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PREFACE

About three years has passed away since the famous mathematician,
a member of the Académie des Sciences de Paris, an oversea Member of
the Chinese Academy of Sciences, Professor J.-L. Lions’ death. As an
outstanding mathematician, he made notable pioneer contributions to many
fields of applied mathematics and enjoyed a worldwide high prestige and
reputation. He held a series of high-level posts such as President of the
IMU (International Mathematical Union), President of the Académie des
Sciences de Paris. He played an important role and had a considerable
influence in the international community of mathematics. The Journal
Chinese Annals of Mathematics published a special issue (Vol. 23, Ser.B,
No.2, 2002) dedicated to the memory of Professor J.-L. Lions, carrying
papers contributed by his friends, students and colleagues. Afterwards the
next several issues of the journal also published some papers of its kind.
These papers involve many branches of mathematics and are of high quality
and worth preserving. Here we collect them into a volume and offer it to
the readers. Meanwhile a short essay of mine in memory of Professor J.-L.
Lions is added as a supplement to the article of Professor P. G. Ciarlet,
which is a brief account of Professor J.-L. Lions’ life and achivements.

I would like to express my thanks to the faculty of the Editorial Office
of Chinese Annals of Mathematics, especially to Professor Cai Zhijie and
Professor Xue Mi, for their assistance in editing this book.

February 2004
LI Tatsien (LI Dagian)
Department of Mathematics
Fudan University
Shanghai 200433, China
dqli@fudan.edu.cn
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JACQUES-LOUIS LIONS, 1928-2001*

P. G. CIARLET
Analyse Numérique, Université Pierre et Marie Curie, 4 Place
Jussieu, 75230 Paris, France. E-mail: pgc@ann.jussieu.fr

Jacques-Louis Lions was born in the heart of Provence in the charming
city of Grasse, much renowned for its perfume industry and its historical
center.

In spite of his young age, he had the courage and determination to
join the French Résistance at the end of 1943, as a soldier in the FFI
(French Forces of the Interior). There he met Andrée, his wife and life-long
companion.

Their son Pierre-Louis, who was born in 1956, would also be distin-
guished by mathematical talent. This gift earned him the highest math-
ematical distinction, the Fields Medal, awarded to him during the 1994
International Congress of Mathematicians in Zurich. His parents had the
great joy of being present for this unique occasion.

At the early age of nineteen, Jacques-Louis Lions passed the entrance
exam to the highly coveted Ecole Normale Supérieure de la rue d’Ulm.
There he met Bernard Malgrange among others and at the end of their
studies, they both decided to opt for a university carrier in mathematics (a
rather uncommon choice at a timme when most “Normaliens” would rather
teach the famed “classes de Mathématiques Spéciales” in the lycées). They
were then awarded a grant by CNRS (National Center for Scientific Re-
search) to prepare their doctoral dissertations. And so they both went to

*This article is a translation adapted by the author from an article that appeared in
French in the October 2001 issue of “MATAPLI”, published here with the kind permis-
sion of its Editor-in-Chief, Brigitte LUCQUIN.



2 P. G. CIARLET

Nancy to work under the guidance of a prestigious thesis advisor, Lau-
rent Schwartz, who had just received the Fields Medal for his theory of
distributions in 1950.

After defending his thesis in 1954, Jacques-Louis Lions began his career
“en province”, which is to say outside of the Paris region as was then
customary, at the University of Nancy, where he held a professorship from
1954 to 1962.

Far from keeping him fully occupied, his remarkable mathematical achie-
vements during that period left him enough time to envision the immense
opportunities offered by Scientific Computing, which was then coming of
age, with the manifold industrial applications that would henceforth be-
come amenable. This constant quest for applications, which was to guide
him all his life and to become one of the most exceptional aspects of his
career, materialized in 1958 when he became scientific consultant for the
SEMA (Society for Economics and Applied Mathematics), a society headed
by Robert Lattes, who had entered the Ecole Normale Supérieure one year
after him.

While this kind of inclination is common nowadays, it required lots of
courage to follow it at the time. The applications of mathematics were then
far from arousing the enthusiasm that they now generate!

After Nancy, Jacques-Louis Lions was named professor at the University
of Paris, where he very quickly created a weekly seminar on “Numerical
Analysis”, a discipline that was practically unheard of in France at that
time. This seminar first met in the basement of the Institut Henri Poincaré,
then in a dusty room of the Institut Blaise Pascal, which was situated rue
du Maroc in the North of Paris.

When the University of Paris broke into thirteen distinct universities,
he chose the sixth one, which was to be later named Université Pierre et
Marie Curie. Two of his major initiatives there were to found the Lab-
oratoire d’Analyse Numérique (after thirty years on the Jussieu campus,
this department has been located rue du Chevaleret, near Place d’Italie,
since 1999) and to create a DEA (Diplome d’Etudes Approfondies, a set
of advanced courses that a doctoral student has to pass before beginning
a dissertation) specialized in Numerical Analysis. This DEA, from which
a considerable number of applied mathematicians now holding positions in
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universities, at CNRS, or in industry graduated over the years, was always
highly regarded. As a tribute to his memory and as an expression of grati-
tude, the Laboratoire d’Analyse Numérique, which is currently headed by
Yvon Maday, has just been renamed Laboratoire Jacques-Louis Lions.

In 1973, at the early age of fourty-five, Jacques-Louis Lions had the
highly unusual honor of being simultaneously named professor at the cele-
brated Collége de France and elected to the French Academy of Sciences.
At the Collége de Fraunce, he held the Chair entitled “Mathematical Anal-
ysis of Systems and of their Control” for twenty-five years. His series of
lectures, which in the tradition of the College had to be renewed each year,
were always followed by vast audiences, attracting not only his own students
but also students of his students!

The “Seminar of Applied Mathematics” that he organized there until
1998, first with Jean Leray, then with Haim Brezis for many years, soon
became an “institution within an institution”. Indeed, countless applied
mathematicians, either from Paris and its vicinity or French and foreign
colleagues happening to be in Paris, gathered each Friday afternoon to hear
prestigious lecturers, such as Stuart Antman, John Ball, Felix Browder,
Ciprian Foias, Gu Chao-hao, Li Ta-tsien, Klaus Kirchgissner, Peter Lax,
Andrew Majda, Louis Nirenberg, Olga Oleinik, Sergei Sobolev, Tosio Kato,
Mark Vishik, and many others.

From 1966 to 1986, Jacques-Louis Lions was also part-time professor
at the Ecole Polytechnique, where he created a course in numerical anal-
ysis from scratch that soon became a legend! Following the rule at the
Ecole Polytechnique, he also wrote lecture notes, the contents of which
were revolutionary for the time, at least in France. Indeed these notes con-
stituted a kind of encyclopedia where, with his natural gift for teaching,
Jacques-Louis Lions described and analyzed practically all that was then
known about the numerical analysis of partial differential equations. Intro-
ductions to numerical optimization and numerical linear algebra were also
presented in two separate chapters written by his first two doctoral stu-
dents, Jean Céa and Pierre-Arnaud Raviart. A mystery remains about the
first versions of these lecture notes. They were affectionately referred to as
“the Diplodocus”, even though no one including their author ever seemed
to understand the reason for this!
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But all these essentially academic activities, that would normally occupy
all of one’s time, did not take up all of his. Far from it!

From 1980 to 1984, he was also President of INRIA (National Institute
for Research in Computer Science and Automatics), normally a full-time
position! His leadership was of profound and lasting influence at INRIA:
During his first weeks at the head of this institute, he used his incredible
talents as an organizer to rejuvenate the organization and objectives, in
particular by introducing the notion of project, gathering a clearly identified
team around a well-defined objective on a specific theme.

During his four-year term as president, he strongly advocated the cre-
ation of start-up companies by researchers from the institute and he ini-
tialized its decentralization through the creation of similar institutes at
Sophia-Antipolis and Rennes. Due to his personal prestige, the teams he
was able to gather, and the numerous first-class international conferences
that he organized there, he greatly contributed to the fame of INRIA.

From 1984 to 1992, he held another high-level, and also normally full-
time, official position as President of CNES (National Center for Space
Studies), where he continued and developed the action of his predecessor
Hubert Curien (current President of the Academy of Sciences), who had
just been named Minister of Research and Technology. There he used not
only his eminent intellectual capacities but also his talents for intelligent
persuasion to convince the French authorities that the orientations he ad-
vocated were well-founded. In this way, he played a major role in the
conception of the French-American “Topex-Poseidon” space program for
oceanography. Topex-Poseidon is also the name of the satellite that made
it possible to at last understand “El Nifio”, a major event in climatology.
His influence was likewise a decisive factor in the French-Russian negoci-
ations that ultimately allowed Jean-Loup Chrétien and Michel Tognini to
participate in manned space missions.

His presence at the Monday afternoon seances at the French Academy of
Sciences remained rare for many years. But eventually, he gave new life to
this noble “Compagnie” (as it is traditionally known among its members)
when he became President in January 1997 for the customary two years.
Immediately after Lions took office, President Jacques Chirac gave him the
mission of supervizing the drafting of a document concerning the state of
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the art worldwide in each of the following areas: “Access to knowledge
for all and electronic processing of information, knowledge of our planet
and ways of life, understanding life systems and improving health-care for
all”. He immediately began to work on this ambitious undertaking by
creating and heading a “Committee 2000”, whose task was to analyze the
three questions and make proposals, under his ongoing close supervision.
Remarkably, in spite of the scope of this project, he was able to meet the
2000 deadline he had set himself.

Indeed, he personally handed President Jacques Chirac the requested
document during a ceremony held at the Elysée Palace on 25 January,
2000. He even succeeded in having all the Members and Corresponding
Members of the Academy invited for the occasion, a first indeed!

However, Jacques-Louis Lions’s actions during his presidency were not
limited to the Committee 2000. His efforts were decisive in promoting the
need for a profound reform in the status of the Academy. The principles
of this reform have now been accepted. He also played a major role in the
creation of an Academy of Technology, always desired but never achieved
before. This academy was eventually created on 12 December, 2000.

As exemplified by his presidencies at INRIA and CNES, Lions was an
exceptionally successful promoter of ever closer ties between academic re-
search, too often seen as disconnected from the real world, and the more
pragmatic industrial research. In this spirit, he headed scientific committees
in major public utility companies, such as Météorologie Nationale, Gaz de
France, France Telecom, or Electricité de France and he held high level ad-
visory positions in major companies, such as Pechiney, Dassault Aviatioh,
or Elf.

Jacques-Louis Lions’s influence extended far beyond frontiers. Since the
beginning of his career, he was an indefatigable traveler who, in addition
to traditional venues in Europe or the Americas, very quickly added less
canonical ones to his list of destinations. For instance, as early as 1957 he
set out for a three-month visit to the Tata Institute of Fundamental Re-
search in Bombay, at the time a genuinely adventurous trip! He enjoyed the
splendor of the ancient Taj Mahal Hotel and the hospitality of Kollagunta
Gopalaiyer Ramanathan, with whom he contributed to the creation of an
applied branch of the Tata Institute on the campus of the Indian Institute
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of Sciences in Bangalore twenty years later.

In 1966 he began a long series of visits in the former Soviet Union.
Often invited by the USSR Academy of Sciences or by the Novosibirsk
Institute for Computation, he initiated manifold scientific exchanges with
eminent soviet mathematicians such as Guri Marchuk, Olga Oleinik, Lev
Semenovitch Pontryagin, Ilia Vekua, Mark Visik, or Nicolay Nicolayevich
Yanenko. One of his merits during this period, and not the least, was
to contribute greatly to the dissemination of Soviet research in applied
mathematics among Westerners.

A trip that left him with a lasting impression was the journey that he
undertook in 1975 to Beijing, where he was received with great ceremony.
He was in particular impressed there by the mathematical talents of Feng
Kang, who had just independently rediscovered the finite element method.
This was the first of a long series of trips to China, which later included
three visits to Fudan University in Shanghai. In return he also invited the
famous differential geometer Su Bu-chin to visit Paris in 1982 for signing
an agreement between Fudan University, the INRIA, and the Ecole Poly-
technique.

However, his international ventures were not limited to traditional sci-
entific exchanges, as his talents as a lecturer, thesis adviser, and organizer
produced many disciples throughout the countries he visited.

As early as the 1960s for instance, he was the adviser of Antonio Valle,
the first in a long series of students from Spain and Portugal, who in turn set
up numerical analysis departments at the Universities of Malaga, Sevilla,
Santiago de Compostela, Lisboa, or at the Universidad Complutense de
Madrid, modeled after the one he had created in Paris. In the same vein,
he was in 1997 the main speaker in a European video-conference on Mathe-
matics and the Environment, organized in Madrid by Jesus Ildefonso Diaz.
He also chaired the Committee awarding the ten “Prizes for Young Math-
ematicians” during the Third European Congress of Mathematics held in
Barcelona in 2000.

For many years, he chaired as well the Scientific Committee of the Isti-
tuto di Analisi Numerica del CNR of the University of Pavia, headed for
several decades by Enrico Magenes, then by Franco Brezzi.

Together with Paul Germain, he represented France at the 1975 meet-
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ing on “Functional Analysis and Mechanics” of the IJUTAM (International
Union for Theoretical and Applied Mechanics) held in Luminy, where the
other representatives were Klaus Kirchgassner for West Germany, Sir James
Lighthill for the United Kingdom, and William Prager for the United States.

His intelligent proselytizing was not limited to Europe, however. In
China for instance, he was one of the driving forces behind the creation
in 1997 of the LIAMA (French-Chinese Laboratory of Computer Science,
Automatics, and Applied Mathematics), an offspring of INRIA and the
Chinese Academy of Sciences, housed since then in Beijing by the Insti-
tute of Automatics of the academy. He likewise played a major role in
the creation in 1998 of the ISFMA (Chinese-French Institute of Applied
Mathematics), splendidly housed by the Department of Mathematics of
Fudan University in Shanghai, thanks to the tireless efforts of his Director
Li Ta-tsien. As President of the Scientific Committee of this institute, he
attended the opening ceremony that marked its creation. He was Honorary
Editor of “Chinese Annals of Mathematics”. He also established and kept
close scientific ties with colleagues in Hong Kong, notably with Roderick
Wong, Dean at City University of Hong Kong.

Jacques-Louis Lions was also President of the IMU (International Math-
ematical Union) from 1991 to 1995. During a meeting of this organization in
Rio de Janeiro on 6 May, 1992, he proposed that the year 2000 be baptized
“World Mathematical Year”. This proposal, which was later supported by
UNESCO, turned out to be a genuine success story that significantly con-
tributed to the improvement of the image of mathematics in the general
public and helped encourage mathematical research in developing countries.

While he served as “Past-President” of the IMU from 1995 to 1999, the
decision was taken that Beijing would host the twenty-third International
Congress of Mathematicians in 2002, the second in Asia after that of Kyoto
in 1990.

He likewise was a constant supporter of the initiatives of the Third World
Academy of Sciences (TWAS), either directly or through colleagues from
his group. Particularly noteworthy in this respect were his undertakings
for the progress of mathematical research in Africa.

The mathematical works of Jacques-Louis Lions are immense. Alone or
in collaboration, he wrote more than twenty books, most of which have
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become classics often translated into several foreign languages, as well as
more than five hundred papers. The different themes of his work are briefly
described below, in an order that approximately follows their chronology.

He had, and will continue to have for a long time, a considerable influence
on mathematics and their applications, not only through his own work, but
also through that of the School he created and constantly kept in touch
with. This School, which numbers some fifty initial students and scores of
students of students, etc., has acquired a widespread fame over the years
not only in university circles, but also in industry, an accurate indication
that the directions of research he envisioned and promoted were highly
relevant.

If a single title were to be attached to Jacques-Louis Lions’s mathe-
matical works, it might be with a fair degree of accuracy that of “Partial
differential equations in all their aspects: Existence, uniqueness, regularity,
control, homogenization, numerical analysis, etc., and the applications they
model, such as fluid and solid mechanics, oceanography, climatology, etc.”.

Jacques-Louis Lions produced his first mathematical works in 1951. At
the same time two major books were published, one by Laurent Schwartz on
the theory of distributions and one by Sergei Sobolev on their applications
to mathematical physics, as well as a founding paper by John von Neu-
mann and Robert Richtmyer on the numerical approximation of nonlinear
hyperbolic problems arising in hydrodynamics.

Inspired by these works, Lions’s first objectives were to undertake a
systematic study of linear and nonlinear boundary value problems, notably
by constantly using the theory of distributions, and then to find ways to
numerically approximate their solutions.

He began in 1954 a series of collaborations and lasting friendships with
eminent Italian mathematicians, such as Enrico Magenes, Guido Stampac-
chia, Ennio de Giorgi, or Giovanni Prodi (brother of the current President
of the European Union). One such collaboration resulted in an exhaustive
analysis of boundary value problems posed in fractional Sobolev spaces,
thanks in particular to the theory of interpolation between Banach spaces
that he initiated with Jack Peetre in 1961. This analysis is the object of
the celebrated three-volume treatise “Non-Homogeneous Boundary Value
Problems and Applications” (1968-1970) that he wrote with Enrico Ma-
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genes. From 1965 to 1967, he also developed with Guido Stampacchia the
foundations of the theory of variational inequalities, as they appear for
instance in unilateral problems in elasticity.

His inclination for applications led him to propose a particularly ele-
gant proof of Korn’s inequality, based notably on a fundamental result in
distribution theory known as “Lions’s lemma” (although several other re-
sults of his bear the same name!). He further developed applications of
the theory of variational equations or inequalities to mechanics by math-
ematically analyzing Bingham fluids, friction, viscoelasticity, or plasticity
models. These applications constitute the substance of another well-known
book, “Inequalities in Mechanics and Physics” (1972) that he wrote with
Georges Duvaut.

He was equally interested in the numerical simulation of these problems,
at a time when it was realized that the applicability of finite difference
methods had reached its limits. For instance, these methods do not perform
well when the problems to be approximated have rapidly varying coeflicients
or are posed on domains with complicated geometries. On the other hand,
the finite element method, already familiar to engineers in handling these
types of difficulties, remained essentially unknown to mathematicians.

With a remarkable intuition, Jacques-Louis Lions immediately foresaw
that it was preferable to discretize the variational, or weak, formulations
of partial differential equation problems rather than the partial differential
equations themselves. Accordingly, he quickly pointed out to his group
of colleagues and students the interest of studying and analyzing Galerkin
methods in general and finite element methods in particular. A quite pro-
ductive period ensued, to which he himself contributed with another classic,
“Numerical Analysis of Variational Inequalities” (1976), co-authored with
Roland Glowinski and Raymond Trémolires.

His book “Some Methods for Solving Nonlinear Boundary Value Prob-
lems” (1969) is a major contribution to the theory of nonlinear partial dif-
ferential equations, which remains even today a substantial source of inspi-
ration (it is unfortunate that this book was never translated into English).
In this work, Jacques-Louis Lions introduced and systematically analyzed
the so-called compactness methods, which play a key role in the existence
theory for the Navier-Stokes and von Kdrmén equations, the monotony
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methods he had developed with Jean Leray, and the regularization and
penalty methods, which can for instance be applied to the Schrédinger or
Korteweg-de Vries equations. For the most part, the results found in this
book are either due to himself or to his students, in particular Haim Brezis
and Luc Tartar.

Most of the works mentioned so far, together with many generalizations
they led to, were to be assembled in the monumental treatise “Mathematical
Analysis and Numerical Methods for Sciences and Technology” (1984-1985),
conceived and edited by Jacques-Louis Lions and Robert Dautray. This
work, which comprises almost four thousand pages, is justly regarded as
the modern counterpart of the celebrated Courant-Hilbert.

His ongoing interest for problems with small parameters led him to write
“Singular Perturbations in Boundary Value Problems and in Optimal Con-
trol” (1973), a book where he laid down the foundations of the asymptotic
analysis of such problems. The methods and notions that he then intro-
duced and analyzed, such as a priori estimates, stiff problems, boundary
layers, multiple scales, and so on, were subsequently recognized as funda-
mental for many applications. For instance, they later played a major role
in the mathematical modeling of elastic structures or “multi-structures”,
made of plates, rods, or shells.

Another field where small parameters naturally arise is the modeling of
composite materials, of constant use in the aerospace industry for instance.
Their asymptotic analysis, which is a special case of what became known
as homogenization theory, was abundantly developed and illustrated by
applications in another seminal work, “Asymptotic Analysis for Periodic
Structures” (1978), which he wrote with Alain Bensoussan and George Pa-
panicolaou. In this book, a substantial number of essentially empirical for-
mulas used in the modeling of periodic structures were rigorously justified
for the first time, thanks notably to the compensated compactness method
due to his students Francois Murat and Luc Tartar and to the oscillating
test-functions method of Luc Tartar.

A fundamental work by Lev Semenovitch Pontryagin about the optimal
control of systems governed by ordinary differential equations (the objective
was to control the trajectories of artificial satellites) immediately attracted
his attention in 1958. Through the contacts he already had at that time
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with the engineering community, he became quickly convinced that the
next step was to extend optimal control to distributed systems, i.e., systems
whose state is governed by partial differential equations. The inclination
that he then developed for the optimal control of such systems was to always
remain at the center of his mathematical interests.

A pionner as always, he began by laying down the foundations of a gen-
eral theory in yet another celebrated book, “Optimal Control of Systems
Governed by Partial Differential Equations” (1968), where he notably in-
troduced an infinite-dimensional version of the Riccati equation.

In two books co-authored with Alain Bensoussan, “Applications of Vari-
ational Inequalities to Stochastic Control” (1978) and “Impulse Control and
Variational Inequalities” (1983), he continued his investigations by consid-
ering in particular the optimal control of systems that are not necessarily
well-posed or that have multiple states.

After having so thoroughly analyzed the main aspects of optimal control
theory, Jacques-Louis Lions shifted his interests to the study of “contro-
lability”, a discipline that basically seeks to answer the following type of
question: Given a system in an arbitrary initial state, the question is to de-
vise a way of acting on it in such a fashion that its solution reaches a given
final state in a finite time, for instance by imposing adequate boundary
conditions.

During the prestigious “John von Neumann Lecture” that he gave at the
SIAM Congress in Boston in 1986, he presented for the first time his now
famous “HUM” (Hilbert Uniqueness Method) for the exact controlability
of linear time-dependent equations. He chose this particular terminology
to emphasize the fact that the feasibility of such controlability is related in
an essential way to the uniqueness of the solution to the adjoint problem,
typically obtained by the Holmgren or the Carleman theorem.

This lecture was the starting point of numerous works by himself or his
School. In particular, he began by publishing no less than three books
on the subject in the same year, “Exact Controlability, Perturbations and
Stabilization of Distributed Systems” in two volumes (1988) and, with John
Lagnese, “Modeling, Analysis, and Control of Thin Plates” (1988), which
contains an abundance of applications to the theory of elastic plates. In
1995, he also established with Enrique Zuazua the generic character of
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the controlability of the three-dimensional Stokes equations: If there is no
approximate controlability for a given open set, it is always possible to find
another arbitrarily close open set for which this type of controlability holds.

These works constituted yet another mark of his constant interest for
real-life applications. He also had the concern of proposing numerically
feasible approximation methods. These were the theme of a long article
co-authored with Roland Glowinski, an article so long that its nearly three
hundred pages took up two consecutive issue of “Acta Numerica” (1994—
1995).

Even though the last works of Jacques-Louis Lions were in different
areas, they continued to be partly influenced by the methodology he had
developed for questions of controlability.

In 1990, he started to express his great interest in climatology in “El
Planeta Tierra”. In this book, which was directly published in Spanish, he
described in a masterly fashion and in a remarkably accessible style the most
important problems originating in this science, such as modeling, numerical
simulation, sensitivity to initial conditions, etc. From 1994 to 1998, his last
courses at the College de France were all about these subjects.

The models found in climatology include complex systems of partial
differential equations such as those of Navier-Stokes or of thermodynamics.
But these systems had never been seriously analyzed from the mathematical
viewpoint , although they had been blithely used in a massive way since
the 1960s for numerical simulation in weather forecasting.

In spite of the “truly diabolic complexity” (as he was fond of saying)
of the combination of partial differential equations, boundary conditions,
transmission conditions, nonlinearities, physical assumptions, etc., that en-
ter these models, Jacques-Louis Lions, together with Roger Temam and
Shouhong Wang, was able to study questions of existence and uniqueness
of solutions, to establish the existence of attractors, and to propose numer-
ical methods. He even succeeded in teaching these works on a blackboard,
a pedagogical tour de force!

In 1995, he began with Evariste Sanchez-Palencia another series of works
where they developed the theory of sensitive problems, exemplified by the
boundary value problems that appear in the theory of linearly elastic mem-
brane shells. In such problems, which in a sense constitute the antithesis
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of well-posed problems, arbitrarily small, yet arbitrarily smooth changes in
the right-hand sides of the equations may induce “sudden” changes on the
properties of their solutions. It is perhaps no coincidence that the analy-
sis of such problems relies in particular on uniqueness theorems that bear
resemblance with those needed in the HUM.

In his last works, Jacques-Louis Lions returned to the numerical analysis
of parallel algorithms and domain decomposition methods, in a long series
of Notes aux Comptes Rendus de PAcadémie des Sciences most often co-
authored with Olivier Pironneau and published from 1997 to 2001. In fact,
these kinds of topics had been on his mind for a long time. As early as
the 1980s, he had already been an ardent advocate of installing a parallel
computer at INRIA. The main idea in these Notes is to introduce parallelism
in the continuous problem rather than in the discrete one, an approach that
is in fact quite general, since it applies equally well to any problem that is
approximated by an iterative method, such as a fractional step method, a
decomposition method into sub-problems in optimization theory, a domain
decomposition method, and so forth.

One can only be impressed by these immense works, whether by the
quality, diversity, and novelty of the mathematics used or by the permanent
quest for new applications that were previously believed to be inaccessible.

Like John von Neumann, whom he deeply admired, Jacques-Louis Li-
ons was a visionary, who very quickly understood that the availability of
ever-increasing computational power could revolutionize the modeling of
phenomena and thereby improve our knowledge and mastery of the phys-
ical world, provided however that the required mathematics were simulta-
neously created and developed. He admirably contributed to this latter
task.

Jacques-Louis Lions justly received numerous honors. Although he al-
ways remained modest about them, their list is truly astonishing: He was
Commandor of the French Legion of Honor and Great Officer of the French
National Order of Merit, a distinction he received at the hands of Presi-
dent. Chirac on 23 February, 1999. He was a member of twenty-two foreign
academies and Honoris Causa Doctor of nineteen universities, he received -
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the most prestigious prizes, and he delivered the most coveted lectures.

He was in particular awarded three Prizes by the French Academy of
Sciences, the John von Neumann Prize in 1986, the Harvey Prize from
the Technion in 1991, and the Lagrange Prize at the ICIAM meeting in
Edinburgh in 1999. Jacques-Louis Lions was proud to have had the rare
honor of having shaken the hand of Emperor Akihito when he received the
highly prestigious Japan Prize in 1991. It was the climax of a perfectly and
meticulously organized week which had particularly impressed him!

In particular, he was an invited speaker three times at an International
Congress of Mathematicians, in 1958, 1970, and 1974. He gave the John von
Neumann Lecture at the SIAM meeting in Boston in 1986. He was plenary
speaker at the ICTAM Congress in Hamburg and at the SIAM Congress in
Philadelphia in 1995, and he held the Galileo Chair at the University of Pisa
in 1996. He also had the extremely rare honor for a scientist, especially for
a mathematician, of speaking before a parliament! More specifically, he de-
livered an address entitled “Will it ever be possible to describe, understand,
and control the inanimate and animate world by means of the languages
of mathematics and informatics?” in front of the Cortes who had specially
gathered in Madrid on 21 January, 2000 for the occasion, as part of the
celebrations of the “World Mathematical Year 2000”.

He belonged to the most famous academies, such as the USSR Academy
of Sciences and the American Academy of Arts and Sciences to which he
was elected in 1982 and 1986. In 1996, he was simultaneously elected to the
Royal Society of the United Kingdom, to the National Academy of Sciences
of the USA, and to the Third World Academy of Sciences, just before being
simultaneously elected in 1998 to the Chinese Academy of Sciences and to
the Accademia Nazionale dei Lincei in Rome. The Pontifical Academy of
Sciences, to which he was elected in 1990, seemed to be particularly dear
to him. It may perhaps be not so well-known, but it is an unusually rare
honor to become one of its members! .

Who was the man behind all these endeavors? What I knew of him
convinced me that both his human and professional qualities were truly
exceptional.

Jacques-Louis Lions wrote abundantly, very rapidly, and with an aston-
. ishing ease not only mathematics but also countless letters, which consti-
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tuted his favorite means of communication. He was a master with the fax,
which he used with an amazing efficiency! For instance it was not uncom-
mon for each one of his various collaborators at any given time to receive
four or five faxes per week, sometimes of up to thirty pages if their contents
were mathematical.

Even though he wrote abundantly, he confessed that he did not usually
keep track of his manifold letters, perhaps because he could rely entirely on
his memory, or perhaps because he preferred to spare himself a herculean
archival task! Let us hope that his correspondents had the good idea to
keep his letters, which could thus be later compiled.

By any measure, his abilities were astounding. For instance, he once
told me that it only took him a few weeks to write the several hundred
pages of the “Diplodocus” lecture notes mentioned earlier. Likewise his
indifference to lack of sleep or to the most extreme jetlags and his freshness
after lengthy flights were always a subject of astonishment among his travel
companions.

Ag John Ball put it so well, “Jacques-Louis Lions was a man of con-
siderable personal magnetism and charm, whose charisma, brilliance as a
teacher, and accessibility attracted others to work with him”. And indeed
it was obvious that Jacques-Louis Lions had an ample share of charisma,
even if charisma is not easy to define in a rigorous manner! He was also
incredibly open and displayed such amiable and simple manners that any
one of his current students or collaborators felt they were at the center of
his attention.

He was also very brave in the face of physical danger and suffering.
Even when the pain became unbearable, he never complained, keeping on
the contrary his compassion for others.

All those who met him will cherish the memory of his warm personality,
the vision that he so well conveyed, and his profound intelligence.
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[1] Lectures on Elliptic Partial Differential Equations, Tata Institute,
Bombay, 1957.

2] Equations Différentielles Opérationnelles et Problémes aux Limites,
Springer-Verlag, Berlin, 1961.



16

[4]

(5]

[7]

(8]

[10]

[11]

[12)

P. G. CIARLET

Probléemes aux Limites dans les Equations aux Dérivées Partielles,
Presses de I’Université de Montréal, Montréal, 1962.

Méthodes de Quasi-Réversibilité et Applications (with R. Lattes),
Dunod, Paris, 1967;

English translation; Quasi-Reversibility Methods and Applications,
American Elsevier, New York, 1969;

Russian translation: Mir, Moscow, 1970.

Contréle Optimal de Systémes Gouvernés par des Equations aux
Dérivées Partielles, Dunod, Paris, 1968;

English translation: Optimal Control of Systems Governed by Partial
Differential Equations, Springer-Verlag, Berlin, 1970;

Russian translation: Mir, Moscow, 1972.

Problémes aux Limites Non Homogeénes et Applications (with E. Ma-
genes), 3 volumes, Dunod, Paris, 1968-1970;

Russian translation: Mir, Moscow, 1971;

English translation: Non-Homogeneous Boundary Value Problems and
Applications, 3 volumes, Springer-Verlag, Berlin, 1972-1973.
Quelques Méthodes de Résolution des Problémes aux Limites Non
Linéaires, Dunod, Paris, 1969;

Russian translation: Mir, Moscow, 1972.

Les Inéquations en Mécanique et en Physique (with G. Duvaut),
Dunod, Paris, 1972;

English translation: Inequalities in Mechanics and Physics, Springer-
Verlag, Berlin, 1976;

Russian translation: Nauka, Moscow, 1980.

Some Aspects of the Optimal Control of Distributed Parameter Sys-
tems, CBMS Conference No. 6, SIAM, Philadelphia, 1972.

Sur le Contréle Optimal des Systémes Distribués, Monographie No.
20, Enseignement Mathématique, Geneéve, 1973;

Russian translation: UMN 28, 1973.

Perturbations Singuliéres dans les Probléemes aux Limites et en Con-
tréle Optimal, Lecture Notes in Mathematics, Vol. 323, Springer-
Verlag, Berlin, 1973.

Analyse Numérique des Inéquations Variationnelles (with R. Glowinski
and R. Trémoliéres), 2 volumes, Dunod, Paris, 1976;



JACQUES-LOUIS LIONS, 1928-2001 17

English translation: Numerical Analysis of Variational Inequalities,
North Holland, Amsterdam, 1981.

[13] Sur quelques Questions d’Analyse, de Mécanique et de Contrdle Opti-
mal, Presses de I'Université de Montréal, Montréal, 1976.

[14] Applications des Inéquations Variationnelles au Contréle Stochastique
(with A. Bensoussan), Dunod, Paris, 1978;

English translation: Applications of Variational Inequalities to Sto-
chastic Control, North-Holland, 1982.

[15] Asymptotic Analysis for Periodic Structures (with A. Bensoussan and
G. Papanicolaou), North-Holland, Amsterdam, 1978.

[16) Some Methods in the Mathematical Analysis of Systems and their
Control, Science Press, Beijing and Gordon & Breach, New York, 1981.

[17] Controle Impulsionnel et Inéquations Variationnelles (with A. Ben-
soussan), Gauthier-Villars, Paris, 1982;

English translation: Impulse Control and Variational Inequalities,
Heyden & Son, Philadelphia, 1984.

[18] Controle des Systémes Distribués Singuliers, Gauthier-Villars, Paris,
1983; Russian translation: Nauka, Moscow, 1987.

[19] Analyse Mathématique et Calcul Numérique pour les Sciences et les
Techniques (with R. Dautray), 3 volumes, Masson, Paris, 1984-1988;
English translation: Mathematical Analysis and Numerical Methods
for Science and Technology, 9 volumes, Springer-Verlag, Berlin, 1988
1993.

[20] Controlabilité Exacte, Perturbations et Stabilisation de Systémes Dis-
tribués, 2 volumes, Masson, Paris, 1988,

[21] Modelling, Analysis and Control of Thin Plates (with J. Lagnese),
Masson, Paris, 1988.

[22] El Planeta Tierra, Instituto de Espaiia, Espasa-Calpe, Madrid, 1990.

[23] Sentinelles pour les Systémes Distribués & Données Incompletes, Mas-
son, Paris, 1992.

[24] Models for the Coupled Atmosphere and Ocean (with R. Temam and
S. Wang), Computational Mechanics Advances, Vol. 1, North-Holland,
Amsterdam, 1993.



18

(1]

(2]

8]
4]

(4
[2]

[3]

P. G. CIARLET

Series Edited by Jacques-Louis Lions

Studies in Mathematics and its Applications (with H. Fujita, H. B.
Keller and G. Papanicolaou), 30 volumes, North-Holland, Amsterdam,
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On the desk in my office at the Institut Sino-Frangais de Mathématiques
Appliquées (ISFMA), there is a carefully framed photo, which was taken
when I saw Professor J.-L. Lions for the last time. That was the afternoon
of May 29, 2000, and I was attending the meeting of the (French) Scientific
Committee of the ISFMA presided by Prof. J.-L. Lions at the Institut de
France in Paris. The participants were in high spirits, and after the meeting
a group photo was taken in a quaint hall. I was sitting next to him for that
photo and could not imagine that this would be our last time together!

Prof.J.-L. Lions in the photo seems to be always watching me with his
flashing eyes, urging me never to forget his concerns and instructions, urging
me never to forget those unforgettable past matters which greatly influenced
me, urging me to move forward and do my best, and urging me to complete
his great unfinished work of developing applied mathematics.

In my memory, the figure of Prof. J.-L. Lions was always tall and strong,
and his face was still glowing with health and radiating vigour. Perhaps
due to the aesthetic disposition of French nation, he was unwilling to have
his sick look seen by his relatives and friends. The evening of March 25,
2001, soon after I arrived in Paris from Shanghai, I was shocked to learn
that Prof. J.-L. Lions was seriously ill and hospitalized. Next morning I
hurried to College de France, where I confirmed the news and had more
details. I was deeply concerned about his sickness. I left messages several
times hoping that I would be allowed to visit him in the hospital. He
had been a strong man and I hoped he could recover from his illness and
regain his energy. Unfortunately, when I finished my visit to Strasbourg

19
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and Clermont-Ferrand in May and returned to Paris to leave for China, I
heard that he was more seriously ill. Soon after I returned to Shanghai
the bad news of his death came to me through different channels. I didn’t
expect that he would pass away so soon!

Prof. J.-L. Lions, a master of applied mathematics who enjoyed high
prestige and reputation and acquired great achievements, and a respected
and beloved teacher of mine, left us in such a hurry. At the moment of grief
the fond memories of our time together freshened in my mind, stirring me
for a long time.

Prof. J.-L. Lions was my advisor during my stay at College de France
as a visiting scholar from January, 1979 to April, 1981. The first time we
met, he gave me a copy of his monograph Quelgues méthodes de résolution
des problémes aux limites non linéaires. I spent over half one year in study-
ing this book deliberately gained an overall understanding to the method
of solving nonlinear partial differential equations by using the theory of
Sobolev space. It was a rigorous training in the basic skill of Lions School.
During that period Prof. J.-L. Lions proposed three problems to me. 1
chose the most difficult one and wrote a paper on it. He was pleased by my
paper and encouraged me to publish it. But I realized that at that time
he just tested my ability, so I did not submit the paper to any journal. In
the second half of 1979, he was lecturing at Collége de France every Friday
morning. In one class he introduced a new kind of function space for solving
pointwise control problems and gave a conjecture that the function space
should be independent of the concrete forms of the elliptic operators. Due
to my hard study during the first half of year, I proved the conjecture next
day and immediately sent it to him. I was surprised that he addressed my
proof in details as a theorem in the next class. It inspired me very much
and also taught me the way he exchanged thoughts and communicated with
his audience through his lectures. With his encouragement and advice, I
successfully published several papers on pointwise control problems and re-
lated limit behaviors. These results were added into his monograph Some
methods in the mathematical analysis of systems and their control pub-
lished in 1981 by Scientific Press, Beijing, and he also asked me to write
two appendices for this book.

During the period of my stay at College de France over two years, I spent
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most of my time and energy in the study of quasilinear hyperbolic systems.
My work related to his research fields might be only what was mentioned
above. It is not significant and I wish I have done more. However, living
and working near Prof. J.-L. Lions, I was imperceptibly influenced by his
working style and thinking method, I was very impressed by many talented
disciples of Prof. J.-L. Lions, and I could see the prosperity and strength
of Lions School. It was really of benefit to me. Since then each time I
visited France Prof. J.-L. Lions always welcomed me and gave me advice
and we became closer and closer. As a result, my understanding of applied
mathematics was greatly improved. I further realized his working style and
thinking method. I respect him not only for his academic achievement but
also for his great personality. It will no doubt impact me forever.

As a master in applied mathematics, Prof. J.-L. Lions had kept close con-
tact with some important organizations in practical field as their academic
consultant for long time. He proposed many new mathematical concepts,
methods and theories just from urgent needs of practical applications. They
not only played important instructive roles in solving practical problems
but also greatly enriched the contents of applied mathematics. His success
shows that combining theory with practice is a broad way for the devel-
opment of applied mathematics. His effective working mode is a valuable
legacy to us.

I remember that as a professor of College de France, each year Prof.
Lions always gave a new course which addressed his latest research. He
also published a new monograph almost every year. Even in May, 2000,
one year before his death, I followed his lecture at Université Pierre et Marie
Curie on the control problems of Navier-Stokes equations. It was believable
that what he bore in mind constantly even in his last moment probably was
various mathematical problems which he never gave up. Such a talented
and diligent mathematician who devoted his entire life to mathematics is
respectable that we would learn from him and keep him in mind forever.

Prof. J.-L. Lions was a very busy person during his lifetime, holding
several important posts at home and abroad concurrently; nevertheless, he
managed his life elegantly. During the days when I was a visiting scholar
at Collége de France, every Friday in the afternoon before and after the
seminar he presided there were always so many persons waiting for him,
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who wanted to discuss with him or consult him. Though my office was
next to his, our talk often could not last over five minutes each time since
he was so busy. But such a talk was always concise and effective. Each
time I handed him my research work or problems, two or three days later I
would receive a long letter from him, giving me his advice and instructive
opinions. Having known him for more than twenty years, I was deeply
impressed with his efficient working style and I urged myself to learn from
him.

It is especially worth mentioning that Prof. J.-L. Lions was full of en-
thusiasm about the development of mathematics in developing countries,
reflecting an honest mathematician’s wide vision and broad mind. During
the period that he took office of the Secretary-General of the International
Mathematical Union (IMU), he made great efforts to regain seat of the
People’s Republic of China in IMU, resulting in a satisfactory settlement
at the end. As the President and the past President of IMU, he again spared
no effort to help China meet with success in applying for hosting the In-
ternational Congress of Mathematicians (ICM) at Beijing in 2002. When
he visited Shanghai in 1981, he was awarded the title of Honorary Profes-
sor of Fudan University. Since then, he was always concerned about the
establishment of the mathematical disciplines in Fudan University. He in-
vited Professor Su Buchin, the President of Fudan University, to visit Paris
in 1982 and facilitated a cooperative agreement among Fudan University,
Ecole Polytechnique and Institut National de Recherche en Informatique
et en Automatique (INRIA). As a result, the academic exchange and co-
operation of Fudan University with France in mathematical fields became
more frequently. With his effort, supported by the Presidents of China and
France, the Institut Sino-Frangais de Mathématiques Appliquées (ISFMA)
was established in Shanghai in February, 1998. He was the French Chair-
man of the Scientific Committee of the Institute. He came to Shanghai to
attend the opening ceremony with a group of French mathematicians, and
gave a scientific lecture there. The journal Chinese Annals of Mathematics,
whose past Editor-in-Chief was Prof. Su Buchin, reorganized its Editorial
Committee in 1999. Prof.J.-L. Lions kindly accepted the invitation to be an
Honorary Editor of the journal. He was also the Honorary Editor-in-Chief of
the Series in Contemporary Applied Mathematics published by the Higher
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Education Press, Beijing, from 2000 onwards. When Macao returned to
China, Prof. J.-L. Lions helped to organize the conference “Mathematics
and its Role in Civilization”, which added a piece of bright landscape for
new-returned Macao. After he took office of the President of the Académie
des Sciences de Paris, his first outside visit was to the Academia Sinica in
Beijing, and he was elected as an oversea member of the Chinese Academy
of Sciences in 1998, unique member from France at that time. We could
say without any exaggeration that Prof. J.-L. Lions was an truly devoted
friend of Chinese mathematicians and he won popular love and respect in
Chinese mathematical community.

Today, due to the efforts and encouragement of Prof. J.-L. Lions in his
lifetime:

— The International Congress of Mathematicians (ICM2002) was suc-
cessfully held in Beijing in August 2002, and the General Assembly of the
IMU was also smoothly held in Shanghai before ICM2002.

— The ISFMA operates smoothly, and is playing a more important role
in promoting the exchanges between Chinese and French applied math-
ematicians. Efforts have been and will be made to realize his ideas in
developing applied mathematics.

— The journal Chinese Annals of Mathematics has become more influ-
ential in recent years. Hopefully the journal would become an international
mathematical journal of great influence in near future. The second issue of
Chinese Annals of Mathematics Ser. B (2002) as a special issue and the
next several issues published articles contributed by his friends, students
and colleagues, dedicated to the memory of him.

— The theory of exact boundary controllability, which he initiated and
made important contributions to, has got rather important progress in the
case of general quasilinear hyperbolic systems of first order.

When Prof. J.-L. Lions came to Shanghai to attend the opening cer-
emony of the ISFMA in 1998, he was deeply moved by Shanghat’s great
changes. At the reception hosted by Shanghai’s Vice-Mayor, he said: “This
is my third visit to Shanghai, and I have seen three different cities in three
visits !” After then I have invited him to visit Shanghali again, in particu-
lar, T hoped he could come to Shanghai during the period of the General
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Assembly of the IMU in 2002. I would, as host, show him the new changes
in Shanghai in recent years. Regretfully, it has been now impossible.
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§1. Introduction

We consider solutions u = (u;(x3, T2,t), uz2(x1,z2,t)) of the incompress-
ible two-dimensional Euler equation in a bounded domain  C IR? with a
smooth impermeable boundary 992 :

Siu+u-Vu=—-Vpin Ry xQ, u-#=0o0n IR x . (1.1)
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71 denotes the outward normal to the boundary. The vorticity
W=V AuZ=0y,us — Opu1
is then transported by the flow according to the equation
Ow+u-Vw=01in IR, x 2. (1.2)
We define the operator curl™ by the formula
curl 'w =V AT, with —A¥ =win Q, ¥ =0 on 9. (1.3)
If the domain € is simply connected, then v = curl"lw. If it is not simply
connected, but v = curl 'w at time ¢t = 0, then u = curl"w at all times.

This is the only case that we consider and therefore the Euler equation is
equivalent to the equation

B + curl Hw) - Vw = 0. (1.4)

If ug(z) is a stationary solution of the Euler equation (1.4), then the
vorticity wo(x) satisfies the equation

0=wup-Vwyg=VIy3AVuy , (15)

which says that the level lines of ¥y and (o coincide. This condition is
satisfied in particular for any solution of the nonlinear elliptic equation

~AT=f(T)inQ, ¥=00ndN. (1.6)

The present article is composed of two parts. The first concerns the
stability of solutions of the mean field equation which was introduced to
the subject by Onsager [15]:

-A¥=Ce?'inQ, C>0. (1.7)

The convexity of the entropy functional
S(w) = / wlogwdz (1.8)
Q

is used in conjunction with the tools developed in [3] and [4]. In a standard
normalization, the stability is proven for § > —8u, extending previous
results obtained by Arnold’s method [1] for B negative but small in absolute
value. The case of —f large corresponds to large energy and seems to be
the relevant one in the formation of coherent structures.

Our first stability theorem is as follows.
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Theorem 1.1. Consider the variational problem

S(A,E) = inf/ wlogwdz (1.9)
v Ja
subject to the mass and energy constraints
w>0, / wde = A, l/ leurl w|*dz = E. (1.10)
Q 2Ja
Assume that the minimizer p, which satisfies
/ wlog udx = S(A, E) (1.11)
Q

and always exists [3], is unique. Consider the family F' of initial data defined
as the nonnegative functions that belong to a Holder space C%* for some
a > 0. Then for all € > 0 there ezists § > 0 such that, for the solutions
w(t) of the Euler equation (1.4) with w(0) € F, the implication

lw(0) — 2@y <6 = flelg lw() — plrz@) <€ (1.12)

holds.

The proof of this theorem and some variants to handle the case where
the minimizer is not unique will be given in Section 2.

In Section 3 it is shown how to deduce nonlinear instability from lin-
earized instability. The method follows closely the program initiated by
the second and third authors of this paper (in collaboration with others)
[6,7,10], where it was observed that the notion of instability is a robust
property. In particular, using a perturbation method, nonlinear instabili-
ties can be deduced from instabilities of the linearized operator.

In the present situation the linearized equation is
((9t+U(]'V)CII+’(7,'VUJ[) =0. (1.13)

Solutions of (1.13) are described by the group of operators e!4° with gen-
erator

Aod = —ug - V& — curl 1w - Vi . (1.14)

This generator is the sum of an advection term which generates an isometry
group in any LP(Q) (1 < p < o0), denoted by e~ **'V and a compact
perturbation. It follows that the part £(Ag) of the spectrum of Ay outside
the imaginary axis is purely discrete and that if ¥(4o) # 0, the type A of
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the semi group e~t4° in any L? space is given by
A= sup ReA. (1.15)
AEX(Ag)

Linear instability corresponds to the case when A > 0 (that is, X(A4o) # ).
We denote by ¢ the Liapunov exponent of the autonomous flow associated
to ug. Our instability theorem is as follows.

Theorem 1.2 (From Linear to Nonlinear Instability). Given a
steady flow up € C3(SY), consider the linearized equation

A + up - V& + curl '@ - Vg = 0. (1.16)

Assume that the type A of the semigroup and the Liapunov exponent o of
the flow generated by the vector field ug satisfy the inequality

A>o. (1.17)

Then for any p > 2 there exist positive constants C,eg, 80 and a family of
solutions of the nonlinear Euler equation {ws, 0 < § < &} which satisfy
both

||w5(0) - OJ()"Wl,p S 1) (118)
and
sup ||w5(t) - wOHLz 2 €Q. (119)
0<t<C|log 6|

In two space variables the use of the vorticity equation forces the discrete-
ness of the spectrum of Ay off the imaginary axis. In contrast, Friedlander
and Vishik [5] consider a different linearized operator. They linearize the
Euler equation for the velocity to get the operator

Bo’a = —(UO . V)’I] - (’&, . V)Uo - Vq
on the space {# : @ € L*(Q),V - & = 0}. They prove [5,18] that the
essential spectral radius of et is equal to the maximal growth rate of
the bicharacteristic-amplitude equations

& =ug(z), €=—(B:u0)7¢,
b = —(Byu0)b + 2(€ - Byuo)b £/]€[%.

Thus the essential spectra of Ag and By are quite different.
In [6], it is proven that certain flows are nonlinearly unstable in H?
for s > 2, by making use of the point spectrum of Bp. In [8], Grenier
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proves similar results in the space {u € L?}. Here we prove the same kind
of theorem for the L? norm of the vorticity. This is the very norm for
which we obtain stability results. Furthermore, in contrast to [6] and [§],
our results are valid (i) with no geometric hypothesis on the shape of the
domain €} and (ii) with less regularity assumed on the steady flow.

Two basic examples are shear flow and simple rotating flow. In both
cases, the exponent ¢ vanishes. Indeed, shear flow is

up = (“(”’2)> with Xo(t, 2, 22) = (“("”2).”’”1) .

0 T2
Since the flow grows only linearly in time, o = 0. Simple rotating flow in a
disk is
o= (4058 i xtm= (10 =)

for which o is also clearly equal to 0.

There exist classical examples [6] of shear or rotating flows going back
to Rayleigh for which the linearized instability is proven. The previous
comments imply that for these cases the hypothesis (1.17) is satisfied.

§2. Stability of Solutions of the Mean Field Equation

The solutions of the mean field equation
g~ BY
are invariant under the Euler flow. They are also closely related to the
minimization of the functional

S(w) = / H(w)dr with Hw) =wlhw (2.2)

(2.1)

subject to the constraints
w>0, A= /wd:c, E= %/ lcurl ™ w|?dz. (2.3)
Q

The constants A and E are positive while 8 is the Lagrange multiplier of
the energy constraint. More precisely, starting from the convexity of the
function w — H(w) > e~! the following facts are proven in [3, 4, 11] and
are restated in the next two theorems.
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Theorem 2.1. (i) Denote

P(E, A) = {wz()a.e. inQ, /

1
w(z)dz =1, —/ lcurl™ ! w|?dz = E} .
Q 2 Jo

(2.4)
Then for any pair (E, A) of positive constants there is at least one wmin
which solves the Microcanonical Variation Principle

S(EA) B inf | 5w) = S(wai)- (2.5)

Furthermore, any nonnegative solution w of (2.5) is strictly positive and
there exists at least one § such that w = —AWV with V solving the corre-
sponding B-mean field equation (2.1).

(ii) Conversely, any solution of the B-mean field equation (2.1) is a so-
lution of (2.5) with a given mass and energy E(f).

With appropriate scalings, the following renormalizations are assumed
for the domain £ and for the solution of the mean field equation:

0] = meas 0 = 1 and A = / w(z)dz = 1. (2.6)
Q

The set of minimizers in (2.5) is denoted by M(E, A). In particular,
M(E, 1), P(E,1) and S(E, 1) are denoted by M(E), P(E) and S(E).

Theorem 2.2. (i) For any B > —8w there is at least one solution of
(2.1); this solution is always unique for § > 0.

(it) This solution is also unique for § > —8n if the domain ) is simply
connected. In this setting the mapping § — E(f) is well defined. It is also
strictly decreasing and is onto from the interval (—8m,0) to the interval
(0, E.), where

Ee= ﬂ)—SLI,IL?—)—Sﬂ' E(B)-

(i) For starshaped domains there exists o number 8. < —8m such that
the mean field equation has no solution for 8 < B.. In particular if Q1 is a
disk, E, = oo and 8, = —87.

In fact, the situation of the disk corresponds to the ideal case where for
any energy F € (0,00) any minimizer corresponds to a unique temperature
B € (—8m,0c). As a consequence, the minimizer is uniquely defined. In
general, the situation turns out to be more complicated, either when the
domain is not simply connected (no uniqueness of the solution of the mean
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field equation for given 3), or when E. < oo and B. < —8n in which case
several values of § may correspond to the same energy.

For our purposes observe that for a simply connected domain a solution
of the mean field equation

e~ PY
JaePYedz
provides a minimizer of S{wg) with the constraint E(w) = E(8) € (0, E,).
Furthermore if wg is another minimizer with the same energy,

~ATg = , B—8r (2.7)

cither §' = B or B’ < 8. (2.8)

Now we prove the stability theorem stated in the introduction.

Proof of Theorem 1.1. The hypothesis w(0) € F implies (cf. [20, 21])
that the corresponding solution is well defined and smooth. In particular
one has for w(t) and u(t) = curl *w(¢) the invariance

/|uzt|2dz— /|u:r:0|2d:1:— E(0), (2.9)

and for any continuous function f

/f(w(x,t))dx:/f(w(z,()))dx. (2.10)
Q Q

By contradiction, it is easy to see that the statement of the theorem is
equivalent to the following one. For any sequence of initial data w,(0) € F
and for any sequence of times t, , the limit

lim o (0) = pfz2(@) =0 (2.11)
implies the existence of a subsequence n; such that
nll)néo "wnj (tnj) - ﬂ'ulﬁ(ﬂ) =0. (2'12)

So we assume (2.11).
We claim that

nl_i_)rr;/ﬂH(w,,(z,O))dx = /QH(p)dx =5(u). (2.13)

To prove (2.13), the strict positivity of p as stated in Theorem 2.1 is used
and a positive constant ng such that u(z) > 2np in  is introduced. Let
0 < 1 < min(7ng,e™!) and observe the inclusion {z € N\|w,(z,0)| <7} C
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{z € Q\|wn(z,0) — u(z)| > n}. Then we have
)/H w(z, 0))dz — S(u))

/ \H (@n(z,0)) — H(u(=))|dz
QN{wn (z,0)>7}

T / (1H (wn(2, )| + [H (1))
QN {wn (z,0)<n}

2
<? / (2, 0) — u(@)ldz + 7l log 7]

+ | H ()] Lo () dz. (2.14)
| (2,0)—p(z)|>n

To complete the proof of the claim, choose i to make 7| logn| less than ¢/2
and then choose n large enough to ensure, with the strong L? convergence
of w,(0) to w, that the sum of the two other terms is less than €/2.

Then there exists a subsequence n; denoted below by n such that w,(¢,)
converges weakly in L?(f2) to a function v(x). With the notation u, (t,) =
curl 'wn(tn), u, = curl™'w, the relations (2.9), (2.10) and the “entropic
convergence lemma” (Proposition 3.1 of [2]) one has, for v € L*(Q),» >0,
the following properties:

v(z)dr =1i wWp(z,tn)dz =lim | w,(z,0)d

Jover=im]| / oo
/ [ty (z)|*dz —hm/ [tin (2, tn)|*dz = (2.16)

/ H(v(z))dz < lim/ H(wn(z,tn))dz = H(p) . (2.17)
Q Q

Thus v is a minimizer. The hypothesis concerning the uniqueness of the
minimizer implies the relation v = p and the strong L2(f) convergence
because

/ lv(z)|?dz < lim/ |wn (2, t,)|2dz :lim/ |wn(z,0)|2dz
Ja Q Q

:/Qm(xn dm:/Qp/(xn d. (2.18)

This proves Theorem 1.1.
Since the minimizer may not be unique, we consider several extensions
of the above theorem. We have the following variant.
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Theorem 2.3. No assumption is made on the uniqueness of the min-
imizer. On the other hand, consider for a given energy E, a minimizer
i € P(E). Let F' C F be the subset of initial data uniformly bounded in
L>®(Q) by a fized constant k. Then for all € > 0 there exists § > 0 such
that, for the solutions w(t) of the Euler equation (1.4) with w(0) € F’, the
assertion

w(0) — <é = sup inf Jw()-v <e 2.19
Jw(0) — plr2(e) < tegueM(E) Jor(t) = ]2 < (2.19)

holds.

Proof, The proof follows the preceding one and leads with no major
modification to the extraction of a subsequence such that wy,(t,) converges
weakly in L*(f2) to a minimizer v € M(E). Since the uniqueness of this
minimizer is not assumed, the relation (2.18) is no longer valid and the
convexity of the entropy H (with the uniform boundedness) is used instead.
In fact, by a Taylor expansion we have

/Q (H(wn(z,tn)) — H(v(z,t)))dz
= [+ 1og(5,0) (ena,ta) = D) e

1 2
+ ————(Wp(z,t,) —v(z,t)) dz 2.20
. stz nesta) (a0 (2:20)
with w(z, t) between wy (2, t,) and v(z). Using the uniform boundedness of
wn(z,0) and the weak L? convergence of w,(t,), we have for 0 < a small
enough the inequality

alim/ (wn(m,tn)—y(z,t))2dm < lim/ (H{wn(z,tn))—H(v(2,1)))dz =0,
§ Q (2.21)
which proves the strong convergence.

If the domain is simply connected, there is, as recalled above in Theorem
2.2, a one-to-one correspondence between the solutions of the mean field
equation for 8 > —8m and the minimizers with energy E > E,. This does
not seem to exclude in general the existence of other minimizers for the same
energy which solve a mean field equation with § < —8x . In accordance with
this observation we give the following theorem.
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Theorem 2.4. Assume that the open set Q) is simply connected and
consider a solution U* of the mean field equation

Apr =0T
B B Joe Bt da’

Denote by p = —AY* the corresponding vorticity with energy E(p) and

T =0 on 80 (2.22)

consider the same set of initial data F' as in Theorem 2.3. Then for all
€ > 0 there exists & > 0 such that, for the solutions w(t) of the Euler
equation (1.4) with w(Q) € F', the assertion

[w(0) = plr2@) <6 = sup Jw(t) = ple(@) <€ (2.23)
holds.
Proof. According to Theorem 3.2 ii) of [4], one has
M(E(p) = {p}u M, (2.24)

where any element v € M* is a solution of the mean field equation with
a temperature B(v) < —8w. Observe by contradiction that the L2(Q)-
distance d between p and M™* is strictly positive. By Theorem 2.3, for all
€ > 0 there exists § > 0 such that the relation

Jw(0) — plp2(e) <6 (2.25)

implies the relation
su inf w(t) —v <e. 2.26
sup inf - [u(t) = vluso) < (2.26)

We observe that for w(0) € F' we have w(.) € C(Ry; L?(£2)). Choosing
€< % and 6 < % and using the triangle inequality, we conclude that

s inf w(t) —v =35 t) — . 2.27
tggye,\i?};(u»" (t) = vl sup lw(t) — slzz(0) (2.27)

This completes the proof.

The previous stability results involve, as in most of the contributions
in the subject (cf. for instance [1, 13, 19]), the L? norm of the vorticity.
Finally we conclude this section by proving, using the notion of entropic
convergence, a weaker result under a weaker hypothesis.

Theorem 2.5. The family of initial data F is defined as in Theorem
1.1. For some p > 1,F, C F denotes the subset of indtial data uniformly
bounded in LP(QY); that is, there exists k < 0o such that

Vio(0) € F /Q (0, 2)Pdz < k. (2.28)
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Then for all (A, E) and € > 0 there ezists § > 0 such that
l/ OEdm—A’+' /lcurl1 (x)[*dz — E

+ ] / H(w(0,z))dz — S(A,E)‘ <6 (2.29)
o
implies

5 inf 17 w(t) = curl™ <e. .
tgg et leurl™ w(t) — curl ™ vfp2 ) <€ (2.30)
Proof. By (2.25) we extract from any sequence wy,(t,) a subsequence,
still denoted by wn(t,), which converges weakly in LP(Q?) to a function
v € LP{Q). The inequality (2.29) and the compactness of the Sobolev

imbedding W1P(Q) C L*(Q) imply the following limits:
A = lim / wn(ty, )dz = / Wz)dz, (2.31)
Q Q

1
B=limj / (cnrl ™ (1)) (2) Pz = / lcurl~"v|2dz .
) Q (2.32)

Then by the entropic convergence we have

/ H(v)dz < liminf/ H(wy(tp))de = lim/ H(w,(0))dz = S(A,E).
Q Q Q

(2.33)
Therefore v is a minimizer, the equality (2.32) implies the L2(Q) strong
convergence of the sequence curl™'w,(t,)), and the proof is complete.

§3. From Linear to Nonlinear Instability

This section is devoted to the proof of Theorem 1.2. First we recall some
facts about the Liapunov exponent. The classical Liapunov exponent o for
the flow Xo(t, z) induced by up,

0X
-5?9 = up(Xo), Xo(0,2) =1z, (3.1)
s defined by

g = sup hm log!aX0 , (3.2)

where 252 denotes the 2 x 2 matrix (8X¢/0z7).

Proposition 3.1. The Liapunov exponent can also be defined as

1 08X,
o= i i 2] o0
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This fact might exist in the theory of dynamical systems but in the

absence of a reference a short proof is given. Clearly

0Xo| (3.4)

lim 1sup log‘ﬁ‘ > sup lim - log(
t—oo t g O | = 4 t—oo
To prove the converse we follow the argument of [7]. By definition of ¢, for
every pair € > 0 and z € Q, there exists a “time” T[z] > 0 such that

t>Tz]= \Q{O—J‘ < el

By the continuity of 8, X and the boundary condition, for all z € Q there
is a neighborhood B, C @ such that

K%XTO) (T[m],:c)l < Tll(o+e)

We introduce a finite covering of by such open sets: Q = B, U B, U
..UBg, with N < 00. Denote B; = B,,,T; = T[z;] for 1 < i < N. Given
z € Q, choose i; such that = € B;, and then choose the sequence
1 = Xo(T3y, z) € Byy,
Yo = XO(Ti1 + Tizam) S Bia,

yl:XD(T11+-~'+Tik,x)€Bik+1 (1Sk<00)

Now
y2 = Xo(Ti, + Tiyy 7)) = Xo(Ti, 1) = Xo(Thy, Xo(Tiy, 2)) - (3.5)
Therefore
%% = (%)(Tizyyl) : (%)%)(Tiuw)a (3.6)
so that
‘B[Xo(glﬂwa:)]‘ < T+ Tial(o+e) | (3.7)
Similarly for any z and & wexhave the inequality
|8[Xo( na+ ik )]l < elTu+t Ty J(ote) (3.8)
Now, given t and z, we ch:ose
Se=Ty+...+T;, <t<Ty +..+T; +Ti 11, (3.9)

and denote by X{ the derivative of
Xo(t,:l:) = Xo(t - Sk,Xg(Sk,Z))
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with respect to z. By the chain rule and estimate (3.8) we obtain, for any
pair (¢,z) € [0,00) x £,
(PRI qup x4 51001 15552

Oz yell

<[ s X)) et
yeQ, 0<s<max; T;
< Celot9Se < relotot (3.10)

which implies (3.3).

The following key lemma states that if a velocity field v(t,z) is close
enough to up(z) in C?, then their corresponding flows are close together in
a sufficiently short time interval where net=9)# i small.

Lemma 3.1. Let ug(z) be a steady C* solution. Let Xo(t,s,r) = Xo(t—
s,x) be its classical flow with Liapunov exponent o. Let v(t,z) € C! be
another vector field defined on IR; x Q that is incompressible and tangent
to the boundary

V-v=0inQ aend v-7=0 on 95. (3.11)
Denote by X(t,s,z) its flow
%it(_ =v(t,X), X(s,8,2) = 2.

Let 0 < € and p > o + €. Then there exist positive constants C;, Cy and
Gy with the following property.
For any positive constant 1 the estimate
[o(t,-) = uwo(Mor(ay < ne=** (3.12)
for s <t < s+ S, with

Sy = lln % (3.13)
H n
implies for s <t < s+ S, the a priori estimates
IX(t,S,l‘) - Xo(t,s,l')l < Clne(t_S)u; (314)
B(X(t, 3, (L") - XO(t, 8, Z')) S Czeoe(t—-s)(a'—{—e). (315)

0z
Proof. When there is no risk of confusion, the arguments (¢, s, z) in X
and Xy will be omitted. The difference X — X, satisfies

%;t—%l =v(t, X) —uo(Xo); (X — Xo)(s,s,x) =0.
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Thus
0 6'U,()
[a - E—JZ(XO)] (X — Xo)
0
= [ - 3 (X0)] (X = Xo) + [uo(X) = uo(Xo)] + [o(t, X) — uo(X)] = g.
(3.16)
By the Taylor expansion and (3.12), we have
d* Ug (t—s)p 2 (t—s)n
191 < 3| = G (O = Xo)?| +7elt=M < OIX = Xof? + elt=s)x,
Let
T* =sup{t; : |X(t1) — Xo(t1)] < Crneth=9Ik} (3.17)

with C) to be determined. In the interval [s, T*], we have from (3.2) and
(3.16) the estimate

| X (t) — Xo(t)]
<C / {o4e)(t— T)[C ne(r s)u] dT+C’ / (o+e)(t— -r)e(-r s)udT

8

t—
< Cfe(a+c)(t—s)012n2 / 6(¢r+e)p62updp + Célneﬂ(t—s)
0

< CLCLne* 9 + Cl' Inet 9],
Putting t = T*, we have from (3.17)
Cilpe™ =] = |X(T") = Xo(T*)| < CFClne* T =) + C' e ™" =],

Hence

1 CII
- CiC! C2C”

ne”(T -5} >

if we choose

C,=2C" and 0<6y< 4_6’{1—6'?
y (3.13) we have
_ Sy <T*—s
and we deduce from (3. 17) that (3 14) is vahd
Next we define Y = ( Xo), where = 3‘21 or 3 . It satisfies

oy o _ OvdX  Bug dX,
_a—t - b——[v(t,X(t,s,m)) - UO(Xo(t,S .'L') ] - 57(— o - X Or
8”0 6['1) — UO] BXO Buo
— = 1
=Yt o g TV = axY T (3.18)
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By assumption (3.12) and (3.14), for 0 <t — s < .5y,
Olv —uo] _ Ov(t,X) 3 Suo(Xo)

X oxX 59X
do(t, X)  Oup(X))  [Buo(X) Buo(Xo)|
:{ " }+{ 5T X }_0(90)‘

Therefore by (3.13) we have
| < Cho1 + |Y).

By (3.18) we can now estimate

¥ ( ;<C/ =l re/Dp(r )ldT<CQO/t DL Y (7) Jdr

t
< Copelt=NeHel 14 [ elemnereily (rjar),

S
It thus follows, for t — s < S, and ¢, sufficiently small, that
[V (£)] < Chpelt=3)lo+e),

Lemma 3.2. Given up and v as in Lemma 3.1, let & solve the linear

equation
By +v-V)=0.
Then for any 1 <p < oo and
0<t< S, = llog 0—0 (3.19)

(0 <t <o if v=ug), we have
[o(t)[wrr < Cee @ (0)[wi -

Proof. Denoting I'(z) = @(0, z), we have

Clearly |&(t)|z» = HFHLP and
8P 8X! e(a+e
X Oz !-

or
X

by Lemma 3.1. Hence
0w |p or o
b < (ePlotot ‘*i
/Q’a$|d:c_Ce /an dz

since the Jacobian equals one. This proves the desired estimate on the first
derivatives.
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Now we prove that the eigenfunctions are smooth.
Lemma 3.3. Any eigenfunction ¢, € L2(Q) corresponding to an eigen-
value A with Re X > o belongs to W P(Q) for all p < o.

Proof. The eigenfunction satisfies
(A +ug - V) + curl ™ty - Vg = 0, (3.20)
from which we deduce the relation

or = / e"’"e"”"‘v(curl_lm » Vo ) dr. (3.21)
0

By assumption, ¢y is in L2(Q) so that curl™'¢y - Vwp is in H*(Q). By
Lemma 3.1 in the simple case v = ug and 0 < t < oo, we have

etV L he(Q) o Whe ()

with norm O(e(?*9)?t) for any e > 0. Therefore the assumption ReX > o
implies that ¢, is in H'(Q). Now this implies that curl ¢y - Vwp belongs
to H2(}) C WhP(Q) for p < co. Using once again the estimate

"e—tu'yV"Wl‘p < O(e(cr+e)t) and Re ) > o, (3.22)

we conclude the proof of the lemma.

The main ingredient in the proof of instability is a bootstrap lemma
(Theorem 3.2). Before giving this lemma it is worthwhile to compare it
with classical results on the 2D Euler equation. It is known that for smooth
initial data the solution of the Euler equation remains as smooth as the
data. For instance, for any WP norm we have the crude estimate

ols < [Olwn oo (€ [ IValimds). (323

However due to the fact that curl™ is not continuous from L*® to W1,
time dependent estimates on |Vu(t)|,~(q) are subtle [20]. The same ob-
servation applies to the difference @(t) = w(t) —wp where wy is a stationary
solution and w(t) a perturbation. The equation for & is

8@ + uV + curl (@) - Vwg = 0. (3.24)

Applying the operator D (derivative with respect to the first or the sec-
ond spatial variable) to the equation (3.24), multiplying this equation by
(Da)P~1, integrating over € and using the Gronwall lemma, we deduce for
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@ the inequality

t
6Ol < 16@wsr oo (€ [ (VS Nim@ +1)ds). (329
0
By the same argument involving a nonlinear Gronwall lemma,
IVa(t) =0

can be estimated, but only for a short time which depends on the initial
data. More precisely, for

¢“2(0)iwr» < D, (3.26)

we have

” Ela(O)lw:s
IVa(t)| ooy < D= ec,*t"(;)(z)v)[|wl,p

with convenient constants C', D and E. Combining the formulas (3.25)

(3.27)

and (3.27), we easily obtain the following result.

Theorem 3.1. Given any stationary solution wy of the 2D Euler equa-
tion in o bounded domain Q, there exist positive constants C,C’' and 6 which
depend only on 1 and wy such that for any perturbation

L:J(t) = w(t) — Wo

we have the implication

1 6
< = 1og
< 5% iz )
In contrast to the sharp, but global, Wolibner estimate [20], the above

= (@®lwis <1@O)fwiae®t. (3.28)

estimates are only local in time and the constants are not “sharp”. The
bootstrap lemma states that under convenient hypotheses we can sharpen
the constants in (3.28).

Theorem 3.2 (Bootstrap Lemma). Denote by ug a steady flow with
classical Liapunov exponent o as in (3.2). Let p be any real number strictly
greater than o. Let T > 0 and p > 2. Then there exist positive constants
6,Cy,C2, and Cj3 with the following property. Let w(t,z) € C(IR;;W1'P)
be any solution of the nonlinear Euler equation which satisfies the initial

estimate
Jw(0) ~ wolwrs(qy < C1d (3.29)
and the L? estimate

Jw(t) — w0“L2(Q) < Cobert in [0,71. (3.30)
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Let

1 8
Ts = —log —-.
s pOg(S

Then in the time intervel 0 < t < min{T,Ts}, the solution also satisfies
the WL?P estimate
Jw(®) — wolwie(g) < Csdet. (3.31)
Proof. Introduce the notation
O(t) = w(t) —wo and @(t) = u(t) — up = curl™'&(¢).

Given 5 > 0, let

S, = ilog%‘l and S =sup{t: [a(®)]cr < e t). (3.32)
Observe that (@, a) solves the equation
@ +u- V)& = —it - Vewo (3.33)
with initial data
[2(0) o) < C16. (3.39

By the Duhamel Principle and Lemma 3.2, this implies, for 0 < ¢t <
min{T, Sy, S}, the estimate

¢
o) e < CloTI 4 C / TN a(7) - Vwp|wredr.  (3.35)
0
The norm on the right is estimated by
la(r) - Vwolwr» < Clifwrs £ Clafre < vldlwrs + Cy o] L2
< alwio +Cybet™

by (3.30), where 7 is arbitrarily small. This is placed into the integral
inequality (3.35) as

t
@@ |wrr < Coel7Tet 4 C deHt + Cry / IS () | wre dr.
0
Multiplying by e~#!, we obtain
i
e " () |wre < C6+ Cy{ sup e * () |wrr} / elote—msgs
0<r<t 0

<03+ Cvy{ sup e 7| (7)|wrs}.
0<r<t
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Hence for v = 1/2C and for 0 < ¢t < min{T, S,,, S}, we have

e o) |wre < 206. (3.36)
Thus, since p > 2, we have for 0< ¢ < min{T}, S, S},
lit)|cr < Cla(t)|wer < Clo(®)|wre < Cobe™ (3.37)

for some constant Cy. Now we choose n =2Cyd, and 6 = 8,/2C5. It follows
from the definition of S that S > §,. Hence
o) |wrr < 2C8e#t (3.38)

for 0< t < min{7, S,}. Noticing that S, = T, we deduce (3.31).
Proof of the Instability Theorem 1.2. We now return to the non-
linear equation

(O +ug - V)@ + (4 VIwg = ~(d- VI (3.39)
satisfied by the perturbation & = w — wy. It takes the Duhamel form
t
Q(t) = etPo(0) — [ et oG TYD(r)dr . (3.40)
0

Assuming that A > o, by compactness (see (1.15)) there is at least one
eigenvalue A such that ReA = A. If A = A is a real eigenvalue, we can
choose @(0,z) = d¢x(x), where § is small and ¢, is the eigenfunction
Aodr = Ada. (3.41)
However for the sake of generality the case where A is not an eigenvalue is

considered below and then we choose for initial data the function @(0,z) =
dZmaeyr(x) . Taking the L? norm in (3.40) gives

1
lo(t) — 86t Tman |12 < C, / e (- V)] pedr (3.42)
0
for any A < v < 2A. Define
T = sup {s | @) — det4oTmey |z < -g"etAOImqﬁ,\HLz , Vtelo, s]}.

(3.43)
Then for 0 < t < T we have

|@(®)] 22 < Cade, (3.44)

where ¢ = Re A = A. Hence from Theorem 3.2 with p = A > ¢, we crudely
estimate the nonlinear term as

[(@- V)@lza < Nilzw|Volre < Cloliy, < C{Cs0e)? (3.45)
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provided ¢ < min{Ts,T}. We shall prove that Ts < T for § small. If not,
notice that

let4o6Zmey |2 > codet. (3.46)
Therefore we have for 0 <t < min{7s,T} the estimate

i
[@(2) — det o Tmgn |12 < C / =Y 0L {564V 2dr < C{oett)?
]
c t tA 1 tA
< { —set }uae "Imdalrz < C'8)0e A0 Tmey |2
1]

é
< glet*Imealz (3.47)
by choosing 6 small. If T < T}, we choose t = T" above to obtain
é
|9(T) — de™ o Imea| 12 < Zle"**Imeal e, (3.48)

which contradicts the definition of T. Therefore Ts < T and we can put
t = Ts to obtain

- 3 3
|&(To)lzs > Zle™ 08 Imgalze 2 Jeob = €0 > 0. (3.49)

§¢4. Conclusion and Acknowledgments

It has become increasingly apparent that the notions of stability and
instability are dependent on the norms. Therefore our purpose has been to
analyze both of them in the same norm.

The analysis of the stability could be also done for other types of min-
imizers. Consider a convex function w — G{(w) and the minimizer of the

/w G(w)dz

under the constraints of mass equal to 1 and energy given. Formally such

functional

a minimizer is a solution of a generalized mean field equation
—-A¥ = C (G')"H(-pY), (4.1)
which ought to be studied in the same way as the standard mean field
equation. In this direction some related stability results can be found in
[19].
However it is the mean field equation itself or its generalization given
in [16, 14, 12] which seems really pertinent for the description of coherent
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structures. While the result of Section 2 may explain why these structures
persist, it does not explain why they appear in the first place. In fact,
these stability results are time-reversible, so that in order to come close to
a solution of the mean field equation one has to start close to this solution.
The stationary solutions do not behave like attractors but like centers of
a dynamical system. However, justification of their frequent appearance
could be found in one of the following possibilities.

e These solutions should be the most probable ones in terms of a conve-
nient probability measure to be defined on the configuration space.

e They might be produced by the conjunction of several circumstances,
such as the fact that the initial vorticity is bounded in L™ and a family of
solutions converges merely weakly to a nontrivial Young measure, the fact
that in mean time the solutions are limits of solutions of the Navier-Stokes
equations with viscosity tending to zero, and the fact that only the w limit
set for t — oo is important.

This contribution is part of a research program which was initiated dur-
ing the visit of C. Bardos to Brown University in the spring of 2000 and
he wishes to thank Brown University for its support and warm hospitality
during this period.

Any specialist of the field reading this paper will guess that we had the
chance to benefit from some helpful discussions with several colleagues, in-
cluding S. Friedlander, G. Haller, M. Kiessling, M. Vishik and G. Wolansky
and we would like to thank all of them.

And finally we would like to thank Professor Li Ta-tsien who gave us
the opportunity to publish this article in this special issue dedicated to
the memory of Jacques-Louis Lions. He played a fundamental role in the
scientific training of two of us, having been the thesis advisor of the first
author and one of the first collaborators of the third author during his
postdoctoral year in Paris.
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Abstract

The objective of this paper is to consider the theory of regularity of sys-
tems of partial differential equations with Neumann boundary conditions.
It complements previous works of the authors for the Dirichlet case. This
type of problem is motivated by stochastic differential games. The Neu-
mann case corresponds to stochastic differential equations with reflection
on boundary of the domain.

Keywords Regularity theory, Neumann boundary conditions, Dirichlet
problem
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§1. Introduction

We consider here a system of nonlinear P.D.E. with Neumann boundary
conditions. It is the counterpart of the Dirichlet problem considered by the
authors in several publications (see in particular the book [1]). Although
a natural counterpart of the Dirichlet case, the results of this paper are
presented here in a simplified and self-contained manner.
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§2. Setting of the Problem

2.1. Notation and Assumptions

We consider a smooth, bounded domain 2 of R". In particular, the
boundary will be representable by local charts, so that in a sense the Neu-
mann problem can be reduced to the Dirichlet problem. We consider the
operator

A= —divaD, (2.1)
where a(x) = a;;(z) satisfies
a;j(z) = aji(z) is Lipschitz continuous on (2,
a;ji(z)&:&; > aplé?, YEE€ R™, ap > 0. (2.2)
We now consider “Hamiltonians”, namely functions H,(z,p),v =1,--- , N,

p=Dpi1, - ,pN, With p, € R, with the following properties

H,(z,p) are Caratheodory functions, (2.3)
2

ZHV(E?I)) 2 —/\_AO\ZPV ) (24)

H,(z,p) < X + Xlp. [, (2.5)

H,(z,p) = Q(z,p)p, + H)(z,D), (2.6)

with

1Q(z,p)| <k + Klpl, (2.7)

|H)(z,p)l < by + K0 Y Ipul® (2.8)

u<v

Let o be a positive constant, we are interested in the system
Au, + au, = H,(z, Du),

Ou,
Ona

=0, (2.9)
aQ
which is written in the variational form

/ aDu, Dvdz + a/ uyvde = / H,(z, Du)vdz, Yve HY(Q)NnL>®(Q).
Q
Q ? (2.10)

2.2. Statement of the Main Result
Theorem 2.1. We assume (2.2) to (2.8). Then there exists a solution
of (2.10) which belongs to (W“(Q))N ,¥2 < 5 < 0.
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Remark 2.1. The assumptions are subject to some flexibility, in the
sense that we can combine in a linear manner the equations, to achieve the
desired structure (see [1] for details).

Remark 2.2. The assumptions (2.6), (2.7) and (2.8) are restrictive
only for v =1,--- N — 1. A general quadratic growth can be assumed by
Hpy(z,p), and it is always possible to define HY (x,p) by the relation

HY (z,p) = Hn(z,p) - Q(z, p)pN
and (2.8) will be verified.

§3. The H'(Q) n L>° () Theory

3.1. Approximation

The problem (2.10) makes sense for solutions in H!(Q) N L>(Q). This
is what we are looking for to begin with. We consider as an approximation
the problem with Hamiltonians

H,(z,p)
1+¢|H(z,p)l’
where H(z,p) stands for the vector Hy,--- , Hy. Note that all the assump-
tions (2.3)-(2.8) are satisfied for the hamiltonian H;(z,p) with the same
constants, provided we define

Hy(z,p) = 3.1)

e ___Qz,p)
lpp) = @D
H)*(z,p) = Tr el (3.3)
Morevover one has
[H*(z,p)| < % vz, p. (3.4)

Therefore, by application of Schauder’s fixed point theorem, one can obtain
the existence of a solution u® = (uf) in (WZ’S(Q))N of the problem

/aDuf,Dvdm+a/uivdm:/Hﬁ(m,DuE)vd:ﬂ, Yo e HY(Q) N L>(Q).
Q Q Q
(3.5)
3.2. L°° Estimate

Since the estimate are exactly the same for (3.5) and (2.10), we shall to
simplify the notation consider only (2.10), with a priori estimates, assuming



50 A. BENSOUSSAN J. FREHSE

a solution in (W?°((1)) exists. Let us write
v

and summing up (2.10), we get

/ aDi, Dvdz + o / d,vdr = / > H,(z, Du)vdz. (3.6)
0 Q o
Consider the function

E=expy(@+ L), 3.7

where v, L > 0 will be defined later. We test (3.6) with v = 1 — E, which
is a negative function in H! N L. We get

fy/ aDﬁ.DaEl{ﬁ+L<0}da:+a/ (1~ E)dz = / ZH,,(:c,u)(l — E)dz
o Q Q5

and using the assumption (2.4), together with the fact that 1 — E < 0,
yields
< / (=2 = X|Da|*)(1 - E)dx.
Q
Therefore, also using (2.2) we get

ao'y/ |Dﬂ|2E1{ﬁ+L<0}d:v+a/(ﬂ+L)(1 — B)ds
Q Q

< [ (oL =001~ Bytz + X0 [ 1DaP (s 1cop o
Q Q

Choosing

yields
/(a +I)(1 - B)dz < 0.
Since clearly (@ + L)(1 — .g) > 0, we deduce
(t+L)1-FE)=0 ae,hence 4+L>0 ae.
Therefore we have shown
o> —— ae. (3.8
We next consider in (2.10) the test function E, — 1, with

E, =expy,(u, — l,,)+
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for convenient positve constants v,,[,. Note that E, — 1 > 0. Making use
of the assumption (2.5), it follows that

7,,/ aDu,E,1¢,, 5, dz +a/ uy{E, — dz
Q Q

< / MAE, — 1)dx+)\2/ lDUuIQEul{uy>z,,}d-T-
Q Q
Thus taking
)\O

- 3
Qo

l, = —

Yo
we deduce again
(up ~L)E, -1)=0 ac.

which implies

Uy < "A‘y‘ (3.9)
a
Continuing (3.8) and (3.9) we obtain
~(A+ = N
pF Y
Uy > — (3.10)
o
So we have proven
G 1
s floo < 22 = ~Max(A, A + 37 ). (3.11)

u#v

Remark 3.1. The estimate (3.11) is the same as for the solution of the
Dirichlet problem. This is due to the presence of the zero order term au,,,
and to the fact that for the Dirichlet as well as for the Neumann problem,
the maximum and the minimum of the function u, do not take place at the
boundary of the domain.

3.3. H! Estimate

The H! estimate is done by using the special structure (2.6), (2.7), (2.8).
Recall that

luy (@) < —- (3.12)

We introduce the function

N
Bls) =€ —s—1, F=]]expB(ru),

v=1
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where 7, is a positive constant to be defined later. We test (2.10) with
v=Fv,p(vu,) € H' N L*®. So we get (as in the Dirichlet case)

Z/ 73aD“v-Duue"’““"Fdz+/ aDF.Dde
v /0 q I3

= / QDFdz + / > % (HY(Du) — au, ) F(e™* - 1)dz,
Q Q%
hence also

Z/ 'yfaDu,,.Du,,e'y"“"Fd:c
—Ja

a‘lQ.Q Yo Us
S/QF 1 dx—l—/Q;'y,,(HS(Du)—au,,)F(e —1)d2:.(3.13)

Introduce next the function
N

X = H (exp ﬂ(’}’uuu) + exp B(_7VUV)) (314)

v=1
and the related quantities
ey expﬂ(*y,,u,,) +e v exp ﬁ(_')’vuu)
exp B(1vuy) + exp B(—71,uy)
%, =X (em™ —1)expB(ypuy) — {(e7™* — 1) exp B(—1vww)
exp B(vvu) + exp B(—nuy) (3.15)

X, =X

?

and we have the inequalities
2V <X <X, < Xe™*, |X,| <X,

Applying the relation (3.13) with ~, changed into —+,, and summing up
the 2%V relations obtained in this way, we get the inequality

Z/ 'yfaDul,Du,,X,,dz
> Ja

-1 -
S/QXG Q'de:—i-/Q;’y,,(HB(Du)—au.,)X,,d:z:

4 (3.16)

and using the assumption (2.8) yields

—1
g/x“ Q'de+2/7,,(kV+CU+K,,[Du,,|2)X,,dx
0 o Ja

4

+ Z/Q IDu, Y Ky X,de.

u>v
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Use (2.7) to note that

aQQ . 1 5 o
<— K?|Dul?
T < 5o (B + K*Duf?),

hence it follows from (3.16) also

2 2
! E volDuv|* X, dz
’ ,,/Q [Dur
[
< v 14 v 14 d
_/Q(ankXJrEU Yo (K +§)X) T

K2
+ /Q 2; {Du, |2 (EX,, + WK X, + ) 'yuK,LXu) dz,

u>v
but also

Tplp
Xy Xpe s, Yu,v,

hence

K2 el
Z/Q |Du, |2 X, (omﬁ “ 5 T WK, - Z%K”e—%:’i) dz

u>v
1
< — kX Ak, + )X, | de. 3.17
_A(Zao +;7( +¢) ):c (3.17)
Choosing the constants ~, so that
K2 Yu b

and recalling that X, > 2V, we obtain
/ |Duf?dz < K. (3.19)
Q

3.4. Convergence
Since the preceding estimates hold for u®, we have also
v fleo <G, (3.20)
I v (v < K1 (3.21)
So we can extract a subsequence, still denoted by u®, such that
ul, = u, in H'(0) weakly and L (Q) weak star, also a.e. (3.22)
We want to prove that

ul, = u, in H'(Q) strongly. (3.23)
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We perform a calculation close to that of Section 3.3, with this time

N
F= H eXPB(’YV(ui - UV))a

v=1

and test (3.5) with v = Fy, 8 (v, (vf ~ u,)). We obtain

Z/ YiaD(uS — uy).D(us — uy)e? =) Fdg +/ a dz
v 0 Q

DF DF
F

= / (QE — yy,aDu, (e ) 1)) DFdzx
0
+ / F (HY® — cuf + Q°Du,) vy (7 =) _ 1) dx
Q

- / FaDu,.D(u, — u,)y2e’ () dy
Q
=1+ II+ IIL. (3.24)
Introduce the function

h(s) =Y y2(elwel —1)?, (3.25)

where s represents the vector (s1,---,sn). Note
la(z)l < M, |Q°| <k+ K|Du|+ K|Du® — Dul.

Moreover
N

DF =FY 7,(e™™™) — 1)D(u — w),
v=1

hence
|DF| < F|ID(u® — w)|h*?(uf — u). (3.26)
Therefore considering the integrals on the right hand side of (3.24), we have

1 < / (K|Duf — Du| + M|Dulh'/*(u® — u))|DF|dx
Q

+ / F(k + K|Du|)|D(wf — w)|ht/?(uf — w)dx, (3.27)
Q

80

./QaDF]'TDFda:21—/§2F[(K—2+—;—>|D(u5—u)|2

20(0

+ h(u® —u) (k2 +K? 4+ %) \DUIQ] dz, (3.28)
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S [ ataD(u e Fs
Q
v

< /QF[G;—Z + %)ID(UE —u)|?
+ h(us ~ u)(k2 + (K2 + 5‘7‘2—2) |Du|2)] dz + 11 + 111 (3.29)

Introducing the quantities analogous to (3.14), (3.15), namely

N
X = I (exp Bln (w4 — w)) + exp A= (uf - w)))

(3.30)
X5 = X {em ) exp Ay, (uf, — w))
+ e () exp By, (uf, — wy)))
/{exp By (uf, — up)) + exp B(— (v, — w))},
X5 = X{(e% ) — 1) exp B, (4 — w.))
— (e () — 1) exp B(— (uf — w))}
/{exp B (uj, — uy)) + exp (= (uf, — w))}, (3.31)
we have of course
oV < X< XS < XM, X< X, (3.32)
and also
|XE) < (ehviw)l _1yxe, (3.33)

From (3.30), we deduce, writing the 2V inequalities corresponding to all

changes of v, into —v,,
Z/ Y2aD(uS — u,)D{us, — u, ) XSdx
2
v

< /QXE [(% +3) 1D — )P
ehts =01+ (1 ¢ 300w i
2 / (Hy* — cuy + Q° Duy )y, X dx
—~ Ja

-3 / V2XED(u — w,)Duydz = T' + I + I (3.34)
Q
v
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We first check that

|Hp* — cup| < kv + G + 2K, |Dul® + 2K, Z |D(UZ - “u)lza
ulv
hence using (3.33) and (3.34) we have

| > (HEe - cusyy X

< Xy, (ky + G + 2K, | Duf?) (el (v —w)l _ 1)
+2K, X5 ) ID(u), —u,)f?

<y

SXshl/Z(us_u)<(Z(k +¢) )1 +2(ZK2) /2|Du|2)

-l-QZk,,’y,,XE}D(u —u,,)]2+22|Du —w)? Y K Xp

u>v
and

‘ Z QEDu,/y,,X'E

< X&(k + K|Duf|)| Dulh/? (uf — u).

Collecting results, we deduce from (3.36)
2

2% 'yMKﬂez_(%li)Xﬁdm
w>v
< A XEh(u® —u) (k2 + (K2 + %)IDuP)dw
+ ) xn 2w — ) (ke +602) "+ 2(21{2) |Duf*)dz

+ / Xeh'2(uf — )| Du|(k + K|Duf|)dz
Q

- Z/ 7 X, D(ug, — u,) Duydz (3.35)
y 40

as € = 0, h(u® — u) — 0 pointwise, X¢ — 2V, X¢ — 2V, In view of the
weak convergence in L? of DuS to Du,, and the L™ bounds, it is easy to
convince oneself that the right hand side of (3.37) tends to 0. Choosing the
7y so that
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and recalling the X¢ > 2"V we deduce immediately from (3.37) that
/Qu)(uf — w)[Pdz = 0.
Hence we have proven (3.23). We may assume that
Du* — Du  a.e.,

thus

Hi(x,Du®)y = H,(z,Du) a.e.
Moreover since

|H®(z, Duf)| < C(1+ |Du|?),

the convergence of Du® in L? implies the equi-integrability of Hg(z, Du®).
Hence from Vitali’s theorem

HE(z,Du) — H,(2z,Du) in L'

Therefore we can pass to the limit in (3.5), showing that u is an H!(Q) N
L>(}) solution of (2.10).

§¢4. Regularity

4.1. An Inequality

We associate to u, a constant c, which is arbitrary, provided that

{v
lev| < = (4.1)

and consider as in Section 3.3, the function

N
F= HCXPIB('YV(“V —cy))-

v=1

Let ¢ be in C*(),% > 0, and test (2.10) with
v =FypB(v(ww — )y
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We obtain
Z/73aDuVDu,,e7"(“”“C”)F1/)dz+/ a
v Y9 Q

= / Q.DFydz + Z/ v, (HY(Du) — au, ) F(e™ (% ~%) — 1)dz,
Q —~ Ja

"DF
DFFD pdx + / aDF.Dydzx
Q

hence instead of (3.13)

> / y2aDu, Du, e =) Fypdz + / aDF.Dypdz
L Ja - Q

—1
< /Q Fe f’%dm? /Q vy (HY(Du) — au, ) F(e™ =) — 1)ydz.

’ (4.2)
Introduce the function
N
X = H (expﬂ('YV(uv - cu)) + exp 6('71/(“1/ - CV))) (4~3)
v=1

and the related quantities
X, = X{e™® =) exp B(v, (uy — c))
+ e (=) exp B~y (uy — ¢))}
[{exp B(vu(uy = ¢)) + exp B(=m(uw — )},
X., — X{(e%(“v—cv) —1)exp By (u, — cv))
— (e7 =) _ 1) exp B~ (ur — ¢))}
)+ exp (=7 (u, — c))} (4.4)

again with 2% relations with the possible choices of v, and —v,, and adding

)
/{exp B(v (U — cu)

up, we get

Z/ 'yﬁaDu,,Du,,X,ﬂ,bdx-F/ aDX.Dydx
—Ja Q

—~1 .
< /QXG f'dez + Zy:/ﬂfy,,(HS(Du) —ou,)) X, pdx.

Performing as in Section 3.3 for all terms where 9 arises, and picking the
constants «, as there, we obtain

kofﬂiDulzd)da:-\—/QaDX.szdmSKO/Qd)dm. (4.5)
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Note that

DX =) %.X,Du, (4.6)
and thus

|IDX| < Clu —¢||Dul, (4.7)
where ¢ stands for the vector of constants (c1,- -+ ,c¢n).

4.2. WLP Regularity for 2 < p<p+e
Consider balls Bg(zo) of center zo and radius R, such that [QNBg(xo)| >
0. By the smoothness of the boundary, we have (denote ' = 9Q)

IQ N BR(-'BO)I > coR™ I(Rn - Q) N BR(.’E())[ >R ifzg €T (48)
To the function u, and to a ball B — R(zo) we associate the constant

TBar] me(,O) u,dz, if Bop(zo) C O,

k= ]734}2(% — me (a)n2 u,dz, if Bog(zo) N(R™ - Q) # 0,
where zj, € T'N BgR(xo)

(4.9)

We shall use the Poincaré’s inequality

1

(w/QI’]BzR(zo) [ul/ B ufll\dm) ' < CRn<%_%)+1 ( /QﬁBsR(zo) IDUVI“dm) "
(4.10)

with A,z > 1,n (% - ) +1>0. Let T be a cut off function

_ {1 on Bi{0),
~ ] 0 outside B»{0)

andO<T<IT€C°° We denote

- Tr{Z) = T(I ;{xo)'

We take in (4.5) ¢ = 73, and ¢, = cf. So from (4.7) we have
IDX| < Clu - o®|| Dyl

1
m

and thus we deduce from (4.7) the inequality

|u — cf|

/ \Duftdz < C Dl do +CR*.  (4.11)
Br (o) Bar(zo)NQ R

From Hélder’s inequality and Poincaré’s inequality, we have
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/ [Dulmdz
BapM2 R

n+t1 -1

a4l
< Q(/ [Du]%—ldx> -
R BerN$2

So set z = ]Dulnz_fr‘1 1q, then we have the inequality

ntl
fz%ldx < C(fzdx) " +C, (4.12)
Br Bgsr

L=l

This is the reverse Holder’s inequality, implying Gehring’s result, namely
Z5 +eis integrable for some positive ¢, hence u € WhP(Q), for 2 < p <

where

p+e.

4.3. Interior C% Regularity
Let Q; be an open subdomain of Q, with Q; C Q. We want first to prove
the following estimate

/ |Dul?|z ~ 20| "dz < Cq,, Vzo € Q. (4.13)
Q

We consider the Green function G = G*°, solution of

—div(a(z) DG*) = d(z — z0),

G*|,, =0. (4.14)
Note that
G® e LI NWI(Q), 1<q< n—ﬁ—Q 1<r<— (4.15)
Moreover
colz — o> <G < ¢yl —zo|27", Vz e, (4.16)

where the constants ¢p,c¢; depend only on ;. We just take in (4.5) ¢ =
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G*°1, and from the definition of the Green function, one has
/ aDX.DG™dz = X(z0) > 0,
hence i
ko/Q |Dul*G®0dz < KO/QG%dm <C.

Using (4.16), the estimate (4.13) follows immediately. We want to prove
C? regularity in ;. We shall use Morrey’s result, namely

1/2
— ooy [Dul?dz
sup lutz) u((sy)l <C sup fBR( Z)—2+25 (4.17)
:Eyyiﬂl '.’l) - yl B E(OG?IQ R
TFY r(Z0)C¢H
So we want to show that
/ |Dul?de < KR 22 Va4 € Qy, Br(zo) C Qs (4.18)
Br(zo)

of course, the constant K will depend on Q. To check (4.18), we shall prove
the inequality

/ | Du)?|z — zo|> "dx < C/ |Du)?|z — zo)?"dz + CRP
Br(zo) B, r{(z0)—Br(zo)

(4.19)
with o > 2,8 > 0, Byr(zg) C ;1. If (4.19) holds, then we can rely on
the hole filling technique of Widman [2]. Filling the hole, we deduce from
(4.19)

/ |Duf?|z — zo|*> "dz < 9/ |Dul?|z — zo|> "dz + CRP (4.20)
Br(zo) Bor(zo)
with 8 < 1. Set (zg being fixed in 1), choosing 26 < 3,

_ an(zo) |Du|?|z — zo|> "dz

w(R) R :

R S R07
where
Ro = sup{R | Br(zo) C M1},

we may write from (4.20)

o(R) < pp(eR)+C, R<Z %,

1This is formal, since G=0 is not in C1. One proceeds first with an approximation of
the Green function. We skip this step
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with 4 = 802 < 1. Since p(Ry) < o0, as a consequence of (4.13), we get
»{R) < C,¥YR < Ry. So we have shown that

/ \Dul|z — zo|?>~"dz < KR?, Va0 € 01, Br(zo) C O,
Br(zo)
which implies (4.18).
Proof of (4.13). We apply (4.5) with
¢ = GmOTI%, Zg € Ql, BQR(Z‘O) C Ql, (4.21)

1

R

¢, = cF s u,dr. (4.22)
|B2R - BR/2| Bagr(zo)—Brs2{zo)

We obtain first

kO/ [Du*G® 1% > C |Dul?|z — z0)° "dx, (4.23)
Q Br(zo)
K/ G*71% < CR7. (4.24)
Next i
Dy = DG*°1, + 2G*° 1 Dp.
Consider

I= 2/ aDX DrrG"°1rdz,
Q

we have from (4.7)

is /[ pultsara

2 2-n [u — CRP 2-n
<C |Dul|lz — zo]* " "dx + C —— |z — x| "dz.
Bap—Br Bzr—~Br R
But, using Poincaré’s inequality we have
_ R12 C
/ lu—gl—[z — zo|> "dx < — [u — cF2dz
Bap—Bgr R R Bar—~Br .
< f—z |Duldz
R Bar—BRry2
<C |Duf?|z — x| "dz,
Byr—Bry2
hence
I<c |Dul?|z — o[> "dz. (4.25)

Bar—Bry2
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Consider next the term

= / aDXDG* r}dx
Q

= / aDG"D((X - 2N)r3)dz — 2/ aDG® Drr(X — 2N)rpdz
Q Q

> -2 / aDG® Drg(X — 2V rpdz
Q
_ R)2
> -C P
Bop—Br
where we have used the estimate
|X -2V < Clu — B2 (4.26)
We estimate II from below as follows
fu — chz 2 R
n>-c G——dz - C G YDGP|u - cF*ride.
Bag—B R? Ban—B
2R R 2R R
(4.27)

The first term on the right hand side is estimated by the right hand side of
(4.21). So there remains to estimate the term

I = / G DGP|u - cB)Pridz.
Bzr—-Br

Now, we introduce a new cut off function ¢, satisfying
€= 0 for |z <%,
T foriz| >1,

and we set

enle) = €(Z52),

thus

§R = TR ON BgR — BR.
We first test the Green function equation (4.14) with G~/2u — cF[?¢%,
which vanishes on the boundary of Q, since Bag C Q. It also vanishes on

Zg, hence

—;— / DGDGG™%?|u — B ehde = / aD(Ju — cP%6%).DGG 2 dg.
Q Q

(4.28)
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On the other hand, taking in (2.10) v = (u, — cf)GY/2¢} yields, summing
up in v,

Z/ aDu,D,G'?¢4dx + i/ aD(ju — c®2¢%)DGG Y dg
~ Ja o

_ % / aDG.Déplu — cR2GEndz + / oDl — c*2. DErGM 2 nde
Q Q

= /Q(H,,(x,Du) — o) (uy — G234z,
So we deduce, taking into account the quadratic growth of H,,

/ aD(ju — c*|2e3)DGGY?dx < 2/ aDG.DEglu — cB2GY/2¢pdz
Q Q
+CRE" / |Dul?dz + CR™(1=%)
Bar—Bry2

an _ A R|2
+CR=" / i (4.29)
B2r—Brj2 R?

Furthermore

/ aDG.Dég|u — F1PG~ 2 ¢pdx
Q

<Cé / aDG.DGG 32|y — B2 L dx
Q

_Rpi2
_*_ng_T"/ _____]u 5 l dz, V6,
6 Bazr—Bgy2 R

and combining this estimate in (4.29), (4.28) for § sufficiently small yields

/ aDGDGG™3?|u — 23 dz
Q

< cor*-%) 4 GR’“T"/ |Dul?dz

Bar—Brj2
R|2
2-n U —C
+CR™= / ]—Ip—ld.’ﬂ,
Bar—Bgy2

and using Poincaré’s inequality, we obtain
/ aDGDGG 32 |u—cPPeddz < CRM(1=%) + CR*F / |Duf?da.
Q

Bar—Bry2
(4.30)
Going back to the definition of III, and recalling that g = 7g on Bogp — Bg,
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we get

2—

o / G~32aDGDGu ~ cF|*¢}dr,
Q

III<CR

and from (4.30) it follows that

Il < CR>™ / [Duf*dz + CR' 37
Byr—Bgry2
<C |Dul?|z — o> "dz + CR' 37 .
Bar~Bpgy2

Finally from (4.27) we obtain

II>-C |Duf?|z — zo|> "dz — CR* 277
Bzr—Bry2

Collecting results in the application of (4.5) and changing R into 2R, we
obtain (4.19) with 0 =4, and § = q—'ﬁ since q—'ﬁ <1+ 2%, and 8 < 2.
4.4. C°® Regularity on the Boundary

By local maps representation of the boundary, the problem amounts to
the following. Consider a sufficiently small ball B centered on the boundary,
and a diffeomorphism 1 from B onto D C R™, such that

QT =4(BNQ) C{y € R" |y, >0},
I' = $(BNT) C {y € R* |y = 0},
1,4~ ! sufficiently smooth. Define next
07 ={ylya <0, (1, ,Yn-1,—4n) € ¥},
Q' =0tuQ ur.
If z is defined on €, set
Zy) =297 (y), yeQtul
and define 2z’ on Q™ by reflection, namely
2(y1, e Un-1,Un) = 2/ (Y1, Yn—1, =yn) if ya <0.
Applying the procedure to the function u,, we have to prove
ul(y) € CO(Q). (4.31)

We begin to reduce the variational problem (2.10) to a problem on B N .
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Consider in (2.10) functions which vanish in  — QN B, we obtain

/ aDu, Dvdr + a/ uyvdr = H,(z, Du)vdz,
anB QnB QnB

Vv € H'(2N B) N L®(QN B), vlspng = 0
(4.32)

We then perform the change of coordinates z = ¥ ~1(y), denote

Jy(z) = matrix(gqu: ) ,
j

and set
o e @)al T (@)L, ()
“) = [dot Ty (@1 (9))] :
” -1 ,J* -1
H () = H, (¢~ (y), J5 (&~ ())p)

|det Jy(¥ =1 ()l

ab(y) = -

O Tdet Ty (T

The variational problem (4.32) reads
[ awpupvdy+ [ astupietdy = | #ity, Dy,
Q+ o+ o+

Yo' € HY(QT) N LoQT), Vg =0,

u', € HY(Q) n L= (), (4.33)
a'(y)€.£ > aglél?, ao(y) > do. (4.34)
Moreover the Hamiltonian H) (y,p) verify the special structure assumption,
namely
H}(y,p) = Q'(y,p)pv + H,'(y,p) (4.35)
with
: _ Jy@ )W (y),p) : _ H@'(y),p)
Q= e P T e @ )]
and we have
1Q'(y,p)! < k + Klpl, (4.36)
|H(y,p) <k +K,Y Ipol* (4.37)
w<y

We now proceed with the reflection procedure.
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Write y = (y',yn) where y' = (y1,- -+ ,yn—1) and define for y, <0,

ai; (¥ yn) = ai; (¥, —yn), Vi,
ai; (v yn) = aj; (¥, —yn), Vi, ji#7, 4,7 #n,
a;n(yl> Yn) = -a;n(yl, _yn)a Vi # n,

ao(¥',yn) = ao(y', —yn).

1

Let also p, = (pl,pvn), where p} stands for the components p,;,---,
Py(n-1)- Then, we write for y, <0,

H (Y yn; D1, Pin; - s PN PNn) = Ho (Y, —Un; DY —Dins -+ 3 D> —PNn)-

Therefore the functions u], extended by reflection appear to be solutions of
the problem

1
/ a'(y)Du, Dv'dy + / ag(y)u, v'dy = / H,(y, Du')v'dy,
Q o Q
Yo' € Hy (V)N L>®(Q), wul, € H(Q)NL=(Y)
(4.38)
and our objective is to prove (4.31).
If we drop the prime symbol, and use z instead of y, our problem amounts
to the following. Consider the variational problem

/ aDu,Dvdz +/ apu,vdr = / H,(z, Du)vdz,
Q Q Q
Yo € HY Q)N L®(Q), wu, € H(Q)NLX(Q).

We know that the solution is C°(Q).

It is similar to the interior C°® regularity of (2.10) considered in §4. How-
ever we have to be careful to consider only test functions, which vanish on
the boundary. Nevertheless, thanks to the special structure on H, we derive
again (4.5), for any ¥ in C*(Q2),¥ > 0,%|sq = 0. In the proof of interior
C? regularity, we use only test functions which vanish on the boundary of
€2, hence the proof carries over, and the result follows.

4.5. End of Proof of Theorem 2.1

We know that we have a solution of (2.10) which belongs to W1?(£2) N
C%(Q), 2 < p < 2+e¢. We can now rely on the linear theory and Miranda-
Nirenberg interpolation theorem [3]. Indeed H,(z, Du) belongs to L% with
po > 2. Hence from the linear theory u, € W22 and since u, € C?, we
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have also

1 1 é
uy, € WHP with — = — — —|
P1 P 2n

provided py < 27", and thus p; > pg. After a finite number of steps we get
pi > -26ﬂ, and it follows that u, € W'P(Q), p > 2n, and from the linear
theory again u, € W2%(f)), s > n. From Sobolev embedding theorem,
u, € WHT(Q),Vs and thus from the linear theory again u, € W25(f),Vs.
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Abstract

The authors investigate the sensitivity of hydrostatic pressure of flows
through porous media with respect to the position of the soil layers. Indeed,
these induce discontinuities of the porosity which is a piecewise constant
coefficient « of the partial differential equation satisfied by the pressure
u and it leads to the computation of the derivative of u with respect to
changes in position of discontinuity surface of .

The analysis relies on a mixed formulation of the problem. Preliminary
numerical simulations are given to illustrate the theory. An application to
a simple inverse problem is also given.
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Sensitivity, Darcy’s equation, Topological optimization
2000 MR Subject Classification 35Q35

§0. Introduction

The hydrostatic pressure u in a porous medium of porosity £ can be
found, in simple situations, by solving
-V - (,kVu) = f.
When the porous medium has layers of different materials, x is smooth
except at the interface between layers where it is discontinuous. For ground

identification from surface data it is important to compute the sensitivity
of v with respect to the discontinuities of k. This is similar to topological

69
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optimization (cf. [2]), but here we can make an explicit use of the fact that
K is piecewise regular and use the topology of the layers. Continuity in &
with respect to the L° norm has been studied earlier (cf. [4]), but such a
formalism does not allow changes in the position of the discontinuities of .

Problem Statement. More precisely, consider a bounded open set
Q of R? and a family of closed curves a — X(a) strictly inside Q and
function of a scalar parameter a separating {2 into two non overlapping sets
Q;(a), ¢ = 1,2, with Lipschitz continuous boundaries:

Q = Ql (a) U Qz(a), Ql (a) N Qg(a) = 0, i(a) = Ql(a) N Qz(a).

Note that we do not allow ¥(a) to touch 8. This is for mathematical
convenience only and it is conjectured that the following results apply also
to the general case both in R? and R3.

Let x(a) be piecewise constant and equal to k; on ©;(a) and consider

=V - (k(a)Vu(a)) = f (0.1)
with Neumann or Dirichlet condition on I' = 2. We wish to compute the
derivative v’ of u(a) with respect to a at a = 0.

Again the following analysis is not hard to generalize to the case of a
piecewise differentiable x with similar discontinuity surface X(a), and it is
for the sake of clarity that we present the piecewise constant case only.

The Traditional Approach Fails. Denoting by Ig,(,) the character-
istic function of Q3(a) and by [k] the jump s — #1, we have

k{a) = k1 + [K,]Igz(a).
So it is tempting to write that

/Qn(a)Vu'Vw = —-/Qm'Vqu: —/[n}Vqu

b
but the last integral makes no sense because Vu is discontinuous across

Y(a).
Similarly an “optimal shape design” approach seems to lead nowhere.
Indeed with the notation of [6], we assume that X(a) depends on a via a
given function a of C1(X) and the following local variation in the “direction”
a around X(0) taken as a reference curve:

Y(a) = {z + aa(z)n(z) : z € L(0)}, (0.2)
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where n is the unit normal to X(0) which points outside ;.

For clarity we shall drop the parameter a when it is equal to 0 and write
¥ instead of ¥(0) whenever non ambiguous.

Recall that in smooth situations (f € C'(f2), see [6, Chapter 3] for de-
tails), the following form of the mean value theorem is shown

/Qi(a) I- /nim) f= _(_1)1“/21”1 +o(lal), =12

Therefore with the shorthand notation f;, f = fgi(a) f- fQi(O) f, a formal
differentiation of (0.1) would lead to

0= 6(/Qn(a)Vu(a)Vw—/wa)A

:/ mVqu-F/ ra VuVuw +/ x(a)VéuVw + higher order terms
5 50 Q

I

a/ (fcl ou _ /ﬁg@) + / #(a)VduVw + higher order terms.
b o

on on (0.3)

However the jump of n%ﬁ- across X is zero so this calculation indicates
that »' would be zero. The example below shows that it is not the case.
Hence the “higher order terms” are wrongly called so.

An Example. Consider the same problem on (0, L) with (4 (a) = (0,a)

and Qs(a) = (a,L), 0 <a < L:
V- -kVu=0, u(0)=0, u(l)=b.
Let H(z) be the Heaviside function and
k(z) = k1 + (k2 —k1)H(z —a), 0<a<L.
There is an analytical solution to the PDE

u = a1, r < a,
" laz—L)+b, z>a,
and the continuity of v and kd,u requires
blﬂl bKQ
a1a = az{a—-L)+b,K1ay = Kotz = Gy = —m—, a4} = ———.
! 2 ) 1 202 > T Iin + alk]’ V7 Tk + alx]

So the derivative ©' of u with respect to a, at a # 0, is

1y = [ —ablslra(Ler + alk]) 72, T <a,
wia) = { —(z - Léb[”]}il(liﬂl +alk])7%, z > a.
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Notice that v’ is discontinuous at a:
bls](als] + Lr1) b[k)
(Lky +a[&))2 ~ Lk; + alk]

QOutline. The paper is organized as follows.

£0 if b#£0.

[w]e=a =

o First we recall the mixed formulation of the problem and we guess the
result by giving a heuristic argument for the derivative.

o Then in Sections 2 and 3 we prove existence, uniqueness and regularity
for the solution of the mixed problem. The conjecture is proved in Section
4.

e A simple numerical illustration is given in Section 5; a Raviart-Thomas
element is used, the derivative is compared with the finite difference dpprox—
imation. Finally a simple inverse problem is analyzed numerically in Sec-
tion 6; the curve of discontinuity of & is recovered by least square (optimal
control) from observations on a set distant from the curve.

§1. The Conjecture

From now on we work with the curves X(a) introduced in (0.2). For
the sake of clarity and without loss of generality, let us consider a slightly
different problem, for a given function f and a given vector valued function
F:

Ou

V-(,Vu)=f-V-(kF) inQ, Ko lon = —kFn. (1.1)

Let
H(div,Q) = {W e L*()¢ : V-W € L*(Q)},
X={VeH(div,Q):V-n=0 ondQ},

13(9) = {we L*(®) ; /Qw - 0}.

Let F belong to L2(22)¢. Consider the mixed formulation with U = &(Vu+
).
Find (U,u) € X x L3(Q) with

vw € L3(5), /Q(V-U)w=/9fw,

) (1.2)
VWeX,/—U-W+/uV-W:/F-W.
ok Q Q
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This is a slight departure from the standard mixed formulation (see [3]) in
that we have divided by «.
Next we observe that with a piecewise constant x,

1 1 1 d /1 1
;G-)—((L') = K,—l + [;] IQz, therefore E&(;) = OA(SE [;]
with 0y, defined by
Vf € HV/e(q), / fo = / .
Q by
So differentiating (1.2) yields
/ (V- U"w =0,
Q
1 1
/(—U’-W+u’V~W)=w/a[~U]-W, (1.3)
QK s K

assuming that the trace of U - W on ¥ exists. Note, however, that if s, n
denote a tangent vector and a normal vector to I, U - n/x jumps across £
but U - s/k = Ou/8s does not because [u]x = 0. Hence
[%U] W= [%U] AW n = [%]U-nW-n,

and so it seems that U - n € L*(Z) could be sufficient.

Conjecture 1.1. The derivative (V,v) = (U',u') of (U,u) solution of
(1.2) is given by:

Find (V,v) € X x L(Q) with

Y € L(Q), /(V-V)w:O,
9 ) (1.4)

VW € X, /(—V-W+vv-w)=/gw-n,
Q \K by

with

Remark 1.1. In the distribution sense (1.4) is
1
vV-V=o0, EV—V’U:(S):Q’[’L, Ven|r=0.

Note then that it is not possible to eliminate V' and write a single equation
for v because xdx has no meaning on account of the discontinuity of « on

X
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Remark 1.2. It is easy to see that the conjecture is true for the one-
dimensional example described in the introduction.

d / du
S - _ —2
U'= ( d:x) = —br1ka[k](LK + a[K])
L
= / vy [Ty,
0 dx

/0 ( U'W +u'V W)

= —bkyka[k](Lr1 + a[s]) 2 (;;1: Oa W+ P /aL W)

a L
+ bro[c]{ LKy + a[n])_2/0 W + bk [k](Lry + a[n])_2/ w
+u'W |§ +u'W | E
= W(a)%b[n]—— = —W(a)[l]/cd—u

alk] + Lk dzx
§2. Existence and Uniqueness

Assume I' = 90 of class C1'1. Let ¥ be a smooth closed curve inside .

Let x > 0 be a piecewise constant function discontinuous across ¥ only.
Then, provided that W — f}: gW - n is continuous on X, an existence and
uniqueness result can be shown by adapting the proof of Theorem 2.1 in
[3] to the case x # 1. It is an application of the inf-sup lemma, namely, all
bilinear forms being continuous,

ﬂ*
Ve @ive) + 5 Ivlo < Clglmyzcs),
where §* is the inf-sup constant of (W, w) = (V- W, w):
5 = inf _(V-Ww)
weL3 (@ wex |vla@ive)lwlo

§3. Regularity

For the sake of clarity, we assume for what follows that F = 0. Recall
also that we have assumed that I'n¥ = 0.

In (1.4) U-n |z appears in an integral. We need to show that the integral
exists. Functions of V have their normal component traces V -n on ¥ in
H~1/2(%). So we need to show that U -n € H/2(X).
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Proposition 3.1. If ¥ is reqular and f is in H'(Q), then U -n belongs
to HY/2(X).

For clarity the proof is given in dimension 2. Assume that ¥ is sufficiently
regular so that in a neighborhood O of ¥ we can define a coordinate system
g, v in which the equation of ¥ is v = 0,n the normal to ¥, is tangent to
the curves ¢ = constant and ¢ is its curvilinear abscissa.

Problem (1.1) in variational form writes

Yw € HY(Q), /ﬁ;Vqu:/ fw.
(¢ Q

By taking suppw’ C O, w = %—f and by integrating by parts in ¢ we find
that

v € HA(O), /w Vo = / (3.1)

because & is not a function of ¢. This shows that if f is regular all partial
derivatives in o of u are in H1(Q). Therefore U - § has the same regularity.

Now agg-s = HW belongs to L2(0). So by V-U = 0 we see that BU 2 o,
is in L2(0;) for any open set O; € & not intersecting X.

Similarly, U - § € H'(O) implies ZU - § € L2(0), i.e. £rJ% € L*(O).
Therefore 201 = fc(??/a“a is in L2(O\ T). Hence U is in H(2\ ¥).

Corollary 3.1. If £ is reqular and F belongs to W2>(Q) then U 1is
continuous in Q\ X and U is in L(Q).

This is because (3.1) shows that ‘9" satisfies a partial differential equation
of the same type as the one of u. So by the proposition above kV ‘9g .
is in HY/2(X). Therefore U - n is in H3/2(X), hence it is also continuous
and bounded. By the maximum principle (in O\ , AU is bounded), U is
bounded everywhere.

§4. Differentiability

4.1. Continuity
In order to study the changes du, 6U of u, U, when a — 0, let

n=r"", du=u(a)-u(0), 6U=U()-U(0), &n=n(a)-n0).
(1) The first equation in (1.4} is easy to establish because

/Q(V-U)w:O, /Q(V~(U+6U))w:0 = /Q(V-dU)w:O. (4.1)
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Fig. 1. The coefficient & is constant on £2; and constant on €2 and
discontinuous across £. When ¥ becomes ¥{a), the distance from
Y(a) to T is a|a|s, the solution of the partial differential equation
changes. We wish to find the derivative with respect to a for a given

function a.

(2) For the second equation we have
/((n+5n)(U+5U) W —qU - W +6uV - W) =0,
which is alsoQ
/ ((n+n)dU - W + 6uV - W) / anU - W. (4.2)

Take W = U in (4.2), and use w = du in (4.1), then with Kpax =

max(K1, K2), Kmin = min(K1, Kk2)

/ 0+ 806U = = [ o0 - 8U < 15Ul el
Q Q

< Ul l07]o-

max
The support S(a) of 67 is a thin sirip around Z of width aa, and n+ 7 is
therefore

tolo < 1| [ ]| VaToT

for some constant C;. So we have the following result.

either k71 or ki ;
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Proposition 4.1. If U € L*(R), the change {6u,0U} in {u,U} due
to a is bounded in LZ(Q) x H(div, ), verifies V - 8U = 0 and
K
oo + 100 Ly < Co/Talmal U1 1L
min
4.2. Differentiability
Lemma 4.1. Let O be a neighborhood of £ containing the support S(a)
of n(a) — n(0) but sufficiently thin near X so as to be able to extend n in
O. IfU, W are continuous in O\ X and U -n, W -n are continuous in O
then, for a small enough,

lim| / Sy / U AW - n’ 0. (4.3)
a—0 S(a) a

Proof. We assume that W is smooth; the result can be extended later
by density. Consider the case a > 0, & > 0 everywhere. Then (see Fig. 1),
assuming that n is oriented from §; (a) to Q2(a), and denoting by U;(z, a)
(resp. (Us(o,n,a))) the value of U at z € Q; (resp. o, n for the value a of
the parameter), we have

/ $mU)

S(a) @

:/ nels(z,a) — mU;(z,0) W (2)de
5(a) a

_ / o /aa(d) anz(O’,n,O) - 7]1U1(U,'n, 0) . W(a,n)dn-l—O(\/&),
a (4.4)

where we have used the continuity with respect to a (Proposition 4.1), and
where S(a) is the support of é7:

S(a) = {(o,n) : n € [0,aa(0)]}.

By the mean value theorem, when g is continuous, there exists n(c) such

that
/S(a)g—/dcf /aa(o)g(a n)dn—/aa( )g(o,n(c))do

Therefore (4.4) becomes

n _
/S(a)d(—U) W= /Ea(a)[nU(z,O)] W (2)do(z) + O(v/a).

a
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Naturally the same argument applies when a < 0 and also to the general
case by cutting ¥ into pieces on which « does not change sign.
Finally (4.3) is found because

Ou
T]2U2 8 - 771U1 -8 = [%]
So with {vs, V5} = {%“, %J— , (4.1) gives
Yw € L(Q), /(v - Vs)w = 0. (4.5)
Q
Let O be a thin strip around ¥ containing ¥(a) for all @ under consideration
below. After division by a Equation (4.2) reads

VW € H(div, ), / (77V5-W+u5V-W)+/5—(nQ-W:O.
3¢ o a

Accordingly by Lemma 4.1 there exists a weakly converging subsequence
of v, V5 and the limit v, V satisfies

YW € H(div,Q), /(nV-W+UV-W)+{%]/aU-nW-n:O.
Q b

Remark 4.1. With sufficient regularity we have in fact proved that

[ [ 2C5) = [l nw | < a5

’1/2,2“% '"“1/2,2'
(4.6)

Let us summarize the result: v
Theorem 4.1. The solution of (1.2) {u(a),U(a)}, with

Y(a) = {z + aa(z)n(z) : x € T}

is differentiable in o in the sense that

v =l U0 =4O gy U@ U0

a—0 a a—0 a
is solution of (1.4) where the jump [L] is
1 . 1 1
zEeL, [;] (z) = ll-% (n(z +aa(z)n(z))  w(z — aa(z)n(z)) )
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§5. Discretization and Numerical Test

5.1. Discretization
Consider a regular family of triangulations of {2 of maximum edge length
h and two finite element spaces X and Lj to approximate and L3(Q).
Although precision is increased when the triangulations approximate X as
an internal boundary, the theory works also without this hypothesis. The
numerical discretization of problem (1.4) reads
Find (Vh,vh) € Xp X Ly with
Vq S Lh, fQ(V . Vh)q = 0,
VW e Xn, [y (LW HmV W) = fooW n.

Among the various admissible choices, we have selected the Raviart-

(5.1)

Thomas element for X} and the piecewise constant function for Lj. This
couple satisfies the discrete inf-sup condition as shown in {1, Proposition
3.14]:

[V = Valo + v — vrlo < ch*(|V]
when (V,v) € (H*(Q))? x H*(Q), 0 < s < 1.
5.2. Numerical Simulation

The numerical solution is calculated with freefem++ (see {5]). To
illustrate the theory we have solved the problem

=V - («Vu)=0in Q, wu|r=zy, (5.2)

oo +|vlue)

where () is the rectangle (—5,5) x (—2.5,2.5), % is 6 inside an ellipse in the
middle of the rectangle and 1 outside.
Then the ellipse is changed by € according to

{((z,y):x = (2+€)(V2+€)cost, y = (V2+€)sint, t € (0,27)},

yielding a new solution u¢ of (5.2). Then v, = (u¢—u)/e is compared to the
numerical solution of (5.1). The results are displayed on Fig. 2. Decreasing
both € and the mesh size gives convergence:

€ 0.1 {0.05 {0.025 |0.0125
LZ%-error [0.96]0.71 | 0.56 0.46
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Fig. 2. Left: u'. Right: u. when € = 0.0125. Observe that both

solutions are clearly discontinuous across X.

§6. Identification of a Discontinuity

Consider an “observed” data u4 on an observation set S and the problem
of finding the best x (i.e. the best ) to fit this data. A least square
approach leads to

'rcréilré{(](n):/Sﬂu—udHZ:—V-(nVu):O, u[r:z+y}.

In this example the problem is driven by a non homogeneous boundary
condition rather than by a right hand side f.

Obviously a normal change ao in the position of ¥ induces a change in
J and it is not hard to show that the derivative J' = dJ/da is given by

J' (k) = —/Ea[%] (n%:—) (n%)
with p solution of

-V - (kVp) = 2(u — ug)ds, plr=0.
Assume that a = a(ry,r2, -+ ,7m). A gradient method on the position of
with step size p, via the parameters {r;}{* would be to change r; according

Jdarl ou Op
i T+ p g 5;; [;] (&57—;) (I‘La—n)
{(a) We ran a preliminary test by taking
Q= (~5,5) x (=2.5,2.5), D = {(z,y) : (z +2)* + 3% < 1},
B(ry,r2) = {(z,y) : @ = (r1 + racost)cost, y = (r; + rp cost) sint}

to
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and the reference surface ¥ = £(v/2,0). As before x = 1 outside ¥ and 6
inside. We choose u4 to be the solution of the PDE for  given by E(\/ﬁ, 0).
Then we apply the steepest descent method with p = 4 starting from (0.3,
0.1). Fig. 3 shows the convergence curves.

1410

R T  E s

/\
\/+

Fig. 3. Center up: Geometry of the second example showing the
observation set (right circle), the exact and computed solution (inner
circle and middle curve) and the initial shape (outer curve).

Bottom left: Convergence curves for the identification problem:

oJ oJ

curves 1 and 2 are r; — \/5 r9, curves 3 and 4 are —

or T1 67‘2
and curve 5 is J; all tend to zero; the z-axis is the iteration count
(from 1 to 20 here). Bottom right: Convergence curves showing

the two gradients and the cost function for 10 iterations.
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(b) In the previous configuration D intersects ¥. Now we move D to the
right and X to the left (Fig. 2) and ran the same test with r; = 0.3 and
r9 = 0.5 initially. The method converges but the final shape is close to but
different from £(v/2,0). This is because the numerical approximation does
not “see” the right part of £ which is too far.

(c) In the third test where r;1 = 0 and the descent is only on rz, the
exact solution is reached in 4 iterations. This indicates that the method is
sound but a conjugate gradient is needed for test (b).

Acknowledgement. We would like to thank Frédéric Hecht for his help
with freefem---+.

REFERENCES

[1] Achdou, Y., Bernardi, C., Coquel, F., Archambeau, F. & Gest, B., Discrétisation
par volumes finis des équations de Darcy, Rapport EDF HI-83/00/043/A(2001).

[2] Allaire, G., Shape optimization by the homogenization method, Springer-Verlag,
New York, 2001.

[3] Azalez, M., Bernardi, C. & Grundmann, M., Méthodes spectrales pour les équa-
tions du milieu poreux, East-West J. Numer. Anal., 2(1994), 91-105.

[4] Bruaset, A. M. & Nielsen, B. F., On the stability of pressure and velocity compu-
tations for heterogeneous reservoirs, STAM J. Appl. Math., 56:4(1996), 991-1007.

(5] Hecht, F., freefem++, a general purpose finite element software allowing several
types of finite elements in one program, to appear.

[6] Pironneau, O., Optimal shape design of elliptic systems, Lecture Notes in Compu-
tational Physics, Springer-Verlag, 1983.



REITERATED HOMOGENIZATION
OF DEGENERATE NONLINEAR
ELLIPTIC EQUATIONS

J. BYSTROM J. ENGSTROM P. WALL
Department of Mathematics, Luled University of Technology,
SE-971 87 Luled, Sweden. E-mail: waoll@sm.luth.se

Abstract

The authors study homogenization of some nonlinear partial differential
equations of the form —div (a (hz,h2z, Duy)) = f, where a is periodic in
the first two arguments and monotone in the third. In particular the case
where a satisfies degenerated structure conditions is studied. It is proved
that up converges weakly in W(}’l (©2) to the unique solution of a limit
problem as h — oo. Moreover, explicit expressions for the limit problem
are obtained.
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§1. Introduction

This paper is devoted to homogenization of partial differential operators
including several periodically oscillating length scales. This type of equa-
tions appear in many fields of physics and engineering scicnces where the
physical phenomena occur in highly heterogeneous media. One example
is heat conduction in composite materials involving two different materials
which are periodically distributed. The local characteristics are then de-
scribed by rapidly oscillating functions. A direct numerical treatment of
such problems is often impossible due to the rapidly oscillating functions
and one has to apply some type of asymptotic analysis. The branch of
mathematics developed for the analysis of these types of problems is known
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as homogenization. For more information concerning the homogenization
theory, the reader is referred to [1, 2, 7, 10] and [12].

We will now give a short overview of previous results connected to this
work and explain what our contribution is. Let us consider the class of
partial differential equations of the form

—div(ap(z, Dup)) = f on Q, up € WpP(Q), (1.1)

where ay, is increasingly oscillating as h — oo, ) is an open bounded subset
of R", 1 <p<oo,1/p+1/g=1and f € W-19(Q). The homogeniza-
tion problem for (1.1) consists of the study of the asymptotic behavior of
solutions up as h — oo. In many important cases u; converges weakly in
W,'P(9) to the solution u of the homogenized problem

~div(b(Du) = f on Q, u€ Wy P().

In [6] and [11] the following situation was studied: ay, is of the form a(z, )
= a(hz, &), where a is monotone, continuous and satisfies suitable coercive-
ness and growth conditions in the second argument and is periodic in the
first argument. A corresponding homogenization result, with the difference
that a only satisfies degenerate structure conditions, was obtained in [9).
In this situation it is natural to work with weighted spaces which means
that instead of (1.1) we have

—div(a(hz, Duy)) = f on Q, un € W3'P(R, Ar),

where (A) is a sequence of periodic weights.

In the case when ax(z, &) = a(hz, h®z, £), where a is periodic in the first
two variables, one speaks about reiterated homogenization. This concept
was introduced by Bensoussan, Lions and Papanicolaou in [1], where it was
stated a result for linear operators. Concerning reiterated homogenization
of nonlinear problems we refer to [13] and [14]. One important application
of reiterated homogenization is that it has been an indispensable tool in
the construction of structures with extreme effective material properties.
Concerning this topic we refer to the collection of classical papers in [5],
where the introduction gives a good selection of references. We remark
that some of the homogenization problems above also have been studied by
I'-convergence for the corresponding variational problems and by two-scale
convergence, but leave out this discussion since it is out of the scope of this
work.

In this paper we study reiterated homogenization where a only satisfies
degenerate structure conditions. More precisely we prove that the solutions
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uy, of
—div(a(hz, h®z, Dup)) = f on Q, up € Wy'P(Q, M),
converges weakly to u in Wol’1 (), where u is the solution of a homogenized
problem
—div(b(Du) = f on Q, u€ Wy (Q).

This paper is organized in the following way: In Section 2 we fix some
notation and present necessary preliminary results. Section 3 contains the
homogenization result described above, which also is the main result of
this paper. In Section 4 we derive a homogenization result for an auxiliary
problem. A key ingredient in the proof of the main result is that the
solutions of the auxiliary problem are used to define a special type of test
function. Finally, in Section 5 we give some properties of the homogenized
operator b.

§2. Preliminaries and Notation

Let Q be a regular bounded open subset of R™ and |E| denote the
Lebesgue measure of the set £ in R™. Moreover let {-,-) denote the Eu-
clidean scalar product on R™ and x g the characteristic function of the set
E. Let p be a real constant 1 < p < oo and let ¢ be its conjugate exponent,
1/p+1/q = 1. We will denote by C and C; constants that may change from

one place to another.
Furthermore, let Y = Z = (0,1)" be the unit cube in R”. Let {Q; C Y :

i =1,--+,N} be a family of disjoint open sets such that |Y'\ L]\j Q=0
and 8] = 0. =
Let A be a weight on R™, i.e. X is measurable and
A>0ae, A and AVP-D arein LL_(RY). (2.1)
We denote by L? (2, A) the set of real functions u in LY . () such that uA!/?

loc
is in L? (), by W1P (Q, )) the set of the functions u in W} () such that
u € LP (92, A) and Du € [LP (2, ))]" . Moreover, we denote by Wy? (2, A)

the completion of C} () with respect to the norm in WHP (Q, A), i.e.

lellws g, ny = (/Q (lul” + lDu]p)/\ dx)l/p.

By Cp (Y) we mean the set of all Y-periodic functions in C* (R") with
mean value zero. We also define WL (€, A) as the set of real functions

v in Wb, (R™) with mean value zero such that u is Y-periodic and u €

WLP (Y, )).
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We now define the Muckenhoupt A, class:
Definition 2.1. Let p > 1, K > 1 and let X be a weight on R™. Then
X is in the class A, (K) if

1 1 1 p—1
R [ =1
(|Q|/Q)\dz)(|Q|/QA dz)" <K
for every cube Q) € R™ with faces parallel to the coordinate planes. We set
Ap = KglAP (K).
Let A; be a Y-periodic weight on R", i.e. A; satisfies (2.1) and is Y-
periodic. We define the weights X, and )j as

ZXQ (z) \i (hz), An(z) = ZXQ (ha) A (hPz) . (2.2)
i=1
Then it follows that Ay, Ay~ =1\, and Ah—l/ P~ all are in L. (R™).
Moreover, we assume that A;, A, and Ay are in A, (K) for some K.
Let ¢« : R* x R* x R® - R" be a function such that

a(y,z,€) = Zxa (¥) ai (2,€) . (2.3)
=1
We assume that a (-, z, £) is Y-periodic and a (y, -, £) is Z-periodic. We also
assume that a satisfies certain continuity and monotonicity conditions. To
be more specific, assume that there exist constants ¢, ¢, > 0 and constants
a and B with 0 € & < min (1,p — 1) and max (p,2) < # < co such that

lai (z,61) = ai (z, &)1 < i (2) L+ &) + &)™ 7% |6 - &l°,

(2.4)
(ai (2,6) = @i (2,62) , & = &) > chAs (2) (L + &l + &) 7 | — 52|(B, |
2.5

for a.e. z € R™, every £ € R". Moreover we assume that
a; (2,00 =0 (2.6)

for a.e. z € R™.
As a direct consequence of (2.4), (2.5), and (2.6) the following inequalities
hold:

jai (2, €)] < cihi(2) (1+1¢7), (2.7)

Xi (2) € < ¢ (i (2) + {ai (2,6),6)), (2.8)

/ €+ DufPA; (2) dz < & (14 |€PP). (2.9)
A
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In [8] the following result is proved.
Lemma 2.1. Let p > 1 and K > 1. Then there exist two positive
constants § = § (n,p, K) .and C = C (n,p, K) such that

(ﬁ/Q)‘lde)ﬁ SCIUII/QA dy, (2.10)

1
(i/ N9/ gy) gci/ A1 =1) gy
|Q| Q lQl Q (2_11)

for every cube with faces parallel to the coordinate planes and every \ €
A, (K) .

In [9] the following weighted compensated compactness result is proved.

Lemma 2.2. Letv € Ay, K > 1, let (An) be a family in A, (K) and let
1 be an open bounded set. Let (uy) be a family of functions satisfying

(1) Jq |Dunl? A dy < C1 < oo for every h € N,

(2) there ezists a function u € WP (Q,v) such that up — u in L' (Q).

Moreover, let (ap) be a family of vector functions in R™ such that

(3) fqlan]? A;l/(p_l)dy < Cy < oo for every h € N,

(4) div (ap) = f € L (Q) on C} (Q) for every h € N,

(5) there exists a € [L4 (Q,y—l/(P‘l))]" such that ar, — a weakly in
[ o".
Then

| an D) sy / (a, Du) ddy
Q Q

for every ¢ € CF° ().

In [15] the following convergence result for periodic functions is proved.

Lemma 2.3. Let 1 < p < oo and let up € Lf  (R™) be Y-periodic
for h € N. Moreover, suppose that up, — u weakly in LP (Y) (weakly* if
p=00) as h = co. Let wy, be defined by wy, (z) = up (hx). Then as h — 0o
it holds that wy, — f—ll,[ Jy u(y) dy weakly in LP (Q) (weakly* if p = o0).

We end this section with a simple extension lemimna.

Lemma 2.4. Let A be a Y -periodic weight on R™; let g: Y — R™ be a
function such that

g € [L9(Y, A"/ ®=D1n, / (g, Duwpdy =0, Yuw € WL (¥, ),
Y

per

and let g be the Y -periodic extension to R™ of g. Then we have

ge[L]

loc

(R™, A~/ @Dy, / (5, Do) dy = 0, Vo € Gl (R™).
R'n.
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In situations where no confusion can occur we will use the same notation
for the extended function as for the original one.

§3. The Main Theorem

Let us consider the following Dirichlet problems:
{fn (a (hz,hz, Duy), Do) dz = [, fodz, Yo € WP (2, An),
Up € W(},p (Qa /\h) ’
where f € L* (§1). By standard results in existence theory there exist
unique solutions for each h. Below we state the main result of this paper.
Theorem 3.1. Let (uy) be the solutions of (3.1). Then
up — u weakly in WOI’1 (Q),
a (hz, hiz, Dug) — b(Du) weakly in [L1 (Q)]n,
as h — o0, where u is the unique solution of
Jo (0(Du), D¢y dz = [, fodz for every ¢ € WyP (),
u€ W1 ().
The operator b: R™ — R"™ is defined as

b(e) = |71| /Y by (4,€ + Duf (y)) dy,

where u® is the unique solution of the Y -cell problem

fY <by (y £ + Duf (y)) ,D(;b) dy =0 for every ¢ € Wr}eir’ (Y),
ut € WhP(Y),

per

(3.1)

(3.2)

N
The operator by : Y x R™ — R™ is defined as by (y,€) = > xa, (¥) b (£),
i=1

where
1 ¢
b (§) = m/zai (z,£+ Dv; (z)) dz,
and vf are the unique solutions of the Z-cell problems
fZ <a,~ (z £+ va (z)) ,D¢ (z)> dz =0 for every ¢ € Wo2 (Z,\),
'U e wlp (Z,\).

per
Proof. Let us first prove that ||Duh||L,,(Q,)\h) < C. By periodicity it
follows that

/ M (@) dz < C, / O (@)D gz < €, (3.3)
Q Q
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Thus, by (2.8), (3.1), (3.3), Poincare’s and Holder’s inequalities we obtain

/ﬂ]DuhV’ Ap (z)dz < Cb(/g;/\h (z) d:z:+/0fuh d:v)
sc(/ﬂxh (z) dw+||f||Lm(Q)/QlDuh|dm)

1/p
< C(1+ (/QlDuhl”)\h(a:)d:v) )
Hence it is clear that
1Dunll o (g p,) < C- (3.4)
Let 7y, be defined as 1, = a (hz, h®z, Duy) . Then (2.7) and (3.4) implies
178ll pa@a 2=y < C- (3.5)

Take § > 0 such that (2.11) holds. Now choose ¢; such that
l1+o;  1+94
p-1-0 p-1
Then o1 > 0 and p—1 -0y > 0. Let Q be a cube in R™ containing {2.
Hoélder’s inequality and (3.4) then gives

l+o poloey
/|Duh|l+al dr < /[Duh|p)\hdz /Ah = tudar; ?
Q

<C’/)\hz’1da: <C//\hvldx

By applying (2.11) and (3.3) in the inequality above, we obtain
(p-1)(1+06)/ (p+6)
/ |Dun| o dz < 0( / A/ =P d:z:) <C. (36
Q Q
Next, choose § > 0 such that (2.10) holds and choose ¢, such that
-1
= —
1446 =( +02)q—1—02

Then ¢2 > 0 and ¢ — 1 — 03 > 0. By using (2.10) and arguing similarly as
for (3.6) we obtain

/ e[ dz < C.
Q

This means that (up) and (7,) are bounded in W '""'(Q) and
[Z1*o2(2)]™ respectively. Since these spaces are reflexive, we have that
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there exist subsequences, still denoted by (uy) and (n3,), such that

up = u. weakly in Wy 't (Q) (3.7)
fh — 1« weakly in [L'*72 (Q)]n. (3.8)
From (3.7) and (3.8) it follows that
up — u, weakly in Wy'' (), (3.9
M — n. weakly in [L' (Q)]". (3.10)
From our original problem (3.1) we have
/{;(nh,Dqﬁ) dr = /quﬁdm for every ¢ € W™ (€, An) . (3.11)

By using the fact C3 () € W, ? (€2, As) and (3.10) we can pass to the limit
in (3.11), thus

/ (s, D) dx = / fodz for every ¢ € C} (Q).
Q Q
Density and the fact that 7. € [L? (Q)]" (see (3.17)) then gives

/ {ne,D¢) dz = / fédz for every ¢ € WP (). (3.12)
Q Q

Let us now observe that by (3.9), (3.10) and (3.12) the theorem is proved
if we show that
u. € WP (Q), (3.13)
e = b(Du,) ae. on (), (3.14)
since the uniqueness of the solution of the homogenized problem (3.2) then
implies that v, = v a.e. on .
We start with the proof of (3.13). We observe that since 2 is a regular
bounded open set it is sufficient to show that Du. € [LP (Q)]". Let ¢ €
Co (2) . Then Hélder’s inequality and (3.4) gives

10wty < ( [ 10wl M) az)" ( | 0w @) 1917 o)

1
q

<of [ owy o1 dz) . (3.15)

Applying lim inf on both sides of (3.15) and using the weak lower semicon-
tinuity of the norm on the left hand side and periodicity on the right hand
side we obtain

/ |Dua] 191z < C lgll oy for every ¢ € Co (5.
0
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By density and Landau’s theorem we then have that

Du, € [L? (Q)]". (3.16)
By using (3.5) and arguments similar to those employed in the proof of
(3.16) it can also be deduced that

ne € [LT(Q)]". (3.17)
It remains to prove (3.14). For this purpose let us define the test function

w (@) = (6,2) + o (hz)

where ui is defined as in the auxiliary problem (see Section 4). To be able to
apply the compensated compactness result (Lemma 2.2) we have to prove

certain facts about wfl and a (hx,hzx,Dwﬁ). Therefore, by periodicity,
(4.5) and the fact that A, (z) = Xp (hz) we get

P
/Q ‘Dwg; M(z)dz < C. (3.18)
Moreover, by using (2.7) and (3.18) we obtain
/ la(he, B2a, Dwé)| (A (2)) PV dz < C.
Q
By periodicity and Lemma 2.3 we have that
wi, () = (§,-) in L1 (),
1
a (hx,hzz,Dwi) - —/ by (y,€ + Duf) dy = b(¢)
Yl Jy
weakly in [L' (2)]".
Finally, due to (4.6), we can apply Lemma 2.4 on (4.1) and obtain
div (a (h:z, hiz, Dwg)) =0o0nCj (),

and we are now ready to apply the compensated compactness result. In-
deed, by the monotonicity of a we have for a fixed £ that

/Q <77h —-a (h:c, hiz, Dw,‘gL (m)) , Dup, (x) - Dwf1 (g:)> ¢(z)dz >0

for every ¢ € C§° (), & > 0. By the compensated compactness lemma
(Lemma 2.2) with the weight ¥ = 1, we get in the limit

/Qm*—b(é),Du*(w)—f)qﬁ(w)deO

for every ¢ € C5° (), ¢ > 0. Hence for our fixed £ € R™ we have that
(M —b(&),Dus(z) — €) > 0 for ae. x € Q.



92 J. BYSTROM J. ENGSTROM P. WALL

By density and the continuity of b (see Lemma 5.2}, it follows that
(M = b (&), Dus (z) — €) > 0 for a.e. z € Q and every £ € R".

Since b is monotone (5.3) and continuous (5.4), we have that b is maximal
monotone and hence (3.14) follows. Finally, let us observe that we have
proved the theorem only up to a subsequence, but since the homogenized
operator is uniquely defined and the solution of the homogenized problem
is unique we can conclude that the theorem holds for the whole sequence.

§4. An Auxiliary Problem

In this section we prove a homogenization result for the auxiliary prob-
lem. This result was used in the definition of the special type of test func-
tions defined in the proof of the main result (Theorem 3.1) of this paper.

Fix £ and consider the following Dirichlet problems:

| taly. b + D), Déddy = 0,6 € W3z (V. )
Ui € Wl’p (Yv, Xh) .

per

(4.1)

By standard results in existence theory there exist unique solutions for each
h. Below we state the auxiliary result of this paper.

Theorem 4.1. Let (u‘,i) be the solutions of (4.1). We then have that

ui — u® weakly in Wgél (),

a (y hy, € + Du‘,{) — by (y,& + Duf) weakly in [L* (V)]",
as h — oo, where u® is the unique solution of
/ (by (y,€+ Dut) ,D¢)dy =0 for every ¢ € ng’r’ Yy,
uZE wle(y).

per

(4.2)

N
The operator by : Y x R™ — R™ is defined as by (y,7) = Y xa. (¥) bi (7),

i=1
where

1
bi (1) = -——/ a; (z,7+ Dv] (2))dz
1Z] Jz
and v] are the unique solutions of the Z-cell problems
[ (@i a7+ Dof (), D (2 dz =0, ¥6 € WA (Z,3),
z
vT € Whe(Z,\).

per

(4.3)
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Proof. By (2.8), (4.1) and (2.7) we have that
/Y |€ + Dug [P Xn (y) dy

< [ Budy+Ca [ (1+16+ DuP ) o)l )

Moreover, if we use Young’s inequality on the right hand side and rearrange
the resulting inequality we obtain

(1- SE20) [ e Dm0y dy

Oazq 'n, Calefn~
gC,,(1+ ” > )LAh( ) dy,

where 7 is a positive real number. By choosing 7 small enough we get that

/Y € + Duf "X () dy < C. (4.4)

In particular this implies
[ i way <c. (45)
Let us define 7§, = a;(hy, & + Dus). By using (2.7) and (4.4), it follows that
[ Al s G ay < c. (46)

Moreover, by using (2.11), (4.5), (2.10), (4.6) and arguments similar to
those employed in the proof of (3.6), it can be deduced that

1+xKy . -
/Y }Dui} dy < C, / |7)}L|1+ *dy < C.

Thus we have that (u}) and (ni) are bounded in Waat (Y) and
[L***2(Q;)]™ respectively. Since these spaces are reflexive, there exist sub-
sequences, still denoted by (uh) and (n},), such that
u§, — uf weakly in Wit (Y), ni — ni weakly in [L'*+*2 (Q,)]"
Hence we can conclude that
ui — u$ weakly in W;é} (Y), ni — n' weakly in [Ll (Qi)]n . 4.7
Using similar ideas as in the proof of (3.16), it can be shown that

n. € [L* (V)] (4.8)
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From (4.1) and (4.7) it follows that

N
Z/Q (ni, D¢) dy = 0 for every ¢ € C’;er (Y).
i=1 i

Density arguments in conjunction with (4.8) then results in

N
Z/Q <ni,D¢>dy=0forevery¢€Wgé’r’( ).

Thus the theorem is proved if we show that

ub € WiE(Y), (4.9)
nt = b; (5 + Dui) a.e. on {;, (4.10)

since the uniqueness of the solution of the homogenized problem (4.2) then
implies that u$ = u¢ a.e. on Y.

Let us start with (4.9). We observe that since Y is a regular bounded
open set it is sufficient to show that Du$ € [L? (Y)]"™ which is obtained
using the same ideas as in the proof of (3.16).

It remains to prove (4.10). Therefore let us define the test function w;’i
by

T,% 1 T
wy () = (ry) + pof (hy), (4.11)
where v7 € WLP(Z,);) is defined as in (4.3). To be able to apply the

per
compensated compactness result (Lemma 2.2) we have to prove certain

facts about w;’i and a; (hy, Dw;’i). Indeed,
/ |DwiPA; (hy) dy < C (4.12)
follows from (4.11). Moreover, we also have that
| testhy, D)) 0Ny < ©
by (2.7) and (4.12;. By periodicity we obtain
wit (1) = (7,7 strongly in L (€;),
ai(hy, Dwl*) — %/Zai (2,7 + Dv] (2))dz = b; (1)
weakly in [L (QZ)]n
Application of Lemma 2.4 on (4.3) gives div(a;(hy, Dw}")) = 0 on C} ().
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By the monotonicity of a; we have for a fixed 7 that

/ (i~ a;(hy, Dw (1), € + Dul.(y) ~ Dwl(y))é (y) dy > 0

for every ¢ € C§° (Q%), ¢ > 0. By the compensated compactness lemma
(Lemma 2.2) with v = 1, we then get in the limit

[t =00 64 Dut ) = ) 0 )y 2 0

i

for every ¢ € C§° (§;), ¢ > 0. Hence for our fixed 7 € R™ we have that
(ni —b; (1),6+Dul (y) —7) > 0 for ace. y € Q.
By density and the continuity of b; (5.2), it follows that
(as —b; (1), €+ Dué (y) — 7) > 0 for ae. y € ; and every 7 € R™.

Since b; is monotone (5.1) and continuous (5.2), we have that b; is maximal
monotone and hence (4.10) follows.

§5. Properties of the Homogenized Operators b; and b

In this section we list some properties of the homogenized operators b,
and b. In particular these properties imply the existence and uniqueness
of the solution of the homogenized problem (in the auxiliary and main
problem respectively).

Lemma 5.1. Let b; be the homogenized operator defined in Theorem
4.1. Then

(a) by (-) s strictly monotone. In particular, we have that

(i (1) ~bi(r2), i~y 2 G L+ || + )PP In =l (5.1)
for every 7,75 € R™.
(b) b; () is continuous. In particular, we have for v = Fog that
i (11) = bi ()| <@ (L+ || + [7))" 777 11 — 7| (5.2)

for every T, 75 € R™.
(c) b; (0) = 0.
Proof. These properties follow by using the same ideas as in {3] and [4].
Lemma 5.2. Let b be the homogenized operator defined in Theorem 3.1.
Then
(a) b(-) is strictly monotone. In particular, we have that

(b(€1) ~b(&), &1 — &) > Co (1 + 6] + &))" P 1 — &)° (5.3)
for every £&,& € R™.
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N (tb) b(-) is continuous. In particular, we have for § = 6—1—7 = Za—fm
a

b(&) = b(&)l < CL(1+ &)+ &) 0 6 — &) (5.4)
for every &1,£ € R™
(c) (0) = 0.

Proof. These properties follow by using (5.1) and (5.2) in the corre-
sponding theorem given in for example [3] and [4].
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A simple derivation of the Connection in Finsler space.
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The study of Riemann-Finsler geometry has recently been enhanced by
the publication of a substantial book [2]. In this book we made essential
use of a connection introduced in 1948 [3]. The connection is a natural
generalization of the Levi-Civita connection in the Riemannian case and
seems to be the right analytical basis of the subject. We have given a
derivation of it. According to Anastesie it coincides with the one introduced
by Rund, who kindly gave an exposition of the paper in his book.

The aim of this paper is to give a short derivation of the connection. We
will also show how it gives a solution of the local congruence, i.e., a complete
system of local invariants which ensures that two Finsler structures differ
by a change of coordinates.

§1. A Simple Equivalence Problem

Problem. Given in R™ with the coordinates z* n Pfaffian forms wt,
linearly independent, and in R™ with the coordinates z* also n linearly
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independent Pfaffian forms w*i, 1 < i < n. Find the conditions that there
exists a coordinate transformation

g =2 (2, 2", (1.1)
such that
Wt =W, (1.2)
(Our Latin subscripts and supscripts have the range 1, ---, n.)

The idea is to construct invariants under the transformation (1.1). We
have, since the w’s are linearly independent,

dw' = clpw! A wk, (1.3)
where we can suppose
c;k + c};j =0. (1.4)
With the condition (1.4), the c;'- . are completely determined. If the corre-
sponding quantities in R*" are denoted with asterisks, we have

i

Cj'k = C;k. (15)
Differentiating, we have
dcky, = dcly (1.6)
so that
c;kl = ;kl (1.7)
if
dC;"k = Cj'klwl (1.8)

and similar equations with asterisks. Continuing this process, we get a
sequence of functions,

Sk Ckis Cripr (1.9)
which are equal to the corresponding functions with asterisks. The solution
of our problem is thus given by the following theorem:

Theorem 1.1. The transformation (1.1) has the invariant functions
(1.9). .If one of the functions is a constant, the corresponding function with
asterisk must be equal to the same constant. If some of the functions are
independent and another one ts a function of them, the same must be true
with the functions with asterisks, by the same functional relation.
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§2. The Connection in a Riemann-Finsler Space

Let M be a manifold and 7'M its tangent bundle. By SM we mean the
manifold of its rays, i.e., the set of non-zero tangent vectors differing by a
positive factor. If i = dim M, then dim TM = 2n and dim SM =2n — 1.
We use the local coordinates x* of M, then TM has the local coordinates
at, yt, if the vector is y’ %, and SM has the same local coordinates, y*
being then homogeneous coordinates, up to a positive factor. In this section
we will agree on the following ranges of indices:

lfi,j,k;"‘ﬁm 1Sa1ﬂ’7)”.sn—_1' (21)
A Riemann-Finsler metric on M is given by the function
ds = F(z*,--- ,z",dz*, -+ ,dz™), (2.2)

where F'(z,y) is supposed to be smooth and positively homogeneous in the
second variable, i.e.,

F(z,\y) = AF(z,y), A>0. (2.3)
We introduce the quantities
o /1,

which are functions on SM, and we make the regularity hypothesis that
the matrix (g;;) is positive definite (or more generally non-singular). The
quadratic differential form @ = gi;(z, y)dztdx? will be called the Riemann
form.

The projection 7 pulls TM back:

w™TM —TM
+ + (2.5)
SM— M

and we will use the bundle at the left-hand side. In this bundle the g;; in
(2.4), being homogeneous of degree 0 in y* and therefore functions on SM,
define an inner product. SM has the distinguished one-form

_9f s
H = Gyidx . (2.6)

It will be called the Hilbert form.



100 S. 8. CHERN

Lemma 2.1. Under the regularity hypothesis, the Hilbert form satisfies
HA@H)" ! #0, (2.7)
and hence define a contact structure on SM.
For proof, refer to [2, p. 272].
In the bundle at the left-hand side of (2.5) we take a frame field e; and
let w' be the coframe field dual to e;.
A connection D is by definition the absolute differential
De; = wgej. (2.8)
Then the tensor ) wi®e; is independent of the choice of e; and the invariant
condition
D(Ww'®e) =0 (2.9)
is called the vanishing of torsion. This condition becomes, when written
explicitly,
dw' = w! AWl (2.10)
We wish to introduce a torsionless connection in the bundle at the left
column of (2.5). Analytically this is to determine the forms w;i so that (2.10)
are satisfied. We will make use of the local coordinates z¢, 3/ described
above and choose an orthonormal frame ze; such that e, is the unit vector
along the vector yia—zy. On SM, w', w2 form a base of the exterior algebra
of differential forms.
We suppose our connection to preserve the length of e, and the orthog-
onality of e,, and e,. The connection forms therefore satisfy the conditions

wWnn =0, Wan + Wna = 0. (2.11)
Here and later we use the Kronecker indices d;; to raise or lower indices.

Notice that in the connection forms wj- the second index is an upper index.
We complete the Hilbert form into a coframe

w' = videt, (2.12)
with
oF
"=H, ie, v} =_——, 2.13
w , le., v By (2.13)
v o =0, (2.14)

ie., (en,w®) = 0. Let (u¥) be the inverse matrix of (v}), so that

ufvi = vfui = (5Z (2.15)
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Then
P Y 2.1
U, = _f ( . 6)
and we have
oF . 8F .
"= ———da' Ada? ——dy* A dz*
Oz Oy* v + Oytoy* yAae
= riayF uptgw’ Aw? + TN dy* A ugw’.
: oF H : k i k ’
Since B_yT is homogeneous of degree zero in y*, Wy = 0 by Euler’s
theorem, and we can write
dw™ = w* Awp, (2.17)
where
o*r .1

n

R T
wl = uaayjaykdy 7 la
2

2
(% - aff;;kyk>“n

; F
+uluf amj—aykwﬁ + Aap”, (2.18)
where Ao = Ag, are to be determined.

On the other hand, we have
' k
dw® = dvd A dz* = —v@duf At = —vgdug AwP — v?d(%)w". (2.19)

We now study the equations (2.11). The first equation can clearly be
satisfied. For the existence of wg satisfying the second equation of (2.11)
and

dw® = WP A wi +wh AWy, (2.20)

it is necessary and sufficient that —lv,‘c‘ is equal to the coefficient of dy*
in the expression (2.18) for w?. This gives
WG = 6{13115, (2.21)
where
O*F

T

(2.22)

are functions on SM.
Notice that
A

I 2 TR N nok, i i
vy ulugGir = viupul Gip — vitunul Gg = vl Gy,
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since u¥ Gy, = +y*(F Fji) = 0. Hence (2.21) can be rewritten

uguZij = dag. (2.23)
It can also be written

Sapvivl = Gij. (2.24)
In forms the last equation becomes Zw"‘z = Q — H?. Comparing (2.19)

and (2.20), we get )
w§ = vgdufy — 67 (uiugﬁf— + Ag >w" + pgw7,
dxi dyk v By
where u3. = pu3g, but are otherwise arbitrary.
It remains to determine wj. We find

o . .7 O°F 0’F
baowd + dapwy = — dGijupul — uul (3:1:i(9yj + B:L'J'Byi)wn
= 200w + (acttyy + Oapigy)w” (2.25)
Since G;; are functions on SM, we can write
dGij = G‘i’}wi + Gz-jkw’“. (2.26)
We choose Ayq, 5, SO that the following equation holds
Wpo + wep = Hppwyy. (2.27)
This determines A,,, (9, completely by
Ry O°F O*F
A = s (Gim + FET ama'ayv:)’
o 1
Hpg = Q‘saﬁ(fpﬁa +&app — Epo): (2.28)

€oop = Gijpupul.

Thus all the w} are determined. We state the result as the theorem:

Theorem 2.1. Given the Riemann-Finsler metric, there is a uniquely
defined connection in the bundle m*TM — SM 5 (z,y) characterized by
the conditions:

(1) It is torsionless;

(2) The length of the vector y and the property of a vector L to y are
preserved;

(3) Relative to orthonormal frames the conditions

Wog + Wga = HapyWyn (2.27a)

are satisfied.
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§3. Cartan Tensor

Condition (2.27a) in Theorem 2.1 in the last section means that the
inner product is preserved by the parallelism defined by the connection
when wepn = 0, i.c., when the parallelism preserves the vector y. We wish
to calculate the function H,g, in terms of F.

By (2.25) and (2.27) we have

Hp, = -Gluyul. (3.1)
Comparing the coefficients of dy* in (2.26), we get G%uﬁFkl = —-FFj —
E F;;. Here and later subscripts of F' mean partial differentiation with re-

spect to the corresponding y'. It following that
GEyubFuy = FFy or (GEyluk - 6¥F)Fy =0.

Since the matrix (Fj;) is of rank n—1, this holds only when G5y ul —6FF =
piy*. Multiplication of this equation by F}, and subsequent summation give

pi = —F;. Hence
G(-’;-yju’; = —Fy* + 6FF,

2,

G%yj = y°F.

With the help of this relation we find

vivg HY = -G (6} - gin) ((ﬁn - y_sz) = -G}, + v Ey + vl R,

. F F
vl HE ub Fiyy = (EFz)lmj'
Multiplying this by ué, we get v/ vs, Hyap = F(%FQ)lmju{a, which gives
Hypo = F(% F?)ijku;u{',u’;, (3.4)
F(%]M)iﬂc = HpoaV{v]vf. (3.5)

H,;c is usually called the Cartan tensor. For a Riemannian metric it is
zero and our connection reduces to the connection of Levi-Civita.

§4. Equivalence Theorem

The following theorem is immediate.
Theorem 4.1. Consider the bundle m*TM — SM at the left-hand side
of (2.5). Let

P SM (4.1)
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be its principal bundle of orthonormal frames. Then dim P = %n(n+ 1) and
in it are the forms w', w;;, which are %n(n+1) in number and are linearly
independent. If the corresponding entities in M* are denoted by asterisks,
the two Riemann-Finsler structures differ by a coordinate transformation
if and only if there is a coordinate transformation from P to P* such that
w* =W Wi = wiy

This reduces the equivalence problem to the problem solved in §1.

In the principal bundle P the forms w?, w{ constitute a basis of A(T*P),
the exterior algebra of its cotangent bundle. By our Theorem 1.1 the local
invariants of our Finsler structure are obtained through the exterior deriva-

tives of w?, w!. The exterior derivatives dw® are given by (2.10). To find

3

dw{ we differentiate (2.10), obtaining
wi A (dw§ —wf Awt) =0.
It follows that
dw! = w¥ Awf + Riyw® AW + Phwb Aw, (4.2)

where we suppose

R;‘kl + R;'lk = 0, (43)
and we have
leka = Pl:ja' (45)

The Rj-kl from the Riemann curvature tensor.

From the Riemann curvature one defines by contraction the Ricci cur-
vature. The Ricci curvature is a scalar function on SM and is the most
important local invariant in Finsler geometry. For details refer to [2, p.
190].
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Abstract

This article discusses computational methods for the numerical simu-
lation of unsteady Bingham visco-plastic flow. These methods are based
on time-discretization by operator-splitting and take advantage of a char-
acterization of the solutions involving some kind of Lagrange multipliers.
The full discretization is achieved by combining the above operator-splitting
methods with finite element approximations, the advection being treated
by a wave-like equation “equivalent” formulation easier to implement than
the method of characteristics or high order upwinding methods. The au-
thors illustrate the methodology discussed in this article with the results
of numerical experiments concerning the simulation of wall driven cavity
Bingham flow in two dimensions.

Keywords Bingham visco-plastic flow, Operator-splitting methods,
Finite element approximations, Variational inequality
2000 MR Subject Classification 35Q30, 76d05, 35R45

§1. Introduction

From the early seventies to his untimely death in 2001, Jacques-Louis
Lions was always highly interested, not to say intrigued, in the system
of equations and inequalities modeling Bingham visco-plastic flow (one
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of the success stories of the Variational Inequality Theory). Evidences of
this interest can be found in the Chapters 6 of [1] and [2], which still are
(to the best of our knowledge) the fundamental references concerning the
mathematical properties of the variational inequalities modeling Bingham
visco-plastic flow. These facts would have justified by themselves a Bing-
ham flow related article dedicated to J. L. Lions. Actually, J. L. Lions was
always concerned with the relevance of mathematics to applications and
from that point of view we have been witnessing during these last years a
surge of interest in Bingham visco-plastic fluids. It is very likely that this
interest is motivated by the fact that material as diverse as fresh concrete,
tortilla dough, fruits in syrup, blood in the capillaries, some muds used in
drilling technologies, toothpastes, - - -, have a Bingham medium behavior.

The content of this article is as follows:

In Section 2, we shall provide the Bingham flow model, and a multiplier
characterization of the solutions, very useful from a computational point of
view. The system of partial differential equations and inequalities modeling
Bingham flow will be time-discretized in Section 3, using an operator split-
ting scheme. The finite element approximation will be discussed in Section
4, and the solution of the subproblems encountered at each time step in
Section 5. Finally, the results of numerical experiments will be presented
in Section 6.

§2. On the Modeling of Bingham Visco-Plastic Flow

Let © be a bounded domain of B! (d = 2 or 3 in applications); we
denote by T, the boundary of Q. The isothermal flow of an incompressible
Bingham visco-plastic medium, during the time interval (0,T'), is modeled
by the following system of equations (clearly of the Navier-Stokes type):

[%t+(u V) ]:V-a'+f in Q x (0,7), (2.1)
V-u=0 in 2 x (0,T), (2.2)
= —pl + V29— Dlw uD(u), (2.3)

ID(u)|



OPERATOR-SPLITTING METHODS 107

u(0) = ug (with V-ug =0); (2.4)

for simplicity, we shall consider only Dirichlet boundary conditions, namely,
u=ur on I'x{0,T), with / ur(t)-ndl' =0, a.e. on (0,T). (2.5)
r

In system (2.1)—-(2.5):

e p (resp., u and g) is the density (resp., viscosity and plasticity yield)
of the Bingham medium; we have p >0, 4> 0 and g > 0.

o f is a density of external forces.

e« D(v) = (Vv + (YV)1)/2 (= (Dy(M)iigea), Y € (HUQ), and
|D(v)| is the Frobemius norm of tensor D(v), i.e.,

1/2
pei=( Y 1psmp)"
1<i,5<d
We clearly have trace D(v) =0if V-v =0.
We observe that if g = 0, system (2.1)~(2.5) reduces to the Navier-Stokes
equations modeling isothermal incompressible Newtonian viscous fluid flow.
Having said all that, if g > 0, the above model makes no sense on the set

Qo = {{z,1}{z, 1} € 2 x (0,T), D(u)(z,t) = 0}.
Following Duvaut and Lions [1 and 2, Chapter 6] we eliminate the above
difficulty by considering, instead of the {(doubly) nonlinear equations (2.1)-
{2.5), the following variational inequality model;
Find {u(t),p(t)} € (H'(2))% x L*(Q) such that a.e. on (0,T) we have

p [ G0 v =u®)ds+p [ () Ty (v - ui)ds
s / Vu(t) : V(v — u(t))dz + V2g((v) — j(u(®))

Q
- / POV - (v — ult))ds > / £(t) - (v — w(t))de, Vv € Vi,
0 9]

(2.6)

V-u(t)=0 in (Q, (2.7)
u(0) = uy, (2.8)
u(t) =up(t) on I, (2.9)

with, in system (2.6)-(2.9),
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= /Q ID(v)ldz, Vv € (H' ()", (2.10)
Ve (8) = {v]v € (HYQ)4, v = ur(t) on T}, (2.11)

and S: T = Z Z sijtij, V8 = (si5), T = (ti;).

i=1j=
Let us be honest formulation (2.6)—(2.9) is definitely an improvement

compared to formulation (2.1)-(2.5), in the sense that we shall be able to
derive from it computational methods “which work” (if d = 2, at least),
however it is still partly formal. The rigorous formulation is more compli-
cated and is thoroughly discussed in [1 and 2, Chapter 6, Section 3]; it is
assumed there that ur = 0 on I'x(0,7), and up = 0if d = 3. If the above
assumptions hold, it is shown in the above references that for d = 2, the
time dependent variational inequality modeling the Bingham flow (a simple
variant of problem (2.6)-(2.9)) has a unique solution, while uniqueness is
still an open problem if d = 3 (as it is for the “ordinary” Navier-Stokes

equations). Suppose that d = 2 and — = 0; it is worthwhile emphasizing
the fact that the uniqueness of the time dependent solution does not imply
a similar property for the corresponding steady state flow problem.

For those readers who are already experts at solving the “ordinary”
Navier-Stokes equations the main difficulty with model (2.6)-(2.9) is clearly
the non-differentiable functional j(-). A simple way to overcome the above
difficulty is to approximate j(-) by regularization, i.e., to replace it by a
differentiable functional such as j.(-) defined by

v) =/ JE ¥ D) dz, Vv € (H'(Q))". (2.12)
Q
Since, Vv € (H'(2))?, we have
€lQ], (2.13)

i) =it = [ T |2+ID ;<

where || = meas.(Q), j.(-) is clearly an approximation of j(-). Concerning
the differentiability of j.(-) one can show that the differential j/(v) of j(:)
at v € (H1(Q))? verifies:

): D(w) 1
Ginw = [ 8 e W € (@), e (@),
(2.14)
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where, in (2.14), (-,-) denotes the duality pairing between (H~1(2))¢ and
(H}(9))4. Taking advantage of (2.14) it is tempting to “approximate”
problem (2.6)~(2.9) (and indeed (2.1)-(2.5)) by

FO - =)o 5 [ () V) (v = ult)ds
i /Q Vu(t) : V(v =, ()ds + V2g(ic(v) - jeluc(t))
- / POV - (v — u(t))dz > / £(t) - (v — u,(8))dz, V¥ € Vo (2),
Q Q

(2.15)

V-ut) =0in 0, (2.16)
u,(0) = ug, (2.17)
u(t) =up(t) onI. (2.18)

Replacing, in (2.15), v by u.(t)+6w with 8 > 0 and w € (H}(2))?, dividing
by 6, and taking (2.14) into account, we obtain at the limit as § — 04 that
{ue, pe} is solution of the following nonlinear variational problem:

p / e (1) - wila + / (ue(t) - V)ue(t) - wds

o [ 0 Vw3 [ SELDM 4 o1
—/pe(t)V-wdxzjf (t) - wdz, Vw € (HO(Q)) ,
Q Q
V.u,(t) =0in Q, (2.20)
u.(0) = uy, (2.21)
u.(t) =up(t) on L. (2.22)

Since tensor (€2 + [D(ue)|?)~'/?D(u,) is symmetric, we clearly have
(6 + D)) D(ue) : D(w) = (¢ + [D(u)]*)/*D(u,) : Vw,
Yw € (Hi Q)% (2.23)

Combining relations (2.19) and (2.23) implies that {u,,p.} verifies:

ou, D(u,) .
P[ at +(ue~V)Ue] —uAue—ﬁgV-m+Vpe =fin02x(0,7),

(2.24)
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V-u.=0in Q x (0,T), (2.25)
u(0) = uo, (2.96)
u, =ur on I’ x (0,T), (2.27)

a regularized variant of problem (2.1)-(2.5) that could have been obtained
directly. From a computational point of view, the situation looks good
since we have replaced the variational inequality problem (2.6)—(2.9) by
(2.24)—(2.27), which looks like a “not too complicated” variant of the usual
Navier-Stokes equations. However, a closer inspection shows that the sec-
ond derivative of j.(-) at v is given by

(5 (V)w,z)

_ / (€ + DWD(w) : D(z) - (D(v) : D(W))(D(v) : D(2))
o (€ +[D(v)[?)?/2 ’
Vv e (H'(Q)?, V{w,z} € (Hy(Q)? x (Hg ()¢,
(2.28)
which implies that close to those v such that D{v) is “small” we have
5" (VI = 1/e. (2.29)

The situation is quite clear now: For u. to be a good approximation of
the solution u of problem (2.6)-(2.9), we have to use small €’s; on the
other hand, relation (2.29) shows that we can expect problem (2.19)-(2.22),
{(2.24)-(2.27) to be badly conditioned for those situations where the rigid
set

Qo = {{z, t}{z,t} € O x (0,7, D(u)(z,t) = 0}

is large, implying that derivative based iterative methods such as Newton’s,
quasi-Newton’s, and conjugate gradient will perform poorly. Fortunately
for the practitioner, there exists an elegant way to overcome the computa-
tional difficulties associated to the non-differentiability of functional j{-),
and make the solution of problem (2.6)—(2.9) almost as simple as that of the
usual Navier-Stokes equations. This simplification is a direct consequence
of Theorem 9.1 in {1 and 2, Chapter 6, Section 9]. When applied to problem
(2.6)-(2.9), the Duvaut and Lions’ results can be formulated as follows:

Theorem 2.1. Let {u,p} be a solution of problem (2.6)-(2.9); there ex-
ists then o tensor-valued function A (= (Aij)1<i,j<d), not necessarily unique,
such that
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X € (L®( x (0,T)%%, A= AL, (2.30)

Al €1 a.e in Q% (0,7T), (2.31)

A:D(u) = |D(u)| a.e. inx(0,T), (2.32)
p[%l—tlwt(u-V)u} —uAu—\/ng-/\Jer:fian(O,T), (2.33)
V-ou=0nQx(0,7T), (2.34)

u(0) = ug, (2.35)

u=ur onT x (0,7T), (2.36)

1/2
with |} = (1<Z<d)\ ) in (2.31). Conversely, if a triple {u,p, A} veri-
L2V IS

fies relations (2.30)—(2.36), then {u,p} is a solution of problem (2.6)~(2.9).
Proof. (i) Relations (2.30)—(2.36) imply (2.6)-(2.9): Observe that the
symmetry of A implies that
A:Vv=X:D(v), Vv e (H ()" (2.37)
Multiplying both sides of relation (2.33) by v — u(¢), with v € V,,.(t),
integrating by parts, and taking relation (2.37) into account, we obtain

(0 [ G0 = u@)ds +p [ () Vyut) - (v - u(t)ds

tu /Q Vu(t) : V(v — u(t))dz — /Q POV - (v — u(t))dz

(2.38)
+\/_g /,\ d:c—/Q/\(t):D(u(t))dx)
/f (v = ut))dz, ¥V € Vi (8).
From (2.31) and (2.32), we clearly have
/,\ dm</|)\ )(D(v) [da:</|D Jdz, Vv € (H'(Q))?,

/MWDMMM:/DMWW,
0 Q
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which, combined with relation (2.38), imply relation (2.6). We have thus
shown that (2.30)—(2.36) implies (2.6)-(2.9).

(ii) Relations (2.6)—(2.9) imply (2.30)—(2.36): If ur = 0on I'x (0,7), the
implication (2.6)—(2.9) = (2.30)—(2.36) is a relatively simple consequence
of the Hahn-Banach theorem and of the fact that j(6v) = 8j(v), V8 >
0, Vv € (H'())%; we shall say no more sending the interested reader to
[1 and 2, Chapter 6, Section 9] for the details of the proof. If ur # 0, the
above result still holds, but is more complicated to prove.

Remark 2.1. It is shown in the above references that trace (A) = 0; the
main reasons we did not mention this property earlier are that:

(i) Relation trace (A) = 0 is not necessary to prove the reciprocal impli-
cation (2.30)-(2.36) = (2.6)—(2.9).

(i) It plays no role from a computational point of view.

On the other hand, what will play an important computational role is
the fact that relations (2.31) and (2.32) imply

A(t) = PA(A(t) + rv2gD(u(t))), VYr>0, ae on (0,T), (2.39)
where, in (2.39), A is the closed convex set of (L2(02))4*¢ (and (L°°())4%4)
defined by

A ={dla = (g;)1<i,j<a € (L2(Q))d)<d, la(z)] £ 1ae. onQ}, (2.40)
and P4 : (L2(Q))?*¢ — A is the orthogonal-projection operator defined by
q(z) if |q(z) <1,
P = .
M = { 30 i oo 51
a.e. on , Vq € (L%(R))4*¢. We observe that operator Py is symmetry
preserving.

(2.41)

§3. Time-Discretization of Problem
(2.6)—(2.9) by Operator Splitting

There are many ways to time-discretize problem (2.6)—(2.9) by operator
splitting. Among the many possible schemes, we shall discuss only one, of
the Marchuk-Yanenko type; this scheme reads as follows (with, as usual,
t"te = (n + a)At) :

u’ = u, (3.1)

then, for n > 0, u™ being known, we compute {u®*'/3 p"*+1}, u"+2/3 and
u™t! as follows:
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Solve the generalized Stokes problem
unr+1/3 u™

P A
V.urt/3 =0 in Q,

_ gAun-{—l/B + Vpn+1 = fntl (: f(t"+1)) in Q,

u™ /8 =t (= up(¢™t1)) on T,

(3.2)
then the transport problem
d
73% + 3.V u =0 in Q x (£, ),
u(t") = unt/3, (3.3.1)
u=uft' on I x (17,¢7+1),
and set
u™ 28 =y, (3.3.2)

finally, solve the elliptic variational inequality
utl e (H1(Q))4, u™! = ul*! on T,

ntl _ gn+2/3
p/ u———zzl— (v —u"Ndz + E/ Vu™t V(v - ut)de
Q

+9v2(j(v) = j(u™)) > 0, ¥v € (H1())4, v=ul™ on T;

(3.9
in (3.3.1), we have I'"*' = {z]z € T, (uf*! - n)(z) < 0}. Closely related
operator splitting techniques have been used in [3] for the simulation of
Bingham flow in two-dimensional square cavities.

Remark 3.1. It follows from, e.g., [4, Chapters 1 and 2] that the
variational inequality problem (3.4) has a unique solution, characterized
by the existence of a d x d tensor-valued function A™*! such that:

n+l __ ynt2/3
e —EAurt g3V At =0 in 0, (35)
At 2
u™tt = uft! on T, (3.6)
AT (@), A = (Y (37

A"t (z)| <1 ae. on 0, (3.8)
A" () : D(u™ ) (z) = |D(u™*!)(z)] ae. on Q. (3.9)
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The multiplier A™*! is not necessarily unique.

§4. On the Finite Element
Approximation of Problem (2.6)—(2.9)

In this section (assuming that € is a bounded polygonal domain of K)
we are going to space-approximate problem (2.6)-(2.9) by a variant of the
Bercovier-Pironneau finite element method discussed in, e.g., [4, Chapter
7). The fundamental discrete spaces are thus:

Vi = {valva € (C°())?, valr € (P1)?, VT € Thj2} (4.1)
Vor = {Vh'Vh € Vh, vy =0 on F} (= Vi 0 (H&(Q))Q), (4.2)
Py, = {an|qn € C°(Q), qulr € P1, VT € Tn}. (4.3)

In (4.1), P, is the space of the polynomials in two variables of degree < 1.
The continuous in time approximation of problem (2.6)-(2.9), associated
to the above finite element spaces, is defined as follows:

For t € (0,7) find {ux(t),pr(t)} € Vi x Py such that

(p/n [%(t) + (un(?) -V)Uh(t)} (Vi — un(t))dz

+,U;/Q Vug(t) : V(vyp —ug(t))de — /Qph(t)v (vp = up())dz

q (4.9)
+gVE(Gvn) = i(ur() > [ 600 (v = un(t)ds,
\Vvy €V, v = th(t) on T,
/QV . uh(t)qhdl' =0, Vg € P, (45)
u,(t) = ugs, (4.6)
up(t) = urp(t) -on T; (4.7)

in (4.4)-(4.7):
o f;, is an approximation of f.
e ury, is an approximation of ur so that

{ urs(t) - ndl = 0, Vt € (0,T),

r
urs(t) € Vi = {pslttn = vilr, vi € Vr}.

® ugy, is an approximation of ug so that ugy, € V3, ugp = urp(0) on I
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o It is easy to compute j(vy), Vv € Vp, since (4.1) implies that, VT €
Th/2, we have D(vth) € R and therefore |D(v|7)| € R, which implies

in turn that j(vs) = [ [D(va)lde = Y meas.(T)[D(vy|7)|, Vvi € V4.
T€Thy2
There is thus no need for numerical integration to compute j(vp). The

convergence, as h — 0, of {un,pp} to its continuous counterpart {u,p} is
discussed in, e.g., [5], [6 and 7, Chapter 6).

§5. Solution of the Subproblems Encountered
at Each Time Step of Scheme (3.1)—(3.4)

5.1. Solution of the Generalized Stokes Subproblems (3.2)

Combining scheme (3.1)-(3.4) with the finite element spaces described
in Section 4 leads to the following approximation of the generalized Stokes
problem (3.2):

Find {u"+1/3,ph+1} € Vi x Py such that

u;’“” —ujp w n+1/3 n+l
p| ————" -vidz+ = [ Vu, :Vvpdz — | ppt Ve vide

= / f,?+1 -Vhd.’E, Vvy, € Vo}l,
Q

(5.1)

/ V- uZ+1/3qhd:1: =0, Vg, € Py, (5.2)
Q

Zﬂ/s =ufft on I (5.3)

The approximate generalized Stokes problem (5.1)-(5.3) is clearly of the
Bercovier-Pironneau type; it can be solved using the discrete analogues of
the preconditioned conjugate gradient algorithms discussed in, e.g., [8]-[10].

5.2. Solution of the Transport Sub-Problems (3.3)

To solve the transport problem (3.3) we shall combine the finite element
spaces described in Section 4 to the wave-like equation approach advocated
in {11-13]; we obtain then the following discrete wave-like equation problem:

Find up(t) € Vi, such that, V¢t € (¢, t"+1),

82 n n

S (0) - vade + / (@t Vyua() - (2 - V)vpde
& s auf; (5.4)
o, uptt/ 7 (B) - vadl = 0,Yv, € Vot

r\rt+!

up(t") = uf e, (5.5)
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Ony, —n+l
- —(t") € V™,

a k13 n —_
uh, (tn) Vhdﬂ: = /( +1/3 ) h+1/3 . Vhd.'l:, vVh c V()h,n+1,
(5.6)

un(t) =ulf! on TH (5.7)

Q

with, in (5.4)~(5.7),
" = (zlz e T, (upt'/?. n)(z) < 0},
VO;‘?H_ = {vh|vh S Vh, vy =0 on FT_H_I}.

The solution of discrete wave-like equation problems such as (5.4)-(5.7) has
been addressed in [11]-[13].

5.3. Solution of the Elliptic Variational Inequalities (3.4)

We approximate problem (3.4) by the following discrete elliptic varia-
tional inequality

n+1 c Vh,, n+1 . u{le on F,

s n+2/3
,0/ _h__.Ath— (vp —uptdz + = / Vupt! : V(v —uft!)dz
Q

+gvV2(j(va) — j( (upt)) >0, Yvp € Vi, vi = u??{l on I.
(5.8)
Problem (5.8) has a unique solution. To solve the above problem we are
going to take advantage of its equivalence with:

uptt e Vi, uftt =ufft on T, APt € Ly, APP = (AFTHE, (5.9)

n+1 n+2/3
p/ b/ S S vidr + = /Vu"+1 Vvpdz
Q

At (5.10)

+g\/§/ AP D(vip)dz = 0, Vv, € Vop,
Q

AT <1 ae in @, APt :D(uft!) = D) ae. inQ, (5.11)
where, in (5.9), space Ly is defined by
Ly = {anlan € (L®(Q)*, aulr € B!, VT € Ty}; (5.12)

we have thus Vvy, and D(v},) belonging to Ly, Vvg € Vi, It follows from
the symmetry of A}*" that

/ APHL . D(vy)de = / AL vpde, vy € W, (5.13)
0 Q
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and from relations (5.11) that

M = Py, (AP 4 rgv/2D(u ), Vr > 0, (5.14)
where A, = AN Ly, ie.,
Ap ={anlan € Lp, [(anl7)] £ 1, YT € Tp )2}, (5.15)
and where the orthogonal-projection operator from Ly onto A, verifies
if [(qn|7)| <1
P =l 1= 5.16
(@l = { e S > 1. (5.16)

Denote by Af the (closed convex) subset of Aj defined by

A7 = {arlan € An, an =g} }; (5.17)
it is an easy exercise to show that

+qt
Phs (qn) = Py, (g’j——iﬂ’i), Yqn € L. (5.18)
Combining relation (5.18) with (5.14) yields
A = Py P +rgV20al ™Y, vr > 0. (5.19)
We have thus shown that problem (5.8), (5.9)-(5.11) is equivalent to
up™t e Vi, wftt = ulft on T, AP e L, (5.20)
n+l _  n+2/3
p/ o S S - vpdr + /—1/ Vuitt : Vvide
2 At 2 Ja (5.21)

+g\/§/ /\Q-H :Vvpde =0, Vv € Vg,
Q

AP = Pre (AP + rgV2Vul ), vr > 0. (5.22)
Following, e.g., [6], [7], and [14], we shall use the following iterative method
a la Uzawa to solve problem (5.8):

A0 s given in AY; (5.23)

then, for k > 0, assuming that A}t ¢ A? is known, solve
1
(up e v, ul TR o upit on T,

At
p/ uZ'H’k -vpdr + MT/ VuZH’k : Vvipdz
Q Q

< (5.24)

(= p/ u} - vidz — g\/éAt/ APHEE L Uvide, Yy € Vg,
Q Q
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and compute

)\ZH”CH = Pjs (/\Zﬂ’k + rgx/iVuZH’k). (5.25)
Concerning the convergence of algorithm (5.23)—(5.25), we have the follow-
ing
Theorem 5.1. Suppose that
b,
0<r< 5g~2, (526)
we have then, ‘\7’/\"+1’0 € A7,
n+1,k +1,ky _ n n+1,x
kET {ug ™5 AT = {upt ATy, (5.27)

where, in (5.27), the pair {uf™ AP*1*} is a solution of problem (5.9)-
(5.11), upt! being then the unique solution of problem (5.8).
Proof Proving the convergence of {thrl k}kZO is fairly easy:

Suppose that qp € Lp; we shall denote by ||qp|lo the L?(Q)-norm of q,
1/2
defined by {|qallo = ( fa |qh|2dz) ; operator Pps is a contraction for

the above norm. Next, we denote by u "+1 * and _XZH * the differences
wF _ utt and )\"H D Yo where {up™ A e Vi x Al is a
solution of problem (5.9)7(5.11). By subtraction, we clearly obtain

( E;LH-I’k € V0h7

At
< p/ "Z"'l * . vpda +u7/ Vﬁ;:“’k : Vvpdx
Q Q

(5.28)
—'n+1
—g\/—At/ 1 Vvpdz, Vv, € Vo,
X o < IR 4 rgV2VER g, vr > 0. (5.29)
Taking vj, = u"+1 ** in (5.28) and combining with (5.29) we obtain
1,k <nt1,k+1
(A TG — A 13

> - 2rg\/—/ PV Vﬁ,’:+l’kdx 27‘292HV_"+1’°|[

—n+1,k —=n+1,k —n-+1,k
> ru( 2 Ty M f ey + V8RN 8) — 2r2 g2 Va1

> r(u~ W)( AT B e + IV ).

(5.30)
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Suppose that inequalities (5.26) hold; it follows then from (5.30) that the
sequence {||XZ+1’k||o}k20 is decreasing. Since it is bounded from below by
0, it converges to some limit, implying that

Sntlk +1,k+1
kkm (I3 - Y 15) = 0; (5.31)

since (5.26) implies r{(u — 2rg?) > 0, combining (5.30) with (5.31) shows

that lim ﬁZH’k =0,i.e., hm uZH’k u}*. To prove the convergence
k—+oo —+o00

of {)\Zﬂ’k}kzo we should proceed as in, e.g., [7, Appendix 2, Section 3].

Remark 5.1. Actually, the upper bound in (5.26) is pessimistic. Indeed,
we can easily show (from relation (5.30)) that the convergence result (5.27)
still holds if r verifies

2p p
0<r<(1+MAtﬂ%)292, (5.32)

where, in (5.32), M is the largest eigenvalue of the following discrete eigen-
value/eigenfunction problem:

{wr, B} € Vor X Ry,

/ Vwy, : Vvpdz = /9/ wp, - vpde, Vv € Vo, (5.33)
Q Q

/ IWh|2d.’L' =1.
Q

We recall that SM = O(h™2).

§6. Numerical Experiments

The numerical simulation of Bingham flow has not motivated as many
publications as the solution of the “ordinary” Navier-Stokes equations. Be-
sides [5], relevant publications are, e.g., [15], [16], [17], [18], [19, Chapter 6]
and [3]; some of the results reported in the above references have been ob-
tained using a stream-function formulation. The test problems considered
here (and, actually, the methodology to solve them) are closely related to
those in [3]. These test problems are all particular cases of the following
problem:

Find {u(t),p(t)} € (H*(Q))?® x L*() such that a.e. on (0,T) we have
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o %%(t) (v —u(t))dz + /Q(U(t) V)u(t) - (v~ u(t)de

+a /Q Vu(t) : V(v ~ u(®)dz + v2g(i(v) - j(u(t))) (6.1)
-/ POV - (v —u(t))dz > 0, Vv € Vi,
Q
V-u(t) =0 in 9, (6.2)
u(0) = 0, (6.3)
u(t) =ur on T, (6.4)

with j(v) = [, ID(v)|dz, ¥v € (H'(22)). In system (6.1)-(6.4), we have
e 2=(0,1)2, I'=090. ,
o'y ={z|z = {z1,22}, z2 =1, 0 <z <1}, and
0 if xeI'\ [y,
ur(z) = { 16U {z2(1 —\zl)lg,()} if zely,
with U > 0.

o Vur = {v|v e (HQ))?, v=uronT}.

For the time-discretization of problem (6.1)—(6.4), we have employed
the Marchuk-Yanenko scheme (3.1)-(3.4). For the space discretization
we have used a 128 x 128 uniform grid to define the finite element spaces
Vi, Vor and P, (see relations (4.1)-(4.3)); from these spaces we proceeded
as in Sections 4 and 5 to approximate problem (6.1)-(6.4) and compute
its solutions. We have, in particular, used r = p/rg? when computing
{ul*, A7t} by algorithm (5.23)—(5.25).

First Test Problem. It is the particular case of problem (6.1)-(6.4)
corresponding to U = 1/16, u =1 and g = 0.1; for the time discretization
we have used At = 1073, Recalling that u(0) = 0, we have shown in Fig.
6.1(a) the variation of the computed kinetic energy; it is clear from the
above figure that “we” converge quickly to a steady state solution. The
streamiines of the computed solution at ¢t = 2.39 are shown in Fig. 6.1(b).
The rigidity (black) and plastic (white) regions.have been visualized in Fig.
6.1(c). The rigidity region (3-connected here) is the one where D(u) = 0;
it is also the region where |A(z)| < 1, as shown in Fig. 6.1(d) where the
graph of |A| has been visualized. To conclude this presentation of the results
associated to this first test problem, let us report on the following numerical
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experiment: The parameters ug, i, g, U being as above, we solved problem
(6.1)~(6.4) up to t = 1.2; let us denote by u(1.2) the velocity field at t = 1.2.
At t = 1.2, we froze the motion of the upper wall implying that for ¢ > 1.2
the Bingham flow is still modeled by relations (6.1), (6.2) completed by the
boundary condition

u(t)=0 on T, ift > 1.2

with u(1.2) as initial condition at ¢ = 1.2. In principle, duc to the absence
of body forces and to the immobility of the boundary, the medium should
return to rest in finite time (see Remark 6.1, hereafter), i.e., we should
have u(t) = 0, Vt > t., t. being finite. Fig. 6.1(e) shows that indeed
[lu(t)[|(2(qy)> converges to zero very quickly as t — +oo, but finite time
convergence is doubtful from the above figure. Actually convergence in
finite time takes place as shown in, e.g., [7, Appendix 6], [17], [18] and [19,
Chapter 6]. In the above references time discretization was achieved with a
fully implicit scheme & la backward Euler. It seems that for the calculation
presented here, the splitting errors associated to scheme (3.1)—(3.4) prevent
convergence to zero in finite time.

x107° Kinelic energy, U=1/16

10 T -

5 " " " L
o 0.5 1 15 2 25

Fig. 6.1(a) Variation of the computed kinetic energy (u = 1, g =
0.1, U=1/16, Az, = Az, = 1/128, At =1079)
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Streamlines, U=1/16

Fig. 6.1(b) Streamlines of the computed steady state velocity field
(=1, g=0.1, U=1/16, Az; = Az = 1/128, At =1073)

Plastic and rigid regions, U=1/16

1
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o 0.1 0.2 03 04 05

Fig. 6.1(c) Visualization of the computed plastic (white) and rigid
(black) regions at steady state (u =1, ¢ = 0.1, U = 1/16, Az; = Az, =
1/128, At = 107%)
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(lambday, U=1/16

L}

Fig. 6.1(d) Graph of |A| at steady state (u = 1, g = 0.1, U =
1/16, Ay = Azy = 1/128, At = 10~3)

Kinetic energy, U=1/16
0.01 v Y T T T

0.009 [

0.008}

0.007
0.006
0.005
0.0041
0.0031
0.002+

0.0011 J
0 - ; .
o} 1 2 3 4 5 [ 7 8
Fig. 6.1(e) Decay of the computed kinetic energy after the sliding of the
upper wall has been stopped at ¢ =1.2 (p=1, g =0.1, U = 1/16, Az, =
Azy =1/128, At = 1073)
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Second Test Problem. This test problem is the variation of the first
one obtained by taking U = 1 instead of 1/16. Besides this modification,
all the other physical and numerical parameters are the same. The kinetic
energy variation, the streamlines, the plastic and rigid regions and the
multiplier A, have been visualized in Fig. 6.2(a) to Fig. 6.2(d). The
velocity of the upper wall being much larger the kinectic energy reaches
much higher values than in the first test problem. Similarly, due to the
higher level of stress, the plastic region is much larger than in the first case
(compare Fig. 6.2(c) to Fig. 6.1(c)). We observe that in both cases, the
viscous effects are so strong that the advection plays practically no role as
shown by the symmetry of the computed results with respect to the line
Iy = 0.5.

Kinetic energy, U=1
T

022 T L —

0.2L
0.181
Q.16
014
012

0.1

0‘080 0.05 0.1 0.15 0.2 0.25

Fig. 6.2(a) Variation of the computed kinetic energy (p = 1, g =
0.1, U=1, Azy = Azy = 1/128, At =1073)
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Streamiines, U=1
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Fig. 6.2(b) Streamlines of the computed steady state velocity field
(p=1,¢g=01,U=1, Az) = Az, = 1/128, At =1073)

Plastic and rigid regions, U=1
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Fig. 6.2(c) Visualization of the computed plastic (white) and rigid

(black) regions at steady state (u =1, ¢ = 0.1, U =1, Az; = Az,

1/128, At = 1073)
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Fig. 6.2(d) Graph of |A4| at steady state (u = 1, ¢ = 0.1, U =
1, Azy = Azy = 1/128, At = 10_3)

Remark 6.1. (On the convergence to zero in finite time). Consider
problem (2.6)—(2.9) and suppose that d =2, £ =0, upr = 0 and T = +o0.
If the above assumptions hold, then u(t) converges to 0 in finite time as ¢
increases, Yuy € (L*(Q))¢ such that V-up = 0 and uy-n = 0 on I. To
prove the above result, observe that u(t) € (H}(Q))?, ae. t € (0,+00),
and take v = 0 and v = 2u(¢) in (2.6). We obtain then

O+ (00 00wt e | 9

+9v2j(u(®) - [ p(OF ut)ds =0, ae. 1 (©0,+o),
Q
u(t) = up.
From now on, we shall denote ||-||(z2())2 by ||-[lo,0; from V-u(t) = 0 the
above relation reduces to

{——d—uu(t)n%mu / Vu(®)Pds + gvZi(u(t) =0, ae. t€ (0, +o0),

(6.5)
On the other hand, we have

Vo < A5 /Q VvPde, Vv € (HAQ), (6.6)

lIvllo,n < 7i(v), Vv € (Hy(Q))?, (6.7)
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where, in (6.6) and (6.7}, A¢(> 0) is the smallest eigenvalue of operator —A
“acting” on H} (1), and ~ is a positive constant; inequality (6.7) is known as
the Nirenberg-Strauss inequality and is proved in [20]. Combining relations
(6.5), (6.6), and (6.7) yields

{2 L@+ malla@R o +9rVElu@llon <0, ae. ¢ € ©O,+00),

lu(0)fjo,2 = [fuollo,o-

(6.8)
Suppose that u(t) never vanishes; we have then {[u(t)|| > 0, V¢t > 0 and
d d
2 @G0 = 2lu®loa = luloa. (6.9)
Combining (6.8) and (6.9) we obtain

{ pg{HU(t)Ho,Q + pdolfu(®)lloo +977'V2Z <0, ae. t€(0,+00),

[la(0)lo,2 = lluollo,e-
(6.10)

Observe now that (6.10) is equivalent to
d A
gelI@lo.a -+ 9v2(307) 7 + R @lloa + 9v2(10e7) 7] <0,
a.e. t€(0,400),

[u(0)|o.22 = [Juoflo, 0
(6.11)

Integrating the differential inequality in (6.11) from 0 to ¢ we obtain

A
[u®llog + 9v2(ror) ™ < e % luolloq + gv2(urom) ], ¥Vt >0.
(6.12)
72
Since R hm e~ %% = 0, relation {6.12) makes no sense as soon as t > t.,

with ¢, deﬁned by

t. =

P Aoy _
oin (14 o laollo,c); (6.13)

we have then u(t) = 0if ¢t > ¢t..

The assumptions on d, f, ur and 7 staying the same, suppose now that
we time-discretize problem (2.6)—(2.9) by the backward Euler scheme; we
obtain then

u® = ug; (6.14)
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then, for n > 1, u™ ! being known, find {u”,p"} € (H(Q))?¢ x L?(Q) such
that

4 un —_ un——l
p [ v+ [ (@ Vet (v - e
Q t Q

\ +u/Q Vu" : V(v — u™)dz + gv2(j(v) — j(u™)) (6.15)

[ [op"V - (v—un)dz 20, Vv € (B @),
V:u"=0 on . (6.16)
Assuming that problem (6.14)-(6.16) has a solution, ¥n > 1 (it is not

very difficult to prove that it is, indeed, the case), take v = 0 and 2u”
in (6.15), then take into account V - u™ = 0, relations (6.6) and (6.7) and

u" - u"tdz < |[u®|o,0l|u™ o,q; it follows then from (6.15) that

p n - - ”
Azl llo.a(llu™ oo — [ Hllo,2)+doullu™(| o +9v2y ! [u"{loe < O,
Yn > 1,

[u’[lo, = llugllo,e-
(6.17)

Suppose that u” # 0, VYn > 0. We have then |ju®||o,q > 0, Yn > 1, which
combined with (6.17) yields

{ £ (lu"lloq = [0~ o) + Aoplluloe + 9v2y™ <0, Vn21,

lu®llo,e = lluollo.a-
(6.18)

It follows from (6.18) that

A -1 _
Il + 9v200pn) 7 < (14 =EAL) (1" lo + v200m) )
Vn > 1,
[2°llo,2 = Iluollo,a,

which implies in turn that
u™llo.c + 9v2(Aopy) ™

A -n _
< (1+2£a8) Tluolloq + 9v20hom) '], Yn20.
P (6.19)
Ao

Since lim (1+ ———At)—n = 0, relation (6.19) makes no sense if n > n,
n—+o0
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with
A
In (1+ (://leuoHo,Q)
Ne = )\0” ; (620)
ln( ) At)
we have thus
"=0, Vn>ng (6.21)

relation (6.21) is a discrete analogue of u(t) = 0, Vt > t.. It is worth while
noticing that, as expected,

A%]._I'I(l)-'- n At = % (1 + O\'l/y_yﬂuoHO Q) = {,.
We have shown thus that the solution {u™},>; of problem (6.14)—(6.16)
behaves “discretely” like the solution of problem (2.6)—(2.9). To prove
(and have) the same result after space discretization it will definitely help

to have

/ (uy - V)u} -updz =0, Vn > 1. (6.22)
Q

This will not be the case, in general, if one employs the Hood-Taylor or
Bercovier-Pironneau finite element methods to approximate problem (2.6)-
(2.9). An easy way to overcome this difficulty, and recover the convergence
to zero in finite discrete time, would be to replace [, (u}-V)u} - (v, —u})dz
by

/O [(uﬁ -Viuf + %(V . u;:)u;z‘] (v — u})dz,

an idea (due to R. Temam) used by many authors.
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Abstract

This paper is a continuation of the authors’ previous paper {1]. In this
paper the authors prove, assuming additional conditions on the initial data,
some results about the existence and uniqueness of the entropy weak solu-
tions of the Cauchy problem for the singular hyperbolic system

at + (au)s + Z“T“ =0,
z>0,t>0.
ut + 3 (a® +u?)e =0,
Keywords Cauchy problem, Weak solution, Quasilinear hyperbolic sys-

tem
2000 MR Subject Classification 35L45, 35167

§1. Introduction and Main Results

We consider the Cauchy problem for the quasilinear hyperbolic system
a; + (au), + 22 =0,

z>0,t>0, (1.1)
ug + 3 (@ + u?), =0,
. *Project supported by the FCT and FEDER.
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with the initial data

(a(z,0),u(z,0)) = (ao(z), uo(x)), z > 0. (1.2)

The system (1.1) appears in the study of the radial symetric solutions in
R3 x R, for a conservative system modelling the isentropic flow introduced
by G.B.Whitham in {7, Chap.9] where a is the sound speed and u is the
radial velocity. If f : R* — R? is defined by f(a,u) = (au, (a® + u?)),
then two eingenvalues of V f are

M=u—a, M=u+ta (13)

and so the strict hyperbolicity fails if @ = 0, but the system is genuinely
nonlinear with Riemann invariants

l=—u+a, r=u+a (1.4)
which satisfy the equivalent system (for classical solutions) :
2_,2
{’f‘t + % (7‘2)9; + L= 211 =0,

z>0,t>0, (1.5)
=1 (%) + 52 =0,

with initial data
(r(z,0),!(z,0)) = (ro(z), lo(z)), z >0, (1.6)

with To = Up + agp, lo = —Ug + ag-
Following [1], if ag,uo € H§(R4), we will say that

v = (a,u) € (Li%([0, +oo[x[0, +00[))”

is a weak solution for the Cauchy problem (1.1),(1.2) in Ry x [0, 4o00[ if,
for each pair ¢ € C§° (R4 x [0, +o0]), ¥ € C§°([0, +00[x[0, +00f),

/ (atpt + aup, — 2au cp) dz dt
R4 x[0,400] z
1 o
+ (uw,bt +=(a®+u )wz) dz dt
R+ X[0,+OO[ 2

+ /R+ ao(z)p(z,0) dzx + /R+ uo(z)¥(z,0)dz = 0. (1.7

A weak notion of null boundary condition for v (at z = 0) is contained in
(1.7). Moreover, we will say that v = (a,u) verifying (1.7) is an entropy
weak solution if, for every pair of smooth functions 7,9 : R> — R, 5
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convex (entropy/entropy flux pair) such that Vn-V f = Vq in R?, we have

%n(v) + % q(v) + Va(v) - (-2%3,0) <0 (1.8)
in D’(Ry x R.). By applying the compensated compacteness method
of Tartar, Murat and DiPerna (cf. [2] and [3]) and some ideas of M. E.
Schonbek in [6] we have proved in [1] the following result:

Theorem 1.1. Assume ag,up € H} (R4), up(x) > ao(z) >0,z € Ry
Then, there exists v = (a,u) € (L°(R4 x [0,+00])), with u > a > 0
a.e. in Ry x [0,+00[, which is an entropy week solution for the Cauchy
problem (1.1),(1.2) in Ry x [0, +oo[. Moreover there exists a sequence v, =
(ac,ue) € (C([0, +o0; H® N HE) N C([0, +00f; HY) N L®(R2))” such that
0<a: <u. <M, v, —r v ae in Ry x[0,+00] and in (L""(Ri))2 weak
*, ve(.,0) — v(.,0) in (H3(R4))? and v, is the solution of the approzimate
parabolic system

20:Us
et + (Qele)o + zte — € CQexzs

£>0,t>0, (1.9)
et + % (a? + ug)m = EUegz,

with initial data

2
Voe = (QOE,UOE) € (Hg(R-i») N Hg(R+)) y Uge > age 2 0.

In the framework of Theorem 2.1, we have, for

le = —u;+a., 7:=u;+ae,
l=~u+a, r=u+ta: (1.10)
I<0,0<re <M, 2=12>0,1<0,0<r< My, r2-12>0, ae,
r2—i2
Tst+%(rg)z f(‘ﬁ; = ETegz,
z>0,t2>0, (1.11)
P22

let ~ 5 (B)e + 375 = €leaas
with (re, L) € (C([0, +oof; H® N HY) N C*([0, +oo[; H')) and
Te('v 0) =Tge = Uoe T Aoz — To,
e—0
le(-, 0) = lgs = —uge + age ;—:6 lp in H&(R_'_) (1.12)

We will prove the following estimate:
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Theorem 1.2. [In the framework of Theorem 1.1, assume S Lo €
z’ oz

L>(Ry). Then, we have, for each t > 0,

e e P I (113)
Hence,

e I e B
and, a.e. int € [0, +00], l(—zi) %—) € L*(Ry) with

2 <12 <2

Now, by an adaptation of Kruzkov’s methods (cf. [5]), we can prove the
following theorem.

Theorem 1.3. Under the hypothesis of Theorems 1.1 and 1.2 assume
ag, ug € BV(R,) = {w € L*(Ry) | TV (w) < 400}
where TV denotes the total variation in Ry. Then, we have

”87"5, ” ”al( ,t) gcem, >0, (114)

Qo ug
T ’

where ¢ = ¢(llaolloo, Iluollo, TV (a0), TV (uo)) > 0 and

a U
v=en(]2] o

) > 0 do not depend on .

o0
From Theorem 1.3 it is easy to derive

Corollary 1.1. Under the assumptions of Theorem 1.3, the weak en-
tropy solution (a, u) of the Cauchy problem (1.1), (1.2) obtained by the
vanishing viscosity method verifies a(-,t), u(-,t) € L'(Ry) a.e. in t and
there ezists E C [0, +o0[ such that m([0,4+0o[\E) = 0 and

lim (la(z,t) ~ ao(z)] + |u(z,t) — uo(z)|) dz = 0.

t—0t
tcE Ry

Finally, also by adaptation of Kruzkov’s method (cf. [5]), we will prove
the following theorem.
Theorem 1.4. Let the initial conditions ao, ug be in Hy(Ry) and such

that 22, 2 € L°(Ry ), and let (a1, u1), (a2, u2) be two weak entropy solu-
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tions of the Cauchy problem (1.1), (1.2) such that, for i =1,2,

=, 2 € Li%((0, +oo[x[0, +o0]

and there exists E C [0, +oo, with m([0, +oo[\E) = 0, such that for each
R>0,

1im+ / (lai(z,t) — ao(z)| + fus(z, t) — uo(x)|) dz = 0. (1.15)
tt—é%‘ 0<z<R

Then, (a1,u1) = (ag,u2) a.e. in Ry x {0,400

§2. Proof of Theorem 1.2.

With r =7, 0 < e <1, let us consider the first equation of (1.11):
2 _ g2
r® -1

rt+rrm+2($+e) = ETgyg. (2.1)
r? 2r _
Withv =, = (:n_-:—s—)E we obtain, multiplying (2.1) by m, and since
2 —12 >0,

2 2
ToT T r

2 -8 6 2 z < EVgy. 2.2

v + 2ur, a($+6)3+ 6(z+6)4+ 5($+E)2_svz (2.2)

If we multiply (2.2) by v#, p > 1, and integrate in R, we obtain with

f':fR+'d$>

1 & 7o TUP
B SN S BTN S T _TaTv”
p+1at/“ + /” =8¢ | ey

riyP riv?
+66/m+26/(—$‘€r6—)5+p5/(vz)21)p+1 SO

We have

2
P, P r ZZ/p 1 9,3
2/2} "o 2/U rz(:v+e) 3/ (:L‘+E)28:II(T)
2 a 1 4 1
- _Z (P 3 2 p___~ .3
3/ W Grer” +3/” (z+e)p
2 1o} 4
— — (P il p,3/2
3 Bw(v )vr+3/vv

2
= —gp/v"vwr+§/vp+3/2

(2.3)
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=351 [ mere g o

_ 2 P 4
p+1 Z p+3/2
3p+1 (v )rm+3/v

4(p+1
2/1)”"'11'm = ——;‘:;+3) /v"+3/2. (2.4)

and so

Moreover,
8 (2 )
—8/ = -4/ 20y [T [T E)
(z+¢) (z+¢)3 (z+e) (z+¢)?

s rZyP~ly
=12 ——44p [ "=
{x+¢e)2 p/ (z +¢€)3

pPt+1 p az(v”“)
12/( +¢€)? p+1/8(w+€)

—_12/ ppt1 14 p / pPtl
- (z+¢€)?  p+1J) (z+¢€)?’

and so
TP p vPt!
-8 [N AR —12 4 . .
¢ (z +¢)3 ( + p+1)6/(mc+€)2 (2:3)
We have also
2rr, r?
Vgp =

(x+e)? “(z+e)
and so, with p > 2,

— pfl
Ve 2y = 2P 2, — 20%F
1 2 Bfl
v”/2rz:§vmv Tr+uvz,

1
vPrl = 1 V20PN (3 + €)% + vPt! + vvP (T + €),

2.p p+1 8_(yptl
2/ = :l/v”‘lviﬂ/ L 207 )
T
(r+e)2 2 (z+¢) p+1 (x+¢)
1
2

2P P+l

(;4__5)2 £ /Up—lvg + (2 + pi 1)8 CFTSER (2.6)
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By (2.3),---,(2.6), we obtain

1 0 4(p+1) / 2 / vPHl
pHl L 2B T ) [ pt3/2 ¢ € . 2.7
p+10t vt 2p+3 v “p+1 (z + €)? 27)
But, since
e e w Pl 1

@te)? @+e) ° @wxe

and 1 5+ £ 214 1 — 1 we derive by Holder’s inequality,

2p+3 4p+6
2e vPt1 < 2¢1/2 ( vPtl )%(/vp+3/2)%5
p+1) (x+€)? = (p+1)1/2 (r +¢)?

gl/? (/ 1 )ﬁ
(p+1)1/2 (z + €)4rt8

and so
ey
p+1/) (z+¢€)? — p+1 (4p+5)2"+3
We derive, by the inequality b'/9¢1/7 < ;b-&- ¢, with ¢ = 2p+2, q' = 2p+3,

2 pPHl
p+1 / (z + €)?
2[21’_4‘_2 / o3z 1 1 1 5—2(p+1)].
2p+3 2p+3(p+1)2P+t34p+ 5

(2.8)
If we fix n > 1, let p be such that

e—2(pt+1) 43
~_ < gnlptl) i < PTS .
PR € (that is, —loge < I mEY) log(p + 1))
We deduce, from (2.8),
% WPl 4(p+ 1) 2
< p+3/2 n(p+1) (9
p+1J (x+¢e)? ~ 2p+3 /v +(4p+5)(2p+3)6 (29)
From (2.7) and (2.9) we derive
9 2(p+1)
Z gt ST ) onlptl) 21
ot /” (p+5)(2p+3) * (2.10)
Hence, for t > 0, we obtain
2 t
e DI < Moelzt) + 22D o)

PHL T (4p+5)(2p + 3)
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d b h . 1 p+1 p+1 1/(P+1)
and so, by the inequality (b +a ) < b+ ¢, we deduce

[loe (- Dllpr < lvoellp+1 + [( 2p+ 1)t ]p_if n (2.11)

4p + 5)(2p + 3)
Letting p — +oo we obtain from (2.11), [Jve (", t)|lco < ||voelloo + ™. Now
we let n — +oo and we derive

’ ” = [oe,llow < llonellon = || 2

T+e
Finally we let € — 0 and we deduce a.e. on ¢t € [0, +oo[, ﬂz—l € L°°(R+)

and
1520, < 21

A0, <12 < 1L

and this achieves the proof of Theorem 1.2.

(E+€

and so

§3. Proofs of Theorems 1.3 and 1.4

3.1. Sketch of the proof of Theorem 1.3

We follow the lines of the proofs of Theorems 2.3 and 3.1 of Chap.Il in (4],
applying the method of Kruzkov for the case of scalar conservation laws (cf.
[5]). We take the ¢ derivative in both equations of the approximate system
(1.11) in r, and l.; we multiply the first equation by sgn(r.;), the second
equation by sgn(l.;) and both equations by ¥g(z) = x{z/R), R > 0, where
sgn denotes the usual sign function and x is the cut function introduced in
(2.25) of Chap.Il in [4]. We integrate in R, and we add the two equations.
If we point out the estimate

|/R+ 2(r5r€a: +i elet) [sgn(re;) + sgn(lee)] Yr(z) dx

<e /R (Irec] + llee]) $r(z) d,

by Theorem 1.2, we easily deduce, with the help of Lemma 3.1 in Chap.II
of [4],
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/ (Iree(a, O] + llee(z, 8)]) () da
Ry

<ot (Sra) [ [ O, +liate, ) ule) dor,

where

co = co(}|aolloo, l[uolloo),

el [ e 1),

c= c(HaoHoo, [lol[ 0o,

a=a(l2] 21

are positive constants not depending on €. The result follows if we apply
Gronwall’s inequality and then let R = oo.

Before proving Theorem 1.4, we need the following lemma that can be
proved like the Lemma 4.2 in Chap.II of [4] (cf. also the inequality (3.12)
in [5]).

Lemma 3.1. Let (a;,u;) € (L2,(0,+00[x[0,+00[)®, i = 1,2, be two
solutions in D'(Ry xR.) of the system (1.1) verifying the eniropy condition
(1.8) and let r; = u; + ai, l; = —u; + a;, 1 = 1,2, Then, we have, in
D'(R+ x Ry) ,

g
g—tlh — 72l + 9z [sgn(rl - T:z)%(rf - T%)]
)5ltrd 1) - (3 -] < o,
20— - aa [sgn( AL

+ sgn ll - lz _‘[(7‘1 (7‘2 - l2)] < 0.

+ sgn(r; —ry

3.2. Sketch of the proof of Theorem 1.4

We follow the lines of the proof of Theorem 4.1 in Chap.II of [4], applying
the method of Kruzkov for the case of scalar conservation laws (cf. [5)).
With T >0, R>0and W = L*®(]0, R+ MT + 1[ x [0, T + 1[), let us put

M = M(T,R) = nax (Irillw . [lL:liw),

where r; = u; + a4, [; = —ui+ai,z = 1,2. For 8,6, > 0,e < 6§ <
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min(1,7/3), § < min(1, R/2) and z > 0, we set

w(w,t)=(1— h(z/0)) (Ye(t = 6) = Ye(t - T)) (1 - Yo(z ~ R— M(T —t))

where Y, (¢ f Ce(s)ds, ¢ € D(R) is a positive cut-off function with
support in [ ] he C®(0,4+0), 0 <A <1, K(z) = 0if z > 2 and
h(z) =1ifz g 1. With this choice of test function we deduce from the
inequalities in Lemma 3.1:

+oo  ptoo
/0 / (I = ral + = bal) (1~ h(2/8)) (Go(t — 8) — Coft — T))
Yo(x — R~ M(T - t)) dz dt

400 rtoo
[ - s (Ve = ) = et~ 1) [~ 1ol + s — )
1

2 (rF =) —sen(ty ~ ) 2 (& ~ )]
¢ — R— M(T —t)) dw dt

/+oo /-}-fx’lh,’ .’E/g (Y (t— )_)/g(t_T))(l -—Ye(x_R_M(T_t)))

+sgn(ry — 7o)

‘ [sgn(rl - 7'2)—(7‘1 —r2) —sgn(l, — lz)%(lf - l%)] dx dt

+oo  p+o0
- [ [ a-nemyre-o - ve-m)
(1- Yo(z ~ R~ M(T - 1))
[sgn(ry —r2) +sgn(h ~ )]s~ ) — (3 — B)]ddt 2 0.

Now, we point out that in the third integral in the previous inequality we
h+1
2= () Ty p gy gy 12

can put r} — 72 = z. Hence,
by the assumptions, this integral can be estimated in modulus by

T+ 26
c/ / gd:cdtgc(T-i-l) § — 0.
8

9—0t+
Moreover, regarding the last integral in the same inequality, we observe
that

—T‘2|+
Sc(lr =2l + [l = b).

ri| + |7
%]Islll—xlz—llrl |1 — lo]

1o 2 2 |41] + [l
HGETARIGER e
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We can now continue as in the proof of Theorem 4.1 in Chap.II of [4] to
deduce, for almost T and 4,

/l |<R(|r1 (z,T) = ro(z,T)| + |a (2, T) = la(z, T)|) dz

< / (fre(2,6) = ra(z,0)]| + |l (z, 6) — la(z, 6)|) de
|2 < R+ M (T—3)

¥ C/ /|x]<R+M T—1 (Iri(z,7) = r2(z, 7)| + |l (2, 7) = lo(a, 7)) dz

with ¢ = ¢(T,R) > 0, increasing function of T and R. Hence, by the
assumption (1.15), we derive, a.e. in T > 0, since the two solutions have
the same initial data,

/ (I (2, T) = o, T)| + Il (z, T) — bo(2, T)) de
lz|<R

T
s c/o /|.z|<R+M(T—T)(|T1(z’T) = ra(e, )| + [l (2, 7) — la(z, 7)) do

and this implies

/l ‘<R(|r1(x, T) —ro(z, T)| + |l1(2,T) = lo(z,T)|)dz = 0

for all R > 0 and a.e. in T > 0, which achieves the proof of Theorem 1.4.
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Abstract

The purpose of the present paper is to call for attention to the following
question: Which of the initial data (nonsmall) admit global smooth solu-
tions to the Cauchy problem for nonlinear wave equations. A few cases and
examples are sketched, showing that the general answer of this question
may be quite complicated.
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§¢1. Introduction

For hyperbolic equations the most fundamental problem is the Cauchy
problem. In the linear case, the well-posedness of the Cauchy problem has
been established successfully long time ago [2, 6]. In the nonlinear case the
existence and uniqueness of the local solution is also well-known [2,12]. One
of main problems to be settled is the existence of global smooth solutions.
There are a series of important works in this direction. In particular, for
a big class of nonlinear wave equations, the existence of global solutions to

*Project supported by the Chinese Special Funds for Major State Basic Research
Project “Nonlinear Science”.

143



144 GU Chaohao

the Cauchy problem with sufficient small initial data is quite clear [7 — 14].
However, the existence of global solutions to the simplest wave equation

Ut — Ugy = f(u) (11)
is still to be elucidated if the initial data
w(0,z) = do(z), w(0,z) = ¢1(x) (1.2)

are nonsmall. For simplifying the statement we suppose that each function
appeared is of C®. Define I[f] as the set of initial data for which the
Cauchy problem (1.1) and (1.2) admits a global smooth solution on the
entire t-z plane. The main problem is to identify X{f]. The purpose of the
present paper is to call for attention to this problem. Some examples will
be sketched so as to explain some approaches to the construction of X[f]. It
is expected that these examples will give some insight to the further study.

§2. Hyperbolic Liouville Equation
The hyperbolic Liouville equation is
Ut — Uge = —€°. (2.1)

The equation has a general solution of the form [1]

4 (3140) 23

[$(&) + ¢(m)]”’

where ¢ = &2, 5 = {2 Tt is seen that

2
(i) The expression (2.2) is meaningful if and only if

P'(6)¢'(n) <0, (&) +¢(n) #0. (2.3)
(ii) u is unchanged if ¥ and ¢ are replaced by
Py =ay+b, ¢ =a¢p—b, (a,b=const.) (2.4)

(iii) u is a global solution if 9, ¢ are defined on (—o0, 00) and (2.3) holds
for every £ € (—00,00), 7 € (—00,00).

(iv) The expression (2.2) exhausts all C* solutions not only in local
sense but also and in global sense if (iii) holds.

(i), (ii) and (iii) are abvious, (iv) follows from the fact that the unique
solution to the Gousart problem with the boundary condition

Ule=o = a(n), ulp=o = B(E) (a(0) = B(0)) (2.5)
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can be expressed in the form (2.2). Thus the initial data

w(0,z) = ¢o(z), w(0,z) = $1(x) (2.6)

admit a global solution on the t-z plane iff there exist ¢, ¥ defined on
(—00,00) and satisfy (iii) such that
1{Z ! T
bo(c) = In -2¢'($)¢ (-5)2’
[¥(3) +o(-%)]
_19"(%) N 1¢"(=3) ¢'(5)+¢'(-3)
2¢(3)  2¢'(-3) ¥(F+e(-%)
Consequently, the set of all C'™ initial data with global solutions, i.e.
L[—e*], has been obtained explicitly. However, it is quite difficult to check
whether a given pair (¢o(z), ¢1(z)) can be initial data of a global smooth
solution. The problem is reduced to seeing whether the solution (¢, ) of
(2.7) and (2.8) is a global one and satisfies (iii) or not.

(2.7)

¢1(z)

(2.8)

Remark: In [1], there is a table of special nonlinear PDEs with explicit
solutions. Some of them can be treated in a similar way.

§3. Some Cases for Z[f]=C®° xC>®

There is a big class of nonlinear wave equations, for which any given ini-
tial data ¢p, ¢1 will admit a global smooth solution. Among these nonlinear
wave equations we mention

(i) Equations with f(u) of weak nonlinearity

Let h(t,z) be the solution of wave equation

8h  h
B2 9z
satisfying the initial data (¢g, ¢1). The equation (1.1) with the same initial
data is equivalent to the integral equation
u(z,t) = h(t,z) + % R fu(r, &))drdg, (3.1)
(t.2)
where A, ;) is the characteristic triangle bounded by the z-axis and two
characteristic lines passing through (¢, z). The function f(u) is called to be
of weak nonlinearity if

[f(u)| < [u|**", for |u| > A (A is a positive constant, r < 1). (3.2)
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It is well-known that the solution u(z,t) exists globally. Example: sine-
Gordon equation

Ust — Ugg = SINU.
(ii) Equations with strong nonlinear dissipation
Suppose that f(u) = —F'(u) and F(u) > ku? (k is a positive constant).
Let u be a solution on the characteristic triangle A(, ¢y with the vertices
(a,0), (0, —a) and (0,a). Then we have the energy inequality
[+ P < [ @+ 6+ Floads 070, (39)
; I

l'r
where [, is the interval t = 7, —a+7 < z < a — 7. It follows that u is
bounded in A, ) and hence the solution u(t,z) exists on A, ) for any
a > 0. Example: f(u) = —sinhu, i.e. the minus sinh-Gordon equation

Ugy — Ugy = — Sinhu. (3.4)

§4. Dual Relation

If we know X(f], then X[~ f] can be constructed in the following way.

Let (¢o,$1) € X[f]. By solving the Cauchy problem for (1.1) with the
initial data (¢, ¢1) we obtain the solution w(t,z) which is defined on the
whole z-t plane. Let

wo = U(t, 0)) ¢1 = u,,(t,O) (41)
By interchanging ¢ and z, it is obvious that the Cauchy problem for
Uit — Uga = —f(v) (42)

with the initial data v(0,z) = %o(z), v:(0,2) = ¥1(z) on the line t = 0
admits the global solution

v(t, ) = u(z, t). (4.3)
The transformation (@o, ¢1) — (Yo, 1) is denoted by L. Thus X[—f] can
be obtained from X[f] via the transformation

Ly {¢o,$1} = {0, Y1} (4.4)

The domain and range of Ly are X[f] and X[~ f] respectively.

It is obvious that if £[f] is nonempty, then X[— f] is nonempty too and
L_; = (Lg)~*. For example, let f = sinhu. Then E[sinhu] = L(_gighy)
Z[sinh(—u)] = L(—sinhu) : O™ x 0,
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Even in this case, the structure of Xjsinh u] is not very clear and it is dif-
ficult to answer whether a given {¢o, ¢1} belongs to X[sinh u] or not. How-
ever, S[sinhu] is quite big and there exists a 1-1 mapping from C* x C'®
to X[sinhu]. In X[sinhu], |¢g| may be infinitely large, since in $[— sinhu],
¢o can be arbitrary and o(0) = ¢o(0) if (Y0,%1) € L(—sinhu)(¢o, ¢1).

§5. Case of Hyperbolic Systems

The problem is more difficult even in the case of 1 + 1 dimension. How-
ever, we can mention the following facts. Besides those, in [9,10,12] there
are a series of results on global classical solutions.

(i) For the Euler equations for isentropic gas, the only global smooth
solutions are the trivial ones (i.e. u=const, p=const.) [3.10].

(ii) For the harmonic maps from R**! to any complete Riemann manifold
(so called wave maps) any smooth initial data admits a global solution [4].

(iii) For the harmonic maps from R'*! to the Lorentz surface S1-!, the
classification of initial data according to the global existence has been dis-
cussed in [5]. The situation is quite complicated.

In short, the problem of determining initial data such that the Cauchy
problem admits global smooth solution is of significance and worthy to be
studied further.
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§1. Introduction

We establish regularity results for the GFD-Stokes system and some
second order elliptic partial differential equations related to the primitive
equations of the ocean in thin domains with varying bottom topography.
These equations constitute the core part of the Primitive Equations (PEs
for brevity) for the atmosphere and the ocean. Motivated by the small-
ness of the aspect ratio of the domain occupied by the ocean, we studied
the global existence of solutions for the PEs in thin domains, in [6]. As a
preliminary step, we study, in this article, the H2-regularity of solutions of
the Stokes-type problem and some second order elliptic partial differential
equations related to the primitive equations. Compared to the work [18,
19], an important aspect of our results in this article is that we determine
the dependence on the thickness parameter £ and the bottom topography
for the constants of the H? regularity. We also derive as in [16] some
Sobolev inequalities with the exact dependence on € of the constants ap-
pearing in the aforementioned inequalities. These results play a crucial role
in establishing the global existence of strong solutions of the PEs in thin
domains (see [6)).

We present an outline of this article. In the rest of this section we
describe the problem and present the main results. Then, in Section 2, we
study the H? regularity of two nonhomogeneous elliptic boundary value
problems. In Section 3 we use the results of Section 2 and give the proof
of the main Theorem. Finally in Section 4, we derive various Sobolev type
inequalities together with some applications of the results of Section 3.

Notations. The domain occupied by the ocean is of the form

M, = {(331,12,1'3)) € Ra, (.’L‘]_,.’L’z) € Fi,—Eh($1,$2) <3 < 0} N

and its boundary 8 M, = I'; UT, UTy, where T'; is the interface between the
ocean and the atmosphere, assumed to be a bounded smooth open subset of
R?, I'y is the bottom boundary of the ocean, and T is its lateral boundary.
Throughout this article , we will assume that & is independent of £, where
¢ is the small parameter representing the thickness of the domain. In the
final results we assume that h is a positive constant but in several parts
of the article we will make the following assumptions concerning h: there
exist positive constants h, h, h; such that
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he C*Ty), 0<h<h<h, and ||hljcz(r,) < ha. (1.1)

We are concerned with the regularity of solutions of the GFD-Stokes prob-
lem, namely,

b? .
( —Ay— 51‘_12) +gradp=fi in M.,
3
0

{ divv=0 onl}, (1.2)

—ch

aaTv-{_avU:gv on Fi,’UZO, OnrbUFl’
\ 3

where v = v(z1,22,23) € R?, and p = p(z1,22) € R are the unknown
functions, fy is the external volume force, a, > 0, g, are given. We are also
interested in the regularity of solutions of the following elliptic problem
related to the equation of the temperature T or the equation of salinity:

02T .
_AT_B_;E%:JCZ mn M€7
QZ +a,T=g., only (1.3)

g% =0 onTyuUTlYy,

where T = T'(zj,z2,73) € R is the unknown function, f, is the heating
source inside the ocean, ar > 0, gr is given, n is the unit outward nor-
mal to the boundary. Throughout this article, we use V, A, div to denote
the two dimensional gradient, Laplacian and divergence operators on the
horizontal plane, and use V3, A3 and divs for the corresponding 3D differ-
ential operators. The spaces H*(M,), H§(M,),s > 0, are the usual Sobolev
spaces constructed on L%(M,), and

L (M) = (L*(M.))?, B (M) = (H*(Me))*.

Furthermore, we define the space (see [8-10])
0

V= {v € C°°(M,) : vis zero near 'y U Ty, div/ vdz = O}, (1.4)

—ch
and H; is defined to be the closure of V; in L?(M,), H, = L*(M,), and
Vi is the closure of V; in H! (M,), Vo = H'(M,). The norms and inner
products for the spaces H and Hy (k = 1,2) are the L? ones, all denoted
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by (,,+) and | - |. Throughout the paper, ¢y will stand for a numerical
constant that may vary from line to line.

The main result of this paper is the following

Theorem 1.1. The hypotheses are those above, and we assume that
M. is convez and that h is a positive constant. Let (v,p) € H'(M,) x
L*(T;) (resp. T € H'(M,)) be a weak solution of (1.2) (resp. (1.3)). Then

(v,p) € BB (M.) x H'(M.), T € H*(M.). (1.5)
Moreover the following inequalities hold:
|U|%JP(M¢) + 5|P|§11(r,-) < coflfal2 + |9v|%2(r,-) + 5|V9v|2m(r,.)],
(1.6)
T2y < ol 2l + 1V 9z Zar,) + 1922 (ry)- (L.7)
Remark 1.1. We will study in a separate article the case where M, is
not convex and h satisfies (1.1).

§2. Preliminary Results

A preliminary step in the proof of Theorem 1.1 is the study of the H2-
regularity of the solution of an auxiliary elliptic boundary value problem,
which is obtained by setting p = 0in (1.2), and deleting the second equation
{compare also to (1.3)).

Lemma 2.1. Assume that M. is conver, and h € C*(T;). For f €
L2(M.) and g € HY(T;), there exists a unique ¥ € H?(M,) solution of

—Ag‘I’ = f n ME,

ov
£ +a¥ =g onl (2.1)

=0 onT,Uly.
Furthermore, there exists a constant c(h,a) depending only on o and h (and
T;), such that

c(h, @)[If12 + lgf} + [V gl7].

o’ 2
Z 'szamJ
k=1
For a function in L*(T;), its norm is denoted by | - |;.
The proof of Lemma 2.1 is given below. We first construct a function ¥*
satisfying the boundary conditions in (2.1) and with the exact dependence
on ¢ of the L2-norm of the second order derivatives (see Lemma 2.2 below).
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Then ™3 (¥ — ¥*) = 3 satisfies the homogeneous Neumann condition on
I'; and the homogeneous Dirichlet boundary condition on Iy UT,. By a
reflection argument, we extend the force f to 3 > 0 to be an odd function.
We then consider a homogeneous Dirichlet problem on the convex domain

]/W\: {(:Bl,l‘z,l‘g) S RB; (1,‘1,:52) S Fi, —Eh((L‘l,xz) <23 < Eh(IL‘l,.’Ez)},

the solution of which W coincides with & on M. Finally we use the
classical H? regularity results in convex domains (see [4]) to obtain that
WeH 2(ZT/I\E) and thus ® and ¥ are in H2(M.) together with the bounds
on the L?-norm of their second derivatives. We start with the following
lifting lemma.

Lemma 2.2. Let h € C*(T;) and g € H)}(T;). There exists ¥* €
H%*(M.), such that

+a¥*=g on T, ¥ =0 on [LUT,.
61’3

Furthermore, there exists a constant c¢(h) depending only on h, such that
for0<e<1,

< (e(h)e? + 1)(1gl} + [Vgl?). (2.2)

3 1€

Proof. We first construct a function ¥ as a solution of the heat equation
with —z3 corresponding to time:

@_:—A{I} il’l Fix(_oo70)7

5.733

o (2.3)
¥ =0 ondl;x (—00,0),

¥ (z1,22,0) = g(1,22) on T
We set for (z1,22,73) € T'; X (—00,0),

T3 ~
‘I’*(l'l,xz,fbg) =g %78 / ‘I’(.’El,JJQ,Z)dZ.
—ch(z1,z2)
Note that ¥*(x;,z2,z3) = 0 when (z;, z2,z3) € [} UT},. Furthermore
o : -
sz + O(‘I’* = e_”‘“\]?(zl y L2, 13), (24)

*

and therefore, if 23 = 0, we have + a¥”* = g; that is, U* satisfies the

T3
boundary conditions in (2.1). Now we recall the classical energy estimates
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for ¥ solution of the heat equation with —~z3 corresponding to time.
We have

1 T2 0 I 12 1 2
2l ¥E @) + [ IVEE = Jiaf, (25)
T3
1~ 0 8v 1
31 + | Iz (= = 519k, (26)
© OV _1
212 e - [ b= [ 18 e
3 (2.7)
aw ° , 8% 0 OV,
(x3)+/ z2[——2—|?(z)dz / z| 5 — |Z (2) dz.
T3 axg 8:1:3 (28)
Hence (2.5), (2.6), and (2.3) yield
~ _ 1~ _ -
@ -e) <o, SIVERCeR) + e+ L2 <o, o)

and by integration of (2.5) and (2.6) with respect to z3 from —eh to 0, we
obtain

192 + [V < eh(lgl? + |Vgl?). (2.10)
Now, taking z3 = —¢eh in (2.7) and (2.8), we can write, using (2.6),

\IJ B 0
Eh O \* _eh) —/ 3W" (2)dz < —|Vg|
a.’Eg i —¢h 6(63 (2.11)

2ROV 2 0 18202 1
e e+ [ 2|5E ] @< v,
3 (2.12)
and, in particular,
—eh | o2
2h2/ 9 ‘I’] () dz < 3|Vl (2.13)
—eh
Therefore, using
—eh
lp(z1, 22, —eh(z1, 72))| < l(21,22, —€h)| + I/ '5";(51;1,132, z) dz|,
ch

we obtain

/ 1§ (21, 22, —eh(z, 22))[? dardas < co[1+ R (g2 +[Vol2),
T;

~ h
/ |V\I’(€II1,.’E2, —Eh($1,$2))|2 dﬂ?ldil,‘g S CO(]- + E)(lgﬁ + |Vg|3);
I
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[ 5 LI, h(zl,zg))lzdmxzs%(”ﬁh@)ugﬁ+|v9|%%.2_14)

We now derive estimates on ¥*. Since
T3 ~
P* = g™0%3 / U(z1, 22, 2)d2,

—eh(z1,22)
we have, by the Cauchy-Schwarz inequality and (2.10),
|02 < 2R T2 < PR3 ([gf? + [Vgl?).

Furthermore,

ow*x [ oy
3 — d
al'k -/_Eh(21 e2) axk ($1,$2,Z) <

h
+Ea_‘11($1,$2,—5h($1,$2), k=1,2,
6a:k

and for k,7 =1, 2,

LA L
31‘k81‘j - eh{z1,22) 8&2k6$i b2

T3

Lo dh OF
Oz; Oxy,
2h =~

—+ EW‘I](EI, T2, —‘Eh(l'l,.'Ez))

8h 8h 8T
2
(9&7]; ax] 6:1:3 (1121,:82, Eh(wl,.’L‘Q)).

+— (21,22, —eh(z1, 22))

Therefore using (2.14), we have
* 12 - _ _ —
A e?e®"*n2(eh + by (1/2 4+ R+ VeRh)(|g]; + |Vg[?)

Oxp le —
<e(h)E(lglf + Val?), (2.15)

bt by

020* |2 2 f2 ~ 3 _ .
laxkazj . < e (h +hlh(1+ E) +hh2(1+ \/5_};) + hh?

(gl +IVgl?)

< c(h)e*(|glf + [Vgl?). (2.16)
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*

Furthermore, since Sos = —a¥* + e~ ¥ we have
3
OF* |2 e
G|, < 2010 + 2B < e (ol? +19 ),
i ) (2.17)
Vs |, <200V + 292 < (k) (gf? + [Vgl2).
Finally, since
02 ou* ~ oV
- = —y— — QX3 —ary 7
2 o B2, oe ¥+e B2y (2.18)
we have
G2+ 2 2 2 2
502 |, < (e +1)(|gli + [Vgli). (2.19)
3 &

Proof of Lemma 2.1. Back to the proof of Lemma 2.1, we construct ¥
by setting ¥ = & + ¥*, where ¥* is the H?-function constructed in Lemma,
2.2 and @ is the unique solution of

'—-qu) = f in Ms,
o2 +a® =0 on Ty (2.20)
6333

®=0 onTyuTI},

where f = f — A3 U* € L2(M,), and |f|c < |fle + c(R)(|g]: + |Vgl;). Note
that

1 g2 -
EIVB‘I’@ + o®|®[ L2, g0y < S (2.21)
In order to prove that ® € H?(M,), we define
:I;(zl,:z;z,a:g) = e3P (x1, 2, T3). (2.22)
Note that
0% o9 9d »’e . 9%
L — QT3 — = %3 20— <I>. 22
Oz ¢ (89:3 +a<I’) and dz? ¢ (833% * aaz;; ta ) (2:23)
The function & satisfies the boundary conditions
—8—2 =0 on Ty, =0 on I,urly. (2.24)
8173
Moreover
5 ax az 0% 2
Ag® = e* A, + e 3<2a—+a q)). (2.25)
62}3
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Hence
~ _ 0P 9 “
— —_ ory - ars —- —
A3® = 23] _ ¢ (2a 5o O ,<1>) f. (2.26)
It is easy to see that f € L2(M,), and
Ifle < I£le + e, a)(lgli + 1V gls).

Therefore, we write the equation satisfied by & in the following form:

~03® = f e LY(M.),

0% =0 on Iy (2.27)
6333
3= 0 on [uUTy.
Let
- f(if?l,xza%)» —eh(zy,z2) < 23 <0,
F(x1,z2,23) = { .
F(z1,22,~23), 0< x3 <eh(zy,z2).
Let

M. = {(z1,22,23) € B, (@1,23) € T, —ch(z1,22) < 73 < eh(z1,32)},
and consider the following Laplace problem:
~0W = F e L2(M)),
{ W=0 on BME.

o~

The convexity of M. implies that M. is convex. Moreover since F €
L2(M.), we obtain, thanks to [4), W € H2(M.), and

W 2 2 2 2
[y S VPlaar, < 20712 < el @17 +10lF + V01

——

0

= . LT . w
Since F is even in x3, the solution W is also even in 3. Therefore, Far
T3

at 3 = 0. By the uniqueness of solutions of (2.27), we obtain Wl M, =9,
and therefore

3
2 ‘&vkaz | < c(h, (IS + |9l + [Vgl): (2.28)
k,j=1

Finally, since ¥ = & + ¥*, we obtain, thanks to Lemma 2.2 and (2.28),

kz_l [Gog e < el + bl + 19
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Remark 2.1. As a corollary of Lemma 2.1, by an interpolation argu-
ment (see [7]), we have for g = 0 :if f € H™Y/279(M,) with 0 < 6 < £,
then U € H32-3(M,), and if f € H-V/2*5(M,) with 0 < § < i, then
¥ e H25(M,).

We will also need, in the proof of the main result, the following regularity
result:

The next lemma establishes the H? regularity of the temperature.

Lemma 2.3. Assume that M, is convex, and that h is constant. For
f e L¥*(M,) and g € HL(L,), there ezists a unique T € H*(M,) solution of

—AgT = fz 1) ME,

oT

8_11:3 +arT = gr on T, (2‘29)
*—BT =0 on [HZUT,.

on

Furthermore, there exists a constant c(h,ar) depending only on ar and h,
such that for all € > 0,

Z |ax,axk| < clh,an)|f2l2 + lgrl? + 1V grfi)-

Proof. We start with the case gr = 0. Thus let T be the unique solution
of
~AsT=f in M,
oT

8—3 + aTT 0 on I-‘z, (230)
B_T =0 on TyUIy.
On
We note that
- a7 12 ~
VT2 +| 5| +arlTT? < If2leI Tl (2:31)
I3 le
but since (see Appendix)
~ =~ 49T
Tl < VoehTl; +ah]§—] , (2.32)
8213 €
we obtain
~ 1 T
R R I e
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Therefore
T2 < 452h2[ +5h] 1fal2. (2.34)

For the sake of simplicity, we will assume now that the function h is constant
and let n(x3) and T* be defined by

n(z3) = exp [ ™ (ehxg + xS)] and T* = T. (2.35)

Since h is constant, it is easy to check that

1"

AT T*_277 or +77 T+ fs,

n dz3
2.36
oT* oT* ( )
=0onTuUl; and =0 onTy.
(9.'173 on
2
. «Q
Noting that 1/ (z25) = - (eh -+ z3)n and 0" (zs) = ZEn + 55 (ch+ 25",
we can write
A T* _ h 8T aT ~ AT ~ _F
AT 2—(5 +$3)a + 2h2(6h+z3)T+ET+fz—f2,
T-k
0 =0 on [LZUTL,,
8]33 )
T*k
6811 =0 on Fl.

(2.37)
Since, by assumption, the domain M, is convex, we can apply the classical
results of the H2-regularity in convex domains (see (3,1,2,2) in [4]) and
obtain

3
52T 2 .
<|AT*? = |fl2.
Z l@mkaz]- |s <l e = I72le

k,j=1
Now, using (1.34), there exists a constant c(h, ar) independent of &, such
that for 0 < € < 1, we have |f2|2 < ¢(h, ar)|f2|? and

E ‘ o1 | < ¢(h,ar)|fa)2

Finally, noting that exp(—areh) < n(x3) <1, we have
|T*|2 < exp(2arh)|TIZ < c(h, ar)e®| fol?

and we obtain easily
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3 05
Y |soae |, < clhanlit?

Now we treat the general case with gr # 0. We use a lemma similar to
Lemma 2.2.

Lemma 2.4. Assume that h is constant and gr € H*(I';). There exists
T ¢ H*(M.), such that
oT = oT
- T = T; — =0 Iy.
B2a +ar gr on I, - on [TUTYG
Furthermore, there exists a constant c(h) depending only on h, such that
for0<e<1,
2 < (c(h)e? + 1)
.= a2

(917 +1Vgl?)- (2.38)

Proof. We proceed as in the proof of Lemma 2.2, and construct a
function ¥ as a solution of the heat equation with —z3 corresponding to

time:
g}:‘% =—-AT¥ inT;x (—00,0),
37 2.39
%‘i—’ =0 ondl; x (—00,0), (2:39)

¥(zy,z9,0) = gr(z1,22) on ;.
We then set for (z1,x2,23) € T'; X (—00,0),
_ T3 __ i —_
T(x1,%2,73) = e#a“/ ¥(z1,22,2)dz — (Zs - a)eash‘l’(ﬂ«"hxz, —ch).
0
(2.40)
aT — oT
We can easily check that a——+aTT = grforzz =0, ET = 0 for z3 = —¢h.

T3
Following the same lines of the proof of Lemma 2.2, we have

_ - 1_— -1, = 1,6% 12 1
[T2(~eh) < lg7l?, SIVEH(—ch) + S|AT + - | o—| < S|Vgrli,
2 2 2 6:1)3 €
(2.41)
|®|2 + |V¥2 < eh(lgrl; + |Vorli)- (2.42)

From this we can easily check that 7 € H?(M,) and that (2.38) holds.
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§3. Proof of the Main Result

In this section, we prove the main result of this paper as stated in Theo-
rem 1.1. We have already established in Lemma 2.4 the H? regularity of the
temperature T and the estimates (the dependence on ¢) of the L?-norms
of its second derivatives, Thus we need only to study the regularity of the
velocity, governed by the problem (1.2), i.e.,

( &% .
(Av+82)+Vp fi in M.,
0
de/‘szzo in Ty (3.1)
—ceh
v=0 on UL -6—1}—+av— n I
L = ! by 8:1?3 wW=gs O i

This result has been proven in [18] where € = 1 and g, = 0. As indicated
in the Introduction we study here the general case where g, # 0 and we
carefully investigate the dependence on ¢ of the constants.

Our approach to obtain the H? regularity is the same as in [18] and
is based on the following observation: assume that the solution v of (3.1)

satisfies (’;9_;3 r € L*(T;) and g—— . € L2(Ty), then integrating (3.1) in z3

over (—¢h,0) yields a standard Stokes in 2-D with homogeneous boundary
condition on I';. By the classical regularity theory of the 2D-Stokes problem
in smooth domains (see for instance [15] and {3]), p belongs to H HTy).
Then, by moving the pressure term to the right hand side, the problem
(3.1) reduces to an elliptic problem of the type studied in Lemma 2.1, and
the H? regularity of v follows. The estimates on the L? norms of the second
derivatives are then obtained using the trace theorem and the estimates in
Lemma 2.1. Therefore, we start with proving that

v i)

agnew@m aanE”@”

Lemma 3.1. Assume that b € C*(T;) and M, is convex. Let (v,p) be

the weak solution of (3.1), then

%’3- | €L, 56;1,}; . EL(DL) (3.2)
Proof. By integration by parts, we have

IVS'UI? + C‘vl’”lz2 = (fv U)E + (gv:v)ia (33)
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and therefore the existence and uniqueness of the weak solution (v,p)
follows from the Lax-Milgram theorem and De Rham’s theorem. Hence
Vp € H™1(M,) and thus Vp € H~1(T';) since p is independent of z3.
Let v; be the unique solution of
Av;=Vp inTy,
{ Vi = 0 on BFi.
Here v; satisfies a 2D Laplace equation on T;. Hence v; € H}([;). Let
U = v — v;, then ¥ satisfies
30 = fi,
0 only,
—v; on I, (3.5)

(3.4)

< >
1

<
M

0
_éﬂ— + o, =g, —av; onl;.
Thanks to Lemma 3.2, with ¢; = v; and v = —§ for some 0 < § < %, we

have o € H3/2~9(M.,).

w

1 0

- divodas € HY275(Ty). (3.6)
eh —ch

gi =

Therefore, since divv; = ¢;, with this new information on v;, we rewrite
the equation for v; in the form of a 2D Stokes problem:
-Ay; +Vp=0 inTy,
{ divy; =g; € H%‘J(Fi)
and thanks the classical regularity on the non-homogeneous Stokes problem
on the I'; (see [15]), we have v; € HI TN H}(Ty) = H(]%*J(Fi). With
this new information on the regularity of v;, we go back to the problem
(3.5) and using Lemma 3.2 with ; = v; and v = £ — 6, we conclude that
¥ € H*%(M.) and thus
o) o0
6—173 r, € .Hl/2 J(Fi), E’II‘; r
Lemma 3.2. Assume that M, is convez, h € C3(T;). For f € L*(M.)
and g € HY (L), and o; € H01+7(I’b), -3 << %, v # 0, there exists a
unique U; € H¥**7(M,) solution of

(3.7)

e HY?-5(1y). (3.8)
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=030 =f in M.,

oy,
U, =g~ opt; b
23 + ay g—outyy on I (3.9)

U, = —1); on Ty,
i=0 on Iy

Proof. Thanks to Lemma 2.1, the problem is reduced to the case f =0
and g = 0, by replacing ¥, with ¥, — ¥, where V¥ is the function constructed
in Lemma 2.1. Thus, without loss of generality, we may assume that f =0
and g = 0.

Let Q¢ be the cylinder Q. = T'; x (—¢,0), and let v, be the unique
solution of

Azup =0, in Q,

vp =0 on dl'; x (—¢,0),

Up = —’(,bi on I'; x {-—E},

vp = chayy; on T x {0}.
We will show that v, € H3/2¥7(Q,) for all -1 < v < 1, v # 0. To this
end, let @5 be any C?-domain containing Q. such that T'; x {—¢,0} C 6@5.
Since ¢; (resp. hayt;) is in Hyt7([; x {—€}) (resp. Hy™(T; x {0})), we
can define a function V; € H*(8Q.) by setting V; = —; on T x {-¢},
Vi = ehaytp; on T'; x {0}, and V; = 0 on 6@,; —T'; x {—¢,0}. Now let V, be
the unique solution of A3V, = 0 in QE and V, = V; on 6@5. Since BQE is
of class C?, the classical regularity results (see [7]) yield V,, € H3/2t7(Q,)
for -3 <y< 1, 7#0. Nowlet Vi be the trace of Vp on AT x (—¢,0). It
is easy to see that V; € Hyt7(T; x (—¢,0)). Let V,, = V,, — v,, we have

(3.10)

AsV, =0 in Q.,

Vp=0 on I'; x {—¢,0}, (3.11)
V’p =V, on OI; x (~&,0).
Using a reflection argument around zz = 0 (resp. z3 = —¢) by extend-

ing V; in a “symmetrically” odd function defined on 8T; x (—€,€) (resp.
OT; x (—2¢,0)) , and using the classical local regularity theory (see [7]),
we conclude that V, € H3/2+7(Q,) for -1 <y <%, v#0. Hence since
Vp € H3/*7(Q,), we have v, = V, — V,, € H¥/2+7(Q,).
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Now let
- _ _ I3 I3
Up(z1, T2, x3) = ———€h($1,$3)vp(wl,z2’—h(iﬂl,(vz)) for (z1,x2,23) € M,.
(3.12)
It is obvious that #, € H3/2*7(M,),
Op(z1, T2, —€h(z1, 32)) = —i(z1,72) and gz-p + aylp = —ayv; on Ty,
3
Therefore setting V = & — Up, we have
A3V = fi — Mg, € H™V2H1 (M),
V=0 onT,UTs, (3.13)

ﬂ/_ +av1~/:0 on [;.
a.’L'g

Hence, thanks to Lemma 2.1 and Remark 2.1, we see that V and thus ©
are in H3/2+7(M,) for -1 <y < §, v#0.

Proof of Theorem 1.1. The proof is divided into two steps. In Step 1,
we prove the H? regularity of solutions, i.e., v € H?(M,) and p € H(T}).
Then, in Step 2, we establish the Cattabriga-Solonnikov type inequality
on the solutions, i.e., prove the bounds on the LZ-norms of the second
derivative of v and the H'-norm on the pressure, in particular we establish
their (non) dependence on €.

Step 1. The H?-Regularity of Solutions

Let
0
1‘):/ vdz,
—-ch
we have
%4 (z1, 9, T3) _ 0 Hu(xy,x9,2) dz+€8h v(xy, T2, ~eh(zy, T2)
oz? Y ox? Oz; Oz; ’

i=1,2. (3.14)
Integrating the first equation in (3.1) with respect to zg we obtain the 2D
Stokes problem:
{ ——.Av +Eh7p: f in Ty, (3.15)
dive=0 in T;, v=0 on Ol

where



REGULARITY RESULTS FOR THE PRIMITIVE EQUATIONS 165

0
ov
f —Ehfdz+am3

Z (9h 6'U $1,$2,"5h(w1aw2))
O; Oz; '

z3=0 (9333 r3=—ch

(3.16)
We have, thanks to Lemma 3.1, fe L%(T;). Therefore from the classical
regularity theory of the 2D Stokes problem, we conclude that Vp € L*(T;).
We return to the problem (3.1), and move the gradient of the pressure to

the right hand side and obtain, thanks to Lemma 2.1, v € H?(M,) and

2 8%y 2 ,
> | gamgan . < ch A2 +198 + 9ol + ch,)e Vol

Furthermore,
F1} < eRlfulz. (3.17)

Step 2. The Cattabriga-Solonnikov Type Inequality
First we homogenize the boundary condition. Let v; = (¥1, ¥3) where
¥, and ¥, are constructed by using Lemma 2.1, i.e.,
—D3¥ = fik inM,, k=1,2,
0¥y

— 4+ a¥, =gyx only, k=12,
6.’173

P, =0 onlpUTY, k=1,2,
where fi = (f1,1,f1.2) 9v = (gv,1,9v,2). Thanks to Lemma 2.1, we have

3
2 ‘af:g;- ’2 < clh, o)LL +lgol? + Veul?). (3.18)
—~ e

Let v* = v ~ v;, we have

( . 0% .
—(Av + 8x§>+Vp=0 in M.,
0
{ div/ vdz=¢" in [y (3.19)
—~¢ch
v* =0 on IyUTy,
Lg—;’;—-kavv*——‘o on T,

where g« = —div ffsh v; dzz. Note that inequality (3.18) implies
N sy < e(hs @)ellfal2 + 19l + [V gul7]. (3.20)
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Define V* = % ffsh v* dz3, which satisfies the 2D-Stokes problem
—AV*+V(ep)=F* in I},
divv* =G (3.21)
V*=0 on 6[},

where
2
d (1 Oh 2 0h [° Ov*
F* = — (=== v* dr
; [axi (% azi) /_E,, "3t %2 62; |, Oz
e Oh ov* 1 ov* 1 ov*
~ % 82, 9z, (21,72, — Eh(xhxz))] + E&ﬂza:(} - Egm—s-]msz_sh,
. 1 . 0 1 0 .
G = >div /_Ehv, dzs +v(ﬁ) ./_Ehv das. (3.22)
Clearly
2 |0v?
F* 2 < *|2 -
|F* oy < elh)elo*]2 + | e I el O
o™ Ov* |2
h . .
o )[ Ox3 L2y  10z3 L2(r,,)] (3.23)
. . Ov*  Oh Ov*
Now, since v* = 0 on I'y, we have 5z € B7; 02s
Poincaré inequality, we also have
Ov* 12 o2e *2
dzzlLxry) = 7
Now since
Ov* |2 v* |2 5 ov* | 8%
Oxslezr,) ~ 10x3 L2(I‘-) Ozslel 022 le (3.24)
ov* 82y |2 co ov* 2 '
< 2a? O ' %
S st + 6z§ 3 + 8273 ¢
where 8 is a small positive constant independent of ¢, we have
ov* |2 ot 9%v* )2
el < c(h, 8 ’ h)e? 3.25
Ox; 1L2(Ty) — C( ) Oxs le +c( )E 5.’13% € ( )
Thus
. v |0V 8%v* |
|F I%z(r‘,) < c(h)e[lv 2 + ‘51;‘, E] + ¢(h)be a3t |. (3.26)

We estimate the H!-norm of v*, using v* = v —v; and the H'-estimates of
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v and v;. We obtain easily
I fLarey < (W[l AL2 + 190 + (Vo f?] + c(h)pe|
Similarly, we have

1G* 4 ry < e[l A1l2 + 190)} + [V gul?]. (3:28)
Now using the Cattabriga-Solonnikov inequality for the 2D Stokes prob-

9%
2
Oz3

2
€

(3.27)

lem (3.21), we see that there exists a constant ¢y independent of & such
that

Vi + €1Vl < collF* R,y + 1G* 3 ,)- (3.29)
Therefore

8%v*
E[Vpliar,y < clh, Ol AlZ + 19007 +Vul?] +C(h)‘9€| 822

2
(3.30)

*

Since Azv* = Vp, in M, v* =0on T, UT,; and gv +a,v* =0on Iy, we
Z3

have thanks to Lemma 2.1

3
&% (2 2
kz Iaxkaxj S c(h,a)e|VplLa(r,

O%y* 12

< elh, ) [|AL2 +1gl? +1VglF] + c(h, a“)gl oz

H

¢ (3.31)

and therefore for 8 small enough, so that c(h, @, )8 < —21—, we conclude that

N
k’jz_ ’B:ckamj

" < el @)el Tl aqry < clh, )Ll + fgul? + 1.

(3.32)
The proof of the main result is now complete.

§4. Appendix

We present in this appendix some Sobolev type inequalities satisfied by
solutions of (1.2) and (1.3).

Lemma 4.1. For v satisfying the boundary condition in (1.2), we have
dv
—1, ve H (M), 4.1
Gyl v e IO ()

2 9| 0% 2 2 2
+2ay [ vdzidzy < 2 I—-ii +4de|gu|®, ve H (M)
r; 8$3 3

Jule < 2¢

v |2

6133

£

(4.2)
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Proof. Inequality (4.1) is the classical Poincaré inequality for v, we omit
its proof (note that v = 0 on I'y but not necessarily on I';). To prove (4.2)
we establish this inequality for v smooth, and the result follows by density
in the general case; when v is smooth the proof consists in integrating

52
by parts [ M, va—zgda:, and using the Cauchy-Schwarz inequality and the

boundary condition in (1.2).
Lemma 4.2. For any T € H'(M,), we have

2

T2 < 2Re|T {72, x oy) + 4h2E’ | (4.3)
2 2h%e | 0T |*

’T|2L2(r,»x{o}) < ;E|T|§ + h |55 R (4.4)

The proof of (4.3) and (4.4) is similar to the proof of the Poincaré in-
equality.

Lemma 4.3 (Agmon’s inequality). For v € HZ(M,) satisfying the
boundary condition in (1.2),

foLm <a [5% 'ABU‘E + lgv'i + ‘v%fi]- (4.5)

6%
12
Ok

2 62_
(52

Proof. The proof is an easy extension of the following anisotropic in-
19
+

equality established in [16]:
1, \%
*2laal 217

] b
2

|7, +1ole)

where 7 is the function corresponding to v via the change of variables to

1
D] oo (P x (=6,0)) < fcoﬁle“(

flatten the boundary, and the inequality

-~ a0 L[ 6% ~1
i <25 <o 23] )

We skip the details.

We recall the following version of Ladyzhenskaya’s inequality established
in [16}:

vYu € H'(Q), (4.6)

3
1 ou 3
{U|LG(Q) < C()il—__]l: (bz T |U|L2(Q) + sa—x; Lz(Q)) s
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3
where Q = [](a;,b:), and ¢o is a numerical constant. As a corollary of

i=1
(4.6), we prove the following
Lemma 4.4. There exists a constant ¢g independent of € such that

"UILG(MZ) <cllvlle, YveW, 4.7
|VU‘L5(M5) < Cof_l2'A3’U|5, Yo € D(Al) (48)

Proof. Inequality (4.7) is an easy consequences of (4.6) and the fact

that v satisfies the Poincaré inequality |v|. < €||v||c. The second inequality
ov

follows from the fact that v = 0 on Ty, which implies that Vv = eVh B
I3

We skip the details.
Now we derive some inequalities concerning a scalar function T' which

satisfies the following boundary condition on 8M,:
oT

orT
— = r -— = i .
o 0 on T;UTY, P +a,T=g, on T (4.9

Lemma 4.5. For T € H%(M,) satisfying the boundary conditions (4.9),
we have
aT

2 1
ol /F Tdzides < [T 10T + 5lgy ey (410)
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Abstract

For a class of mixed initial-boundary value problem for general quasi-
linear hyperbolic systems, this paper establishes the local exact boundary
controllability with boundary controls only acting on one end. As an appli-
cation, the authors show the local exact boundary controllability for a kind
of nonlinear vibrating string problem.
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§1. Introduction

Let us consider the following first order quasilinear hyperbolic system

Ou Ou

D _— = 1'

2 T A(u) 5 F(u), (1.1)
where u = (u1, -+ ,u,)7 is an unknown vector function of (t,z), A(u) =

(a;j(u)) is an n x n matrix with suitably smooth elements a;;(u)(i,j =

*Project supported by the Special Funds for Major State Basic Research Projects of
China.
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1,---,n) and F: R® = R™ is a vector function of u with suitably smooth
components f;(u){(i = 1,--- ,n) such that
F(0)=0. (1.2)
By the definition of hyperbolicity, on the domain under consideration,
the matrix A(u) has n real eigenvalues A;(u)(f = 1,--- ,n) and a complete
set of left eigenvectors I;(u) = (i1 (w), -+« ,Lp(u)(E=1,--- ,n)
Li(u)A(u) = Ai(w)l; (u). (1.3)
We have
det|l;;(u)] # 0. (1.4)

Moreover, we assume that on the domain under consideration, the eigen-
values satisfy the following conditions:

Ar(u) <0< As{w) (r=1,--- ,mjs=m+1,--- ,n). (1.5)
Let
v =Lwue E=1,---,n). (1.6)
We set the boundary conditions as follows:

z=0: v,=Gs(t,v1, ,vm)+He(t) (s=m+1,---,n), (1.7)
z=1: v, =Gr(t,0my1, ,Un) + H(t) (r=1,---,m), (1.8)

where, without loss of generality, we assume that
Gi(t,0,---,00=0 (i=1,---,n). (1.9)

There is a number of publications on the exact controllability for linear
hyperbolic systems (see [11] and the references therein). Especially, the
exact boundary controllability for first order linear hyperbolic systems has
been established by the characteristic method. J.-L. Lions introduced his
Hilbert Uniqueness Method (HUM)(see {9,10]) which gives a more general
and systematic framework for the study of the exact boundary controlla-
bility and the stabilisation for wave equations. Combining the HUM and
Schauder’s fixed point theorem, the first work on the exact controllability
for semilinear wave equations was given by Zuazua [12,13]. Later, using
a global inversion theorem, Lasiecka and Triggiani [3] gave an abstract
result on the global exact controllability for semilinear wave equations.



LOCAL EXACT BOUNDARY CONTROLLABILITY 173

However, the exact controllability for the quasilinear hyperbolic systems
remains quite open. To our knowledge, the first work in this direction was
done by Cirina [2] (see also [1]). Under linear boundary controls, he proved
the local null controllability esstentially for quasilinear hyperbolic systems
of diagonal form. In [5] and [6] the exact boundary controllability for re-
ducible quasilinear hyperbolic systems was established by a characteristic
method. Recently, these results were generalized to the case of general
quasilinear hyperbolic systems. The following result was proved in [8].
Proposition 1.1. Assume that l;;(u), Ai(w), fi(u) and Gi(t,") (5,5 =

1,---,n) are all C' functions with respect to their arguments. Assume
Jurthermore that (1.2), (1.4)-(1.5) and (1.9) hold. Let
1
Th > max ————. 1.10
07 T (0)] (1.10)

Then, for any given initial data ¢ € C[0,1] and final data ¢ € C*[0,1]
with small C* norm, there exist boundary controls H;(t) € C'[0,Tp)(i =
1,---,n) with small C' norm, such that the mized initial-boundary value
problem for system (1.1) with the initial condition

t=0: u=¢(x) (1.11)
and the boundary conditions (1.7)-(1.8) admits a unique C? solution u =
u(t, z) with small C' norm on the domain

R(To)={(t,z)] 0<t<T, 0<z<1}
which satisfies the final condition
t=Ty: wu=1(z). (1.12)

As mentioned in [8], the exact controllability time T, given in Proposition
1.1 is optimal, however, the boundary controls are not unique.

We will prove in §2 that for a class of mixed initial-boundary value
problem, the number of boundary controls can be diminished, provided that
the exact controllability time is doubled. In §3 this result will be applied
to show the local exact boundary controllability for a class of nonlinear

vibrating string problem.
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§2. Main Results
We now suppose that
n = 2m. (2.1)

We suppose furthermore that the boundary condition (1.7) (resp. (1.8))
can be equivalently rewritten as

r=0: UT:E—T(L”M-{-I,'"avn)'*‘ﬁr(t) (T'=1,~--,m)
(2.2)

[resp. z=1: v3=55(t,v1,---,vm)+ﬁs(t) (s=m+1,---,n)],

where

G.(t,0,---,0)

S 0 (1":1,... ’m) (23)
[resp. G,(t,0,---,0)=0

(s=m+1,---,n)],
consequently,
small C! norm of H, <= small C' norm of H., (2.4)
[resp.  small C! norm of H, <= small C' norm of H,],
wherer =1,--- ,m;s=m+1,-- ,n.
Theorem 2.1. Under the assumptions of Proposition 1.1, we suppose

furthermore that conditions (2.1)~(2.4) hold and G.(t,-) (r = 1,-+- ,m)

(resp. Gs(t,") (s = m+1,---,n)) are C* functions with respect to their
arguments. Let

(2.5)

Suppose finally that Hy(t)(s = m+1,--- ,n) (resp. H.(t)(r =1,--+,m))
are given C1[0,T) functions with small C* norm. Then, for any given
initial data ¢ € C'[0,1] and final data ¢ € C*[0,1] with small C* norm,
such that the conditions of C! compatibility are satisfied at points (0,0) and
(T,0) (resp. (0,1) and (T,1)) respectively, there exist boundary controls
H.(t) € C*0,T)(r =1,-++,m) (resp. Hy(t) € C*[0,T}(s=m+1,---,n))
with small C' norm, such that the mized initial boundary value problem
(1.1), (1.11) and (1.7)~(1.8) admits a unique C* solution v = u(t,z) with
small C' norm on the domain

R(T) = {tz) 0<t<T, 0<z<1},
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which satisfies the final condition
t=T: u=y(z). (2.6)
In order to prove Theorem 2.1, it suffices to establish the following
Lemma 2.1. Under the assumptions of Theorem 2.1, for any given
initial data ¢ € C[0,1] and final data v € C0,1] with small C* norm,
such that the conditions of C* compatibility are satisfied at points (0,0) and
(T,0) (resp. (0,1) and (T,1)) respectively, the quasilinear hyperbolic system
(1.1) with the boundary condition (1.7) (resp. (1.8)) admits a C* solution
u = u(t, x) with small C* norm on the domain R(T), which satisfies (1.11)
and (2.6).
In fact, let u = u(t,z) be a C! solution on the domain R(T) given by
Lemma 2.1. Taking the boundary controls as
H,.(t) = (vr — Gr(t,vmt1, s V)|e=1 (r=1,--+,m)
(2.7)
[resp. H(t) = (vs — Gs(t,v1,*+ ,Um)le=0 (s =m+1,--+,n)],
the C' norm of which is small, we obtain the exact boundary controllability
desired by Theorem 2.1.
We now prove Lemma 2.1. For fixing the idea, in what follows we con-
sider only the case that the boundary controls are given at the end z = 1.

Noting (2.5), there exists an ¢ > 0 such that
1

T>2 max . 2.8
|u|<eg,i=1,- ;. ‘)\1(’11)1 ( )
Let
1
T = max — (2.9)

lul<eg,i=1,,m [Ag(w)]”
We first consider the forward mixed initial-boundary value problem for
system (1.1) with the initial data

t=0: u=¢(x), 0<z<1 (2.10)
and the boundary conditions (1.7) and
z=1: v,=f({) (r=1,-,m), (2.11)

where f.(t) are any given functions of ¢ with small C[0,7}] norm. We
assume that the conditions of C* compatibility are satisfied at point (0, 1).
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By (7], there exists a unique semi-global C! solution u = u) (¢, z) with
small C! norm on the domain

{t,z)] 0<t<Th, 0<z<1} (2.12)
Thus we can uniquely determine the corresponding value of u = u(V)(t, z)
onz=0as
z=0: u=at), 0<t<T (2.13)
and the C'[0,T}] norm of a(t) is suitably small.

Similarly, we consider the backward mixed initial-boundary value prob-

lem for system (1.1) with the initial condition

t=T: u=1(z), 0<z<1 (2.14)

and the boundary conditions (2.2) and
z=1: v, =gt (s=m+1,---,n), (2.15)
where gs(t} (s =m+1, ---, n} are any given functions of ¢ with small

C[T —Ti,T] norm. We assume that the conditions of C' compatibility are
satisfied at point (T, 1). Once again by [7], there exists a unique semi-global
C*! solution u = u(? (¢, ) with small C* norm on the domain
{tt,e)] T-Th <t<T, 0<z<1}. (2.16)
Thus we can uniquely determine the corresponding value of u = u(®(t, )
onz =0 as
z=0: wuw=b), T-Th<t<T (2.17)

and the C'[T — T1,T] norm of b(t) is suitably small. Noting that both
a(t) and b(t) satisfy the boundary condition (1.7), we can find a C1[0, 7]
function c(t) with small C! norm, such that

- a‘(t)a OStSTlv
o(t) = {b(t), T-T <t<T

and c(t) satisfies the boundary condition (1.7) on the whole interval [0, T'.

Now we change the order of the variables ¢ and z, then system (1.1) is

(2.18)

rewritten in the following form

P + A" (u % = F(u) := A" (u)F(u). (2.19)
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We notice that
F(0) = 0. (2.20)

Noting (1.5), the eigenvalues of the inverse matrix A~!(u) satisfy
7\:%‘—)<0<ﬁ r=1,---,m s:m+1,---‘,n). (2.21)
Moreover, since the matrices A(u) and A~!(u) have the same left eigenvec-
tors, we can still define the variables v;(i = 1,--- ,n) by the same formula
(1.6).
We now consider the mixed initial-boundary value problem for system
(2.19) with the initial condition

z=0: u=ct), 0<t«T (2.22)
and the boundary conditions
t=0: v,=®,(t) (s=m+1,--,n), (2.23)
t=T: v, =Y.t (r=1,---,m), (2.24)
where
Pi(z) = li(d(2))¢(z) (i=1,---,n), (2.25)
Ui(z) = L{Y(e)y(z) (@=1,---,n), (2.26)

the C! norm of which is small. It is easy to see that the mixed initial-
boundary value problem (2.19) and (2.22)—(2.24) satisfies the conditions of
C* compatibility at points (0,0) and (7,0) respectively. Therefore, by [7]
there exists a unique semi-global C! solution u = u(t,z) with small C!
norm on the domain

R(T)={(t,z)] 0<t<T, 0<z<1}.
In order to finish the proof of Lemma 2.1, it is only necessary to check
that
t=0: u=¢(z), 0<z<]1, (2.27)
t=T: u=9y(x), 0<z<1. (2.28)
In fact, the C! solutions u = u(t,z) and u = u(V(t, ) satisfy the system
(2.19) (namely, (1.1)), the initial condition
z=0: wu=at), 0<t<Ty (2.29)
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and the boundary condition
t=0: v, =2341) (s=m+1,---,n). (2.30)
Because of the finiteness of the speed of wave propagation and the choice

of Ty given by (2.9), the mixed-initial boundary problem (2.19) and (2.29)-
(2.30) has a unique C! solution on the domain

{(te)] 0<t<Ti(l-z), 0<z<1} (2.31)
(see [4]). Then it follows that
u(t, x) = vV (¢, z) (2.32)
on this domain. In particular, we obtain (2.27). We can get (2.28) in a
similar way.
Thus u = u(t, z) is the desired C! solution. The proof of Lemma 2.1 is
complete.
Remark 2.1. The exact controllability time given by Theorem 2.1 is
optimal.
Remark 2.2. The boundary controls in Theorem 2.1 are not unique.

§3. Application to a Class of
Nonlinear Vibrating String Problem

In this section, we will use the previous results to show the local exact

boundary controllability for the following nonlinear vibrating string equa-

tion ,
o~ 5 (<(5) =P (5 30) @
where K = K(v) is a given C? function of v, such that
K'(v) >0, (3.2)
and F = F(v,w) is a C! function of v and w, satisfying
F(0,0)=0. (3.3)

We consider the exact boundary controllability only with one control ap-
plied at one end of the string. The boundary condition at the end z = 0 is
of Dirichlet type:

u = h(%), (3.4)
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where h(t) is a given C? function of t; while the boundary condition at the
end z = 1 is one of the following types:

u = h(t), (3.5.1)
ug = h(t), (3.5.2)
ug + au = h(t), (3.5.3)
ug + oy = h(t), (3.5.4)

where ¢ is a positive constant and h(t), as boundary control, is a C? func-
tion (in case (3.5.1)) or a C' function (in cases (3.5.2)-(3.5.4)).

We want to find a time T' > 0 and suitable boundary control h(t) with
small C* norm ||B||cijo,7) in case (3.5.1) or [|Allcipo,7) in cases (3.5.2)-
(3.5.4), such that for any given initial data (¢(z),¥(z)) and final data
(®(z), ¥(z)) with small C' norms

9'llcroays  lleronyy 1Mooy 1¥llerpa)s
satisfying the conditions of C? compatibility at points (0,0) and (7,0)
respectively, the C? solution u = wu(t,z) to the mixed initial-boundary
value problem for equation (3.1) with the initial condition

t=0: u=¢(z), g = ¥(x) (3.6)
and the boundary conditions.(3.4)—(3.5) satisfies the final condition
t=T: u=®(z), u = ¥(z). (3.7)

We will prove

Theorem 3.1. Let
2

K'(0)
Then for any given initial data ¢(z) € C?[0,1],%(z) € C'[0,1] and final
data ®(z) € C?[0,1], ¥(z) € C[0,1] with small C* norms

. (3.8)

lo'llciopy  Iollcipyy  and  [[9crp), 1 ¥llerpo,
and any given function h(t) € C?*[0,T] with small C* norm ||h'||c1jo,7y,
satisfying the following conditions of C? compatibility at points (0,0) and
(T,0) respectively:

{ h(0) = $(0),  #(0) = (0), 59
B (0) = K'(¢'(0))¢"(0) + F(#(0), $(0)) |
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and
hT) = &(0), A'(T) = ¥(0),

(bt K yaro s P, 50 (310
there exits a boundary control h(t) € C2[0,T] with small C' norm
|7l capo,7y in case (3.5.1) or h(t) € C*[0, T] with small C* norm ||k||capo,m
in cases (3.5.2)—(3.5.4), such that the mized initial-boundary value problem
for equation (3.1) with the initial condition (3.6), the boundary condition
(3.4) at the end z = 0 and one of the boundary conditions (3.5) at the end
z =1 admits a unique C* solution u = u(t,z) on the domain

R(T)={(ta)] 0<t<T, 0<z<1},

which satisfies the final condition (3.7).
In order to prove Theorem 3.1, setting

ou du
= = — 3.11
YT YT (8.11)
equation (1.1) is reduced to the following first order quasilinear system
00 _ow_
ot Oz
o Thw) Fow (3.12)
ot ox ’

The system is strictly hyperbolic with two distinct real eigenvalues LA,
where

A= E'v) > 0. (3.13)

We introduce the Riemann invariants r and s as follows:

2r =Gv)+w, 2s8=-G)+w, (3.14)
where
Gv) = / VEK'(v)dv (3.15)
with ’
G0)=0, G'(v)=+K'(v)>0. (3.16)
Let H be the inverse function of G. It follows from (3.14) that
w=r+s, v=H(@r-s). (3.17)

Using the Riemann invariants r and s, (3.12) can be rewritten into the
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diagonal form
or

A= f(ry9),
gt Oz (3.18)
_51: + /\— = f(r,s),
where
f(r,s) = —;—F(H(r —8)r+3) (3.19)
with
f(0,0) = 0. (3.20)
Correspondingly, the inial and final conditions (3.6)-(3.7) yield
_o. [r=rdz):=35(G(¢'(z)) + (),
=0 {s=@w>=(—(¢m»+w>) (321
_ . [r=ri(z) = 3(G(P () + ¥(z)),
=1 {200 Z G + v (3:22)

while the boundary condition (3.4) implies that
z=0: r+s=hn{). (3.23)

Moreover it follows from the last two equalities in (3.9)—(3.10) that the
conditions of C*! compatibility at point (0,0):
{7'0(0) + 30(0) = hl(0)7 (3.24)
h"'(0) = A(ro(0), 50(0))(r5(0) — s5(0)) + 2£(ro(0), s0(0))
and at point (0,T):
{io)r 0 <@, 3.25)
A"(T) = Ar1(0),51(0))(r1(0) — 51(0)) + 2 (r1(0), 52(0))
are satisfied. Then it is easy to check that we can apply Lemma 2.1 to get
the following
Lemma 3.1. Assume that h(t) € C?[0,T] with small C' norm
1~ llc1jo, 1), where T is defined by (3.8). Then for any given initial data
ro,80 € C'[0,1] and final data 1,51 € C*[0,1] with small C* norm, sat-
isfying the conditions of C' compatibility (3.24)~(3.25), the quasilinear hy-
perbolic system (3.18) associated with the boundary condition (3.23) admits
a C' solution (r,s) = (r(t,z),s(t, z)) with small C' norm on the domain

R(T)={(to)] 0<t<T, 0<z<1),
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which satisfies the initial and final conditions (3.21)-(3.22).

Proof of Theorem 3.1. Applying Lemma, 3.1, we can find a C? solu-
tion (v, w) = (v(t, z), w(t, z)) to system (3.12) on the domain R(T'), which
satisfies the initial and final conditions

t=0: v=4¢ (), w = Y(x), (3.26)
t=T: v=29%' (1), w=V(z) (3.27)
and the boundary condition
z=0: w=~h1). (3.28)
Let

u(t,z) = h(t) + /; v(t,y)dy. (3.29)

It is easy to see that u = u(t, z) is a C* function on the domain R(T'), such
that

u(t,0) = h(t) (3.30)
and

%u(t, 2) = v(t, z). (3.31)

On the other hand, noting the first equation in (3.12) and using (3.28), we
have

ot

Therefore, it follows from the second equation in (3.12) that the function
u defined by (3.29) satisfies the string equation (3.1) and the boundary
condition (3.4). Moreover, noting the first equality in (3.9)-(3.10), we check
easily that u satisfies the initial and final conditions (3.6)-(3.7):

t=0: u=h(0)+ /Oz v(0,y)dy = h(0) + /Off é (y)dy = é(z), (3.33)

éu(t, z) = h'(t) + /oz %w(t, y)dy = w(t, z). (3.32)

t=T: u=h(T)+ /(:Ic v(T,y)dy = MT) + /oz ' (y)dy = ®(z). (3.34)

We now define the control h(f) at the end £ = 1 by one of the following

expressions:
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h(t) =: u, (3.35.1)
h(t) =: ug, (3.35.2)
h(t) =: uz + au, (3.35.3)

h(t) =: uz + au. (3.35.4)

The proof of Theorem 3.1 is thus finished.
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Abstract

Let X denote a complex analytic manifold, and let Aut(X) denote the
space of invertible maps of a germ (X, a) to a germ (X, b); this space is
obviously a groupoid; roughly speaking, a “Lie groupoid” is a subgroupoid
of Aut(X) defined by a system of partial differential equations. To a folia-
tion with singularities on X one attaches such a groupoid, e.g. the smallest
one whose Lie algebra contains the vector fields tangent to the foliation. It
is called “the Galois groupoid of the foliation”. Some examples are con-
sidered, for instance foliations of codimension one, and foliations defined
by linear differential equations; in this last case one recuperates the usual
differential Galois group.

Keywords Differential Galois group, Complex analytic manifold, Lie
groupoid
2000 MR Subject Classification 22E30

This is an account of a work in course of progress. The aim is the
following: define and study, for non linear differential equations, an object
which generalizes the differential Galois group of linear equations. In [9],
I give such a definition, and I prove the required result in the linear case.
Here, I recall it shortly, and 1 insist on further examples and on open
problems.

I should mention that another definition of a differential Galois group
was proposed several years ago, by Umemura [15]; at the moment, I do not
know the exact relations between both theories.
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§1. General Definitions

I give the definitions in the complex analytic case; a similar theory,
somewhat simpler, could be developed in the algebraic case (but, up to
now, nothing is written in this context).

Let X denote a (smooth) complex analytic manifold, of dimension n; let
AutX be the space of germs of invertible maps (X,a) — (X,b) [e.g. the
source is a, and the target b; a,b € X]; let also Jy, resp. J; be the space
of jets of order k, resp. invertible jets of order k, of maps from X to X. I
provide these spaces by the sheaf (on X?) of functions which are analytic
on the variables of X?, and polynomial in the derivatives: precisely, in local
coordinates, let 1, - -+ ,z, be the coordinates at the source, and g1, - ,yn
the coordinates at the target; with the standard notations, we have

OJk :0X2[y;'l]’ 1S]Sna a:(al,--- »an) ENW’
el =1+ -+ +ap € {1,2,--- ,k},
Os; = Ox2[y,671], 6= det(y]) the Jacobian matrix.

The main objects in consideration here are what I call “D-groupoids” or
“Lie groupoids” on X. Roughly speaking, there are the subgroupoids of
AutX which are defined by a system of partial differential equations. More
precisely, putting O+ = UQ}, we consider a sheaf of ideals J C O+ which
has the following properties:

(i) Jx = Oz N J is coherent and reduced (i.e., equal to its radical), for
every k > 0; we say for short that 7 is pseudocoherent, and reduced.

(ii) J is differential, e.g. stable by derivations.

[The derivations are defined in local coordinates by the standard formula

Df— 2 +Zaafa 3”5‘ , €=1(0,--,1,---,0);
it is easy to verify that the stability by derivations is independent of the
coordinates chosen.]

The two preceding properties define, generally speaking, a system of
partial differential equations in AutX. One has to add a third condition to
have a Lie groupoid, which I explain now.

The set J} is obviously a groupoid for the composition of jets (e.g. the
composition 1y exists if target v = source ¢, and all elements are invert-
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ible); this property can be translated into a property of Oy;; now, take Ji a
coherent sheaf of ideals of Oy, and call Yj the ringed space (X?, Oy [3k)-
This has a sense to say that “Y} is a subgroupoid of J;;”; we have to take
this sentence in the sense of ideals, or in the “scheme sense”, and not only
in the set-theoretical sense (this can be expressed by properties of J; which
I leave the reader to guess, or to look, fi. in [7}).

So, now, the third condition to impose to J is the following

(iti-1) For every k, Y} contains the identity (e.g. the ideal of the identity
contains Ji), and Yy is stable by the inverse.

(iti-2) For every U C X, open relatively compact (I abreviate U CC X),
there exists Z, closed analytic subset of codimension > 1 of U such that,
on (U — Z)?, Yy is a subgroupoid of J} for k large.

[Note that, in the algebraic case, the “U” would be unnecessary, and also
probably the restriction “k large”.]

One can see that this definition has reasonably good properties, and
covers the cases of interest, for the following reasons:

(a) Any increasing sequence J° C J¢*! C --- of ideals defining a D-
groupoid is locally stationary.

(b) Let 3Jx C Oj: be a coherent sheaf of ideals, not necessarily reduced
defining a subgroupoid of J; outside of some Z C X of codimension > 1;
let §' be the pseudocoherent and differential ideal generated by Jj; then
the radical 3¢ of J' defines a Lie groupoid; and, on every U CC X, one
has 34 = J' outside a subset of codimension > 1.

This situation occurs practically when Jy is the ideal expressing the con-
dition that the transformation stabilizes a “differential structure of order k&,
meromorphic on X with poles on Z” (whichever be the reasonable mean-
ing given to this expression); standard examples are given by the groupoids
preserving a 2-form (for instance, symplectic structures), one form up to in-
vertible factors (fi. contact structures), etc. In the literature, these objects
are usually called “Lie pseudogroups”, and considered in the nonsingular
case; but here, I need to accept singularities.

(c) From (a) and (b), one deduces that any intersection of D-groupoids
is locally finite, and is a D-groupoid (if the groupoids are defined by the
sheaf of ideals J* C Oy, their intersection is the smallest pseudocoherent
reduced differential sheaf of ideals which contains the J¢).
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For these properties, see [9].

§2. D-Envelope and Galois Groupoid

Call “D-Lie-algebra” any system of linear partial differential equations
on O, the sheaf of vector fields of X, such that its solutions are stable by Lie
bracket. A D-groupoid has a D-Lie algebra, which is simply the linearized
differential system along the identity.

But the converse is not true. This is similar to the fact that a Lie
subalgebra of Gl(n,C) is not necessarily the Lie algebra of an algebraic
subgroup of Gl(n, C). Given a D-Lie algebra £, we can therefore define its
D-envelope, as the smallest D-groupoid whose Lie algebra contains £; this
is meaningful, according to the property 1-c.

An especially interesting case is the case of the foliations with singu-
larities. This is defined, f.i. by a coherent subsheaf N of Q! (the sheaf of
1-forms on X) of locally constant rank outside of Z C X of codimension
> 1 and verifying outside of Z the Frobenius condition dN C Q* A N. We
can suppose, by increasing a little bit N, that any local section which is in
N outside of Z is actually in N. Then N defines a D-Lie algebra F, the
vectors fields orthogonal to N (in fact, F is defined by equations of order
0).

Definition The Galois groupoid G(F) of F is its D-envelope.

Before giving examples, a few explanations are necessary. First, I will
use the following facts:

(i) The solutions of a D-groupoid ¥ make a subgroupoid, in the usual
sense, of AutX. '

(ii) These solutions determine Y. Therefore, I will often identify both
objects implicitely.

The first result is essentially obvious. The second one is a general fact
of differential algebra (see [10], or [13] for the algebraic case).

Now consider, outside Z, the groupoid of automorphisms of X which
preserve F (or N); it is easy to prove that the Zariski closure of the cor-
responding D-groupoid is a D-groupoid on X; denote it by AutF. It is
obvious that its D-Lie algebra contains F; therefore, AutF contains GalF.

Call “admissible” (w.r.t. F) any D-groupoid Y contained in AutF and
containing GalF. If we consider Y near a pair (a,b) € (X — Z)?, no
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condition for ¥ occurs along the leaves, and Y is given by equations on the
variables transversal to the foliation (f.i., in the case of AutF, there are no
such equations).

More precisely, suppose F of codimension d outside Z, and call “trans-
versal” a locally closed submanifold T of X of dimension d which, outside
of a set of codimension > 1, does not meet Z and is transverse to F. Call
T the disjoint union of all the transversals; it is easy to see that, on 7T,
an admissible groupoid Y defines a groupoid: the “transversal groupoid”
defined by Y. The philosophy is the following one: from a geometrical
point of view, the interesting object is the transversal groupoid (which
will correspond, fi. to some transversal structure). But, to verify the
admissibility, we have to go back to X, and to verify the possibility of
extension along Z (actually, meromorphic extension in a suitable sense
will be sufficient, since, then, one has just to take Zariski closures of the
corresponding varieties Yy «— J}).

§3. Examples

The first example is treated in [9]; the second one will be developed
elsewhere.

(i) The Linear Case

Let C be a complex nonsingular connected curve (= manifold of dimen-
sion one), and X 5 C a vector bundle over C. Let S be a discrete subset
of C, and Z = 7~18; we suppose given a connection V on X, meromor-
phic on S (in local coordinates, this is simply a linear differential system
Y’ = aY, with a meromorphic S} with poles on S; note that we could
equally consider flat meromorphic connections in the sense of [4] on vector
bundles over a nonsingular analytic manifold of any dimension; the result
would be similar.

On the total space X of the bundle, V defines a foliation F of dimension
one, with singularities on Z. The Galois groupoid of F can be described in
the following way:

(a) Outside Z, the linear structures of X — C gives a “transversal linear
structure”, and a corresponding subgroupoid of AutF; one proves that this
groupoid extends to X (in a unique way) into an admissible groupoid LinF.
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(b) Admissible subgroupoids of LinF can be described in the following
way: choose a base point a € C — S, and put X, = 7~ 1a. Let G be an
algebraic subgroup of GI{X,,), containing the monodromy of V at a.

Now, let IsoX be the groupoid consisting of the family of linear iso-
morphisms X, = X, for b,c € C, and let G the subgroupoid of Iso
X|X — Z generated by G and the isomorphisms of monodromy (= the par-
allel transport along any path in X — Z). Then, G defines a subgroupoid
of LinF| X — Z. This subgroupoid extends to an admissible groupoid if and
only if G extends to an analytic subvariety of Iso.X.

{c) Call “admissible” such a G; then there is a smallest admissible G;
one proves that it is the differential Galois group of V, in the “tannakian”
sense (for the definition, see [5]).

Roughly speaking, this means that the differential Galois group of V
“depends only” on the corresponding foliation and “does not depend” on
the further structures of X and V.

(ii) Codimension One

The D-lie algebras in dimension one, outside the singularities, have
been determined by Lie; locally, their spaces of solutions are of dimension
0,1,2,3, oo; in suitable coordinates, these solutions can be written in the
following way:

Dimension 0: 0

Dimension 1: )\(—id;, X € C (structure of translation)

Dimension 2: /\% + ux% (linear affine structure)

Dimension 3: )\d% + ,ua:% +va? 4 (projective structure)

Dimension oc: all vector fields; no equation.

A study of these algebras, and the corresponding D-groupoids, near a
singularity, will be published by G. Casale. I just mention the following
facts: in dimension 0, one can have many groupoids (f.i. actions on X of
finite groups); in dimension 1, the correspondence groupoids A algebras is
neither injective nor surjective.

In dimension 2 or 3, one has just one groupoid, e.g. the groupoid of
. automorphisms of the corresponding Lie algebra (in case of a D-Lie algebra
of dimension one, the groupoid of its automorphisms has dimension 2).

Finally, the case “00” is trivial: the corresponding groupoid is AutX.

Now, the foliation, with singularities of codimension one on a manifold
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X, can be classified according to the dimension of the transversal Galois
groupoid; if X is connected, it is easy to verify that this dimension is
independent of the chosen transversal. Here, I will only look at the local
situation, e.g. at a foliation in the neighborhood of 0 € C"; it can be
defined by a holomorphic 1-form w, with w A dw = 0 (we can even suppose
that w has only singularities in codimension 2).

Even in this local case, I have no complete results when GalF has
transversal dimension 0 or 1.

(a) Dimension 0. This will be the case if w has a first integral f, e.g. if
there exists a meromorphic f such that wAdf = 0; then, Gal.F is contained
in the groupoid which fixes f. I have no necessary and sufficient condition;
the question is related to the quotient by an equivalence relation.

(b) Dimension 1. This will be the case if w has an integrating factor,
e.g. if there exist g meromorphic such that d(gw) = 0; in that case, GalF
is contained in the groupoid which fixes gw; to prove this, it is sufficient to
show that its D-Lie algebra “contains F”, e.g. contains the vector fields
tangent to the foliation; but, if £ is such a vector field, one has with standard
notations L¢(gw) = igd(gw) + d{¢, gw) = 0.

A classical theorem of Lie says the following: if £ is a meromorphic vector
field not in F, but preserving the foliation, e.g. Lew Aw = 0, then (£, w) ™!
is an integrating factor; in fact, write w = (¢, w)m; one has also Lewr A = 0;
as d(¢, ) = 0, this can be written as (igdm) Am = 0; but, one has drAm = 0,
therefore 0 = i¢(dn A7) = igdnr A +dm - (€, 7), and dn = 0.

Conversely, if g is an integrating factor, choose a £ such that (¢, w) = g1
(¢ is determined modF); the same calculation shows that £ preserves the
foliation.

Transversally, this can be interpreted in the following way: £ defines a
vector field € on the transversals, which is fixed by the holonomy; then £1
is a 1-form 7 on the transversals, and 7 = (£, w) 'w is just the inverse
image of # on X.

I will return to this example later (see Remark (iii)).

One can ask for a necessary and sufficient condition for F to have an
admissible groupoid of transversal dimension one; it seems to me likely that
such a condition is: there exists a finite ramified covering X 2 X such that
7*w admits a meromorphic integrating factor.
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Of course, if GalF has transversal dimension one, such an admissible
groupoid exists. But I do not know if it is always the case when GalF has
transversal dimension 0.

(c) Dimensions 2 and 3. The answer is related with Godbillon-Vey se-
quence. Starting with w meromorphic near 0, wAdw = 0, one can construct
recursively wy, - ,wy, -+ - meromorphic, such that

dw = w A ws,

dw = wA wa,

n
n
dwy, = WA Wpt1 + Z (k>wk A Wn—k+t1.

The following trick is due to J. Martinet: put @ =dt + 3" ¢ ,wn (wo = w);
then, one has d2 = Q A %‘Z.

Given a germ of codimension one foliation, the Godbillon-Vey sequence is
not unique: one can replace wp by gwp; and, at each step of the recurrence,
one can add to w, a multiple of wy. We say that “G — V sequence stops
at order ¢”, i = 1, 2, 3, if we can choose the w;’s in such a way that w, =0
for n > ¢. To stop at order 1, it is necessary and sufficient that wg has
an integrating factor. To stop at order 2 (resp. 3), we must arrive at w,
with dw; = 0 (resp. wsy, with dws = wi A w2). In the nonsingular case and
C® context the following fact is well-known: the existence of a transversal
affine (resp. projective) structure equivalent to the possibility of stopping
G — V sequence at order 2 (resp. 3) (cf. [6]).

The same result is true in the present context (this fact was suggested
to me by [2]; see also [14], for an interpretation of “case 2”, in an algebraic
context, in terms of liouvillian solutions).

Let me give a few words of explanations; the details will be published
elsewhere. I will look at the “case 3”; the other one is similar, and simpler.

Let X be a neighborhood of 0 € C* on which w, wi, wy are meromorphic,
and giving a G — V sequence stopping at order 3. On X x P, the form
Q=dt+wo+wit+ws % defines a foliation transverse to the fibers {z} x Py;
outside of the singularities, this defines a transverse structure of type 3,
which, on {z} x Py, is simply the standard projective structure; [this is
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well known; in fact the equation 2 = 0 comes from the integrable system
dy1 = Sy + Fy2, dya = —woyr — GHye by taking ¢ = L], One sees
that the corresponding groupoid extends to X x Py into an admissible one.
Taking the restriction to t = 0 gives an admissible groupoid of transversal
dimension 3.

Now, the result is: conversely any admissible groupoid of dimension
3 of the foliation defined by w can be obtained in this way, in particular,
there exists a G — V-sequence wy, w1, w2 stopping at order 3, with wy = fw.

(d) Dimension co. The corresponding groupoid is AutF; and there is
nothing else to say from the point of view considered here. This case,
which is of course the general case, should be studied by other methods
(recurrence, attractors, etc), familiars in the theory of dynamical systems.

(iii) Remark: Lie Symmetries and Galois Symmetries

The result of Lie, mentionned in (ii), (b) is sometimes stated in a slightly
confusing way, as fi. “f one has a one parameter group of symmetries
of the equation, one can solve it”; this could induce a confusion between
symmetries of the data (“Lie symmetries”), and Galois symmetries, e.g.
the Galois groupoid.

It seems to me that the precise relations should be stated in the following
way. We give on X a foliation with singularities F; first of all, call “symme-
tries of F” the global automorphisms of F which preserve 7, e.g. which are
solutions of AutF. In fact here, we are not interested in them, but in the
corresponding D-Lie algebra; call merautF the sheaf of its meromorphic
solutions; call similarly merF the germs of meromorphic vector fields tan-
gent to F; incidentally, note that merautF /merF is a sheaf of Lie algebras,
(which can be interpreted as vector fields on the transversals).

Now, if we have a subset I' C I'(X, merautF /merF), we get an admissible
groupoid G by taking the solutions of AutF which fix I'. Therefore, the
bigger is I, the smaller is G. But this is only one procedure among others
to have admissible groupoids as small as possible.

Of course, if one has a Lie group acting on X, and preserving F, its in-
finitesimal transformations give sections of merautF and a fortiori sections
of merautF /merF.
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§4. Further Examples and Problems

(i) Can one extend the results of §3 (ii) (c) to some cases of higher
codimension?

(ii) Let w be a closed form (f.i. meromorphic) of any degree on X. Then,
the condition i¢w = 0 (§, vector field) defines a foliation with singularities
F, because one has L¢w = di¢w+i¢dw = digw = 0. An admissible groupoid
is therefore obtained by taking the ¢, solutions of AutF which verify p*w =
w.

Find “interesting” examples where some further reduction, on no further
reduction can be obtained.

The most interesting case is probably the case where w is a 2-form;
then according to a classical theorem of Darboux, one has, outside of the
singularities, a transversal symplectic structure.

For instance, consider the differential equation y” = f(z,¥); writing this
equation as the Pfaff system dy — y dz, dz — f dz, put w = (dy — z dz) A
(dz— f dz); one has dw = 0, because f does not contain 3'; and the foliation
associated to w is just the foliation corresponding to the equation.

In particular, it is a classical problem to prove that no further reduc-
tion occur for the “Painlevé 1”7 equation y" = y? + z; in fact, Painlevé
claimed this result with insufficient proof, see [12] (I owe this reference to
J. P. Ramis; see also [15]).

The same problem could be considered for the other Painlevé equations,
for which Okamoto has constructed transverse symplectic structures [11].

(iii) More generally, Hitchin [8] has given a transverse symplectic struc-
ture on the Schlessinger equations for isomonodromic deformations; this
result has been extended by Boalch [3] to the irregular case.

Do these structures extend meromorphically to the singularities, e.g. do
they give admissible groupoids? If this is the case, which seems to me likely,
are there further reductions, or not?

(iv) One can consider other problems of D-envelopes that the problems
arising from foliations. For instance

(a) Find the smallest D-groupoid whose given automorphisms of X are
solutions. F.i., if f is a germ of automorphism of (C,0), and if f'(0) is not
a root of unit, f can be embedded in a germ of non-trivial D-groupoid iff f
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is linearizable (see the forthcoming paper by G. Casale mentioned above).
The case of roots of unit is more complicated; see loc. cit.

(b) Given a vector field £, find its D-envelope, e.g. the smallest D-
groupoid whose D-Lie algebra contains £ as a solution. The case of sym-
plectic vector fields on a symplectic manifold is of special interest: the D
envelope is contained obviously in the D-groupoid of symplectic transfor-
mations fixing £; but further reductions could occur.

It would be, f.i. quite interesting to look at the following case: £ is the
germ at 0, in C* of the symplectic gradient of a Morse function (=case of
2 coupled oscillators).

In the same order of ideas, I mention the following result, which I owe
to J. P. Ramis: Let X be a symplectic manifold of dimension 2n, f a
holomorphic function on X, and &.its symplectic gradient. Suppose that
€ is Liouville-integrable, e.g. suppose that there exist f = fi, fo,  + , fns
with dfy,- - ,df, generically independent, such that the Poisson brackets
{fi, f;} vanish. Then the D-Lie algebra of the D-envelope of ¢ is abelian.

Actually, near a point a where the df; are independent, we can com-
plete fi,--+, fp with p1,---, pn to have a system of coordinates such that
the symplectic form is ) df; A dp;. Then, one proves easily that a local
symplectic vector field at a fixing fi,-- -, f is the symplectic gradient of a
function ¢(f1,--+, fn)-

This fact is related to the methods used by Ziglin and Moralés-Ramis to
prove the non-integrability of some hamiltonian systems. On this subject,
a lot of very nice work has been made recently; the reader could consult
the survey (1] by M. Audin.
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Abstract

Iterative algorithms for solving the data assimilation problems are con-
sidered, based on the main and adjoint equations. Spectral properties of
the control operators of the problem are studied, the iterative algorithms
are justified.
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§0. Introduction

The investigation of global changes has increased the interest to the ob-
servation data assimilation and data processing problems, which are applied
to the modeling, retrospective analysis, and forecasting various physical and
geophysical processes. From the mathematical standpoint, these problems
may be formulated as the optimal control problems. Starting with the
studies of Bellman and Pontryagin, these problems attract the attention of
many researchers. New essential ideas were contributed to the optimization
theory and methods by French mathematical school. In this connection,
we must mention the works by J.-L.Lions and his disciples, which became
fundamental, dedicated to investigation of problems on insensitive optimal
control, nonlinear sentinels for distributed systems. The general approach
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(Hilbert Uniqueness Method) developed by J.-L.Lions makes it possible to
prove the existence of insensitive controls in linear and nonlinear systems.

In this study, we consider numerical algorithms for the data assimilation
problems based on the iterative algorithms using the main and adjoint
equations. Properties of the control operators studied are used to justify
the iterative algorithms.

§1. Statement of the Problem

Consider mathematical model of a physical process that is described by
the evolution problem

{%%+A(t)<p:f, te (0,7), (1.1)
li=o =1, -

where ¢ = @(t) is an unknown function, A(t) is an operator (generally,
nonlinear) acting for each ¢ in the Hilbert space X with the definition
domain D(A) C X, u € X, and f = f(t) is a prescribed function.

Introduce the functional

T
I) =5 [ (Clo 2o @xt+ Flelimn - " plimo - )x, (12
where a = const., > 0, C is a linear operator, and (-, ) x is an inner product
in X. The function ¢ = $(t), as arule, is determined by a priori observation
data, p° € X. We assume hereinafter that all spaces and functions under
consideration are real.

Consider problem (1.1) with an unknown function v € X in the initial
condition. The data assimilation problem can be formulated as follows: find
¢ and u such that they satisfy (1.1} and, on the set of solutions to equation
(1.1), functional (1.2) takes the minimum value. Write this problem as
dp + AR =f, te(0,1),
dt

¢0) =u,
J(p) = inf J(9),
where @ is a solution of (1.1) when ¢(0) = 4.

Problems in the form (1.3) were analyzed by Pontryagin 2], Lions [3] (see
also [5-14], etc.). To solve (1.3) a number of approaches may be used (see
e.g. [14]). We will consider iterative algorithms for solving (1.3), assuming
for simplicity that A(¢) is a linear operator.

(1.3)
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The necessary optimality condition (3] reduces problem (1.3) to the sys-

tem for finding the functions o, ¢*, w:
d
T rAWe=1, teOT); ¢0) =y, (1.4)
d * * % ~ *
— AN =C@-g), te(0T); ¢(T)=0,
(1.5

a(u—¢°) - ¢"(0) =0,
where A(t)* is the operator adjoint to A(t).

§2. Control Operator and Its Properties

Let Y = Ly(0,T; X) be a space of abstract functions w(t) with values in
X, with the inner product and the norm

(u,) :/OT(u,v)xdt, )| = (/OTuun%(dt)l/z, u,v €Y.

In the forthcoming, we suppose that the original model satisfies the
following conditions:
(i) the solution to the problem

LAt =f, te(0,1),
{ ’zit=0 =1, @1)

meets the inequality
I¥lly < clliflly +liwllx), ex = const. > 0; (2.2)

(ii) the solution of the adjoint problem

{ L+ ATy =p, te (OT), (2.3)
*|,_=0,
satisfies

*lly + "], _ollx < cillplly, cf = const. > 0. (2.4)

Remark 2.1. The solutions of the problems (2.1) and (2.3) are supposed
to exist such that 9, y* € Y, treated in a classical or a weak sense. The
conditions (i), (ii) are satisfied if, for example, the operator A(t) is positive
definite:

(A()yw,w)y > yllw||%, v = const. > 0, Vw € Y.
Indeed, from (2.1) we get

(%,Qp)x + (A}, ¥)x = (f,¥)x,
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whence
1 [T d T ’
5 o E(U’ﬂﬁ)xdt + A (A(t)wy"/))xdt = /0 (fa "P)th>

and by virtue of positive definiteness of A(t),

1 1 1
Sl + I} < (£ 0)y + I olik < Sllvllelly + 5l

or
1 ¥ 1
Il < gllfllr"y + oIl + Sl

The last inequality gives (2.2) with ¢; = max(y~!,4~1/2). Similarly, the
inequality (2.4) is obtained. In the finite-dimensional case, when X =
R"™, n € N, the inequalities (2.2), (2.4) are valid without positive definite-
ness requirement if the n X n-matrix A(t) is regular enough (for instance,
having the elements continuous in t).

Let us introduce the operator L : X — X defined through the successive
solutions of the following problems:

LAY =0, te(0,T),
{$Tt=0 =, (25)
{ —H L Ayt = —Cy, te (0,T), 26)
dj*lt:T_ 0’
Ly = av — ¥*(0). (2.7)

We define also F' € X as the successive solutions of the following prob-
lems:

{ Z+AMG =1 te(©7), 28)
¢It=0 = O)
{—%’1—' + AW =C@-4), 1), 29
¢*|t:T: O’
F = ap® +¢*(0), (210)

where f,p € Y, ¢° € X are introduced in (1.4)—(1.6). We suppose that
C: Y - Y is a linear bounded self-adjoint positive semi-definite operator.
Then, the system (1.4)—(1.6) is reduced to the equation for the control

Lu=F, (2.11)
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and the operator L: X — X is called the control operator [13].

Under the hypotheses (i), (ii) the following statement is valid.

Lemma 2.1. The operator L acts in X with domain of definition
D(L) = X, it is bounded, self-adjoint, and positive semi-definite. If o > 0,
the operator L is positive definite.

Proof. Let v € X, and v be the solution to (2.5). By (2.2), |[¢]ly <
c1llvl|x. For the solution 4* of (2.6) the inequality (2.4) holds:

97Ny + 19", lix < lICily

Hence, from (2.7),

ILolix = llav —¢*|,_ollx < alloflx + 197],_ollx
< afpllx +cliCYlly < aflvlix + cfaliCliiivlix,

and, therefore, L is bounded. Further, we have for v,w € X,
(Lv,w)x = (av — ¢*|tz0,w)x =alv,w)x — (w*]tzo,w)x
= a(v,w)x + (CY, Y1)y = a(v,w)x + (¥, C¥1)y = (v, Lw)x,
where 1, is the solution to (2.5) with v = w. Hence, L is self-adjoint, and
(Lv,v)x = o(v,v)x + (CP, )y 20,
that is, L is positive semi-definite. Moreover, L is positive definite if o > 0.
Corollary 2.1. The following estimate is valid:
(Lv,v)x > pmin{v,v)x, Yv € X, (2.12)
where min 15 the lower spectrum bound of the operator L, and fimin 2> .
The following solvability result holds.

Lemma 2.2. Under the hypotheses (i), (i), for a > 0, the control
equation (2.11) has a unigue solution u € X, and

a . e} . e}
x+ Colly +
ll°l] . liCal| .

Hmin min min

Proof. If a > 0, from Corollary 2.1, there exist a unique solution u of

ullx < el Ay (2.13)

the control equation (2.11), and
’ 1
llullx £ —IIFx- (2.14)
{imin
The solution ¢* of (2.9) satisfies the inequality (2.4), and
IFllx = all®llx + [l¢*(0)lIx < al|@®lix +c1llC(@ — )y,
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where ¢ is the solution to (2.8). Due to (2.2), ||¢|ly < a1]|f|ly, then

IFllx < allg®llx + ctlIClly + cielIClllflly- (2.15)

From (2.14)—(2.15) we obtain (2.13). This ends the proof.

Remark 2.2. For a = 0, the last lemma holds true also if pgin > 0.
It is true, for instance, in the case that X = R",n € N, C = E (the
identity operator). The weight coefficient « is usually called a regularization
parameter [4].

§3. Spectrum Bounds of the Control Operator

In the general case, from Corollary 2.1, for the lower spectrum bound of
the operator L we have pimin > . Moreover, from the proof of Lemma 2.1,
we get

(L’U,'U)X = a(”a”)x + (Cwaw))’? vE X)
where ¢ is the solution of (2.5). Hence, due to (2.2),
(Lv,v)x < a(v,v)x + ICIIIYI < allvllk + allCllllvlk,
and for the upper spectrum bound pmax of the operator L we get

Umax < &+ c1|C)). (3.1)

In the case that C' = E (the identity operator), sharper estimates may
be derived. The following result is valid.

Theorem 3.1. The spectrum o(L) of the operator L defined by (2.5)-
(2.7) for C = E satisfies the estimates

m < o(L) <M, (3.2)
where

T T
m=a-+ / e~ Jo dmex(Mrgy M=o+ / = Jo Amin(r)dr gy
0 0

and Amin, Amax o7e the lower and the upper spectrum bounds of the operator
A + A*, respectively.

Proof. For the operator L defined by (2.5)-(2.7) for C = E the following
representation is valid:

(L, u) = au,u) + / (o(t), p(B)dt, u € X, (3.3)
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where () is the solution to (2.5) for v = u. From (2.5),

E;Hsollz + ((A+ A%p,p) =0,
then

mar Ol < SHAP € Aia )P,

where Anax and Amin are the lower and the upper spectrum bounds of the
operator A+ A*, respectively. Therefore, the function F(t) = In [|¢]||? meets
the inequality

dF
_mxt <_< min

By integrating this inequality with respect to ¢t from 0 to t, we get

t
/ Aman(7)dr < F(t) — F(0) < — / Amin(7)d,

/ Amax(T)dr <In ”T; Hilz < / Amin (T

or

Hence
e N Amax(7)d7 < ”‘P( )”2 <e” Iy Amin(T)dT
e
Integrating the last inequality with respect to ¢ from 0 to T" and taking into
account (3.3), we obtain

T T T
/ e Jo Amax(T)dT gy M < / e Jo )\m‘m(f)drdt,
0

0 = (y,u)
where L is the operator L for @ = 0. Thus, the spectrum bounds of the
operator L are defined by (3.2). This ends the proof.

If A(t) = A: X — X is a linear closed operator independent of time
and being unbounded self-adjoint positive definite operator in X with the
compact inverse, then the eigenvalues py, of the operator L are defined by
the formula [13]

1-— e—~2/\kT
2h
where Ap are the eigenvalues of the operator A. Then in (3.2) Apin =

B =

2Ay, Amax = 00, and m, M are given in the explicit form
1 —_ e—2/\1T

m=aq, M:a+—2~)‘1—, (34)
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where )A; is the least eigenvalue of the operator A. By this is meant that
the estimates (3.2) are exact.

§4. Iterative Algorithms

To solve (1.4)—(1.6) we consider a class of iterative algorithms:

do*

T AW =1, 1€ 0,1 WH0) =, (4.1)
d(p*k A* xk __ C(& k . *k —

- dt + (t)(p - (<P - )’ te (0,T)> 14 (T) - 07 (42)

.uk—H — uk - ak+1Bk(a(uk _ Qo)(p*k‘t:o) + ﬁk+10k(uk _ uk——l)’

(4.3)
where By, Cy : H — H are some operators, and agy1, Sk41 the iterative
parameters. Let m and M be the spectral bounds of the control operator
L defined by (3.2). We introduce the following notations:

Topt = 2(M + m)~t, 8= (M +m)(M - m)~1 (4.4)
% =2M+m—(M-m)coswpm)™t, k=1,2,...,s,

(4.5)
_ 2(M+m)‘_1) k = 0,
Qi1 = 4(M—m)‘1%%, k>0,
B {0’ (6) k=0 (4.6)
k+1 = Tp-1(8 .
oy k>0,
0 k=0
=< ’ 4.7
o {pkngkn%{/nsk—ln%{, k>0, (4.7)
Dr+1 =a+(nk1nk)/“€k“%{—ek: kZO,]_, y (48)

where wy, = (2i — 1)/2s, Ty is the k-th degree Chebyshev polynomial of the
first kind,

ék = auk - (p*k (O)a

and n* is the solution of the problem
ﬂ k_ .k — 2k
T+ Ark=0,t€ (0,7); 7*(0) = £~
Theorem 4.1. (i) If axr1 = 7, Bk = E, Br41 = 0, then the condition
0 <7 < 2/(M+m) is a sufficient condition for the convergence of the
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iterative process (4.1)~(4.3). For T = T defined by (4.4) the following
convergence rate estimates are valid:

o — Fllw < erar, llo* — @ llw < cogr, lu—ub|lg < cage,  (4.9)

where g, = 1/6%,0 is given by (4.4), and the constants c;,c,,c3,cs do not
depend on the number of iterations and on the functions ¢, *, p*,o**, u,
uk k>0,

(i) If B, = E, Br41 =0, and axy1 = 11, where the parameters 73, are
defined by (4.5) and repeated cyclically with the period s, then the error in
the iterative process (4.1)-(4.3) is suppressed after each cycle of the length
s. After k = ls iterations the error estimates (4.9) ere valid with qx =
(To(8)".

(iii) If By = Cr, = E and ayy1, fr1 are defined by (4.6), then the error
in the algorithm (4.1)—(4.3) is suppressed for each k > 1, and the estimates
(4.9) hold for q; = (Tx(6))~!.

(iv) If B, = Cx = E and apy1 = 1/Dry1, Br1 = ek/prr1, where e,
Pry1 are defined by (4.7), (4.8), then the iterative process (4.1)-(4.3) is
convergent, and the convergence rate estimates (4.9) are valid with q, =
(Te(6)) .

Proof. It is not difficult to show that the iterative process (4.1)—(4.3)
is equivalent to the following iterative algorithm

ubtt = uf — gy B (Lu® — F) + Bri1 Cr(u® — u*1) (4.10)

for solving the control equation (2.11) with the right-hand side F defined
by (2.8)-(2.10).

The bounds m and M of the spectrum of the control operator L are
given by (3.2). Thus, for a > 0 for solving the equation Lu = F' we may
use the well-known iterative algorithms with optimal choice of parameters.
The theory of these methods is well developed [15]. Taking into account
the explicit form of the bounds for m and M and applying for the equation
Lu = F the simple iterative method, the Chebyshev acceleration methods
(s-cyclic and two-step ones), and the conjugate gradient method in the form
(4.10), we arrive at the conclusions of the Theorem, using the well-known
convergence results [15] for these methods.

Remark 4.1. In case ap = 1l/a, By = E, fr = 0, the iterative
algorithm (4.1)—(4.3) coincides with the Krylov-Chernousko method [16].
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‘The numerical analysis of the above-formulated algorithms has been done
in [17] for the data assimilation problem with a linear parabolic state equa-
tion. The numerical experiments are in good agreement with theoretical
results on the convergence of the iterative algorithms.
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Abstract

Several quadrilateral shape regular mesh conditions commonly used in
the finite element method are proven to be equivalent. Their influence on
the finite element interpolation error and the consistency error committed
by nonconforming finite elements are investigated. The effect of the Bi-
Section Condition and its extended version (1+a)- Section Condition on the
degenerate mesh conditions is also checked. The necessity of the Bi-Section
Condition in finite elements is underpinned by means of counterexamples.
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§1. Introduction

Quadrilateral mesh is widely used in the finite element method due to its
simplicity and flexibility. However, numerical accuracy cannot be achieved
over an arbitrary mesh, so one has to impose certain mesh conditions. There
exist several mesh conditions in the literature, which can be classified into
One is the shape regular mesh condition and the other is
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the degenerate condition. Roughly speaking, a shape regular condition
requires that the element cannot be too narrow on the one hand ((C-R);
hereinafter) and the interior angle of each vertex is neither too small nor
too close to m on the other hand ((C-R); hereinafter). The first condition
of this type belongs to Ciarlet-Raviart (C-R) [27,28]. Another two are
attributed to Girault-Raviart (G-R) [33] and Arunakirinathar-Reddy (A-
R) [11], all these three conditions aim for the optimal interpolation error
for the isoparametric element, whereas a similar condition of Z. Zhang (Z)
[68] appeared. in the study of the Wilson nonconforming element. It may
be interesting to ask whether such conditions are equivalent. One of the
main results of this paper is a strict proof for the equivalence of C-R, G-R,
A-R and Z (see Theorem 3.1 below). .

Meanwhile, there are several degenerate mesh conditions, which violate
either (C-R); or (C-R)2, and sometimes even both of them. Such degenerate
meshes are particularly effective for the finite element approximation of
some physical problems with singularities (see [5]). These conditions are
scattered in the literature, most of them are mutatis mutandis. We only
consider two degenerate conditions, namely the Jamet condition (J) [34]
and Acosta-Durans [1] Regular Decomposition Property (RDP). We will
clarify their connection to the shape regular mesh condition. In particular,
we show by means of a counterexample that RDP is necessary for obtaining
the optimal interpolation error in the H!-norm for the 4-node isoparametric
element, thereby we solve the open problem proposed in [1).

On the other hand, the Bi-Section Condition or its extended version
(1 + a)-Section Condition are two mesh conditions which quantify the de-
viation of an arbitrary quadrilateral from a parallelogram. These two mesh
conditions are used to estimate the consistency error of the Wilson noncon-
forming element [54] as well as the interpolation and consistency error of the
nonconforming quadrilateral rotated Q; element (NRQ;) (see [40,42,46]),
and the interpolation error of the lowest-order Raviart-Thomas element
(RTjg)) (see [61,43]). Siili [58] proved that the Jamet degenerate mesh
condition plus the Bi-Section Condition actually imply the shape regular
conditions when the mesh diameter approaches zero. We show that the
requirement of the Bi-Section Condition in Siili’s result can be replaced by
the even weaker (1 + a)-Section Condition.
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The necessity of the Bi-Section Condition for the optimal consistency
error of the Wilson element is illustrated by Z. Shi [54] with a counterex-
ample. Likewise, P. Ming [40] showed that this is also true for the NRQJ
(see §6 for the definition). We will propose a series of counterexamples to
demonstrate that the Bi-Section Condition is also necessary for the opti-
mal interpolation error of NRQ; and RT(g). All these facts substantiate the
necessity of the Bi-Section Condition in the finite element analysis.

We mainly focus on the 4-node isoparametric element, two low-order qua-
drilateral nonconforming elements, i.e., the Wilson and NRQ; elements,
and the quadrilateral RT[o) element. Moreover, only 2-D mesh is taken
into account (see [67], for some other isoparametric elements and [31,53] for
3-D). We only consider the finite element approximation for the coercive
elliptic problem, the non-coercive problem is more involved and will be
addressed elsewhere (see also [1,10] for related references.)

The remaining part of this paper is organized as follows. In §2, we state
all shape regular mesh conditions mentioned above. Their equivalence is
proven in §3. In §4, several degenerate mesh conditions are reviewed and
their connections to the shape regular mesh condition are elucidated with
the aid of the Bi-Section Condition and (1 + a)-Section Condition. The
influence of different mesh conditions on the interpolation error and the fi-
nite element error for the 4-node isoparametric element, the nonconforming
Wilson element and NRQ; element, and the RT|y) element are included in
§5, §6 and §7, respectively. Some conclusions are drawn and three open
problems are proposed in the last section.

Throughout this paper, the generic constant C is independent of the
element geometry unless otherwise stated.

§2. Shape Regular Mesh Condition

Before introducing mesh conditions, we fix some notations. For any con-
vex polygon Q with Lipschitz boundary, H*(Q) is defined as the standard
Sobolev space [2] equipped with the norm || - ||, and semi-norm | - |z,
HE(Q) is the corresponding homogeneous space. {2 will be dropped if no
confusion can occur. f, udz is defined as the integral average of u on Q.
For any vectors & = (z1,a2) and ¥y = (y1,y2), £ ® ¥ is a 2 X 2 matrix with
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elements (z ® y)i;: = z;y;. For any matrix A, ||A]| denotes its Euclidean
norm.

2.1. Geometric Facts of Quadrilateral Mesh

Let 75 be a partition of { by convex quadrilaterals with the mesh size
h: = }r{nea’])_c hx. We define hi and hy as the longest and shortest edges of K,
h

respectively. pg is defined as the diameter of the largest circle inscribed in
K. Asin Fig.1, we denote the four vertices of K by P; with the coordinates
x;. Let their edges be P;P;y, and |P; P;4| their corresponding lengths. The
subtriangle of K with vertices P;_1, P; and P,y is denoted by 7; (i modulo
4), ie., Ti: = (Pi—1,P;, Piy1). Similar to K, h; and p; are defined as
the longest edges of 7; and the diameter for the largest circle inscribed
in 7;, respectively. Denote the interior angle of the vertex P; by 6;, and
HE: = lrgfm<x4\cos 6;|. Moreover, di is denoted as the distance between

midpoints of two diagonals of K.

Fig.1

We define by P; the space of polynomials of degree no more than k, and
by Q; the space of degree no more than k in each variable.

Let K = [~1,1]? be the reference square having the vertex P; with the
coordinates &;(1 < i < 4), then there exists a unique mapping Fg(§,7) €
Qi (K) such that Fg(#;) = x;, 1 < i < 4. The Jocobian of Fg(¢,n) is
denoted by DFk (€,n) which can be split as DF g (€,n7) = DFk(0,0)+k®l,
where k: = (x1 — @2 + 3 — 24)7/4 and I: = (,£)T. The determinant of
DFk(&,n) is Jk(€,n) = detDFg(§,n) = Jo + J1€ + Jon. It can be shown
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that

Jr(€,n) = max |7i|/2, min Jx(&n) = min |T5|/2
Jnax, k(&m) 1954| il/ in k(&m) 15154' |/

and
Jo = Jk(0,0) = |K|/4, Jk(&n) > 0.

2.2. Shape Regular Mesh Conditions

We mainly concern the following shape regular mesh conditions.

(1) Ciarlet-Raviart (C-R) (see [27,28]).

Ty is regular [26, p. 247], if there exist two constants g9 > 1 and 0 <
4 < 1 such that

hK/ﬂKgoo, O<pux <pu<l. (2.1)
(2) Girault-Raviart (G-R) (see [17,33]).
Define pg: =2 lr<rxi£14 pi. Tp is regular if there exists o > 0 such that

P Lo 2.2
oy bl < o 2

(3) Arunakirinathar-Reddy (A-R) (see [11]).
Ty, is regular if there exist four constants C, Cy, C1 and v > —1 such
that

IDFx(0,0))) < Chi, |DF'(0,0))] < Chy!, Coh < Jk(0,0) < Cihk.
(2.3)

(DF'(0,0)k,1) > 7. (2.4)

(4) Z. Zhang (Z) (see [68]).
Define px: = min;<;<4 p;. Tp is regular if there exists o > 0 such that

b < 0. 2.
Iglea%hx/pK_U (2.5)

Remark 2.1. A simple manipulation yields that Cy in (2.3) can equal
1/8, which is even sharp.

§3. Equivalence of Shape Regular Conditions

In this section, we will prove that all the aforementioned shape regular
conditions are equivalent. Before the presentation, we state two lemmas for
later use.
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Lemma 3.1. [70] For e family of triangular finite elements, if the ratio
between the longest edge of the triangle and the radius of the biggest circle
inscribed into the triangle is uniformly bounded, then there exists a constant
o such that all interior angle 8k of triangles satisfies

fx > 6 > 0. (3.1)

Lemma 3.2. For any triangle K, the diameter of the biggest circle
inscribed into K is less than the shortest edge of K.

Theorem 3.1. All the forgoing mentioned shape reqular mesh conditions
(C-R, G-R, A-R and Z) are equivalent.

Proof. We only need to prove that all shape regular mesh conditions
are equivalent to C-R. The equivalence between G-R and Z is obvious. So
what we need to prove is the equivalence of C-R, G-R and A-R.

Firstly we prove that G-R implies C-R.

Given the regular condition G-R, in view of Lemma 3.2, we have

which gives (C-R); with o9 = 20.

Notice that h;/rho; < 2hk /px < 20, invoking Lemma 3.1, we see that
each interior angle of K is bounded below by 6y, which in turn implies an
upper bound for each angle with 7 — 26y, so 8y < 0; < 7 — 26, thus we
come to (C-R)2 with y = max(cosfp,|cos26p|). Therefore, C-R follows
from G-R.

We are in a position to prove that C-R implies G-R. For any triangle 7,
we have

._ 27  Hsings  (1— g2
= |PiciB| + |PPiy1| + |Pigr Piea| = 3hi = 30¢? Y
where |T;| is the area of the triangle 7; and sin8; > (1 — u?)Y/2 since

lcos ;| < p. The above inequality immediately leads to

hifps < 30 /(1 — p?)!/2, (3.3)
Let pg = 2p;,. Using (3.3), we get
_ 302/2
hi [Pk < (hic/hio)(hio [2pig) < UOE’W =0,

that is just the G-R condition.
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We remain to prove that C-R and A-R are equivalent. Firstly we show
that C-R implies A-R. The first part of A-R is easily deduced from C-
R, we omit details for simplicity. Further, a simple manipulation shows
(DFk(0,0)" k,l) = (Jk — Jo)/Jo, then

mln(g’n)ek JK(&) 77)
|K|/4

I [Jo 2 =2 min, |71 /1K) (3.4)

It is seen that
ITil > 1/205% (1~ i*)'? V1<i<4,  |K|<h.
Inserting the above two inequalities into (3.4) leads to
Jr/Jo > (1= p?)/? /0.
Let v: = (1 — u2)'/2 /02 — 1 > —1, then we obtain the A-R condition.

To deduce C-R from A-R, without loss of generality, let 77 include the
shortest edge hy. The second part of A-R implies
2(T:/IK} > min Jk(&n)/Jo 21+ 7. (3.5)
(emek
Using (3.2) and noticing that |71| < 1/2hkhy, we obtain (C-R); with o =
(4Co(1+))~!. Since the area of any triangle 7; can be expressed as |7;| <
1/2h% sin#;, so repeating the above procedure using |7;| < 1/2h% siné;
instead of |T;| € 1/2hxhg, we get sinf; > 4Co(1 + ), which implies (C-
R); with g = (1 — 16C3(1 +7)%)}/2. We complete the proof.

§4. Degenerate Mesh Condition

In what follows, we discuss some degenerate mesh conditions. As a
preparation, we introduce the (1 + a)-Section Condition.
Definition 4.1. (1 + a)-Section Condition (0 < o < 1)

dr = O(h}F®),

uniformly for all elements K as h — 0.

If dg = 0, K degenerates into a parallelogram. In case o > 0, we recover
the Condition A in [54]. In case @ equals to 1, we obtain Condition B, or
the Bi-Section Condition [54].

Angle condition is another kind of degenerate mesh condition, which is
introduced in [50] and used to measure the deviation of a quadrilateral from
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a parallelogram. Define o as
ox: = max(|T — oq|, |7 — az|).

Here o is the angle between the outward normal of two opposite sides of
K and a, is the angle between the outward normal of other two sides. We
call a mesh satisfying the Angle Condition if ox = O(hg), i.e., if ox/hx
is uniformly bounded for all elements. It is seen that 0 < ox < w, and
og = 0 iff K is a parallelogram.

Assuming that C-R holds, H. S. Chow et al (see [24, Theorem 3.2]) proved
that the Angle Condition and the Bi-Section Condition are equivalent.

Remark 4.1. Observe that the h2-parallelogram mesh condition in [32]
is actually equivalent to the Bi-Section Condition.

Motivated by the Bi-Section Condition, we define a kind of mesh which
will be shown to be quite useful for the convergence analysis of finite ele-
ments.

Definition 4.2. We call T, an asymptotically regular parallelogram
mesh if it satisfies C-R as well as the Bi-Section Condition.

Notice that any polygon can be meshed by asymptotically regular par-
allelograms with a mesh size tending to zero. Indeed, if we begin with any
mesh of convex quadrilaterals, and refine it by dividing each quadrilateral
into four by connecting two midpoints of opposite edges. As in Fig.2, the
resulting mesh is an asymptotically regular parallelogram mesh.

‘ Tt -
— SEN Eﬁf
RN ges

] T B

Fig.2
There is also another kind of method for generating such an asymptotically
regular parallelogram mesh. For example, the C2-grid in [8] which results
from a mapping of uniform grids is actually an asymptotically regular par-
allelogram mesh. This approach has already appeared in [71] (see also [25,
Remark 2.3}).

As to the generation of a shape regular mesh satisfying the (14-a)-Section
Condition, we refer to [23] for the work of Whiteman’s school.
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Degenerate Mesh Conditions
(1) Jamet condition (J) (see [34,36]).
Th is regular if there exists a constant ¢ > 0 such that

hx/px < 0.

(2) Acosta-Duran Regular Decomposition Property (RDP) (see [1]).

Tr is regular with constant NV € Rand 0 < ¢ < m, or shortly RDP(N, v),
if we can divide K into two triangles along one of its diagonals, which will
always be called d;, the other is d; in such a way that |dz|/|di| < N and
both triangles satisfy the maximum angle condition, i.e., each interior angle
of these two triangles is bounded from above by .

(3) Sili condition (S) (see [58]).

Ty, is regular if it satisfies the J condition and the Bi-Section Condition
simultaneously.

Remark 4.2. Notice that Siili’s condition was firstly appeared in the
convergence proof of a kind of cell vertex finite volume method for hyper-
bolic problems and has recently got renewed interest in the mixed finite
volume method [25].

As addressed in [36], C-R implies the J condition with o = (1—pu2)*/2 /oy.
On the contrary, the J condition allows for the degeneration of a quadri-
lateral K into a triangle since the ratio A/h can be arbitrarily large and
the largest angle of K can equal =, i.e., the J condition may violate either
(C-R); or {C-R)3. This is shown in Fig.3 below.

Fig.3
Both elements in Fig.3 satisfy the J condition since hx /px < v/2 + 1.
However, as to the left element, the ratio hx /hg = (a® + (a — b)?)Y/2/b <
v2a/b blows up as b tends to zero, which obviously violates (C-R);. As to
the right element, the interior angle ZADC = 7 — z, which approaches = as
z tends to zero, thereby it violates (C-R)2. However, not the whole (C-R),
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is violated since the J condition excludes the interior angle from becoming
too small. This fact is hidden in [58, Lemma 1] which is stated as follows.

Lemma 4.1. If T;, satisfies Siili’s condition, then for sufficiently small
h, Ty, is shape regular in the sense of C-R.

Proceeding along the same line of the above lemma, we obtain

Corollary 4.1. If 7, satisfies the J condition as well as the (1 + a)-
Section Condition, then for sufficiently small h, Ty, is shape regular in the
sense of C-R.

Notice that C-R does not imply the S condition. Indeed, considering the
trapezoid mesh as that in Fig. 6, it is seen that the S condition is stronger
than C-R. In fact, it is a strong shape regular mesh condition instead of
a degenerate one. Invoking [1, Remark 2.7], RDP(N, ) is weaker than
both the J condition and C-R, therefore it is weaker than the S condition.
Moreover, RDP(N, ) together with the Bi-Section Condition does not
imply C-R. It is due to the fact that a rectangular element which satisfies
both RDP(1,7/2) and the Bi-Section Condition simultaneously may still
have its anisotropic aspect ratio arbitrarily large.

Remark 4.3. Schmidt [51] replaced the Bi-Section Condition in Lemma
4.1 by the arbitrary smallness of the ratio dx /hx.

Remark 4.4. Zlamal [71] proposed the k-strongly regular mesh con-
dition for investigating the superconvergence of isoparametric elements.
Following the analysis of Theorem 3.1, we find that Zlamal’s 1-strongly
regular condition is actually equivalent to the S condition. Notice that the
1-strongly regular condition has already appeared in [29] but in a slightly
different form.

Remark 4.5. Braess [18,p.99, Remark 2] proposed a new shape regular
mesh condition which consists of (C-R)1, the J condition and the maximum
interior angle condition. Obviously, it is equivalent to C-R. However, due
to its superfluous complexity this new condition is not advisable.

§5. 4-Node Isoparametric Element

Denoting by @ the standard Lagrangian interpolant for the 4-node iso-
parametric element, we look for a geometric condition under which the
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estimate
lu — Qullo,x + hxlu — Qul x < Chi|uls,k

holds uniformly for K € Tp,.

In view of [1,Theorem 4.7], the optimal interpolation error estimate with
respect to the L? norm holds with a constant independent of the geometry
of K, so we only consider

|u — Qul1,x < Chrlulz k. (6.1)

Ciarlet and Raviart [27] proved (5.1) under C-R. However, C-R prohibits
the quadrilateral from either reducing to a triangle or becoming too flat.
Jamet [35, 36] derived (5.1) under the J condition which allows a quadrilat-
eral degenerating to a triangle, but not too flat. Zenisek and Vanmaele [66)
also proved (5.1). They required that the two longest sides of the element
be opposite and almost parallel, but the constant C in (5.1) depends on an
angle, which somehow is the minimum angle of the element K. Apel [4]
derived the following estimate

= Quis x < O h1]|55w”0’1{ + hg“gz—z-Vu”O,K). (5.2)
Here hy and h» are the element sizes in the direction of z; and z2, respec-
tively. Acosta and Durdn [1) derived (5.1) under RDP(N, ¢), which seems
the weakest mesh condition up to now under which (5.1.) is valid (see [1,
Remark 2.4-Remark 2.7]). One may ask whether RDP(V, ) is also nec-
essary. Acosta and Durdn put it as an open problem in [1]. The following
example shows that this condition is indeed necessary.

Counterexample

Consider an element K like Fig.4 which does not satisfy RDP(N,).
If we decompose it by the diagonal AC, then the triangles (4, B,C) and
(A,C, D) indeed satisfy the maximal angle condition since all interior an-
gles in these two triangles are bounded from above by w/2. However,
|[BD|/|AC| = 1/a which cannot be bounded by any constant as a tends
to zero. If we decompose it by the diagonal BD, a simple computation
leads to sin ZDAB = 2a/(1 + a?), so the angle ZDAB approaches 7 as a
tends to zero, thus it also violates RDP(N, y).
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Fig.4

Let u(z, y) = 2%, then |u|j x = 8a. A direct manipulation shows that

|22,

= (3a)7!, so we have

m Gull e |52l = a2

Since the diameter of K is 2, (5.1) does not hold with a constant indepen-
dent of a.

To sum up, we have the following interpolation result for the 4-node
isoparametric element.

Theorem 5.1. For any u € H%(Q), if RDP(N,v) holds, then there
exists o constant C = C(N, ) such that

|u — Qul|1,k < Chiluls k. (5.3)

Moreover, RDP(N, ) is also necessary for the validity of (5.3).
By Céa Lemma, the error bound of the 4-node isoparametric element
solution is bounded by its interpolation error, i.e.,

llu —unlly < € inf flu—vfls. (5.4)

Here

Vii={ve Hy | v, € Q(K), VKeT}
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However, the experience with triangle elements indicates that the inter-
polation error actually says nothing about the approximation error of the
finite element. When triangles with uncontrolled maximal angles are taken
into account, examples in [12] show that the approximation error grows to
infinity as the interpolation error with respect to the H'-norm grows to
infinity. However, in [6], another example shows that the finite element so-
lution converges while the interpolation error with respect to the H!-norm
also grows to infinity. So it is equally interesting to ask such question for
the quadrilateral element approximation.

§6. Nonconforming Quadrilateral Element

As to the nonconforming quadrilateral element approximation, the situ-
ation is less satisfactory. The main nonconforming quadrilateral elements
are the Wilson element and nonconforming rotated Q; element. The for-
mer is well-known in the engineering community and has a long history
(see [65]). The latter is the simplest nonconforming quadrilateral element,
and was proposed for solving the incompressible flow problem in [50] and
widely used in the software FEATFLOW [62]. It has also been applied to
the crystalline microstructure problem [37], the Chappman-Ferraro prob-
lem [38] and the Reissner-Mindlin plate bending problem [41, 45].

By Strang Lemma [57], it is common to split the finite element error into
two parts, i.e., the interpolation error and the consistency error, thus the
impact of the mesh conditions on both errors has to be checked.

For any v belonging to a nonconforming finite element space, we define
the discrete H'-norm as

1/2
ol = (3 Iolzx) .
KeTn

The interpolation error of numerous nonconforming elements can be
checked case by case. As to the consistency error, it is common to esti-
mate the following piecewise integral functional

Z Y - nvds.

KeT, 'K
Usually the nonconforming element has some sort of continuities, so to
bound the above piecewise integral functional is boiled down to the estimate
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of the following integral functional, i.e.,

lu—T(w)lloe VECOIK.

Here J(u) usually takes two forms as
j(u):Jg“(u)::][uds or J(u):jK(u):z][ udc, u € H'(K)
£ K

and J(u) = JE(u): = uw(M) in case of u € H'(K) N CO(K), where M is
the middle point of the edge £ The following lemma bounds the above
functional.

Lemma 6.1. For v € HY(K) or u € H'(K) N C°(K), and for any
£ C 0K, we have

llu = T(W)llo.e < CUEVIKN 2 hi||Vullo,k- (6.1)

Proof. In case of u € H'(K), since |[u— fz udsllo.e = infeer [ju—Cllo¢,
we have

llu = J¢ (Wllo.e < llu— Tx(Wlloe.

By a sharp trace inequality in [63, Lemma 3.2], the right hand side of the
above inequality is bounded by

IE/1 KDY (lu ~ Tre (w)llo,x + hil|Vullo k).

Since K is convex, by the Poincaré Inequality [48] we have the first term
as

lu — Tr (Wllo,x < hi /7]|Vullo,x- (6.2)
A combination of the above three inequalities yields (6.1).

When u € H'(K) NC°(K), proceeding along the same line of the above
procedure and employing the scaling trick instead of the Poincaré Inequality
on the last step complete the proof.

To be more specific, we further bound the expression C(|€]/)K|)}/2hg
appeared on the right hand side of (6.1) as Mo/ 2h}(/2 provided that the J
condition holds, where M is independent of k.

The following simple example shows that the dependence on ¢ is essen-
tial.

Counterexample

Consider an element K centered at the origin with the lengths 2h; and
2h, in the x and y directions, respectively. Without loss of generality, we
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assume that , < hy, and define o: = (h2 +h2)Y2 [pk. Letu(z,y) = 22 +y?
and £ be one vertical edge. A simple computation leads to
lu = TE)i3 e = 8h5/45,  |IVully & = 16hshy (R + hZ)/3.
A combination of these two identities leads to
lle — T (llo,e /|| Vullo,x > o*/*(h2 + h2)!/* /2+/30.
On the other hand, (6.1) gives the upper bound as
llu = T¢ (@)llo,e /I Vullo,x < Co™/?(hZ + hZ)H/*.

The above two inequalities illustrate the sharpness of the element geometry
dependence of the constant in the right hand side of (6.1). Moreover, this
example also works for the other two cases when J(u) is Jk (u) or JZF (u).
6.1. Wilson Element
The Wilson nonconforming finite element space [65] is

{veL’(Q) |voFx e P(K) VYK eTh},
where Q) (K) C P(K) C P2(K). We write P(K) = Q;(K) + B(K), where

~

B(K) contains the nonconforming part:
B(K) = Span(¢? —1,7% — 1).
There are also another two types of Wilson-like elements (see [68] for a
review).
Let IIp denote the interpolant for the Wilson element, we sum up the
interpolation results in the following theorem.

Theorem 6.1. For any u € H2(Q), if Tn is C-R shape regular, then
there ezists a constant C = C(oo, ) such that

lu = Talo + hju ~ Myl < CR2ule. (6.3)

Moreover, if u € H3(Q), Ty, is C-R shape regular and the (1 + a)-Section
Condition holds, then there ezists a constant C = C(og, u) such that

llw = Mhullo + Al — Maulli,n < CR*F*julls. (6.4)

Proof. (6.3) has already been included in {39, Theorem 1]. Notice that
P,(K) ¢ P(K), the standard interpolation argument yields (6.4).

One may ask if the shape regular condition can be relaxed in the above
theorem. There is no such result for a general quadrilateral mesh, however,
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the following result indicates that it is not hopeless at least for a rectangular
mesh.

Lemma 6.2. If Q is covered by a uniform rectangular mesh with hy(hy)
and hy(h2) in the T and y directions, respectively, then

ot s (52, +122). 6o

[, o Tl e e

Moreover, if u € H®, then
[l = Mpullo < CRPJuls, (6.7)

Ha(ugzlilhu) ”0 <cC i hjh i=1,2.
j.k=1

e
62:1:62:]‘81]5 0 (6.8)
To estimate the consistency error, we follow that in [54]. The consistency

functional can be decomposed into

z d)nvds— Z /1/;n][¢ ]{()ds

KeTn KeTh, ECOK
+ 0y / ¥on— ]11/; ][vds
KeT,,ECOK ‘
+ Z ][1/1 /vds. (6.9)
KeT,,ECOK

Lemma 6.1 bounds the first two terms on the right hand side of (6.9), thus
the J condition is needed. Moreover, in [54, Theorem 2], a counterexample
is presented to show that the Bi-Section Condition is necessary for estimat-
ing the third term on the right hand side of (6.9). Summing up and using
Lemma 4.1, we see that the asymptotically regular parallelogram mesh con-
dition is both sufficient and necessary for obtaining the optimal consistency
error, at least for the above decomposition. Moareover, the optimal inter-
polation error requires that 7y is shape regular which may be weakened
as indicated by Lemma 6.1. However, it is still unknown whether or not
the asymptotically regular parallelogram mesh is really necessary for the
optimal error estimate of the Wilson-type elements.
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6.2. Nonconforming Rotated Q; Element
Two types of the quadrilateral rotated Q; finite element spaces can be
defined as follows. Let

@13 = {qofi?l lge Span(l,x,y,:cz "y2) }
Denote 7, /P for Jg as well as JF. The finite element spaces are defined as
VP = {v e LXQ) | v, € Q,(K), v is continuous regarding TP (Y,
and the corresponding homogeneous spaces as
Vol = {v e VP | 727 (0) = 0, if € C 00}

A global interpolation operator m, is realized by the forgoing local in-
terpolation operator ._7;/", Le., Thy = Ja/p VE C OK. We have the
following interpolation result for .

Theorem 6.2. [50, Lemma 1] For any u € H>*NH}, if Ty, is C-R shape
regular, then

llu — whullo + hllu = mpulli,n < Ch(h + on)llullz- (6.10)
Here C' depends on oo and p.

As a direct consequence of the above result, we have

Corollary 6.1. For any u € H® N H}, if the (1 + «)-Section Condition
holds, then

llu — mhullo < CrAM*{lull:. (6.11)

Here the constant Cy is independent of the geometry of K € Ty. If Ty, is
an asymptotically regular parallelogram mesh, then

llu = maulli,p < Cohljulls. (6.12)
Here Cy depends on go and p.

By Theorem 5.1, RDP(N, 1) is sufficient and necessary for obtaining the
optimal interpolation error for the 4-node isoparametric element. One may
ask whether this is the same for the NRQ; element. The following lemma
and a counterexample give a negative answer.

Lemma 6.3. If ) is covered by a uniform rectangular mesh with hy(h1)
and hy(hy) in the z and y directions, respectively. Then for u € HZnH;,
we have

||w— mhullo £ C Z hih; “c’ixzamj “ (6.13)

i,j=1
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|u — mpul1,n < Ch(1 + 0)|ul2. (6.14)
Here o is the anisotropic ratio which is defined by o: = max(hg /hy, hy/hs).

Proof. (6.14) is included in [42, Theorem 2.1], from which we get (6.13).

We adopt a counterexample in [42] to show that the anisotropic ratio o
appeared in the right hand side of (6.14) is essential.

Counterexample

Consider an element K centered at the origin with the lengths 2h, and
2h, in the & and y directions, respectively. Without loss of generality, we
assume that hy < h;, and define the anisotropy ratio as o: = hy/hy. Let
u(z,y) = 22%, then |uf] = 64hshy. As to this u, we can verify that
|u — wpul? g = 16A3hy (1 + 0%)/3, therefore

lu — mhuly,k/ule,x = ((1+0%)/3) 2R, /2.
So (6.14) cannot hold with a constant independent of the anisotropic ratio
.

Notice that the asymptotically regular parallelogram mesh condition is
sufficient for the optimal interpolation error for the NRQ; element, the
following counterexample shows that the Bi-Section Condition is also nec-
€8sary.

Counterexample

Consider the element K as that in Fig. 5. Let u(z,y): =1/(1+ ). It is
seen that

luls x < 4 K| =8(2 - a)hk. (6.15)

A simple manipulation shows that

llu—mnull§ x = /K hi(1—a(1+n)/2)(1+€)(ahkén/2+O(h%))* /£ (€, n) d,
where f(£,n) is defined as
FEm): = (L +hx)? 1+ (1 - 0)hk)* (1 + (2 - a)hk)?
(1+ (L —a(l+n)/2)(1+ Ehx)*.

Notice that 0 < a < 1, so [f(£,n)| < 36, thus a combination of the above
two identities yields

Ju — 7rhu||(2),K > a’hi /648 + Oh%), (6.16)
which together with (6.15) leads to
llw — maullo,x/|ulz x> V2ahi /18 = V2dk /18. (6.17)
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Proceeding along the same line, we obtain

‘ “ u—m,u)
[u=muh 0K > (V3/36)dk /hk.  (6.18)
[ule, Kk [ul2, K

The above two inequalities clearly show the necessity of the Bi-Section
Condition for the optimal interpolation error bound of the NRQ; element
with respect to both L2-norm and H'-norm.

(0,2h_K)

(2(1-a)h_K,2h_K)

d_K=a h}

{0,0) (2h_K,0)
Fig.5

Degradation of the interpolation error will occur on real quadrilateral
meshes, particularly, on the following trapezoid meshes. Nevertheless, as
shown by Corollary 6.1, if the quadrilateral mesh is an asymptotic paral-
lelogram (see Fig.2), such degradation will not occur.

T B A
| i
F t/ I \/H
= %
ANEN S
e ENERESFSENENGRAS

Fig.6
It remains to consider the consistency error of NRQ;. As to NRQ$, the
consistency functional can be decomposed into
Z /'!/)TL ][zpn v—][v)ds.
KeTn,ECOK £
By Lemma 6.1, the J condition is needed for the optimal consistency error
estimate. As to NRQY, besides the J condition the Bi-Section Condition
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is also needed. The latter is even necessary in some sense for NRQ? as
shown in {42, Theorem 3.2]. However, for the rectangular NRQ,, a different
argument yields the optimal consistency error bound which is independent
of the J condition (see [44] for more details). We do not know whether a
similar argument works for the quadrilateral NRQ);.

The above discussion indicates that there is a convergence degradation
of the NRQ; element over a degenerate mesh. Indeed, such degradation
was observed by the numerical results in [50, 62}, both the interpolation
and consistency error commit such degradation. There are many works on
modifications of this element to accommodate the degenerate mesh (see (7,
21, 22, 44]).

To sum up, neither the Wilson element nor the NRQ; element can be
used for a degenerate mesh. Is there another kind of lower-order noncon-
forming quadrilateral element which can be used over a fully degenerate
mesh while retaining its excellent stability property simultaneously? Such
an element would be a grail for the finite element circus.

§7. RT Element of Lowest-Order

Up to now, there are only few results available to explain the mesh depen-
dence of the interpolation error for mixed elements, like R-T(z), BDFM
and BDM; et al [20].!

Wang and Mathew [64] gave the optimal interpolation error for all these
mixed finite elements over an arbitrary quadrilateral, unfortunately, the
mesh dependence is not clearly stated therein.

Raviart and Thomas [49] derived the optimal interpolation error for the
R-T element over a shape regular parallelogram. Proceeding along the
same line of [1, Lemma 4.1, Lemma 4.2], one can easily get the following
interpolation and stability estimates for the RT[g) element (see [1, Remark
4.1} and [8)) for the case when 7} is a rectangular mesh.

Lemma 7.1. If §) is covered by a uniform rectangular mesh with the
diameter hy and hy in the x and y directions, respectively, then

Isee [64, 56] for the definitions of RT[g), BDDM() and BDFMpg over an arbitrary
quadrilateral mesh.
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Ou ” (7.1)

Itz = RTw)iflo < czh |

with a constant C' independent of the ratio between hy and he. Moreover,
we have the following stability estimate
(RTu); ou;
e
Remark 7.1. As to a simple proof for (7.2}, see (8, Lemma, 5.7].
Similar to [43, Theorem 3.2], we have the following result for the quadri-
lateral RT[O].
Theorem 7.1. If T, is an asymptotically regular parallelogram mesh,
then for u € H*(div), there holds

llu — RTullo < Chlul|s, (7.3)
lldiv(e ~ RTu)|lo < Chllull s aiv)- (7.4)

1,2. (7.2)

Here the constant C' depends on oo and p.

Remark 7.2. Similar results can be found in [25, Lemma 3.2]. However,
the Bi-Section Condition is missing therein, which is actually necessary for
obtaining the optimal interpolation error. This will be illustrated by the
example below.

Similar to {43, Theorem 3.1}, we have the refined interpolation results
for RT[g) as follows.

Theorem 7.2. If T, satisfies C-R as well as the (1 + a)-Section Con-
dition, then for any u € HB(div) with B8 € (0,1), there holds

llu — RTullo < C(AP|ulgs + h%||ullo + hlldivullo),  (7.5)
ldiv(w ~ RTu)|lp < C(RP|divelgs + h*||divaullo). (7.6)

If B > 1/2, the last term in (7.5) can &e dropped. Moarover, if u € H' ()
and the Bi-Section Condition holds, we have

llu — RTullo < Chlful|s, (7.7)
lldiv(u — RTu)llo < Chldivull;. (7.8)

Here the constant C depends on oy and p.?

*The definitions of H# and HA(div) with 8 € (0,1] can be found in [3].
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Comparing Theorem 7.1 and Theorem 7.2 with Lemma 7.1, one may
ask whether the mesh conditions in Theorem 7.1 and Theorem 7.2 can be
relaxed. The following example shows the necessity of the (1 + a)-Section
Condition or the Bi-Section Condition for the optimality of the interpola-
tion error. It seems that the argument based on the Piola transform as that
in [43] and [25] is less hopeful for further relaxing the mesh condit ions.

Counterexample
Consider the element as in Fig. 5. Let u = (1,0), a simple manipulation
yields
2 ! 7’
- 2 . =2 2 / — _dn > a?h% /3. .
I = RTulf = 2ahse/2? | fmi—rmdn 2 @b /3. (79)

It is seen that
lull} x = 2(2 - a)h.
A combination of the above two inequalities leads to
llw — RTullo,x/llullik > (1/2v3)a = (1/2V3)dx /hx. (7.10)

The above example clearly shows the necessity of the (1 + a)-Section Con-
dition for obtaining the optimal interpolation error bound (7.5).

Let u = (z,0); proceeding along the same line of the above procedure,
we obtain

lldiv(u — RTu)lo x/|ldivulls & > (1/vV6)dx /hx, (7.11)

which shows the necessity of the {1 + a)-Section Condition for the opti-
mal interpolation error bounds in (7.6). Naturally, (7.10) and (7.11) also
demonstrate the necessity of the Bi-Section Condition for the optimal in-
terpolation error bounds in (7.7) and (7.8), respectively.

§8. Copclusions and Open Problems

In this paper, some commonly used shape regular mesh conditions are
proven to be equivalent and their connections to some degenerate mesh
conditions are also clarified.

We have checked the influence of mesh conditions on the interpolation
error for the 4-node isoparametric element, quadrilateral nonconforming
element and RT|o) element. The asymptotically regular parallelogram mesh
is found to be indispensable for the successful application of either Wilson,
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NRQ; or RTg; element, otherwise, the degradation of the convergence order
will occur which is not widely appreciated, and was casually observed in
numerical experiments (see {69, §8.7] and [9]).

Before closing this paper, we propose three open problems.

(1) Is RDP(N,1) also necessary for the optimal finite element approx-
imation error of the 4-node isoparametric element for the 2-order elliptic
problem?

(2) What is the necessary and sufficient mesh condition for the conver-
gence as well as the optimal error bounds of the Wilson and NRQ; element
for the 2-order elliptic problem?

(3) What is the necessary and sufficient mesh condition for obtaining the
optimal interpolation error bounds of RT[y, BDDMy;; and BDFM?
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Abstract

This paper presents new results for strong solutions and their coincidence
sets of the obstacle problem for linear hyperbolic operators of first order. An
inequality similar to the Lewy—-Stampacchia ones for elliptic and parabolic
problems is shown. Under nondegeneracy conditions the stability of the
coincidence set is shown with respect to the variation of the data and with
respect to approximation by semilinear hyperbolic problems. These results
are applied to the asymptotic stability of the evolution problem with respect
to the stationary coercive problem with obstacle.

Keywords Hyperbolic obstacle problem, Linear hyperbolic operator,
Strong solution
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§1. Introduction

The classical obstacle problem can be formulated as the problem of find-
ing the equilibrium position of an elastic membrane constrained to lie above
an obstacle. Although, in the words of J. L. Lions, this “simple, beautiful
and deep” problem is naturally associated with partial differential equa-
tions of elliptic type, it arises in many other frameworks and in different
kinds of free boundary problems (see [3] or [10], and their references) and
it is related to variational inequalities (see [6,7]).

*Partially supported by the Project FCT-POCTI/34471/MAT/2000.
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Variational inequalities of first order hyperbolic type were introduced
in 1973 by Bensoussan and Lions [2] for the study of deterministic cases
in problems of optimal stopping time, in which their solutions can be in-
terpreted as optimal cost functions. More recently, motivated by physical
problems in petroleum engineering, some unilateral problems for scalar con-
servation laws have been considered by L. Lévi in [4] (see also [5]), where
the existence and uniqueness of weak entropy solutions are proven for quasi-
linear hyperbolic operators.

In this work we are concerned with the problem of finding a function u
defined in an open smooth domain Q C RY, such that, for a given function
¥ (the obstacle)

u>19Y ae in Q (1.1)

and, in the a priori unknown region where the solution u does not coincide
with the obstacle 1,

Hu=f ae. in {u>1} (1.2)

with a Dirichlet boundary condition in a known part of the boundary of
the domain

u=h ae on X_CaQ (1.3)

for given functions f and h. Here H is a linear first order operator, whose
principal parts determines the subset ¥_, where the boundary condition
can be imposed.

The first systematic study of the obstacle problem (1.1),(1.2),(1.3) was
done by Mignot and Puel in 1976 [8] in the framework of strong and weak
solutions of variational inequalities of first order. Their approach, which
will be followed here, is based on the general linear theory of boundary
value problems for first order partial differential equations of Bardos [1].
For linear operators the boundary condition (1.3) and the definition of X_
are well-known and their functional spaces are recalled in Section 2, where
we introduce and show the continuous dependence of strong solutions for
the hyperbolic obstacle problem (1.1),(1.2),(1.3).

Always in the framework of strong solutions, in Section 3, we extend the
Lewy-Stampacchia inequalities to linear first order operators by consider-
ing the approximation by solutions of semilinear hyperbolic problems. In
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Section 4, we show the stability of the set where the solution coincides with
the obstacle, under a natural nondegeneracy condition on the obstacle and
the nonhomogeneous term.

In Section 5 we extend to this case an estimate on the variation of the
coincidence sets associated with the dependence on the data, including
the variation of the (nondegenerating) obstacles. These results extend to
first order obstacle problems the previous theory for second order linear
operators (see [10], for instance) and can be applied to show the stability of
the solution and coincidence set to the evolution first order obstacle problem
with respect to the respective stationary one, as time goes to infinity. This
is done in the final section.

§2. The Obstacle Problem of First Order

Let @ C RY be an open domain and H be the linear first order operator
defined on Q by

Hu =b-Vu+byu = Bu+bg, u (2.1)

N
where by = bo(x) € L*(Q) and the vector field B =b -V = Y bi(z) 5‘2—,—
i=1 )

has coefficients b; € C1(Q) N W1°°(Q) and the boundary £ = 8Q is C!
piecewise in the sense of [1}], i.e., admits a decomposition where

L, ={z€dQ:b-n>0} and X_={r€d@:b-n<0}

have a finite number of C?! piecewise subboundaries of dimension N — 2.
Here n = n(z) is the outer normal vector at z € ¥ = 8Q, defined almost
everywhere. We define {(z) = [b(z) - n(z)| on £ and we introduce the
Hilbert spaces associated with the vector field B:

L3%(Q) = {ve L*Q): Bve L*Q)} and
I4(Q) = {v € L3(Q): v|s € LA(T)), (2.2)

where L3(Z) = {v: © = R| [;v?£dE < co}. We recall from [1] that the
graph norm in L%(Q) is equivalent to

ol = [|1Bv|lZ2q) + ||v”%=;(z_), (2.3)

that C*(Q) is dense in Z%(Q) and the following integration by parts formula
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holds in this space
/(b-Vu)vdx +/uV~(vb)dm=/ (b -n)uvdX. (24)
Q Q TLUD_
This framework allowed Bardos [1] to show the existence and uniqueness of
the solution w in L%(Q) of the linear first order problem

Hw=f in@Q, w=h onX_ (2.5)
under the coercivity assumption
bo(z) — %(v b)a) >8>0, VreQ, (2.6)
for any given data
feL*Q) and heLi(Z-). (2.7
Consider now an obstacle ¥ = 1(x) such that
vel}(@), v<honX, (2.8)

and introduce the non-empty convex subsets
Ky={veL*Q):v>¢y aeinQ} and K, =K,nL%(Q). (2.9)

Following Mignot and Puel [8], we consider the strong formulation of the
obstacle problem for the first order operator (2.1)

we Ky, uls. = h: /(Hu—f)(v—u)dxzo, Voe Ky (2.10)
Q

Under the assumptions (2.7) and (2.8) the existence and uniqueness of a
strong solution to the hyperbolic variational inequality (2.10) are shown in
[8]. Actually the conditions on % in (2.8) can be taken in a weaker sense,
since only the regularity 1/)~ = sup(y,w) € Z2B(Q) and 1; < hon Z_ are
necessary. Indeed, it was shown that if w and u are the solutions of (2.5)
and (2.10), respectively, then u > w a.e. in Q. So also u > ¥ and to solve
the variational inequality (2.10) in I?d, and in K 7 are equiv a lent problems,
and (2.8) is, therefore, a natural assumption to obtain strong solutions.

We also recall the property of EZB(Q) as a Dirichlet space, i.e., v*, v~
and |v| € E2B(Q) ifv e E?B(Q), which can be proved as in the Sobolev
space H'(Q). Similarly, one has, for instance, Bvt = Bv in {v > 0} and
Byt =01in {v <0}, provided v € ZZB(Q), in the almost everywhere sense.
We can also show for v € L4(Q) that

Bv=0 ae. in {z€@: v(z)=0}. (2.11)
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Here we shall use the standard notations
uVv=sup(y,v), vV=0vv0 and v =(-v)t.
We do not restrict the generality in taking
Y =0, (2.12)
since we can reformulate the obstacle problem (2.10) into an equivalent one
for the translated functions
G=u—4, h=h-9yls. and [=f-Hy. (2.13)

Indeed, (2.10) is easily seen to be equivalent to

e Ro, iy =h /(Hﬁ—f) (v—)dz >0, VveKo (214)
Q

We have the following continuous dependence estimate for strong solutions.

Proposition 2.1. Let u; denote the solution of (2.10) corresponding to
the data f;, h; and v; under the assumptions (2.6), (2.7), (2.8) fori=1,2,
respectively. Then

llui—uallzz@) < C(Ifi—Ffallez@) Hihi—hallozm_) +llvr ~¢2ll~), (2.15)
where || - ||~ denotes the norm (2.3) and C > 0 is a constant independent
of the data.

Proof. Using (2.13) we may assume ¥y = 49 = 0, for i = 1,2, We
may take v = Uy in the inequality for 4; and v = 4y in the one for~62.
Setting w = U — Uy = ug — up — (Y1 — ¥») and denoting f = f1 — fo =
fi — f2— H(%p1 — ) and b = hy — ha — (1 ~ 92)|_ we obtain

/Qwde:v S/QMdm < —g—/w dac-{———/ 7 dz. (2.16)

On the other hand, from the coercivity condition (2.6), we find

1
/wdez—/(bo——V b) dm—l—-/ (b - n) w? d%.
Q 2 pINRULIIN
>ﬂ/w dx——/w2€d2, (2.17)
which combined with (2.16) yields
5/w2dw§l/f2dx+ R eds.
Q BJg -

This implies the conclusion (2.15) by the definitions and the equivalence
of the norm || - ||~ in L2 5(Q).
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§3. An Inequality for Strong Solutions

The strong solution of the obstacle problem, solving the first order varia-
tional inequality, is also a solution to the nonlinear complementary problem

u>1, Hu—f>0 and (Hu— f)(u—9)=0 ae in Q. (3.1)

Indeed, it suffices to take v = ¢ and v = 2u — ¢ in (2.10) to conclude
the third condition from the first two. The second one, which follows from
(2.10) with v = u + w for arbitrary w € L*(Q), w > 0, provides a lower
bound for Hu. The aim of this section is to show an upper bound, extend-
ing to H the well-known Lewy-Stampacchia inequalities obtained first for
second order obstacle problem of elliptic type (see [10], for references).
Theorem 3.1. Under the assumptions (2.6), (2.7), (2.8) the strong
solution u of the first order obstacle problem (2.10) satisfies the inequalities

f<Hu< fVHY ae in Q. (3.2)
The proof of this result follows easily by recalling that fv HyY = f +
(H+vy~— f)* and the fact that u can be approximated in L?(Q) by the solution
ue € L%(Q) of the semilinear first order equation
Hu, + 0. (ue —y¥)=f+¢& in@Q, w.=h onX_. (3.3)
Here we consider for each ¢ > 0, the nondecreasing Lipschitz function
Ye: R — [0,1] defined by ‘
Je(t) =0, t<0, 9.(t)=t/e, 0<t<e and I (t)=1, t>e¢,
(3.4)
and the nonnegative function ¢ € L?(Q) given by
E=(Hy - f)T. (3.5)
We can prove the very precise approximation result.

Theorem 3.2. If u and u. denote the solutions of (2.10) and (3.3),
respectively, under the previous assumptions we have

Us € i{rw’ (36)
U >ur mQ i e>€>0, (3.7
€
”us - u“%'t!(Q) < B ”(H'Q/} - f)+”L1(Q) as €= 0. (38)

Proof. Since 9, is monotone and H is coercive, the existence and
uniqueness of u. € L%(Q) follows by the results of Bardos [1].
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To prove (3.6), we must show that u > ¢ in Q. Take z = (¢ —u.)* €
L%(Q) and note that by (2.8) we have z|y_ = 0. Since Y¢(u. — ¥) = 0
whenever ¢ > ue we obtain Hu, = f + £ > Hy if ¥ > u, and

/szd:c =/(H¢—Hu€) (¥ —u)tdz <0,
Q Q

since zHz = (¢ —u.)* H(¢) — u.) a.e. in Q. Hence, using (2.17)

OZ/Zsza:Zﬁ/zzdx
Q Q

we conclude z = 0 a.e. in Q and (3.6) follows.
A similar argument applies to z = (uz — u.)™", by using
zHz = zH(ug — u) = 2€[0:(ue — ) —e(ue —9)] < 0 in Q,
since if uz > ue, then 9z(uz — V) > Fa(ue — ¥) > Je(ue — ).
Finally, remarking that for any v € Ky we have
(1= Pe(ue — ) (v —ue) 2 [1-Pe(ue — )] (¢ —ue) 2 -,

we first obtain

[~ po-uyds = [ @1-dufu-0)@-w)de 2 —¢ [ caa
Q Q Q
(3.9)
Setting v = w in (3.9) and v = w, in (2.10), we conclude (3.8) with the
help of (2.17) for w = u, — u

ﬁ./szdx S/Qwdem :/Q(us—u)H(uE—u)dm < £/Q§dm.

Remark 3.1. The proof of Theorem 3.2 actually also shows the exis-
tence of the solution « to (2.10}, since 0 < 9, < 1 implies that the approx-
imating solution u. of (3.3) are bounded in W = {v € sz(Q): vlz_ = h},
uniformly in € > 0. Hence the lower semi-continuity of

wH/wdea: in W
Q

allows to pass to the limit ¢ — 0 in (3.9) by showing that if 4. — u in
izB(Q) then u solves (2.10). By uniqueness, which is a consequernce of the
coercivity in W, the whole sequence converges.

Remark 3.2. In [8] the existence of a strong solution was obtained with
a different approximation (see [6]) by considering the penalized problem for
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e >0,

1
Hwe—;(?ﬁ—we)"L =f in @,
with the same boundary condition w, = h on ¥. While this is a more

natural way to penalize the constraint v > 1, this method does not allow
to conclude the second inequality in (3.2).

§4. Stability of the Coincidence Set

A main feature in the obstacle problem is the presence, in general, of the
coincidence set

I={u=¢}={z€Q: ulz) = ¥(2)}. (4.1)

In the complementary set A of this measurable subset, from (3.1), we
have

Hu=f ae in A={u>¢}=0Q\ {4.2)

It is clear that, in general, I and A are measurable subsets defined up
to a null set. This is however sufficient for our purposes in this work, since
we are interested in their characteristic functions. Set

_ _ (1 if ze{u=19},
X = Xw=y) = {o if z€{u>v}

As a consequence of (4.2) and property (2.11), we may conclude that the

solution u of (2.10) solves the equation

Hu—(HY—f)x = f ae. in Q. (4.4)

This important remark allows us to include the first order obstacle prob-

(4.3)

lem in the general framework of stability of the coincidence set with respect
to perturbation of data (see [10, p.204], for the elliptic theory).

Theorem 4.1. Suppose un, and Xn = X{u.=y.} denote the solution of
(2.10) and the characteristic function of its coincidence set associated with
a sequence fr, hy, and v, satisfying (2.7), (2.8) and

fom f inL¥Q), hn—h inL}(Z.) and ¥y Y in L3(Q).
If u and x refer to the corresponding limit problem in which we assume

Hy#f ae in Q, (4.5)
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then the coincidence sets converge in measure, or equivalently
Xn—=x in LP(Q), 1<p<oo. (4.6)
Proof. We remark 0 < x <1, so that there is a function y. € L®(Q),
0 < x« €1, and a subsequence
Xn = X« In L™(Q)-weak*.
By Proposition 2.1, we know that
up, 2 u in L*(Q),

and, from remark (4.4) for u,,

Hup, — (HYn ~ fo)Xn = frn  ae in Q.

So we may pass to the limit and obtain

Hu—(HY - filx« = f ae in Q. (4.7

Comparing (4.7) with (4.4) and using the assumption (4.5) we immedi-
ately conclude

Xx = X = X{u=y}s
i.e., the whole sequence converges y, — X first weakly in LP(Q) and, since
they are characteristic functions, also strongly for any p < co.

Remark 4.1. As a consequence of Theorem 4.1, we can immediately
conclude also that u, — w in ZQB(Q)—strong under the assumption (4.5),
which however is not necessary, as we shall see in Theorem 5.1.

On the other hand, we know that u is approximated by the solution u,
of (3.3), i.e., we have

Hu.—(HY-f)T¢. = f in Q, (4.8)
where we set
0<g¢g=1-"0(u—¥) < xes <1 aein Q. (4.9)

Here we have introduced y. as the characteristic function of the “ap-
proximating coincidence set”

I = {z€Q: %(a) < uela) < P(a) +<}.

To prove (4.9) it is sufficient to recall the definition of J;: since u. > ¢
always, if u.(z) > ¥(z) + ¢ (i.e. x.(z) = 0), then ¢.(z) = 0.
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As € — 0, we may consider subsequences such that
g =~ q and X, — xx in L*(Q)-weak* (4.10)
for some functions q and y. such that
0<g<x <1 aein Q. (4.11)
From (4.8) we find
Hu—-(Hy~fitq=f in Q. (4.12)
In the coincidence set I = {u = 9} we have Hu = H1 a.e. and, if we
assume H1) # f, from (4.12) we must have ¢ = 1 in I, since we have always
Hu > f by (3.1). Therefore the nondegeneracy condition (4.5) implies
g2 X= X{u=y} ae in Q. (4.13)

But the definition of ¢, and (4.10) with the convergence of u, — u in
L?(Q) yield as € = 0,

0= (ue—9-6)"¢g —~(u-9)*"g=0,
and this implies ¢ = 0 if u > ©, i.e.,
<X = X{u=y) ae in Q. (4.14)
Then (4.11), (4.13) and (4.14) imply
4= X« =X = X{u=y}- (4.15)
By (4.9) we remark ¢2 < ¢. and from

/q=1im qszliminf/qﬁz/q2=/x
Q e—0 Q e—0 Q Q Q
we may conclude the strong convergences as € = 0

X: *+x and g = x in LP(Q)-strong, Vp < co.

Then (4.8) implies also Hu, — Hu in L?(Q)-strong, and we have proven
the following result on the strong approximation of the first order obstacle
problem by solutions of semilinear hyperbolic problems (3.3).

Theorem 4.2. Let u. and u denote the solutions of (2.10) and (3.3)
respectively, under the nondegeneracy assumption (4.5).

Then, as € — 0, we have

ue »u in LE(Q)-strong
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and
21_1;%[1 - 196(“5 - 'l/")] = gl_% X{¢p<ue<v+e} = X{u=y)

for the strong topologies of LP(Q), Vp, 1 < p < co.

Remark 4.2. We observe that here the nondegeneracy assumption
Hy # f ae in Q is required, as in Theorem 4.1 on the stability of the
coincidence sets. Analogously Theorem 4.2 yields a stability in Lebesgue
measure of the approximation of the coincidence set {u = %}, i.e., we have

{¢ <ue <yp+¢e} = {u=1} in measure.

§5. An Estimate on the Coincidence Set
Let B > 0 be the constant of (2.6) and a > 0, such that
SV D@l <o Vzea
Denote by S the monotone graph corresponding to the sign function,
ie.,
St)y=1ift>0, St =-1ift<0 and S(0)=[-1,1]

Lemma 5.1. For any w € EzB(Q) and any measurable function s such
that s(z) € S(w(z)), a.e. z € Q, we have

/ s Hwdz > (B—a)/]wld:c —/ || £ (5.1)
Q Q T
Proof. By the property (2.11), we remark that we have

s Hw = sign(w) Hw a.e. in Q, (5.2)

where sign(t) = 1if ¢t > 0, sign(¢t) = —1 if ¢ < 0 and sign(0) = 0. Hence
it is sufficient to prove (5.1) with s replaced by sign(w), which can be
approximated in L?(Q) by the sequence of functions ss(w) € L%(Q), where
s5(t) are smooth functions approximating the sign, such that |ss(¢)| < 1,
s5 >0, s5(0) =0 and s5(t) — sign(t) asd > 0fort € R

Integrating by parts and setting m;(t) = fot s5(T) dT we have

/s;;(w)dez :/[b055(w)w+b-Vm5(w)]dx
Q Q

= /[bo ss(w)w — (V - b) ms(w)] dz +/ (b - n) ms(w) dX.
Q

pINRE) I

(5.3)
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Noting that ms(w) — |w| in L?(Q) and in L3(Z) as § — 0, from (5.3)
we obtain

/ sign{w) H(w) dz
Q

:/Q[bo_(v.b)] |lw| dz +/ (b n)|w|dx

pIFRE) >

z/Q[bo—%(V-b)] lw|de — %/Q(V-b)[wlda:+/E_(b-n)|w[d2

> (8- a) /Q|w|dz - [ fujeas
and (5.1) follows from (5.2).

Remark 5.1. If 8 > « or if we assume instead

bo(z) =V -b(z) >0 ae in Q, (5.4)
the estimate (5.1) reduces to
/ sHwdz > —/ [w| £dE, Yw e LL(Q), (5.5)
Q _

provided s(z) € S(w(z)) ae. z € Q.
These estimates may be used “to measure” the stability of the coinci-
dence set in the nondegenerate case.
We recall the Lewy-Stampacchia type inequality (3.2) in the form
0< Hu—f < (HY—-f)* aein Q
and, recalling that the solution u of the obstacle problem also solves the
equation (4.4), we have ¢ = ((u) > 0, where
(= Hu—f = (HY~ ) Xu=y} = HY = ¥ X{u=y}- {5.6)
Lemma 5.2. Let u; for i = 1,2 denote the solution to (2.10) for data
fi, hi and 1 under the assumptions (2.6),(2.7), (2.8) respectively and set
¢ = ((u;). Then
¢ — Gz < Crlfi =2l + 1k = hall iz y + 11— ¢2ll~), (5.7)
where C; > 0 is a constant independent of the data.
Proof. As in Proposition 2.1, by using the translation argument, we

may assume t; = 15 = 0 without loss of generality.
From (5.6) for ¢ = 1,2 we obtain

G—C =Hu—w)—-(fi—-fi) aein Q. (5.8)
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We define almost everywhere in () the measurable function s by

-1 on {uy <wu}U{(a < (1},
s(z) =40  on {ur =w}n{G =0} (5.9)
1 on {U1 >U2}U{C2>C1},
and we observe that s € S(u; — ug) a.e. in Q. Indeed, if (o > { > 0,
by (5.6) and (3.1) we have up = 0 and the subset {up > u1} N {¢1 < G}
cannot have positive measure. Similarly the same conclusion holds for
{us < u1}N{¢ > (2} and s given by (5.9) is a.e. well-defined.
Multiplying (5.8) by s and using (5.1) with w = uy ~ uo, we obtain

[ 16~ qlds
Q
:/Q(C2~§1)sdm = —/Qusda: +/Qs(f1—f2)dm

< (a—ﬂ)/@lul—uzrdwfz Ihy — ol £d5 +/Q!f1 ~ hlds

and using the estimate (2.15) we easily conclude (5.7).
Remark 5.2. Under the assumption (5.4) (or if @« < ) when ¢ =
1, = 0, we may improve the estimate (5.7) by exactly the simpler one

6t = Gl < I = felleyg) + b = hellLiz_y, (5.10)
as a simple consequence of Remark 5.1 and the above proof.

As an immediate consequence of (5.7) we have the strong continuous
dependence in fﬂB(Q) of the first order obstacle problem with respect to
the data.

Theorem 5.1. If we assume in the obstacle problem (2.10)

for [ inL*Q), ho—h inL}(S2) and ¥n o9 in LE(Q),
the respective strong solutions satisfy the strong convergence
un = u  in L3(Q).
Perhaps a more interesting consequence of (5.7) can be obtained, exactly
as in the elliptic theory of [10], for estimating locally the Lebesgue measure

of the variation of the coincidence set associated with different data, under
the local nondegeneracy assumption in an arbitrary measurable subset O C

Q:
fi—HYr <-A<0 and fy —H¢<-A<0 aeon O (511)
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For the coincidence subsets I; = {u; = ¢} and I = {uz = 92} we
denote by + the symmetric difference

L+, = Il\IQUIQ\Il,

where A\B = AN B€ as usual.
Theorem 5.2. Under the assumption (5.11), we have

C
meas( (L +)NO) < (1A= falluz) + b = hallzzs_ ) + s — vall)
(5.12)
Proof. It suffices to remark from (5.6) that (5.11) implies
AMX{ur=v1} = X{ua=y2}| < IG1 = (2| aein O
and, using (5.7), (5.12) follows from

1
meas((l; + [,)NO) = /O‘X{ulzwl} =~ X{uz=y»} 4% < X 161 = Gallzr(@)-

Remark 5.3. Under the additional assumptions (5.4) and ¥, = 4, =0,
(5.12) reduces to

meas(O N ({Ul =0} +{uz =0})) < %(“fl = fallzy@) + 11k = hallnys_))-

§6. The Stability of the Evolution Problem

In this section we set @ = Qx]0,T[, T > 0, and %' = 992x]0, T, with
the assumptions of Section 2 and where § C R® with N = n + 1.

Then £ =0Q =X UQU Q7 (U = x {k}, k=0,T) and we redefine
T= (21, ,2,) €Q,zny =t €[0,T], b; = a;, i = 0,1,--- ,n, and we set
by = 1. Then the first order evolutionary operator becomes with 8, = 8/9t:

Huy = diu+a-Vu+au = Su+ Au,
where the coefficients a;, i = 1,--- ,n belong to C1(Q), ao € L*(Q) and
may depend on t but do not satisfy necessarily the coercivity assumption
(2.6). We still define £ = £(z,t) = | Y. nia;(z,t)| along ¥', with the exter-
’i:l
nal normal n to 2, and analogously the norm of L%(Q) is given by (2.3),

where now
”U”ig(z_) = |lu(e, 0)132(0y + ||“1>:’_|[2L§(2'_)

since ¥_ = Qo U X', with ¥’ = {(,t) € £: a(z,t) -n < 0}.
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The strong formulation of the evolutionary first order obstacle problem
can now be rewritten in the form

uel?,/,, ulyr uge = h: /(3,«,u+Au—f)(v—u)dxdt >0, VveKy.
Q

(6.1)
Here K, and K, are given also by (2.9) and
hlgr =g€ LX) and hlg,=uy € L*() (6.2)
for g = g(z,t) and up = uo( } compatible with the obstacle in the sense of
(2.8).
It is clear that all the results of the preceding sections still hold for the
solution of {6.1) as a consequence of the following proposition.
Proposition 6.1. Under the preceding assumptions (2.7), (2.8), (6.2)
the unique strong solution of (6.1) satisfies the estimates (2.15) and (3.2).
Proof. If the operator H = 8, + A does not satisfy the condition (2.6),
we consider a constant 4 > 0 such that, for all t € [0, T,

1
,u+ao—§(V-a)_>_ﬂ>0, Vze. (6.3)
Setting u = e#! 4 it is easy to see that 4 solve the coercive problem

deKj dlyun,=h: / (Bii+ AL+ pii— f)(v—@)dwdt > 0, Wv € K
Q

with f = e # f, h = e™#* h and ¢ = e ¥ 9, for which all previous results
apply.

When Q is a cylinder, we may use the integration by parts formula (2.4)
in a subset Q¢ = Ox]o,t[, 0 < ¢ <t < T, in the following form for any
weLB (Qse) and XA € R:

//w(Btw+Aw ’\tdzdt —// ao——V a— ) w? er dzdt

+ -2--/(7 /m(a~n)w2 e’\‘d‘rdl"-i-i/n[wz('r)e T — w?(0) e da. 64

In order to consider the stability of the evolutionary problem as ¢t = co
we need to consider first the corresponding stationary problem in Q.

We shall assume from now on that the coefficients of A are time inde-
pendent, i.e.,

ai=ai(z) €C'(Q), i=1,---,n, and ap=ao(zr) € L®(N), (6.5)



248 J. F. RODRIGUES

and coercive, i.e., satisfying (6.3) with u = 0.
Decomposing I' = 9 as in Section 2, we set ' = {u € 0Q: a-n < 0},
{(z) = |a(z) - n(z)| and we consider the Hilbert spaces

L3(Q) = {v e L3(Q): Av € L*(Q)}
and
L3(Q) = {v € L4(): v[r € LI(ID)}
and we also consider in Z?‘l(ﬂ) the norm
ol = NAvllizi) + loliZzr)- (6.6)
For the stationary problem, we assume
fe € L*(Q), gg € Ly(T-) and vy € L4(R) with ¢ < gy onl_,
(6.7)

and we consider the convex sets
Ky,={veLl’(Q): v>1yy ae inQ} and Ky, =Ky, N L4(Q).
(6.8)
Under the coercivity assumption (6.3) with g = 0 all the results in the
previous sections also apply to the first order stationary problem:
Uy € R{b#’ U#Ip_: g /(Au# - f#) (v —u#)dm >0, VYve K:,[;#'
Q
(6.9)
Let, for t € [0, 00|,

t+1
£(t) = / {/Q F(T) = falP dz + / |g(r>—g#|2edr}dr, (6.10)

n(t) = / m{ /Q @+ A v(t) - A¢#[2dz + /F LOE w#lzédl‘}dr-
(6.11)

Theorem 6.1. Assuming (6.5) and (6.3) with p =0, if £(t) +n(t) = 0
as t = oo, then the solution u(t) of (6.1) is asymptotically stable in the
sense

u(t) = ug in L) as t — oo, (6.12)

where uy is the unique strong solution of (6.9).
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Proof. Using the translation argument we may assume that ¢y = ¢4 =0
without loss of generality, since the assumption (6.11) reduces to (6.10) for
the corresponding translated data.

Since u(t) and uy satisfy the complementary problem (3.1), by integra-
tion in  first and, afterwards multiplication by e, we easily obtain for
w(t) = u(t) —ug and 7 > o > 0,

/;/Q w(Gw + Aw) ePtdrdt < /UT/Q w((0) _f#)eﬁt drdt

T 1 T
<5 / /Q W M dadt + o / /Q () — Fal? e dodt. o

On the other hand, using the formula (6.4) with A = § and neglecting the
nonnegative terms, by (6.3) with u = 0, we obtain

//w(@tw+Aw)eBtdzdt
T JQ

ﬁ T 1 T
> —2—/ /w2eﬁtdxdt - 5/ / w? Pt L4 dt (6.14)
c JQ o JT_

1
+ - / [w?(1) efT — w?(0) A7) dz.
2Jq
Hence, combining (6.13) with (6.14) we have for all 7 > ¢ > 0,
eBT/w2(7') dz - eﬂ"/wz(a) dz
Q Q

T l — 2 _ 2 Bt
s/a{ﬁfglf(t) fal? de +/F_|g(t) g4l edr}e d, o

which implies the estimate for all £ > 0, o > 0:

/ lu —ugl? (¢ +10) dz < e_ﬁt/IU—U#lz (to)dz + Cg  sup £(7),
Q Q to<T<t+to
(6.16)
where 8> 0and Cg = (1V 5) [1+ (1 —e™#)7"], by well-known results (see
Remark 6.1, below).
From (6.16) with ¢, = 0 we obtain first that u — uyg is bounded in
L®(0,00; L3(Q)) and, afterwards, that £(t) — 0 as ¢ — oo implies the

conclusion

[|u(t) — U#”Lz(g) —0 as t— +o0.
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Remark 6.1. This type of global behaviour of solutions is similar to
other nonlinear evolution equations (see, for instance, [9]), in particular, in
monotone parabolic variational inequalities. The passage of (6.15) to (6.16)
follows by the elementary standard estimate (after changing variables)

¢
/ o(to + s) PN ds
0

n-l okt .
= Z / ‘P(to -+ S) 6~B(t—-3) ds + / (P(to + S) e—ﬂ(t—s) ds
k=0 vk n

-1 n—1
s M, (:Z e P + 1) < Mt(z1 e 9P+ 1) = MJ[(1-e?)7! +1],

where M; = sup £(7) and €(t) = :H @(7)dr as in (6.10).
t<r<t+tp
As in Section 4 we can also show that (6.12) with the nondegeneracy

condition (4.5) for the stationary problem yields the asymptotic stability
of the coincidence sets.

Theorem 6.2. Under the assumptions of Theorem 6.1, let the condition
(4.5) be fulfilled for ¢% and fg. Then, if x(t) = X{ut)=y)} and xz =
X{ug=y,) denote respectively the characteristic functions of the coincidence
sets of the evolutionary and the stationary problems (6.1) and (6.9), we have

x(t) 2> xg in LP(Q), 1<p<oo ast— oco. (6.17)

Proof. We can argue as in the proof of Theorem 4.1, by passing to the
limit ¢ — oo in the equation for u = u(?)

Hu—- (HYy—f)x=f ae , t>0, (6.18)

in the sense of distributions, by noting that u(t) — ug in L2(Q) implies

Byu(t) — 0 in a weak sense. Here we can use the argument of Lions (see [6],

p-509) for the translated functions w(t) = u(t) — ¥(t) and wy = uy — Yy,
by noting that W(t) = w(t) — wg — 0 as t = oo in the sense

t+1 1
/t l&()1F2() dr = /0 (o + t)|[32)do — O.

Then the argument of Theorem 4.1 shows first that, if we denote by
X € L*°(0,00; L*°(0, 1; L>=°())) the function

x(t): 10,1[30 — x(o+1t) € L=(0,00; L>(£)),
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we obtain from (6.18) that as t = oo

X(t) = xg = xg first in L%(0, 1; L (Q))-weak*,

and, since they are characteristic functions, also strongly in L?(0, 1; LP(Q))
for any 1 < p < oo, which yields (6.17).
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Abstract

Consider any traveling wave solution of the Kuramoto-Sivashinsky equa-
tion that is asymptotic to a constant as £ — +o0. The authors prove that
it is nonlinearly unstable under H! perturbations. The proof is based on
a general theorem in Banach spaces asserting that linear instability implies
nonlinear instability.
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§0. Introduction

The Kuramoto-Sivashinsky equation
Ut + Uggpr + Ugy + UUL = 0 (01)

was derived by Kuramoto [2] as a model describing phase turbulence in
reaction-diffusion systems and independently by Sivashinsky [3] as a model
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of flame propagation. There are many numerical and some theoretical re-
sults showing that some of its solutions engage in very complicated dynam-
ical behavior,

A traveling wave solution u = @(z — ct) satisfies, after one integration,
the third-order equation

PG 5o - = k 02)
where k is a constant. A special case is a steady state ¢ = 0. This ordi-
nary differential equation has been studied extensively. Numerical studies
[6 — 20] indicate the existence of heteroclinic and homoclinic orbits, as well
as periodic and quasiperiodic solutions. Theoretical results include the ex-
istence of periodic solutions and heteroclinic orbits [4,5]. In particular,
Troy [4] proved that if & = 1, there exist at least two distinct odd solutions
of (0.2) such that ¢(z) = ¢ F V2 as £ — +00. He conjectured that there
are an infinite number of different ones. Furthermore for k # 1 there are
probably many others.

In this paper we consider any traveling wave solution w(z — ct) of (0.1)
that approaches a constant as £ — 4+00. Then we consider solutions u(z, t)
of (0.1) with initial data u(z,0) arbitrarily near ¢(z) in the H*(R) norm.
We prove that there exist such solutions that do not remain near p(z — ct)
in the H'(R) norm at some later times. The instability of the traveling
waves is a hint of the complexity of the dynamics of (0.1).

Our proof is based on the principle of linearization. We prove that the
essential spectrum of the linearized generator meets the right half-plane
and thus generates modes e** with R\ > 0 (Lemma 2.1). Then we invoke
a general theorem that asserts that linearized instability implies nonlinear
instability (Theorem 1.1).

Theorem 1.1 is a slight generalization of an earlier theorem [1] concerning
nonlinear semigroups in a Banach space X. In the present case we have
two Banach spaces X C Z, the linear semigroup is smoothing {mapping
Z into X), while the nonlinear term loses regularity (mapping X into Z).
The gain and loss of regularity compensate for each other.
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¢1. The Abstract Theorem

Consider an evolution equation
du
—=Lu+F 1.1
= Lu+ F(u) 1)
where L is a linear operator that generates a strongly continuous semigroup

etL

on a Banach space X, and F is a strongly continuous operator such that
F(0) = 0. We focus on the instability of the zero solution of equation (1.1}.
About such a problem, the following question was addressed in a previous
article [1].

If the spectrum of L meets the right half-plane {RX > 0}, does it follow
that the zero solution of (1.1) is nonlinearly unstable?

Here, the zero solution is called nonlinearly stable in X if for any € >
0 36 > 0 such that |lup|lx < & implies that the unique solution u €
C([0,00); X) of equation (1.1) with u(0) = ug satisfies 0<S;1p [|lu(®)|lx < e

<oo

Otherwise, it is called nonlinearly unstable.

In (1}, the authors considered the whole problem in only one space X,
that is to say, the nonlinear operator maps X into X. However, many
equations possess nonlinear terms that include derivatives and therefore
F maps into a larger Banach space Z. If, therefore, the linear part is
smoothing, mapping Z back into X, then we can recover the nonlinear
instability as before. This is the content of the following theorem.

Theorem 1.1. Assume the following.

(i) X, Z are two Banach spaces with X C Z and |[u]lz < Cilju|lx for
ue X. '

(ii) L generates a strongly continuous semigroup etl on the space Z, and
the semigroup et’ maps Z into X for t > 0, and fol llett|lzox dt = Cy <
0.

(iii) The spectrum of L on X meets the right half-plane, {RA > 0}.

(iv) F: X — Z is continuous and 3pg > 0,C3 > 0,a > 1 such that
I1E(u)llz < Callull% for |lullx < po.

Then the zero solution of (1.1) is nonlinearly unstable in the space X.

Remark 1.1. If Z = X, the theorem reduces to the theorem in [1].

To prove the theorem, we need the following two lemmas cited from
[1). For brevity, the proofs of the lemmas are omitted. The first lemma
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asserts the existence of an approximate eigenvector v corresponding to an
eigenvalue of maximal growth.

Lemma 1.1. Let the spectrum of e* on X be denoted by ox(e’). Let
e* € ox(el) such that |e*| equals the spectral radius of e¥ on X. For every
n > 0 and every integer m > 0, there exists v € X such that

(€™ — e™ollx < nlvllx, (1.2)
lletfv||x < 2Ke®Mjollx, ¥t 0<t<m, (1.3)
where K = sup{||e?L||x_x : 0 < 8 < 1} and RX means the real part of ).

The second lemma asserts that the whole semigroup grows at approxi-
mately the same rate as the eigenvalue.

Lemma 1.2. Under the assumption of Lemma 1.1, for all € > 0, there

exists a constant C. so that for all 0 <t < oo we have

RN < [l ]lxox € Ceel®MN,

Proof of Theorem 1.1. If u € C([0,T); X) (T < o0) is a solution of
(1.1) with initial data u(0) = v € X, then it formally satisfies the associated
integral equation

t
u(t) = etlv + / P (u(r)) dr, 0<t<T. (1.4)
0

We are going to prove that there exists a universal constant ¢g > 0 such
that sup |ju(t)||x > €0 no matter how small ||v}|x may be.
0<t<T

"Let us first define some quantities used below. Let

p=e (1.5)
as in Lemma 1.1. Choose
€= _(_61_2_1)723 (1.6)

and C. as in Lemma 1.2. Let Cy = ||eX||z-x. Define k by
1 yer 2C.Ch

a—1 _. a ettt S S

B = 20y 2K + 2|,u]] [(a “DORA

Let & be free to remain arbitrarily small within the interval (0,dp) with

e RA | 04]. (1.7)

5OEmin{k1—,1,B2£ . (1.8)
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Let T* be the integer in the interval (b,b + 1] where

1
b=1In (@)/mm > 0. (1.9)
Note that (1.5) and (1.9) imply that
1 _ s mra o 4
- <= 1
. < de <5 (1.10)

and T* is dependent on § as well as on u and k. We may assume that the
zero solution is stable. Thus there exists ¢’ > 0 such that if ||v||x = § < ¥,
then there exists a unique solution u € C([0, 00); X) of the integral equation
(1.4). Let v be given by Lemma 1.1 with m = T* and 5 = J;, we take
llvllx = 8. Now define

L SeRAT
T = sup {t :Hu("') —€ 'U”X < W and
lu(m)llx < %‘l for 0<r<t}. (1.12)

Clearly T > 0. By (1.4) we have, for 0 < t < min{T™*, T},
t—1
llu(t) — eFollx < / €@V x o x NPz x |1 F(w()lz dr
0

+/t e z0x  I1F(u()))lz dr. (1.13)
t

-1

Taking € = gﬁ—;—l)-R)\ in Lemma 1.2 and using the assumptions of the theo-
rem, we have

t—1
lu) —eFollx < [ Ce PR N0y u(r) g dr
0

t
+ / et x Collu(r)|G . (1.14)
t

-1
Within these integrals we use (1.3) and (1.12) to obtain
1
lu(llx < lle ollx + llu(r) — e vlix < (2K + m)&rm- (1.15)
Substituting (1.15) into (1.14), we have

llu(t) — ol x
1\ -3 - a—1
S CZC;;CC (2K + ——) 606—-2117?"\“_1)/ eTR’\T dr
2|y 0
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1 \@ t
+ (4 (2K + —) (50‘/ ||e(t_T)L||Z_,XeT“R)‘ dr
t

2|Ml -1
< C2C3C, (2K + i)OI(S%“—‘zﬂm\(t—l)__2__69’—;—1172)\@_1)
2|y (@ — DR
1 a
2K - o aRAt
+CiCy( +2lnl) 5%
ka~l
— 5671At o
PP
by (1.7). Then we have
: ka——l
lu(t) - etrullx < W(&emt)a for 0<t<min(T,T*). (1.16)

Now if T < T*, then we claim that [[u(T)||x > &*. Indeed, if T < T*
and [[u(T)||x < 4, then by definition (1.12) of T', we have

L §eRAT
u(T) —e' "vl|lx = . 1.17
Ju(?) = lx = 5 (1.17)
Combining it with (1.16) for ¢t = T, we obtain
RAT a—1
de < k ((SeR’\T)O‘,
20ul 7 2l
that is,
§e™AT > M, (1.18)

k
which means 7' > T* by (1.11) and leads to a contradiction. Thus the claim

is proven. Next, if ||u(T)||x # &, we have T > T*. Choose ¢ = T™* so that
by (1.11) we have

. ka—l . ka—l IP‘I a 1
* _ T*L RAT* \o NS 2
(T*) - &7 Fol|x < 2“40(66 ) < ZI/LIQ( k) —. (L19)
So
. 1
lu(T*)Ix > lle™ Fvllx — o (1.20)

2k
On the other hand, taking m = T* and n = ﬁ in Lemma 1.1, (1.2) implies

* * 1
e Eollx > e Molx = o lvllx-

Since [|le7 *v||x = €T R*||v||x and ||v]|x = &, we get by (1.11)
. . é 1 )
T Ly, > ¢RAT § _ 1_9
lem Tollx 2™ 0= > E
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Hence (1.20) implies
1 0 1 1

My > 2 12 1.21

since § < 1.
Therefore, there exists a time ¢ (either T or T*) at which
l[u(t)||x > min {ZIE tlza,
and ¢ is a universal constant independent of the size of the initial data v.
Remark 1.2. The proof shows that there exist C' > 0 and ¢, > 0 such
that for all sufficiently small positive J, there is a solution u that satisfies
[lu(0)]lx <& but

sup  |lu?)|| > €.
0<t<C| log 8}

Thus the escape time occurs logarithmically soon.

§2. Application to the
Kuramoto-Sivashinsky Equation

The Kuramoto-Sivashinsky equation in one dimension is
Vg + Uga + Vg2 + —;—(vz)2 =0, —-o<z <00 (2.1)
With u = v, it can be written as
Ut + Ugs + Upz +uty, =0, —o0 <z <00, (2.2)

If p(z —ct) is a traveling wave solution of (2.2), then ¢ satisfies the ordinary
differential equation

1
"+ -2~(Lp -0 =k (2.3)

where k is a constant. If ¢ = 0, then ¢ is a steady-state solution. Troy [4]
proved that if k¥ = 1, then equation (2.3) admits at least two odd solutions
satisfying

lim o(z) =c— V2, zli)riloo o(z) =c+ V2.

r—00
The goal of this section is to prove the following theorem.
Theorem 2.1. All the traveling waves p(z — ct) of the Kuramoto-
Stvashinsky equation satisfying ¢ € L°(R), @z, 02z € LER) and ¢ —
by € L%([0,00)) are nonlinearly unstable in the space H'(R).
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This means that there exist positive ¢; and Cy, a sequence {u,} of solu-
tions of the K-S equation, and o sequence of times 0 < t,, < Cplogn such

that ||un(0) - (p“Hl(R) - 0 but “un(tn) — (-~ Ctn)”Hl(R) > €.

If p(z — ct) € H'(R) is a traveling-wave solution of the K-S equation

{2.2), then letting w(z,t) = u(z,t) — ¢(z — ct), we have

wy + wya + Wz + QW + pow +ww, =0, —oo <z < 00, (2.5)
with initial value

w(z,0) = wo(z) Bug(x) — (). (2.6)

So the stability of traveling-wave solutions of (2.2) is translated into the
stability of the zero solution of (2.5). In order to prove Theorem 2.1, taking
Z = L*(R), X = H'(R), we need to prove that the four conditions of
Theorem 1.1 are satisfied by the associated equation (2.5).

Denote the linear partial differential operator in (2.5) by L = —(82 +
02 + 8y + ;) = Lo — [(p — by)0: + @,) With Lo = — (8% + 82 + b1.0,).
Then (2.5) may be rewritten in the form (1.1),

wy = Lw + F(w), (2.7)
where F(w) = —ww,. Note that F maps H'(R) into L?(R) and satisfies
1Pz < ol

This proves Condition (iv) of Theorem 1.1 with C3 =1 and o = 2.

To prove Condition (ii) in Theorem 1.1, we need the following two lem-
mas.

Lemma 2.1. Let Ly = —(85 + 02 + b40;) for any real constant by,
Then

“etL‘o”Hm__)Hm < 8% fOT‘ m € R, 0 <t < oo, (28)

let“llzomm < alt) =467 for 0<t<1 29)

Proof. We write u(z,t) = etfeug(z). By Fourier transformation,

a(e,t) = e—t(£4—52+ié)ﬁ0(€)_
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It = | (L @ymae, 1)) de

—0o0

-/ (14 E)meE = g (02 de

—0oo
[». o]
— 4_ 2 ~ t
< sup e HME ¢ )/ (14 €)™ (€)[* d€ = €3 ||ug||}m-
tER —00
Hence
]letL"”Hm_,Hm < ef.

On the other hand, letting s = ¢2, we have

o0

lu(@)3n < sup £(s) / o (&) d
seR+

— 00

with f(s) =(1+ s)e_”(sz‘s), t > 0. Elementary computation shows that

sup f(s) < (§ + lt'%)e%,

. >0 2 2
Thus
3 1. _1\% .
lu(z, Dl < (5 +5t7F) ¥ lluollza,
and
tL 3 1 1 3 t _1
el < (5 +5t7%) ek <ard for 0<i<,

since ef < e% < 2. Thus Lemma 2.1 has been proved.
The following lemma proves Condition (ii).
Lemma 2.2. Let L = —[0% 4+ 8% 4+ p(2)0; +¢'(z)) = Lo~ (0 —b4)8; —
with o € L*(R), ¢ € L*(R), X[0,00) (¢ — b4) € L*(R). Then
NetlllLacym < Cst™ for 0<t<1, (2.10)
e Nlmom <Cs <oo for 0<t<1, (2.11)

where the constants Cs, Ce are defined by (2.17), (2.20) below.
Proof. Consider the initial value problem

us = Lu = Lou — [p(z) — b4]0,u — ¢'(2)y,
u(z,0) = w(z), z€R.
Then u(z,t) = etlup(z), t>0, z€R. Thus

t
u(t) = Poug - [ el b, )0+ faldr,
0
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Denote A = ||~ by|lp~, B=|¢|lrz. Thenfor 0 < ¢ <1,
(@)l 2

t
< Net®o ]l oy fluoll s + / 128 a1 llp — by oo Byl 2
0]
t
+ / e oy i Lol o b (2.12)
t
< a(t)||uollrz + (A + B) / alt — T)|lu(™)||gpdr for 0<t <1
4]

(2.13)
By iteration,

)l < aOluollse + (A + ) [ @) [ate)uollo
0
+(A+B) / a(r — 9)lu(s) 1 ds] dr
0
t
= at){luollz2 + (A + B)/o a{t — T)a(r)||uol| L2 dr

+ (4 + B)? -/t /T a(t — 7)a(r — s)l|u(s)|| g dsdr.

(2.14)
The second term on the right side of (2.14) is
(A+ B) /: a(t — 7)a(r)|luol| = dr
= (A + B)luo|l» /Ot 4t —7) 4t ar
= 16(A + B)Cst?|jug||r2 for 0<t<1, (2.15)

where Cg = fol(l — r)~%r~idr. By exchanging the order of integration,
we get from the third term on the right side of (2.14),

/gt /OT a(t = 7)a(r — s)||ufs)|| 41 dsdr
= /Ot [/t a(t —7)a(r —s) dr] l|w(s)| 5 ds.

8
Now
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/t a(t —m)a(r — s) dr

8
t
= 16/ (t— T)_%(T - s)_'l? dr
8
= 16Cs(t — 5)7 <16Cs for 0 < s <t < 1. (2.16)
Therefore (2.13)-(2.16) imply
luller < [a(t) +16Cs(A + B)]|luol| 2

t
+/ 16C5(A + B2 [lu(s)| i ds for 0<t<1.
0

By Gronwall’s inequality, we get
llullg < [467% + 16Cs(A + B)] exp[16Cs(A + B)%t]||ugllz2 for 0<t<1.
So with the constant
Cs = [4 + 16Cs (A + B)]e!6Cs(A+B)* (2.17)

we have

llullgr < Cst™#|ugllzz for 0<t<1. (2.18)
Thus (2.10) has been proven. To prove (2.11), replacing the first term on
the right side of (2.12) by ||e*“°|| g1 i1 ||uo||gn and using (2.8), we have

t
lu(®lla < e2lluollm + (A+B)/ a(t = llu(r)ljg dr for 0<t <1
0

(2.19)
Similarly iterating and computing as above, we obtain
lu(®)llz < [2+16(4 + B)le"* %+ ug |
= CG”“O”H‘ for 0<t<1. (220)

Hence (2.11) is proven and the proof of Lemma 2.2 is finished.

We now proceed to verify Condition (iii) of Theorem 1.1. Formula (2.11)
in Lemma 2.2 means that L generates a strongly continuous semigroup on
the Banach space H!(R) (see [22]). By Fourier transformation, the essential
spectrum of Ly on H'(R) is

oe(Lo) D {—€* + € — iby[¢ € R} (2.21)

This curve meets the vertical lines ReA = a for ~00 < a < i because



264 W. STRAUSS WANG Guanxiang

—00 < —£* + €% < 7. We now prove that the same curve belongs to the
essential spectrum of L.

Lemma 2.3. The essential spectrum of L on H*(R) contains that of
Lo.

Proof. Let £ € R and let A = P(£) = —¢* + ¢2 — iby £, Following
Schechter [23], X € o (L) if there exists a sequence {¢,} C H!(R) with

li¢nllers =1, (L = A)nllar = 0,

and {¢,} does not have a strongly convergent subsequence in H!(R). (Here
we use the definition: A ¢ o.(L) if and only if L — X is Fredholm with index
zero.) Now let ¢p Z 0 be a C* function with compact support in (0, o0).
Define

Cn(fL') = cne—ifftco(z/n)/\/ﬁ, n=12---,

where ¢y, is chosen so that ||¢,||g = 1. In fact,

i¢nllzz = enllGollzz and 1= {|Gallan < ken

for some positive constant k. Hence ¢, > ¢ > 0. Since ||¢n]jze — 0 but
I¢allpe is bounded away from zero, {(,} can have no convergent subse-
quence in L?(R).
It remains to show that ||[(L — A){p|lgr = 0. We write
L-X=Lo~ A+ (p—b4)0: — o
Now elementary computations show

(Lo = Nenla) = T POEendf? () (atnd+),

1<s<4

a(LO - ’\)Cn(x) = ié(LO - ’\)Cn(x)
+ e'® Z PO @) encly (%)/(s!n%""’).

1<s<4
Thus

(Lo = A)¢n(@)|lan
<A+ Y IPO@lealled” (%) llze/(stnd )

1<s<4
(s+1) (E
s

+ 3 1PO@len|

1<s<4

LQ/(s!n%“) =0 as n—oo.
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Moreover, for any positive integer m, [|0™(nllze — 0 as n —= 00, so we
have

(e - b+)azCn”%2 < Hazcrl”iw“X{O,oo)((P - b+)“%2 - 0,

and
18:[( — 0482172

<2 /R P2 [0un(@)] da +2 /R (0 = b4)2[00sCa (@) d

< 28s¢nllt e lpzlFz + 210e0Callto IX(0,00) (@ = b2 = 0.

In addition,

lloztnllzz < llénlizeellwzllzz — 0

and

1202 Crn + (Pwmaz(n”L? < ”azCn”L""”‘Pm”U + ”anch”L”"”‘Pacz”L2 = 0.
Thus

(o = 83)8:Cn + @elullgr 7 0 a8 n— o,

So from the estimates above,
(L= X¢nllgr =0 as n — oo,

The proof of Lemma 2.3 is completed.
Therefore all the four conditions of Theorem 1.1 are satisfied by the
linearized equation (2.5) and Theorem 2.1 has been proved.
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Abstract

The authors study the asymptotic behaviour of solutions of the heat
equation and a number of evolution equations using scaling techniques. It
is proved that in the framework of bounded data stabilization need not
occur and the general asymptotic behaviour is complex. This behaviour
reflects for large times, even on compact sets, the complexity of the initial
data at infinity.
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§1. Introduction

In recent decades much attention has been paid to the study of the

long time behaviour of suitable classes of solutions of partial differential
equations using the concepts of dynamical systems. Such concepts, like
orbit, omega-limit and attractor, were introduced in the first half of the
century for the investigation of systems of ordinary differential equations,
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which are finite dimensional instances of dynamical systems, and were suc-
cessfully extended to the infinite dimensional framework. Here we want
to combine these ideas with the property of invariance under the scaling
group to obtain results on the complex large time behaviour of a number
of evolution equations with a simple structure when they are posed in the
set of bounded measurable functions defined in the whole space, L (RV).
Invariance under the scaling group allows the equation to copy in certain
way the behaviour of the initial data at infinity of the space variable into
the behaviour of the solution u = u(-,t) for large ¢. The results apply to
the classical heat equation, which we take as a model, but also to a large
number of evolution equations like the porous medium equation, the p-
Laplacian equation, the wave equation, and scalar conservation laws. Scale
invariance is at the heart of our argument. However, it is really necessary
only in a weak form called quasi-invariance. This will allow our theory
to be extended to homogenization problems, equations involving reaction,
convection and diffusion, and the equations of fluid mechanics. The space
L (RV) plays an important role in providing for a setting where complex-
ity occurs in the asymptotic behaviour of the above-mentioned equations.
Thus, the evolution problems under consideration are usually well-posed in
other. functional spaces like LP(RN ), for some 1 < p < co, and the asymp-
totic behaviour can be then rather simple, reflecting the simple structure of
the equation. Consider for instance the heat equation. When we consider
solutions defined in RY it is well known that every solution with initial data,
up € L'(RY) converges as t — oo towards a multiple of the fundamental
solution, the one which has the same integral,

w(z,t) = Ct~V%exp ( - %), C= (47r)'N/2/ug(x) dz. (1.1

When the space domain is a bounded set @ C RV and we take homogeneous
Dirichlet conditions the typical space is L?(f?), the convergence to a unique
type of profile takes place after multiplying by e*, where A is the so-
called first eigenvalue. A similar result happens for homogeneous Neumann
conditions. In the setting of almost periodic functions solutions posed in
RN converge to the space average of the initial data. Similar simplicity
occurs for many of the equations mentioned above. We will prove below
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that, on the contrary, the simple behaviour is lost when L*°(R") is taken
as the functional setting.

The rest of this paper is organized as follows. In Section 2 we present the
main results and techniques developed in this paper in the simple example
of the linear heat equation. Section 3 contains the analysis of the behavior
of the initial data under scaling. In Section 4 we present the extension to
an abstract setting of the results of Section 2 on the heat equation. In
Section 5 we return to the heat equation to make some earlier results more
precise. Section 6 is devoted to nonlinear heat equations as the porous
media equation and the p-Laplacian one. In Section 7 we analyze the
interesting case of scalar hyperbolic conservation laws in one and several
space dimensions. In Section 8 we extend the analysis done in L*® to
other L? spaces to cover other existing results. In Section 9 we point out
that the compactness requirements may be often avoided in the context of
linear evolution equations. Finally, in Section 10, we observe that most of
the results of this paper can be adapted to situations where the equation
under consideration is not invariant under the scaling transformation but
is quasi-invariant in an appropriate sense that we define.

§2. The Heat Equation

In order to introduce the methods and results in a simple setting we
consider in the first place the linear constant-coeflicient heat equation posed
in RY with N > 1,

u; = Au in Q=RN x(0,00),
{u(z,O) =up(z) in RV,

We want to analyze the asymptotic behaviour of solutions as t — oo. It is

2.1)

easy to see that for suitable initial data there exists a constant ¢ € R such
that u(-,t) = ¢ in L*°(R™) as t — 0o. This happens at least in two cases.

() When uo = ¢+ f with ¢ € R and f € LP(RV) for some p € [1,00) ,
and

(i1) When uo is periodic.

In the first case the solution converges to ¢ with a polynomial rate, in
the second one the asymptotic ¢ is the average of the initial datum on a
periodicity cell and the convergence rate is exponential. Obviously, the
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constant is not the only possible asymptotic regime. This can be easily
seen considering for instance

(iii) initial data in 1D with two different asymptotic values e+ at +oo.

In this case it can be proved that the asymptotic behaviour is given by
the special solution of the heat equation with piece-wise constant initial
data of Heaviside type, uo(z) = H(z) with

H(z)=cy for x>0 (resp. H(z)=c. for z<0) (2.2)
(cf. end of this section).

The first goal of this paper is to describe what are all the possible as-
ymptotic regimes of the solutions of the heat equation and other evolution
equations for bounded initial data. It is natural to address this problem by
means of scaling techniques. Given a solution u(z,t) of the heat equation
and a constant A > 0 we introduce the rescaled function

ux(z,t) = u()\m,)\Qt). (2.3)

The key point is that u, solves the heat equation with initial data ug x(z) =
uo(Az). Due to the Maximum Principle we have for every (z,t) that |u(z, )|
< ||uo|| L (m~y, and the same bound applies to uy for all A > 0, i.e., it is
uniform in A. By standard compactness results for the solutions of the heat
equation we conclude that along a subsequence A\, — oo we have

upy — ¢ in L%®(RY) weak-star,

uy—v in L2(Q).
Moreover, the limit function v solves the heat equation with initial data ¢.
In particular, for ¢t = 1 we have

ux(z,1) = v(z,1) in L®(K)

uniformly on any compact subset K C RY. This can be re-written as

follows:
u(Az, A?) = v(z, 1) in L®(K). (2.4)
By setting A*> = t we deduce the convergence of the rescaled orbit
uw(Vtz,t) = v(z, 1) in  L¥(K) (2.5)

as t — oo along a suitable subsequence.

Let us now denote by S; the semigroup generated by the heat equation,
defined by (Siuo)(z) = u(z,t). Then v(z,1) = S1¢. Summing up, we
obtain the following result.
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Theorem 2.1. The set of accumulation points in LS (RN ) of u(v/tz,t)
as t = oo coincides with the set {S1(¢)}, where ¢ ranges over the set of
accumulation points as A — oo of the family {ug » : A > 0} in the weak-star
topology of L= (RN).

Proof. The direct part has already been settled. For the converse,
suppose that u is a bounded solution u(x,t) defined for z € RY and t > 0,

and assume that we have a sequence ¢, — oo such that
u(Vinz, ty) > v(x)  in LT (RV).
We can write this as
Uy, (z,1) = v(z) in L& (RY)

with ¢, = A2. On the other hand, by standard theory, a bounded solution
u has a bounded initial trace ug at £ = 0. But the family of rescalings of
the initial data ug x, () = uo(An2) is bounded in L% (RV ), hence relatively
compact in the weak-star topology. This means that, along a finer subse-
quence, ug y, (z) — ¢(z) for some ¢ € L=(RY). By the direct proof we
know that v = S1(¢).

Remark 2.1. The time ¢ = 1 in S; is taken for convenience and can
be replaced by S, for any 7 > 0 after changing the function u(v/t z,t) into
u((t/7)'/? z,t). In any case, it must be pointed out that the map S; has a
regularizing effect on the set of accumulation points of ug x: all functions
of the form S;(¢) are C™ smooth and enjoy certain a priori bounds (cf.
Section 5).

Therefore, the key point in our project is understanding the set of ac-
cumulation points (i.e., accumulation functions) of the family ug ). The
following section will be devoted to analyzing this question. We will show
that in the setting of bounded data the situation can be quite complex. We
advance a remarkable result, which will be proved in that section.

Theorem 2.2. Given any bounded sequence {g; : j = 1,2,---} in
L®(RN) there exists a bounded function ug € L®(RN) such that the set
of accumulation points of the family {uo}x as A — oo in the weak-star
topology of L>°(R") contains the whole sequence {g;}.

As we will see, the set of accumulation points that contains an infinite
sequence will be larger than just this set of points, indeed it can contain a
continuum. As an immediate consequence of the two previous results we
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have

Corollary 2.1. For every bounded sequence {¢; : j = 1,2,---} in
L(RN) there exists a bounded function ug € L°(RN) such that, if u(z, t)
is the corresponding solution of the heat equation, the set of accumulation
points of u(vtz,t) ast — oo in LE(RY) contains the family {51(¢;)}.

To conclude this section we note that the particular results on the as-
ymptotic behaviour mentioned at the beginning of the section can be eas-
ily understood in this framework. In the case (i) when uy = ¢ + f with
f e LYRV)Nn L®(RN) the unique limit of 2o, is the constant ¢, and the
corresponding solution of the rescaled problem in the limit is v = ¢. On the
other hand, when uy is periodic, the unique accumulation point of ug » is
the average of the initial data on the periodicity cell and the corresponding
solution v is this constant. Finally, in example (iii) the asymptotic limit
has the form v(z,t) = V(zt~'/2) where V = S; H, H being the Heaviside
function (2.2).

§3. The Scaling of Bounded Data

Let us now return to general theory. We are interested in describing the
possible behaviour of bounded functions at infinity using as a tool the action
of the scaling group G = {Gx}a>0- G acts on the space X = L®(RV) by
the formula

Ga(f)(z) = f(Az). (3.1)

Definition 3.1. We define the scaling omega-limit set of any function
f, or G-omega-limit set, as the set G (f) of all accumulation points of the
Jamily GA(f) as X — oo in the weak-star topology of L°(RN), o(L>, LY).
In the usual notation of dynamical systems we write '

Goo(f) = [ (1), (3:2)
r>1
where v (f) is the forward G-orbit of f starting at A =7, v (f) = {Ga(f) :
A > 1} and the closure is taken in the weak-star topology.

Since the space L'(RY) is separable, the above topology restricted to a
ball B, = {f € L®(RY) : |g] < ¢} is metrizable and we can characterize the
Goo-limit sequentially. Thus, Goo(f) is the set of functions g € L®(RY)
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such that there exists a sequence A, — oo and G, f — g weakly-star. We
also have

Lemma 3.1. The group acts continuously on X endowed with the weak
star convergence. It follows easily that the G-omega-limit of a function
f € X is never empty. It is also closed and connected in the weak-star
topology. It is also invarient under the action of the group.

Proof. The first assertion means that the map G : X x R, — X is con-
tinuous when X is endowed with the weak-star topology. Since weak-star
topologies are not so frequent in the literature on asymptotic phenomena,
we are giving a proof for the reader’s convenience. Firstly, if we restrict G
to be defined on a bounded subset of X (as is the case in the application
of the present paper) the topology is metrizable and we only need to check
that for a bounded sequence f, converging weakly-star to f, a sequence of
numbers A, converging to A > 0, and a test function ¢ € L*'(RY) we have
S G, (fr) ¢dz = [ GA(F) dz. We write the difference as

[onttsds= [xnods= [ n(Gips-ddat [(fa-1)sdn

(3.3)
The first term tends to zero because ¢ is integrable and the f,, are uniformly
bounded, while the second converges because f, — f.

When G is defined on the whole space X, we have to replace the sequence
fn by anet f, converging to f weakly-star. But then the Banach-Steinhaus
theorem implies that the family f, is uniformly bounded and we are back
in the previous situation. In particular, the decomposition (3.3) with f,
instead of f, allows to prove just in the same way that f Gy, (fa) pdz —
JGA(f)dpdz as fo — f and A, = A

The consequences are standard in the dynamical systems literature (cf.
[21, 22]). The last assertion means that for every A > 0 we have G5 (G (f))
= G (f)-

Remark 3.1. Though we will use by default-the topology of weak-star
convergence in L®(R"Y ), we will use the term bounded subset of L™(RN)
in the usual uniform sense unless mention to the contrary.

3.1. Simple G-Omega-Limits

We say that the omega-limit is simple if it contains only one function.
Particular examples of simple omega-limits have been mentioned in the
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previous section. For case (i) it is clear that all functions f € LP(RY) N
L®(RY), 1 < p < 00, have a simple omega-limit, Goo (f) = {0}. In case (i)
all periodic functions have a constant as simple omega-limit. This is also
true for the more general class of almost periodic functions A4 characterized
as the closure in L>(R") (with uniform converge) of set of trigonometric
polynomial with arbitrary frequencies,

n

P(z) =Y apetvr® (3.4)

1

with wy € RY (cf. [4]). For a function f € A the Guo-set is given by the
limit of the averages

Goolf) = lim ¢ fdz. (3.5)
R—o0 Br

On the other hand, a non-constant omega-limit is given by the piecewise-
constant initial data in one dimension.

A consequerce of the invariance of the omega-limit is the following char-
acterization of simple omega-limits.

Lemma 3.1. If an omega-limit is simple, Goo(f) = {g}, then g has the
form g(z) = g(z/||).

It is immediate that this g is its own w-limit, ¢ = G (g),though any
bounded function f which coincides with g for large x could be used to
obtain G (f) = ¢.

Simple omega-limits for the initial data of an evolution process of the
type considered in this paper give rise to evolutions which stabilize to a
unique asymptotic profile. We are interested in addressing quite the oppo-
site situation.

3.2, General G-Omega-Limits

At the next level of complexity we construct an example that we call
log-periodic. It is based on any function f € L>(R") such that for some
real number a > 1,

flaz) = f(z), z€R".
In that case the G-omega-limit is given by the log-periodic orbit
Goo(f) ={GaA(f) : 1 £ A < a},

that contains f and its scalings, and it is topologically equivalent to a cir-
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cle, S*. An easy way of constructing such functions is to consider spherical
coordinates z = (r, @), take a bounded function f;(¢) defined on the sphere
SN=1 and put f(r,¢) = f1(R(r)(¢)), where R(r) is a family of transforma-
tions of the sphere such that R(1) = id and R(ar) = R(r) for every r > 0,
i.e., R is log-periodic.

As we announced in Theorem 2.2, we can construct very large omega-
limits. We recast the result in the present notation

Lemma 3.2. Given any sequence {g;} of functions which is bounded
in L®(RY) we can construct a function f € L®(RY) such that Goo(f)
contains the closure of that sequence in the weak-star topology, Goo(f) D
clo{g1, g2, }-

Proof. We use a zooming method. Given the function g¢;, i > 1, we
restrict it to the annulus A; = {2779 < [z] < 27}, j > 1 integer, and
transfer this image to a far away distance by means of a scaling with factor
1/Aij,

9ii (@) = gi(z/Aij), (3.6)
which is defined in the annulus A;; = {279);; < |z] < 27);;} . Next, we
select the factors A;; in such a way that all these sets are disjoint. This can
be obtained as follows: we first arrange the indexes (i, j) in a sequence by
standard diagonal process, and then choose the sequence A;; iteratively so
that each annulus lies immediately outside of the preceding one. We can
also leave gaps between successive annuli if we wish, only this makes the
Aij even larger. We then define the desired f on each annulus A4;; by

f(@) = gi(z/Xij), =€ Ay (3.7)
This formula gives then a unique value for f on |J A;; since the annuli A;;
are disjoint. If there exist gaps between successiZ\J/e annuli, we define f on
the gaps as zero or in any other bounded way.

It is then clear that applying the group action G to f with the sequence
of factors X;;, for fixed ¢ and variable j = 1,2,---, we obtain in the limit
exactly the function g; on the annulus A;. Since the sequence A; expands
as j — oo, we get along this sequence GA(f) — ¢; with uniform conver-
gence on compact subsets of RV \ {0}. This in particular implies weak-star
convergence in RV,
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3.3. Maximal Omega-Limits

As a corollary of this result and the fact that the unit ball in L>(RMN)
is separable in the weak-star topology we have the following consequence.

Corollary 3.1. Given C > 0 there exists a function f € L°(RV) with
[flloc = C such that Goo(f) = {f € L¥RY) : || flloo < C}.

Let us look a bit closer at this kind of functions. We define the set

M={f € L*®RY) : ||l = 1,Goo(f) = Bi (L®(RV))},
where By (L>®(R")) is the unit ball in L=(R"). Then we have
Theorem 3.1. The set M is dense with empty interior in By (L (RN ))
with the weak-star topology.

Proof. A basis of open neighbourhoods of a function f € L=(RV) has
the form

Br, ) = {g € 12®"): | [(f - gtidal s, v,

where ¢; € LY(RV),s = 1,---,N, and € > 0. This condition does not
depend on the behaviour of g at far away distances as long as we have
a bound like |g| < C. But the behaviour for large z is precisely what
determines G (f).

§4. General Evolution Setting.
Main Asymptotic Formula

If we consider again the argument used in Section 2 for the classical
heat equation, we can see that there are two types of properties of the
equation on which the proof is based, namely (I) the heat equation defines
a semigroup with some good properties, and (IT) this semigroup is invariant
under the action of the scaling group G.

In order to set up a framework that applies to a number of linear or non-
linear evolution models we introduce the following abstract setting. Instead
of concentrating on the evolution equation

u=Au, (4.1)
we look rather to the fact that it generates a semigroup. We assume that

(1.i) The equation generates a point-wise continuous semigroup in X =
L>®(RM), i.e., given any initial data uyp € X there exists a unique solution
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u €Y = C([0,00) : X) that we write as S;(uo) to denote the dependence
on the initial data. Then

SZXX[0,00)-—)X, S(UQ,t)ZSt(U,o)

is the semigroup map. When we want to stress the dependence on = we
write (Siuo)(z) = u(z,t), and sometimes we write u(t) when no confusion
arises. X is endowed with the weak-star topology o(L>, L'). We impose
still an additional condition

(Lii) For every ¢t > 0 the map S, is continuous in the weak-star topology
of X = L®(RV).

Conditions (Li) and (Lii) imply that the map S is separately continuous
in both variables.

(II) We impose another type of condition on the semigroup, namely scale
invariance. By this we mean that there is a power function o(}) = A%,
a > 0, such that whenever u(z,t) is a solution in Y with initial data ug
then

i = u(Az,oc(A)t) (4.2)

is also a solution in Y, with data @y = G up. In the case of the heat
equation o(\) = A%, This property is expressed in functional terms as
S1(Ga(uo)) = Ga(Sq(r)t(uo)), or in abridged form as the commutation rule:

S:Gx = G\Ss(p)t- (4.3)

The next stage is to note that we are interested in the convergence on
expanding sets of the form {|z| < c4(t)}. This makes it convenient to
define the rescaled orbit corresponding to a standard orbit u(-,¢) = Siug
as

Uy, t) = u(®¥(t)y,1), (4.4)
where 1 = 0! is the inverse function of o, ¥(t) = t1/®. We denote the
“renormalized semigroup” as

(Ri U’U)(y) = U(y7t)a (45)

which implies the identity: R; = Gy;)S;. Notice that Ry = S;. The
invariance under G takes a much simpler form in rescaled form. If U is
the rescaled orbit corresponding to initial data tg(z) = up(Az) then, since
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Uy, t) = a(y()y, t) = u(Mp(t)y, o(A)), we have

Uly,t) =Uly,a(M)t), ie, RiGruo= Ry uo. (4.6)

We define the omega-limit of the R-evolution orbit in a similar way to
what we did for the scaling group G, but now we use R, instead of G .

Definition 4.1. The R-omega-limit set of the evolution orbit {Ry(up) =
U(-,t)t > 0} starting at up € X is the set

Roo(ug) = {9 € X : Itp, = 00 and U(-,t,) — g}, (4.7)
with convergence in the topology of X.

The basic properties are easily established: the R-omega-limit set is a
nonvoid, closed, connected subset of X. Qur result relates the omega-limits
of the scaling group GG and the scaled evolution R,.

Theorem 4.1 (Main Asymptotic Formula). If S; is a semigroup
fulfilling properties (I) and (II) above, then for every ug € X we have

Roo (UO) = Sl (GOO(UO)) (4.8)
Proof. It repeats the lines of Theorem 2.1. Let ¢ € G (ug) and let
An = oo be such that G, (uo) — g weak-star. We note that R,(y\yuo =

Ry (Gaup) = S1(Gaug). Using the property (Lil) we conclude that along
the sequence t, = a(A,),

lim Rtﬂuo = lim Sl(G)\nuo) = Sl(g).
n—o0 n—o00

Thus, Reo{tg) C S1{Ge(tp)). The converse is similar.

We conclude that the orbit R;(ug) stabilizes to a limit only if Goo(uo)
is simple. Using the fact that Goo{ug) is closed under the action of G and
that the renormalized semigroup R; commutes with G in the sense of (4.6)
we have

Corollary 4.1. Given uy € X and given g € Goo(ug) then Ri(g) €
Ry (ug) for everyt > 0.

Thus, the whole renormalized orbit of g is contained in the omega-limit
of ug, proving in this way that the asymptotic behaviour of u(z,t) can
oscillate strongly even at a fixed point, say, z = 0. Summing up, the results
show that the evolution equation does not stabilize to a certain asymptotic
profile for general initial data in X, but it rather copies the complexity of
the G-omega-limit which, as we have seen, can be quite wild.
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4.1. Regularizing Semigroups

In many cases we have the extra condition on the semigroup:

(1iii) The semigroup is regularizing. By this we mean that S; maps
bounded sets of X into relatively compact subsets in a better space X; C X
for t > 0. In the case of the heat equation X is the set BC (IRN ) of contin-
uous and bounded functions with the topology of uniform convergence on
compact sets. Then the convergence in the definition of Ro(uo) is uniform
over compact subsets of RV .

4.2. Local and Global Convergence

We insist that the local convergences that we have established for the
orbit of the semigroup are uniform on compact sets of the variables y =
Vvtz. In particular, when the semigroup is regularizing we may consider
the space variable z ranging over a fixed bounded set A C RV, and then
we obtain the following uniform convergence result.

Theorem 4.2. Let S; be a regularizing semigroup under the above hy-
potheses and let u(z,t) be an orbit with initial data ug € L®(RN). Then
for every g € G (uo) there exists a sequence t, — oo such that

u(z,t;) = v(0,1) as t— oo (4.9)

uniformly on compa.ct sets A C RN, where v is the solution of the heat
equation with initial data g.

In particular, there exist bounded initial data for which the set of ac-
cumulation points of {u(0,t)} as t — oo is the closed interval [a,b] C R.
It suffices to take as set g; in Lemma 3.2 the set of constant functions
gj(z) = rj, where r; ranges over a dense set in [a,b]. The same applies to
the omega-limit of {u(x,t)} for fixed z € RV.

On the other hand, the orbits with complex asymptotics cannot have
uniform convergence since the behaviour that will appear at later stages of
the evolution must be present at any smaller ¢, typically as |z| — .

4.3. Log-Periodic Solutions

Corresponding to log-periodic data, up(az) = up(z) for some a > 0,
we have a solution u(z,t) such that u(ez,o(a)t) = u(z,t). In terms of
the rescaled orbits U(z,t) = u(v/tz,t) we have U(zx,0(a)t) = U(z,t). This
means that the rescaled orbit is log-periodic in time with log-period T =
o(a). Recall that this is the same as saying that it is periodic in logarithmic
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time 7 = log(t). In this case we can control the speed of recurrence of the
orbit around the different points of the omega-limit, which is not true for
more complex situations.

§5. The Heat Equation Revisited

Since the heat equation generates a regularizing semigroup, the results
of the last sections apply to say that the set of accumulation points of the
renormalized orbit U(z,t) = u(v/#z,t), which we will denote by Reo(ug),
is the image by S; of the set of accumulation points G, (up). The conver-
gence to the omega-limit Ru,(ug) takes place locally uniformly in z along
subsequences ¢,, = co.

Range Constraints. We note that R (o) can be a very large set. The
maximum extension of such a set is the image of a ball in L®(R"Y). We
have to add that, since the evolution copies the set G (up) in a regularized
way given by the map S, this reduces the range of Roo{uo) since S; has
strong regularizing properties. In other words, there are some constraints
for a function to belong to R..(up) for some ug. In the first place, the
solutions of the heat equation are C* functions. On the other hand, there
are quantitative aspects: thus, for every ug > 0 there is an a priori second-
order estimate Alog(u) > —% (cf. [1]). This implies a universal constraint
on the range of any omega-limit set Roo(up).

Corollary 5.1. For every g € Roo(uo) with up > 0 we have

Alog(g) >~ (5.1)

There is a version of this result for any bounded set in L>®(RY), not just
for positive solutions, since a lower bound of the form u > —c¢ can be
converted into v > 0 by defining v = u + ¢ which is again a solution of the
heat equation. In this way, we obtain a lower bound for A log(g+-c) instead
of Alog(g).

Let us remark that the extent of this regularization depends on the
amount of renormalization. Thus, a renormalization with larger compres-
sion, using a function of the form

u(eyt'/?,t), e>1,

instead of Definition 4.1, produces a renormalized semigroup whose omega-
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limit satisfies

Ry (u0) = S1/c2(Goo(uo))
which is just a rescaled version of the previous one, but this time the evo-
lution is shorter for ¢ > 1 and the regularization smaller. Thus, the a priori
bound from below on the Laplacian of log(u) is now —c2N/2. In the limit
¢ —+ 0o we recover increasingly the whole range of G.

§6. Nonlinear Heat Equations

The above general setting applies perfectly not only to the heat equation,
but also to the most popular models of quasilinear heat equations, namely
the porous medium equation and the p-Laplacian equation.

6.1. The Porous Medium and Related Equations

We will restrict here consideration to the subset of nonnegative solutions,
hence X = LP(RY), which is the case treated in detail in the literature
because of its applications, and avoids technical difficulties. It is well-known
(cf. [2]) that the equation

u = A(w™), m >0, {(6.1)

defines a semigroup of contractions in L'(R") and can be extended to a
much wider class of initial data, in particular to L(R"). The equation is
called the porous medium equation for m > 1, the fast diffusion equation
for 0 < m < 1 and it reduces to the classical heat equation for m = 1.

Let us examine the properties of the evolution process. In all cases
m > 0, for every up € L®(RY), up > 0 there exists a unique continuous
weak solution u(z, ), i.e., u € BC(Q) N C([0,00) : L} (RY)) and

loc

//{um + u™ An} dzdt + / wo(2)n(z,0)dz =0 (6.2)

holds for every test function n € C%1(Q), n > 0, which is compactly sup-
ported in RV x [0, 00). Hence, the equation generates a semigroup in this
class of solutions and the property (I.i) holds. Also, the Maximum Prin-
ciple holds. The closure property (1.ii) holds easily: the limits of bounded
weak solutions are still bounded weak solutions and weak-star converging
initial data pass to the limit in formula (6.2). This uses the fact that the
map S} is regularizing, property (Liii), since the images of bounded sets are
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relatively compact subsets of C* for some a > 0 in compact sets of RV (ct.
[10]). Finally, scale invariance holds with o()) = A2, We then have
Theorem 6.1. The results of Theorems 4.1 and 4.2 apply to this problem
and the convergence in the definition of R, formula (4.7), takes place
uniformly on compact sets.
The possible range of the omega-limit set Roo(ug) is now controlled by
the constraints

A(um~1) 2 —%7 Cu

Uy > ——
b=y

3

which hold for m > 1, while for (N —2)/N < m < 1 we have even stronger
constraints
< S, < 2

These a priori bounds have universal constants C = C(m,N) > 0 in-
dependent of the solution under consideration (under the only restric-
tion that u > 0) (cf. [1,6]). For instance, when 0 < m < 1 we have
A(u™ ') > & Let us finally remark that some of the results can be ex-
tended to the very fast diffusion range m < 0, where the equation is written
as uy = V - (u™ 'Vu) (cf. for instance [33] and references therein). More
generally, we can consider the general filtration equation u; = A®(u),
where @ is a continuous increasing real function, or even a maximal mono-
tone graph in R? (cf. [2]). In order not to lengthen the presentation we
restrain from entering into the specific details of these extensions. Let us
only assert that the general theory of Section 4 applies under suitable con-
ditions on ®.

6.2. The p-Laplacian Equation

The equation reads

ug = Div(|VulP 2 Vu), p> 1 (6.3)

The properties of the evolution are similar [11], and a regularizing semi-
group is obtained. Scale-invariance holds with o(A) = AP. The regularizing
effect holds: S; takes bounded initial data into solutions which are C1+2 in
z, C? in time for t > 7 > 0. Regularizing estimates have been proved in [16]
and take the form for p > 2, Apv > —<, u, > — <% wherev = u(P=2)/(p=1)
and C > 0 is a universal constant that depends only on p and N. The esti-

mate is valid for all nonnegative solutions u = u(z,t). But the restriction to
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positive data is here irrelevant since the equation is invariant under vertical
displacements u — u + c.

§7. Scalar Conservation Laws. The Compact Case

We consider in this section the asymptotics of scalar conservation laws
in one and more space variables.

We start with the one-dimensional theory which relies on better known
results and requires less assumptions on the non-linearity.

7.1. One Space Dimension

We study the first-order equation
u + f(u)e =0, (7.1)

where u(z,t) is a scalar function and f is a locally Lipschitz continuous
scalar function. We may assume that f(0) = 0. The proper concept of
solution is given by the entropy solutions that can be formulated as those
bounded distributional solutions that satisfy a family of entropy inequali-
ties. We take from (19, 20] the precise definition of solution.

Definition 7.1. An entropy solution of equation (7.1) is a function
u € L (Q) satisfying

Dkt L isienu— k) () - SR} <O (1)

in D'(Q) for any k € R. An entropy solution of the Cauchy problem with
initial data u(z,0) = uo{x) € L™°(R) is an entropy solution such that

u(-,t) = uo in L]

loc

(R) ast— 0 essentially.

The Kruzhkov condition (7.2) can be equivalently formulated as two
conditions: (i) the equation is satisfied in the sense of distributions, (ii)
for every entropy pair (¢,) where ¢ is a convex function and v¥’'(u) =
f(u)¢'(u) we have

2 6(u) + o p(u) < 0
in the sense of distributions (cf. [28]).

Kruzhkov proves that the bounded entropy solution of the initial prob-
lem exists and is unique, and we have the local estimate for any two such
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solutions
u(e,t) ~v(e, O ds < [ Juo(o) - w(@lde,  (13)
B, By
where By = B(0, R) is the ball of center 0 and radius R > 0 and B; =
B(0, R(t)) is the ball of radius R(t) = R — Nt, where N is the Lipschitz
constant of f in the interval [~ M, M] with M = max{||uo||c, ||v0llcc } The
Maximum Principle applies:

uo <wvp implies wu(z,t) <v(zx,t) in Q.

Moreover, it is proved that the solution belongs to the class v € C([0, 00) :
Li,(R)) N L>(Q). We have therefore a semigroup of solutions in L(R)
(cf. [9]).

On the other hand, there is a large literature on the asymptotic behavior
of solutions of scalar conservation laws. For instance, in the context of
periodic solutions, it is by now well known even for 1D systems of hyperbolic
conservation laws, that solutions stabilize around a constant (cf. [7]). In
what concerns L!-solutions, the asymptotic profiles of solutions are also
well known (see for instance [24]). A lot is also known about the stability
of shock waves (see for instance [17]).

However, here, we are interested in the possible behavior of all solutions
with bounded initial data.

One of the main difficulties of applying the scaling techniques as above
is the obtainment of compactness. Here we shall use Tartar’s results that
hold under a suitable non-degeneracy condition on the nonlinearity. The
problem of identifying the initial data of the limiting solutions will require
also special care.

Theorem 7.1. Assume that f is not affine on any interval of the
real line. Then the equation (7.1) generates a regularizing semigroup S;
in L2 (R) satisfying the conditions of Section 4, so that Theorems 4.1 and
4.2 apply. The scaling law is now linear, o(}) = A.

Proof. Properties (I.i) and (II) are already established. Under the
stated conditions on f, also called weakly genuine nonlinearity, Tartar
[29, 30] proves that bounded sequences of entropy solutions are relatively
compact in the strong topology of LT
estimate we conclude compactness in the space C([r,T]: L

(Q) for any p < co. Using the local
1 (R)) for every

loc
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0 <7< T < oo. Itis immediate to see that the limit v(z,t) of such a
sequence is an entropy solution in any time interval ¢t > 7 with 7 > 0.

We still have to examine property (Lii), i.e., the weak-star continuity of
the semigroup map, in the present setting. This is a delicate but essen-
tial point. Indeed, the family of rescaled solutions u(z,t) of Theorem 4.1
are such that their initial data converge weak-star in L*(R) along subse-
quences, ug », — ¢ in L*®(R)-ws, and we want to conclude that uy, (z,1)
converges to v(z,1) = S1(¢). We state the general result independently

Lemma 7.1. Let {u,} be a sequence of bounded entropy solutions of
equation (7.1) with initial date {uo,} which converge to a certain ¢ in
L>®(R) weak-star. Then un, = v = Si¢ in the sense of C([r,T] : LY (R))
for every 0 < 7 < T < o0 and every 1 < p < o0.

Proof. (i) By the results of [29] the sequence u, converges in L} (Q)
and also a.e. after passing if necessary to a subsequence. The limit v is
an entropy solution of the equation. The remaining problem consists of
identifying the solution in terms of the limit ¢ of the initial data. The
classical uniqueness result by Kruzhkov is not enough for our purposes
since we do not have strong convergence of v(t) in L} .(R) as ¢ = 0. In
other words, we have to discard the possible occurrence of an initial layer of
discontinuity. This difficulty has been recently solved by Chen and Rascle
[8] who proved uniqueness of entropy solutions of equation (7.1) assuming
that the initial data are taken in the sense of measures.

(ii) Here we give an alternative proof which easily follows from the
uniqueness result of Liu and Pierre [26].

Propostion 7.1. Under the assumption that f : Ry — Ry s Lipschitz
continuous and f(0) = 0 a nonnegative entropy of equation (7.1) such that
u € L®((0,T) : LY(R)) N L®(R x (1,T)), for all T > 0, is uniquely deter-
mined by its initial data ug taken in the narrow sense, i.e.,

%i_r&l)/u(:t,t)n(m) dr = /uo(x)n(:z:) dz

for every continuous and bounded real function 7.

Indeed, [26] allows the initial data to be finite measures, but this is no
concern for us here. Let us note that such a generality forces them to work
with nonnegative f and nonnegative solutions, two restrictions that we can
dispense with, since we can always displace u into u + ¢ and conserve the
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equation after a corresponding change in f to satisfy both restrictions.
Let us check the initial data of our limit solution v in the case when it
has compact support: passing to the limit in the distributional identity

[4
/ (tn(, ) — o n(2))1() dz = /O / £t £))0(2)s izl

valid for every n € C3(R) we get

Jo@n = s@neds= [ [ o600, .

By density and using the fact that the support of v is uniformly bounded
we prove that

/u(a:,t)n(a:) dr — fuo(w)n(w) dz

for every n € C(R). Under these conditions the result of Liu and Pierre
[26] and the remark allow us to identify v as the unique entropy solution
with initial data ¢, v(t) = Sié.

(iii) Unfortunately, the condition of belonging to L'(R) is not fulfilled
in our case. But the above uniqueness result can still be used, arguing
as follows. Let us take a radius R > 0, a time T > 0 and work in the
cylinder Z = B(0,R) x (0,T). By the local estimates (7.3) the values of
the functions u, on Z are only determined by the initial data in B(0, R;)
with By = R+ NT. Therefore, we may replace the data ugn by functions
ug , which coincide with uo,, on B(0, R1) and are zero for |z| > R;. The
solutions !, (z,t) will vanish outside an expanding cone K = {(z,t) : |z| >
R; + Nt} according again to estimate (7.3). Summing up, we may assume
that our functions u,, belong to the space C([0, c0) : L'(R)) without altering
their value on Z.

Remark About Riemann Problems. A typical problem in scalar
conservation laws is the Riemann Problem, which consists of taking initial
data of the step or Heaviside type, (2.2), in which case the solution has
the form of a shock or a rarefaction wave, or combinations of these two
types. We observe that for data up whose G limit is a Heaviside function,
Goo(ug) = {H}, we obtain convergence of the rescaled solution to the
profile at time ¢ = 1 of the solution of the Riemann problem with data
H(z). This is well-known, but we can also consider initial data whose G,
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limit contains any number of Heaviside functions, so that the rescaled orbit
oscillates infinitely many times among the corresponding profiles.
7.2. Several Space Dimensions

We look now at the scalar conservation law in several dimensions,

o o B

— (u) =0, 7.4

7+ L i = (74)
where u(z, t) is a scalar function and f = (f1,-*+, fn) is a locally Lipschitz

coutinuous vector function. We may assume that f(0) = 0. The proper
concept of solution is given again by the entropy solutions with a formula
similar to (7.2) (cf. [19, 20]). The above theory applies almost literally
with the following changes:

(i) The compactness property has been established by Lions, Perthame
and Tadmor [25] under the following non-degeneracy condition on the non-
linearity: for every (7,¢) € R x RV which is not (0,0) there holds

meas{{: 7+ (- f'(§) =0} =0, (7.5)
where meas refers to the Lebesgue measure in R. Their method relies
on the kinetic formulation of the equation, a powerful tool for the several
dimensional problem introduced by the authors.

(ii) The uniqueness of entropy solutions taking bounded data in the weak
sense has been recently proved by A. Vasseur [32] using also the kinetic
formulation of the equation. The result needs the following regularity on
the nonlinearity: f € (C3(R))". We conjecture that this requirement is
technical.

Theorem 7.2. With these two requirements on f, Theorem 7.1 holds
with R replaced by RN and equation (7.1) by (7.4).

§8. Lack of Compactness

The property of continuity in the weak topology needed for the semi-
group is difficult to establish in the case of nonlinear equations unless
we also have compactness, i.e., a regularizing semigroup. This last prop-
erty holds for the PME and the PLE and we imposed conditions of non-
degeneracy to have it in the scalar conservation law. However, the Main
Asymptotic Formula holds for many equations without compactness. We
list below two instances.
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1. Linear Equations. One of the simplest examples is the case of
linear operators, like the scalar conservation law u; + aug = 0, even in N
dimensions,

N
U + E a;tg, = 0.
i=1

By means of the explicit representation of solutions it is easy to see that no
regularization happens but the semigroup has the desired properties, hence
Ry = 51Go.

The argument applies of course in the heat equation, but also for the
wave equation, where the representation is also explicit and no regulariza-
tion holds.

II. Scalar Conservation Laws. But the result also holds for some
nonlinear evolution equations without compactness. Thus, we can study
the scalar conservation law (7.1) of previous section with the assumption
of local Lipschitz continuity on f but no condition of non-degeneracy. In
this case a result of Tartar [30, p.202] states that

Weak Continuity. Whenever u, is a sequence of entropy solutions
of equation (7.1) which are uniformly bounded (|u,(z,t)] < C for every
n,z,t) and v, = w in L*-w*, then f(u,) — f(u) in the same sense. On
the other hand, f'(u,) converges to f'(u) locally in LP strong.

Using this result we can perform the asymptotic study of the scalar
conservation law in one dimension for any locally Lipschitz continuous real
function f. The scaling law is linear, o(A) = A. But, as far as we know, the
weak-continuity result is not known in several space dimensions, and the as-
ymptotic analysis cannot proceed for, equation (7.4) with general Lipschitz
fi- The question seems difficult and needs further study.

§9. Extending the Scope of the Theory

The general setting outlined above for the application to the heat equa-
tions and scalar conservation laws in L*(R") admits three kinds of ex-
tensions where the Main Asymptotic Formula Ro, (ug) = S1(Goo(ug)) still
holds when suitably interpreted:

(i) it can be applied to a number of other equations,
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(ii) it can be modified to include cases where scale invariance is not
strictly respected,

(iii) it can be extended so as to include asymptotic results in other func-
tional settings under the cover of the same formula.

The L! Setting. Leaving aside for the moment points (i) and (ii), we
will devote this section to showing how to adapt the setting of Section 4 to
recover the well-known results on asymptotic behaviour of heat equations
and conservation laws in the framework of L!(RY). Indeed, we can keep
the semigroup setting of Sections 3, 4 with the following modifications.

e The proper concept of scaling of the data in L'(RY) is given by the
group GV = {Gf\l)} acting by Gf\l)(f) = AVf(\z). Again, this group
is continuous in the weak topology o(L!, L*®). We must now note that
L'(RN) is not closed in this topology, its closure being the space of bounded
measures M(R" ), which is endowed with the so-called narrow convergence.
Indeed, with a definition of G(V-omega-limit as in Section 3, it is easy to
see that

Lemma 9.1. For every f € L®(RY) we have a simple omega-limit,
Gg)(f) = {cé}, where c = [ f(z)dz € R and § is the Dirac mass located
at ¢ =0.

e The equation generates a semigroup acting on X = L'(R"). We ask
that

(I) The map S is separately continuous in both variables. X is endowed
with the weak topology. We also need the semigroup to extend continuously
to include the space of measures, or at least, the Dirac deltas.

(IT) Scale invariance is formulated in the new setting as

ux(z,t) = )\Nu()\x, A%t),
with suitable exponent a. We want u, to be a solution of the equation if u
is, i.e., we need the commutation rule S;Gyug = G5 Sras.
Under these conditions we define the rescaled orbit corresponding to a
standard orbit u(-,t) = Si;ug as
U(ya t) = tN/a u(tl/ay) t)) (91)

and the renormalized semigroup as (R; ug)(y) = U(y,t), which implies the
identity
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Riug = Giya Spup. (9.2)

The R-omega-limit is defined as in Section 4, and it stays in L (RY) if we
make sure that convergence takes place in the strong topology {otherwise,
it might become a measure).

Theorem 9.1. Under the above assumptions the Main Asymptotic For-
mula holds true. It means that the R-omega-limit of the orbits of the semi-
group is given by the unique profile at t = 1 of the fundamental solution of
the equation.

If the semigroup is regularizing, i.e., if the map S; sends bounded subsets
of LY(R™) into relatively compact subsets in the strong topology, then
the convergence of the rescaled orbit to the Ro.-limit holds in the strong
topology.

Applications. Indeed, the four types of equations already considered
generate a regularizing semigroup acting on L*(R™).

(i) In the case of the heat equation the solution with a Dirac delta ex-
ists, is unique, and has the necessary continuity property. It is called the
fundamental solution and is given by formula (1.1). Let us remark that
the L! norm is conserved by the semigroup, [ u(z,t)dz = ug(z)dz. The
exponent « in the scaling law is 1/2 as in the L® case. The regularizing
effect takes L'(R"Y) into bounded subsets of C* for all k (regularity both
in space and time). The theorem states the well-known fact that for every
up € L' (RY) we have

lim tV/2u(Viz, t) = c(4r) "N/ exp ( - f—),
t—o0 4
and the convergence is uniform in RV .

(ii) For the Porous Medium Equation we have a fundamental solution,
usually called Barenblatt solution, if m > m. = (N —1)/N, and the scaling
exponent is o = N(m — 1) +2. Again the semigroup is regularizing into C#
for some 0 < 8 < 1 (regularity both in space and time). In this parameter
range the theorem applies (cf. [34]).

(iii) For the p-Laplacian equation we have a = N(p —2) + p, and we
impose the restriction p > 2N/(N + 1) in order to obtain a fundamental
solution, also called Barenblatt solution. Regularization occurs into C1#
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in space, C? in time.

(iv) For the scalar conservation law we must take f(u) = u? with p > 1
and then a=N(p—-1)+1.

In all cases the L' norm is conserved

/uA(m,t)dx: /u(m,t)dx: /uo(m) dz.

Note however that the existence of fundamental entropy solutions for
scalar hyperbolic conservation laws is only known in one space dimension.
It is unique in the class of constant sign solutions, but the occurrence of N-
waves may produce non-uniqueness phenomena, dependending on whether
the nonlinearity f is even or odd (cf. [26]).

§10. Quasi-Invariance

We may go back to the abstract setting of Section 4 and relax both
aspects of the assumption list and still follow the argument advanced in
Section 2. We introduce next the concepts of qasi-invariance and limit
equation and arrive at a generalized version of the Main Asymptotic For-
mula.

Quasi-Invariance and Limit Equation. A simple case of this project
is exemplified with the viscous approximation to a conservation law, gov-
erned by equation

U + f(u)y = gy, (10.1)
with € > 0 which approximates and regularizes the solutions of the scalar
conservation law (7.1). When we perform the scaling uy(z,t) = u(Az, At),
we see that uy does not satisfy the same equation, it satisfies instead

€
Ux,t + f(uk)z = X'Uf)\,zz-
Using the same definition of rescaled orbit and passing to the limit A — oo

along a subsequence we get as in Section 7 a limit function v that satisfies
the limit equation

ve+ f(v)z = 0. (10.2)
This is called quasi-invariance, a concept that relates the scaling of equation
(10.1) to (7.1). The compactness argument of Tartar applies to the family

of equations and we get in the limit an entropy solution with initial data
¢ = lim, ug », . Summing up, we have
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Theorem 10.1. The main asymptotic formula Roo(uo) = S1G oo (ug)
holds if Ry is the omega-limit of the rescaled orbit and S; is the semigroup
generated by the entropy solution of the limit equation (10.2).

Limit Families of Equations. The situation can be more involved
when the limit equation is not unique. Such a situation arises in Homoge-
nization Problems. We consider next the heat equation

p(z)uy = Au, (10.3)
where p € L%®(RY) is such that 0 < ¢; < p(z) < ¢3. Let S;(uo; p) denote

the heat semigroup with weight p. When we re-scale the solutions by means
of formula (2.3),

ur(z,t) = u(Az, A%t),

we get the equation satisfied by uy, pa(z)urs = Auy, where py(z) = p(Azx).
Let us now pass to a subsequence where

UO(’\x) - ¢7 px —a, u,\(.’t,t) - U(.’I},t).
We easily see that such a limit v satisfies the homogenized equation
a(z)vy = Av(z), (10.4)

where a ranges over all the elements in Goo(p). In this case we have a
situation where, instead of a limit equation, there exists in general a family
of limit equations. Note however that in the important case of periodic
coefficients the limit equation is unique since a is a constant, the average
of p. This happens also for almost periodic coefficients.

We have then the following theorem.

Theorem 10.2. The set of accumulation points of the rescaled orbit
satisfies

Reo(uo) C {S1(¢;a) : ¢ € Gooluo), a € Goo(p)}- (10.5)

Equality of the sets in the theorem is not necessarily true since p and
up may be coupled. If we take for instance ug = p then we only obtain
R-omega-limits of the form S;(a;a). Depending on how independent are
the oscillations of ug and p we may obtain larger R-omega-limit sets, even
equality in the formula.

About an Asymptotic Theory with Quasi-Invariance. The gen-
eral evolution setting introduced in Section 4 for invariant semigroups can
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be easily modified to cover the case of quasi-invariant semi-groups and their
limits according to the above two examples. Since there are no special nov-
elties we leave the details to the reader and delay the detailed study of this
aspect until other relevant examples have been examined. Actually, the
ideas of quasi-invariance can be applied to study the asymptotic behavior
of numerous processes appearing in the physical sciences. This is the case
for equations combining nonlinear diffusion, reaction and convection.
Diffusion-convection equations of the form
w = Au + 9 (u), (10.6)
Oxy

where f is a scalar function, are studied in [13, 14] in the setting of L?
data. Convergence of the rescaled solutions is proved towards the solutions
of the equation with partial diffusivity

0
— !
ug = Alu + Ber f(w), (10.7)

where A’ denotes the Laplacian with respect to the variables z' = (z3,- -,
Zp). In order to extend the results of this paper to this model for L=°(R")
data we need a different scaling

ux(z,t) = u(Azy, VAZ', A).

Proving the asymptotic result should offer only difficulties related to com-
pactness and identification of the limit solution (cf. Section 7). Besides, the
scaling of the initial data in Section 3 has to be adapted to this anisotropic
formula. In any case, Theorem 2.2 still holds in this setting, which guaran-
tees the occurrence of the complexity we want to describe.

Further interesting lines of application concern the equations of fluid me-
chanics and the kinetic equations, but the technical difficulties are greater.
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