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Preface

The last decades have seen a great deal of activities and developments in several
areas at the interface of commutative algebra and algebraic geometry. Excit-
ing new results have been achieved “borrowing” methods proper to neighboring
fields such as combinatorics, homological algebra, polyhedral geometry, sym-
bolic computation, and topology. This volume – Commutative Algebra: Geo-
metric, Homological, Combinatorial and Computational Aspects – would like
to highlight some of these proficuous interactions by gathering a collection of
refereed research papers which encompass several of those aspects. Blowup al-
gebras, Castelnuovo-Mumford regularity, integral closure and normality, Koszul
homology, liaison theory, multiplicities, polarization, and reductions of ideals
are some of the topics featured in the fifteen original research articles included
in this volume. Three survey articles on topics of current interest also enrich the
publication: Poincaré series of singularities, uniform Artin-Rees theorems, and
Gorenstein rings. Most of the results published in this volume were presented
during two meetings that were held during the month of June 2003, in Spain and
Portugal. Namely,

� Commutative Algebra: Geometric, Homological, Combinatorial and Com-
putational Aspects, one of the Special Sessions held during the First Joint
Meeting of the American Mathematical Society and the Real Sociedad
Matemática Española in Sevilla, Spain, in the period June 18-21, 2003;

� Lisbon Conference on Commutative Algebra, held at the Instituto Superior
Técnico in Lisbon, Portugal, in the period June 23-27, 2003.

These conferences are part of a long-established tradition of Western European
summer meetings in commutative algebra and algebraic geometry. Besides the
traditional opportunity for experts from the U.S. and Western Europe to gather

v



vi Preface

and exchange the most recent discoveries, special attention was paid to allow
for the participation of scholars from underrepresented countries. Overall, more
than one hundred participants came together from numerous parts of the World:
Brazil, Canada, France, Germany, Greece, India, Iran, Italy, Japan, Mexico, The
Netherlands, Norway, Portugal, Romania, Spain, Switzerland, United Kingdom,
United States of America, and Vietnam. This certainly enhanced the breath and
scope of the two events.

Needless to say, we would like to express our gratitude to the contributors of this
volume for their enthusiasm in the project. The anonymous referees, who worked
very closely with us, also deserve a special credit for all their time spent in read-
ing and correcting the original manuscripts: We are aware of the many demands
on our time that the academic profession requires from each of us. Finally, we
would also like to take the opportunity that this Preface offers us to personally
acknowledge the many colleagues and institutions that contributed to the success
of these two conferences. First, we would like to express our thanks to Joan Elias
(Universitat de Barcelona), John Greenlees (University of Sheffield), Giuseppe
Valla (Università di Genova), Wolmer V. Vasconcelos, and Charles Weibel (Rut-
gers University) for serving as members of the Scientific Committee of the Lis-
bon Conference. A special mention goes to Pedro Ferreira dos Santos, Gustavo
Granja, Michael Paluch and the entire staff of the Instituto Superior Técnico for
their endless help and support in planning and organizing the Lisbon Conference
from the very first stage. Finally, we wish to express our heartfelt gratitude to
the following institutions for their generous financial support: Banco BPI, Cen-
tro de Análise Matemática, Geometria e Sistemas Dinâmicos (Instituto Supe-
rior Técnico), Fundação Calouste Gulbenkian, Fundação Luso-Americana para
o Desenvolvimento, Fundação Oriente, Fundação para a Ciência e a Tecnologia,
Universitat de Barcelona and Universidad de Valladolid.

The Editors,

ALBERTO CORSO � Lexington � USA � corso@ms.uky.edu

PHILIPPE GIMENEZ � Valladolid � Spain � pgimenez@agt.uva.es

MARIA VAZ PINTO � Lisbon � Portugal � vazpinto@math.ist.utl.pt
SANTIAGO ZARZUELA � Barcelona � Spain � szarzuela@ub.edu

March 15, 2005
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MARIA EVELINA ROSSI, NGÔ VIÊT TRUNG and GIUSEPPE VALLA 193

Differential idealizers and algebraic free divisors
ARON SIMIS 211

Gorenstein rings call the tune
ANNE-MARIE SIMON and JAN R. STROOKER 227

On free integral extensions generated by one element
IRENA SWANSON and ORLANDO VILLAMAYOR 239

Degeneration and G-dimension of modules
YUJI YOSHINO 259



Participants

IAN ABERBACH

University of Missouri

ALEJANDRO ADEM

University of Wisconsin-Madison

LEOVIGILDO ALONSO TARRÍO
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Poincaré series of resolution of surface singularities
STEVEN DALE CUTKOSKY, University of Missouri

Linearly presented ideals
DAVID EISENBUD, MSRI and University of California at Berkeley

xv



xvi List of Sevilla’s Talks

Secant varieties to Grassmann varieties
ANTHONY GERAMITA, Queen’s University at Kingston, Ontario, and Università
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A theorem of Eakin and Sathaye and
Green’s hyperplane restriction theorem

GIULIO CAVIGLIA1

Department of Mathematics, University of Kansas, Lawrence, KS 66045, USA
E-mail: caviglia@math.ukans.edu

Abstract: A theorem of Eakin and Sathaye relates the number of generators
of a certain power of an ideal with the existence of a distinguished reduction
for that ideal. We prove how this result can be obtained as a special case of
Green’s hyperplane restriction theorem.

1 Introduction

The purpose of these notes is to show how the following Theorem 2.1, due to

Eakin and Sathaye, can be viewed, after some standard reductions, as a corollary

of Green’s hyperplane restriction theorem.

Theorem 2.1 (Eakin-Sathaye) Let (R,m) be a quasi-local ring with infinite

residue field. Let I be an ideal of R. Let n and r be positive integers. If the

1Current address: The Mathematical Sciences Research Institute (MSRI), Berkeley, CA 94720.
Current E-mail: caviglia@msri.org.
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2 G. Caviglia

number of minimal generators of Ii, denoted by v(Ii), satisfies

v(Ii) <

(
i+ r

r

)
,

then there are elements h1, . . . ,hr in I such that Ii = (h1, . . . ,hr)Ii−1.

Before proving Theorem 2.1 we recall some general facts about Macaulay

representation of integer numbers: this is needed for the understanding of Green’s

hyperplane restriction theorem. For more details on those topics we refer the

reader to [3] and [4].

1.1 Macaulay representation of integer numbers

Let d be a positive integer. Any positive integer c can then be uniquely expressed

as

c =
(

kd

d

)
+

(
kd−1

d −1

)
+ · · ·+

(
k1

1

)
,

where the ki’s are non-negative and strictly increasing, i.e., kd > kd−1 > · · · >

k1 ≥ 0. This way of writing c is called the d’th Macaulay representation of c,

and the ki’s are called the d’th Macaulay coefficients of c. For instance, setting

c = 13 and d = 3 we get 13 =
(5

3

)
+

(3
2

)
+

(0
1

)
.

Remark 1.1 An important property of Macaulay representation is that the usual

order on the integers corresponds to the lexicographical order on the arrays of

Macaulay coefficients. In other words, given two positive integer c1 =
(kd

d

)
+(kd−1

d−1

)
+ · · ·+ (k1

1

)
and c2 =

(hd
d

)
+

(hd−1
d−1

)
+ · · ·+ (h1

1

)
we have c1 < c2 if and only

if (kd ,kd−1, . . . ,k1) is smaller lexicographically than (hd ,hd−1, . . . ,h1).

Definition 1.2 Let c and d be positive integers. We define c<d> to be

c<d> =
(

kd −1
d

)
+

(
kd−1 −1

d−1

)
+ · · ·+

(
k1 −1

1

)

where kd , . . . ,k1 are d’th Macaulay coefficients of c. We use the convention that(a
b

)
= 0 whenever a < b.

Remark 1.3 It is easy to check that if c1 ≤ c2 then c1<d> ≤ c2<d>. This property,

as we see in the following, allows us to iteratively apply Green’s Theorem and

prove Corollary 1.5.
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1.2 Green’s hyperplane restriction theorem

Let R be a standard graded algebra over an infinite field K. We can write R

as K[X1, . . . ,Xn]/I where I is an homogeneous ideal not containing any linear

forms. We say that r generic homogeneous linear forms of R satisfy a certain

property if there exists a Zariski open set of (An)r whose points satisfy that

property. Note that each point of (An)r can be thought of as an r-uple of ho-

mogeneous linear forms. Given a generic homogeneous linear form L we let

RL = K[X1, . . . ,Xn−1]/IL denote the restriction of R to the hyperplane given by L.

Note that since L is generic we can write it as L = l1X1 + · · ·+ lnXn where ln �= 0,

therefore IL is defined as

IL = (P(X1, . . . ,Xn−1,Xn − (L/ln))|P ∈ I).

We will denote by Rd the d’th graded component of R. Mark Green proved the

following Theorem.

Theorem 1.4 (Green’s hyperplane restriction theorem) Let R be a standard

graded algebra over an infinite field K, and let L be a generic homogeneous

linear form of R. Setting S to be RL, we have

dimK Sd ≤ (dimK Rd)<d>.

The hyperplane restriction theorem first appeared in [4], where it was proved

with no assumption on the characteristic of the base field K.

A different, and more combinatorial, proof can be found in [3] where the

characteristic zero assumption is a working hypothesis. A person interested in

reading this last proof can observe that the arguments in [3] also work in positive

characteristic with a few minor changes.

A direct corollary of Green’s Theorem is the following:

Corollary 1.5 Let R be a standard graded algebra over an infinite field K, and let

L1, . . . ,Lr be generic homogeneous linear forms of R. Let
(kd

d

)
+

(kd−1
d−1

)
+ · · ·+(k1

1

)
be the Macaulay representation of dimRd , and define S = R/(L1, . . . ,Lr). Then

dimK Sd ≤
(

kd − r
d

)
+

(
kd−1 − r

d−1

)
+ · · ·+

(
k1 − r

1

)
.
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Proof: Note that the above inequality gives an open condition and therefore it is

enough to show that there exist r homogeneous linear forms satisfyng it. Let L be

as in Theorem 1.4. Since RL is isomorphic to R/(L) by Theorem 1.4 one deduces

dimK(R/(L))d ≤ (kd−1
d

)
+

(kd−1−1
d−1

)
+ · · ·+(k1−1

1

)
. On the other hand, by Remark

1.3 we can apply Green’s Theorem again and obtain the result by induction.

2 The Eakin-Sathaye Theorem

We now prove Theorem 2.1. First of all note that since v(Ii) is finite, without

loss of generality we can assume that I is also finitely generated: in fact, if J ⊆ I

is a finitely generated ideal such that Ji = Ii, the result for J implies the one

for I. Moreover, by the use of Nakayama’s Lemma, we can replace I by the

homogeneous maximal ideal of the fiber cone S =
L

i≥0 Ii/mIi. Note that S is a

standard graded algebra finitely generated over the infinite field R/m = K.

Theorem 2.1 can be rephrased as:

Theorem 2.1 (Eakin-Sathaye) Let R be a standard graded algebra finitely gen-

erated over an infinite field K. Let i and r be positive integers such that

dimK(Ri) <

(
i+ r

r

)
.

Then there exist homogeneous linear forms h1, . . . ,hr such that (R/(h1, . . . ,hr))i

is equal to zero.

Proof: First of all note that dimK Ri ≤
(i+r

r

)−1 =
(i+r

i

)−1 =
(i+r−1

i

)
+

(i+r−2
i−1

)
+

· · ·+(i+r− j
i− j+1

)
+ · · ·+(r

1

)
. This well-known equality can be proven by recalling that(a+b

a

)
is the number of monomials of degree a in b + 1 variables. The binomial

coefficient
(i+r

i

)
is interpreted as monomials in r+1 variables and split into parts

by fixing the exponent of one of the variables from 0 up to i.

By Corollary 1.5, taking r generic homogeneous linear forms h1, . . . ,hr, we

have

dimK(R/(h1, . . . ,hr))i ≤
(

i−1
i

)
+

(
i−2
i−1

)
+ · · ·+

(
0
1

)
.

The term on the right-hand side is zero and therefore the theorem is proved.
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Institut de Mathématiques, CNRS & Université Paris VI
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1 Introduction

Liaison relates the cohomology of the ideal sheaf of a scheme to the cohomology

of the canonical module of its link. We here refer to Gorenstein liaison in a pro-

jective space over a field: each ideal is the residual of the other in one Gorenstein

homogeneous ideal of a polynomial ring. Assuming that the linked schemes (or

equivalently one of them) are Cohen-Macaulay, Serre duality expresses the coho-

mology of the canonical module in terms of the cohomology of the ideal sheaf.

Therefore, in the case of Cohen-Macaulay linked schemes, the cohomology of

ideal sheaves can be computed one from another: up to shifts in ordinary and ho-

mological degrees, they are exchanged and dualized. In terms of free resolutions

this means that, up to a degree shift, they may be obtained one from another by

dualizing the corresponding complexes (for instance, the generators of one coho-

mology module corresponds to the last syzygies of another cohomology module

7
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of the link).

If the linked schemes are not Cohen-Macaulay, this property fails. Neverthe-

less, experience on a computer shows that these modules are closely related. We

here investigate this relation for surfaces and three-dimensionnal schemes. To

describe our results, notice that the graded duals of the local cohomology mod-

ules are Ext modules (into the polynomial ring or the Gorenstein quotient that

provides the linkage), let us set —� for the graded dual and Di�M� :� Hi
�
�M��,

the i-th deficiency module when i �� dimM, while ωM � DdimM�M�.

In the case of surfaces, we have to understand the behavior under liaison of

D1, the dual of the Hartshorne-Rao module and the module D2. Note that D2

has a finite part H0
�
�D2� � D0�D2�

� and a quotient D2�H0
�
�D2� � D1�D1�D2��

that is either 0 or a Cohen-Macaulay module of dimension one. For a module M

of dimension d � 3, there is an isomorphism H2
�
�ωM� � H0

�
�Dd�1�M��, which

gives H2
�
�ω� � H0

�
�D2� in our case, and, together with the liaison sequence,

shows how these three modules behave under liaison.

In the case of dimension three, there are seven Cohen-Macaulay modules,

obtained by iterating Ext’s on the deficiency modules, that encode all the infor-

mation on the deficiency modules. Five of these modules are permuted by liaison,

up to duality and shift in degrees, but this is not the case for the two others that

sit in an exact sequence with the corresponding two of the link. The key map

in this four-term sequence of finite length modules generalizes the composition

of the linkage map with the Serre duality map and seems an interesting map to

investigate further.

We begin with a short review on duality, and present some extensions of Serre

duality that we couldn’t find in the literature. For instance if X is an equidimen-

sional scheme such that

depthOX �x � dimOX �x�1� �x � X � (*)

then the isomorphisms given by Serre duality (in the Cohen-Macaulay case) are

replaced by a long exact sequence (Corollary 2.7) in which one module over

three is zero in the Cohen-Macaulay case. In the context of liaison, it turns out

that condition (*) is equivalent to the fact that the S2-ification of a direct link (or

equivalently any odd link) is a Cohen-Macaulay scheme (Proposition 3.3).
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2 Preliminaries on duality in a projective space

Let k be a commutative ring, n a positive integer, A :� Symk�k
n�, � :� A�0 and

ωA�k :� A��n�. Let —� denote the graded dual into k :

—� :� HomgrA�—�k� �
�

µ�Z

Homk��—�µ�k�

and —� the dual into ωA�k : —� :� HomA�—�ωA�k�.

The homology of the Čech complex C �
�
�—� will be denoted by H�

�
�—�;

notice that this homology is the local cohomology supported in � (for any com-

mutative ring k), as � is generated by a regular sequence.

The key lemma is the following:

Lemma 2.1 If L� is a graded complex of finitely generated free A-modules, then

(i) Hi
�
�L�� � 0 for i �� n,

(ii) there is a functorial homogeneous isomorphism of degree zero:

Hn
�
�L��� �L�� �

��

Proof: Claim (i) is standard and (ii) directly follows from the classical descrip-

tion of Hn
�
�A� (see e.g. [5, �62] or [1, Ch. III, Theorem 5.1]).

For an A-module M, we set Di�M� :� Extn�i
A �M�ωA�k� and

ΓM :� ker�C 1
�
�M�� C 2

�
�M�� �

�

µ�Z

H0�Pn�1
k � �M�µ���

so that we have an exact sequence

0� H0
�
�M��M � ΓM � H1

�
�M�� 0�

We will also use the notation ωM :� DdimM�M� when M is finitely generated

and k is a field.

The above lemma gives:
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Proposition 2.2 Assume that M has a graded free resolution L��M � 0 such

that each L� is finitely generated; then for all i there are functorial maps

Hi
�
�M�

φi

�� Hn�i��L
�

�
���

ψi
�� Di�M���

where φi is an isomorphism. Furthermore ψi is an isomorphism if k is a field.

Proof: The two spectral sequences arising from the double complex C �
�

L� de-

generates at the second step (due to Lemma 2.1 (i) for one, and the exactness

of localization for the other) and together with Lemma 2.1 (ii) provides the first

isomorphism. If k is a field, —� is an exact functor, so that the natural map

Hn�i��L�� �
��

ψi
�� Hn�i�L�

� �
� � Di�M�� is an isomorphism.

Proposition 2.3 Assume that M possses a graded free resolution L� � M � 0

such that each L� is finitely generated. Then there is a spectral sequence

Hi
�
�D j�M��� Hi� j�L

�

���

In particular, if k is a field. Then there is a spectral sequence

Hi
�
�D j�M���

�
M� if i� j � 0
0 else.

Proof: The two spectral sequences arising from the double complex C �
�

L�� have

as second terms �Ei j
2 � Hi

�
�Ext j

A�M�ωA�k�� � Hi
�
�Dn� j�M��, ��Ei j

2 � 0 for i �� n

and ��En j
2 � H j�Hn

�
�L�� �� � H j��L��� ���� H j�L���. This gives the first result. If

k is a field, H j�L��� � Hj�L���, which gives the second claim.

Corollary 2.4 If k is a field, and M is a finitely generated graded A-module of

dimension d, then there are functorial maps

di
j :� �di�n� j

2 : Hi
�
�D j�M��� Hi�2

�
�D j�1�M��

such that

(i) d0
d�1 : H0

�
�Dd�1�M���� H2

�
�ωM� is an isomorphism if d � 3,



Liaison of varieties of small dimension and deficiency modules 11

(ii) if d � 3 and M is equidimensionnal and satisfies S1, there is an exact se-

quence,

0� H1
�
�D2�M��

d1
2�� H3

�
�ωM��� ΓM� �� 0�

(iii) if d � 4 there is an exact sequence,

0 �� H1
�
�Dd�1�M��

d1
d�1 �� H3

�
�ωM�

e �� H0
�
�Dd�2�M��

d0
d�2 �� H2

�
�Dd�1�M��

d2
d�1 �� H4

�
�ωM� �� C �� 0

where e is the composed map

e : H3
�
�ωM�

can �� coker�d1
d�1�

��d3�n�d
3 ��1

�� ker�d0
d�2�

can �� H2
�
�Dd�2�M��

such that

(a) if d � 4 and M is equidimensionnal and satisfies S1, C sits in an exact

sequence

0� H1
�
�D2�M��

�d1�n�2
3�� C��ΓM�� 0�

(b) if d � 5, C sits in an exact sequence

0� ker�d1
d�2��C � ker

�
ker�d0

d�3�� ker�d3
d�1��im�d1

d�2�
�
� 0�

Proof: We may assume that M doesn’t have associated primes of dimension� 1.

Then these statements are direct consequences of the spectral sequence of Propo-

sition 2.3 applied to ΓM. Note that if M is equidimensional and satisfies S1, then

dimDi�M�� i for i � d so that Hi
�
�Di�M�� � 0 for i �� d.

Remark 2.5 One may dualize all the above maps into k. By Proposition 2.2

it gives rise to natural maps θi j : Di�2�D j�1�M�� � Di�D j�M�� satisfying the

“dual statments” of (i), (ii) and (iii). Note also that the map e in (iii) gives a map

ε : D0�Dd�2�M�� �� H0
�
�D3�ωM�� � D3�ωM�. Also in (iii)(a) the graded dual

K of C sits in an exact sequence

0� ΓM
τ
�� K

η
�� D1�D2�M��� 0�
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where τ is the graded dual over k of the transgression map in the spectral sequence

and η is the graded dual over k of �d1�n�2
3 (both composed with isomorphisms

given by Proposition 2.2).

Corollary 2.6 If k is a field and M is a finitely generated equidimensionnal

graded A-module of dimension d such that �M satisfies S� for some � � 1, then,

for 1 � i� �, there are functorial surjective maps

fi : Hd�1�i
�

�ωM��� Di�M� � H0
�
�Di�M��

which are isomorphisms for 1 � i � �. Moreover, if � � 2 there is an injec-

tion D1�M� �� Hd
�
�ωM� whose cokernel is �M�H0

�
�M���, so that in this case

Hd
�
�ωM�� ΓM�.

Proof: The condition on �M implies that Hi
�
�D j�M�� � 0 if i �max	0� j��
 and

j �� d. These vanishings together with the spectral sequence of Proposition 2.3

gives the result.

The next result gives a slight generalization of Serre duality to schemes (or

sheaves) that are close to being Cohen-Macaulay:

Corollary 2.7 Let k be a field and M be a finitely generated graded A-module

which is unmixed of dimension d � 3. Set FM :� Dd�1�M�, M :� �M and assume

that

depthMx � dimMx�1� �x � Supp�M ��

Then there exists a functorial isomorphism H0
�
�FM��H2

�
�ωM� and a long exact

sequence
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0 �� H1
�
�FM� �� H3

�
�ωM� �� Dd�2�M�

������������������������

H2
�
�FM� �� H4

�
�ωM� �� Dd�3�M�

���������������������������

...

���������������������������

Hd�3
�

�FM� �� Hd�1
�

�ωM� �� D2�M�

������������������������

Hd�2
�

�FM� �� Hd
�
�ωM� �� ΓM� �� 0�

Proof: This is immediate from the spectral sequence of Proposition 2.3.

Remark 2.8 The vanishing of certain collections of modules Hi
�
�D j�M�� corre-

sponds to frequently used properties that M may have. For instance, assume that

M is equidimensionnal of dimension d � 0 and consider all the possible non-zero

modules Hi
�
�D j�M�� for j �� d:
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∆d � � � ∆2 ∆1

Ld H0
�
�Dd�1� � � � H0

�
�D1� H0

�
�D0�

...
... . .. H1

�
�D1�

L2 Hd�2
�

�Dd�1� . ..

L1 Hd�1
�

�Dd�1�

Cd � � � C2 C1

Then,

(i) The modules on lines L1� � � � �L� are zero if and only if M is Cohen-Macaulay

in codimension �,

(ii) The modules on columns C1� � � � �C� are zero if and only if M has depth at

least �,

(iii) The modules on diagonals ∆1� � � � �∆� are zero if and only if M satisfies S�.

Note also that the spectral sequence shows that ωM is Cohen-Macaulay if

all non-zero modules in this diagram are located on diagonals ∆1 and ∆2 (even

if M is not equidimensional). This somewhat generalizes the case of a sequen-

tially Cohen-Macaulay module (due to Schenzel), where all non-zero modules

are located on diagonal ∆1.
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3 The liaison sequence

In this paragraph A is a polynomial ring over a field k. Recall that a homogeneous

ideal � of A is Gorenstein if B :� A�� is Cohen-Macaulay and ωB is a free B-

module of rank 1 (i.e., B is Gorenstein), so that ωB � B�a� for some a � Z called

the a-invariant of B. The arithmetically Gorenstein subschemes of Proj�A� are

the subschemes of the form Proj�A��� for a homogeneous Gorenstein ideal �; if

the scheme is not empty, such a � is unique.

Proposition 3.1 Let I and J � � : I be two ideals of A, linked by a Gorenstein

homogeneous ideal � of A (so that I � � : J). Set B :� A��, R :� A�I, S :�

A�J, d :� dimB, FS :� Dd�1�S� and ER :� End�ωR�. There are natural exact

sequences or isomorphisms:

(i) 0 �� ωR�ω�1
B

ι �� ωB�B ω�1
B � B

s �� S �� 0

where —�1 :� HomB�—�B� and ι and s are the canonical maps;

(ii) 0� ωS
HomB�s�1ωB � �� ωB

HomB�ι�1ωB � �� ER�B ωB
δr

�� FS � 0

where δr is the connecting map in the Ext sequence derived from (i), in

particular FS � �ER�R��B ωB;

(iii) λi : Di�S�
�
�� Di�1�ωR��B ωB� �i� d�2

given by the connecting map in the Ext sequence derived from (i).

Proof: (i) is standard (see e.g. [2] or [3]). Also (ii) and (iii) directly follow by

the Ext sequence derived from (i).

Remark 3.2

(1) For any B-module M, there are functorial isomorphisms:

τi : Di�M�
�
�� Extd�i

B �M�ωB��
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(2) Choosing an isomomorphism φ : B��a� �� ω�1
B , (i) gives an exact se-

quence,

0 �� ωR��a�
ιÆ�1�φ� �� B

s �� S �� 0�

Proposition 3.3 Let X and Y be two schemes linked by an arithmetically Goren-

stein projective subscheme of Proj�A� of dimension d � 1 and a-invariant a. Let

Y2 :� Spec�End�ωY �� be the S2-ification of Y . The following are equivalent:

(i) depthOX �x � dimOX �x�1 for every x � X,

(ii) ωY is Cohen-Macaulay,

(iii) Y2 is Cohen-Macaulay,

(iv) Hi�X �OX�µ���Hd�i�1�Y�OY2�a�µ���, for every 0 � i � d�1 and every

µ, where —� denotes the dual into k.

Proof: We may assume d � 3. The equivalence of (i) and (ii) follows from

Proposition 3.1(iii). Now OY2 � ωωY and ωY � ωY2 which proves that (ii) and

(iii) are equivalent.

On the other hand, if X satisfies (i), Corollary 2.7 and Proposition 3.1 (ii) and

(iii) implies (iv).

If (iv) is satisfied, Proposition 3.1(iii) and the equality ωY � ωY2 shows that

Hi�Y�OY2�µ�� � Hd�i�Y�ωY2��µ��� for i �� d� 1. Applying Corollary 2.7 with

M :� ΓOY2 then implies that FM has finite length, and therefore (iii) is satisfied.

Remark 3.4 If one of the equivalent conditions of Proposition 3.3 is satisfied,

and R and S are the standard graded unmixed algebras defining respectively X

and Y , then Hd�1�X �OX�µ���Hd
�
�R�µ �Dd�R��µ and H0

�
�Dd�R���H2

�
�ωR��

H1
�
�S��a�.

4 Cohomology of linked surfaces and three-folds

Let k be a field, A a polynomial ring over k and ωA :� A��dimA�.
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As in the first section, —� will denote the graded dual into k, we set Di�M� :�

ExtdimA�i
A �M�ωA� and we introduce for simplicity the following abreviated nota-

tion: Di j���l�M� :� Di�D j�� � � �Dl�M����.

4.1 The surface case

Let R be a homogeneous quotient of A defining a surface X 
 Proj�A�. We will

asume that H0
�
�R� � 0, as replacing R by R�H0

�
�R� leaves both X and Hi

�
�R� for

i � 0 unchanged. Then the three Cohen-Macaulay modules D1�R�, D02�R� and

D12�R� sit in the following exact sequences that show how they encode all the

non-ACM characters of X :

0�� R�� ΓR�� D1�R�� �� 0

0�� D02�R�� �� D2�R��� ΓD2�R��� D12�R�� �� 0

where ΓD2�R� ��µ�ZVµ and δ :� dimVµ is a constant which is zero if and only

if X is Cohen-Macaulay. Also D02�R� is a finite length module and D12�R� is

either zero or a Cohen-Macaulay module of dimension one and degree δ.

The next result shows how these Cohen-Macaulay modules, which encode

the non-ACM character of X , behave under linkage.

Proposition 4.1 Let X � Proj�R� and Y � Proj�S� be two surfaces linked by an

arithmetically Gorenstein subscheme Proj�B�� Proj�A� so that ωB � B�a�. Then

there are natural degree zero isomorphisms,

D1�S�� D02�R��B ωB� D12�S�� D112�R��B ω�1
B �

Note that the roles of R and S may be reversed, so that D02�S� � D1�R��B ω�1
B

and D112�S�� D12�R��B ωB.

Proof: By Proposition 3.1 (iii), D1�S� � D2�ωR��B ωB and D2�ωR� � D02�R�

by Corollary 2.4 (i). This proves the first claim.

As for the second claim, Corollary 2.4 (ii) gives an exact sequence

0�� ΓS�� D3�ωS��� D12�S��� 0



18 M. Chardin

where D3�ωS�� ES. Now ΓS�S� D1�S�� so that we have an exact sequence,

0�� D1�S�
� �� ES�S�� D12�S��� 0

but ES�S � D2�R��B ω�1
B by Proposition 3.1 (ii) and we know that D1�S�� �

D02�R���B ω�1
B so that the above sequence gives

0�� D02�R���B ω�1
B �� D2�R��B ω�1

B �� D12�S��� 0

but D02�R�� � H0
�
�D2�R�� and D112�R� � D2�R��H0

�
�D2�R��.

4.2 The three-fold case

Let R be a homogeneous quotient of A defining a three-fold X 
 Proj�A�. As in

the surface case we will assume that H0
�
�R� � 0. Now the seven Cohen-Macaulay

modules D1�R�, D02�R�, D12�R�, D03�R�, D013�R�, D113�R� and D23�R� also en-

code all the non-ACM character of X .

The following result essentially gives the behavior of these modules under

liaison.

Proposition 4.2 Let X � Proj�R� and Y � Proj�S� be two three-folds linked by

an arithmetically Gorenstein subscheme Proj�B� � Proj�A� so that ωB � B�a�.

Then there are natural degree zero isomorphisms,

D1�S�� D03�R��B ωB�D12�S�� D113�R��B ω�1
B �D23�S�� D223�R��B ω�1

B �

and there is an exact sequence,

0 �� D013�R� �� D02�S��B ωB
ψ �� D002�R� �� D0013�S��B ωB �� 0�

where ψ is the composition of the maps from Remark 2.5 and Proposition 3.1

(iii):

D02�S��B ωB
D0�λ�1

2 ��1ωB �� D03�ωR�
ε� �� D002�R��



Liaison of varieties of small dimension and deficiency modules 19

Note that the roles of R and S may be reversed, so that we have a complete list of

relations between these fourteen modules. Also the last exact sequence may be

written

0 �� D013�R� �� D02�S��B ωB
ψ �� D02�R�� �� D013�S���B ωB �� 0�

Proof: D1�S� � D2�ωR��B ωB � D03�R��B ωB by Proposition 3.1 (iii) and

Corollary 2.4 (i). Also Corollary 2.4 (iii) provides exact sequences:

0 �� K
can �� ER

θ23 �� D23�R�
θ02 �� D02�R�

e �� D3�ωR�
θ13 �� D13�R� �� 0 (1)

and

0 �� ΓR
τ �� K

η �� D12�R� �� 0 � (2)

From (2) we get isomorphisms Di�τ� : Di�K�
�
�� Di�R� for i � 3 and another

exact sequence

0 �� D2�K�
D2�τ� �� D2�R�

δ �� D112�R�
D1�η� �� D1�K� �� 0 � (3)

from which it follows that D1�K� � 0 (note that this vanishing also follows upon

taking Ext’s on sequence (1)). As D02�R� is of dimension zero, the right end of

the first sequence then shows that D1�θ13� : D113�R�
�
�� D13�ωR�, but we have

an isomorphism λ�1
2 �1ω�1

B
: D3�ωR�

�
�� D2�S��B ω�1

B by Proposition 3.1 (iii)

and this provides the second isomorphism. Now taking Ext’s on (1) also provides

two exact sequences

0 �� D013�R�
D0�θ13��� D03�ωR�

ε� �� D002�R�
can �� L �� 0 (4)

0 �� D3�ER� �� D3�R� �� D223�R� �� D2�ER� �� D2�K�
can �� L� �� 0

(5)

and an isomorphism µ : L� L�. Also (5) together with (3) gives us a complex

0 �� D3�ER� �� D3�R� �� D223�R� �� D2�ER� �� D2�R� �� D112�R� �� 0
(6)

whose only homology is the subquotient L of D2�R�.
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Taking Ext’s on the exact sequence 0� R� ER �D3�S��B ω�1
B � 0 given

by Proposition 3.1 (ii), we get an exact sequence

0� D3�ER�� D3�R�� D23�S��B ωB � D2�ER� (7)

� D2�R�� D13�S��B ωB � 0�

Comparing (6) and (7) proves the third isomorphism and provides the exact se-

quence

0� L� D13�S��B ωB � D112�R�� 0 (8)

showing that L � D0013�S��B ωB because D112�R� � D1113�S��B ωB. This last

identification together with (4) provides the exact sequence of the proposition

and concludes the proof.

References
[1] R. Hartshorne, Algebraic Geometry, Graduate Texts in Math. 52, Springer-Verlag,

New York-Heidelberg, 1977.

[2] C. Peskine and L. Szpiro, Liaison des variétés algébriques, Invent. Math. 26 (1974),
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Regularity jumps for powers of ideals
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Abstract: The Castelnuovo-Mumford regularity reg(I) is one of the most
important invariants of a homogeneous ideal I in a polynomial ring. A ba-
sic question is how the regularity behaves with respect to taking powers of
ideals. It is known that in the long-run reg(Ik) is a linear function of k, i.e.,
there exist integers a(I),b(I),c(I) such that reg(Ik) = a(I)k + b(I) for all
k ≥ c(I). For any given integer d > 1 we construct an ideal J generated by
d +5 monomials of degree d +1 in 4 variables such that reg(Jk) = k(d +1)
for every k < d and reg(Jd) ≥ d(d + 1) + d − 1. In particular, this shows
that the invariant c(I) cannot be bounded above in terms of the number of
variables only, not even for monomial ideals.

1 Introduction

Let K be a field. Let R = K[x1, . . . ,xn] be the polynomial ring over K. Let I =
⊕i∈NIi be a homogeneous ideal. For every i, j ∈ N one defines the i jth graded

Betti number of I as

βi j(I) = dimK TorR
i (I,K) j

and set

ti(I) = max{ j |βi j(I) �= 0}

21
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with ti(I) = −∞ if it happens that TorR
i (I,K) = 0. The Castelnuovo-Mumford

regularity reg(I) of I is defined as

reg(I) = sup{ti(I)− i : i ∈ N}.

By construction t0(I) is the largest degree of a minimal generator of I. The initial

degree of I is the smallest degree of a minimal generator of I, i.e., it is the least

index i such that Ii �= 0. The ideal I has a linear resolution if its regularity is

equal to its initial degree. In other words, I has a linear resolution if its minimal

generators all have the same degree and the non-zero entries of the matrices of

the minimal free resolution of I all have degree 1.

Bertram, Ein and Lazarsfeld proved in [BEL] that if X ⊂ P
n is a smooth

complex variety of codimension s which is cut out scheme-theoretically by hy-

persurfaces of degree d1 ≥ ·· · ≥ dm, then Hi(Pn,I k
X (a)) = 0 for i ≥ 1 and a ≤

kd1 + d2 + · · ·+ ds − n. Their result has initiated the study of the Castelnuovo-

Mumford regularity of the powers of a homogeneous ideal. Note that the highest

degree of a generator the k-th power Ik of I is bounded above by k times the high-

est degree of a generator of I, i.e., t0(Ik) ≤ kt0(I). One may wonder whether the

same relation holds also for the Castelnuovo-Mumford regularity, that is, whether

the inequality

reg(Ik) ≤ k reg(I) (1)

holds for every k. If dimR/I ≤ 1 then Equation (1) holds; see e.g. [C, GGP] and

[Ca, CH, Si, EHU] for further generalizations. But in general (1) does not hold.

We will present later some examples of ideals with linear resolution whose square

does not have a linear resolution. On the other hand, Cutkosky, Herzog and Trung

[CHT] and Kodiyalam [K] proved (independently) that for every homogeneous

ideal I one has

reg(Ik) = a(I)k + b(I) for all k ≥ c(I) (2)

where a(I),b(I) and c(I) are integers depending on I. They also showed that a(I)
is bounded above by the largest degree of a generator of I. Bounds for b(I) and

c(I) are given in [R] in terms of invariants related to the Rees algebra of I.

Remark/Definition 1.1 Let I be an ideal generated in a single degree s. Then it

is easy to see that a(I) = s. Hence it follows that reg(Ik+1)− reg(Ik) = s for all

k ≥ c(I). We say that the (function) regularity of the powers of I jumps at place

k if reg(Ik)− reg(Ik−1) > s.
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One of the most powerful tools in proving that a (monomial) ideal has a linear

resolution is the following notion:

Definition 1.2 An ideal I generated in a single degree is said to have linear quo-

tients if there exists a system of minimal generators f1, . . . , fs of I such that for

every k ≤ s the colon ideal ( f1, . . . , fk−1) : fk is generated by linear forms.

One has (see [CH]):

Lemma 1.3 (a) If I has linear quotients then I has a linear resolution.

(b) If I is a monomial ideal, then the property of having linear quotients with

respect to its monomial generators is independent of the characteristic of

the base filed.

We present now some (known and some new) examples of ideals with a linear

resolution such that the square does have non-linear syzygies.

The first example of such an ideal was discovered by Terai. It is an ideal well-

known for having another pathology: it is a square-free monomial ideal whose

Betti numbers, regularity and projective dimension depend on the characteristic

of the base field.

Example 1.4 Consider the ideal

I = (abc,abd,ace,ad f ,ae f ,bc f ,bde,be f ,cde,cd f )

of K[a,b,c,d,e, f ]. In characteristic 0 one has reg(I) = 3 and reg(I2) = 7. The

only non-linear syzygy for I2 comes at the very end of the resolution. In charac-

teristic 2 the ideal I does not have a linear resolution.

The second example is taken from [CH]. It is monomial and characteristic

free. The ideal is defined by 5 monomials. To the best of our knowledge, no ideal

is known with the studied pathology and with less than 5 generators.

Example 1.5 Consider the ideal

I = (a2b,a2c,ac2,bc2,acd)

of K[a,b,c,d]. It is easy to check that I has linear quotients (with respect to the

monomial generators in the given order). It follows that I has a linear resolution
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independently of charK. Furthermore I2 has a quadratic first-syzygy in charac-

teristic 0. But the first syzygies of a monomial ideal are independent of charK.

So we may conclude that reg(I) = 3 and reg(I2) > 6 for every base field K.

The third example is due to Sturmfels [St]. It is monomial, square-free and

characteristic free. It is defined by 8 square-free monomials and, according to

Sturmfels [St], there are no such examples with less than 8 generators.

Example 1.6 Consider the ideal

I = (de f ,ce f ,cd f ,cde,be f ,bcd,ac f ,ade)

of K[a,b,c,d,e, f ]. One checks that I has linear quotients (with respect to the

monomial generators in the given order) and so it has a linear resolution indepen-

dently of charK. Furthermore I2 has a quadratic first-syzygy. One concludes that

reg(I) = 3 and reg(I2) > 6 for every base field K.

So far all the examples were monomial ideals generated in degree 3. Can we

find examples generated in degree 2? In view of the main result of [HHZ], we

have to allow also non-monomial generators. One binomial generator is enough:

Example 1.7 Consider the ideal

I = (a2,ab,ac,ad,b2,ae + bd,d2)

of K[a,b,c,d,e]. One checks that reg(I) = 2 and reg(I2) = 5 in characteristic 0.

The ideal has linear quotients with respect to the generators in the given order.

We have not checked whether the example is characteristic free.

One may wonder whether there exists a prime ideal with this behavior. Sur-

prisingly, one can find such an example already among the most beautiful and

studied prime ideals, the generic determinantal ideals.

Example 1.8 Let I be the ideal of K[xi j : 1 ≤ i ≤ j ≤ 4] generated by the 3-

minors of the generic symmetric matrix (xi j). It is well-known that I is a prime

ideal defining a Cohen-Macaulay ring and that I has a linear resolution. One

checks that I2 does not have a linear resolution in characteristic 0.
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Remark 1.9 Denote by I the ideal of 1.8 and by J the ideal of 1.4. It is interesting

to note that the graded Betti numbers of I and J as well as those of I2 and J2

coincide. Is this just an accident? There might be some hidden relationship

between the two ideals. In order to be able to reproduce the pathology it would

be important to understand whether the non-linear syzygies of I2 and J2 have a

common “explanation.” We can ask whether J is an initial ideal or a specialization

(or an initial ideal of a specialization) of the ideal I. Concretely, we may ask

whether J can be represented as the (initial) ideal of (the ideal of) 3-minors of a

4×4 symmetric matrix of linear forms in 6 variables. We have not been able to

answer this question. Note that the most natural way of filling a 4×4 symmetric

matrix with 6 variables would be to put 0’s on the main diagonal and to fill the

remaining positions with the 6 variables. Taking 3-minors one gets an ideal, say

J1, which shares many invariants with J. For instance, we have checked that J1

and J as well as their squares have the same graded Betti numbers (respectively

of course). The ideals J and J1 are both reduced but J has 10 components of

degree 1 while J1 has 4 components of degree 1 and 3 of degree 2. We have also

checked that, in the given coordinates, J cannot be an initial ideal of J1.

Finally, the last example shows that even among the Cohen-Macaulay ideals

with minimal multiplicity one can find ideals whose squares have a non-linear

resolution.

Example 1.10 Consider the ideal

I = (x2,xy1,xy2,xy3,y
2
1,y

2
2,y

2
3,y1y2 − xz12,y1y3 − xz13,y2y3 − xz23)

of R = K[x,y1,y2,y3,z12,z13,z23]. Then R/I is Cohen-Macaulay with minimal

multiplicity (and hence I has a 2-linear resolution) but I2 does not have a linear

resolution in characterisitc 0. Indeed, I2 has a non-linear second syzygy.

More generally one can consider variables x,y1, . . . ,yn and zi j with 1 ≤ i <

j ≤ n. Then the ideal In generated by

x2,xy1, . . . ,xyn,y
2
1, . . . ,y

2
n

and

yiy j − xzi j with 1 ≤ i < j ≤ n
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defines a Cohen-Macaualy ring with minimal multiplicity. For n = 3 one gets

the ideal of 1.10. For n > 3 there is some computational evidence that I2
n has a

non-linear first syzygy. It seems to be difficult to compute or bound the invariants

b(In) and c(In) for this family.

2 Regularity jumps

The goal of this section is to show that the regularity of the powers of an ideal

can jump for the first time at any place. This happens already in 4 variables. Let

R be the polynomial ring K[x1,x2,z1,z2] and for d > 1 define the ideal

J = (x1zd
1 ,x1zd

2 ,x2zd−1
1 z2)+ (z1,z2)d+1.

We will prove the following:

Theorem 2.1 The ideal Jk has linear quotients for all k < d and Jd has a first-

syzygy of degree d. In particular reg(Jk) = k(d + 1) for all k < d and reg(Jd) ≥
d(d + 1)+ d−1 and this holds independently of K.

We may deduce:

Corollary 2.2 The invariant c(I) cannot be bounded above in terms of the num-

ber of variables only, not even for monomial ideals.

In order to prove that Jk has linear quotients we need the following technical

construction.

Given three sets of variables x = x1, . . . ,xm, z = z1, . . . ,zn and t = t1, . . . ,tk we

consider monomials m1, . . . ,mk of degree d is the variables z. Let φ be a map

φ : {t1, . . . ,tk}→ {x1, . . . ,xm}.

Extend its action to arbitrary monomials by setting

φ(∏ tai
i ) = ∏φ(ti)ai .

Set W = (m1, . . . ,mk). Consider the bigraded presentation

Φ : K[z1, . . . ,zn,t1, . . . ,tk] → R(W ) = K[z1, . . . ,zn,m1s, . . . ,mks]
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of the Rees algebra of the ideal W obtained by setting Φ(zi) = zi and Φ(ti) = mis

(s a new variable) and giving degree (1,0) to the z’s and degree (0,1) to the t’s.

We set

H = KerΦ

and note that H is a binomial ideal.

Definition 2.3 We say that m1, . . . ,mk are pseudo-linear of order p with respect

to φ if for every 1 ≤ b ≤ a ≤ p and for every binomial MA − NB in H with

M,N monomials in the z of degree (a− b)(d + 1) and A,B monomials in the t

of degree b such that φ(A) > φ(B) in the lex-order there exists an element of

the form M1ti −N1t j in H where M1,N1 are monomials in the z such that the

following conditions are satisfied:

(1) N1|N,

(2) ti|A, t j|B,

(3) φ(ti)|φ(A)/GCD(φ(A),φ(B)),

(4) φ(ti) > φ(t j) in the lex-order.

The important consequence is the following:

Lemma 2.4 Assume that m1 . . . ,mk are monomials of degree d in the z which are

pseudo-linear of order p with respect to φ. Set

J = (z1, . . . ,zn)d+1 +(φ(t1)m1,φ(t2)m2, . . . ,φ(tk)mk).

Then Ja has linear quotients for all a = 1, . . . , p.

Proof: Set Z = (z1, . . . ,zn)d+1 and I = (φ(t1)m1,φ(t2)m2, . . . ,φ(tk)mk). Take a

with 1 ≤ a ≤ p and order the generators of Ja according to the following decom-

position: Ja = Za + Za−1I + · · ·+ ZbIa−b + · · ·+ Ia. In the block Za we order the

generators so that they have linear quotients; this is easy since Za is just a power

of the (z1, . . . ,zn). In the the block ZbIa−b with b < a we order the generators

extending (in any way) the lex-order in the x. We claim that, with this order, the

ideal Ja has linear quotients. Let us check this. As long as we deal with ele-

ments of the block Za there is nothing to check. So let us take some monomial,
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say u, from the block ZbIa−b with b < a and denote by V the ideal generated

by the monomials which are earlier in the list. We have to show that the colon

ideal V : (u) is generated by variables. Note that V : (u) contains (z1, . . . ,zn)
since (z1, . . . ,zn)u ⊂ Zb+1Ia−b−1 ⊂ V . Let v be a generator of V . If v comes

from a block ZcIa−c with c > b then we are done since (v) : (u) is contained in

(z1, . . . ,zn) by degree reason. So we can assume that also v comes from the block

ZbIa−b. Again, if the generator v/GCD(v,u) of (v) : (u) involves the variables

z we are done. So we are left with the case in which v/GCD(v,u) does not in-

volves the variables z. It is now the time to use the assumption that the mi’s are

pseudo-linear. Say u = Nms1 φ(ts1) · · ·msaφ(tsa) and v = Mmr1φ(tr1) · · ·mraφ(tra)
with M,N monomials of degree (b− a)(d + 1) in the z. Set A = tr1 · · · tra and

B = ts1 · · · tsa . Since v is earlier than u in the generators of Ja we have φ(A) > φ(B)
in the lex-order. Note also that (v) : (u) is generated by φ(A)/GCD(φ(A),φ(B)).
Now the fact that v/GCD(v,u) does not involves the variables z is equivalent to

saying that MA−NB belongs to H. By assumption there exists L = M1ti −N1t j

in H such that the conditions (1)–(4) of Definition 2.3 hold. Multiplying L by

(N/N1)(B/t j), we have that M1(N/N1)ti(B/t j)−NB is in H and by construction

v1 = M1(N/N1)miφ(ti)ms1 φ(ts1) · · ·msaφ(tsa)/m jφ(t j)

is a monomial of the block ZbIa−b which is in V by construction and such that

(v) : (u) ⊆ (v1) : (u) = (φ(ti)). This concludes the proof.

Now we can prove:

Lemma 2.5 For every integer d > 1 the monomials

m1 = zd
1 , m2 = zd

2 , m3 = zd−1
1 z2

are pseudo-linear of order (d−1) with respect to the map

φ : {t1, t2, t3}→ {x1,x2}

defined by φ(t1) = x1, φ(t2) = x1, φ(t3) = x2.

Proof: It is easy to see that the defining ideal H of the Rees algebra of W =
(m1,m2,m3) is generated by

(3) z2t1 − z1t3 (4) zd−1
1 t2 − zd−1

2 t3 (5) td−1
1 t2 − td

3 .
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Let 1 ≤ b ≤ a ≤ d−1 and F = MA−NB a binomial of bidegree ((a−b)(d +
1),b) in H such that φ(A) > φ(B) in the lex-order. Denote by v = (v1,v2),u =
(u1,u2) the exponents of M and N and by α = (α1,α2,α3) and β = (β1,β2,β3)
the exponents of A and B. We collect all the relations that hold by assumption:

(i) 1 ≤ b ≤ a ≤ d −1
(ii) α1 + α2 + α3 = β1 + β2 + β3 = b
(iii) v1 + v2 = u1 + u2 = (a−b)(d + 1)
(iv) v1 + dα1 +(d−1)α3 = u1 + dβ1 +(d−1)β3

(v) v2 + dα2 + α3 = u2 + dβ2 + β3

(vi) α1 + α2 > β1 + β2.

Note that (vi) holds since φ(A) > φ(B) in the lex-order. If

α1 > 0 and β3 > 0 and u1 > 0 (6)

then Equation (3) does the job. If instead

α2 > 0 and β3 > 0 and u2 ≥ d−1 (7)

then Equation (4) does the job. So it is enough to show that either (6) or (7)
holds. By contradiction, assume that both (6) and (7) do not hold. Note that (ii)
and (vi) imply that β3 > 0. Also note that if a = b then F has bidegree (0,a)
and hence must be divisible by (3), which is impossible since a < d. So we may

assume that b < a. But then u1 + u2 = (a− b)(d + 1) ≥ d + 1 and hence either

u1 > 0 or u2 ≥ d−1. Summing up, if both (6) and (7) do not hold and taking into

consideration that β3 > 0, that either u1 > 0 or u2 ≥ d −1 and that α1 + α2 > 0,

then one of the following conditions holds:

α1 = 0 and u2 < d −1 (8)

α2 = 0 and u1 = 0. (9)

If (8) holds then α2 > β1 + β2. Using (v) we may write

u2 = v2 + d(α2 −β1 −β2)+ dβ1 + α3 −β3. (10)

If β1 > 0 we conclude that u2 ≥ d +d−β3 and hence u2 ≥ d +1 since β3 ≤ b ≤
d−1, and this is a contradiction.

If instead β1 = 0 then α2 + α3 = β2 + β3 and hence (10) yields u2 = (d −
1)(α2 −β2)+ v2 ≥ (d −1), a contradiction.
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If (9) holds then α1 > β1 + β2. By (iv) we have

v1 + d(α1 −β1)+ (d−1)(α3 −β3) = 0.

Hence

v1 + d(α1 −β1 −β2)+ (d−1)(α3 −β3)+ dβ2 = 0.

But α3 −β3 = −α1 + β1 + β2, so that

v1 +(α1 −β1 −β2)+ dβ2 = 0

which is impossible since α1 −β1 −β2 > 0 by assumption.

Now we are ready to complete the proof of the theorem.

Proof of Theorem 2.1: Combining 2.4 and 2.5 we have that Jk has linear quo-

tients, and hence a linear resolution, for all k < d. It remains to show that Jd has

a first-syzygy of degree d. Denote by V the ideal generated by all the monomial

generators of Jd but u = (zd−1
1 z2x2)d . We claim that xd

1 is a minimal generator of

V : u and this is clearly enough to conclude that Jd has a first-syzygy of degree

d. First note that xd
1u = xd

2(z
d
1x1)d−1(zd

2x1) ∈ V , hence xd
1 ∈ V : u. Suppose, by

contradiction, xd
1 is not a minimal generator of V : u. Then there exists an inte-

ger s < d such that xs
1u ∈ V . In other words we may write xs

1u as the product

of d generators of J, say f1, . . . , fd , not all equal to zd−1
1 z2x2, times a monomial

m of degree s. Since the total degree in the x in xs
1u is s + d at each generator

of J has degree at most 1 in the x, it follows that the fi are all of the of type

zd
1x1,zd

2x2,z
d−1
1 z2x2 and m involves only x. Since x2 has degree d in u, s < d

and zd−1
1 z2x2 is the only generator of J containing x2, it follows that at least one

of the fi is equal to zd−1
1 z2x2. Getting rid of those common factors we obtain a

relation of type xs
1(z

d−1
1 z2x2)r = m(zd

1x1)r1(zd
2x1)r2 with r = r1 + r2 < d. In the

z-variables it gives (zd−1
1 z2)r = (zd

1)r1(zd
2)r2 with r = r1 + r2 < d which is clearly

impossible.

What is the regularity of Jk for k ≥ d? There is some computational evidence

that the first guess, i.e., reg(Jk) = k(d + 1)+ d−1 for k ≥ d, might be correct.

The ideas and the strategy of the previous construction can be used, in prin-

ciple, to create other kinds of “bad” behaviors. We give some hints and examples

but no detailed proofs.
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Hint 2.6 Given d > 1 consider the ideal

H = (x1zd
1 ,x1zd

2 ,x2zd−1
1 z2)+ z1z2(z1,z2)d−1.

We conjecture that reg(Hk) = k(d + 1) for all k < d and reg(Hd) ≥ d(d + 1)+
d − 1. Note that H has two generators less than the ideal J of 2.1. In the case

d = 2, H is exactly the ideal of 1.5.

One can ask whether there are radical ideals with a behavior as the ideal

in 2.1. One would need a square-free version of the construction above. This

suggests the following:

Hint 2.7 For every d consider variables z1,z2, . . . ,z2d and x1,x2 and the ideal

J = (
x1z1z2,x1z3z4, . . . ,x1z2d−1z2d ,
x2z2z3,x2z4z5, . . . ,x2z2dz1

)+ Sq3(z)

where Sq3(z) denotes the square-free cube of (z1, . . . ,z2d), i.e., the ideal gener-

ated by the square-free monomials of degree 3 in the z’s. We conjecture that

reg(Jk) = 3k for k < d and reg(Jd) > 3d. Note that for d = 2 one obtains Sturm-

fels’ Example 1.6.

We do not know how to construct prime ideals with a behavior as the ideal in

2.1. If one wants two (or more) jumps one can try with:

Hint 2.8 Let 1 < a < b be integers. Define the ideal

I = (y2zb
1,y2zb

2,xzb−1
1 z2)+ zb−a

1 (y1za
1,y1za

2,xza−1
1 z2)+ z1z2(z1,z2)b−1

of the polynomial ring K[x,y1,y2,z1,z2]. We expect that reg(I) = b + 1 and

reg(Ik)− reg(Ik−1) > (b + 1) if k = a or k = b.

Acknowledgments
The author wishes to thank the organizers of the Lisbon Conference on Com-

mutative Algebra (Lisbon, June 2003) for the kind invitation and for their warm

hospitality. Some parts of this research project were carried out while the author

was visiting MSRI (Berkeley) within the frame of the Special Program 2002/03

on Commutative Algebra. The results and examples presented in this the paper

have been inspired and suggested by computations performed by the computer

algebra system CoCoA [CNR].



32 A. Conca

References
[BEL] A. Bertram, L. Ein and R. Lazarsfeld, Vanishing theorems, a theorem of Severi,

and the equations defining projective varieties, J. Amer. Math. Soc. 4 (1991),
587–602.

[CNR] A. Capani, G. Niesi and L. Robbiano, CoCoA, a System for Doing Computations
in Commutative Algebra, Available via ftp from cocoa.dima.unige.it.

[Ca] G. Caviglia, Bounds on the Castelnuovo-Mumford regularity of tensor products,
preprint 2003, to appear in Proc. Amer. Math. Soc.

[C] K. Chandler, Regularity of the powers of an ideal, Comm. Algebra 25 (1997),
3773–3776.

[CH] A. Conca and J. Herzog, Castelnuovo-Mumford regularity of products of ideals,
Collect. Math. 54 (2003), 137–152.

[CHT] D. Cutkosky, J. Herzog and N.V. Trung, Asymptotic behavior of the Castelnuovo-
Mumford regularity, Compositio Math. 118 (1999), 243–261.

[EHU] D. Eisenbud, C. Huneke and B. Ulrich, Regularity of Tor and graded Betti num-
bers, preprint 2004, math.AC/0405373.

[GGP] A. Geramita, A. Gimigliano and Y. Pitteloud, Graded Betti numbers of some
embedded rational n-folds, Math. Ann. 301 (1995), 363–380.

[HHZ] J. Herzog, T. Hibi and X. Zheng, Monomial ideals whose powers have a linear
resolution, preprint 2003, math.AC/0307222.

[K] V. Kodiyalam, Asymptotic behavior of Castelnuovo-Mumford regularity, Proc.
Amer. Math. Soc. 128 (2000), 407–411.
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1 Introduction

Let (R,m) be a local Noetherian ring. Given an R-ideal I of grade g, a closely
related object to I is its integral closure I. This is the set (ideal, to be precise) of
all elements in R that satisfy an equation of the form

Xm + b1Xm−1 + b2Xm−2 + · · ·+ bm−1X + bm = 0,

33
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with b j ∈ I j and m a non-negative integer. Clearly one has that I ⊆ I ⊆ √
I,

where
√

I is the radical of I and consists instead of the elements of R that satisfy
an equation of the form Xq −b = 0 for some b ∈ I and q a non-negative integer.
While [EHV] already provides direct methods for the computation of

√
I, the

nature of I is complex. Even the issue of validating the equality I = I is quite hard
and relatively few methods are known [CHV]. In general, computing the integral
closure of an ideal is a fundamental problem in commutative algebra. Although
it is theoretically possible to compute integral closures, practical computations
at present remain largely out-of-reach, except for some special ideals, such as
monomial ideals in polynomial rings over a field. One known computational
approach is through the theory of Rees algebras: It requires the computation of
the integral closure of the Rees algebra R of I in R[t]. However, this method is
potentially wasteful since the integral closures of all the powers of I are being
computed at the same time. On the other hand, this method has the advantage
that for the integral closure A of an affine algebra A there are readily available
conductors: given A in terms of generators and relations (at least in characteristic
zero) the Jacobian ideal Jac of A has the property that Jac ·A ⊆ A, in other words,
A ⊆ A : Jac. This fact is the cornerstone of most current algorithms to build A
[deJ, V].

On a seemingly unrelated level, let Hi = Hi(I) denote the homology modules
of the Koszul complex K∗ built on a minimal generating set a1, . . . ,an of I. It is
well known that all the non-zero Koszul homology modules Hi are annihilated
by I, but in general their annihilators tend to be larger. To be precise, this article
outgrew from an effort to understand our basic question:

Are the annihilators of the non-zero Koszul homology modules Hi of
an unmixed ideal I of a local Cohen-Macaulay ring R contained in
the integral closure I of I?

We are particularly interested in the two most meaningful Koszul homology mod-
ules, namely H1 and Hn−g — the last non-vanishing Koszul homology module.
Of course the case that matters most in dealing with the annihilator of the lat-
ter module is when R is Cohen-Macaulay but not Gorenstein. Observe that the
Cohen-Macaulay assumption on the ring R cannot be weakened. For instance,
let R be the localized polynomial ring in the variables X and Y modulo the ideal
(X2,XY ). Let us denote with x and y the images of X and Y , respectively. The
principal ideal I = (yn), where n ≥ 2, is generated by a parameter. In addition,
we have that 0 : (yn) = (x) and 0: (x) = (x,y), but y is not integral over (yn).
We also stress the necessity of the unmixedness requirement on I in our ques-
tion. Indeed, let R = k[[X ,Y,Z,W ]] with k a field characteristic zero. The ideal
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I = (X2 −XY,−XY +Y 2,Z2 −ZW,−ZW +W 2) is a height two mixed ideal with
Ann(H1) = I = (I,XZ−YZ−XW +YW ) and Ann(H2) =

√
I = (X −Y,Z−W).

It is interesting to note that this ideal has played a role in [CHV], where it was
shown that the integral closure of a binomial ideal is not necessarily binomial,
unlike the case of its radical as shown by Eisenbud and Sturmfels [ES]. A first
approach to our question would be to decide if the annihilators of the Koszul
homology modules are rigid in the sense that the annihilator of Hi is contained
in the annihilator of Hi+1. Up to radical this is true by the well-known rigid-
ity of the Koszul complex. If true, we could concentrate our attention on the
last non-vanishing Koszul homology. Unfortunately, this rigidity is not true. In-
deed, let R = k[[X ,Y,Z,W ]] with k a field characteristic zero and consider the ideal
I = (X3,Y 4,Z4,W 6,XYZ −YZW,XYW − Z2W ). Clearly, ann(H2) = I whereas
an easy computation with the algebra system Macaulay shows that ann(H1) =
I +(Y 2ZW 2,Y 3Z3,XZ2W 4,Z2W 5,X2ZW 5,Y 3W 5). That is, ann(H1) �⊂ ann(H2).
Moreover, one has that (ann(H1))2 = I ann(H1), which yields that ann(H1) is
contained in I. It would be good to have an example where such behavior occurs
for the Koszul homology of an ideal in a ring which is not Gorenstein. A related
example was given by Aberbach: let R = k[X ,Y,Z]/(X ,Y,Z)n+1 and let E be the
injective hull of the residue field of R. Then Z is in the annihilator of H1(X ,Y ;E),
but Zn does not annihilate H2(X ,Y ;E).

An obvious question is: What happens when I is integrally closed? In Section
2 we provide some validation for our guiding question. Let I be an m-primary
ideal that is not a complete intersection. In Corollary 2.4 we show that if c∈ I : m

and cH1 = 0, then c ∈ I. In particular, if I is an integrally closed ideal then
ann(H1) = I. We then proceed to study ann(H1) for several classes of ideals
with good structure: these include syzygetic ideals, height two perfect Cohen-
Macaulay ideals, and height three perfect Gorenstein ideals. While in the case
of height two perfect Cohen-Macaulay ideals the Koszul homology modules are
faithful (see Proposition 2.10), in the case of syzygetic ideals we observe that
ann(H1) can be interpreted as I : I1(ϕ), where I1(ϕ) is the ideal generated by the
entries of any matrix ϕ minimally presenting the ideal I (see Proposition 2.6). In
the case of height three perfect Gorenstein ideals we show the weaker statement
that (ann(H1))2 ⊂ I (see Theorem 2.12).

Section 3 contains variations on a result of Burch, which continues the theme
of this paper in that they deal with annihilators of homology and integrally closed
ideals. The result of Burch that we have in mind [B] asserts that if TorR

t (R/I,M),
where M is a finitely generated R-module, vanishes for two consecutive values
of t less than or equal to the projective dimension of M, then m(I : m) = mI.
This has the intriguing consequence that if I is an integrally closed ideal with
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finite projective dimension, then Rp is a regular local ring for all p ∈ Ass(R/I).
In particular, a local ring is regular if and only if it has an m-primary integrally
closed ideal of finite projective dimension. A variation of Burch’s theorem is
given in Theorem 3.1. We then deduce a number of corollaries. For instance,
we show in Corollary 3.3 that integrally closed m-primary ideals I can be used to
test for finite projective dimension, in the sense that if TorR

i (M,R/I) = 0, then the
projective dimension of M is at most i− 1. This improves Burch’s result in that
we do not need to assume that two consecutive Tors vanish. Recent work of Goto
and Hayasaka ([GH1] and [GH2]) has many more results concerning integrally
closed ideals of finite projective dimension.

The annihilator of the conormal module I/I2 is a natural source of elements
in the integral closure of I. In Section 4 we study a class of Cohen-Macaulay
ideals whose conormal module is faithful. We close with a last section giving an
equivalent formulation of our main question, and also include another question
which came up in the course of this study.

2 Annihilators of Koszul homology

We start with some easy remarks, that are definitely not sharp exactly because of
their generality. It follows from localization that ann(H1) ⊂

√
I. Moreover, for

any R-ideal I minimally presented by a matrix ϕ we also show that ann(H1) ⊂
I : I1(ϕ), where I1(ϕ) is the ideal generated by the entries of ϕ. Things get sharper
when one focuses on the annihilator of the first Koszul homology modules of
classes of ideals with good structural properties. We conclude the section with a
result of Ulrich about the annihilator of the last non-vanishing Koszul homology
module.

2.1 The first Koszul homology module

Our first theorem is a general result about annihilators of Koszul homology. It
follows from this theorem that our basic question (even in a general Noetherian
setting) has a positive answer for the first Koszul homology module in the case
that I is an integrally closed m-primary ideal. For the reader’s sake, through-
out the paper, we will tacitly assume that the Koszul homology modules under
consideration are non-zero.

Theorem 2.1 Let (R,m) be a local Noetherian ring and let I be an m-primary
ideal. If c ∈ R is an element such that cHi(I) = 0 then one of the following
conditions hold:
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(a) I : c = mI : c.

(b) There exists J ⊆ I and x ∈ R such that I = J + (cx), µ(I) = µ(J)+ 1 and
c Hi(J) = c Hi−1(J) = 0.

We will need a lemma before proving Theorem 2.1.

Lemma 2.2 Let J ⊆ R be an ideal and c,x ∈ R. Assume that (J,cx) is primary to
the maximal ideal. Then λ(Hi(J,c)) = λ(annc Hi(J,cx)).

Proof. We use induction on i. Suppose i = 0. The desired equality of lengths
follows immediately from the exact sequence

0 → ((J,cx) : c)/(J,cx) −→ R/(J,cx) ·c−→ R/(J,cx) −→ R/(J,c) → 0.

Suppose i > 0 and the lemma holds for i−1. We have an exact sequence

0 → Hi(J,cx)/cHi(J,cx) −→ Hi(J,cx,c) −→ annc(Hi−1(J,cx)) → 0.

But Hi(J,cx,c) = Hi(J,c)⊕Hi−1(J,c), so

λ(Hi(J,c))+ λ(Hi−1(J,c)) = λ(annc(Hi−1(J,c))+ λ(Hi(J,cx)/cHi(J,cx)).

Using the induction hypothesis, we obtain λ(Hi(J,c))= λ(Hi(J,cx)/cHi(J,cx))=
λ(annc Hi(J,cx)).

Proof of Theorem 2.1. Suppose (a) does not hold. Then there exists x ∈ m such
that cx is a minimal generator of I. We can write I = J +(cx) for an ideal J ⊆ I
satisfying µ(I) = µ(J)+ 1. On the one hand, from the exact sequences

0 → Hi(J)/cHi(J) −→ Hi(J,c) −→ annc Hi−1(J) → 0

and
0 → Hi(J)/cxHi(J) −→ Hi(J,cx) −→ anncx Hi−1(J) → 0

we get
λ(Hi(J,c)) = λ(Hi(J)/cHi(J))+ λ(annc Hi−1(J))

and
λ(Hi(J,cx)) = λ(Hi(J)/cxHi(J))+ λ(anncx Hi−1(J)).

On the other hand,

λ(Hi(J)/cxHi(J))≥ λ(Hi(J)/cHi(J)) and λ(anncx Hi−1(J))≥ λ(annc Hi(J)).
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Since cHi(J,cx) = 0, Hi(J,cx) = annc Hi(J,cx), so λ(Hi(J,cx)) = λ(Hi(J,c)),
by Lemma 2.2. It follows from this that λ(Hi(J)/cHi(J)) = λ(Hi(J)/cxHi(J)).
Thus, cHi(J) = cxHi(J), so cHi(J) = 0, by Nakayama’s lemma. Similarly, since

λ(annc Hi−1(J)) = λ(anncx Hi−1(J)),

it follows that λ(Hi−1(J)/cHi(J)) = λ(Hi−1(J)/cxHi(J)), so cHi−1(J) = 0, as be-
fore.

Corollary 2.3 Let (R,m) be a local Noetherian ring and let I be an m-primary
ideal. If c ·H1(I) = 0, then I : c = mI : c.

Proof. If I : c properly contains mI : c, then by Theorem 2.1, there exists J ⊆ I
and x ∈ m such that I = J + (cx), µ(I) = µ(J)+ 1 and c ·H0(J) = 0. But then,
c ∈ J, so I = J, a contradiction.

Corollary 2.4 Let (R,m) be a local Noetherian ring with depthR > 0 and let I
be an m-primary ideal. If c∈ R is an element such that c ·H1(I) = 0 and c∈ I : m,
then c ∈ I.

Proof. Since m ⊆ I : c, we have mc ⊆ mI, by Corollary 2.3. By the determinant
trick, c ∈ I.

Corollary 2.5 Let (R,m) be a local Noetherian ring and let I be an integrally
closed m-primary ideal. Then Ann(H1) = I.

Proof. Suppose annH1(I) properly contains I. Take c ∈ (annH1(I)\I)∩ (I : m).
By Corollary 2.4, c ∈ I = I, a contradiction. Thus, annH1(I) = I.

Syzygetic ideals: Let I be an ideal containing a regular element. It follows from
the determinant trick that the annihilator of Im/Im+1 is contained in I for all m.
Hence, another piece of evidence in support of our question is given by the close
relationship between H1 and the conormal module I/I2. This is encoded in the
exact sequence

0 → δ(I) −→ H1 −→ (R/I)n −→ I/I2 → 0,

where δ(I) denotes the kernel of the natural surjection from the second symmetric
power Sym2(I) of I onto I2, Sym2(I) � I2; see [SV]. We will exploit this exact
sequence in at least two places: Proposition 2.6 and Theorem 4.1. We recall that
the ideal I is said to be syzygetic whenever δ(I) = 0.
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Proposition 2.6 Let R be a Noetherian ring. For any R-ideal I minimally pre-
sented by a matrix ϕ, ann(H1) ⊂ I : I1(ϕ), where I1(ϕ) denotes the ideal gener-
ated by the entries of ϕ. If, in addition, I is syzygetic then ann(H1) = I : I1(ϕ).

Proof. Let Z1 and B1 denote the modules of cycles and boundaries respectively.
If x ∈ ann(H1) one has that for z ∈ Z1 the condition xz ∈ B1 means that each
coordinate of z is conducted into I by x. Thus x ∈ I : I1(ϕ). The reverse con-
tainment holds if I is syzygetic. In fact, in this situation one actually has that
H1 ↪→ (I1(ϕ)/I)n. Thus I : I1(ϕ) ⊂ Ann(H1).

Corollary 2.7 Let R be a local Noetherian ring, and let I be an ideal of finite
projective dimension n. Then (ann(H1))n+1 ⊆ I.

Proof. Assume I is minimally presented by a matrix ϕ. By the above proposi-
tion, ann(H1)⊂ I : I1(ϕ). The result then follows immediately from the following
proposition of G. Levin (unpublished). The proof follows from a careful analysis
of Gulliksen’s Lemma, 1.3.2 in [GL].

Proposition 2.8 Let R be a local Noetherian ring and let I be an ideal of finite
projective dimension n, minimally presented by a matrix ϕ. Then

(I : I1(ϕ))n+1 ⊆ I.

Remark 2.9 In general, the ideal I : I1(ϕ) may be larger than the integral clo-
sure of I. For example the integrally closed R-ideal I = (X ,Y )2, where R is the
localized polynomial ring k[X ,Y ](X ,Y ), is such that I : I1(ϕ) = (X ,Y ). However,
Levin’s proposition shows that (I : I1(ϕ))2 ⊂ I.

Height two perfect ideals: The first case to tackle is the one of height two perfect
ideals in local Cohen-Macaulay rings. However the Cohen-Macaulayness of the
Hi’s gets into the way. Indeed we have the following fact:

Proposition 2.10 Let R be a local Cohen-Macaulay ring and let I be a height
two perfect R-ideal. Then for all i (with Hi �= 0) one has Ann(Hi) = I.

Proof. Consider the resolution of the ideal I:

0 → Rn−1 −→ Rn −→ I → 0.
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The submodule of 1-cycles of K∗, Z1, is the submodule Rn−1 of this resolution.
Also, for all i one has Zi =

Vi Z1. All these facts can be traced to [AH]. This
implies that for any i ≤ n−2, Hi

1 = Hi — this multiplication is in H∗(K). Thus
the annihilator of H1 will also annihilate, say, Hn−2. But this is the canonical
module of R/I, and its annihilator is I. The conclusion now easily follows.

Gorenstein ideals: Let us consider a perfect m-primary Gorenstein ideal in a
local Noetherian ring R. In this situation, if I is Gorenstein but not a complete
intersection then Ann(H1) �= I. Otherwise, R/I would be a submodule of H1.
By a theorem of Gulliksen [GL], if H1 has a free summand then it must be a
complete intersection. Actually, using Gulliksen’s theorem one shows that if I is
m-primary Gorenstein but not a complete intersection, then the socle annihilates
H1. Combining Proposition 2.6 and the work of [CHV] yields the following
result:

Proposition 2.11 Let (R,m) be a local Noetherian ring with embedding dimen-
sion at least 2 and let I be an m-primary ideal contained in m2 with R/I Goren-
stein. Suppose further that I is minimally presented by a matrix ϕ and that
I1(ϕ) = m, where I1(ϕ) denotes the ideal generated by the entries of ϕ. Then
ann(H1) ⊂ I.

Proof. By Proposition 2.6 and our assumption we have that ann(H1)⊂ I : I1(ϕ)=
I : m. Our assertion now follows from Lemma 3.6 in [CHV] since (I : m)2 =
I(I : m).

For a height three perfect Gorenstein ideal I which is not integrally closed
(as, for example, in the m-primary case) we have evidence that (ann(H1))2 =
I · ann(H1). If this were to hold in general, it would imply that I � ann(H1) ⊂ I.
Thus far, we can prove the weaker result that the square of the annihilator of H1

is in the integral closure of I.

Theorem 2.12 Let R be a local Noetherian ring with char(R) �= 2 and let I be
a height three perfect Gorenstein ideal minimally generated by n ≥ 5 elements.
Then

(ann(H1))2 ⊂ I.

Proof. Let a1, . . .an denote a set of minimal generators of I. Notice that B1 and
Z1 are submodules of Rn of rank n− 1; in general, if E is a submodule of Rn of
rank r, we denote by det(E) the ideal generated by the r× r minors of the matrix
with any set of generators of E (as elements of Rn).
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Let c ∈ R be such that cZ1 ⊂ B1. It suffices to prove that c2 ∈ I since the
square of an ideal is always integral over the ideal generated by the squares of
its generators. Note that cn−1 det(Z1) ⊂ det(B1). Let V be a valuation over-
ring of R with valuation v; the ideal IV is now principal and generated by one
of the original generators, say a1 = a. By the structure theorem of Buchsbaum
and Eisenbud [BE], we may assume that a is one of the maximal Pfaffians of
the matrix presenting I. Since I is generated by a, B1V is generated by the
Koszul syzygies (a2,−a,0, . . . ,0),(a3,0,−a, . . . ,0), . . . ,(an,0,0, . . . ,−a). Hence
det(B1V ) = (an−1) = In−1V . As for Z1V , one has that det(Z1V ) includes the
determinant of the minor defining a2 (a is the Pfaffian of the submatrix). Thus
cn−1I2V ⊂ In−1V , which yields that cn−1 ∈ In−3V , as cancellation holds. Hence,
we have that (n − 1)v(c) = v(cn−1) ≥ v(In−3V ) = (n − 3)v(IV ). Finally, this
yields

v(c2) ≥ 2
n−3
n−1

v(IV ) ≥ v(IV )

and, in conclusion, c2 ∈ I.

Remark 2.13 It is worth remarking that the above proof shows much more. Re-

call that I
a
b denotes the integral closure of the ideal generated by all x ∈ R such

that xb ∈ Ia. From [BE], we know that n = 2k +1 must be odd. Our proof shows
that

(ann(H1)) ⊂ I
k−1

k .

As k gets large this is very close to our main objective, proving that (ann(H1)) ⊂
I.

2.2 Last non-vanishing Koszul homology module

Let us turn our attention towards the tail of the Koszul complex.

Proposition 2.14 Let R be a one-dimensional Noetherian integral domain with
finite integral closure. Then any integrally closed ideal is reflexive. In particular,
for any ideal I its bidual (I−1)−1 is contained in its integral closure I.

Proof. We may assume that R is a local ring, of integral closure B. An ideal L is
integrally closed if L = R∩LB. Since B is a principal ideals domain, LB = xB for
some x. We claim that xB is reflexive. Let C = B−1 = HomR(B,R) be the conduc-
tor of B/R. C is also an ideal of B, C = yB, and therefore C−1 = y−1B−1 = y−1C,
which shows that C−1 = B. This shows that (L−1)−1 ⊂ (R−1)−1 ∩ ((xB)−1)−1 =
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L. The last assertion follows immediately by setting I ⊂ L = I.

We can interpret the above result as an annihilation of Koszul cohomology.
Let I = (a1, . . . ,am) and let K

∗ denote the Koszul complex

0 → R −→ Rm −→
2̂

Rm −→ ·· · −→
m̂

Rm → 0,

with differential ∂(w) = z∧w, where z = a1e1 + · · ·+ anem. One sees that Z1 =
I−1z, and B1 = Rz. Thus (I−1)−1 is the annihilator of H1. On the other hand
H1 ∼= Hm−1 ∼= Ext1R(R/I,R). Let us raise a related issue: (I−1)−1 is just the an-
nihilator of Ext1R(R/I,R), so one might want to consider the following question,
which is obviously relevant only if the ring R is not Gorenstein. Let R be a
Cohen-Macaulay geometric integral domain and let I be a height unmixed ideal
of codimension g. Is ann(ExtgR(R/I,R)) = ann(Hn−g) always contained in I?
Notice that the annihilator of the last non-vanishing Koszul homology can be
identified with J : (J : I) for J an ideal generated by a maximal regular sequence
inside I. This follows since the last non-vanishing Koszul homology is isomor-
phic to (J : I)/J.

We thank Bernd Ulrich for allowing us to reproduce the following result [U],
which grew out of conversations at MSRI (Berkeley):

Theorem 2.15 (Ulrich) Let (R,m) be a Cohen-Macaulay local ring, let I be an
equimultiple ideal and let J ⊂ I be a complete intersection with htJ = ht I. Then it
follows that J : (J : I) ⊂ I. In particular the annihilator of the last non-vanishing
Koszul homology of I is contained in the integral closure of I.

Proof. We may assume that I is m-primary since for every associated prime p

of I, htp = ht I. We may also assume that R has a canonical module ω. We first
prove:

Lemma 2.16 Let R be an Artinian local ring with canonical module ω and let
I ⊂ R be an ideal. Then 0 :ω (0 :R I) = Iω.

Proof. Note that 0 :ω (0 :R I) = ωR/0:I . To show Iω = ωR/0:I note that Iω is a
module over R/0: I and that the socle of Iω is at most one-dimensional as it is
contained in the socle of ω. Hence we only need to show that Iω is faithful over
R/0 : I. Let x ∈ annR Iω, then xIω = 0, hence xI = 0, hence x ∈ 0 : I.
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Returning to the proof of Theorem 2.15, it suffices to show that (J : (J : I))ω⊂ Iω.
But (J : (J : I))ω ⊂ Jω :ω (J :R I). So it suffices to show Jω :ω (J :R I) ⊂ Iω. Re-
placing R,ω by R/J, ωR/J = ω/Jω we have to show 0 :ω (0 :R I) ⊂ Iω, which
holds by Lemma 2.16.

3 Variations on a theorem of Burch

Theorem 3.1 below is a variation of Burch’s theorem mentioned in the intro-
duction, and strengthens it in the case I is integrally closed. We then deduce a
number of corollaries.

Theorem 3.1 Let (R,m) be a local Noetherian ring, I an integrally closed R-
ideal having height greater than zero and M a finitely generated R-module. For
t ≥ 1, set Jt := ann(Tort(R/I,M)). Let (F∗,ϕi) be a minimal free resolution of
M. If image(ϕt) is contained in mJtFt−1, then

image(ϕt ⊗R 1R/I)∩ socle(Ft−1/IFt−1) = 0.

Proof. Take u ∈ Ft−1 such that its residue class modulo I belongs to

image(ϕt ⊗R 1R/I)∩ socle(Ft−1/IFt−1).

Then u = ϕt(v)+ w, for v ∈ Ft and w ∈ IFt−1. For all x ∈ m, ϕt(xv) ≡ 0 modulo
IFt−1. Thus for all j ∈ Jt , there exists z ∈ Ft+1 such that ϕt+1(z) ≡ jxv modulo
IFt . It follows that we can write jxv = ϕt+1(z) + w0, for w0 ∈ IFt . Therefore,
jxu = ϕt( jxv)+ jxw = ϕt(w0)+ jxw. By hypothesis, we get jxu ∈ mJtIFt , for
all j ∈ Jt and all x ∈ m. Therefore, by cancellation, u ∈ IaFt−1. But since I is
integrally closed, u ∈ IFt−1, which gives what we want.

In the following corollaries, we retain the notation from Theorem 3.1.

Corollary 3.2 Suppose I is integrally closed and m-primary. If image(ϕt) is
contained in mJtFt−1, then:

(a) image(ϕt ) ⊆ IFt−1.

(b) JtFt ⊆ image(ϕt+1).

Proof. For (a), if image(ϕt ⊗ 1R/I) were not zero, then it would contain a non-
zero socle element, since I is m-primary. This contradicts Theorem 3.1, so
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(a) holds. For (b), it follows from (a) that Tort(R/I,M) = Ft/(image(ϕt+1)+
IFt), so JtFt is contained in image(ϕt+1)+ IFt , and (b) follows via Nakayama’s
Lemma.

The next corollary shows that integrally closed m-primary ideals can be used
to test for finite projective dimension.

Corollary 3.3 Suppose that I is integrally closed and m-primary. Then M has
projective dimension less than t if and only if Tort(R/I,M) = 0.

Proof. The hypothesis implies that Jt = R. Therefore, image(ϕt) is automatically
contained in mJtFt−1. By part (b) of Corollary 3.2, Ft ⊆ image(ϕt+1), so Ft = 0,
by Nakayama’s Lemma.

Corollary 3.4 Let J ⊆ R be an ideal and I an integrally closed m-primary ideal.
If J ⊆ m(IJ : I ∩ J), then J ⊆ I.

Proof. Apply Corollary 3.2 with M = R/J and t = 1.

Corollary 3.5 Suppose that R is reduced and M has infinite projective dimension
over R. Then for all t ≥ 1, the entries of ϕt do not belong to m · ann(M). In
particular, each map in the minimal resolution of k has an entry not belonging to
m2.

Proof. Let I be any m-primary integrally closed ideal. If the entries of ϕt be-
long to m · ann(M), then image(ϕt) is contained in mJtFt−1. By Corollary 3.2,
image(ϕt) is contained in IFt−1. But the intersection of the integrally closed m-
primary ideals is zero, therefore, image(ϕt) = 0, contrary to the hypothesis on M.
Thus, the conclusion of the corollary holds.

The last statement follows in the case where R is regular from the fact that
the Koszul complex on a minimal set of generators of the maximal ideal gives a
resolution of k. If R is not regular, then k has infinite projective dimension, and
the result follows at once from the first statement.

In regard to the above corollary, it is well-known that the Koszul complex of
a minimal set of generators of the maximal ideal is part of a minimal resolution
of k in all cases, so for the maps occuring in the minimal resolution up to the
dimension of the ring, the last statement is clear. The new content of the last
statement is for the maps past the dimension of the ring.
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Corollary 3.6 Suppose I is integrally closed and m ∈ Ass(R/I). If image(ϕt)
is contained in mJtFt−1, e.g., Tort(R/I,M) = 0, then either M has projective
dimension less than t −1 or m ∈ Ass(Tort−1(R/I,M)).

Proof. Suppose M has projective dimension greater than or equal to t −1. Then
Ft−1 �= 0. By hypothesis, the socle of Ft−1/IFt−1 is non-zero, so a non-zero ele-
ment u in this socle goes to zero under ϕt−1 ⊗1R/I. But the theorem implies that
the image of u in Tort−1(R/I,M) remains non-zero, so the result holds.

4 The conormal module

We end the article with a result in the spirit of our investigation. More precisely
we show that the conormal module I/I2 is faithful for a special class of Cohen-
Macaulay ideals.

Theorem 4.1 Let (R,m) be a Gorenstein local ring and I a Cohen-Macaulay
almost complete intersection. Let ϕ be a matrix minimally presenting I. If I1(ϕ)
is a complete intersection, then I/I2 is a faithful R/I-module.

Proof. Let g denote the height of I, and write n = g + 1 for the minimal number
of generators of I = (a1, . . . ,an). We may assume that the ideals generated by
any g of the ai’s are complete intersection ideals. Let ei, with 1 ≤ i ≤ n, denote
the n-tuple (0, . . . ,0,1,0, . . . ,0) where 1 is in the i-th position. Finally, note that
H1 is the canonical module of R/I.

Let us consider the exact sequence

0 → δ(I) −→ H1
θ−→ (R/I)n π−→ I/I2 → 0,

where δ(I) is the kernel of the natural surjection Sym2(I) � I2; see [SV]. Notice
that for any ε′ = ∑ r′je j +B1 ∈ H1, where ∑r′ja j = 0, one has θ(ε′) = (r′1 + I)e1 +
. . .+(r′n + I)en while for any element in (R/I)n one has π((r1 + I)e1 + . . .+(rn +
I)en) = r1a1 + . . .+ rnan + I2. Apply ( )∨ = HomR/I( ,H1) to the above exact
sequence. We obtain

0 → (I/I2)∨ π∨−→ Hom((R/I)n,H1)
θ∨−→ Hom(H1,H1) = R/I −→ δ(I)∨ → 0.

To conclude it will be enough to show that (I/I2)∨ is faithful.
First, we claim that the image of θ∨ belongs to I1(ϕ)/I. In fact, any element of

Hom((R/I)n,H1) can be written as a combination of elementary homomorphism
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of the form

ξi((1 + I)ei) = ε, ξi((1 + I)e j) = 0, if i �= j,

with ε = ∑ r je j + B1 ∈ H1, where ∑r ja j = 0. Thus, for any ε′ ∈ H1 we have

(θ∨(ξi))(ε′) = ξi(θ(ε′)) = ξi(∑(r′j + I)e j) = (r′i + I)ε.

Observe that (r′i + I)ε = (ri + I)ε′ in H1. Indeed, r′iε−riε′ = ∑(r′ir j −rir′j)e j +B1.
But ∑(r′ir j − rir′j)e j is a syzygy of the complete intersection (a1, . . . , âi, . . . ,an)
and thus it is a Koszul syzygy of the smaller ideal, hence it is in B1. In conclusion,
θ∨(ξi) is nothing but multiplication by ri + I ∈ I1(ϕ)/I. Given that ε and i were
chosen arbitrarily one has that the image of θ∨ is I1(ϕ)/I.

Notice that the number of generators of I1(ϕ) is strictly smaller than n. So
we can say that the image of θ∨ is given say by (θ∨(ξ2), . . . ,θ∨(ξn)). Write, for
some ci ∈ R/I,

θ∨(ξ1) = ∑
i≥2

ci θ∨(ξi).

Hence ξ1 −∑i≥2 ci ξi ∈ Ker(θ∨) = Im(π∨) so that we can find γ ∈ (I/I2)∨ such
that

ξ1 −∑
i≥2

ci ξi = π∨(γ) = γ◦π.

Restricting these homomorphisms to the first component of Hom((R/I)n,H1)
gives a homomorphism from R/I to H1. Now, something that annihilates γ would
also annihilate the restriction, but that restriction is faithful.

Remark 4.2 From the proof of Theorem 4.1 we also obtain that Hom(δ(I),H1)=
R/I1(ϕ). In addition, if I1(ϕ) is Cohen-Macaulay of codimension g then by the
theorem of Hartshorne-Ogus we have that δ(I) (which is S2) is Cohen-Macaulay
and therefore depth I/I2 ≥ d −g−2.

Unfortunately, there is not much hope to stretch the proof of Theorem 4.1 as
the following example shows.

Example 4.3 Let R be the localized polynomial ring k[x,y](x,y). The ideal I =
(x5 − y5,x4y,xy4) is such that I2 : I = (I,x3y3). In this case I1(ϕ) = (x,y)2 so that
µ(I) = µ(I1(ϕ)) = 3.
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5 More Questions

We end by considering some other closely related questions which came up dur-
ing the course of this investigation. We let I be an m-primary ideal of the local
ring R minimally generated by n elements, and let Ji be the annihilator of the ith
Koszul cohomology of I with respect to a minimal generating set of I.

Set d equal to the dimension of R. Is J1 · J2 · · ·Jn−d contained in
In−d?

Notice that the Koszul homology of I vanishes for values larger than n− d,
so that the product above represents all the interesting annihilators of the Koszul
homology of I. Furthermore, a postive answer to this question gives a positive
answer to our main question. This follows since each Ji contains I. Along any
discrete valuation v, this means that v(I) ≥ v(Ji) for all i. A positive answer to
the question above implies that

n−d

∑
i=1

v(Ji) ≥ (n−d)v(I)≥
n−d

∑
i=1

v(Ji).

It would follow that v(Ji) = v(I) for all i, implying that Ji ⊆ I for all 1≤ i ≤ n−d.
Conversely, if Ji ⊆ I for all 1 ≤ i ≤ n−d, then clearly J1 · J2 · · ·Jn−d is contained
in In−d , so the above question is equivalent to saying that Ji ⊆ I for all 1 ≤
i ≤ n− d. This form of the question suggests using homotopies to compare the
Koszul complex of a set of generators of I with the free resolution of I. However,
we have not been able to use this idea to settle the question.

Another question which arose during our work is the following:

Let n be the number of minimal generators of an m-primary ideal I
in a Cohen-Macaulay local ring R with infinite residue field, and let
d be the dimension of the ring. For every j, d ≤ j ≤ n−1, choose j
general minimal generators of I, and let Jj be the ideal they generate.
Let Hn− j denote the (n− j)th Koszul homology of a minimal set of
generators of I. Is

Ann(Hn− j) ⊆ Jj : (Jj : I) ⊆ I?

We have positive answers to this question for the two extremes: j = d and
j = n−1, in the latter case assuming I is integrally closed.
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1 Introduction

In this article we summarize the results of the papers [7] and [6]. In Section 2

we discuss the results of [7] on surface singularities, and in Section 3 we discuss

results on the corresponding problem on varieties, which appear in [6].

2 Surface singularities

The material in this section is a survey of the paper [7], which is a joint work

with Juergen Herzog and Ana Reguera.

Suppose that k is an algebraically closed field of characteristic zero, and

�R�m�k� is a normal complete local ring of dimension 2. We restrict to charac-

teristic zero as most of the results in this article are false in positive characteristic

1Partially supported by NSF.

49



50 S.D. Cutkosky

(as is shown in [8], [7] and [6]). Suppose that π : X � spec�R� is a resolution of

singularities. We can write the reduced exceptional divisor as

π�1�m�red � E1 � � � ��Er

where E1� � � � �Er are the irreducible components. Since X is normal, each local

ring OX �Ei is a (rank 1) discrete valuation ring with valuation νi. To each νi and

n � N there is an associated valuation ideal in R,

In�νi� � � f � R � νi� f �� n��

The ideals In�νi� are m-primary.

To n � �n1� � � � �nr� � Nr we associate a divisor with exceptional support,

Dn � n1E1 � � � ��nrEr�

Then

H0�X �OX��Dn�� � Γ�X �OX��Dn�� � In1�ν1�� �� �� Inr�νr��

Since this is an m-primary ideal in R, we can define

hX�n� � ��R�Γ�X �OX��Dn����

hX is a sort of Hilbert function, so we could hope that it has a nice form, at least

for large n.

The form of the function hX�nm� for fixed m and n	 0 is itself very interest-

ing. Even though the ring


n�0Γ�X �OX ��nDm��

is in general not a finitely generated R-algebra, the Hilbert function hX�nm� is

always very nice, as is shown by the following theorem.

Theorem 2.1 (see [8, Theorem 9]) For fixed m, and n	 0,

hX�nm� � ��R�Γ�X �OX��nDm��� � an2 �bn� c�n�

where a�b �Q and c�n� is a periodic function.
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The statement of this theorem with the weaker condition that c�n� is bounded

(but not necessarily periodic) was first proven by Morales [12]. This statement

(with boundedness of c�n�) is in fact a local form of a theorem for linear systems

on projective surfaces of Zariski [13]. The statement of periodicity of c�n� was

conjectured by Zariski for linear systems on surfaces in [13]. Zariski’s conjecture

is proven in Theorem 2 [8] for surfaces, and in the local form of Theorem 2.1.

By the local Riemann-Roch Theorem ([10, 9])

hX�n� �� 1
2�KX �Dn���Dn�

2 �h1�X �OX ��h1�X �OX��Dn��
� (Quadratic polynomial in n) �h1�X �OX��Dn���

So we reduce to computing the (finite) length

h1�X �OX��Dn�� � ��H1�X �OX��Dn���

Using the techniques of Zariski decomposition and Laufer decomposition we can

subdivide Qr
� into rational polyhedral sets where hX�n� can be better understood.

Theorem 2.2 (see [7, Proposition 6.3]) There exists a subdivision of Qr
� by ra-

tional polyhedral sets C such that n �C�Nr implies

hX�n� � fC�n��σC�n�

where fC�n� is a quadratic polynomial in n with periodic coefficients and σC�n�

is a bounded function.

If R has rational singularities, then σC�n� � 0 for all n.

It is natural to consider the following series PX�t� which we call the Poincaré

series of the singularity:

PX�t� � ∑
n�Nr

hX�n�t
n

where tn � tn1
1 � � � tnr

r . The series depends on the resolution X in an obvious way,

as the number of variables in the series is the number of exceptional components

of the resolution.

Related series are considered by Campillo, Delgado, Gusein-Zade [1, 2],

Campillo and Galindo [3], for plane curve singularities and for rational surface

singularities.

From the series PX�t� we can recover the topology of X , as is shown in the

following theorem.
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Theorem 2.3 (see [7, Theorem 3.1]) From PX�t� we can compute

1. The intersection matrix �Ei �E j�.

2. The arithmetic genus pa�Ei� of each Ei.

3. The arithmetic genus h1�X �OX� of X.

Corollary 2.4 We can determine if R has rational singularities from PX�t� for

any resolution X.

This follows since h1�X �OX � depends only on R, and h1�X �OX� � 0 if and

only if R has a rational singularity.

We require the following combinatorial statement.

Theorem 2.5 (see [7, Theorem 7.5]) Suppose that Q�Qr
� is a rational polyhe-

dral set, M � Zr is a subgroup and m � Zr. Then

∑
n�Q��m�M�

tn

is a rational series.

Theorem 2.6 If R has a rational singularity then PX�t� is rational for any reso-

lution X.

Proof: Apply Theorem 2.5 to the conclusions of Theorem 2.2.

Theorem 2.7 (see [7, the r � 2 case of Theorem 7.7]) If r� 2 then P�t� is ratio-

nal.

Proof: If r � 1 this is trivial, as π�1�m�red ��E1 is ample.

If r � 2 this follows from Theorem 2.2 and the proof of Theorem 2.1 to show

that h1 has a nice form on the polyhedral sets C of Theorem 2.2.

The proof that h1 has a good form which ensures rationality of PX�t� does

not extend beyond r � 2. We consider a condition on the class group Cl�R� of R

which ensures that PX�t� is rational for all resolutions X of R.
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There is an exact sequence of abelian groups

0� G� Cl�R�� H � 0

where G is a commutative algebraic group and H is a finite group [10]. Further-

more, there is an exact sequence of abelian groups

0� �k��m
 �k��n � G� A� 0

where A is an abelian variety. G is said to be semi-abelian if m � 0. We will say

that Cl�R� is semi-abelian if G is.

It is well known that G � 0 if and only if R has a rational singularity [10].

There are many examples of non-rational singularities with semi-abelian class

groups. Over any nonsingular curve C of positive genus it is possible to construct

cones, with a resolution whose reduced exceptional locus is isomorphic to C, and

such that the singularity has a semi-abelian class group.

Theorem 2.8 (see [7, Corollary 7.8]) Suppose that Cl�R� is semi-abelian. Then

PX�t� is rational for any resolution X of spec�R�.

If Cl�R� is semi-abelian, then the functions σC�n� of Theorem 2.2 are deter-

mined by membership of n in translations of subgroups of Zr. Then we apply

Theorem 2.5 to the functions

hX�n� � fC�n��σC�n�

for n �C�Nr.

Theorem 2.9 (see [7, Theorem 9.1]) There exists R with Cl�R��� C2 and a res-

olution with r � 3 such that PX�t� is not rational.

We can now ask if there is a necessary and sufficient condition on Cl�R�

ensuring that PX�t� is rational for all resolutions π : X � spec�R�.

3 The geometric problem

The proofs to Theorem 2.8 and Theorem 2.9 contain the geometric problem dis-

cussed in this section. In computing the Poincaré series of surface singularities,

we must consider cohomology of powers of line bundles on projective curves.
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Suppose that C�k is a proper, integral curve over k (where k is an algebraically

closed field of characteristic zero), and L1� � � � �Lr are line bundles on C. Define

h�n� � h0�C�Ln1
1 ��� ��Lnr

r �

for n � Nr. Set

P�t� � ∑
n�Nr

h�n�tn�

We will analyze these functions. If r � 1 the Riemann-Roch Theorem tells us

that

h�n�� h0�Ln��

��
�

0 if deg�L�� 0
periodic in n if deg�L� � 0
χ�Ln� � ndeg�L��1� pa�C� if deg�L�� 0 and n	 0�

In this case (r � 1) P�t� is rational.

If r � 2 we easily find examples where h�n1�n2� is more complicated. Let C

be an elliptic curve, L1 be a degree 0 line bundle on C of infinite order and let

L2 � L�1
1 . Then

h�n1�n2� � h0�C�Ln1
1 �Ln2

2 � �

�
1 if n1 � n2

0 otherwise�

Observe however, that the function has an essentially combinatorial nature. In

fact, this is really the worst kind of behavior that can occur if r � 2. As such,

rationality of P�t� always holds if r � 2.

Theorem 3.1 Suppose that r � 2. Then P�t� is rational.

The proof follows from [8] (as explained after the proof of Theorem 4.1 [6]).

For general r, we can say the following.

Theorem 3.2 (see [6, Theorem 4.1 and the discussion after its proof]) Suppose

that r is arbitrary and Pic0�C� is semi-abelian �e.g., C non-singular�. Then P�t�

is rational.

Proof: (Sketch) We reduce to computing

h�n� � h0�Ln1
1 ��� ��Lnr

r �M �
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for n1 � � � ��nr 	 0, where deg�Li� � 0 for 1� i� r and M is a line bundle.

Wi � �L � Pic0�C� � h0�L�M �� i�

is Zariski closed.

We apply McQuillan’s Theorem [11]: Suppose that G is a semi-abelian alge-

braic group, X � G is a subvariety and H � G is a finitely generated group. If

H �X is Zariski dense in X then X is a translate of a semi-abelian subvariety.

Let G � Pic0�C� and H � Image�π� where π : Zr �G is the homomorphism

π�n� � Ln1
1 ��� ��Lnr

r �

and X �Wi (which may not be irreducible). McQuillan’s Theorem implies there

exist m1� � � � �ms � Zr and subgroups G1� � � � �Gs of Zr such that

h�n�� i iff π�n� �Wi iff n � �s
i�1�mi �Gi��

The proof of Theorem 3.2 now follows from Theorem 2.5.

Theorem 3.3 (see [6, Example 4.2]) There exists a singular curve C with

Pic0�C��� C2

and line bundles L1�L2�L3 on C such that P�n1�n2�n3� is not rational.

Proof: Let C be the rational curve with isolated singularity p̃ such that OC� p̃ �

C�t2� t5��t2
�t5�. Pic0�C��� C2 is realized by the homomorphism for D � Div0�C�

p̃�,

D ��

�
d
dt

log� fD� �t�0�
d3

dt3 log� fD� �t�0

�
� (1)

where fD � C�t� is a rational function whose divisor is D on P1.

Let ∞ �C be a nonsingular point. Then we have the Abel-Jacobi mapping

AJ : C��p̃�� Pic0�C�

defined by AJ�p� � OC�p�∞�.

It follows from (1) that

Image�AJ� � �y � 2x3��
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Let W � Image�AJ�. Suppose that L � Pic0�C� is a line bundle.

h0�C�L�OC�∞�� �

�
0 if L ��W
1 if L �W�

Set

L1 � �1�0��L2 � �0�1��L3 � OC�∞��

Then

h0�Ln1
1 �Ln2

2 �L3� �

�
1 if n2 � 2n3

1
0 otherwise�

After a simple calculation this shows that P�t� is not rational.
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Poincaré series of surface singularities 57

[11] M. McQuillan, Division points on semi-abelian varieties, Invent. Math. 120 (1995),
143–159.

[12] M. Morales, Calcul de quelques invariants des singularités de surface normale, in
Knots, braids and singularities (Plans-sur-Bex, 1982), Monograph Enseign. Math.
31, 191–203.

[13] O. Zariski, The Theorem of Riemann-Roch for high multiples of an effective divisor
on an algebraic surface, Ann. of Math. 96 (1962), 560–616.





Multi-graded Hilbert coefficients

CLARE D’CRUZ
Chennai Mathematical Institute, 92, G. N. Chetty Road, Chennai 600017, India
E-mail: clare@cmi.ac.in

ANNA GUERRIERI
Dipartimento di Matematica, Universitá di L’Aquila
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1 Introduction

Let �R��� be a local ring of dimension d � 0 and I an �-primary ideal of R. The

blowup algebras R�It� �
�

n�0 Intn and grI�R� � R�It��IR�It� are key ingredients

in the process of resolving singularities. The numerical functions that gauge

the complexity of the above graded rings are fundamental tools. The function

H�I;n� � ��grI�R�n� is called the Hilbert function of I; as known, it is a polyno-

mial in n for all n � 0. The iterated Hilbert function H1�I;n� � ∑n
i�0 H�I; i� is

also a polynomial in n for all n � 0, denoted by h1�I;n�. This can be written in

the form ∑d
q�0��1�qeq�I�

�n�d�q
d�q

�
. The eq�I� are the Hilbert coefficients of the

ideal I.

In this paper we provide information on the coefficients of the asymptotically
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polynomial Hilbert-type functions associated with iterated blowups. In Section 3

we show that all these coefficients are usual Hilbert coefficients for suitably cho-

sen ideals �see Proposition 3.1 and Corollary 3.6�.

Iterated blowups give rise to multi-graded blowup algebras; here the blowup

ring is R�I1t1� � � � � Igtg�. There are several associated graded rings in the picture

that we call multi-form rings. For us the multi-graded Hilbert functions are all the

possible Hilbert functions associated to the multi-form rings. These functions are

asymptotically polynomials which we call the multi-graded Hilbert polynomials;

their coefficients are the multi-graded Hilbert coefficients. In Section 2 we recall

many classical definitions and results.

Rees [5] and Teissier [8] showed that the multi-graded coefficients of topmost

degree (mixed-multiplicities) are positive integers that can be expressed in terms

of multiplicity of ideals in the the ring R. In this paper we concentrate on the

properties of the multi-graded coefficients not appearing at the topmost degree,

which is done in Section 3 �see Proposition 3.1 and Corollary 3.6�.

In Section 4 we extend to the multi-graded case some well known results of

Northcott [4], and of Narita [3], and we prove the non-negativity of the multi-

graded coefficients corresponding to e1�I� and e2�I� �Lemma 4.1, Theorem 4.2,

Theorem 4.3�. We also provide an example which illustrates the situation of the

multi-graded coefficients corresponding to e3�I� (Example 4.4).

2 Multi-graded Hilbert functions

In this section we define the various multi-graded structures we are interested in,

their corresponding multi-form functions and we recall information about their

behavior.

Definition 2.1 Let �R��� be a local ring. Let g � 1, let I1� � � � � Ig be �-primary

ideals and let t1� � � � � tg be indeterminates. The multi-Rees algebra of I1� � � � � Ig is

R�I1t1� � � � � Igtg� :�
�

n1�����ng�0

�I1t1�
n1 � � ��Igtg�

ng �
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the multi-form ring of I1� � � � � Ig is

grR�I1� � � � � Ig� :� R�I1t1� � � � � Igtg��R R�I1 � � � Ig

�
�

n1�����ng�0

In1
1 � � � I

ng
g �In1�1

1 � � � I
ng�1
g

and the i-th multi-form ring of I1� � � � � Ig is

grR�I1� � � � � Ig��i� �
�

n1�����ng�0

In1
1 � � � I

ng
g �Ii�I

n1
1 � � � I

ng
g ��

Definition 2.2 Let I1� � � � � Ig be �-primary ideals in R. For 1 � i � g the i-th

Bhattacharya function is

B�n; i� :� ��grR�I1� � � � � Ig��i�n1�����ng� �
�

In1
1 � � � I

ng
g �In1

1 � � � Ini�1
i � � � I

ng
g

�
�

The iterated Bhattacharya function in the i-th position is

B1�n; i� :�
ni

∑
j�0

B�n1� � � � �ni�1� j�ni�1� � � � �ng; i��

The iterated Bhattacharya function is

B1�n;I� :� B1�n1;1��
g

∑
i�2

B1�n1 �1� � � � �ni�1 �1�ni; i� � �

�
R

In1�1
1 � � � I

ng�1
g

�
�

Next result is a rewriting of a classical result of Bhattacharya [1].

Proposition 2.3 Let I1� � � � � Ig be �-primary ideals in �R���. For all n1� � � � �ng

large, the functions B�n; i� are polynomials, say b�n; i�, of total degree d� 1 in

n1� � � � �ng and can be written in the form

∑
q1�����qg�d�1

��1�d�1��q1�����qg�Eq1�����qi�1����qg�Ii�

�
n1 �q1

q1

�
� � �

�
ng �qg

qg

�
�

where Eq1�����qi�1�����qg�Ii� � �.

Definition 2.4 We call the set of coefficients appearing in the i-th Bhattacharya

polynomials the i-th Bhattacharya coefficients. The coefficients of the terms of

total degree d�1 are the mixed multiplicities of the ideals I1� � � � � Ig; see [6] and

[8].
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Observation 2.5 Let I be an �-primary ideal in �R���. Then we have only one

i-th Bhattacharya polynomial b�n; I� which is the Hilbert polynomial. Namely

b�n; I� � ∑
q�d�1

��1�d�1�qEq�1�I�

�
n�q

q

�
�

and one clearly has Eq�1�I� � ed�1�q�I� for all q � 0� � � � �d�1.

The function B1�n; i� is an iteration of the i-th Bhattacharya function, there-

fore asymptotically it is a polynomial function of degree d. This polynomial is

described below; for a proof see [7, Lemma 2.1.6].

Lemma 2.6 Let I1� � � � � Ig be �-primary ideals in �R���. Then there exists an

integer N � 0 such that for all ni � N, 1 � i � g, the function B1�n; i� is a poly-

nomial of degree d, say b1�n; i�. This polynomial b1�n; i� can be written in the

form

∑
q1�����qg�d�1

��1�d�1��q1�����qg�Eq1�����qi�1�����qg�Ii�

�
n1 �q1

q1

�
� � �

�
ng �qg

qg

�

���1�dE0�Ii��

where

��1�dE0�Ii� :�
N�1

∑
j�0

�B�� � � �ni�1� j�ni�1� � � � ; i��b�� � � �ni�1� j�ni�1� � � � ; i�� �

Definition 2.7 For 1 � i � g we call the polynomial b1�n; i� the iterated Bhat-

tacharya polynomial in the i-th position of the ideals I1� � � � � Ig. We call the set of

its coefficients the iterated Bhattacharya coefficients in the i-th position.

Observation 2.8 Except for E0�Ii�, the coefficients of the polynomials b1�n; i�

and b�n; i� coincide.

3 The iterated Bhattacharya polynomial

In this section we analyze the structure of B1�n;I�, which is classically the most

interesting object. For the sake of simplicity we work with two ideals, but this

can be done for any number of ideals; see Remark 3.2.
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Proposition 3.1 Let I1 and I2 be �-primary ideals in a local ring of positive

dimension d. Then for n1�n2 � 0, the function B1�n1�n2;I� is a polynomial in n1

and n2 of degree d, say b1�n1�n2;I�, that can be written in the form

b1�n1�n2;I� � ∑
q1�q2�d

��1�d��q1�q2�Aq1�q2�I�
�

n1 �q1

q1

��
n2 �q2

q2

�

where

Aq1�0�I� � Eq1�I1� � ed�q1�I1� �
d�q1

∑
j�0

��1� jEq1� j�I1� q1 � 1� � � � �d�

A0�q2�I� � Eq2�I2� � ed�q2�I2� �
d�q2

∑
j�0

��1� jE j�q2�I2� q2 � 1� � � � �d�

Aq1�q2�I� �
d��q1�q2�

∑
j�0

��1� jEq1�q2� j�I1�

�
d��q1�q2�

∑
j�0

��1� jEq1� j�q2�I2� q1�q2 �� 0�

A0�0�I� � E0�I2��E0�0�I1� � ed�I2��E0�0�I1�
� E0�I1��E0�0�I2� � ed�I1��E0�0�I2�
� ed�I1I2��

Proof: By definition, for n1�n2 � 0,

b1�n1 � n2;I� �

� b1�n1;1��b1�n1 �1�n2;2� �
d

∑
q�0

��1�d�qEq�I1�

�
n1 �q

q

�

� ∑
q1�q2�d�1

��1�d�1��q1�q2�Eq1�q2�1�I2�

�
n1 �q1 �1

q1

��
n2 �q2 �1

q2 �1

�

� ��1�dE0�0�I2��

Substituting the binomial identity
�n1�q1�1

q1

�
� ∑q1

j�0

�n1� j
j

�
in the second sum we

see that the coefficient of

��1�d�1��q1�q2�

�
n1 �q1

q1

��
n2 �q2 �1

q2 �1

�
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is
d�1��q1�q2�

∑
j�0

��1� jEq1� j�q2�1�I2� and this is Aq1�q2�1�I�. Hence

Aq1�q2�I� �

�			

			�

Eq1�I1� if q1 �� 0�q2 � 0�
d��q1�q2�

∑
j�0

��1� jEq1� j�q2�I2� if q2 �� 0�

E0�I1��E0�0�I2� if q1�q2 � 0�

(1)

If we write

b1�n1�n2;I� � b1
e1
�n2;2��b1

e2
�n1�n2 �1;1�

we get

Aq1�q2�I� �

�			

			�

Eq2�I2� if q2 �� 0�q1 � 0�
d��q1�q2�

∑
j�0

��1� jEq1�q2� j�I1� if q1 �� 0�

E0�I2��E0�0�I1� ifq1�q2 � 0�

(2)

Comparing (1) and (2) we get our result. Also A0�0�I� � ed�I1I2� follows from

the fact that ��R�In
1 In

2� � ��R��I1I2�
n��

We used the functions B1�n; i� in order to show that the edge coefficients in

B1�n;I� are Hilbert coefficients.

Remark 3.2 In general, for n1� � � � �ng � 0 the function B1�n;I� is a polynomial

of degree d:

b1�n;I� � ∑
q1�����qg�d

��1�d��q1�����qg�Aq1�����qg�I�
�

n1 �q1

q1

�
� � �

�
ng �qg

qg

�

where the topmost degree coefficients are the mixed multiplicity. For any qi � 1,

A0�����qi�����0�I� � ed�qi�Ii� and A0�����0�I� � ed�I1 � � � Ig��

Definition 3.3 We call the polynomial b1�n;I� the iterated Bhattacharya poly-

nomial of the ideals I1� � � � � Ig. We call the set of coefficients appearing in it the

iterated Bhattacharya coefficients.
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Definition 3.4 Let �R��� be a local ring and �I1� I2� be a set of ideals of R. Then

we say that an element x1 � I1 is superficial for I1 and I2 if there exists an integer

s1 such that for r1 � s1 and all nonnegative integers r2,

�x1�� Ir1
1 Ir2

2 � x1Ir1�1
1 Ir2

2 �

Such elements exist when the residue field is infinite.

Lemma 3.5 Let I1 and I2 be�-primary ideals in a local ring of dimension d � 2.

Let x � I1 be a superficial element for I1 and I2. Let � denote the image in R�xR.

Then A�
q1�q2

�I� � Aq1�1�q2�I�.

Proof: Without loss of generality we can assume that x is a non-zero divisor.

Then for n1�n2 � 0,

�

�
R�

�I�1�
n1�1�I�2�

n2�1

�
� �

�
R

In1�1
1 In2�1

2 � xR

�

� �

�
R

In1�1
1 In2�1

2

�
� �

�
R

In1
1 In2�1

2

�

� ∑
q1�q2�d

��1�d��q1�q2�Aq1�q2�I�
�

n1 �q1�1
q1�1

��
n2 �q2

q2

�
�

On the other hand we can also write

�

�
R�

�I�1�
n1�1�I�2�

n2�1

�
� ∑

q1�q2�d�1

��1�d�1��q1�q2�A�
q1�q2

�I�
�

n1 �q1

q1

��
n2 �q2

q2

�
�

Comparing the above equations we get the desired result.

Corollary 3.6 The iterated Bhattacharya coefficients are Hilbert coefficients of

ideals in suitable quotients of R.

Proof: Choosing a superficial sequence of q1 elements, say x1� � � � �xq1 , from I1

and q2 elements, say y1� � � � �yq2 , from I2 and using Lemma 3.5 repeatedly, one

obtains Aq1�q2 � ed�q1�I
�
1� � ed�q2�I

��
2 � where � denotes going modulo x1� � � � �xq1

and �� denotes going modulo y1� � � � �yq2 .
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4 Non-negativity of the coefficients

In [4, Theorem 1, p. 212], Northcott proved that if I is an �-primary ideal in

a Cohen-Macaulay local ring of dimension d, then �
�

R
I

�
� e0�I�� e1�I�� In the

case of many ideals one can say the following.

Lemma 4.1 Let �R��� be a Cohen-Macaulay local ring of dimension d. Let

I1 and I2 be �-primary ideals in R. Then ��R�I1� � Ad�0�I��Ad�1�0�I� and

��R�I2�� A0�d�I��A0�d�1�I��

Proof: By Northcott’s result ��R�Ii�� e0�Ii��e1�Ii� for i � 1�2. Now by Propo-

sition 3.1 we have that e0�I1� � Ad�0�I�� e1�I1� � Ad�1�0�I�� e0�I2� � A0�d�I��
e1�I2� � A0�d�1�I��

The above lemma was proved in [2, Lemma 6.2], for two�-primary ideals in

a Cohen-Macaulay local ring of dimension two using a different argument.

We now extend, to the iterated Bhattacharya coefficients and the i-th Bhat-

tacharya coefficients, the results of Northcott [4], and Narita [3], on the non-

negativity of the first two Hilbert coefficients.

Theorem 4.2 Let I1 and I2 be�-primary ideals in a Cohen-Macaulay local ring

of dimension d � 1. Then for all q1 �q2 � d�2, Aq1�q2�I� are non-negative.

Proof: Let q1 �q2 � d. Then Aq1�q2�I� is the multiplicity of the ideal generated

by q1 elements from I1 and d � q1 elements from I2 chosen sufficiently gen-

eral, by Rees and Teissier, and hence are positive integers. Now let q1 � q2 �

	d� 1�d� 2
. We prove by induction on dimension. If d � 1, then A0�0�I� �
e1�I1I2�. If d � 2, then A1�0�I� � e1�I1�, A0�1�I� � e1�I2� and A0�0�I� � e2�I1I2�

by Proposition 3.1. By the results of Northcott [4], and of Narita [3], all the above

four coefficients are non-negative. Let d � 3 and q1 � q2 � 	d� 1�d� 2
. By

Proposition 3.1, Aq1�0�I� and A0�q2�I�, are the Hilbert coefficients and are non-

negative; see [4] and [3]. If q1 and q2 are non-zero then by Lemma 3.5, we get

Aq1�q2�I� � Aq1�1�q2�I
�� where � denotes the image modulo a superficial element

x � I1, and this gives the non-negativity by induction on the dimension of R.
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Theorem 4.3 Let I1 and I2 be�-primary ideals in a Cohen-Macaulay local ring

of dimension d � 1. Then for all q1 � q2 � d� 3, Eq1�1�q2�I1� and Eq1�q2�1�I2�

are non-negative.

Proof: From Proposition 3.1, we have Eq1�1�0�I1� � ed�q1�1�I1� and hence are

non-negative for q1�1�	d�d�1�d�2
. Similarly, E0�q2�1�I2� are non-negative

for q2�1� 	d�d�1�d�2
. If q1�q2 �� 0, then by Proposition 3.1, Eq1�1�q2�I1��

Aq1�1�q2�I��Aq1�1�q2�1�I� and Eq1�q2�1�I2� �Aq1�q2�1�I��Aq1�1�q2�1�I�, which

are non-negative since Aq1�1�q2�I�, Aq1�q2�1�I� and Aq1�1�q2�1�I� are non-negative

by Theorem 4.2.

Modifying slightly an example from Narita [3], one sees that the higher co-

efficients need not be positive.

Example 4.4 Let R� k�x1�x2�x3�x4����x3
4� where k is a field and x1�x2�x3�x4 are

variables and � � �x1�x2�x3�x4�. Put I1 � I2 � I � �x1�x2
2�x

2
3�x2x4�x3x4�. Then

dim R � 3 and A00�I� � e3�I2� � e3�I�� 0.
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1 Introduction

Let R � K�x1� � � � �xn� be a polynomial ring over a field K and let I be a monomial

ideal of R generated by a finite set of monomials �xv1 � � � � �xvq�. As usual we use

xa as an abbreviation for xa1
1 � � �x

an
n , where a � �a1� � � � �an� is in �n . The three

central objects of study here are the following blowup algebras: (a) the Rees

algebra

R�It� :� R� It��� �� Iiti��� � � R�t��

where t is a new variable, (b) the associated graded ring

grI�R� :� R�I� I�I2��� �� Ii�Ii�1��� � � R�It��R �R�I��

with multiplication

�a� Ii�1��b� I j�1� � ab� Ii� j�1 �a � Ii� b � I j��

and (c) the symbolic Rees algebra

Rs�I� :� R� I�1�t � I�2�t2 � � � �� I�i�ti � � � � � R�t��

where I�i� is the ith symbolic power of I.

It is well known [20, p. 168] that the integral closure of R�It� in its field of

fractions can be expressed as

R�It� � R� It��� �� Iiti��� � �

where Ii is the integral closure of Ii. The integral closure of the ith power of I is

again a monomial ideal [20, p. 169] given by:

Ii � ��xa � R��xa�p � I pi for some p 	 1��� (1)

If Ii � Ii for i	 1, the ideal I is called normal. The ring R�It� is said to be normal

if R�It� is equal to its integral closure. Thus R�It� is normal if and only if I is

normal. Recall that the ring grI�R� is called reduced if its nilradical is zero.

The content of the paper is as follows. Our first result proves that if A is the

matrix with column vectors v1� � � � �vq and each i
 i minor of A is 0 or �1 for all
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i 	 1, then grI�R� is reduced (Theorem 2.3). As a consequence it is recovered

that R�It� is normal [2]; see Remark 2.5.

We point out an effective criterion to determine when grI�R� is reduced (Propo-

sition 3.4). If I is square-free, we give a description of its symbolic Rees algebra

in terms of Hilbert bases (Theorem 3.5). As a consequence we recover that Rs�I�

is finitely generated [12].

In Section 4 we present a normality criterion which is adequate for monomial

ideals (Theorem 4.4). To illustrate the practical use of this criterion it is shown

that ideals of Veronese type are normal (Proposition 4.9). As a byproduct, using

a result of [8], we derive that a monomial subring of Veronese type is the Ehrhart

ring of a lattice polytope [7].

The main tools to show those results are commutative algebra and linear op-

timization techniques as described in [11, 19, 20, 23].

2 Torsion freeness of the associated graded ring

We begin with a basic result about the nilpotent elements of the associated graded

ring.

Lemma 2.1 If I is a monomial ideal of R, then the nilradical of the associated

graded ring of I is given by

nil�grI�R�� � ��xα � Ii�Ii�1�xsα � Isi�1; i	 0;s	 1���

Proof: The nilradical of grI�R� is graded with respect to the fine grading, and

thus it is generated by homogeneous elements.

Definition 2.2 An integral matrix A is called totally unimodular if each i
 i

minor of A is 0 or �1 for all i	 1.

Theorem 2.3 Let I � �xv1 � � � � �xvq� be a monomial ideal of R and let A be the

n
q matrix with column vectors v1� � � � �vq. If A is totally unimodular, then grI�R�

is reduced.
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Proof: Let m � xα be a monomial such that: (i) m � Ii�Ii�1 and (ii) ms � Iis�1,

for some 0 �� s � �. By Lemma 2.1 it suffices to prove that m � Ii�1. From (ii)

there are a1� � � � �aq in � and δ � �n such that

xsα � �xv1�a1 � � ��xvq�aqxδ and ∑q
j�1a j � is�1�

Hence the linear program

Maximize f �y� � ∑q
i�1 yi �
�

Subject to Ay� α and y	 0

has an optimal value greater than or equal to z0 � i� 1�s because the rational

vector y0 � �a1�s� � � � �aq�s� satisfies Ay0 � α, y0 	 0 and the sum of its entries

is z0. Note that the polyhedron Q � �y�Ay � α;y 	 0� is bounded. Indeed any

y � �y1� � � � �yq� in Q must satisfy y j � max�α1� � � � �αq� for all j, where α j is

the jth entry of α. By a result of Hoffman and Kruskal (see [11, Theorem 5.19

and Corollary 5.20]) the optimal value of the linear program �
� is attained by

an integral vector b � �b1� � � � �bq�. Thus b1 � � � ��bq 	 i�1. As b � Q, we can

write

xα � �xv1�b1 � � � �xvq�bqxγ�

for some γ � �n . This proves xα � Ii�1, as required.

Definition 2.4 An ideal I of a ring R is called normally torsion free if Ass�R�Ii�

is contained in Ass�R�I� for all i	 1 and I �� R.

Remark 2.5 Assume that I is a square-free monomial ideal of R. Then, accord-

ing to [10, Corollary 1.10], I is normally torsion free � grI�R� is torsion-free

over R�I � grI�R� is reduced. If grI�R� is reduced, then R�It� is normal [1].

Hence it is seen that Theorem 2.3 is a generalization of both [2, Theorem 3.2]

and [17, Theorem 5.9].
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3 Rees cones and symbolic Rees algebras

Let I � �xv1 � � � � �xvq� be a square-free monomial ideal of R � K�x1� � � � �xn� of

height g	 2 such that deg�xvi�	 2 for all i and let

A � � �e1� � � � �en��v1�1�� � � � ��vq�1�� � �
n�1 �

where ei is the ith unit vector in �n�1 .

The Rees cone of the point configuration A � �v1� � � � �vq� is the rational

polyhedral cone, denoted by ��A �, consisting of the linear combinations of A �

with non-negative coefficients. Notice that dim���A �� � n � 1 and also that

Hei ���A � is a facet of ��A � for i � 1� � � � �n�1. Thus according to [23] there

is a unique irreducible representation

��A � � H�
e1
� �� ��H�

en�1
�H�

�1
� �� ��H�

�r
(2)

such that each �i has relatively prime integral entries. As usual H�
a denotes the

closed halfspace

H�
a � �α � �n�1 � �α�a� 	 0�

and Ha is the hyperplane through the origin with normal vector a. Let �1� � � � ��s

be the minimal primes of I. For each �k set Ck � �xi�xi � �k� and define the vector

�k as:

�k ��en�1 � ∑
xi�Ck

ei �k � 1� � � � �s�� (3)

This definition of �k is consistent with Eq. (2) because of the following lemma.

In the sequel we assume that �1� � � � � �s are the vectors given by Eq. (3).

Lemma 3.1 H�
�1
� � � � �H�

�s
occur in the irreducible representation of ��A �.

Proof: Let 1 � k � s. It suffices to verify that F � ��A � �H�k is a facet of

the Rees cone. Note that ��A � � H�
�k

and ��A � �� H�k because I � �k and

�k � �x1� � � � �xn�. From the minimality of �k it follows that there is a linearly

independent set F � A ��H�k with n � �F �.

Lemma 3.2 If 1� j � r and �� j�en�1���1, then 1� j � s.
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Proof: Let � j � �a1� � � � �an��1�. Since ��A ��H�
� j

we get ai	 0 for i� 1� � � � �n.

Consider the ideal � of R generated by the set of xi such that ai � 0. Note that

I � � because �� j��vi�1�� 	 0 for all 1� i� n. For simplicity of notation assume

that � j � �a1� � � � �am�0� � � � �0��1�, where ai � 0 for all i. Take an arbitrary vector

v � A � such that v � H� j , then v satisfies the equation

a1x1 � � � ��amxm � xn�1�

Observe that v also satisfies the equation

x1 � � � �� xm � xn�1�

Because H� j contains n linearly independent vectors from A � we conclude that

H� j � Hb, where b � e1 � � � ��em�en�1. Hence � j � b and consequently ai � 1

for all i. It remains to show that � is a minimal prime of I, and this follows from

the irreducibility of Eq. (2).

Next we present two results that highlight the importance of the irreducible

representation of the Rees cone.

Proposition 3.3 If B � R�It� is normal and Cl�B� is its divisor class group, then

Cl�B���r and r 	 s.

Proof: By [16, Theorem 1.1] the divisor class group of B is a free abelian group

of finite rank. Using [5, Theorem 2] it is seen that r is the rank of the divisor class

group of B.

Since the program Normaliz [3] computes the irreducible representation of

the Rees cone and the integral closure of R�It� the following is an effective crite-

rion for the reducedness of the associated graded ring.

Proposition 3.4 (Effective criterion) grI�R� is reduced if and only if R�It� is

normal and ��i�en�1���1 for i � 1� � � � �r.

Proof: By [10, Theorem 1.11] and Proposition 3.3 we get that R�It� is normal

and r � s. Thus ��i�en�1���1 for all i � 1� � � � �r.

Using Lemma 3.2 we obtain r � s. Therefore the associated graded ring is

reduced by [10, Theorem 1.11].
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Symbolic Rees algebra Next we introduce one of the main objects of this sec-

tion. The symbolic Rees cone or Simis cone of the point configuration A is the

rational polyhedral cone defined as:

Cn�A� :� H�
e1
� �� ��H�

en�1
�H�

�1
� �� ��H�

�s
� (4)

By [11, Lemma 5.4] there exists a finite set H � �n�1 such that

(a) Cn�A� � ��H , and

(b) �n�1���H � �H ,

where �H is the additive subsemigroup of �n�1 generated by H . The set H is

called an integral Hilbert basis of Cn�A�. If we require H to be minimal (with

respect to containment), then H is unique [15].

For use below recall that the ith symbolic power of the monomial ideal I is

given by I�i� � �i
1� �� ���

i
s.

Theorem 3.5 If K��H � is the semigroup ring of �H , then

Rs�I� � K��H ��

Proof: Recall that K��H � � K��xatb��a�b� � �H ��. Take xatb � Rs�I�, that is,

xa � �b
i for all i. Hence ��a�b�� �i� 	 0 for all i or equivalently �a�b� � Cn�A�.

Thus �a�b���H and xatb �K��H �. Conversely take xatb �K��H �. Then �a�b�

is in Cn�A� and ��a�b�� �i� 	 0 for all i. Hence xa � �b
i for all i and xa � I�b�, as

required.

Corollary 3.6 ([12]) Rs�I� is a finitely generated K-algebra.

Proof: It follows at once from Theorem 3.5.

Remark 3.7 The Rees algebra of I can be written as

R�It� � K��xatb��a�b� � �A ����

On the other hand, according to [22, Theorem 7.2.28] one has

R�It� � K��xatb��a�b� � �n�1���A ����

Hence R�It� is normal if and only if �A � ��n�1���A �.
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Corollary 3.8 R�It� � Rs�I��� ��i�en�1���1 for i � 1� � � � �r.

Proof: The equality R�It� � Rs�I� holds if and only if

�n�1���A � ��n�1�Cn�A��

Hence the asserted equality holds if and only if the Rees cone and the Simis cone

are equal. By the irreducibility of the representations of both cones it follows that

R�It� � Rs�I� if and only if r � s. To finish the proof note that r � s if and only if

��i�en�1���1 for i � 1� � � � �r.

Hilbert bases of Rees cones For the remaining of the section we do not assume

that I is generated by square-free monomials. Here we will show a degree bound

for the minimal integral Hilbert basis of ��A �.

Remark 3.9 Let a be a point of a set A in �n and let x be a point in aff�A� not

lying in A. If λ0 � sup�λ � �0�1���1�λ�a�λx� A�, then x0 � �1�λ0�a�λ0x

is a relative boundary point of A.

A monomial xαtb in R�It� correspond to a vector �α�b� in�n�1���A �. Thus

it is natural to assign degree b to β � �α�b� and write degn�1�β� � b.

Proposition 3.10 Let ��A � be the Rees cone of A and let B be the its minimal

integral Hilbert basis. If β � B , then degn�1�β�� n.

Proof: For convenience of notation we write β � �α�b�, where α is a vector in

�n and b � degn�1�β� is in �. Note that ��A ���n�1 is equal to ��A � ��n�1

and dim���A �� � n�1. Thus, since �α�b� � ��A �, by Carathéodory’s theorem

[9, Theorem 2.3, p. 10] we can write

�α�b� � λ1�vi1 �1�� � � ��λr�vir �1��µ1e j1 � � � ��µse js �λi�µk � �� �� �
�

where ��vi1 �1�� � � � ��vir �1��e j1 � � � � �e js� is a linearly independent set of vectors

contained in A �. By the minimality of B it is seen that 0� λi � 1 and 0� µk � 1

for all i�k. From Eq. (
) we get

b � λ1 � � � ��λr � r �� b� r�1�
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If r� n, then b� n�1. Thus from now on we may assume r � n�1 and Eq. (
)

takes the simpler form

�α�b� � λ1�vi1 �1�� � � ��λn�1�vin�1 �1��

Consider the cone C generated by A �� � ��vi1 �1�� � � � ��vin�1 �1��. Since�e1 is not

in C, using Remark 3.9 we obtain a point

x0 � �1�λ0��α�b��λ0��e1� �0� λ0 � 1�

in the relative boundary of C. According to [23, Theorem 3.2.1] the relative

boundary of C is the union of its facets. Therefore using that any facet of C is

an n-dimensional cone generated by a subset of A �� (see [22, Proposition 7.2.21])

together with the minimality of B it follows that we can write the vector �α�b�
as:

�α�b� � ρ0e1 �ρ1�v j1 �1�� � � ��ρn�v jn �1� �0� ρi � 1�i��

and consequently b� n�1, as required.

As a consequence we obtain (cf. [4, Theorem 3.3]):

Corollary 3.11 R�It� is generated by monomials of t-degree at most n�1.

Proof: If B is the minimal integral Hilbert basis of the Rees cone, then R�It� �

K��B � and we may apply Proposition 3.10.

4 Normality criterion

In this section we present a simple normality criterion that is suitable to study the

normality of monomial ideals. Then, as an application, we show that ideals of

Veronese type are normal.

To prove the normality of a monomial ideal I it suffices to show that the power

Ii is integrally closed for i � 1� � � � �n�1, where n is the number of variables [14];

see [13] for a generalization of this fact. If I has finite co-length, then its integral

closure can be constructed [6, Proposition 3.4].
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Proposition 4.1 Let �R��� be a Noetherian local ring and let I be a proper ideal

of R. Then I is integrally closed if and only if IR� is integrally closed for any

prime ideal I � � ��� and I� �I : �� � I.

Proof: It follows from the proof of Proposition 4.2.

Proposition 4.2 Let �R��� be a Noetherian local ring and let I be a proper ideal

of R. Then I is normal if and only if

(a) IR� is normal for any prime ideal I � � ���, and

(b) Ir � �Ir : �� � Ir for all r 	 1.

Proof: That (a) is satisfied follows from the fact that integral closures and powers

of ideals commute with localizations [22, Proposition 3.3.4]. Part (b) is clearly

satisfied.

Assume Ir �� Ir for some r 	 1. Take � � AssR�M�, where M � Ir�Ir. Since

� is in the support of M we get M� �� �0�, and consequently by (a) we must have

���. Hence there is an embedding

R�� ��M �1 �� x0��

where x0 � Ir � Ir and �� ann�x0�. From (b) one concludes that x0 � Ir, a con-

tradiction. Thus Ir � Ir for all r 	 1.

The following result asserts that a normal monomial ideal stays normal if we

make a variable, say xn, equal to 1 or 0.

Proposition 4.3 Let I � �xv1 � � � � �xvq� be a normal ideal. If each xvi is written as

xai
n gi, where gi is a monomial in R� � K�x1� � � � �xn�1�, then

(a) J � �g1� � � � �gq�� R� is a normal ideal, and

(b) L � ��gi�ai � 0��� R� is a normal ideal.

Proof: (a) We will show that Jr � Jr for all r	 1. Take a monomial xα of R� that

belongs to Jr. Then �xα�p � Jrp for some p 	 1 and we can write

�xα�p � gb1
1 � � �g

bq
q xβ�
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where ∑q
i�1 bi � rp and xβ � R�. Multiplying both sides of the equation above by

xsp
n with s � ∑q

i�1 aibi, we get

�xs
nxα�p � �xa1

n g1�
b1 � � � �x

aq
n gq�

bq xδ � Irp�

Hence xs
nxα � Ir and we can write

xs
nxα � �xa1

n g1�
c1 � � � �x

aq
n gq�

cq xγ�

where ∑q
i�1 ci � r. Evaluating the last equality at xn � 1 gives that xα � Jr, as

required. Part (b) follows using similar arguments.

Theorem 4.4 Let I ��xv1 � � � � �xvq��R �K�x1� � � � �xn� and let Ji be the ideal of R

generated by the monomials obtained from �xv1 � � � � �xvq� by making xi � 1. Then

I is normal if and only if

(a) Ji is normal for all i �resp. I� is normal for any prime ideal � ����, and

(b) Ir � �Ir : �� � Ir for all r 	 1, where �� �x1� � � � �xn�.

Proof: Condition (a) follows from Proposition 4.3 (resp. using that integral clo-

sures and powers of ideals commute with localizations). Part (b) is clearly satis-

fied.

To prove that the rth power of I is equal to Ir set M � Ir�Ir. We proceed by

contradiction assuming Ir � Ir. Take an associated prime ideal � of M. There are

embeddings

R��
ϕ
��M �� R�Ir�

Thus � is an associated prime of the monomial ideal Ir. As a consequence �

is generated by a subset of �x1� � � � �xn� (see [22, Proposition 5.1.3]) and � � �.

Note � � �, otherwise if xi �� � for some i, then by (a), IR� � JiR� is normal

and M� � �0�, a contradiction because � is in the support of M. Thus �� �. If

x0 � ϕ�1� is the image of 1 under the first embedding above, we get x0 � Ir � Ir

and x0 � �Ir : ��, which contradicts (b).
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Normality of an ideal of Veronese type Let R�K�x1� � � � �xn� be a ring of poly-

nomials over an arbitrary field K. Given a sequence of integers �s1�s2� � � � �sn;d�

such that 1� s j � d � ∑n
i�1 si for all j, we define A as the set of partitions

A � ��a1� � � � �an� � �
n�a1 � � � ��an � d; 0� ai � si� i��

and F as the set of monomials

F � �xa�a � A�� � f1� � � � � fq��

Definition 4.5 The ideal I � �F�� R is said to be of Veronese type with defining

sequence �s1� � � � �sn;d�.

The monomial subring K�F �� R and its toric ideal have been studied in [18].

Here we will focus in the ideal I � �F� and its Rees algebra, rather than on K�F�.

Lemma 4.6 Let � ��� be a prime ideal of R and let xi �� �. For k �� i define s�k �

min�sk�d� si�. If I � �F� and I� is the ideal of the ring R� � K�x1� � � � ��xi� � � � �xn�

generated by all the monomials

x
a�1
1 � � �x

a�i�1
i�1 x

a�i�1
i�1 � � �x

a�n
n

of R� of degree d� si such that a�k � s�k for k �� i, then IR� � I�R�.

Proof: For simplicity of notation we assume i� 1. Let A�Rx1 be the localization

of R at the multiplicative set �xk
1�k�0. Since A� � R� it suffices to show the

equality I�A � IA. If d � s1, then xd
1 � I and s�k � 0 for k 	 2. Thus in this case

I�A � A and IA � A. Assume d � s1. Take a monomial

m � x
a�2
2 � � �x

a�n
n

of I� of degree d� s1. As a�2 � � � �� a�n � d� s1 and a�k � s�k � sk for k 	 2, we

have xs1
1 m � I and m � IA. Therefore I�A � IA. Conversely, take a monomial

m � xa1
1 � � �x

an
n of degree d in I. If ak 	 d� s1 for some k 	 2, then s�k � d� s1

and xd�s1
k � I�. Thus m � I�A. On the contrary, if ak � d� s1 for all k 	 2, then

ak � s�k for all k 	 2. Note a2 � � � �� an � d� a1 	 d� s1. It is seen that there

are integers a�2� � � � �a
�
n such that a�k � ak for k 	 2 and a�2 � � � ��a�n � d� s1. As

a consequence the monomial

x
a�2
2 � � �x

a�n
n

belongs to I� and m � I�A. Hence IA� I�A.
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Remark 4.7 If d � si, note that I� is an ideal of Veronese type with defining

sequence �s�1� � � � �s
�
i�1�s

�
i�1� � � � �s

�
n;d� si�. If d � si, then I�R� � IR� � R�.

Definition 4.8 The support of a monomial f � xa1
1 � � �x

an
n , denoted by supp� f �,

is a subset of the set of variables given by

supp� f � � �xi�ai � 0��

Proposition 4.9 If I � �F�� R is an ideal of Veronese type, then I is normal.

Proof: For simplicity we keep the notation introduced above. The proof is by

induction on d. If d � 1 the result is clear. Indeed in this case I is the maximal

ideal�� �x1� � � � �xn� and gr��R� is reduced because the identity matrix is totally

unimodular. Thus R��t� is normal. Note that gr��R� is a polynomial ring over

the field K, but we do not need this fact.

Assume d 	 2 and that the result holds for ideals of Veronese type generated

by monomials of degree � d. It suffices to prove that conditions (a) and (b) of

Theorem 4.4 are satisfied. Take any prime � ��� and pick xi �� �. By Lemma 4.6

we obtain that I�R� � IR�. Hence using induction hypothesis and Remark 4.7

we get that IR� is normal. Thus condition (a) holds. To verify condition (b) we

proceed by contradiction assuming

Ir � �Ir : �� �� Ir (5)

for some r 	 1. This means we can choose a monomial f in Ir � Ir such that xi f

is in Ir for all i. Hence there are fi � xai1
1 � � �xain

n , i � 1� � � � �r of degree d such that

ai j � s j for all i� j and satisfying the equality

x1 f � f1 f2 � � � frh�

where h is a monomial with deg�h� � 0, because f � Ir. Note x1 �� supp�h�

because f �� Ir. Thus we may assume x1 � supp� f1� and h � xc2
2 xc3

3 � � �x
cp
p , where

ci � 0 for all i. Observe that xs�
�

divides f1 for all 2 � � � p, otherwise we can

write

f � �� f1x���x1� f2 � � � fr�h�x��

to derive f � Ir, a contradiction. Thus we can write

f1 � xa11
1 xs2

2 � � �x
sp
p x

a1�p�1�
p�1 � � �xa1n

n �a11 � 0��
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If r � 1, then degx2
� f � 	 s2 �1 and since x2 f � I we obtain x2 f � gh�, with g a

monomial of degree d in I. By degree considerations it follows that x2 divides h�

and f � I, a contradiction. From now on we assume r 	 2.

Case (I): xs�
�

does not divide fk for some 2 � � � p and for some 2 � k � r.

Hence for each xi � supp� fk� with i �� �, we have that xsi
i divides f1, for otherwise

if xsi
i does not divide f1 we write

f � h1 f2 � � � fk�1hk fk�1 � � � fr�h�x���

where h1 � �xi f1��x1 � I and hk � �x� fk��xi � I. Therefore f � Ir, a contradic-

tion. Hence, since we have already seen that also xs�
�

divides f1, we obtain

s� � ∑
xi�supp� fk���x��

si � d � deg� f1�

and consequently

d�ak� � ∑
xi�supp� fk���x��

aki � ∑
xi�supp� fk���x��

si � d� s��

Thus ak� 	 s� and xs�
�

divides fk , a contradiction.

Case (II): xs�
�

divides fk for 2� �� p and 2� k � r. Since we also have that

xs�
�

divides f1, in this case we conclude degx2
� f � 	 rs2 �1. Recall that x2 f � Ir,

which by degree considerations readily implies f � Ir, a contradiction.

Altogether we see that in both cases the inequality (5) leads to a contradic-

tion. Hence condition (b) holds.

Corollary 4.10 ([7]) Let P� �n be the lattice polytope conv�A� and let

A�P� � K��xαti�α � �n� iP��� R�t�

be the Ehrhart ring of P. Then A�P� � K�Ft�. In particular K�Ft� is normal.

Proof: Since R�Ft� is normal, from [8, Proposition 3.15] we get the equality

A�P� � K�Ft�. As A�P� is always normal, so is K�Ft�.

Definition 4.11 Let I � R be an ideal of Veronese type with defining sequence

�s1� � � � �sn;d�. I is called the dth square-free Veronese ideal (resp. dth Veronese

ideal) of R if si � 1 (resp. si � d) for all i.
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Corollary 4.12 ([21]) If I is the ideal of R generated by the square-free mono-

mials of degree d, then I is a normal ideal.

Proof: Since I is the dth square-free Veronese ideal of R, it is of Veronese type.

Hence the result follows from Theorem 4.9.
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1 Introduction

In this paper we study monomial ideals using the operation “polarization” to first

turn them into square-free monomial ideals. Various forms of polarization appear

throughout the literature and have been used for different purposes in algebra and

algebraic combinatorics (for example, Weyman [17], Fröberg [8], Schwartau [13]

or Rota and Stein [11]). One of the most useful features of polarization is that the

chain of substitutions that turn a given monomial ideal into a square-free one can

be described in terms of a regular sequence (Fröberg [8]). This fact allows many

properties of a monomial ideal to transfer to its polarization. Conversely, to study

a given monomial ideal, one could examine its polarization. The advantage of this

latter approach is that there are many combinatorial tools dealing with square-free

1This research was supported by NSERC, and by Laboratoire de combinatoire et d’informatique
mathématique at UQÀM, Montreal.
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monomial ideals. One of these tools is Stanley-Reisner theory: Schwartau’s the-

sis [13] and the book by Stückrad and Vogel [15] discuss how the Stanley-Reisner

theory of square-free monomial ideals produces results about general monomial

ideals using polarization. Another tool for studying square-free monomial ideals,

which will be our focus here, is facet ideal theory, developed by the author in [5],

[6] and [7].

The paper is organized as follows. In Section 2 we define polarization and

introduce some of its basic properties. In Section 3 we introduce facet ideals and

their features that are relevant to this paper. In particular, we introduce simplicial

trees, which correspond to square-free monomial ideals with exceptionally strong

algebraic properties. Section 4 extends the results of facet ideal theory to general

monomial ideals. Here we study a monomial ideal I whose polarization is a tree,

and show that many of the properties of simplicial trees hold for such ideals.

This includes Cohen-Macaulayness of the Rees ring of I (Corollary 4.8), I being

sequentially Cohen-Macaulay (Corollary 4.12), and several inductive tools for

studying such ideals, such as localization (see Section 4.1).

Appendix A is an independent study of primary decomposition in a sequen-

tially Cohen-Macaulay module. We demonstrate how in a sequentially Cohen-

Macaulay module M, every submodule appearing in the filtration of M can be

described in terms of the primary decomposition of the 0-submodule of M. This

is used to prove Proposition 4.11.

2 Polarization

Definition 2.1 Let R � k�x1� � � � �xn� be a polynomial ring over a field k. Suppose

M � x1
a1 � � �xn

an is a monomial in R. Then we define the polarization of M to be

the square-free monomial

P �M� � x1�1x1�2 � � �x1�a1x2�1 � � �x2�a2 � � �xn�1 � � �xn�an

in the polynomial ring S � k�xi� j � 1� i � n�1� j � ai�.

If I is an ideal of R generated by monomials M1� � � � �Mq, then the polarization

of I is defined as:

P �I� �
�
P �M1�� � � � �P �Mq�

�
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which is a square-free monomial ideal in a polynomial ring S.

Here is an example of how polarization works.

Example 2.2 Let J � �x1
2�x1x2�x2

3�� R � k�x1�x2�. Then

P �J� � �x1�1x1�2�x1�1x2�1�x2�1x2�2x2�3�

is the polarization of J in the polynomial ring

S � k�x1�1�x1�2�x2�1�x2�2�x2�3��

Note that by identifying each xi with xi�1, one can consider S as a polynomial

extension of R. Exactly how many variables S has will always depend on what

we polarize. Therefore, as long as we are interested in the polarizations of finitely

many monomials and ideals, S remains a finitely generated algebra.

Below we describe some basic properties of polarization, some of which ap-

pear (without proof) in [15]. Here we record the proofs where appropriate.

Proposition 2.3 (basic properties of polarization) Suppose R � k�x1� � � � �xn� is

a polynomial ring over a field k, and I and J are two monomial ideals of R.

1. P �I � J� � P �I��P �J�;

2. For two monomials M and N in R, M � N if and only if P �M� � P �N�;

3. P �I� J� � P �I��P �J�;

4. If �� �xi1 � � � � �xir � is a (minimal) prime containing I, then P ��� is a (mini-

mal) prime containing P �I�;

5. If �� � �xi1�e1 � � � � �xir �er � is a prime over P �I�, then � � �xi1 � � � � �xir � is a

prime over I. Moreover, if �� has minimal height (among all primes con-

taining P �I�), then � must have minimal height as well (among all primes

containing I);

6. height I � height P �I�.

Proof:

1. Follows directly from Definition 2.1.



88 S. Faridi

2. Suppose that M � x1
b1 � � �xn

bn and N � x1
c1 � � �xn

cn , and suppose that

P �M� � x1�1 � � �x1�b1 � � �xn�1 � � �xn�bn

and

P �N� � x1�1 � � �x1�c1 � � �xn�1 � � �xn�cn �

If M � N, then bi � ci for all i, which implies that P �M� � P �N�. The

converse is also clear using the same argument.

3. Suppose that I � �M1� � � � �Mq� and J � �N1� � � � �Ns� where the generators

are all monomials. If U � x1
b1 � � �xn

bn is a monomial in I�J, then for some

generator Mi of I and Nj and J, we have Mi �U and Nj �U , hence by part 2,

P �Mi� � P �U� and P �Nj� � P �U�, which implies that P �U� � P �I��P �J�.

Conversely, if U � is a monomial in P �I��P �J�, then for some generator

Mi � x1
b1 � � �xn

bn of I and Nj � x1
c1 � � �xn

cn and J we have P �Mi� � U � and

P �Nj� � U �. This means that lcm�P �Mi��P �Nj�� � U �. It is easy to see

(by an argument similar to the one in part 2) that lcm�P �Mi��P �Nj�� �

P �lcm�Mi�Nj��. Since lcm�Mi�Nj� is one of the generators of I � J, it

follows that P �lcm�Mi�Nj�� is a generator of P �I � J� and hence U � �

P �I� J�.

4. If �� �xi1 � � � � �xir � is a minimal prime over I � �M1� � � � �Mq�, then for each

of the xi j there is an Mt such that xi j � Mt , and no other generator of �

divides Mt . The same holds for the polarization of the two ideals: P ��� �

�xi1�1� � � � �xir�1� and P �I� � �P �M1�� � � � �P �Mt ��, and so P ��� is minimal

over P �I�.

5. Suppose that �� � �xi1�e1 � � � � �xir �er � is a prime lying over P �I�. Then for

every generator Mt of I, there is an xi j �e j in �� such that xi j �e j � P �Mt�. But

this implies that xi j � Mt , and therefore I � �� �xi1 � � � � �xir �.

Now suppose that �� has minimal height r over P �I�, and there is a prime

ideal � over I with height �� r. This implies (from part 4) that P ���, which

is a prime of height less than r, contains P �I�, which is a contradiction.

6. This follows from parts 4 and 5.
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Example 2.4 It is not true that every minimal prime of P �I� comes from a min-

imal prime of I. For example, let I � �x2
1�x1x2

2�. Then

P �I� � �x1�1x1�2�x1�1x2�1x2�2��

The ideal �x1�2�x2�1� is a minimal prime over P �I�, but the corresponding prime

�x1�x2� is not a minimal prime of I (however, if we had taken any minimal prime

of minimal height of P �I�, e.g. �x1�1�, then the corresponding prime over I would

have been minimal; this is part 5 above).

For a monomial ideal I in a polynomial ring R � k�x1� � � � �xn� as above, there

is a unique irredundant irreducible decomposition of the form

I � �1� � � ���m

where each �i is a primary ideal generated by powers of the variables x1� � � � �xn

(see [16, Theorem 5.1.17]).

Proposition 2.5 (polarization and primary decomposition) Let I be a mono-

mial ideal in a polynomial ring R � k�x1� � � � �xn�, and let P �I� be the polarization

of I in S � k�xi� j� as described in Definition 2.1.

1. If I � �xi1
a1 � � � � �xir

ar � where the a j are positive integers, then

P �I� �
�

1�c j�a j
1� j�r

�xi1�c1 � � � � �xir �cr ��

2. If I � �xi1 � � � � �xir �
m, where 1 � i1� � � � � ir � n and m is a positive integer,

then P �I� has the following irredundant irreducible primary decomposi-

tion:

P �I� �
�

1�c j�m
Σc j�m�r�1

�xi1�c1 � � � � �xir �cr ��

3. Suppose that I � �1� � � ���m is the unique irredundant irreducible primary

decomposition of I, such that for each i � 1� � � � �m,

�i � �x1
ai

1 � � � � �xn
ai

n��
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where the ai
j are nonnegative integers, and if ai

j � 0 we assume that x j
ai

j �

0�

Then P �I� has the following irreducible primary decomposition (some pri-

mes might be repeated):

P �I� �
�

1�i�m

�

1�c j�ai
j

1� j�n

�x1�c1 � � � � �xn�cn�

where when ai
j � 0, we assume that c j � x j�0 � 0.

Proof:

1. We know that

P �I� � �xi1�1 � � �xi1�a1 � � � � �xi1�1 � � �xi1�ar ��

Clearly the minimal primes of P �I� are �xi1�c1 � � � � �xir �cr � for all c j � a j.

This settles the claim.

2. Assume, without loss of generality, that I � �x1� � � � �xr�
m. So we can write

I �
�
x1

b1 � � �xr
br � 0� bi � m� b1 � � � ��br � m

�

so that

P �I� �
�
x1�1 � � �x1�b1 � � �xr�1 � � �xr�br � 0� bi � m� b1 � � � ��br � m

�
�

We first show that P �I� is contained in the intersection of the ideals of the

form �x1�c1 � � � � �xr�cr� described above. It is enough to show this for each

generator of P �I�. So we show that

U � x1�1 � � �x1�b1 � � �xr�1 � � �xr�br � I � �x1�c1 � � � � �xr�cr�

where 0 � bi � m, b1 � � � �� br � m, 1 � c j � m and c1 � � � �� cr � m�

r�1.

If for any i, bi � ci, then it would be clear that U � I .

Assume bi � ci�1 for i � 1� � � � �r�1. It follows that
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m�br � b1 � � � ��br�1

� c1 � � � �� cr�1� �r�1�
� m� r�1� cr� �r�1�
� m� cr

which implies that br � cr, hence U � I .

So far we have shown one direction of the inclusion.

To show the opposite direction, take any monomial

U �
�

�x1�c1 � � � � �xr�cr �

where 1� c j � m and c1 � � � �� cr � m� r�1.

Notice that for some i� r, xi�1 � U; this is because U � �x1�1� � � � �xr�1�.

We write U as

U � x1�1 � � �x1�b1 � � �xr�1 � � �xr�br U
�

where U� is a monomial, and the bi are nonnegative integers such that for

each j � bi, xi� j � U (if xi�1 � � U then set bi � 0). We need to show that it is

possible to find such bi so that b1 � � � ��br � m.

Suppose b1 � � � ��br � m�1, and xi�bi�1 � � U for 1� i � r. Then

b1 � � � ��br � r � m� r�1�

hence

U � �x1�b1�1� � � � �xr�br�1��

implying that xi�bi�1 � U for some i, which is a contradiction.

Therefore b1� � � � �br can be picked so that they add up to m, and hence

U � P �I�; this settles the opposite inclusion.

3. This follows from part 1 and Proposition 2.3, part 3.

Corollary 2.6 (polarization and associated primes) Let I be a monomial ideal

in a polynomial ring R � k�x1� � � � �xn�, and let P �I� be its polarization in S �
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k�xi� j� as described in Definition 2.1. Then �xi1 � � � � �xir ��AssR�R�I� if and only if

�xi1�c1 � � � � �xir�cr � � AssS�S�P �I�� for some positive integers c1� � � � �cr. Moreover,

if �xi1�c1 � � � � �xir �cr ��AssS�S�P �I��, then �xi1�b1 � � � � �xir �br ��AssS�S�P �I�� for all

b j such that 1� b j � c j.

Example 2.7 Consider the primary decomposition of J � �x1
2�x2

3�x1x2�:

J � �x1�x2
3�� �x1

2�x2��

By Proposition 2.5, P �J� � �x1�1x1�2�x2�1x2�2x2�3�x1�1x2�1� will have primary de-

composition

P �J� � �x1�1�x2�1�� �x1�1�x2�2�� �x1�1�x2�3�� �x1�2�x2�1��

A very useful property of polarization is that the final polarized ideal is related

to the original ideal via a regular sequence. The proposition below, which looks

slightly different here than the original statement in [8], states this fact.

Proposition 2.8 (Fröberg [8]) Let k be a field and

R � k�x1� � � � �xn���M1� � � � �Mq��

where M1� � � � �Mq are monomials in the variables x1� � � � �xn, and let

N1 � P �M1�� � � � �Nq � P �Mq�

be a set of square-free monomials in the polynomial ring

S � k�xi� j � 1� i� n�1� j � ai�

such that for each i, the variable xi�ai appears in at least one of the monomials

N1� � � � �Nq. Then the sequence of elements

xi�1� xi� j where 1� i� n and 1 � j � ai (1)

forms a regular sequence in the quotient ring

R� � S��N1� � � � �Nq�

and if J is the ideal of R� generated by the elements in (1), then

R � R��J�

Moreover, R is Cohen-Macaulay (Gorenstein) if and only if R� is.
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Example 2.9 Let J and R be as in Example 2.2. According to Proposition 2.8,

the sequence

x1�1� x1�2� x2�1� x2�2� x2�1� x2�3

is a regular sequence in S�P �J�, and

R�J � S�
�
P �J���x1�1� x1�2�x2�1� x2�2�x2�1� x2�3�

�
�

3 Square-free monomial ideals as facet ideals

Now that we have introduced polarization as a method of transforming a mono-

mial ideal into a square-free one, we can focus on square-free monomial ideals.

In particular, here we are interested in properties of square-free monomial ideals

that come as a result of them being considered as facet ideals of simplicial com-

plexes. Below we review the basic definitions and notations in facet ideal theory,

as well as some of the basic concepts of Stanley-Reisner theory. We refer the

reader to [2], [5], [6], [7] and [14] for more details and proofs in each of these

topics.

Definition 3.1 (simplicial complex, facet, subcollection and more) A simpli-

cial complex ∆ over a set of vertices V � 	v1� � � � �vn
 is a collection of subsets

of V , with the property that 	vi
 � ∆ for all i, and if F � ∆ then all subsets of F

are also in ∆ (including the empty set). An element of ∆ is called a face of ∆,

and the dimension of a face F of ∆ is defined as �F ��1, where �F� is the number

of vertices of F . The faces of dimensions 0 and 1 are called vertices and edges,

respectively, and dim /0 ��1. The maximal faces of ∆ under inclusion are called

facets of ∆. The dimension of the simplicial complex ∆ is the maximal dimension

of its facets.

We denote the simplicial complex ∆ with facets F1� � � � �Fq by

∆ � �F1� � � � �Fq�

and we call 	F1� � � � �Fq
 the facet set of ∆. A simplicial complex with only one

facet is called a simplex. By a subcollection of ∆ we mean a simplicial complex

whose facet set is a subset of the facet set of ∆.
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Definition 3.2 (connected simplicial complex) A simplicial complex ∆ � �F1�

� � � �Fq� is connected if for every pair i� j, 1 � i � j � q, there exists a sequence

of facets Ft1 � � � � �Ftr of ∆ such that Ft1 � Fi, Ftr � Fj and Fts �Fts�1 �� /0 for s �

1� � � � �r�1.

Definition 3.3 (facet/non-face ideals and complexes) Consider the polynomial

ring R � k�x1� � � � �xn� over a field k and a set of indeterminates x1� � � � �xn. Let

I � �M1� � � � �Mq� be an ideal in R, where M1� � � � �Mq are square-free monomials

that form a minimal set of generators for I.


 The facet complex of I, denoted by δF �I�, is the simplicial complex over

a set of vertices v1� � � � �vn with facets F1� � � � �Fq, where for each i, Fi �

	v j � x j�Mi� 1 � j � n
. The non-face complex or the Stanley-Reisner

complex of I, denoted by δN �I�, is be the simplicial complex over a set

of vertices v1� � � � �vn, where 	vi1 � � � � �vis
 is a face of δN �I� if and only if

xi1 � � �xis �� I.


 Conversely, if ∆ is a simplicial complex over n vertices labeled v1� � � � �vn,

we define the facet ideal of ∆, denoted by F �∆�, to be the ideal of R gen-

erated by square-free monomials xi1 � � �xis , where 	vi1 � � � � �vis
 is a facet

of ∆. The non-face ideal or the Stanley-Reisner ideal of ∆, denoted by

N �∆�, is the ideal of R generated by square-free monomials xi1 � � �xis ,

where 	vi1 � � � � �vis
 is not a face of ∆.

Throughout this paper we often use the letter x to denote both a vertex of ∆
and the corresponding variable appearing in F �∆�, and xi1 � � �xir to denote a facet

of ∆ as well as a monomial generator of F �∆�.

Example 3.4 If ∆ is the simplicial complex �xyz�yu�uvw� drawn below,

x

y u

vz
w

then F �∆� � �xyz�yu�uvw� and N �∆� � �xu�xv�xw�yv�yw�zu�zv�zw� are its facet

ideal and nonface (Stanley-Reisner) ideal, respectively.

Facet ideals give a one-to-one correspondence between simplicial complexes

and square-free monomial ideals.
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Next we define the notion of a vertex cover. The combinatorial idea here

comes from graph theory. In algebra, it corresponds to prime ideals lying over

the facet ideal of a given simplicial complex.

Definition 3.5 (vertex covering, independence, unmixed) Let ∆ be a simpli-

cial complex with vertex set V . A vertex cover for ∆ is a subset A of V that

intersects every facet of ∆. If A is a minimal element (under inclusion) of the

set of vertex covers of ∆, it is called a minimal vertex cover. The smallest of the

cardinalities of the vertex covers of ∆ is called the vertex covering number of ∆
and is denoted by α�∆�. A simplicial complex ∆ is unmixed if all of its minimal

vertex covers have the same cardinality.

A set 	F1� � � � �Fu
 of facets of ∆ is called an independent set if Fi �Fj � /0
whenever i �� j. The maximum possible cardinality of an independent set of

facets in ∆, denoted by β�∆�, is called the independence number of ∆. An inde-

pendent set of facets which is not a proper subset of any other independent set is

called a maximal independent set of facets.

Example 3.6 If ∆ is the simplicial complex in Example 3.4, then the vertex cov-

ers of ∆ are:

	x�u
�	y�u
�	y�v
�	y�w
�	z�u
�	x�y�u
�	x�z�u
�	x�y�v
� � � � �

The first five vertex covers above (highlighted in bold) are the minimal vertex

covers of ∆. It follows that α�∆� � 2, and ∆ is unmixed. On the other hand,

	xyz�uvw
 is the largest maximal independent set of facets that ∆ contains, and

so β�∆� � 2.

Definition 3.7 (Alexander dual) Let I be a square-free monomial ideal in the

polynomial ring k�V � with V � 	x1� � � � �xn
, and let ∆N be the non-face complex

of I (i.e. ∆N � δN �I�). Then the Alexander dual of ∆N is the simplicial complex

∆N
� � 	F �V � Fc �� ∆N


where Fc is the complement of the face F in V .

We call the nonface ideal of ∆N
� the Alexander dual of I and denote it by I�.
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3.1 Simplicial trees

Considering simplicial complexes as higher dimensional graphs, one can define

the notion of a tree by extending the same concept from graph theory. Before we

define a tree, we determine what “removing a facet” from a simplicial complex

means. We define this idea so that it corresponds to dropping a generator from

the facet ideal of the complex.

Definition 3.8 (facet removal) Suppose ∆ is a simplicial complex with facets

F1� � � � �Fq and F �∆� � �M1� � � � �Mq� is its facet ideal in R � k�x1� � � � �xn�. The

simplicial complex obtained by removing the facet Fi from ∆ is the simplicial

complex

∆� �Fi�� �F1� � � � � F̂i� � � � �Fq�

and F �∆� �Fi�� � �M1� � � � �M̂i� � � � �Mq�.

The definition that we give below for a simplicial tree is one generalized from

graph theory. See [5] and [6] for more on this concept.

Definition 3.9 (leaf, joint) A facet F of a simplicial complex is called a leaf if

either F is the only facet of ∆, or for some facet G � ∆� �F� we have

F � �∆� �F��� G�

If F �G �� /0, the facet G above is called a joint of the leaf F .

Equivalently, a facet F is a leaf of ∆ if F � �∆� �F�� is a face of ∆� �F�.

Example 3.10 Let I � �xyz�yzu�zuv�. Then F � xyz is a leaf, but H � yzu is not,

as one can see in the picture below.

F � �∆� �F�� �
x

z

y

�

y

z u

v

= y

z

H � �∆� �H�� � z

y

u � z y u

 vx

= z

y

u
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Definition 3.11 (tree, forest) A connected simplicial complex ∆ is a tree if every

nonempty subcollection of ∆ has a leaf. If ∆ is not necessarily connected, but

every subcollection has a leaf, then ∆ is called a forest.

Example 3.12 The simplicial complexes in Examples 3.4 and 3.10 are both trees,

but the one below is not because it has no leaves. It is an easy exercise to see that

a leaf must contain a free vertex, where a vertex is free if it belongs to only one

facet.

One of the most powerful properties of simplicial trees from the point of

view of algebra is that they behave well under localization. This property makes

it easy to use induction on the number of vertices of a tree for proving its various

properties.

Lemma 3.13 (localization of a tree is a forest) Let I � k�x1� � � � �xn� be the facet

ideal of a simplicial tree, where k is a field. Then for any prime ideal � of

k�x1� � � � �xn�, δF �I�� is a forest.

Proof: See [6, Lemma 4.5].

4 Properties of monomial ideals via polarization

For the purpose of all discussions in this section, unless otherwise stated, let I be

a monomial ideal in the polynomial ring R � k�x1� � � � �xn� over a field k, whose

polarization is the square-free monomial ideal P �I� in the polynomial ring

S � k�xi� j � 1� i � n�1� j � ai��

We assume that the polarizing sequence (as described in (1) in Proposition 2.8)

is

ν � ν1� � � � �νv
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which is a regular sequence in S�P �I� and

R�I � S�
�
P �I���ν�

�
�

4.1 Monomial ideals whose polarization is a simplicial tree

A natural question, and one that this paper is mainly concerned with, is what

properties of facet ideals of simplicial trees can be extended to general (non-

square-free) monomial ideals using polarization? In other words, if for a mono-

mial ideal I in a polynomial ring P �I� is the facet ideal of a tree (Definition 3.11),

then what properties of P �I� are inherited by I?

The strongest tool when dealing with square-free monomial ideals is induc-

tion — either on the number of generators, or the number of variables in the

ambient polynomial ring. This is particularly the case when the facet complex of

the ideal is a tree, or in some cases when it just has a leaf. In this section we show

that via polarization, one can extend these tools to monomial ideals in general.

For a given monomial ideal I, we show that if P �I� is the facet ideal of a tree,

and � is a prime ideal containing I, then P �I�� is the facet ideal of a forest (The-

orem 4.1); this allows induction on number of variables. Similarly, Theorem 4.3

provides us with a way to use induction on number of generators of I.

Theorem 4.1 (localization and polarization) If P �I� is the facet ideal of a tree,

and � is a prime ideal of R containing I, then P �I�� is the facet ideal of a forest.

Proof: The first step is to show that it is enough to prove this for prime ideals of R

generated by a subset of 	x1� � � � �xn
. To see this, assume that � is a prime ideal of

R containing I, and that �� is another prime of R generated by all xi � 	x1� � � � �xn


such that xi � � (recall that the minimal primes of I are generated by subsets of

	x1� � � � �xn
; see [16, Corollary 5.1.5]). So �� � �. If I � �M1� � � � �Mq�, then

I�� � �M1
�� � � � �Mq

��

where for each i, Mi
� is the image of Mi in I�� . In other words, Mi

� is obtained

by dividing Mi � x1
a1 � � �xn

an by the product of all the x j
a j such that x j �� ��. But

x j �� �� implies that x j �� �, and so it follows that Mi
� � I�. Therefore I�� � I�. On

the other hand, since �� � �, I� � I�� , which implies that I�� � I� (the equality and

inclusion of the ideals here mean equality and inclusion of their generating sets).
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Now suppose I � �M1� � � � �Mq� and � � �x1� � � � �xr� is a prime containing I.

Suppose that for each i, we write Mi � M�
i �M

��
i , where

M�
i � k�x1� � � � �xr� and M��

i � k�xr�1� � � � �xn�

so that

I� � �M�
1� � � � �M

�
t ��

where without loss of generality M�
1� � � � �M

�
t is a minimal generating set for I�.

We would like to show that the facet complex ∆ of P �I�� is a forest. Suppose

that, again without loss of generality,

I� � �P �M�
1�� � � � �P �M�

s��

is the facet ideal of a subcollection ∆� of ∆. We need to show that ∆� has a leaf.

If s � 1, then there is nothing to prove. Otherwise, suppose that P �M1� rep-

resents a leaf of the tree δF �P �I��, and P �M2� is a joint of P �M1�. Then we

have

P �M1��P �Mi�� P �M2� f or all i � 	2� � � � �s
�

Now let xe� f be in P �M�
1��P �M�

i� for some i � 	2� � � � �s
. This implies that

(i) xe� f � P �M1��P �Mi�� P �M2�, and

(ii) e � 	1 � � � �r
.

From (i) and (ii) we can conclude that xe� f � P �M�
2�, which proves that P �M�

1� is

a leaf for ∆�.

Remark 4.2 It is not true in general that if � is a (minimal) prime of I, then

P �I�� � P �I�P ���. For example, if I � �x1
3�x1

2x2� and �� �x1�, then I� � �x1
2�

so P �I�� � �x1�1x1�2�, but P �I�P ��� � �x1�1�.

Another feature of simplicial trees is that they satisfy a generalization of

König’s theorem ([6, Theorem 5.3]). Below we explain how this property, and

another property of trees that are very useful for induction, behave under polar-

ization.

Recall that for a simplicial complex ∆, α�∆� and β�∆� are the vertex covering

number and the independence number of ∆, respectively (Definition 3.5). For
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simplicity of notation, if I � �M1� � � � �Mq� is a monomial ideal, we let β�I� de-

note the maximum cardinality of a subset of 	M1� � � � �Mq
 consisting of pairwise

coprime elements (so β�∆� � β�F �∆�� for any simplicial complex ∆).

Theorem 4.3 (joint removal and polarization) Suppose M1� � � � �Mq are mono-

mials that form a minimal generating set for I, and P �I� is the facet ideal of

a simplicial complex ∆. Assume that ∆ has a leaf whose joint corresponds to

P �M1�. Then, if we let I� � �M2� � � � �Mq�, we have

height I � height I��

Proof: If G is the joint of ∆ corresponding to P �M1�, then P �I�� � F �∆� �G��.
From [6, Lemma 5.1] it follows that α�∆� � α�∆ � �G��, so that height P �I� �

height P �I��, and therefore height I � height I�.

Theorem 4.4 Suppose M1� � � � �Mq are monomials that form a minimal generat-

ing set for I, and P �I� is the facet ideal of a simplicial tree ∆. Then height I �

β�I�.

Proof: We already know that height I � height P �I� � α�∆�. It is also clear that

β�I� � β�P �I��, since the monomials in a subset 	Mi1 � � � � �Mir
 of the generating

set of I are pairwise coprime if and only if the monomials in 	P �Mi1�� � � � �P �Mir �


are pairwise coprime. On the other hand, from [6, Theorem 5.3] we know that

α�∆� � β�∆�. Our claim follows immediately.

We demonstrate how to apply these theorems via an example.

Example 4.5 Suppose I � �x1
3�x1

2x2x3�x3
2�x2

3x3�. Then

P �I� � �x1�1x1�2x1�3�x1�1x1�2x2�1x3�1�x3�1x3�2�x2�1x2�2x2�3x3�1�

is the facet ideal of the following simplicial complex (tree) ∆.
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x x
1,1

x
2,3

x
3,2

x
2,22,1

x
x

1,2

3,1
x

1,3

Now α�∆� � height I � 2 because the prime of minimal height over I is

�x1�x3�. From Theorem 4.4 it follows that β�I� � 2. This means that you can find

a set of two monomials in the generating set of I that have no common variables:

for example 	x1
3�x3

2
 is such a set.

Since the monomials x1
2x2x3 and x2

3x3 polarize into joints of ∆, by Theo-

rem 4.3 the ideals

I� �x1
3�x3

2�x2
3x3�� �x1

3�x1
2x2x3�x3

2�� and �x1
3�x3

2�

all have the same height.

We now focus on the Cohen-Macaulay property. In [6] we showed that for a

simplicial tree ∆, F �∆� is a Cohen-Macaulay ideal if and only if ∆ is an unmixed

simplicial complex. The condition unmixed for ∆ is equivalent to all minimal

primes of the ideal F �∆� (which in this case are all the associated primes of

F �∆�) having the same height. In general, an ideal all of whose associated primes

have the same height (equal to the height of the ideal) is called an unmixed ideal.

It now follows that:

Theorem 4.6 (Cohen-Macaulay criterion for trees) Let P �I� be the facet ideal

of a simplicial tree ∆. Then R�I is Cohen-Macaulay if and only if I is unmixed.

Proof: From Proposition 2.8, R�I is Cohen-Macaulay if and only if S�P �I� is

Cohen-Macaulay. By [6, Corollary 8.3], this is happens if and only if P �I� is

unmixed. Corollary 2.6 now proves the claim.
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If R is a ring and J is an ideal of R, then the Rees ring of R along J is defined

as

R �Jt� ��n��Jntn�

Rees rings come up in the algebraic process of “blowing up” ideals. One reason

that trees are defined as they are is that their facet ideals produce normal and

Cohen-Macaulay Rees rings ([5]).

Proposition 4.7 If S�P �I�t� is Cohen-Macaulay, then so is R�It�. Conversely, if

we assume that R and S are localized at their irrelevant maximal ideals, then

R�It� being Cohen-Macaulay implies that S�P �I�t� is Cohen-Macaulay.

Proof: Suppose that ν1� � � � �νv is the polarizing sequence as described before.

For i � 1� � � � �v�1 let

Ri � S��ν1� � � � �νi�� Ii � P �I���ν1� � � � �νi�� Rv � R and Iv � I�

Notice that S�P �I�t� and R�It� are both domains. Also note that for each i,

S�P �I�t���ν1� � � � �νi� � Ri�Iit�

is the Rees ring of the monomial ideal Ii in the polynomial ring Ri, and is therefore

also a domain. Therefore νi�1 is a regular element in the ring S�P �I�t���ν1� � � � �νi�,

which means that ν1� � � � �νv is a regular sequence in S�P �I�t�.

Similarly, we see that

R�It� � S�P �I�t���ν1� � � � �νv��

[2, Theorem 2.1.3] now implies that if S�P �I�t� is Cohen-Macaulay, then so

is R�It�. The converse follows from [2, Exercise 2.1.28].

Corollary 4.8 (Rees ring of a tree is Cohen-Macaulay) Suppose that P �I� is the

facet ideal of a simplicial tree. Then the Rees ring R�It� of I is Cohen-Macaulay.

Proof: This follows from the Proposition 4.7, and from [5, Corollary 4], which

states that the Rees ring of the facet ideal of a simplicial tree is Cohen-Macaulay.
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4.2 Polarization of sequentially Cohen-Macaulay ideals

The main result of this section is that if the polarization of a monomial ideal I

is the facet ideal of a tree, then I is a sequentially Cohen-Macaulay ideal. The

theorem that implies this fact (Proposition 4.11) is interesting in its own right.

For a square-free monomial ideal J, Eagon and Reiner [4] proved that J is Cohen-

Macaulay if and only if its Alexander dual J� has a linear resolution. Herzog and

Hibi [9] then defined componentwise linear ideals and generalized their result, so

that a square-free monomial ideal J is sequentially Cohen-Macaulay if and only

if J� is componentwise linear (see [9] or [7]). But even though Alexander duality

has been generalized to all monomial ideals from square-free ones, the criterion

for sequential Cohen-Macaulayness does not generalize: it is not true that if I is

any monomial ideal, then I is sequentially Cohen-Macaulay if and only of I� is a

componentwise linear ideal; see Miller [10]. We show that the statement is true

if I� is replaced by P �I��.

Definition 4.9 ([14, Chapter III, Definition 2.9]) Let M be a finitely generated

�-graded module over a finitely generated �-graded k-algebra, with R0 � k. We

say that M is sequentially Cohen-Macaulay if there exists a finite filtration

0 � M0 �M1 � � � ��Mr � M

of M by graded submodules Mi satisfying the following two conditions:

(a) Each quotient Mi�Mi�1 is Cohen-Macaulay.

(b) dim �M1�M0� � dim �M2�M1� � �� � � dim �Mr�Mr�1�, where dim de-

notes Krull dimension.

We define a componentwise linear ideal in the square-free case using [9,

Proposition 1.5].

Definition 4.10 (componentwise linear) Let I be a square-free monomial ideal

in a polynomial ring R. For a positive integer k, the k-th square-free homoge-

neous component of I, denoted by I�k�, is the ideal generated by all square-free

monomials in I of degree k. The ideal I above is said to be componentwise linear

if for all k, the square-free homogeneous component I�k� has a linear resolution.
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For our monomial ideal I, let Q �I� denote the set of primary ideals appearing

in a reduced primary decomposition of I. Suppose that h � height I and s �

max	height � � � � Q �I�
, and set

Ii �
�

��Q �I�
height ��s�i

��

So we have the following filtration for R�I (we assume that all inclusions in

the filtration are proper; if there is an equality anywhere, we just drop all but one

of the equal ideals):

0 � I � I0 � I1 � � � �� Is�h � R�I� (2)

If R�I is sequentially Cohen-Macaulay, then by Theorem A.4, (2) is the ap-

propriate filtration that satisfies Conditions (a) and (b) in Definition 4.9.

For the square-free monomial ideal J � P �I�, we similarly define

Q �J� � 	minimal primes over J
 and Ji �
�

��Q �J�
height ��s�i

�

where the numbers h and s are the same as for I because of Proposition 2.5. It

follows from Proposition 2.5 and Corollary 2.6 that for each i, P �Ii� � Ji and the

polarization sequence that transforms Ii into Ji is a subsequence of ν � ν1� � � � �νv.

What we have done so far is to translate, via polarization, the filtration (2) of

the quotient ring R�I into one of S�J:

0 � J � J0 � J1 � � � �� Js�h � S�J� (3)

Now note that for a given i, the sequence ν is a Ji�1�Ji-regular sequence in S,

as ν is a regular sequence in S�Ji, which contains Ji�1�Ji. Also note that

R�Ii � S��Ji �ν��

It follows that Ji�1�Ji is Cohen-Macaulay if and only if Ii�1�Ii is (see [2, Exer-

cise 2.1.27(c), Exercise 2.1.28 and Theorem 2.1.3]).

Proposition 4.11 The monomial ideal I is sequentially Cohen-Macaulay if and

only if P �I� is sequentially Cohen-Macaulay, or equivalently, P �I�� is a compo-

nentwise linear ideal.
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Proof: By [7, Proposition 4.5], P �I�� is componentwise linear if and only if P �I�

is sequentially Cohen-Macaulay, which by the discussion above is equivalent to

I being sequentially Cohen-Macaulay.

Corollary 4.12 (trees are sequentially Cohen-Macaulay) Let P �I� be the facet

ideal of a simplicial tree. Then I is sequentially Cohen-Macaulay.

Proof: This follows from Proposition 4.11 and by [7, Corollary 5.5], which states

that P �I�� is a componentwise linear ideal.

5 Further examples and remarks

To use the main results of this paper for computations on a given monomial ideal,

there are two steps. One is to compute the polarization of the ideal, which as can

be seen from the definition is a quick and simple procedure. This has already

been implemented in Macaulay2. The second step is to determine whether the

polarization is the facet ideal of a tree, or has a leaf. Algorithms that serve this

purpose are under construction ([3]).

Remark 5.1 Let I ��M1� � � � �Mq� be a monomial ideal in a polynomial ring R. If

P �I� is the facet ideal of a tree, then by Corollary 4.8, R�It� is Cohen-Macaulay.

But more is true: if you drop any generator of I, for example if you consider

I� � �M1� � � � �M̂i� � � � �Mq�, then R�I�t� is still Cohen-Macaulay. This is because

P �I�� corresponds to the facet ideal of a forest, so one can apply the same result.

A natural question is whether one can say the same with the property “Cohen-

Macaulay” replaced by “normal.” If I is square-free, this is indeed the case. But

in general, polarization does not preserve normality of ideals.

Example 5.2 (normality and polarization) A valid question is whether Propo-

sition 4.7 holds if the word “Cohen-Macaulay” is replaced with “normal,” given

that simplicial trees have normal facet ideals ([5])?

The answer is negative. Here is an example.



106 S. Faridi

Let I � �x1
3�x1

2x2�x2
3� be an ideal of k�x1�x2�. Then I is not normal; this is

because I is not even integrally closed: x1x2
2 � I as �x1x2

2�3 � x1
3x2

6 � 0, but

x1x2
2 �� I. Now

P �I� � �x1�1x1�2x1�3�x1�1x1�2x2�1�x2�1x2�2x2�3�

is the facet ideal of the tree

1,3

1,1

x 1,2

x 2,1

x 2,2

x 2,3x

x

which is normal by [5].

The reason that normality (or integral closure in general) does not pass through

polarization is much more basic: polarization does not respect multiplication of

ideals, or monomials. Take, for example, two monomials M and N and two

monomial ideals I and J, such that MN � IJ. It is not necessarily true that

P �M�P �N� � P �I�P �J�.

Indeed, let I � J � �x1x2� and M � x1
2 and N � x2

2. Then MN � x1
2x2

2 � IJ.

But

P �M� � x1�1x1�2� P �N� � x2�1x2�2� and P �I� � P �J� � �x1�1x2�1�

and clearly P �M�P �N� �� P �I�P �J� � �x1�1
2x2�1

2�.

Remark 5.3 It is useful to think of polarization as a chain of substitutions. This

way, as a monomial ideal I gets polarized, the ambient ring extends one variable

at a time. All the in-between ideals before we hit the final square-free ideal P �I�

have the same polarization.

For example, let J � �x2�xy�y3� � k�x�y�. We use a diagram to demonstrate

the process described in the previous paragraph. Each linear form a� b stands

for “replacing the variable b with a,” or vice versa, depending on which direction

we are going.

J � �x2�xy�y3�
u�x
�� J1 � �xu�uy�y3�

v�y
�� J2 � �xu�uv�y2v�

w�y
�� J3 � �xu�uv�yvw� �
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This final square-free monomial ideal J3 is the polarization of J, and is iso-

morphic to P �J� as we defined it in Definition 2.1. Note that all ideals J, J1, J2

and J3 have the same (isomorphic) polarization. We can classify monomial ideals

according to their polarizations. An interesting question is to see what properties

do ideals in the same polarization class have. A more difficult question is how far

can one “depolarize” a square-free monomial ideal I, where by depolarizing I we

mean finding monomial ideals whose polarization is equal to I, or equivalently,

traveling the opposite direction on the above diagram.

A Appendix: Primary decomposition in a
sequentially Cohen-Macaulay module

The purpose of this appendix is to study, using basic facts about primary decom-

position of modules, the structure of the submodules appearing in the (unique)

filtration of a sequentially Cohen-Macaulay module M. The main result (Theo-

rem A.4) states that each submodule appearing in the filtration of M is the inter-

section of all primary submodules whose associated primes have a certain height

and appear in an irredundant primary decomposition of the 0-submodule of M.

Similar results, stated in a different language, appear in [12]; the author thanks

Jürgen Herzog for pointing this out.

We first record two basic lemmas that we shall use later (the second one is an

exercise in Bourbaki [1]). Throughout the discussions below, we assume that R

is a finitely generated algebra over a field, and M is a finite module over R.

Lemma A.1 Let Q 1� � � � �Q t �P all be primary submodules of an R-module M,

such that Ass�M�Q i� � 	�i
 and Ass�M�P � � 	�
. If Q 1 � � � ��Q t � P and

Q i �� P for some i, then there is a j �� i such that � j � �.

Proof: Let x � Q i �P . For each j not equal to i, pick the positive integer m j such

that �
mj
j x � Q j� So we have that

�
m1
1 � � ��

mi�1
i�1 �

mi�1
i�1 � � ��mt

t x� Q 1� � � ��Q t � P �� �
m1
1 � � ��

mi�1
i�1 �

mi�1
i�1 � � ��mt

t � �

where the second inclusion is because x �� P . Hence for some j �� i, � j � �.
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Lemma A.2 Let M be an R-module and N be a submodule of M. Then for every

� � Ass�M�N�, if � �� Ann�N�, then � � Ass�M�.

Proof: Since � � Ass�M�N�, there exists x � M �N such that � � Ann�x�; in

other words �x�N� Suppose Ann�N� �� �, and let y �Ann�N���. Now y�x � 0,

and so �� Ann�yx� in M. On the other hand, if z � Ann�yx�, then zyx � 0 � N

and so zy � �. But y �� �, so z � �. Therefore � � Ass�M�.

Suppose M is a sequentially Cohen-Macaulay module with filtration as in

Definition 4.9. We adopt the following notation. For a given integer j, we let

Ass�M� j � 	� � Ass�M� � height �� j
�

Suppose that all the j’s where Ass�M� j �� /0 form the sequence of integers

0� h1 � �� � � hc � dim R

so that Ass�M� �
�

1� j�c Ass�M�h j �

Proposition A.3 For all i � 0� � � � �r�1, we have

1. Ass�Mi�1�Mi��Ass�M� �� /0;

2. Ass�M�hr�i �Ass�Mi�1�Mi� and c � r;

3. If � � Ass�Mi�1�, then height �� hr�i;

4. If � � Ass�Mi�1�Mi�, then Ann�Mi� �� �;

5. Ass�Mi�1�Mi�� Ass�M�;

6. Ass�Mi�1�Mi� � Ass�M�hr�i ;

7. Ass�M�Mi� � Ass�M��hr�i ;

8. Ass�Mi�1� � Ass�M��hr�i .

Proof:
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1. We use induction on the length r of the filtration of M. The case r � 1 is

clear, as we have a filtration 0 � M, and the assertion follows. Now sup-

pose the statement holds for sequentially Cohen-Macaulay modules with

filtrations of length less than r. Notice that Mr�1 that appears in the filtra-

tion of M in Definition 4.9 is also sequentially Cohen-Macaulay, and so by

the induction hypothesis, we have

Ass�Mi�1�Mi��Ass�Mr�1� �� /0 for i � 0� � � � �r�2

and since Ass�Mr�1�� Ass�M� it follows that

Ass�Mi�1�Mi��Ass�M� �� /0 for i � 0� � � � �r�2�

It remains to show that Ass�M�Mr�1��Ass�M� �� /0.

For each i, Mi�1 �Mi, so we have ([1] Chapter IV)

Ass�M1�� Ass�M2�� Ass�M1��Ass�M2�M1�� (4)

The inclusion M2 �M3 along with the inclusions in (4) imply that

Ass�M2�� Ass�M3� � Ass�M2��Ass�M3�M2�
� Ass�M1��Ass�M2�M1��Ass�M3�M2��

If we continue this process inductively, at the i-th stage we have

Ass�Mi� � Ass�Mi�1��Ass�Mi�Mi�1�
� Ass�M1��Ass�M2�M1��Ass�M3�M2�� � � ��Ass�Mi�Mi�1�

and finally, when i � r it gives

Ass�M� � Ass�M1��Ass�M2�M1�� � � ��Ass�M�Mr�1�� (5)

Because of Condition (b) in Definition 4.9, and the fact that each Mi�1�Mi

is Cohen-Macaulay (and hence all its associated primes have the same

height; see [2] Chapter 2), if for every i we pick �i � Ass�Mi�1�Mi�, then

hc � height �0 � height �1 � �� � � height �r�1�
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where the left-hand-side inequality comes from the fact that Ass�M1� �

Ass�M�. By our induction hypothesis, Ass�M� intersects Ass�Mi�1�Mi�

for all i� r�2, and so because of (5) we conclude that

height �i � hc�i� and Ass�M�hc�i � Ass�Mi�1�Mi� for 0� i � r�2�

And now Ass�M�h0 has no choice but to be included in Ass�M�Mr�1�,

which settles our claim. It also follows that c � r.

2. See the proof for part 1.

3. We use induction. The case i � 0 is clear, since for every � � Ass�M1� �

Ass�M1�M0� we know from part 2 that height � � hr. Suppose the state-

ment holds for all indices up to i�1. Consider the inclusion

Ass�Mi�� Ass�Mi�1�� Ass�Mi��Ass�Mi�1�Mi��

From part 2 and the induction hypothesis it follows that if � � Ass�Mi�1�

then height �� hr�i.

4. Suppose Ann�Mi� � �. Since
�

Ann�Mi� �
�
���Ass�Mi� �

�, it follows that
�
���Ass�Mi�

�� � �� so there is a �� � Ass�Mi� such that �� � �. But from

parts 2 and 3 above it follows that height �� � hr�i�1 and height �� hr�i,

which is a contradiction.

5. From part 4 and Lemma A.2, it follows that Ass�Mi�1�Mi��Ass�Mi�1��

Ass�M��

6. This follows from parts 2 and 5, and the fact that Mi�1�Mi is Cohen-

Macaulay, and hence all associated primes have the same height.

7. We show this by induction on e � r� i. The case e � 1 (or i � r� 1) is

clear, because by part 6 we have Ass�M�Mr�1� �Ass�M�h1 �Ass�M��h1 �

Now suppose the equation holds for all integers up to e� 1 (namely i �

r� e� 1), and we would like to prove the statement for e (or i � r� e).

Since Mi�1�Mi �M�Mi, we have

Ass�Mi�1�Mi�� Ass�M�Mi�� Ass�Mi�1�Mi��Ass�M�Mi�1�� (6)
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By the induction hypothesis and part 6 we know that

Ass�M�Mi�1� � Ass�M��hr�i�1 and Ass�Mi�1�Mi� � Ass�M�hr�i �

which put together with (6) implies that

Ass�M�hr�i � Ass�M�Mi��Ass�M��hr�i �

We still have to show that Ass�M�Mi�� Ass�M��hr�i�1 .

Let

� � Ass�M��hr�i�1 � Ass�M�Mi�1� � Ass��M�Mi���Mi�1�Mi���

If �� Ann�Mi�1�Mi�, then (by part 6)

��
�

��Ass�M�hr�i

� �� �� � for some � � Ass�M�hr�i �

which is a contradiction, as height �� hr�i�1 � height �. It follows from

Lemma A.2 that � � Ass�M�Mi�.

8. The argument is based on induction, and exactly the same as the one in

part 4, using more information; from the inclusions

Ass�Mi�� Ass�Mi�1�� Ass�Mi��Ass�Mi�1�Mi��

the induction hypothesis and part 6 we deduce that

Ass�M��hr�i�1 � Ass�Mi�1�� Ass�M��hr�i�1 �Ass�M�hr�i �

which put together with part 4, along with Lemma A.2, produces the equal-

ity.

Now suppose that as a submodule of M, M0 � 0 has an irredundant primary

decomposition of the form

M0 � 0 �
�

1� j�r

Q h j
1 � � � ��Q h j

s j (7)

where for a fixed j � r and e � s j, Q h j
e is a primary submodule of M such that

Ass�M�Q h j
e � � 	�

h j
e 
 and Ass�M�h j � 	�

h j
1 � � � � ��

h j
s j 
�
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Theorem A.4 Let M be a sequentially Cohen-Macaulay module with filtration

as in Definition 4.9, and suppose that M0 � 0 has a primary decomposition as in

(7). Then for each i � 0� � � � �r�1, Mi has the following primary decomposition:

Mi �
�

1� j�r�i

Q h j
1 � � � ��Q h j

s j � (8)

Proof: We prove this by induction on r (length of the filtration). The case r � 1 is

clear, as the filtration is of the form 0 � M0 �M. Now consider M with filtration

0 � M0 �M1 � � � ��Mr � M�

Since Mr�1 is a sequentially Cohen-Macaulay module of length r�1, it satisfies

the statement of the theorem. We first show that Mr�1 has a primary decomposi-

tion as described in (8). From part 7 of Proposition A.3 it follows that

Ass�M�Mr�1� � Ass�M�h1

and so for some �h1
e -primary submodules P h1

e of M (1� e� s j), we have

Mr�1 � P h1
1 � � � ��P h1

s1
� (9)

We would like to show that Q h1
e � P h1

e for e � 1� � � � �s1.

Fix e� 1 and assume Q h1
1 ��P h1

1 . From the inclusion M0 �P h1
1 and Lemma A.1 it

follows that for some e and j (with e �� 1 if j � 1), we have �
h j
e � �

h1
1 . Because of

the difference in heights of these ideals the only conclusion is �
h j
e � �

h1
1 , which

is not possible. With a similar argument we deduce that Q h1
e � P h1

e , for e �

1� � � � �s1.

Now fix j � 	1� � � � �r
 and e � 	1� � � � �s j
. If Mr�1 � Q h j
e we are done. Oth-

erwise, note that for every j and �
h j
e -primary submodule Q h j

e of M,

Q h j
e �Mr�1

is a �
h j
e -primary submodule of Mr�1 �as we have /0 ��Ass�Mr�1��Q

h j
e �Mr�1�� �

Ass��Mr�1 �Q h j
e ��Q h j

e � � Ass�M�Q h j
e � � 	�

h j
e 
�. So M0 � 0 as a submodule

of Mr�1 has a primary decomposition

M0�Mr�1 � 0 �
�

1� j�r

�Q h j
1 �Mr�1�� � � �� �Q h j

s j �Mr�1��
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From Proposition A.3 part 8 it follows that

Ass�Mr�1� � Ass�M��h2

so the components Q h1
t �Mr�1 are redundant for t � 1� � � � �s1, so for each such t

we have
�

Q
h j
e ��Q h1

t

�Q h j
1 �Mr�1�� Q h1

t �Mr�1�

If Q h j
e �Mr�1 �� Q h1

t �Mr�1 for some e and j (with Q h j
e �� Q h1

t ), then using

Lemma A.1 for some such e and j we have �
h j
e � �

h1
t , which is a contradiction

(because of the difference of heights).

Therefore, for each t (1 � t � s1), there exists indices e and j (with Q h j
e ��

Q h1
t ) such that

Q h j
e �Mr�1 � Q h1

t �Mr�1�

It follows now, from the primary decomposition of Mr�1 in (9), that for a fixed t

P h1
1 � � � ��P h1

s1
�Q h j

e � Q h1
t �

Assume P h1
t �� Q h1

t . Applying Lemma A.1 again, we deduce that

�
h j
e � �

h1
t � or there is t � �� t such that �h1

t� � �
h1
t �

Neither of these is possible, so P h1
t � Q h1

t for all t.

We have therefore proved that

Mr�1 � Q h1
1 � � � ��Q h1

s1
�

By the induction hypothesis, for each i� r�2, Mi has the following primary

decomposition:

Mi �
�

2� j�r�i

�Q h j
1 �Mr�1�� � � �� �Q h j

s j �Mr�1� �
�

1� j�r�i

Q h j
1 � � � ��Q h j

s j �

which proves the theorem.
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1 Introduction

Let A be a Noetherian local ring with the maximal ideal � and d � dimA. Let

Q be a parameter ideal in A and let I � Q : �. In this paper we shall study

the problem of when the equality I2 � QI holds true. K. Yamagishi [18, 19],

the first author, and K. Nishida [9] have recently showed that the Rees algebras

R�I� �
�

n�0 In, the associated graded rings G�I� � R�I��IR�I�, and the fiber

cones F�I� � R�I���R�I� are all Buchsbaum rings with very specific graded

local cohomology modules, if I2 � QI and the base ring A is Buchsbaum. Our

results will supply [18, 19] and [9] with ample examples.

115
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This paper is a continuation of [10, 11], and our research dates back to the

works of A. Corso, C. Huneke, C. Polini, and W. Vasconcelos [1, 2, 3]. We

summarize their results into the following, in which the equivalence of assertions

(2) and (3) is due to the first author [7, Theorem (3.1)].

Theorem 1.1 ([1, 2, 3, 7]) Let Q be a parameter ideal in a Cohen-Macaulay

local ring A with d � dimA and let I �Q :�. Then the following three conditions

are equivalent.

�1� I2 �� QI.

�2� Q is integrally closed in A.

�3� A is a regular local ring, which contains a regular system a1�a2� � � � �ad of

parameters such that Q � �a1� � � � �ad�1�a
q
d� for some 1� q � �.

Therefore, we have I2 � QI for every parameter ideal Q in A, if A is a Cohen-

Macaulay local ring but not regular.

Our goal is to generalize Theorem 1.1 to local rings A which are not neces-

sarily Cohen-Macaulay. In contrast to Theorem 1.1, almost nothing was known

unless A is Cohen-Macaulay, and this marked contrast has hurried up the re-

searches [10, 11] in the Buchsbaum case. Here we would like to summarize a

part of our previous results. To state them, let

r�A� � sup
Q

�A��Q : ���Q�

and call it the Cohen-Macaulay type of A, where Q runs through parameter ideals

in A. Thanks to [12, Theorem (2.5)], we have the formula

r�A� �
d�1

∑
i�0

�
d
i

�
hi�A��µÂ�KÂ�

for every Buchsbaum local ring A with d � dimA� 1, where hi�A� � �A�Hi
��A��

denotes the length of the ith local cohomology module Hi
��A� of A with respect

to the maximal ideal � and µÂ�KÂ� denotes the number of generators for the

canonical module KÂ of the �-adic completion �A of A ([15]). Let e�A� � e0
��A�

denote the multiplicity of A with respect to �. With this notation the main results

of [10] are summarized into the following.
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Theorem 1.2 ([10]) Let A be a Buchsbaum local ring with d � dimA � 1 and

e�A�� 1. The following assertions hold.

�1� The equality I2 � QI holds true for all parameter ideals Q in A of the form

Q � �an
1�a2� � � � �ad�, where a1�a2� � � � �ad be any system of parameters in

A, n� 2, and I � Q : �.

�2� Let Q be a parameter ideal in A and assume that �A��Q : ���Q� � r�A�.

Then the equality I2 � QI holds true, where I � Q : �.

�3� There exists an integer � � 0 such that the equality I2 � QI holds true for

every parameter ideal Q in A such that Q ���, where I � Q : �.

Theorem 1.2 (2) is a natural generalization of the last statement of Theorem

1.1 and Theorem 1.2 (3) shows that inside Buchsbaum local rings, the parameter

ideals Q for which the equality I2 � QI holds true are still the majority.

We now state our own results, explaining how this paper is organized. The

present purpose consists of two parts. The first one is to give the following The-

orem 1.3, which we shall prove in Section 2. It gives, generalizing Theorem 1.2

(1), a new sufficient condition for a parameter ideal Q in a Buchsbaum local ring

A to satisfy the equality I2 �QI. We shall discuss in Section 3 some applications.

Theorem 1.3 Let A be a Buchsbaum local ring with d � dimA� 1 and e�A�� 1.

Let Q � �x1�x2� � � � �xd� be a parameter ideal in A and assume that xd � ab mod

�0� : � for some a�b ��. Then I2 � QI where I � Q : �.

The following is a direct consequence of Theorem 1.3.

Corollary 1.4 Let A be a Buchsbaum local ring with d � dimA� 2 and e�A��

1. Let a�b�� such that dimA��a�� dimA��b� � d�1 and let w� �0� :�. Then

the equality I2 � QI holds true for every parameter ideal Q in the Buchsbaum

local ring A��ab�w�.

The second purpose of this paper is to explore homogeneous Buchsbaum

rings of maximal embedding dimension. Let R � ∑n�0 Rn be a Buchsbaum

graded ring with k � R0 an infinite field. Assume that R is homogeneous, that

is, R � k�R1�, and let M � R�. Then R is said to have maximal embedding di-

mension if

dimkR1 � e�R��dimR�1� I�R�
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where e�R� and I�R� denote, respectively, the multiplicity e0
M�R� of R with respect

to M and the Buchsbaum invariant of R. This condition is equivalent to saying

that the equality M2 �QM holds true for some (hence any) linear parameter ideal

Q in R ([5, (3.8)], [6]). In Section 4 we shall prove the following.

Theorem 1.5 Let R � k�R1� be a homogeneous Buchsbaum ring over an infinite

field k with e�R� � 1. Assume that R has maximal embedding dimension. Then

I2 � QI for every graded parameter ideal Q in R, where I � Q : M.

The key in the proof of Theorem 1.5 is the fact that the canonical homomor-

phism

ExtdR�R�M2�R�� Hd
M�R� � lim

n�∞
ExtdR�R�Mn�R�

is surjective on the socles. To see this, we need some analysis of the graded

minimal injective resolution of R, which we will perform in Section 4.

Typical examples of homogeneous Buchsbaum rings R of maximal embed-

ding dimension are Buchsbaum rings of multiplicity 2. For a Buchsbaum local

ring A with e�A�� 2 and depthA� 0, it is known by [11] that the equality I2 �QI

holds true for every parameter ideal Q in A. It might be worth noticing that [11,

Theorem (1.1)] is not a direct consequence of Theorem 1.5. In fact, [11] deals

with all the parameter ideals Q in such a ring A, whereas Theorem 1.5 deals

exclusively with the graded parameter ideals Q in a homogeneous Buchsbaum

ring R. The authors do not know whether the equality I2 � QI holds true for

every parameter ideal Q in the Buchsbaum local ring A � RM, where R is the

homogeneous Buchsbaum ring studied in Theorem 1.5 .

Let R � ∑n�0 Rn be a Buchsbaum graded ring with k � R0 a field. Let M �

R�. When dimR � 1, there is a sufficiently effective condition for the equality

I2 � QI stated in terms of the a-invariant

a�R� � max	n � � 
 �H1
M�R��n �� �0��

of R (Theorem 5.1). When the hypothesis of Theorem 5.1 is not satisfied, the

equality I2 � QI may fail to hold true. The first counterexamples appeared in

[10] (see also [11, Section 4]) and the simplest one is the following. Let

R � k�X �Y�Z���Y 2�XZ�XY�X3� (1.6)
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where k�X �Y�Z� is the polynomial ring over a field k. Then R is a homogeneous

Buchsbaum ring with dimR � 1 and e�R� � 3, which does not satisfy the hy-

pothesis of Theorem 5.1. Let z be the image of Z in R. Then Q � �z� is a linear

parameter ideal of R such that I3 � QI2 but I2 �� QI, where I � Q : M. The Bu-

chsbaum ring R stated in (1.6) is constructed from the Cohen-Macaulay graded

ring

k�X �Y�Z���Y 2�XZ�XY�X2�

in a canonical manner, and the method is applicable to a more general setting,

which we discuss in Section 6.

We are now entering the details. Throughout, let �A��� be a Noetherian local

ring with d � dimA. We denote by e�A� � e0
��A� the multiplicity of A with

respect to the maximal ideal �. Let Hi
���� �i � �� denote the local cohomology

functors with respect to �. Let �A��� and µA��� stand for the length and the

number of generators, respectively. Let Q � �x1�x2� � � � �xd� be a parameter ideal

in A and, otherwise specified, we always denote by I the ideal Q : �. Let Min A

be the set of minimal prime ideals in A.

For a given Noetherian graded ring R � ∑n�0 Rn with k � R0 a field, we shall

maintain a similar notation. Let M � R� and let e�R� � e0
M�R� denote the multi-

plicity of R with respect to M. Let Hi
M��� �i���be the graded local cohomology

functors of R with respect to M. Otherwise specified, for each graded parameter

ideal Q in R, we denote also by I the graded ideal Q : M in R.

2 Proof of Theorem 1.3

The purpose of this section is to prove Theorem 1.3. Before starting the proof,

let us give a brief review on Buchsbaum rings.

Let R be a commutative ring and x1�x2� � � � �xs �R. Then x1�x2� � � � �xs is called

a d-sequence in R, if �x1� � � � �xi�1� : x j � �x1� � � � �xi�1� : xix j whenever 1 � i �

j � s. See [16] for basic results on d-sequences. For example, if x1�x2� � � � �xs is

a d-sequence in R, then we have

�x1� � � � �xi�1� : x2
i � �x1� � � � �xi�1� : xi

� �x1� � � � �xi�1� : �x1�x2� � � � �xs�
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for all 1� i � s. Also, the equality

��x1� � � � �xi�1� : xi�
�x1�x2� � � � �xs�
n ��x1� � � � �xi�1���x1�x2� � � � �xs�

n�1 (2.1)

holds true for all integers 1� i � s and 1� n � �.

Let A be a Noetherian local ring with the maximal ideal � and d � dimA.

Then A is said to be a Buchsbaum ring, if the difference

I�A� � �A�A�Q�� e0
Q�A�

is independent of the choice of a parameter ideal Q in A, where e0
Q�A� denotes

the multiplicity of A with respect to Q. This condition is equivalent to saying that

every system x1�x2� � � � �xd of parameters for A forms a weak A-sequence, that is,

the equality

�x1� � � � �xi�1� : xi � �x1� � � � �xi�1� : � (2.2)

holds true for all 1 � i � d. Hence every system of parameters for a Buchsbaum

local ring forms a d-sequence. When R � ∑n�0 Rn is a Noetherian graded ring

with k � R0 a field, we simply say that R is a Buchsbaum ring, if A � RM is a

Buchsbaum local ring, where M � R�.

If A is a Buchsbaum local ring, then ��Hi
��A� � �0� �i �� d� and one has the

equality

I�A� �
d�1

∑
i�0

�
d�1

i

�
hi�A��

where hi�A� � �A�Hi
��A�� ([17, Chap. I, (2.6)]). For given integers d � 1 and

hi � 0 �0� i� d�1�, there exists a Buchsbaum local ring A such that dimA � d

and hi�A�� hi for all 0� i� d�1. One may choose the Buchsbaum ring A so that

A is an integral domain (respectively a normal domain), if h0 � 0 (respectively

d � 2 and h0 � h1 � 0� ([4, Theorem (1.1)]). See the book [17] for more details

on Buchsbaum rings.

We now start the proof of Theorem 1.3.

Lemma 2.3 Let W, L, and M be ideals in a commutative ring R. Let a�b � M

and assume that aW � �0�, L : a2 � L : a, and L : ab � L : b� Then

�L��ab��W� : M � ��L�W� : M�� ��L��ab�� : M��
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Proof: Let us begin with the following.

Claim 2.4 �1� W 
 �L��a��� L.

�2� �L : a�
 �L��b�� � L.

Proof of Claim 2.4: (1) Let w �W and assume that w � ��ay for some � � L

and y � R. Then a2y � L, since aw � 0. Hence ay � L because L : a2 � L : a, so

that we have w � ��ay� L.

(2) Let x � L : a and assume that x � �� by for some � � L and y � R.

Then �ab�y � L, since ax � L. Hence by � L because L : ab � L : b, and so

x � ��by� L.

Let x� �L��ab��W� : M. We write ax� ���ab�y�w with �� L, y�R, and

w �W . Then w � L��a� whence w � L by 2.4 (1), so that x�by� L : a. Set z �

x�by. Hence x � by�z and z� L : a. Let α�M and write αx � �1��ab�y1�w1

with �1 � L, y1 � R, and w1 �W . Then

�1 ��ab�y1 �w1 � b�αy��αz�

Hence, since aW � �0�, we have that αz�w1 � �L : a�
 �L��b�� � L by 2.4 (2).

Thus z � �L�W � : M so that by � x� z � �L��ab��w� : M too. We will show

that by� �L��ab�� : M. Choose α �M and write α�by� � �2��ab�y2�w2 with

�2 � L, y2 � R, and w2 �W . Then �ab��αy� ay2� � a�2 � L, because aw2 � 0.

Hence b�αy�ay2� � L, because L : ab � L : b. Consequently by� �L��ab�� : M,

and so we get x � by� z � ��L�W� : M�� ��L��ab�� : M� as claimed.

Otherwise specified, for the rest of this section let A denote a Buchsbaum

local ring. We assume that d � dimA� 1 and e�A�� 1. Let W � H0
��A� � �0� :

�.

Proposition 2.5 Let x1, x2� � � � �xd be a system of parameters in A and assume

that xd � ab for some a�b��. Then �Q�W� :��Q :�, where Q � �x1�x2� � � � �

xd�.

Proof: Let L � �x1�x2� � � � �xd�1�. As both 	x1� � � � �xd�1�a� and 	x1� � � � �xd�1�b�

are systems of parameters in the Buchsbaum local ring A, by (2.2) we get

L : a2 � L : a � L : ab � L : b � L : ��
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Hence �Q�W � : �� ��L�W � : ��� �Q : �� by Lemma 2.3. We have �L�W � :

�� L :�, because �2 � ��L�W � :��� L and L :�� L :�n for all n� 1. Hence

�Q�W� : �� Q : �.

Lemma 2.6 Let Q and Q� be parameter ideals in A. Then Q : � � Q� : � if

Q� Q��W.

Proof: We get ���Q : �� ��Q by [10, Lemma (2.2)], because e�A�� 1. Hence

���Q : �� ��Q�� � �Q��W� ��Q�. Thus Q : �� Q� : �.

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3: Let Q� � �x1� � � � �xd�1�ab�, I � Q : �, and I� � Q� : �.

Then Q� is a parameter ideal in A and Q�W � Q��W . Hence I � I� by Lemma

2.6. If I�2 � Q�I�, then I2 � I�2 � Q�I� � �Q��W�I� � �Q�W �I � QI. Thus we

may assume that xd � ab. Assume that d � 1 and put Ā � A�W , ����W . Then

IĀ � QĀ : � by Proposition 2.5. Hence �IĀ�2 � QĀ � IĀ by Theorem 1.1, because

Ā is a Cohen-Macaulay ring with e�Ā� � e�A� � 1. Thus I2 � QI �W , whence

I2 � QI because I2 ��I � Q and Q
W � �0� by (2.1) and (2.2). Suppose that

d � 1 and that our assertion holds true for d�1. Then we get, passing to the ring

A��x1�, that I2 � �x2� � � � �xd�I ��x1�, and the equality �x1�
 I2 � x1I now fol-

lows similarly as in the proof of [10, Claim (2.12)]. We note a brief proof for the

sake of completeness. Let y � �x1�
 I2 and write y � x1z with z � A. Let α ��.

Then x1�αz� � Q2, because �I2 � Q2 ([10, Lemma (2.2)]). Hence x1�αz� � x1q

for some q � Q, because �x1�
Q2 � x1Q by (2.1). Thus αz� q � �0� : x1 � W

so that z � �Q �W � : � � I by Proposition 2.5. Hence y � x1z � x1I and so

�x1�
 I2 � x1I as claimed.

3 Applications of Theorem 1.3 to Buchsbaum local
rings of dimension 1

The purpose of this section is to give some applications of Theorem 1.3. Let A

be a Buchsbaum local ring. We assume that dimA � 1 and e � e�A� � 1. Let
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W � H0
��A� � �0� : �.

We begin with the following.

Proposition 3.1 Let Q be a parameter ideal in A. Then I2 � QI if Q � �e�1,

where I � Q : �.

Proof: Passing to the ring A�T ��A�T � (here T is an indeterminate over A), we may

assume the field A�� is infinite. Choose a � � so that �n�1 � a�n for some

n � 0. Let Ā � A�W and � ���W . Then Ā is a Cohen-Macaulay local ring of

dimension 1 and e�Ā� � e�A� � e� 1. Hence �Ā�Ā�aĀ� � e so that �e � aĀ. Sup-

pose Ā is a Gorenstein ring. Then we have either I � Q�W or I � �Q�W� : �,

because Q�W � I � �Q�W � : �, and in any case the equality I2 � QI read-

ily follows; see Proof of Theorem 1.3. Suppose that Ā is not a Gorenstein ring.

Hence e � e�Ā� � 2. We put �̄� ��aĀ. Then �̄e�1 � �0�. In fact, if �̄e�1 �� �0�,

then we have µĀ��̄� � 1 because �̄e � �0� and �Ā�Ā�aĀ� � e. Hence the ring

Ā�aĀ is Gorenstein and so Ā is a Gorenstein ring too. This is impossible. Thus

�̄e�1 � �0� whence �e�1 � �a��W . Let Q � � f � be a parameter ideal in A and

assume that Q��e�1. We write f � ab�w with b� A and w�W . Let denote

the image in Ā � A�W . Then āb̄ � f̄ � �2 since e � 2, so that we have b � �

because ā �� �2. Thus Q � �ab�w� for some b �� and w �W , whence I2 � QI

by Theorem 1.3.

Theorem 3.2 Suppose that Min A � 	�� and that A�� is a DVR. Choose an in-

teger � � 0 so that ���1 � �0�. Then I2 � QI for every parameter ideal Q in A

such that Q���, where I � Q : �.

Proof: Choose a �� so that �� �a���. Then �� � a���1 ��� and �
�� �

a����. Let f ��� be a parameter in A and write f̄ � ānε̄ with n� � and ε a unit

of A, where denotes the image in A��. Then f � anε� z for some z � �. We

may assume that ε � 1, because our purpose is to show I2 � QI where Q � � f �

and I � Q : �. Because z � f �an � �
��, we have z � ap�q with p � � and

q � ��. Hence

f � an �ap�q�

Let r�A� be the Cohen-Macaulay type of A. Then r�A� � �A�W �� r�A�W � ([12,

Theorem (2.5)]) and we have the following.
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Claim 3.3 Suppose that n � 1. Then �A��� f � : ���� f �� � r�A�.

Proof of Claim 3.3: Let g � ab where b � an�1 � p � �. Then g � f � q is

a parameter in A and f� � g�, since q�� ���1 � �0�. From the exact sequence

0� �� A� A��� 0, we get

�1� 0 ����� �� f� ����� A�� f � ����� A��� f ���� ����� 0 and���
�2� 0 ����� ��g�

ϕ
����� A��g�

ε
����� A���g���� ����� 0�

where � f ���� �g���� �an���. Notice that

�A���g� : ����g�� � �A����g��W� : �����g��W ��� �A���g��W ���g��

� �A����g��W� : �����g��W ��� �A�W ��

because �g� : � � ��g��W � : � by Proposition 2.5 and �g�
W � �0� by (2.1)

and (2.2). Hence �A���g� :����g�� � r�A�W ���A�W � � r�A�. Assume now that

�A��� f � : ���� f ��� r�A�. Then, by exact sequences (1) and (2), we get

�A��0� :��g� �� � �A��0� :�� f� ��

� �A��� f � : ���� f ��� r�A� � �A���g� : ����g���

Therefore in exact sequence (2) the map ϕ cannot be bijective on the socles.

Hence the map ε is surjective on the socles, because the ring A���g� � �� �

A���an�� �� is an Artinian Gorenstein local ring. Let ā denote the reduction of

a mod �g���� �an���. Then, since �0� :A���g���� �� �ān�1�, we may choose

ξ � �g� : � so that ξ̄ � ān�1. Let us write

ξ � an�1 �anx� y

with x � A and y � �. Then ξ � an�1��1� ax�� y. Hence an�1 � z � �g� : � so

that an �az � �g� � �ab�, where z � y��1�ax��1 � �. We write

an �az � �ab�v (3.4)

with v � A. Then in the DVR A��, ān � �āb̄�v̄. Hence ān � �āb̄�v̄ � �ā�ān�1�v̄ �

ānv̄, because b � an�1 � p. Hence v �� �. On the other hand, since an�1 � z �
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�g� : � and bv� �an�1� z� � �0� : a �W � �g� : � by (3.4), we get bv � �g� : �.

Thus b � �g� : � because v �� �. Let α � � and write αb � �ab�β with β � A.

Then α� aβ � �0� : b � W , whence � � �a��W , so that A�W is a DVR. This

is impossible, because e�A�W � � e�A�� 1. Hence �A��� f � : ���� f �� � r�A�, if

n � 1.

By 3.3 and Theorem 1.2 (2) we have I2 � QI if n � 1. Assume that n � 1.

Then � � 1 because n � � and so f � a mod �. Hence � � � f � � �. Because

�2 � �0�, we then have �2 � f�. Thus I � � f � : ��� and the equality I2 � QI

follows.

Example 3.5 Let k��X �Y�Z�� be the formal power series ring over a field k and let

A � k��X �Y�Z����Y 2�XZ�XY�X3�. Then A is a Buchsbaum local ring, dimA � 1,

and e�A� � 3. Let x�y, and z denote the reductions of X �Y , and Z mod �Y 2 �

XZ�XY�X3� and let �� �x�y�. Then Min A � 	��, A�� is a DVR, and �3 � �0�.

Hence by Proposition 3.1 and Theorem 3.2 we get the equality I2 � QI for every

parameter ideal Q � �2. We have I3 � QI2 but I2 �� QI for the parameter ideal

Q � �z� in A �[10, Theorem (5.17)]�.

Example 3.6 Let S � k��X1�X2� � � � �Xm�Y�Z�� �m� 2� be the formal power series

ring over a field k and let

�� �X1� � � � �Xm�1�
2 ��X2

m���XiXm 
 1� i � m���Z2�X1Y ��

We put A � S��. Then A is a Buchsbaum local ring, dimA � 1, and e�A� �

2m. Let xi�y, and z denote the reductions of Xi�Y , and Z mod � and put � �

�x1�x2� � � � �xm�z�. Then Min A � 	��, A�� is a DVR, and �3 � �0�. Hence by

Theorem 3.2, I2 � QI for every parameter ideal Q ��2. We have I3 � QI2 but

I2 �� QI for the parameter ideal Q � �y� in A ([11, Section 4]).

We explore one more example. Let �R��� be a regular local ring with dimR�

2 and write �� �X1�X2� � � � �Xn���Y � where n � dimR�1. We put P � �X1�X2�

� � � �Xn�. Let �� 2 be an integer and choose an ideal � of R so that

�P� � �� P��

We put A � R��� � � ���, and � � P��. Then Min A � 	��, ���1 � �0�, and

A�� is a DVR.
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Lemma 3.7 A is a Buchsbaum local ring, dimA � 1, H0
��A� � ��, and e�A� ��n���1

n

�
� 1.

Proof: Since ���P���� � �0�, by the exact sequence 0� P���� A�R�P�� 0,

we get H0
��A� � P��� � ��. Hence A is a Buchsbaum ring. We have e�A� �

�A��A�� � �RP�RP�P�RP� �
�n���1

n

�
� 1, because Min A � 	�� and A�� is a

DVR.

Hence by Theorem 3.2 we get I2 � QI for every parameter ideal Q in A such

that Q ���. We actually furthermore have the following.

Proposition 3.8 I2 � QI for every parameter ideal Q in A, where I � Q : �.

Proof: Let L � ���1��� and look at the exact sequence

0� L� A��� � A����1 � 0� (3.9)

Since �L � �0� and A��� is a Cohen-Macaulay ring, the A��-module L is finitely

generated and free. Notice that

rankA��L � �RP�P
��1RP�P�RP� �

�
n� ��2

n�1

�
� �R��0� :R��P���Y�� �� � r�A����� (3.10)

Let f �� be a parameter of A. We may assume f̄ � ȳm with m � 0, where y �Y

mod � and denotes the image in A��. We look at the exact sequence

0� L� f L
ϕ
� A������ f ��� A�����1 �� f ��� 0� (3.11)

induced from exact sequence (3.9). We then have that the homomorphism ϕ in

(3.11) is an isomorphism on the socles, because

�A��0� :L� f L �� � rankA��L � r�A���� � �A��0� :A������ f �� ��

by (3.10). Hence �0� :A������ f �� �� ym�1�ϕ�L� f L�, so that we have

�Q�W� : �� �Q�W�� ym�1
�
��1

where Q � � f � and W � �� � H0
��A�. Let a1� a2 � I � Q : � and write a1 �

q1 �w1 �ym�1x1 and a2 � q2 �w2 �ym�1x2 with qi � Q� wi �W , and xi � �
��1.

Then ym�1x1�ym�1x2 � I and

a1a2 � a1�q2 �w2�� ym�1a1x2 and ym�1a1x2 � �q1 �w1�y
m�1x2 � y2m�2x1x2�
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Since�W � �0� and I ��, we get a1�q2�w2� � a1q2 �QI and �q1�w1�ym�1x2

� q1ym�1x2 � QI. In order to see a1a2 � QI, it suffices to show y2m�2x1x2 � 0.

Since y2m�2x1x2 � y2�m�1��2���1� and ���1 � ��� � �0�, we may assume � � 2

and m � 1. Then x1�x2 � �
 I, so that x1x2 � Q
 �2 � Q
W � �0�. Thus

y2m�2x1x2 � 0 in any case, whence I2 � QI as claimed.

4 Proof of Theorem 1.5

The purpose of this section is to prove Theorem 1.5. Let R � k�R1� be a homoge-

neous Buchsbaum ring over an infinite field k. Let d � dimR and M � R�. We

denote by Hi
M��� the ith graded local cohomology functor of R with respect to

M. Assume that R has maximal embedding dimension, that is, the equality

dimk R1 � e�R��dimR�1� I�R�

holds true, where e�R� (respectively I�R� ) denotes the multiplicity of R with re-

spect to M (respectively the Buchsbaum invariant of R). This condition is equiva-

lent to saying that M2 � QM for some (hence, any) linear parameter ideal Q in R

([5, (3.8)]). Hence for every f � R1 with dimR�� f � � d�1, the Buchsbaum ring

R�� f � also has maximal embedding dimension. We put L � �0� :Hd
M�R� M and let

Ln �n � �� denote the homogeneous components of L. Let a�R� � max	n � � 


�Hd
M�R��n �� �0��� Hence

a�R� � max	n � � 
 Ln �� �0��

and a�R�� 1�d ([6, Corollary (3.3)]).

Let us begin with the following.

Lemma 4.1 L � L�d �L1�d�

Proof: If d � 0, then R � k�R1 and there is nothing to prove. Suppose that d � 0

and that our assertion holds true for d� 1. Choose f � R1 so that dimR�� f � �

d� 1. Then �0� : f � H0
M�R� and f �Hd�1

M �R� � �0�, because R is a Buchsbaum

ring, and so we have the exact sequence

0� Hd�1
M �R�

α
� Hd�1

M �R�� f ��
∂
� �Hd

M�R����1�
f
� Hd

M�R�� 0 (4.2)
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of graded local cohomology modules, where �Hd
M�R����1� denotes the shift of

grading. Let 0 �� x � Ln and assume that n �� �d�1� d� Then since f x � 0,

in exact sequence (4.2) we have x � ∂�y� for some 0 �� y � �Hd�1
M �R�� f ���n�1.

Since n�1 �� 1�d�2�d� by the hypothesis of induction on d we get My �� �0�,

while ∂�My� � Mx � �0�� Consequently, �0� �� My � α�
�
Hd�1

M �R�
�

n�2
�, so that

n� 2 � 2� d because Hd�1
M �R� � �Hd�1

M �R��2�d by [6, Corollary (3.3)]. This is

impossible.

The following is the key for the proof of Theorem 1.5.

Proposition 4.3 The canonical homomorphism

ExtdR�R�M2�R�� Hd
M�R� � lim

n�∞
ExtdR�R�Mn�R�

is surjective on the socles.

Proof: We may assume d � 0� Let

E� : 0� R� E0 ∂0
� E1 ∂1

� ���
∂d�1
� Ed ∂d

� ���

be the graded minimal injective resolution of R and let Ii �H0
M�Ei� �i���. (Here

we put Ei � �0� for i � 0.) Then we get the complex

I� : � � � � 0� I0 ∂0
� I1 ∂1

� ���
∂d�1
� Id ∂d

� ���

of graded injective R-modules, whose cohomology modules Hi�I�� �i � �� are

exactly Hi
M�R�. Recall that each Ii is a finite direct sum of copies of E��n� �n �

��where

E � R� :� Homk�R�k�

denotes the graded k-dual of R ([13, (I.2.7)]). Let

Ii �
�

n��

E��n�α�i�
n

where the integers α�i�
n � 0 denote the multiplicity of E��n� in the direct sum

decomposition of Ii.

We then have the following. The next claim is known by [6, Proposition (3.1)]

in the case where i � d�1. We give a brief proof, including the case i � d�1,

for the sake of completeness.
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Claim 4.4 Let n� i ��. Then α�i�
n � 0 if n � 1� i.

Proof of Claim 4.4: Suppose that α�i�
n � 0 for some n� i � � with n � 1� i�

Then i � 0 because Ii �� �0�� We choose such an integer i as small as possible.

Let 0 �� x � E0 � �E��n��n � �Ii�n� Then ∂i�x� � 0, because Mx � �0� and the

resolution E� is minimal. Hence the element x defines an element x̄ � �Hi
M�R��n

with n � 1� i. Notice that �Hi
M�R��m � �0� if m � 1� i ([6, Corollary (3.3)]). We

then have x � ∂i�1�y� for some y � �Ii�1�n. Hence n � 2� i, because y �� 0 and

Ii�1 �
�

m�2�i E��m�α�i�1�
m by the choice of i. Consequently, the homogeneous

element y of Ii�1 with degree 2� i must be contained in the socle of Ii�1, and so

the minimality of E� forces x � ∂i�1�y� � 0, which is impossible. Hence α�i�
n � 0

if n � 1� i.

Now let 	xi�1�i�� and 	y j�1� j�m be a k-basis of L�d and L1�d , respectively.

Let 	ct�1�t�v be a k-basis of R1. We choose for each 1 � i � � and 1 � j � m,

fi � �Id ��d and g j � �Id �1�d so that ∂d� fi� � ∂d�g j� � 0 and xi � f̄i and y j � ḡ j in

Hd
M�R�, where denotes the image in the cohomology Hd�I�� � Hd

M�R�. Then

because ML � �0�, we have ct fi � ∂d�1�ξti� and ctg j � ∂d�1�ηt j� for some ξti �

�Id�1�1�d and ηt j � �Id�1�2�d . Notice that by 4.4, �Id�1�n � �0� if n � 2�d and

�Id �n � �0� if n � 1� d. We then have that M2ξti � M2ηt j � �0� and M2 fi �

M2g j � �0� for all 1� i� �, 1� j �m, and 1� t � v; that is, fi�g j � �0� :Ed M2

and ξti�ηt j � �0� :Ed�1 M2. Because

∂d� fi� � ∂d�g j� � 0�∂d�1�ξti� � ct fi� and∂d�1�ηt j� � ctg j�

the elements fi and g j define socle elements

f̄i� ḡ j � Hd��0� :E� M2� � ExtdR�R�M2�R�

whose images under the canonical map

ϕ : ExtdR�R�M2�R� � Hd��0� :E� M2�� Hd
M�R� � Hd�I��

are exactly xi and y j. Hence the canonical homomorphism ϕ is surjective on the

socles.

Let W � H0
M�R�. Then by [10, Proof of Theorem (3.9)] we get the following.
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Corollary 4.5 Suppose that d � dimR � 0 and let Q be a graded parameter

ideal in R. Assume that Q � M2. Then �Q�W� : M � Q : M. If e�R� � 1, then

I2 � QI where I � Q : M.

We are now ready to prove Theorem 1.5.

Proof of Theorem 1.5: We may assume that d � dimR � 0 and that our asser-

tion holds true for d�1. Let Q � � f1� f2� � � � � fd� be a graded parameter ideal in

R and let ni � deg fi (1� i� d). To prove the equality I2 � QI, thanks to Corol-

lary 4.5, we may assume that Q �� M2. Suppose that ni � 1 for all 1 � i � d.

Then Q is a linear parameter ideal in R with M2 � QM, because R has maximal

embedding dimension (cf. [5, (3.8)]). Hence I � Q : M � M so that I2 � QI.

Therefore, after renumbering of fi’s, we may assume that ni � 1 if 1 � i � �

while ni � 2 if � � i � d, where 1� � � d. Then, passing to the ring R�� f1�, we

get I2 � � f2� � � � � fd�I �� f1�. Hence similarly as in the proof of Theorem 1.3, we

have the equality I2 � QI modulo the following.

Claim 4.6 �Q�W� : M � Q : M.

Proof of Claim 4.6: Let R̄�R�� f1� f2� � � � � f�� and M̄ � R̄�. Then because QR̄�

M̄2, by Corollary 4.5 we get �QR̄�H0
M̄�R̄�� : M̄ � QR̄ : M̄. Let x � �Q�W� : M

and let x denote the reduction mod � f1� f2� � � � � f��. Then, because M̄x�QR̄�WR̄

and W R̄� �0� :R̄ M̄ � H0
M̄�R̄�, we have x � �QR̄�H0

M̄�R̄�� : M̄ � QR̄ : M̄, whence

x � Q : M as claimed.

Remark 4.7 Typical examples of Buchsbaum homogeneous rings R � k�R1� of

maximal embedding dimension are as follows.

Let S � k�X1�X2� � � � �Xd �Y1�Y2� � � � �Yd � (d � 0) be the polynomial ring over a

field k and put

R � S��X1�X2� � � � �Xd�
 �Y1�Y2� � � � �Yd��

Then R is a Buchsbaum ring, dimR � d, depthR � 1, e�R� � 2, and R has max-

imal embedding dimension. Let A � RM . Then the equality I2 � QI holds true

for every parameter ideal Q in the Buchsbaum local ring A ([11, Theorem (1.1)]).

This result is not a direct consequence of Theorem 1.5, and the authors do not

know, in general, whether I2 � QI for every parameter ideal Q in the local ring

A � RM , where R is the homogeneous Buchsbaum ring studied in Theorem 1.5.
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5 Graded Buchsbaum rings of dimension 1

Let R � ∑n�0 Rn be a Buchsbaum graded ring with k � R0 a field. In this section

we assume that dimR � 1. Let M � R�, a � a�R�, and L � �0� :H1
M�R� M. We put

W � H0
M�R�. The purpose is to prove the following.

Theorem 5.1 Let b � � with b � a and assume that Li � �0� if i �� �b�a� � 	i �

� 
 b� i � a�. If a � 2b, then I2 � QI for every graded parameter ideal Q in R,

where I � Q : M.

Proof: Let R̄ � R�W . We have 0 � b � a, since 2b � a � b. Therefore R̄ is not

the polynomial ring over k, because a�R̄� � a�R� � a � 0. In particular e�R�� 1.

Let f � Rn �n � 0� be a homogeneous parameter in R and put Q � � f �. Then f

is R̄-regular and we have the exact sequence

0� H0
M�R̄� f R̄�� H1

M�R̄���n�
f
� H1

M�R̄�� 0

of graded local cohomology modules. Because H1
M�R̄� �� H1

M�R�, we get an iso-

morphism

�0� :R̄� f R̄ M �� L��n�

whence the graded R-module ��Q�W � : M���Q�W � is concentrated with de-

grees in the interval �b� n�a� n�. In particular Rm � Q�W for all m � a� n.

Let us choose homogeneous elements 	ξi�1�i�� of I � Q : M so that their im-

ages 	ξ̄i�1�i�� in I��Q�W � form a k-basis of I��Q�W �. Hence I � �Q�W ��

∑�
i�1 kξi and ξi ��Q�W for any 1� i� �. Let degξi � di. Then a�n� di � b�n,

since ξi � �Q�W � : M but ξi �� Q�W . We shall show that ξiξ j � Q2 for all

1� i� j � �. Assume that ξiξ j ��Q2 for some 1� i� j � � and write ξiξ j � f δ with

δ � Rdi�d j�n. We then have δ �� Q�W since ξiξ j � f δ �� Q2, while δ � Q�W

because di �d j�n� �2b�2n��n � 2b�n � a�n, which is the required con-

tradiction. Thus ξiξ j � Q2 for all 1� i� j � � so that we have I2 � QI.

The following is a direct consequence of Theorem 5.1. In Section 6 we will

show that the assumption that a�R�� 0 in Corollary (5.2) is crucial (cf. Theorem

6.1 (1)).
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Corollary 5.2 Let a � a�R� � 0 and assume that L � �0� :H1
M�R� M is concen-

trated in degree a. Then I2 � QI for every graded parameter ideal Q in R, where

I � Q : M.

Here let us explore one example to illustrate Theorem 5.1. Let S � k�X �Y�Z�

be the polynomial ring over a field k and let a�b�c � 0 be integers. We consider

S to be a graded ring with degX � a�degY � b� and degZ � c. Let T � k�t� be

the polynomial ring and let ϕ : S � T be the k-algebra map defined by ϕ�X� �

ta�ϕ�Y � � tb, and ϕ�Z� � tc. We put P � Kerϕ and assume that there exist

integers α�β�γ�α��β��γ� � 0 such that

P � I2

�
Xα Y β Zγ

Y β� Zγ� Xα�

�
�

where I2

�
Xα Y β Zγ

Y β� Zγ� Xα�

�
denotes the ideal in S generated by the maximal mi-

nors of the matrix

�
Xα Y β Zγ

Y β� Zγ� Xα�

�
. This assumption is satisfied under mild

conditions on the integers a�b�c (cf. [14]). Let ∆1 � Xα�

Y β�Zγ�γ� �∆2 �Y β�Zγ�

Xα�α�

� and ∆3 � XαZγ��Y β�β� . Then P � �∆1�∆2�∆3� is a perfect ideal of grade

2 and the semigroup ring S�P � k�ta� tb� tc� has the S- resolution of the form

0�

S���aα� cγ� cγ���

�

S���bβ�� cγ� cγ���

�
����

Xα Y β�

Y β Zγ�

Zγ Xα�

�
����

���������

S���cγ� cγ���

�

S���aα�aα���

�

S���bβ�bβ���
�∆1∆2∆3�
������ S� S�P� 0�

(5.3)
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Let δ � a�b� c and KS � S��δ�. Then, taking the KS-dual of resolution (5.3),

we get the following presentation

S�cγ� cγ��δ�

�

S�aα�aα��δ�

�

S�bβ�bβ��δ�

�
�Xα Y β Zγ

Y β� Zγ� Xα�

�
�

�������������

S�aα� cγ� cγ��δ�

�

S�bβ�� cγ� cγ��δ�

� KS�P � 0�

of the graded canonical module KS�P of S�P, which shows that the socle of

H1
N�S�P�, where N � �S�P��, is generated by two homogeneous elements ξ and

η with

degξ � aα� cγ� cγ��δ and degη � bβ�� cγ� cγ��δ�

We have that degη � degξ and 2�degξ � degη if and only if

bβ� � aα and 2�aα� cγ� cγ��� δ�bβ��

When this is the case, degη � a�S�P�. Hence by Theorem 5.1 we get the follow-

ing.

Example 5.4 Suppose that bβ� � aα and 2�aα� cγ� cγ�� � δ� bβ�. Let R �

∑n�0 Rn be a one-dimensional Buchsbaum graded ring with R0 � k and let M �

R�. Assume that R�H0
M�R��� k�ta� tb� tc� as graded k-algebras. Then I2 � QI for

every graded parameter ideal Q in R where I � Q : M.

For instance, let a � 3�b � 7� and c � 8. Then P � I2

�
X2 Y Z
Y Z X3

�
and

degξ � 4�degη � 5� Because 2�degξ � degη, by Theorem 5.1 I2 � QI for ev-

ery graded parameter ideal Q in R, where R � ∑n�0 Rn is any one-dimensional

Buchsbaum graded ring with R0 � k such that R�H0
M�R� �� k�t3� t7� t8� as graded

k-algebras. Choose a � 3�b � 4� and c � 5. Then P � I2

�
X Y Z
Y Z X2

�
and

degξ � 1�degη � 2. For this choice we have 2�degξ � degη and, as is shown

in [10, Section 4], there exists a one-dimensional Buchsbaum graded ring R �

∑n�0 Rn with R0 � k such that R�H0
M�R��� k�t3� t4� t5� as graded k-algebras and R

contains a graded parameter ideal Q with I3 � QI2 but I2 �� QI.
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6 A method for constructing bad homogeneous
Buchsbaum rings of dimension 1

Let k be a field and let R � ∑n�0 Rn be a Noetherian graded ring with k � R0

a field. Let M � R� and let e�R� denote the multiplicity of R with respect to

M. The purpose of this section is to give a general method for constructing a

homogeneous Buchsbaum ring R � k�R1� with dimR � 1 and e�R� � 3 which

fails to have the equality I2 � QI for some linear parameter ideal Q � � f �, where

I � Q : M.

Let S � k�X �Y�Z� be the polynomial ring over a field k and let N � �X �Y�Z�.

We regard S to be a graded ring with degX � degY � degZ � 1. For each ξ �

aX �bY � cZ � S1 with a�b�c � k, let

��ξ� � I2

�
Y Z X
X Y ξ

�
� �Y 2�XZ�XY �Zξ�X2�Yξ�

denote the ideal of S generated by the maximal minors of the matrix�
Y Z X
X Y ξ

�
. Then htS��ξ� � 2 and so S���ξ� is a one-dimensional homoge-

neous Cohen-Macaulay ring. Because

��ξ���Z� � �Y 2�XZ�XY �Zξ�X2� �aX �bY �cZ�Y ���Z� � �X �Y �2 ��Z��

we get that e�S���ξ��� dimk S����ξ���Z�� � 3, a�S���ξ��� a�S����ξ���Z����

1 � 0 by [13, 3.1.6], and the socle of H1
N�S���ξ�� is concentrated in degree 0. We

furthermore have the following.

Theorem 6.1

�1� For each ξ � S1 there exists a homogeneous Buchsbaum ring R � k�R1�

with dimR � 1 and e�R� � 3 such that

�i� I2 �� QI for some linear parameter ideal Q in R,

�ii� I2 � QI for every graded parameter ideal Q in R such that Q � M2

where I � Q : M, and

�iii� R�H0
M�R��� S���ξ� as graded k-algebras.
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�2� Conversely, let R � k�R1� be a homogeneous Buchsbaum ring with dimR �

1 and e�R� � 3. Assume that I2 �� QI for some linear parameter ideal Q in

R where I � Q : M. Then for some ξ � S1, we have R�H0
M�R��� S���ξ� as

graded k-algebras.

Proof of Theorem 6.1 (1): Let�� ��ξ� and �̃� �Y 2�XZ�XY �Zξ��N��X2�

Y ξ�. We put R � S��̃. Then N� � �̃ � � and �̃ � �Y 2 �XZ�XY � Zξ�X3 �

XYξ�. Therefore, since S�� is a Cohen-Macaulay ring with dimS�� � 1 and

e�S��� � 3, the homogeneous ring R is Buchsbaum, dimR � 1, e�R� � 3, and

H0
M�R� � ���̃� �x2� yu�, where x, y , z, and u denote the images of X , Y , Z,

and ξ in R. We put Q � �z� and I � Q : M. Then Q is a linear parameter ideal in

R and I � �z�y�x2�yu�, because �̃��Z� � �Y 2�XZ�XY �Zξ�X3� �aX �bY �

cZ�XY ���Z� � �X3�XY�Y 2�Z� where ξ � aX �bY � cZ with a�b�c � k. Hence

I2 � zI ��y2�.

Claim 6.2 y2 �� zI.

Proof of Claim 6.2: Assume that y2 � zI � �z2�yz�, that is, Y 2 � �Z2�Y Z��

�Y 2 �XZ�XY � Zξ�X3 �XY ξ�. Then Y 2 � �Z2�Y Z�Y 2 �XZ�XY � Zξ�, since

Y 2 � S2. Let ξ� aX �bY �cZ with a�b�c� k. Then Y 2 � �Z2�Y Z�Y 2�XZ�XY�

�aX �bY � cZ�Z� � �Z2�Y Z�Y 2�XZ�XY �aXZ�, which is impossible. In fact,

assume that Y 2 � �Z2�Y Z�Y 2 �XZ�XY � aXZ� and write Y 2 � αZ2 � βY Z �

γ�Y 2�XZ��δ�XY �aXZ� with α�β�γ�δ � k. Then comparing the coefficients,

we get α � 0, β � 0, γ � 1, δ � 0, and γ�aδ � 0, which is absurd.

Hence y2 �� QI so that I2 �� QI, which proves Theorem 6.1 (1). See Proposi-

tion 3.1 for assertion (ii).

Proof of Theorem 6.1 (2): Assume that I2 �� QI for the linear parameter ideal

Q � � f �. We put R̄ � R�W and M̄ � M�W . Then R̄ is a Cohen-Macaulay ring

with dim R̄ � 1 and e�R̄� � 3. Let I � Q : M. Then we have:

Claim 6.3 dimk R̄1 � 3, dimk M̄� f R̄ � 2, and Q�W � I � �Q�W� : M � M.

Proof of Claim 6.3: If I � Q �W , then I2 � Q2 � QI, which is impossi-

ble. We get I �� �Q�W � : M similarly as in the proof of Theorem 1.3. Hence

Q�W � I� �Q�W � : M so that R̄ is not a Gorenstein ring. Thus dimk M̄� f R̄ � 2
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and M̄2 � f R̄, because dimk R̄� f R̄ � e�R̄� � 3. Hence dimk R̄1 � 3 and �Q�W � :

M � M.

We write M � Q�W ��g�h� with g�h � R1. Let ḡ� h̄ denote the images of

g�h in M��Q�W �. Then ḡ� h̄ form a k-basis of M��Q�W � and dimk M�I �

dimk I��Q�W� � 1 by 6.3. Since I2 �� QI, there exist homogeneous elements

φ�ψ in I such that φψ ��QI. However, since dimk I��Q�W� � 1 and �Q�W�I �

QI, without loss of generality we may assume that g � I and g2 �� QI. Hence I �

Q�W ��g� and gM�Q. Let g2 � f δ with δ� R1 and write δ � a f �bg�ch�z

with a�b�c � k and z � W . Then δ � ch mod I, whence c �� 0 because δ �� I.

Therefore M�I � kh̄ � kδ̄ where denotes the image in M/I and so, replacing h

by δ, we may assume that g2 � f h. Since gM � Q and hM � Q�W , we have

gh� f u and h2 � f v�w with u�v�R1 and w�W . Then f 2v� f h2 � g2h� f gu,

because g2 � f h and f w � 0. Hence f v � gu mod W so that h2 � gu mod W .

Now let Φ : S� k�X �Y�Z�� R̄ denote the k-algebra map defined by Φ�X�� h̄,

Φ�Y � � ḡ, and Φ�Z� � f̄ , where denotes the image in R̄. Then, since the

k-space R̄1 is spanned by f̄ , ḡ, h̄, the homomorphism Φ is surjective, so that

ū � Φ�ξ� for some ξ � S1. Let � � KerΦ. We then have the following, which

completes the proof of Theorem 6.1 (2).

Claim 6.4 �� ��ξ��

Proof Claim 6.4: Because R̄ is a Cohen-Macaulay ring with dimk R̄� f R̄ � 3, it

suffices to check that �� ��ξ� and dimk S����ξ���z�� � 3. Since ḡ2 � f̄ h̄, ḡh̄ �

f̄ ū, and h̄2 � ḡ ū, we certainly have �� ��ξ�. Because ��ξ���Z� � �X �Y �2��Z�,

we get dimk S����ξ���Z�� � 3. Hence �� ��ξ�.

Let � be a graded ideal in S� k�X �Y�Z� such that dimS��� 1, e�S���� 3, and

S�� is not a Gorenstein ring. The next problem is to clarify when S���� S���ξ�
as graded k-algebras for some ξ � S1. Because e�S��� � 3, the number of the

associated prime ideals of � is at most 3 and following is the classification table of

such ideals � according to n � #AssS S��. The proof we have done to perform the

classification is standard but needs a lot of very careful and boring computations,

whose details we would like to leave to the forthcoming paper [8].
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Classification Table 6.5

n � canonical form of the matrix

3 �XY�Y Z�ZX�

�
Y Z X
X Y Y

�
if p � ch k �� 2;�

Y Z X
X Y �a�1�X �aY

�
if p � 2�k ����2��
and a � k ��0�1�

2 �XZ�YZ�

�
Y Z X
X Y a

b X � 1
bY

�
where a�b � k

with X2 �aX �b
X2 �aXY �bY 2� irreducible in k�X �

2 �XZ�XY�Y 2�

�
Y Z X
X Y X

�

1 �X �Y �2 nothing

1
�Y 2 �XZ�

XY�X2�

�
Y Z X
X Y 0

�

1 I2�� � � �

�
Y Z X
X Y aX �bY � cZ

� where a�b�c � k with
X3 �aX2 �bX � c
irreducible in k�X �

Let us explain how to read the table. Let � be a graded ideal in S such that

dimS�� � 1 and e�S��� � 3. Assume that S�� is not a Gorenstein ring. Then

as is well-known, the ideal � is generated by the maximal minors of a matrix

� �

�
ξ11 ξ12 ξ13

ξ21 ξ22 ξ23

�
with entries ξi j � S1. The second column of Table 6.5

indicates that, e.g., when n� 3, after suitable elementary k-linear transformations

of the indeterminates X �Y�Z, we may assume that � �

�
X Y 0
0 Y Z

�
, whence

���XY�Y Z�ZX�. The third column of the table says that, when ch k �� 2 (respec-

tively ch k � 2 but k �� ��2�), after further elementary k-linear transformations

of X �Y�Z, our ideal � is exactly generated by the maximal minors of the matrix�
Y Z X
X Y Y

�
(respectively

�
Y Z X
X Y �a�1�X �aY

�
with a� k�	0�1�). When

k � ��2�, the matrix

�
X Y 0
0 Y Z

�
is never transformed into the matrix of the

form

�
Y Z X
X Y ξ

�
with ξ � S1. The matrix

�
X Y 0
0 X Y

�
certainly cannot be

transformed into the matrix of the form

�
Y Z X
X Y ξ

�
with ξ � S1. Our Table 6.5

claims that these two cases are the unique exceptions.

Except these two cases up to isomorphisms of graded k-algebras, for any

graded ideal � in the polynomial ring S � k�X �Y�Z� such that S�� is a non-

Gorenstein Cohen-Macaulay ring with dimS��� 1 and e�S��� � 3, one can al-
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ways construct at least one homogeneous Buchsbaum ring R � k�R1� with dimR

� 1 and e�R� � 3 such that

�i� I2 �� QI for some linear parameter ideal Q in R, but

�ii� I2 � QI for every graded parameter ideal Q in R such that Q�M2, and

�iii� R�H0
M�R��� S�� as graded k-algebras,

where I � Q : M.
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Abstract: In this paper we exhibit an example of a three-dimensional reg-
ular local domain �A�n� having a height-two prime ideal P with the prop-
erty that the extension P�A of P to the n-adic completion �A of A is not inte-
grally closed. We use a construction we have studied in earlier papers: For
R � k�x�y�z�, where k is a field of characteristic zero and x�y�z are indetermi-
nates over k, the example A is an intersection of the localization of the power
series ring k�y�z���x�� at the maximal ideal �x�y�z� with the field k�x�y�z� f �g�,
where f �g are elements of �x�y�z�k�y�z���x�� that are algebraically indepen-
dent over k�x�y�z�. The elements f �g are chosen in such a way that, using
results from our earlier papers, A is Noetherian and it is possible to describe
A as a nested union of rings associated to A that are localized polynomial
rings over k in five variables.
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1 Introduction and background

We are interested in the general question: What can happen in the completion of

a “nice” Noetherian ring? We are examining this question as part of a project of

constructing Noetherian and non-Noetherian integral domains using power series

rings. In this paper as a continuation of that project we display an example of a

three-dimensional regular local domain �A�n� having a height-two prime ideal P

with the property that the extension P�A of P to the n-adic completion �A of A is

not integrally closed. The ring A in the example is a nested union of regular local

domains of dimension five.

Let I be an ideal of a commutative ring R with identity. We recall that an

element r � R is integral over I if there exists a monic polynomial f �x� � R�x�,

f �x� � xn �∑n
i�1 aixn�i, where ai � Ii for each i�1 � i � n and f �r� � 0. Thus

r � R is integral over I if and only if IJn�1 � Jn, where J � �I�r�R and n is some

positive integer. (Notice that f �r� � 0 implies rn � �∑n
i�1 airn�i � IJn�1 and

this implies Jn � IJn�1.) If I � J are ideals and IJn�1 � Jn, then I is said to be

a reduction of J. The integral closure I of an ideal I is the set of elements of R

integral over I. If I � I, then I is said to be integrally closed. It is well known that

I is an integrally closed ideal. An ideal is integrally closed if and only if it is not

a reduction of a properly bigger ideal. A prime ideal is always integrally closed.

An ideal is said to be normal if all the powers of the ideal are integrally closed.

We were motivated to construct the example given in this paper by a ques-

tion asked by Craig Huneke as to whether there exists an analytically unramified

Noetherian local ring �A�n� having an integrally closed ideal I for which I�A is

not integrally closed, where �A is the n-adic completion of A. In Example 2.1, the

ring A is a 3-dimensional regular local domain and I � P � � f �g�A is a prime

ideal of height two. Sam Huckaba asked if the ideal of our example is a normal

ideal. The answer is “yes.” Since f �g form a regular sequence and A is Cohen-

Macaulay, the powers Pn of P have no embedded associated primes and therefore

are P-primary [8, (16.F), p. 112], [9, Ex. 17.4, p. 139]. Since the powers of the

maximal ideal of a regular local domain are integrally closed, the powers of P

are integrally closed. Thus the Rees algebra A�Pt� � A� f t�gt� is a normal domain

while the Rees algebra �A� f t�gt� is not integrally closed.

A problem analogous to that considered here in the sense that it also deals
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with the behavior of ideals under extension to completion is addressed by Loepp

and Rotthaus in [7]. They construct nonexcellent local Noetherian domains to

demonstrate that tight closure need not commute with completion.

Remark 1.1 Without the assumption that A is analytically unramified, there exist

examples even in dimension one where an integrally closed ideal of A fails to

extend to an integrally closed ideal in �A. If A is reduced but analytically ramified,

then the zero ideal of A is integrally closed, but its extension to �A is not integrally

closed. An example in characteristic zero of a one-dimensional Noetherian local

domain that is analytically ramified is given by Akizuki in his 1935 paper [1].

An example in positive characteristic is given by F.K. Schmidt [11, pp. 445-

447]. Another example due to Nagata is given in [10, Example 3, pp. 205-207].

(See also [10, (32.2), p. 114].)

Remark 1.2 Let R be a commutative ring and let R� be an R-algebra. We list

cases where extensions to R� of integrally closed ideals of R are again integrally

closed. The R-algebra R� is said to be quasi-normal if R� is flat over R and the

following condition �NR�R�� holds: If C is any R-algebra and D is a C-algebra in

which C is integrally closed, then also C�R R� is integrally closed in D�R R�.

1. By [6, Lemma 2.4], if R� is an R-algebra satisfying �NR�R�� and I is an

integrally closed ideal of R, then IR� is integrally closed in R�.

2. Let �A�n� be a Noetherian local ring and let �A be the n-adic completion

of A. Since A�q�� �A�q �A for every n-primary ideal q of A, the n-primary

ideals of A are in one-to-one inclusion preserving correspondence with the
�n-primary ideals of �A. It follows that an n-primary ideal I of A is a re-

duction of a properly larger ideal of A if and only if I�A is a reduction of a

properly larger ideal of �A. Therefore an n-primary ideal I of A is integrally

closed if and only if I�A is integrally closed.

3. If A is excellent, then the map A � �A is quasi-normal by [2, (7.4.6) and

(6.14.5)], and in this case every integrally closed ideal of A extends to an

integrally closed ideal of �A.

4. If �A�n� is a local domain and Ah is the Henselization of A, then every

integrally closed ideal of A extends to an integrally closed ideal of Ah. This
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follows because Ah is a filtered direct limit of étale A-algebras [6, (iii), (i),

(vii) and (ix), pp. 800- 801].

5. In general, integral closedness of ideals is a local condition. Suppose R� is

an R-algebra that is locally normal in the sense that for every prime ideal

P� of R�, the local ring R�

P� is an integrally closed domain. Since principal

ideals of an integrally closed domain are integrally closed, the extension to

R� of every principal ideal of R is integrally closed. In particular, if �A�n� is

an analytically normal Noetherian local domain, then every principal ideal

of A extends to an integrally closed ideal of �A.

6. If R is an integrally closed domain, then for every ideal I and element x of

R we have xI � xI. If �A�n� is analytically normal and also a UFD, then

every height-one prime ideal of A extends to an integrally closed ideal of�A. In particular if A is a regular local domain, then P�A is integrally closed

for every height-one prime P of A. If �A�n� is a 2-dimensional regular local

domain, then every nonprincipal integrally closed ideal of A has the form

xI, where I is an n-primary integrally closed ideal and x � A. In view of

item 2, every integrally closed ideal of A extends to an integrally closed

ideal of �A in the case where A is a 2-dimensional regular local domain.

7. Suppose R and R� are Noetherian rings and assume that R� is a flat R-

algebra. Let I be an integrally closed ideal of R. The flatness of R� over R

implies that every P� � Ass �R��IR�� contracts in R to some P � Ass �R�I�

[9, Theorem 23.2]. Since a regular map is quasi-normal, if the map R�R�

P�

is regular for each P� � Ass �R��IR��, then IR� is integrally closed.

2 A non-integrally closed extension

In the construction of the following example we make use of results from [3]-[5].

Construction of Example 2.1 Let k be a field of characteristic zero and let x�y

and z be indeterminates over k. Let R :� k�x�y�z��x�y�z� and let R� be the �xR�-adic
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completion of R. Thus R� � k�y�z��y�z���x��, the formal power series ring in x over

k�y�z��y�z�.

Let α and β be elements of xk��x�� which are algebraically independent over

k�x�. Set

f � �y�α�2� g � �z�β�2� and A � k�x�y�z� f �g��R��

Then the �xA�-adic completion A� of A is equal to R� [4, Lemma 2.3.2, Prop.

2.4.4].

In order to better understand the structure of A, we recall some of the details

of the construction of a nested union B of localized polynomial rings over k in 5

variables associated to A. (More details may be found in [5].)

Approximation Technique 2.2 With k�x�y�z� f �g�R and R� as in (3.1), write

f � y2 �
∞

∑
j�1

b jx
j� g � z2 �

∞

∑
j�1

c jx
j�

for some b j�� k�y� and c j � k�z�. There are natural sequences � fr	
∞
r�1, �gr	

∞
r�1

of elements in R�, called the rth endpieces for f and g, respectively, which “ap-

proximate” f and g. These are defined for each r 
 1 by:

fr :�
∞

∑
j�r

�b jx
j��xr� gr :�

∞

∑
j�r

�c jx
j��xr�

For each r 
 1, define Br to be k�x�y�z� fr �gr� localized at the maximal ideal

generated by �x�y�z� fr � br�gr � cr�. Then define B �
�∞

r�1 Br. The endpieces

defined here are slightly different from the notation used in [5]. Also we are using

here a localized polynomial ring for the base ring R. With minor adjustments,

however, [5, Theorem 2.2] applies to our setup.

Theorem 2.3 Let A be the ring constructed in �3�1� and let P � � f �g�A, where

f and g are as in �3�1� and �3�2�. Then

1. A � B is a three-dimensional regular local domain that is a nested union

of five-dimensional regular local domains.

2. P is a height-two prime ideal of A.
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3. If A� denotes the �xA�-adic completion of A, then A� � k�y�z��y�z���x�� and

PA� is not integrally closed.

4. If �A denotes the completion of A with respect to the powers of the maximal

ideal of A, then �A � k��x�y�z�� and P�A is not integrally closed.

Proof: Notice that the polynomial ring k�x�y�z�α�β� � k�x�y�z�y�α�z�β� is a

free module of rank 4 over the polynomial subring k�x�y�z� f �g� since f ��y�α�2

and g � �z�β�2. Hence the extension

k�x�y�z� f �g�� k�x�y�z�α�β��1�x�

is flat. Thus item (1) follows from [5, Theorem 2.2].

For item (2), it suffices to observe that P has height two and that, for each

positive integer r, Pr :� � f �g�Br is a prime ideal of Br. We have f � x f1 �y2 and

g � xg1 � z2. It is clear that � f �g�k�x�y�z� f �g� is a height-two prime ideal. Since

B1 is a localized polynomial ring over k in the variables x�y�z� f1�b1�g1�c1, we

see that

P1B1�1�x� � �x f1 � y2�xg1 � z2�B1�1�x�

is a height-two prime ideal of B1�1�x�. Indeed, setting f � g � 0 is equivalent to

setting f1 ��y2�x and g1 ��z2�x. Therefore the residue class ring �B1�P1��1�x�

is isomorphic to a localization of the integral domain k�x�y�z��1�x�. Since B1

is Cohen-Macaulay and f �g form a regular sequence, and since �x� f �g�B1 �

�x�y2�z2�B1 is an ideal of height three, we see that x is in no associated prime

of � f �g�B1 (see, for example [9, Theorem 17.6]). Therefore P1 � � f �g�B1 is a

height-two prime ideal.

For r � 1, there exist elements ur � k�x�y� and vr � k�x�z� such that f � xr fr �

urx� y2 and g � xrgr � vrx� z2. An argument similar to that given above shows

that Pr � � f �g�Br is a height-two prime of Br. Therefore � f �g�B is a height-two

prime of B � A.

For items 3 and 4, R� � B� � A� by Construction 2.1 and it follows that �A �

k��x�y�z��. To see that PA� � � f �g�A� and P�A � � f �g��A are not integrally closed,

observe that ξ :� �y�α��z�β� is integral over PA� and P�A since ξ2 � f g � P2.

On the other hand, y�α and z�β are nonassociate prime elements in the local

unique factorization domains A� and �A. An easy computation shows that ξ �� P�A.

Since PA� � P�A, this completes the proof.
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Remark 2.4 In a similar manner it is possible to construct for each integer d 
 3

an example of a d-dimensional regular local domain �A�n� having a prime ideal

P of height h :� d� 1 such that P�A is not integrally closed. Indeed, let k be

a field of characteristic zero and let x�y1� � � � �yh be indeterminates over k. Let

α1� � � � �αh � xk��x�� be algebraically independent over k�x�. For each i with 1 �

i � h, define fi � �yi �αi�
h. Proceeding in a manner similar to what is done

in (3.1) we obtain a d-dimensional regular local domain A and a prime ideal

P � � f1� � � � � fh�A of height h such that yi�αi � �A. Let ξ � ∏h
i�1�yi�αi�. Then

ξh � f1 � � � fh �Ph implies ξ is integral over P�A, but using that y1�α1� � � � �yh�αh

is a regular sequence in �A, we see that ξ �� P�A.

3 Comments and questions

In connection with Theorem 2.3 it is natural to ask the following question.

Question 3.1 For P and A as in Theorem 2.3, is P the only prime of A that does

not extend to an integrally closed ideal of �A?

Comments 3.2 In relation to the example given in Theorem 2.3 and to Ques-

tion 3.1, we have the following commutative diagram, where all the maps shown

are the natural inclusions:

B � A
γ1

����� A� :� k�x�y�z�α�β��R�
γ2

����� R� � A�

δ1

��� δ2

��� ψ
���

S :� k�x�y�z� f �g�
ϕ

����� T :� k�x�y�z�α�β� T

(1)

Let γ � γ2 � γ1. Referring to the diagram above, we observe the following:

1. The discussion in [4, bottom p. 668 to top p. 669] implies that [4, Thm.

3.2] applies to the setting of Theorem 3.3. By [4, Prop. 4.1 and Thm. 3.2],

A��1�x� is a localization of T . By Theorem 3.3 and [4, Thm 3.2], A�1�x� is

a localization of S. Furthermore, by [4, Prop. 4.1] A� is excellent. (Notice,

however, that A is not excellent since there exists a prime ideal P of A
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such that P�A is not integrally closed.) The excellence of A� implies that if

Q� � Spec A� and x ��Q�, then the map ψQ� : T � A�

Q� is regular [2, (7.8.3

v)].

2. Let Q� � Spec A� be such that x ��Q� and let q� � Q��T . By [9, Theorem

32.1] and Item 1 above, if ϕq� : S � Tq� is regular, then γQ� : A � A�

Q� is

regular.

3. Let I be an ideal of A. Since A� and A� are excellent and both have com-

pletion �A, Remark 1.2.3 shows that the ideals IA�, IA� and I�A are either all

integrally closed or all fail to be integrally closed.

4. The Jacobian ideal of the extension ϕ : S� k�x�y�z� f �g�� T � k�x�y�z�α�β�
is the ideal of T generated by the determinant of the matrix

J :�

�
� ∂ f

∂α
∂g
∂α

∂ f
∂β

∂g
∂β

�
� �

Since the characteristic of the field k is zero, this ideal is �y�α��z�β�T .

In Proposition 3.3, we relate the behavior of integrally closed ideals in the

extension ϕ : S � T to the behavior of integrally closed ideals in the extension

γ : A� A�.

Proposition 3.3 With the setting of Theorem 2.3 and Comment 3.2.2, let I be an

integrally closed ideal of A such that x ��Q for each Q � Ass �A�I�. Let J � I�S.

If JT is integrally closed (resp. a radical ideal) then IA� is integrally closed

(resp. a radical ideal).

Proof: Since the map A � A� is flat, x is not in any associated prime of IA�.

Therefore IA� is contracted from A��1�x� and it suffices to show IA��1�x� is in-

tegrally closed (resp. a radical ideal). Our hypothesis implies I � IA�1�x��A.

By Comment 3.2.1, A�1�x� is a localization of S. Thus every ideal of A�1�x� is

the extension of its contraction to S. It follows that IA�1�x� � JA�1�x�. Thus

IA��1�x� � JA��1�x�.

Also by Comment 3.2.1, the map T � A��1�x� is regular. If JT is integrally

closed, then Remark 1.2.7 implies that JA��1�x� is integrally closed. If JT is a

radical ideal, then the regularity of the map T � A��1�x� implies that JA��1�x� is
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a radical ideal.

Proposition 3.4 With the setting of Theorem 2.3 and Comment 3.2, let Q �

Spec A be such that Q�A (or equivalently QA�) is not integrally closed. Then

1. Q has height two and x �� Q.

2. There exists a minimal prime Q� of QA� such that with q� � Q� � T , the

map ϕq� : S� Tq� is not regular.

3. Q contains f � �y�α�2 or g � �z�β�2.

4. Q contains no element that is a regular parameter of A.

Proof: By Remark 1.2.6, the height of Q is two. Since A��xA� � A�xA � R�xR,

we see that x �� Q. This proves item 1.

By Remark 1.2.7, there exists a minimal prime Q� of QA� such that γQ� : A�

A�

Q� is not regular. Thus item 2 follows from Comment 3.2.2.

For item 3, let Q� and q� be as in item 2. Since γQ� is not regular it is not

essentially smooth [2, 6.8.1]. By [5, (2.7)], �y�α��z� β� � q�. Hence f �

�y�α�2 or g � �z�β�2 is in q� and thus in Q. This proves item 3.

Suppose w � Q is a regular parameter for A. Then A�wA and A��wA� are

two-dimensional regular local domains. By Remark 1.2.6, QA��wA� is integrally

closed, but this implies that QA� is integrally closed, which contradicts our hy-

pothesis that QA� is not integrally closed. This proves item 4.

Question 3.5 In the setting of Theorem 2.3 and Comment 3.2, let Q � Spec A

with x �� Q and let q � Q�S. If QA� is integrally closed, does it follow that qT

is integrally closed?

Question 3.6 In the setting of Theorem 2.3 and Comment 3.2, if a prime ideal Q

of A contains f or g, but not both, and does not contain a regular parameter of A,

does it follow that QA� is integrally closed ?

In Example 2.1, the three-dimensional regular local domain A contains height-

one prime ideals P such that �A�P�A is not reduced. This motivates us to ask:



150 W. Heinzer, C. Rotthaus and S. Wiegand

Question 3.7 Let �A�n� be a three-dimensional regular local domain and let �A
denote the n-adic completion of A. If for each height-one prime P of A, the

extension P�A is a radical ideal, i.e., the ring �A�P�A is reduced, does it follow that

P�A is integrally closed for each P � Spec A?

Acknowledgments

The authors are grateful for the hospitality and cooperation of Michigan State,

Nebraska and Purdue, where several work sessions on this research were con-

ducted. The authors also thank the referee for helpful suggestions and comments

about the paper.

References
[1] Y. Akizuki, Einige Bemerkungen über primäre Integritätsbereiche mit Teilerketten-
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99, Avenue Jean-Baptiste Clément, 93430 Villetaneuse, France
E-mail: bob@math.univ-paris13.fr

JOANA VENTURA2
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1 Introduction

A longstanding conjecture in algebraic topology describes the free rank of sym-

metry of a product of spheres. This conjecture states that if the elementary abelian

group ���p�r acts freely on Sn1 ��� �� Sns , then r � s. A more ambitious gen-

eralization of this conjecture states that if ���p�r acts freely on a manifold M,

then ∑i dim�p Hi�M��p�� 2r. For a survey of conjectures of this type, and partial

results, the reader might consult Section 2 of [1].

In [2] G. Carlsson produced a functorial translation of the second conjec-

ture (for p � 2) into the language of commutative algebra. Carlsson was able to

obtain partial results [2, 3] on his version of the conjecture using techniques of

commutative algebra; this yielded new results on the topological side as well.

The key point in the proofs in [3] is to show that an upper-triangular square-

zero matrix over a polynomial ring can, through some specialization of variables,

be forced to have submaximal rank. The matrix arises as the differential of a

free differential graded module over a polynomial ring, and in the case of interest

the module has even rank. The generic 2n� 2n square-zero matrix has rank n;

by a “matrix of submaximal rank” we mean a matrix of rank less than n. The

structure of the variety of upper-triangular square-zero matrices was later inves-

tigated by Rothbach [5], who introduced techniques enabling him to determine

its irreducible components.

Throughout this paper, we fix one particular irreducible component Z of this

variety, and study the structure of the subvariety of matrices of submaximal rank

in Z. We use Rothbach’s techniques to determine the components of this variety.

Also, following a suggestion of Carlsson, we show that this subvariety contains

the support variety for a certain universal homology module. The hope is that

this universal homology module and the component result will be useful for the

commutative algebra version of the conjecture, but we have not yet made progress

in that direction.

The structure of the rest of the paper is as follows: In Section 2 we intro-

duce notation and terminology for the objects of study, restricting attention to an

irreducible component Z of the variety of upper-triangular 2n� 2n square-zero
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matrices. In Section 3 we relate our submaximal rank subvariety Y � Z to the

support variety for the universal homology module. In Section 4 we review Roth-

bach’s techniques, and in Section 5 we determine the irreducible components of

Y .

The work for this paper was done while the first and third authors were visit-

ing the University of Paris 13; it is a pleasure to thank the faculty and staff there

for their hospitality.

2 Definitions and notation

In this paper, we work over an algebraically closed field k, which will be the

ground field for all polynomial rings. We also regard all varieties as being defined

over k. In view of the motivation mentioned in the introduction, the reader may

wish to take k � �2, but this restriction is not necessary for the results.

The following notation will be used throughout the rest of the paper.

� U2n is the variety of strictly upper-triangular 2n�2n matrices over k.

� V2n is the variety of square-zero matrices in U2n.

� Z denotes a particular irreducible component of V2n.

� R is the coordinate ring of Z.

� Y is the subvariety of matrices of rank less than n in Z.

� I denotes the ideal of R corresponding to Y .

The coordinate ring of U2n is R�U2n� � k�xi j � i � j�. There are surjections

of coordinate rings R�U2n�� R�V2n�� R corresponding to the inclusions Z ��
V2n �� U2n. Using these surjections, we can regard the images of the xi j as el-

ements of R. Let M � M2n�R� be the 2n� 2n upper triangular matrix whose

�i� j�-entry is the image in R of xi j. In particular, M2 � 0. We regard M (the

universal matrix) as a differential on the R-module R2n.

Note that I is the radical of the ideal generated by all n� n minors of the
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universal matrix M.

Definition 2.1 The universal homology of Z, written H�M�, is defined to be the

R-module Ker�M�� Im�M�.

3 The support variety for universal homology

In this section, we show that Y contains the support variety for the universal

homology module H�M� of Z. We recall that by definition, the support variety of

a module N is the variety corresponding to the annihiliator ideal of N. The two

statements in the following proposition are thus equivalent.

Proposition 3.1 Y 	 suppH�M� and I 
�
AnnH�M�.

Proof: Let J be the ideal generated by the n� n minors of M. We show that

J 
 AnnH�M�. Since I �
�

J, this then implies that I 
�
AnnH�M�, and that

Y 	 suppH�M�.

We must show, for each x � J, that x �H�M� � 0. We can restate this last

condition as “for each x � J and for each v � KerM, there is a u � R2n such

that Mu � xv.” Of course, it is enough to show this for the n� n minors which

generate J. We will show this one minor at a time, by constructing an explicit

linear map N : R2n � R2n, so that M�Nv� � xv for all v � Ker�M�.

Let X be an �n�n� submatrix of M, and set x � detX . We can assume x �� 0;

otherwise there is nothing to prove. Set U �R2n, and write U �V
V ��W
W �,

where the decompositions correspond to the choices of rows and columns used

to define the submatrix X . Thus M : U ��U has components

V
α ��

β
��

�����
���

��
W
�

V �

δ
��

γ��

���������
W �
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where α has matrix X and determinant x. These two decompositions of U thus

correspond to “pushing X” to the upper left corner of the matrix M. Define

N : U ��U to be the map

W
�α ��

0
��

����������
V
�

W �

0
��

0��

���������
V � ,

where �α is the linear map whose matrix is the cofactor matrix of X (thus α�α �

x � IdW ).

Set R̄ � R�1�x�. Since R is an integral domain, and x �� 0 by assumption, R is

a subring of the localized ring R̄. Since x is invertible in R̄, the submatrix X of M

chosen above (and corresponding to the minor x) is invertible over R̄.

Set Ū � R̄�RU , V̄ � R̄�RV , and similarly for V̄ �, W̄ , and W̄ �. Since V
α��W

is the map with matrix X , which is invertible over R̄, α becomes invertible as a

map from V̄ to W̄ . Set K � Ker�M�
 Ū , I � Im�M�
 Ū and

K � ���α�1γ�v����v�� � v� � V̄ ���
I � ���w�βα�1�w�� � w � W̄��

Thus K � is the space of vectors in V̄ 
 V̄ � whose image under M lies in W̄ � (has

zero W̄ -component), while I � is the image of V̄ . Obviously I � 
 I 
K 
K �.

By definition, �W̄ ��I �� and �V̄ �K �� are both pairs of complementary sub-

spaces of Ū , where I � 
K �. Hence

R̄n �� W̄ � �� Ū�I � �� �V̄ 
K ���I � �� V̄ 
 �K ��I ���� R̄n
 �K ��I ���

Since R̄ is noetherian, this implies that K ��I � � 0, and hence that K � � I �. Thus

all four of the submodules I �K �I ��K � are equal.

From the definitions, it follows easily that MN�u� � x�u for all u � I �. Since

I � � K � Ker�M� and R is a subring of R̄, this completes the proof of Proposi-

tion 3.1.

We conclude this section with the natural

Conjecture 3.2 I �
�

AnnH�M�, or equivalently, Y � suppH�M�.
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4 The structure of V2n

In this section, we review Rothbach’s work on the structure of V2n and its ir-

reducible components; our decomposition of Y into irreducible components is

obtained by similar methods. The reader familiar with [5] can safely skip this

section. It should be noted that because of our motivation, and to minimize tech-

nical difficulties, we have opted only to consider components of V2n. However,

the work in [5] applies to �n�n)-matrices for odd n as well.

Rothbach’s work is based on the decomposition of V2n into Borel orbits.

Definition 4.1 The Borel orbits in V2n are the orbits of the conjugation action of

the Borel group of all invertible upper-triangular matrices on V2n.

Each Borel orbit contains a unique matrix of the type described in the follow-

ing definition.

Definition 4.2 A partial permutation matrix X is a matrix of 0’s and 1’s in which

each row and each column contains at most one 1.

To an upper-triangular partial permutation matrix we can associate a sequence

of non-negative integers �a1�a2� � � � � a2n� by setting

ai �

�
j if Xei � e j�

0 if Xei � 0�

Definition 4.3 A valid X2 word is a sequence of non-negative integers �a1� � � � �

a2n� associated to a partial permutation matrix X with X2 � 0. The integers ai are

the letters of the word. If v is a valid X2 word, we write rank�v� for the number of

nonzero integers ai in v, i.e., the rank of the partial permutation matrix associated

to v.

There is a one-to-one correspondence between the Borel orbits and valid X2

words. Rothbach describes the ordering induced on valid X2 words via certain

moves, where w �w� if and only if there is a sequence of moves which transforms

w� into w.
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Remark 4.4 It follows from the definition of partial permutation matrix that the

nonzero letters in a valid X2 word are distinct.

We can now describe the correspondence between Borel orbits and valid X2

words. We will show that each Borel orbit contains a unique partial permutation

matrix, and thus to each Borel orbit is associated a unique valid X2 word. The

closure of a Borel orbit is the closure of an image of the Borel group, which is

an irreducible variety, so these closures are themselves irreducible varieties (cf.

[4, Proposition I.8.1]). Clearly, the closure of a Borel orbit is itself a union of

Borel orbits. Thus, V2n is a finite union of irreducible varieties (closures of all

Borel orbits), which are partially ordered by inclusion, and the components of

V2n are therefore the maximal elements of this poset. In this way, the problem of

determining the components of V2n is reduced to the combinatorics of the poset

of valid X2 words.

In order to determine which Borel orbits are contained in the closure of a

given Borel orbit, in terms of the corresponding valid X2 words, Rothbach de-

fined certain “moves” which give an order relation on the valid X2 words. To

explain this, we introduce the following terminology. Let �a1� � � � �a2n� be a valid

X2 word.

Definition 4.5 We say that the i-th letter ai is bound if ai � 0 and there exists a

j such that a j � i. If the letter ai is not bound, then it is free.

It is helpful to regard valid X2 words as “partial permutations” of the set

�1� � � � � 2n�. The word �a1� � � � �a2n� is thought of as the partial permutation with

domain �i �ai �� 0�, which sends i to ai. The X2 � 0 condition translates to saying

that the domain and range of the permutation are disjoint. These can be illustrated

by diagrams with arrows. For example, the words 002041 and 010003 correspond

to the diagrams�
1 2 3

��
4 5

��
6

��
�

and
�

1 2
��

3 4 5 6
�� �

�

In the following descriptions, whenever we show a “subdiagram” of a partial

permutation by restricting to some subset of indices I 
 �1� � � � �2n�, it is under-

stood that no index i �� I is sent to any index j � I, and no index i � I is sent to

any nonzero index j �� I.
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The three moves are the following:

� A move of type 1 takes a nonzero letter ak and replaces it with a�k , the largest

integer less than ak such that the replacement yields a new valid X2 word.

(Note that a�k always exists since replacement with 0 always yields a valid X2

word.) In other words, if we set j � ak and i � a�k (so i � j � k), then this

move sends�
i j k

�� �
to

�
i j k

�� �
or

�
j k

�� �
to

�
j k

�
�

when i �� 0 or i � 0, respectively.

� A move of type 2 takes two free letters ak, al such that k � l and ak � al, and

swaps their locations. In other words, it either sends�
i j k

��
l

��
�

to
�

i j k
��

l
		 �

if ak � j and al � i �� 0 (and thus i � j � k � l), or else it sends�
j k

��
l
�

to
�

j k l
		 �

if ak � j and al � 0 (thus j � k � l).

� A move of type 3 is defined whenever there are indices i � j � k � l such that

i � a j and k � al (hence ai � ak � 0), and replaces al by j, ak by i, and a j by

0. Pictorially, it sends�
i j




k l

�� �
to

�
i j k

��
l

		 �
�

Observe that a move of type 2 or 3 preserves the rank of words. In fact, the

only way of getting a word of smaller rank is to replace a letter by zero. This

corresponds to applying move 1 one or more times. A sequence of moves of type

1 which results in a letter being replaced by zero will be called a move of type 1�.

The partial ordering on valid X2 words is defined by letting w�w� if and only

if w can be transformed into w� by a (possibly empty) finite sequence of moves.

The maximal valid X2 words are thus those which are not the result of any of the

three types of moves.

Example 4.6 The word �0�1�0�3� is transformed to �0�0�1�2� by a move of type

3, so in the ordering defined above, �0�0�1�2�� �0�1�0�3�.
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Finally, the maximal valid X2 words are also called bracket words because

there is a one-to-one correspondence between maximal valid X2 words and se-

quences of left and right parentheses of length 2n which form valid LISP ex-

pressions. A bracket word corresponds to the valid X2 word �a1� � � � �a2n� where

ai � 0 if the i-th parenthesis in the bracket word is a left parenthesis, and ai � j

if the i-th parenthesis is a right parenthesis which closes the j-th parenthesis.

Remark 4.7 For a bracket word w of length 2n, we have rank�w� � n.

The key theorem of Rothbach’s paper is:

Theorem 4.8 (Rothbach) For any pair of valid X2 words v�w, the Borel orbit

Ov associated to v is contained in the closure of the Borel orbit Ow associated to

w if and only if v � w. The irreducible components of V2n are thus the closures

of the Borel orbits associated to the maximal valid X2 words; and the irreducible

component of V2n associated to a maximal valid X2 word w is the union of the

Borel orbits associated to the valid X2 words which are less than or equal to w.

Since Rothbach’s paper is not generally available, we give a very brief sketch

here of his techniques. For each i� 2n, let ki 
 k2n be the subspace of elements

�x1� � � � �xi�0� � � � �0� for x1� � � � �xi � k. These are the subspaces of k2n which are

invariant under the action of all elements in the Borel group. For any X � V2n

and any 0 � j � i, define r�i� j�X� � dimk�X�ki� � k j�. One easily sees that

r�i� j�X� � r�i� j�Y � if X and Y are in the same Borel orbit. For any valid X2 word

v, associated to a partial permutation matrix X , set vi j � r�i� j�X�. Rothbach then

shows:

� Two matrices X �Y �V2n are in the same Borel orbit if and only if r�i� j�X� �

r�i� j�Y � for all i� j. The Borel orbit associated to v is therefore the set �X �
V2n �r�i� j�X� � vi j �i� j�.

� For any two valid X2 words v�w, v � w (as defined above via moves) if and

only if vi j � wi j for all i� j.

� If v is obtained from w by a move of one of the above types, then the Borel

orbit Ov is in the closure of the Borel orbit Ow.
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For any given valid X2 word w, the union of the Borel orbits associated to

words v� w is just the set

�X �V2n �r�i� j�X� � wi j �i� j��

This is an algebraic set (hence closed), since it is defined by requiring determi-

nants of certain submatrices to vanish. So together with the three points above,

this proves that it is the closure of the Borel orbit associated to w.

Rothbach’s theorem says that the irreducible components of V2n are deter-

mined by the poset of all valid X2 words. In the next section, we will study the

subposet of words associated to orbits contained in Y , and thus determine the

irreducible components of Y .

5 The irreducible components of Y

In this section, we will identify the irreducible components of Y . More specifi-

cally, if Z is an irreducible component of V2n corresponding to a valid X2 word w,

we will describe the components of the subvariety Y 
 Z in terms of the structure

of w.

Definition 5.1 We say that a bracket word is irreducible if it cannot be expressed

as the concatenation of bracket words of smaller length.

Example 5.2 The bracket word ������ is irreducible; the bracket word ������ is

expressible as a concatenation of the irreducible bracket words �� and ����.

Let w be a bracket word of length 2n. Observe that w can be expressed as

a concatenation of irreducible bracket words w � w1 � � �wm. (If w is irreducible

then m � 1.) We shall use w�wi to denote not only the irreducible bracket words

in this factorization, but also the corresponding valid X2 words. For a bracket

word w factored in this way we make the following:

Definition 5.3 For each i � �1� � � � �m�, let w�i� be the valid X2 word obtained

from w by replacing the last letter of wi by a zero.
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Notice that the words w�i� defined in 5.3 are all obtained from w by a move

of type 1�, and so all have rank n�1. Notice also that, in general, there are other

words obtained by a move 1�. For example, if w � 002041 then 002001 is one

such word.

Now we can describe the components of Y :

Theorem 5.4 The irreducible components of Y are the closures of the Borel or-

bits corresponding to the words w�i�. Alternatively, the irreducible component of

Y corresponding to w�i� is the union of the Borel orbits corresponding to the valid

X2 words which are less than or equal to w�i�.

Example 5.5 Let n � 3 and let Z be the component corresponding to the bracket

word ������. Then the corresponding valid X2 word is w � 010043. In this

case, we express w as the concatenation of �� and ����. Thus, in the notation

of the paragraph after Example 5.2, m � 2, w1 � ��, and w2 � ����. Writing

this decomposition in terms of valid X2 words, we have w1 � 01, w2 � 0043

and so w�1� � 000043 and w�2� � 010040. Thus the subvariety Y 
 Z has two

components.

In this case, we can describe these varieties in a simple way in terms of ma-

trices. The component Z consists of all 6�6 matrices of the form��������
0 a b c d e
0 0 0 0 f g
0 0 0 0 h i
0 0 0 0 j k
0 0 0 0 0 0
0 0 0 0 0 0

�						
 where
�
a b c

� �
�� f g

h i
j k

�
�
�
0 0

�
�

The subvariety Y has two components: one where

rank

�� f g
h i
j k

�
� 1� and another where
�
a b c

�
�
�
0 0 0

�
�

Unfortunately it is not always possible to describe the components in this fashion.

Proof: [Proof of Theorem 5.4] The closure of each Borel orbit in Y is the closure

of a continuous image of the Borel group of upper triangular matrices, and hence
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is irreducible (cf. [4, Proposition I.8.1]). Clearly, the closure of any Borel orbit

is a union of Borel orbits, and hence the components of Y are just the maximal

closures of Borel orbits. So by Rothbach’s theorem (Theorem 4.8), the compo-

nents of Y are the closures of the orbits associated to valid X2 words which are

maximal among those in Y .

It thus suffices to prove that if w is a maximal valid X2 word, then any v with

rank�v� � n and v � w satisfies v � w�i� for some i. For any such v, there is a

sequence of moves that we can apply which transforms w into v, and one of these

moves must be of type 1� (since that is the only type of move which decreases

the rank). We must show two things: that we can always make a move of type

1� first, and that the words w�i� are maximal among those obtained from w by a

move of type 1�. The first statement is proved in Lemma 5.6, and the second in

Lemma 5.7.

Lemma 5.6 Let w be a bracket word of length 2n and let v be a valid X2 word

such that rank�v� � n and v� w. Then there is a valid X2 word u obtained from

w by a move of type 1� such that v� u� w.

Proof: By induction on the number of moves applied on w to get v, it is enough

to show that a move of any type followed by a move of type 1� is the same as

a move of type 1� followed by some other move. Note, however, that the letters

involved in each of the moves 1� may not be the same and that the type of the

other move may change as we “commute” it past the move of type 1�. We prove

this in cases, according to the type of move which is being composed with the

move of type 1�. In what follows we will assume that the move of type 1� is

applied to one of the letters involved in the other move; if this is not the case the

two moves commute and the conclusion of the lemma follows immediately.

Case I: move 1 followed by move 1�. A move of type 1 followed by a move

of type 1� applied to the same index is equal to the move of type 1� applied to that

index. This is illustrated by the following diagram:

j�� ��
�� ��k l

��
j�� ��
�� ��k l

		
j�� ��
�� ��k l

type 1 �� type 1�

��

type 1�

��
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Case II: move 2 followed by move 1�. Suppose we have a valid X2 word
a1 � � �a2n, and indices i � j � k � l such that al � i and ak � j (and thus ai �
a j � 0). So we can apply move 2 to the pair ak, al and then apply move 1� to
either of these letters. The following two commutative squares of diagrams of
moves show that the composite of these two moves is always a type 1� move
followed by a move of type 2 or 1.

i
�� ��
�� ��j k




l

��
i
�� ��
�� ��j k

��
l

i
�� ��
�� ��j k

��
l

��
i
�� ��
�� ��j k l

��

type 1�

��

type 2

��

type 2

��
type 1�

��

i
�� ��
�� ��j k




l

��
i
�� ��
�� ��j k

��
l

i
�� ��
�� ��j k

��
l

��
i
�� ��
�� ��j k

��
l

type 1�

��

type 2

��

type 1

��
type 1�

��

It remains to consider the possibility of a type 2 move which switches two

letters of which one is zero. The composite of such a move followed by a type 1�

move is itself a type 1� move, as illustrated by the following diagram.

j�� ��
�� ��k

��
l j�� ��

�� ��k l
		

j�� ��
�� ��k l

type 2 �� type 1�

��

type 1�

��

Case III: move 3 followed by move 1�. Suppose we are given a valid X2

word a1 � � �a2n to which we can apply a move of type 3. This means that there are
indices i � j � k � l such that a j � i and al � k (and hence ak � ai � 0). After
applying move 3 to this word, we can then apply move 1� to the letter in the l-th
or k-th position, as illustrated in the bottom side of the following two squares.
The first square illustrates the subcase where we apply the move of type 1� to the
index k, and the second the subcase where we apply the move of type 1� to the
index l.

i�� ��
�� ��j

��
k l

��
i�� ��
�� ��j k l

��

i�� ��
�� ��j k

��
l

��
i�� ��
�� ��j k l

��

type 1�

��

type 3

��

type 1

��
type 1�

��

i�� ��
�� ��j

��
k l

��
i�� ��
�� ��j

��
k l

i�� ��
�� ��j k

��
l

��
i�� ��
�� ��j k

��
l

type 1�

��

type 3

��

type 2

��
type 1�

��

Thus both composites of moves can also be described as a type 1� move followed

by a move of type 1 or 2.
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Lemma 5.7 If u is a valid X2 word with rank n�1 obtained from a bracket word

w by a move of type 1�, then u� w�s� for some s.

Proof: Write w � �a1� � � � �a2n�. Let j � k be indices such that ak � j, and such
that u is obtained from w by replacing ak by 0. If u is not equal to w�s� for any
s, then there are indices i � j � k � l such that al � i (hence ai � a j � 0), and
some w�s� obtained from w by a move of type 1� where al is replaced by 0. In
other words,

w �
�

i j k




l
�� �

� u �
�

i j k l
�� �

� and w�s� �
�

i j k




l
�
�

We now see that u is obtained from w�s� by a type 2 move followed by a type 1

move:

i
�� ��
�� ��j k

��
l i

�� ��
�� ��j k l

		
i
�� ��
�� ��j k l

��type 2 �� type 1 ��

and thus u� w�s�.

References

[1] A. Adem and J. Davis, Topics in transformation groups, Handbook of Geometric
Topology, North-Holland, 2002, 1–54.

[2] G. Carlsson, On the homology of finite free �Z�2�n-complexes, Invent. Math. 74
(1983), 139–147.

[3] G. Carlsson, Free �Z�2�3-actions on finite complexes, Algebraic Topology and Alge-
braic K-Theory, Ann. of Math. Studies 113, Princeton Univ. Press, 1987, 332–344.

[4] D. Mumford, The Red Book of Varieties and Schemes, Second Expanded Edition,
Lecture notes in mathematics 1358, Springer-Verlag, 1999.

[5] B. Rothbach, X2 � 0 and strictly upper triangular matrices, preprint, 2002
(http://math.berkeley.edu/˜rothbach).



The support of top graded
local cohomology modules

MORDECHAI KATZMAN
Department of Pure Mathematics, University of Sheffield, United Kingdom
E-mail: M.Katzman@sheffield.ac.uk

1 Introduction

Let R0 be any domain, let R � R0�U1� � � � �Us��I, where U1� � � � �Us are indeter-

minates of positive degrees d1� � � � �ds, and I � R0�U1� � � � �Us� is a homogeneous

ideal. The main theorem in this paper is Theorem 2.6, a generalization of The-

orem 1.5 in [KS], which states that all the associated primes of H :� Hs
R�

�R�

contain a certain non-zero ideal c�I� of R0 called the “content” of I (see Defini-

tion 2.4.) It follows that the support of H is simply V�c�I�R�R�� (Corollary 1.8)

and, in particular, H vanishes if and only if c�I� is the unit ideal. These results

raise the question of whether local cohomology modules have finitely many min-

imal associated primes — this paper provides further evidence in favor of such a

result (Theorem 2.10 and Remark 2.12.) Finally, we give a very short proof of a

weak version of the monomial conjecture based on Theorem 2.6.

165
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2 The vanishing of top local cohomology modules

Throughout this section R0 will denote an arbitrary commutative Noetherian do-

main. We set S � R0�U1� � � � �Us� where U1� � � � �Us are indeterminates of degrees

d1� � � � �ds, and R � S�I where I � R0�U1� � � � �Us� is an homogeneous ideal. We

define ∆ � d1 � � � �� ds and denote with D the sub-semi-group of � generated

by d1� � � � �ds. For t � �, we shall denote by � � ��t� the t-th shift functor (on

the category of graded R-modules and homogeneous homomorphisms). For any

multi-index λ � �λ�1�� � � � �λ�s�� � �s we shall write Uλ for Uλ�1�
1 � � �Uλ�s�

s and we

shall set �λ�� λ�1�� � � ��λ�s�.

Lemma 2.1 Let I be generated by homogeneous elements f1� � � � � fr � S. Then

there is an exact sequence of graded S-modules and homogeneous homomor-

phisms
r�

i�1

Hs
S��S���deg fi�

� f1����� fr������� Hs
S��S��� Hs

R�
�R��� 0�

Proof. The functor Hs
S�
��� is right exact and the natural equivalence between

Hs
S�
��� and � � ��S Hs

S�
�S� (see [BS, 6.1.8 & 6.1.9]) actually yields a homoge-

neous S-isomorphism

Hs
S��S��� f1� � � � � fr�H

s
S��S�

�� Hs
S��R��

To complete the proof, just note that there is an isomorphism of graded S-modules

Hs
S�
�R��� Hs

R�
�R�, by the Graded Independence Theorem [BS, 13.1.6].

We can realize Hs
S�
�S� as the module R0�U

�
1 � � � � �U�

s � of inverse polynomi-

als described in [BS, 12.4.1]: this graded R-module vanishes beyond degree

�∆. More generally R0�U
�
1 � � � � �U�

s ��d 	� 0 if and only if d � D. For each

d � D, we have that R0�U
�
1 � � � � �U�

s ��d is a free R0-module with base B�d� :��
Uλ�

�λ��s
��λ���d � We combine this realization with the previous lemma to find

a presentation of each homogeneous component of Hs
R�

�R� as the cokernel of a

matrix with entries in R0. Assume first that I is generated by one homogeneous

element f of degree δ. For any d � D we have, in view of Lemma 2.1, a graded

exact sequence

R0�U
�
1 � � � � �U�

s ��d�δ
φd�� R0�U

�
1 � � � � �U�

s ��d �� Hs
R�

�R��d �� 0�
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The map of free R0-modules φd is given by multiplication on the left by a #B�d�

#B�d �δ� matrix which we shall denote later by M� f ;d�. In the general sit-

uation, where I is generated by homogeneous elements f1� � � � � fr � S, it fol-

lows from Lemma 2.1 that the R0-module Hs
R�

�R��d is the cokernel of a ma-

trix M� f1� � � � � fr;d� whose columns consist of all the columns of M� f1�d�� � � � �

M� fr �d�. Consider a homogeneous f � S of degree δ. We shall now describe the

matrix M� f ;d� in more detail and to do so we start by ordering the bases of the

source and target of φd as follows. For any λ�µ � �s with negative entries we

declare that Uλ � Uµ if and only if U�λ �Lex U�µ where “�Lex” is the lexico-

graphical term ordering in S with U1 � � � � �Us. We order the bases B�d�, and

by doing so also the columns and rows of M� f ;d�, in ascending order. We notice

that the entry in M� f ;d� in the Uα row and Uβ column is now the coefficient of

Uα in fUβ.

Lemma 2.2 Let ν��s have negative entries and let λ1�λ2 ��s . If Uλ1 �Lex Uλ2

and UνUλ1 , UνUλ2 � R0�U
�
1 � � � � �U�

s � do not vanish then UνUλ1 �UνUλ2 .

Proof. Let j be the first coordinate in which λ1 and λ2 differ. Then λ� j�
1 � λ� j�

2

and so also �ν� j�� λ� j�
1 � �ν� j�� λ� j�

2 ; this implies that U�ν�λ1 �Lex U�ν�λ2

and Uν�λ1 �Uν�λ2 .

Lemma 2.3 Let f 	� 0 be a homogeneous element in S. Then, for all d � D, the

matrix M� f ;d� has maximal rank.

Proof. We prove the lemma by producing a non-zero maximal minor of M� f ;d�.

Write f � ∑λ�Λ aλUλ where aλ � R0 � �0
 for all λ � Λ and let λ0 be such that

Uλ0 is the minimal member of
�

Uλ : λ � Λ
�

with respect to the lexicographi-

cal term order in S. Let δ be the degree of f . Each column of M� f ;d� corre-

sponds to a monomial Uλ � B�d �δ�; its ρ-th entry is the coefficient of Uρ in

fUλ � R0�U
�
1 � � � � �U�

s ��d . Fix any Uν � B�d� and consider the column cν cor-

responding to Uν�λ0 � B�d �δ�. The ν-th entry of cν is obviously aλ0
. By the

previous lemma all entries in cν below the νth row vanish. Consider the square

submatrix of M� f ;d� whose columns are the cν �ν � B�d��; its determinant is

clearly a power of aλ0
and hence is non-zero.
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Definition 2.4 For any f � R0�U1� � � � �Us� write f � ∑λ�Λ aλUλ where aλ � R0

for all λ � Λ. For such an f � R0�U1� � � � �Us� we define the content c� f � of f

to be the ideal �aλ : λ � Λ� of R0 generated by all the coefficients of f . If

J � R0�U1� � � � �Us� is an ideal, we define its content c�J� to be the ideal of R0

generated by the contents of all the elements of J. It is easy to see that if J is

generated by f1� � � � � fr, then c�J� � c� f1�� � � �� c� fr�.

Lemma 2.5 Suppose that I is generated by homogeneous elements f1� � � � � fr � S.

Fix any d � D. Let t :� rankM� f1� � � � � fr;d� and let Id be the ideal generated by

all t
 t minors of M� f1� � � � � fr;d�. Then c�I���
Id.

Proof. It is enough to prove the lemma when r � 1; let f � f1. Write f �

∑λ�Λ aλUλ where aλ � R0 � �0
 for all λ � Λ. Assume that c�I� 	� �
Id and

pick λ0 so that Uλ0 is the minimal element in
�

Uλ : λ � Λ
�

(with respect to the

lexicographical term order in S) for which aλ �� �Id . Notice that the proof of

Lemma 2.3 shows that Uλ0 cannot be the minimal element of
�

Uλ : λ � Λ
�

. Fix

any Uν � B�d� and consider the column cν corresponding to Uν�λ0 � B�d �δ�.
The ν-th entry of cν is obviously aλ0

. Lemma 2.2 shows that, for any other

λ1 � Λ with Uλ1 �Lex Uλ0 , either ν�λ0 �λ1 has a non-negative entry, in which

case the corresponding term of fUν�λ0 � R0�U
�
1 � � � � �U�

s ��d is zero, or Uν �

Uν�λ0�λ1 . Similarly, for any other λ1 � Λ with Uλ1 �Lex Uλ0 , either ν�λ0 �λ1

has a non-negative entry, in which case the corresponding term of fUν�λ0 �
R0�U

�
1 � � � � �U�

s ��d is zero, or Uν �Uν�λ0�λ1 . We have shown that all the entries

below the ν-th row of cν are in
�

Id . Consider the matrix M whose columns are

cν �ν � B�d�� and let : R0 � R0�
�

Id denote the quotient map. We have

0 � det�M� � det�M� � aλ0
�d�1

s�1�

and, therefore, aλ0
� �Id , a contradiction.

Theorem 2.6 Suppose that I is generated by homogeneous elements f1� � � � � fr �
S. Fix any d � D. Then each associated prime of Hs

R�
�R��d contains c�I�. In

particular Hs
R�

�R��d � 0 if and only if c�I� � R0.

Proof. Recall that for any p�q�� with p� q and any p
q matrix M of maximal

rank with entries in any domain, CokerM � 0 if and only if the ideal generated
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by the maximal minors of M is the unit ideal. Let M � M� f1� � � � � fr ;d�, so that

Hs
R�

�R��d
��CokerM. In view of Lemmas 2.3 and 2.5, the ideal c�I� is contained

in the radical of the ideal generated by the maximal minors of M; therefore, for

each x � c�I�, the localization of CokerM at x is zero; we deduce that c�I� is

contained in all associated primes of CokerM. To prove the second statement,

assume first that c�I� is not the unit ideal. Since all minors of M are contained in

c�I�, these cannot generate the unit ideal and CokerM 	� 0. If, on the other hand,

c�I� � R0 then CokerM has no associated prime and CokerM � 0.

Corollary 2.7 Let the situation be as in 2.6. The following statements are equiv-

alent:

1. c�I� � R0;

2. Hs
R�

�R��d � 0 for some d � D;

3. Hs
R�

�R��d � 0 for all d � D.

Consequently, Hs
R�

�R� is asymptotically gap-free in the sense of [BH, (4.1)].

Corollary 2.8 The R-module Hs
R�

�R� has finitely many minimal associated pri-

mes, and these are just the minimal primes of the ideal c�I�R�R�.

Proof. Let r � c�I�. By Theorem 2.6, the localization of Hs
R�

�R� at r is zero.

Hence each associated prime of Hs
R�

�R� contains c�I�R. Such an associated prime

must contain R�, since Hs
R�

�R� is R�-torsion. On the other hand, Hs
R�

�R��∆ ��
R0�c�I� and Hs

R�
�R�i � 0 for all i � �∆; therefore there is an element of the

��∆�-th component of Hs
R�

�R� that has annihilator (over R) equal to c�I�R�R�.

All the claims now follow from these observations.

Remark 2.9 In [Hu, Conjecture 5.1], Craig Huneke conjectured that every local

cohomology module (with respect to any ideal) of a finitely generated module

over a local Noetherian ring has only finitely many associated primes. This con-

jecture was shown to be false (cf. [K, Corollary 1.3]) but Corollary 2.8 provides

some evidence in support of the weaker conjecture that every local cohomol-

ogy module (with respect to any ideal) of a finitely generated module over a local

Noetherian ring has only finitely many minimal associated primes. The following
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theorem due to Gennady Lyubeznik ([L]) gives further support for this conjec-

ture:

Theorem 2.10 Let R be any Noetherian ring of prime characteristic p and let

I � R be any ideal generated by f1� � � � � fs � R. The support of Hs
I �R� is Zariski

closed.

Proof. We first notice that the localization of Hs
I �R� at a prime P� R vanishes if

and only if there exist positive integers α and β such that

� f1 � � � � � fs�
α � � f α�β

1 � � � � � f α�β
s �

in the localization RP. This is because if we can find such α and β we can then

take q :� pe powers and obtain

� f1 � � � � � fs�
qα � � f qα�qβ

1 � � � � � f qα�qβ
s �

for all such q. This shows that all elements in the direct limit sequence

R�� f1� � � � fs� f1����� fs����� R�� f 2
1 � � � � f 2

s �
f1����� fs����� � � �

map to 0 in the direct limit and hence Hs
I �R� � 0. But if

� f1 � � � � � fs�
α � � f α�β

1 � � � � � f α�β
s �

in RP, we may clear denominators and deduce that this occurs on a Zariski open

subset containing P. Thus the complement of the support is a Zariski open sub-

set.

It may be reasonable to expect that non-top local cohomology modules might

also have finitely many minimal associated primes; the only examples known to

me of non-top local cohomology modules with infinitely many associated primes

are the following: Let k be any field, let R0 � k�x�y�s� t� and let S be the local-

ization of R0�u�v�a1� � � � �an� at the maximal ideal � generated by x�y�s� t�u�v�a1�

� � � �an. Let f � sx2v2 � �t � s�xyuv� ty2u2 � S and let R � S� f S. Denote by I

the ideal of S generated by u�v and by A the ideal of S generated by a1� � � � �an.

Theorem 2.11 Assume that n � 2. The local cohomology module H2
I�A�R� has

infinitely many associated primes and Hn�1
I�A �R� 	� 0.
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Proof. Consider the following segment of the Mayer-Vietoris sequence

� � � � H2
I�A�R�� H2

I �R��H2
A�R�� H2

I�A�R�� � � � �

Note that a1� � � � �an�u form a regular sequence on R so depthI�A R� n�1� 3 and

the leftmost module vanishes. Thus H2
I �R� injects into H2

I�A�R� and Corollary 1.3

in [K] shows that H2
I�A�R� has infinitely many associated primes. Consider now

the following segment of the Mayer-Vietoris sequence

� � � � Hn�1
I�A �R�� Hn�2

I�A�R�� Hn�2
I �R��Hn�2

A �R�� � � � �

The direct summands in the rightmost module vanish since both I and A can be

generated by less than n� 2 elements, so Hn�1
I�A �R� surjects onto Hn�2

I�A�R�. Now

c� f � is the ideal of R0 generated by sx2���t � s�xy and ty2 so c� f �� �x�y� 	� R0.

Corollary 2.7 now shows that Hn�2
I�A�R� does not vanish and, therefore, nor does

Hn�1
I�A �R�.

Remark 2.12 When n � 3, one has that H3
I�A�R� � 0 and the argument above

shows that H2
I �R��H2

A�R� �� H2
I�A�R�. Corollary 2.8 implies that H2

I �R� has

finitely many minimal primes and since the only associated prime of H2
A�R� is A,

H2
I�A�R� has finitely many minimal primes. When n � 2 we obtain a short exact

sequence

0� H2
I �R��H2

A�R�� H2
I�A�R�� H3

I�A�R�� 0�

The short exact sequence

0� S
f� S� R� 0

implies that H3
I�A�R� injects into the local cohomology module H4

I�A�S� whose

only associated prime is I �A, so again we see that H2
I�A�R� has finitely many

minimal associated primes.

3 An application: a weak form of the Monomial
Conjecture.

In [Ho] Mel Hochster suggested reducing the Monomial Conjecture to the prob-

lem of showing the vanishing of certain local cohomology modules which we
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now describe. Let C be either � or a field of characteristic p � 0, let R0 �

C�A1� � � � �As� where A1� � � � �As are indeterminates, S � R0�Us� � � � �Us� where U1�

� � � �Us are indeterminates and R � S�Fs�tS where

Fs�t � �U1 � � � � �Us�
t �

s

∑
i�1

AiU
t�1
i �

Suppose that

Hs�t :� Hs
�U1�����Us�

�R�

vanishes with C ��. If for some local ring T we can find a system of parameters

x1� � � � �xs so that �x1 � � � � � xs�
t � �xt�1

1 � � � � �xt�1
s �, i.e., if there exist a1� � � � �as � T

so that �x1 � � � � � xs�
t � ∑t

i�1 aix
t�1
i , we can define an homomorphism R � T by

mapping Ai to ai and Ui to xi. We can view T as an R-module and we have an

isomorphism of T -modules

Hs
�x1�����xs�

�T ��� Hs
�U1�����Us�

�R��R T

and we deduce that

Hs
�x1�����xs�

�T � � 0

but this cannot happen since x1� � � � �xs form a system of parameters in T . We have

just shown that the vanishing of Hs�t for all t � 1 implies the Monomial Conjec-

ture in dimension s. In [Ho] Mel Hochster proved that these local cohomology

modules vanish when s � 2 or when C has characteristic p � 0, but in [R] Paul

Roberts showed that, when C � �, H3�2 	� 0, showing that Hochster’s approach

cannot be used for proving the Monomial Conjecture in dimension 3. This can

be generalized further:

Proposition 3.1 When C ��, Hs�2 	� 0 for all s� 3.

Proof. We proceed by induction on s; the case s � 3 is proved in [R]. Assume

that for some s � 1, α � 0 and δ � α the monomial xα
1 � � �x

α
s�1 is in the ideal of

C�x1� � � � �xs�1�a1� � � � �as�1� generated by xα�β
1 � � � � �xα�β

s�1 and Fs�1�t . Define Gs�1�2

to be the result of substituting as�1 � 0 in Fs�1�2, i.e.,

Gs�1�2 � �x1 � � �xs�1�
2�

s

∑
i�1

aix
3
i �
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If

xα
1 � � �x

α
s�1 � �xα�β

1 � � � � �xα�β
s�1 �Fs�1�2� (1)

then by setting as�1 � 0 we see that

xα
1 � � �x

α
s�1 � �xα�β

1 � � � � �xα�β
s�1 �Gs�1�2��

If we assign degree 0 to x1� � � � �xs, degree 1 to xs�1 and degree 2 to a1� � � � �as then

the ideal �xα�β
1 � � � � �xα�β

s�1 �Gs�1�2� is homogeneous and we must have

xα
1 � � �x

α
s�1 � �xα�β

1 � � � � �xα�β
s �Gs�1�2��

If we now set xs�1 � 1 we obtain

xα
1 � � �x

α
s � �xα�β

1 � � � � �xα�β
s �Fs�2�� (2)

Now Hs�1�2 � 0 if and only if for each β � 1 we can find an α � 0 so that equa-

tion (1) holds, and this implies that for each β � 1 we can find an α � 0 so that

equation (2) holds, which is equivalent to Hs�2 � 0. The induction hypothesis

implies that Hs�2 	� 0 and so Hs�1�2 	� 0.

The local cohomology modules Hs�t are a good illustration for the failure of

the methods of the previous section in the non-graded case. For example, one

cannot decide whether Hs�t is zero just by looking at Fs�t : the vanishing of Hs�t

depends on the characteristic of C! Compare this situation to the following graded

problem.

Theorem 3.2 (A Weaker Monomial Conjecture) Let T be a local ring with sys-

tem of parameters x1� � � � �xs. For all t � 0 we have

�x1 � � � � � xs�
t �� �xst

1 � � � � �x
st
s ��

Proof. Let S � ��A1� � � � �As��X1� � � � �Xs� where degAi � 0 and degXi � 1 for all

1 � i � s. Following Hochster’s argument we reduce to the problem of showing

that

Hs
�X1�����Xs�

�S� f S� � 0

where

f � �X1 � � � � �Xs�
t �

s

∑
i�1

AiX
st
i �
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Since f is homogeneous and c� f � is the unit ideal, the result follows from Theo-

rem 2.6.
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1 Introduction

Our purpose in this work is to emphasize the tight connection between the Artin-

Rees lemma and the notion of the relation type of an ideal with respect to a

module. We present new proofs of some already known uniform Artin-Rees

theorems as well as a new approach to the subject.

We begin by recalling the well-known Artin-Rees lemma, which plays an

essential role in the completion process of rings and modules (see [2, 3, 17, 18,

29, 40] for proofs, consequences and historical notes). The standard proof will

provide us with perhaps the first evidence of the above cited strong connection

between the Artin-Rees lemma and the notion of relation type, since it involves

what is nowadays called the Rees module of an ideal with respect to a module.

Lemma 1.1 (The Artin-Rees lemma) Let A be a noetherian ring, I an ideal of

A and let N �M be two finitely generated A-modules. Then there exists an integer

175
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s� 1, depending on N, M and I, such that for all n� s,

InM�N � In�s�IsM�N��

Proof: Let R �I� �
�

n�0 In be the Rees ring of the ideal I, which is noetherian

since A is noetherian. Let R �I;M� �
�

n�0 InM be the Rees module of I with re-

spect to the module M, which is a graded finitely generated R �I�-module since M

is finitely generated. Consider the graded submodule L �
�

n�0 InM�N, which

is finitely generated since R �I;M� is a noetherian module. Take s as the largest

degree of a set of generators. Then Ln � In�sLs for all n � s, which implies the

assertion.

If we denote by E�N�M;�I��n � InM �N�I�In�1M �N�, then the lemma

is equivalent to stating that there exists an integer s � 1, depending on N, M

and I, such that E�N�M;�I��n � 0 for all n � s � 1. A weaker result, which

follows immediately from the lemma, and which will play an important role on

the sequel, is that there exists an integer s � 1, depending on N, M and I, such

that InM�N � In�sN.

2 A problem posed by Eisenbud and Hochster

Eisenbud and Hochster in [7], originally motivated by a question of Wehrfritz

about the existence of a uniform index of nilpotency (Corollary 2 in [7]), gave

a new proof of Zariski’s main lemma on holomorphic functions on an algebraic

variety ([43]) by establishing what they called a “Nullstellensatz with nilpotents.”

They also remarked that a different approach to their theorem could be obtained

by answering the following question of uniform Artin-Rees type:

Question 2.1 Let A be an affine ring and let N � M be two finitely generated

A-modules. Does there exist an integer s� 1 such that, for all integers n� s and

for all maximal ideals � of A,

�
nM�N ��

n�s��sM�N�?
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In the same paper they already gave a negative answer to this problem (in the

non-affine case) by building a 2-dimensional regular ring A whose maximal ideals

form a countable set, say ��1��2� � � ��, such that �i�i is a nonzero principal

prime ideal generated by an element f , where f ��i
i for every i� 1. In particular

and since A is a domain,�i
�
�

i�1
i � � f �

�
��i� f �� � f � whereas �i

i� � f � � � f �.

An answer to a slightly weaker version of this question was given by O’Carroll

in [19] under the hypothesis of A being an excellent ring.

Theorem 2.2 (see [19]) Let A be an excellent ring and let N �M be two finitely

generated A-modules. Then there exists an integer s� 1 such that, for all integers

n� s and for all maximal ideals � of A,

�
nM�N ��

n�sN�

And the full answer to the question of Eisenbud and Hochster was given two

years later by Duncan and O’Carroll.

Theorem 2.3 (see [6]) Let A be an excellent ring and let N �M be two finitely

generated A-modules. Then there exists an integer s� 1 such that, for all integers

n� s and for all maximal ideals � of A,

�
nM�N ��

n�s��sM�N��

Later on, O’Carroll showed the uniformity of the Artin-Rees property for the

set of principal ideals of a noetherian ring.

Theorem 2.4 (see [20]) Let A be a noetherian ring and let N �M be two finitely

generated A-modules. Then there exists an integer s� 1 such that, for all integers

n� s and for all elements x of A,

xnM�N � xn�s�xsM�N��

And soon after, he noted that Theorem 2.4 allows for a quick proof of Theo-

rem 2.2 in the case of an affine ground ring over a perfect field (see [21]).

3 Uniform Artin-Rees on arbitrary sets of ideals

The results of O’Carroll ([19, 20]) and Duncan and O’Carroll ([6]) gave a com-

plete answer to the question posed by Eisenbud and Hochster and, in the mean-
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time, suggested new and interesting problems undertaken by Huneke in [11]. In

order to facilitate the reading of the next results, we introduce a notation very

close to the one proposed by Huneke in [11]. Given a noetherian ring A and

two finitely generated A-modules N � M, it is said that the pair �N�M� has the

strong (weak) uniform Artin-Rees property with respect to a set of ideals W
of A and with strong (weak) uniform Artin-Rees number s, the integer s de-

pending on N, M and W , if, for all integer n � s and for every ideal I of W ,

InM �N � In�s�IsM �N� (InM �N � In�sN). Clearly, if s is a uniform Artin-

Rees number and t is an integer such that t � s, then t is also a uniform Artin-Rees

number. The minimum of the strong (weak) uniform Artin-Rees numbers is de-

noted by s � s�N�M;W � (w � w�N�M;W �). If every pair N � M of finitely

generated A-modules has the strong (weak) uniform Artin-Rees property with re-

spect to W it is said that A has the strong (weak) uniform Artin-Rees property

with respect to W . If W is the set of all ideals of A, then the phrase “with respect

to W ” is deleted in these definitions and one writes s � s�N�M� (w � w�N�M�).

In [11] (Theorems 4.12 and 5.11), and with the aid of the tight closure theory,

Huneke strengthened the study of the uniform Artin-Rees properties to the whole

set of ideals of A by weakening the thesis from the strong uniform Artin-Rees

property to the weak uniform Artin-Rees property.

Theorem 3.1 (see [11]) Let A be a noetherian ring and let N �M be two finitely

generated A-modules. If A satisfies at least one of the conditions below, then

there exists an integer s � 1 such that, for all integers n � s and for all ideals I

of A,

InM�N � In�sN�

�i� A is essentially of finite type over a noetherian local ring.

�ii� A is of characteristic p and A is a finite module over Ap.

�iii� A is essentially of finite type over �.

�iv� A is an excellent 3-dimensional domain.

And in the same paper he conjectured that excellent noetherian rings of finite

Krull dimension have the weak uniform Artin-Rees property (see [11], Conjec-

ture 1.3). Recently, Huneke showed a new case in which the conjecture holds.
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Theorem 3.2 (see [13]) Let A be an excellent noetherian ring which is the ho-

momorphic image of a regular ring of finite Krull dimension. Assume that for

all primes � of A, the integral closure of A�� has a resolution of singularities ob-

tained by blowing up an ideal. Then A has the weak uniform Artin-Rees property.

4 The Relation Type Conjecture

But the search for uniform properties in noetherian rings has been far from being

circumscribed to the Artin-Rees properties. Uniform bounds in the theory of test

elements ([12]), uniform Briançon-Skoda theorems ([11, 12]), uniform bounds

for annihilators of local cohomology ([27]) or uniform bounds for the relation

type of parameter ideals ([12, 15, 42]) are some examples of the great interest

awakened by the subject. It is the last one which we want to survey now.

Before that, let us revise the definition of relation type of an ideal (see, for

instance, [14, 15, 24, 28, 32, 35], for definitions and properties). Let A be a

noetherian ring and let I be an ideal of A generated by elements x1� � � � �xn of

A. Let ϕ : A�T1� � � � �Tn�� R �I� � A�It� be the natural homogenous map which

sends Ti to xit. The relation type of I, rt�I�, is the largest degree of any minimal

system of generators of the kernel of ϕ. The ideal I is said to be an ideal of linear

type if rt�I� � 1 (see [8] and the references there). An already classical result

concerning ideals of linear type, proved simultaneously by Huneke [9] and Valla

[38] (see [34] for the case of modules), is that ideals generated by d-sequences

are of linear type. Regular sequences are examples of d-sequences. It is well-

known that in a Cohen-Macaulay local ring any system of parameters forms a

regular sequence, in particular, a d-sequence. In fact, Buchsbaum local rings are

the rings in which every system of parameters is a d-sequence ([10]). Therefore,

in Buchsbaum rings every ideal generated by a system of parameters has relation

type 1. Moreover, the relation type is controlled through faithfully flat extensions

and the quotient by modules of finite length (see, e.g., [24, 25] and [42]). From

this point of view it is natural to ask the following question:

Question 4.1 (Relation Type Conjecture, [12]) Let A be a complete local equi-

dimensional noetherian ring. Does there exist an integer s� 1 such that, for every

ideal I of A generated by a system of parameters, the relation type of I is bounded
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above by s?

Wang in [41] first proved this conjecture for 2-dimensional noetherian local

rings. Concretely:

Theorem 4.2 (see [41]) Let A be a 2-dimensional noetherian local ring. Then

there exists an integer s � 1 such that, for every ideal I of A generated by a

system of parameters, the relation type of I is bounded above by s.

And afterwards, he proved the conjecture for rings with finite local cohomol-

ogy.

Theorem 4.3 (see [42]) Let �A��� be a d-dimensional noetherian local ring such

that Hi
�
�A� is finitely generated for i � 0� � � � �d�1. Then there exists an integer

s � 1 such that, for every ideal I of A generated by a system of parameters, the

relation type of I is bounded above by s.

For rings of dimension 3 or more, see the very recent work of Aberbach,

Ghezzi and Hà [1].

5 A long-time known connection

The clear connection between the Artin-Rees lemma and the notion of relation

type, at least for the case of ideals of linear type, appeared explicitly in the follow-

ing two results. The first one is due to Huneke ([9]) and states that an ideal I such

that its extension I � J�J on the quotient ring A�J is generated by a d-sequence

verifies a certain Artin-Rees property.

Proposition 5.1 (see [9]) Let A be a commutative ring. If J is an ideal of A and I

is an ideal of A generated by a d-sequence modulo J, then for all integers n� 1,

In� J � In�1J�

The second one is due to Herzog, Simis and Vasconcelos ([8]) and is what

they called the “Artin-Rees lemma on the nose.” There, the hypothesis was on

both ideals I and I�J.
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Proposition 5.2 (see [8]) Let A be a commutative ring. If J � I are two ideals of

A such that I and I�J are ideals of linear type, then for all integers n� 1,

In� J � In�1J�

Much later, and already in the context of uniform properties, Lai proved in

[15] that the Relation Type Conjecture for the quotient ring of a Buchsbaum local

ring A by an ideal J is equivalent to the strong uniform Artin-Rees property for

the pair �J�A� and with respect to the set of ideals of A whose image in A�J is a

parameter ideal. Concretely:

Theorem 5.3 (see [15]) Let A be a Buchsbaum local ring and let J be an ideal

of A. Then the following are equivalent:

�i� The pair �J�A� has the strong uniform Artin-Rees property with respect to

the set of ideals of A whose image in A�J is a parameter ideal of A�J and

with strong uniform Artin-Rees number s.

�ii� The relation type of parameter ideals of A�J is uniformly bounded by s.

A similar result to this was proved by Wang in [41] where a bound for the

relation type of an ideal is deduced from a strong uniform Artin-Rees number.

Concretely:

Proposition 5.4 (see [41]) Let A be a noetherian local ring and let I be an ideal

of A generated by a regular sequence. If J is an ideal of A such that, for all

integers n� s, In� J � In�s�Is� J�, then rt�I � J�J�	 s.

And using this fact, he was able to prove that the strong uniform Artin-Rees

property cannot hold for the class of all ideals, even in a 3-dimensional regular

local ring, by displaying a family of ideals with unbounded relation type in a

2-dimensional regular local ring ([41]).

Example 5.5 (see [41]) Let k be a field and let A � k��X �Y�Z�� be the power series

ring in three variables. Let J � �Z� be the ideal of A generated by Z. For each

integer r� 1, consider the ideal Ir ��Xr�Y r�Xr�1Y �Zr� of A, which is generated

by a regular sequence. Clearly rt�Ir �J�J�� r. In particular, there does not exist

an integer s� 1 such that, for all integers n� s and for all integers r � 1,

In
r � J � In�s

r �Is
r � J��
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6 The exact sequence linking AR with RT

So far we have seen that the strong uniform Artin-Rees property holds for the

set of maximal ideals and the set of principal ideals; that the weak Artin-Rees

property holds for the whole set of ideals under some conditions on the base

ring; and that Artin-Rees theory and Relation Type are two linked subjects so

that questions on uniform Artin-Rees may be translated into questions on relation

type and vice versa, for instance, the Relation Type Conjecture or that the strong

uniform Artin-Rees property does not hold for the whole class of ideals of a ring.

Our next purpose now is to deepen on this link. In order to do that, we recall

some notations and properties beginning with the (module of effective) relations

of the Rees module of an ideal I with respect to a module M (see [25]).

If A is a commutative ring, we mean by a standard A-algebra a commutative

graded algebra U � 
n�0Un, with U0 � A and U generated by the elements of

degree 1. Two examples of standard algebras are the Rees algebra R �I� of an

ideal I of A, which is a standard A-algebra, and the associated graded ring G�I�

of I, which is a standard A�I-algebra. Let U� �
n�0Un be the irrelevant ideal of

U . If E �
n�0En is a graded U-module, let s�E��min�r� 1 �En � 0 for all n�

r�1�, which may possibly be infinite.

A standard U-module will be a graded U-module F �
n�0Fn such that Fn �

UnF0 for all n � 0. The Rees module R �I;M� � 
n�0InM of an ideal I of A

with respect to an A-module M is a standard R �I�-module and the associated

graded module G�I;M� �
n�0InM�In�1M of I with respect to an A-module M

is a standard G�I�-module.

Given F and G, two standard U-modules, and ϕ : G� F , a surjective graded

morphism of U-modules, let E�ϕ� denote the graded A-module

E�ϕ� � kerϕ�U�kerϕ � kerϕ0
 �
n�1kerϕn�U1kerϕn�1� �
n�0E�ϕ�n�

The next remark is a simple but very useful property, which will be decisive in

what follows: if ϕ : G � F , ψ : H � G are two surjective graded morphisms of

graded U-modules, then there exists a graded exact sequence of A-modules

E�ψ�� E�ϕÆψ�
ψ
� E�ϕ�� 0� (1)

In particular, s�E�ϕ�� 	 s�E�ϕÆψ��	max�s�E�ϕ���s�E�ψ��� (see [25, Lemma
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2.3]).

For a standard U-module F and γ : S�U1��F0
α�1
� U �F0 � F , where α :

S�U1��U is the canonical symmetric presentation of U and U �F0 � F is the

structural morphism, the module of effective n-relations of F is defined to be

E�F�n � E�γ�n � kerγn�U1kerγn�1 (where, for n � 0, E�F�n � 0). Put E�F� �


n�1E�F�n �
n�1E�γ�n � E�γ� � kerγ�S��U1�kerγ. The relation type of F is

defined to be rt�F� � s�E�F��; that is, rt�F� is the minimum integer r � 1 such

that the effective n-relations are zero for all n� r�1. Using the exact sequence

(1), it can be shown that the module of effective n-relations and the relation type

do not depend on the chosen symmetric presentation ([25]).

For an ideal I of A and an A-module M, the module of effective n-relations and

the relation type of I with respect to M are defined to be E�I;M�n � E�R �I;M��n

and rt�I;M� � rt�R �I;M�� (see also [8], page 106, and [34], page 41). Analo-

gously to what happens with the Castelnuovo regularity ([22]), with the symmet-

ric canonical presentations ([38]) and with further work on a-invariants ([36]), the

relation type of I with respect to M coincides with the relation type of G�I;M�

([25]).

Now, given an ideal I of A and two A-modules N �M, take the standard S�I�-
modules F � R �I;M�N�, G � R �I;M� and H � S�I��M. Consider the surjec-

tive graded morphisms of S�I�-modules ϕ : G� F defined by ϕn : Gn � InM �

InM�InM�N � InM �N�N � Fn and ψ : H � G induced by the natural graded

morphism α : S�I��R �I�. Since ψ is a symmetric presentation of G �R �I;M�,

E�ψ� � E�I;M� and s�E�ψ�� � rt�I;M�. Since ϕÆψ is a symmetric presentation

of F �R �I;M�N�, E�ϕÆψ��E�I;M�N� and s�E�ϕÆψ��� rt�I;M�N�. Finally,

it is clear that E�ϕ�n � InM�N�I�In�1M�N�, which coincides with the module

E�N�M;�I��n introduced in Section 1. In particular, s�E�ϕ�� � s�N�M;�I��. Us-

ing the exact sequence (1), we arrive at the desired exact sequence of A-modules

which links Artin-Rees theory with relation type (see [25]):

E�I;M�n � E�I;M�N�n � E�N�M;�I��n � 0� (2)

Evaluating the “function” s on (2), we obtain the inequalities:

s�N�M;�I��	 rt�I;M�N�	max�rt�I;M��s�N�M;�I���� (3)
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7 Uniform Relation Type

The purpose of this section is to prove the results of Section 5 using the inequal-

ities (3). Let us begin with the results of Huneke and of Herzog, Simis and

Vasconcelos.

Proof of Proposition 5.1 and Proposition 5.2: If I is of linear type modulo J

(for instance, if it is generated by a d-sequence modulo J), then rt�I � J�J� � 1.

From the first inequality in (3), s�J�A;�I�� 	 rt�I;A�J� � 1. In other words

In � J � In�1�I � J� for all n � 1. In particular, In � J � In�1J and, if J � I,

In� J � In�1J.

Remark that the hypothesis I being generated by a d-sequence modulo J has

been weakened to I being of linear type modulo J and that the hypothesis I being

of linear type is not needed. With respect to the result of Wang, we have the

following:

Proof of Proposition 5.4: If I is of linear type (for instance, if I is generated

by a regular sequence), rt�I;A� � 1. If In � J � In�s�Is � J� for all n � s, then

s�J�A;�I�� 	 s. From the second inequality in (3), we obtain that rt�I;A�J� 	

max�rt�I;A��s�J�A;�I���	 s. So rt�I � J�J�	 s.

Before giving a proof of the result of Lai, let us introduce the following useful

notation which is in some sense implicit in everything we have been doing before.

Given a commutative ring A and an A-module M, the uniform relation type

of M with respect to a set of ideals W of A is defined to be urt�M;W � �

sup�rt�I;M� � I � W �. If W is the set of all ideals of A, then the phrase “with

respect to W ” is deleted and we simply write urt�M�. Taking suprema in the key

inequalities (3), one has

s�N�M;W �	 urt�M�N;W �	max�urt�M;W ��s�N�M;W ��� (4)

In other words, one way to prove a strong uniform Artin-Rees property for a pair

�N�M� with respect to a set of ideals W consists in bounding above the uniform

relation type of the quotient M�N with respect to the same set of ideals.
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Now, we prove the result of Lai:

Proof of Theorem 5.3: Let V be the set of parameter ideals I of A such that

I �J�J is a parameter ideal of A�J and let W be the set of ideals I of A such that

I�J�J is a parameter ideal of A�J. Clearly V �W and s�J�A;V �	 s�J�A;W �.

If I � W , then, by prime avoidance, one can find an ideal K of A such that K is

generated by a system of parameters of A and K � J�J � I � J�J. In particular

rt�I � J�J� � rt�K � J�J� and urt�A�J;W � � urt�A�J;V �. On the other hand,

since A is a Buchsbaum local ring, wherein parameter ideals are generated by

d-sequences, urt�A;V � � 1. Using the inequalities (4), we obtain:

s�J�A;V �	 s�J�A;W �	 urt�A�J;W � � urt�A�J;V � and

urt�A�J;V �	max�urt�A;V ��s�J�A;V �� � s�J�A;V ��

Thus s�J�A;W � � urt�A�J;W �, proving the equivalence between the strong uni-

form Artin-Rees property for the pair �J�A� with respect to the set of parameter

ideals modulo J and the relation type conjecture for the ring A�J.

From now on we will focus our attention on bounding the Uniform Relation

Type.

8 Uniform Relation Type in dimension 1

Since the strong uniform Artin-Rees property cannot hold for the class of all

ideals, there will not be in general a uniform bound for the relation type of all

ideals of a ring. So the first question is to characterize which are the rings A where

urt�A� is finite. A particular case was solved by Costa in [5] where he proved that

for a commutative (not necessarily noetherian local) domain A, urt�A� � 1 is

equivalent to A being a Prüfer domain. And a little more generally, commutative

rings A with urt�A� � 1 are known to be the rings of weak dimension one or

less ([23]). In particular, for a notherian local ring A, urt�A� � 1 if and only if

A is a discrete valuation ring or a field. But if the intention is to characterize

just the finiteness of urt�A�, then the works of Cohen [4] and Sally [30], wherein

noetherian local rings with a uniform bound on the number of generators of all
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ideals are characterized as the rings of Krull dimension at most one, might be a

source of inspiration. And indeed, the following result goes in the same direction.

Theorem 8.1 (see [25]) Let A be an excellent ring. The following conditions are

equivalent:

�i� urt�M�� ∞ for all finitely generated A-modules M.

�ii� urt�A�� ∞.

�iii� There exists an integer s� 1 such that, for every three-generated ideal I of

A, the relation type of I is bounded by s.

�iv� dim A	 1.

In particular, and using the inequalities (4), we have the strong uniform Artin-

Rees property in codimension one.

Corollary 8.2 (see [25]) Let A be an excellent ring and let N �M be two finitely

generated A-modules such that dim�M�N�	 1. Then there exists an integer s� 1

such that, for all integers n� s and for all ideals I of A,

InM�N � In�s�IsM�N� �

With respect to the proof of Theorem 8.1, it is clear that �i�
 �ii�
 �iii�.

The proof of �iii�
 �iv� takes into account that in a 2-dimensional (or greater)

noetherian local ring �A���, there exist two�-independent elements x�y�A (see,

for instance, [37]). With these two elements, one can consider the family of ideals

of A defined by Ir � �xr�yr�xr�1y� (remark that, modulo J, it is the same family

considered by Wang in Example 5.5). Then, it can easily be checked that the

module of effective r-relations of Ir is generated by the class of the polynomial

T r�1
1 T2�T r

3 and that the relation type of Ir is exactly r. The proof of �iv�
 �i�

consists in reducing the problem to a 1-dimensional maximal Cohen-Macaulay

module. In this case, if I is an �-primary ideal, then the relation type of I with

respect to M is bounded above by e�A�, the multiplicity of A (see [25] for the

details). For instance, if A is a 1-dimensional noetherian local reduced ring, one

proves that urt�A�	 e�A��1. And if A is a domain, then urt�A�	 e�A� (see, for

instance, [25] and [31] for more examples).
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9 Uniform Relation Type with respect to maximal
ideals

Having in mind the strong uniform Artin-Rees property with respect to some sets

of ideals, it was shown in [26] that the uniform relation type with respect to the

set of all maximal ideals of an excellent ring is finite (see also [33] for another

proof).

Theorem 9.1 (see [33, 26]) Let A be an excellent ring and let M be a finitely

generated A-module. Then there exists an integer s� 1 such that, for all maximal

ideals � of A, the relation type of � with respect to M satisfies

rt��;M�	 s�

In particular, and using again the inequalities (4), one can recover Theorem

2.3 due to Duncan and O’Carroll.

Corollary 9.2 (see [6]) Let A be an excellent ring and let N �M be two finitely

generated A-modules. Then there exists an integer s� 1 such that, for all integers

n� s and for all maximal ideals � of A,

�
nM�N ��

n�s��sM�N��

The proof of Theorem 9.1 has three main steps. The first is a characteri-

zation of when the natural surjective morphism between the tensor product of

two associated graded rings with the associated graded ring of the sum is an

isomorphism, in terms of normal transversality (see also [39], pages 130 and fol-

lowing). Concretely, if I and J are two ideals of a noetherian ring A, it is shown

that G�I��G�J�� G�I � J� if and only if Tori�A�I p�A�Jq� � 0, for all integers

p�q� 1 and for the integers i � 1�2. In the second step, one proves that the rela-

tion type of the tensor product of two standard modules is bounded above by the

maximun of the relation type of each one, that is, rt�F�G�	max�rt�F�� rt�G��,

being F and G two standard modules. Then the third step is obtained from the

first two. In fact one deduces that if �A��� is a noetherian local ring, if M is a

finitely generated A-module and if � is a prime ideal such that A�� is regular local

and G��� and G��;M� are free A��-modules, then

rt���M�	 rt��;M��



188 F. Planas-Vilanova

To finish the whole proof, one constructs, by using an argument involving generic

flatness (see Theorem 22.A [16]), a cover of the spectrum of the ring A by finitely

many locally closed sets where the hypotheses of the third step are fulfilled.

10 Uniform Relation Type with respect to principal
ideals

Another set of ideals in which there is a known bound for the uniform relation

type is the set of principal ideals of a noetherian ring.

Theorem 10.1 (see [25]) Let A be an excellent ring and let M be a finitely gen-

erated A-module. Then there exists an integer s � 1 such that, for all element

x � A, the relation type of �x� with respect to M satisfies

rt��x�;M� 	 s�

And from inequalities (4), one can deduce Theorem 2.4 due to O’Carroll.

Corollary 10.2 (see [20]) Let A be a noetherian ring and let N � M be two

finitely generated A-modules. Then there exists an integer s � 1 such that, for

all integers n� s and for all elements x of A,

xnM�N � xn�s�xsM�N��

The proof of Theorem 10.1 is essentially the same as the one by O’Carroll in

his work ([20]). It consists in taking a minimal primary decomposition of 0 in M,

Q1� � � ��Qr � 0, and then realizing that rt��x�;M�	 s, for an integer s� 1 such

that every Qi contains rM�Qi�
sM.
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Introduction

The Castelnuovo-Mumford regularity is a very important invariant of graded

modules which arises naturally in the study of finite free resolutions. There have

been several results which establish bounds for the Castelnuovo-Mumford reg-

ularity of projective schemes in terms of numerical characters. Unfortunately,

193
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these invariants are often difficult to handle and the problem of finding good

bounds in terms of simpler invariants is a topic featured in much recent research.

The notion of regularity has been used by S. Kleiman in the construction of

bounded families of ideals or sheaves with given Hilbert polynomial, a crucial

point in the construction of a Hilbert or Picard scheme. In a related direction,

Kleiman proved that if I is an equidimensional reduced ideal in a polynomial

ring S over an algebraically closed field, then the coefficients of the Hilbert poly-

nomial of R � S�I can be bounded by the dimension and the multiplicity of R

(see [11, Corollary 6.11]). Srinivas and Trivedi proved that the corresponding

result does not hold for a local domain. However, they proved that there exist

a finite number of Hilbert functions for a local Cohen-Macaulay ring of given

multiplicity and dimension (see [19]). The proofs of the above results are very

difficult and involve deep results from algebraic geometry.

The aim of this paper is to introduce a unified approach which gives more

general results and easier proofs of the above mentioned results. This approach is

based on a classical result of Mumford on the behavior of the geometric regularity

by hyperplane sections in [14], which allows us to bound the regularity once there

is a bound for the size of certain component of the first local cohomology modules

or a uniform bound for the Hilbert polynomials. The finiteness of the Hilbert

functions then follows from the boundness of the regularity. More precisely,

we shall see that a class C of standard graded algebras has a finite number of

Hilbert functions if and only if there are upper bounds for the regularity and the

embedding dimension of the members of C .

In Section 1 we will prepare some preliminary facts on Castelnuovo-Mumford

regularity and related notions such as weak regularity and geometric regular-

ity. In Section 2 we will clarify the relationship between the boundedness of

Castelnuovo-regularity (resp. geometric regularity) and the finiteness of Hilbert

functions (resp. Hilbert polynomials). The main technique is the theory of

Gröbner basis.

In Section 3 we will show that the boundedness of the regularity of classes of

graded algebras with positive depth can be deduced from the boundedness of the

dimension of the zero-graded component of the first local cohomology modules.

As a consequence, Kleiman’s result follows from the well-known fact that for

equidimensional reduced schemes, the dimension of the first sheaf cohomology

module is equal to the number of the connected components minus one. We
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also give an example showing that Kleiman’s result does not hold if the graded

algebras are not equidimensional.

The local case is studied in Section 4. First we present a local version of

Mumford’s Theorem, which allows us to reduce the problem of bounding the

regularity of the tangent cone to the problem of bounding the Hilbert polynomial.

Such a bound for the Hilbert polynomials was already established in [17, 22].

From this we can easily deduce Srinivas and Trivedi’s result on the finiteness of

the Hilbert functions of Cohen-Macaulay local rings with given dimesion and

multiplicity. This approach can be used to prove the more general result that the

number of numerical functions which can arise as the Hilbert functions of local

rings with given dimension and extended degree is finite (see [16] for details).

1 Variations on Castelnuovo-Mumford regularity

Throughout this paper let S � k�x1� � � � �xr� be a polynomial ring over a field k� Let

M ��tMt be a finitely generated graded S-module and let

0� Fs �� �� � �� F1 �� F0 ��M � 0

be a minimal graded free resolution of M as S-module. Write bi for the maximum

of the degrees of the generators of Fi. Following [6], Section 20.5, we say that

M is m-regular for some integer m if b j � j � m for all j. The Castelnuovo-

Mumford regularity reg�M� of M is defined to be the least integer m for which M

is m-regular, that is,

reg�M� � max�bi� i� i � 0� � � � �s��

It is well known that M is m-regular if and only if ExtiS�M�S�n � 0 for all i and

all n � �m� i� 1 (see [7]). This result is hard to apply because in principle

infinitely many conditions must be checked. However, in some cases, it suffices

to check just a few. We say that M is weakly m-regular if ExtiS�M�S��m�i�1 � 0

for all i � 0. Due to a result of Mumford, if depthM � 0 and M is weakly m-

regular, then M is m-regular (see [6, 20.18]). From this we can easily deduce the

following result (see [16, Corollary 1.2]).
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Proposition 1.1 Let R � S�I be a standard graded algebra and m a non-negative

integer. If R is weakly m-regular, then R is m-regular.

Using local duality we can characterize these notions of regularity by means of

the local cohomology modules of M. Let ℑ denote the maximal graded ideal of

S and let M be a finitely generated graded S-module. For any integer i we denote

by Hi
ℑ�M� the i-th local cohomology module of M with respect to ℑ. By local

duality (see [6], A4.2) we have

Hi
ℑ�M�m

	� Extr�i
S �M�S��m�r

for all i and m. Thus, M is m-regular if and only if Hi
ℑ�M�n � 0 for all i and

n � m� i� 1, and M is weakly m-regular if and only if Hi
ℑ�M�m�i�1 � 0 for

all i. In particular, reg�M� is the least integer m for which Hi
ℑ�M�n � 0 for all

i and n � m� i� 1. Hence the Castelnuovo-Mumford regularity can be defined

for any finite S-module regardless of its presentation. For any integer i we set

ai�M� :� max�n� Hi
ℑ�M�n 
� 0�� where ai�M� ��∞ if Hi

ℑ�M� � 0. Then

reg�M� � max�ai�M�� i� i� 0��

A relevant remark is that the Castelnuovo-Mumford regularity controls the be-

havior of the Hilbert function. We recall that the Hilbert function of M is the

numerical function

hM�t� � dimk�Mt ��

The Hilbert polynomial pM�X� of M is the polynomial of degree d�1 such that

we have hM�t� � pM�t� for t � 0�

The Hilbert function hM�n� and the Hilbert polynomial pM�n� are related by

the formula hM�n� � pM�n� for n � reg�M�� This is a consequence of the Serre

formula which holds for every integer n:

hM�n�� pM�n� � ∑
i�0

��1�i dimk Hi
ℑ�M�n�

For a proof, see for example [3, Theorem 4.4.3].

Inspired by the notion of regularity for sheaves on projective spaces, it is

natural to introduce the following weaker notion of regularity. We say that M is

geometrically m-regular if Hi
ℑ�M�n � 0 for all i � 0 and n � m� i� 1, and we
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define the geometric regularity g-reg�M� of M to be the least integer m for which

M is geometrically m-regular. It is clear that

g-reg�M� � max�ai�M�� i� i � 0��

Hence we always have

g-reg�M� � reg�M�H0
ℑ�M�� � reg�M��

In particular, reg�M� � g-reg�M� if depthM � 0. For a standard graded algebra

R � S�I� a theorem of Gotzmann gives an upper bound for the geometric regu-

larity in terms of an integer which can be computed from the Hilbert polynomial

of R�

Theorem 1.2 (see [9]) Assume that

pR�n� �

�
n�a1

a1

�
�

�
n�a2�1

a2

�
� � � ��

�
n�as� �s�1�

as

�

with a1 � a2 � �� � � as � 0� Then

g-reg�R� � reg�S�Isat�� s�1�

For example, if R has dimension 1 and multiplicity e, then its Hilbert polyno-

mial is

pR�n� � e �

�
n
0

�
�

�
n�1

0

�
� � � ��

�
n� �e�1�

0

�

so that g-reg�R� � e� 1� In particular, if R is Cohen-Macaulay of dimension 1

and multiplicity e, then reg�R�� e�1�

Unlike the regularity, the geometric regularity does not behave well under

generic hyperplane sections. Consider for example the ring R � k�x�y�z���x2�xy�.

Then g-reg�R� � reg�R� � 1 while g-reg�R�zR�� 0� reg�R�zR�� 1� However the

following result of Mumford (see [14, page 101, Theorem]) gives us the possibil-

ity to control this behavior. It will be the basic result for our further investigation

on the Castelnuovo-Mumford regularity of a standard graded algebra R� A ring

theoretic proof can be found in [16, Theorem 1.4].

Theorem 1.3 Let R � S�I be a standard graded algebra and z � R1 a regular

linear form in R� If g-reg�R�zR�� m� then
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�a� for every s� m�1,

dimk H1
ℑ�R�m � dimk H1

ℑ�R�s �
s

∑
j�m�1

dimk H0
ℑ�R�zR� j�

�b� reg�R�� m�dimk H1
ℑ�R�m�

�c� dimk H1
ℑ�R�t � pR�t��hR�t� for every t � m�1.

2 Finiteness of Hilbert functions

The aim of this section is to clarify how the finiteness of Hilbert functions for a

given class of standard graded algebras is related to the Castelnuovo-Mumford

regularity of the members of the class. In the following we let R � S�I where

S � k�x1� � � � �xr� is a polynomial ring over an infinite field k of any characteristic

and I a homogeneous ideal of S� We will denote by embdim�R� its embedding

dimension, that is hR�1�� It is well known that

hS�I�t� � hS�in�I��t�

for all t � 0 where in�I� denotes the initial ideal of I with respect to some term

order. Therefore, we can go on to our study to Hilbert function of factor rings by

initial ideal.

On the other hand, we have the following basic result of Bayer and Stillman

on the behavior of the regularity when passing to initial ideals.

Proposition 2.1 (see [1]) Let R � S�I be a standard graded algebra. Then

reg�R� � reg�S�gin�I���

where gin�I� is the generic initial ideal of I with respect to the reverse lexico-

graphic order.

Moreover, it follows from a result of Bigatti and Hulett (for char�k� � 0)

and of Pardue (for char�k� � 0) that among all the ideals with the same Hilbert

functions, the lex-segment ideal has the largest regularity. Recall that the lex-

segment ideal Lex�I� of I is the monomial ideal which is generated in every

degree t by the first hI�t� monomials in the lexicographical order.
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Proposition 2.2 (see [2, 10, 15]) Let R� S�I be a standard graded algebra. Then

reg�R�� reg�S�Lex�I���

In the following we will employ the following notations. Let C be a class of

standard graded algebras. We say:


 C is HF-finite if the number of numerical functions which arise as the

Hilbert functions of R � C is finite,


 C is HP-finite if the number of polynomials which arise as the Hilbert

polynomials of R � C is finite,


 C is reg-bounded if there exists an integer t such that reg�R� � t for all

R � C ,


 C is g-reg-bounded if there exists an integer t such that g-reg�R�� t for all

R � C ,


 C is embdim-bounded if there exists an integer t such that embdim�R�� t

for all R � C .

Moreover, we will denote by C the class of graded algebras of the form R̄ :�

R�H0
ℑ�R� for R � C � Note that

hR�t� � hR̄�t�

for t � 0 and that

g-reg�R� � g-reg�R̄� � reg�R̄��

Then C is HP-finite if and only if C is HP-finite and C is g-reg-bounded if and

only if C is reg-bounded.

Theorem 2.3 Let C be a class of standard graded algebras. Then

(a) C is HF-finite if and only if C is reg-bounded and embdim-bounded,

(b) C is HP-finite if and only if C is g-reg-bounded and C is embdim-bounded.
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Proof: We may assume that the base field is infinite by tensoring it with a tran-

scendental extension.

(a) If C is HF-finite, then C is embdim-bounded. By Proposition 2.2, for

every S�I � C we have reg�S�I�� reg�S�Lex�I��� Since there is a finite number

of possible Hilbert functions for S�I, there is also a finite number of lex-segment

ideals for I, so that C is reg-bounded by Proposition 2.2. Conversely, assume C
is reg-bounded and embdim-bounded. By Proposition 2.1, for all R � S�I � C
we have

reg�S�I� � reg�S�gin�I��� D�1�

where D is the maximum degree of the monomials in the standard set of gen-

erators of gin�I�� Since the embedding dimension is bounded, the number of

monomials of degree smaller than or equal to D in S is finite. Thus, there is only

a finite number of possibilities for gin�I� and hence also for the Hilbert functions

of S�I because hS�I�t� � hS�gin�I��t�.

(b) By Theorem 1.2 we have g-reg�S�I�� s�1 where the integer s depends

only on the Hilbert polynomial of S�I� Therefore, if C is HP-finite, then C is

g-reg-bounded. As remarked above, C is reg-bounded. Furthermore, for every

R� C we have hR�1�� hR�n� � pR�n� for n � reg�R�� Since C is HP-finite, there

is only a finite number of Hilbert polynomials pR�n�. Let t � max�pR�n��n �

reg�R��R � C�. Then hR�1� � t for all R � C . Hence C is embdim-bounded.

Conversely, if C is g-reg-bounded, then C is reg-bounded. If moreover C is

embdim-bounded, then C is HF-finite by (a). This implies that C is HP-finite.

Corollary 2.4 Let C be a class of standard graded algebras. Then C is HP-finite

if and only if C is HF-finite.

The following example shows that C being embdim-bounded does not imply

C is embdim-bounded. Let C be the class of algebras of the form

Rn � k�x1� ����xn���x
2
1� ����x

2
n�1�x1xn� ����xn�1xn�

for n � 0. Then Rn
	� k�xn�� Hence C is embdim-bounded while C is not because

embdimRn � n�
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3 Reg-bounded algebras and Kleiman’s Theorem

The aim of this section is to present a relevant class of algebras which are reg-

bounded and HF-finite. As an application, we give a proof of a theorem of

Kleiman (see [11, Corollary 6.11]), which says that the class of graded reduced

and equidimensional algebras with given multiplicity and dimension is reg-boun-

ded and HF-finite. The main tool is the aforementioned result of Mumford (Theo-

rem 1.3). For every integer p� 1 we define recursively the following polynomials

Fp�X� with rational coefficients. We let

F1�X� :� X

and, if p� 2� then we let

Fp�X� :� Fp�1�X��X

�
Fp�1�X�� p�1

p�1

�
�

Theorem 3.1 Let C be a class of standard graded algebras with the following

properties:

1. depth�R�� 0 for every R � C ,

2. for every R� C with dimR� 2� there exists some regular linear form x � R

such that R��x�sat � C ,

3. there exists an integer t such that dimk H1
ℑ�R�0 � t for every R � C �

Then for every R � C with d � dimR we have

reg�R�� Fd�t��

The problem of finding the complexity of the regularity bound would be in-

teresting. Explicit bounds can be found in [16].

We need the following observation for the proof of the above theorem.

Lemma 3.2 Let C be a class of standard graded algebras as in the above theo-

rem. Then for all j � 0 and for all R � C we have

dimk H1
ℑ�R� j � t

�
j�d�1

d�1

�
�
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Proof: If j � 0, the conclusion holds by the assumption. If d � 1, then R is a

one-dimensional standard graded algebra of positive depth. Hence H0
ℑ�R� � 0 so

that by Serre formula we get for every j,

dimk H1
ℑ�R� j � pR� j��hR� j� � e�hR� j��

where e denotes the multiplicity of R� In particular, if R � C and j � 0� we have

dimk H1
ℑ�R� j � e�hR� j� � e�1 � dimk H1

ℑ�R�0 � t�

Hence the conclusion holds for every R � C of dimension 1.

Now let j � 1 and R � C of dimension d � 2. We may identify R with the

graded flat extension R� of Theorem 3.1 (2). Then there exists a regular element

x � R1 such that B � R��x�sat � C � It is clear that Hi�R�xR� � Hi�B� for every

i � 0� From the short exact sequence

0� R��1�
x
�� R�� R�xR� 0

we get for every j an exact sequence

� � � �� H1
ℑ�R� j�1 �� H1

ℑ�R� j �� H1
ℑ�R�xR� j �� �� � �

Hence

dimk H1
ℑ�R� j � dimk H1

ℑ�R� j�1�dimk H1
ℑ�R�xR� j � dimk H1

ℑ�R� j�1�dimk H1
ℑ�B� j�

Since dimB � d�1� we can use the inductive assumption and we get

dimk H1
ℑ�R� j � t

�
j�d�2

d�1

�
� t

�
j�d�2

d�2

�
� t

�
j�d�1

d�1

�
�

Proof of Theorem 3.1: If R� C is one-dimensional, then R is Cohen-Macaulay.

Using Theorem 1.2 and the proof of Lemma 3.2 we have

reg�R� � g-reg�R�� e�1 � dimk H1
ℑ�R�0 � t � F1�t��

If R � C is of dimension d � 2, we replace R by the graded flat extension R� of

(2). Then there exists a regular element x � R1 such that B � R��x�sat � C � We

have depth�B�� 1 and if we let m :� reg�B�� then

m � g-reg�B� � g-reg�R�xR��
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By Theorem 1.3 and Lemma 3.2, this implies

reg�R�� m�dimk H1
ℑ�R�m � m� t

�
m�d�1

d�1

�
�

Since dimB � d�1� by induction we have m� Fd�1�t�� Thus,

reg�R�� Fd�1�t�� t

�
Fd�1�t��d�1

d�1

�
� Fd�t��

We want to apply now the above result to the class C of reduced equidi-

mensional graded algebras with given multiplicity e and dimension d � 1. It is

clear that every R � C has positive depth. Moreover, we have the following easy

lemma.

Lemma 3.3 If R is a reduced equidimensional graded algebra over an alge-

braically closed field with multiplicity e, then dimk H1
ℑ�R�0 � e�1�

Proof: If dimR � 1, then R is Cohen-Macaulay and, as above, dimk H1
ℑ�R�0 �

e�1� If dimR� 2, then dimk H1
ℑ�R�0 � N�1 where N is the number of the con-

nected components of the corresponding scheme [13, Theorem 1.2.6 (b)]. Since

N � e, we get dimk H1
ℑ�R�0 � e�1�

We can prove now that Kleiman’s result is a particular case of our theorem.

Theorem 3.4 (see [11, Corollary 6.11]) Let C be the class of reduced equidi-

mensional graded algebras over an algebraically closed field with given multi-

plicity e and dimension � d, d � 1� Then C is HF-finite.

Proof: By Bertini theorem [8, Corollary 3.4.14], if dimR � 2, there exists a

regular linear form x � R such that R��x�sat is a reduced equidimensional al-

gebra with dimR��x�sat � dimR� 1. Therefore, we may apply Theorem 3.1

and Lemma 3.3 to get reg�R� � Fd�e� 1� for every R in the class C � So C is

reg-bounded. Now we need only to prove that C is embdim-bounded since by

Theorem 2.1 (a), these conditions will imply that C is finite. Let R � C be arbi-

trary. Write R � S�I where S is a polynomial ring over an algebraically closed

field and I �
�r

i�1 �i is an intersection of equidimensional ideals �i. It is obvious
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that embdimR � ∑r
i�1 embdimS��i and r � e. On the other hand, we know that

embdimS��i � ei �d�1, where ei is the multiplicity of S��i. Therefore,

embdimR�
r

∑
i�1

ei �d�1 � e� r�d�1�� ed�

Theorem 3.1 does not hold if we delete the assumption that every element of

the class is reduced. Take for example the class C of the graded algebras

Rn :� k�x�y�z� t���y2�xy�x2�xzn� ytn� �n� 1��

Note that �y2�xy�x2�xzn � ytn� is a primary ideal. We have dim�Rn� � 2 and

e�Rr� � 2. The minimal free resolution of Rr over S � k�x�y�z� t� is given by

0� S��n�3�� S��3�2�S��n�2�2� S��2�3�S��n�1�� S� Rn � 0�

Hence reg�Rn� � n. Therefore, C is not reg-bounded and hence not HF-finite.

Theorem 3.1 does not hold if we consider reduced graded algebras which are

not necessarily equidimensional. Let us consider the class of standard graded

algebras

Rn :� k�x�y�z1� � � � �zr���x�� �y� fn�

where fn � k�z1� � � � �zr� is an irreducible form of degree n� We have dimRn �

r�1� e�Rn� � 1, but reg�Rn� � n�

Remark 3.5 The same arguments (almost word by word) can be used to prove

that the class of reduced graded algebras over an algebraically closed field with

given arithmetic degree and dimension is HF-finite.

4 The local version of Mumford’s Theorem

Let �A��� be a local ring of dimension d and multiplicity e. Let

G � gr
�
�A� ��n�0��

n��n�1�
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be the associated graded ring of A. The Hilbert function and the Hilbert poly-

nomial of A are by definition the Hilbert function and the Hilbert polynomial

of the standard graded algebra G, namely hA�t� :� hG�t� � λ��t��t�1� and

pA�t� :� pG�t�. We will need also the first iterated of these functions and poly-

nomials. So we let

h1
A�t� :� h1

G�t� �
t

∑
j�0

hG� j� � λ�A��t�1�

and we denote by p1
G�t� the corresponding polynomial, that is, the polynomial

which verifies the equality h1
G�t� � p1

G�t� for t � 0� Let x be a superficial element

in � and let

Ḡ :� gr
��xA�A�xA�

be the associated graded ring of the local ring A�xA� Let x� � x � ����2� be the

initial form of x in G� We can consider the standard graded algebra G�x�G and

compare it with G. These two algebras are not the same, unless x� is a regular

element in G, but they have the same geometric regularity, namely

g-reg�G�x�G� � g-reg�Ḡ��

This has been proved in [16, Lemma 2.2]. If A has positive depth, then it is well

known that x is a regular element in A and furthermore

pG�t� � p1
G�t��

In that case, one can prove (see [16, Lemma 3.2]) that reg�G� � g-reg�G� (even

when G does not necessarily have positive depth). With the above notations we

present now a local version of Mumford’s Theorem 1.3.

Theorem 4.1 Let �A��� be a local ring of dimension d � 2 and positive depth.

Let x be a superficial element in � and m :� reg�G�. Then

reg�G�� m�h1
G�m��

Proof: We have

m � reg�G�� g-reg�G� � g-reg�G�x�G� � g-reg�G��H0
G��G�� x�G���
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where the last equality follows because �H0
G�

�G�� x�G��x�G� has finite length

in G�x�G� Now we remark that x� is a regular element in G�H0
G�

�G�� hence, by

using Mumford’s theorem, we get

reg�G� � g-reg�G� � g-reg�G��H0
G��G��� m� pG�H0

G�
�G��m�

� m� pG�m� � m� p1
G�m� � m�h1

G�m�

where the equality p1
G
�m� � h1

G
�m� is a consequence of the fact that m � reg�G��

Using this local version of Mumford’s theorem we can easily deduce the

result of Srinivas and Trivedi which says that the number of Hilbert functions

of Cohen-Macaulay local rings with fixed dimension and multiplicity is finite

(see [19]). For that we need the following inequality proved in [17] and [22].

Proposition 4.2 Let �A��� be a local ring of dimension d � 1 and J an ideal

generated by a system of parameters in �� Then

HA�n�� ��A�J�

�
n�d�2

d�1

�
�

�
n�d�2

d�2

�
�

If A is a d-dimensional Cohen-Macaulay ring of multiplicity e, then from the

above proposition we immediately get the inequality

HA�n�� e

�
n�d�2

d�1

�
�

�
n�d�2

d�2

�
�

For every d � 1 we define recursively the following polynomials Qd�X� with

rational coefficients. We let

Q1�X� :� X �1

and, if d � 2� then we let

Qd�X� :� Qd�1�X��X

�
Qd�1�X��d�2

d�1

�
�

�
Qd�1�X��d�2

d�2

�
�

Theorem 4.3 Let �A��� be a Cohen-Macaulay local ring of dimension d � 1

and multiplicity e� Then

reg�G�� Qd�e��
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Proof: If d � 1, then reg�G� � e� 1 � Q1�e�� Let d � 2 and x be a superficial

element in �. Then A�xA is a Cohen-Macaulay local ring of dimension d�1 and

multiplicity e. By Proposition 4.2 we get

H1
G�n�� e

�
n�d�2

d�1

�
�

�
n�d�2

d�2

�
�

By Theorem 4.1 it follows that, if m � reg�G�� then

reg�G�� m�h1
G�m�� m� e

�
m�d�2

d�1

�
�

�
m�d�2

d�2

�
�

By induction we have m � Qd�1�e�� so that

reg�G�� Qd�1�e�� e

�
Qd�1�e��d�2

d�1

�
�

�
Qd�1�e��d�2

d�2

�
� Qd�e��

Corollary 4.4 The number of numerical functions which can arise as the Hilbert

functions of Cohen-Macaulay local rings with given dimension and multiplicity

is finite.

Proof: By a classical result of Abhyankar we have v���� e�d�1, where v���

is the embedding dimension of G. Now we need only to apply Proposition 2.3

and the above theorem.

The analogous of Kleiman result does not hold in the local case. Srinivas

and Trivedi gave the following example showing that classes of local domains of

fixed dimension and multiplicity need not be HF-finite. Let

Ar :� k��x�y�z� t����zrtr� xy�x3� z2ry�y3� t2rx�x2tr� y2zr��

It is easy to see that Ar is a local domain and the associated graded ring of Ar is

the standard graded algebra

Gr � k�x�y�z� t���xy�x3�y3�x2tr� y2zr��

We have reg�Gr� � r�1 and

HAr�n� �

�
5n�1 for n� r�
4n� r for n � r�
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Finally, we remark that the above approach can be used to prove that the number

of numerical functions which can arise as the Hilbert functions of local rings

with given dimension and extended degree is finite. Note that extended degree

coincides with the usual multiplicity for Cohen-Macaulay local rings. We refer to

[16] for details. Furthermore, one can prove similar results for Hilbert functions

of finitely generated modules over local rings with respect to �-primary ideals

(see [20, 21, 12]).
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1 Introduction

The original goal of this paper was to translate the classical results of Saito ([7])

on logarithmic vector fields to the polynomial case and subsequently prove them

anew by pure ring theory. As it turned out, the project landed on very basic

module theory. Moreover, by just going slightly more nonsensical one found a

general frame for other questions as well. This explains why parts of the present

version look so far apart from the original purpose, for which we expect the

reader’s indulgence.

Going polynomial in Saito’s theory means primevally to replace the ring of

germs of analytical functions by a polynomial ring over a field. Thus, Saito’s

definition of a free divisor ought to be transcribed in terms of a certain module

being locally free (i.e., projective) rather than free. If this transcription had been

made years ago, then it would naturally stand at that. However, we are now

aware for quite some time that projective modules over a polynomial ring over

211
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a field are in fact (globally) free. Therefore, to update the theory we decided on

a definition in which the module is globally free. Of course, logically it does

not matter whether one takes it to be projective or free. From the viewpoint of

actually writing down a free basis the situation becomes more challenging than in

Saito’s local context, since the module makes its début with rather many “natural”

generators. To get a free basis, one might resort to the classical theorems of

Eisenbud-Evans on generating modules efficiently. Luckily, the subjacent theory

makes life a bit easier.

We intentionally stayed away from hastily transcribing those analytical meth-

ods depending on analytical transformations — such as the theory of local quasi-

homogenous divisors. Of course a transcription is not at all impossible and we

would expect some more-versed people to take it up.

Among other things we realized that free divisors which are not smooth can

be characterized as those having a codimension two perfect Jacobian ideal (i.e.,

both the equation of the divisor and its partial derivatives are the maximal minors

of a Hilbert-Burch matrix). That may help explain why non-smooth free divisors

are rather rare in some sense. After this paper was ready for submission, we

found that this had previously been shown by H. Terao in the differential context.

We decided to keep our result in the paper for the sake of completeness.

We also transcribed a recent notion established by the “school of Seville,” that

of a Koszul free divisor. The notion allows for an encore of the (now classical)

theory of Cohen-Macaulay symmetric algebras and ideals of linear type. These

“old” concepts as applied to the Jacobian ideal of a polynomial may be of re-

newed interest. Moreover, they provide a fairly simple computational framework

to test whether a given free divisor is Koszul free, which may also have some

interest.

As to the content of the paper, we divided the presentation into three sections.

In the first section we focus on some basic module theory which yields a

general framework, thus providing some general exact sequences that apply in

the context and may be of further use in different problems.

In the second section we make the appropriate transcription of the theory

of free divisors. At the beginning of the section we also establish other exact

sequences tagged to the Jacobian matrix that may be useful in other contexts.

The last section is a short pointer to a curious aspect of the theory, namely,

that of classifying free and Koszul free divisors that are irreducible and homoge-
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neous. To our knowledge this has yet not been considered in depth, while it may

lead to interesting geometric considerations.

2 Basic module theory

Let R be a commutative ring. Recall that the concept of quotient I : I� of two

ideals I� I� of R can be extended to the case of submodules E�E � of a module F ,

by setting E : E � � �h � EndR�F� �h�E ��� E�. As in the case of ideals, we omit

the colon subscript EndR�F� and, when E � is a cyclic module generated by the

element z, we simplify the notation by writing simply E : z.

Given a map G
ϕ
�� F of finitely generated R-modules, with F free, let there

be given an ideal � � R and consider the composition ϕ��� of ϕ and the canon-

ical map F � F��F . The following easy result is nearly a tautology but it is

surprisingly useful.

Lemma 2.1 Suppose that rankF � m and fix a basis �ε1� � � � �εm� of F. Let there

be given an element z � F and let � be the ideal generated by its coordinates in

the fixed basis (the “content ideal” of z). Then there is an R-module isomorphism

kerϕ��kerϕ� �Im�ϕ� : z���0: z��

Proof: If y� kerϕ��� then ϕ�y���F , so there are elements b jk �R�1� j�k�m�

such that ϕ�y� � ∑ j�k b jka jεk, where �a1� � � � �am� are the coordinates of z in the

fixed basis. Thinking of the matrix �b jk� as an element h � EndR�F� this means

that h� Im�ϕ� : z. Clearly, the class of h modulo �0: z� is uniquely defined, hence

a well defined map kerϕ��� � �Im�ϕ� : z���0: z� which is an R-homomorphism.

By construction the map is surjective and its kernel is kerϕ.

The above lemma is a general template for different situations (cf. Proposi-

tion 3.1). In its simplest form, namely, when G is also free and rankF � 1, it

gives part of the next proposition — of course, the proof of the latter could be

given directly. Below we will take F � R with its natural basis �1�. Moreover

we focus on the special case where � � �z� and z is a regular element of R. In

this case, we will shorten ϕ�� f �� (resp. Z�� f ��) to ϕ� f � (resp. Z� f �).
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Proposition 2.2 Let R be a Noetherian commutative ring, let f � R be a regular

element and let ϕ : G� R be an R-homomorphism, with G a free module of finite

rank. Set I � Im�ϕ�, Z � kerϕ and Z� f � � kerϕ� f �.

(i) There are exact sequences of R-modules

0� Z � Z� f � � I : � f �� 0� (1)

and of R�� f �-modules

0� Z� f Z � Z� f �� f G�
I : � f �

I
� 0� (2)

(ii) If ψ : � ϕ	 f : G	R�� �I� f � then Z� f � � ker�ψ� and Z� f � is reflexive.

Proof: (i) The first exact sequence follows immediately from Lemma 2.1 with

z � f . The second exact sequence follows from the first. Indeed, since we have

that ker�Z� f Z � Zf � f G� � �Z
 f G�� f Z and f is a regular element in R, it fol-

lows easily that ker�Z� f Z� Zf � f G� � 0. On the other hand, the homomorphism

Z� f � � I : � f � maps an element � � Z� f � to b � I, where ϕ��� � b f . In particular,

if �� f e � f G� Z� f �, with e � G, then ϕ��� � ϕ�e� f , hence � is mapped to ϕ�e�.
Therefore, the restriction to f G maps onto I. This explains the second exact

sequence.

(ii) Let �Z� f � � ker�ψ�. It is easy to see that, since f is a regular element,

projection of G	R onto the first summand induces a bijection of �Z� f � onto Z� f �.

Since f is a regular element, the ideal �I� f � has grade at least one, hence it

has a well defined rank (one) as an R-module. Therefore, �Z� f � being a first syzygy

of such a module, it too has a well defined rank. But a finitely generated second

syzygy with this property is reflexive.

Corollary 2.3 With the notation of Proposition 2.2 one has:

(a) If f � I then Z� f � � Z	R.

(b) Suppose that projective R-modules of finite rank are free. If the ideal �I� f �

is proper and has grade at least two then Z� f � is a free module if and only

�I� f � is a codimension two perfect ideal.



Differential idealizers and algebraic free divisors 215

Proof: (a) The first assertion is obvious since R is free. Note, for future reference,

that a splitting map ρ will map 1 to a vector � such that ϕ��� � f .

(b) If Z� f � is free then �I� f � has projective dimension one, hence it must be

a codimension two perfect ideal because it has grade at least two. Conversely,

if �I� f � is a codimension two perfect ideal then it has projective dimension one.

Since Z� f � is a first syzygy thereof, it must be a projective module (of finite rank)

by a well known device, hence it is free.

For the next result we denote HomR�E�R� � E�, where E is an R-module.

Proposition 2.4 Keeping the previous notation, set moreover J � �I� f �.

(i) If gradeJ � 2, there is an exact sequence of R-modules

0� �G�	R�
�

�ϕ� f �R �� �Z� f ��
� �� Ext2R�R�J�R�� 0� (3)

where we identify J� � R.

(ii) If R is a domain and � f � fi� is a regular sequence for every 1� i� n, then

there is an exact sequence of R-modules

0� G��
1
f

ϕ �R � �Z� f ��
� �� Ext2R�R�J�R�� 0�

Proof: (i) This follows by applying Hom� �R� to the exact sequence obtained

from identifying Z� f � with ker�G	R � J� as in Proposition 2.2 (ii), and using

that gradeJ � 2.

(ii) Consider the R-module map η : G�	R �� S�1G� (module of fractions

with respect to the set of powers of f ), where η restricted to G� is the natural

localization map and η��0�1�� �� 1
f ϕ. Let �e1� � � � �en� denote a basis of G such

that ϕ�ei� � fi and let �e�1� � � � �e
�
n� denote its dual basis. Then ϕ � ∑i fie�i . Writ-

ing up the condition for an element of the form ∑i gie�i � g 1
f ∑i fie�i to be zero

in G�

f and using the hypothesis on the pairs fi� f it is straightforward to see that

ker�η� � �ϕ� f �R. This shows that �G�	R���ϕ� f �R� G�� 1
f ϕ �R. Now apply

the previous exact sequence.
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Corollary 2.5 Assuming the conditions of Proposition 2.4 (ii), the following

conditions are equivalent:

(a) gradeJ � 3.

(b) �Z� f ��
� � G�� 1

f ϕ �R.

(c) G�� 1
f ϕ �R is a reflexive module.

(d) There is a natural exact sequence 0� G� �� �Z� f ��
� �� R�� f �� 0.

Furthermore, if one (any) of these conditions holds, then �Z� f ��
� is generated by

n�1 elements and has projective dimension at most one.

Proof: To see the stated equivalences, note that the 0th Fitting ideal of �G�	

R���ϕ� f �R is J. Therefore, this module is reflexive if and only if gradeJ � 3.

(a) 
 (b) If gradeJ � 3 then Ext2R�R�J�R� � 0, hence �Z� f ��
� � G�� 1

f ϕ �R
by the exact sequence of Proposition 2.4 (ii).

(b)
 (c) This is obvious since �Z� f ��
� is reflexive.

(c) 
 (d) As remarked above, if G�� 1
f ϕ �R is a reflexive module then its

0th Fitting J has grade at least three. Therefore, Ext2R�R�J�R� � 0. But, taking

duals in the natural exact sequence 0� � f ��� J �� J�� f �� 0 yields an exact

sequence 0�R�� f ���Ext1R�J�� f ��R���Ext1R�J�R��Ext2R�R�J�R�� 0. On

the other hand, taking duals in the exact sequence 0� Z� f � ��G�� J�� f �� 0

yields an exact sequence

0� G� �� �Z� f ��
� �� Ext1R�J�� f ��R�� 0�

Therefore, we get an exact sequence as required.

(d) 
 (a) Since all maps are natural, the reverse argument to the one in the

previous implication yields the vanishing of Ext2R�R�J�R�. Since we are assum-

ing that gradeJ � 2 then it must be the case that gradeJ � 3.

The last statement of the proposition follows immediately from the exact se-

quence (3) or from condition (d).

3 Differential idealizers

In this section we apply the previous results to a basic differential situation.
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3.1 The basic exact sequence of the differential idealizer

Fix a perfect field k of high enough characteristic and let R denote a polynomial

ring over k in n � 1 indeterminates. (Presumably most of the present material

could be discussed, without substantial change, over a regular domain essentially

of finite type over k.)

We consider the module Ω�R� � Ω�R�k� of k-differentials of R, which is a

free R-module, and its R-dual, the module Der�R� � Derk�R� of k-derivations of

R.

For a nonzero ideal I � R, define DerI�R� : � �δ � Der�R� �δ�I� � I� � where

δ�I� means of course that we apply δ to every element of I. This is called the

differential idealizer of I. Clearly, DerI�R� is an R-submodule of Der�R�, hence

it is torsion free. It is immediately seen to have rank n � dimR as it contains the

rank n submodule IDer�R�.

Let �dx1� � � � �dxn� be the free basis of Ω�R�k� induced by the universal deriva-

tion d : R � Ω�R�k� and let � ∂
∂x1

� � � � � ∂
∂xn
� denote the dual basis to it, a basis of

Der�R�. Then

DerI�R� �

�
n

∑
i�1

gi
∂

∂xi
� Der�R�

��� n

∑
i�1

gi
∂ f
∂xi

� I� � f � I

�
� (4)

The module DerI�R� admits important submodules, that is, for any choice of

a set of generators f � � f1� � � � � fm� of I, one defines

Derf�R�
0 �

�
n

∑
i�1

gi
∂

∂xi
� Der�R�

��� n

∑
i�1

gi
∂ f j

∂xi
� 0� 1� j � m

�
�

In order to describe these modules in more detail, let us fix a set of gener-

ators f � � f1� � � � � fm� of I and consider the Jacobian matrix Θ � Θ�f� of these

generators. Denote by the same symbol the associated R-module homomorphism

Der�R�� Rm with respect to the canonical basis �ε1� � � � �εm� of Rm and the dual

basis � ∂
∂x1

� � � � � ∂
∂xn
� of Der�R�. In terms of this choice, we can translate the two

modules as Derf�R�0 � ker�Θ� � DerI�R� � ker�Θ�, where Θ is the compos-

ite map of Θ and the natural surjection Rm
� �R�I�m. The first of these is a

well-known module, namely, the first syzygy of the so-called Jacobian module

Im�Θ�f�� of f, which will be denoted Z�Θ�.

The Jacobian content module of f is the R-module Im�Θ� : ft , where ft �

f1ε1 � � � �� fmεm. Let Z�f� denote the first syzygy module of f. Write Z�f��m �
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Z�f�	�� �	Z�f� (m-times) viewed as an R-submodule of EndR�Rm�� Rm	�� �	

Rm.

Proposition 3.1 There is an exact sequence of R-modules

0�� Z�Θ�� DerI�R��
Im�Θ� : ft

Z�f��m � 0� (5)

and an exact sequence of R�I-modules

0��
Z�Θ�� IDerk�R�

IDerk�R�
� Derk�R�I��

Im�Θ� : ft

I Im�Θ� : ft � 0� (6)

Proof: The first sequence follows immediately from Lemma 2.1 with ϕ � Θ�f�,
z � ft and �� I. The second exact sequence follows from the first one by taking

DerI�R� and Z�Θ� modulo IDerk�R�.

It may be an interesting problem to understand the right-most modules in the

above exact sequences in the case where m� n, e.g., when the ideal I is generated

by a regular sequence. If the ideal is principal, we give an answer below. For a

homogeneous isolated complete intersection singularity, it would be interesting

to check whether the right-most module of the second exact sequence is cyclic as

a positive answer would imply a result of Kersken ([6], also [13]).

3.2 Algebraic version of Saito’s logarithmic vector fields

We proceed to prove some algebraic analogues of Saito’s results in [7].

As above, R is a ring of polynomials in n indeterminates over a perfect field

k of high enough characteristic. Let f � R be nonzero, I � � ∂ f
∂x1

� � � � � ∂ f
∂xn

� (the

critical ideal or gradient ideal of f ) and J � �I� f � (the Jacobian ideal of f ).

We denote Der f �R� � Z� f � and Ω f �R� � �Z� f ��
�. The first module of syzygies of

∂ f
∂x1

� � � � � ∂ f
∂xn

will be denoted by Z�∂�.
First we isolate the two above exact sequences in this setup, since they have

apparently not been noted before in this generality in the polynomial context.

They can also be directly derived from Proposition 2.2.

The Jacobian content module becomes now I : � f � — the Euler conductor of

f and f is called Eulerian if f � I.
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Proposition 3.2 There are exact sequences of R-modules

0� Z�∂�� Der f �R�� I : � f �� 0� (7)

and of R�� f �-modules

0�
Z�∂�
f Z�∂�

� Derk�R�� f ���
I : � f �

I
� 0� (8)

In particular, when f is Eulerian there is a decomposition of R-modules Der f �R��

Z�∂�	Rε, where

ε �
∂ f
∂x1

∂
∂x1

� � � ��
∂ f
∂xn

∂
∂xn

is the Euler derivation of R.

The following gives a slightly souped-up version of the differential nature of

Ω f �R� and also one of the equivalences in [7, Theorem 2.9], for the case where

f is irreducible.

Proposition 3.3 ([7, Lemma 1.6 (ii)]) Let f � R be a square-free polynomial.

Then

(i) Der f �R� and Ω f �R� are reflexive R-modules and dual to each other.

(ii) There is an exact sequence of R-modules

0� �Ω�R�	R�
�

R��d f � f � ��Ω f �R��� Ext2R�R�J�R�� 0� (9)

(iii) If R�� f � is a domain the following are equivalent:

(a) R�� f � is normal.

(b) Ω f �R� � Ω�R�� d f
f R (as an R-submodule of 1

f Ω�R�).

Moreover, any one of these conditions implies that Ω f �R� is n�1-generated

and has projective dimension at most one.

Proof: (i) Apply Proposition 2.2 (ii) with fi �
∂ f
∂xi

.

(ii) This follows from Proposition 2.4 (i), again applying it with fi �
∂ f
∂xi

and

noticing that heightJ � 2 because R�� f � is reduced.

(iii) It follows from Corollary 2.5 (ii), after sufficient translation: R�� f � a do-

main implies that gcd� fi� f � � 1 for every 1� i� n. On the other hand, as R�� f �

obviously satisfies �S2� then it is normal if and only if heightJ � 3.
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Remark 3.4 Saito proves an equivalence such that the one in Proposition 3.3

(iii) in the case where f is only assumed to be square-free, in terms of the di-

visor configuration structure of f . It ought to be possible to deduce this more

general result by the previous method as soon as the configuration conditions are

sufficiently translated in algebraic terms.

Definition 3.5 (According to Saito) f is said to be a free divisor if f is square-

free and Der f �R� is a free R-module.

Remark 3.6 Any smooth f (i.e., J � R) is a free divisor: this follows trivially

from the above characterization of Der f �R� as a syzygy module of J. (Of course,

no homogeneous f of degree � 2 is smooth since it is a cone.) Any quasi-

homogeneous divisor is Eulerian. A smooth f is Eulerian if and only if I � R.

Also, if f is Eulerian but not smooth then f �α is smooth non-Eulerian for every

α � k�α �� 0. If f � R is an irreducible homogeneous free divisor of degree � 2

then the singular locus of the associated projective hypersurface has codimension

2 — this will easily follow from the proposition below.

Apart from these easy general considerations, and away of the case n � 2,

the theory of free divisors has by and large a collection of remarkable particular

results (cf. [1], [4], [9], [10], [12]). The next result explains a common feature

of all these examples. When this work was ready for submission, we realized

after a more careful reading of the previous literature that Terao [9, Proposition

2.4] had earlier shown this result for hyperplane arrangements. His proof is in

fact valid for any free divisor — he actually quotes the result in its generality

in another work ([11, Proposition 3]). However, since the present result follows

from the general considerations of the previous section, we have decided to state

it anyway.

Proposition 3.7 Let R�� f � be reduced.

(i) f is a free divisor if and only if either f is smooth or else the Jacobian

ideal J is a codimension two perfect ideal.

(ii) If f is a non-smooth Eulerian divisor then f is a free divisor if and only if

I is a codimension two perfect ideal.
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Proof: (i) Since R�� f � is reduced, heightJ � 2. Therefore the result is an imme-

diate consequence of Corollary 2.3 (b).

(ii) This is a particular case of (i).

Supplement (to Proposition 3.7): Explicitly, the previous result says that if f is

a non-smooth free divisor then, as a submodule of Rn (identified with Derk�R�),

Der f �R� is freely generated by the column vectors of an n�n matrix

M �

��� g11 � � � g1n
...

...
gn1 � � � gnn

�	
 �

while its “lifting” �Der f �R� � ker�Rn�1 � J� as in Proposition 2.2 (ii), is gener-

ated by the column vectors of the �n�1��n matrix obtained from M by stacking

to it the row vector ��h1� � � � ��hn�, where ∑i gi j
∂ f
∂xi

� h j f for 1 � j � n (cf. the

proof of Proposition 2.2). Then the other n�n signed minors of the latter Hilbert-

Burch matrix are the partial derivatives of f . On the other hand, the result of part

(i) of Proposition 3.7 reads to the effect that Der f �R� is freely generated by the

column vectors of an n� n matrix such as M, where one of the columns can

be taken to have as coordinates the coefficients of a Euler vector and the re-

maining columns can be taken to be syzygies of the gradient ideal I. Then the

�n� 1�� �n� 1� signed minors of these n� �n� 1� columns will be the par-

tial derivatives while the total determinant gives back f , as is seen by expansion

along the Euler column.

A piece of notation: given an R-module E , an element � � E (resp. a sub-

module Z � E) gives rise to a 1-form ��1� (resp. to an ideal Z�1� generated by

1-forms) in the symmetric algebra SR�E�.

The following notion appears in [2] (cf. also [3]) in the local analytic setup.

With slightly appropriate language changes, we have:

Definition 3.8 Let f � R be such that R�� f � is reduced. One says that f is a

Koszul free divisor if

1. f is a free divisor (i.e., Der f �R� is free), and

2. Locally everywhere on R, the ideal Der f �R��1�� SR�Der�R�� has grade n.
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Since Der f �R� is n-generated when it is free, then Der f �R��1� is globally

generated by n elements when f is a free divisor. If, moreover, f is Koszul

free then this ideal is locally everywhere on SR�Der�R�� generated by a regular

sequence of n elements. Since in a Noetherian ring (global) grade is attained

locally somewhere, it follows that a free divisor f is a Koszul free divisor if and

only if the ideal Der f �R��1� is globally generated by a regular sequence.

Example 3.9 The easiest example of a (reduced, non-smooth) Koszul free divi-

sor is the square-free monomial f � x1 � � �xn.

Note that the cokernel of the inclusion Der f �R� � Der�R� is J�� f �. Finally,

since grade and height coincide in the polynomial ring SR�Der�R��, f is Koszul

free if and only if f is free and dimSR�J�� f �� � n. We then arrive at the following

characterization of a Koszul free divisor.

Proposition 3.10 Let f � R be a free divisor. Then f is Koszul free if and only

if dimSR�J� � n� 1 and f �1� avoids all minimal primes of SR�J� of maximal

dimension.

Proof: We note that since Der�R��Der f �R�� J�� f �, our subject fits as the coker-

nel of the exact sequence 0� � f �1���� SR�J��� SR�J�� f ��� 0, where f �1�

is f viewed as a 1-form in SR�J�1 � J. Now, we have that dimSR�J�� n�1 and

dimSR�J�� f ��� n — these are the minimum possible dimensions of these sym-

metric algebras. Clearly then, dimSR�J�� f �� � n if and only if dimSR�J� � n�1

and f �1� is not contained in any minimal prime of SR�J� of maximal dimension.

Therefore, we are through.

For non-smooth divisors one derives the following version.

Proposition 3.11 Let f � R be a non-smooth reduced divisor. The following

conditions are equivalent:

(i) f is Koszul free.

(ii) The Jacobian ideal J is a codimension two perfect ideal with SR�J� a

Cohen-Macaulay ring and f �1� a non-zero divisor.
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Proof: It is known that, over a Cohen-Macaulay ring, the symmetric algebra of a

codimension two perfect ideal is of minimal dimension if and only it is Cohen–

Macaulay as well (cf., e.g., [5]).

The proposition has the following consequence, which is similar to a result

of Calderón-Narváez ([3, Proposition 3.2]).

Corollary 3.12 Let f be a square-free divisor. If J is a codimension two perfect

ideal of linear type then f is Koszul free. In particular, if f is Eulerian then it is

Koszul free if I is a codimension two perfect ideal of linear type.

Proof: Since J is of linear type, the symmetric algebra SR�J� is a Cohen–Macaulay

domain (see [5, Corollary 10.8]).

Remark 3.13 It was shown in [3, Theorem 5.6] in the local analytic setup that

the Jacobian ideal of a locally quasi-homogeneous free divisor is of linear type.

It is possible to introduce a notion of a family of free divisors (relative to the base

of the family). In this extended context there are examples of families of free

divisors whose (relative) Jacobian ideal is not of linear type (cf. [8]).

4 Irreducible homogeneous free divisors

In this short section we briefly discuss homogeneous free divisors. It is a provoca-

tive question hunting for such divisors which are irreducible homogeneous in the

least possible number of variables. For low degrees, one of the first examples to

our knowledge is a Cayley sextic (cf. [8]).

In dimension three, we have the following special result.

Proposition 4.1 Let f � R � k�x�y�z� be a square-free homogeneous polynomial

of degree � 3. The following conditions are equivalent:

(i) f is a free divisor.

(ii) f is a Koszul free divisor.
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(iii) depth�R�J�� 0.

Proof: The equivalence of (i) and (iii) follows from Proposition 3.7. It suffices

to show that (i) implies (ii). For that, since f is Eulerian, according to Proposi-

tion 3.2, the Euler vector can always be taken as part of a free basis of Der f �R�.

Since f is further homogeneous, the coordinates of the Euler vector generate an

ideal of codimension three. This easily implies that Der�R��Der f �R� � J�� f �

satisfies the property called F0, hence its symmetric algebra has minimal dimen-

sion. ([5]).

Remark 4.2 It is clear that the equivalence of conditions (i) and (ii) above hold

also for a quasi-homogeneous divisor.

It is natural to look for irreducible homogeneous free divisors of higher di-

mension.

By a divisor of “tangential nature” is meant a hypersurface whose definition is

given in terms of tangent behavior of other varieties, such as the tangential surface

to a curve and a non-deficient dual variety. Replacing a variety by a regular map,

one obtains yet another class of divisors reminiscent of some tangential behavior

such as discriminants and bifurcation varieties. The latter have been the subject

of focused work by several authors: K. Saito, H. Terao, J.W. Bruce, J. Damon,

D. Mond, D. Van Straten, among others.

Question 4.3 Let Cn � �
n be a rational normal curve. Is the dual to C a Koszul

free divisor of linear type?

Note that the dual is non-deficient, hence a hypersurface. This would show the

existence of irreducible homogeneous Koszul free divisors in any number� 4 of

variables as well.

We can show that the answer to the question is affirmative for n � 5, but the

proof we know of is (as of present) a rather uninspiring syzygy calculation.

Remark 4.4 There is a way to get back the tangential surface to C3 which is

reminiscent of the present theory. Namely, let I �R � k�x0� � � � �x3� denote the ho-

mogeneous ideal of the rational normal cubic in �3. Consider the R�I-module of

k-derivations of the ring R�I. A computation yields that this module is minimally



Differential idealizers and algebraic free divisors 225

generated by 4 generators. The lifting of these generators to the free R-module

Derk�R� generates a free R-module of rank 4 (beware: this is not the entire I-

idealizer DerI�R� of Derk�R� as defined in the first section). Its determinant ∆ is

a degree four Koszul free divisor as the partial derivatives generate a codimension

two perfect ideal presented by a 4�3 linear matrix which satisfies F0. One can

also show that ∆ is the equation of the tangential surface to the rational normal

cubic, hence, in particular, this determinant is irreducible.

As a last side remark, the dual to either a non-smooth arithmetically Cohen-

Macaulay curve or to a smooth non-arithmetically Cohen-Macaulay curve in �3

fails even to be a free divisor in general.

Acknowledgments

This work was partially supported by a grant from CNPq (Brazilian Research

Council), by PRONEX (Brazilian Group in Commutative Algebra and Alge-

braic Geometry) and by a grant from the Brazil-France International Cooperation

Agreement, for which we are indebted. We also thank the referee for numerous

remarks and corrections in the submitted version.

References
[1] J.W. Bruce, Vector fields on discriminants and bifurcation varieties, Bull. London

Math. Soc. 17 (1985), 257–262.

[2] F.J. Calderón-Moreno, Logarithmic differential operators and logarithmic de Rham
complexes relative to a free divisor, Ann. Sci. E. N. S. 32 (1999), 577–595.
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1 Introduction

The “Homological Conjectures” in local algebra date back to Serre’s beautiful

1957-58 course at the Collège de France [19]. How to count the multiplicities of

components in an intersection of two algebraic varieties was reduced to questions

in local algebra involving the celebrated Tor-formula. Several important results

were proven, other questions remained. These led to related but also different

conjectures by other mathematicians, notably M. Auslander, Bass [2], Vascon-

celos [26], Peskine-Szpiro [15], and Hochster [10], [12]. Some of these were

proved for all noetherian local rings, others up to a certain dimension or in equal

characteristic; others, again, remain virtually untouched. A masterly survey of

227
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results and of the many interconnections between these Homological Conjec-

tures was presented in [11]. This was updated in [16]. Progress depending on De

Jong’s theory of alterations is discussed in [3] and [17]. Finally, a substantial part

of these conjectures is treated more leisurely in the monographs [24] and [5].

Our aim in this note is far less ambitious. We focus on two of Hochster’s

conjectures: the Monomial Conjecture (MC) and the Canonical Element Conjec-

ture (CEC). We point out that these are equivalent with certain statements about

Gorenstein rings, in a way to be made precise as we go along. Thus Gorenstein

rings “call the tune:” It is their module theory, or if one likes, representation

theory, which controls MC and CEC for all noetherian local rings. To us, this

suggests that the Gorenstein property, besides the several “symmetries” and “du-

alities” known, harbors further ones awaiting discovery.

It is not customary to write a survey of material already in print. However,

we think that a brief presentation of selected results from a series of papers [25],

[20], [21], [22] and [23], highlighting the Gorenstein connection, will help the

reader to understand our point of view and perhaps continue this line of research.

No proofs are given, rather remarks about ideas and results used along the way.

We are grateful to the editors for this opportunity.

2 The conjectures

We use the word “ring” for unital, commutative, noetherian local rings, since no

others shall be needed, and all modules will be finitely generated unless otherwise

stated. As a standard notation we use �A���k� for the ring A, its maximal ideal

and its residue class field. Let A be a d-dimensional ring, and x1� ����xd � x a

system of parameters (sop). Let t be a positive integer. Is the product xt
1���x

t
d in

the ideal generated by xt�1
1 � ����xt�1

d ?

The ring is said to satisfy MC provided for every choice of x and of t, one

has xt
1���x

t
d �� �x

t�1
1 � ����xt�1

d � [10, Conj. 2]. It is often advantageous to translate

this to saying that the maps xt
1���x

t
d : A��x1� ����xd�� A��xt�1

1 � ����xt�1
d � are never

null. Since the direct limit of this directed system is the d-th local cohomology

module Hd
�
�A�, we can also state:
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Definition 2.1 A ring A is said to satisfy the Monomial Conjecture if the induced

map µx�A� : A��x1� ����xd�� Hd
�
�A� is nonnull for every sop x.

To prepare for the Canonical Element Conjecture, let M be a finitely gener-

ated A-module and consider the natural maps θi
A�M� : ExtiA�k�M�� Hi

�
�k�M�

for i � 0. This Ext is a finite dimensional vector space over k, whose dimension

is often called the i-th Bass number µi
A�M� of M; we call the k-dimension of the

image of θi
A�M� the reduced Bass number νi

A�M� of M. Thus νi
A�M� � µi

A�M�

and both are nonnegative integers.

Let F be a resolution of k in terms of free A-modules. Let x again be a sop,

and K�x�A� its Koszul complex. Then the surjection A��x1� ����xd�� k lifts to a

map of complexes φ : K�x�A�� F.

Definition 2.2 A ring A is said to satisfy the Canonical Element Conjecture if

the map φd is nonnull for every lifting belonging to every sop x.

Notice that the source of φd is just a copy of A. This was Hochster’s original

approach [12, Def. 2.1]. He and others have put forward several equivalent

formulations of CEC. One of these led to [12, Ths. 3.7 and 4.3]; see also [22,

5.1]:

Theorem 2.3 Write S � Fd for the d-th syzygy of k. Then the following are

equivalent:

(i) The ring A satisfies the Canonical Element Conjecture;

(ii) νd
A�S�� 0;

(iii) νd
A�M� � 0 for some M, not necessarily finitely generated.

In case A possesses a canonical module K, this is also equivalent with

(iv) νd
A�K�� 0.

Here K is called a canonical module of A when K� = Hd
�
�A�, where ��

stands for the Matlis dual, e.g., [22, 1.6]. Both MC and CEC need only be

proved for rings which are complete in their �-adic topology, and a ring which

satisfies CEC satsifies MC. In case the sop x forms a regular sequence, i.e., A

is a Cohen-Macaulay ring, both conjectures are true. Better even, if there is an
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A-module M, not necessarily finitely generated, such that x1� ����xd form a regular

sequence on M and M �� �x1� ����xd�M, then both remain true for M̂, the �-adic

completion of M, and hold for all sops x [24, Th. 9.1.1]. Such, possibly “Big,”

Cohen-Macaulay modules provide one of the proofs of the conjectures in equal

characteristic. All this, and more, is in the papers [10] and [12]. Thanks to Heit-

mann’s recent advance in dimension 3 [9] and [18], MC and CEC are known

in mixed characteristic for d � 3 but not beyond. It should be mentioned that

the two conjectures are closely interwoven with others, in particular Hochster’s

Direct Summand Conjecture, but we don’t deal with these.

Here we wish to emphasize that it is the connection with local cohomology,

and then the description in terms of reduced Bass numbers, which shall allow us

to tie up the conjectures with properties of Gorenstein rings.

3 Why Gorenstein?

Since we need only prove MC for rings complete in their maximal ideal topology,

let A be such a ring. According to Cohen, one can write A � S�� where b is

an ideal in the regular ring S. By judiciously dividing out a maximal regular

sequence z1� ����zn in �, one can prove [25, Prop. 1], [22, 5.5] the following:

Lemma 3.1 There exists a d-dimensional complete intersection ring R with d �

dimA which maps onto A � R��. Moreover, sops in R map to sops in A, and any

sop x in A can be lifted to a sop y in R.

In the situation of this Lemma, µx�A� � µy�R��R A and µx�A� � 0 if and only

if its Matlis dual µx�A�� is. Working out this dual, using the adjointness of tensor

product and Hom and a few facts from local Grothendieck duality regarding the

Gorenstein ring R, one obtains [25, Prop 2]:

Proposition 3.2 In the situation just described, µx�A� � 0 if and only if AnnR ��

�y1� ����yd�.

Definition 3.3 We say that a Gorenstein ring R and a ring A are in our favorite

position if A � R�� where � in a non-null ideal in R consisting of zero divisors.

We standardly put �� AnnR �.

With the help of the above and further reasoning, one proves
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Theorem 3.4 Let R and A be in our favorite position. Then A satisfies MC if and

only if the ideal � is not contained in any parameter ideal of R.

It is well known that in a Gorenstein ring the ideals � � Ann�, where � is

a nonnull ideal consisting of zero divisors, are just the unmixed nonnull ideals

consisting of zero divisors. So one has:

Corollary 3.5 Every ring satisfies the Monomial Conjecture if and only if in

no Gorenstein ring is an unmixed nonnull ideal of zero divisors contained in a

parameter ideal.

Remark 3.6 In our favorite situation, if R is equicharacteristic, so is the ring A,

which therefore satisfies MC. It follows that the above statement is true for every

equicharacteristic Gorenstein ring. It only remains an open question in mixed

characteristic for (Heitmann) dimension � 3.

Remark 3.7 Furthermore, in the corollary we may replace the word Gorenstein

by complete intersection. At face value, the statement becomes stronger in one

direction, weaker in the other. We have not managed so far to utilize properties

of complete intersections which are not shared by all Gorenstein rings to prove

MC or CEC in cases yet unknown. Also our feeling is that the dualities and sym-

metries pertaining to Gorenstein rings and their module theory are just “right.”

So here, and in following sections, we shall stick to Gorenstein and leave it to the

reader to realize that if one can obtain certain results for complete intersections,

this is enough.

For details and further observations we refer to [25].

4 Auslander-Buchweitz theory

The theory which M. Auslander and R.-O. Buchweitz developed in [1] is quite

abstract and covers various special cases, of which we treat only one: (finitely

generated) modules over (local) Gorenstein rings. For the sake of brevity, we

recall this in a manner which is not quite that of [1], but was worked out later by

various authors and is systematized in the first four sections of [22]. In this sec-

tion we fix a Gorenstein ring R and only consider modules and several invariants

over this. We therefore drop the R from notation.
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Let M be a module over the Gorenstein ring R and C a maximal Cohen-

Macaulay module (MCM). An R-homomorphism f : C�M is called an MCM-

precover of M if, for every MCM-module D, the induced map Hom�D�C� �

Hom�D�M� is surjective. In other words, every map from D to M can be factored

through C. If, in addition, the map f is right minimal, then it is called a cover.

Here right minimal means that if f Æg � f for any endomorphism g of C, then g

is an automorphism.

Dually, one defines a homomorphism h : M � J, with J a module of finite

injective dimension (FID), to be an FID-preenvelope (resp. -envelope) of M.

Very briefly, the basic result of [1] can in our case be summarized [22, section 3]

as:

Theorem 4.1 Over a Gorenstein ring, there exist MCM-covers and FID-envelo-

pes. In these cases f is a surjection and h an injection with an FID-kernel resp.

MCM-cokernel. Covers and envelopes are determined up to isomorphisms over

M.

Though we shall stick with our Gorenstein environment, it should be pointed

out that “Auslander-Buchweitz contexts” turn out to be relevant in different areas

of algebra [8], beyond what was originally envisaged by these authors.

By the f-rk of a module X , we mean the maximal rank of a free direct sum-

mand of X . For a module M, by the above theorem, the f-rk of its MCM-cover

C and its FID-envelope J are well defined. In [1, p. 8] it is suggested to examine

these. The first one is called Auslander’s delta invariant δ�M� and has been in-

vestigated by several of his last students and others. The one on the FID-side so

far has hardly been looked at. We hope to convince you that this is unjustified,

and that these invariants are most profitably studied in tandem.

Proposition 4.2 Let J be an FID-envelope of M. Then f-rk�J� � νd�M�.

This result, [21, Prop. 6], [22, Prop. 3.10], connects the second invariant

with local cohomology. What about the δ-invariant? Well, [21, Prop. 7] and [22,

Prop. 4.1 (iv)]:

Proposition 4.3 Let p : Rt � M be a surjection of a free module onto M. This

induces a map Extd�k�Rt �� Extd�k�M�. The first Ext being simply kt , its image

is a finite dimensional vector space V over k. Then δ�M� � dimV .
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While this description of δ does not involve local cohomology, it does bring

into play the d-th Ext whose relation with d-th local cohomology is crucial for the

reduced Bass number. We shall exploit this affinity in the next section, returning

to our main theme. There are many interactions between the two invariants,

which suggest a formal kind of duality. Perhaps more accurately one should

speak of orthogonality, stemming from the fact that if X is an MCM and Y an

FID, then Exti�X �Y � � 0 for i � 0. Of course, the yoga becomes even more

powerful when one realizes that over a Gorenstein ring, FID-modules are exactly

the ones of finite projective dimension [24, Th. 10.1.9]. For our purposes, we

collect a few useful facts from this wondrous world:

Lemma 4.4 For any module M, there exists a map s : M� R such that Extd�k�s�

is nonnull if and only if νd�M�� 0.

Indeed, bearing in mind that the canonical module of the Gorenstein ring R is

just R itself, one concludes this from [22, Cor. 3.11]. A more precise statement,

which can be regarded as a counterpart on the envelope side of Proposition 4.3,

can be found in [21, Th. 3] or [22, Cor. 3.12].

The next lemma is [22, Prop. 4.1 (iii), Prop. 4.5]:

Lemma 4.5 For any module M, δ�M� � β�M�, where β�M� means the minimal

number of generators of the module M. For FID-modules this is actually an

equality. Also δ�M� � 0 precisely when M is a homomorphic image of an MCM-

module without a free direct summand.

5 Harvesting from favorite position

Here is one more reason why our favorite position is so effective. In the set-up of

Definition 3.3, the ideal �, being annihilated by �, is also an A-module. In fact, it

is a canonical module of the ring A [22, 6.9 and 1.6].

Theorem 5.1 In our favorite position consider the statements

(i) The ring A satisfies the Canonical Element Conjecture;

(ii) νd
R���� 0;

(iii) δ�R��� � 0;
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(iv) � is not contained in any FID-ideal;

(v) � is not contained in any parameter ideal;

(vi) The ring A satisfies the Monomial Conjecture;

where items (ii)-(v) all refer to ideals of the Gorenstein ring R. Then (i)� (ii)	

(iii)� (iv)� (v)	 (vi).

Sketch of proof: (i) � (ii): Theorem 2.3 tells us that (i) and νd
A��� � 0 are

equivalent statements. Since the map θd
A��� (section 2) factors through θd

R���, one

has (ii). (ii)	 (iii): The embedding ��R yields an exact sequence ExtdR�k����

ExtdR�k�R�� ExtdR�k�R���. Since the middle Ext is just a single copy of k for the

Gorenstein ring R, and any map �� R lands in Ann�� �, Lemma 4.4 and Prop.

4.3 allow one to conclude. (iii) � (iv): If � is an FID-ideal containing �, then

δ�R��� � 1 by Lemma 4.5, which contradicts the last statement of this lemma,

because R�� is a homomorphic image of R��. (iv) � (v): In the Gorenstein ring

R, every sop is a regular sequence which generates an ideal of finite projective

dimension. This then also has FID. (v)	 (vi): Our Theorem 3.4.

We now recall one of the principal results in [12], its Theorem 2.8.

Theorem 5.2 If the Monomial Conjecture is true for all rings, then all rings

satisfy the Canonical Element Conjecture.

Well, this is not quite what is stated there, but it is if one takes into account

the equivalence of Direct Summand Conjecture and Monomial Conjecture from

the earlier paper [10, Th. 1].

In a more precise statement of Hochster’s Theorem 5.2 one may replace “all

rings” both times by “all rings of a particular dimension and a fixed residue char-

acteristic.” To a ring (A���k) we attach the pair of integers (u�v) when u� charA

and v = char k. In the cases (0,0) and (p� p), p a prime, we speak of equal char-

acteristic, while (0,p) is mixed. For fixed u and v we speak of a particular char-

acteristic. In our favorite position, if R is equicharacteristic, so is A of the same

particular characteristic. Now contemplate the statements and implications in

Theorem 5.1, bearing in mind that CEC is known in equal characteristic and in

the other case for d � 3.
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Corollary 5.3 All rings of a particular characteristic and dimension satisfy CEC

(or MC, for that matter) if and only if statements (ii)-(v) hold for all nonnull

unmixed ideals of zero divisors � in all such Gorenstein rings.

This gives new information about Gorenstein rings of equal characteristic

and for mixed characteristic in dimension � 3. We believe that this should be

exploited and further structure will come to light. In the remaining cases, the

burden of the Conjectures is borne by the Gorenstein specimens.

Using several of these results one can prove [22, Cor. 7.2].

Proposition 5.4 The Canonical Element Conjecture is equivalent with the fol-

lowing statement. For any system of parameters in a Gorenstein ring the kernels

of all maps φd of Definition 2.2 are contained in the nilradical of the ring.

This again suggests some kind of symmetry, at least for the minimal primes

in a Gorenstein ring. For further results and refinements see [21] and [22].

We finish this section with a tribute to the late Maurice Auslander. Once

again ideas of his, this time in collaboration with Buchweitz, which started out

as a kind of abstract “Spielerei,” revealed themselves over the years as relevant

to more concrete problems investigated by others.

6 Back to linear algebra: stiffness

Let A be a ring and f : Am � An a homomorphism between two free A-modules.

By choosing bases, one describes f as an n
m matrix with coefficients in A. For

r � min�m�n� consider the ideal in A which is generated by all the r
 r minors

of the matrix. It is well known that this ideal Ir� f � does not depend on the choice

of bases; the largest r for which Ir� f � does not vanish is called rk f, the rank of f .

Let

F � 0� Fs � ��� � Fi
di
� Fi�1 � ��� � F0

be a complex of free modules. The by now classical Buchsbaum-Eisenbud crite-

rion [6], as expressed in [4, Th. 1], tells us precisely when this complex is exact.

Recall that the grade of an ideal I is the longest length of a regular sequence con-

tained in I; this is equal to ext�A �A�I�A�, the smallest degree for which this Ext is

�� 0. The grade of the improper ideal is taken to be ∞.
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Theorem 6.1 Put fi � rkFi� i � 0� ����s and ri � fi� fi�1 � ���� fs. The complex

F is acyclic precisely when gr Iri�di�� i for all i. In this case ri � rkdi.

Instead of minors of a matrix attached to a map between free modules, let

us look at column ideals, i.e., ideals generated by all elements in one particular

column. Easy examples show that the grade of such ideals depends on choice of

bases. This motivates the following definition, where we suppose that the com-

plex F is exact and minimal in the sense that all boundary maps in the complex

k�A F are null. The latter condition is not essential, but it makes the treatment a

bit easier.

Definition 6.2 Let F now be acyclic and minimal. We say that this complex is

“stiff” if, regardless of base choice, gr�� i for every column ideal � belonging to

di, i � 1� ����s. We call the ring A stiff if every such complex over it is stiff.

Theorem 6.3 Every ring of equal characteristic is stiff.

This result [23, Th. 1] has some overlap with earlier work of Evans-Griffith [7]

and Hochster-Huneke [13], [14] as explained in the paper. Our proof uses Big

Cohen-Macaulay modules.

Remark 6.4 An immediate question springs to mind: what have these two theo-

rems to do with one another? The Buchsbaum-Eisenbud criterion is by no means

obvious. Yet its proof employs techniques and arguments which are rather com-

mon in this area of local algebra, and are not concerned with characteristic. Is

stiffness really restricted to equal characteristic? The two statements involving

grade appear to be in league, but how? For a more detailed discussion, see [23,

section 6].

What use is stiffness? Well, for a consistent class of rings (if A belongs to

this class, so does A��x� for every non-zero divisor x ��) stiffness is controlled

by first syzygies. In other words, one only needs to check that gr� � 1 for every

column ideal � belonging to d1 in each F over every ring in this class [23, Prop.

8]. This makes stiffness more accessible, because it is easily seen to mean that

Annz � 0 for every minimal generator z of a syzygy of finite projective dimen-

sion. For Gorenstein rings, this turns out to be equivalent with a condition we

have already encountered. A little juggling with FID-envelopes yields a proof of

[23, Prop. 10]:
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Proposition 6.5 Let R be a Gorenstein ring. Then δ�R��� � 0 for every unmixed

non-null ideal of zero divisors � if and only if Annz � 0 for every minimal gen-

erator z of every syzygy of finite projective dimension.

Tying this together with Corollary 5.3 we obtain [23, Th. 2] which brings us

back to our main theme.

Theorem 6.6 The Canonical Element Conjecture holds for all rings of a par-

ticular characteristic and dimension if and only if all such Gorenstein rings are

stiff.

Only the mixed characteristics in dimensions � 4 remain undecided. In all

other cases, Gorenstein rings are stiff. However, in equal characteristic Theorem

6.3 asserts a stronger result. Several obvious questions remain, inviting further

exploration.

References
[1] M. Auslander and R.-O. Buchweitz, The homological theory of maximal Cohen-
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1 Introduction

Let R be a commutative integral domain with unity, and θ an element of an ex-

tension domain satisfying the relation

θd � a1θd�1 �a2θd�2 � � � ��ad�1θ�ad�

with ai � R. We assume throughout that R�θ��� R�X ���Xd�∑d
i�1 aiXd�i�, where

X is an indeterminate over R.

Suppose that R is a normal domain with quotient field K, and K � L an al-

gebraic extension. Let R be the integral closure of R in L, and fix θ � R. There
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is information on the element θ encoded in the coefficients ai. The first example

arises when characterizing if θ belongs to the integral closure of the extended

ideal IR, for some ideal I in R. The objective of this paper is to study more

precisely what information about θ is encoded in the coefficients ai.

In a first approach, in Section 2, we show that for an ideal I in R, ai � Ii

for all i implies that θnR�θ��R � In for all n, but that the converse fails. Thus

contractions of powers of θnR�θ� to R contain some information, but not enough.

We turn to a different approach in Sections 3 and 4, where we replace contrac-

tions by the trace functions (the image of θnR�θ� in R by the trace function), and

it turns out that if θ is separable over K, then the trace codes more information.

The main results in this paper are:

(a) Propositions 4.6 and 4.8 with conditions that assert that θ belongs to the

integral closure of an extended ideal, and

(b) Propositions 4.12 and 4.14 with conditions that assert that θ belongs to the

tight closure of an extended ideal.

In all these propositions we fix an ideal I � R and consider the extended ideal

I �R�θ�. It should be pointed out that normally the condition for θ to belong to the

integral closure of I �R�θ� is expressed in terms of a polynomial with coefficients

in the ring R�θ�; whereas we will express the same fact but in terms of a polyno-

mial with coefficients in R, furthermore, in terms of the minimal polynomial of θ
over R in case R is normal.

We also point out that we start with an ideal I in R, and an element θ in R, and

we study if θ belongs to integral or tight closure of the extended ideal, but only

for the extension R�R�θ�. This situation is however quite general, at least if I is a

parameter ideal. In fact, given a complete local reduced ring �B�M� of dimension

d containing a field, and with residue field k, and given a system of parameters

�x1� � � � �xd�, then B is finite over the subring R � k��x1� � � � �xd ��. Furthermore an

element θ � B is in the integral closure (in the tight closure) of the parameter

ideal � x1� � � � �xd � B, if and only if it is so in � x1� � � � �xd � R�θ�.
Throughout the previous argumentation there is a difference between charac-

teristic zero and positive characteristic. The point is that our arguments will rely

on properties of the subring of symmetric polynomials in a polynomial ring.

The relation of symmetric polynomials with our problem will arise and be

discussed in the paper. We will show that the properties of θ that we are con-
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sidering can be expressed in terms of symmetric functions on the roots of the

minimal polynomial of θ, and hence as functions on the coefficients ai of the

minimal polynomial.

If k is a field of characteristic zero and S is a polynomial ring over k, the

subring of symmetric polynomials of S can be generated in terms of the trace;

however this is not so if k is of positive characteristic. In Section 4 we address

the pathological behavior in positive characteristic, and we give an example in

which R is a k-algebra, k a field of positive characteristic, and the k-subalgebra

generated by all the Tr�θn�, as n varies, is not finitely generated.

We try to develop our results in maximal generality, in order to distinguish

properties that hold under particular conditions (e.g., on the characteristic of R,

separability of θ over K, etc.).

Our arguments rely on a precise expression of the powers θn of θ in terms of

the natural basis �1�θ�θ2� � � � �θd�1� of R�θ� over R. This is done in Section 1 by

using compositions, that is, ordered tuples of positive integers. Similarly, we also

develop a product formula for elements of R�θ� in terms of the natural basis.

2 Power and product formula

Every element of R�θ� can be written uniquely as an R-linear combination of

1�θ�θ2� � � �, θd�1. In this section we develop formulas for the R-linear combina-

tions for all powers of θ, and for linear combinations of products.

Definition 2.1 Let e be a positive integer. A composition of e is an ordered tuple

�e1� � � � �ek� of positive integers such that ∑ei � e. Let Ee denote the set of all

compositions of e.

For example, E1 � ��1��, E2 � ��2���1�1��, E3 � ��3���2�1���1�2���1�1�1��.

We will express θn in terms of these compositions. Without loss of generality

we may use the following notation:

Notation 2.2 For i � d, set ai � 0.
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Definition 2.3 Set C 0 � 1, and for all positive integers e set

C e � ∑
�e1�����ek��E e

ae1ae2 � � �aek �

Remark 2.4 It is easy to see that for all e � 0, C e � C 0ae � C 1ae�1 � � � ��

C e�1a1.

Proposition 2.5 For all e� 0,

θd�e �
d�1

∑
i�0

�C 0ad�e�i �C 1ad�e�i�1 �C 2ad�e�i�2 � � � ��C ead�i�θi�

Proof: The proof follows by induction on e. When e � 0, the coefficient of θi

in the expression on the left above is C 0ad�i � ad�i, so the proposition holds for

the base case by definition.

Now let e � 0. Then

θd�e � θd�e�1θ

�
d�1

∑
i�0

�C 0ad�e�i�1 �C 1ad�e�i�2 �C 2ad�e�i�3 � � � ��C e�1ad�i�θi�1

�
d�2

∑
i�0

�C 0ad�e�i�1 �C 1ad�e�i�2 �C 2ad�e�i�3 � � � ��C e�1ad�i�θi�1

��C 0ae �C 1ae�1 �C 2ae�2 � � � ��C e�1a1�θd

�
d�1

∑
i�1

�C 0ad�e�i �C1ad�e�i�1 �C2ad�e�i�2 � � � ��C e�1ad�i�1�θi

�C e

d�1

∑
i�0

ad�iθi �
d�1

∑
i�0

e

∑
j�0

C jad�e�i� jθi�

Recall that ai � 0 if i � d. Thus in the expression for θd�e in the proposition

above, many of the terms C jad�e�i� j are trivially zero.

We similarly determine the product formula:
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Let f � ∑d�1
i�0 fiθi, g � ∑d�1

i�0 giθi be two elements in R�θ�. Write f g as an

R-linear combination of 1�θ� � � � �θd�1. (Here, fi � gi � 0 if i � 0 or i� d.)

f g �
2d�2

∑
i�0

d�1

∑
k�0

fkgi�kθi

�
d�1

∑
i�0

d�1

∑
k�0

fkgi�kθi �
2d�2

∑
i�d

d�1

∑
k�0

fkgi�kθi

�
d�1

∑
i�0

d�1

∑
k�0

fkgi�kθi �
d�2

∑
e�0

d�1

∑
k�0

fkgd�e�kθd�e

�
d�1

∑
i�0

d�1

∑
k�0

fkgi�kθi �
d�2

∑
e�0

d�1

∑
k�0

fkgd�e�k

d�1

∑
i�0

e

∑
j�0

Cjad�e�i� jθi

�
d�1

∑
i�0

d�1

∑
k�0

�
fkgi�k �

d�2

∑
e�0

fkgd�e�k

e

∑
j�0

Cjad�e�i� j

�
θi

�
d�1

∑
i�0

d�1

∑
k�0

fk

�
gi�k �

d�2

∑
e�0

gd�e�k

e

∑
j�0

Cjad�e�i� j

�
θi�

We will use this expression mainly for the cases when f g � R. Then the coef-

ficients of θi in the expression above, for i � 0, are 0, and the constant coefficient

is

d�1

∑
k�0

fk

�
g�k �

k�1

∑
e�0

gd�e�k�C 0ad�e �C 1ad�e�1 � � � ��C ead�

�

� f0g0 �
d�1

∑
k�0

fk

k�1

∑
e�0

gd�e�kC ead �

3 Contractions

In this section we examine implications between ai � Ii for all i, and θnR�θ��R �

In for all n, where I is an ideal of R. In case R is an �-graded ring with R �R0�R1�

and I � R1R, then ai � Ii is equivalent to saying that deg�ai� � i. (The two

statements are not equivalent in general.)
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We examine how under some �-gradings on R, the degrees of the ai affect

and are affected by the degrees of the elements of θnR�θ��R.

Proposition 3.1 With set-up on R, a1� � � � �ad, and θ as in the introduction, if I is

any ideal of R and ai � Ii for all i, then θnR�θ��R � In for all n.

Similarly, if R is an �-graded regular ring with ai an element of R of degree

at least i, then for all n � 0, θnR�θ��R is an ideal all of whose elements lie in

degrees at least n.

Proof: First let n � d. Let g � ∑d�1
i�0 giθi be such that θng � R. By the product

formula from the previous section, the constant coefficient of θng is

δn0g0 �
d�1

∑
k�0

δkn

k�1

∑
e�0

gd�e�kC ead�

where δi j is the Kronecker delta function. If n � 0, the proposition follows triv-

ially, and if n � 0, θng is a multiple of ad , so it is in Id 	 In.

Now let n � d. Write n � d � e. Let g � R�θ� such that θd�eg � R. Write

θd�e � ∑d�1
i�0 fiθi. By assumption each ai is in Ii, so that each ae1ae2 � � �aek lies in

I raised to the power ∑ei. Thus each C e is in Ie. It follows that the coefficient fi

of θi in the expression of θd�e above is in Id�e�i. Then by the product formula

the constant part of θd�eg is in I raised to the power

min�deg f0�deg� fkC ead�
k � 0� � � � �d�1;e � 0� � � � �k�1�

�min�d � e�d� e� k� e�d
k� 0� � � � �d�1;e � 0� � � � �k�1�� d � e�

which equals n. This proves the proposition.

However, the converse does not hold in general:

Proposition 3.2 Let R be a regular local ring with maximal ideal m, and let

a1� � � � � ad be a regular sequence. Then for all n� 0, θnR�θ��R	 mn (yet the ai

need not be in progressively higher powers of m).

Proof: Let n � 0 and f a non-zero element of θnR�θ��R. Write f � θn�s0 �

s1θ� � � �� sd�1θd�1� for some si � R. Let s � s0 � s1θ� � � �� sd�1θd�1.
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For each non-negative integer n, repeatedly rewrite each occurrence of θd in

θn � s as ∑d
i�1 aiθd�i until θns is in the form ∑d�1

i�0 ∑d�1
j�0 bi js jθi for some bi j � R.

In other words, ∑d�1
i�0 ∑d�1

j�0 bi js jθi is the reduction of θn � s with respect to the

polynomial θd �∑d
i�1 aiθd�i. Set Bn to be the d�d matrix �bi j�.

Note that if θns reduces to ∑d�1
i�0 ∑d�1

j�0 bi js jθi, then θn�1s reduces to the same

polynomial as ∑d�1
i�0 ∑d�1

j�0 bi js jθi�1. But this is

d�2

∑
i�0

d�1

∑
j�0

bi js jθi�1 �
d�1

∑
j�0

bd�1� js j

d

∑
i�1

aiθd�i�

Thus the first row of Bn�1 is ad times the last row of Bn, and row i of Bn�1, with

i � 1, equals row i�1 of Bn plus ad�i�1 times row d of Bn.

Note that B0 is the identity matrix. Then by induction on n one can easily

prove that for all n� 0, detBn ��an
d .

Now let Cn be the submatrix of Bn obtained from Bn by removing the first

row and the first column. We claim that for all n � 1, detCn � �an�1
d�1 � pn for

some pn � �a1� � � � �ad�2�ad�.

As B0 is the identity matrix, then C1 is the identity matrix, and the claim holds

for n � 1. Suppose that the claim holds for n � 1. Let Ri be the ith row of Bn

after deleting the first column. Then

Cn�1 �

�
������

R1 �ad�1Rd

R2 �ad�2Rd
...

Rd�2 �a2Rd

Rd�1 �a1Rd

�
������ �

Then modulo �a1� � � � �ad�2�ad�, as R1 is a multiple of ad ,

det�Cn�1�
 det

�
������

ad�1Rd

R2
...

Rd�2

Rd�1

�
��������ad�1 det

�
������

R2

R3
...

Rd�1

Rd

�
��������ad�1 detCn�

so that the claim holds by induction.

We have proved that det�Bn���an
0 �� 0. As Bn�s0�s1� � � � �sd�1�

T �� f �0� � � � �0�T ,

by Cramer’s rule s0 � � f det�Cn��an
d . But det�Cn� and ad are relatively prime,

so that as s0 � R, necessarily f is a multiple of an
d . Thus f � mn.
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4 Trace

In the previous section we showed that ai � Ii for all i implies that θnR�θ��R� In

for all n, but that the converse fails. In this section we analyze the situation when

the contraction is replaced with the trace function. Namely, we prove that the

condition ai � Ii for all i implies that Tr�θn� � In for all n, that the converse

fails in general, but holds in several cases, for example in characteristic 0; see

Proposition 4.6. Other special cases of the converse assume that θ is separable

over R.

We start by proving the positive results. We first introduce some more nota-

tion. Throughout this section let k be a ring; in our applications it will be either

the ring of integers, or a field, and R will be a k-algebra. (This imposes no condi-

tion on R if k is the ring of integers.) Let Yi, i � 1� � � � �d and Z be variables over

k. Consider the polynomial

�Z�Y1� � � � �Z�Yd� � Zd � s1 �Z
d�1 � � � ����1�dsd

in k�Y1� � � � �Yd �Z�, where si � si�Y1� � � � �Yd� denotes the elementary symmetric

polynomials. It is well known that k�s1� � � � �sd � � k�Y1� � � � �Yd � is the subring of

invariants by permutations, that the extension is finite, and hence that k�s1� � � � �sd �

is also a polynomial ring over k.

Since each si is homogeneous of degree i in the graded ring k�Y1� � � � �Yd �, a

natural weighted homogeneous structure is defined in the polynomial ring k�s1�

� � � �sd � by setting deg�si� � i, which makes the inclusion an homogeneous mor-

phism of graded rings.

Remark 4.1 Set vi �Y i
1�Y i

2� � � ��Y i
d , for i� 0. Then k�v1�v2� � � ��� k�s1� � � � �sd �,

and since each vi is homogeneous of degree i in k�Y1� � � � �Yd �, the inclusion is ho-

mogeneous by setting deg�vi� � i. In other words, vi � vi�s1� � � � �sd� is weighted

homogeneous of degree i in k�s1� � � � �sd �. Let us finally recall that when k is a

field of characteristic zero, then k�v1� � � � �vd � � k�s1� � � � �sd �.

Remark 4.2 The ring k�s1� � � � �sd ��Θ� � k�s1� � � � �sd ��Z�� � Zd � s1 �Zd�1 � � � ��

��1�d � sd � is a free module of rank d over k�s1� � � � �sd �. The trace of the endo-

morphism, on this finite module, defined by multiplication by Θi, is the weighted

homogeneous polynomial vi � k�s1� � � � �sd � mentioned above.
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In fact there are d different embeddings σi : k�s1� � � � �sd ��Θ�� k�Y1� � � � �Yd � of

k�s1� � � � �sd �-algebras, each defined by σi�Θ� �Yi, and the trace (of the endomor-

phism) of any element Γ � k�s1� � � � �sd ��Θ� is ∑σi�Γ��

Remark 4.3 Any primitive extension over a ring R, say

R�θ� � R�Z�� � Zd �a1 �Z
d�1 � � � ����1�d�ad �

is

k�s1� � � � �sd ��Z�� � Zd � s1 �Z
d�1 � � � ����1�d�sd ��k�s1�����sd �R�

where k denotes here the ring of integers, and φ : k�s1� � � � �sd �� R defined by

φ�si� � ai. By change of base rings it follows that the trace of the endomorphism

of R modules defined by θi : R�θ�� R�θ� is φ�vi�s��. When R is a normal do-

main with quotient field K, and θ is an algebraic element over K with minimal

polynomial Zd�a1 �Zd�1� � � ����1�d�ad � R�Z�, then the trace of the endomor-

phism θi : R�θ�� R�θ� is Tr�θi�, where Tr denotes the trace of the field extension

K � K�θ�. In what follows, for an arbitrary ring R, we abuse notation and set

Tr�θi� � φ�vi�s���

Remark 4.4 Fix an ideal I in a k-algebra R. Suppose that a weighted homoge-

neous structure on the polynomial ring k�T1� � � � �Td � is defined by setting deg�Ti��

mi, and let G�T1� � � � �Td� be a weighted homogeneous element of degree m. If

φ : k�T1� � � � �Td �� R is a morphism of k-algebras and φ�Ti� � Imi , then φ�G� � Im.

Now we can finally prove that the analog of Proposition 3.1 holds also for the

Trace function:

Proposition 4.5 Let I be an ideal of R. Assume that for each i � 1� � � � �d, ai � Ii.

Then Tr�θn� � In for all positive integers n.

Proof: The polynomial Zd �∑d�1
i�0 aiZi is the image of Zd �∑d�1

i�0 ��1�i�1siZi by

the morphism φ : k�s1� � � � �sd �� R, φ�si� � ��1�iai � Ii, so we may apply Re-

mark 4.4.

The converse holds easily when k is a field of characteristic zero:

Proposition 4.6 If the ring R contains a field, say k, of characteristic zero then

ai � Ii for i � 1� � � � �d if and only if Tr�θn� � In for 1� n� d.
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Proof: The proof follows from the proof of the previous proposition and the sec-

ond assertion in Remark 4.1.

Furthermore, the converse holds in a much greater generality; see Proposi-

tion 4.8 below. We first introduce some conditions, and show some implications

among them, culminating in Proposition 4.8.

Let R be an excellent normal domain, and K the quotient field of R. Normality

asserts that if θ is a root of a polynomial Zn �b1 �Zn�1 � � � ��bn � R�Z�, then the

minimal polynomial of θ over K is also in R�Z�. For an ideal I in R we study the

following conditions:

Condition 1): The minimal polynomial of θ, Zd � a1 � Zd�1 � � � �� ad , is such

that ai � Ii.

Condition 2): The minimal polynomial of θ, Zd � a1 � Zd�1 � � � �� ad , is such

that ai � Ii, the integral closure of Ii.

Condition 3): The element θ satisfies a polynomial equation Zn � b1 � Zn�1 �

� � ��bn, for some n, all bi � Ii.

Condition 4): θ is separable over K and TrK�θ��K�θi� � Ii.

It is clear that 1) implies both 2) and 3).

Proposition 4.7 Condition 3) implies Condition 2).

Proof: (Case I principal) If I �� t � is a principal ideal and Condition 3) holds,

it follows that θt�1 is an integral element over the ring R. If Zm � c1Zm�1 �

� � �� cm � R�Z� denotes the minimal polynomial of θt�1, it is easy to check that

Zm � tc1Zm�1 � t2c2Zm�2 � � � �� tmcm is the minimal polynomial of θ over R.

Hence, even Condition 1) holds in this case.

(The general case) Assume that, for some n, the element θ satisfies a poly-

nomial equation Zn � b1Zn�1 � � � �� bn, all bi � Ii. Let Zd � a1Zd�1 � � � �� ad

denote the minimal polynomial of θ. We claim that ai � Ii. Let S be the inte-

gral closure of the Rees algebra R�It� t�1� of I. Here t is a variable over R. As

R is excellent, S is still Noetherian, excellent, normal. Its quotient field is K�t�.

The minimal polynomial of θ over K�t� is the same as the minimal polynomial

of θ over K. Also, θ satisfies the polynomial equation Zn � b1Zn�1 � � � �� bn,
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all bi � IiS � �It�it�iS, so that θ is integral over the principal ideal t�1S. By the

principal ideal case then all ai � t�iS�R � In.

Proposition 4.8 If θ is separable over K, and Tr�θr� � Ir for all r big enough,

then Condition 3) holds. In particular, Condition 2) holds.

Proof: Let R be a normal ring with quotient field K, and set L � K�θ�, where θ
has minimal polynomial f � Zd � a1Zd�1 � � � �� ad with coefficients in R. So

�1�θ� � � � �θd�1� is a basis of R�θ� over R.

For each index j � 0�1� � � � �d� 1 we define Tr�θ j�V � as a K-linear function

on the variable V , say Tr�θ j �V � : L�K. In addition �Tr�θ j�V � 
 j � 0�1� � � � �d�

1� � HomR�R�θ��R� is a subset of the R-dual of the free module R�θ�.
We will assume that the extension K � L is separable, namely, that the dis-

criminant ∆ f of the minimal polynomial f is non-zero in K (actually ∆ f � R),

and we now argue as in [3] (Prop 11, page 40). Recall that setting N � �ni� j�

the d� d matrix where ni� j � Tr�θi�θ j�, then ∆ f � det�N�. Since ∆ f �� 0 and

�1�θ� � � � �θd�1� is a basis of L � K�θ� over K, it follows that �Tr�θ j�V �� j �

0�1� � � � �d�1� is a basis of L� � HomK�L�K�.

Let T denote the free R-submodule in L� generated by �Tr�θ j �V � 
 j �

0�1� � � � � d�1�. So T �HomR�R�θ��R� is an inclusion of two free R submodules

in L�. Since the functor HomR���R� reverses inclusions,

R�θ� � HomR�HomR�R�θ��R��R�� HomR�T�R�� L�

Let �ωi� i � 0�1� � � � �d� 1� be the dual basis of �Tr�θ j �V �� j � 0�1� � � � �d� 1�

over the field K; it is also a basis of the R-module HomR�T�R�. Furthermore, for

any element β � L,

β � ∑
i

Tr�θi�β�ωi

is the expression of β as a K-linear combination in the basis �ωi� i � 0�1� � � � �d�

1�. Note also that if β � R�θ�, all Tr�θi�β� are elements in R.

Set R�θ� � Rd by choosing basis �1�θ� � � � �θd�1�, and HomR�T�R� � Rd with

basis �ωi� i � 0�1� � � � �d�1�, so the inclusion R�θ��HomR�T�R� defines a short

exact sequence

0� Rd � Rd �C � 0
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where C denotes the cokernel of the morphism given by the square matrix N �

�ni� j� mentioned above. Since ∆ f � det�N� it follows that ∆ f �HomR�T�R��R�θ�;
in fact ∆ f � Ann�C�.

Assume that for some ideal I � R, Tr�θr� � Ir and all r big enough. In order

to prove that Condition 3) holds we first note that

θr � ∑
i

Tr��θ�i�r��ωi � Ir�HomR�T�R��

In fact, for r big enough,

Jr �� Tr�θr��Tr�θr�1�� � � � �Tr�θr�d�1��� Ir

in R. But then,

∆ f θr � Ir �∆ f �HomR�T�R�� IrR�θ�

for all r big enough. This already shows that θ is in the integral closure of IR�θ�
(integral closure in the ring R�θ�). That means that θ satisfies a polynomial equa-

tion Zn � b1�Zn�1 � � � �� bn � R�θ��Z� with bi � Ji, J � IR�θ�. As in [4] (page

348), this is equivalent to the existence of a finitely generated R�θ� submodule,

say Q, in the field L, such that θ �Q � J �Q. In fact Q can be chosen as the ideal

�J � θ �R�θ��n�1 in R�θ�. Finally, since Q is a finitely generated R�θ�-module, it

is also a finitely generated R-module. On the other hand note that J �Q � I �Q,

and Condition 3) follows now from the determinant trick applied to θ�Q� I �Q.

Corollary 4.9 If θ is separable over a local regular ring �R�m�, then Tr�θn� �

mn for all n big enough if and only if ai � mi for all i � 1� � � � �d.

However, this equivalence fails in general for arbitrary rings and arbitrary

ideals. The converse fails, for example, if θ is not separable over R:

Example 4.10 Let k be a field of characteristic 2, d � 2, a1 � 0. Then Tr�θn� � 0

for all n, but a2 need not be in I2.

Another failure of the converse is if the powers of I are not integrally closed:
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Example 4.11 Let R � k�X �Y � be a polynomial ring in two variables X and Y

over a field k of characteristic 2. Let I be the ideal generated by X8�X7Y�X6Y 2,

X2Y 6�XY 7�Y 8, and the minimal equation for θ being

θ2�X8θ�X11Y 5�

Note a1 � X8 � I, a2 � X11Y 5 �� I2, but X11Y 5 � I 	 I3. Hence

Tr�θ� � X8 � I�

Tr�θ2� � X8 Tr�θ��Tr�X11Y 5� � X16 � I2�

and for n� 3,

Tr�θn� � X8 Tr�θn�1��X11Y 5 Tr�θn�2� � In�

Set as before the ideals Jr �� Tr�θr��Tr�θr�1�� � � � �Tr�θr�d�1�� in R. Note

that �θr�θr�1� � � � �θr�d�1� generate the ideal θrR�θ� as R-module, so that Jr is

the image of this ideal by the trace map.

If R is of characteristic p � 0, and I �� f1� � � � � fl �, then I�p
e� denotes the

ideal � f pe

1 � � � � � f pe

l �� R.

Proposition 4.12 Let θ be separable over a local regular ring �R�m� of charac-

teristic p. If Jpr � m�pr� for all r big enough, then θ is in the tight closure of the

parameter ideal m�R�θ�.

Proof: We apply the same argument as in the previous Proposition. Note that in

this case

θpr
� ∑

0�i�d�1

Tr��θ�i�pr
� �ωi � m�pr� �HomR�T�R��

But then,

∆ f θpr
� m�pr� �∆ f �HomR�T�R�� m�pr�R�θ�

for r big enough. This already shows that θ is in the tight closure of mR�θ� (tight

closure in the ring R�θ�).

Example 4.13 Consider R � k�y�z� where k is a field of odd characteristic, and

set R�θ�, θ2� a2 � 0, where a2 � y3 � zn, n � 7, n some integer. We will prove

that Jr 	� ypr
�zpr

�. Here �1�θ� is a basis of R�θ� over R. Tr�1� � 2 (invertible
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in k), and Tr�θ� � 0. Since the trace is compatible with Frobenius, Tr�θpr
� �

Tr�θ�pr
� 0, so it suffices to check that Tr�θpr�1� �� ypr

�zpr
�. Set pr �1 � 2k,

so �θ�pr�1 � ak
2, and Tr�θpr�1� � 2ak

2. We finally refer to [1], page 14, Example

1.6.5, for a proof that ak
2 �� ypr

�zpr
� if n� 7 and r is sufficiently large.

Proposition 4.14 Assume that θ is separable over a local regular ring �R�m� of

characteristic p, and let ∆ denote the discriminant. If θ is in the tight closure of

the parameter ideal mR�θ� (in a ring containing R�θ�), then ∆�Jpr � m�pr� (in R)

for all r.

Proof: Let f �X� � R�X � denote the minimal polynomial of θ. Recall that the

resultant ∆ �� f �X�� f ��X� � �R (in R�X �), and hence ∆ �� f ��θ� � in R�θ�.
Since f ��θ� is a test element, ∆ is a test element, and

∆��θ�pr
� m�pr�R�θ�

for all r.

Note that R�θ��HomR�T�R� (hence m�pr�R�θ��m�pr�HomR�T�R�), and that,

choosing as before the basis �ω0�ω1� � � � �ωd�1� in HomR�T�R�:

∆θpr
� ∑

0�i�d�1

∆�Tr��θ�i�pr
��ωi � m�pr��HomR�T�R��

which shows that ∆�Jpr � m�pr� in the ring R.

5 The subalgebra of R generated by Tr θn
�n� 0

Let R and θ be as before, so that R�θ��� R�X ���Xd �∑d
i�1��1�iaiXd�i�. Assume

now that R is an algebra over a field k. It follows from Remarks 4.1 and 4.2 that

if k is of characteristic zero, the k-subalgebra generated by the traces Tr θn for

all n, is k�a1� � � � �ad ��� R�. In particular it is finitely generated. This subalgebra

need not be finitely generated over a field of positive characteristic, as we show

below.

First we recall some notation. Let Bn be the matrix as in the proof of Propo-

sition 3.2. The trace of θn is exactly the trace of Bn.
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Remark 5.1 In the proof of Proposition 3.2 we showed that the first row of Bn�1

is ad times the last row of Bn, and row i of Bn�1, with i � 1, equals row i�1 of

Bn plus ad�i�1 times row d of Bn.

We determine the entries of Bn more precisely:

Lemma 5.2 For n� d,

�Bn�i j �

�
δi� j�n if j � d�n,

∑ j�1
k�d�n�1 a j�k�Bn�ik �an�i� j if j � d�n.

Furthermore, for all j � d�n,

�Bn�i j � �Bd�i� j�d�n�

Proof: We proceed by induction on n. The formulation is correct for n � 0. Thus

we assume that n � 0. By Remark 5.1 the formulations of the entries of Bn in

the first d�n�1 columns are correct: in the first d�n columns, the entries are

δi� j�n, and �Bn�i�d�n�1 � ad�i.

Now let i � 1, j � d�n�1. Then

�Bn�1 j � ad�Bn�1�d j

� ad

�
j�1

∑
k�d��n�1��1

a j�k�Bn�1�dk �an�1�d� j

�

�
j�1

∑
k�d�n�2

a j�kad�Bn�1�dk �adan�1�d� j

�
j�1

∑
k�d�n�2

a j�k�Bn�1k ��Bn�1�d�n�1a j��d�n�1�

�
j�1

∑
k�d�n�1

a j�k�Bn�1k

�
j�1

∑
k�d�n�1

a j�k�Bn�1k �an�1� j



254 I. Swanson and O. Villamayor

as n�1� j � d so that an�1� j � 0. Now let i � 1, j � d�n�1. Then

�Bn�i j � �Bn�1�i�1� j �ad�i�1�Bn�1�d j

�
j�1

∑
k�d��n�1��1

a j�k�Bn�1�i�1�k �a�n�1���i�1�� j

�ad�i�1

�
j�1

∑
k�d��n�1��1

a j�k�Bn�1�dk �a�n�1��d� j

�

�
j�1

∑
k�d�n�1

a j�k�Bn�1�i�1�k �an�i� j �ad�i�1

j�1

∑
k�d�n�1

a j�k�Bn�1�dk

(because for k � d�n�1, �Bn�1�i�1�k � 0 and �Bn�1�dk � 1)

�
j�1

∑
k�d�n�1

a j�k�Bn�ik �an�i� j�

Observe that the last statement is true for j � d� n� 1. Then by induction on

j � d�n�1,

�Bn�i j �
j�1

∑
k�d�n�1

a j�k�Bn�ik �an�i� j

�
j�1

∑
k�d�n�1

a j�k�Bd�i�k�d�n �an�i� j

�
j�d�n�1

∑
l�1

a j�l�d�n�Bd�il �an�i� j

� �Bn�i� j�d�n�

It then follows:

Corollary 5.3 Whenever 1� n� d,

Tr�θn� �
n�1

∑
i�1

an�i Tr�θi��nan�

and Tr�θn� is a polynomial in a1� � � � �an, homogeneous of degree n under the

weights deg�ai� � i.
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Proof: By definition, Tr�θn� � Tr�Bn� � ∑d
i�1�Bn�ii, and by Lemma 5.2 this

equals

Tr�θn� �
d

∑
i�d�n�1

�Bn�ii �
d

∑
i�d�n�1

�Bd�i�i�d�n �
n

∑
j�1

�Bd�d�n� j� j�

i.e., this is the sum of the elements of Bd on the nth diagonal, counting from the

bottom leftmost corner. Hence,

Tr�θn� �
n

∑
j�1

�
j�1

∑
k�1

a j�k�Bd�d�n� j�k �ad��d�n� j�� j

�

�
n

∑
j�1

j�1

∑
k�1

a j�k�Bd�d�n� j�k �nan�

Now we change the double summation: c sums over the differences j� k, and k

keeps the same role:

Tr�θn� �
n�1

∑
c�1

n�c

∑
k�1

ac�Bd�k�c�d�n�k �nan

�
n�1

∑
c�1

ac

n�c

∑
k�1

�Bd�k�d��n�c��k �nan

�
n�1

∑
c�1

ac Tr�θn�c��nan�

For n� 0 let C n be as in Definition 2.3. We adopt the notation that for n � 0,

C n � 0. Then for n� 0, let Pn be the row matrix �C n�C n�1� � � � �C n�d�1�, and for

each n � 1� � � � �d, let

Fn �
d�1

∑
i�0

ad�n�1�i Tr�θi��

Let �F be the vector �F1� � � � �Fd�. With this we can give another formulation of the

trace of powers of θ:

Lemma 5.4 For each e� 0,

Tr�θd�e� � Pe ��F �
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Proof: By Proposition 2.5,

Tr�θd�e� �
d�1

∑
i�0

e

∑
j�0

C jad�e�i� j Tr�θi� �
e

∑
j�0

C j

d�1

∑
i�0

ad�e�i� j Tr�θi�

�
e

∑
j�e�d�1

C j

d�1

∑
i�0

ad�e�i� j Tr�θi� �
e

∑
j�e�d�1

C jFe� j�1

� Pe ��F�

Now we can give an example of a k algebra R, and θ as before, where k is

a field of positive characteristic, and the subalgebra of R generated over k by

Tr�θn� as n varies is not a finitely generated algebra (compare with Remark 4.1):

Example 5.5 Let k be a field of positive prime characteristic p, d � p, and

a1� � � � �ad indeterminates over k, R � k�a1� � � � �ad �. Let A � k�Tr θ�Tr θ2� � � ��.

It follows from Remark 4.2 and Remark 4.1 that A	 R. But this A is not finitely

generated over k, as we prove below.

For each n� 1, let An � k�Tr θ�Tr θ2� � � � �Tr θn�.

Claim: For each n� 0 and l � �0� � � � �d�1�:

Adn�l � k�aia
j
d 
 either j � n or else j � n and i� l��

We will prove this by induction on n. It holds for n � 0 by Corollary 5.3.

Thus by the definition of the Fi and by Corollary 5.3, all Fi are in all A�n�1�d�l.

Furthermore, each Fi is linear in ad .

By Lemma 5.4, Tr�θ�n�1�d�l� equals

C nd�lF1 � � � ��Cnd�1Fl �C ndFl�1 �C nd�1Fl�1 � � � ��C nd��d�i�1�Fd �

By the structure of the C i, ad appears in Ci with exponent at most i�d. Thus the

summand C nd�1Fl�1 � � � ��C nd��d�i�1�Fd lies in A�n�1�d�l�1. Also, in the ex-

pansion of the summand C nd�lF1 � � � ��C nd�1Fl , in each term ad either appears

with exponent n or smaller, or else it appears with exponent exactly n�1 and is

multiplied by one of the variables a1� � � � �al�1. Thus also this summand lies in

A�n�1�d�l�1. Thus

A�n�1�d�l � A�n�1�d�l�1�C ndFl�1��
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Fl�1 is linear in ad with leading coefficient Tr�θl�. C nd equals an
d plus terms of

lower ad-degree, so that similarly, by Corollary 5.3,

A�n�1�d�l � A�n�1�d�l�1�a
n
dad Tr�θl�� � A�n�1�d�l�1�a

n�1
d lal ��

This proves the claim. As a1� � � � �ad are variables over k, this means that A is not

finitely generated over k.

As an almost immediate corollary we can give another proof of Proposi-

tion 4.8 in a special case:

Proposition 5.6 Let d � p, i.e., the degree of the extension is the same as the

characteristic of the ring. Assume that Xd �∑d
i�1 aiXd�i is a separable polyno-

mial. Let v be any valuation v : R � � ��∞� such that v�x� � ∞ if and only if

x � 0. Then v�Tr�θn��� n for all n if and only if v�ai�� i for all i.

Proof: With notation as above, one can prove by induction on nd� l that v�an
dal��

nd � l. In particular, for l � 1� � � � �d�1, v�al�� l. Also,

v�ad� �
1
n
�v�an

dal�� v�al���
1
n
�nd � l� v�al��

for all n and l. As at least one v�al� is finite (by the separability assumption), it

follows that v�ad�� d.
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1 Introduction

The aim of this paper is to show that the property for a module having G-dimen-

sion 0 is an “open” property. To be more precise, let R be a Noetherian com-

mutative algebra over a field k and let M and N be finitely generated R-modules.

Suppose that N is a degeneration of M in some sense. Then we shall prove the

inequality G-dimM � G-dimN in Theorem (3.2). In particular, that G-dimN � 0

implies that G-dimM � 0 in this case. We infer from this that if there are some

moduli spaces of finitely generated R-modules, then the set of modules with G-

dimension 0 should form an open subset.

If the ring R is a Gorenstein local ring, then an R-module has G-dimension

zero if and only if it is a maximal Cohen-Macaulay module. And maximal

Cohen-Macaulay modules have been studied by many authors and a great deal

of properties are known (cf. [2]). It will be natural to expect that many of the

properties of maximal Cohen-Macaulay modules over a Gorenstein local ring are

satisfied as well for modules of G-dimension zero over a general local ring. This

259
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is a main reason for us to consider modules of G-dimension zero in this paper.

Note, however, that the category of modules of G-dimension zero is not a con-

travariantly finite subcategory in the category of finitely generated modules for a

certain kind of local ring, as we have recently shown in [4].

The above inequality of G-dimension could be proved from the definition

of degeneration and G-dimension. But in this paper we will prove it by using

a general result about degeneration (Theorem 2.2), from which the inequality

follows easily. Indeed, M degenerates to N if and only if there is a short exact

sequence of the following type:

0� Z

�
φ
ψ

�

��M�Z � N � 0

such that the endomorphism ψ on Z is nilpotent. This equivalence has been

proved in our previous work [5]. We are inspired very much by the work of G.

Zwara [6] for this. Actually, he proved it for a finite dimensional (noncommu-

tative) algebra over a field. In that case the condition that ψ is nilpotent is not

necessary. Many of algebraic properties of degeneration could follow from this

exact sequence as well as the inequality of G-dimension.

We shall give a precise definition of degeneration and discuss it to give the

above necessary and sufficient condition in Section 2. Using this result, we shall

give a proof of the inequality in Section 3.

2 Preliminaries for degenerations of modules

In this section k always denotes a field and R is a Noetherian commutative k-

algebra.

Definition 2.1 For finitely generated R-modules M and N, we say that M degen-

erates to N along a discrete valuation ring, or N is a degeneration of M along a

DVR, if there is a discrete valuation ring �V� tV�k� that is a k-algebra (where t is

a prime element) and a finitely generated R�k V -module Q which satisfies the

following conditions:

(1) Q is flat as a V -module.
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(2) Q�tQ�� N as an R-module.

(3) Q� 1
t �
�� M�k V � 1

t � as an R�k V � 1
t �-module.

We have proved the following theorem in the previous paper [5], which gives

a perfect condition for the degeneration along a DVR.

Theorem 2.2 ([5, Theorem 2.2]) The following conditions are equivalent for fi-

nitely generated R-modules M and N:

�1� N is a degeneration of M along a DVR.

�2� There is a short exact sequence of finitely generated R-modules

0� Z

�
φ
ψ

�

��M�Z � N � 0�

such that an endomorphism ψ on Z is nilpotent, i.e., ψn � 0 for n� 1.

Remark 2.3 As we remarked in the paper [5], G. Zwara has shown in [6] that

if R is an Artinian k-algebra, then the following conditions are equivalent for

finitely generated R-modules M and N:

�1� N is a degeneration of M along a DVR.

�2� There is a short exact sequence of finitely generated R-modules

0� Z

�
φ
ψ

�

��M�Z � N � 0�

Note here that we need not the nilpotency assumption for ψ. Actually, sup-

pose that there is such an exact sequence as in the condition (2). Then, since

EndR�Z� is an Artinian ring, we can decompose Z as Z�� Z�� and according to

this decomposition we can describe ψ as�
ψ� 0
0 ψ��

�
: Z�
�Z��

� Z�
�Z���

where ψ� is an isomorphism and ψ�� is nilpotent (Fitting theorem). Therefore we

obtain an exact sequence of the type

0� Z��

�
φ��

ψ��

�

��M�Z��
� N � 0�

such that ψ�� is nilpotent.
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We collect several remarks here that are proved in the paper [5].

Remark 2.4

(1) Our Theorem 2.2 is valid for finitely generated left modules over a gen-

eral k-algebra which may be noncommutative and non-Noetherian. See [5,

Theorem 2.2].

(2) We have considered a different kind of degeneration in the paper [3], mainly

for maximal Cohen-Macaulay modules. To distinguish it from the degen-

eration along a DVR, we call it a degeneration along an affine line. We

have shown the implication: “degeneration along a DVR �� degeneration

along an affine line.” However, the converse implication does not hold.

See [5, Section 3].

(3) Suppose that M degenerates to N along a DVR. Then as a discrete valuation

ring V we can always take the ring k�t��t�. See [5, Corollary 2.4].

3 G-dimension of modules

In this section, R denotes a Noetherian commutative ring without any other as-

sumption. First of all, let us briefly recall the definition of G-dimension.

Definition 3.1 ([1]) Let M be a finitely generated R-module. We say that M has

G-dimension zero if it satisfies the following conditions:

(1) The natural morphism M � HomR�HomR�M�R��R� is an isomorphism.

(2) ExtiR�M�R� � 0 for all i � 0.

(3) ExtiR�HomR�M�R��R� � 0 for all i � 0.

For an integer n, we say that M has G-dimension at most n, denoted by

G-dimRM � n, if an n-th syzygy module Ωn
R�M� of M has G-dimension zero.

If there is no such integer n, we denote G-dimRM � ∞.

Now we state our main theorem of this paper.
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Theorem 3.2 Assume that there is an exact sequence of finitely generated R-

modules

0� Z �M�Z � N � 0�

Then we have an inequality G-dimRM � G-dimRN.

In order to prove the theorem, it will be convenient to prepare the following

lemma.

Lemma 3.3 Let X and Y be finitely generated R-modules and let f : X � X�Y

be an R-homomorphism. If f is surjective, then Y � 0 and f is an isomorphism.

Proof: Let p : X �Y � X be the natural projection. Since p � f is a surjective

endomorphism on X , it is an automorphism. Likewise, f � p is an automorphism

on X�Y . Thus f is an isomorphism. In general, it is easy to see that X �� X�Y

implies Y � 0.

Now we proceed to the proof of the theorem. Of course we may assume

G-dimRN � ∞ to prove the inequality. As the first step of the proof, we shall

show that we may assume that G-dimRN � 0.

For this, suppose G-dimRN � 0. Consider any first syzygy modules ΩM,

ΩN, ΩZ of M, N, Z repectively, and we have an exact sequence of the type 0�

ΩZ � ΩM�ΩZ � ΩN � 0. Note here that G-dimRΩN � G-dimRN� 1 from

the definition, and that G-dimRM�1 � G-dimRΩM � G-dimRΩN by induction

on G-dimRN. Therefore, we can reduce the proof to the case where G-dimRN � 0.

Now in the rest of the proof, we assume that there is an exact sequence

0� Z �M�Z � N � 0� (1)

where G-dimRN � 0. We want to show G-dimRM � 0.

Denote X� � HomR�X �R� for any R-module X . Since ExtiR�N�R� � 0 �i� 0�,

we have a short exact sequence and isomorphisms:�
0� N��M��Z�� Z�� 0�

ExtiR�M�R��ExtiR�Z�R��� ExtiR�Z�R� �i � 0��
(2)

It follows from Lemma 3.3 that

ExtiR�M�R� � 0 �i � 0�� (3)
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Furthermore, since ExtiR�N
��R� � 0 for i � 0, we have from (2) the following

exact sequence and isomorphisms:����
���

0� Z���M���Z��� N��

� Ext1R�Z
��R�

f
� Ext1R�M

��R��Ext1R�Z
��R�� 0�

ExtiR�Z
��R��� ExtiR�M

��R��ExtiR�Z
��R� �i � 1��

(4)

Similarly to the above, using Lemma 3.3, we have that

ExtiR�M
��R� � 0 �i � 0�� (5)

and the mapping f in the diagram �4� is an isomorphism. As a consequence,

there is an exact sequence 0� Z���M���Z��� N�� � 0�

Now denote by νX the natural homomorphism X � X�� for any R-module X .

We notice that there is a commutative diagram with exact rows:

0 ����� Z ����� M�Z ����� N ����� 0

νZ

��� �
νM 0
0 νZ

���� νN

���
0 ����� Z�� ����� M���Z�� ����� N�� ����� 0

(6)

Since νN is an isomorphism, we see that CokerνZ
�� CokerνM �CokerνZ and

kerνZ
�� kerνM�kerνZ . Again by Lemma 3.3 we finally have that CokerνM � 0

and kerνM � 0. Hence,

νM : M �M�� is an isomorphism. (7)

From �3�, �5� and �7� we have shown that M has G-dimension 0.

Finally, as a direct consequence of Theorem 3.2 together with Theorem 2.2,

we have the following result as a corollary, which shows the openness of the

“G-dimension 0” property.

Corollary 3.4 Assume that R is a Noetherian algebra over a field k and let M

and N be finitely generated R-modules. Suppose that N is a degeneration of M

along a DVR. Then we have an inequality G-dimRM � G-dimRN.
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