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Preface

In writing this book I have attempted to fill a gap in the literature for a text on
electrical engineering for other engineering students. Professor Sutcliffe attempted
this for electronics in his standard text written in 1964. To the best of my belief
no one else has taken a cold realistic look at the wide field of electrical
engineering today and set down what he th inks is the minimum essential
knowledge for a practising mechanical , production or civil engineer.

In composing their degree and H.N.D. courses many institutions have
produced syllabuses for this subject but hitherto students have had to rely upon
the standard electrical-students' texts for their study. These often present the
material in an indigestible way for the non-specialist and accordingly I have only
taken the basic concepts of the subject to sufficient depth to provide a sure
foundation for later study. My aim has been to simplify to the utmost without
hindering any deeper study that the student may later undertake. Previous
electrical study to the level of 01 Electrical Engineering Science of the Ordinary
National Certificate or to G.C.E. Advanced Level physics is assumed.

Many electrical colleagues may feel that I have given scant attention to many
favourite examination topics, for instance , the transformer phasor-diagram and
the subject of a.c. bridges. My defence is that these academically elegant subjects
are not essential to a first undergraduate study for these students. Indeed, even
for electrical students, the classical a.c. bridges have lost importance compared
to the transformer ratio bridge in industrial practice.

Similarly in electronics no attempt has been made to consider transistor
parameters rigorously. After an introduction to transistor action via the load
line the reader proceeds straight to a black-box consideration of amplifiers.

The two main areas where electrical engineering impinges on other engineering
studies are in the fields of motive power and instrumentation. The two halves of
this text cover most of these topics. In compiling both the worked and unworked
examples I have drawn freely from my teaching notes compiled over some years
from many sources. I may thus unwittingly be infringing copyright , in which
case due acknowledgement will be made at the earliest opportunity, as will any
other errors of omission or commission.

I wish to thank all my colleagues in the Department of Electrical Engineering
at Sheffield Polytechnic for their valuable comments and criticisms. I also wish to
thank the governors of that institution for granting me a period of leave to
complete this work. Especial tribute is due to Mrs Jennings of that department
and to Mrs Hellett and Mr Fellows of Skye for their patience when deciphering
my manuscript.

A final tribute is due to the wettest Hebridean December in fifty years which
prevented all activity other than writing !

Glendale, Isle ofSkye C.H.LAYCOCK



1 Behaviour of Electrical
Components

'A day 's work - getting started' - Gaelic proverb

The purpose of this chapter is twofold. First we must revise and consolidate our
knowledge of the electrical behaviour of resistors, inductors and capacitors! .
Second we must investigate the behaviour of these components in first-order
combinations before we confine our studies to the commonly encountered
steady-state conditions of chapter 2. This knowledge, complemented by an
understanding of electrical devices from chapter 3, will allow us to proceed to a
study of the main areas of electrical application for engineers. These are electrical
machines and utilisation (chapter 4), power supplies (chapter 5) and instru­
mentation (chapters 6 to 9).
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Voltage - current relationships for pure electrical components

1.1 Behaviour of Pure Circuit Components

Figure 1.1 shows a pure resistor (zero inductance), a pure inductor (zero
resistance) and a pure capacitor (zero leakage resistance) each excited by an
instantaneous voltage v.

For the resistor (by Ohm's law)

v = iR or
v

i =
R

where i is the instantaneous current and R the resistance measured in ohms.
In the inductor there will be a back e.rn.f, e induced by any current change

di/dt. Lenz's law states that these are related by the expression

di
e = - L-

dt

where L is the self-inductance measured in henrys . The negative sign shows that
the back e.m. f. opposes the proposed current change. In order to ensure this
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change therefore the instantaneous applied voltage v must exactly cancel the
back e.m.f,

di
v = -e = L

dt

The capacitor's fundamental equation is v =qlC where q is the instantaneous
charge in coulombs and C is the capacitance in farads . Because the charge on the
capacitor is produced by the current i flowing into it we may write

q=jidt

v = C j i dt

This may be rearranged as

dv
i = C

dt

1.2 Graphical Solutions of Simple Excitations on Purely Parallel or
Series Circuits

The nature of purely series or parallel circuits allows graphical solutions if
simple current or voltage excitations are applied since the same excitation is
common to all components. The graphical solution for (i) step and (ii) ramp
voltage functions applied to an RLC parallel circuit and step and ramp current
functions applied to an RLC series circuit is shown in figure 1.2.

Sinusoidal Excitation
For a capacitor

i = C dv
dt

hence if

v = Vm sin wt

= CVm d(sin wt) dt

= Vm wC cos wt

= wCVm sin (wt + %)
which is a sinusoidal current waveform of maximum value
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This current waveform leads the voltage by n/2 radians or 90°.

For an inductor

di
v = L

dt

hence if
i = 1m sin cot

v = LIm d(sin wt) dt

= ImwL cos wt

= .su; sin (wt + ~)
which is a sinusoidal waveform of maximum value

Vm = wLIm

In this case the current waveform lags the voltage by n/2 radians or 90°.
For a resistor a sinusoidal current wavetorm merely produces a voltage

waveform of maximum value Vm = 1m X R rising and falling in phase with the
current.

These equations cause the waveform diagrams for RLC parallel and series
circuits to be as shown in figure 1.3.

Note that the following mnemonic is useful to remember the phase
relationship

Capacitor - I leads V
~

CIVIL
'-v-'

Inductor - I lags V

Reactance
The ratios of the maximum values of current 1m and voltage Vm are useful in
calculations. For a capacitor

1m = wCVm

hence

this ratio is called the capacitive reactance Xc and being a voltage: current ratio
has the ohm as a unit, thus

X = 1 ohms
c wC

3
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,m! · R~JL~l,
parallel

(i) step excitation

v(tJ tv
ir +1 =VIR

i, i, tlvdt
slope: ¥

ie . CdV'e= dt=+oo

(ii) ram excitation

ttn

v,

1

V=IR

d'
v=t"q~ =+00

v(t) i(t)
==l==:t::::==-------=.::~~

i, ~=tlvdt
K t2 (parabolic)

=T 2'

(parabolic)

v,=LSf=LK

FIGURE 1.2

Graphical solution of step and ramp excitations. i may be obtained by graphical
addition of ir , il and ic ; v may be obtained by graphical addition of Vr, VI and Vc

For an inductor

hence
Vm
- = wL
1m

which is called the inductive reactance Xl

Xl = wL ohms
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vff)

i
~

iff)

wf wf

FIGURE 1.3

Sinusoidal excitations applied to series and parallel circuits

The behaviour ofR, Land C combinations under sinusoidal excitation is
investigated fully in chapter 2.

Example 1.1
Determine graphically the total curren t j in the circuit shown in figure l.4a
dur ing the first half-second after application of (i) a 10 V step voltage and (ii)
a ramp voltage given by the equation u= lOt after time t = O.
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i

~V(t)~2H
I

(0) I

dE-l t
! t=o

(bl

currents
(A)

o 0·6 t(sec)

(c)

FIGURE 1.4

Example 1.1(i)

co After t = 0
v

i, is constant - - =
R

10

5
2A

i1 =l Sv dt =l S10 dt

= 0.5 X lOt = 5 t

that is, i1 will rise linearly from the origin to a value of 5 X 0.5 =2.5 A after 0.5 s.
Thus the total current i will be given by the graphical summation of i1 and i r as
shown in figure lAc.

(ii) If v = lOt then

lOt

5
= 2t

which is a straight line through the origin.

i1 =LSv dt =: e~2J:
i1 = 2.5t2

that is, a parabola through the origin whose value after 0.5 s will be 2.5/4 or
0.625 A. Again i is obtained by graphical summation as shown in figure 1.5.

Example 1.2
Determine the period, maximum value and phase of the voltage waveform across
a series combination of a IOn resistor and a 103 fJ.F capacitor when a current
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FIG UR E 1.5

Example 1.1(li)

given by the equation i = 5 sin lOOt has flowed through them both for many
cycles.

Period T

f m sin wt 5 sin lOOt

therefore

w 21ft = 100 rad/s

and
tt

T=
t 50

T = 0.06 28 s

The total voltage will be th e graphical sum of the resistor voltage u, and the
capacit or voltage vC ' From the above, the maximum current, f m , is 5 A.

R esistor Voltage vr will be in phase with i and since

5 X 10 50 V (figure 1.6b)
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~--...4,..----4~---+--~ wt

~--...4...---I.--4----+--~ wi

I- ~----\---+=___-I-----~wi

hl-------4---I--+..-#.-----__ wt

FIGURE 1.6

Example 1.2

Capacitor Voltage Vc - The current will lead the capacitor voltage by 90° or
rr/2 radians

=
5

100 x 103 X 10 -6
50 V (figure 1.6c)

The total voltage Vr + c is obtained by graphical addition of vr and vc .

Scaling from figure 1.6d, the maximum value is 70.7 V lagging the current by
45° or rr/4 radians.
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1.3 Algebraic Solution of Step Functions on RL and RC Circuits

A. Variable Increasing

Assume S in figure 1.7 closes at t =0, and that ve =0 and iz=0 when t =O.

Applying Kirchhoff's laws

di
V-L-=iR

dt

9

di
- L- = iR - V

dt

L di V
- - - = i - -

R dt R

R dt di
- -- ---

L i - IF

where IF = VIR is the final current as t ~ 00

Rt
- - = In (i - IF) + C

L

dVe
since i = C­

dt

dVe
V - v = RC--

C dt

dt dVe

RC V - ve

t
- = -In (V - vc ) + B
RC

where C and B are constants of integration.
Inserting the initial conditions of i =0 and Vc =0 when t =0

C = -In(-IF) B = In V

i
--+

IF

t (V )- = In
RC V - Vc

_ Rt = In (~)
L - IF

(
- R t)exp L =

~

exp (RtC) =
V

V - Vc

since Vc ~ V as t ~ 00

where VF is the final value of vc .
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r-1V

(b)

FIGURE 1.7

First -order circuits (variable increasing)

Graphs of these increasing currents and voltages are given in figure 1.8.
Because in each case the index of the exponential must be a pure number

(dimensionless) L/R and CR must both have the units of t, that is seconds.
Hence L/R and CR are called time-constants T.

(b)

VF -----;r--- ---- - --- ---- --
,I

, I
, I

, I

t O.:.~~lf I

I dvc 0
Vc s ope =err at t=

(a)

-----1---------------
'I

I I

" It o~~~[,,_:
, di
J-L..I.- slope=CiT at t =0

FIGURE 1.8

First-order behaviour (variable increasing)

i = IF [1 - exp (-tITd]

After t = T" i = IF (1 - e")

Vc = VF [1 - exp (- tIT2)]

After T2 ' Vc = VF (1 - e- 1
)

i = IF (1 - 0.368) = 0.632 IF VC = 0.632 V F

Hence we may define the time-constant as the time taken for the variable to
reach 0.632 of its final value; alternatively

di IF
- - exp (-th)

dt Tl



Behaviour ofElectrical Components

hence at t = 0, the slope of these curves is

di IF dUe VF- -- =
dt T1 dt T2

IF VF
T1 = T2 =

initial slope of graph initial slope of graph

This gives an alternative definition of time-constant as the time needed for the
variable to reach its final value if it increased linearly with its initial rate of rise.

The variable requires an infinite time to reach its final value, but in practice
we may assume that it does so after a settling time of five time-constants. If

x = X F [ 1 - exp ( -t/T)]

at t = 5

x = X F (1 - 0.007)

x = 0.993 X F

the assumption is true to within 1 per cent. The concepts of time-constant and
settling time occur and are important in mechanical and fluid as well as in
electrical systems.

B. Variable Decreasing

Assume S is in position A long enough for transients to have died away, hence
at t = 0, i = lIN and "c = VIN • At t = 0, S moves instantaneously to position B
(figure 1.9).

11

A

[7i

(a) (b)

FIGURE 1.9

First-order circuits (variable decreasing)
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= In i + Q

- Vc = iR

t
--=lnv +P

CR c

di
-L - = iR

dt

R di
--dt =

L

Rt

L

- Vc
dv

= CR­
dt

where Q and P are constants of integration. Inserting the initial conditions

t = 0, i = lIN

Q = -In lIN

-Rt = In i

L lIN

exp (-RtIL) =~
lIN

i = lIN exp (-RtIL)

These curves are shown in figure 1.10 .

-------1

(0)

t = 0 , Vc = VIN

P = -In VIN

-t Vc
= In-

CR VIN

Vc
exp (- tICR) = ­

VIN

Vc = VIN exp (- tICR)

-------1

(b)

FIGURE 1.10

First-order behaviour (variable decreasing)

1.4 Other Circuit Combinations

Circuit arrangements containing both inductance and capacitance are known as
second -order circuits. Their behaviour during the period immediately after the
application of voltage or current may be complex, containing exponential terms
describing their transient behaviour. The full analysis of these circuits from their
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differential equations or by Laplace transform methods is outside the scope of
this text but is fully treated in standard works2 , 3 . After the settling time of
these exponential transient terms the long-term steady-state behaviour may
often be predicted more simply. Perhaps one of the most commonly encountered
excitations is the sinusoidal one . This is partly because of its ease of generation
and partly because any periodic non-sinusoidal waveform may be expressed by
Fourier analysis in terms of sinusoidal quantities (section 6.8). Steady-state
sinusoidal (a.c.) analysis will thus comprise our next area of investigation.

1.5 Problems

1.1 Commencing with the elementary electrical behaviour equations for
pure components, show that the energy stored in a charged capacitor is CV2/2 J
and that stored in a fluxed inductor is LI2 /2 J.

1.2 A voltage waveform rises linearly from zero to 50 V between t =0 and
t =2 ms and then returns linearly to zero at t =4 ms. lt is applied to a pure
capacitor of 50 J.LF . Sketch the current waveform and calculate the maximum
current and the maximum charge.

1.3 A current rises linearly from zero to 250 rnA in 2 ms, remains constant for
2 ms and then falls linearly to - 250 rnA in 4 ms, remains constant for 2 ms and
returns linearly to zero in 2 ms. It flows through a pure inductor of 500 mll,
Sketch graphs of the induced e.m.f, and applied voltage. What is the value of
the latter 1 ms after the start of the waveform?

1.4 The current waveform of example 1.3 passes through a series circuit
consisting of a 4 n resistor, a 10 mH inductor and a 750 J.LF capacitor, all in
series. Sketch the voltage waveforms across each component, calculate the
maximum voltage across each component and the maximum capacitor charge.

1.5 (i) A series circuit consists of a 2 n resistor and a 10 H inductor.
What-is the time-constant? A constant voltage of 50 V is applied to the circuit.
What is the current at 5 s after the voltage application?

(ii) A 100 J.LF capacitor discharges through its own leakage
resistance from 250 V to 200 V in 70 s. Calculate its leakage resistance.



2 Steady-state A.C. Circuit
Analysis

The behaviour of circuits in the first few cycles after the application of an
alternating voltage or current is complex . The general solution consists of two
parts , a transient and a steady-state response. In many applications the settling
time during which these transient effects subside is short compared with the
effects that we are investigating and hence only the steady-state response is
required. With this proviso clearly in mind we may use this simplification to give
more convenient solutions than those obtained from differential equations.

2.1 Power in Resistive A.C. Circuits

The power dissipated by resistor R in figure 2.1a is easily expressed for this d.c,
case as12R or VI or V 2 fR . In the a.c. situation of figure 2.1b , ho wever, the
solution is less clear. Perhaps the power could be obtained by substituting the
peak values of voltage Vm or current!m directly into the d.c. equations above .
This is unlikely since the alternating waveform only attains these numerical
values very briefly twice per cycle . During the remainder of the period the
voltage or current is less than these peak values and therefore one would expect
the mean power over a full cycle to be less than either VmIm or 1m

2 R . Another
guess would be that the mean power is related to the mean voltage or current so
let us obtain expressions for these mean values.

(a)

FIGURE 2.1

Power in d.c . and a.c, circuits

IbJ

2.1.1 Mean Values of A.C. Quantities

Consider the current waveform i = 1m sin 0 shown in figure 2.2a . The normal
methods of calculus show that the mean value of this function over a full cycle
(0 to 21T radians) is given by

I
mean = ~ S 21r (I sin 0) dO

21T 0 m
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1 21T

== - x I [ - cos 0 ]
21T m 0

1m
==- [+1 -(+1)] ==0

21T

The mean value of a sinusoidal current or voltage over an integral number of
cycles is thus zero which might have been inferred from figure 2.2a because the
areas above and below the x-axis are equal.

15

e e

i :lm sin e
(a) (b)

e

lc )

FIGURE 2.2

Mean values of a.c, waveforms

ld)

To prepare for power-supply studies in chapter 5 we shall derive expressions
for the mean values of an alternating waveform over the period from 0 to 1T and
hence for the full-wave rectified waveform of figures 2.2b and c.

I:nean == ~ S1T (fm sin 0) dO
1T 0

1m 1T

== [ - cos 0]
1T 0

1m
[-(-1) - (-1)]== -

1T

21m
(2.1)== or 0.637 1m

1T
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The mean value of the full-wave rectified waveform of figure 2.2c is clearly also
21m /rr.

The half-wave rectified waveform must have a mean value of half the above
since the function is equal to zero for half the time. Therefore its mean value
is1m /rr (figure 2.2d).

2.1.2 Effective Values of A.C. Quantities

The previous section has clearly shown that the power developed in an a.c.
circuit is not directly related to the mean current or voltage (zero) because this
would imply that resistor R in figure 2.1b would emit heat during the positive
current half-cycle (0 to 1T) and absorb it from 1T to 21T. We know , however, that
the resistor always emits heat irrespective of the current direction - this is
confirmed by the equation p = i2R which shows that the instantaneous power p
is always positive irrespective of the direction of i.

Let us therefore derive an expression for the effective value of an a.c. wave­
form defined as that d.c. voltage or current which would produce the same
power in the load R hence

Mean power = (Ieff)2R Instantaneous power = p = i 2R

Mean power = P = .!..- S211' i 2R dO
21T 0

I 2R

~- sin 20J 211'm
=--

41T 2 0

I 2Rm
[21T - 0]=--

41T

I 2R
P = _m__

2
Equating the d.c. and a.c, powers

I 2R
2 _ m

Jeff R --­
2

or

= 0.707 1m../2
(2.2)
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Similarly the effective value of a voltage waveform can be shown to be

Vm= - = 0.707 Vy2 m

17

Because this value was obtained by taking the square root of the (function
squared), the effective value of an a.c, waveform is commonly known as the
root-mean-square value (r.m.s.),

The power in a resistive a,c . circuit can now be written directly as I eff 2R
or I r.m .s.

2 R or V r.m.s, I r •m •s• or Vr•m•s•
2 IR. These equations correspond directly

with the d.c. case. Since all electrical energy is used for its power-transmission
ability, the r.m.s, or effective values are the ones having the greatest physical
significance . Consequently, unless otherwise stated, it is always assumed that
voltages and currents are r.m.s. values and the simple symbols Vand I will mean
r.m .s. or effective values.

This has no effect on our definition of reactance given in section 1.2 since
if X = VmIlm it is also equal to 0.707 Vm/0.707 1m ,

The r.m.s. values of non-sinusoidal alternating waveforms cannot easily be
obtained from the maximum values by the above formulae . They must be
obtained from first principles using calculus where the equation of the function
is known or by determining the mean square value of the waveform graphically
if the function is discontinuous or very complex.

Example 2.1

Calculate the Lm.S. value of the waveform shown in figure 2.3 .

From the figure the mid-ordinate values at 1 ms intervals and their squares
are

t (rns)

v (volts)

v2 (volts'" )

0.5 1.5

3

9

2.5

2

4

3.5

- 1

4.5

- 3

9

5.5

- 2

4

By the mid-ordinate rule the r.m .s. or effective voltage is

J(
2 2 2

V = VI + V2 + V: + . . . +

= 2.16 V

2.1.3 Form Factor, Peak Factor and Instrument Errors
The terms 'form factor ' and 'peak' or 'crest factor' are frequently met in
electrical literature ; they are defined as follows.
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v

4VI-------,or---------~.------

FIGURE 2.3

Example 2.1

Form factor =
r.m.s, value
mean value

Peak factor = peak value
r.m.s, value

For a sinusoid these are constant

form factor
0.707 Vm

1.11= =
0.637 Vm

Vm
1.414peak factor = =

0.707 Vm

(2.3)

For other waveshapes these factors must be calculated individually .
Many electrical instruments respond either to (current? or (voltage)? . They

will thus read correctly the r.m.s. value of any waveshape within their frequency
range; among such instruments are moving-iron , electrodynamic, hot-wire and
thermocouple types . Most a.c. electrical measurements are, however, made with
rectifier - moving- coil instruments (for example the Avometer). These instruments
do not indicate the r.m.s. value of a waveform, merely the mean rectified value
Vmean' But their scales are calibrated in r.m.s. units assuming a sinusoidal
waveform and thus a form factor of 1.11. Wherever there is the slightest room for
doubt the waveshape of the voltage monitored by them must be verified with an
oscilloscope . If it is not sinusoidal the meter readings are subject to large errors.

2.2 RLC Series and Parallel Circuits

2.2.1 Use of Phasor Diagrams

For those readers unacquainted with phasor diagrams a short resume is given.
Instead of laboriously drawing the waveform diagram of figure 2.4a to show the
relationships between waveforms of the same frequency, the more convenient
phasor diagram shown at figure 2.4b may be employed.

The two phasors VIm and V2m revolve anticlockwise (by convention) about
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(a)

FIGURE 2.4

Phasor representation

'\ rod/s

6=wt °rv'm
v2m

(b)

centre 0 at an angular velocity equal to the angular frequency w of the wave­
form . The projection of the tips of these phasors on to the vertical through 0
is thus capable of giving the instantaneous value and hence , if the frequency is
known, contains all the information in the waveform diagram. Voltage and
current phasors may be added or subtracted graphically by completion of the
parallelogram as in figures 2.5a and b respectively , or by calculation. For example ,
the sum of VI and ~ in figure 2.5a will have components

VT = VI sin IjJI + V2 sinljJ2
vert

V
T

VI COSIjJI + V2 COSljJ2
horiz

They may also be multiplied or divided by normal polar methods

or

~~::.=-=-=-==-:::~ ~ : V, +V1I
I
I
I

-v,

(a)

FIGURE 2.5

Phasor addition and subtraction

(b)
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Notice that since resistance and reactance are both the ratios of two phasor
quantities - voltage and current - resistance and reactance will also be phasor
quantities from the above equations.

The angle between VI and J.'2 is known as the phase angle between them ­
it must always be stated which voltage lags or leads the other.

Needless to say, phasors can only be used for sinusoidal quantities and,
because of the overriding importance of the r.m.s. as opposed to the maximum
values of these quantities, the phasor is nearly always drawn equal in length to
the r.m.s . value. This only has the effect of scaling down the phasor diagram to
1/"';2 of its former size, the angles being unaffected .

2.2.2 RLC Series Circuit

Consider the circuit of figure 2.6; since R, L and C are in series it is the r.rn.s.
current [that will be common to all three. The current phasor [is thus made the
reference phasor and is shown horizontal.

R L C

~~:,:,', :J
vvolts

at li) rad/s

FIGURE 2.6

RLC series circuit

The resistor voltage VR will have a magnitude [R and will be in phase with I
(section 1.2). Similarly VL and Vc will have magnitudes [XL and tx; respectively
in directions indicated by the mnemonic in section 1.2. To obtain the total
voltage V, phasor addition of VR , VL and Vc gives V as shown where

or

Thus the ratio IV I / II I is called the impedance Z, where

Z = j [R 2 + (XL - XC)2J (2.4)

which being the ratio of voltage to current can be expressed in phasor (or polar)
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form and has units of ohms. Also the phase angle between I and V is t/>

VL - Vc XL - Xc
¢J = arctan = arctan ----

VR R

21

(2.5)

R

and in this case , since the current lags the voltage, the phase angle t/> is also
lagging.

Notice that in this case XL was assumed to be greater than Xc, making VL
exceed Vc . If Vc had proved greater than VL , their sum (Vc - VL) would have
been downwards, giving a leading phase angle as shown by the dotted line.

Example 2.2
Calculate the current, the phase angle and hence the voltages across R, Land C
in figure 2.6 if their respective values are lOn, I H and 10 p.F, the supply being
240 V at 50 Hz.

Since Xc > XL

Z = V [R 2 + (Xc - XL )2 ]

= V [100 + (318 - 314)2]

=V116 = 10.76n

Hence current! = VIZ = 240/1 0.76

22.3 A

4
arctan ---- = arctan ­

10

t/> = 210 48' leading since I leads V

VR = IR = 22.3 X 10 = 223 V

22.3 X 314 = 7000 V

22.3 X 318 = 7090 V
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Notice that the capacitor and inductor voltages are many times larger than
the supply voltage. This may represent a source of danger in such circuits where
XL is almost equal to Xc. This effect, known as voltage multiplication, will be
investigated quantitatively in section 2.4.1 .

Note also that the equations given for the RLC series circuit are equally valid
for two-component circuits. For example , in the RL case merely put Xc to zero
and for the RC case put XL to zero.

2.2.3 RLC Parallel Circuit
Consider the circuit of figure 2.7; since R , L and C are in parallel it is the
voltage V that is common to all three. The voltage phasor V is thus made the
reference phasor which is conventionally drawn horizontally.

The resistor current IR will have a magnitude VIR and will be in phase with
V. Similarly h and Ie will have magnitudes V/XL and V/Xe respectively in the
directions shown. Phasor addition of h and Ie gives (h - Ie) which when
combined with IR gives the total current I as shown (assuming Xc> XL).

By Pythagoras

or

II I = IV I xj [~2 + (;L - ;e)2J
Hence

IVI =1J~,+GL ;JJ! - 1

IZ I - n
I I I

and

IL - Ie (I/XL) - (I/Xd
¢ = arctan = arctan

IR l/R

the phase angle laggingin this case since lt. >Ie (Xc> Xd.
Again if the circuit is only a two-component one, say RL , we can use the

above equations putting Xc equal to infinity. Similarly for RC parallel circuits
we can put XL to infinity.

Example 2.3
Calculate the individual currents , the total current , the phase angle and the
magnitude of the impedance for the circuit shown in figure 2.7 if R = lOn,
L = 0.01 Hand C = 800 JiF. The supply is 240 Vat 50 Hz.
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FIGURE 2.7

RLC parallel circuit

V 240
IR c: - '" - ;: 24 A

R 10

XL :;: 21TfL '" 1001T X 10-2 :;: 3.14 n

240
-:;: 76.4 A
3.14

1 106

X - - - :;: 3.980.
e - 2~fC - 1001T X 800

V 240
lc :;: - :;: - :;: 60.3 A

Xc 3.98

IL ~ Ie :: 76.4 - 60.3 :;: 16.1 A

Therefore

I :;: y [576 t 260) :;: 28.9 A

IL - Ie 16.1
!P :;: arctan :;: arctan -

IR 24

!P '" arctan 0.670 = 33° 49' lagging

The magnitude of the impedance IZ I :;: I Y IIII I

IZ I:;: 240 = 8.31 0.
28.9
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Notice that both the capacitor and inductor currents are considerably larger
than the total current. This current-multiplication effect will be considered in
section 2.4.2.

The impedance Z in example 2.3 may be expressed fully in polar form as

Z = ~ = 240 LO
I 28.9 I - 33°49'

= 8.31 n at 33° 49'

2.2.4 Use of the j Operator
While the use of the above formulae with phasor diagrams is satisfactory for
simpler series and parallel circuit problems, more complex examples require a less
laborious method. The reader will be aware that any phasor can be expressed in
cartesian form as well as by the polar co-ordinates used above. The rectangular
cartesian co-ordinates may be quoted in complex form allowing the phasor to be
drawn on an Argand diagram. Figure 2.8a shows the phasor whose polar
co-ordinates are R L() drawn on an Argand diagram. The rectangular co-ordinates
can be seen to be

Imaginary axis

Real axis

(+ R sin ())

(+ R cos 8)

which may be expressed as the complex number

R L8 == R cos () + jR sin 8 (2.6)

Conversely any phasor specified by the complex number a +jb as in figure
2.8b may be returned to polar co-ordinates by the use of Pythagoras' theorem
and trigonometry

b
a + jb == ..j (a2 + b2

) I arctan - (2.7)
a

Any voltage, current or impedance phasor may thus be completely specified
by a complex number, written as V, I and Z respectively.

Imaginary axis Imaginary axis
+j +j

R,
I

I I

Rsine I
b :bI

I I
I I,

I, Real Real
: axis +

+
a axis

- j Rcos -j

10) (b)

FIGURE 2.8

Conversion between polar and complex notation
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Example 2.4
A resistor of 3 n and an inductor of reactance 4 n are placed in series across an
a.c. voltage source of 250 V L0°. Express both the voltage and current in
complex form .

Impedance Z = V (R 2 + XL 2)

= V (9 + 16) = 5 n

25

Current
V

I =
Z

50 A

250

5

arctanPhase angle ¢
XL

R

4
arctan -

3

53° 7' lagging

The current lags the voltage since the circuit is an inductive one. Converting V
and I to complex form

- 250 cos 0 + j250 sin 0

- (250 + jO) V

I 50 I - 53° 7' == 50 cos ( - 53° 7') + j50 sin (-53° 7')

== (50 X 0.6) + j(50 X - 0.8)

== (30 - j40) A

Let us for a moment consider the impedance phasor z in the above problem

If we convert this to complex form

z = 5 cos 53° 7' + j sin 53° 7 ' = (3 + j4) n
Examination of this complex impedance reveals that the real term is equal to
the resistance of the series circuit while the imaginary term is equal to the
inductive reactance

Z = R + j XL (2.8)

It is left as an exercise to the student to show that the complex impedance
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for an RC series circuit is

Z=R-jXc

so that the complete impedance expression for an RLC series circuit is

Z = R + j(XL - Xc)

(2.9)

(2.10)

Impedances in Series
Consider the two impedances Z1 = a +jb and Z2 = C +jd shown in figure 2.9a.
Because resistors or inductors in series may be added arithmetically the circuit

lc)

(a+ciQ

FIGURE 2.9

Complex impedances in series

lb)

.
(b+diQ

may be redrawn as in figure 2.9b. The complex impedance ofZ is thus (a +c) +
j (b +d). The total impedance of two series impedances is thus the complex sum
of the individual impedances.

Impedances in Parallel
The total resistance of two parallel resistors is given by I/R = I/R I + I/R 2 •

Similarly as long as complex notation is used, for two impedances Z 1 and Z2

in parallel (figure 2.10a)

1 1 1 . Z,Z2
-;- = ... + ... or Z = -:-.----c:-
Z Z, h z, + 22

----z----
la)

A.---U--{

5 Q 00382 H

lbl

B

c

FIGURE 2.10

Complex impedances in parallel
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Example 2.5
Calculate the complex impedance of the series - parallel circuit shown in figure
2.10b at a frequency of 50 Hz.

1

27

Xc
2rrfC 2rr X 50 X 795 X 10- 6

=4n
100rr X 795

XL 2rrfL = 2rr X 50 X 0.0382

12 n
ZAB (3 - j4) n

ZeD (5 + j12) n

Z
(3 - j4)(5 + j12)
•(3-j4)+(5+jI2)

Rationalising

(IS + 48) + j(36 - 20)

8 + j8

(63 + j16)
= - X

8 1 + j

63 + jl6

8 + 8j

1 63 + jl6 - j
Z = - X X --

8 1 + j 1 - j

1 63 + jl6 - j63 + 16
- X
8 12 + 12

1
- j47) = (4.94 - j2 .94) n- X (79

16

2.3 Power in the General A.C. Circuit

2.3.1 Power Factor
Consider the general case of a sinusoidal voltage and current separated by a
phase angle cp. If we assume for the moment a leading phase-angle (capacitive
circuit) we may write the voltage and current expressions as follows.

Instantaneous voltage u = Vm sin 0

Instan taneous current i = 1m sin (0 + ¢l)
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So at any point in the cycle the instantaneous power is

p = vi = VmIm sin 0 sin (0 + I/J)

Since

sin A sin B = ~ [cos (A - B) - cos (A + B)]

p = &VmIm [cos I/J - cos (20 - I/J)]

Therefore the mean value of this expression over an integral number of cycles is

Average power 1 J21T 1P = - "2 VmIm [cos I/J - cos (20 - I/J)] d8
27T 0

27T S
21T 1 1

o 2" (VmIm cos I/J) - ["2 VmIm cos (28 - I/J)] dO

Examining the integral terms, VmIm ccJs I/J is a constant since the phase angle I/J
does not vary throughout the cycle. The second term [~ VmIm cos (20 - I/J)] is
a cosine term which goes through two complete cycles as 8 goes from 0 to 27T.
Its average value must therefore be zero (see section 2.1.1). Thus

1 J21T 1P = - 0"2 (VmIm cosl/J) dO
27T

1 [V. 1 A. 0] 21T= - m m cos'!' X
47T 0

1
= - (VmIm cos I/J X 27T)

47T

=

= VI cos I/J W (2.11)

The mean power in an a.c. circuit is thus the product of the (r.m.s .) voltage
and current multiplied by a constant. This constant is called the power factor
and is equal to the cosine of the phase angie. When quoting a power factor it is
essential to state whether it is associated with a leading or a lagging current.

Example 2.6
Calculate the total power dissipated in the circuit of figure 2.6 in example 2.2.

Power = VI cos I/J W

I/J =210 48' leading, therefore the power factor (cos I/J) is 0.9285 leading. Thus
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Power = 240 X 22.3 X 0.9285

4970 W

= 4.97 kW

29

One item of interest is to consider the power dissipated by a pure capacitor or
inductor. Section 1.2 has shown that the phase anglesin these casesare 90° leading
and 90° laggingrespectively. This being so, the power factor (cos <1» is zero in both
cases irrespective of the voltage and current values. Pure inductors and capacitors
thus dissipate no power, being merely energy-storage devices.

This leads to an alternative method of solution for example 2.6. BecauseL
and C dissipate no power, all the power must be dissipated in R. The equation
for the power in a resistor is well known

P = I(r.m.s.)2R = (22.3)2 X 10

= 4.97 kW again

2.3.2 Active and Reactive Current and Power

If the voltage and current in an a.c . circuit are plotted on a phasor diagram as in
figure 2.11a, the current may be resolved into two components as shown. The
component I cos <1> in phase with the voltage is called the active current whereas
the quadrature component I sin <1> is called the reactive current.

If each phasor in figure 2.11a is multiplied by V. we obtain figure 2.11b the
angles of which are identical to those of 2.11a, the component VI cos <1> in phase
with the voltage is clearly the power (in watts) whereas the quadrature
component VI sin <1> is called the reactive power Q the unit for which is the
reactive volt ampere (VAr) . The phasor VI is known as the apparent power S
whose unit is the volt ampere. Clearly

S = P + jQ

from which

and

Q
<1> = arctan -

P

lcoslfl V

(0) lb)

FIGURE 2.11

Active and reactive currents and powers
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2.3.3 Power -factor Correction
Because the total power in an a,c. single-phase circuit is VI cos ¢ it is clear that
the reactive power VI sin ¢ and, therefore, the reactive current do not contribute
to the power of a system. Unfortunately, however , the conductors connecting
an electrical source to a load of phase angle ¢ have to be heavy enough to transmit
the total current I and not just its active component I cos ¢ .

It is economically desirable therefore to ensure that the active component is
maximised and the reactive current minimised. This is done by making ¢ as near
to zero as possible, that is, approaching unity power-factor. Consider figure
2.12a in which a reactive load is fed from a voltage V. If a capacitor is placed in
parallel with it the phasor diagram will be that of figure 2.12b with the
capacitor current I leading V by 90°.

(a)

(e)

FIGURE 2.12

(b)

k-~ooT---- V

Full and partial power-factor correction

For full or unity correction C\ is made such that l ei is equal in magnitude to
h sin ¢. This causes the two vertical currents to cancel , making the total current
I equal to the active component h cos ¢ alone . The conductors carrying energy
between the source Vand the capacitor-load combination now merely carry the
active or useful component of the current, allowing significant savings to be
made in material costs: For full correction to unity

V
ICi =- =h sin ¢

XCi

or

VwC\ =h sin ¢

h sin ¢
C\ =

Vw
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Partial Correction
Although power-factor correction capacitors require little maintenance their
initial cost may be such as to make full correction unjustifiable. In this case a
compromise partial correction to some new power factor cos if>2 , often
approximately 0.9, may be employed. Assume a capacitor of value C2 is
employed in the circuit of figure 2.l2b for partial correction. The phasor
diagram will be that of figure 2.l2c where Icz <ICI and thus only cancels a
part of h sin if> leaving a vertical component h sin if> - f~.

The new total current is thus r« a laggingphase-angle if>2 where

ti. sin if> - fcz
if>2 = arctan ------

h cosif>

Power-factor correction is chiefly employed to correct the lagging power­
factors of the inductive windings of electrical motors and, to a lesser extent, the
lagging power -factor produced by discharge-lamp circuitry . In larger
installations the physical size of the correction capacitors would be prohibitive
and over-excited synchronous motors (which take a leading current) are often
employed.

31

Example 2.7
An a.c. motor takes a current of 80 A at a lagging phase-angle of 53° from a
440 V. 50 Hz supply . Calculate the values and working voltages of the
capacitors required to correct the over-all power-factor to (i) unity and (ii) 0.95
lagging. What will be the resulting total current in each case?

Referring to figure 2.13, if> = 53° , then

Active motor current = 1m cos if> = 80 X cos 53°

= 80 X 0.602 = 48 .16 A

Reactive motor current = 1m sin if> = 80 X sin 53°

= 80 X 0.799 = p3.9 A

(i)

IC 63.9 = V
Xc

therefore
63 .9

462f.lF
(440 X 1001T)

Working voltage

V(2) X 440 = 622 V
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(li)

440VElJci;
at "-

50 Hz I
c.

~cos <l> =48 ·2 A

~.n. ~-lm";";/---,l~-V

=63·9 A Im=80 A

FIGURE 2.13

Example 2.7

Capacitor current = 1m sin t/> - 1m ' sin t/>2

63.9 - 15.03

46 .87 A

Thus, as before

again

48

440 X 1001T
353J.l.F

Working voltage = V(2) X 440 = 622 V

Total currents

(i)

(li)

1= lt. cost/> = 48.16A

cos t/>
I = 1m ' = It.

cos t/>2

48.16=-- = 50.8 A
0.95

2.3.4 Power from Complex Voltage and Current

Consider the complex voltage and current phasors

V = a + jb

I = c + jd

Both these are represented in figure 2.14 at angles t/>1 and t/>2 to the x-axis
respectively.

Power P = VI cos (t/>, - t/>2)

= V (a2 + b2) V (c2 + d2) X (cos t/>, cos t/>2 + sin t/>1 sin t/>2)
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P = ac + bd

Imaginary

a

FIGURE 2.14

Power from complex values

Similarly reactive power Q=VI sin (qJt - qJ2)
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c

V(c2 +d2
)

V (c/+ d2 ) ]

Q = be - ad

These two expressions may be obtained more conveniently by multiplying the
voltage by the complex conjugate of the current 1*

vi* = (a
w
+ jb)(c - jd)

= (ac + bd) + j(bc - ad)

when the power is given by the real part and the reactive power by the
imaginary part, or

P = Re (Vi*)W

Q = 1m (Vi*) VAr

(2.12)

(2.13)
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2.3.5 Decibel Notation
In communication and instrumentation practice it is often necessary to compare
two powers of widely different magnitudes. The decibel notation has been
developed for this purpose . If two powers PI and P2 are dissipated due to
voltages VI and V2 across two equal resistors R, then the power ratio may be
expressed simply asPI!P2 •

Alternatively we may use the logarithmic ratio lOglO(PI!P2 ) the unit being
the bel, B, where

Power ratio in bels = loglo (;'1 )B

The bel is an inconveniently large unit and the decibel, dB, is more commonly
used

Power ratio in decibels = 10 loglo (PI!P2 ) dB

Since

voltage?
power dissipated =

resistance

VI
2/R

Power ratio in decibels = 101ogio
V2

2/R

(V
V

2

1) 2= 101oglo

= 201og lo (~:)

Notice that a power ratio of 2:1 represents

10 loglo 2 = 10 x 0.301 ::::::: 3 dB

2.4 Resonance

(2.1 S)

Resonance is a condition occurring within second-order circuits such that the
over-all voltage and current are in phase. The two most common examples are
the RLC series and RLC parallel circuits.

2.4.1 Series Resonance
Section 2.2.2 has shown that the impedance and phase angle of the circuit shown
in figure 2.1Sa are given by equations 2.4 and 2.5, namely

Z = V [R2 + (XL - Xc)2]
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Vat
freq uency to

(01

Impedance

magnitude \JIZI

R ---- ----

'0 frequency r
(c)

FIGURE 2.15

Series resonance

XL - Xc
ep = arctan ----

R

(bl
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Consider the situation when the circuit is supplied at a frequency fo such that
XL =Xc . The vertical phasors being of equal length cancel exactly leaving
V = fR. The voltage phasor V and the current phasor I are both horizontal in
figure 2.15b that is, in phase and therefore the circuit is at resonance. This is
confirmed by the expression for the phase angle ep = arctan O/R = 0 and a glance
at the impedance equation 2.4 shows the impedance in this example to be a
minimum of Z =..J (R 2

) =R at resonance. Plotting a graph of IZI against
frequency reveals this clearly in figure 2.l5c.

The resonant frequency fo is such that XL = Xc , that is

2rrloL = 1/2rrfoC

or

1
10 =

27T..J (LC)

while the circuit's impedance at this resonant frequency is

ZD = R

and is called the dynamic impedance.

(2.16)
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(2.17)

Example 2.2 showed that under certain circumstances the capacitor and
inductor voltages for such a circuit could exceed the supply voltage. At resonance ,
in this example, the capacitor and inductor voltages Ve and VL are equal because
since

XL = Xe

IXL = IXe

The ratio of the reactance voltages to the supply voltage is thus VL/Vor VL/VR
since V = VR .

Therefore the voltage multiplication factor at the resonant frequency is

VL IXL
Qo = - =-

VR IR

woL 21TfoL
Qo=-=--

R R

2.4.2 Parallel Resonance

Instead of considering the truly parallel circuit of figure 2.7 at resonance we
shall examine the behaviour of the practical parallel circuit shown in figure
2.16a. This is because all real inductors exhibit a slight self-resistance R that
makes the true parallel circuit unrealistic. The capacitor current clearly leads the
applied voltage by 90° and the inductor current h wi11lag the voltage by a
phase angle I/J =arctan XdR (see equation 2.5 modified for Rand Lalone).

I

(a) (b)

FIGURE 2.16

Parallel resonance

Impedance
magnitude

IZI

(c)

frequency

This circuit will resonate at a frequency lo such that

IIel = Ih sin I/J I

effectively cancelling the vertical phasors and giving a total current

I = lt. cos I/J
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Since

Ie = h sin </>

V/Xe = (V/Z) sin </>

v x 2rrfo C = [ V ] sin </>
V (R 2 + XL2)

Because </> =arctan XL/R and sin </> =XLI V (R 2 + XL 2), we have

V X
.j' C V x 2rrfoL2rrJ 0 = -----:.~

(R 2 + XL2)

or

L
- = R 2 + (2rrfoL)2
C

resonant frequency

The dynamic impedance ZD (the impedance at resonance) is

37

(2.18)

(2.19)

V
=

I

V

h cos</>

Since </> =arctan XL/R, cos </> =R/ V (R 2 + XL2), we have

Z - V/ (V R)
D - V (R2 + Xe2 ) V (R 2 + Xe2 )

(R 2 + Xe2
)ZD = -'----__.::...-c.

R

but from equation 2.18, (R 2 +XL2) = L/C, therefore

ZD = L/CR (2.20)

Notice that for this circuit, unlike the simpleRLC seriescase, the resonant
frequency depends on R (equation 2.19), but that for lightly damped
circumstances where R 2 /L 2 ~ lILC. equation 2.19 reduces to the series
resonance equation 2.16.
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Figure 2.16c shows the behaviour of a parallel circuit at frequencies around
resonance when the damping is light (low values ofR) . At higher values ofR
two effects occur.

(i) The curve becomes flattened towards the shape of the chain -dotted
curve shown .

(ii) The frequency for maximum impedance no longer approximates to
the resonant frequency (fo ') as defined by zero phase -shift.

Example 2.3 showed that a current multiplication effect can occur in parallel
circuits. At the resonant frequency, the current multiplication factor Qo is
given by

Qo
Ie tc sin rp

=- =
I h cosrp

Qo
woL

= tan e = --
R

Thus the voltage multiplication factor for series resonance and the current
multiplication factor for parallel resonance are numerically equal and equal to
the Q-factor.

2.4.3 Bandwidth of Resonant Filters
Figure 2.17 shows a set of current response curves for anRLC series circuit at
various values ofR when fed with a constant voltage V. Note that in the series
case the value ofR does not affect the resonant frequency or the frequency of
maximum current.

Current
magnitude

III

VIZD .f2
: VII2R

R L

constantV~
. '" C

Variable f Y I( T
I

I
'0
FIGURE 2.17

Tuned filter response
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This circuit (and also the parallel circuit) can clearly be used as tuned filters
to pass only a narrow band of frequencies around resonance. The passband is
often defined as that range of frequencies over which the power is at least half
its maximum value, that is, the - 3 dB bandwidth. Half power corresponds to
I/V2 times the maximum current because power is proportional to current
squared In this case the passband extends from II to 12 when R =R 3 • The
bandwidth is therefore (/2 - 11) and at points A and B

39

Therefore

or

XL - Xc ± R = 0

Thus

wL ±R=O
wC

or

L

I
-= 0
LC

a quadratic equation in w

± R/L ± V (R 2/L2 + 4/LC)
w = --'-----'----'----'-----

2

w=±~± It(~+~)
2L J\4L2 LC

For low damping R 2 /4L 2 ~ 1/LC, therefore

R
w ~ ± - ± wo

2L

w ~ Wo ±

giving

where Wo is the resonant angular frequency V(l /LC) .
Considering only positive frequencies

R

2L

R

2L

R
W2 ~ Wo + -

2L

R
~ -

L
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Thus the bandwidth (Hz) is given by

R

21rL

(from equation 2.17) or

Bandwidth ~ centre frequency

Qo

(2.21)

Example 2.8
Calculate the resonant frequency and bandwidth of a filter constructed from a
coil having 100 mH inductance and 30 n series resistance in parallel with a
0.8 pF capacitor.

Calculate the new resonant frequency if a 300 n resistor were placed in series
with the coil.

The resonant frequency

fo = ~ j (_1 _R
2

)

21r LC L 2

~ j (10
6

900)
21r 0.1 X 0.8 0.01

Ignoring the negligible second term in brackets

104

fo = - X - = 563 Hz
21r V8

21rfoL 21r X 563 X 0.1
Qo =

R 30

11.8

From equation 2.21

bandwidth = fo
-
Qo

563
= 47.7 Hz

11.8
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If the total resistance were 30 + 300 = 330 n

fo ' = 1 j (10
6

_ 330
2

)

21T 0.1 X 0.8 0.0 I

= ~ .J (1.25 X 107
- 1.09 X 107

)

21T

41

1.264 x 103

21T

= 201 Hz

which illustrates the large changes that can occur in resonant frequency when a
circuit is heavily damped .

2.5 Network Analysis

Before proceeding to the method of solution of general a.c. networks let us
consider a few simplifying theorems.

2.5.1 Thevenin's Theorem
Any two-terminal network may be replaced by a voltage generator equal to the
open -circuit output voltage in series with an impedance equal to the input
impedance of the network when all voltage and current sources have been
replaced by their internal impedances.

This means that any network with two terminals, however complex, may be
replaced by a circuit similar to that of figure 2.18b .

(d)

3 Q HI

LE:A'15V+:
B,

10) lb)

L-----+----o B,

FIGURE 2.18

Dlustrating Thevenin's theorem
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Example 2.9
Obtain the Thevenin equivalent circuit for figure 2.18a.

The Thevenin voltage ( VTh) is equal to the open -circuit output voltage across
A I BI that is, the voltage appearing across A I BI when there is no external
connection to those terminals (figure 2.18c) .

therefore

I =
15

(3 + 6)

5
=

3
A

V I = I X 6 = 10 V

Since no current flows through the right-hand 3 n resistor

Voc VTh = VI

VTh 10 V

The Thevenin impedance is obtained by first replacing the voltage source by its
internal impedance (in this case zero) which gives figure 2.18d. The input
impedance Zin is easily calculated

3 +
3 X 6

3 + 6

ZTh = 5 n (resistive)

Therefore the equivalent circuit to figure 2.18a is figure 2.18b where VTh = 10 V
and ZTh =5 n resistive.

Though the above example is a d.c. one , the method is completely general
and may be used for a.c. sources and impedances. Another similar theorem
allows any network to be simplified in another way .

2.5.2 Norton's Theorem

Any two-terminal network may be replaced by a current generator equal to the
short-circuit output current of the network in parallel with an impedance equal
to the input impedance of the network when all voltage and current sources have
been replaced by their internal impedances.

Example 2.10
Obtain the Norton equivalent circuit for figure 2.l9a.

therefore

V

z
100 + jO

= (20 + jO) A
5 + jO

(20 + jO) A



Steady-state A .C. Circuit Analysis 43

5Q
A, G A

'5+10 j - INt ZN

B, B2

(0) (b)

5Q 5Q
A, CIA5+10 j -:"-Zini;

B, B,

(e) (d)

FIGURE 2.19

illustrating Norton's theorem

Notice that ZN is defined in the same way as the Thevenin impedance, hence,
from figure 2.19d where the voltage generator has been replaced by its internal
impedance

ZN Zin
5(5 + 10j)

5 + (5 + 10j)

ZN
25 + 50j

-
10(1 + j)

Rationalising

(2.5 + 5j) (1 - j)

12 + 12

(1.25 + 2.5j)(1 - j)

1.25 - 1.25j + 2.5j + 2.5

ZN (3.75 + 1.25j)U

The concept of a current generator may be new to the reader who may find
difficulty in imagining a source that will deliver a constant current into whatever
load is placed across it. Approximations to a constant-voltage generator are
occasionally met. For instance, a large accumulator having negligible internal
impedance will present an almost constant voltage to wide ranges of load .

A constant-current generator is best imagined by a constant-voltage source
in series with a very large resistance (figure 2.20b) where applying either load A
or load B will result in an approximately constant current of 10- 4 A passing
through the load . Note that whereas a constant-voltage generator has negligible
internal impedance, a constant-current generator should have infinite internal
impedance ideally.
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(0)

~A jQLoad30Q Load
1 A B

------....08

(bl

FIGURE 2.20

Visualising the constant-current generator

2.5.3 Current Division Law

While many students often apply the voltage division rule (figure 2.2la)
unconsciously as a matter of 'common sense', the current division rule appears
less easily understood. Consider the voltage V, common to both resistors in
figure 2.21b.

but

Similarly

(2.22)

This is the current division rule. Compare its similarities and differences with
the voltage rule equation of figure 2.21a.

/
~

R
2 !g"~

V" R,.R
2 tv

!!!L
tVa

v. "
R, a"R,.R

2

(0)

FIGURE 2.21

The voltage and current division rules

(b)
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2.5.4 General Mesh Analysis

A general method will be given by which the reader may write down the
simultaneous equations for the solution of any linear network systematically,
thus minimising the possibility of errors. A determinant method for conveniently
solving these equations will be shown.

Nearly any network may be redrawn in the manner shown in figure 2.22a as
a series of meshes or circuit loops. If we number the meshes 1 to n and insert a
hypothetical clockwise circulating-current (/1 to In) in each mesh, we may
write down Kirchhoff's voltage equation for each mesh assuming clockwise
currents positive and voltages positive if they induce clockwise currents.

6Q

v,

For mesh 1

For mesh 2

For mesh 3

101

~ 6V· D

(b)

FIGURE 2.22

General mesh analysis

+ VI = +IIZa + (/1 - I,.)Zb

o = + (/2 - IdZb + 12Z c + (/2 - 13) Zd

- V3 = + (/3 - 12 ) Zd + 13Ze

(Note the sign of V3 since it opposes clockwise currents.) Rearranging

VI = II (z, + Zb) - 12 (Zb) }

o = - I I (Zb) + 12 (Zb + Zc + Zd) - 13 (Zd)

- V3 = -12 (Zd) + 13 (Zd + Ze)

(2.23)

Equations 2.23 may be rewritten

LVI = + IIZu - 12Z12 - 13Z13

}LV2 = - II Z2 1 + 12Z22 - 13Z23 (2.24)

LV3 = - II Z3 1 - 12Z32 + 13Z33

where Znn is the self impedance of mesh n (in this example Za +Zb for mesh 1),
Znm is the mutual or shared impedance between meshes nand m (in this
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example Zb between meshes I and 2), and k Vn is the algebraic sum of the
voltage sources in mesh n. (Note that only the signs of the self-impedance terms
are positive on the right-hand side.)

After a little practice equations 2.24 may be written directly from the circuit
diagram with little chance of error.

Example 2.11
Write down the mesh equations for the circuit shown in figure 2.22b .

Number the meshes and insert clockwise circulating currents as shown .

For mesh 1

For mesh 2

For mesh 3

+ 6 = II (2 + 10) - 12 (10) - 13 (2)

-4 -II (10) + 12 (10 + 3) - 13 (3)

o = -- II (2) - h (3) + h (2 + 3 + 6)

(2.25)13

-3

- 1012

-2

- 10

We may check these equations for errors in two ways

(i) The positive signsshould proceed in one diagonal line , all other
terms on the right-hand side being negative.

(ii) The numerical values of the coefficients should be symmetrical
about the top-left and bottom-right corners, in this case

-2 }
-3

11

A convenient method for solution of the mesh equations 2.24 is by the use
of determinants. Letting the coefficients of the right-hand side be written in a
frame as a determinant, we may write

II

Zll -Z12 - ZI3 kVI -Z12 -Z13

-Z21 Z22 - Z 23 = kV2 Z22 - Z 23

-Z31 -Z32 Z33 kV3 - Z32 Z33

12 13

Zll kVI -Z13 Zll -Z12 kVI

= -Z21 kV2 - Z23 = -Z21 Z22 kV2

-Z31 kV3 Z33 - Z31 -Z32 kV3

or more conveniently

II 12 13- = - = - = - (2.26)
/:'z /:'1 /:'2 /:'3

where /:'z is the impedance determinant (2.25) and /:,n is /:'z with the n th column
replaced with the mesh voltages
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Example 2.12
Using determinants calculate the current through the IOn resistor in figure
2.22b and state its direction

The impedance determinant (b.z ) is

47

12

- 10

-2

- 10

13

- 3

-2

-3

11

which may be evaluated as

12 (143 - 9) + 10 (- 110

1608 - 1160 - 112 ; 336

Similarly

6) - 2 (30 + 26)

+6

-4

o

- 10

13

-3

-2

- 3

11

6(143 - 9) + 10(-44 + 0) - 2(12 - 0)

= 804 - 440 - 24 ; 340

From equation 2.26

/::;.1 340

Also

b.z 336

= 1.012 A

12

- 10

- 2

+6

- 4

o

-2

- 3

11

12 (- 44 + 0) - 6 (- 110 - 6) - 2 (0 - 8)

- 528 + 696 + 16 ; 184

From equation 2.26

184

336

= 0.548 A
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Therefore the current through the 10 n resistor is II - 12 downwards

1.012 0.548

I

0.464 A downwards

This somewhat laborious calculation is nevertheless systematic and therefore less
prone to error than a random attempt at solution of the simultaneous equations
2.23 or 2.24. When arranged in this systematic way they are eminently suitable,
of course, for computer solution.

2.5.5 sc Phase-shifting Network
Figure 2.23a shows the circuit of a popular phase-shifter for obtaining firing
voltages for controlled rectifiers (section 5.3.1). Figure 2.23b (the phasor
diagram) shows the current I leading the transformer secondary voltage 2V by
some leading phase-angle ¢ the magnitude of which will depend on the settings
of C and R. The output voltage is taken between the midpoint of the
transformer (point A) and the junction between VR and Vc (point B). As C
and R are varied the locus of point B will be a semicircle since VR and Vc are
always at right angles to each other.

In triangle OAB, OA = OB since they are both radii of the semicircle . Thus

AOB = ¢ = ABO (isosceles triangle)

therefore

OAB = 180
0

- 2¢

and

BAD = 2¢

But BAD is the phase angle between 2V and Vout' that is, () . Therefore as C and
R vary, Vout is always constant in magnitude V and at an angle () = 2¢ to the
supply voltage 2V. The phase angle ¢ = arctan (Xc/R) and hence the phase
shift () = 2 arctan (Xc/R) which may vary from 0 to 1800 as Xc varies from 0 to
infinity.

0 I

.. tv t~
A vaut

tv R t~
0

(a) (b)

FIGURE 2.23

The RC phase-shifter
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2.5.6 Maximum Power Transfer Theorem

In many situations when using instrumentation equipment it is necessary to
transfer the maximum signal power from a source, for example a transducer, to
its load (amplifier or display equipment). Consider figure 2.24 in which a source
having an internal impedance R + jX is connected to its load of impedance
RL + jXL . The magnitude of the current

49

y
III =

Z

y

hence the load power is 12RL , that is

y 2RL
PL = --------­

(R + Rd2 + (X + Xd2
(2.27)

(i) If RL is fixed and XL can be varied, maximum load power can be
obtained when (X + Xd = 0, by inspection of equation 2.27. That is, when

XL =-X

(ii) Assuming (X +XL = 0) and RL is variable, maximum power willbe
transferred when

dP

dRL

that is, when

or

=
y2 (R + Rd2 - 2y2RLCR + Rd

(R + Rd4
o

RL = R

(iii) If both XL and RL can be varied, the condition for maximum power
from (i) and (ii) together is

ZL = R - jX

or that the load impedance must be the complex conjugate of the source
impedance.

Source Load IlL)

FIGURE 2.24

Maximum power transfer
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Various methods of matching loads to their sources have been evolved. One
of these, transformer matching is considered in section 4.2.

2.6 Three-phase Systems

2.6.1 Principles of Three -phase Generation

It is well known that a single-phase alternating voltage of the form Vr = Vm sin e
is generated when a single coil is rotated in a stationary magnetic field (figure
2.25a and b). If, however, three coils, separated mechanically by 1200 of are,
are revolved together the voltages produced by each will be as shown in figure
2.25d. The voltage produced by coil R 1 R2 will be as before

but

and

y
Mogne~r' ~flux __ ~. __

R, .'?;

. ,/, Rz
~XIS of rototion (0)

v

End view

(b)

e

8

(e)

FIGURE 2.25

(d)

Principles of three -phase generation



Steady-state A.C. Circuit Analysis 51

2.6.2 Star Connection
Clearly the three separate generator coils R1R2 , Y1 Y2 and B1B2 may be connec­
ted to three separate loads by a total of six conductors. Consider however, if they
were connected to th ree identical resistive loads as shown in figure 2.26a . The
voltage between any two interconnecting lines say red R and yellow Y would be
given by VR Y in the phasor diagram of figure 2.26b . By the laws of phasor
addition

. . .
VRy = VRN + VNY

and

VNY = - VYN

It is clear by geometry that OABC is a parallelogram where OB bisects angle
AOC. Hence angle AOD =60° /2 =30° and OD is VRN cos 30° in length. Hence

OB = I VRy I = 2 I VRN I cos 30°

or more generally, for this so- called star connection

Clearly also

line voltage = y3 x phase voltage

VL = y3 x Vp }

h (line current) I p (phase current)

(2.28)

where the phase voltage is the r.m .s. voltage between any line and neutral and
the line voltage is the r.m.s. voltage between any pair of lines.

From the symmetry of figure 2.26a it is clear that for a balanced load (equal
loads in each phase), points Nand N' are at the same potential hence a neutral
wire connecting the generator and load star po ints would carry no current.

In practice this connection is usually included because of the difficulty of
ensuring exact equality in the three loads.

Generator

(a)

FIGURE 2.26

Three -phase star connection

Phasor dlogram
(r.m.s. values)

(b)
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2.6.3 Delta Connection .. .
In figure 2.26b the sum of the three phase voltages VRN , VY N and VBN is clearly
zero. This allows an alternative delta connection for the windings as in figure
2.27a. Before connection to the load there will be no circulating currents in
the generator coils because, being connected end-to-end, we have effectively
summed the three voltages. In this delta (~) connection the line voltages and
phase voltages are obviously equal

VL = Vp

For a balanced load R 1 = R 2 = R 3 and therefore the phasors representing
the load currents 1RuIYL and IBL will be equal in magnitude and in phase
with VR N , VY N and VBN respectively. Drawing this gives figure 2.27b. Now
the line current is

IL = IRL - IY L

and thus by a similar construction and argument on figure 2.27b it can be seen
that, for delta connection the line current equals -Js times the phase current.

I.L = Y.3 x I p j' (2.29)
VL = Vp

Diagrams 2.26 and 2.27 show the generator and load connected in like manner
in each case but this need not be so; star - delta and delta - star interconnections
are very common

Generator Load

101

FIGURE 2.27

Three-phase delta connection

[L

[RL

\
ISL IYL

(b l

Example 2.13
Athree-phase star-connected generator generates 240 V per phase as shown in
figure 2.28a. It is attached to three identical delta -connected load coils each of
which has 20 n resistance and 20 n reactance. Calculate

(a) the line voltage
(b) the load phase voltage and current and
(c) the line current.
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y

I y

Load

(a)

FIGURE 2.28

Example 2.13

(bl
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Indicate the load voltages and currents and the line currents on a phasor
diagram.

(a) For the generator

VL = V3 Vp

= V3 X 240
= 416 V

(b) For the load , impedance per phase

ZL = V(R L
2 + XL 2

)

= V(400 + 400)
= 28.3 n

and phase angle

I/J arctan X LIR

= arctan 1
45° lagging

Phase voltage

Vp VL 416 V

Phase current

Vp 416
=-=--

ZL 28.3

14.7 A

(c) Line current

I L = V3Ip = V3 X 14.7

= 25.4 A
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The phasor diagram of figure 2.28b is drawn by indicating anyone of the
line voltages, say VR y , in some arbitrary direction and then sketching the
others at 1100 intervals. Note how the sequence of lettering is maintained:
VR y , VY B and VB R , the subscripts being RY - YB - BR.

One of the phase currents in the load is then sketched 45
0

behind (lagging)
its appropriate subscript voltage. (For example VB R gives rise to Ip I') 1P3
and IP2 are then included at 1200 intervals always 45

0
behind the voltage.

Selecting one of the line currents , say I B

Hence sketchin/&- IPI and summing with IP2 gives lB ' Then I R and I y may be
included at 120 intervals. Always check that the phase sequence is correct. For
example, an observer standing at X would see IR,Iy and I B come past in that
order as the diagram rotated. This is the sequence RYB that was first adopted
in figure 2.26a.

2.6.4 Power and Reactive Power
The total power dissipated in a three-phase load is always the sum of the three
individual phase powers. Similarly.the total reactive power is given by the sum
of the individual reactive powers for each phase. This may easily be seen from
figure 2.29 in which all three active powers PI, P2 and P3 for the unbalanced
load shown are in the same direction. Similarly all three reactive powers , Ql '
Q2 and Q3 are in the vertical direction. The quantities which must not be added
arithmetically are the apparent powers 8 I, 82 and 8 3 because they differ in
direction.

R-------,

B

y--------'

P,

N
0, 5,

P'ota'

FIGURE 2.29

The addition of powers and reactive powers
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For a balanced load in which Z I =Z2 =Z3 ' the powers and reactive powers
per phase will be equal hence

Ptotal = 3P 1 = 3 Vplp cos 1/>

and

55

Qtotal = 3Q. =

Star load

VLVp =-
y3

lp = h

T/I - VdL
~p P - --

y3

3 Vplp sin 1/>

Delta load

Vplp =

therefore for star- or delta-connected balanced loads

Ptotal =
3VLIL cos 1/> = y3 VLIL cos 1/>

J

- -
y3 (2.30)

Qtotal
3VLI L sin 1/> = y3 VdL sin e=
y3

For unbalanced loads the total power and reactive power must be obtained
from addition of the phase powers and reactive powers calculated separately
(figure 2.29).

Note that, unless stated otherwise, three-phase voltages and currents always
refer to the line values.

Example 2.14
Calculate the total power and reactive power dissipated by the load in example
2.13 (figure 2.28). Calculate the values of the three capacitors required to
correct the over-all power-factor to unity when the capacitors are connected
(i) in star across the load and (ii) in delta across the load. The supply frequency
is 50 Hz.

From the previous example , VL =416 Y,IL =25.4 A and 1/> =45° lagging.
Hence the total power and reactive power are

P = -Js VdL cos 1/>

= Y3 x 416 x 25.4 x 0.707

= 12950W

Q = y3 VLh sin 1/>

since sin 1/> = cos 1/> at 45°

Q= 12950YAr
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For correction to unity power-factor, all this reactive power must be cancelled
by the capacitors. Thus reactive power per capacitor is 12950/3 = 4317 VAr.

(i) If the capacitors are connected in delta, each receives the full line voltage
of 416 V. Therefore the capacitor current , Ie is the reactive power/capacitor
voltage

Ie
4317

=--= 10.4 A
416

V
Ie V x 21rfC

Xe

C
Ie---

21rfV

10.4

314 x 416

79.6/lF

(ii) When the capacitors are star-connected each receives only 1/.../3 of the
line voltage or 416/.../3 =240 V. Therefore as before the capacitor current is

4317
Ie = -- = 18 A

240

Ie 18
C =

21rfV (314 x 240)

239/lF

Comparison of the answers to parts (i) and (ii) shows that the delta connection
only requires one-third of the capacitance needed for star connection. Delta
connection is therefore more usual although the working voltage of each
capacitor must be .../3 times higher than for star connection.

2.7 Power MeasurementS

2.7.1 Electrodynamic Instruments

These instruments (figure 2.30a) consist of a moving coil carrying an instan­
taneous current i 1 within a magnetic field produced by a further pair of fixed
coils carrying a current i 2 • Current is fed to the moving coil via hair-springs at
top and bottom that also provide the restoring torque to control the deflection.

Because the magnetic path consists mainly of air, the flux density B between
the two fixed coils is proportional to i 2 • If the distance between the fixed coils
is not greater than their diameter the flux density is fairly uniform between
them. Since the torque produced on the moving coil is proportional to B x i 1

and B is itself proportional to i2 , both torque and final deflection depend on
t, x i2 •
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fix ed cods

57

I
Z

(0 ) Ib J

\
I

FIGURE 2.30

The construction and use of the electrodynamic wattmeter

If the fixed and moving coils are placed in series, i, = i2 and therefore the
deflection is proportional to i 1

2• When used to measure an alternating current
or voltage the deflection is proportional to the mean value of the current or
voltage squared because of the mechanical inertia of the movement. We thus
have a true r.m.s. instrument. It is rarely used in this form because of its high
cost.

2.7.2 Single- phase Measurements

If the fixed and moving coils are connected between a source and its load as
shown in figure 2.3Gb, the deflection will be proportional .to the instantaneous
power

Deflection 0: i I X i2

0: instantaneous load power

If the voltage drop across the fixed coil is neglected, the p.d. across the
voltage-coil circuit is approximately vLsince the fixed coils are designed to
have low resistance.

This instrument will measure the mean electrical power over a cycle because
its mechanical inertia prevents the pointer from following the variations in
instantaneous power throughout the cycle.

It is possible to correct for the power lost in the current coils - the instru­
ment will read high by an amount i L

2 R c where Rc IS the resistance of the
current coils. The value of Rc is stated by the manufacturer.

The letters against the four instrument terminals in figure 2.30b are those
conventionally used by the manufacturers.
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2.7.3 Three- phase Measurements

If a three-phase load is balanced and its neutral or star point is accessible, a
single-phase measurement of power may be made and multiplied by three
using the circuit of figure 2.31 a. If, however, the load is unbalanced, whether
delta- or star-connected, two wattmeters must be used as in figure 2.31b.

Instantaneous load power p

since

Thus

Vryiry + Vybiyb + vbribr

vry i ry + Vybiyb - ibr(vry + Vyb)

p = vryCir y - i b r) - v Yb(ib r - i yb )

= vryir + vbyib

= wattmeter WI reading + wattmeter W2 reading

Because of instrument inertia the mean power is the algebraic sum of the watt­
meter readings

(2.31)

The word algebraic is included because for certain power factors one of the
wattmeters givesnegative readings and this change of sign must be included in
the summation.

Power Factor from Wattmeter Readings
If when using the above method of measuring three-phase power the load is
balanced, the load power-factor may also be deduced from WI and W2 •

Figure 2.32 shows the line voltage phasors VBR , VRy and Vy B . The load
phase-currents f br, fry and f Yb lag their respective voltages by ¢, the load phase-
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FIGURE 2.32

Phasor diagram of figure 2.31

angle. The two wattmeter coil currents I b and I, are constructed as shown
(figure 2.32)

I b = I br - I Yb

I, = I r y - I b r

59

WI is fed by VRy and I r , the angle between them being (30° + cf» from figure
2.32. Similarly W2 is fed by VBy andh, the angle between them being (30° - cf».

Since VR y = VBy =VL and Z,=Ib =h

WI =

W2 =

WI + W2 =

=

VLIL cos (30° + cf»

VLh cos (30° - cf»

VLh [cos (30° + cf» + cos (30° - cf»]

VLh [cos 30° cos cf> - sin 30° sin cf> + cos 30°
cos cf> + sin 30° sin cf>]

WI + W2 = VLh (2 cos 30° cos cf»

= y3 VLh coscf>

Similarly

W2 - WI = VLh cos (30° - cf» - VLh cos (30° + cf»

VLh [(cos 30° cos cf> + sin 30° sin cf> - cos 30°
cos cf> + sin 30° sin cf>]
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Flux direction
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-8 (e) (b l

FIGURE 2.33

Hysteresis and eddy -current losses

Therefore

sin <t>
tan e = - = y3

cos <t>

or the phase angle

(2.32)

2.8 Magnetic Losses"

Magnetic or iron losses occur whenever an alternating current is used to mag­
netise magnetic materials causing magnetic reversals. These losses may be con­
veniently divided into hysteresis and eddy-current losses.

2.8.1 Hysteresis Loop
The reader will be aware that when a coil ofN turns carrying a current i is used
to magnetise a previously demagnetised specimen, the magnetising force H is
given by

H = Ni/l AT/m (2.33)

where 1is the path length of the magnetic circuit.
As i is increased from zero , H increases and a plot ofH against the resulting

magnetic flux density B resembles the dashed line in figure 2.33a. If i and there­
fore H is increased indefinitely the curve will level off indicating magnetic
saturation. If H is now decreased to zero , the curve does not retrace its path
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but follows the line AC. The remanent flux-density, OC when the specimen
has been previously saturated is called the retentivity , or remanence , of the
material. This property of retaining some flux density after the removal of His
clearly of the utmost importance to designers of permanent magnets and electrical
machines. This remanent magnetism may be destroyed by mechanical or
thermal shock or by the application of a demagnetising force in the opposite
direction Ol), The value of this coercive force required just to destroy the
retentivity is called the coercivity of the material. The coercivity of permanent­
magnet material should clearly be high if the magnet's properties are to be
durable.

If H continues to be increased in the reverse direction negative saturation
occurs at the point E. The effect of makingH more positive is to return the
curve to positive saturation via points F and L. The figure ACDEFLA is the
hysteresis loop of the material which contains most of the information on the
material's magnetic properties. The word hysteresis means 'lagging behind' ,
referring to the fact that changes in flux density B lag behind the value of
magnetising force H.

2.8.2 Magnitude of Hysteresis Losses
Let an increase Di cause a change 5H from OJ to OK in time Bt, From equation
2.33

5i
5H == N-

I

The corresponding flux change 5 cP will be a 5B where a is the cross-sectional
area of the material. The flux change produces a back e.m.f. in the coil of
- N 5 cP /5 t == - aNDB/Ot. This back e.m.f. must be neutralised by the supply
voltage

v == +aN5B/5t

The power flowing in the circuit during this change is

DB
p == vi == iaN­

Ot

and the energy applied to the specimen in time 5t is therefore

5W == iaN5B

OJ x I x a x DB

OJ x volume x 5B

Therefore the energy stored per unit volume in time bt is

5W == area of shaded element

As H rises from zero to OP the energy/unit volume given to the material is
equal to the area within the figure FLAMCF. AsH falls from OP to zero the
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energy/unit volume returned by the material is equal to the area within the
figure CAMC.

In the complete half-cycle the energy absorbed therefore is

FLAMCF - CAMC = FLACF

That is, the area within the right-hand side of the hysteresis loop. Because the
figure is symmetrical about the y -axis, the area within the complete loop
represents the energy absorbed/unit volume per cycle.

(
Hyste resis energy lOSS) (Area within figure) J 1

per unit volume = EFLACDE per eye e

The area must of course be converted to BH units in the following way by
multiplication with the graph-axis scales.

Area in BH units =area (m") x flux-density scale (T/m) x magnetising force
scale (AT/m per m)

Example 2.15
The area within the hysteresis loop of a given material is 36 em? when drawn to
the following scales: 1 em =100 AT/m and 1 em =0.2 T. Calculate the hysteresis
loss in watts per cubic metre at a frequency of 60 Hz.

Energy loss per m3 per cycle area of loop in BH units

36 X 10-4 x 104 X 20

720 J

Since there are 60 complete cycles per second

Power loss/rrr' 720 x 60 J Is
43 200 W

This method of area measurement, though applicable to isolated specimens,
is often difficult practically. The above example shows the power loss to be
proportional to the frequency. Steinmetz has provided a useful empirical
equation for hysteresis losses within the typical engineering flux-density range

0.1 T < B < 1.5 T

W = kvfB max 1.6 (2.34)

where k is the Steinmetz constant for the material (table 2.1), v is the volume,
f the frequency and Bma x is the maximum flux density in the cycle.

Materials with the lowest coefficients (for example silicon steel) are those
used for alternating magnetic devices such as transformer cores.

2.8.3 Eddy-current Losses

When a varying flux passes through an electrically conducting magnetic material
e.m.f.s are induced which produce eddy currents within the material in the
directions shown in figure 2.33b (i). These eddy currents heat the material,
resulting in energy loss. These induced e.m .f.s obey the e.m.f. equation (section
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TABLE 2.1
Steinmetz coefficients

Coefficient k

63

Hard cast steel
Cast steel
Cast iron
Soft iron
Dynamo sheet steel
0.2 per cent silicon iron
4.8 per cent silicon iron

7034
754 - 3014

2763 -4019
502
502
528
191

4.2) and are thus proportional to the flux frequency. Because power is propor­
tional to the voltage squared

eddy -current power loss 0:: (frequency)?

Eddy-current losses may be minimised in two ways

(i) The use of high resistivity core material to minimise the eddy currents
from a particular value of induced e.m.f, and

(ii) Constructing the core from thin mutually insulated laminations as
shown in figure 2.33b (ii).

Imagine the core divided into four laminations as shown. Because the area
enclosed by each strip cross-section has fallen by four, the enclosed flux and
therefore the e.m.f. will have fallen by four. As there are four such strips this
alone would make no difference. However laminating the core has also increased
the path resistance for the eddy currents by a factor of four so that

power loss per lamination VL
2 R s 12

-'------'------ = - x - = x - =
power loss for solid core fS2 R L 42 4 43

but there are four laminations so

power loss in laminated core 1
-"-------------=-x

power loss in solid core 43

In words , the eddy-current power losses are reduced by the square of the
number oflaminations. It is uneconomic to reduce the lamination thickness
below 0.5 mm because of production difficulties.

2.9 Problems

2.1 Find the average and r.m.s. values together with the form and peak
factors of a repetitive sawtooth voltage waveform. The voltage rises linearly
from zero to 100 V in 2 seconds and drops instantaneously to zero to repeat
the cycle.



64 Applied Electrotechnology far Engineers

2.2 A coil of wire takes lOA when connected to a 100 V d.c. supply.
When it is transferred to a 100 V, 50 Hz a.c. supply it only takes 5 A. Account
for this and calculate the inductance of the coil.

2.3 An RLC series circuit exhibits the following component voltages when
carrying a current of 0.5 A. Resistor voltage 10 V, inductor voltage 50 V and
capacitor voltage 70 V. If Rand L are both pure parameters and C has a value
of 10 J.LF, calculate (i) the total applied voltage, (ii) the supply frequency, (iii)
the value of Land (iv) the total circuit power-factor.

2.4 A coil of 10 n resistance and 0.0382 H inductance is connected in
parallel with a 100 J.LF capacitor. Calculate the individual and total currents
drawn from a 240 V 50 Hz supply and determine the power and power factor
with the aid of a phasor diagram.

2.5 A circuit consists of a parallel combination of a resistor R and a
capacitor C in series with another parallel combination consisting of a further
resistor R and an inductor L. Using complex impedance methods show that
the behaviour of the complete circuit is independent of frequency if R = y[Lle] .

2.6 A 50 Hz 240 V single-phase power source has the following loads
placed across it in parallel: 4 kW at a power factor of 0.8 lagging, 6 kVA at a
power factor of 0.6 lagging and 5 kVA which contains 1.2 kVAr of leading
reactive power. Determine the over-all power factor of the system and the
value of a capacitor which, if connected across the system would restore the
over-all power factor to unity.

2.7 A 240 V supply feeds a load whose complex impedance is (10 - j 12) n.
Usingthe j operator calculate the power and reactive power in the load.

2.8 A coil consists of 2 mH inductance and 30 n of series resistance.
Together with a parallel capacitor it forms a resonant circuit at 500 kHz. If this
circuit is fed with 1 Vat the resonant frequency calculate (i) the value of
capacitor required for resonance, (ii) the Q value of the circuit, (iii) its 3 dB
bandwidth and (iv) the supply and capacitor currents at resonance.

2.9 A 240 V source having an internal resistance of 2 n feeds a composite
circuit consisting of a coil of impedance (10 + j12) n in parallel with a capacitor
of - j12 n. UsingThevenin's theorem calculate the current in the coil.

2.10 Solve problem 2.9 using Norton's theorem and the current division rule.

2.11 . Calculate 13• in figure 2.22a (p. 45) if z,=(5 - j2) n,z, =3 n,z; =
j5 n, Zd = 5 n and Ze = (2 - j2) n. Vi is a sinusoidal source of 10 L30° V and
V3 is zero.

2.12 A 500 V, three-phase motor presents a balanced load to the supply.
The readings of two wattmeters measuring the input power are 28.15 kWand
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13.35 kW. Calculate the power factor, line current and reactive power taken by
the motor.

65

2.13 Calculate the value of each of three identical delta-connected capacitors
required to bring the power factor of example 2.12 to unity at a frequency of
50 Hz.

2.14 Measurements of the total iron (eddy and hysteresis) losses in a small
a.c. induction motor yield the following results. At operating frequencies of
45 Hz and 55 Hz the total iron losses are 3.44 Wand 4.59 W respectively.
Calculate the magnitude of these losses at the normal operating frequency of
50 Hz.



3 Physics of Devices

3.1 The Bohr Atom 7,8

The reader will be aware from previous study of the Bohr model of the atom
that each element consists of identical atoms. An atom contains a relatively
massive nucleus of protons and neutrons orbited by electrons moving in certain
permitted paths or shells. The proton carries a positive charge of + 1.602 x 1O- 19C

and an electron carries an exactly equal negative charge. In the normal atom
the number of electrons in the shells equals the number of protons in the
nucleus, hence the atom is electrically neutral.

Almost all the properties of differing elements may be explained by the dis­
position of the electrons within their shells. Elements whose outermost shell is
full (the rare gases helium, neon, argon, krypton and xenon) are very stable and
chemically inert. Conversely, elements whose outermost shell has only one
electron (hydrogen, sodium, and potassium) or, alternatively, has one electron
short ofa full complement (fluorine , chlorine, bromine), are intensely chemi­
cally reactive. This is because the atom wishes to achieve a more stable form
in which its outermost shell (valence shell) is complete. It can do this by sharing
its excess electrons or borrowing more electrons from neighbouring atoms of
appropriate elements to form compounds by covalent sharing as in figure 3.1.

----8

No

Sodium

CI

Chlorine

NoCI

Sodium chloride

FIGURE 3.1

Covalent bonding to form a compound

Metals generally have only one to three electrons in their valence shells and
have the property of being able to array their atoms in a regular crystal lattice .
The valence electrons are only loosely bound to their parent atoms and are
able to move through the lattice in the form of an electron cloud or gas. There
are approximately 102 9 of these 'free ' conduction electrons in a cubic metre
of copper.

An important class of elements that we shall consider later are the semi­
conductors such as carbon, germanium and silicon in which the valence level is
half-filled. These materials are capable of forming a regular crystal lattice by
covalent sharing of valence electrons with surrounding atoms of the same
element (see figure 3.2) .
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Valence electrons

SI

Si licon

Ge

Germanium

FIGURE 3.2

Typical semiconductor atoms and the sharing of their valence
electrons to form a crystal lattice

3.2 Electron Emission?' 3

Many devices rely for their action on the emission of free electrons from a
metallic surface. Figure 3.3 shows the electrical and gravitational forces between
electrons and their surrounding atoms at four positions near the surface of a
metal. Inside the metal at (a) the net forces are zero whereas at band c there are
considerable forces attempting to prevent the electron's escape. As the distance
x from the surface increases, these forces weaken since both operate on the
inverse-square law. When x is about 10-6 m these forces are negligible arrd the
electron is 'free' of the surface.

•

ooooo 0

[Vacuum)

------------:=--------:?"H-o:---------:~-+._- Surface

(a)

• electron

(b)

o lattice atom nuclei

lc)

FIGURE 3.3

ld)

Restoring forces in electron emission

3.2.1 Work Function

Clearly external work must be done on the surface against these restoring forces
to cause electrons to become free (be emitted). At normal temperatures , random
thermal lattice vibrations will cause some electrons to have a velocity component
towards the surface. As external energy is applied it is these electrons which will
be emitted first. The work function <p is defined as that external energy which
must be applied just to cause electron emission. These atomic energies are so
small compared to the joule that they are more conveniently expressed in
electron volts (eV).
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One electron volt is that energy acquired by an electron when it is accelerated
through a potential difference of one volt, hence

energy = power x time = VIt

= voltage x charge

therefore

1 eV 1 x electronic charge

1 eV 1.6 x 10- 19 J

Note that the work function in joules = e</> if </> is in electron volts. Typical work
functions are given in table 3.1. The work-function energy for emission may be
applied externally in several ways .

TABLE 3.1
Work functions of common emitting materials

Material

Tungsten
Caesium
Barium - tungsten
Barium - strontium oxide

Work function </>

(eV)

4.52
1.81
1.6
1.3

3.2.2 Thermionic Emission

This occurs when the surface is heated externally, causing random thermal
agitation which endows some electrons with sufficient energy to escape. Heating
is usually achieved by forming the surface on a thin hollow cylinder inside which
is a current-carrying wire at temperatures between 1000 and 2500 K. This form
of indirectly heated cathode was used as an electron source in electronic valves
but survives today in the cathode -ray tube (figure 3.4).

Oxide
cooled
nickel
cylinder

"
"I'
, I
, I,
I I, ,
I I
I I
, I, ,, ,

Screen

(a)

Tungsten
heater
wire

lb)

FIGURE 3.4

An indirectly heated cathode and its use in the cathode -ray tube
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A cathode C constructed as in figure 3.4a emits electrons which are accelerated
towards the screen by a positive potential of more than a thousand volts on
anode A2 • A variable positive potential on A, allows the operator to focus the
beam into a spot just where it hits the phosphor-coated screen causing a glowing
spot to appear. A variable negative potential on the grid plate G allows varying
numbers of electrons to be accelerated , thus control1ing the spot brightness. Two
sets of electrostatic deflector plates move the spot in the vertical (Dv) and hori­
zontal (D H ) directions.

Because of problems of tube geometry the electrostatic deflection is limited
to screen diameters up to about IS ern. The larger tubes used in television
receivers and display oscilloscopes are usually electromagnetically deflected by
toroidal coils M placed around the tube neck.

3.2.3 Photoemission

Electron emission occurs when a surface is bombarded with electromagnetic
radiation (Xvrays, ultraviolet, visible or infrared light). Because the electro­
magnetic energy arrives in discrete quantities or quanta, no emission occurs until
the quantum energy exceeds the surface work-function. The qu antum energy is
hfjoules where h is Planck's constant (6.6 25 x 10- 34 J s) and fis the radiation
frequency. Remember also that c =fA for any wave motion where c is the velocity
and Athe wavelength. Thus there will be a threshold wavelength Ao above which
no photoemission occurs

c
"Ao-­

fo

and

hfo el/>

therefore

ch
Ao = -

el/>

where c is the velocity of electromagnetic radiation (3 x lOll m/s). Wavelengths
are still often quoted in Angstrom units instead of metres (1 A = 10- 10 m) .

If the wavelength is such that the quantum energy hfexceeds the work function
el/> of the surface, the surplus energy is transferred to the emitted electron as
kinetic energy.

hf - el/>
2

This is Einstein's equation and care must be taken to use consistent energy
units (joules) throughout, therefore if e =electronic charge in C and I/> =work
function in eV , then m = electronic rest mass (9 .11 x 10-3 1 kg) and v = escape
velocity (m/s).
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f o

hfo

70

Example 3.1
Calculate the threshold frequency of a photocathode coated with caesium and
determine the electron escape velocity if bombarded with radiation at a wave­
length of 5000 A. From table 3.1, ¢J = 1.81 eV.

= e¢J

( 1.6 X 10- 19 x 1.81)

6.63 x 10-34

= 4.37 X 1014 Hz

3 X lOll
An = cli« = - - -­

4.37 X 10 14

= 6.88 X 10-7 m

If A. = 5000 A = 5 X 10-7 m, then f = cIA. = 3 x lOll 1(5 X 10-7 ) Therefore the
quantum energy

Work function

hf =
6.63 x IO-~ x 3 X lOll

5 X 10- 7

3.9 8 X 10- 19 J

e¢J = 1.6 x 10- 1 9 x 1.81 2.89 X 10- 19 J

therefore the kinetic energy of the electrons is

mv2 /2 = hf - e¢J

= (3.98 - 2.89) x 10- 1 9

therefore

v = V(2 x 1.09 x 10-
1 9

)

9.11 x 10 3 1

= V (23.9 X 1010
)

= 4.89 x lOS mls

A popular type of photoceIi is the photoemissive tube whose construction is
shown in figure 3.Sa. The photocathode is usually a nickel semicylinder the
inside surface being coated with low work-function photoemissive material. It
might be thought that the spectral response curve of such a device would resemble
figure 3.Sb. We must remember, however , that the tube current depends on the
number of emitted electrons and not on their kinetic energy. Both of these
factors are obviously zero below the threshold frequency fo or above the
threshold wavelength An. Nevertheless at higher frequencies (lower wavelengths),
the preferential absorption of certain wavelengths by each cathode material
together with the inability of the glass envelope to transmit them gives spectral
response curves shaped as in figure 3.Sc.
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(a) A photoemissive cell and its circuit symbol;
(b) electron -velocity - frequency graph ;

(c) spectral -response curves (not to same vertical scale)

The emitted electrons are collected on a positive wire anode and the anode
current indicates their number. For any given wavelength the number of
emitted electrons depends on the intensity of the incident radiation. The speed
of response of such photocells is practically instantaneous.

3.2.4 Secondary Emission
In secondary emission the external work to liberate electrons is provided by
bombardment of the surface with a beam of incident electrons called primaries.
The surface disturbance produced can cause emission of secondary electrons but
not necessarily in proportion to the energy (or velocity) of the primaries. Figure
3.6a shows the effect of primary electrons having various incident energies.
Primaries whose individual kinetic energy is less than the work function can
cause no emission, merely heating the surface (i). At higher energies secondary
emission occurs first singly (ii) and then by multiple emission (iii) . At the highest
energies, however, (iv) the electron release takes place so far inside the surface
that there is little possibility of emission because the secondaries' escape is
hindered by their collision with lattice atoms.

The number of secondaries emitted per incident primary electron is called
the secondary emission coefficient 0 for that surface at that primary energy .
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(b)

(a) Secondary emission at various incident energies;
(b) its use in the photomultiplier tube

Some materials such as caesium oxide on silver exhibit values of 0 as high as 10
for primary energies of 500 eV. Such materials are employed in the photo­
multiplier or electron-multiplier tube (figure 3.6b) in which a series of n dynodes,
each at an increasingly positive voltage, multiply repeatedly the small number of
electrons produced at a photocathode. The current gain 0n can exceed one
million givingan extremely sensitive photoelectric device suitable for applications
such as the astronomical measurement of star intensities.

3.3 Gas Discharqe Devices

Conduction, that is, the motion of charged particles, is difficult in gases at
normal pressure because of collisions with the relatively densely packed gas
molecules. Certain discharge lamps do operate at these pressures but the majority
of gas-filled devicesare partially evacuated down to a pressure below I torr (mm
of mercury).

3.3.1 Ionisation and Excitation
At these lower pressures electrons are relatively free to move under the influence
of an applied electrostatic field with only occasional collisions with gas molecules .
If they are accelerated by the influence of an external electrostatic field they
can easily acquire sufficient kinetic energy between collisions to ionise gas
molecules with which they collide.

Ionisation is the process in which the outermost electrons of an atom become
detached from the remainder of the atom. The atom, previously electrically
neutral, is now deficient in negative charge; it is thus positively charged. These
positively charged atoms are called ions (from the Greek - 'wanderer') because ,
although charged and therefore capable of acceleration in an electric field, they
are much more massive and therefore more sluggish than an electron. Because of
this mass they have great momentum and are therefore liable to damage any
negatively charged electrode to which they are attracted.
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A very definite amount of energy is required to ionise an atom - its ionisation
energy (joules). If this energy is expressed in electron volts (eV) it is commonly
known as the ionisation potential. Energies less than the above are sometimes
capable of raising an orbital electron to a higher energy state (or shell) without
detaching it from the parent atom. The atom is now said to be 'excited'. This
process is usually revealed by a glow in the gas caused by excited electrons falling
back to their original levels and releasing energy 8E in the form of quanta of
light as they do so. The frequency f of this radiation may be obtained from the
energy equation

hf = 8E

It is these radiation frequencies corresponding to transitions between strictly
defined atomic energy levels that constitute the emission spectra of various
atoms.

3.3.2 Gas-filled Photocells
Perhaps the simplest electronic application of ionisation effects is the gas ampli­
fication effect used in some photocells. Such photocells are constructed in a
similar manner to that in figure 3.5a and a small quantity of inert gas is inserted
after evacuation. The electrons released from the photocathode by radiation are
accelerated by the positive anode and collide with gas molecules causing multiple
ionisation. That is, more than one electron escapes from the gas molecule per
collision. This process increases the number of free electrons available for con­
duction and therefore increases the anode current for a given incident radiation.
This gas amplification factor can reach as high as 10 but although the sensitivity
of the tube is increased it becomes more electrically fragile. A glance at figure
3.7 shows that whereas the vacuum phototube has an anode current largely un­
affected by the anode voltage , the gas-tube current rises appreciably at higher
voltages. The gas-tube anode current is, however , not linearly proportional to
the incident luminous flux as in the case of the vacuum photocell. This renders
it unsuitable for many measurement applications but it can successfully be
employed as a sensitive on - off light detector. Its electrical fragility derives
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FIGURE 3.7

A comparison of the electrical characteristics of photocells
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from the possibility of photocathode damage by the massive positively charged
gas ions. The permitted anode voltage is normally restricted to 100 V to minimise
this damage. Because of the finite time (approximately 10-4 s) required for gas
ionisation to occur after the commencement of electron motion these devices
are much slower than their vacuum counterparts. The upper limit of response
rarely exceeds 104 Hz.

3.3.3 Cold-cathode discharge tubes
These are constructionally the simplest gas devices. Figure 3.8a shows a pair of
metal electrodes sealed into a glassenvelope containing inert gas at a low pressure.
Application of an increasing potential between the electrodes results in the
electrical characteristic of figure 3.8b. At normal temperatures and with no
applied voltage there will still be a few ion - electron pairs formed by ambient
radiation . At low voltages the electrons move towards the anode and the ions
towards the cathode as shown. The number of these charged particles is largely
unaffected by voltage, causing the first part of the characteristic OA to be
nearly horizontal. After point A the electron velocities become great enough
to cause some ionisation until at Vb sufficient charged particles are moving
quickly enough to ionise nearly all the gas and breakdown occurs. Vb is the
breakdown voltage.
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Anode - cathode A Vb (V)
voltage

(b)

FIGURE 3.8

The cold-cathode discharge tube, its characteristics and use

The curve now passes through an unstable (dashed) region. The current rises
and the voltage falls to approximately the ionisation potential where it remains
over a considerable current range (a tenfold increase). This is the glow discharge
region in which neon-indicator and voltage-stabiliser tubes operate. Figure 3.8c
shows how such tubes may be operated with a series resistor to limit the current
to safe values once breakdown and discharge occur. Care must be taken that Vin
exceeds the tube's breakdown voltage and that R s is only just large enough to
limit the current to a value in the centre of the discharge region during normal
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operation. Such tubes may act as indicator lamps when operated on either d.c,
or a.c. supplies. When neon gas is used the familiar red glow occurs but it is
generally of too low an intensity for general illumination. The fluorescent tubes
used for illumination have their inside walls coated with a phosphor which glows
brightly in the presence of the ion - electron stream.

Alternatively gas tubes may be used for d.c. voltage stabilisation because the
tube voltage remains sensibly constant over a wide current range. Although Vin
in figure 3.8c may vary considerably, V will be almost constant.

3.3.4 Power Rectifiers
Because of the low voltage-drop across a gas tube during discharge it is a much
more efficient rectifier at high current levels than its vacuum counterpart. At
high currents the ionic bombardment of the cathode is severe. A mercury pool
has been found to be almost indestructible in this respect; hence many devices
use mercury vapour as a gas.

Earlier mercury -arc rectifiers used a glass envelope shaped as in figure 3.9a.
Because of its fragility, modern designs now have steel containers.

The ignitron (figure 3.9b and c) is typical of such gas-discharge rectifiers. A
quantity of mercury is sealed into an evacuated steel container which may be
double-walled to permit circulation of a liquid coolant. A graphite anode is
supported within the vessel by a steel rod which provides both thermal and
electrical conduction to the exterior. This rod passes through the vessel walls via
a glass - metal seal and may be fitted with cooling fins in large examples. On
applying a potential between anode and cathode no conduction can occur
until ionisation of the gas vapour has been initiated by a third electrode - the
igniter. This latter consists of a cone of boron carbide which dips into, but is
not wetted by, the mercury cathode. Application of a voltage between igniter
and cathode causes sparking to occur between their surfaces with consequent
ionisation of the surrounding gas. Almost immediately, conduction occurs
between the anode and cathode and the igniter no longer has any effect since the
cathode hot -spot, produced by the main arc at the cathode, sustains ionisation.

Mercury
cathode

(a)

Carbo n ____
anode -

Mercury .
coot
cathode

(b l

/ Igni ter

(c)

FIGURE 3.9

The mercury -arc rectifier; (a) its traditional form;
(b) the ignitron; and

(c) the ignitron circuit symbol
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The discharge can only be extinguished by removing the anode to cathode
voltage, which would automatically occur at the end of each positive half- cycle
if the ignitron were fed from an a.c. source. Since conduction may only occur
when the anode is positive with respect to the cathode the device may be used as
a rectifier to handle currents up to 10000 A at high efficiencies. The anode to
cathode potential drop is almost constant at approximately 15 V once con­
duction starts.

The discharge has to be restarted by the igniter on each half-cycle but a short
(few microseconds) pulse is sufficient to initiate conduction. The precise position­
ing of this pulse within the cycle will allow accurate control of the mean anode
current using the methods of section 5.3.

3.4 Semiconductor Devices": 9

As mentioned in section 3.1 semiconductors are elements or compounds capable
of forming a regular crystal lattice with a covalent bonding structure. The two
most commonly used substances, silicon and germanium, are both quadravalent
(four valence electrons) and form lattices as in figure 3.2.

3.4.1 Intrinsic Conduction

At absolute zero the lattice is stationary and conduction cannot occur because
there are no free charges for conduction. At ambient temperatures, however,
there is considerable thermal lattice vibration and many covalent bonds are
ruptured. This means that an electron shared between two adjacent atoms leaves
their sphere of influence and can wander through the lattice. The area from
which it originated is now deficient in negative charge since the region was
originally neutral (see figure 3.l0a). This positive region is called a positive hole
because a wandering electron may later recombine with it to fill it and resume
the unbroken bond structure. Notice that the numbers of thermally produced
free electrons and holes are always equal. We speak of thermally generated hole­
electron pairs. If an electric field is applied across the material, electrostatic
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forces will cause the electrons to migrate or drift towards the positive end and
holes to migrate towards the negative end (figure 3. lOb). A little thought will
reveal that these opposite motions of holes and electrons result in conventional
current flow in the same direction.

The reader may be finding difficulty with the concept of a positive hole
behaving as a particle for migration purposes . The following analogy can prove
help ful. Imagine the front row of seats in the balcony as seen from the stage of
a theatre. Only one of the seats is empty - a positive hole - somewhere at the
left-hand end. A member of the audience leaves his seat in the centre of the row
and exits via the right-hand end; on returning he does not wish to disturb the
others and so returns not to his own seat but to the other vacant one at the left.
Two casual observations from the stage before and after the above events could
lead an intoxicated actor to believe that an empty seat had moved from the left
to the centre!

Conduction caused by the drift of thermal hole - electron pairs in pure semi­
conductor materials is called intrinsic conduction. It is clearly very temperature­
dependent, becoming easier as the rising temperature accelerates the rate at
which hole - electron pairs are generated and recombine. The lifetime of a
pair between generation and recombination is a mere 0.1 ms at room temper­
atures! Unlike metals, therefore, the resistivity of semiconductors decreases with
temperature as in figure 3.1 Oc - a potentially unstable situation. As the temper­
ature rises, any current from an applied voltage will also rise, causing further
heating and temperature elevation. This situation is self-maintaining and will
result in thermal runaway which can cause the material to melt and become
unusable. This great temperature-dependence of intrinsic materials is employed
in the thermistor for temperature measurement. Beads or rods of metallic oxide
mixtures exhibit resistance changes of the order of 103

: I up to 300 °C. They
are frequently used in bridge circuits for measurement purposes.

3.4.2 Extrinsic Conduction

The previous phenomena all occur in pure semiconductor materials in which
the impurity levels are less than 1 part in 1010

• The majority of electronic devices,
however, use semiconducting properties caused by controlled concentrations of
selected impurity atoms. These impurity atoms are deliberately introduced
during manufacture in concentrations as low as 1 part in 108

; nevertheless they
produce a marked effect on the electrical properties. The impurity materials
are chosen for their crystalline similarity to the pure semiconductor so that
they can lie neatly in the crystal lattice. They are, however divided into two
classes: those such as phosphorus, antimony or arsenic, having five valence elec­
trons and those like boron, aluminium, gallium or indium, which have only
three valence electrons. Their effect when in concentrations as low as 1 part in
108 is shown in figure 3.11 a and b. The arsenic (As) atom has one spare
electron loosely bound to it and available for conduction. The indium (In) atom
contributes one spare positive hole to the material. The lower diagrams show
the extrinsic materials at ambient temperatures when there are also a few
intrinsic thermal electron - hole pairs present. Clearly, in the case of arsenic
doping, electrons are the majority carriers and holes the minority ones. This is
n -type material having a preponderance of free negative charges . Conversely
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p- and n-type extrinsic semiconductors

with indium doping, positive holes are in the majority, the material is p - type
possessing many free positive charges. Great care should be taken to remember
that although blocks of these materials are conventionally drawn as shown, they
are both electrically neutral. The surplus holes or electrons are exactly balanced
by the proton charges in the impurity atom nuclei.

In practice, the impurity concentration is adjusted so that the extrinsic carriers
(one per impurity atom) outnumber the intrinsic carriers at room temperatures­
the material is thus overwhelmingly extrinsic. At temperatures of 80 °c for
germanium and 200 °c for silicon the number of thermal intrinsic carriers begins
to approach the fixed concentration of extrinsic carriers and the materials begin
to lose their p- and n-type properties , reverting to intrinsic behaviour. This effect
limits permissible container (or case) temperature for semiconductor devices to
approximately 60 ° and 120 °C for germanium and silicon devices respectively
(see section 5.1).

3.4.3 The p-n Diode

Consider two pieces of semiconductor material arranged as in figure 3.l2a. They
are both electrically neutral and possess majority and minority carriers as shown.
If they could be brought together as in figure 3.12b so that the crystal lattice
was continuous at their junction, diffusion effects would cause charge motion as
shown. Diffusion is the process whereby local concentrations of material are
dispersed to givea homogeneous environment. It is the process whereby a drop
of ink disperses itself evenly throughou t a bucket of water. The excess holes
migrate left into the n-type making it positively charged whereas the excess
electrons migrate to the right into the p-type causing it to become negatively
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The p-n junction

charged. This gradual acquisition of charges by the two regions sets up a poten­
tial across the junction as shown. It is of such a polarity as gradually to oppose
further mot ion of the majority carriers until, at figure 3.l2c, a dynamic equili­
brium is established in which there is no net motion of carriers across the
junction. The potential Vd across the junction is called the barrier potential. It
is not, however, a barrier to the minority thermal carriers on each side. After
some moments the majority carriers which have crossed the junction tend to
arrange themselves as shown in figure 3.l2c leaving a depletion layer between
10-6 and 10-8 m wide on either side of the junction in which there are very
few charge carriers. As may be imagined, an almost insulating region flanked
by charges of opposite polarities resembles a capacitor electrically and this will
be important in our later study of transistors (sections 3.4.5 and 8.2.1) . In
practice, these junctions are never formed between two separate pieces of
material. Lattice continuity can only be ensured by using one long piece of
pure semiconductor and forming a junction at its centre by melting- in n-type
impurities from one end and p-type impurities from the other.

Suppose that an external voltage of the polarity shown in figure 3.l3a is
applied to the p - n junction, the direction is such as to reinforce the barrier

I

(0)

volts

+V

(b)

-1
reverse bios forward bios

FIGURE 3.13

Typical silicon-diode characteristics (note change of scales)
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potential making majority charge motion even more unlikely. This is called
reverse bias, the only current lois that caused by thermal minority carriers.
This reverse leakage current is therefore very temperature sensitive, being
typically 10 pA for a silicon device and 4 rnA for a germanium one at room
temperature and at a reverse potential of 100 V. At a sufficiently high reverse
voltage Vb breakdown begins to occur by charges being pulled through the barrier
by the intense electrostatic field. Generally silicon devices can withstand two or
three times the reverse voltage possible in germanium.

In the forward- biased direction (figure 3.13b) the current rises very rapidly
once the forward voltage drop J'd has been reached . This point corresponds to
the barrier potential being neutralised by the external forward bias which is
applied in the opposite direction . Once this potential barrier is destroyed, high
forward currents occur by majority carrier motion. This forward voltage drop
for silicon (0.6 V) is roughly twice that for germanium.

One can see therefore that the p - n junction is a rectifying device, allowing
current to flow much more easily in the forward direction which is indicated by
the direction of the triangle in the circuit symbol shown.

3.4.4 The Bipolar Transistor

Consider either of the arrangements of figure 3.14a or b in which a thin (approxi­
mately 20 pm) sliceof p - or n -type semiconductor called the base is flanked by
sections of the opposite type. External voltages are applied so that in both cases
junction J2 is forward-biased and 12 is reverse-biased. Majority carriers (elec­
trons) in the n - p - n case and vice versa) will easily pass across 11 from the
left-hand emitter regions into the bases as shown by the broad arrows . Because
the base region is thin and has a low concentration of its own majority carriers,
little recombination occurs in the base. The greater part (0.98 to 0.995) of the
carrier stream passes into the right-hand or collector region. The remainder of
the original emitter carriers leave the device via the base terminal. Because

n p J2 P

colle ctor
E C E C

t,
Ib

t; t, Ie
I

b

- III' · - IIII • + II I I - + I III -,ve ,ve

B B

(0) (b)

FIGURE 3.14

The bipolar transistor and its circuit symbols (a) npn, (b) pnp
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electrons move in the opposite sense to a conventional current and because holes
move in the same sense as a conventional current, the directions of emitter, base
and collector currents are as shown .

In both cases, by Kirchhoffs law

L; = Ib + Ic

and if, for example

I c = 0.99 t,

then

Ic 0.99 t,
I b (1 0.99) i,

Ic 99=
Ib

or

!J.Ic = 99 !J.Ib

This equation shows that any variation of base current !J.Ib will appear,
magnified considerably, as a variation in collector current !J.Ic' The transistor is
thus a device for the amplification of current changes. The manner in which this
ability is applied practically is discussed fully in section 8.1.

Both npn and pnp transistors are employed in modem practice using both
silicon and germanium although, because of production considerations, silicon
npn and germanium pnp devices tend to be most common. npn and pnp types
require supply voltages of opposite polarities and this fact is put to advantage
in some electronic circuit designs.

In phototransistors incident radiation is allowed to fall upon the emitter­
base junction J 1. The radiant energy produces free charges which pass across
the emitter - base junction and are amplified by the transistor action. Germanium
photo transistors are more sensitive to infrared radiation than other photodevices
since a quantum energy of 0.7 eV is all that is required for operation.

3.4.5 The Field- effect Transistor (FET)
In the bipolar transistor, the controlling current I b is produced by an input
voltage across J 1. This junction is forward-biased and has a low impedance. In
some applications this is a disadvantage because it produces electrical loading of
the previous circuits.

In the field-effect transistor (figure 3.15) however the input voltage is applied
across a reverse- biased junction which has a much higher input impedance. The
device consists essentially of a channel of n- or p-type material. Majority carriers
flow along this from the source end to the drain end under the influence of the
applied supply voltage VDS • Two gate regions of opposite type material are
encountered half-way down the channe1. These regions have their junctions
with the channel reverse-biased by the application of VGS between gate and



82 Applied Electrotechnology f or Engineers

source. The magnitude of this applied voltage VGS determines the width of the
depletion layer surrounding the gate - channel junctions. As VGS is increased and
the depletion layers increase in width they tend to pinch-off the flow of carriers
from source to drain. In the FET therefore it is an input voltage which controls
the source - drain current.The electrical characteristic curves of figure 3.15c clearly
show that over the operating region the drain current is almost independent of
Vos . It is almost linearly related to VGS until breakdown occurs at the reverse­
biased gate - drain junction.

drain -
gate reverse
breakdown

layer

~dro,"

10

source

(0)

layer

~dro," operating region

Ie
source • [c)

Vos
(b)

FIGURE 3.15

The field-effect transistor (FET): (a) n -channel, (b) p -channel

3.4.6 The Thyristor
The thyristor is essentially an electronic relay in which variations of a small input
or gate current I g set the level at which the device will become conducting. In
addition , the thyristor is unidirectional, th at is it rectifies any a.c, supply applied
to it. A non-rectifying version, the triac, is discussed in section 5.4.2.

Figure 3.16a shows the basic thyristor construction comprising four alter­
nating regions of p- and n-type material. Voltages applied between anode and
cathode in either direction will not normally produce conduction because either
12 or 11 and 13 will be reverse-biased. If however an external voltage V is applied
in such a direction that only 12 is reverse-biased, 12 will eventually break down
at some voltage Vb' Ifa small current L is applied into the gate terminal the
voltage required for breakdown decreases.
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The thyristor, its circuit symbol and electrical characteristics

Once breakdown has occurred the curren t through the device will not stop
until V is reduced so that f a falls below the hold ing current IH . In other words ,
after breakdown, the gate current has no effect on the value of fa until the non­
conducting state is regained. If V is reversed the device merely acts as a reverse­
biased diode, breaking down at some fixed reverse voltage which is unaffected
by gate current.

3.5 Problems

3.1 Calculate the energy carried by photons of red light (A = 6439 A) and
ultraviolet light (A = 330 2 A).

Each of the above wavelengths str ikes a surface of work function 2 eV. If
electron emission occurs , calculate the mean velocity of the emitted electrons.

3.2 A surface has a secondary emission coefficient of9 when it is bom­
barded with 300 eV primary electrons. Calculate the emission current in rnA
per W of primary electron power.

3.3 The vacuum and gas photocells whose characteristics are given in figure
3.7 are both used with supply voltages of 80 V and load resistors of 4 MS1.
Using load-line techniques, estimate the photocell current when both cells are
illuminated with fluxes of 0.1 lumen. Hence, if they are of identical construction,
calculate the gas amplification factor.



4 Power Distribution and
Machines

In this chapter the main emphasis will be directed to the distribution and con­
version of electrical power into mechanical energy . The subject of electrical
generation is mentioned briefly to contribute to the reader 's understanding of
the nature of constraints placed on the consumer's end of the distribution net­
work.

4.1 A.C. versus D.C.

input

(a)

output
input

(primary)
(b)

output
(secondary )

FIGURE 4 .1

(a) Idealised step-up gearbox and (b) step-down transformer of turns-ratio n
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4.2 The Transformer

The transformer is merely an electromagnetic device for altering the ratios
between voltage and current in the two electrical subsystems which it couples;
its action is analogous to that of a mechanical gearbox (figure 4 .1a).

85

= = n

Voltage ratio
T2Torque ratio =­
TI

Speed ratio

n

V2= -=-
VI n

12
Current ratio = - = n

II

These equations show that idealised gearboxes and transformers with no internal
losses transmit power unchanged

The equations for both devices are similar, but with voltage V substituted
for torque T and current I substituted for angular velocity ca . It is well known
that a viscous frictional coefficient (N m per rad/s) applied to the output shaft
of a gearbox will be reflected at the input shaft multiplied by the square of the
gearbox step-up ratio

TI 2 T2
= n -

WI W2

The equivalent electrical equation for the transformer would be

VI V2
= n2

II 12

or

Zin = n2 ZL

VI/II is the impedance looking into the transformer primary terminals and
V2/12 is the value of any load impedance placed across the transformer output
(ZL in figure 4.1b). Transformers are frequently used as impedance- changing
devices in measurement and instrumentation circuits.

In neither the mechanical nor the electrical case will the device be ideal (have
unity efficiency) and therefore the power output will be less than the total power
input by an amount equal to the internal losses within the device. In a gearbox
these are mainly drag from the lubricant and friction at gear-teeth and bearings.
Transformer losses are of two types : first, magnetic (or iron) losses within the
core caused by eddy- current and hysteresis effects and second, thermal losses
caused by the currents passing through the winding conductors (copper losses).

Example 4.1
An ideal transformer connects a 240 V supply to a resistive load of Ion which
requires a supply at 12 V. Calculate the transformer turns-ratio, the primary
and secondary currents together with the load impedance 'seen' by looking
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into the primary terminals of the transformer.

load voltage (V2 )
12 =

12
1.2 A

load resistance 10

240
= - = 20: I

12

12 n

12 1.2
II = 120mA

n 10

z., = n 2 Z L = 202
X 10 = 4kQ

4.2.1 Method of Operation of Transformers
A transformer makes use of the phenomenon of mutual inductance in which
the input voltage is applied to a winding (usually referred to as the 'primary')
causing a current to flow which produces a flux which links with a 'secondary'
output Winding. Changes in flux will only induce voltages within the secondary
when the primary applied voltage and therefore the current is varied. This
condition is usually fulfilled by applying a sinusoidal alternating voltage to
the primary. It is essential that almost all of this flux should link with the
secondary winding (low leakage) and so the windings are mounted on a high­
permeability path of metal - the core (figure 4.2). In this way the leakage flux
is kept to negligible proportions (less than 0.1 per cent in a good design). Since
the flux is alternating the core temperature will rise from eddy-current and
hysteresis effects (see section 2.8) but these are minimised by the use of'stalloy'
(2 - 5 per cent silicon steel) laminated cores. The narrow hysteresis loop of this
material ensures minimal hysteresis losses and eddy-current losses are limited by
the high resistivity and by the use of laminations.

L core

!space for coolant
circulat ion

(

high- voltage winding

r lOw- voltage winding

~.VinSUlati'on

FIGURE 4.2

Cross-section of a concentrically wound higher power transformer
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The combination of eddy-current and hysteresis losses, known as the iron
losses, should just equal the copper or heating losses (caused by the primary and
secondary currents flowing in their respective windings) for maximum long-
term efficiency. The detailed operation of a transformer on load and the develop­
ment of a phasor diagram for this situation are covered in many standard texts"
and are too complex for discussion here ; referring to figure 4.3b a simple explana­
ation of operation will be attempted. With the secondary open -circuited (that is,
on no load) the primary winding draws sufficient current 1m to magnetise the
core fully; this magnetisation curren tIm may only be 0.05 of the full-load
primary current. When the secondary circuit is closed a secondary current 12

flows, dependent in value on the secondary voltage and load impedance. By
Lenz's law this current will flow in a direction such that it opposes the flux
producing it. This fall in core flux decreases the back e.m.f. in the primary
winding allowing an increase in primary current to restore the flux to its original
value r/J rn - Thus the secondary and primary currents rise up to their steady-
state values, the relationship between them being 12 =n x I I .

secondary
wind ing

I, ¢r----'-----~s
I I---<~""""
I

primary
winding

(o ) (b)

FIGURE 4.3

(a) An arrangement of two magnetically coupled windings on a core to produce
a low-power transformer ; (b) a schematic diagram of a single-phase transformer

For a well-designed transformer with negligible leakage the primary and
secondary fluxes will be approximately equal, hence

¢>p = ¢>s =¢>

The voltages on the two windings will be given by

Hence

VI N I
- = - = n (the turns ratio)
V2 N 2

and thus VI /V2 (the ratio of the Lm.S. voltages) is equal to n.
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The E.M.F. Equation
Assume that the flux in a transformer core varies sinusoidally as in the expression
If> =cPm sin wt. The voltage induced in a winding ofN turns around this core
will have an instantaneous value

dlf>
v = N - = Nt!> m w cos wt

dt

This voltage is obviously sinusoidal (though not in phase with the flux) therefore
its r.m.s, and maximum values (V and Vm) are related by V = Vm/Y2.

By inspection the maximum value of v =Nt!> m when cos wt =1. Thus

w
V = - Nt!>my2

21ff
= - Nt!>y2 m

= 4.44t!>mNf (the e.m.f. equation)

4.2.2 Transformer Construction
The upper limit of core-flux density (approximately 1 T) is determined by the
onset of nonlinearity in the BIB curve as it approaches saturation; thus the core
has to be of sufficient cross-sectional area to support the required total value of
flux cP rn- This means bulk and weight for high voltages. If this is not possible ­
for example, in aeronautical practice, for weight reasons - the frequency must
be raised, often to 80 or 400 Hz to allow a smaller core to be employed. Care
must be taken .not to operate such transformers on a 50 Hz supply since their
cores are incapable of sustaining the high flux - density required.

Example 4.2
Calculate the theoretical r.m.s, voltage obtainable from a 200-turn coil wound
on a transformer core of square cross-section and I em side if a 50 Hz alternating
flux-density of maximum value 0.5 T (Wb/m 2

) exists . Calculate the per-unit
saving in core weight possible if this transformer could be operated at 80 Hz ;
all other factors being equal.

flux = flux -density x cross-sectional area

t!>m = Bm X a = 0.5 X 10-4 Wb

therefore

v = 4.44 X N X f X t!> m

= 4.44 X 200 X 50 X 0.5 X 10-4

= 2.22 V
For a frequency of 80 Hz the maximum flux is given by

= 0.31 X 10-4 Wb
2.22V

t!> m2 = ---= -------
4.44 nf 4.44 X 200 X 80
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For the same value of B m

89

a2 = al <Pm, = 10-4 X 0.31 = 0.62 X 10-4 m 2

<Pm 1 0.5

For a given core length the weight must be proportional to the cross-sectional area.

. (l - 0.62) X 10- 4

percentage area reduction = - -----­
10-4

percentage weight reduction = 0.38

The actual method of construction depends on the apparent power (VA) rating
of the transformer. The winding arrangement as shown in figure 4.3a is unsuitable
for all but the lowest power devices since it allows considerable magnetic leakage.
More usually the windings are concentrically wound on the centre-limb of a three­
leg core (figure 4.2). In high-power transformers one winding at least is usually at
high voltage and requires careful insulation and high-current windings often have
their conductors carefully shaped from rectangular metal bar instead of from
circular wire.

The heat from leakage, core and winding (copper) losses is dissipated by normal
air cooling in ratings up to approximately 10 kVA and by immersing the whole
transformer in a mineral oil of high thermal- and low electrical -conductivity
above this rating. Oil immersion has the advantage that it protects the winding
insulation from the ingress of water. The high thermal-conductivity oil transfers
the heat to the tank walls whence it is radiated into the atmosphere. Often the
tank walls are blackened or ribbed to improve radiation but a major improve­
ment can be made by fitting the tank with external pipes, often double -banked
through which the oil circulates by natural convection.

More efficient convection cooling methods include the use of external cooling
tanks fitted to the outside of the transformer. Size limitations imposed by road
and rail transportation limit the maximum heat dissipation by convection means
only to about 5000 kW.

Needless to say, the manufacturer's recommendations on siting must be strictly
adhered to; these usually require the transformer to be free -standing and away
from buildings to ensure an uninterrupted air-flow . Even with rigid construction
some sound from lamination vibrations at 50 Hz will be inevitable and this may
prove objectionable close to buildings.

It should be borne in mind that the 'negligible' leakage flux may be very con­
siderable (for a transformer carrying megawatts of power) and severe magnetic
pick- up may occur in sensitive electronic equipment in the vicinity; careful magnetic
screening of this equipment may be needed.

When a transformer of medium or large size has to be enclosed within a building,
the use of pumped oil-cooling to external radiators must be considered. If the
complete installation must be enclosed, water-cooling coils may be placed within
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the oil tank. A water-pipe leak in such circumstances would prove disastrous since
the transformer oil's electrical insulating properties would be drastically reduced ,
so this method is reserved for extreme conditions. Even in air-cooled transformers
care must be taken to ensure that no contamination is caused by moisture absorption
from the air. A conservator drum is mounted on the top of the oil tank and this
allows for expansion of the oil on heating. The air above it is kept dry by silica-gel
crystals in the breather pipe. A drain cock is fitted so that any contaminated oil
which, being heavier than dry oil, sinks to the conservator floor, may be run off at
intervals. This is usually the only routine servicing needed and since the efficiency
of transformers used for power-supply purposes is usually above 0.98 they are a
very useful and trouble- free item of plant.

4.2.3 Summary of Transformer Uses

(I) By far the most common is conversion of power system voltages between
11 kV or 33 kVat which most turbo -alternators generate to the 132 kV or 400
kV at which the National Grid operates, and subsequent reduction in voltage to
11 kVor 6.6 kV for area distribution, thence to the 415 V three-phase distri­
bution employed for small industrial and domestic (240 V single-phase) use,
(see section 4.3) .

(2) The transformation of voltages at low power levels within such items of
equipment as the power supplies for electronic equipment, battery-chargers,
converters and inverters (see section 5.5).

(3) For impedance -matching within a measurement system to ensure maximum
power-transfer of the signal between sub-systems (figures 6.13 and 6.14).

(4) For electrical isolation between circuits. Energy is transferred between
the two windings by a magnetic field, and the absence of direct electrical connection
can be used for safety purposes. In figure 4.4a a possibly fatal shock might be
sustained by contact with the live side of the mains supply, but since the right-
hand side of the circuit in figure 4.4b is 'floating' or isolated from earth, a shock
would not be sustained unless contact were to be made with conductors band
c simultaneously.

Another application of the isolation property is the removal of d.c. components
from complex waveforms. Since only flux changes induce secondary voltages, any
d.c. component contained in an electrical signal will not appear in the secondary
circuit.

live ILIa

240 V
supply

~rOI IN) 0 -"'......",~

-s-.....
.... _-----

(al

..
"":"'.... 1:-

..................-...- - -- ---
--------

(b}
FIGURE 4.4

Showing how, without isolation, it is possible to die 'single-handed'
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4.2.4 The Auto-transformer

Where a.c. voltage transformation without electrical isolation between the
primary and secondary is sufficient, a simpler arrangement known as the auto­
transformer may be employed because of its lower cost. This has only one
winding as shown in figure 4.5a with a tapping at some point B. The tot al
winding forms the primary while only section Be forms the secondary. Thus

V2

VI

Variable-ratio auto-transformers are available in which the tapping point is a
movable carbon brush which enables the output voltage to be varied. One trade
name under which these are marketed is the 'Variac' ; they are commonly
encountered in laboratories in current ratings from 2 to 30 A.

A

v,t Binput input

~t output output
C

10) Ibl

FIGURE 4.5

The auto-transformer (a) in its simplest form and (b) as a variable-ratio
transformer

4.3 The Distribution of Electrical Energy

91

Since electrical power is proportional to the product of voltage and current, the
transmission of high energy across country involves sophisticated techniques
adapted to high current and voltage levels. Difficulties encountered with high
current are the rising costs of conducting materials, especially copper. Aluminium
is increasingly used since it is cheaper than copper for the cables of large cross­
section required to minimise cable resistance and therefore distribution loss.
The design of switches to break circuits carrying large currents to inductive loads
is also difficult. The cost of energy transmission at high voltage is not so acute
since the only problems that arise are those of insulation. If transmission towers
(pylons) may be used , advantage can be taken of the fact that air is a moderately
good insulator and voltages up to 400 kV and possibly to 750 and 1000 kV may
be transmitted across rural areas without the interconductor spacing becoming
unmanageable. If, however, the presence of National Parks or other aesthetic
considerations precludes the use of open transmission towers, underground
cables must be employed which use sophisticated insulation techniques and cost
approximately ten times as much as open-wire systems.

At high voltages the cost of conductors for a given power transfer is of
paramount importance and it can be shown 10 that the amount of copper required
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FIGURE 4.6

A greatly simplified diagram of the national electrical transmission and
distribution system

for single-phase two-wire systems is 1.33 times greater than that for three-phase
three -wire systems , other factors being equal. All distribution systems of higher
voltage than the 240 V local system are therefore of the three-phase three -wire
type. The single-phase 240 V system is itself obtained by adding a fourth neutral
line for domestic purposes in order that the statutory limit of 250 V for lighting
is not exceeded. Connection between one of the three -phase lines and neutral
wire thus gives a line-neutral voltage of 415/y3 = 240 V (see section 2.6) . Con­
nections to individual domestic premises are arranged so that the load presented
to the local 11 kV/415 V substation secondary circuit is as nearly balanced
between the phases as possible, thus minimising the neutral current.

Potentials of 400 kV to 1 MVare clearly unsuitable for any consumers
because of safety considerations and insulation problems, hence these potentials
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Energy
stored

together with the 132 kV system are reserved for interconnection of generating
stations via the National Grid. Supplies to heavy industry (steel, shipbuilding,
etc .) are made at 33 kV or sometimes at 132 kV. A Grid supply point is pro­
vided on the consumers' premises to lower the voltage to 11 kV and 415 V at
transformer substations. Supplies to light industry, farms and remote rural
domestic consumers at 11 kV are provided from a 33 kV/11 kV substation fed
from the output of a Grid supply-point. Energy at 11 kV is not allowed to enter
domestic premises for safety reasons; it is transformed down to 415/240 V,
usually by a pole-mounted transformer at the last transmission pole. Supplies
to urban and suburban areas are usually via underground 11 kV cables. Hospitals
requiring high power are directly supplied at 11 kV; street transformer-substations
feed the 415 V three-phase street distributor from which individual houses
receive 240 V single-phase spurs. Electric railways are separately supplied at
25 kV produced at special railway substations fed directly from the National
Grid .

4.4 Principles of Electro - mechanical Energy Conversion

An electro-mechanical transducer is a device for converting electrical energy into
mechanical energy or vice versa. Transfer between the two forms takes place via
electric and magnetic fields as follows

Energy storage in
Electrical energy - electric and - Mechanical energy

magnetic fields

-+ Motors

Generators ~

In transducers for power systems, as opposed to measurement devices, the
electric field is negligible and the conversion takes place via the magnetic field.

If a mechanical member is moved by a force produced from an electrical
source , mechanical work is done and the energy for this work is obtained from
the magnetic field. A reverse process occurs during electrical generation, although
it should be noted that a magnetic field must exist before an e.m.f. may be
induced causing some transducers (for example, the induction motor) to be
incapable of sustaining a reverse energy flow.

As in all systems losses occur which are dissipated to the surroundings as heat,
yielding the following balance equation in terms of energy

Net mechanical Electrical Electrical and
output input mechanical

losses

=

A serious problem is the inability of present methods to store large quantities
of energy in electrical form. A similarity in construction of electrical motors
and generators mentioned above allows indirect methods of storage . An example
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is a pumped-water storage scheme where water is pumped to a high level
reservoir during periods when surplus energy is available within the National
Grid. During peak energy-demand periods this water is used to power, as turbines,
the pumps previously used to raise it. The electrical motors attached to the
pump are then employed in their generator mode to feed energy back into the
National Grid.

4.5 Alternating-current Machines

It has been shown in section 2.6 that a three-phase supply may be generated by
a rotating magnetic field. Conversely, a polyphase supply may be reconstituted
into a rotating magnetic field by a similar geometric arrangement of windings.
Let the three-phase current waveform of figure 4.7b be applied to the three
star-connected coils shown in figure 4.7a.

B

y----------'
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~
2lt/3 rad 4lt/3 rad

(b)

y

- ~
Ym

R

(i) 6=0

B B

R
(ii) 6=Zlt/3 rad
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(iii) 6 =4lt /3 rad

B

(e)

FIGURE 4.7

(a) The winding arrangement, (b) the current waveforms and (c) the flux
directions encountered in one method of producing a rotating flux

Assuming that the flux magnitude produced in each of the three windings is
proportional to the instantaneous value of the current in that winding, the
magnitude of each component flux 1> r , 1>y and <Pb' together with the mag­
nitude and direction of their resultant 1> t is shown at angle 0, 2n/3 and 4n/3
rad in figure 4.7c (i), (ii) and (iii) respectively. Note that the phase sequence is
red, yellow, blue. This represents successive shifts of2n/3 radians anticlockwise
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FIGURE 4.8

(a) A possible star-connection of a two-pole three-phase stator and
(b) a primitive two-pole rotor for a synchronous machine

(by convention) in the phasor diagram. The resultant flux has rotated by an
equal angle clockwise. If connections between any two of the supply lines and
the coils are interchanged, the flux can be shown to reverse its direction of
rotation. Figure 4 .7a shows only a theoretical winding arrangement; the actual
configuration of a three-phase , two-pole machine is depicted in figure 4.8a. In
the above example the flux rotates at the supply frequency , the synchronous
speed. If, however , the machine were a four- pole design the flux would now
only rotate at half the previous speed (figure 4.9 b) , since in following one
electrical cycle it would only have rotated through 180°. Thus iff is the supply
frequ ency, p the number of pole pairs and ns the synchronous speed of flux
rotation

f
ns = - rev/s

p

The magnitude of the rotating flux in figure 4.7 is constant and may be
shown by simple geometry to be 1.5 times the maximum value of any individual
phase flux.

fNl 6=Tt rod

s s N

(a) 2 pale winding Ib) 4 pale winding

FIGURE 4.9

Showing that in half an electrical cycle (1T radians) the flux pattern of a four­
pole machine has only rotated through halfthe angle of that in a two-pole

machine
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Example 4.3
Calculate the speed of rotation of flux in a three-phase SO Hz four-pole motor
driving an extractor fan. What is the simplest method of converting it to a fresh ­
air in'take fan?

or

Speed of flux rotation n
supply frequency f

no. of pole pairs p

SO- = 25 tev]«
2

N = 25 X 60 = 1500 rev/min

To reverse the direction of rotor rotation, the flux rotation must be reversed.
This is easily achieved by interchanging any two of the three supply-leads to
the motor.

4.5.1 The Synchronous Machine

It was shown in section 2.6.1 that a primitive generator using the rotor of figure
4.8b could produce a sinusoidal e.m.f of the same frequency as its rotational
speed. This is a very elementary form of synchronous machine used as a generator.
If a compass needle were placed within the rotating field (figure 4.7c) produced
by a polyphase supply, it would (frictional forces being minimal) rotate with
the field. If the magnet were to be mounted on a shaft, this rotation could be
utilised to do external work, the magnet lagging with increasing mechanical load ­
torque until the pull-out torque is reached when synchronous speed cannot be
maintained and motor action ceases. The field-coil arrangement is called the
stator in electrical machines and the rotating bar -magnet would form the rotor
in the above example.

In practice: a permanent magnet is not used since the flux densities obtainable
are too low and the heating and vibration would soon result in a loss of remanent
magnetism. An electromagnet fed with a d.c, excitation current via slip- rings as
in figure 4.8b is employed

The need for a separate d.c. supply and the fixed speed of operation severely
limit the application of this type of motor, though of course all a.c. generators
fall into the synchronous-machine category. Synchronous speed for the standard
50 Hz mains frequency is n = f/p = 50/1 rev/s or 50 x 60 = 3000 rev/min for
the simplest two- pole machine, falling to 1500, 1000, 750 rev/min , etc., for
four-, six- and eight-pole machines respectively. This does allow some discon­
tinuous motor-speed control because the windings of a multipole machine may
be externally switched to effect a variation in the number of poles employed,
albeit with a loss in efficiency.

The chief use of synchronous motors is to effect power- factor improvement
since if the excitation current is made large for a given mechanical load it will
draw a leading current from the supply to offset the lagging reactive current of
other plant. In this application a synchronous machine is often referred to as a
synchronous capacitor. This may appear an absurd term with which to describe
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the machine ; however, it derives from another method of power- factor improve­
ment, namely the parallel connection of a capacitor to the load (see section 2.3.3).

4.5.2 The Three-phase Induction Motor
The most widely used a.c. motor, because of its inherent simplicity, is the in­
duction motor, shown in its primitive form in figure 4.10. A closed coil of wire
rotating about an axis parallel to its sides AB and CD is inserted into a
rotating magnetic field produced by three-phase or other means. The magnetic
field moves with respect to the rotor conductors which are initially stationary
causing the moving flux to cut the stationary conductors AB and CD. An e.m.f.
will be induced in the rotor conductors which, according to Lenz's law, will
cause rotor currents to flow giving rise to a rotor flux opposing the stator flux
(action and reaction).

axis of
rotat ion

A

direcll on of
flux rotation

S

C

~""""'- direct ion of
flux rotation

force on AS

...
~: -:-

~ --- (5 C'\ ---stator --- 0 . I~ Y ---
f lux --- ~ __

__- -- ---l:~:=

t
force on CD

FIGURE 4.10

A primitive rotor for an induction motor and the forces acting upon it

Application of Lenz's law and the screw rule to figure 4.10 shows that the
coil will experience a force in a direction tending to accelerate it in the direction
of rotation of the flux. When the rotor is initially stationary, the machine is
essentially a transformer with a short-circuited secondary. The low resistance
of the rotor conductors permits large rotor currents, causing large stator
currents to be drawn in order to maintain the field-flux magnitude constant
(see section 4.2.1, p. 87). As the rotor accelerates there is progressively less
relative angular velocity between rotor and stator, producing reduced rotor
currents and hence reduced stator currents. Consider the situation that would
arise if it were possible fm the rotor to accelerate until it revolved at the
synchronous speed. There would be no relative motion between field and
rotor therefore no induced rotor e.m.f.s or currents and hence no rotor torque .
The rotor would thus decelerate because of frictional and other losses until
the relative motion of rotor and field were such that the magnetic torque
produced balanced the mechanical torque required to overcome the losses. The
machine would thus rotate at a speed slightly less than synchronous speed
(contrast the synchronous machine) . The induction motor relies for its action
on this relative motion between rotor and field flux. This difference between
the rotor and field-flux speeds is called the slip speed .
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Slip is usually expressed in percentage or per unit values as a proportion of
the synchronous speed. Thus

synchronous speed - rotor speed
s (per unit slip) = -=-- - - - -=--- - - - --=-- ­

synchronous speed

At standstill the slip is thus unity and at synchronous speed it is zero. Thus
the rotor speed

nr = ns(l - s)

and the relative speed of rotation between the flux and the moving rotor is

ns - n, = sns

The synchronous speed is of course the speed of flux rotation. From section
4.5 this is

supply frequency f
ns =

stator pole -pairs p

In practice many conductors are used, laid in slots running axially along the
surface of a laminated rotor-drum. The purpose of the drum is to provide a low
permeability path for the magnetic field , giving maximum field strength for a
given magnetomotive force. The conductors have their extremities connected
together at each end of the rotor. Since the shape of the conductors and their
shorting rings resembles a cage, the term squirrel cage is used to describe this
form of induction motor (figure 4.11)

copper
rotor bars

FIGURE 4.11

The arrangement of the conductors in a squirrel-cage rotor; the rotor drum is
omitted for clarity

The Rotor E.M.F.
At standstill the stator and the rotor windings may be considered as a simple
transformer, the rotor e.rn.f. Vo will thus be sinusoidal at the supply frequency .
The rotor current will have a similar form but will be limited in magnitude by
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the rotor impedance Zr ' This impedance is formed by the rotor winding self­
resistance R, and the standstill rotor reactance X o.

Reactance is present because the rotor current produces an m.m.f. and flux
associated with the rotor itself, as distinct from the flux produced by the stator.
Thus the standstill rotor current Iro is given by

Vo Vo---=-- - -z, V(R/ + X 0
2

)

As the rotor accelerates the relative speed of rotation between the rotor and
the stator flux decreases from ns at standstill to sns' This causes two effects:
(i) the induced rotor e.m .f. decreases from Vo to a value Vr =s Vo since induced
e.m.f. is proportional to the rate of flux cutting, and (ii) the frequency j, of
the rotor e.m.f. is similarly reduced to sfwherefis the stator supply frequency.
The second of these effects lowers the rotor reactance (previously X 0 =2rrfL)
to X r = 2rrsfL, thus rotor reactance Xr = sXo- The rotor resistance is substantially
constant depending as it does solely upon the conductor sizes and materials and
temperature .

Once the rotor revolves , the above expression for rotor current is thus modi­
fied to

The Torque Characteristics
These may be derived qualitatively by setting up an energy-balanced equation
between the gross rotor power, the mechanical load on the rotor and the rotor
losses, neglecting friction and windage losses.

Mechanical output Gross rotor-input from field - Rotor losses

wrT wsT - Rotor losses

T(ws - w r) Rotor losses

where W s and W r are the angularsynchronous and rotor speeds (rad/s)

Therefore

T x 2rr(ns - nr) = Vr x I, x cos¢r

VrT X 2rr x s x ns = Vr X - X cos ¢r
Zr

Therefore torque is proportional to

v. 2 R= _r_ X

z, z,
S2V0

2 X R r

R r
2 + (SXO)2

sV0
2 X Rr

R/ + (SXo)2

V/ x R r

(R/ + X/)
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after division throughout by s and noting that ns is constant for anyone machine.
The shape of the speed - torque curve may be obtained from the above expression
by inspection. Typically Xo >R, so that (SXO)2 »R/ and at low speeds
therefore torque a: l/s. At high speeds where s is low, R r

2 »(SXO) 2 therefore
torque a: s. At some intermediate speed we can show by differentiating with
respect to s that the torque is a maximum when sX 0 = R r • This is left to be
verified by the reader. Figure 4.12 (where R, = Xo/8), is a typical torque curve
for an induction machine .

torque

2

L- ---.:lIp-._speed or
o slip

FIGURE 4.12

Induction motor -torque - speed curves for various value of rotor resistance

Starting Arrangements
Even though, in a particular application, the low starting torque may be accept­
able, the high starting currents taken from the supply (typically three to six
times the full-load current) may produce unacceptable voltage drops in supply
cables when motors are started by direct connection to the supply ('d irect- on').
For motors whose rating exceeds about 1 kW it is customary to employ some
device for limiting the motor starting current.

For any particular value of s (say standstill) T can be increased by artificially
increasing Ri, This may be appreciated by looking again at the torque expression
given above, this time treating s as a constant and differentiating with respect
to Rr- Again it can be shown that maximum starting torque may be obtained
by making R ; = Xo. This can be achieved either by inserting an external
resistor in series with the rotor-current path via slip-rings or by using a motor
with two rotor windings, one of high resistance that provides the starting torque
and the main low-resistance winding providing the major torque at operating
speeds. The external resistance has to be decreased to zero after starting since
the high rotor-circuit power losses produced will impair the over-all machine
efficiency ; a diagram of a typical arrangement is given in figure 4.13 while
figure 4.12 shows the modification of the torque - speed curves which ensues.
The disadvantage of the slip-ring induction motor is that some of the inherent
simplicity of construction is lost and therefore both cost and maintenance are
increased.

Alternative methods of limiting the starting current initially apply less than
the full working voltage to the stator windings . This may be done either by an
auto -transformer to reduce the supply voltage or by making use of the fact
that two voltages are obtainable when the stator windings are connected in star
or delta.
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phase supply

_ start

_ run

FIGURE 4.13

External resistors inserted in the rotor circuit of a wound-rotor induction
motor to improve starting torque

In the star - delta starter (figure 4.14) both ends of each of the stator
windings must be brought out of the machine on terminals to allow the machine
to be started in star connection where each winding will receive only I/V3 of
the supply voltage on initial connection. This limits the starting current per
phase to I/V3 of its value when switched direct -on or the line current to 1/3
of its former value. Within a few seconds, when the speed is steady, the starter
switch is quickly moved to the running (delta) connection where each winding
now receives its full rated voltage.

Because full voltage is not applied until the machine is rotating, the starting
current is limited to a safe value.

run

supply

start

t--I-+-------J Rz

motor stator
winding

FIGURE 4,14

The star - delta starter

Example 4.4
All the stator flux in a star -connected, three-phase, two-pole, slip-ring induction
motor may be assumed to link with the rotor windings. When connected direct­
on to a supply of 415 V SO Hz the maximum rotor current is 100 A. The stand­
still values of rotor reactance and resistance are 1.2 Q/phase and 0.5 Q/phase
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respectively. Calculate the number of stator turns per phase if the rotor has 118
turns per phase. At what motor speed will maximum torque occur?

Rotor e.rn.f .jphase

Standstill impedance/phase

Rotor e.m.f.jphase

Three- phase supply voltage

Therefore supply voltage/phase

= Rotor current/phase x
impedance/phase

= y(R/ + X0
2

)

= y(0.52 + 1.22
)

1.3 S1

100 X 1.3 = 130 V

415 V (line to line)

415/y3 = 240 V

Ratio of stator turns/phase to rotor turns/phase> ratio of stator voltage to rotor
voltage = 240 : 130

therefore

240
stator turns - - x 11"8 = 218 (to nearest integer)

130

Maximum torque will occur when rotor reactance equals rotor resistance that is,
when X r = R; or sXo = R r, thus at a slip s

s, 0 .5
s = - = - = 0.417

Xo 1.2

Synchronous speed for a two -pole 50 Hz machine is

f 50
ns = - = - rev/s

p I

Therefore

slip speed = sns = 50 x 0.417 = 20.8 tev]«

20.8 x 60 = 1250 rev/min

Rotor speed synchronous speed - slip speed

3000 - 1250 = 1750 rev/min

4.5.3 The Capacitor- start and Run (Split - phase) Motor

This machine operates in a similar manner to the three-phase squirrel -cage
motor. However, the rotating field is produced by two coils instead of three,
which are placed at right -angles to each other. Figures 4.15a and b show that
if the currents through the two coils are displaced in phase by 90° with respect
to each other a rotating field is produced. This phase shift is obtained by a
capacitor in series with one winding as shown in figure 4.15c. If the capacitor's
reactance is high compared with the impedance of the coil in series with it , the
current in this coil will be displaced by about 90° with respect to the other
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FIGURE 4.15

The split-phase rotor; (a) coil arrangement and current relationships,
(b) resultant flux directions and (c) circuit diagram

coil current. This enables both windings to be supplied from one single-phase
voltage source.

Because of the poor efficiency of these motors compared to three -phase
machines they rarely exceed 4 kW output and hence the expense of a wound
rotor is not justified; a squirrel-cage rotor is thus employed. These motors are
commonly used in domestic washing-machines.

4.5.4 The Single-phase Induction Motor

This is the simplest possible type of a.c. machine consisting of a single-phase
winding together with a cage rotor. It is used in profusion for small-power
constant-speed applications such as chart motors in instruments, tape recorders
and record players . The upper power limit is approximately 800 W since the
torque applied to the rotor is not constant as in three-phase motors, but is
impulsive throughout the period of one revolution. The field produced by the
stator does not rotate but is fixed in space, only its magnitude varies throughout
the cycle sinusoidally.

The Two Rotating Fluxes Theory shows (see figure 4.16) that although
there is one stationary flux, it may be considered as being composed of two
constant- magnitude rotating fluxes. These fluxes are considered to be super­
imposed and to rotate at the same speed in opposite directions. Hence, after a
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FIGURE 4.16

Two-rotating-flux theory
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FIGURE 4.17

Torque - speed curves for a single-phase induction motor

time t , the angle described by each will be wt as shown. The horizontal com­
ponents of each flux will cancel one another at all values of wt , but the vertical
components will vary between 2t/> at wt::: 0, through zero at wt ::: 1T/2 and
thence to a minimum of - 2 t/> at cst » 1T. Thus their resultant is a stationary
flux of maximum value 2 t/> and sinusoidal in form. The converse, therefore, is
that any sinusoidal stationary flux may be resolved into two counter- rotating
fluxes and it is this concept that helps to explain the physical behaviour of a
single-phase induction motor. Figure 4.17 shows a torque - slip diagram for
each of the fluxes. In the case of the backward- rotating flux the diagram is
reversed and inverted since positive slip to the forward flux is negative slip to
the backward flux. At standstill there is no starting torque, but if the rotor is
externally rotated in either direction the asymmetry of the diagram shows an
accelerating torque in that direction. Thus the motor is bidirectional, which may
not always be an advantage!
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In-built Starting Arrangements
Because there is no starting torque and since the direction of rotation depends
on the initial conditions, some form of starting arrangement is essential. All
the methods make use of flux phase-shift to simulate a two -phase field (as used
in the split- phase motor of section 4.5.3) for starting purposes.

All but the smallest machines employ an auxiliary winding at right-angles
to the main Winding, the current through it being phase-displaced with respect
to the main winding current by one of two methods. Figure 4.18a shows an
auxiliary winding of high- resistance material giving a current faux which lags
the supply voltage less than the highly reactive starting current through the main
winding I rn - A lower total current I and better power- factor at starting may be
obtained by supplying the auxiliary winding via a capacitor as in figure 4.18b.

[ [m [ [m

vI

51

vI
51

faux
faux

high resistance/
wind in

~---~v

[

(a)

FIGURE 4 .18

lbl

Two methods of providing phase-shift for the starter winding
S, and ~ are both closed when the rotor is stationary

The capacitor and auxiliary windings in both these methods need only be short­
term rated since a centrifugal switch can be arranged to disconnect the starting
circuit once a pre-determined speed has been obtained (contrast with the split­
phase motor of section 4.5.3).

Low- power motors rely on field asymmetry induced by 'shading' the poles
as shown in figure 4.19. The copper bands act as short -circuited turns, in which
e.m.f.s are induced which phase- shift the flux (J> s within the shaded region com­
pared with the unshaded flux (J>. These two phase-displaced fluxes can be seen
to be at an angle to each other and will the refore produce a starting torque as
explained previously.
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FIGURE 4.19

The shaded -pole method of starting low-power single-phase motors

4.6 Direct -current machines

Sections 4.5.1 to 4.5.4 show that the speed control of the simpler a.c, machines
considered is very limited, being confined to speeds not far removed from the
synchronous speed. In the past, a.c. commutator machines have been evolved in
which speed control over wide ranges was possible (Schrage motors, etc.) but
their complexity, together with the advent of cheap efficient semiconductor
rectifiers, has rendered them less common. Advantage is now taken of the wide
range of speed control inherently available in d.c. machines; the d.c. supply often
being obtained locally by rectification.

N S

~~+®E
~a

(b)

~~@E
~a Y

Id)

FIGURE 4.20

lc l

~®~E
x ~a

Ie)

lliustrating the principle of commutation in a primitive d.c . machine
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4.6.1 Principles - The Primitive D.C. Machine

Figure 4.20a shows a rotor consisting of a rectangular turn of wire, fed with a
current la' in the airgap of an electromagnet. The rotor is usually mounted on a
steel core, but this has been omitt ed for clarity.

If the rotor and field winding are energised by 1a and If respectively, the flux
distributions so produced will be as shown in figure 4.20b. If the rotor is free
to revolve it will turn anticlockwise until the rotor flux €/> a is almost aligned
with the field flux as shown in figure 4.20c . If the rotor current is now reversed
in direction, mechanical inertia will carry the rotor beyond the position of
figure 4.20c until the configuration of figure 4.20d is att ained which clearly
shows that the field directions are now such as to promote rotation in the same
direction until the current must again be reversed when the conductors reach
the position shown in figure 4.20e. The essential process of rotor-current
reversal is known as commutation and provides current reversals at intervals of
1800 of mechanical rotation in this example. A d.c. machine rotor and its
commutator are together referred to as an armature and this term will be used
hereafter. The simplest form of commutator (two segments) is shown in figure
4.2la in which it will be seen that, although the polarity of the supply and
therefore of the brushes remains unchanged, the rotor winding current is
reversed every 180 0 as alternative segments pass beneath each brush.

Practical D.C. Machine
A view of a practical commutator is shown in figure 4.21b where the copper
commutator bars are insulated from the shaft by a fibre bush and from each
other by intervening mica segments . There may be up to several hundred seg­
ments, depending on the machine size and use. Maintenance is confined to
renewal of the brushes and possibly the brush springs and, provided this is
done conscientiously, little wear of the segment bars is experienced. If the
brushes receive inadequate attention the copper bars may become scored, when

copper segments

car bon ,
brush '

axis af...-·
rotation

insulating
shaft

10)

rotor
winding

.>:

I
brush
spri ng

rotor

\
\
' f ibre
bush

( b )

mica
separators

rotor shaft

FIGURE 4.21

(a) A primitive and (b) a practical commutator
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The basic interconnections between the field coi1(s) and armature for
(a) a shunt, (b) a series and (c) a compound -wound machine.

the armature must be removed for resurfacing in a lathe. The mica separators
must then be slightly undercut to allow the bars to stand a little proud of the
mica.

The design of armature windings is too complex to be included here and so
general relationships for torque and speed will be developed applicable to each
of the main three motor connections known as 'shunt', 'series' and 'compound'
connection (figure 4.22).

(0) tb)

FIGURE 4 .23

The armature 's equivlaent circuit when rotating. (a) Generator mode,
(b) motor mode. Ra is the winding's self-resistance and E

its back e.m.f.

4.6.2 Relationship Between Armature Voltage, Current and Speed

Consider an armature within a constant magnetic field , fed with a supply voltage
V. When used as a motor (figure 4.23a), after transient conditions during
starting, the armature would eventually attain a steady speed (n rev/s) and the
electrical quantities would be related by the expression

V - E = laRa

E is the back e.m.f. (which by Lenz's law must oppose the applied voltage V)
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induced by the rotating armature conductors cutting the field flux,!a is the
armature current and Ra the armature resistance. When operating as a d.c.
generator (dynamo), figure 4.23b shows that the above equation becomes

V = E - laRa

The magnitude of E can be deduced from figure 4.20a. For each revolution
of the coil the total flux cut by each conductor (xx or yy) will be 2p~ where
~ is the flux per pole and p the number of pole pairs.The average rate of flux
cutting will therefore be 2p ~ n since 1In is the time in seconds for one revolution.

The total armature back e.m.f. will therefore be

(4.1)

where Zs is the effective number of armature conductors in series between the
brushes, or

E = kn~

where k =2pZs which will be a constant for any given machine. Substitution for
E in the original armature equation gives

V - kn~ = laRa

or

n =

The value of R a is designed to be very low to minimise heating losses and the
magnitude of laRa is typically only 0.05 of V.

An approximate expression for the speed may be obtained by ignoring the
second term in the numerator, hence

V
n ~-

k~

4.6.3 D.C. Machine Torque Equation

Using the fundamental equation of the last section and multiplying through by
i, yields

V = E + laRa

VIa = st, + I/Ra

Two terms of this second equation may be readily identified by inspection

VIa = total d.c. power supplied to the armature

la2Ra = power dissipated in the armature as heat

The third term Ela is thus revealed as the total mechanical power available.
Losses will occur subsequently from friction at the bearings, windage (air
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friction) and from eddy-current and hysteresis losses in the armature. An
approximate expression for the output torque T (in Nrn) can be obtained by
ignoring these losses in which case

Efa = 2rrnT

Substituting for E from equation 4.1 gives

2pr/J nZsfa = 2rrnT

1
T = - Zspr/J fa

rr

The important feature from the above expression is that for all d.c. machines
the torque is proportional to the product of the armature current and the field
flux. In the simple shunt machine (figure 4.22a) the flux is maintained constant
for a particular speed-setting hence the torque is proportional to the armature
current. In the series machine, however, it can be seen that the armature current
also produces the field and hence the field is itself proportional to the current.
Thus the torque To: fax fa 0: fa 2

• The characteristic parabolic form of this
equation can be compared with the shunt characteristic in figure 4.24. The
parabolic form can only extend until the magnetic core is saturated, in which
region the flux is effectively constant and the curve reverts to the straight-line
shunt form.

Compound- wound machines have their fields producedby two windings
(figure 4.22c). The torque - armature - current characteristic is, as would be
expected, intermediate between those of the singly-wound machines .

Example 4.5
A six-pole d.c. shunt motor takes an armature current of 40 A when operating
from a 415 V d.c, supply. It has an effective flux per pole at this voltage of
0.025 Wb and the armature has 400 conductors effectively in series between

torque

T

FIGURE 4.24

The torque - armature -current characteristics of d,c. motors
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the brushes. The total armature resistance is 0.25 S1. Calculate (i) the speed and
torque when running from 415 V and (ii) the approximate speed when connected
to a 240 V supply (assuming the flux per pole to have fallen by 40 per cent).

(i) Supply voltage - Back e.m.f, = Armature drop

V-E

Back e.m.f, = V - laRa 415 - (40 X 0.25)

= 415 - 10 405 V

Also

back e.m.f.

Thus

E 405

2pcz,t Zs

6.75 tev]«

2 X 3 X 0.025 X 400

or

s, = 6.75 X 60

Mechanical power at armature

Also

405 rev/min

Ela = 405 X 40 16200 W

armature power 21Tn t T

Therefore

T = ----- = 382 Nm
16200

21T X 6.75

V/kcz, z. Previously kcz, t = 415/6.75 , therefore(ii ) on 240 V, nz

cz,z
kcz, t X-

cz,t

0.015 415
- -X
0.025 6.75

therefore

---- X 6.75 = 6.5 tev]«
240

0.6 X 415

Nz so», = 390 rev/m in

4.6.4 Speed Characteristics of D.C. Machines
In section 4.6.2 it was shown that the speed of a d.c. machine is approximately
proportional to the inverse of the flux and therefore in a similar relationship to
the field current below saturation flux -density. The resultant speed - armature­
current characteristics are shown for series and shunt machines in figure 4.25a.
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FIGURE 4.25

lbl

(a) The speed - armature-current characteristics of d.c, motors.
(b) The mechanical characteristics of d.c, motors

In the latter case the flux remains nearly constant and the decrease in speed is
due solely to the increased armature voltage drop.

Perhaps the most important characteristic of all for a prime mover is the
'mechanical characteristic' or speed - torque curve. This can be inferred by eye
from the torque-fa and speed -fa curves, by plotting together values of speed
and torque for givenarmature currents giving figure 4.25b. It will be seen that
the mechanical characteristic is similar to the speed - fa curve for the shunt
machine since the torque is approximately proportional to current. The series
motor speed - torque is also similar to the speed - fa curve after the magnetic
field saturation effects described above have been reached.

A glance at figure 4.25 will immediately reveal that a series motor will run
up to dangerous speeds on light loads and it is therefore essential that it cannot
be disconnected accidentally from the load. Typical applications in which this
could occur are the breaking of belt -drives, orin centrifugal-pump motors in
which the interruption of fluid flow could allow the pump to become air- filled
causing the motor to 'race'.

4.6.5 The Starting of D.C. Machines

On switching the supply directly on to a d.c. machine with stationary armature,
there will be no back e.m.f, generated since flux cutting and hence rotation are
needed for this. The back e.m.f. (normally about 0.95 of V) limits the armature
current to a safe value once rotation occurs but the high initial armature-current
if the motor were to be connected direct-on to the full supply voltage would
damage brushgear, windings and possibly the supply arrangements. Consequently
a series resistor is included to limit the current until a back e.m.f. has been
established. This resistor is usually selected by a multi-position stud-switch
allowing the resistance to be progressively removed (figure 4.26).

Once the starting procedure has been completed a safety arrangement is
required to cater for temporary interruption of the supply. Such an event would
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R, - overload trip

R
2

- 'no-volt' trip

r - starting res istance
sect ions

A

AA

z

zz

r

•
L+o----l

supply

L- 0----------------<_---'

FIGURE 4.26

A d.c . motor starter with protections against overload and supply failure

bring the machine to standstill and the reinstatement of the supply would be an
effective direct-on start on a stationary machine. Accordingly , an electromagnet
trip is provided to hold the starter in the running position and to cause it to fail­
safe back to the start position should the supply be switched off or accidentally
fail. When the supply returns the complete starting procedure must be repeated
before the full supply voltage can be applied to the armature ,

The starting-resistor material will only be rated for short-duration running,
so th at , although the stud switch should only be advanced slowly, allowing
adequate time for the speed to build up , it must move to the run position
without too much hesitation which might cause the starter coils to overheat.
Care must be taken that the full field-current is applied to shunt and compound
machines at the instant of starting to give as high a starting torque and as slow a
running speed as possible. In practice, the field coils are often fed from the
starter to ensure this. A relay is incorporated in the starter to return it to the
'off position if excessive armature current flows as a result of mechanical
overload.

4.6.6 Speed Control of D.C. Machines

• Section 4.6 .2 showed that the speed of a d.c. machine is inversely proportional
to the field strength and directly proportional to the applied armature voltage

V
n~ -

ktP

Variation of either tP or V can be used to control a d .c. motor's speed .
Useful increases of speed above the rated value can be obtained on shunt and
compound machines by field weakening with a variable resistor in series with
the field coil if the accompanying fall in torque can be tolerated. The energy
loss in such resistors is not great because field currents in these machines are
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typically only one-tenth of the armature current. Care must be taken that the
field connections are not accidentally open-circuited by a dirty resistance-wiper
contact or other cause; the flux density would fall to the residual value for the
field system and the speed would rise destructively.

Where a decrease in speed below the rated value is required, control can be
achieved by reduction of the armature voltage using a series resistor in the
armature supply . This method suffers from two disadvantages : first, the control
resistor has to carry the full armature current and therefore will dissipate much
energy as heat , causing poor overall efficiency; second, the armature voltage for
any given resistor setting will depend on the load supplied to the motor, since
armature current and therefore the resistor voltage drop are proportional to load .
This second feature destroys the constancy of speed under varying load which is
such a desirable feature of shunt motors.

An efficient method of speed control by variation of the armature voltage is
to feed the armature from a variable d.c. supply . Such a supply can most
conveniently be a d.c. generator driven at constant speed by a prime mover. The
magnitude and polarity of the generator output are controlled over very wide
ranges by variation of the excitation (field current). Such a system forms a basic
Ward- Leonard system (figure 4.27a) .

output to
generator
field

comparator

/ /amPlifier

Z

motorgeneratorgenerator
field

field
resistors

motor field output
shaft

Ii.Id .0---_-......------------>,----, I
current --- -­
supply

/~-'----<JZZ
tacho
generator

yy'-----------y---- ~I

(a) (b)

FIGURE 4.27

(a) The basic open-loop Ward- Leonard speed controller and
(b) the additional components required for automatic control in closed-loop

operation

For more accurate control, the speed of the output motor may be monitored
by a tachogenerator whose output is compared with the desired control-voltage.
Any difference between these two voltages is amplified electronically and used
to control the field current of the generator (figure 4.27b). Such a system,
which automatically monitors any change in the output caused by load
fluctuations or other external influences and then corrects the system auto­
matically to the desired condition, is known as a closed -loop control system.
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The analysis of the response of such a system to external variations is complex
and is to be found in texts on control engineering. 11, 12

Speed control of the series motor is more difficult since the speed varies
widely with load but some measure of control is possible by variation of the
motor field-strength. Since the field and armature windings are in series, some
of the armature current has to be bypassed from the field winding by means of a
parallel diverter resistor (figure 4.28a). Where a very high-power motor is used,
as in some forms of electric traction, the design of a variable resistor for such
high current-levels and the inefficiency thereby introduced limit the designer to
discontinuous speed control methods. An example is the stud-switch arrangement
of figure 4.28b in which the effective number of turns of the field coil may be
varied.

supply

(a) (b)

FIGURE 4.28

(a) The diverter resistor and (b) the tapped -coil methods of series-motor
field-control.

Note : The safety resistor r is included to avoid ever
short -circuiting the field completely

Example 4.6
The motor quoted in example 4.5 (p, 110) is running steadily on a 415 V supply.
If the flux could be instantaneously reduced from 0.025 Wb by 0.1 per unit,
calculate the momentary rise in armature current and the corresponding torque.
If the load torque remains constant after acceleration calculate the final speed.

E 1 Original back e.m.f.

V - laRa = 415

405 V

(40 X 0.25)

Since E 1 = kn ep 1 , when the flux decrease occurs the armature is momentarily at
the same speed therefore the new back e.rn.f. is given by

4>1

405 X 0.9 364 V
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Therefore the new armature current is given by f a 2 Ra = V - E2

415 - 364

0.25

204 A

Original torque is 382 Nm (from previous example). Since

Thus

torque

new torque

old torque

armature current X flux

new armature current X new flux

old armature current X old flux

new torque = 382 X
204

40
X 0.9 = 1750 Nm

This torque increase accelerates the armature until the motor output falls to its
original value at a new speed n3 '

also

thus

n3 = (V - f a3Ra)/ k (/J3 (4.2)

therefore we must find f a3 and k , For the same load torque

original current x original flux = fmal current x final flux

Thus

final current f a3

40

0.9
44 .5 A

Originally E1 = kn 1 (/J 1 , therefore

405
k

6.75 x 0.025

and is a constant for the machine at any speed . Substituting in equation 4.2
gives

[415 - (44.5 X 0.25)) 6.75 X 0.025
n3

405 X 0.0225

7.47 rev/s

or

N3 449 rev/min
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4.6.7 Thyristor Control of D.C. Machines
Until recently the methods of speed control of d.c. motors nearly all used
resistors in the field circuit and in the armature circuits as discussed above. Some
power loss in such resistors is unavoidable.

The recent advent of the thyristor and its use as a controlled rectifier (see
section 5.3) has made d.c. motor control more efficient. Such devices are used
to vary the potential applied either to the field or to the armature circuit and
usually consist of bridge configurations as shown in figure 4.29 . Whereas single­
phase full -wave rectification is appropriate up to approximately 15 kW,bridge
circuits supplied from a three-phase source are more usual for the higher-power
machines.

Provision may also be made to monitor the motor speed via a tachogenerator
and to incorporate a feedback loop in order that the system may be self-correcting
maintaining constant speed under varying conditions of load and supply.

A phase-shifted supply to the gate electrodes of the thyristors varies the
current through the thyristors and hence through the motor winding. Because
the forward voltage-drop across power thyristors is only approximately 1 V,
little power is lost in the speed-control circuits even when used in conjunction
with high-power series motors in traction applications .

The inherent defects in stud-switch starting (contact fouling, wear and
sparking) may be eliminated, since a fully thyristor -controlled starter can be
designed without any moving parts.':' This relies on the successive firing of
several thyristors as the back e.m.f, of the machine riseswith speed. A
completely automatic starting sequence may be provided by thyristors
progressively short-circuiting sections of the armature series-resistor by static
electrical , as opposed to mechanical means.

a
su

~~
.,L...,

thyristor -gate
. c .

pply
r-- '-- phase shifting

~t ] r circuit

motor armature

or
field winding

FIGURE 4.29

The basic half-controlled bridge supply for a variable-speed d.c. machine

4.7 Guide to the Selection of Motors 14

Every industrial application of electrical motors will be influenced by the
electrical supplies available, temperature and safety considerations, together with
cost and maintenance charges. To attempt a definitive statement of motor
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choice on mechanical (speed - torque characteristics is therefore to oversimplify
the problem, as each situation may be nearly unique. It is however possible, with
the above limitations firmly in mind, to lay some general guidelines along which
selection may proceed.

The cheapest motor, because of its mechanical simplicity and volume
production, is undoubtedly the squirrel-cage induction motor. Its applications
vary from gramophone turntables (single-phase) to pump and machine-tool
drives rated up to tens of kilowatts (three-phase). Such machines may be started
direct-on for low powers or with a star- delta starter arrangement for powers
over 1 kW. In applications where a high starting-torque is required the wound­
rotor (or slip-ring) induction motor is preferred. The characteristics of all forms
of induction motor limit the operation to very near the synchronous speed
although some measure of control is possible via the external rotor resistor in
the slip-ring machines. The squirrel-cage machine , having no brushgear, is
especially suitable for explosive-hazard environments such as mines and chemical
plants because of the absence of brush sparking. Major speed changes are usually
made in machine -tool drives either mechanically through gearboxes and pulleys,
or electrically by switching to vary the effective number of poles used and hence
the synchronous speed of the field. The synchronous motor in its larger sizes is
generally limited to power-factor correction (see section 4.5.1) because of its
cost.

The great advantage of d.c. motors in spite of their relative complexity is the
degree of speed control available. The shunt motor has uniform speed under
varying load conditions and if the speed is controlled by the field current, has
good efficiency. It is also greatly used in speed- and position-control systems
where the relatively small field-currents may conveniently be controlled by
thyristors or transistors.

The characteristics of the d.c. series motor are especially valuable for
applications where its high torque at low speeds is essential. Such situations as
hoists and electrical traction are foremost while an everyday example is that of
an automobile starter-motor where high torque at low speeds is essential for
cold-weather starting and high currents are available for a short time to provide
this. The over-riding consideration in the specification of series motors is that
the load must never be removed since destructively high speeds ensue.

Where the finest control of speed over wide ranges is required under
conditions of widely fluctuating loads the Ward- Leonard system in either its
open- or closed-loop form is employed. Such an example would be a metal­
rolling mill in which the load is applied suddenly as the metal billet passes
between the rolls and where frequent rapid reversal of the drive is required.

Motors are available in a wide variety of enclosures for differing environ­
ments. Examples vary from the simplest screen enclosure to protect personnel
from contact with the rotor or brushgear, through 'drip-proof where cowls are
arranged to prevent the ingress of rain in out-of-doors applications, to pipe­
ventilated and totally enclosed types for use in dusty and corrosive atmospheres
respectively.

The British Standards which specify the performance of electric motors
between 1 and 2500 h.p. are set out in BS 2612 and BS 170.
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The performance is specified in terms of

(i) The standard voltage of the machine.
(ii) The 'rating' or mechanical output obtainable under either short­

term or continuous use.
(iii) The maximum permissible temperature-rise for various components

of the machine under varying ambient-temperature conditions.
(iv) The tolerance allowed on the quoted efficiency and power-factor

figures.
(v) The maximum permissible overloads which the machine is capable

of withstanding.
(vi) The types of enclosures available.

For any given type of machine the rating for a given size of frame may be
raised at the design stage by increasing the speed since the fanning and cooling
arrangements for the armature are improved. Also for a given type of machine
the cost is approximately proportional to its weight, and the weight varies
inversely with the speed for a given rating. Hence a 40 kWmachine may weigh
1150 kg for a speed of 500 rev/min whereas it would weigh 430 kg for the same
power at 1500 rev/min. Typical costs at the time of writing would be £1000 and
£300 respectively. Therefore the cost is almost inversely proportional to the
speed for a given power , so that it is always economical to use the highest-speed
motor which may be adapted for a particular application.

4.8 Problems

4.1 When measuring large currents a current transformer is often interposed
between the ammeter and the circuit to be investigated. This is to step down the
current to manageable values, enabling an ammeter of convenient range to be
employed. The secondary terminals of such transformers are always short­
circuited carefully by the operator except when the ammeter is actually being
observed. Use your knowledge of transformer action to suggest reasons for this
procedure.

4.2 An alternating current of the form

i = 10 + 50 sin 1007rt

is fed to the primary terminals of a voltage step-up transformer of turns ratio
10: 1. Assuming the transformer to be ideal write down the expression for the
secondary voltage with respect to time, justifying the answer by reference to
transformer action and suggest a possible transformer application based on this
particular property.

4.3 Calculate the speeds of flux rotation in revolutions per minute in a
multipole a.c. machine operating from a 60 Hz supply. The stator winding may
be arranged to give any combination of pole pairs to a maximum of six. Suggest
ways in which the speed of a synchronous motor may be varied (a) in steps (b)
continuously.
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4.4 A primitive induction motor has its rotating field produced by a four-
pole stator from a 50 Hz supply. The rotor consists of a single coil whose ends
are terminated in slip-rings and whose resistance and reactance at 50 Hz are
0.3 nand 2.4 n respectively. The open -circuit voltage appearing across the slip­
rings at standstill is 50 V. Calculate the motor torque when operating at 1440
rev/min with the slip-rings shortcircuited.

4.5 Calculate the starting torque of the motor in example 4 .4 above if an
external resistor of value 2 n is connected to the slip-rings.

4.6 A 440 V d.c, motor takes an armature current of 20 A when running at
500 rev/min, its armature resistance being 0.6 n. If the magnetic flux is reduced
to 0.7 of its original value the torque increases to 1.4 times its original value.
What are the new values of armature current and speed?

4.7 A 200 V series motor runs at 6 rev/s when taking a current of 40 A.
The armature resistance is 0.02 n and the resistance of the field winding is
0.03 n . Find the speed when the field is shunted by a 0.02 n resistor in parallel ,
the load torque remaining constant throughout. Assume that the flux is
proportional to the field current.

4.8 Explain the reasons for the choice of electric motor to be used for the
following applications.

(a) A 20 kW induction motor driving a large lathe.
(b) A small a.c motor driving a polishing machine in a laboratory.
(c) A d.c, shunt motor driving a variable -speed stirrer.
(d). Ad.c, series motor driving a battery -operated truck.



5 Power Supplies and their
Applications

5.1 Rectification

Chapter 4 has shown that although electrical energy is commonly distributed in
alternating current (a.c .) form , local supplies of direct current (d .c.) are often
required for motors. Other common applications for d.c. are electroplating and
battery charging.

Rectification is the process of converting an alternating current into a uni­
directional one. The final result may not necessarily be direct current which
would imply constancy of magnitude as well as direction. The distinction
between these terms is shown in figures 5.1a, b, and c which depict typical
variations in the instantaneous value i of alternating, direct and unidirectional
currents. Figure 5.2 shows that many unidirectional currents may be resolved
into an alternating a direct component.

O-t----+-----j~~O-t-------~- O-f-------'IL---....l-_

lal alternat ing (b) direct

FIGUR E 5.1

(c) unidirectional

Typical waveforms of electrical current

y

unidirectional

y

O-+-+-t-+-t--+--+~

alternaling

FIGURE 5.2
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+
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O--t-------~

d i reel

Resolution of a unidirectional waveform
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FIGURE 5.3

.--_~ one-way valve

) turbine
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A diode and a clack valve used as unidirectional switches in electrical and fluid
circuits respectively

Rectification requires some form of unidirectional switch between the supply
and the load. This is analogous in its operation to the type of one -way valve
often used in hydraulic and pneumatic circuits (figure 5.3 b) . The pump is
driven alternately in opposite directions, but flow only occurs when the
pressure is in the correct sense to open the valve. The resultant turbine speed
will be unsteady but always unidirectional; in other words the turbine speed
will have an alternating component superimposed upon a constant or d.c .
component.

An electrical component which only permits current flow in one direction is
known as a diode. In the past , thermionic devices have been used for low
currents and gas-filled diodes, mercury-arc rectifiers and ignitrons for successively
higher currents. The advent of cheap, sturdy, reliable and efficient semi­
conductor diodes has all but eclipsed the use of these earlier devices in all fields
except welding circuits where the ignitron (section 5.4.3) still holds some
advantage. The basic operation of the semiconductor diode has been explained
in section 3.4.3 but figure 5.4 repeats the diode's electrical characteristic.

inverse slope
=forward resistance

I

maximum
reverse
voltage

-V~r====::P!'------v

drop

reverse
breakdown

(a)

I

- v~-----f-----l~ V

lb)

FIGURE 5.4

(a) Actual and (b) idealised electrical characteristics of a semiconductor diode
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A typical value of the forward voltage-drop in a diode is from 0.3 to 0.8 V.
Voltage drops of this magnitude may have to be taken into account in
circuits where small voltages are being rectified, but in the majority of power­
frequency applications the supply voltage may be two orders of magnitude
greater than this (above 100 V) rendering the forward drop negligible. The
forward resistance or inverse slope of the characteristic will give rise to heating
effects within the diode (typically 1.2 W per ampere offorward rectified
current). While these losses are small and may often be neglected in power­
rectifier calculations, they do give rise to heating effects within the diode and
care has to be taken in the internal construction and mounting of the diode so
that these losses are adequately dissipated to the surroundings. In order to
ensure that the semiconductor junction temperature never exceeds the critical
value (I 50 °c for silicon) at which thermal runaway and destruction occur the
body temperature of the device is limited to between 100 and 120 0c.

Figure 5.5 illustrates the internal construction and mounting of a power
diode. The lower side of the semiconductor slice (often only about 1 em
diameter) is soldered directly to the copper base which extends downwards into
a threaded mounting-stud. The base is annealed during manufacture so that care
must be taken to prevent accidental knocks or overtightening of the mounting
nut from distorting the copper base. This would prevent the intimate contact
required between the undersurface of the base and the heat sink on which it
must be mounted for efficient heat conduction from the device. Typical heat
sinks are aluminium plates, either plain or finned (often with a blackened
surface) which radiate the waste heat to the surrounding air. The temperature
rise of the cooling air (up to 0.2 °cper watt dissipated) together with the small
size of high-current silicon devices means that the exhaust air may be
extremely hot in large installations and adequate ventilation arrangements must
be provided.

rl?Cllfying
/ juncl ion

\
\,
'copper
base

FIGURE 5.5

The internal construction of a power rectifier diode
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In installations where the rectified current is above 250 A forced-draught
cooling is often employed; even a 30 ern diameter fan being adequate for
installations of 500 kW rectified power. Care must also be taken in the design
of low-power electronic equipment to keep these diodes with their relatively
high body temperatures out of the vicinity of more temperature-sensitive
components.

Provided that adequate cooling provisions are made we may adopt figure
5.4b as a convenient idealised characteristic for calculations based on a power­
rectification diode. The diode's internal losses are neglected and the forward
drop is assumed to be negligible compared to the supply voltage .

5.1.1 The Half -wave Rectifier
A half-wave rectifier uses a single diode (figure 5.6) to ensure that current only
flows through the load on the positive half-cycle. With resistive loads this means
that i = 0 whenever the upper end of the transformer secondary winding is more
negative than the lower end and that i = (Vm sin wt) /R on positive half-cycles.
The mean value of the rectified output current for a half-cycle is given by

I mean' =; s: [Vm sin,; d(wt) ]

This has been shown in section 2.Ll to equal 2 Vm /1TR , thus for an integral
number of cycles the over-all mean rectified current will be half the above,
namely, I mean =Vm /1TR. It may be clearly seen that although the load -current
waveform is unidirectional it contains a high alternating component (ripple)
which though acceptable for some purposes (battery charging or electroplating)
renders it totally unsuitable for most applications.

r.m.s. value of all the a.c, components
Ripple factor = ------------::---­

mean d.c, current

F----"--.......~---"----- wt

F----r'--~r__--_r-'>---;- wt

wt

FIGURE 5.6

Basic half-wave rectifier circuit and waveforms
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While this may be reduced by the smoothing circuits of section 5.2, the low
efficiency, poor voltage-regulation and the unidirectional value of transformer­
core flux cause the half-wave rectifier to be unsuitable for power rectification.
Since the transformer currents are unidirectional, the transformer flux will be
unidirectional and unless the core area is made adequate, difficulties may be
experienced because of magnetic saturation within the core material. This last
disadvantage may largely be overcome by employing two diodes acting on
alternate half-cycles to pass a unidirectional current through the load.

5.1.2 The Bi-phase Rectifier

If two half-wave circuits are used back- to -back, as in figure 5.7a, D 1 will
conduct when terminal A of the transformer winding becomes positive with
respect to the centre-tap B, while D 2 will conduct when terminal C becomes
more positive than B. The forward currents of D1 and D2 will therefore pass on
alternate half-cycles through R in the same direction givinga 'full-wave' output.
The effective equivalent circuits during each half -cycle are shown in figure 5.7b.
We can intuitively see that the mean rectified current is now twice that in the
half- wave case and that the ripple factor has decreased appreciably. Lastly, the
transformer secondary current flows in successive halves of the winding in
opposite directions ensuring that the core flux is cycled about zero and allowing
important economies to be made in core size. It will be seen that when D 1

conducts points A and E are at the same potential (+Vrn at t 1)' Since point C
is at a potential - Vm at that time, the total reverse voltage of 2 Vrn is between
C and E. This requires diodes with a higher reverse rating (peak inverse voltage)
than either the half-wave, or the bridge rectifier to be considered in section 5.1.3.

A 0,..
p I1n

:J B .s: ,; IA-c
t; E wi

~ i,

~
C ...

(0) WI

0. R
~

0 Q wi

ir

wl=O to n wt e rt to 2Tt =°'+;2)

Ib) WI

lc)

FIGURE 5.7

(a) The bi-phase rectifier circuit, (b) its equivalent circuits and (c) its waveforms
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Example 5.1

Assuming the use of an ideal diode , calculate the mean rectified load-current
through R in the half-wave circuit of figure 5.6 . The transformer secondary
voltage is 240 V and the load resistance 250 n. What would be the power lost
in the rectifier if the diode had a finite forward resistance r of 1 n.
On conducting half-cycles the instantaneous load voltage is Vm sin wt or
240../2 sin wt. By Ohm 's law the instantaneous load current will be
(Vm sin wt)/R or (240../2 sin wt)/250. The mean value of the expression over
the forward half-cycle is given by

1 ~ 1TI mean' = -
1t 0

240../ 2
sin wt d(wt)

250

- 240 ../2
- - X

1t 250

r: 0.433 [ - 2)

0.866 A

1T

[cos wt]
o

Since i = 0 over the whole reverse cycle Imean = Imean '/ 2

Imean =0.433 A

Pmean' = Ir.m.s.
2 r

where Ir.m.s. =1m 1../2 and 1m is the maximum forward current (see section 2.1.2).

therefore

Thus

so that

1m
240../2

1.355 A--- =
251

1.355
Ir.m .s. 0.958 A

../2

Pmean
r =(0.958)2 X 1 92mW

Pmean
,

Pmean = 46 mW
2

5.1.3 The Bridge Rectifier

Figure 5.8 shows the arrangement of four diodes to form perhaps the most
common rectifier circuit - the full-wave bridge, which requires twice the
number of diodes compared to the simple bi-phase circuit but retains all the



Power Supplies and their Applications 127
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(b) tc)

FIGURE 5.8

(a) The complete bridge-rectifier circuit and (b) and (c) its equivalent circuits
during alternate half-cycles

good features of the latter without the need for a centre-tapped transformer.
Its operation is as follows.

(i) First half-cycle (A positive with respect to B). Diodes I and 3 are
forward-biased and therefore conduct, the current flowing through the load R
from P to Q. Since the potentials across D. and D3 are negligible the reverse
voltages across D, and D, are equal to the maximum value of the supply Vm .
The equivalent circuit is shown in figure 5.8b.

(ii) Second half-cycle (B positive with respect to A). Diodes 2 and 4 conduct
and current again flows through R from P to Q. The reverse voltage across D.
and D3 is that of the maximum supply voltage Vm alone. The output waveform is
the same as that of the bi-phase rectifier in figure 5.7 yielding the same mean
rectified current.

Each of the diodes must be capable of withstanding the peak output voltage
in the reverse direction but each carries current for only half the cycle.

An important advantage of both bi-phase and bridge arrangements that yield
a 'full-wave' output can be seen by reference forward for a moment to figure
6.10 (p. 180). While a half- wave output by analysis can be shown to contain a
significant sinusoidal content at the fundamental supply frequency, a 'full-wave '
output contains no alternating term at a frequency less than twice the supply
frequency. It will be demonstrated in section 5.2 that these higher ripple
frequencies are more easily eliminated than terms at the fundamental frequency.
An arrangement which minimises even further the ripple content and raises its
minimum frequency to three or even six times the supply frequency is provided
in systems of polyphase rectification.
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Comparison ofSingle-phase Rectifier Circuits
From the foregoing sections it will be seen that for the same rectified current
lmean supplied to a constant load voltage equal to the peak value Vm of the a.c.
supply voltage, the following requirements for the transformer and diode(s)
must be satisfied.

Half-wave Bi-phase Bridge

Transformer supply 0.707 Vm 0.707Vm + 0.707Vm 0.707Vm
(r.m.s.) voltage

Maximum diode current rrlmean rrlmean/2 rrlmean/2

Peak reverse voltage 2Vm 2Vm Vm
per diode

5.1.4 Polyphase rectification
If a three-phase supply is available, more efficient and more easily smoothed
rectification is possible. The circuit waveforms and diagrams in figures 5.9a and
b show the construction of three-phase half-wave and three-phase bridge
rectifiers respectively. The secondary winding of the three-phase transformer
must be star-wired for half-wave operation in order to make the star point N I

available for connection of the load. The output waveform is best understood by
initially considering the circuit to act as three separate half-wave circuits feeding
their positive half-waves into a common load R. Because of the 2rr/3 phase-shift
between each winding, the resultant load currents would be those of the feint
lines in figure 5.9a·. However forward-biasing and consequent conduction of D I

will only occur when VI is greater than both V2 and V3 ; that is between 0 and
2rr/3 radians.

At point B, V2 exceeds VI and conduction through the load now occurs via D2 •

The load current throughout the full cycle (and therefore the load voltage for a
resistive lead) thus follows the heavy line connecting points A - B - C- A. By
inference it can be seen that the lowest ripple-frequency will be three times
that of a single-phase half-wave rectifier, that is three times the fundamental
frequency. The load current progresses during the cycle through the phases in
the order 1 - 2 - 3 - 1. This process is known as commutation.

A three-phase full-wave rectifier may be constructed using six diodes and
three centre-tapped phase windings (not illustrated). Such a circuit is known as
a 'six-phase diametral star' connection and the minimum ripple-frequency is, as
may be supposed, six times the fundamental but the circuit has the disadvantage
of requiring a three -phase centre-tapped transformer.

A simpler arrangement employing six diodes and a simple three-phase supply
in which even the star point need not be available is the three -phase bridge rec­
tifier (figure 5.9b). Current flows to the load via TI from whichever transformer
terminal is most positive and returns via T2 to the most negative terminal. At
time t', when terminal A is at its maximum instantaneous value , terminals Band
C are at equal negative potentials of half their maximum values . The load voltage
is thus VI , the conduction being shared between D I at maximum current and
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FIGURE 5.9

(a) Three-phase rectification and (b) voltage diagram for a three-phase
bridge-connected rectifier

diodes D s and D 6 each carrying half the load current. Thus unlike the half- and
full-wave polyphase rectifiers where the load voltage is the distance between
the envelope and zero , the polyphase bridge load-voltage is the distance between
the positive and negative envelopes and may be shown to contain an a.c.
component of minimum frequency 6[. The reason for the load current and
voltage not precisely following the a.c. envelope at the start of each conduction
region (points A, B and C) may be explained as follows .
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The simple explanation employed previously would require that the diodes
should suddenly start conduction at points A, Band C. Because of the finite
inductive reactance of the transformer windings and of the load (if not purely
resistive) the phase current is unable to rise instantaneously from zero to
vl/R at point A. There is thus a time lag, known as the 'period of overlap' or
'overlap angle' ,during which conduction is gradually transferred from D 3 to
D1 resulting in a momentary reduction of output voltage in this period.

It will be realised that the mean current through each of the diodes is one­
third of the mean load current [mean and it can be shown that the r.m.s. current
carried by each diode is 0.58 [mean. The peak inverse voltage which the diodes
must withstand is simply the supply voltage maximum as in the single-phase
bridge.

The relative costs of the most popular rectifier arrangements are single-phase
full-wave (bi -phase) 1.54, single-phase bridge 1.47 and three-phase bridge 1.00.
These prices refer to the cost of rectifier diodes·and heat sinks alone for the same
d.c. output voltage and current. Prices vary approximately linearly with the
current required in power applications.

5.2 Smoothing or Filtering Circuits

The previous section has shown that polyphase rectifiers, particularly in the
bridge configuration produce an output whose waveform is low in ripple. 'D.C.'
in this form is perfectly satisfactory for many applications especially battery
chargingand electroplating. The use of unsmoothed d.c. for motor supplies
may also be permissible, leading only to some increase in acoustic noise. If the
rectifier circuit is intended as a power supply for electronic or other electrical
measuring equipment, the output waveform must be smoothed (have its a.c.
content removed) to provide a supply similar to that obtained from batteries.
This is achieved by using either inductance, capacitance or both.

In figure 5.1Oa if the current is not smooth, its rate of change induces an
e.m.f, in L so that the varying (a.c.) component of voltage is developed across
the inductor rather than across the resistive load. In figure 5.10b however, the
alternating current passes through C more easily than through the load.

In both cases the current flowing through the load R is made more const ant,
that is, it is smoothed or filtered.

C lood

(0) RL smoothing

FIGURE 5 .10

(b) RC smoothing

Simple single-reactance smoothing circuits
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5.2 .1 ec Smoothing

This method is the more widely used of the simpler smoothing circuits (figure
5.11 ) because of the relatively low weight and price of capacitors compared with
inductors.

Between times t ' and t" the capacitor charges up from the supply for-a time
t, and during the period t 2 discharges exponentially into the load R which will
be assumed to be purely resistive for simplicity of analysis. If the supply unit
has a low internal impedance, the charging current into the capacitor during t,
could momentarily exceed the supply unit's maximum rated current. To avoid
this a series resistor Rs is included of a sufficiently small value to ensure that the
charging time (5 x time constant = 5RsC) is completed within the available
period tl'

t'h,Sin 2n

(0)

(c)

Figure 5.11

RC smoothing circuit on a full-wave rectifier; (a) the circuit,
(b) the output waveform and (c) the approximate output waveform

For equilibrium the charge taken from the smoothing capacitor by the load
R is replaced by the current pulse from the supply during t, . Assumptions are
made that Rs is much less than Rand C is large so that l/wC is much less than
R. Neglecting t, compared to t 2 then t 2 is approximately 1/2[where [is the
a.c. supply frequency.

Charge taken from capacitor during t2 = current x time

I L mean X
2[

VL mean 1
coulombsx -

R 2[

where VL mean and lt. m ean are the mean load-voltage and current respectively
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The charge supplied is given by

VL mean 1= - ---- - X
R 2f

thus

2fRC

But mean load -voltage

VL mean = Vm

Jif, meanVm - - ---
4fRC

1
+-­

4fRC

Thus by binomial expansion

(5.1)

Example 5.2
Design a full-wave smoothing filter to deliver 250 V at an average current of
50 mA to a resistive load . The amplitude of the ripple voltage must not exceed
4 per cent of the maximum supply voltage. Design an additional LC section to
reduce the ripple voltage by a further factor of 50. The supply frequency to the
rectifier is 50Hz.

Ripple amplitude
---- --_._- - _.._---~---_ .-

Maximum supply voltage

Vm - Jif, mean
- -----

Vm
0.04

VL mean I-- = I - -- = I - 0.04 = 0.96
Vm 4jRC

The load resistance R takes 250 Vat 50 mA and thus has a value of

250
= 5 kD.

0.05
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Hence

- - = 0.04
4fRC

or

C =
4 X 50 X 5 X 103 X 4 X 10- 2

= 25/lF

The ripple voltage may further be decreased by the addition of an LC filter
section as shown in figure 5.12. For the required attenuation the reactances
of C1 and L must be in the ratio of I :50. Hence 2rrfL=50/2rrfCI or LCI =
50/4rr2 f 2 . If L is chosen to have some convenient value, say 10 H, then C =
12.5 /IF if the ripple voltage is assumed to approximate to a second harmonic
(100 Hz) sinusoid.

L

FIGURE 5.12

Addition of an LC section to a simple capacitance filter
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5.2.2 Ripple

As stated in the introduction to section 5.2, the aim of a smoothing circuit is
to reduce the a.c. components (ripple) in the power-supply output to a
minimum . A perfect smoothing arrangement would require infinitely large
capacitors and inductors, but a measure of the performance of any particular
practical smoothing arrangement is stated in terms of the ripple factor, defined
thus

r.m.s. value of all the a.c, components present
Ripple factor =

d.c. component

Let us for example examine the ripple content of the simple RC smoothing
filter of figure 5.1 I. An enlarged diagram of the output waveform appears in
figure 5.13, where it may be seen from equation 5.1 that the a,c. component
approximates to a triangular waveform, symmetrical about the mean d.c. output
level VL mean and of a peak value Vm /(4fRC).

It is left to the student to show, using the methods of section 2.1.2 , that the
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FIGURE 5.13

Ripple waveform of an RC smoothed full-wave rectifier

r.m.s. value of such a wave is (I/"";3) (Vm /4fRC). Hence

ripple factor
1 Vm= - x-- x

y3 4fRC Vm (I - 1/4fRC)

since d.c. component VL mean = Vm (I 1/4fRC), therefore,

ripple factor
Y 3(4fRC - 1)

It is readily seen from this equation that the higher the frequency of the
ripple, the smaller the value of capacitor C required for a given ripple content.
This accounts for the greater popularity of full-wave and bridge configurations
compared to half-wave rectifiers since the lowest a.c. frequency present is
twice the supply frequency. It can also be seen that for high -power rectifiers,
where the value of the load resistance R is very low, large values of input
capacitor C are required. This in turn demands excessive values for the series
limiting resistor (Rs in figure 5.11), with consequent power loss. High-power
installations therefore usually employ some variation of the choke -input filter
in which an inductor (sometimes termed a choke) is the first component after
the rectifier.

5.2.3 Choke-input filters

Figure 5.14 shows the simplest possible form of choke-input filter. The back
e.m.f. induced in the choke by any attempt at current change is used to
minimise such changes, The choke, together with the resistive load, may be
considered as a potential divider across the rectifier output. The reactance of the
choke to the ripple frequency w under consideration is of course wL ohms,
and the resistor ripple voltage is thus l'ripR/y (R 2 + w 2 L 2

) , that is, reduced by
a factor R/y (R2 +w 2 L2

) .

wL

rect ifier
output R

FIGURE 5.14

Simplest choke-input filter a.c. equivalent circuit
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Inspection of the reduction factor reveals that it yields lowest output ripple
for low values of R, corresponding to high output currents. Since the rectifier
current is identical to the load current, no heavy capacitor charging-pulses occur
and the need for a series limiting resistor with its associated losses is obviated.

5.3 Controlled Rectification

In many applications a d.c. supply produced by rectification must be subsequently
controlled in magnitude, that is, the mean level of the d.c. voltage or current
must be controllable. This could be performed by a series resistor ; figure 5.15
shows the relatively small field current of a shunt d.c, motor being limited by a
variable resistor to control the motor speed. If torque control was also required
by means of a variable armature current, a resistor inserted in series with the
armature (dashed) would carry the full armature current and dissipate much heat,
since la is typically ten times fr.

armature

FIGURE 5.15

Motor speed and torque control by series resistors

If the rectifying device supplying the d.c. were capable of being controlled
such that rectification only occurred during a portion of the a.c. cycle, the mean
value of d.c. current could be varied at will. Figure 5.16a shows the waveform of
an a.c. supply and directly beneath it the waveform of a normal full-wave
rectifier. Conduction occurs during the whole of the forward half-cycle and the
mean rectified current (dashed line) has been shown in section 2.1.1 to equal
0.638 1m . If, however, the rectifier is constructed so as to delay conduction in
each half-cycle by an angle ex (the firing angle), conduction will only be permitted
during the angle 'Y and it is left as an exercise to the student to show that the
mean rectified current is now

I m ean
1m (cos ex + 1)

1T

(5.2)

Note , from figure 5.I6c, that the resultant output waveform is no longer truly
sinusoidal and therefore the r.m.s. value of the d.c. output current must be
obtained from first principles. Because the form factor is no longer 1.11 a simple
relationshop between mean and r.m.s. currents no longer exists.
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FIGURE 5.16

The effect of controlled rectification

5.3.1 The Thyristor as a Controlled Rectifier

A rectifying device capable of giving delayed forward conduction is the thyristor
(see section 3.4 .6). In the simplest circuit of figure 5.17 the thyristor directly
replaces the diode in a half-wave rectifier and has its gate fed from a variable
d.c. current source.

If Rg were adjusted so that Ig had a large value the thyristor would conduct
over the whole of its forward half -cycle and the circuit behave exactly as the
simple diode rectifier of figure 5.6. The rectified load-current waveform would
be that of the solid line in figure 5.17 c. If I g were now reduced, the thyristor
conduction would be delayed until its forward breakdown-voltage was reached
%2' No current would flow until the firing angle (Q2 in figure 5.17c) had been
reached. After firing, the voltage across a thyristor falls to a constant value Vc
of approximately I V until the load current falls to the thyristor holding-current ;
at this time the thyristor switches off. During the next half-cycle ('IT to 2'IT) the
thyristor blocks the reverse supply voltage , behaving exactly as a normal diode.
Since the forward breakdown-voltage depends on the value of gate current,
variation of I g may be used to vary the firing angle as shown by Qt ,Q2 and Q3 in
figure 5.17c. The portion of each cycle for which conduction occurs is the
conduction angle 'Y.
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(0) (d)

vd

(e)

FIGUR E 5.17

Basic half-wave controlled rectifier and its associated waveforms

A serious disadvantage of this method of firing is that , as I g is reduced , the
firing angle may be increased as shown but cannot be increased above nl2 radians.
This is because any further reduction in Ig would result in the breakdown
voltage required exceeding the maximum value of Vs (at an angle n12 in figure
5.17b); consequently firing would never occur. Because the mean rectified
current at a firing angle a of nl2 is one-half of the maximum mean rectified
current which occurs at a = 0, this simple firing circuit only allows the mean
rectified current to be reduced to one -half of its maximum value. This circuit
does however find application in simple ON - OFF controls as shown in figure
5.18 in its more usual full-wave (bi-phase) form. On closing S at time t l the
gate current is allowed to reach a high value, limited only by Rg• At time t l the
thyristors are put into a state in which they will conduct because either Thr ,
or Thr , will always be forward-biased. On opening S and removing the gate
current no immediate switch-off occurs , since once a thyristor has attained the
conducting state, the gate no longer has any control. Switch-off occurs as soon
as the current through the conducting thyristor falls below the holding current.
An application of this simple form of control is the use of the thyristors to
switch on automatic fire -extinguisher pumps for aircraft engines. The output of
a temperature-sensing element is used to provide the critical d.c. gate current
for operation.

More usual thyristor firing circuits use either pulse or a.c. phase control to
allow the rectified current to be fully controlled down to zero. Both these
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su~

A full-wave ON - OFF controller using two d.c .-gated thyristors

methods employ a.c, gate currents allowing a transformer to be used to isolate
the firing circuitry from the thyristor output. This is often necessary for
operator safety since the rectified output voltages may be dangerously high.

Figure 5.19 shows the 0 to 1800 phase -shift network (whose action has been
explained in section 2.5.5) used to produce an alternating gate-current whose
phase may be varied compared to that of the main supply winding. If the gate ­
cathode impedance of the thyristors is assumed purely resistive the gate current
will be in phase with the gate - cathode voltage and may thus be varied from 0 to
180

0
by adjustment of R. Note that the magnitude of the a.c. voltage applied to

the gate and cathode is constant, it is only its phase relationship to the supply
voltage which is varied by R. If R is adjusted so that the gate current is in phase

wi

[c)

L-'--~r----+--+--\----r-_wi

iL Vs

vLt load

vgk
or.

Ig

C iLor
vL

- Q - -y-

Thr,r,

,"wJ
Ir---+---+---,

FIGURE 5.19

Ana.c. phase-controlled rectifier and its waveforms
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with the supply voltage, the gates are always of such a polarity with respect to
their anode potentials that they conduct and the typical full-wave rectified out­
put of figure 5.19c is obtained. If the values of C and R are such that the gate
current lags the supply by Q then the firing of each device will be delayed by this
angle, the mean rectified current being proportional to the shaded area in figure
5.19c .

Example 5.3
A phase-controlled full-wave thyristor rectifier supplies current to a non­
inductive furnace whose windings have a total resistance of 10 Q. If the rectifier
is fed from a 400 V - 0 - 400 V transformer winding, calculate the mean furnace
currents at delay angles Q of (i) 90° and (ii) 45°

(i) The circuit will be similar to figure 5.19a where the maximum value of
Vs is

Vm = 400..j2 = 564V

neglecting a typical thyristor conduction voltage of 1 V compared to 400 V gives

Vm = 564 A

R 10

Using equation 5.2 (p. 135)

L _ 1m (cos Q + 1)
mean -

n

56.4 X

18 A

(ii) At Q = 45°

56.4 X 1.707
lmean

30.7 A

In practice a.c, phase control has the disadvantage that the precise value of
ig at which the thyristors will break down varies because of the production
tolerances encountered in thyristor manufacture. A more reliable method of
firing which retains the isolation between the control circuitry and the output
voltage is pulse control.

At the desired point in the electrical cycle a pulse much larger than the
minimum value required for firing is applied to the gate electrodes and it is only
the timing of this pulse within the cycle which determines the firing angle.
Figure 5.20 shows the pulses generated by an electronic clock (usually the
relaxation oscillator of section 5.5.3) and synchronised with the supply voltage.
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FIGURE 5.20

Block diagram and waveforms of a pulse controlled rectifier

These pulses are then delayed by a suitable electronic circuit so that they appear
on the gate electrodes at the desired time. Altering the delay produced by the
electronic circuits alters the firing angle as desired.

In precisely the same manner as section 5.1.3 the rectifying elements may be
rearranged in the bridge form resulting in a cheaper transformer and halving of
the required peak-inverse-voltage specification of the thyristors. Figure 5.21a
shows a fully controlled single-phase bridge in which four thyristors are used.

Careful examination of figure 5.21 will show that in one half-cycle (A
positive) the current flows from left to right through the load via Thr , and Thr ,
in series. There is thus no need for both these to be thyristors since if Thr, has
not fired no current can flow in Thr , , By a similar argument Thr , may be
replaced by a diode D 2 yielding the final circuit 5.21 b which is often employed
for reasons of economy since diodes of a given voltage and current rating are

A

(0) Ib)

FIGURE 5.21

(a) Fully controlled and (b) half-controlled variants of a single-phase bridge
rectifier. (Firing circuits omitted for clarity)
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reasons of economy since diodes of a given voltage and current rating are
considerably cheaper than thyristors of that rating. The fully controlled bridge
does, however, retain some advantages which will become apparent in section
5.5.!.

For high -power applications it is likely that the d.c. will be obtained from
a polyphase a.c. source and a three -phase fully controlled bridge suitable for
this application is shown in figure 5.22a together with its associated waveform
diagrams (b) at low and (c) at high conduction angles. As in figure 5.21 economy
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FIGURE 5.22

Three-phase fully controlled bridge rectifier (a) and its waveforms (b) and (c)
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may be effected by the substitution of diodes for ThrRI>ThrYI and ThrBI if
controlled rectification is all that is required.

Thyristors are currently being quantity-produced in ratings up to 1500 V and
700 A, giving a possibility of rectifying 2 MWof power with a three-phase bridge.
This has caused the thyristor to replace other devices such as the mercury -arc
rectifier in nearly all applications in modern equipment. Those encountering
these older devices in existing equipment are referred to reference 4 for their
principle of operation. The only shortcoming inherent in semiconductor devices
when used as rectifiers is their inability to withstand even momentary overloads
- for such applications as high voltage d.c , the later gas-filled devices are still
preferred.

The waveform diagrams so far have illustrated the operation of controlled
rectifiers only with purely resistive loads . In many applications, such as supplying
energy to d.c. motor fields and armatures, the load contains an appreciable
inductive element whose effect will be to oppose any sudden change of load
current. This effect will cause the rising edge of the load-current pulses to
become less abrupt and more rounded in form. Additionally the 'flywheel' action
caused by energy storage by the inductance may cause the thyristors to conduct
after the time at which 'switch -off would occur with a resistive load . Modi­
fications to the basic circuit may have to be made to provide a continuous path
for inductive currents when the supply is suddenly interrupted otherwise high
potentials may arise (section 1.2) which could exceed the maximum voltage
rating of the thyristors.

A disadvantage encountered with any type of controlled rectifier is that,
although the instantaneous values of current and voltage occurring during the
cycle may be high the mean power absorbed by the load will be low at low
conduction angles. Thus the effective power-factor which is Power (watts)/
Apparent Power (volt amperes) may be low. This may give cause for concern
to power-supply authorities as discussed in section 2.3.3.

5.4 The Control of A.C. Current

The simplest method of limiting or varying the current flowing between an a.c,
source and its load is the insertion of a series resistor as in figure 5.23a. This is
impracticable in any but the lightest current applications because of the
inefficiency due to energy dissipation as heat in the resistor. An alternative
method is to use an iron-cored inductor (figure 5.23b) which may have its

lal series resistor

load

(b) series inductor

FIGURE 5.23

~
~Ioad

leI variable series inductor

The simplest methods of limiting current I flowing from an a.c. source into a load
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inductance varied by altering the number of turns in operation by a tapping
switch (figure 5.23c) . Sliding iron cores have been used in inductors in attempts
to provide continuously variable inductance-control as opposed to the discrete
step control available with switch taps. The saturable reactorcan provide load­
current control by a comparatively small d.c. control current from a remote
position.

5.4.1 The Saturable Reactor (or Transductor)

The impedance of an inductor is largely composed of its reactance because flux
changes produce a back e.m.f. which opposes any current change. Figure 5.24a
shows the area of operation on the B/H curve of a choke core as depicted in the
circuit of figure 5.23c.

The operating area is centred around the origin and should be restricted in
magnitude so that the core never saturates . If however by some external means
the average core flux is biased away from zero (to Q in figure 5.24b), the same
alternating m.m.f. now causes the core to saturate during part of the cycle.
Once any further increase in flux is prevented by havingentered the saturation
region, the back e.m.f. (a d ¢/dt) and thus the reactance collapse and the
inductor impedance reduces to the (low) self-resistance of the winding.

Ibl

B
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Bt square loop material
r-------------
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3
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control
winding

a.c.
suppIYo----- --l

(c) (d)

FIGURE 5.24

(a) B/H curves of a simple series choke and (b) the effect of d.c. magnetic bias.
(c) Crude control circuit and (d) the symbol for a saturable reactor
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In figure 5.24c the simple choke of figure 5.23b has been replaced by L,
wbund upon a two-limb core. The other limb bears a bias winding fed from a
variable d.c. supply. Progressive reduction of Rc applies an increasing d.c,
m.m.f. to the core allowing the reactor to saturate during the positive peaks
of the a.c. m.m.f. cycle. This reduces the self -inductance of L, and hence the
voltage drop across it. The reducing voltage drop thus increases the load voltage
from a given supply. A d.c. m.m.f, from L2 thus controls the load voltage and if
~ has a large number of turns even small d.c, control currents may effect this
change.

Three-limb Reactors
The two-limb saturable reactor previously discussed suffers from the major
disadvantage that L, and L 2 together act as a transformer and the a.c. current
changes in L, are reflected into the control circuit ; this effect may be avoided
by using three-limb reactors . The two a.c. load windings are connected in
parallel (figure 5.25a).

The alternating fluxes produced by the two load windings L, and L3 are
arranged to flow in opposite directions through the centre control-limb L2 •

Thus the net a.c. flux linking the control winding is zero . Such three-limb cores
require great precision in construction to ensure exact flux cancellation, and
more often two separate cores are used as in figure 5.25c.

+

'rE~~::=~=~WI..:.d~. C. control

Ib l
(0)

direction of load
current flux

d.c, control
+

load
winding

(c)

FIGURE 5.25

(a) Parallel-connected, three-limb saturable reactor and (b) its circuit symbol.
(c) Two parallel separate cores provide the same effect
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Waveform Diagrams
Consider the two-core parallel -winding circuit using square -loop core material
having the B/H characteristics shown dashed in figure 5.24a and using a circuit
as depicted in figure 5.26. Ifno saturation were to occur both flux-density
waveforms would be sinusoidal (Bo). If a control current flows the flux density
is limited at Bsat and -Bsa t for cores 1 and 2 respectively. The reason why the
mean level of the two flux -densities move in opposite directions is that the
control windings are cross-connected to ensure this.

If no saturation occurred, the transductor voltage would be sinusoidal,
leading the flux by rr/2 rad or 90° . When the flux density reaches Bsator - Bsat ,

at angles a and (rr + a) the reactance falls to zero in a square-loop core material
and the current is only limited by the load and the transductor self-resistance.
This latter being negligible, VPQ becomes zero, leaving the full supply -voltage
across the load QE.

B
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lb)
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Q

output current

flux
density

FIGURE 5.26

(a) Circuit, (b) transfer characteristic and (c) waveforms of a saturable reactor

Characteristic Curves
The mean a.c, output current Ia may be increased by increasing the control
current Ie, thus saturating the reactor for an increasing proportion of the cycle.

If the control current is reversed, however (figure 5.26b) the mean value of
Ia still increases even though the other Windingis saturating. The flattening at the
top of the characteristic shows that a maximum output current has been reached
with one or other of the cores being saturated for the full cycle .
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Additional windingsmay be added to the above simple arrangement to cause
the transductor to act either as an amplifier or as a switch . The study of these
is beyond the range of this text but reference to the bibliography IS will provide
information on these magnetic amplifiers which form a robust method of
control. They were extensively used instead of thermionic valves in applications
where vibration or mechanical shock was high, before the more rugged semi­
conductor devices were developed.

5.4.2 The Triac and Quadrac ®

These are bidirectional semiconductor switches similar to the thyristor except
that the rectification action is absent. The principal voltage - current character­
istics and circuit symbol are shown in figure 5.27 .

Operation in the forward direction (upper-right quadrant of the electrical
characteristics in figure 5.27) is identical to that of the thyristor; the only
difference being that the gate terminal may be made negative as well as positive
with respect to MTl to initiate breakdown. The construction is such that the
main terminal MT2 is usually in electrical contact with the body and mounting
stud.

principal (I)
current

latching I
holding [

Vbreakaver

voltage between
main terminals

... _ ---~ --- ..

FIGURE 5.27

Characteristics and circuit symbol of a triac

Examination of the reverse characteristic shows however that (unlike the
thyristor) reverse breakdown may also be initiated by the trigger electrode; in
fact operation in four separate polarity-modes is possible as the curves in the
first and third quadrants are symmetrical . These modes correspond to MT2 being
either positive or negative with respect to MTI, and the voltage between the gate
and MTI being either positive or negative. One of these combinations is however
usually avoided (third quadrant with gate positive) since triggering difficulties
often occur in practice.

® Registered Trade Mark of the E.C.C. corporation
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Triac Firing Circuits
There are several possible circuits for firing a triac very similar to those
employed for thyristors. Regardless of which circuit is used, the gate firing
current and the latching current h must be maintained above certain levels.

Figure 5.28a shows a simple solid-state contactor using a manually con­
trolled gate switch to operate a triac used as a simple on - off switch. This
circuit would be used in preference to a manual main switch because the
mechanical moving parts are only carrying the relatively low gate-currents and
will not suffer from burnt contacts caused by arcing.

Gate current ig is positive whenever MT2 is positive and vice versa. This avoids
the undesirable operating mode of ig positive, negative MT2. The triac will tum
off each time the principal current drops to zero (at the end of each cycle) . A
suitable value for RG would be 400 on for a 240 V supply.

Vsupply

21,0 V
50 Hz

(a)

Vsupply

21,0 V
50 Hz

FIGURE 5.28

(b)

(a) ON - OFF power control circuit , (b) phase control using a bidirectional diode

A disadvantage found with both triacs and thyristors is that there is con­
siderable variation between devices of the threshold gate-current required for
firing with a given supply voltage . This may be overcome as in figure 5.28b by
using a phase-shift control consisting of an RC network and feeding this into a
bi-directional trigger diode D 1 • As soon as the control voltage reaches the
diode breakdown voltage D 1 conducts heavily applying a sharp trigger current
to the triac gate and accurately determining the firing point.

So common has this last method of firing become that it is now possible to
purchase triacs with a trigger diode ready connected to the gate electrode and
mounted within the same case. The word Quadrac® is used to describe such a
triac - trigger-diode combination.

Example SA
An a.c. lamp -dimming controller uses the circuit of figure 5.29. The supply
voltage is 240 V and the load consists of filament lamps having a total
resistance of lOon when the firing angle is 90° . Calculate the power supplied to
the lamps if the forward voltage-drop of the triac is negligible.
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FIGURE 5.29

Basic a.c. control circuit using a triac and its principal waveforms when
feeding a resistive load

The waveform of the load current will be that of iL in figure 5.29 . The
maximum value of the instantaneous load current will occur at the moment of
firing (at 90°), hence the mean power will be
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5.4.3 Resistance-welding Control: the Ignitron

In applications where high momentary overloads may occur the vulnerability of
semiconductor devices to such hazards may be avoided by using a specialised
form of mercury-arc rectifier such as the ignitron described in section 3.3.4. In
welding circuits the ignitron is used merely to control the duration of an
alternating current, not for rectification.

The sequence of operation during resistance welding is as follows.

(i) The two items to be welded are placed in contact with each other
between the electrodes of the welding machine (figure 5.30) and subjected to
an accurately controlled mechanical pressure from the electrodes.

(ii) A high alternating current is passed through the junction of the two
items via the electrodes for an accurately controlled time. This precise control
of welding time is necessary because of the varying natures, surface conditions
and thicknesses of workpieces encountered.

(iii) The passage of current having ceased, the electrodes must continue to
exert their pressure until the workpiece material solidifies.

(iv) The electrode pressure is released and the electrodes part to allow the
work to be removed.

$ ~~
"S

-s-,

/?;7 \"':."

IiI I i i ) (i iil (ivl

Gr ip Weld Hold Releose

IPressure ON ON ON OFF
ICurrent OFF ON OFF OFF

FIGURE 5.30

Simple resistance welding sequence

Each of these four steps of the sequence is accurately timed by electrical
means but it is the control of the second (weld) phase which concerns us here.
The heating effect is caused by the large current which passes through the low­
resistance copper electrodes and traverses the comparatively high-resistance
workpiece and surface layers (of total resistance R ohms) . The heat liberated
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during a flow of weld current for t seconds will be

E = 12R x t J

Hence for workpieces of various materials and surface conditions control of
both weld time and current will be required. The currents encountered vary
from tens of amperes in light spot-welding to several thousand amperes for a
butt-weld between 5 cm diameter bars. These heavy currents are obtained from
the secondary of a voltage step -down transformer and current control is
obtained by switching the primary circuit (figure 5.31a). Any form of mechanical
switch is unsuitable for this application since the primary currents (up to 100 A)
would cause pitting and corrosion of the contacts, nor could the required
precision of timing be achieved.

A~>----+-t

,~~---ft=;l= ~ +--.-1

(0)

110
weld ing
transformer

Bo-----------~

lb)

FIGURE 5.31

Electrical welding; (a) basic circuit, (b) back-to-back connection of two
ignitrons to switch an alternating current to a welding transformer primary

Two ignitrons connected in inverse parallel (back to back) will not give any
rectifying action since one anode will be positive with respect to its cathode in
each half of the cycle. The circuit of figure 5.31 b shows a self-contained
ignitron contactor in which the closing of S will immediately cause the ignitron
with a positive anode to fire, the transformer primary current then being carried
by each ignitron in turn until S is reopened. Assume the supply terminal A to be
positive. When S is closed, current may flow from A through D2 , Sand R 1 to the
igniter of Ig 1 which, having a positive anode and negative cathode, will fire. As
long as S is closed Ig2 will take over conduction at the commencement of the
next half-cycle; its igniter current flowing from B, through the transformer
primary , D1 , Sand R2 •

Resistor R 3 allows a safety path for the high voltages induced in the primary
when the current is interrupted. This occurs at the end of the half-cycle during
which S is opened, since absence of igniter current will not in itself extinguish
an ignitron ; the current does not decrease gradually to zero since about 10 A is
the minimum current an ignitron can carry. This sudden decrease from lOA to
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zero can give rise to large e.m.f.s in the highly inductive primary which might
cause ignitron malfunction. It is possible to replace S by an electronic switch
synchronised to the supply frequency so that firing may be initiated at some
precise point in the supply cycle and may continue for a definite number of half­
cycles ; this will determine the weld time with great accuracy.l''

5.5 Inversion

Inversion is the process of converting electrical energy from a unidirectional
(d.c.) form to an alternating form. It may thus be introduced as inverse
rectification. Conversion is a term which is variously used to describe either
rectification or inversion or merely a change in level, not in kind. An example of
the last is a device to produce d.c. at say 250 V from an inpu t of 12 V d.c.
Because of this variation in usage the word converter and conversion will not be
used here.

Figure 5.32 shows a rectifier/inverter interposed between an a.c. and a d.c.
system. If the energy flow is from left to right rectification occurs, whilst the
reverse direction of energy flow indicates the presence of inverter action.
Inverters may be subdivided into natural-commutation and forced -commutation
types ; the latter generates its own frequency whereas the former feeds power
from a d.c. supply into an existing a.c. system and is therefore forced to operate
at the existing a.c. frequency.

a.c. system

I~l~~ <&"""/'0""'"
energy flows

rectifying~
~ invert ing

FIGURE 5.32

d.c.system+ill- -- ---,
'+___ ~ _J

Directions of power flow during rectification and inversion

5.5.1 Natural-commutation Inverters

Any rectifying circuit, other than the single-phase half'-wave, in which all the
diodes are controlled rectifiers may be operated as an inverter. The most
commonly used circuits are the single-phase and three-phase bridges (figures
5.21a and 5.22a). The direction of current flow on the d.c. side of the rectifier
is fixed by the direction of the diode connections. To reverse the direction of
energy flow in order to obtain inverter action therefore, the polarity of the d.c.
system must be reversed. This is usually accomplished by inserting a reversing
contactor or switch between the rectifier/inverter and the d.c. system. Figure
5.33 shows a single-phase fully controlled bridge rectifier connected (a) as a
rectifier and (b) as an inverter.
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(0) lbl

FIGURE 5.33

A full controlled single-phase bridge and a reversing contactor used as
(a) a rectifier and (b) an inverter. (R limits the current to an acceptable value.)

The output-voltage and thyristor -current waveforms are shown in figure
5.34a for successive half-cycles with gradually increasing firing angles. lt will be
noted that unlike the simple resistive-loaded rectifier waveform of figure 5.l9c
conduction occurs on the negative half-cycles, gradually increasing as the firing
angle increases until, when a: = 90° , the currents in the forward and reverse
directions are equal and no net power transfer occurs . If the d.c. system has its
polarity reversed and the firing angle is set to more than 90° inverter action
occurs; increasing in magnitude until maximum net power is transferred from
the d.c. to the a.c, system when a: = 150°. For technical reasons concerned with
the firing of "the thyristors a: is not allowed to approach any closer to its
theoretical maximum of 180°.

A graph of the theoretical d.c. output voltage against firing angle is given in
figure 5.34b (ii) and may be compared with a similar curve (figure 5.34b (i)) for
the half-controlled bridge when two of the thyristors have been replaced by
diodes. Some clarification of the fully controlled inverter curve is required since
the reader might assume from a casual glance that the bridge was capable of
delivering output voltages and therefore output currents of either polarity
dependent upon whether a: is greater or less than 90°. It must be emphasised
that operation at a: greater than 90° can only be obtained when feeding a d.c.
supply which is capable of reversal thus causing the output current to flow in
the only possible direction (set by the thyristor connections.)

A typical application of such an arrangement would be an electric hoist in
which the bridge could be operated without a reversing contactor. A d.c. hoist
motor could have its speed and torque regulated by feeding its armature with
the output of the fully -controlled bridge; the field receiving constant excitation.
This would allow loads to be raised under control, the motor speed falling to
zero when a: = 90°. As the loaded hoist descends, the winding-motor will rotate
in the reverse direction, acting as a generator with reverse polarity. If the firing
angle during lowering is varied between 90° and 150°, the speed of descent may
be controlled electrodynamically as the fall in potential energy of the load is
returned via inverter action to the a.c. supply (regenerative braking). This
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(a)

-60

- BO

-100

l b )

FIGURE 5.34

(a) Operation of a single-phase bridge circuit with different angles of delay cx.
Numbers I to 4 refer to the thyristors in figure 5.33

(b) Control characteristics for (i) a half -controlled rectifier and
(ii) a fully controlled rectifier/inverter

electrodynamic braking may be experienced on a bicycle - it is slightly harder
to pedal the machine at a given speed when the dynamo (or alternator) is loaded
by the lighting"circuit; this being irrespective of the fact that the dynamo is still
being rotated when the lights are extinguished.

In an application such as an electric locomotive where traction and re­
generative braking are required in both directions a reversing contactor has to
be used. Where the use of a contactor is precluded because of the required speed
of operation, two bridges having outputs of reverse sign are operated in back­
to-back (inverse parallel) connection (figure 5.35). Such an application might be
the position control of the massive workpiece in a large automatic machine -tool.
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FIGURE 5.35

Controlled rectifier/inverters connected in inverse-parallel to provide fast control
of a d.c. motor's speed

Assume that initially the worktable was travelling forward at its highest speed
and that this movement had to be reversed as quickly as possible. Assume that
bridge 1 drives in the forward direction. Its firing angle would have previously
been very small to give this high forward speed. On initiation of braking the
firing angle of bridge 1 would instantaneously be set to 90

0
(removing the drive)

while bridge 2 would be set to fire near 1800
• This provides regenerative braking

with bridge 2 acting as an inverter, returning the inertia energy of the moving
table to the a.c. supply. As soon as the worktable comes to rest the firing angle
of bridge 2 is switched to a small value and the motor accelerates in the opposite
direction.

Rectifier/inver ter drive offers the following advantages to the Ward - Leonard
system (section 4.6 .6) for the drive of reversible loads

(1) lighter and therefore easier to install
(2) more efficient
(3) faster response
(4) easier to control at low speeds
(5) absence of moving parts in the control equipment.

Comparative disadvantages include
(1) the non-sinusoidal switching current can cause mains interference
(2) it presents a low power-factor to the a.c. supply at low speeds
(3) it lacks the energy storage capability of the llgner version of the

Ward - Leonard system (use of a generator flywheel) .

5.5.2 Forced -commutation Inverters

In many applications an inverter is required to provide a.c . power from a d.c.
source without the presence of an existing a.c, system into which to feed.
Perhaps the most common example of this is the high voltage a.c. requirement
for fluorescent lighting in public service vehicles where the main electrical
system operates at low voltage d.c. from accumulators. Forced- commutation
inverters usually employ an oscillator to generate an a.c. voltage or current which
is then somet imes amplified (increased in magnitude) before utilisation.
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5.5.3 Oscillators
An oscillator is a device for producing alternating voltages or currents from a
direct current power source . The output waveform may have one of many
shapes, for example sinusoidal, square or triangular waveforms. The practical
circuits for electronic oscillators are discussed in section 8.5 because a prior
knowledge of amplification is needed.

A useful introduction to the subject can be obtained, however, by considering
the hydraulic and the electromechanical oscillators shown in figures 5.36a and
5.38a. The former depicts a syphon whose flow rate is much greater than that of
the return pump and restriction. The water level in the upper tank will fluctuate
between the levels A and A' as shown in figure 5.36b ; the frequency of these
oscillations will be determined by the diameter of the restriction and the
difference in capacities of the upper tank between levels A and A'. The energy
to drive this 'oscillator' is obtained from the constant (or d.c.) hydraulic power
supplied by the pump .

A -----

Syphon

Receiver

(a)

Liqu id level

A 1--------,,- -----,,---

(b)

FIGURE 5.36

A liquid relaxation oscillator; (a) the pump and syphon and (b) the 'output
waveform'
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FIGURE 5.37

An elementary electrical relaxation oscillator and its output waveforms



156 Applied Electrotechnology for Engineers

This is analogous to the primitive electrical relaxation oscillator of figure
5.37a in which capacitor C charges slowly from a d.c. source V via a large
resistor R. When the capacitor voltage Vc reaches the gas-tube's striking voltage
Vstr, Cis discharged almost instantaneously until Vc falls to the tube's extinction
voltage Vext . The capacitor voltage thus varies with time as shown in figure
5.37b. The frequency of the oscillations are determined by the values of Vstr
and Vext together with the time constant RC (see section 1.3) .

Example 5.5
Calculate the frequency of oscillation of the neon-tube oscillator shown in
figure 5.37a if the supply voltage is 250 V, the striking and extinction voltages
are 180 V, and 80 V respectively and if the values of R and Care 1 Mil and
1 /IF . Neglect the tube 's resistance when conducting.
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FIGURE 5.38

(a) An electromechanical sinusoidal oscillator and (b) its 'output waveshape'

The electromechanical 'oscillator' of figure 5.38a has a pendulum whose
swings are maintained by electromagnetic attraction to the solenoid S whenever
left-hand excursions cause the contacts C to close. The energy to counteract air
friction and pivot losses is derived from the (d.c.) battery and the frequency is
determined almost entirely by the pendulum's dimensions and by the acceleration
due to gravity . The graph of its movement might resemble figure 5.28b .

The electrical equivalent would be an LC tuned-circuit oscillator whose block
diagram is shown in figure 5.39a. The output of an amplifier (section 8.2) is fed,
via the current-limiting safety resistor Rs, to a coil L '. The mutual inductance of
the latter causes an e.m.f, in L reinforcing the original input voltage. The correct
phase relationship for this reinforcement can only occur in a narrow band of
frequencies around the resonant frequency of LC (see section 2.4.2).

In both the electromechanical and electronic sinusoidal oscillators the final
value of the amplitude (steady -state condition) is limited by the losses and the
potential V of the power supplies.

L c input amplifier output

(a) lb)
FIGURE 5.39

(a) An electronic LC oscillator and (b) its initial output waveform
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(0)

.----~+v

(b)

FIGURE 5.40

d.c.output
(20 kv)

Circuit diagrams of two practical electronic oscillators'

5.5.4 Oscillators for Forced Commutation

More sophisticated types of electrical oscillator than the above are used for
commutating inverters. The oscillator output is often at a frequency much
higher than 50 Hz so that the values of smoothing components (section 5.2) to
remove the ripple can be minimised. Frequencies of 10kHz are often en­
countered.!" Figure 5.40a is a magnetically coupled multivibrator oscillator
suitable for power applications up to 20 W. The alternating output for sub­
sequent rectification and smoothing is a square wave of frequency 1 kHz.

Figure 5.40b however is a high-frequency (20 kHz) sinusoidal LC
oscillator of the type once used to produce the extra-high -tension supplies of
20 kV for television cathode-ray tubes.

A simply built practical circuit for supplying a few hundred volts from a car
battery is shown in figure 5.41.

fer rite core
FX1105/6 with
0·005 in. gop

1·5 k\1

FIGURE 5.41

A practical circuit for supplying mains voltage from a car battery
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FIGURE 5.42

The basic components of a converter which uses a forced-commutation inverter

The alternating output of a forced-commutation inverter may easily be
transformed upwards in potential for subsequent rectification and smoothing to
provide a high-voltage d.c , output from a low-voltage d.c. input. The main
components of such a converter circuit are shown in figure 5.42 ; either the full­
wave or bridge rectifiers of sections 5.1.2 and 5.1.3 may be adapted for this
purpose and complete circuits are readily available.IS

5.6 Dielectric Heating

This technique is often encountered in such applications as the pre-heating of
moulding powders or the welding of plastic sheet (usually PVC). It relies for its
action upon the fact that many insulating materials have internal losses, that is
they may be represented by their dielectric capacitance C together with a parallel
loss-conductance or resistance R (figure 5.43b).

I

(o)

I

"--'--__'---__ v
c

tb)

FIGURE 5.43

Dielectric heating
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Assume that the block of dielectric material in figure 5.43a to be welded or
melted down is subjected to a sinusoidally alternating electric field of angular
frequency w radians per second. If €o and €r represent dielectric constants of
vacuum and material, the block's capacitance will be

C = €O€r A

d

Heating occurs as a result of current flowing in the parallel loss-resistance R.
From.the phasor diagram I, = Ie tan 0 where 0 is the loss angle (defmed as 90°
minus the phase angle cf».

I, = Ie tan 0 = w CV tan 0

The power lost in R is

w= I/R

where I, is the r.m.s. and 1m the peak value of current. Therefore

R
W = (wCVm tan 0)2 -

2

but from figure 5.43c tan 0 = l/wCR, thus

1
W = - wcv. 2 tan 02 m

where Vm is the maximum or peak value of the applied voltage. If the loss angle
is small, 0 is approximately equal to tan 0, therefore

W>':::: '!'wCVm
2 0

2
Substituting for C

W V. 2" €O€r A
>'::::w m U X --

2d

Divisionby Ad (the volume) will give the power loss per cubic metre as

= w (:mYO€;€r W/m3

wEm
2

0 €o€r / 3= Wm
2

where Em is the maximum potential gradient (Vm/d) . Since

1
€o = - x 10- 9 and w = 21ff

361f
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. [Em
2

<5€r 9 3
Loss per cubic metre= x 10- W/m

18
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For substantial power dissipation therefore either high voltage or high
frequency , or both are needed.

Suitable frequencies range from 2 MHz upwards and potential gradients of
100 to 200 kV/m are not uncommon. Care must be taken to avoid an airgap
between the material and the electrodes because it is a simple matter to show that
the potential gradient in the airgap would be €r times that in the dielectric.

Example 5.6
A piece of material having a relative permittivity of 5 is subjected to a
sinusoidal electric field of maximum value 150 kV/m at a frequency of 20 MHz.
If the loss angle <5 is 1

0
calculate the power loss in I cm3 of the material.

2rr 5
Power loss/rn'' 20 x 106

X 1502
X 106

X X x 10- 9
360 18

Power loss/crrr'

2.18 X 106 W/m3

106

= 2.18 X
106

= 2.18 W

The material to be heated or welded is passed between two electrodes fed
from a high-voltage, high-frequency oscillator. Temperatures are usually less
than 200 °c so that radiation losses are minimal. Conduction losses are reduced
by heating the electrodes to the required final dielectric temperature by steam
or electricity to reduce the temperature gradient within them.

5.7 Induction Heatinq'": ~o

Section 2.8 has shown that when magnetic materials are subjected to an
alternating field heating occurs from hysteresis losses. Additionally if the
material is a good electrical conductor eddy -current heating will also take place.
The first of these phenomena is proportional to the frequency [ of the field
whereas the-eddy-current effect is proportional to [2.

Both these effects are used industrially to melt quantities from a few grams
up to fifty tonnes of both ferrous and non-ferrous metals.

5.7.1 The Channel-type Induction Furnace

This operates at between 25 Hz and 60 Hz and is essentially a voltage step-down
transformer. The primary winding is fed from the mains supply and the material
to be melted is in the shape of a loop or ring which is effectively a short­
circuited secondary turn. Figure 5.44a shows the constructional features of a
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FIGURE 5.44

(a) Two views of a Wyatt type of induction furnace ; (b) attractive forces between
conductors carrying current in the same direction

Wyatt type of furnace used for melting 300 kg batches of brass. The bulk of the
brass is contained in a refractory-lined ladle mounted on trunnions to permit
tilting for pouring. A V-shaped channel is formed in the floor of the ladle
through the centre of which passes the centre leg of the magnetic circuit of a
single-phase or two-phase Scott-connected" transformer. The primary is wound
upon an asbestos former and is air-cooled . The furnace is fed from a tapped
auto-transformer to provide five or six alternative input powers to the furnace.

Two interesting electrodynamic effects cause a liquid-metal circulation or
self-stirring action. Each limb of the channel of molten metal may be considered
as an infinite number of parallel conductors carrying current in the same
direction (figure 5.44b). The conductors attract each other with the result that
mechanical forces arise tending to concentrate the liquid in the centre of the
channel- this is the pinch effect which squirts the metal out of the end of the
channel. In addition, for complex magnetic reasons, electrical currents tend to
flow in opposite directions in each of the limbs of the V. The metal in one leg
thus repels that in the other at the place where the two legs meet (the apex of
the V) and metal is forced in the direction of the arrows to the reservoir
above. So violent is this motion that the whole contents of a 300 kg furnace
pass through a 10 kg capacity channel up to 3.5 times per minute.

Xp

vt c ~ =p
!Xp

I

(a) (b)

FIGURE 5.45

Equivalent circuit and phasor diagram of a Wyatt furnace
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Figure 5.45a shows the electrical arrangement of the circuit. The secondary
single turn of molten metal behaves like an impedance of constant reactance and
variable resistance depending on the volume of metal charge. This series
reactance and resistances are reflected into the input circuit where they appear
as Rp and X after having been multiplied by the square of the transformer
turns-ratio (section 4.2). Figure 5.45b is a phasor diagram drawn for such an
arrangement when fed from a constant voltage V. As Rp varies point B will
travel in a semicircle as shown by the dashed line. This is because IR p is always
perpendicular to IXp ' WhenRp = 0;1= V/Xp and lies at right-angles to V(OA).
At some non-zero value of Rp the current phasor will be 01 as shown. Triangles
01A and OB Vare similar , therefore angle OJA =angle OBV =90° . Thus the
locus of OJ is also a semicircle .

For a given supply voltage the furnace power VI cos ¢ will thus be a maximum
when I cos ¢ is a maximum, that is when ¢ =45° or the power factor (cos ¢) =
0.707. In many cases the furnace operator will not be able to attain this
theoretical optimum figure but perhaps only 0.4 lagging. Power-factor-correction
capacitors C are thus always included to minimise supply costs .

5.7.2 The Coreless Induction Furnace

These furnaces of up to 40 tonnes capacity have the primary coil wound around
the melting vessel as shown in figure 5.46. There is no magnetic core as such and
early furnaces ran at frequencies of from 20 kHz to 1 MHz to maximise the eddy
and hysteresis effects. These were powered by valve oscillators but later models
used motor -generators to provide a supply in the range 500 Hz to 10 kHz: though
this method of supply has now been superseded by static inverters (section
5.5.2). Recent years have seen an increase in the number of coreless furnaces
designed to operate at mains frequencies.

refractory

o
o
o

Winding~
o
o
o

FIGURE 5.46

Coreless induction furnace showing metal movement

The use of these lower frequencies , although economical - avoiding as it does
the need for frequency-conversion equipment -has some disadvantages. The
furnace will not start on scrap whose particle size is less than 200 mm because
the eddy currents cannot find sufficient length of path. One -third of the vessel
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capacity is always left filled to provide a solid mass for starting. Most mains­
frequency coreless furnaces have a single winding which presents too large a load
for single-phase supply. They are fed from a three-phase supply via a phase­
balancing unit as shown in figure 5.47 which divides and balances the load
between the supply phases.

Whatever frequency is used the pinch effect and the mutual repulsion between
the primary coil and the secondary metal force the melt towards the vessel centre
and upwards. This produces a vigorous stirring effect as shown by the arrows in
figure 5.46.

FIGURE 5.47

Circuit diagram for a coreless furnace. I - Main supply switch ;
2 - regulating transformer; 3, 4 - phase-balancing components;

5 - power-factor correction capacitor; 6 -- furnace winding

5.7.3 Induction Hardening
Localised heating for the surface hardening of components may be achieved with
a coil of a few turns wound round the area to be treated. If the coil is supplied
with energy at a frequency of between 50 Hz and 800 kHz eddy currents flow in
the surface layers of the component only. This is because of the skin effect.

Figure 5.48 shows a conductor carrying a constant d .c. current I normal to
the plane of the page. This current I causes a magnetic flux ep which (by the
screw rule) flows clockwise round the wire and within it. As long as I is
constant, ep is constant so there are no induced e.m.f.s. If however I is •
alternating, the flux ep (including the internal flux) will rise and fall inducing
e.m.f.s within the material of the conductor. An element of the conductor's

FIGURE 5.48

Cross-section of a current-carrying conductor illustrating the skin effect
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cross-section at the centre P is surrounded and therefore cut by more
alternating flux than one at the edge Q and thus the back e.m.f.s will be greater
towards the centre. The reactance (which depends upon the back e.m.f.) of the
conductor material is thus higher at the centre and the alternating current I
therefore takes the path ofleast impedance (at the surface). This effect is
noticeable at frequencies of 60 Hz upwards and is so pronounced at radio
frequencies above 1 MHz that important economies can be made by forming
conductors of hollow tubing. This is the electrical analogy of the stress
distribution in a torque-bearing rod which allows hollow tubes to be used for
drive shafts.

Some examples of surface penetration by varying frequencies are shown in
table 5.1 for steel.

TABLE 5.1
Penetration of surface hardening

at various frequencies

Frequeney

(Hz)

50
1 X 103

10 X 103

-----440 ")( -103"
4 x 106

Region of most current flow
(depth below surface)

(mm)

7.60
1.65
0.508

- --_._--- -
0.08
0.025

Coils can be made to enclose selectively only those areas to be treated (for
example the teeth of a gear-ring) and a supply frequency can be chosen to give
just the hardness depth required. A coil arrangement for the surface hardening of
a round shaft is shown in figure 5.49 ; when the desired temperature has been
attained the supply is interrupted and the workpiece quenched by liquid spray.

area inductively
healed

t,~ quench orifices

single turn / U
hollow inductor

FIGURE 5.49

Two views of an induction-hardening furnace
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5.8 The Arc Furnace

Furnaces of up to 200 tonnes capacity have been constructed using the intense
heat produced in an electric arc to fuse the metal. Figure 5.50 shows the
principal constructional features of a medium-sized furnace. All but the smallest
laboratory-scale models use three-phase power fed to graphite electrodes which
protrude through the furnace roof. The electrode clamps are supported on arms
that may be raised or lowered to control the power of the arc. For a given supply
voltage, lengthening the arc increases its resistance, decreases the current and
hence the furnace power. Most production units have their electrode height
automatically controlled by an electrical winch or by hydraulic rams.

In the electrical heating-methods of sections 5.6 and 5.7 the energy taken
from the supply is substantially constant. In the arc furnace however, especially
at start-up, current surges occur which would cause damage unless limited to
safe values. Consequently much reactance is included in the electrode supply
leads to minimise current fluctuations.

Arc furnaces are supplied vi~ a special transformer from a high-voltage supply
of between 3 kV and 33 kV. Oil-blast or in high-power cases, air-blast circuit
breakers are employed which must be robust to withstand f~equent operation by
current surges. Variable reactors are often included within the transformer
housing which can be employed when first striking the arc to limit the effects
of the effective short -circuit as the electrodes first come into contact with the
metal.

2 of 3 graphite electrodes

lid

to elect rodes

furnace

I
I

R I
I--I
I

Y I

-,-
I

B
I

~
I,

supply circuit variable
breaker reactor

furnace transformer

FIGURE 5.50

Mechanical and electrical arrangement for an arc furnace.
Switches S closed for starting (star connection),

D closed for later running (delta connection)
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Power control by both electrode position and transformer tap -changing is
essential since the melting sequence can be divided into three distinct periods.

(i) The initial power switch-on, where electrodes are pushed down
through the charge of metal and scrap until they strike an arc on molten metal
on the furnace floor. In th is period the voltage is low to avoid long arcs with
consequent power wastage.

(ii) The main melting phase , when the whole length of the electrodes is
covered with scrap and the charge is melting from the bottom upwards. Full
power can be applied with the highest -voltage tap.

(iii) The last period when the power must be reduced to protect the
refractory lining of the roof and walls from direct heat from the unshielded arcs.
All scrap has fallen away and the charge is completely molten.

Maximum transformer-secondary voltages are usually less than 300 V with
six or seven primary tapping positions to reduce this to say 190 V. A star - delta
switch is incorporated in the primary circuit which in the delta position gives
these higher output-voltages. If the primary is star-connected all the electrode
voltages will be decreased by a factor of 1/"';3 (see section 2.6) giving a range of
170 to 110 V.

5.9 Problems

5.1 An ideal diode is used to connect a 10 V, 50 Hz a.c, supply to a d.c,
load. The load consists of a 10 kn resistor in parallel with a 10 J.LF smoothing
capacitor. Estimate the mean d.c. load voltage if the capacitor discharge can be
assumed linear for the first 20 ms.

5.2 Repeat example 5.1 using two ideal diodes and a 10 V - 0 - 10 V
centre-tapped transformer in a bi -phase circuit .

5.3 Estimate the ripple factor of the circuit used in example 5.2.

5.4 A full-wave pulse-controlled rectifier supplies a resistive load of 10 n
from a 10 V - 0-10 V, 50 Hz centre -tapped transformer. The rectifiers are ideal,
and a firing pulse is applied to them 3 ms and 13 ms after the commencement
of the electrical cycle . Calculate the power dissipated in the load.

5.5 A high-frequency heater is used to weld 0.1 mm thick polythene sheet
at a frequency of 150 MHz. The applied voltage is sinusoidal having an r.m.s.
value of 200 V. Polythene has the following properties

power factor 0.0002
relative permittivity 2.3
specific heat 2.22 kJ/k~ K
density 920 kg/m

If a 0.2 p.u. of the heat generated escapes by radiation and conduction, calculate
the time required to raise the material from an ambient temperature of 18 °c to
its softening temperature of 120 °c.



6 The Measurement System

The measurement of any variable in a physical system inevitably disturbs the
system, so that we are never able to become aware of the state of the system
before the measurement was taken. This statement may appear rather sweeping
but on close examination it will be seen that even the most sophisticated meas­
urement technique involves an interchange of energy either from , or to the
measured system. The standard determination of length by means of optical
interferometric methods compares the length of the standard sample to the
wavelength of light emitted from a particular atomic transition in the Krypton
atom. Even at this high degree of sophistication the length of the standard
sample has to be observed for comparison and the mere act of illuminating the
standard causes a disturbance to it by radiation pressure. In this particular
standard measurement, the technique has been so designed that this distur­
bance error is negligible, but the fact that the measurement procedure does
affect the measured variable should be paramount in the reader's mind since
quite significant errors may be incurred inadvertently. This phenomenon will
henceforth be referred to as parameter loading.

This chapter will confine itself to measurements in which electrical tech­
niques of monitoring the measured variables are employed and this fact itself
leads to another pitfall for the unwary. The degree of refinement available in
electrical and electronic techniques may so intrigue the engineer that he quite
unconsciously employs electrical techniques where a simple dial-gauge or other
mechanical technique would be both more robust and more economical.

6.1 Application of Electrical Measurement Tachniques?'

With the restrictions of the foregoing in mind, the field in which electrical
methods have significant advantages become

(i) measurements to be made on moving members (for example the
instantaneous value of a strain in a rotating crankshaft)

(ii) measurements in systems made inaccessible by either distance or
intervening objects (for example the lunar environment or medical
measurements of the body's interior by temperature and pressure
'pills')

(iii) parameters that are varying too quickly for high-inertia mechanical
instruments to follow (for example the vibration of the tool or the
bed in machine tools)

(iv) variations that have subsequently to be analysed or fed to a computer
for data processing.

6.2 Static Characteristics of Measuring Systems

Some general terms that apply to any measuring system will be defined here
because they are sometimes used incorrectly in manufacturers' specifications.
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Calibration - the periodic checking of the absolute accuracy of an instrument
by comparison with either (i) a Primary Standard, for example the wavelength of
light or the melting temperature of pure materials, or (ii) a Substandard, such as
slip gauges or a standard cell.

Range - if the highest value of the variable that can be measured is b and the
lowest value either zero or a, then the range is quoted as b in the former or from
a to b in the latter case.

Span - the difference between the highest and lowest possible readings, in the
above example b minus a.

Accuracy - the degree to which the indicated reading of the instrument approa­
ches the true value of the measured variable. As the accuracy may vary over the
span of the instrument, a complete statement of accuracy is best presented in
the form of a calibration curve in which the indicated value of the variable is
plotted against a standard or substandard in the directions of both increase and
decrease of the measured variable. This directional precaution is necessary since
there may be backlash or hysteresis (see below) in the instrument. Accuracy is
often quoted as a proportion of the true value, or more usually as a proportion
of the span or full -scale deflection,

Error (Static) - the difference between the true value and the indicated value
of the measured variable.

Reproducibility or Precision - the degree to which a given value of the
variable may be repeatedly measured .

Drift - the shift in calibration over a period of time. This may occur in two
ways (see figure 6.1)

Zero drift - the whole calibration shifts an equal amount.
Span drift - the error increases progressivelyfrom zero.

output output

(0) (b)

/

input

FIGURE 6.1

(a) Zero drift - the whole calibration shifts by a constant amount;
(b) span drift - the error increases progressively from zero
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Sensitivity - the ratio of the change in output of a system or sub-system to
the (usually unit) change in the input variable. For example , the output of a
transducer may be quoted in volts/mm movement.

Resolution - (formerly called sensitivity) the smallest change in input to
which the measuring system will respond .

Dead Zone - the largest change in input to which the system will just not
respond.

Hysteresis (literally 'lagging-behind') - the difference between the two
possible values of output for a given input depending upon whether the input
values are approached from above or below (usually expressed as a percentage
of the full scale or span; see figure 6.2).

output

FIGURE 6.2

Hysteresis

output ,,,,, .
,-, ,-,' ./

,," .

"T" ,,/<;,
i /' ."':./ best st raight

" .,/ line through zero

actual performance

input

FIGURE 6.3

Zero-based linearity

Linearity -'the proximity of the output - input graph to a straight line, as a
percentage of full scale or span (figure 6.3) .

Dynamic Errors - a system may have negligible static errors but yet exhibit
large errors if the measured variable is varying quickly. These are called dynamic
errors, their study is complex."

6.3 Measurement-system Components

Any measurement system may be expressed as an interconnection of the com­
ponents shown in figure 6.4, the direction of signal flow being shown by the
solid arrowhead . It may well be that in some less sophisticated systems such as
a thermometer consisting of a thermocouple and a moving-coil meter all the
separate modules are not clearly defined and some indeed may be absent. Never­
theless, however complex the system, figure 6.4 embraces all its salient features .
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FIGURE 6.4

Block diagram of a generalised measuring system

The transducer is merely a device for converting the measurement energy into
an electrical signal. Since the measured variable may take so many forms, the
transducer merits a separate chapter (7) where it is considered together with
the transmitter of which it often forms an integral part .

Noise and distortion may enter the system at any stage but , in practice, their
effect is most critical at low signal levels. The introduction of the word 'signal'
leads us to a discussion of the information passing through the measurement
system.

6.4 Channel and Signal Information22

The measured variable must vary in some unpredictable way, since if we already
possessed complete information about its future behaviour the measurement
would not be necessary .

The amount of information concerning the variable which it is desired to
collect in a given time , and the path length and environment through which the
signal must travel from transmitter to receiver largely dictate the nature of the
channel. This may vary from a simple pair of wires carrying Morse code, to a
highly sophisticated microwave link with an orbiting satellite that is capable
of simultaneously relaying many hundreds of spoken messagesand several
television signals between continents. To appreciate the differences in channel
requirements that are dictated by the signal it is convenient to illustrate some
simple concepts of information theory by means of a well-known channel,
namely spoken and written English.

Consider the case of a telephone conversation between two individuals; it is
commonly observed that, even though the received signal is not an exact replica
of the sound waves impinging on the transmitting microphone, intelligibility is
good. The signal is commonly distorted from its full frequency range of 25 Hz to
6 kHz and compressed into the frequency spectrum extending from 250 Hz to
3 kHz to simplify the telephone transmission equipment. The range of frequencies
over which a particular signal is transmitted is referred to as its bandwidth The
fact that the listener can reconstruct the message from the noisy signal is
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because his memory has conditioned him to hearing only the combinations of
sound frequencies allowed by the English tongue and the structure of the
English sentence. Thus, part of the information if transmitted to him perfectly
would be redundant since it would merely be conveying information concerning
the structure of the language. This redundant information could well be of
great help to a non-native speaker whose memory concerning the grammar
and syntax of the language was not so well developed.

The fact that information rate is of great importance in any communication
system is easily seen. It is easier to construct the original message in the
presence of noise or other distraction (foreign language) if the sender presents
the information (speaks) more slowly. A numerical measure of information
quantity can be obtained from the number of possible values a signal may have
in a basic interval. This number is usually defined as the number of on - off
pulses or binary digits required to transmit the information.

The quantity ofinformation in a given interval is

10 = 10g2 L

where the unit of 1 is the bit (binary digit) and L is the number of levels
distinguishable by the receiver. The human ear can distinguish between changes
in received acoustic power of approximately 2:1 or 3 dB (see section 2.3.5)
and the dynamic range of the human voice (the ratio between its maximum
and minimum powers) is approximately 1000 to 1 or 30 dB. Thus there are
30/3 = 10 such discernible levels. The information content of speech is thus

1
0

= log, 10 = 3.32 bits

Considering another communication mechanism, the five-hole paper tape
used for telegraphy and formerly for computer processing. The quantity of
information per line is given by the number of permutations possible in five
punched holes, that is 25 = 32 states . This allows 26 letters plus 6 punctuation,
space and capital commands. Thus the information contained in the unit
interval is

1
0

= log, 32 = 5 bits

The information rate, defined as the quantity of information transmitted in
unit time will thus be measured in bits per second. With any variable of
maximum frequency fit will be shown in section 6.9.2 that the variable must
be sampled at a frequency of at least 2f. Thus with a restricted audio-spectrum
of 250 Hz to 3000 Hz a sampling rate of 2 x 3000 Hz must be used.

Information per sample = log, 10 (6.1)

Information rate 1 = Sampling rate n x Information per sample 1
0

(6.2)

= 2 x 3000 X log, 10

= 6000 x 3.32

= 19 920 bits per second

Using paper tape each five-hole group is used to characterise one written alpha­
beticalletter. If the transmission speed used is one 5-letter word per second and
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Sampling rate n

one extra basic sampling interval is used for a group indicating a space between
words, the information rate is

sampling rate x information per sample

(5 + 1) per second x log, 32 = 30 bits per second

We shall take an extreme case of high information rate for our worked example.

Example 6.1
A television system has a picture composed of 625 horizontal lines. The complete
picture area (the frame) is covered by the cathode- ray spot 25 times per second.
Assuming that 10 intensity graduations of the spot are to be displayed and that
there are effectively 500 dots per line, calculate the sampling rate required. If
this picture is to be faithfully transmitted over a radio link calculate the
information rate required.

number of dots per second

= frames/s x lines/frame x dots/line

25 X 625 x 500

7.8 X 106 Hz

Information per sample L, = log2 10 = 3.32 bits
Information rate = information per sample X sample rate

=Ion

= 3.32 x 7.8 x 106

= 25.9 Mbits per second

The reasons for the different channel-media chosen for the above three
systems are now apparent: it is the information rate together with the accom­
panying necessary channel capacity (bits per second) which is often crucial
in deciding the bandwidth and therefore the type of channel chosen.

Even if the required information rate is low the use of a sophisticated type
of channel may be necessary because of the environment or the distance over
which the information must travel (see section 6.8).

6.5 Noise 23 • 24

The function of the transmitter is to convert the electrical signal from the trans­
ducer into a form suitable for transmission over the channel chosen and to
amplify it before transmission so that, on arrival at the receiver, the signal
energy is still distinguishable from any noise energy acquired en route.

If there is a noise power of N watts entering a channel of given bandwidth
which carries a signal power of S watts, then the received power will be S +N
watts. Because the power is proportional to the square of the voltage the total
received voltage will be ..j (S + N) containing ..j N noise volts. Using conventional
signal-processing techniques a signal voltage less than the noise voltage will not
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be distinguishable , thus the number of discrete signal levels which may be
distinguished will be

L = V (S + N) = V(l + SIN)
VN

The quantity of information transmissible in a basic interval is thus

1
0

= log, V(l + SIN) = 0.510g2 (l + SIN)

Hence with a sampling rate twice that of the bandwidth as before, the total
information content that can be transmitted over a noisy channel of signal- to­
noise ratio SiN is given by

It = I x T

from equation 6.2

I = n x 1
0

and therefore

It = BTlog2 (1 + SIN) bits (6.3)

where B is the bandwidth and T the total time for transmission. This is known
as the Hartley - Shannon equation. Thus the total information content may be
increased by either (i) increasing the channel bandwidth or (ii) increasing the time
available for transmission. Indeed the Hartley '- Shannon equation shows a
possibility of information retrieval even if the signal-to-noise ratio is less than
unity but the signal-compression techniques required for this are beyond the
scope of this text and we shall henceforth assume that the signal-to-noise ratio
at the receiver must be greater than unity, typically 2: 1 or + 3dB.

Example 6.2
Determine the bandwidth required for a television broadcast channel using the
data given in examRle 6.1. The signal-to-noise power ratio as measured at the
receiver is to be 10 : I (40 dB)

From the calculation of example 6.1, information rate = 25.9 Mbits/s , there­
fore in I second since

= I x T

= B T IOg2 (l + SIN)

= B x I X IOg2 (I + 10 000)

B 25.9 X 106

---- = 1.95 MHz
13.39

Since the maintenance of a good signal-to-noise ratio is so important for
the efficiency ofa data -transmission system it is important to minimise the
entry of noise where the signal is at its lowest level - in the channel and the
input stages of the receiver. Noise may be divided into two categories, that
arising externally, and that produced within the measuring system itself.
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Ex ternal Noise is the more readily understood since its sources are readily
defined. Examples are electromagnetic fields surrounding the channel, induced
for instance by the flux variation in transformers and machines; electrostatic
fields set up by lightning discharges or the sparking which occurs at the
commutators of some electrical machines. These can usually be minimised by
screening the sensitive system-component (for example signal transformers and
microphones in magnetic fields) with a low-permeability cover; or by an
earthed electrostatic metal screen around amplifiers and cables in electrostatic
fields. Screened cables often have conductors which are coaxially arranged,
the outer metal screening braid being the lower potential return conductor
(figure 6.5a). In multiway cables all the conductors may be enclosed in an outer
metal screening braid (figure 6.5b). Care must be taken to connect the screen
to earth at one end only otherwise a closed 'earth-loop' may be formed around
which currents may circulate , induced by magnetic fields (see figure 6.5c).

External noise can arise from the mains power-supply of the system contain­
ing 'interference' waveforms caused by motor brushgear or by thyristor-controlled
rectifiers. This may be cured by including a suppressor or filter network at the
point where the mains supply enters the instrument. In strain- gaugebridges
noise from the mains supply can often be so acute that a separate battery supply
has to be used. Where this is not possible the noise must be traced to its source
and suppressed there by screening or filters; an excellent example of this was
legislation to ensure the suppression at source of noise from vehicle ignition
systems which interfered with television reception.

braid screen

centre conductor
(solid or stranded)

(a)

outer insulotion sheath

/
\ insulation

mutually insulated multiway cores
(often stranded for f1exibHity)

(b)

var iable­
resistan
strain
gauge

vary ing
magnelic

-e-, j flux~ , -e-

-~-----
induced loop currents

(c)

FIGURE 6.5

(a) Coaxial and (b) multiway screened cables; (c) induced earth-loop currents;
arising from multi -point earthing
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Internal Noise. Even if the careful application of the above techniques
reduces external noise to an acceptable level, it is often not appreciated that the
measurement system itself generates noise. This arises from two main sources,
(i) the transducer, and (ii) any semiconductor (or thermionic) device in the
receiver. The former source is Johnson (or thermal) noise and arises from the
random motion of electrons, caused by thermal agitation, within the self­
impedance of the transducer. This noise voltage is random and therefore
distributed evenly across the frequency spectrum (white noise) . Its average
value over a period of time will be zero but at any instant it will have a magni­
tude un and we may speak of the mean square noise-voltage un2

• This can be
shown from thermodynamic considerations to equal 4kTRBn , where k is
Boltzmann's constant = 1.38 x 10-23 J /K, T is the source temperature (K), R
is the real or resistive component of the source impedance and Bn is the equiva­
lentnoise bandwidth. The latter can be shown to be approximately equal to
1.57 times the half-power bandwidth of the subsequent measuring equipment. 24

The second type of noise occurs in two forms, shot noise and l ff noise. The
former is caused by the random generation of carriers (electrons and holes)
within semiconductor devices or saturated vacuum devices (diodes, photocells).
It is frequency-independent (white) and its magnitude is equal to

-;- 2
1 n = 2 eI Bn

where T 2 is the mean square noise-current, e = carrier charge (1.6 x 10-19 C)
and I is the d.c. device current. The cause of I/f(flicker, excess or semicon­
ductor) noise is still tile subject of speculation, but it appears to be associated
with surface leakage effects at surface contacts and junctions in semiconductors-"
and has negligible magnitude above I kHz. It is only encountered in very-high­
gain amplifiers whose response curve (see section 8.2.3) extends down to zero
frequency. These are called direct coupled or d.c. amplifiers.

Example 6.6
An optical transducer consists of a vacuum photoelectric cell in series with a
1 kQ load resistor as shown in figure 6.6. The dark current of the cell is 10 p.A
and the half-power bandwidth and input impedance of the following amplifier
are 1 kHz and 1 MQ respectively. If the circuit is maintained at room temperature
and the amplifier has negligibleinternal noise calculate the minimum observable
signalvoltage at the amplifier input terminals.

Thermal resistive noise is generated in the load resistor

1)n2 = 4kTRBn = 4 x 1.38 X 10-23 x 291 X 103 X 1.57 X 103

2.52 X 10- 14 v2

For the photocell

f n
2 = 2 e I Bn = 2 X 1.6 X 10- 19 X 10-5 X 1.57 X 103

5.03 X 10-21 A2

This shot-noise current passes through the load resistor in parallel with the
amplifier's input impedance. Since the latter is so much greater the impedance
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photocell

FIGURE 6.6

The circuit of example 6.6

of this parallel combination is approximately 103 ohms. Applying Ohm's law
the shot-noise voltage produced by this current in the load resistor is

V 2=T 2R 2
ns n L

5.03 X 10-2 1 X 106

= 5.03 X 10-15 y2

The total noise voltage may be obtained by adding the squares of the
separate noise voltages

Vto1 =vn
2 +Vns2 =2.52 X 10- 14 + 5.03 X 10- 15

3.02 X 10- 14 v?
therefore

Utot = 0.174 f.J.y

The minimum observable signal would be approximately twice this, that is,
0.35 f.J.Y.

The Minimisation of Internal Noise. Since both thermal and shot-noise
powers are proportional to bandwidth, they may be reduced by deliberately
reducing the bandwidth of the receiver, using filters, to that value just required
to include the highest frequency components of the signal. Shot noise may
further be reduced by limiting the device current in the early stages of the
receiver amplifier. In the case of high-gain wide-band amplifiers the minimum
detectable signal will be limited by the thermal source noise and elaborate
attempts have been made to minimise this in some amplifiers by lowering
the temperature with liquid helium.

6.6 The Transmttter and Receiver

As previously stated one of the functions of the transmitter is to convert the
signal energy from the transducer into a form capable of being transmitted
through the channel to the receiver which returns the signal to its original form.
These processes are known as modulation and demodulation respectively and
the signal may undergo amplification either before or after demodulation, or
both, within the receiver before being passed to the display system.

The type of transmitter and receiver will obviously be influenced by the
channel chosen. Various forms of channel with their appropriate transmission
and reception circuits will be considered in section 6.8.
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6.7 The Signal Nature 2S

In practice, signalsare never either continuous sine waves or d.c. terms since
their behaviour would then be perfectly predictable and they could convey no
information. They are always either discontinuous or of more complex waveform.
Fortunately, by means of the Fourier series, we are able to express mathemati­
cally any repetitive waveform as the sum of two infini te series containing sine
and cosine terms at multiples, known as harmonics, of the waveform's funda­
mental frequency together with a constant or d.c. term ."

The time required for one complete cycle or repetition of the waveform
whatever its shape will henceforth be referred to as its period, or the reciprocal
of the fundamental frequency. In order to avoid rigorous analysis let us take
the easily demonstrable case of the square wave shown in figure 6.7.

It will clearly he seen that the addition of successive terms leads to a closer
approximation of the ideal square-waveshape , although for perfect synthesis an
infinite number of harmonics (each decreasing in amplitude) is required. A
useful engineering approximation is that the signal bandwidth required for
rectangular waveforms is approximately 10 times the fundamental frequency.

~

~r-------1t-----+--~

--t
lal

t ___

(b)

t _____

(d)

FIGURE 6.7

t_
(c)

t_
(e I

The graphical construction of the square wave at (a) from its various frequency
components; (b) d.c. term plus fundamental ;

(c) d.c. term, fundamental and third harmonic :
(e) d.c. term, fundamental , third and fifth harmonics
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d .c . 0 1f
component 2f 3f cr 5f 6f 7f

frequency __

FIGURE 6.8
The frequency spectrum of the continuous square wave of figure 6.7a

In addition, if any repetitive signal is symmetrical about zero amplitude , its
Fourier expansion will contain no d.c. component and hence the lower frequency
limit ofits bandwidth will be that of the fundamental (see figure 6.9a). So far,
waveform diagrams showing the variations of the signal in the time domain have
been considered, but a more simple representation of the amplitudes of the
frequency components of figure 6.7 may be represented by an equivalent
spectral diagram in the frequency domain. Figure 6.8 shows the frequency
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Id I sine wave witf second harmonic
distortion

FIGURE 6.9

Frequency spectra of commonly encountered waveforms
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spectrum for the continuous square-wave depicted in figure 6.7. It will be noted
that although the original time-domain diagram specified both the frequency
and the phase of the components, the frequency-domain spectral diagram
ignores phase relationships between the various frequency components. There­
fore it does not contain sufficient information to reconstruct the waveshape
because the phase relationships of these frequency components are needed
for this. Transformations from the time to the frequency-domain and vice
versa can be effected by the techniques of the Fourier transform 28 which is
beyond the scope of this text.

Figures 6.9 and 6.10 are of interest in that they depict the frequency spectra
of various commonly-encountered repetitive waveforms - as the curve shapes
become smoother from figure 6.9a to figure 6.9d so the frequency spectra
become noticeably less rich in harmonic content and thus require progressively
narrower bandwidths for faithful transmission.

It will be seen from figure 6.10 that half- and full-wave unsmoothed rectifier
outputs contain only even harmonics and that in the latter case, apart from the
d.c. component, the lowest frequency encountered is the second harmonic,
there being no fundamental term .
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FIGURE 6.10

Spectra of waveforms encountered in power-supply design
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Example 6.7
What is the minimum bandwidth required faithfully to transmit (i) a repetitive
square wave of period 1 ms which varies (a) between 0 and + I OV (b) from
- SV to + SV ; (ii) a repetitive rectangular waveform of 100 Hz and mark-space
ratio of 1:3 and (iii) what would the rise time of the pulses be after transmission?

(See figure 6.11 a)

T = I ms = 10-3 s

[(periodic frequency)

(a)(i)

1
= - = 103 Hz

T

Using the approximation on p. 178 there is negligible harmonic content above
10[, that is, 104 Hz. Since the waveform is asymmetrical about the x -axis, there
will be a d.c. (zero frequency) component. The bandwidth is thus 104

- 0= 104

Hz.

v v
--1 ms-

lOV

5V
0

t __
-5 V

(0)

v __ x .....

(b)

lc)

FIGURE 6.11

The waveforms of example 6.7

(b) (See figure 6.11b), since the signal is symmetrical about the x-axis
there are no frequencies present less than [, Therefore the amplifier response may
be limited to frequencies between [and IO[ to reduce 11[ noise at low
frequencies.

Bandwidth = 104
- 103= 9 X 103Hz

(ii) (Figure 6.11c), since the mark-space ratio is 1:3

x

y 3

I
T= = 0.01 s

[ lOa
0.01

x = = 0.0025 s
4
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Therefore the required bandwidth is approximately five times the reciprocal of
the pulse duration.

5 5
Bandwidth required = - = --- = 2 kHz

T 0.0025

(iii) The minimum rise-time of the pulse after transmission through this band­
width is given by

I
bandwidth = - tr

2t r

0.25 ms

Non-periodic Signals. So far the signals discussed have been of the repetitive
or periodic type having a period T. These have exhibited frequency spectra
having discrete components at multiples of the fundamental frequency f1 = liT.
The frequency spectrum of an isolated pulse may be predicted intuitively; since
the period time is very long (infinite if only one pulse occurs) the fundamental
frequency will approach zero and hence the harmonics will be very close together.
That is, the spectrum will tend to become a continuous band instead of clearly
separable discrete harmonics. The application of the Fourier transform to an
isolated pulse produces a spectral distribution as shown in figure 6.12a.

t..
1:J
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FIGURE 6.12
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T T

(e)

original
pulse

Ir=lt
101r:T
BW=.2=~=l(l)

T 10lr2 t,

Isolated rectangular pulse (a) and its frequency spectrum. Its shape when
reconstructed from frequencies below (b) liT only and (c) liST only
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The envelope is of the (sin x)/x form and it can be shown that the major part
of the pulse power lies at frequencies below 1/T since the amplitude distribution
is greatest here. Theoretically such a pulse requires an infinite bandwidth for
faithful transmission, but reconstructions using only those frequencies below
1fT and 5/T are shown in figure 6.12b and c respectively. The response shown
at (b) may be perfectly satisfactory for a pulse-code-modulated (PCM) data­
link where only the presence or absence of a pulse is of interest and subsequent
pulse reshaping can be carried out. Greater knowledge of the pulse duration (as
in figure 6.l2c) may be essential in PDM data systems (p. 193). Figures 6.l2b
and c illustrate the definitions of the pulse-rise time t, and pulse-fall time t f •

These are the times needed for the pulse to rise from OJ to 0.9 of its peak-to­
peak value, and to fall between the same limits.

It will be seen that tf = tr = T/2. Thus the required bandwidth is given for
figure 6.l2b by l/T= itu, = 1/2t f or for figure 6.l2c by 5/T= 1/2tr = 1/2tf •

It is convenient to specify the required bandwidth as the reciprocal of twice
the rise time since this is true of all pulse durations. Rise and fall times are
easily measured directly on an oscilloscope.

6.8 Types of Channel 26,27

6.8.1 Line Communication
The simplest form of channel that can carry information is a pair of wires. These
will have resistance depending on their length and cross-sectional area, leakage
conductance between them (depending on the properties of the insulation
medium), together with capacitance and inductance determined by their
geometry.

These properties affect the nature of any signal which is propagated along
them. The equations of a pure sinusoid's behaviour when applied to such a line
are well known27, and it can be shown that the attenuation of 'the signal becomes
more severe as its frequency increases. A multiple- frequency signal of the
types discussed in section 6.7 will become distorted in shape due to the different
attenuation of its various frequency components.

If the transmitter and receiver are close together the use of such a line is
permissible up to frequencies of several megahertz. If the line must be long due
to the transducer being situated in a hazardous area (in the vicinity of ex­
plosions, high temperatures or radioactivity, for example) then the upper
frequency limit is greatly reduced. A simplified equivalent circuit of a trans­
mitter of output resistance R 1 and a receiver of input resistance R 2 , together
with the line capacitance C is shown in figure 6.l3a. As long as the reactance of
C is large compared to both R 1 and R2 there will be negligible loss of signal
energy in the uppermost frequency components of the signal. Frequently how­
ever the output impedance of the transducer (as in the case of a piezoelectric
accelerometer) and therefore the input impedance of the associated receiver
for maximum power-transfer (section 2.5.6) are in the order of 108 n. Quite
small cable capacitances would thus cause the cable losses to be unacceptable.

Further, the presence of environmental noise (p. 175) may require the use of
screened cables of the form shown in figure 6.5, or the cable may have to be
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c

(0) (b)

source

Ic)

FIGURE 6.13

Impedance matching by a transformer

receiver
input

armoured to protect it from damage. These cables have an inherently higher self­
capacitance than open wires and the impedance levels of both source and
receiver must be reduced either by a transformer or by an electronic method
such as the emitter-follower (p. 245) to allow a low-impedance cable to be
used.

Figure 6.13b shows how the effective source impedance is modified by
transformer matching.

Figure 6.13c shows a line, source and receiver coupled together with matching
transformers; the use of transformers is of course limited to frequencies above
about '20 Hz and if the d.c, or low-frequency components of a signal are to be
retained then some electronic impedance-transformation device such as an
emitter-follower must be attached directly to the transducer in a screened
container. Such an arrangement is often referred to as a pre- or head-amplifier.

The equations governing the transfer of energy along transmission lines show
that, in order to effect maximum power-transfer, not only must the source and
receiver input impedances be matched together, but both must be matched to
the channel's characteristic impedance. This has been standardised at 600 n for
twin open-wires or 75 and 50 n respectively for normal and low-loss coaxial
cables.

Example 6.8
A transducer has a resistive output impedance of 50 ohms. Calculate the turns
ratios of transformers required to connect the transducer to an amplifier of
2 kn input impedance (i) directly and (ii) via a line of 600 n characteristic
impedance.
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transducer
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FIGURE 6.14

Example 6.8

(i) (See figure 6. I4a.) For maximum power- transfer
,

Zin = 50 ohms

n2

therefore

y ( 50)
11 = 2000

= 0.158 : 1

(ii) (See figure 6.14b) For maximum power-transfer

./ (~)III = V
600

0.288: 1

./ (~)112 = V
2000

0.0548 : 1

6.8.2 Radio Communication

In many systems it is necessary to use only one channel for the simultaneous
transmission of more than one signal. Since many transducers produce an output
which is a sine wave whose amplitude is proportional to the variable, amplitude­
modulated carrier channels are often used. The signal is transported along the
channel by means of a carrier frequency which must be at least twice as high as
the highest frequency component of the signal to be transmitted (see p. 193).
Carrier frequencies of between 100 kHz and several megahertz are often used
since they are readily propagated through space as radio waves.

Frequency Bands for Radio Communication and Telemetry
The allocation of frequencies for radio transmission is closely controlled by
international agreement to avoid spectrum overcrowding. The earliest attempts
in radio transmission were made at low frequencies that have the advantage of
providing simple long-distance coverage because of their long wavelengths.
Examples of this are the Droitwich Radio 2 transmitter giving European
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coverage on a wavelength of 1500 m (200 kHz), or the very long wavelengths
corresponding to frequencies of about 100 kHz which enable worldwide com­
munication to be established between submerged submarines and their base .

The next band of frequencies from 0.6 to 4.0 MHz is allocated to commercial
and entertainment communications. Above this frequency the transmission of
scientific data or telemetry is possible because the shorter wavelengths allow
aerials of practical dimensions to be used. Telemetry chains, to monitor ocean
temperatures and other variables, consist of unmanned buoys operating between
4 and 23 MHz; meteorological radiosonde balloons operate at 27 MHz. Frequen­
cies as high as 86 MHz must be employed to provide an aerial small enough to fit
inside an internal-combustion-engine crankcase to monitor that environment.
Frequencies up to 10 GHz (10 10 Hz) are used for line-of-site telemetry in micro­
wave links of approximately 3 em wavelength.

Satellite telemetry poses an interesting problem since frequencies must be
used within the spectrum of the space 'window' to which the Earth's atmosphere
is transparent. This window ranges from a low limit of 100 MHz, where iono­
spheric reflection occurs, to 10 GHz where absorption effects from rain and
atmospheric dust begin to manifest themselves.

Perhaps the most promising area for development is in the field of modulated
optical-light beams, either propagated from lasers or 'piped' along bundles of
fibre-optical waveguides. These operate at visible-light frequencies (33 X 10 13 Hz
to 67 x 10 13 Hz) corresponding to wavelengths of 4500 - 9000 A respectively
(1 A = 10-10 m) . These enormous frequencies offer possibilities for bandwidth
and therefore information-rate capacity far beyond anything currently possible.

Carrier frequencies up to tens of megahertz may be used in coaxial-line
transmission so the following section on modulation is valid for line as well as
for radio transmission.

6.9 Modulation Systems

Modulation modifies the measured variable signal, introducing a carrier signal
and transferring the variable information to the modulated carrier which has
properties more suitable for the chosen channel.

Carrier modulation takes place by either (i) continuous variation of one of
the carrier parameters (amplitude, frequency or phase), or (ii) by pulse
modulating the carrier (chopping it into segments).

6.9.1 Amplitude Modulation (A.M.)28

This is the simplest of modulation systems; a constant-frequency carrier wave
has its amplitude varied by the signal in a linear manner. Let us take a simple
time-varying signal (P + Qcos wt), with which we wish to amplitude modulate
a carrier signal of frequency wc' Ifwe multiply these two signals together we
will obtain an expression for the instantaneous value of the modulated carrier
signal

U = (P + Q cos wt) cos wct

= P cos wct + Qcos w t cos wct
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since cos A. cos B = t [cos (A + B) + cos (A - B)]
Q Q

u = Pcosw t + - cos(w - w)t + - cos(w + w)t
e 2 e 2 e

The final equation clearly shows the presence of three frequencies formed
from the multiplication process. One at the carrier frequency whose amplitude
is proportional to the d.c. component of the modulating signal, and two others
at angular frequencies equal to the sum and difference of the modulated signal.
The carrier frequency has an amplitude equal to the d.c, term of the signal and
the upper and lower side-frequencies are proportional in amplitude to the
amplitude of the time -variant signal term. If a complex signal is used to modu­
late the carrier, it is obvious that the bandwidth covered by the modulated
carrier signal will be 2wh where w h is the highest frequency component of the
complex signal (see figure 6.15).

p -------------

L..- -,-.....L......,.-----'_....,.-..L..--:--:-__ W
(wcw) We (We+W) frequency

I,bandwidth ..I

FIGURE 6.15

Frequency spectrum of an amplitude modulated (A.M.) carrier of frequency We

Example 6.9
The Radio 2 Droitwich transmitter operates at a wavelength of 1500 m. Calculate
the required bandwidth and frequency range. of its radio- frequency amplifiers if
the audio range is to be faithfully transmitted.

Assuming that frequencies up to 15 kHz are required to be present in the
signal, the required bandwidth is 2 X 15 kHz = 30 kHz.

The carrier frequency is given by f= ciA, where Ais the carrier wavelength and
c the velocity of light (3 X lOll m/s)

Therefore f =3 X 108/1500 = 200 kHz, this givesa frequency range from
200 + 15 =215 kHz, to 200 - 15 = 185 kHz respectively.

This type of amplitude- modulated signal is produced by passing the original
signal, together with the unmodulated carrier through a non-linear device. Most
of the devices used in electronics exhibit non-Iinearities to some extent. We
usually operate them over the linear portions of their characteristics to give
distortionless operation. Consider the shape of the characteristic curve of a
diode shown in figure 6.16 .

This type of gradual non-linearity is represented by a power series of the
form i = au + bu2 + cv3 + . ..etc. From the equivalent circuit of figure 6.17 we
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1slope = 'd

v

FIGURE 6.16

The non-linear characteristic of a diode

can obtain the output voltage expression as

Vo = aR L (Ve cos wet+ Vs cos wl) + bR L (Ve cos wet + ~ cos w st)2 + . . .etc.

assuming R L is much less than the minimum value of rd'

Expanding, this becomes

Vo = R L (a~ cos wet +a~ cos wl + b Ve
2 cos? wet + 2b ~Ve COS wst

cos wet + bV/ COS
2 wst)

or

Vo = RdaVe + 2b~Ve cos wl) cos wet

plus other higher-order terms.

'd (non-linear)

FIGURE 6.17

The equivalent circuit of a diode modulator

(6.4)

Equation 6.4 represents the A.M. waveform, the other terms may be rejected
by a filter (usually a tuned circuit) of suitable bandwidth. The filter 's bandwidth
is determined by its Q (see section 2.4.3) where

Q = centre frequency = we

bandwidth 2w s

When displayed on an oscilloscope a correctly amplitude-modulated wave­
form appears as in figure 6.l8c. If the constants a and b, and the signal amplitude
~ are such that the complete signaljust decreases to zero at the modulation
troughs (figure 6.l8e) then the modulation is said to be full or one hundred per
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(e)
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FIGURE 6.18

(a) Nature of the waveform which is to be transmitted; (b) a constant amplitude
(unmodulated) carrier wave; (c) the carrier modulated by a curve (a);

(d) a carrier modulated by a single low frequency; (e) full or 100 per cent
modulation using this frequency ; (f) overmodulation using this frequency

amplitude of
unmodulated carrier

cent. An increase in signal-voltage amplitude produces overmodulation (figure
6.18£) which results in distortion of the signal. The percentage modulation or
modulation index may be obtained from

maximum amplitude
of modulated signal

Modulation index M =---------------­
amplitude of unmodulated carrier

= v- ~

~

2bVVR L 2bV
= 8 C = __8 (from equation 6.4)

a~RL a

Therefore

percentage modulation = 2b~ x 100
a

Note that this equation is dimensionally correct because the units of a are A/V
and those of b are A/y'2 .
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Example 6.10

An inductive transducer is used to measure a variable having a maximum
frequency component of 100 Hz. It uses amplitude modulation (A.M.) with a
carrier frequency of 10kHz. Calculate the amplifier bandwidth required and
the modulation index if the maximum and minimum instantaneous signal
amplitudes are 0.1 V and 0.8 V.

To reduce noise problems the receiver for the above transducer is to be tuned
(made frequency selective) by a single parallel resonant circuit using an inductor
having a self-resistance of 12 ohms. Calculate the inductance of the coil and
the capacitance required.

The bandwidth for amplitude modulation is from t, - Is to r; +Is or 9900 Hz
to 10 100 Hz. Thus the bandwidth needed is 200 Hz.

amplitude of
unmodulated carrier

maximum amplitude of
modulated signal

Modulation index =--------=------------
amplitude of unmodulated carrier

(0.8 0.1 )/2
=

(0.8 + 0.1)/2

0.7
- = 0.77
0.9

Q of the tuned circuit =
centre frequency

bandwidth 200
50

Q = 50 = wL/r

therefore

50r 50 X 12
L = =

W 21T X 104

0.00955 H = 9.55 mH

1
t, =

21TV(LC)

C= ---

= 0.0265 J.LF

This type of amplitude modulation is rarely used in measurement systems
since attenuation along the channel and hence the amplitude of the received­
signal components can vary in practice. This is caused by changes in atmos­
pheric attenuation and reflection in the case of radio transmission, and by
varying line-losses in line communication systems. The use of A.M. is chiefly
confined to a.c. transducers whose output is already in amplitude-modulated
form (see section 7.1.3) and the entertainment industry where the simplicity
and hence the cost of receivers is of over-riding importance. Even in the latter
field it is being replaced by frequency -modulated F .M. systems due to its
inefficient use of bandwidth and vulnerability to atmospheric noise. It is in­
efficient because only one sideband of the three frequency components is
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required. Since the ear is not sensitive to frequencies below 20 Hz the we term,
which only carries information on the d.c. level of the signal, is redundant. The
two sidebands carry identical information so that the redundancy of one can be
dispensed with unless frequency-selective atmospheric attenuation is expected.
These considerations have led to the the development of double-sideband­
suppressed -carrier (D.S.S.C.) and single-sideband -suppressed -carrier systems
(S.S.B.) respectively for use in increasingly crowded frequency channels.

Before advancing to other forms of modulation, a suppressed-carrier modu­
lator which is finding increasing application in the instrumentation and control­
engineering field merits attention because of its simplicity. This is the double­
balanced ring modulator.

In the circuit of figure 6.19, as long as Ve is much greater than ~, point A
will become positive with respect to point B on one half- cycle, forward- biasing

n
FIGURE 6.19

Double-balanced ring modulator

the diodes D 1 and D2 and reverse-biasing D3 and D4 • Assuming ideal diode
characteristics the equivalent circuit of the centre section of figure 6.19 is now
shown in figure 6.20a. Similarly on the reverse cycle, D3 and D4 conduct while
D1 and D2 are cut off yielding the equivale.it circuit of figure 6.20b. Providing
the turns -ratios of T1 and T2 are the inverse of each other the effect of the
circuit is to transmit the signal unchanged during one -half of the carrier period
and to invert it during the remainder of the carrier cycle. The continuous signal
and its inverse are shown in figure 6.2la, and the resultant waveshape produced
by alternating between these in figure 6.2Ib. This same function is performed

D<J
(a) (b)

FIGURE 6.20

Equivalent circuits of figure 6.19
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(a)
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FIGURE 6.21

Wavefonns of the circuit in figure 6.19

in instruments that are not required to respond to fast changes of signal by a
mechanical switch (a polarised reed-relay) as shown in figure 6.22. The vibrating
reed, on which is mounted a small permanent magnet, is enclosed within an
evacuated glass capsule to exclude dirt and gases that may contaminate the relay
contacts. The external mains- driven solenoid causes the reed to vibrate between
the two fixed contacts, thus passing signal current through alternative halves of
the centre-tapped transformer primary . This alternating flux induces an e.m.f,
in the secondary having a waveshape very similar to figure 6.21. When the signal
voltage is converted to an alternating form in this way by the circuit of figure
6.22 it is often known as a chopper.

enve lope

L _

supply t<>--G
at we o---ti.­

solenoid

FIGURE 6.22

Reed relay vibrating at supply frequency We used to provide balanced
modulation

29, 30
6.9.2 Pulse Modulation
Close inspection of figure 6.21 shows that it can be regarded as a series of nearly
rectangular pulses whose duration is equal to the interval between them (a mark­
space ratio of 1 : 1). Thus the amplitude of the pulses is a function of the
measured variable thus classifying the system as pulse-amplitude modulation
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PAM

PPM
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im 11:1 1111: !III ill! illl liil !III !!II PCM

FIGURE 6.23

Differing forms of pulse modulation - the effect of a sinusoidal signal on the
output pulse shape

(PAM). Other pulse parameters which may be varied by the signal are its duration
(PDM), its position or delay (PPM) together with pulse-code modulations, (PCM).
Figure 6.23 shows the effect a sinusoidally varying signal would have upon
the pulse parameters in each of the above modulation systems; for convenience
the pulses have been shown of short duration except in the PDM case. In practice,
the mark-space ratio of pulses is usually much less than unity since the use of
short- duration pulses allows time between them for sampling other signals (time ­
division multiplexing p. 196) .

The effect of too Iowa sampling rate is clearly shown in figure 6.24. It has
been shown 22 that the sampling frequency must be at least twice the frequency
of the highest harmonic component present in the signal for distortionless trans­
mission.

In pulse-position modulation (PPM), the standard position of the pulse
(corresponding to zero modulation) is sent to the receiver along the same channel
by means of a repetitive marker pulse.

The concept of pulse-code modulation is not clear from figure 6.23 and
since this form is becoming increasingly popular, brief mention of its mechanism
is justified. We must first determine the span of the analogue signal and decide
upon the resolution required of the system in transmitting this variable. For
example, say that the pressure in a vessel is varying within the limits of zero
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t~

~I 0 0
t_

FIGURE 6.24

The effect of a rapidly varying signal being sampled too slowly

to 30 N/m 2 and the system demands an accuracy of± 1 N/m 2
• This analogue

signal must be sampled at a rate appropriate to the highest significant harmonic
in its fluctuation waveform, there being 30 possible values of the variable. This
process of identifying the magnitude of an analogue signal by stating whether it
lies between the limits 0 and 1, 2, 3 and 4 . . ., etc. is known as quantising. The
value of the variable will now be an integer varying between 0 and 30 ; this

30

t 25

'E
Z 20

~ 15
:l
VI
VI

e 10a.

5

t ___

FIGURE 6.25

Basicanalogue. to-digital conversion process . A pressure signal quantised and
pulse coded at times t1, t2 and t3
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number has now to be translated from decimal to binary notation and for those
readers unfamiliar with binary counting a short table of decimal and binary
numbers up to 30 is depicted below. In the decimal system there are ten
permitted symbols per column that is a to 9, after which a symbol 1 must
be placed in the next column and the sequence repeated. In the binary notation
there are only two permitted symbols, aand 1, after which a 'carry' 1 symbol
must be put in the next column. This yields table 6.1.

TABLE 6.1
The decimal numbers a to 30 and binary equivalents

Decimal Binary Decimal Binary Decimal Binary

01 00001 11 01011 21 10101
02 00010 12 01100 22 10110
03 00011 13 01101 23 10111
04 00100 14 01110 24 11000
05 00101 15 01111 25 11001
06 00110 16 10000 26 11010
07 00111 17 10001 27 11011
08 01000 18 10010 28 11100
09 01001 19 10011 29 11101
10 01010 20 10100 30 11110

The magnitude of the variable at times t" t2 and t 3 can now be specified as
the binary numbers 10110 (22 N/m2), 00111 (7 N/m2), and 00011 (3 N/m2).

This signal has been sampled far too infrequently but this is merely for diagram
clarity. It can now be clearly seen why (on page 172) it was stated that log2n
binary digits are required to specify a decimal number n, since the extreme
right-hand binary column represents 2° and proceeding to the left the columns
represent 2',22,23

, etc . The signal magnitude at times t i t 2 and t3 in binary
notation may thus be transmitted as the series of pulse chains 1,2 and 3 on
figure 6.25. The simplest system would be to represent the symbol 1 by a
voltage pulse of some value and to indicate the symbol 0 by zero voltage. This
has the disadvantage that, should the system malfunction for a limited time and

(a) Ib) Icl

FIGURE 6.26

Pulse code modulation systems - the word 10110 sent : (a) on a return-to-zero
(R.Z.) system; (b) on a non-return-to-zero-level (N.R.Z.L.) system, and

(c) on a non -return-to-zero-mark (N.R.Z.M.) system
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give zero signal or become submerged in noise, the receiver would interpret
this as the value O. To avoid this ambiguity the symbol 1 is represented by a
positive pulse-height and the symbol 0 by a small less-positive pulse height.
This is known as positi ve logic and if the symbol 1 is represented by a less­
positive pulse, negative logic. There is no agreed standard between various
manufacturers as to pulse heights and duration, and thus problems of system
compatibility arise if one wishes to use manufacturer A's computer with manu­
facturer B's analogue-to -digital converter. This is partly a result of manufacturers'
vested interests in selling a complete system rather than one sub-unit and if
items from differing sources are to be used together interface units must often
be built or bought to make different logic systems compatible. Figure 6.26b
shows the pulse train at time t1 sent as a voltage pulse -train word on the non­
return-to-zero-level (N.R.Z.L.) system. Figure 6.26c shows the identical word
transmitted in the non-return-to-zero- mark (N.R.Z.M.) system where the
symbol 1 calls for a change in level and a 0 for no change. This latter system
has the advantage that less changes in level and therefore possibilities of error
occur for the same information transmission. For both systems return-to-zero
only occurs at the termination of a word. There is no agreement between
manufacturers concerning the order of sending the word that is whether to
commence with the 2° or the 2n bit.

Referring back briefly to channel capacity; once the sampling rate for a given
frequency has been decided, together with the number of quantisation levels,
we may set a lower limit to the duration of a bit. Roughly, if the transmitted
frequency band extends to zero at its lower limit we may assume that the
shortest pulse capable of transmission =2/0f, where 0f is the channel band­
width. On one of the non-return-to -zero systems the word duration will thus
be 2N/ofwhere N is the number of bits per word, equal to log , x (number
of quantisation levels). It may well happen that the word length only occupies
a fraction of the time between successive samples (see figure 6.25) and this
clearly represents an inefficient use of channel capacity. During the period
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FIGURE 6.27

Time-division-multiplex. Variables 1 to 4 are sampled in rotation and
synchronising pulses (two Is separated by time 0 t) which the receiver

can recognise are inserted in each sampling cycle
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between successive words representing samples of one variable, the data
channel is usually made to work to full capacity by sampling other variables
in order. Thus information is being transmitted about several variables along
one data channel by sampling them in rotation - this is known as time­
division-multiplexing and is rapidly becoming the basis for all modern forms of
communication from local telephone calls to submarine intercontinental cables.
A synchronising pulse is usually sent with each complete multiplex cycle in
order to let the receiver decode the data into separate channels again for
recording or display. Figure 6.27 shows a four-channel multiplex signal-cycle
together with synchronising pulses.

Finally, concerning all forms of pulse modulation it must be stated that they
can be transmitted over lines as changes in d.c.level (baseband transmission) or
for wide- band or radio propagation the pulse height may be used to amplitude­
modulate or frequency- modulate (see section 6.9.3) a high- frequency carrier
for subsequent transmission over a radio link.

6.9.3 Frequency Modulation
Amplitude modulation suffers from the disadvantage that most external noise
enters the channel in variable-amplitude form and is therefore difficult to
separate from the signal. We have also seen in section 6.9.1 that unless used in
single-sideband-suppressed-carrier form it is wasteful of precious bandwidth.
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FIGURE 6.28
Frequency or angle modulation - the effects of (a) sinusoidal,

(b) non-symmetrical and (c) pulse-coded variables on the
amplitude - time graph of a frequency-modulated carrier wave
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An alternative system by which an analogue variable may be impressed on a
carrier is angle modulation, usually in the form of frequency modulation. At
the time of writing this is met by most members of the public in V.H.F. national
and local radio systems. Figure 6.28 illustrates the principle of the system. A
constant-amplitude carrier signal is transmitted the frequency of which is varied
about some fixed centre -frequency by the amplitude of the analogue variable .
Below this is shown the result of using pulse-code modulated signals to frequency­
modulate a carrier signal; the d.c, levels corresponding to zero, logical I and
logical 0 will be represented by three discrete frequencies and hence this system
is sometimes known as frequency-shift modulation. If any amplitude variations
appear on the carrier when arriving at the receiver they will be caused by external
noise and can be removed by an amplitude limiter before demodulation.

This type of modulation is often encountered in measurement, as opposed to
entertainment, spheres when the transducer is one whose reactance (that is
capacitance or inductance) varies with the measured variable. This transducer
can then be employed as one element in the frequency-determining network of
the oscillator producing the carrier frequency.

6.10 Problems

6.1 A picture 40 em wide by 20 em high is to be transmitted by a tele­
graphic link. Horizontal lines are scanned at a frequency of 0.5 Hz, each line
consisting of square black or white dots of 0.2 mm side. Calculate the total time
required for transmission of this picture and the channel bandwidth occupied if
the signal-to-noise ratio of the link is 30 dB.

6.2 A transducer has an internal resistance of 50 n and feeds an amplifier
via a 20 : I step-up matching transformer. If the amplifier has a noise bandwidth
of 50 kHz and the amplifier's internal noise may be represented by a 5 kn
resistor at its input, calculate the signal-to-noise ratio at the amplifier output,
when the transducer terminal voltage is 1 mY. The temperature may be taken as
288 K. What would be the signal-to-noise ratio without the .matching trans­
former?

6.3 The waveforms of the following figures are to be amplified before
display.

(a) The waveform of figure 6.9a where T = 1 ms.
(b) The waveforms of figure 6.10 where T =20 ms
(c) The isolated pulse of figure 6.12 where T = 1 ms.

Write down the minimum frequency limits of the amplification and display
equipment if no change in shape is to be noticed from observation of the recorder
trace.

6.4 Why are frequency modulation and pulse techniques more commonly
employed in radio-telemetry equipment than amplitude-modulation methods?
What advantages does amplitude modulation have?
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A miniature radio transmitter is built into the piston of an experim'ental
internal-combustion engine to detect piston flutter (transverse motion) at an
expected frequency of ten times the axial piston frequency. Calculate the band­
width required of the commercial A.M. receiver and transmitter if the engine's
maximum speed is 10 000 rev/min.

6.5 What would be the minimum sampling frequency if a pulse- modulation
technique were to be employed in example 6.47



7 TheTransducer and Transmitter

The transducer in a measurement system converts variations of the measured
variable into an electrical signal. The transmitter then converts the signal into
an electrical form suitable for transmission through the channel. Except when
using electromagnetic waves(radio) as a channel, the transmitter is often an
integral part of the transducer.

In this chapter attention will be confined to the measurement ofnon-electri-
cal quantities by electrical means. It is assumed that the reader will be conversant
with the elementary measurement of electrical quantities ; single- and three-phase
power measurements were discussed in chapter 2, and many standard texts" :31,42 ,43

deal with the more sophisticated measurement of electrical quantities.
No attempt will be made to give exhaustive details of the many types of

transducer available. The author feels that discussion of the underlying principles
of operation and the inherent limitations is more appropriate at this stage.

7.1 Displacement

Displacement may be conveniently divided into two categories. Firstly the
linear (translational) movement of an object and second , rotational (or angular)
displacement.

A. Linear Displacement

7.1.1 The Potential Divider

This is an inexpensive transducer in which the position of the slider in a resistive
potentiometer is made proportional to the displacement. The most common
application is the automobile petrol gauge in which the slider position is varied
by the float (figure 7.la) thus registering the level. If a constant-current (high-

load R
(voltmeter)

(a)
FIGURE 7.1

B

(b)

A potentiometric displacement transducer used as a level indicator and its circuit
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impedance) source is used to energise the potentiometer (figure 7.1b), the poten­
tiometer current I p will be almost independent of any loading current I taken
by the measuring voltmeter. The load current I may be minimised by using a
high-impedance voltmeter. If one or other of these conditions is unfulfilled,
loading errors occur. It is clear from figure 7.1b that with a constant voltage V
applied across the potentiometer AB there will be no error when the slider is
either at position A or position B. This is because the slider voltages Vand 0 at
these respective positions are independent of I.

Example 7.1
Calculate the minimum resistance of a voltmeter to be used with a IOn poten­
tiometer if the loading error at the mid position is not to exceed 0.0 I per
unit when fed from a constant voltage source.

Let the voltmeter resistance be R and the supply voltage V. Referring to
figure 7.1b; without the voltmeter the slider voltage Vs would be V/2. With the
voltmeter

and

therefore

Thus the error is

and per unit error is

- 0.01

therefore

Rs2.02 = - + 2
2R

or

Rs

2R
0.02
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R s 100
voltmeter resistance R ~ - x -

2 2

~ 2S0n

The resistive element may be wire-wound or may be a carbon or metal film.
Trouble may be encountered from the slider contact which may become dirty
and from pivot friction. A typical life expectancy is a million operations and
the speed of response is rarely less than a quarter-second. In wire-wound
versions the resolution is limited by the number of turns employed.

7.1.2 The Reluctance Transducer

This device uses the displacement to alter the geometry of a magnetic circuit,
thus altering the inductance of a coil wound round the circuit. The simplest
form is shown in figure 7.2a where the armature moves with respect to the
E-core, thus altering the size of the airgaps. Since reluctance is equal to magneto-

---­motion
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(a)

ammeter

c .c .
supply'"

motion
(b)

FIGURE 7.2

Single-and dual-coil reluctance transducers together with a bridge detecting
circuit for the dual form

motive force /flux , a decrease in reluctance caused by narrowing the airgap
results in a flux increase. The coil's inductance thus increases and the ammeter
reading will fall. Unfortunately this simple arrangement is very non-linear, that
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is, the current is not proportional to the armature displacement. Figure 7.2b
shows a two-coil transducer which gives an approximately linear detector
current in the bridge circuit shown ; typical maximum airgaps and hence the
displacement spans are only a few millimetres but the speed of response can be
up to I kHz.

7.1.3 The Differential Transformer (LVDT)

The limited span of the simple reluctance transducer may be extended up to 20
em displacement by using the transformer type of magnetic device shown in
figure 7.3a. With the core centralised in the bore of the former, there will be no
net output voltage, Vout' because identical coils L 1 and L 2 are connected back
to back, the e.m.f.s cancelling (VAB = VCB) ' The half-wave rectifier diodes
will thus give equal positive outputs to points D and E, making Vout d.c , equal
to zero.

A
...-------------__.............----00

R

B

tvout.-+---+-.

--~L supply L

I seCOnd;'Y coils Z

'---......ot--.......-oEc
{ol (b)

FIGURE 7.3

A linear variable differential transformer (LVDT) and its associated circuitry

As the core moves left the primary flux coupling with L 1 will exceed that
coupling L2 • Thus VA B > Ve B making the point D more positive than E.
Vout d,c. will thus increase, having a polarity as shown. If the core moves to the
right of centre, VCB > VA B making E more positive than D, reversing the
polarity of Vout d.c. . Sketches of the various voltages are shown in figure 7.4a
and b for varying displacements. The response speed is typically up to 1 kHz.

7.1.4 The Capacitive Displacement Transducer
Because the capacitance of a parallel-plate capacitor depends upon plate area
and separation together with the relative permittivity of the dielectric, variation
of any of these can be converted to an electrical output. Figure 7.5 illustrates
some of the more common forms of capacitive transducer; type c is an interesting
variation suitable for use with liquids which are insulating and whose relative
permittivity is markedly different from that of air. The disadvantage of capacitive
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displacement

(a) (b)

FIGURE 7.4

Variations of the voltages in figure 7.3

displacement transducers is that the necessary plate area often renders them
bulky. Nevertheless the forces required to operate them are very small and there­
fore they can be designed to have an extended upper-frequency response.

7.1.5 Seismic Methods for Displacement
Displacement may be regarded as the second time-integral of acceleration. The
output of any of the seismic accelerometers described in section 7.4 may there­
fore be integrated twice electronically to give a signal proportional to displace­
ment, provided that information on the initial conditions (velocity and displace­
ment) is available. These transducers have a wide frequency response (up to 1
MHz), the necessary integrating circuits are dealt with in section 8.3.1.

fixed
plate

fixed plate (cylinder) motion
F~~~--,~ -jd

moving plate =actuator , m~tio~ I
(cylinder)
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f-- I
(e.g. petrol)

I
<: 1--0

'--- I

~
liquid level gauge

(a) (b) (c)

FIGURE 7.5

(a) Cylindrical variable area, (b) variable -separation and
(c) cylindrical variable-dielectric level transducers
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7.1.6 Digital Methods for Displacement
In its crudest form this method depends on counting the number of pulses ob­
served by a photocell or other sensor when a striated surface moves beneath it
as in figure 7.6a . The pulses are fed to an electronic counter whose display can
be made to indicate the lateral position of the surface.

In practice, the dark areas are often formed by interference fringes produced
by two transparent surfaces each ruled with a fine grating and placed at a small
angle to each other as in figure 7.6b. This effect is known as the 'Moire fringe'
effect". When light is shone through both the surfaces a pattern of light and
dark fringes is seen whose movement is greatly affected by very small relative
movements between the surfaces. This method has been extensively used for
the automatic control of machine-tool slides.

II.
opaque segments
(str iations)

f()llight source

n?l

~~rtj===g ~
output

(a)

fiKed surface moving surface

(b)

FIGURE 7.6

(a) Principle of digital displacement methods; (b) surface patterns for generating
Moirefringes

B. Angular Displacement
Distinction must be made between measurements of angular movement of a
shaft with respect to a stationary datum and relative displacement between two
parts of a rotating shaft. The latter measurement is complicated by the fact
that the transducers must be mounted on a rotating member and connections
made to the stationary display equipment. There are two main methods of
achieving these connections.

(i) For many short-term measurements with low shaft speeds slip-
rings and brushes can be used as in figure 7.7a. The main difficulties are caused
by contact potentials and variable contact resistances between slip-rings and
brushes.

(ii) For higher shaft speeds the transformer effect may be employed;
one winding i~mounted upon the shaft , the other enclosing it and stationary
(figure 7.7b). This method is only applicable to alternating signals and it must
be remembered that the frequency and voltage of the signal in the stationary
secondary will depend upon the relative angular velocity between the two
windings . The analysis of this situation is similar to that of the rotor e.m.f. and
rotor frequency of an induction motor (section 4.5.2) because in both cases
relative motion between the two windings occurs. Thus if the primary is fed
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with a constant frequency f and if the standstill secondary output voltage is
Vo' when rotation occurs

secondary output voltage, Vo' = ~(1 _n~J )

secondary output frequency.j', = f(1 - n7)
where n reJ is the speed of shaft rotation (rev/s). These equations show that the
speed of shaft rotation must not approach the frequency of the alternating
signal, so the frequency must be chosen accordingly.

Ib )

to dis play

101

transducer j---l~r=-~'--...J

sha ft

FIGURE 7.7

Two methods of transferring a signal from a rotating member to stationary
equipment

Neglecting the rather crude visual inspection of shaft deformation under a
stroboscopic light, there are several methods of detecting relative angular dis­
placement between two rotating members.

7.1.7 Inductive Bridge Transducer

Figure 7.8 shows four coils L 1 to L4 mounted upon a rotating backplate A.If
shaft B moves relative to A in the direction shown, L 2 and L 4 will increase in
reactance as their magnetic cores enter them more deeply; whereas L 1 and L 3

will decrease for the oppositve reason. If wired in the bridge circuit of figure 7.8b
a bridge imbalance will occur if B moves relative to A in either direction. The
phase of the bridge output voltage will indicate the direction of relative dis­
placement. The detector output from the bridge is suitable for transmission to
stationary equipment by either of the methods of figure 7.7.
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FIGURE 7.8

The inductive angular displacement bridge

7.1.8 Timing Methods
The techniques of figure 7.9 are indirect ones which assume a constant value for
the rotational speed of the shaft and which infer the angular displacement from
a time interval between two events. These are the passage of two projections
beneath either magnetic transducers or photocells. Any misalignment in the
projections will appear as a time interval between the two which may be measured
using an electronic timer-counter. Because intervals of only a few microseconds
can be recorded, very high shaft speeds can be catered for.

If suitable values are assumed for the elastic constants of the shaft in the
methods of figure 7.8 and 7.9, the torque in the shaft may be inferred.

We will now examine methods more suitable for the measurement of dis­
placement with respect to a stationary datum.
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FIGURE 7.9

(a) Indirect time-interval method and (b) variable capacitance method for
angular displacement
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7.1.9 Capacitive Methods for Angular Displacement
Figure 7.9b illustrates the principle of a capacitive transducer used for this
measurement. Many interleaved alternately fixed and moving plates may be used
to give a capacitance change much greater than the standing capacitance of the
connecting leads. But this causes them to be bulky (see section 7.1.4) .

7.1.10 The Synchro

If two three-coil windingsare connected together as shown in figure 7.10 and
an a.c. flux established in rotor A from an external voltage source, the relative
magnitudes of the e.m.f.s in stator A will be determined by the rotor position.
These three e.m.f.s induce currents in stator B such that the

o.c.excitotion

synch ro A synchro B

FIGURE 7.10

The principle of the synchro

resultant flux-pattern in B exactly corresponds in direction to that produced by
rotor A. Rotor B thus aligns itself in this direction and will follow any move­
ment of rotor A. Considerable torque can be exerted by a large (15 A) synchro ;
quite sufficient to act as a remote servo-control for a valve or other equipment.P

Differential and summing synchros are available which will take up a position
proportional to the difference or sum respectively of the angular deflections of
two other remote synchros.

7.1.11 Disc Encoders

This method is a simple and accurate one which provides a shaft-position signal
consisting of a binary coded number. A transparent disc with opaque segments
is mounted upon the shaft and light from a lamp is interrupted by the segments
before falling on a series of photocells. An alternative, less accurate method is
to use a series of brushes contacting conducting segments. The segment width
limits the resolution to about lOon a four-inch disc using brushes, but with
photoreduction techniques opaque segments only a few microns in width can
be produced for the photocell method. This enables a 14-bit binary output with
its resolution of approximately one minute of arc to be obtained.
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FIGURE 7.11

Shaft encoding discs (a) 8421 binary coded decimal ; (b) Gray code

Figure 7.11a show a disc employing the well known 8421 BCD code; its use,
however, causes some difficulties. In moving between adjacent segments many
bits often change simultaneously, the extreme case being sector IS to sector 0
(Il11 to 0000). Even with precision construction all four bits will not move
simultaneously because of stagger in the brush or photocell positions. At the
moment of changeover a large error can thus occur, for example IS to 0 might
give a momentary 0111 during changeover corresponding to a sector 7 signal.

TABLE 7.1
Binary Codes

Decimal 8421 Gray code
number BCD

0 0000 0000
1 0001 0001
2 0010 0011
3 OOll 0010
4 0100 OllO
5 0101 0111
6 0110 0101
7 0111 0100
8 1000 1100
9 1001 1101

Accordingly the Gray or reflected- binary code is employed (figure 7.11b) in
which only one bit changes in passing between adjacent sectors giving a maxi­
mum error of one sector during changeover. Table 7.1 sets out the two codes
for comparison - it is relatively easy to change from one to another by elec­
tronic means.
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C. Strain Gauges
A special type of displacement transducer which deserves a separate section is
the strain gauge. It is designed to detect the small fractional change in dimensions
which occur when a body is stressed.

7.1.12 Metallic Strain Gauges
If a wire is stretched from length I to (I +M) there will be accompanying
reduction in the cross-sectional area A. Since its resistance equals pl/A where
p is its resistivity in ohm metres (Q m), both these effects will lead to a resistance
rise. Because the resistance changes observed in actual gauges cannot be com­
pletely explained by the above effect, it is thought that structural changes also
occur within the wire which have an important effect. Nevertheless, for per unit
changes in length ofless than 0.01 the corresponJing fractional change in
resistance is approximately linear.

,I

I

h- A
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oirection of strain

lal lbl leI

FIGURE 7.12

(a) linear foil strain gauge; (b) and (c) foil rosettes

Such gauges are commonly constructed from copper- nickel foil arranged as
in figure 7.12a; a long straight element would be impracticable. The foil element
is embedded in a plastic backing strip (for electrical insulation and moisture
exclusion) and the whole is bonded to the material under test using special
adhesives.

The gauge must be mounted parallel to the strain direction as shown in figure
7.l2a. Where this direction is unknown a compound gauge or rosette (figure
7.l2b) will determine the strain in three directions from which both the magni­
tude and direction of the total strain may be inferred. )t is possible , given the
elastic constants, to calculate the torque in a shaft from knowledge of the
strain in two directions each at 45° to the shaft axis. Two-element rosettes
(figure 7.l2c) are supplied for this purpose.

The most important drawback to the use of strain gauges is the fact that
resistance and dimensional changes are also caused by temperature variations.
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Accordingly gauges are often used in pairs or groups of four to compensate
for temperature changes. Details of the theory and arrangement of suitable
bridges for these measurements are givenin section 8.6.2. Per unit strains down
to a few microstrain can be detected (1 microstrain = one part in 106

) and
gauges are constructed with preferred values of resistance of 120 and 600 ohms.
The relationship between the strain e and the fractional change in resistance
oR/R is given by

oR- = Fe
R

where F is the strain sensitivity or gauge factor and is a constant (:::::: 2) for a
given gauge. The manufacturer always quotes the gauge factor and sets of gauges
with closely matched gauge-factors are obtainable for use in bridges. The
application of strain -gauge techniques is often quite sophisticated and the reader
is referred to standard texts on two-dimensional stress'" and strain -gauge appli­
cations" for further reading.

7.1.13 Semiconductor Strain Gauges
Piezoresistive materials suffer gross resistance changes when strained because of
changes in the crystal structure. This allows very sensitive gauges to be construc­
ted having gauge factors between 20 and 100 times those of metallic gauges.
The resistance - strain relationship however is non -linear and they are heavily
temperature-dependent. It is possible that these disadvantages will be minimised
in the future. Meanwhile they must be carefully temperature-compensated and
prestressed to give a more linear output.

Perhaps the only remaining disadvantage is that strain gauges can only
monitor surface strain; for bulk strains, photoelastic techniques must be em­
ployed.

7.2 Time

Time and its reciprocal (frequency) are the variables that we can measure most
accurately. For example , sophisticated laboratory instruments measuring other
variables are often limited to 0.01 per unit accuracy, whereas such a crude
mechanical timepiece as a long-case (grandfather) clock should be accurate to a
minute per week (approximately 0.0001 per unit) .

Most modern laboratory timer-counters employ an electronic clock, which is
an oscillator often with a frequency of 1 MHz, followed by electronic divider
circuits to reduce this frequency to the 1Hz region. Oscillators using the simple
LC frequency-determining networks of section 5.5 are not sufficiently temper­
ature-stable for this application. Dimensional changes caused by thermal expan­
sion in both capacitors and inductors cause the resonant frequencies of these
oscillators to suffer long-term 'drift'. The classicalmethod of ensuring frequency
stability has been to employ the mechanical resonances which occur in thin
wafers of quartz vibrating in their thickness mode. The resonant frequency can
be accurately adjusted by grinding the crystal to the required thickness. The
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Piezoelectric behaviour

mechanical resonances are sustained electrically. Because quartz is piezoelectric,
potentials will appear across its faces when stressed as shown in figure 7.13a
and conversely it will deform mechanically if potentials are applied to it (figure
7.13b). Thus because the mechanical resonant frequency is determined by the
crystal thickness, this is the only frequency at which corresponding electrical
oscillations may be sustained. Figures 7.14a and b show a block diagram and a

routput

o
c~ystal

potential
div ider

(a)

amplifier

R

OI-.....-......,'Y'rY""'-.--.....--o+

d.c .
supply

lb)

FIGURE 7.14

Block and practical diagrams of crystal-controlled oscillators

practical circuit of a crystal-controlled oscillator. Although crystal dimensions
are less susceptible to thermal expansion than inductors or capacitors, some
form of thermostatically controlled enclosure is often provided for the crystal if
accuracies of more than 1 part in 106 are required. Accuracies up to 1 part in
108 can easily be obtained in commercial instruments employing temperature­
controlled crystals.

A block diagram of a timer-counter employing an electronic clock is given in
figure 7.15. Signals of unknown period are applied to input 1 and, after elec­
tronic squaring, are used to hold gate 1 open. The number of clock pulses passing
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through the gate to the display will thus reveal the signal period in time units
(in this case milliseconds). For frequency determination the signalsare applied
to input 2 where they are shaped and allowed through gate 2 to the display
counter for unit time. The display will show the number of cycles passingin unit
time.

The accuracy of timer- counters can be increased by locking their electronic
clocks to some external frequency standard. The frequency of the BBC 200 kHz
(1500 m) transmitter is often employed because its accuracy is maintained to
5 parts in 109

• The ultimate accuracies of 1 part in lOll are obtained in atomic
clocks in which the output of a quartz-crystal oscillator is continuously com­
pared with the frequency of radiation emitted from a transition between two
electron states in the emission spectrum of the caesium atorri."

counter

timer

counter
and display

lrnsl

counter
f------l and display

( Hzl

1 MHz
crysta l
clock

signal of unknown
frequency ,-----,

~o--~----i t----~----J

1 MHz 100kHz 10kHz

signal of unknown
period r-----,

CD shaper 1-----..-.......-1

~
-r-

FIGURE 7.15

Block diagram of an electronic timer/counter

7.3 Velocity

Linear Velocity

In applications where the linear velocity of a uniformly moving object is to be
determined the combination of an electronic timer with photocells or an induc­
tive magnetic pickup is often employed. Figure 7.16 illustrates these two simple
methods.

In applications where the instantaneous value of a constantly changing velo-
city must be determined the electromagnetic transducer of figure 7.17 is employed.
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Principles of velocity measurements employing timing

Because the induced e.m.f. is proportional to the rate of flux cutting an oscillo­
scope placed across the coil will monitor the instantaneous velocity of the
magnetic plunger.

actuat ing shaft

FIGURE 7.17

Electromagnetic velocity sensor

Angular Velocity

7.3.1 Drag-cup Tachometers
This instrument is simple and reliable, being commonly encountered in auto­
mobile instrumentation as a speedometer and tachometer. Figure 7.18a shows
the constructional features while figure 7.18b demonstrates the flux pattern
produced within the aluminium drag-cup C. The surrounding soft-iron cylinder
B provides a low reluctance path for the magnetic flux from the bar magnet A
which rotates at the speed to be measured. Eddy currents caused within the cup
tend to rotate the cup in the same direction of motion against the return spring
S. The angle of deflection of the pointer is thus proportional to the angular
velocity of the magnet.

The disadvantage of this mechanism is that it does not provide a remote indi­
cation unless the drive to the input shaft is taken through some form of flexible
cables. The length of the latter is limited to a few metres and they have poor
reliability. Figure 7.19 shows an adaptation of the drag-cup principle to give an
a.c, tachogenerator whose output voltage is proportional to the angular velocity
of the rotating drag-cup. When the cup is stationary there will be no e.m.f.
induced in L 2 by flux from L 1 because their axes are perpendicular. As the cup
rotates it distorts the flux pattern as shown; the faster the rotation , the more
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Mechanical drag-cup tachometer

(b)

215

flux is swept into the axis of L 2 giving an increased e.m.f. induced in L2 • The
output voltage is thus velocity -dependent but the frequency of the output vol­
tage is fixed at the supply frequency . The chief disadvantage is that reversal of
the direction of drive only causes the phase of the output voltage to be reversed
which is often difficult to detect and gives an ambiguous output.

I

c.c . ~LI
supply 'i:....-J

I
I

O~-n-
rotati~ LwJ
drag-cup

FIGURE 7.19

The drag-cup tachogenerator

7.3.2 Tachogenerators
A simple tachometer can be made by monitoring the output voltage of a small
d.c, or a.c. generator driven at the speed to be measured. These are usually two­
pole d.c, machines with a simple commutator and permanent. magnet field giving
about 5 V output per 1000 rev/min. The output polarity, of course, clearly dem­
onstrates the direction of drive .

The complication and hence poor reliability of brushgear can be avoided by
employing an a.c, generator with a permanent-magnet rotor and fixed field -coils
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FIGURE 7.20

Example 7.2

as shown in figure 7.20. The output voltage is proportional to speed but unfor­
tunately the output frequency (f= np) is also speed-dependent. This causes the
tachogenerator coils to have higher reactance at higher speeds giving errors unless
the generator output is monitored by a high-impedance voltmeter.

Example 7.2
A two-pole permanent magnet alternator is used as a tachogenerator and is
calibrated by a digital voltmeter of 2 Mil input resistance at 1500 rev/min. If
the resistance and inductance of the field coils are 20 il and 0.1 H respectively,
calculate the error if the output is read at 3000 rev/min with a moving-iron
voltmeter of 100 n resistance and 0.1 H inductance.

At 1500 rev/min

f = np

1500 x

60
2~ Hz

Field- coil impedance

Z = y[R 2 + (2nfL)2]

= y[202 + (2n x 25 x 0.1)2]

= y[400 + 246] = 25.4 il

This is negligible compared with the digital voltmeter's impedance of 2 Mil.

At 3000 rev/min

f = np = 50 Hz, thus field coil impedance

Z = y[202 + (2n x 50 x 0.1)2]

= y[400 + 987] = 37.2 il

This is not negligible compared with the meter impedance

Zm = y[Rm 2 + (2 nf L m )2 ]
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= V[104 + (21T X 50 x 0.1)2]

= V[l04 + 987} = 104.7 n

217

104.7
Vg x = V x

V[14400 + 3940] g

Referring to figure 7.20
104.7

+ (21T X 50 x 0.2)2]

104.7

135

Thus per unit error is 1 - 0.77 0.23.

7.3.3 Digital Methods
All these methods depend on some form of projection or slit being attached to
the shaft under investigation . Figure 7.21 shows magnetic and optical
transducers being operated by a toothed wheel and a slit disc respectively. The
frequency of the output can be measured by an electronic timer-counter set in
the counter mode. If more than one tooth or slit passes the transducer per rev­
olution, the final reading must be divided by this number.

N

mild steel wheel

6
permanent
magnet

5

output waveform

FIGURE 7.21

Digital methods for angular velocity

photocell
at rear

rotating
disc

slits

7.3.4 Stroboscopic Methods
If the angular velocity to be measured is constant for a reasonable period (10
seconds or so) it may be measured with limited accuracy by a stroboscope . The
stroboscope is basically a high-intensity gas-discharge lamp emitting short
flashes and powered by a variable-frequency oscillator. The oscillator's fre­
quency is adjusted until some mark or feature on the rotating object appears
stationary - this is caused by the persistence of vision. The oscillator frequency
will now be equal to a sub-multiple of the shaft speed. The apparent number of
marks has to be examined carefully to find the actual speed (and thus frequency)
at which the number of actual and apparent marks coincide. Nevertheless pro-
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vided this possibility of error is allowed for the method is convenient and re­
quires no mortification to existing plant.

7.4 Acceleration and Vibration

Because acceleration is the second time -differential of displacement, the output
of a displacement transducer may be differentiated twice by electronic means
and the result used to provide an acceleration signal. Unfortunately. in the maj­
ority of cases, large displacements are encountered rendering this method im­
practicable.

7.4.1 Seismic Methods
These methods employ Newton's law by transmitting the acceleration or vibra­
tion forces from the test object to a small mass via a force transducer. Figure
7.22 shows three examples of typical seismic accelerometers. Type (a) is appli­
cable to low-frequency investigations where the relatively low stiffness of the
springs is not a disadvantage.The mass is a magnet which moves along the axis of
a cylindrical coil producing e.m.f.s proportional to its acceleration. For higher­
frequency investigations pattern (b) is preferred; the acceleration is transmitted
from the transducer body to the mass by a high-stiffness piezoelectric crystal.

(b)

!direction of acceleration t ,-L....L.--I.....---<>,,>,-L........,

1,c:;~5!1rt-l- spr ing

output
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------- strain gouges
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>"~.I!ii4- - spr ing
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tc )

(0 )

FIGURE 7.22

Types of seismic accelerometer
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The voltages set up across the crystal are proportional to the accelerating force
and hence to the acceleration. This transducer suffers from the disadvantage
that, with slowly varying accelerations, the electric charge produced across the
crystal by the piezoelectric effect tends to leak away. This necessitates the use
of a charge amplifier of extremely high input impedance (section 8.3.2) to min­
imise leakage of this charge. The third type (figure 7.22c) is convenient for use
in low- and medium-frequency ranges, the accelerating forces being transmitted
to the mass by a spring cantilever blade. Strain gauges (usually in pairs) are
mounted on opposite sides of the blade givingsuitable outputs for incorporation
in a four-active-arm bridge (section 8.6.2).

7.4.2 Production of Vibrations
In many structural engineering investigations the response of a complex structure
to forced vibration over a wide frequency spectrum is sought. Such vibrations
can conveniently be excited by electromagnetic means, employing the principle
of the moving-coil loudspeaker. Figure 7.23 depicts a typical transducer in

coil mounting
springs

moving
coil

+direction of vibrat ion

t' electrical coil
connections

cylindricol
'magnet

FIGURE 7.23

MOVing-coil vibrator

which a cylindrical coil is mounted within the airgap of a powerful cylindrical
permanent magnet. The application of an alternating e.m.f. to the coil results in
a reciprocating movement along the coil axis. The frequency range of such a
vibrator may extend from a fraction of a hertz to several kilohertz which is
ample for almost all investigations.

7.5 Pressure

Most pressure transducers employ the pressure differential between the measured
pressure and atmospheric pressure to distort some elastic structure. The displace-



220 Applied Electrotechnology far Engineers

ment which occurs in the structure is then measured using one of the methods of
section 7.1.

7.5.1 Bellows-type Transducers
Figure 7.24a shows a transducer which uses a bellows to convert pressure
changes to displacement variations. The relatively large displacement of the

diaphragm

bellows

~,6 --
r~

compression
spr ing

101

FIGURE 7.24

Ib)

spring
strip

unbonded
strain
gauges (4)

Electrical pressure transducers

bellows makes a linear variable differential transformer (LVOT) more suitable
for providing an electrical output.

7.5.2 Diaphragm-type Transducers.

Figure 7.24b illustrates the principle of the diaphragm transducer whose relatively
small displacements lie within the span of strain gauges. These gauges are un­
bonded, that is, the wires are stretched directly between insulating supports
mounted on a flexible spring strip and not bonded to a surface. Four gauges are
usually employed to form all four arms of the active bridge .

7.5.3 Quick-response Pressure Transducers
Although bellows and diaphragm transducers are sensitive, their speed of response
is limited by the high inertia of their moving parts. For rapidly changing pressures
such as those within the cylinder of an internal-combustion engine, piezo­
electric transducers are often employed. The pressure variations are made to
compress a piezoelectric crystal or crystals (section 7.4 .1) and the resultant volt­
age observed. Unfortunately such transducers are relatively insensitive (rarely
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less than 100 kN/m2 span) but this suffices for the above example. In addition ,
because of charge leakage they are unsuitable for static pressure measurements.
Transducers with higher sensitivity (up to 1 kN/m2 span) which retain low in­
ertia are available (figure 7.25); they convert the pressure fluctuations into small

fixed plate

diaphragm

pressure
A~

I=;~~=- connections

insulator

pressure
--8

FIGURE 7.25

Capacitive differential-pressure transducer

movements of one of the two plates of a capacitor . Because the capacitance
depends upon plate separation, its variation is pressure-dependent.

7.6 Flow

The word flowmeter is often used loosely to describe both rate-of- flow meters
(m3/s or kg/s) and integrating flowmeters (rrr' or kg) which are used to measure
the total volume (or mass) of fluid delivered. Integrating flowmeters are usually
of the positive- displacement type in which rotary vanes, or reciprocating pistons
or bellows, monitor the amount of fluid passing.

Electrical methods are commonly employed for rate-of- flow meters.

7.6.1 Hot-wire Flowmeters
A current-carrying wire is placed in the fluid stream and its fall in temperature,
as disclosed by its electrical resistance, indicates the rate of flow past it. Figure
7.26a illustrates the construction and an elementary circuit for its operation .
This circuit suffers from the disadvantage that its output voltage which is pro­
portional to electrical resistance and therefore hot- wire temperature is unlikely
to be linearly proportional to the rate of flow. Figure 7.26b illustrates a more
sophisticated closed-loop control circuit in which any changes in hot-wire
resistance unbalance the bridge whose output voltage is fed back to the control
unit. The latter adjusts the input voltage to the bridge until the hot-wire returns
to its original temperature through electrical heating thus restoring the bridge
balance. The output voltage required to restore balance in this constant-temper­
ature method is more nearly proportional to the rate of flow of liquid.



222

constant
current
supply

tapered
supports

I

Applied Electrotechnology far Engineers

hot wire

+
Vout

t

(a)

FIGURE 7.26

The hot-wire flowmeter
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7.6.2 Turbine Flowmeters
Figure 7.27 shows that, in this type, the liquid flows past a turbine or impeller,
revolving it at a speed proportional to the flow rate. Measurement of this speed
is often performed by the magnetic method illustrated to avoid sealing problems
in the pipe wall. The frequency of electrical voltage impulses from the pickup
coil discloses the speed of turbine rotation.

FIGURE 7.27

Turbine flowmeter

7.6.3 Electromagnetic Flowmeters

This method, which can be used for electrically conducting liquids, monitors the
induced e.m.f, produced when a moving conductor (the liquid) moves across a
magnetic field. An approximately uniform field from a permanent magnet passes
through a section of non-conducting plastic pipe into the walls of which two
metallic electrodes ate set flush with the surface (figure 7.28). Because the direc­
tions of fluid flow and magnetic field are perpendicular an e.m.f, is generated
between the electrodes proportional to the fluid velocity .
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Example 7.3
Calculate the e.m.f. induced between the electrodes set in opposite walls of an
electromagnetic flowmeter whose pipe is 1 em diameter, if the magnetic flux
density is 1 T and the flow rate is 1 m3/min. Assume that the velocity distri­
bution across the pipe diameter is uniform.

/.- ...........
/ ~Iectrodes • \

( '1 ~)
\ i2?222iiJ /'t--_/

magnttic field
(into page)

FIGURE 7.28

The electromagnetic flowmeter

Fluid velocity v = volume per sec/area

1
= - X

60 1T X ,2
1

= -X
60 1T(0.5 X 10-2)2

104
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e.rn.f.

= ---- = 212m/s
6011" x 0.25

flux density X conductor length X velocity

Q =v[1

= 1 X 10-2 X 212

= 2.12 Y

In practice, flow rates and flux densities much lower than the above are often
encountered and e.m.f.s below 1 mY are common.

7.6.4 Differential- pressure Flowmeters

A common method of flow measurement is to pass the liquid through an orifice
plate or venturi as shown in figures 7.29 a and b.

Bernoulli's equation states that

a 2t~p ( x Cd)
(a/A?] p



224 Applied Electrotechnology for Engineers

~B C
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(0)

FIGURE 7.29

(b)

Venturi-tube and orifice-plate flowmeters

where Q =volumetric rate of flow; a =tube cross-sectional area at C; A =tube
cross-sectional area at B; p =density of the fluid; Llp =pressure difference be­
tween Band C.

In practice, energy losses and non-uniform flow distributions occur which
require that the right-hand side of the equation be multiplied by an experi­
mentally determined coefficient Cd as shown. Nevertheless the volumetric flow
is proportional to the pressure difference across BC. The differential pressure
between points Band C may be conveniently measured electrically by the cap­
acitive differential-pressure transducer shown in figure 7.25.

7.7 Temperature

7.7.1 Electrical Resistance Thermometers
Both metallic and semiconductor materials exhibit changes in electrical resistance
with temperature. The amount of crystal-lattice vibration increases with temper­
ature rise which produces in metals a rise in resistance because the conduction
electrons are hindered in their flow by collisions with the vibrating atoms. As
explained in section 3.4.1 , the resistance of semiconductors falls rapidly with
temperature and the two contrasting effects are compared in figure 7.30.

The most accurate temperature measurements are obtained by using a plat­
inum resistance element whose resistance varies according to the equation

R, = R o (I + a t + (3t2 + etc .)

where R, = resistance at temperature t; R o = resistance at temperature 0 °C;
a and {3 are constants . The relative magnitudes of a and {3 are such that for tem­
peratures below 300°C the expression becomes

R, ~ Ro (I + at)

yielding an almost linear resistance- temperature relationship as in figure 7.30.
The value of a for platinum is only 0.00391tC giving only a small fractional
change in resistance compared with semiconductors. Because of their linearity
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Resistance changes with temperature

and accuracy, however, they are the preferred method for laboratory and many
industrial applications and if used with Smith" or Miiller38 bridges which elim­
inate the effects of connecting-lead resistance they are capable of resolving to
O.OOOI°e.
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FIGURE 7.31

Resistance thermometer and three-lead compensation
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Where the non -linearity,of thermistors (semiconductor resistance elements) is
acceptable their increased sensitivity can prove useful. All types of resistance
thermometer however are fragile, expensive and have long response-times com­
pared with thermocouples. For ordinary industrial applications they are used in
both balanced and unbalanced bridge circuits (see section 8.6.2). Figure 7.31
illustrates a simple three-wire bridge connection to minimise inaccuracies
caused by lead resistance. The standard methods for measurement appear in
BS 1041 : 1969.

7.7.2 Thermocouples
Wherever a junction between two dissimilar metals occurs a small e.m.f, is ob­
served dependent in magnitude upon the metals used and the junction temper­
ature . Figure 7.32a shows two junctions J I and J2 between metals A and B. If

metal A

~<£J>, ~
metal B

(a) lb]

FIGURE 7.32

metal A

Ie)

Thermocouple circuit and intermediate junctions

the two junction temperatures are equal, the opposing e.m.f.s VI and V2 are
equal and no current flows round the circuit. If J I becomes hotter than J2 ,

VI is greater than V2 and a current flows in the direction shown . For many
thermojunctions the relationship between e.m.f, and temperature is approx­
imately linear so that if J2 is held at some reference temperature the e.m.f.
(VI - V2) will be approximately proportional to the temperature difference
between J I and J2.

To measure this e.m.f., or the current produced by it, a measuring device
which is nearly always of some third metal (often copper) must be inserted into
the circuit. Figure 7.32b shows a meter constructed with conductors of copper
introduced into one-half of the thermocouple circuit. It will be seen that two
new junctions J 3 and J4 with their associated e.m.f.s have been formed . Pro­
vided J3 and J4 are at the same temperature V3 and V4 will exactly cancel each
other, the circuit current being identical to that in figure 7.32a . More usually
the measuring device is inserted as shown in figure 7.32c. The law of inter­
mediate metals states that the junction J2 has merely been split and that pro­
vided J, and Jyare at the same temperature Vx + v y is identical to V2 of fig-
ure 7.32a.

Table 7.2 illustrates the magnitude and permissible working temperatures of
commonly encountered pairs of thermocouple materials. It will be seen that
temperature differences between junctions of a hundred degrees will only pro-
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duce an e.m.f. of a few millivolts . This fact combined with the relatively high
resistance of junctions and leads makes direct measurement with a moving-coil
instrument inaccurate. The preferred method is to employ a manual or self­
balancing potentiometer (see section 9.3.3) which draws no current at balance
and thus is unaffected by thermocouple resistance.

In industrial applications, economics may dictate the use of a simple moving­
coil instrument in which case a large swamping resistance is often incorporated in
series with the meter movement. Any small changes in the thermocouple resis­
tance caused by temperature changes in the leads are now negligible compared
with the large total-circuit resistance . The manufacturer will calibrate the instru­
ment to be used with a given external resistance and any departure from this,
caused by variation in the thermocouple length, can be compensated by adjust­
ing the series resistor Rx inside the meter case (figure 7.33a).

TABLE 7.2
Thermocouple pairs

Material

Copper - constantan
Iron - constantan
Nickel- chromium - nickel- aluminium

(Chromel- alumel)
Platinum - platinum - rhodium

Approximate
sensitivity
(mV;oC)

0.05
0.05

0.04
0.01

Working
range
('C)

0-370
0-760

0-1260
up to 1750

Reference-junction Compensation
In use the junction J I of figure 7.32 is allowed to reach the unknown temper­
ature whereas junctions J2 or Jx , Jy' are held at some reference temperature
(often 0 "C) for which e.m.f. tables 39have been prepared.

It is often impracticable in plant situations to obtain this reference temper­
ature and reference-junction compensation must be applied arithmetically or
automatically.

Because the temperature - e.m.f. relationship is slightly non -linear , each
e.m.f, corresponds to a particular junction temperature not to a temperature differ­
ence between J I and J2' If junctions JI and J2 are at temperatures T I and T2

corresponding to e.m.f.s VI and V2 respectively and if e.m.f. Vo corresponds to
the correct reference temperature To, then

Measured e.m.f. (VI - V2) = (VI - vo) - (V2 _. vo)

Rearranging

or
Correct e.m.f. for
measured temperature

measured e.m.f, +e.m.f. for reference­
junction temperature from tables
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Because of the non- linearity mentioned at the start of this paragraph, care must
be taken never to obtain a temperature difference based upon the measured
e.m.f, from the tables and to add this to the reference-junction temperature. It
is the e.m.f.s which must be added and only finally are the tables used for con­
version to temperature.

.Many industrial thermocouple meters and recorders incorporate automatic
reference-junction correction by adding an internally produced e.m.f. corres­
ponding to (V2 ~ vo) to the thermocouple output. An alternative method is to
employ a bimetallic strip to offset the zero position of the meter.

Thermocouple Extension (Compensating) Leads
The distances between the thermocouple measuring point and the meter or
recorder often make it uneconomic to extend the thermocouple metals, A and B,
right back to the meter. In some applications this connection can be made with
copper leads as in figure 7.33b. This method transfers the reference junction to
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connectinq
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FIGURE 7.33
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Thermocouple connection circuits

the connecting head whose temperature may differ from that of the compen­
sating network in the display, producing errors. One method which is often used
where many thermocouples are employed is to bring all their connections to a
common connecting head situated in a constant-temperature enclosure . The
display compensating circuits are then set to a constant value corresponding to
the enclosure temperature.

More usually the circuit between the connecting head and display is made with
cheaper substitute metals which are thermoelectrically identical to A and B, thus
returning the reference junction to the display whose compensating circuits are
now able to eliminate errors (figure 7.33c).

7.7.3 Radiation Pyrometry
This method is especially useful when, because of high temperatures or inaccess­
ibility, it is impossible to place a transducer in direct contact with the object
whose temperature is to be determined . Figure 7.34 illustrates the main features
of the more common pyrometers. Figure 7.34a is a total-radiation device which
accepts energy of all wavelengths (infrared to ultraviolet) emitted from the object
and focuses them through a calibration stop on to a thermopile. A thermopile
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lens aperture

(a)

FIGURE 7.34

(b)
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Thermopile total radiation pyrometer

(figure 7.34b) is a collection of thermocouple junctions placed end to end in
series, the radiation being allowed to fall upon all the hot junctions. The cold
junctions are placed in a position shielded from the radiation and the thermopile
gives an electrical output proportional to the fourth power of the temperature
measured. It is thus very non-linear and has a slow response time of several
seconds until the thermopile reaches temperature equilibrium.

Much faster response (down to a few milliseconds) may be obtained by re­
placing the thermopile with a photocell (usually of the photovoltaic pattern).
Radiation from a limited bandwidth (usually infrared) falls upon the cell pro­
ducing an output voltage.

Perhaps the most common pyrometer is the disappearing-filament pattern in
which the colour of an electrically-heated filament (figure 7.35) is compared

source

filament ~ operator

FIGURE 7.35

Disappearing filament pyrometer

visually with the radiation colour of the body . The ammeter, A, can be calibrated
directly in temperature units. These devicesare not automatic, however, and are
confmed to temperatures above 750 DC where visible radiation is emitted.

7.7.4 Piezoelectric Thermometers
Section 7.2 showed that it is possible to construct an electronic oscillator in
which the frequency is controlled by the mechanical resonances of a quartz
crystal. Synthetic-quartz crystals are produced which have a linear frequency­
temperature relationship between -40 DC and 330 DC and can change frequency
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by as much as 1 kHztC. The output of such a thermometric oscillator may be
accurately displayed on a digital counter."?

7.8 Sound

7.8.1 Units of measurement 41

The sensitivity of the ear varies widely with frequency , being greatest at medium
frequencies. The frequency spectrum extends in children from 20 Hz to 20 kHz,
but in the elderly the upper limit can fall below 10 kHz. At 1 kHz the usual
oscillatory sound pressure at the lower limit of detectability of sound is approx­
imately 2 x 10-5 N/m 2 while the upper limit where pain and damage occur is
roughly 20 N/m2

•

TABLE 7.3
Sound levels

Noise

Threshold of hearing
Quiet country evening
Quiet suburban evening
Normal conversation at 30 em
Busy office or light machine shop
Noisy machine or heavy engineering shop
Near aero engine; threshold of pain

dB with respect
to lower threshold

of audibility

o
20
40
60
80

100
120

This range of 1 to 10(> in sound pressure ratios is inconveniently large for
normal use, so the logarithmic decibel scale (section 2.3.5) is adopted. Two
sound powers PI and P2 differ by 10 loglo (P1/P2 ) decibels. Since power is
proportional to the square of the sound pressure, two sound pressures Pr, and
Pr2 differ by 20 loglo (Prl /Pr2 ) . The audio pressure range of2 X 10-5 N/m 2

to 20 N/m2 thus becomes 0 to 120 dB with respect to the lower limit .
A rough indication of the values-of some common noises are given in table

7.3.

7.8.2 Microphones

(a) The Moving-coil (or Dynamic) Type is like a miniaturised version of
the moving-coil loudspeaker operating in reverse (figure 7.36a). Sound pressure
waves fall upon the diaphragm causing it to vibrate axially in the permanent­
magnet field. E.M.F.s are induced in the coil proportional to the diaphragm
velocity. This type of microphone is very sensitive to stray alternating fields and
requires careful screening. It should not be used near electrical machines or trans­
formers.
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(b) The Piezoelectric (or Crystal) Type has a diaphragm attached to a small
piezoelectric pressure transducer (section 7.4.1). These microphones (see figure
7.36b) are sensitive but mechanically somewhat fragile. Their sensitivity is tem­
perature-dependent which makes them unsuitable for accurate measurements.

diaph rag m

magnet

N

\. .
rnovrnq coil

(a )

electrical
out pu t

\
' c r ys tal

diaphragm

( b)

~
." " '";::::::;
::.:}~:

:~::%::

:•..•.••.•. :.'.:.' ---Ii,.'"....,. r ear
... pia Ie

k }

FIGURE 7.36

(a) Moving-coil; (b) piezoelectric; and (c) condenser type microphones

(c) The Condenser (Capacitor) Microphone (figure 7.36c) is almost univer­
sally employed for accurate measurements. It is less sensitive than the other types
and expensive but it is capable of consistent results over long periods of use. The
rear capacitor plate is a thick, highly polished and insulated surface . This is main­
tained at a high d.c. potential with respect to the front plate which is made from
0.03 mm duralumin sheet. This is suspended about 0.03 mm from the back plate .
Pressure fluctuations cause the dielectric airgap to change, altering the capacit­
ance. As the plates are held at a constant voltage, the charge must vary and hence
currents enter and leave the microphone. These currents are detected and sub­
sequently amplified.

7.9 Problems

7.1 A voltmeter of 10 000 n input resistance is used to measure the output
from a potentiometric displacement transducer. If the error at the midpoint of
the transducer's travel is not to exceed 0.01 per unit, calculate the maximum
permissible resistance of the potentiometer winding.

7.2 A variable inductance level transducer has negligible resistance and an
inductance which varies between 5 and 35 mHoThe transducer together with
three 630 n resistors form the arms of an a.c, bridge energised from a 5 V,
5 kHz supply. Calculate the maximum and minimum voltages which would
appear across a detector of infinite impedance used with the bridge. How could
one discriminate between a high- and a low-level voltage output?
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7.3 The position of a lathe crosshead is measured by an LVDT type of
transducer employing the circuit of figure 7.3. When the core is positioned 10 em
from the centre the root mean square voltages are VA B = 6 V, VCB = 2 V.
Assuming the diodes to be ideal, calculate the d.c, output voltage VD E stating
its polarity. Assuming the transducer to be truly linear what would be the mag­
nitude and polarity of VDE with the core 7 em on the opposite side of the cen­
tral position.

7.4 A strain -gauge bridge has one active arm consisting of a 60 n gauge of
gauge factor 2.2. A similar gauge is used for temperature correction and the re­
maining two arms are 60 n fixed resistors. Calculate the maximum permissible
bridge supply voltage if the gauge current must not exceed 50 rnA. Using this
supply voltage what would be the voltage across a bridge detector of infinite
impedance if the active gauge was subjected to 500 microstrain. What value of
resistor, placed in parallel with the active gauge when unstrained would give a
bridge output corresponding to 100 microstrain?

7.5 Describe how the fact that air insulation breaks down at an approximate
electric field strength of 20 kV/cm imposes a limit on the sensitivity of air­
dielectric transducers .

7.6 A barium titanate piezoelectric transducer has a sensitivity of 10-4

C/cm of displacement. It has a self-capacitance of 800 pF and is connected to an
oscilloscope of input capacitance 50 pF by a cable of capacitance 300 pF. Ex­
press the sensitivities of (a) the transducer alone and (b) the complete system,
in V/cm.

7.7 An accelerometer uses the barium titanate piezoelectric element of
example 7.6 together with an inertial mass of 2 g. If the modulus of elasticity
of the element is 12 x 1010 N/m2

, its area is 1 ern? and its thickness 5 rom,
calculate the output voltage when the device is accelerated at 20g.



8 The Receiver/Amplifier

The purpose of this section of the measurement system is to receive the signal
after transmission through the channel, to amplify it if necessary and to per­
form any signal conditioning needed before data display. We must first examine
the basic amplifier circuits in common use.

8.1 The Transistor as an Amplifier

Section 3.4.4 has shown that a transistor is a current-amplifying device. Let us
examine its characteristics in some detail so that we may predict its perfor­
mance and design suitable circuits for its use. Wehave seen that variations M b
in base current cause much larger variations Me in the collector current. The
relationship between these two is given by the equation

(8.1)

when the collector - emitter voltage Vce is constant and where hfe is the common­
emitter current gain of the transistor. In order to cause the base current Ib to
vary, a variable input voltage Vbe must be applied across the base - emitter junc­
tion (figure 8.la). Any variations in output current Ie will be monitored between
the emitter and the collector. It is the fact that the emitter terminal is common
to both the input and output circuits which explains the name of amplifiers
using transistors in this way.

input tVbe

la)

collector

".t output
emitter

FIGURE 8.1

The transistor as an amplifier

lb)

8.1.1 Common- emitter (CE) Transistor Characteristics
If the transistor has its voltages and currents monitored in the manner of figure
8.1b we may draw its common-emitter electrical characteristics. An npn trans­
istor is illustrated but the circuit is equally suitable for pnp devices if the supply
polarities and meter senses are reversed. If Ib is held at zero by observing am­
meter A 1 and Vce is gradually increased by raising the slider of VR2 , increases
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of Ie will occur. These may be plotted as the Ib = 0 curve on figure 8.2a. After
an initial small rise the current Ie is almost independent of Vee'

If Ibis now held at constant values of 25, 50, 75 and 100 J.lA the curves
shown may be produced by a typical transistor. In all cases, after the first volt

o 10 20 30
collector - emitter voltage (vc~l V

(c l

100 200
base - emitter voltage (Vb~l mV

(b)

4: 100
:j.

:0
:: BO
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CII

t 60
::J
U

CII
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e
.0
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0
0

I = 25 llA

L.
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u
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1t~.J--~:,,::,~--r--r-
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FIGURE 8.2

Common -ernitter transistor characteristics

of Vee'!e is almost independent of Vee' The collector current Ie is however
greatly affected by changes in the base current lb. The curves are roughly
straight-line between Vee = 2.5 V and Vee = 22.5 V in this case - this is the linear
operating region bounded by the dotted lines. At the extremities of this
region values of

Vee =con st.

are, at Vee = 2.5 V

LiI~ Vee = 2.5 V

= (5.2 - 0.05) X 10-3

(100 - 0) X 10-6

= 51.5
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at Vee = 22.5 V

IM"\M: Vce = 22.5 V

= (6.0 - 0.05) x 10-3

(100 - 0) x 10-6

59.5
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Note that hfe is dimensionless, being the ratio of two currents. That is, there is a
slight variation in hfe across the operating region because the curves, though
nearly linear, are not parallel.

This family of curves is known as the common- emitter output characteristic
since it connects the two output quantities I c and Vceo It givesus no information
however about the effect of Vbe on Ib - this requires the common-emitter input
characteristic (figure 8.2b). These two characteristics together can giveus almost
all the information we need to predict the operation of this transistor. Different
types of transistor will exhibit different values on their characteristics but all will
have the same general shape. Even transistors of the same type will exhibit some
differences because of production tolerances.

Example 8.1
The base - emitter voltage of th e transistor whose characteristics are shown in
figure 8.2 is varied from 60 mV to 160 mVat a constant collector-emitter
voltage of 12.5 V. Calculate (i ) th e resulting change in base current and (ii) the
corresponding values of collector current.

(i) From figure 8.2b we may interpolate a curve for Vce = 12.5 V centrally
between the given curves. A change in Vbe from 60 to 160 mV will correspond
to values of Ib = 0 and Ib = 100 /lA on the interpolated curve.

un At Vce = 12.5 V when

I c = 0.05 rnA

and when

5.6 rnA

8.1.2 Load-line Analysis of CE Amplifiers
The foregoing section has shown that changes in the input (base- emitter)
voltage applied to a transistor in the CE configuration can produce large changes
in I c (collector current). Many amplifiers are required to convert small voltage
changes into large voltage changes however so that a method must be found of
converting changes in.I c into an output voltage.

The simplest method of converting a varying current into a varying voltage is
to pass it through a resistor (RL in figure 8.3a). This load resistor R L will now
present us with a voltage across it which is proportional to I c. Because we prefer
one terminal of an amplifier's output to be at zero (or earth) potential it is custom-
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ary to take the output voltage between collector and emitter (or earth) as shown
in figure 8.3a. The output voltage

Vee = Vcc - I~L (8.2)
and since Vcc is the constant power supply or battery voltage, any change in Vce
will be proportional to changes in I c' We refer to the transistor, load resistor andits associated circuitry as an amplifier stage. Practical amplifiers usually employ
many such stages end to end.

I
b
= so \loA

Ve e
t,

I b

tVe~tVb~
1 =0 A

0 10 20 vee 30
OV v.:~IVI-e-

(a) (b)

Ic)

FIGURE 8.3

The common -emitter transistor amplifie r
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Because the output characteristics of figure 8.2 refer to the transistor alone,
we cannot use them to predict the operation of this transistor - resistor combin­
ation. However, we can superimpose on the output characteristics another curve
representing the behaviour of the resistor alone, the load line. The points at
which the load line and the characteristics intersect will give the conditions for
joint operation of the transistor and resistor.

Plotting a voltage - current curve for a resistor must yield a straight line
(Ohm's law). Two hypothetical points could be (i) where Ie = 0 and (ii) where
Vee = O. From equation 8.2

Vee = Vee - IeR L

(8.3)

therefore when Ie = 0

when Vee

vce ::: Vee point A

O,IcR L ::: Vee' or

Vee
Vee = 0, Ie = - point B

RL

Plotting these two points on the output characteristics (figure 8.3b) givespoints
A and B. A straight line connecting A and B is the load line. This particular load
line has been plotted for Vee = 27.5 V and R L = 4.9 kQ giving Vcc/RL =
5.6 rnA. Note that the slope of the load line is always - l/R L which allows us
alternatively to plot it through one point only (Vcc = Vee) if we know R L.

As stated previously, the combination of the load line and characteristic
curves allows us to predict the operation of the transistor - resistor combination
at the given supply voltage Vee' For instance if we supply the base with 50 IlA
the operating point will be at Q with Ie = 2.25 rnA and Vce = 16.5 V. Similarly
if I b = 75 IlA or 25 IlA the combination will operate at points C or D respect­
ively.

To operate the transistor as an amplifier of a.c, waveforms we must first
supply the base with a constant d.c, current called the bias. Let us choose a
base bias-current of 50 IlA. Let us now supply an alternating voltage to the
base to vary the base current sinusoidally between limits of say 25 IlA and 75 IlA
as in figure 8.3c. The bias operating point will be at Qand the transistor will
make excursions to points C and D during the cycle. Ifwe plot the associated
instantaneous values of Ie and Vee which are ie and vee we will obtain graphs as
shown in figure 8.3c.

Notice from the values that ie and vee are not truly sinusoidal- this is because
the characteristic curves are not exactly equidistant or parallel. Many amplifiers
only use small excursions along the load lines in which case this distortion is
negligible. It is always present however in large-signal power amplifiers.

It will be seen that the peak-to-peak value of the collector current Me is
much greater than that of the base current M b • This shows that amplification
has occurred as measured by the current gain Ai of the stage.

Me
A . =­, M

b

that is the ratio of the changes in output and input current. In this case
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A . = (3.65 - 1.1) x 10-3

I (75 25) x 10-6

103

= 2.55 x
50

= 51.0

We may also speak of the voltage gain A v of an amplifier stage, the ratio of ou t·
put-to-input voltage changes.

.:lVce
A =- (8.4)

v .:lV.
be

The input voltage change (.:lVbe) is not obtainable from figure 8.3b but we may
obtain its approximate value from the input characteristic (figure 8.2b). The mean
value of Vce over the cycle is about 16.5 Y so that we can interpolate an input
characteristic for this value(dashed line). This shows that the values 0f base-­
emitter voltage Vbe for base currents of 75 and 25 !J.A are 132 mY and 75 mY
respectively. Thus

.:lVbe = (132 - 75) x 10-3

= 57 mY

and

(22.2 - 9.5)
A =

y 57 X 10-3

= 223

12700
=---

57

(8 .5)
= 223 x 51 = 11 400

For completeness we may also speak of the power gain Ap of an amplifier
stage. Power gain equals the product of voltage and current gains

A p = A y X Ai

We often express this in decibels

Ap = 10 10glO (11400)

A p "'" 40.6 dB

Note that the output voltage waveform vee is in antiphase to the base current
waveform ill,' It is therefore in antiphase to the base - emitter voltage. The phase
shift of 180 between the input and output voltages is a characteristic of common­
emitter amplifiers at normal frequencies.

Another limiting figure often quoted by transistor manufacturers is the max­
imum a.c. power which the device is recommended to handle. For a resistive load

a.c. power == r.m.s. voltage x r.m.s. current
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peak to peak voltage peak to peak current
= x

t1Vee Me
= X -

2"';2 2"';2

(t1Vee X Me)
=

8

8.1.3 Common-emitter Amplifier Design

The manufacturers specify for each transistor a maximum collector- dissipation
mean power PD below which there is no chance of thermal runaway occurring.
It is advisable to ensure that the instantaneous collector power never exceeds this
value. For a resistive device such as a transistor, power is the product of voltage
and current hence

PD = Vee X Ie

By calculation for a few arbitrary values we can superimpose a curve of this
equation upon the characteristic curves. This has been done for a power of 60 mW
on figure 8.4a. For the transistor to operate within the permitted power levels
the whole of the load line must lie comfortably to the left of, and below, this
power curve.
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The correct selection of the operating point
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The next step is to assesswhat size of swing or excursion the collector current
and voltage will experience. If the stage is towards the output end of the ampli­
fier these swings may represent a good proportion of the supply voltage Vcc.
Figure 8.4a shows a swing .::lVce of several volts. In such cases the positioning of
the operating point is critical. With Ib adjusted to 40 /-LA the operating point is
central on the load line at Q, allowing maximum swing in either direction. An
undistorted waveform as shown in figure 8Ab(i) is likely to result.

If the operating point is made too high (point M) the transistor will bottom
or saturate in attempting to swing between points Rand S resulting in bottoming
(the clipped waveform of figure 8.4b (ii)). Too Iowan operating point results in
cutoff when swinging between T and U with the accompanying distortion of
figure 8Ac. If either of these conditions is suspected in an amplifier, an examin­
ation of the collector-voltage waveform with an oscilloscope will reveal their
presence or otherwise.

Note that, even with a centrally situated operating point, peak-to-peak
collector-voltage swings must always be slightly less than the supply voltage to
ensure freedom from cutoff or bottoming. If larger swings must be accommod­
ated a larger supply voltage must be used which may necessitate a transistor of
higher power rating. In most cases it is advisable to centralise the operating point
by biasing the transistor so that Vce ~ Vcc/2.

We must next consider the components required to supply this bias to the
transistor. Figure 8.5a shows one of the best biasing arrangements in which R 1

and R2 act as a potentiometer across the supply voltage Vce to feed the required
base current to the transistor. The base current Z, will be approximately Ic/hre,

c,
H
I
I
I

•.1.1 I, .
: :source
t,J
I

(a)

o

'--'1"'"-_--- .,
I
I
I
I
I
I

lb l

FIGURE 8.5

Apractical CE amplifier and its input equivalent circuit

in this case 40 /-LA although this may vary slightly with temperature. In order to
keep point Z at a constant potential irrespective of these I b changes, it is usual to
make the potentiometer current I ten times greater than Ib ' that is I = 004 rnA.

To determine the values of R 1 and R 2 separately we must consider the voltage
required at point Z. A good approximation for silicon transistors is that Vbe
0.7 V and that Vbe = 0.3 V for germanium transistors.
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0.1 x Vcc

Ifwe omit the temperature-stabilisation components R e and Ce (dashed) then
the voltage across R 2 must be 0.7 V. Hence

0.7
R 2 = = 1.75 kn

0.4 x 10-3

20 - 0.7

0.44 x 10-3

= 43.8 kn

In order to keep the operating point fixed irrespective of temperature fluctuations
an emitter resistor Re is commonly employed. Suppose that , because of temper­
ature rise, the collector current increases. The voltage across R e • Ve, will also
increase raising the emitter voltage with respect to earth. Since point Z is held at
a constant potential by R 1 and R 2 • Vbe will decrease, decreasing I b and returning
the transistor to its original operating point. The value of R e is chosen to make
Ve approximately 10 per cent of Vcc. We may assume i, R:: t. .

Hence

in this case

2
R = = 500n

e 4 X 10-3

The emitter capacitor Ce is chosen to be an effective shortcircuit across R e at
the lowest frequencies which the amplifier will encounter. This is to prevent Ve
from varying when the applied signal varieslc ' Usually

Re
X =-

ce 10

say

Xc = 50 n
e

Therefore at a lowest signal frequency of say 100 Hz

1
X =-- = 50n

Ce 2rrfCe

or

C =
e 10rr x 1000

c, = 31.8 J.LF

The inclusion of R e necessitates recalculation of R 1 and R 2 in order to keep Vbe
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at 0.7 V for silicon transistors or 0.3 V for germanium transistors. The voltage
across R 2 must now be (Vbe + Ve) for the same current I . In this case

0.7 + 2
= 6.75 kQR2 =

0.4 X 10- 3

20 - 2.7
R 1 =

0.44 X 10-3

= 39.3 kQ

In order to take the alternating signal to and from the stage without disturbing
the d.c, voltages on base and collector, coupling capacitors Ct and C2 are pro­
vided to isolate the d.c, from the source and load. Their reactances at the lowest
signal frequencies encountered must be much less than the stage-input impedance
and the load impedance respectively. We cannot know the latter without more
information, but the former may be estimated from the characteristics and
circuit. Figure 8.Sb shows the equivalent circuit of the amplifier input where
Zin is the input impedance of the transistor and biasing resistors and Zin' is the
input impedance of the base with respect to earth. Because Ce has been de-
signed to be effectively a short-circuit at the signal frequencies, Zin' is the imped­
ance between the base and emitter terminals alone . This may be expressed as

(8.6)

Sometimes hie is quoted by the transistor manufacturers but in this case we must
work from the input characteristics; let us assume these are as in figure 8.2b:
Vbe = 60 mV when Ib = 80 /lA, therefore

60 x 10-3

hie = ----
80 X 10-6

= 750Q

Thus

Zin = hie in parallel with R 2

since s, > R 2 • So

Zin = 750//6750

750 x 6750
Zin = = 675 Q

7500

Ct should therefore have a reactance of about 67 Q at the lowest signal fre­
quency of 100 Hz.

I
---=68D

21TfCt



The Receiver/Amplifier

1
- x 20071'
68

= 23.4 IlF

A similar calculation could be performed for C2 if R L were known, that is

R L
X ""-c2 10
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Summary of CE Amplifier Design
i Determine the output voltage and current swingsrequired.

ii Select Vee > 2 x voltage swing.
iii Select a transistor capable of withstanding this Vcc and of handling the a.c.

power needed.
iv Using the value of Vee from (ii) select R L to give the maximum use of the

permissible portion of the linear characteristics.
v Select the operating point to avoid cutoff or bottoming. Determine the

value of Ie at the operating point.
vi Calculate s, (if used) to give Ve "" 0.1 Vee at the Ie chosen. Calculate c,

so that X ee "" 0.1 R e at the minimum signal frequency.
vii Determine the value of I b at the operating point and calculate I "" 10 lb'
viii Calculate the value ofR 2 to give Vbe = 0.3 V or 0.7 V for a current of L

(Do not forget Ve if Re is used).
ix Calculate the value ofR 1 •

x Calculate the value of C1 so that Xe1 < 0.1 Zin'
xi Calculate the value of C2 if the load is known.

Example 8.2
A small -signal voltage amplifier is to use a germanium transistor having h fe = 100
on a 9 V d.c. supply. Assuming that the amplifier is to work into a I kQ load and
is to handle signals down to 10Hz, calculate the component values for a suitable
common-emitter stage. The mean collector current should be I rnA.

This example does not supply the characteristic curves but since it is to be for
small signals we may assume small swings and therefore little likelihood of cutoff
or bottoming if we make Vce "" 0.5 Vee' Likewise there is little chance of exceed­
ing the maximum collector dissipation but this can be checked at the operating
point. Using the circuit of figure 8.5a

Vee = 9/2 = 4.5 V

The collector dissipation is

PD = Vee X Ie

= 4.5 X 10-3

= 4.5 mW

We can check that this does not exceed the maker's maximum rating. The load
resistor R L must drop 4.5 Vat I rnA.
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4.5
R L =-- = 4.5 kil

10-3

Re must give Ve = 9 X 0.1 = 0.9 Vat 1 rnA.

R = 0.9 900il
e 10-3

therefore

1
90il =-­

2rr[Ce

Thus

c = = 177 IlF
e 90 X 20rr

I 10- 3

I
b

R:: _C_ R:: - R:: 10 IlA
h f e 100

I = 10Ib = 100 IlA

For a germanium transistor Vbe = 0.3 V therefore the voltage across R2 is
(0.3 + 0.9) V.

= 70.9 kil=

l.2
R2 = -- = 12kil

10-4

9 - 1.2

1.1 x 10-4

7.8
1.1 X 10-4

No information is given on the input resistance hie of the device or its input
cliaracteristics, but hie rarely exceeds 2 kil . Therefore

2 X 12

2 + 12

R:: 1.7kil

Thus 1
X R:: 170 il = --

Cl 2rrIC I

and

Cl =
170 X 20rr

= 931lF

X
C2

R:: 0.1 x load = 100il
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100 X 201T

= 159 J.LF
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In conclusion therefore the common-emitter amplifier is capable of giving
voltage and current gains approaching 100 with an input impedance of a few
ki1ohms. At normal frequencies there is a phase shift of 180 0 between the input
and output voltages.

8.1.4 The Emitter Follower

For many applications the low input impedance of a CE transistor amplifier is
insufficient because it loads the source too heavily. Consider the emitter-follower
circuit of figure 8.6a - an increase in the input voltage Vm causes I b to increase.

Ib l(a)
o o

FIGURE 8.6

Emitter and source follower circuits

This causes Ie: to increase which produces a greater voltage drop across R e ' Thus
~ rises in phase with Vin• The emitter voltage follows the input voltage.
Quantitatively

Ib = (Vin - ~)

hie

Ie = Ie + I b = (1 + hfe)Ib

and

Vo = (Ie - Io)Re

Combining these gives

V = Vin(1 + hfe)Re/hie
o

1 + (1 + hfe)Re/hie
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foRe

The voltage gain is thus

Au = Vo =
Vin

(1 + hfe)Re/hje

1 + (1 + hfe)Re/hie
(8.7)

Inserting the typical values of hfe = -200, h ie = 1.5 kil and R e = 4.7 kil

(1 + 200) x 4.7 X 103/(1.5 X 103
)

1 + (1 + 200) x 4.7 X 103/(1.5 X 103 )

630
= -~ 1

631

The amplifier voltage gain is thus nearly unity and the phase shift is zero.
Because the unity term in the denominator can be ignored the output im­
pedance Zo reduces to

the minus sign is because f o flows outwards whereas we are looking inwards.

Zo ~ hie/h fe = 7.5 il

because hfe » 1

This calculation has assumed an input voltage from a zero-impedance source.
If the source has a resistive impedance Rs ' Zo becomes

(8.8)

which will still have a very low value.
The purpose of this circuit is to present a high input impedance R in to the

source. Let us examine the size of this.

~ = fLRe

Which, if f o is small is

Vo ~ feRe = (1 + hfe)IbRe

Now

Vin = hiib + Vo

= hiib + (1 + hfe)IbRe

= f b [hie + (1 + hfe)Re]
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The input resistance is

Therefore

Rin ~ hreR e

and with our typical values

R in ~ 200 x 4.7 X 103

~ 9.4 X 105 n
which is very high .

Summary of Emitter-follower Properties

(i) Near unity voltage gain
(ii) Non -inverting
(iii) Low output impedance
(iv) High input impedance

247

(8.9)

All these factors combine to make the emitter follower an ideal amplifier to
interpose between a high-impedance source such as a photocell and a low­
impedance load such as a pen recorder.

The purpose of R b is merely to act as a bias resistor. Its value can be com­
puted because the base to earth voltage will be the d.c, voltage across Re, that
is/eRe plus either 0.3 Vor 0.7 V dependent upon the material of the device.
Its upper end is at voltage ~e and it is required to carry I b which is approxi­
mately /e/hfe ' Ohm's law thus gives a rapid solution.

Field-effect transistors (FETs) are often used in this circuit because of their
higher values of input impedance hie' In this case the circuit is called a source
follower and is arranged as in figure 8.6b. It is identical to the emitter follower
except that the FET requires different bias conditions resulting in R b and R g
being placed differently.

More experienced readers will recognise the similarities between the circuits
for an FET and those for thermionic valves (the cathode follower)!

8.2 Amplifier Frequency Response

We have so far considered the operation of amplifiers at normal medium
frequencies only, perhaps represented by a frequency spectrum from 50 Hz to
10kHz. Outside these limits the electrical equivalents of inertia in the amplifier
circuits modify their behaviour. The electrical equivalent of inertia is reactance,
consequently we must consider the various capacitances in the circuit even
though their effect is negligible at medium frequencies.
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8.2.1 The Effects of Amplifier-circuit Capacitances
We have seen that the transistor stage is basically a current amplifier and hence
we may represent it by the current generators hfei b in the equivalent circuit of
figure 8.7b. The capacitances appearing in these two cascaded stages are of two
kinds. First, the capacitors included in the design C, and Cz ; second the
internal capacitances of the transistor, chief of which is the capacitance across
the reverse-biased collector-base junction (section 3.4.4) . This can be shown''"

(a)

(b) Cs ,

I,
, I:~'--- 1 stage - - - -...,

FIGURE 8.7

(a) Two cascaded CE transistor stages and (b) their general approximate
equivalent circuit

(8.10)

to appear in a magnified form as a shunt capacitance Cs across the transistor
input terminals. In addition there will also be stray capacitances associated with
the wiring which enlarge the effective value of Cs . The emitter bypass capacitors
Ce are ignored since they are designed to have low reactance at normal frequencies
and are themselves shunted by low resistances R e. The resistances Ro and Ro
are demanded by Norton's theorem (section 2.5.2) and represent the ~utput z
impedances (resistances) of the two transistors in parallel with their load resistors
RL, and RLz

We may define one stage as the circuitry between any two equivalent com­
ponents in the two stages. For simplicity let us divide the circuit as shown by the
dashed lines. As mentioned at first, all the capacitances may be ignored at
medium frequencies when the equivalent circuit simplifies to that of figure 8.8b.
The output voltage at these medium frequencies will be

tr hs.i Ro,Rinz
YOM = - fe1b

Ro, + Rinz
= - h; i R're b
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(8.11)

where Rin2 is the input resistance of the second amplifier stage (T2 and biasing
components), R 0 1 is the output resistance of the first amplifier stage (T1 and
RL 1) and R' is Rin2 in parallel with R0 1 • Note that the minus sign represents
the phase inversion of a common-emitter stage.

At low frequencies the reactance of a capacitor becomes high, therefore C1
will tend to impede the signal flow and must be taken into consideration. Very
little current will flow through Cs and it may therefore be neglected. This yields
the low-frequency equivalent circuit of figure 8.8a. By the current division rule
(section 2.5.3)

VOL =
[1 - j/wC1 (R 0 1 + Rin)]

VOM
Vo = -----

L (l - j/wrd

where 7 L is the low-frequency time-constant C1(Ro1 + Rin2).

At high frequencies the coupling capacitor C1 has negligible reactance and
may be neglected. However the stray capacitance CS2 now shunts increasing
amounts of current from R ' , yielding the high-frequency equivalent circuit of
figure 8.8c.

c,

hfr iblt Rin2 t~L h fr i'1t Rin2 t~M
(a) (b)

hfriblt RO
l

C
S2

Rin2 tVOH

(e)

FIGURE 8.8

The equivalent circuits of one stage of figure 8.7b at low, medium and
high frequencies
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Taking R' again as the parallel combination of R O l and Rin2' the current
through this combination will be, by current division

= hfib( - j/wCS2 )

R e - j/wCS2

therefore

From equation 8.10

VOM
Vo = - - -

H (1 + jWTH)

where TH is the high-frequency time-constant R'CS2 •

Summarising therefore, at high and low frequencies the output voltage and
therefore the voltage gain falls from its mid- frequency value. Also the presence
of imaginary terms in equations 8.11 and 8.12 reveals a phase shift additional
to the 1800 mid-frequency shift.

8.2.2 Bandwidth and the Bode Diaqrarn'"

Let us examine the amplifier's performance at frequencies

- - =

and

=

VOM

1 - j

so that

in addition, after rationalisation

VOM
Vo = - (1 + j)

L 2

which implies an additional phase advance of arctan 1 = 45
0

, that is, from



180° to 225° Conversely, at
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(8.13)

so that

also, after normalisation

which implies an additional phase retardation of arctan 1 = 45° , that is, from
180° to 135° .

At both these frequencies therefore the magnitude of the output voltage has
fallen by y2 and therefore the power (proportional to voltage squared) has
fallen to one-half of its mid-frequency value. These frequencies are called the
half-power points or alternatively the - 3 dB points (see section 2.3.5). These
frequencies are often quoted to define the usable range or bandwidth of amplifiers.

In the high-frequency band, from equation 8.12

VOM
Vo = ---=:......-

H (1 + jW'TH)

At the highest frequencies jW'TH ~ 1 therefore

VOMVOH ::::::--

jWTH

The voltage output and therefore the voltage gainzt, is thus inversely propor­
tional to frequency. If the frequency rises by one decade (a factor of 10) the
voltage gain will fall by 10, or in decibel notation - 20 dB. The slope of a graph
of decibel voltage gain against the logarithm of frequency will thus be a straight
line having a slope of - 20 dB/decade.

Similarly in the low-frequency band from equation 8.11

VOMVo = ---...::~-

L (1 - j/WTL)

at the lowest frequencies j/W'TL ~ 1 therefore

VOL:::::: VOM jWTL (8.14)

The voltage output and therefore the voltage gain is thus directly proportional
to frequency. By the previous argument a slope of +20 dB/decade will be seen in
the decibel- gain -logaritlunic- frequency graph.

Plotting this graph and inserting the half-power points and phase-shift curve
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-3 dB bandwidth
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100

CD
'0

90
c
0

'"
'"'" eoE
"0
>

70
1

10

100

100

lk 10k

slope =- 20 dB Idecade

frequency (Hz)

100 k 1M
~

frequency (Hz)

FIGURE 8.9

The Bode diagram

gives figure 8.9: This is called a Bode diagram, the three straight-lines are
asymptotes to the frequency-response curve. If a little rounding is done at f L
andfH which are the half-power or - 3 dB frequencies, a very good approxi­
mation results. Because of this diagram f L and fH are sometimes known as the
corner frequencies in control engineering texts.

Equations 8.13 and 8.14 show that the phase shift at very high and very low
frequencies will be 90° retarded and 90° advanced respectively compared to
the mid-band phase shift of 180° . This gives a phase shift of 90° and 270°
respectively. In addition, we know that at the half-power frequencies the phase
shift is 45° . In this example, the half-power frequencies are 100 Hz and 10 kHz.

Bode's analytical techniques'" were first used to determine the electrical
stability of electronic amplifiers. It has since become an important tool with
which to investigate any system, electrical, mechanical or fluid , and will prove
useful to the reader.

8.2.3 Gain - Bandwidth Product

Section 6.7 showed that most signalsconsist of many frequency components.
For the signal to emerge undistorted after amplification, all the components
must be amplified equally. Even the best amplifiers do not exhibit a perfectly
flat frequency response in the mid- frequency range. One criterion originally
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(8.15)

employed in gramophone amplifiers was the half-power or - 3 dB bandwidth.
This was because a power change of - 3 dB (2 : 1) was the smallest detectable by
the human ear. This criterion has been carried over to describe the performance
of most electronic amplifiers used for instrumentation purposes .

For relatively undistorted output all the frequency components of the
signal must lie within the - 3 dB bandwidth of the amplifier." Let us examine
the factors affecting the bandwidth of an amplifier. The low-frequency band­
width may be extended by raising the values of the coupling capacitors C\ and
C2 • This lowers their reactance and minimises the signal voltage lost across them.
Similarly to extend the high-frequency response Cs must be kept as low as
possible by choice of transistors and minimisation ~f circuit stray capacitance.
Both these processes may result in a more sophisticated and therefore more
expensive amplifier.

One criterion of an amplifier's merit is its gain- bandwidth product. Usually
f H is much greater than f L therefore the bandwidth is

B = f H -!L ~ f H

and

211
f H = 211WH =

CszR'

From equation 8.10 the mid-band voltage gain is proportional to hfeR'. There­
fore the gain - bandwidth product is proportional to

fH X hfeR'

211
= X hfeR'

Cs2R'

hfe= constant x --
CS2

The gain - bandwidth product is therefore a constant for any particular amplifier,
being dependent upon the current gain of the transistor and the value of the
shunt capacitance. The word product implies that for a given amplifier we may
choose between a high -gain -low-bandwidth combination or vice versa. This is
so; the methods of varying the relative sizes of gain and bandwidth are discussed
in section 8.3.1.

Nearly all electronic equipment employs amplifiers and the cost of such
equipment depends greatly upon the gain - bandwidth product required. The
gain - bandwidth product may not be directly stated but if the reader orders an
oscilloscope that has both high sensitivity and wide bandwidth the invoice will
clearly demonstrate the truth of this statement! Accordingly, electronic equip­
ment should be purchased with a clear understanding of its future application
if economic waste is to be avoided.

Clearly an amplifier whose response falls away at low frequencies in the
manner of figure 8.7 is unsuitable for the amplification of signals from thermo­
couples or strain gauges which are only cycling slowly. In thermocouple
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measurements especially the cycle time may be many hours. Amplifiers with
level frequency-response down to zero frequency are available and are called
direct coupled (d.c.) amplifiers. This response is ob tained through eliminating
coupling capacitors by suitable circuit design. In return for this wider frequency­
response the user must tolerate poorer temperature stability. The output
voltage of the amplifier will 'drif t' with time. In the normal amplifier these
slowly moving thermal effects are blocked by the coupling capacitors.

One example of the use of d.c, amplifiers is the operational amplifier (section
8.3.1).

8.3 The Integrated Circuit Ampl ifier

The amplifier circuits considered in sections 8.1 and 8.2 have been constructed
from discrete components. Each transistor, resistor and capacitor was physically
identifiable. Modern constructional methods have made it possible to fabricate a
complete amplifier circuit containing say 15 transistors and 20 resistors on one
chip of semiconductor perhaps I mm square. Apart from the saving in material,
significant advances in reliability , performance and cost are possible. The
internal circuitry of such amplifiers is beyond the scope of this text but we can
consider the applications of such devices when they are cons idered as a 'black
box'.

8.3.1 The Operational Amplifier (Op-arnpr'": 47, 48

Let us briefly examine the properties required of a versatile voltage amplifier.
Assume that the amplifier is a black box having an internal circuit whose details
need not concern us. Thevenin 's theorem (section 2.5.1) states that the output
may be represented by a voltage generator in series with the output impedance
(figure 8.10). The value of the voltage generator is A v Vin where Ttin is the
voltage across the input terminals which themselves have an input impedance

Zin'

A v = voltage gain of the black box on no load (Z L

= Vo

Vin

input impedance of the black box

Z. = ~n
m I.

m

output impedance of the black box

= 00)

(8.16)

(8.17)

(8 .18)z = I~I
o 10 ~n = 0

Usually the amplifier will be driven from a voltage source having an internal
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impedance Zs. Let us insert the following typical values and calculate the output
voltage in each case .

Example 8.3

The amplifier of figure 8.1 0 has the following values: Zin = 10 kn , ZL = 1 kn,
Vs = 1 mV and A v = 1000. Calculate the output voltage if

(a) Zs 0 and Zo = 50 n
(bj Z, = Oand Zo = l OOn
(c) Zs = 1 kn andZo = 100 n

(a) Since z; = 0, l'in = Vs = 1 mY. Therefore

A v Vin = 1000 X 10- 3 1 V

Vo
= AvJ'lnZL

Zo + ZL

1 x 1000
0.95 V

50 + 1000

:---------.[·--- -1 +

I

j. H
I I
I
I I _
L J

source amplifier load

FIGUR E 8.1 0

The black -box circuit of an amplifier

(b) As before Vs = Vin = 1 mV and A v J'ln = 1 V

Avl'inZL

Zo + ZL

x 100 0

100 + 1000

(c) Since Zs =1= 0, J'ln =1= ~.

Zo + Zin

= 0. 9 1 mV

Therefore

0.91 V

AvJ'ln 100 0 x 0.91 X 10- 3 0.9 1 V
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= Av~nZL

Zo + ZL

0.91 x 1000

100 + 1000
= 0.83 V

Therefore for a high output voltage: from part (a) A v must be large; from part
(b) Zo must be small compared with ZL ; from part (c) Zin must be large com­
pared with Zs'

The first of these criteria is easily met in integrated-circuit operational
amplifiers. The voltage gain at low frequencies is often about 50000. The
output impedance may be made lower and the input impedance higher by the
application of negative feedback as described later in this section. Figure 8.lla
shows the external circuit diagram of a typical operational amplifier (Fairchild
/lA 709).

inverting
input

non-inverting
input

earth 0---1
-e-

(0)

oov

circui t symbol

(bl

FIGURE 8.11

An operational amplifier used as a scaling circuit

A signal applied between the inverting input and earth will appear amplified
and phase-shifted by 1800 at the output. Asignal applied between the non­
inverting input and earth is also amplified but does not suffer any phase change.
There are also two further terminals on the device which are not shown because
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they are for the attachment of external components to limit the amplifier's
frequency response.

Such amplifiers may be used as the building blocks of analogue computers

in the following ways.

257

Scaling Amplifiers
Consider the amplifier connected to two resistors as shown in figure 8.11 b.
R in is an input resistor, R I' is a feedback resistor. If the voltage gain of the
amplifier is high, V' will be much less than Vo . V' may be regarded as practically
zero which makes the point Qa virtual earth. Thus r is virtually zero and

Therefore

If V' -+ 0

lin = IF

Uin - V')" (V' - Vo )
=

R in R F

~ =
R F

~n R in

~
R F (8.19)= V -

m R .
In

We have an amplifier which multiplies or scales the input by a factor equal to
the ratio between the feedback and input resistors together with an over-all
sign inversion.

Summing Amplifiers
Figure 8.12 represents a circuit capable of summing several input voltages and

Ch--·C:_-:J------· a

o-----·-c-:::.-r·--- --

circuit symbol

FIGURE 8.12

A summing and scaling amplifier
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(8.20)

IF = II + 12

(V' - Vo )

RF

R F, R F, ]R; + Vi R
2

+ ...

If R I ' =R 2 =. . .=R n =R I' we have an amplifier which adds together VI , V2 ,

etc. and inverts the sign of their sum. If R I '* R 2 '* R n '* R I' we are able to
sum VI to Vn after multiplying each by a different scaling factor.

scaling them simultaneously. Again point Q is a virtual earth and

+ ...

Integrating Amplifiers
In figure 8.13, again because of the virtual earth

C

R

+
~ t

in tegra tor circuit

actual
response

-v
RC f--~

ampl i fier
output
saturates

1 s

1

ci rcuit symbol

FIGURE 8.13

The integration circuit using an op. amp .

so

J.in =
R

dVeC-
dt

or

(8.2I)
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That is, the output voltage is equal to the time integral of the input voltage
multiplied by a constant - l/RC. The constant is the reciprocal of the time ­
constant RC with a negative sign. Accordingly if the input voltage varies as shown
in figure 8.11 the output should follow the ideal curve shown until the amplifier
output saturates at the supply voltage Vs. The equation of this curve will be
(from equation 8.21)

- 1
~ = - x Vt

RC

therefore the slope will be - V/RCV/s as shown.

Unfortunately because the voltage gain of the operational amplifier is not
infinite and as the capacitor has some leakage resistance the curve will actually
be non-linear as shown. If the integrator's use is restricted to the first portion a
reasonable approximation to true integration can be obtained. In practice, there
is usually a switch to allow the initial voltage of the capacitor to be set to
represent the initial conditions of the integration.

8.3.2 Elements of Analogue Computation

An analogue computer consists of an interconnection of operational amplifiers
of various types to perform the mathematical solution of an integro- differential
equation. It can thus be used to model the response of a real system to various
stimuli providing the behaviour equations of the system may be written down.
Perhaps the simplest way to illustrate this is by an example.

Example 8.4
Draw the interconnections of amplifiers required to solve the behaviour equation
of a moving-coil galvanometer

I d20 2~ dO
- = - + - - + 0 -OF
W 2 dt 2 W dtn n

Where wn ' ~ and 0 F are constants.

The first step is to rewrite the equation so that the highest -order differential
is separated with a coefficient of unity.

d2 0 dO 2 2
- = - 2~w - - W 0 + wn 0 F
dt2 n dt n

Starting with this highest-order differential we next draw the arrangement of
integrators required to generate the lower order terms . These are then passed
through scalers to obtain the correct coefficients and inverters (scalers of
coefficient - I) as necessary.

The terms are then brought together in a 'summer' and equated to the highest
order term by closing the loop at AB. Application of the input signal OF will
now cause the network to behave according to the equation. The behaviour of
the angular acceleration, angular velocity and deflection may now be observed
with an oscilloscope or voltmeter attached to the appropriate point in the circuit.
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A final check on the circuit may be made by counting the number of amplifiers
in series round any closed path - the number must always be odd. This is
because each amplifier contributes 1800 phase shift and an even number would
yield a loop phase-shift of O. This loop would then oscillate due to positive
feedback (see sections 8.4 and 8.5).

+W~e

-e

FIGURE 8.14

Analogue computation - example 8.4

The circuit as shown in figure 8.14 can be simplified by remembering that
the input resistors of the integrators and the summer may be adjusted to give
simultaneous scaling. This can result in a decrease in the total number of
amplifiers used for this equation (figure 8.15). These minimisation procedures
are important when a small analogue computer is used to represent a complex
system. Again a check of the number of amplifiers in series around each loop
can help to indicate errors in drawing the circuit.

The above techniques are merely the basis of analogue computation. Real
computers employ techniques such as amplitude scaling and time scaling which

+W~e

d2e
if
A

de 2 2l-nwndi'"" - wn9 +wneF I

FIGURE 8.15

A minimised version of figure 8.14
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are outside the scope of this text. For a fuller exposition one of the standard
texts on analogue computation should be consulted'f
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v = ­o

The Charge Amplifier Many instrumentation transducers such as piezo­
electric accelerometers (section 7.4.1) exhibit very high capacitive source
impedances. The input impedance of a normal amplifier would load them
excessively resulting in little output voltage. The charge amplifier of figure 8.16
is an operational amplifier in which both the input and the feedback impedances
are capacitors C1 and C2 • The fact that C1 is incorporated in the source and
not the amplifier is irrelevant to the circuit's operation. From equation 8.19

ZFv-
Zin

=
1/(2rrfC2 )v _

1/(2rrfC1 )

FIGURE 8.16

The charge amplifier

As stated before C1 and C2 are usually equal so that the amplifier's voltage gain
is unity and negative. Its chief advantage however lies in its ability to transform
the high impedance level of the transducer down to the low levels required to
drive indicating display instruments.

8.4 Feedback

In the section 8.3.1 we saw how an amplifier having an original (or open-loop)
voltage gain of several thousand could have its gain reduced drastically by the
addition of two resistors. The effect of these was to feed back a proportion of
the output voltage ~ in such a sense as to oppose the inputvoltage Jtjn' This
was a particular example of negative feedback, a topic that we must examine
more generally. It will be found to yield significant advantages which often offset
the loss in gain.
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v't
P Q

amp l if ier
Ay

FIGURE 8.17

Series voltage feedback

Figure 8.17 shows a 'black box' amplifier in which a proportion B of the
output is returned in series with the input by the potentiometer set at B per
unit.

V' = ~n + BVo

and

Thus

or

~(B - l/A ) = ~n

The over-all gain of the amplifier and its feedback loop is A ~ where

A'- Vo = 1
v -

~n B - l/A v

(8.22)
- BA v

This is the fundamental equation for the study of feedback effects. In particular
the denominator (1 - BA v) reappears in expressions for nearly all the feedback
amplifier's properties. In figure 8.17 the output from the potentiometer is fed
into the input in such a way as to assist the original input voltage. If the connec­
tions from the potentiometer to terminals P and Q were reversed, B would
become negative - this is called negative feedback. Let us examine its effects
on the main amplifier parameters.

Over-all Gain
Equation 8.22 shows that the over-all gain of the amplifier has been changed
from A v to AvlO - BAv ) ' If B is negative this is a reduction in gain. But the
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gain is far more immune from changes caused by component ageing (see
example 8.5).
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Bandwidth
Section 8.2.3 showed that the product of gain and bandwidth for a particular
amplifier is constant. If the gain is reduced by negative feedback therefore the
bandwidth is increased by the same ratio (l - BA v ) ' Weare now in a position to
understand why in section 8.2.3 it was stated that techniques are available to
exploit either the bandwidth or the gain potential of a given amplifier.

If increased bandwidth is desired it may be obtained at the expense ofgain
by the application of negative feedback.

Input Impedance
It can be shown"" that negative feedback raises the input impedance so that

R i n' = R i n (l - BA)

where BA v is negative . This is usually an advantage because the amplifier will
be less likely to load its source excessively.

Output Impedance
Similarly it can be shown"? that the output impedance is lowered by negative
feedback to

R o' = R o

1 - BA v

This is also an advantage because it allows the amplifier to drive the following
circuits more effectively.

Distortion and Noise
These internal effects of the amplifier are similarly reduced. It is this reason
together with the increased bandwidth that accounts for the wide use of negative
feedback in high quality audio equipment.

In conclusion therefore, although the application of negative feedback results
in some loss in voltage gain, practically every other amplifier parameter is
improved .

Example 8.5

An amplifier has a nominal gain of 10 000 subject to a reduction of 10 per cent
caused by ageing to 9 000 . Its input impedance, output impedance and band­
width are 10 kil, 100 il and 10kHz respectively.

Calculate the percentage gain stability when 0.02 of the output is fed back in
opposition to the input

A'=v
- BA v
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Because we have negative feedback (opposition)

B = - 0.02

Originally

A'
104

V
1 + 0.02 X 104

104

= 49.75
201

Finally

A'v + 0.02 x 9 x 103

9 X 103

49.7
181

The percentage gain stability is thus

49.75 - 49.7

49.75
x 100

1.005 per cent

This is a considerable improvement on the original 10 per cent variation.
I

R in = R inO - BA)

104 0 + 0.0 2 X 104
)

= 2.01 X 106 n
and

R'o

1 + 0.02 x 104

0.4975 n
The bandwidth is increased to

BW' = BWO BA v)

= 104 0 + 200)

= 2 x 106 Hz

8.5 Oscillators

Consider the effect on equation 8.22 of making BA v unity and positive. The
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over-all gain would be

A v' =~ = infinity
I - I
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Since the over-all gain is the ratio of output to input voltage, this implies a finite
output for zero input

V
-2. = infinity
a

An amplifier which yields an output signalwithout a corresponding input signal
is said to oscillate. The energy for this output voltage is obtained from the
amplifier power supplies so we are not infringing the laws of energy conservation!
Let us examine the significance ofA"B being unity positive.

AvB = +

or
I

A =-
v B

In words - making the closed-loop gainA"B equal to unity means exactly
balancing the open-loop voltage gain of the amplifier A v to the loss in gain liB
of the feedback network. In addition the positive sign indicates that there is
zero phase-shift around the loop.

Some practical circuits for oscillators have already been considered in section
5.5.3 and 5.5.4 but any standard text on electronics'" will give circuits encom­
passing many output waveshapes.

8.6 Bridges

The inclusion of this topic here may seem at first sight inconsistent because
bridges are often used as a complete measurement system. In instrumentation
applications however the unknown arm is often separated from the rest of the
bridge by some distance over which the information is transmitted by two or
more conductors (a channel). The larger portion of the bridge therefore fulfils
the role of receiver in the measurement system.

8.6.1 The Simple Wheatstone Bridge

This is the simplest d.c. bridge (figure 8.l8a). The unknown resistor Rx is
inserted and R 3 adjusted until the current through the detector is zero when
at balance
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s, R 1+- = +-
R 3 R 2

(8.23)

If the values of R 1 , R 2 and R 3 are known, R x can be calculated. R I and R 2

are known as the ratio arms, they are often equal or in decade ratio, that is,
10 : I or 100: 1. This allows for greater accuracy because R 3 usually consists
of a four- or five-decade resistor. If Rx is greatly different from the total value
of R 3 accuracy is lost unless R I/R2 is adjusted to make use of all the R 3 decades .

R, R, 1
R. "";"'")

gauge

V

~:~'l
v, V

Rz Rz
R3
unstrained

compensating
gauge

-=- ~

(a) (b)

FIGURE 8.18

(a) Simple Wheatstone bridge ; (b) strain -gauge bridge

8.6.2 Strain-gauge Bridges

A strain gauge is a resistive transducer whose value may change by a few parts
per million when strain is applied (sections 7.1.12 and 7.1.13). Measurement of
these small changes by the simple Wheatstone method would need a resistor R 3

of six or seven decades and great sophistication to prevent thermal e.m.f. errors.
Accordingly an unbalanced Wheatstone bridge is often used similar to figure
8.l8a except that no attempt is made to vary R 3 for balance . R 3 is usually an
identical strain gauge to Rx but placed in an unstrained position. Since R x and
R 3 are not exactly equal because of manufacturing tolerances an apex unit
(figure 8.18b) has to be used to balance the bridge when the strain is zero. Let
R x change its value toRx +oRx after straining, assume R, =R 2 ,R3 =Rx and
that the detector has infinite impedance.

v
l'2 = - and Vi

2

Thus the detector voltage v

V VRx

2 2Rx + oRx



TheReceiver/Amplifier

vss,
267

4R x + 20R x

There is thus a nonlinear relationship between v and oRx' However, if oRx ~Rx
which is usual (typically 1 : 10 000) then

V su;
v::::::- x--

4 R;

which is linear. The fraction oRx/Rx is called the electrical strain and is related
to the mechanical strain e by the equations of section 7.1.12. Figure 8.18b is
known as a single-arm bridge since there is only one active strained arm. Tem­
perature compensation is provided by the unstrained gaugeR 3 • If both R 3 and
Rx rise in value due to an increase in temperature this does not affect the value
of VI'

Greater sensitivity can be obtained in the study of some mechanical structures
if R; and R 3 can both be placed in positions having equal and opposing strains.
If R; is in tension its new value will be Rx +SR x and if R 3 is in compression its
new value will be R 3 - oR 3 • The bridge output voltage, if R 3 = R x will now be
(for two active arms)

V ss,
v::::::-x--

2 s;
Temperature compensation is still present because temperature changes do not
change the resistances of R x and R 3 in opposite directions as does strain.

For the greatest sensitivity with temperature compensation we can use a four­
active-arm bridge in which all four resistors are strained gauges. Diagonally
opposed arms must be similarly strained. That is R x and R 2 in tension, R 3 and
R I in compression. If the magnitude of the strain on all four gauges is equal

oRxVx -­
Rx

an arrangement four times as sensitive as the single-arm bridge.

Example 8.6
A strain-gauge bridge consists of two strain gauges of 100 n unstrained resistance
and gauge factor 2.2 together with two fixed 100 n resistors fed from a 4 V
supply . If one of the gauges is strained to 101 n , calculate the bridge sensitivity
in mV/n across an infinite impedance detector.

A 100 kQ calibration resistor is placed in parallel with one of the two gauges
when both are unstrained, calculate the mechanical strain that would produce
the same bridge output.

Referring to the diagram of figure 8.18b, R I =R 2 =R 3 = ioon and R x = lOIn
when strained.

4 x 100/200
4 x 100/201

2V

1.99 V
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The detector voltage = V2 - Vl = 10mV. Thus the bridge sensitivity is
10mV/D..

A 100 kD. resistor in parallel with a 100 D. gauge gives an effective resistance of

102 X 105 107

IO~ + 102 100 100

99.88 D.

This represents an electrical strain ofoRx/Rx =0.12/100 = 12 X 10-4 •

electrical strain
Mechanicalstrain =------

€ 0:

gauge factor

12 X 10-4

2.2

546 J.l strain

8.6.3 A.C. Bridges

Until recently a.c. bridges were used to measure the value of electrical com­
ponents other than pure resistors. In this role the classical bridges have largely
been supplanted by the transformer ratio bridge.55

FIGURE 8.19

Generalised a.c. bridge

For completeness, however, the general method for their classical solution
is included as it gives insight into the use of the j operator. Referring to figure
8.19, the balance equation may be written

z. Z2
- =-
Z3 Z4

provided that the impedances are expressed in complex form . Real and imaginary
terms on each side of the equation may be equated to give the balance conditions.

Example 8.7
In the Schering bridge of figure 8.20, balance is obtained by adjusting the variable
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r-c----<o
2

FIGURE 8.20

The Schering bridge of example 8 .7

components. Obtain expressions for the series capacitance and resistance of a
lossy capacitor Z 1 in terms of the other components.

269

I
Zl ". R 1 + --,

jwC1

and

1 )+--
j wC4

z, Z3

Z2 Z4

( R l + -._1_) jwC2
JwC1

C2 .
jwC2R 1 + - ". JwR3C4

C1

Real terms

or

Imaginary terms

or
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8.7 Problems

8.1 The transistor whose characteristics are shown in figure 8.2 is used as a
common-emitter amplifier with a load resistor of4.2 kil and a supply voltage
of 25 V. Draw an appropriate load line.

(a) What value of base- emitter voltage would cause the base current to
be 50 JlA and what would be the corresponding values of collector voltage and
current?

(b) What powers are dissipated in the load and the transistor in (a)?
(c) What is the d.c, input resistance of the transistor under these

conditions?
(d) What r.m.s, voltage must be applied to the base - emitter junction

to cause the base current to vary between limits of 25 JlA and 75 JlA?
(e) The voltage calculated in part (d) is applied to the base - emitter

junction in addition to 50 JlA d.c. bias. Between what limits do the collector
current and the collector- emitter voltage vary?

(f) Calculate the current and voltage gains of the stage (transistor
plus load) when operating as in (e)?

(g) What would be the reading indicated by a simple a.c. voltmeter
connected via a low-reactance capacitor between collector and emitter?

8.2 Designan amplifier stage similar to that of figure 8.5 using a germanium
transistor having an hfe of 100. Let the collector current be I rnA at the
operating point and allow I V drop across the emitter resistor for each 15 V of
the 20 V voltage supply Vee.

8.3 An emitter follower uses a silicon transistor having hie = 2 kil and
ht« = 100. If the emitter load resistor is 100 il calculate the voltage gain, output
resistance and input resistance of the stage. Calculate the value of the single bias
resistor required if the transistor is to operate at lOrnA from a 10 V d.c. supply.

8.4 The amplifier of figure 8.7a uses two identical stages where R 1 = R 3 =
200kil, R 2 = R 4 = 20 kil, R L1 =R L 2 = 10kilandRe i =Re 2 = 1.2kil. For
both transistors hfe = 100 and hie = 2.5 kil. The coupling capacitor CI = 100JlF
and Ce l ' Ce 2 and C2 may be assumed infinite. The total shunt capacitances may
be represented by a 15000 pF capacitor between the base and emitter of T2 •

The output resistances of the transistors alone may be assumed much greater
than 10 kil. Calculate the mid-frequency voltage gain in decibels, the upper and
lower half-power frequencies, the half-power bandwidth and the gain - bandwidth
product. What would be the gain in decibels and the phase shift at 0.013 Hz
and 5.89 MHz. T

2·

8.5 A two-input summing amplifier uses an 'ideal' operational amplifier
with a 1 Mil feedback resistor. If 2 V are applied to the 10 Mil input resistor
and 50 mV are applied to the 100 kil input resistor , calculate the output
voltage.

8.6 An operational amplifier uses an input resistor of 100 kil and a feed-
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back capacitor of 0.1 J-LF. It is supplied with a square-wave input voltage which
varies between + 1 V and - 1 Vat a frequency of 1 kHz.

(a) If this voltage is applied at the commencement of the positive half­
cycle describe the shape of the output waveform and calculate its maximum and
minimum values.

(b) How would these limiting values be affected if the input wave were
applied when it was halfway through its positive half-cycle?

8.7 Draw a suitable interconnection diagram for operational amplifiers to
solve the following differential equation assuming that the y signal is available
externally

d3x d2x dx
y=A--B-+C-+x

dt 3 dt 2 dt

8.8 A batch of operational amplifiers of nominal gain 90 dB actually have
production tolerances of ± 5 dB. Design a circuit to give a more stable nominal
gain of 500 and calculate the gain spread of this circuit. Calculate also the input
impedance and bandwidth of this circuit if the original amplifier had an input
impedance of 200 kS1 and a gain - bandwidth product of 316230 Hz.

8.9 A Wien bridge is powered from a source of angular frequency wand
consists of four arms AB, BC, CD and DA. AB consists of an unknown capacitor
Cx of parallel loss resistance R x . BC consists of a variable capacitor C I in series
with a variable resistor R I. Arms CD and DA each consist of fixed resistors R 2

and R 3• Show that, at balance, the loss resistance is givenby the equation

R 3 (1 + WCI
2R I

2
)

Rx = --'---------'-
R2W2CI2RI



9 Data Display

9.1 Analogue or Digital?

Over the last decade digital display and recording equipment has become in­
creasingly competitively priced. Previously, the choice of display equipment
was largely limited to analogue or pointer instruments and the cathode- ray
oscilloscope. Now however the engineer can make a conscious choice on
nearly every occasion and determine whether digital or analogue displays are
more appropriate.

Analogue displays take the form of a pointer moving across a calibrated scale
and the observer is required to interpolate values between the scale graduations.
This interpolation can lead to errors especially when the observer is tired or
the environment is unpleasant (dust, fumes, etc .). A further source of error is
the phenomenon of parallax which occurs if the line of sight is not normal to
the plane of the scale. Analogue displays are unrivalled however in showing the
trend of motion of a variable and in the comparison of a variable with a fixed
value.

Digital displays are often more appropriate for untrained observers and for
the presentation of values for recording in a written form.

9.2 Analogue Displays

9.2.1 Pointer Instruments
Over the many years during which they have been in use pointer-and -scale
displays have been refmed to minimise the major sources of error. Precision
instruments are provided with a mirror-scale by means of which the observer
may eliminate parallax errors. If the eye is aligned so that the pointer and its
reflection coincide, the line of sight must be normal to the scale. Knife-edge
pointers also minimise interpolation errors .

The scale of a precision pointer instrument can usually be read to an accuracy
of at least one-half per cent over a scale length of some 10 em. This usually
corresponds to a pcinter deflection across 75 - 80 0 of arc. Recently manufacturers
of panel-mounted instruments have increased the effective scale length without
increasing the over-all size by utilisingscales having deflection arcs of 270 0

•

Among the more familiar pointer instruments are the electromechanical
ones - the moving-iron and moving-coil meters, the electrodynamic or dynamo­
meter meter, thermocouple and electrostatic types. The moving-coil instrument
is by far the most common of these because its linear scale is much more easily
read than the square-law scales of the others . Non-linear scales have their
graduations cramped together at the lower end and this can cause reading errors.

Many electronic instruments present their output information by means of a
moving-coil indicator. These instruments are capable of conditioning the variable
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before display and include a.c. and d.c. electronic voltmeters, Q-rneters and true
Lm.S. voltmeters. The outputs of null instruments, such as bridges and potentio­
meters, provide excellent opportunities for pointer displays to reveal trends
towards or away from balance .

9.2.2 The Cathode- ray Oscilloscope (CRO)
The major disadvantage of electromechanical pointer displays such as moving­
coil instruments arises out of their inertia. With a conventional pointer, the
instrument is unlikely to be able to respond to frequencies higher than 25 Hz.
Mirror galvanometers in which the pointer is replaced by a light-ray may extend
this to I kHz maximum. The electron beam in a cathode-ray tube (section 3.2.2)
has little inertia and is quite capable of being deflected at frequencies up to the
gigahertz (10 9 Hz) region.

In order to display the waveshape of the measured voltage the cathode- ray
tube must be supplemented by at least a timebase and an amplifier (figure 9.1).
The waveform to be observed is applied to the y input terminals and, after
amplification, is applied to the tube's vertical deflector plates. The timebase is
essentially an oscillator producing a sawtooth waveform which sweeps the spot
across the screen from left to right at uniform velocity. Its output is amplified
and applied to the horizontal or x deflector plates. At the end of each sweep
the spot ' flies back' almost instantaneously to the left-hand side. During this
flyback period the timebase feeds a suppression pulse back to the grid of the
electron gun. This darkens the spot during flyback to make it invisible.

to CRT ~~==C:Jpower supplies-

Z modulation 0----+----'

flyback
suppresslon

Y input

X input

0----+---1 vertical
(YJ

amplif ier

trigger
purses

timebase
and X
amplifier 1----....

FIGURE 9.1

The cathode -ray oscilloscope

When viewing a repetitive waveform on an oscilloscope the observer is
seeing many horizontal sweeps superimposed and it is the persistence of vision
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which creates the stationary image. For this to occur, all the sweeps must be
superimposed exactly, that is, the sweep must always begin at the same point
on the vertical waveform. A trigger pulse is fed from the y amplifier to the time­
base to ensure correct initiation of the sweep. In some measurements it is con­
venient to be able to darken or brighten the trace during certain sections of
the sweep. An external z modulation terminal is often provided by which
external pulses may be applied to the tube grid to achieve this .

If the oscilloscope is merely to be used as an x - y display, the time base may
be switched off. External waveforms now applied to the x input terminals will
deflect the spot horizontally as requ ired. Oscilloscopes are chiefly used in this
mode to examine the frequency and phase relationships between two sinusoidal
voltages by the Lissajous method. v so

If the waveshape to be examined is non-repetitive, the timebase may be set
to give a single sweep in the 'one-shot' position. If such waveforms are slowly
varying, their complete shape may be seen by using a tube with a long persis­
tence (P2) phosphor which has an afterglow of several seconds. The observation
of fast non- repetitive waveforms is more difficult. The classical method is to
fit the oscilloscope with a camera and to leave the shutter open for the whole
of the single sweep. A permanent record is thus made on film which can be
viewed at leisure; 35 mm conventional film is most common but is gradually
being replaced by Polaroid film. In spite of its expense the latter dispenses
with the need for wet darkroom facilities .

The recent advent of the storage oscilloscope'' 1 has made the use of film
techniques for nonrepetitive waveforms unnecessary. This oscilloscope uses a
special storage cathode-ray tube which is capable of storing any image formed
on its screen for periods of many hours during which it may be viewed at will
before erasure by means of a switch. The cost of storage tubes is high however
and their lifetime is limited.

Although the oscilloscope is indispensable for examining waveshapes,
measurements made from the screen image are only accurate to ± 2.5 per cent
on either the voltage or the time axis. It remains the most versatile of electrical
instruments and at .the time of writing is capable of responding to frequencies
as high as 300 MHz.

As explained in section 8.2.3 any device employing electronic amplifiers is
limited by the gain - bandwidth product criterion. This means that an oscillo­
scope having high gain (voltage sensitivity) and high bandwidth simultaneously
will be very expensive. Accordingly many oscilloscopes are manufactured with
modular plug-in amplifiers by which either high gain or high bandwidth are
available separately for varying applications.

Double- beam oscilloscopes using multiple electron guns or electronic
switching techniques are available for the simultaneous observation of two
waveforms.

9.3 Analogue Recorders

In many instances the engineer requires a permanent record of some analogue
data . The use of a camera attached to an oscilloscope has already been discussed.
Alternative methods may be divided into magnetic and direct-writing techniques.
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9.3.1 Magnetic Hecordinq'?

The data may be recorded directly on to the tape in the same manner as with
domest ic audio tape recorders . On replaying the record however, the amplitude
of the various frequency components will be found to have changed. Although
the amplitude stability is poor this technique is still employed where very wide
bandwidth is required.

Most analogue instrumentation tape recorders now employ frequency -modu­
lation techniques (see section 6.9.3) . Bandwidths extending from zero to 80
kHz are available with amplitude accuracies of ± 5 per cent. Up to eight tracks
may be simultaneously recorded across the 2.54 em tape width. Tape speeds up
to 152 cm/s are employed for the highest frequency signals.

Although the data is recorded permanently, magnetic recording does not
produce a visible record of the signal. The user has to replay the tape into a
direct-writing recorder to obtain a visual record. The possibility of recording
and replaying at different speeds allows long events to be telescoped and fleeting
events to be stretched for leisurely investigation.

Direct- writing Techniques
Direct-writing recorders employ a paper chart drawn at a constant speed by a
d.c. servomotor beneath a pen or other marking device.

9.3.2 Galvanometric Recorders

The majority of direct-writing recorders fall into this category. Some form of
pen is attached to a moving-coil (figure 9.2) galvanometer in place of the pointer.

modif ied
pointer

heated
stylus

V I--- chart and
r-t--f--....-,r-r- I ro \Iers

FIGURE 9.2

Pen-type galvanometric recorder

moving-coil
movement

The simplest types employ a conventional ink pen fed from a stationary
reservoir. The inertia of the moving parts limits the response to a few hertz.
Inertia can be reduced by employing either a hot-wire stylus and heat-sensitive
paper or an electric stylus which burns an image into the paper by sparking.
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Frequencies up to 25 Hz may be recorded with these at an accuracy of 2 - 3 per
cent of full-scale deflection. Multiple pens may be used for the simultaneous
record of two or more signals but this sometimes reduces the usable chart width.

Where multiple channels are to be recorded simultaneously, galvanometric
recorders using a light -beam as a pen are the most versatile. Several miniature
mirror galvanometers are mounted (figure 9.3a) side by side in a common
magnet block. The light source may be either a mercury-arc ultraviolet lamp or
a quartz - iodine tungsten-filament lamp. In either case the light after reflection

sensit ise d
chart

recorded
trace

( 0 1

horizontal
adjustment
screw

coil

coi l

reta ining
sp r ing

gold alloy/'l
strip

frame

~--- bot tom cap

( b )

FIGURE 9.3

The principle of the light-beam recorder and its galvanometer construction
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is focused upon a sensitised paper. This paper produces a print after a few
seconds' exposure to daylight. Up to 50 channels may be recorded simultaneously
on the same 50 cm wide chart and all these channels may use the full chart width,
crossing as desired. The galvanometers usually plug in to the magnet block
which allows galvanometers of different bandwidths or sensitivity to be em­
ployed as required. Figure 9.3b shows the construction of these miniature
galvanometers. The electrical connections to the coil are made via the tension
spring and the upper bifilar suspension wires. The whole galvanometer is
enclosed in a cylindrical case 3 mm diameter by 5 cm long.

The accuracy of such instruments is typically 2 per cent of full-scale
deflection (f.s .d.) and with the lighter less-sensitive galvanometers frequency
responses up to 5 kHz are possible. One disadvantage is the delay of several
seconds until the paper develops the image. Such recorders are however much
the cheapest method of recording many channels of data. Care must be taken
when using these instruments at high frequencies near to their mechanical
resonance frequency as significant errors can be introduced.S3

The moving coils of galvanometric recorders have an impedance of only a
few ohms which would heavily load many signal sources (see section 7.1.1).
Such instruments are often provided with a set of galvanometer drive-amplifiers
built into the unit to present a high impedance to the source. Such amplifiers
are often emitter-follower stages (see section 8.1.4).

9.3.3 Potentiometric Recorders
These recorders offer the highest accuracy (0.2 per cent f.s.d) ofany pen recorder
and have been established for many years to measure variables such as thermo­
couple potentials. They rely for their action on the principle of the self- balancing
potentiometer (see figure 9.4). The carriage is free to slide alung the guide and
mak.ea contact with the resistive slidewire which is energised with d.c. The
amplifier continually monitors any error between the input voltage to be
measured and the slider potential. Such errors , after amplification, are used to

potent iometer

chart
dr ive

input voltage

FIGURE 9.4

The self-balancing potentiometric recorder
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drive the servomotor which moves the carriage via a system of wires and pulleys
in the direction of balance. When the input voltage and the slider voltage are
equal the motor stops. At fixed intervals other circuitry connects a standard cell
to the input and automatically calibrates the slidewire.

Because of the high inertia of the motor, gearbox, carriage and linkages the
maximum response speed is limited to 0.25 s for a full-scale deflection. The
high input impedance of the amplifier means that these recorders present little
loading to the measured variable. Such high-impedance sources as thermocouples
may be directly connected to the input.

Multichannel potentiometric recorders usually work on a time-sharing
system. They sample each variable in order, move to the balance position, and
leave a distinguishing mark with a multi-colour pen.

Versions of potentiometric recorders having two slidewires, mutually at
right-angles, are produced. These are known as x - y plotters and are used for
recording two variables neither of which is time .

9.3.4 Fibre-optic Recorder

This newcomer to the recorder fields2 is unlikely to be met in general industrial
use for some years. It is basically a cathode-ray oscilloscope using a cathode -ray
tube with a fibre-optic screen. A chart of conventional ultraviolet recorder
paper is held in contact with this screen and receives the imprint of any image.
The negligible inertia of the tube 's electron beam allows responses up to 5 kHz
at present; future developments will undoubtedly extend this greatly. At present
it is expensive and its use is confined to laboratory applications.

9.4 Digital Displays

The presentation of data directly as a decimal number has been common in
scientific and industrial equipment for some years . The advent of semiconductor
display devices has now made it economical for home consumer use. The pocket
calculator is an outstanding example.

A. Gas- filled Devices

9.4.1 Alphanumeric Indicator Tube

This is basically a modified low-pressure neon tube. There is one anode and
(usually) ten separate mutually-insulated cathodes. These are shaped into the
numerals 0 to 9 and stacked one behind the other. The anode is held at a
constant positive potential of about 150 V via a series safety resistor and which­
ever cathode is required is switched to earth potential (figure 9 .5). These tubes
have high reliability , high efficiency and low cost. They require however a high­
voltage supply which is incompatible with semiconductor circuitry and are
limited to the colour red. They are marketed under trade names such as 'Numi­
cator' and 'Nixie tubes' .
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FIGURE 9.5

The alphanumeric tube, its components and circuit symbol

9.4.2 Plasma Panel 54

This device is still in the development stage but will be widely adopted in some
years' time. A matrix of holes is formed in a sheet of dielectric material and
this is sandwiched between two other sheets to form isolated cells. These cells
are filled with neon at low pressure and can be illuminated by applying an a.c.
voltage between a vertical set of wires in front of the sandwich and a horizontal
set at the rear. The cells to become ionised will be those indexing points where
energised vertical and .horizontal wires cross.

Such panels can display up to 400 characters, each requiring a 5 by 7 matrix
of cells similar to figure 9.6c.
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FIGURE 9.6

The light-emitting diode (LED)
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B. Semiconductor Devices

9.4.3 The Light-emitting Diode (LED)

In some semiconducting materials the recombination of holes and electrons
results in an emission of energy as light. The frequency and therefore the
colour of the emitted light can be obtained from the familiar equation hl= bE
where bE is the emitted energy of recombination (see section 3.3.1). The intro­
duction of impurities or dopes modifies these energies to yield a wide range
of colours from green to red. The charge recombination occurs within a pn
diode arranged as shown in figure 9.6a. They may be encapsulated individually
as in figure 9.6b when used as indicator lamps or arranged as 5 by 7 matrix or
a segmented matrix of chips to give a wide range of alphanumeric symbols
(figure 9.6c).

As low-voltage indicator lamps LEDs are superior to filament lamps in that
they do not run hot and are mechanically robust. They are very light in weight
and almost instantaneous in response.

9.4.4 Electroluminescent Panels

Illuminated panels, at present of only low brightness, can be made by using a
layer of I :liating material between two electrodes as in figure 9 .7. A high
voltage (J ',0 to 600 V) has to be used but green, yellow and blue panels are
easy to fabricate. Such panels can be used in displays on control consoles to
great effect.

t t t t
gloss substrate

transparent ~~~~~electrode --
reflecting ------­
electro de

~=I~I;ll-~ electroluminescentrn " phosphor

FIGURE 9.7

Cross-section of an electroluminescent panel

9.4.5 Liquid-crystal Displays (LCD)

The clock and watch industry are currently experimenting with liquid -crystal
displays. A layer of organic material is sealed between two plates of electrically
conducting glass. A voltage applied across the plates causes the material to
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become milky and to reflect ambient light whereas it is invisible under normal
conditions.

Its great advantage is its versatility as devices can easily be fabricated in
small quantities to any design. Characters up to 0.1 m high are currently
available. The characters become brighter as the ambient-light level rises.

9.5 Digital Recorders

9.5;1 Paper Tape

281

This was perhaps the earliest and simplest form of recording digital information
other than the automatic typewriter which is limited to speeds of about 10
characters per second . The width of the tape can usually accommodate five
holes which allows for binary coding of the decimal numbers 0 to 31 (see table
7.1).
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FIGURE 9.8

Digital data recording on tape

The form of the paper tape is shown in figure 9.8a. If the punch is capable
of operating say twice per second, it will be seen that the rate of recording data
is comparatively slow. When reading paper tape however five photocells, in line
abreast, search the width of the tape for holes . Reading can thus be a speedy
operation because no moving parts other than the tape are involved.

9.5.2 Magnetic Tape
Perhaps the most widely used method of recording digital information, especially
in the computer field , is magnetic tape. Very sophisticated tape-transport systems
have been evolved to cope with tape speeds of up to 9 m/s. Figure 9.8b shows
how tape loops are provided on each side of the recording heads to minimise
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tape wear and inertia. The tape loops are held in vacuum reservoirs and the loop
length is monitored by photocells whose output controls the speed of the feed
and take -up reels. When making sudden changes in speed or direction only the
negligible inertia of the tape loops is involved. The high inertia of the reels and
their motors is overcome by their control systems .

Areas of zero , positive or negative residual magnetism are used to indicate
digital Is and Os and vast amounts of data may be stored upon the reels which
can carry hundreds of metres of tape. Up to eight tracks across the width of
the tape allow eight sources of data to be monitored continuously and simul­
taneously . The chief disadvantage of magnetic methods is the complete lack of
any visual indication on the tape.

9.5.3 The Data Logger
Where many sources of data have to be sampled and recorded at modest speeds
some form of time-sharing is appropriate. Figure 9.9a illustrates the main com­
ponents of a data logger. A multiplexer samples, in turn, the output from each
transducer and feeds this information to the digitiser where it is binary- coded.
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fr om ------i . I
driv e unit hammer d rlv~

o 00ili mhammer s

~
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FIGURE 9.9
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The signals are now fed to some output recorder whose form depends upon the
speed required. Paper tape may suffice for the lowest speeds but line printers,
capable of recording up to 20 lines per second, may be used. Each line may
contain 120 characters and a complete line is printed by the hammers in one
rotation of the print wheels (figure 9.9b).

The use of a data logger is clearly appropriate where the outputs of many
thermocouples or strain gauges on a structure are to be monitored and recorded.
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Answers to Problems

Chapter 1

1.2 1.25 A, 2.5 mC
1.3 + 62.5 V.
1.4 1.0 V, 1.25 V, 1.556 V, 1.166 mC
1.5 15.8 A, 3.14 MD.

Chapter 2

2.1 50 V, 57.7 V, 1.154, 1.733
2.2 55.2mH
2.3 22.35 V, 113.7 Hz, 0.14 H, 0.448 leading
2.4 15.36 A, 7.53 A, 10.71 A, 2360 W, 0.92 lagging
2.6 0.884 lagging, 364 /IF
2.7 2360W, 2830VAr
2.8 50.6 pF, 209, 2309 Hz, 0.76 /lA, 159 /lA
2.9 14.17{- 34° 54' A
2.11 0.476{13° 8' A
2.12 0.85 lagging, 56.4 A, 25.8 kVAr
2.13 109/lF
2.14 4.00W

Chapter 3

3.1 3.04 x 10- 19 J, 6.02 X 10-19 J, no emission, 7.87 x 105 m/s
3.2 30 mA/W
3.3 1.8 /lA, 6.6 /lA, 3.1

Chapter 4

4.3 3600, 1800, 1200,900, 720 and 600 rev/min
4.4 1.92 N m
4.5 2.93 N m
4.6 40 A, 695 rev/min
4.7 9.48 rev/s

Chapter 5

5.1 13 V
5.2 13.6 V
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5.3 0.04
5.4 3.02 W
5.5 17.0s

Chapter 6

6.1 33 min 20 s, 50.2 Hz
6.2 74 dB, 56 dB
6.3 (a) 1 kHz to 10 kHz (b) d.c. to 400 Hz (c) d.c. to 10kHz
6.4 3.32 kHz
6.5 greater than 3.32 kHz

Chapter 7

7.1 200 n
7.2 1.5 V, 0.68 V
7.3 5.65 V (D positive), 3.96 V (E positive)
7.4 6 V, 1.65 mY, 272.7 kn
7.6 1.25 x 105 V/cm, 8.696 x 104 V/cm
7.7 2.04mV

Chapter 8

8.1 (a) 120 mY, 16 V, 2.2 rnA
(b) 19.8 mW, 35.2 mW
(c) 2.4 kn
(d) 17.7 mV
(e) 0.93 rnA to 3.65 rnA,9 V to 21 V
(t) 54.4, 240
(g) 4.24 V

8.2 Typical but not unique values are R L = 10 kn, R; = 1333 n, R 1 =
184 kn and Rz = 16.33 kn

8.3 0.835,19.8 n, 12 kn, 83 kn
8.4 89.2 dB, 58.9 kHz, 0.13 Hz, 58.9 kHz, 170 MHz, 69.2 dB /840 18' lear]

49.2 dB, / 890 24' lag
8.5 - 0.7 V
8.6 (a) Triangular between 0 at t = 0 and - 50 mV at t =500 J1.s

(b) - 25 mVat t= 250J1.s, + 25 mVat 750J1.s
8.8 RF = 197 n, Rin = 100 kn ; 494 to 503, 12.7 Mn, 632 Hz



Index

acceleration transducers 218
accuracy 169
alphanumeric tubes 278
alternating current 14 ff.
amplification 81, 233 ff.

gas 73
amplifier 233 ff.

common emitter 235 ff.
direct coupled (d.c.) 254
emitter follower 245
frequency response 247
integrating 258
operational (op . amp .) 254
pre- 184
scaling 257
summing 257

analogue computation 259
analogue displays 272 ff.
analogue recorders 274
Angstrom unit 69
anode 69,73 ff.
Argand diagram 24
armature 107
armature current 109
armature e.m.f, 109
atom (Bohr) 66

balanced load 51
bandwidth, A.M. 187

half power (-3 dB) II, 250
noise 176
of resonant circuit 38, 188
signal 173
with feedback 263

barrier layer (potential) 79 ff.
B/H loop 60

non-linearity 88
bias, CE amplifier 237 ff.

components 240
forward - reverse 79

binary notation 195,208
bit 172,208
Bode diagram 250
bottoming 240
bridge 265 ff.

a.c. 268
fully controlled 140
half controlled 140, 152
single-phase 126
strain gauge 266
three- phase 128
transducer 202, 207
Wheatstone 265

brushes 95, 107

cable, characteristics 183
screening 175

cage rotor 98
calibration curve 169
camera 274
cathode 68 ff.

photo 70
cathode ray oscilloscope 273
cathode ray tube 68
channel 171 ff.

capacity 173
characteristics, CE transistor 233

dynamic 170
static 168

charge amplifier 261
application 219

chopper 192
closed-loop control 114, 117
coercivity 61
collector 80

common 245
common emitter (CE), characteristics 233

design 239
commu tation 128
commutator 107 ff.
compensating leads 228
complex conjugate 33,49
complex form 11
complex numbers 24 ff.
condenser microphone 231
conduction, angle 135

electrons 66
extrinsic 77
intrinsic 76
semi- 66,76 ff.

constant current generator 42
crystal lattice 66,76
current, active 29

constant-generator 42
division law 44
holding 137
leakage 80
line 51 ff.
magnetising 87
multiplication 24,38
neutral 51
phase 51
r.m.s , 17
rotor 99
undirectional 121

cutoff 240

damping 37,38
data display 272 ff.
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data logger 282
d.c. amplifier 254
decibel 34,174, 230
delta connection 52
depletion layer 79, 82
determinant 46 ff.
dielectric heating 159
diffusion 78
digital displays 278
digital recorders 281
diode, construction 123

cooling 123
p-n 78

disc encoders 208
displacement transducers

angular 205 ff.
linear 200 ff.

distortion 171, 237
drag cup 214
drift, amplifier 254

instrument 169

eddy currents 62
Einstein's equation 69
electroluminescence 280
electron , charge 66

emission 67
primary 71
rest mass 69
secondary 71

elements 66
e.m.f., equation 88

rotor 98
emission 67 ff.

photoelectric 69
secondary 71
thermionic 68

emitter 80
common 232
follower 184

energy, conversion 93
kinetic 69
quantum 69
storage 93

errors, dynamic 170
instrument 18
loading 201
static 169

feedback 256 rr., 261
feedback loop 117, 262
field, rota ting 94

series 108
shunt 108
storage 93
weakening 113

filter, bandwidth 38
choke-input 134
smoothing 130

firing angle 135

Index

first-order systems 9
flow transducers 221 ff.
flowmeters 221 ff.

differential pressure 223
electromagnetic 222
hot wire 221
turbine 222

flux, leakage 87
rota ting 94 ff.
transformer 87
two rotating theory 103

form factor 17
frequency , bands 179 ff., 182

domain 179
fundamental 178
half-power 251
measurement of 211
modulation 190, 197
parallel resonant 37
response (amplifier) 248 ff.
series resonant 35
sound spectrum 230
spectrum 172
standards 213

furnace, arc 166
induction 161

gain, bandwidth product 252
common emitter 233 ff.
current 237
emitter follower 246
voltage 238, 254
with feedback 262

galvanometer recorders 275
gas amplification factor 73
gas discharge tube 74
gas photocell 73
Gray code 209
grid, electrode 69

system 84, 92

half power frequencies 251
harmonics 178 ff .
Hartley - Shannon equation 174
heat sink 123
hole - electron pair 76

positive 76
hot wire flowmeter 221
hysteresis in instruments 170
hysteresis loop 60
hysteresis losses 61

ignitron 75
applica tions 149

impedance, dynamic 35 ,37
input 242, 263
inputofFET 81
internal 41 ff.
matching 50,85
mutual 54



output 246, 262
RLC parallel 22
RLC series 20
source 49

impedances in parallel 26
impedances in series 26
inductance, self 1

mutual 86
induction, hardening 165

heating 161
motor 97 ff.

information 171 ff.
rate 172

initial conditions 9
input impedance 21

common emitter 242
emitter follower 247
with feedback 263

instruments, electrodynamic 56
true r.m .s, 57

integrated circuits 254
integrator 258
inversion 151 ff.

forced commutation 154
natural commutation 151

ionisation 72 ff.
ionisation damage 72,75
ionisation energy 73
ionisation potential 73

j opera tor 24

Kirchhoff's laws 45

leakage current 80
leakage flux 87
light emitting diode (LED) 280
linearity 170,234
liquid crystal displays 280
load line - 235 ff.
loading errors 201
logic 196
losses, copper 85

hysteresis 61
iron 85
magnetic 60
transducer 93
transformer- 85

machines, a.c. 94 ff.
d.c, 106 ff.
single-phase 103
synchronous 96
three -phase 97

magnetic deflection 69
magnetic losses 60
magnetic recorders 275 ,281
magnetic saturation 60,110,143
maximum power transfer 49

Index

mean values 14
mesh analysis 45
modulation, amplitude 186

angle 198
frequency 197
frequency shift 198
index 189
pulse 192
ring 191
waveforms 189

Moirefringes 205
motors, capacitor start-run 102

choice of 117
d.c. 108
enclosure 118
rating 119
Schrage 106
single-phase 103
synchronous 31,96
three- phase 97

moving-coil microphone 230
moving-coil vibrator 219
multiplexing 193,197,282

noise 171, 173 ff.
external 175
flicker 176
shot 176
thermal 176
with feedback 263

non-linearity, instrument 170
for modulation 187

Norton's theorem 42

oscillators 155 ff.
crystal controlled 212
hydraulic 155
in clocks 211
relaxation 155
tuned circuit 157

oscilloscope 273
storage 274
tube 68

operating point 237, 240
operational amplifier 254
output impedance 246,262

of emitter follower 247
with feedback 263

paper tape 172, 281
parallel circuits, a.c. on RLC 22

excitation of 4, 36
parameter loading 168
peak factor 17
phase angle 21 ff.
phase lag, lead 3
phase sequence 54, 94
phase shift in amplifiers 250 ff.
phase-shifting network 48, 138
phasor 18

291



292

photocell 71 ff.
gas-filled 73
spectral response 70
transducers 207,209, 214
vacuum 71

photomultiplier 72
phototransistor 81
piezoelectric accelerometer 218

effect 212
microphone 231
thermometer 229

Planck's constant 69
plasma panel 279
pointer instruments 272
polar form 24
positive hole 76
potential , barrier 79

ionisation 73
potentiometric recorder 277
power, a.c. 14

active 29
apparent 29
factor 28
factor correction 30,96,164
from complex form 32
maximum transfer 49
mean 14,16
measurement 58
reactive 29
three-phase 54

precision 169
pressure transducers 219
pulse control of thyristors 139
pulse modulation 192

Q-factor 36,38,188
quantising 194
quantum 69

radiation pyrometer 228
ramp function 4
range 169
reactance, capacitive 3

inductive 4
rotor 99

receiver 171, 233 ff.
recorders 274

digital 281
fibre-optic 278

rectifier 121 ff.
bridge 126
controlled 135
frequency spectra 180
full wave (biphase) 125
half wave 124
ignitron 75
mercury arc 75
phase con trol 138
p - n diode 79

Index

polyphase 128
power 75
pulse control 139

redundancy 172, 191
reed relay 192
reference junction 227
regeneration 152
remanance 61
resolution 170
resonance , parallel 36

series 34
ring modulator 191
ripple factor 124, 133
r.m.s, instruments 18, 57
r.m.s. values 17
rotor, 95

cage 98
wound 100

rotor current 99
rotor e.m.f, 98
rotor reactance 99
rotor resistance 99
rotor torque 99

sampling rate 172, 195
saturable reactor 143 ff.
scaling 260

amplifier 257
Schrage motor 106
screening 175
second-order systems 12
semiconductor 66

displays 280
extrinsic 77
impurity 77
intrinsic 76

sensitivity 170
series circuits, a.c. on RLC 20

excitation of 2
resonance 34

settling time 11
signal 171 ff.

nature 178
non-periodic 182

signal-to-noise ratio 174
slip 97 ff.
sound measurement 230
source, FET 81

follower 247
impedance 49

span 169
spectral response 71
spectrum 171, 178
speed, synchronous 96
speed control of d.c. motors 113
speed of d .c. machines 111
speed-torque curve 100,104,112
squirrel-cage 98
star -connection 51



starting, auto transformer 100
capaci tor 102
d.c. machines 112
induction motors 100
shaded-pole 105
star -delta 101

stator 94 ff.
Steinmetz coefficient 62
step fu nction 4, 9 ff.
strain gauge 210 ff.

bridges 266
stroboscope 217
summing amplifier 257
swamping resistance 227
synchro 208
synchronisation 84
synchronous capacitor 96
synchronous machine 96
synchronous speed 96

tachogenerator 114,117,215
telemetry 185
temperature transducers 224 ff.
thermal runaway 77
thermistor 77,226
thermocouple 226
Thevenin's theorem 41
three -phase systems 50
threshold wavelength 69
thyristor (SCR) 82

con trolled rectifier 136
motor control 117
phase control 138
pulse control 139

time constant, RL amd RC 10
integra tor 259

time measurement 211 ff.
timebase 273
timer- counter 213
torque, equation 109

induction motor 99
pull -out 96

transducer 171 , 200 ff.
acceleration 218
capacit ive 203 ,204 ,208
digital 205,217
displacement 200
drag cup 214
energy flow 93
flow 221
pressure 219
reluctance 102,206 ,214
resistive 200, 224

Index

seismic 204,218
strain 210
stroboscopic 217
sound 230
tachogenerator 215
temper ature 224
velocity 213
vibration 218

transformer, auto 91
concentric windings 86
construction 88
cooling 89
leakage flux 87
losses 85
matching 85
turns ratio 84
uses 90
variac 91

transforms, Laplace 13
Fourier 180

transistor, amplifier 233 ff.
bipolar 80
field effect (FET) 81
n - p -:n 80
photo 81
p-n -p 80

transmission , a.c. 92
d.c. 84
lines 91

transmitter 171, 200
triac 146 ff.

valence electrons 66
velocity transducers 213
vibration transducers 218
virtual earth 257
voltage , breakdown 80

division rule 44
line 51
multiplication 22, 36
peak inverse 125
phase 51
reverse 80
r.m.s, 17
stabiliser tube 75

Ward- Leonard system 114, 118
wattmeter 57 ff.
welding 149 ff.
work function 67

x- Y plotter 278
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