: + 1vq: I EL(lg1f + pg1:). (2.10) 

Now, taking x3 = -EL in (2.7) and (2.8), we can write, using (2.6), 

and, in particular, 

(2.13) 

Therefore, using 

we obtain 
P 

(2.5)

(2.6)

(2.7)

(2.8)
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We now derive estimates on 9". Since 

we have, by the Cauchy-Schwarz inequality and (2.10), 

F'urt hermore, 

ah - 
dxk 

+ e---*(z1, z2, -Eh(Z1, z2), IC = 1,2,  

and for I c ,  j = 1,2,  

(2.16) 
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- -a@* + e-"x35, we have Furthermore, since - - a** 
ax3 

Finally, since 

we have 

(2.18) 

(2.19) 

Proof of Lemma 2.1. Back to the proof of Lemma 2.1, we construct 9 
by setting 9 = @ + **, where XI!* is the H2-function constructed in Lemma 
2.2 and @ is the unique solution of 

(2.20) 

@ = o  on rburl, 
where f = f - A39* E L 2 ( M E ) ,  and l f l E  5 I f l E  + c(h)(lgli + IVgli). Note 
that 

(2.21) 

In order to prove that @ E H 2 ( M E ) ,  we define 

6(z1 ,z2 ,xg)  = eaX3@(x1,x2,z3).  (2.22) 

Note that 

a2@ a@ 
- -+2a-+a2g). (2.23) - (-+a@) and - - eaX3 - - e " X 3  

a@ 826 a6 
8x3 8x3 ax; ( a x ;  ax3 

The function 6 satisfies the boundary conditions 

- = O  on ri ,  6 = 0  on r lurb.  (2.24) 
86 
8x3 

Moreover 

(2.25) 
a@ 
3x3 

A36 = eaX3A3@ + eaX3 (2a- + a2@).  
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Hence 

(2.26) 
- A3 h = e a X 3  J - , 5 a X 3  (2a-  8@ + a%) = f. 

8x3 
It is easy to see that f E L2(ME), and 

I J l E  L I f l c  + c(h, ~)(1912 + lV9li). 
Therefore, we write the equation satisfied by 8 in the following form: 

h 

-A3@ =*.f E L2(M,>, 

{ E  = 0 on I'i, (2.27) 

I G = O  on rburl. 
Let 

Let 
-h 

ME = { ( z 1 , 5 2 , 2 3 )  E R3, ( 2 1 , 2 2 )  E ri, -&h(21,22) < 2 3  < eh(z1,52)} , 

f -A367 = F E P(G&), 
and consider the following Laplace problem: 

1 F = O  o n a G E .  

The convexity of ME implies that zE is convex. Moreover since F E 
L 2 ( g E ) ,  we obtain, thanks to [4], ^w E H2(GE), and 

h a F  
Since $ is even in 2 3 ,  the solution W is also even in 2 3 ,  Therefore, - = 0 

8x2 
h 

at 23 = 0. By the uniqueness of solutions of (2.27),  we obtain W ~ M ~  = 8 )  
and therefore 

Finally, since 9 = @ + 9*, we obtain, thanks to Lemma 2.2 and (2.28), 
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Remark 2.1. As a corollary of Lemma 2.1, by an interpolation argu- 
ment (see [7]), we have for g = 0 : if f E H-1/2-d((ME) with 0 < S < f ,  
then @ E H 3 / 2 - 6 ( M E ) ,  and if f E H-1/2+6((M,) with 0 < S < i, then 

We will also need, in the proof of the main result, the following regularity 

The next lemma establishes the H 2  regularity of the temperature. 
Lemma 2.3. Assume that ME is convex, and that h is constant. For 

f E L 2 ( M E )  and g E H ; ( r i ) ,  there exists a unique T E H 2 ( M E )  solution of 

G E H Z - - ~ ( M & ) .  

result: 

( -&T= f2  in M E ,  

(2.29) 

Furthermore, there exists a constant c(h, CIT)  depending only on CYT and h, 
such that for all E > 0 ,  

Proof. We start with the case gT = 0. Thus let F be the unique solution 
of 

We note that 

but since (see Appendix) - 

we obtain 

(2.30) 

(2.31) 

(2.32) 
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Therefore 

(2.34) 

For the sake of simplicity, we will assume now that the function h is constant 
and let q(23) and T* be defined by 

1 
q(23) = exp [ 2 ( ~ h 2 3  + 2 4 ) ]  and T* = qT. (2.35) 

Since h is constant, it is easy to check that 

(2.36) 
= 0 on rl .  dT* 

- = 0 on rb U ri and - 
dT* 
8x3 dn 

QIT a T  a$ Noting that ~'(23) = - ( ~ h  + 23)q and q1I(23) = -q + -(&h + ~ 3 ) ~ 7 7 ,  

we can write 
&h Eh E2h2 

f 2  7 

(2.37) 
Since, by assumption, the domain ME is convex, we can apply the classical 
results of the H2-regularity in convex domains (see (3,1,2,2) in [4]) and 
obtain 

Now, using (1.34), there exists a constant c(h,aT) independent of E ,  such 
that for 0 < E 5 1, we have If2l: 5 c(h ,a~) l f i l :  and 

and we obtain easily 
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Now we treat the general case with gT # 0. We use a lemma similar to 

Lemma 2.4. Assume that h is constant and gT E H1(I'i). There exists 
Lemma 2.2. 

T E H 2 ( M & ) ,  such that 

Furthermore, there exists a constant c(h) depending only on h, such that 
for 0 < E 5 1, 

Proof. We proceed as in 

(2.38) (c(h)e2 + 1) 
I a2 (1914 + 10913. 

the proof of Lemma 2.2, and construct a 
function 3 as a solution of the heat equation with -23 corresponding to 
time: 

(2.39) 

We then set for ( ~ 1 , ~ 2 , ~ 3 )  E l?i x (-m,O), 
- 

z 2 ,  -&h). 

(2.40) 

= 0 for 23 = -&h. We can easily check that -+CYTT = gT for x3 = 0, - 
Following the same lines of the proof of Lemma 2.2, we have 

T(z1, x2,x3) = e-a23 

aT a?; 
8x3 ax3 

+ IvTl; 5 &h(lgTI: + IVgTIp), (2.42) 

From this we can easily check that T E H2(M,)  and that (2.38) holds. 
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$3. Proof of the Main Result 

In this section, we prove the main result of this paper as stated in Theo- 
rem 1.1. We have already established in Lemma 2.4 the H 2  regularity of the 
temperature T and the estimates (the dependence on E )  of the L2-norms 
of its second derivatives. Thus we need only to study the regularity of the 
velocity, governed by the problem (1.2), i.e., 

d2V -(nu + -) + v p  = fl in ME, 
d X ;  

0 

d i v l e h v d z  = 0 in P i ,  

d V  
v = O  on rlurb,  - + aUv = gv on fi. 

ax3 
This result has been proven in [18] where E = 1 and gu = 0. As indicated 
in the Introduction we study here the general case where gu # 0 and we 
carefully investigate the dependence on E of the constants. 

Our approach to obtain the H 2  regularity is the same as in [18] and 
is based on the following observation: assume that the solution w of (3.1) 

satisfies - 1 E L2 (&) and - 1 E L2 ( r b ) ,  then integrating (3.1) in x3 

over (+h, 0) yields a standard Stokes in 2-D with homogeneous boundary 
a x 3  r, 8x3 r b  

condition on I'i. By the classical regularity theory of the 2D-Stokes problem 
in smooth domains (see for instance [15] and [3]), p belongs to H ' ( r i ) .  
Then, by moving the pressure term to the right hand side, the problem 
(3.1) reduces to an elliptic problem of the type studied in Lemma 2.1, and 
the H 2  regularity of follows. The estimates on the L2 norms of the second 
derivatives are then obtained using the trace theorem and the estimates in 
Lemma 2.1. Therefore, we start with proving that 

Lemma 3.1. Assume that h E C2(ri) and ME is convex. Let (v ,p)  be 
the weak solution of (3.1), then 

Proof. By integration by parts, we have 
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and therefore the existence and uniqueness of the weak solution (w,p)  
follows from the Lax-Milgram theorem and De Rham's theorem. Hence 
V p  E H-l(ME) and thus V p  E H-l(ri) since p is independent of 23. 

Let wi be the unique solution of 

Here wi satisfies a 2D Laplace equation on ri. Hence vi E H;(r i ) .  Let 
5 = v - vi, then 6 satisfies 

A36 = fl, 
5 = 0 on rl, 
5 = -wi on r b ,  (3.5) 

Thanks to Lemma 3.2, with y!Ji = wi and y = -6 for some 0 < 6 < f ,  we 
have 6 E H 3 / 2 - 6 ( M - E ) .  

Therefore, since divwi = gi, with this new information on wi, we rewrite 
the equation for wi in the form of a 2D Stokes problem: 

-Avi + V p  = 0 in ri, 
div w i  = gi E H$-'(I'i) (3.7) 

and thanks the classical regularity on the non-homogeneous Stokes problem 
on the I'i (see [15]), we have wi E H$- ' ( r i )  n H t & )  = H:-'(ri). With 
this new information on the regularity of wi, we go back to the problem 
(3.5) and using Lemma 3.2 with y!Ji = wi and y = i - 6, we conclude that 
6 E H2-'(Mc) and thus 

Lemma 3.2. Assume that ME is convex, h f C2(Fi). For f E L2(M,> 
and g E H t ( r i ) ,  and ?+hi E Hk+'(rb), -i < y < f ,  y # 0, there exists a 
unique !Pi E H3/2+7(ME) solution of 
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Proof. Thanks tc ) .  

and g = 0, by replacing QJi with QJi - !&, where Q is the function constructed 
Lemma 2.1, the problem is reduced to the case f = 0 

in Lemma 2.1. Thus, without loss of generality, we may assume that f = 0 
and g = 0. 

Let QE be the cylinder QE = ri x (-e,O), and let v p  be the unique 
solution of 

A3up = 0, in Q E ,  
up = 0 on 8I’i x (-&,(I), 
up = -qi on x { - E } ,  I up = ~ha,$i on ri x (0). 

We will show that up E H3j2+7(QE) for all -i < y < i, y # 0. To this 
end, let QE be any C2-domain containing QE such that ri x { - E ,  0) c 80,. 
Since ~i (resp. ha,qi) is in H,l+yri x {-&I) (resp. @ + y ( r i  x {o})), we 
can define a function V, E H’(30,)  by setting = -+i on ri x { - E } ,  

V, = eha,+i on ri x {0}, and V, = 0 on 86,  - I’i x {--&,O}. Now let Vp be 
the unique solution of A,V, = 0 in &hE and Vp = V, on 3 Q E .  Since as, is 
of class C2, the classical regularity results (see [7]) yield Vp E H3/2+7(Q^E) 
for -; < y < i, yf 0. Now let be the trace of Vp on dI’i x (-&,O).  It 
is easy to see that 

(3.10) 

h 

E H;+’(X’i x ( - E ,  0)). Let Fp = Vp - up,  we have 

- 
A3Vp = 0 in Q E ,  

Vp = 0 on ri x { - E , O } ,  (3.11) 

Vp = V, on 8ri x ( - E , O ) .  
Using a reflection argument around 2 3  = 0 (resp. 5 3  = - E )  by extend- 
ing V,  in a “symmetrically” odd function defined on dri x ( - E , E )  (resp. 
8I’i x ( - 2 ~ ~ 0 ) )  , and using the classical local regularity theory (see [7]), 
we conclude that vp E H 3 / 2 f 7 ( Q E )  for -$  < y < f, y # 0. Hence since 
Vp E H3I2+? ( Q E ) ,  we have up = Vp - F, E H3i2+7(QE). 

- 
U N  

- 
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(3.13) 

Hence, thanks to Lemma 2.1 and Remark 2.1, we see that ? and thus ii 
are in H ~ / ~ + ~ ( M ~ )  for - $  < y < +, y # 0. 

Proof of Theorem 1.1. The proof is divided into two steps. In Step 1, 
we prove the H 2  regularity of solutions, i.e., v E H 2 ( M E )  and p E H'(ri). 
Then, in Step 2, we establish the Cattabriga-Solonnikov type inequality 
on the solutions, i.e., prove the bounds on the L2-norms of the second 
derivative of v and the H1-norm on the pressure, in particular we establish 
their (non) dependence on E .  

Step 1. The N2-Regularity of Solutions 
Let 

0 

V = LEh v dz, 

we have 

Integrating the first equation in (3.1) with respect to x3 we obtain the 2D 
Stokes problem: 

- A v + ~ h V p = f  in I'i, 
div v = 0 in ri, v = 0 on d r i ,  

(3.15) 

where 
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ah dv(x1,22, -eh(s1, 2 2 ) )  

dxi 
(3.16) 

We have, thanks to Lemma 3.1, fl E L 2 ( r i ) .  Therefore from the classical 
regularity theory of the 2D Stokes problem, we conclude that Vp E L2(r i> .  
We return to the problem (3.1), and move the gradient of the pressure to 
the right hand side and obtain, thanks to Lemma 2.1, 21 E H 2 ( M E )  and 

Furthermore, 

Step 2. The Cattabriga-Solonnikov Type Inequality 
First we homogenize the boundary condition. Let w1 = (!Pi, !P2) where 

!Pi and !P2 are constructed by using Lemma 2.1, i.e., 

where fi = (fi,i7fi,2) gv = (gv,i,gv,2). Thanks to Lemma 2.1, we have 

0 
where g* = -div J-Eh vl dx3. Note that inequality (3.18) implies 

(3.19) 
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Define V* = J!&/, v* dx3, which satisfies the 2D-Stokes problem 

-AV* + V ( & p )  = F* in I'i, 
divV* = G* 
V* = O  on d r i ,  

where 

(3.21) 

- d ~ 3  

l o  0 

G* = -div 1 LE/, vl dx3 + V ( h )  - LE/, v* dx3. h 
(3.22) 

Clearly 

dV* d h  dv* 
Now, since u* = 0 on rb, we have - = E-- on yb and by the 
Poincari! inequality, we also have 

d ~ i  dxi 3x3 

Now since 

(3.24) 
dv* 

where 6 is a small positive constant independent of E ,  we have 

(3.25) 

Thus 

We estimate the H1-norm of v*, using u* = v - vl and the H1-estimates of 
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u and u1. We obtain easily 

Similarly, we have 

lG*l:l(rj) L C(h)E[lfll: + Igvt! + IVgvI!]. (3.28) 
Now using the Cattabriga-Solonnikov inequality for the 2D Stokes prob- 

lem (3.21), we see that there exists a constant co independent of E such 
that 

(3.29) IV*12Hz((ri) + ~ ~ t V ~ t i Z ( r ~ )  5 CO[tF*12,2( r i )  + I G * I ~ , ~ ( ~ ~ ) I .  
Therefore 

d2u* 
E21VPI$(ri) I c (h ,W[I f~ Iz  + 19vIf + IV9,1?] + c(”)BE/F/ . (3.30) 

a V *  

8x2 
Since A ~ w *  = Vp, in ME) v* = 0 on rb u rl and - + Q,V* = 0 on Pi, we 

have thanks to Lemma 2.1 

and therefore for 8 small enough, so that c(h, Q,)O 5 4, we conclude that 

The proof of the main result is now complete. 

$4. Appendix 

We present in this appendix some Sobolev type inequalities satisfied by 

Lemma 4.1. For u satisfying the boundary condition in (1.2), we have 
solutions of (1.2) and (1.3). 
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Proof. Inequality (4.1) is the classical Poincar6 inequality for w, we omit 
its proof (note that w = 0 on l?b but not necessarily on ri). To prove (4.2) 
we establish this inequality for w smooth, and the result follows by density 
in the general case; when v is smooth the proof consists in integrating 

d2W 
a x :  

by parts jME w-dx, and using the Cauchy-Schwarz inequality and the 

boundary conditiin in (1.2). 
Lemma 4.2. For a n y  T E H1(M,) ,  we  have 

The proof of (4.3) and (4.4) is similar to the proof of the Poincar6 in- 

Lemma 4.3 (Agmon's inequality). For w E IH? (ME) satisfying the  
equality. 

boundary condition in (1. Z), 

~WIP I co[E4 IA3wIE + IgvIi + IVgvIi]. (4.5) 

Proof, The proof is an easy extension of the following anisotropic in- 
equality established in [16]: 

where # is the function corresponding to w via the change of variables to 
flatten the boundary, and the inequality 

We skip the details. 

in [16]: 
We recall the following version of Ladyzhenskaya's inequality established 
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3 

i= 1 
where R = n (ai, bi ) ,  and co is a numerical constant. As a corollary of 

(4.6), we prove the following 
Lemma 4.4. There exists a constant co independent of E such that 

('UIL6(M,) L C O l t ~ t l & ,  'du E K ,  (4.7) 

I ~ ? ( L ~ ( M ~ )  5 C O ~ ~ ( & V ~ E ,  b'v E D(Ai). (4.8) 
Proof. Inequality (4.7) is an easy consequences of (4.6) and the fact 

that v satisfies the Poincar6 inequality 1211. 5 ~ l l v l l & .  The second inequality 

follows from the fact that v = 0 on rb, which implies that Vv = EVh-. 
We skip the details. 

Now we derive some inequalities concerning a scalar function T which 
satisfies the following boundary condition on a M E :  

dV 
8 x 3  

dT - -  - 0 on r lurb ,  - + a T T = g ,  on ri. dT 
dn 8 x 3  

(4.9) 

Lemma 4.5. For T E H 2 ( M E )  satisfying the boundary conditions (4.9), 
we have 
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Abstract 

For a class of mixed initial-boundary value problem for general quasi- 
linear hyperbolic systems, this paper establishes the local exact boundary 
controllability with boundary controls only acting on one end. As an appli- 
cation, the authors show the local exact boundary controllability for a kind 
of nonlinear vibrating string problem. 
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$1. Introduction 

Let us consider the following first order quasilinear hyperbolic system 
d U  d U  
- + A(u)- = F(u), dt dX 

where u = ( u ~ , - - *  , u , ) ~  is an unknown vector function of ( t , z ) ,  A(u) = 
(a i j (u) )  is an n x n matrix with suitably smooth elements aij(u)(i,j  = 

*Project supported by the Special Funds for Major State Basic Research Projects of 
China. 
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(1.1)
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1, - - , n) and F : Rn + Rn is a vector function of u with suitably smooth 
components fi(u)(i = 1,. . . , n) such that 

F(0)  = 0. (1.2) 
By the definition of hyperbolicity, on the domain under consideration, 

the matrix A(u) has n real eigenvalues Xi(u)(i = 1, - - - ) n) and a complete 
set of left eigenvectors Zi(u) = (Zil(u), - , Zin(u))(i = 1, - - - , n): 

Zz(u)A(u) = XZ(U)Zi(U). 

We have 

det Il;j(u)l # 0. (1.4) 
Moreover, we assume that on the domain under consideration, the eigen- 
values satisfy the following conditions: 

X,(u) < 0 < X,(u) ( r  = 1;.- ,m;s = m+ l , . . .  ,n). (1.5) 
Let 

wi = Zi(U)U (i = 1, * * ,  ,n). ( 1 *6) 

We set the boundary conditions as follows: 

x = O :  v s = G s ( t , v l , . . *  , vm>+HS(t )  ( s = m + I , . . .  ,n) ,  (1.7) 

x = 1 :  ~ T = G r ( t , ~ m + 1 , " ' , ~ n ) + H r ( t )  ( T = ~ , . * * , v I ) ,  (1.8) 

where, without loss of generality, we assume that 

Gi(t ,O,*.-  ,0) 0 (i = I , . * *  ,n).  (1.9) 
There is a number of publications on the exact controllability for linear 

hyperbolic systems (see [Ill and the references therein). Especially, the 
exact boundary controllability for first order linear hyperbolic systems has 
been established by the characteristic method. J.-L. Lions introduced his 
Hilbert Uniqueness Method (HUM) (see [9,10]) which gives a more general 
and systematic framework for the study of the exact boundary controlla- 
bility and the stabilisation for wave equations. Combining the HUM and 
Schauder's fixed point theorem, the first work on the exact controllability 
for semilinear wave equations was given by Zuazua [12,13]. Later, using 
a global inversion theorem, Lasiecka and Triggiani [3] gave an abstract 
result on the global exact controllability for semilinear wave equations. 

(1.3)
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However, the exact controllability for the quasilinear hyperbolic systems 
remains quite open. To our knowledge, the first work in this direction was 
done by Cirinh [2] (see also [l]). Under linear boundary controls, he proved 
the local null controllability esstentially for quasilinear hyperbolic systems 
of diagonal form. In [5]  and [6] the exact boundary controllability for re- 
ducible quasilinear hyperbolic systems was established by a characteristic 
method. Recently, these results were generalized to the case of general 
quasilinear hyperbolic systems. The following result was proved in [8]. 

Proposition 1.1. Assume that lij(u), Xi(u), fi(u) and Gi(t, .) ( i ,  j = 
I , . . .  ,n)  are all C1 functions with respect t o  their arguments. Assume 
furthermore that (1.2), (1.4)-(1.5) and (1.9) hold. Let 

1 
TO > max - (1.10) 

i=l, ... ,.n lAi(O)l' 
Then, for any given initial data 4 E C'[O, I] and final data $ E C1[O, 11 
with small C1 norm, there exist boundary controls Hi(t) E C1 [0, To](i = 
1, . - - , n) with small C1 norm, such that the mixed initial-boundary value 
problem for system (1.1) with the initial condition 

t = 0 :  u = +(z) (1.11) 

and the boundary conditions (1.7)-(1.8) admits a unique C1 solution u = 
u(t ,x)  with small C1 norm on the domain 

R(T0) = {( t ,z) l  0 L t L To, 0 I x L 11, 
which satisfies the final condition 

t = To : u = $(z). (1.12) 

As mentioned in [8] ,  the exact controllability time TO given in Proposition 
1.1 is optimal, however, the boundary controls are not unique. 

We will prove in $2 that for a class of mixed initial-boundary value 
problem, the number of boundary controls can be diminished, provided that 
the exact controllability time is doubled. In $3 this result will be applied 
to show the local exact boundary controllability for a class of nonlinear 
vibrating string problem. 
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$2. Main Results 

We now suppose that 

n = 2m. (2.1) 

We suppose furthermore that the boundary condition (1.7) (resp. (1.8)) 
can be equivalently rewritten as 

- 
z = O :  vUr =Gr(t ,vm+l, . .*  ,vn) +R,( t )  (r = I , . . .  ,m) 

(2.2) - 
[resp. z = 1 : v, = G,(t,wl,..- ,urn) +I?,(t) ( s  = m+ I , . . .  ,n ) ] ,  

where 
- 
G,(t,O,... , 0 )  E O  (r = 1 , a . s  ,m) (2.3) 
- 

[resp. G,(t,O,... ,0) 0 ( s  = m+ l , . . .  , n ) ] ,  

consequently, 

small C1 norm of H ,  small C1 norm off?, (2.4) 

small ~1 norm of H,  L small c1 norm of Z,], [resp. 

where r = l , . . .  ,m;s  = m +  l , . . .  ,n. 
Theorem 2.1. Under the assumptions of Proposition 1.1, we suppose 

furthermore that conditions (2.1)-(2.4) hold and c , ( t ,  -) (r = 1,  - a , m) 
(resp. G,(t, .) ( s  = m + 1, - . - , n) )  are C1 functions with respect to their 
arguments. Let 

- 

1 

Suppose finally that H,( t ) (s  = m + I , . . .  ,n) (resp. H,(t)(r = l , . . .  ,m))  
are given C1[O,T] functions with small C1 norm. Then, for any given 
initial data q5 E C1[O, 13 and final data $ E C1 [0, l] with small C1 norm, 
such that the conditions of C1 compatibility are satisfied at points (0,O) and 
(T ,  0 )  (resp. (0 , l )  and (T,  1)) respectively, there exist boundary controls 
Hr(t)  E C1[O, T] ( r  = 1, - .  - , m) (resp. H,(t)  E C1[O, T]( s  = m + 1,. - , n)) 
with small C1 norm, such that the mixed initial boundary value problem 
( l . l ) ,  (1.11) and (1.7)-(1.8) admits a unique C1 solution u = u( t ,x )  with 
small C1 norm on the domain 
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which satisfies the final condition 

t = T :  u = $(x). (2.6) 
In order to prove Theorem 2.1, it suffices to establish the following 
Lemma 2.1. Under the assumptions of Theorem 2.1, for any given 

initial data 6 E C1[O, 11 and final data $ E C1[O, I] with small C1 norm, 
such that the conditions of C1 compatibility are satisfied at points (0,O) and 
(T,  0 )  (resp. (0 , l )  and (T ,  1)) respectively, the quasilinear hyperbolic system 
(1.1) with the boundary condition (1.7) (resp. (1.8)) admits a C1 solution 
u = u(t ,  x) with small C1 norm on the domain R(T),  which satisfies (1.11) 
and (2.6). 

In fact, let u = u ( t , x )  be a C1 solution on the domain R(T)  given by 
Lemma 2.1. Taking the boundary controls as 

Hr(t) = ( v r  - Gr(t, vrn+17 . * * 9 v n ) l z = ~  (T = 1, * * * 7 m) 
(2.7) 

[resp. H,(t) = (v, - G,(t ,vl; . .  9 v m ) l z = ~  (s = m+ 1 , . . .  , n ) ] ,  

the C1 norm of which is small, we obtain the exact boundary controllability 
desired by Theorem 2.1. 

We now prove Lemma 2.1. For fixing the idea, in what follows we con- 
sider only the case that the boundary controls are given at the end x = 1. 

Noting (2.5), there exists an €0 > 0 such that 
1 

(2.8) T > 2  max - 
luI<cO,i=1,... ,.n (Xi(u)l’ 

Let 
1 

TI = max - (2.9) Iul~€o,i=l, .** 1.72 IXZ(U)l .  

We first consider the forward mixed initial-boundary value problem for 
system (1.1) with the initial data 

t = O :  u=(b(x) ,  O < x _ < l  (2.10) 

Ic = 1 : wr = f r ( t )  (T = 1,- ,m) ,  (2.11) 

and the boundary conditions (1.7) and 

where f r ( t )  are any given functions of t with small C1[O, TI]  norm. We 
assume that the conditions of C1 compatibility are satisfied a t  point (0 , l ) .  
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By [7], there exists a unique semi-global C1 solution u = u( l ) ( t , x )  with 
small C1 norm on the domain 

{(t,x)I 0 I t I Tl, 0 L x 5 1). (2.12) 

Thus we can uniquely determine the corresponding value of u = u( l ) ( t , x )  
on x = 0 as 

x = o :  u = a ( t ) ,  o g g 1  (2.13) 

and the C1 [O,T1] norm of a ( t )  is suitably small. 

lem for system (1.1) with the initial condition 
Similarly, we consider the backward mixed initial-boundary value prob- 

t = T :  u = $ ( z ) ,  o s x g  (2.14) 

and the boundary conditions (2.2) and 

x = 1 : v, = i j s  ( t )  ( s  = rn + 1, . * - , n),  (2.15) 

where ijs(t) - - , n) are any given functions of t with small 
C1 [T - TI, T ]  norm. We assume that the conditions of C1 compatibility are 
satisfied at point (T,  1). Once again by [7], there exists a unique semi-global 
C1 solution u = ~ ( ~ ) ( t ,  x )  with small C1 norm on the domain 

(s = m + 1, 

{ ( t , z ) (  T - T1 5 t 5 T ,  0 I z 5 1). (2.16) 

Thus we can uniquely determine the corresponding value of u = ~ ( ~ ) ( t ,  x )  
on x = 0 as 

x = o :  u=b( t ) ,  T-T1  L t I T  (2.17) 

and the C1 [T - T I ,  T ]  norm of b ( t )  is suitably small. Noting that both 
a ( t )  and b ( t )  satisfy the boundary condition (1.7), we can find a C1[O,T] 
function c(t) with small C1 norm, such that 

(2.18) 

and c(t) satisfies the boundary condition (1.7) on the whole interval [0, TI. 
Now we change the order of the variables t and x ,  then system (1.1) is 

rewritten in the following form 
d U  a U  
- + A-'(u)- = F(u)  := A-'(u)F(u). 
d X  at 

(2.19) 
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We notice that 

F(0)  = 0. (2.20) 

Noting (1.5)) the eigenvalues of the inverse matrix A-'(u) satisfy 

Moreover, since the matrices A(u) and A-'(u) have the same left eigenvec- 
tors, we can still define the variables wi(i = 1, - - - , n) by the same formula 
(1.6). 

We now consider the mixed initial-boundary value problem for system 
(2.19) with the initial condition 

x = o :  u = c ( t ) ,  o s t g  (2.22) 

and the boundary conditions 

t = 0 : w, = QS( t )  (s = m + I , . . .  ,n ) ,  (2.23) 

t = T :  w r = \ I l r ( t )  ( r = l , * * .  ,m),  (2.24) 

where 

the C1 norm of which is small. It is easy to see that the mixed initial- 
boundary value problem (2.19) and (2.22)-(2.24) satisfies the conditions of 
C1 compatibility at points (0,O) and (T,O) respectively. Therefore, by [7] 
there exists a unique semi-global C1 solution u = u(t ,x)  with small C1 
norm on the domain 

R(T)  = { ( t , z ) (  0 5 t 5 T ,  0 5 z 5 1). 

In order to finish the proof of Lemma 2.1, it is only necessary to check 
that 

t = O :  u = @ ( z ) ,  O S z L 1 ,  (2.27) 

t = T :  u = ? ) ( x ) ,  o < x g .  (2.28) 

In fact, the C1 solutions u = u( t ,x )  and u = u( ' ) ( t , x )  satisfy the system 
(2.19) (namely, (1.1))) the initial condition 

x = o :  u = a ( t ) ,  O < t < T l  (2.29) 
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and the boundary condition 

t = 0 : 21s = @&) (s = m + 1,- - ,n). (2.30) 
Because of the finiteness of the speed of wave propagation and the choice 
of TI given by (2.9), the mixed-initial boundary problem (2.19) and (2.29)- 
(2.30) has a unique C1 solution on the domain 

((441 0 I t L w -  4, 0 L 2 L 1) (2.31) 

(see [4]). Then it follows that 

u(t, 2) = u(l)(t, 2) (2.32) 

on this domain. In particular, we obtain (2.27). We can get (2.28) in a 
similar way. 

Thus u = u( t ,s)  is the desired C1 solution. The proof of Lemma 2.1 is 
complete. 

Remark 2.1. The exact controllability time given by Theorem 2.1 is 
optimal. 

Remark 2.2. The boundary controls in Theorem 2.1 are not unique. 

$3. Application to a Class of 
Nonlinear Vibrating String Problem 

In this section, we will use the previous results to show the local exact 
boundary controllability for the following nonlinear vibrating string equa- 
tion 

where K = K(v)  is a given C2 function of 21, such that 

K’(v) > 0, ( 3 4  

F(0,O) = 0. (3-3) 

and F = F(w, w )  is a C1 function of 21 and w, satisfying 

We consider the exact boundary controllability only with one control ap- 
plied at one end of the string. The boundary condition at the end x = 0 is 
of Dirichlet type: 

u = h(t) ,  (3.4) 



LOCAL EXACT BOUNDARY CONTROLLABILITY 179 

where h(t)  is a given C2 function of t ;  while the boundary condition at the 
end x = 1 is one of the following types: 

u = q t ) ,  
ux = h(t) ,  
ux + au = q t ) ,  
ux + aut = q t ) ,  

(3.5.1) 

(3.5.2) 

(3.5.3) 

(3.5.4) 

where a is a positive constant and k ( t ) ,  as boundary control, is a C2 func- 
tion (in case (3.5.1)) or a C1 function (in cases (3.5.2)-(3.5.4)). 

We want to find a time T > 0 and suitable boundary control L ( t )  with 
small C1 norm Ilh'Ilcip~] in case (3.5.1) or I lh l lc~[~ ,~- ]  in cases (3.5.2)- 
(3.5.4), such that for any given initial data (+(z),$(z)) and final data 
(@(z), Q ( x ) )  with small C1 norms 

I t  $' I I C"O,l] 7 I llclll Cl[O,l] 7 I I @ ' I  I C' [0,1] 9 I I Q I ICl[O,l], 

satisfying the conditions of C2 compatibility at points (0,O) and (T,O) 
respectively, the C2 solution u = u(t,z) to the mixed initial-boundary 
value problem for equation (3.1) with the initial condition 

t = 0 : u = (b(z), U t  = @(z) (3.6) 

t = T : u = @(x), Ut = *(.). (3.7) 

and the boundary conditions'(3.4)-(3.5) satisfies the final condition 

We will prove 
Theorem 3.1. Let 

2 
T > -  d r n '  

Then for any given initial data $(z) E C2[0, 13, @(x) E C1 [0, I] and &a1 
data @(z) E C2[0, 13, Q(z) E C'[O, 13 with small C1 norms 

Il$'llCl[O,l] 7 IllclllCl[O,l] and l l ~ ' l l c ~ [ o , l ] ~  l l~l lc~[o, l ]  
and  a n y  given function h(t)  E C2[0,T] with small C1 norm ~ ~ h ~ ~ ~ ~ ~ ~ o , ~ ] ,  
satisfying the following conditions of C2 compatibility at points (0,O) and 
(T,  0)  respectively: 

(3.9) 
W )  = 4(0), h'(O) = +(O), 
W O )  = w # W " ( b " ( O )  + F(+'(O), @ ( O N  
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and 

(3.10) h(T)  = q o ) ,  h'(T) = *(O), 
h"(T) = K'(@'(O"@''(O) + F(@'(O), *(O)), 

there exits a boundary control h(t)  E C2[0,T] with small C1 norm 
I(h'lIpp,q in case (3.5.1) or h(t)  E C1[O, TI with small C1 norm IlhllppTl 
in cases (3.5.2)-(3.5.4), such that the mixed initial-boundary value problem 
for equation (3.1) with the initial condition (3.6), the boundary condition 
(3.4) at the end x = 0 and one of the boundary conditions (3.5) at the end 
x = 1 admits a unique C2 solution u = u( t ,x )  on the domain 

R(T)  = {(t,x)I 0 5 t 5 T ,  0 5 x 5 l}, 

which satisfies the final condition (3.7). 
In order to prove Theorem 3.1, setting 

(3.11) 

equation (1.1) is reduced to the following first order quasilinear system 
dv dw 
at dx 

= 0, - --  

dw dK (v) 
= F(v ,  w). --- i at ax 

(3.12) 

The system is strictly hyperbolic with two distinct real eigenvalues 431, 
where 

X=dW>O. (3.13) 

We introduce the Riemann invariants r and s as follows: 

2r = G(v)  + w, 2s = -G(v) + w, (3.14) 

where 

with 

G(0) = 0, G'(v) = J K ' ( v )  > 0. 

Let H be the inverse function of G. It follows from (3.14) that 

(3.15) 

(3.16) 

w = r + s ,  v = H(T  - s) .  (3.17) 

Using the Riemann invariants T and s, (3.12) can be rewritten into the 
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diagonal form 

(3.18) 

where 

(3.19) 
1 
2 

f(r,  s )  = - F ( H ( r  - s), r + s) 

with 

f(0)O) = 0. (3.20) 

Correspondingly, the inial and final conditions (3.6)-( 3.7) yield 

t = 0 : {; = r o b )  .- .- %(G(4 ' (x ) )  + $(x>) ,  

r = q ( z )  := $(G(W(x ) )  + \ k ( x ) ) ,  

(3.21) 
= s o ( 4  := +(-G($'(x))  + !w), 

(3.22) { s = S I ( X )  := $(-G(@'(z)) + \ k ( ~ ) ) ,  
t = T :  

while the boundary condition (3.4) implies that 

x = O : r + s = h'(t). (3.23) 

Moreover it follows from the last two equalities in (3.9)-(3.10) that the 
conditions of C1 compatibility at point (0,O): 

ro(0) + SO(0) = h'(O), (3.24) { h''(O) = x(ro(o), s o ( o ) ) ( r m  - sb(0)) + 2f(ro(O), SO(0)) 

{ h"(T) = X(r1(0), s1 (O))(Ti (0) - S'l(0)) + 2f(Tl(O), Sl(0)) 

and at point (0, T ) :  

r1(0) + Sl(0) = h'(T),  (3.25) 

are satisfied. Then it is easy to check that we can apply Lemma 2.1 to get 
the following 

~ ~ h ' [ ~ ~ ~ p ~ ~ ,  where T i s  defined by  (3.8). Then for any given initial data 
ro, SO E C1 [0,1] and final data r1) s1 E C1[O, 13 with small C1 norm, sat- 
isfying the conditions of C1 compatibility (3.24)-(3.25), the quasilinear hy- 
perbolic system (3.18) associated with the boundary condition (3.23) admits 
a C1 solution (r,s)  = ( r ( t , x ) , s ( t , x ) )  with small C1 norm on the domain 

Lemma 3.1. Assume that h( t )  E C2[0,T] with small C1 norm 

R(T) = { ( t , x ) l  0 5 t 5 T ,  0 5 x 5 I}, 
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which satisfies the initial and final conditions (3.21)-(3.22). 
Proof of Theorem 3.1. Applying Lemma 3.1, we can find a C1 solu- 

tion (v, w) = ( v ( t ,  x), w(t, z)) to system (3.12) on the domain R(T),  which 
satisfies the initial and final conditions 

t = 0 : 2) = $’(z), w = .(cl(z), (3.26) 

t = T : v = @‘(2) ,  w = Q(z) (3.27) 

and the boundary condition 

z = 0 : w = h’(t). (3.28) 

Let 

(3.29) 

It is easy to see that u = u(t ,  2)  is a C2 function on the domain R(T) ,  such 
that 

u(t,O) = h(t)  (3.30) 

and 

(3.31) 
a 
d X  
-u(t, z) = v ( t ,  2 ) .  

On the other hand, noting the first equation in (3.12) and using (3.28), we 
have 

LX :2 d 
-u(t, at 2)  = h‘(t) + -w(t, y)dy = w(t, 2). (3.32) 

Therefore, it follows from the second equation in (3.12) that the function 
u defined by (3.29) satisfies the string equation (3.1) and the boundary 
condition (3.4). Moreover, noting the first equality in (3.9)-(3.10), we check 
easily that u satisfies the initial and final conditions (3.6)-(3.7): 

t = 0 : u = h(0) + LX v(0,y)dy = h(0) + Jox $’(y)dy = qqz), (3.33) 

r z  r x  
t = T : u = h(T) + J, v(T, y)dy = h(T)  + jo @‘(y)dy = @(z). (3.34) 

We now define the control h(t)  at the end 2 = 1 by one of the following 
expressions: 
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h(t)  =: u, 
h(t)  =: ux, 

L( t )  =: u, + ffu, 

h(t)  =: ux + QUt .  

The proof of Theorem 3.1 is thus finished. 
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Abstract 

Let X denote a complex analytic manifold, and let Aut(X) denote the 
space of invertible maps of a germ ( X , a )  to a germ (X,b);  this space is 
obviously a groupoid; roughly speaking, a “Lie groupoid” is a subgroupoid 
of Aut(X) defined by a system of partial differential equations. To a folia- 
tion with singularities on X one attaches such a groupoid, e.g. the smallest 
one whose Lie algebra contains the vector fields tangent to the foliation. It 
is called “the Galois groupoid of the foliation”. Some examples are con- 
sidered, for instance foliations of codimension one, and foliations defined 
by linear differential equations; in this last case one recuperates the usual 
differential Galois group. 

Keywords Differential Galois group, Complex analytic manifold, Lie 

2000 MR Subject Classification 22330 
groupoid 

This is an account of a work in course of progress. The aim is the 
following: define and study, for non linear differential equations, an object 
which generalizes the differential Galois group of linear equations. In [9], 
I give such a definition, and I prove the required result in the linear case. 
Here, I recall it shortly, and I insist on further examples and on open 
problems. 

I should mention that another definition of a differential Galois group 
was proposed several years ago, by Umemura [15]; a t  the moment, I do not 
know the exact relations between both theories. 

185 
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$1. General Definitions 

I give the definitions in the complex analytic case; a similar theory, 
somewhat simpler, could be developed in the algebraic case (but, up to 
now, nothing is written in this context). 

Let X denote a (smooth) complex analytic manifold, of dimension n; let 
AutX be the space of germs of invertible maps ( X , a )  -+ ( X , b )  [e.g. the 
source is a, and the target b; a ,  b E XI;  let also J k ,  resp. J i  be the space 
of jets of order k ,  resp. invertible jets of order k ,  of maps from X to X .  I 
provide these spaces by the sheaf (on X 2 )  of functions which are analytic 
on the variables of X 2 ,  and polynomial in the derivatives: precisely, in local 
coordinates, let XI, . - - , xn be the coordinates at the source, and y1, - - - , Yn 
the coordinates at the target; with the standard notations, we have 

OJ, = 0X2[y:], 15 j 5 72, a = (a1,”’ ,an) E w, 
1 0 1  +...+an E { 1 , 2 , . * .  ,k}) 

0 J;  = 0x2 [y?, &-I], S = det(yi) the Jacobian matrix. 

The main objects in consideration here are what I call “D-groupoids” or 
“Lie groupoids” on X .  Roughly speaking, there are the subgroupoids of 
AutX which are defined by a system of partial differential equations. More 
precisely, putting O J ~  = UOJ;, we consider a sheaf of ideals 3 c O J ~  which 
has the following properties: 

(i) 3 k  = OJ; n3 is coherent and reduced (i.e., equal to its radical), for 
every k 2 0; we say for short that 3 is pseudocoherent, and reduced. 

(ii) 3 is differential, e.g. stable by derivations. 
[The derivations are defined in local coordinates by the standard formula 

it is easy to verify that the stability by derivations is independent of the 
coordinates chosen.] 

The two preceding properties define, generally speaking, a system of 
partial differential equations in AutX. One has to add a third condition to 
have a Lie groupoid, which I explain now. 

The set J i  is obviously a groupoid for the composition of jets (e.g. the 
composition $9 exists if target cp = source $, and all elements are invert- 
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ible); this property can be translated into a property of OJ; ; now, take 316 a 
coherent sheaf of ideals of 0 3 ;  , and call Y k  the ringed space ( X 2 ,  OJ; / 3 k ) .  

This has a sense to say that ‘ ( Y k  is a subgroupoid of J;”; we have to take 
this sentence in the sense of ideals, or in the “scheme sense”, and not only 
in the set-theoretical sense (this can be expressed by properties of 3 k  which 
I leave the reader to guess, or to look, f.i. in [7]). 

So, now, the third condition to impose to 3 is the following 
(iii-1) For every k, Y k  contains the identity (e.g. the ideal of the identity 

contains J k ) ,  and Y k  is stable by the inverse. 
(iii-2) For every U C X, open relatively compact (I abreviate U cc X), 

there exists 2, closed analytic subset of codimension 2 1 of U such that, 
on (U - 2)2, Yk is a subgroupoid of J i  for k large. 
[Note that, in the algebraic case, the “U” would be unnecessary, and also 
probably the restriction “k large” .] 

One can see that this definition has reasonably good properties, and 
covers the cases of interest, for the following reasons: 

(a) Any increasing sequence fil c of ideals defining a D- 
groupoid is locally stationary. 

(b) Let 3 k  c OJ; be a coherent sheaf of ideals, not necessarily reduced 
defining a subgroupoid of J l  outside of some 2 C X of codimension 2 1; 
let 3’ be the pseudocoherent and differential ideal generated by 3 k ;  then 
the radical Jrrad of 3’ defines a Lie groupoid; and, on every U cc X, one 
has 

This situation occurs practically when 3 k  is the ideal expressing the con- 
dition that the transformation stabilizes a “differential structure of order k, 
meromorphic on X with poles on 2” (whichever be the reasonable mean- 
ing given to this expression); standard examples are given by the groupoids 
preserving a %form (for instance, symplectic structures), one form up to in- 
vertible factors (f.i. contact structures), etc. In the literature, these objects 
are usually called “Lie pseudogroups” , and considered in the nonsingular 
case; but here, I need to accept singularities. 

(c) From (a) and (b), one deduces that any intersection of D-groupoids 
is locally finite, and is a D-groupoid (if the groupoids are defined by the 
sheaf of ideals 3” C OJ* , their intersection is the smallest pseudocoherent 
reduced differential sheaf of ideals which contains the 3”). 

c - - 

= 3‘ outside a subset of codimension 2 1. 



188 B. MALGRANGE 

For these properties, see [9]. 

$2. D-Envelope and Galois Groupoid 

Call “D-Lie-algebra” any system of linear partial differential equations 
on 0, the sheaf of vector fields of X, such that its solutions are stable by Lie 
bracket. A D-groupoid has a D-Lie algebra, which is simply the linearized 
differential system along the identity. 

But the converse is not true. This is similar to the fact that a Lie 
subalgebra of Gl(n,C) is not necessarily the Lie algebra of an algebraic 
subgroup of Gl(n, C). Given a D-Lie algebra L, we can therefore define its 
D-envelope, as the smallest D-groupoid whose Lie algebra contains C; this 
is meaningful, according to the property 1-c. 

An especially interesting case is the case of the foliations with singu- 
larities. This is defined, f.i. by a coherent subsheaf N of R1 (the sheaf of 
1-forms on X )  of locally constant rank outside of 2 c X of codimension 
2 1 and verifying outside of 2 the F’robenius condition dN c R1 A N .  We 
can suppose, by increasing a little bit N ,  that any local section which is in 
N outside of 2 is actually in N .  Then N defines a D-Lie algebra F, the 
vectors fields orthogonal to N (in fact, F is defined by equations of order 
0). 

Definition The Galois groupoid G(F)  of F is its D-envelope. 
Before giving examples, a few explanations are necessary. First, I will 

use the following facts: 
(i) The solutions of a D-groupoid Y make a subgroupoid, in the usual 

sense, of AutX. 
(ii) These solutions determine Y .  Therefore, I will often identify both 

objects implicitely. 
The first result is essentially obvious. The second one is a general fact 

of differential algebra (see [lo], or [13] for the algebraic case). 
Now consider, outside 2, the groupoid of automorphisms of X which 

preserve F (or N ) ;  it is easy to prove that the Zariski closure of the cor- 
responding D-groupoid is a D-groupoid on X; denote it by AutF.  It is 
obvious that its D-Lie algebra contains F; therefore, A u t F  contains GalF. 

Call “admissible” (w.r.t. F) any D-groupoid Y contained in A u t F  and 
containing GalF. If we consider Y near a pair (a ,b)  E (X - 2)2, no 
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condition for Y occurs along the leaves, and Y is given by equations on the 
variables transversal to the foliation (f.i., in the case of AutF,  there are no 
such equations). 

More precisely, suppose F of codimension d outside 2, and call “trans- 
versal” a locally closed submanifold T of X of dimension d which, outside 
of a set of codimension 2 1, does not meet 2 and is transverse to F. Call 
7 the disjoint union of all the transversals; it is easy to see that, on 7, 
an admissible groupoid Y defines a groupoid: the “transversal groupoid” 
defined by Y .  The philosophy is the following one: from a geometrical 
point of view, the interesting object is the transversal groupoid (which 
will correspond, f.i. to some transversal structure). But, to verify the 
admissibility, we have to go back to X, and to verify the possibility of 
extension along 2 (actually, meromorphic extension in a suitable sense 
will be sufficient, since, then, one has just to take Zariski closures of the 
corresponding varieties Y k  L) J l ) .  

53. Examples 

The first example is treated in [9]; the second one will be developed 

(i) The Linear Case 
Let C be a complex nonsingular connected curve (= manifold of dimen- 

sion one), and X 4 C a vector bundle over C. Let S be a discrete subset 
of C ,  and 2 = .rr-lS; we suppose given a connection V on X, meromor- 
phic on S (in local coordinates, this is simply a linear differential system 
Y‘ = aY, with a meromorphic S) with poles on S; note that we could 
equally consider flat meromorphic connections in the sense of [4] on vector 
bundles over a nonsingular analytic manifold of any dimension; the result 
would be similar. 

On the total space X of the bundle, V defines a foliation F of dimension 
one, with singularities on 2. The Galois groupoid of F can be described in 
the following way: 

(a) Outside 2, the linear structures of X -+ C gives a “transversal linear 
structure” , and a corresponding subgroupoid of AutF;  one proves that this 
groupoid extends to X (in a unique way) into an admissible groupoid LinF. 

elsewhere. 
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(b) Admissible subgroupoids of LinF can be described in the following 
way: choose a base point a E C - S, and put Xa = n-la.  Let G be an 
algebraic subgroup of Gl(Xa), containing the monodromy of V at  a. 

Now, let IsoX be the groupoid consisting of the family of linear iso- 
morphisms xb X,, for b,c E c, and let G the subgroupoid of Is0 
X J X  - 2 generated by G and the isomorphisms of monodromy (= the par- 
allel transport along any path in X - 2). Then, 6 defines a subgroupoid 
of LinFlX - 2. This subgroupoid extends to an admissible groupoid if and 
only if 

(c) Call “admissible” such a G; then there is a smallest admissible G; 
one proves that it is the differential Galois group of V, in the “tannakian” 
sense (for the definition, see [ 5 ] ) .  

Roughly speaking, this means that the differential Galois group of V 
“depends only” on the corresponding foliation and “does not depend” on 
the further structures of X and V. 

extends to an analytic subvariety of IsoX. 

(ii) Codimension One 
The D-Lie algebras in dimension one, outside the singularities, have 

been determined by Lie; locally, their spaces of solutions are of dimension 
0,1,2,3,  00; in suitable coordinates, these solutions can be written in the 
following way: 

Dimension 0: 0 
Dimension 1: A & ,  X E C (structure of translation) 
Dimension 2: A$ + px& (linear affine structure) 
Dimension 3: A$ + px& + vx2& (projective structure) 
Dimension 00: all vector fields; no equation. 
A study of these algebras, and the corresponding D-groupoids, near a 

singularity, will be published by G. Casale. I just mention the following 
facts: in dimension 0, one can have many groupoids (f.i. actions on X of 
finite groups); in dimension 1, the correspondence groupoids X algebras is 
neither injective nor surjective. 

In dimension 2 or 3, one has just one groupoid, e.g. the groupoid of 
. automorphisms of the corresponding Lie algebra (in case of a D-Lie algebra 

of dimension one, the groupoid of its automorphisms has dimension 2).  
Finally, the case “00” is trivial: the corresponding groupoid is AutX. 
Now, the ‘foliation, with singularities of codimension one on a manifold 
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X ,  can be classified according to the dimension of the transversal Galois 
groupoid; if X is connected, it is easy to verify that this dimension is 
independent of the chosen transversal. Here, I will only look at the local 
situation, e.g. a t  a foliation in the neighborhood of 0 E P; it can be 
defined by a holomorphic 1-form w ,  with w A dw = 0 (we can even suppose 
that w has only singularities in codimension 2). 

Even in this local case, I have no complete results when Ga lF  has 
transversal dimension 0 or 1. 

(a) Dimension 0. This will be the case if w has a first integral f ,  e.g. if 
there exists a meromorphic f such that w A df = 0; then, Ga lF  is contained 
in the groupoid which fixes f .  I have no necessary and sufficient condition; 
the question is related to the quotient by an equivalence relation. 

(b) Dimension 1. This will be the case if w has an integrating factor, 
e.g. if there exist g meromorphic such that d ( g w )  = 0; in that case, G a l F  
is contained in the groupoid which fixes gw; to prove this, it is sufficient to 
show that its D-Lie algebra “contains F”, e.g. contains the vector fields 
tangent to the foliation; but, if t is such a vector field, one has with standard 
notations L t ( g w )  = i t d ( g w )  + d ( c , g w )  = 0. 

A classical theorem of Lie says the following: if t is a meromorphic vector 
field not in F, but preserving the foliation, e.g. Leu A w = 0, then (t, w) - l  
is an integrating factor; in fact, write w = (t, w ) n ;  one has also LET An = 0; 
as d(<, n) = 0, this can be written,as (Ztdn>An = 0; but, one has d7I-An = 0, 
therefore 0 = it(dn A 71-) = itdn A T + d n  - (t, 71-), and d n  = 0. 

Conversely, if g is an integrating factor, choose a ( such that (t, w )  = 9- l  

(t is determined modF); the same calculation shows that < preserves the 
foliation. 

Transversally, this can be interpreted in the following way: ( defines a 
vector field Con the transversals, which is fixed by the holonomy; then 
is a 1-form ?i on the transversals, and n = ( t ,w ) - ’w  is just the inverse 
image of % on X .  

I will return to  this example later (see Remark (iii)). 
One can ask for a necessary and sufficient condition for T- to have an 

admissible groupoid of transversal dimension one; it seems to me likely that 
such a condition is: there exists a finite ramified covering 2 -2, X such that 
r * w  admits a meromorphic integrating factor. 
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Of course, if Ga lF  has transversal dimension one, such an admissible 
groupoid exists. But I do not know if it is always the case when GalF  has 
transversal dimension 0. 

(c) Dimensions 2 and 3. The answer is related with Godbillon-Vey se- 
quence. Starting with w meromorphic near 0, wAdw = 0, one can construct 
recursively w1, - - , wn, - - - meromorphic, such that 

d w = w A w l ,  

dwl = w A ~ 2 ,  

The following trick is due to J. Martinet: put R = dt + C sun (wo = w ) ;  
then, one has dR = R A 

Given a germ of codimension one foliation, the Godbillon-Vey sequence is 
not unique: one can replace wo by gwo; and, at each step of the recurrence, 
one can add to wn a multiple of WO. We say that “G - V sequence stops 
at  order i”, i = 1 , 2 , 3 ,  if we can choose the mi’s in such a way that wn = 0 
for n 2 i. To stop at order 1, it is necessary and sufficient that wo has 
an integrating factor. To stop at order 2 (resp. 3), we must arrive at  w1, 
with dwl = 0 (resp. w2, with dw2 = w1 A w2). In the nonsingular case and 
C” context the following fact is well-known: the existence of a transversal 
affine (resp. projective) structure equivalent to the possibility of stopping 
G - V sequence at order 2 (resp. 3) (cf. [6]). 

The same result is true in the present context (this fact was suggested 
to me by [2]; see also [14], for an interpretation of “case 2”, in an algebraic 
context, in terms of liouvillian solutions). 

Let me give a few words of explanations; the details will be published 
elsewhere. I will look at  the “case 3”; the other one is similar, and simpler. 

Let X be a neighborhood of 0 E Cn on which w ,  w1, w2 are meromorphic, 
and giving a G - V sequence stopping at  order 3. On X x PI ,  the form 
fl = dt + + w1 t + w2 $ defines a foliation transverse to the fibers { x} x PI; 
outside of the singularities, this defines a transverse structure of type 3, 
which, on {x} x PI, is simply the standard projective structure; [this is 
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well known; in fact the equation R = 0 comes from the integrable system 

that the corresponding groupoid extends to X x PI into an admissible one. 
Taking the restriction to t = 0 gives an admissible groupoid of transversal 
dimension 3. 

conversely any admissible groupoid of dimension 
3 of the foliation defined by w can be obtained in this way, in particular, 
there exists a G - V-sequence wo, w1, w2 stopping at order 3, with wo = f w .  

(d) Dimension 00. The corresponding groupoid is AutF;  and there is 
nothing else to say from the point of view considered here. This case, 
which is of course the general case, should be studied by other methods 
(recurrence, attractors, etc), familiars in the theory of dynamical systems. 

(iii) Remark: Lie Symmetries and Galois Symmetries 
The result of Lie, mentionned in (ii), (b) is sometimes stated in a slightly 

confusing way, as f.i. “if one has a one parameter group of symmetries 
of the equation, one can solve i t”;  this could induce a confusion between 
symmetries of the data (“Lie symmetries”), and Galois symmetries, e.g. 
the Galois groupoid. 

It seems to me that the precise relations should be stated in the following 
way. We give on X a foliation with singularities F; first of all, call “symme- 
tries of F” the global automorphisms of F which preserve F, e.g. which are 
solutions of AutF.  In fact here, we are not interested in them, but in the 
corresponding D-Lie algebra; call merautF the sheaf of its meromorphic 
solutions; call similarly merF  the germs of meromorphic vector fields tan- 
gent to  F; incidentally, note that merautF/merF is a sheaf of Lie algebras, 
(which can be interpreted as vector fields on the transversals). 

c r ( X ,  merautF/merF), we get an admissible 
groupoid G by taking the solutions of A u t F  which fix r. Therefore, the 
bigger is r, the smaller is G. But this is only one procedure among others 
to have admissible groupoids as small as possible. 

Of course, if one has a Lie group acting on X ,  and preserving F, its in- 
finitesimal transformations give sections of merautF and a fortiori sections 
of meraut F/ mer F. 

dY1 = XL Yi + 7 ~ 2 ,  dy2 = - w o ~ i  - y y 2  by taking t = g]. One sees 

Now, the result is: 

Now, if we have a subset 
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$4. Further Examples and Problems 

(i) Can one extend the results of $3 (ii) (c) to some cases of higher 

(ii) Let w be a closed form (f.i. meromorphic) of any degree on X .  Then, 
the condition i t w  = 0 (c ,  vector field) defines a foliation with singularities 
F, because one has L p  = di ,w+i~dw = d i p  = 0. An admissible groupoid 
is therefore obtained by taking the cp, solutions of A u t F  which verify p*w = 

Find (‘interesting” examples where some further reduction, on no further 
reduction can be obtained. 

The most interesting case is probably the case where w is a 2-form; 
then according to a classical theorem of Darboux, one has, outside of the 
singular i ties, a transversal s y mplec t ic structure. 

For instance, consider the differential equation y“ = f(z, y); writing this 
equation as the Pfaff system dy - y dz, dz - f dz, put w = (dy - z dz) A 
(dz - f dz); one has dw = 0, because f does not contain y’; and the foliation 
associated to w is just the foliation corresponding to the equation. 

In particular, it is a classical problem to prove that no further reduc- 
tion occur for the “Painlev6 1” equation y” = y2 + x; in fact, Painlev6 
claimed this result with insufficient proof, see [12] (I owe this reference to 
J. P. Ramis; see also [15]). 

The same problem could be considered for the other Painlev6 equations, 
for which Okamoto has constructed transverse symplectic structures [ll]. 

(iii) More generally, Hitchin [8] has given a transverse symplectic struc- 
ture on the Schlessinger equations for isomonodromic deformations; this 
result has been extended by Boalch [3] to the irregular case. 

Do these structures extend meromorphically to the singularities, e.g. do 
they give admissible groupoids? If this is the case, which seems to me likely, 
are there further reductions, or not? 

(iv) One can consider other problems of D-envelopes that the problems 
arising from foliations. For instance 

(a) Find the smallest D-groupoid whose given automorphisms of X are 
solutions. F.i., if f is a germ of automorphism of (C, 0), and if f’(0) is not 
a root of unit, f can be embedded in a germ of non-trivial D-groupoid iff f 

codimension? 

W .  
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is linearizable (see the forthcoming paper by G. Casale mentioned above). 
The case of roots of unit is more complicated; see loc. cit. 

(b) Given a vector field <, find its D-envelope, e.g. the smallest D- 
groupoid whose D-Lie algebra contains [ as a solution. The case of sym- 
plectic vector fields on a symplectic manifold is of special interest: the D 
envelope is contained obviously in the D-groupoid of symplectic transfor- 
mations fixing 5; but further reductions could occur. 

It would be, f.i. quite interesting to look at the following case: ( is the 
germ at 0, in C? of the symplectic gradient of a Morse function (=case of 
2 coupled oscillators). 

In the same order of ideas, I mention the following result, which I owe 
to J. P. Ramis: Let X be a symplectic manifold of dimension 2n, f a 
holomorphic function on X, and [. its symplectic gradient. Suppose that 
[ is Liouville-integrable, e.g. suppose that there exist f = fi, f2, - - , fn ,  

with df1, - - - , dfn generically independent, such that the Poisson brackets 
{fi, fj} vanish. Then the D-Lie algebra of the D-envelope of < is abelian. 

Actually, near a point a where the dfi are independent, we can com- 
plete fl , - a a , fp with pl , . . - , pn to have a system of coordinates such that 
the symplectic form is C d f i  A dpi. Then, one proves easily that a local 
symplectic vector field at a fixing f1, - . - , fn  is the symplectic gradient of a 
function p( f1, * - * , f n ) .  

This fact is related to the methods used by Ziglin and Moral&-Ramis to 
prove the non-integrability of some hamiltonian systems. On this subject, 
a lot of very nice work has been made recently; the reader could consult 
the survey [l] by M. Audin. 
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Abstract 

Iterative algorithms for solving the data assimilation problems are con- 
sidered, based on the main and adjoint equations. Spectral properties of 
the control operators of the problem are studied, the iterative algorithms 
are justified. 
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$0. Introduction 

The investigation of global changes has increased the interest to the ob- 
servation data assimilation and data processing problems, which are applied 
to the modeling, retrospective analysis, and forecasting various physical and 
geophysical processes. From the mathematical standpoint, these problems 
may be formulated as the optimal control problems. Starting with the 
studies of Bellrnan and Pontryagin, these problems attract the attention of 
many researchers. New essential ideas were contributed to the optimization 
theory and methods by French mathematical school. In this connection, 
WE! must mention the works by J.-L.Lions and his disciples, which became 
fundamental, dedicated to investigation of problems on insensitive optimal 
control, nonlinear sentinels for distributed systems. The general approach 
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(Hilbert Uniqueness Method) developed by J.-L.Lions makes it possible to 
prove the existence of insensitive controls in linear and nonlinear systems. 

In this study, we consider numerical algorithms for the data assimilation 
problems based on the iterative algorithms using the main and adjoint 
equations. Properties of the control operators studied are used to justify 
the iterative algorithms. 

$1. Statement of the Problem 

Consider mathematical model of a physical process that is described by 
the evolution problem 

where cp = p(t) is an unknown function, A ( t )  is an operator (generally, 
nonlinear) acting for each t in the Hilbert space X with the definition 
domain D ( A )  c X, u E X, and f = f ( t )  is a prescribed function. 

Introduce the functional 
A0 a T 

4 c p )  = ; (C(cp - 4 , c p  - @ ) x d t  + -(cplt=o - P ,(Plt=o - @")x, (1.2) 2 
where a = const. 2 0, C is a linear operator, and (., . )x  is an inner product 
in X. The function $3 = $(t) ,  as a rule, is determined by a priori observation 
data, go E X .  We assume hereinafter that all spaces and functions under 
consideration are real. 

Consider problem (1.1) with an unknown function u E X in the initial 
condition. The data assimilation problem can be formulated as follows: find 
cp and u such that they satisfy (1.1) and, on the set of solutions to equation 
(1.1)) functional (1.2) takes the minimum value. Write this problem as 

where @ is a solution of (1.1) when Cp(0) = G. 
Problems in the form (1.3) were analyzed by Pontryagin [2], Lions [3] (see 

also [5-141, etc.). To solve (1.3) a number of approaches may be used (see 
e.g. [14]). We will consider iterative algorithms for solving (1.3), assuming 
for simplicity that A(t )  is a linear operator. 
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The necessary optimality condition [3] reduces problem (1.3) to the sys- 
tem for finding the functions cp, cp* ,  u: 

(1.4) 
dcp 
- + 4% = f, t E (0 ,T);  cp(0) = u, dt  

-- &* + A(t)*cp* = C(+ - c p ) ,  t E (0 ,T);  p*(T) = 0, 
(1.5) 

(1.6) 

d t  

a(u - 8") - Cp*(O) = 0, 

where A(t)* is the operator adjoint to A(t). 

$2. Control Operator and Its Properties 

Let Y = L2(0, T ;  X) be a space of abstract functions u(t)  with values in 
X, with the inner product and the norm 

In the forthcoming, we suppose that the original model satisfies the 

(i) the solution to the problem 
following conditions: 

meets the inequality 

Il$IIY 5 c l ( I l f l l Y  + Il4lx),  Cl = const. > 0; (2.2) 
(ii) the solution of the adjoint problem 

-% + A*@)$* = p ,  t E (O,T), { $* I t = T =  0, 
satisfies 

Il@*llY + II$*It,ollx L c;llPllY, c; = const. > 0. (2.4) 
Remark 2.1. The solutions of the problems (2.1) and (2.3) are supposed 

to exist such that @, @* E Y ,  treated in a classical or a weak sense. The 
conditions (i), (ii) are satisfied if, for example, the operator A(t)  is positive 
definite: 

( A ( t ) w ,  w)y 2 yllw11$, y = const. > 0, Vw E: Y. 

Indeed, from (2.1) we get 
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whence 

and by virtue of positive definiteness of A(t) ,  

or 

The last inequality gives (2.2) with c1 = max(y-1,y-1/2). Similarly, the 
inequality (2.4) is obtained. In the finite-dimensional case, when X = 
Rn,n  E N, the inequalities (2.2), (2.4) are valid without positive definite- 
ness requirement if the n x n-matrix A( t )  is regular enough (for instance, 
having the elements continuous in t) .  

Let us introduce the operator L : X -+ X defined through the successive 
solutions of the following problems: 

% + A@)$ = 0, t E (O,T), { +lt=o = v,  

Lv = a' - $* (0). (2.7) 
We define also F E X as the successive solutions of the following prob- 

lems: 

F = ago + $ * ( O ) ,  (2.10) 

where f ,  + E Y,  Po E X are introduced in (1.4)-(1.6). We suppose that 
C : Y --+ Y is a linear bounded self-adjoint positive semi-definite operator. 

Then, the system (1.4)-(1.6) is reduced to the equation for the control 
U:  

Lu = F, (2.11) 

(2.5

(2.6)

(2.8)

(2.9)
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and the operator L : X + X is called the control operator [13]. 
Under the hypotheses (i), (ii) the following statement is valid. 
Lemma 2.1. T h e  operator L acts in X with domain  of definition 

D ( L )  = X ,  it i s  bounded, self-adjoint, and positive semi-definite. If a > 0,  
the operator L i s  positive definite. 

Proof. Let w E X ,  and $ be the solution to (2.5). By (2.2), llli/lly 5 
clIIwllx. For the solution li/* of (2.6) the inequality (2.4) holds: 

and, therefore, L is bounded. Further, we have for w, w E X, 

(LV, w > x  = (av - +* I t = O ,  w )x  = a ( v ,  w)x  - ($* w ) x  
= 4% w ) x  + (Cli/, $l)Y = 4 4  w ) x  + ($5 C+l)Y = (v, L w ) x ,  

where $1 is the solution to (2.5) with w = w. Hence, L is self-adjoint, and 

(Lv,  4x = 4% 4 x  + (W, $)Y 2 0, 

that  is, L is positive semi-definite. Moreover, L is positive definite if a > 0. 
Corollary 2.1. The following estimate is valid: 

(LV,V)X 3 P m i n ( w , w ) ~ ,  VV E X, (2.12) 

where Pmin i s  the lower spectrum bound of the operator L,  and Pmin 2 a. 
The following solvability result holds. 
Lemma 2.2. Under  the hypotheses (i), (ii), f o r  a > 0,  the control 

llullx L -ll@ollx + -l lc@llY CT + ~ I l c l l l l f I l Y .  (2.13) 

Proof. If a > 0, from Corollary 2.1, there exist a unique solution u of 

1 
Pmin 

equation (2.11) has  a unique solution u E X ,  and 
a 

Pmin Pmin  Pmin 

the control equation (2.11), and 

(2.14) llullx I -lIFllx. 

IlFllx = 4 @ " I l X  + Il$*(O)llX L all@"llx + CTllC(@ - 4>IIY, 

The solution 4* of (2.9) satisfies the inequality (2.4), and 
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where 4 is the solution to  (2.8). Due to (2.2), l l4 l ly  5 c l l l f l ly ,  then 

IlFllx L all(8"Ilx + c;Ilc$llY + c;cl l lc l l l l f l lY. (2.15) 

From (2.14)-(2.15) we obtain (2.13). This ends the proof. 
Remark 2.2. For a = 0, the last lemma holds true also if pmin > 0. 

It is true, for instance, in the case that X = Rn,n  E N, C = E (the 
identity operator). The weight coefficient a is usually called a regularization 
parameter [4]. 

$3. Spectrum Bounds of the Control Operator 

In the general case, from Corollary 2.1, for the lower spectrum bound of 
the operator L we have pmin 2 a. Moreover, from the proof of Lemma 2.1, 
we get 

(Lv ,  v ) x  = v ) x  + (C$, $)Y, 21 E x, 

(Lv,v)x I a ( v , v ) x  + llCI111$112y I all4lP + C l l l C l l l l ~ l l P ~  

pmax 5 a + ClIICII. 

where $ is the solution of (2.5). Hence, due to (2.2), 

and for the upper spectrum bound pmax of the operator L we get 

(3-1) 

In the case that C = E (the identity operator), sharper estimates may 

Theorem 3.1. The spectrum o(L) of the operator L defined by (2.5)- 
be derived. The following result is valid. 

(2.7) for  C = E satisfies the estimates 

m 5 4) L M, ( 3 4  

where 
T T 

m = a + L  e- J: ~ m a x ( T ) d T d t ,  M = + .I e- J: Xmin(T)dTdt, 

and Amin, Amax are the lower and the upper spectrum bounds of the operator 
A + A*,  respectively. 

Proof. For the operator L defined by (2.5)-(2.7) for C = E the following 
representation is valid: 

(3.3)
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where p(t) is the solution to (2.5) for v = u. From (2.5), 

then 
d 

-Amax(t>IIpI12 L -jjIIqII2 i -Amin(t)IIvII2, 

where A,,, and Xmin are the lower and the upper spectrum bounds of the 
operator A + A * ,  respectively. Therefore, the function F(t) = In llp1I2 meets 
the inequality 

By integrating this inequality with respect to t from 0 to t ,  we get 
t 

- 1 Amax(T)dT I ~ ( t )  - ~ ( 0 )  L - 
or 

Hence 

Integrating the last inequality with respect to t from 0 to T and taking into 
account (3.3), we obtain 

where is the operator L for a = 0. Thus, the spectrum bounds of the 
operator L are defined by (3.2). This ends the proof. 

If A(t) = A : X -+ X is a linear closed operator independent of time 
and being unbounded self-adjoint positive definite operator in X with the 
compact inverse, then the eigenvalues pk of the operator are defined by 
the formula [13] 

1 - e-2XkT 

2Ak 
pk = 7 

where A,, are the eigenvalues of the operator A.  Then in (3.2) Amin = 
2x1, Amax = 00, and m, M are given in the explicit form 

1 - e-2X1T 
m = a ,  M = a +  7 (3.4) 2x1 
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where A1 is the least eigenvalue of the operator A.  By this is meant that  
the estimates (3.2) are exact. 

$4. Iterative Algorithms 

To solve (1.4)-( 1.6) we consider a class of iterative algorithms: 

d v k  
- + A(t)vk = f ,  t f (0, T ) ;  ( p k  (0) = uk ,  d t  

u k f l  = uk - ak+J3k(a(uk - @")Cp*"),=,) + Pk+1Ck(Uk - uk-l) ,  
(4.3) 

where B k ,  Ck : H -+ H are some operators, and a k + l ,  ,&+I the iterative 
parameters. Let m and M be the spectral bounds of the control operator 
L defined by (3.2). We introduce the following notations: 

rapt = 2 ( ~  + m)-', 8 = (M + m ) ( ~  - m)-', (4.4) 

(4.5) 
r k  = 2 ( ~  + m - ( M  - m) coswk'ir)-l, k = 1 , 2 , .  . . , s ,  

2(M + m y ,  k = 0, 
-1m k > 0, { 4(M - m) T k + I ( € J )  ' %+l = 

Pk+l  = a + (qk,qk)/lllkl12H - ek, = 0,1,  - - - , (4.8) 

where wk = ( 2 i  - 1)/2s, Tk is the k-th degree Chebyshev polynomial of the 
first kind, 

ck = auk - v*"O), 
and qk is the solution of the problem 

Theorem 4.1. (i) If a k + 1  = r, BI, = E ,  p k + l  = 0,  then the condition 
O < r < 2 / ( M  + m) is a suficient condition for the convergence of the 

(4.1)

(4.2)

(4.6)

(4.7)
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iterative process (4.1)-(4.3). For r = rapt defined by (4.4) the following 
convergence rate estimates are valid 

IIq - VklIW 5 c l q k ,  IIq* - (P*kIIW 5 CZQk! 11. - u k l [ H  5 C3Qk7 (4.9) 
where q k  = 1/6',6' i s  given by (4.4), and the constants C I , C ~ , C ~ , C ~  do not  
depend o n  the number of iterations and on  the functions 9, pk, p*, ( P * ~ ,  u, 

(ii) If B k  = E,  ,&+I = 0, and ak+1 = r k ,  where the parameters Tk are 
defined by (4.5) and repeated cyclically with the period s, then the error in 
the iterative process (4.1)-(4.3) is  suppressed after each cycle of the length 
s. Af ter  k = Is iterations the error estimates (4.9) are valid with q k  = 

(iii) I f  B k  = c k  = E and a k + l ,  p k + l  are defined by (4.6)) then  the error 
in the algorithm (4.1)-(4.3) is  suppressed for  each k 2 1, and the estimates 
(4.9) hold for  q k  = (Tk(e))-'.  

p k + 1  are defined b y  (4.7), (4.8), then  the iterative process (4.1)-(4.3) is  
convergent, and the convergence rate estimates (4.9) are valid with q k  = 

Proof. It is not difficult to show that the iterative process (4.1)-(4.3) 

u k , k  > 0. 

(Ts (0) ) - l .  

(iv) 1. B k  = c k  = E and a k + 1  = l/pk+l, p k + l  = e / c / p k + l ,  dU3-e e k ,  

( T k  (e))-'* 

is equivalent to the following iterative algorithm 

U k + l  = U k  - L Y k + l B k ( h k  - F )  -t D k + l C k ( u k  - U k - ' )  (4.10) 

for solving the control equation (2.11) with the right-hand side F defined 

The bounds m and M of the spectrum of the control operator L are 
given by (3.2). Thus, for clr > 0 for solving the equation Lu = F we may 
use the well-known iterative algorithms with optimal choice of parameters. 
The theory of these methods is well developed [15]. Taking into account 
the explicit form of the bounds for m and M and applying for the equation 
Lu = F the simple iterative method, the Chebyshev acceleration methods 
(s-cyclic and two-step ones), and the conjugate gradient method in the form 
(4.10), we arrive at the conclusions of the Theorem, using the well-known 
convergence results [15] for these methods. 

Remark 4.1. In case = l / a ,  B k  = E ,  p k  = 0, the iterative 
algorithm (4.1)-(4.3) coincides with the Krylov-Chernousko method [16]. 

by (2.8)-(2.10). 
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The numerical analysis of the above-formulated algorithms has been done 
in [17] for the data assimilation problem with a linear parabolic state equa- 
tion. The numerical experiments are in good agreement with theoretical 
results on the convergence of the iterative algorithms. 
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Abstract 

Several quadrilateral shape regular mesh conditions commonly used in 
the finite element method are proven to be equivalent. Their influence on 
the finite element interpolation error and the consistency error committed 
by nonconforming finite elements are investigated. The effect of the Bi- 
Section Condition and its extended version (1s~)- Section Condition on the 
degenerate mesh conditions is also checked. The necessity of the Bi-Section 
Condition in finite elements is underpinned by means of counterexamples. 

Keywords Quadrilateral mesh, 4-node isoparametric element, 
Nonconforming quadrilateral element 

2000 MR Subject Classification 65N30, 65D05, 41A10, 41A27, 
41A25, 41A63 

$1. Introduction 

Quadrilateral mesh is widely used in the finite element method due to its 
simplicity and flexibility. However, numerical accuracy cannot be achieved 
over an arbitrary mesh, so one has to  impose certain mesh conditions. There 
exist several mesh conditions in the literature, which can be classified into 
two groups. One is the shape regular mesh condition and the other is 
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the degenerate condition. Roughly speaking, a shape regular condition 
requires that the element cannot be too narrow on the one hand ((C-R)1 
hereinafter) and the interior angle of each vertex is neither too small nor 
too close to r on the other hand ((C-R)2 hereinafter). The first condition 
of this type belongs to Ciarlet-Raviart (C-R) [27,28]. Another two are 
attributed to Girault-Raviart (G-R) [33] and Arunakirinathar-Reddy (A- 
R) [Il l ,  all these three conditions aim for the optimal interpolation error 
for the isoparametric element, whereas a similar condition of Z. Zhang (Z) 
[68] appeared.in the study of the Wilson nonconforming element. It may 
be interesting to ask whether such conditions are equivalent. One of the 
main results of this paper is a strict proof for the equivalence of C-R, G-R, 
A-R and Z (see Theorem 3.1 below). 

Meanwhile, there are several degenerate mesh conditions, which violate 
either (C-R)1 or (C-R)2, and sometimes even both of them. Such degenerate 
meshes are particularly effective for the finite element approximation of 
some physical problems with singularities (see [5]). These conditions are 
scattered in the literature, most of them are mutatis mutandis. We only 
consider two degenerate conditions, namely the Jamet condition (J) [34] 
and Acosta-Durans [l] Regular Decomposition Property (RDP). We will 
clarify their connection to the shape regular mesh condition. In particular, 
we show by means of a counterexample that RDP is necessary for obtaining 
the optimal interpolation error in the H1-norm for the 4-node isoparametric 
element, thereby we solve the open problem proposed in [l]. 

On the other hand, the Bi-Section Condition or its extended version 
(1 + a)-Section Condition are two mesh conditions which quantify the de- 
viation of an arbitrary quadrilateral from a parallelogram. These two mesh 
conditions are used to estimate the consistency error of the Wilson noncon- 
forming element [54] as well as the interpolation and consistency error of the 
nonconforming quadrilateral rotated Q1 element (NRQ1) (see [40,42,46]), 
and the interpolation error of the lowest-order Raviart-Thomas element 
(RT[o~) (see [61,43]). Suli [58] proved that the Jamet degenerate mesh 
condition plus the Bi-Section Condition actually imply the shape regular 
conditions when the mesh diameter approaches zero. We show that the 
requirement of the Bi-Section Condition in Siili’s result can be replaced by 
the even weaker (1 + a)-Section Condition. 
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The necessity of the Bi-Section Condition for the optimal consistency 
error of the Wilson element is illustrated by Z. Shi [54] with a counterex- 
ample. Likewise, P. Ming [40] showed that this is also true for the NRQ? 
(see 56 for the definition). We will propose a series of counterexamples to 
demonstrate that the Bi-Section Condition is also necessary for the opti- 
mal interpolation error of NRQl and RTp]. All these facts substantiate the 
necessity of the Bi-Section Condition in the finite element analysis. 

We mainly focus on the 4-node isoparametric element, two low-order qua- 
drilateral nonconforming elements, i.e., the Wilson and NRQl elements, 
and the quadrilateral RT[O] element. Moreover, only 2-D mesh is taken 
into account (see [67], for some other isoparametric elements and [31,53] for 
3-D). We only consider the finite element approximation for the coercive 
elliptic problem, the non-coercive problem is more involved and will be 
addressed elsewhere (see also [ 1,101 for related references.) 

The remaining part of this paper is organized as follows. In $2, we state 
all shape regular mesh conditions mentioned above. Their equivalence is 
proven in 53. In $4, several degenerate mesh conditions are reviewed and 
their connections to the shape regular mesh condition are elucidated with 
the aid of the Bi-Section Condition and (1 + a)-Section Condition. The 
influence of different mesh conditions on the interpolation error and the fi- 
nite element error for the 4-node isoparametric element , the nonconforming 
Wilson element and NRQX element, and the RTp] element are included in 
$5, $6 and 57, respectively. Some conclusions are drawn and three open 
problems are proposed in the last section. 

Throughout this paper, the generic constant C is independent of the 
element geometry unless otherwise stated. 

$2. Shape Regular Mesh Condition 

Before introducing mesh conditions, we fix some notations. For any con- 
vex polygon R with Lipschitz boundary, Hk(R) is defined as the standard 
Sobolev space [a] equipped with the norm 1 1  - Ilk, and semi-norm I . Ik,n, 

Ht(R) is the corresponding homogeneous space. will be dropped if no 
confusion can occur. udz is defined as the integral average of u on R. 
For any vectors z = (XI ,  22) and y = (y1 , y2), z 8 y is a 2 x 2 matrix with 
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elements (a: 8 y)ij: = ziyj.  For any matrix A,JJAJ)  denotes its Euclidean 
norm. 

2.1. Geometric Facts of Quadrilateral Mesh 
Let be a partition of by convex quadrilaterals with the mesh size 

h: = max h ~ .  We define h~ and lxK as the longest and shortest edges of K ,  

respectively. PK is defined as the diameter of the largest circle inscribed in 
K .  As in Fig.1, we denote the four vertices of K by Pi with the coordinates 
xi. Let their edges be PiPi+l and IPiPi+l I their corresponding lengths. The 
subtriangle of K with vertices Pi-1, Pi and Pi+l is denoted by (i modulo 
4), i.e., x: = (Pi-1, Pi,Pi+l ). Similar to K ,  hi and pi are defined as 
the longest edges of and the diameter for the largest circle inscribed 
in x, respectively, Denote the interior angle of the vertex Pi by B i ,  and 
p ~ :  = max I cos Oil. Moreover, d~ is denoted as the distance between 

midpoints of two diagonals of K .  

KETh 

15254 

Fig.1 

We define by P, the space of polynomials of degree no more than k ,  and 
by Qk the space of degree no more than k in each variable. 

Let I? = [-1, 112 be the reference square having the vertex Pi  with the 
coordinates &(l 5 i 5 4), then there exists a unique mapping F ~ ( t , q )  E 
&(k) such that FK(&) = zi, 1 5 i 5 4. The Jocobian of FK(<,~]) is 
denoted by D.~=K((, q )  which can be split as D.?’K(~, q)  = DFK(O, O)+k@Z, 
where I c :  = (xl - x2 + x3 - ~ 4 ) ~ / 4  and I :  = ( ~ , c ) ~ .  The determinant of 
D F c ( t , q )  is J ~ ( c , q )  = detDFK(t,q) = Jo + J1< + J2q. It can be shown 
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that 

and 

Jo = J K ( O ,  0) = lKl/4, J K ( ~ ,  V )  > 0. 

2.2. Shape Regular Mesh Conditions 
We mainly concern the following shape regular mesh conditions. 
(1) Ciarlet-Raviart (C-R) (see [27,28]). 

is regular [26, p. 2471, if there exist two constants 00 2 1 and 0 < 
p < 1 such that 

h ~ / h K  L 00, 0 < CLK L P < 1. (2.1) 

(2) Girault-Raviart (G-R) (see [17,33]). 
Define P K :  = 2 min pi. T h  is regular if there exists (T > 0 such that 

l < i < 4  

(3) Arunakirinathar-Reddy (A-R) (see [ 111). 
Th is regular if there exist four constants C ,  CO, C1 and y > -1 such 

that 

IlDFK(o,o)ll 5 ChK, ~ ~ ~ ~ ~ 1 ( ~ 7 ~ ) ~ ~  5 ChC1, cohk 5 J K ( 0 , O )  5 Clhg.  
(2.3) 

( q . 3 0 , O ) k  0 L 7 .  (2-4) 

(4) Z. Zhang (Z) (see [68]). 
Define j j ~ :  = minlsis4 pi.  5 is regular if there exists (T > 0 such that 

Remark 2.1. A simple manipulation yields that C1 in (2.3) can equal 
1/8, which is even sharp. 

$3. Equivalence of Shape Regular Conditions 

In this section, we will prove that all the aforementioned shape regular 
conditions are equivalent. Before the presentation, we state two lemmas for 
later use. 

(2.2)

(2.5)
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Lemma 3.1. [70] For a family of triangular finite elements, i f  the ratio 
between the longest edge of the triangle and the radius of the biggest circle 
inscribed into the triangle is  uniformly bounded, then there exists a constant 
80 such that all interior angle OK of triangles satisfies 

2 80 > 0. ( 3 4  

Lemma 3.2. For any triangle K ,  the diameter of the biggest circle 
inscribed into K is  less than the shortest edge of K .  

Theorem 3.1. All the forgoing mentioned shape regular mesh conditions 
(C-R, G-R, A-R and Z) are equivalent. 

Proof. We only need to prove that all shape regular mesh conditions 
are equivalent to C-R. The equivalence between G-R and Z is obvious. So 
what we need to prove is the equivalence of C-R, G-R and A-R. 

Firstly we prove that G-R implies C-R. 
Given the regular condition G-R, in view of Lemma 3.2, we have 

h K / h K  5 2hK/PK 5 20. (3-2) 

which gives (C-R)1 with 00 = 2a. 
Notice that hilrhoi 5 2 h ~ / P ~  5 20,  invoking Lemma 3.1, we see that 

each interior angle of K is bounded below by 8 0 ,  which in turn implies an 
upper bound for each angle with 7r - 280, so 80 5 8i 5 7r - 280, thus we 
come to (C-R)2 with p = max(cosOo, I cos260)). Therefore, C-R follows 
from G-R. 

We are in a position to prove that C-R implies G-R. For any triangle x, 
we have 

1x1 is the area of the triangle 
5 p. The above inequality immediately leads to 

and sin8i 2 (1 - p2)1/2 since 

hi/pi 5 30i/(l - p2)1/2. (3.3) 

Let pK = 2pi,. Using (3.3), we get 

that is just the G-R condition. 



QUADRILATERAL MESH 213 

We remain to prove that C-R and A-R are equivalent. Firstly we show 
that C-R implies A-R. The first part of A-R is easily deduced from C- 
R, we omit details for simplicity. Further, a simple manipulation shows 
( D F ~ ( 0 , 0 ) - ~ k , l )  = (JK - J o ) / J o ,  then 

It is seen that 

17J 2 1/2&1- p2)1/2 V l  5 i 5 4, IKI 5 h5 ,  

Inserting the above two inequalities into (3.4) leads to 
2 1/2 

JK/JO 2 ( 1 - p  ) /g ," .  

Let y: = (1 - p2)1/2/ai - 1 > -1, then we obtain the A-R condition. 

shortest edge &. The second part of A-R implies 
To deduce C-R from A-R, without loss of generality, let 7; include the 

Using (3.2) and noticing that 1x1 5 1/2hKhK, we obtain (C-R)1 with 00 = 
(4Co(l+ y))-'. Since the area of any triangle z can be expressed as 1x1 5 
1/2hksinBi, so repeating the above procedure using 1x1 5 1/2h%sinOi 
instead of 1x1 5 1/2hKhK, we get sin& 2 4&(l -k 'y), which implies (c- 
R)2 with p = (1 - lSCt(1 + y)2)1/2. We complete the proof. 

84. Degenerate Mesh Condition 

In what follows, we discuss some degenerate mesh conditions. As a 

Definition 4.1. (1 + a)-Section Condition (0 5 a 5 1) 
preparation, we introduce the (1 + &)-Section Condition. 

dK = c>(h!$+"), 

uniformly for all elements K as h -+ 0. 
If d~ = 0, K degenerates into a parallelogram. In case a > 0, we recover 

the Condition A in [54]. In case a equals to 1, we obtain Condition B, or 
the Bi-Section Condition [54]. 

Angle condition is another kind of degenerate mesh condition, which is 
introduced in [50] and used to measure the deviation of a quadrilateral from 

(3.4)

(3.5)
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a parallelogram. Define CTK as 

OK: = max( In - all, In - a2l). 

Here a1 is the angle between the outward normal of two opposite sides of 
K and a 2  is the angle between the outward normal of other two sides. We 
call a mesh satisfying the Angle Condition if OK = O(hK), i.e., if a K / h K  

is uniformly bounded for all elements. It is seen that 0 _< OK < T ,  and 
OK = 0 iff K is a parallelogram. 

Assuming that C-R holds, H. S. Chow et a1 (see [24, Theorem 3.21) proved 
that the Angle Condition and the Bi-Section Condition are equivalent. 

Remark 4.1. Observe that the h2-parallelogram mesh condition in [32] 
is actually equivalent to the Bi-Section Condition. 

Motivated by the Bi-Section Condition, we define a kind of mesh which 
will be shown to be quite useful for the convergence analysis of finite ele- 
ments. 

We call T h  an asymptotically regular parallelogram 
mesh af it satisfies C-R as well as the Bi-Section Condition. 

Notice that any polygon can be meshed by asymptotically regular par- 
allelograms with a mesh size tending to zero. Indeed, if we begin with any 
mesh of convex quadrilaterals, and refine it by dividing each quadrilateral 
into four by connecting two midpoints of opposite edges. As in Fig.2, the 
resulting mesh is an asymptotically regular parallelogram mesh. 

Definition 4.2. 

Fig.2 
There is also another kind of method for generating such an asymptotically 
regular parallelogram mesh. For example, the C2-grid in [8] which results 
from a mapping of uniform grids is actually an asymptotically regular par- 
allelogram mesh. This approach has already appeared in [71] (see also [25, 
Remark 2.31). 

As to the generation of a shape regular mesh satisfying the (l+a)-Section 
Condition, we refer to [23] for the work of Whiteman’s school. 
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Degenerate Mesh Conditions 
(1) Jamet condition (J) (see [34,36]). 
T h  is regular if there exists a constant 5 > 0 such that 

~ K / P K  L 5. 
( 2 )  Acosta-Duran Regular Decomposition Property (RDP) (see [l]). 
5 is regular with constant N E Iw and 0 < + < T ,  or shortly RDP(N, +), 

if we can divide K into two triangles along one of its diagonals, which will 
always be called dl ,  the other is d2 in such a way that Id2l/ldll 5 N and 
both triangles satisfy the maximum angle condition, i.e.) each interior angle 
of these two triangles is bounded from above by +. 

(3) Suli condition (S) (see [58]). 
5 is regular if it satisfies the J condition and the Bi-Section Condition 

simultaneously. 
Remark 4.2. Notice that Siili's condition was firstly appeared in the 

convergence proof of a kind of cell vertex finite volume method for hyper- 
bolic problems and has recently got renewed interest in the mixed finite 
volume method [25]. 

On the contrary, the J condition allows for the degeneration of a quadri- 
lateral K into a triangle since the ratio h/h can be arbitrarily large and 
the largest angle of K can equal T ,  i.e., the J condition may violate either 
(C-R)1 or (C-R)2. This is shown in Fig.3 below. 

As addressed in [36], C-R implies the J condition with 0 = (1 - p 2 ) l/2 /ao. 

Fig.3 
Both elements in F ig3  satisfy the J condition since h K / p K  5 fi + 1. 

However, as to the left element, the ratio h K / h ,  = (a2 + ( a  - b)2)'/2/b 5 
a a / b  blows up as b tends to zero, which obviously violates (C-R)1. As to 
the right element, the interior angle LADC = T - 2, which approaches 7r as 
x tends to zero, thereby it violates (C-R)2. However, not the whole (C-R)2 
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is violated since the J condition excludes the interior angle from becoming 
too small. This fact is hidden in [58, Lemma 11 which is stated as follows. 

Lemma 4.1. I f  r h  satisfies sula’s condition, then for suficiently small 
h, T h  is shape regular in the sense of C-R. 

Proceeding along the same line of the above lemma, we obtain 
Corollary 4.1. If Th satisfies the J condition as well as the (1 + 0)- 

Section Condition, then for suficiently small h, T h  is shape regular in the 
sense of C-R. 

Notice that C-R does not imply the S condition. Indeed, considering the 
trapezoid mesh as that in Fig. 6, it is seen that the S condition is stronger 
than C-R. In fact, it is a strong shape regular mesh condition instead of 
a degenerate one. Invoking [l, Remark 2.71, RDP(N,+) is weaker than 
both the J condition and C-R, therefore it is weaker than the S condition. 
Moreover, RDP(N, +) together with the Bi-Section Condition does not 
imply C-R. It is due to the fact that a rectangular element which satisfies 
both RDP (1, 7r/2) and the Bi-Section Condition simultaneously may still 
have its anisotropic aspect ratio arbitrarily large. 

Remark 4.3. Schmidt [51] replaced the Bi-Section Condition in Lemma 
4.1 by the arbitrary smallness of the ratio d ~ / h ~ .  

Remark 4.4. Zkmal [71] proposed the Ic-strongly regular mesh con- 
dition for investigating the superconvergence of isoparametric elements. 
Following the analysis of Theorem 3.1, we find that ZlBmal’s 1-strongly 
regular condition is actually equivalent to the S condition. Notice that the 
1-strongly regular condition has already appeared in [29] but in a slightly 
different form. 

Remark 4.5. Braess [18, p.99, Remark 21 proposed a new shape regular 
mesh condition which consists of (C-R)l, the J condition and the maximum 
interior angle condition. Obviously, it is equivalent to C-R. However, due 
to its superfluous complexity this new condition is not advisable. 

$5.  &Node Isoparametric Element 

Denoting by Q the standard Lagrangian interpolant for the 4-node iso- 
parametric element, we look for a geometric condition under which the 
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estimate 

11. - gU110,K -k hKlU - QUI1,K 5 Ch&(ulz,K 

holds uniformly for K E x. 
In view of [l,Theorem 4.71, the optimal interpolation error estimate with 

respect to the L2 norm holds with a constant independent of the geometry 
of K ,  so we only consider 

1. - gUI1,K 5 C h K I U ) Z , K .  ( 5 4  
Ciarlet and Raviart [27] proved (5.1) under C-R. However, C-R prohibits 

the quadrilateral from either reducing to a triangle or becoming too flat. 
Jamet [35,36] derived (5.1) under the J condition which allows a quadrilat- 
eral degenerating to a triangle, but not too flat. Zenisek and Vanmaele [66] 
also proved (5.1). They required that the two longest sides of the element 
be opposite and almost parallel, but the constant C in (5.1) depends on an 
angle, which somehow is the minimum angle of the element K .  Ape1 [4] 
derived the following estimate 

Here hl and h2 are the element sizes in the direction of 2 1  and 22, respec- 
tively. Acosta and Durhn [l] derived (5.1) under RDP(N, $), which seems 
the weakest mesh condition up to now under which (5.1.) is valid (see [l, 
Remark 2.4-Remark 2.71). One may ask whether RDP(N,$) is also nec- 
essary. Acosta and Durhn put it as an open problem in [l]. The following 
example shows that this condition is indeed necessary. 

Counterexample 
Consider an element K like Fig.4 which does not satisfy RDP(N, $). 

If we decompose it by the diagonal AC, then the triangles (A ,B ,C)  and 
(A ,  C, 0) indeed satisfy the maximal angle condition since all interior an- 
gles in these two triangles are bounded from above by n/2. However, 
IBDI/IACl = l / a  which cannot be bounded by any constant as a tends 
to zero. If we decompose it by the diagonal B D ,  a simple computation 
leads to s inLDAB = 2a/(l + a2), so the angle LDAB approaches 7r as a 
tends to zero, thus it also violates RDP(N,$). 

(5.2)
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Fig.4 

Let u(x,y) = x 2 ,  then I u I ; , ~  = 8a. A direct manipulation shows that 

= (3a)-l, so we have 11 'IJ llO,K 

Since the diameter of K is 2, (5.1) does not hold with a constant indepen- 
dent of a. 

To sum up, we have the following interpolation result for the 4-node 
isoparametric element. 

Theorem 5.1. For a n y  u E H2(R), if RDP(N,$) holds, then there 
exists a constant C = C(N, Q) such that 

(21 - QUI1,K 5 C h K  IU12,K. (5.3) 

Moreover, RDP(N, Q) is also necessary for the validity of (5.3). 

solution is bounded by its interpolation error, i.e., 
By C6a Lemma, the error bound of the 4-node isoparametric element 

Here 

vh: = {w E HA I W), E QI(K), V K  E X}. 

(5.4)
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However, the experience with triangle elements indicates that the inter- 
polation error actually says nothing about the approximation error of the 
finite element. When triangles with uncontrolled maximal angles are taken 
into account, examples in [12] show that the approximation error grows to 
infinity as the interpolation error with respect to the Hl-norm grows to 
infinity. However, in [6], another example shows that the finite element so- 
lution converges while the interpolation error with respect to the H1-norm 
also grows to infinity. So it is equally interesting to ask such question for 
the quadrilateral element approximation. 

$6. Nonconforming Quadrilateral Element 

As to the nonconforming quadrilateral element approximation, the situ- 
ation is less satisfactory. The main nonconforming quadrilateral elements 
are the Wilson element and nonconforming rotated Q1 element. The for- 
mer is well-known in the engineering community and has a long history 
(see [65]). The latter is the simplest nonconforming quadrilateral element, 
and was proposed for solving the incompressible flow problem in [50] and 
widely used in the software FEATFLOW [62]. It has also been applied to 
the crystalline microstructure problem [37], the Chappman-Ferraro prob- 
lem [38] and the Reissner-Mindlin plate bending problem [41,45]. 

By Strang Lemma [57], it is common to split the finite element error into 
two parts, i.e., the interpolation error and the consistency error, thus the 
impact of the mesh conditions on both errors has to be checked. 

For any w belonging to a nonconforming finite element space, we define 
the discrete H1-norm as 

The interpolation error of numerous nonconforming elements can be 
checked case by case. As to the consistency error, it is common to esti- 
mate the following piecewise integral functional 

Usually the nonconforming element has some sort of continuities, so to 
bound the above piecewise integral functional is boiled down to the estimate 
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of the following integral functional, i.e., 

Ilu - J(U)IIO,& c dK. 
Here J ( u )  usually takes two forms as 

f P 

J ( u )  = JF(u): = uds or J ( u )  = JK(u):  = jK udx, u E H 1 ( K )  J, 
and J ( u )  = J[(u): = u ( M )  in case of u E H 1 ( K )  n Co(K), where M is 
the middle point of the edge &. The following lemma bounds the above 
functional. 

Lemma 6.1. For u E H 1 ( K )  or u E H 1 ( K )  n C o ( z ) ,  and for a n y  
& c d K ,  we have 

IIu - J ( 4 I l 0 , E  L ~ ~ l ~ l I I ~ l ~ 1 ~ 2 ~ K l I ~ ~ I l o , K .  (6.1) 
Proof. In case of u E H 1 ( K ) ,  since Ilu-fr udsllo,& = infcEw IIu-CIIO,&, 

we have 

Ilu - J;(u) l IO,E I Ilu - J K ( 4 I l O , & .  
By a sharp trace inequality in [63, Lemma 3.21, the right hand side of the 
above inequality is bounded by 

( 2 l ~ l l l K l ) ' ~ " I l ~  - JK(4II0,K + h K I I V ~ l l 0 , K ) .  

Since K is convex, by the Poincar6 Inequality [48] we have the first term 
as 

IIu - JK(U)IIO,K L hK/.irllvullo,K. (6.2) 

A combination of the above three inequalities yields (6.1). 
When u E H1 ( K )  n Co(K) ,  proceeding along the same line of the above 

procedure and employing the scaling trick instead of the Poincar6 Inequality 
on the last step complete the proof. 

To be more specific, we further bound the expression C(I&J/IK1)1/2h~ 
appeared on the right hand side of (6.1) as Ma1/2hz2  provided that the J 
condition holds, where M is independent of h. 

The following simple example shows that the dependence on o is essen- 
tial. 

Counterexample 
Consider an element K centered at the origin with the lengths 2h, and 

2h, in the x and y directions, respectively. Without loss of generality, we 
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assume that h, < hy', and define 0: = ( h 2 + h i ) 1 / 2 / p ~ .  Let u(z ,  y) = z2+y2 
and & be one vertical edge. A simple computation leads to 

I I u  - 3F(u)(lil& = 8hi/45, llVullil~ = 16h,hy(h: + hi)/3. 

A combination of these two identities leads to 

Ilu - J ~ ( ~ ) I I ~ , ~ / I I V ~ ~ J ~ , ~  2 a1/2(h: + h;)1/4/2&. 
On the other hand, (6.1) gives the upper bound as 

The above two inequalities illustrate the sharpness of the element geometry 
dependence of the constant in the right hand side of (6.1). Moreover, this 
example also works for the other two cases when 3 ( u )  is J K ( u )  or J:(u). 

6.1. Wilson Element 
The Wilson nonconforming finite element space [65] is 

{ v E L 2 ( 0 )  I V O F K E P ( k )  V K E Z } ,  

where Ql(k) c P(k) c P2(l?). We write P(&) = &(k) + B ( k ) ,  where 
B ( k )  contains the nonconforming part: 

~ ( k )  = Span(t2 - 1,q2 - 1). 

There are also another two types of Wilson-like elements (see [68] for a 
review). 

Let I I h  denote the interpolant for the Wilson element, we sum up the 
interpolation results in the following theorem. 

Theorem 6.1. For any  u E H 2 ( 0 ) ,  if 5 is C-R shape regular, then 
there exists a constant C = C(c7.0, p) such that 

Ilu - J L u l l o  + hllu - J h U l l l , h  L ch211ul12. (6.3) 

Moreover, if u E H 3 ( 0 ) ,  
Condition holds, then there exists a constant C = C(o0, p)  such that 

is C-R shape regular and the (1 + a)-Section 

Ilu - ~ h u l l o  + hllu - n h u l l l , h  I Ch2+alI~113. (6.4) 

Proof. (6.3) has already been included in [39, Theorem 11. Notice that 
Pz(&) c P ( k ) ,  the standard interpolation argument yields (6.4). 

One may ask if the shape regular condition can be relaxed in the above 
theorem. There is no such result for a general quadrilateral mesh, however, 
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the following result indicates that it is not hopeless a t  lbast for a rectangular 
mesh . 

Lemma 6.2. If R is  covered by a uni form rectangular mesh  with h,(hl) 
and hy(h2) in the x and y directions, respectively, then 

Moreover, if u E H 3 ,  then 

To estimate the consistency error, we follow that in [54]. The consistency 
functional can be decomposed into 

Lemma 6.1 bounds the first two terms on the right hand side of (6.9), thus 
the J condition is needed. Moreover, in [54, Theorem 21, a counterexample 
is presented to show that the Bi-Section Condition is necessary for estimat- 
ing the third term on the right hand side of (6.9). Summing up and using 
Lemma 4.1, we see that the asymptotically regular parallelogram mesh con- 
dition is both sufficient and necessary for obtaining the optimal consistency 
error, a t  least for the above decomposition. Moreover, the optimal inter- 
polation error requires that % is shape regular which may be weakened 
as indicated by Lemma 6.1. However, it is still unknown whether or not 
the asymptotically regular parallelogram mesh is really necessary for the 
optimal error estimate of the Wilson-type elements. 

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)
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6.2. Nonconforming Rotated Q1 Element 
Two types of the quadrilateral rotated Q1 finite element spaces can be 

defined as follows. Let 
- 
Q1: = { 4 0 FE1 1 4 E Span(l,x, y,x2 - y 2 ) } .  

Denote 3;" for 3; as well as 3:. The finite element spaces are defined as 

V;lp: = { v E L2(0) 1 ulK E G1 ( K ) ,  v is continuous regarding $lP(.) }, 

vaIP: O,h = { v E VL'P I ~ ; / ~ ( v >  = 0, if E c XI >. 

A global interpolation operator 7rh is realized by the forgoing local in- 
terpolation operator 3:'') i.e., 7rhlK = J:/' V& c OK. We have the 
following interpolation result for 7rh. 

Theorem 6.2. [50, Lemma I] For any u E H 2  n H t ,  i f% is  C-R shape 
regular, then 

(6.10) 

and the corresponding homogeneous spaces as 

IIu - ThUllO + hllu - rhUIl l ,h  5 Ch(h + oh)llull2* 

Here C depends o n  00 and p. 
As a direct consequence of the above result, we have 
Corollary 6.1. For any u E H 2  n Hh, if the (1 + &)-Section Condition 

IIu - ~ h u l l o  I C1h1+"ll~112. (6.11) 

Here the constant C1 is  independent of the geometry of K E G. If % is  
a n  asymptotically regular parallelogram mesh, then  

holds, then 

llu - W I l l , h  I C2hllull2. (6.12) 

Here C2 depends on  00 and p. 
By Theorem 5.1, RDP(N, 111) is sufficient and necessary for obtaining the 

optimal interpolation error for the 4-node isoparametric element. One may 
ask whether this is the same for the NRQl element. The following lemma 
and a counterexample give a negative answer. 

Lemma 6.3. If R is  covered by a uni form rectangular mesh with h,(hl) 
and h,(hz) in the x and y directions, respectively. Then  
we have 

for  u E H 2  n Hk, 

(6.13) 
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I. - W l l , h  L Ch(1 + 4 1 4 2 .  (6.14) 

Here 0 is the anisotropic ratio which is defined by 0: = max(h,/h,, hy/h,). 
Proof. (6.14) is included in [42, Theorem 2.11, from which we get (6.13). 
We adopt a counterexample in [42] to show that the anisotropic ratio u 

Counterexample 
Consider an element K centered at  the origin with the lengths 2h, and 

2hy in the x and y directions, respectively. Without loss of generality, we 
assume that h, < h,, and define the anisotropy ratio as 0: = h,/hy. Let 
u(z,y) = 2x2, then I u ~ ; , ~  = 64h,hy. As to this u, we can verify that 
Iu - n h ~ l ? , ~  = 16h:hy(l + a2)/3, therefore 

appeared in the right hand side of (6.14) is essential. 

1. - 7 r h ~ I l , K / l 4 2 , K  = ((1 + ."/3)"",/2. 
So (6.14) cannot hold with a constant independent of the anisotropic ratio 

Notice that the asymptotically regular parallelogram mesh condition is 
sufficient for the optimal interpolation error for the NRQI element, the 
following counterexample shows that the Bi-Section Condition is also nec- 
es s ar y . 

0. 

Counterexample 
Consider the element K as that in Fig. 5. Let u(z,y):  = 1/(1+ 2). It is 

seen that 

Iu I~ ,K  5 41KI = 8(2 - a)h$. (6.15) 

A simple manipulation shows that 

J1, 2 
I(U--hU(IO,K = h$( l-a( +v)/2)(1+<) (ahKEv/2+o(hk))2 /f(c, v) d2> 

where f ( E ,  q)  is defined as 

f (J ,v ) :  = (1 + hK)2(1 + (1 - a)hK)2(1 + (2 - a ) h ~ ) ~  

(1 + (1 - a(1 + v)/2)(1+ E)hd2. 
Notice that 0 5 a < 1, so lf(J,v)I 5 36, thus a combination of the above 
two identities yields 

11. - T ~ u ~ J ~ , K  2 a2h&/648 + O(h6,), (6.16) 

llU - rhuIlo,K/Iu12,K 2 h a h K / 1 8  = h d K / 1 8 *  

which together with (6.15) leads to 
(6.17) 
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Proceeding along the same line, we obtain 
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L ( & / 3 6 ) d K / h K .  (6.18) 

The above two inequalities clearly show the necessity of the Bi-Section 
Condition for the optimal interpolation error bound of the NRQl element 
with respect to both L2-norm and H1-norm. 

Degradation of the interpolation error will occur on 
meshes, particularly, on the following trapezoid meshes 
shown by Corollary 6.1, if the quadrilateral mesh is an 
lelogram (see Fig.2), such degradation will not occur. 

real quadrilateral 
. Nevertheless, as 
asymptotic paral- 

Fig.6 
It remains to consider the consistency error of NRQ1. As to NRQ?, the 

consistency functional can be decomposed into 

By Lemma 6.1, the J condition is needed for the optimal consistency error 
estimate. As to  NRQY, besides the J condition the Bi-Section Condition 
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is also needed. The latter is even necessary in some sense for NRQY as 
shown in [42, Theorem 3.21. However, for the rectangular NRQ1, a different 
argument yields the optimal consistency error bound which is independent 
of the J condition (see [44] for more details). We do not know whether a 
similar argument works for the quadrilateral NRQl. 

The above discussion indicates that there is a convergence degradation 
of the NRQl element over a degenerate mesh. Indeed, such degradation 
was observed by the numerical results in [50, 621, both the interpolation 
and consistency error commit such degradation. There are many works on 
modifications of this element to accommodate the degenerate mesh (see [7, 
21, 22, 441). 

To sum up, neither the Wilson element nor the NRQl element can be 
used for a degenerate mesh. Is there another kind of lower-order noncon- 
forming quadrilateral element which can be used over a fully degenerate 
mesh while retaining its excellent stability property simultaneously? Such 
an element would be a grail for the finite element circus. 

$7. RT Element of Lowest-Order 

Up to now, there are only few results available to explain the mesh depen- 
dence of the interpolation error for mixed elements, like R-T[kl, BDFMp] 
and BDM[k] et a1 [20].l 

Wang and Mathew [64] gave the optimal interpolation error for all these 
mixed finite elements over an arbitrary quadrilateral, unfortunately, the 
mesh dependence is not clearly stated therein. 

Raviart and Thomas [49] derived the optimal interpolation error for the 
R-T element over a shape regular parallelogram. Proceeding along the 
same line of [l, Lemma 4.1, Lemma 4.21, one can easily get the following 
interpolation and stability estimates for the RTp] element (see [l, Remark 
4.11 and [S]) for the case when is a rectangular mesh. 

Lemma 7.1. 
diameter hl and 

If R is  covered by a uni form rectangular mesh with the 
h2 in the x and y directions) respectively) then  

lsee [64, 561 for 
quadrilateral mesh. 

the definitions of RT[k], BDDMfk] and BDFMfk] over an arbitrary 



QUADRILATERAL MESH 227 

with a constant C independent of the ratio between hl and hz. Moreover, 
we have the following stability estimate 

Remark 7.1. As to a simple proof for (7.2), see [8, Lemma 5.71. 
Similar to [43, Theorem 3.21, we have the following result for the quadri- 

Theorem 7.1. If is an asymptotically regular parallelogram mesh, 
lateral RTio1. 

then for  u E W1(div), there holds 

IIu - RTuIlo 5 Chllul 

Ildiv(u - RTu)Ilo 5 Chllul 

Here the constant C depends on 00 and p.  

Remark 7.2. Similar results can be found in [25, Lemma 3.21. However, 
the Bi-Section Condition is missing therein, which is actually necessary for 
obtaining the optimal interpolation error. This will be illustrated by the 
example below. 

Similar to [43, Theorem 3.11, we have the refined interpolation results 
for RT[o~ as follows. 

Theorem 7.2. If satisfies C-R as well as the (1 + a)-Section Con- 
dition, then for any u e HP(div) with ,8 € (0,~1], there holds 

(7.5) 

(7.6) 

IIu - ~ ~ ~ 1 1 0  I C ( h P I ~ J m  + hallullo + hlldivu)(o), 
Ildiv(u - RTu)Ilo 5 C(hPldivuIHP + h"Ildivull0). 

If ,B > 1/2, the last term in (7.5) can be dropped. Morover, if u E H'(0) 
and the Bi-Section Condition holds, we have 

Ilu - RTullo I ChllUII1, 
l\div(u - RTu)Ilo 5 ChlJdivuJI1. 

(7.7) 

(7.8) 
Here the constant C depends on 00 and pa2  

2The definitions of HP and HP(div) with /3 E (0,1] can be found in [3]. 

(7.3)

(7.4)

(7.1

(7.2)
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Comparing Theorem 7.1 and Theorem 7.2 with Lemma 7.1, one may 
ask whether the mesh conditions in Theorem 7.1 and Theorem 7.2 can be 
relaxed. The following example shows the necessity of the (1 + a)-Section 
Condition or the Bi-Section Condition for the optimality of the interpola- 
tion error. It seems that the argument based on the Piola transform as that 
in [43] and [25] is less hopeful for further relaxing the mesh condit ions. 

Counterexample 
Consider the element as in Fig. 5. Let u = ( 1 , 0 ) ,  

yields 
a simple manipulation 

d q  2 a2hg /3 .  (7.9) 

It is seen that 

A combination of the above two inequalities leads to 

1)u - RTU)IO,K/1)U111,K 2 ( 1 / 2 h ) a  = ( 1 / 2 h ) d K / h K .  (7.10) 

The above example clearly shows the necessity of the (1 + a)-Section Con- 
dition for obtaining the optimal interpolation error bound (7.5). 

Let u = (x,O); proceeding along the same line of the above procedure, 
we obtain 

(7.11) 

which shows the necessity of the (1 + a)-Section Condition for the opti- 
mal interpolation error bounds in (7.6). Naturally, (7.10) and (7.11) also 
demonstrate the necessity of the Bi-Section Condition for the optimal in- 
terpolation error bounds in (7.7) and (7.8), respectively. 

$8. Conclusions and Open Problems 
I 

In this paper, some commonly used shape regular mesh conditions are 
proven to be equivalent and their connections to some degenerate mesh 
conditions are also clarified. 

We have checked the influence of mesh conditions on the interpolation 
error for the 4-node isoparametric element, quadrilateral nonconforming 
element and RTi0] element. The asymptotically regular parallelogram mesh 
is found to be indispensable for the successful application of either Wilson, 
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NRQl or RTl0] element, otherwise, the degradation of the convergence order 
will occur which is not widely appreciated, and was casually observed in 
numerical experiments (see [69, $8.71 and [9]). 

Before closing this paper, we propose three open problems. 
(1) Is RDP(N,$) also necessary for the optimal finite element approx- 

imation error of the 4-node isoparametric element for the 2-order elliptic 
problem? 

(2) What is the necessary and sufficient mesh condition for the conver- 
gence as well as the optimal error bounds of the Wilson and NRQl element 
for the 2-order elliptic problem? 

(3) What is the necessary and sufficient mesh condition for obtaining the 
optimal interpolation error bounds of RTlk], BDDMik] and BDFMlk]? 
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Abstract 

This paper presents new results for strong solutions and their coincidence 
sets of the obstacle problem for linear hyperbolic operators of first order. An 
inequality similar to the Lewy-Stampacchia ones for elliptic and parabolic 
problems is shown. Under nondegeneracy conditions the stability of the 
coincidence set is shown with respect to the variation of the data and with 
respect to approximation by semilinear hyperbolic problems. These results 
are applied to the asymptotic stability of the evolution problem with respect 
to the stationary coercive problem with obstacle. 

Keywords Hyperbolic obstacle problem, Linear hyperbolic operator, 
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Strong solution 

$1. Introduction 

The classical obstacle problem can be formulated as the problem of find- 
ing the equilibrium position of an elastic membrane constrained to lie above 
an obstacle. Although, in the words of J. L. Lions, this “simple, beautiful 
and deep” problem is naturally associated with partial differential equa- 
tions of elliptic type, it arises in many other frameworks and in different 
kinds of free boundary problems (see [3] or [lo], and their references) and 
it is related to variational inequalities (see [6,7]). 
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Variational inequalities of first order hyperbolic type were introduced 
in 1973 by Bensoussan and Lions [2] for the study of deterministic cases 
in problems of optimal stopping time, in which their solutions can be in- 
terpreted as optimal cost functions. More recently, motivated by physical 
problems in petroleum engineering, some unilateral problems for scalar con- 
servation laws have been considered by L. L6vi in [4] (see also [5]), where 
the existence and uniqueness of weak entropy solutions are proven for quasi- 
linear hyperbolic operators. 

In this work we are concerned with the problem of finding a function u 
defined in an open smooth domain Q c ItN, such that, for a given function 
t+lJ (the obstacle) 

u 2 $J a.e. in Q (1.1) 
and, in the a priori unknown region where the solution u does not coincide 
with the obstacle +, 

Hu = f a.e. in (u > t+lJ} (1.2) 
with a Dirichlet boundary condition in a known part of the boundary of 
the domain 

u = h a.e. on C- c aQ (1.3) 
for given functions f and h. Here H is a linear first order operator, whose 
principal parts determines the subset C- , where the boundary condition 
can be imposed. 

The first systematic study of the obstacle problem (1.1) , (1.2), (1.3) was 
done by Mignot and Puel in 1976 [8] in the framework of strong and weak 
solutions of variational inequalities of first order. Their approach, which 
will be followed here, is based on the general linear theory of boundary 
value problems for first order partial differential equations of Bardos [l]. 
For linear operators the boundary condition (1.3) and the definition of C- 
are well-known and their functional spaces are recalled in Section 2, where 
we introduce and show the continuous dependence of strong solutions for 
the hyperbolic obstacle problem (1.1),(1.2),(1.3). 

Always in the framework of strong solutions, in Section 3, we extend the 
Lewy-Stampacchia inequalities to linear first order operators by consider- 
ing the approximation by solutions of semilinear hyperbolic problems. In 
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Section 4, we show the stability of the set where the solution coincides with 
the obstacle, under a natural nondegeneracy condition on the obstacle and 
the nonhomogeneous term. 

In Section 5 we extend to  this case an estimate on the variation of the 
coincidence sets associated with the dependence on the data, including 
the variation of the (nondegenerating) obstacles. These results extend to 
first order obstacle problems the previous theory for second order linear 
operators (see [lo], for instance) and can be applied to show the stability of 
the solution and coincidence set to the evolution first order obstacle problem 
with respect to the respective stationary one, as time goes to  infinity. This 
is done in the final section. 

$2. The Obstacle Problem of First Order 

Let Q c RN be an open domain and H be the linear first order operator 
defined on by 

where bo = b o ( z )  E L"(Q) and the vector field B = b - V = bi(z) & 
i=l 

has coefficients bi E C'(9) n W1im(Q) and the boundary C = aQ is C1 
piecewise in the sense of [l], i.e., admits a decomposition where 

C + = ( z ~ d & :  b .n>O}  and C - = { X E ~ Q :  b.n<O} 

have a finite number of C1 piecewise subboundaries of dimension N - 2. 
Here n = n(z) is the outer normal vector at J: E C = aQ, defined almost 
everywhere. We define l ( x )  = Ib(z) n(z)l on C and we introduce the 
Hilbert spaces associated with the vector field B: 

L&(Q) = {v E L 2 ( Q ) :  Bv E L2(Q)}  and 

z%?) = {v E Li (Q) :  vlc E L;(C)} ,  

l l 4 l N  2 = llB412L2(Q) + II?JlIL;(c-) 2 

(2.2) 

where L;(C) = {v: C + Rl sc v 2  l d C  < 00). We recall from [I] that the 
graph norm in zg(Q) is equivalent to 

(2.3) 7 

that  C1 (8) is dense in E",Q) and the following integration by parts formula 

(2.1)
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holds in this space 

L ( b - V u ) v d x  + L u V - ( v b ) d x  = 1 C+UC- ( b . n ) u v d C .  (2.4) 

This framework allowed Bardos [l] to show the existence and uniqueness of 
the solution w in Zg(Q) of the linear first order problem 

H w = f  i n & ,  w = h  onC-  (2.5) 
under the coercivity assumption 

for any given data 

f E L2(Q) and h E L;(C-) .  (2.7) 

$ E Z % ( Q ) ,  $ +  o n %  (2.8) 

Consider now an obstacle $ = $(z) such that 

and introduce the non-empty convex subsets 

and K+ = {v E L2(Q): v 2 $ a.e. in Q} k+ = K+ n ?;i(Q). (2.9) 
Following Mignot and Puel [8], we consider the strong formulation of the 
obstacle problem for the first order operator (2.1) 

- 
( H u  - f) (V - U) dx 2 0, V V  E KG. (2.10) s, u € IS+, UJC- = h:  

Under the assumptions (2.7) and (2.8) the existence and uniqueness of a 
strong solution to the hyperbolic variational inequality (2.10) are shown in 
[8]. Actually the conditions on + in (2.8) can be taken in a weaker sense, 
since only the regularity $ = sup(+,w) E Eg(Q) and $ 5 h on C- are 
necessary. Indeed, it was shown that if w and u are the solutions of (2.5) 
and (2.10), respectively, then u 2 w a.e. in Q. So also u 2 $ and to solve 
the variational inequality (2.10) in k+ and in k , ~  are equiv a lent problems, 
and (2.8) is, therefore, a natural assumption to obtain strong solutions. 

We also recall the property of E i ( Q )  as a Dirichlet space, i.e., v+, v- 
and IvI E Z”,Q) if v E Z”,Q), which can be proved as in the Sobolev 
space H1(R). Similarly, one has, for instance, Bv+ = Bv in {v > 0} and 
Bv+ = 0 in {w 5 0}, provided v E E g ( Q ) ,  in the almost everywhere sense. 
We can also show for v E E$(Q) that 

Bv = 0 a.e. in {x E Q: v(x) = O}. (2.11) 

(2.6)
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Here we shall use the standard notations 

u V u = sup(u,v), v+ = u V 0 and u- = (-u)+. 
We do not restrict the generality in taking 

v!J = 0, (2.12) 
since we can reformulate the obstacle problem (2.10) into an equivalent one 
for the translated functions 

u=u-$, h=h-$ lc -  and f = f - H $ .  (2.13) 
- - 

Indeed, (2.10) is easily seen to be equivalent to 

Z E ko, Ulc- = h :  
- 

(Hu" - f) (u - u") dx 2 0 ,  V u  E KO. (2.14) 

We have the following continuous dependence estimate for strong solutions. 
Proposition 2.1. Let ui denote the solution of (2.10) corresponding to 

the data fi) hi and $i under the assumptions (2.6), (2.7), (2.8) for i = 1,2, 
respectively. Then  

s, 

llul-u211L2(Q) 5 c (Ilfl-f211r;2(Q)+llhl-h211L:(c_)+11$1-$211-)) (2.15) 

where 11 . 11- denotes the norm (2.3) and C > 0 is a constant independent 
of the data. 

Proof. Using (2.13) we may assume $1 = $2 = 0,  for i = 1,2. We 
may take v = Z2 in the inequality for u"1 and w = u"l in the one for u"2. 

Setting w = u"1 - Z2 = u1 - u2 - ($1 - $2) and denoting f = f l  - f 2  = 
fl - f2  - H($1 - $ 2 )  and h = hl - h2 - ($1 - $ 2 ) l ~ -  we obtain 

- -  

L w H w d x  S L f w d x  5 f L w 2 d x t L / f 2 d x .  2p Q (2.16) 

On the other hand, from the coercivity condition (2.6), we find 
1 1 

w H w dx =/ (bo - 5 V . b) w2 d z  + - / (b - n) w2 dC 
Q 2 c+uc- 

> B S y u i z d z - i L y 2 1 ? d C ,  

which combined with (2.16) yields 

(2.17) 

This implies the conclusion (2.15) by the definitions and the equivalence 
of the norm 11 - / I w  in Eg(Q) .  
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$3. An Inequality for Strong Solutions 

The strong solution of the obstacle problem, solving the first order varia- 
tional inequality, is also a solution to the nonlinear complementary problem 

u 2 $, N u -  f 2 0 and ( H u -  f )  ( u - $ )  = 0 a.e. in Q. (3.1) 

Indeed, it suffices to take 21 = 1c, and 2, = 2u - 1c, in (2.10) to conclude 
the third condition from the first two. The second one, which follows from 
(2.10) with w = u + w for arbitrary w E L 2 ( Q ) ,  w 2 0, provides a lower 
bound for Nu. The aim of this section is to show an upper bound, extend- 
ing to H the well-known Lewy-Stampacchia inequalities obtained first for 
second order obstacle problem of elliptic type (see [lo], for references). 

Under the assumptions (2.6), (2.7), (2.8) the strong 
solution u of the first order obstacle problem (2.10) satisfies the inequalities 

Theorem 3.1. 

f 5 H u  5 f V  H$ a.e. in Q. (3.2) 
The proof of this result follows easily by recalling that f V H$ = f + 

(H+-f)+ and the fact that u can be approximated in L2(Q) by the solution 
uE E z i ( Q )  of the semilinear first order equation 

Hu, +J19,(u, - +) = f + J  in Q ,  uE = h on C-. (3.3) 

Here we consider for each E > 0, the nondecreasing Lipschitz function 
f lE R -+ [0,13 defined by 

6,(t) = 0,  t 5 0 ,  f lE( t )  = t / ~ ,  0 < t 5 E and 6,(t) = 1, t > E ,  

(3.4) 

(3.5) 

and the nonnegative function E L2(Q)  given by 

J = (fw - f)+. 
We can prove the very precise approximation result. 
Theorem 3.2. If u and U ,  denote the solutions of (2.10) and (3.3), 

respectively, under  the previous assumptions we have 

UE € i;;, (3.6) 

u, >u,- in& if E >  F > O ,  (3.7) 

(3.8) 
2 & ( 1 %  - ~ I / L ~ ( ( Q )  5 p - f )+ l lL1(Q)  as O *  

Proof. Since 6, is monotone and H is coercive, the existence and 
uniqueness of uE E zL(Q) follows by the results of Bardos [l]. 
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To prove (3.6), we must show that u, 2 $ in Q. Take x = ($ - us)+ E 
E g ( Q )  and note that by (2.8) we have xIc- = 0. Since d,(u, - $) = 0 
whenever $ > U ,  we obtain Hu, = f + [ _> H $  if $ > U ,  and 

H ~ d x  = (H$ - H u ~ )  ($ - u&)+ dx 5 0 ,  s, L? 
since z H x  = (qh - u,)+ H($  - u,) a.e. in &. Hence, using (2.17) 

we conclude x = 0 a.e. in Q and (3.6) follows. 
A similar argument applies to z = (ug - u,)+, by using 

z H z  = zH(up-u,)  = z~[t9,(uE-$)-t9,-(u,--$)] 5 0 in Q, 
since if u,- > uE,  then 6,-(u,- - $) 2 fir( u, - $) 2 6, (u, - $) . 

Finally, remarking that for any v E K+ we have 

[I - &(U& - $13 (v - u,) 1 [1 - 8 & b &  - $41 ($ - u,) 1 -&, 

we first obtain 

L ( H u E  - f )  (v - u,) dx = r[l - 19,(u, - q)] (v - u,) dx 2 - E Cdx. 

Setting v = u in (3.9) and v = u, in (2.10), we conclude (3.8) with the 
(3.9) 

s, s, 
help of (2.17) for w = u, - u 

@ L w 2 d x  < L w H w d x  = S n ( . E - u ) H ( u r - - u ) d x  5 E s, cdx. 

Remark 3.1. The proof of Theorem 3.2 actually also shows the exis- 
tence of the solution u to (2.10), since 0 5 $, 5 1 implies that the approx- 
imating solution u, of (3.3) are bounded in W = {v E E g ( Q )  : vlc- = h ) ,  
uniformly in E > 0. Hence the lower semi-continuity of 

w r t L w H w d x  in W 

allows to  pass to the limit E -+ 0 in (3.9) by showing that if U ,  2 u in 
Eg(Q)  then u solves (2.10). By uniqueness, which is a consequence of the 
coercivity in W ,  the whole sequence converges. 

Remark 3.2. In [8] the existence of a strong solution was obtained with 
a different approximation (see 161) by considering the penalized problem for 
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E > 0, 
1 Hw,- -(+-w,)+ = f in Q, & 

with the same boundary condition w, = h on C. While this is a more 
natural way to penalize the constraint u 2 $, this method does not allow 
to conclude the second inequality in (3.2). 

$4. Stability of the Coincidence Set 

A main feature in the obstacle problem is the presence, in general, of the 
coincidence set 

I = {u  = $} = { X  E Q :  U ( X )  = $(.)}. (4.1) 

In the complementary set A of this measurable subset, from (3.1)) we 
have 

H u  = f a.e. in A = {u > $} = Q\I. (4.2) 

It is clear that, in general, I and A are measurable subsets defined up 
to a null set. This is however sufficient for our purposes in this work, since 
we are interested in their characteristic functions. Set 

As a consequence of (4.2) and property (2.11), we may conclude that the 
solution u of (2.10) solves the equation 

H u  - ( H $  - f ) x  = f a.e. in Q. (4.4) 

This important remark allows us to include the first order obstacle prob- 
lem in the general framework of stability of the coincidence set with respect 
to perturbation of data (see [lo, p. 2041, for the elliptic theory). 

Theorem 4.1. Suppose 21, and Xn = x{un=+n) denote the solution of 
(2.10) and the characteristic function of its coincidence set associated with 
a sequence f,, h, and $n satisfying (2.7), (2.8) and 

f,-+ f inL2(Q) ,  hn+ h inLz(C-) and Qn -+$ i n z i ( Q ) .  

If u and x refer to the corresponding limit problem an which we assume 

€€$ # f a.e. in Q,  (4.5) 

(4.3)
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then the coincidence sets converge in measure, or equivalently 

X n  +- x in L p ( Q ) ,  1 < p <  00. (4.6) 
Proof. We remark 0 5 Xn 5 1, so that there is a function x* E L"(Q), 

0 5 x* 5 1, and a subsequence 

X n  A X *  in L""(Q)-weak*. 

By Proposition 2.1, we know that 

un + u in L2(Q),  

and, from remark (4.4) for un, 

Hun - (H+n - f n )  X n  = fn a.e. in Q. 

So we may pass to the limit and obtain 

H u -  (H+ - f ) x *  = f a.e. in Q. (4.7) 

Comparing (4.7) with (4.4) and using the assumption (4.5) we immedi- 
ately conclude 

x* = x = X{u=$}  7 

i.e., the whole sequence converges X n  -+ x first weakly in Lp(Q) and, since 
they are characteristic functions, also strongly for any p < 00. 

Remark 4.1. As a consequence of Theorem 4.1, we can immediately 
conclude also that tin -+ u in ?;i(Q)-strong under the assumption (4.5)) 
which however is not necessary, as we shall see in Theorem 5.1. 

On the other hand, we know that u is approximated by the solution U ,  

of (3.3), i.e., we have 

HUE - ( H $  - f ) ' q E  = f in Q )  (4.8) 

where we set 

0 5 q, 3 1 - 29,(uE - +) 5 xE 5 1 a.e. in Q. (4.9) 

Here we have introduced xE as the characteristic function of the "ap- 
proximat ing coincidence se t " 

I, = { x  E Q :  +(x) 5 uE(x)  < +(x) + E } .  

To prove (4.9) it is sufficient to recall the definition of 29,: since U ,  2 @ 
always, if u,(z) 2 $(x) + E (i.e. xE(x) = 0), then qE(x)  = 0. 
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As E -+ 0, we may consider subsequences such that 

q, 2 q and xE 2 x* in Lm(Q)-weak* 

for some functions q and x* such that 

(4.10) 

0 5 q 5 x* 5 1 a.e. in Q. (4.11) 

From (4.8) we find 

H u - ( H + - f ) + q  = f in Q. (4.12) 

In the coincidence set I = {u  = +} we have Hu = H+ a.e. and, if we 
assume H+ # f, from (4.12) we must have q = 1 in I ,  since we have always 
Hu 2 f by (3.1). Therefore the nondegeneracy condition (4.5) implies 

Q ?  x = X{u=+} a.e. in' Q. (4.13) 

But the definition of qE and (4.10) with the convergence of u, --+ u in 
L2(Q) yield as E --+ 0, 

0 = (u, - + - &)+ Q& - (u  - +)+ q = 0, 

and this implies q = 0 if u > $, i.e., 

L x = X{u=+} a.e. in Q. 

Then (4.11), (4.13) and (4.14) imply 

q = x* = x = X{,=+}. 
By (4.9) we remark 4: 5 q, and from 

(4.14) 

(4.15) 

we may conclude the strong convergences as e -+ 0 

xE --+ x and q, -+ x in LP(Q)-strong, V p  < 00. 

Then (4.8) implies also Hu, + H u  in L2(Q)-strong, and we have proven 
the following result on the strong approximation of the first order obstacle 
problem by solutions of semilinear hyperbolic problems (3.3). 

Theorem 4.2. Let u, and u denote the solutions of (2.10) and (3.3) 
respectively, under the nondegeneracy assumption (4.5). 

Then,  as E --+ 0,  we have 

uE + u in E i (Q) - s t rong  
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and 

for the strong topologies of LP(Q), V p ,  1 <_ p < 00. 

Remark 4.2. We observe that here the nondegeneracy assumption 
H$ # f a.e. in Q is required, as in Theorem 4.1 on the stability of the 
coincidence sets. Analogously Theorem 4.2 yields a stability in Lebesgue 
measure of the approximation of the coincidence set {u = $}, i.e., we have 

( $ 5  u, < $ + E }  -+ {u = $} in measure. 

$5.  An Estimate on the Coincidence Set 

Let ,B > 0 be the constant of (2.6) and cy > 0, such that 
1 
- I(V - b)(x)l 5 a ,  2 V X  E Q. 

Denote by S the monotone graph corresponding to the sign function, 
i.e., 

S( t )  = 1 if t > 0, S( t )  = -1 if t < 0 and S(0) = [-1,1]. 

Lemma 5.1. For any w E Xg(Q)  and any measurable function s such 
that s(z) E S(w(z)), a.e. x E Q,  we have 

s Hw dx 2 ( p  - a)  L l w l  dx - k-1~1 l d C .  s, (5.1) 

Proof. By the property (2.11), we remark that we have 

s Hw = sign(w) Hw a.e. in Q ,  (5.2) 
where sign(t) = 1 if t > 0, sign(t) = -1 if t < 0 and sign(0) = 0. Hence 
it is sufficient to prove (5.1) with s replaced by sign(w), which can be 
approximated in L2(Q)  by the sequence of functions sg(w) E z$(Q), where 
ss( t )  are smooth functions approximating the sign, such that Isa(t)l 5 1, 
sk 2 0, ss(0) = 0 and sa(t) + sign(t) as 6 -+ 0 for t E R. 

Integrating by parts and setting r n ~ ( t )  = SJ(T) d r  we have 

(5.3)
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Noting that rns(w) + IwI in L2(Q)  and in L;(C) as 6 + 0, from (5.3) 
we obtain 

r 

and (5.1) follows from (5.2). 
Remark 5.1. If P 2 a or if we assume instead 

b o ( z )  - V . b ( z )  2 0 a.e. in Q, (5.4) 

(5.5) 

the estimate (5.1) reduces to s, s Hwdz 2 - ~ - 1 ~ 1  l d C ,  Vw E z&(Q), 
provided s(x) E S(w(z)) a.e. z E Q. 

dence set in the nondegenerate case. 
These estimates may be used “to measure” the stability of the coinci- 

We recall the Lewy-Stampacchia type inequality (3.2) in the form 

0 5 Hu - f 5 (H$  - f)+ a.e. in Q 

and, recalling that the solution u of the obstacle problem also solves the 
equation (4.4)) we have < = C(u) 2 0,  where 

c = Hu - f = ( H $  - f) X{u=?+!I} = (WJ - f)+ X(u=?)}. (5.6) 
Lemma 5.2, Let  ui f o r  i = 1,2 denote the solution t o  (2.10) f o r  data 

fi, hi and +i under  the assumptions (2.6),(2.7), (2.8) respectively and set 
ci = <(ui). T h e n  

IlC1 -<2IlLl(Q) 5 cl (llf1 -2 11L2(Q) +llh1 -h211L:(E-) + Il$1-$211~))  (5.7) 
where C1 > 0 is a constant independent of the  data. 

may assume $1 = $2 = 0 without loss of generality. 
Proof. As in Proposition 2.1, by using the translation argument, we 

From (5.6) for i = 1,2 we obtain 

(5.8)
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We define almost everywhere in Q the measurable function s by 
-1 on (u1 < u2} u ((2 < Cl}, 

4 2 )  = 0 on (u1 = u2}n{C1 = C2}, (5.9) { 1 on (U1 > .2} u {G > Cl}, 

and we observe that s E S(u1 - u2) a.e. in Q .  Indeed, if C2 > (1 2 0, 
by (5.6) and (3.1) we have u2 = 0 and the subset (u2 > u1) n {Cl < <2} 

cannot have positive measure. Similarly the same conclusion holds for 
{u2 < u1) n {Cl > C2} and s given by (5.9) is a.e. well-defined. 

Multiplying (5.8) by s and using (5.1) with w = u1 - u2, we obtain 

s, IC1 - C 2 P X  

= sp(cz -51)sdz = - S Q S H W d X  + L S ( f 1  -f2)dz 

I (a - P )  Iu1 - u2ldll: + S,_lhl - h 2 W C  + s, If1 - f 2 k  s, 
and using the estimate (2.15) we easily conclude (5.7). 

$9 = 0, we may improve the estimate (5.7) by exactly the simpler one 

IlC1 - C211L1(Q) 5 llf1 - f211L1(Q) -l- llhl - h21lL:(E-), 

as a simple consequence of Remark 5.1 and the above proof. 
As an immediate consequence of (5.7) we have the strong continuous 

dependence in Z & ( Q )  of the first order obstacle problem with respect to 
the data. 

Remark 5.2. Under the assumption (5.4) (or if a! 5 p) when $1 = 

(5.10) 

Theorem 5.1. If we assume in the obstacle problem (2.10) 

f n +  f i n L 2 ( Q ) ,  hn+- h i n L g ( C - )  and $ n + $  inEg(Q) ,  

the respective strong solutions satisfy the strong convergence 

u n + u  in Z ~ ( Q ) .  

Perhaps a more interesting consequence of (5.7) can be obtained, exactly 
as in the elliptic theory of [lo], for estimating locally the Lebesgue measure 
of the variation of the coincidence set associated with different data, under 
the local nondegeneracy assumption in an arbitrary measurable subset 0 c 
Q: 

(5.11)
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the coincidence subsets Il = {ul = Ql} and I2 = {u2 = we 
denote by + the symmetric difference 

I1 f 1 2  = I1\& u I 2 \ I 1 ,  

where A\B = A n BC as usual. 
Theorem 5.2. Under the assumption (5.11), we have 

C1 
('1 5 X(ll.fl -.f211Lz(Q) +Ilhl -h211,5;(x-) +Il'$l -'$21Iw). 

(5.12) 
( 

Proof. It suffices to remark from (5.6) that (5.11) implies 

Ix{ul=lcIl) - x { ~ ~ = $ ~ } I  L Ici - (21 ax. in o 
and, using (5.7), (5.12) follows from 

Remark 5.3. Under the additional assumptions (5.4) and q1 = '$2 = 0, 

1 
(5.12) reduces to 

meas(' (r.1 = O} f U 2  = O})) 5 ,(llfl - f2 l lLl (Q)  + llhl - h211~:(~-)) .  

56. The Stability of the Evolution Problem 

In this section we set Q = Rx]O, T [ ,  T > 0, and C' = dRx]O, T [ ,  with 
the assumptions of Section 2 and where R c IW" with N = n + 1. 

Then C = dQ = C' U Ro U RT (0, = R x {k}, k = 0 ,T )  and we redefine 
x = (21, - - - , xn) E R,  XN = t E [0, TI, bi = ai, i = 0,1, - - , n, and we set 
b~ = 1. Then the first order evolutionary operator becomes with dt = d / d t :  

Hu = dtu + a - Vu -+ a0 u = dtu -+ Au, 

- 

where the coefficients ai, i = 1, - , n belong to C1 (a), a0 E Loo (Q) and 
may depend on t but do not satisfy necessarily the coercivity assumption 

(2.6). We still define ! = f(x,t) = 1 5 niai(z,t)l along C', with the exter- 

nal normal n to R,  and analogously the norm of Z i ( Q )  is given by (2.3), 
where now 

i=l 
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The strong formulation of the evolutionary first order obstacle problem 
can now be rewritten in the form 

u E Z+) U I C L U R ~  = h:  (8,. + AU - f) (U - U )  dxdt 2 0 ,  V U  E K+. 

(6.1) 

h l c ~  = g E L:(C'_) and hlno = uo E L2(0) (6.2) 

s, 
Here K+ and k+ are given also by (2.9) and 

for g = g ( s , t )  and uo = UO(Z) compatible with the obstacle in the sense of 
(2.8). 

It is clear that all the results of the preceding sections still hold for the 
solution of (6.1) as a consequence of the following proposition. 

Proposition 6.1. Under the preceding assumptions (2.7)) (2.8), (6.2) 
the unique strong solution of (6.1) satisfies the estimates (2.15) and (3.2). 

Proof. If the operator H = dt + A does not satisfy the condition (2.6), 
we consider a constant p > 0 such that, for all t E [O,T], 

1 
p + a o - -  2 ( V - a )  2 ,B > 0, V X E ~ .  (6.3) 

Setting u = ept G it is easy to see that G solve the coercive problem 

with f^= e-pt f )  ̂h = e -p t  h and $ = e-pt $) for which all previous results 
apply. 

When Q is a cylinder, we may use the integration by parts formula (2.4) 
in a subset Qb,t = Rx]a, t [ ,  0 5 a < t < T ,  in the following form for any 
w E Zg(Qb, t )  and X E Iw: 

lrl w(&w + Aw) eXt dx d t  = 

+ lT 1, (a - n) w2 ext d7 d r  + [w2 (7) exr - w2 (a )  eAb] dx. 
(6.4) 

In order to consider the stability of the evolutionary problem as t -+ 00 

We shall assume from now on that the coefficients of A are time inde- 

ai = ai(x) E C'(n), i = l , . . .  ) n )  and a0 = ao(x) E L"(R), (6.5) 

we need to consider first the corresponding stationary problem in 0. 

pendent, i.e., 
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and coercive, i.e., satisfying (6.3) with p = 0. 

l ( z )  = la(z) - n(z)l and we consider the Hilbert spaces 

Li(i2) = {w E L 2 ( n ) :  Aw E L 2 ( n ) }  

Decomposing I? = 30 as in Section 2, we set I?- = {u  E 30 : a - n < O}, 

and - 
~i(i2) = {W E L ~ ( R ) :  w(r E L;(r)) 

and we also consider in Z%(n) the norm 

For the stationary problem, we assume 

f# E L 2 ( n ) ,  g# E L;(r-)  and $# E Z$(n) with $# 5 g# on I?-, 
(6.7) 

and we consider the convex sets - 
= {w E L2(R) : w 2 $J# a.e. in R} and Kk# = K;# n Zi(f2). 

(6.8) 
Under the coercivity assumption (6.3) with p = 0 all the results in the 

previous sections also apply to the first order stationary problem: 

U # E Z ~ , ,  U#lr-=g#:  j ' ) ~ U # - f # ) ( U - U # ) d x  2 0, v ~ E K ~ # .  

(6.9) 
Let, for t E [0,00[, 

Theorem 6.1. 
as t + 00, then the solution u(t) of (6.1) is asymptotically stable in the 
sense 

u(t)  -+ u# in ~ ~ ( 0 )  as t -+ 00, (6.12) 

where u# is the unique strong solution of (6.9). 

(6.6)

(6.10

(6.11)
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Proof. Using the translation argument we may assume that 4 = $# = 0 
without loss of generality, since the assumption (6.11) reduces to (6.10) for 
the corresponding translated data.. 

Since u(t)  and u# satisfy the complementary problem (3.1), by integra- 
tion in iR first and, afterwards multiplication by eSt, we easily obtain for 
w ( t )  = u(t)  - u# and r > a 2 0, 

lTk w(&w + Aw)  ept dx d t  5 

5 JTL w2 ept dxdt + $ I'J, I f  ( t )  - f # 1 2  ept dxdt.  
U (6.13) 

On the other hand, using the formula (6.4) with X = ,8 and neglecting the 
nonnegative terms, by (6.3) with p = 0, we obtain 

lTl w(&w + Aw) ept dxdt 

Hence, combining (6.13) with (6.14) we have for all r > a 2 0, 

eR'J w 2 ( r )  dx - epa J w2(o)  dx 
R R 

which implies the estimate for all t > 0, t o  2 0: 

(6.16) 
where ,8 > 0 and C p  = (1 V $) [1+ (1 - e-p)>-l],  by well-known results (see 
Remark 6.1, below). 

From (6.16) with to = 0 we obtain first that u - u# is bounded in 
Lo3(0,00; L2(iR)) and, afterwards, that ( ( t )  -+ 0 as t -+ 00 implies the 
conclusion 

(6.14)

(6.15)



250 J. F. RODRIGUES 

Remark 6.1. This type of global behaviour of solutions is similar to 
other nonlinear evolution equations (see, for instance, [9]), in particular, in 
monotone parabolic variational inequalities. The passage of (6.15) to (6.16) 
follows by the elementary standard estimate (after changing variables) I' p(to + S) e'(s-t) ds 

where Mt = sup [ ( T )  and [( t )  = J : + ' p ( ~ ) d r  as in (6.10). 
t<r<t+to 

As in Section 4 we can also show that (6.12) with the nondegeneracy 
condition (4.5) for the stationary problem yields the asymptotic stability 
of the coincidence sets. 

Theorem 6.2. Under the assumptions of Theorem 6.1, let the condition 
(4.5) be fulfilled for $# and f#. Then, if X ( t )  = X { u ( t ) = Q ( t ) }  and x# = 
X { ~ # = Q #  1 denote respectively the characteristic functions of the coincidence 
sets of the evolutionary and the stationary problems (6.1) and (6.9), we have 

X ( t )  -+ x# in LP(R), 1 < p <  00 as t -+ 00. (6.17) 

Proof. We can argue as in the proof of Theorem 4.1, by passing to the 
limit t -+ 00 in the equation for u = u(t)  

Hu- (H$  - f ) x  = f a.e. R, t > 0, (6.18) 

in the sense of distributions, by noting that u(t) -+ u# in L2(R) implies 
&u(t)  2 0 in a weak sense. Here we can use the argument of Lions (see [6], 
p. 509) for the translated functions w(t) = u(t)  - $(t) and w# = u# - $cI#, 
by noting that G(t)  = w(t) - w# -+ 0 as t -+ 00 in the sense 

1 4"' l l~(~)11~2(n) d7- = IlG(a + t)112,2(,) da -+ 0. 

Then the argument of Theorem 4.1 shows first that, if we denote by 
2 E L"(0, CQ; L"(0, 1; L"(R2))) the function 

?(t):  ]0,1[ 3 a -+ x ( a + t )  E L"(O,oo;L"(R)), 
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we obtain from (6.18) that as t + 00 

g( t )  + g# = x# first in L"(0, 1; L"(R))-weak*, 

and, since they are characteristic functions, also strongly in LP(0,l; Lp(R)) 
for any 1 5 p < 00, which yields (6.17). 
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Abstract 

Consider any traveling wave solution of the Kuramoto-Sivashinsky equa- 
tion that is asymptotic to a constant as 5 -+ +oo. The authors prove that 
it is nonlinearly unstable under H 1  perturbations. The proof is based on 
a general theorem in Banach spaces asserting that linear instability implies 
nonlinear instability. 
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$0. Introduction 

The Kuramoto-Sivashinsky equation 

U t  + u,,,, + u,, + uuz = 0 

was derived by Kuramoto [2] as a model describing phase turbulence in 
reaction-diffusion systems and independently by Sivashinsky [3] as a model 

(0.1) 
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of flame propagation. There are many numerical and some theoretical re- 
sults showing that some of its solutions engage in very complicated dynam- 
ical behavior. 

A traveling wave solution u = cp(x - ct) satisfies, after one integration, 
the third-order equation 

1 
p”’ + cp’ + -(p 2 - c )2  = Ic (0.2) 

where lc is a constant. A special case is a steady state c = 0. This ordi- 
nary differential equation has been studied extensively. Numerical studies 
[6 - 201 indicate the existence of heteroclinic and homoclinic orbits, as well 
as periodic and quasiperiodic solutions. Theoretical results include the ex- 
istence of periodic solutions and heteroclinic orbits [4,5]. In particular, 
Troy [4] proved that if lc = 1, there exist at least two distinct odd solutions 
of (0.2) such that cp(z) --+ c 7 fi as z + foo. He conjectured that there 
are an infinite number of different ones. Furthermore for k # 1 there are 
probably many others. 

In this paper we consider any traveling wave solution cp(z - ct)  of (0.1) 
that approaches a constant as x + +co. Then we consider solutions u ( x ,  t )  
of (0.1) with initial data u(x,O) arbitrarily near cp(z) in the H1(R) norm. 
We prove that there exist such solutions that do not remain near cp(x - ct)  
in the H1(R) norm at some later times. The instability of the traveling 
waves is a hint of the complexity of the dynamics of (0.1). 

Our proof is based on the principle of linearization. We prove that the 
essential spectrum of the linearized generator meets the right half-plane 
and thus generates modes ext with RX > 0 (Lemma 2.1). Then we invoke 
a general theorem that asserts that  linearized instability implies nonlinear 
instability (Theorem 1.1). 

Theorem 1.1 is a slight generalization of an earlier theorem [ 13 concerning 
nonlinear semigroups in a Banach space X .  In the present case we have 
two Banach spaces X c 2, the linear semigroup is smoothing (mapping 
2 into X ) ,  while the nonlinear term loses regularity (mapping X into 2). 
The gain and loss of regularity compensate for each other. 



INSTABILITY OF TRAVELING WAVES 255 

$1. The Abstract Theorem 

Consider an evolution equation 
du 
dt  
- = Lu + F ( u ) ,  

where L is a linear operator that generates a strongly continuous semigroup 
etL on a Banach space X, and F is a strongly continuous operator such that 
F(0)  = 0. We focus on the instability of the zero solution of equation (1.1). 
About such a problem, the following question was addressed in a previous 
article [I]. 

If the spectrum of L meets the right half-plane {RX > 0}, does it follow 
that the zero solution of (1.1) is nonlinearly unstable? 

Here, the zero solution is called nonlinearly stable in X if for any E > 
0 36 > 0 such that lluollx < 6 implies that  the unique solution u E 

C([O,m); X) of equation (1.1) with u(0) = uo satisfies sup Ilu(t)Ilx < E .  

Otherwise, it is called nonlinearly unstable. 
In [I], the authors considered the whole problem in only one space X, 

that is to say, the nonlinear operator maps X into X .  However, many 
equations possess nonlinear terms that include derivatives and therefore 
F maps into a larger Banach space 2. If, therefore, the linear part is 
smoothing, mapping 2 back into X ,  then we can recover the nonlinear 
instability as before. This is the content of the following theorem. 

O<t<CO 

Theorem 1 .l. Assume the following. 
(i) X ,Z  are two Banach spaces with X c 2 and 1 1 ~ 1 1 . ~ -  5 C1IIullx for  

U E X .  
(ii) L generates a strongly continuous semigroup etL on  the space Z ,  and 

the semigroup etL maps Z into X for t > 0 ,  and sd ( (e tL ( (Z+X dt  = C4 < 

(iii) The  spectrum of L on  X meets the right half-plane, { E X  > O } .  
(iv) F : 

Then  the zero solution of (1.1) is  nonlinearly unstable in the space X .  
Remark 1.1. If 2 = X, the theorem reduces to the theorem in [I]. 
To prove the theorem, we need the following two lemmas cited from 

[I]. For brevity, the proofs of the lemmas are omitted. The first lemma 

00. 

X + 2 is  continuous and 3po > O,C3 > O , Q  > 1 such that 
I lw4l lz L C3llUll% f o r  Ilullx < Po. 

(1.1)
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asserts the existence of an approximate eigenvector w corresponding to an 
eigenvalue of maximal growth. 

Lemma 1.1. Let the spectrum of eL on X be denoted by  ox(eL). Let 
ex E ox(eL) such that IexI equals the spectral radius of eL on X .  For every 
q > 0 and every integer m > 0,  there exists 21 E X such that 

ll(emL - ernX)~11x < ~11~11X, (1.2) 
( ( e t L w ( l X  5 2 ~ e ~ ~ ’ ( ( w ( ( x ,  V t ,  o 5 t 5 m, (1.3) 

where K = sup{ IleeLllx+x : 0 5 8 5 I} and RX means the real part of A. 

mately the same rate as the eigenvalue. 

exists a constant CE so that for all 0 5 t < 00 we have 

The second lemma asserts that the whole semigroup grows at approxi- 

Lemma 1.2. Under the assumption of Lemma 1.1, for all E > 0,  there 

Proof of Theorem 1.1. If u E C ( [ O , T ) ; X )  (T 5 00) is a solution of 
(1.1) with initial data u ( 0 )  = 21 E X, then it formally satisfies the associated 
integral equation 

J o  
We are going to prove that there exists a universal constant €0 > 0 such 
that sup Ilu(t)Ilx > €0 no matter how small llwllx may be. 

O<t<T 
Let us first define some quantities used below. Let 

x p = e  

as in Lemma 1.1. Choose 
(a  - 1)RX 

2 
€ =  

and C, as in Lemma 1.2. Let Cz = ((eL((z.+x. Define k by 

Let 6 be free to remain arbitrarily small within the interval (0,60) with 

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)
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Let T* be the integer in the interval (b ,  b + 11 where 
1 

b = In ( ~ ) / l n l p l  > 0. (1.9) 

Note that (1.5) and (1.9) imply that 

(1.10) 

and T* is dependent on 6 as well as on p and k .  We may assume that the 
zero solution is stable. Thus there exists 6' > 0 such that if Ilvllx = 6 < S', 
then there exists a unique solution u E C( [0, 00); X) of the integral equation 
(1.4). Let v be given by Lemma 1.1 with m = T* and q = 3, we take 
Ilvllx = S. Now define 

(1.12) 1 Po I ~ u ( r ) ~ ~ x  < 2 for O < r 5 t . 

Clearly T > 0. By (1.4) we have, for 0 < t 5 min{T*, T } ,  

t 
I le(t-T)L I I z-bx (1.13) 

Taking E = V R X  in Lemma 1.2 and using the assumptions of the theo- 
rem, we have 

I I F ( U ( 7 ) )  I Iz dr .  
+ Ll 

Jt-1 

Within these integrals we use (1.3) and (1.12) to obtain 

Substituting (1.15) into (1.14), we have 

Ilu(t) - etLvIIx 

(1.14)

(1.15)
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by (1.7). Then we have 
k"-1 

21PI" 
~ ~ u ( t )  - etLwIIX < - (JeRXt)" for 0 5 t 5 min(T,T*). (1.16) 

Now if T 5 T*,  then we claim that l/u(T)Ilx 2 y .  Indeed, if T 5 T* 
and llu(T)Ilx < 9, then by definition (1.12) of T ,  we have 

(1.17) 

Combining it with (1.16) for t = T ,  we obtain 

that is, 

deRXT > p I PI (1.18) 

which means T > T* by (1.11) and leads to a contradiction. Thus the claim 
is proven. Next, if llu(T)Ilx # 9, we have T > T*.  Choose t = T* so that 
by (1.11) we have 

so 
1 

2k Il.(T*)llx 2 IleT+Lullx - - *  (1.20) 

On the other hand, taking m = T* and q = & in Lemma 1.1, (1.2) implies 

(1.11) 
6 1 6  

IleT*Lvllx 2 eRXT*6 - - > - - - 
4k k 4 k '  

(1.19)
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Hence (1.20) implies 
1 6 1  1 

IlU(T*)llx 2 - - 5 > - 7  4k 

since 6 < 1. 
Therefore, there exists a time t (either T or T*)  a t  which 
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(1.21) 

and €0 is a universal constant independent of the size of the initial data v. 
Remark 1.2. The proof shows that there exist C > 0 and €0 > 0 such 

that for all sufficiently small positive S, there is a solution u that satisfies 
IlU(0)IlX < 6 but 

SUP Ilu(t)ll L €0-  
o < t < q  log 61 

Thus the escape time occurs logarithmically soon. 

$2. Application to the 
Kuramoto-Sivashinsky Equation 

The Kuramoto-Sivashinsky equation in one dimension is 

-00 < x < 00. 
1 
2 

With u = w, it can be written as 

vt + vx4 + v,2 + - (vx)2 = 0, (2.1) 

(2.2) U t  + ux4 + ux2 + uux = 0, --oo < x < 00. 
If cp(x-cct) is a traveling wave solution of (2.2), then cp satisfies the ordinary 
differential equation 

1 

where k is a constant. If c = 0, then cp is a steady-state solution. Troy [4] 
proved that if k = 1, then equation (2.3) admits a t  least two odd solutions 
satisfying 

cp‘//  + cpl + ,(cp - c)2 = k (2.3) 

lim cp(x> = c - fi, lim p(x) = c + h. 
X + C C  2-b-m 

The goal of $his section is to prove the following theorem. 

Sivashinsky equation satisfying cp E Lm(R), 
b+ E L2([0 ,  00)) are nonlinearly unstable in the space H1 (R). 

Theorem 2.1. All the traveling waves cp(x - ct) of the Kuramoto- 
cpxl c p z x  E L2(R) and cp - 
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This means that there exist positive €0 and Co, a sequence { u n )  of s o h -  
tions of the K-S equation, and a sequence of times 0 < t n  < Cologn such 

If cp(z - c t )  E H1(R) is a traveling-wave solution of the K-S equation 
that Ilun(0) - cpIIHl(R)  0 but l lUn(tn> - cp(' - ctn)llHl(R) 2 €0. 

(2.2)) then letting w(z, t )  = u(z,  t )  - cp(z - c t ) ,  we have 

~t + ~ , 4  + W,Z + C ~ W ,  + C ~ Z W  + W W ,  = 0, --OO < z < 00) (2.5) 

with initial value 

w(z,O) = wo(z) uo(x )  - cp(x). (2.6) 

So the stability of traveling-wave solutions of (2.2) is translated into the 
stability of the zero solution of (2.5). In order to prove Theorem 2.1, taking 
2 = L2(R), X = H1(R), we need to prove that the four conditions of 
Theorem 1.1 are satisfied by the associated equation (2.5). 

Denote the linear partial differential operator in (2.5) by L = -(a," + 
8; + cpd, + cpz) LO - [ ( cp  - b+)& + cp,] with LO = -(@ + a: + b+&). 
Then (2.5) may be rewritten in the form (1.1)) 

W t  = Lw + F ( w ) ,  

I IF(W>IIL2 L Il4l?P - 

(2.7) 

where F (w)  = -ww,. Note that F maps H1 (R) into L2 (R) and satisfies 

This proves Condition (iv) of Theorem 1.1 with C3 = 1 and a = 2. 

mas. 

Then 

To prove Condition (ii) in Theorem 1.1, we need the following two lem- 

Lemma 2.1. Let Lo = - (a," + 8; + b+O,) for any real constant b+ . 

lletLoIIHrn+Hrn 5 e i  for  m E R, o 5 t < 00, (2.8) 

~ l e ~ ~ o ~ l p + H i  5 a( t>  z 4t-a for  o < t 5 I .  (2.9) 

Proof. We write u(z,  t )  = etLouo(z). By Fourier transformation, 

~(0 t )  ,5-t(t4-t2+it) 60 (8 * 



INSTABILITY OF TRAVELING WAVES 26 1 

J -00 

Hence 

IletLolIHm+Hrn 5 ea. 

On the other hand, letting s = t2, we have 
00 

llu(t)11&1 L SUP f ( 4  1 P o ( t ) l 2  4 
sER+ -00 

with f(s)  = (1 + ~ ) e - ~ ~ ( ~ ~ - ~ ) ,  t > 0. Elementary computation shows that 

Thus 

and 

since e i  5 ea < 2. Thus Lemma 2.1 has been proved. 
The following lemma proves Condition (ii). 
Lemma 2.2. Let L = -[a,4+~~+cp(z)d,+cp'(z)J = Lo-(cp-b+)d,-cp, 

with cp E LO"@), cp, E L2(R), x [ ~ , ~ ) ( c p  - b+) E L2(R). Then  
J ~ ~ ~ ~ I I L ~ + H ~  5 ~ 5 t - i  for  o < t 5 I, (2.10) 

IletLIIH1+H1 5 CS < 00 for  o 5 t 5 1, (2.11) 

where the constants C5,CG are defined by (2.17), (2.20) below. 
Proof. Consider the initial value problem 

ut = Lu = Lou - [cp(z) - b+]a,u - ( p ' ( X ) U ,  

u ( z , O )  = UO(Z), x E R. 

Then u(x,t) = etLuO(z), t 2 0, z E R. Thus 

e(t-T)Lo[(cp - b+)&u + cp'u] d7. 
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By iteration, 

+ ( A  + B)2 1 lT ~ ( t  - T)U(T - s)llu(s>llel d s d r .  
(2.14) 

The second term on the right side of (2.14) is 

( A  + B) I t  - +(~)Il'L10lIL2 

= ( A  + B)(luoJIp 

(2.15) = 16(A + B)CgtilluollL~ for 0 < t 5 1, 

where Cg = s,'(l - r)-ar-a d r .  By exchanging the order of integration, 
we get from the third term on the right side of (2.14), 

4(t - r)-a4r-a d r  I I  

a( t  - T)U(T - s ) l l u ( s ) I I ~ ~  dsdT 

I t 
= [ I  a( t  - T)U(T - s )  d r  I I u ( s ) I I H I  d s .  

Now 

(2.12)

(2.13)
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lt u(t - ~ ) u ( r  - s )  d r  

= 16[ ( t  - r ) - i ( r  - s)-i d r  

= 16c8(t - s ) +  5 16c8 for o < s 5 t 5 1. 

Therefore (2.13)-( 2.16) imply 

llullH1 5 [a(t> + 16C8(A f B)]11uOllL2 

+ I t  16C8(A + B ) 2 1 1 u ( s ) J I H 1  ds for 0 < t 5 1. 

By Gronwall's inequality, we get 

(2.16) 

llull~l 5 + 16c8(A+B)]e~p[16c8(A+B)~t]lluoll~~ for 0 < t 5 1. 

So with the constant 

CS = [4 + I ~ C ~ ( A  + ~ ) l e ~ ~ ~ 8 ( ~ + ~ ) ~ ,  (2.17) 

we have 

llullHl 5 ~ s t - i l l u o l l L 2  for o < t 5 1. (2.18) 

Thus (2.10) has been proven. To prove (2.11), replacing the first term on 
the right side of (2.12) by I(etLoIIH1.+H1 ~ ~ U O I ( H I  and using (2.8), we have 

I lu( t ) l l~1 5 e t l l u o l l H 1  + ( A  + B )  

Similarly iterating and computing as above, we obtain 

a( t  - 7)11u(r)11H1 d7 for 0 < t 5 1. 

(2.19) 
It 

Ilu(t)llHi 5 [2 + 16(A + B)]e16C8(A+B)2 llUOllH1 

c6l luOllH1 for O < t 5 1. (2.20) 

Hence (2.11) is proven and the proof of Lemma 2.2 is finished. 
We now proceed to verify Condition (iii) of Theorem 1.1. Formula (2.11) 

in Lemma 2.2 means that L generates a strongly continuous semigroup on 
the Banach space H1 (R) (see [22]). By Fourier transformation, the essential 
spectrum of LO on H1 (R) is 

a,(&) 3 {-t4 + t2 - ib+<lt E R}. (2.21) 

This curve meets the vertical lines ReX = a for -m < Q! 5 f because 
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-00 < -t4 + t2 5 a. We now prove that the same curve belongs to the 
essential spectrum of L. 

Lemma 2.3. The essential spectrum of L on H1(R) contains that of 
LO. 

Proof. Let c E R and let X = P ( [ )  = -c4 + t2 - ib+<. Following 
Schechter [23], X E ae(L)  if there exists a sequence {Cn} c H1(R) with 

IlCnllHl = 1, II(L - X)CnllHl + 0, 
and {Cn} does not have a strongly convergent subsequence in H1 (R). (Here 
we use the definition: X # oe ( L )  if and only if L - X is Fredholm with index 
zero.). Now let co f 0 be a C" function with compact support in ( 0 , ~ ) .  
Define 

where cn is chosen so that llCnllH1 = 1. In fact, 

llCnIlL2 = C n l l C O l l L 2  and 1 = IICnllHl 5 kcn 
for some positive constant I c .  Hence cn 2 > 0. Since l l C n l l ~ m  + 0 but 
I I C n l l ~ 2  is bohded  away from zero, {Cn} can have no convergent subse- 
quence in L2 (R) . 

It remains to show that II(L - X)CnllH1 + 0. We write 

L - X = Lo - X + ('p - b+)& - 'pz. 

Now elementary computations show 

Thus 
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So from the estimates above, 

II(L - X)CnllHl -+ O as n -+ 00. 

The proof of Lemma 2.3 is completed. 

linearized equation (2.5) and Theorem 2.1 has been proved. 
Therefore all the four conditions of Theorem 1.1 are satisfied by the 
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Abstract 

The authors study the asymptotic behaviour of solutions of the heat 
equation and a number of evolution equations using scaling techniques. It 
is proved that in the framework of bounded data stabilization need not 
occur and the general asymptotic behaviour is complex. This behaviour 
reflects for large times, even on compact sets, the complexity of the initial 
data a t  infinity. 
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51. Introduction 

In recent decades much attention has been paid to the study of the 
long time behaviour of suitable classes of solutions of partial differential 
equations using the concepts of dynamical systems. Such concepts, like 
orbit, omega-limit and attractor, were introduced in the first half of the 
century for the investigation of systems of ordinary differential equations, 

267 
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which are finite dimensional instances of dynamical systems, and were suc- 
cessfully extended to the infinite dimensional framework. Here we want 
to combine these ideas with the property of invariance under the scaling 
group to obtain results on the complex large time behaviour of a number 
of evolution equations with a simple structure when they are posed in the 
set of bounded measurable functions defined in the whole space, Lm(RN) .  
Invariance under the scaling group allows the equation to copy in certain 
way the behaviour of the initial data at infinity of the space variable into 
the behaviour of the solution u = u(.,t) for large t. The results apply to 
the classical heat equation, which we take as a model, but also to a large 
number of evolution equations like the porous medium equation, the p 
Laplacian equation, the wave equation, and scalar conservation laws. Scale 
invariance is at the heart of our argument. However, it is really necessary 
only in a weak form called quasi-invariance. This will allow our theory 
to be extended to homogenization problems, equations involving reaction, 
convection and diffusion, and the equations of fluid mechanics. The space 
Lw(RN) plays an important role in providing for a setting where complex- 
ity occurs in the asymptotic behaviour of the above-mentioned equations. 
Thus, the evolution problems under consideration are usually well-posed in 
other, functional spaces like LP(RN), for some 1 < p < m, and the asymp- 
totic behaviour can be then rather simple, reflecting the simple structure of 
the equation. Consider for instance the heat equation. When we consider 
solutions defined in RN it is well known that every solution with initial data 
uo E L'(RN) converges as t -+ 00 towards a multiple of the fundamental 
solution, the one which has the same integral, 

When the space domain is a bounded set R c RN and we take homogeneous 
Dirichlet conditions the typical space is L2(R), the convergence to a unique 
type of profile takes place after multiplying by where A1 is the so- 
called first eigenvalue. A similar result happens for homogeneous Neumann 
conditions. In the setting of almost periodic functions solutions posed in 
RN converge to the space average of the initial data. Similar simplicity 
occurs for many of the equations mentioned above. We will prove below 

(1.1)
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that, on the contrary, the simple behaviour is lost when L"(RN) is taken 
as the functional setting. 

The rest of this paper is organized as follows. In Section 2 we present the 
main results and techniques developed in this paper in the simple example 
of the linear heat equation. Section 3 contains the analysis of the behavior 
of the initial data under scaling. In Section 4 we present the extension to 
an abstract setting of the results of Section 2 on the heat equation. In 
Section 5 we return to the heat equation to make some earlier results more 
precise. Section 6 is devoted to nonlinear heat equations as the porous 
media equation and the pLaplacian one. In Section 7 we analyze the 
interesting case of scalar hyperbolic conservation laws in one and several 
space dimensions. In Section 8 we extend the analysis done in L" to 
other LP spaces to cover other existing results. In Section 9 we point out 
that the compactness requirements may be often avoided in the context of 
linear evolution equations. Finally, in Section 10, we observe that most of 
the results of this paper can be adapted to situations where the equation 
under consideration is not invariant under the scaling transformation but 
is quasi-invariant in an appropriate sense that we define. 

$2. The Heat Equation 

In order to introduce the methods and results in a simple setting we 
consider in the first place the linear constant-coefficient heat equation posed 
in RN with N 2 1, 

U t  = AU in Q = RN x (0,00), 

We want to analyze the asymptotic behaviour of solutions as t -+ 00. It is 
easy to see that for suitable initial data there exists a constant c E R such 
that u(. , t)  -+ c in L"(RN) as t -+ 00. This happens at  least in two cases. 

(i) When uo = c + f with c E R and f E Lp(RN) for some p E [I, 00) , 
and 

(ii) When uo is periodic. 
In the first case the solution converges to c with a polynomial rate, in 

the second one the asymptotic c is the average of the initial datum on a 
periodicity cell and the convergence rate is exponential. Obviously, the 

(2.1) { U ( Z , O )  = U ~ ( Z )  in R ~ .  
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constant is not the only possible asymptotic regime. This can be easily 
seen considering for instance 

(iii) initial data in 1D with two different asymptotic values ch at foo .  
In this case it can be proved that the asymptotic behaviour is given by 

the special solution of the heat equation with piece-wise constant initial 
data of Heaviside type, uo(x) = H ( x )  with 

H ( x )  = c+ for x > 0 (resp. H ( x )  = c- for x < 0) (2.2) 

(cf. end of this section). 
The first goal of this paper is to describe what are all the possible as- 

ymptotic regimes of the solutions of the heat equation and other evolution 
equations for bounded initial data. I t  is natural to address this problem by 
means of scaling techniques. Given a solution u(x, t )  of the heat equation 
and a constant X > 0 we introduce the rescaled function 

ux(x, t )  = u(Xx, X 2 t ) .  (2.3) 
The key point is that ux solves the heat equation with initial data uo,x(x) = 
uo(Xx). Due to the Maximum Principle we have for every (x, t )  that Iu(x, t)l 
5 I I u ~ I I ~ ~ ( ~ N ) ,  and the same bound applies to ux for all X > 0, i.e., it  is 
uniform in A. By standard compactness results for the solutions of the heat 
equation we conclude that along a subsequence A, -+ oo we have 

u0,x 2 $ in L"(RN) weak-star, 
ux 2 v in LEc(Q). 

Moreover, the limit function v solves the heat equation with initial data $. 
In particular, for t = 1 we have 

. 

ux(x, 1) -+ v(x,I) in L m ( K )  
uniformly on any compact subset K c RN. This can be re-written as 
follows: 

By setting X2 = t we deduce the convergence of the rescaled orbit 

as t --+ 00 along a suitable subsequence. 
Let us now denote by St the semigroup generated by the heat equation, 

defined by (Stuo)(x) = u(x,t). Then v(x, 1) = ,914. Summing up, we 
obtain the following result. 

(2.4)

(2.5)
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Theorem 2 , l .  The set of accumulation points in Lgc(RN)  of u ( f i x ,  t )  
as t -+ 00 coincides with the set { & ( $ ) } ,  where $ ranges over the set of 
accumulation points as X -+ 00 of the family  {UOJ : X > 01 in the weak-star 

Proof. The direct part has already been settled. For the converse, 
suppose that u is a bounded solution u(z , t )  defined for x E RN and t > 0, 
and assume that we have a sequence t ,  -+ 00 such that 

u(&z,t,) -+ w(z) in L ~ ~ ( R ~ ) .  

topology of L" (RN). 

We can write this as 

ux,(x, 1) + 4.) in G C ( R N )  
with t ,  = X i .  On the other hand, by standard theory, a bounded solution 
u has a bounded initial trace uo at t = 0. But the family of rescalings of 
the initial data UOJ, (x) = uo(X,z) is bounded in Loo(RN), hence relatively 
compact in the weak-star topology. This means that, along a finer subse- 
quence, uo,x,(z) 3 $(z) for some $ E L"(RN). By the direct proof we 
know that w = S1($). 

Remark 2.1. The time t = 1 in S1 is taken for convenience and can 
be replaced by S, for any r > 0 after changing the function u ( f i z ,  t )  into 
u(( t /7) ' /2  z, t ) .  In any case, it must be pointed out that  the map S1 has a 
regularizing effect on the set of accumulation points of U O J :  all functions 
of the form S l ($ )  are C" smooth and enjoy certain a priori bounds (cf. 
Section 5). 

Therefore, the key point in our project is understanding the set of ac- 
cumulation points (i.e., accumulation functions) of the family U O J .  The 
following section will be devoted to analyzing this question. We will show 
that in the setting of bounded data the situation can be quite complex. We 
advance a remarkable result, which will be proved in that section. 

Given any bounded sequence { g j  : j = 1 , 2 , . - . }  in 
L"(RN) there exists a bounded funct ion uo E L"(RN) such that the set 
of accumulation points of the family { U O J ] ~  as X -+ 00 in the wealc-star 
topology of L"(RN) contains the whole sequence { g j } .  

As we will see, the set of accumulation points that contains an infinite 
sequence will be larger than just this set of points, indeed it can contain a 
continuum. As an immediate consequence of the two previous results we 

Theorem 2.2. 
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have 
Corollary 2.1. For every bounded sequence { $ j  : j = 1 ,2 ,  - - - } in 

Lm(RN) there exists a bounded function uo E L"(RN) such that, if u(x , t )  
is the corresponding solution of the heat equation, the set of accumulation 
points of u(&x, t )  as t -+ 00 in L z c ( R N )  contains the family (5'1 ( 4 j ) ) .  

To conclude this section we note that the particular results on the as- 
ymptotic behaviour mentioned at the beginning of the section can be eas- 
ily understood in this framework. In the case (i) when uo = c + f with 
f E L1(RN) n L"(RN) the unique limit of U O , ~  is the constant c,  and the 
corresponding solution of the rescaled problem in the limit is 21 = c. On the 
other hand, when uo is periodic, the unique accumulation point of u o , ~  is 
the average of the initial data on the periodicity cell and the corresponding 
solution v is this constant. Finally, in example (iii) the asymptotic limit 
has the form v(x ,  t )  = V ( z t - 1 / 2 )  where V = S1 H ,  H being the Heaviside 
function (2.2). 

$3. The Scaling of Bounded Data 

Let us now return to general theory. We are interested in describing the 
possible behaviour of bounded functions at  infinity using as a tool the action 
of the scaling group G = {Gx}x>o. G acts on the space X = L"(RN) by 
the formula 

Definition 3.1. We define the scaling omega-limit set of any function 
f ,  or G-omega-limit set, as the set G,( f )  of all accumulation points of the 
family Gx( f )  as X -+ 00 in the weak-star topology of Lo3(RN), o(LD0, L1). 
In the usual notation of dynamical systems we write 

G ~ ( . o  = n r r + ( f ) ,  (3.2) 
r> l  

where ~$(f) is the forward G-orbit off  starting at X = r ,  ~$(f) = {Gx(f) : 
X 2 r }  and the closure is taken in the weak-star topology. 

Since the space L1(RN) is separable, the above topology restricted to a 
ball B, = { f E Lo3(RN) : 191 5 c }  is metrizable and we can characterize the 
G,-limit sequentially. Thus, G,(f) is the set of functions g E L"(RN) 

(3.1)
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such that there exists a sequence A, + 00 and Gx, f + g weakly-star. We 
also have 

Lemma 3.1. T h e  group acts continuously o n  X endowed with the weak 
s tar  convergence. It follows easily that  the G-omega-limit of a func t ion  
f E X i s  never  empty .  It i s  also closed and connected in the weak-star 
topology. It is also invariant  under  the action of the group. 

Proof. The first assertion means that the map G : X x It+ -+ X is con- 
tinuous when X is endowed with the weak-star topology. Since weak-star 
topologies are not so frequent in the literature on asymptotic phenomena, 
we are giving a proof for the reader's convenience. Firstly, if we restrict G 
to be defined on a bounded subset of X (as is the case in the application 
of the present paper) the topology is metrizable and we only need to check 
that for a bounded sequence fn converging weakly-star to f, a sequence of 
numbers A, converging to X > 0, and a test function 4 E L1(RN) we have 
s Gx, (f,) +dx + s Gx(f) 4 dx. We write the difference as 

The first term tends to zero because 4 is integrable and the f, are uniformly 
bounded, while the second converges because fn 3 f .  

When G is defined on the whole space X ,  we have to replace the sequence 
f, by a net fa converging to f weakly-star. But then the Banach-Steinhaus 
theorem implies that the family fa is uniformly bounded and we are back 
in the previous situation. In particular, the decomposition (3.3) with fa 
instead of f, allows to prove just in the same way that s Gx, (fa) 4 dx + 
/ G x ( f ) 4 d a :  as fa 2 f and A, + A. 

The consequences are standard in the dynamical systems literature (cf. 
[21, 221). The last assertion means that for every X > 0 we have G x ( G , ( f ) )  

Remark 3.1. Though we will use by default the topology of weak-star 
convergence in L"(RN), we will use the term bounded subset of Lm(RN) 
in the usual uniform sense unless mention to the contrary. 

= Gm(f). 

3.1. Simple G-Omega-Limits 
We say that the omega-limit is simple if it contains only one function. 

Particular examples of simple omega-limits have been mentioned in the 

(3.3)
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previous section. For case (i) it is clear that all functions f E L"(RN) n 
L" ( RN ) , 1 5 p < 00, have a simple omega-limit, G, (f) = { 0). In case (ii) 
all periodic functions have a constant as simple omega-limit. This is also 
true for the more general class of almost periodic functions A characterized 
as the closure in L"(RN) (with uniform converge) of set of trigonometric 
polynomial with arbitrary frequencies, 

n 

1 

with wk E RN (cf. [4]). For a function f E A the G,-set is given by the 
limit of the averages 

On the other hand, a non-constant omega-limit is given by the piecewise- 

A consequence of the invariance of the omega-limit is the following char- 

Lemma 3.1. If an omega-limit is simple, G,( f) = { g } ,  then g has the 

It is immediate that this g is its own w-limit, g = G,(g),though any 
bounded function f which coincides with g for large z could be used to 
obtain G,(f) = 9. 

Simple omega-limits for the initial data of an evolution process of the 
type considered in this paper give rise to evolutions which stabilize to a 
unique asymptotic profile. We are interested in addressing quite the oppo- 
site situation. 

constant initial data in one dimension. 

acterization of simple omega-limits. 

form 9 w  = 9(z/l4>. 

3.2. General G-Omega-Limits 
At the next level of complexity we construct an example that we call 

log-periodic. It is based on any function f E L"(RN)  such that for some 
real number a > 1, 

f(ax) = f(z), x E RN. 
In that case the G-omega-limit is given by the log-periodic orbit 

G"(f) = {Gx(f) 1 5 I a ) ,  

that contains f and its scalings, and it is topologically equivalent to a cir- 

(3.4)

(3.5)
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cle, S1. An easy way of constructing such functions is to consider spherical 
coordinates x = ( T ,  $), take a bounded function f1($) defined on the sphere 
SN-' and put f ( r ,  4) = f l (R(r ) (+)) ,  where R(r)  is a family of transforma- 
tions of the sphere such that R(1) = i d  and R ( U T )  = R(T) for every T > 0, 
i.e., R is log-periodic. 

As we announced in Theorem 2.2, we can construct very large omega- 
limits. We recast the result in the present notation 

Lemma 3.2. Given any sequence (gj} of functions which is  bounded 
in L m ( R N )  we can construct a funct ion f E Lm(IEtN) such that Gm(f) 
contains the closure of that sequence in the weak-star topology, G,( f )  3 

Proof. We use a zooming method. Given the function gi, i 2 1, we 
restrict it to the annulus Aj = (2-j < 1x1 < 2j}, j 2 1 integer, and 
transfer this image to a far away distance by means of a scaling with factor 

ClO(gl,92, * * 1 .  

I/&, 

which is defined in the annulus Aij = ( 2 - j X i j  < 1.1 < 2 j X i j )  , Next, we 
select the factors X i j  in such a way that all these sets are disjoint. This can 
be obtained as follows: we first arrange the indexes ( i , j )  in a sequence by 
standard diagonal process, and then choose the sequence X i j  iteratively so 
that each annulus lies immediately outside of the preceding one. We can 
also leave gaps between successive annuli if we wish, only this makes the 
X i j  even larger. We then define the desired f on each annulus Aij by 

This formula gives then a unique value for f on U Aij since the annuli Aij 

are disjoint. If there exist gaps between successive annuli, we define f on 
the gaps as zero or in any other bounded way. 

It  is then clear that  applying the group action Gx to f with the sequence 
of factors X i j ,  for fixed i and variable j = 1 ,2 ,  * . * , we obtain in the limit 
exactly the function gi on the annulus Aj. Since the sequence Aj expands 
as j -+ 00, we get along this sequence Gx(f) -+ gi with uniform conver- 
gence on compact subsets of EXN \ (0). This in particular implies weak-star 
convergence in R?. 

ij 

(3.6)

(3.7)
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3.3. Maximal Omega-Limits 
As a corollary of this result and the fact that  the unit ball in L m ( R N )  

is separable in the weak-star topology we have the following consequence. 
Corollary 3.1. Given C > 0 there exists a function f E L"(RN) with 

l l f l l ,  = C such that G,(f) = {f E Lo3(RN) : llfll, 5 C}. 
Let us look a bit closer at this kind of functions. We define the set 

M = {f E L"(RN) : IIfII = 1,Gm(f) = Bi(L"O(RN))}, 
where B1(Lm(RN)) is the unit ball in Lm(RN). Then we have 

with the weak-star topology. 

the form 

Theorem 3.1. The set M is dense with empty interior in b l ( L " ( R N ) )  

Proof. A basis of open neighbourhoods of a function f E L"(RN) has 

where g5i E L1(RN), i = 1, - - - , N ,  and E > 0. This condition does not 
depend on the behaviour of g at far away distances as long as we have 
a bound like 191 5 C. But the behaviour for large z is precisely what 
determines G, (f) .  

54. General Evolution Setting. 
Main Asymptotic Formula 

If we consider again the argument used in Section 2 for the classical 
heat equation, we can see that there are two types of properties of the 
equation on which the proof is based, namely (I) the heat equation defines 
a semigroup with some good properties, and (11) this semigroup is invariant 
under the action of the scaling group G. 

In order to set up a framework that applies to a number of linear or non- 
linear evolution models we introduce the following abstract setting. Instead 
of concentrating on the evolution equation 

U t  = A u ,  ( 4 4  

we look rather to the fact that  it generates a semigroup. We assume that 
(1.i) The equation generates a point-wise continuous semigroup in X = 

L m ( R N ) ,  i.e., given any initial data uo E X there exists a unique solution 
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u E Y = C([O, co) : X) that we write as St(uo) to denote the dependence 
on the initial data. Then 

s : x x [O, 00) + x, S(u0,t) = St(u0) 

is the semigroup map. When we want to stress the dependence on x we 
write (Stuo)(z) = u(z , t ) ,  and sometimes we write u(t)  when no confusion 
arises. X is endowed with the weak-star topology a(Lm,L1) .  We impose 
still an additional condition 

(I.ii) For every t > 0 the map St is continuous in the weak-star topology 

Conditions (1.i) and (1.ii) imply that the map S is separately continuous 

(11) We impose another type of condition on the semigroup, namely scale 
invariance. By this we mean that there is a power function a(A) = A", 
a > 0, such that whenever u(x,t) is a solution in Y with initial data uo 
then 

of x = L y R N ) .  

in both variables. 

fi = u(Xx, a(A)t) ( 4 4  

is also a solution in Y ,  with data 60 = Gxuo. In the case of the heat 
equation a(X) = X2. This property is expressed in functional terms as 
St(Gx(u0)) = Gx(S,(x)t(uo)), or in abridged form as the commutation rule: 

StGx = GASu(A)t. (4-3) 

The next stage is to note that we are interested in the convergence on 
expanding sets of the form (1x1 5 c+( t ) } .  This makes it convenient to 
define the rescaled orbit corresponding to a standard orbit u(. , t)  = Stuo 
as 

W Y ,  t> = 4 @ ( t ) Y ,  t ) ,  (4.4) 

where + = a-' is the inverse function of 0, +(t) = t'/". We denote the 
"renormalized semigroup" as 

(& 'uo)(Y) = U(Y,t), (4.5) 
which implies the identity: Rt = G+(t)St. Notice that R1 = S1. The 
invariance under Gx takes a much simpler form in rescaled form. If 6 is 
the rescaled orbit corresponding to initial data iio(x) = uo(Xx) then, since 
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u(y ,  t )  = G($( t ) y ,  t )  = u ( A $ ( t ) y ,  a(A)t), we have 

U(Y, t )  = U(Y, a(A)t) ,  i.e., Rt GA 210 = R+It uo. (4.6) 
We define the omega-limit of the R-evolution orbit in a similar way to 

Definition 4.1. The R-omega-limit set of the evolution orbit {Rt(uo) = 

what we did for the scaling group G, but now we use Rt instead of GA. 

U ( . , t ) t  > 0) starting at uo E X is the set 

&(uo) = ( 9  E X : 3tn 3 00 and U ( * , t n )  -+ g } ,  (4-7) 
with convergence in the topology of X .  

The basic properties are easily established: the R-omega-limit set is a 
nonvoid, closed, connected subset of X. Our result relates the omega-limits 
of the scaling group GA and the scaled evolution Rt . 

Theorem 4.1 (Main Asymptotic Formula). If St is  a semigroup 
fulfilling properties (I) and (11) above, then for  every uo E X we have 

R,(Uo) = Sl(G,(UO)). (4.8) 
Proof. It repeats the lines of Theorem 2.1. Let g E G,(uO) and let 

A, -+ 00 be such that G~ , (uo )  -+ g weak-star. We note that R , (A)u~  = 
R l ( G ~ u 0 )  = Sl(GAu0). Using the property (I.ii) we conclude that along 
the sequence t n  = .(An), 

lim Rt,uo = lim S~(Gx,uo) = S l ( g ) .  
n+m n-+m 

Thus, R,(uo) c Sl(G,(uo)). The converse is similar. 
We conclude that the orbit Rt(u0) stabilizes to a limit only if G,(uo) 

is simple. Using the fact that G,(uo) is closed under the action of G and 
that the renormalized semigroup Rt commutes with G in the sense of (4.6) 
we have 

Corollary 4.1. Given uo E X and given g E G,(uo) then R t ( g )  E 

R,(uo) for every t > 0. 
Thus, the whole renormalized orbit of g is contained in the omega-limit 

of uo, proving in this way that the asymptotic behaviour of u(z , t )  can 
oscillate strongly even at  a fixed point, say, x = 0. Summing up, the results 
show that the evolution equation does not stabilize to a certain asymptotic 
profile for general initial data in X ,  but it rather copies the complexity of 
the G-omega-limit which, as we have seen, can be quite wild. 
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4.1. Regularizing Semigroups 
In many cases we have the extra condition on the semigroup: 
(1.iii) The semigroup is regularizing. By this we mean that St maps 

bounded sets of X into relatively compact subsets in a better space X I  c X 
for t > 0. In the case of the heat equation XI is the set BC(RN)  of contin- 
uous and bounded functions with the topology of uniform convergence on 
compact sets. Then the convergence in the definition of R,(uo) is uniform 
over compact subsets of RN. 

4.2. Local and Global Convergence 
We insist that the local convergences that we have established for the 

orbit of the semigroup are uniform on compact sets of the variables y = 
f i x .  In particular, when the semigroup is regularizing we may consider 
the space variable x ranging over a fixed bounded set A c RN, and then 
we obtain the following uniform convergence result. 

Theorem 4.2. Let St be a regularizing semigroup under the above hy- 
potheses and let  u ( x , t )  be an orbit with initial data uo E Lo3(RN). Then 
for every g E G,(uo) there exists a sequence 

u ( x , t j )  -+ v(0,I)  as 

uniformly on compact sets A c ItN, where 
equation with initial data g. 

t ,  -+ 00 such that 

t+0O (4.9) 

v is the solution of the heat 

In particular, there exist bounded initial data for which the set of ac- 
cumulation points of {u(O, t ) }  as t -+ 00 is the closed interval [a,  b] c IIB. 
It  suffices to  take as set gj in Lemma 3.2 the set of constant functions 
gj (x)  = r j ,  where rj ranges over a dense set in [a,  b].  The same applies to 
the omega-limit of { u ( x ,  t ) }  for fixed x E E X N .  

On the other hand, the orbits with complex asymptotics cannot have 
uniform convergence since the behaviour that will appear a t  later stages of 
the evolution must be present at any smaller t ,  typically as 1x1 -+ 00. 

4.3. Log-Periodic Solutions 
Corresponding to log-periodic data, uo(ax) = uo(x) for some a > 0, 

we have a solution u ( x , t )  such that u(ax ,a (a ) t )  = u(x , t ) .  In terms of 
the rescaled orbits U ( x , t )  = u(&x,t)  we have U ( x , a ( a )  t )  = U ( x , t ) .  This 
means that the rescaled orbit is log-periodic in time with log-period T = 
a(a ) .  Recall that  this is the same as saying that it is periodic in logarithmic 
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time r = log(t). In this case we can control the speed of recurrence of the 
orbit around the different points of the omega-limit, which is not true for 
more complex situations. 

55. The Heat Equation Revisited 

Since the heat equation generates a regularizing semigroup, the results 
of the last sections apply to say that the set of accumulation points of the 
renormalized orbit U ( z , t )  = u ( d x ) t ) )  which we will denote by R,(uo), 
is the image by S1 of the set of accumulation points G,(uo). The conver- 
gence to the omega-limit R,(uo) takes place locally uniformly in 2 along 
subsequences t ,  -+ 00. 

Range Constraints. We note that R,(uo) can be a very large set. The 
maximum extension of such a set is the image of a ball in Lm(RN) .  We 
have to add that,  since the evolution copies the set G,(uo) in a regularized 
way given by the map S1, this reduces the range of R,(uo) since S1 has 
strong regularizing properties. In other words, there are some constraints 
for a function to  belong to R,(uo) for some uo. In the first place, the 
solutions of the heat equation are C" functions. On the other hand, there 
are quantitative aspects: thus, for every uo 2 0 there is an a priori second- 
order estimate A log(u) > -2 (cf. [l]). This implies a universal constraint 
on the range of any omega-limit set R,(uo). 

Corollary 5.1. For every g E R,(uo) with uo > 0 we have 

There is a version of this result for any bounded set in Lm(RN), not just 
for positive solutions, since a lower bound of the form u 2 -c can be 
converted into v 2 0 by defining v = u + c which is again a solution of the 
heat equation. In this way, we obtain a lower bound for A log(g+c) instead 
of A log(g). 

Let us remark that the extent of this regularization depends on the 
amount of renormalization. Thus, a renormalization with larger compres- 
sion, using a function of the form 

u(cyt1'2,t), c > 1, 

instead of Definition 4.1, produces a renormalized semigroup whose omega- 

(5.1)
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limit satisfies 

Rb,(uo) = &/c2 (Goo (UO))  

which is just a rescaled version of the previous one, but this time the evo- 
lution is shorter for c > 1 and the regularization smaller. Thus, the a priori 
bound from below on the Laplacian of log(u) is now -c2N/2.  In the limit 
c + 00 we recover increasingly the whole range of G,. 

$6. Nonlinear Heat Equations 

The above general setting applies perfectly not only to the heat equation, 
but also to the most popular models of quasilinear heat equations, namely 
the porous medium equation and the p-Laplacian equation. 

6.1. The Porous Medium and Related Equations 
We will restrict here consideration to the subset of nonnegative solutions, 

hence X = L y ( R N ) ,  which is the case treated in detail in the literature 
because of its applications, and avoids technical difficulties. It is well-known 
(cf. [2]) that the equation 

ut = A(u"), m > 0, (6.1) 
defines a semigroup of contractions in L1(IRN) and can be extended to a 
much wider class of initial data, in particular to LT(RN) .  The equation is 
called the porous medium equation for m > 1, the fast diffusion equation 
for 0 < m < 1 and it reduces to the classical heat equation for m = 1. 

Let us examine the properties of the evolution process. In all cases 
m > 0, for every uo E L"(EN) ,  uo 2 0 there exists a unique continuous 
weak solution u(z,  t ) ,  i.e., u E BC(Q) n C([O, 00) : L:,,(EN)) and 

holds for every test function q E C29l(Q), q 2 0 ,  which is compactly sup- 
ported in RN x [0, 00). Hence, the equation generates a semigroup in this 
class of solutions and the property (1.i) holds. Also, the Maximum Prin- 
ciple holds. The closure property (I.ii) holds easily: the limits of bounded 
weak solutions are still bounded weak solutions and weak-star converging 
initial data pass to the limit in formula (6.2). This uses the fact that the 
map St is regularizing, property (I.iii), since the images of bounded sets are 

(6.2)
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relatively compact subsets of C" for some ac > 0 in compact sets of RN (cf. 
[lo]). Finally, scale invariance holds with a(X) = X2. We then have 

Theorem 6.1. T h e  results of Theorems 4.1 and 4.2 apply t o  this  problem 
and the convergence in the definition of R,, formula 
uni formly o n  compact sets. 

The possible range of the omega-limit set R,(uo) is 
the constraints 

(4.7), takes place 

now controlled by 

C c u  
ut 2 -- t t '  

A(u"-') >_ -- , 

which hold for m > 1, while for ( N  - 2)/N < m < 1 we have even stronger 
constraints 

C '  c u  
(n(u"-l)I L - >  Iutl L - *  t t 

These a priori bounds have universal constants C = C ( m , N )  > 0 in- 
dependent of the solution under consideration (under the only restric- 
tion that u 2 0) (cf. [1,6]). For instance, when 0 < m < 1 we have 
A(u"-') 2 $. Let us finally remark that some of the results can be ex- 
tended to the very fast diffusion range m < 0, where the equation is written 
as ut = V (u"-lVu) (cf. for instance [33] and references therein). More 
generally, we can consider the general filtration equation ut = A@(u),  
where @ is a continuous increasing real function, or even a maximal mono- 
tone graph in R2 (cf. [2]). In order not to  lengthen the presentation we 
restrain from entering into the specific details of these extensions. Let us 
only assert that  the general theory of Section 4 applies under suitable con- 
ditions on @. 

6.2. The p-Laplacian Equation 
The equation reads 

ut = Div(lVulP-2Vu), p > 1. (6.3) 

The properties of the evolution are similar [ll], and a regularizing semi- 
group is obtained. Scale-invariance holds with .(A) = XP. The regularizing 
effect holds: St takes bounded initial data into solutions which are C1+" in 
z, C p  in time for t 2 r > 0. Regularizing estimates have been proved in [16] 
and take the form for p > 2, APv 2 -$, ut 2 -?, where v = U ( P - ~ ) / ( ~ - ' )  

and C > 0 is a universal constant that  depends only on p and N .  The esti- 
mate is valid for all nonnegative solutions u = u(z ,  t ) .  But the restriction to 
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positive data is here irrelevant since the equation is invariant under vertical 
displacements u -+ u + c.  

$7. Scalar Conservation Laws. The Compact Case 

We consider in this section the asymptotics of scalar conservation laws 
in one and more space variables. 

results and requires less assumptions on the non-linearity. 
We start with the one-dimensional theory which relies on better known 

7.1. One Space Dimension 
We study the first-order equation 

U t  + f (4a: = 0, (7.1) 

where u(z , t )  is a scalar function and f is a locally Lipschitz continuous 
scalar function. We may assume that f(0) = 0. The proper concept of 
solution is given by the entropy solutions that can be formulated as those 
bounded distributional solutions that satisfy a family of entropy inequali- 
ties. We take from [19, 201 the precise definition of solution. 

Definition 7.1. An entropy solution of equation (7.1) i s  a func t ion  
u E LEc(Q) satisfying 

d d 
--(u - kl + -{sign(u - k )  (f(u) - f ( k ) ) }  5 0 at d X  

an D'(Q) f o r  any  k E R. An entropy solution of the Cauchy problem with 
initial data u(x, 0 )  = ug(x) E Lm(R) i s  a n  entropy solution such that  

u ( - , t )  -+ uo in LfOc(IR) as t -+ O essentially. 

The Kruzhkov condition (7.2) can be equivalently formulated as two 
conditions: (i) the equation is satisfied in the sense of distributions, (ii) 
for every entropy pair ($,$) where 4 is a convex function and $'(u) = 
f ' (u) 4' (u) we have 

in the sense of distributions (cf. [28]). 

Kruzhkov proves that the bounded entropy solution of the initial prob- 
lem exists and is unique, and we have the local estimate for any two such 

(7.2)
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where Bo = B(0,R) is the ball of center 0 and radius R > 0 and Bt = 
B(O,R(t)) is the ball of radius R(t) = R - N t ,  where N is the Lipschitz 
constant o f f  in the interval [-M, MI with M = max{)luo(lm, ( I W O ~ ( ~ ) .  The 
Maximum Principle applies: 

uo 5 wo implies u ( z , t )  5 w(z,t) in Q. 

Moreover, it is proved that the solution belongs to the class u E C([O, 00) : 

L:oc(R)) n Lm(Q). We have therefore a semigroup of solutions in L"(R) 

On the other hand, there is a large literature on the asymptotic behavior 
of solutions of scalar conservation laws. For instance, in the context of 
periodic solutions, it is by now well known even for 1D systems of hyperbolic 
conservation laws, that solutions stabilize around a constant (cf. [7]). In 
what concerns L1-solutions, the asymptotic profiles of solutions are also 
well known (see for instance [24]). A lot is also known about the stability 
of shock waves (see for instance [17]). 

However, here, we are interested in the possible behavior of all solutions 
with bounded initial data. 

One of the main difficulties of applying the scaling techniques as above 
is the obtainment of compactness. Here we shall use Tartar's results that 
hold under a suitable non-degeneracy condition on the nonlinearity. The 
problem of identifying the initial data of the limiting solutions will require 
also special care. 

Assume that f is not afine on any interval of the 
real line. Then the equation (7.1) generates a regularizing semigroup St 
in L*(R) satisfying the conditions of Section 4, so that Theorems 4.1 and 
4.2 apply. The scaling law is now linear, a(A) = A. 

Proof. Properties (1.i) and (11) are already established. Under the 
stated conditions on f , also called weakly genuine nonlinearity, Tartar 
[29,30] proves that bounded sequences of entropy solutions are relatively 
compact in the strong topology of Lro,(Q) for any p < 00. Using the local 
estimate we conclude compactness in the space C([T, T ]  : L:oc(R)) for every 

(cf. [93). 

Theorem 7.1. 

(7.3)
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0 < T < T < m. It is immediate to see that the limit v (a , t )  of such a 
sequence is an entropy solution in any time interval t 2 r with r > 0. 

We still have to examine property (I.ii), i.e., the weak-star continuity of 
the semigroup map, in the present setting. This is a delicate but essen- 
tial point. Indeed, the family of rescaled solutions u ~ ( a ,  t )  of Theorem 4.1 
are such that their initial data converge weak-star in L"(IR) along subse- 
quences, uo ,~ ,  -+ 4 in L"(R)-ws, and we want to conclude that U X ,  (a ,  1) 
converges to v(x, 1) = Sl(4). We state the general result independently 

Lemma 7.1. Let {un} be a sequence of  bounded entropy solutions of  
equation (7.1) with initial data {uo,n} which converge to  a certain 4 in 
Lm(R) weak-star. Then  u,  -+ v = St4 in the sense of C([r,T] : LFoc(R)) 
for  every 0 < r < T < 00 and every 1 5 p < 00. 

Proof. (i) By the results of [29] the sequence u, converges in LL,(Q) 
and also a.e. after passing if necessary to a subsequence. The limit v is 
an entropy solution of the equation. The remaining problem consists of 
identifying the solution in terms of the limit 4 of the initial data. The 
classical uniqueness result by Kruzhkov is not enough for our purposes 
since we do not have strong convergence of v( t )  in as t -+ 0. In 
other words, we have to discard the possible occurrence of an initial layer of 
discontinuity. This difficulty has been recently solved by Chen and Rascle 
[S] who proved uniqueness of entropy solutions of equation (7.1) assuming 
that the initial data are taken in the sense of measures. 

(ii) Here we give an alternative proof which easily follows from the 
uniqueness result of Liu and Pierre [26]. 

Propostion 7.1. Under the assumption that f : R+ 3 is  Lipschitx 
continuous and f(0) = 0 a nonnegative entropy of equation (7.1) such that 
u E L"((0, T )  : L1(R)) n Lm(R x (7, T ) ) ,  fo r  all r > 0,  is  uniquely deter- 
maned by i ts  initial data U O  taken in the narrow sense, i.e., 

lim 1 u(a,  t )q (x )  da = u ~ ( x ) q ( x )  dx 
t+O J 

for  every continuous and bounded real funct ion q. 
Indeed, [26] allows the initial data to be finite measures, but this is no 

concern for us here. Let us note that such a generality forces them to work 
with nonnegative f and nonnegative solutions, two restrictions that we can 
dispense with, since we can always displace u into u + c and conserve the 
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equation after a corresponding change in f to satisfy both restrictions. 

has compact support: passing to the limit in the distributional identity 
Let us check the initial data of our limit solution u in the case when it 

valid for every q E Ci (R) we get 

By density and using the fact that  the support of 21 is uniformly bounded 
we prove that 

/ u ( z ,  t )q (x )  dx  + 1 uo(z)rl(z) dx 

for every 7 E C(R). Under these conditions the result of Liu and Pierre 
[26] and the remark allow us to identify v as the unique entropy solution 
with initial data 4, w(t) = St$. 

(iii) Unfortunately, the condition of belonging to L1(R) is not fulfilled 
in our case. But the above uniqueness result can still be used, arguing 
as follows. Let us take a radius R > 0, a time T > 0 and work in the 
cylinder 2 = B(0,R)  x (0 ,T) .  By the local estimates (7.3) the values of 
the functions u, on 2 are only determined by the initial data in B(0,Rl) 
with R1 = R + N T .  Therefore, we may replace the data ~ 0 , ~  by functions 
U L , ~  which coincide with uO,n on B(0, R1) and are zero for 1x1 > R1. The 
solutions ud(z, t )  will vanish outside an expanding cone K = { (2, t )  : 1x1 > 
R1 + N t }  according again to estimate (7.3). Summing up, we may assume 
that our functions un belong to the space C( [0, 00) : L1 (R)) without altering 
their value on 2. 

Remark About Riemann Problems. A typical problem in scalar 
conservation laws is the Riemann Problem, which consists of taking initial 
data of the step or Heaviside type, (2.2)) in which case the solution has 
the form of a shock or a rarefaction wave, or combinations of these two 
types. We observe that for data uo whose G ,  limit is a Heaviside function, 
G,(uo) = { H } ,  we obtain convergence of the rescaled solution to the 
profile at time t = 1 of the solution of the Riemann problem with data 
H ( z ) .  This is well-known, but we can also consider initial data whose G,  
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limit contains any number of Heaviside functions, so that the rescaled orbit 
oscillates infinitely many times among the corresponding profiles. 

7.2. Several Space Dimensions 
We look now at the scalar conservation law in several dimensions, 

where u(z,  t )  is a scalar function and f = (fi , - '. * , f ~ )  is a locally Lipschitz 
continuous vector function. We may assume that f (0)  = 0. The proper 
concept of solution is given again by the entropy solutions with a formula 
similar to (7.2) (cf. [19, 201). The above theory applies almost literally 
with the following changes: 

(i) The compactness property has been established by Lions, Perthame 
and Tadmor [25] under the following non-degeneracy condition on the non- 
linearity: for every (7, C) E IR x IRN which is not (0,O) there holds 

meas {t  : r + C - f'(<) = 0) = 0, (7.5) 
where meas refers to the Lebesgue measure in R. Their method relies 
on the kinetic .formulation of the equation, a powerful tool for the several 
dimensional problem introduced by the authors. 

(ii) The uniqueness of entropy solutions taking bounded data in the weak 
sense has been recently proved by A. Vasseur [32] using also the kinetic 
formulation of the equation. The result needs the following regularity on 
the nonlinearity: f E (C3(R))N. We conjecture that this requirement is 
technical. 

Theorem 7.2. With these two requirements o n  f ,  Theorem 7.1 holds 
with R replaced by RN and equation (7.1) by (7.4). 

$8. Lack of Compactness 

The property of continuity in the weak topology needed for the semi- 
group is difficult to establish in the case of nonlinear equations unless 
we also have compactness, i.e., a regularizing semigroup. This last prop- 
erty holds for the PME and the PLE and we imposed conditions of non- 
degeneracy to have it in the scalar conservation law. However, the Main 
Asymptotic Formula holds for many equations without compactness. We 
list below two instances. 

(7.4)
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I. Linear Equations. One of the simplest examples is the case of 
linear operators, like the scalar conservation law ut + au, = 0 ,  even in N 
dimensions, 

N 

U t  + C . i U X i  = 0. 
i=l 

By means of the explicit representation of solutions it is easy to see that no 
regularization happens but the semigroup has the desired properties, hence 

The argument applies of course in the heat equation, but also for the 
wave equation, where the representation is also explicit and no regulariza- 
tion holds. 

11. Scalar Conservation Laws. But the result also holds for some 
nonlinear evolution equations without compactness. Thus, we can study 
the scalar conservation law (7.1) of previous section with the assumption 
of local Lipschitz continuity on f but no condition of non-degeneracy. In 
this case a result of Tartar [30, p.2021 states that 

Weak Continuity. Whenever U n  is a sequence of entropy solutions 
of equation (7.1) which are uniformly bounded (Iun(x, t)l 5 C for every 
n, x, t )  and un u in L,-w*, then f ( u n )  2 f(u) in the same sense. On 
the other hand, f ' (un)  converges to f'(u) locally in LP strong. 

Using this result we can perform the asymptotic study of the scalar 
conservation law in one dimension for any locally Lipschitz continuous real 
function f. The scaling law is linear, .(A) = A. But, as far as we know, the 
weak-continuity result is not known in several space dimensions, and the as- 
ymptotic analysis cannot proceed foq equation (7.4) with general Lipschitz 
fi. The question seems difficult and needs further study. 

R, = S1 G,  . 

$9. Extending the Scope of the Theory 

The general setting outlined above for the application to the heat equa- 
tions and scalar conservation laws in L"(IRN) admits three kinds of ex- 
tensions where the Main Asymptotic Formula R,(uo) = S,(G,(uo)) still 
holds when suitably interpreted: 

(i) i t  can be applied to a number of other equations, 
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(ii) it can be modified to include cases where scale invariance is not 
strictly respected, 

(iii) it can be extended so as to include asymptotic results in other func- 
tional settings under the cover of the same formula. 

The L1 Setting. Leaving aside for the moment points (i) and (ii), we 
will devote this section to showing how to adapt the setting of Section 4 to 
recover the well-known results on asymptotic behaviour of heat equations 
and conservation laws in the framework of L1(RN). Indeed, we can keep 
the semigroup setting of Sections 3, 4 with the following modifications. 

0 The proper concept of scaling of the data in L1(RN) is given by the 
group G(l) = {Gjll)) acting by Gf ) ( f )  = XNf(Xz). Again, this group 
is continuous in the weak topology cr(L1,Lco). We must now note that 
L1 (RN) is not closed in this topology, its closure being the space of bounded 
measures M ( R N ) ,  which is endowed with the so-called narrow convergence. 
Indeed, with a definition of G(l)-omega-limit as in Section 3, it is easy to 
see that 

Lemma 9.1. For every f E L"(RN) we have a simple omega-limit, 
Gk)( f )  = {cS}, where c = J f ( z ) d x  E R and S is the Dirac mass located 
at x = 0. 

The equation generates a semigroup acting on X = L1(RN).  We ask 
that 

(I) The map S is separately continuous in both variables. X is endowed 
with the weak topology. We also need the semigroup to extend continuously 
to include the space of measures, or at least, the Dirac deltas. 

(11) Scale invariance is formulated in the new setting as 

ux(z, t )  = XNu(X2, A?), 

with suitable exponent a. We want ux to be a solution of the equation if u 
is, i.e., we need the commutation rule StG~uO = GASxat. 

Under these conditions we define the rescaled orbit corresponding to a 
standard orbit u(. , t)  = Stuo as 

U(y, t )  = tN/" u(tl/"y, t ) ,  ( 9 4  

and the renormalized semigroup as (Rt u o ) ( y )  = U(y, t ) ,  which implies the 
identity 
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Rtuo Gtl/aStuo. (9.2) 

The R-omega-limit is defined as in Section 4, and it stays in L1(RN) if we 
make sure that convergence takes place in the strong topology (otherwise, 
it might become a measure). 

Theorem 9.1. Under the above assumptions the Main Asymptotic For- 
mula holds true. It means that the R-omega-limit of the orbits of the semi- 
group is given by the unique profile at t = 1 of the fundamental solution of 
the equation. 

If the semigroup is regularizing, i.e., if the map St sends bounded subsets 
of L1(RN) into relatively compact subsets in the strong topology, then 
the convergence of the rescaled orbit to the &-limit holds in the strong 
topology. 

Applications. Indeed, the four types of equations already considered 
generate a regularizing semigroup acting on L~ ( R ~  ). 

(i) In the case of the heat equation the solution with a Dirac delta ex- 
ists, is unique, and has the necessary continuity property. It is called the 
fundamental solution and is given by formula (1.1). Let us remark that 
the L1 norm is conserved by the semigroup, u(z ,  t )  d3: = u g ( 3 : )  dx. The 
exponent a in the scaling law is 1 /2  as in the La case. The regularizing 
effect takes L1(RN) into bounded subsets of C'" for all k (regularity both 
in space and time). The theorem states the well-known fact that for every 
uo E L1 ( RN ) we have 

and the convergence is uniform in RN. 
(ii) For the Porous Medium Equation we have a fundamental solution, 

usually called Barenblatt solution, if m > m, = ( N  - l ) /N)  and the scaling 
exponent is a = N ( m  - 1) + 2. Again the semigroup is regularizing into CD 
for some 0 < ,6 < 1 (regularity both in space and time). In this parameter 
range the theorem applies (cf. [34]). 

(iii) For the p-Laplacian equation we have a = N ( p  - 2 )  + p ,  and we 
impose the restriction p > 2 N / ( N  + 1) in order to obtain a fundamental 
solution, also called Barenblatt solution. Regularization occurs into C1@ 
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in space, CP in time. 

and then a = N ( p  - 1) + 1. 
(iv) For the scalar conservation law we must take f(u) = u p  with p 2 1 

In all cases the L1 norm is conserved 

ux(z, t )  dz = u(z ,  t )  dz = uo(z) dz. s s s 
Note however that the existence of fundamental entropy solutions for 

scalar hyperbolic conservation laws is only known in one space dimension. 
I t  is unique in the class of constant sign solutions, but the occurrence of N -  
waves may produce non-uniqueness phenomena, dependending on whether 
the nonlinearity f is even or odd (cf. [26]). 

$10. Quasi-Invariance 

We may go back to the abstract setting of Section 4 and relax both 
aspects of the assumption list and still follow the argument advanced in 
Section 2. We introduce next the concepts of qasi-invariance and limit 
equation and arrive at a generalized version of'the Main Asymptotic For- 
mula. 

Quasi-Invariance and Limit Equation. A simple case of this project 
is exemplified with the viscous approximation to a conservation law, gov- 
erned by equation 

ut + f @ ) Z  = &%Z, (10.1) 

with c > 0 which approximates and regularizes the solutions of the scalar 
conservation law (7.1). When we perform the scaling u ~ ( z ,  t )  = u(Xz, A t ) ,  
we see that u~ does not satisfy the same equation, it satisfies instead 

& 
UX,t + f ( U A ) Z  = p Z Z .  

Using the same definition of rescaled orbit and passing to the limit X + 00 

along a subsequence we get as in Section 7 a limit function v that satisfies 
the limit equation 

wt + f ( v ) z  = 0. (10.2) 

This is called quasi-invariance, a concept that relates the scaling of equation 
(10.1) to (7.1). The compactness argument of Tartar applies to the family 
of equations and we get in the limit an entropy solution with initial data 
4 = limn uo,~,, . Summing up, we have 
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Theorem 10.1. The main asymptotic formula R,(uo) = S1G,(uo) 
holds if R, is the omega-limit of the rescaled orbit and St is the semigroup 
generated by  the entropy solution of the limit equation (10.2). 

Limit Families of Equations. The situation can be more involved 
when the limit equation is not unique. Such a situation arises in Homoge- 
nization Problems. We consider next the heat equation 

P ( X ) U t  = n u ,  (10.3) 

where p E Lw(RN) is such that 0 < c1 5 p(x)  5 c2. Let St(u0;p) denote 
the heat semigroup with weight p. When we re-scale the solutions by means 
of formula (2.3), 

u&, t )  = u(Xx, X2t), 

we get the equation satisfied by U A ,  p ~ ( x ) u ~ , t  = AUA, where P A ( % )  = ~ ( X Z ) .  
Let us now pass to a subsequence where 

U o ( X Z )  A 4, P A  A a,  ux(x,t> + v(x , t ) .  

We easily see that such a limit w satisfies the homogenized equation 

a(x)vt  = Aw(x), (10.4) 

where a ranges over all the elements in G,(p). In this case we have a 
situation where, instead of a limit equation, there exists in general a family 
of limit equations. Note however that in the important case of periodic 
coefficients the limit equation is unique since a is a constant, the average 
of p. This happens also for almost periodic coefficients. 

We have then the following theorem. 
Theorem 10.2. The set of accumulation points of the rescaled orbit 

satisfies 

(10.5) 

Equality of the sets in the theorem is not necessarily true since p and 
uo may be coupled. If we take for instance uo = p then we only obtain 
R-omega-limits of the form S1 (a;  a) .  Depending on how independent are 
the oscillations of uo and p we may obtain larger R-omega-limit sets, even 
equality in the formula. 

About an Asymptotic Theory with Quasi-Invariance. The gen- 
eral evolution setting introduced in Section 4 for invariant semigroups can 
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be easily modified to cover the case of quasi-invariant semi-groups and their 
limits according to the above two examples. Since there are no special nov- 
elties we leave the details to the reader and delay the detailed study of this 
aspect until other relevant examples have been examined. Actually, the 
ideas of quasi-invariance can be applied to study the asymptotic behavior 
of numerous processes appearing in the physical sciences. This is the case 
for equations combining nonlinear diffusion, reaction and convection. 

Diffusion-convection equations of the form 

(10.6) 

where f is a scalar function, are studied in [13, 141 in the setting of L1 
data. Convergence of the rescaled solutions is proved towards the solutions 
of the equation with partial diffusivity 

d 
8x1 

U t  = AU + -f(~), 

(10.7) 

where A' denotes the Laplacian with respect to the variables x' = ( 2 2 ,  . - - , 
2,). In order to extend the results of this paper to this model for L"(RN) 
data we need a different scaling 

d 
8x1 

U t  = A'u + -f(~), 

UX(X, t )  = U(AX1,  f i x ' ,  A t ) .  

Proving the asymptotic result should offer only difficulties related to  com- 
pactness and identification of the limit solution (cf. Section 7). Besides, the 
scaling of the initial data in Section 3 has to be adapted to this anisotropic 
formula. In any case, Theorem 2.2 still holds in this setting, which guaran- 
tees the occurrence of the complexity we want to describe. 

Further interesting lines of application concern the equations of fluid me- 
chanics and the kinetic equations, but the technical difficulties are greater. 
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