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Series Preface

ATOMS, MOLECULES, AND CLUSTERS: STRUCTURE,
REACTIVITY, AND DYNAMICS

While atoms and molecules constitute the fundamental building blocks of matter,
atomic and molecular clusters lie somewhere between actual atoms and molecules
and extended solids. Helping to elucidate our understanding of this unique area with
its abundance of valuable applications, this series includes volumes that investigate
the structure, property, reactivity, and dynamics of atoms, molecules, and clusters.

The scope of the series encompasses all things related to atoms, molecules, and
clusters including both experimental and theoretical aspects. The major emphasis
of the series is to analyze these aspects under two broad categories: approaches and
applications. The approaches category includes different levels of quantum mechan-
ical theory with various computational tools augmented by available interpretive
methods, as well as state-of-the-art experimental techniques for unraveling the char-
acteristics of these systems including ultrafast dynamics strategies. Various simula-
tion and quantitative structure—activity relationship (QSAR) protocols will also be
included in the area of approaches.

The applications category includes topics like membranes, proteins, enzymes,
drugs, biological systems, atmospheric and interstellar chemistry, solutions, zeolites,
catalysis, aromatic systems, materials, and weakly bonded systems. Various devices
exploiting electrical, mechanical, optical, electronic, thermal, piezoelectric, and
magnetic properties of those systems also come under this purview.

The first two books in the series are (a) Aromaticity and Metal Clusters and
(b) Quantum Trajectories. A two-book set on Concepts and Methods in Modern
Theoretical Chemistry, edited by Swapan Kumar Ghosh and Pratim Kumar Chattaraj,
is the new addition to this series. The first book focuses on the electronic structure
and reactivity of many-electron systems and the second book deals with the statisti-
cal mechanical treatment of collections of such systems.

Pratim Kumar Chattaraj
Series Editor
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Foreword

A certain age comes when it is no longer unseemly to reflect on one’s contribution
to the world and, in the case of a scientist, the mark one has left on one’s career.
Professor B. M. Deb has reached such an age and can look back with considerable
satisfaction on his scientific legacy. I knew him long ago, when his career was still
to come, when he was at Oxford and was forming his aspirations and skills. Now,
long after, in these volumes, we are seeing where those aspirations and skills in due
course led.

One of the principal contributions of theoretical chemistry to what might be called
“everyday” chemistry is its development of powerful computational techniques.
Once such techniques were regarded with suspicion and of little relevance. But in
those days the techniques were primitive, and the hardware was barely adequate
for the enormous computations that even the simplest molecules require. Then, over
the decades, techniques of considerable sophistication emerged, and the hardware
evolved in unimaginable ways to accommodate and inspire even more imagination
and effort. Now, the computations give great insight and sometimes surpass even
actual measurements.

Of these new techniques, the most intriguing, and currently one in high fashion,
has been the density functional theory. That Professor Deb has contributed so much
in this field is demonstrated by the number of contributions in these volumes that
spring from his work. Fashions, of course, come and go, but these techniques are
currently having a considerable impact on so many branches of chemistry that they
are undoubtedly a good reason for Professor Deb to reflect, with characteristic but
misplaced modesty, on what he has done to promote and advance the technique.

It was for me a great pleasure to know the young Professor Deb and to discern
promise and to know that the contributions to these volumes show that that promise
has been more than amply fulfilled in a lifetime of contributions to theoretical chem-
istry. Professor Deb must be enormously proud of having inspired these volumes,
and justly so.

Peter Atkins
Oxford






Preface

This collection presents a glimpse of selected topics in theoretical chemistry by lead-
ing experts in the field as a tribute to Professor Bidyendu Mohan Deb in celebration
of his seventieth birthday.

The research of Professor Deb has always reflected his desire to have an under-
standing and rationalization of the observed chemical phenomena as well as to pre-
dict new phenomena by developing concepts or performing computations with the
help of available theoretical, modeling, or simulation techniques. Formulation of
new and more powerful theoretical tools and modeling strategies has always formed
an ongoing and integral part of his research activities. Proposing new experiments,
guided by theoretical insights, has also constituted a valuable component of his
research that has a fairly interdisciplinary flavor, having close interconnections with
areas like physics and biology.

The concept of single-particle density has always fascinated him, perhaps starting
with his work on force concept in chemistry, where the density is sufficient to obtain
Hellmann—Feynman forces on the nuclei in molecules. His two reviews on “Force
Concept in Chemistry”” and “Role of Single Particle Density in Chemistry,” published
in Reviews of Modern Physics, have provided a scholarly exposition of the intricate
concepts, inspiring tremendous interest and growth in this field. These have culmi-
nated in two edited books. The force concept provided the vehicle to go to new ways
of looking at molecular shapes, the HOMO postulate being an example of his imagi-
native skills. The concept of forces on the nuclei was soon generalized to the concept
of stress tensor within the electron cloud in molecules, the role of which in determin-
ing chemical binding and stability of molecules was also explored. Various aspects of
the density functional theory (DFT) were investigated. The static aspects were soon
viewed as only a special case of the corresponding dynamical theory, the so-called
quantum fluid dynamics (QFD), which was developed in 3-D space and applied to
study collision phenomena, response to external fields, and other related problems.

His mind has always opened new windows to bring in the fresh flavor of novel
concepts for interpreting the “observed,” predicting the “not yet observed,” and also
created tools and strategies to conquer unknown territory in the world of molecules,
materials, and phenomena. “Concepts are the fragrance of science,” he always
emphasizes. His research has often seemed to be somewhat unconventional in the
sense that he has always stressed conceptual developments that are often equally
suited for practical applications as well. He has a thirst for looking into the secret
of “why things are the way they are” and the mystery behind “being to becoming,”
focusing on the structure and dynamics of systems and phenomena, both of which
have been enriched immensely by his contributions. Aptly, we have the two present
books covering structure and dynamics, respectively.

The topics in Concepts and Methods in Modern Theoretical Chemistry: Electronic
Structure and Reactivity include articles on DFT, particularly the functional and
conceptual aspects, excited states, molecular electrostatic potentials, intermolecular
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xii Preface

interactions, general theoretical aspects, application to molecules, clusters and solids,
electronic stress, the information theory, the virial theorem, new periodic tables, the
role of the ionization potential and electron affinity difference, etc. The majority of
the chapters in Concepts and Methods in Modern Theoretical Chemistry: Statistical
Mechanics include time-dependent DFT, QFD, photodynamic control, nonlinear
dynamics, molecules in laser field, charge carrier mobility, excitation energy trans-
fer, chemical reactions, quantum Brownian motion, the third law of thermodynam-
ics, transport properties, nucleation, etc.

In the Indian context, theoretical chemistry has experienced significant growth
over the years. Professor Deb has been instrumental in catalyzing this growth by
providing the seed and nurturing young talents. It is the vision and effort of Professor
Deb that made it possible to inspire the younger generation to learn, teach, and prac-
tice theoretical chemistry as a discipline. In this context, it is no exaggeration to
describe him as the doyen of modern theoretical chemistry in India.

Professor Deb earned a PhD with Professor Charles Coulson at the University of
Oxford and then started his professional career at the Indian Institute of Technology,
Bombay, in 1971. Being a scientist-humanist of the highest order, he has always
demanded a high sense of integrity and a deep involvement from his research group
and other students. He has never sacrificed his own human qualities and never
allowed other matters to overtake the human aspects of life.

While his research has focused on conceptual simplicity, computational economy,
and sound interpretive aspects, his approach to other areas of life reflects the same.
We have often wondered at the expanse of his creativity, which is not restricted to
science but also covers art, literature, and life in general. His passion for work has, of
course, never overshadowed his warmth, affection, and helpfulness to others. He has
an extraordinary ability to act as a creative and caring mentor. His vast knowledge in
science, art, literature, and many other of the finer aspects of life in general, together
with his boundless sources of enthusiasm, creativity, and imagination, has often made
him somewhat unconventional in his thinking, research, and teaching. Designing new
experiments in class and introducing new methods in teaching have also been his pas-
sion. His erudition and versatility are also reflected in his writings on diverse topics
like the cinema of Satyajit Ray and lectures on this as well as various aspects of art.

We are privileged to serve as editors of these two books on Concepts and Methods
in Modern Theoretical Chemistry and offer the garland of scholarly essays written by
experts as a dedication to this great scientist-humanist of recent times with affection
and a deep sense of respect and appreciation for all that he has done for many of us
and continues to do so. We also gratefully acknowledge the overwhelming and hearty
response received from the contributors, to whom we express our indebtedness.

We are grateful to all the students, associates, and collaborators of Professor
B. M. Deb who spontaneously contributed to the write-up of the “Reminiscences”
and, in particular, Dr. Amlan K. Roy for compiling it in a coherent manner to the
present form. Finally, we are deeply indebted to Professor B. M. Deb for his kind
help, guidance, and encouragement throughout our association with him.

Swapan Kumar Ghosh
Pratim Kumar Chattaraj



Reminiscences

It is indeed a great pleasure to pen this note in celebration of Professor B. M. Deb’s
seventieth birthday. For many of us, he is a mentor, confidante, and adviser. Many
others look at him as an extraordinary teacher; a patient, encouraging, and motivat-
ing guide; a warm and caring human being; and a connoisseur of literature, art, and
so on. His dedication and passion for science is infectious.

Many of us have been fortunate to attend his lectures on quantum chemistry,
structure, bonding, symmetry, and group theory, which were all about the interlink-
ing of abstract concepts that are often sparsely scattered. After trudging along a
series of lectures, one is rewarded with the eventual conclusion that all chemical
bonds are mere manifestations of a single phenomenon, namely, the redistribution
of electron density. Often, he would explain physics from real-life analogies rather
than try to baffle and intimidate audiences with lots of mathematics—a popular trick
often used in the community. Just paying attention in his class gives one enough con-
fidence to tackle the most challenging problems in quantum chemistry. His recent
endeavor to initiate a course on Indian heritage has been highly appreciated. It is not
a history class, as the title may imply to some people, but rather a scientific evalua-
tion of the Indian past. Taking examples from our glorious past, the course differen-
tiates between easy and right about scientific ethics and logically establishes the path
one should follow for uplifting individual souls and society as a whole. Although a
theoretician, his enthusiasm and excitement for practical applications of science is
no less. The experiments on beating hearts and chemical oscillations are among the
most popular in the class.

His books The Force Concept in Chemistry and The Single-Particle Density in
Physics and Chemistry were hugely influential among those who sought, in quantum
chemistry, not just a computational tool for the calculation of molecular properties,
but a fundamental understanding of the physics of chemical bonding and molecular
reactivity. The application of the Hellmann—Feynman theorem to provide qualita-
tive insights into chemical binding in molecules as well as molecular shapes caught
the interest of even R. P. Feynman. As a research student, his communication with
Professor Feynman was a matter of great amazement, motivation, and pride for
many of his early PhD students, as Dr. Anjuli S. Bamzai recalls. Despite his consid-
erable work in density functional theory (DFT), he held an agnostic attitude toward
it, in the sense that he did not regard the search for a functional as the holy grail of
DFT or see DFT as being somehow in opposition to wave function—based theories.
He was also not against approximations and freely employed them wherever useful.
But he was convinced that the electron density held the key to a deeper understand-
ing of the chemical phenomena. Thus, in a way, he was willing to entertain the need
for considering the phase in addition to density to achieve a consistent treatment of
excited states and time-dependent phenomena.

To have worked with him has been a major turning point in our lives. We dis-
cover him as a scientist with high morality and professional ethics. It is not only
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xiv Reminiscences

learning the concepts in theoretical chemistry but also a more holistic approach
toward research, learning, and science itself. While scrupulously fair, he expected
his students to be conscientious. He gave his all to his students and to his research.
Reasonably enough, he expected no less from his students and from his colleagues,
a favorite expression being that he wanted the students “to go flat out” on their pro-
spective research problems. The amount of hard work that he put, propelled by tiny
seeds of imagination and analytical logic, always inspired us. But while the force of
his scientific conviction was strong, he was always open to arguments and discus-
sion. Even in turbulent times and under less-than-ideal conditions, he was not willing
to compromise on his scientific standards or integrity. He had a knack for choos-
ing and working on problems that were emerging frontiers of theoretical chemistry.
That was because of his intuition to choose research projects for us so that we could
contribute to the field effectively, despite the fact that all his research works were
done in India in relative isolation. Although much of his research career spanned the
overlap between physics and chemistry, he had no sympathy for those who would
regard chemistry as inferior to physics. When a physicist, after hearing Professor
Deb speak about his current research, praised him with the words, “You are almost
doing physics,” he rejoined with a wry smile, “No, I am doing good chemistry.” With
this statement, even his detractors would agree!

It feels amazing that we have learned as much from anecdotal informal interaction
with him as from the research experience. What added to the pleasure of working
with him were discussions about science and nonscientific matters. It was fascinating
to listen to him talk about poetry, literature, movies, food, art, and cultures across
the world. We would occasionally visit his residence and spend time with him at
the dining table discussing the progress of our projects while partaking of delicious
snacks and meals prepared by Mrs. Deb. For many of us, it was something like a
home away from home, and we soon learned that a combination of food and food for
thought goes well together. The amazement of such an experience is narrated here
by Dr. Bamzai. Their home was decorated with the works of some of the greatest
artists of all time. Often one would come across a discussion about Leonardo da
Vinci’s The Last Supper or Picasso’s Guernica and how the artist, through his work,
had conveyed the tragedies of war and its horrific impact on innocent civilians. At
other times, he would discuss how M. C. Escher’s art effectively conveys important
concepts such as symmetry and transformations in crystallography. He has serious
concern also about science, culture, and heritage. He constantly engages into the
popularization of science as well as the improvement of the education system in
India. It is surprising how he was able to impart knowledge on such a diverse array
of topics.

Given his varied interests and the positive energy that he imbues into his sur-
roundings, we know that he will never stop being an academic. Despite his own and
Mrs. Deb’s deteriorating health, they have stood beside their students and colleagues
with constant support and encouragement. Many of us remember the act of good
Samaritan-ship by Professor Deb and his family toward his colleagues. One such act
is vividly recollected here by Professor Harjinder Singh, whose daughter was strug-
gling in an intensive care unit at that time. They needed to stay at a place close to
the hospital. Deb’s family extended their wholehearted support during that crisis, not
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minding any inconvenience caused to them, especially when the city of Chandigarh
was going through the political turmoil of a full-blown secessionist movement, regu-
lar terrorist threats, shootings, bus bombings, and assassinations.

A lesson we learned from Professor Deb that we have carried throughout our life
was his admonition: “Beware of the fourth rater who calls the third rater good.” It
was a call and a challenge to aspire to the highest standards of excellence in life, and
it is the pursuit of this gold standard that he strived to inculcate in us, despite poten-
tial temptations to discard it so often! We consider ourselves very fortunate to have
Professor Deb as our teacher, philosopher, and guide. His work and work ethic will
continue to influence and nurture future generations via many students and postdocs
he has taught and guided. He remains a source of inspiration to all who wish to be an
ideal teacher, a thorough researcher, and, above all, a decent human being. We feel
privileged to be a part of his extended family and take this opportunity to express
our sincere gratitude to him for his support, kindness, and patience. We are indebted
to him and send our best wishes to his family.

Anjuli S. Bamzai
Pratim K. Chattaraj
Mukunda Prasad Das
Swapan K. Ghosh
Neetu Gupta

Geeta Mahajan
Smita Rani Mishra
Amitabh Mukherjee
Aniket Patra

Amlan K. Roy
Mainak Sadhukhan
R. P. Semwal
Harjinder Singh
Ranbir Singh
Nagamani Sukumar
Vikas

Amita Wadehra
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An Interview with B. M. Deb

(This interview was conducted by Richa Malhotra for the journal Current
Science. An edited version of the interview was published in Current Science
on January 25, 2012, and an expanded version appears in the present book.
Courtesy of Current Science.)

¢ How has the field of theoretical and computational chemistry evolved
over the years?

One has to write a book to answer this! It is similar to answering how
science has evolved in the last century and the present century so far. Let
me try to explain how the broad contours of theoretical and computational
chemistry have developed over many years.

Theoretical chemistry has been operating at the interface between
chemistry, physics, biology, mathematics, and computational science. It
deals with systems and phenomena concerning these large subjects. The
systems are microscopic, mesoscopic, and macroscopic, viz., atoms, mol-
ecules, clusters, and other nanosystems, soft and hard condensed matter.
The phenomena involve a holistic combination of structure, dynamics,
and function. Structure concerns itself with geometry, where both Group
Theory and Topology (especially, Graph Theory) come in. Dynamics deal
with evolution in time; structure is a consequence of dynamics, and vice
versa. Function implies all kinds of properties, viz., electrical, magnetic,
optical, chemical, biological, and even mechanical properties. Let me show
this by a triangular SDF figure, which is actually valid for every field of
human endeavor, including literature and arts.

XXiii
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Structure (S)

Dynamics (D) < » Function (F)

The disciplines which study all of these are quantum chemistry (both
nonrelativistic and relativistic), quantum biology and biochemistry, quan-
tum pharmacology, spectroscopy, molecular reaction dynamics, equilibrium
and nonequilibrium statistical mechanics, equilibrium and nonequilibrium
thermodynamics, nonlinear dynamics, mathematical methods of chemis-
try, etc., with various subdisciplines. It is interesting to note that Graph
Theory, which is a branch of mathematics and is also used by chemists,
physicists, biologists, sociologists, electrical engineers, neural and other
network scientists, had drawn primary inspiration in the 1870s from struc-
tural formulas in chemistry which denote connectivity. As you see, at this
level, it is really not possible to distinguish between theoretical chemis-
try and theoretical physics or, for that matter, theoretical biology. Atomic
and molecular physics, polymer and condensed matter physics—bringing
in materials science—and even certain issues of structure and interac-
tion in nuclear physics are of interest to theoretical chemists. Present-day
mathematical chemistry, which uses topology—though not necessarily in
conjunction with quantum mechanics—to develop quantitative structure—
activity relations for drug design, hazard chemicals assessment, etc., is
another aspect of theoretical chemistry.

Computational chemistry has been primarily concerned with the devel-
opment and application of computer software, using theoretical chemistry
methodologies, utilizing numerical methods and computer programming in
a significant way. Nowadays, not all theoretical chemists and computational
chemists develop their own codes. Only some do, if necessary, whereas
others employ standard and/or commercially available software packages
for performing computations on electronic structure; geometry; various
chemical, physical, and biological properties; as well as various kinds of
classical and semiclassical simulations of structures and dynamics of large
molecular systems such as proteins, polymers, and liquids. Since the 1930s,
theoretical and computational chemists have been a major driving force
behind developments in computational sciences, including both computer
hardware and software development, especially number crunching and
graphics. Graphics are particularly important because chemists find it dif-
ficult to work without detailed visualization. Also, representing millions
of computed numbers in terms of colorful pictures, which could undulate
in time as well, greatly enhances our insight into the phenomenon being
studied. Presently, we feel that any equation which cannot be solved ana-
lytically but the solution exists can be solved numerically with an accuracy
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which goes beyond experimental accuracy as long as the variables are not
too many in number.

Because of their subject’s complex multidisciplinary nature, theoreti-
cal chemists have been somewhat like orphans! You can find them every-
where, in chemistry, biochemistry, physics, mathematics, computer science,
chemical engineering, materials science, as well as in industries across the
world, though I believe very few, if any at all, in Indian industries. Since
earth scientists are currently using theoretical chemistry computations for
interpretations of their data, perhaps we will soon have a theoretical chem-
ist in an earth science department!

Historically, mathematicians, physicists, chemists, computer scientists,
and even economists have contributed to theoretical chemistry. Apart from
the mathematician J. Sylvester’s realization in the 1870s that structural
formulas in chemistry have a hidden algebraic structure, I think Gibbs’s
development of thermodynamics, followed by the axiomatic development
of the subject by Carathéodory and Born, Debye—Hiickel-Onsager theory
of strong electrolytes, Lewis’s electronic theory of valence, the vector atom
model, etc., are some of the important landmarks in the early days of theo-
retical chemistry. Once quantum mechanics came into being, there resulted
an explosive growth in the areas that I have mentioned earlier.

¢ What have been your key contributions and areas of interest in chemistry?

It is embarrassing to talk about “key contributions” of a mediocre sci-
entist. I always believed that (1) theory should not only explain current
experiment but should also make predictions for future experiment and that
(2) concepts are the fragrance of science. Therefore, along with my research
students, I have been struggling to develop rigorous concepts in chemistry
which can lead to deep insights, as well as accurate results which are ame-
nable to physical and pictorial interpretation. Whatever we have been able
to do has been possible only because of my courageous students.

Because of my persistent interest in geometry, our first work in India
was to develop a purely qualitative and general molecular—orbital approach
(without computation and by using group theory extensively), leading to
a force model for explaining and predicting various features of molecu-
lar geometry of small- and medium-sized molecules based on the electron
density in the highest occupied molecular orbital. This was followed by
semi-empirical computations of electronic structure and geometry of quite
a few unknown molecules, predicting that they are capable of independent
existence. Along with these, we wrote an article entitled “the force con-
cept in chemistry.” The responses to this article changed the course of our
research, especially Fano’s suggestion that we think of how the electron
density can be calculated without the wave function and Feynman’s sugges-
tion that we look into internal stresses in molecules. Even though we did not
know then of Hohenberg—Kohn theorems and Kohn—Sham equations, we
were already completely convinced of the fundamental significance of elec-
tron density in three-dimensional space and strongly felt that, through the
electron density, nonrelativistic quantum phenomena can have “classical”
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interpretations, which are necessary for pictorial understanding. Based on
Feynman’s suggestion, we defined an electrostatic stress tensor using the
electron density and showed that this has the same form as Maxwell’s stress
tensor for classical electromagnetic fields. Furthermore, along the bond
direction in a diatomic molecule, the appropriate component of the stress
tensor shows an extremum at the equilibrium internuclear distance. In try-
ing to understand why stress tensor should be such an important entity, we
realized that we have to go to classical fluid dynamics. The fluid dynamical
interpretation of one-electron systems was already in existence but taking
it to many-electron systems was rather difficult. We therefore developed
what we called a quantum fluid dynamical interpretation of many-electron
systems in terms of the electron density and defined a comprehensive stress
tensor for such a system in terms of the full nonrelativistic Hamiltonian,
i.e., by incorporating kinetic, electrostatic, exchange, and correlation terms.
This still had the same form as Maxwell’s tensor. We then defined a general
criterion for the stability of matter, viz., the force density obtained from this
stress tensor must vanish at every point in three-dimensional space. The
stress tensor, however, did not yield a deterministic equation for the electron
density which has to incorporate both space and time.

Time was of the essence in our struggle. The two interlinked bottlenecks
in the electron density approach were time dependence and excited states.
We first developed a rigorous time-dependent density functional theory for
a certain class of potentials by utilizing QFD. Since this version of density
functional theory was not exact for all potentials, we also developed a simi-
lar approach in terms of natural orbitals which are exact in principle. This
approach yielded an equation for the ground state density whose accuracy
was very good. Using this, we calculated the frequency-dependent multi-
pole (2-pole, [ = 1, 2, 3, 4) polarizabilities of atoms. Some of these com-
puted numbers still await experimental verification.

Efforts continued to generate more accurate equations for directly deter-
mining density by a single equation no matter how many electrons are there
in the system. One such effort yielded a quadratic—rather than a differen-
tial—time-independent equation whose density yielded many interesting
results. This equation led to an effort to justify the existence of empiri-
cally finite atomic, ionic, and Van der Waals radii—even though quantum
mechanically these radii are infinite—by adopting a conjecture that such
finite radii are decided by a single universal value of the electron density in
space. Finally, we were able to obtain a fascinating nonrelativistic nonlinear
single partial differential equation for the direct determination of electron
density and properties of many-electron systems. Besides applying this
equation to the ground state and time-dependent situations, application was
also made to proton-atom high-energy scattering; it was possible to identify
approach, encounter, and departure regimes, which should be helpful in
chemical reactions. This equation has a number of interesting mathematical
properties, some of which we have examined while others remain unex-
plored. A relativistic quantum fluid dynamical density approach was also
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developed. Additionally, we have written quite a bit in trying to emphasize
the fundamental significance of electron density in understanding struc-
tures, dynamics, and properties.

An important job of theory is to explain and predict phenomena. Two
decades ago, we became interested in atoms and molecules under extreme
conditions such as intense laser and strong magnetic fields. We pushed our
time-dependent density equation into these difficult situations. With lasers,
quite exciting results and insights were obtained into various multipho-
ton processes such as spatial shifting of density in both femtoseconds and
attoseconds, photoionization spectra, high-order harmonics generation (its
implication is the creation of attosecond and X-ray lasers), suppression of
ionization under a superintense laser, Coulomb explosion in molecular dis-
sociation, etc. The mechanism of shortening of bond length in a diatomic
molecule under strong magnetic fields was also studied. We have predicted
that, if an oscillating strong magnetic field of an appropriate frequency
interacts with a hydrogen atom, coherent radiation should be emitted.
This remains to be experimentally verified. We have also proposed a new
dynamical signature of quantum chaos and demonstrated it with strong
magnetic fields.

We now come to excited states. Using a hybrid wave function-density
approach and an interpretation of exchange proposed by other workers, we
have been able to calculate excited state energies and densities of several
hundred excited states of various atoms. These were singly, doubly, and
triply excited states, autoionizing states, satellite states, etc., and involved
both small and large energy differences.

* You have worked mainly outside the boundaries of ‘“chemistry.” What
are the interdisciplinary areas that you have worked on?

I do not think I have worked outside the boundaries of chemistry, which
are actually limitless. An interdisciplinary research area that I have pursued
is the quantum theory of structures, dynamics, and properties of atoms and
molecules. I have had great pleasure in devoting some time over the years
for designing exciting and colorful chemical experiments, based on research
literature, for undergraduate and postgraduate teaching laboratories. Each
of these brings as many sciences as possible on the common platform of one
single experiment. This was to partly satisfy my hunger for experimental
chemistry! Also, writing on integrated learning in sciences, designing new
curricula and developing new courses have been something of a passion. |
have had a life-long interest in science, mathematics, literature, and art in
Ancient and Medieval India, on which I am writing a book for the last five
years. The idea of holism of Ancient Indians that everything is connected
to everything else has always fascinated me because this is the essence of
multidisciplinarity.

* What do you see as things that have changed in the field of chemistry,
especially theoretical chemistry and computational chemistry?

I see considerable development in the interfaces between chemistry
and biology, as well as between chemistry and materials science. Some
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development has also occurred in the interface between chemistry and earth
science, as well as between chemistry and archaeology (e.g., archaecometry).
With the advent of improved computer hardware and software, the way
chemistry used to be done has changed, in the way data are recorded and
analyzed. Computational chemistry software are being used almost rou-
tinely by many experimental chemists. Computational chemists are them-
selves using standard software packages to tackle more and more exciting
and challenging problems. Two- and three-dimensional visualizations
(graphics) are increasingly being employed. Experimentally, attempts are
being made to probe single molecules rather than molecules in an assembly.
Combinatorial chemistry, as well as green chemistry, has been in existence
for some time. A synthesis protocol using artificial intelligence also exists.
Attosecond (10'® ) phenomena, concerned with electronic motions, have
emerged very recently. Overall, I sense a great churning taking place in
chemistry.

* What do you think lies in the future of theoretical chemistry and com-
putational chemistry?

If I am not wrong, of the total global population of theoretical and com-
putational chemists, 90% or even more are computational chemists. Two
things ought to be noted here. Software packages represent the technol-
ogy of theoretical chemistry, and they employ existing theories which can-
not be regarded as “perfect.” Everybody knows that “all exact sciences are
dominated by approximations.” Chemical systems being highly complex, it
would be rather unrealistic to play with toy models which admit analytical
solutions. Therefore, the need for developing new concepts for improving
existing theories would remain strong because this is an open-ended quest.
Needless to say, software packages should not be used as “black boxes.”

I have a feeling that the number of theoretical chemists who can tra-
verse the whole gamut of theoretical chemistry, viz., generation of concepts,
formalisms, algorithms, computer codes, and new ways of interpreting
computed numbers, is decreasing steadily all over the world. Urgent replen-
ishments are needed through the induction of bright, imaginative, and
capable young chemists. In a way, theoretical chemists are akin to poets,
admittedly with a practical bent of mind. We need to ensure that poetry,
imagination, and the fun of making predictions do not disappear from
chemistry.

* Where do you think physical chemistry stands relative to other areas
like inorganic and organic chemistry? (in terms of number of research-
ers, publications, Nobel Prizes, etc.)

Since my undergraduate days, I have been acutely uncomfortable with
the attitude that chemistry can be completely classified into inorganic,
organic, and physical chemistry. These are artificial intellectual barriers.
The numbers of researchers and publications in certain areas of chemistry
have been steadily increasing and will continue to do so. In terms of the
number of researchers in various areas, there has been a seriously lopsided
development in some countries because of the tripartite classification. One
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even hears of cases where there is a large number of Ph.D. students with just
one Supervisor. I hope the situation will improve and a balanced develop-
ment will take place. Until 1960s, successive Nobel Committees apparently
did not find theoretical chemists worthy of the Nobel Prize, although the
latter had enormous impact on the whole of chemistry. That also changed
from the 1960s. Of late, even a theoretical condensed matter physicist has
received the Nobel Prize in chemistry. So, the earlier we teach ourselves to
climb over these barriers, the better for the growth of chemistry.

¢ How are Physical Chemistry and Chemical Physics different from each
other?

Since both the terms refer to the interface between chemistry and phys-
ics, they should have the same meaning. However, in usage, this is not so.
The term “chemical physics” was coined in the postquantum mechanical era
and popularized by journals in chemical physics. One might simplistically
say that, if, in the chemistry—physics interface, one is veering more toward
chemistry, then one is doing physical chemistry, whereas, if one veers more
toward physics, one is doing chemical physics. Alternatively, since science
develops by progressive quantification, one might say that chemical physics
is the modern more quantified version of physical chemistry. But I think all
such distinctions are somewhat contrived. However, chemical physics has
certainly been enriched by contributions from many physicists who prob-
ably felt more comfortable with this term than “physical chemistry.” It may
be worth noting here that an “overzealous” scientist had once defined physi-
cal chemistry as “the study of everything that is interesting”!

e How has computation changed the way research in chemistry is carried
out?

Over the years, there has been a sea of change in the attitude of chem-
ists. Earlier, any theoretical method and the numbers computed from it had
to be justified by comparing with experimental results. This has drastically
changed because of two reasons: First, the sophistication in theory, algo-
rithms, and computer codes is now so good that these frequently deliver com-
puted numbers much beyond present-day experimental accuracy. Second,
there are many situations in which it is extremely difficult to perform an
experiment, e.g., to study a very short-lived molecule or study a phenomenon
like the folding of a protein in a biological environment. Theoretical and
computational chemistry could be the only route to take in such cases.

Let me give you an example of accuracy of a theoretical method. In the
last five years, it has been possible to numerically solve the Schrodinger
equation for some systems with a precision of forty significant figures!
While I do not understand the experimental significance of numbers beyond
a certain significant figure or what we can do with such precise numbers,
the fact remains that such computational accuracy is now deliverable and
it challenges experiment. This is definitely good for overall development.
Another recent development is the experimental tomographical picture of
the highest occupied molecular orbital of the N, molecule, which proved the
physical existence of a wave function.
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With the availability of dependable and commercially available software
packages developed by theoretical and computational chemists, in collabo-
ration with experts in numerical methods, an interesting situation has come
about. The synthesis and structure of a new molecule discovered in the
chemical laboratory is nowadays justified by experimentalists by doing a
geometry optimization according to a good software package. On the other
hand, the experimental determination of structure generally resorts to a
combination of methods.

However, we should never forget that experiment and theory are the two
wings of a bird named science. It cannot fly on only one wing.

¢ On one hand, the boundaries between chemistry and other sciences are
blurring, and on the other, chemistry is branching out into specialized
courses/fields. How do you think this is making a difference? Is the
effect getting balanced out in some way?

I'look at it differently, instead of a balance or an imbalance. I like to spell
“Chemistry” as “Chemistree.” The Tree of Chemistry is large. It has deep
roots and spreads in all directions. It has many branches and subbranches.
New branches, subbranches, and leaves sprout in the course of time. As
chemists, we are like birds living on this tree. A group of birds might nest in
a small subbranch. There is no harm in that as long as the birds leave their
nest once in a while and become aware of the large tree.

I believe there is a network of sciences, humanities, and social sciences
with chemistry as a central science. I think future teaching and research in
chemistry might develop along such a network.

¢ What significance did the International Year of Chemistry (2011)
have for you? What would you like to see changing in the future about
research in chemistry?

Let me answer the first question first. Chemistry has always been a deeply
humanistic subject. For six thousand years, chemistry has worked for the
benefit of humankind. Therefore, IYC did not remind me anew of chemis-
try in the service of humankind. Instead, it reminded me of two individuals
whom I greatly admire: Madame Marie Sklodowska Curie and Acharya
(Sir) Prafulla Chandra Réy. Besides being the centenary of Madame Curie’s
Nobel Prize in chemistry, 2011 was also the 150th birth anniversary of
Acharya Ray, the first modern chemist of India and, along with Acharya
(Sir) J. C. Bose, the founder of modern scientific research in India. As a
teacher, Acharya Ray had inspired Meghnad Saha (the founder of mod-
ern astrophysics), Satyendra Nath Bose (the founder of quantum statistics),
Jnan Chandra Ghosh (pre-Debye—Hiickel theory of strong electrolytes), and
many others. Besides his own well-known researches in chemistry, he was
the founder of the chemical and pharmaceutical industries in India and an
indefatigable social reformer. He was one of the greatest sons and builders
of modern India, greatly admired by Mahatma Gandhi and Rabindranath
Tagore, as well as numerous other persons, because of his asceticism, scien-
tific modernism, deep knowledge about classical Indian culture, and a life
totally dedicated to others.
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There are striking parallels in the lives of Madame Curie and Acharya
Ray which set guidelines for other human beings: poverty, suffering,
indomitable spirit which does not recognize any obstacle, pioneering works
in spite of continued ill health, tremendous leadership, building of multiple
institutions, as well as an ascetic life totally devoid of self and completely
dedicated to the welfare of others.

Coming to the second question. Within the global scenario, I believe
we are not too bad in dealing with problems of fundamental importance
in chemistry. However, I would like to see much greater intensity here,
in terms of issues which were not tackled before. Where I would like to
see extensive leapfrogging is in the development of new and sophisticated
technologies born in chemical research laboratories, in collaboration with
other scientists and engineers, wherever necessary. Some examples would
be attosecond and X-ray lasers, a working quantum computer, new drug
molecules by drastically cutting down the laboratory-to-market time sched-
ule through a clever but absolutely safe multidisciplinary approach, etc. The
list is actually quite long. Increasingly sophisticated chemical technologies
which would be inexpensive and eco-friendly and can improve the lives of
common people, especially those in rural and impoverished areas all over
the world, need to be developed as quickly as possible.

* You were involved in the development of chemistry curriculum for
Indian universities. What are the key aspects of a good chemistry cur-
riculum according to you?

A curriculum involves a combination of teaching, learning, and assess-
ment. Irrespective of what an individual chemist may practice in his/her
own research, a chemistry curriculum must not split chemistry into inor-
ganic, organic, and physical chemistry, and there should be no specializa-
tion in any of these three up to the graduation level (pre-Ph.D.). I strongly
believe that this tripartite splitting has done enormous damage to the free
development of chemistry in certain countries. Throughout the undergradu-
ate years, there should be self-exploration by the student through as many
small and medium projects as possible. Science can be learnt only through
a dialog with Nature, through experiments in the laboratory, and in natural
environments outside the laboratory. Laboratory programs in certain coun-
tries are not in a good state. We must bring back imagination, excitement,
and wonder into the laboratory courses in chemistry. This is easier said
than done. Here, theoretical and computational chemists should join hands
with their experimental colleagues in devising concept-oriented, technique-
intensive, and generally fun experiments for students. We must also bring
back experimental demonstrations during classroom lectures. Let us not
forget that chemistry is a subject combining magic, logic, and aesthetics.

The life-blood of any educational program is a dedicated and consci-
entious band of teachers. I would request the teachers concerned that,
in formulating any chemistry curriculum, they should keep in mind that
chemistry is a central science, overlapping with practically any subject
under the sun and even the processes occurring in the sun, in the earth, and
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elsewhere. Here, I would like to draw a connectivity network which depicts
chemistry as a central science, and teachers as well as students may keep
this in mind. Note that seven lines, some of which are coincident, radiate
out from every subject toward other subjects. Both teaching and research in
chemistry might develop in the future along this network.

Mathematics

Physics Chemistry Biology

g

Earthscience 1+ — Computational science

\ /

Applied sciences/emerging technologies

(Molecular and opto-electronics, quantum computing, new materials
including smart and nanomaterials, new drugs and their delivery systems,

new catalysts, DNA microarrays, etc.)

Social sciences and fine arts

Within this pattern, a chemistry curriculum must impart both intellec-
tual and manual skills to the student and try to integrate both skills. This is
the essence of creativity.

What kind of prospects do young theoretical and computational chem-
ists have?

I strongly feel that every chemistry department in colleges and universi-
ties should appoint at least one theoretical and computational chemist. In
universities, the critical number would be three. Because of the multidis-
ciplinary nature of the subject, a theoretical chemist can teach quite a few
areas and would therefore lend strength to the teaching programs. Secondly,
industries in a number of countries do not seem to have felt the need to
appoint theoretical and computational chemists. All these have drastically
reduced the employability of young theoretical and computational chem-
ists, who show enormous personal courage to go into these areas. As a
result, theoretical and computational chemists have found employment only
in a limited number of institutions. I find this overall situation fraught with
danger for the future development of chemistry.

What sparked your interest in Chemistry? (You had done a Ph.D. in
mathematics.)

I drifted into chemistry. I could see myself also in literature or medicine
or biology or physics. However, even though my father was a legendary
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teacher of mathematics, I never saw myself as a mathematician. An encoun-
ter with a highly charismatic teacher of chemistry put me into chemistry
at Presidency College, Kolkata. I began to love the subject because of its
all-encompassing nature. I was seriously thinking about going into experi-
mental chemistry. It was a distinguished polymer chemist who advised me
to pursue my doctoral studies with Professor C. A. Coulson. Since Professor
Coulson was the Director of the Mathematical Institute of Oxford University,
my D.Phil. degree was under the Mathematics Faculty at Oxford. Still, it
took me six months at Oxford to firmly conclude that theoretical chemistry
with its unlimited expanse will be my life, mainly because I knew that I
would never be able to come to grips with it.

Looking back, I am convinced that it was my teachers right from high
school to the doctoral level who were instrumental in charting my profes-
sional life.

e Is there a particular incident from your research career, an anecdote,
that you would like to share with the readers?

I recall an incident which helped to redefine the course of my research.
Around 1970, I had written an article on what I called “the force concept
in chemistry” for students and teachers of chemistry. The chemistry jour-
nals I sent it to declined to consider it for publication, saying this would be
beyond their readership. Exasperated, I sent it to Professor Coulson for his
critical comments. Professor Coulson decided to communicate it himself
to Reviews of Modern Physics (RMP). It was highly interesting that, while
the referee(s) accepted the article, Professor U. Fano, the Editor of RMP,
wanted me to rewrite parts of it, making an extremely important point that
I comment on how the electron density can be calculated directly. I wrote
whatever I could, and the article was published. I was rather unnerved but
elated when I received many letters from people belonging to various dis-
ciplines, including several highly respected scientists. One of them was
Professor R. P. Feynman who, besides telling me that he liked the article,
suggested that I look into stresses in molecules, which he himself was inter-
ested in at one time but never published anything on it. Enclosed with his
letter came the Xerox copies of relevant pages on stresses from his B.S.
dissertation (under J. C. Slater) at MIT, which contained his famous work
on the Hellmann—Feynman theorem. These two suggestions changed my
research.
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1.1 INTRODUCTION

Nucleation and growth of a new (daughter) phase from an old (parent) phase are
two related topics of tremendous current interest, with wide-ranging practical value
and with applications ranging from atmospheric research to materials science.
First-order phase transitions usually occur via nucleation and subsequent growth of
the postcritical nucleus. The last stage is again divided into two parts: growth and
aging. The latter is also referred to as ripening. The formation of a droplet of the
stable phase within the metastable bulk phase through an activated process is called
nucleation. Growth follows nucleation and leads to phase transition. Aging occurs
in the late stage of first-order phase transition and takes place when the system is
closed for mass exchange. After nucleation and growth, minimization of the total
interfacial energy drives competitive late-stage growth. The mechanism recognized
for the aging process is Ostwald ripening, which is the phenomenon in which the
smaller clusters lose monomers and decay and larger clusters capture monomers
and grow.

The classical nucleation theory (CNT) (of Becker—Doring—Zeldovich) provides
a simple yet elegant description of homogeneous nucleation in terms of free energy
barrier, with the size of the cluster as the sole order parameter describing nucleation
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[1-6]. CNT assumes that a spherical droplet of the new stable phase grows in a sea
of parent metastable bulk phase by addition of single molecules and that this drop-
let has to grow beyond a certain “critical size” (R*) to compensate for the energy
required to form the surface between the two phases. The free energy of formation
of a droplet of radius R is

zKHR):—%?RwAGA+4mRW, (1.1)

where | AGV| is the free energy difference per unit volume between the daughter and the
parent phases, and vy is the surface tension of the interface between them. The preceding
relation gives the following well-known expressions for the size of the critical nucleus
(R*) and the free energy barrier (AG(R*)):
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Note that the free energy barrier depends more strongly on surface tension than
on the free energy difference. From the preceding discussion, we get the expected
result that both the critical cluster size (R*) and the free energy barrier (AG(R*))
decrease with increase in supersaturation or supercooling and the rate of nucleation
increases following the Arrhenius rate expression.

However, the Becker—Doring theory is known to become unreliable at large super-
saturation or supercooling. Recent studies have shown that the temperature depen-
dence of rate undergoes a crossover from Arrhenius-type temperature dependence at
low supersaturation to weaker non-Arrhenius type temperature dependence at large
supersaturation [7-11]. Quantitative estimates of an experimentally observed rate
are also known to be greatly at variance with the predictions of CNT [12]. Although
several aspects of this CNT have recently been analyzed critically in both two- and
three-dimensional systems [13—-17] and different lacunae have been removed, the
important problem of the mechanism of nucleation at large metastability remains
unresolved and somewhat controversial.

In fact, it is not surprising that Becker—Doring—like simple theories face difficul-
ties. These are based on many simplifying assumptions, such as (1) growth by single
particle addition, (2) capillary approximation to evaluate the free energy surface, and
(3) only a single large growing cluster dominating nucleation. It can be shown that
each of these approximations becomes invalid at high supersaturation. Recently, a
new formulation has been developed that avoids making all these approximations by
directly evaluating the free energy surface by using modern methods of constrained
variation (umbrella sampling, transition matrix Monte Carlo, and metadynamics)
and using a larger set of order parameters than a single cluster size. In Section 1.2,
we shall discuss gas—liquid nucleation at large metastability in detail.
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Crystallization is a more complex process than condensation, and one order
parameter description often fails as density and order both change on crystallization.
It has been long known that, when a solid crystallizes out from a solution or melt, it
is not the thermodynamically stable phase that forms; rather, it is the thermodynami-
cally least stable (metastable) phase that separates out first, which progressively trans-
forms to the stable phase, given adequate condition to attain equilibrium. In zeolite
systems, one often observes that the less stable faujasite phase precipitates first. The
most stable alpha-quartz phase forms either at high temperature or after a long time
[18]. More recently, Chung et al. have also observed the same scenario in the crystal-
lization of metal phosphate [19]. This observation was made of Wilhelm Ostwald long
ago and has been generalized as the Ostwald step rule of successive crystallization
[20,21]. Despite enormous interest in the Ostwald step rule, many aspects of the selec-
tion of solid polymorphs from solution have remained unclear. According to the origi-
nal statement of Ostwald, the phase that precipitates out first is not the most stable
phase but the one closest in likeness to the parent sol phase. The fact that the most
stable phase precipitates out at high temperatures (or after a long time) is explained by
appealing to CNT. CNT expressions show that, even when AG,, is the largest for the
most stable phase, it might not form if the surface tension is large. In such cases, the
phase of intermediate or least stability can win on kinetic grounds if the surface ten-
sion term is less. This is what Ostwald probably meant by the statement that the phase
that precipitates out at first stage is closest in nature to the sol phase.

The issue of transformation of the least stable phase to the most stable phase,
however, remains unsettled. For example, what is the nucleation scenario in the
case of such transformations? Simulations have shown that, for Lennard—Jones (LJ)
fluid, it is always the metastable body centered cubic (bcc) phase that forms first
and then transforms into the stable face centered cubic (fcc) phase [22]. Alexander
and McTague have also suggested that a metastable bce phase can easily be formed
from supercooled liquid [23]. This is a good example of “disappearing polymorph.”
Although many theoretical approaches have been developed to understand this phe-
nomenon [24-26], an elegant quantitative explanation is still lacking. In Section 1.3,
we shall discuss the energy landscape view of crystallization and the Ostwald rule of
stages. In the last section (Section 1.4), we shall describe Ostwald ripening, which is
late-stage growth in a system undergoing phase transition.

1.2  GAS-LIQUID NUCLEATION AT LARGE METASTABILITY

There are several issues regarding nucleation at large metastability. First, of course,
is the issue of the quantitative accuracy of CNT. It is now well established that the
use of CNT with surface tension obtained from the equilibrium gas—liquid coexis-
tence with a planar interface does not provide quantitative agreement. The second
issue concerns the validity of the free energy decomposition embodied in Equation
1.1. While such decomposition can be valid at low supersaturation when the size of
the critical cluster is large, it becomes questionable when the embryo size becomes
small at large supersaturation. Density functional theoretical approaches suggest that
the critical nucleus at large metastability has different characteristics from the criti-
cal nucleus at low supersaturation [13].
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Recently, Parrinello and coworkers have studied the freezing of LJ fluid as a func-
tion of the degree of supercooling and found that the nucleation acquires a spinodal-
like character at large supercooling. Crystallization proceeds in collective fashion
and becomes spatially more diffuse as the spinodal is approached [17]; that is, sev-
eral large clusters grow at large metastability (contrary to the small supersaturation
where only one cluster grows), and the ultimate fate of these clusters is stochastic.
This has also been verified in the case of condensation and is discussed in detail in
the next section.

1.2.1 Two-DIMENSIONAL FRee ENERGY SURFACE: ELUCIDATION
OF NucLEATION NEAR KINETIC SPINODAL

To study the behavior of the entire system on changing supersaturation in the gas—
liquid nucleation, a two-dimensional free energy surface as a function of two order
parameters, i.e., the total number of particles present in the system (&,,) and the
“liquidness” (analogous to the magnetization in the Ising model) of the system (Vy;,),
has been constructed. The latter is given by the total number of liquidlike particles
(NV};,) identified by its local density. A particle is considered to be liquidlike if it has
more than four nearest neighbors within a cutoff distance (R, = 1.5, corresponding
to the first shell of a particle in liquid phase). Liquidlike particles that are connected
by a neighborhood (within the cutoff distance of 1.56) form liquidlike clusters.

Figures 1.1a and 1.1b show the free energy surfaces of formation of liquidlike
clusters of spherical particles interacting with the LJ potential at two different super-
saturations (S). S is defined as P/P,, where P is the pressure of the system and P,
is the pressure at coexistence at the same temperature. The figures show that, at
intermediate supersaturation (S ~ 1.8), both the activation barrier and the number of
liquidlike particles (~50) at the barrier are large (9.5 k7). On the other hand, at large
supersaturation (S ~ 2.4), the free energy surface near the saddle is very flat. Here,
the number of liquidlike particles at the barrier is just about 35, and the free energy
barrier from the minimum is even less than 4 k,T. Importantly, these liquidlike par-
ticles are dispersed among several intermediate-sized clusters. The disappearance
of the free energy barrier at large metastability (from Figure 1.1 and expected to
be around S ~ 2.6) makes the system unstable. The flatness of the free energy sur-
face and the collective growth at large metastability demand an alternate theoretical
formalism that can describe the simultaneous growth of several clusters. One then
needs to introduce a set of order parameters that allows to order the clusters accord-
ing to their sizes. However, in order to develop any such formalism, we first need to
find out the metastability (supersaturation) where a transition from single to collec-
tive growth occurs.

Unlike chemical reactions, in nucleation, the activation of the largest cluster con-
trols the phase transition of the entire system. Once the largest cluster crosses the
critical size, it grows rapidly and engulfs the entire system, leading to the phase tran-
sition. At low supersaturation, there is a separation of time scale between nucleation
and growth of the largest cluster and other clusters present in the system. However,
this separation of time-scale assumption breaks down at large metastability (or high
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supersaturation). Thus, it is more appropriate to consider the largest cluster as the
reaction coordinate for quantifying the supersaturation where a transition from sin-
gle nucleus growth to collective growth occurs.

Figure 1.2 shows the computed free energy surfaces of the largest liquidlike clus-
ter (F(n)) for a wide range of supersaturation. As the supersaturation is increased,
the free energy barrier for the largest cluster (AF:(n*)) becomes lower and van-
ishes entirely. At the same time, the minimum at the intermediate cluster size also
becomes deeper and shifts toward a larger size. The size of the critical cluster also
becomes progressively smaller on increasing supersaturation. The disappearance of
AFL(n*) signifies the onset of the kinetic spinodal point, which is the actual limit of
metastability of the system [7-11]. On the other hand, the thermodynamic spinodal
point (or spinodal) corresponds to the disappearance of the free energy barrier for
all clusters. Note that the thermodynamic spinodal lies at much deeper supersatura-
tion than the kinetic spinodal. At large metastability, the spatially diffused nature of
growth arises due to the appearance of the free energy minimum at a small cluster
size (or abundance of intermediate-sized clusters) in the system.

In simulations, it has been observed that AF:(n*) is system size dependent (note
that thermodynamic spinodal is system size independent) and given approximately
by BAFL(n*) = BAF(n*) —In V [11]. On increasing system size, the location of minima
shifts toward the larger cluster size, and AFL(n*) decreases. For a sufficiently large
system size, AFL(n*) vanishes entirely, and the system becomes unstable. Although
AFE(n*) vanishes for a sufficiently large system size (or large supersaturation),
there is still a considerably large barrier for the growth of a cluster of size n (F(n)).
Therefore, the barrier for F(n), which is still present in the system, is no longer the
rate-determining factor for the nucleation. The rate is determined by the (barrierless)
growth of the largest cluster present in the system. The system size dependence can
be explained by the following theoretical analysis:

FIGURE 1.2 Free energy versus size of the largest liquidlike cluster in the NPT ensem-
ble (T* = 0.741) for different supersaturations (S) in the LJ system. (Reproduced from
Bhimalapuram, P. et al., Phys. Rev. Lett., 98, 206104, 2007. With permission.)
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Let us assume that there are M clusters present in the system at a particular super-
saturation S, with their sizes X, in increasing order. The probability of the largest
cluster having size n is given by

PiXy,=n=PX,<n—-PX,<n-1). (1.3)
Now, if we assume that the clusters are noninteracting, then
P(X,, <n)=PX<mM. (1.4)
Therefore, one can write
PiXy=n=PX<nmM-PX<n-DH" (1.5)

Here, P(X < n) is the probability of any cluster having size < n and is given by

P(XSn)=ZP(X=i) (1.6)

i=0

where P(X =) is the probability of any cluster having size i, as given by CNT. Thus,
we obtain the free energy of the largest cluster as

BF(m)=-InP"(X,, =n)=—In[ PX <n)" = P(X <n—1)" |

i=1

B M
=—In|{P(X<n)-PX Sn—l)}XZP(X <" pPX Sn—l)iljl

i=1

i M , ‘ 1.7)
= —In| P(X = n)x ZP(X <)M P(X <n—1)"!

M
=BF(n)—1In {2 PX <n)" P(X <n—1)"" }
i=1
This derivation is for the largest cluster. In general, following a similar approach,
an expression for the free energy of the kth largest cluster can also be obtained and
is discussed later in this section.

Now, M = ZM (n), where M(n) is the number of clusters of size n and n* is the
n=0
size of the critical cluster. Supersaturation S can be approximated as S = p/p°, where
p° is the density of the vapor phase at coexistence and p is the density of the super-
saturated vapor phase. According to CNT, the population of clusters of size n can
be given by

M(n) = M(O)exp[-BF(n)]. (18)
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For a system of volume V and density p,

M(n) = Vp expl[-BF(n)]. (19)
and hence,
M= sz exp[—BF(n)]. (1.10)
n=0

Let us now analyze the reason for the system-size dependence of F%“(n) from
Equation 1.7. As the theoretical analysis shown above can calculate F-(n) from F(n)
itself, it is possible to find out the kinetic spinodal limit for a given system size where
F(n) is implied to be known. F(n) is limited by the inclusion of integral probability of
all smaller clusters present in the system. Therefore, as the system size is increased,
the probability of a particular size of the largest cluster will involve a larger number
of small cluster probability integral. As a result, the precritical minimum of F(n)
will move toward a larger value, and the free energy barrier AFL(n*) will decrease.

In a more physical way, one can understand the system-size dependence as fol-
lows: The observed minimum in F%(n) corresponds to the average size of the largest
cluster in the system at the metastable state. The average number of clusters of size
n(M(n)) is an extensive quantity, and on increasing system size, the distribution of
M(n) broadens and shifts toward a larger cluster size. This implies that the aver-
age number of larger clusters keeps increasing with system size, and the observed
disappearance of the minimum in F(n) above a certain system size originates from
this extensive nature of M(n). As the average size of the largest cluster progressively
increases with system size, it has to climb a shorter barrier thereafter. Thus, the life-
time of the metastable state is dependent on the size of the system.

1.2.2 DyNAMICAL CROSSOVER AT LARGE METASTABILITY

A theoretical formalism based on an extended set of order parameters (which can
describe the simultaneous growth of several clusters beyond kinetic spinodal) has
also been developed [9]. This is a generalization of the theoretical formalism devel-
oped considering the largest cluster as an order parameter (see the preceding discus-
sion). The expression for the free energy of the kth largest cluster (k = 1 stands for
the largest cluster in the system, k = 2 is the second largest cluster, k = 3 is the third
largest cluster, and so on) of size n is given by [9]

BF/ (n)=BF(n)— m{ }— (M — k) In{G(n)}

oM
(k=DM —k)! (1.11)

— (k=D In{l - G(n)} + In(M (n)),

where BF(n) = — In P(n) is the free energy of a cluster of size n and P(n) is the prob-
ability density function of n. M(n) is the average number of clusters of size n. M is
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the average number of total clusters (including both liquidlike clusters and single
gas particles) present in the system and is the summation of M(n) over n. G(n) is
the cumulative probability distribution function of P(n). The only approximation
made in deriving Equation 1.11 is that the clusters are noninteracting. The preced-
ing expression establishes a relation between the free energy of formation of the kth
largest cluster of size n, F' f (n), and the CNT free energy, F(n).

The change in mechanism from activated to barrierless dynamics is reflected in
the plot of variation of the rate with density (equivalent to supersaturation), as shown
in Figure 1.3. In this figure, the change in slope at density p,, signifies the crossover
from activated to barrierless growth and is the onset density for the kinetic spinodal
point. The calculated rate of nucleation scales differently with supersaturation below
and above the kinetic spinodal. At supersaturations between the kinetic and ther-
modynamic spinodal points, the clusters grow through barrierless diffusion. Just
beyond the kinetic spinodal, only a few clusters grow, whereas at the thermodynamic
spinodal point, all the clusters grow spontaneously. Kinetic spinodal is also sensitive
to the range of interaction potential [27]. This sensitivity arises due to the sensitivity
of surface tension on the range of interaction.

At two different supersaturations, the snapshots of the clusters when the largest
cluster crosses critical size are shown in Figure 1.4. Figure 1.4a depicts the situation
at low supersaturation (below the kinetic spinodal point), and Figure 1.4b depicts
the situation at large supersaturation (above the kinetic spinodal point). From these
snapshots, it is quite evident that, above the kinetic spinodal, nucleation and growth
become more collective (many clusters cross the critical size through barrierless dif-
fusion). An earlier theoretical analysis of nucleation in Ising model systems found
a similar supersaturation dependence of the crossover of the nucleation mechanism
[28].

le+29
le+28F E

le+27F E

J em™3s7Y)
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le+24: —

FIGURE 1.3 Rate of nucleation at different densities (or supersaturation) at 7*# = 0.741 and
N =500 in the NVT system. The figure clearly shows the crossover of nucleation from acti-
vated to barrierless diffusion at density p,, indicated by a dashed bar. The supersaturation
corresponding to the dashed line is the kinetic spinodal point. (Reproduced from Santra, M.
and Bagchi, B., Phys. Rev. E, 83, 031602, 2011. With permission.)
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FIGURE 1.4 (a) Snapshot of liquidlike particles in the system at low supersaturation (p* =
0.0334) when the largest cluster crosses the critical size. From the snapshot, it is clear that
only the largest cluster undergoes nucleation and growth. Compared to the largest cluster, all
the other clusters are very small in size and are engulfed by the largest cluster. (b) Snapshot
of all the liquidlike clusters present in the system when the largest cluster crosses the critical
size at high supersaturation (p* = 0.0554). Many liquidlike clusters are present in the system.
The snapshot shows that, at high supersaturation, more than one cluster start growing, and
they are of comparable sizes. (Reproduced from Santra, M. and Bagchi, B., Phys. Rev. E, 83,
031602, 2011. With permission.)

1.3 ENERGY LANDSCAPE VIEW OF OSTWALD STEP RULE

Protein folding and crystallization, two phenomena of current interest in biology and
materials science, share a common physical chemistry basis. Both have similar rug-
ged energy landscape arising from definite entropy—enthalpy relationships. Recently,
Chung et al. [19] have also confirmed that, for crystallization of metal phosphate,
the energy landscape is rugged with multiple minima. A schematic representation of
rugged free energy landscape is shown in Figure 1.5a.

However, characterization of these multiple minima and maxima poses a serious
problem because the order parameters are not always well defined. In the case of
protein folding, the radius of the protein and the number of native contacts serve as
two good order parameters. Further quantification can be accomplished by consider-
ing quantities such as the number of hydrophobic pair contacts.

In the case of crystallization of a solid from liquid or melt, we need order parame-
ters that uniquely identify different structures; that is, ideally, each minimum should
be characterized by a set of values of the order parameters and should correspond
to a unique structure. In the Ramakrishnan—Yusouff density functional theory of
freezing [29], the order parameters are the density components evaluated at the
reciprocal lattice vectors of the solid, along with the fractional density change. It is
relatively easy to make either equilibrium or a dynamic calculation of freezing to
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FIGURE 1.5 (a) Schematic rugged free energy landscape of crystallization. Sol stands for
the sol phase, MS for metastable solid, and SS for stable solid. (b) Contour diagram of two-
dimensional free energy surfaces given by Equations 1.13 and 1.14 is shown. F stands for fluid
phase, MS for metastable solid, and SS for stable solid.

different lattice types; that is, one can explain why argon freezes into an fcc lattice
whereas liquid sodium freezes into a bee solid. However, the situation is far more
difficult in the case of complex solids like zeolites. Here, we do not have information
about the liquid structure necessary for a microscopic theory. We therefore discuss
an approach based on a coarse-grained approach developed recently by Oxtoby and
coworkers [30], which has been rather successful in capturing some aspects of com-
plex systems.

In the zeolite system, faujasite has the lowest value of the order parameter, and
in the quartz system, it has the highest [18]. In the energy landscape picture, the
surface tension and difference between the minimum of free energy corresponding
to two structures play an important role in determining nucleation barrier between
two metastable phases or one metastable phase and one stable solid (SS) phase.
However, it is very hard to obtain surface tension between two metastable solid
(MS) phases.
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In the energy landscape view, the polymorphs are the inherent structures of the
sol phase and shall be obtained when the vibrational degrees of freedom and the
kinetic energy are removed from the molecules. Thus, the polymorphs form a rugged
landscape with the most stable structure at the bottom of the energy ladder, just like
in the folding funnel of a protein.

When we consider the formation of the MS (which we assume to be the closest
to the sol phase), then the free energy gap AG,, is lower than the most stable phase,
referred to as SS. Thus, according to CNT (Equation 1.2), the only way that the phase
MS can precipitate out at any temperature is to have such a lower surface tension that
the nucleation barrier is lowest for MS. Because of lower solid—liquid surface tension
leading to a lower nucleation barrier, MSs are kinetically favored. Thus, kinetics
seems to play a very dominant role.

At high temperature, the following proposed scenario holds: Since the energy of
the system is high, it can probe all the minima of the system. Even if it gets trapped
in a low-lying minimum, like in the MS1 or MS2 phase, it can escape from the mini-
mum before the phase grows to macroscopic size. In other words, when the nucleus
forms, it can melt within a time comparable to the relaxation time of the system. It,
of course, gets trapped many times in the low-lying minima and gets out again and
again. When it gets trapped in the deep minimum of the most stable phase, it grows.
However, when the temperature is low, it gets trapped in the closest minimum, as
envisaged by Ostwald.

In the next section, we construct a density functional theory, which provides
a quantitative explanation of the sequential formation of metastable states before
transforming to the most stable phase.

1.3.1 Free ENErGY FUNCTIONAL

For simplicity, we consider one fluid (F) (the sol) phase and two solid phases that
compete with each other. The two solid phases are referred to as MS and SS, as
shown in Figure 1.5a. Thus, the free energy exhibits only three minima (states).
The proposed free energy functionals for the three phases, i.e., F, MS, and SS,
are

(), m(r))= [ drtfpeym) -ppe+ ) [ar[K, V(]
1.12)
1 2
+ E Jdl’ [Kmips (Vm(r))Z ]7

where f; is a local Helmholtz free energy density function of the average number den-
sity p(r) and structural order parameter m(r), and p is the chemical potential. Here,
“i” indicates respective phases. p, is the average density of bulk solid phase. The last
two terms (square gradient terms) account for the nonlocal effects in the system due
to inhomogeneity in density and structural order parameters. K ; and K, are related
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to the correlation lengths for p and m. Following Talanquar and Oxtoby [30], the
Helmbholtz free energy density for homogeneous fluid is

f(p.m) = kgTp[In p —1 - In(l - bp)] — ap? + kyTom?. (1.13)

The preceding free energy functional is a trivial generalization of van der Waal’s
free energy functional. In a similar spirit, one can also write the Helmholtz free
energy functional for solids (metastable and stable) as

Fi(pom) = kyTpllnp—1~In(1-bp)l - ap® + kyT[ oty ym? + 01, | (114)

where j = m for metastable solid and s for stable solid. Here, kg is the Boltzmann’s
constant, 7" is the absolute temperature, and a and b are van der Waal’s parame-
ters and account for the effect of interactions between dissolved molecules. p is the
weighted average density and is given as

p =pll—o0,;m(oy; —m)l. (1.15)

The values of the parameters are a = 1.0, b = 1.0, o, = «,,, = ., = 0.25, a,,,,, = 1.5,
o, = 0.22, oy, = 1.85, oy = 2.0 a3 = 0.30, . = 2.0, K ; = a/2, and K, = a/8. A
contour plot of free energy functions given by Equations 1.13 and 1.14 is shown in
Figure 1.5b.

1.3.2 PHASE DIAGRAM

For the homogeneous system, the densities and structural orders of coexisting phases
can be determined by equating the chemical potentials and thermodynamic grand
potential densities (pressures) of respective phases:

Ho(Po) = Hp(Pp) and w,(p,) = 0p(Pp), (1.16)
f;(p,m)

and o, = f; — pp;.
ap ]T

The preceding two conditions ensure that the system is in both thermodynamic
and mechanical equilibrium. Figure 1.6 shows the results of quantitative calcula-
tion of the coexistence of all the phases. Here, we show four phases in all: gas,
liquid, MS, and SS phases. From the phase diagram, it is quite evident that, at a
fixed temperature, the density (or order parameter) difference between F and SS
is larger than that between F and MS. As we know from the extensive study of
the gas—liquid system showing that surface tension between two phases depends
strongly on the order parameter difference, one can qualitatively conclude that the
surface tension between the F and SS phases is larger than that between the F and
MS phases. More accurate quantitative results for surface tension are discussed in
the next section.

where U; = [
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FIGURE 1.6 Phase diagram for the proposed free energy surfaces is shown. Reduced tem-
perature 7, is defined as 7/7.. The lines with square symbols indicate the gas—liquid coexis-
tence, the lines with diamond symbol indicate the coexistence between fluid and stable solid,
the lines with circles indicate the coexistence between fluid and metastable solid and, the
lines with upright triangles indicate the coexistence between metastable solid and stable solid.

1.3.3  SurrACE TENSION

For the phase diagram depicted in Figure 1.6, we can evaluate the values of the surface
tension between the coexisting phases for a planar interface along the z-axis by solving
the Euler-Lagrange equations associated with the following equilibrium conditions:

50 50
~0 and -0, 1.17
o " Bz (17

where Q(p(z), m(z)) is the grand canonical free energy functional corresponding to
the inhomogeneous system with density profile p(z) and order profile m(z):

QUp()m(2)1 = [ del f(p@m() - up(+ ) [ de K, (o))’
(1.18)

+ Jae[ k.p2mr]

Here, f= min{j} ,]js}.

The density and order profiles shown in Figure 1.7 are obtained by solving the
corresponding Euler—Lagrange equations under appropriate boundary conditions.
The surface tension is extra energy cost for the formation of an interface (density and
order profile shown in Figure 1.7) and is defined as

_ (Q(p(2),m(2)) = Q)
A

Y ) (L.19)
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FIGURE 1.7 Density and order profile for the proposed free energy functional for planar
interface along the z-axis at 7, = 0.80. Solid lines indicate the density profiles along the L-SS
and L-MS interfaces, respectively. Dotted lines indicate the order profiles along the L-SS
interface and the L-MS interface, respectively.

where Q,,,, is the free energy of the coexisting homogeneous liquid or solid phase
and A is the area of the interface. After inserting the equilibrium density and order
profile in Equation 1.18, the calculated surface tension using Equation 1.19 for the
liquid—-MS (L-MS) interface is y, ;s = 6.8 x 1072 and that for liquid—SS (L-SS) inter-
face is v, s = 14.7 x 1072 (in units of a/b>?3).

If we consider Figure 1.5a as representative of metastable crystalliza-
tion, the free energy difference between different phases will follow the trend
AG s, <AGpys, <+ <AGpg, in general, and the aforementioned theoretical analy-
sis suggests that surface tension would follow ¥ ys, <7Vims, <-*-<7.ss. Physically,
it can be understood that less energy is required for the formation of disordered or
open structured solids from the melt or sol.

If we assume that the energy landscape is invariant to the temperature, then the
only way in which the system explores the free energy landscape can change with
temperature and also with time. At low temperature or less reaction time, only those
states will be accessible, which have a low free energy barrier or surface tension,
because the system does not have sufficient energy (at low temperature) or sufficient
time (for structural organization in the case of short reaction time) to overcome the
free energy barrier of nucleation. However, at high temperature or for long reaction
time, the system has sufficient energy and time to overcome multitudes of maxima
and minima on the free energy landscape and reach/find the deepest minimum of
the most stable state.

Thus, the preceding theoretical analysis provides a molecular view of “disap-
pearing polymorphs” common in crystal engineering. However, many experimental
factors such as temperature and rates of precipitation may control the ultimate for-
mation of the polymorphs. From the discussion, it is also quite evident that there is a
close resemblance between protein folding and crystal engineering, and both share a
common physical chemistry basis.
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1.4 OSTWALD RIPENING

Ostwald ripening is a commonly observed phenomenon during the late stage of first-
order phase transformations in solid or liquid solutions. It describes the change in an
inhomogeneous structure over time and describes a process where, over time, small
crystals or sol particles dissolve and redeposit onto larger crystals. The minimiza-
tion of the total interfacial energy drives the competitive growth between clusters of
various sizes. Thus, the smaller particles disappear, and the larger particles grow.
The Ostwald ripening phenomenon is observed in both inorganic and macromolecu-
lar systems, including proteins. The phenomenon was first described by Wilhelm
Ostwald in 1896.

In 1961, Lifshitz, Slyozov, and Wagner [31] (LSW) performed a mathematical
investigation of Ostwald ripening in the case where diffusion of solute particles is the
slowest rate-determining process (famously known as the LSW theory). The deriva-
tion first states how a cluster grows in a supersaturated solution. This theory assumes
the coarsening phase as noninteracting, spherical, and fixed in space.

LSW defined the number distribution of sizes of dispersed clusters (n(R,f)) to
describe the morphology of the system. The flux of clusters passing through size
range R and R + dR is J = Vn(R,1), where V = dR/dt is the rate of change of size of a
cluster by solute transport to or from the cluster. Under the assumption that n(R,?) is
a conserved quantity (i.e., clusters are not disappearing or forming in the system and
their sizes are only changing with time), the time evolution of distribution function
n(R,f) can be described by continuity equation

Mm(R.1)
o

)
—ﬁ[Vn(R,t)]. (1.20)

In order to find V, LSW assumed a local equilibrium between the cluster of size
R and solutes in solution. This assumption allows obtaining the concentration of
molecules at the cluster—solution interface by using the Gibbs—Thomson (GT) rela-
tion, C,,(R) = C (1 + a/R), where C is the bulk solubility and a = 2yv,/kpT is the
capillary length (y is the surface tension, v,, is the molar volume of solute, and 7 is
the absolute temperature). The GT relation provides the curvature-induced solubility
of a cluster, and the capillary length a defines a length scale for curvature-induced
solubility of clusters. As discussed earlier, the driving force for Ostwald ripening or
aging of the clusters is the curvature-induced solubility of clusters and the fact that
small particles are in equilibrium with higher solute concentrations (given by the
GT relation) than larger clusters; the larger clusters grow and derive the system to
decrease its surface volume ratio.

By using Fick’s law, J = DAC/oR (D is the diffusion constant for solute or mono-
mers) and the GT relation, LSW derived the expression for V [31]:

(1.21)

CO-C,® |_  [Ct)-C.(1+aR)
R S R '

V= Dvm|:



Theoretical Studies of Nucleation and Growth 17

In the preceding expression, D is the solute diffusion constant and v,, is the solute
molar volume. From Equation 1.21 we can obtain the critical cluster size, R(f) = C o/
(C@® — C,). Clusters having sizes less than the critical cluster size (R) have negative V
and will dissolve, and clusters having sizes R > R will grow with time. Note that R- is
time dependent, and this dependency arises due to the time-dependent supersaturation
S = C@® — C,,. This means that the cluster that grows at time # may dissolve at some
later time ¢, depending on the supersaturation. During nucleation and early stage of
growth, the supersaturation of system does not change (significantly) with time.

Using Equations 1.20 and 1.21, along with the condition of mass conservation,
given as

C(t)=C,— 347“ R*n(R,1)dR, (1.22)

m

where C| is the initial concentration of solutes, LSW concluded that, in an asymp-
totic limit (f — o0), the average of the cube of the radius of the clusters or the third
moment of the n(R,?), (R%), grows as

(R = gD(wat, (1.23)

where the average is taken over the cube of the radius of all the particles and D is the
diffusion constant of the solute (atom/molecule). C, is the bulk solubility, and « is
the capillary length. Note that Equation 1.23 determines only the asymptotic growth
of clusters.

Some recent experimental studies in both protein crystallization and inorganic sys-
tems have observed deviations from the prediction of the LSW theory [32]. Deviations
arise mainly due to a few assumptions involved in the LSW theory: (1) surface energy
of a cluster can be approximated as that of the spherical cluster, (2) surface tension is
independent of the size of the cluster (that is, the effect of curvature on surface tension
is ignored), and (3) solute deposition on the cluster is a diffusion-controlled phenom-
ena. On the contrary, in many cases of crystal growth, the solute deposition is not dif-
fusion limited but depends on the availability of the incorporation sites at the surface
of the cluster. Kinetic barrier for incorporation is also equally important. The shape of
the cluster is also highly irregular due to the slow relaxation of highly dense solidlike
clusters. In the case of protein crystallization, the deviation mainly arises due to the
two-step process of crystallization. Due to the submerged vapor-liquid critical point,
a highly dense metastable amorphous phase forms first (due to large-scale fluctua-
tions in density), and then, the nucleation and growth of the stable crystal phase occur
within the dense metastable high-density amorphous phase [32(b),33].

1.5 CONCLUSION

In this article, we have discussed a newly developed theory of gas—liquid nucleation
at large metastability. The theory is based on an extended set of order parameters
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(unlike CNT, which has only one order parameter). These order parameters are
ordered cluster sizes. These clusters show remarkable changes in their free energy
profile at large metastability and can describe the experimentally observed cross-
over to weaker-than-activated dynamics at large metastability. The main reason
is that, at large metastability, many clusters grow simultaneously, and nucleation
becomes a collective diffusion process spread over the whole system. The crossover
temperature/density is the onset of kinetic spinodal point beyond which nucleation
occurs spontaneously.

We extend the discussion to the well-known problem of “disappearing poly-
morphs.” We have also presented an energy landscape view (based on the two order
parameter density functional theory) of the problem of “disappearing polymorphs.”
Surface tension between the liquid and the MS phase could be much lower than the
liquid and the SS phase, leading to a kinetic preference of the system to initially go
over to the MS phase. The final fate of the MS phase depends on several other factors
such as the free energy barrier between the MS and SS phases and the temperature
and solution conditions. Lastly, we describe a theoretical approach to treat Ostwald
ripening, which is the late-stage growth in a system undergoing phase transition.
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2.1 INTRODUCTION

Study of the transport properties of asymmetric particles is of fundamental impor-
tance because real molecules more often than not are asymmetric in nature [1-8].
The structural aspects and transport properties of fluids and fluid mixtures contain-
ing asymmetric particles are significantly different from those made of spherical
entity. Asymmetry in particle shape and interaction can lead to microscopic hetero-
geneity in solution structure, even in model systems under normal conditions. Hard
rod and disk model is the simplest example of these types of systems, which have
been used by many authors to study different structural and dynamical behaviors
[1-7]. These model systems are governed by hard repulsive interactions only, and
therefore, attractive interaction among particles finds no role in determining vari-
ous properties of either neat or mixed systems. Gay—Berne (GB) potential, on the
other hand, includes both repulsive and attractive interactions and, thus, somewhat
more realistic for studying the properties of liquids made of asymmetric particles.
At a very simplistic level, GB interaction has some similarities with that among
Lennard—Jones particles [8,9]. Several simulations using GB potential have already
explored structural and dynamical aspects of several asymmetric systems [10—12].
The phase behavior of GB fluids is also very interesting because the modified form
of GB potential [13] can give rise to liquid crystal. This is an important observation,

21
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as optoelectronic industries require materials that could be used intelligently for
designing and fabricating liquid-crystal-display devices.

Phase behavior has been extensively studied for GB fluid, and three distinctly dif-
ferent phases have been identified, i.e., the isotropic, nematic, and smectic phases
[14—-16]. Among these three phases, whereas the smectic phase is the most orientation-
ally ordered, the isotropic phase has no orientational ordering, and the nematic one lies
in between these two. The dynamics of pure GB fluid has been seen to be different for
different phases. Interestingly, the diffusion coefficient parallel to the molecular axis
shows an anomalous increase with density as the system enters from the isotropic to
the nematic region. The Debye diffusion model appears to explain the reorientational
mechanism for the nematic phase although it fails to explain in the isotropic region
[11,12]. Both bulk and shear viscosities have been simulated by several researchers,
and a good agreement between simulations and experiments has been observed [17].
Molecular dynamics simulations for molecules represented by GB ellipsoid particles
and transverse point dipoles have also been reported [18]. Results for polar GB fluid
have been compared with the nonpolar GB fluid, and it has been seen that, for polar
ones, the smectic phase is formed at lower density compared to the nonpolar variety.

Several simulation studies have already been carried out on the translational and
rotational dynamics of GB fluid near the isotropic—nematic phase transition (I-N)
point, as well as in the isotropic phase region [11,12]. These works are more focused
toward the verification of hydrodynamic relationships in these regions. Simulations
of single particle and collective reorientation correlation functions reveal some inter-
esting results. For example, decay of the second rank (/ = 2) collective orientational
relaxation slows down as the I-N transition point is approached. Moreover, the rank
dependence predicted by the Debye law also breaks down in this region. The trans-
lational diffusion coefficient (D;) and reorientational correlation time (t,) have also
been simulated where the product D, x T, remains independent only at higher density
and lies between the slip and stick limits of the Stokes—Einstein—Debye relation only
for GB particles having lower aspect ratio (k < 1.5). For higher aspect ratio (x ~ 3.0),
however, it rarely shows the preceding behavior.

Detailed molecular dynamics simulations have been carried out also for GB par-
ticles in the sea of spheres. These studies have indicated anisotropic diffusion for the
ellipsoids at higher density. In addition, the ratio between parallel and perpendicular
diffusion coefficients rises from unity to the value of aspect ratio as density of the sys-
tem increases [19-21]. The product of the translational diffusion coefficient and reori-
entational correlation time behaves in a manner similar to that found for pure GB fluid.

The preceding survey suggests that the binary mixture of GB fluid has not been
studied so far by simulation or numerical methods although, as already mentioned,
this is important because real systems are more likely to possess either size, shape,
or interaction asymmetry, or any combination of them. The verification of hydrody-
namic relations is important for uncovering the nature of solute—solvent interactions
in these more complex but model systems. This will certainly help to understand the
composition dependence of the binary mixture of GB fluids. One expects in these
studies a high degree of nonlinearity in composition dependence because asymmet-
ric interaction-induced nonideal solution behavior has been observed for LJ mixtures
of size-symmetric particles [22,23].
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In this chapter, we have carried out equilibrium molecular dynamics simulations
for binary mixtures of GB fluid containing two components of varying aspect ratios
near I-N transition in order to study the transport properties of the binary mixture
and investigate nonideality in this system. Our objective is to investigate the compo-
sition dependence of radial distribution function (g(r)), pressure (P), shear viscosity
coefficient (1), translational diffusion coefficients (D;) (overall, self, and mutual),
and rotational correlation time constants (t)) of rank / = 1 and 2. We report the prod-
uct D, x t,, which has been found to be nearly independent of mixture composition.
The rotational dynamics has been studied, where the Debye diffusion model fails
to explain the reorientational mechanism. Nonideality has been observed for pres-
sure, self, and overall diffusion coefficients, even though the extent of nonideality
is always less than 10%. Interestingly, nonideality is absent for viscosity and mutual
diffusion coefficients. The mutual diffusion coefficient remains nearly independent
throughout the mole fraction range, which qualitatively suggests that the mixture is
probably homogeneous at all compositions although further analyses are required for
a definitive answer [24].

2.2 MODEL AND SIMULATION DETAILS

In this section, we will discuss the model we have used and the details of the simula-
tion method.

Molecular dynamics simulations were carried out for binary mixtures using 500
ellipsoids interacting via the following GB interaction potential [9,13].

12 6
X dWGO _ dWGO )
;;.J-—G(ui,uj,};j)+dwco rlj—()'(ui,uj,rlj)+dw60
2.n

where 6, is the diameter of the major axis of the ellipsoid, and G(fij,ﬁi,ﬁ j) is given by
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where [ and d denote the length and breadth, respectively, of each particle.
The total well depth parameter can be computed as follows:
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The orientation-dependent strength terms are calculated in the following manner:
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The total number of particles was kept constant (N = 500) across the composition,
and NVT ensembles were considered for simulations. A cubic box with conventional
periodic boundary conditions was employed for binary mixtures of 500 GB prolate
ellipsoids, with components having different aspect ratios. The first component (C1)
was of aspect ratio k, = 2.0, and the second component (C2) was of k, = 1.5. The mole
fraction of C1 was then varied to have binary mixtures at different compositions.
All the quantities in the simulation were scaled to appropriate units and the scaled
quantities of density, temperature, and time denoted by p*, 7%, and ¥, respectively.
Present simulations were carried out at p* = 0.4 and 7* = 1.0. The time step Ar* used
was 0.001. The system was equilibrated for 2 x 103 time steps, and the production
involved 1.3 x 10 steps for all the mixtures. d,, in the potential form was set to 1,
and parameters P and v were set tgo their canonical values of 2.0 and 1.0, respectively.
The asymmetry in energy k¥’ = £ was set to 5.0 for all the mixtures, with &, and
e, denoting the energy parameterEs for the ellipsoids having end—end and end-side
configurations, respectively.

Translational self-diffusion coefﬁments (Dy) were calculated from both mean-
squared displacements (MSDs, ‘Ar(t)‘ >) and velocity autocorrelation functions
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(VACFs). The MSDs were calculated from the simulated center-of-mass positional
vectors (11°(2)) [25,26]

(aF)f )= <§:

ﬂw>rw)> 29

which produced D; via the connection

D, = {;(<A?(t)2>)} . (2.10)

1—>o0

D, from the VACF were obtained by the following manner [25,26]:
1T e
Dy=7 J.dt<vi(t).vi(0)>, 2.11)
0

where V, is the center-of-mass velocity vector associated with the ith particle, and
averaging was done over both time and number of particles.

In binary mixtures, mutual diffusion describes the ability of one species diffus-
ing into another. The mutual diffusion coefficient D,,( = D,,) in a binary mixture of
species 1 and 2 is defined by Green—Kubo relation as [27-29]

D, = N J Jp(@)- J12(0) (2.12)
0
where relative velocity flz is defined as
N, N,
To®=25Y 7,0-x Y 7,0 2.13)
k=1 I=1

N denotes the total number of particles, and x, and x, are the mole fractions of
species 1 and 2, respectively. v,(¢) is the velocity of the kth particle of specie 1 at
time ¢, and V,(¢) is the velocity of the /th particle of specie 2 at time . The thermody-
namic factor Q can be expressed as

O =[1 +xxp(Gy, + G, —2G )] (2.14)
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with

oo

G; = 47tJr2[gij(r)—1]dr, (2.15)

0

where p is the number density and g;(r) is the radial distribution function for the pair
of species ij.

To study the reorientational motion associated with / = 1 and 2, we calculated the
single-particle reorientational correlation functions defined by [25]

(R(e(0)-60))

, (2.16)
B (2.(0)-6(0)))

@)=

where é,(f) is the unit vector along the symmetry axis of molecule i, and P, is the /th-
order Legendre polynomial. In the preceding equations, the angular bracket implies
an average over the particles and over the time origins.

Shear viscosity coefficient () was calculated using the Green—Kubo relation
[30,31]

aﬁ(t) B(O) (2.17)

where o, = x,y,z, and P, denotes the off-diagonal term of the pressure tensor

- [zp“xp’ﬁ zz rakis | 2.18)

i j>i

As before, the preceding correlation functions were also averaged over particles
and time.

The pressure was then obtained from the simulated diagonal terms of the pressure
tensor by employing the following expression:

1 I
P=3Tr[P]=3zu:Pw. (2.19)

2.3 RESULTS AND DISCUSSION

Effects of C1 (component with higher aspect ratio) on the average radial distribution
function (g(r)) have been depicted in Figure 2.1 for four representative compositions.
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1.6 T T T T T

FIGURE 2.1 Plots of simulated overall radial distribution function (g(r)) for systems with
different compositions. Two insets represent g(r) for r ~ 0.75 and 1 for better visualization.
Different curves are color coded and explained in the plot. x, represents the mole fraction of
the first component (x = 2) in the binary mixture.

It is evident from this figure that the simulated g(r) undergoes several modifications
as mixture composition is altered by changing the mole fraction (x,) of C1. The peak
position of g(r) shifts toward longer distance, along with decrease in peak height as
x, in the mixture is increased. Interestingly, a hump at  ~ 0.75 may be noticed, which
becomes more prominent upon increasing x,. These two regions have been shown
separately in the insets for better visualization. This indicates the gradual rise of
the probability of cross configuration over end—end and side—side configurations as
the binary mixture becomes enriched with particles of higher aspect ratio. This is
supported by the potential energy diagram for the GB interaction, where it has been
found that the depth of the potential energy well for cross configuration is higher
than that for end—end and side—side configurations for both ellipsoids and disks [32].
It should be noted that the formation of hump at » ~ 0.75 has been found previously
by other researchers as well as for the isotropic and discotic—nematic phases [33].
Figure 2.2 represents the mean square displacement (MSD); normalized VACF
as a function of time in the upper and middle panels, respectively; and translational
diffusion coefficient (D,,,,.,) as a function of x, in the lower panel. Both the MSD
and VACF plots suggest weak composition dependence. This is reflected in the lower
panel, where D,,,,.; (calculated from both Equations 2.10 and 2.11) has been plotted
as a function of x,. D, increases to a maximum value at x, ~ 0.5 and then decreases
upon further increase in x,. Although the magnitude of variation is small (~13%), the
systematic decrease probably suggests a kind of structural transition of the binary
mixture. As the system passes through the 0.5 mole fraction, the system makes a
transition from the C2-dominated to the Cl-enriched regime. The higher diffusion
coefficient at x, ~ 0.5 mole fraction may arise due to the least effective packing of
the ellipsoids in the system. A previous theoretical investigation involving binary
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FIGURE 2.2  (Upper panel) Simulated MSDs for the overall systems as a function of time at
four representative compositions. (Middle panel) Simulated normalized VACF as a function
of time at the same four representative compositions. (Lower panel) Overall translational dif-
fusion coefficient Dy, (calculated from the VACF and MSD plot) as a function of the mole
fraction of the first specie. Error bars have been computed via block average. Lines going
through the data are for visual guide.

mixtures of hard spheres and ellipsoids predicted relatively less compact packing
nearly at 50:50 composition [34]. The extrapolated value of diffusion coefficient
(D, o) for pure Cl1 is ~0.13, which is in close agreement to the earlier simulated
value obtained by using pure GB particles having aspect ratio k = 2 at comparable
density and temperature [12].

Self-diffusion coefficients for the two components have been calculated separately
by using Equations 2.10 (MSD route) and 2.11 (VACF route), and finally, the mean
values have been plotted in Figure 2.3. The upper and middle panels of Figure 2.3
are the plots for the self-diffusion coefficients of C1 (D;) and C2 (D,), respectively,
as a function of x,. D; decreases almost steadily with x,, although the extent of
decrease is somewhat small (~12%). D; is nearly equal to D)., at x, = 0.9, which is
expected because self-diffusion of any species in a binary mixture dominated by that
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FIGURE 2.3 Composition dependence of the simulated self-diffusion coefficient of the
(upper panel) first component having aspect ratio k = 2.0, (middle panel) second component
having k = 1.5, and (lower panel) the mutual diffusion coefficient. Error bars have been com-
puted via block average. Lines going through the data are for visual guide.

specie should be nearly equal to the overall diffusion of the system. Unlike D;, D,
exhibits a nonmonotonic composition dependence with a peak at x, ~ 0.6, although
the overall change is only ~11% of the initial value of D,. As expected, D, is also
nearly equal to D, , at x,= 0.1. A closer inspection of these two plots in Figure 2.3
reveals that the self-diffusion coefficients of two species are nearly the same at x, =
0.5. This probably signals a structural transition occurring at this composition. This
structural transition has not been seen earlier for asymmetric binary fluid mixtures.
The lower panel of Figure 2.3 represents the mutual diffusion coefficient of the spe-
cies as a function of x,. In binary liquid mixtures, mutual diffusion is related to the
ability of one specie diffusing into the other. This is different from self-diffusion,
which is a measure of mobility of each component in the absence of any external
force that means the diffusion of a given species in an environment created only by
that species. Therefore, mutual diffusion involves collective motion of many par-
ticles of different species together in the mixture and arises due to the gradient of
the composition (or chemical potential). Mutual diffusion can be expressed in terms
of velocity correlation functions of the collective motion of the system or in terms
of MSD of the center of mass of the particles of either of the two components. The
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mutual diffusion coefficient D,,(= D,,) in a binary mixture of species 1 and 2 has
been obtained by using the Green—Kubo relation [27-29] expressed in Equation 2.12.
The lower panel of Figure 2.3 shows that the mutual diffusion coefficient is nearly
constant to the variation in composition within the uncertainty limits. The statistical
error in mutual diffusivity is of great concern and could be reduced up to some extent
by averaging over more simulation runs. This insensitivity of mutual diffusion coef-
ficient to mixture composition may arise from strong miscibility of components in
the binary mixture, but a more precise study warrants simulations using the thermo-
dynamic integration method [24].

Figure 2.4 represents the plot for viscosity coefficient (n*) as a function of x,. n*
has been calculated from the integration of stress autocorrelation function [30,31] by
using Equation 2.17. The figure shows that n* remains almost constant in the entire
mole fraction range and, more interestingly, does not show any type of nonideal
behavior, which is not expected from diffusion behavior (Figure 2.3). The absence
of the nonideality of n* may be due to the large estimation error, which is very much
clear from the plot. We would like to mention here that, with n* being more collec-
tive in nature than the diffusion coefficient, simulations of the former are less trivial
than the latter. Thus, the collectiveness and large error of estimation of viscosity
coefficient have made the simulated viscosities more imprecise than the diffusion
coefficients. Molecular dynamics simulations have been done previously for the GB
model of liquid crystals in the nematic and isotropic phases [17]. The temperature
dependence of shear viscosities is in good agreement with experimental data [35,36].
The viscosity obtained in that calculation is two to three times higher than our result
for nearly pure GB fluid of higher aspect ratio. This may arise due to the lower aspect
ratio of the ellipsoid used in this calculation compared to the previous study.

Pressure has been computed by using Equation 2.19 from the simulated pressure
tensor and plotted in Figure 2.5 as a function of x,. The simulated pressure shows
a nonideal composition dependence, which can be explained in terms of packing.
Pressure derives contributions from thermal energy and virial term, which is the
product of interparticle distance (r;) and force (F})

1.1 T T T T T T T T T

o . :

FIGURE 2.4 Plot for shear viscosity coefficient as a function of the mole fraction of the first
specie computed via block average. Lines going through the data are for visual guide.
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FIGURE 2.5 Composition dependence of the simulated pressure. Lines going through the
data are for visual guide.

P=31V; Zpiapia/mi+22’2fanu - (2.20)

i j>i

With thermal energy being constant throughout the composition range, the virial
term is only responsible for variation. This means, at the equal proportion of the
two species in the mixture, the total interaction is the least, and this may arise due
to loose packing. As aspect ratios are different, the packing will not be as tight as in
same aspect ratios case, and consequently, the presence of void space produces lower
pressure. Note this aspect has not been clearly reflected in the viscosity coefficient
(Figure 2.4) because of inaccuracy involved with the simulated values. Figure 2.5
also suggests that, even though the simulated pressure at x, = 0.9 is somewhat smaller
(~1.36) than that (~2.0) for pure GB fluid (x, = 1.0) at comparable conditions [12], the
slope of the present data indicates a very similar value for pressure at x; = 1.0.

Figure 2.6 depicts the reorientational time correlation function (RTCF) of ranks,
I =1 and 2 for a representative composition, x; = 1.0 (upper panel) and the product
of translational diffusion coefficient and rotational correlation time (D, X t,) as a
function of x; (lower panel). RTCF has been calculated by Equation 2.17. The upper
panel shows that the RTCF of first rank (I = 1) decays at a rate slower than that of
second rank (/ = 2). This is expected. For other compositions, this trend remains the
same. Rotational correlation time constant has been obtained via time integration of
RTCF as follows:

T, = Idt co@). (2.21)
0

In Table 2.1, we have shown x, dependence of T, and t,, where it is observed that
both the time constants are almost invariant with composition of the mixture. In the
same table, ratio t,/t, has also been shown. Interestingly, the ratio is ~1.5, which is
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FIGURE 2.6 (Upper panel) Plot for the reorientational correlation function against time for
a representative composition (x, = 0.1). (Lower panel) Product of the translational diffusion
coefficient D, and the average orientational correlation time T, of the first-rank correlation
function as a function of composition. Note that the solid line and dashed line indicate the
hydrodynamic predictions with the stick and slip boundary conditions, respectively.

TABLE 2.1

Composition Dependence of the Orientational
Correlation Time of Rank = 1 and 2, and the
Ratio between the Two

Xq ‘c: T, T,/T,
0.1 1.51 0.99 1.53
0.2 1.40 0.96 1.46
0.3 1.45 0.96 1.51
0.4 1.44 0.94 1.53
0.5 1.46 0.94 1.55
0.6 1.44 0.93 1.55
0.7 1.48 0.96 1.50
0.8 1.44 0.96 1.54
0.9 1.44 0.94 1.53

Note: x, denotes the mole fraction of the first component (k = 2) in
the binary mixture.
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half of the predicted value by Debye’s law for the rank dependence of reorientational
motion in normal liquids. This deviation is also seen previously for pure GB fluid
near the I-N transition [11].

In the lower panel of Figure 2.6, we have plotted D; x 1, as a function of x;.
Interestingly, this remains constant throughout the mole fraction range. The hydro-
dynamic values (combined SE and SED relation) predicted for this case are also
plotted in the same figure. Tangs and Evans [37] have reported the Stokes—Einstein
products p = D;n for neat hard ellipsoids of aspect ratio ranging from 1 to 10 and
for both slip and stick boundary conditions. The rotational diffusion coefficient D, =
kzT/Ex can be computed from rotational friction &, given by [12]

Er=mna’s, (2.22)

where & may be computed by using the formalism proposed in [37]. Such a calcu-
lation has been done for the neat GB fluid as a function of density [12]. Using the
relation 1% = [L(L+1)D,]"", we can now express the product D, x T, in terms of p
and &, as follows:

T K8/3 5

16 L(L+1) " 23)

Dy, = (M&z)

This expression holds for pure GB fluid for stick and slip conditions with the cor-
responding values for p and &. We have modified this expression for our systems
containing GB particles having different aspect ratios. We have plotted the &_ values
as a function of effective aspect ratio x = x,k, + x,k, from [38] and fitted with a cubic
equation to get the following equation:

EV =0.5132+4.0441(x ") —9.874(x ") +5.3315(x ")’
_ 24
g5 =[0.9336 - 1.4186(c™") — 0.2804(k™')> +0.7814(c™)* | x [ £ |.

Unlike &, when we plotted the parameter i as a function of k from [36], we found
linear dependence and obey the following relations:

w¥* = 0.1083 - 0.042(x)

. (2.25)
uS” = 0.1427 + 0.0128(x).

Calculated products obeying stick and slip limits are denoted by the lines in the
lower panel of Figure 2.6. More interestingly, the simulated product D; X T, is nearly
constant and lies above the calculated product obeying the stick hydrodynamic
condition.
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2.4 CONCLUSION

In this chapter, the binary mixture of GB particles of different aspect ratios has been
studied by molecular dynamics simulation. The composition dependence of differ-
ent static and dynamic properties has been studied. The radial distribution function
has been found to show some interesting features. Simulated pressure and overall
diffusion coefficient exhibit nonideal composition dependence. However, simulated
viscosity does not show any clear nonideality. The mole fraction dependence of self-
diffusion coefficients qualitatively signals some kind of structural transition in the
50:50 mixture. The rotational correlation study shows the non-Debye behavior in its
rank dependence. The product of translational diffusion coefficient and rotational
correlation time (first rank) has been found to remain constant across the mixture
composition and lie above the stick prediction.
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3.1 INTRODUCTION

Inrecent years, the density functional theory (DFT) has become a widely used formal-
ism for electron structure calculations of atoms, molecules, and solids [1-5]. The DFT
is based on the earlier fundamental work of Hohenberg and Kohn [6] and Kohn and
Sham [7]. In the Kohn—Sham DFT formalism [7], the electron density is decomposed
into a set of orbitals, leading to a set of one-electron Schrodinger-like equations to
be solved self-consistently. The Kohn—Sham equations are structurally similar to the
Hartree—Fock equations but include, in principle, exactly many-body effects through
a local exchange-correlation (xc) potential. Thus, DFT is computationally much less
expensive than traditional ab initio many-electron wavefunction approaches, and this
accounts for its great success for large systems. However, the DFT is well developed
mainly for the ground-state properties only. The treatment of excited states and time-
dependent processes within the DFT is relatively less developed.

The essential element of DFT is the input of the xc-energy functional, whose
exact form is unknown. The simplest approximation for the xc-energy functional is
through local spin-density approximation (LSDA) [1,8] of homogeneous electronic
gas. A severe deficiency of the LSDA is that the xc potential decays exponentially
and does not have correct long-range behavior. As a result, the LSDA electrons are
too weakly bound and, for negative ions, even unbound. More accurate forms of
the xc-energy functionals are available from the generalized gradient approxima-
tion (GGA) [1,9,10], and hybrid-energy functionals [11], which take into account the
gradient of electron density. However, the xc potentials derived from these GGA
energy functionals suffer similar problems as in LSDA and do not have the proper
long-range Coulombic tail —1/r either. Thus, whereas the total energies of the ground
states of atoms and molecules predicted by these GGA density functionals [9,12] are
reasonably accurate, the excited-state energies and the ionization potentials obtained
from the highest occupied orbital energies of atoms and molecules are far from sat-
isfactory, typically 40% through 50% too low [13]. The problem of the incorrect
long-range behavior of the LSDA and GGA energy functionals can be attributed to
the existence of self-interaction energy [13].

For proper treatment of atomic and molecular dynamics such as collisions or multi-
photon ionization (MPI) processes, etc., it is necessary that both the ionization potential
and the excited-state properties be described more accurately. In addition, the treatment
of time-dependent processes will require the use of the time-dependent density func-
tional theory (TDDFT). The rigorous formulation of TDDFT is due to the Runge—Gross
theorem [14]. For any interacting many-particle quantum system subject to a given time-
dependent potential, all physical observables are uniquely determined by knowledge of
the time-dependent density and the state of the system at any instant in time. In particu-
lar, if the time-dependent potential is turned on at some time #, and the system has been
in its ground state until #,, all observables are unique functionals of only the density.
In this case, the initial state of the system at time 7, will be a unique functional of the



TDDFT Methods for Nonperturbative Treatment of Multiphoton Processes 39

ground state density itself, i.e., of the density at 7. This unique relationship allows one to
derive a computational scheme in which the effect of particle—particle interaction is rep-
resented by a density-dependent single-particle potential, so that the time evolution of
an interacting system can be investigated by solving a time-dependent auxiliary single-
particle problem. In the last decade, there has been considerable effort and success in
the use of linear response theory to the study of excitation energies [15,16]; frequency-
dependent multipole polarizabilities [17,18]; optical spectra of molecules, clusters, and
nanocrystals [19,20]; and autoionizing resonances [13], etc.

In this chapter, we discuss some new developments in TDDFT beyond the linear
response regime for accurate and efficient nonperturbative treatment of multiphoton
dynamics and very-high-order nonlinear optical processes of atomic and molecular
systems in intense and superintense laser fields. In Section 2, we briefly describe the
time-dependent optimized effective potential (OEP) method and its simplified ver-
sion, i.e., the time-dependent Krieger—Li—lafrate (KLI) approximation, along with
self-interaction correction (SIC). In Section 3, we present the TDDFT approaches and
the time-dependent generalized pseudospectral (TDGPS) methods for the accurate
treatment of multiphoton processes in diatomic and triatomic molecules. In Section
4, we describe the Floquet formulation of TDDFT. This is followed by a conclusion
in Section 5. Atomic units will be used throughout this chapter.

3.2 TDDFT WITH OEP/KLI-SIC FOR TREATMENT OF
MANY-ELECTRON SYSTEMS IN LASER FIELDS

In this section, we discuss TDDFT with OEP and SIC for nonperturbative treatment
of many-electron quantum systems in intense laser fields [21]. The steady-state OEP
method [22,23] has become a practical tool in DFT after the work of Kriger, Li, and
Iafrate (KLI), who suggested a simplified yet accurate procedure for determination of
OEP by a set of linear equations [24,25]. This method was extended to the time domain
[26], but the original formulation was computationally not efficient since it involved the
construction of Hartree—Fock-like nonlocal potential at each time step. The advantage
of the time-dependent OEP (TD-OEP)/KLI-SIC approach [21] is that it allows the con-
struction of self-interaction-free time-dependent local OEP. This greatly facilitates the
study of time-dependent processes of many-electron quantum systems in strong fields.

We start from the quantum mechanical action of a many-electron system interact-
ing with an external field [21,26]

A[{%}hggﬂm j w:(,(r,t)[i;ﬁ % Vz:|wm(r,t) 0
- Z J:tl dt j P (1 D[V, (r) + v, (r,1)]dr 3.1

L [ i

lr—r
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where y,,.(r,7) are the time-dependent spin orbitals, N = 2 N, is the total number
o

of electrons, v (r) is the electron—nucleus Coulomb interaction, v, (r.f) describes the
coupling of the electron to the external laser fields, and A, [{y,}] is the xc-action
functional. The electron spin densities p,(r.f) are defined as

2

NG
Po(r0)= D [W,e(r.1) (32)
n=1

and the total electron density p(r.f) is obtained by summation of the spin densities
pID= D po(r0).
(o}

The spin orbitals satisfy the one-electron Schrodinger-like equation

0 [y
lazw”"(r’l)_( 2V +Vc(r,t))\|lw(r,t), (3.3)

where V_(r,r) will be the TD-OEP if we choose the sest of spin orbitals {y,.}, which
ALY 1]

render the total action functional A[{v,}] stationary W =0.
(1.t
Generally, V_(r,7) contains the memory effect. It depends on not only the density
at time moment ¢ but also the densities at preceding times. However, if we use the

following explicit SIC expression for the xc-action functional [21]

Adtw = [ dE [prr0.p.00)]

‘Zij dt{J1p,o1+ E [, 01}
6 n=l T

(3.4)

then the memory term vanishes identically. Similar results are obtained as long as
one uses an explicit £, form (such as that in LSDA or GGA) of energy functional
and the adiabatic approximation. The use of the SIC form in Equation 3.4 removes
spurious self-interaction terms in conventional TDDFT and results in a proper long-
range asymptotic potential. Another major advantage of this procedure is that only
local potential is required to construct the orbital-independent OEP. This facilitates
considerably the numerical computation. The TDDFT/KLI-SIC approach and other
TDDFT approaches with proper long-range potential have been applied successfully
to a number of multiphoton processes of atomic and molecular systems in intense
laser fields in the last decade, including MPI [27-34], high harmonic generation
[27,32,33,35-37], and VUV/XUYV frequency comb laser generation [38], etc. For a
review, see [39].
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3.3 TDDFT FOR MULTIPHOTON PROCESSES IN
DIATOMIC AND TRIATOMIC MOLECULES

3.3.1 TDGPS MEetHOD FOR ACCURATE NUMERICAL SOLUTION

ofF TDDFT EQuaATiONS IN TWO-CENTER SYSTEMS
In the following, we discuss the extension of the TDGPS procedure [40] to the accu-
rate numerical solution of the TDDFT equations in two-center molecular systems.

In the spin-polarized theory, the spin orbitals ,,,(r.f) corresponding to different spin
projections o satisfy equations with different effective potentials v g ,(r.0), i.e.,

i%wns(r,t) = [—ivz + veﬁyc(r,t):|\|lm(r,t), n=12,..,N,. (3.5)

The time-dependent effective potential v 4(r,f) is a functional of both electron
spin densities p,(r,7) and p,(r,7). The potential v ,(r,f) can be written in the general
form

veff,c(rst) = vn(r) + VH(r’t) + vxc,c(rst) + Vext(r’t)’ (36)

where v, (r) is the electron interaction with the nuclei

Z Z

‘Rl—r‘_‘Rz—r

Vn (r) == ’ (37)

Z, and Z, are the charges of the nuclei, R, and R, are the positions of the nuclei, and
vy(r,?) is the Hartree potential due to electron—electron Coulomb interaction

vy(r.t)= Jd%’% . (3.8)

In the time-dependent calculations, we adopt the commonly used adiabatic ap-
proximation, where the xc potential is calculated with the time-dependent density.
The adiabatic approximation had many successful applications to atomic and molec-
ular processes in intense external fields [39,41]. For the studies of the diatomic mol-
ecules [29,32,42], we utilize the LBa (van Leeuwen—Baerends) xc potential [43]:

LBa

Ve (r,t) = owrat

X,0

LSDA () Bxa(r.0py (r.1)
T 3 () Infx (r ) + D2 + 1172

(3.9)

(r,t)+v

The LBa potential contains two parameters o and §, which have been adjusted
in time-independent DFT calculations of several molecular systems and have the
values o = 1.19 and B = 0.01 [43]. The first two terms in Equation 3.9, i.e., v-°°* and

X,0
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vi‘f,DA, are the exchange and correlation potentials within the LSDA. The last term in

Equation 3.9 is the gradient correction with x, () =IVp,(r)Vp%”(r), which ensures
the proper long-range asymptotic behavior vffg — —1/r as r — oo. The potential
(Equation 3.9) has proved to be reliable in molecular TDDFT studies [32,34]. The
correct long-range asymptotic behavior of the LBa potential is crucial in photo-
ionization problems since it allows reproducing accurate molecular orbital (MO)
energies and proper treatment of the molecular continuum. The potential v, (r.7) in
Equation 3.6 describes the interaction with the laser field.

The Hamiltonian and the coordinates are discretized by means of the generalized
pseudospectral (GPS) method in prolate spheroidal coordinates [44—47], allowing
optimal and nonuniform spatial grid distribution and accurate solution of the wave
functions. The time-dependent Kohn—Sham Equation 3.5 can be solved accurately
and efficiently by means of the split-operator method in the energy representation
with spectral expansion of the propagator matrices [44—46,48]. We employ the fol-
lowing split operator, second-order short-time propagation formula [40]:

ext

VY, (r 1+ A1) = exp(—;AthOJexp(—iAtV(r,t +;At)]

. (3.10)
x exp(— é AtH, ) Y, () + O((AD)?).

Note that Equation 3.10 is different from the conventional split-operator tech-
niques [49,50], where H is usually chosen to be the kinetic energy operator and 1%
is the remaining Hamiltonian, depending on the spatial coordinates only. The use
of the energy representation in Equation 3.10 allows explicit elimination of the
undesirable fast-oscillating high-energy components and speeds up considerably the

time propagation [40,44,48]. For the given Az, the propagator matrix exp —éAtI—AIO

is time independent and constructed only once from the spectral expansion of the
unperturbed Hamiltonian H, before the propagation process starts. The matrix

exp(—iAtV((r,t+;At)] is time dependent and must be calculated at each time

step. However, for interaction with the laser field in the length gauge, this matrix is
diagonal, and its calculation is straightforward.

3.3.2 MPI ano HHG ofF Diatomic MOLECULES

3.3.2.1 MPI

For a case study, we present the study of the orientation-dependent MPI probabili-
ties for N, molecules at the peak intensity 2 x 10" W/cm? and wavelength 800 nm
(Figure 3.1). The orientation dependence of our calculated total MPI probability is
in a good accord with recent experimental observations [51,52] for this molecule and
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FIGURE 3.1 MPI probabilities of the N, molecule and Ar atom for the peak intensity 2 x
10" W/cm?. Panels A (polar coordinates) and B (Cartesian coordinates). (a) Total probability
for N,. (b) 36, (HOMO) probability for N,. (¢) 1z, (HOMO-1) probability for N,. (d) 25, prob-
ability for N,. (e) Total probability for Ar. (f) 3p, probability for Ar.

reflects the symmetry of its HOMO: the maximum MPI corresponds to the parallel
orientation. However, multielectron effects are quite important for N,, particularly at
intermediate orientation angles. In the angle range around 30°, the MPI probability
of HOMO-1 (Ix,) is larger than that of HOMO (3c,). Despite the orbital probabilities
have local minima and maxima, the total probability shows monotonous dependence
on the orientation angle. For comparison, we show also the ionization probability of
the Ar atom, whose ionization potential is similar to that of N, (HOMO). As one can
see from Figure 3.1, the absolute values of the ionization probabilities of N, and Ar
are close to each other. However, the inner shell contributions are less important for
Ar: the total probability is dominated by the highest occupied (3p) shell contribution.

3.3.2.2 HHG

For nonmonochromatic fields, the spectral density of the radiation energy emitted for
all the time is given by the following expression [53]:

S(w)=

4 ~
;‘:’03 D). (3.11)

Here, o is the frequency of radiation, c is the velocity of light, and D(w) is a
Fourier transform of the time-dependent induced dipole moment D(?), i.e.,

D(w) = J‘_w diD(f)exp(iot), and D(f)= jd% rp(r.t). (3.12)
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FIGURE 3.2 Energy emitted in harmonic radiation by the N, molecule for the peak inten-
sity 2 x 10" W/cm?: left bar, orientation angle y = 0°; middle bar, orientation angle y = 90°;
and right bar, orientation angle y = 90°.

In Figure 3.2, we present a case study of the high-order harmonic generation
(HHG) of the N, molecule at the peak intensity 2 x 10 W/cm? and wavelength
800 nm [42]. The cutoff position in the HHG spectrum for this intensity is expected
at the harmonic order 35, in fair agreement with the computed data. To show the
orientation dependence of the HHG spectra, we choose three values of the orienta-
tion angle y: 0°, 40°, and 90°, which represent the limiting cases of the parallel and
perpendicular orientation, as well as the intermediate angle case. The orientation
dependence of HHG also resembles that of MPI: HHG is more intense for the orien-
tations where MPI reaches its maximum. For N,, the HHG signal at 0° is dominant
in the low-order part of the spectrum, whereas in the central part, a stronger signal is
observed at 40°. One can also see that the emission of the harmonic radiation at the
perpendicular orientation (y = 90°) is suppressed for N, in the low-order and central
parts of the HHG spectra. The maximum in the harmonic energy distribution at 90°
is shifted to higher orders. This result is in a good accord with the recent experimen-
tal measurements on N, [54].

3.3.2.3 MPI and HHG of Heteronuclear and Homonuclear Diatomic
Molecular Systems: Exploration of Multiple Orbital Contributions

In this section, we discuss all-electron TDDFT MPI calculations of homonuclear (N,
and F,) and heteronuclear (BF, HF, and CO) diatomic molecules [32,55]. In Figure
3.3, we present the HHG power spectra (Equation 3.11) of the N, and CO molecules.
An important difference between the N, and CO spectra is that the latter contain
even and odd harmonics. Generation of even harmonics is forbidden in systems with
inversion symmetry, such as atoms and homonuclear diatomic molecules. This selec-
tion rule does not apply to the heteronuclear molecules with no inversion center (CO,
BF, and HF). From Figure 3.3, one can see that, in general, HHG is more efficient
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FIGURE 3.3 Comparison of the HHG power spectra of CO and N, in 800 nm 1 x 10 W/
cm? sin? pulse laser field.

in CO than in N,. To investigate the detailed spectral and temporal structure of
HHG for homonuclear and heteronuclear systems, we perform the time—frequency
analysis by means of the wavelet transform of the total induced dipole moment d(f)
[32,44,56]:

d, ()= J'd(t)\/gel“”“fo)e<‘°<”0>>2’2Tzdt. (3.13)
T

For the case of the N, molecule, the time profiles of the 19th to 25th harmonic
orders are shown in Figure 3.4a. There are two emissions occurring at each optical
cycle, and the most prominent bursts take place at the center of the laser field enve-
lope. More importantly, for the CO molecule, a distinct feature possibly character-
istic of all heteronuclear diatomic systems is observed in Figure 3.4b for harmonic
orders 22 through 26. The number of dominant emissions per optical cycle is now
limited to only one. This finding is in contrast with results normally obtained in the
HHG for atoms and homonuclear molecules, in which two bursts per optical cycle
are observed. We further explore the nonlinear response of individual MOs to the
laser field and their dynamic role in formation of the HHG spectra of multielectron
heteronuclear and homonuclear diatomic molecules. We also analyze the effect of
asymmetry of the heteronuclear molecules on their HHG spectra. It is found that
the interference of contributions from the MO is mostly constructive for the hetero-
nuclear molecules and destructive for the homonuclear molecules. A more detailed
investigation and comparison of the very high-order nonlinear optical response of
the homonuclear (N, and F,) and heteronuclear (CO, BF, and HF) diatomic mol-
ecules in intense ultrashort laser fields can be found in Ref. [55].
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FIGURE 3.4 Wavelet time profiles for (a) N, and (b) CO. The laser intensity used is 5 x 10'3
W/em?, and the wavelength used is 800 nm, with 20 optical cycles in pulse duration.

3.3.3 MULTIELECTRON EFrFeCTS ON ORIENTATION DEPENDENCE
ofF MPI oF SMALL PoLyaToMic MOLECULES

In this section, we present all-electron TDDFT calculations of the orientation-
dependent MPI of the three-center CO, molecule [31]. The electronic structure of
CO, is solved with the help of the Voronoi cell finite difference (VFD) method [31].
In contrast to the ordinary finite difference method with regular uniform grids, the
VFD method can accommodate any type of grid distributions, so-called unstruc-
tured grids, with the help of geometrical flexibility of the Voronoi diagram. To
attack multicenter Coulombic singularity in all-electron calculations of polyatomic
molecules, highly adaptive molecular grids are used [31] in this study.

Table 3.1 compares experimental vertical ionization potentials [57] of CO, and abso-
lute values of orbital binding energies computed with the LBa potential. Molecular
grids are constructed by a combination of spherical atomic grids covering large dis-
tances (7, ~ 20 A). The C-0 bond length is fixed at 1.162 A [58]. As one can see from
Table 1, the calculated orbital binding energies are in fairly good agreement with the
experimental data, particularly those for HOMO (1x,) and HOMO-1 (1x,).

Figure 3.5 shows the orientation dependence of the total MPI probability. The
laser parameters used are 20-optical-cycle sin>-envelope laser pulses with two dif-
ferent sets of the wavelength and the peak intensity: (a) 820 nm and 1.1 x 10" W/cm?
and (b) 800 nm and 5 x 10" W/cm?. For comparison, Figure 3.5 includes experi-
mental measurements [51,52] and MO-ADK model results [51,59]. All data sets are
normalized to their maximum value. In Figure 3.5a, two dashed lines of experiment
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TABLE 3.1

Absolute Values of Spin-Orbital Energies
of CO,

Spin Orbital A B
1, (HOMO) 13.9 13.8 [57]
I, 17.5 17.6 [57]
30, 17.2 18.1 [57]
4o 18.5 19.4[57]

g

Note: (A) Present DFT calculations (in electron volts).
(B) Experimental vertical ionization energies
(in electron volts).

180° 0° 180°

270° 270°
Present work Present work
Experiment? -------- Experiment? «------
MO-ADK? e MO-ADKE s
(a) 820 nm, 1.1 x 10 W/cm? (b) 800 nm, 5 x 1013 W/cm?

FIGURE 3.5 Orientation dependence of the total ionization probability of CO, (*[51], *[52],
[59D).

are due to uncertainty of the measured alignment distribution [51]. The total ioniza-
tion probability computed by TDDFT manifests the center-fat propeller shape with
the peak at 40°. The position of the peak agrees well with both experiments [51,52],
which give it at 45°. As for the broadness of the central pattern, our results agree well
with the data of [52] but are different from that of [51], with the latter showing a nar-
rower pattern. This discrepancy may be related to the experimental uncertainty in
the molecular alignment processes. We now examine contributions of the individual
orbitals to the total ionization probability. Thus, the center-fat propeller shape of the
total ionization probability in Figure 3.5 is mostly reflected by contributions of
the two HOMOs (I, , and 1z, ). On the other side, the MO-ADK model predicts
the butterfly shape with the peak at 25° [51,59], which is in large disagreement with
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experimental data. In contrast with the MO-ADK model, the self-interaction-free
TDDFT approach [31] incorporates multielectron correlation and multiple orbital
effects, and the results are in excellent agreement with experimental observation.
The TDDFT [31] results show the significance of the electron correlations and sug-
gest that all the valence orbitals should be taken into account, even when HOMO
dominates the ionization process.

3.4 GENERALIZED FLOQUET FORMULATION OF TDDFT

In this section, we discuss briefly the generalized Floquet formulation of TDDFT
[28,60—64]. It can be applied to the nonperturbative study of multiphoton processes
of many-electron atoms and molecules in intense periodic or quasi-periodic (multi-
color) time-dependent fields, allowing the transformation of time-dependent Kohn—
Sham equations to an equivalent time-independent generalized Floquet matrix
eigenvalue problems. . )

For time-periodic Hamiltonians H(t)= H(¢+T), the Floquet theorem allows a
solution of the time-dependent Schrodinger equation (TDSE) in the following form:

W(R,1) = exp(—ieH) DR, 1), (3.14)

where € is the quasi-energy, ®(R,f) is a periodic function of time, and the TDSE can
be recast into the form of the quasi-energy eigenvalue equation:

HD(R,t)=eD(R,1), with H=H({)— i% , (3.15)

in the extended Hilbert space S containing all square-integrable time- perlodlc func-
tions ®(R,7). The inner product in this space is defined as ((® | Z)) = J. di{® | E).

Since Equation 3.15 resembles the steady-state problem, it can be rlgorously justified
that H(t) H (1), ©(9) and the quasi-energy ¢ are all unique functionals of the electron
density (spin densities in the spin-polarized theory) [65], with the latter being peri-
odic in time. Thus, the quasi-energy functional Equation 3.16 can be expressed as a
functional of the density.

In the Floquet formulation of TDDFT, the main role is played by the quasi-energy
Sfunctional (compare with the action functional in the general time-dependent for-
mulation [14])

Fio)=(olfo)). (3.16)

Variation of the functional (Equation 3.16) under the normalization condition
{(@Id)) = 1, leads to Equation 3.15 for the time-periodic multielectron wave function
®O(r,7). The solution brings the stationary value (equal to the quasi-energy ¢€) to the
functional (Equation 3.16). For TDSE, one normally has an initial state problem:
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once the initial state is specified at t = ¢, then the solution of the TDSE is unique, and
the wave function can be constructed at any time . For the Floquet states, however,
one does not have an initial state problem. Instead, one has an eigenvalue problem in
the extended Hilbert space S.

Consider now the corresponding Kohn—Sham system of noninteracting particles
with the same electron spin densities. The quasi-energy Kohn—Sham equations for
the time-periodic spin orbitals ¢} can be obtained from the stationary principle for
the quasi-energy functional (Equation 3.16)

[—;W +u(r)+vy(r,t)+v, (r,0)+ v, (r.t)— i;]d),f = ;. (3.17)

Here, v, (r.f) is the Hartree potential, v, (r.7) is the exchange-correlation potential,
Vo150 is the external field potential, and ¢/ is the orbital quasi-energy.

In the presence of intense external electromagnetic fields, atoms (molecules) can
be ionized (dissociated) by the absorption of multiple photons, and all the bound
states become shifted and broadened resonance states possessing complex quasi-
energies € = g, — il/2. To determine these complex quasi-energy states, the non-
Hermitian Floquet Hamiltonian formalisms previously developed [66,67], which
employ the use of complex scaling transformation methods [68], can be extended
to TDDFT [60-63]. The total quasi-energy € can be expressed through the orbital
quasi-energies, Hartree (J(f)), and exchange-correlation (E, () energies, as well as
the expectation values of the exchange-correlation potentials [60—63]:

e= ze,f +;J‘Tdt[Exc () - J(1) - Z .[d3r vfc(r,t)pc(r,t):l . (3.18)
0
k,o o

The analytical continuation in the complex plane of the radial coordinate r cor-
responding to the complex scaling transformation preserves that the spin densities
remain real quantities for the real values of r [61]. That is why all the contributions
to the right-hand side of Equation 3.18 are real, except the eigenvalues €. Thus, the
total ionization rate can be expressed as a sum of spin-orbital ionization rates [61]:

F=YTr{=—2mm) . (3.19)
k.o k.o

3.4.1 MurtiPHOTON ABOVE-THRESHOLD DETACHMENT OF LI~

In this section, we apply the Floquet-TDDFT approach with exterior complex scal-
ing to the calculation of multiphoton detachment of Li~ in monochromatic linearly
polarized laser field [28,64]. When applying a complex scaling transformation, a
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delicate task is to perform the analytical continuation of the exchange-correlation
potential to the complex plane. Usually, this potential exhibits very complicated
functional form that may or may not allow obtaining accurate results with the uni-
form complex scaling technique. The exterior complex [69] scaling procedure allows
the overcome of these difficulties.

We make use of the (spin polarized) Becke exchange [72] and Lee—Yang—Parr cor-
relation [9] functionals (BLYP exchange-correlation). For the SIC, we extend the KLI
procedure [25,73] with the implementation of an explicit self-interaction correction
term [13]. The combination of BLYP exchange-correlation and KLI SIC (BLYP-KLI/
SIC) has proved its accuracy in extensive atomic structure calculations [13,74]. With no
external field, the electron affinity of Li as calculated by the BLY P-KLI/SIC method is
0.02294 a.u., which is in good agreement with the experimental value of 0.02271 a.u. [75]

In Figure 3.6, we show the results for the one-photon detachment cross section
obtained from weak-field calculations. For comparison, also shown are the results of
multichannel R-matrix calculation [70] and experimental data [71]. As one can see,
our results are in fair agreement with the more sophisticated R-matrix multichannel
calculations [70] and with the experiment [71]. We have also calculated electron
angular distributions after the two-photon detachment of Li~ by the linearly polar-
ized infrared laser field, for the laser frequencies range between the one- and two-
photon detachment thresholds [28,64]. The results are shown in Figure 3.7 for the
laser field intensity 1 x 10" W/cm? and several frequencies. As our analysis reveals
[28,64], the angular distributions show the dramatic interference of s- and d-waves
in the detachment amplitude. For higher frequencies (0.016 and 0.020 a.u. in our cal-
culations), the d-wave dominates the amplitude, and the angular distributions show
the strongly anisotropic pattern as in Figure 3.7c or d, with the maximum pointing
at the field direction. For smaller frequencies (0.012 and 0.014 a.u.), the quasi-energy
level of the ground state is brought closer to the threshold, and the relative weight of
the s-wave increases, in accordance with the Wigner threshold law [76]. For the fre-
quency 0.012 a.u., the electron angular distribution is nearly isotropic (Figure 3.7a).
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FIGURE 3.6 Cross section of one-photon detachment of Li~. (Full curve) Floquet-TDDFT

calculation [28,64]. (Dashed curve) Multichannel R-matrix calculation [70]. (Diamond)
Experiment [71].
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FIGURE 3.7 Angular distributions for two-photon detachment of Li~. The laser field inten-
sity is 1 x 10" W/cm?. The laser field frequency is (a) 0.012 a.u., (b) 0.014 a.u., (c) 0.016 a.u.,
and (d) 0.020 a.u.

3.5 CONCLUSIONS

In this chapter, we have presented several TDDFT approaches with proper long-
range potentials for accurate and efficient treatment of the time-dependent multi-
photon dynamics of many electron atomic and molecular systems. They allow the
construction of orbital-independent single-particle local xc potential, which pos-
sesses the correct (—1/r) long-range asymptotic behavior. With the asymptotically
correct potential, the energy of the highest occupied spin orbital provides good
approximation to the ionization potential. The GPS technique allows the construc-
tion of nonuniform and optimal spatial grids, denser mesh nearby each nucleus,
and sparser mesh at longer range, leading to efficient and accurate solution of both
electronic structure and time-dependent quantum dynamics with the use of only a
modest number of spatial grid points. The TDDFT formalism along with the use of
the time-dependent GPS numerical technique provides a powerful new nonperturba-
tive time-dependent approach for exploration of the electron correlation and multiple
orbitals effects on strong field multiphoton processes.

Like the steady-state case, the exact form of time-dependent xc-energy functional
is unknown. Most of the strong-field calculations so far (including those discussed in
this chapter) have used the adiabatic approximation, neglecting the memory-effect
terms in the xc potential. As shown by the recent study [77], the adiabatic approxi-
mation is well justified in the case of medium-strong low-frequency laser fields.
However, its validity in very strong fields still remains to be investigated. More rigor-
ous nonadiabatic treatment of the time-dependent xc-energy functional can be facili-
tated if some information regarding the electron density for N-electron systems can
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be determined by means of the ab initio wavefunction approach. However, this task
is not feasible at the current time for N > 2. Since the exact time-dependent xc-energy
functional form is supposed to be universal and independent of N, the information
of the strong-field behavior of the simplest but nontrivial two-electron systems will
be very valuable for the future construction of time-dependent xc-energy functional.

Applicability of the modern TDDFT approaches for the treatment of multiple elec-
tron ionization processes is another problem related to the quality of time-dependent
xc-energy functionals. Most of approximate xc functionals lack the important prop-
erty of the exact functional, the discontinuity of its derivative with respect to the
number of particles N, when N passes through integer values [78]. Several attempts
to apply TDDFT with such approximate functionals for calculations of nonsequen-
tial double ionization were unsuccessful [79,80]. Recently it was shown [81] that the
derivative discontinuity is crucial for correct description of double ionization.

At this time, the TDDFT is the primary approach available for the treatment
of time-dependent processes of many-electron quantum systems in strong fields.
Further extension of the self-interaction-free TDDFT approaches to larger molecular
systems will be valuable and can lead to significant advancement in the understand-
ing of strong-field chemical physics and atomic and molecular physics in the future.
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4.1 INTRODUCTION

The similarity in form between the two real equations implied by the single-body
spin-0 Schrodinger equation in the position representation (wave mechanics) and
the equations of fluid mechanics with potential flow in its Eulerian formulation was
first pointed out by Madelung in 1926 [1]. In this analogy, the probability density
is proportional to the fluid density, and the phase of the wave function is a veloc-
ity potential. A novel feature of the quantum fluid is the appearance of quantum
stresses, which are usually represented through the quantum potential. To achieve
mathematical equivalence of the models, the hydrodynamic variables have to satisfy
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conditions inherited from the wave function. These, in turn, provide physical insight
into the original conditions. For example, the single-valuedness requirement on the
wave function corresponds to the appearance of quantized vortices in the fluid. The
hydrodynamic model has inspired several computational advances driven especially
by theoretical chemists. (For a comprehensive review up to the early 1980s, see [2],
and for more recent developments, see [3].)

Madelung’s approach was based on the Eulerian picture, and no reference was
made to the Lagrangian picture of hydrodynamics, which conceives the motion of
a fluid in terms of a continuum of trajectories and potentially opens the route to a
new class of computational schemes. Contemporaneous with Madelung’s work, de
Broglie was developing a theory of trajectories in quantum mechanics, but at this
historic point, an unfortunate digression occurred that, in the context of quantum
hydrodynamics, took nearly 80 years to fully rectify. In the 1920s, the notion of tra-
jectory in quantum theory became irretrievably embroiled in issues of interpretation,
and its potential value as a tool in physics, regardless of its interpretational prov-
enance, was not examined. The trajectory was so unacceptable that it was essentially
banished from quantal discourse until Bohm reintroduced it in 1952 [4]. However,
this restoration was still construed in a context circumvented by interpretational dis-
putes. The earliest reference to the Lagrangian picture in quantum hydrodynamics
appears to be due to Takabayasi [5], who, in the course of an early paper exploring
the ramifications of Bohm’s 1952 papers, mentioned in a footnote that obtaining the
trajectories from the wave function corresponds to the transition from the Eulerian
to the Lagrangian picture and that in order to obtain the trajectories “directly,” one
should start from the equations of motion in the Lagrangian form (see Equation 4.15),
subject to the subsidiary condition that the velocity field is irrotational. Takabayasi
did not elaborate on what he meant by obtaining the trajectories “directly,” and to
our knowledge, neither he nor any other writer remarked upon the footnote sub-
sequently. It took a further 20 years for the idea of employing the trajectories in
methods to solve the wave equation to emerge. Subsequently, and especially since
around 2000, many workers have contributed to the development of approximation
techniques that actively employ the trajectories alongside the Eulerian equations (for
references, see [3,6]). It appears that the first clear demonstration that a congruence
of trajectories—computed independently of the wave function (only the initial wave
function is needed)—may exhibit sufficient structure to provide an exact method
to deduce the time dependence of the wave function, thereby laying the foundation
for an alternative picture of quantum mechanics, was given in 2005 [6]. The exact
constructive method has since been extended to flows in an arbitrary-dimensional
Riemannian manifold [7,8], which has proved fruitful as it includes, as special cases,
the many-body system, the inclusion of an external vector potential, relativistic spin
theory including spin 1/2 [9] and spin-1 electromagnetism [7], and quantum fields
[8]. The method has also been extended to a multiphase-flow model of quantum evo-
Iution [10] and to second-order (in time) field theories [11].

The Lagrangian approach introduces a new conception of state into quantum
mechanics complementary to the wave function, i.e., the time-dependent position
of a particle q;(a, 1), and a new degree of freedom, i.e., the particle label a;. More
precisely, the state is represented by the collective motion of the continuum of fluid
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particles obtained by continuously varying the label. Thus, unlike the Madelung
(Eulerian) formulation, the Lagrangian picture adds variables to the quantum for-
malism, but none is singled out as special. As has been pointed out [6], this implies
that the Lagrangian picture exhibits a new quantum symmetry or gauge freedom
viz. a continuous particle-relabeling covariance group of the dynamics with respect
to which the Eulerian variables (position, density, and velocity) are invariant. This
is an analog of the classical symmetry that is connected with vorticity conservation
[12-16]. The origin of the relabeling symmetry is that the deformation coefficients
(derivatives of the current position with respect to the label) appear in the field equa-
tions only through the Jacobian. This is a characteristic feature of fluid mechanics
that is not displayed in other continuum theories (such as elasticity [15]) and rein-
forces the hydrodynamic analogy.

In this paper, we examine the relabeling symmetry as a component of a general
investigation of symmetries and conservation laws in the Lagrangian picture of quan-
tum hydrodynamics, emphasizing their relation with symmetries and conservation
laws in the Eulerian picture (which, being just wave mechanics, are well known). The
emphasis is on general principles; whether the results will aid computational work
remains to be investigated. The fact that the quantum Lagrangian picture has a varia-
tional basis gives us an opportunity to explore these connections through Noether’s
(first) theorem, which we formulate in the Lagrangian language. Analogous work has
been done in classical Galilean-covariant hydrodynamics, but no sufficiently general
treatment is available from which to draw ready-made formulas suitable for applica-
tion to the quantum regime. This is partly because the latter displays in the quantum
internal energy higher-order derivatives of the fields (the position coordinates) than
are customarily considered. Alongside the infinite relabeling group, the 12-param-
eter kinematical covariance group of the Schrodinger equation is derived within
the Noetherian approach. Two methods to connect with the Eulerian treatment are
described. A point we wish to stress is that the role of label transformations extends
beyond the class corresponding to Eulerian invariance. As an example, it is shown
that the linear superposition of waves, a fundamental symmetry of the quantum
Eulerian picture, can be generated by a deformation-dependent label transformation
in the Lagrangian picture.

4.2 DEDUCTION OF SCHRODINGER’S EQUATION FROM
THE LAGRANGIAN-PICTURE TRAJECTORY THEORY

4.2.1 LAGRANGIAN PICTURE

We here summarize the constructive method of obtaining the wave equation from a
deterministic particle model given in [6].

In the Lagrangian-picture of a fluid, the history of the system is encoded in the
state variables g;(a, f) (indices i, J, k,... = 1,2,3), i.e., the positions of all the distinct
fluid elements at time ¢, each particle being distinguished by a continuously vari-
able vector label a;. The particle label may be chosen to be the initial position or
more abstractly as a point in some continuum, e.g., it may be a color in a continu-
ous spectrum. In order to have the freedom to choose physical position as a label,
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we shall always assume that the label is a vector in a three-dimensional (Euclidian)
space. Since only one particle can occupy a point at each time, this label exhausts its
identification. For labeling purposes, we do not need to give, for example, the initial
velocity. (This information is, however, necessary for a fully posed dynamics.) The
motion is continuous in that the mapping from a-space to g-space is single valued
and differentiable with respect to a; and ¢ to whatever order is necessary, and the
inverse mapping a,(g, f) exists and has the same properties. These assumptions are
in accord with the properties of the single-valued velocity field implied by quantum
mechanics (i.e., the ratio of current to density). The entire set of motions for all ¢, is
termed a flow. The vectors g; and q; are referred to the same set of Cartesian space
axes, but they may also be regarded as related to one another by a time-dependent
coordinate transformation. To each particle, there is associated an elementary vol-
ume whose mass is conserved by the flow. The whole is structured by an internal
potential derived from the density that represents a certain kind of particle interac-
tion, and each particle responds to the potential via a force whose action is described
by a form of Newton’s second law. For all these reasons, we may regard the model as
providing a “particle” picture.

Let py(a) be the initial quantal probability density. In the hydrodynamic model,
po(@)isidentified with the initial number density (which is normalized: jpo (@d’a=1).

Then, introducing a mass parameter m1, the mass of an elementary volume d3a attached
to the point ¢, is given by mp(a)d3a. The significance of the parameter m, which is
conventionally described as the “mass of the quantum system,” is that it is the total

mass of the fluid since J.mp0 (a)d’a = m. In this picture, the conservation of the mass
of a fluid element in the course of its motion is expressed through the relation

mp(a, nNd3q(a, 1) = mpy(a)d3a 4.1
or

pla, ) = J \(a, Dpy(a), 4.2

where J is the Jacobian of the transformation between the two sets of coordinates:

Ly o 94 94; g,
3t g, a,, da,

J = det(dg,/9a,) = 0<J<oo. @.3)

Here g is the completely antisymmetric tensor with €,,; = 1, and summation over
repeated indices is always assumed.

Let V be the potential of an external (classical) conservative body force and U be
the internal potential energy of the fluid due to interparticle interactions. We assume
that the Lagrangian has the same form as in the classical theory of ideal fluids, except
for the functional dependence of U: this depends on p(g) and its first derivatives and,



Symmetries and Conservation Laws in Quantum Hydrodynamics 59

hence, from Equation 4.2, on the second-order derivatives of ¢; with respect to a;, and
is independent of other variables such as entropy. The Lagrangian is then

L= jf(q,aq/at,aq/aa,qu/aaz,t)d3a

=j[nma>@’% m@wm%mmwmmmﬁfm 44

Here, py(a) and V are prescribed functions, and we substitute for p from Equation
4.2. We assume that p, and its derivatives vanish at infinity, which ensures that the
surface terms in the variational principle vanish.

It is the action of the conservative force derived from U on the trajectories that
represents the quantum effects in this theory. As we shall see, these effects are char-
acterized by the following choice for U:

h* 1 dp dp _Rh* 1 9 (py) 9 (po
PP 2P 4.5
8m p® dq; g, 8m p} o2 g, da, da \ J ) @-5)

where we have substituted from Equation 4.2 and used

ijhi @.6)
where
h= Y L, 040 @)
3(3g;/0a,) 2" da,, 9a,
is the cofactor of dg;/da;,. The latter satisfies
%4, Jii =13, 4.8)

da;
Clearly, U has a local dependence on p and its derivatives, and the coordinates
g; enter only through the deformation gradients dg,/da; and their derivatives with

respect to a;.
The Euler—Lagrange equations for the coordinates

rl oL oL
3 3(dg,(a)/0r) Bg,(a)

4.9)
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where

8L _o o al N 0° ol
dq; dg; da, 8(8q,-/ 8aj) da,ay a(azqi/ a“ja“k)

4.10)

give the equation of motion of the ath fluid particle due to interparticle forces and
the external force:

0
mpo(a) qz(a) _pO( )7_‘]]{1 ac (411)
where
R*(10p op 3%
) Lopdp dp 4.12
! 4m(P dq; dq;  9q,9q; @12

is a symmetric stress tensor, which has been written in simplified form in terms of the
dependent variables using Equations 4.2 and 4.6. This (second order in ¢ and fourth
order in a;) local nonlinear partial differential equation is the principal analytical
result of the quantum Lagrangian method. For we shall see that, from its solutions
q,(a, 1), subject to specification of dg,,/dt, we may derive solutions to Schrodinger’s
equation. Motion in quantum mechanics may be regarded as the unraveling of a
time-dependent coordinate transformation gJa, t).

To obtain a flow that is representative of quantum mechanics, we need to restrict
the initial conditions of Equation 4.11 to those that correspond to what we shall term
“quasi-potential” flow. This means that the initial velocity field is of the form (we
introduce the mass factor for later convenience)

g, 1 9Sy(a)
S _ 2 904) 4.13
of m Jdg @13

but the flow is not irrotational everywhere because the potential S,(a) (the initial
quantal phase) obeys the quantization condition

l s

cm 0q; m

@ ath d 1 aSO(a) :ﬁ HGZ, (414)
Co

where C, is a closed curve. If it exists, vorticity occurs in nodal regions where the
density vanishes, and it is assumed that C, passes through a region of “good” fluid,
where p, % 0. To show that these assumptions imply motion characteristic of quantum
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mechanics, we first demonstrate that they are preserved by the dynamical equation.
To this end, we use a method based on Weber’s transformation applied to the law of
motion (Equation 4.11) in its “Lagrangian” form:

9%q; 9q. 0
1 i 9 41
" or* da, day, V+V). @15)
where
P (1 9pop 9%
=2 | —RR__IP 416
¢ dmp { 2p dg; dq;  9q,9g; @10

is the de Broglie—Bohm quantum potential [17]. Integrating this equation between
the time limits (0,7) and substituting Equation 4.13 give

doq; 0q; 1 9§
Lt =——, S(an=S ,1), 4.17
o da,  m da, (a,t) = Sy(a)+x(a,1) 4.17)

where

t 2
X(a’t)zj.[;m(aa?] —V—VQ}# @.18)
0

with initial conditions g, = a;, %, = 0. The left-hand side of Equation 4.17 gives the
velocity at time ¢ with respect to the a-coordinates, and this is obviously a gradient.
To obtain the g-components, we multiply by J-'J,, and use Equations 4.6 and 4.8 to get

og; _ 10§
ot magq;’

@.19)

where S = S(a(g, ), ). Thus, for all time, the velocity of each particle is the gradient
of a potential with respect to the current position.

To complete the demonstration, we note that the motion is quasi-potential since
the value (Equation 4.14) of the circulation is preserved following the flow:

o0 [ dq;
—Q tdg =0, 4.20
ot Jc ot i ¢ )

where C is a curve moving with the flow. This theorem has been stated previously
in the quantum context [18] and will be rederived below using relabeling invariance.
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We conclude that each particle retains forever the quasi-potential property if it pos-
sesses it at any moment.

4.2.2 EULERIAN PICTURE

The fundamental link between the particle (Lagrangian) and wave-mechanical
(Eulerian) pictures is defined by the following expression for the Eulerian density:

p(x,1)= ja(x —q(a,Hp,(a)d’a. @21

The corresponding formula for the Eulerian velocity is contained in the expres-
sion for the current

p(x,H)v;(x,t) = J%S(x —q(a,n)p,(a)d’a. 4.22)

Evaluating the integrals, Equations 4.21 and 4.22 are equivalent to the following
local expressions:

p(x,t)=J" e pola(x,t)) 4.23)
(1) = 298D 4.24)
at a(x,r)

Equation 4.23 restates the conservation equation (Equation 4.2), and Equation
4.24 gives the relation between the velocities in the two pictures.

These formulas enable us to translate the Lagrangian flow equations into Eulerian
language. Differentiating Equation 4.21 with respect to ¢ and using Equation 4.22,
we easily deduce the continuity equation

Jp

)
_ . = . 4.25
o + o (pv)=0 4.25)

Next, differentiating Equation 4.22 and using Equations 4.15 and 4.25, we get the
quantum analog of Euler’s equation:

v, av, 1 o
! = —— V,). 4.26
a oax;  m oy V+Ve) 420
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Finally, the quasi-potential condition (Equation 4.19) becomes

_108(x.0)

4.27
m  ox; @.27)

i

Equations 4.23 and 4.24 give the general solution of the continuity equation
(Equation 4.25) and Euler equation (Equation 4.26) in terms of the trajectories and
the initial density.

To establish the connection between the Eulerian equations and Schrodinger’s
equation, it is a simple matter to deduce from Equations 4.26 and 4.27 that

S 1 9S oS
§+%8787+V+V =0, 4.28)

where we have absorbed a function of ¢ in S. Combining Equations 4.25, 4.27, and
4.28, the function y(x,?) = \/Bexp(iS/ h) obeys Schrodinger’s equation:

n I Py
ot 2m ox;0x;

V. (4.29)

We have deduced this from the Lagrangian particle equation (Equation 4.11) sub-
ject to the quasi-potential requirement.

This procedure enables us to write down an explicit formula for the time-dependent
wave function in terms of the trajectories, up to a global phase, given the initial
wave function y,(a) = \/g exp(iSO / h). First, solve Equation 4.11 subject to the initial
conditions g,q(a) = a;, dq;y/0t =m™" S, /da; to get the ensemble of trajectories for
all a;, t. Next, substitute g,(a, 7) in Equation 4.23 to find p and dq,/0t in Equation 4.24
to get dS/0x;. This gives S up to an additive function of time f{). To fix this function,
apart from an additive constant, use Equation 4.28. We obtain finally for the wave
function

y(x, 1) = (J_lpo) exp|: ( I maq,/az\ dx+ f(t))] 4.30)

Note that this method of solution does not dispense with the wave function-the
initial form of the latter is integral to the dynamical equation of the trajectories
(through the density) and to its initial conditions (through the phase).

The Eulerian Equations 4.25 and 4.26 form a closed system of four first-order cou-
pled partial differential equations to determine the four independent “basic” fields p(x),
v,(x). The erasure from them of the particle variables is part of the reason the Eulerian
language is particularly suited to represent the wave-mechanical formalism, which
likewise, of course, makes no reference to the trajectory concept. The passage from the
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Lagrangian to the Eulerian picture is a reductive process in which the number of depen-
dent variables decreases [19]. In this connection, we note that any relation between
Lagrangian variables can be recast formally in the Eulerian language by writing
adx, 1), but it will not always be a statement in the Eulerian picture since the derived
functions of x; and # may not be reducible to the basic Eulerian set p, v and their deriva-
tives. We find this in the canonical phase space formulation of the theory where extrane-
ous advected variables appear [6] and in the example of Section 4.5 (cf. Equation 4.60).

4.2.3 EQUIVALENCE OF FIRST-ORDER AND SECOND-ORDER TRAJECTORY LAwsS

We have established in the preceding discussion that the second-order trajectory
Equation 4.11 implies the first-order law (Equation 4.17), where the potential S is
determined by Equation 4.18. The converse is trivially proved: Given Equations 4.17
and 4.18, we can deduce Equation 4.11 by differentiation. Hence, the first- and second-
order formulations are formally equivalent. Each may have advantages where the
other is deficient. For example, if we wish to compute the trajectories, knowing only
y, and without invoking the Eulerian equations as aids, the second-order version
must be used. On the other hand, if we desire to compute the trajectories from a
known wave function, the first-order version may be preferable. It would artificially
restrict the insights and opportunities afforded by quantum hydrodynamics to treat
one law as more fundamental than the other, either conceptually or computationally.

4.3 EULERIAN IDENTITY TRANSFORMATION

We commence our analysis of symmetries in quantum hydrodynamics by establish-
ing a simple but fundamental result. A continuous transformation of the independent
and dependent variables in one picture, particularly a symmetry (a transformation
that leaves the dynamical equations covariant), will have a continuous image in the
other picture. However, this correspondence will not be 1-1. Since the Eulerian pic-
ture is a reduction of the Lagrangian one, a unique transformation of the Eulerian
variables generally corresponds to a class of transformations of the Lagrangian
variables. More specifically, a Lagrangian-picture symmetry corresponding to an
Eulerian-picture symmetry will be unique only up to a relabeling transformation,
independent of the parameters defining the Eulerian transformation.

To demonstrate this property, it is sufficient to examine the identity transforma-
tion in the Eulerian picture, which is, for any fluid described by the density and
velocity fields,

4

xi=x;, t'=t, vi(x,t)=vi(x,1), p',t)=p(x,0). @.31)
This corresponds to the following transformation of the Lagrangian variables:

dq;, _ 9q; - -
qi,(a”t/) = qi(a,t), t' =t, a?: = aqt’ s p{)(a').” 1 _ po(a).] ], (432)
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where a!=aj(a,t). The latter is therefore not generally an identity transfor-
mation. To discover the function a, we write d = det a(t’,a,-’)/ B(t,aj));to and
D= det(aa,f/ da j) #0, with d(t'=f) = D, and use the first two members of Equation
4.32 to get

9q; zl od dg;  9q; _ 9g; +i od 9g; 433
oa,~ D o(a/oa,) da " Doorfoa) da, 4V

J m

Comparing with the last two members of Equation 4.32, we obtain

a , /7 7’
% —0, py(a)D=py(a). .34)

Thus, the corresponding transformation in the Lagrangian picture constitutes a
time-independent diffeomorphism a;(a), or relabeling of the fluid particles, with
respect to which the reference density transforms as a tensor density. Invariants of
the transformation include the number of particles in an elementary volume of label
space, i.e.,

po(a)d’a’ = py(a)d’a, 4.35)

and their position and velocity. The relabeling is arbitrary if no other conditions are
required on the transformation of p,. Otherwise, Equation 4.34 may involve a con-
straint on the relabeling (see Section 4.5).

A Lagrangian-picture theory that is reducible to the basic Eulerian variables will
be covariant with respect to the transformation (Equation 4.34). The Lagrangian

Equation 4.4 can be written as L:J.[%mpvz—pU(p,ap/ax)—pV(x)]d3x and

hence falls into this category (note that this Lagrangian cannot be used in a varia-
tional principle to derive Equations 4.25 and 4.26 as Euler—Lagrange equations).
Label transformations other than the class Equation 4.34 do not generally leave the
Eulerian functions invariant.

As mentioned previously, a common choice for labeling is the initial particle
position: g;,(a) = ;. This is intuitively reasonable and implies that the element d*a
coincides with an elementary spatial volume. Since, according to Equation 4.32,
q/(a’,t"=0)=g;(a,t =0) and, in general, g, # a;, the transformation Equation 4.34
expresses the freedom to choose a label other than the initial position. A natural
choice is to distort the coordinates a; so that the density is uniform with respect to
them: p(a”) = k = constant [11]. In one dimension, this is achieved by the labeling

a = k‘lja po(a)da. 4.36)
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Starting from an arbitrary labeling, we can transform to a labeling that coincides
with initial position by observing that, in general, g,(a, t = 0) = f,(a), so we just set
a! = fi(a), requiring only that the Jacobian of the transformation is positive.

Some benefits of the label symmetry include a means to simplify the Lagrangian-
picture problem and, as shown below, an effective way of generating a class of con-
servation laws.

4.4 NOETHER’S THEOREM IN LABEL SPACE

4.4.1 CONSERVATION IN THE LAGRANGIAN PICTURE

A typical textbook illustration of Noether’s first theorem employs a known continu-
ous symmetry of a system of differential equations (the Euler—Lagrange equations
deduced from a variational principle) that leaves the action functional invariant to
derive an associated conserved charge. Actually, the theorem allows one to do more
than this since the conservation laws it provides determine a class of symmetries
of the differential equations (corresponding to the chosen Lagrangian), which need
not then be known in advance. The class of symmetry transformations so obtained
will not generally be exhaustive of all the continuous symmetries admitted by the
dynamical equations since some dynamical symmetries may not be Noetherian sym-
metries with respect to the chosen Lagrangian, and those obtained are contingent on
that choice. For these reasons, the implied set of conserved charges may likewise not
be comprehensive. Nevertheless, as we shall see in our example, a sufficiently broad
class of symmetries and associated conserved charges including all the principal
expected ones can be generated by a straightforward application of this method.
This approach of deriving rather than assuming the transformation functions has
been pursued previously in a similar context, that of the Lagrangian-picture of a classical
ideal fluid [20]. We shall generalize the previous treatment to allow for the appearance of
higher field derivatives in the internal potential energy, and for the external potential, and
will include symmetries that were missed in the cited prior work. A version of Noether’s
theorem that is general enough for our purposes follows (for more details, see [21]).
Consider a Lie group of transformations of the independent and dependent variables

' =t+€€y(q,a,1), a =a, +¢€€,(q,a,0), q(a',t")=qat)+en(q,a,0), 4.37)

where € is a dimensionless infinitesimal parameter. Note that the functional depen-
dence of the transformation functions &, &, and 1, on @; and ¢t may be explicit or
implicit via g/(a, t). To take account of this dependence, we use the following notation
for the derivatives with respect to the independent variables:

D 9 dq, 9 9 0

a o o dg, or o(og,/)

da,0a, 0(0g;/da)

da; daq; " BTQ dq;
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The induced infinitesimal transformations of the derivatives of the dependent
variables are
9q; _ 9,

=7,+€DTL- _SD‘ZO%_EDQ%

or ot ot or ot ot da,

dq; _ dg; Dn; _ DE, 9¢; _ Dfil%
o, da,  oa, " oa, o © da; oay

dajdd,  dada;  dada,  dada, O da, dadr - da; da,dr

Dz&l %—8% azqi _ Diél azqi
da,da; da;  da, da,da;  da; da,da,

o’q] _ o’g; Dy, e D, aqz'_SDgo o’g; SDE,'() g, . (439

The invariance of the action J£d3a dt under the transformation Equation 4.37
entails the local condition

’ ’ ’ ’ ’ 2 7 ,2 / &0 D&
Z(q,aq/at,aq/aa ,8q/8a .t )(1+8 5 +88ai)
DA, DA, (4.40)

ot oa, |

= f(q,aq/at,aq/aa,azq/aaz ,t,a)+ e(

i

where the functions Ay, A; depend on t, a;, g;, dq,/0a;. Expanding the left-hand side to
order g, rearranging and subjecting the fields g, to the Euler—Lagrange Equation 4.9,
Noether’s theorem asserts that Equation 4.40 takes the form of a continuity equation
in a—t space:

DP DJ;

- Os 4.41
ot aa_]. @41)
where the density and current are given by
Fol4 aq aq
P=0E)+ —— | N : : 4.42

L=t T, . i i
J i/ +{a(aq,/aaj) 8ak a(aZQi/aajaak)J( M; &0 };IJ

ol D _9g; 9q; '
+Aa(82q,-/aajaak) oa, [ N go éz) i

@.43)
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Then, invoking Gauss’s theorem and assuming the fields vanish at infinity, we
obtain a conservation law:

ij P(a,t)d’a=0. 4.44)
dt J .

The continuity Equation 4.41 both generates a set of conserved quantities and deter-
mines the class of transformation functions (Equation 4.37) and associated restrictions
on V that leave the action invariant, one charge being associated with each transforma-
tion function and constraint on V. To determine these functions, we note that there is
no functional relationship between the derivatives of g; beyond the Euler—Lagrange
Equation 4.11. Inserting the Lagrangian density £ from Equation 4.4 in Equation 4.41,
we must therefore set to zero the coefficients of the independent derivatives of ¢; with
respect to a; and ¢ and their products. The outcome of an arduous calculation is that the
most general form of the transformation functions is the following:

Ey=d+Bt+or’, & =E(a), M, zl:(éﬁ+0ct)5ij+0),-j:|qj(a,t)—uit+c,-,

4.45)
Ay = mpO(a)(%O(‘qiqi _uiqi)’ A;=0
where
0
——(pe&) =0, (4.46)
aa;
n.a—v+§oa—v+vﬁ—0, 4.47)

' 9g ot or

i

and 0; = -, u;, ¢;, d, a, § are constants. Unimportant functions of 7 and g, in A, and
A, have been ignored. The constants, 12 in all, parameterize the group in addition to
the function &, which is arbitrary save for the condition Equation 4.46, in which p, is
a prescribed function. A series of conservation laws follow by inserting specific val-
ues of the parameters in Equations 4.42 and 4.43, as we shall see below. The absence
of 7 in these transformation formulas suggests that they have a non-quantum origin.
This turns out to be the case: they, in fact, define the maximal kinematical symmetry
group of the classical Hamilton—Jacobi equation (obtained when V,, is negligible in

Equation 4.28).

4.4.2 CONSERVATION IN THE EULERIAN PICTURE

One of the benefits of the Lagrangian-coordinate approach to continuum mechan-
ics is that it provides an additional means to discover Eulerian conserved charges,
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particularly through the application of Noether’s theorem. This is especially useful
in cases where the Eulerian-picture transformation corresponding to a Lagrangian-
picture symmetry is trivial. We can connect the descriptions of conservation in the
two pictures in two ways.

First, we can convert the Lagrangian continuity Equation 4.41 into a correspond-
ing Eulerian one relating a density P(x,#) and current J,(x,1),

DP  DJ
4+ —

ot ox;

0, 4.48)

via the conversion formulas [22-24]

4.49
ot d *49)

J

PO =P@nt @] . .L(x,t)z{PJ‘la%+a%Jj)
a(x,t a ;

a(x,t)

We may thus deduce from the Lagrangian conservation law an Eulerian conser-
vation law:

iJ‘ P(x,0)d*x=0. (4.50)
dt J_..

As an example, we consider the Lagrangian density P = p,, which obeys the equa-
tion DP/dt = 0 with J; = 0. Then, from Equation 4.49, P = p, J, = pv;, and Equation
4.48 is just Equation 4.25.

A second way to connect the Lagrangian and Eulerian accounts of conservation is
to compare Equation 4.50 with the conserved charge obtained directly in the Eulerian
formulation using the symmetry transformation that corresponds to Equation 4.45.
With reference to the standard Lagrangian density for the Schrodinger field,

o i\ OV OV BT OV oYy @.51)
ot ot 2m ox; ox;

we consider the infinitesimal transformation

' =t+€0,(x,1), x/=x;+€0,(x,1), Y (x',t")=y(x,t)+€ed(x,1),

Y1) = e, ) + e0F(x, ). 4.52)
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The conserved density and current implied by Noether’s theorem, which obey
Equation 4.48, are

ﬁ:zeo{’fw*(q,_aa"t’eo—g;':e,.}cc}—ﬁo .53)
A a h* oy* oy oy ~

=t | LNV GV Vg A 4.54
73=19; |:2m ox; [(I) ot % ox; O Jce ! (.54

The transformation functions (Equation 4.52) corresponding to Equation 4.45 are

0, =d+pt+at’, 6 =(%B+w)xi + 0, —ut+c;,

a1 im | o 4.55)
¢:\|1|:—2(2|3+0ct)+h(z(xxixi—uixi):|, Ay=A, =0,

and the hydrodynamic variables transform as

p,= p|:1_83(é[3+0g)]’ V;: V; +£|i0)ijvj +0; — u; _(éﬁ-i'at)vi:l’

(4.56)
§'=S +8m(%0¢xixi —ul-xl-).

For a given Lagrangian-picture symmetry, the sets of functions (?,fi) and
(}3, j,) do not always coincide; an example is given in the next section. Note that
the Lagrangian (Equation 4.51) is not directly connected with the Lagrangian
(Equation 4.4); their relation is examined in [6].

4.5 PURE RELABELING SYMMETRY

In Equation 4.45, choose &, = n; = 0. The nontrivial component of the transformation
reduces to a; = a; + €&, (a), which corresponds to the infinitesimal form of the pure
label transformation described in Section 4.3. To see the significance of the con-
straint Equation 4.46, we consider the infinitesimal transformation of the reference
density, which is, in general,

0(@) = Po (@) + €8py(a) + e% (@), @.57)
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where 8p,(a) = py(a) — py(a) is the functional variation. The infinitesimal form of
Equation 4.35 is then

dp, + ai(poéi) =0. 4.58)
a;

Hence, comparing with Equation 4.46, we see that the latter constrains &; so that
p, is an invariant function (dp, = 0). Note that this constrains generally prevents &,
from being chosen constant.

The conserved density and current associated with the relabel symmetry are

dq; 9g;
Jt da,

aql aqz
ot ot

P(a,t)=-mp, ;. Jia,n)=py, ( =V(gan)—V, J 4.59)

This conservation law is known as the analogous classical fluid theory [20]. An
interesting feature of it is that the term in brackets in J; is the Lagrangian of a particle
of mass m moving in the potential V + V,,. This suggests that this Lagrangian may
acquire a physical significance as a component of the current.

To translate these expressions into the corresponding Eulerian quantities, we
define the function E, (x,t)= (aq, / aa & ‘ . so that the density and current
Equation 4.59 become

ls(x,t)z—mpv,-gi, J,-(x,t)zp&[ mv;v; +9; (va -V- VQ):| 4.60)

To obtain the conditions obeyed by Ei, we note that the label is a constant of the
motion along the trajectory it defines, so that, regarded as a function of the Eulerian
independent variables, i.e., a; (x, ), it satisfies

da; da;
! —Lt=0. 4.61
o +v; axj 0 4.61)

Any function &; of g; is also a constant of the motion and obeys the same equation.
Translating the latter and Equation 4.46 into the Eulerian language, the function &,
obeys the two relations

%k,
ot Vi ax J ax ox;

2 (pg,)=0. 4.62)

The transformation generates an infinite class of conservation laws depending on
the choice of &, (subject to Equation 4.46) and encapsulates known laws as special
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cases. One noteworthy aspect is that this vector projects out of the linear momentum
density a function that is conserved even when 0V/dg; # 0. As an example of the appli-
cation of this symmetry, we shall derive from it Kelvin’s theorem of the conservation
of circulation for the quantum fluid, following a method employed in an analogous
classical example [14]. Denote by C a closed loop a,(s) in label space parameterized
by the arc length s and define the transformation function to be

£.(a)= (1/p0)<j>c 8(a; — a,(s)) da; (s). 4.63)

This function is easily seen to obey Equation 4.46. Substituting in Equation 4.44,
we obtain

d [ 9dg,(a(s),t) dg;(a(s),1)
dt Co ot oa.

J

da;(s)=0. (4.64)

Changing variables from label to current position, the integration will be over a
closed loop C defined by the instantaneous positions at time ¢ occupied by the par-
ticles that originally comprised the circuit C,, [25,26]. Then,

d £ dg,(a(s).0)

dq,(s,t) =0, 4.65
dt Jc ot % (5:1) (4.65)

which is just Equation 4.20. We conclude that Kelvin’s theorem in quantum theory is
a consequence of invariance with respect to the relabeling group.

The corresponding Eulerian transformation (Equation 4.52) is the identity with
no useful associated conserved quantity p.

4.6 SPACETIME SYMMETRIES. THE SCHRODINGER GROUP

Here, we shall dissect the 12-parameter subgroup of Equation 4.45, which is obtained
by setting &, = 0, characterizing each case by a subset of nonzero parameters.

1) Time translation: d # 0. Then dV/ot = 0, and the conserved Lagrangian and
Eulerian densities are

P=—dH(a,1), P(x,1)=P(x,1)=—dH(x,1), (4.66)
where
H=Lmp 94; 94, +pU+pV, H=HI" =Lmp’+pU+pV @.67)
2779 o 0T O a2 '

is the energy density.
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2) Space translation: c; # 0. Then 0V/dq; = 0, and

A

P=P=cmpv,

i

og.
P=c¢mp, aqtl ) ;

is proportional to the linear momentum density.
3) Space rotation: ®; # 0. Then ¢;,4,(0V/dq,) = 0, and

A

9q;
P= ooijmpoqja—qt, P=P= ©;mpgq,v;

is proportional to the angular momentum density.
4) Galilean boost: u; = 0. Then dV/dq; = 0, and

P:uimpo(‘]i aa?), p:lszuimp(xi_t"i)

is proportional to the Galilean momentum density.
5) Dilation: p # 0. Then

1% A%
—+2t—+2V =
’a”a+ 0

and

P= B( mpoqlaa J P=P= [3( mpx, v, tﬁ).

6) Extension: o # 0. Then

q; 3V+taa—v+2v 0

and

P= 0L|:mp0q,( aaqt’—;q,-J—tzH:|, sz’zoc[mpxi(tvi—;xi)—tzH].

73

4.68)

4.69)

4.70)

@71)

4.72)

4.73)

(4.74)
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In all cases, the two Eulerian densities defined in Equations 4.49 and 4.53 are
the same. Cases 1, 2, and 3 correspond to the usual energy, momentum, and angular
momentum continuity equations for the Schrodinger field [17]. In case 4, the continu-
ity equation reduces to (¢ times) the Euler-Lagrange Equations 4.11 (subject to van-
ishing external force), which, as can be checked, indeed have the form of Equation
4.41. These four cases together correspond to the ten-parameter Galilean group.
They are supplemented by two further one-parameter kinematical transformations
corresponding to cases 5 and 6. These transformations were originally discovered
as symmetries of the free Schrodinger equation [27] and the complete 12-parameter
set defines the “Schrodinger group.” Subsequently, it was realized that dilation and
extension are also symmetries for a nontrivial class of potentials [28,29]. The two
classes of admissible potentials we have given in Equations 4.71 and 4.73 generalize
those stated in [29], where it is assumed that the transformations are applied simulta-
neously. These additional symmetries were not found in the analogous prior work on
a classical fluid [20] although it is known that the Schrodinger group is the maximal
covariance group of classical hydrodynamics [30].

4.7 LINEAR SUPERPOSITION AS A RELABELING TRANSFORMATION

In this work, we have been concerned with transformations under which the dynami-
cal equations of quantum hydrodynamics are covariant. These symmetries provide
a method of building new solutions from known ones. This perspective suggests
treating the linear superposition of wave functions, which achieves the same con-
structive end, as a type of symmetry, i.e., a transformation with respect to which
the Schrodinger equation is covariant. In this case, the old and new solutions are, in
general, not physically equivalent.

Consider two arbitrary wave functions y and ¢ which are both finite at the space-
time point (x, 7). Their linear superposition results in a new solution that is also finite
at the point: ¢’ = y + ed. We shall regard this relation as a transformation of , in
which the transformation function ¢ also obeys the Schrodinger equation, restrict-
ing attention to infinitesimal transformations where the real parameter € is chosen
so that lepl < hyl (we can generalize so that € is complex but will not do so). Under
this transformation, the independent and dependent variables of the Eulerian picture
transform as

v'=t, xl=x, Y&,t)=y(x1t)+ed(x,1). @.75)

To see the value of this alternative view of superposition, we shall derive the con-
served charge corresponding to this symmetry implied by Noether’s theorem. Using
the fact that y and ¢ both obey the wave equation, the Lagrangian density (Equation
4.51) transforms under Equation 4.75 as

A ~ hZ 2
(w.0p/or oy’ /ox’) =1 ( .oy /or .oy /ox) - S—L(W*¢+¢*W). 4.76)
4m x,0x;
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The transformation is therefore Noetherian, i.e., it leaves the action invariant. The
Noether charge is J.(ih/ 2)(w*¢—(])*l|l)d3x. Thus, with respect to the Lagrangian
Equation 4.51, the superposition symmetry is correlated with (the real part of) the
scalar product of the solutions , ¢, which is indeed conserved by the Schrodinger
equation.

Choosing ¢ = —iy, this approach contains as a special case an infinitesimal gauge

transformation where the corresponding charge is J.h\p*\pd ’x, as expected.

The corresponding transformation of the independent and dependent variables in
the Lagrangian picture is

t'=t, a =a/at), q(a',t')=gq/ar). @.77)

In the Lagrangian picture, we may distinguish the wave functions under consider-
ation at given x and ¢ by the labels of the corresponding unique trajectories that gener-
ate them. We may then characterize the process of superposition as a transformation
of label. Letting a; label y, we seek the label a; of the unique trajectory passing
point x at time 7 that generates . Given the initial wave function Y, we can solve
Equation 4.11 to find the trajectory g/ (a', t,’\llf))' Inverting, we have a; (‘I"t"lff) ), and
substituting q{(a',t',\uf)) =g,(a,t,y,) gives al = a;(a,t,wo,q)o).

In the method just described, the new label is computed by first solving for the
transformed trajectories. We now consider a special case where the transformed label
may be computed from the original trajectories by supposing that the infinitesimal
term in Equation 4.75 is obtained by varying a typical continuously variable param-
eter A (assumed dimensionless) on which the function y depends. For example, if y
is a packet function, A could be proportional to its initial width. Let y’ correspond to
y evaluated for A= A +¢&. Then

oy
"x,t,A”) = LA —. 478
w(xt ) y(x,t )+£aA 4.78)

The Hamiltonian is independent of A, so the function oy/dA is a solution if y is.
The Eulerian fields transform as

v,

p'(A)=p(A)+ P vi(A)=v(A)+e oA

0A’

. .79

To determine the label a; that generates ', we observe that the time dependence
of 0y/0A can be computed from the trajectories in two ways: by propagating oy,/0A
or by derivating having found y by propagating y,. From the latter, we expect that
a’ can be expressed just in terms of @, and y,. We have

v=t, d(a.rA)=a+e&(atA), ¢(a.r.A)=q/atA). (4.80)
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A straightforward way to calculate §; is to note first that ¢, is an invariant function
of A and a,. Then,

q{(a',t, A’) =gq, (a',t, A’)

0q; g, 4.81)
=q.(a,t,A)+e—-C. +e—=.
gq,(a,t,A) %, g A
Combining this with the last member of Equation 4.80 gives
0g; 0g,
LE +F=0. 4.82
da; J 0A @:52)
Inverting the deformation matrix using Equation 4.8 thus gives finally
_1, 9g
1 i
E,=—-J"J; A (4.83)

To check that this transformation is a symmetry of the trajectory law (Equation
4.11), we only need to confirm consistency between the transformation rules of the
Lagrangian velocity and density implied by the first two members of Equation 4.39
(with Equation 4.83 substituted) and the Eulerian rules (Equation 4.79). This follows
straightforwardly using the following formula for conversion to the Lagrangian pic-
ture, which holds for any Eulerian function f(x, t, A):

N of (x,t,A) %
ox; 0A

x=q(a,t,A) ! x=q(a,t,A)

_of(x,1,A)
x=q(a,t,A):| - (484)

0A

d
a—A[f(x,t,A)

Inverting the procedure that led to the function Equation 4.83, we may assert that
the linear superposition of wave functions (Equation 4.78) may be generated by the
following infinitesimal deformation-dependent relabeling of the trajectories, a sym-
metry of the law of motion (Equation 4.11):

9,
=1, af(a,t,A):ai—e]_Iinﬁ, gt A)=garA). @485

This transformation is consistent with the label transformation found in Equation
4.45 since it involves the deformation coefficients, a dependence that was excluded in
the analysis of Section 4.4. It is evident that we may generalize the representation of
linear superposition by a particle-relabeling transformation to the most general case,
where ¢ is any solution of the Schrodinger equation.
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4.8 CONCLUSION

Although it has proved fertile in computational quantum chemistry, the develop-
ment of the Lagrangian picture of quantum mechanics has been uneven; key formal
aspects of the picture that could have an impact in the numerical endeavor have
yet to be fully investigated. Here, we have explored aspects of the Lagrangian pic-
ture that provide an alternative perspective on symmetries and conservation laws in
quantum mechanics. Pursuing a variational technique, we have derived the maxi-
mal kinematical covariance group of the Schrodinger equation and the associated
conserved charges and established connections between the Lagrangian method
and the known Eulerian description. A novel aspect is the appearance of an infinite
parameter relabeling group, which implies a wide set of conservation laws such as
Kelvin’s circulation theorem. Moving beyond the variational method, we have devel-
oped an alternative perspective on the linear superposition principle as a relabeling
symmetry.

In our variational approach, we restricted the possible functional dependence
of the transformation functions. This is sufficient to generate all the kinematical
symmetries of the Schrodinger equation, together with relabelings, but future work
might allow dependence of the transformation functions on the deformation coeffi-
cients. In addition, an examination of alternative Lagrangians could prove valuable.
On the other hand, discovering conservation laws via the variational approach has
limitations, and direct methods may be more efficient [21].
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5.1 INTRODUCTION

Nonlinear systems often exhibit a collective phenomenon called synchronization
when coupled in some fashion or under the influence of an external field. The study
of the behavior of large populations of nonlinear oscillators is a topic of central
research since the late 1960s, following the pioneering work of Winfree [1]. The
topic of synchronization in coupled systems, including chaotic systems, is interesting
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because a detailed knowledge about large-scale dynamics is absolutely essential, and
the collective behavior of coupled oscillator systems play a crucial role in explaining
various observed phenomena in real-world systems [1-5]. In particular, biological
and physiological systems usually function as collective entities. Examples include
neuronal networks in the brain, predator—prey populations, flora and bacterial popu-
lations in water and soils, the spread of epidemics among the living population, etc.
In particular, the study of synchronization in neuronal populations is a challenging
topic from the point of view of both nonlinear dynamics and brain dynamics. This
chapter gives an overview of our recent efforts in this direction as a tribute to Prof.
B. M. Deb on his 70th birthday for his many-faceted scientific achievements.

In this chapter, we present our recent findings related to synchronization in cou-
pled nonlinear oscillator systems with and without time delay as specific represen-
tation of certain neuronal behaviors. In the following section, we discuss about the
ubiquitous nature of synchronization in dynamical systems. In Section 3, we explain
the structure of neurons and how neurons function as a collective system. Section 4
is dedicated to the discussion of the occurrence of oscillations and synchronization
in neuronal networks. In Section 5, we demonstrate the occurrence of event related
desynchronization in a system of coupled nonlinear oscillators in the presence of an
external field. In Section 6, we discuss the effect of time delay in coupled populations
of nonlinear oscillators and demonstrate the occurrence of globally clustered chimera
(GCC) states. In Section 7, we present a demand controlled delayed feedback mech-
anism for controlling the occurrence of mass pathological synchronization in the
brain. Finally, in Section 8, we present our conclusions and summarize the chapter.

5.2 SYNCHRONIZATION IN DYNAMICAL SYSTEMS

Synchronization or concurrence between two or more oscillators is a fascinating
phenomenon that is common in systems of coupled nonlinear oscillators. The phe-
nomenon of synchronization is very common in nature and occurs in a wide variety
of real world systems [1-4]. Some examples include the emulsion of light pulses by
a population of fireflies in a synchronous manner, synchronization in populations of
electrochemical oscillators, synchronous chirping by populations of crickets, syn-
chronous clapping of audiences in auditoria, synchronous firing in populations of
neurons, synchronized pacemaker oscillations in cardiac cells, etc. The aforemen-
tioned instances of synchronization can be explained by systems of coupled oscilla-
tors, which are represented typically as

N
)‘(J.:F(xj, gj)+%2(xk—xj), j=12.3,...,N, (zi), (.1

k=1

where X; is the state vector of the jth oscillator, A is the coupling parameter that indi-
cates the strength of the coupling between the oscillators in the system, €; represents
the system parameters, and F(X;, ) describes intrinsic self-sustained oscillation.
Other forms of couplings such as weighted coupling, nonlocal coupling, etc., are also
possible and important, although we will not discuss them here. The phenomenon of
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phase synchronization was first reported by the famous Dutch physicist Christiaan
Huygens in the 17th century [6,7]. His report was based on the observation of two
pendulum clocks (see Figure 5.1) attached to a common wooden bar that continued
with precise antiphase oscillation, seemingly indefinitely.

When the system of interest involves a large number of coupled oscillators, the
dynamics of the system can be reduced to that of the mean field, that is, effectively of
a single oscillator. When an individual oscillator in the population emits or absorbs
energy, this will alter the physical states of the oscillators to which it is coupled. In
particular, the periods of its neighbors are altered. If we consider a system of limit
cycle oscillators (where the oscillators are evolving in a globally attracting limit
cycle of constant amplitude), their phase dynamical equations can be represented by
a system of coupled first-order nonlinear differential equations

N
é[zm,—%z‘f(ei—ej), j=12....N. (52)
=1

This model is called the Kuramoto model (named after Yoshiki Kuramoto who
first proposed the model [2]), where O;s are the phases of the individual oscillators in
the system and ;s are the natural intrinsic frequencies of the oscillators, while fis a
2n periodic function. The model assumes weak coupling between the oscillators and
that the oscillators have their own intrinsic frequencies.

The collective dynamics of the system can now be represented by the dynamics of
the mean field, that is, essentially that of a single oscillator. The complex mean field
parameter can be given as

N
. i 1 i
— — o'V — j
Z=X+iY=re =N E e’. (5.3)

FIGURE 5.1 Original drawing of Christiaan Huygens, illustrating his observation of pen-
dulum clock synchronization. (Data from Horologium, The Hague, 1658 (Oeuvres XVII);
Bennett, M. et al., Proc. R. Soc. A., 458(2019), 563, 2002.)
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When r = 1, there is complete synchronization when the phases of all the oscilla-
tors are the same. When B = 0.1, there is no synchronization. When r takes a value
between 0 and 1, there is either partial synchronization or clustering (formation of
multiple small synchronized groups) in the system.

The preceding type of system of coupled nonlinear oscillators can be typically
used to represent a system of neurons, where one can look for explanations for dif-
ferent types of synchronization that occur in the brain. In the following sections, let
us discuss about the structure of a single neuron and how they are connected and
function in networks, how oscillations and synchronization arise, and how these lead
to significant physiological processes.

5.3 NEURON STRUCTURE AND NEURONAL NETWORKS

The brain is comprised of about 100 billion interconnected neurons. Neurons pro-
cess and transmit information in the brain, and they are unique types of cells. The
central nervous system is made up of neurons. Each neuron consists of a nucleus, a
single axon that conveys electrical signals to other neurons, and a host of dendrites
that deliver incoming signals (see Figure 5.2). A neuron’s dendritic tree is connected
to thousands of neighboring neurons. When one of those neurons fires, a positive
or negative charge is received by one of the dendrites [8]. A process of spatial and
temporal summation occurs to add the strength of all the received charges, and the
resultant input is passed on to the body (soma) of the neuron. The signal does not
get processed inside the soma and the enclosed nucleus. The main purpose of the
existence of soma and the nucleus is to carry out the necessary maintenance to keep
the neuron functional. Each terminal button of a neuron is connected to other neu-
rons through a small gap called a synapse. Each synapse varies in its physical and

Dendrites

.

FIGURE 5.2 Structure of a single neuron. (Available at http://morphonix.com/, accessed on
February 25, 2012.)
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neurochemical characteristics, and this determines the strength and the polarity of
the new input signal. The flexibility and vulnerability of the brain is due to this
feature [9]. The impact of one neuron on a second one can be altered by altering
the neurochemical composition of the synapse (done by different neurotransmitters),
thus making a signal excitatory or inhibitory. Thus, interaction between the neurons
takes place at the synapses.

Every neuron can have numerous inputs (as many as a thousand inputs). After fir-
ing, a neuron rests for a thousandth of a second before starting the next firing cycle.
The information is encoded and carried along by the neurons through the electric
signals that are generated across the outer membrane of the cell [10].

Neuronal activity occurs normally in the wave mode of the synaptic current/
voltage in the populations [11]. In order for the neurons to be functional in popu-
lations, the signals should convert in the two modes, i.e., the wave mode and the
pulse mode. Integration or summation of all the inputs in a neuron usually occurs
in the wave mode within the neuron. Once all the input signals are summed up and
processed, the transmission from one neuron to the other occurs in the pulse mode.

A neuronal population is comprised of neuronal connections, and basically, there
are two types of neuronal connections: (1) anatomical and (2) functional connec-
tions [12]. Anatomical connections between neurons are due to the structure of the
brain. Every anatomical connection essentially implies the possibility of interaction
between two or more connected neurons but does not necessarily mean that such
interactions will actually occur. On the other hand, functional connections dictate
the existence of particular functions, and they usually override the anatomical con-
nections if needed.

5.4 NEURONAL OSCILLATIONS

Any oscillatory activity is basically caused by a positive action, followed by a delayed
feedback. Oscillations in the brain occur at various stages, i.e., in the membrane of
the neurons (resulting in membrane potential fluctuations), between neurons (action
potentials), and between neuronal populations. The functional activity of the brain
is due to the neuronal oscillations and their synchronization, which involves various
complex actions including information processing, awareness, motor control, sleep,
and many other functions. Neuronal oscillations usually fall in a well-defined fre-
quency band and hence are frequency specific. The frequency specific nature [11,12]
of neuronal oscillations makes it possible for the brain to control various cognitive,
motor, and stability processes effectively.

5.4.1 MEMBRANE POTENTIAL OSCILLATIONS

Neurons, just like any other cell, have a cell membrane that separates the contents
of the neuron from the external medium. There is a potential across this membrane
due to the imbalance of ions, such as Nat*, K*, Ca**, Cl-, etc. The imbalance is such
that, at rest, the inside of the cell is at a negative potential, compared with the outside
of the cell. This potential is generally —80 mV and is called the resting membrane
potential [13].
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FIGURE 5.3 Schematic representation of an action potential. (Available at http:/faculty
.weber.edu/, accessed on February 25, 2012.)

5.4.2 AcTioN POTENTIAL

The communication between neurons takes place through action potentials, which
are the nerve impulses. The changes in the membrane potential oscillations cause
action potentials [13]. Usually, neurons receive inputs from the other neurons that are
functionally connected to them. The summation of the signals from those neurons
causes the membrane potential of receiving neuron to oscillate. If the membrane
potential reaches a particular threshold as a result of the inputs it receives, the neuron
discharges (fires an action potential) and goes back to its resting state. In short, an
action potential is a brief reversal of the membrane potential of the neuron such that
the inside of its cell membrane becomes negative (as it would be on its resting state).
A schematic representation of an action potential is shown in Figure 5.3.

5.4.3 NEURONAL OSCILLATIONS AND SYNCHRONIZATION

As we have seen so far, the intrinsic membrane potentials of the neurons is the main
cause of neuronal oscillations. However, there also exist other mechanisms that can
cause oscillations in the neurons. In general, every single neuron can be classified into
two major types of oscillators, i.e., relaxation oscillators and conditional oscillators.
Relaxation oscillators are spontaneous and oscillate in the absence of inputs, whereas
conditional oscillators are those that fire as a consequence of the inputs it receives.

In the brain, synchronization and oscillation cause and affect each other.
Synchronization can occur as a result of the neuronal oscillations, in which case
the synchronization is called oscillation-based synchronization. On the other hand,
oscillations can occur as a result of synchronization. This happens, for instance,
when the occurrence of firing in a neuron predicts the occurrence of firing in the next
neuron with some probability. Thus, neuronal oscillations in the brain are related to
synchronization. Since oscillations and synchronization in the brain involves more
than one neuron, there is no possibility that one can infer whether a single neuron is
in synchrony with the others by making single cell recordings. We absolutely need
to measure collective field potentials [14,15].
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Synchronization or self-organization in the neuron can occur in two ways, from
local to global or from global to local [16]. Here is where causality comes into the
picture, and the two different ways of occurrence of synchronization reveal the
direction of causality. If the oscillations of the single neuron affect the collective
oscillation, then the causality is local to global. On the other hand, when the causal-
ity is global to local, the collective oscillations take control and affect the oscillatory
activity of the single neurons. By being able to choose between these two types of
interactions, the brain is able to perform functional activities by achieving synchro-
nization at various levels in a self-contained manner.

5.5 ERS AND ERD

The oscillations in the brain are often perturbed by external signals that arise from
any event or functional necessity. The populations of interacting neurons respond
to these stimuli accordingly to either attend to or avoid any particular task or event.
The effect of the event or the external stimulus is present in the changes in the level
of synchronization in the neuronal populations, which are nothing but the signatures
of the influence of the task or event. Such occurrences of synchronization or desyn-
chronization due to the effect of a particular task or event are called event-related
synchronization (ERS) or event-related desynchronization (ERD). The occurrence
of ERS and ERD at specific frequency bands decides the acceptance or rejection
of a particular task as that of a motor function, memory tasking, signals from audi-
tory or visual cortex that need recognition, etc. Numerous experimental observations
have been made in this direction, and dynamical models have also been proposed
[17,18,19]. For instance, a recording was performed on male Wistar rats anaesthe-
tized with Ketamine—Xylazine anesthetic [20]. The observations revealed a dra-
matic decrease in the delta band intensity (1-4 Hz) and an increase in the theta band
synchronization (4—8 Hz). This change in the synchronization is reported to be the
signature of the transition from deep to light anesthetic states. The results of the
experimental observations are summarized in Figure 5.4.

However, there still exists a lack of a more general phenomenological explanation
of the mechanism underlying the occurrence of ERS and ERD. Hence, if we model
the underlying system of neurons as a system of coupled nonlinear oscillators and
investigate the dynamics, it may be possible to understand the phenomena of ERS
and ERD more comprehensively. For this purpose, we proceed as follows [21]:

5.5.1 Occurrence oF ERD/ERS IN CouprLED OsCILLATOR MODELS

The system of neurons in the presence of external stimulus can be represented by the
following dynamical equations:

N

N (xe-x,)+BY, j=123..N

k=1

X, =F(X;. &)+

> 2ES

(5.4)
Y=G(Y.g,)
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FIGURE 5.4 Time evolution of the characteristic EEG & and 0 frequencies during
Ketamine—Xylazine anesthesia. (Taken from Musizza, B. et al., J. Physiol., 580, 315, 2007.
With permission.)

Here, N represents the size of the system. The state vector of the jth element is
represented by X,. A is the strength of the coupling between the oscillators. Y rep-
resents the state vector of the dynamic event, and B is the unidirectional coupling
strength of the event. Here, €, represents the parameters of the external system. This
model [21,22] can represent systems of populations of neurons in the presence of
any external signal that represents a functional event from any extremities or other
outside perturbations, stimulated microwave current driving a system of spin-torque
nano-oscillators, polariton condensates in semiconductor microcavities that interact
both among themselves and with the reservoir, etc. In the absence of external stimu-
lus (B = 0), a sufficient coupling strength between the oscillators (A > A,) causes
synchronization in the system, when all the oscillators in the system behave as one.
Now, if we increase the strength of the external stimulus, the expectation is that
the synchronized system will enter into synchronization with the external stimulus
signal. However, it need not be the case always. We have recently reported [21,22]
that not all but some of the oscillators in the system that are in the synchronized
state separate from the synchronized group and either synchronizes to a different
frequency or becomes desynchronized, upon increasing the strength of the external
stimulus signal. This is an intermediate state before the system could eventually
run into synchronization with the external stimulus signal. This state is found to be
extremely essential for the accomplishment of functional and behavioral tasks.

In order to demonstrate the occurrence of ERD, let us consider a system of cou-
pled Rossler oscillators [23] in the presence of an external field, whose model equa-
tions can be represented by
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X;=-0,y;-z;+Bx,, j=12.3,..,N
N

yjzmjxj+ayj+%2(yk—yj) (5.5)

k=1

zj=b+zj(xj—c),

which is subject to an external stimulus x,. Here, ®; are the natural frequencies
of the oscillator distributed uniformly between 0 and 1. We start with the state
of complete synchronization and when B = 0.1, which is shown in Figure 5.5 (top
panel), where the system is in complete phase synchronization while there is little
desynchronization in the amplitude. Upon increasing the strength of the external
stimulus signal to 0.18, we see that the system desynchronizes (both in ampli-
tude and phase), and as a result, some oscillators separate themselves from the
synchronized group and become desynchronized [Figure 5.5 (mid panel)]. Further
increase in B to 0.23 brings back synchronization in the system, and the system of
oscillators eventually becomes synchronized with the external stimulus [Figure 5.5
(bottom panel)].

In the case of the brain, the initial synchronization at a particular frequency band
corresponds to a particular functional state of the body. In the particular case of the
experiment on anaesthetized rats [20], this state corresponds to the state of deep
anesthesia (accompanied by synchronization in the delta frequency band). In this

10

FIGURE 5.5 Occurrence of ERD in a system of coupled Rossler oscillators due to the
increase in the strength of the external stimulus signal. (Top panel) Complete phase synchro-
nization and a small amount of amplitude desynchronization. (Mid panel) Occurrence of
ERD, resulting in one major synchronized group of oscillators and a small group of desyn-
chronized oscillators. (Bottom panel) Synchronization comes back in the system. For more
details, see [21].
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state, the strength of the external stimulus is zero, implying that there are no incom-
ing signals from other regions of the body that demand attention to sensory reac-
tions (such as pain and concentration). The increase in the strength of the external
stimulus represents the incoming signals from other regions of the body and the need
to code information. When the strength of the incoming signal is strong enough,
the synchronization in the delta band is perturbed (in order to destabilize the deep
anaesthetized state), and some neurons separate themselves from the synchronized
delta band and become desynchronized. As a result, there is a dramatic decrease in
the intensity of delta band synchronization. This phenomenon is termed as ERD.

In the model, the separated group of oscillators can either remain desynchronized
or become synchronized to a different frequency. In the results of simulation of the
Rossler system, we see that the separated group of oscillators become desynchro-
nized. In the case of the rat experiments, we see that the separated group of neurons
become synchronized in the theta band for the accomplishment of information cod-
ing leading to consciousness. A simulation of this situation on a system of coupled
Stuart-Landau (SL) oscillators revealed a case where the separated group of oscil-
lators become quasi-periodically synchronized (shown in Figure 5.6). The model
equation for the SL oscillator can be represented by

N
z= a—i0)j—(1+ic)‘zj‘2)zj+% (ze-2;) + Bz,n j=12....N.  (56)
k=1
1 1
0 0
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FIGURE 5.6 Occurrence of ERD in a system of SL oscillators. The panels on the left col-
umn show the time evolution of the phases of the oscillators in the system, whereas the panels
on the right column show the corresponding phase portraits. ERD occurs in the mid panels,
where the separated group of oscillators oscillate quasiperiodically.
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FIGURE 5.7 Change in the intensity of synchronization (/) due to the occurrence of ERD
in a system of SL oscillators for various values of the coupling strength A.

Here, c is the nonisochronicity parameter, a is the Hopf bifurcation parameter,
and z; = x; + iy; is the complex amplitude of the jth oscillator with natural frequency
®;. The external SL oscillator is represented by the variable z,.

The intensity of phase synchronization can be quantified using the quantity

J= <‘e—iej Vi

>, where 6; = tan_l(

Xj
resents the average over oscillators, and the angle brackets denote the average over
time (see also Equation 5.3). I varies from O to 1. When 7 is 0, it represents the state
of complete phase desynchronization, whereas, when [ = 1, it represents the state
of complete phase synchronization. When [ takes a value between 0 and 1, it repre-
sents partial synchronization, and the value of [ (the strength of the synchronization)
depends on the size of the major synchronized population. There always exists a
critical strength of the external stimulus B in order for ERD to occur. After a particu-
lar strength of the external stimulus, the system eventually becomes synchronized
with the external stimulus signal. Hence, there exists a window of ERD, as shown
in Figure 5.7, where the value of I is plotted against B. As B increases (from left to
right), for a critical value, ERD occurs represented by a drop in the value of 1. After
a certain value of B, ERS occurs (the value of / increases with B), and eventually, the
system goes back to the state when / = 1.

To conclude this section, systems of diffusively coupled nonlinear oscillators act
as conceptual models that can explain the phenomenon of ERD. In general, the model
discussed here not only applies to explaining ERD in the brain but can also explain
similar occurrences of ERD in other systems such as Josephson junction arrays, Bose—
Einstein condensates, system of coupled spin torque nano-oscillators, and the like.

J is the phase of the jth oscillator, the bar rep-

5.6 EFFECT OF TIME DELAY: CHIMERA AND GCC STATES

Time delay is a crucial factor that occurs in all real systems. For instance, a typi-
cal example is a neuronal network where the propagation of signals between the
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neurons certainly involves a delay time. Similarly, a finite-time delay is involved in
chemical interactions, regulation of gene transcription, and many other real-world
systems. Considering instantaneous coupling in a system of interacting oscillators
substantially simplifies the problem and helps us infer the dynamical properties of
the system with ease. However, we should also note that considering time delay in
interactions between coupled oscillators makes the model more realistic, and hence,
we can get more accurate results, although we need to compromise on the ease of
simulation and calculations. Since the inclusion of time delay makes the system more
realistic, oftentimes, more interesting dynamical aspects are revealed when investi-
gating systems by including time-delayed couplings rather than studying the corre-
sponding systems with instantaneous couplings.

Upon including time-delayed coupling in the equation considered in the previous
section (Equation 5.6), we have unearthed the existence of a new type of synchronized
state called GCC state (stable and breathing) [24,25]. Chimera [26] literally refers
to something that is composed of seemingly incompatible or incongruous parts. In
a system of two populations of coupled oscillators, a chimera state represents a state
when one of the populations is synchronized, whereas the other is desynchronized.
A GCC state is a type of chimera state where there is one synchronized group of
oscillators and one desynchronized group, while each group comprises oscillators
from both the populations. We also found that this state is a characteristic of the
presence of delay coupling in the system. The dynamical equations of the system are
given as follows:

N N
012 = -2 3 (002000 (1-7,)) 4 Y a(6 20 -67" (1-7.)). 57
j=1 j=1

Here, o is the natural frequency of the oscillators in the populations, and it is
the same for all the oscillators in both populations. Here, A and B are the coupling
strengths within and between populations, and functions f and / are 2z periodic that
describe the coupling. N refers to the size of the populations. The complex mean

Chimera Globally clustered chimera

/ /

0 100 200

FIGURE 5.8 Occurrence of stable chimera and GCC states in Equation 5.7. The oscillators
in the first and second populations are represented by black and gray lines, respectively.



Synchronization in Coupled Nonlinear Oscillators 91

N
a2 ot _ 1

N

j=l

o2

field parameter | r e’ can be used to quantify synchronization

within a population, and here, we have considered two populations. t, and t, repre-
sent the coupling delay within and between the populations, respectively. The exis-
tence of different types of synchronized states in the system including the chimera
and GCC states are summarized in Figure 5.8 for {f,i} = {sin(0), cos(0)}.

5.6.1 BREATHER AND UNSTABLE STATES

A breather state is one when the phases of the synchronized group remain stable
whereas those of the desynchronized group fluctuate. As a result, the order param-
eter of the desynchronized group also fluctuates. The stability of the chimera and
GCC states are affected by the time delay parameter t. For illustration, the occur-
rence of stable, breathing, and unstable GCCs are shown in Figure 5.9.

The figure shows the time evolution of the phases of the oscillators in the desyn-
chronized group. For n =0, A = 0.7, B =04, and {f,h} = {sin(0), sin(0)}, when T =
0.85 [in panel (a)], the GCC state is stable. This means that the desynchronized group
of oscillators remain desynchronized, asymptotically. When t = 1.01, the GCC state
loses its stability and ends up in a breathing state where the phases of all the oscil-
lators switch between the synchronized (frequency suppressed) and the desynchro-
nized states. On increasing t further to 1.25, the GCC state becomes unstable, and
the desynchronized state loses its stability and becomes synchronized. Breathers
need not be periodic; they can be aperiodic, too.

The different types of synchronizations and the transition of the system from one
dynamical state to the other with respect to the time delay parameter t are summa-
rized in Table 5.1.

To summarize, when a system of two identical coupled phase oscillator popula-
tions split into two groups in such a way that one of the populations is in synchroniza-
tion and the other is in desynchronization, the dynamical state of the system is called
chimera. On the other hand, if the two separated groups are such that one group is
synchronized while the other is desynchronized and if each group has a fraction of
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FIGURE 5.9 Occurrence of (a) stable, (b) breathing, and (c) unstable GCC states in Equation
5.7 for {f,h} = {sin(0), sin(0)}.



92 Modern Theoretical Chemistry: Statistical Mechanics

TABLE 5.1
Summary of the Different Types of Chimera and GCC States due to the
Influence of Time Delay in the Coupled Systems (Equation 5.7)

S.No. Value of © State Description

1 2.0 Chimera Population 1 synchronized and population 2
desynchronized.

2 32 Chimera Population 1 desynchronized and population 2
synchronized.

3 4.0 GCC One synchronized group and one

desynchronized group, all containing
oscillators from both the populations.

4 4.12 Unstable GCC One synchronized group and one
desynchronized group that fluctuates and
becomes synchronized after a while.

5 4.13 Global synchronization One synchronized group

oscillators from both the populations, then the dynamical state of the system is called
GCC. The inclusion of time delay in the coupling reveals the existence of GCC and
various other states (as summarized in Table 5.1). This indicates that the inclusion
of time delay makes the system (model) more realistic and closer to real-world sys-
tems, helping us to reveal interesting dynamical states as that of GCC, which would
otherwise have been missed. Chimera and GCC states are also crucial for the exis-
tence of the switching or multitasking type of functional states. For instance, some
aquatic mammals engage in unihemisphere sleep (unlike most mammals with bi-
hemispheric sleep) to mitigate the conflict between sleep and wakefulness [27].

5.7 MASS SYNCHRONIZATION AND ITS CONTROL

Although the occurrence of synchronization among the neurons at different fre-
quency bands is highly crucial for task performance and information coding, col-
lective synchronization is not always desirable [28—30]. Various pathological states
such as Parkinson’s tremors, epileptics, seizures, etc., are caused by the occurrence
of strong synchronization between a large number of neuronal populations. Such
synchronization is called pathological mass synchronization and also abnormal syn-
chronization since, under normal conditions, mass synchronization does not occur.
For instance, in the case of Parkinson’s tremors, clusters of neurons fire in a highly
synchronized manner, and the frequency of synchronization is similar to that of the
tremor frequency [31]. Usually, the origin of such a strong synchronization is from
a localized region of the brain. A small group of neurons in one particular region
enter into strong synchronization and act as pacemakers to drive neuronal popula-
tions in the other regions into synchronization; this results in mass pathological syn-
chronization. Essentially, there is a source population that acts as the origin of mass
synchronization, which drives the target populations on to this state. A mathematical
representation of the system can be of the following type [32]:
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FIGURE 5.10 Schematic representation of Equation 5.8 for N’ = 2. 8" and 6{” are the
source and target populations. Here, 6, and o,, are the coupling strengths within the popula-
tions. The coupling strengths from the source to the target and the target to the source are
quantified by the parameters 6,, = 6,, and c,,, respectively.

N’ N
AT _ () S - (am ()
B =" _; o Z‘sm(ein ()6 (t)+ocm,) 59
=
i=1,2,..,N:n=1,2..., N.

N’ is the number of populations, and o, is the strength of the coupling between the
neurons in 1’ and those in 1. Here, ®\" is the natural frequency of the ith neuron in
population 1, and 0 < ‘oc:m < 1/2 is the phase lag. For a system with one source and
one target, a schematic representation is shown in Figure 5.10.

We have chosen 6,, = nuo,, because the source drives the target on to mass syn-
chronization and the drive of the target on the source is much lesser and negligible.
The coupling strength between the oscillators within the source and within the target
are represented respectively by ¢, and 6,,. Synchronization within a population can
be quantified by

Ry=(r,}= %jrn dr, 5.9

1

N
. ot
where z, = rne'("" :(N) E e R, takes a value between 0 and 1, O represents

j=1
complete desynchronization, and 1 represents complete synchronization in the sys-
tem. For partial synchronization, R, takes a value between 0 and 1. Numerically
strong synchronization can be assumed to be characterized by R, > 0.8.

5.7.1 OCCURRENCE OF MASS SYNCHRONIZATION

A demonstration of the occurrence of mass pathological synchronization in a system
of two populations (one source and one target) is shown in Figure 5.11.

Let us start with a state when both the source and target populations are desyn-
chronized represented by R, = 0.2 and R, = 0.3. In this state, the coupling strength
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FIGURE 5.11 Plot shows the time evolution of the phases in the (a and c) source and (b and
d) target populations.

within the source and target populations is maintained at 0.1, whereas there is
strong coupling between the source and the target (6,, = 1.5 and p = 0.3). When
we increase the strength of the coupling within the source population, the source
enters into strong synchronization, and, in turn, it also induces synchronization in
the target population. Interestingly, the synchronization in the target population is
due to the increase in the coupling strength of the source, because the strength of
the coupling in the target population is still at a lower value of 0.1. In the figure,
panels (a) and (b) represent the initial desynchronized state of the source and the
target populations, respectively, whereas panels (c) and (d) represent the occurrence
of mass pathological synchronization due to increase in the strength of coupling in
the source. Similar results are observed if we increase the number of target popula-
tions to 2, 3, etc.

5.7.2 MEeTHOD TO0 CONTROL MASS SYNCHRONIZATION

Since the occurrence of mass synchronization results in pathological states in the
brain, a mechanism to control its occurrence is highly essential. Application of a
delayed feedback can potentially force the populations to destabilize from the mass
synchronization state [32]. With the inclusion of the delayed feedback, the system
equations take the form

N’ N
O = o — 2%2 sin (6" 60" + o1, )+ FRsin(6" — 9.).  (5.10)
" J=1
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N’ N’
where R, = R(t — 1), ¢, = 9(t = 1), Z()= Y z, = Re™ =, and (1\1/,)2;’“@“""' is
w=l w=l
the global order parameter. A schematic representation of the control mechanism is
given in Figure 5.12.

If we introduce a global order parameter R(?) to quantify the collective synchro-
nization of all the populations, one can monitor the occurrence of pathological mass
synchronization using the control setup. The setup includes measurement of the col-
lective synchronization strength (R(7)) and the collective frequency; the occurrence
of pathological synchronization can be easily recognized using these measures. Now,
a delayed feedback signal with appropriate strength (F) and time delay (7) is fed back
into the system in order to destabilize the mass synchronization state.

As seen from Figure 5.13, we find that a delayed feedback signal of appropriate
strength and time delay can control the occurrence of mass synchronization in the
system. A rigorous mathematical analysis of the above phenomenon can be carried
out in the thermodynamic limit N — oo. For details, see [29].

|R and Q|—| Fandt

FIGURE 5.13 Occurrence of desynchronization for t = 1.0 and F = 5.5 in the (a) source and
(b) target populations.
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More importantly, this delayed feedback control of mass synchronization is
demand controlled, which means that, once the mass synchronization state is desta-
bilized, the delayed feedback signal is cut off.

To summarize, we see that synchronization is not always desirable, and in the
brain, mass synchronization leads to abnormal pathological states such as epilep-
tic seizures and Parkinson’s tremors. We find that the dynamics of such states can
be studied by using systems of coupled populations of phase oscillators. We have
discussed a possible demand controlled delay feedback control mechanism to desta-
bilize the mass synchronization state. We believe that this model and the accompa-
nying results will be useful for further research in this direction and for practical
implementation in deep brain stimulation therapy.

5.8 CONCLUSIONS

Systems of coupled nonlinear oscillators are used to explain the dynamics of various
biological and physiological systems. This is because most of the interesting phenom-
ena in biological systems occur as a result of the collective behavior of the entities
in the system and also because we are more interested in the collective dynamics of
the systems (macroscopic properties), instead of the dynamics of individual entities.

Synchronization is one such interesting collective dynamical phenomenon, which
plays a crucial role in the large-scale properties of dynamical systems. In particular,
in the brain, synchronization among the neurons acts as a backbone for occurrence of
various functional and cognitive events. In this section, we have summarized some
of the interesting physiological phenomena where synchronization plays a crucial
role: (1) ERD, (2) the existence of chimera and GCC states, and (3) the occurrence of
mass synchronization and its control.

Models of coupled nonlinear oscillators act as good candidates to explain the
dynamical aspects in the aforementioned cases in a phenomenological manner. Even
at the macroscopic level, many more details can be unearthed if we fine-tune the
models to include additional factors and parameters, hence making the models closer
to real-world systems. Validating the model results with the experimental results will
also help fill in the gaps. Attempts are being made in this direction.
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6.1 INTRODUCTION

A number of scientific and technological drivers are responsible for contemporary
interest in studies concerned with how light and matter interact with each other,
particularly with how very intense light interacts with matter. Much of the impor-
tance attributed to this area of research stems from the recognition that very intense
light has very strong fields associated with it, and the dynamics that ensue when
such fields irradiate atoms and molecules are of interest from both fundamental and
applied viewpoints. It is useful to begin the discussion of such dynamics by first
establishing what the terms “strong field” and “intense light” mean in relation to
some physically established standard. One useful benchmark that may be adopted
for this purpose is the Coulombic field that is experienced by an electron in the 1-s
orbital of the hydrogen atom: it has a value of ~10° V cm™!. The intensity of light
that would give rise to such a field is 10'® W cm=2 (or 10 PW cm). Pulses of light of
such intensity are readily generated using commercially available Ti:sapphire laser
systems incorporating an oscillator and an amplifier. Such systems emit 800-nm

99
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light, typically with pulse durations of 100 fs or less. It is not difficult to imagine
that extremely high photon densities can be achieved, on the order of 103¢ photons
s~ cm2, by focusing light from such femtosecond lasers. It is these remarkably high
photon densities that mediate the essentially nonlinear nature of light-matter inter-
actions in what has come to be known in recent years as the strong-field regime. In
the context of what is to follow in this chapter, matter comprises individual atoms
and molecules. The magnitude of the optical field that is experienced by these atoms
and molecules ensures that the interaction cannot be considered perturbative. In the
following, we present an overview of how the nonlinear nonperturbative dynamics
of atoms and molecules in the strong-field regime is investigated using contemporary
experimental and theoretical techniques.

The focus of our attention shall be on molecular dynamics in the ultrashort tem-
poral regime. The fastest motions within molecules are those of the electrons; such
motion—Ilike orbital time periods in a Bohr-like picture of atoms—occurs on time-
scales of tens and hundreds of attoseconds. The nuclear degrees of freedom involve
motions that are “slower”: the shortest vibrational time periods in molecules are
on the order of 12 fs. If intense optical fields are generated such that they last for
periods shorter than vibrational time periods, the nuclear degrees of freedom can be
effectively regarded as being “frozen,” and the entire strong-field dynamics may be
considered as being driven only by the electronic degrees of freedom in molecular
systems. We present in this chapter an overview of recent progress in overcoming
experimental and theoretical challenges that are encountered in studies of ultrafast
molecular dynamics in the strong-field regime. Specifically, we outline details of
how such ultrashort pulses may be produced from commercial laser sources supply-
ing high-intensity pulses that are 50-100 fs long. We also provide some recent exam-
ples of studies on the ionization dynamics of triatomic and polyatomic molecules
exposed to intense few-cycle pulses, and we present an overview of recent progress
in theoretical methods that are proving to be of utility in rationalizing experimental
observations and in predicting hitherto-unobserved processes.

In the strong-field regime, the electron and nuclear motions are strongly coupled;
and therefore, under such a situation, the notion of potential energy surfaces (PESs)
computed using the Born—Oppenheimer (BO) approximation becomes meaning-
less. In order to obtain proper insights into the dynamics under such a situation, it
becomes mandatory to solve coupled electron—nuclear time-dependent Schrodinger
equations (TDSEs). There have been a few recent attempts in this direction [1,2].
Bandrauk et al. [1] have numerically solved the exact non-BO TDSE for H; to
understand the dissociative ionization of this molecule upon its irradiation by an
intense laser field. In their work, the concept of PES does not arise. Gross et al. [2]
have demonstrated that the full time-dependent wave function for a system of inter-
acting electrons and nuclei, evolving under the influence of a time-varying external
field, can be exactly decomposed into time-dependent electronic and nuclear wave
functions. This factorization leads to an exact definition of time-dependent PESs
(TDPESs). The concept of PES in this formalism is different from the PES that is
conventionally developed under the BO approximation. This approach has been used
to develop the TDPES for H, under the influence of a strong laser field: the TDPES
has been computed for a 228-nm laser field represented by E(?) = E, f(?) sin (of) for
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peak intensities of 25 and 100 TW cm2. The envelope function f{(r) was chosen such
that the field was first linearly ramped from zero to its maximum strength at t = 7.6 fs
and then became constant. The results of such calculations showed that the potential
well that is induced by the laser field actually collapses at the peak of the pulse.
These two exact methods are computationally very expensive and, therefore, can be
used to carry out coupled electron—nuclear dynamical calculations only for small
molecules like H;. Therefore, there is a clear need for approximate methods that are
not computationally expensive for bigger molecules and, at the same time, can cap-
ture the physics of coupled electron—nuclear dynamics. A recent joint experimental
and theoretical work on a polyatomic molecular ion, the tetramethylsilane cation
(TMS) [3], has shown the importance of developing TDPES for bigger molecular
systems.

Kato and Kono [4] were the first to develop an approximate method for comput-
ing the TDPES in an intense laser field. In their approach, the TDPES was defined
in terms of instantaneous eigenvalues of the field-dressed electronic Hamiltonian.
In other words, in the Kato—Kono approach, the TDPES is basically the adiabatic
potential energy that is computed by including the instantaneous value of electron-
field interactions in the Hamiltonian. This method has proved to be extremely help-
ful in understanding many intense field phenomena in realistic molecular systems.
However, this method lacks the exact dynamical features of the intense laser—
molecule interactions, and therefore, a need still exists for a method that is not com-
putationally as expensive as the exact methods but captures the dynamical features
of electrons/molecules in strong laser fields.

Recently, Cederbaum [5] has developed a method for computing the TDPES
for molecules that is based on a time-dependent BO (TDBO) approximation. This
method of computing TDPES seems to be computationally manageable and, at the
same time, can be used to compute the TDPES of bigger molecules. Furthermore,
the TDPES computed using this method, similar to static BO PES, can be used
to carry out nuclear dynamics to compute the experimental observables. However,
before applying this method to the bigger system, it needs to be benchmarked against
the smallest possible molecule, H;. This has recently been accomplished by Garg
et al. [6], who have used this method to compute the TDPES for H;. The compari-
sons of TDPES for H; obtained from the approximate method of Cederbaum with
what is obtained using the exact method of Gross et al. [2] will be presented in the
following in order to provide a flavor of the progress being achieved in the develop-
ment of theoretical methodologies that are becoming necessary in order to rational-
ize the increasingly sophisticated observations that are becoming possible due to
advances in experimental methodologies. Before discussing the theoretical progress
further, it is appropriate to first present an overview of recent progress in producing
intense ultrashort laser pulses in the laboratory that allow direct experimental access
to strong-field molecular dynamics in the few-cycle domain.

6.2 ULTRASHORT PULSES

Recent developments in techniques for producing intense laser pulses that last for
only a few femtoseconds have enabled new vistas to be opened in experimental



102 Modern Theoretical Chemistry: Statistical Mechanics

explorations of the temporal facets of molecular dynamics in the strong-field regime.
Indeed, the ability to generate pulses that are long enough for only a few optical
cycles has begun to yield new insights that have stimulated theoretical advances.

The generation of intense few-cycle optical pulses has become important in the
contemporary pursuit of attosecond pulses, as well as in experimental probes of
light-matter interactions in general and of ultrafast dynamics in particular. Currently,
most practitioners utilize the hollow-fiber pulse compression technique to generate
intense few-cycle pulses, although an alternate method based on filamentation in
rare gases has also begun to find utility. Conventionally, linear pulse compression
techniques have relied on the duration of chirped pulses being reduced by removing
(or reducing) the amount of chirp. Such chirp removal or chirp reduction is usually
accomplished by sending the pulses through an optical element with appropriate
chromatic dispersion. Typical optical elements that may be used for such purpose
include a pair of diffraction gratings (a grating compressor), a pair of prisms, an opti-
cal fiber, a chirped dielectric mirror, or a chirped-fiber or volume Bragg grating. In
such cases, the shortest achievable pulse is determined by the optical bandwidth, and
in ideal cases, bandwidth-limited pulses are obtained. In the high-intensity regime of
interest in the present study, we have adopted a nonlinear compression technique that
involves spectral broadening of unchirped pulses, followed by dispersive temporal
compression. Spectral broadening is accomplished by propagating pulses through
a rare-gas-filled hollow fiber, wherein most of the optical power propagates in the
gas and self-phase modulation occurs [7]. Subsequent dispersive compression is
achieved using a set of chirped dielectric mirrors. It is routinely possible with the
hollow-fiber technique for us to compress 50-fs pulses with millijoule energies down
to 57 fs. The shortest pulses that have been achieved using this technique are 3.2 fs
long, produced with positively chirped incident pulses of 33-fs duration [8].

Upon injection of such ultrashort pulses into a gas jet, high harmonic genera-
tion can occur, and under appropriate conditions, pulse durations as short as a few
hundred attoseconds may be attained [9,10]. In our laboratory, we routinely use Ne
gas to fill our 1-m-long hollow fiber at a pressure of around 1 atmosphere; typical
pulse durations of around 5 fs are obtained after temporal compression with a set of
chirped dielectric mirrors, with the final shape of the output laser pulse being slightly
elliptical. Figure 6.1 shows typical characteristics of the pulses from our hollow-fiber
system. The dimensions of the 5-fs pulse are very much smaller than typical diam-
eter values (2-3 mm) for molecular beams used in our experiments, with the number
densities of the latter being kept low enough to preclude saturation effects.

We have also adopted another technique in our laboratory [11] that is based on
two-stage filamentation in a rare gas. The method involves focusing 40-fs laser
pulses (800-nm wavelength, 1-kHz repetition rate, and 1-mJ peak energy) into two
I-m-long tubes filled with Ar gas, typically at 1-atm pressure (Figure 6.2). White
light is generated, following filamentation in Ar. This white light is temporally refo-
cused using two sets of chirped dielectric mirrors so as to generate pulses as short as
7-10 fs (2-3 optical cycles). We note from Figure 6.1 how the laser beam profile at
the output of our compression system is a marked improvement over the input beam
profile. Significant improvements in the random intensity fluctuations that are inher-
ent in high-power laser pulses have also been demonstrated [11]. Characterization
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FIGURE 6.1 Characteristics of an ultrafast laser pulse delivered from the hollow-fiber
system. (Top, left) Time evolution of the pulse. (Top, right) Intensity profile. (Bottom, left)
Spatial dimensions of the laser beam. (Bottom, right) Typical mass spectrum of Ar that is
used to calibrate the peak laser intensity. In the case that is depicted, the threshold for appear-
ance of Ar’* indicates a peak laser intensity of 6 PW cm™.

of the few-cycle pulses that we generate is by means of a spectral interferometric
technique [11].

For the molecular dynamics experiments discussed in the following, the intense
ultrashort pulses were steered into a high-vacuum system so as to interact with a
beam of gas molecules. Ions formed as a result of the laser-molecule interaction
were electrostatically extracted into a linear time-of-flight (TOF) spectrometer
and detected using single-particle-counting techniques. The laser beam, molecular
beam, and axis of the TOF spectrometer were mutually orthogonal to each other in
an oil-free ultrahigh-vacuum environment (base pressure ~10~? torr). A simple trans-
formation of measured ion TOF spectra enabled the mapping of temporal informa-
tion into mass and energy spectra.

6.3 MOLECULAR IONIZATION AND DISSOCIATION

Most experimental probes of strong-field molecular dynamics have relied on mea-
surements of ion yields, usually employing infrared laser pulses of durations that
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FIGURE 6.2 Generation of ultrafast laser pulses using a filamentation technique. Tube 1
and Tube 2 are filled with Ar gas at approximately 1-atm pressure in order to obtain spectral
broadening. CDM1 and CDM2 are sets of chirped dielectric mirrors that are used to achieve
temporal compression. M1-6 are high-reflectivity mirrors. A1-3 are apertures. The temporal
characterization of the output beam is by spectral phase interferometry for direct electric-
field reconstruction (SPIDER).

range from several tens to a few hundred femtoseconds. On the basis of a reasonably
large body of experimental data, it seems established that the main drivers of strong-
field molecular ionization and dissociation are the following: (1) enhanced ioniza-
tion (EI), (2) spatial alignment, and (3) rescattering. In recent years, experiments have
begun to yield indications that the dynamics that ensue when few-cycle pulses are
used may be quite different to those when longer pulses are used. For one, it becomes
highly improbable for dynamic alignment of molecules like O,, N, to occur as the
optical field is not “on” long enough to induce the necessary polarization-induced
torque on the molecular axis. Second, such time periods ensure that the dynamics
proceed at more or less equilibrium internuclear distances, and consequently, the EI
process is expected to be effectively “switched off”” when molecules are irradiated by
intense few-cycle pulses; nuclei within the irradiated molecule will simply not have
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sufficient time to move to the critical distance at which the propensity for ionization
is enhanced. Few-cycle molecular dynamics are therefore likely to be dominated
only by rescattering, wherein the optical-field-ionized electron is driven by the oscil-
lating field so as to collide with the parent molecular ion, thereby inducing further
ionization. Experiments on H, have shown that the double ionization process is ame-
nable to experimental control by tuning the intensity and duration of an ultrashort
optical field [12]. Few-cycle pulses, therefore, offer to molecular physicists two dif-
ferent tantalizing prospects: first, being able to disentangle effects of different pro-
cesses in strong-field ionization and dissociation dynamics and, second, being able
to exercise some measure of control on the overall dynamics by tuning experimen-
tally accessible parameters such as incident laser intensity and laser pulse duration.
Indications of the former have begun to be presented [13], whereas the possibility
of the latter has been established in experiments on few-cycle ionization of H, [12].

It is not only ionization and dissociation dynamics that offer new opportunities in
the few-cycle strong-field regime. Intramolecular migration of H atoms in methanol,
following strong-field double ionization, has also been recently studied [14], and dif-
ferences have been discovered in the Coulomb explosion dynamics: such differences
appear to depend on whether methanol is irradiated by 7- or 21-fs pulses. H atoms
in H,O have also been shown to be rearranged by strong optical fields of ~10-fs
duration so as to form H, [15,16]. This atomic rearrangement is ultrafast: it has been
shown to occur within a single laser pulse [15]. Experiments on the dissociative
ionization of CH, molecules have served to highlight the importance of nonadia-
batic effects: the ionization propensity in strong optical fields with durations of a
few tens of femtoseconds is enhanced, compared to the situation when irradiation is
by fields of longer durations [17]. Such studies have focused on the manner in which
the intense optical field affects molecular ionization and dissociation. But what of the
quantum mechanical properties of the molecules themselves? For instance, does the
symmetry of molecular orbitals affect the strong-field dynamics?

There is now a plethora of data on atomic ionization in strong fields offering
confirmation that the ionization rate depends only on the first ionization energy (IE)
of the irradiated atom. In the tunnel ionization regime the strong optical field dis-
torts the atom’s radial potential function, making it possible for one or more valence
electrons to tunnel through to the continuum. Measured energy distributions of such
ionized electrons are well accounted for by the oft-used Ammosov-Delone—Krainov
(ADK) theory, in which only the IE, namely the energy difference between the high-
est normally occupied atomic orbital and the lowest available normally unoccupied
orbital, is of concern; the quantal nature of the orbitals themselves does not enter
the reckoning. This is the rationalization offered for the nearly identical strong-field
ionization rates that have been established for Ar and N,, where the ratio IE(Ar)/
IE(N,) is 1.01. However, the deficiency of the ADK approach comes to the fore when
taking into account the fact that, for the complementary pair O, and Xe, the ioniza-
tion rate for the former is an order of magnitude lower than the rate for the latter,
even though the ratio IE(Xe)/IE(O,) is even closer to unity (1.005). The importance
of orbital symmetry in strong-field molecular dynamics has begun to be established,
following intense field S-matrix calculations [18] that predicted the suppression of
ionization in those homonuclear molecules whose valence orbital has antibonding
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symmetry, like the outermost &, orbital in O,, but not in molecules with a bonding
valence orbital, like the o, orbital in N,. The conjecture was that the shape of the
former orbitals results in destructive interference by the two nuclei of subwaves of
the ejected electron; subsequent electron spectroscopy measurements have offered
compelling support for this conjecture [19]. The quantal nature of molecular orbitals
manifests itself in a simple manner in strong-field ionization of molecules like CS,,
as illustrated in the following.

Figure 6.3 shows typical ionization spectra of CS, obtained using intense laser
pulses of different durations (10 and 40 fs) of approximately the same peak inten-
sity (~40 TW cm™2). The striking features of the 10-fs spectrum are the following:
(1) the dominance of mass peaks corresponding to different charge states of the CS,
molecule and (2) the relative absence of fragment ion peaks. The ionization pattern
obtained with longer (40-fs) pulse is clearly much richer, with a gamut of atomic
ions being produced up to charge state 4+. Ions like S* and S?* are produced with
large kinetic energy (~4 eV), as exemplified by the forward—backward peak split-
ting of their TOF peaks, indicating the formation of excited states of highly charged
parent molecular ions that Coulomb explode. Long-lived CS3* and CS3" are also
observed, but their yield is much lower, compared to the fragment ions. The rather
dramatic difference between the two spectra shown in Figure 6.3 has been rational-
ized in the following terms [20]. The ground electronic state of CS, has the electronic
configuration (Core)* (56,)*(45,)*(60,)*(56,)*(2r,)*(2r,)*, yielding overall symmetry
'Z;. The outermost 2, orbital is mostly made up of 3p atomic orbitals of sulfur;
as the equilibrium bond length is large (~1.6°A), there is relatively little n-overlap

Ionization of S-C-S by 10-fs pulses......in comparison with 40-fs pulses
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FIGURE 6.3 TOF spectra depicting ionization and fragmentation of CS, molecules upon
irradiation with laser pulses of (left) 10-fs duration and (right) 40-fs duration. Note the rela-
tive absence of atomic fragments in the former case. The peak laser intensity was adjusted to
be ~40 TW cm2 in both cases.
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between the two peripheral S-atoms. As a consequence, the antibonding character
dominates. Upon field-induced removal of one, two, or three electrons from this
antibonding orbital, single, double, and triple ionization occurs, and each electron
removal effectively enhances the electronic charge density in the internuclear region
of the molecule. As a result, not only the cation but also the dication and trication of
CS, are long lived. The lifetimes of CS3" and CS}" have, indeed, been measured to
be on the order of seconds in a storage ring experiment [21].

Another experimental pointer to the role played by the quantal description of the
irradiated molecule relates to the observation of fragments like S* and CS* when
40-fs pulses are used. Such ions cannot be produced by direct field ionization of
neutral CS, because Franck—Condon factors indicate that the dissociation continua
of the X, A, and B electronic states of CS; are vertically inaccessible. The next ionic
state C lies at 16.2 eV from the ground state of the neutral, well above the dissocia-
tion limits S* + CS and S + CS*, and is hence predissociative. It is the lengthening of
the C—S bond that occurs in the EI process that properly accounts for the S* and CS*
yields in longer pulses: population of excited electronic states of CS; then becomes
likely, and it is these excited cation states that act as precursors for S* and CS*. The
nonappearance of these fragment ions in the case of the 10-fs spectrum is an unam-
biguous signature that the EI process is switched off in the ultrashort domain.

But what of rescattering that occurs on attosecond timescales? The experiments
on CS, indicate that this is another area where quantal considerations intervene in the
dynamics. Experiments on double ionization of H, have established [12] that, with
15-fs pulses, it is the first return recollision that dominates the rescattering dynam-
ics. On the other hand, the third return recollision begins to be important in the case
of longer pulses. Experiments on methane [13] have also shown the importance of
the first return recollision when 8-fs pulses are used at intensities in the range of
100 TW cm~2 no doubly charged ions were observed until longer pulses were used.
In the case of CS,, however, the molecular dication and trication dominate the 10-fs
spectrum (Figure 6.3), ostensibly at the expense of the fragmentation channels, and
this has been perceived [20] to be a signature of rescattering being “switched off” not
because of temporal constraints but because of constraints imposed by the quantum
mechanical nature of the CS, HOMO. The wave packet of the returning electron
interferes destructively with the spatial extent of the HOMO, resulting in effective
cancellation of the rescattering process. The returning electron’s energy is no lon-
ger available for electronic excitation to states that would be quantum mechanically
allowed to dissociate into S* and CS* fragments.

Having experimentally established that quantal considerations continue to play an
important role in strong-field molecular dynamics, we present in the following a brief
overview of the unfolding progress in efforts to properly incorporate into theoretical
descriptions time-dependent field-dressed PESs within the TDBO approximation.

6.4 TDBO APPROXIMATION AND TDPES

The BO approximation allows one to separate fast electronic motion from slower
nuclear motion. With this approximation, the total wave function can be written
as a simple product of electronic and nuclear wave functions, ¢,(;R)y,(R), where
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r represents all electronic coordinates and R represents all nuclear coordinates. This
separation of total wave function as a simple product of electronic and nuclear wave
functions is true for a time-independent Hamiltonian. However, for the case of a
time-dependent Hamiltonian, as demonstrated by Cederbaum [5], a simple prod-
uct of the electronic and nuclear wave functions ¢,(r,;R)y, (R, fails to satisfy the
Schrodinger equation of the full Hamiltonian H(?). In such a case, the total wave
function ¥ can be written as

Y(rR,1) = @0, (nR)X, (R.1), 6.1

where o(R,?) is the time-dependent topological phase factor. ¢, is obtained for each
value of R by solving the following equation:

ih%%(r,t; R)=H0,(r.t;R). 6.2)

Inserting ¥(r,R,?) into the Schrodinger equation of the full Hamiltonian A and
projecting on the nuclear space gives us

0w _| 7, 0O
i3 _[1;+ B }x 6.3)

2
T =- EYYi A, with A denoting the Laplacian operator and M being the average nuclear

n

mass. f‘n is given by

- h? i 2i 1 i
T =T, _ZM[b+hAa)+h(Vm).a—hz(V(o)2+2[h(Vm)+a].V:|, 6.4)

where a and b are time-dependent electron—nuclei coupling terms defined as

a(R,1) = jq)’;(r,z; RV, (r,t;R)dr 6.5)

and

b(R,1) = J.(I):(r,t; R)AY, (r,t; R)dr. 6.6)

The gradient and Laplacian operator are derivatives in the nuclear space. We rear-
range Equation 6.4 in a simpler form as

2

. 2
[V Ya+ %(Vm)] +2h—M[V.a +a.a—bl. 6.7)

2

7‘:;1:
2M
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T, can be further simplified by eliminating the nuclear momentum coupling opera-

n

tor by using the condition
Vo = iha. (6.8)

After determining the time-dependent topological phase from the above condi-
tion, the TDPES can be written as

~ oo k2 . 1
V(R,t) = o + W[V.a +a.a—b]+ J.q)e(r,t, R)E(])e (r,t; R)dr. 6.9

This approach is used to compute the TDPES for the ground electronic state 1sc,
of Hj in the presence of linearly polarized, ultrashort, and intense laser pulses.
Restricting the motion of the single electron and the two nuclei to the direction of the
polarization axis of the laser field, we solved the problem using a 1-D Hamiltonian
featuring soft-core Coulombic interactions [2]:

2
H=-1 9 wven- L]
2m, dr Ji+=r2Y  Jl+@+R2Y

. (6.10)

where m, = (2M,)/(2M,, + 1) is the electronic reduced mass and M, is the proton mass.
The interaction of the electron with the intense laser field is given by V (rf) = ¢,rE(t),
where E(f) is the electric field amplitude and g, is the electronic charge.

In order to generate the exact electronic wave function at each nuclear configura-
tion, the time relaxation method can be used [22]. An arbitrarily chosen Gaussian
wave packet is propagated in imaginary time by using the following equation:

0 =¢"0(0) = Y c,e”0,(0), ©.11)

where t = it. In Equation 6.11, each eigenfunction relaxes to zero at a rate that is pro-
portional to its eigenvalue. It is the ground-state wave function, which relaxes slowly,
that persists. Higher states are obtained by numerically subtracting the ground-state
wave function from the initial wave packet. Another round of propagation gives the
first excited state. Propagation for a long time can mix the eigenfunctions, forcing the
initial wave packet to relax to the ground state. This propagation scheme is applied at
each nuclear configuration so as to generate the exact electronic wave function. We
have computed the field-free molecular potential in this soft core potential by using

0.3 R) )+ (0,3 R) 1V, 10,0 R>>+<¢e<r; R>|;I¢e<r;R>>.

We discuss in the following the TDPES for H; [6] computed under the influence of
a laser field with A = 800 nm that is represented by E(t) = Eoe_”“z(’_’”)z/ v cos(m(r—1t,)) .
Two values of peak intensity of the applied laser pulse are used: I = |IE > = 1 and
100 TW cm2.

T,

V(R)=(0,(r:R)
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The ground-state TDPESs [6] computed using the TDBO approximation, for
pulses with durations of 2 and 5 fs, are depicted in Figures 6.4 and 6.5, respectively.
The energy reference for the TDPES in all the cases is the energy value in the asymp-
totic region. It is clear from these figures that the well depth in the TDPES in both
cases starts decreasing during the rising edge of the laser pulse, and the well depth
collapses around the peak of the pulse. It is also clear from these figures that the
TDPES tries to return to field-free PES form during the trailing edge of the pulse.
However, even after the pulse is over, the TDPES does not completely regain its orig-
inal form. In fact, during the trailing edge of the pulses, the PESs appear to acquire
some wells at large values of internuclear distance R. These results are consistent
with the exact calculations of Gross et al. [2]. Additionally, the calculations of Garg
et al. [6] also show that the TDPES for the 2po, state always remains repulsive, with
only slight changes in the energy values; the TDPES for the 1so, state for weaker
laser pulses (of intensity 10'> W/cm?) does not feature any collapse of the potential
well as the field peaks.

Garg et al. [6] used these TDPESs to carry out nuclear dynamics on the 1sc,
state of H,. They found that part of the nuclear wave packet leaked out toward the
asymptotic region in the case of the 5-fs pulse, whereas, for the shorter 1- and 2-fs
pulses, it remained trapped within the well of the TDPES. This implies that the
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FIGURE 6.4  Ground-state TDPESs of H; computed using the time-dependent BO approx-
imation for pulses of 2-fs duration. The energy scale is with reference to the energy value in
the asymptotic region.
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FIGURE 6.5 Ground-state TDPES of H; computed using the time-dependent BO approxi-
mation for pulses of 5-fs duration. The energy scale is with reference to the energy value in
the asymptotic region.

longer rising and trailing edges of adiabatic laser pulses will eventually lead to the
leaking of the initially trapped nuclear wave packet. These results support the time-
dependent bond hardening in the TMS* under the influence of intense laser pulses
that have recently been experimentally observed [3].
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7.1 INTRODUCTION

The formation and dissociation of chemical bonds is of prime concern in chemis-
try, and with the advent of ultrafast high-intensity lasers, selective bond dissocia-
tion using appropriate laser pulses as molecular tweezers and scissors has received
extensive and intense attention.!~*® Theoretical approaches to laser-assisted control
of chemical reactions have kept pace and demonstrated remarkable success,?*® with
experimental results'7!82026 reinforcing the theoretical ideas. The development of

113
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theory and experiments has largely focused on the design of appropriate laser pulses
to obtain the desired product from photodissociation reactions, often requiring field
attributes that may not be realized on the basis of chemical considerations and may
also be difficult to reproduce under normal laboratory conditions.t-10:2124.28 The
photodissociation yield has, however, also been found to be extremely sensitive to
the initial vibrational state from which photolysis is induced, and results for H3>,
HI,?>2° HCL," and HOD?3#2346:49.55-61 reyeal a crucial role for the initial state of the
system in product selectivity and enhancement. This critical dependence on the ini-
tial vibrational state indicates that a suitable choice of a single optimal initial vibra-
tional state or an optimized linear superposition of the field-free vibrational states
may be another route to photodynamic control of selective bond dissociation. The
different established theoretical methods that use lasers to control chemical reac-
tions have been reviewed recently®-13.152324.27.28 and are based on field design. It is our
purpose in this contribution to present results from our work that provide encourag-
ing alternatives for selective control of bond dissociation using simple laser pulses,
in conjunction with the use of an appropriately chosen single field-free vibrational
state3+3437-61 or an optimal linear combination*!4-30-335758 thereof as the initial state
to be subjected to this simple laser pulse.

Along this line, a scheme for establishing the optimal linear mix of the field-free
vibrational eigenstates for the given photolysis pulse and the chosen photodissocia-
tion objective has been investigated in our group,*!430-3357.58 whereby the emphasis
is shifted from control through the design of an appropriate field to the design of an
optimal linear combination of the field-free vibrational eigenstates for the chosen
photolysis pulse and the preferred photodissociation objective. The field-optimized
initial state (FOIST)-based approach, where control of bond dissociation shifts from
control via field design to the design of an optimal initial state for the chosen field
and which is computationally simple to implement, has found great success in selec-
tive control of product yields from dissociation of diatomic bonds.'*30-33 Based on
the mechanistic insights obtained from FOIST-based selective photodynamic control
of products in the photodissociation of diatomic molecules,'*30-33 the use of appropri-
ately chosen infrared (IR) pulses to obtain a desirable linear combination of excited
bond-specific modes, followed by the use of an apt ultraviolet (UV) pulse, has been
found to provide near-total®® selective dissociation of only the selected bond in HOD.
Some results from a preliminary test of these ideas in the case of O¥0'°0'¢ are also
included in this presentation.

An outline of the computational approaches and field attributes used in our inves-
tigations are presented in the next section. Discussion of some key results is provided
in Section 3, and a summary of the main observations is highlighted as concluding
remarks.

7.2 METHOD

7.2.1 Diatomic Systems: IBr aND HI

The effect of radiation field €(¢) on the molecule having dipole moment [ may be
realized by solving time-dependent Schrodinger equation
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0 - A PSR,
thgw =H@y, H@t)=H, - L &), (7.1)

where H,, is the field-free Hamiltonian.' The wave function \ at any time ¢ can be

evaluated as W(1) = U(1,00y(0), where U(t,0)~ ¢~ /" = ¢ Ho-REWk/n 3o o propaga-
tor, which is not necessarily unitary, and y(0) is the initial state upon which field £(¢)
is applied.

The product yield in the desired channel is related to the time-integrated flux

T

7= Jarlw

0

Ji

v)

(7.2)
= [ w0 0.0700.0)w) = (wo) |y

0

T
with () = U(1,009(0), F = Jdrt}*(z,O)}i(}(r,O) and j = %[ (=) +8(r —
Wi
N 0 R
ri") 13,-], where U is the time evolution operator, j; is the flux operator in the ith
channel, and p,, p,, and ¥ are the reduced mass, the momentum operator, and a grid
point in the asymptotic region of the ith channel. As we can see from Equation 7.2,
the product yield f = <W(0)‘ﬁ ‘w(0)> in a desired channel may be altered by altering

the field-dependent part For y(0). 414

In the FOIST scheme,*!430-335758 the product yield is maximized through the
preparation of the initial wave function y(0) as a superposition of the field-free vibra-
tional wave function {¢,,} of the ground electronic state

M
YO)= Y C,0,. (7.3)

m=0

With the time-integrated flux operator F being Hermitian, the optimization of

the channel- and field-specific flux functional {y(0)I Fl y(0)) with respect to the
coefficients C,, employed in Equation 7.3 leads to the Rayleigh—Ritz eigenvalue
problem*#

FC=Cf, (7.4)

where f is the diagonal matrix comprising the eigenvalues of the time-integrated flux
matrix F. The matrix elements of F in the ith channel are given by*!430
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Ny
Fi= () [y (), (15)

n=0

where At is the step size for the numerical time propagation such that N,Atr = T'is the
total propagation time chosen to ensure almost full dissociation. We propagate the
M + 1 initial states shown in Equation 7.3 using the appropriate field and calculate
the accumulated flux matrices (F},) in the ith channel. The accumulated (F},) matri-
ces for the ith channel are diagonalized and eigenvector (C,,™) corresponding to the
highest eigenvalue f,,,, indicates the maximum possible dissociation yield available
for the chosen field and the manifold of vibrational eigenstates in that calculation.

C™ defines the initial wave function Y™ (0) = Z Co™0,,, which will provide

(fimax X 100%) dissociation in the chosen channel for the field used and the expansion
manifold of field-free vibrational states (M + 1) utilized in the calculation.**

To evaluate the product branching ratio for both the IBr and the HI molecules,
we have carried out time-dependent wave packet (TDWP) analysis,”’ where the
Schrodinger equation

H.0) =in 4O (76)

is solved with y; = p,,$(0) as the initial wave function on the /th excited state, where
o, 1s the transition dipole moment between the ground (0) and the /th excited state,
¢(0) is a free vibrational ground state [which is the optimal linear combination
ymX(0)]. The time evolution of the above defined wave function y,(0) is governed by
X @)= exp[—iHext/ h]x,(O), and the overlap <X,(O)‘x,(t)> of the time-evolving wave
function y,(r) with the initial y,(0) is called the autocorrelation function. To ensure
the correct branching ratio,”” the autocorrelation function <x,(0)‘x,(t)> is evaluated
after a sufficiently large time interval T such that the norm of the wave function on
different curves has stabilized and the system population is completely out of the
curve-crossing region. The Fourier transform of the autocorrelation functions yields
a frequency-dependent partial absorption cross section:

o(®) = Cm_[ T g (x(@)\x(T+1))dr. 7

where C is a constant,” o is the frequency of the incident radiation, and E| is the
energy corresponding to the initial state. The branching ratio is given by the ratio of
the sum of partial photoabsorption cross sections for the two channels.

The photodissociation of IBr'439-3+ and HI3'-3* has been studied extensively and
are our representative systems of interest. The result to be presented are for the
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photolysis of IBr and HI employing a multicolor continuous-wave (cw) field of the
2

form () = Az cos(® — )¢, where A is the amplitude, o is the photodissocia-
p=0 ’

tion frequency, and ®,, = (E, — E,)/N is the Bohr frequency for transition between

the pth and the ground (zeroth) vibrational energy levels. The vibrational eigenval-

ues E, and the corresponding eigenfunctions ¢, of the electronic ground state are

computed using the Fourier grid Hamiltonian (FGH) method.”* The split-operator

fast Fourier transform (FFT)*° with Pauli matrix propagation®®®’ was utilized to
integrate the time-dependent Schrodinger equation.

7.2.2  Triatomic System: HOD

In HOD calculations, we have considered only the ground and the first excited
states of this molecule. The bending mode is inactive in the first absorption band
(AIBl «X 1Al) of HOD; thereby, excitation from the ground state ()? 1Al) to the first

excited state ()2 1Bl) induces a negligible change in the bending angle.3%3” Hence,
the internal kinetic energy operator in terms of the conjugate momenta p, and p,

associated with the O—H (r,) and O-D (r,) stretching coordinates, respectively, is
taken as438:40.4146,53.54

A2 A
Fo Py P PP cosH, (7.8)
2, 2“2 mg
where
. h o mym, mym
= =12, = A0y = D0 7.9
p;= i or, J=12,u m, +m, U, m, +m, (7.9)

and O is the equilibrium bond angle (104.52°). The potential energy surfaces
(PESs),3840.98-100 the transition dipole moment surfaces, and the IR- and UV-
molecule interaction Hamiltonians are taken from earlier investigations.***¢ The
time evolution of the corresponding nuclear motion can then be performed using the
time-dependent Schrodinger equation

a(¥.) (HA+H, H,0)Y,

=| A , (7.10)
I, | a0 Ao L.

where ¥, = ¥, (r\,r,,7) and ¥, = W,(r;,r,,1) are the wave functions assoc1ated w1th
nuclear motion in the ground and the first excited states, respectively. H T+V

and H T+ V are the Hamiltonians for the two electronic states, and H,, couples
and perturbs both the electronic states. The IR-HOD interaction Hamiltonian is the

same as that used in an earlier investigation.*® We solve Equation 7.10 with the initial
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condition that the ground state wave function ¥, is a single field-free vibrational
state of the HOD electronic ground state, and the excited state wave function ¥, =0
at t = 0. The vibrational eigenfunctions of the ground electronic state of the HOD
molecule were obtained using the FGH method?® modified for two dimensions.!?!
The propagation of the wave functions {¥,(?), ¥,(¥)} has been performed using
Equation 7.10, where the effect of the kinetic energy operator on the wave func-
tion is evaluated with a 2-D FFT!%? and the time propagation is carried out
using the Lanczos scheme.!”® The wave function is represented on a spatial grid
spanning rq_y/ro_p bond lengths in the range of 1 a,—10 a, in 128 steps with
Arg_y = Arg_p = 0.0703a, (= 0.0372 A), and the propagation of fields under the
influence of a generic Gaussian UV pulse3*37-6! of the form E(t) = 0.09a(f)(cosw?),

4In2

where a(f) = exp[—y(t — tyv)?*], with FWHM = ,1s done in time steps of Ar=1

a.u. of time =0.0242 fs. On the other hand, for IR dynamics,>*% we have used E(f) =
Aya(t) exp[—y(t — t,)*] (coswr), where A, = E,cos ¢, ¢ = (n —0)/2, 6 = 104.52°, and
a(t)= (8\(@2/75)1/4 with FWHM as defined above.

The product yield can be maximized through the FOIST scheme, as described
in the earlier section. However, it should be noted that the flux operator correspond-
ing to the ith channel j; is to be replaced by J., which, in this case, is expressed as

J, = ( M0 056 » J and J, = ( Jt 4 Hico i ), with the H + O-D channel labeled
m m

0 [

as 1 and the H-O + D channel as 2.
The expressions for the total flux J in the H + O-D and H-O + D channels are
then given by>*

ng T

« cos0 4
Jhiop = J.J‘\P : (’"1 D ) (]1 MZT Z)T(rl Jz,t)drzdt (7.1D

00 0

ng T,
Jn- 0+D — J.J"P ry,F,,t ( H.l:;lOSO IJ‘I’(r,,rZ,,t)drldt. (7.12)

(Y

As mentioned earlier, in the present contribution, we provide some of the main
results*3-* obtained from our application of the FOIST scheme for different chosen
fields, as well as from (IR + UV)-based calculations® for this prototypical molecule.

7.2.3 TriIATOMIC SYsTEM: 18Q'eQ'O

In case of the 00O molecule, we have included the ground and the second
excited PES® for dynamical calculations on this system. The internal kinetic energy
operator in terms of the conjugate momenta p, and p, associated with the 80-'°0 (r,)
and '°0-1°0 (r,) stretching coordinates, respectively, is taken as’
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/\ A2 A A
Fo PP + P2y PPy o0 (7.13)
U 2, 2my,
where
FL 8 Mmyg Mg My, Mg
A'=775.=1>29 = 0 0 s = 0 0
Pi i or / H Mg, + Mg, ? Mg, + Mg, (714

and 0 is the equilibrium bond angle (116.8°). The transition dipole moment sur-
faces and the UV-molecule interaction Hamiltonian are those utilized in earlier
investigations.®46%72

Like HOD, here, the propagation of the wave functions {¥,(?), ¥,(1)} has also
been performed using Equation 7.10, where the effect of the kinetic energy opera-
tor on the wave function is once again evaluated with a 2-D FFT'%? and the time
propagation is carried out using the Lanczos scheme.!®® The wave function is rep-
resented on a spatial grid spanning r,/r, bond lengths between 2a, and 11 a, in 128
steps, with Ar, = Ar, = 0.07034, (~ 0.0372 A), and propagation is done with the
same Gaussian UV pulse form that we used in case of the HOD molecule.*37-6!
An absorbing ramp potential is placed at asymptotic cuts to avoid unphysical
reflection from the edges.

The flux expressions for the total flux J in the 0 + *O-1°0 and *0-'°0 + °O
channels labeled as subscripts 1 and 2 are similar to the H + O-D and H-O + D
channels seen in Equations 7.11 and 7.12 for the HOD molecule. These are

g T
Ji= J.JT Ti,F),t (1 uzzrzosejz}{’("u”z,l‘)d”zdt (7.15)

]60
and
ng T 0
* cos
J2=J'J‘P (riorat)x []2 & ]1]‘I‘(rl,r2,t)dr1 . (116)
00 160

In this contribution, we will present some initial results from our calculations using
UV-induced dynamics in the #0'°0'°O molecule.

7.3 RESULTS AND DISCUSSION

7.3.1  SeLecTive CoNTROL OF IBr PHOTODISSOCIATION

The potential energy curves are portrayed in Figure 7.1, with labels 1 and 2 denot-
ing 1: B (O*) and 2: B(3 IT; ), which are nonadiabatically coupled excited states with
curve crossing at R = 6.08 a,. These two excited states are optically coupled with
the ground state (0) having the transition dipole moment p,, = 0.25p,. The results
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FIGURE 7.1 Ground (0), first excited (1), and second excited (2) potential energy curves of
the IBr molecule.

to be presented are for the cw field &(r) = AZZ cos(m - , ), with details in an
earlier review.* =0

Using optimal combinations W™ and W5 of the ground (v = 0), first (v = 1),
and second (v = 2) vibrational states (filled symbols), the variation of the maximized
flux out of channels 1 (I + Br) and 2 (I + Br¥) as a function of the field amplitude
at a laser frequency of ® = 0.087 a.u. (19,094 cm™) is compared with the maximum
from any one of the v =0, v = I, and v = 2 vibrational eigenstates (open symbols)
in Figure 7.2. Since the optimal FOIST combination comprises the v =0, v = 1, and
v = 2 states, the optimized flux is compared with the maximum achievable flux if the
total initial population was to be in any one of these and not just yielded from v = 0.

1.0 T T T T T T T T T
- ©=0.087 a.u. IBr
0.8 — —
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: .
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FIGURE 7.2 Flux out of channels 1 (I + Br) and 2 (I + Br¥) as a function of the field ampli-
tude for the IBr molecule.
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It can be seen from Figure 7.2 that, for a broad range of field strengths, the sum of
flux I + Br (represented by circles) and I + Br* (represented by triangle) adds to 1,
implying the total dissociation of the molecule. Moreover, the flux out of I + Br* is
greater at lower amplitude, and at larger amplitude, the flux is predominantly from
the I + Br channel.

For the chosen frequency, almost-total dissociation is attainable for a range of
amplitudes, and the desired yield, either I + Br or I + Br*, can be obtained with a
simple cw field employed in the FOIST scheme. It is therefore inferred that almost
any branching ratio may be achieved using the scheme'#3!33 presented. The extent
of optimization, however, varies with the field amplitude, and the FOIST results do
not provide much improvement over the maximum available result from one of the
pure vibrational states in the optimization manifold. It should, however, be noted
that FOIST alone can provide whichever of v =0, v = 1, or v = 2 is optimal for the
chosen objective.

The selective flux maximization, as shown in Figure 7.2, in this FOIST scheme is
achieved by altering the spatial profile of the initial state to be subjected to photolysis
pulse, and since changes in flux are due to flowing of probability density, it is useful
to examine the attributes of the probability density profiles from the FOISTs. The
probability density plots of the first three vibrational states ¢, ¢,, and ¢, of the IBr
molecule are plotted in Figure 7.3, whereas the probability density profiles from the
optimal superpositions W™ and W3, which maximize flux out of the I + Br and
I + Br* channels, respectively, for a field frequency of ® = 0.087 a.u. (19,094 cm™)
and an amplitude of A = 0.03 a.u., which is the lowest amplitude for which almost
100% dissociation?' occurs using a pulse length of 480 fs, followed by further propa-
gation without field for another 387 fs, are depicted in Figure 7.4.

From Figures 7.3 and 7.4, it is clear that the optimal wave function v7™, which
peaked at 4.58 a,,, seems to maximize flux out of channel 2 (I + Br¥) by localizing the
probability density left of the ¢, wave function (which peaked at 4.66 a,) and Y™,
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FIGURE 7.3 Probability density profiles for the vibrational eigenstates ¢, ¢,, and ¢, of the
IBr molecule.
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FIGURE 7.4 Probability density profiles for the optimal superpositions Y™ and y5™ of
the IBr molecule.

which peaked at 4.66 a,, maximizes flux out of channel 1 (I + Br) by localizing the
probability density right of the ¢, wave function. The peaking of y;™ to the left of
¢, and the peaking of Y™ to the right of ¢, are persistent throughout the frequency
range specified earlier, but the results presented here are only for a representative
frequency. It can also be seen that the probability density profiles for y;™ and y;™
are mutually exclusive and more compact as compared to those from ¢, ¢,, and
¢,. Moreover, the probability density profiles from pure eigenstates ¢, ¢,, and ¢,
(Figure 7.3) subsume the spatial attributes of both W™ and 3™ (Figure 7.4), which
explains why selective photodissociation cannot ensue from the use of only one of
these molecular eigenstates as the initial state. This is achieved in the cases studied
by us through the dominant component coming from v = 0 for y;* and Y™ and
from v = 1 at lower amplitude and v = 2 at higher amplitudes for ™.

This need for a suitable mixing of vibrational states for selective control of photo-
dissociation is also seen in the optimal control theory—based calculation'®* on IBr.
The additional frequency components of the optimal field separated from each other
by the IBr ground state vibrational spacings and large expectation value for the inter-
nuclear distance on the electronic ground state corresponding to vibrational stretch
for highly excited vibrational levels of IBr and extremely intense fields required to
achieve this in the very beginning of the control procedure point to the same central
role of the initial mixing of vibrational states in achieving selective control. In our
FOIST scheme, y;™ and y;™ represent the premixing of vibrational states required
for selective control, with an additional advantage that the photolysis pulse may be
chosen beforehand for practical convenience.

The B(3 Hg) state of the IBr is four times more strongly coupled with the ground
state p,, = 0.25 p,, compared to the B(O*) state. State B(O*) is far off resonance
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within the frequency band considered here. Therefore, the transfer of amplitude
of Y™ or Y™ to be transported to the excited state will be much larger in the
B(3 Hg) state and will dominate the photodissociation outcome. The broad mecha-
nistic details may therefore be inferred from arguments employing the dynamics
ensuing from the evolution of the wave packet on the B(3 Hg) curve alone. We may

max

2
therefore deduce from the structural features of ‘\yz (Figure 7.4) that, for any

given frequency, transition from the initial state represented by ;™ will occur in
the energetically higher or steeper and more repulsive region of the excited B(3 Hg)
potential energy curve. The excited molecule described by y;™ will therefore tra-
verse B(3 Hg) and B(0O"), crossing with greater velocity, and exit out of the excited
I + Br* channel, compared with the molecule represented by ™, which transfers
to a relatively smoother region of the B(3 ;) state potential energy curve, thereby
facilitating a slower adiabatic exit out of the lower I + Br channel. Selective maxi-
mization is effected through the localization of the probability density at internu-
clear distances, which enable Frank—Condon transitions to the appropriate region of
the excited states. Transfer of the wave function to the steeper repulsive part of the
excited potential energy curves favor high-velocity diabatic exit into the higher chan-
nel. Localization away from the repulsive wall favors slow adiabatic exit into the
lower channel. This interpretation of the control mechanism utilizing W™ and y7™
as the initial states is consistent with the analysis of the frequency dependence of IBr
photodissociation as a function of the molecular radial velocity using the Landau—
Zener theory presented by De Vries et al.,'® where the increase in photodissociation
yield out of the I + Br* channel with the increase in frequency is well correlated with
an increase in radial velocity at the crossing point. From Figure 7.4, it is obvious that
o and vz
zation leads to significant alteration of the spatial profiles to excite the molecule to
the region most suited for directing flux out of the desired channel.

The mechanism of FOIST-based selective control of IBr photo dissociation has
been further probed using Y™ and y;™ in the TDWP calculation of the IBr absorp-
tion spectrum (Figure 7.5) and the branching ratio (Figure 7.6). The absorption cross
section obtained using y3™ as the initial condition is smooth, with only a negligible
interference pattern around 600 nm. The absorption spectrum from ™ as the ini-
tial condition contains a series of sharp peaks that are characteristic of the predisso-
ciation dynamics'? in the higher wavelength region, is dominated by predissociation
in the vicinity of the energy values around the B(3 1‘[3) to B(O*) crossing, and leads
to the complicated interference pattern seen in the y|™ absorption profile. In con-
trast, the smoothness of the absorption spectrum from ;™ as the initial condition
stems from the initial placement of the ;™ wave packet on the steeper part of the
excited curve, which facilitates faster diabatic exit with little time for interference.
The absorption spectrum from ¢, (Figure 7.5) as the initial condition has also been
plotted and compares well with other calculated and experimental'®%'% absorption
spectra for IBr. The absorption spectra peak at the wavelengths corresponding to
the vertical Frank—Condon transition energies, with W™, W3, and ¢, as the initial
states.

are localized in a mutually exclusive manner and that the optimi-
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FIGURE 7.5 Total absorption spectrum for IBr with ¢, yi™, and y3™ as the initial

conditions.

The branching ratio ['(Br*/Br) with ¢, W™, and y;™ as the initial conditions are
plotted in Figure 7.6. At all energy values, I'(Br*/Br) is much larger in magnitude

with y3™ as the initial condition, compared to that with ¢, or y

max
1

as the initial

condition, and I'(Br*/Br) is uniformly smaller with y;"* as the initial condition, com-
pared to that with y3™ or ¢, as the initial condition. This does seem to suggest that
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FIGURE 7.6 Branching ratio I'(Br*/Br) with ¢, y™, and y3™ as the initial conditions.
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the preparation of the initial state for a suitable photolysis pulse using our FOIST
scheme can provide selective control by constructing an appropriate linear combina-
tion of vibrational states.

7.3.2  SeLecTive ConTROL OF HI PHOTODISSOCIATION

The potential energy curves (Figure 7.7a) and nonadiabatic optical coupling elements
are taken from earlier investigations®>?° of HI photodissociation. The probability
density profiles employed in optimization manifold are displayed in Figure 7.7b. The
1%, ground state (labeled as 0) is optically coupled with the four excited states 31,
'T1,, 31, and 3%, (which are labeled 1, 2, 3, and 4, respectively). Furthermore, states
ML) = '), *IT,(1) — 3%,@), and 'T1,(2) — 3%,(4) are nonadiabatically mutually
coupled, whereas state 3IT,(3) has no coupling with any of the states. The crossing
between states 2 and 4, which is the outermost, will control the final flux redistribu-
tion occurring at R = 3.83 a,. The altered spatial profile for y™ and ;™ from our
investigation spanning the frequency range of 0.16—0.26 a.u. (36,000-50,000 cm™)

. . e . 2
are similar, and we offer a representative probability density plot of ‘sznax for o =

0.20 a.u. (44,000 cm™) and A = 0.01 a.u. in Figure 7.7c, where Y™ and y;™ once
again represent the FOISTs that maximize flux out of the lower H + I and the higher
H + I¥ channels, respectively. The probability density of the ground vibrational level
peaks at 3.80 a,, whereas Y™ and y7™ peak at 3.29 a, and 3.01 a,, respectively; as
earlier discussed for the IBr molecule, y5;™ peaked once again to the left of the ¢,
peak, and y™ peaked to the right.

In Figure 7.8a and b, we present a plot of the variation in the individual norm
Ou@ly, () on each excited state and also in the total norm on the H + I/H + I* chan-
nels resulting from the use of Y™ and y;™ as initial states in the TDWP calcula-
tion. As seen in Figure 7.8a, with W™ as the initial state, there is a net transfer of
amplitude from the H + I* channels (states 1 and 2) to the H + I channel (state 4).
3[1,(3) has adiabatic coupling to any other state and therefore experiences no change
in the norm transferred to it. There is a steady depletion from both states 1 and 4 into
state 2 initially. Within 5 fs, the norm on all these repulsive curves for this extremely
light (p =~ my) system is well past the outermost crossing (Figure 7.8c). Unlike in
the case of the heavy and slow-moving IBr, the norms stabilize much more quickly,
and the system covers an average distance of 12.5 a, within 25 fs. Results from the
TDWP analysis with y3™ as the initial condition are plotted in Figure 7.8b, where a
fast depletion from state 2 into both state 4 (H + I*) and state 1 (H +I) is clearly seen.
The buildup in the H + I* channel is therefore entirely due to the depletion from the
more repulsive 'TI; state, and selectivity will be assisted by tuning the laser to the
frequency corresponding to the Frank—Condon transitions to the 'T1; state. The mol-
ecule, when described by 3™, has to travel a greater distance but still traverses the
outer crossing between states 2 and 4 faster than when described by y™. However,
due to the low and reduced mass of HI and, consequently, very fast motion, which is
a considerable overlap between the spatial profiles of Y™ and y3;™ for HI, the net
change in the (), at 25 fs is only marginally higher with y3™ as the initial state. At
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FIGURE 7.7 (a) Potential energy curve for the electronic states 0:' £, 1: *TI,, 2: 'TI,, 3: *IT;,
and 4: 3%, of HI. (b) Probability density plots for the ¢, ¢,, and ¢, (v = 0, 1, 2) vibrational
eigenstates of the HI electronic ground state. (c) Probability density plots for the optimized
superpositions Y™ and y5™ for flux maximization through the H + I and H + I* channels for

2
the field e(¢) = Az cos(w -, )t withA =0.01 a.u. and ® = 0.02 a.u. for HL.
p=0 ’
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FIGURE 7.8 Norm evolution on the different potential energy curves of HI with (a) W™

and (b) Y3 as the initial conditions and position expectation values (r), with (c) Y™ and
(d) ¥3™ as the initial conditions.

around 25 fs, the norms are well stabilized, and as seen from the position expecta-
tion value plots of Figure 7.8c and d, the wave function is indeed well past the outer
crossing. The autocorrelation functions Y. (y()ly;(t + 1)), with both ™ and y7™ as
the initial conditions, have therefore been calculated with t = 25 fs and are displayed
in Figure 7.9.

In all cases of HI, since all the four excited curves are repulsive, the possibility
for recurrences is negligibly small, and the autocorrelation plots in Figure 7.9 fall
to zero much faster due to a quick dephasing of the wave packet in the coordinate
space. Figure 7.10 contains the total absorption cross sections obtained from the full
Fourier transform of the autocorrelation function, where the absorption spectrum
with ¢, as the initial state is once again in excellent agreement with the absorption
profile for HI.? Figure 7.11 portrays the branching ratio T'(I*/I) with ¢, y™, and
Y™ as the initial conditions, and the T'(7*/I) ratio with 3™ as the initial condition is
much larger than that obtained with ¢, and y]™ as the initial conditions. Hence, the
linear combination of vibrational eigenfunctions leading to y{™ favors the formation
of H + I products, whereas the linear combination y,* favors the H + I* expected
by IBr analysis.
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FIGURE 7.9 Total autocorrelation functions for HI with W™ and W5 as the initial
conditions.

The use of FOISTs, even for this more complicated system, leads to requisite
alterations in the spatial profiles, so that they peak at the internuclear distances
required to facilitate Frank—Condon transitions to the appropriate portion of the
excited state potential energy curves, enhancing photodissociation out of the
desired channel.
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FIGURE 7.10 Total absorption spectrum for HI with ¢,, W™, and W5 as the initial
conditions.
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FIGURE 7.11  Branching ratio T'(I*/) with ¢, W™, and W5 as the initial conditions.

7.3.3  SeLective ConTROL OF HOD PHOTODISSOCIATION

Following the more recent work on HOD,**>3 we too have utilized a Gaussian UV
pulse for photolysis, except that the temporal width of our pulse is larger (FWHM =
50 fs) to permit easy separation of frequencies involved in photodynamics. The sim-
ple Gaussian pulse used by us and its power spectrum are depicted in Figure 7.12.
The frequency dependence of flux of the dissociative channels H + O-D (Jy, o_p)
and H-O + D (Jy, o_p) of the HOD molecule using the field profile of Figure 7.12
and the frequency range covering the first absorption band for photolysis using 10,0>,
10,1>, and 10,2> (where the first integer corresponds to the quantum of excitation in
the O—H mode and the second integer corresponds to the quantum of excitation in
the O—D mode) as initial states are presented in Figure 7.13.

It can be seen from Figure 7.13 that, with the ground vibrational state 10,0> as the
initial state, due to the lower mass of the H atom and the consequent ease for large
amplitude vibrations in O—H vis-a-vis O-D, O-H dissociation dominates over O—D
dissociation, as expected3¢-3840 for the entire range of frequencies. However, unlike
in the previous studies,*>-+> a large variety in the H + O—D/H-O + D product yield
may be achieved without having to provide additional quanta of excitation in the
O-H bond.

The 10,1> vibrational state with one quantum of excitation in the O—D mode is
2727 cm™! higher than the 10,0> level and comes in resonance with the excited sur-
face at lower UV frequencies. Hence, the dissociation in both the O-H and O-D
modes picks up at frequencies lower than that for the 10,0> level. The 10,1> state has
larger O-D stretch, with the probability density peaking in the H-O + D channel.
The natural preference for H + O—D dissociation therefore is reversed and the H-O +
D flux is much more than the H + O-D flux in a broad range of frequencies. At higher



130 Modern Theoretical Chemistry: Statistical Mechanics

0.5 T T T T T T T
g 1. T T T
51E E
04} g 8 “ 1
|
03 | ‘ 2 L il 1
| 50000 55000 60000 65000 70000
0.2 | Wave number (cm™1)

i
01} ||I 1

E(t) (GV/cm)

-03}

-04 | \ ]

_0‘510 30 50 70 90 110 130 150 170 190

Time (fs)

FIGURE 7.12 UV laser pulse E() = 0.09a(f)cos wt, where a(r) = exp[—y( — 1,,)’], with
FWHM = ,/41n2/y =50fs, t,, =100fs, and ® = 60,777 cm™'. The maximum field amplitude

is 0.46 GV/cm, and the maximum field intensity is 178 TW/cm?. The corresponding power
spectrum is shown in the inset.

frequencies, the 10,1> state begins to go off-resonance with the excited surface, and
the H + O-D flux predominates. Finally, at very high frequencies, the 10,1> level is
completely off-resonance vis-a-vis the repulsive excited surface, and both the H +
O-D and the H-O + D flux values drop down to negligible levels.*>"58

Similarly, with 10,2> as the initial state with two quanta of vibrational excita-
tions in the O—D mode, the O-D bond is stretched much more, and as a result, the
H-O + D flux values increase to a maximum of about 83%. The 10,2> level being
5369 cm! above 10,0> comes in resonance in the repulsive excited state at lower
frequencies. The dissociation begins at frequencies lower than even those for 10,1>,
and with much more pronounced bias in the probability distributions favoring the
H-O + D channel, high dissociation in H-O + D is understandable.*>"->

To summarize, as shown in Figure 7.13, 10,0> favors cleaving of the O—H bond
and gives the maximum H-O + D flux of about 33% at 60,777 cm! and the maxi-
mum H + O-D flux of 81.9% at 67,169 cm™. 10,1> gives the maximum H-O + D flux
of about 62.5% at 59,703 cm™!, and for 10,2>, it is the 54,372 cm™! pulse that gives the
maximum H-O + D flux of 82.8%. These values are collected in Table 7.1.

To understand the mechanistic features that may assist in maximal selectivity and
yield, we have also examined the time evolution of [¥,(r, r,, H)|* and |¥,(r,, 5, 1)]* on
the ground and excited PESs. Results from the time evolution of 10,0> on the ground
and the first excited electronic states, under the influence of a UV field frequency of
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FIGURE 7.13  Plot of flux versus frequency for different initial states.

67,169 cm™! and with the profile of Figure 7.12, are presented in Figures 7.14 and 7.15,
along with the corresponding flux in both channels. In Figures 7.16 and 7.17, we have
provided the time-evolution plots and flux profiles for the 10,1> and 10,2> states, with
59,703 and 54,372 cm™! as the carrier frequencies, respectively. All these frequencies
were chosen for having provided the maximum H + O-D or H-O + D flux for the
corresponding initial states as noted previously.*

As mentioned above, Figure 7.15 shows the time evolution of the probability den-
sity of 10,0> on both the ground and the excited surfaces. In the ground electronic
state, the wave function profile of 10,0> changes considerably in its spatial extent,
which influences the transfer to different regions of the excited surface. As can be
seen from the contour plots of the probability density amplitude on the excited sur-
face, there is considerable variation in the spatial displacement pattern as the field
gains strength at 75 fs, and corner cutting by the probability density in the H + O-D
valley of the excited surface, leading to a highly oscillating structure in the H-O + D
valley, is a clear pointer to the field-induced changes that may be tapped for selec-
tive control. The field-induced displacement of the wave function in the ground state
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TABLE 7.1
Flux Obtained Using a Single Initial State and Laser Pulse
E@t) = 0.09a(f)cos ot, Where a(t) = exp[—y(t — t,)*], with

FWHM = ,/4In2/y =50 fsand {,, = 100 fs

Initial State Frequency o(cm™) H + O-D Flux (%) H-O + D Flux (%)
10,0> 60,777 65.6 33.0
10,0> 67,169 81.9 14.5
10,1> 59,703 354 62.5
10,2> 54,372 12.2 82.8

Note: The maximum field amplitude is 0.46 GV/cm, and the maximum field intensity is 178
TW/cm?.

pushes the probability density flow in the excited state into the H + O—D channel
with a marked enhancement at 75 and 150 fs. At 75 fs, the field starts impacting the
molecule in a more pronounced manner, whereas, at 150 fs, the field effect ebbs, and
the amplitude remaining in the excited state flows through the H + O-D channel
with a sharp pickup in the H + O-D flux as seen from the flux-versus-time plot of
Figure 7.14. The cross talk between the two surfaces seems to have an important pre-
paratory role, and the beat structure (7072 cm™) of the population transfer oscilla-
tions (inset of Figure 7.14b) closely equals the vibrational frequency of the 10,2> state
(7250 cm™). As a result, the HOD molecule in resonance with this beat frequency
may be mimicking the O—H bond oscillations with two quanta of excitation, induc-
ing a more favorable dissociation of the O—H bond, as observed.*>

A few snapshots from the time evolution of the 10,1> state at r = 50, 75, 100, 125,
and 150 fs on the ground and the repulsive excited surfaces are presented in Figure
7.16a and b, respectively. As can be seen from the time-evolution plots on the ground
surface (Figure 7.16a), the nodal topology of the 10,1> state at 50 fs undergoes con-
siderable distortions in the 75-150-fs plots, and these signal an active manipulation
of the spatial attributes of the 10,1> probability density profile through field-induced
mixing with other vibrational states, most probably by dumping from the excited
electronic surface to different vibrational levels of the ground surface. This premise
is buttressed by the population and flux plots of Figure 7.16c, where synchronized
population transfer between the ground and the excited states is clearly seen. We
surmise that this change in the probability density profile on the ground surface
leads to Franck—Condon transitions to different regions of the excited surface, and
the initial bias of greater amplitude in the H + O-D channel at 50 fs (Figure 7.16b
and c) is altered in favor of the greater flux in the H-O + D channel at 75, 100, and
125 fs (Figure 7.16¢) until the amplitude values are negligibly small, a surge in the
H + O-D channel at 150 fs has little effect on the overall bias of much greater flux
in the H-O + D channel, and the final flux in the H-O + D channel (Figure 7.16c)
is approximately twice as large as that in the H + O-D channel. Furthermore, the
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H + O-D and H-O + D flux from 10,0> as the initial state under the influence of the field
shown in (a).
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FIGURE 7.15 Time evolution of the 10,0> state on the ground and excited surfaces at ¢ = 50,
75, 100, 125, and 150 fs for the field profile shown in Figure 7.14a.

dynamic changes in the lobal topology of the 10,1> state in Figure 7.16a show that
appealing insights based on a fixed static Franck—Condon window may not always
be correct.*>

Some snapshots from the time evolution of the 10,2> state at 50, 75, 100, 125,
and 150 fs on the ground and excited surfaces are given in Figure 7.17a and b,
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FIGURE 7.16 (Continued) (c) ground and excited state populations and the accumulated
H + O-D and H-O + D flux under the influence of the Gaussian UV pulse of Figure 7.12,
except with carrier frequency ® = 59,703 cm™'.

respectively. It can be seen from the time-evolution plots on the ground and excited
surfaces (Figure 7.17a) that the nodal topology characteristic of the 10,2> state at
50 fs undergoes some distortion in the 75-150-fs plots, but these are not as large
as that for the 10,1> state. The spatial profiles on the excited state in Figure 7.17b
have much greater diversity and a marked flow in the H-O + D channel. The more
dominant theme as seen from the population and flux profiles of Figure 7.17¢ is the
nearly similar magnitude of the amplitude on the ground and excited surfaces once
major depletion has taken place between the 50-75-fs interval. As can be seen from
Figure 7.17c, there is near similarity of the total amplitude on the ground and excited
surfaces, from 75 fs onward with continuous exchange of field-mediated probabil-
ity flow between the two surfaces. Also, due to the greater spatial bias of the 10,2>
probability distribution toward the H-O + D channel, the H-O + D flux dominates
the H + O-D flux from the very beginning, and as can be seen in Figure 7.17c, there
is a surge of population in the excited state once the field is cut off at 150 fs. In the
absence of field-induced dumping, the depletion from the excited state stops around
150 fs, and in Figure 7.17b and c, we do see a marked pickup in the H + O-D and
H-O + D fluxes at the time.**’

We have also sampled H + O-D and H-O + D fluxes for a few different com-
binations of colors/initial states, and some prominent results*>’*® are collected in
Table 7.2. Tracking of the time evolution of even a single vibrational state on both sur-
faces is extremely demanding of computational resources, and a very comprehensive
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FIGURE 7.17 (Continued) (c) ground and excited state populations and the accumulated
H + O-D and H-O + D flux from 10,2> as the initial state under the influence of the field
with the same attributes as in Figure 7.12, except with a carrier frequency of ® = 54,372 cm~.

investigation of FOIST-based mixing of many vibrational states has, therefore, not
been attempted in our investigation. For the frequencies sampled here, mixing of
10,0> + 10,1> using a single-color photolysis pulse (rows 1 and 2 of Table 7.2) does
not offer any improvement over those obtained using only 10,1> as the initial state.
The use of a two-color photolysis pulse in combination with FOIST-based mixing of
10,0> and 10,1> (rows 3 and 4 of Table 7.2) however does offer 6%—8% more output
in the H-O + D channel than that achieved without FOIST.*

We have shown'#3* that mixing of states may be replaced by mixing of colors, and
we have therefore extended our approach to examine if two-color lasers may be used
for preferential dissociation of the O—D bond. Using 10,0> as the initial state and two
lasers with frequencies of 54,920 and 52,193 cm™', where the frequency difference
between these two lasers corresponds to the energy gap between the 10,0> and 10,1>
vibrational levels, the H-O + D flux is much larger than the H + O-D flux. It is there-
fore a welcome surprise to report that the mixing of states may be supplemented by
mixing of colors (Table 7.2, rows 5 through 7), and for the two laser setups, the H-O +
D flux is approximately thrice (Table 7.2, row 7) the H + O-D flux, even with the
10,0> as the initial state.*

The two-color field employed here for selective dissociation of the O—D bond and
its power spectrum is shown in Figure 7.18a. The beat structure of the resulting pulse
displays a frequency of 2752 cm~!, which resonates with the vibrational frequency
of the 10,1> state with one quantum of excitation in the O—D mode (2727 cm™') and
is nearly half of the vibrational frequency for the 10,2> state (5369 cm™'). Moreover,
the combinational UV frequency of this 50-fs two-color pulse is ~55 160 cm™! (lower
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TABLE 7.2
Flux Obtained Using Combinatzions of Color(s)/Initial State(s) Using
Laser Pulse &(t) =0.09* a(t)z_ 1cos(m{,‘,)t, Where a(f) Is the Same

as That Described in Table 7.1
Initial State(s) Frequencies (cm™) H + O-D Flux (%) H-O + D Flux (%)

10,0> +10,1> 59,703 355 62.4
10,0> +10,1> 60,777 359 59.9
10,0> +10,1> 60,777 and 59,703 31.8 66.2
10,0> +10,1> 60,777 and 59,203 30.3 67.9
10,0> 54,920 and 52,193 29.0 44.3
10,0> 54,920 and 52,203 26.4 47.2
10,0> 54,920 and 52,303 18.5 522

Note: ), and ®}, are the carrier frequencies that provide maximum flux from the 10,0>
and 10,1> states selected from a large sampling of individual and two-color
combinations.

inset of Figure 7.18a), which is very close to the resonance frequency for population
transfer from the 10,2> state on the ground surface to the excited electronic state.
From this choice of the two-color laser pulse, we would therefore expect the dis-
sociation pattern for the H—-O-D characteristic of H-O-D with excited vibration in
the O-D bond, which has been shown to favor O-D dissociation,” and as can be
seen from the flux-versus-time plot of Figure 7.18b, the final flux in the H-O + D
channel is indeed thrice as large as that in the H + O-D channel. The kinematic bias
favoring the dissociation of the O—H bond can therefore be reversed from the ground
vibrational state of the ground electronic state of HOD with a suitably chosen two-
color UV pulse.*>

To obtain mechanistic insight, some snapshots of the time evolution from the
10,0> vibrational state of the ground electronic state on both the ground and the
excited surfaces at 50, 75, 100, 125, and 150 fs for the two-color laser pulse dis-
cussed above are provided in Figure 7.19. The cross talk characterizing the popula-
tion transfer between the ground and the excited surfaces is quite intense (Figures
7.18b and 7.19). The initial 10,0> probability density profile on the ground electronic
state (Figure 7.19) undergoes considerable distortions in the 100—150-fs interval, and
the nodal topology of the 10,0> state begins to change from 100 fs onward. The
change of this nodal topology indicates an active manipulation by the two-color
laser field employed here, and with two nodes clearly visible at 125 fs in Figure 7.19,
it seems that the excited local O—D modes are being prepared by the two-color laser
field since, at 125 fs, the probability density in the ground state is like that of the
10,2> state.>®

The field-induced synchronized population transfer between the ground and the
excited surfaces seen in Figure 7.18b, and its correlation with the pulse profile is
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FIGURE7.18 (a) Two-color laser field E(t) = 0.09a(t)(cos o, + cos m,f), with o, =54,920 cm™!
and o, = 52,303 cm~! with the same attributes for a(f) as in Figures 7.12 and 7.14a. The power
spectrum and higher resolution are presented in the insets. (b) Ground and excited state popu-
lations and accumulated H + O-D and H-O + D flux from 10,0> as the initial state under the
influence of the two-color laser pulse shown in (a).
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FIGURE 7.19 Time evolution of the 10,0> state on the ground and excited surfaces at ¢ = 50,
75, 100, 125, and 150 fs with the field profile shown in Figure 7.18a.

similar to that discussed for Figure 7.14b earlier. The time-evolution plots on the
excited surface at 50-75 fs (Figure 7.19) show a simple transfer of probability ampli-
tudes from the ground surface. The flow of probability density into competing chan-
nels starts well after the field has peaked from 100 fs, with the buildup in the H-O +
D channel starting only after 140 fs, when the field intensity is low enough to interrupt
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the pronounced population exchange and the flushing of populations can proceed
with a small kick in H-O + D flux at 155 fs as expected. Initially (100 fs), the flow
of amplitude is toward the H + O-D channel, which is altered from 125 fs onward,
and this alteration in the flow of probability amplitude continues until the end of the
dissociation process. The final flux in the H-O + D channel (~52%) is approximately
three times that of the flux in the H + O-D channel (~18%).

As mentioned earlier, there is a kinematic bias favoring preferential dissociation
of the O-H bond, and successful selective dissociation of this bond has been the
original precursor for the prototypical status of HOD in various approaches to selec-
tive control 36-46:48.50-5456-59 A fylly quantal two-surface examination of this estab-
lished route to selective control, where an IR pulse is used for selective vibrational
churn in the desired bond before HOD is exposed to an appropriate UV pulse for
transfer to the repulsive excited surface, is therefore an obvious and desirable exten-
sion of our mechanistic examination.®® A careful analysis of the microdynamical
details arising from the exposure of HOD to IR pulses, which produce localized
O-H excitations, and the role of the photolysing UV pulse frequency in selective
dissociation of this bond, is detailed in Figures 7.20 through 7.22.

The IR and UV pulses with their power spectra are depicted in Figure 7.20a, and
the resulting vibrational mix is shown in Figure 7.20b. As can be seen in Figure
7.20b, there is a stable combination of pure O—H modes with maximum population
in the 13,0> mode. This combination has sufficient prior stretch in the O—H bond,
and results from subjecting this combination to UV pulses with different frequencies
are displayed in Figures 7.21 and 7.22 and collected in Table 7.3. The flux values of
Table 7.3 isolate the UV pulse with a frequency of 51,090 cm™! to be most effective,
which incidentally will provide sufficient energy to place the HOD molecule with
3 quanta of excitation in the O—H mode—the dominant component of the linear
combination resulting from the IR churn—just above the saddle point of the upper
repulsive surface. Details of the population transfer dynamics and dissociative flux
in the H + O-D and H-O + D channels are shown in Figures 7.21 and 7.22. The
results in Figure 7.21 show that, as soon as the UV pulse begins to build sufficient
power around 300 fs, there is a quick transfer of population to the excited surface,
which reaches a maximum by 325 fs. With the excited upper surface being repulsive,
the population in the excited state begins to flow almost simultaneously, and due to
the prior stretching of the O—H bond on the ground surface, flux builds up in the
H + O-D channel, with 72% dissociation of the O—H bond being achieved within
the next 25 fs. The final flux of 82% in the H + O-D channel is achieved once the
UV field switches off at 420 fs, shutting off the cross talk between the ground and
the excited surfaces.®® There is no further dumping from the excited surface, and this
allows flushing of population on the excited surface into the competing channels, as
seen from a kick in both the H + O—D and H-O + D flux values around 400 fs.

The localization of the vibrational excitation in the O—H bond is clearly seen in
the 75—175-fs probability density plots of Figure 7.22, where the gradual transforma-
tion of the 10,0> ground vibrational state into the linear combination of pure O—H
modes is easily seen. This linear combination resulting from the vibrational churn
retains its shape until the UV field comes into play with sufficient power at 300 fs,
and as can be seen in the probability density plots on the excited surface, the role of
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FIGURE 7.20 (a) IR and UV laser pulses with pulse profile E() = Aja(expl-y( — 1))
(cos w?). For the IR pulse A, = Ej cos¢ with ¢ = (n—0)/2, 6 = 104.52°, E, = 0.025, and
a(t)=(8yt2/r) " with FEWHM = (1n2/1)" = 50 s, ;= 250 s, 12 = 100 s, and o, = 3706 cm.
For the 50-fs UV laser pulse A, =0.09, a(t) = 1, t;" = 350 fs, and ,, = 51 090 cm~". The power
spectra for the IR and UV pulses and a more resolved UV field profile are presented in the
insets. (b) Vibrational population distribution from 10,0> as the initial state under the influ-
ence of the IR pulse depicted in (a).
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FIGURE 7.21 Ground and excited state populations and accumulated H + O-D and
H-O + D flux from the vibrational population distribution shown in Figure 7.20b under the
influence of the IR + UV pulses shown in Figure 7.20a.

this prior vibrational excitation in engineering favored a flow into the H + O-D chan-
nel of the excited surface is quite effective indeed. It is also seen that, unlike what
has been assumed in some earlier analyses,3¢-3%4033 it is not only a small wedge of the
ground state probability density accessible at the pulse frequency that is transferred
to the upper surface, but there is a more or less complete transfer of the ground state
population to the upper surface, which ensures selectivity with substantial yield,
as seen in Table 7.3. The transmodal flow into the H-O + D channel is seen to be
initiated by the cross talk between the two surfaces induced by the UV pulse from
325 fs onward with nonnegligible amplitude in the O—D mode, as well as on both
the ground and the excited surfaces. The flow in the H-O + D channel of the excited
surface is seen from 350 fs onward with a kick at 400 fs, as remarked earlier. The
transmodal flow into the H-O + D channel from 350 fs onward, even in this simple
case with well-separated bond frequencies, is difficult to miss.®

The IR and UV pulses employed for selective control of O-D dissociation® with
their power spectrum are depicted in Figure 7.23a, and the resulting vibrational mix
is shown in Figure 7.23b. As can be seen in Figure 7.23b, there is a stable combina-
tion of pure O—D modes with maximum population in the 10,5> mode. This combi-
nation has sufficient prior stretch in the O—D bond, and results from subjecting this
combination to UV pulses with different frequencies are displayed in Figures 7.24
and 7.25 and collected in Table 7.4. The flux values of Table 7.4 isolate the UV pulse
with a frequency of 46,062 cm™! to be most effective, which incidentally will pro-
vide sufficient energy to place the HOD molecule with 5 quanta of excitation in the
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FIGURE 7.22 Time evolution of the 10,0> state on the ground and excited surfaces for the
IR + UV fields profiled in Figure 7.20a.

O-D mode—the dominant component of the linear combination resulting from the
IR churn—just above the saddle point of the upper repulsive surface. Details of the
population transfer dynamics and dissociative flux in the H-O + D and H + O-D
channels are shown in Figures 7.24 and 7.25. Results in Figure 7.24 show that, as
soon as the UV pulse begins to build sufficient power around 300 fs, there is a quick



146 Modern Theoretical Chemistry: Statistical Mechanics

TABLE 7.3
Photodissociation Flux and Branching Ratio for Local O-H Modes under
the Influence of the Field Shown in Figure 7.20a

H + O-D/H-O + D

UV Frequency, ®,, (cm™) H + O-D Flux H-O + D Flux Flux Ratio
59,090 0.73 0.17 4.29
57,090 0.73 0.14 5.21
55,090 0.71 0.17 4.18
53,090 0.79 0.11 7.19
51,090 0.82 9.2x1072 8.90
49,090 0.70 1.86x102 37.63
47,090 0.55 5.88x1073 94.82
45,090 0.42 3.10x10* 1354.84
43,090 0.12 2.00x10-3 6000.00

transfer of population to the excited surface, which reaches a maximum by 350 fs.
With the excited upper surface being repulsive, the population in the excited state
begins to flow almost simultaneously, and due to the prior stretching of the O-D
bond on the ground surface, flux builds up in the H-O + D channel, with ~72% dis-
sociation of the O—D bond being achieved within the next 10 fs. The final flux of
79% in the H-O + D channel is achieved once the UV field switches off at 420 fs,
shutting off the cross talk between the ground and the excited surfaces. There is no
further dumping from the excited surface, and this allows flushing of population on
the excited surface into the competing channels as seen once again, from a kick in
both the H-O + D and H + O-D flux values around 400 fs.

The gradual buildup of localized excitations in the O—-D bond is depicted in the
75—-175-fs probability density plots of Figure 7.25, where gradual transformation of
the 10,0> ground vibrational state into the linear combination of pure O—D modes
is easily seen. This linear combination resulting from the vibrational churn retains
its shape until the UV field comes into play with sufficient power at 300 fs, and as
can be seen in the probability density plots on the excited surface, the role of this
vibrational excitation in engineering a favored flow into the H-O + D channel of
the excited surface is quite effective and in line with the results discussed earlier
for selective control of O—H bond dissociation.®® It is also seen that, unlike what
has been assumed in some earlier analyses,3¢-3%4055 once again, it is not only a small
wedge of the ground state probability density accessible at the pulse frequency that
is transferred to the upper surface, but there is a more or less complete transfer of the
ground state population to the upper surface, which is required for ensuring selec-
tivity with substantial yield, as seen in Table 7.4. On the ground surface, the cross
talk between the two surfaces induced by the UV pulse leads to a small amplitude
in the O—H mode, as well at 350 fs, and a small flow in the H + O-D channel of the
excited surface is seen from 350 fs onward with a kick at 400 fs as remarked earlier.5
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FIGURE 7.23 Same as Figure 7.20, except that E, = 0.05, w,, = 2727 cm™, and o,, =
46062 cm™'.

Transmodal flow from 350 fs onward, even in this simple case with well-separated
bond frequencies, is similar to that seen earlier.

Finally, deciphering the mechanistic basis of selective dissociation in HOD is
also substantiated using the expectation values of stretch and momentum in the two
bonds on both surfaces, and a selection of our results from this approach®! is offered
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FIGURE 7.24 Same as Figure 7.21, except that the IR + UV combination is that presented
in Figure 7.23.

in Figures 7.26 and 7.27. The carrier frequency for the Gaussian UV pulse profiles of
Figures 7.26a and 7.27a are chosen to maximize selective photodissociation, depend-
ing on the initial vibrational state of the HOD molecule on the ground electronic
state, and the results using a UV field of 67,169 cm™' frequency with 10,0> as the
initial state are presented in Figure 7.26. Figure 7.26b provides the pattern for popu-
lation transfer from the ground to the excited surface and the resulting flux in the
H + O-D and H-O + D channels on the upper surface. It can be seen from Figure
7.26b that, as the field begins to gain sufficient strength from 40 fs onward, there is
a rapid population transfer from the ground to the excited electronic state, and the
population buildup in the excited state goes on until approximately 60 fs, at which
time the flux in the H + O—D channel begins to pick up. This is because the upper
excited surface is entirely repulsive,’® and any population deposited in the totally
repulsive H + O—-D or H-O + D channels of the excited surface is bound to lead to
the dissociative downhill motion in both channels and a buildup of flux at the cost of
diminution of population.®!

What is seen only faintly in Figure 7.26b but much more so in Figure 7.27b is a
field-induced cross talk between the ground and the excited electronic state popula-
tions, and as the flux (Jy;, o_p) builds up from 65 to 80 fs in Figure 7.26b, there is, as
expected, a sharp decrease in the excited state population, which is being flushed out
as dissociative flux in the H + O—D and H-O + D channels. Beginning at 65 fs, the
cross talk between two surfaces is quite significant. By 90 fs, the flux in H + O-D
has built up to 72%, and there is more or less stable population in the ground and
excited states as stable flux in the two channels, which does not change until the field
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FIGURE 7.25 Same as Figure 7.22, except that the IR + UV combination is that presented
in Figure 7.23.

is more or less switched off at 150 fs. As the field is switched off, the field-induced
cross talk stops, and the population in the excited state comes down quickly to near-
zero with a kickup in the H + O-D flux and a near-total dissociation of the H-O-D
molecule with ~82% flux (Jy , o_p) in the H + O-D channel and ~15% (Jy ¢, p) in
H-O + D channel.
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TABLE 7.4
Photodissociation Flux and Branching Ratio for Local O-D Modes under
the Influence of the Field Profile Shown in Figure 7.23a

H + O-D/H-O + D

UV Frequency, ®,, (cm™') H + O-D Flux H-O + D Flux Flux Ratio
54,062 0.25 0.64 2.56
52,062 0.26 0.64 2.46
50,062 0.19 0.70 3.68
48,062 0.15 0.76 5.07
46,062 6.57 x 102 0.79 12.02
44,062 8.97 x 103 0.75 83.61
42,062 3.09 x 1073 0.41 132.62
40,062 4.10 x 10 0.20 487.80
38,062 1.20 x 10 4.50 x 102 375.00

Between 80 and 140 fs, there is almost stable flux in both the H + O-D and the
H—-O + D channels, and as a result, the population in the ground and excited states
is also nearly stable but with persistent cross talk. The stability of flux implies that,
on the excited state, the bond stretching must be in the near vicinity of the equilib-
rium (ro_y) and (ro_p) values, as seen in the excited state stretch expectation value
profile of Figure 7.26e. The near-constant stability of features between 100 and 150
fs in the excited-state expectation values of Figure 7.26e and f is therefore linked
to an absence of flux buildup and the stable cross talk between the ground and the
excited state populations in this interval, where the probability density profile on the
excited state surface remains anchored near equilibrium (r ;) and (rq_p) values on
the excited state surface (as seen in Figure 7.15). However, as also seen in 100-150-fs
plots of Figure 7.15, there is considerable sloshing around in the ground state prob-
ability density profiles. This sloshing around in the ground state probability density
profile induced by the cross talk between the ground and the excited state popula-
tions indicates that the dumping from the excited surface is not always to the ground
vibrational state of the ground electronic state, and the field-induced dumping from
the upper excited electronic surface may also be to the excited vibrational levels of the
ground surface, which leads to the mixing of higher vibrational excited states in the
ground state populations, which we believe is responsible for the additional field-
induced stretching in the 80—140-fs interval of Figure 7.26¢, where other expectation
values are stable. Of course, as the field is switched off around 150 fs, the kickup in
the flux seen in Figure 7.26b is through a complicated downhill sloshing in repulsive
H + O-D and H-O + D channels on the excited surface, giving rise to the sampling
of larger (ry_;;) and (ro_p) values in Figure 7.26e. On the ground electronic surface,
the stretch in the O—H and O-D bonds reverts to oscillations around the equilibrium
values once the field has been switched off. The ground state stretching expectation
value profile after the field is switched off is oscillatory in Figure 7.26c, and there is a
classical complementarity between the stretch/momentum expectation value profiles
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of Figure 7.26¢ and d and Figure 7.26e and f. The features discussed for Figure 7.26
become more pronounced and easily discernible in Figure 7.27.

As can be seen from Figure 7.26a and c, the onset of buildup in field strength

leads to a concerted buildup of stretch in both the O—H and the O-D bonds, which
normalize to expected low amplitude oscillations as the field is switched off, with
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lower energy O-D bond showing larger amplitude motion. The inset makes it clear
that, for the ground vibrational state 10,0>, O—H and O-D stretch or contraction is
synchronized with the field-induced stretch being slightly more in the O—H bond,
and as long as the field is on, the finer undulations in the inset are also larger for the
O-H bond, as expected. The corresponding average momentum profile in the ground
vibrational state for the two bonds are plotted in Figure 7.26d, and the field-induced
average momentum distribution in the two bonds on the ground surface are coupled
and comparable. Although the field-induced flux in Figure 7.26b is clearly higher for
the breakup of the O—H bond, this does not seem to ensue from any buildup of much
larger momentum in this bond in comparison to the O—D bond. The longtime field-
free average momentum profile for both bonds mirrors the average stretch profile of
Figure 7.26c¢.

The real reason for the higher H + O-D flux is made clear by Figure 7.26e and f,
where a small bias toward greater initial stretch in the O—-H bond on the ground
surface (Figure 7.26¢) leads to a quick downhill motion (larger negative momentum)
of Figure 7.26f in the H + O-D valley on the upper surface, sampling dissociation
limit average stretch in the excited state (Figure 7.26e), which is much larger and
quicker for the O—H bond, and our results seem to clearly favor a critical role for an
initial bias in bond stretch as an effective facilitator for selective dissociation of the
O-H bond in this case. The variations in the average stretch and momentum profiles
are a confirmation of the complexities in the downhill motion in the H + O-D and
H-O + D valleys of the repulsive upper surface. Sloshing around of the wave func-
tion in these valleys is well established,37-38:40.41:44.46,51-53.35.57-60 an(d the excited state
average stretch and momentum profiles are a manifestation of this complex prob-
ability distribution in the dissociative downhill motion in the H + O-D and H-O + D
valleys, on the upper repulsive surface.>’-°

The dominant role of initial stretch in controlling the selective outcome of pho-
todissociation is further examined by using the initial vibrational state 11,0> with
one quantum of vibrational excitation in the O—H stretch. The flux in H + O-D rises
from ~82%, with 10,0> as the initial state and 67,169 cm™"' UV pulse, to ~93%, with
11,0> as the initial state and 56,155 cm™! UV pulse (Figure 7.27a) used to transfer the
11,0> population in the ground state to the repulsive 'B, surface.’' The population
transfer and flux profiles are presented in Figure 7.27b, and it is easily seen that the
cross talk between the ground and the excited surface sets in as soon as the field
strength builds up and is quite pronounced thereafter. This back-and-forth popula-
tion exchange as the molecule samples different regions of the upper surface leads to
a mixing of vibrational states on the ground surface, which is easy to see in the aver-
age stretch profile for the O—H bond on the ground surface plotted in Figure 7.27c,
which oscillate considerably. The large initial O—H stretch built into the 11,0> state
gives rise to a small initial contraction (Figure 7.27c) and a negative initial average
momentum (p,_y) in the beginning (Figure 7.27d). The (rqy_) and (pg_y), as well
as the (ro_p) and (p_p), profiles seem to show a near-classical interlocking of the
momentum maxima with stretch minima and the momentum minima with stretch
maxima.*!

The large initial stretch in the O—H bond accentuates the effects seen earlier
in Figure 7.26e and f, where quick sampling of dissociatively large stretch regions
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of the excited state with bond lengths that are large enough to mimic dissociation
(Figure 7.27e) and even larger average negative momentum (Figure 7.27f) than that
seen for the 10,0> state, quickening the downhill motion in the H + O-D valley of
the upper surface, facilitates larger flux in the H + O-D channel. The extended
features of the excited state average stretch and momentum profiles (Figure 7.27e
and f) once again mirror the complex sloshing of the probability density flow on the
upper surface.”’

7.3.4 SeLective CoNTrOL OF 8OO0 PHOTODISSOCIATION

Finally, we present some initial results from our computational attempts to achieve
selective photodynamic control of bond dissociation in the '80'0!O molecule. In
our investigation, our treatment of the isotopic ozone (**0'°0'°O) molecule is similar
to that outlined for the HOD molecule, where, again, there are two distinct disso-
ciation channels, viz., 80 + °0-1°0 and 80-'°0 + 0. Results from our calcula-
tions show that the 'O—-'°0 bond may be preferentially dissociated compared to the
180-10 bond.

The strategy employed for selective bond dissociation in HOD is repeated for
1801090 as well, and we begin by examining the UV dynamics for 10,0>, 11,0>,
and 12,0> (where the first integer corresponds to the quantum of vibrational excita-
tion in the O-'0 mode and the second integer corresponds to the quantum of
vibrational excitation in the '°O-'°0 mode) states of the isotopic ozone ('*0'°0'°Q)
molecule. In this investigation, we present some results from initial calculations on
130190190 photodissociation, where only one initial vibrational state is involved.
In BO'0*0, 80O and '°O are connected through the '°O atom, giving rise to very
narrowly spaced eigenstates, and these eigenmodes are strongly coupled. The dif-
ference between I11,0> and 10,1> is only 170 cm™! in our calculations, whereas the
energy difference between these two states calculated in an earlier study’ was
only 53 cm™'. Similar trends are observed in other vibrational states as well. It
is, therefore, clear that preparing pure '°O—'°0 or 8O-'0 mode is a difficult task
unlike in the case of HOD, where the difference between two consecutive modes
is more than ~1000 cm™.

Employing the Gaussian UV pulse of FWHM in 50 fs, we have carried out the
UV dynamics in the Hartley absorption band (32,000-55,000 cm™) for 10,0>, 11,0>,
and 12,0> vibrational states, and the results are collected in Tables 7.5 through 7.7,
respectively. However, in our calculation, we have used different field amplitudes
(E,) for the three chosen initial states in order to get maximum flux in the 30 +
160-160 and '80-'°0 + 'O channels. A value of 0.02 a.u. as E, was used for the
10,0> and 12,0> states, where, as for the 11,0> state, we have used E, = 0.04 a.u. It can
be seen from Table 7.5 that, at lower UV frequencies, the flux in both channels are
negligible due to the insufficient energy for transferring the probability amplitude to
the excited surface. It is also remarkable that there is little or insignificant population
that is transferred from the ground to the excited surface, even with sufficient energy
pulse, which is a signature of the Franck—Condon window. The transfer of popula-
tion from ground to excited state is feasible for an optimal choice of frequencies, and
flux appears in both channels. The maximum flux in the 'O-'°0 mode is 39.5% at
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TABLE 7.5
Mapping of UV Frequencies with |0,0> as the Initial State and 0.02 a.u. as
E, in the Hartley Absorption Band (32,000-55,000 cm-")

uv J; (O + J,('*O-0O +  Ground State  Excited State Total
Frequency 160-10 160 Channel) Population Population  Population after
®,, (cm™)  Channel) (%) (%) (%) (%) 250 fs (%)
35,000 0.28 0.3 98.8 0.6 100
38,000 20.9 23.5 28.6 21.6 93.6
38,919 22.7 38.4 6.2 21.6 88.8
39,000 223 39.3 5.9 21.6 88.8
39,019 21.9 39.4 59 21.7 88.8
39,069 21.8 39.5 5.7 21.8 88.7
39,119 219 393 5.4 22.0 88.6
39,169 222 38.9 5.1 22.3 88.5
39,219 22.7 38.2 4.6 22.7 88.3
39,319 24.1 36.5 35 23.5 87.7
40,000 25.3 324 1.9 22.5 82.1
41,000 19.5 29.8 10.0 20.8 80.0
45,000 7.0 9.4 59.4 11.5 87.2
50,000 2.6 4.39 73.1 10.7 90.6
55,000 1.4 1.6 91.0 2.7 96.6

Note: The time-integrated flux in the 80 + '*O-'0O (J,) and '*O-'°0 + '°0O (J,) channels and population
distribution in the ground and excited states after 250 fs are also provided.

TABLE 7.6
Mapping of UV Frequencies with |1,0> as the Initial State and E, = 0.04 a.u.
in the Hartley Absorption Band (32,000-55,000 cm~')

uv J,("O + J, "(0-0O + Ground State  Excited State Total
Frequency 160-10 160 Channel) Population Population  Population after
®,, (cm™)  Channel) (%) (%) (%) (%) 250 fs (%)
33,062 0.01 0.09 99.95 0.01 99.99
37,062 7.3 9.46 78.12 2.39 97.35
38,062 17.09 29.71 35.42 7.65 89.88
38,162 17.17 31.54 32.37 8.03 89.12
38,562 16.75 34.39 27.31 8.52 86.98
39,662 12.83 32.94 25.69 9.84 81.31
40,062 17.79 29.37 17.72 15.27 80.17
45,062 61.35 8.46 69.03 6.25 89.88
50,062 5.27 5.96 67.13 7.79 86.16

Note: The time-integrated flux in the 8O + °O-'0O (J,) and '*O-'°0 + '°0 (J,) channels and population
distribution in the ground and excited states after 250 fs are also provided.
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TABLE 7.7
Mapping of UV Frequencies with |2,0> as the Initial State and 0.02
a.u. as E; in the Hartley Absorption Band (32,000-55,000 cm-")

Ground Excited Total
uv J, (%0 + J, (18O-"1°0 + State State Population
Frequency 160100 %0 Channel)  Population  Population  after 250
®,, (cm™)  Channel) (%) (%) (%) (%) fs (%)
35,232 2.06 1.96 93.41 2.53 99.71
36,232 5.99 4.40 83.20 4.37 99.97
37,232 15.57 9.65 56.63 11.10 92.96
38,232 5.69 8.32 74.87 6.29 95.19
39,232 13.95 9.23 59.96 9.92 93.07
40,232 7.64 9.94 65.35 7.92 90.87
41,232 13.24 17.74 33.52 16.66 81.17
42,232 7.71 10.55 60.87 8.42 87.56
43,232 5.75 6.23 72.85 7.02 91.86
44,232 7.96 12.21 38.03 24.19 82.40
45,232 1.67 3.23 88.13 2.76 95.81
46,232 5.12 4.92 71.89 8.10 90.0

Note: The time-integrated flux in the '30 + °0-1°0 (J,) and '30-'°O + '°0O (J,) channels and
population distribution in the ground and excited states after 250 fs are also provided.

the UV frequency of 39 069 cm~!. However, the sum of the ground and excited state
populations and flux flowing through both channels deviates significantly from unity
at the frequency, which enables sufficient population transfer to the excited state.
This may be due to the probability flow in the total dissociation '°O + '°O + 80 chan-
nel to where flux is not being measured.

The results of the UV dynamics using the 11,0> state (Table 7.6), at the lower and
higher ends of the Hartley (32,000-55,000 cm™) band, reveal that there is nil or neg-
ligible population transfer to the excited state, but at the optimal frequency of 38,562
cm™!, there is maximum flux in both channels. Unlike HOD, there is no frequency
corresponding to which dissociation of the '80-'°0 bond is favored. Moreover, as
seen in the case of the 10,0> state dynamics, here, the sum of the total population
plus flux also deviates from 1 as soon as the flux starts leaking from both channels
for the entire range of frequencies used in this investigation. The probable reason for
this may again be the untracked '*O + 10O + '°0 channel.

More or less similar is the story for UV dynamics in the case of the 12,0> state
of the 000 molecule. It is seen from Table 7.7 that, although we have used the
same field intensity as that of the 10,0> state (£, = 0.02 a.u.), there is minimal flux
flow through both the O + 0-'°O and the 'O-'90 + '°O channels. The reason for
the minimal flux may be due to the small population transfer from ground to excited
states seen in the entire frequency range considered here.
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7.4 CONCLUDING REMARKS

The results from the selective control of simple diatomics, viz., HI and IBr photodis-
sociation using the optimal superpositions selected by the Rayleigh—Ritz variational
procedure for maximization of flux out of the desired channel for the chosen field,
confirm the utility of the FOIST approach advocated here. The results reveal that
the selective maximization is put in effect through the localization of the probabil-
ity density at internuclear distances, which enable Frank—Condon transitions to the
appropriate region of the excited states. Transfer of the wave function to the steeper
repulsive part of the excited potential energy curves favors high-velocity diabatic exit
into the higher channel. Localization away from the repulsive wall favors slow adia-
batic exit into the lower channel. The nascent mechanistic notions linking selectivity
to the appropriate modification of the initial state have been further examined by an
analysis of the resulting absorption spectrum and branching ratio, and this central
role for the modified spatial profile in selective control provides a new possibility for
experimental exploration.

The experimental realization of the optimal initial states is, however, a completely
uncharted area. In an earlier paper,’® we have presented the formulae to obtain field
parameters required to achieve these FOISTs, and the optimal control approach may
also feasibly and profitably be employed to attain this FOIST, which comprises only
three vibrational levels. We however believe that, while the theoretical tools are use-
ful, the central results from our investigation'430-34 are that, instead of putting the
entire onus of selective control on a theoretically designed laser pulse that may not
be easy to realize in practice, the approach where different vibrational population
mixes are experimentally obtained and subjected to readily attainable photolysis
pulses, leading to an empirical experimental correlation between selectivity attained
for diverse photolysis pulses and initial vibrational population mix used, represents
a more promising and desirable alternative. Our results, we hope, will spur experi-
mental tests, and a concerted partnership between field and initial state shaping is
required to better realize the chemical dream?!?? of using lasers as molecular scis-
sors and tweezers to control chemical reactions.

It is our hope that the approach advocated here will merit experimental atten-
tion. Instead of attempting selective control by using an active field manipulating a
passive molecule in the ground vibrational state, experiments that use a variety of
population mixes as the initial state merit detailed attention on the basis of results
adduced here. Should a pattern of the kind seen in our results is experimentally vin-
dicated, then, the task of generating altered spatial probability density profiles of the
type studied here can be reduced to finding a suitable linear combination of known
vibrational eigenfunctions which reproduce these spatial probability density profiles
without requiring any time-dependent quantum mechanical calculation whatsoever.

Further, the Rayleigh—Ritz variational maximization of flux by generating an
optimal spatial profile for the initial wave function offers a new and flexible alterna-
tive for laser-assisted selective control of chemical reactions. It is our hope that the
FOIST-based approach presented here will attract requisite experimentation, and a
concerted partnership between the field and the initial state shaping advocated here
will assist in keeping the dream of controlling chemical reactions by modifying the
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underlying quantal dynamics alive and attractive for further pursuit.* A detailed
study of the vibrational properties of the time-integrated flux operator underlying
our FOIST scheme to correlate field attributes with the resulting optimal mix of
field-free vibrational eigenstates in Y™ and 3™ will provide additional mechanis-
tic insights.

We have also investigated the HOD photodissociation for selective dissociation
of O—H and O-D bonds using simple field profiles. A detailed analysis based on the
examination of population transfer, flux, and probability density flows on the ground
and excited surfaces has been employed to corroborate the microdynamical quantal
picture.

With the ground vibrational state of the ground electronic state 10,0> as the initial
state, the O—H dissociation is favored substantively over the O—D bond dissocia-
tion for a single-color laser, and preferential dissociation of the O—H bond may be
achieved without additional excitation in the O—H mode.

Using 10,1> as the initial state with one quantum of excitation in the O—D mode,
we find that favored dissociation of the O—H bond is reversed for a large range of
photolysis frequencies, and H-O + D flux predominates over the H + O-D flux.
Starting with 0,2> as the initial state with two quanta of excitation in the O—D mode,
there is dominant dissociation of the O—D bond for a large interval of frequencies.

A limited investigation of selective control of HOD photodissociation using the
optimal superpositions selected by the Rayleigh—Ritz variational procedure for the
maximization of flux out of the desired channel for the chosen field indicates that
further enhancement of 6%—8% in selective maximization of O-D dissociation
may be possible through FOIST-based selection of the initial state. Furthermore,
the mixing of vibrational states may be supplanted by mixing of colors, and the
kinematic bias in favor of O—H dissociation from the ground vibrational state
10,0> can be substantially reversed with a combination of two lasers, with 54,920
and 52,303 cm™! as carrier frequencies providing approximately thrice as much
H-O + D asH + O-D.

We have also presented results from a quantum dynamical full two-surface cal-
culation®® on the HOD molecule to show that the use of a simple IR pulse tuned to
the fundamental frequency of the O—H/O-D bond, followed by an UV pulse with
carrier frequency that deposits the resulting linear combination of pure O-H/O-D
modes below the saddle point barrier, can provide an effective pathway for selective
dissociation of the desired bond. The dominant stretching mode in the linear combi-
nation resulting from the vibrational churn determines the optimal carrier frequency
of the UV pulse for maximum yield with reasonable selectivity, which is found to
be just enough to deposit the HOD molecule near the saddle point on the repulsive
excited surface. Systematic lowering of this carrier frequency gives rise to greater
selectivity with reasonable yield and further lowering and to near-total selectivity
with reduced yield. The enhanced selectivity with reduction in the UV carrier fre-
quency is linked to modification of the cross talk between the ground and the excited
surfaces in a manner that removes transmodal leakage in the competing channel and
keeps the population transferred to the upper surface from going over the saddle
point barrier separating the two channels.



Selective Photodynamic Control of Bond Dissociation 159

From a detailed investigation®' of the change in average momentum and stretch in
the O—H and O-D bonds using different initial states and UV pulses most suited for
their transfer from the ground to the repulsive upper surface, we see that the larger
stretch provided by prior vibrational excitation in the chosen bond favors selective
dissociation of that bond with near-100% selectivity if the chosen bond is stretched
considerably more than the other bond. Since preparation of these initial states is
much easier than trying to time the UV field such that it will be concurrent with the
maximum bond elongation, our results favor a prior stretched-bond—based selective
photodynamic control of H + O-D < H-O-D — H-O + D photodissociation.

The concerted use of the detailed temporal profile of expectation values of bond
stretch and momentum on both the ground and the excited surfaces is seen to provide
a clinching correlation between even small extra stretches in a bond facilitating the
sampling of dissociative regions of the upper surface through accelerated down-
hill motion in the repulsive valley favoring its dissociation.®! The detailed quantum
mechanical study presented here®-¢' lends rigor to these insights into the control
mechanism for HOD and, we hope, will lead to their routine use in mechanistic
investigation of selective control of other triatomic/polyatomic systems.

Following the recipes developed through analyses of the diatomics and HOD
mentioned above, we have attempted a fully quantal time-dependent investigation
for photodynamic control of selective dissociation of the #O—-'°0 and O—-'°0 bonds
in the 8000 molecule using experimentally realizable Gaussian UV pulses and
the ground (10,0>), 11,0>, and 12,0> vibrational states of the ground electronic state.
Results from our initial calculations have shown a '30-190 + 1°0/'80 + 10O-190 flux
branching ratio ~1.8, 2.0, and 0.6 from 10,0>, I1,0>, and 12,0> states, respectively, and
thus demonstrate an effective route to selective photodissociation in the 00O
molecule as well.

An effort along these lines for simple routes to selective photodynamic control of
bond dissociation is underway in our group.
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8.1 INTRODUCTION TO ORGANIC MATERIALS

Organic electronics, which is a vibrant field of research spanning physics, chemistry,
material science, engineering, and technology, has long been a subject of immense
interest due to the realization that Si electronics would reach the physical limits
very soon [1]. A few major breakthroughs, particularly the realization of molecule-
based conductors, together with the miniaturization of devices from microscale
to nanoscale and the discovery of electroluminescence, which opens the way for
the fabrication of light-emitting diodes, have further fueled interest in this area of
research. The main challenge in the field of organic electronics is to design efficient
optoelectronic devices by making use of organic materials, instead of traditional
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inorganic materials. Organic materials are emerging as promising candidates for
the fabrication of various electronic devices, such as light-emitting diodes [2—4],
field-effect transistors [5,6], solar cells, and photovoltaic [7,8]. In these materials,
the overlap of unhybridized p, orbitals form extended conjugation with delocalized
n-electrons. The interplay between the n-electron and the geometric structure in con-
jugated materials uncovers a rich variety of new concepts, giving rise to many fasci-
nating properties [8,9]. Owing to many attractive features, such as ease of synthetic
modification, fabrication, processing, and fine-tuning, these n-conjugated materials
exhibit potential advantages over inorganic materials and have become active ele-
ments for many electronic devices.

These m-conjugated organic materials are mainly categorized into two groups:
(1) small oligomers/molecules and (2) long polymers. Small n-conjugated oligomers or
crystals are processed by vacuum sublimation techniques under controlled conditions,
which results in well-defined crystal structures with limited impurities. These crystals
are the ideal test bed for the investigation of fundamental parameters affecting charge
transport phenomena. Over the past few decades, there have been wide investigations
on various single-molecular crystals/oligomers. Among them, the oligo-acenes and its
derivatives, which include anthracene, tetracene, pentacene, and rubrene [10-12], oligo-
thiophenes (particularly sexithiophene) [13,14], triphenylamines [15,16], perylenes
[17,18], tetrathiafulvalene [19,20], and fullerenes [21], have found wide applications.

Alongside their potential advantages, organic materials also pose serious chal-
lenges that prevent their industrial applications. Most of conjugated materials are
p-type materials with much smaller mobilities (102cm?V-!s~!) than inorganic mate-
rials, except for single crystals like perylene and its related derivatives. This has
been a major stumbling block for the integration of many electronic devices, such
as organic field-effect transistors (OFETs). Another key challenge is to improve the
lifetime, as well as charge transport, of these organic materials, which are very criti-
cal for electronic applications.

Such challenges, in recent years, have generated great scientific and technologi-
cal interest for the microscopic understanding and improvement of charge transport
phenomena in n-conjugated organic materials [3,4,9,17,22,23]. The key quantity that
characterizes the charge transport phenomena is carrier mobility. The accurate esti-
mation of carrier mobility has been a fundamental and challenging issue from both
experimental and theoretical perspectives [3,4,5,9,14,16,17,22,23-25].

8.2 CHARGE CARRIER MOBILITY (p)

The charge carrier mobility (1) of a material is defined as the ratio between the drift
velocity of the charge carrier (v) induced by the electric field and the amplitude of the
applied electric field (F) (u = v/F). In general, carrier mobility is dictated by the diffu-
sion coefficient (D) since the charge transport follows a diffusive mechanism. Carrier
mobility is related to the diffusion coefficient via the Nernst—Einstein equation:

8.1
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The carrier mobility in conjugated organic materials is very low as compared
to that in inorganic materials, although there have been reports on high room-
temperature mobility of a few tens of cm?V-'s~! for single organic crystals. However,
such carrier mobilities strongly depend on the chemical structure and preparation
of the sample, the processing conditions, and the measurement techniques. Various
experimental techniques have been developed to characterize charge carrier mobili-
ties. The most widely referred approaches are the time of flight [26,27], field-effect
transistor configuration [5,28,29], diode configuration [30], and pulse radiolysis
time-resolved microwave conductivity techniques [31,32], which have elaborately
been discussed in several literatures. On the other hand, theoretically, there have
been two basic models, namely (1) band and (2) hopping, which describe charge
transport and, hence, carrier mobility.

8.3 BAND MODEL

In case of traditional inorganic semiconductors, which are covalently bonded, the
formation of bands, i.e., valence and conduction bands, is strong and distinct with a
typical band gap of 1-3 eV. The interactions between the electron and lattice vibra-
tion (phonons) in these materials are generally smaller as compared to electronic
interactions leading to the scattering of only delocalized charge carriers. Thus, the
charge transport in inorganic materials is mainly realized due to the wavelike propa-
gation of charge carriers in their well-constructed valence or conduction bands.
Hence, the carrier mobilities in such materials achieve very large values in excess
of 100 cm?V-'s-1. However, occasional scattering with lattice vibrations and disloca-
tions is always expected during the coherent motion of delocalized charge carriers.
As the phonon populations increase with rise in temperature, the degree of scattering
increases, which, in turn, reduces the carrier mobility.

In case of organic single crystals or polymers, the weak van der Waals forces
and n—x interactions play the major role in holding the constituent molecules bound
together and control the packing of the molecules in crystals or thin films. Because
of these weak forces, the self-organization and band formation in the organic materi-
als are quite poor. The formation of narrow band, presence of disorder, and electron—
phonon interaction restrict the validity of a bandlike charge transfer mechanism in
such m-conjugated organic materials. However, there have been reports from several
measurements on a few single crystals that obey the band mechanism at low tem-
perature, followed by a band-to-hopping crossover at high temperature. For example,
the bandlike transport behavior has been observed in the ¢’ direction of a naphtha-
lene single crystal below 100 K [33-35]. A similar behavior in the single crystals of
rubrene and purified pentacene has also been demonstrated by several recent mea-
surements within temperature ranges of 170-300 K and 225-340 K, respectively
[10-12,36]. This bandlike transport behavior has successfully been described within
the Holstein—Peierls model, coupled with first-principle calculations, and has widely
been studied [25,36]. However, the major drawback of this approach is overestima-
tion of the carrier mobility in case of pure and ordered single crystals, that is, the
calculated mobility is two orders of magnitude larger than the experimental value.
To overcome such limitations and to understand this bandlike transport behavior in
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detail, many new and modified approaches that take the quantum corrections and
effect of thermal fluctuations into consideration have been developed in recent years
[36,37].

8.4 HOPPING MODEL

At high temperature, the phonon populations become quite larger in strong elec-
tron—phonon interactions. The existence of narrow band, as explained earlier,
and the strong electron—phonon interactions, along with the structural disorder of
the system, cause the confinement of charge carriers in localized polaronic states
[9,14,16,17,22-24]. For this reason, the mean-free path for the scattering of charge
carriers becomes comparable to the order of intermolecular spacing, which enforces
the charge carriers to hop between adjacent localized states, leading to a process
known as the thermally activated hopping mechanism. The thermally activated hop-
ping process is the dominant mechanism of charge transport in organic materials
at room temperature, where the rate of hopping in each step is described within the
semiclassical Marcus theory [38,39].

8.5 THEORETICAL FORMALISM

The charge transfer process between two spatially separated identical molecules can
be understood from the following reaction, which is of the type

M+ M —> M+ M (8.2)

for holes and electrons, respectively. M represents the molecule or oligomer undergo-
ing charge transfer. Each hopping process in the n-conjugated organic materials can
be understood as a nonadiabatic charge transfer reaction within the semiclassical
Marcus theory formalism [38,39], which was originally formulated in 1956. The rate
of charge transfer (W) between the initial and the final states can be derived from
the Fermi’s golden rule, taking the Born Oppenheimer approximation and Franck—
Condon principle into consideration. The details of the derivation of the semiclassi-
cal Marcus theory are out of the scope of this chapter and have been given elsewhere
[38,39].
Now, the rate (W) of charge transfer between the pair of molecules (m, n) at a
fixed temperature (7) is expressed as
), (8.3)

1
2 3 )2
W= 2H, | = exp| - A
h AK T 4K,T

where H,,, is the coupling matrix element between the pair (m, n) of molecules, A is
the reorganization energy, and K, is the Boltzmann constant. From the above expres-
sion, it is clear that the rate of hopping would be high if the reorganization energy is
low and the intermolecular coupling is high.
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8.5.1 REORGANIZATION ENERGY

The reorganization energy quantifies the energy cost by locally charging a single
molecule within the molecular crystals during the charge transfer process. Mainly,
the total reorganization energy of the material includes modification of the molecu-
lar geometry (inner sphere) and the surrounding medium due to polarization effect
(outer sphere), with the addition and removal of a charge carrier, and is expressed as
A =A; + A,, where A; and A, are the inner- and outer-sphere reorganization energy,
respectively. The outer-sphere reorganization energy is difficult to quantify as it
involves both electronic polarization and electron—phonon coupling of the sur-
rounding molecules and, thus, becomes computationally expensive. Moreover, it
has been predicted that the contribution of the outer-sphere reorganization energy
is very small as compared to that of the inner-sphere reorganization energy.
Because of its high computational cost and small magnitude, the outer-sphere con-
tribution has generally been neglected. However, it is noteworthy that the reorga-
nization energies of the molecules inside the crystalline environment are different
from those in the gas phase. Thus, to consider the environmental effect explicitly,
the embedded cluster approach, which reflects the structural modification of the
desired molecule in the presence of the surrounding molecules, has to be adopted.
In this approach, the geometry of the desired ionic (cationic or anionic) molecule is
relaxed in the presence of neighboring molecules by freezing their positions. This
method provides a very precise estimate of the reorganization energy of a molecule
in its crystal and has extensively been used in the literature [20]. The inner-sphere
contribution also consists of two relaxation energy terms [14,38,39] (A, = A, + A,),
such as the difference between the energies of the neutral molecule in its equilib-
rium geometry and that in the relaxed ionic geometry (A,) and the energy differ-
ence between the radical ion in its equilibrium geometry and that in the neutral
geometry (A,).

Figure 8.1 presents the potential energy surfaces for both the neutral and the
charged electronic states as a function of the reaction coordinates. As can be seen,
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FIGURE 8.1 Potential energy surfaces of the neutral and ionic molecules represent the
charge transfer.
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the charge transfer occurs vertically according to the Franck—Condon principle. The
reorganization energies are calculated as

s

Moteelectron) = (Ecation(anion) -E ) + (Ei(—> -E. )7 8.4)

where E is the optimized ground-state energy of the neutral molecule, E_onanion) 1S
the energy of the neutral molecule in cationic (anionic) geometry, E; _, is the energy
of the cationic (anionic) molecule in neutral geometry, and E,, is the optimized

energy of the cationic (anionic) molecule.

8.5.2 TRANSFER INTEGRAL

The charge transfer integral reflecting the strength of interaction between the
molecular pairs plays a key role in understanding the charge transport properties.
At the molecular level, with these integrals being greatly affected by nature, the size
and relative orientations of the interacting monomer units establish the structure—
property relationship. The charge transfer integral is defined by the matrix element
H, =y, H ‘\|f,,>, where H is the electronic Hamiltonian of the system and ,, and
v, are the wave functions of two charge localized states. Although accurate deter-
mination of these coupling matrix elements is a very tedious and challenging issue
in this area of research, there have been reports on a few simplified approaches
that provide the most reliable estimation of this parameter. Here, in this chapter, a
few most simplified and widely studied approaches known as the dimer-splitting
method [9,17,22-24], which is based on Koopman’s Theorem [40], and the fragment
orbital approach for the evaluation of charge transfer integrals are presented.

8.5.2.1 Dimer-Splitting Method

The dimer-splitting method is based on the realization that the absolute value of the
transfer integral for hole (electron) is half of the valence (conduction) bandwidth,
that is, the energy difference between the two highest occupied (lowest unoccupied)
molecular orbitals [HOMO and HOMO-1 (LUMO and LUMO+1)] in a dimer. In
Figure 8.2, a schematic representation of the molecular-level splitting of a dimer is
shown. This approach provides reasonable estimation of the charge transfer inte-
grals on symmetric dimers, where spatial overlap between the molecular orbitals is
negligible.

8.5.2.2 Fragment Orbital Approach

The fragment orbital approach, considering the spatial overlap between the molec-
ular orbitals, provides accurate estimation of the charge transfer integrals [41,42].
Within this approach, the dimer molecular levels are expressed as the linear com-
bination of individual monomer molecular levels (fragment orbitals), and the charge
transfer integral (H,’,m) can be obtained as the off-diagonal elements of the Kohn—
Sham Hamiltonian matrix, which is expressed as

H,, = SCEC, (8.5)
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FIGURE 8.2 Schematic representation of splitting of dimer molecular levels.

where S is the intermolecular overlap matrix, C is the molecular orbital coefficient,
and E is the molecular orbital energy. This procedure allows direct calculations of
the charge transfer integrals, including signs, without invoking the assumption of
negligible spatial overlap. The generalized charge transfer integral in the orthogonal
basis can then be calculated using Lowdin transformation, which is expressed as

H, =H —%S(Em+En). (8.6)

mn — S mn

8.5.3 ESTIMATION OF MOBILITY

With the estimated values of the control parameters, the rate of charge transfer can
be computed. Since the charge transfer phenomena are of the diffusive type in the
absence of any external potential, the diffusion coefficient, which is related to the
hopping rate between pairs of the molecules, can be calculated as

1 Zr?wf

where d is the dimensionality, r is the distance between the pairs of molecules con-
sidered, and W, is the probability for the charge carrier to a particular ith neighbor,

normalized over the total hopping rate (ZW’) At a given temperature, the final

i

D 8.7)

drift mobility due to hopping can then be evaluated from the Einstein relation, as
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mentioned earlier. However, this drift mobility is strongly influenced by many fac-
tors, including molecular packing, impurities, temperature, pressure, external field,
carrier density, molecular weight, and size.

8.6 CALCULATIONS ON ORGANIC MOLECULAR SOLIDS

In this chapter, the control parameters and charge carrier mobilities of a few molecu-
lar crystals are estimated using the density functional theory and semiempirical
methods. By performing extensive computation, the variation in electron and hole
mobilities for different polymorphs of benzene, naphthalene, and octathio[8]circu-
lene molecular crystals are studied systematically.

8.6.1 MoBILITY IN POLYMORPHS OF BENZENE AND NAPHTHALENE

In Figure 8.3, the unit cells for the two polymorphs each of the benzene and naph-
thalene crystals, as retrieved from the Cambridge crystallographic database, are
shown. For benzene, while the low-pressure phase (benzene I) is in Pbca group, the
high-pressure phase (benzene II) crystallizes in the P21/c group [43]. Similarly, for
naphthalene, the low-pressure phase (naphthalene I) has the P21/a group, and the
high-pressure phase (naphthalene II) crystallizes in the P21/c group [44]. As clearly
seen from the unit cells, the arrangements of the molecules are substantially differ-
ent in different polymorphs.

For a detailed understanding of the nature of intermolecular interactions and
important molecular contacts, 3 x 3 x 3 supercells for each polymorph of benzene
and naphthalene are constructed, and the radial distribution functions g(r) are cal-
culated. A center-of-mass distance of 10 A is maintained as a cutoff. As can be seen

Benzene I (Pbca) Benzene II (P21/c)

Naphthalene I (P21/a) Naphthalene II (P21/c)

FIGURE 8.3 Unit cells and groups for the two polymorphs of benzene and naphthalene.
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from the radial distribution functions for both the polymorphs in Figure 8.4, the
most significant contributions appear at short intermolecular contacts. For benzene
I, the most significant contribution arises from the contact at 5.08 A, followed by
the contact at 5.89 A. For the benzene-II phase, the important contacts are at 4.55
and 5.42 A, respectively. Similarly, while naphthalene I has three nearest-neighbor
contacts [at r (center-of-mass distances) = 4.96, 5.9, and 8.66 A], the three nearest-
neighbor contacts in naphthalene II are substantially different [at r = 5.94, 5.03, and
7.78 A]. It is very important to realize that contact pairs at larger distances do not
contribute to conductance as the molecular orbitals of the monomers practically
do not interact. As a consequence of this, as shown below, the essential parameter,
namely H,, almost vanishes beyond a certain intermolecular distance for all dimer
conformations. Thus, the computation of mobility for both the polymorphs should
involve the short intermolecular contact pairs only.

However, the nature of intermolecular interactions not only depends on the center-
of-mass distances between the relevant pairs but also on the orientation of the mol-
ecules with respect to each other. In Figure 8.5, the unique intermolecular contacts
and their molecular structures, as derived from g(r) for benzene in both the poly-
morphs, are shown. Benzene I has two contacts consisting of L-shaped (A) and
V-shaped (B) dimers. In benzene II, the two contacts are T-shaped (A) and slipped-
parallel (B) dimers. Similarly, naphthalene I consists of one T-shaped (A) dimer
and two slipped-parallel (B) and (C) dimers, whereas naphthalene II consists of one
slipped-parallel (A) dimer, one V-shaped (B) dimer, and one twisted slipped-parallel
(C) dimer, respectively. Such different molecular orientations with respect to each
other at a given distance would govern the diffusion of holes and electrons, which
requires detailed modeling.

For each of the orientations of the dimers in the polymorphs of benzene and naph-
thalene, the center-of-mass distances between the rings are varied to understand the
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FIGURE 8.4 Radial distribution function for (a) benzene I, (b) benzene II, (c) naphthalene I,
and (d) naphthalene II in 3 x 3 x 3 supercells. Note that a Lorentzian broadening (I') of 0.1
is used for smoothening the crystalline d functions at the peak positions (dotted histograms).
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Benzene-1

(b)

FIGURE 8.5 Unique stacking arrangements for benzene in the two phases. The balls at the
center represent the centers of mass in each ring. The intermolecular distances are reported in
angstroms. (a) and (b) represent the local picture of the packing configurations in the crystals.

variations of H' and H"" with increase or decrease in the molecular distances.
However, since the dimers for both benzene and naphthalene are held together
through weak dispersion forces, the suitability of nonlocal correlations within the
density functional theory is known to be poor [45]. Although weak dispersion forces
are accurately captured through perturbative improvement of the HF wave func-
tions at the MP2 level, the suitability of the MP2 method needs to be verified for
the excited state, particularly since H2" depends on the splitting of the mono-
mer LUMO level into dimer LUMO and LUMO+1 levels, and the perturbation is
practically valid only for the ground state. However, the semiempirical ZINDO/S
Hamiltonian is well parameterized to capture the low-energy excited state properties
of organic n-conjugated systems since ZINDO considers the delocalization of charges
over the entire length of the system [46]. To demonstrate the selection of methods,
in Figure 8.6, the H'*® and H*™ are plotted for a benzene dimer of type A in the
benzene-I phase, as calculated from the HOMO and HOMO-1 gaps and LUMO and
LUMO-+!1 gaps at the ZINDO/S and MP2/6-31++G (d, p) level.

As can be seen, although the MP2/6-31++G(d,p) level of calculations under-
estimates the H™" by 50% compared to the ZINDO/S level, it does provide a quali-
tatively similar picture of the monotonically decreasing behaviors of H'™"* with
increase in the center-of-mass distances between the benzene rings. However, the
MP2/6-31++G(d,p) level of calculations fails miserably for calculations of H<™,
While the ZINDO/S calculations predict monotonically decreasing behaviors of
Hee™ with increase in the center-of-mass distances, the MP2/6-31++G (d, p) level
of calculations shows a flat profile. Of course, a simple electrostatic theory predicts
that, as one increases the distance between monomers, the dipolar splitting becomes
negligible, leading to the degeneracy of the HOMO and HOMO-1 levels and the
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FIGURE 8.6 Comparison of the transfer matrix element for hole conductance (H,'}l‘,’fc) and
electron conductance (H,ﬁ,'ff“““) (both in electron volts) at the ZINDO/S and MP2/6-31++G
(d, p) levels for type A stacking for the benzene-I phase with increase in the center-of-mass
distances (in angstroms).

LUMO and LUMO+I levels, essentially to monomer levels [47]. This is indeed well
reproduced through the ZINDO/S calculations. Thus, all the calculations for H™*
and HS™" are performed at the ZINDO/S level. It is also verified that the time-
dependent density functional theory calculations at the B3LYP/6-31++G (d, p) level
fail to account for the correct LUMO and LUMO+1 gaps at large separation of the
monomers. Another inference from the comparison of H'°® and H2"™" is that H'°®
is approximately ten times larger than H2™". This can be easily understood by
comparing the number of nodes in the frontier orbitals for the dimers. The LUMO
and LUMO+1 levels in the dimer have a total of four nodes, i.e., two from each
monomer, whereas the HOMO-1 and HOMO levels in the dimer have two nodes, i.€.,
one node from each molecule. This leads to larger stabilization/destabilization of the
HOMO-1/HOMO levels compared to the stabilization/destabilization in the LUMO/
LUMO-+! levels, respectively. Thus, the HOMO-1 and HOMO gap is larger than
the LUMO and LUMO+1 gap in the dimer. This effectively translates into larger
(smaller) HOMO (LUMO) bandwidths in such stacking environments. However, this
may not be the case in all the different stacks considered for benzene and naphtha-
lene, and essentially requires computations of H'°® and H2"™ in all the unique
dimer pairs. The increase in the intermolecular distances in a dimer leads to the
decrease in the transfer matrix element for both H'°® and H"™",

Closed-shell calculations for the singlet neutral structures of benzene and naphtha-
lene and open-shell calculations for the doublet cationic and anionic geometries at the
6-31G++(d,p) basis set level are carried out. Electron correlation has been included
according to the Density Functional Theory (DFT) method using Becke’s three-
parameter hybrid formalism and the Lee—Yang—Parr functional, B3LYP, available in
the Gaussian electronic structure set of codes [48—50]. The geometries of benzene
and naphthalene are optimized with the removal of vibrational instabilities at the



174 Modern Theoretical Chemistry: Statistical Mechanics

B3LYP/6-31G++(d,p) level [49]. The aromatic rings for both benzene and naphthalene
remain planar in both the cationic and anionic geometries. However, an important
inference obtained by comparing the geometries of the cationic and anionic analogs
of benzene and naphthalene with their neutral geometries is that, whereas the anionic
analog of benzene shows bond lengths and bond angles that are quite close to the
neutral geometry, the cationic geometries show a substantial bond length alteration.
On the contrary, in the case of naphthalene, the cation retains the geometry closer to
the neutral form, whereas the naphthalene anion shows substantial distortions. This
suggests that a smaller nuclearity aromatic ring, such as benzene, has a preference
to form anions, and for a larger nuclearity molecule with fused aromatic rings, such
as naphthalene, formation of a cation is more favorable. Calculations by Deng and
Goddard for larger rings such as anthracene, tetracene, and pentacene also suggest
that larger rings have a propensity to form cations, instead of anions [51].

The reorganization energies for the cationic and anionic conductors are calculated as
explained earlier. For benzene, A, . = 0.285 eV and A, .¢(,0, = 0.0039 €V. For naphthalene,
Mole = 0.178 €V and A, joer0n = 0.2344 €V. For a more reliable estimate of the reorganiza-
tion energies of the molecules within the crystal, the embedded cluster approach was
used, wherein the molecules are relaxed within the shell of nearest neighbors. Within
the embedded cluster approach, we find that A, . = 0.22 eV and Ao, = 0.0024 eV
for benzene and A, = 0.09 eV and A,jq0n = 0.15 €V for naphthalene. Thus, consid-
eration of the nearest-neighbor shell around a molecule reduces the reorganization
energies, but qualitatively, the picture remains the same. The calculated reorganization
energies clearly suggest that attachment of an electron is much favorable for benzene
than naphthalene and that the latter would rather prefer to form a cation instead.

In Table 8.1, the overall calculated magnitudes of p .. and p..mon fOr the two
polymorphs of benzene and naphthalene are reported. This is computed by consider-
ing contributions from all pairs of unique interactions and their populations, which
were determined from g(r). For both benzene I and benzene I1, p .0, 1 larger than
Mo DY five to eight times. This is a direct consequence of the fact that A .., 1S
much smaller than A, and overwhelms the smaller H2*™. Both benzene I and
benzene II have similar magnitudes for . and pop..on SUgesting that the crystal-
line environments for both phases of benzene are similar in the context of mobil-
ity. However, for both the polymorphs of naphthalene, the hole mobilities are an

TABLE 8.1
Hole and Electron Mobilities for the Two Polymorphs
of Benzene and Naphthalene Crystals

Molecule Hhole Helectron
Benzene [ 0.51 2.84
Benzene 11 0.49 3.27
Naphthalene I 1.76 0.11
Naphthalene 11 0.88 0.15

Note: Mobilities are reported in units of cm?V-'S-!.
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order of magnitude larger than the electron mobilities, arising from the fact that
Mol 18 smaller than A, and H™" is larger than HZ™". Thus, for naphthalene,
both transfer-integral terms and reorganization energies favor hole conductance.
Naphthalene I has a p, . twice in magnitude than that of naphthalene II. The larger
Hioe 10 Naphthalene I is due to the presence of the stacking pairs of type A (inter-
molecular separation = 4.96 A), which leads to larger H, f,‘;le [52].

Similarly, calculations were also performed on the o and f phases of perylene
crystals [53]. The . and Poeeyon Values for the a-phase of perylene are calculated
as 23.4 and 67.2 cm?V-Is7!, respectively. For the B-phase, pye and Peeqon are found to
be 8.3 cm?V-!s7! and 20.4 cm?V-'s7!, respectively. Thus, for both the polymorphs, the
electron mobilities are at least two orders of magnitude larger than the hole mobili-
ties. The a-phase has p,j.qon three times that for the f-phase. Such a large electron
mobility in the a-phase is due to the slipped-parallel arrangement of molecules at
short intermolecular distances. Note that, although the -phase has a slipped-parallel
orientation of the monomers, the intermolecular distances are larger (d = 5.84 A),
which results in smaller H2*™ values. In fact, the presence of such slipped-parallel
n-stacked arrangements of molecules (d = 3.4 A) for perylene derivatives like
dicyanoperylene-3,4,9,10-bis(dicarboximide) (PDI-CN2) has been found to give rise
to large preferential electron mobilities [18,54].

electron

8.6.2 MOoBILITY IN OCTATHIO[8]CIRCULENE: SULFLOWER

Octathio[8]circulene, a member of the family of oligothiophene systems, has
been synthesized in 2007 [55]. The octathio[8]circulene, comprising eight fused
n-conjugated annulated thiophene rings, is highly symmetric and is popularly known
as sulflower. As can be seen in Figure 8.7a, this is a heterocyclic compound with a
highly planar structure of large surface area, which has been shown theoretically
for a large weight percentage of hydrogen adsorption [56]. Figure 8.7b presents the
molecular packing of the crystal. The molecules are situated on the top of each other
at a distance of about 3.9 A in a slipped-parallel manner in one columnar layer and
between the columnar layers; they make a tilting angle of 131° with a distance of
10.08 A.

For a detailed characterization and understanding of different dimeric arrange-
ments in the crystal, the radial distribution function g(r) is calculated, considering
a super cell of dimension 3 x 3 x 3 A3 and maintaining a cutoff distance of 15 A.

FIGURE 8.7 (a) Structure of a single octathio[8]circulene molecule. (b) 3-D view of the
molecular packing.
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As can be seen in Figure 8.8, the most significant distribution of molecules arises
at molecular separations of 3.9, 7.81, 10.08, and 11.15 A. Interestingly, the probability
at 7.81 A corresponds to the next nearest molecular distance, arranged in slipped-
parallel manner within the columnar layer. Depending on the intermolecular separa-
tions and molecular orientations, three unique molecular pairs are selected, namely
slipped-parallel (3.9 A), tilted (10.08 A), and axial (11.15 A) dimers for the calcula-
tions. The hole and electron transfer matrix elements for each pair of molecules are
calculated within the framework of the dimer-splitting method by varying the center-
of-mass distances between them and keeping their relative orientations unchanged.

The well-established semiempirical ZINDO/S method has been used to calculate
the hole and electron transfer matrix elements for all the selected dimers. Both H'*"®
and H2*™ show a monotonic decreasing behavior due to the fact that the interaction
between the molecular orbitals of the two molecules reduces with the increase in
intermolecular distance, resulting in a negligible exciton splitting with degeneracy in
the individual monomeric orbitals [57].

In case of slipped-parallel dimers, since the molecular distance is small and two
molecules are situated in a stacked geometric configuration, the molecular orbitals
interact very strongly and give larger excitonic splitting at the dimer level. In such a
dimer, the LUMO and LUMO+1 splitting (0.108 eV) is more compared to HOMO
and HOMO-1 splitting (0.062 V). However, in case of tilted dimers, the monomers
are oriented at an angle of 131° with a large separation between the centers of masses
to minimize the electrostatic repulsions between the sulfur atoms. Because of these
spatial orientations, the interactions become very small, leading to a diminished
orbital splitting. The dimer orbital splitting of HOMO and HOMO-1 is found to be
0.022 eV, whereas the splitting of LUMO and LUMO+I is 0.036 eV for this case.
The dimer with intermolecular separation of 7.81 A, being the next nearest neigh-
bors, interacts very weakly and gives negligibly small splitting of molecular orbi-
tals (H2<™" = 0.00008 eV and H'*°=0.0001 eV). For the largest distance molecular
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FIGURE 8.8 Radial distribution function g(r) for the octathio[8]circulene crystal in super-
cells of dimension 3 x 3 x 3 A3. Note that a Lorentzian broadening (I") of 0.06 is used for
smoothening the crystalline 3-functions at the peak positions (dotted histogram).
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arrangement (at a distance 11.15 A), the dimer molecular-level splitting is also quite
small: H2"™"=0.0139 eV and H**=0.015 eV. Due to the negligible contribution
of the dimer with 7.81-A distance, the contributions from only three types of molecu-
lar dimers are considered for the calculations. It is found that the LUMO splitting
is larger than the HOMO splitting for each of the dimer orientation. To verify this
model in the bulk, periodic DFT-based calculations were performed, and the densi-
ties of states are computed using generalized gradient approximation for the Perdew,
Burke, and Ernzerho exchange—correlation energy functional within a SIESTA set
of codes [58]. A double &-basis set with the polarized orbitals has been included for
all the atoms. Figure 8.9 represents the density of states (DOS) for the octathio[8]
circulene crystal. It is clearly seen that the conduction (LUMO) bandwidth (0.074 eV)
in this crystal is larger than the valence (HOMO) bandwidth (0.036 eV), which sup-
ports the qualitative estimations of results obtained through the ZINDO/S level of
calculations.

The reorganization energy for the electron (A..,,) and hole (\,,.) carriers
are calculated by optimizing all the anionic and cationic structures of individual
molecular geometry with B3LYP exchange and correlations using three different
basis sets 3-21G, 6-31G, and 6-31G++(d, p), as implemented in a Gaussian03 set of
codes [48-50]. The calculations indicate adequate consistency in the results obtained
through different levels of calculations, which has been shown in Table 8.2.

The reorganization energy for the electron carriers is found to be larger than that
for the hole carriers. This could be explained in terms of the geometrical changes
that occur in different optimized structures, as well as the details of the HOMO. The
neutral and cationic molecules possess highly planar geometries, whereas the struc-
ture of the anionic species is puckered. Thus, putting an extra electron to the neu-
tral molecule, leading to the anionic one, results in the puckering of the geometry.
Because of the puckered geometry, the anionic species show more electron density
on the convex side than that on the concave side. The drastic change in geometry, as
well as the asymmetric electron distribution in the anionic structure, enhances the
electron reorganization energy than that for the hole.

|
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FIGURE 8.9 DOS as a function of energy, scaled with respect to the Fermi energy (EF). L
and H are the LUMO and HOMO bandwidths of the sulflower crystal, respectively.
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TABLE 8.2

Electron and Hole Reorganization Energies (in Units of
Electron Volts) of a Single Octathio[8]circulene

Molecule Obtained Using Different Basis Set Calculations

Basis Sets A molecule Amolecule
3-21G 0.34 0.14
6-31G 0.34 0.13
6-31G++(d,p) 0.40 0.13

The embedded cluster approach was utilized for the calculations to include the
environmental effect, as it is computationally less expensive. Within the embedded
cluster method, the magnitude of reorganization energies for both the charge carri-
ers are further reduced in comparison to individual molecules due to the presence of
intermolecular interactions: A, = 0.118eV and A, = 0.04eV.

With the estimated values of the transfer matrix elements and reorganization
energy for both the charge carriers, the electron and hole mobilities are calculated,
considering the weighted average over all the dimeric configurations with their prob-
ability density within the crystal (as shown in Figure 8.8). The electron and hole
mobilities for the octathio[8]circulene crystal are found to be 2.6 and 3.5 cm?V-!S-!,
respectively. The larger hole conductance in the crystal is primarily due to the
smaller hole reorganization energy. However, as can be seen, even the electron car-
rier mobility is also quite substantial compared to most of the organic molecular
crystals, except for perylene. On the other hand, the hole mobility is an order of mag-
nitude larger than that in perylene, benzene, naphthalene, and pentacene molecular
crystals. Furthermore, the important inference is that, in this crystal, both the charge
carrier mobilities are quite substantial, suggesting a high degree of ambipolar charge
transport. Such n-conjugated organic semiconductors with large ambipolar carrier
mobilities would be effective in photoluminescence in the radioactive decay process
of the singlet excitons, formed through the recombination of electrons and holes.
Organic light-emitting diodes are fabricated based on this principle. Hence, the
results suggest that organic crystals like sulflower with large and similar magnitudes
of charge carrier mobilities would provide better efficiency to electronic devices like
OFETs [59].

8.7 CONCLUSIONS AND FUTURE DIRECTIONS

Charge transport in organic conjugated molecules has emerged as a technologically
important phenomenon. However, the processes involved in this mechanism are
complicated due to intermolecular forces, molecular packing, disorder, and strong
coupling. In this chapter, we have tried to provide a general strategy to estimate the
mobility of such aggregates. Figure 8.10 shows a flowchart where the important steps
for such a computation are depicted. Such a method can be readily implemented in
a molecular simulation.
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Retrieve the crystal structures
(including polymorphs)

Generate the crystal structure
from molecular dynamics
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simulation

/

Select the basic molecular unit

AN

Calculate the vertical and Calculate the radial
adiabatic ionization energy and distribution function for
electron affinity for molecule molecules in the crystal and
select relevant dimers

Calculate the electron and hole Calculate
reorganization energies transfer

\\ integral

Calculate the rate of CT from Marcus
incoherent hopping model

Determine mobility

from
Nernst-Einstein
equation

Calculate the diffusion constant
by summing all dimer contributions|———>

FIGURE 8.10 Flowchart showing the technique to implement the computation of mobility
in a molecular solid.

In the next few years, one expects a rapid progress in both simulations in mate-
rials and better experimental control over parameters that control processes like
molecular crystallization and seeding. Hence, the strategy that we are proposing
here will act as a review for calculating and benchmarking new molecular crystals
for their charge transfer efficiency.
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9.1 INTRODUCTION

Quantum Brownian motion is a frontier area of research in quantum optics (Louisell
1973; Sargent, Scully, and Lamb 1974; Meystre and Sargent 1991), condensed matter
(Grabert, Schramm, and Ingold 1988; Weiss 1999), and chemical physics (Hinggi,
Talkner, and Borkovec 1990; Zwanzig 1973) over the last several decades. The fun-
damental paradigm is the irregular movement of a particle in a thermal bath kept
at finite temperature. The bath constitutes many, in principle, infinite degrees of
freedom interacting with the particle. In general, the bath is considered to be a set
of harmonic oscillators of varied frequency ranges and is therefore bosonic in char-
acter. The particle follows the reduced stochastic dynamics obtained after appropri-
ate elimination of these reservoir degrees of freedom under suitable approximation
schemes. The dynamical evolution is characterized by quantum dissipation and
bosonic noise related to each other by fluctuation—dissipation (FD) relation, ensuring
a detailed balance in the system. This chapter concerns a system—reservoir model
where the reservoir is constituted by a set of two-level atoms or spin-1/2 systems.
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This is basically a generalization of a model of a harmonic oscillator coupled to
a set of two-level atoms used a couple of decades ago by Sargent et al. (Sargent,
Scully, and Lamb 1974) for treatment of quantum dissipation of a cavity mode in the
presence of an atomic beam reservoir. The primary focus of this chapter is to under-
stand the quantum dissipation induced by a spin-bath within a theoretical framework
applicable to problems of condensed matter and chemical physics.

We begin by noting that quantum noise due to spin-bath is distinctly different
from that of a harmonic bath. First, a spin-1/2 system has no classical analog. The
FD relation for the spin-bath therefore does not reduce to the classical FD relation
in high temperature limit just as that for a bosonic bath. Second, since the two-level
bath atoms are described by Pauli spin matrices and anticommutation relations, the
statistical properties of a spin-bath differ from those of a bosonic bath. These differ-
ences originate from an effective temperature-dependent spectral density function
for the bath, relating its noise correlation to the quantum dissipation noted earlier
by Caldeira et al. (Caldeira and Leggett 1981; Caldeira, Castro Neto, and Oliveira
de Carvalho 1993; Caldeira and Leggett 1983a, 1983b) in the functional integrals in
their spin-spin-bath model. While, in the limit 7—0, the behavior of the spin-bath
merges to that of a harmonic bath, their behaviors began to differ at finite tempera-
tures. As the temperature rises, the bath atoms get thermally saturated, so that the
effective spectral density function or system—bath coupling tends to decrease. As a
result, quantum dissipation is dominated by coherence. Shao and Hinggi (Shao and
Hinggi 1998) have shown in this context that temperature assists in the suppression
of decoherence. Spin-bath has been the subject of study in several earlier occasions,
e.g., for computation of optical conductivity and direct current resistivity of charge
carriers in the presence of an applied electric field (Ferrer, Caldeira, and Smith
20006), for explaining dynamic localization (Ferrer and Smith 2007) of a particle
at a low temperature and magnetic relaxation of molecular crystals (Prokof’ev and
Stamp 1996, 1998), etc. Recently, in a series of papers (Sinha, Ghosh, and Ray 2011a,
2011b; Sinha et al. 2010; Ghosh, Sinha, and Ray 2012), we have proposed a scheme
for the quantum Brownian motion of a particle in a spin-bath of two-level atoms.
This is based on the description of the bath by spin-coherent state representation of
the noise operators and a canonical thermal distribution of the associated c-numbers.
The reduced dynamics is governed by a generalized Langevin equation of the quan-
tum mechanical mean position of the particle in an external field. The treatment has
been successfully applied (Sinha, Ghosh, and Ray 2011a; Ghosh, Sinha, and Ray
2011b; Ghosh, Sinha, and Ray 2011a) to understand several anomalous features of
relaxation in optically excited systems, e.g., narrowing of line width and decrease in
integrated absorption coefficient with temperature, temperature-assisted coherence
in thermal activation, and tunneling in the decay of a metastable state in an anhar-
monic potential. Our aim in this chapter is twofold: (1) to present a brief overview of
this development and (2) to introduce a scheme for generation of c-number noise for
numerical simulation of the quantum Langevin equation for a given potential. The
underlying idea lies on expressing the c-number noise of the bath as a superposition
of several Ornstein—Uhlenbeck noise processes. Using two illustrative examples, we
show how temperature assists coherence in the reduction of the distribution width
of the position of a particle in a harmonic well and suppresses the rate of barrier
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crossing in a thermally activated process due to thermal saturation of the bath. The
theoretical analysis has been corroborated by numerical simulation.

The outlay of this chapter is as follows: In Section 9.2, we introduce the system/
spin-bath model and derive the operator Langevin equation for the particle. This is
followed by a discussion on stochastic dynamics in the presence of c-number noise,
highlighting the role of the spectral density function in the high- and low-temperature
regimes. A scheme for the generation of spin-bath noise as a superposition of several
Ornstein—Uhlenbeck noise processes and its implementation in numerical simula-
tion of the quantum Langevin equation are described in Section 9.3. Two examples
have been worked out in Section 9.4 to illustrate the basic theoretical issues. This
chapter is concluded in Section 9.5.

9.2 QUANTUM BROWNIAN MOTION IN
A TWO-LEVEL SPIN-BATH

9.2.1 THe MoDEL AND THE OPERATOR LANGEVIN EQUATION

We consider a particle of unit mass coupled to a set of two-level atoms with charac-
teristic frequencies {®,}. This is represented by the following Hamiltonian:

where ¢ and p are the coordinate and momentum operators of the particle. G} (6 k)
is the creation (annihilation) operator for the kth two-level atom. The external force
field acting on the particle is defined by the potential energy operator V((}) g 1s the
coupling constant between the kth atom and the particle. ¢ and p follow the usual
commutation relation [(}, 13] = ih, and the two-level atoms obey the anticommutation
rule {6 k,éi} =1 and the following algebra:

N ~i.[a » AL A2 Af2 At A A
[GIL’”k]Z =G [Gk’nk] =6,:6;=6}"=0and [Gk’ck]z O 9.2)
where the number operator for the atom is defined as 7, = 6}6,. Furthermore, it fol-

lows from the above relations that G, =2n, —1. The counter term in Equation 9.1

(ngz q J is for ensuring that the particle feels the potential V(¢), which remains

unaffected by the interaction during the dynamic evolution of the particle.
The Heisenberg equations of motion for the particle and the spin-bath variables
may be written as follows:

ESPY
Il
>

9.3)
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After formally integrating Equations 9.5 and 9.6 and using the results in Equa-
tion 9.4, we arrive at the operator equation for the particle:

. 2 et .
q=-v'(q)- E S gy 4t cos o, (t—1')
0)2 0 g
k k

gk ~

+(6k(0)— 2o q(O) 'm”} 9-8)
k

In deriving the above equation, we approximate G, (t') ~ 6, (0) since Equations
9.5 through 9.7 suggest that the polarization operators 6,6, are governed by the
time scale of free evolution (®,), whereas the population difference operators G
follow a much slower time scale determined by the coupling constant g,. We further
note that 6 ,(0) = 27, (0)— 1 and assume that the system—reservoir interaction sets in
at t = 0 through the ground levels of most of the bath atoms, i.e., 6,(0)=—1. This
leads to an effective linearization of the damping term in Equation 9.8. Based on
these considerations, we rewrite Equation 9.8 as

c}=—V’ g" J dr’ (t)cosmk(t—t)+2gk { 20, S (O)e""k’+S (O)e"“’*’}

9.9
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~ R 1 .
$,(0)=6,(0)— (%", /%qw) (9.10)
k k

4(0). ©.11)

where

SH0)=61(0)— S«
+(0)=0,(0) o, \ 2ho,

S 7(0) and §k (0) are the shifted bath operators. The operator equation for the par-
ticle is then given by the following form:

ESPH
Il

t . n
- J. drk(t—1)qt’) + f(1). (9.12)
0
Here, the memory kernel and the noise operator are expressed as

2
K(t—1') = Z%cos ®, (1) ©.13)
k k

and
foy= zgk / Sk(O)e”“’k’+Sk(0)e"”k’) Fo+F' @, @14

respectively. The noise properties of the operator f (#) can be derived with the help of
the canonical thermal distribution of bath operators at = 0 as follows:

{fw), =0 ©.15)
{<F(r>F*(t) FOE@)) } ng ( )cosmk(t—t) (9.16)

Here (...),, refers to the quantum statistical average and is defined as

qs
(3 Tr Ae oK

Ay, = TrAemw

® Tre Hoan /KT

9.17)
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Equation 9.17 is true for any bath operator A, where I:Ibmh = hz 0,66, att=0.
k

In defining Equation 9.15, it is necessary to set the quantum mechanical mean posi-
tion <$](O)% =0 without any loss of generality. This allows further simplification:

(8,0, =(6,0), 9.18)

[5{0), =(61©),. 9.19)

Equation 9.16 is the FD relation expressed in terms of noise operators ordered

appropriately. The origin of the temperature-dependent contribution tanh( ho, ]
can be traced to the following averages: 2KT

Z nke—nkhmk/KT
A ng=0, 1 _
) =" = 1,(0) 9.20)

§ oK /KT oMok /KT | q

n=0,1

(6,(0) =2(fy )~ 1=—tanh ;"{’; : 921)

In the above equations, 7, can be identified as the Fermi—Dirac distribution func-
tion denoting the average thermal excitation number of the spin-bath. This distribu-
tion does not contain any contribution due to the chemical potential, which implies
that our stating Hamiltonian Equation 9.1 does not conserve the spin —1/2 particle
number. Ideally, the typical system/spin-bath model for dissipation may be consid-
ered as an ion in an environment of two-level quantum dots (Bras et al. 2002; Favero
et al. 2007; Santori and Yamamoto 2009; Xu and Teichert 2005) with characteristic
frequencies governed by the size distributions of the dots. To preclude the possibility
of any recurrence and to ensure irreversibility associated with the notion of dissipa-
tion, a large number is an essential requirement.

9.2.2 QuANTUM LANGEVIN DYNAMICS IN c-NUMBER SPIN-BATH

In this section, we will discuss a c-number formalism to describe the spin-bath. To
this end, we proceed as follows: We return to Equation 9.12 and carry out the quan-
tum mechanical average (...) to obtain

()+ jo dr' (4@ x—)+ (V@)= F o). ©9.22)
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In Equation 9.22, the quantum mechanical average is taken over the initial prod-
uct separable quantum states of the particle and the spin-bath at 7 = 0, I®)IEHE,)...IE ).
Here, I9) denotes any arbitrary initial state of the particle, and I€,) corresponds to the
initial coherent state of the kth two-level atom of the bath. Existence of such coher-
ent states had already been proven a couple of decades ago by Radcliffe (Radcliffe
1971). These states are analogous to harmonic oscillator coherent states. Typically,
for a spin-1/2 system, such a state is generated by the action of the annihilation
operator on vacuum, which is defined as the spin state with minimal projection.
Applications of spin-coherent states are well known in the context of ferromagnetic
spin wave, phase transition in the Dicke model of superradiance, equilibrium statisti-
cal mechanics of radiation—matter interaction, etc. For details, we refer to the work
of Klauder and Skagerstam (Klauder and Skagerstam 1985).

The main purpose of using these spin-coherent states for the quantum mechanical
averaging of the bath operators is to formulate Equation 9.22 as a classical-looking
Langevin equation for the quantum mechanical mean position of the particle. We
now denote the quantum mechanical averages as

(4() = q() 9.23)
(Fm)=n@®) 9.24)

where

n() = ng { ZZ) {<‘§k (O)>e—imkt + <§; (0)>etmk1}
k k
) ;gk\/zil {e.@e ™+ 0],

The last equality follows from Equations 9.18 and 9.19. {$,(0)) = (6,(0)) = £,(0),
and <.§Z(O)> = <6};(0)> =&, (0). Here, £,(0) and & (0) are the associated c-numbers
(note that we have set <c}(0)> = (0)) for the two-level bath atoms. Equation 9.22 may
then be rewritten as

9.25)

G+ ﬂqa')x(t —7)dr' + <V’(c})> =) (9.26)

Now, to realize n(#) as an effective c-number noise, we introduce the ansatz that
£,0) and &,(0) are distributed according to a thermal canonical distribution of
Gaussian form as follows:

5.0
o, ] : ©9.27)

B (&k(o)v &Z(O)) =Nexp)-
2tanh(
2KT
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where N is a normalization constant. The width of the distribution is defined by

hw
tanh( ) K; ) For any arbitrary quantum mechanical mean value of a bath operator

<Ak>, which is a function of &,(0),&,(0), its statistical average can then be written as

(4), = [{Ar (60.&.0)dE 00, o, 928)

The ansatz Equation 9.27 and the definition of statistical average Equation 9.28
can be used to show that c-number noise n(#) satisfies the following relations:

@), =0 (9.29)
’ — E gf]f 4 h’(ok
(ama), =3 zk{ oS o (1t )tanh( e ] (9.30)

Equations 9.29 and 9.30 imply that c-number noise 1(7) is such that it is zero-centered
and follows the FD relation as expressed in Equation 9.16. Therefore, Equations 9.16
and 9.30 are equivalent. However, the distinct advantage of the formulation of c-num-
ber noise is that it allows us to bypass the operator-ordering prescription for deriving
the noise properties of the bath. We also point out that the temperature dependence as
derived here for the noise correlation function matches exactly that obtained in earlier
work (Sinha, Ghosh, and Ray 2011a, 2011b). The quantum Langevin equation with
c-number noise 1(f), as defined by Equations 9.26, 9.29, and 9.30, is classical looking
in form but entails a quantum character. Therefore, the scheme can be used to imple-
ment the techniques of classical nonequilibrium statistical mechanics for various pur-
poses. It is also pertinent to note that, for a traditional harmonic oscillator heat bath,
i.e., the bosonic reservoir, one can proceed exactly in a similar fashion (Banerjee, Bag
et al. 2002; Banerjee et al. 2004; Banerjee, Banik et al. 2002; Barik, Banerjee, and
Ray 2009) and use harmonic oscillator coherent states. The canonical thermal distri-
bution function for bosonic c-number noise corresponding to its spin-bath counterpart
is the well-known Wigner thermal distribution function (Hillery et al. 1984). This has
been extensively used in several earlier occasions.

In order to quantify the properties of the thermal bath, it is convenient to introduce
a spectral density function (Leggett et al. 1987) J(w) associated with the system—bath
interaction

LN 8 5
J(®)= Z;wk S(—0,). 9.31)

With the help of J(w), we may rewrite the expressions for memory kernel (Equa-
tion 9.13)

J(®)
0

k()= 2 J dm cos wf 9.32)
T Jo
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and for the FD relation (Equation 9.30)

(O, = Re{(FOF (1)~ F i), |

ZI J(m)|:t h(th?)Tncosm(t—t’).

The relaxation induced by the bath is determined by the properties of the spectral
density function, which connects the noise correlation function to dissipative kernel.
The thermal behavior of the spin-bath can be studied under two distinct situations:
(1) the high-temperature regime and (2) the low-but-finite-temperature regime.

High-temperature regime: From Equation 9.21, it follows that <6zk(0)>qs =

(9.33)

2KT o
ekl +1 o
between the two levels of the kth bath atom. At high temperature, (1+eKT)a 2,
which implies <6zk(0)>qs — 0, that is, the bath atoms get thermally saturated and

—tanh( o, )= ! —% <(A51k(0)>qx is a measure of the population difference

the effective system—bath coupling is largely suppressed since the noise correlation
tends to vanish. This gives rise to the emergence of the coherent behavior of the
system dynamics, which corroborates the earlier observation of Shao and Hénggi et
al. (Shao and Hénggi 1998).

Low-but-finite-temperature regime: On the other hand, in case of low but finite
temperature, i.e., much below the saturation temperature, we have <61k (0)>qv =—

This implies that the effective spin-bath/system coupling is large, and the noise cor-
relation gets enhanced. Thus, quantum dissipation is more facilitated as the tempera-
ture is lowered. As 7—0, the noise correlation of the spin-bath (Equation 9.33) tends
to that of the bosonic bath.

9.2.3 QuaNTUM CORRECTION EQUATIONS AND QUANTUM STATISTICAL AVERAGES

The quantum Langevin Equation 9.26 may be expressed in a more convenient form
for interpretation. We add the force term V'(g) on both sides. The resulting equation
is given by

+ L gtk —t")dt'+V'(q@)=n@)+0, (9.34)
where

0=V()-(v'(3)), 935)

which represents the quantum correction due to the system potential. Equation 9.34
thus describes the motion of a particle (quantum mechanical mean position) in a
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force field simultaneously driven by the c-number quantum noise of the spin-bath
and quantum dispersion Q, characteristic of the nonlinearity of the potential. Q may
be expressed in a more explicit and useful form by recognizing the operator nature
of the system variables ¢ and p as

q(1) = q(t)+8¢(1) 9.36)

()= p(t)+3p(r), (9.37)

where 8g and 8p are the quantum correction operators around the correspond-

ing quantum mechanical mean values of q(E <c}>) and p(E < ﬁ>) By construction,

<8¢}> = <6f7> =0 and [&},813] =ih. Using Equation 9.36 in V’(g) and a Taylor series
expansion around ¢, we may express Q as

0=-Y V(a7 ) 9.3

n>2

Here, V™(q) is the mth derivative of the potential V(g) with respect to g. For
example, the lowest order correction (n = 2) is given by Q= —%V”’(q)<5(}2(t)>.
The determination of Q in quantum Langevin Equation 9.34 therefore depends on

<8212(t)>, which may be estimated by solving quantum correction equations. To
achieve this, we consider the quantum operator Equation 9.12 and use Equations
9.36 and 9.37. Furthermore, using Equation 9.34 in the resulting equation, we obtain

8+ j: ' K=+ + Y V@) (830 - (87 1)) =50

n=2

(9.39)

where 3i\() = £(1)— ().

Equation 9.39 forms the basis for the calculation of quantum mechanical correc-
tion <6c}" (t)>. However, it is analytically untractable for an exact solution. Depending
on the nonlinearity of the potential and memory kernel, systematic approximation
schemes may be employed. The typical familiar case of the exponential memory
kernel is illustrated in the next section.

It is thus evident that the quantum Brownian motion of a particle in a spin-bath
may be calculated, in principle, as a stochastic process by solving the Langevin
Equation 9.34 for quantum mechanical mean values simultaneously with quantum
correction equations, which describe the quantum mechanical fluctuation or disper-
sion around them. Before closing this section, we mention that an essential element
of this approach is to express the quantum statistical average as a sum of statisti-
cal averages over a set of functions of the quantum mechanical mean values and
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dispersion. To illustrate, we calculate, for example, the quantum statistical averages
<(}>q$ and <(}2>qs. Making use of Equation 9.36, we write

(), =a+8q),,

(q),+((8q)), (9.40)

and
=(q?), +(54%),, (9.41)

It is necessary to distinguish between the quantum mechanical mean of an opera-
tor A expressed as \A/(= A) from the statistical average of the quantum mechanical
mean A expressed as (A), and that from the quantum statistical average of A denoted
as \A/y

The quantum nature of the dynamics manifests in two different ways: First, the
spin-bath reservoir is quantum mechanical in character, whose noise properties are
expressed through the quantum FD relation. Second, the nonlinearity of the system
potential gives rise to the quantum correction terms.

9.3 SCHEME FOR NUMERICAL SIMULATION OF
QUANTUM LANGEVIN EQUATION

9.3.1 GENERATION OF SPIN-BATH NOISE

Equation 9.33 expresses the FD relation, which is the key element for the genera-
tion of c-number noise. (N(HN(")), is the correlation function, which is classical in
form but quantum mechanical in its content. We now show that c-number noise 1(f)
can be generated as a superposition of several Ornstein—Uhlenbeck noise processes
(Banerjee et al. 2004). To this end, we begin by expressing (n(Hn("), = C(t — t) in
the continuum limit as follows:

Clr— ZJ dwj(“’)h"’ (zh;T

)cos o —1). (9.42)

It is essential to know a priori the spectral density function J(w). We assume the
spectral density function of Lorentzian form, i.e.,
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l'o

J(w)= - 1+(m PREEE (9.43)
where I' and 7, are the dissipation constants in the Markovian limit and correlation
time, respectively. o, is the linearized system frequency. When Equation 9.43 is
used, Equation 9.32 yields an exponential memory kernel «(¢) = (I'/t,)e"™. For a
given set of parameters I and T, and temperature 7, we first numerically evaluate the
integral in Equation 9.42 as a function of time. The results are shown in Figure 9.1 by
dots. The calculated correlation function is then numerically fitted using a superposi-
tion of several exponentials with parameter set {D,,t;} as

)= Z ( ’_”J, i=1,2,3.... (9.44)

i

The fitted curves are shown by continuous lines in Figure 9.1. In this numeri-
cal fitting, the Levenberg—Marquardt (LM) algorithm (Marquardt 1963; Press et al.

(b)
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FIGURE 9.1 Variation of normalized c-number noise correlation function C(7) with time for
different parameter sets of I and 7, and 7. The dots represent the analytical variation based on
Equation 9.42, and the lines represent numerical fitting using Equation 9.44 (scale: arbitrary).
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2007), which is very efficient for minimizing a function (generally nonlinear) over a
set of parameters, is used.

The numerically obtained parameter set D, and 7, are temperature dependent.
Now, with the help of these parameters, a set of exponentially correlated color noise
variables ¢, is generated by the following set of equations:

o, = 0y iei(z) (9.45)
T T
where
() =0
(€0)e() =2D8,8(0), i=1,2,3..., (9.46)

i.e., ¢(?) is a Gaussian white noise obeying Equation 9.46. Each noise ¢, is thus an
Ornstein—Uhlenbeck process with properties

®®)=0

i i

<¢i(t)¢j(t')>=5ijfiexp[—t;t), i=123.... (9.47)

The c-number noise n(f) due to spin-bath is therefore given by a superposition of
several Ornstein—Uhlenbeck noise processes as follows:

=y 0, 948)

where t; and D, can now be interpreted as the correlation time and strength of the color
noise variable ¢,. Having derived the scheme for the generation of c-number noise 1(7),
we now proceed to solve the quantum Langevin equation with quantum correlations.

9.3.2 SoLuTioN OF QUANTUM LANGEVIN EQUATION

In order to solve the c-number Langevin Equation 9.34, we first rewrite it in the fol-
lowing equivalent form:

q=p

1'9=—V’(q)+Q(q,<8é”>)+2¢,.(t)+z, i=1,23...

j=-TL2_% (9.49)
TC TC
b=-2+ e,
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where the auxiliary variable z has been introduced to bypass the convolution integral

in Equation 9.34. To estimate the Q(q,<621”>) required for solving the above set of
equations, we now return to the operator Equation 9.39 and rewrite it after introduc-

. . r .
ing the exponential memory kernel x(¢) = —exp(—‘t‘/‘cc) and an auxiliary operator
T

c

0z to avoid the convolution integral in Equation 9.39. The resulting equation after
quantum mechanical averaging over the coherent bath states are given by

8¢ =8

5 =-v"@)di- Y V" (@80 - (83" +5: 9.50)

n=2

5i=— L 85— L5
T T

c c

Making use of the above set of operator equations, we derive the following equa-
tions for quantum corrections up to the second order:

4

o (847 = (548p +6p8q)

< (8asi+ 833 = 2(89°) - 21"(0) 84 + (838 + 8784)

%<8c}5§ +8580) = —T£<85}8]3+ §964)— Ti<5g52 18564+ (6552 + 525p)
%<6ﬁ2> = V"(q) (8555 + 5563+ (5552 + 5259
%<5,352+ 8569 = —2T£<a,32> - Ti<5,352 £ 8505)— V"(q) (8582 +5284) +2(63)
PRSI NN J
y (822)= . (8585 + 528p) - (822)
R
E<8Z> = (82).

c

9.51)

The integration of Equations 9.49 and 9.51 is carried out using the second-order
Heun’s algorithm, with a very small time step of 0.001. These equations differ from
the corresponding classical equations in two ways: First, the noise correlation of
c-number spin-bath variables 1n(f) are quantum mechanical in nature, as evident from
the correlation function in Equation 9.42, which is numerically fitted by the superpo-
sition of exponential functions with D, and t,. Second, the knowledge of Q requires
the quantum correction equations that yield quantum dispersion around the quantum
mechanical mean values ¢ and p for the system. Statistical averaging over noise is
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performed for 5000 trajectories for the specified initial values of ¢ and p. The initial
values of dispersion are set as <5@2 (O)S) = <5[72 (O)> =0.5 and <8@5f7 + 5135@> =1.0,
with other averages set as zero. We have estimated the time average contribution of
the quantum corrections up to 1/T" time for each trajectory in solving the Langevin
equation.

9.4 ILLUSTRATIVE EXAMPLES: RESULTS AND DISCUSSIONS

A major focus of the theory of quantum dissipation in a spin-bath is the conspicuous
thermal behavior of the reservoir. Our analysis clearly shows that, at temperatures
close to zero, a spin-bath behaves almost in the same way as a bosonic bath, implying
a universality in the nature of bath as 7—0. At higher temperatures (below satura-
tion temperature), the system—bath coupling tends to diminish, which is reflected in
the emergence of coherence in the dynamics, and the behavior of a spin-bath differs
significantly from that of a bosonic bath. In what follows, we consider two specific
examples to illustrate these aspects.

9.4.1 HARMONIC OSCILLATOR
2
We begin with the motion of the particle in a harmonic potential V(q):%qz.

Figure 9.2 exhibits the results on the spatial distribution of probability density P(x)
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FIGURE 9.2 Probability density functions for position for .= 1.0 at () I'=0.01 and (b) I" =
10.0 (scale: arbitrary).
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FIGURE 9.3 Probability density function for position for t,=5.0 at (a) ' =0.01 and (b) I" =
10.0 (scale: arbitrary).

of the position at two temperatures in the strong (I = 1) and weak (I" = 0.01) damping
regime for short .. The width decreases with increase in temperature, which is an
immediate consequence of the reduction of system—bath coupling.

In Figure 9.3, we plot the probability density function for long correlation time
T.. A comparison between Figure 9.2a and Figure 9.3a and between Figure 9.2b
and Figure 9.3b indicates that the nature of the distribution or the width practically
remains insensitive to t. or the memory of the dynamics, at least for the range of
the damping constant relevant for this study. The reduction in line width with the
increase in temperature in optical systems had been studied earlier by several groups
in the context of photoabsorption and emission experiments (Bras et al. 2002; Favero
et al. 2007) and others (Ghosh, Sinha, and Ray 2011a; Ghosh, Sinha, and Ray 2011b).

9.4.2 ANHARMONIC OSCILLATOR

Next, we consider the case of the cubic potential of the form V(gq) = %qz —gcf,
where a and b are constants that determine barrier height V,, = a/b. For the present

purpose, we choose the parameter set as a = 2.0 and b = 0.45. The leading order
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FIGURE 9.4 Kramers’ turnover in a spin-bath. Variation of barrier-crossing rates with I" for
three different temperatures for (a) t. = 1.0 and (b) t. = 5.0 (scale: arbitrary).

quantum correction Q contains only one term, i.e., Q= b<8¢}2>. For the given set
of parameter values, we have numerically computed the average time (t) taken by
the particle, starting from the bottom of the metastable well at ¢ = 0 to reach the
barrier top for the first time (mean first passage time) for 5000 realizations of the
stochastic trajectories. The simulated results of the variation of the barrier-crossing
rate (1/(t)) against I" for three different temperatures are illustrated in Figure 9.4a
and b for two cases (small and large t,). It is evident that the rate initially increases
with increase in I" to reach a maximum, followed by a decrease. This qualitative
feature corresponds to Kramers’ turnover phenomenon, which is well known in the
classical dynamic theory of reaction rates. To allow for fair comparison with the
analytical results based on the Smoluchowski equation for spin-bath (Sinha, Ghosh,
and Ray 2011b), we illustrate in Arrhenius plots (Figure 9.5) the numerical varia-
tion of log(rate) versus 1/7 under overdamped condition (I" > w,). The agreement
is fair enough to vindicate the validity of the numerical scheme. The interplay of I'
and 7 in the numerical simulation of the barrier-crossing rate for short t. and long
T, over a wide parameter range is shown in the contour plots in Figures 9.6 and 9.7,
respectively.
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FIGURE 9.5 Comparison between (dot) numerical and (line) analytical Arrhenius plots for T,=
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FIGURE 9.6 (a) Contour plot of the barrier-crossing rate for t. = 1.0. (b) Variation of the
barrier-crossing rate with log(I"). (c) Variation of the barrier-crossing rate with temperature
(scale: arbitrary).

9.5 CONCLUSION

We have considered the stochastic dynamics of a particle interacting with its envi-
ronment of two-level systems in the presence of an external potential field. The
treatment is based on the canonical quantization procedure. This approach directly
yields the dissipative term and the noise operators. It may be pertinent to mention
that, although the calculation of dissipative effects is straightforward, the treat-
ment of noise is not simple as far as the path integral techniques are concerned.
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FIGURE 9.7 (a) Contour plot of the barrier-crossing rate for t, = 5.0. (b) Variation of the
barrier-crossing rate with log(I"). (c) Variation of the barrier-crossing rate with temperature
(scale: arbitrary).

Implementation of the spin-coherent state representation for the bath degrees of free-
dom and the thermal canonical distribution of the c-number variables allows us to
realize the noise correlation function as a classical-looking FD relation with a quan-
tum mechanical content and a generalized quantum Langevin equation for mean
position of the particle. An important offshoot of this formulation is a scheme for the
generation of spin-bath noise from a priori knowledge of the spectral density func-
tion for the bath. This is based on visualizing the c-number noise of the spin-bath
as a superposition of several Ornstein—Uhlenbeck noise processes. The resulting
Langevin equation is computationally tractable with the help of standard numerical
techniques. We now summarize the main aspects of this study.

1. The FD relation is characterized by a spectral density function and a tem-
perature-dependent hyperbolic tangent factor that decreases with tempera-
ture. At 0 K, this factor merges into that for a harmonic bath, implying the
universality of the nature of the bath as it approaches absolute zero.

2. With rise in temperature, the hyperbolic tangent factor begins to decrease
until the bath reaches thermal saturation. This results in suppression of sys-
tem—bath coupling or quantum dissipation and signals the emergence of the
thermally induced coherent behavior of the dynamics. Application of the
scheme on the stochastic dynamics of a particle in a harmonic well captures
the coherent behavior in the narrowing of the distribution width of position.
This coherence is also reflected in the suppressions of thermal activation and
Kramers’ turnover in barrier-crossing dynamics in an anharmonic potential.

Spin-bath is an interesting object for study of quantum dissipation and noise for
which classical limit is not realizable, in principle. However, atoms and molecules
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embedded in a sea of two-level quantum dots of varying sizes may offer them-
selves as worthwhile candidates for investigation in this direction. In view of recent
advances in nanotechnology with quantum dots, these observations may be the sub-
ject of concrete experimental tests.
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10.1 INTRODUCTION

A fluorophore in an electronically excited state (which we denote by F*) can return
to the ground state by a radiative pathway like fluorescence or by nonradiative path-
ways like internal conversion and intersystem crossing. In addition to these intrinsic
pathways of de-excitation of F*, the interaction of F* with another molecule, e.g.,
Q, can lead to the return of F* to the ground state. Due to the presence of such
an additional deactivation pathway by means of the interaction of F* with Q, the
excited state population and, hence, the fluorescence intensity decrease more rapidly
than in the absence of such interaction. This loss of fluorescence intensity is called
fluorescence quenching [1,2]. Excitation energy transfer (EET) is one of the major
intermolecular photophysical processes that affect the excited state properties of a
fluorophore, leading to fluorescence quenching. EET involves nonradiative transfer
of excitation energy from an excited fluorophore, which is the donor, to the accep-
tor molecule and occurs due to the electrostatic coulombic interaction between the
transition charge densities of the donor and of the acceptor. It requires that the emis-
sion spectrum of the donor overlaps with the absorption spectrum of the acceptor,
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so that (several) vibronic transitions of the donor are in resonance with those of
the acceptor. Therefore, the process is also often referred to as fluorescence reso-

nance energy transfer (FRET). In the absence of EET, the excited state lifetime of
1 1

the donor is given by Tp=—=——"

BVERDY B0 =0 Tk, +k,,

k,,. is the sum of the rate constants of nonradiative processes like internal conver-

sion and intersystem crossing. Due to the interaction of the donor with the acceptor,

leading to EET, the excited state lifetime of the donor decreases and is modified to
1 1

T==——

k k. +k, +kg

time-resolved fluorescence spectroscopy experiments using

, where k, is the radiative rate constant and

. Thus, the efficiency of energy transfer can be measured by

o, ke _j_ kT 10.1)
k k T

It is also possible to perform steady-state fluorescence spectroscopy experiments
and to monitor the decrease in fluorescence intensity of the donor, in both the absence
and the presence of the acceptor to estimate the transfer efficiency using

o, =Kk @ (10.2)
k k D,

where @ and @, are the fluorescence quantum yields of the donor in the presence and
absence of the acceptor, respectively.

It is possible to evaluate the rate of energy transfer k., using the Fermi golden
rule [3] of quantum mechanics. At the lowest level of calculation, the matrix element
for the process is just the electrostatic interaction between the transition densities
of the donor and of the acceptor. At large distances, this may be approximated by
the interaction between the corresponding transition dipoles, which is proportional
to R-3, where R is the distance between the donor and the acceptor [3]. The rate of
energy transfer is proportional to the square of it, and it is usual to write the rate as

6
ky = I(RF] . (10.3)

R is known as the Forster distance and is defined as the distance at which the rate
of transfer is equal to the decay rate of the donor in the absence of the energy transfer
process. Thus, the transfer efficiency is 50% when R = R. This R~¢ dependence of
the rate has first been suggested theoretically by Forster in 1947 [4]. Subsequently,
Stryer and Haugland [5] used polyproline chains of various lengths to separate an
energy donor and an energy acceptor and studied the distance dependence of the rate
of transfer experimentally. Their results were found to be in agreement with the R~°
dependence of the Forster expression for the rate. They suggested that the process
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can be used as a spectroscopic ruler for measuring distances and has since been
used extensively (see Figure 10.1) for understanding the conformational dynamics of
biological molecules like proteins, RNA, etc. [6,7]. If the donor and the acceptor are
two dye molecules, FRET is found to be effective when the separation distances are
in the range of 10—100 A. For separation distances greater than 100 A, in FRET, the
excited donor decays according to its natural lifetime, rather than by energy transfer.

The R-° dependence of the rate in the Forster expression was derived within the
dipolar approximation, in the regime when the sizes of the donor and the acceptor
are smaller in comparison with the distances separating the donor and the accep-
tor. However, when the distances between the donor and the acceptor are not much
larger in comparison with their sizes, the dipolar approximation to the interaction
is not a very good approximation, thereby leading to deviations from the traditional
R% dependence. For instance, if the energy transfer process involves extended elec-
tronic systems wherein the electronic excitations are delocalized, one expects the
breakdown of the dipolar approximation. In recent times, a variety of materials like
polymers [8], nanoparticles [9], quantum wells [10], quantum wires [11], metal sur-
faces [12], etc., have been used as energy donors/acceptors in the EET process, and
deviations from the R dependence have been studied. A non-R-® dependence is
of great interest due to the need to develop nanoscopic rulers that can measure dis-
tances well beyond 100 A.

The EET from the molecular excited states to the electronic states of metal sur-
faces has been well studied in the past few decades. Drexhage et al. [13] measured

O o=
ow
N ..

Energy transfer \

FIGURE 10.1  Schematic representation of a molecular beacon, a hair pin—shaped molecule
containing a fluorophore, and a quencher at its two ends. On excitation of the fluorophore, it
is possible to observe emissions from the quencher because of EET. However, when a target
nucleotide sequence is added, the fluorophore and the quencher are separated, and the fluo-
rescence of the fluorophore is recovered. The process can be used to probe the hybridization
of oligonucleotides.
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the fluorescence lifetime of an excited molecule as a function of the distance from
a metal surface. Oscillations were found in the fluorescence lifetime at large dis-
tances, whereas a monotonic decrease was observed at shorter distances. The oscil-
lations were due to the interference of the incident electric field wave of the emitting
fluorophore and the wave reflected from the metal surface. The decrease at short
distances was due to the nonradiative transfer of energy from the molecule to the
metal. Chance et al. [14] theoretically analyzed this process of energy transfer from
an excited molecule fluorescing near a metallic film. They consider the fluorophore
to be an oscillating dipole and use the classical theory of an oscillating charge distri-
bution near a dielectric interface to study the distance dependence of the rate. They
found a d-3 dependence of the rate of energy transfer on the distance between the
molecule and the metal for very thick films. However, for the case of thin metallic
films, they found a d=* dependence. The above-mentioned distance dependencies
can be easily understood: In FRET, with the donor and acceptor transition densi-
ties being point dipoles, transfer occurs from a zero-dimensional donor to a zero-
dimensional acceptor, leading to an R~ dependence. For the case of transfer to the
bulk modes of a metal, the acceptor excitations are in three dimensions. Therefore,
one has a d=3 dependence. When the transfer occurs to the surface modes, one has a
d~* dependence because of the confinement of the acceptor excitations to two dimen-
sions [12,15-17].

There are several reports in the literature of carbon nanotubes (CNTs), which are
found to be efficient quenchers of the electronic excited states of dyes [18-20]. In
studies on the energy transfer from pyrene molecules to the CNTs [18,19], the mol-
ecules were attached to CNTs using flexible spacers. Fluorescence lifetime measure-
ments indicated a decrease in the lifetime of the fluorophore after tethering to the
CNTs due to the EET. A single-walled CNT can be thought of as a rolled-up sheet of
a single layer of graphite known as graphene [21]. After the preparation of graphene
by Novoselov et al. [22] using the micromechanical cleavage of graphite, it has been
attracting a great deal of attention from both the experimental and the theoretical
communities [23,24]. Since CNTs (which are rolled-up sheets of graphene) were
found to quench the fluorescence of dyes, we asked the following questions:

1. Can graphene quench the fluorescence of fluorophores?

2. If so, what would be the distance dependence of the rate of transfer from
fluorophores to graphene?

3. How does the distance dependence compare with that obtained for the case
of transfer to a metal surface?

The motivation for us to look at the EET from fluorophores to graphene is three-
fold. 1) Graphene has very interesting electronic properties [25], which makes it an
ideal candidate for the theoretical investigation of the EET from the excited states of
molecules to its electronic energy levels. 2) Although fluorescence quenching of dyes
near nanotubes is known, the distance dependence of the rate has not been measured.
The starting point for the theoretical calculations on CNTs is graphene, and hence, it is
worthwhile to study the rate of energy transfer to graphene. 3) Metal surfaces have been
shown to be effective quenchers of both electronic and vibrational excitations [12,15].
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Like in a metal, continuum of electronic excitations is possible for graphene.
However, graphene is a zero-gap semiconductor, and the Fermi surface for graphene
is a set of points that are referred to as the K-points. A metal has a finite density
of states at the Fermi level, whereas graphene has a zero density of states at the
Fermi level. Therefore, it would be interesting to see if energy transfer to graphene
follows the same dependence as that for the surface excitations of a metal surface.
Interestingly, although fluorescence quenching of dyes near CN'Ts was known, there
were no reports of fluorescence quenching by graphene at the time when we thought
of this possibility.

In view of the above, we have studied the EET from a dye molecule that is kept
at distance z above a layer of graphene to the electronic energy levels of graphene
[26,27]. The objective of our work is to consider the extended electronic charge den-
sity of graphene and understand the distance dependence of the rate [28,29]. We
use the Fermi golden rule as the starting point and use the tight-binding model for
graphene [21,30] to obtain analytic expressions for the rate of energy transfer within
the “Dirac cone” approximation. We find that the long-range behavior of the rate
of transfer has a z7* dependence on the distance between the dye and the sheet.
Numerical results are obtained for the decay of the n—n* excitation of the pyrene
molecule, which has been demonstrated to be efficiently quenched by CNTs. Our
analysis suggests that, for the case of pyrene, energy transfer is possible up to a
distance of ~300 A, which is well beyond the FRET limit (100 A). Recent experi-
ments that have been performed after our theory was reported have in fact observed
the fluorescence quenching of dyes near graphene. Further, the process has been
found to be very useful in fabricating devices based on graphene [31], in eliminat-
ing fluorescence signals in resonance Raman spectroscopy [32], and in visualizing
graphene-based sheets using fluorescence quenching microscopy [33]. The process
has also been found to be useful in quantitative deoxyribonucleic acid (DNA) analy-
sis [34,35].

The Fermi surface of undoped graphene is a set of six points known as the
K-points. As a result of this, the density of states at the Fermi level is zero. It is
possible to shift the Fermi level of graphene away from the K-point experimentally,
either by electrical or chemical doping [36,37]. This will make the density of states
at the new Fermi level nonzero. With nonzero density of states at the Fermi level, it
becomes easier to transfer excitation energy to doped graphene. Thus, we study the
effect of shifting the Fermi level on the distance dependence of the rate of energy
transfer from fluorophores to graphene [28,38]. We imagine that the Fermi level is
shifted into the conduction band to a level with the magnitude of wave vector k. as a
result of doping. We use the Dirac cone approximation, which allows us to get ana-
lytical expressions for the rate at large distances. We find a crossover of the distance
dependence of the rate from z7* to exponential as the Fermi level is increasingly
shifted into the conduction band, with the crossover occurring at a shift of the Fermi
level by an amount of #Q/2. The analysis presented here for the EET to graphene
has also been extended by us to understand the process of energy transfer to CNTs
[39] but shall not be discussed in this chapter. We believe that the EET involving
carbon-based materials is very interesting due to the fact that, using such materials,
it is possible to measure distances well beyond the traditional FRET limit.
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10.2 MODEL FOR THE RATE OF ENERGY TRANSFER

We consider the process of energy transfer from an energy donor D to an energy
acceptor A. The donor is initially in an excited state, and it transfers its energy to the
acceptor which means that an electron that was in the orbital y?” makes a transition
to \V ¢- In the acceptor, an electron that was sitting in the orbital v ¢ gets excited to
V.. The matrix element for the process is given by

_ijdrlj.d \Ile( )Wg (r|)\|fg (rz)\pe*(rz)
TE

(10.4)
n-ry

Note that this is actually an electrostatic interaction between two transition
densities W, W, and w?wﬁ* In the case of the EET from dyes to graphene, the
orbitals \V?(rz) and Y (r,) on the acceptor are extended in space with delocalized
charge densities (in comparison with the separation between D and A) [29]. In such
a situation, we can approximate the interaction matrix element as that between the

transition dipole of the dye, with P«Zg located at the center of charge and given by

ueg ejd ! (rl)rlw:,)*(rl), and the transition charge density —e\u?(r2)\|lf*(r2) of

graphene. Therefore, the matrix element for interaction becomes
_..D
U=p, Vo, 10.5)

where @ is the electrostatic potential at point r (the position of the donor) due to the
charge density —ew?(rz)w;“*(rz). The electronic energy states of graphene are char-
acterized by wave vector k. As a result of the EET from the dye, an electron in an
energy level with wave vector k; is excited to a level with wave vector k;. The Fermi
golden rule expression for the rate of energy transfer is given by

2
k(hQ) = %22} Uy, P 8(E,, — Ey, ~ ). (10.6)
kf

k.

where 7€ is the emission energy of the fluorophore. We define k.= k; + q, where g7
is the momentum transferred to graphene. The rate can therefore be written as

k(hQ) = %"22| Uy o P 8(Ey g — Ei, — I, 10.7)
ki ¢

The transition density given by —ey; (r,) W, (r,) = —eyy ", (5, Wy (r,) then has a
periodicity with wave vector q.
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Here, we consider the transfer of energy to the n system of graphene. We first use a
nearest neighbor tight-binding model to obtain the wave functions and energies for the
graphene lattice [21,30]. The unit cell of the hexagonal lattice of graphene is a paral-
lelogram and contains two atoms. Therefore, it is convenient to imagine the lattice to
be made up of two sets of carbon atoms, which we label as A and B. The nearest neigh-
bors of an A-type atom are three B-type atoms, and the next nearest neighbors are six
A-type atoms (see Figure 10.2). Vectors a, and a, are the real lattice vectors of the lat-
tice. la,| = la,| = a, where a is the lattice constant and is given by a = IC_C\E ,withlo =
1.42 A, which is the C—C bond length in graphene. The carbon atoms of the lattice are
sp? hybridized. Each carbon atom uses its three sp? hybrid orbitals to form bonds with
the three nearest neighbor carbon atoms. This leaves an extra electron sitting in the 2p,
orbital of each carbon atom. These electrons on each atom combine to form & bonding
and © antibonding molecular orbitals. We first form two tight-binding Bloch functions
generated from the 2p, orbital wave functions of the carbon atoms of the lattice as

1 K
Yy, == D e M yar—s,) (10.8)
v
and
1 ik.s
WYy, = 7— E e By g (r—sp). (10.9)
N B

N is the number of atoms of each type in the lattice, and y is the 2p_ wave func-
tion on the carbon atoms. s,(s;) are two-dimensional vectors lying in the plane of
graphene and specifying the positions of the A(B)-type atoms. The total wave function

FIGURE 10.2 Schematic of the graphene lattice showing the unit cell and the real lattice
vectors. The nearest neighbors and the next nearest neighbors of one of the carbon atoms are
also shown.
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for the & system of the lattice for a particular two-dimensional wave vector k = (k,, k)
may be written as a linear combination of the two Bloch functions written above, i.e.,

Y (1) =c Wy, + Wy, (10.10)
We substitute the above form for the wave function into the Schrédinger equation

Hy = Ey and determine coefficients ¢, and ¢, variationally [30]. The energy bands
are given by E; = H,,+| H , |, where within the tight-binding model,

Hoy =i, |y, )= (sl —s,)) = (10.11)
and
ik ikya
H,p 0=y, I:Iwk3>2t|:e B 4 oe2hs cos(kya/Z)]. (10.12)

In the above, ¢ is the nearest neighbor matrix element, which is known as the hop-
ping integral, and is given by ¢ = <XA (r- sA)‘I:I‘xB(r - sB)>. We choose o = 0. With
this, the & energy bands are given by

1

E:= it[l + 4 cos(k,ar2) cos(k,\3ar2) + 4cos2(kya/2):|§ L 1013)

where the + sign is for the conduction band and the — sign is for the valence band.
A plot of the energy bands as a function of k, and k, is shown in Figure 10.3. The

FIGURE 10.3  Electronic energy bands of the  system of graphene as a function of the wave
vector components k, and k. The valence and the conduction bands meet at the K-points.
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valence and the conduction bands meet at the K-points. As well known, the energy
follows a linear dispersion relation around the K-points. Denoting the deviation of the
wave vector from a K-point as k and carrying out an expansion around the K-point,
we get

E; =it%k=ivfk, (10.14)

with k = /k? +k§. It is convenient to work with this linear dispersion relation as
the required integrals can be evaluated analytically. The wave function for the kth
orbital of graphene then is

+ 1 ik.s —i ik.s
wk(r)=m[zek Aalr—s)Fe Y o Bxg(r—sg)}, (10.15)

A B

where the + sign in y; (r) holds for the conduction band (7* band) and the — sign
holds for the valence band (x band). The phase factor 9, is defined by the relation

o — H (k)

= . (10.16)
H 1y (K)
Again, expanding the wave vector near the K-point, we have
-1 kv
O, =tan w7 P (10.17)

where @, is the angle that vector k makes with the x-axis. As ClearAfromAEquation
10.5, we consider the transition dipole moment of the dye ugg = i+u,j+uk to
be interacting electrostatically with the electrons of graphene [26,27,29]. As a result
of such an interaction, the dye returns back to its ground state, and an electron in
graphene is excited. The excitation of an electron from Yy (r) to W{i +q(r) leads to a
transition charge density given by

p(r)= —eqf;’:q(r)\p;i (r)~ 2i

i(8k.+q—Ok.) —iq-s *
N[e Kira _1123 a4 KA =8c)x e (r—5sc),

(10.18)

where the summation is over carbon atoms of either type in the lattice. Further, we
have neglected the product of ys, which belong to different atoms of the lattice, as
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they are negligible. The electrostatic potential due to such a transition density is
given by

®)=, Jd T, p(rz) . (10.19)

‘r r2

Since the density X (r, —S¢)xc (¥, —S¢) is localized near the Cth atom, we can
use the multipole expansion to calculate its electrostatic potential at point r. The low-
est order term is the monopole term of Equation 10.18, leading to

Q)(r)ZSniN [ /i) 1]Zr e (10.20)

For small values of g(= Iql), the sum in the above equation may be replaced by an
integral so that

RTENA , (10.21)

u

B(r) = e [ei(ﬁki+q—5ki) B l]J‘dSC :iq:c
e

where A, is the area of the unit cell of graphene. The two-dimensional integral writ-
ten above can be evaluated to get

qz —iq-X

e i(By;+q—0k;) | €
dr)=——1I|1-¢ q 7, 10.22
) 4&4[ ] : (10.22)

where we have used r = (X, z), with X being parallel to the plane of graphene. A is
the area of the graphene lattice. We now evaluate the matrix element of Equation
10.5 and find it to be

_ e i(sk,-ﬂrsk,-) _ D [.~ L),z -igX
U= [e 1];% (zq + k)e eaX, (10.23)
where = 9 is the unit vector in the direction of q, and K is the unit vector in the
q

z-direction. Thus,

p? -(iﬁ+1§)\2 e (10.24)
eg ’ .

2
‘U‘ YE [1 - cos((pk,_Jrq =@y, )]
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where @, and @y, are the polar angles of the two-dimensional wave vectors k; and
k; + q, respectively. We now use Equation 10.7 to obtain the following expression for

the rate of transfer:

2
e2%G(q), (10.25)

u’ {iq +k)

2
Te

where

G@)= Y [1-cos(@y g~ i IS 1y — By, ~1Q2). (10.26)

k

The sum over k; in the above equation can be converted into an integral to get

A k.-(k, +q) N )
o 4n2.[ ,l: k; (ki+q)]8( ki ) (10.27)

q

We first evaluate G(q). We introduce a new variable k/ defined by k =k, +
Then, we use Equation 10.14 for the energy levels of graphene to get 2

A (k;_g)'(k;+g) HQ

G(q)=72J‘dk,f 1- a(k;—q+k;+q—],

mvy k'.—gk’,+g 20 vs
)

(10.28)

We choose the direction of q as the x-axis and then make another change of vari-
i

able tor (= (x,y)) given by r = k
ql2

to get

+r+il)- m} (10.29)
Vv

AL (r=iMr+i) q(. 3
G(q)_l6n2va. dr[l 0 2(‘r ! )

H—ir+ﬂ

The above equation can be rewritten as

2 % % 2, .2
G)=-4 Ja’xjdy - = +2y ! —
v, J Y Ja=D2+y e+ 12 +y

}x
(10.30)

—oco

5|:q(\/(x—1)2 + +\/(x+1)2+y2)—m:|.
2 v,



216 Modern Theoretical Chemistry: Statistical Mechanics

We now change over to elliptic coordinates defined by x

2.2
J(@? = 1)(1—-v?). The transformation gives dxdy = Ldudu. Substi-
VW =11 -v?)

tuting the above transformation into Equation 10.30 gives

2
/12 v S(qu—m). (10.31)
p -1 vy

The above integrals can now be easily performed to get

= po and y =

A2
Gq)=—1
4Ttvf

i q2®(hQ—qvf)

(10.32)
8T\ (hQ)? - ¢*v?

We now substitute the above result into Equation 10.25, replace the sum over q by
an integral, and use u'eg = uxl +U, J-Hl k to get

G(q)=

2
HA) = 64

21

, e ORQ = qv )G’
Jdﬂ[u? + (U, cosO+u, s1n9)2]e 200 T2 LTI
f V) = g*v;

(10.33)

where (g,0) are the polar coordinates of q. The integral over 0 can be easily per-
formed to get

hQh
2 !

—2qz 3
k(hQ) =5 (W2 2+ 212 jd#. 10.34
Q)= (wi -+ +2nt) i (10.34)

We now show the explicit orientation dependence of the rate of energy transfer.
Consider that the transition dipole of the dye ui, makes angles of o and p with

respect to the directions i and ﬁ, respectively (see Figure 10.4). We therefore have
M, = Hoq €Os asin f, py = W, sin o sin B, and p, = p,, cos B, where we have defined

W = llg, . Using the above definitions, the rate can be written as
Qv
2 ’ e—Zqqu
KQ)= 5 (12, sin® B+ 2412, cos” B) j dg———"9L _ (1035)

(hQ)* = g*v;
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Q
~

FIGURE 10.4 Schematic of the donor—acceptor system showing the transition dipole of the
fluorophore and the graphene lattice. In the figure, we also show the angles that the transition
dipole moment vector makes with the coordinate axes.

We now perform an averaging over all possible orientations of the donor transi-
tion dipole moment to get

2,2 —2qz 3
(ke =M J' dg-——<£ 4 (10.36)
48he 4 (hQ)? — ¢*v?

For large values of z, only values of ¢ ~ 1/(2z) contribute to the above integral. In
such a case, we can neglect qzv% in comparison with (/€2)? and evaluate the integral
in Equation 10.36 by extending the upper limit of the integral to infinity to get

ne® U,
64Qn%e* 74

(k(hQ2)) = (10.37)

Thus, we show that the long-range behavior of the rate of energy transfer to gra-
phene has a power law [(distance)~*] dependence. The integral in Equation 10.36 can
be evaluated exactly for small values of z by making the transformation g = 7#Q/v,
sin (f) and then expanding the exponential term to get

(k(h€2)) =

2 3,2 =2 n "
Ar (Y2 o (<) {sz) H@+m/2) 638

96he* v} n! L(5+n)/2)

n=0 vf

The sum in the above expression can be evaluated numerically. However, it is pos-
sible to evaluate the integral in Equation 10.36 numerically for all values of z while
the asymptotic expression given by Equation 10.37 is valid for large z.
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10.3 RESULTS AND DISCUSSION

We use the equations of the above section to evaluate the rate of energy transfer from
a fluorophore to graphene. We choose pyrene as the fluorophore for our numeri-
cal calculations. The fluorescence emission maximum of pyrene occurs at 390 nm
(3.2 eV) [18]. We have performed ab initio calculations for pyrene to get the transi-
tion dipole moment and obtained p,, = 4.5 D (B3LYP/6-311++G** level of calcu-
lation) [40]. The lifetime of the excited state of pyrene is 410 ns [1] (in ethanol).
Therefore, the total rate of de-excitation in the absence of graphene is 2.4 x 106 s~
When pyrene is kept at distance z above a layer of graphene, it is possible that the
excitation energy may be transferred to graphene, provided that the rate of transfer is
greater than or comparable to the rates of other de-excitation processes. To explore
this, we have calculated the rate of nonradiative energy transfer from the excited
state of pyrene to graphene using the equations from the model that we have devel-
oped, for z varying in the range of 5-400 A. Note that the numerical values of the
rates obtained using the equations derived earlier have been multiplied by a factor of
2 to account for the two inequivalent K-points of graphene. We consider the transfer
of a fixed amount of energy #Q to graphene and use 7€ = 3.2 eV, which is the emis-
sion maximum of pyrene. The numerical value of the hopping integral for graphene
was taken to be r = 3.0 eV [21].

Using the above-mentioned parameters, we use Equations 10.36 and 10.37 to
evaluate the exact and asymptotic long-range rates of energy transfer from pyrene to
graphene. Figure 10.5 shows a comparison of the two as a function of the distance.

14
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—m=— Long-range rate
124 g g
TU!
— 104
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FIGURE 10.5 Comparison of the exact and long-range rates of energy transfer from pyrene
to graphene. The dashed horizontal line shows the natural decay rate of pyrene in the absence
of graphene. The rate of energy transfer is greater than the natural decay rate up to a distance
of 290 A. (Reprinted with permission from Swathi, R. S. and K. L. Sebastian, J. Chem. Phys.,
130, 086101, 2009. Copyright 2009, American Institute of Physics.)
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It is clear that the rate has a z* dependence for distances greater than 20 A, even
though, for shorter distances, the deviation is not large. In addition, in Figure 10.5,
we show the natural rate of decay of the excited state of pyrene (2.4 x 10° s7!) as the
dashed horizontal line. The rate of transfer is greater than the natural decay rate
up to a distance of 290 A. Thus, when pyrene is kept at distances in the range of
5-290 A from graphene, the rate of energy transfer is higher than the other de-excita-
tion pathways, and pyrene predominantly decays by the energy transfer to graphene.
At 290 A, both rates become equal, and beyond 290 A, energy transfer is not the
dominant pathway for the de-excitation of the excited state. Therefore, it is possible
to think of an experiment wherein pyrene is kept at various distances from graphene,
and fluorescence quenching by graphene is measured by fluorescence spectroscopy
experiments. Measurements of the fluorescence intensity and the excited state life-
time of pyrene in both the presence and the absence of graphene may be used to
verify this prediction.

10.4 RECENT EXPERIMENTS ON FLUORESCENCE
QUENCHING BY GRAPHENE

Our theoretical study on the EET from fluorophores to graphene was the first report,
theory, or experiment on fluorescence quenching by graphene. Since then, there have
been experimental studies by several groups with interesting applications for the
quenching process. Resonance Raman spectroscopy is a powerful spectroscopic
technique for characterizing the molecular structures. Raman scattering is a very
weak process. The Raman signals are usually masked by the much stronger fluores-
cence emission. It is possible to suppress fluorescence signals in resonance Raman
measurements using currently available techniques like femtosecond stimulated
Raman spectroscopy [41], coherent anti-Stokes Raman spectroscopy [42], optical
Kerr gate [43], and ultrafast Raman loss spectroscopy [44]. However, these tech-
niques involve a complex experimental setup. Xie et al. [32] have shown that the
fluorescence quenching ability of graphene can be used to obtain good resonance
Raman signals from fluorescent dye molecules. When the dyes were adsorbed on
graphene, the fluorescence of the dyes was found to be quenched. Using graphene as
the substrate, they were able to suppress the fluorescence background by ~10° times
and obtain good resonance Raman signals from the dyes.

Visualizing graphene-based sheets is a very challenging problem because regu-
lar methods like atomic force microscopy require very special substrates and rigor-
ous operating conditions. Therefore, a general visualization technique that allows
for quick sample examination over large areas is highly desirable. Kim et al. [33]
reported that graphene-based sheets can be easily visualized under a fluorescence
microscope when coated with dyes because of the fluorescence quenching of the
dyes by graphene. They have used a nonfluorescent polymer spacer to fix the dis-
tance between the graphene-based sheet and the dye layer. For a polymer spacer of
thickness 20 nm, they have observed 23% quenching. However, for a spacer of thick-
ness 200 nm, graphene-based sheets became invisible, meaning that graphene is no
longer able to quench the fluorescence. In these experiments, the dye coating could
be easily removed later on without disrupting the sheets. They also demonstrated
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for the first time that the method could be used for direct observation of suspended
graphene sheets in solution.

Device fabrication using carbon-based materials like graphene and CNTs has been
a very active area of research in the last few years. Recently, Sagar et al. [31] have
reported a method for on-the-fly graphene-based device fabrication. The method is
based on identifying graphene flakes using a confocal microscope making use of the
property of fluorescence quenching of dyes by graphene. After locating the graphene
flakes, they were able to fabricate the devices on the fly by performing the necessary
lithography steps using a confocal laser scanning microscope.

There has been a recent report of the application of graphene oxide—based fluores-
cence quenching for quantitative DNA analysis [34]. They appended single-stranded
DNA (ss-DNA) molecules to fluorophores. In the presence of graphene oxide, the
fluorescence of these probes was found to be very small. This is due to the strong
hydrophobic adsorption of the dyes at the graphene oxide surface and the subsequent
highly efficient energy transfer from the dyes to graphene oxide. However, when
a complementary target of the probe ss-DNA was added, they hybridize to form a
duplex, and the fluorescence is recovered (see also [35]). This happens because of
the different affinities of the ss-DNA and the duplex to graphene oxide. The interac-
tion between the duplex and graphene oxide was found to be rather weak. This is
due to the fact, that in the duplex, the nucleobases were effectively shielded within
the phosphate backbone of the duplex, whereas, in case of ss-DNA, the nucleobases
were found to be nearly flat at the graphene oxide surface, leading to favorable n
stacking interactions. The fluorescence intensities with the complementary target
and the target with single-base mismatch were found to be quite different. Therefore,
the method was found to exhibit very high sequence specificity. A recent study has
shown that photoexcited semiconductor nanocrystals can also transfer the excitation
energy to graphene very efficiently [45]. However, in spite of a lot of effort in study-
ing energy transfer to graphene, to the best of our knowledge, there is no detailed
experimental study of the distance dependence of the rate.

10.5 EET FROM FLUOROPHORES TO DOPED GRAPHENE

We now consider the EET from fluorophores to doped graphene. We imagine that
the Fermi level is shifted into the conduction band to a level with magnitude of wave
vector k. Thus, the rate of energy transfer has contributions from two different sets
of transitions in graphene. In the first set, k; lies in the valence band, with 0 <k; < oo,
and k; lies in the conduction band, with k < k; < . In the second set, both k; and
k; lie in the conduction band, with 0 < k; < k. and kp <k;< o (see Figure 10.6). The
total rate can thus be written as the sum total of both contrlbutlons ie., k=k +k,.
k, and k, are both given by

2

e
k= 4he?A? 2
q

but with differing expressions for G;(q).

A2
w2 (1§ +K)| exp292)G, @ (10.39)
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Effect of doping on the rate
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FIGURE 10.6 Schematic of the energy bands, showing the Fermi wave vectors, the initial
and final wave vectors corresponding to EET. E. = vk, is the location of the new Fermi level
on doping graphene. (Reprinted with permission from Swathi, R. S. and K. L. Sebastian, J.
Chem. Sci., 124, 233, 2012.)

Gla= Y, [1-cos@y g~ 0 I8(Ef .y~ Ex ~12)O(lk, +q~ ;).

k;e valence band

(10.40)

The theta function is introduced to satisfy the condition, k < K;< . In a similar
fashion,

G@= D [+c05(@y.q — 0B, ~ Ei, — Q)

k;e conduction band

k.

1

x@@g+ﬂ—@J@@F—

). (10.41)

The two theta functions satisfy the conditions 0 < k; < kp and k <Kk;< . We now
evaluate G,(q) and G,(q) separately. We replace the sum over k; in the expression
for G,(q) by an integral and use the linear dispersion relation for the energy levels of

graphene (E,f = ivfk) to get

A k-(k +q)
Gi@)=—5— | dk,|1- 2L 5 Ik,
@ m@j [ h&ﬁm](ﬁ

k,-+q—’ig]®(ki+q—kF).
f

(10.42)



222 Modern Theoretical Chemistry: Statistical Mechanics

G,(q) can be evaluated using the procedure outlined in the previous section for
the evaluation of G(q). On performing the transformation to elliptical coordinates,

we get
/ [u_m] |:q(u+u)—kF} (10.43)
v, 2

The integral over p can be easily performed to get

Gi(q )_Aq 9(77,(2 qu) Jd - D@lq(+uJ—k ] (10.44)

G (g =

) —-q%v 9vy

The above equation can be rewritten as

1
2 OhQ—qv, —
@(q):f‘zm@[l_w} [ oo
an” (R’ - ¢*v; y [_1 2EF_hQ]

qvs

(10.45)

We now substitute back the above expression into the rate expression of Equation
10.39 and convert the sum over q to an integral to get

1

2 5 OhEQ — -
k= - 2.3 quq3e‘2"z ( qvf) O|1- 2B, — 1< j
64he°n i \/(m)Z_ 2,2 qvy

v
aVy M| 1 2Er12
—

(10.46)

w2 i

2n
x doy1-v? Jdﬂ
0

where (g,0) are the polar coordinates of q. After performing the integral over 6, we
average over all possible orientations of the donor transition dipole as earlier to get

oo 1

hQ— _

e 2_[ dggie ) gl 1 2B I [ gy fimy
48he NGO v vy

(10.47)
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Evaluation of the integral over v leads to

1=

!'Leg qu 36—2qz G)(m_qvf) @[1_ ZEF_hQ:|
2.2
6he’m (hY* ~¢™v;

x [’;— (/1= +sin" u)] (10.48)

where u is defined by u = Max |:—1,2EF_hQ].

qvy
We now evaluate G,(q) defined by Equation 10.41. Using the same procedure as
before, we find that

hQ

Gz(q)— ‘/ (CIU—J [q(wm—kF}@[kp—q(u—o)].

vy 2 2
(10.49)

The integral over v can be easily performed to get
C] hQ
G,(q) = 2‘] (qvf ) Jdu\/ @[ (+p] }
T
x@{kF _q[u_mﬂ. (10.50)
2 qv;

The above equation can be rewritten as

2Ep+hQ
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Substituting the above expression back into the rate expression of Equation 10.39 gives

2Ep+hQ

oo qvy
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The 6 integral can be performed easily, followed by an averaging over all possible
orientations of the donor transition dipole to get

2Ep+hQ
“ qvr
(€] - hQ
L= M dqq3e'2"z (v, 1) o 2B, 412 duu - 1.
48he’n’ Ja*v: - (hQ) qv;
aVr M [1 2EF—hQ]
v
(10.53)
The integral over p can be evaluated to get
— ueg ( 3 —ZqL (qu nQ) 2EF + hQ
%= ez J 449 2 ,
—(AQ ) Vr (10.54)

X(—rm+S\/s2_—1+10g|:r+\/z]—log[s+\/s2_—l]),

. The integrals over ¢ in the expres-
qvy qvy

sions for k, and k, can be performed numerically, thus getting the total rate of trans-
fer when the Fermi level in graphene is shifted into the conduction band.

where r = Max|: M] and s = M

10.6 LARGE z BEHAVIOR OF k; AND k,

It is easy to analyze the large z behavior of kl and k, (see the Appendix for the

detailed analysis). When Ej < h? and 2> E with Ae= FL;! —E; and hQ > Ae,

the long-range behavior of &, is given by Equation 10.60 in the Appendix as

€ Heg

_ 10.55
' 256nQn%’ (10.35)
hQ vy oo
In the case when E, >—— and z>——, with 71Q > Ae,
2 4Ae
e |A8|3/2 ﬁ
e e (10.56)

96\/_Qh2 2. 312 ;/2Z5/2 ’

as obtained in Equation 10.67 in the Appendix. The major contribution of the k, term

to the rate comes only when E, > % and it has a power law dependence (z™*) on
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the distance. When E < - the contribution from k, decreases exponentially with

zand hence is very small. Similarly, the long-range behavior of k, for both E, < Qe

and E, > % is given by Equations 10.72 and 10.77 in the Appendix as

1
wWAnias —2zhQ
1 [e Ll;gA il R (rm—log[r+\/ZD, (10.57)

k, =
P9z me]

where r =1+ 2By

. Therefore, the large z behavior of k, is exponential. Thus, in the
case when E, < %, the rate of transfer to doped graphene has a power law depen-

dence on the distance (arising from the k, term), whereas, when E, > 7 the rate

has an exponential dependence (arising due to both k, and k, terms). Therefore, as the
Fermi level is increasingly shifted into the conduction band, there is a crossover of
the distance dependence of the rate from power law to exponential and the crossover

. hQ
occurs over a region of E, centered at ——.
2

10.7 RESULTS AND DISCUSSION

We performed numerical calculations for evaluating the rates of energy transfer from
a fluorophore to doped graphene. Note that the numerical values of the rates k, and &,
obtained using the equations derived earlier have been multiplied by a factor of 2 to
account for the two inequivalent K-points of graphene. We take the emission energy
of the fluorophore #Q to be 2.0 eV. Such low energy emission has been found in
squarylium dyes [46]. We take p,, = 4.5 D. Figure 10.7 shows a plot of the logarithm
of the rate as a function of the logarithm of the distance as the Fermi level is shifted
increasingly into the conduction band in the range of 0.2-2.0 eV. For E < 1.0 eV, the
log-log plot is linear, showing that the rate has a power law dependence (z~*) on the
distance. After around 1.0 eV, there is deviation from linearity in the log—log plot,
and the dependence becomes exponential. In order to look into the crossover region
more closely, in Figure 10.8, we show a plot of the rate as the Fermi level is moved
into the conduction band in the range of 0.95-1.05 eV. This clearly shows that there is
a crossover of the distance dependence of the rate from power law to exponential as
the Fermi level is increasingly shifted into the conduction band. It should be possible
to observe this effect experimentally.

Figure 10.9 shows a plot of the k, and k, terms and the total rate of transfer as a
function of the Fermi energy of graphene at a fixed distance z = 10 A. The contribu-
tion from the k, term decreases as the Fermi level is increasingly shifted into the
conduction band, whereas that from the k, term increases. From the figure, it is clear
that the total rate is governed mainly by the &, term up to the crossover point. Beyond
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FIGURE 10.7 Rate of energy transfer as a function of distance, as the Fermi level is increas-
ingly shifted into the conduction band. The emission energy of the fluorophore is taken to be
hQ = 2.0 eV. (Reprinted with permission from Swathi, R. S. and K. L. Sebastian, J. Chem.
Sci., 124, 233, 2012.)
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FIGURE 10.8 Rate of energy transfer as a function of distance, as the Fermi level is increas-
ingly shifted into the conduction band (a closer look at the crossover region). The emission
energy of the fluorophore is taken to be 7Q = 2.0 eV. (Reprinted with permission from Swathi,
R. S. and K. L. Sebastian, J. Chem. Sci., 124, 233, 2012.)
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FIGURE 10.9 Rate of energy transfer as a function of the Fermi energy of graphene, at a
distance of 10 A. The figure shows plots of k, and k, separately, along with the total rate of
transfer. (Reprinted with permission from Swathi, R. S. and K. L. Sebastian, J. Chem. Sci.,
124,233, 2012.)

that, the contribution from k, term is small, and the total rate is governed by the k,
term. This is clearly a density of states effect.

Finally, we mention a closely related work on energy transfer to graphene that
appeared recently after we finished our work [28], wherein the authors consider the pro-
cess of energy transfer to the electron—hole pairs and the plasmons of graphene [47]. The
results obtained in [47] are in agreement with our calculations on energy transfer to the
electron—hole pairs of undoped [26,27,29] and doped graphene [28,38]. However, they
also study the possibility of collective excitations in graphene (plasmonic excitations),
as a result of energy transfer. On the experimental side, nonzero Fermi energies have
already been obtained for graphene on the modification of the carrier density by electri-
cal or chemical means. Currently, attempts are being made to systematically study the
effect of doping on fluorescence quenching by graphene [47]. By electrical gating, it is
possible to control the flow of charge carriers to and away from graphene, which, in turn,
affects the decay of a molecular emitter in proximity. It would be interesting, therefore, to
envisage experiments wherein switching on and off of the molecular emission occurs as a
result of the control of electrical gating in graphene. The decay of quantum emitters near
doped graphene, causing surface plasmon excitations in graphene, has also been studied
and is found to be rather promising in the area of graphene plasmonics [47].

10.8 SUMMARY

Motivated by experiments on fluorescence quenching of dyes tethered on CNTs
and studies on the decay of excited states near metal surfaces, we have studied the
process of EET from fluorophores to a sheet of graphene. Starting from the Fermi
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golden rule, we have developed an analytical model to evaluate the rate of transfer.
The transition density of the fluorophore has been approximated as a point dipole,
whereas the transition density of graphene has to be treated more rigorously. We
have used the tight-binding model and the Dirac cone approximation for graphene.
The long-range behavior of the rate of transfer has been found to have a (distance)™
dependence. Our numerical calculations on the study of energy transfer from pyrene
to graphene have predicted a distance of ~300 A up to which quenching by graphene
can be significant. We have also studied EET from fluorophores to doped graphene.
We have analyzed the distance dependence of the rate of transfer as the Fermi level
of graphene is shifted away from the K-point into the conduction band. We have
found a crossover of the dependence from power law (z7#) to exponential as the Fermi
level is increasingly moved into the conduction band. The point of crossover is at a
shift of the Fermi level by 7Q/2. After our theoretical studies were reported, there
have been a series of experimental studies on fluorescence quenching of dyes near
graphene, with interesting applications for the process.
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APPENDICES

AppENDIX 10.A  BEHAVIOR OF RATE CONSTANT Kk,

We first look at k,. We consider two separate cases.

hQ
1. Case I: We consider the case where Ej is close to Y but less than it. We

put Ae = % — E,.. k, is then given by

2.2 i @ m_ 1
k, = M;g z’J.dque’z"Z ot qv,) <] 1+% J dum.
48he"m (hQ)* — qzv% qvs

0

(10.A1)
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above integral is from qe( ] In this range,
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1 1
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If % > Ag, then, in this range, (hQ)* —g*v; =~ (hQ)*, and the integral
in Equation 10.58 may be approximated as
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For z such that > 1, in the above integral over ¢, the contribution
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is from ¢ in the vicinity of . We now change the variable of integra-
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Now, the major contribution to the above integral comes from values of
y ~ 1. If y is close to unity

i 32
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Jdu 1-v? :‘f(yJ , (10.A7)
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For %»IAEI and y in the vicinity of 1, @(A#Q — 2lAely) = 1, and

(hQ)* — 4IAel*y* ~ hQ. The integral over y can now be evaluated to get
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For large values of z, the asymptotic form of the Bessel function
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ApPEnDIX 10.B  BEHAVIOR OF RATE CONSTANT K,

We now analyze k,. As before, we consider two separate cases.

hQ
1. Case I: We consider the case Ep <7. Therefore, 2E, — hQ < 0, and
hence, k, is given by

2Ep+hQ

o qvy
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Using the two theta functions in the above expression, k, can be written as
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We now make a change of the variable of integration from ¢ to x defined

by g =—+x. Using this transformation, k, can be written as
f
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For large values of z, in the above integral over x, because of the pres-
ence of e7>** term, only small values of x are important. Therefore, for small
values of x, the above expression can be simplified to get
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The integral over p can now be performed, and the upper limit in the
integral over x can be extended to « to get the following expression for k,:
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2. Case II: We now consider the case E, > 7 Therefore, 2E,. — AQ2 > 0, and

hence, k, is given by
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The above equation can be simplified to get

2Ep+IQ 2Ep+hQ
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We now use the same procedure as was used for evaluating the integrals
in Case I to get

—2zhQ H& ZEF
e M h3QS vy
k= |—2% — J duyu’ de
2 Tl:4€4v; 48\/7 ] Hyu (10.B8)
On evaluating the integral over p, we get
—2zhQ
e Heghggs K4 2 2 [ 2 ]
k,= TSR] —s\s =1+rVr —1+log| s++s" -1
TE Vi 96\/7
—22)(
—log[r+ r?— de (10.B9)

where s:Max|: ,ZEF —1} a
hQ

Using this and extending the upper limit of the integral over x to e and then
evaluating the integral, we get

El

—2JzQ
e ug hSQS vy
k, = n3i4v} m\f(r\/r - —log[r+\/r - ]) (10.B10)
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11.1  INTRODUCTION

The laws of thermodynamics apply to the macroworld and are considered robust.
They are expected to be valid for all material systems, as they arrived after years of
experimentation. Indeed, the laws of thermodynamics are viewed to be so sacrosanct
that they constitute the benchmark for all “microscopic” theories, based on either
classical or quantum considerations. Such theories that fail to reproduce thermody-
namics at the macrolevel need to be discarded!

Of the three laws of thermodynamics, the third law is the least discussed, though
it is the most profound in some sense. This is so because, unlike the first two laws,
the third law has direct contact with quantum mechanics. Thus, it is not surprising
that the development, along with complete understanding, of the third law, was con-
comitant with the establishment of quantum theory itself in the first quarter of the
last century.

* Dedicated to Professor B. M. Deb, who sets a high level of intellectual honesty.
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In its simplest form, the third law of thermodynamics states that the entropy S
and, from it, the derived heat capacity C (or the specific heat) must go to zero at
absolute zero temperature. If, however, the system has defects, such as a disordered
crystal, the entropy approaches a constant at 7 = 0, although the entropy per particle

S(E %V) does go to zero in the so-called “thermodynamic limit” (N — oo).

What is then the connection with quantum mechanics, which is a zero-temper-
ature theory in itself? A quantum system is characterized by its wave function but
can admit several wave functions associated, however, with the same energy eigen-
value. The number of such distinct wave functions or state functions of the system
is called degeneracy. The simplest textbook example of degeneracy is a 2- or 3-D
harmonic oscillator. Another example is the hydrogen atom. When one views the
degeneracy of the lowest energy level g in the context of the Boltzmann relation
for the entropy, one immediately sees the relation between thermodynamics and
quantum mechanics. Boltzmann hypothesized that the entropy S of a macrosystem
can be written as

S=kylnQ, (11.1)

where kj is the Boltzmann constant, and € is the number of microstates associated
with the (fixed) energy E of the system. Then, at zero temperature, Equation 11.1
yields

S(T=0)=kyln g. 11.2)

Clearly, the right-hand side of Equation 11.2 is a constant, but when divided by N,
s(E %) vanishes in conformity of the third law, except, of course, if g increases

faster than exponential in N! Such a situation may arise in glasses, which are charac-
terized by an infinitely large number of energy minima in the ground state. The latter
example, in apparent contradiction with the third law of thermodynamics, turns out
to be a red herring, however, as glasses are “nonequilibrium” systems quite outside
the purview of thermodynamics, in its standard formulation.

In Section 11.2, we will discuss the remarkable development of the third law of
thermodynamics, which can indeed be viewed as one of the great triumphs of chem-
istry or what has more specifically come to be known as chemical physics. In the
process of this development, at least four Nobel Prizes in Chemistry were awarded
to Van’t Hoff, Ostwald, Arrhenius, and Nernst. The clearest formulation of the third
law was provided by Lewis, who however did not win the Prize! [1] We will discuss
the ingenious experimental research of Lewis that led him to the most precise state-
ment of the law. Our aim is to put forward a poser: What happens to the third law
when it comes to a nano- or mesoscale system? The kind of quantum systems that
we have in mind comprise, for example, a dot in which an isolated electron can move
in a confined potential, an electron under an external magnetic field, constrained
however by a parabolic well, or a qubit (a system of two quantum dots) in a quantum-
dissipative environment. For such systems, the specific heat C does not quite follow
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the diktats of the third law. Where is then the resolution of this impasse? We argue
that a small system, being tiny, is inevitably in contact with a larger system or the
environment. Thus, a small system is never a closed one but is an open system, for
which the thermodynamics has to be worked out anew. When this is done, we find
a satisfactory resolution to the paradox of the specific heat vis-a-vis the third law.
Our discussions will be based on the much-studied spin-boson problem, which will
be introduced in Section 11.3 and which has come to be recognized as a standard
paradigm of dissipative quantum systems [2]. In Section 11.4, we treat the specific
heat of the spin-boson model in both the strong and weak damping regions. Finally,
in Section 11.5, we present our concluding remarks.

11.2  BRIEF HISTORY OF THE THIRD LAW

The foundation of the third law is interestingly intertwined with another famous law
of chemical thermodynamics, which is however embedded in kinetic considerations!
The latter is what is called the Arrhenius law (1889), which yields the rate A of a
chemical reaction in terms of the activation energy E ,, which provides the difference
in energy between the reactant and product states (Figure 11.1), i.e.,

A=2, CXP(—%T). (11.3)

In the above equation, A, is a “pre-exponential factor,” which can be weakly
temperature dependent. The formulation of the Arrhenius law was given a physical
justification by Van’t Hoff in the same year of 1889. (Incidentally, Van’t Hoff was
the first recipient of the Nobel Prize in Chemistry!) The pre-exponential factor A,
is related to the concept of an attempt frequency of a chemical reaction, particu-
larly when the reaction occurs in the liquid state, which is in a state of perpetual
Brownian motion. Indeed, the Arrhenius law is directly related to the concept of
“moles” of chemical species that were expounded by another contemporary chem-
ist, Ostwald (Figure 11.2).

FIGURE 11.1 Svante Arrhenius.
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FIGURE 11.2 (Left) Jacobus Van’t Hoff. (Right) Wilhelm Ostwald.

Ostwald, who initially had strong philosophical opposition to the atomic theory,
was converted to the concept of moles as the fundamental constituent of matter, fol-
lowing Perrin’s historical experiments on the Brownian motion [3].

As mentioned earlier, the clearest exposition of the third law of thermodynamics
was provided by G. N. Lewis (Figure 11.3). Lewis analyzed a whole set of measure-
ments of the rate of what is called first-order chemical reaction, which can be writ-
ten, following a thermodynamic formulation of the Arrhenius law, as

AG
K=K, exp(—RT)_ (11.4)

FIGURE 11.3 G. N. Lewis.
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Here, AG is the differential Gibbs energy given by
AG = AH - TAS, (11.5)

where AH is the differential enthalpy, and AS is the differential entropy. We may
rewrite Equation 11.5 as

| K |=AS _AH (11.6)
K,) R RT

A plot of the left-hand side versus the inverse temperature (z ;) on a log scale

yields a straight line, with an intercept (: A}f) and a slope (z —A;I), both being

weakly temperature dependent. Lewis and his collaborators made very careful mea-
surements of the slope, extrapolated to zero temperature, and came to the conclusion
that not only AS reaches zero at 7 = 0 but § itself vanishes as long as the system has
a ground state with only one configuration.

11.3 SPIN-BOSON MODEL

The spin-boson model can be motivated in terms of the physical problem of a quan-
tum particle (e.g., an electron, muon, or proton) tunneling in an asymmetric double
well (Figure 11.4). The relevant energy scales are the asymmetry /e, tunneling 7A,,
and thermal k7, which can be all comparable but are much smaller than the bar-
rier height E,,. Under this circumstance, the dynamics of the quantum particle mov-
ing in the double well can be described by what we shall refer to as the subsystem
Hamiltonian

FIGURE 11.4 Double well.
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Hs =%(801—Aocx). (11.7)

In the above expression, we have employed the Pauli matrices ¢, and ¢, and have
decided to work in the representation in which o, is diagonal. Thus

Gl = plp), p ==, (11.8)

where the two eigenstates |+) and |-) represent the left and right occupations of the
particle, respectively (Figure 11.4). Appropriately then, the tunneling frequency A,
couples to 6., which is totally off-diagonal in the c_-representation.

What about the environment? Think of the particle as a proton or a positive muon
(%) which, being positively charged, would carry with it the electron cloud of, for
example, a metallic system like niobium (Nb) [4]. While the subsystem Hamiltonian
¥ entails coherent tunneling with a (resultant) frequency A

A=(A2+¢?), (11.9)

the environmental coupling impedes the coherent evolution, leading to decoher-
ence, dissipation, etc. [5]. At this stage then, it is pertinent to amplify these phrases:
Decoherence in a quantum system occurs when the latter is observed over a time
scale that is much longer than the quantal time scale 7, i.e.,

T, = %BT' (11.10)

The cause of this kind of decoherence is evidently thermal because of the altera-
tion of the deBroglie wavelength of the wave packet associated with the quantum
particle. Dissipation, on the other hand, arises from the exchange of energy between
the system, which, in this case, comprise the tunneling particle and the environment
of the electron cloud, or, for that matter, phonons that get excited because of the
elastic distortion created by the particle (which are called interstitial sites). In either
case, the coupling with the environment can be modeled as

Hzg(ecz—AocxHGzzgk(bk+bZ)+2hmkabk, (11.11)
k k

where b, (b,l ) are the bosonic operators, g, is a coupling constant, and o, is the fre-
quency of bosonic excitation. The last term in Equation 11.11 is then a free bosonic

Hamiltonian, which lends time dependence to b, (b,:) in the “interaction picture,”
thereby modulating the tunneling term in ¥, again because ¢, does not commute
with ..
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It turns out that both the electronic (fermionic) and the oscillator (bosonic) envi-
ronments can be modeled by the last two terms of Equation 11.11 [6,7], provided that
we properly interpret what is called the spectral density J(w) of the bosonic excita-
tions, which is defined by

2
J(®)= hzzk: g25(0—w,). (11.12)

The frequency dependence of J(w) is usually modeled as
J(®) = Ko, (11.13)

where s = 1 corresponds to “ohmic” dissipation, which is appropriate to a 1-D system
of electrons (fermions). In contrast, s = 3 is relevant when the environment comprises
a bunch of acoustic phonons [7].

Before concluding this section, it is important to point out that the “spin-boson
Hamiltonian” has more general applicability than just dissipative tunneling. For
instance, ¥ can be thought of as a spin one-half particle subject to cross-magnetic
fields, proportional to -e along the z-axis and A, along the x-axis. The coupling to
bosonic fields can then be thought of in the context of spin-lattice relaxations, which
is a well-known issue in the literature on magnetic resonance [8]. Alternatively,
9 can be envisaged to be the Hamiltonian of a spin-half Kondo impurity, which
is influenced by conduction electrons, the dynamics of which is approximated by
the bosonic modes [2]. In more recent times, the spin-boson Hamiltonian has been
employed for the investigation of decoherence and dissipation of a qubit, which is a
problem of great significance in quantum information processes [9].

11.4 SPECIFIC HEAT OF OPEN SYSTEMS

11.4.1  PRELIMINARIES

Before we introduce the concept of an open system, it is useful to discuss the spe-
cific heat of the subsystem itself. The Hamiltonian 3¢ in Equation 11.7 does qualify
for describing the prototype thermodynamics of a “small” quantum system, like a
harmonic oscillator. What we have to do is to imagine ¥ to be “weakly” coupled to
a classical heat bath, with which the system undergoes exchange of energy. The con-
sequent energy fluctuations provide the temperature of the system. All this can be
put into statistical mechanical perspective in terms of the Gibbsian partition function

Zs =Trg(e ) (11.14)
and the concomitant Helmholtz free energy

F, = —%mzs. (11.15)
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The trace denoted by 77 (...), which is the sum over the eigenstates of ¢, can be
worked out, yielding

hA
Zg =2cosh(B2J, (11.16)

where A is defined in Equation 11.9. The heat capacity (or specific heat) defined by

2

cszBZa—Bzmzs (11.17)

leads to the familiar Schottky relation [10]

C—[ 5 Jsech( ) J (11.18)

A schematic of the specific heat, which is sketched in Figure 11.5, does indicate
the validity of the third law, although the falloff at zero temperature is exponential,
ie.,

lim C = 4(hBA)%e P (11.19)

T7-0

much like that of a quantum oscillator (or an Einstein oscillator). What is then an
open system? When we “open” a new channel of the subsystem to an external envi-
ronment, in this case by connecting the spin to the bosonic modes in the spin-boson
system, as in Equation 11.11, we are led to an open system. In particular, if we trace
out the bosonic degrees of freedom from the partition function or integrate them
out from the equations of motion for spin operators, the thermodynamics and the

FIGURE 11.5 Schematic of the specific heat.
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dynamics of the spins would appear to be dissipative. This is because the new chan-
nel opens up the possibility of exchange of energy, often irreversibly if the bosonic
modes are infinite in number. The physics is much richer when the environment
is quantal than in the case when it is classical. Now, temperature T will have to be
thought of as an attribute of the bosonic environment, endowed to it by yet an exter-
nal, classical, and invisible heat bath.

One may wonder if the epithet of an open system is a misnomer or not because,
after all, the spin-boson Hamiltonian can be viewed as that of a composite quantum
many-body system, which encompasses both the spin and the bosonic degrees of free-
dom! However, the point is that seldom is one interested in studying the subsystem over
Poincare recurrence times for the entire global system, as described by Equation 11.11.
The point is all the more self-evident when one thinks in terms of an actual experimen-
tal situation. For instance, in the case of neutron scattering of hydrogen, for which the
spin-boson Hamiltonian is an appropriate model, the experimental time scale (i.e., the
inverse of energy transfer in the inelastic scattering process divided by 7) is comparable
to AB] and €. Further, the probe, which, in this case, is the neutron, couples directly
to the hydrogen and is “neutral” as far as the bosons are concerned. Hence, it is quite
logical to integrate out the bosonic modes. Thus, the nomenclature of open systems is
intertwined with how we interpret spectroscopic measurements.

What is then the correct definition of the specific heat for an open system? Recall
that the density operator p for the system can be written as

e M
p= ) (11.20)
Z)‘Dt
where
Zi = Trg, 5 (e ). (11.21)

In the coordinate representation, Equation 11.20 can be expressed as functional
integrals

q(hB)=q" X(hB)=x" sBgOIO]
” 22m 7 1 ™ e
Pp(q". X" q" X)) = — Dq(.) J Dx()xe ", (1122
© 40)=¢ X(0)=x'
where
SP1gO,EO = S§ + i+ 517, (11.23)

Here, the gs represents the subsystem coordinates, whereas the Xs denotes the envi-
ronment coordinates. S (E)[q(.),)_c'(.)] is the Euclidean action for the entire system (as
described in Equation 11.11), which can be thought of as the summation of Euclidean
actions for the subsystem, bath, and the interaction. The “reduced’” density matrix is
obtained from Equation 11.22 by integrating out the environmental coordinates, yielding
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o2 1 a(hP)=q” SO0
pia" )= [ "=, [ Daxe b xFOlq)
q(0)=¢’
(11.24)
where we have defined Z as
SBg0F0]
qujdxpﬁ(q,x q,%) J.qu.a'x J. Dq(.) J. DX()xe "
ZR=_M = - 7=4"=q VX=X =@7
_SE1a0.F0] Zy
J‘dfpff(q,i; q,%) Id} J Di()xe "
(11.25)
the “influence functional” as
SE71a0.FO]
FEqO)]=— de j Di()xe " (11.26)
and
Sg7la().XO1= S5 + 857 (11.27)

The influence functional F®[g()] must reduce to unity if the interaction is
switched off (i.e., #; = 0) because, in this limit, the reduced density operator

1 _
pR=—Try(e™)=Tr,(p) (11.28)
tot
must equal
P Tro(e PMs) ’

This normalization ensures the presence of the prefactor Z;' in Equation 11.24.
Given the above considerations, the specific heat C can be expressed as [11-13]

2
C=kyp* aB InZ,. (11.30)

Equations 11.29 and 11.30 form the basis of our further discussion of the specific heat.



Third Law of Thermodynamics Revisited for Spin-Boson Model 245

11.4.2 Seeciric Heat IN HigH DAMPING LimMiT

As discussed earlier, the effect of the interaction in the spin-boson model is to tweak
the tunneling term, which can be immediately seen by examining the equation of
motion of 6,. This results in a “dressed” tunneling frequency, which is expected to be
lower in its value (from A,) if the damping is high. It is not surprising then that, in the
most employed treatment of the spin-boson model in a functional integral method,
i.e., the so-called dilute bounce gas approximation (DBGA), the effective tunneling
frequency is assumed to be a small parameter [2]. We have shown earlier that a very
transparent method to implement this scheme is to employ a “polaronic” transforma-
tion on Equation 11.11 with the aid of an operator [14]

’GzZ%(bq’b;)
q q

S=e (11.31)

The transformed Hamiltonian 7{ reads

7:{ = SHS*I = 7:[S+7:{I + 7:(5 = %ecz _ZAO(B+G_ + B_G+)+zhwqb;bq7

q

(11.32)
where
~ h
Hs=—¢0_,
S 2 z
~ h
H, = —ZAO(B+G_ +B.G,),
(11.33)
Hy= Y lo,bb,
q
tzzr%’q(bq—b;)
B, =e ° ,
and
6, = (0, + io). (11.34)

The structure of the new interaction term, i.e., the second one in Equation 11.32,
clarifies our earlier remark concerning the “dressing” of the tunneling frequency
with the aid of the operators B,. Thus, any perturbation analysis of the interaction
term in Equation 11.32 is tantamount to assuming that the effective tunneling is
weak yet treating the coupling to all orders, because the old coupling constant g, is
jacked up into the exponent.
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We have shown before that second-order treatment of the interaction term ﬂz in
a resolvant operator expansion yields results that are equivalent to the DBGA. Here,
we employ an alternative approach based on a cumulant expansion [15—17], hitherto
unused (to the best of our knowledge) for calculating the specific heat.

We have

Zow =Tre, (e P50(B)) (11.35)

where O(P) has the following definition:
B

OB) =exp_ —Jdﬁ’{Hs+ )} |, (11.36)
0

in which exp_ is the time-ordered (in the imaginary space) exponential and
T, (B) = ¥ oT e ¥, (11.37)

Stopping at the second order of 7:(1 in the argument of exp_, we obtain (from
Equations 11.35 and 11.36)

B B
Zp=Try| expl— J dp’ (Hs+H, (@), + de'
0 0

B

x Jdﬁ” (s + 720 (Fis + 1)) | (11.38)
0
where
(Hs+H,(B)), = (Hs+H,(B)), = Hs, (11.39)
(R + F30) (Fis + o B")), = (Fs+ ) (s + o B”)),
(ot F®), (st Py o

= (H,B)HB")
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and

—BHy
(...)BzTr[e " J (11.41)

Here, we have used the fact that (B, ), =0 when we make use of the following
expression for what is known as the “ohmic” spectral density:

(O]
J((D)ZK(DGXP(—D), (11.42)
with D being a frequency cutoff. Using Equations 11.38 through 11.40, we obtain

Zy= % =Zgxexp(l), (11.43)

B

where
Z —2cosh([3 ) (11.44)

and / is given by the following integral:

2k B p
A\ = , 1
’:4( i6 )(mu) J ” J d”W' e
S B ):|

As we are considering the regime of high damping, K > 1. Upon partial integra-
tion, / can be written as

- Jomoof ) (15

1

Since we are interested in checking the validity of the third law of thermodynam-
ics, we have to eventually take the f—oo limit. We can then replace (f — o) in the
integrand of Equation 11.41 by p, resulting in

B 2K (5. 5
I=Idoc T h AG
d BAD 4

(11.46)

p . (11.47)
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We have to remember though that, in Equation 11.42, we have already set a fre-
quency cutoff, which, in turn, imposes an upper bound to f, which, in this case, is

hD. Therefore, in Equation 11.47, we use noc) to be an expansion parameter in

writing the denominator as a power series and then take the zero-temperature limit
carefully, obtaining thereby

Z, = Zsexp(f(K)B*), (11.48)
where

1 2K 1w 2K« 2K =t
+ +

fE)=| et -2 = -
-2K 3! 3-2K) 5! (5-2K) 7! (7-2K)

} (11.49)

Finally, using Equation 11.29, we get the following expression for specific heat:
C =2k fIK)(1 - K)(1 = 2K)p?-5 + Cq, (11.50)

where Cy is the Schottky correction term in the specific heat, which has already been
discussed in Equations 11.18 and 11.19.

Note that K must be greater than 1 (K > 1) if the third law of thermodynamics is
to remain valid. What it means is that, because the tunneling is assumed to be effec-
tively weak, the approximate method presented above can be consistent only if K is
appropriately large, at low temperatures. This conclusion is in conformity with the
functional integral treatment of the specific heat [11].

11.4.3  Speciric Heat IN WEAK DAMPING LiMIT

Given this issue in extending the results for the specific heat to K values less than
one, we come to be aware of a problem with the DBGA or the equivalent polaroni-
cally transformed cumulant expansion method. As mentioned at the end of the pre-
vious section, the reasons are not difficult to decipher. It may be recalled that any
perturbation treatment of the polaronically transformed interaction term willy-nilly
presupposes tunneling to be infrequent, thus allowing the system to be “decohered”
because of environmentally induced interruptions of the tunneling events. In other
words, the method forces a lot more environmental excitations than what the system
is ready for, especially at low temperatures. After all, k,7 must be comparable to
ho, where o is drawn out of the spectral function (i.e., the density of states) for the
bosonic modes, for effective exchange of energy between the subsystem and the
environment. Hence, it is not surprising that the approach in Section 11.4.2 may
fail in dealing with the specific heat at very low temperatures (and more so at the
absolute zero of temperature), wherein one needs a treatment in which A is handled
more accurately than what the method in Section 11.4.2 entails: concomitantly, the
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damping coefficient K ought to be extrapolated to low values. Such a weak-damping
expansion is the subject of the discussion below.
We return to the original Hamiltonian of the spin-boson model

H=H5+HI+HB=2(ecz—Aocx)mz;gk(bk+b,j)+gmkb,jbk,
(11.51)

where
h
Hs= E(SGZ —A0,),

M, = czz g (b +b})=0V, (11.52)
k

Hy= Y lio,bib;.
k

We employ the same cumulant expansion method; however, now the original
interaction term (H, in Equation 11.45) is treated perturbatively. The reduced parti-
tion function can be expressed as

B B
Zp= Lo _ Try| expy—BHs + J.dB,JdB”(V(B’)V(B”))B , (11.53)
Zp o0

where

V(B = ePMeye PHs, (11.54)

Neglecting terms of the order of % in (V(B")V(B")) and performing a suitable

rotation in the spin-space, we obtain
B 2 4 2 6 4 8 6
J‘ K|l nfo 2 o £
Ze=Zsexpy |do|| —=| =+~ = | + | = | +——| =
. 2Bl 3 15\ B 189\ B 675( B

21 (o) o)’
4
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where Zg has been introduced in Equation 11.16. At this point, we carefully take the
low temperature limit as discussed in Section 11.4.2 and get

K ©* K n' 1
Zp=2Z; exp|:a0B6+a2B330+O(Bs]:|, (11.56)
where
hD
a,, = Jdococz”, n=0,1,23.... (11.57)
0

Again, using Equation 11.29, we arrive at the following expression for specific
heat for the system, which nicely satisfies the third law of thermodynamics:

2 4
cszK[“O“Jr“gznm(lﬂws, (11.58)

where Cy is again a Schottky correction term discussed in Equations 11.18 and 11.19.

11.5 CONCLUSIONS

Time-dependent phenomena, including dissipative quantum tunneling, have been
extensively studied in the context of the spin-boson model. Surprisingly, thermo-
dynamics have received comparatively less attention, although the specific heat has
been adequately assessed within a path integral or functional integral approach. In
this overview, we have introduced a much more straightforward methodology for
calculating the specific heat with the aid of a cumulant expansion treatment. Our
larger goal has been to critically examine the third law of thermodynamics for open
systems using the paradigm of the spin-boson model. The profound implications of
the third law have been summarized in both Sections 11.1 and 11.2. The historical
perspective presented brings to the fore the monumental contribution of G. N. Lewis,
who appears to have remained an unsung hero of chemistry, as the subject developed
just prior to the advent of quantum mechanics [1].

The spin-boson model, its various ramifications, and analysis of its specific heat,
when decoupled from its environment, have been the subject of Section 11.3. It is
shown that the specific heat for the free Hamiltonian, a la Schottky, exhibits domi-
nant exponential drop to zero temperatures, an aspect that is shared with the property
of the Einstein oscillator. This aspect has been considered unsatisfactory vis-a-vis
the third law that conjectures a power-law behavior with temperature, as far as the
low-temperature specific heat is concerned [18].

The cumulant expansion scheme for the specific heat is dealt with in Section 11.4.
For the sake of brevity, only the results for the much-studied ohmic dissipation are
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explicitly presented here. A polaronic transformation of the Hamiltonian enables
us to treat wide regimes of coupling strength K (of the subsystem to the environ-
ment), although the method preordains the effective tunneling energy to be weak.
As a result, the method suffers from a weakness, as discussed in Section 11.4.1, in
that only K values larger than 1 retain physical validity. The cure for this weakness,
which warrants a more accurate analysis of the tunneling energy, albeit restricted
to small K values, has been the subject of Section 11.4.2. The results presented in
Sections 11.4.1 and 11.4.2 put the spin-boson on firm footing in the context of the
third law of thermodynamics.

Before concluding, it is interesting to note that environment-induced decoherence
and dissipation yields a noninteger power law dependence of the specific heat on
the temperature, with the power itself being dependent on the coupling strength K
(for K > 1). This property is not only drastically different from the Schottky result
for the free subsystem, underscoring the importance of the environment (or an open
system), but is also different from that of the dissipative Einstein oscillator or dis-
sipative cyclotron motion [12,13]. Both of the latter cases are characterized by linear
dependence of the specific heat on the temperature, as far as low-temperature behav-
ior is concerned. Interestingly, the linear dependence is restored when the damping
is assumed to be weak, as shown in Section 11.4.2. Our results for the specific heat
for the spin-boson model presented here may therefore be viewed as complementary
to the recently studied examples of the free particle, the Einstein oscillator [12] and
Landau diamagnetism [19], in the context of the third law of thermodynamics.
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12.1 INTRODUCTION

The main objectives of research in chemistry in the last century or so are the deter-
mination of the structure and properties of molecular species, the characterization
of its reactive propensity, and the elucidation of the mechanisms of the reactions
in which they are involved. In the last few decades, chemistry has greatly evolved
toward a less empirical science in which molecular structures, chemical reactivity,
and reaction mechanisms are explained from the characterization of the electronic
density. In this context, the conceptual density functional theory (CDFT) and the
quantum theory of atoms in molecules (QTAIM) have been crucial for such a devel-
opment."> On one hand, pioneer works by Parr, Geerlings, Chattaraj, and many oth-
ers have set the foundation of CDFT, providing theoretical support for empirical
concepts that chemists have used for years on an intuitive basis. Rigorous definitions
of properties such as electronegativity,’-> hardness,® and electrophilicity,”® together
with easy ways to compute them and the formulation of reactivity principles and pos-
tulates that gives them an interpretative basis, have produced speedy development of
the field of computational chemical reactivity. On the other hand, the works by Bader
and collaborators on the characterization of the Laplacian of the electron density

253
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have provided new chemical insights on the electron density, thus introducing the
concept of atoms in molecules that characterizes the behavior of atoms embedded in
a molecular environment.?>® New definitions of chemical bond, together with the for-
mulation of indicators of electronic distributions, came out from CDFT and QTAIM.
Both theories have proven to be very useful and adequate in the characterization of
the structure and properties of molecules. Although these theories are focused on the
characterization of the structure and the intrinsic properties of isolated molecules,
they have also been used to predict the specific way in which molecules interact to
produce a chemical reaction.

Chemical reactions involve nuclear displacements and electronic rearrangements
that bring the reacting species into products. These structural and electronic reorder-
ings can be viewed as a sequence of chemical events, basically bond strengthening
or formation, and bond weakening or breaking. Computation of reaction paths was
possible only from the works by Fukui!® and Schlegel!! and the implementation of
intrinsic reaction coordinate (IRC) routines in quantum chemistry codes. For years,
the characterization of chemical reactions was limited to the analysis of energy pro-
files that gave thermodynamic and kinetic information, knowledge of the reaction
and activation energies that produced crucial information about the energy involved
in the process, and, through transition state theories, the time that reactants take to
change into products. However, energy profiles do not give information about the
mechanism of the reactions.

Details on the reaction mechanisms can be obtained through more advanced
analysis of the energy profiles. In this context, the use of reaction path Hamiltonian,
together with the so-called united reaction valley approach, which was proposed by
Kraka et al.,'”>!3 have been quite successful. In this approach, the reaction path is
partitioned into various phases describing the most relevant changes of the system
along the reaction coordinate. In the same line of thinking and at about the same
time, the present authors formulated the reaction force concept,' focusing the atten-
tion not on the energy profile itself but on the derivative of the energy profile, thus
defining the reaction force.'>-2° Interest on the reaction force is threefold: (1) It pro-
vides a framework to analyze chemical reactions by producing a rational partition of
the reaction coordinate into three reaction regions: (a) reactants, (b) transition state,
and (c) products; (2) a rational partition of the activation energy emerges from the
reaction force analysis and permits identification of the physical nature of energy
barriers and their classification in terms of structural or electronic predominance;
(3) the derivative of the reaction force with respect to the reaction coordinate leads
to the reaction force constant, a property that gives valuable information about the
active modes that drives the reaction.

Since chemical reactions can be seen as a sequence of chemical events that
involves the electronic activity taking place during the reaction, a descriptor of this
activity becomes important to get insights into the reaction mechanism. The reaction
electronic flux (REF), which was defined as the derivative of the electronic chemical
potential with respect to the reaction coordinate, has been shown to be an adequate
descriptor of the electronic activity.?'->> This chapter is focused on the definitions,
usefulness, and applications of the REF, the reaction force, the reaction force con-
stant, and the partition of the activation energy.
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The aim of this chapter is basically methodological, and we want to introduce and
discuss the above-mentioned concepts that are designed as tools to advance toward a
better understanding of the mechanisms of chemical reactions. In this context, we will
discuss results that have been obtained through quantum chemical calculation and pub-
lished elsewhere. Computation techniques and procedures will not be under discussion
and the computational details will be given as needed. However, since the energy profile
is on the focus of this chapter, it is necessary to mention that they were obtained using
the IRC procedure'®!! which is the minimum energy path that links transition states
with reactants and products; in all cases the smallest step was used to ensure the quality
of the numerical derivatives that led the reaction force and the reaction force constant.

12.2 FOUR CONCEPTS

12.2.1 ReacTioN FORCE

The minimum energy path E(E), which links the transition state with the reactants
and products, defines the IRC &. Figure 12.1 shows an energy profile of a generic
elementary step of a chemical reaction along the IRC.

Quoted in the figure are the key quantities that determine E(E): with the reaction
energy (AE°) giving the thermodynamic of the reaction and the activation energy
(AE®) accounting for the kinetic information, both are crucial properties of the reac-
tion that help characterize the chemical transformation. Also characterized on the
figure are the respective activation and relaxation processes. Many chemical reac-
tions require more than one elementary step to reach the products of the reaction; in
such cases, the whole chemical process may be defined through a sequence of such
elementary steps. The reaction force F(€) is defined as'*-2°

dE
F)=——, 12.1
© dE (12.1)
R R 1S
Activation laxation
process rocess
AE*
=\
R >

FIGURE 12.1 Energy profile of an elementary step.
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FIGURE 12.2 Reaction force profile along the reaction coordinate & The three reaction
regions where the specific mechanism takes place are also displayed in the figure.

S0, as to the energy profile of Figure 12.1, it corresponds with the reaction force
profile displayed in Figure 12.2. We first note that the reaction force profile
presents two critical points, i.e., a minimum at &, and a maximum at &,; these
points allow proposing a rational partition of the reaction coordinate and defin-
ing three reaction regions: (1) the reactant region, which was defined from the
reactant position at &g to the force minimum at &, (2) the transition state region,
which was defined from &, to &,, and (3) the product region, which was defined
from &, to &p.

It is our experience in the study of many reactions, going from nucleophilic
substitutions in catalytic reactions??2° to simple proton transfers in biological sys-
tems,?! that, within the reactant region, the system prepares the reaction mainly
through structural arrangements. At point &, the system can be seen as an acti-
vated reactant entering the transition state region and ready to continue with the
reaction. The transition state region {,,&,} is mainly characterized by an inten-
sive electronic activity; it is here where most bonds are formed and/or broken.
At point &, the system is seen as an activated product ready to enter the product
region, where it relaxes to the product structures. In summary, the reactant and
product regions are mainly characterized by structural reordering, which acti-
vates the reactants or relaxes to the products; within the transition state region,
most electronic activity takes place.

12.2.2 PARTITION OF ACTIVATION ENERGY

From the perspective of the reaction force, the activation process involves, first,
a structural reordering taking place principally within the reactant region, fol-
lowed by electronic activity at the transition state region, leading to the forma-
tion and/or breaking of bonds. This can be rationalized through the following
expression:
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&
——J. FE)dE>0=W,+W,, (12.2)
Er

where &, denotes the position of the transition state structure, and {W,,W,} are the
reaction works defined within the respective reaction regions:

& &o
——L FE)AE>0 W, =— L F&)dE>0. (12.3)

Equation 12.2 gives very important information since it allows the identification
of the physical nature of energy barriers in terms of the prevalence of structural or
electronic works.

An interesting example illustrating the power of Equation 12.2 is the identifica-
tion of the effect of a catalyst in a chemical reaction. A catalytic process that has
been studied is the gas-phase keto-enol tautomerization of thymine, where a hydro-
gen atom is transferred from nitrogen to oxygen, which is bonded to the a-carbon.
We have performed a calculation of the reaction in the presence and the absence
of a Mg(II) ion.'’®!"° The computed activation energies and the corresponding reac-
tion works are displayed in Figure 12.3. We first note that the Mg(II) promotes the
reaction by lowering the activation barrier from 49.6 to 44.2 kcal/mole, which is a
decrease of about 5 kcal/mole with the whole catalytic effect concentrated in W,
while W, remains practically constant. This result indicates that the action of the
catalyst is focalized on the first part of the reaction, where structural reordering
prevails over the electronic effects. This kind of result may be interesting to design
catalyst acting on specific steps of the reaction.

W Ay
JcA /J\’:‘\‘)(R”

f«?»*;

|

*
f‘v‘v

—_— (R2)

Quantity Without Mg(ll) With Mg(ll)
AF* 49.6 442
W, 326 27.1
W, 17.0 17.1

FIGURE 12.3 Keto-enol tautomerization reaction of thymine in gas phase with and without
magnesium. The activation energies and reaction works are given in kilocalorie per mole and
were computed at the DFT/B3LYP/6-311++G(d,p) level of theory.!$1°
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12.2.3 ReAcTION FORCE CONSTANT

The reaction force constant has been introduced recently by Politzer et al.?’ to get
insights on the reactive modes that might be driving the course of the reaction. It is
defined as

(@)= (12.4)

de-

The reaction force constant is positive in the reactant and product regions and
negative in the transition state region, as shown in Figure 12.4. The negative k(&)
indicates that the entire transition state region is a sequence of unstable configura-
tions, so that the whole transition state region may be described as a chemically
active or an electronically intensive stage of the reaction. On the other hand, the
reaction force constant provides information about the active modes that might be
driving the reaction at the different regions along the reaction coordinate. In the
simple proton transfer reaction HONS—ONSH,?’ direct comparison of the reaction
force constant with the force constants associated to the normal modes allows one
to identify the modes that drive the course of the reaction. It goes as follows: the
reaction is driven mainly by the in-plane NO stretch, which prevails over the other
modes until entering the transition state region where activation of the other modes
is completed, especially the H motion in the molecular plane that travels from the
oxygen to the sulfur atom. At the product region, it is the NO stretching that leads
the relaxation process.

Thus, the reaction force and reaction force constants indicate that the chemical
process passes through a transition state region, which is defined as a sequence of
unstable configurations having at least one imaginary frequency or a negative force
constant. The above ideas are in line with experimental observations in the field of
femtochemistry that, using ultrafast laser pulses on a femtosecond time scale, are
able to freeze transient unstable configurations and identify a coalescence region of
transition states and reactive intermediates.?®3° In the context of femtochemistry,

Reactant Product
region region
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FIGURE 12.4 Reaction force constant for an elementary step.
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the reaction force and reaction force constants identify the coalescence region with
the transition state region, which is “populated” by activated reactants and activated
products. The latter are characterized through at least one imaginary vibrational
frequency and by a large electronic activity. We wish now to draw attention to the
electronic activity that takes place during the progression from reactants to products.

12.2.4 ReacTioN ELectroNIC FLux (REF)

Among the main developers of CDFT, Robert G. Parr,>68 Henry Chermette,?' Paul
Geerlings,* and Pratim K. Chattaraj* have brought key contributions to the field of
chemical reactivity and provided rigorous definitions of chemical concepts that, in
the past, were used and understood on an empirical basis.?!'-*¢ One of these descrip-
tors is the electronic chemical potential ()’ that comes out as a Lagrange multiplier
in the density functional theory (DFT) Euler—Lagrange equation for energy. It is
very interesting to notice that this mathematical parameter is actually associated
to electronegativity (y), thus making the link between DFT and classical chemis-
try.>3738 The electronic chemical potential is defined as

dE
=[] =-x, 12.5
3 (dN )D(F) ' ( )

where N and v(r) are the total number of electrons of the system and the external
potential, respectively. Physically, the electronic chemical potential characterizes the
escaping tendency of electrons from an equilibrium distribution. Computationally,
| can be determined by making approximations aimed at avoiding the discontinuity
of variable N in the derivative of the energy. The finite difference approximation and
the Koopmans’ theorem® lead to the following working formula:

1 1
ug—E(IP+EA):E(eL+8H), (12.6)

where [P is the first ionization potential, EA is the electron affinity, and €, and €,
are the energies of the highest occupied molecular orbital (HOMO) and lowest unoc-
cupied molecular orbital (LUMO), respectively. Since the above quantities can be
determined easily from any quantum chemistry computational code, the evaluation
of the chemical potential along the reaction coordinate is possible, and the profile
p(€) provides useful information about the electronic reordering that occurs during a
chemical reaction. The quantity that more precisely describes the electronic activity
taking place along the reaction coordinate is the REF, which is defined as?'-%°

__dau
JE) = i 12.7)

The physical meaning of the REF is obtained by making the analogy with classic
thermodynamics and its relation with basic chemical events, namely, bond-formation
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and bond-breaking processes. Positive values of J(§) account for spontaneous
changes of the electron density that are led by bond-strengthening or bond-formation
processes; negatives values of J(£) witness nonspontaneous electronic changes that
are controlled by bond-weakening or cleavage processes. Phenomenological insights
on the REF can be obtained by partitioning it into two terms, namely, J,(€) and J,(§),
accounting for the electron polarization and transfer effects,?3% i.e.,

J(©) = 1J,(8) + J(©)]. (12.8)

The polarization flux describes how the electronic density of the fragments that
define the system is affected by the presence of the other fragments. A key aspect of
the theory is the calculation of this quantity. To do so, a rational fragmentation of the
supramolecular system has to be done; in this context, the polarization flux can be
written as a sum of the n, contributions coming from the different fragments:

Vlf
1,&=Y 19 (12.9)
i=1

with

JOE) = —(]]VV) ‘2‘2", (12.10)

where N; and y; are the total number of electrons and the chemical potential of frag-
ment i, respectively. We have proposed a computational procedure to determine the
fragments’ chemical potential. It takes advantage of the counterpoise method*>#!
that permits the determination of the electronic properties of fragments within a
supermolecular system. This procedure is carried out all along the reaction coordi-
nate. At each point, £ calculations are performed on the fragmented system using the
geometry it has in the supermolecule at that point and that was previously obtained
through the IRC procedure. Having the total REF J(€) and the polarization contribu-
tion J,(€) at hand, the REF accounting for the electronic transfer among the frag-
ments is obtained through

J(&) =) = J,E)] (12.11)

The chemical potential is a global property of the system, which means that it
has the same value everywhere in the system. However, we take advantage of pro-
ducing an artificial partition of the supramolecular chemical potential that emerges
when applying the equalization principle for the chemical potential®’*® and can be
expressed as follows:

iy
we) = Z(x)ui’(&), (12.12)
i=1
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TABLE 12.1
Chemical and Physical Partition of the REF for a Binary Reaction A + B

Physical/

Chemical Fragment A Fragment B Supermolecule A:B
N N, \d Ny \d|

Polarization J}f”(é):—(#)di&:‘ J},B’(EJ):_(WBJ ;@B Tp(E&) = I E) + TP E)

Transfer  J(@E)= _(%)7"(“2 g Ma) g e) = _(%)7‘1(“2 g o) (&)= @) +IPE)

Total REF INE =1L @+INE)  JPE=1P @)+ E) JE©) = T4 + (&)

where u?(€) is the chemical potential of ith hypothetic fragment that constitutes the
system such that 7 (&) = w(&). In this context,

f
dul 1
J@__d? —Z( ) ZJ“(&) (12.13)

i=1

It is necessary that the hypothetic fragmentation be consistent with the actual
fragmentation performed to compute the polarization flux. Back to the electron
transfer flux, using Equations 12.10 and 12.13, the electron transfer flux is given by

w33 3]

i=1

N\dw AN, d el O
N] i —Z[ N)&[ui@)—ui(&)]—g/:)(&).

(12.14)

Table 12.1 illustrates the results obtained for a binary reaction of type A + B. It
can be observed that the REF admits both a chemical partition in terms of the frag-
ments’ contribution and a physical partition in terms of polarization and transfer
contributions.

12.2.4.1 Characterization of Electronic Activity Using REF

We have studied the mechanisms of different chemical reactions. In this section, we
provide two examples of the use of the REF as a descriptor of the electronic activity
that takes place in the course of a chemical reaction.

12.2.4.1.1 Double-Proton Transfer in Adenine—Uracil

We have studied the double-proton transfer reaction in the adenine—uracil complex.?!
The calculations were performed at the HF/6-311G** level, and the REF was obtained
by numerical differentiation of the chemical potential defined in terms of the frontier
orbital energies, as indicated in Equation 12.6. The double-proton transfer in the com-
plex adenine—uracil is a stepwise reaction in which the two protons are transferred
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asynchronously, so the reaction consists of two elementary steps. This gives rise to five
reaction regions, which are delimited by the vertical lines displayed in Figure 12.5,
which, in turn, shows the REF profile. The five reaction regions are reactant (R), transi-
tion state 1 (TS1), intermediate (I), transition state 2 (TS2), and product (P).

It can be observed that, within the reactant region, there is no electronic activity.
This only shows up when entering the first transition state region, where the transfer
of the first proton from uracil to adenine takes place. A positive peak indicates that
the electronic activity, at this point, is spontaneous and that the REF is driven by
bond-strengthening or bond-formation processes. Then, a zero-flux regime follows
and remains all along the intermediate region. Entering the TS2 region, a negative
peak emerges indicating that the second proton is transferred, this time from adenine
to uracil. In this case, the electronic activity is nonspontaneous and is led by bond-
weakening or bond-breaking processes.

It is interesting to quantify the observed electronic activity in terms of the energy
involved in the process. To do so, we analyze simultaneously the HF/6-311G**
energy profile with the REF profile. The energy-REF analysis is illustrated in Figure
12.6, where it can be observed that the reaction initiates with pure structural rear-
rangements from equilibrium. The right panel shows no electronic activity besides
the basal one, and it becomes clear that the activation of the first proton transfer
should be associated only to structural effects. The energy barrier for the first proton
transfer is 15.52 kcal/mol. The partition of the activation energy given by Equation
12.2 indicates that 72% of it (W, = 11.20 kcal/mol) is due to structural arrange-
ments. Within the intermediate region, the system spends 5.71 kcal/mol in structural
arrangements to prepare the second proton transfer. The barrier for the second pro-
ton transfer measured from the intermediate region is 6.98 kcal/mol. In this case,
82% of the activation energy may be assigned only to structural rearrangements.

It is interesting to stress the highly localized electronic activity that shows up
exclusively within the respective transition state regions. Roughly, electronic effects
accounts for only 25% of the whole energetics of the reaction, which is exclusively
activated by structural effects. Another interesting feature of the joint analysis of the
energy and REF profiles concerns the mechanism of the reaction. It can be observed
that the energetic profile is not clear about the nature of the transfer, concerted or
stepwise. However, the REF profile is clearly consistent with a stepwise mechanism,
a result that was later confirmed experimentally.3°
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FIGURE 12.5 REF profile for the double proton transfer reaction in the adenine—uracil complex.
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FIGURE 12.6 Energy cost of structural and electronic activity along the reaction coordi-
nate for the double-proton transfer in the adenine—uracil complex.

12.2.4.1.2  Methanol Decomposition by Copper Oxide

In this section, we will review the reaction CH;O0H + CuO — CH,O + H,O + Cu,
which is methanol decomposition by copper oxide.?>?¢ Results of the REF were
obtained at the DFT/B3LYP/6-31G level using Lanl2DZ pseudopotential on cop-
per. Figure 12.7 displays the REF profile, together with the structural schema of the
reaction.
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FIGURE 12.7 REF profile for the methanol decomposition reaction by copper oxide.
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Again, this reaction occurs in two steps, giving rise to five reaction regions that are
indicated on the figure. The reaction regions are defined as reactants (R), transition state
(TS), metastable intermediate (MSI), and quasi-transition state (QTS, where structures
present one imaginary frequency but not one corresponds to an energy maximum), and
products (P). In terms of the electronic activity taking place during the process, the
reaction starts with quite insignificant activity and only increases a little at the transition
state, showing positive and negative peaks. Then, at the MSI region, the flux is again
very small, but it becomes important when leaving the MSI region to enter the QTS
one, with a large negative peak within the region witnessing a large electronic activity
that remains until reaching the product of the reaction. It is interesting to characterize
this electronic activity in terms of physical contributions, involving polarization and
transfer, and chemically in terms of contributions coming from chemical fragments.?*?°

To continue with the study, the system was separated into three chemical frag-
ments that obey the structure of the transition state, as shown in the upper left side
of Figure 12.8. The left panel of Figure 12.8 displays the REF and its decomposition
into polarization and transfer contributions. Dashed lines indicate the splitting of
polarization and transfer fluxes into chemical fragments’ contributions shown in the
right-hand panels.

It can be observed first that electron transfer effects are driving the reaction.
The first peak displayed by the REF within the TS region is due to transfer, and
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FIGURE 12.8 Physical and chemical partitions of the REF for the methanol decomposition
reaction by copper oxide.
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polarization flux is negligible. Complementary electronic population analysis indi-
cated that the main electronic activity taking place in this region is copper reduction
(Cu**—Cu*). In the second part of the REF profile, polarization effects are more
noticeable, especially within the QTS region, but the transfer flux takes over mainly
due to the reduction process Cu*—Cu®.2>2¢ On the other hand, the upper right-hand
panel indicates that, chemically, the polarization effects are basically due to the
CH; moiety. The other two fragments only show marginal contributions to J,(§).
Concerning the activity associated to electronic transfer, Figure 12.8 shows that cop-
per oxide contributes the most to it, and as already mentioned, this activity is mainly
due to the successive reduction of copper.

In summary, methanol decomposition by copper oxide is initiated through struc-
tural reorderings that activate the electronic activity, which is principally manifested
through a first reduction of copper. Then, the electronic activity decreases at the MSI
region, but it becomes important when entering the QTS region. Here, polarization
flux due to the CH; moiety, together with transfer flux mainly due to the second
reduction of copper, drives the reaction until the products are reached. Structural
relaxation in the product region appears to be coupled with the electronic activity.
It is important to mention that the conclusions suggested by the REF analysis were
totally confirmed by independent results provided by NBO electronic population
analysis.*?

12.3 CONCLUDING REMARKS

A complete methodology consisting of four key concepts in analyzing the mecha-
nism of chemical reactions has been delivered. These concepts provide new impor-
tant insights on the characterization of reaction mechanisms. The reaction force
produces a good framework of reaction regions, in which different specific mecha-
nisms might be operating. Most often, structural reorders occur within the reac-
tants and product regions, whereas electronic activity mainly takes place within the
transition state region. The reaction force also provides a rational partition of the
activation energy that points to elucidating its physical nature. On the other hand,
the reaction force constant grounds the existence of a transition state region defined
as a sequence of unstable configurations, thus opening new interpretative possi-
bilities in the whole field of reaction dynamics. Finally, the REF emerges as a very
powerful tool to characterize the electronic activity taking place during the course
of chemical reactions. It provides physical interpretations through polarization and
transfer effects and identifies the specific role of the chemical species involved in
the reaction.
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13.1 INTRODUCTION

The redox potentials measured by electrochemical experiment can be regarded as
relative adiabatic ionization energies. Photoemission spectroscopy (PES) also probes
the ionization of species, but the measured energy differences are absolute verti-
cal ionization energies referred to vacuum. Correlating these two complementary
ionization energies has been a long-standing ideal of fundamental physical elec-
trochemistry.'~* Such comparisons have become much more precise due to recent
progress in PES techniques for liquids and solutions.>¢ Of special interest are small
aqueous anions, such as hydroxide and halide anions. Work by the Berlin/Heidelberg
group® has confirmed the ideas of Delahay about the ionization of these elementary
aqueous anions.' Vertical electron detachment levels lie much deeper than the adia-
batic redox level. The difference in the case of OH- is as much as 2.9 eV. In fact, at
—9.2 eV relative to vacuum, the OH~ vertical detachment level is separated by only
0.7 eV from the valence band maximum (VBM) of liquid water, as inferred from the
PES threshold of liquid water (9.9 eV).

Meaningful comparison of redox potentials and PES energies depends on more
than accurate measurement of these quantities. What is needed in addition is a reli-
able estimate of the absolute value of the potential of the standard hydrogen electrode
(SHE). Measurement of the absolute potential of the SHE requires the definition of
a suitable reference state of the electron. Trasatti proposed to use an electron at rest
just outside the surface of the electrolytic solution as reference.”® With this choice,
the absolute potential of the SHE can be interpreted as a work function, which makes
it amenable to measurement by electrochemical techniques.”'° This definition is also
compatible with the PES experiment. The value recommended in [7] is 4.44 V. This
estimate seems to be accepted now in the electrochemical literature as correct within
an error margin in the 20-mV range.!® With this absolute SHE potential, the reduc-
tion potential of the OH/OH- couple (+1.9 V vs. SHE)!! translates to —6.3 eV relative
to vacuum, which, compared to the —9.2 eV of the vertical detachment energy, leads
to the 2.9 eV of relaxation energy mentioned above. The other way around, we can
now assign a formal potential of 4.8 V vs. SHE to the vertical detachment level of
OH-, which is an extraordinarily high positive potential on the electrochemical scale.

The impressive improvement in accuracy of experiment-derived solution phase
energy level diagrams has set uncompromising benchmarks for electronic structure
calculation. As is already evident from the huge relaxation energies, solvent effects
are crucial. The standard approach in quantum chemistry to account for solvation
is to use an implicit (continuum) solvent model augmented, where necessary, with
an appropriate number of explicit water molecules.'>~'* This approach is remarkably
successful in reproducing reduction potentials. Combined with the Marcus theory
of electron transfer,'>!¢ the continuum theory is also capable of a semiquantitative
explanation of the large relaxation energies and, hence, the PES energies, as was
already pointed by Delahay.?

The challenge was also taken up by the density functional theory—based molecu-
lar dynamics (DFTMD) community. DFTMD is an all-atom method treating solute
and solvent at the same level of theory. DFTMD allows for the sampling of solvent
fluctuations and coupling to the extended electronic states of the solvent, effects
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that are excluded from implicit solvent schemes. However, the elimination of these
constraints proved to be problematic for the description of the free radicals formed
by oxidation of stable closed-shell anions. This is the conclusion of a number of
DFTMD investigations of the aqueous solvation of the hydroxyl (OH") radical.!’-2?
All of these simulations employed the generalized gradient approximation (GGA).
The OH' radical showed a preference for hemibonded coordination to a special water
molecule. While the hemibonded dimer is probably a minority species,?* the GGA
has a definite tendency to overstabilize this conformation. This is generally blamed
on the delocalization error in the GGA (for a dissenting view, see [21]).

The question of the energy level diagram of the OH/OH- couple was addressed
in a DFTMD study by our group reported in [22]. Similar methods have also been
applied to aqueous transition metal complexes.?*> We found that application of the
GGA leads to serious underestimation of the reduction potential and the vertical ion-
ization potential (IP) of OH- (aq). The reduction potential computed using Becke—
Lee—Yang—Parr (BLYP)?*?7 was too small by at least 0.5 eV. We attributed this error
to overestimation of the stability of the oxidized state (the radical) as a result of
hemibonding. Finite-system-size errors, according to our argument in [22], mainly
affect the vertical IP, increasing the discrepancy with experiment for this quantity
to 1 eV. We also observed a pronounced asymmetry in the position of the vertical
detachment level of OH- (minus the IP) and the attachment level of OH" relative to
the computed redox level. This effect was seen as evidence for nonlinearity in the
response of the solvent to the change of oxidation state of the solute.

The OH*/OH- energy levels in [22] were computed directly with respect to SHE
using a computational hydrogen electrode scheme developed in our group. The key
step in this scheme is reversible insertion of a proton in the aqueous DFTMD model
system. The calculation of [22] was an early application of this scheme, which was
adjusted and refined in subsequent more technical publications.?®?° The latest ver-
sion of the scheme finds a redox potential of 1.3 V versus SHE in the BLYP approxi-
mation compared to 1.9 V of experiment.’® A far more serious shortcoming of [22]
is, in hindsight, the omission of the calculation of the vertical IP of liquid water. This
calculation has been completed very recently and turned out to be quite revealing.?!
The vertical IP of water according to BLYP was computed to be 3.5 eV smaller
than measured by experiment. The error in the position of the VBM of liquid water
exceeds by far the underestimation of the adiabatic or vertical IP of OH~(aq). This
observation made us reconsider our view about the main origin of the failure of the
GGA to describe the ionization of the hydroxide ion, which must be sought, we now
believe, in spurious interaction with the misplaced valence band of water.

The topic of this chapter is defined by this change of mind. After a revision of our
molecular dynamics hydrogen electrode scheme, starting from its foundation in the
formal theory of absolute electrode potentials, we revisit the calculation of the OH*/
OH™ energy level diagram in [22]. The diagram will be extended with the band edges
of liquid water, as obtained in [31], which will be the basis of our analysis of the
flawed performance of the GGA for the computation of ionization potentials in solu-
tion. Further support for our argument is provided by the results of DFTMD calcula-
tions of the same system using a hybrid functional (HSE063?) containing a fraction
of the exact exchange. All these data will be combined in a level diagram analyzed
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and discussed in Section 13.6. We also comment on the role of all-atom calculations
in general and DFTMD in particular in the numerical study of redox properties.

13.2 CHEMICAL REACTIONS

The reversible potential vs SHE for the reduction of a neutral free radical X" to the
anion X~ in aqueous solution is defined by the free-energy change of the reaction

. 1 , .
X (s)+§H2(g)%X (s)+H"(s) 13.1)

where s is a generic notation for the aqueous phase and g is that for the gas phase.
The electron accepted by the radical is supplied by the oxidation of a gas-phase H,
molecule. Adopting microscopic units, the standard free-energy change A,.,G° of
reaction 1 is specified in terms of an energy per particle measured in electron volts.
Dividing by the charge of an electron (—e¢,), we obtain the standard SHE potential

. A,G°
U, (she)=— =t (13.2)

€

Free radicals such as OH® are highly reactive. Reaction 1 is therefore strongly
exergonic, and U° is large and positive (U° = 1.9 V for the reduction of the aqueous
hydroxyl radical'?).

The anion X~ could also have been produced by acid dissociation of the hydride
XH, establishing a link between redox and acid base chemistry. This link is best
visualized by the proton-coupled electron transfer triangle familiar from physical
organic chemistry.’® The triangle for XH is given in Figure 13.1. Starting with the
acid dissociation (horizontal arrow in Figure 13.1)

XH(s)=>X(s) + H*(s) (13.3)

and then transferring an electron from the conjugate base (X°) to the aqueous proton,
reducing it to (half) a H, molecule (vertical arrow)

XH —{2.3ks TpK > X~ +H'(5)

X + L

FIGURE 13.1 Relation between the dehydrogenation free energy A4, G° of a hydride XH, its
pK, and the standard reduction potential U° of the conjugate base X".
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X (s)+H'(s) > X'(s)+%H2(g) (13.4)

should give the same product as direct dehydrogenation of XH (diagonal arrow)

XH(s) = X'(s)+ %Hz(g). (13.5)

The free energy of solvation of the proton is the common reference for the equi-
librium constant of both reactions 3 and 4. The reverse of reaction 4 is reaction 1,
defining the redox potential of the X'/X~ couple (Equation 13.2). Expressing the
equilibrium constant of reaction 3 in terms of the pK, of XH, Hess law requires
that

AgnGxar = 2.30kgTPK iy + €U . - (she) (13.6)

where A, G°y is the standard free-energy change of reaction 5.

The triangle relation of Equation 13.6 is a strong and most useful constraint for
computation. The methods for calculation of pK, and redox potentials must be con-
sistent and satisfy Equation 13.6 by construction. Quantum chemistry schemes based
on implicit solvent models normally meet this consistency requirement.!>!>3 For
all-atom schemes, this is much harder to achieve. This is ultimately why we decided
to compute pK, by completely removing the acid proton from solution??° rather than
transferring it to the solvent, which would be the natural approach in DFTMD.35:3¢

13.3 ABSOLUTE REDOX POTENTIALS

Equation 13.2 is the fundamental equation of equilibrium electrochemistry. It is
derived by equating electrical and chemical work or alternatively from Nernst equa-
tion.>¥7-3 It states that the standard free-energy change A .,G° of reaction 1 can be
directly measured as the open-circuit potential U;. - (SHE) of an electrochemical
cell with X reduction taking place at the cathode and H, oxidation at the anode. The
other way around, we can predict open-circuit potentials from the standard chemical
potentials of the species involved in the cell reaction. Electron transfer inevitably
creates or eliminates ions. The standard chemical potentials of ions, in essence, their
solvation free energies, are listed in thermodynamic tables relative to the aqueous
proton.'>134% This is the free energy of the product ion pair of reaction 1 and is all
that is needed to determine the reaction free energy.

To relate the open-circuit potential to the ionization energies measured in PES
experiments, redox potentials must be converted to an absolute electrode potential
referred to vacuum. With the same vacuum reference for the X'/X~ and the H*/H,
couple, this leads to separation of the potential vs SHE in two absolute potentials

Uy -(she)=U,. _(abs)— UH+/H2 (abs). (13.7)
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The absolute potentials on the right-hand side are identified with single electrode
potentials according to the definition of Trasatti.”® These potentials can be expressed
in terms of electronic and ionic work functions. The following two sections are a
summary of the heuristic derivation of these expressions, as presented by Fawcett
in [9].

13.3.1 ELECTROCHEMICAL POTENTIAL

The thermodynamic potential controlling electrochemical equilibrium is the electro-
chemical potential {1 defined for component i in phase o by

. G"

e =% (13.8)

Here, n, is the quantity (mass) of component i in phase o with Gibbs free energy
G*. Electrochemical potentials are separated in a chemical and electrical contribution

0y =i + g0 (13.9)

u is the chemical potential of component i in phase a, g; is its charge, and ¢® is the
inner potential of the phase, which is also referred to as Galvani potential. In abso-
lute microscopic units, 7, in Equation 12.8 is the number of particles of species 7, and
q,1s the charge of a single particle. The activity dependence of the chemical potential
in these units is given by the expression

ue =pu® +kgTIna® (13.10)

where a;" is the activity of i in phase a. In ideal solutions, a; = p{/c°, where p is
the number density and ¢® = 1 mol dm= is the standard concentration. u*" is the cor-
responding standard chemical potential at temperature 7.

Equations 13.8 and 13.9 only make sense if phase a is finite and conducting. Only
for finite bodies can we define the increase in free energy due the addition of macro-
scopic amounts of charged particles, as implied by Equation 13.8. Excess charge in
conductors accumulates at the surface. The potential inside a conductor is constant
and given by ¢® The Galvani potential accounts therefore for charge imbalances at
the surface only. These also include possible surface dipoles. To make this explicit,
the Galvani potential is further resolved in a surface dipole potential y* and the outer
potential y*, i.e.,

b=y + (13.11)

The outer potential y*, or Volta potential, is measured at a point in vacuum “just
outside” the surface of phase «. This point is chosen close enough to the surface
that (almost) all the work to bring a test charge from infinity toward a surface with
a net charge density and dipole moment has been done but still at a sufficiently long
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distance away to be out of reach of image forces.’® This is the common reference
point for the work function W of a charged particle i, specifying the reversible work
needed to take it out of phase a.

The relation between chemical potentials and work functions is at the very heart
of the theory of electrode potentials. The electrochemical potential [i}" is the negative
of the reversible work for transferring a particle from solution all the way to infinity.
A separate potential is introduced for the work of bringing the particle to just outside
the surface of a phase. This is the real potential defined as

o = if — gy =+ g (13.12)

The work function W is the difference between the standard real potential o>’
and the standard chemical potential uf" of species i in the gas phase’

We=us —o. (13.13)

1

The work function should be distinguished from the solvation free energy
AGH =i - (13.14)

which is based on a comparison of chemical potentials. The difference is a change of
sign and the contribution of the surface potential

MG =—(We+qx°). (13.15)
The solvation free energy is the negative of the work function for neutral solutes
(g; = 0) but not for ionic solutes.
After this preparation, we are now ready to write down one of the central equa-
tions of this review, the expression for the real potential of the aqueous proton.
Rearranging Equation 13.13, the standard real potential can be written as

o =W (13.16)

The form of Equation 13.16 is familiar from the solution chemistry of neutral
species. The chemical potential in solution is separated in a contribution from solva-
tion (the excess chemical potential) and a gas-phase term describing the chemical
reactivity of the species.* The chemical reference state for hydrogen is the hydrogen
molecule. p#” in Equation 13.16 is therefore the free energy for the formation of a
proton from H, in the gas phase, i.e.,

%Hz(g)—>H+(g)+e_(Vac). (13.17)
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The standard free-energy change of reaction 17 can be computed from the free
energy for dissociating a H, molecule in H* atoms and the ionization potential of H'.
Denoting this energy by AfoI * and substituting in Equation 13.16. we have

O = =W, +A,GE (13.18)

where we have suppressed the superindex for the aqueous phase. The value of A, G¢ "
at T = 298 K is given in thermodynamic tables of gas-phase chemistry as 15.72
eV. However, in solution chemistry, it is convenient to use the same reference for
activity in solution and the gas phase.!>*° This makes the work function (Equation
13.13) and solvation free energy (Equation 13.14) independent of the definition of
standard state. The gas-phase activity is therefore represented relative to standard
concentration and not standard pressure (p° = 1 bar). At T'= 298 K, the difference,
the so-called standard state compression term, is given by k,T1n(R7c)°/p°) = 82 meV.
The ° symbol is officially reserved for the pressure-based reference of gas-phase
chemistry.*® Rather than introducing yet another superscript, we will stick with our
unconventional notation. This means that A fGli ~ will have to be adjusted to 15.81 eV.

The discussion of the value of W, will be deferred to Section 13.3.4.

We close this section with a reminder of a fundamental issue in electrochemistry:
Not all the quantities in Equations 13.8 through 13.13 are accessible to measure-
ment by electrochemical or thermodynamic methods.?3’-* Only the electrochemical
potential (;lf‘ ) the work function (W;*) or equivalently the real potential (o) and
the Volta potential (y,) are. Equations 13.9, 13.11, and 13.13 are therefore formal
resolutions. It is not possible to assign actual values to the separate terms, the chemi-
cal potential (1L{'), the Galvani potential (¢®), nor the surface potential (), with-
out making “extrathermodynamic” assumptions. These quantities must therefore
be considered “unphysical,” at least from the point of view of thermodynamics.*
This statement, which is called the “Gibbs—Guggenheim Principle” in [42], is often
met with disbelief from theoretical and computational chemists, particularly in the
case of the chemical potential (Equation 13.10). The standard chemical potential
u®’ is essentially the (absolute) solvation free energy A,G? of species i. One would
hope that a molecular simulation contains all information needed to compute A G/
Indeed, there seems to be a way around this thermodynamic verdict for computation
and also mass spectroscopic.>%12:133443 Thig continues to be, however, hazardous
territory, particularly for DFT calculations in periodic systems.*+-46

13.3.2 PotenTIALS AS WORK FUNCTIONS

The Nernst equation for the reversible potential of X'/X~ vs SHE is obtained by resolving
the reaction free energy in Equation 13.2 in the chemical potentials of the components

. . a,.
eU,. - (she)= (ux. —U +kgTIn ax}

x (13.19)
o 1 o
- MH‘*‘_EMHZ
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where we have assumed standard conditions for the hydrogen electrode. Chemical poten-
tials for the same half-reaction have been grouped together in Equation 13.19. Adding the
surface potential of water denoted by ¥ to the terms inside each of the brackets leads to
an expression for U of the form of Equation 13.7, with the potentials given by

€Uy (abS) =1 . — (u;, - eoxs)

(13.20)
a,.
+ kT In—*-
-
U’ bs)=p. s_L e 13.21
€ H+/H2(a $) = My TeoX _Eum' (13.21)

The potentials of Equations 13.20 and 13.21 depend on the properties of one elec-
trode only and can be regarded as single-electrode potentials. A similar claim could
already be made for the quantities between brackets in Equation 13.19. The poten-
tials of Equations 13.20 and 13.21, however, are work functions and can be inter-
preted as absolute electrode potentials, as anticipated by the notation. This is why the
surface potential was added in. With this additional term, we can replace LLOW by the
real potential oc;+ combining Equation 13.21 with Equation 13.12, i.e.,

. 1.
€U oy, abS) = 01 =My (13.22)

In Section 13.3.1, we have already derived an expression for the real potential of
the aqueous proton. This is Equation 13.18. This involved choosing a reference state
for the proton, for which we took the regular reference state for hydrogen in the gas
phase, namely, molecular hydrogen. To be consistent, we must set therefore qu =
in Equation 13.22. Then, with Equation 13.18, for the real potential, Equation 13.22
leads to

eOU;mz (abs)= A fo;: -W... (13.23)

As explained in [9], ion work functions are uniquely defined thermochemical con-
stants that can be measured using electrochemical cells with air gaps. Both terms in
Equation 13.23 are therefore known from experiment.

The potential for the X/X half-reaction of Equation 13.20 can be similarly
expressed in real potentials. The result is

o o a,,.
€U,y (abs) = 0. — 0 + kT ln—X". (13.24)

X-

The first two terms can be interpreted as an electronic work function. Using
Equation 13.16, we can write
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o -0 . = uf(’, - uf{; +W, -W,. (13.25)

The right-hand side of Equation 13.25 represents a thermodynamic cycle consist-
ing of desolvating the anion X-, ionizing it in the gas phase and reinserting the prod-
uct radical X in solution. This is the definition of the adiabatic ionization potential
(AIP) of an aqueous species. However, instead of removing it all the way to infinity,
the electron is left at the reference point used for work functions. With this electro-
chemical definition of ionization, the absolute standard potential for the X*/X- couple
is, according to Equation 13.24, simply equal to the AIP, i.e.,

. AIP _
U, x-(abs) = X (13.26)

€

Substitution in Equation 13.19 with Equation 13.23 for the potential vs SHE gives
€Uy (she)= AIP _ +W, . —A,G*. (13.27)

The firstterm AIP, _ specifies the work needed to extract an electron bound in X"
Comparing Equation 13.27 through Equation 13.19, we see that the standard reaction
free energy has been reinterpreted in terms of work functions, which is what will
enable us to relate U;. - to the PES experiment. The same relation is also the key to

o

computation of U,. .

13.3.3 ENERGY LeveL PICTURE

The absolute electrode potential of the X'/X- couple was identified in Section 13.3.2
with the AIP of the anion (Equation 13.26). This relation is as profound as it is intui-
tive. Equation 13.7 (or equivalently Equation 13.27) transforms reversible potentials
to the vacuum scale, enabling us to compare electrochemical energies to ionization
energies determined by PES. The ionization energies measured by PES are, how-
ever, vertical IPs. A vertical ionization potential will be referred to simply as IP.
The relation of an AIP to the corresponding IP is explained by the Marcus—Hush
theory.!>1%47 The atomistic statistical mechanical formulation was worked out by
Warshel*34° and others.’®' This formalism also applies to the general case of non-
linear solvent response. In view of the small size of the ion, breakdown of the linear
approximation to the response of the solvent to a change in the charge of the aqueous
hydroxide anion is a possibility, as we speculated in our previous DFTMD study
of this system.?> We therefore briefly revisit the nonlinear electron transfer theory,
broadly following [51] (see [4] for a more spectroscopic perspective).

The theory can be summarized in two key relations linking the adiabatic ioniza-
tion energy and the vertical detachment and attachment energies. To emphasize the
generality of these relations, we change the notation and consider the oxidation of
a species R to O, with R standing for the reduced state and O standing for the oxi-
dized state. The vertical ionization potential (electron detachment energy) of R will
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be indicated by IPg, and the vertical electron affinity (electron attachment energy)
of O by EA,,. The adiabatic IP of R equals the adiabatic EA of O. To keep notation
consistent with this symmetry, the redox free energy will be referred to as AA. These
three quantities are related as

1Py = AA + X (13.28)

EA, = AA - )y (13.29)

where A and Ay are the reorganization energies in response to the vertical oxidation
of R and vertical reduction of O, respectively (see Figure 13.2). A, and A are positive
energies. I[Py and EA are normally positive as well, which means that AA is too.

Equations 13.28 and 13.29 seem self-evident when drawn as transitions between
the total energy curves (Born—Oppenheimer surfaces), as shown in Figure 13.2 (see
also [4]). However, the energy curves in Figure 13.2 are potentials of mean force
or diabatic free-energy curves. AA, Ay, and Ay are therefore free energies. It is not
immediately clear that free-energy curves can be treated similar to energy curves in
the gas phase. Equations 13.28 and 13.29 are however rigorous and can be derived
by taking the energy gap as reaction coordinate.*®-5! The equations familiar from the
Marcus theory are recovered by assuming that the free-energy curves are quadratic
(linear response regime). Again, as a consequence of the special properties of poten-
tials of mean force for energy gaps, the second derivatives must be identical (oxida-
tion state independent), and hence,

A=Ay = A (13.30)
\
\‘ Ao(X)
\\
AO* - a:\F‘.' = = = = Vacuum
AR(x)
— —EAO
AR
—
Ao

FIGURE 13.2 Free-energy curves A(x) of the reduced (R) and oxidized species (O) plot-
ted against an unspecified reaction coordinate x. Nonequilibrium states created by vertical
electron detachment (oxidation) or attachment (reduction) are marked by a superscript *. The
corresponding energy level scheme is indicated on the right.
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Substituting in Equations 13.28 and 13.29 and adding and subtracting give

AA=%(IPR +EA,) (13.31)

1
A= (P ~EA,) (13.32)

These fundamental relations have important implications for energy level dia-
grams, such as will be constructed later. —IP; and —EA,, are interpreted as orbital
energies in a one-electron picture. —IPy plays the role of the HOMO energy of R,
and —EA,, is identified with the LUMO energy of O. These orbital energies will be
indicated by &, and g, respectively. Note that this is strictly only an analogy because
the total energy differences and orbital energies are usually not the same in practical
DFT. (In the case of the electron affinity, they are not even equal in principle.) —AA
is interpreted as a thermodynamic energy level, effectively a chemical potential p.
Equations 13.28 and 13.29 impose a definite ordering of the levels, namely, e; < p
< g,. In the linear regime, p is positioned exactly midway in between the HOMO of
R and LUMO of O (Equation 13.31). The R and O levels are separated by twice the
reorganization energy (Equation 13.32, see also Figure 13.2).

For electrochemical applications, it is often convenient to represent the donor
(HOMO) and acceptor (LUMO) levels, together with the chemical potential (p) rela-
tive to the SHE. Equation 13.27 tells us how to do this for the chemical potential
p = —AA = —AIP;. According to Equation 13.28, the difference between p and eg
is a relaxation energy, i.e., a quantity not involving electron transfer (non-Faradaic),
which is therefore invariant under a change in energy reference. The same applies to
€, in virtue of Equation 13.29. The “SHE potential” equivalent of e and g, is there-
fore obtained by replacing the AIP in the equation for the reversible potential by the
vertical IP and EA, respectively, giving

eUr (she) = TP + W, . — A G (13.33)

eUo(she)=EA, + W, — AfoIf . (13.34)

13.3.4 ExperRIMENTAL ABsoLuTe SHE

The question of the numerical value of the absolute hydrogen electrode potential is
obviously an important one that has given rise to some controversy.® A key constraint
for the definition of the absolute hydrogen electrode potential in Section 13.3.2 was
that it can be determined by experiment.”8 Equation 13.23 relates U; M, (abs) to the

work function of the proton. The relevant experimental data are listed in Table 13.1.
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TABLE 13.1
Experimental Data for the Determination of the Absolute SHE Potential
according to Equation 13.232

%Hz(g)—>H*(g)+e‘(vac) A,Ggf =15.81eV
Work function of H* (aq)’ W =11.36eV
Solvation free energy of H* (aq)* AAGH+ =-11.53eV
Surface potential of water (from Equation 13.15) ¥ =+0.17V
Recommended value for absolute SHE? U :r ", (abs)=4.44V

Note: The standard state for H" is ideal gas at 1 mol dm=. The standard state for e~ is vacuum at rest.
2 Also listed is the value for the absolute SHE, as recommended in [7]. The estimate for the surface
potential has been obtained using the formalism of Section 13.3.1.

This is not the only possibility for obtaining an estimate of the absolute SHE poten-
tial from electrochemical experiment. As shown in [7], the absolute SHE potential
can also be determined from measurements of the potential of zero charge and con-
tact potential (Volta potential difference) of the interface of an inert metal electrode,
such as Hg with an electrolytic solution. Surveying the experimental data available
at the time Trasatti decided that U (abs) 4.44 V is the best estimate.” This value
was accepted by IUPAC as their recommended value. Fawcett has recently reviewed
the procedure, also taking into account experimental data from mass spectroscopy
experiments.** His conclusion was that only a small adjustment was necessary (from
4440442 V).

The mass spectroscopy data of [43] are of special interest because what is mea-
sured by this technique is the chemical potential u° . rather than the real potential
o . (From a formal perspective, this statement has the status of an extrathermody-
namic’ > assumption.”!213:34) Recall from Equatlon 13.12 that OLH+ and ].LH+ are related
to each other by the surface potential ¥S of water. A similar relation holds for the
solvation free energy and the work function (Equation 13.15). Applying this relation
to the experimental estimates in Table 13.1 yields the x5 = 170 meV value given in the
table. 170 meV is within 50 meV consistent with estimates of ¥’ from other sources.'
It should be mentioned that there are good arguments that 4.44 V (or 4.42 V) is
not an appropriate value for use in quantum chemistry calculations.!>!33 For the
conversion of redox potentials computed using implicit solvent models, a value of
U;+ . (abs) based on the chemical potential rather than the real potential is more

consistent (see also [10]).

13.4 FULL ENERGY PERTURBATION

In Section 13.3.2, we derived a formal expression for a reversible potential vs SHE.
To implement this expression in a calculation, we must find a way to compute the
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AIP of the reduced state of the electroactive solute with the work function of the pro-
ton as energy reference. Electronic energy levels obtained from vertical ionization or
orbital energies are aligned relative to the SHE using again the work function of the
proton as energy reference (Equations 13.33 and 13.34). For extended model systems
as used here, consistency between ionization energies and proton work function is
absolutely crucial. In particular, it is not possible to just use the experimental value
for the proton work function (Table 13.1). To ensure consistency, it is imperative to
compute the work function of the proton in the same DFTMD supercell as used for
the electronic energy calculation. The method we employ is a DFTMD implementa-
tion>? of Warshel’s microscopic version***° of the Marcus theory of electron trans-
fer.! Recently, this scheme has been generalized to reversible insertion of protons
for the calculation of pK .33 The method has been presented in detail in [28] and [29].
Here, we summarize the expressions used in calculations and refer to the two techni-
cal papers just mentioned for explanation.

13.4.1 THERMODYNAMIC INTEGRATION

Free energies in electronic structure calculation are computed from total energy
differences. The scheme used in our approach to convert total energy differences
into a free-energy difference is based on thermodynamic integration of energy gaps.
Thermodynamic integration is a free-energy perturbation (FEP) method. Reactants
R are transformed into products P using an auxiliary (mapping) Hamiltonian €,
which is a linear combination of the Hamiltonian for the reactants and that for the
products #, = (1 — n)# + n(,. Here, 1 is a coupling parameter that is gradually
increased from O (reactants) to 1 (products). Intermediate values 0 < n < 1 cor-
respond to hybrid systems that are a mixture of R and P. These systems have no
physical counterpart in experiment but may be simulated by determining the atomic
forces from the mapping Hamiltonian (. Canonical averages over MD configura-
tions obtained with Hamiltonian 3, will be denoted by brackets (...),. The total
free-energy change AA is calculated from the integral of the vertical energy gap AE
with respect to the coupling parameter

1
M=AM=1D)-AM=0)= JO dn(AE),. (13.35)

The gap AE is defined as the total energy difference between the initial and final
configurations, from which an electron e-, a proton H*, or both have been removed
while keeping all other atoms fixed.

The coupling parameter integral Equation 13.35 converts vertical energy gaps (AE)
into adiabatic gaps (AA). Vertical energy gaps for electron removal have an experi-
mental counterpart. There is indeed a close correspondence between the thermo-
dynamic integration scheme and the generalized Marcus theory of Section 13.3.3.
We will demonstrate this for our model redox reaction: the reduction of a neutral
radical X to the anion X~. The reduced state R in this reaction is X~, and the oxidized
state O is X'. Conforming with the notation of [28] and [29], the vertical energy gap
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between the oxidized and reduced states (solute plus solvent) will be indicated by
AE, ., with the subscript specifying the solute. Equation 13.35 gives the corre-
sponding adiabatic energy gap

A Ay J dn By (13.36)
The integrand at the reactant end, <AOXEX > o , is the vertical IP of X~ averaged
n_
over the thermal fluctuations of the solvent. The average gap <onEX > _computed

by the DFTMD simulation would be equal to the experimental IP for the ideal case
of the exact functional, if it were not for the uncertainty in the reference for elec-
trostatic potentials in systems under periodic boundary conditions. The bias V| in
the reference for DFTMD potentials as a result of this uncertainty was discussed in
some detail in [28] and [29]. It acts as an offset —e,V,,

(A Edno =P _ eV, (13.37)

where IP__ now stands for the true unbiased IP for a given functional. For stable
condensed phase systems, V,, > 0. Removing electrons from the periodic model sys-
tem costs less energy than from the same system with an interface to vacuum.

The gap at the product end (A E),_, of the integral Equation 13.36 is a similarly
biased estimate of the vertical electron affinity EA . of the oxidation product, radi-
cal X', i.e.,

(A EYye =EA . — eV, (13.38)

Thermodynamic integration interpolates between these two extremes. In the limit
of linear solvent response, the trapezium rule is exact, and the integral is the mean
of the end points. The linear response approximation for the oxidation free energy is
therefore determined by the IP of the reduced state and EA of the oxidized state*¥4%-32

1
DAy = (P +EA L) =eglp. (13.39)

ox“ix-

This equation reproduces Equation 13.31 subject to an offset that cannot be ignored

(see below). In the nonlinear generalization of Equation 13.39, the l(IP +EA) term
is replaced by the AIP, and we can write

AP =A A +eV, (13.40)
with A, A, given by Equation 13.36. Relaxation energies are estimated in the lin-
ear approximation using Equation 13.32 or in the nonlinear case by subtracting the
adiabatic IP from the vertical IP and EA according to Equations 13.28 and 13.29.

The AIP is directly the absolute electrode potential of a redox couple (Equation
13.26). Unfortunately, it is not possible to use Equation 13.40 because V is, in
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general, not known. The point of the hydrogen insertion method is that we do not
need to know V,, when computing the electrode potential relative to the SHE because
the work function of the proton in periodic systems is also biased by V; but with
the opposite sign. The challenge is therefore to find a procedure for the insertion/
removal of a proton based on Equation 13.35 consistent with the FEP scheme for
electron removal. This procedure should be equally suitable for the computation of
acidity constants and was in fact originally developed for that purpose.>® In the next
section, we therefore will review first the proton insertion method for computation
of pK,.

Finally, we mention in passing that the free energies computed from thermo-
dynamic integration are not strictly equivalent to the free energies of Section 13.3.3.
The latter are the minima of the potentials of mean force, whereas thermodynamic
integration yields the thermodynamic free energies of the diabatic states. The dif-
ference vanishes for quadratic free-energy curves. (Recall from the discussion in
Section 13.3.3 that the harmonic potentials of mean force in the energy gap must
have the same second derivative.) The small discrepancy for nonlinear systems will
be ignored.

13.4.2 Acipity CONSTANTS

Acid dissociation is a homogeneous reaction transferring protons from an acid
to a solvent molecule. The hydrogen electrode also involves proton transfer, but
the exchange is between two phases, namely, the solution and the gas phase. As
explained in Section 13.2, Hess law effectively forces us to also treat acid dissocia-
tion by reversible insertion of protons in solution. This can be achieved by a thermo-
dynamic cycle transferring the acid proton from the acid to the point just outside the
solution and reinserting it again as a solvated proton. Such a scheme was proposed in
[53] and worked out in detail in [28] and [29]. The pK, of the acid dissociation reac-
tion XH — X~ + H* is obtained from the following expression:

2.30 ks TpK x4 = ADPy — W, ,
+kTIn[ AL, | (13.41)

The first term, ADPyy, is the adiabatic deprotonation energy of XH with the
point just outside the solution interface as reference, and W, is again the work

function of the aqueous proton. The last term of Equation 13.41 accounts for the
translational free energy generated by the dissociation.?® This contribution has been
approximated by the chemical potential of a free gas phase proton at standard con-
centration (c°). A is the thermal wavelength of the proton. This approximation is
justified because of the small mass of the proton compared to the conjugate base X.
Under ambient condition, the translational contribution amounts to a correction of
kpTIn[ c°A%, ]=-0.19¢V or -3.2 pK units.

The deprotonation free energy is estimated from a thermodynamic integral
Equation 13.35 as
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1
AgpAxu = J:) dn{A g Exin )y (13.42)

where the energy gap in the integrand now corresponds to the energy for vertical
deprotonation of XH. The adiabatic deprotonation energy ADPy,, of Equation 13.41
is obtained from A, Ay of Equation 13.42 according to*

ADPyy = AdpAXH —eVy - AszH(X)' (13.43)

Equation 13.43 is similar to Equation 13.40. However, the bias due to the shift in
the electrostatic reference appears with the opposite sign because the particle that is
removed has a positive charge. We have also added a zero-point motion correction.
This is necessary because the DFTMD simulation as it is usually applied treats all
nuclei as classical particles. The approach adopted in [29] is to subtract the zero-point
energy of the acid proton attached to the base in full solution. All other protons are
classical particles. This effective acid proton zero-point motion is indicated by A, Eyx,
in Equation 13.43. A, Eyy, is estimated from the peaks in the (classical) velocity auto-
correlation function of the acid proton as obtained from the DFTMD trajectory.

Vertical detachment or attachment of protons is not feasible in experiment. Still,
we can calculate the vertical deprotonation energy Ay E in Equation 13.42 by switch-
ing off the charge of the acid proton, transforming it instantaneously in a “dummy.”
This process can be viewed as the fictitious discharge reaction XH — Xd-, where
d is a dummy proton d has no Coulombic interactions with the electrons and nuclei
in the system. Instead d is subject to a harmonic restraining potential V., keeping
it close to the equilibrium position of the H* nucleus in the protonated system. This
construction ensures that the deprotonation is reversible. Letting the system relax
and switching the charge of the dummy back on, we obtain the protonation energy of
the species to which the dummy is bound. The reasons this procedure can be carried
out in practice are special to the geometry of hydrogen bonds.?® Perturbations by a
properly tuned restraining potential are minimal but can still have some effect on the
deprotonation free energy. An approximate analytic expression for these perturba-
tions has been worked out in the appendix of [29]. It is shown there that, provided the
minimum and spring constants of the restraining potential are matched to the geom-
etry and vibrational frequencies of the real acid proton, the error is small, compared
to other sources of uncertainty in the calculation. Corrections for the restraining
potential have therefore been omitted in Equation 13.43.

The expression for pK of Equation 13.41 also contains the work function of the
proton. Computation of W, is the key step in the proton insertion scheme. It is esti-
mated by the deprotonation free energy of the hydronium cation (H;O*). The H,O*
ion is modeled by a (flexible) pyramidal structure stabilized by the restraining poten-
tial. Thus, identifying W, with ADP, ., we apply Equation 13.43 and find

304-,

Wy = DapAy v —€oVo = A E (13.44)

ZPH*(OH,)"
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However, the hydronium ion is not a regular acid. The trigonal H;O* geometry
on which our estimate for the work function (solvation free energy) is based is only
one of the configurations that the solvated proton can adopt. The implications of
this restriction are quantified below and discussed in detail in [29]. Substituting
Equations 13.43 and 13.44 into Equation 13.41, we obtain for the pK of XH, i.e.,

2.30kpTPK 311 = DgpAsey — AdpAH30+

—(AZPEH(X) —AE ) (13.45)
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Assuming that differences in zero-point motion of hydronium and acid can be
ignored, pKa is the difference in deprotonation free energies adjusted by a constant.
The constant, —3.2 units, is effectively the pKa of the constrained hydronium ion,
because, in this case, the deprotonation integrals and zero-point motion terms rigor-
ously cancel. The model H;O* is therefore 1.5 pK units more acid than the pKa =
—1.74 of the hydronium in the Brgnsted theory.

13.4.3 Repox POTENTIALS

Redox potentials are computed using Equation 13.27. The electronic and proton
work functions are determined by evaluating the thermodynamic integrals for adia-
batic oxidation of X~ (Equation 13.36) and reversible deprotonation of the hydronium
ion (Equation 13.42, with XH = H,0"). Substitution of Equations 13.40 and 13.44
into Equation 13.27 gives
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In contrast to the expression for pK, (Equation 13.45), the zero-point motion term
in the work function of the proton (Equation 13.44) is not canceled out. The value
that we use for A, E . (©H,) is 0.35 eV. This is a rough estimate that we determined
by summing the zero-point motion of three vibrational modes with frequencies
obtained from the stretching, bending, and librational peaks in the classical velocity
autocorrelation function of a proton in liquid water. A correction of —0.35 V amounts
to a substantial decrease in reduction potential. The A foI © term in Equation 13.46
is given the experimental value of 15.81 eV (see Section 13.3.1).

To complete the free-energy triangle of Figure 13.1, we need an equivalent
expression for the dehydrogenation free energy AyGxy of XH, i.e., the free energy
of reaction 5. Rather than relying on Hess law, we prefer an independent estimate
obtained by simultaneously removing a proton and electron. In the notation we have
introduced, the corresponding thermodynamic integral is written as
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1
AgpAxy = J.o dn(A g Exy >n' (13.47)

The vertical energy gap Ay, Exy is the difference in total energy of X (product)
relative to XH (reactant), with the energy of the solvent included. Because the net
charge of the system remains the same, a bias in the electrostatic reference is of no
concern. We must however again account for the free energy for the creation of one
more translational degree of freedom, as well as the zero-point motion energy of the
acid proton adding corrections similar to Equations 13.41 and 13.43, respectively.
This gives

Ath;(H =ApAxy — A fo[’o

+

— DBy +kyTin[ A2, | (13.48)

The combined effect of the last two terms in Equation 13.48 is a downward
adjustment of 0.54 eV, which is definitely not negligible. This correction is the
sum of the corrections terms in Equation 13.45 for the pK and Equation 13.46 for
the redox potential. Because the thermodynamic corrections add up, Hess law
(Equation 13.6) requires that the thermodynamic integrals satisfy the triangle rela-
tion of Figure 13.1, i.e.,

AaAsit = Mgy Axss + Doy A (13.49)
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Equation 13.49 is a most powerful condition to assess the statistical accuracy of
the DFTMD sampling. The experience of the applications to date shows that the
dehydrogenation free energy matches the free energy of sequential deprotonation
and oxidation within an uncertainty of 100 meV for simulation runs of a duration
accessible to DFTMD(= 10 ps).

13.4.4 HALF-ReACTIONS AND MODEL SYSTEMS

Equation 13.46 is the working equation of our computational hydrogen electrode
method. It was obtained by adding Equation 13.40 for the AIP to Equation 13.44 for
the work function of the proton. The offset term eV, canceled because it was assumed
that an electron and proton are inserted/removed from the same model system. To
obtain the results discussed in Section 13.5, however, we used separate DFTMD
model systems for the ionization of the electroactive solute and the deprotonation of
the reference hydronium. This approach was referred to as a half-reaction scheme in
previous publications. V,, is strongly dependent on system composition, and cancella-
tion is no longer guaranteed in a half-reaction scheme. A similar argument applies to
the application of a half-reaction scheme for computation of the acidity constant of a
water molecule discussed in Section 13.5. The calculation is based on Equation 13.45,
but the proton is removed from a water molecule in pure water and inserted again in
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pure water. The DFTMD model system was the familiar minimal periodic cubic cell
of length 9.86 A containing 32 water molecules corresponding to ambient density.
One proton or hydrogen atom more or less represents only a minimal change in com-
position. Variation in V|, for these very similar model systems is small and can be
ignored. (We refer to [28] and [29] for a more quantitative justification of this claim.)
Electrostatic interactions in DFTMD are evaluated using Ewald summation meth-
ods. Our model systems are small, and either reactant or product state carries a net
charge. Finite-system-size errors are therefore a concern. Finite-system-size errors
for the cubic supercells used in the half-reaction scheme are fortunately of second-
ary importance (see also Section 13.5.1). The supercell contains at most only a single
ion. The interactions between this ion, its periodic images, and homogeneous counter
charge inserted by the Ewald sum (the Wigner potential) are screened by polarization
induced in the solvent. As it turns out, in an MD cell of cubic symmetry, this leads
to an almost perfect cancellation of errors. The net charge of a supercell also made
the total energy sensitive to shifts in the electrostatic reference. This effect, however,
should be carefully distinguished from finite-system-size errors, which vanish in the
limit of infinite system size. V,, in contrast, approaches a constant for systems larger
than a certain minimum size, which depends on the composition. This is an intrinsic
periodic boundary effect that cannot be eliminated by increasing the system size.

13.5 1IONIZATION OF AQUEOUS OH-

In this section, we present the results of the application of the DFTMD-FEP method
to the aqueous OH/OH- redox reaction and the band edges of liquid water. All
energies are represented as potentials vs SHE in a level diagram that is analyzed in
Section 13.6.

13.5.1 AbiaBaTIC IONIZATION POTENTIAL

The computation of the reversible potential of OH/OH- are carried out in conjunc-
tion with the calculation of the acidity and the dehydrogenation free energy of a
water molecule. The advantages of coupling these calculations were explained in
Section 13.2. The results for the free energies were first reported in [30]. They are
summarized in Table 13.2. The DFTMD simulation was carried out using the CP2k
package.>>% Technical details of the electronic structure calculation (basis sets, etc.)
can be found in the original papers.?>3° The table lists the thermodynamic integrals
A A of Equation 13.36, A; A of Equation 13.42, and Ay,A of Equation 13.47, and the
reaction free energies AG derived from these integrals using Equations 13.45, 13.46,
and 13.48 (differences in zero-point corrections have been ignored). AA for oxida-
tion and dehydrogenation was determined from the vertical energy gaps of five to six
different values of the coupling parameter, each averaged over DFTMD trajectories
of 5-10 ps. For deprotonation, only three integration points were used (n = 0.0, 0.5,
1.0), but the runs were considerably longer (40—-60 ps for BLYP). The three ther-
modynamic integrals computed in this approximation satisfy Hess law (Equation
13.49) within 0.1 eV, which can therefore be regarded as an empirical estimate of the
statistical accuracy of the calculation.
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TABLE 13.2
Standard Free-Energy Changes for the Dehydrogenation of a Water
Molecule in Bulk Solution (Energies in Electron Volts)

BLYP HSE06
AA AG AA AG Exp.
H,0 - OH~ + H* 16.34 0.7 16.29 0.7 0.83
OH +H* —>OH'+%H2 2.10 1.3 2.52 1.7 1.9
H,0 - OH" +%H2 18.54 2.1 18.89 2.5 2.72
H,0* -H,0 + H* 15.35 -0.19 15.29 -0.19 -0.10

Note: Thermodynamic integrals (Equation 13.35) are denoted by AA, with the reaction free energies
calculated using these integrals by AG. The BLYP and HSE(6 results were taken from [30].
Experimental redox energies are from [11]. The data in the last row are the deprotonation integral
and acidity of the hydronium ion (see Section 13.4.2 and [29]).

The standard state for H,O is the liquid. Conversion of the acidity constant of
H,O to pK units therefore yields pKy,. This is the convention used in Table 13.2. In
practice, this amounts to decreasing the free energies for deprotonation and dehydro-
genation by a further kzTlog([H,0]/c°) = 104 me V. This energy, equivalent to —1.74
pK units, is, by definition, the Brgnsted acidity of the hydronium. Both the BLYP and
HSEOQ6 calculations gave pKy, = 12, two pK units less than the experimental value of
14. The error in the oxidation free energies is significantly larger. The BLYP redox
potentials are underestimated by as much as 0.6 V. The exact exchange component in
the HSEO6 functional reduces the error, but the redox free energies are still too low.
Similar discrepancies were found in [28] and [29]. We are confident that the error
can be attributed to shortcomings in the DFT functional and not to finite system
size or periodic boundary effects. Limitations in system size could affect the free
energy for the oxidation of the OH- anion, which is a charge recombination reaction.
However, the dehydrogenation reaction (the diagonal in Figure 13.1), which involves
only neutral species, suffers from the same problem. We will return to this issue in
Section 13.6.

The last entry in Table 13.2 gives AdpAH3o+’ which is the integral for deproton-
ation of the constrained hydronium used in the calculation of the work function of
the proton. The value of this quantity, which is central in the hydrogen insertion
method, was taken from [29]. Recall that, according to Equation 13.45, the pKa of
H;0" is a constant whatever AdpAH30+ happens to be. Of course, the work function
of the proton depends on AdpAH3 o+ as 1s clear from Equation 13.44. Unfortunately,
the unknown bias in the electrostatic reference (V,) makes it impossible to determine
the absolute value of Wm- However, as explained, only relative values are needed
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for computation of redox potential vs SHE and acidity pK,. Shifts in the average
electrostatic potential in a phase cancel. This also applies to the contribution of the
surface potential ¥, which differentiates between the solvation free energy and the
work function (Equation 13.15). For the calculation of homogeneous redox poten-
tials vs SHE, all these electrochemical subtleties are not relevant. Neither are they
relevant in the measurement of redox potentials vs SHE. The distinction between the
real and chemical potentials becomes important for the comparison to PES energies
(see Section 13.6). The electrochemical formalism of Sections 13.3.1 and 13.3.2 is
also crucial for the computation of potentials of electrodes, which are not under the
control of equilibrium charge exchange with the electrolyte.®3!

13.5.2  VERTICAL IONIZATION POTENTIAL

The calculation of vertical ionization potentials is an intrinsic part of the calcula-
tion of adiabatic IPs in our FEP scheme. The vertical IP is the n = O point in the
coupling parameter integral (Equation 13.37). Replacing the oxidation integral in
Equation 13.46 by the average gap at 1 = 0 should give us therefore an estimate of
the equivalent potential Uy (SHE) of the electron detachment level, as defined in
Equation 13.33. The vertical IP is, by construction, consistent with the AIP, and the
difference can be directly interpreted as the reorganization energy A, in the oxidized
state (Equation 13.28). Similarly, the potential equivalent of the electron attachment
level U, (SHE) of Equation 13.38 is obtained from the point at n = 1 of the oxidation
integral in Equation 13.46. The difference with the full integral is the reorganization
free energy Ay of Equation 13.29.

The results for Uy (SHE) for OH- (aq) and U, (SHE) for OH" are listed in Table
13.3 under the column labeled AE. The columns labeled € are alternative estimates
obtained using the orbital energies, instead of the total energy difference. Substituting

TABLE 13.3

Vertical lonization Potential of OH-, Vertical Electron Affinity of OH",
and VBM and CBM of Pure Liquid Water Represented as Potentials vs
SHE in V

BLYP HSEO6
AE € AE € Exp.
OH- HOMO 2.1 1.41 3.29 2.99 4.8
OH" LUMO -0.9 0.59 -0.62 -0.09 -1.0¢
H,0 VBM 231 1.97 3.65 3.56 5.5
CBM -2.60 -3.24 -32

Note: The potentials in the column labeled AE have been computed from the total energy differ-
ences. Estimates computed from orbital energies (HOMO and LUMO, respectively) are
listed under the heading €. For the source of the experimental data, see text.

@ Linear extrapolation, assuming Ay = A = 2.9 eV (see Figure 13.2).
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the negative of the energy of the HOMO of OH- in Equation 13.33 aligns this level
relative to the SHE. The LUMO of OH" is aligned using a similar procedure. The
last column in Table 13.3 gives the corresponding experimental values represented
again as potentials vs SHE. The transformation to the electrochemical scale was car-
ried out by subtracting the experimental absolute potential of the SHE, given Table
13.1 from the PES data and a change of sign. The vertical attachment level of OH*
is not strictly an experimental value but an extrapolation. Assuming that the solvent
response is linear, we estimate the reorganization energy on the reduced surface
according to Equation 13.30 and obtain the vertical electron affinity using Equation
13.29 (see also Figure 13.2). Note that, by referring experimental ionization energies
to the SHE rather than calculated ionization energies to vacuum, we avoid the ques-
tion raised in [34] about the vacuum level for computation.

13.5.3 BAND EDGES OF LiIQuiID WATER

From an electronic structure perspective, water can be regarded as a disordered
wide gap insulator.’” The fundamental gap as given in [57] is 8.7 eV. This value has
become the consensus experimental reference for computational work on the elec-
tronic structure of liquid water.’¥-%° Adding to the VBM at 9.9 eV below vacuum?>®
places the conduction band minimum (CBM) at —1.2 €V relative to vacuum. It should
be mentioned that the position and even definition of the CBM of water are the sub-
ject of some debate.*>7 Coe et al. in [4] argue in favor of a CBM at —0.5 V. Converting
the spectroscopic levels to SHE potentials, we find Uy, (SHE) = 5.5 V and Ucgy
(SHE) =-3.2 V (see also Table 13.3). On the electrochemical scale, these are extreme
potentials, which implies that electrochemical activation of liquid water is not easy.

All-atom methods, at a purely technical level, make no difference between the
IP of a solvated species and the pure liquid. The method applied in Section 13.5.2
should therefore be equally suitable to align the energy levels of the pure solvent to
the SHE. Vertical energy gaps were sampled from a DFTMD trajectory of the cubic
32 H,0O molecule system, which was the basis for the OH-, OH’, and H,O* model
systems (Section 13.4.4). The calculation was however less demanding. Fluctuations
in the energy gap for the pure liquid are small compared to the fluctuations in the
energy gaps of solutes. The result for the VBM obtained by comparing the energy for
the removal of an electron to the free energy for the deprotonation of the hydronium
can be found in Table 13.3. Alternatively, we could have used the average energy of
the HOMO of the liquid as an estimate of the VBM. This crucial energy level will be
indicated by €,o0mo- The result is also listed in Table 13.3. For the CBM, we have only
calculated the estimate based on g 5, Which is the average energy of the LUMO
of the liquid.

13.6 ENERGY LEVEL DIAGRAM

DFTMD simulation enables us to align the energy levels of solutes and solvent.
Using the data of Tables 13.2 and 13.3, we have constructed such a level diagram for
the OH*/OH- couple. The result is shown in Figure 13.3. The levels of the solvent, as
published in [31], will be discussed first.
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FIGURE 13.3 Energy levels of the OH/OH- couple aligned with the band edges of liquid
water. The data for the vertical IP of OH~, electron affinity EA of OH’, VBM, and CBM of
water are from Table 13.3. The OH® reduction potential (AA) is taken from Table 13.2. All
levels, except the CBM, of water are computed from the total energy differences.

13.6.1  SOLVENT LEVELS

The most conspicuous feature of the level diagram is probably the contrast in the
position of the VBM and CBM of liquid water. The GGA is notorious for underesti-
mating band gaps in solids. The discrepancy becomes worse for larger band gaps.®!
Our results for water are in line with this expectation. The Kohn—Sham band gap
(ELumo — €nomo) 1n the BLYP approximation is 4.6 eV too small, consistent with
what has been observed in previous investigations.’®-%* However, our method also
gives the absolute level positions. What this additional information reveals is that the
underestimation of the band gap is predominantly caused by a failure to account for
the energies of the occupied orbitals. The effective potential of the HOMO is 3.5 V
less positive, which places the VBM 3.5 eV above the VBM obtained from PES. The
error in positioning the LUMO, 1 eV below the CBM in experiment, is comparatively
smaller. Application of HSEO06 raises the LUMO to about the correct level. In addi-
tion, the HOMO level improves. It moves to more positive potentials but not as much
as is needed. The difference with experiment is still 2 V.

The relation between vertical IP and EA and HOMO and LUMO energy is a fun-
damental issue in DFT.2%3 For isolated molecules, it is well known that the absolute
value of e,qyo can be several electron volts less than the ASCF IP using the same
GGA functional. These two quantities should be identical in exact DFT (ioniza-
tion theorem).®? Could this be the reason for the unrealistically high position of the
HOMO in the GGA? The results in Table 13.3 suggest that this is not the case. The
IP result is equally bad. The gap between e,y and -IP, as computed for BLYP, is
0.7 eV, much less than the discrepancy with experiment. For HSEQ6, -IP and ey
are even closer.

A possible explanation for this, for a chemist, perhaps somewhat surprising obser-
vation can be found in [63]. There, it is shown that, for perfectly ordered solids,
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€yomo Must be equal to -IP because of the extended nature of the orbitals in the
energy bands. This remains true, even if the value is wrong. Our calculations suggest
therefore that the behavior of liquid water is closer to that of a solid than that of a
molecule. We note in this context that the experimental IP of liquid water (9.9 eV) is
2.7 eV smaller than the IP of a gas-phase water molecule (12.6 eV, as quoted in [62]),
which gives an indication of the band dispersion in liquid water.

13.6.2 SoLUTE LEVELS

The vertical levels of the solute follow the trend of the VBM and CBM of water. The
vertical detachment level of OH- ends up too high compared to experiment, whereas
the vertical attachment level of OH" is in fair agreement with experiment. The sug-
gestion that the vertical detachment level of OH- is pushed up by the VBM of water
is hard to avoid. The attachment level of OH® is much further away from the solvent
VBM and, therefore, far less sensitive to perturbation by the VBM. We now believe
that the proximity to the VBM of the solvent is the main reason for the underestima-
tion of the IP of OH~. This error is carried over to the AIP, i.e., the redox potential,
as can be seen from Equation 13.31. With EA, only marginally affected, the error in
the redox potential (AA) is approximately half of the error in IP;. Underestimation
of the redox potential in the GGA is therefore mainly a generic solvent effect and
not due to some self-interaction error specific to the open-shell character of OH’, as
we argued in [22]. Accordingly, the improved accuracy of HSE06 must be attributed
to the increase in the gap between the IP of OH- and water. The destabilization of
hemi-bonded coordination of the OH- radical is only a secondary effect.

The OH/OH- level diagram in the GGA shows a pronounced asymmetry in
the position of detachment and attachment levels relative to the adiabatic level.
Interpreting the gaps as reorganization energies following the nonlinear generaliza-
tion of the Marcus theory of Section 13.3.3, this would lead to the conclusion that
Ag = 3Ao. In [22] the asymmetry was explained as the result of nonlinear solvent
relaxation. In light of the analysis of the underestimation of the redox potential,
we must abandon this line of argument. The asymmetry, we now believe, is simply
a reflection of the difference in energy separation of the vertical detachment and
attachment levels from the VBM of the solvent. It is therefore a spurious electronic
effect. The most direct evidence is the result for HSEO6. While the ionization poten-
tials are still somewhat underestimated, the addition of exact exchange effectively
restores the symmetry of the level diagram. Relaxation of the solvent is essentially
linear again.

A final more technical point is the analysis of the orbital energies. The result for
the HOMO of OH- is consistent with the IP for both BLYP and HSEO6 (see again
Table 13.3). The HOMO of OH~ in the GGA is located at 0.6 eV above the HOMO
of water. The same gap is found for HSE06. The relative positions of the HOMO of
OH- and the HOMO of liquid water are therefore in good agreement with the PES
estimate (0.7 eV), despite the large error in the absolute position. The discrepancy
between HOMO and minus the IP for BLYP is 0.7 €V, which decreases to 0.3 for
HSEO06. Compared to isolated molecules, the deviations from the ionization theorem
in solution must be considered rather modest.®* The BLYP LUMO of OH' lies 1.5 eV
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below the vertical attachment level. For HSEOQ6, the difference is 0.5 V. Introduction
of exact exchange moves the LUMO in the direction of the vertical attachment level
(minus the electron affinity), and the results for the aqueous OH radical seem to be
in accordance with this expectation.

More interesting is the comparison of the position of the LUMO of the oxidized
state and the HOMO of the reduced state. For BLYP, the LUMO of OH" lies 0.8 eV
above the HOMO of OH~. For an isolated molecule at fixed geometry, the LUMO
of the oxidized state normally lies below the HOMO of the reduced state. This
suggests that the reversal of the level ordering in the gas phase is due to the reor-
ganization of the solvent. For HSEQ6, the gap has increased to 3.1 eV. The effect of
exact exchange is rather extreme and probably enhanced by the condensed phase
environment.

13.7 CONCLUSION AND OUTLOOK

The key point made in this chapter concerns the electronic levels of solvated spe-
cies in the energy gap of the solvent. These levels are necessarily constrained by the
band edges of the solvent. The separation between the vertical energy levels of the
solute and the band edges of the solvent is therefore a factor in the calculation of
redox potentials. If the vertical detachment energy of the reduced state is close to the
valence band of the solvent, underestimation of the ionization potential of the solvent
must lead to underestimation of the ionization potential of the solute. The verti-
cal detachment level of the hydroxide anion is, according to the PES experiment,
only 0.7 eV above the valence band edge of water.> The ionization potential of the
hydroxide anion and the valence band of water are therefore correlated, and errors
in the calculation of the VBM will affect the accuracy of calculations of the reduc-
tion potential of OH/OH~. As we have shown in a recent publication,? the ionization
potential of liquid water is seriously underestimated in the GGA. Coupling between
the localized state of the hydroxide and the extended states of water is inevitable and
is, in our view, the origin of the underestimation of the reduction potential of OH",
as found in our previous DFTMD study of the ionization of the hydroxide anion
reported in [22].

These observations are not new. A similar electronic correlation mechanism has
been proposed as explanation for the underestimation of charge state transition ener-
gies of point defects in semiconductors.®*% Further support for the interaction with
the solvent band structure is provided by the comparison to implicit solvent models,
which omit such interactions. Errors in the calculation of reduction potentials are
significantly smaller for the very same GGA functionals (see, for example, [14]).
The unfavorable comparison to implicit solvent models raises the question why all-
atom methods are used if the huge increase in computational costs only leads to
deterioration of accuracy. The answer must be that there are situations where an all-
atom approach is required. The reactivity and transport of excess electrons in water
almost certainly involve conducting states as intermediates. Localization of holes in
water is still subject to debate but could possibly play a role in transport®" and reac-
tion kinetics.®® Electrochemical interfaces are another example of systems for which
interactions between localized and extended states are important. The DFTMD/
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FEP scheme has already been applied to solid—water interfaces with encouraging
results. 39316770 Indeed, we see electrochemistry as the main area for application of
the methods reviewed in this chapter.?!
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14.1 INTRODUCTION

Water exhibits many peculiar properties that are generally attributed to its hydro-
gen-bonded network structure.> Some of these peculiar properties include negative
volume of melting, density maximum, high dielectric constant, high mobility of pro-
tons and hydroxide ions, etc. It is also a ubiquitous solvent that easily dissolves ions
under ambient conditions. However, water above its critical temperature (647 K) and
pressure (22.1 MPa) behaves very differently from normal water.>~ For example,
unlike water under ambient conditions, supercritical water behaves more like a non-
polar solvent that prefers to dissolve organic solutes rather than ionic solutes. More
importantly, the density of supercritical water can be tuned from liquidlike to gaslike
densities without any liquid—gas phase transition, leading to huge changes in its sol-
vation properties. The altered solvent properties of supercritical water are believed to
arise from changes in the hydrogen bond characteristics of the solvent as one moves
from ambient to supercritical conditions.

Understanding the hydrogen bond properties of water has been a grand challenge
for liquid state theories and molecular simulations. The first simulation of liquid
water® was carried out more than four decades ago by using the method of Monte
Carlo,” where the energies of different configurations were calculated from empirical
interaction potentials. However, the many-body interactions and their participation in
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chemical and physical processes pose a challenge to the predefined empirical poten-
tials of water, which usually rely on pair interactions. In addition, essentially all of
the available empirical potentials are optimized for ambient water, and they are not
readily applicable to the high-temperature supercritical phase. The technique of ab
initio molecular dynamics solves the above problems of using empirical interaction
potentials by incorporating a full quantum mechanical description of the interparti-
cle interactions. In particular, the Car—Parrinello and Born—Oppenheimer molecular
dynamics methods have enabled simulations of liquid water entirely from first prin-
ciples.?? These simulations treat electronic degrees of freedom through the quantum
density functional theory and the ionic motion classically at a finite temperature,
although other quantum mechanical methods for electronic structure calculations
can also be used. Thus, no predefined interaction potential is used in this scheme, so
that it is ideally suited to study complex liquids, such as water. Understandably, the
ab initio molecular dynamics simulations are computationally much more expen-
sive than classical simulations, which use empirical interaction potentials. However,
recent advances in more efficient numerical algorithms combined with significant
increase in high-performance computer power have made ab initio simulation a via-
ble method for studying finite-temperature chemical and physical processes in water
and other solvents from first principles.

A water molecule can engage very effectively in hydrogen bond formation with
other water molecules. It has been found that the majority of water molecules form
four hydrogen bonds oriented tetrahedrally on average, as shown in Figure 14.1. In
fact, the microscopic structure of ambient water is characterized by the tetrahedral
ordering of hydrogen bonds between water molecules, which is subject to fluctuations
due to the thermal motion of atoms. The dynamics of these hydrogen bond fluctua-
tions can be captured experimentally through time-dependent vibrational spectros-
copy.® In these experiments, the dynamics of vibrational frequency fluctuations,

FIGURE 14.1 Tetrahedral hydrogen-bonded coordination of a water molecule in the liquid
phase.
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the so-called vibrational spectral diffusion, are determined and then mapped to
the dynamics of hydrogen bond fluctuations. Recent experiments have reported
two time scales for the dynamics of vibrational spectral diffusion in ambient water:
(1) short-time decay in the range of 100-200 fs and (2) a longer-time decay in the
range of 1-2 ps.!'"13 The altered solvent properties of supercritical water are thought
to be related to the changes of the intermolecular structure at elevated temperatures,
especially the change in the hydrogen bond network. This structural change can
have a substantial effect on the hydration properties and dynamics of supercritical
aqueous solutions. For example, a recent study on vibrational spectral diffusion on
supercritical water reported a time scale of less than 300 fs,'* which is much faster
than the time scale of 1-2 ps found for ambient water.

In this chapter, we briefly review some of our recent studies on structure and
dynamics of normal and supercritical water based on first principles simulations.
The work reviewed here was based on the methods of ab initio molecular dynam-
ics®? for trajectory generation and time series analysis'® for frequency calculations.
We consider normal water at room temperature and also supercritical water at three
different densities ranging from 1.0 to 0.35 g cm™ at a temperature of 673 K. More
details of the work reviewed here can be found in [16,17]. The next section of this
chapter contains a brief account of the ab initio simulations and time series analysis.
The results of the hydrogen-bonded structures and their relations to the vibrational
frequencies and also the dynamics of the hydrogen bond and vibrational frequency
fluctuations in normal and supercritical water are discussed in Section 14.4. This
chapter is concluded in Section 14.5.

14.2  AB INITIO MOLECULAR DYNAMICS
SIMULATIONS AND TIME SERIES ANALYSIS

In ab initio molecular dynamics simulations, the forces on the nuclei are obtained
directly from an electronic structure calculation performed “on the fly” via adiabatic
dynamics principle.? In this scheme, the force F,() on particle i at time ¢ is given by

F() ==Y <, OH,hy, ©>, (14.1)

where y, and H, are the electronic wave function and the electronic Hamiltonian
operator (including the nuclear repulsion terms) of the system under investigation,
respectively. In the current study, the ab initio molecular dynamics simulations
were performed by using the Car—Parrinello molecular dynamics (CPMD) method.?
This method combines a quantum mechanical treatment of the electrons within the
framework of Kohn—Sham formulation of the density functional theory'® and a clas-
sical treatment of the nuclei. The forces on the nuclei are calculated on the fly as
the simulation progresses. The CPMD code!® was used to carry out the ab initio
simulations of normal and supercritical water at varying density. All hydrogen atoms
were assigned the mass of deuterium to reduce the influence of quantum effects on
the calculated properties. In addition, the choice of D,O in place of H,O ensured
that electronic adiabaticity and energy conservation were maintained throughout the
simulations. Further details of the simulations can be found in [16,17].
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A major objective of carrying out the ab initio simulations was to find the correla-
tions of hydrogen bonds and spectral observables like vibrational stretch frequencies.
For this purpose, a time series analysis was performed by using the wavelet method.
The details of this method can be found elsewhere.!>-1"20 Here, we only discuss the
basic idea. A time-dependent function f{t) is expressed in terms of base functions,
which are constructed as translations and dilations of a mother wavelet, i.e.,

v, =a'" w(’;b] (14.2)

The coefficients of the expansion are given by the wavelet transform of f{(f), which
is defined as

L, f@.b)=a" jf(t) v (H’) (14.3)

a

for a > 0 and b is real. The mother wavelet was taken to be of Morlet—-Grossman
form.?! The wavelet transform is a function of the variables a and b. The inverse of
the scale factor a is proportional to the frequency, and thus, the wavelet transform
at each b gives the frequency content of f{(f) over a time window about b. For calcu-
lations of OD stretch frequencies, the time-dependent function f(r) for a given OD
bond was constructed to be a complex function with its real and imaginary parts
corresponding to the instantaneous OD distances and the corresponding momentum
along the OD bond. The analysis was then performed for all the OD modes in a
simulation system.

14.3 DISTRIBUTIONS OF VIBRATIONAL
FREQUENCIES AND HYDROGEN BONDS

The hydrogen bonds are known to cause a red shift in the stretch frequencies of
water molecules. The stretch frequency increases as the associated hydrogen bond
becomes longer or weaker. Hence, studies of such correlations between the length
of hydrogen bonds and the stretch frequencies of water and how such correlations
change as one moves to supercritical state from ambient state would reveal important
information about the changes of hydrogen-bonded structures and their implications
on experimental observables such as vibrational spectroscopy. The results of such
frequency—structure correlations are shown in Figures 14.2 and 14.3 for normal and
supercritical water, respectively. In these figures, the contour plots of the conditional
probability of observing a particular frequency for a given D+-O distance are shown.
Here, the oxygen of D-+O is the one nearest to the D atom, i.e., it is the hydrogen bond
distance in the event of the chosen OD mode being hydrogen bonded. Figure 14.2
shows the results for a density of 1.0 g cm™ for ambient water, and Figure 14.3 shows
the results for two lower densities of 0.7 and 0.35 g cm™ for supercritical water.
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On average, the stretch frequency of OD modes is seen to increase with the D+-O
distance. Similar results were also reported by others for ambient water.?>?3 However,
as can be seen from Figure 14.3, the rate of increase of OD stretch frequency with
D-+O distance is found to gradually decrease as the density is lowered. In addition,
with decreasing density, the maximum probability moves to a larger distance—higher
frequency value. The distributions for ambient and supercritical water also reveal a
clear change in the shape with increase in temperature. In the supercritical state, the
distribution is extended to a larger D--O distance, which can be attributed to weaker
and less number of hydrogen bonds at the elevated temperature. The vertical dashed
line in these figures represent the dividing surface between the hydrogen-bonded
and nonhydrogen-bonded states as given by the geometric criterion used to define
the hydrogen bonds.!®!7 It can be seen that, while the major part of the probability
distribution falls on the left side of the dividing line for the ambient water, an oppo-
site behavior is observed for supercritical water at lower densities. For low-density
systems, the major part of the frequency—distance probability distribution falls in the
nonhydrogen-bonded region. The number of hydrogen bonds per water was found to
be 3.6 for ambient water and 2.8, 2.3, and 1.4 for supercritical water at densities of
1.0, 0.7, and 0.35 g cm~3, respectively."” This means that the hydrogen bonds play less
significant roles in determining the properties of supercritical water at low densities,
unlike ambient water where hydrogen bonds play dominant roles in determining the
solvent properties of liquid water.

14.4 DYNAMICS OF VIBRATIONAL SPECTRAL
DIFFUSION AND HYDROGEN BONDS

The dynamics of fluctuating frequencies in an aqueous medium can be described
in terms of the time correlation function of fluctuations of such frequencies around
their average values. In fact, the frequency time correlation function serves as the
key dynamical quantity in the studies of vibrational spectral diffusion. This correla-
tion function is defined as

_ {8m(1)dw(0))

= 144
Co@®) B0 (14.4)

The average of Equation 14.4 is over the initial time and over all the OD groups
present in a system. The results of the dynamics of frequency time correlation are
shown in Figure 14.4 for both ambient and supercritical water.'” The frequency time
correlations reveal fast decay in a short time, which is then followed by a relatively
slower decay. In addition, the dynamics is found to be significantly faster for super-
critical water than that for ambient water. Generally, two time scales are found to be
present in the decay of the frequency correlations: (1) a short time scale of about 100
fs and (2) a slower time scale of about 2 ps for ambient water and about 150—-600 fs
for supercritical water. For ambient water, the short- and long-time decays have been
attributed to the dynamics of intact hydrogen-bonded pairs and breaking dynamics



Spectral Diffusion and Hydrogen Bonds in Water 305

0.3

0.8

06

Co(®

0.4

0.2
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of hydrogen bonds, respectively.!® We note that such biphasic decay was also found
in other recent theoretical studies of vibrational spectral diffusion, which used clas-
sical and quantum—classical models of water.?>?* The reformation of hydrogen bonds
is a rather fast event in ambient water, and it can also contribute to the short-time
decay of the frequency fluctuations. These theoretical results are in general agree-
ment with the findings of recent experiments on vibrational spectral diffusion in
aqueous medium.!-13

The faster dynamics of spectral diffusion in supercritical water is also in agree-
ment with available experimental results.”* More importantly, theoretical analysis
revealed that, for supercritical water, the slower component of the spectral diffusion
does not necessarily capture the breaking dynamics of hydrogen bonds.!” Rather, an
interplay between the dynamics of hydrogen bonds, free OD groups, and rotation of
OD bonds was found to determine the times scales of spectral diffusion in super-
critical water in a rather subtle manner. At higher density of supercritical water, the
slower component of spectral diffusion is still determined by the lifetimes of hydro-
gen bonds. However, the lifetime of dangling OD groups determines the slower com-
ponent at the lower density. The reverse was found to hold for the faster component
of the spectral diffusion in supercritical water of varying densities.

14.5 CONCLUSIONS

The ab initio molecular dynamics technique provides a powerful method in study-
ing the properties of chemical systems under varying thermodynamic conditions
without having to employ any empirical interaction potentials. In this chapter, a brief
review has been made on our recent studies on water dynamics by using this method
combined with a time series analysis. We have discussed the frequency-structure
correlations of water molecules in both supercritical and normal water. Our calcula-
tions reveal that hydrogen bonds still persist to some extent in the supercritical state.
However, the quantitative details of hydrogen bonding depend on the density. At
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lower density, the number of hydrogen bonds decreases so much that the nonhydro-
gen-bonded water molecules play more dominant roles in determining the properties
of supercritical water.

The dynamics of vibrational frequency fluctuations or the spectral diffusion in
(deuterated) water is described in terms of the vibrational frequency time correlation
function of OD stretch modes of (deuterated) water molecules. For ambient water,
the frequency time correlation function shows a short-time decay with a time scale
of about 100 fs corresponding to the motion of intact hydrogen bonds and a long-time
decay with a time scale of about 2 ps corresponding to an average lifetime of hydro-
gen bonds. The short-time dynamics of the frequency correlation can also have some
contributions from hydrogen bond reformation events, which also occur at a rather
fast time scale in ambient water. The vibrational spectral diffusion in supercritical
water occurs with a much shorter time scale compared to that in ambient water. In
the supercritical state, the frequency time correlation function decays with two time
scales: one around 100 fs or less, and the other in the region of 150-600 fs. Unlike
ambient water, for supercritical water, the slower component of the spectral diffu-
sion does not necessarily correspond to the hydrogen bond dynamics at all densities.
Rather, the time scales of spectral diffusion in supercritical water are determined
in a rather subtle manner by an interplay between the dynamics of hydrogen bonds
and free OD groups and also the fast rotation of OD bonds. We finally note that the
theoretical methodology discussed here has also been used in recent years to study
vibrational spectral diffusion in other aqueous systems such as aqueous ionic solu-
tions, water with an organic solute, and also interfacial systems.?4-2
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