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Preface

In 1931, Wiener and Hopf (1931) invented a powerful technique for solving an integral
equation of a special type. By introducing the Laplace transform of the unknown, the integral
equation was rephrased in terms of a functional equation in a suitably defined complex
space. The solution method of the latter is very ingenious indeed. It is based on a sophisti-
cated procedure exploiting some properties of the analytic functions and it stands as one of
the most important mathematical inventions for obtaining analytical solutions of very diffi-
cult problems.

In electromagnetic geometries, a fundamental approach due to Jones (1952a) applies the
Laplace transforms directly to the partial differential equations, and the complex variable
functional equations are obtained directly without having to formulate an integral equation.
Jones’s approach has been adopted systematically by Noble (1988) in his book on the
Wiener-Hopf technique. Noble’s work presents many applications of the Wiener-Hopf
technique in a systematic way and is fundamental for readers interested in this powerful
method. Unfortunately, this book was written many years ago (the first edition was in 1958);
in the meantime, many scientists have devoted efforts to studying the Wiener-Hopf techni-
que and have achieved important developments.

The main purpose of this book is to provide students and scientists of diffraction phe-
nomena with a comprehensive treatment of the Wiener-Hopf technique, including its latest
developments. In particular, these developments illustrate the wide range of possible appli-
cations of this method. In practice, it is now possible to solve all canonical diffraction pro-
blems involving geometrical discontinuities using the Wiener-Hopf technique, which has
definitively established it as the most general and powerful analytical method for this purpose.

A great number of problems can be effectively approached using the W-H technique
(Fig. 1). Shown in the figure are geometrical structures that can be considered equivalent to a
(uniform or nonuniform) waveguide in which semi-infinite geometrical discontinuities have
been introduced. These discontinuities may be also modified in the transversal or long-
itudinal direction of the waveguide, thus augmenting considerably the number of possible
problems that can be effectively studied by this technique. It must be observed that most of
these problems are very important and that often there are no alternative approaches avail-
able for solving them efficiently, even numerically. Some general remarks about the W-H
techniques are necessary before delving into specific problems in detail.

First of all, no W-H problem is simple to study. For instance, for a given electro-
magnetic problem that perhaps may be formulated in terms of W-H equations, it could be

xiii



quite difficult to obtain these equations. In the literature, many problems are formulated in
terms of functional equations that, even though equivalent to Wiener-Hopf equations, do not
present the so-called standard forms considered in this book. We emphasize that it is
important to formulate the problems in terms of standard W-H equations because it provides
a uniform methodology to obtain exact or approximate solutions in a systematic way. The
key function containing all the information in the standard Wiener-Hopf equations is the
W-H kernel. It is generally a matrix G function of a complex variable a. It follows that
the first step of the W-H technique is to find GðaÞ for a specific geometry. Sometimes this is
a difficult task requiring a profound knowledge both of the formulation of electromagnetic
problems and of the underlying physical concepts.

The central problem in solving the standard W-H equations is conceptually very simple:
the factorization of the matrix GðaÞ. This problem constitutes a very beautiful mathematical
problem that in the past has become a cult activity for many students. However, even though
this problem has been extensively studied in the past, up to now a method to factorize a general
n� n matrix (chapter 4) was not known. Fortunately, several approximate factorization tech-
niques have recently been developed. In particular, the reduction of the factorization problem
to the solution of Fredholm integral equations of the second kind constitutes a powerful tool
that provides efficiently the approximate factorized matrices of GðaÞ.

Once the factorization of GðaÞ is achieved, new efforts are necessary to extract solu-
tions. In fact, even if formal solutions may be obtained, a long and difficult elaboration is
always required to make them effective from the physics and engineering points of view.

The W-H technique involves complex and cumbersome algebraic manipulations.
Nowadays these manipulations do not constitute a serious impediment because powerful
algebraic manipulator codes are readily available. In particular, all the results in this book
were obtained by intensive use of the computing software MATHEMATICA.

Half-plane

Grating

Two half-planes Slit coupled
waveguides

Multifurcated
waveguides Quarter of plane Dielectric wedge

Thick half-plane
or truncated rod

Flanged
waveguide

Truncated come

Dielectric
loaded truncated

waveguide

Truncated
waveguide Array of staggered

parallel planes

Spherical or
cylindrical cups

Disk or strip

Fig. 1: A few examples of W-H geometries
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Concerning the overall philosophy of the subject presentation, this book has been written
for readers primarily interested in the fundamental concepts and possible applications of the
presented method. For this reason, the considered arguments are often only delineated and not
discussed in great mathematical depth. The W-H technique requires the knowledge and use of
many advanced topics of complex analysis, whose exposition might discourage readers who are
interested primarily in application aspects. Of course, the best way to render the mathematical
tools appealing is to present them only in as much detail as is required for the specific appli-
cations. We tried to follow this principle, but it was sometimes impossible. Therefore, we
divided the book into two parts. The first part (chapters 1–6) is devoted to the mathematical
aspects of the W-H technique, whereas the second part (chapters 7–10) presents applications that
we hope illustrate the beauty, aims, and power of the theory. In particular, in the applications we
often emphasized only the first and more difficult step of the W-H technique: the deduction of
the matrix kernel GðaÞ of the problem. In fact, this is the step that in some sense lacks of a
general methodology. It is the intensive presentation of the deduction of GðaÞ in different
problems that provides the useful tools and the practice needed for solving new problems.

The Wiener-Hopf equations studied in this book are substantially one dimensional. It is
possible to introduce multidimensional W-H equations (Meister & Speck, 1979) and gen-
eralize the concept of factorization that constitutes the fundamental tool that distinguishes the
W-H equations from other integral equations. In particular, two works by Radlow (1961, 1964)
attempted to solve two fundamental diffraction problems1 by factorizing kernels defined in
two-dimensional space. In these cases, the factorization method needs function-theoretic tools
employing analytical functions with two complex variables. The involved analytical difficul-
ties may easily lead to errors, and as a consequence unfortunately Radlow’s solutions are
incorrect. To date, the only way to solve multidimensional W-H equations appears to be the
use of the moment method. Even though approximate, this kind of solution is very powerful;
some examples will be considered in chapter 8.

In this book we consider only time harmonic fields with a time dependence specified by
the factor e jwt (electrical engineering notations), which is omitted throughout, and where the
imaginary unit is indicated with j. Conversely, in applied mathematics the factor e jwt is usually
replaced by e�iwt. This means that in the natural domain the change j ) �i transforms
the engineering notation into applied mathematics notation (and vice versa). However, in the
spectral domain, usually the same notations are used in both engineering and applied mathe-
matics. In fact, regarding for example the Fourier transforms, the following definitions are the
most frequently used in the literature:

FeðaÞ ¼
ð1

�1
feðxÞe jaxdx; FaðaÞ ¼

ð1

�1
faðxÞeiaxdx

where the subscript e means engineering and the subscript a means applied mathematics.
Consequently, in the spectral domain on the real axis we have

FaðaÞ ¼ Feð�aÞ
and j is replaced by –i (and vice versa).

1 The diffraction problems studied by Radlow are the diffraction by a quarter-plane and the diffraction by a right-
angle dielectric wedge.
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For example, let us consider in the natural domain the propagation factor that is defined
in electrical engineering notation by

feðxÞ ¼ e�jkx

with the propagation constant k defined by

k ¼ b� ja; a � 0

The same propagation factor in applied mathematics notation is written

faðxÞ ¼ eikax

with ka ¼ bþ ia.
In the Laplace domain, on the real axis, we have

FeðaÞ ¼
ð1

0

feðxÞe�jkxejaxdx ¼ j

a� k

which in applied mathematics notations is written

FeðaÞ ¼ j

a� k
) FaðaÞ ¼ �i

�a� ka
¼ i

aþ ka

Analytic continuations define the previous functions in the whole complex plane a. This
means that the Laplace Transforms are defined for every value of a by

FeðaÞ ¼ j

a� k
; FaðaÞ ¼ i

aþ ka

In the following we will define plus FþðaÞ and minus F�ðaÞ (section 1.1). Notice that a plus
(or minus) function in the electrical engineering notation is also a plus (or minus) function in
the applied mathematics notation. The only difference between the two is given by the
location of the singularities. For example, FeðaÞ and FaðaÞ are plus functions both with
engineering and applied mathematics notation. However, FeðaÞ ¼ j

a�k has a singularity at
a ¼ k ¼ b� ja, whereas FaðaÞ ¼ i

aþka
has it at a ¼ �ka ¼ �b� ia. The notation and

definitions presented in this preface will be used throughout the book.
In the 80 years since the seminal 1931 paper by Wiener and Hopf, an enormous amount

of work has been performed using their powerful function-theoretic method and its further
extensions. It would not be possible to reproduce all that work in detail within a single
volume. Therefore, we simply report many results without proof, referring the interested
reader to the bibliographical sources for additional details. Similarly, we list many applica-
tions of the method to electromagnetic boundary-value problems, often just providing the
results without the detailed derivations that readers may find in the original publications.
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Foreword

The Mario Boella series offers textbooks and monographs in all areas of radio science, with a
special emphasis on the applications of electromagnetism to information and communication
technologies. The series is scientifically and financially sponsored by the Istituto Superiore
Mario Boella affiliated with the Politecnico di Torino, Italy, and is scientifically cosponsored
by the International Union of Radio Science (URSI). It is named to honor the memory of
Professor Mario Boella of the Politecnico di Torino, who was a pioneer in the development
of electronics and telecommunications in Italy for half a century and was vice president of
URSI from 1966 to 1969.

This advanced research monograph is devoted to the Wiener-Hopf technique, a
function-theoretic method that has found applications in a variety of fields, most notably in
analytical studies of diffraction and scattering of waves. It contains a compendium of the
research work of Professor Vito G. Daniele of the Politecnico di Torino, who is a foremost
international authority on the Wiener-Hopf method. Professor Daniele has teamed with his
colleague and coauthor, Professor Rodolfo S. Zich, past rector of the Politecnico di Torino
and current president of the Istituto Superiore Mario Boella, in writing this monograph.

It is hoped that this work will be well received by scientists, engineers, and applied
mathematicians and will serve as a benchmark reference in the field of theoretical electro-
magnetism for the foreseeable future.

Piergiorgio L. E. Uslenghi
Series Editor

Chicago, January 2014
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CHAPTER 1

Forms of Wiener-Hopf equations

1.1 The basic Wiener-Hopf equation

The Wiener-Hopf (W-H) equations may be considered a generalization of the well-known
integral convolution equation:

ð1

�1
gðx � x0Þ f ðx0Þdx0 ¼ foðxÞ, �1 < x < 1 ð1Þ

where f ðxÞ is the unknown function. In the Fourier transformed domain this equation may be
solved by the formula

FðaÞ ¼ GðaÞ½ ��1FoðaÞ
where FðaÞ, GðaÞ and FoðaÞ are the Fourier transforms of f ðxÞ, f ðxÞ and foðxÞ respectively,
according to the definition

FðaÞ ¼ F f ðxÞ, x,a½ � ¼
ð1

�1
f ðxÞe jaxdx

GðaÞ ¼
ð1

�1
gðxÞe jaxdx

FoðaÞ ¼
ð1

�1
foðxÞe jaxdx

ð2Þ

The W-H integral equation consists in assuming the integration on a semi-infinite domain
0 �1:

ð1

0

gðx � x0Þ f ðx0Þdx0 ¼ foðxÞ, 0 < x < 1 ð3Þ

3



Because of the semi-infinite domain of definition, the W-H equation is considerably difficult
to tackle, and it was only in the fundamental work by Wiener and Hopf (Wiener & Hopf,
1931) that explicit solutions were obtained for the very first time.

In order to effectively grasp the difference between the W-H eq. (3) and the convolution
eq. (1) it is useful to rewrite (3) as a convolution product:

ð1

�1
gðx � x0Þ f ðx0Þuðx0Þdx0 ¼ foðxÞuðxÞ þ f s

�ðxÞuð�xÞ, �1 < x < 1 ð3aÞ

where uðxÞ is the unit step function, and f s
�ðxÞ is a new unknown representing the con-

tinuation on the left-hand side of (3a) for x < 0. By Fourier transforming (3), the following
functional equation is obtained:

GðaÞFþðaÞ ¼ Fs
�ðaÞ þ FoþðaÞ ð4Þ

where FoþðaÞ and Fs
�ðaÞ are, respectively, the Fourier transforms of the right-axis function

foðxÞuðxÞ and of the left-axis function f s
�ðxÞuð�xÞ. From here onward, we will refer to the

W-H equations as stated in (4) in their spectral form.
The W-H equations can be classified as scalar or vector. The former involves only scalar

quantities, while the latter contains vector quantities of order n, such as FþðaÞ, FoþðaÞ and
Fs
�ðaÞ, and matrix quantities such as GðaÞ, a square matrix of the same order. The matrix

GðaÞ will be called the kernel of the W-H operator and in the following, for simplicity, its
inverse GðaÞ½ ��1 will be indicated with G�1ðaÞ.

The scalar case, the simplest class of W-H equations, can always be solved in closed form
(Noble, 1988). Conversely, for the vector case there is general no known closed-form solu-
tion, in spite of great efforts by many scientists. We can say that the present state of the art is
that in the almost eighty years since the solution of the scalar equation was found, the vector
equation has been solved in closed form only in very particular cases, for specific forms of
the matrix GðaÞ. However, efficient approximate solution procedures to handle effectively
the vector problem exist and will be described in chapters 5 and 6.

In the W-H equations the unknowns involved are the functions FþðaÞ and Fs
�ðaÞ, where

GðaÞ and FoþðaÞ are known functions. FþðaÞ and Fs
�ðaÞ are unilateral, one-sided, Laplace

transforms defined as

FþðaÞ ¼
ð1

�1
f ðzÞuðzÞe jazdz ¼ L½ f ðzÞ, z,�ja� ¼

ð1

0

f ðzÞe�szdzjs¼�ja ¼
ð1

0

f ðzÞe jazdz ð5Þ

Fs
�ðaÞ ¼

ð1

�1
f s
�ðzÞðuð�zÞÞe jazdz ¼

ð0

�1
f s
�ðzÞe jazdz ð6Þ

In the following, FþðaÞ and Fs
�ðaÞ are called plus and minus functions, respectively. By

taking into account the properties of the unilateral Laplace transforms, it is seen that FþðaÞ is
regular in an upper half-plane of the complex plane where it vanishes as a ! 1, while
conversely Fs

�ðaÞ is regular in a lower half-plane where it vanishes as a ! 1. Here we are
dealing with the so-called conventional or standard plus and minus functions, if they are
regular in the half-planes Im a½ � � 0 and Im a½ � � 0, respectively. It is important to observe
that the presence of non-conventional Laplace transforms introduces Bromwich contours
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(in the inversion equation) that must be suitably located. For instance, in the case of a plus
function having poles located also in the upper half-plane Im a½ � > 0, the Bromwich contour
is not the real axis but a horizontal straight line limiting a lower half-plane containing all the
singularities of the considered plus function.

In the case of remote source, the function FoþðaÞ presents only a finite number of poles
located in the half-plane Im a½ � � 0. In this case it is convenient to rewrite eq. (4) in the
homogeneous form:

GðaÞFþðaÞ ¼ F�ðaÞ ð7Þ
where the unconventional minus function F�ðaÞ is defined as

F�ðaÞ ¼ Fs
�ðaÞ þ FoþðaÞ ð8Þ

As will be seen in the following sections, the homogeneous form (7) of the W-H equation is
more flexible than the form (4), so in this book it is the preferred one.

Besides the classical Wiener-Hopf equations (CWHE), previously defined by (4), dif-
ferent functional equations may be classified as modified W-H equations and generalized
W-H equations. Even though in many cases it is possible to show the equivalence of these
functional equations to the classical W-H eqs. (4), sometimes it turns out to be more con-
venient to solve them with particular ad hoc dedicated approaches. Before discussing the
generalizations of the W-H equations, we recall that other forms of the W-H equations are
known in the scientific literature. In particular, the formulation based on the following dual
integral equations is important:

ð1

�1
GðaÞFþðaÞe�jaxda ¼ foðxÞ, for x � 0

ð1

�1
Fs
�ðaÞe�jaxda ¼ 0, for x < 0

ð9Þ

Equation (9) are called the Karp-Weinstein-Clemmow equations and can be easily obtained
by inverse transforming eq. (4) and splitting it into two equations, related to the plus and
minus functions.

1.1.1 An electromagnetic example: The half-plane problem

Figure 1 represents the geometry for the diffraction by a perfectly electrical conducting
(PEC) half-plane located in free space (propagation constant k, intrinsic impedance Zo). The
source is an E-polarized plane wave with incidence angle jo:

Ei
zðx, yÞ ¼ Eoe jk r cosðj�joÞ ¼ Eoe jk x cos joþy sin joð Þ ð10Þ

On the faces of the half-plane a total electric current Jz is induced that radiates the field:

Es
zðx, yÞ ¼ � k Zo

4

ð1

0

H ð2Þ
0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx � x0Þ2 þ y2

q����
����

� �
Jzðx0Þdx0

where H ð2Þ
0 ðuÞ is the Hankel function of second kind.

1.1 ● The basic Wiener-Hopf equation 5



Forcing the boundary condition Ei
zðx, 0Þ þ Es

zðx, 0Þ ¼ Ezðx, 0Þuð�xÞ yields the Wiener-
Hopf equation in the natural domain:

� k Zo

4

ð1

0

H ð2Þ
0 ðkjx � x0jÞJzðx0Þdx0 þ Eoe�jaox ¼ Ezðx, 0Þuð�xÞ

with ao ¼ �k cosjo. This equation can be rewritten:

� k Zo

4

ð1

�1
H ð2Þ

0 ðkjx � x0jÞJzðx0Þuðx0Þdx0 ¼ �Eoe�jaoxuðxÞ þ Es
zðxÞuð�xÞ

Taking into account that

F

h
H ð2Þ

0 ðjxjÞ, x,a
i
¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
p

F Eoe�jaoxuðxÞ, x,a
� � ¼

ð1

0

Eoe�jaoxe jaxdx ¼ j

a� ao
Eo

V s
�ðaÞ ¼

ð0

�1
Es

zðx, 0Þe jaxdx

we obtain the W-H equation in the spectral domain:

� k Zo

4
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
p ~J þðaÞ ¼ V s

�ðaÞ �
j

a� ao
Eo ¼ V�ðaÞ ð11Þ

Since:

V i
�ðaÞ ¼

ð0

�1
Eoe�jaoxe jaxdx ¼ � j

a� ao
Eo

the homogeneous form follows:

� k Zo

4
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
p ~J þðaÞ ¼ V�ðaÞ ð12Þ

where the Laplace transform ~J þðaÞ ¼
Ð1

0 JzðxÞe jaxdx and V s
�ðaÞ or V�ðaÞ ¼ V s

�ðaÞ þ V i
�ðaÞ

are the two unknowns.

Ei

Hi

PEC x
y � 0

PEC

y

fo

Fig. 1: The half-plane problem
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1.2 Modified W-H equations (MWHE)

1.2.1 Longitudinally modified W-H equations

If in eq. (1) the convolution integral has been defined on a finite support 0 < x0 < L, then the
integral equation is

ðL

0

gðx � x0Þf ðx0Þdx0 ¼ foðxÞ 0 � x � L ð13Þ

By extending this equation to the whole real axis �1 < x < þ1, it follows that

ð1

�1
gðx � x0Þf ðx0Þ uðx0Þ � uðx0 � LÞ½ �dx0

¼ foðxÞ uðxÞ � uðx � LÞ½ � þ f1ðxÞuð�xÞ þ f2ðxÞuðx � LÞ, �1 < x <þ1 ð14Þ
where the three unknowns f ðxÞ, f1ðxÞ, and f2ðxÞ are defined on 0, L½ �, (�1, 0], [L, þ1),
respectively.

Introduction of the Fourier transform of the last equation yields

GðaÞFðaÞ ¼ FoðaÞ þ e jaLFþðaÞ þ F�ðaÞ ð15Þ
where GðaÞ, FðaÞ, FoðaÞ, FþðaÞ, and F�ðaÞ are the following Fourier transforms:

GðaÞ ¼
ð1

�1
gðxÞe jaxdx, FðaÞ ¼

ð1

�1
f ðxÞ uðxÞ � uðx � LÞ½ �e jaxdx ¼

ðL

0

f ðxÞe jaxdx

F�ðaÞ ¼
ð1

�1
f1ðxÞuð�xÞe jaxdx ¼

ð0

�1
f1ðxÞe jaxdx

FþðaÞ ¼ e�jaL

ð1

�1
f2ðxÞe jaxuðx � LÞdx ¼ e�jaL

ð1

L

f2ðxÞe jaxdx ¼
ð1

0

f2ð~x þ LÞe ja~xd~x

We call eq. (15) the longitudinally modified W-H equation. This equation is present in many
areas of applied mathematics, such as in diffraction problems involving geometries like slit-
coupled waveguides or truncated waveguides, in which longitudinal modifications have been
assumed in a uniform or nonuniform guiding structure. However, it can also arise in other
completely different areas of applied mathematics, such as in mathematical finance.

1.2.1.1 An electromagnetic example: The strip problem

Figure 2 represents the diffraction by a perfectly electrical conducting (PEC) strip
(0 < x < L, y ¼ 0) located in free space with propagation constant k and intrinsic impe-
dance Zo. The source is an E-polarized plane wave with incidence angle jo:

Ei
zðx, yÞ ¼ Eoe jk r cosðj�joÞ ¼ Eoe jkðx cos joþy sin joÞ ð16Þ

1.2 ● Modified W-H equations (MWHE) 7



On both faces of the strip an electrical total current Jz is induced, that radiates the field:

Es
zðx, yÞ ¼ � k Zo

4

ðL

0

H ð2Þ
0 k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
� x0

���
���

� 	
Jzðx0Þdx0 ð17Þ

where H2
0 ðuÞ is the Hankel function of the second kind. Forcing the boundary condition

Ei
zðx, 0Þ þ Es

zðx, 0Þ ¼ 0, (0 < x < L) yields the longitudinally modified Wiener-Hopf
equation in the natural domain:

k Zo

4

ðL

0

H ð2Þ
0 ðkjx � x0jÞJzðx0Þdx0 ¼ Eoe�jaox 0 < x < L ð18Þ

with ao ¼ �k cosjo. By taking into account that

F H ð2Þ
0 ðjxjÞ, x,a

h i
¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
p

F Eoe�jaoxuðxÞ, x,a½ �¼
ð1

0

Eoe�jaoxe jaxdx ¼ j

a� ao
Eo

V s
�ðaÞ¼

ð0

�1
Es

zðx, 0Þe jaxdx

V1þðaÞ¼ e�jaL

ð1

L

Ezðx, 0Þe jaxdx

we obtain the W-H equation in the spectral domain:

k Zo

2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
p ~J ðaÞ ¼ �V1þðaÞ e jaL � V s

�ðaÞ þ
j

a� ao
Eo ð19Þ

where the finite Laplace transform ~J ðaÞ ¼ Ð L
0 JzðxÞejaxdx and V1þðaÞ and V s

�ðaÞ are the
three unknowns.

Ei

Hi

x � L
y � 0

PEC

PEC

y

fo

Fig. 2: The strip problem
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1.2.2 Transversely modified W-H equations

The transversely modified W-H equations are defined as follows:

GðaÞFþðaÞ þ HðaÞFþð�aÞ þ F�ðaÞ ¼ F0þðaÞ ð20Þ
By comparing eqs. (20) and (4), it is seen that the transversely modified W-H equations are
characterized by the presence of the additional term HðaÞFþð�aÞ that does not appear in
(4). The adverb transversely is used because this equation appears when the semi-infinite
discontinuity introduced in a waveguide is transversely modified as, for example, in the
thick half-plane, the flanged waveguide, and the truncated cone problems.

1.2.2.1 An electromagnetic example: The step problem

Figure 3 represents the diffraction by a perfectly electrical conducting (PEC) step, located
in free space with propagation constant k and intrinsic impedance Zo. The source is an
E-polarized plane wave with incidence angle jo:

Ei
zðx, yÞ ¼ Eoe jk r cosðj�joÞ ¼ Eoe jkðx cos joþy sin joÞ ð21Þ

In general, the deduction of the transversely modified W-H equations is difficult to obtain in
the natural domain. The best way to obtain the W-H equations for such a problem is to resort
to a direct formulation in the spectral domain (Noble, 1988). In particular, when the source is
remote, in the spectral domain the W-H equation can be directly written in homogeneous
form. As will be seen in section 10.1, for the step problem we obtain the following trans-
versely modified W-H equation in homogeneous form:

GðaÞVþðaÞ þ HðaÞVþð�aÞ ¼ I�ðaÞ þ Iþð�aÞ ð22Þ
where:

VþðaÞ ¼
ð1

0

Ezðx, 0Þe jaxdx

IþðaÞ ¼
ð1

0

Hxðx, 0Þe jaxdx

I�ðaÞ ¼
ð0

�1
Hxðx, 0þÞe jaxdx

Ei

Hi

y � � s

y � 0
PECPEC

PEC

y

fo

Fig. 3: The step problem
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GðaÞ ¼ �j
sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
s

� 	

ðk sÞZo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
s

e j
ffiffiffiffiffiffiffiffiffiffi
k2�a2

p
s

HðaÞ ¼ �j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p

k Zo
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
s

h i

1.2.3 The incomplete Wiener-Hopf equations

In many problems the W-H formulation yields the following equation:

GðaÞFþðaÞ ¼ F�ðaÞ þ DðaÞF1ðaÞ þ FoðaÞ ð23Þ

where the term DðaÞF1ðaÞ presents an additional unknown F1ðaÞ, which is related to the
W-H unknowns FþðaÞ and F�ðaÞ through known functional equations:

F1ðaÞ ¼ A � FþðaÞ þ B � F�ðaÞ ð24Þ

If A ¼ AðaÞ and B ¼ BðaÞ where functions of a, the substitution of (24) in (23) yields a
classical W-H equation having the kernel

GeðaÞ ¼ ð1 þ DðaÞBðaÞÞ�1ðGðaÞ � DðaÞAðaÞÞ

In general, however, A and B are linear operators, so it is convenient to solve the incomplete
W-H eq. (23) assuming F1ðaÞ is known. As we will see in the next sections, the general
solution of (23) yields

FþðaÞ ¼ NoþðaÞ þ LþF1ðaÞ ð25Þ

F�ðaÞ ¼ No�ðaÞ þ L�F1ðaÞ ð26Þ

where No�ðaÞ are known functions and L� are linear operators that produce plus and minus
functions. The substitution of (24), (25), and (26) into (23) yields a system of equations that
often involve compact operators.

1.2.3.1 An electromagnetic example: The hole problem

The same technique used to obtain the W-H equation for the step problem yields the
following incomplete W-H equation for the hole problem of Fig. 4:

Yc VoðaÞ ¼ I�ðaÞ þ IoðaÞ þ
_

IþðaÞe jaL ð27Þ
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where

Yc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p

k Zo

I�ðaÞ ¼
ð0

�1
Hxðx, 0þÞe jaxdx,

_

IþðaÞ ¼
ð1

0

Hxðx þ L, 0Þe jaxdx

VoðaÞ ¼
ðL

0

Ezðx, 0Þe jaxdx, IoðaÞ ¼
ðL

0

Hxðx, 0Þe jaxdx

To complete the mathematical formulation of the problem, we must relate IoðaÞ to the W-H
unknowns VþðaÞ, I�ðaÞ and

_

IþðaÞ. In particular, we have that the entire functions VoðaÞ and
IoðaÞ have the following sample representations (section 10.3):

VoðaÞ ¼
X1
n¼1

2VoðanÞ
j L

an

a2 � a2
n

ð�1 þ e jaLcosðnpÞÞ

IoðaÞ ¼ �
X1
n¼1

2VoðanÞ
j L

Yn
an

a2 � a2
n

ð�1 þ e jaLcosðnpÞÞ

where:

Yn ¼ �j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

n

p
wm

, an ¼ np
L
ðn ¼ 1, 2, . . .Þ

From this equation we find that IoðaÞ is related only to VoðaÞ through the equation that
relates the samples:

IoðanÞ ¼ �YnVoðanÞ ð28Þ

Ei

Hi

y � – d

y � 0
PECPEC

PEC

x � L

PEC

y

fo

Fig. 4: The hole problem
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1.3 Generalized W-H equations

There are several types of generalized W-H equations (GWHE). In the following we con-
sider only those that arise in wedge problems. The simplest ones are defined by the following
equivalent equations:

GðaÞFþðaÞ ¼ Yþð�mðaÞÞ þ FoðaÞ ð29Þ
or (equivalently) by substituting Yþð�mðaÞÞ ¼ F�ðmðaÞÞ

GðaÞFþðaÞ ¼ F�ðmðaÞÞ þ FoðaÞ ð30Þ
where mðaÞ is a known conformal transformation that maps the complex a – plane into a
new m – plane.

1.3.1 An electromagnetic example: The PEC wedge problem

Figure 5 represents the diffraction by a perfectly electrical conducting (PEC) wedge located
in free space (propagation constant k and intrinsic impedance Zo). The source is an
E-polarized plane wave with incidence angle jo:

Ei
zðr,jÞ ¼ Eoe jk r cosðj�joÞ ð31Þ

The GWHE of this problem in the spectral domain were obtained and solved in (Daniele,
2003b). In the homogeneous form we have

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p

k Zo
VþðaÞ ¼ X�ðmðaÞÞ ð32Þ

where:

VþðaÞ¼
ð1

0

Ezðr, 0Þe jardr

X�ðmÞ¼
ð1

0

Hrðr,�FÞ � Hrðr,FÞ� �
e�jmrdr

m ¼ mðaÞ ¼ �a cosFþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
sinF

In general, eq. (32) constitute the W-H equations modeling impenetrable wedge problems,
that is, wedge problems involving only one propagation constant.

fo

f � Φ

f � −Φ

y

PEC x

Fig. 5: The PEC wedge problem
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In wedge problems where more than one propagation constant is present, we encounter
W-H equations having the following form:

AiðmiðaÞÞ � XþðmiðaÞÞ ¼ X�ðaÞ þ XoiðaÞ ði ¼ 1, 2, . . . , nÞ ð33Þ

where AiðaÞ are vectors of order n and where, because of the presence of different propa-
gation constants, different functions miðaÞ must be introduced.

1.3.2 An electromagnetic example: The dielectric wedge problem

Figure 6 illustrates the diffraction by a dielectric wedge located in free space (with propa-
gation constant ko and intrinsic impedance Zo). The propagation constant and intrinsic
impedance of the dielectric are k1 ¼ ffiffiffiffi

er
p

ko the Z1 ¼ Zo=
ffiffiffiffi
er

p
where er is the relative electric

permittivity. The source is an E-polarized plane wave with incidence angle jo:

Ei
zðr,jÞ ¼ Eoe jk r cosðj�joÞ ð34Þ

The GWHE of this problem in the spectral domain were obtained and solved in Daniele
(2005, 2010, 2011). In the homogeneous form we have

xVoþðaÞ � wmIoþðaÞ ¼ �nVaþð�mÞ � wmIaþð�mÞ ð35Þ
xVoþðaÞ þ wmIoþðaÞ ¼ �nVbþð�m, Þ þ wmIbþð�mÞ ð36Þ

x1VpþðaÞ þ wmIpþðaÞ ¼ �n1Vaþð�m1Þ þ wmIaþð�m1Þ ð37Þ
x1VpþðaÞ � wmIpþðaÞ ¼ �n1Vbþð�m1Þ � wmIbþð�m1Þ ð38Þ

where:

Va, b�ðmÞ ¼
ð1

0

Ezðr, �FÞe�jmrdr, Ia, b�ðmÞ ¼
ð1

0

Hrðr, �FÞe�jmrdr

ðV , IÞoþðaÞ¼
ð1

0

ðEz, HrÞðr, 0Þe jardr, ðV , IÞpþðaÞ ¼
ð1

0

ðEz, HrÞðr,pÞe jardr

fo

eo, mo

er

Φ

Φ

b

a

Fig. 6: The dielectric wedge problem
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and x ¼ xðhÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

o � a2
p

, x1 ¼ x1ðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erk2

o � a2
p

, m ¼ mðaÞ ¼ �a cosFþ x sinF,
n ¼ nðaÞ ¼ �x cosF� a sinF, m1 ¼ m1ðaÞ ¼ �a cosF1 þ x1 sinF1, n1 ¼ n1ðaÞ ¼
�x1 cosF1 � a sinF1.

By summing (35) and (36) and (37) and (38), one obtains a system having the canonical
form (33). A similar system is obtained by subtracting (36) from (35) and (37) from (38).

1.4 The Hilbert-Riemann problem

The Hilbert-Riemann problem consists in finding an analytic function X ðzÞ whose limiting
values X�ðzÞ from outside of a closed or open curve L satisfy the following equation:

XþðzoÞ � AðzoÞX�ðzoÞ ¼ BðzoÞ, zo 2 L ð39Þ
It is easy to see that the Hilbert-Riemann eq. (40) is more general than the W-H equation. In
fact, eq. (40) reduces to eq. (4) when the following conditions are satisfied:

– The complex plane z coincides with the a� plane
– L is an open curve coinciding with the whole real axis of the a� plane
– The function X ðaÞ coincides with FþðaÞ in the a�upper half-plane and with F�ðaÞ in

the a� lower half-plane.
– The function AðaÞ ¼ GðaÞ�1 is analytic in a strip containing the real axis of the a� plane.

The solution of the Hilbert-Riemann problem constitutes an issue well studied by many
authors (Muskhelishvili, 1953; Gakhov, 1966; Vekua, 1967). Taking into account the
peculiarities of eq. (4), these studies apply to the W-H equations as well.

1.5 Reduction of W-H equations to the classical form

We define as classical W-H equations (CWHE) those with the form (3) in the natural domain
and the form (4) in the spectral domain.

The Karp-Weinstein-Clemmow eqs. (9) have been used systematically in the classic book
by Weinstein (1969). Equation (9) immediately define the CWHE related to these equations,
and the kernel matrix GðaÞ. Of course their direct solution is based on the factorization idea
(Noble, 1958, p. 220).

The modified W-H equations have been introduced by Jones (1952b, 1953). Many
important examples are reported in the book by Noble (1958, chapter 5) and in the book by
Mittra and Lee (1971). Generally, the solutions of these equations have been accomplished
by ad hoc procedures introduced by Jones (1952b, 1953). However, it is worth observing that
these equations also reduce to CWHE.

1.5.1 Reduction of the transversely modified W-H equations

to CWHE

The equation:

GðaÞFþðaÞ þ HðaÞFþð�aÞ þ F�ðaÞ ¼ FoðaÞ ð40Þ
may always be reduced to a CWHE equation using the following procedure.
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Changing a with �a in (40) yields:

Gð�aÞFþð�aÞ þ Hð�aÞFþðaÞ þ F�ð�aÞ ¼ Foð�aÞ ð41Þ

Equations (41) and (40) together constitute a system of classical W-H equations having as
plus and minus functions the unknowns:

FþðaÞ ¼ FþðaÞ
F�ð�aÞ


 �
, F�ðaÞ ¼ � Fþð�aÞ

F�ðaÞ

 �

These equations have the following matrix form:

GðaÞFþðaÞ ¼ F�ðaÞ þ F oðaÞ ð42Þ

where

GðaÞ ¼ 1
Gð�aÞ

Hð�aÞ 1

GðaÞGð�aÞ � HðaÞHð�aÞ �HðaÞ

" #

F oðaÞ ¼ 1
Gð�aÞ

Foð�aÞ
Gð�aÞFoðaÞ � HðaÞFoð�aÞ

" #

1.5.2 Reduction of the longitudinally modified W-H equations

to CWHE

The longitudinally modified W-H equations

GðaÞFðaÞ þ expð jaLÞFþðaÞ þ F�ðaÞ ¼ FoðaÞ ð43Þ

can also be reduced to CWHE. To accomplish such reduction, first of all we observe that the
entire function FðaÞ can be considered as a plus function, since it is regular in the half-plane
Im a½ � � 0 and moreover has algebraic behavior as Im a½ � ! þ1. Conversely, the entire
function e�jaLFðaÞ can be considered as a minus function since it is regular in the half-plane
Im a½ � � 0 and has an algebraic behavior as Im a½ � ! �1. Considering eq. (43) and the
equation obtained multiplying (43) by expð�jaLÞ, the second-order Wiener-Hopf system
yields

GðaÞFþðaÞ ¼ F�ðaÞ þ F oðaÞ ð44Þ

where

GðaÞ¼ GðaÞ e jaL

e�jaL 0

" #
, FþðaÞ ¼

FðaÞ
FþðaÞ

" #
, F�ðaÞ ¼ � F�ðaÞ

�e�jaLFðaÞ

" #

F oðaÞ ¼
FoðaÞ

0

" #
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1.5.3 The Hilbert-Riemann equations

Insofar as the Hilbert-Riemann eqs. (39) are concerned, there exists a vast literature
describing the relevant underlying theory (Muskhelishvili, 1953; Gakhov, 1966; Vekua,
1967). For instance, the book by Noble (1988) reports in section 4.2 the fundamental ideas
allowing for the explicit solution of these equations. The Hilbert problem is more general than
the Wiener-Hopf problem for many different reasons. In particular, it must be observed that
whereas in the W-H technique the kernel GðaÞ must be an analytical function, in the Hilbert-
Riemann problem GðaÞ need have no direct connection with analytical functions. This fact
considerably increases the catalog of geometries that can be studied in the framework of
Hilbert-Riemann problems (see, e.g., the geometry studied in Idemen and Felsen [1981]). Noble
discusses this topic in detail. It may be argued that evidence exists for preferring the Wiener-
Hopf technique over the Hilbert-Riemann technique when both techniques are applicable.

1.5.4 Generalized Wiener-Hopf equations

Lastly, let us consider the generalized Wiener-Hopf equations:

GðaÞFþðaÞ ¼ F�ðmðaÞÞ þ FoðaÞ ð45Þ
AiðmiðaÞÞ � XþðmiðaÞÞ ¼ X�ðaÞ þ XoiðaÞ ði ¼ 1, 2, . . . , nÞ ð46Þ

These equations were obtained by Daniele studying wedges diffraction.1 An important way
to solve GWHE is constituted by introducing a suitable mapping a ¼ aðaÞ that reduces
these equations to classical W-H equations. For instance, this is possible in wedge problems
involving only one wave number (see (45)). Regarding (46), in general one must resort to the
approximate factorization techniques described in chapters 5 and 6 and in Daniele (2010).

1.5.4.1 An example: the PEC wedge problem

The GWHE that formulates this problem is eq. (32). The mapping (Daniele, 2001, 2003b)

a ¼ �k cos
F
p

arccos �a
k

� �
 �

reduces the GWHE to a CWHE. In fact, the functions

VþðaÞ ¼ VþðaÞ, X �ðaÞ ¼ X�ðmðaÞÞ
are plus and minus functions, respectively, in the a � plane. It follows that the problem is
reduced to the classical factorization of the function

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k cos

F
p

arccos �a
k

� �
 �� 
2
s

in the a � plane. This has been accomplished in closed form in Daniele (2003b).

1 A more careful analysis of the literature has shown that these equations have been introduced, but not studied, in
Noble, ex. 5.15, p. 219.
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In the presence of many different mappings miðaÞ (46) a unique mapping does not exist
to reduce the GWHE to CWHE. However, it is useful (when it is possible) to introduce
mappings a ¼ aiðaiÞ, which reduce the functions fiþðaÞ and yþð�miðaÞÞ to functions
fiþðaiÞ and fi�ðaiÞ ¼ yþð�miðaÞÞ, regular in the two complementary half-planes Im ai½ � > 0
and Im ai½ � < 0, respectively (Daniele, 2010).

1.6 From Wiener-Hopf equations to Fredholm integral
equations in the spectral domain

The Wiener-Hopf equations can be formulated also in terms of Fredholm integral equations
(Noble, 1958, p. 158). Let us consider eq. (4), assuming all the functions to be conventional
plus and minus functions, that is, with no singularities in the half-planes Im a½ � � 0
and Im a½ � � 0, respectively. By integrating eq. (4) on the counterclockwise simple closed
contour g1 (smile real axis) shown in Fig. 7, we obtain

ð
g1

GðuÞFþðuÞ
u � a

du ¼
ð
g1

F�ðuÞ
u � a

du þ
ð
g1

FoþðuÞ
u � a

du ð47Þ

By applying the residue formula, this equation changes into

ð
g1

GðuÞFþðuÞ
u � a

du ¼ 2p jF0þðaÞ ð48Þ

since, due to the regularity properties of the considered minus function, we have

ð
g1

F�ðuÞ
u � a

du ¼ 0 ð49Þ

Im[u]

Re[u]

Im[u]

Re[u]

g1 α g2

α

Fig. 7: Integration paths: g1 smile real axis, g2 frown real axis
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Similarly we obtain, by choosing the contour g2 (frown real axis) shown in Fig. 7 as the
integration path for performing the integral

ð
g2

FþðuÞ
u � a

du ¼ 0 ð50Þ

All these integrals defined on the two integration paths g1 and g2 in the complex plane, may
be rewritten in terms of Cauchy principal value integrals defined on the real axis. For
example, eq. (50) yields

ð
g2

FþðuÞ
u � a

du ¼ P:V :

ð1

�1

FþðuÞ
u � a

du � jp FþðaÞ ¼ 0 ð51Þ

while from the left-hand side of eq. (48) we obtain

ð
g1

GðuÞFþðuÞ
u � a

du ¼ P:V :

ð1

�1

GðuÞFþðuÞ
u � a

du þ jp GðaÞFþðaÞ ð52Þ

By substituting eq. (52) in eq. (48) and multiplying by G�1ðaÞ, one finds

G�1ðaÞP:V :

ð1

�1

GðuÞFþðuÞ
u � a

du þ jp FþðaÞ ¼ 2p j G�1ðaÞF0þðaÞ ð53Þ

Finally, combination of eqs. (53) and (51) yields the Fredholm integral equation valid on the
real axis:

FþðaÞ þ 1
2p j

ð1

�1

G�1ðaÞGðuÞ � 1½ �FþðuÞ
u � a

du ¼ G�1ðaÞFoþðaÞ ð54Þ

It is important to observe that equations such as (54) are Fredholm equations of the second
kind, if the quantities G�1ðaÞ exist and are finite at all the points a of the integration line
(including a ! 1) (Daniele, 2004a).

The previous reduction also applies to the generalized W-H equations (Vekua, 1967;
Daniele, 2004a, 2010).

The reduction of W-H equations to Fredholm equations is very important for many rea-
sons. In the first place, the powerful theoretical apparatus developed for Fredholm equations
can be applied to the W-H equations as well. Moreover, in all the applications problems, the
approximate solutions of the Fredholm equations (e.g., by quadrature methods) provide
efficient solutions of the W-H equations provided that G�1ðaÞ exist and are finite at every
point of the integration line (chapter 5).
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1.7 Fundamental literature

The classic book on the W-H technique is the one by Noble (1958) (the W-H bible). This
book, based on the Jones (1952a) approach, reports the solutions of the CWHE and
the MWHE and many of their fundamental applications.

The alternative formulation of the CWHE, called the Karp-Weinstein-Clemmow
equations (see (9)), have been used systematically in the classic book by Weinstein (1969).
Compared with the Noble book, the book by Weinstein provides also a complete physical
discussion of all the problems considered. The Riemann-Hilbert problems have been con-
sidered in depth in the books by Muskhelishvili (1953), Vekua (1967), and Gakhov (1966).
Some applications to electromagnetic fields are considered in Shestopalov (1971), Idemen
and Felsen (1981), and Nosich (1993).

A more recent book, reporting significant progress not included in the previous classic
books, is that edited by Hashimoto, Idemen, and Tretyakov (1993). In particular, chapter 4
by Kobayashi; chapters 5 and 6 by Büyükaksoy and Serbest; and chapter 7 by Lüneburg give
a comprehensive presentation of significant recent literature on the Wiener-Hopf technique.

The theory of the GWHE has been studied by Daniele (2001, 2003b, 2004b), starting
from the generalized Riemann-Hilbert equations introduced in Vekua (1967).

Furthermore, due to its relevance, the W-H technique is also reported as an important
chapter in many books dealing with fields and waves in the presence of different media, and
among them we quote the book by Mittra and Lee (1971). Besides the very numerous solved
or proposed problems, this publication also reports other analytical techniques, related to the
Wiener-Hopf technique, currently used in the literature.
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CHAPTER 2

The exact solution of Wiener-Hopf
equations

2.1 Introduction

Apparently it seems that the presence of the two unknowns FþðaÞ and Fs
�ðaÞ in (1.4)

requires other equations in addition to

GðaÞFþðaÞ ¼ Fs
�ðaÞ þ FoþðaÞ ð1Þ

to obtain the proper solution. However, impressive mathematical literature (Gohberg &
Krein, 1960) proved that solving this equation constitutes a closed mathematical problem
because even though eq. (1) has been deduced on the real axis of the a – plane its analytic
continuation makes it valid everywhere. Dealing with the whole complex plane a, important
analytical properties of FþðaÞ and F�ðaÞ, a priori known, provide the additional information
required to solve (1). For instance, the plus function FþðaÞ has all its singularities in a
lower a – half-plane while the minus function Fs

�ðaÞ has all its singularities in an upper
a – half-plane. This suggests to divide the set S of the singularities involved in (1) into two
subsets: S ¼ Sþ

S
S� where S� is relevant to the singularities belonging to the upper half-

plane and Sþ to the singularities belonging to the lower half-plane. Taking this fact into
account, the fundamental idea is to rewrite (1) in such a way that the singularities Sþ are
present only in the first member and the singularities S� only in the second member of the
equation. This separation of the singularities will allow us to determine both unknowns
FþðaÞ and Fs

�ðaÞ. An essential role in accomplishing this goal is played by the kernel GðaÞ
and its inverse GðaÞ½ ��1, that in general show singularities in both half-planes Im a½ � > 0 and
Im a½ � < 0.

The singularities of GðaÞ and GðaÞ½ ��1 are called structural singularities, and they always
have an important physical meaning. To illustrate this point, let us consider some typical
W-H geometries, as shown in Fig. 1 of the Preface. These geometries may be considered as
the junction of two (or more) waveguides, or as a single waveguide in which geometrical
discontinuities are present. The singularities of GðaÞ and of its inverse GðaÞ½ ��1 are related to
the propagation constants of the modes of the involved waveguides. For instance, in the half-
plane problem we are dealing with free space with propagation constant k. This implies that
the continuous modes have propagation constants �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
. In this case the singularities
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of GðaÞ and GðaÞ½ ��1 are the branch points a ¼ �k. Singularities constituted by poles are
instead present when we deal with closed waveguides.

The set of the structural singularities defines the spectrum of the kernel. This spectrum
can be discrete (presence of poles only), continuous (presence of branch points only), or
mixed (presence of poles and branch points). The kernel is rational if the representative
matrix GðaÞ has elements that are rational functions, meromorphic if the representative
matrix has element that are meromorphic functions, and quasi-rational if the discrete spec-
trum is finite.

To avoid the presence of singularities of GðaÞ and of its inverse GðaÞ½ ��1 on the real axis
a, we always assume the presence of media having at least small losses; this corresponds to a
realistic case, and at the same time it is not restrictive, since the absence of losses may be
studied as a limiting case. Remember that with our notations the propagation constant k has a
negative (or vanishingly small) imaginary part and the branch of cðaÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
must be

chosen such that cð0Þ ¼ k.
In dealing with a general function f ðaÞ, there are two ways to separate its singularities,

corresponding respectively to the concepts of additive and multiplicative decomposition.

2.2 Additive decomposition

Given an analytical function f ðaÞ, the problem of additive decomposition consists in finding
two functions fþðaÞ and f�ðaÞ that satisfy the equation

f ðaÞ ¼ f�ðaÞ þ fþðaÞ ð2Þ
and are regular in the half-planes Im a½ � � 0 and Im a½ � � 0, respectively.

To avoid confusion with the multiplicative decomposition that will be defined in section 2.3,
occasionally we will use the following symbols to indicate the decomposed functions
f�ðaÞ, fþðaÞ of f ðaÞ:

f�ðaÞ ¼ f ðaÞf g�, fþðaÞ ¼ f ðaÞf gþ
The difficulty of obtaining additive decompositions is the same in the scalar and the matrix
cases; this problem is generally solved using the Cauchy integration approach (section 3.1).
Alternatively, by taking into account that the plus functions have singularities only in the
lower half-plane and the minus functions have singularities only in an upper half-plane, the
Mittag-Leffler theorem (Spiegel, 1964) may turn out to be useful in all cases involving
the presence of poles only. In the following, we will refer to the additive decomposition as
simply decomposition.

Example 1

Decompose f ðaÞ ¼ 1
k2�a2 in plus and minus functions that are regular in Im a½ � � 0 and

Im a½ � � 0 half-planes, respectively.
Taking into account the presence of just the two simple poles a ¼ �k yields

fþðaÞ ¼ Res k½ �
a� k

, f�ðaÞ ¼ Res �k½ �
aþ k

ð3Þ

22 CHAPTER 2 ● The exact solution of Wiener-Hopf equations

www.ebook3000.com

http://www.ebook3000.org


where Res k½ � and Res �k½ � are the residues in the poles k and –k given, respectively, by

Res k½ � ¼ lim
a!k

ða� kÞ f ðaÞ½ � ¼ � 1
2k Res �k½ � ¼ lim

a!�k
ðaþ kÞ f ðaÞ½ � ¼ 1

2k

Of course the problem of decomposition yields many solutions that differ from one another
by the possible presence of entire functions. We define as standard decomposition the one in
which the decomposed functions fþðaÞ and f�ðaÞ either vanish or have the lowest growth
order as a tends to infinity.

2.3 Multiplicative decomposition or factorization

Given an analytic function f ðaÞ, the problem of multiplicative decomposition (or factor-
ization) consists in finding two functions fþðaÞ and f�ðaÞ satisfying the equation

f ðaÞ ¼ f�ðaÞ fþðaÞ ð4Þ
and such that they, and their inverses, are regular in the half-planes Im a½ � � 0 and Im a½ � � 0,
respectively.

To avoid confusion with the additive decomposition defined in the previous section 2.2,
occasionally we will use the following symbols to indicate the factorized functions
f�ðaÞ, fþðaÞ of f ðaÞ:

f�ðaÞ ¼ f ðaÞ½ ��, fþðaÞ ¼ f ðaÞ½ �þ ð5Þ
The Weirstrass factorization of entire functions (Spiegel, 1964) often provides the factor-
izations involved in many practical situations (section 3.2.4). However, in general we are
faced with many-valued functions, and the fundamental idea to factorize a given function
f ðaÞ is based on the concept of logarithmic decomposition. By introducing

f ðaÞ ¼ elog f ðaÞ½ � ¼ eyðaÞ ð6Þ
the decomposition of

yðaÞ ¼ Log f ðaÞ½ � ¼ y�ðaÞ þ yþðaÞ ð7Þ
yields

f ðaÞ ¼ exp yðaÞ½ � ¼ exp y�ðaÞ þ yþðaÞ
� �

¼ exp y�ðaÞ½ �exp yþðaÞ
� � ð8Þ

This approach involves a commutative algebra. For instance, it works well for scalar func-
tions. Conversely, in the matrix case a not-commutative algebra is involved, and this
approach may be ineffective. The matrix factorization is possible in closed form only in some
particular cases that will be considered in chapter 4. The general explicit matrix factorization
problem is presently still an open problem that despite many efforts does not yet have a
general solution.
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Example 2

Factorize f ðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
in plus and minus functions that are regular in Im a½ � � 0 and

Im a½ � � 0, respectively.
The simplicity of the function to be factorized makes it possible to find the explicit

solution by inspection:

fþðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
, f�ðaÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
k þ a

p ð9Þ
Of course, the factorization problem yields many solutions that differ for the possible pre-
sence of entire functions as long as their inverses are entire as well. We call standard fac-
torization the factorization that involves factorizing functions having algebraic behavior as
a ! 1.

2.4 Solution of the W-H equation

2.4.1 Solution of the nonhomogeneous equation

Let us consider the case where the unknowns FþðaÞ and Fs
�ðaÞ are conventional (section 1.1)

plus and minus functions. The standard factorization of GðaÞ ¼ G�ðaÞGþðaÞ yields

GþðaÞFþðaÞ ¼ G�1
� ðaÞFs

�ðaÞ þ G�1
� ðaÞFoþðaÞ ð10Þ

By decomposing the second term of the second member in a standard way:

G�1
� ðaÞFoþðaÞ ¼ S�ðaÞ þ SþðaÞ ð11Þ

and separating the plus and minus functions yields

GþðaÞFþðaÞ � SþðaÞ ¼ G�1
� ðaÞFs

�ðaÞ þ S�ðaÞ ¼ wðaÞ ð12Þ
Considering now (12) in the whole complex plane a, the analytic function wðaÞ is regular
both in the upper half-plane Im a½ � � 0 (considering the first member) and in the lower half-
plane Im a½ � � 0 (considering the second member). Since the two half-planes are partially
overlapping, this means that wðaÞ is an entire function.

The functions FþðaÞ, F�ðaÞ and FoþðaÞ are generally Laplace transforms. Thus, they are
vanishing as a ! 1. This means that GðaÞ has to show a suitable behavior for a ! 1. For
instance, the factorization GðaÞ ¼ G�ðaÞGþðaÞ must involve factorized function G�ðaÞ and

GþðaÞ such that G�ðaÞ
a and

G�1
� ðaÞ
a are vanishing as a ! 1. By looking at the behavior of the

standard decomposed and factorized functions, it is possible to ascertain that the first two
members of (12) are Laplace transforms. Furthermore, since they are vanishing as a ! 1,
it means that also the entire function wðaÞ is vanishing as a ! 1. Consequently, using
Liouville’s theorem (Spiegel, 1964), wðaÞ is zero everywhere, which yields the solutions

FþðaÞ ¼ G�1
þ ðaÞSþðaÞ, Fs

�ðaÞ ¼ �G�ðaÞS�ðaÞ ð13Þ
To extend the possibilities of this ingenious technique, it is also possible to deal with generic
plus and minus functions in (12) that are not vanishing for a ! 1, and consequently

24 CHAPTER 2 ● The exact solution of Wiener-Hopf equations

www.ebook3000.com

http://www.ebook3000.org


the entire function wðaÞ is not vanishing. In this case the following procedure applies
(Noble, 1958, p. 37). Let us suppose that it could be shown that

jGþðaÞFþðaÞ � SþðaÞj < jajp as a ! 1, Im a½ � � 0

jG�1
� ðaÞFs

�ðaÞ þ S�ðaÞj < jajq as a ! 1, Im a½ � � 0
ð14Þ

By applying the extended form of Liouville’s theorem, it follows that wðaÞ is a polynomial
PðaÞ of degree less than or equal to the integral part of minðp, qÞ, that is,

GþðaÞFþðaÞ � SþðaÞ ¼ PðaÞ ð15Þ
�G�1

� ðaÞFs
�ðaÞ þ S�ðaÞ ¼ PðaÞ ð16Þ

These equations determine FþðaÞ and F�ðaÞ to within the arbitrary polynomial PðaÞ, that is,
to within a finite number of arbitrary constants that have yet to be determined.

Example 3

Let us consider the W-H equation:

f ðxÞ �
ð1

0

4
3

e�3 x�x0j jf ðx0Þdx0 ¼ 1
4

e�2x, 0 � x < 1 ð17Þ

Taking into account that

gðxÞ ¼ dðxÞ � 4
3

e�3 xj j ð18Þ

yields the kernel

GðaÞ ¼ 1 �
ð1

�1

4
3

e�3 xj je jaxdx ¼ a2 þ 1
a2 þ 9

ð19Þ

In the spectral domain we obtain

GðaÞFþðaÞ ¼ Fs
�ðaÞ þ FoðaÞ or ð20Þ

a2 þ 1
a2 þ 9

FþðaÞ ¼ Fs
�ðaÞ þ

1
a2 þ 4

ð21Þ

where

FþðaÞ ¼
ð1

�1
f ðxÞe jaxdx ð22Þ

FoðaÞ ¼
ð1

�1

1
4

e�2 xj je jaxdx ¼ 1
a2 þ 4

ð23Þ

and Fs
�ðaÞ is an unknown minus function.
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Factorization of GðaÞ ¼ a2þ1
a2þ9 ¼ a�j

a�3j
aþj
aþ3j yields

G�ðaÞ ¼ a� j

a� 3j
, GþðaÞ ¼ aþ j

aþ 3j

Decomposition of SðaÞ ¼ G�1
� ðaÞ FoðaÞ ¼ S�ðaÞ þ SþðaÞ gives

SþðaÞ ¼
Res

a� 3j

a� j

1
a2 þ 4

� �����
a¼�2j

aþ 2j
¼ 5j

12ðaþ 2jÞ ð24Þ

thus yielding the solution

FþðaÞ ¼ G�1
þ ðaÞSþðaÞ ¼ 5jðaþ 3jÞ

12ðaþ jÞðaþ 2jÞ ð25Þ

The inverse Laplace transform provides

f ðxÞ ¼ 1
2p

ð

B

FþðaÞe�jaxda ¼ 1
2p

ð1

�1
FþðaÞe�jaxda ð26Þ

Since in this case the Bromwich contour B coincides with the real axis, we have the solution
of the W-H equation:

f ðxÞ ¼ 1
2p

ð1

�1
FþðaÞe�jaxda ¼ � 5

12
e�2x þ 5

6
e�x, x � 0 ð27Þ

Example 4

The solution of the W-H equation relevant to the half-plane problem (1.1.1):

� k Zo

4
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
p ~JþðaÞ ¼ V s

�ðaÞ �
j

a� ao
Eo ¼ V�ðaÞ Im ao½ � < 0

can be accomplished readily by observing that the factorization of the kernel

GðaÞ ¼ k Zo

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ¼ G�ðaÞGþðaÞ

is immediate:

G�ðaÞ ¼ k Zo

2
ffiffiffiffiffiffiffiffiffiffiffiffi
k þ a

p , GþðaÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p

We find

~JþðaÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ ao

p
kZo

j

a� ao
Eo, V s

�ðaÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ ao

p
ffiffiffiffiffiffiffiffiffiffiffiffi
k þ a

p j

a� ao
Eo þ j

a� ao
Eo

The obtained solution refers to Im ao½ � < 0. An analytic continuation renders this solution
valid also for Im ao½ � > 0.
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2.4.2 Remote source

When the source of the problem is very far (e.g., in the case of plane wave excitation of an
open structure or in the case of incident mode excitation of a closed structures), the W-H
equations assume the following form:

GðaÞFþðaÞ ¼ F�ðaÞ ð28Þ
where FþðaÞ and F�ðaÞ are Laplace transforms related to the total fields.

Remarkably, in the presence of a remote source the W-H equations are homogeneous.
This does not produce vanishing solutions for FþðaÞ and F�ðaÞ, since some Laplace
transforms become nonconventional (e.g., a plus function could have the pole relevant to the
source in the upper half-plane Im a½ � > 0) and the procedure indicated in the previous section
cannot be applied.

The standard factorization of

GðaÞ ¼ G�ðaÞGþðaÞ ð29Þ
yields

GþðaÞFþðaÞ ¼ G�ðaÞ½ ��1F�ðaÞ ð30Þ
Without loss of generality, let us suppose that FþðaÞ possesses a first-order nonconventional
pole at �bo, and F�ðaÞ possesses a first-order nonconventional pole at ao.

Equation (30) can be rewritten as

GþðaÞFþðaÞ � Gþð�boÞ
T

aþ bo
� G�ðaoÞ½ ��1 R

a� ao

¼ G�1
� ðaÞF�ðaÞ � Gþð�boÞ

T

aþ bo
� G�ðaoÞ½ ��1 R

a� ao
¼ wðaÞ ð31Þ

where T and R are the residues of FþðaÞ and F�ðaÞ, respectively, at �bo and ao. The entire
function wðaÞ is vanishing, provided that FþðaÞ and F�ðaÞ are Laplace transforms and the
factorization (29) is standard. From (31) we get the solutions:

FþðaÞ ¼ GþðaÞ½ ��1 � Gþð�boÞ �
T

aþ bo
þ GþðaÞ½ ��1 � G�ðaoÞ½ ��1 � R

a� ao

F�ðaÞ ¼ G�ðaÞ � Gþð�boÞ �
T

aþ bo
þ G�ðaÞ � G�ðaoÞ½ ��1 � R

a� ao

ð32Þ

To apply (32), we must know the vectors T and R that define the nonconventional part of
FþðaÞ and F�ðaÞ. We observe that the contribution of the pole at ao (or �bo) in the spectral
domain a, represents a plane wave or a mode. Therefore T and R can be obtained by physical
considerations. Unfortunately, in some instances such as in planar stratifications or wedge
problems the same nonconventional pole occurs not only for the incident field but also for
reflected fields. In these cases the evaluation of the nonconventional contribution must be
performed very carefully. Alternatively, this contribution may be assumed initially known
and determined a posteriori by taking into account physical considerations.
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Example 5

Let us examine again the solution of the W-H equation related to the half-plane problem
(1.1.1). In this case (30) becomes

1ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p ~JþðaÞ ¼ � 2
ffiffiffiffiffiffiffiffiffiffiffiffi
k þ a

p

k Zo
V�ðaÞ ð33Þ

Let us consider Im ao½ � > 0. It means that this pole is nonconventional for JþðaÞ. We obtain

1ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p ~JþðaÞ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k � ao

p T

a� ao
¼ � 2

ffiffiffiffiffiffiffiffiffiffiffiffi
k þ a

p

k Zo
V�ðaÞ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k � ao
p T

a� ao

which yields the solutions

~JþðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k � ao

p T

a� ao

V�ðaÞ ¼ � k Zo

2
ffiffiffiffiffiffiffiffiffiffiffiffi
k þ a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k � ao

p T

a� ao

We may employ several methods to determine the constant T .

(a) The residue of the pole ao present in V�ðaÞ is related only to the incident plane wave
present on the aperture �1 < x < 0, y ¼ 0:

V�ðaÞ ¼ V s
�ðaÞ �

j

a� ao
Eo

From (33) the residue T of JþðaÞ is given by

T ¼ � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

o

p
k Zo

ð�jEoÞ

and this yields the same result previously obtained in example 4:

~JþðaÞ ¼ j

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k � ao

p 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ ao

p
k Zo

Eo

a� ao

(b) Since the incident plane wave and the reflected plane wave have the same pole ao, the
characteristic part T

a�ao
must include both these waves. Geometric optics consideration

yields

JgðxÞ ¼ � Hi
xðx, 0þÞ þ Hr

xðx, 0þÞ
� �� 2Hi

xðx, 0þÞ ¼ 2
sin jo

Zo
e jk x cos jo Eo

and therefore the residue

T ¼ 2
sin jo

Zo
jEo

which is the same value obtained in (a).
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(c) The residue of V�ðaÞ ¼ � k Zo

2
ffiffiffiffiffiffiffi
kþa

p ffiffiffiffiffiffiffiffi
k�ao

p T
a�ao

is �jEo. This yields the same value obtained

with the procedures in (a) and (b).

The obtained solution remains the same if Im ao½ � < 0. This validates the analytic con-
tinuations used in example 2.

2.5 Unbounded plus and minus unknowns

Sometimes the formulation of a specific problem in terms of Wiener-Hopf equations yields
the presence of a plus function, call it F̂þðaÞ, that even though it is regular in the upper half-
plane, is not a classical Laplace transform, in the sense that it does not show the vanishing
asymptotic behavior for a ! 1 required by a proper Laplace transform.

For instance F̂þðaÞ may be defined as

F̂þðaÞ ¼ pðaÞ � FþðaÞ, ð34Þ
where the vector FþðaÞ is a classical Laplace transform and pðaÞ is a polynomial matrix or,
more generally, an entire matrix. Following the Wiener-Hopf procedure that yields (12), a
non-vanishing entire vector wðaÞ could be involved. If pðaÞ is a polynomial factor, the
asymptotic behavior as a ! 1 shows that wðaÞ must also be a polynomial. The coefficients
of the polynomial wðaÞ must be determined by imposing that FþðaÞ ¼ pðaÞ½ ��1F̂þðaÞ be a
plus function. Some examples will be considered later, in dealing with some important
specific diffraction problems (sections 7.5 and 9.5).

Similar considerations apply in the presence of unbounded minus functions:

F̂�ðaÞ ¼ pðaÞ � F�ðaÞ ð35Þ

2.6 Factorized matrices as solutions of the homogeneous
Wiener-Hopf problem

We recall that the solutions of the W-H equation of order n are given by

FþðaÞ ¼ G�1
þ ðaÞG�1

� ðaoÞ R

a� ao

F�ðaÞ ¼ G�ðaÞG�1
� ðaoÞ R

a� ao

ð36Þ

Since for R known the factorized matrices G�ðaÞ and GþðaÞ provide immediately the
solution for every value of a and=or ao, it is important to evaluate the factorized matrices
once and for all, through suitable solutions of the W-H equations. To this end, consider first
the homogeneous Wiener Hopf problem:

GðaÞXþðaÞ ¼ X�ðaÞ ð37Þ
where GðaÞ is the kernel matrix. This problem is a particular case of the Riemann-Hilbert
problem that has been studied by many authors (Vekua, 1967). It is easy to show that n
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independent solutions XiþðaÞ, Xi�ðaÞf g, i ¼ 1, 2, . . . , nf g of (37) provide the factorized
matrices of GðaÞ ¼ G�ðaÞGþðaÞ through

G�ðaÞ¼ jX1�ðaÞ, X2�ðaÞ, . . . ,Xn�ðaÞj, GþðaÞ¼ jX1þðaÞ, X2þðaÞ, . . . ,XnþðaÞj�1 ð38Þ
Of course the existence and uniqueness of n independent solutions XiþðaÞ, Xi�ðaÞf g, of (37)
follows from the application of sophisticated theorems to the given matrix GðaÞ. However,
in all the cases of practical interest we can be sure, on physical considerations, that the
problem is mathematically well defined, so to factorize GðaÞ the only problem to face is to
determine the set XiþðaÞ, Xi�ðaÞf g. To this purpose, let us introduce the functions:

FiþðaÞ ¼ XiþðaÞ
a� ap

ð39Þ

where ap is not a structural singularity with Im ap

� �
< 0.1 The homogeneous equation can be

rewritten as

GðaÞ � FiþðaÞ ¼ Xi�ðaÞ � Xi�ðapÞ
a� ap

þ Xi�ðapÞ
a� ap

¼ Fi�ðaÞ, i ¼ 1, 2, . . . , n ð40Þ

or:

GðaÞ � FiþðaÞ ¼ Fs
i�ðaÞ þ

Ei

a� ap
, i ¼ 1, 2, . . . , n ð41Þ

where Ei ¼ Xi�ðapÞ and the plus FiþðaÞ and the minus Fs
i�ðaÞ ¼ Xi�ðaÞ�Xi�ðapÞ

a�ap
are standard

Laplace transforms. In the following we will set

E1 ¼ 1, 0, 0, 0, . . .½ �t, E2 ¼ 0, 1, 0, 0, . . .½ �t, . . . , En ¼ 0, 0, 0, 0, . . . ,1½ �t ð42Þ
Consequently, the solution of the n W-H equations:

GðaÞ � FiþðaÞ ¼ Fs
i�ðaÞ þ

Ei

a� ap
¼ Fi�ðaÞ, i ¼ 1, 2, . . . , n ð43Þ

provides the determinations of the factorized matrices G�ðaÞ and GþðaÞ through the
eqs. (38), (36) and (39). It can be shown that by changing ap, the factorized matrices are
modified by a multiplicative constant matrix such that the equation GðaÞ ¼ G�ðaÞGþðaÞ is
always satisfied.

In fact, let us introduce the factorized matrices G�,þðaÞ, Gþða,a1Þ, Gþða,a2Þ where
G�,þðaÞ are arbitrary standard factorized matrix of GðaÞ and Gþða,a1Þ and Gþða,a2Þ have
been determined with the previous technique by assuming two different values of ap: ap ¼ a1

and ap ¼ a2, respectively. The Wiener-Hopf solution of (43) yields the following expres-
sions for the vectors X 1

iþ and X 1
iþ:

X 1,2
iþ ¼ G�1

þ ðaÞ � G�1
� ða1,2Þ

a� a1,2
Ri ð44Þ

1 For instance notice from (39) that if det GðapÞ
� � ¼ 0 (ap is a pole of G�1ðaÞ), it must be Xi�ðapÞ ¼ 0 and

XiþðapÞ ¼ NullSpace GðapÞ
� �

otherwise XiþðapÞ ¼ 1. Conversely if det G�1ðapÞ
� � ¼ 0 (ap is a pole of GðaÞ), it

must be XiþðapÞ ¼ 0 and Xi�ðapÞ ¼ NullSpace G�1ðapÞ
� �

otherwise Xi�ðapÞ ¼ 1.
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By taking into account eq. (38), which define Gþða,a2Þ and Gþða,a1Þ, algebraic manip-
ulations yield

Gþða,a2Þ ¼ K Gþða,a1Þ ð45Þ
where the constant matrix K is given by

K ¼ jG�1
� ða2Þ � R1, G�1

� ða2Þ � R2, G�1
� ða2Þ � R3, G�1

� ða2Þ � R4j�1�
jG�1

� ða1Þ � R1, G�1
� ða1Þ � R2, G�1

� ða1Þ � R3, G�1
� ða1Þ � R4j

ð46Þ

In the following, we do not examine the problem of the better location of ap in the half-plane
Im a½ � < 0. This problem has relevance in numerical solutions: a not suitable choice of ap

could lead to unsatisfactory numerical expressions for factorized matrices. In fact, ap

introduces an apparent singularity; it does not produce effects on closed-form solutions but
in numerical solutions does increases the possibility of having significant errors in a region
of the a� plane near ap. To avoid this problem, we suggest defining ap in the context of a
physical problem related to the factorization of the matrix. For instance, in open structures a
pole ap relevant to a physical source is constituted by a plane wave.

2.7 Nonstandard factorizations

We are often dealing with the factorization of matrices having the form

GðaÞ ¼ RðaÞ � MðaÞ � TðaÞ ð47Þ
where RðaÞ and TðaÞ are rational matrices and the factorized matrices M�ðaÞ, and MþðaÞ
of the matrix MðaÞ ¼ M�ðaÞMþðaÞ are explicitly known. We can formally write the
factorization

GðaÞ ¼ ~G�ðaÞ~GþðaÞ ð48Þ
where

~G�ðaÞ ¼ RðaÞ � M�ðaÞ, ~GþðaÞ ¼ MþðaÞ � TðaÞ ð49Þ
~G�ðaÞ, ~GþðaÞ, and their inverses present algebraic behavior at infinity without being true
minus and plus functions because of the presence of a finite number of offending poles.
These poles are all the poles of RðaÞ and TðaÞ, located in Im a½ � < 0 and Im a½ � > 0,
respectively. This type of factorization has been referred to in the literature as weak fac-
torization (Büyükaksoy & Serbest, 1993; Idemen, 1977, 1979; Abrahams & Wickham,
1990). It is possible to eliminate the offending poles by using many different techniques. To
illustrate one of them, it can be observed that it is not restrictive to let RðaÞ ¼ 1 in (47). In
fact, if we had to factorize GðaÞ ¼ RðaÞ � MðaÞ, we could use the procedure that we are
about to outline by reversing the roles of the plus and minus functions. Hence, we consider
only the factorization of

GðaÞ ¼ MðaÞ � TðaÞ ð50Þ
Letting TðaÞ ¼ PðaÞ

dðaÞ where PðaÞ and dðaÞ are matrix and scalar polynomials, respectively, in
a, eq. (37) becomes

MþðaÞPðaÞ
dðaÞ XþðaÞ ¼ M�1

� ðaÞX�ðaÞ ð51Þ
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The vector MþðaÞPðaÞXþðaÞ ¼ X̂þðaÞ is a plus function. The factorization of dðaÞ yields

X̂þðaÞ
dþðaÞ ¼ d�ðaÞM�1

� ðaÞX�ðaÞ ¼ wðaÞ ð52Þ

where wðaÞ is an unknown polynomial vector. We observe that (52) provides the plus and
minus functions within a finite number of constants (the coefficients of wðaÞ). From here on,
these representations will be called weak representations.

The polynomial wðaÞ can be determined by considering the first and third members
of (52):

XþðaÞ ¼ P�1ðaÞM�1
þ ðaÞX̂þðaÞ ¼ dþðaÞP�1ðaÞM�1

þ ðaÞwðaÞ

¼ dþðaÞ
DðaÞ PaðaÞM�1

þ ðaÞwðaÞ ð53Þ

where

P�1ðaÞ ¼ PaðaÞ
DðaÞ ð54Þ

has been introduced, with DðaÞ and PaðaÞ the determinant and the adjoint matrix of PðaÞ,
respectively. Let us suppose that all the zeroes of DðaÞ are simple, and let us indicate with
a�i (i ¼ 1, 2, . . . ) the zeroes located in the upper half-plane ImðaÞ > 0. Since XþðaÞ is a
plus vector, it follows from (53) that

Paða�iÞM�1
þ ða�iÞwða�iÞ ¼ 0 ði ¼ 1, 2; . . .Þ ð55Þ

and therefore wða�iÞ must satisfy the equation

wða�iÞ ¼ ciMþða�iÞui ði ¼ 1, 2; . . .Þ ð56Þ

where ui is in the null space of Paða�iÞ and ci is an arbitrary constant. Equation (56) allows the
evaluation of the matrix polynomial coefficients in terms of the constants ci, (i ¼ 1, 2, . . . ).
By changing the values of these constants, in well posed problems there are n and only n
independent wðaÞ: w1ðaÞ, w2ðaÞ, . . . , wnðaÞf g satisfying (52); hence, we have obtained n
independent XþðaÞ and X�ðaÞ given by

XþðaÞ ¼ dþðaÞ
DðaÞ PaðaÞM�1

þ ðaÞwðaÞ ð57Þ

X�ðaÞ ¼ M�ðaÞ wðaÞ
d�ðaÞ ð58Þ

According to the results of section 2.6 these functions provide the factorization of
GðaÞ ¼ G�ðaÞGþðaÞ.

By assuming MðaÞ ¼ 1, the previous technique can also be used to factorize rational
matrices.
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Example: Factorize the rational matrix GðaÞ ¼ 1 jq a2þA2

a2þB2

jq 1

����
���� where q, A and B are real.

Let us assume:

PðaÞ ¼ B2 þ a2 jqðA2 þ a2Þ
jqðB2 þ a2Þ B2 þ a2

�����
����� PaðaÞ ¼

B2 þ a2 �jqðA2 þ a2Þ
�jqðB2 þ a2Þ B2 þ a2

�����
�����

dðaÞ ¼ a2 þ B2, LðaÞ ¼ ðB2 þ a2ÞðB2 þ A2q2 þ a2 þ q2a2Þ

a�1 ¼ jB, a�2 ¼ j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ A2q2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p

Equation (52) implies that the degree of wðaÞ is 1, so it is possible to rewrite wðaÞ in the
following form:

wðaÞ ¼ aaþ b
caþ d

����
����

The null spaces of Paða�1Þ and Paða�2Þ are, respectively, the vectors 1
0

���
��� and �j=q

1

���
���.

Because of (56), this means that: wða�1Þ ¼ C1
1
0

���
���, wða�2Þ ¼ C2

�j=q
1

���
��� where C1 and C2 are

arbitrary constants, thus leading to the following four equations in the a, b, c, d unknowns:

aa�1 þ b ¼ C1, ca�1 þ d ¼ 0, aa�2 þ b ¼ �C2
j

q
, ca�2 þ d ¼ C2

a ¼ �
C1 þ jC2

q

� 	

�jB þ j
ffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þA2q2

p
ffiffiffiffiffiffiffiffi
1þq2

p
, b ¼ C1 þ

jB C1 þ jC2

q

� 	

�jB þ j
ffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þA2q2

p
ffiffiffiffiffiffiffiffi
1þq2

p

c ¼ jC2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
B

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ A2q2

p , d ¼ BC2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
B

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ A2q2

p
By letting C1 ¼ 1, C2 ¼ 0f g or C1 ¼ 0, C2 ¼ 1f g in these expressions, it is possible to
obtain two independent solutions of (56):

W1ðaÞ ¼
1 þ B

�B þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þA2q2

p
ffiffiffiffiffiffiffiffi
1þq2

p
� a

�jB þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þA2q2

p
ffiffiffiffiffiffiffiffi
1þq2

p
0

��������

��������

W2ðaÞ ¼

jB

�Bq þ q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þA2q2

p
ffiffiffiffiffiffiffiffi
1þq2

p
� a

�Bq þ q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þA2q2

p
ffiffiffiffiffiffiffiffi
1þq2

p

B
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
B

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ A2q2

p þ j
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
a

B
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ A2q2

p

�����������

�����������
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By substitution in (52) one obtains the factorized matrices:

G�ðaÞ ¼

j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ A2q2

p
þ j

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
a

� 	

�B
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ A2q2

p� 	
ðB þ jaÞ

1

Bq � q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þA2q2

p
ffiffiffiffiffiffiffiffi
1þq2

p

0 � j

�B þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þA2q2

p
ffiffiffiffiffiffiffiffi
1þq2

p

��������������

��������������

GþðaÞ ¼

0 Bq � q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ A2q2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p

�B
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ A2q2

p� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ A2q2

p
� j

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p
a

� 	

qðB � jaÞ �
Bq � q

ffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þA2q2

p
ffiffiffiffiffiffiffiffi
1þq2

p

 �

ð jB þ aÞ
qðB � jaÞ

������������

������������

The inverse matrices G�1
� ðaÞ and G�1

þ ðaÞ, not reported explicitly, are minus and plus
functions, respectively.

Another nonstandard factorization of the kernel GðaÞ yields

GðaÞ ¼ Ĝ�ðaÞĜþðaÞ ð59Þ

where Ĝ�ðaÞ and ĜþðaÞ are (together with their inverses) conventional plus and minus
functions showing nonalgebraic behavior for a ! 1. In these cases the W-H procedure
leads to an entire function wðaÞ that is nonvanishing for a ! 1. The determination of this
function is generally very difficult to obtain, even if only a discrete spectrum is present
(Daniele, 1986; Jones, 1986). Hence, in general it seems preferable to avoid the presence of
the entire function wðaÞ and to obtain standard factorized matrices G�ðaÞ and GþðaÞ
working on the nonstandard matrices Ĝ�ðaÞ and ĜþðaÞ.

If GðaÞ is a scalar, factorized functions Ĝ�ðaÞ having exponential behavior e�q a as
a ! 1 arises from factorization equations that use the Weierstrass factorization of entire
functions (section 3.2.4). In this case, the offending behavior is easily eliminated by
setting

G�ðaÞ ¼ Ĝ�ðaÞe�q a

2.8 Extension of the W-H technique to the GWHE

Most of the results obtained with the W-H technique can be extended to obtain the solution
of the generalized W-H equations (Daniele, 2001, 2003b, 2004a, 2010). For the sake of
simplicity this extension is omitted from this book.
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2.9 Important mappings for dealing with W-H equations

2.9.1 The c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p

mapping

In many propagation problems the functions involved in the Wiener-Hopf equations depend
on the c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2
o � a2

p
function. This happens when in the considered physical problems,

geometrical discontinuities are present in isotropic media with wave number to. It is not
restrictive to assume that to is the free space propagation constant k, so in the following we
occasionally set to ¼ k.

The function c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p

presents two branch points a ¼ �to, and, after having
considered two arbitrary branch lines, we define the principal branch that yields c ¼ to

as a ¼ 0. This is a compulsory choice, due to the physical existence of the Green func-

tion. To understand the properties of the mapping c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p

, it is convenient to

trace on the a� plane the lines where Im c½ � ¼ Im
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p� � ¼ 0 and Re c½ � ¼

Re
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p� � ¼ 0.
In Fig. 1, these lines consist of arcs of equilateral hyperbolas. If the branch lines are the

vertical lines as indicated in Fig. 1, the a� plane is divided into subregions A, B, C, D that
allow to identify the principal branch for every point considered in this plane. For instance,
starting from a ¼ 0 we can reach one point of the region B using different paths; in parti-

cular, if we choose a path that crosses the arc where Im c½ � ¼ Im
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p� � ¼ 0, for reasons

of continuity we must assume Re c½ � > 0, Im c½ � > 0. Choosing another path that links the

A

BD

A C

branch
line

branch
line

B

Re χ � 0
Im χ � 0

Re χ � 0
Im χ � 0

Re χ � 0
Im χ � 0 Re χ � 0

Re χ � 0

Re χ � 0

Re χ � 0

Im χ � 0

Re χ � 0
Im χ � 0

Im χ � 0

Im χ � 0Re χ � 0
Im χ � 0

Im χ � 0

α″

α″−to

to

Fig. 1: Mapping c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p
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point a ¼ 0 to a point of the region B yields the same conclusion. In fact, if we select the

path that crosses the arc where Re c½ � ¼ Re
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p� � ¼ 0, we first reach region D where

Re c½ � < 0, Im c½ � < 0. Successively we can reach one point of region B by crossing the
assumed vertical branch line where there is a discontinuity of the principal branch. This
procedure again yields Re c½ � > 0, Im c½ � > 0.

One must observe that the use of other branch lines could modify the sign of Im c½ � < 0
for the principal branch. It is remarkable that when the branch lines are coincident with the
arcs of hyperbolas where Im c½ � ¼ 0, we obtain a principal branch having Im c½ � � 0 every-
where. In this circumstance the principal branch is called proper branch and the relevant cut
plane is called proper sheet. In the following we always assume these branch lines (Fig. 2).

To showcase the branch lines, in Fig. 2 to has been assumed equal to 1 � j. It is important
to observe that on the lower and upper lips of the branch line b�, the proper branch of

c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p

is real and positive and negative, respectively. Similarly, on the upper and

lower lips of the branch line bþ, the proper branch of c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p

is real and positive and
negative, respectively. By recalling that arg½z� is always between �p and þp, the figure also

illustrates the values of arg aþjc
to

h i
on the end points of the lips of the branch lines. These

values will be considered in the next section.

2.9.2 The a ¼ �to cos w mapping

In cases where the mapping c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p

is present, it turns out to be useful to introduce
the angular complex variable w defined through the mapping:

a ¼ to cosðw þ aÞ ð60Þ

1

2

5

10

�0.5

�5

0.5

b�

b−

�10

�1

4

Ψ � 0

3

2

[ [Ψ� arg
� Δ

� Δ
Ψ �

Ψ � �

a � jc
p to

to

to � 1 � j

�to

2
p

Ψ � �p

� ΔΨ � �
2
p

− Δ

Δ  � arctan[�Im[to]/Re[to]]

Ψ  � �
2
p

Ψ � p

Fig. 2: Standard branch lines in the a� plane.

36 CHAPTER 2 ● The exact solution of Wiener-Hopf equations

www.ebook3000.com

http://www.ebook3000.org


There are many reasons for introducing this mapping. For instance, some specialized
analytical methods introduce representations that are different from the Laplace transform.
In particular, the Malyuzhinets method introduces the Sommerfeld representations, which
may be considered as spectral representations in the w – plane. Furthermore, the introduction
of the mapping (60) may help to handle and theoretically manipulate functions that may be
hard to work with if defined only in the a� plane.

The parameter a is arbitrary; however, for the sake of convenience, as it will be shown
later on, in the following it will be assumed always equal to p. A detailed study of the
mapping

a ¼ �to cos w ð61Þ
is very interesting. In particular, it is important to ascertain the properties of the function
c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2
o � a2

p
in the w – plane. For instance, since the plus function FþðaÞ has only the

branch line corresponding to the branch point a ¼ to, if we cut the branch line corresponding
to the other branch point a ¼ �to, even though the variable c changes of sign with the
discontinuity, FþðaÞ must remain continuous.

Given a, the inverse mapping of (61) introduces infinite values of w given by

wðaÞ ¼ �j log
aþ jc
to


 �
� p ¼ �j log

aþ jc
to

����
����þ arg

aþ jc
to

� 

þ ð2n �1Þp,

n ¼ 0, �1, �2, . . . ð62Þ
where the argument of a complex number z is assumed to lie in the range:

�p < arg z½ � � þp

No additional branch points with respect to those involved in c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p

arise from the

logarithm. In fact, aþjc
to

is never vanishing since a is a finite point:

ðaþ jc ¼ 0 ! a2 ¼ t2
o þ a2Þ

Therefore, in the following we assume as branch lines of the mapping the standard branch
lines constituted by the arcs of hyperbolas where Im c½ � ¼ 0 (Fig. 2).

Also, we assume as principal value wðaÞ the following branch:

wðaÞ ¼ If arg
aþ jc
to

> �p
2

, �j log
aþ jc
to


 �
� p, �j log

aþ jc
to


 �
þ p

� 

ð63Þ

where the proper branch of c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � a2
p

and the principal value of log z½ � have been
assumed to be:

Im c½ � � 0, log z½ � ¼ logjzj þ j arg z½ �, ð�p < arg z½ � � þpÞ
and the function If a, b, c½ � gives b if a is true, and c if a is false.

The presence of the function If a, b, c½ � has been introduced in order to avoid that the
discontinuity of arg aþjc

to
across the branch point a ¼ �to (Fig. 2) produces a discontinuity

in wðaÞ.
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When a is real, we have that our principal branch is related to the principal part of the
arccos by

wðaÞ ¼ arccos
a
to


 �
� p ¼ �arccos � a

to


 �
Im a½ � ¼ 0 ð64Þ

Furthermore, since

c ¼ �to sin w ð65Þ
on the image rw of the real axis Im a½ � ¼ 0, we have

wðaÞ ¼ �j log
�to cos w þ jð�to sin wÞ

to


 �
� p ¼ �j logð�cos w þ jð�sin wÞÞ � p

¼ �j logðcos w � j sin wÞ ¼ �j log e�jw

This means that only the choice c ¼ �to sin w yields the identity wðaÞ ¼ w.
Finally, it is important to observe that for the principal value

wð�aÞ ¼ �wðaÞ � p ð66Þ
eq. (63) yields the representation of Fig. 3 for the proper sheet in the w – plane.

In this figure, the images rw and b�w, of the real axis and of the standard branch lines of
the a� plane (Fig. 2), respectively, are reported.

With the mapping defined by (61), both the proper and improper sheets of the a� plane
lie on the w – plane. For instance, we can observe that the segment of the w-real axis defined
by �p � w � 0 is the image of the segment ð�to, toÞ belonging to the proper sheet, whereas
the segment of the real axis defined by �2p � w � �p is the image of the segment ð�to, toÞ
belonging to the improper sheet.

Since the w – plane is image of the proper, of the improper and of other infinite sheets
arising from the inversion of the mapping (61), we must be very careful when rewriting in

3

1

�4
2

�1

1

w – plane

rw : Im[α] � 0

0

b–w

rw
b�w

�1

1

2

�2
4

2

π3π
� �

�π

�π � Δ �π/2 � Δ

�π/2 � Δ �Δ

Δ � 3π/2

2
π

� Δ2

to � 1 � 0.1j

Δ � arctan[�Im[to]/Re[to]] Re[α] � 0

Fig. 3: Image of the proper a� plane on the w – plane
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the a� plane equations that have been obtained in the w � plane. For instance, let us sup-
pose that in the w � plane we have an equation that we know to be valid for w representative
of a point of a located in the proper sheet; the presence in this equation of the quantity
c ¼ �to sin w introduces the propagation constant c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2
o � a2

p
in the equation rewritten

in the a� plane. If we wish to extend the correct equation in the a� plane that is valid also
in correspondence of w representative of a point of a located in the improper sheet, we must
remember that c always must be assumed with negative imaginary part. Consequently, we
must define �to sin w ¼ c if w is representative of a point of a located in the proper sheet
and �to sin w ¼ �c if w is representative of a point of a located in the improper sheet. In
this way, in the equation rewritten in the a� plane, c always possesses a negative imaginary
part.

Conversely, we cannot assume as correct for all the points of the w – plane the properties
that are valid only for the images of the proper sheet. For instance, the function c in the
w – plane is expressed by ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2
o � a2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

oð1 � cos2 wÞ
q

¼ �to sin w ð67Þ
This expression seems an even function of w (second member) and an odd function of w
(third member). The reason for this paradox is that the second member is valid only for
values of w that are images of the proper sheet. However, by changing w into –w we are
forced to go into the improper sheet and according to the analytic continuation offfiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2
o � a2

p ¼ �to sin w,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

oð1 � cos2 wÞp
changes sign.

In the following it turns out to be very useful to deal with functions of w defined in the
entire w – plane. In general we can always do this through analytic continuation, but we must
remember that as it happens in the previous paradox the analytic continuation may involve
improper values of c.

The complete mapping (61) is depicted in Fig. 4. The wave number to ¼ t0o þ jt00o has
been assumed complex, with imaginary negative part ðt00o < 0Þ. Quadrants 1, 2, 3, 4 of the
proper sheet in the a – plane are denoted by the same number encapsulated in a box. For
instance, the point ao ¼ �to cosjo (0 < jo < p) has as proper image wo ¼ �jo.

Application: Asymptotic evaluation of the integral Ic ¼
Ð1
�1 f ðaÞe�ja xe�j

ffiffiffiffiffiffiffiffiffiffi
k2�a2

p
yj jda

The integral Ic ¼
Ð1
�1 f ðaÞe�ja xe�j

ffiffiffiffiffiffiffiffiffiffi
k2�a2

p
yj jda is very important since it arises in diffraction

problems involving planar stratified structures. Here x and y are the Cartesian coordinates of
the observation point. In cylindrical coordinates we have

x ¼ r cosj
y ¼ r sinj ð68Þ

Letting to ¼ k and using the mapping indicated in (61):

a ¼ �k cos w
c ¼ �k sin w

ð69Þ

yields the integral

Ic ¼ k

ð
rw

f̂sðwÞejk r cosðw�jjjÞdw ð70Þ
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where

f̂sðwÞ ¼ f ð�k cos wÞsin w ð71Þ
and rw is the image of the real axis in the w – plane (Fig. 3). Let us consider the points ws

where the function

qðwÞ ¼ j cosðw � jjjÞ ð72Þ
has a vanishing derivative:

q0ðwsÞ ¼ �j sinðws � jjjÞ ¼ 0 ð73Þ
These points are called saddle points since they are the saddle points of the real functions

uðwÞ ¼ uðw1, w2Þ ¼ Re qðwÞ½ � ¼ sinðw1 � jjjÞsinh w2

vðwÞ ¼ vðw1, w2Þ ¼ Im qðwÞ½ � ¼ cosðw1 � jjjÞcosh w2
ð74Þ

where w1 and w2 are the real and imaginary parts of w (Felsen & Marcuvitz, 1973):

w ¼ w1 þ jw2 ð75Þ
There is only one relevant saddle point located in the images of the proper h� plane
(�p � ws � 0) (Fig. 5). It is defined by

ws ¼ �pþ jjj ) w1s ¼ �pþ jjj, w2s ¼ 0 ð76Þ

Δ Δ Δ Δ Δ

Δ Δ Δ Δ Δ

−3π −5π/2

1 2

4

1

4

1

4

404

3 4

1 2

3 4

1 2

−3π/2 3π/2−π/2 π/2 2ππ−π
γ02

γ01 γ0

γ

−2π

2

3

4

2

3

C1

C2

Br

wn

wn4

2

3

4

Fig. 4: The complete mapping a ¼ �to cos w
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Let’s consider in the w – plane the steepest descent path (SDP) crossing the saddle point
(Felsen & Marcuvitz, 1973). This line is defined in such a way that

vðwÞ ¼ vðwsÞ, uðwÞ � uðwsÞ ð77Þ
Taking into account that qðwsÞ ¼ j cosðws � jjjÞ ¼ �j ) uðwsÞ ¼ 0, vðwsÞ ¼ �1 leads to
the following definition of the SDP:

vðw1, w2Þ ¼ �1, uðw1, w2Þ � 0 ð78Þ
or

cosðw1 þ p� jjjÞcoshðw2Þ ¼ 1, sinðw1 þ p� jjjÞsin w2 � 0 ð79Þ
Equation (79) yields

w1 ¼ �pþ jjj þ gdðw2Þ ð80Þ
where gdðtÞ is the Gudermann function defined by

gdðtÞ ¼ arc cos
1

cosh t

� 

sgnðtÞ ð81Þ

We oriented the SDP in the direction of increasing values of w2. Looking at Fig. 5 (see also
Fig. 4) we notice that if jjj > p

2, then points of the SDP are imaged onto the improper sheet
of the h� plane. We have

ISDP ¼ k

ð

SDP

f̂sðwÞe jk r cosðw�jjjÞdw ¼ ke�jkr
ð

SDP

f̂sðwÞekruðwÞdw ð82Þ

where uðwÞ is negative or zero on the SDP.
In the far field, the parameter kr >> 1; therefore, by taking into account that uðwÞ � 0

and that the exponential factor ekruðwÞdecreases rapidly as kr increases, we observe that the

�10

5

ws

w2

ws � p/2

ws � p/2

ws � �p �| ϕ |

w1

5

SDP

10

Fig. 5: SDP in the w – plane
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major contribution to the integral ISDP is due to points very near the saddle point ws. If there
are no poles of f̂ ðwÞ near the saddle point, we obtain the approximate evaluation:

ISDP ¼ k

ð

SDP

f̂sðwÞe jk r cosðw�jjjÞdw 	 ke�jkr f̂sðwsÞ
ð

SDP

ekruðwÞdw ð83Þ

To evaluate the integral, we introduce the mapping:

qðwÞ � qðwsÞ ¼ �s2 ð84Þ
Of course when w moves on the SDP, s is real and will be assumed positive when w2 > 0 and
negative when w2 < 0. This yields

ð

SDP

ekruðwÞdw ¼
ð1

�1
e�krs2

w0ðsÞds 	 w0ð0Þ
ð1

�1
e�krs2

ds ¼ w0ð0Þ
ffiffiffiffiffi
p
kr

r
ð85Þ

From (84)

q0ðwÞ dw

ds
¼ �2s or

dw

ds
¼ �2s

q0ðwÞ ð86Þ

Applying Hospital’s rule yields

w0ð0Þ ¼ �2
q00ðwsÞw0ð0Þ ð87Þ

or, taking into account that q00ðwsÞ ¼ j,

w0ð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

q00ðwsÞ

s
¼

ffiffiffi
2

p ffiffi
j

p
¼ �

ffiffiffi
2

p
e jp4 ð88Þ

Looking at Fig. 5, we observe that the sign of dw
ds is positive, so that

w0ð0Þ ¼
ffiffiffi
2

p
e jp4 ð89Þ

Finally, this yields the following approximation of ISDP defined by (83):

ISDP 	 k

ffiffiffiffiffiffi
2p
kr

s
e�jðkr�p=4Þ f̂sð�pþ jjjÞ ¼ �k

ffiffiffiffiffiffi
2p
kr

s
e�jðkr�p=4Þf ðk cosjÞsinjjj ð90Þ

Equation (90) cannot be used when poles of f̂sðwÞ ¼ f ð�k cos wÞsin w are located near the
saddle point. In this case we must use a more general technique, as indicated in Felsen and
Marcuvitz (1973) and Senior and Volakis (1995). If the characteristic of f ðaÞ at the pole
ao ¼ �k cosjo near as ¼ �k cosð�pþ jjjÞ ¼ k cosj is

R

a� ao
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we obtain:

ISDP 	
ffiffiffiffiffiffi
2p
kr

s
e�jðkr�p=4Þ �k f ðk cosjÞsinjjj þ

1 � F 2kr cos2 joþjjj
2

� 	

2 cos joþjjj
2

R

2
4

3
5 ð91Þ

where FðzÞ is the Kouyoumjian-Pathak transition function defined by

FðzÞ ¼ 2j
ffiffi
z

p
e jz

ð1
ffiffi
z

p
e�js2

ds � 2j
ffiffi
z

p ffiffiffi
p

p
exp j z � p

4

� 	h i
u Arg

ffiffi
z

p � p
4

� 	h i
ð92Þ

where the principal branch of
ffiffi
z

p
is: � 3p

4 < arg
ffiffi
z

p½ � < 5p
4 .

The previous equations provide the evaluation of the integral on the SDP. We can relate
this evaluation to the original one on the path rw by warping the contour path rw into the SDP
and taking into account the eventual singularity contributions located in the region between
the SDP and rw.

Sometimes it is preferable to study the warping directly in the a� plane. In this plane the
SDP does not change if we change j into �j. Figure 6 illustrates the location of the SDP in
the a� plane.

The direction of the SDP in the a� plane is in accordance with the direction of the SDP
in the w – plane.

Branch points at a =    k

Plane wave pole at ao

Branch lines

Saddle points

SDP |j | >

±

p
2

SDP |j | = p
2

SDP |j | < p
2

Im[a]

Re[a]+k

–k

as ao
0

Fig. 6: SDP in the a� plane ðas ¼ k cosj; ao ¼ �k cosjoÞ
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The contribution of the SDP relevant to an isolated first-order saddle point as is given by
Felsen and Marcuvitz (1973]):

ð

SDP

f ðaÞeWqðaÞda ¼ dz

ds

����
s¼0

ffiffiffiffi
p
W

r
f ðasÞeWqðasÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2

q00ðasÞ

s ffiffiffiffi
p
W

r
f ðasÞeWqðasÞ ð93Þ

where, by looking at the figure, the � sign is determined by observing that

da
ds

����
s¼0

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2

q00ðasÞ

s

When the saddle point as is near a first-order pole ap, the previous equation is not uniform
and we need to modify by using the mapping:

s2 ¼ qðasÞ � qðaÞ
which yields

ð

SDP

f ðzÞeWqðzÞdz ¼ eWqðzsÞ
ð1

�1
GðsÞe�Ws2

ds

where GðsÞ ¼ f ðaÞ da
ds .

In the s – plane, the pole ap has the image b:

b2 ¼ qðasÞ � qðapÞ 	 � q00ðasÞ
2

ðap � asÞ2

or

b 	 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� q00ðasÞ

2

r
ðap � asÞ ¼ ap � as

da
ds

��
s¼0

We can write

GðsÞ ¼ r

s � b
þ TðsÞ

where TðsÞ is a smooth function on the SDP, and r is the residue of GðsÞ in s ¼ b. Taking
into account the definition of GðsÞ, this residue is the same as that of f ðaÞ in a ¼ ap:

r ¼ Res f ðaÞ½ � a¼ap

��
Since TðsÞ is smooth, we can apply eq. (93) and obtain

ð1

�1
GðsÞe�Ws2

ds ¼ �r
p
j

w �b
ffiffiffiffi
W

p� 	
þ f ðasÞdads

����
s¼0

þ r

b


 � ffiffiffiffi
p
W

r
ð94Þ

where wðzÞ is a special function defined in Abramovitz and Stegun (1972, p. 297) and the
sign is � if Im b½ � > 0 or Im b½ � < 0, respectively. In practice if

ffiffiffiffi
W

p jbj > 2 we can use the
non-uniform eq. (93), whereas if

ffiffiffiffi
W

p jbj < 2 we must use the uniform eq. (94).
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CHAPTER 3

Functions decomposition and
factorization

3.1 Decomposition

The general formula for decomposing a complex function vanishing as a ! 1 as a sum of a
minus and a plus function FðaÞ ¼ F�ðaÞ þ FþðaÞ is given by the Cauchy equation (Noble,
1958, p. 13):

FþðaÞ ¼ 1
2p j

ð
g1

Fða0Þ
a0 � a

da0 ¼ 1
2

FðaÞ þ 1
2p j

P:V :

ð1

�1

Fða0Þ
a0 � a

da0, Im a½ � ¼ 0 ð1Þ

where the rightmost integral must be considered a Cauchy principal value (P.V.) integral.
Alternatively, the hook integral symbol may be used in the first integral in (1):

FþðaÞ ¼ 1
2p j

⨑
1

�1

Fða0Þ
a0 � a

da0

where the hook on the integral sign indicates that the chosen integration path (e.g., g1 in
Fig. 1) is the deformed real axis that passes below the pole a0 ¼ a. Occasionally, in the
following we will call the line g1 the smile real axis.

The minus decomposed term may be obtained in a similar manner:

F�ðaÞ ¼ � 1
2p j

ð
g2

Fða0Þ
a0 � a

da0 ¼ 1
2

FðaÞ � 1
2p j

P:V :

ð1

�1

Fða0Þ
a0 � a

da0, Im a½ � ¼ 0 ð2Þ

where the rightmost integral must be considered a Cauchy principal value integral. Occa-
sionally, in the following we will call the line g2 in Fig. 1 the frown real axis.

As in the previous case, we may use the symbol

F�ðaÞ ¼ � 1
2p j

∱
1

�1

Fða0Þ
a0 � a

da0
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where the minus sign accounts for the clockwise sense of the integration path. The second
member of the eqs. (1) and (2) holds in the respective regularity half-plane. It is possible to
evaluate the integrals FþðaÞ and F�ðaÞ everywhere by analytic continuation. If the integrals
are evaluated in closed form, they directly provide the analytical expressions of FþðaÞ and
F�ðaÞ everywhere.

On the other hand, if we use a numerical integration for the Cauchy integral (1), the jump
at the discontinuity from Im a½ � � 0 to Im a½ � � 0 can be taken into account by subtracting the
residue at the pole a, that is, �FðaÞ (Fig. 2). This yields the following representation of
FþðaÞ when Im a½ � � 0:

FþðaÞ ¼ FðaÞ þ 1
2p j

ð
g2

Fða0Þ
a0 � a

da0, Im a½ � � 0 ð3Þ

The same result can be achieved by applying the second member of eq. (2), valid for
Im a½ � � 0, and

FþðaÞ ¼ FðaÞ � F�ðaÞ
A remarkable simplification arises when we are dealing with an even function FðaÞ, that is,
FðaÞ ¼ Fð�aÞ. In fact, by replacing a0 with �a0 in the integral in (1) we obtain

F�ðaÞ ¼ Fþð�aÞ ð4Þ

Re[u]

Im[u]

ag1 .
Re[u]

Im[u]

a

g2 .

Fig. 1: Integration paths

•a

Im[α′]

Re[a ′]

a ′ � e a ′ � e

Fig. 2: Modification of the integration path for evaluating FþðaÞ when Im a½ � � 0
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Several proofs of the fundamental decomposition formulas can be found in Noble (1958).
In the following we report a simple proof that is based on the Cauchy formula.

Let us consider the upper region limited by contour Gþ ¼ G1þ
S
g1, where G1þ is the

half-circumference located at 1. Since the plus-decomposed FþðaÞ is regular in this domain
and vanishing on G1þ, the Cauchy formula provides

FþðaÞ ¼ 1
2p j

ð

Gþ

Fþða0Þ
a0 � a

da0 ¼ 1
2p j

ð
g1

Fþða0Þ
a0 � a

da0

¼ 1
2p j

ð
g1

Fða0Þ
a0 � a

da0 � 1
2p j

ð
g1

F�ða0Þ
a0 � a

da0

¼ 1
2p j

ð
g1

Fða0Þ
a0 � a

da0 � 1
2p j

ð

G�

F�ða0Þ
a0 � a

da0 ¼ 1
2p j

ð
g1

Fða0Þ
a0 � a

da0 Im a½ � � 0 ð5Þ

where, since G1� is the half-circumference located at infinity in the lower half-plane,

G� ¼ G1�
[

g1

The integral � 1
2p j

Ð
G�

F�ða0Þ
a0�a da0 is null because, being Im a½ � � 0, the integrand is regular in

the interior of the region limited by G�:

3.1.1 Example 1

Let us decompose the function FðaÞ ¼ t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
, where k represents a propagation

constant. Since the function is not vanishing for jaj going to infinity, eq. (1) does not directly
apply. However, by rewriting FðaÞ ¼ ðk2 � a2Þ 1ffiffiffiffiffiffiffiffiffiffi

k2�a2
p , we can decompose through (1) the

function

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ¼ S�ðaÞ þ SþðaÞ

where

SþðaÞ ¼ 1
2p j

ð
g1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � u2

p 1
u � a

du ð6Þ

To find a closed-form expression for the plus-decomposed function SþðaÞ, we first evaluate
the rightmost integral assuming real values of a, and afterward we extend the resulting
expression to the whole complex a – plane by analytic continuation. Before evaluating the
integral in (6), it is important to study in detail the two-valued function

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
, which has

two branch points at a ¼ �k (Fig. 3; see also section 2.9.1).
On the arcs of the equilateral hyperbola, the two opposite branches have either vanishing

imaginary or vanishing real part, according to the indications of Fig. 3. To have a single-
valued function t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
,1 we introduce artificial barriers called branch lines.

1 We assume that t is the branch such that t ¼ k when a ¼ 0.
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In crossing the branch lines, the single-valued function t changes, with a discontinuity
assuming two opposite values on the two lips of the branch line. Branch lines are arbitrary,
with the sole limitation of not crossing the real axis. The standard branch lines are the arcs of
the equilateral hyperbola where Im t½ � ¼ 0 (Fig. 3). With this choice, it may be ascertained
that Im t½ � � 0 in the entire complex a – plane (section 2.9.1).

Another way to describe the multivalued function t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
is to imagine that the

a – plane consists of two sheets superimposed on each other: by cutting the sheets along the
standard branch lines and by imagining that the lower edge of the bottom sheet is joined to
the upper edge of the top sheet, it follows that the proper sheet is defined by the sheet where
the function

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
assumes the value t, while the improper sheet is the other sheet whereffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
p

assumes the value �t.
To evaluate the integral

SþðaÞ ¼ 1
2p j

ð
g1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � u2

p 1
u � a

du ð7Þ

we warp the integration path g1 on the line l ¼ lþ
S
l� made of the two lips of the branch

line G relevant to the positive branch point þk (Fig. 4). On the lip lþ the proper branch is

a � plane

�k

�1 �0.5 0.5

�5

10

5

�10

k

k �1 � j

Im[   k2 � a2  ] � 0

1

Re[   k2 � a2  ] � 0

Fig. 3: Standard branch lines of the
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
function

u � plane

ag1

k � 1 � j

�k

�1 �0.5

10

5

�5

�10

kl
� l1

l
�

Fig. 4: Deformation of the integration path
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real positive, whereas on the lip l� the proper branch is real negative. Taking into account
that

Ð
lþ ¼ �Ð l� this yields

SþðaÞ ¼ 1
2p j

ð
g1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � u2

p 1
u � a

du

¼ 1
2p j

ð

lþ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � u2

p 1
u � a

du þ 1
2p j

ð

l�

1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � u2

p 1
u � a

du

¼ � 1
p j

ð

l�

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � u2

p 1
u � a

du ð8Þ

By deforming the half contour l� into the half straight line l1 indicated in Fig. 4,2 it follows that

SþðaÞ ¼ � 1
p j

ð

l�

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � u2

p 1
u � a

du ¼ � 1
p j

ð

l1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � u2

p 1
u � a

du ð9Þ

By putting u ¼ k x on l1 we evaluate the integral with MATHEMATICA:

SþðaÞ ¼ � 1
p j

ð

l1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � u2

p 1
u � a

du ¼ � 1
p j

ð1

1

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p 1
kx � a

dx

¼
p� Arc cos

a
k

� �

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ¼
Arc cos �a

k

� �

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ð10Þ

The closed form thus obtained shows that SþðaÞ is a conventional plus function, since its
Taylor series expansion about the point a ¼ �k leads to

SþðaÞ ¼
Arc cos �a

k

� �

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ¼ 1
kp

þ aþ k

3k2p
þ 2ðaþ kÞ2

15k3p
þ O ðaþ kÞ3

h i
ð11Þ

and the dominant term near the branch point a ¼ k is given by

SþðaÞ ¼
Arc cos �a

k

� �

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p � 1ffiffiffiffiffi
2k

p ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p , a � k ð12Þ

Due to the important applications of this plus function, we report here some of its alternative
expressions:

SþðaÞ ¼
Arc cos �a

k

� �

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ¼ 1
jp t

log
jt� ðk þ aÞ
jtþ ðk þ aÞ ¼

1
jp t

log
jt� a

k
ð13Þ

2 l1 belongs to the straight line that includes the points 0 and k.
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S�ðaÞ ¼ Sþð�aÞ ¼
Arc cos

a
k

� �

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ¼ 1
jp t

log
jt� ðk � aÞ
jtþ ðk � aÞ ¼

1
jp t

log
jtþ a

k
ð14Þ

In all of these expressions, t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
is the value of the proper branch (Im t½ � � 0) and

the functions Arc cos and log must be considered as principal values.
Sometimes it is interesting to express the decomposed Sþ,�ðaÞ in the complex plane w

defined by the mapping:

a ¼ �k cos w t ¼ �k sin w ð15Þ
This mapping is particularly important for studying angular regions, as it has already been
seen in section 2.9.2.

In the w – plane the decomposed Sþ,�ðaÞ assume the forms

SþðaÞ ¼
Arc cos �a

k

� �

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ¼ Sþð�k cos wÞ ¼ w

p k sin w
ð16Þ

S�ðaÞ ¼
Arc cos

a
k

� �

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ¼
p� Arc cos �a

k

� �

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ¼ S�ð�k cos wÞ ¼ �p� w

p k sin w
ð17Þ

Equations (17) and (16) may be obtained in a straightforward way using an ingenious sug-
gestion made by Ament (Noble, 1958, p. 47).

From (13) and (14), the decomposition of t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
follows:

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
¼ t� þ tþ ð18Þ

with

tþðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
Arc cos �a

k

� �

p
¼ t

jp
log

jt� ðk þ aÞ
jtþ ðk þ aÞ ¼

t
jp

log
jt� a

k
ð19Þ

t�ðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
Arc cos

a
k

� �

p
¼ t

jp
log

jt� ðk � aÞ
jtþ ðk � aÞ ¼

t
jp

log
jtþ a

k
ð20Þ

It is important to study the asymptotic behavior of the decomposed function as a ! 1. By
taking into account that

jt ¼ �a, as Re a½ � ! �1
it follows that, independently of the sign of Re a½ �,

t�ðaÞ � �a
p

log � 2a
k

� ��1
" #

¼ a
p

log � 2a
k

� �
, as a ! 1 ð21Þ
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3.1.2 Decomposition of an even function

The decomposed functions FþðaÞ and F�ðaÞ may be rewritten as

FþðaÞ ¼ 1
2

FðaÞ þ 1
2p j

P:V :

ð1

�1

FðuÞ
u � a

du

F�ðaÞ ¼ þ 1
2

FðaÞ � 1
2p j

P:V :

ð1

�1

FðuÞ
u � a

du

ð22Þ

Since FðaÞ ¼ Fð�aÞ, changing u into �u yields:

F�ðaÞ ¼ þ 1
2

FðaÞ þ 1
2p j

P:V :

ð1

�1

Fð�uÞ
u � ð�aÞ du ¼ 1

2
Fð�aÞ þ 1

2p j
P:V :

ð1

�1

FðuÞ
u � ð�aÞ du

¼ Fþð�aÞ
ð23Þ

3.1.3 Numerical decomposition

The numerical quadrature of the decomposition formulas requires some care, since it can
introduce spurious singularities in the decomposed functions. For instance, if h and
A represent the discretization step and the truncating parameter on the quadrature of the
integral (1), respectively, we get the approximation

FþðaÞ ¼ 1
2

FðaÞ þ 1
2p j

P:V :

ð1

�1

FðuÞ
u � a

du � 1
2

FðaÞ þ h

2p j

XA=h

i¼�A=h

Fðh iÞ
h i � a

h i 6¼ a ð24Þ

We observe that in the exact formula the singularities of FðaÞ located in upper half-plane
are exactly compensated by the analytic continuation of the exact values of the integral.
However, this does not happen when the integral is approximate by the sum. Moreover,
with the discretization process FþðaÞ presents spurious singularities located at a ¼ h i,
i ¼ �A=h,.. þ A=h. The first circumstance is in some sense acceptable, since by increasing
the accuracy of the numerical quadrature one tends to compensate the singularities of FðaÞ
located in upper half-plane. Conversely, the second fact yields a regrettable result. To
overcome this problem we rewrite the decomposition formula in the form

FþðaÞ ¼ 1
2

FðaÞ þ 1
2p j

P:V :

ð1

�1

FðuÞ
u � a

du ¼ 1
2

FðaÞ

þ 1
2p j

lim
M!1

P:V :

ðM

�M

FðuÞ � FðaÞ
u � a

du þ 1
2p j

FðaÞ lim
M!1

P:V :

ðM

�M

1
u � a

du ð25Þ
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Whence we obtain

FþðaÞ ¼ 1
2p j

lim
M!1

ðM

�M

FðuÞ � FðaÞ
u � a

du ð26Þ

Consequently, the quadrature of the integral yields

FþðaÞ � h

2p j

XA=h

i¼�A=h

Fðh iÞ � FðaÞ
h i � a

ð27Þ

In this manner, the offending poles a ¼ h i, i ¼ �A=h, ::þ A=h disappear.
By taking into account that Cauchy’s formula provides the exact representation

FþðaÞ ¼ 1
2

FþðaÞ þ 1
2p j

P:V :

ð1

�1

FþðuÞ
u � a

du ð28Þ

we can increase the accuracy of the evaluation of the plus function FþðaÞ � FoþðaÞ using

FþðaÞ � h

2p j

XA=h

i¼�A=h

Foþðh iÞ � FoþðaÞ
h i � a

ð29Þ

We can obtain an alternative quadrature formula by assuming FðaÞ ¼ ~FðaÞ~F�ðaÞ, where
~F�ðaÞ is an arbitrary minus factor of FðaÞ vanishing as a ! 1. Now we can write

2p j FþðaÞ ¼
ð
g1

FðuÞ
u� a

du ¼
ð
g1

~F ðuÞ~F�ðuÞ
u� a

du ¼
ð
g1

ð~FðuÞ � ~FðaÞÞ~F�ðuÞ
u�a

duþ ~FðaÞ
ð
g1

~F�ðuÞ
u� a

du

ð30Þ
Since ~F�ðaÞ is a minus function that vanishes as a ! 1, the last integral is zero.
Furthermore,

ð
g1

ð~FðuÞ � ~FðaÞÞ~F�ðuÞ
u � a

du ¼
ð1

�1

ð~FðuÞ � ~FðaÞÞ~F�ðuÞ
u � a

du ð31Þ

and we get

FþðaÞ ¼ 1
2p j

ð1

�1

ð~FðuÞ � ~FðaÞÞ~F�ðuÞ
u � a

du ð32Þ

which yields the quadrature equation:

FþðaÞ � h

2p j

XA=h

i¼�A=h

ð~Fðh iÞ � ~FðaÞÞ~F�ðh iÞ
h i � a

ð33Þ
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It is important to observe that if ~F�ðaÞ is chosen such that ~FðaÞ ¼ ~FþðaÞ is a plus function,
the previous approximation does not introduce spurious poles.

3.1.4 Example 1 revisited

Let us consider the numerical decomposition of the function considered in example 1:

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ¼ S�ðaÞ þ SþðaÞ

We have

SaþðaÞ � h

2p j

XA=h

i¼�A=h

ð~Fðh iÞ � ~FðaÞÞ~F�ðh iÞ
h i � a

ð34Þ

where we have assumed

~FðaÞ ¼ ~FþðaÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p , ~F�ðaÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
k þ a

p ð35Þ

Figure 5, Fig. 6, and Fig. 7 report the absolute errors eðaÞ ¼ SþðaÞ�SaþðaÞ
SþðaÞ

			
			 on the real axis and

on the half-lines a ¼ j x ðx � 0Þ and a ¼ k þ j x ðx � 0Þ located on the regular half-plane, of
the plus functions.

0.2 e(a)

x

0.15

0.1

0.05

�1.5 �1 �0.5 0.5

k � 1 � j10�3,     A � 500,     h � 0.01     a � x

1 1.5

Fig. 5: Relative error on the real axis

e(a)

x

0.055

0.0525

0.0475

0.045

0.0425

2 4 6 8 10

k = 1 � j10�3,     A � 500,     h � 0.01     a � jx

Fig. 6: Relative error on the imaginary axis a ¼ jx ðx � 0Þ
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3.1.5 The case of meromorphic functions

In dealing with meromorphic functions, instead of using the general eq. (1) we can resort to
the Mittag-Leffler decomposition, which is based on the following theorem (Spiegel, 1964,
p. 175).

Theorem 1

Let us suppose that the meromorphic function FðaÞ has simple poles a1,a2, . . . ,ak , . . .
(ðak 6¼ 0Þ with residues Res a1½ �, Res a2½ �, . . . , Res ak½ �, . . . . If, except at the poles,

lim FðaÞ
a ! 0, as a ! 1, then the following expansion holds:

FðaÞ ¼ Fð0Þ þ
X1
k¼0

Res ak½ � 1
a� ak

þ 1
ak

� �
ð36Þ

If, in addition, the meromorphic function FðaÞ is proper, for example, it satisfies
lim FðaÞ ! 0, as a ! 1, then (36) simplifies and becomes

FðaÞ ¼
X1
k¼1

Res ak½ � 1
a� ak

ð37Þ

Equation (37) allows the decomposition of a meromorphic proper function FðaÞ by separ-
ating the poles aþk having negative imaginary part, Im aþk½ � < 0, from the poles a�k having
positive imaginary part, Im a�k½ � > 0. It yields

FðaÞ ¼
X1
k¼1

Res ak½ � 1
a�ak

¼
X1
k¼1

Res a�k½ � 1
a�a�k

þ
X1
k¼1

Res aþk½ � 1
a�aþk

¼ S�ðaÞþ SþðaÞ

ð38Þ
with

S�ðaÞ ¼
X1
k¼1

Res a�k½ � 1
a� a�k

SþðaÞ ¼
X1
k¼1

Res aþk½ � 1
a� aþk

ð39Þ

e(a)
0.07

0.06

0.05

x
2 4 6 8 10

k � 1 � j10�3,      A � 500,    h � 0.01     a � 1 � jx

Fig. 7: Relative error on the line a ¼ k þ jx ðx � 0Þ
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In many applications it is necessary to know the asymptotic behavior of the decomposed
functions as a ! 1. For any finite number of poles, we obtain

Sþ,�ðaÞ � a�1 ð40Þ
The case of an infinite number of poles is more critical. To achieve the asymptotic behavior
of SþðaÞ, let us suppose that

Res ak½ � ¼ a kp 1 þ O
1
k

� �� �
, ðp < 0Þ and ak ¼ �jb k 1 þ O

1
k

� �� �
as k ! 1 ð41Þ

It follows that

SþðaÞ ¼
X1
k¼1

Res aþk½ � 1
a� aþk

� a kp 1
a� b k


 �
þ
X1
k¼1

a kp 1
aþ jb k

ð42Þ

In the previous expression, it may be shown that the dominant term as a ! 1 is the last
sum. The inverse Laplace transform of this term yields �j

P1
k¼1 a kpe�b k z.

Now we have (Mittra & Lee, 1971, p. 11)3:

�j
X1
k¼1

a kpe�b k x � �j aGðp þ 1Þ ðbxÞ�ðpþ1Þ as x ! 0þ ð43Þ

By applying the Laplace transform, we return to the a – plane, and (45) yields

SþðaÞ � �j aGðp þ 1Þb�ðpþ1Þ 1
ð�jaÞ�p ð44Þ

The decomposition formula has been applied many times, and in the literature some slight
modifications to both proofs and applications can be found. These are discussed in many
texts, in particular in Noble (1958). To conclude this section, we remark again that the
general decomposition equations are valid in both scalar and matrix cases.

3.1.6 Decomposition using rational approximants of the function

In the case of rational functions, the Mittag-Leffler expansion involves a finite number of
terms (partial fraction expansion). Consequently, we can accomplish the decomposition of
arbitrary functions f ðaÞ using the partial fraction expansion of rational approximants of f ðaÞ.
A very popular technique to obtain rational approximants is based on the Pade representation
(see section 6.3.2). However, in many worked examples the Pade approximants do not have a
good accuracy so it is preferable to rationalize the function with the interpolation approximant
method described in section 6.3.2. For instance, by using this technique for the function

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ¼ S�ðaÞ þ SþðaÞ

3 Mittra and Lee limited their proof to the case �1 < p < 0.
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we obtained the relative error

eðaÞ ¼ SþðaÞ � SaþðaÞ
SþðaÞ

				
				 ð45Þ

illustrated in Fig. 8, Fig. 9, and Fig. 10.

2

0.01

0.02

0.03

0.04
e(1 � jx)

k � 1 �  j10�3

4 6 8 10
x

Fig. 9: Error eðaÞ ¼ SþðaÞ�SaþðaÞ
SþðaÞ

			
			 on the line a ¼ 1 þ jx

�1.5 �1 �0.5

k � 1 �  j10�3

0.5

e(x)

0.0025

0.002

0.0015

0.0005

0.001

0.003

1 1.5
x

Fig. 8: Error eðaÞ ¼ SþðaÞ�SaþðaÞ
SþðaÞ

			
			 on the real axis

2

0.005

0.01

0.015

0.02
e( jx)

k � 1 � j10�3

4 6 8 1
x

Fig. 10: Error eðaÞ ¼ SþðaÞ�SaþðaÞ
SþðaÞ

			
			 on the line a ¼ jx
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3.2 Factorization

3.2.1 General formula for the scalar case

The fundamental idea to factorize a given function GðaÞ is based on the logarithmic
decomposition. By introducing

GðaÞ ¼ eLog GðaÞ½ � ¼ eyðaÞ ð46Þ
the decomposition of yðaÞ ¼ Log GðaÞ½ � yields

Log GðaÞ½ � ¼ yðaÞ ¼ y�ðaÞ þ yþðaÞ ð47Þ
where from (1)

yþðaÞ ¼
1

2p j

ð
g1

Log Gða0Þ½ �
a0 � a

da0, y�ðaÞ ¼ yðaÞ � yþðaÞ ð48Þ

By taking into account that in the scalar case

eyðaÞ ¼ ey�ðaÞþyþðaÞ ¼ ey�ðaÞeyþðaÞ ð49Þ
one obtains the factorization formula:

GðaÞ ¼ G�ðaÞGþðaÞ ð50Þ
where

GþðaÞ ¼ exp
1

2p j

ð
g1

Log Gða0Þ½ �
a0 � a

da

2
64

3
75, G�ðaÞ ¼ GðaÞG�1

þ ðaÞ ð51Þ

If GðaÞ is even, we obtain the simplification G�ðaÞ ¼ Gþð�aÞ.
The last member of (49) is valid even in the matrix case, provided that the matrices

y�ðaÞ and yþðaÞ defined by (48) commute. Unfortunately, y�ðaÞ and yþðaÞ do com-
mute only in very few special cases.

The integral defining GþðaÞ in (51) converges if GðaÞ ! 1 as a ! 1, but this situation
does not occur often. In these cases, the usual procedure is to normalize GðaÞ ¼ f ðaÞKðaÞ
such that KðaÞ ! 1 as a ! 1, and f ðaÞ may be factorized in other ways.

3.2.2 Example 2

Factorize

GðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p a2 þ 1
a2 þ 4

ð52Þ

Equation (51) does not apply directly. However, it is possible to overcome the problem by

introducing f ðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
and KðaÞ ¼ a2þ1

a2þ4; it follows that

GþðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
KþðaÞ ð53Þ

where, through (51) or by inspection, we have KþðaÞ ¼ aþj
aþ2j.
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The condition GðaÞ ! 1 as a ! 1 may be weakened if GðaÞ behaves at least as
jGðaÞj ! jajp as a ! 1 (Noble, 1958, p. 42). For instance, if GðaÞ is even, then (53) holds
again if the integral may be considered as a Cauchy principal-value integral.

yþðaÞ ¼ lim
M!þ1

1
2p j

⨑
þM

�M

log GðaÞ½ �
a0 � a

da0 ð54Þ

Many variants of the factorization formulas can be found in the literature (see, e.g., Mittra &
Lee, 1971, p. 113). Here only the most significant one, related to the derivative logarithmic
decomposition, is reported. The derivative of eq. (47) yields

D Log GðaÞ½ �½ � ¼ G0ðaÞ
GðaÞ ¼ t�ðaÞ þ tþðaÞ ð55Þ

where

t�ðaÞ ¼ d

da
y�ðaÞ ð56Þ

This leads to

yþðaÞ ¼
ða

c

1
2p j

ð
g

G0ða0Þ
Gða0Þða0 � uÞ da0 du, GþðaÞ ¼ eyþðaÞ ð57Þ

where c is a suitable constant. In many cases the introduction of a double integral is balanced

by the very simple decomposition of G0ðaÞ
GðaÞ ¼ t�ðaÞ þ tþðaÞ.

3.2.3 Example 3

The factorization of GðaÞ ¼ t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
introduces the function

D LogðtÞ½ � ¼ � a
t2

¼ 1
2ð�k þ aÞ þ

1
2ðk þ aÞ : ð58Þ

It follows that

yþðaÞ ¼
ð

1
2ð�k þ aÞ da ¼ log

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
) GþðaÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
ð59Þ

3.2.4 Factorization of meromorphic functions

Meromorphic functions can be factorized using the Weirstrass theorem, which factorizes
entire functions. More precisely, when the entire function f ðaÞ has an infinite number of
simple zeroes a1,a2, . . . the following representation stands:

f ðaÞ ¼ f ð0Þef 0ð0Þ
f ð0Þa

Y1
n¼1

1 � a
an

� �
e

a
an ð60Þ
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The zeroes an often behave as

an ¼ An þ B when n ) 1 ð61Þ
In these cases, it is convenient to normalize f ðaÞ with respect to the function defined
by (Mittra & Lee, 1971, p. 13)

ĜA,BðaÞ ¼
Y1
n¼1

1 � a
An þ B

� �
e

a
A n ¼

eg
a
AG

B

A
þ 1

� �

G �a
A
þ B

A
þ 1

� � ð62Þ

where GðaÞ and g ¼ 0:57721. . . are, respectively, the Euler gamma function and the Euler
constant. By normalizing f ðaÞ with ĜA,BðaÞ one obtains, after some algebraic manipulations,

f ðaÞ ¼ f ð0Þ eha
Y1
n¼1

1 � a
an

� �

1 � a
An þ B

� � ĜA,BðaÞ ð63Þ

with

h ¼ f 0ð0Þ
f ð0Þ þ

X1
n¼1

1
an

� 1
An

� �
ð64Þ

By observing that
Q1

n¼1
1� a

anð Þ
1� a

AnþBð Þ is bounded as a ! 1, a 6¼ An þ B, the asymptotic beha-

vior of f ðaÞ as a ! 1, is identical to that of ĜA,BðaÞ.
The function ĜA,BðaÞ has the following asymptotic behavior as a ! 1, a 6¼ An þ B

(Mittra & Lee, 1971, p. 13):

ĜA,BðaÞ �
G

B

A
þ 1

� �
ffiffiffiffiffiffi
2p

p �a
A

� �� 1
2þB

Að Þ
e
a
Alog �a

Að Þe�a
Að1�gÞ, a ! 1, a 6¼ An þ B ð65Þ

This last equation allows us to study the asymptotic behavior of f ðaÞ as a ! 1.
A meromorphic function GðaÞ is the ratio of two entire functions. The factorization of

GðaÞ can be obtained by separating, in both numerator and denominator, the zeros and poles
located in the two half-planes Im a½ � > 0 and Im a½ � < 0:

GðaÞ ¼ Ĝ�ðaÞĜþðaÞ ð66Þ
where Ĝ�ðaÞ and ĜþðaÞ are meromorphic functions having zeroes and poles in the half-
planes Im a½ � > 0 and Im a½ � < 0, respectively.

It must be observed that in general Ĝ�ðaÞ and ĜþðaÞ have nonalgebraic behavior at
infinity. To obtain algebraic behavior we may rewrite (66) in the form

GðaÞ ¼ Ĝ�ðaÞewðaÞe�wðaÞĜþðaÞ ¼ G�ðaÞGþðaÞ ð67Þ
where G�ðaÞ ¼ Ĝ�ðaÞewðaÞ, GþðaÞ ¼ e�wðaÞĜþðaÞ. The entire function ewðaÞ (and its
inverse) is free of zeros, and wðaÞ is chosen to ensure the algebraic behavior of
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G�ðaÞ and GþðaÞ. When the zeros have the asymptotic behavior shown in eq. (61), it will
be seen later that

wðaÞ ¼ qa ð68Þ
where q is a constant.

3.2.5 Example 4

The following example is relevant to the study of the bifurcation of a wave guide a in two
wave guides b and c (section 9.2). In this case the required function to factorize is

GðaÞ ¼ sinðt bÞsinðt cÞ
t sin t ðb þ cÞ½ � , t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
, b > 0, c > 0 ð69Þ

Even though t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
is a two-valued function, GðaÞ is meromorphic since it is an

even function of t. Before factorizing it, it is important to determine the asymptotic behavior
of GðaÞ as a ! 1. This behavior is algebraic:

jGðaÞj / ejajbejajc

jaj ejaj ðbþcÞ ¼
1
jaj as a ! 1 ð70Þ

We rewrite

GðaÞ ¼ bc

a

SbðaÞScðaÞ
SaðaÞ ð71Þ

with

SdðaÞ ¼ sinðt dÞ
t d

d ¼ b, c, a ¼ b þ c ð72Þ

The zeros of the entire function SdðaÞ are given by �adn, where

adn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � np

d

� �2
r

n ¼ 1, 2, . . . , Im adn½ � < 0, d ¼ b, c, a ¼ b þ c ð73Þ

The asymptotic behavior of adn as n ! 1 is given by

adn � Adn þ Bd , Ad ¼ �j
p
d

, Bd ¼ 0, d ¼ b, c, a ¼ b þ c,
1

Aa
¼ 1

Ab
þ 1

Ac
ð74Þ

Taking into account that SdðaÞ is even, (60) yields

SdðaÞ ¼ sinðt dÞ
t d

¼ sinðkdÞ
kd

Y1
n¼1

1 � a
adn

� �2
 !

ð75Þ

SdðaÞ ¼ sinðt dÞ
t d

¼ sinðkdÞ
kd

Y1
n¼1

1 þ a
adn

� �
e�

a
adn

Y1
n¼1

1 � a
adn

� �
e

a
adn

¼ sinðkdÞ
kd

Y1
n¼1

1 þ a
adn

� �
e�

a
Ad n
Y1
n¼1

1 � a
adn

� �
e

a
Ad n ð76Þ
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Notice that when the zeroes are separated into two distinct infinite products, the exponential
factors e�

a
adn may be substituted by the simpler factors e�

a
Ad n. The presence of an exponential

is, however, always necessary to ensure the convergence of the infinite products.
Taking into account (75) and (62), algebraic manipulations yield the following result

(non algebraic at infinity) for the plus factorized functions:

SdþðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðkdÞ

kd

r Y1
n¼1

1 � a
adn

� �

1 � a
Adn

� � ĜAd ,0ðaÞ, d ¼ b, c, a ¼ b þ c ð77Þ

In this formula, the infinite product behaves as a constant as a ! 1. Thus, the asymptotic
behavior of SdþðaÞ coincides with that of ĜAd ,0ðaÞ in (65):

SdþðaÞ / ĜAd ,0ðaÞ � Mda�1
2e

a
Ad

log
�
� a

Ad



e�

a
Ad
ð1�gÞ, a ! 1 ð78Þ

Equation (71) yields

ĜþðaÞ ¼
ffiffiffiffiffi
bc

a

r
SbþðaÞScþðaÞ

SþaðaÞ ð79Þ

The asymptotic behavior of ĜþðaÞ is given by

ĜþðaÞ / a�1
2e

a
Ab

log
�
� a

Ab



e�

a
Ab
ð1�gÞa�1

2e
a

Ac
log � a

Acð Þe� a
Ac
ð1�gÞ

a�1
2e

a
Aa

log � a
Aað Þe� a

Aa
ð1�gÞ ¼ a�1

2eqa, a ! 1 ð80Þ

where, by taking (76) into account,

q ¼ 1
Ab

log
1

Ab
þ 1

Ac
log

1
Ac

� 1
Aa

log
1

Aa
¼ � j

p
b log

a

b
þ c log

a

c

� �
ð81Þ

Equation (80) shows that ĜþðaÞ and Ĝ�ðaÞ ¼ Ĝþð�aÞ have exponential behavior as
a ! 1. By looking at (67), we define

G�ðaÞ ¼ Ĝ�ðaÞ eqa, GþðaÞ ¼ e�qaĜþðaÞ ð82Þ
with q given by (81).

Of course G�ðaÞ and GþðaÞ have algebraic behavior as a ! 1. In fact,

G�ðaÞ / a�1
2, GþðaÞ / a�1

2 ð83Þ
As a numerical example, let us suppose that

l ¼ 1, k ¼ 2p
l

, b ¼ 1:1
l
2

, c ¼ 1:3
l
2

, a ¼ b þ c ¼ 2:4
l
2

ð84Þ

It is possible to evaluate the infinite product by approximating it with the finite product:

Y1
n¼1

1 � a
adn

� �

1 � j
a d

np

� � �
YNd

n¼1

1 � a
adn

� �

1 � j
a d

np

� � , d ¼ a, b, c ð85Þ
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The choice of Nd depends on how many real adn are present. In fact, real adn are related to
modes that propagate, whereas imaginary adn involve evanescent modes. In this case we
have the following first three adn (d ¼ a, b, c):

aa1 ¼ 5:71, aa2 ¼ 3:47, aa3 ¼ �j4:71

ab1 ¼ 2:62, ab2 ¼ �j9:54, ab3 ¼ �j15:94

ac1 ¼ 4:01, ac2 ¼ �j7:35, ac3 ¼ �j13:07

ð86Þ

Thus, two modes propagates in waveguide a, one mode in waveguide b, and one mode in
waveguide c.

The very small number of propagating modes means that Nd can be assumed small.
However, we first assumed high values of Nd by putting

Na ¼ Nc ¼ Nc ¼ 2000 ð87Þ
Figure 11a illustrates the absolute value and the argument of GþðaÞ for real values of a.

Figure 12 reports the error e ¼ jGðaÞ � G�ðaÞGþðaÞj.

�20 �10 10

0.5

1

1.5

2

2.5

3

3.5

|G
�

(a)|

20
a

Fig. 11a: Absolute value jGþðaÞj of the factorized function GþðaÞ

arg[G�(a)]

�20 �10

0.5

�1

�0.5

�1.5

�2

�2.5

10 20
a

Fig. 11b: Argument arg GþðaÞ½ � of the factorized function GþðaÞ
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By assuming Na ¼ Nc ¼ Nc ¼ 20 we practically obtain the same plots.
Figure 13 illustrates the relative error when we change Na ¼ Nc ¼ Nc ¼ 2000 to

Na ¼ Nc ¼ Nc ¼ 20:

epðaÞ ¼ GþðaÞ � G1þðaÞ
GþðaÞ

				
				 ð88Þ

where GþðaÞ has been evaluated by putting Na ¼ Nc ¼ Nc ¼ 2000, and G1þðaÞ has been
evaluated by putting Na ¼ Nc ¼ Nc ¼ 20.

As a matter of fact, e ¼ GðaÞ � G�ðaÞGþðaÞj j does not depend on q, and a small
error e does not assure that the choice of q given by (83) is correct. We ascertained the cor-
rectness of q by taking into account that the function

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
GþðaÞ and its inverseffiffiffiffiffiffiffiffiffiffiffiffi

k � a
p

GþðaÞ
� 
�1

must behave as a bounded nonvanishing constant when a ! 1.

3.2.6 Factorization of kernels involving continuous and

discrete spectrum

3.2.6.1 Example 5

Factorization of

GðaÞ ¼ e jt d

t cos t d½ � , t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
ð89Þ

5

8 � 10�10

e

6 � 10�10

4 � 10�10

2 � 10�10

10 15 20
a•

Fig. 12: The error e ¼ jGðaÞ � G�ðaÞGþðaÞj

a
�2
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0.008

ep(a)

�4�6�8�10

Fig. 13: Truncation error for Na ¼ Nc ¼ Nc ¼ 20
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The asymptotic behavior of GðaÞ is algebraic and is given by

GðaÞ / ejajd

jaj ejajd
¼ 1

jaj as a ! 1 ð90Þ

The factorization of GðaÞ may be accomplished through the factorization of the factors t,
ejt d and cos t d½ �. Since we have from the factorization of t and the decomposition (13):

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
¼ ffiffiffiffiffiffiffiffiffiffiffiffi

k þ a
p ffiffiffiffiffiffiffiffiffiffiffiffi

k � a
p

ð91Þ

e jt d ¼ e jt� de jtþ d ¼ exp
t d

p
log

jtþ a
k

� �
exp

t d

p
log

jt� a
k

� �
ð92Þ

it remains only to factorize the entire function cðaÞ ¼ cos t d½ �. According to (60), first we
must obtain all its zeroes �an. These are given by

cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � an

2
p

d
� �

¼ 0 ) an ¼ adðn�1=2Þ, n ¼ 1, 2, . . . ð93Þ

with

adðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � np

d

� �2
r

! an ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � ðn � 1=2Þp

d

� �2
s

which as n ! 1 assume the values

an ¼ adðn�1=2Þ � Adðn � 1=2Þ ¼ An þ B, A ¼ Ad ¼ �j
p
d

, B ¼ � 1
2

A,
B

A
¼ �1

2
ð94Þ

From (62) and taking into account that cðaÞ is even, one obtains

cðaÞ ¼ cosðt dÞ ¼ cosðkdÞ
Y1
n¼1

1 � a
an

� �2
 !

¼ cosðkdÞ
Y1
n¼1

1 þ a
an

� �
e�

a
A n

Y1
n¼1

1 � a
an

� �
e

a
A n ð95Þ

Note that the presence of the factors e�
a

A n is necessary to ensure the convergence of the
infinite products.

By normalizing with respect to ĜA,BðaÞ, one obtains the nonalgebraic plus factorized
functions

ĉþðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðkdÞ

p Y1
n¼1

1 � a
an

� �

1 � a
An þ B

� � ĜA,BðaÞ ð96Þ

ĜþðaÞ ¼
exp

t d

p
log

jt� a
k

� �
ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
ĉþðaÞ

ð97Þ
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By taking into account that in our case as a ! 1 (see (65) and (21)),

ĉþðaÞ � ĜA,BðaÞ �
G

B

A
þ 1

� �
ffiffiffiffiffiffi
2p

p �a
A

� �� 1
2þB

Að Þ
e
a
Alog �a

Að Þe�a
Að1�gÞ / e

a
Alog �a

Að Þe�a
Að1�gÞ

¼ e
a
Alog �2a

kð Þe�a
A log 2A

kð Þþð1�gÞ½ � ¼ e jad
p log �2a

kð Þe�jad
p log �j2pkdð Þþð1�gÞ½ � ð98Þ

and

e jtþd / exp j
a d

p
log

�2a
k

� �

it follows that

ĜþðaÞ / 1

a1=2
eq a ð99Þ

with the constant q given by

q ¼ j
d

p
log � j2p

kd

� �
þ 1 � g

� �
ð100Þ

where the principal part of the logarithm is assumed.
The final formulas are

GþðaÞ ¼
exp

td

p
log

jt� a
k

� qa
� �

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðkdÞp

ĜA,BðaÞ
Y1
n¼1

1 � a
An þ B

� �

1 � a
an

� � ð101Þ

or

GþðaÞ ¼
G �a

A
þ B

A
þ 1

� �
exp

t d

p
log

jt� a
k

� qa
� �

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðkdÞp

eg
a
AG

B

A
þ 1

� � Y1
n¼1

1 � a
An þ B

� �

1 � a
an

� �

�
G �a

A
þ B

A
þ 1

� �
exp

t d

p
log

jt� a
k

� qa
� �

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðkdÞp

eg
a
AG

B

A
þ 1

� � YNb

n¼1

1 � a
An þ B

� �

1 � a
an

� � ð102Þ

G�ðaÞ ¼ Gþð�aÞ ð103Þ

By assuming l ¼ 1, k ¼ 2p
l ð1 � j10�6Þ, b ¼ 1:1 l

2 and a truncated product with Nb ¼ 200,
we obtain an error G�ðaÞGþðaÞ � GðaÞ that is vanishing in the range �100 � a � 100. Truly,
e ¼ jGðaÞ � G�ðaÞGþðaÞj does not depend on q, and a small error e ¼ jGðaÞ � G�ðaÞGþðaÞj
does not assure that the choice of q given by (100) is correct. We ascertained the correctness
of q by taking into account that the function

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
GþðaÞ and its inverse

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
GþðaÞ

� 
�1

must behave as a bounded nonvanishing constant as a ! 1.
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3.2.6.2 Example 6

Factorization of

GðaÞ ¼ e�jt d sin t d½ �
t d

ð104Þ

Taking into account the considerations of example 5, we get

GþðaÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðkdÞ

kd

r
exp � t d

p
log

jt� a
k

þ qa
� �

eg
a
AG

B

A
þ 1

� �

G �a
A
þ B

A
þ 1

� � Y1
n¼1

1 � a
an

� �

1 � a
An þ B

� � ð105Þ

where

A ¼ �j
p
d

, B ¼ 0 q ¼ j
d

p
log � j2p

kd

� �
þ 1 � g

� �
(see eq. (100))

an ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � np

d

� �2
r

n ¼ 1, 2, . . . , Im an½ � < 0

3.3 Decomposition equations in the w – plane

The fundamental formula to decompose a function is based on the Cauchy eqs. (1) and (2):

FþðaÞ ¼ 1
2p j

ð
g1

Fða0Þ
a0 � a

da0, F�ðaÞ ¼ � 1
2p j

ð
g2

Fða0Þ
a0 � a

da0 ð106Þ

When the function FðaÞ to be decomposed presents only branch points due to the function
c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
, it is sometimes convenient to use the previous equations in the w – plane

defined in section 2.9.2.

3.3.1 Evaluation of the plus functions

By starting from FþðaÞ ¼ 1
2p j

Ð
g1

Fða0Þ
a0�a da0, it is possible to warp the line g1 into the line go

(Fig. 14) surrounding the standard branch line relevant to the branch point a ¼ þk. This yields

FþðaÞ ¼ 1
2p j

ð
go

Fða0Þ
a0 � a

da0 �
X

n

Rn

an � a

¼ 1
2p j

ð
go1

Fða0Þ
a0 � a

da0 þ 1
2p j

ð
go2

Fða0Þ
a0 � a

da0 �
X

n

Rn

an � a
ð107Þ

where an are the poles of FðaÞ (for the sake of simplicity, we suppose simple) located in
the lower half-plane Im a½ � � 0, and Rn are the corresponding residues. In the w – plane,
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a ¼ �k cos w, by assuming that w belongs to the proper image of a (chapter 2, Fig. 3),
we have

1
2p j

ð
go2

Fða0Þ
a0 � a

da0 ¼ � 1
2p j

ð

go2

F̂ðw0Þ sin w0

cos w0 � cos w
dw0

1
2p j

ð
go1

Fða0Þ
a0 � a

da0 ¼ � 1
2p j

ð

go1

F̂ðw0Þ sin w0

cos w0 � cos w
dw0 ¼ 1

2p j

ð

go2

F̂ð�2p� w0Þ sin w0

cos w0 � cos w
dw0

ð108Þ

where the notation Fð�k cos wÞ ¼ F̂ðwÞ has been used.
By deforming go2 on g3, defined by w ¼ �pþ j Im w½ �, Im w½ � < 0, (Fig. 15), the poles

(located in a proper region of the fourth quadrant) between these two lines do contribute with
opposite signs with respect to �P Rn

an�a, so we obtain

FþðaÞ ¼ � 1
2p j

ð
g3

F̂ðw0Þ � F̂ ð�2p� w0Þ� �
sin w0

cos w0 � cos w
dw0 �

X
n0

Rn

an0 � a
ð109Þ

where the apex in the summation index implies that the poles to be considered are those in
the lower half-plane Im a½ � < 0, located outside the subregion of the fourth quadrant between
the lower lip of the standard branch line and the half line from k to 1; this half line is
defined by a ¼ k cosh u, with 0 � u � 1.

∇

 � arctan[�Im[to]/Re[to]]

to � k
w � plane

2

1

�1
�4.5 �3.5

4

�3 �2.5 �2 �p /2 �

∇

�2

–p

g01

g3

∇ 

� 3p/2

g02

to � 1 � 0.1j

Fig. 15: Deformation of the integration path in the w – plane

a ′ � plane

ag1

k � 1 � j

�k

�1 �0.5

10

5

�5

�10

kg01

g02
g0 � g01     g02

Fig. 14: Deformation of the integration path in the a0 – plane
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By looking at the w – plane, it is possible to see that the poles to consider are located in
the proper image of the half-plane Im a½ � � 0 and must be such that �p < Re w½ � < 0.

By introducing w0 ¼ �pþ ju, one obtains

1
2p j

ð
g3

Fða0Þ
a0 � a

da0 ¼ � 1
2p j

ð1

0

F̂ ð�pþ juÞ � F̂ð�p� juÞ� �
sinð�pþ juÞ

cosð�pþ juÞ � cos w
jdu

¼ � 1
2p j

ð1

0

F̂ ð�pþ juÞ � F̂ð�p� juÞ� �
sinh u

cosh u þ cos w
du

¼ � 1
2p j

ð1

0

F̂ ð�pþ juÞ � F̂ð�p� juÞ� �
sinh u

cosh u � a
k

du ð110Þ

that is,

FþðaÞ ¼ � 1
2p j

ð1

0

F̂ð�pþ juÞ � F̂ð�p� juÞ� �
sinh u

cosh u þ cos w
du �

X
n0

Rn

an0 � a

¼ � 1
2p j

ð1

0

F̂ð�pþ juÞ � F̂ð�p� juÞ� �
sinh u

cosh u � a
k

du �
X

n0

Rn

an0 � a
ð111Þ

It must be remembered that, when looking at the w – plane, the poles located in the proper
image of the half-plane Im a½ � � 0 and having Re w½ � < �p must not be considered.

Discussion

In the w – plane the poles to be considered are located in the proper image of the half-plane
Im a½ � < 0, which does not belong to the region between go2 and g3 (Fig. 15).

In the w – plane the representation (113) stands if Re w½ � > �p. If the integral has been
evaluated in closed form, then according to the analytic continuation this closed form
represents the plus function also when Re w½ � < �p. Conversely, if a numerical integration
has been adopted, the jump Re w½ � > �p, Re w½ � < �p has to be studied according to the
observations developed in section 3.1. Note that the singularity u ¼ 0 that appears in
F̂ð�p� juÞ is compensated by the function sinh u.

Example

Decomposition of 1
c ¼ � 1

k sin w ¼ F̂ðwÞ.
The last integral of the previous formula provides the following result:

F̂þðwÞ ¼ � 1
jp k

ð1

0

1
jðcosh u þ cos wÞ du ¼ 1

p k

w

sin w
ð112Þ

which is in agreement with (16).
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The final formula

FþðwÞ ¼ � 1
2p j

ð1

0

F̂ð�pþ juÞ � F̂ð�p� juÞ� �
sinh u

cosh u þ cos w
du �

X
n

Rn

k cos w þ an
ð113Þ

shows that the plus functions are even functions in the w – plane, regular at the point w ¼ 0
corresponding to the branch point a ¼ �k. This is a fundamental property (Daniele, 2001,
2003b, 2004b).

3.3.2 Evaluation of the minus functions

Minus functions may be considered as plus functions evaluated for a ¼ �a. By taking into
account the property of eq. (66) in chapter 2

wð�aÞ ¼ �wðaÞ � p

it follows that the minus function Fþð�aÞ has the form F̂þð�w � pÞ where F̂þðwÞ is even in
w and regular at w ¼ 0. Furthermore, the images in the w – plane of the minus functions have
the property of being invariant under the substitution of w with �2p� w, that is,
F̂þð�w � pÞ ¼ F̂þðw þ pÞ ¼ F̂þð�ð�2p� wÞ � pÞ.

Starting from F�ðaÞ ¼ � 1
2p j

Ð
g2

Fða0Þ
a0�a da0, we warp the integration path g2 to the line g�

(Fig. 16) surrounding the standard branch line relevant to the branch point a ¼ �k. This
yields

F�ðaÞ ¼ � 1
2p j

ð
g2

Fða0Þ
a0 � a

da0 ¼ 1
2p j

ð
g�

Fða0Þ
a0 � a

da0 �
X Sn

an � a
ð114Þ

where an are the poles of FðaÞ located in the proper upper half-plane Im a½ � � 0, and Sn are
the corresponding residues.

k

�5

52

g2

g�

a

a¢ � plane

�k

•

10

0.5�0.5�1

�10

Fig. 16: Deformation of the integration path g2 in the a0 – plane
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Let us now consider the w – plane a ¼ �to cos w. In this plane, the line g� has as image the
line b� ¼ b1�[ b2�, and it separates the image of the proper quadrant 2 denoted by the number
2 encapsulated in a square, &, from the image of the improper quadrant 2 denoted by the
number 2, as depicted in Fig. 17 (see also chapter 2, Fig. 4). The reported positive direction takes
into account that when running on g� on the a0 – plane the proper sheet lies on the left side.

Let us now decompose b� into b1� (located in Im w½ � > 0) and b2� (located in Im w½ � < 0).
By introducing

Fða0Þ ¼ F̂ðw0Þ; da0 ¼ to sin w0 dw0

this yields

1
2p j

ð
g�

Fða0Þ
a0 � a

da0 ¼ � 1
2p j

ð

b1�

F̂ðw0Þ
cos w0 � cos w

sin w0 dw0 � 1
2p j

ð

b2�

F̂ðw0Þ
cos w0 � cos w

sin w0 dw0

The substitution of w0 with �w0 in the second integral implies that b�2 ¼ �b�1. Consequently,

1
2p j

ð
g�

Fða0Þ
a0 � a

da0 ¼ � 1
2p j

ð

b1�

F̂ðw0Þ � F̂ð�w0Þ
cos w0 � cos w

sin w0 dw0

By deforming b1� on the imaginary axis w ¼ j Im w0½ �, Im w0½ � > 0, the poles, located in a proper
region of quadrant 2 between these two lines, do contribute with opposite signs with respect
to �P Sn

an�a. By introducing w0 ¼ ju ) sin w0 dw0 ¼ �sinh u du, one obtains the final results:

F�ðaÞ ¼ F̂�ðwÞ ¼ � 1
2p j

ð
g2

Fða0Þ
a0 � a

da0 ¼ 1
2p j

ð1

0

F̂ðjuÞ � F̂ð�juÞ
cosh u � cos w

sinh u du �
X Sn

an � a

ð115Þ

0.5

2
b2�

b1�

1 1.5

2

�0.5�1

�1

�2

1

2
2

�1.5

w – plane

Fig. 17: Deformation of the integration path b_ (image of g_ ) in the w – plane
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where the poles to be considered for computation purposes are those located in the half-plane
Im a½ � > 0 outside the subregion of quadrant 2, between the upper lip of the standard branch
line and the half line from �k to �1 defined by a ¼ �k cosh u, 0 � u � 1. Insofar as the
w – plane is concerned, the poles to be considered are located in the proper image with
�p < Re w½ � < 0 (Fig. 17).

In the w – plane, eq. (115) is valid if Re w½ � < 0. If the integral has been evaluated in closed
form, then, according to analytic continuation, this closed form represents the minus function
also for Re w½ � > 0. Conversely, in the case when a numerical integration has been adopted, the
jump from Re w½ � < 0 to Re w½ � > 0 has to be studied according to the observations developed
in section 3.1.

It can be ascertained that F̂�ðwÞ is a minus function, since it is regular in w ¼ �p(a ¼ to)
and F̂�ð�w � 2pÞ ¼ F̂�ð�wÞ. In this case also, as in the previously considered one, the sin-
gularity at u ¼ 0 is de facto eliminated by the presence of the function sinh u. However,
sometimes, u ¼ 0 is a singular point because of the presence of a multiple singularity in the
numerator F̂ðjuÞ � F̂ð�juÞ. When this happens, there is a pole at u ¼ 0 that cannot be elimi-
nated by the presence of sinh u, and this means that the original integral on b� does not con-
verge for w0 ¼ 0. To perform the integral, b� has to be hooked at w0 ¼ 0 so that the hook is
located in the proper region 2 (Fig. 18).

Example

Factorization of the function x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � �to cos F
p arccos � h

to

h ih i� �2
r

.

The factorization of this function is a crucial point for solving diffraction problems
involving wedges with aperture angle 2ðp�FÞ) (see chapter 10).

By introducing the w � plane, defined by the mapping

h ¼ �to cosðwÞ ð116Þ
one finds that

x ¼ �to sin
F
p

w ð117Þ

0.5

2
b2�

b1�

1 1.5

2

�0.5�1

�1

�2

1

2
2

�1.5

w � plane

g �

Fig. 18: The line g� obtained by hooking the line b� at w0 ¼ 0
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The factorization of x can be accomplished through the logarithmic decomposition of gðhÞ:

gðhÞ ¼ d

dh
log x ¼ dw

dh
d

dw
log x ¼ � dw

dh
F
p

cos
F
p

w

� �

sin
F
p

w

� � ¼ � F
pto

cos
F
p

w

� �

sin w sin
F
p

w

� � ð118Þ

The presence of the double pole at w ¼ 0 requires the hooking of the line b� (Fig. 18). The
line with the hook will be denoted by g�.

Equation (3) provides the minus part of gðhÞ in the form:

g�ðhÞ ¼ � 1
2p j

ð
g2

gða0Þ
a0 � h

da0 ¼ 1
2p j

ð

g�

ĝðw0Þ sin w0

cos w0 � cos w
dw0

¼ 1
2p j

ð

g�

� F
pto

cos
F
p

w0
� �

sin
F
p

w0
� � 1

cos w0 � cos w
dw0 ð119Þ

The contribution of the hooking is given by � 1
2 Rð0Þ, where Rð0Þ is the residue of the

integrand at w0 ¼ 0. It follows that

g�ðhÞ ¼ � 1
2p j

ð

g1

F
pto

cos
F
p

w0
� �

sin
F
p

w0
� � 1

cos w0 � cos w
dw0

¼ � 1
2

Rð0Þ þ 1
2p j

P:V :

ð

b�

� F
pto

cos
F
p

w0
� �

sin
F
p

w0
� � 1

cos w0 � cos w
dw0 ð120Þ

where P.V. means the Cauchy principal value of the integral.
Since the integrand function is an odd function and the integration path b� is symmetrical

(Fig. 17), the P.V. integral is null, which yields

g�ðhÞ ¼ � 1
2

Rð0Þ ¼ 1
2

1
to

1
1 � cos w

¼ 1
2

1
to þ h

¼ d logðx�Þ
dh

ð121Þ

Consequently,

logðx�Þ ¼
ð

1
2

1
to þ h

dh ¼ log
ffiffiffiffiffiffiffiffiffiffiffiffiffi
to þ h

p
ð122Þ

By taking into account that the factorized functions may be multiplied by a constant factor,
we assume

x� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
to þ h

2

r
ð123Þ
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3.3.4 Use of difference equation for function decomposition

The property of the function FþðaÞ in the w – plane allows a decomposition technique based
on the use of difference equations. In fact, the decomposition problem

FðaÞ ¼ XþðaÞ þ Yþð�aÞ ð124Þ
may be rewritten in the w – plane as

F̂ðwÞ ¼ X̂þðwÞ þ Ŷþð�w � pÞ ¼ X̂þðwÞ þ Ŷþðw þ pÞ ð125Þ
where X̂þðwÞ and ŶþðwÞ are even functions, regular at w ¼ 0. By taking into account the
properties of these functions, it is possible to eliminate one of the unknowns, for example, by
substituting w0 with �w0 and then subtracting

Ŷþðw þ pÞ � Ŷþðw � pÞ ¼ F̂ðwÞ � F̂ð�wÞ ð126Þ
This equation is a difference equation in the unknown ŶþðwÞ, and it can be solved with the
method described in Osipov and Norris (1999).

3.3.5 The W-H equation as difference equation

In the w – plane, W-H equations may be rewritten in the form

ĜðwÞX̂þðwÞ ¼ Ŷþð�w � pÞ þ F̂oðwÞ ð127Þ
By using the aforementioned procedure, it is possible to eliminate the unknown ŶþðwÞ, thus
obtaining the difference equation:

Ĝð�w � pÞX̂þðw þ pÞ � Ĝðw � pÞX̂þðw � pÞ ¼ F̂ oð�w � pÞ � F̂ oðw � pÞ ð128Þ
The decomposition-factorization and the solution of difference equation are two different
aspects for solving many diffraction problems. However, whereas the decomposition-
factorization constitutes a closed mathematical problem, difference equations may involve
many solutions; therefore, it is necessary to take into account additional conditions for
pinpointing the correct solution.
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CHAPTER 4

Exact matrix factorization

4.1 Introduction

The central problem in solving vector Wiener-Hopf equations is the factorization of a n � n
matrix. Even though this problem has been considerably studied in the past, up to now a
general method to factorize a n � n matrix is not known. A discussion of significant
advances, achieved in the last few years, appears in Büyükaksoy and Serbest (1993). In this
chapter, we outline the most interesting ideas for obtaining explicit matrix Wiener-Hopf
factorization.

Before discussing the matrix Wiener-Hopf factorization, it is interesting to mention that
this problem has been considered in the more general framework of the vector Riemann-
Hilbert problem. An important paper on this approach is the one by Chebotarev (1956),
which investigates the conditions under which the vector Riemann problem can be solved by
a simple generalization of the formula derived for the solution of the scalar problem. How-
ever, these conditions are so restrictive that there seems to be no hope that they could apply
to practical cases. Khrapkov (1971) studied the case n ¼ 2 in detail, and in particular cir-
cumstances he stated explicit factorization formulas. In those years, in Western countries the
interest was primarily in matrix factorization relevant to the diffraction by a half-plane
with two face impedances. Even though the solution of this problem was obtained by
Malyuzhinets in 1951 (Malyuzhinets, 1958b), it is rather surprising that researchers did not
succeed in obtaining the related matrix factorization for a long time. In 1975, Rawlins was
finally able to solve with an ad hoc technique the particular case constituted by the half-plane
with one soft and one hard face. Rawlins’s work was substantially improved in 1976, when
Hurd introduced a new method (the Wiener-Hopf-Hilbert method), which solves a large
class of Wiener-Hopf systems of order two. This method provides also the W-H solution of
the diffraction by the two impedances half-plane. A direct factorization formula for the
problems where the Hurd method applies was finally obtained in 1978 (Daniele, 1978). Later
on, it has been shown that Daniele’s method essentially coincides with the results indepen-
dently obtained by Khrapkov (Luneburg & Hurd, 1984).

In most cases, the Daniele-Khrapkov factorization is nonstandard, due to the singular
behavior of the factorized matrices at infinity. Another paper by Daniele (1984a) introduced
an approach that overcomes the difficulty that occurs when the regularity conditions at
infinity are not satisfied. Generally, this approach yields a classical Jacobi inversion problem
(section 4.8.5).
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The idea that allows for the direct factorization of a particular class of order two matrices
is based on the concept of logarithmic additive decomposition. This was extended by
Daniele (1983, 1984b) and Jones (1984) to matrices of arbitrary order. In particular, it is
possible to factorize with the logarithmic additive decomposition all the matrices commuting
with polynomial matrices (Daniele, 1984b). However, again the factorization formulas
involve an essential singularity behavior at infinity, and a cumbersome procedure is neces-
sary to eliminate it (section 4.8.5).

It should be remarked that it may be difficult to recognize whether a given matrix belongs
to one of the particular classes of matrices amenable to explicit factorization. In fact,
suitable algebraic manipulations may reduce the factorization of a given matrix to the fac-
torization of a matrix having a very different nature. The entries of the matrices may be
deeply modified by pre- or post-multiplication with rational matrices. The ability to reduce,
when possible, a given matrix to a matrix that can be factorized explicitly requires experi-
ence and mathematical skill.

The possibility of obtaining the W-H factorization of a given matrix in closed form
remains a challenging and fascinating problem. However, the recent improvements on
approximate numerical factorizations (chapters 5 and 6) have overcome this problem from a
practical point of view.

4.2 Some possibilities to reduce the order of the
kernel matrices

Before discussing in general the methods for solving the matrix factorization problem in
closed form, it is interesting to study the possibility of reducing the order of the matrix to be
factorized. Even though this study is far from completion, some examples of reduction of
order of W-H system can be presented. For instance, if we have matrices of order n such that
GðaÞ or its inverse contains rows constituted by rational elements, we can reduce the order of
the matrix with the following procedure.

Let us suppose that the r row of the W-H equations has the form

Gr1ðaÞF1þðaÞ þ Gr2ðaÞF2þðaÞ þ � � � þGrnðaÞFnþðaÞ ¼ Fr�ðaÞ ð1Þ
where GrsðaÞ are rational scalars. By separating the plus and minus functions in this equa-
tion, we obtain the result (see eq. (15) in chapter 2)

Pr1ðaÞF1þðaÞ þ Pr2ðaÞF2þðaÞ þ � � � þ PrnðaÞFnþðaÞ ¼ NðaÞ ð2Þ
where NðaÞ is a polynomial with a finite number of unknown constants, and PrsðaÞ are
suitable polynomials. From eq. (2) we can eliminate a plus function (e.g., FnþðaÞ), and
substituting into the other n � 1 equations we obtain a W-H system of order n � 1. We
observe that (2) provides a weak representation of FnþðaÞ (in terms of the other plus
functions) that is rational. This means that if there is another row of GðaÞ with rational
elements, we can repeat the previous procedure and eliminate another unknown function
(say Fðn�1ÞþðaÞ). We can conclude that the factorization of a matrix having only a row with
non-rational coefficients can be reduced to the weak factorization of a scalar. For example,
in this manner we can obtain the factorization of a matrix of order two that contains three
rational entries.
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The reduction of the order holds for matrices having rational eigenvectors. In fact, the
Jordan decomposition of GðaÞ yields

GðaÞ ¼ SðaÞJðaÞS�1ðaÞ ð3Þ
where SðaÞ is the eigenvectors matrix and JðaÞ is a Jordan matrix formed by Jordan blocks on
the main diagonal constituted by the eigenvalues of GðaÞ (Gohberg, Lancaster & Rodman,
1982). The rationality of SðaÞ reduces the problem to the factorization of JðaÞ (section 4.7). In
general, this can be accomplished easily by using the factorization technique for triangular
matrices (section 4.3).

If the matrix SðaÞ were nonrational, there remains some hope of accomplishing a
reduction if some eigenvalues present in JðaÞ are rational. In fact, in the presence of rational
eigenvalues we can rewrite the W-H system GðaÞ � FþðaÞ ¼ F�ðaÞ in the form

JðaÞS�1ðaÞFþðaÞ ¼ S�1ðaÞF�ðaÞ ð4Þ
It is possible that one or more scalar W-H equations involved in (4) present the form (2).

Another matrix form that allows us to reduce the order of the factorization of matrices is

GðaÞ ¼ AðaÞ � 1m þ BðaÞ � GðaÞ ð5Þ
where the symbol � means the Kronecker product, AðaÞ and BðaÞ are matrices of order n,
and 1m and GðaÞ ¼ diag GiðaÞ½ � are the identity matrix and an arbitrary diagonal matrix of
order m, respectively.

Since given the Kronecker product C � D, there exist permutation matrices P and Q such
that

C � D ¼ PðD � CÞQ ð6Þ
We obtain

GðaÞ ¼ P � WðaÞ � Q ð7Þ
where

WðaÞ ¼ 1m � AðaÞ þ GðaÞ � BðaÞ ð8Þ
Consequently, since the permutation matrices are constants (their entries are 0 or 1), we
reduce the problem to the factorization of WðaÞ ¼ 1m � AðaÞ þ GðaÞ � BðaÞ, taking into
account that GðaÞ ¼ diag GiðaÞ½ � is diagonal. In extended form we have

WðaÞ ¼
AðaÞ þ G1BðaÞ 0 0

0 . .
.

0

0 0 AðaÞ þ GmBðaÞ

0
BB@

1
CCA ð9Þ

In this way, the factorization of GðaÞ of order n � m is reduced to the factorization of m
matrices of order n:

WiðaÞ ¼ AðaÞ þ GiðaÞBðaÞ ð10Þ
Sometimes GðaÞ is not diagonal but can be cast in the form

GðaÞ ¼ tðaÞ � gðaÞ � t�1ðaÞ ð11Þ
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where tðaÞ is rational, and gðaÞ is diagonal. Taking into account the property

A1ðaÞ � A2ðaÞ½ � � B1ðaÞ � B2ðaÞ½ � ¼ A1ðaÞ � B1ðaÞ½ � � A2ðaÞ � B2ðaÞ½ � ð12Þ
and premultiplying by 1n � t�1ðaÞ and postmultiplying by 1n � tðaÞ, we obtain

1n � t�1ðaÞ � GðaÞ � 1n � tðaÞ ¼ AðaÞ � 1m þ BðaÞ � gðaÞ ð13Þ
The problem is reduced to the factorization of a matrix where GðaÞ is substituted by the
diagonal matrix gðaÞ.

In simpler cases we have to factorize:

GðaÞ ¼ BðaÞ � GðaÞ ð14Þ
Taking into account (12) and the factorization of BðaÞ ¼ B�ðaÞ � BþðaÞ and of
GðaÞ ¼ G�ðaÞ � GþðaÞ, one finds

GðaÞ ¼ G�ðaÞ � GþðaÞ ð15Þ
with

G�ðaÞ ¼ B�ðaÞ � G�ðaÞ, GþðaÞ ¼ BþðaÞ � GþðaÞ ð16Þ

4.3 Factorization of triangular matrices

A class of matrix kernels that we are able to explicitly factorize is the triangular matrices
one. A matrix GðaÞ is a triangular matrix if its entries gijðaÞ satisfy the following conditions:

gijðaÞ ¼ 0 for i < j lower triangular matrices ð17Þ
or

gijðaÞ ¼ 0 for i > j upper triangular matrices: ð18Þ
The triangular matrices can be factorized with the following method that, without any
restriction and for the sake of simplicity, will be detailed for upper triangular matrices only:

GðaÞ ¼

g11 g12 � � � � � � � g1n

0 g22 g23 :: g2n

0 0 g33 � � � g3n

: : : : . . . : : . . .

0 0 0 0 gnn

������������

������������
ð19Þ

The simplest factorization of this class is the one of the order-two matrix
1 gðaÞ
0 1

����
����. The

additive decomposition of gðaÞ ¼ g�ðaÞ þ gþðaÞ yields the explicit factorization:

1 gðaÞ
0 1

�����
����� ¼

1 g�ðaÞ
0 1

�����
�����

1 gþðaÞ
0 1

�����
����� ð20Þ
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This is remarkable since the factorization problem is reduced to an additive decomposition
that can always be accomplished.

To factorize matrices of order two in the general case, it is very useful to employ

GðaÞ ¼ g11 g12

0 g22

����
���� ¼ g11� 0

0 g22�

����
���� 1 ðg11�Þ�1g12ðg22þÞ�1

0 1

�����
�����

g11þ 0

0 g22þ

����
���� ð21Þ

where the minus and plus functions follow from the factorization of the scalars g11 and g22:

g11 ¼ g11�g11þ, g22 ¼ g22�g22þ ð22Þ
Applying (20) to the middle matrix of the rightmost member of (21) yields the factorization

GðaÞ ¼ G�ðaÞGþðaÞ ¼
g11 g12

0 g22

����
���� ¼

g11� 0

0 g22�

����
����

1 ge�
0 1

����
����

1 geþ
0 1

����
����

g11þ 0

0 g22þ

����
����
ð23Þ

where

G�ðaÞ ¼
g11� 0

0 g22�

����
���� 1 ge�

0 1

����
����, GþðaÞ ¼

1 geþ
0 1

����
���� g11þ 0

0 g22þ

����
���� ð24Þ

and ge� and geþ follow by the additive decomposition of

ge ¼ ðg11�Þ�1g12ðg22þÞ�1 ¼ ge�þ geþ ð25Þ
For arbitrary matrices of order n ¼ k þ m, a given triangular matrix GðaÞ can be written in
the form

GðaÞ ¼
ðg11Þk,k ðg12Þk,m

ð0Þm,k ðg22Þm,m

�����
�����

where the square submatrices ðg11Þk,k and ðg22Þm,m, respectively, of order k and m are upper
triangular matrices. Equation (26) reduces the factorization of GðaÞ to the factorization of
matrices ðg11Þk,k and ðg22Þm,m having inferior order:

GðaÞ ¼
ðg11Þk,k ðg12Þk,m

ð0Þm,k ðg22Þm,m

�����
�����

¼
ðg11�Þk,k ð0Þk,m

ð0Þm,k ðg22�Þm,m

�����
�����
ð1Þk,k ðg11�Þ�1

k,kðg12Þk,mðg22þÞ�1
m,m

ð0Þm,k ð1Þm,m

�����
�����
ðg11þÞk,k ð0Þk,m

ð0Þm,k ðg22þÞm,m

�����
�����

ð26Þ
where ðg11Þk,k ¼ ðg11�Þk,k � ðg11�Þk,k and ðg22Þm,m ¼ ðg22�Þm,m � ðg22þÞm,m. In fact, the fac-
torization of the middle matrix of the rightmost member follows from the decomposition of
the matrix:

ðgeÞk,m ¼ ðg11�Þ�1
k,kðg12Þk,mðg22þÞ�1

m,m ¼ ðge�Þk,m þ ðgeþÞk,m ð27Þ
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This yields the factorization GðaÞ ¼ G�ðaÞGþðaÞ:

G�ðaÞ ¼
ðg11�Þk,k ð0Þk,m

ð0Þm,k ðg22�Þm,m

�����
�����
ð1Þk,k ðge�Þk,m

ð0Þm,k ð1Þm,m

�����
�����

ð28Þ
GþðaÞ ¼

ð1Þk,k ðgeþÞk,m

ð0Þm,k ð1Þm,m

�����
�����
ðg11þÞk,k ð0Þk,m

ð0Þm,k ðg22þÞm,m

�����
�����

4.4 Factorization of rational matrices

4.4.1 Introduction

The factorization of rational matrices can always be accomplished explicitly (Bart,
Goheberg & Kaashoek, 1979). The rational matrices are very important in many electrical
engineering problems. For instance, their factorization provides a tool for the solution of the
optimal filtering problem (Wiener, 1949) and the impedance synthesis of n-port networks
(Newcomb, 1966). Unfortunately, these matrices do not occur in diffraction theory.
However, Padé representation allows to approximate an arbitrary function with a rational
function, so approximate factorizations of the matrix kernels involved in electromagnetic
problems can be accomplished by introducing suitable Padé approximants (Abrahams, 2000)
or, more generally, rational approximants of suitable entries of the matrix (see chapter 6).

Every rational matrix RðaÞ may be rewritten in the form

RðaÞ ¼ PðaÞ
dðaÞ ð29Þ

where dðaÞ is a scalar polynomial, and PðaÞ is a matrix polynomial of the type

PðaÞ ¼
Xl

i¼0

Ai ai ð30Þ

and Ai are n � n matrices whose entries are constant complex numbers.
Since the factorization of the scalar polynomial dðaÞ ¼ d�ðaÞdþðaÞ is straightforward,

eq. (29) reduces the factorization of a rational matrix RðaÞ to the factorization of a matrix
polynomial PðaÞ. The fundamental result that allows the factorization of PðaÞ is the Smith
representation (Gohberg, Lancaster & Rodman, 1982) of the polynomial matrices:

PðaÞ ¼ EðaÞDðaÞFðaÞ ð31Þ
In this representation, EðaÞ and FðaÞ are matrix polynomials of order n with constant non-
zero determinant, and the matrix DðaÞ is diagonal:

DðaÞ ¼ Diag drðaÞ½ �, r ¼ 1, 2, . . . , n ð32Þ
where all the scalar polynomials drðaÞ are divisible by dr�1ðaÞ.

The factorization of DðaÞ is given by

DðaÞ ¼ D�ðaÞDþðaÞ ð33Þ
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where, since drðaÞ ¼ dr�ðaÞdþrðaÞ,
D�ðaÞ ¼ Diag dr�ðaÞ½ �, r ¼ 1, 2, . . . , n, DþðaÞ ¼ Diag drþðaÞ½ �, r ¼ 1, 2, . . . , n ð34Þ

The factorization of PðaÞ follows in the form

PðaÞ ¼ P�ðaÞPþðaÞ ð35Þ
where

P�ðaÞ ¼ EðaÞD�ðaÞ PþðaÞ ¼ DþðaÞFðaÞ ð36Þ
By taking into account the property of the determinant of EðaÞ and FðaÞ, E�1ðaÞ and
F�1ðaÞ also are polynomial matrices. Thus, the factorization of the rational matrix
RðaÞ ¼ R�ðaÞRþðaÞ is given by

R�ðaÞ ¼ P�ðaÞ
d�ðaÞ , R�1

� ðaÞ ¼ d�ðaÞD�1
� ðaÞE�1ðaÞ ð37Þ

RþðaÞ ¼ PþðaÞ
dþðaÞ , R�1

þ ðaÞ ¼ dþðaÞF�1ðaÞD�1
þ ðaÞ ð38Þ

Even though the Smith representation (31) has a very deep conceptual importance, it is not
straightforward. In practical cases, it is better to accomplish the factorization of rational
matrices using different procedures. In the following, for the sake of simplicity it will be
assumed that the involved poles are simple; however, the presence of multiple poles requires
only a slight modification of the presented procedure.

4.4.2 Matching of the singularities

There are different techniques to factorize rational matrices. For instance, those based on the
realization theory are very general (Bart, Goheberg & Kaashoek, 1979). In this book, we will
not consider these powerful techniques but will limit our considerations to elementary methods.

In general, the factorization of rational matrices can be accomplished by using the ideas
of weak factorization introduced in chapter 2, section 2.7. However, if only simple poles are
involved, the following technique provides a simpler method.

Let us consider a rational matrix GðaÞ and its inverse G�1ðaÞ in the form

GðaÞ ¼ AðaÞ
dðaÞ ð39Þ

G�1ðaÞ ¼ BðaÞ
dðaÞ ð40Þ

where AðaÞ and BðaÞ are polynomial matrices of order n, and dðaÞ and dðaÞ are scalars. In
the following we will assume

GðaÞ
a

! 0 and
G�1ðaÞ

a
! 0 as a ! 1 ð41Þ
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As indicated in chapter 2, section 2.6, the homogeneous solutions of the W-H equation

AðaÞ
dðaÞ XjþðaÞ ¼ Xj�ðaÞ, j ¼ 1, 2, . . . , n ð42Þ

where Xjþ,�ðaÞ
a ! 0, as a ! 1, lead to evaluate factorized matrices in the form:

G�ðaÞ ¼ X1�ðaÞ, X2�ðaÞ, . . . , Xn�ðaÞj j ð43Þ
GþðaÞ ¼ X1þðaÞ,X2þðaÞ, . . . , XnþðaÞj j�1 ð44Þ

Let us introduce the functions:

FjþðaÞ ¼ XjþðaÞ
a� ap

ð45Þ

where ap has negative imaginary part (Im ap

� �
< 0). In the following we will assume that ap

do not belong to the null space of GðapÞ (this happens if det GðapÞ
� � ¼ 0 and yields

Xj�ðapÞ ¼ 0). Also, we will assume that ap do not belong to the null space of G�1ðapÞ (it
happens if det G�1ðapÞ

� � ¼ 0) and yields XjþðapÞ ¼ 0. We did not study the problem of the
better choice of ap. By changing the value of ap, it has be shown (section 2.6) that the
factorized matrices GþðaÞ and G�ðaÞ differ only by a constant matrix.

The homogeneous equation

PðaÞ
dðaÞ FjþðaÞ ¼ Fj�ðaÞ, j ¼ 1, 2, . . . , n ð46Þ

can be rewritten in the form

PðaÞ
dðaÞ FjþðaÞ ¼ Xj�ðaÞ � Xj�ðapÞ

a� ap
þ Xj�ðapÞ

a� ap
¼ Fj�ðaÞ, j ¼ 1, 2, . . . , n

or

PðaÞ
dðaÞ FjþðaÞ ¼ Fs

j�ðaÞ þ
Ej

a� ap
¼ Fj�ðaÞ, j ¼ 1, 2, . . . , n ð47Þ

where Ej ¼ Xj�ðapÞ, and the plus FjþðaÞ and the minus Fs
j�ðaÞ ¼ Xj�ðaÞ�Xj�ðapÞ

a�ap
are standard

Laplace transforms. In the following we set

E1 ¼ 1, 0, 0, 0, . . .½ �t, E2 ¼ 0, 1, 0, 0, . . .½ �t, . . .En ¼ 0, 0, 0, 0, . . . ,1½ �t

This provides n independent solutions of

PðaÞ
dðaÞ FjþðaÞ ¼ Fs

j�ðaÞ þ
Ej

a� ap
, j ¼ 1, 2, . . . , n ð48Þ
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For the sake of simplicity, from here onward we will suppress the subscript j and will
indicate with

ai i ¼ 1, 2, . . . , r zeroes of d a½ � having Im ai½ � > 0 ðminus zeroesÞ
gi i ¼ 1, 2, . . . , s zeroes of d a½ � having Im ai½ � < 0 ðplus zeroesÞ

By taking into account (48), and that the zeroes ai i ¼ 1, 2, . . . , r of d a½ � that have
Im ai½ � > 0 induce poles in F�ðaÞ, one obtains the representation:

F�ðaÞ ¼ E

a� ap
þ
Xr

i

RðaiÞ
a� ai

ð49Þ

Similarly from

FþðaÞ ¼ BðaÞ
dðaÞ F�ðaÞ ð50Þ

one obtains the representation

FþðaÞ ¼ G�1ðapÞ E

a� ap
þ
Xs

i

TðgiÞ
a� gi

ð51Þ

The representations (49) and (51) introduce the r þ s unknown vectors RðaiÞ and TðgiÞ.
Taking into account that they have dimension n, the unknown scalars are nðr þ sÞ. We
provide nðr þ sÞ equations by evaluating the residues in ai ði ¼ 1, 2, . . . , rÞ in

PðaÞ
dðaÞ FþðaÞ ¼ F�ðaÞ ð52Þ

thus obtaining the r � n scalar equations

Residue F�ðaÞ½ �a¼ai
¼ RðaiÞ ¼ PðaiÞ

d0ðaiÞFþðaiÞ ¼ i ¼ 1, 2, . . . , r ð53Þ

Similarly, from

FþðaÞ ¼ BðaÞ
DðaÞF�ðaÞ ð54Þ

the s � n scalar equations follow:

Residue FþðaÞ½ �a¼gi
¼ TðgiÞ ¼

BðgiÞ
d0ðgiÞ

F�ðgiÞ ¼ i ¼ 1, 2, . . . , s ð55Þ

By substituting the representations (49) and (51), eqs. (53) and (55) provide the nðr þ sÞ
scalar equations that yield the evaluation of the residues RðaiÞ i ¼ 1, 2, . . . , r and TðgiÞ
i ¼ 1, 2, . . . , s.

In the previous equations, the poles we considered are simple. A slight modification of
this procedure allows us to deal with the case where multiple poles are involved.
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4.4.2.1 An example of matrix of order three

Let us consider the factorization of the rational matrix:

GðaÞ ¼

j

a2 þ 1
2

a2 þ 4
a2 þ 1

1 2
a2 þ 9
a2 þ 1

a2

a2 þ 1
1

a2 þ 1
2

0
BBBBBBB@

1
CCCCCCCA

ð56Þ

that has as inverse

G�1ðaÞ ¼

� ða2 þ 1Þð4a4 þ 7a2 � 5Þ
4a6 þ ð1 � 4jÞa4 � ð3 þ 7jÞa2 þ 5j

a2ða2 þ 1Þð4a4 þ 7Þ
4a6 þ ð1 � 4jÞa4 � ð3 þ 7jÞa2 þ 5j

� 10ða2 þ 1Þ2

4a6 þ ð1 � 4jÞa4 � ð3 þ 7jÞa2 þ 5j

ða2 þ 1Þða4 � 5a2 þ 2Þ
4a6 þ ð1 � 4jÞa4 � ð3 þ 7jÞa2 þ 5j

ða2 þ 1Þða4 þ ð4 � 2jÞa2 � 2jÞ
4a6 þ ð1 � 4jÞa4 � ð3 þ 7jÞa2 þ 5j

� ða2 þ 1Þða4 þ ð5 � jÞa2 þ 4 � 9jÞ
4a6 þ ð1 � 4jÞa4 � ð3 þ 7jÞa2 þ 5j

2a6 þ 3a4 � 1

4a6 þ ð1 � 4jÞa4 � ð3 þ 7jÞa2 þ 5j
� ða2 þ 1Þð2a4 þ 2a2 � jÞ

4a6 þ ð1 � 4jÞa4 � ð3 þ 7jÞa2 þ 5j

2ða2 þ 1Þ2ða2 þ 1 � jÞ
4a6 þ ð1 � 4jÞa4 � ð3 þ 7jÞa2 þ 5j

0
BBBBBBBBBB@

1
CCCCCCCCCCA

The exact factorization of this matrix was accomplished with the method indicated in the
previous section by assuming ap ¼ �2j. This procedure involves cumbersome algebraic
manipulations that required the use of the computing software MATHEMATICA. The exact
plus factorized matrix GþðaÞ is reported in the following expression:

GþðaÞ ¼ 1
dþ

n11þ n12þ n13þ
n21þ n22þ n23þ
n31þ n32þ n33þ

������

������
where the elements of the matrix are given by

dþ¼ ðð�0:184364 þ 1:20287 iÞ þ aÞ ðð�0:184363 þ 1:20287 iÞ þ aÞ
ð0:999955 i þ aÞð0:999985 i þ aÞð1:00006 i þ aÞðð0:746591 þ 0:040993 iÞ þ aÞ
ðð0:746591 þ 0:0409929 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞðð1:02883 þ 0:671794 iÞ þ aÞ

n11þ ¼ ðð�0:302761 þ 0:0427102 iÞðð1:20287 þ 0:184364 iÞ � i aÞðð�0:184364 þ 1:20287 iÞ þ aÞ
ðð�0:152283 þ 3:0795 iÞ þ aÞð1: i þ aÞð1: i þ aÞðð0:746591 þ 0:0409929 iÞ þ aÞ
ðð0:746591 þ 0:0409929 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞ

n12�¼ ð1:96889 � 0:212392 iÞðð�0:184364 þ 1:20287 iÞ þ aÞðð�0:184364 þ 1:20287 iÞ þ aÞ
ð1: i þ aÞð1: i þ aÞðð0:108318 þ 0:995883 iÞ þ aÞðð0:746591 þ 0:0409929 iÞ þ aÞ
ðð0:746591 þ 0:0409929 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞ

n13þ¼ ð1:73121 þ 0:570419 iÞðð�0:184364 þ 1:20287 iÞ þ aÞ
ðð�0:184364 þ 1:20287 iÞ þ aÞð1: i þ aÞð1: i þ aÞð2: i þ aÞðð0:746591 þ 0:0409929 iÞ þ aÞ
ðð0:746591 þ 0:0409929 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞ

(57)
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n21þ¼ ð1:0738 þ 0:26881 iÞðð�1:219383 þ 1:12365 iÞ þ aÞðð�0:184364 þ 1:20287 iÞ þ aÞ
ðð�0:184364 þ 1:20287 iÞ þ aÞð1: i þ aÞð1: i þ aÞðð0:746591 þ 0:0409929 iÞ þ aÞ
ðð0:746591 þ 0:0409929 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞ

n22þ¼ ð2:03862 � 0:351043 iÞðð�0:184364 þ 1:20287 iÞ þ aÞðð�0:184364 þ 1:20287 iÞ þ aÞ
ð1: i þ aÞð1: i þ aÞðð0:16407 þ 1:0472 iÞ þ aÞðð0:746591 þ 0:0409929 iÞ þ aÞ
ðð0:746591 þ 0:0409929 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞ

n23þ¼ ð2:27122 þ 1:25689 iÞðð�0:184364 þ 1:20287 iÞ þ aÞðð�0:184364 þ 1:20287 iÞ þ aÞ
ð1: i þ aÞð1: i þ aÞðð0:310885 þ 2:56178 iÞ þ aÞðð0:746591 þ 0:0409929 iÞ þ aÞ
ðð0:746591 þ 0:0409929 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞ

n31þ¼ ð0:806631 � 0:0701351 iÞðð�0:184364 þ 1:20287 iÞ þ aÞðð�0:184364 þ 1:20287 iÞ þ aÞ
ð1: i þ aÞð1: i þ aÞðð0:142644 þ 0:359436 iÞ þ aÞðð0:746591 þ 0:0409929 iÞ þ aÞ
ðð0:746591 þ 0:0409929 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞ

n32þ¼ ð0:22622 þ 0:403998 iÞðð�0:184364 þ 1:20287 iÞ þ aÞðð�0:184364 þ 1:20287 iÞ þ aÞ
ð1: i þ aÞð1: i þ aÞðð0:255013 þ 3:42795 iÞ þ aÞðð0:746591 þ 0:0409929 iÞ þ aÞ
ðð0:746591 þ 0:0409929 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞ

n33þ ¼ ð2:27122 þ 1:25689 iÞðð�0:184364 þ 1:20287 iÞ þ aÞðð�0:184364 þ 1:20287 iÞ þ aÞ
ð1: i þ aÞð1: i þ aÞðð0:310885 þ 2:56178 iÞ þ aÞðð0:746591 þ 0:0409929 iÞ þ aÞ
ðð0:746591 þ 0:0409929 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞðð1:02883 þ 0:671793 iÞ þ aÞ

where the symbol i represents the imaginary unit j.
It has been verified with MATHEMATICA that the matrix G�ðaÞ ¼ GðaÞ � G�1

þ ðaÞ is a
minus factorized matrix.

4.4.3 The factorization in the framework of the

Fredholm equations

The formulation of W-H equations as integral equations points out also an important class of
matrix kernels GðaÞ yielding closed form solutions. In addition to the rational matrices, these
are the quasi-rational matrices. They are defined as the meromorphic matrices that, with their
inverses, involve a finite number of poles.

Consider the Fredholm eq. (1.54), and let us assume the presence of only simple poles in
GðaÞ; let us denote with bj those poles located in the Im a½ � > 0 half-plane. The residue
theorem yields

1
2p j

ð1

�1

G�1ðaÞGðuÞ � 1½ �FþðuÞ
u � a

du ¼
X

j

G�1ðaÞRjFþðbjÞ
bj � a

where Rj is the residue of GðuÞ in bj. Consequently, eq. (1.54) can be rewritten in the form

FþðaÞ ¼ �G�1ðaÞ
X

j

RjFþðbjÞ
bj � a

� FoþðaÞ
" #

ð58Þ
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The poles ai of G�1ðaÞ that are located in the half-plane Im a½ � > 0 are offending. It is

required that the vectors
P

j
RjFþðbjÞ
bj�ai

� FoþðaiÞ be in the null space of the matrices WðaiÞ
defined by

WðaÞ ¼
Y

i

ða� aiÞG�1ðaÞ

This allows us to obtain the unknowns FþðbjÞ that provide, through eq. (58), a full repre-
sentation of FþðaÞ.

4.5 Techniques for solving the factorization problem

4.5.1 The logarithmic decomposition

As it happens for the scalar case, the most powerful method for factorizing matrices GðaÞ is
the one relying on the concept of logarithmic decomposition (Heins, 1950a) consisting in the
additive decomposition of log GðaÞ½ � (chapter 3, section 3.2.1):

log GðaÞ½ � ¼ y�ðaÞ þ yþðaÞ ð59Þ
The factorization of GðaÞ ¼ G�ðaÞGþðaÞ is given by

G�ðaÞ ¼ exp y�ðaÞ½ �, GþðaÞ ¼ exp yþðaÞ
� � ð60Þ

It is fundamental to observe that the application of eqs. (60) requires that the matrices
y�ðaÞ and yþðaÞ commute. This always occurs for scalar kernels and it is the reason that
allows for the general solution of the scalar W-H equation in closed form.

4.5.1.1 Use of the logarithmic decomposition for rational matrices

In this example, we show that rational matrices can be factorized using the logarithmic
decomposition. This procedure is very cumbersome but also important since it can be
extended to arbitrary nonrational matrices that commute with rational matrices (section 4.9).

To show that in the case of rational matrices the logarithmic decomposition yields two
commutative matrices y�ðaÞ and yþðaÞ, let us consider Cayley’s theorem:

log
PðaÞ
dðaÞ
� �

¼ yoðaÞ1 þ y1ðaÞPðaÞ þ � � � þ yn�1ðaÞPn�1ðaÞ ð61Þ

where n is the order of the rational matrix RðaÞ ¼ PðaÞ
dðaÞ. If RðaÞ has distinct eigenvalues liðaÞ,

the functions yiðaÞ may be obtained by the Sylvester formula (Pease, 1965, p. 156):

log RðaÞ½ � ¼
Xn

i¼1

log li½ �
Yn

j 6¼i

RðaÞ � lj1

li � lj
ð62Þ

The decomposition of

yiðaÞ ¼ yi�ðaÞ þ yiþðaÞ i ¼ 0, 1, . . . , n � 1 ð63Þ
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yields the following factorization:

GðaÞ ¼ RðaÞ ¼ Ĝ�ðaÞ � ĜþðaÞ ð64Þ
where

Ĝ�ðaÞ� ¼ exp yo�ðaÞ1 þ y1�ðaÞPðaÞ þ � � � þ yðn�1Þ�ðaÞPn�1ðaÞ
h i

ð65Þ

ĜþðaÞ� ¼ exp yoþðaÞ1 þ y1þðaÞPðaÞ þ � � � þ yðn�1ÞþðaÞPn�1ðaÞ
h i

ð66Þ

Since PðaÞ is a polynomial in the variable a, these factorized matrices are regular together
with their inverses in the half-planes Im a½ � � 0 and Im a½ � � 0, respectively; furthermore,
they commute since they are both functions of the same matrix PðaÞ.

However, the previous factorization is in general nonstandard. We cannot use these fac-
torized matrices when they have nonalgebraic behavior as a ! 1. To overcome this diffi-
culty we observe that factorized matrices differ only for the presence of entire factors, so that
the factorized matrices G�ðaÞ and GþðaÞ having algebraic behavior have the following form:

G�ðaÞ ¼ Ĝ�ðaÞUðaÞ, GþðaÞ ¼ U�1ðaÞĜþðaÞ ð67Þ
The explicit evaluation of the entire matrix UðaÞ is a formidable task. In the presence of
rational matrices or even of matrices having only discrete spectra, we introduce the fol-
lowing technique for accomplishing it (Daniele, 1986). Apparently, no better method seems
available. By assuming well-posed problems, we are dealing with factorized matrices
G�,þðaÞ and their inverses whose elements behave as jajp (p < 1) for a ! 1. Conse-
quently, it is possible to use Mittag-Leffler expansions for these matrices. By taking into
account the presence of simple poles, this yields

G�ðaÞ ¼ Ĝ�ðaÞUðaÞ ¼
X

s

T̂ s
1

aþ bs
� 1
bs

� �
Uð�bsÞ þ Ĝ�ð0ÞUð0Þ ð68Þ

G�1
þ ðaÞ ¼ Ĝ

�1
þ ðaÞUðaÞ ¼

X
n

R̂n
1

a� an
þ 1
an

� �
UðanÞ þ Ĝ

�1
þ ð0ÞUð0Þ ð69Þ

In these representations, �bs (s ¼ 1, 2, . . . ) and an (n ¼ 1, 2, . . . ) are the simple poles, with
residues T̂s and R̂n of Ĝ�ðaÞ and Ĝ

�1
þ ðaÞ, respectively. Uð0Þ is an arbitrary constant matrix

that can be set equal to the identity matrix: Uð0Þ ¼ 1.
From eqs. (68) and (69) it follows that

UðaÞ ¼ Ĝ
�1
� ðaÞ

X
s

T̂s
1

aþ bs
� 1
bs

� �
Uð�bsÞ þ Ĝ�ð0ÞUð0Þ

" #

ð70Þ

UðaÞ ¼ ĜþðaÞ
X

n

R̂n
1

a� an
þ 1
an

� �
UðanÞ þ Ĝ

�1
þ ð0ÞUð0Þ

" #

Since ĜþðaÞ and R̂n are known, the previous equations allow for the evaluation of the
entire matrix UðaÞ through its samples UðanÞ or Uð�bsÞ. This evaluation of UðaÞ is not
necessary because we observe that through the third member of eqs. (68) and (69), the samples
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UðanÞ, Uð�bsÞ and the values Ĝ�ð0Þ and Ĝ
�1
þ ð0Þ directly provide the standard factorized

matrices G�ðaÞ and G�1
þ ðaÞ. To obtain a system of equations for the samples UðanÞ and

Uð�bsÞ, we set a ¼ an and a ¼ �bs, respectively, in the two eqs. (70). We get the following
system:

UðanÞ ¼ Ĝ
�1
� ðanÞ

X
s

T̂ s
1

an þ bs
� 1
bs

� �
Uð�bsÞ þ Ĝ�ð0ÞUð0Þ

" #

ð71Þ

Uð�bsÞ ¼ Ĝþð�bsÞ
X

n

� R̂n
1

bs þ an
� 1
an

� �
UðanÞ þ Ĝ

�1
þ ð0ÞUð0Þ

" #

We can reduce the order of this system by elimination. For instance, by eliminating Uð�bsÞ
we obtain the following system:

UðamÞ ¼ Ĝ
�1
� ðamÞ

X
n

QnðamÞR̂nUðanÞ þ VðamÞ
" #

ð72Þ

where the known functions QnðaÞ and VðaÞ are given by

QnðaÞ ¼ �
X

s

a
anðaþ bsÞðan þ bsÞ

T̂ sĜþð�bsÞ
ð73Þ

VðaÞ ¼ Ĝ�ð0Þ þ
X

s

1
aþ bs

� 1
bs

� �
T̂sĜþð�bsÞĜ

�1
þ ð0Þ

( )
Uð0Þ

The solution of the system (72) yields UðaÞ:

UðaÞ ¼ Ĝ
�1
� ðaÞ

X
n

QnðaÞR̂nUðanÞ þ V ðaÞ
" #

ð74Þ

When the number of poles involved is finite, the system (71) or (72) can be solved in closed form.
The difficulty of the technique suggested in this section for the factorization of rational

matrices is constituted by the evaluation through Cauchy integrals of the decomposition
functions indicated in eq. (63). We will show later that these integrals are abelian integrals
(Bliss, 2004). However, in the following concrete example these functions do not appear in
the final expressions of the standard factorized matrices G�ðaÞ and G�1

þ ðaÞ.

Example 1

We apply the aforementioned procedure for the rational matrix considered in the example in
section 2.7:

RðaÞ ¼ 1 jq
nðaÞ
pðaÞ

jq 1

������

������, RðaÞ½ ��1 ¼ 1
rðaÞ

1 �jq
nðaÞ
pðaÞ

�jq 1

������

������ ¼
pðaÞ �jq nðaÞ

�jq pðaÞ pðaÞ
����

����
ð1 þ q2Þða2 þ C2Þ ,

where C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
B2þq2A2

1þq2

q
, nðaÞ ¼ a2 þ A2, pðaÞ ¼ a2 þ B2, rðaÞ ¼ det RðaÞ½ � ¼ ð1 þ q2Þ a2þC2

a2þB2 .
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We observe that R̂�ðaÞ presents only the pole �b1 ¼ jB with residue T̂ 1, and R̂
�1
þ ðaÞ only

the pole a1 ¼ �jC with residue R̂1. Consequently, system (71) becomes1

Uð�jCÞ ¼ R̂
�1
� ð�jCÞ T̂ 1Uð jBÞ � 1

jðB þ CÞ þ
1
jB

� �
þ R̂�ð0Þ

� �

Uð jBÞ ¼ R̂þð jBÞ R̂1Uð�jCÞ 1
jðB þ CÞ �

1
jC

� �
þ R̂

�1
þ ð0Þ

� �

The elimination of Uð�jCÞ in these equations yields the following equations in the sample
Uð jBÞ:

1 � J1J2R̂þð jBÞ � R̂1 � R̂
�1
� ð�jCÞ � T̂ 1

h i
� UðjBÞ

¼ R̂þðjBÞ � R̂
�1
þ ð0Þ þ J2R̂1 � R̂

�1
� ð�jCÞ � R̂�ð0Þ

h i

where

J1 ¼ � 1
jðB þ CÞ þ

1
jB

, J2 ¼ 1
jðB þ CÞ �

1
jC

Taking into account that

R̂
�1
þ ðaÞR̂�1

� ðaÞ ¼ R�1ðaÞ
we observe the following simplification:

R̂1 � R̂
�1
� ð�jCÞ ¼ Res R�1ðaÞ� ���

a¼�jC
¼ RC ¼ 1

r0ð�jCÞ
1

j

q
�jq

�����
�����

with

1
r0ð�jCÞ ¼ j

ðB2 � C2Þ2

2q2CðB2 � A2Þ
Consequently, we must solve

1 � J1J2R̂þðjBÞ � RC � T̂ 1

� � � UðjBÞ ¼ R̂þðjBÞ � R̂
�1
þ ð0Þ þ J2RC � R̂�ð0Þ

h i
ð75Þ

This equation does not require the knowledge of the residue R̂1.
To factorize RðaÞ using the logarithmic decomposition, we observe that

log RðaÞ½ � ¼ j0ðaÞ1 þ j1ðaÞRðaÞ
where being l1 and l2 the two eigenvalues of RðaÞ, j0ðaÞ and j1ðaÞ must satisfy

log l1½ � ¼ j0ðaÞ þ j1ðaÞl1, log l2½ � ¼ j0ðaÞ þ j1ðaÞl2

1 Take into account that Uð0Þ ¼ 1.
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Solving these, we get

j1ðaÞ ¼
1

l1 � l2
log

l1

l2
, j0ðaÞ ¼

1
l1 � l2

ðl1 log l2 � l2 log l1Þ

and taking into account that

l1,2 ¼ 1 	 jq

ffiffiffiffiffiffiffiffiffiffi
nðaÞ
pðaÞ

s

we obtain

log RðaÞ½ � ¼ log
ffiffiffiffiffiffiffiffiffi
rðaÞ

p
1 þ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp log

1 þ jq
ffiffiffiffiffiffiffi
nðaÞ
pðaÞ

q

1 � jq
ffiffiffiffiffiffiffi
nðaÞ
pðaÞ

q 0 nðaÞ
pðaÞ 0

����
����

This yields the two factorized matrices:

R̂�ðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
r�ðaÞ

p
exp

1
2

t�ðaÞ 0 nðaÞ
pðaÞ 0

����
����

� �
, R̂þðaÞ ¼ R̂�ð�aÞ

where, being g2 the frown real axis (section 3.1),

r�ðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ q2

p a� jC

a� jB
, t�ðaÞ ¼

ð
g2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðtÞpðtÞp log

1 þ jq
ffiffiffiffiffiffi
nðtÞ
pðtÞ

q

1 � jq
ffiffiffiffiffiffi
nðtÞ
pðtÞ

q 1
t � a

dt

Since for the time being we are interested only in the residue T̂ 1 at the pole a ¼ jB, we warp
g2 to the closed line that encloses the branch lines relevant to the branch point a ¼ jB. Then,
the evaluation of the jump of the integrand between the two lips of the branch line yields an
integral on the branch line that can be evaluated explicitly:

t�ðaÞ ¼ tr�ðaÞ þ 2jp
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2jBðA2 � B2Þp 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� jB

p

where tr�ðaÞ is regular at a ¼ jB.
Substitution in the exponential present in the expression of R̂�ðaÞ, an algebraic manip-

ulation shows that the residue T̂ 1 does not depend on tr�ðjBÞ, and we get

T̂ 1 ¼ a
0 1
0 0

����
����, a ¼ j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ q2A2

1 þ q2

s0
@

1
A ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 þ q2
p A2 � B2

2B

vuuut

To solve eq. (75), the value of R̂�ð0Þ ¼ R̂þð0Þ is required. It is easily obtained since

R̂�ð0Þ � R̂þð0Þ ¼ R̂
2
�ð0Þ ¼ Rð0Þ ¼

ffiffiffiffiffiffiffiffiffi
rð0Þ

p
exp

1
2

tð0Þ 0 nð0Þ
pð0Þ 0

����
����

� �
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whence after algebraic manipulations

R̂�ð0Þ ¼ 1

2T
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 þ q2A24

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B þ jqA

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B � jqA

p A

B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B þ jqA

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B � jqA

p
 �
B

A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B þ jqA

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B � jqA

p
 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B þ jqA

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B � jqA

p

�������

�������
where T ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

C
ffiffiffiffiffiffiffiffi
1þq2

pq
.

Finally, the quantity R̂þðjBÞ is also required. Unfortunately, the direct evaluation of
R̂þðjBÞ through the factorized matrix R̂þðaÞ introduces nonelementary functions. So we try
to obtain this value by taking into account that

R̂�ðaÞR̂þðaÞ ¼ R̂ðaÞ
Then

T̂1R̂þðjBÞ ¼ Res RðaÞ½ �ja¼jB ¼ RB ¼ 0 q
A2 � B2

2B
0 0

������

������
This equation does not allows us to obtain R̂þðjBÞ because T̂1 is not invertible. To overcome
this difficulty, we multiply both members of (75) by T̂1 and obtain

T̂1 � J1J2RB � RC � T̂1

� � � UðjBÞ ¼ RB � R̂
�1
þ ð0Þ þ J2RC � R̂�ð0Þ

h i

Substituting the values of RB, RC , T̂1, R̂�ð0Þ and R̂
�1
þ ð0Þ, the previous equation assumes

the form

0 1
0 0

����
���� U11ðjBÞ U12ðjBÞ

U21ðjBÞ U22ðjBÞ
����

���� ¼ e1 e2

0 0

����
����

where e1 and e2 are known quantities not explicitly reported.
The previous equations provides the evaluation of

U21ðjBÞ ¼ e1, U22ðjBÞ ¼ e2

The other two components U11ðjBÞ and U12ðjBÞ remain indeterminate, but fortunately we
can show that they are not required for the evaluation of the standard factorized matrices
R�ðaÞ and RþðaÞ. In fact, the standard factorized matrices have the form

R�ðaÞ ¼ R̂�ð0Þ þ T̂1UðjBÞ 1
a� jB

þ 1
jB

� �

R�1
þ ðaÞ ¼ R̂

�1
þ ð0Þ þ R̂1Uð�jCÞ 1

aþ jC
� 1

jC

� �

where

T̂1UðjBÞ ¼ a
e1 e2

0 0

����
����
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and R̂1Uð�jCÞ follows from the equation that relates Uð�jCÞ to UðjBÞ:

Uð�jCÞ ¼ R̂
�1
� ð�jCÞ T̂1UðjBÞ � 1

jðB þ CÞ þ
1
jB

� �
þ R̂�ð0Þ

� �

Finally

R̂1 � Uð�jCÞ ¼ RC � a
e1 e2

0 0

����
���� � 1

jðB þ CÞ þ
1
jB

� �
þ R̂�ð0Þ

� �

For the sake of brevity we do not report the explicit forms of R�ðaÞ and RþðaÞ. However,
we have verified that the found expressions are standard factorized matrices and satisfy

R�ðaÞ � RþðaÞ ¼ RðaÞ

4.6 The factorization problem and the functional analysis

We observe that it is always possible to reduce the factorization problem to an integral
equation (section 1.6):

FþðaÞ þ 1
2p j

ð1

�1

G�1ðaÞGðuÞ
u � a

� 1
u � a

� �
FþðuÞdu ¼

ð
g1

G�1ðaÞFðuÞ
u � a

du ð76Þ

whence we can resort to the main methods for solving integral equations. They are the
iterative method, the Fredholm determinant method and the moment method, which include
the Ritz-Garlekin method and the least square method (Ivanov, 1976).

4.6.1 The iterative method

The iterative method is based on the Neumann equations that invert the operator 1 � A:

ð1 � AÞ�1 ¼ 1 þ A þ A2 þ � � � , kAk< 1 ð77Þ
Equation (77) applies to (76) by assuming

A ! Aða, uÞ ¼ � 1
2p j

G�1ðaÞGðuÞ
u � a

� 1
u � a

� �

A factorization iterative algorithm that avoids the formulation in integral equations is indi-
cated in Wiener and Masani (1958) and Jones (1991). Letting

GðaÞ ¼ GþðaÞG�ðaÞ ¼ 1 � AðaÞ
G�1

þ ðaÞ ¼ 1 þ RðaÞ
an explicit formula for RðaÞ is given by Wiener and Masani (1958):

R ¼ Af gþ þ Af gþA
� 


þ þ ff Af gþAgþAgþ þ � � � ð78Þ
where ff gþ is the symbol of additive decomposition (section 2.2).
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The practical calculation of more than one or two terms in (78) may be prohibitive.
Besides, it is regrettable that dealing with rational matrices this series cannot be evaluated in
closed form. Thus, further studies are necessary to make (78) effective in practice.

4.6.2 The Fredholm determinant method

The inversion of operators defined in finite spaces (matrices) can be accomplished by using the
determinant theory. To extend this method to infinite spaces, firstly we must define in an abstract
way the determinant of an arbitrary operator L. Starting by the traditional definition we obtain

det L½ � ¼ exp Tr log L½ �f g ð79Þ
where Tr M½ � is the trace of the operator M .

To invert L ¼ 1 � lK we set

L�1 ¼ ð1 � lKÞ�1 ¼ 1 þ lKð1 � lKÞ�1 ¼ 1 þ l
DðlÞ
DðlÞ ð80Þ

where l is an arbitrary complex variable and

DðlÞ ¼ Kð1 � lKÞ�1detð1 � lKÞ
DðlÞ ¼ detð1 � lKÞ

For K constituted by compact operators, the functions DðlÞ and DðlÞ are entire on l. (This is
the reason for the normalization with the determinant DðlÞ.) Consequently, we can expand
DðlÞ and DðlÞ in series that are valid for arbitrary values of l:

DðlÞ ¼ D0 � lD1 þ l2

2!
D2 þ � � � þ ð�1Þn ln

n!
Dn þ � � �

DðlÞ ¼ D0 � lD1 þ l2

2!
D2 þ � � � þ ð�1Þn ln

n!
Dn þ � � �

ð81Þ

where

D0 ¼ 1, D1 ¼ Tr K½ �, D2 ¼ Tr K2½ � � ðTr K½ �Þ2, . . .

D0 ¼ 1, D1 ¼ K Tr K½ � � K2, D2 ¼ KðTr K½ �Þ2 � K Tr K2½ � � 2K2Tr K½ � þ 2K3, . . .

Dn ¼ KðDn1 � n Dn�1Þ
For integral operator M

M � f !
ð

Mða, uÞf ðuÞdu

we have

Tr M½ � ¼
ð

Mðu, uÞdu,

M2 � f !
ð ð

Mða, tÞMðt, uÞdt

� �
f ðuÞdu

ð82Þ

and so on.
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By assuming l ¼ 1, K ! Kða, uÞ ¼ 1
2pj

G�1ðaÞGðuÞ
u�a � 1

u�a


 �
, the previous equations provide

the exact solutions of the W-H equations (and the involved factorization problem). However,

we are confronted with an infinite series whose coefficients are multiple integrals of the type

ð1

�1

ð1

�1
. . .

ð1

�1|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
r

Kða, t1Þ � Kða, t2Þ. . .Kðtr, uÞdt1dt2. . .dtr, r ¼ 1, 2, . . . ð83Þ

Despite considerable progress in the numerical evaluation of integrals, at present the
numerical evaluation of the previous expression is still impractical.

Conversely, the numerical solution of Fredholm equations by using quadrature formulas
is possible and constitutes the best method for obtaining efficient approximate solutions of
the W-H equations (see chapter 5).

4.6.3 Factorization of meromorphic matrix kernels with

an infinite number of poles

The factorization of matrix kernels that are meromorphic is very important in electro-
magnetic problems involving only infinite discrete spectrum. The concept of the matching
of the singularities described in section 4.4.2 and the method reported in section 4.5.1.1
(Daniele, 1986) apply again, but they imply the solution of a system with an infinite number
of equations. The solution of this system cannot generally be accomplished in closed form,
thus approximate techniques are required.

For instance, the solution of the infinite system of equations can be accomplished by a
truncation procedure. Unfortunately, the convergence of the numerical results is guaranteed
only when the operator A involved in the solution of the system is a Fredholm operator. To
obtain it, functional analysis suggests the decomposition of the operator A in the form

A ¼ Ao þ C

where Ao has an inverse that can be obtained in closed form, and C is a compact operator.
This leads to the concept of the dominant equation

Ao � x þ C � x ¼ y ð84Þ
or to the regularized equation

ð1 þ TÞx ¼ A�1
o y ð85Þ

where 1 þ T is a Fredholm operator, since T ¼ A�1
o C is a compact operator. The compact-

ness of T legitimates the use of a truncation procedure or other approximate techniques.
In factorizing meromorphic matrices, often the regularization requires the inversion of an

infinite matrix Ao whose entries are

1
a�j � b�i

The inversion of this matrix can be obtained in closed form (Mittra & Lee, 1971; Daniele &
Zich, 1980; Daniele & Gilli, 1997).
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The weak factorization may be generalized to deal with the very important cases in which
there are infinite offending zeroes (Büyükaksoy & Serbest, 1993; Idemen, 1977, 1979;
Abrahams & Wickham, 1990); for example, the factorization of an arbitrary meromorphic
matrix can be considered as a weak factorization problem. In these cases the problem of
truncating effectively an infinite number of equations must be considered very carefully.

4.7 A class of matrices amenable to explicit factorization:
matrices having rational eigenvectors

All the matrices may be represented by the Jordan form:

TðaÞ ¼ SðaÞJðaÞSðaÞ�1 ð86Þ
where SðaÞ is the eigenvectors matrix, and JðaÞ is a Jordan matrix having the form (Pease,
1965):

JðaÞ ¼ quasidiag Jm1ðl1Þ, Jm2ðl2Þ, . . .f g ð87Þ
In (87) Jm1ðliÞ is the mi � mi Jordan block relevant to the eigenvalue li ¼ liðaÞ (with
multiplicity mi) of TðaÞ:

JmiðliÞ ¼

li 1 0 � � � 0
0 li 1 � � � 0
0 0 li � � � � � �
� � � � � � � � � � � � 1
0 0 0 � � � li

����������

����������
ð88Þ

The factorization of TðaÞ can be accomplished explicitly (in a weak form) if the matrix SðaÞ
is rational. In fact, in this case, eq. (86) reduces the factorization of TðaÞ to that of the Jordan
matrix JðaÞ, that, in general, is triangular and can be accomplished with the method reported
in section 4.3.

Besides the general method indicated in section 4.3 for triangular matrices, the factoriza-
tion of the matrix JðaÞ can be accomplished by the logarithmic decomposition of Log TðaÞ½ �
by taking into account that (Pease, 1965) a generic function of a matrix f ðTÞ is given by

f TðaÞ½ � ¼ SðaÞ quasidiag f Jm1ðl1Þ½ �, f Jm2ðl2Þ½ �, . . .f gS�1ðaÞ ð89Þ
with

f JmiðliÞ½ � ¼

f ðliÞ 1
1!

f 0ðliÞ 1
2!

f 00ðliÞ � � � 1
ðmi � 1Þ! f ðmi�1ÞðliÞ

0 f ðliÞ 1
1!

f 0ðliÞ � � � 1
ðmi � 2Þ! f ðmi�2ÞðliÞ

0 0 f ðliÞ � � � � � �
� � � � � � � � � � � � 1

0 0 0 � � � f ðliÞ

�����������������

�����������������
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Since it easy to ascertain that the decomposed matrices of f JmiðliÞ½ �
f JmiðliÞ½ � ¼ f JmiðliÞ½ �f g� þ f JmiðliÞ½ �gþ ð90Þ

do commute, the following explicit factorization of TðaÞ follows:�
T�ðaÞ

� ¼ SðaÞ quasidiag exp Log Jm1ðl1Þ½ �f g�
� �

, exp Log Jm2ðl2Þ½ �f g�
� �

, . . .
� 


S�1ðaÞ�
TþðaÞ

� ¼ SðaÞ quasidiag exp Log Jm1ðl1Þ½ �f gþ
� �

, exp Log Jm2ðl2Þ½ �f gþ
� �

, . . .
� 


S�1ðaÞ
ð91Þ

Example 2: Factorization of a particular matrix

The factorization of the following matrix MðaÞ was considered by Achenbach and
Gautesen (1977):

MðaÞ ¼ 1
a2 þ h2

a2dðaÞ þ h2dðaÞ ah dðaÞ � dðaÞ½ �
ah dðaÞ � dðaÞ½ � a2dðaÞ þ h2dðaÞ

�����
����� ð92Þ

where dðaÞ and dðaÞ are functions of a, and the parameter h is a constant. The eigenvectors
are rational:

SðaÞ ¼ �a
h

h
a

1 1

������

������, J ¼ dðaÞ 0

0 dðaÞ

����
����, S�1ðaÞ ¼ 1

a2 þ h2

�ah h2

ah a2

�����
����� ð93Þ

Consequently, it is possible to achieve a weak factorization of the kernel MðaÞ by factorizing
the diagonal matrix J.

Example 3: Matrices of order two having a particular form

The matrices GðaÞ ¼ 1 aðaÞ
bðaÞ 1

����
���� can be (weakly) factorized in an explicit form ifffiffiffiffiffiffiffiffiffiffi

aðaÞ
bðaÞ

s
¼ nðaÞ

pðaÞ ð94Þ

where nðaÞ and pðaÞ are polynomials. In fact, in this case SðaÞ is rational since we have

SðaÞ ¼ �
ffiffiffiffiffiffiffiffiffiffi
aðaÞ
bðaÞ

s ffiffiffiffiffiffiffiffiffiffi
aðaÞ
bðaÞ

s

1 1

�������

�������
¼ � nðaÞ

pðaÞ
nðaÞ
pðaÞ

1 1

������

������ ð95Þ

4.8 Factorization of a 2�2 matrix

4.8.1 The Hurd method

Let us suppose that the matrix to factorize presents singularities constituted only by branch
points a ¼ 	k (Fig. 1) and has the form (Hurd, 1976; Büyükaksoy & Serbest, 1993)

GðaÞ ¼ G1ðaÞ G1ðaÞG2ðaÞ
G3ðaÞ �G2ðaÞG3ðaÞ
����

���� ð96Þ
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Additionally, we assume that the two values of G2ðaÞ on the two lips l and r of the branch
line a ¼ �k are opposite. By using the notations

GðaÞ a2l ¼ GlðaÞ, GðaÞ a2r ¼ GrðaÞjj
it follows that

G2lðaÞ ¼ �G2rðaÞ ð97Þ
From the W-H equation GðaÞ � FþðaÞ ¼ F�ðaÞ we get

GrðaÞ � FþðaÞ ¼ F�rðaÞ, GlðaÞ � FþðaÞ ¼ F�lðaÞ ð98Þ
where, since FþðaÞ is regular in Im a½ � � 0, we write

FþðaÞ ¼ FþðaÞ a2l ¼ FþðaÞ a2rjj
We can eliminate the unknown FþðaÞ in (98) and obtain the following Hilbert problem:

GlðaÞG�1
r ðaÞ � F�rðaÞ ¼ F�lðaÞ ð99Þ

With the specified condition on GðaÞ we get

GlðaÞG�1
r ðaÞ ¼

0
G1lðaÞ
G3rðaÞ

G3lðaÞ
G1rðaÞ 0

0
BB@

1
CCA ð100Þ

and the factorization of GlðaÞG�1
r ðaÞ (in the Hilbert problem) reduces to the factorization of

scalars.
The Hurd method is very powerful for studying diffraction problems by half-planes. It

can be extended to cases where a finite discrete spectrum is present.

a � �k

a � k

a ′

a ″

l

r

Fig. 1: Branch cuts and branch points of G(a)
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4.8.2 The off-diagonal form

A matrix of order two can be rewritten in the following off-diagonal form:

GðaÞ ¼ 1 aðaÞ
bðaÞ 1

����
���� ð101Þ

There are many ways to reduce a general matrix of order two to the off-diagonal form;

for example, it is possible to rewrite the general matrix MðaÞ ¼ m11ðaÞ m12ðaÞ
m21ðaÞ m22ðaÞ
����

���� by

considering that

MðaÞ ¼ m11ðaÞ m12ðaÞ
m21ðaÞ m22ðaÞ

����
����

¼ m11�ðaÞ 0

0 m22�ðaÞ

����
����

1
m12ðaÞ

m11�ðaÞm22þðaÞ
m21ðaÞ

m22�ðaÞm11þðaÞ 1

��������

��������
m11þðaÞ 0

0 m22þðaÞ

����
����

ð102Þ
where

m11ðaÞ ¼ m11�ðaÞm11þðaÞ m22ðaÞ ¼ m22�ðaÞm22þðaÞ
The factorization of MðaÞ is thus reduced to that of the central matrix, that has an off-
diagonal form, where

aðaÞ ¼ m12ðaÞ
m11�ðaÞm22þðaÞ bðaÞ ¼ m21ðaÞ

m22�ðaÞm11þðaÞ ð103Þ

There are many other ways to reduce matrices of order two to off-diagonal form, since it is
possible to modify the structure of the original given matrix MðaÞ to the matrix
W1ðaÞMðaÞW2ðaÞ, where W1ðaÞ and W2ðaÞ are (with their inverses) arbitrary minus and
plus functions or arbitrary rational functions. When W1ðaÞ and W2ðaÞ are rational, the fac-
torization of MðaÞ ¼ M�ðaÞMþðaÞ yields to a weak factorization of the given matrix GðaÞ.

The matrices of order two with off-diagonal form have some interesting properties. For
example, if the left factorization is known

GðaÞ ¼ 1 aðaÞ
bðaÞ 1

����
���� ¼ w� s�

t� r�

����
���� Jþ hþ
Vþ xþ

����
���� ð104Þ

then the right factorization follows (Jones, 1984):

GðaÞ ¼ 1 aðaÞ
bðaÞ 1

����
���� ¼ w� s�

t� r�

����
���� Jþ hþ
Vþ xþ

����
���� ¼ xþ hþ

Vþ Jþ

����
���� r� s�
t� w�

����
���� ð105Þ
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Before considering explicit factorization techniques for matrices of order two, we remark
that the following equation can be useful in many cases:

a b
f

g

c
g

f
d

�������

�������
¼ f 0

0 g

����
���� � a b

c d

����
���� � 1=f 0

0 1=g

����
���� ð106Þ

or

a b
c d

����
���� ¼ 1=f 0

0 1=g

����
���� �

a b
f

g

c
g

f
d

�������

�������
� f 0

0 g

����
����

An off-diagonal matrix of order two
1 aðaÞ

bðaÞ 1

����
���� is called a Daniele matrix when the

function aðaÞ
bðaÞ is a rational matrix of a, that is,

aðaÞ
bðaÞ ¼

nðaÞ
pðaÞ ð107Þ

where nðaÞ and pðaÞ are polynomials.

4.8.3 Reduction of matrices commuting with polynomial

matrices to the Daniele matrices

Many matrices of order two have the Daniele form. For instance, Hurd (1987) showed that
all the matrices of order two commuting with polynomial matrices reduce to matrices having
the Daniele form. To obtain this result, let us consider the matrix WðaÞ commuting with an
arbitrary rational matrix

RðaÞ ¼ PðaÞ
dðaÞ ð108Þ

where dðaÞ and PðaÞ ¼ l1ðaÞ mðaÞ
nðaÞ l2ðaÞ
����

���� are polynomials.

For matrices of order two, Cayley’s theorem provides the following representation of the
matrix WðaÞ:

WðaÞ ¼ 1 þ f ðaÞPðaÞ ð109Þ
where f ðaÞ is an arbitrary scalar, and l1ðaÞ, l2ðaÞ, mðaÞ, nðaÞ are arbitrary polynomials in a.

It may be observed that WðaÞ can be rewritten in the alternative form:

WðaÞ ¼ sðaÞ 1 0
lðaÞ mðaÞ
����

����
�1

1 aðaÞ
bðaÞ 1

����
���� 1 0

lðaÞ mðaÞ
����

���� ð110Þ
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where

sðaÞ ¼ 1 þ 1
2

f ðaÞ l1ðaÞ þ l2ðaÞ½ �; lðaÞ ¼ 1
2

l1ðaÞ � l2ðaÞ½ �

aðaÞ ¼ f ðaÞ
sðaÞ , bðaÞ ¼ f ðaÞ

sðaÞ l2ðaÞ þ mðaÞnðaÞ� �

This form shows that the factorization of the matrix WðaÞ reduces to that of the central

matrix
1 aðaÞ

bðaÞ 1

����
����. Since aðaÞ

bðaÞ ¼ 1
l2ðaÞþmðaÞnðaÞ½ � is rational in a, this central matrix has the

Daniele form.
Alternatively, simple algebraic manipulations yield the alternative form

WðaÞ ¼ sðaÞ1 þ f ðaÞ lðaÞ mðaÞ
nðaÞ �lðaÞ
����

���� ð111Þ

Matrices having this form are called Khrapkov matrices since their explicit factorization has
been studied in the paper by Khrapkov (1971).

Example 4

Let us examine again the factorization of the matrix considered in Achenbach and Gautesen
(1977):

MðaÞ ¼ 1
a2 þ h2

a2dðaÞ þ h2dðaÞ ah dðaÞ � dðaÞ½ �
ah dðaÞ � dðaÞ½ � a2dðaÞ þ h2dðaÞ

����
���� ð112Þ

where dðaÞ and dðaÞ are functions of a and the parameter h is a constant.
We observe that MðaÞ commutes with the polynomial matrix:

PðaÞ ¼ �a2 þ h2 ah
ah 0

����
���� ð113Þ

The representation of MðaÞ follows:

MðaÞ ¼ cðaÞ 1 þ f ðaÞPðaÞ½ � ð114Þ
By comparison with (112) this yields

cðaÞ ¼ a2dðaÞ þ h2dðaÞ
a2 þ h2

, f ðaÞ ¼ dðaÞ � dðaÞ
a2dðaÞ þ h2dðaÞ ð115Þ

The factorization of MðaÞ is reduced to a Daniele matrix where

a ¼ 2 dðaÞ � dðaÞ½ �
ða2 þ h2Þ dðaÞ þ dðaÞ½ � , b ¼ dðaÞ � dðaÞ½ � a2 þ h2ð Þ

2 dðaÞ þ dðaÞ½ � ð116Þ

a

b
¼ 4

ða2 þ h2Þ2 ð117Þ
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In this case
ffiffi
a
b

p
is rational, so we can use the technique previously described.

Daniele matrices can be rewritten in the form

1 aðaÞ
bðaÞ 1

����
���� ¼ 1 hðaÞnðaÞ

hðaÞpðaÞ 1

����
���� ð118Þ

where hðaÞ is a known function, and nðaÞ, pðaÞ are polynomials.
Using (106), we can put the Daniele matrix in a form such that all the zeroes of the

polynomial nðaÞpðaÞ are present only in an off-diagonal entry. For instance,

WðaÞ ¼ 1 f ðaÞnðaÞpðaÞ
f ðaÞ 1

����
���� ð119Þ

In fact, let a1 be a zero of pðaÞ. Equation (106) yields

1 hðaÞnðaÞ
hðaÞpðaÞ 1

����
���� ¼

1
a� a1

0

0 1

�����
����� �

1 hðaÞnðaÞ a� a1ð Þ
hðaÞpðaÞ
a� a1

1

������

������ �
a� a1 0

0 1

����
����

ð120Þ
By taking into account that in the second member, the first and third matrices are rational,

the factorization of the
1 hðaÞnðaÞ

hðaÞpðaÞ 1

����
���� reduces to that of

1 hðaÞnðaÞða� a1Þ
hðaÞpðaÞ
a� a1

1

������

������ ð121Þ

In this manner, the zero a1 of pðaÞ is now present only in the off-diagonal entry
hðaÞnðaÞða� a1Þ. By repeating the same procedure for the other zeroes of pðaÞ, we obtain
eq. (119) where f (a) differs from hðaÞ by a constant.

4.8.4 Explicit factorization of Daniele matrices

The Daniele matrices can be factorized explicitly (Daniele, 1978; Rawlins, 1980) by using

GðaÞ ¼ 1 aðaÞ
bðaÞ 1

����
���� ¼ Ĝ�ðaÞĜþðaÞ ð122Þ

where

Ĝ�ðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
g�ðaÞ

p
exp

1
2

t�ðaÞ
0 nðaÞ

pðaÞ 0

����
����

� �
¼

¼ ffiffiffiffiffiffiffiffiffiffiffiffi
g�ðaÞ

p cosh
1
2

t�ðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� � ffiffiffiffiffiffiffiffiffiffi
nðaÞ
pðaÞ

s
sinh

1
2

t�ðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� �

ffiffiffiffiffiffiffiffiffiffi
pðaÞ
nðaÞ

s
sinh

1
2

t�ðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� �
cosh

1
2

t�ðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� �

�����������

�����������
ð123Þ
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ĜþðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
gþðaÞ

p
exp

1
2

tþðaÞ
0 nðaÞ

pðaÞ 0

����
����

� �
¼

¼ ffiffiffiffiffiffiffiffiffiffiffiffi
gþðaÞ

p cosh
1
2

tþðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� � ffiffiffiffiffiffiffiffiffiffi
nðaÞ
pðaÞ

s
sinh

1
2

tþðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� �

ffiffiffiffiffiffiffiffiffiffi
pðaÞ
nðaÞ

s
sinh

1
2

tþðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� �
cosh

1
2

tþðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� �

�����������

�����������
ð124Þ

In these expressions, g�ðaÞ and gþðaÞ are the factorized scalars of the GðaÞ determinant

gðaÞ ¼ Det GðaÞ½ � ¼ g�ðaÞgþðaÞ ð125Þ
The functions t�ðaÞ and tþðaÞ follow from the decomposition of the function tðaÞ defined by

tðaÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp log

1 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞbðaÞp

1 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞbðaÞp ¼ t�ðaÞ þ tþðaÞ ð126Þ

where g1 and g2 are the smile and frown real axes (section 1.6), respectively, so we have

tþðaÞ ¼ 1
2p j

ð
g1

tðuÞ
u � a

du, t�ðaÞ ¼ � 1
2p j

ð
g2

tðuÞ
u � a

du

Usually the decomposition of tðaÞ requires tedious calculations. An alternative expression is

tðaÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp log

gðaÞ
1 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

aðaÞbðaÞp� �2 ¼ t�ðaÞ þ tþðaÞ

This expression put in evidence the branch points present in the logarithm that are the
singularities of the determinant gðaÞ and its inverse g�1ðaÞ:

Example 5: Factorization of a rational matrix occurring in diffraction problems

The following matrix is important in diffraction problems in stratified media (section 7.5 in
chapter 7):

Yc ¼ Yo

kc
t2

o �hao

�hao t2

����
����

where

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

q
, ao ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � t2

o

q
, t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p

It can be reduced to Daniele form using

Yo

kc
to 0
0 k þ h

� � 1 � hao

toðk � hÞ
� hao

toðk þ hÞ 1

�������

�������
to 0
0 k � h

� �
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The central matrix MðaÞ ¼ 1 � h ao

toðk�hÞ
� h ao

toðkþhÞ 1

�����
����� has the form (122) and can be factorized

by using (123) and (124):

a ¼ � hao

toðk � hÞ , b ¼ � hao

toðk þ hÞ , n ¼ k þ h, p ¼ k � h

g ¼ 1 � ab ¼ k2c2

t2
ot2

¼ g�gþ, t ¼ 1
t

log
1 þ aoh

tot

1 � aoh
tot

¼ t� þ tþ

g	¼ k

to

to 
 h
k 
 h

To decompose t, we observe branch points h ¼ 	to (poles of g) and h ¼ 	k (zeroes of g).
For the sake of simplicity, we consider only the factorized matrix MþðhÞ. First we warp the
smile real axis g1 to the closed lines that enclose the branch lines relevant to the branch
points h ¼ k and h ¼ to. Then we evaluate the jump of t on the two lips of branch lines. This
evaluation shows that the jump is the same for both branch lines and assumes the value 2pj

t .
The two branch lines can be connected with an arc located at infinity. In this way, we obtain
a line joining the two points to with k that can be warped in the segment to � k. Hence, from
the decomposition equation we obtain

tþðhÞ ¼ 1
2p j

ð
g1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � u2

p log
1 þ aou

to

ffiffiffiffiffiffiffiffiffi
k2�u2

p

1 � aou
to

ffiffiffiffiffiffiffiffiffi
k2�u2

p
1

u � h
du ¼

ðk

to

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � u2

p 1
u � h

du

The integral in the third member can be evaluated using MATHEMATICA. We get

tþðhÞ ¼
pþ 2 arcsin

k

h
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 � k2

p þ
�log �

2 kþ k2ffiffiffiffiffiffiffiffi
k2�h2

p

 �

h

2
4

3
5þ log � 2 k2�htoþao

ffiffiffiffiffiffiffiffiffi
k2�h2

p� �
ffiffiffiffiffiffiffiffiffi
k2�h2

p
ðh�toÞ

� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
This yields the following factorized matrix:

MþðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

to

to � h
k � h

s cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
2

tþðhÞ
" #

k þ hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
2

tþðhÞ
" #

k � hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
2

tþðhÞ
" #

cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
2

tþðhÞ
" #

�����������

�����������
To show that this matrix is a rational matrix is a difficult task.

We verified this result by MATHEMATICA. In fact, we numerically observed that:

(a) The matrix MþðhÞ and its inverse M�1
þ ðhÞ are plus functions because the series

expansion of MþðhÞ and M�1
þ ðhÞ about the points h ¼ �k and h ¼ �to are regular.

(b) The matrices MþðhÞ and M�1
þ ðhÞ are rational functions in h ¼ k and h ¼ to because the

series expansion of MþðhÞ and M�1
þ ðhÞ about these points do not contain irrational powers.

(c) The matrices MþðhÞ and M�1
þ ðhÞ are bounded at infinity because MþðhÞ and M�1

þ ðhÞ
are constant at infinity.
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The only difficulty encountered in the performing the numerical evaluation was the impos-
sibility for MATHEMATICA to get a numerical series expansion of the part relevant to the
addend of tþðhÞ:

t2þðhÞ ¼
þlog � 2ðk2�htoþao

ffiffiffiffiffiffiffiffiffi
k2�h2

p
Þffiffiffiffiffiffiffiffiffi

k2�h2
p

ðh�toÞ

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
about the point h ¼ to. To overcome this difficulty we operated with algebraic manipula-
tions to simplify the contribution of this term.

4.8.5 The elimination of the offensive behavior for matrices

having the Daniele form

To obtain the behavior of the functions t	ðaÞ for a ! 1, it is important to introduce the
following identity:

1
u � a

¼ � 1
a
� u

a2
� � � � � uh�1

ah
þ uh

ahþ1ðu � aÞ ð127Þ

in the decomposition formulas. By assuming as N the degree of nðaÞpðaÞ and h the smaller
integer greater or equal to N=2 � 1, we get the following asymptotic expansion as a ! 1:

�tþðaÞ ¼ co

a
þ c1

a2
þ � � � þ ch�1

ah
þ O

1
ahþ1

� �
, t�ðaÞ ¼ co

a
þ c1

a2
þ � � � þ ch�1

ah
þ O

1
ahþ1

� �

where

ci ¼
ð1

�1

tiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðtÞpðtÞp ln

1 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðtÞbðtÞp

1 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðtÞbðtÞp dt, i ¼ 0, . . . , h � 1

By taking into account the commutativity of the involved matrices we get

cosh
1
2

t	ðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� � ffiffiffiffiffiffiffiffiffi
nðaÞ
pðaÞ

s
sinh

1
2

t	ðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� �

ffiffiffiffiffiffiffiffiffi
pðaÞ
nðaÞ

s
sinh

1
2

t	ðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� �
cosh

1
2

t	ðaÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞ

p� �

�����������

�����������

¼
cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

2
co

a
þ c1

a2
þ � � � þ ch�1

ah


 �" #



ffiffiffiffiffiffiffiffiffi
nðaÞ
pðaÞ

s
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

2
co

a
þ c1

a2
þ � � � þ ch�1

ah


 �" #



ffiffiffiffiffiffiffiffiffi
pðaÞ
nðaÞ

s
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

2
co

a
þ c1

a2
þ � � �þ ch�1

ah


 �" #
cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

2
co

a
þ c1

a2
þ � � �þ ch�1

ah


 �" #

0
BBBBBB@

1
CCCCCCA

�
cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

O
1

ahþ1

� �� �� � ffiffiffiffiffiffiffiffiffi
nðaÞ
pðaÞ

s
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

O
1

ahþ1

� �� �� �

ffiffiffiffiffiffiffiffiffi
pðaÞ
nðaÞ

s
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

O
1

ahþ1

� �� �� �
cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

O
1

ahþ1

� �� �� �

0
BBBBBB@

1
CCCCCCA
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While the second matrix factor in the second member presents an appropriate behavior as
a ! 1, the presence of nonvanishing ci (i ¼ 0, . . . , h � 1) produces an exponential
offending behavior in the first factor. To eliminate it, we introduce suitable rational matrices
R having a Daniele form and commuting with GðaÞ (Daniele, 1984). Applying the factor-
ization (122) we have

R ¼ R̂�R̂þ

where, just as occurs in Ĝ	, R̂	 present factors having offending behavior as a ! 1. If
the offending factors of R̂	 compensate those of Ĝ	, then Ĝ	R̂	 are standard factorized
matrices. Consequently,

G ¼ Ĝ�R̂�R̂þR�1Ĝþ ¼ Ĝ�R̂�R�1R̂þĜþ ð128Þ
reduces the factorization of G to the factorization of the rational matrix R�1.

R�1 is a rational matrix that can be factorized according to the general method described
in the previous sections. To obtain R, let us consider the matrix

rðx,aÞ ¼
1

nðaÞ
x

pðaÞ
x

1

�������

�������
The factorization through eqs. (123) and (124) yields factorized matrices R̂	 that present the
offending behavior:

cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

2
roðxÞ
a

þ r1ðxÞ
a2

þ���þ rh�1ðxÞ
ah

� �" #
	

ffiffiffiffiffiffiffiffiffiffi
nðaÞ
pðaÞ

s
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

2
roðxÞ
a

þ r1ðxÞ
a2

þ���þ rh�1ðxÞ
ah

� �" #

	
ffiffiffiffiffiffiffiffiffiffi
pðaÞ
nðaÞ

s
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

2
roðxÞ
a

þ r1ðxÞ
a2

þ���þ rh�1ðxÞ
ah

� �" #
cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðaÞpðaÞp

2
roðxÞ
a

þ r1ðxÞ
a2

þ���þ rh�1ðxÞ
ah

� �" #

0
BBBBB@

1
CCCCCA

ð129Þ

where

riðxÞ ¼
ð1

�1

tiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðtÞpðtÞp ln

x þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðtÞpðtÞp

x � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðtÞpðtÞp dt i ¼ 0, . . . , h � 1 ð130Þ

To obtain an explicit evaluation of the previous integral, let us consider the derivative

d riðxÞ
dx

¼
ð1

�1

2ti

PðtÞ � x2
dt ð131Þ

where PðtÞ ¼ nðtÞpðtÞ. Since the integrand function is rational in t, the residue theorem
yields terms having the form

2ui�1ðxÞ
P0ðuðxÞÞ ð132Þ
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where uðxÞ is a suitable root of the equation

PðtÞ � x2 ¼ 0 ð133Þ
We can ascertain that the algebraic function f ðu, xÞ ¼ PðuÞ � x2 is of genus h and a Riemann
surface (Springer, Link Encyclopaedia Mathematics) can be associated with it. In this

Riemann surface, the quantities 2ui�1ðxÞ
P0ðuðxÞÞ ði ¼ 1, 2, . . . , hÞ are abelian differentials of the first

kind (Baker, 2006, p. 128). This means that the integration of (131) yields

riðxÞ ¼
ðx

1
dx

ð1

�1

2ti�1

PðtÞ � x2
dt ¼ Ai1w1ðxÞ þAi2w2ðxÞ þ � � � þAihwhðxÞ ði ¼ 1, 2, . . . , hÞ ð134Þ

where wiðxÞ, ði ¼ 1, 2, . . . , hÞ constitute a basis of known abelian integrals.
To eliminate the offending behavior, let us introduce the rational matrix:

R ¼
Yh

i¼1

1
nðaÞ

xi

pðaÞ
xi

1

��������

��������
ð135Þ

To have Ĝ	R̂	 without offending behavior as a ! 1, we must enforce the following sys-
tem of nonlinear equations:

roðx1Þ þ roðx2Þ þ � � � þ roðxhÞ ¼ �co

r1ðx1Þ þ r1ðx2Þ þ � � � þ r1ðxhÞ ¼ �c1

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
rh�1ðx1Þ þ rh�1ðx2Þ þ � � � þ rh�1ðxhÞ ¼ �ch�1

Taking into account eq. (134), the aforementioned system constitutes a Jacobi inverse pro-
blem that is well known in the literature. The existence of its solution is proved by topolo-
gical methods (see, e.g., Springer, 1957). Several algorithms have been proposed for
allowing the construction of the solution of Jacobi’s inversion problem (see, e.g., Zverovich,
1971). The conceptual importance of these algorithms is that they provide the solution
x ¼ ðxiÞ of the nonlinear system by the zeroes of a polynomial of degree equal to the genus h.
It means that if h � 4 we obtain an exact solution constituted by radicals of the coefficients
of this polynomial.

4.8.6 A relatively simple case

By taking into account eq. (118), we can assume without loss of generality that nðaÞ ¼ 1.
We have a relatively simple case when the polynomial pðaÞ is biquadratic:

pðaÞ ¼ �ða4 þ Aa2 þ BÞ ð136Þ
It involves a genus h ¼ 1, and there is the only coefficient

c0 ¼
ð1

�1

1ffiffiffiffiffiffiffiffi
pðtÞp ln

1 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðtÞbðtÞp

1 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðtÞbðtÞp dt ð137Þ
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that produces offending behavior. To eliminate it, the rational matrix

R ¼
1

1
x

pðaÞ
x

1

�������

�������
yields a similar coefficient

r0ðxÞ ¼
ð1

�1

1ffiffiffiffiffiffiffiffi
pðtÞp ln

x þ ffiffiffiffiffiffiffiffi
pðtÞp

x � ffiffiffiffiffiffiffiffi
pðtÞp dt

that for a suitable value of x can compensate c0:

r0ðxÞ þ co ¼ 0 ð138Þ

To obtain an explicit expression for r0ðxÞ, let us consider

d r0ðxÞ
dx

¼
ð1

�1

2
pðtÞ � x2

dt ¼ �
ð1

�1

2
t4 þ At2 þ B þ x2

dt

¼ 2p j
2

4y1
3 þ 2A y1

þ 2
4y2

3 þ 2A y2

� �
ð139Þ

where the residue theorem has been applied, and y1 and y2 are the two solutions of the
equation t4 þ At2 þ B þ x2 ¼ 0 having negative imaginary part:

y1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�A �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � 4B � 4x2

p

2

s

y2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�A þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � 4B � 4x2

p

2

s ð140Þ

Substituting in the last member that evaluates d r0ðxÞ
dx yields

d r0ðxÞ
dx

¼ �
ffiffiffi
2

p
p j

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2�4ðBþx2Þ

pp � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�A�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2�4ðBþx2Þ

pp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � 4ðB þ x2Þp

0
B@

1
CA ð141Þ

It is evident that the branch points x ¼ 	 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � 4B

p
arising from

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � 4ðB þ x2Þp

are not
present in the x – plane. The only branch points present in d r0ðxÞ

dx are 	jB. Multiplying by

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�A þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2 � 4ðB þ x2Þpq þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�A � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2 � 4ðB þ x2Þpq
0
B@

1
CA
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numerator and denominator of the previous equation yields, after an algebraic manipulation2:

d r0ðxÞ
dx

¼ jpffiffiffi
2

p 1

ðB þ x2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� A

2ðBþx2Þ þ 1ffiffiffiffiffiffiffiffi
Bþx2

p
q

0
B@

1
CA ð142Þ

Using the substitution

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
B þ x2

p
ð143Þ

and taking into account that r0ð1Þ ¼ 0, using MATHEMATICA the integral yields

roðxÞ ¼ 2pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A þ 2

ffiffiffi
B

pp EllipticF arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A þ 2

ffiffiffi
B

pp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
B þ x2

pp
 !

,
A � 2

ffiffiffi
B

p

A þ 2
ffiffiffi
B

p
" #

ð144Þ

For a known r0ðxÞ ¼ r0, the inversion of the previous equation provides the values of x that
allow the rational matrix R to eliminate the offending behavior as a ! 1:

x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�A � 2

ffiffiffi
B

p þ A sn ðAþ2
ffiffiffi
B

p Þro

2p

��mh i2

2 sn ðAþ2
ffiffiffi
B

p Þro

2p

��mh i2

0
B@

1
CA

2

� b

vuuuut ð145Þ

with

m ¼ A � 2
ffiffiffi
B

p

A þ 2
ffiffiffi
B

p ð146Þ

4.8.7 The
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞ=bðaÞp

rational function of a case

If
ffiffiffiffiffiffiffi
aðaÞ
bðaÞ

q
is a rational function of a,3 the following slight modification of the Daniele method

allows to obtain directly factorized matrices having always algebraic behavior as a ! 1,
thus avoiding the cumbersome above procedure, even if the matrices thus obtained are fac-
torized matrices only in the weak sense.

By introducing

ffiffiffiffiffiffiffiffiffiffi
aðaÞ
bðaÞ

s
¼ nðaÞ

pðaÞ ð147Þ

2 The results is correct if we exclude values of x coincident with the apparent branch points.
3 This condition can be met by a suitable rational approximation of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞ=bðaÞp

.
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the following representation of GðaÞ holds:

GðaÞ ¼ ffiffiffiffiffiffiffiffiffiffi
gðaÞp

exp
1
2

tðaÞ
0 n2ðaÞ

p2ðaÞ 0

�����
�����

" #
¼ ffiffiffiffiffiffiffiffiffiffi

gðaÞp
exp

1
2

nðaÞpðaÞtðaÞ
0

nðaÞ
pðaÞ

pðaÞ
nðaÞ 0

���������

���������

2
6664

3
7775

¼ ffiffiffiffiffiffiffiffiffiffi
gðaÞp cosh

1
2

tðaÞnðaÞpðaÞ
� �

nðaÞ
pðaÞ sinh

1
2

tðaÞnðaÞpðaÞ
� �

pðaÞ
nðaÞ sinh

1
2

tðaÞnðaÞpðaÞ
� �

cosh
1
2

t�ðaÞnðaÞpðaÞ
� �

���������

���������
ð148Þ

where gðaÞ is the determinant of the matrix kernel GðaÞ and

tðaÞ ¼ 1
nðaÞpðaÞ ln

1 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞbðaÞp

1 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞbðaÞp ð149Þ

The decomposition of ln
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞbðaÞ

p
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞbðaÞ

p ¼ ln
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞbðaÞ

p
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞbðaÞ

p
� �

�
þ ln

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞbðaÞ

p
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðaÞbðaÞ

p
� �

þ
yields the

weak factorization of GðaÞ.

4.8.8.1 An alternative method

The Daniele matrix when eq. (146) holds can be rewritten as

WðaÞ ¼ 1 f ðaÞða� z1Þ2ða� z2Þ2. . .ða� znÞ2

f ðaÞ 1

�����
����� ð150Þ

where zi are the zeroes of the polynomials nðaÞ and pðaÞ.
The following equations reduce the (weak) factorization of WðaÞ to a matrix very easy to

factorize:

1 f ðaÞða� z1Þ2ða� z2Þ2. . .ða� znÞ2

f ðaÞ 1

�����
�����

¼ ða� z1Þða� z2Þ. . .ða� znÞ 0

0 1

����
���� � 1 wðaÞ

wðaÞ 1

����
���� �

1
ða� z1Þða� z2Þ. . .ða� znÞ 0

0 1

������

������
ð151Þ

where

wðaÞ ¼ f ðaÞða� z1Þða� z2Þ. . .ða� znÞ
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4.9 The factorization of matrices commuting with
rational matrices

4.9.1 Introduction

By taking into account that it is possible to deeply modify the structure of a matrix by
suitable algebraic manipulations with rational matrices, in several diffraction problems a
given matrix GðaÞ may be defined by

GðaÞ ¼ R0ðaÞ þ f ðaÞR1ðaÞ ð152Þ
where R0ðaÞ and R1ðaÞ are rational in a, and f ðaÞ is an arbitrary function of a. In this
section we show that these matrices are amenable to explicit factorization.

The factorization of R0ðaÞ ¼ R0�ðaÞR0þðaÞ yields

GðaÞ ¼ R0�ðaÞb1 þ f ðaÞR0�ðaÞ�1R1ðaÞR0þðaÞ�1cR0þðaÞ ð153Þ

By taking into account that R0�ðaÞ�1R1ðaÞR0þðaÞ�1 ¼ PðaÞ
dðaÞ where PðaÞ and dðaÞ are matrix

and scalar polynomial functions, respectively, it is possible to reduce the factorization of the

matrix GðaÞ to that of the matrix WðaÞ ¼ 1 þ f ðaÞ
dðaÞ PðaÞ. This last matrix commutes with the

polynomial matrix PðaÞ and can be explicitly factorized by using the following procedure.
According to Cayley’s theorem we have

log WðaÞ½ � ¼ yoðaÞ1 þ y1ðaÞPðaÞ þ � � � þ yn�1ðaÞPn�1ðaÞ ð154Þ
where n is the order of the matrix WðaÞ. If PðaÞ has distinct eigenvalues liðaÞ, the functions
yiðaÞ are obtained through the Sylvester formula (Pease, 1965, p. 156):

g PðaÞ½ � ¼
Xn

i¼1

g li½ �
Yn

j 6¼i

PðaÞ � lj1

li � lj
ð155Þ

which provides

log WðaÞ½ � ¼ log 1 þ f ðaÞ
dðaÞPðaÞ

� �
¼ g PðaÞ½ � ¼

Xn

i¼1

log 1 þ f ðaÞ
dðaÞ li

� �Yn

j 6¼i

PðaÞ � lj1

li � lj
ð156Þ

The decomposition of

yiðaÞ ¼ yi�ðaÞ þ yiþðaÞ ð157Þ
yields the factorized matrices

WðaÞ ¼ ~W�ðaÞ � ~WþðaÞ ð158Þ
where

~W�ðaÞ
� � ¼ exp½yo�ðaÞ1 þ y1�ðaÞPðaÞ þ � � � þ yðn�1Þ�ðaÞPn�1ðaÞ�
~WþðaÞ
� � ¼ exp½yoþðaÞ1 þ y1þðaÞPðaÞ þ � � � þ yðn�1ÞþðaÞPn�1ðaÞ�

ð159Þ
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This factorization process is effective because the factorized matrices ~W�ðaÞ and ~WþðaÞ are
both functions of the same matrix PðaÞ and therefore they certainly commute. Furthermore,
these factorized matrices are regular together with their inverses in the half-planes Im a½ � � 0
and Im a½ � � 0 respectively, since PðaÞ is a polynomial in a and hence regular on the whole
complex a� plane.

When the polynomial matrix PðaÞ is constant, PðaÞ ¼ Po, the factorized matrices have
algebraic behavior as a ! 1. Conversely, if the polynomial matrix PðaÞ is not constant, the
previous factorized formulas ensure only that the factorized matrices and their inverses are
regular in the upper and lower a � half-planes, while their asymptotic behavior as a ! 1
could be nonalgebraic. The nonalgebraic behavior introduces in the Wiener-Hopf procedure
a transcendental entire vector function. The general technique to eliminate the offensive
asymptotic behavior in the factorized matrices is reported in the next sections. It is very
cumbersome, and complicated special functions are present. In these cases, rather than try to
obtain an exact factorization, it is perhaps better to use the approximate factorization tech-
niques illustrated in chapters 6 and 7.

Example 6

Consider again the factorization of the matrix (Achenbach & Gautesen, 1977):

MðaÞ ¼ 1
a2 þ h2

a2dðaÞ þ h2dðaÞ ah dðaÞ � dðaÞ½ �
ah dðaÞ � dðaÞ½ � a2dðaÞ þ h2dðaÞ

�����
�����

This matrix is linear in the functions dðaÞ and dðaÞ. Hence, it may be rewritten in the form

GðaÞ ¼ dðaÞR1ðaÞ þ dðaÞR2ðaÞ ð160Þ
where the rational matrices R1ðaÞ and R2ðaÞ are given by

R1ðaÞ ¼ 1
a2 þ h2

a2 �ah
�ah h2

����
����, R2ðaÞ ¼ 1

a2 þ h2

h2 ah
ah a2

����
���� ð161Þ

Since the two rational matrices R1ðaÞ and R2ðaÞ are singular, eq. (153) does not apply.
However, since R1ðaÞ and R2ðaÞ commute, from Cayley’s theorem a rational matrix RðaÞ
exists such that we can write

MðaÞ ¼ cðaÞ 1 þ f ðaÞRðaÞ½ � ð162Þ
which allows us to use the previous procedure.

Matrices of order two having the form (160), where R1ðaÞ and R2ðaÞ are singular have
been considered in (Meister & Speck, 1989) using a different approach.

4.9.2 Matrix of order two commuting with polynomial matrices

All the matrices of order two commuting with polynomial matrices reduce to matrices
having the Daniele form. Consequently, the theory of section 4.8.4 applies, and in general
the factorization of these matrices always reduces to a Jacobi problem. However, for the sake
of completeness in this section we consider the more direct factorization technique described
in 4.9.1.

4.9 ● The factorization of matrices commuting with rational matrices 111



Let us consider a matrix GðaÞ that commutes with a polynomial matrix PðaÞ:

PðaÞ ¼ P11ðaÞ P12ðaÞ
P21ðaÞ P22ðaÞ

����
����

Since the matrix is of order two, we get

log GðaÞ½ � ¼ yoðaÞ1 þ y1ðaÞPðaÞ
G	ðaÞ ¼ exp yo	ðaÞ1 þ y1	ðaÞPðaÞ½ �

If the polynomial PðaÞ is of first degree, the factorized matrices

G	ðaÞ ¼ exp yo	ðaÞ1 þ y1	ðaÞPðaÞ½ �
do not present offending behavior as a ! 1. If P11ðaÞ and P22ðaÞ are polynomials of
second degree and P12ðaÞ and P21ðaÞ polynomials of first degree or constants, it is possible
to eliminate the offending behavior at a ! 1. In fact, a suitable normalization of the plus
unknowns allows to have equal coefficients, say, c in the term containing a2 in P11ðaÞ and
P22ðaÞ. Thus, we can reduce the problem to the factorization of a matrix that commutes with
the polynomial matrix P̂ðaÞ ¼ ca21 þ P̂1ðaÞ, where P̂1ðaÞ is of first degree. Now the
logarithm factorized matrices have the offending behavior

exp 	 1
a

P̂ðaÞ
ð1

�1
ŷ1ðaÞda

2
4

3
5

that can be eliminated by multiplying the logarithm factorized matrices by the exponential
scalar exp

�
 ca
Ð1
�1 j1ðaÞda

�
.

In the more general case, we must eliminate the offending behavior as a ! 1 by using
the technique described in section 4.9.6.

Consider now the factorization of WðaÞ ¼ 1 þ hðaÞPðaÞ, where PðaÞ is an arbitrary
polynomial matrix of order two and degree two. In this case the nonlinear system reduces to
only one equation, and we introduce the rational matrix

RðaÞ ¼ 1 þ xPðaÞ ð163Þ

Taking into account the expressions reported later in section 4.9.3, to cancel the offending
exponential behaviors we force the unknown parameter x to satisfy the nonlinear equation

f ðxÞ ¼
ð1

�1

log 1 þ xl1½ �
l1 � l2

þ log 1 þ xl2½ �
l2 � l1

� �
da

¼
ð1

�1

log 1 þ hðaÞl1½ �
l1 � l2

þ log 1 þ hðaÞl2½ �
l2 � l1

� �
da ¼ n ð164Þ
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where l1 and l2 are the eigenvalues of PðaÞ. This yields

df ðxÞ
dx

¼
ð1

�1

1
1 þ xðl1 þ l2Þ þ x2l2l1

� �
da ð165Þ

The quantities l1 þ l2 and l1l2 are polynomials, since they are the trace and the determinant
of the matrix PðaÞ. Consequently, the integrand function is rational in a, and therefore the
residue theorem applies. In some important case the polynomials l1 þ l2 and l1l2 are of
degree 2 and the residue theorem yields

df ðxÞ
dx

¼ 2p j
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xðax3 þ bx2 þ cx þ dÞp ð166Þ

where a, b, c, d are constants.
By taking into account that f ð0Þ ¼ 0, f ðxÞ can be expressed in terms of elliptic integrals

and by inverting them, it is possible to obtain an explicit expression for x in terms of
Jacobian elliptic functions. In fact, by introducing

ax3 þ bx2 þ cx þ d ¼ aðx � x1Þðx � x2Þðx � x3Þ ð167Þ
we have

f ðxÞ ¼ 1ffiffiffiffiffiffiffi
ax2

p 2
ðx1 � x3Þx1

EllipticF ArcSin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðx3 � x1Þ
ðx � x1Þ

s
,
ðx1 � x2Þx3

ðx1 � x3Þx2

" #" #
ð168Þ

Hence

f ðxÞ ¼ n ð169Þ
has the analytical solution

x ¼
x1x3 JacobiSN 1

2 nðx1
ffiffiffiffiffi
x2

p ðx1 � x3Þ, ðx1�x2Þx3

ðx1�x3Þx2

h ih i2

x1 � x3 þ x3 JacobiSN 1
2 nðx1

ffiffiffiffiffi
x2

p ðx1 � x3Þ, ðx1�x2Þx3

ðx1�x3Þx2

h ih i2 ð170Þ

The factorization formulas follow from

W ¼ ~W�~R�R�1~Rþ ~Wþ ¼ ~W�~R� R�1
� �

� R�1
� �

þ~Rþ ~Wþ ð171Þ
where the factorization of R�1ðhÞ ¼ ð1 þ xP2ðhÞÞ�1 can be obtained by the rational matrices
factorization method.

4.9.3 Explicit expression of yiðaÞ in the general case

According to Sylvester’s representation, in the case of simple eigenvalues li ¼ liðaÞ of
PðaÞ, the matrix log WðaÞ½ � ¼ log hðaÞ1 � PðaÞ½ � may be written as (Pease, 1965)

log WðaÞ½ � ¼
Xn

i¼1

log WðliÞ½ �
Yn

j 6¼i

PðaÞ � lj1

li � lj
ð172Þ
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Dealing with a matrix of order n, this yields

log WðaÞ½ � ¼ yoðaÞ1 þ y1ðaÞPðaÞ þ � � � þ yn�1ðaÞPn�1ðaÞ ð173Þ

For example, for a matrix PðaÞ of order two we have

log hðaÞ1 � PðaÞ½ � ¼ yoðaÞ1 þ y1ðaÞPðaÞ ð174Þ

where

yoðaÞ ¼ � log hðaÞ � l1½ �l2

l1 � l2
� log hðaÞ � l2½ �l1

l2 � l1

y1ðaÞ ¼
log hðaÞ � l1½ �

l1 � l2
þ log hðaÞ � l2½ �

l2 � l1

For matrices of order three,

log hðaÞ � PðaÞ½ � ¼ yoðaÞ1 þ y1ðaÞPðaÞ þ y2ðaÞP2ðaÞ ð175Þ

where

yoðaÞ ¼
log hðaÞ � l1½ �l2l3

ðl1 � l2Þðl1 � l3Þ þ
log hðaÞ � l2½ �l1l3

ðl2 � l1Þðl2 � l3Þ þ
log hðaÞ � l3½ �l1l2

ðl3 � l1Þðl3 � l2Þ

y1ðaÞ ¼ � log hðaÞ � l1½ �ðl2 þ l3Þ
ðl1 � l2Þðl1 � l3Þ � log 1 � l2½ �ðl1 þ l3Þ

ðl2 � l1Þðl2 � l3Þ � log hðaÞ � l3½ �ðl1 þ l2Þ
ðl3 � l1Þðl3 � l2Þ

y2ðaÞ ¼
log hðaÞ � l1½ �

ðl1 � l2Þðl1 � l3Þ þ
log hðaÞ � l2½ �

ðl2 � l1Þðl2 � l3Þ þ
log hðaÞ � l3½ �

ðl3 � l1Þðl3 � l2Þ

For matrices of order four,

log hðaÞ1 � PðaÞ½ � ¼ yoðaÞ1 þ y1ðaÞPðaÞ þ y2ðaÞP2ðaÞ þ y3ðaÞP3ðaÞ ð176Þ

where

yoðaÞ ¼ � log hðaÞ � l1½ �l2l3l4

ðl1 � l2Þðl1 � l3Þðl1 � l4Þ �
log hðaÞ � l2½ �l1l3l4

ðl2 � l1Þðl2 � l3Þðl2 � l4Þ

� log hðaÞ � l3½ �l1l2l4

ðl3 � l1Þðl3 � l2Þðl3 � l4Þ �
log hðaÞ � l4½ �l1l2l3

ðl4 � l1Þðl4 � l2Þðl4 � l3Þ

y1ðaÞ ¼
log hðaÞ � l1½ �ðl2l3 þ l2l4 þ l3l4Þ

ðl1 � l2Þðl1 � l3Þðl1 � l4Þ þ log hðaÞ � l2½ �ðl1l3 þ l1l4 þ l3l4Þ
ðl2 � l1Þðl2 � l3Þðl2 � l4Þ

þ log hðaÞ � l3½ �ðl1l2 þ l1l4 þ l2l4Þ
ðl3 � l1Þðl3 � l2Þðl3 � l4Þ þ log hðaÞ � l4½ �ðl1l2 þ l1l3 þ l2l3Þ

ðl4 � l1Þðl4 � l2Þðl4 � l3Þ
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y2ðaÞ ¼ � log hðaÞ � l1½ �ðl2 þ l3 þ l4Þ
ðl1 � l2Þðl1 � l3Þðl1 � l4Þ � log hðaÞ � l2½ �ðl1 þ l3 þ l4Þ

ðl2 � l1Þðl2 � l3Þðl2 � l4Þ

� log hðaÞ � l3½ �ðl1 þ l2 þ l4Þ
ðl3 � l1Þðl3 � l2Þðl3 � l4Þ � log hðaÞ � l4½ �ðl1 þ l2 þ l3Þ

ðl4 � l1Þðl4 � l2Þðl4 � l3Þ

y3ðaÞ ¼
log hðaÞ � l1½ �

ðl1 � l2Þðl1 � l3Þðl1 � l4Þ þ
log hðaÞ � l2½ �

ðl2 � l1Þðl2 � l3Þðl2 � l4Þ

þ log hðaÞ � l3½ �
ðl3 � l1Þðl3 � l2Þðl3 � l4Þ þ

log hðaÞ � l4½ �
ðl4 � l1Þðl4 � l2Þðl4 � l3Þ

The complexity of these expressions is because even though PðaÞ is rational the eigenvalues
liðaÞ are not rational functions of a. If the order of the matrix PðaÞ does not exceed 4,
MATHEMATICA provides analytical expressions for liðaÞ.

Alternatively, we can use the following technique to obtain the functions yiðaÞ.
This technique is conceptually simpler, since it avoids the introduction of the eigenvalues of
PðaÞ. Since

WðaÞ ¼ 1 þ f ðaÞ
dðaÞPðaÞ ¼ PðaÞ 1 � � f ðaÞ

dðaÞ
� �

P�1ðaÞ
� �

ð177Þ

it is not restrictive to refer to the factorization of the matrix:

GðaÞ ¼ 1 � lðaÞP�1ðaÞ ð178Þ
where lðaÞ is a scalar known function. We have

log �lðaÞP�1ðaÞ þ 1
� � ¼

ðlðaÞ

0

1
x1 � PðaÞ dx ð179Þ

Given a matrix P of order n, we will evaluate the matrix ðx1 � PÞ�1 in terms of rational
expressions of x. For illustrative purposes we will consider only the case n ¼ 4. By Cayley’s
theorem we have

ðx1 � PÞ�1 ¼ roðxÞ1 þ r1ðxÞP þ r2ðxÞP2 þ r3ðxÞP3 ð180Þ
The rationality of the four functions ri(x) (i ¼ 0, 1, 2, 3) is evident, and in the following we
will evaluate them explicitly.

Equation (180) can be rewritten as

ðx1 � PÞ roðxÞ1 þ r1ðxÞP þ r2ðxÞP2 þ r3ðxÞP3
� � ¼ 1 ð181Þ

Taking into account the characteristic equation

P4 þ a1P3 þ a2P2 þ a3P þ a41 ¼ 0 ð182Þ
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eq. (181) yields

eoðxÞ1 þ e1ðxÞP þ e2ðxÞP2 þ e3ðxÞP3 � 1 ¼ 0 ð183Þ

where

e0 ¼ a4r3 þ r0x, e1 ¼ a3r3 � r0 þ r1x

e2 ¼ �r1 þ a2r3 þ r2x, e3 ¼ �r2 þ a1r3 þ r3x
ð184Þ

Equation (183) is equivalent to the following four equations in the unknowns
eo � 1, e1, e2, e3:

eoðxÞ � 1 þ e1ðxÞli þ e2ðxÞli
2 þ e3ðxÞli

3 ¼ 0 ði ¼ 1, . . . , 4Þ

where li ði ¼ 1, 2, 3, 4Þ are the eigenvalues of P. Since the determinant of the coefficients is
not vanishing,4 we obtain the values of ei ði ¼ 0, 1, 2, 3Þ:

eo � 1 ¼ 0, e1 ¼ 0, e2 ¼ 0, e3 ¼ 0

Consequently, eq. (184) provide the evaluation of roðxÞ, r1ðxÞ, r2ðxÞ, r3ðxÞ. We obtain the
following rational expressions:

r0ðxÞ ¼ x3 þ a1x2 þ a2x þ a3

x4 þ a1x3 þ a2x2 þ a3x þ a4
, r1ðxÞ ¼ x2 þ a1x þ a2

x4 þ a1x3 þ a2x2 þ a3x þ a4

r2ðxÞ ¼ x þ a1

x4 þ a1x3 þ a2x2 þ a3x þ a4
, r3ðxÞ ¼ 1

x4 þ a1x3 þ a2x2 þ a3x þ a4

ð185Þ

The Bocher equations provide the evaluation of the coefficients ai of the characteristic
equation in terms of the entries of the matrix P (182). In fact, we have

a1 ¼ �s1, a2 ¼ � a1s1 þ s2

2
, a3 ¼ � a2s1 þ a1s2 þ s3

3

a4 ¼ � a3s1 þ a2s2 þ a1s3 þ s4

4
¼ ð�1Þ4det P½ �

ð186Þ

where

s1 ¼ Tr P½ �, s2 ¼ Tr P2½ �
s3 ¼ Tr P3½ �, s4 ¼ Tr P4½ �

4 This is a Vandermonde determinant.
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This shows that for polynomials matrices P the coefficients ai are polynomials of a and the
functions

roðxÞ ¼ roðx,aÞ, r1ðxÞ ¼ r1ðx,aÞ
r2ðxÞ ¼ r2ðx,aÞ, r3ðxÞ ¼ r3ðx,aÞ

are rational functions of the algebraic functions

f ðx,aÞ ¼ x4 þ a1ðaÞx3 þ a2ðaÞx2 þ a3ðaÞx þ a4ðaÞ ð187Þ
Of course the values of x that constitute poles of the function roðxÞ, r1ðxÞ, r2ðxÞ, r3ðxÞ are the
zeroes with respect to x of the algebraic equation f ðx,aÞ ¼ 0 and represent the eigenvalues of P.

From

log GðaÞ½ � ¼
ðlðaÞ

0

1
x1 � PðaÞ dx ð188Þ

it follows that

log �lðaÞP�1ðaÞ þ 1
� � ¼

ðlðaÞ

0

roðx,aÞdx 1 þ
ðlðaÞ

0

r1ðx,aÞdx PðaÞ

þ
ðlðaÞ

0

r2ðx,aÞdx P2ðaÞ þ
ðlðaÞ

0

r3ðx,aÞdx P3ðaÞ

¼ g0ðaÞ1 þ g1ðaÞPðaÞ þ g2ðaÞP2ðaÞ þ g3ðaÞP3ðaÞ ð189Þ
where

giðaÞ ¼
ðlðaÞ

0

riðx,aÞdx i ¼ 0, 1, 2, 3

4.9.4 Asymptotic behavior of the logarithmic representation

of �lðaÞP�1ðaÞ þ 1

We have obtained

�lðaÞP�1ðaÞ þ 1 ¼ exp goðaÞ1 þ g1ðaÞPðaÞ þ g2ðaÞP2ðaÞ þ g3ðaÞP3ðaÞ� � ð190Þ

Taking into account that the first member is algebraic as a ! 1,

�f ðaÞP�1ðaÞ þ 1 � anM ð191Þ
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where M is a constant matrix, it follows that

Exp goðaÞ1½ � ! an, or goðaÞ ! n loga

Exp g1ðaÞPðaÞ½ � ! Exp g1ðaÞap½ � ! an, or g1ðaÞ ! n loga
ap

ð192Þ

where p is the degree of PðaÞ, and so on. It provides the proof of the convergence of the
integrals that will be introduced later.

4.9.5 Asymptotic behavior of the decomposed yi	ðaÞ
Let us consider, for the sake of simplicity, that the degree of PðaÞ does not exceed 2.5 The
logarithmic decomposition yields

log �lðaÞP�1ðaÞ þ 1
� �� 


	

¼ g0ðaÞf g	1 þ g1ðaÞf g	PðaÞ þ g2ðaÞf g	P2ðaÞ þ g3ðaÞf g	P3ðaÞ ð193Þ

To achieve the behavior of the functions giðaÞf g	, i ¼ 0, 1, 2, 3 for a ! 1, it is important
to introduce the following identity:

1
u � a

¼ � 1
a
� u

a2
� uN�2

aN�1
þ uN�1

aN�1ðu � aÞ ð194Þ

in the decomposition formulas (section 3.1):

giðaÞf g	 ¼ 	 1
2p j

ð
g1,2

giðuÞ
u � a

du i ¼ 0, 1, 2, 3 ð195Þ

This yields

g0ðaÞf g	 ¼ 	 �y1
0

a

� �
þ O

1
a2

� �

g1ðaÞf g	 ¼ 	 �y1
1

a

� �
þ O

1
a2

� �

g2ðaÞf g	 ¼ 	 �y1
2

a
� y2

2

a2
� y3

2

a3

� �
þ O

1
a4

� �

g3ðaÞf g	 ¼ 	 �y1
3

a
� y2

3

a2
� y3

3

a3
� y4

3

a4
� y5

3

a5

� �
þ O

1
a6

� �

ð196Þ

5 This case occurs in the problem of diffraction by a half-plane having arbitrary impedance faces immersed in an
isotropic medium.
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where

y1
0ðGÞ ¼ y1

0 ¼ 1
2p j

ð1

�1
g0ðuÞdu

y1
1ðGÞ ¼ y1

1 ¼ 1
2p j

ð1

�1
g1ðuÞdu

y1
2ðGÞ ¼ y1

2 ¼ 1
2p j

ð1

�1
g2ðuÞdu, y2

2ðGÞ ¼ y2
2 ¼ 1

2p j

ð1

�1
u g2ðuÞdu

y3
2ðGÞ ¼ y3

2 ¼ 1
2p j

ð1

�1
u2 g2ðuÞdu

y1
3ðGÞ ¼ y1

3 ¼ 1
2p j

ð1

�1
g3ðuÞdu, y2

3ðGÞ ¼ y2
3 ¼ 1

2p j

ð1

�1
u g3ðuÞdu

y3
3ðGÞ ¼ y3

3 ¼ 1
2p j

ð1

�1
u2 g3ðuÞdu

y4
3ðGÞ ¼ y4

3 ¼ 1
2p j

ð1

�1
u3 g3ðuÞdu, y5

3ðGÞ ¼ y5
3 ¼ 1

2p j

ð1

�1
u4 g3ðuÞdu

ð197Þ

We observe that

PðaÞ ¼ Ao þ aA1 þ a2A2

P2ðaÞ ¼ Bo þ aB1 þ a2B2 þ a3B3 þ a4B4

P3ðaÞ ¼ Co þ aC1 þ a2C2 þ a3C3 þ a4C4 þ a5C5 þ a6C6

ð198Þ

with Ai, Bi, Ci constant matrices of order four. Taking these equations into account, we
deduce that in the expression

log �lðaÞP�1ðaÞ þ 1½ �� 

	

¼ g0ðaÞf g	1 þ g1ðaÞf g	PðaÞ þ g2ðaÞf g	P2ðaÞ þ g3ðaÞf g	P3ðaÞ

● the term goðaÞf g	 does not involve offending exponential behaviors;
● the term g1ðaÞf g	 involves the offending contribution 
a2 y1

1
a A2;

● the term g2ðaÞf g	 involves the offending contributions


a2 y1
2

a
B2 
 a3 y1

2

a
þ y2

2

a2

� �
B3 
 a4 y1

2

a
þ y2

2

a2
þ y3

2

a3

� �
B4
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and finally,
● the term g3ðaÞf g	 involves the offending contributions


a2 y
1
3

a
C2 
 a3 y1

3

a
þ y2

3

a2

� �
C3 
 a4 y1

3

a
þ y2

3

a2
þ y3

3

a3

� �
C4

þ
a5 y1
3

a
þ y2

3

a2
þ y3

3

a3
þ y4

3

a4

� �
C5 
 a6 y1

3

a
þ y2

3

a2
þ y3

3

a3
þ y4

3

a4
þ y5

3

a5

� �
C6

These expressions show that there would be no offending behavior if the dominant terms
relevant to g1,2,3ðaÞ

� 

	 were vanishing:

y1
1ðGÞ ¼ 0

y1
2ðGÞ ¼ 0, y2

2ðGÞ ¼ 0 y3
2ðGÞ ¼ 0

y1
3ðGÞ ¼ 0, y2

3ðGÞ ¼ 0, y3
3ðGÞ ¼ 0, y4

3ðGÞ ¼ 0, y5
3ðGÞ ¼ 0

ð199Þ

4.9.6 A procedure to eliminate the exponential behavior

The procedure described in this section generalizes the one proposed by Daniele (Daniele,
1984a). If we perform the logarithmic factorization on an arbitrary matrix RxðaÞ that com-
mutes with the polynomial matrix PðaÞ defined already, it is easy to show that

ys
rðRx � GÞ ¼ ys

rðRxÞ þ ys
rðGÞ

If RxðaÞ is rational depending on suitable parameters x, it suggests the reduction of the
factorization of GðaÞ to that of GeðaÞ ¼ RxðaÞGðaÞ and the choice of the parameters x such
that the following equations hold for the matrix GeðaÞ ¼ RxðaÞGðaÞ:

y1
1ðGeÞ ¼ y1

1ðRxÞ þ y1
1ðGÞ ¼ 0

y1
2ðGeÞ ¼ y1

2ðRxÞ þ y1
2ðGÞ ¼ 0, y2

2ðGeÞ ¼ y2
2ðRxÞ þ y2

2ðGÞ ¼ 0

y3
2ðGeÞ ¼ y3

2ðRxÞ þ y3
2ðGÞ ¼ 0

y1
3ðGeÞ ¼ y1

3ðRxÞ þ y1
3ðGÞ ¼ 0, y2

3ðGeÞ ¼ y2
3ðRxÞ þ y2

3ðGÞ ¼ 0

y3
3ðGeÞ ¼ y3

3ðRxÞ þ y3
3ðGÞ ¼ 0, y4

3ðGeÞ ¼ y4
3ðRxÞ þ y4

3ðGÞ ¼ 0

y5
3ðGeÞ ¼ y5

3ðRxÞ þ y5
3ðGÞ ¼ 0

ð200Þ

If these equations are verified, the logarithmic factorization of GeðaÞ ¼ Ge�ðaÞ � GeþðaÞ
does not present offensive asymptotic behavior and the factorization of
GðaÞ ¼ R�1

x ðaÞ � GeðaÞ can be obtained with the method indicated in section 2.7. Alter-
natively, taking into account that GðaÞ and RxðaÞ and all their logarithmic factorized
matrices commute, we can simplify the factorization of GðaÞ by rewriting

GðaÞ ¼ Ge�ðaÞR�1
x ðaÞGeðaÞ

We obtain

G�ðaÞ ¼ Ge�ðaÞQ�ðaÞ, GþðaÞ ¼ QþðaÞGeþðaÞ ð201Þ
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where Q�ðaÞ and QþðaÞ are the standard factorized matrices of the rational matrix R�1
x ðaÞ6:

R�1
x ðaÞ ¼ Q�ðaÞ � QþðaÞ ð202Þ

Taking into account the nine conditions that must be satisfied, in the following we assume as
a possible rational matrix, RxðaÞ:

RxðaÞ ¼
Y9

j¼1

�� xjP
�1ðaÞ þ 1

�nj ð203Þ

where the scalars xj and the integer nj are to be determined.
By setting

y1
1 �x P�1ðaÞ þ 1
� � ¼ f1ðxÞ ¼ 1

2p j

ðx

0

ð1

�1
r1ðx, uÞdu dx

y1
2 �x P�1ðaÞ þ 1
� � ¼ f2ðxÞ ¼ 1

2p j

ðx

0

ð1

�1
r2ðx, uÞdu dx

y2
2 �x P�1ðaÞ þ 1
� � ¼ f3ðxÞ ¼ 1

2p j

ðx

0

ð1

�1
u r2ðx, uÞdu dx

y3
2 �x P�1ðaÞ þ 1
� � ¼ f4ðxÞ ¼ 1

2p j

ðx

0

ð1

�1
u2 r2ðx, uÞdu dx

y1
3 �x P�1ðaÞ þ 1
� � ¼ f5ðxÞ ¼ 1

2p j

ðx

0

ð1

�1
r3ðx, uÞdu dx

y2
3 �x P�1ðaÞ þ 1
� � ¼ f6ðxÞ ¼ 1

2p j

ðx

0

ð1

�1
u r3ðx, uÞdu dx

y3
3 �x P�1ðaÞ þ 1
� � ¼ f7ðxÞ ¼ 1

2p j

ðx

0

ð1

�1
u2r3ðx, uÞdu dx

y4
3 �x P�1ðaÞ þ 1
� � ¼ f8ðxÞ ¼ 1

2p j

ðx

0

ð1

�1
u3r3ðx, uÞdu dx

y5
3 �x P�1ðaÞ þ 1
� � ¼ f9ðxÞ ¼ 1

2p j

ðx

0

ð1

�1
u4r3ðx, uÞdu dx

6 Notice that Q�ðaÞ and QþðaÞ must be standard. They can be obtained by the techniques that factorize rational
matrices. In general this method yields factorized matrices that do not commute.
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and forcing the nine conditions (200), we obtain the following system of nonlinear equations
ðq ¼ 9Þ:

n1 f1ðx1Þ þ n2 f1ðx2Þ þ � � � þ nq f1ðxqÞ ¼ �y1
1ðGÞ ¼ �c1

n1 f2ðx1Þ þ n2 f2ðx2Þ þ � � � þ nq f2ðxqÞ ¼ �y1
2ðGÞ ¼ �c2

� � �

n1 fqðx1Þ þ n2 fqðx2Þ þ � � � þ nq fqðxqÞ ¼ �y5
3ðGÞ ¼ �cq

ð204Þ

These equations can be rewritten in the abstract form:

FðxÞ ¼ 0 ð205Þ

where

x ¼ ðx1, x2, x3, x4, . . . , xqÞ, FðxÞ ¼

Xq

j¼1

njf1ðxjÞ þ c1

Xq

j¼1

njf2ðxjÞ þ c2

� � �
� � �

Xq

j¼1

njfqðxjÞ þ cq

����������������������

����������������������

The solution of the nonlinear eq. (205) can be obtained through the iterative process based on
the Newton-Raphson formulas:

xðjþ1Þ ¼ xðjÞ � JðxðjÞÞ
h i�1

FðxðjÞÞ ð206Þ

where the Jacobian matrix is

JðxðiÞÞ ¼

n1 f 01ðx1Þ n2 f 01ðx2Þ n3 f 01ðx3Þ . . . nq f 01ðxqÞ

n1 f 02ðx1Þ n2 f 02ðx2Þ n3 f 02ðx3Þ . . . nq f 02ðxqÞ

n1 f 03ðx1Þ n2 f 03ðx2Þ n3 f 03ðx3Þ . . . nq f 03ðxqÞ

. . . . . . . . . . . . . . .

n1 f 05ðx1Þ n2 f 05ðx2Þ n3 f 05ðx3Þ f 05ðx4Þ nq f 05ðxqÞ

����������������

����������������
x¼xðiÞ
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Despite the complexity of the problem, it must be noted that the Jacobian matrix can be
evaluated in closed form by the residue theorem, since it involves integrals

Ð1
�1 of rational

functions of u. In fact, the scalars rjðx, uÞ are the rational functions:

r0ðxÞ ¼ x3 þ a1x2 þ a2x þ a3

x4 þ a1x3 þ a2x2 þ a3x þ a4
, r1ðxÞ ¼ x2 þ a1x þ a2

x4 þ a1x3 þ a2x2 þ a3x þ a4

r2ðxÞ ¼ x þ a1

x4 þ a1x3 þ a2x2 þ a3x þ a4
, r3ðxÞ ¼ 1

x4 þ a1x3 þ a2x2 þ a3x þ a4

ð207Þ

with the coefficient ai ¼ aiðuÞ, i ¼ 1, 2, 3, 4 constituted by polynomials in u that are the
coefficients of the characteristic equation P4 þ a1P3 þ a2P2 þ a3P þ a41 ¼ 0.

We cannot assume xð0Þ ¼ 0 as the starting point in the Newton-Raphson formulas (206)
since xð0Þ ¼ 0 yields a Jacobian matrix Jðxð0ÞÞ ¼ Jð0Þ that is not invertible. To obtain a good
starting point xð0Þ, we approximate the function fi(x) with the MacLaurin expansion

fiðxÞ � f ð1Þi ð0Þx þ f ð2Þi ð0Þ
2!

x2 þ � � � þ f ðqÞi ð0Þ
q!

xq ð208Þ

and obtain the starting point xð0Þ by solving the algebraic system

f 1
1 ð0Þðn1x0

1 þ n2x0
2 þ � � � þ nqx0

qÞ þ � � � þ f q
1 ð0Þ
q!

n1ðx0
1Þq þ n2ðx0

2Þq þ � � � þ nqðx0
qÞq

h i
þ c1 ¼ 0

f 1
2 ð0Þðn1x0

1 þ n2x0
2 þ � � � þ nqx0

qÞ þ � � � þ f q
2 ð0Þ
q!

n1ðx0
1Þq þ n2ðx0

2Þq þ � � � þ nqðx0
qÞq

h i
þ c2 ¼ 0

� � �
f 1
q ð0Þðn1x0

1 þ n2x0
2 þ � � � þ nqx0

qÞ þ � � � þ f q
q ð0Þ
q!

n1ðx0
1Þq þ n2ðx0

2Þq þ � � � þ nqðx0
qÞq

h i
þ cq ¼ 0

ð209Þ

This yields

n1ðx0
1Þ1 þ n2ðx0

2Þ1 þ � � � þ nqðx0
qÞ1 ¼ s1

n1ðx0
1Þ2 þ n2ðx0

2Þ2 þ � � � þ nqðx0
qÞ2 ¼ s2

� � �
n1ðx0

1Þq þ n2ðx0
2Þq þ � � � þ nqðx0

qÞq ¼ sq

ð210Þ

where the quantities si are known. Assuming n1 ¼ n2 ¼ � � � ¼ nq ¼ N , the system can be
rewritten as

N ðx0
1Þ1 þ ðx0

2Þ1 þ � � � þ ðx0
qÞ1

h i
¼ s1

N ðx0
1Þ2 þ ðx0

2Þ2 þ � � � þ ðx0
qÞ2

h i
¼ s2

� � �
N ðx0

1Þq þ ðx0
2Þq þ � � � þ ðx0

qÞq
h i

¼ sq

ð211Þ
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By taking into account the Viete formulas, it is possible to show that this system is
equivalent to finding the zeros of a polynomial of degree q. Consequently, explicit expres-
sions of xð0Þ are possible in the case q � 4.

Alternatively, if the component of xð0Þ are distinct and ordered according to their absolute
values x0

1

�� �� > x0
2

�� �� > � � � > x0
q

���
���, we can use the approximation

ðx0
1Þ1 þ ðx0

2Þ1 þ � � � þ ðx0
qÞ1 ¼ s1

N

ðx0
1Þ2 þ ðx0

2Þ2 þ � � � þ ðx0
q�1Þ2 � s2

N
� � �
ðx0

1Þq�1 þ ðx0
2Þq�1 � sq�1

N

ðx0
1Þq � sq

N

ð212Þ

that yields immediate expressions for the starting point xð0Þ in the Newton-Raphson
formulas:

xðjþ1Þ ¼ xðjÞ � ½JðxðjÞÞ��1FðxðjÞÞ ð213Þ
Notice also that we can choose the integers n1, n2, . . . , nq such that x0

1

�� �� < 1. For instance,
from the first equation we obtain

x0
1

�� �� < s1j j
N

þ x0
2

�� ��
N

þ � � �
x0

q

���
���

N
<

s1j j
N

þ q � 1
N

x0
1

�� ��
which yields

x0
1

�� �� < s1j j
N � q þ 1

< 1

provided that N > s1j j þ q � 1.
It is convenient to assume large arbitrary integers ni so that the iteration requires very few

steps. However, increasing ni also increases the difficulty to factorize the rational matrix
R�1

x ðaÞ indicated in eq. (202).

4.9.7 On the reduction of the order of the system

Particular forms of the polynomial matrix PðaÞ allow the order of the system to be reduced.
For instance, if in PðaÞ ¼ Ao þ aA1 þ a2A2 the matrix A2 is diagonal, it is possible with
a suitable normalization of the matrix to be factorized, to obtain A2 ¼ 1. Consequently,
also B4 and C6 are unit matrices and the offending behaviors due to the non-vanishing
y1

1,y3
2 and y5

3 can be simply eliminated by multiplying the improper factorized by the scalars

exp 	aðy1
1 þ y3

2 þ y5
3Þ

� �

In this case, the reduction of the number of the unknowns is three.
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In other case it is possible that even though A2 6¼ 0, the matrices B4 and/or C6 be van-
ishing. In these cases again the order of the system is reduced.

If a kernel matrix GðaÞ commutes with a polynomial matrix PðaÞ that can be factorized
in the form PðaÞ ¼ P1ðaÞP2ðaÞ. . .PlðaÞ, it is possible to reduce the factorization problem
of GðaÞ to the problem of factorizing a matrix commuting with the polynomial matrix
P2ðaÞP3ðaÞP4ðaÞ. . .PlðaÞP1ðaÞ or P3ðaÞP4ðaÞ. . .PlðaÞP1ðaÞP2ðaÞ, and so on. Factoriza-
tions of PðaÞ are always possible. For instance, by using the Smith representation, we have
that PðaÞ ¼ EðaÞDðaÞFðaÞ. Of course this transformation of the polynomial matrix pro-
duces advantages only if the new involved polynomial matrices are of degrees lower than the
degree of PðaÞ.

Moreover, we can pre (or post) multiply PðaÞ by an arbitrary polynomial matrix P2ðaÞ,
and the factorization of GðaÞ is reduced to the factorization of a matrix that commutes with
the polynomial P2ðaÞPðaÞ or PðaÞP2ðaÞ. However, the degree of the new polynomial matrix
is greater that the degree of PðaÞ and consequently this idea is not effective for reducing the
order of the nonlinear system. Also, to resort to the representation of rational matrices in the
form (Bart, Gohberg & Kaashoek, 1979) R�1ðaÞ ¼ Cða 1 � AÞ�1B þ D can be ineffective
since even though the polynomial matrix a 1 � A is linear in a, the order of A is obtained by
multiplying the order and the degree of PðaÞ. For instance, if PðaÞ is of order 4 and degree 2
we obtain a matrix a 1 � A of order 4 � 2 ¼ 8. This implies a Cayley representation
involving matrices P7ðaÞ that increase considerably the number of the unknowns in the
nonlinear system. Finally, also the introduction of triangular representation:

PðaÞ ¼ 1 0

P21ðaÞP�1
11 ðaÞ 1

�����
����� �

P11ðaÞ 0

0 P22ðaÞ � P21ðaÞP�1
11 ðaÞP12ðaÞ

�����
�����

1 P�1
11 ðaÞP12ðaÞ

0 1

�����
�����

is again ineffective in reducing the order of the nonlinear system.

4.9.8 The nonlinear equations as a Jacobi inversion problem

The integral in u present in the functions fiðxÞ can be evaluated by the residue theorem. It
shows that the functions fiðxÞ are abelian integrals involving the algebraic functions
f ðx, yÞ ¼ x4 þ a1ðyÞx3 þ a2ðyÞx2 þ a3ðyÞx þ a4. Let us suppose that the genus p related to
the algebraic function is equal to q and the abelian integrals are of the first kind.

Since the functions f1,2,...,pðxÞ are constituted by a sum of abelian integrals defined on the
same range of integration, they can be expressed as (Bliss, 2004, p. 98):

f1ðxÞ ¼ c11w1ðxÞ þ c12w2ðxÞ þ � � � þ c1pwpðxÞ
f2ðxÞ ¼ c21w1ðxÞ þ c22w2ðxÞ þ � � � þ c2pwpðxÞ
� � �

ð214Þ

fpðxÞ ¼ cp1w1ðxÞ þ cp2w2ðxÞ þ � � � þ cppwpðxÞ ð215Þ

where wiðxÞ i ¼ 1, 2, 3, . . . , p are p independent integrals of the first kind in the Riemann
surface of genus p.
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Letting n1 ¼ n2 ¼ � � � ¼ nq ¼ 1, the system (215) can be rewritten as

w1ðx1Þ þ w1ðx2Þ þ � � � þ w1ðxpÞ ¼ �m1

w2ðx1Þ þ w2ðx2Þ þ � � � þ w2ðxpÞ ¼ �m2

� � �
wpðx1Þ þ wpðx2Þ þ � � � þ wpðxpÞ ¼ �mp

ð216Þ

where

m1

m2

� � �
mp

��������

��������
¼

c11 c12 � � � c1p

c21 c22 � � � c2p

� � � � � � � � � � � �
cp1 cp2 � � � cpp

��������

��������

�1 c1

c2

� � �
cp

��������

��������
The new nonlinear system (216) constitutes a Jacobi inversion problem well known in the
literature. The conceptual importance of these algorithms is that they provide the solution x
of the nonlinear system by the zeroes of a polynomial of degree equal to the genus p. It
means that if p � 4 we obtain an exact solution constituted by radicals of the coefficients of
this polynomial. However, the evaluation of these coefficients is very cumbersome; in
general, it involves abelian functions or Theta Riemann function of very complicated
argument.

Let us suppose now that the number q of nonlinear equations differs from the genus p of
the algebraic equation f ðx,aÞ ¼ x4 þ a1ðaÞx3 þ a2ðaÞx2 þ a3ðaÞx þ a4ðaÞ related to the
polynomial matrix PðaÞ. The case q < p reduces to a Jacobi inversion if we introduce p � nq

additional unknowns xi, i ¼ nqþ1, . . . , p and the rational matrix defined by

RðaÞ ¼
Yp

j¼1

�xjP
�1ðaÞ þ 1�nj

� ð217Þ

The previous procedure yields the following system of nq equations in p > nq unknowns:

w1ðx1Þ þ w1ðx2Þ þ � � � þ w1ðxpÞ ¼ �m1

w2ðx1Þ þ w2ðx2Þ þ � � � þ w2ðxpÞ ¼ �m2

� � �
wnqðx1Þ þ wnqðx2Þ þ � � � þ wnqðxpÞ ¼ �mnq

ð218Þ

This system involves only nq abelian integrals of the first order. As the independent abelian
integrals of the first order are p, we can add p � nq arbitrary equations having the form

wnqþ1ðx1Þ þ wnqþ1ðx2Þ þ � � � þ wnqðxpÞ ¼ �mnqþ1

� � �
wpðx1Þ þ wpðx2Þ þ � � � þ wpðxpÞ ¼ �mp

ð219Þ

where the quantities mi, i ¼ nqþ1, . . .p can be arbitrarily chosen. In the case nq > p, we
apparently cannot reduce the solution of the nonlinear system to a Jacobi inversion problem.
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4.9.9 Weakly factorization of a matrix commuting with

a polynomial matrix

In the following we report another technique for eliminating the offending behavior at
a ! 1. Let us consider a matrix GðaÞ commuting with a polynomial matrix PðaÞ:

GðaÞ ¼ goðaÞ1 þ g1ðaÞPðaÞ ð220Þ
Let us consider a point ap in the lower half-plane and suppose that for a suitable integer r the
matrix PðaÞ

ða�apÞr is bounded. If n is the order of the matrix GðaÞ, then according to Cayley’s
theorem we have

log GðaÞ½ � ¼ yoðaÞ1 þ y1ðaÞ
PðaÞ

ða� apÞr þ yn�1ðaÞ
PðaÞ

ða� apÞr

� �n�1

ð221Þ

The additive decomposition of the scalars yiðaÞ yields the following weak factorization:

~G�ðaÞ ¼ exp yo�ðaÞ1 þ y1�ðaÞ
PðaÞ

ða� apÞr þ yðn�1Þ�ðaÞ
PðaÞ

ða� apÞr

� �n�1
" #

~GþðaÞ ¼ exp yoþðaÞ1 þ y1þðaÞ
PðaÞ

ða� apÞr þ yðn�1ÞþðaÞ
PðaÞ

ða� apÞr

� �n�1
" # ð222Þ

Now the problem is to eliminate the offending essential singularity ap that is present in both
the factorized matrices ~G�ðaÞ and ~GþðaÞ.7 To this end, we rewrite the W-H equation in
the form

~GþðaÞFþðaÞ ¼ ~G
�1
� ðaÞF�ðaÞ þ ~G

�1
� ðaÞ Ro

a� ao

or

~GþðaÞFþðaÞ � ~G
�1
� ðaoÞ Ro

a� ao
¼ ~G

�1
� ðaÞF�ðaÞ þ ~G

�1
� ðaÞ � ~G

�1
� ðaoÞ

h i Ro

a� ao

¼ R1

a� ap
þ R2

ða� apÞ2 þ
R3

ða� apÞ3 þ � � � ¼
X1
s¼1

Rs

ða� apÞs

ð223Þ
where the four members represent the same function f ðaÞ that is null at infinity and, except
a ¼ ap, is regular for every value of a. The unknowns Ri are the coefficients of the Laurent
expansion of f ðaÞ. Considering the first and the third member, we have

~GþðaÞFþðaÞ ¼
X1
s¼1

Rs

ða� apÞs þ ~G
�1
� ðaoÞ Ro

a� ao
ð224Þ

7 It is easy to verify that ~G�ðaÞ and ~GþðaÞ and their inverses possess algebraic behavior as a ! 1.

4.9 ● The factorization of matrices commuting with rational matrices 127



or

FþðaÞ ¼ ~G
�1
þ ðaÞ

X1
s¼1

Rs

ða� apÞs þ ~G
�1
þ ðaÞ~G�1

� ðaoÞ Ro

a� ao
ð225Þ

Now we decompose the known vector ~G
�1
þ ðaÞ~G�1

� ðaoÞ Ro
a�ao

as

~G
�1
þ ðaÞ~G�1

� ðaoÞ Ro

a� ao
¼ CðaÞ þ NðaÞ ð226Þ

where CðaÞ is the known characteristic part:

CðaÞ ¼ C1

a� ap
þ C2

ða� apÞ2 þ
C3

ða� apÞ3 þ � � � ¼
X1
s¼1

Cs

ða� apÞs ð227Þ

and NðaÞ is regular in the essential singularity ap. By indicating with

G1

a� ap
þ G2

ða� apÞ2 þ
G3

ða� apÞ3 þ � � � ¼
X1
s¼0

Gs

ða� apÞs ð228Þ

the characteristic part of ~G
�1
þ ðaÞ, the following representation of

~G
�1
þ ðaÞ

X1
s¼1

Rs

ða� apÞs

is obtained:

~G
�1
þ ðaÞ

X1
s¼1

Rs

ða� apÞs ¼
X1
s¼1

Xs

i¼1

Gs�iRi

" #
1

ða� apÞs þ vector regular in a ¼ ap ð229Þ

This yields the system

Xs

i¼1

Gs�iRi ¼ Cs, s ¼ 1, 2, . . . ,1 ð230Þ

in the unknowns Ri. The system (230) has a triangular form. It allows for an explicit
recurrence expression of Ri.
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CHAPTER 5

Approximate solution:
The Fredholm factorization

In the natural domain the W-H equations are integral equations defined by a convolution
kernel. Generally these equations are of first kind. Procedures to reduce them to Fredholm or
Volterra equations have been described in various literature. For instance Noble (1958,
p. 230) reduces the W-H eqs. (3a) in chapter 1 to Volterra equations. However, working on
the W-H equation in the natural domain does not seem fruitful. It is better to resort to the
integral equations defined in the spectral domain.

In particular, the reduction of the W-H equations to Fredholm equations as indicated in
chapter 1, section 1.6, is fundamental. In fact, to these authors’ opinion, the approximate
solutions of these equations (Fredholm factorization) constitute the most powerful and reli-
able tool for solving the W-H equations when exact factorizations are not possible.

5.1 The integral equations in the a – plane

5.1.1 Introduction

In section 1.6, the W-H equation

GðaÞFþðaÞ ¼ X�ðaÞ þ R

a� ao
ð1Þ

has been reduced to the Fredholm equation

GðaÞFþðaÞ þ 1
2p j

�
ðþ1

�1

GðtÞ � GðaÞ½ �FþðtÞ
t � a

dt ¼ R

a� ao
ð2Þ

which applies when Im ao½ � < 0. A slight modification of the procedure indicated in section
1.6 yields the following Fredholm integral equations for the cases where Im ao½ � > 0 and
Im ao½ � ¼ 0 (section 5.1.2):

FþðaÞ þ 1
2p j

�
ð1

�1

G�1ðaÞGðuÞ � 1½ �FþðuÞ
u � a

du ¼ G�1ðaoÞ R

a� ao
, Im ao½ � > 0 ð3Þ
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FþðaÞ þ 1
2p j

�
ð1

�1

G�1ðaÞGðuÞ � 1½ �FþðuÞ
u � a

du ¼ 1
2

G�1ðaÞ Fo

a� ao

þ 1
2

G�1ðaoÞ R

a� ao
, Im ao½ �¼ 0 ð4Þ

Similar equations can be obtained for the minus function F�ðaÞ ¼ X�ðaÞ þ R
a�ao

.
Setting G1ðaÞ ¼ G�1ðaÞ, we obtain

F�ðaÞ � 1
2p j

�
ð1

�1

G�1
1 ðaÞG1ðuÞ � 1

� �
F�ðuÞ

u � a
du ¼ R

a� ao
, Im ao½ � < 0

G1ðaÞF�ðaÞ � 1
2p j

�
ðþ1

�1

G1ðtÞ � G1ðaÞ½ �F�ðtÞ
t � a

dt ¼ G1ðaoÞR
a� ao

, Im ao½ � > 0

5.1.2 Source pole ao with positive imaginary part

Let us consider in the W-H equation

GðaÞFþðaÞ ¼ F�ðaÞ þ Fo

a� ao

where the source pole ao has a positive imaginary part: Im ao½ � > 0. Since in (2) the integrand
function is regular at x ¼ a, when Im ao½ � > 0 the following equation holds, for continuity:

GðaÞFþðaÞ þ 1
2p j

�
ð
g

GðxÞ � GðaÞ½ �FþðxÞ
x � a

dx ¼ Fo

a� ao
, Im ao½ � > 0 ð5Þ

where the g line differs from the real axis as shown in Fig. 1.
Furthermore,

GðaoÞRes FþðaÞ½ �ao
¼ Fo ð6Þ

Im[ao] > O

Re[a ]

Im[a]

a

g

g

ao

Fig. 1: Deformation of the integration path in presence of poles with positive imaginary parts
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It follows that

1
2p j

�
ð
g

GðxÞ � GðaÞ½ �FþðxÞ
x � a

dx ¼ 1
2p j

�
ð1

�1

GðxÞ � GðaÞ½ �FþðxÞ
x � a

dx

�Res
GðxÞ � GðaÞ½ �FþðxÞ

x � a

� �
x¼ao

ð7Þ

where

Res
GðxÞ � GðaÞ½ �FþðxÞ

x � a

� �
x¼ao

¼ GðaoÞ � GðaÞ½ �Res FþðxÞ½ �ao

ao � a

¼ GðaoÞ � GðaÞ½ �
ao � a

G�1ðaoÞFo ð8Þ

By substituting (7) in (5) we obtain

GðaÞFþðaÞ þ 1
2p j

ð1

�1

GðxÞ � GðaÞ½ �FþðxÞ
x � a

dx ¼ GðaÞG¼1ðaoÞ Fo

a� ao
, Im ao½ � > 0 ð9Þ

The same procedure shows that when Im ao½ � ¼ 0 the following integral equation stands:

GðaÞFþðaÞ þ 1
2p j

ð1

�1

GðxÞ � GðaÞ½ �FþðxÞ
x � a

dx

¼ 1
2

Fo

a� ao
þ 1

2
GðaÞG¼1ðaoÞ Fo

a� ao
, Im ao½ � ¼ 0 ð10Þ

5.1.3 Analytical validation of a particular W-H equation

In dealing with the half-plane problem, we have

GðaÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p ð11Þ

The W-H technique yields the exact solution:

FþðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ ao

p ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p

a� ao

We now verify that this solution satisfies the Fredholm integral eq. (2).
Introducing the suitable deformation of the integration path reported in Fig. 2, we find

ðþ1

�1

GðtÞ �GðaÞ½ �FþðtÞ
t �a

dt ¼
ð

l1þl2

GðtÞ �GðaÞ½ �FþðtÞ
t � a

dt ¼�2
ð

l1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � t2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ ao

p ffiffiffiffiffiffiffiffiffiffi
k � t

p

ðt � aÞðt � aoÞ dt

¼�2
ð

l3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � t2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ ao

p ffiffiffiffiffiffiffiffiffiffi
k � t

p

ðt � aÞðt � aoÞ dt ¼�2
ð

l3

1ffiffiffiffiffiffiffiffiffiffi
k þ t

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ ao

p
ðt �aÞðt �aoÞdt
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which with the substitution t ¼ �ku yields

ðþ1

�1

GðtÞ � GðaÞ½ �FþðtÞ
t � a

dt ¼ �2
ð

l3

1ffiffiffiffiffiffiffiffiffiffi
k þ t

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ ao

p
ðt � aÞðt � aoÞ dt

¼ � 2
k

ð1

1

1ffiffiffiffiffiffiffiffiffiffiffi
1 � u

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ ao=k

p
ðu þ a=kÞðu þ ao=kÞ du ¼ 2jp

a� ao
� 2jp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ ao

p
ffiffiffiffiffiffiffiffiffiffiffiffi
k þ a

p ða� aoÞ

This proves the validity of the Fredholm equation. Conversely, a numerical check is not
easily obtained. First of all GðtÞ�GðaÞ

t�a is indeterminate as t ¼ a; hence, it is necessary to
evaluate the limit for t ! a. For (11) it yields

GðtÞ � GðaÞ
t � a

� G0ðaÞ ¼ a
ðk2 � a2Þ3=2

as t ! a

A difficulty arises from the fact that singularities of the kernel (e.g., the branch points) can be
located near the real axis. Finally, the presence of an integration defined over an infinite
support could require a large number of interpolating points in the quadrature formulas. In
general, the previous considerations prevent efficient numerical solutions of the original
Fredholm integral eq. (2). However, we will modify this equation by deforming the inte-
gration line in the a� plane or by introducing a different complex planes where the kernel
presents a more suitable behavior. In this way the Fredholm factorization technique becomes
very efficient and provides a reliable tool for solving the W-H equations.

5.1.4 A property of the integral in the Fredholm equation

For the previous example, we observe that
Ðþ1
�1

GðtÞ�GðaÞ½ �FþðtÞ
t�a dt does not involve the

singularities of FþðaÞ. For instance, we will show that the integral

1
2p j

�
ð1

�1

GðuÞ � GðaÞ½ �FþðuÞ
u � a

du

ao

l3

l1

l2

k

–k

x

[t]

Fig. 2: Deformation of the original integration path
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present in the Fredholm equation, does not involve the pole ao of the source that is present in
FþðaÞ. In fact, setting

FþðxÞ ¼ T

x � ao
þ regular term at a ¼ ao

yields

1
2p j

:

ð1

�1

GðuÞ�GðaÞ½ �
u�a

T

u�ao
du

¼ 1
2p j

:

ð1

�1

GðuÞ�GðaÞ½ �
ðu�aÞðu�aoÞTdu ¼ 1

2p jða�aoÞ :
ð1

�1

GðuÞ�GðaÞ
u�a

�GðuÞ�GðaÞ
u�ao

� �
Tdu

¼ 1
2p jða�aoÞ :

ð1

�1

GðuÞ�GðaÞ
u�a

�GðuÞ�GðaoÞ
u�ao

�GðaoÞ�GðaÞ
u�ao

� �
Tdu

¼ 1
2p jða�aoÞP:V :

ð1

�1
mðu,aÞ�mðu,aoÞ½ � � TduþGðaoÞ�GðaÞ

2p jða�aoÞ �P:V :

ð1

�1
� 1

u�ao
Tdu

where

mðu,aÞ ¼ GðuÞ � GðaÞ
u � a

ð12Þ

and both integrals are to be interpreted as principal values (P.V.) in the singular point
x ¼ �1. Now we have

P:V :

ð1

�1

1
u � ao

du ¼ P:V :

ð1

�1

u þ ao

u2 � a2
o

du ¼ P:V :

ð1

�1

u

u2 � a2
o

du þ
ð1

�1

ao

u2 � a2
o

du

¼ ao

ð1

�1

1
u2 � a2

o

du ¼ �ao2pj
1

2ao
¼ �pj

which yields

1
2p j

ð1

�1

GðuÞ � GðaÞ½ �
u � a

� T

u � ao
du ¼ 1

2p jða� aoÞP:V :

ð1

�1
mðu,aÞ � mðu,aoÞ½ � � Tdu

þ GðaoÞ � GðaÞ
2ða� aoÞ � T ð13Þ

Clearly the last expression shows that the integral is regular at a ¼ ao.
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The physical interpretation of the integral present in the Fredholm equation depends
on the particular application. For instance, in diffraction problems the pole ao denotes a
geometrical optics contribution. The obtained result shows that the integral in the Fredholm
equation always has the physical meaning of a diffracted field.

5.1.5 Numerical solution of the Fredholm equations

5.1.5.1 Introduction

To obtain accurate numerical results of the Fredholm factorization method, we first observe
that the integral eq. (2) could involve a kernel

Mða, tÞ ¼ G�1ðaÞGðaÞ � GðtÞ
a� t

that is not a compact operator. Fortunately, we have a criterion to ascertain the compactness of
Mða, tÞ. In fact, if GðaÞ and G�1ðaÞ exist and are bounded on the real axis as a ! �1, the
integral eq. (2) is of second kind (Daniele 2004a). In our applications we are dealing with
equations where the critical points constituted by the singularity ao of the source or the struc-
tural singularities of the kernel are near the integration lines. These circumstances could
damage the convergence of the numerical solution and procedures that overcome these pro-
blems are indicated in the literature (Kantorovich & Krylov, 1967). The fundamental expedient
to improve the numerical solution of a Fredholm equation related to a W-H equation is to warp
the contour path constituted by the real a� axis into a modified line that is located sufficiently
far from the critical points. This expedient was used with success to factorize kernel matrices in
several different problems (Daniele, 2004a; Daniele & Lombardi, 2006, 2007).

Let us indicate with lðyÞ, �1 < y < 1 a line on the t � plane located far enough from
the singularities of GðaÞ and G�1ðaÞ and such that there are no singularities of the Fredholm
kernel Mða, tÞ in the region of the t � plane between the real axis and this line. For instance,
in wedge problems the straight line (Fig. 3)

lðyÞ ¼ e j p4y, �1 < y < 1 ð14Þ
satisfies this condition.

–1

–5

5

10

–10

–0.5 0.5 k

–k

b–

b+

ao

l
a = k e j 

p
 y,    –∞ < y <∞ 4

Fig. 3: Warping of the real axis on the line lðyÞ ¼ k e j p4y, �1 < y < 1
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Other contours are possible, but usually mapping seems the best one (Daniele, 2004a). In
general, the deformation of the real axis to the line aðyÞ ¼ lðyÞ reduces the Fredholm eq. (2) to

GðaðyÞÞFþðaðyÞÞ ¼ � 1
2p j

:

ðþ1

�1

GðtðxÞÞ � GðaðyÞÞ½ �FþðtðxÞÞ
tðxÞ � aðyÞ t0ðxÞdx

þ Fo

aðyÞ � ao
, �1 < t < 1 ð15Þ

where tðxÞ ¼ lðxÞ.
The sampled version of this equation is

GðaðyÞFþðaÞ þ h

2p j
:
XA=h

i¼�A=h

mðaðyÞ, tðh iÞÞFþðtðh iÞÞt0ðhiÞ ¼ Fo

aðyÞ � ao
ð16Þ

where A and h are discretization parameters, and

mða, tÞ ¼ If a ¼¼ t, G0ðaÞ, GðaÞ � GðtÞÞ
a� t

� �

We define the following matrices of order 2A þ 1:

M ¼ h

2p j
Table m aðyÞ, tðh iÞ½ �, y, �A, A, hf g, i, �A=h, A=hf g½ � ð17Þ

D ¼ DiagonalMatrix Table G aðyÞ½ �, y,�A, A, hf g½ �½ ð18Þ

and the vector

s ¼ Table
Fo

aðyÞ � a1
, y,�A, A, hf g

� �
ð19Þ

The vector

u ¼ LinearSolve D þ M , s½ � ð20Þ
defines the samples Fþðtðh iÞÞ, i ¼ 0, � 1, � 2, . . . ,� A=h. It yields the approximate
solution:

FaþðaðyÞÞ ¼ G�ðaðyÞÞ � h

2p j
:
XA=h

i¼�A=h

mðaðyÞ, tðh iÞÞFþðtðh iÞÞt0ðhiÞ þ Fo

aðyÞ � a0

2
4

3
5 ð21Þ

or, in the a� plane

FaþðaÞ ¼ G�1ðaÞ � h

2p j
:
XA=h

i¼�A=h

mða, tðh iÞÞFþðh iÞt0ðhiÞ þ Fo

a� a0

2
4

3
5 ð22Þ
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Fa�ðaÞ ¼ � h

2p j
:
XA=h

i¼�A=h

mða, tðh iÞÞFþðtðh iÞÞt0ðhiÞ þ Fo

a� a0
ð23Þ

Generally, the numerical solution of Fredholm integral equation of second kind obtained by
using the aforementioned simple schemes is very efficient. For instance, theoretical con-
siderations (Kantorovich & Krylov, 1967) ascertain that diminishing h and increasing A
assures that the numerical solution converges to the exact solution of the integral equation.

5.1.5.2 Some applications of the Fredholm factorization

Introduction
In the previous section we stated that the Fredholm factorization involves compact kernels
provided that both GðaÞ and G�1ðaÞ exist and are bounded as a ! �1. With the excep-
tion of the kernels relevant to the longitudinal modified W-H equations, we experienced that
GðaÞ can always be normalized in order to accomplish these conditions. For example,
consider the following W-H kernels:

(a) GðaÞ ¼ e jt d

t cos td½ �

(b) GðaÞ ¼ sinðt bÞ sinðt cÞ
t sin t a½ � , b þ c ¼ a

Multiplying them times the well-known function t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
yields the W-H kernels

(a) gðaÞ ¼ e jt d

cos t d½ �

(b) gðaÞ ¼ sinðt bÞ sinðt cÞ
sin ta½ � , b þ c ¼ a

which satisfy the conditions that assure that the Fredholm kernels Mða, tÞ are compact.
The most significant expedient to improve the numerical solution of the Fredholm

equation related to a W-H equation is to warp the contour path constituted by the real
a� axis into a modified line far from the singularities and/or zeros of the kernels. In the
following we apply these considerations to kernels (a) and (b).

The singularities of these kernels are as follows:

Case (a): branch points: a ¼ �k, poles of GðaÞ:

�an ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � ðn � 1=2Þp

d

� �2
s

n ¼ 1, 2; . . . ð24Þ

Case (b): branch points: a ¼ �k, poles of GðaÞ:

�aan ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � np

a

	 
2
r

n ¼ 1, 2; . . . ð25Þ
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poles of G�1ðaÞ or zeroes of GðaÞ:

�abn ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � np

b

	 
2
r

n ¼ 1, 2; . . . � acn ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � np

c

	 
2
r

n ¼ 1, 2; . . . ð26Þ

Let us observe that in both examples the singularities of the kernel are located in the standard
branch lines bþ and b� (Fig. 3) so that �k and some �an are very near the real axis for
vanishing values of the imaginary part of k.

Factorization of kernel (a)
First we normalize the kernel

gðaÞ ¼ e j
ffiffiffiffiffiffiffiffiffiffi
k2�a2

p
d

cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
d

h i ð27Þ

and then obtain numerical solution of the Fredholm equation for two different integration
lines. To be realistic, we introduce a propagation constant k with very low imaginary part:
k ¼ 2p

l ð1 � j10�8Þ. This involves some singularities of the kernel very near the real axis.
However, we overcome this problem by warping the original line constituted by the real axis
into another line far from the singularities. To estimate the accuracy of this approximate
solution, a physically important parameter is the residue of the minus function F�ðaÞ in the
pole �adð1Þ ¼ �a1 (section 3.2.6). We have

Res F�ðaÞ½ ����a1
¼ Res gðaÞ½ ����a1

Fþð�a1Þ � Res gðaÞ½ ����a1
Faþð�a1Þ ð28Þ

Consequently, the accuracy of the numerical solution can be obtained by comparing
Faþð�a1Þ with the exact value Fþð�a1Þ. We obtain

mða, tÞ ¼ If a ¼¼ t, moðaÞ, gðaÞ � gðtÞÞ
a� t

� �
ð29Þ

where

moðaÞ ¼ g0ðaÞ ¼ � jdaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
d

● First integration contour: the numerical solution is considered on the original line con-
stituted by the real axis.

Figure 4 illustrates the obtained results. The accuracy of the results is not satisfying
since we obtained

Faþð�a1Þ ¼ �0:03738 � j0:00291

Fþð�a1Þ ¼ �0:04823 þ j0:01040

● Second integration contour: the numerical solution is considered on the line lðyÞ ¼ e j p4y,
�1 < y < 1 (Fig. 3)
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Figure 5 illustrates the obtained results. The accuracy is improved: compare with Fig. 4.
Now we have

Faþð�a1Þ ¼ �0:0427751þ j 0:017618

Fþð�a1Þ ¼ �0:04823 þ j0:01040

Factorization of kernel (b)

The exact factorization of the kernel GðaÞ ¼ sinðt bÞ sinðt cÞ
t sin t a½ � , b þ c ¼ a was considered in

section 3.2.5. First, we use the normalized kernel

gðaÞ ¼ sinðt bÞ sinðt cÞ
sin t a½ � , b þ c ¼ a ð30Þ
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Fig. 4: Comparison between exact and approximate solutions, where the integration line is the
real axis
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Fig. 5: Comparison between the exact and the approximate solution, where the integration line
is lðyÞ ¼ e j p4y
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and then obtain the numerical solution of the Fredholm equation for two different contour
lines. Again, to be realistic we introduce a propagation constant k with very low imaginary
part: k ¼ 2p

l ð1 � j10�8Þ, which involves some singularities of the kernel very near the real
axis. However, we overcome this problem by warping the original line constituted by the real
axis into another line far from the singularities.

To estimate the accuracy of the approximate solution, a physically important parameter
is the residue of the minus function F�ðaÞ in the pole �aa1 ¼ �a1 (see section 3.2.5).
We have

Res F�ðaÞ½ ����a1
¼ Res gðaÞ½ ����a1

Fþð�a1Þ � Res gðaÞ½ ����a1
Faþð�a1Þ ð31Þ

The accuracy of the numerical solution can be obtained by comparing Faþð�a1Þ with the
exact value Fþð�a1Þ. Another parameter that estimates the accuracy is the residue of the
minus function F�ðaÞ in the poles ab1 and ac1 (see section 3.2.5). We have

Res FþðaÞ½ ���ab1
¼ Res G�1ðaÞ� ���

ab1
F�ðab1Þ � Res G�1ðaÞ� ���

ab1
Fa�ðab1Þ ð32Þ

Res FþðaÞ½ ���ac1
¼ Res G�1ðaÞ� ���

ac1
F�ðac1Þ � Res G�1ðaÞ� ���

ac1
Fa�ðac1Þ ð33Þ

Consequently, the accuracy of the numerical solution can be obtained by comparing
Fa�ðab,c1Þ with the exact value F�ðab,c1Þ. We obtain

mða, tÞ ¼ If a ¼¼ t, moðaÞ, gðaÞ � gðtÞÞ
a� t

� �

moðaÞ ¼ g0ðaÞ
The expression of moðaÞ is not reported here.

● First integration contour: the numerical solution is considered on the original line con-
stituted by the real axis. Even though we now work with a compact kernel, the Fredholm
solution is not sufficiently accurate and therefore is not reported here.

● Second integration line: the numerical solution is considered on the line lðyÞ ¼ e j p4y,
�1 < y < 1 (Fig. 3).

Figure 6 illustrates the obtained results. Using a compact kernel and solving on the line
lðyÞ ¼ e jp4y, �1 < y < 1 considerably improves the accuracy of the numerical results.

Observe the peaks for negative a in the approximate solution. They are due to the poles
�ab1 and �ac1 very near the real axis that are spuriously present in the approximate solution
FaþðaÞ. Now we have

Fþð�aa1Þ ¼ �0:0766365 � j0:134256

Faþð�aa1Þ ¼ �0:0735487 � j0:131697

F�ðab1Þ ¼ �0:300055 � j0:0625272

Fa�ðab1Þ ¼ �0:294696 � j0:0644443

F�ðac1Þ ¼ �0:58009 � j0:053066

Fa�ðac1Þ ¼ �0:582995 � j0:0543879
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Examples on rational functions
Let us consider the solution of the W-H equation

GðaÞFþðaÞ ¼ F�ðaÞ þ 1
a� a0

1
0

����
����

where the kernel is the rational matrix factorized in section 2.7:

GðaÞ ¼ 1 jq
a2 þ An

2

a2 þ B2

jq 1

������

������ ¼ G�ðaÞ � GþðaÞ

and G�ðaÞ and GþðaÞ are given in section 2.7.
In the numerical solution it has been assumed that

An ¼ 1, B ¼ 2, q ¼ 0:5, A ¼ 5, h ¼ 0:1 ao ¼ 1 � j10�1

We obtained an approximate solution FaþðaÞ by Fredholm factorization using different
paths:

lðxÞ ¼ x

lðxÞ ¼ xe jp=4

lðxÞ ¼ x þ j arctan x

In all cases the plots relevant to the approximate solution and the exact solution

FþðaÞ ¼
G�1

þ ðaÞG�1
� ðapÞ

a� ap

1
1
2

������

������
are indistinguishable.
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Fig. 6: Comparison between the exact and the approximate solution, where the integration line
is lðyÞ ¼ e j p4y
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Figure 7 illustrates the error eðaÞ ¼ Fþ1ðaÞ�Faþ1ðaÞ
Fþ1ðaÞ

���
��� relevant to the first components of

FþðaÞ.
The error relevant to using the path lðxÞ ¼ x þ j arctan x is larger and has not been

considered here (Daniele, 2004a).
Similar errors are present in the Fredholm factorization of the rational matrix of order

three considered in section 4.4.2.1 (see Daniele, 2004a; Daniele & Lombardi, 2007).

5.1.6 Analytic continuation outside the integration line

Equations (22) and (23) provide the representations of FþðaÞ and F�ðaÞ in the complex
a� plane through an analytic continuation of the numerical solutions. The validity of these
representations start from the points of the integration line of the Fredholm equation and
extend until we cross the singularities present in them. Unfortunately, beside the structural
singularities present in the kernel there are additional spurious singularities due to the
approximation of the integral with sums. Now we discuss this item by observing that in the
exact representation of FþðaÞ:

FþðaÞ ¼ � 1
2p j

�
ðþ1

�1

G�1ðaÞ � GðaÞ � GðtÞ½ �FþðtÞ
a� t

dt þ G�1ðaÞ � R

a� ao
, Im ao½ � < 0 ð34Þ

there is a compensation of the minus structural singularities (poles or branch points located
in the upper half-plane Im a½ � > 0) in the second member. To show this, let us assume the
presence of the zero ac of det GðaÞ½ � in Im½a� > 0: Looking at

FþðaÞ ¼ � 1
2p j

�
ðþ1

�1

G�1ðaÞ � GðaÞ�GðtÞ½ �FþðtÞ
a� t

dt þG�1ðaÞ � R

a�ao
, Im ao½ �< 0 ð35Þ

1
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Fig. 7: The error eðaÞ ¼ Fþ1ðaÞ�Faþ1ðaÞ
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the residue in ac of the first term of the second member is given by

Rac ¼ � 1
2p j

Res½G�1ðaÞ�ac
�
ðþ1

�1

�GðtÞFþðtÞ
ac � t

dt ¼ 1
2p j

Res½G�1ðaÞ�ac
�
ðþ1

�1

F�ðtÞ
ac � t

dt ð36Þ

Taking into account that F�ðtÞ presents in the half-plane Im a½ � < 0 only the pole ao with
residue R, the previous equation yields

Rac ¼ � 1
2p j

Res½G�1ðaÞ�ac
�

ðþ1

�1

�GðtÞFþðtÞ
ac � t

dt ¼ 1
2p j

Res½G�1ðaÞ�ac
�

ðþ1

�1

F�ðtÞ
ac � t

dt

¼ �Res½G�1ðaÞ�ac
� R

ac � ao
ð37Þ

Since the second term presents a residue Res½G�1ðaÞ�ac
� R
ac�ao

in the pole ac that compen-

sates the previous one, it follows that the exact expression of FþðaÞ given by (57) does not
present the spurious pole ac located in the upper half-plane Im½a� > 0. Consequently, FþðaÞ
is indeed a plus function. The same reasoning can be used when a branch line is present in
G�1ðaÞ in the upper half-plane Im a½ � > 0. In fact, the jump on the two lips in the first term of
the second member of (57) yields

D
1

2p j

ðþ1

�1

G�1ðaÞ � GðtÞ � FþðtÞ
a� t

dt

2
4

3
5 ¼ D G�1ðaÞ� � 1

2p j

ðþ1

�1

F�ðtÞ
a� t

dt

¼ �D G�1ðaÞ� � R

a� ao
ð38Þ

which compensates the jump in the second term: D G�1ðaÞ½ � R
a�ao

. These compensations for

offending minus singularities present in the exact representations derive from the relationship

1
2p j

�
ðþ1

�1

GðtÞFþðtÞ
ac � t

dt ¼ � R

ac � ao
ð39Þ

that holds if ac is located in the upper half-plane Im a½ � > 0.
Conversely, in the approximate representation

h

2p j
�
Xi¼A=h

i¼�A=h

Gðh iÞFþðh iÞ
ac � h i

� � R

ac � ao
ð40Þ

the presence of the sum instead of the integral does not assure this compensation. The offending
presence of minus singularities in plus functions FþðaÞ follows. Consequently, the quantity

h

2p j
�
Xi¼A=h

i¼�A=h

Gðh iÞFþðh iÞ
a� h i

� � R

a� ao
ð41Þ
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for every value of a in Im a½ � > 0 represents an accurate indicator of the presence of
offending singularities. Similar considerations can be done for the minus function F�ðaÞ.
Sometimes in application problems the evaluation of the unknowns is required in a region of
the a – plane where the representations (22) and (23) are not valid, for instance, in improper
sheets or points near the singularities. In these cases we can resort to analytic continuation.
The analytic continuation of numerical results is an old yet very difficult problem of applied
mathematics that can be approached in various ways. For instance, by introducing the mapping
a ¼ �k cos w, the W-H equation for the impenetrable wedge problem (section 1.3.1) assumes
the form of difference equations

ĜðwÞX̂ þðwÞ ¼ Ŷ þð�w �FÞ ð42Þ
where the plus functions are even functions of w. Taking into account the aforementioned
property of the plus functions, it is possible to eliminate the unknown Ŷ þðwÞ, thus obtaining
the relation

X̂ þðw þ 2FÞ ¼ Ĝ
�1ð�w � 2FÞĜðwÞX̂ þðwÞ ð43Þ

Starting from the values of X̂ þðwÞ known via eqs. (22) and (23), this last equation allows us
to evaluate X̂ þðwÞ and Ŷ þð�w �FÞ for every value of w. When it is important to evaluate
residues of FþðaÞ and F�ðaÞ in poles located in structural singularities defined by the zeroes
of det GðaÞ½ � and det G�1ðaÞ½ �, we can resort to the W-H equation

Res FþðaÞ½ �a¼ai
¼ Res G�1ðaÞ� �

a¼ai
F�ðaiÞ ð44Þ

Since we can evaluate Res G�1ðaÞ½ �a¼ai
exactly, the accuracy of the evaluation of

Res FþðaÞ½ �a¼ai
depends on the accuracy of the evaluation of F�ðaiÞ through the repre-

sentation given by (44). Since ai is a point located in the regular region of F�ðaÞ, usually no
problems are encountered in obtaining a good evaluation of F�ðaiÞ with this representation.

5.2 The integral equations in the w � plane

Let us consider the W-H equation

GðaÞFþðaÞ ¼ F�ðaÞ þ Fo

a� ao
ð45Þ

If FþðaÞ is a standard plus functions (Im ao½ � < 0), it yields the following Fredholm integral
equation:

GðaÞFþðaÞ þ 1
2p j

�
ðþ1

�1

GðxÞ � GðaÞ½ �FþðxÞ
x � a

dx ¼ Fo

a� ao
, Im ao½ � < 0 ð46Þ

It is convenient to deform the contour path constituted by the real axis into the straight line
la shown in Fig. 8. If there are no poles of GðaÞ and FþðaÞ in the shaded region, one finds

1
2p j

�
ðþ1

�1

GðxÞ � GðaÞ½ �FþðxÞ
x � a

dx ¼ 1
2p j

�
ð

la

GðxÞ � GðaÞ½ �FþðxÞ
x � a

dx ð47Þ
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In wedge problems, the kernel Mða, tÞ presents a more suitable behavior in the w – plane
defined by (see section 2.9.2):

a ¼ �to cos w x ¼ �to cos w0 ð48Þ
In the w – plane, lw and rw (Fig. 9) are the images of the line la and of the real axis of the
a� plane, respectively.

Furthermore,

ao ¼ �to cos wo ¼ �to cos jo ð49Þ
where wo ¼ �jo, p=2 < jo < p. In the w – plane the Fredholm equation becomes

ĜðwÞF̂þðwÞ þ 1
2p j

ð

lw

Ĝðw0Þ � ĜðwÞ� �
F̂þðw0Þ

�to cos w0 þ to cos w
to sin w0dw0 ¼ � Fo

to cos w � to cos wo

ð50Þ

k
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–k
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ao
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Fig. 8: Deformation of the contour path
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By introducing

w0 ¼ �p
2
þ ju ð51Þ

we have that dw0 ¼ jdu, cos w0 ¼ j sinh u, sin w0 ¼ �cosh u,

Ĝðw0Þ ¼ HðuÞ; F̂þðwÞ ¼ Y ðuÞ

ĜðwÞF̂þðwÞ þ 1
2p j

ð�1

þ1

HðuÞ � ĜðwÞ� �
Y ðuÞ

�j sinh u þ cos w
ð�cosh uÞ jdu ¼ � Fo

to cos w � to cos wo

ð52Þ
or

ĜðwÞF̂þðwÞ þ 1
2p j

ðþ1

�1

HðuÞ � ĜðwÞ� �
Y ðuÞ

�j sinh u þ cosw
cosh u jdu ¼ � Fo

to cos w � to cos wo
ð53Þ

This provides the representation

F̂þðwÞ ¼ � Ĝ
�1ðwÞ
2p j

ðþ1

�1

HðuÞ � ĜðwÞ� �
Y ðuÞ

�j sinh u þ cos w
cosh u jdu � Ĝ

�1ðwÞFo

to cos w � to cos wo
ð54Þ

Let us now derive the equations valid for the samples Y ðh iÞ. By putting w ¼ � p
2 þ jt in the

equation

ĜðwÞF̂þðwÞ þ 1
2p j

ðþ1

�1

HðuÞ � ĜðwÞ� �
Y ðuÞ

�j sinh u þ cos w
cosh u jdu ¼ � Fo

to cos w � to cos wo
ð55Þ

we find

HðtÞY ðtÞ þ 1
2p j

ðþ1

�1

HðuÞ � HðtÞ½ �
�sinh u þ sinh t

cosh u Y ðuÞdu ¼ � Fo

toð j sinh t � cos woÞ ð56Þ

or

HðtÞY ðtÞ þ 1
2p j

ðþ1

�1
mðt, uÞY ðuÞdu ¼ � Fo

toð j sinh t � cos woÞ ð57Þ

where

F̂þðwÞ ¼ Y ðuÞ

mðt, uÞ ¼ If u ¼¼ t, lim
HðuÞ � HðtÞ½ �

�sinh u þ sinh t
cosh u,

HðuÞ � HðtÞ½ �
�sinh u þ sinh t

� �

with the limit evaluated as u ¼ t.
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The sampled form of the previous Fredholm equation is

Hðh rÞYaðh rÞ þ h

2p j

XA=h

i¼�A=h

mðh r, h iÞYaðh iÞ ¼ � Fo

toðj sinh h r � cos woÞ ,

r ¼ 0,� 1,� 2, . . . , � A

h
ð58Þ

The solution of the previous equation in 2 A
h þ 1 unknowns Yaðh iÞ, i ¼ 0, �1,ð �2, . . . ,�A

hÞ
yields the representation

YaðtÞ ¼ �HðtÞ�1

2p j
h

XA=h

i¼�A=h

mðt, h iÞYaðh iÞ � HðtÞ�1Fo

toðj sinh tÞ � to cos wo
ð59Þ

which in turn, in the w – plane, yields the approximate plus function

F̂ aþðwÞ ¼ YaðuÞ ð60Þ
or

F̂ aþðwÞ ¼ � ĜðwÞ�1

2p j
h

XA=h

i¼�A=h

m �j w þ p
2

	 

, h i

h i
Yaðh iÞ � ĜðwÞ�1Fo

toðcos w � cos woÞ ð61Þ

5.3 Additional considerations on the Fredholm equations

5.3.1 Presence of poles of the kernel in the warped region

For illustrative purposes, let us consider the presence of a pole as in the shaded region of
Fig. 8. This pole may be present in the plus function FþðaÞ (zero of det G�1ðaÞ½ �) or in the
minus function F�ðaÞ (zero of det GðaÞ½ �). By following the same procedure used in deriving
(61), it is possible to obtain directly the following integral equation on the la line:

(a) if as is a pole of F�ðaÞ:

GðaÞFþðaÞ þ 1
2p j

�
ð

la

GðxÞ � GðaÞ½ �FþðxÞ
x � a

dx ¼ Fo

a� ao
þ Xo

a� as
, Im ao½ � < 0 ð62Þ

where Xo is unknown. It should be noted that the last unknown term is present only if
Im as½ � > 0
(b) if as is a pole of FþðaÞ:

GðaÞFþðaÞ þ 1
2p j

�
ð

la

GðxÞ � GðaÞ½ �FþðxÞ
x � a

dx ¼ Fo

a� ao
þ Yo

a� as
, Im ao½ � < 0 ð63Þ

where Yo is unknown. It should be noted that the last unknown term is present only if
Im as½ � < 0
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In order to evaluate Xo one can use the sampled form of the equation:

1
2p j

�
ð

la

FþðxÞ
x � as

dx ¼ 0 ð64Þ

and similarly, to evaluate Yo one can use the sampled form of the equation:

1
2p j

�
ð

la

FþðxÞ
x þ as

dx ¼ 0 ð65Þ

5.3.2 The Fredholm factorization for particular matrices

Matrices having the form GðaÞ ¼ AðaÞ BðaÞeþjaL

CðaÞe�jaL DðaÞ
� �

where L is a real quantity are note

amenable to the method described in this chapter. They will be considered in chapter 6.

5.3.3 The Fredholm equation relevant to a modified kernel

An important characteristic of the Fredholm factorization discussed in the previous sections
is constituted by the fact that it is not necessary to regularize the operator having as symbol
GðaÞ by performing preliminary factorizations.

To improve the accuracy of the factorization, sometimes it is convenient to generalize the
Fredholm factorization by introducing a slight modification of the technique discussed
above. Let us rewrite GðaÞ:

GðaÞ ¼ GmðaÞGpðaÞ ð66Þ
where the inverse of GmðaÞ is regular in the lower half-plane Im a½ � � 0. By repeating the
procedure that yields the Fredholm equation we obtain

GpðaÞFþðaÞ þ 1
2p j

�
ðþ1

�1

GpðtÞ � GpðaÞ
� �

FþðtÞ
t � a

dt ¼ G�1
m ðaoÞ � R

a� ao
Im ao½ � < 0 ð67Þ

This is another Fredholm equation that sometimes can be more convenient than the original
one. For instance, if GmðaÞ and GpðaÞ are the standard factorized matrices of

GðaÞ ¼ G�ðaÞGþðaÞ
then the integral vanishes, and one obtains the expected result:

FþðaÞ ¼
G�1

þ ðaÞ � G�1
� ðaoÞ � R

a� ao
ð68Þ

In this case we say that GmðaÞ ¼ G�ðaÞ produces a total regularization of the matrix kernel
GðaÞ. In general, we can choose the matrix GmðaÞ to have a partial regularization of GðaÞ.
This expedient could simplify the numerical solution of the integral equation.
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CHAPTER 6

Approximate solutions: Some
particular techniques

All the powerful methods (e.g., iterative, moment) developed in functional analysis can be
effectively used for solving W-H equations or for obtaining factorized matrices. Further-
more, the observation that it is possible to factorize matrices with rational elements suggests
approximating the kernels with rational approximants.

6.1 The Jones method for solving modified W-H equations

6.1.1 Introduction

In the following we present two powerful methods due to Jones that allow us to solve the
modified W-H equations, avoiding their reduction to classical W-H systems. The Jones
methods are very popular. In fact, they were used and continue to be used in very numerous
applications. The only inconvenient of these methods is the requirement of a preliminary
factorization of the kernel GðaÞ.

6.1.2 Longitudinal modified W-H equation

Let us rewrite the longitudinal modified W-H equation in its original form

GðaÞFðaÞ þ e jaLFþðaÞ þ F�ðaÞ ¼ FoðaÞ ðL > 0Þ ð1Þ
where FðaÞ is an entire function having the following properties:

● FðaÞ is vanishing as a ! 1 in the half-plane Im½a� > 0 and grows exponentially as
a ! 1 in the half-plane Im½a� < 0

● FðaÞe�jaL is vanishing as a ! 1 in the half-plane Im½a� < 0 and grows exponentially as
a ! 1 in the half-plane Im½a� > 0

The factorization of GðaÞ ¼ G�ðaÞ � GþðaÞ yields

GþðaÞFðaÞ þ e jaLG�1
� ðaÞFþðaÞ þ G�1

� F�ðaÞ ¼ G�1
� aÞFoðaÞ ð2Þ
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Separating the plus and minus parts in (2) yields

GþðaÞFðaÞ þ 1
2p j

ð
g1

e jbLG�1
� ðbÞFþðbÞ
b� a

db ¼ S1þðaÞ ð3Þ

G�1
� ðaÞF�ðaÞ � 1

2p j

ð
g2

e jbLG�1
� ðbÞFþðbÞ
b� a

db ¼ S1�ðaÞ ð4Þ

where S1�ðaÞ and S1þðaÞ follows from the decomposition of G�1
� ðaÞFoðaÞ:

G�1
� ðaÞFoðaÞ ¼ S1�ðaÞ þ S1þðaÞ ð5Þ

and g1 and g2 are the smile and frown real axis paths, respectively.
Equation (1) can be rewritten as

GðaÞe�jaLFðaÞ þ FþðaÞ þ e�jaLF�ðaÞ ¼ e�jaLFoðaÞ ð6Þ
We observe from the characteristics of FðaÞ that the function e�jaLFðaÞ is a minus function
since it is vanishing in the half-plane Im½a� < 0.

The (right) factorization of GðaÞ ¼ gþðaÞ � g�ðaÞ yields

g�ðaÞe�jaLFðaÞ þ g�1
þ ðaÞFþðaÞ þ g�1

þ ðaÞe�jaLF�ðaÞ ¼ g�1
þ ðaÞe�jaLFoðaÞ ð7Þ

Separating the plus and minus parts in (7), we get:

g�1
þ ðaÞFþðaÞ þ 1

2p j

ð
g1

g�1
þ ðbÞe�jbLF�ðbÞ

b� a
¼ S2þðaÞ ð8Þ

g�ðaÞe�jaLFðaÞ � 1
2p j

ð
g1

g�1
þ ðbÞe�jbLF�ðbÞ

b� a
¼ S2�ðaÞ ð9Þ

where S2�ðaÞ þ S2þðaÞ follows from the decomposition of g�1
þ ðaÞe�jaLFoðaÞ

Now we show that the system of eqs. (4) and (8)

G�1
� ðaÞF�ðaÞ � 1

2p j

ð
g2

e jbLG�1
� ðbÞFþðbÞ
b� a

db ¼ S1�ðaÞ

g�1
þ ðaÞFþðaÞ þ 1

2p j

ð
g1

g�1
þ ðbÞe�jbLF�ðbÞ

b� a
db ¼ S2þðaÞ

ð10Þ

can be reduced to a Fredholm system of the second kind. In fact, by changing b into �b in
the first equation of (10) and a into �a in the second equation we get

G�1
� ðaÞF�ðaÞ þ 1

2p j

ð
g1

e�jbLG�1
� ð�bÞFþð�bÞ
bþ a

db ¼ S1�ðaÞ ð11Þ

g�1
þ ð�aÞFþð�aÞ þ 1

2p j

ð
g1

e�jbLg�1
þ ðbÞF�ðbÞ
bþ a

db ¼ S2þð�aÞ ð12Þ
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The advantage of this system consists in the presence of the factor e�jbL that is readily
vanishing for values of b located in the lower half-plane Im½b� < 0. To appreciate this fact, let
us consider the presence of only a discrete spectrum in G�1

� ð�bÞ and g�1
þ ðbÞ (Fig. 1). Taking

into account the regularity of Fþð�bÞ and F�ðbÞ in the half-plane Im½b� < 0, we obtain

1
2p j

ð
g1

e�jbLG�1
� ð�bÞFþð�bÞ
bþ a

db ¼ �
X

m

e�jBmLRð�BmÞFþð�BmÞ
Bm þ a

ð13Þ

1
2p j

ð
g1

e�jbLg�1
þ ðbÞF�ðbÞ
bþ a

¼ �
X

m

e�jbmLrðbmÞF�ðbmÞ
bm þ a

ð14Þ

where Bm and Rð�BmÞ are the poles and the residues of G�1
� ð�bÞ, respectively, whereas bm

and rðbmÞ are the poles and the residues of g�1
þ ðbÞ, respectively.

Substituting and letting a ¼ bn in (11) and a ¼ Bn in (12), we get the system in the
unknowns F�ðbmÞ and Fþð�BmÞ:

G�1
� ðbnÞF�ðbnÞ �

X
m

e�jBm LRð�BmÞFþð�BmÞ
Bm þ bn

¼ S1�ðbnÞ

g�1
þ ð�BnÞFþð�BnÞ �

X
m

e�jbm LrðbmÞF�ðbmÞ
bm þ Bn

¼ S2þð�BnÞ
ð15Þ

The operators involving in the sums are compact. Moreover, the presence of the
exponential e�jBm L and e�jbm L allow truncate the sums to be truncated to a very few terms.

In the presence of only a continuous spectrum (Fig. 2) we can warp the smile real axis g1

to the closed line g that encloses the branch line G.

g1 a

a � bn or a � Bn

Im[b]

Re[b ]

The dots represent the poles

Fig. 1: Discrete spectrum of G�1
� ð�bÞ and g�1

þ ðbÞ

g1 a

Im[b ]

Re[b ]
b � k

The branch line Г present in G –1   (−b ) and g–1     (b )

This line starts from the branch point b � k
Г

 
– +

Fig. 2: Continuous spectrum of G�1
� ð�bÞ and g�1

þ ðbÞ
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We obtain the Fredholm equations

G�1
� ðaÞF�ðaÞ þ 1

2p j

ð

G

e�jtLMðtÞY�ðtÞ
t þ a

dt ¼ S1�ðaÞ

g�1
þ ð�aÞY�ðaÞ þ 1

2p j

ð

G

e�jtLNðtÞF�ðtÞ
t þ a

¼ S2þð�aÞ a 2 G
ð16Þ

where MðtÞ and NðtÞ are the jumps of G�1
� ð�bÞ and g�1

þ ðbÞ on the branch line G, and
Y�ðtÞ ¼ Fþð�tÞ.

The Fredholm equations can be solved by quadrature and again the presence of e�jt L

allows us to assume a very small integration interval. Moreover, the presence of the rapidly
vanishing factor e�jt L suggests to represent the unknowns F�ðtÞ and Y�ðtÞ in Taylor series
about the branch point t ¼ k:

NðtÞF�ðtÞ ¼
X

i

Aiðt þ kÞi

MðtÞY�ðtÞ ¼
X

i

Biðt þ kÞi
ð17Þ

Substituting (17) into (16) leads to the Whittaker functions defined by

Wi�½ðzÞ ¼
ð1

0

uie�u

u þ z
du ð18Þ

The representation (17) for evaluating the integrals in the Fredholm eqs. (16) introduces very
few constant unknowns Ai and Bi. These unknowns must satisfy a system of linear equations
that derives by suitable manipulations on eqs. (16).

6.1.3 Transversal modified W-H equation

By factorizing the kernel GðaÞ ¼ G�ðaÞ � GþðaÞ in the transversal modified W-H equation

GðaÞFþðaÞ þ HðaÞFþð�aÞ þ F�ðaÞ ¼ F0þðaÞ
we find

GþðaÞFþðaÞ þ G�1
� ðaÞ � HðaÞFþð�aÞ þ G�1

� ðaÞ � F�ðaÞ ¼ G�1
� ðaÞ � F0þðaÞ ð19Þ

Separating in the plus and minus functions

GþðaÞFþðaÞ þ 1
2p j

ð
g1

G�1
� ðbÞ � HðbÞFþð�bÞ

b� a
db ¼ SþðaÞ ð20Þ

G�1
� ðaÞ � F�ðaÞ � 1

2p j

ð
g2

G�1
� ðbÞ � HðbÞFþð�bÞ

b� a
db ¼ S�ðaÞ ð21Þ
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where S�ðaÞ and SþðaÞ follow from the decomposition of G�1
� ðaÞFoþðaÞ:

G�1
� ðaÞFoþðaÞ ¼ S1�ðaÞ þ S1þðaÞ ð22Þ

Changing a into �a in (20) yields the Fredholm equation:

Gþð�aÞX�ðaÞ þ 1
2p j

ð
g1

G�1
� ðbÞ � HðbÞX�ðbÞ

bþ a
db ¼ Sþð�aÞ ð23Þ

where X�ðaÞ ¼ Fþð�aÞ.
In alternative to the quadrature method, as we did for the longitudinal W-H equations,

it is interesting to warp the smile real axis g1 to enclose all the singularities of
G�1

� ðbÞ � HðbÞ � X�ðbÞ located in the half-plane Im½b� < 0. We observe that, since G�1
� ðbÞ

and X�ðbÞ are regular in this half-plane, the singularities involved are only those of HðbÞ.
For instance, if HðbÞ presents only a discrete spectrum constituted by the simple poles bm

as indicated in Fig. 1, we can rewrite eq. (23) in the form

Gþð�aÞX�ðaÞ �
X

m

G�1
� ðbmÞ � RðbmÞX�ðbmÞ

bm þ a
¼ Sþð�aÞ ð24Þ

where RðbmÞ are the residues of HðbÞ in bm. Putting a ¼ bn in (24) yields the system

Gþð�bnÞX�ðbnÞ �
X

m

G�1
� ðbmÞ � RðbmÞX�ðbmÞ

bm þ bn
¼ Sþð�bnÞ ð25Þ

which is very convenient and has been used in numerous applications presented in the
literature.

The same considerations apply when HðbÞ presents only a continuous spectrum. We
obtain the Fredholm equation

Gþð�aÞX�ðaÞ þ 1
2p j

ð

G

G�1
� ðbÞ � MðbÞX�ðbÞ

bþ a
db ¼ Sþð�aÞ, a 2 G ð26Þ

that is easily solved by quadrature.

6.2 The Fredholm factorization for particular matrices

Sometimes the kernel GðaÞ has a form that does not allows the reduction to Fredholm
integral equations, as indicated in chapter 5. For instance, let us consider the kernel

GðaÞ ¼ AðaÞ BðaÞeþjaL

CðaÞe�jaL DðaÞ
� �

ð27Þ

associated with the W-H equation.

GðaÞFþðaÞ ¼ X�ðaÞ þ R

a� ap
, Im ap

� �
< 0: ð28Þ
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First, we observe that it is not restrictive to consider the parameter L as nonnegative. In fact,
the following equation holds:

AðaÞ BðaÞe�jaL

CðaÞeþjaL DðaÞ

 !
¼ 0 1

1 0

 !
DðaÞ CðaÞeþjaL

BðaÞe�jaL AðaÞ

 !
0 1

1 0

 !

The reason for the difficulties in factorizing (27) is essentially due to the presence of eþjaL.
This factor does not allow us to close the line g1 (section 1.6) with a semicircle located at 1
in the lower half-plane a. Consequently, it is impossible to deduce straightforwardly the
Fredholm equation relevant to the W-H matrix kernels. To overcome these difficulties we
propose two methods:

(a) Without loss of generality we can reduce the factorization of matrix (27) to that of the

matrix
gðaÞ eþjaL

e�jaL dðaÞ
� �

. Next we rewrite

gðaÞ eþjaL

e�jaL dðaÞ

 !
¼ GoðaÞ þ

0 0

0 dðaÞ

 !

¼ Go�ðaÞ 1 þ G�1
o�ðaÞ

0 0

0 dðaÞ

 !
G�1

oþðaÞ
 !

GoþðaÞ

where

GoðaÞ ¼ gðaÞ eþjaL

e�jaL 0

� �
¼ Go�ðaÞGoþðaÞ

can be factorized with the Jones method (section 6.1.2). The previous equation reduces

the problem to the factorization of the matrix 1 þ G�1
o�ðaÞ

0 0
0 dðaÞ

� �
G�1

oþðaÞ
� �

, and

this can be accomplished with the Fredholm factorization described in chapter 5.
(b) Alternatively, Abrahams and Wickham (1990) suggested rewriting the matrix GðaÞ in

the form

GðaÞ ¼ AðaÞ BðaÞeþjaL

CðaÞe�jaL DðaÞ

 !
¼ 1 0

0 e�jaL

 !
� MðaÞ � 1 0

0 e jaL

 !
ð29Þ

where the central matrix

MðaÞ ¼ AðaÞ BðaÞ
CðaÞ DðaÞ

 !

can be factorized analytically or numerically:

MðaÞ ¼ M�ðaÞMþðaÞ ð30Þ
Equation (30) yields

GðaÞ ¼ ~G�ðaÞ � ~GþðaÞ ð31Þ
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where

~G�ðaÞ ¼
1 0

0 e�jaL

 !
� M�ðaÞ, ~GþðaÞ ¼ MþðaÞ �

1 0

0 e jaL

 !
ð32Þ

~G
�1
� ðaÞ ¼ M�1

� ðaÞ 1 0

0 eþjaL

 !
, ~G

�1
þ ðaÞ ¼ 1 0

0 e�jaL

 !
� M�1

þ ðaÞ ð33Þ

The factorized matrices ~G�ðaÞ and ~GþðaÞ and their inverses are regular in the lower and
upper half-planes Im½a� � 0 and Im½a� � 0, respectively. However, they do not constitute
standard factorized matrices since ~G�ðaÞ grows exponentially in the half-plane Im½a� � 0
and ~GþðaÞ grows exponentially in the half-plane Im½a� � 0. To overcome this problem, we
rewrite (28) in the form

~GþðaÞFþðaÞ � ~G
�1
� ðapÞ R

a� ap
¼ ~G

�1
� ðaÞX�ðaÞ þ ~G

�1
� ðaÞ � ~G

�1
� ðapÞ

h i R

a� ap
¼ wðaÞ

ð34Þ
Since the first member is regular in the half-plane Im½a� � 0 and the second member is
regular in the half-plane Im½a� � 0, it follows that the function wðaÞ is entire. Moreover, it is
vanishing in Im½a� � 0 and conversely grows exponentially in Im½a� � 0.

Multiplying (34) by e�jaL yields that e�jaLwðaÞ is vanishing in Im½a� � 0 and conversely
grows exponentially in Im½a� � 0. These properties of the entire function wðaÞ will be uti-
lized later.

It is possible to derive the Fredholm integral equation for wðaÞ by using the result

FþðaÞ ¼ ~G
�1
þ ðaÞwðaÞ þ

~G
�1
þ ðaÞ � ~G�1

� ðapÞ � R

a� ap
ð35Þ

By integrating on the ‘‘frown’’ real axis g2 we rewrite:

1
2p j

ð
g2

FþðuÞ
u � a

du ¼ 1
2p j

ð
g2

~G
�1
þ ðuÞwðuÞ

u � a
du þ 1

2p j

ð
g2

~G
�1
þ ðuÞ � ~G�1

� ðaoÞ
u � a

� R

u � ap
du ð36Þ

Now the first member is vanishing since we can close the line g2 with a half-circle of
radius ! 1 located in the half-plane Im½u� � 0, where FþðuÞ is regular and vanishing as
u ! 1. It follows that

1
2p j

ð
g2

~G
�1
þ ðuÞwðuÞ

u � a
du ¼ � 1

2p j

ð
g2

~G
�1
þ ðuÞ � ~G�1

� ðapÞ
u � a

� R

u � ap
du ð37Þ

or

� 1
2
~G
�1
þ ðaÞwðaÞ þ 1

2p j
P:V :

ð1

�1

~G
�1
þ ðuÞwðuÞ

u � a
du ¼ � 1

2p j

ð
g2

~G
�1
þ ðuÞ � ~G�1

� ðapÞ
u � a

� R

u � ap
du

ð38Þ
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Taking into account that e�jaLwðaÞ is regular and is vanishing in Im½a� � 0, we have

1
2p j

ð
g1

e�juLwðuÞ
u � a

du ¼ 0 ð39Þ

where g1 is the smile real axis (section 1.6). Equation (39) can be rewritten as

~G
�1
þ ðaÞe jaL

2p j

ð
g1

e�juLwðuÞ
u � a

du ¼ 1
2
~G
�1
þ ðaÞwðaÞ þ 1

2p j
P:V

ð1

�1

~G
�1
þ ðaÞe j a�uð ÞLwðuÞ

u � a
du ¼ 0

ð40Þ
Subtracting (38) from (40) yields

~G
�1
þ ðaÞwðaÞ þ 1

2p j

ð1

�1

½~G�1
þ ðaÞe jða�uÞL � ~G

�1
þ ðuÞ�wðuÞ

u � a
du

¼ 1
2p j

ð
g2

~G
�1
þ ðuÞ � ~G�1

� ðapÞ
u � a

� R

u � ap
du ð41Þ

or

wðaÞ þ 1
2p j

ð1

�1

½e jða�uÞL1 � ~GþðaÞ~G�1
þ ðuÞ�wðuÞ

u � a
du

¼ 1
2p j

ð
g2

~GþðaÞ~G�1
þ ðuÞ � ~G�1

� ðapÞ
u � a

� R

u � ap
du ð42Þ

For evaluating the second member we observe that because of the presence of ~G
�1
þ ðuÞ that

grows exponentially for Im½u� � 0, we cannot close the line g2 with an infinite half-circle
located in the upper half-plane. Conversely, we can close g2 with an infinite half-circle
located in the lower half-plane. Taking into account that this line encloses the poles a and ap

and all the singularities of ~G
�1
þ ðuÞ, one has that

1
2p j

ð
g2

~GþðaÞ~G�1
þ ðuÞ � ~G�1

� ðaoÞ
u � a

� R

u � ap
du

¼
~GþðaÞ½~G�1

þ ðapÞ � ~G
�1
þ ðaÞ� � ~G�1

� ðapÞR
a� ap

þ 1
2p j

ð
g2

~GþðaÞ~G�1
þ ðuÞ � ~G�1

� ðapÞ
u � a

� R

u � ap
du

ð43Þ
where l2 is a closed line that encloses only the singularities of ~G

�1
þ ðuÞ. The first term of

the second member is the sum of the residues in the poles u ¼ a and u ¼ ap; it is interesting
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to observe that this term is regular in a ¼ ap. Now we show that eq. (42) is a Fredholm
equation of second kind when the matrix M�1

þ ðaÞ reduces on the real axis to a constant
matrix Ao as a ! �1. First, taking into account that

~G
�1
þ ðaÞ ¼ 1 0

0 e�jaL

� �
� M�1

þ ðaÞ ð44Þ

we rewrite (42) in the form

wðaÞ þ 1
2p j

~GþðaÞ
ð1

�1

e jaL 0

0 1

 !
ðM�1

þ ðaÞÞ � e juL 0

0 1

 !
ðM�1

þ ðuÞÞ
" #

e�juLwðuÞ

u � a
du

¼ 1
2p j

ð
g2

~GþðaÞ~G�1
þ ðuÞ � ~G�1

� ðapÞ
u � a

� R

u � ap
du

ð45Þ
or

wðaÞþ 1
2p j

~GþðaÞ
ð1

�1

e jaL 0

0 1

 !
M�1

þ ðaÞ�Ao

� �� e juL 0

0 1

 !
M�1

þ ðuÞ�Ao

� �" #
e�juLwðuÞ

u�a
du

þ 1
2p j

~GþðaÞ
ð1

�1

e jaL 0

0 1

 !
�

e juL 0

0 1

 !" #
e�juLAowðuÞ

u�a
du

¼ 1
2p j

ð
g2

~GþðaÞ~G�1
þ ðuÞ � ~G�1

� ðapÞ
u�a

� R

u�ap
du ð46Þ

The last integral of the first member can be evaluated in the form

1
2p j

~GþðaÞ
ð1

�1

e jaL 0

0 1

 !
� e juL 0

0 1

 !" #
e�juLAowðuÞ

u � a
du

¼ 1
2p j

~GþðaÞ
ð
g1

e jaL 0

0 1

 !
e�juLAowðuÞ

u � a
du þ 1

2p j
~GþðaÞ

ð
g1

e juL 0

0 1

 !
e�juLAowðuÞ

u � a
du

ð47Þ
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where g1 is the smile real axis. Taking into account the properties of wðaÞ, the smile real axis
can be closed with an infinite half-circle located in the lower half-plane; it follows that the
first integral of the second member of (47) is vanishing. Conversely, in the second integral of
the second member of (47) we close the smile real axis with an infinite half-circle located in
the upper half-plane, which yields

1
2p j

~GþðaÞ
ð
g1

e juL 0

0 1

 !
e�juLAowðuÞ

u�a
¼ ~GþðaÞ

1 0

0 e�jaL

 !
AowðaÞ ¼ MþðaÞAowðaÞ ð48Þ

Substituting these results in (46) we obtain

1þMþðaÞAo½ �wðaÞ

þ 1
2p j

~GþðaÞ
ð1

�1

e jaL 0

0 1

 !
ðM�1

þ ðaÞ�AoÞ�
e juL 0

0 1

 !
ðM�1

þ ðuÞ�AoÞ
" #

e�juLwðuÞ

u�a
du

¼ 1
2p j

ð
g2

~GþðaÞ~G�1
þ ðuÞ � ~G�1

� ðapÞ
u�a

� R

u�ap
du ð49Þ

The previous equation is of the second kind, since we can show the compactness of the operator

e jaL 0
0 1

� �
ðM�1

þ ðaÞ � AoÞ � e juL 0
0 1

� �
ðM�1

þ ðuÞ � AoÞ
� 	

u � a

by adopting the considerations used in Daniele (2004b).
The presence of unknown wðaÞ that grows exponentially in the lower half-plane does

not allow to deform the real axis to use the expedients in section 5.1.5.1. However, we
can consider the properties of wðaÞ to find an alternative way to the quadrature method
(Abrahams and Wickham, 1990).

Let us consider the inverse transform ŵðxÞ of wðaÞ:

ŵðxÞ ¼ 1
2p j

ð1

�1
wðaÞe�j a xda ð50Þ

For x < 0 we can close the real axis with an infinite half-circle located in the upper half-
plane, yielding

ŵðxÞ ¼ 0, for x < 0

Similarly, by rewriting (50) in the form

ŵðxÞ ¼ 1
2p j

ð1

�1
wðaÞe�jaLe jaðL�xÞda ð51Þ
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and taking into account the asymptotic behavior of wðaÞe�jaL in the lower half-plane, in the
range L � x < 0 or x > L, we can close the contour with an infinite half-circle located in the
lower half-plane. This yields

ŵðxÞ ¼ 0, for x > L ð52Þ
Hence, the function ŵðxÞ is not vanishing only in the interval 0 < x < L, and its Fourier transform
wðaÞ can be represented by the sampling theorem. More directly, we observe that the function

wðaÞ
e jaL � 1

is a meromorphic function vanishing at infinity. The Mittag-Leffler expansion of this func-
tion yields the series (sampling theorem):

wðaÞ
e jaL � 1

¼
X1

n¼�1

wðanÞ
jLða� anÞ ð53Þ

where an ¼ n 2p
L , thus leading to the following representation of wðaÞ through the sampling

wðanÞ:

wðaÞ ¼
X1

n¼�1

ðe jaL � 1ÞwðanÞ
jLða� anÞ ð54Þ

Substituting in the integral of the Fredholm eq. (49) and forcing a ¼ amðm ¼ 0, �1, �2, . . .Þ
yields a system of infinite unknowns wðanÞ that according to the compactness of the kernel
can be solved by truncation.

A simplification of the integral eq. (49) can be accomplished by observing that by suitably
choosing P�ðaÞ, Q�ðaÞ, R�ðaÞ and S�ðaÞ, we can rewrite (Abrahams & Wickham, 1990):

~G�ðaÞ ¼
p�ðaÞ q�ðaÞ

r�ðaÞe�jaL s�ðaÞe�jaL

 !
¼ P�ðaÞ 0

0 Q�ðaÞ

 !
� R�ðaÞ 1

S�ðaÞe�jaL e�jaL

 !

ð55Þ
and similarly

~G
�1
þ ðaÞ ¼ PþðaÞ 0

0 QþðaÞ

 !
� 1 RþðaÞ

e�jaL SþðaÞe�jaL

 !
ð56Þ

By introducing the plus unknown
PþðaÞ 0

0 QþðaÞ
� ��1

FþðaÞ and the minus unknown

P�ðaÞ 0
0 Q�ðaÞ

� ��1

X�ðaÞ, it is shown that it is not restrictive to assume that the factorized

matrices ~G�ðaÞ and ~G
�1
þ ðaÞ present the form

~G�ðaÞ ¼
R�ðaÞ 1

S�ðaÞe�jaL e�jaL

 !
ð57Þ
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~G
�1
þ ðaÞ ¼ 1 RþðaÞ

e�jaL SþðaÞe�jaL

 !
ð58Þ

For instance, this yields

M�1
þ ðaÞ ¼ 1 RþðaÞ

1 SþðaÞ

 !
ð59Þ

and

Ao ¼ 1 Rþð1Þ
1 Sþð1Þ

 !
ð60Þ

The integrand of (49) becomes

e jaL 0

0 1

 !
ðM�1

þ ðaÞ � AoÞ �
e juL 0

0 1

 !
ðM�1

þ ðuÞ � AoÞe�juLwðuÞ

¼
0 e jaL½RþðaÞ � Rþð1Þ� � e juL½RþðuÞ � Rþð1Þ�
0 SþðaÞ � SþðuÞ

 !
e�juLwðuÞ

¼
e jaL½RþðaÞ � Rþð1Þ� � e juL½RþðuÞ � Rþð1Þ�

SþðaÞ � SþðuÞ












e�juLw2ðuÞ ð61Þ

where w2ðaÞ is the second component of the vector wðaÞ ¼ w1ðaÞ
w2ðaÞ










. This means that the

system of the two integral equations

1þMþðaÞAo½ �wðaÞ

þ 1
2p j

~GþðaÞ
ð1

�1

e jaL 0

0 1

 !
ðM�1

þ ðaÞ�AoÞ�
e juL 0

0 1

 !
ðM�1

þ ðuÞ�AoÞ
" #

e�juLwðuÞ

u�a
du

¼ 1
2p j

ð
g2

~GþðaÞ~G�1
þ ðuÞ � ~G�1

� ðapÞ
u�a

� R

u�ap
du

ð62Þ
can be reduced to two uncoupled scalar equations.

Method (b) can also be applied to solve longitudinal modified W-H equations. In fact,
these equations are equivalent to a vector system with kernel (section 1.5.2):

GðaÞ ¼ GðaÞ e jaL

e�jaL 0

� �
ð63Þ

160 CHAPTER 6 ● Approximate solutions: Some particular techniques

www.ebook3000.com

http://www.ebook3000.org


6.3 Rational approximation of the kernel

6.3.1 Pade approximants

An approximate factorization can be obtained using Pade representations of the kernel
(Abrahams, 2000). MATHEMATICA provides Pade approximants very easily. For instance,
the instruction

GpðaÞ ¼ Pade½GðaÞ, a, 0, m, nf g� ð64Þ
expresses the scalar kernel GðaÞ in terms of a rational function GpðaÞ where the order of the
polynomials that constitute the numerator and the denominator are m and n, respectively.
The constant 0 means that this Pade approximant starts from the point a ¼ 0, where the
approximation error is vanishing. The Pade approximants GpðaÞ are rational functions and
may be factorized in closed form

GpðaÞ ¼ Gp�ðaÞGpþðaoÞ ð65Þ
To ascertain the accuracy of this approximation let us consider the half-plane problem
(section 1.1.1) and assume

k ¼ 1 � j0:01, jo ¼ 2
3
p ) ao ¼ k=2 ð66Þ

Choosing m ¼ 20 and n ¼ 22, MATHEMATICA provides very quickly a Pade approximant

GpðaÞ presenting the error eðaÞ ¼ GðaÞ�GpðaÞ
GðaÞ








 reported in Fig. 3.

The error is very small in the visible spectrum �1 � a � 1 (Fig. 3a); however, it
increases considerably out of this interval (Fig. 3b) because for a ! 1, GpðaÞ ! a�2,
whereas GðaÞ ! a�1. It is interesting to locate the position of the poles of the Pade
approximant GpðaÞ. These are shown in Fig. 4.

Since the structural spectrum is constituted by the two branch points �k, these poles are
spurious. However, Fig. 4 shows that their location may simulate the two branch lines

actually present in the problem. Fig. 5 reports the relative error epðaÞ ¼ FþðaÞ�FpþðaÞ
FþðaÞ










2 × 10–12

–1 –0.5
(a) (b)
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6 × 10–12

8 × 10–12
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1.4 × 10–11
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7

Fig. 3: Relative error of the Pade approximant for k ¼ 1 � j0:01, fo ¼ 2
3 p ) ao ¼ k=2

(a) �1 � a � 1, (b) �10 � a � 10
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The scattering pattern from the half-plane is reported in Fig. 6, which shows that in practice
there is no difference between the exact solution and the Pade-approximated solution.

By reducing the Pade parameters m and n, the relative error epðaÞ ¼ FþðaÞ�FpþðaÞ
FþðaÞ










increases. For instance, by choosing m ¼ 8 and n ¼ 10 the error is doubled. However, the
scattering pattern does not change dramatically.

Sometimes the parameter k, related to the branch point, can be arbitrary chosen. For
instance, in the considered example, the scattering pattern does not depend on k. In these cases,
since the rational approximation is better when the spectrum is far from the real axis a, it is
convenient to assume k with a strong imaginary part, such as k ¼ 1 � j. Figure 7 illustrates the

strong reduction of the relative error epðaÞ ¼ FþðaÞ�FpþðaÞ
FþðaÞ








.
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Fig. 4: Poles of the Pade approximant
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0.01

0.02

0.03

ep(a)

0.5

a

Fig. 5: Relative error epðaÞ ¼ FþðaÞ�FpþðaÞ
FþðaÞ
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6.3.2 An interpolation approximant method

The Pade approximant is accurate only at a points near the starting point as; for instance, in
the previous examples as ¼ 0 has been chosen. It is possible to improve the approximation
accuracy on a larger a range by using sophisticated techniques, such as the multiple point
Pade approximation. However, it is much more effective to introduce an interpolation
method. The main idea of this approach is to force the function

i½a� ¼ Gð0Þ þ
Xm

i¼1

biai

" #
� 1 þ

Xmþn

i¼mþ1

biai�m

" #
GðaÞ ð68Þ

to vanish in a set of ai points suitably chosen:

i½ai� ¼ 0 i ¼ 1, 2, . . . , m þ n ð69Þ

–3 –2 –1

10

20
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40 F+[k cos f]

f

1 2 3

Fig. 6: Scattering pattern

k = 1 − j 0.01

a

k = 1 − j

2

2

4

6

8

4 6 8 10

Fig. 7: Different values of k: comparison of the relative errors
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The n þ m previous equations yield a system of n þ m order for the bi, i ¼ 1, 2, . . . , m þ n
unknowns. The solution of the system provides the following rational approximation for the
kernel GðaÞ:

GðaÞ � GiðaÞ ¼ Gð0Þ þ b1aþ b2a2 þ . . .þ bmam

1 þ bmþ1aþ bmþ2a2 þ . . .þ bmþnan
ð70Þ

In this way, it is possible to obtain a rational approximant valid on a large range of a. In
general, the rational approximations provided by this technique show a better accuracy with
respect to those obtained by the Pade approximant. From here on, in the applications we will
refer to rational representations obtained with the interpolation method.

6.3.2.1 Presence of a discrete infinite spectrum

In this case, the major error in the rational approximation of the kernel arises from the singu-
larities near the real axis a. To strongly improve the approximation it is convenient to ratio-
nalize only the part of the kernel containing the spectrum far from the real axis. For instance, let
us consider the factorization of the kernel previously considered in example 4 of section 3.2.4:

GðaÞ ¼ sinðt bÞ sinðt cÞ
t sin½t ðb þ cÞ� ð71Þ

Introducing the same numerical data of that section, namely,

l ¼ 1, k ¼ 2p
l

, b ¼ 1:1
l
2

, c ¼ 1:3
l
2

, a ¼ b þ c ¼ 2:4
l
2

ð72Þ
for vanishing values of Im½k�, we have two real zeroes a ¼ ab1, a ¼ ac1 and two real poles
a ¼ aa1 and a ¼ aa2. Consequently, it is convenient to consider the rational approximants of
the function

MðaÞ ¼ GðaÞ ða
2 � a2

a1Þða2 � a2
a2Þ

ða2 � a2
b1Þða2 � a2

c1Þ
¼ sinðt bÞ sinðt cÞ

t sin½t ðb þ cÞ�
ða2 � a2

a1Þða2 � a2
a2Þ

ða2 � a2
b1Þða2 � a2

c1Þ
ð73Þ

which presents only an imaginary spectrum : �aai ði ¼ 3, 4, . . .Þ, �abi ði ¼ 2, 3, 4, . . .Þ and
�aci ði ¼ 2, 3, 4, . . .Þ. The Pade approximant of MðaÞ

Maða�Þ ¼ Pade½MðaÞ, fa, 0, 20, 22g� ð74Þ
yields the approximate factorized function

GaþðaÞ ¼ MaþðaÞ ða� ab1Þða� ac1Þ
ða� aa1Þða� aa2Þ ð75Þ

The plots reporting the absolute values and the argument of the exact GþðaÞ and of the
approximate GaþðaÞ for a large range of values of a are indistinguishable. The following
figures report the relative errors defined by

eabsðaÞ ¼ GþðaÞj j � GaþðaÞj j
GþðaÞj j ð76Þ

eþðaÞ ¼ GþðaÞ � GaþðaÞ
GþðaÞ










 ð77Þ
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The relative error on the absolute values of the exact and approximate factorized functions is
very negligible (Fig. 8); for instance, for a ¼ 2 the relative error is eabsð2Þ ¼ 6:08 10�11. The

biggest relative error is for eþðaÞ ¼ GþðaÞ�GaþðaÞ
GþðaÞ








 (Fig. 9), and it arises from the relative

error on the phase. This can be ascertained in Fig. 10, which illustrates the arguments of the
exact GþðaÞ and approximate GaþðaÞ.

6.3.2.2 Presence of continuous and discrete spectra

In dealing with truncated waveguides, the kernels involve continuous and discrete spectra. In
these cases our experience suggests that the best way to obtain rational approximants is
based on the interpolation method considered in section 6.2.3. In the following, the
approximate rational factorization of the kernel

GðaÞ ¼ e jtd

t cos½t d� , t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
ð78Þ

0.01

–2–4–6–8–10

0.02

0.03

0.04

0.05
e+(a)

a

Fig. 9: Relative error on the plus factorized function
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–2–4–6–8–10

2 × 10–8
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5 × 10–8

eabs(a)

a

Fig. 8: Relative error on the absolute values of the plus factorized function
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will be considered. This kernel has been exactly factorized in section 3.2.6 (example 5); the
exact plus factorized function is

GþðaÞ ¼
G � a

A þ B
A þ 1

� �
exp t d

p log jt�a
k � qa

� �
ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðkdÞp

eg
a
AG B

A þ 1
� � Y1

n¼1

1 � a
AnþB

� 


1 � a
an

� 


� G � a
A þ B

A þ 1
� �

exp t d
p log jt�a

k � qa
� �

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðkdÞ

p
eg

a
AG

B

A
þ 1

� � YNb

n¼1

1 � a
A nþB

� 


1 � a
an

� 
 ð79Þ

To compare the exact and approximate factorizations, let us assume that
l ¼ 1, k ¼ 2p

l ð1 � j10�2Þ, b ¼ 1:1 l
2 :

Since GðaÞ is an even function, the following even function has to be forced to be
vanishing in the suitably chosen points ai:

i½a� ¼ Gð0Þ þ
Xn

i¼1

bia2i

" #
� 1 þ

X2nþ1

i¼nþ1

bia2ði�nÞ
" #

GðaÞ ð80Þ

To obtain the 2n þ 1 unknown bi, we forced i½m� ¼ 0 in m ¼ 1, 2, . . . , 2n þ 1.
By assuming n ¼ 10, the solution bi (i ¼ 1, 2, . . . , 21) of the previous system, obtained

with MATHEMATICA, provides the following rational approximation of the kernel GðaÞ:

GðaÞ � GaðaÞ ¼ Gð0Þ þ b1a2 þ b2a4 þ . . .þ b10a20

1 þ b11a2 þ b12a4 þ . . .þ b21a22
ð81Þ

The factorization of the rational kernel GaðaÞ ¼ Ga�ðaÞGaþðaÞ has been accomplished by
MATHEMATICA. By assuming Nb ¼ 200 in the truncated product of GþðaÞ, Fig. 11 and

Fig. 12 report the relative errors eðaÞ ¼ GþðaÞ�GaþðaÞ
GþðaÞ








 and ephðaÞ ¼ arg½GþðaÞ��arg½GaþðaÞ�

arg½GþðaÞ� .

–2–4–6–8–10

Arg[G+(a)]

Arg[Ga+(a)]

a

–0.1

–0.2

–0.3

–0.4

–0.5
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Fig. 10: Comparison between the exact and the approximate phase of the factorized plus
function
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6.4 Moment method

6.4.1 Introduction

In this section we consider general aspects of this method, which is very powerful for solving
the arbitrary linear equation

A � x ¼ y ð82Þ
This equation is defined in arbitrary Hilbert space. A is a known linear operator, x is an
unknown vector, and y is a known vector.

Let us introduce a set of vectors yn, which we call expansion functions. We represent x in
the form

x ¼
X

n

xnyn ð83Þ

This representation is exact if the set yn (n ¼ 1, 2, . . .) is a basis in the Hilbert space. However,
it remains very useful in every case, provided that the vectors yn are chosen appropriately.

–2

0.005

0.01

0.015

e (a)

a

0.02

–4–6–8–10

Fig. 11: Relative error on the plus factorized function

–2

eph(a)

a
−0.001

−0.002

−0.003

−0.004

−0.005

−0.006

–4–6–8–10

Fig. 12: Relative error on the phase of the plus factorized function
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Substituting (83) into (82) yields

X
n

xnA � yn ¼ y ð84Þ

Let us introduce a set of vectors jm (m ¼ 1, 2, . . .) that we call test functions. The scalar
product with jm yields

X
n

Amnxn ¼ ym ð85Þ

where

Amn ¼ jm � A � yn ð86Þ
ym ¼ jm � y ð87Þ

The solution of (85) furnishes the values of xn that represent x through (83).
When the set of expansion functions coincides with the set of test functions, the moment

method is also called the Garlekin method.
Equation (83) can be defined in the natural domain or in the spectral domain.
In this book we consider only formulations in the spectral domain. We can apply the

moment method directly to the Fredholm eqs. (1.54), or more simply we can start from the
W-H eq. (1.4):

GðaÞFþðaÞ ¼ Fs
�ðaÞ þ FoþðaÞ ð88Þ

To solve this equation with the moment method we recall the Parseval theorem:1

u � v ¼
ð1

�1
uðzÞvðzÞdz ¼ 1

2p

ð1

�1
~uð�aÞ~vðaÞda

and use the representation

FþðaÞ ¼
X

i

Ci~yþ1ðaÞ ð89Þ

where the constants Ci are unknown and the set of plus functions ~yþiðaÞ (expansion func-
tions) is known. A projection with the set of plus test functions jþj provides the equations for
the unknowns:

X
i

Gji Ci ¼ Nj ð90Þ

1 The symbol ~ stands for Fourier transform.
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where

Gji ¼ jþj � G � yþi ¼
1

2p

ð1

�1
~jþjð�aÞ � GðaÞ � ~yþiðaÞ da ð91Þ

Nj ¼ jþj � Foþ ¼ 1
2p

ð1

�1
~jþjð�aÞ � FoþðaÞ da ð92Þ

The minus function X�ðaÞ does not appear, since in performing the projection with the test
functions jþj, Parseval’s theorem provides the equations

ð1

�1
~jþjð�aÞ � X�ðaÞda ¼ 2p jþj � x� ¼ 0 ð93Þ

It is important to observe that there are many advantages to formulate the moment method in
the spectral domain rather than in the natural domain. For instance:

● The entries of the matrix Gji require only the evaluation of a single (and not double)
integral.2

● The matrix kernel GðaÞ is always known in analytical form.
● The solution obtained in the spectral domain is very suitable for obtaining the asymptotic

evaluation of far fields.

6.4.2 Stationary properties of the solutions with the

moment method

The inverse A�1 of the operator A provides the solution of eq. (82):

x ¼ A�1 � y ð94Þ
However, in many applications, a function h requires the functional

w ¼ h � x ð95Þ
or more generally a function of w:

f ðwÞ ¼ f ðh � xÞ ð96Þ
To evaluate the functional w with moment method, let us suppose that the set of yn and jm

are bi-orthogonal:3

jm � yn ¼ dmn

2 Compare eq. (93) with eq. (86).
3 We can obtain a set jm bi-orthogonal to the set of yn by using the Gram-Schmidt normalization.
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The operator A can be represented by the matrix

A ¼

A11 . . . A1N A1,Nþ1 . . .
. . . . . . . . . . . . . . .
AN1 . . . ANN AN ,Nþ1 . . .

ANþ1,1 . . . ANþ1,N ANþ1,Nþ1 . . .
. . . . . . . . . . . . . . .
























where

Am,n ¼ jm � A � yn ð97Þ
With the use of N moments, this expression can be rewritten as

A ¼ Ao þ dA ð98Þ
where

Ao ¼

A11 . . . A1N 0 . . .
. . . . . . . . . . . . . . .
AN1 . . . ANN 0 . . .

0 . . . 0 0 . . .
. . . . . . . . . . . . . . .
























, dA ¼

0 . . . 0 A1,Nþ1 . . .
. . . . . . . . . . . . . . .
0 . . . 0 AN ,Nþ1 . . .

ANþ1,1 . . . ANþ1,N ANþ1,Nþ1 . . .
. . . . . . . . . . . . . . .
























With the moment method, eq. (83) is approximated by

Ao � xo ¼ yo ð99Þ
where yo has the same first N component ym ¼ jm � y (m ¼ 1, 2, . . . , N ) of y while the other
components are all vanishing. In the following we will indicate the error with dx:4

dx ¼ x � xo ð100Þ
To evaluate the error in the functional w ¼ h � x, we introduce the vector ho in the Euclidean
space EN . It contains only the first N nonvanishing componentsjm � h (m ¼ 1, 2, . . . , N ). We have

w ¼ h � x ¼ ðho þ dhÞ � ðxo þ dxÞ ¼ ho � xo þ ho � dx þ dh � xo þ dh � dx ð101Þ
Since dh has nonvanishing components for m ¼ N þ 1, N þ 2, . . . and xo has nonvanishing
components for m ¼ 1, 2, . . . , N , we get

dh � xo ¼ 0

To evaluate ho � dx, let us consider the operator At
o, the transpose of the matrix Ao in the

space EN . Indicate with x0o the solution of

At
o � x0o ¼ ho ð102Þ

We get

ho � dx ¼ ðAt
o � x0oÞ � dx ¼ x0o � Ao � dx ð103Þ

Taking into account (99), from

A � x ¼ ðAo þ dAÞ � ðxo þ dxÞ ¼ yo þ dy

4 We observe that dx has components jm � dx that are not vanishing also for m ¼ N þ 1, N þ 2, . . .
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we get

Ao � dx ¼ �dA � xo � dA � dx þ dy ð104Þ
Taking into account that x0o � dA � xo ¼ 0 and x0o � dy ¼ 0, substituting (104) into (103) yields

ho � dx ¼ x0o � ð�dA � xo � dA � dx þ dyÞ ¼ �x0o � dA � dx ð105Þ
Substituting (105) into (101) evaluates the functional w ¼ h � x in the form

w ¼ h � x ¼ ho � xo � x0o � dA � dx þ dh � dx ð106Þ
This means that the evaluation of the functional w ¼ h � x with ho � xo ¼ h � xo, where xo is
the approximate solution obtained with the moment method is stationary, since the error
�x0o � dA � dx þ dh � dx is of second order.

In many applications it is sufficient to use only one moment j1, y1. The moment eq. (85)
reduces to

j1 � A � y1 x1 ¼ j1 � y ð107Þ
From (83) we get

x ¼ j1 � y

j1 � A � y1
y1 ð108Þ

h � x ¼ j1 � y

j1 � A � y1
h � y1 ð109Þ

In the natural domain x ! xðzÞ, a < z < b, (108) becomes

h � x ¼ j1 � y

j1 � A � y1
h � y1 ¼

ðb

a

j1ðzÞyðzÞdz

ðb

a

hðzÞy1ðzÞdz

ðb

a

ðb

a

j1ðzÞAðz, z0Þy1ðz0Þdz0 dz

ð110Þ

Equation (110) can be onerous since the evaluation of a double integral is required.
However, in the problems considered in this book the operator A is of convolution type:

Aðz, z0Þ ¼ Aðz � z0Þ ! ~AðaÞ ¼
ð1

�1
AðuÞe juadu

In the spectral domain (110) yields

h � x¼ j1 � y

j1 � A � y1
h � y1¼

1
2p

ð1

�1
~j1ð�aÞ~yðaÞda

ð1

�1

~hð�aÞ~y1ðaÞda

ð1

�1
~j1ð�aÞ~AðaÞ~y1ðaÞda

ð111Þ

and all the integrals to be evaluated are simple.
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To conclude this section, we observe that if w ¼ h � x is stationary in x ¼ xo, a generic
function f ðwÞ ¼ f ðh � xÞ is also stationary in the same point, provided that f 0ðwÞ w¼h�xoj is
regular. In fact we have

df ðwÞ ¼ f 0ðwÞdw

whence if dw is a differential of second order, df ðwÞ is also a differential of second order.

6.4.2.1 Stationary properties of the eigenvalues evaluated with

the moment method

In many applications the operator A depends on a parameter b that must be evaluated to
satisfy the homogeneous equation

AðbÞ � x ¼ 0 ð112Þ
By using the moment method with expansion functions yn and test functions jn we get

X
n

AmnðbÞxn ¼ ym

Hence,

det½AðbÞ� ¼ 0 ð113Þ
where AðbÞ is the matrix that has the entries AmnðbÞ.

Let us indicate with b the exact values that satisfy the previous equation. The approx-
imate values of AoðbÞ produce an approximate value bo that satisfies

det½AoðboÞ� ¼ 0 ð114Þ
We have

det½AðbÞ� ¼ det½AðboÞ þ dbA0ðboÞ� ¼ det½AðboÞ� þ dbH þ Oðdb2Þ ¼ 0 ð115Þ
where H derives from the evaluation of the determinant of the sum of the two matrices
AðboÞ and dbA0ðboÞ. Letting

AðbÞ ¼ AoðbÞ AoeðbÞ
AeoðbÞ AeeðbÞ












and using the Laplace formula for evaluating the determinant of a matrix, it can be shown
that if the element of AoeðbÞ, AeoðbÞ and AeeðbÞ are of order e we get

det½AðboÞ� ¼ det½AoðboÞ� det½AeeðboÞ� þ Oðe2Þ ¼ 0 ð116Þ
Taking into account that det½AoðboÞ� ¼ 0 and substituting (116) into (115) yields

dbH ¼ Oðdb2Þ þ Oðe2Þ
which shows that the error db ¼ b� bo is of second order.
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6.4.3 An electromagnetic example: the impedance of a wire

antenna in free space

Let us consider the wire antenna shown in Fig. 13, supplied by a voltage Vo. Indicate with
IðzÞ the total current at position z along the wire. The current density is defined by

JðzÞ ¼ IðzÞ dðxÞ dðyÞ ẑ ð117Þ
The electric field E radiated by the antenna can be expressed in the form

E ¼ �jw A ẑ þ rr�
jweomo

ẑ A ð118Þ

where the potential A is given by

A ¼ mo

4p

ðL=2

�L=2

e�jkoR

R
Iðz0Þdz0 ð119Þ

and R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðz � z0Þ2

q
is the distance between the observation point and the source point.

On the wire surface, by indicating with a the radius of the wire, we have

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ ðz � z0Þ2

q

By forcing Ez to vanish on the wire surface and the source voltage Vo to be concentrated at
z ¼ 0, we get

ðL=2

�L=2

gðz, z0ÞIðz0Þdz0 ¼ �VodðzÞ ð120Þ

where

gðz, z0Þ ¼ Zo

j4pko

d2

dz2
þ k2

o

� �
e�jko

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þðz�z0Þ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ ðz � z0Þ2

q

Equation (120) is an integro-differential equation. To obtain an integral equation we can
consider Hallen’s approach (Hallen, 1962), which reduces (120) to a second-order ordinary

z = −L/2 z = L/2

V0 + z

Fig. 13: A wire antenna in free space
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differential equation in the unknown
Ð L=2
�L=2

e�jko

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þðz�z0 Þ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þðz�z0Þ2

p Iðz0Þdz0. Solving this equation we

obtain Hallen’s integral equation:

ðL=2

�L=2

e�jko

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2þðz�z0Þ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ ðz � z0Þ2

q Iðz0Þdz0 ¼ �2p j
Vo

Zo
sinjkozj þ C cos koz ð121Þ

where C must be determined by imposing the boundary condition IðL=2Þ ¼ 0.
The solution of Hallen’s integral equation has been extensively studied. If we are inter-

ested only in the admittance of the wire antenna defined by

Ya ¼ Ið0Þ
Vo

ð122Þ

we observe that by letting

x ¼ IðzÞ, h ¼ dðzÞ
Vo

ð123Þ

the admittance is simply the functional h � x. Therefore, we can proceed directly to the
moment solution of (120), thereby avoiding the introduction of Hallen’s equation.

For the sake of the brevity, in the following we consider only the half-wave wire:
L ¼ l=2 where l ¼ 2p

ko
is the wavelength.

Taking into account that the sinusoidal profile for IðzÞ is a physically acceptable
approximation, we use only one moment:

y1ðzÞ ¼ j1ðzÞ ¼ cos
2p
l

z ð124Þ

From (120) we get

Ya ¼ h � x ¼ j1 � y

j1 � g � y1
h � y1 ¼ �

ð�l=4

�l=4

j1ðzÞVodðzÞdz

ð�l=4

�l=4

dðzÞ
Vo

y1ðzÞdz

ð�l=4

�l=4

ð�l=4

�l=4

gðz, z0Þj1ðzÞy1ðz0Þdz dz0

¼ � j1ð0Þy1ð0Þ
ð�l=4

�l=4

ð�l=4

�l=4

gðz, z0Þj1ðzÞy1ðz0Þdz dz0

The stationary expression of the impedance of a half-wave wire antennas is

Za ¼ �
ð�l=4

�l=4

ð�l=4

�l=4

gðz, z0Þj1ðzÞy1ðz0Þdz dz0
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Taking into account that Zo ¼ 377W, we can evaluate numerically the double integral and
obtain

Za ¼ 73:2 þ j42:5 ðWÞ
The numerical integration is cumbersome; hence, taking into account that the kernel
gðz, z0Þ ¼ gðz � z0Þ is of convolution type it is preferable to work in the spectral domain. This
will be done in section 8.4.

6.5 Comments on the approximate methods for solving
W-H equations

In the previous sections, we described approximate methods for solving W-H equations. In
practical terms, we experienced that the more powerful ones are those based on rational
approximants of the kernel and on the quadrature method for solving Fredholm integral
equations. These techniques provide approximate factorized kernels that are accurate in their
regularity regions. This limitation can be overcome by analytic continuation. For instance,
taking into account that

GðaÞ ¼ G�ðaÞGþðaÞ ð125Þ
approximate values of G�1

þ ðaÞ at points where Im½a� < 0 may be evaluated by

G�1
þ ðaÞ ¼ ðG�1

� ðaÞGðaÞÞ�1 ð126Þ
Consequently, since G�1ðaÞ is exactly known everywhere, the problem of evaluating the
plus factorized matrix outside its regularity half-plane is reduced to the evaluation of G�1

� ðaÞ
in its regularity half-plane Im½a� < 0.

The power of the previously introduced approximate methods depends on the spectrum
of the kernel; for example, if there is not an infinite discrete spectrum together with a
continuous spectrum, we suggest working on the Fredholm equation in the w – plane, which
in this case provides very accurate approximate solutions. Conversely, if only an infinite
discrete spectrum is present, then accurate solutions can be obtained by the rational
approximant of kernels and, in particular, we found that the interpolation methods work
better than the Pade approximants.

In all cases, the difficulties arise mainly from the presence of singularities near the real
axis, and therefore it is always convenient to try to eliminate these singularities using
appropriate algebraic manipulations.
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CHAPTER 7

The half-plane problem

7.1 Wiener-Hopf solution of discontinuity problems
in plane-stratified regions

The study the electromagnetic propagation in stratified planar regions (Fig. 1) is very
important since it provides all the fundamental concepts needed for the study of wave pro-
pagation. There are very excellent books devoted to this topic (Felsen & Marcuvitz, 1973,
chapter 5; Brekhovskikh, 1960). In this book, we examine some aspects of the problem that
are not considered in the cited works. For instance, we introduce planar discontinuities in
some sections of the stratified regions and develop a unified theory for this problem that is
based on the spatial Fourier transforms of the fields and on the Wiener-Hopf formulation.

In this section, for illustrative purposes we consider only stratified isotropic media in which

ei ¼ ei 1, mi ¼ mi 1, x ¼ 0 ¼ z

and 1 is the unity dyadic. The general formulation that involves arbitrary linear stratified
media will be presented in section 7.10.1.

The fundamental equations for studying stratified regions of isotropic media are the
following transverse field equations (Felsen & Marcuvitz, 1973, p. 186):

� @

@y
Et ¼ jwmi 1þrtrt

k2
i

� �
�Ht � ŷ þMt � ŷ þrt Jy

jwei

� @

@y
Ht ¼ jwei 1þrtrt

k2
i

� �
� ŷ � Et þ ŷ � Jt þrtMy

jwmi

ð1Þ

y � 0

y � a

y � a � b

y

e2, j2, z2, m2

e1, j1, z1, m1

Fig. 1: Arbitrary plane-stratified linear regions
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where

Et ¼ Ezẑ þ Exx̂, Ht ¼ Hzẑ þ Hxx̂, rt ¼ r� ŷ
@

@y
,

Mt ¼ Mzẑ þMxx̂, Jt ¼ Jzẑ þ Jxx̂, ki ¼ w ffiffiffiffiffiffiffimiei
p

7.2 Spectral transmission line in homogeneous
isotropic regions

Let us consider time harmonic electromagnetic fields with a time dependence specified by
the factor ejwt, which is omitted. These fields are considered in an isotropic homogeneous
layer with permettivity eo and permeability mo:

It is convenient to consider the free-source layer indicated in Fig. 2a as a piece of wave
guide (Felsen & Marcuvitz, 1973, pp. 183–207) having normal direction y and an unbounded
section in the transverse plane (x, z). For the sake of simplicity, we assume that only the
components Ez, Hx, and Hy are nonzero and that there are no variations of these fields in the
z-direction (@=@z ¼ 0):

Ez ¼ Ezðx, yÞ, Hx ¼ Hxðx, yÞ, Hy ¼ Hyðx, yÞ
Since the guide presents an unbounded cross section, we are dealing with a modal continuous
spectrum (Felsen & Marcuvitz, 1973) that can be represented through the Fourier transform
of the transverse field:

V ðh, yÞ ¼
ð1

�1
Ezðx, yÞe jhxdx

Iðh, yÞ ¼
ð1

�1
Hxðx, yÞe jhxdx

ð2Þ

Applying the transverse field eq. (1) yields the following transmission equations in the
voltage Vðh, yÞ and current Iðh, yÞ:

� d

dy
Vðh, yÞ ¼ jtZc Iðh, yÞ

� d

dy
Iðh, yÞ ¼ jtYcVðh, yÞ

ð3Þ

y

(a) (b)

y � y2

y � y2

y � y1

T

�I2

I1

V2

V1

�

�

y � y1

x

eo, mo

Fig. 2: (a) Layer of isotropic homogeneous medium, (b) two-port relevant to the layer
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where being Zo ¼
ffiffiffiffi
mo
eo

q
and k ¼ w ffiffiffiffiffiffiffiffiffimoeo

p
the characteristic impedance and the propagation

constant of the medium, respectively, the propagation constant t and the characteristic
impedance Zc of the line are defined by

t ¼ tðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
ð4Þ

Zc ¼ wmo

t
¼ ZcðhÞ ¼ k Zoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � h2
p Yc ¼ 1

Zc
¼ t

wmo
ð5Þ

7.2.1 Circuital considerations

Solving the transmission line eq. (3) in the layer bounded by the section y ¼ y1 and y ¼ y2

(Fig. 2a) yields

V1 ¼ cosðtdÞV2 þ jZc sinðtdÞð�I2Þ ð6Þ
I1 ¼ jYc sinðtdÞV2 þ cosðtdÞð�I2Þ ð7Þ

where d ¼ y2 � y1, V1,2 ¼ V1,2ðhÞ ¼ V ðh, y1,2Þ, I1,2 ¼ I1,2ðhÞ ¼ �Iðh, y1,2Þ:
A circuit representation of the layer is constituted by the two-port shown in Fig. 2b,

where T is the transmission matrix of the two-port:

T ¼ cosðtdÞ jZc sinðtdÞ
jYc sinðtdÞ cosðtdÞ

� �
ð8Þ

If the transmission matrix T is known, circuit theory provides the following impedance
matrix and admittance matrix of the two-port:

Z ¼
�j cotðtdÞ Zc �jZc

1
sinðtdÞ

�jZc
1

sinðtdÞ �j cotðtdÞZc

0
BB@

1
CCA ð9Þ

Y ¼
�j cotðtdÞ Yc þjYc

1
sinðtdÞ

þjYc
1

sinðtdÞ �j cotðtdÞYc

0
BB@

1
CCA ¼ Z�1 ð10Þ

The reciprocity property of the two-port provide some simple circuit representations. For
instance, Fig. 3 illustrates the P and T representations, whose parameters are

Y1 ¼ Y2 ¼ jYc tan
td

2

Y3 ¼ �jYc
1

sin td

Z1 ¼ Z2 ¼ �jZc tan
td

2

Z3 ¼ �jZc
1

sin td
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To conclude this section, we observe that if the length d of the layer is infinitely long the
impedance seen by the initial section of the layer is the characteristic impedance of the two-
port. Of course this impedance is coincident with the impedance Zc of the transmission line.

7.2.2 Jump of voltage or current in a section where it is present

a discontinuity

Let us assume that a planar discontinuity is present in the section y ¼ yo (Fig. 4).
We can model this discontinuity with current and voltage generators given by

A ¼ AðhÞ ¼ Iðh, yoþÞ � Iðh, yo�Þ ¼
ð1

�1
½Hxðx, yoþÞ � Hxðx, yo�Þ�e jhxdx ð11Þ

Eo ¼ EoðhÞ ¼ V ðh, yoþÞ � Vðh, yo�Þ ¼
ð1

�1
½Ezðx, yoþÞ � Ezðx, yo�Þ�e jhxdx ð12Þ

7.2.3 Jump of voltage or current in a section where a concentrated

source is present

The circuit description of a concentrated source can be obtained using eq. (1).

2

1

2�

1�

2

1

2�

1�
(a) (b)

Y3

Y2 Z2

Z1
Z3Y1

Fig. 3: (a) P representation, (b) T representation

y

A

�
x

y � y2

Eo

y � y1
I (h, yo�)

V (h, yo�)

V (h, yo�)
I (h, yo�)

y � yo

y � yo�

y � yo�

eo, mo

Fig. 4: Circuit representation of planar discontinuity
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In essence, as for planar discontinuities, concentrated sources at the point y ¼ yo, x ¼ 0
introduce in the circuit representation voltage or current generators located at the section
y ¼ yo of the transmission line. For instance, for a line-source electrical current
J ¼ Io dðxÞdðy� yoÞẑ, eqs. (1) and (2) yield

� d

dy
Vðh, yÞ ¼ jtZcIðh, yÞ

� d

dy
Iðh, yÞ ¼ jtYcV ðh, yÞ þ Iodðy� yoÞ

Similarly, for a line-source magnetic current M ¼ Vo dðxÞdðy� yoÞẑ, we get

� d

dy
Vðh, yÞ ¼ jtZcIðh, yÞ � Vodðy� yoÞ

� d

dy
Iðh, yÞ ¼ jtYcVðh, yÞ

7.3 Wiener-Hopf equations in the Laplace domain

In the presence of remote sources it is convenient to introduce Laplace transforms instead of
Fourier transforms. In fact, in these cases the Fourier transforms exist only for real values of
the propagation constants; furthermore, when the sources are remote, impulsive functions are
present. The Laplace transforms are always analytic functions in the complex variable h:

For a given function yðxÞ defined on the entire x axis, we define the plus and minus
Laplace transforms as the analytic continuation of the integrals

YþðhÞ ¼
ð1

0

yðxÞe jhxdx, Y�ðhÞ ¼
ð0

�1
yðxÞe jhxdx

The total Laplace transform YðhÞ is given by

YðhÞ ¼ Y�ðhÞ þYþðhÞ
The circuit considerations developed in the previous section hold also for the total Laplace
transform. However, it is important to remember that the inverse Laplace transforms have
the form

y�ðxÞ ¼
1

2p

ð

B�
Y�ðhÞe�jhxdh

yþðxÞ ¼
1

2p

ð

Bþ

YþðhÞe�jhxdh

where B� is a horizontal line located under the singularities of Y�ðhÞ, and Bþ is a horizontal
line located above the singularities of YþðhÞ:
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To put in evidence the difference between Laplace and Fourier transforms, let us consider
a field having an x dependence described by1

f ðxÞ ¼ e�jhox

The Fourier transform requires real values of ho and yields

ð1

�1
e�jhoxe jhxdx ¼ 2pdðh� hoÞ

Conversely, in the domain of the Laplace transforms, FþðhÞ is the analytic continuation of

FþðhÞ ¼
ð1

0

e�jhoxe jhxdx ¼ j
1

h� ho

whereas F�ðhÞ is the analytic continuation of

F�ðhÞ ¼
ð0

�1
e�jhoxe jhxdx ¼ �j

1
h� ho

It follows that the complete Laplace transform FðhÞ of a plane wave is null:

FðhÞ ¼ F�ðhÞ þ FþðhÞ ¼ �j
1

h� ho
þ j

1
h� ho

¼ 0

Notice, however, that if the term �j 1
h�ho

is interpreted as a minus functions, if Im½ho� < 0, the

inverse transformation introduces a Bromwich line B� such that

1
2p

ð

B�

�j
1

h� ho
e�jhxdh ¼ e�jhoxuð�xÞ

Conversely, if the term j 1
h�ho

is interpreted as a plus functions, if Im½ho� < 0, the inverse

transformation introduces a Bromwich line Bþ such that

1
2p

ð

Bþ

j
1

h� ho
e�jhxdh ¼ e�jhoxuðxÞ

Hence, despite the zero value of FðhÞ ¼ F�ðhÞ þ FþðhÞ, the inverse transformation of F�ðhÞ
and FþðhÞ reproduces exactly the field due to the remote source. Since the total Laplace
transforms for the primary field in presence of remote sources are vanishing, we can deduce
the Wiener-Hopf equations in the spectral domain by ignoring the presence of the remote
sources. This always yields Wiener-Hopf equations in the homogeneous form discussed in
section 2.4.2. Let us remember that the Laplace transform YðhÞ does exist also for complex
values of ho: This fact allows us to introduce small losses in the media to avoid singularities
on the real axis Im½h� ¼ 0:

1 The dependence e�jhox is typical of remote source (incident plane wave, incident mode).
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The aforementioned considerations raise the following question: what is the integration
path B in the inversion equation yðxÞ ¼ 1

2p

Ð
B YðhÞe�jhxdh?

This problem does not exist if we work with Fourier transform since in this case the
integration line always is the real axis. However, in the Laplace domain, for the presence of a
pole ho due to a remote source, nonconventional plus or minus functions are involved.
Consequently, in the inversion equation we must assume B as a Bromwich line. For instance,
if the pole ho is not conventional for the plus part of source term, we must set B ¼ Bþ, that is,
a horizontal line above the pole ho; conversely, if the pole is not conventional for the minus
part of source term, we must set B ¼ B�, that is, a horizontal line below the pole ho: For the
sake of brevity, the justification of this rule is not reported here.

7.4 The PEC half-plane problem

7.4.1 E-polarization case

The planar discontinuity is constituted by a PEC half-plane located at y ¼ 0: The voltage

V ¼ Vðh, 0þÞ ¼ V ðh, 0�Þ ¼
ð1

�1
Ezðx, 0þÞe jhxdx ¼

ð1

�1
Ezðx, 0�Þe jhxdx

¼
ð1

0

Ezðx, 0þÞe jhxdx ¼ VþðhÞ ð13Þ

is continuous since Ezðx, yÞ is zero on the half-plane y ¼ 0, x � 0: It means that the voltage
generator indicated in Fig. 4 vanishes. Moreover, the vanishing of Ezðx, yÞ on the half-plane
implies that V ¼ VþðhÞ is a plus function.

Taking into account that the continuity of Hxðx, yÞ on the aperture y ¼ 0, x � 0 implies

A ¼ Iðh, 0þÞ � Iðh, 0�Þ ¼
ð1

�1
½Hxðx, 0þÞ � Hxðx, 0�Þ�e jhxdx

¼
ð0

�1
½Hxðx, 0þÞ � Hxðx, 0�Þ�e jhxdx ¼ A�ðhÞ ð14Þ

the function A ¼ A�ðhÞ is a minus function. According to the boundary condition on a PEC
surface, �A ¼ �A�ðhÞ represents the Fourier transform of the total physical current induced
on both the faces of the PEC half-plane.

Since the layers y � 0 and y � 0 are unbounded, we have to consider the impedance Zc

in both directions. This entails the circuit representation of Fig. 5. Analysis of this circuit
leads to

V ¼ Zc

����ZcA ¼ Zc

2
A ð15Þ
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or taking into account that

t ¼ tðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
Zc ¼ wmo

t
¼ ZcðhÞ ¼ k Zoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � h2
p Yc ¼ 1

Zc
¼ t

wmo

and V ¼ VþðhÞ, A ¼ A�ðhÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
wm

VþðhÞ ¼ A�ðhÞ ð16Þ

The homogeneous W-H eq. (16) can be rewritten in the normal form of section 2.1 by taking
into account the source constituted by the incident plane wave:

Ei
zðx, yÞ ¼ Eoe jk r cosðj�joÞ ð17Þ

On the aperture y ¼ 0, x � 0 or j ¼ 0, r ¼ x this provides the voltage

V i
þðhÞ ¼

ð1

0

Eoejk rcosjo ejhxdx ¼ j
Eo

h� ho
ð18Þ

where ho ¼ �k cos jo:
Taking into account that there is no reflected wave contribution on the aperture,

V s
þðhÞ ¼ VþðhÞ � V i

þðhÞ does not present the pole ho ¼ �k cosjo: From eq. (16), it follows
that the characteristic part of A ¼ A�ðhÞ at the pole ho ¼ �k cosjo is

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � ho

2
p

wm
j

Eo

h� ho

Notice that by letting h ¼ �k cos w (section 2.9.2) ho ¼ �k cosjo corresponds to wo ¼ �jo

in the w – plane, which yields the determination
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � ho

2
p ¼ �k sin wo ¼ k sinjo: Conse-

quently, we have

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � ho

2
p

wm
j

Eo

h� ho
¼ 2j

Eo sinjo

Zoðh� hoÞ
ð19Þ

and the normal form of the W-H eq. (16) is

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
wm

VþðhÞ ¼ Ad
�ðhÞ þ 2j

Eo sinjo

Zoðh� hoÞ
ð20Þ

where Ad
�ðhÞ is regular at the pole ho ¼ �k cosjo.

PEC

PEC

Hi

Ei y

y � 0 y � 0

Zc

Zc

x V A�
fo

Fig. 5: Half-plane problem and its circuit representation
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The source term Ap
� ¼ 2j Eo sin jo

Zoðh�hoÞ in (20) can be obtained directly by observing that it

represents the primary contribution for the total current induced on the half-plane. In fact,
(Fig. 6) the total current induced on the PEC half-plane is the sum of the contribution of the
remote source in presence of a full PEC plane in y ¼ 0 (i.e., the primary field) plus the
contribution of the equivalent magnetic current M present on the aperture. Since the latter
contribution does not present any pole, the characteristic part of A�ðhÞ is the minus Fourier
transform of the current induced by the primary field:

Hxðx, 0þÞ ¼ Hd
x ðx, 0þÞ þ Hg

x ðx, 0þÞ
* *
M Primary field

ð21Þ

Taking into account the reflected field on the plane y ¼ 0 (Fig. 6):

Hg
x ðx, 0þÞ ¼ �2

Eo

Zo
sin joe jk r cosðp�joÞ ¼ �2

Eo

Zo
sin joe jk x cos jo ð22Þ

we get

Ap
� ¼

ð0

�1
Hg

x ðx, 0þÞe jhxdx ¼ 2j
Eo sinjo

Zoðh� hoÞ
ð23Þ

with ho ¼ �k cosjo:
The solution of the W-H eq. (20) (see section 2.4.2) is

VþðhÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
k � h
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

k þ ho

p j
kEo sinjo

h� ho
, A�ðhÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
k þ h
p

Zo

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ ho

p j
Eo sinjo

h� ho
ð24Þ

Since the factorized functions can be chosen within a constant factor, we can choose arbi-

trarily the branch of tþðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
k � h
p

and let
ffiffiffiffiffiffiffiffiffiffiffi
k þ h
p ¼

ffiffiffiffiffiffiffiffiffi
k2�h2
p
ffiffiffiffiffiffi
k�h
p : In the following, if not

indicated otherwise we will adopt as branch the one that satisfies the condition tþð0Þ ¼
ffiffiffi
k
p

for real values of k. In the w – plane (section 2.9.2) we have

tþðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
k � h

p
¼

ffiffiffiffiffi
2k
p

cos
w

2
, t�ðhÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
k þ h

p
¼ �

ffiffiffiffiffi
2k
p

sin
w

2
ð25Þ

Remote source

x � 0

M

M

Fig. 6: Equivalence theorem
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7.4.2 Far-field contribution

The solution of the W-H equations allows us to evaluate the total field by using the
equivalence theorem indicated in Fig. 6.

The effects of the equivalent magnetic currents M are given by

V Mðh, yÞ ¼ VþðhÞe�jty, IMðh, yÞ ¼ VþðhÞ
Zc

e�jty y > 0

V Mðh, yÞ ¼ VþðhÞeþjty, IMðh, yÞ ¼ �VþðhÞ
Zc

ejty y < 0

ð26Þ

where the plus W-H unknown VþðhÞ is expressed by (24):

VþðhÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
k � h
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

k þ ho

p j
kEo sinjo

h� ho
ð27Þ

Consequently, we obtain

V ðh, yÞ ¼ V Pðh, yÞ þ V Mðh, yÞ
Iðh, yÞ ¼ IPðh, yÞ þ IMðh, yÞ ð28Þ

where according to the equivalence theorem V Pðh, yÞ and IPðh, yÞ represent the primary field,
that is, the Laplace transform of the field due to the source in the presence of the PEC plane
located at y ¼ 0. For sources constituted by plane waves for y > 0 in the spectral domain,
both V Pðh, yÞ and IPðh, yÞ are null. So it is more convenient to rephrase (28) in the natural
domain. For instance, for the first of (28),

Ezðx, yÞ ¼ Ei
zðx, yÞ þ Er

zðx, yÞ þ EM
z ðx, yÞ ð29Þ

where Ei
zðx, yÞ þ Er

zðx, yÞ is the primary field (the incident plus the reflected wave). Note that
according to the equivalence theorem, for y < 0 we have Ei

zðx, yÞ ¼ 0, Er
zðx, yÞ ¼ 0:

The inverse Fourier transform yields the following expression for the longitudinal field:

EM
z ðx, yÞ ¼ jkEo sinjo

2p

ð

Bþ

e�jhxe�j
ffiffiffiffiffiffiffiffiffi
k2�h2
p

yj jffiffiffiffiffiffiffiffiffiffiffi
k � h
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

k þ ho

p ðh� hoÞ
dh ð30Þ

where the line Bþ is a straight line above the pole ho: Algebraic manipulations allow us to
reduce this integral to special functions involving Fresnel integrals (Mittra & Lee, 1971).
However, in different problems as such those considered in the next sections, it is not pos-
sible to obtain the inverse Fourier transforms in closed form. Approximate evaluation
techniques must be implemented. In particular, for the evaluation of far fields, the saddle
point method (Felsen & Marcuvitz, 1973) is particularly important.

Using the mapping indicated in section 2.9.2,

h ¼ �k cos w

t ¼ �k sin w
ð31Þ
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and considering the cylindrical coordinates

x ¼ r cosj
y ¼ r sinj

ð32Þ

yields the integral

Ic ¼ k

ð
rw

f̂sðwÞe jk r cosðw�jjjÞdw ð33Þ

where

f̂sðwÞ ¼ f ð�k cos wÞ sin w ¼ jEo sinjo sin w

2pk2 cos
w

2
�sin

�jo

2

� �h i
ð�cos wþ cosjoÞ

¼
jEo cos

jo

2
sin

w

2
pkð�cos wþ cosjoÞ ð34Þ

and rw is the image of the real axis in the w� plane (chapter 2, Fig. 3). We can warp the
contour path rw in (33) into the SDP. Since the eventual pole contribution provides the
geometric optics contribution, it means that the SDP contribution has the fundamental
physical meaning of representing the diffracted far field. Taking into account the application
in section 2.9.2, we obtain the following contribution of the SDP; the contribution is obtained
according to the direction of SDP indicated in the application of section 2.9. Observe that
this direction is opposite with respect to that of rw:

ESDP
z ¼ �j

ffiffiffiffiffiffiffiffi
2

pkr

s
Eo cos

jo

2
cos

j
2

cosjþ cosjo
e�jðkrþp=4Þ kr >> 1 ð35Þ

Equation (35) cannot be used when the observation point approaches boundaries of the
incident and reflected waves. In this case the pole is near the saddle point, and the approx-
imation (2.90) is no longer valid. In this case we must use a more general technique indicated
in Felsen and Marcuvitz (1973) and Volakis and Senior (1995); see also section 2.9.

The previous equations provide the evaluation of the integral on the SDP. We can relate
this evaluation to the original one on the path rw by warping the contour path rw in (33) into
the SDP and taking into account the eventual singularity contributions located in the region
between the SDP and rw:

Sometimes it is preferable to study the warping directly in the h� plane: In this plane,
the SDP does not change if we change j into �j: Figure 7 illustrates the location of the SDP
in the h� plane:

The direction of the SDP in the h� plane is according to the direction of the SDP in the
w – plane. With this orientation, for every value of j, �p < j � p we obtain

ESDP
z ¼ �j

ffiffiffiffiffiffiffiffi
2

pkr

s
Eo cos

jo

2
cos

j
2

cosjþ cosjo
e�jðkrþp=4Þ kr >> 1

If cos jo is positive, the pole ho lies in the second quadrant. However, the Bromwich
path Bþ is always located above ho: Figure 7 shows that by warping the path Bþ on the SDP,
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the pole ho is always captured clockwise for ho ¼ ho
k < hs

k ¼ hs: The warping yields the fol-
lowing result:

EM
z ðx, yÞ þ ESDP

z ðx, yÞ ¼ �2pj
jkEo sinjo

2p
Res

e�jh xe�j
ffiffiffiffiffiffiffiffiffi
k2�h2
p

jyjffiffiffiffiffiffiffiffiffiffiffi
k � h
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

k þ ho

p ðh� hoÞ

" #

ho

uðhs � hoÞ

¼ Eoe�jhoxe�jtojyjuðhs � hoÞ ¼
�Er

zðx, yÞuðhs � hoÞ y > 0

Ei
zðx, yÞuðhs � hoÞ y < 0

(
ð36Þ

where by taking into account that wo ¼ �jo

to ¼ �k sin wo ¼ k sinjo

and the boundary conditions

Ei
zðx, 0Þ þ Er

zðx, 0Þ ¼ 0

we obtain

Ezðx, yÞ ¼ Ei
zðx, yÞ þ Er

zðx, yÞ þ EM
z ðx, yÞ ¼ Ei

zðx, yÞ þ Er
zðx, yÞuðho � hsÞ þ Edif

z ðx, yÞ, y > 0

Ezðx, yÞ ¼ þEM
z ðx, y ¼ Ei

zðx, yÞuðhs � hoÞ þ Edif
z ðx, yÞ, y < 0

ð37Þ

SDP |j | = 2
p

SDP |j | <

Saddle points

Branch lines

Plane wave pole at h0

Branch points at h = +k

2
pSDP |j | > 2

p

ho
Re[h]

Im[h]

+k0

–k

hs

Fig. 7: The steepest descent path (SDP) in the h� plane ðhs ¼ k cosj, ho ¼ �k cosjoÞ
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with

Edif
z ¼ �ESDP

z ¼ j

ffiffiffiffiffiffiffiffi
2

pkr

s
Eo cos

jo

2
cos

j
2

cosjþ cosjo
e�jðkrþp=4Þ kr >> 1, j 6¼ �ðp� joÞ

The previous equations show that, according to geometrical optics, for y > 0 there is no
reflected wave when 0 < j < p� jo: Conversely, in the region y < 0 there is no incident
wave when �p < j < jo � p (deep shadow region).

7.5 Skew incidence

Let us consider an incident plane wave impinging on the PEC half-plane at a skew incidence
angle b:

Ei
z ¼ Eoe jtor cosðj�joÞe�jaoz Hi

z ¼ Hoe jtor cosðj�joÞe�jaoz ð38Þ
where k is the propagation constant and

ao ¼ k cosb, to ¼ k sinb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

o

q
, r cosðj� joÞ ¼ x cosjo þ y sinjo

Using Maxwell’s equations yields the following other components of the incident plane wave:

Ei
x ¼ e jtor cosðj�joÞe�jaoz Eoao cosjo þ ZoHok sinjo

to

Ei
y ¼ e jtor cosðj�joÞe�jaoz Eoao sinjo � ZoHok cosjo

to

Hi
x ¼ e jtor cosðj�joÞe�jaoz�EokYo sinjo þ aoHo cosjo

to

Hi
y ¼ e jtor cosðj�joÞe�jaoz EokYo cosjo þ Hoao sinjo

to

ð39Þ

where Zo and Yo ¼ Z�1
o are the impedance and admittance of the medium.

To derive the Wiener-Hopf equations, let us consider the transverse fields

Et ¼ ẑEz þ x̂Ex, Ht ¼ ẑHz þ x̂Hx ð40Þ
and their Fourier transforms

Vðh, yÞ ¼ e jaoz
ð1

�1
ŷ � Etðx, y, zÞe jhxdx

Iðh, yÞ ¼ e jaoz
ð1

�1
Htðx, y, zÞe jhxdx

ð41Þ

In the following we will also use matrix notations; for instance,

V ¼ V1

V2

����
���� ¼ �~Ex

~Ez

����
����, I ¼ I1

I2

����
���� ¼ ~H z

~H x

����
����

where ~FðhÞ means the Fourier transform of FðxÞ:
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By substitution in the transverse eq. (1) and by taking into account that in the Fourier
domain rt ¼ �j s with s ¼ h x̂ þ aoẑ, we get

d V
dz
¼ �Z � I

d I
dz
¼ �Y � V

where

Z ¼ jwm 1t � s� ŷ s� ŷ

k2

� �
, Y ¼ jwe 1t � s s

k2

� �

The matrices Y and Z commute

Y � Z ¼ Z � Y ¼ �c21t

where c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

p
:

These equations represent a transmission line with propagation constant c and (dyadic)
characteristic impedance:2

Zc ¼ 1
jc

Z ¼ wm
c

ŝŝ þ c
we

b̂b̂ ¼ Zo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

o � h2
p k2 � h2 h ao

h ao t2
o

����
����

where3

to ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

o

q
, s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

o þ h2
q

, ŝ ¼ s
s

, b̂ ¼ ŷ � ŝ

The function VþðhÞ ¼ Vðh, 0Þ is a plus function since Etðx, 0, zÞ ¼ 0 on the PEC half-plane
y ¼ 0: Furthermore, we have

Yc � VþðhÞ ¼ Iðh, 0þÞ
Yc � VþðhÞ ¼ �Iðh, 0�Þ

ð42Þ

where, with the adopted order for the components of the field, the matrix admittance Yc is
given by

Yc ¼ Z�1
c ¼

Yo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

p t2
o �h ao

�h ao k2 � h2

����
���� ð43Þ

Summing (42) yields the homogeneous W-H equation

2Yc � VþðhÞ ¼ A�ðhÞ ð44Þ
where A�ðhÞ is the Fourier transform of the total current induces on the PEC half-plane:

A�ðhÞ ¼ Iðh, 0þÞ � Iðh, 0�Þ ð45Þ

2 The evaluation of the characteristic impedances for an arbitrary linear medium will be considered in section 7.10.2.
3 The deduction of the last member requires some algebraic manipulations.
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The factor ejtor cosðj�joÞ evaluated at j ¼ 0 produces in the plus function VþðhÞ a pole
arising from the integral

ð1

0

ejto cos joxe jhxdx ¼ j
1

h� ho
ð46Þ

where ho ¼ �to cosjo:
Taking into account that

Ei
z ¼ Eoe jto r cosðj�joÞe�jaoz

Ei
x ¼ e jto r cosðj�joÞe�jaoz Eoao cosjo þ ZoHok sinjo

to

ð47Þ

we obtain that the residue To of VþðhÞ at this pole is known and is given by

To ¼ j Eox̂ � Eoao cosjo þ ZoHok sinjo

to
ẑ ð48Þ

From eq. (44), the residue of A�ðhÞ at the pole ho ¼ �to cosjo is given by

Res½A�ðhÞ�h¼ho
¼ 2YcðhoÞ � To ¼ Ro ¼ Ro1, Ro2j jt ð49Þ

where

Ro1 ¼ �2jHo, Ro2 ¼ � 2jao cosjo

to
Ho þ 2jk sinjo

toZo
Eo ð50Þ

Thus, we obtain the following W-H equation in normal form:

2Yc � VþðhÞ ¼ As
�ðhÞ þ

Ro

h� ho
ð51Þ

with As
�ðhÞ a conventional minus function regular at h� ho:

The factorization of the kernel

GðhÞ ¼ 2Yc ¼ 2
Yo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

p t2
o �h ao

�h ao k2 � h2

����
���� ð52Þ

can be accomplished in several ways. For example, we can rewrite

GðhÞ ¼ Yo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffi
to þ h
p to 0

0 k þ h

� � 1 � h ao

toðk � hÞ
� h ao

toðk þ hÞ 1

�������

�������
to 0
0 k � h

� �
ð53Þ

The factorization problem has been reduced to the factorization of the central matrix

1 � h ao

toðkþhÞ
� h ao

toðk�hÞ 1

�����
�����: This matrix is both rational and has a Daniele form, so both techni-

ques indicated in chapter 4 apply and we get a straightforward factorization of GðhÞ.4

4 See, for instance, section 4.8.4.
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A more direct way to solve the W-H eq. (51) derives from the scalar form of these
equations:

2
Yo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

p V̂1þ ¼ As
1� þ

Ro1

h� ho
ð54Þ

2
Yo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

p V̂2þ ¼ As
2� þ

Ro2

h� ho
ð55Þ

where

V̂1þ ¼ t2
oV1þ � h aoV2þ ð56Þ

V̂2þ ¼ �h aoV1þ þ ðk2 � h2ÞV2þ ð57Þ
or, by inverting:

V1þ ¼ ðk
2 � h2ÞV̂1þ þ haoV̂2þ

t2
o � h2

ð58Þ

V2þ ¼ haoV̂1þ þ t2
oV̂2þ

t2
o � h2

ð59Þ

Equations (54) and (55) are not coupled W-H equations. The considerations of section 2.5 apply
since the plus functions V̂2þ do not vanish for h!1; hence, it is not a Laplace transform.

The factorization of the scalar yc ¼ 2 Yo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2�h2�a2

o

p ¼ yc�ðhÞycþðhÞ immediately yields the

following solution for eq. (54):

V̂1þðhÞ ¼ 1
ycþðhÞyc�ðhoÞ

Ro1

h� ho

For eq. (55), an entire function must be introduced defined by

ycþðhÞV̂2þ � Ro2

yc�ðhoÞðh� hoÞ
¼ 1

yc�ðhÞA
s
2� þ

Ro2

yc�ðhÞðh� hoÞ
� Ro2

yc�ðhoÞðh� hoÞ
¼ w ¼ wo

and, by taking into account the asymptotic behavior of 1
yc�ðhÞ and the Laplace transform

As
2�, is a constant wo:

We get

V̂2þðhÞ ¼ 1
ycþðhÞyc�ðhoÞ

Ro1

h� ho
þ wo

ycþðhÞ
To obtain wo we observe that V1þðhÞ and V2þðhÞ defined by eqs. (58) and (59) must be
regular at h ¼ �to: This yields the same equation

a2
oV̂1þð�toÞ � to aoV̂2þð�toÞ ¼ 0

�to aoV̂1þð�toÞ þ t2
oV̂2þð�toÞ ¼ 0

that provides the value of wo:
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Usually in literature, for physical interpretation reasons, an alternative weak factorization
(Luneburg & Serbest, 2000) is preferred and will be considered next.

The matrix

Yc ¼ Yo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

p t2
o �h ao

�h ao k2 � h2

����
����

can be rewritten:

Yc ¼ Yo

k t
t�1ðhÞ � k2 0

0 t2

����
���� � tðhÞ ¼ Ywc�ðhÞ � YwcþðhÞ

where t ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � h2
p

and tðhÞ ¼ h �ao

ao h

� �
:

We obtain the following weak factorized matrices:

Ywc�ðhÞ ¼
ffiffiffiffiffi
Yo

k

r
t�1ðhÞffiffiffiffiffiffiffiffiffiffiffiffiffi
to þ h
p � k 0

0 to þ h

����
���� YwcþðhÞ ¼

ffiffiffiffiffi
Yo

k

r
k 0
0 to � h

����
���� tðhÞffiffiffiffiffiffiffiffiffiffiffiffiffito � hp ð60Þ

The offending poles arise from

t�1ðhÞ ¼ taðhÞ
h2 þ a2

o

ð61Þ

where taðhÞ ¼ h ao

�ao h

� �
, and they are h1,2 ¼ �jao:

The W-H equation can be rewritten in the form

2YcwþðhÞ � VþðhÞ ¼ Y�1
cw�ðhÞA�ðhÞ

or

2YcwþðhÞ � VþðhÞ � Y�1
cw�ðhoÞ �

Ro

h� ho
¼ Y�1

cw�ðhÞA�ðhÞ � Y�1
cw�ðhoÞ �

Ro

h� ho
¼ w ð62Þ

Since both member of the last equation are regular in Im½h� � 0 and Im½h� � 0, respectively,
it seems that the offensive poles h1,2 ¼ �jao do not produce any effect. However, the
asymptotic behavior of both members of the equation shows that the entire vector is con-
stant. To evaluate this constant, we must eliminate offending poles present both in VþðhÞ and
A�ðhÞ: We have

VþðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffito � hp

2
ffiffiffiffi
Yo
k

q taðhÞ
h2 þ a2

o

�
k 0

0 to � h

�����
�����
�1

� wþ Y�1
cw�ðhoÞ �

Ro

h� ho

� 	

ð63Þ

A�ðhÞ ¼
ffiffiffiffiffi
Yo

k

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

to þ h
p � taðhÞ

h2 þ a2
o

� k 0
0 to þ h

����
���� � wþ Y�1

cw�ðhoÞ �
Ro

h� ho

� 	
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To eliminate the offending pole h1 ¼ jao in VþðhÞ, we must have

k 0
0 to � h

����
����
�1

� wþ Y�1
cw�ðhoÞ �

Ro

h� ho

� 	
h¼jao

¼ c1u1 ð64Þ

where u1 ¼ j
1

����
���� is the null space of taðjaoÞ: Similarly, to eliminate the offending pole

h2 ¼ �jao in A�ðhÞ, we must have

k 0
0 to þ h

����
���� � wþ Y�1

cw�ðhoÞ �
Ro

h� ho

� 	
h¼�jao

¼ c2u2 ð65Þ

where u2 ¼ �j
1

����
���� is the null space of tað�jaoÞ:

It follows that

wþ Y�1
cw�ðhoÞ �

Ro

jao � ho
¼ c1

1
k

0

0
1

to � jao

��������

��������
u1 ¼ c1

j
1
k

1
to � jao

��������

��������

w� Y�1
cw�ðhoÞ �

Ro

jao þ ho
¼ c2

�j
1
k

1
to � jao

��������

��������

ð66Þ

The previous equations provide four equations in the unknowns w ¼ w1

w2

����
����, c1,2: First we

obtain c1,2 by eliminating w:

c1

j
1
k
1

to � jao

��������

��������
þ c2

þj
1
k

1
�to þ jao

��������

��������
¼ �Y�1

cw�ðhoÞ �
2jaoRo

a2
o þ h2

o

We obtain

c1

c2

����
���� ¼ �½Ycw�ðhoÞ �M ��1 � 2jaoRo

a2
o þ h2

o

ð67Þ

where

M ¼
j
1
k

j
1
k

1
to � jao

� 1
to � jao

��������

��������
Once c1,2 are known, we get w by one of the eq. (66).

It is easy to show that imposing the absence of the offending poles present in VþðhÞ and
A�ðhÞ is equivalent to imposing the absence of the poles h1,2 ¼ �jao both in VþðhÞ and
A�ðhÞ:

196 CHAPTER 7 ● The half-plane problem

www.ebook3000.com

http://www.ebook3000.org


7.6 Diffraction by an impedance half plane

7.6.1 Deduction of W-H equations in diffraction problems

by impenetrable half-planes

The problem considered in this section has been studied by several authors. We will derive
different W-H equations that are present in the literature. These equations can be obtained
using the general theory of stratified media.

With reference to Fig. 8, we introduce the following Fourier transform of electromagnetic
components located in the (x, z) plane (we omit the factor e�jaoz):

Vðh, yÞ ¼
ð1

�1

�Exðx, yÞ
Ezðx, yÞ

����
����e jhxdx Iðh, yÞ ¼

ð1

�1

Hzðx, yÞ
Hxðx, yÞ
����

����e jhxdx ð68Þ

For half-planes immersed in free space we have

Vðh, 0þÞ ¼ VaðhÞ ¼ ZcIðh, 0þÞ ¼ ZcIaðhÞ ð69Þ
Vðh, 0�Þ ¼ VbðhÞ ¼ �ZcIðh, 0�Þ ¼ �ZcIbðhÞ ð70Þ

or

VaðhÞ ¼ ZcIaðhÞ, VbðhÞ ¼ �ZcIbðhÞ
where (section 7.5):

Zc ¼ 1
wex

k2 � h2 h ao

h ao t2
o

����
����

Using (69) and (70) and taking into account the boundary conditions:

Va�ðhÞ ¼ �ZaIa�ðhÞ, Vb�ðhÞ ¼ ZbIb�ðhÞ ð71Þ
where

Va�ðhÞ ¼ Vðh, 0þÞf g�, Vb�ðhÞ ¼ Vðh, 0�Þf g�
Ia�ðhÞ ¼ Iðh, 0þÞf g�, Ib�ðhÞ ¼ Iðh, 0�Þf g�

we get the following W-H equations for the impenetrable half-plane problems:

VþðhÞ � ZcIþðhÞ ¼ ðZc þ ZaÞIa�ðhÞ
VþðhÞ þ ZcIþðhÞ ¼ �ðZc þ ZbÞIb�ðhÞ

ð72Þ

Zb

Za

y

xfo

Fig. 8: Impenetrable half-plane
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where

VþðhÞ ¼ Vðh, 0�Þf gþ, IþðhÞ ¼ Iðh, 0�Þf gþ
Multiplying the second eq. (72) by Yc yields the system

1 �Zc

Yc 1

����
���� �

Vþ
Iþ

����
���� ¼

1þ Zc � Ya 0

0 1þ Yc � Zb

����
���� �

Za � Ia�
�Ib�

����
���� ð73Þ

Taking into account that

1 �Zc

Yc 1

����
����
�1

¼ 1
2

1 Zc

�Yc 1

����
����

yields the inverse of the kernel matrix

1
2

1 Zc

�Yc 1

�����
����� �

1þ Zc � Ya 0

0 1þ Yc � Zb

�����
����� ¼

1
2

1þ Zc � Ya ðZc þ ZbÞ
�ðYc þ YaÞ 1þ Yc � Zb

�����
����� ¼

1
2
þ 1

2

Zc � Ya Zc þ Zb

�ðYc þ YaÞ Yc � Zb

�����
�����

¼ 1
2

1 Zb

�Ya 1

�����
�����þ

1
2

Zc � Ya Zc

�Yc Yc � Zb

�����
����� ¼

1
2

1 Zb

�Ya 1

�����
�����þ

1
2

Zc 0

0 Yc

�����
�����

Ya 1

�1 Zb

�����
�����

This matrix reduces to the factorization of

1þ Zc 0
0 Yc

����
���� Ya 1
�1 Zb

����
���� 1 Zb

�Ya 1

����
����
�1

We can evaluate the matrix
1 Zb

�Ya 1

����
����
�1

by taking into account that

1 Zb

�Ya 1

����
���� ¼ 1 0

�Ya 1

����
���� 1 0

0 1þ YaZb

����
���� 1 Zb

0 1

����
����

This yields

1 Zb

�Ya 1

����
����
�1

¼ 1 �Zb

0 1

����
����

1 0

0 ð1þ YaZbÞ�1

����
����

1 0

Ya 1

����
����

whence

Ya 1

�1 Zb

�����
�����

1 Zb

�Ya 1

�����
�����
�1

¼
Ya 1

�1 Zb

�����
�����

1 �Zb

0 1

�����
�����

1 0

0 ð1þ YaZbÞ�1

�����
�����

1 0

Ya 1

�����
�����

¼
½1þ ð1� YaZbÞð1þ YaZbÞ�1�Ya ð1� YaZbÞð1þ YaZbÞ�1

�ð1þ ZaYbÞ�1 2ðYa þ YbÞ�1

�����
�����
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We reduce the problem to the right factorization of the matrix

W ¼ 1þ Zc 0

0 Yc

����
���� ½1þ ð1� YaZbÞð1þ YaZbÞ�1�Ya ð1� YaZbÞð1þ YaZbÞ�1

�ð1þ ZaYbÞ�1 2ðYa þ YbÞ�1

�����
����� ¼ Wþ �W�

ð74Þ
We can obtain different W-H equations by introducing the plus functions defined by

EaþðhÞ ¼ VaðhÞ þ ZaIaðhÞ
EbþðhÞ ¼ VbðhÞ � ZbIbðhÞ

ð75Þ

Equations (69), (70), and (75) yield the following result:

VaðhÞ ¼ ZcðhÞ½ZcðhÞ þ Za��1EaþðhÞ ð76Þ
VbðhÞ ¼ ZcðhÞ½ZcðhÞ þ Zb��1EbþðhÞ ð77Þ
IaðhÞ ¼ ½ZcðhÞ þ Za��1EaþðhÞ ð78Þ
IbðhÞ ¼ �½ZcðhÞ þ Zb��1EbþðhÞ ð79Þ

Subtracting (76) and (77) and successively (78) and (79) we get the W-H equations:

GðhÞ EaþðhÞ
EbþðhÞ

����
���� ¼

X�ðhÞ
Y�ðhÞ

����
���� ð80Þ

where

GðhÞ ¼ ZcðhÞ½ZcðhÞ þ Za��1 �ZcðhÞ½ZcðhÞ þ Zb��1

½ZcðhÞ þ Za��1 ½ZcðhÞ þ Zb��1

�����
�����

and the minus functions are defined by

X�ðhÞ ¼ Va�ðhÞ � Vb�ðhÞ Y�ðhÞ ¼ Ia�ðhÞ � Ib�ðhÞ ð81Þ
For the presence of the relationship

ZcðhÞ½ZcðhÞ þ Za��1 ¼ ð1þ ZaZ�1
c ðhÞÞ�1

ZcðhÞ½ZcðhÞ þ Zb��1 ¼ ð1þ ZbZ�1
c ðhÞÞ�1

the following equation holds also in presence of anisotropic Za and Zb:

GðhÞ ¼ ZcðhÞ½ZcðhÞ þ Za��1 �ZcðhÞ½ZcðhÞ þ Zb��1

½ZcðhÞ þ Za��1 ½ZcðhÞ þ Zb��1

�����
�����

¼
1
2

1þ Za½ZcðhÞ��1
n o 1

2
Za þ ZcðhÞf g

� 1
2

1þ Zb½ZcðhÞ��1
n o 1

2
Zb þ ZcðhÞf g

��������

��������

�1

ð82Þ
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where 1 is the identity matrix of order two. Consequently, the system

GðhÞ � EaþðhÞ
EbþðhÞ

����
���� ¼

X�ðhÞ
Y�ðhÞ

����
����

yields

GiðhÞ �
X�ðhÞ
Y�ðhÞ

����
���� ¼ EaþðhÞ

EbþðhÞ

����
����

where

GiðhÞ ¼ G�1ðhÞ ¼
1
2

1þ Za½ZcðhÞ��1
n o 1

2
Za þ ZcðhÞf g

� 1
2

1þ Zb½ZcðhÞ��1
n o 1

2
Zb þ ZcðhÞf g

�������

�������
ð83Þ

7.6.2 Presence of isotropic impedances Za and Zb

The diffraction at skew incidence (ao 6¼ 0) by a half-plane having isotropic surface impe-
dance has been solved by Bucci and Franceschetti (1976), who used the Malyuzhinets-
Sommerfeld method, and by Senior (1978) and Luneburg and Serbest (2000), who used the
Wiener-Hopf technique. The solution accomplished in Bucci and Franceschetti (1976)
appears doubtful. Perplexities arise from the observation that solution of difference equations
are not unique, so we must be very careful to impose on the possible solutions of the dif-
ference equation all the physical properties of the true solution. On the other hand, the
Wiener-Hopf solution is related to a closed mathematical problems that always provides a
unique solution. Concerning this problem, the W-H solution described in Luneburg and
Serbest (2000) is very interesting. In this work, an important matrix transform is introduced
that reduces the order of the W-H system by four a two. This transform is defined by the

polynomial matrix tðhÞ ¼ h �ao

ao h

����
����:

For the presence of isotropic impedances the following simplifications arise in the kernel
GiðhÞ:

First let us observe that GiðhÞ depends only on the matrix

Zc ¼ 1
wex

k2 � h2 h ao

h ao t2
o

����
���� ¼ 1

x
Pz2ðhÞ or

Yc ¼ Z�1
o ¼

1
wmx

t2
o �h ao

�h ao k2 � h2

����
���� ¼ 1

x
Py2ðhÞ

The key point to reduce the order of matrices to be factorized is the observation that the

polynomial matrix tðhÞ ¼ h �ao

ao h

����
���� diagonalizes Zc and Yc: In fact

Zc ¼ t�1ðhÞ �
x
we

0

0
k2

wex

�������

�������
� tðhÞ, Yc ¼ t�1ðhÞ �

we
x

0

0
x
wm

�������

�������
� tðhÞ
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or

k2 � h2 h ao

h ao t2
o

����
���� ¼ t�1ðhÞ � dðhÞ � tðhÞ

where

dðhÞ ¼ x2 0
0 k2

����
����

It follows that putting TðhÞ ¼ tðhÞ 0
0 tðhÞ

����
���� yields the matrix TðhÞ � GiðhÞ � T�1ðhÞ that has

the form

TðhÞ � GiðhÞ � T�1ðhÞ ¼
x 0 x 0
0 x 0 x
x 0 x 0
0 x 0 x

��������

��������
where x means a nonzero element. By introducing the matrix P defined by

P ¼
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

��������

��������
we can derive the following quasi diagonal matrix:

GtðhÞ ¼ P � TðhÞ � GiðhÞ � T�1ðhÞ � P ¼ Gt1ðhÞ 0
0 Gt2ðhÞ

����
����

where the matrices of order two Gt1ðhÞ and Gt2ðhÞ are defined by

Gt1ðhÞ ¼ 1
2

1þ Zawe
x

� �
Za þ x

we
Zo

� 1þ Zbwe
x

� �
Zb þ x

we
Zo

���������

���������
; Gt1ðhÞ ¼ 1

2

1þ Zawex
k2

� �
Za þ k2

wex

Zo

� 1þ Zbwex
k2

� �
Zb þ k2

wex

Zo

���������

���������
In the following, the property P2 ¼ 1 will prove useful, where 1 is the unity matrix of order
four. We rewrite the previous equation in the form

GtðhÞ ¼ P � TðhÞ � GiðhÞ � T�1ðhÞ � P ¼ Gt1ðhÞ 0

0 Gt2ðhÞ

����
����

GiðhÞ ¼ T�1ðhÞ � P � GtðhÞ � P � TðhÞ:
This equation reduces the factorization of the matrix of order four GiðhÞ to the factorization
of the two matrices of order two Gt1ðhÞ and Gt2ðhÞ: These matrices are of the Daniele-
Khrapkov type and can be factorized according to the equations in chapter 4, section 4.8.4.
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To complete the formulation we need the primary field that we assume due to be a
plane wave with direction j ¼ jo (Fig. 8). Taking into account the considerations of
section 7.5, we assume as primary field the geometrical optical field (superscript g). To
this end in the regions where the reflected plane wave is present we have (the factor e�jaoz

is omitted)

Eg
z ðr,jÞ ¼ ejto cosðj�joÞEo þ ejto cosðj�jrÞEr

Hg
z ðr,jÞ ¼ ejto cosðj�joÞHo þ ejto cosðj�jrÞHr

where Er and Hr are the intensity of the reflected fields, and jr is the reflection angle. Snell’s
law yields jr ¼ �jo:

To obtain Er and Hr we introduce the radial components:

Eg
rðr,jÞ ¼ �j

k

t2
o

ao

k

@

@r
Eg

z ðr,jÞ þ Zo

r
@

@j
Hg

z ðr,jÞ
� 	

Hg
r ðr,jÞ ¼ �j

k

t2
o

ao

k

@

@r
Hg

z ðr,jÞ � Yo

r
@

@j
Eg

z ðr,jÞ
� 	

where Zo ¼
ffiffim
e

p
, Yo ¼

ffiffi
e
m

q
, and force the boundary conditions on j ¼ F ¼ p:

Eg
z ðr,jÞ ¼ ZaHg

r ðr,jÞ, Hg
z ðr,jÞ ¼ � 1

Za
Eg
rðr,jÞ

This provides the values of Er and Hr, that are not explicitly reported here for the sake of
simplicity. According to these values and using the Laplace transforms, we obtain

X g
�ðhÞ ¼

V g
rþð�h,FÞ � V g

rþð�h, �FÞ
V g

zþð�h,FÞ � V g
zþð�h, �FÞ

�����
����� ¼

V g
rþð�h,FÞ

V g
zþð�h,FÞ

�����
����� ¼

1
h� to cosðF� joÞ

Erg

Ezg

�����
�����

Y g
�ðhÞ ¼

Ig
zþð�h,FÞ � Ig

zþð�h, �FÞ
�Ig

rþð�h,FÞ þ V g
rþð�h, �FÞ

�����
����� ¼

1
Za

1
h� to cosðF� joÞ

�Erg

Ezg

�����
�����

where the constants Erg and Ezg are given by

Ezg ¼ �HoZ2
oao sin 2jo þ kZa2Eo sinjoðZato þ kZo sinjoÞ

j½ZaZoa2
o cos2 jo þ ðZoto þ kZa sinjoÞðZato þ kZo sinjoÞ�

Erg ¼ � kZa2 sinjo½EoZaao cosjo þ HoZaðZoto þ kZa sinjoÞ�
j½ZaZoa2

o cos2 jo þ ðZoto þ kZa sinjoÞðZato þ kZo sinjoÞ�

The solution of eq. (80) is reported in chapter 2, section 2.4.2:

EaþðhÞ
EbþðhÞ

����
���� ¼ G�1

þ ðhÞ � G�1
� ðhoÞ

1
h� ho

Xg

ZoYg

�����
�����
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where

ho ¼ �to cosjo, Xg ¼ Erg

Ezg

����
����, Yg ¼ �Erg

Ezg

����
����

7.7 The general problem of factorization

In the following we will show that the kernel matrix involved in arbitrary half-planes
immersed in an isotropic medium commutes with a polynomial matrix. Whence, we can use
the factorization technique described in chapter 4. Algebraic manipulations provide different
expressions of the matrix kernel. We will use the two forms described in this section.

● First form of the matrix kernel GoðhÞ
Premultiplying by

1 �1
1 1

����
���� reduces the factorization of GiðhÞ in (83) to that of

GoðhÞ ¼
1þ 1

2
ðZa þ ZbÞ½ZcðhÞ��1 1

2
Za � Zbf g

1
2

Za � Zbf g½ZcðhÞ��1 1
2
ðZa þ ZbÞ þ ZcðhÞ

�������

�������

¼
1

1
2

Za � Zbf g

0
1
2
ðZa þ ZbÞ

�������

�������
þ

1
2
ðZa þ ZbÞ½ZcðhÞ��1 0

1
2

Za � Zbf g½ZcðhÞ��1 ZcðhÞ

�������

�������

Premultiplying by
1 1

2 Za � Zbf g
0 1

2 ðZa þ ZbÞ

�����
�����
�1

¼ 1 � Za � Zbf gðZa þ ZbÞ�1

0 2ðZa þ ZbÞ�1

�����
����� yields the matrix

WðhÞ ¼ 1þ 1
x

PðhÞ ð84Þ
where PðhÞ is a polynomial matrix of order four and degree two:

PðhÞ ¼
1
2
½ðZa þ ZbÞ � ðZa � ZbÞðZa þ ZbÞ�1ðZa � ZbÞ�Py2ðhÞ �ðZa � ZbÞðZa þ ZbÞ�1Pz2ðhÞ

Py2ðhÞ 2ðZa þ ZbÞ�1Pz2ðhÞ

������

������
with the polynomial matrices of order two and degree two given by

Pz2ðhÞ ¼ 1
we

k2 � h2 h ao

h ao t2
o

�����
�����

Py2ðhÞ ¼ 1
wm

t2
o �h ao

�h ao k2 � h2

�����
�����

The factorization of the matrix WðhÞ commuting with the polynomial matrix PðhÞ is very
cumbersome and involves the solution of a nonlinear system of five unknowns (section
4.9.6). In the following, we will try to reduce the complexity of this problem by assuming
particular values of the surface impedances.
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● Second form of the matrix kernel GoðhÞ:
We have

GoðhÞ ¼
1þ 1

2
ðZa þ ZbÞ½ZcðhÞ��1 1

2
Za � Zbf g

1
2

Za � Zbf g½ZcðhÞ��1 1
2
ðZa þ ZbÞ þ ZcðhÞ

�������

�������

¼
1

1
2

Za � Zbf g

0
1
2
ðZa þ ZbÞ

�������

�������
þ

1
2
ðZa þ ZbÞ½ZcðhÞ��1 0

1
2

Za � Zbf g½ZcðhÞ��1 ZcðhÞ

�������

�������
Algebraic manipulation yields

GoðhÞ ¼
1
2
ðZa þ Zb þ 2ZcðhÞÞ 1

2
Za � Zbf g

1
2

Za � Zbf g 1
2
ðZa þ Zb þ 2ZcðhÞÞ

�������

�������
1
xþ

0

0 1

������

������
1
x�

0

0 1

������

������
Py2ðhÞ 0

0 1

����
����

GoðhÞ ¼
1

2xþ
ðZa þ Zb þ 2ZcðhÞÞ 1

2
Za � Zbf g

1
2xþ

Za � Zbf g 1
2
ðZa þ Zb þ 2ZcðhÞÞ

��������

��������

1
x�

0

0 1

������

������
Py2ðhÞ 0

0 1

����
����

GoðhÞ ¼
1
xþ

0

0 1

������

������

1
2
ðZa þ Zb þ 2ZcðhÞÞ 1

2
xþ Za � Zbf g

1
2xþ

Za � Zbf g 1
2
ðZa þ Zb þ 2ZcðhÞÞ

��������

��������

1
x�

0

0 1

������

������
Py2ðhÞ 0

0 1

����
����

where Py2ðhÞ is the matrix polynomial defined by Py2ðhÞ ¼ x Yc:

Since
1
x�

0

0 1

����
���� Py2ðhÞ 0

0 1

����
���� is a (weak) minus factorized matrix and

1
xþ

0

0 1

����
���� is a plus fac-

torized matrix, the factorization of Go ¼ GoþGo� reduce to the factorization of the central matrix:

GeðhÞ ¼ 1
2

ðZa þ Zb þ 2ZcðhÞÞ xþ Za � Zbf g
1
xþ

Za � Zbf g ðZa þ Zb þ 2ZcðhÞÞ

������

������ ¼ GeþðhÞGe�ðhÞ ð85Þ

or, alternatively,

1
2
ðZa þ Zb þ 2ZcðhÞÞ 1

2
xþ Za � Zbf g

1
2xþ

Za � Zbf g 1
2
ðZa þ Zb þ 2ZcðhÞÞ

��������

��������

¼
0 xþ
1
xþ

0

������

������

1
2

Za � Zbf g 1
2
xþðZa þ Zb þ 2ZcðhÞÞ

1
2xþ
ðZa þ Zb þ 2ZcðhÞÞ 1

2
Za � Zbf g

��������

��������
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7.7.1 The case of symmetric half-plane

We found that the form (85) is the more suitable to simplify the factorization in half-plane
problems. For instance, if Za and Zb are isotropic, then the solution process is simpler than
the one considered in section 7.6.2.

In this section, we consider the explicit factorization for arbitrary symmetric half-plane
Za ¼ Zb: Looking at (85), the factorization of the matrix of order four is reduced to the
factorization of the matrix Za þ ZcðhÞ of order two. This problem was faced by many authors
and solved for the first time in Hurd and Luneburg (1985) when Za ¼ Zb are diagonal. When

Zb ¼ Za ¼ Zo
z11 z12

z21 z22

����
���� ¼ Zoza are arbitrary, the factorization of Za þ ZcðhÞ can be

accomplished by observing that 1þ Z�1
a ZcðhÞ commutes with the polynomial matrix

P2ðhÞ ¼ Z�1
a ðx ZcðhÞÞ: The general procedure indicated in section 4.9.2 applies, and since

the polynomial matrix is of order two the exponential behavior of the factorized matrices can
be eliminated using the technique indicated in sections 4.8.5 and 4.9.2. In this case, we
introduce the rational matrix RðhÞ ¼ 1þ xP2ðhÞ, and to eliminate an offending exponential
behavior we force x to satisfy the following nonlinear equation (section 4.9.2):

f ðxÞ ¼
ð1

�1

log½1þ xl1�
l1 � l2

þ log½1þ x l2�
l2 � l1

� �
dh

¼
ð1

�1

log

�
1þ 1

xðhÞ l1

	

l1 � l2
þ

log

�
1þ 1

xðhÞ l2

	

l2 � l1

0
BB@

1
CCAdh ¼ n

where l1 and l2 are the two eigenvalues of P2ðhÞ, and the integral n is known.
We have

df ðxÞ
dx
¼
ð1

�1

1
1þ xðl1 þ l2Þ þ x2l2l1

� �
dh

The integrand function is rational in h, and the residue theorem yields

df ðxÞ
dx
¼ 2p j

k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðax3 þ bx2 þ cx þ dÞp

where the parameters a, b, c, d were evaluated with MATHEMATICA:

a ¼ 4 det2½za�t2
o

b ¼ 4 det½za�½k2z11 þ ðz11 þ z22Þt2
o�

c ¼ 4k2ðz2
11 þ det½za�Þ þ ðz12 þ z21Þ2a2

o þ 4z11z22t2
o

d ¼ 4k2z11

Taking into account that f ð0Þ ¼ 0, f ðxÞ can be expressed in terms of elliptic integrals. In
fact, putting

ax3 þ bx2 þ cx þ d ¼ aðx� x1Þðx� x2Þðx� x3Þ
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we get

f ðxÞ ¼ EllipticF arcsin½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðx3 � x1Þ
ðx� x1Þx3

s
,

x1ðx1 � x2Þ
ðx1 � x3Þx2

" #
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2x1ðx1 � x3Þ
p ¼ n

By inverting this equation, we express x as a Jacobian elliptic function:

x ¼
x1x3 JacobiSN

1
2
ðnx2

1

ffiffiffiffiffi
x2
p � nx1x3

ffiffiffiffiffi
x2
p

,
x3ðx1 � x2Þ
ðx1 � x3Þx2

� 	2

x1 � x3 þ x3 JacobiSN
1
2
ðnx2

1

ffiffiffiffiffi
x2
p � nx1x3

ffiffiffiffiffi
x2
p

,
x3ðx1 � x2Þ
ðx1 � x3Þx2

� 	2

Factorization equations follow from

W ¼ 1þ 1
x

Zaðx ZcðhÞÞ ¼ ~W�~R�R�1~Rþ ~Wþ ¼ ~W�~R�½R�1��½R�1�þ~Rþ ~Wþ

where the logarithmic (nonstandard) factorization of W ¼ ~W� � ~Wþ and R ¼ ~R�~Rþ can be
obtained with the general method to factorize matrices commuting with a polynomial matrix
(section 4.9) and the standard factorization of R�1ðhÞ ¼ ð1þ xP2ðhÞÞ�1 can be obtained by
the method of factorization of rational matrices (see, e.g., section 4.4.2).

It is interesting to observe that in this case the Sommerfeld-Malyuzhintes (S-M) method
yields a difference equation of order two for which there is no known method of solution.
However, the progress reported recently (Antipov & Silvestrov, 2004) has overcome the
difficulties encountered with the S-M approach.

7.7.2 The case of opposite diagonal impedances Zb ¼ �Za

In this case the matrix kernel reduces to

M ¼
Za xþZcðhÞ

1
xþ

ZcðhÞ Za

������

������ ¼
Za

1
x�

PðhÞ
1

x2
þx�

PðhÞ Za

��������

��������
¼ MþM�

where the matrix polynomial PðhÞ ¼ x ZcðhÞ is of order two. This matrix is a weak minus
matrix where the offending pole arises from 1

x2
þ
¼ 1

to�h : Consequently, the weak factorization
is trivial since we can assume Mwþ ¼ 1, Mw� ¼ M :

7.8 The jump or penetrable half-plane problem

Many problems that concern penetrable half-planes were solved by Senior (1959), Volakis
and Senior (1989), and Senior and Volakis (1995). In this case the half-plane presents
boundary conditions having the form

Va�ðhÞ ¼ Vb�ðhÞ ¼ ZR½Ia�ðhÞ � Ib�ðhÞ�

206 CHAPTER 7 ● The half-plane problem

www.ebook3000.com

http://www.ebook3000.org


where ZR is the matrix impedance of the penetrable half-plane. Taking into account that

VaþðhÞ ¼ VbþðhÞ ¼ VþðhÞ, IaþðhÞ ¼ IbþðhÞ ¼ IþðhÞ
the W-H equations of the problem can be derived as follows:

Va�ðhÞ þ VaþðhÞ ¼ ZR½Ia�ðhÞ � Ib�ðhÞ� þ VþðhÞ ¼ ZCIa�ðhÞ þ ZCIþðhÞ
Vb�ðhÞ þ VbþðhÞ ¼ ZR½Ia�ðhÞ � Ib�ðhÞ� þ VþðhÞ ¼ �ZCIb�ðhÞ � ZCIþðhÞ

Summing and subtracting the last two equations yields

2ZR½Ia�ðhÞ � Ib�ðhÞ� þ 2VþðhÞ ¼ ZC½Ia�ðhÞ � Ib�ðhÞ�
0 ¼ ZC½Ia�ðhÞ þ Ib�ðhÞ� þ 2ZCIþðhÞ

or

2VþðhÞ ¼ ðZC � 2ZRÞ½Ia�ðhÞ � Ib�ðhÞ� ð86Þ
2IþðhÞ ¼ �½Ia�ðhÞ þ Ib�ðhÞ� ð87Þ

Equation (87) may be solved immediately and yields the incident contribution

IþðhÞ ¼ I i
o

h� ho
, Ia�ðhÞ þ Ib�ðhÞ ¼ �2

I i
o

h� ho

In the general case, eq. (86) involves the factorization of the kernel ZC � 2ZR: This kernel has
been studied in the case of symmetric half-planes. The factorization is scalar when ZR is a

scalar. In fact, the matrix tðhÞ ¼ h �ao

ao h

����
���� renders diagonal the matrix t � ðZC � 2ZRÞ � t�1:

7.9 Full-plane junction at skew incidence

With the same notations of the previous section, we have (Fig. 9)

V ðh, 0þÞ ¼ VþðhÞ þ V�ðhÞ ¼ ZCIðh, 0þÞ ¼ ZCðIþðhÞ þ I�ðhÞÞ
VþðhÞ ¼ ZrIþðhÞ, V�ðhÞ ¼ �ZaI�ðhÞ

This yields the W-H equation

ðZr � ZCÞIþðhÞ ¼ ðZa þ ZCÞI�ðhÞ

Za Zr

y

x

Fig. 9: Junction between two coplanar half-planes
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or

ð1� ZCZ�1
r ÞZrIþðhÞ ¼ ð1� ZCZ�1

a ÞZaI�ðhÞ

If the impedances Zr and Za are isotropic, the matrix tðhÞ ¼ h �ao

ao h

����
���� renders diagonal the

matrix t � ð1� ZCZ�1
a Þ�1ð1� ZCZ�1

r Þ � t�1, and the factorization is scalar. We deal with a
matrix factorization similar to that of the symmetric half-plane Zr if and Za are related by
Za ¼ aZr with a scalar. This case also includes the perfectly conducting half-plane.

The problem considered in this section is important for the study of propagation of radio
waves across a coastline for both a flat-earth model (Clemmow, 1953; Bazer & Karp, 1962;
Weinstein, 1969, p. 317) and a curved-earth model (Thompson, 1962; Chang, 1969; Wait,
1970).

7.10 Diffraction by an half plane immersed in arbitrary
linear medium

7.10.1 Transverse equation in an indefinite medium

We consider only time harmonic electromagnetic fields with a time dependence specified by
the factor e jwt, which is omitted. In every layer, the medium presents constitutive relations
having the form

D ¼ e � Eþ x �H
B ¼ z � Eþ m �H

where D, B define the induction fields, E, H the electromagnetic fields, and the electro-
magnetic dyadics e, x, z, m are known. In particular for lossless media, we have the fol-
lowing lossless conditions (Kong, 1975):

e ¼ eþ, m ¼ mþ, z ¼ xþ

where the superscript þ denotes a transpose and complex conjugate operation.
Without loss of generality we assume the z dependence of the electromagnetic fields E

and H to be specified by the factor e�jaoz, which is omitted.
By using the Bresler-Marcuvitz formalism (Bresler & Marcuvitz, 1956; Daniele, 1971)

we can obtain the transverse field equations having as unknowns the transverse fields
Et ¼ ẑEz þ x̂Ex and Ht ¼ ẑHz þ x̂Hx where ẑ, x̂ and ŷ are the unit vectors of the Cartesian
system (z, x, y). To this end, Maxwell’s equations can be rewritten in an abstract form:

Gr � y ¼ q ð88Þ
where

Gr ¼ 0 rx1
rx1 0

����
����, y ¼ E

H

����
����, q ¼ jw D

�B

����
���� ¼ W � y ð89Þ
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and where 1 is the unity dyadic in the Euclidean space and

W ¼ jw e x
�z �m
����

����
The decomposition

r ¼ rt þ ŷ
@

@y
, rt ¼ ẑ

@

@z
þ x̂

@

@x
ð90Þ

yields

Gr ¼ Gt þ Gy
@

@y
ð91Þ

where

Gt ¼ 0 rtx1
rtx1 0

����
����, Gy ¼ 0 ŷx1

ŷx1 0

����
����

The following equations hold:

It � Gt ¼ Gt � Iy, It � Gy ¼ Gy � It ¼ Gy, Iy � Gt ¼ Gt � It, Iy � Gy ¼ Gy � Iy ¼ 0 ð92Þ
where

It ¼ 1t 0
0 1t

����
����, Iy ¼ 1y 0

0 1y

����
����, 1t ¼ ẑẑ þ x̂x̂, 1y ¼ ŷŷ ð93Þ

Taking these equations into account, the first member of (88) becomes

Gr � y ¼ Gt þ Gy
@

@y

� �
y ¼ Gt � yt þ Gy

@

@y
yt þ Gt � yy ð94Þ

where yt ¼ Et

Ht

����
���� and yy ¼ Eyŷ

Hyŷ

����
���� with Et ¼ ẑEz þ x̂Ex, Ht ¼ ẑHz þ x̂Hx:

Using the decomposition

W ¼ Wtt þWty þWyt þWyy ð95Þ
where Wtt ¼ It �W � It, Wty ¼ It �W � Iy, Wyt ¼ Iy �W � It, Wyy ¼ Iy �W � Iy yields the
following decomposition in transversal and longitudinal components of the Maxwell
eq. (88):

Iy � Gt � yt ¼ Wyt � yt þWyy � yy ð96Þ

It � @
@y

Gy � yt þ It � Gt � yy ¼ Wtt � yt þWty � yy ð97Þ

Introduction in (96) of the matrix Ŵy defined by

Ŵy �Wyy ¼ Wyy � Ŵ y ¼ Iy ð98Þ
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yields the equation that expresses the longitudinal field yy in terms of the transversal
field yt:

yy ¼ Ŵ y � ðIy � Gt �WytÞ � yt ð99Þ

Equation (99) leads to

Ŵ y ¼ 1
jwðey my � xy zyÞ

my1y xy1y

�zy1y �ey1y

�����
����� ð100Þ

Taking into account that G2
y ¼ �It, substitution of (99) into (97) yields the transverse

Maxwell equations:

� @

@y
yt ¼ M j

@

@z
, j

@

@x

� �
� yt ð101Þ

where the matrix of order four M j @
@z , j @

@x


 �
is given by

M j
@

@z
, j

@

@x

� �
¼ �Gy � ½It � ðGt �WtyÞ � Ŵ y � ðIy � Gt �WytÞ �Wtt� ð102Þ

This operator matrix M j @
@z , j @

@x


 �
depends on w and the parameters e; x; z; m of the medium.

It is of second order in the operators j @
@z and j @

@x and in a general can be evaluated using
MATHEMATICA.

7.10.2 Field equations in the Fourier domain

Without loss of generality we assume the z dependence of the electromagnetic field E and H
to be specified by the factor e�jaoz, which is omitted. Let us introduce the Fourier transform:

Vðh, yÞ ¼
ð1

�1
ŷ � Etðao, y, xÞejhxdx

Iðh, yÞ ¼
ð1

�1
Htðao, y, xÞejhxdx

ð103Þ

Equation (101) yield

� d

dy

V

I

����
���� ¼

TeðhÞ ZðhÞ
YðhÞ ThðhÞ

����
����

V

I

����
���� ð104Þ

where the polynomial matrix of order four PðhÞ ¼ TeðhÞ ZðhÞ
YðhÞ ThðhÞ
����

���� involves the polynomial

matrices of order two: TeðhÞ, ZðhÞ, YðhÞ, ThðhÞ having degree two.
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Let us consider a homogeneous slab defined between y ¼ 0 and y ¼ d: Solution of (104)
yields

V1

I1

����
���� ¼ ePd

V2

I2

����
���� ¼ T

V2

I2

����
���� or

V1 ¼ A � V2 þ B � I2

I1 ¼ C � V2 þ D � I2
ð105Þ

where

V1 ¼ Vjy¼0, I1 ¼ Ijy¼0

V2 ¼ Vjy¼d , I1 ¼ Ijy¼d

ð106Þ

and

T ¼ Tðao, hÞ ¼ A B
C D

����
���� ð107Þ

is the transmission matrix of the slab. It is convenient to introduce a circuit model repre-
senting the slab as a two-port (Fig. 10). This representation is valid also for more slabs, in
which case the transmission matrix is the product of the transmission matrices relevant to the
different slabs (Fig. 11).

If the slab is indefinite in the positive (or negative) y-direction, the vanishing of V2 and I2

as d !1 is compensated by the increase in the matrix T, so that it is necessary to introduce
a limit process to model a homogeneous semi-infinite medium. This process can be complex.
It is better to introduce the eigenvalues and the eigenvectors of the matrix P according to the
following considerations.

Arbitrary space
y

x

V2

V1

I1

I2y � d

y � 0

y � d

y � 0

Arbitrary  linear medium

Arbitrary space

T

Fig. 10: Behavior in the Fourier domain of a slab filled by arbitrary linear medium

y � a + b Tb

Ta

y

y � a

y � 0

e2, j2, z2, m2

e2, j2, z2, m2

Ta�b � Ta∙Tb

Fig. 11: Transmission matrix of two contiguous slabs
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By indicating with gi, i ¼ 1, 2, 3, 4 and yi ¼ Vi

Ii

����
����, i ¼ 1, 2, 3, 4 the four eigenvalues and

eigenvectors of P, the more general solution of (3.2) assumes the form

V
I

����
���� ¼ C1e�g1yy1 þ C2e�g2yy2 þ C3e�g3yy3 þ C4e�g4yy4 ð108Þ

or

V ¼ C1e�g1yV1 þ C2e�g2yV2 þ C3e�g3yV3 þ C4e�g4yV4

I ¼ C1e�g1yI1 þ C2e�g2yI2 þ C3e�g3yI3 þ C4e�g4yI4

(
ð109Þ

where Ci, i ¼ 1, 2, 3, 4 are four arbitrary scalars that do not depend on y:
In presence of a passive medium, we conjecture that two eigenvalues (e.g., g1 and g2)

present no negative real part and the other two (e.g., g3 and g4) present no positive real part.
The authors were unable to make a direct proof of this conjecture. However, this property
holds for all the media considered in the following. Moreover, at the end of this section we
will consider a reflection problem for an arbitrary linear medium. Reasoning based on the
existence and uniqueness of the reflected field should constitute an indirect proof of the
conjecture.

It follows that in an indefinite upper medium the scalars C3 and C4 must be zero and the
solution must have the form

V ¼ C1e�g1yV1 þ C2e�g2yV2

I ¼ C1e�g1yI1 þ C2e�g2yI2
y > 0

(
ð110Þ

Conversely, in the presence of an indefinite lower medium the scalars C1 and C2 must be
zero and the solution must have the form

V ¼ C3e�g3yV3 þ C4e�g4yV4

I ¼ C3e�g3yI3 þ C4e�g4yI4
y < 0

(
ð111Þ

Let us write the components of the eigenvectors in the form

Vi ¼ V ðiÞz
V ðiÞx

����
����, Ii ¼ I ðiÞz

I ðiÞx

����
���� i ¼ 1, 2, 3, 4 ð112Þ

It follows that for y > 0

V ¼ Vz

Vx

����
���� ¼ C1e�g1y V ð1Þz

V ð1Þx

�����
�����þ C2e�g2y V ð2Þz

V ð2Þx

�����
����� ¼

V ð1Þz

V ð1Þx

V ð2Þz

V ð2Þx

�����
�����

C1e�g1y

C2e�g2y

����
���� ð113Þ

I ¼ Iz

Ix

����
���� ¼ C1e�g1y I ð1Þz

I ð1Þx

�����
�����þ C2e�g2y I ð2Þz

I ð2Þx

�����
����� ¼

I ð1Þz

I ð1Þx

I ð2Þz

I ð2Þx

�����
�����

C1e�g1y

C2e�g2y

����
���� ð114Þ
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By eliminating the vector
C1e�g1y

C2e�g2y

����
����, eqs. (113) and (114) yield

V ¼ Z
!

c I y > 0 ð115Þ
where the impedance Z

!
k is defined by

Z
!

c ¼
V ð1Þz

V ð1Þx

V ð2Þz

V ð2Þx

�����
����� �

I ð1Þz

I ð1Þx

I ð2Þz

I ð2Þx

�����
�����
�1

ð116Þ

Equations (115) and (116) extend the fundamental concept of characteristic impedance to
an indefinite arbitrary linear medium. Equation (116) provides the characteristic impe-
dance for an indefinite upper medium (y > 0). Similarly, for an indefinite lower medium
(y < 0) we have

V ¼ �Z
 

c I y < 0 ð117Þ
where the characteristic impedance Z

 
k is defined by

Z
 

c ¼ �
V ð3Þz

V ð3Þx

V ð4Þz

V ð4Þx

�����
����� �

I ð3Þz

I ð3Þx

I ð4Þz

I ð4Þx

�����
�����
�1

ð118Þ

In general as defined by (116) and (118), the characteristic impedances are rather cumber-
some and do not allow to discuss and ascertain the analytical properties of the characteristic
impedances in the complex h� plane: For the purpose of obtaining more convenient
expressions of Z

!
and Z

 
, we consider the following equations obtained by the elimination of

either I or V in (104):

d2V

dy2
þ ðTe þ ZThZ�1Þ dV

dy
� ZðY � ThZ�1TeÞV ¼ 0

d2I

dy2
þ ðTh þ YTeY�1Þ dI

dy
� Y ðZ � TeY�1ThÞI ¼ 0

ð119Þ

If we are looking for solutions having the form

V ¼ e�gvy Vo, I ¼ e�gI y Io ð120Þ
these equations yield

g2
V � ðTe þ ZThZ�1ÞgV � ZðY � ThZ�1TeÞ ¼ 0

g2
I � ðTh þ YTeY�1ÞgI � Y ðZ � TeY�1ThÞ ¼ 0

ð121Þ

In general, there are several solutions of the previous equations. We choose them so that the
matrix propagation constants gV and gI have the same eigenvalues. Thus, they are chosen
with a real part positive or negative, respectively, in the half-spaces y > 0 and y < 0.

From eq. (104) we have

�gV V ¼ �Te � V � Z � I
�gI I ¼ �Y � V � Th � I

ð122Þ
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Taking into account that I ¼ YcV , V ¼ ZcI , this yields the following expressions for the
characteristic impedance and admittance:

Yc ¼ Z�1 � ðgV � TeÞ
Zc ¼ Y�1 � ðgI � ThÞ

ð123Þ

We let

AV ¼ �ðTe þ ZThZ�1Þ, BV ¼ �ZðY � ThZ�1TeÞ
or

AI ¼ �ðTh þ YTeY�1Þ, BI ¼ �Y ðZ � TeY�1ThÞ
In the following for the sake of simplicity we will omit the subscript V or I. The obtained
results apply to both eq. (121).

The problem of solving (121) explicitly is difficult when A and B do not commute.
However, we are dealing with matrices of order two, which means that the following char-
acteristic equation holds:

g2 � tggþ Dg1 ¼ 0 ð124Þ
where tg ¼ �ðg1,3 þ g2,4Þ and Dg ¼ g1,3g2,4 are the trace and the determinant of g, respec-
tively. By eliminating g2 between (124) and (121) the following expression is obtained:

g ¼ ðg1,3 þ g2,4Þ�1 � ð�Bþ Dg1Þ
The inversion of ðAþ tg1Þ yields

ðAþ tg1Þ�1 ¼ x 1þ ygA

where

x ¼ tg þ tA

tgðtg þ tAÞ þ DA
, y ¼ � 1

t2
g þ tgtA þ DA

where tA and DA are the trace and the determinant of A, respectively. It follows that

g ¼ xDg1� xBþ y DgA� yA � B

This equation provides the matrices g involved in eq. (123) that evaluate Zc and Yc: It
requires only the knowledge of the trace tg and the determinant Dg: The obtained expression
apparently differs from (116) and (118). However, in the all worked examples we showed
numerically that the two different expressions lead to identical results.

It is important to observe that the characteristic impedances do not depend on the parti-
cular section considered. Taking this property into account, we are able to solve the elemen-
tary and fundamental problem illustrated in Fig. 12. An incident wave with transversal wave
numbers ao and ho impinges on the arbitrary stratified medium located in y � 0: In the circuit
model of the problem, Z

!
c represents the characteristic impedance of the indefinite medium for
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y > d, Z
 

co represents the characteristic impedance of the indefinite medium for y < 0, T the
transmission matrix of the stratified medium located in 0 � y � d, and Vo the open voltage on
the section y ¼ 0: Circuit theory provides the following expression for Vo:

Vo ¼ ðZ
 

co þ Z
!

coÞ � Z
!�1

co � Vi ð125Þ

where Vi is the Fourier transform of the transverse field Ei
t of the incident plane wave

evaluated at y ¼ 0, and

Vi ¼ 2pŷ � Ei
tdðh� hoÞ ð126Þ

Circuit analysis yields the solution

V1 ¼ Zð0Þ � ½Z c þ Zð0Þ��1 � V0 ð127Þ

where Zð0Þ ¼ ðA � Z! c þ BÞ � ðC � Z! c þ DÞ�1: Once V1 is known, we may evaluate the
voltage and current for every value of y by using the theory of stratified media. The inverse
Fourier transforms

Etðao, y, xÞ ¼ 1
2p

ð1

�1
Vðh, yÞ � ŷ e�jhxdh

Htðao, y, xÞ ¼ 1
2p

ð1

�1
Iðh, yÞe�jhxdh

provide the transverse electromagnetic field everywhere. The presence of dðh� hoÞ5 renders
the integrals very easy to evaluate.

5 The delta functions means that there is a single line h ¼ ho in the spatial spectrum.

y

y � d

y � 0

y � d

.y

T

V2

V1
Z �

Zc

Vc

→

Zco
←

y � 0
��� � � � � �

Fig. 12: The reflection problem from a linear stratified medium
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7.10.3 The W-H equation for a PEC or a PMC half-plane

immersed in a homogeneous linear arbitrary medium

Figure 13 illustrates the diffraction of an incident plane wave by an imperfect half-plane
immersed in a linear homogenous medium. This problem was studied and solved in Daniele
and Graglia (2007). In general the factorization of the matrix kernel cannot be done in closed
form. Consequently in the presence of an arbitrary medium, the Fredholm factorization has
been used (Daniele & Graglia, 2007). In this section we consider the particular cases where
either Za ¼ 0 ¼ Zb (PEC half-plane) or Za ¼ 1 ¼ Zb (PMC half-plane).

The previous circuit considerations yield immediately the W-H equation of the problem.
We get

ðY! c þ Y
 

cÞVþ ¼ A� ðPEC half -planeÞ ð128Þ
ðZ! c þ Z

 
cÞIþ ¼M� ðPMC half -planeÞ ð129Þ

where Y
!

c ¼ Z
!�1

c , Y
 

c ¼ Z
 �1

c

VþðhÞ ¼ Vðh, 0Þ, A�ðhÞ ¼ Iðh, 0þÞ � Iðh, 0�Þ
IþðhÞ ¼ Iðh, 0Þ, M�ðhÞ ¼ Vðh, 0þÞ � Vðh, 0�Þ

These equations are homogeneous since we used the Laplace domain (see section 7.3).
To take the source into account, we must study the possible plane waves that propagate in the
linear bianisotropic medium surrounding the half-plane. Here we assume the source to be an
incident plane wave:

Ei
tðx, 0, zÞ ¼ Eoêote

�jhoxe�jaoz, Hi
tðx, 0, zÞ ¼ Eohote

�jhoxe�jaoz

where ho is the propagation constant in the x-direction. By denoting with êo, ĥo the polar-
ization for the electric and magnetic fields of the incident wave, we have

êot ¼ êo � êo � ŷŷ, ĥot ¼ ĥo � ĥo � ŷŷ

By separating the nonconventional part in the Laplace transform we get

Vs
þ þ j

1
h� ho

Eoêot ¼ ðY
!

c þ Y
 

cÞ�1 � A� ðPEC half -planeÞ

Is
þ þ j

1
h� ho

Eoĥot ¼ ðZ
!

c þ Z
 

cÞ�1 �M� ðPMC half -planeÞ

Zb

Za

y

x

Incident plane wavee, j, z, m

e, j, z, m

e, j, z, m

Fig. 13: Geometry of the problem
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The above equations constitute the W-H equations of the problem. Their solution requires

the factorization of either ðY!c þ Y
 

cÞ�1 or ðZ! c þ Z
 

cÞ�1:

7.10.3.1 Some cases of closed form factorization

Generally, the expressions of the characteristic impedances obtained via eqs. (123), (116),
or (118) are very cumbersome. However, they simplify considerably for simple media. For
instance, for an isotropic free space defined by the parameters e ¼ e1, m ¼ m1, x ¼ 0, z ¼ 0,
we obtain the following expected result:

Z
!

c ¼ Z
 

c ¼ Zc ¼ Zo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � h2
p k2 � h2 h ao

h ao t2
o

����
���� ð130Þ

where

Zo ¼
ffiffiffi
m
e

r
, k2 ¼ w2em, t2

o ¼ k2 � a2
o

Another simple medium is constituted by a scalar chiral medium. It is defined by the scalar
parameters e ¼ e1, m ¼ m1, x ¼ �jk1, z ¼ jk1:

In this case eqs. (116) and (118) yield

Z
!

c ¼ Zo
k1 þ k2

kð jðt2
o1 � t2

o2Þaohþ k1t2
o2c1 þ k2t2

o1c2Þ

	
ðk1c1 � jaohÞðk2c2 þ jaohÞ ðt2

o1 þ t2
o2Þaohþ jk1t2

o2c1 � jk2t2
o1c2

2

ðt2
o1 þ t2

o2Þaohþ jk1t2
o2c1 � jk2t2

o1c2

2
t2

o1t2
o2

��������

��������

¼ Z
!

c11ðao, hÞ Z
!

c12ðao, hÞ
Z
!

c21ðao, hÞ Z
!

c22ðao, hÞ

������

������ ð131Þ

Z
 

c ¼
Z
!

c11ð�ao, hÞ �Z
!

c12ð�ao, hÞ
�Z
!

c21ð�ao, hÞ Z
!

c22ð�ao, hÞ

������

������ ð132Þ

where

Zo ¼
ffiffiffi
m
e

r
, k ¼ w ffiffiffiffiffiffim ep

, k1,2 ¼ wð ffiffiffiffiffiffim ep � kÞ

to1,2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1,2 � a2
o

q
, c1,2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o1,2 � h2
q

Note that the matrix representing Z
 

c can be obtained from the matrix representing Z
!

c by
changing ao into �ao: In addition, both these matrices are symmetric:

Z
!

c21ðao, hÞ ¼ Z
!

c12ðao, hÞ, Z
 

c21ðao, hÞ ¼ Z
 

c12ðao, hÞ ð133Þ
Of course, when the chirality factor k is zero, the two characteristic impedances Z

!
c and Z

 
c

are equal and reduce to that of free space.
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The expressions of Z
!

c ¼ Z
!

and Z
 

c ¼ Z
 

are very important to ascertain the possibility of
obtaining closed form factorization of the matrix kernel introduced in W-H eqs. (128) and
(129). In particular, the closed-form solutions obtained in the literature concern only the case
of PEC or PCM that involves factorization of a matrix or order two.

To simplify the factorization, it must be observed that for skew incidence (ao 6¼ 0) it is
important to consider the transformation introduced in Senior (1978) and Lüneburg and
Serbest (2000):

t ¼ h �ao

ao h

� �
, ta ¼ h ao

�ao h

� �
ð134Þ

For instance, the PMC half-plane immersed in a chiral medium requires the factorization of
the matrix Z

! þ Z
 

(129). Taking into account that

t � ðZ! þ Z
 Þ � ta ¼ Zo �

2ðk1 þ k2Þða2
o þ h2Þc1c2

kðk2c1 þ k1c2Þ
0

0
2k1k2ðk1 þ k2Þða2

o þ h2Þ
kðk2c1 þ k1c2Þ

0
BB@

1
CCA ð135Þ

the factorization of the matrix of order two Z
! þ Z

 
is accomplished by the factorization of the

scalars c1, c2, k2c1 þ k1c2: In fact, it reduces to the diagonal matrix present in the second
member. Similar considerations apply for the case of a PEC. This last problem is also dis-
cussed in a paper by Przezdziecki (2000).

We remark that for suitable values of the electromagnetic parameters, TeðhÞ and ThðhÞ
may vanish. For instance, this happens when x ¼ 0; z ¼ 0 and the permittivity e and the
permeability m have the form

e ¼ ezzẑẑ þ ezxẑx̂ þ exzx̂ẑ þ exxx̂x̂ þ eyyŷŷ )
ezz ezx 0
exz exx 0
0 0 eyy

������

������
ð136Þ

m ¼ mzzẑẑ þ mzxẑx̂ þ mxzx̂ẑ þ mxxx̂x̂ þ myyŷŷ )
mzz mzx 0
mxz mxx 0
0 0 myy

������

������
In this case, eq. (121) simplify:

g2
V � Z � Y ¼ 0, g2

I � Y � Z ¼ 0

and we are dealing with equations similar to the classical transmission line equations well
studied in the literature. For instance, we have the following characteristic impedances (Paul,
1975):

Z
!

c ¼ Z
 

c ¼ Zc ¼ g�1
V Z ¼ gV Y�1 ¼ Y�1gI ¼ Z g�1

I ð137Þ
where gV ¼

ffiffiffiffiffiffi
ZY
p

and gI ¼
ffiffiffiffiffiffi
YZ
p

: Taking into account that gV ¼
ffiffiffiffiffiffi
ZY
p

commutes with the
polynomial matrix ZY , or that gI ¼

ffiffiffiffiffiffi
YZ
p

commutes with the polynomial matrix YZ, we can

express the kernels Y
! þ Y

 
and Z

! þ Z
 

by a polynomial matrix multiplied by a matrix that
commutes with a polynomial matrix. This is a very remarkable fact because we are able to
factorize in closed form matrices that commute with a polynomial matrix (chapter 4).
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These particular cases were addressed by Hurd and Przezdziecki (1981), who also sim-
plified the factorization problem by reducing it to a Hilbert problem (Hurd, 1976). Other
explicit solutions of (121) can be obtained when the matrices

AV ¼ �ðTe þ ZThZ�1Þ, BV ¼ �ZðY � ThZ�1TeÞ
or

AI ¼ �ðTh þ YTeY�1Þ BI ¼ �Y ðZ � TeY�1ThÞ
commute. For instance, this happens if TeðhÞ and ThðhÞ are scalars. In this case for eq. (104)
we obtain the solution

V ¼ e
�ðTeþThÞ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTe�ThÞ2þ4ðZY�TeThÞ
p

2 y V1 þ e
�ðTeþThÞþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTe�ThÞ2þ4ðZY�TeThÞ
p

2 y V2, ð138Þ
which yields the following expressions of the characteristic impedances:

Z
!

c ¼
ðTe þ ThÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTe � ThÞ2 þ 4ðZY� TeThÞ

q
2

2
4

3
5
�1

Z

Z
 

c ¼
�ðTe þ ThÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTe � ThÞ2 þ 4ðZY� TeThÞ

q
2

2
4

3
5
�1

Z

ð139Þ

To discover all the cases where we have scalar expressions of TeðhÞ and ThðhÞ is not a
simple task. For instance, this is the case if

e)
ezz ezx 0
exz exx 0
0 0 eyy

������

������, m)
mzz mzx 0
mxz mxx 0
0 0 myy

������

������, x)
0 xzx 0
�xzx 0 0

0 0 0

������

������, z)
0 zzx 0
�zzx 0 0

0 0 0

������

������
ð140Þ

Again, expressions (139) show that the kernel Y
! þ Y

 
and Z

! þ Z
 

reduce to matrices that
commute with polynomials matrices. This means that closed-form solutions can be obtained
for PEC or PCM half-planes immersed in a bianisotropic medium defined by (140).

Other cases that can been solved in closed form involve more general gyrotropic media.
For instance, let us consider

e)
ezz 0 0
0 exx exy

0 �exy eyy

������

������, e ¼ e1, m ¼ m1, x ¼ 0, z ¼ 0

This involves in eq. (104) the matrix polynomial

P ¼

jexyh
exx

0 � jðh2 � exxmo
2w2Þ

exxmow
jaoh
exxw

� jaoexy

exx
0

jaoh
exxw

� jðao
2mo � exxmo

2w2Þ
exxmow

j
ðe2

xx þ e2
xyÞmow2 � ao

2exx

exxmow
� jaoh

mow
� jexyh

exx

jaoexy

exx

� jaoh
mow

�j
exxh2 � exxezzmow2

exxmow
0 0

�����������������

�����������������
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It is possible to show that the matrix t � ðZ! þ Z
 Þ � ta in this case presents the form

t � ðZ! þ Z
 Þ � ta ¼ f ðhÞ aoðhÞ þ a1ðhÞjðhÞ h

h boðhÞ þ b1ðhÞjðhÞ

 !
ð141Þ

where the functions aoðhÞ, a1ðhÞ, boðhÞ, b1ðhÞ are rational function of h not reported here.
To rewrite this matrix in the form

aoðhÞ þ a1ðhÞjðhÞ h
h boðhÞ þ b1ðhÞjðhÞ

 !
¼ RoðhÞ þ R1ðhÞjðhÞ

where the rational matrices RoðhÞ and R1ðhÞ are defined by

RoðhÞ ¼
aoðhÞ h
h boðhÞ

 !
, R1ðhÞ ¼

a1ðhÞ 0

0 b1ðhÞ

 !

we again must deal with matrices commuting with polynomial matrices. Similar con-
siderations apply for the PEC case involving the matrix t � ðY! þ Y

 Þ � ta: This last case was
solved for the first time by Hurd and Przezdziecki (1985).

7.11 The half-plane immersed in an arbitrary planar
stratified medium

Figure 14a illustrates the geometry involving a PEC half-plane6 immersed in an arbitrary
stratified medium. The solution of the circuit model shown in Fig. 14b yields the W-H
equation having as unknowns the minus function A� (Laplace transform of the total current

6 We consider a PEC half-plane for the sake of simplicity. The presence of an arbitrary impedance half-plane
requires a slight modification of the deduction of the W-H equations, as is indicated in section 7.6.

y

V2

Vc

Zco
V1

T2

T1

←

Zc
→

A�

�
Z

y � d

y � 0

y � h

y � d
y � h

y � 0

(a)

(b)

��� � � � � �

Fig. 14: A PEC half-plane immersed in an arbitrary stratified medium
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induced on the half-plane) and Vþ ¼ Vþðh, hÞ (Laplace transform of the transverse electric
field in the aperture (x > 0, y ¼ h)).

The two-port transmission matrices T1 and T2 represent the slab y ¼ h, y ¼ d and the
stratification between y ¼ h and y ¼ d, respectively. The other elements in the circuit model
are defined in section 7.10.2.
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CHAPTER 8

Planar discontinuities in
stratified media

8.1 The planar waveguide problem

8.1.1 The E-polarization case

Let us consider the planar waveguide shown in Fig. 1A. This structure can be studied via the
circuit representation indicated in Fig. 1B. In particular, the PEC walls of the waveguide are
simulated by the current generators A1�, A2�, and the slab �d � y � 0 in the physical
structure is equivalent to the P two-port introduced in Fig. 3a of chapter 7.

Writing the node equations on the circuit 1B yields directly the W-H equations of the problem:

node 1 ðY1 þ Y3 þ YcÞV1þ � Y3V2þ ¼ A1�
node 2 �Y3V1þ þ ðY2 þ Y3 þ YcÞV2þ ¼ A2�

ð1Þ

YC

y = 0

y = –d

A1–

A2–

V1+

Y3

V2+

Y1

1

A
fo

B

y = 0

y = –d = –2a

Hi
Ei

2

Y2

YC

Fig. 1: Scattering by a planar waveguide (A) source: plane wave (B) source: incident mode
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where t ¼ tðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
, Yc ¼ 1

Zc
¼ t

wmo
, Y1 ¼ Y2 ¼ jYc tan td

2 , Y3 ¼ �jYc
1

sin td, and �A1�
and �A2� are the Fourier transforms of the total currents induced on the two half-planes.

Since Y2 ¼ Y1, by summing and subtracting the two equations, system (1) decouples into
two scalar equations:

ðY1 þ YcÞðV1þ þ V2þÞ ¼ A1� þ A2�
ðY1 þ 2Y3 þ YcÞðV1þ � V2þÞ ¼ A1�� A2�

ð2Þ

which is equivalent to rewriting the matrix kernel GðhÞ of the W-H eq. (1):

GðhÞ � V1þ
V2þ

����
���� ¼ A1�

A2�

����
����

in the form:

GðhÞ ¼ Y1 þ Y3 þ Yc �Y3

�Y3 Y1 þ Y3 þ Yc

� �

¼ 1
2

1 1
1 �1

� �
� Y1 þ Yc 0

0 Y1 þ 2Y3 þ Yc

� �
� 1 1

1 �1

� �
ð3Þ

whence the factorization problem of GðhÞ is reduced to the factorization of the diagonal
matrix:

MðhÞ ¼ Y1 þ Yc 0
0 Y1 þ 2Y3 þ Yc

� �
¼

te jta

wm cosðtaÞ 0

0 �j
te jta

wm sinðtaÞ

0
BB@

1
CCA ¼ m1 0

0 m2

� �

ð4Þ
where

m1 ¼ te jta

wm cosðtaÞ ¼ m1�ðhÞm1þðhÞ, m2ðhÞ ¼ �j
te jta

wm sinðtaÞ ¼ m2�ðhÞm2þðhÞ ð5Þ

According to the results of sections 3.2.6.1 and 3.2.6.2 we get

(a) factorization of m1ðhÞ

m1þðhÞ ¼ 1
wm

mcþðhÞ, m1�ðhÞ ¼ mc�ðhÞ ð6Þ

where

mcþðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
k � h

p
G � h

A
þ B

A
þ 1

� �
exp

ta
p

log
jt� h

k
� qh

� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosðkaÞp

eg
h
AG

B

A
þ 1

� � Y1
n¼1

1 � h
An þ B

� �

1 � h
an

� �

mc�ðhÞ ¼ mcþð�hÞ
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an ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � ðn � 1=2Þp

a

� �2
s

, A ¼ �j
p
a

, B ¼ � 1
2

A, n ¼ 1, 2, . . .

q ¼ j
a

p
log � j2p

ka

� �
þ 1 � g

� �

(b) factorization of m2ðhÞ

m2þðhÞ ¼ �j
1

wma
msþðhÞ, m2�ðhÞ ¼ ms�ðhÞ ð7Þ

where

msþðhÞ ¼ e jta

sinðtaÞ
ta

2
664

3
775
þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ka

sinðkaÞ

s e
ta
p logjt�h

k
Q1
n¼1

1 � ha
�jpn

1 � h
han

eg
ha
�jpGð1Þ eqh

G 1 � ha

�jp

� �

ms�ðhÞ ¼ e jta

sinðtaÞ
ta

2
664

3
775
�

¼ msþð�hÞ

han ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � np

a

� 	2
r

n ¼ 1, 2, . . . , Im han½ � < 0

q ¼ j
a

p
log � j2p

ka

� �
þ 1 � g

� �

To conclude, to accomplish the solution of GðhÞ � V1þ
V2þ

����
���� ¼ A1�

A2�

����
����, we must take the source

into account. This source can be an external plane wave, or a mode that propagates in the
planar waveguide.

8.1.2 Source constituted by plane wave

Similarly to the half-plane problem, in the presence of a plane wave Ei
zðx, yÞ ¼ Eoejk r cosðj�joÞ,

the primary contribution is present only in the terms A1� and has the value

Ap
1� ¼

ð0

�1
Hg

x ðx, 0þÞe jhxdx ¼ 2j
Eo sinjo

Zoðh� hoÞ
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where ho ¼ �kcosjo. This yields the nonhomogeneous W-H equation

GðhÞ � V1þ
V2þ

����
���� ¼ Ad

1�
A2�

�����
�����þ

2j
Eo sinjo

Zo

0

������

������
1

h� ho
ð8Þ

Alternatively, by letting V1þ ¼ V s
1þ þ V i

1þ, V2þ ¼ V s
2þ þ V i

2þ, the contributions V i
1þ and V i

2þ
of the incident field Ei

zðx, yÞ on the two apertures y ¼ 0, x � 0 and y ¼ �d, x � 0 are

V i
1þ ¼ j

Eo

h� ho
, V i

2þ ¼ j
Eoe�jk sin jod

h� ho
ð9Þ

which confirms that the characteristic part of
A1�
A2�

����
���� in the pole ho ¼ �k cosjo is identical to

its primary contribution: 2j Eosinjo
Zo

0

����
���� 1
h�ho

. In fact, we have

GðhoÞ
V i

1þ
V i

2þ

�����
����� ¼

2j
Eo sinjo

Zo

0

������

������
1

h� ho
ð10Þ

A third way to evaluate the source term is to set V1þ ¼ V d
1þ þ V g

1þ, V2þ ¼ V d
2þ þ V g

2þ where
V g

1þ and V g
2þ represent the geometrical optics contribution of the field on the two apertures.

Assuming jo >
p
2, since the aperture y ¼ �d, x � 0 is illuminated only in the region

�d cotjo < x < 1, it follows that V g
2þ differs from V i

2þ by the contribution

V i
þðhÞ � V g

þðhÞ ¼
ð�d cot jo

0

Eoe jkrcosjo e jhxdx ð11Þ

However, this contribution is regular in ho ¼ �k cosjo, and, consequently, we have again

that the characteristic part of
A1�
A2�

����
���� is 2j Eosinjo

Zo

0

����
���� 1
h�ho

¼ Ro
1

h�ho
.

Using the solution of the W-H equations obtained in section 2.4.2:

FþðhÞ ¼ G�1
þ ðhÞ � G�1

� ðhoÞ �
Ro

a� ho
, F�ðaÞ ¼ G�ðaÞG�1

� ðaoÞ Ro

a� ao

one obtains the explicit solution

V1þ
V2þ

����
���� ¼

1
m1�ðhoÞm1þðhÞ þ

1
m2�ðhoÞm2þðhÞ

1
m1�ðhoÞm1þðhÞ �

1
m2�ðhoÞm2þðhÞ

��������

��������
jEo sinjo

Zoðh� hoÞ

ð12Þ

A1�
A2�

����
���� ¼

m1�ðhÞ
m1�ðhoÞ

þ m2�ðhÞ
m2�ðhoÞ

m1�ðhÞ
m1�ðhoÞ

� m2�ðhÞ
m2�ðhoÞ

���������

���������
jEo sinjo

Zoðh� hoÞ
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8.1.3 Source constituted by an incident mode

The modes in the planar waveguide are defined by the vanishing of cos ta (present in the
denominator of m1ðhÞ) and by the vanishing of sin ta

t (present in the denominator of m2ðhÞÞ.
They are also obtained via the zeroes of the function

sin td
t

¼ 2
sin ta
t

cos ta ¼ 0 ð13Þ

that yields

hdn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � np

d

� 	2
r

n ¼ 1, 2, . . . , Im han½ � < 0 ð14Þ

The first mode occurs for n ¼ 1:

hd1 ¼ a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � p

d

� 	2
r

ð15Þ

For this mode we have

Hi
xðx, yÞ ¼ Ho cos

p
d

y e�ja1x ð16Þ

As indicated with As
1� and As

2� the conventional parts of the Laplace transforms of the
currents present on the walls of the waveguide, we have

A1� ¼ As
1� þ j

Ho

h� a1
, A2� ¼ As

2� þ j
Ho

h� a1
ð17Þ

Thus, the normal form of the W-H equation is

GðhÞ � V1þ
V2þ

����
���� ¼ As

1�
As

2�

����
����þ jHo

jHo

����
���� 1
h� a1

ð18Þ

which yields the solution

V1þ
V2þ

����
���� ¼

1
m1�ða1Þm1þðhÞ

1
m1�ða1Þm1þðhÞ

��������

��������
jHo

h� a1
ð19Þ

A1�
A2�

����
���� ¼

m1ðhÞ
m2�ða1Þm2þðhÞ

m1ðhÞ
m2�ða1Þm2þðhÞ

���������

���������
jHo

h� a1
ð20Þ

Note that in this case
V1þ
V2þ

����
���� presents only a continuous spectrum and, in particular, it does

not contain the pole contribution at h ¼ a1.
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8.1.4 The skew plane wave case

Let us consider an incident plane wave impinging at a skew incidence angle b:

Ei
z ¼ Eoe jtor cosðj�joÞe�jaoz, Hi

z ¼ Hoe jtorcosðj�joÞe�jaoz ð21Þ
where ao ¼ k cosb, to ¼ k sin b ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
o

p
, and r cosðj� joÞ ¼ x cosjo þ y sinjo.

Using Maxwell’s equations yields the following other components of the incident plane
wave:

Ei
x ¼ e jto r cosðj�joÞe�jaoz Eoao cosjo þ ZoHok sinjo

to

Ei
y ¼ e jto r cosðj�joÞe�jaoz Eoao sinjo � ZoHok cosjo

to

Hi
x ¼ e jto r cosðj�joÞe�jaoz �EokYo sinjo þ aoHo cosjo

to

Hi
y ¼ e jto r cosðj�joÞe�jaoz EokYo cosjo þ Hoao sinjo

to

ð22Þ

where Zo and Yo ¼ Z�1
o are the impedance and admittance of free space.

In the spectral domain we introduce the Fourier transforms:

Vðh, yÞ ¼ e jaoz

ð1

�1
ŷ � Etðx, y, zÞe jhxdx

Iðh, yÞ ¼ e jaoz

ð1

�1
Htðx, y, zÞe jhxdx

ð23Þ

where

Et ¼ ẑEz þ x̂Ex, Ht ¼ ẑHz þ x̂Hx

The previous formulation again yields

GðhÞ �
V1þ

V2þ

�����
����� ¼

A1�

A2�

�����
����� ð24Þ

However, now the unknowns are vectors rather than scalars:

V1þðhÞ ¼ Vðh, 0Þ, V2þðhÞ ¼ Vðh, �dÞ, A1�ðhÞ ¼ Iðh, 0þÞ � Iðh, 0�Þ
A2�ðhÞ ¼ Iðh, �dþÞ � Iðh, �d�Þ

GðhÞ ¼ Y1 þ Y3 þ Yc �Y3

�Y3 Y1 þ Y3 þ Yc

� �
ð25Þ

x ¼ xðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � h2
q

, Y1 ¼ Y2 ¼ j Yctan
xd

2
, Y3 ¼ �j Yc

1
sin xd

Yc ¼ Yo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

p t2
o �h ao

�h ao k2 � h2

����
����
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The factorization of GðhÞ can be accomplished by putting the 4 � 4 matrix in the form

GðhÞ ¼ Y1 þ Y3 þ Yc �Y3

�Y3 Y1 þ Y3 þ Yc

 !
¼ GðhÞ � RðhÞ

Y1 þY3 þYc �Y3

�Y3 Y1 þY3 þYc

 !
¼

Y1 þY3 þYc �Y3

�Y3 Y1 þY3 þYc

 !
� 1

x2

t2
o �hao

�hao k2 �h2

�����
�����

 !

ð26Þ
where the first 2 � 2 matrix GðhÞ is the matrix considered in the E-polarization case, � is the
Kronecker product symbol, and the rational matrix RðhÞ is defined by

RðhÞ ¼ 1

x2

t2
o �h ao

�h ao k2 � h2

�����
����� ¼

k

xYo
YcðhÞ ð27Þ

Taking into account that (see also section 4.2)

GðhÞ ¼ GðhÞ � RðhÞ ¼ G�ðhÞ � GþðhÞ½ � � R�ðhÞ � RþðhÞ½ �
¼ G�ðhÞ � R�ðhÞ½ � � GþðhÞ � RþðhÞ½ � ¼ G�ðhÞ � GþðhÞ ð28Þ

we obtain

G�ðhÞ ¼ G�ðhÞ � R�ðhÞ½ �, GþðhÞ ¼ GþðhÞ � RþðhÞ½ � ð29Þ
Consequently, the factorization of GðhÞ is reduced to the factorization of GðhÞ and
RðhÞ obtained in the previous sections.

To take into account the source we set

GðhÞ � V1þ
V2þ

����
���� ¼ As

1�
As

2�

����
����þ Ro

h� ho
ð30Þ

with ho ¼ �to cosjo and where, according to the previous considerations, Ro can be

evaluated either as the characteristic part of the minus function
A1�
A2�

����
���� or the characteristic

part of GðhÞ � V1þ
V2þ

����
����.

We observe that geometrical optics arises from the following contributions:

wall y ¼ 0, x < 0: incident wave plus reflected wave due to the PEC plane y ¼ 0,
wall y ¼ �d, x < 0: no geometrical optics contribution,
aperture y ¼ 0, x > 0: incident wave,
aperture y ¼ �d, x > 0: the incident wave is present provided that x > �d cotjo.

The evaluation of the contribution by the walls is very simple since in this case for A1� we
have the same characteristic part considered in the skew incidence on a single PEC half-
plane, whereas the characteristic part of A2�vanishes. It follows that

Ro ¼

�2j Ho

� 2 jao cosjo

to
Ho þ 2 jk sinjo

to Zo
Eo

0

0

�����������

�����������
ð31Þ
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Conversely, the evaluation the characteristic part of
V1þ
V2þ

����
���� is given by

Tt

h� ho
ð32Þ

where, taking into account the considerations relevant to eq. (11),

Tt ¼

�j
Eoao cosjo þ ZoHok sinjo

to

jEo

�j e�jto d sin jo
Eoao cosjo þ ZoHok sinjo

to

j e�jto d sin jo Eo

�������������

�������������
Of course the following equation holds:

Ro ¼ GðhoÞ � Tt ð33Þ

8.2 The reversed half-planes problem

8.2.1 The E-polarization case

Let us consider the two reversed half-planes shown in Fig. 2a. This structure can be studied
by the circuit representation indicated in Fig. 2b. In particular, the PEC walls of the

YC

y = 0

y = –d

A1–

A2+

V1+

Y3

V2–

Y1

1

fo

PEC

PEC

(a) (b)

y = 0

y = –d = –2a

Hi
Ei

2

Y2

YC

Fig. 2: Scattering by two inverted half-planes
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waveguide are simulated by the current generators A1�, A2þ and the slab �d � y � 0 in the
physical structure is equivalent to the P two-port introduced in chapter 7, Fig. 3a.

Writing the node equations on the circuit 2b yields directly the W-H equations1 of the
following problem:

node 1 ðY1 þ Y3 þ YcÞV1þ � Y3V2� ¼ A1�
node 2 �Y3V1þ þ ðY2 þ Y3 þ YcÞV2� ¼ A2þ

ð34Þ

where Y1 ¼ Y2 ¼ jYc tan td
2 , Y3 ¼ �jYc

1
sin td and �A1� and � A2þ are the Fourier transforms

of the total currents induced on the two half-planes.
With respect to the problem considered in Fig. 1, here we deal with different plus and

minus functions. In fact, now the plus functions are V1þ and A2þ and the minus functions are
V2� and A1�. Algebraic manipulations yields the W-H equations written in normal form:

Y1 þ Ycð Þ � Y1 þ 2Y3 þ Yð Þ
Y1 þ Y3 þ Yc

� Y3

Y1 þ Y3 þ Yc

Y3

Y1 þ Y3 þ Yc

1
Y1 þ Y3 þ Yc

0
BBB@

1
CCCA � V1þ

A2þ

����
���� ¼ A1�

V2�

����
���� ð35Þ

Substituting the values of Y1, Y2, Y3, Yc and taking into account the primary field contribu-
tion, for the E-polarization case (normal incidence) we get

GðhÞ V1þ

ZoA2þ

�����
����� ¼

ZoAd
1�

V2�

�����
�����þ

2j
Eo sinjo

Zo

0

������

������
1

h� ho
ð36Þ

where the matrix kernel is given by

GðhÞ ¼
2t
k

�e�jtd

e�jtd 1 � e�2jtd

2t
k

0
BB@

1
CCA ð37Þ

and ho ¼ �k cosjo.
Despite many attempts, up to now this matrix has not been factorized in closed form. A

week factorizaction has been obtained in Abrahams and Wickham (1991) and Buyukaksoy
and Serbest (1993). Alternatively, in the following we will use the Fredholm factorizaction
described in chapter 5.

8.2.2 Qualitative characteristics of the solution

Taking into account that det GðhÞ½ � ¼ 1, we observe that the structural singularities of the
W-H unknowns are only the branch points h ¼ 	k. After obtaining the W-H unknowns

1 Equation (34) are not written in normal form.
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V1þ and A2þ, and V2� and A1�, we can use the following expressions to evaluate V ðh, yÞ and
Iðh, yÞ and the corresponding transverse components of the electromagnetic field everywhere:

for y > 0

Ezðx, yÞ ¼ Ei
zðx, yÞ þ Er

zðx, yÞ þ 1
2p

ð1

�1
Vðh, 0Þe�jhxe�jtydh ð38Þ

Hxðx, yÞ ¼ Hi
xðx, yÞ þ Hr

x ðx, yÞ þ 1
2p

ð1

�1
Iðh, 0Þe�jhxe�jtydh

V ðh, yÞ ¼ V1þe�jty, Iðh, yÞ ¼ V1þ
Zc

e�jty

ð39Þ

for �d < y < 0

Vðh, yÞ ¼ V1þsinðtðd þ yÞÞ � V2�sinðt yÞ
sinðtdÞ

ð40Þ
Iðh, yÞ ¼ j

V1þcosðtðd þ yÞÞ � V2�cosðt yÞ
ZcsinðtdÞ

for y < �d

Vðh, yÞ ¼ V2�e�jtðyþdÞ, Iðh, yÞ ¼ �V2�
Zc

e�jtðyþdÞ

These expressions show that V ðh, yÞ and Iðh, yÞ contain as singularities only the branch
points h ¼ 	k.

It seems that V ðh, yÞ and Iðh, yÞ in eqs. (40) are exponentially unbounded as h ! 	1.
The following alternative expressions are more suitable for the evaluation in the region
ð�d < y < 0Þ through an inverse Fourier transform:

Vðh, yÞ ¼ wm
A1�e jty þ e �jtðdþyÞÞA2þ

2t

Iðh, yÞ ¼ tðe�jty þ e jtð2dþyÞÞV1þ
ð1 � e2jt dÞwm � tðe jtðdþyÞ þ e jtðd�yÞÞV2�

ð1 � e2jt dÞwm ð�d < y < 0Þ

8.2.3 Numerical evaluation of the electromagnetic field

The electromagnetic field can be evaluated through the inverse Fourier transforms

Ezðx, yÞ ¼ 1
2p

ð1

�1
Vðh, yÞe�jhxdh ð41Þ

232 CHAPTER 8 ● Planar discontinuities in stratified media

www.ebook3000.com

http://www.ebook3000.org


Hxðx, yÞ ¼ 1
2p

ð1

�1
Iðh, yÞe�jhxdh ð42Þ

In the region ð�d < y < 0Þ, it is sufficient to use the inverse discrete Fourier transform. In
the open region, the far field can be evaluated with the saddle point method (section 2.9.2).

8.2.4 Numerical solution of the W-H equations

The factorization of the matrix GðhÞ has been considered by Büyükaksoy and Serbest (1993).
Alternatively an efficient approximate factorization can be obtained using the Fredholm
integral equation technique (chapter 5). First we normalize GðhÞ in the form

GðhÞ ¼
2t
k

�e�jtd

e�jtd 1� e�2jtd

2t
k

0
BB@

1
CCA¼

ffiffiffiffiffiffiffiffiffiffi
k þ h

p
ffiffiffi
k

p 0

0

ffiffiffi
k

p
ffiffiffiffiffiffiffiffiffiffi
k þ h

p

0
BBBB@

1
CCCCA �MðhÞ �

ffiffiffiffiffiffiffiffiffiffi
k � h

p
ffiffiffi
k

p 0

0

ffiffiffi
k

p
ffiffiffiffiffiffiffiffiffiffi
k � h

p

0
BBBB@

1
CCCCA ð43Þ

where

MðhÞ ¼
2 �

ffiffiffiffiffiffiffiffiffiffiffi
k � h

p
ffiffiffiffiffiffiffiffiffiffiffi
k þ h

p e�jtd

ffiffiffiffiffiffiffiffiffiffiffi
k þ h

p
ffiffiffiffiffiffiffiffiffiffiffi
k � h

p e�jtd 1 � e�2jtd

2

0
BBB@

1
CCCA ð44Þ

We observe that

M�1ðhÞ ¼
1 � e�2jtd

2

ffiffiffiffiffiffiffiffiffiffiffi
k � h

p
ffiffiffiffiffiffiffiffiffiffiffi
k þ h

p e�jtd

�
ffiffiffiffiffiffiffiffiffiffiffi
k þ h

p
ffiffiffiffiffiffiffiffiffiffiffi
k � h

p e�jtd 2

0
BBB@

1
CCCA ð45Þ

is bounded. Hence, the Fredholm equation

MðhÞFþðhÞ þ 1
2p j

:

ðþ1

�1

MðtÞ � MðhÞ½ �FþðtÞ
t � h

dt ¼ R

h� ho
ð46Þ

involves a Fredholm kernel M�1ðhÞ MðtÞ�MðhÞ½ �
t�h that is compact. Next we use the approximate

techniques indicated in section 5.1.5. Since the original integration line (real axis) is very
near the branch points 	k and the pole ho, it is convenient to warp the integration path.
According to the indications of section 5.1.5.1, in the following we use three paths.

8.2 ● The reversed half-planes problem 233



Path G:

hðyÞ ¼ �k cos �p
2
þ 1

2
gdð�yÞ � jy

� �
, ðgudermann lineÞ ð47Þ

with gdðxÞ ¼ arc cos 1
cosh x sgnðxÞ.

Path B:

hðyÞ ¼ e jp4y, �1 < y < 1, ðbisector straight lineÞ ð48Þ

Path C:

hðxÞ ¼ k x þ j
arctan x

10ð1 þ x2Þ
� �

, ðslight deformed real axisÞ ð49Þ

8.2.4.1 Numerical simulations

Due to the compactness of the Fredholm kernel M�1ðhÞ MðtÞ�MðhÞ½ �
t�h , we are sure that by

increasing A and decreasing h in the numerical scheme indicated in section 5.1.5, the
approximate solution converges to the exact solution (Kantorovich & Krylov, 1967).

Consequently, the problem is to find the best technique to minimize the computer time.
Previously we have indicated three possible ways based on the warping of the original

real axis along the paths G, B, and C.
Working in the w � plane (path G) implies the possibility to select small values of A,

since the kernel mðh, tÞ behaves as 1
cosh y instead of 1

y as y ! 1. Conversely, working in the

h� plane (paths B and C), we observe that the discretization is uniform in the h� plane
and assures that the contribution of the integrand is well considered everywhere in the
integral.

Since a comparison with an exact solution is not available, to have a criterion on the
accuracy of the approximate solution we changed the values of A and h and compared the
different solutions obtained with the three paths G, B, and C. For the sake of simplicity we
report only the numerical results obtained with path G when A ¼ 20 and h ¼ 0:04.

We have considered the unknowns:

~V 1þðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
k � h

k

r
V1þðhÞ, ~V 2�ðhÞ ¼

ffiffiffiffiffiffiffiffiffiffiffi
k þ h

k

r
V2�ðhÞ ð50Þ

Figure 3 shows the value of the function V̂ 2�ðjÞ
�� �� ¼ ~V 2�ð�k cosjÞ, whereas Fig. 4 reports

the value of the function V̂ 1þðjÞ
�� �� ¼ ~V 1þð�k cosjÞ.

The numerical evaluation of V̂ 1þðjÞ is very accurate. Changing the path of the integra-
tion and/or the values of A and h provides plots that are indistinguishable. The relative error
from the different evaluations is less than 2–3%. This does not happen for the function
V̂ 2�ðjÞ, which is related to the electric field in an aperture located in a shadow region. The
plot obtained in Fig. 3 should be accurate, since it was obtained from high values of A and
small values of h.
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8.2.4.2 A method for increasing the accuracy or the function V2�ðhÞ
From one of the W-H equations we have

V2�ðhÞ ¼ e�jtdV1þðhÞ þ jkd
e�jtdsinðt dÞ

t d
ZoA2þðhÞ ð51Þ

We observed that whereas the accuracy of the approximate evaluations of V1þðhÞ and A2þðhÞ
is good, this does not happen for the function V2�ðhÞ. For instance, in its inverse Fourier
transform Ezðx, �dÞ presents significant values for x > 0 in contrast with the fact that
Ezðx, � dÞ must vanish on the PEC half-plane located in x > 0, y ¼ �d.

The reason for the discrepancy is because especially if k d is small the values of
Ezðx, yÞ on the aperture x < 0, y ¼ �d are very small with respect to those on the aperture
x > 0, y ¼ 0. Consequently, we need a high accuracy in the approximate expressions of

0.5

2

3

4
A = 20

V1+(j) k = 1 – I 10–8

d = 1; Eo = 1
jo = 3π/4

h = 0.04

5
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j

Fig. 4: Plot of V̂ 1þðjÞ
�� ��

j
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Fig. 3: Plot of V̂ 2�ðjÞ
�� ��
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V1þðhÞ and A2þðhÞ to have a sufficient accuracy of V2�ðhÞ obtained by eq. (51); for instance,
this accuracy must be high near h ¼ k, since V1þðhÞ and A2þðhÞ present a branch point but
V2�ðhÞ is regular.

To overcome these numerical problems, we consider (51) as a scalar W-H equation
having V2�ðhÞ and A2þðhÞ as unknowns. The factorization of the function

MðaÞ ¼ e�jtd
sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
d

h i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
d

ð52Þ

was accomplished in chapter 3, section 3.2.6.2, example 6, yielding

MþðaÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðkdÞ

kd

r
exp � t d

p
log

jt� a
k

þ q a
� �

eg
a
A G

B

A
þ 1

� �

G �a
A
þ B

A
þ 1

� � Y1
n¼1

1 � a
an

� �

1 � a
An þ B

� � ð53Þ

M�ðaÞ ¼ Mþð�aÞ ð54Þ

where

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p

A ¼ �j
p
d

, B ¼ 0, q ¼ j
d

p
log � j2p

kd

� �
þ 1 � g

� �

an ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � np

d

� 	2
r

, n ¼ 1, 2, . . . , Im an½ � < 0

ð55Þ

By assuming l ¼ 1, k ¼ 2p
l ð1 � j10�6Þ, d ¼ 1:1 l

2 and a truncated product with Nb ¼ 200,
we obtain an error M�ðaÞMþðaÞ � MðaÞ that vanishes in the range �100 � a � 100.

We also ascertained that with these approximations, the functions
ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
MþðaÞ and its

inverse ð ffiffiffiffiffiffiffiffiffiffiffiffi
k � a

p
MþðaÞÞ�1 behave as a bounded not vanishing constant as a ! 1.

The W-H technique yields the following expression for V2�ðhÞ:
V2�ðhÞ ¼ M�ðhÞY�ðhÞ ð56Þ

where Y�ðhÞ ¼ M�1
� ðhÞe�j

ffiffiffiffiffiffiffiffiffi
k2�h2

p
dV1þðhÞ

n o
�

is the minus decomposed function of

M�1
� ðhÞe�j

ffiffiffiffiffiffiffiffiffi
k2�h2

p
dV1þðhÞ that is expressed by (see chapter 3, section 3.1, eq. (3)):

Y�ðhÞ ¼ � 1
2pj

ð
g2

M�1
� ðuÞe�jtðuÞdV1þðuÞ

u � h
du ð57Þ

where tðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
. By decomposing t ¼ t� þ tþ (chapter 3, section 3.1.1, eq. (13)):

tþðhÞ ¼ tðhÞ
jp

log
jtðhÞ � h

k
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t�ðhÞ ¼ tðhÞ
jp

log
jtðhÞ þ h

k
ð58Þ

we obtain

Y�ðhÞ ¼ � 1
2p j

ð
g2

M�1
� ðuÞe�jt�ðuÞde�jtþðuÞdV1þðuÞ

u � h
du

¼ � 1
2p j

ð
g2

M�1
� ðuÞe�jt�ðuÞd � M�1

� ðhÞe�jt�ðhÞd

 �

e�jtþðuÞdV1þðuÞ
u � h

du

þ M�1
� ðhÞe�jt�ðhÞd

2p j

ð
g2

e�jtþðuÞdV1þðuÞ
u � h

du ð59Þ

The last integral vanishes since it represents the minus part of a plus function. This yields

M�1
� ðhÞV2�ðhÞ ¼ � 1

2p j

ð1

�1

M�1
� ðuÞe�jt�ðuÞd � M�1

� ðhÞe�jt�ðhÞd
 �
e�jtþðuÞdV1þðuÞ

u � h
du ð60Þ

A numerical quadrature gives

M�1
� ðhÞV2�ðhÞ ¼ � h

2p j

XA=h

i¼�A=h

qðh, hiÞe�jtþðhiÞdV1þðhiÞ ð61Þ

where

qðh, uÞ ¼ If u ¼ h,
d

dh
l�ðhÞ½ �, l�ðuÞ � l�ðhÞ

u � h

� �
ð62Þ

with

l�ðhÞ ¼ M�1
� ðhÞe�jt�ðhÞd ¼

exp �q h½ �e�g
h
AG � h

A
þ B

A
þ 1

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinðkdÞ

kd

r
G

B

A
þ 1

� � Y1
n¼1

1 � h
an

� �

1 � h
An þ B

� � ð63Þ

8.2.5 Source constituted by a skew plane wave

Consider an incident plane wave impinging at a skew incidence angle b on the two reversed
planes shown in Fig. 2a:

Ei
z ¼ Eoejto r cosðj�joÞe�jao z, Hi

z ¼ Hoe jto r cosðj�joÞe�jao z ð64Þ
where ao ¼ k cos b, to ¼ k sinb ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
o

p
, r cosðj� joÞ ¼ x cosjo þ y sinjo
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Using Maxwell’s equations yields the following additional components of the incident
plane wave:

Ei
x ¼ e jto r cosðj�joÞe�jaoz Eoao cosjo þ ZoHok sinjo

to

Ei
y ¼ e jto r cosðj�joÞe�jaoz Eoao sinjo � ZoHok cosjo

to

Hi
x ¼ e jto r cosðj�joÞe�jaoz �EokYo sinjo þ aoHo cosjo

to

Hi
y ¼ e jto r cosðj�joÞe�jaoz EokYo cosjo þ Hoao sinjo

to

ð65Þ

where Zo and Yo ¼ Z�1
o are the impedance and admittance of free space. In the spectral

domain we introduce the following Fourier transforms:

Vðh, yÞ ¼ e jaoz

ð1

�1
ŷ � Etðx, y, zÞe jhxdx

Iðh, yÞ ¼ e jaoz

ð1

�1
Htðx, y, zÞe jhxdx

ð66Þ

where Et ¼ ẑEz þ x̂Ex, Ht ¼ ẑHz þ x̂Hx.
The previous formulation yield again

GðhÞ � V1þ
A2þ

����
���� ¼ A1�

V2�

����
���� ¼ As

1�
Vs

2�

����
����þ Ro

h� ho
ð67Þ

where

ho ¼ �to cosjo

V1þðhÞ ¼ Vðh, 0Þ, V2�ðhÞ ¼ Vðh, �dÞ, A1�ðhÞ ¼ Iðh, 0þÞ � Iðh, 0�Þ
A2þðhÞ ¼ Iðh, �dþÞ � Iðh, �d�Þ2

GðhÞ ¼
ðY1 þYcÞ � ðY1 þ 2Y3 þYÞ

Y1 þY3 þYc
� Y3

Y1 þY3 þYc

Y3

Y1 þY3 þYc

1
Y1 þY3 þYc

0
BBB@

1
CCCA¼ 2 Yc �e�jxd12

e�jxd12 j e�jxdsin ðxdÞZc

 !

ð68Þ
with

x ¼ xðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � h2
q

, Y1 ¼ Y2 ¼ jYc tan
xd

2
, Y3 ¼ �jYc

1
sin xd

Yc ¼ Yo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

p t2
o �h ao

�h ao k2 � h2

�����
�����, Zc ¼ Zo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

o � h2
p k2 � h2 h ao

h ao t2
o

�����
�����

2 The expressions used in the components of GðhÞ make sense since all the introduced matrices commute.
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and 12 is the 2 � 2 identity matrix. According to the previous considerations Ro can be

evaluated either as the characteristic part of the minus function
A1�
V2�

����
���� or the characteristic

part of GðhÞ � V1þ
A2þ

����
����.

We observe that geometrical optics arises from the following contributions:

Wall: y ¼ 0, x < 0: incident wave plus reflected wave due to the PEC plane,
Aperture: y ¼ �d, x < 0: no geometrical optics contribution,
Aperture : y ¼ 0, x > 0: incident wave plus reflected wave due to the PEC plane y ¼ �d,
Wall: y ¼ �d, x > 0: incident wave plus reflected wave due to a PEC plane y ¼ �d:

The first evaluation is very simple since in this case for A1� we have the same characteristic
part considered in the skew incidence on a single PEC half-plane, whereas the characteristic
part of V2�vanishes. It follows that

Ro ¼

�2j Ho

� 2jao cosjo

to
Ho þ 2jk sinjo

to Zo
Eo

0

0

�����������

�����������
ð69Þ

Conversely, in the alternative evaluation the characteristic part of
V1þ
V2þ

����
���� is given by

Tt

h� ho
ð70Þ

where, taking into account the considerations relevant to eq. (11),

Tt ¼

ð�j þ je�2jdto sin joÞðEoao cosjo þ HokZo sinjoÞ
to

ð j � je�2jdto sin joÞEo

2je�jdto sin jo Ho

2je�jdto sin joðHoZoao cosjo � Eok sinjoÞ
toZo

���������������

���������������
Of course the following equation holds:

Ro ¼ GðhoÞ � Tt ð71Þ

Taking into account that Zc ¼ Y�1
c commutes with Yc, the factorization of GðhÞ can be

accomplished by putting the 4 � 4 matrix in the form:

GðhÞ ¼ AðhÞ � 12 þ BðhÞ � YcðhÞ

where the matrices AðhÞ and BðhÞ are 2 � 2 matrices.
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The key point to reduce the order of matrices to be factorized is the observation that the

polynomial matrix tðhÞ ¼ h �ao

ao h

����
���� makes Yc and Zc diagonal. In fact,

Zc ¼ t�1ðhÞ �
x
we

0

0
k2

wex

��������

��������
� tðhÞ, Zc ¼ t�1ðhÞ �

we
x

0

0
x
wm

��������

��������
� tðhÞ ð72Þ

or

k2 � h2 h ao

h ao t2
o

�����
����� ¼ t�1ðhÞ � dðhÞ � tðhÞ ð73Þ

where

dðhÞ ¼ x2 0

0 k2

�����
�����

It follows that putting TðhÞ ¼ tðhÞ 0

0 tðhÞ

����
���� ¼ 12 � tðhÞ, the matrix TðhÞ � GðhÞ � T�1ðhÞ has

the form

TðhÞ � GðhÞ � T�1ðhÞ ¼
x 0 x 0
0 x 0 x
x 0 x 0
0 x 0 x

��������

��������
ð74Þ

where x means a nonzero element. Introducing the permutation matrix P ¼ P�1 defined by

P ¼
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

��������

��������
ð75Þ

we get the following quasi-diagonal matrix:

P � TðhÞ � GðhÞ � T�1ðhÞ � P ¼ Gd1ðhÞ 0

0 Gd2ðhÞ

����
���� ð76Þ

where the matrices Gd1ðhÞ and Gd2ðhÞ are of order two.
To have matrices that with their inverses exist and are bounded as h ! 	1, we operate a

normalization by introducing the matrix GtðhÞ defined by

GtðhÞ¼n� �diag 1,Yo,Zo,1½ � �P �T �GðhÞ �T�1 �P �diag Zo,1,1,Yo½ � �nþ¼ GthðhÞ 0

0 GteðhÞ

 !

ð77Þ
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where the normalization matrices n	 are given by

n
 ¼ diag

ffiffiffiffiffiffiffiffiffiffiffiffiffi
to 	 h

p
ffiffiffiffiffi
to

p ,
ffiffiffiffiffi
to

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
to 	 h

p ,
ffiffiffiffiffi
to

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
to 	 h

p ,

ffiffiffiffiffiffiffiffiffiffiffiffiffi
to 	 h

p
ffiffiffiffiffi
to

p
� �

ð78Þ

The 2 � 2 matrices GthðhÞ and GteðhÞ are suitable for the Fredholm factorization since they
are bounded with their inverses as a ! 1. They have the following explicit expressions:

GthðhÞ¼
2 �e�jxd

ffiffiffiffiffiffiffiffiffiffiffiffi
to þh

p
ffiffiffiffiffiffiffiffiffiffiffiffito �hp

e�jxd

ffiffiffiffiffiffiffiffiffiffiffiffito �hp
ffiffiffiffiffiffiffiffiffiffiffiffi
to þh

p je�jxdsinðxdÞ

0
BBB@

1
CCCA, GteðhÞ¼

2 �e�jxd

ffiffiffiffiffiffiffiffiffiffiffiffito �hp
ffiffiffiffiffiffiffiffiffiffiffiffi
to þh

p

e�jxd

ffiffiffiffiffiffiffiffiffiffiffiffi
to þh

p
ffiffiffiffiffiffiffiffiffiffiffiffito �hp je�jxdsinðxdÞ

0
BBB@

1
CCCA

ð79Þ
In the previous section we have factorized GteðhÞ by the Fredholm method. Now we show
that the factorization of GthðhÞ reduces to that of GteðhÞ ¼ Gte�ðhÞ � GteþðhÞ. In fact, the
following equation holds:

GthðhÞ ¼
1 0

0
to � h
to þ h

0
@

1
A � GteðhÞ �

1 0

0
to þ h
to � h

0
@

1
A ð80Þ

which provides the weak factorization of GthðhÞ ¼ Gthw�ðhÞ � GthwþðhÞ, where

Gthw�ðhÞ ¼
1 0

0
to � h
to þ h

0
@

1
A � Gte�ðhÞ, GthwþðhÞ ¼ GteþðhÞ �

1 0

0
to þ h
to � h

0
@

1
A ð81Þ

Starting from the weak factorizations (81), we can accomplish the standard factorizations
of GthðhÞ ¼ Gth�ðhÞ � GthþðhÞ and GteðhÞ ¼ Gte�ðhÞ � GteþðhÞ by using known techniques
(section 2.7). With the standard factorized matrices, taking into account eq. (78), we get the
following factorization of GðhÞ ¼ Gw�ðhÞ � GwþðhÞ:

Gw�ðhÞ ¼ n� � diag 1,Yo, Zo, 1½ � � P � T½ ��1 � Gth�ðhÞ 0

0 Gte�ðhÞ

 !
ð82Þ

GwþðhÞ ¼
GthþðhÞ 0

0 GteþðhÞ

 !
� T�1 � P � diag Zo, 1, 1, Yo½ � � nþ

 ��1 ð83Þ

This factorization is again weak for the presence of the polynomial matrix T , which intro-
duces a nonvanishing entire function in the W-H solution technique (section 2.4.1). To
evaluate this entire function we will use the following result:

t�1ðhÞ ¼ 1
h2 þ a2

o

h ao

�ao h

����
���� or T�1 ¼ TaðhÞ

h2 þ a2
o

ð84Þ
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where

TaðhÞ ¼
h ao 0 0

�ao h 0 0
0 0 h ao

0 0 �ao h

��������

��������

8.2.5.1 Formal solution

Rewrite the W-H equation in the form

GðhÞ � FþðhÞ ¼ F�ðhÞ ¼ X�ðhÞ þ Ro

h� ho
ð85Þ

where

FþðhÞ ¼
V1þ
A2þ

����
����, X�ðhÞ ¼

As
1�

Vs
2�

�����
�����, F�ðhÞ ¼

A1�
V2�

����
����

After operating the factorization GðhÞ ¼ Gw�ðhÞ � GwþðhÞ, the W-H technique yields

GwþðhÞ � FþðhÞ ¼ G�1
w�ðhÞ � X�ðhÞ þ G�1

w�ðhÞ �
Ro

h� ho
ð86Þ

or

GwþðhÞ � FþðhÞ � G�1
w�ðhoÞ �

Ro

h� ho
¼ G�1

w�ðhÞ � F�ðhÞ � G�1
w�ðhoÞ �

Ro

h� ho
¼ w ð87Þ

Taking into account the form of the factorized matrices Gw�ðhÞ and GwþðhÞ, it follows that
the vector w is constant. To obtain this unknown vector, we resort to the same procedure
used to factorize YcðhÞ in chapter 7. For instance, taking into account (85), w must be chosen
in order to ensure that the solutions

FþðhÞ ¼G�1
wþðhÞ � w þ G�1

w�ðhoÞ �
Ro

h� ho

� �
ð88Þ

F�ðhÞ¼Gw�ðhÞ � w þ G�1
w�ðhoÞ �

Ro

h� ho

� �
ð89Þ

do not present the offending poles h ¼ jao and h ¼ �jao, respectively.
In the following the null spaces of TaðjaoÞ and Tað�jaoÞ will be important. By using

MATHEMATICA we get

NullSpace Tað�jaoÞ½ � ¼ c1 u1 þ c2 u2

NullSpace TaðjaoÞ½ � ¼ �c3 u3 � c4 u4
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where the constant ci, i ¼ 1, 2, 3, 4 are arbitrary, and the vectors ui, i ¼ 1, 2, 3, 4 are defined by

u1 ¼

0

0

�j

1

����������

����������
, u2 ¼

�j

1

0

0

����������

����������
, u3 ¼

0

0

j

1

����������

����������
, u4 ¼

j

1

0

0

����������

����������
Looking at eq. (88), the absence of the offending pole h ¼ jao in FþðhÞ implies that the
vector

P � diag Zo, 1, 1, Yo½ � � nþðjaoÞ �
GthþðjaoÞ 0

0 GteþðjaoÞ

 !�1

� w þ G�1
w�ðhoÞ �

Ro

jao � ho

� �

must be in the null space of TaðjaoÞ:

P � diag Zo, 1, 1, Yo½ � � nþðjaoÞ �
GthþðjaoÞ 0

0 GteþðjaoÞ

 !�1

� w þ G�1
w�ðhoÞ �

Ro

jao � ho

� �

¼ �c3 u3 � c4 u4

ð90Þ
Similarly, the absence of the offending pole h ¼ �jao in F�ðhÞ implies

P � diag 1,Zo,Yo, 1½ � � n�1
� ð�jaoÞ �

Gth�ð�jaoÞ 0

0 Gte�ð�jaoÞ

 !
� wþG�1

w�ðhoÞ �
Ro

�jao � ho

� �

¼ c1 u1 þ c2 u2

ð91Þ
The previous eight scalar equations allow us to determine the eight unknowns ci,
i ¼ 1, 2, 3, 4 and the four components of w. We get

c1

c2

c3

c4

��������

��������
¼ 2j M�1 � G�1

w�ðhoÞ �
Roao

a2
o þ h2

o

ð92Þ

w ¼ P � diag 1, Zo, Yo,1½ � � n�1
� ð�jaoÞ �

Gth�ð�jaoÞ 0

0 Gte�ð�jaoÞ

 !" #�1

� ðc1 u1 þ c2 u2Þ

� G�1
w�ðhoÞ �

Ro

�jao � ho

ð93Þ
where the 4 � 4 matrix M is defined by

M ¼ U1;U2;U3;U4j j ð94Þ
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with the vector Ui, i ¼ 1, 2, 3, 4 defined by

U1 ¼ P � diag 1, Zo, Yo, 1½ � � n�1
� ð�jaoÞ �

Gth�ð�jaoÞ 0

0 Gte�ð�jaoÞ

0
@

1
A

2
4

3
5
�1

� u1

U2 ¼ P � diag 1, Zo, Yo, 1½ � � n�1
� ð�jaoÞ �

Gth�ð�jaoÞ 0

0 Gte�ð�jaoÞ

0
@

1
A

2
4

3
5
�1

� u2

U3 ¼ P � diag Zo, 1, 1, Yo½ � � nþðjaoÞ �
GthþðjaoÞ 0

0 GteþðjaoÞ

0
@

1
A
�12

4
3
5
�1

� u3

U4 ¼ P � diag Zo, 1, 1, Yo½ � � nþðjaoÞ �
GthþðjaoÞ 0

0 GteþðjaoÞ

0
@

1
A
�12

4
3
5
�1

� u4

ð95Þ

8.3 The three half-planes problem

8.3.1 The E-polarization case (normal incidence case)

Figure 5 illustrates the geometry of the problem. In the spectral domain, this geometry can be
studied with a circuit representation, as shown in Fig. 6. In particular, the three PEC walls are

Ez
y

x

A1– V1+

V1+

V2+

V2+

V3+

V3+

A1–

A2–

A2– –d

–2d

A3–

A3–

SB
Hj

jo

Fig. 5: Diffraction on three equally spaced semi-infinite PEC planes: E-polarization; Wiener-
Hopf unknowns also shown
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simulated by the current generators A1�, A2� and A3�; the two slabs �d � y � 0 and
�2d � y � �d in the physical structure are equivalent to the twoP two-ports indicated in figure.

Writing the node equations on circuit 6 leads directly the W-H equations of the following
problem:

node1 ) ðYc þ Y1 þ Y3ÞV1þ � Y3V2þ ¼ A1�
node3 ) ðYc þ Y1 þ Y3ÞV3þ � Y3V2þ ¼ A3�
node2 ) 2ðY1 þ Y3ÞV2þ � Y3V1þ � Y3V3þ ¼ A2�

ð96Þ

where

Y1 ¼ Y2 ¼ jYc tan
td
2

, Y3 ¼ �jYc
1

sin td
, Yc ¼ t

w m
, t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p

V1þ, V2þ and V3þ and �A1�, �A2� and �A3þ are the Fourier transforms of the electric
field Ez on the three apertures y ¼ 0, y ¼ �d, y ¼ �2d, respectively, and the total currents
induced on the three half-planes.

The previous equations constitute a W-H system of third order. The symmetry of the geo-
metry allows us to reduce the order of this system. By summing the first two equations we get

GðhÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ko � h

p ðV1þ þ V3þÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ko � h

p
V2þ

�����
����� ¼

Zo
kffiffiffiffiffiffiffiffiffiffiffiffiffi

ko þ h
p ðA1� þ A3�Þ

Zo
kffiffiffiffiffiffiffiffiffiffiffiffiffi

ko þ h
p A2�

���������

���������
ð97Þ

where

GðhÞ ¼ 2
ð1 � e�2jtdÞ

1 �e�jtd

�e�jtd 1 þ e�2jtd

2

0
BB@

1
CCA

G�1ðhÞ ¼
1 þ e�2jtd

2
e�jtd

e�jtd 1

0
BB@

1
CCA ¼ e�jtd

cosðtdÞ 1

1 ejtd

0
B@

1
CA

ð98Þ

V3+ 3 V2+ 2 V1+ 1Y3 Y3

y = 0

A1–A2–A3–

yy = –dy = –2d

Y1Y2Y1Y2Yc Yc

Fig. 6: Equivalent circuit model of the problem under study
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The factorization of GðhÞ was studied by Jones (1986), who obtained a nonstandard fac-
torization where the factorized matrices present an offending behavior at 1. The possibility
of obtaining a nonstandard factorization is because the kernel matrix commutes with an
entire matrix. In fact,

cosðtdÞ 1

1 ejtd

 !
¼

cosðtdÞ 1

1 cosðtdÞ

 !
þ j

0 0

0 sinðtdÞ

 !

¼ P� � 1 þ jtd P�1
� �

0 0

0
sinðtdÞ
td

0
B@

1
CA � P�1

þ

2
64

3
75 � Pþ

where

P ¼ cosðtdÞ 1

1 cosðtdÞ

� �
¼ P� � Pþ

The factorization of P is simple and yields entire factorized matrices P� and Pþ expressed
by infinite products. The previous equations show that we reduced the factorization of GðhÞ
to the factorization of the matrix

1 þ jtd P�1
� �

0 0

0
sinðtdÞ
td

0
@

1
A � P�1

þ

This matrix commutes with the entire matrix

WðhÞ ¼ P�1
� �

0 0

0
sinðtdÞ
td

0
@

1
A � P�1

þ

The logarithmic decomposition of 1 þ jtd P�1
� � 0 0

0 sinðtdÞ
td

 !
� P�1

þ introduces offending

behavior that can be eliminated by multiplying the nonstandard factorized matrix by a
suitable entire matrix (chapter 4). The complete specification of this entire matrix requires
the solution of an infinite set of linear equations.

Accurate calculations are very cumbersome, so again it is better to use the Fredholm
factorization. It applies immediately, since GðhÞ and its inverse G�1ðhÞ are bounded on the
real axis as h ! 	1. Taking into account that

A1� ¼ As
1� þ 2j

Eo sinjo

Zo

1
h� ho

ð99Þ

we can rewrite the W-H system in the normal form:

GðhÞ � FþðhÞ ¼ X�ðhÞ þ Ro

h� ho
ð100Þ
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where

FþðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ko � h

p ðV1þ þ V3þÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ko � h

p
V2þ

�����
�����, Ro ¼

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ko þ ho

p 2jEo sinjo

0

�������

�������
ð101Þ

By using the expedient of section 5.1.5 of warping the real axis in the integration line
hðyÞ ¼ e jp4y, �1 < y < 1, we obtain the resulted indicated in Fig. 7 and Fig. 8.

8.3.2 The skew incidence case

As it happens for the half-plane problem (section 7.5) or for the planar waveguide problem
(section 8.1.4), in the skew incidence case we are dealing with a matrix kernel that has the form

GðhÞ ¼ GðhÞ � RðhÞ
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3p
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h h

4
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,   ho = –k cos jo,   R =

Fig. 7: Plot of the plus unknowns, where the integration line hðyÞ ¼ e jp4y, �1 < y < 1
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Fig. 8: Plot of the minus unknowns, where the integration line hðyÞ ¼ e jp4y, �1 < y < 1
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where GðhÞ is defined by eq. (98) and

RðhÞ ¼ 1

x2

t2
o �h ao

�h ao k2 � h2

�����
�����

We achieve the factorization with the well-known equations

GðhÞ ¼ GðhÞ � RðhÞ ¼ G�ðhÞ � GþðhÞ½ � � R�ðhÞ � RþðhÞ½ �
¼ G�ðhÞ � R�ðhÞ½ � � GþðhÞ � RþðhÞ½ � ¼ G�ðhÞ � GþðhÞ

8.4 Arrays of parallel wire antennas in stratified media

8.4.1 The single antenna case

Consider Fig. 13 in chapter 6 and assume that the radius of the wire is a. In the spectral
domain the component ~Ez must satisfy the following wave equation:

@2

@x2
þ @2

@y2
þ t2

� �
~Ez ¼ 0 ð102Þ

where t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
. The solution of (102) that satisfies the radiation condition is given by

~Ez ¼ CðaÞH ð2Þ
o ðtrÞ ð103Þ

To evaluate CðaÞ, we consider the azimuthal component Hj:

~H jðrÞ ¼ �j
k

Zot2

@~Ez

@r
¼ �j

k

Zot
CðaÞH ð2Þ

0
0ðtrÞ ð104Þ

In the whole cylinder r � a, �1 < z < 1 we can neglect the displacement currents
(Canavero, Daniele & Graglia, 1988) whence Ampere’s law yields

2pa ~H jðaÞ ¼ ~I ðaÞ ð105Þ
where ~I ðaÞ is the Fourier transform of the current IðzÞ:

~I ðaÞ ¼
ðL=2

�L=2

IðzÞe jazdz:

Substituting (105) into (104) and (103) yields the radiated field ~E
s
zðrÞ

~E
s
zðrÞ ¼

jtZoH ð2Þ
o ðt rÞ

2pkaH ð2Þ
o

0ðt aÞ
~I ðaÞ ð106Þ

Taking into account that ~EzðaÞ vanishes on the surface of the wire we have

~E
s
zðaÞ ¼ V�ðaÞ � Vo
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where V�ðaÞ is the Fourier transform of a function that vanishes in the range
�L=2 < z < L=2. Substituting the previous equation in (106) we get the longitudinal
modified W-H equation:

jtZoH ð2Þ
o ðt aÞ

2pkaH ð2Þ
o

0ðt aÞ
~I ðaÞ ¼ V�ðaÞ � Vo ð107Þ

To obtain the impedance of the wire antenna, we do not solve this equation with the fac-
torization method but prefer to use the moment method. In particular, by using the symbols
in section 6.4 we observe that

A ! jtZoH ð2Þ
o ðt aÞ

2pkaH ð2Þ
o

0ðt aÞ

x ! iðzÞ , ~iðaÞ ¼ IðaÞ
y ! �VodðzÞ , ~yðaÞ ¼ �Vo

h ! dðzÞ
Vo

, ~hðaÞ ¼ 1
Vo

Considering L ¼ l
2 and assuming that a sinusoidal distribution of iðzÞ is physically accep-

table, we use only one moment:

y1ðzÞ ¼ j1ðzÞ ¼ cos
2p
l

z ð108Þ

which yields

~y1ðaÞ ¼ ~j1ðaÞ ¼
ðL=2

�L=2

cos
2p
l

z

� �
e jazdz ¼ 4p

l
cosðal=4Þ

ð2p=lÞ2 � a2

Hence, from (6.111) the admittance of the half-wave wire antenna is expressed by

Ya ¼ h � x ¼ j1 � y

j1 � A � y1
h � y1 ¼ 1

2p

ð1

�1
~j1ð�aÞ~yðaÞda

ð1

�1

~hð�aÞ~y1ðaÞda

ð1

�1
~j1ð�aÞ~AðaÞ~y1ðaÞda

The us of Parseval’s theorem for the integrals in the numerators yields

Ya ¼ �2p
j1ð0Þy1ð0Þð1

�1
~j1ð�aÞ~AðaÞ~y1ðaÞda
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To evaluate this integral we can take into account that for a small wire radius (a
l � 1)

jtZoH ð2Þ
o ðt aÞ

2pkaH ð2Þ
o

0ðt aÞ

 j

t2Zo

2pk
logðt aÞ

After algebraic manipulations, this yields the impedance

Za ¼ 1
Ya

¼ j
2Zo

p

ð1

0

log ðð2pÞ2 � u2Þ a

l

� 	2
� �

cos2ðu=4Þ
u2 � ð2pÞ2 du

¼ j
2Zo

p

ð1

0

log ð2pÞ2 � u2
h i cos2ðu=4Þ

u2 � ð2pÞ2 du þ j
4Zo

p
log

a

l

� 	 ð1

0

cos2ðu=4Þ
u2 � ð2pÞ2 du

The last integral is null. Taking into account that Zo ¼ 377 W, we find numerically that

Za ¼ 73:13 þ j42:55 W

8.4.2 The W-H equations of an array of wire antennas

Figure 9 illustrates an array of n wire antennas that radiate in an arbitrary stratified medium. If
the wire r with radius ar is not perfectly conducting, it presents an impedance per unit length:

Zwr ¼ JoðkwrarÞkwr

2pswrarJ1ðkwrarÞ
where kwr and swr are the propagation constant and the conductivity of the r-wire.

The spectral theory of a bundle of wires immersed in a stratified medium generalizes the
results of section 8.4.1 and is presented in Canavero, Daniele, and Graglia (1988). We obtain
the following system of modified W-H equations:

Xn

q¼1

~BqðaÞ H ð2Þ
0 ðt dqrÞ þ ~eqða, xr, yrÞ

h i
~I qðaÞ � Zwr~I rðaÞ

¼ �Vr þ Ezr�ða, xr, yrÞ þ Ezr�ða, xr, yrÞ ðr ¼ 1, 2, . . . , nÞ ð109Þ

1

e1, m1
e2, m2

e1, m1

e2, m2

n

z = 0

3

–L2/2

–L3/2

–L1/2 L1/2

L2/2

L3/22z

x z

y y

+
+

+
d12

dnn

V3

V2

V1

Fig. 9: Array of wire antennas
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where the � type functions Ezr�ða, xr, yrÞ are regular in the half-plane Im a½ � � 0, and the �
type functions Ezr�ða, xr, yrÞ are regular in the half-plane Im a½ � � 0,

dqq ¼ aq

~BqðaÞ ¼ jtZo

2pkaH ð2Þ
o

0ðt dqqÞ

~eqða, x, yÞ ¼ 1
pt2

ð1

�1

1
a2 þ h2

a2ðt2 � h2Þ~GTM ðh,aÞ þ h2k2
o
~GTEðh,aÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2 � h2
p �

� exp �jhðx � xqÞ � j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � h2

p
ðy þ yqÞ

h i
dh

ð110Þ

The reflection coefficients ~GTMðh,aÞ and ~GTEðh,aÞ are considered in the basis ŝ, b̂ where
the characteristic impedance of the isotropic media is diagonal (section 7.5); the propagation
constant c and the characteristic impedance for an isotropic medium are given by

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2 � h2

p
, Zc ¼ ZTE

c ŝŝ þ ZTM
c b̂b̂

where ZTE
c ¼ wm

c , ZTM
c ¼ c

we, y ¼ �d.

Example

In the basis ŝ, b̂ we have two scalar circuits modeled with transmission lines.
We want to evaluate the reflections coefficients ~GTMðh,aÞ and ~GTEðh,aÞ for the strati-

fication indicated in Fig. 10. The transmission line relevant to the free space has

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2 � h2

p
, ZTE

c ¼ wm
c

, ZTM
c ¼ c

we

whereas the transmission line relevant to the medium defined by e1, m1 has

c1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1 � a2 � h2
q

, ZTE
c1 ¼ wm1

c1
, ZTM

c1 ¼ c1

we1

The reflection coefficients ~GTMðh,aÞ and ~GTEðh,aÞ are given by

~GTEðh,aÞ ¼ ZTE � ZTE
c

ZTE þ ZTE
c

, ~GTMðh,aÞ ¼ ZTM � ZTM
c

ZTM þ ZTM
c

e1, m1

PEC

y

x
y = 0 y = 0

y = –d

~
ΓTE (h, a)

~
ΓTM (h, a)

c

c1

c

c1

ZTE
c

ZTE
c1

ZTM
c

ZTM
c1

Fig. 10: Evaluation of ~GTMðh,aÞ and ~GTEðh,aÞ for a particular stratification
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where ZTMðh,aÞ and ZTEðh,aÞ are the impedances in the input (y ¼ 0) of the transmission
line and are evaluated by

ZTM ¼ jZTM
c1 tanðc1dÞ, ZTE ¼ jZTE

c1 tanðc1dÞ
The matrix kernel

GrqðaÞ ¼ ~BqðaÞ H ð2Þ
0 ðt dqrÞ þ ~eqða, xr, yrÞ

h i
! GðaÞ ð111Þ

in eq. (111) contains an integral that makes its factorization very difficult. The integral
is zero if the array is in the free space, and sometimes it can be evaluated explicitly.

For instance, if d ¼ 0 we have ~GTM ðh,aÞ ¼ �1 ~GTEðh,aÞ ¼ �1 and we get

~eqða, x, yÞ ¼ �H ð2Þ
0 ðt riqÞ

where riq is the distance from the point x, y to the image of the wire q.

8.4.2.1 The admittance matrix

To get the admittance matrix Yrq ! Ya of the array defined by

I1ð0Þ ¼ Y11V1 þ Y12V2 þ � � � þ Y1nVn

I2ð0Þ ¼ Y21V1 þ Y22V2 þ � � � þ Y2nVn

� � � � � � � � � � � � � � � � � � � � � � � � � � �
Inð0Þ ¼ Yn1V1 þ Yn2V2 þ � � � þ YnnVn

it is convenient to resort to the moment method, as it has been used in section 8.4.1.
For the sake of simplicity, let us assume that the voltages Vi are all vanishing except for

V1 ¼ 1. If follows that Yr1 ¼ Irð0Þ.
Let us introduce the space A� En, where A is the Hilbert space, and En the Euclidean

space on n dimensions. In this space, a vector x has the following representations in the
natural space and in the spectral space, respectively:

x ¼
xð1ÞðzÞ
xð2ÞðzÞ
� � �

xðnÞðzÞ

��������

��������
, ~x ¼

~xð1ÞðaÞ
~xð2ÞðaÞ
� � �

~xðnÞðaÞ

��������

��������
In our case the vector x has the components

xðrÞðzÞ ¼ IrðzÞ or ~xðrÞðaÞ ¼ ~I rðaÞ
while the vector y has component yðrÞ ¼ dr1dðzÞ. Introducing the vector hs that in the natural
space has component

hðrÞs ¼ drsdðzÞ
we get that Irð0Þ is a functional in the space A� En. In fact,

Irð0Þ ¼ hr � x

According to the results of section 6.4.2, this means that if we evaluate x with the moment
method the quantity Irð0Þ ¼ Yr1 is stationary.
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To evaluate x with the moment method we introduce the following approximate repre-
sentation of the current IrðzÞ=Irð0Þ:

IrðzÞ
Irð0Þ ¼ frðzÞ ¼ sin k

Lr

2
� ��z��

� �� �

or

~I rðaÞ
I r

¼ ~frðaÞ ¼ k e jaLr=2 � ke�jaLr=2cosðkLrÞ � jae�jaLr=2sinðkLrÞ
k2 � a2

ð112Þ

and introduce the n moment (r ¼ 1, 2, . . . , n):

~yrðaÞ ¼ ~jrðaÞ ¼ 0, 0,
~f rðaÞ

sin k Lr
2

� 
 , 0, 0

�����
�����
t

ð113Þ

In this way from the representation

x ¼ x1y1 þ x2y2 þ � � � þ xnyn

we get

Yr1 ¼ Irð0Þ ¼ xr:

The values of xr are given by the solution of the system

j1 � G � y1 x1 þ j1 � G � y2 x2 þ � � � j1 � G � yn xn ¼ j1 � y ¼ 1

j2 � G � y1 x1 þ j2 � G � y2 x2 þ � � � j2 � G � yn xn ¼ j2 � y ¼ 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

jn � G � y1 x1 þ jn � G � y2 x2 þ � � � jn � G � yn xn ¼ jn � y ¼ 0

In the spectral domain the coefficient jr � G � yq are expressed by

jr � G � yq ¼ 1
2p

ð1

�1
~jrð�aÞ � GðaÞ � ~yrðaÞda

where the entries of G(a) are defined by (111).
By repeating the same reasoning, when only the voltage Vq is not vanishing, we get the

following system that provides the stationary values of Yrq ¼ Irð0Þ ¼ xr:

j1 � G � y1 x1 þ j1 � G � y2 x2 þ � � � j1 � G � yn xn ¼ j1 � y ¼ 0

j2 � G � y1 x1 þ j2 � G � y2 x2 þ � � � j2 � G � yn xn ¼ j2 � y ¼ 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

jq � G � y1 x1 þ jq � G � y2 x2 þ � � � jq � G � yn xn ¼ jn � y ¼ 1

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

jn � G � y1 x1 þ jn � G � y2 x2 þ � � � jn � G � yn xn ¼ jn � y ¼ 0
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whence we can verify that the admittance Ya of the array is given by

�Ya ¼

j1 � G � y1 j1 � G � y2 � � � j1 � G � yn

j2 � G � y1 j2 � G � y2 � � � j2 � G � yn

� � � � � � � � � � � �
jn � G � y1 jn � G � y2 � � � jn � G � yn

����������

����������

�1

The elements Zrq of the matrix impedance Za ¼ Y�1
a of the array present the simple form

�Zrq ¼ jr � G � yq ¼ 1
2p

ð1

�1
~jrð�aÞ � GðaÞ � ~yrðaÞda ð114Þ

The hypothesis that the voltage sources are all located at z ¼ 0 is not mandatory.
Equations (114) hold for an arbitrary location of the parallel wires, provided that eqs. (113)
are slightly modified.

8.4.3 Spectral theory of transmission lines constituted

by bundles of wires

The theory considered in the previous section applies also for the study of a transmission line
constituted by a bundle of wires (Canavero, Daniele & Graglia, 1988). Using this theory,
it is possible to ascertain the validity limits of the telegrapher equations (Daniele, Gilli &
Pignari, 1996).

8.5 Spectral theory of microstrip and coplanar
transmission lines

8.5.1 Coplanar line with two strips

Figure 11 shows a coplanar line with two strips located in the plane y ¼ 0.
The two strips have the same width w and are equidistant from the originx ¼ 0. The

abscissa of the center of strip 1 is xo ¼ ðs þ wÞ=2, and that of the strip 2 is �xo. By assuming
a negligible thickness of the strips in the y-direction and a width w small with respect to the

w s
2

2 1

~

e1, m1

y

y = 0
y = 0

y = –d
Yd

Yc

Γ(h, a)

⇒

c

c1

Zc

Zc

Zc1

V

V2

Yc
Axx =

Fig. 11: An ungrounded coplanar line
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wavelength l, we can ignore the component jx of the current and assume only longitudinal
current distributions on the strips having the form

jz ¼ IðzÞf ðxÞdðyÞ

In the following we assume a longitudinal dependence of the type I e�jaz, which is omitted.
We remember that the modal voltage and current are defined by eqs. (40) and (41) of

chapter 7:

V ¼
Vxðh, 0Þ

Vzðh, 0Þ

������

������ ¼ e jaz

ð1

�1

�Exðx, 0Þ

Ezðx, 0Þ

������

������e
jhxdx

I ¼
Izðh, 0Þ

Ixðh, 0Þ

������

������ ¼ e jaz

ð1

�1

Hzðx, 0Þ

Hxðx, 0Þ

������

������e
jhxdx

Taking into account that assuming a vanishing jx yields vanishing values of Hz, in the circuit
model the two strips are modeled by a the current generator:

A ¼ 0

A2ðhÞ

�����
����� ð115Þ

The nodal equations of the circuit of Fig. 11 yields

ðYd
11 þ Yc Þ � V þ Yd

12 � V2 ¼ A

Yd
21 � V þ ðYd

22 þ YcÞ � V2 ¼ 0
ð116Þ

where k and kd are the propagation constant of free space and the dielectric substrate,
respectively, we have

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

p
, cd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

d � h2 � a2
q

, t2
o ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

p
, tod ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

d � a2
q

Yc ¼ Yo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

p t2
o �h a

�h a k2 � h2

�����
�����, Ycd ¼ Yod

kd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

d � h2 � a2
q t2

od �h a

�h a k2
d � h2

�����
�����

Yd
11 ¼ Yd

22 ¼ jYd
c cotðcd dÞ, Yd

12 ¼ Yd
21 ¼ j Yd

c

1
sinðcd dÞ

Elimination of V2 in (116) yields the following homogeneous equation:

Zeðh,aÞAðhÞ ¼ Vxðh, 0Þ
Vzðh, 0Þ

����
����
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or

Ze12ðh,aÞA2ðhÞ ¼ Vxðh, 0Þ
Ze22ðh,aÞA2ðhÞ ¼ Vzðh, 0Þ

ð117Þ

where

Zeðh,aÞ ¼ ðYd
11 þ YcÞ � Yd

12 � ðYd
22 þ YcÞ�1 � Yd

21

h i�1

In particular, the second of eqs. (117) is a modified W-H equation having as unknowns the
function A2ðhÞ, which is the Fourier transform of a function that is not vanishing in the range

inþ ¼ �xo � s

2
< x < �xo þ s

2

� 	[
xo � s

2
< x < xo þ s

2

� 	

and the Fourier transform VzðhÞ ¼ Vzðh, 0Þ

VzðhÞ ¼
ð�xo�s

2

�1
EzðxÞe jhxdx þ

ðxo�s
2

�xoþs
2

EzðxÞe jhxdx þ
ð1

xoþs
2

EzðxÞe jhxdx

that is nonvanishing in the complementary interval of inþ:

in� ¼ �1 < x < �xo � s

2

� 	[
�xo þ s

2
< x < xo � s

2

� 	[
xo þ s

2
< x < 1

� 	

With this equation we can solve different problems. An important problem is that of the
excitation. It consists in evaluating the currents present on the strips when an external source
is present. Considering the spectral representation of the incident field:

~E
i
zðh, zÞ ¼

ð1

�1
V i

zðhÞe�jazda

we must solve a W-H equation where the kernel is given by

Ze22ðh,aÞ
where a is to be considered as a parameter. Another important problem that we can solve is
to find the modes of the coplanar transmission line. This requires the evaluation of the
parameter a that produces not vanishing solution of the homogeneous equation. In the fol-
lowing we use the Garlekin method to solve this last problem.

Consider the following expansion:

A2 ¼ I2
~f 2ðhÞ þ I1

~f 1ðhÞ
When we introduce the expansion (or test) functions, we assume the same distribution of the
currents on the strips:

f1ðxÞ ¼ sðx � xoÞ, f2ðxÞ ¼ sðx þ xoÞ
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where the function sðxÞ is zero for xj j > w=2. Hence,

~f1ðhÞ ¼ SðhÞe jhxo , ~f 2ðhÞ ¼ SðhÞe�jhxo

We have

f1 � f2 ¼
ð1

�1
f1ðxÞ f2ðxÞdx ¼ 0

f1 � Ez ¼
ð1

�1
f1ðxÞEzðxÞdx ¼ 0 ¼ 1

2p

ð1

�1
Sð�hÞe�jhxo VzðhÞdhÞ

f2 � Ez ¼
ð1

�1
f2ðxÞEzðxÞdx ¼ 0 ¼ 1

2p

ð1

�1
Sð�hÞeþjhxo VzðhÞdhÞ

The Garlekin method yields the homogeneous equations

G11ðaÞI1 þ G12ðaÞI2 ¼ 0

G21ðaÞI1 þ G22ðaÞI2 ¼ 0
ð119Þ

where

G11ðaÞ ¼ G22ðaÞ ¼ 1
2p

ð1

�1
Sð�hÞZe22ða, hÞSðhÞdh

G12ðaÞ ¼ 1
2p

ð1

�1
Sð�hÞZe22ða, hÞSðhÞe�2 jhxo dh

G21ðaÞ ¼ 1
2p

ð1

�1
Sð�hÞZe22ða, hÞSðhÞe2 jhxo dh

In isotropic media, the function Ze22ða, hÞ is an even function of both a and h, whence
G21ðaÞ ¼ G12ðaÞ.

The propagation constants ao of the modes are given by those values of a that provide a
non-zero solution of the homogeneous equations, yielding

det
G11ðaÞ G12ðaÞ
G21ðaÞ G22ðaÞ

����
���� ¼ G2

11ðaÞ � G2
12ðaÞ ! G12ðaoÞ ¼ 	G11ðaoÞ ð120Þ

Due to the presence of even function of a, if ao
3 is a solution of the above equation, �ao is

also a solution. In applications, the quasi-TEM modes that are characterized by negligible
values of the longitudinal components of the electromagnetic fields are very important.

3 We assume ao positive or having negative imaginary part.
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For the TEM modes, the sum of the currents on the strips must be zero4 when the dispersion
equation is

G12ðaoÞ ¼ G11ðaoÞ
which yields I2 ¼ �I1.

To obtain the characteristic impedance of a quasi-TEM mode we must evaluate the
voltage of the progressive quasi-TEM mode. For the considered geometry VTEM can be
defined by

VTEM ¼ �
ðxo�s=2

�xoþs=2

Exðx, 0Þdx ð121Þ

The evaluation of Exðx, 0Þ requires the inverse Fourier transform of the spectral voltage
VxðhÞ ¼ x̂ � VðhÞ. It can be obtained via

VxðhÞ ¼ Ze12ðh,aÞA2ðhÞ ð122Þ

8.5.1.1 The absence of the dielectric substrate

For illustrative purposes, in this section we consider the evaluation of the propagation constant
and the TEM mode of the coplanar line shown in Fig. 11 when the dielectric substrate is absent.

In general, if the conductors of a transmission line are immersed in a homogeneous
isotropic medium, we have ideal TEM modes having propagation constants defined by the
propagation constants of the medium surrounding the conductors. This happens in the case
considered herein. First we observe that the kernel matrix of the W-H equation simplifies
considerably, and we get

Ze22ða, hÞ ¼ 1
2

Zc22 ¼ Zoðk2 � a2Þ
2k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

p ð123Þ

The correct evaluation of the parameters of the transmission line requires an appropriate
choice of the expansion function sðxÞ. To satisfy the edge behavior at x ¼ 	w=2, we assume

sðxÞ ¼ uðx þ w=2Þ � uðx � w=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðw=2Þ2 � x2

q ð124Þ

where uðxÞ is the step function. With this choice we get

SðhÞ ¼
ðw=2

�w=2

e jhxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðw=2Þ2 � x2

q dx ¼ Jo
hw

2

� 	

4 Otherwise the TEM mode radiates infinite power in every transverse section of the waveguide.
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The dispersion eq. (120) becomes

ðk2 � a2
oÞ
ð1

�1
J 2

o

hw

2

� 	 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

p dh ¼ ðk2 � a2
oÞ
ð1

�1
J 2

o

hw

2

� 	 cosð2ha0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

p dh

Taking into account that the integral have different values we get the expected result:

ao ¼ k ð125Þ
To evaluate the characteristic impedance of the coplanar line in the absence of a dielectric
substrate, we observe that

A2ðhÞ ¼ I2
~f 2ðhÞ þ I1

~f 1ðhÞ ¼ Ið~f 1ðhÞ � ~f 2ðhÞÞ ¼ 2jI SðhÞsinðxohÞ
Equation (122) yields

VxðhÞ ¼ Zoaoh
k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

p jJo
hw

2

� 	
sinðxohÞI ¼ �ZosignðhÞJo

hw

2

� 	
sinðxohÞI

where according to the convention for the propagation constants, we set
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � a2

o

q ���
ao¼k

¼ �j
��h��

The inverse transform yields the component Exðx, 0Þ

Exðx, 0Þ ¼ ZoI

2p

ð1

�1
signðhÞJo

hw

2

� 	
sinðxohÞe�jhxdh ¼ ZoI

p

ð1

0

Jo
hw

2

� 	
sinðxohÞcosðxhÞdh

¼ ZoI

2p

ð1

0

Jo
hw

2

� 	
sin ðxo � xÞh½ �cosðxhÞdhþ ZoI

2p

ð1

0

Jo
hw

2

� 	
sin ðxo þ xÞh½ �cosðxhÞdh

The integrals in the last member can be evaluated in closed form (Gradshteyn & Ryzhik,
1965, p. 731, formula 9). We get

ð1

0

Jo
hw

2

� 	
sin ðxo 	 xÞh½ �cosðxhÞdh ¼ uðxo 	 x � w=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxo 	 xÞ2 � w2=4
q

and then

Z1 ¼ VTEM

I
¼ Zo

p

ðxo�w=2

�xoþw=2

ð1

0

Jo
hw

2

� 	
sinðxohÞcosðxhÞdhdx

¼ Zo

p
log

w

�w þ 4xo � 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xo xo � w

2

� 	r
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where we have taken into account using MATHEMATICA that

ðxo�w=2

�xoþw=2

uðxo 	 x � w=2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxo 	 xÞ2 � w2=4

q dx ¼ log
w

�w þ 4xo � 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xo xo � w

2

� 	r

The exact formula obtained with the evaluation of the capacitance between the two coplanar
strips through the conformal mapping method is (Paul, 1992)

Ze1 ¼ Zo
EllipticK m½ �

EllipticK 1 � m½ �
where

m ¼ 2xo � w

2xo � w

� �2

To compare the two formulas, assuming xo ¼ w we get Z1 ¼ 211 W and Ze1 ¼ 241 W.
To improve the approximation, we must choose more accurate expansion functions that

take into account the proximity of the two strips.

8.5.2 The shielded microstrip transmission line

Figure 12 illustrates the cross section of a shielded transmission line. The problem of pro-
pagation of the quasi-TEM mode can be tackled with the W-H technique. In the limit c ! 0
this problem can be formulated in terms of the following modified W-H equation (Mittra &
Lee, 1971, p. 283):

GðhÞF1ðhÞ ¼ F1ðhÞ þ e�jhLFþðhÞ þ e jhLFþð�hÞ
where

F1ðhÞ ¼
ðL

�L

rSðxÞe jhxdx, rSðxÞ ¼ � eo
@Ezðx, yÞ

@y

����
y¼ðbþcÞþ

� @Ezðx, yÞ
@y

����
y¼ðbþcÞ�

" #

FþðhÞ ¼
ð1

L

Ezðx, b þ cÞe jhxdx, F1ðhÞ ¼ p
sinðhLÞ

h

GðhÞ ¼ sinhðhbÞsinh hða � bÞ½ �
eoh er sinh hða � bÞcoshðhbÞ þ cosh hða � bÞsinhðhbÞ½ �½½

a

b

2L

c

x

yer

Fig. 12: Geometry of the problem
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In the limit a ! 1, that is, when the top shield is absent, GðhÞreduces to

GðhÞ ¼ 1

eo

��h�� 1 þ er coth
���h��b

 �

The presence of a nonanalytic function GðhÞ requires us to work within the framework of a
Hilbert-Riemann problem.

8.6 General W-H formulation of planar discontinuity
problems in arbitrary stratified media

A planar discontinuity in an arbitrary stratified medium is defined by patches or apertures
located in particular sections of the stratification. For example, Fig. 13 illustrates the pre-
sence of two patches in the section y ¼ ya and y ¼ yb.

In the section where the patch is located, the plane is divided into two regions. The
region þ is the region where the patch is present. The region – is an aperture where the
transverse components Et and Ht of the electromagnetic field are continuous.

The boundary conditions on the patches depend on the constituent materials. These
conditions are studied in Senior and Volakis (1995). For the sake of simplicity, in the fol-
lowing we assume PEC patches whose boundary conditions are

Etðz, x, yA�Þ ¼ Etðz, x, yAþÞ ¼ 0, Etðz, x, yB�Þ ¼ Etðz, x, yBþÞ ¼ 0

The dependence on z, x, requires the introduction of two-dimensional Fourier transforms
instead the one-dimensional transforms introduced in chapter 7, eqs. (103):

Vða, h, yÞ ¼
ð1

�1

ð1

�1
ŷ � Etðz, x, yÞe jaze jhxdzdx

Iða, h, yÞ ¼
ð1

�1

ð1

�1
Htðz, x, yÞe jaze jhxdzdx

– –

y = yA y = yB

– –

+

+

S

e

z z

m e

z z

me1

z1 z1

m1 e2

z2 z2

m2 e3

z3 z3

m3 e5

z5 z5

m5

Fig. 13: A planar discontinuity problem a in stratified medium
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In the following we use s ¼ aẑ þ hx̂. All the consideration in chapter 7 hold, and the only
difference is that a is a spectral variable and not a parameter. In particular, circuit models as
those indicated in chapter 7 are very useful in deriving the equations of the problems. By
assuming that the source of the electromagnetic field is located in y < ya, a Norton repre-
sentation of the circuit modeling the region y < ya is indicated in Fig. 14a.

In this representation, the current Ip represents the known Fourier transform of Hp
t ðz, x, yA�Þ,

which is the transverse magnetic field in the section y ¼ ya when the whole plane y ¼ ya is a
PEC plane. The admittance Ya is the matrix that relates �IðyA�Þ to VA when the source is
absent. Similarly, the region y > yb is modeled by an admittance Yb that relates IðyBþÞ to VB.

Since the patches are PEC, they are modeled by plus current generators that are defined by

AAþ ¼ IðyAþÞ � IðyA�Þ, ABþ ¼ IðyBþÞ � IðyB�Þ
The subscript þ means that the support of AAþ and ABþ in the natural domain is the region þ.

Finally, the region between the section y ¼ yAþ and y ¼ yB� can be modeled by a two-
port having an admittance Ye. With these considerations in mind, for the problem indicated
in Fig. 13 we get the circuit representation of Fig. 15:

Ye ¼
Ye11 Ye12

Ye21 Ye22

����
����

y = yB

I ( yB+)

VB
Yb

IP

VA

y = yA

I ( yA–)

Ya

(a) (b)

Fig. 14: (a) Circuit modeling the region y < YA; (b) Circuit modeling the region y > YB

IP

VA–

y = yA+

y = yA y = yB

I (yA+) I (yB+)

y = yB+

VB–
Ya Yb

AA+ AB+

Ye

Fig. 15: Circuit representation of the geometry of Fig. 13
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In the representation of Fig. 15 we use the subscript – for the voltage VA� and VB� since they
are Fourier transforms of functions that are vanishing in the support þ. Using the nodal
analysis in Fig. 15 we get

ZtðsÞAþðsÞ ¼ V�ðsÞ � ZtðsÞIsðsÞ ð126Þ
where

YtðsÞ ¼
YAðsÞ þ Ye11ðsÞ Ye12ðsÞ

Ye21ðsÞ YBðsÞ þ Ye22ðsÞ

�����
�����

ZtðsÞ ¼ Y�1
t ðsÞ, AþðsÞ ¼

AAþðsÞ
ABþðsÞ

�����
�����, V�ðsÞ ¼

VA�ðsÞ
VB�ðsÞ

�����
�����, IsðsÞ ¼

IpðsÞ
0

�����
�����

Equations (126) are vector multidimensional W-H equations. The matrix kernel ZtðsÞ ¼
Ztða, bÞ is a function of two complex variables a, b. Radlow (1961, 1965) attempted to
factorize the matrix kernel in a particular problem,5 but his solution is incorrect (Albani,
2007). Conversely, the moment method can be applied successfully provided that a good
choice is made of the two-dimensional expansion and test functions.

The applications of the aforementioned theory are numerous and important and have
been presented in many papers and books. In particular, the book by Munk (2000) is very
complete on the theory and applications of the method of moments in the presence of patches
having a periodic distribution in discontinuity planes.

8.6.1 Formal solution with the factorization method

To obtain the formal solution of the W-H eq. (126), let us consider the presence of a patch of
arbitrary form located in the section y ¼ 0. For the sake of simplicity let us assume that the
plane y ¼ 0 is a symmetry plane for the geometric region under study. Hence, Fig. 15 is
modified as indicated in Fig. 16.

y = 0–

I(0–) I(0+)

V–
Ya YaA+

y = 0+

IP

Fig. 16: Presence of one only discontinuity plane that separates two identical geometrical
regions

5 In the problem considered by Radlow, the patch is a PEC quarter-plane immersed in free space.
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The W-H equation is

1
2

ZaðsÞAþðsÞ ¼ V�ðsÞ � V pðsÞ ð127Þ

where

Za ¼ Y�1
a , V pðsÞ ¼ 1

2
ZaðsÞIpðsÞ

For multidimensional functions, we define decomposition and factorization. In the natural
space the function þð�Þ is the function having as support the region þð�Þ and vanishing in
the complementary region �ðþÞ. We indicate with P the operator that expresses the part þ
of an arbitrary function f . In the spatial domain P is defined by

PðrÞ ¼ 1 if r 2 Sþ, PðrÞ ¼ 0 if r 2 S�

and we get fþðrÞ ¼ PðrÞf ðrÞ. In the spectral domain this equation becomes

~fþðsÞ ¼
1

ð2pÞ2
~PðsÞ � ~f ðsÞ ¼ 1

ð2pÞ2

ð

s0

~Pðs� s0Þ~f ðs0Þds0

where � means convolution and ~f ðsÞ ¼ ~f ða, hÞ is the double Fourier transform of
f ðrÞ ¼ f ðz, xÞ. We let mðsÞ ¼ 1

2 ZaðsÞ.
The problem of the factorization of (127), or of multidimensional W-H equations,

consists in the factorization of a function m into two functions m� and mþ that with
their inverses are functions minus and plus, respectively. However, while for the classical
W-H equations the properties of plus and minus functions can be quickly ascertained
by inspecting the singularities, this does not happen in the multidimensional W-H
equations. This constitutes also the reason why we cannot resort to the logarithmic
decomposition.

The formal solution of eq. (127) is

AþðsÞ ¼ mþðsÞ½ ��1 � SþðsÞ ð128ÞV�ðsÞ ¼ m�ðsÞ � S�ðsÞ
where SþðsÞ and S�ðsÞ arise from the decomposition of the function

� m�ðsÞ½ ��1 � V pðsÞ ¼ S�ðsÞ þ SþðsÞ

8.6.1.1 Some properties derived from the formal solution

(a) Exact evaluation of the transverse magnetic field on the apertures

Even though we are unable to obtain the factorization of m, the concept of decomposition
can produce interesting results. For instance, from Fig. 16 we get

Ið0þÞ ¼ Ip

2
þ Aþ

2
, Ið0�Þ ¼ Ið0þÞ � Aþ
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Decomposing the previous equations into plus and minus functions yields

I�ð0þÞ ¼ Ip�
2

, I�ð0�Þ ¼ I�ð0þÞ ¼ Ip�
2

Hence, we know the exact transverse magnetic field on the aperture (minus function) that is
given by

Htðr, 0�Þ ¼ Htðr, 0þÞ ¼ 1
2

Hp
t ðr, 0Þ, r 2 S�

(b) Impossibility to define an equivalent admittance for the discontinuity

The circuit model of Fig. 16 introduces the following question. Is it possible to model the
discontinuity section y ¼ 0 with a lumped admittance? To answer this question we observe
that (128) can be rewritten as

V�ðsÞ ¼ T � V pðsÞ
where

T ¼ �m�ðsÞ � P � m�1
� ðsÞ

and P is the operator that expresses the part � of a function. We observe that

T2 ¼ m� � P � m�1
� � m� � P � m�1

� ¼ �T

from where we deduce that T is not invertible. For the sake of simplicity let us assume that
the discontinuities occur in free space.6 In this case V pðsÞ has the meaning of incident
voltage on the section y ¼ 0, and we observe that T ¼ 1 þ G where G is the reflection
coefficient due to the impedance Zeq:

V�ð0�Þ ¼ V ð0�Þ ¼ Zeq � Ið0�Þ
where

Zeq ¼ ð1 þ GÞð1 � GÞ�1Zc

or

Yeq ¼ Ycð1 � GÞð1 þ GÞ�1

This means that it is not possible to define Yeq because the operator T ¼ 1 þ G is not invertible.

(c) Babinet’s principle

We consider only a planar discontinuity in free space. We call complementary two dis-
continuity planes S1 and S2 where

S1� � S2þ and S1þ � S2�

6 In this case we have Ya ¼ Yc where Yc is the admittance of free space.
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Let us consider in free space the two problems P1 and P2:

● Problem P1

To solve the problem when the discontinuity plane is S1:
● Problem P2

To solve the problem when the discontinuity plane is S2:
The problem P1 yields the Wiener-Hopf equation

V ð1Þ
� ðsÞ ¼ V ð1ÞiðsÞ � 1

2
ZcðsÞ � Að1Þ

þ ðsÞ ð129Þ

whereas problem P2 yields the Wiener-Hopf equation

Að2Þ
þ ðsÞ ¼ 2I ð2ÞiðsÞ � 2YcðsÞ � V ð2Þ

� ðsÞ ð130Þ
The possibility of relating the solutions of problems P1 and P2 is because of

Yc ¼ Z�1
c ¼ �Y 2

o ŷ � Zc � ŷ

where Yo ¼ 1
Zo

is the admittance of free space.
Substituting the previous equation into (130) and multiplying by 1

2 Zoŷ � yields

1
2

Zoŷ � Að2Þ
þ ðsÞ ¼ Zoŷ � I ð2ÞiðsÞ � YoZcðsÞ � ŷ � V ð2Þ

� ðsÞ

If Zoŷ � I ð2ÞiðsÞ ¼ V ð1ÞiðsÞ, we obtain Babinet’s principle that relates the solution of
problem P1 to the solution of problem P2:

1
2

Zoŷ � Að2Þ
þ ðsÞ ¼ V ð1Þ

� ðsÞ
Yoŷ � V ð2Þ

� ðsÞ ¼ 1
2

Að1Þ
þ ðsÞ

(d) The physical optics approximation

Let us consider the solution of

AþðsÞ ¼ I sðsÞ � YtðsÞ � V�ðsÞ
If the source is constituted by a plane wave having the spatial pulsation so, the spectrum is
concentrated on the line so and we can use the approximation

YtðsÞ 
 YtðsoÞ
This approximation is very accurate for very high values of the propagation constant k.7 The
W-H equation can be rewritten as

AþðsÞ 
 I sðsÞ � YtðsoÞ � V�ðsÞ

7 Taking into account that in free space if the propagation constant k assumes very high values, we haveffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � s2

p

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � s2
o

p
.
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Taking into account that PAþðsÞ ¼ 0, the projection with the operator P yields

V�ðsÞ 
 Y�1
t ðsoÞ � P � I sðsÞ

For instance, if S� is an aperture in the PEC plane z ¼ 0 located in free space, we get

Etðr, zÞ ¼ Ep
t ðr, zÞ þ 1

ð2pÞ2

ð
s

Vðs, zÞe�js�rds ð131Þ

where

V ðs, zÞ ¼ V�ðsÞe�j
ffiffiffiffiffiffiffiffiffiffi
k2�s2

p
zj j, V�ðsÞ 
 Y�1

c ðsoÞ � P � I iðsÞ
and Ep

t ðr, zÞ is the field when the aperture is absent, that is, when the plane z ¼ 0 is a PEC plane.

8.6.2 The method of stationary phase for multiple integrals

In many instances, one requires the evaluation of multiple integral having the formð
f ðxÞexpð�jWqðxÞÞdx

where x ¼ ðx1, x2, . . . , xnÞ represents a point of the euclidean space En: For W � 1 and under
certain limitations, we get (Jones, 1964)

ð
f ðxÞexpð�jWqðxÞÞdx ¼ 2p

W

� �n=2 1
d

f ðxsÞe�j W qðxsÞþ‘p=4½ � ð132Þ

where xs is the point of stationary phase defined by

@q

@xi
¼ 0, ði ¼ 1, 2, . . . , nÞ

d is the determinant of the Hessian evaluated in xs:

Hs ¼

@2q

@x1@x1

@2q

@x1@x2
� � � @2q

@x1@xn

@2q

@x2@x1

@2q

@x2@x2
� � � @2q

@x2@xn

� � � � � � � � � � � �
@2q

@xn@x1

@2q

@xn@x2
� � � @2q

@xn@xn

�����������������

�����������������
x¼xs

and the indicator ‘ is given by

‘ ¼
Xn

i¼1

signðhiÞ

where hi are the eigenvalues of the Hessian Hs:
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8.6.2.1 Far field radiated by apertures

As an example of the development in section 8.6.2, we evaluate the far field in the double
integral of eq. (132). We let

x ¼ s, f ðxÞ ¼ 1

ð2pÞ2 V�ðsÞ, W ¼ r

qðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2 � h2

p
z þ a x þ h y

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2 � h2

p
cos qþ a cosj sin qþ h sinj sin q

The point ss ¼ ðas, hsÞ of stationary phase is defined by

@q

@as
¼ � asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
s � h2

s

p cos qþ cosj sin q ¼ 0

@q

@as
¼ � hsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
s � h2

s

p cos qþ sinj sin q ¼ 0

The solution yields as ¼ k cosj sin q, hs ¼ k sinj sin q, qðssÞ ¼ k: The Hessian at the point
ss ¼ ðas, hsÞ is

Hs ¼
1 þ tan2q cos2j tan2q sinj cosj

tan2q sinj cosj 1 þ tan2q sin2j

�����
�����

whence

d ¼ 1

ðk cos qÞ2 , d1 ¼ � 1
k cos2 q

, d2 ¼ � 1
k

, ‘ ¼ �1 � 1 ¼ �2

Substituting in (132) we get

Etðr, zÞ ¼ j
k cos q

2p
V�ðssÞ e�jkr

r
ð133Þ

8.6.3 The circular aperture

In this section we apply the previous theory to the solution of the problem of a circular aperture
located in a PEC plane (Fig. 17). Since we introduce a system of cartesian coordinates that is a
different from the one used in chapter 7, we introduce the following Fourier transforms:

Vða, h, zÞ ¼
ð1

�1

ð1

�1
Etðx, y, zÞe jaxe jhydxdy

Iða, h, zÞ ¼
ð1

�1

ð1

�1
Htðx, y, zÞ � ẑ e jaxe jhydxdy
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or, being that s ¼ a x̂ þ h ŷ, r ¼ x x̂ þ y ŷ,

Vðs, zÞ ¼
ð
r

Etðr, zÞe j s�rdr

Iðs, zÞ ¼
ð
r

Htðr, zÞ � ẑ e j s�rdr

For the aperture problem shown in Fig. 17, we get the W-H equation

AþðsÞ ¼ IpðsÞ � YeðsÞ � V�ðsÞ

where

AþðsÞ ¼ Iðs, 0�Þ � Iðs, 0þÞ, V�ðsÞ ¼ Vðs, 0�Þ ¼ Vðs, 0þÞ

YeðsÞ ¼ 2Z�1
c ðsÞ, ZcðsÞ ¼ Zo

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2 � h2

p k2 � a2 �a h

�a h k2 � h2

�����
�����

The source term I sðsÞ depends on the plane wave

Eiðr, zÞ ¼ Ei
oe�jso�r�j

ffiffiffiffiffiffiffiffiffiffi
k2�s2

o

p
z, Hiðr, zÞ ¼ Hi

oe�jso�r�j
ffiffiffiffiffiffiffiffiffiffi
k2�s2

o

p
z, Hi

o ¼ Yok̂o � Ei
o

with Ei
o normal to the propagation direction ko ¼ so þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � s2

o

p
ẑ ¼ k k̂ o : Ei

o � ko ¼ 0:
With this source we obtain

IpðsÞ ¼ 4p2YeðsoÞ � Ei
otdðs� soÞ

where Ei
ot ¼ Ei

o � ẑẑ � Ei
o ¼ x̂ Ei

ox þ ŷ Ei
oy:

The circular aperture problem is a fundamental problem that cannot be solved in closed
form. Low-frequency solutions have been studied by many authors (see, e.g., Bouwkamp,

PEC

S+

S+

S–

P

r
y

x

z
q

j

z

Fig. 17: Aperture S� in a PEC plane

8.6 ● General W-H formulation of planar discontinuity problems 269



1954; Van Bladel, 2007). In the case of normal incidence so ¼ 0, we find the following
electric field on the aperture of radius a:

Er ¼ 2jk

3p
ðEi

ox cosjþ Ei
oy sinjÞ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p
þ 2r2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � r2
p

 !

Ej ¼ 8jk

3p
ð�Ei

ox sinjþ Ei
oy cosjÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p

wherefrom, by supposing Ei
ox ¼ 0:

V�ðsÞ ¼ 8jka3

3
sinðs aÞ

sa
Ei

oyŷ

Conversely, working at high frequencies, the physical optics approximation considered in
section 8.6.1.1 provides the solution

V�ðsÞ ¼ Ei
oyŷ

ð
r

pðrÞe js�rdr ¼ Ei
oyŷ

ða

0

r
ð2p

0

e jsr cosðj�bÞdjdr

¼ 2pa2 J1ðsaÞ
sa

Ei
oyŷ

In the intermediate frequency band, we can obtain the solution through the method of
moments. In the natural domain this method has been used by Levine and Schwinger (1949).
These authors proved that the far field is stationary with respect to small variations of the
aperture field. In the spectral domain we introduce a set of expansion functions ~yjðsÞ and
test functions ~jjðsÞ and let

V�ðsÞ ¼
X

j

Vj ~yjðsÞ

The moment method yields X
j

Yij Vj ¼ Ii

where

Yij ¼
ð
s

~jið�sÞ � YeðsÞ � ~yjðsÞds, Ii ¼
ð
s

~jið�sÞ � IpðsÞds ð134Þ

The accuracy of the solution depends on the choice of the functions ~yjðsÞ and ~jjðsÞ: In the
following, we adopt the Garlekin scheme by assuming ~yjðsÞ ¼ ~jjðsÞ:

A natural set of expansion functions is constituted by the modes of the circular wave-
guide of radius a: These modes are well described in the natural domain. We have

yjðrÞ ¼ jjðrÞ ! eTE,TM
m n

where

eTE
m n ¼ ẑ �rtYm n, eTM

m n ¼ rtFm n

270 CHAPTER 8 ● Planar discontinuities in stratified media

www.ebook3000.com

http://www.ebook3000.org


and

Ym n ¼ Jm
c0m n

a
r

� �
cos mj
sin mj , Fm n ¼ Jm

cm n

a
r

� 	 cos mj
sin mj , J 0

mðc0m nÞ ¼ 0, Jmðcm nÞ ¼ 0

��

In the spectral domain we have8

~Fm nðsÞ ¼ Fm nðs,bÞ ¼
ða

0

rJm
cm n

a
r

� 	 ð2p

0

cosðmjÞejsrcosðj�bÞdjdr

¼ 2pjm cos mbð Þ
ða

0

rJm
cm n

a
r

� 	
JmðsrÞdr

The last integral is a Lommel integral and can be evaluated in closed form. We get

~Fm nðsÞ ¼ �2pjma2 cosðmbÞ 1

c2
m n � ðsaÞ2 J 0

mðcm nÞJmðsaÞ

and taking into account that Fm n is zero on the rim r ¼ a:

~eTM
m n ¼ �js ~Fm n

Conversely, the function Ym n is nonzero on r ¼ a: This means that

~eTE
m n ¼ �ĵz � sYm n

is not valid. By using distribution theory we can write

~eTE
m n ¼ �ĵz � s ~Ym n þ ~ec,m n

where the corrective term arises from the Fourier transform of

ec,m n ¼ ẑ � ðJm nðc0m nÞcosðmjÞdðr� aÞr̂
With the procedure used for the TM modes, we get

�ĵz � s ~Ym n ¼ �2pjm�1a cosðmbÞ ðsaÞ2

c0m n2 � ðsaÞ2 Jmðc0m nÞJ 0
mðsaÞb̂

~ec;m n ¼ �2pjmþ1a Jmðc0m nÞ sinðmbÞmJmðsaÞ
sa

ŝ þ cosðmbÞJ 0
mðsaÞb̂

� �

After the evaluation of the expansion functions in the spectral domain, we must evaluate the
integrals (134). These integrals cannot be calculated in closed form and have been evaluated
numerically.

8 We consider only the even modes.
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Once the solution V�ðsÞis obtained, the far field for z > 0 is given by

Etðr, zÞ ¼ j
k cos q

2p
V�ðssÞ e�j k r

r

where ss ¼ kðx̂ cosj sin qþ ŷ sinj sin qÞ: The longitudinal component Ezðr, zÞ satisfies

ðẑEzðr, zÞ þ Etðr, zÞÞ � r̂ ¼ 0

hence

Ezðr, zÞ ¼ �Etðr, zÞ � r̂

cos q

Some numerical simulations are shown in Fig. 18, Fig. 19, and Fig. 20.

8.6.4 The quarter plane problem

8.6.4.1 Introduction

For the sake of simplicity, in this presentation we consider only the case of scalar diffraction
in the presence of a soft quarter-plane defined by z ¼ 0, x � 0, y � 0 (Fig. 21).

The primary source is the incident plane wave:

yiðx, y, zÞ ¼ e�jhox�jxox�jaoz ð135Þ
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Fig. 18: Far field for small aperture (k a ¼ 1): (1) used moment: TE11; (2) used
moments: TE11, TE12; (3) used moments: TE11, TE12, TE13; (4) used moments:
TE11, TE12, TE13, TE14; (5) far field evaluated with Bouwkamp’s equation
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Fig. 19: Far field for large aperture (k a ¼ 31:4), E – plane: (1) used moment: TE11, (2) far field
evaluated with physical optics
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Fig. 20: Far field for large aperture (k a ¼ 31:4), H – plane: (1) used moment: TE11, (2) used
moments: TE11, TE12, (3) used moments: TE11, TE12, TE13, (4) used moments:
TE11, TE12, TE13, TE14, (5) far field evaluated with physical optics
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where k is the propagation constant in free space, and qo and jo are the azimuthal and
zenithal angles of the incident wave:

ho ¼ k sin qo cosjo, xo ¼ k sinJo sinjo

ao ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

o � x2
o

q
¼ k cosJo

By indicating with yðx, y, zÞ the total field, we must solve

r2yþ k2y ¼ 0 ð136Þ
with the boundary condition

yðx, y, 0Þ ¼ 0 x � 0, y � 0x � 0

The scattered field ysðx, y, zÞ satisfies

r2ys þ k2ys ¼ jðx, yÞdðzÞ ð137Þ
where jðx, yÞ is the equivalent source induced on the quarter-plane.

To obtain the meaning of jðx, yÞ, we apply
Ð 0þ

0�
. . . dz to the previous equation:

@yðx, y, zÞ
@z

���
z¼0þ

� @yðx, y, zÞ
@z

���
z¼0�

¼ jðx, yÞ

Taking into account the relationship

ðr2 þ k2Þ e�jk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx�x0Þ2þðy�y0Þ2þz2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx � x0Þ2 þ ðy � y0Þ2 þ z2

q ¼ �4pdðx � x0Þdðy � y0ÞdðzÞ ð138Þ

the following Green representation holds:

yðx, y, zÞ ¼ yiðx, y, zÞ þ � 1
4p

ð1

0

ð1

0

e�jk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx�x0Þ2þðy�y0Þ2þz2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx � x0Þ2 þ ðy � y0Þ2 þ z2

q jðx0, y0Þdx0dy0

Z –x–y

y
x

Fig. 21: Geometry of the quarter-plane problem
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At the points z ¼ 0, x � 0,y � 0 where yðx, y, zÞ ¼ 0, the two-dimensional W-H equation
follows:

ð1

0

ð1

0

gðx � x0, y � y0Þjðx0, y0Þdx0dy0 ¼ yiðx, y, 0Þ, x � 0, y � 0 ð139Þ

where

gðx, yÞ ¼ 1
4p

e�jk
ffiffiffiffiffiffiffiffiffi
x2þy2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
The double Fourier transform of gðx, yÞ is given by

Gðh, xÞ ¼
ð1

�1

ð1

1
gðx, yÞe jhxe jxydxdy ¼ 1

4p

ð1

�1

ð1

1

e�jk
ffiffiffiffiffiffiffiffiffi
x2þy2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p e jhxe jxydxdy

¼ 1
4p

ðp

�p

ð1

0

e�jkr

r
e jh r cos je jx r sin jrdrdj ¼ �j

1
4p

ðp

�p

1
k � h cosj� x sinj

dj

¼ �j
1
2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2 � x2

p

This yields the following equation in the spectral domain:

Gðh, xÞFþðh, xÞ ¼ Fi
þðh, xÞ þ F�ðh, xÞ ð140Þ

where

Fþðh, xÞ ¼ Jþþðh, xÞ ¼
ð1

0

ð1

0

jðx, yÞejhxejxydxdy

Fi
þðh, xÞ ¼ Yi

þþðh, xÞ ¼
ð1

0

ð1

0

e�jhox�jxoxejhx�jxxdxdy

¼ � 1
h� ho

1
x� xo

F�ðh, xÞ ¼ V��ðh, xÞ þ Y�þðh, xÞ þ Zþ�ðh, xÞ
In the previous formulas, the subscript þþ means that the considered function is (indepen-
dently of the value of the complex parameter x) regular in an upper half-plane of the complex
variable h and (independently of the value of the complex parameter h) regular in an upper
half-plane of the complex variable x:

Similarly:

The subscript þ� means that the considered function is (independently of the value of the
complex parameter x) regular in an upper half-plane of the complex variable h and
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(independently of the value of the complex parameter h) regular in a lower half-plane of the
complex variable x:

The subscript �þ means that the considered function is (independently of the value of
the complex parameter x) regular in a lower half-plane of the complex variable h and
(independently of the value of the complex parameter h) regular in an upper half-plane of the
complex variable x:

The subscript �� means that the considered function is (independently of the value of
the complex parameter x) regular in a lower half-plane of the complex variable h and
(independently of the value of the complex parameter h) regular in a lower half-plane of the
complex variable x:

The inverse Fourier transform of a function with subscriptþþ produces a function that in the
spatial domain vanishes at x < 0 and y < 0: Similarly considerations apply for the other sub-
scripts. For instance, the subscript �þ produces a function that in the spatial domain vanishes at
x > 0 and y < 0: Of course the order of the subscripts is mandatory. For example, the product
of the two functions fþ�g�þ is neither a function þ� nor a function �þ: Consequently, it is
no guaranteed that its inverse Fourier transform vanishes in the quadrant x > 0, y > 0:

By using the logarithmic decomposition we can write

Gðh, xÞ¼ elog Gðh,xÞ½ �

¼ e log Gðh,xÞ½ �f gþþþ log Gðh,xÞ½ �f gþ�þ log Gðh,xÞ½ �f g�þþ log Gðh,xÞ½ �f g��

¼Gþþðh, xÞGþ�ðh, xÞG�þðh, xÞG��ðh, xÞ ð141Þ
where the decomposed functions of log Gðh, xÞ½ � are given by

log Gðh,xÞ½ �f gþþ ¼ 1

ð2pjÞ2

ð
g1

ð
g1

log Gðh0, x0Þ½ �
ðh0 � hÞðx0 � xÞ dh0dx0

log Gðh,xÞ½ �f gþ� ¼ � 1

ð2pjÞ2

ð
g1

ð
g2

log Gðh0, x0Þ½ �
ðh0 � hÞðx0 � xÞ dh0dx0

log Gðh,xÞ½ �f g�þ ¼ � 1

ð2pjÞ2

ð
g2

ð
g1

log Gðh0, x0Þ½ �
ðh0 � hÞðx0 � xÞ dh0dx0

log Gðh,xÞ½ �f g�� ¼ 1

ð2pjÞ2

ð
g2

ð
g2

log Gðh0, x0Þ½ �
ðh0 � hÞðx0 � xÞ dh0dx0

and g1, g2 are the smile and frown real axes, respectively (chapter 1, Fig. 7).
The previous integrals have been evaluated explicitly by Radlow (Albani, 2007). From

these considerations, eq. (141) does not constitute a W-H factorization. However, by using
the factors present in the second member of (141), Radlow proposed an explicit factorization
of Gðh, xÞ: Even though some authors gave credit to this solution (Albertsen, 1997), now it
definitely appears Radlow’s factorization is incorrect (Albani, 2007).
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8.6.4.2 Reduction to Fredholm equations

In the natural domain, the W-H eq. (139) is an integral equations defined by a convolution
kernel. In particular, we can extend to the multidimensional case the method discussed in
chapter 5 (see also Daniele, 2004) to reduce the W-H equation to a Fredholm equation. For
this task, we introduce the step function uðxÞ and the projection operators:

P ! pðx, yÞ ¼ uðxÞuðyÞ

P ! 1 � uðxÞuðyÞ
¼ pðx, yÞ ¼ uðxÞuð�yÞ þ uð�xÞuðyÞ þ uð�xÞuð�yÞ

We observe that

P Fþ ¼ Fþ, P Fþ ¼ ð1 � PÞFþ ¼ 0 ð142Þ

P F� ¼ 0, P F� ¼ F� ð143Þ

Multiplying (140) by P and taking into account the (142), we get

PGFþ ¼ PFi
þ ! 1

ð2pjÞ2

ð
g1

ð
g1

Gðh0, x0Þ
ðh0 � hÞðx0 � xÞFþðh0, x0Þdh0dx0

¼ � 1
h� ho

1
x� xo

ð144Þ

Multiplying the second of (144) by G:

1

ð2pjÞ2

ð
g1

ð
g1

Gðh, xÞ
ðh0 � hÞðx0 � xÞFþðh0, x0Þdh0dx0 � Gðh, xÞFþðh, xÞ ¼ 0 ð145Þ

Subtracting (145) from (144),

Gðh, xÞFþðh, xÞ þ 1

ð2pjÞ2

ð1

�1

ð1

�1

Gðh0, x0Þ � Gðh, xÞ
ðh0 � hÞðx0 � xÞ Fþðh0, x0Þdh0dx0 ¼ � 1

h� ho

1
x� xo

ð146Þ

Equation (146) is a two-dimensional Fredholm integral equation of the second kind. Its
solution provides the factorization of the two-dimensional kernel Gðh, xÞ:

8.6.4.3 Numerical quadrature

As happens in the one-dimensional case, the accuracy for obtaining numerical solutions of
(146) considerably increases if one deforms the contour path constituted by the real axis of
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the h� plane (x� plane) into the straight line lhðlxÞ that joins the points �jk and þjk:
Furthermore, for facilitating function-theoretic manipulations that may be obscure in the
h, x – planes, we also introduce the complex planes wh, wx defined by

h ¼ �k cos wh, x ¼ �k cos wx ð147Þ
In these planes the straight lines lh and lx are represented by the vertical lines

wh ¼ �p
2
þ j uh, wx ¼ �p

2
þ j ux

where uh and ux are real. With these new variables eq. (146) becomes

Ĝðuh, uxÞF̂þðuh, uxÞ þ 1

ð2pÞ2

ð1

�1

ð1

�1

Mðuh, ux, u0h, u0xÞch u0hch u0x
ðsh u0h � sh uhÞðsh u0x � sh uxÞ F̂þðu0h, u0

xÞdu0h du0
x

¼ � 1
j sh uh � ho

1
j sh ux � xo

ð148Þ
where

Ĝðuh, uxÞ ¼ Gðh, xÞ, F̂þðuh, uxÞ ¼ Fþðh, xÞ, Mðuh, ux, u0h, u0xÞ ¼ Gðh0, x0Þ � Gðh, xÞ
For the one-dimensional factorization, usually (148) is solved by numerical quadrature. For
the two-dimensional case, the problem of the numerical quadrature of the two folded integral
remains cumbersome. To reduce the number of numerical unknowns, the following repre-
sentation of the function F̂þðuh, uxÞ is proposed:

F̂þðuh, uxÞ ¼ pnðuh, uxÞ
ð j shuh � hoÞð j shux � xoÞ

ð149Þ

where pnðuh, uxÞ is an unknown polynomial of order n whose coefficients can be obtained
by applying the collocation method on (148). Using representation (149), we experienced
accurate approximate solutions even if we used moderate values of the order n of the poly-
nomial pnðuh, uxÞ:

8.6.4.4 Moment method

As an alternative to the quadrature method, is perhaps preferable to use the method of
moments. For example, one could evaluate the integral in (148) to a first approximation by
assuming

F̂þðu0
h, u0xÞ ¼ F̂

i
þðu0h, u0xÞ
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CHAPTER 9

Wiener-Hopf analysis of waveguide
discontinuities

9.1 Marcuvitz-Schwinger formalism

The Marcuvitz-Schwinger formalism (Felsen & Marcuvitz, 1973) provides the general
representation of electromagnetic fields in an arbitrary waveguide filled with a homogeneous
isotropic medium. By assuming that the longitudinal axis of the waveguide is the axis ẑ,
we have the following representation of the transverse electromagnetic field in the TM and
TE modes:

Etðr, zÞ ¼
X

i

V 0i ðzÞe0iðrÞ þ
X

i

V 00i ðzÞe00i ðrÞ

Htðr, zÞ ¼
X

i

Ii
0ðzÞh0iðrÞ þ

X
i

V 00i ðzÞh00i ðrÞ
ð1Þ

where the modal voltages and currents Vi, Ii specify the z-dependence and eiðrÞ and
hiðrÞ ¼ ẑ � eiðrÞ are the transverse eigenvectors of the guide.

The index i is twofold and can be discrete or continuous depending as to whether the
transverse cross section of the guide is bounded or unbounded. The transverse eigenvectors
are related to the transverse eigenfunctions through

e0iðrÞ ¼ �
1
ti
0 rtfiðrÞ, h00i ðrÞ ¼ �

1
t00i
rtyiðrÞ ð2Þ

where

r2
t fiðrÞ þ ðti

0Þ2fiðrÞ ¼ 0, r2
t yiðrÞ þ ðt00i Þ2yiðrÞ ¼ 0 ð3Þ

The functions fiðrÞ and yiðrÞ provide the TM and TE modes. On the contour g that limits
the transverse section of the waveguide it must be

fiðrÞjg ¼ 0,
@yiðrÞ
@n

����
g
¼ 0
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where n is the normal to the contour g. If t0i ¼ 0, the TM mode becomes a TEM mode and a
different normalization in the first of eq. (2) must be used. We recall that the TEM mode
can occur only if the transverse section of the waveguide is not simply connected.

9.1.1 Example 1

Let us consider a rectangular waveguide oriented in the z-direction (Fig. 1b), and let us
assume that the guide has longitudinal direction y and cross section consisting of two parallel
planes separated by a distance A (Fig. 1a).

The unnormalized eigenfunctions are

fiðrÞ ¼ sin
mp
A

x
� � 1

2p
e�jaz; yiðrÞ ¼ cos

mp
A

x
� � 1

2p
e�jaz

The modal index m is discrete (m ¼ 0, 1, 2, . . .), while the modal index a is continuous
(�1 < a <1).

Let us indicate with V 0mðy,aÞ, V 00mðy,aÞ and I 0mðy,aÞ, I 00mðy,aÞ the TMma and TEma voltages
and the currents of the transmission line relevant to the waveguide with cross section in the
plane x, z (Fig. 1a). If the existing modes all have the same index m, we have

Exðx,y, zÞ ¼ exðy, zÞ cos m
p
A

x
� �

¼ cos m
p
A

x
� � 1

2p

ð1

�1

�
m
p
A

V 0mðy,aÞþ jaV 00mðy,aÞ
�

e�jazda

Ezðx,y, zÞ ¼ ezðy, zÞ sin m
p
A

x
� �

¼ sin m
p
A

x
� � 1

2p

ð1

�1

�
� jaV 0mðy,aÞ�m

p
A

V 00mðy,aÞ
�

e�jazda

Hxðx,y, zÞ ¼ hxðy, zÞ sin m
p
A

x
� �

¼ sin m
p
A

x
� � 1

2p

ð1

�1

�
� jaI 0mðy,aÞ�m

p
A

I 00mðy,aÞ
�

e�jazda

Hzðx,y, zÞ ¼ hzðy, zÞ cos m
p
A

x
� �

¼ cos m
p
A

x
� � 1

2p

ð1

�1

�
�m

p
A

I 0mðy,aÞ� jaI 00mðy,aÞ
�

e�jazda

x

A

z

y

A

(a) (b)

x

y
y � b

Fig. 1: Cross section of the waveguide of example 1
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The inversion in the Fourier domain yields

m
p
A

V 0mðy,aÞ þ jaV 00mðy,aÞ� ¼
ð1

�1
exðy, zÞejazdz ¼ ~E1ðy,aÞ

jaV 0mðy,aÞ þ m
p
A

V 00mðy,aÞ� ¼
ð1

�1
�ezðy, zÞejazdz ¼ ~E2ðy,aÞ

m
p
A

I 0mðy,aÞ þ jaI 00mðy,aÞ� ¼
ð1

�1
�hzðy, zÞejazdz ¼ � ~H zðy,aÞ

jaI 0mðy,aÞ þ m
p
A

I 00mðy,aÞ� ¼
ð1

�1
�hxðy, zÞejazdz ¼ � ~H xðy,aÞ

or in matrix form

m
p
A

ja

ja m
p
A

0
B@

1
CA � V 0mðy,aÞ

V 00mðy,aÞ
� �

¼
~E1ðy,aÞ
~E2ðy,aÞ

 !
ð4Þ

m
p
A

ja

ja m
p
A

0
B@

1
CA � I 0mðy,aÞ

I 00mðy,aÞ
� �

¼ �
~H zðy,aÞ
~H xðy,aÞ

 !
ð5Þ

Taking into account the loads of the transmission lines, the modal voltage and the modal
current can be related. For instance, a PEC wall if in the section y ¼ 0 (Fig. 1b) produces a
short circuit on the transmission lines. In this case we get

I 0mðy,aÞ ¼ �Y
 0

m V 0mðy,aÞ, I 00mðy,aÞ ¼ �Y
 00

m V 00ðy,aÞ ð6Þ
where

co ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � m

p
A

� �2
r

, c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

o � a2
q

Y
 0

m ¼ �
jwe
c

cotðcyÞ, Y
 00

m ¼ �
c

jwm
cotðcyÞ

Equation (6) allow for the elimination of the voltages and currents in (4) and (5). We get

m
p
A

ja

ja m
p
A

0
B@

1
CA � �Y

 0
m 0

0 �Y
 00

m

 !
m
p
A

ja

ja m
p
A

0
B@

1
CA
�1

~E1ðy,aÞ
~E2ðy,aÞ

 !
¼ �

~H zðy,aÞ
~H xðy,aÞ

 !
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Algebraic manipulations yield

m
p
A

ja

ja m
p
A

0
B@

1
CA � Y 0m 0

0 Y 00m

 ! m
p
A

ja

ja m
p
A

0
B@

1
CA
�1

¼ 1

b2

m
p
A

� �2
Y 0m þ a2Y 00m �jam

p
A
ðY 0m � Y 00mÞ

jam
p
A
ðY 0m � Y 00mÞ m

p
A

� �2
Y 00m þ a2Y 0m

��������

��������
where

b2 ¼ m
p
A

� �2
þ a2 ¼ k2 � c2

We observe that

m
p
A

� �2
Y 0m þ a2Y 00m ¼ �j cotðcyÞ we

c
m
p
A

� �2
þ c
wm

a2

� �
¼ �j

cotðcyÞ
wmc

b2t2

jam
p
A
ðY 0m � Y 00mÞ ¼ am

p
A

cotðcyÞ
wmc

b2

m
p
A

� �2
Y 00m þ a2Y 0m ¼ �j cotðcyÞ c

wm
m
p
A

� �2
þ we

c
a2

� �
¼ �j

cotðcyÞ
wmc

c2
ob

2

where t2 ¼ k2 � a2. By taking these equations into account, (7) can be rewritten as

�gyðaÞPmðaÞ � Yo

~E1ðy,aÞ
~E2ðy,aÞ

 !
¼ �

~H zðy,aÞ
~H xðy,aÞ

 !
ð7Þ

where

gyðaÞ ¼ �j
k cotðcyÞ

c
, PmðaÞ ¼ 1

k2

t2 �ja
mp
A

ja
mp
A

c2
o

�������

�������
Similarly, if the boundary y ¼ a is a PEC wall, there is a short circuit on the transmission
lines at this boundary, where we get

I 0mðy,aÞ ¼ Y
! 0

m V 0mðy,aÞ, I 00mðy,aÞ ¼ Y
! 00

m V 00ðy,aÞ
where

Y
! 0

m ¼ �
jwe
c

cotðcða� yÞÞ, Y
! 00

m ¼ �
c

jwm
cotðcða� yÞÞ
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Equation (7) becomes

ga�yðaÞPmðaÞ � Yo

~E1ðy,aÞ
~E2ðy,aÞ

 !
¼ �

~H zðy,aÞ
~H xðy,aÞ

 !
ð8Þ

The previous equations will be useful for obtaining Wiener-Hopf equations when a dis-
continuity is present in plane y (Fig. 1).

9.1.2 Example 2

Let us consider a waveguide having the transverse section indicated in Fig. 2. We can
assume that

fiðrÞ ¼ sin
mp
A

x
� �1

p
sinðazÞ yiðrÞ ¼ cos

mp
A

x
� �1

p
cosðazÞ

The modal index is discrete (m ¼ 0, 1, 2, . . .), and the modal index a (0 � a <1) is
continuous. Consider the section y, and let’s indicate with V 0mðy,aÞ, V 00mðy,aÞ and I 0mðy,aÞ,
I 00mðy,aÞ the TMma and TEma voltages and currents of the transmission line relevant to
the waveguide with cross section in the plane x, z. If only modes with index m propagate,
we have

Exðx, y, zÞ ¼ exðy, zÞcos m
p
A

x
� �

¼ cos m
p
A

x
� � 1

p

ð1

0

�
m
p
A

V̂
0

mðy,aÞ þ aV̂
00

m ðy,aÞ
�

sinðazÞda

Ezðx, y, zÞ ¼ ezðy, zÞsin m
p
A

x
� �

¼ sin m
p
A

x
� � 1

p

ð1

0

�
a V̂

0
mðy,aÞ � m

p
A

V̂
00

m ðy,aÞ
�

cosðazÞda

Hxðx, y, zÞ ¼ hxðy, zÞsin m
p
A

x
� �

¼ sin m
p
A

x
� � 1

p

ð1

0

�
aÎ
0

mðy,aÞ � m
p
A

Î
00

m ðy,aÞ
�

cosðazÞda

Hzðx, y, zÞ ¼ hzðy, zÞcos m
p
A

x
� �

¼ cos m
p
A

x
� � 1

p

ð1

0

�
�m

p
A

Î
0

mðy,aÞ � aÎ
00

m ðy,aÞ
�

sinðazÞda

x

A

z

Fig. 2: Cross section of the waveguide of example 2

9.1 ● Marcuvitz-Schwinger formalism 283



To obtain the inversion of these equations, we observe that both even and odd Fourier
transforms are involved (see section 10.1). We get

m
p
A

jV̂
0

mðy,aÞ þ ja V̂
00

m ðy,aÞ� ¼ 2j

ð1

0

exðy, zÞsinðazÞdz ¼ ~Exþðy,aÞ � ~Exþðy,�aÞ

�aV̂
0

mðy,aÞ þ m
p
A

V̂
00

m ðy,aÞ� ¼ 2
ð1

0

�ezðy, zÞcosðazÞdz ¼ �½~Ezþðy,aÞ þ ~Ezþðy,�aÞ�

m
p
A

j Î
0

mðy,aÞ þ ja Î
00

m ðy,aÞ� ¼ 2j

ð1

0

�hzðy, zÞsinðazÞdz ¼ �½ ~H zþðy,aÞ � ~H zþðy,�aÞ�

�aÎ
0

mðy,aÞ þ m
p
A

Î
00

m ðy,aÞ� ¼ 2
ð1

0

�hxðy, zÞcosðazÞdz ¼ �½ ~H zþðy,aÞ þ ~H zþðy,�aÞ�

where the plus functions ~FþðaÞ ¼
Ð1

0 f ðzÞe jazdz are involved.
In the following it is useful to introduce the operators D, S, and G defined by

D~FþðaÞ ¼ ~FþðaÞ � ~Fþð�aÞ, S~FþðaÞ ¼ ~FþðaÞ þ ~Fþð�aÞ, G ¼ D 0
0 S

����
����

In matrix form the previous equations can be rewritten as

m
p
A

ja

ja m
p
A

0
B@

1
CA � jV̂

0
mðy,aÞ

V̂
00

m ðy,aÞ

 !
¼ G �

~Exþðy,aÞ
�~Ezþðy,aÞ

 !
ð9Þ

m
p
A

ja

ja m
p
A

0
B@

1
CA � jÎ

0
mðy,aÞ

Î
00

m ðy,aÞ

 !
¼ G � �

~H zþðy,aÞ
� ~H xþðy,aÞ

 !
ð10Þ

The voltage and modal currents can be related by taking into account the loads of the
transmission lines. For instance, if in the section y ¼ c there is a PEC wall we have

Î
0

mðy,aÞ ¼ Y 0mV̂
0

mðy,aÞ, Î
00

m ðy,aÞ ¼ Y 00mV̂
00

m ðy,aÞ ð11Þ
where (y < c)

Y 0m ¼ �
jwe
c

cotðcðc� yÞÞ, Y 00m ¼ �
c

jwm
cotðcðc� yÞÞ ð12Þ

Equation (12) allow for the elimination of voltages and currents in (10) and (11). We get

gc�yðaÞPmðaÞ � G � Yo

~Exþðy,aÞ
�~Ezþðy,aÞ

 !
¼ G � �

~H zþðy,aÞ
� ~H xþðy,aÞ

 !
ð13Þ

It is important to observe that eq. (13) is unchanged by replacing a with �a.

284 CHAPTER 9 ● Wiener-Hopf analysis of waveguide discontinuities

www.ebook3000.com

http://www.ebook3000.org


9.2 Bifurcation in a rectangular waveguide

Let us consider a TE10 mode propagating in the waveguide b of Fig. 3. The discontinuity present
in the section z ¼ 0 produces modes in the three waveguides a, b, and c. More precisely, the
index 1 is conserved, and the excited modes are TE1n þ TM1n in all three waveguides. To obtain
the W-H equations of this problem, we consider a single waveguide having y as its longitudinal
axis (Fig. 1). Equation (7) in the section y ¼ b� and eq. (8) in y ¼ bþ apply. The PEC wall at
0 < x < A, y ¼ b, z < 0 implies that – exðbþ, zÞ ¼ exðb�, zÞ and ezðbþ, zÞ ¼ ezðb�, zÞ are zero
on 0 < x < A, y ¼ b, z < 0 and are continuous in the aperture 0 < x < A, y ¼ b, z > 0:
exðbþ, zÞ ¼ exðb�, zÞ. Consequently, the functions ~E1,2ðb�,aÞ ¼ Ð10 �ex,zðb�, zÞejazdz ¼
~E1,2þðb�,aÞ are plus functions. Since the quantities – hzðbþ, zÞ ¼ hzðb�, zÞ and hxðbþ, zÞ ¼
hxðb�, zÞ are continuous on the aperture 0 < x < A, y ¼ b, z > 0, the functions

� ~H zðbþ,aÞ þ ~H zðb�,aÞ ¼
ð0

�1
½�hzðbþ, zÞ þ hzðb�, zÞ�ejazda ¼ A1�ðaÞ

� ~H xðbþ,aÞ þ ~H xðb�,aÞ ¼
ð0

�1
½�hxðbþ, zÞ þ hxðb�, zÞ�ejazda ¼ A2�ðaÞ

are minus functions. With these considerations in mind, subtracting eq. (7) from eq. (8) gives
(the subscript m ¼ 1 has been omitted)

½gcðaÞ þ gbðaÞ�PðaÞ � Yo
E1þðaÞ
E2þðaÞ

� �
¼ A1�ðaÞ

A2�ðaÞ
� �

This equation can be rewritten as

j GðaÞ
wm

t2 j
ap
A

�j
ap
A

co

������

������ �
E1þðaÞ
�E2þðaÞ

� �
¼ �A1�ðaÞ

A2�ðaÞ
� �

ð14Þ

where

t2 ¼ k2 � a2, GðaÞ ¼ sinðcaÞ
c sinðcbÞ sinðccÞ

The factorization of GðaÞ was accomplished in example 4 of section 3.2.5.

c

b

y y y

A
y � b

A x
z

a

y � a

y � b

Fig. 3: Waveguide bifurcation problem: (a) longitudinal cross section; (b) transverse cross
section; (c) transmission line in the y-direction
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To put the W-H system in an inhomogeneous form, we consider the source term
constituted by the incident TE10 mode that propagates in the b waveguide. This source
produces in the minus functions A1�ðaÞ and A2�ðaÞ a nonstandard pole located at

a ¼ cb
10
00 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � p

A


 �2 � 0 p
b


 �2
q

¼ co. Taking into account the expressions of currents

induced in the walls y ¼ 0� and y ¼ 0þ that are due to the incident TE10 mode, we get

�A1�ðaÞ ¼ J s
x�ðaÞ þ

Ho

coAða� coÞ
, A2�ðaÞ ¼ J s

z�ðaÞ � j
Ho

ða� coÞ
The square matrix in (14) is a polynomial matrix and its factorization can be accomplished
with a several techniques. However, it is more convenient to rewrite (14) in scalar form:

j GðaÞ
wm

X̂ 1þðaÞ ¼ J s
x�ðaÞ þ

Ho

coAða� coÞ
ð15Þ

� j GðaÞ
wm

½X2þðaÞ� ¼ J s
z�ðaÞ � j

Ho

ða� coÞ
ð16Þ

where

X̂ 1þðaÞ ¼ t2E1þðaÞ � j
ap
A

E2þðaÞ

X2þðaÞ ¼ j
ap
A

E1þðaÞ þ coE2þðaÞ
ð17Þ

X2þðaÞ is a plus function that vanishes as a!1. The factorization of gðaÞ yields

X2þðaÞ ¼ wm
GþðaÞ

G�1
� ðcoÞHo

ða� coÞ
Conversely, X̂ 1þðaÞ is a plus function but is not limited as a!1. We can resort to the
consideration of section 2.5. It yields

X̂ 1þðaÞ ¼ wm
jGþðaÞ

�
G�1
� ðcoÞHo

coAða� coÞ
þ co

�

where co is a constant. To obtain co we invert eq. (17):

E1þðaÞ ¼
c2

oX̂ 1þðaÞ þ j apA X2þðaÞ
k2ðc2

o � a2Þ

E2þðaÞ ¼
�j apA X̂ 1þðaÞ þ ðk2 � a2ÞX2þðaÞ

k2ðc2
o � a2Þ

The pole a ¼ �co is offending for the plus functions E1þðaÞ and E2þðaÞ. Hence, we must
force that

c2
oX̂ 1þð�coÞ � j

cop
A

X2þð�coÞ ¼ 0

j
cop
A

X̂ 1þð�coÞ þ ðk2 � co
2ÞX2þð�coÞ ¼ 0
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The previous equations constitute a single equation. In fact, they are equivalent to

coX̂ 1þð�coÞ � j
p
A

X2þð�coÞ ¼ 0 ð18Þ

which provides the evaluation of co.
By examining the obtained solutions, it can be verified that the spectrum of the functions

E1þðaÞ, E2þðaÞ, A1�ðaÞ, A2�ðaÞ is discrete. In particular, the poles of A1�ðaÞ and A2�ðaÞ
are the propagation constants of the two waveguides a and b:

cb
10
00 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � p

A

� �2
r

, cb
1n
00 ¼ cb

1n
0 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � p

A

� �2
� n

p
b

� �2
r

and

cc
1n
00 ¼ cc

1n
0 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � p

A

� �2
� n

p
c

� �2
r

Conversely, the poles of E1þðaÞ are E2þðaÞ are ca
1n
0 ¼ ca

1n
00 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � p

A


 �2 � n p
a


 �2
q

.

To separate the contributions of the TE1n modes from those of the TM1n modes, we recall
that that the longitudinal component of the electric field Ez is related to E2þðaÞ, whereas the
longitudinal component of the magnetic field Hz is related to A1�ðaÞ.

Consequently, the excitations coefficient of the mode TM1n in waveguide a is related to

the residue of E2þðaÞ at the pole
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � p

A


 �2 � n p
a


 �2
q

.

The excitations coefficient of the modes TE1n in waveguides b and c are related to the

residue of A1�ðaÞ at the poles
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � p

A


 �2 � n p
a


 �2
q

and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � p

A


 �2 � n p
c


 �2
q

, respectively.

To get the excitations coefficients of the other modes in waveguide a, we must consider
E1þðaÞ and, taking into account that the contributions of the TM1n modes are known, we can
evaluate the contributions of the modes TE1n by difference.

Similarly, considerations apply to the modes TM1n in the waveguides b and c.

9.3 The junction of two waveguides

Let us consider a TE10 mode propagating in the rectangular waveguide located in z < 0 (Fig. 4).
The junction present in the section z ¼ 0 produces modes in both waveguides. More precisely,
the index 1 is conserved, and the excited modes are TE1n þ TM1n in the two waveguides.

Using eq. (8) in the section y ¼ b� yields (the subscript m ¼ 1 is omitted)

�gbðaÞPðaÞ � Yo

~Exþðb�,aÞ
�~Ezþðb�,aÞ

 !
¼ �

~H zþðb�,aÞ þ ~H z�ðb�,aÞ
~H xþðb�,aÞ þ ~H x�ðb�,aÞ

 !
ð19Þ

Similarly, using eq. (13) in the section y ¼ bþ yields (the subscript m ¼ 1 is omitted and
c ¼ a� b)

gcðaÞPðaÞ � Yo

~Exþðbþ,aÞ � ~Exþðbþ,�aÞ
�~Ezþðbþ,aÞ � ~Ezþðbþ,�aÞ

 !
¼ � ~H zþðbþ,aÞ þ ~H zþðbþ,�aÞ

� ~H xþðbþ,aÞ � ~H xþðbþ,�aÞ

 !

ð20Þ
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Two additional functional equations can be obtained by changing a into �a in (19):

�gbðaÞPð�aÞ � Yo

~Exþðb�,�aÞ
�~Ezþðb�,�aÞ

 !
¼ �

~H zþðb�,�aÞ þ ~H z�ðb�,�aÞ
~H xþðb�,�aÞ þ ~H x�ðb�,�aÞ

 !
ð21Þ

Conversely, by interchanging a with �a, eq. (20) remain unchanged.
The six eqs. (19), (20) and (21) contain as unknowns the six plus functions

~Exþðbþ,aÞ ¼ ~Exþðb�,aÞ ¼ ~Exþðb,aÞ, ~Ezþðbþ,aÞ ¼ ~Ezþðb�,aÞ ¼ ~Ezþðb,aÞ,
~H zþðbþ,aÞ ¼ ~H zþðb�,aÞ ¼ ~H zþðb,aÞ, ~H xþðbþ,aÞ ¼ ~H xþðb�,aÞ ¼ ~H xþðb,aÞ,
~H z�ðb�,�aÞ, ~H x�ðb�,�aÞ

and the six minus functions

~Exþðbþ,�aÞ ¼ ~Exþðb�,�aÞ, ~Ezþðbþ,�aÞ ¼ ~Ezþðb�,�aÞ, ~H zþðb,�aÞ,
~H xþðb,�aÞ, ~H x�ðb�,aÞ, ~H z�ðb�,aÞ

By separating the plus functions from the minus functions, we obtain the W-H equations of
the problem

GðaÞ � XþðaÞ ¼ Xþð�aÞ ð22Þ

where

XþðaÞ ¼ ~Exþðb,aÞ, ~Ezþðb,aÞ, ~H zþðb,aÞ, ~H xþðb,aÞ, ~H x�ðb�,�aÞ, ~H z�ðb�,�aÞ�� ��t

and GðaÞ is obtained by algebraic manipulation on eqs. (19) through (21).
Equation (22) is consistent since GðaÞ presents the property

Gð�aÞ �GðaÞ ¼ 1

To take the source into account, we observe that the minus function Xþð�aÞ has the two
components ~H x�ðb�,aÞ and ~H z�ðb�,aÞ, which are not standard Laplace transforms because

y
y � a

y � b

z

Fig. 4: Junction in the E – plane between two rectangular waveguides
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of the presence of the pole ao located in the fourth quadrant. This pole is relevant to the
mode TE10 propagating inside the waveguide at the left of the junction:

~H x�ðb�,aÞ ¼ Rx

a� ao
þ ~H

s
x�ðb�,aÞ, ~H z�ðb�,aÞ ¼ Rz

a� ao
þ ~H

s
z�ðb�,aÞ

Rx and Rz are related to the amplitude of the incident TE10 mode.
This pole induces a nonstandard behavior to the last two components of XþðaÞ:

~H x�ðb�,�aÞ ¼ � Rx

aþ ao
þ ~H

s
x�ðb�,�aÞ, ~H z�ðb�,�aÞ ¼ � Rz

aþ ao
þ ~H

s
z�ðb�,�aÞ

According to the general technique, we rewrite eq. (22) in the form

GþðaÞ � XþðaÞ �G�1
� ðaoÞ � R

a� ao
þG�1

þ ð�aoÞ � R

aþ ao

¼ G�1
� ðaÞ � Xþð�aÞ �G�1

� ðaoÞ � R

a� ao
þG�1

þ ð�aoÞ � R

aþ ao
¼ 0

where

R ¼ 0, 0, 0, 0, Rx, Rzj jt
From the previous equations we get the solution

XþðaÞ ¼ G�1
þ ðaÞ �G�1

� ðaoÞ � R

a� ao
�G�1

þ ðaÞ �G�1
þ ð�aoÞ � R

aþ ao

The factorization of GðaÞ ¼ G�ðaÞ �GþðaÞ can be accomplished in general by using the
Fredholm factorization discussed in chapter 5. In some case, it is possible to achieve a closed
form factorization with the methods indicated in chapter 4. For instance, this is the case if
b ¼ c.

9.4 A general discontinuity problem in a rectangular
waveguide

Let us consider a TE10 mode propagating in the waveguide located in z < 0 (Fig. 5). The
junction present in the section z ¼ 0 produces modes in both waveguides. More precisely,
the index 1 is conserved and the excited modes are TE1n þ TM1n in the two waveguides.

y

y � a

y � b

y � 0

b

y � b � cd
c

Fig. 5: A general discontinuity in a rectangular waveguide
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To obtain the W-H equations for this problem, let us consider the three waveguides b, c,
and d in the y-direction. For the waveguide b we get

�gbðaÞPðaÞ � Yo

~Ex�ðb�,aÞ þ ~Exþðb�,aÞ
�~Ez�ðb�,aÞ � ~Ezþðb�,aÞ

 !
¼ �

~H zþðb�,aÞ þ ~H z�ðb�,aÞ
~H xþðb�,aÞ þ ~H x�ðb�,aÞ

 !
ð23Þ

Similarly, for the waveguide c we have

gcðaÞPðaÞ � Yo

~Exþðbþ,aÞ � ~Exþðbþ,�aÞ
�~Ezþðbþ,aÞ � �~Ezþðbþ,�aÞ

 !
¼ � ~H zþðbþ,aÞ þ ~H zþðbþ,�aÞ
� ~H xþðbþ,aÞ � ~H xþðbþ,�aÞ

 !

ð24Þ
For the guide d, the same considerations of the waveguide c apply, and we get (d ¼ a� b)

gdðaÞPðaÞ � Yo

~Ex�ðbþ,aÞ � ~Ex�ðbþ,�aÞ
�~Ez�ðbþ,aÞ � �~Ez�ðbþ,�aÞ

 !
¼ � ~H zþðb�,aÞ þ ~H zþðb�,�aÞ

� ~H xþðb�,aÞ � ~H xþðb�,�aÞ

 !

ð25Þ
Two additional functional equations can be obtained by changing a into �a in (23):

�gbðaÞPð�aÞ �Yo
~Ex�ðb�,�aÞþ ~Exþðb�,�aÞ
�~Ez�ðb�,�aÞ� ~Ezþðb�,�aÞ

� �
¼� ~H zþðb�,�aÞþ ~H z�ðb�,�aÞ

~H xþðb�,�aÞþ ~H x�ðb�,�aÞ
� �

ð26Þ
Conversely, by interchanging a with �a, eqs. (24) and (25) remain unchanged.

We have the continuity of the transverse components:

~Ex�ðb�,aÞ ¼ ~Ex�ðbþ,aÞ ¼ ~Ex�ðaÞ
~Exþðb�,aÞ ¼ ~Exþðbþ,aÞ ¼ ~ExþðaÞ
~Ez�ðb�,aÞ ¼ ~Ez�ðbþ,aÞ ¼ ~Ez�ðaÞ
~Ezþðb�,aÞ ¼ ~Ezþðbþ,aÞ ¼ ~EzþðaÞ
~H z�ðb�,aÞ ¼ ~H z�ðbþ,aÞ ¼ ~H z�ðaÞ
~H zþðb�,aÞ ¼ ~H zþðbþ,aÞ ¼ ~H zþðaÞ
~H x�ðb�,aÞ ¼ ~H x�ðbþ,aÞ ¼ ~H x�ðaÞ
~H xþðb�,aÞ ¼ ~H xþðbþ,aÞ ¼ ~H xþðaÞ

The eight eqs. (23) through (26) contain unknown eight plus functions

XþðaÞ ¼ ~ExþðaÞ, ~EzþðaÞ, ~H zþðaÞ, ~H xþðaÞ, ~Ex�ð�aÞ, ~Ez�ð�aÞ, ~H z�ð�aÞ, ~H x�ð�aÞ
�� ��t
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and eight minus functions

Xþð�aÞ ¼ ~Exþð�aÞ, ~Ezþð�aÞ, ~H zþð�aÞ, ~H xþð�aÞ, ~Ex�ðaÞ, ~Ez�ðaÞ, ~H z�ðaÞ, ~H x�ðaÞ
�� ��t

By separating the plus functions from the minus functions we obtain the W-H equations of
the problem

GðaÞ � XþðaÞ ¼ Xþð�aÞ ð27Þ
where GðaÞ is obtained by algebraic manipulation on eqs. (23) through (26). Equation (27)
is consistent since GðaÞ presents the property Gð�aÞ �GðaÞ ¼ 1.

To take the source into account, we observe that the minus function Xþð�aÞ has the last
four components ~Ex�ðaÞ, ~Ez�ðaÞ, ~H x�ðaÞ and ~H z�ðaÞ, which are nonstandard Laplace
transforms because of the presence of the pole ao located in the fourth quadrant. This pole is
relevant to the mode TE10 propagating in the waveguide at the left of the junction:

~Ex�ðaÞ ¼ Tx

a� ao
þ ~E

s
x�ðaÞ, ~Ez�ðaÞ ¼ Tz

a� ao
þ ~E

s
z�ðaÞ

~H x�ðaÞ ¼ Rx

a� ao
þ ~H

s
x�ðaÞ, ~H z�ðaÞ ¼ Rz

a� ao
þ ~H

s
z�ðaÞ

Tx, Tz, Rx, and Rz are related to the amplitude of the incident TE10 mode.
This pole induces a nonstandard behavior in the last four components of XþðaÞ:

~Ex�ð�aÞ ¼ � Tx

aþ ao
þ ~E

s
x�ð�aÞ, ~Ez�ð�aÞ ¼ � Tz

aþ ao
þ ~E

s
z�ð�aÞ

~H x�ð�aÞ ¼ � Rx

aþ ao
þ ~H

s
x�ð�aÞ, ~H z�ð�aÞ ¼ � Rz

aþ ao
þ ~H

s
z�ð�aÞ

According to the general technique, we rewrite eq. (27) in the form

GþðaÞ � XþðaÞ �G�1
� ðaoÞ � R

a� ao
þG�1

þ ð�aoÞ � R

aþ ao

¼ G�1
� ðaÞ � Xþð�aÞ �G�1

� ðaoÞ � R

a� ao
þG�1

þ ð�aoÞ � R

aþ ao
¼ 0

where

R ¼ 0, 0, 0, 0, Tx, Tz, Rz, Rxj jt ð28Þ
From the previous equations we get the solution

XþðaÞ ¼ G�1
þ ðaÞ �G�1

� ðaoÞ � R

a� ao
�G�1

þ ðaÞ �G�1
þ ð�aoÞ � R

aþ ao

The factorization of GðaÞ ¼ G�ðaÞ �GþðaÞ can be accomplished in general using the
Fredholm factorization indicated in chapter 5. In some cases it is possible to obtain a closed-
form factorization with the methods indicated in chapter 4. For instance, this happens if
b ¼ c ¼ d (symmetric iris).
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9.5 Radiation from truncated circular waveguides

This very important problem (Fig. 6) has been considered by Levine and Schwinger (1948)
for the acoustic case and by Weinstein (1969) for the electromagnetic case. Let us consider a
source constituted by a TEmi þ TMmi mode:

~E
i
z ¼ ei

zðr, zÞsinðmjþ joÞ, ~H
i
z ¼ hi

zðr, zÞcosðmjþ joÞ ð29Þ
where

ei
zðr, zÞ ¼ Jmðt0mirÞÊoe�jc0miz, hi

zðr, zÞ ¼ Jmðt00mirÞ
Jmðt00miaÞ

Hoe�jc00miz ¼ Jmðt00mirÞĤ oe�jc00miz

Jmðt0miaÞ, J 0mðt00miaÞ ¼ 0, c0mi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � t02mi

q
, c00mi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � t002mi

q

The field components that are of the interest for the solution of the problem are

~Ez ¼ ezðr, zÞsinðmjþ joÞ, ~Ej ¼ ejðr, zÞcosðmjþ joÞ
~H z ¼ hzðr, zÞcosðmjþ joÞ, ~H j ¼ hjðr, zÞsinðmjþ joÞ

On the wall of the waveguide exists a current given by

~J j ¼ jjðzÞcosðmjþ joÞ, ~J z ¼ jzðzÞsinðmjþ joÞ
In the following, the Fourier transform will be defined as

Ezða, rÞ ¼
ð1

�1
ezðz, rÞejazdz, Hzða, rÞ ¼

ð1

�1
hzðz, rÞejazdz

Ejða, rÞ ¼
ð1

�1
ejðz, rÞejazdz, Hjða, rÞ ¼

ð1

�1
hjðz, rÞejazdz

JjðaÞ ¼
ð1

�1
jjðzÞejazdz, JzðaÞ ¼

ð1

�1
jzðzÞejazdz

TEmn � TMmn

TEmn � TMmn

TEmi z
a

y

x

Pr

j

Fig. 6: Radiation from a circular waveguide
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The wave equation for the Fourier transforms of the longitudinal components is the Bessel
equation

d2

dr2
þ 1
r

d

dr
� m2

r2
þ t2

� �
Ezða, rÞ
Hzða, rÞ

����
���� ¼ 0

where t2 ¼ k2 � a2.
We can relate the azimuthal components to the longitudinal components via

Ej ¼ � j

t2

am

r
Ez � wm

@Hz

@r

� �
, Hj ¼ � j

t2
we

@Ez

@r
� am

r
Hz

� �
ð30Þ

The solutions of the Bessel equation that are regular at r ¼ 0 and satisfy the radiation con-
ditions as r!1 are given by

Ezða, rÞ ¼ AðaÞJmðtrÞ
Hzða, rÞ ¼ BðaÞJmðtrÞ

r < a ð31Þ

Ezða, rÞ ¼ CðaÞH ð2Þm ðtrÞ
Hzða, rÞ ¼ DðaÞH ð2Þm ðtrÞ

r > a ð32Þ

It follows from (30) that

Ejða, rÞ ¼ � jma
r t2

AðaÞJmðtrÞ þ jwm
t

BðaÞJm
0ðtrÞ

Hjða, rÞ ¼ � jwe
t

AðaÞJ 0mðtrÞ þ
jma
r t2

BðaÞJmðtrÞ
r < a ð33Þ

Ejða, rÞ ¼ � jma
r t2

CðaÞH ð2Þm ðtrÞ þ
jwm
t

DðaÞH ð2Þm
0ðtrÞ

Hjða, rÞ ¼ � jwe
t

CðaÞH ð2Þm
0ðtrÞ þ jma

r t2
DðaÞH ð2Þm ðtrÞ

r > a ð34Þ

Let us consider the two functions

VzþðaÞ ¼ Ezða, aþÞ ¼ Ezða, a�Þ, VjþðaÞ ¼ Ejða, aþÞ ¼ Ejða, a�Þ
which are plus functions since Ezða, aþÞ ¼ Ezða, a�Þ vanishes for z < 0.

From the first of (31) and the first of (32) evaluated at r ¼ a� ¼ aþ, we get

AðaÞ ¼ VzþðaÞ
JmðtaÞ , CðaÞ ¼ VzþðaÞ

H ð2Þm ðtaÞ
ð35Þ

Substituting these equations into the first of (33) and the first of (34) evaluated at
r ¼ a� ¼ aþ, we can express BðaÞ and DðaÞ in terms of VzþðaÞ and VjþðaÞ:

BðaÞ ¼ t
jwmJ 0mðtaÞ

�
VjþðaÞ þ j

ma
at2

VzþðaÞ
�

DðaÞ ¼ t
jwmH ð2Þm

0ðtaÞ

�
VjþðaÞ þ j

ma
at2

VzþðaÞ
� ð36Þ
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Introduce the two functions

Jz�ðaÞ ¼ Hjða, aþÞ � Hjða, a�Þ, Jj�ðaÞ ¼ �Hzða, aþÞ þ Hzða, a�Þ

which are minus functions since Hz,jða, aþÞ ¼ Hz,jða, a�Þ for z > 0. We can express Jz�ðaÞ
and Jj�ðaÞ by taking into account the second equations of (31) through (34) evaluated at
r ¼ a�. We get

�Jj�ðaÞ ¼ DðaÞH ð2Þm ðtaÞ � BðaÞJmðtaÞ ð37Þ

Jz�ðaÞ ¼ � jwe
t
½CðaÞH ð2Þm

0ðtaÞ � AðaÞJ 0mðtaÞ�

þ jma
at2
½DðaÞH ð2Þm ðtaÞ � BðaÞJmðtaÞ� ð38Þ

By substituting the expressions of AðaÞ, BðaÞ, CðaÞ, and DðaÞ given by (35) and (36) into
the previous equations, we obtain a W-H system having as unknowns the minus functions
Jz�ðaÞ and Jj�ðaÞ and the plus functions VzþðaÞ and VjþðaÞ:

�Jj�ðaÞ ¼ t
jwm

�
VjþðaÞ þ j

ma
at2

VzþðaÞ
��

H ð2Þm ðtaÞ
H ð2Þm

0ðtaÞ
� JmðtaÞ

J 0mðtaÞ
�

Jz�ðaÞ ¼ � jwe
t

�
H ð2Þm

0ðtaÞ
H ð2Þm ðtaÞ

� J 0mðtaÞ
JmðtaÞ

�
VzþðaÞ � jma

at2
Jj�ðaÞ

ð39Þ

Taking into account that the Wronskian of JmðtaÞ and H ð2Þm ðtaÞ is given by

JmðtaÞH ð2Þm
0ðtaÞ � J 0mðtaÞH ð2Þm ðtaÞ ¼ �

2j

pta

we can rewrite (39) in the form

Jj�ðaÞ ¼ � 2t
wmymðaÞ

�
VjþðaÞ þ j

ma
at2

VzþðaÞ
�

Jz�ðaÞ þ jma
at2

Jj�ðaÞ ¼ � 2we
tfmðaÞ

VzþðaÞ
ð40Þ

where

fmðaÞ ¼ ptaH ð2Þm ðtaÞJmðtaÞ, ymðaÞ ¼ ptaH ð2Þm
0ðtaÞJ 0mðtaÞ

To take into account the source, we observe that the minus functions Jz�ðaÞ and Jj�ðaÞ are
nonstandard. We have

Jj�ðaÞ ¼ J s
j�ðaÞ þ Hi

z�ða, a�Þ, Jz�ðaÞ ¼ J s
z�ðaÞ � Hi

j�ða, a�Þ
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where the nonstandard parts Hi
z�ða, a�Þ and Hi

j�ða, a�Þ can be evaluated taking into
account that

~E
i
z ¼ j

Jmðt0mirÞt0mi

J 0mðt0miaÞk
e�jc0mizsinðmjþ joÞEo; ~H

i
z ¼

Jmðt00mirÞ
Jmðt00miaÞ

e�jc00mizcosðmjþ joÞHo

~H
i
j ¼ �

jwe
t02mi

@~E
i
z

@r
þ j

mc00mi

at002mi

~H
i
z

We obtain

Hi
z�ða, a�Þ ¼ �j

Ho

a� c00mi

Hi
j�ða; a�Þ ¼ �

jYoEo

a� c0mi
� jmc00mi

ac00mi
2

jHo

a� c00mi

Thus, the W-H equations in normal form are

� 2
wmtymðaÞ

�
t2VjþðaÞ þ j

ma
a

VzþðaÞ
�
¼ Js

j�ðaÞ � j
Ho

a� c00mi

� 2wet
fmðaÞ

VzþðaÞ ¼ t2Js
z�ðaÞ þ

jma
a

Js
j�ðaÞ þ

jt2YoEo

a� c0mi
� jm

a
a� t2c00mi

t002mi

 !
jHo

a� c00mi

These two W-H equations are decoupled if we introduce the unbounded plus and minus
functions defined by (see section 2.5)

X̂þðaÞ ¼ t2VjþðaÞ þ j
ma
a

VzþðaÞ, Ŷ �ðaÞ ¼ t2J s
z�ðaÞ þ

jma
a

J s
j�ðaÞ

We find

� 2
wmtymðaÞ

X̂ þðaÞ ¼ Js
j�ðaÞ � j

Ho

a� c00mi

� 2wet
fmðaÞ

VzþðaÞ ¼ Ŷ�ðaÞ þ jt2YoEo

a� c0mi
� jm

a
a� t2c00mi

t002mi

 !
jHo

a� c00mi

ð41Þ

The behavior of X̂þðaÞ and Ŷ�ðaÞ can be obtained by observing that

~Ezðz, a,jÞ ! z�1=2, ~Ejðz, a,jÞ ! z1=2 as z! 0þ

~J zðzÞ ! z1=2, ~J jðzÞ ! z�1=2 as z! 0�

It follows that as a!1
VjþðaÞ ! a�3=2, VzþðaÞ ! a�1=2, Jz�ðaÞ ! a�3=2, Jj�ðaÞ ! a�1=2, X̂þðaÞ ! a1=2,

Ŷ�ðaÞ ! a
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The solution of the two uncoupled eq. (41) requires the factorization of the functions ymðaÞ
and fmðaÞ. The asymptotic behavior of these functions follows from the asymptotic behavior
of the Bessel functions. We have

JmðtaÞ �
ffiffiffiffiffiffiffiffi

2
pta

r
cosðta� mp=2� p=4Þ �

ffiffiffiffiffiffiffiffi
2

pta

r
e�jðta�mp=2�p=4Þ

H ð2Þm ðtaÞ �
ffiffiffiffiffiffiffiffi

2
pta

r
e�jðta�mp=2�p=4Þ, J 0mðtaÞ � j

ffiffiffiffiffiffiffiffi
2

pta

r
e�jðta�mp=2�p=4Þ

H ð2Þm
0ðtaÞ � �j

ffiffiffiffiffiffiffiffi
2

pta

r
e�jðta�mp=2�p=4Þ

It follows that ymðaÞ and fmðaÞ are constants as a!1.
The factorization of ymðaÞ in the first of eq. (41) and the separation of the plus and the

minus functions in two separate members yields the solution

Js
j�ðaÞ ¼

Aoffiffiffiffiffiffiffiffiffiffiffiffi
k þ a
p

ym�ðaÞ
þ j

Ho½
ffiffiffiffiffiffiffiffiffiffiffiffi
k þ a
p

ym�ðaÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ c00mi

p
ym�ðc00miÞ�ffiffiffiffiffiffiffiffiffiffiffiffi

k þ a
p

ym�ðaÞða� c00miÞ
ð42Þ

X̂ þðaÞ ¼ t2VjþðaÞ þ j
ma
a

VzþðaÞ

¼ �Ao þ j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ c00mi

p
a� c00mi

ym�ðc00miÞHo

 !
wm

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a
p

2
ymþðaÞ ð43Þ

where Ao is the entire function that arises from the separations of the plus from the minus
functions. According to the asymptotic behavior of the involved functions, Ao must be a
constant.

By using the same reasoning in the second of eq. (41) we get

VzþðaÞ ¼ � fmþðaÞ
2we

ffiffiffiffiffiffiffiffiffiffiffiffi
k � a
p

�
Boaþ Co þ j

YoEot2fm�ðc0miÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ c0mi

p ða� c0miÞ

�
ð44Þ

Ŷ�ðaÞ ¼ t2Js
z�ðaÞ þ

jma
a

J s
j�ðaÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
k þ a
p

fm�ðaÞ
�

Boaþ Co þ jm

a
a� t2c00mi

t002mi

 !
jHo

a� c00mi

�

þ�jt2

�
1� fm�ðc0miÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
k þ a
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k þ c0mi

p
fm�ðaÞ

�
YoEo

a� c0mi

ð45Þ
where Boaþ Co is the entire function that arises from the separation of the plus from the
minus functions. According to the asymptotic behavior of the involved functions, this must
be a polynomial of first degree. The constant Bo is immediately found by taking into account
the behavior of Ŷ�ðaÞ in (45). We get

Bo ¼ j
YoEofm�ðc0miÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k þ c0mi

p ð46Þ
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To find Ao and Co we observe that

VjþðaÞ ¼
X̂ þðaÞ � j ma

a VzþðaÞ
ðk � aÞðk þ aÞ

Js
z�ðaÞ ¼

Ŷ �ðaÞ � jma
a J s

j�ðaÞ
ðk � aÞðk þ aÞ

Since VjþðaÞ is regular a ¼ �k, and since Js
z�ðaÞ is regular a ¼ k. Hence, we get the

following two equations:

X̂þð�kÞ þ j
mk

a
Vzþð�kÞ ¼ 0

Ŷ�ðkÞ � jmk

a
Js
j�ðkÞ

It can be shown that these two equations provide the evaluation of the two constants Ao and Co.

9.6 Discontinuities in circular waveguides

The technique that we have elucidated for solving discontinuity problem in rectangular
waveguides can be extended to circular waveguides. For instance, the following problems
have been considered in the literature.

Problem (a): Radiation from a semi-infinite cylindrical waveguide into a larger cylindrical
waveguide such that the two cylinders are coaxial (Fig. 7). This problem has been considered
by many authors, including Mittra and Lee (1971) and Weinstein (1969).

Problem (b): Scattering by a semi-infinite PEC rod of circular cross section (Fig. 8). This
problem has been considered by Jones (1955).

Fig. 7: Geometry of problem (a)

PEC

PEC

PEC

Fig. 8: Geometry of problem (b)
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Problem (c): Scattering by a PEC cylinder of finite length (Fig. 9). This problem has been
considered by Williams (1956).

Problem (d): Junction between two circular waveguides (Fig. 10). This problem has been
considered by Papadopoulos (1957).

Problem (e): Junction between a coaxial cable and a circular waveguide (Fig. 11). This
problem is considered by Weinstein (1969, p. 195).

Problem (f): Semi-infinite transmission line (Fig. 12). This problem is considered by
Weinstein (1969, p. 212)

PEC

PEC

PEC PEC

Fig. 9: Geometry of problem (c)

Fig. 10: Geometry of problem (d)

PEC

PEC

PEC

Fig. 11: Geometry of problem (e)

Fig. 12: Open-ended coaxial line
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Problem (g): Semi-infinite sheath helix (Fig. 13). This problem is considered in Weinstein
(1969, p. 345).

Fig. 13: Semi-infinite helical waveguide
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CHAPTER 10

Further applications of the
W-H technique

10.1 The step problem

10.1.1 Deduction of the transverse modified W-H equations

(E-polarization case)

A simple transmission line model for the problem shown in Fig. 1 yields for y > 0

IðaÞ ¼ IþðaÞ þ I�ðaÞ ¼ Yc½VþðaÞ þ V�ðaÞ� ¼ Yc VþðaÞ, Yc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

k Zo
ð1Þ

where

V�ðaÞ ¼
ð0

�1
Ezðx, 0Þe jaxdx ¼ 0, I�ðaÞ ¼

ð0

�1
Hxðx, 0þÞe jaxdx

VþðaÞ ¼
ð1

0

Ezðx, 0Þe jaxdx, IþðaÞ ¼
ð1

0

Hxðx, 0Þe jaxdx

For y < 0 we must introduce the odd and even Fourier transforms1 defined by

FoðaÞ ¼ 2j

ð1

0

f ðxÞ sinðaxÞdx FeðaÞ ¼ 2
ð1

0

f ðxÞ cosðaxÞdx

1 We can use different definitions of the odd and even Fourier transforms. In every case, the coefficients of the
inverse transforms derive from

ð1

0

cosðazÞ cosðauÞda ¼ p
2
dðz� uÞ,

ð1

0

sinðazÞ sinðauÞda ¼ p
2
dðz� uÞ
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f ðxÞ ¼ 1
jp

ð1

0

FoðaÞ sinðaxÞda f ðxÞ ¼ 1
p

ð1

0

FeðaÞ cosðaxÞda

For these transforms the transmission line equations apply, and we get

Î ðaÞ ¼ 2j

ð1

0

Hxðx, 0Þ sinðaxÞdx ¼ IþðaÞ � Iþð�aÞ

¼ �Ys V̂ ðaÞ ¼ �Ys 2j

ð1

0

Ezðx, 0Þ sinðaxÞdx ¼ �Ys½VþðaÞ � Vþð�aÞ�

where from the transmission line theory we introduce Fig. 2.
By subtracting the two equations we get

GðaÞVþðaÞ þ HðaÞVþð�aÞ ¼ I�ðaÞ þ Iþð�aÞ
where

GðaÞ ¼ Yc þ Ys ¼ �j
sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

s
� �

ðk sÞZo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

s
e j

ffiffiffiffiffiffiffiffiffiffi
k2�a2
p

s

HðaÞ ¼ Ys ¼ �j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

k Zo
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

s
h i

To make explicit the source term, we observe that the plus functions VþðaÞ and IþðaÞ are
standard since the pole ao ¼ �k cosjo is in the fourth quadrant. Consequently, also
the minus functions Vþð�aÞ and Iþð�aÞ are standard. This avoids the evaluation of the
geometrical optics field in the aperture y ¼ 0, x > 0. Conversely, for the minus function

PEC
PEC

PEC

y

fo

y � 0

Ei

Hi

y � �d

Fig. 1: The step problem

Ys

y � 0

y � �s

Fig. 2: Transmission line in the region �s < y < 0
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I�ðaÞ the pole ao ¼ �k cosjo is nonstandard. However, the nonstandard contribution is
immediately evaluated because it is the primary contribution for the total current induced on
the half-plane y ¼ 0, x < 0. We have

I�ðaÞ ¼ I s
�ðaÞ þ 2j

Eo cosjo

Zoða� aoÞ
where I s

�ðaÞ is standard. Thus,

GðaÞVþðaÞ þ HðaÞVþð�aÞ ¼ I s
�ðaÞ þ Iþð�aÞ þ 2j

Eo cosjo

Zoða� aoÞ
involves only standard W-H unknowns.

The step problem is related to the thick semi-infinite plane problem. This important
problem was studied by Jones (1953), who developed for its solution the very important
method described in chapter 6, section 6.1.3.

10.1.2 Solution of the equations

The modified equations can be solved using Jones’s method (section 6.1.3) (Daniele,
Tascone & Zich, 1983). Alternatively, we can reduce them to a system of two standard W-H
equations (section 1.5.1).

10.2 The strip problem

From the circuit representation of Fig. 3 we get

Zc

2
AoðaÞ ¼ V�ðaÞ þ e jaLYþðaÞ

where

AoðaÞ ¼
ðL

0

½Hxðx, 0þÞ � Hxðx, 0�Þ�e jaxdx

Zc ¼ Y�1
c ¼ k Zoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 � a2
p V�ðaÞ ¼

ð0

�1
Ezðx, 0Þe jaxdx

YþðaÞ ¼
ð1

0

Ezðxþ L, 0Þe jaxdx

Hi

Ei y

x � L
x

Zc

Zc

y � 0
V� Ao

fo

Fig. 3: The strip problem and its circuit model
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To make explicit the source term, we observe that the only nonstandard unknown is

V�ðaÞ ¼ V s
�ðaÞ � j

Eo

a� ao

Consequently,

Zc

2
AoðaÞ ¼ V s

�ðaÞ þ e jaLYþðaÞ � j
Eo

a� ao

is longitudinal modified W-H equation that contains only standard unknowns.
The solution of the previous equation can be accomplished according to the two methods

presented in section 6.2 and the Jones method. In particular, the Jones method (see section
6.1.2 for details) is particularly appropriate for this problem (Serbest & Büyükaksoy, 1993).

10.2.1 Some longitudinally modified W-H geometries

Two parallel strips constitute a planar waveguide of finite length (Fig. 4). This important
problem was solved for the first time by Jones (1952b). The Jones method was developed for
solving the longitudinal W-H equations (section 6.1.2).

Some geometries considered in Noble (1958) and Mittra and Lee (1971) are indicated in
the following sections.

10.3 The hole problem

By considering the transmission line for y > 0 (Fig. 5) we get the incomplete W-H equation:

IðaÞ ¼ I�ðaÞ þ IoðaÞ þ I
_

þðaÞe jaL ¼ Yc VoðaÞ

(a) (b)

Fig. 4: Longitudinal modified geometries

PEC
PEC

PEC

PEC

x � L
y � 0

y � �d

y

Hi
Ei

fo

Fig. 5: The hole problem
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where

Yc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

k Zo
, I�ðaÞ ¼

ð0

�1
Hxðx, 0þÞe jaxdx, I

_

þðaÞ ¼
ð1

0

Hxðxþ L, 0Þe jaxdx

VoðaÞ ¼
ðL

0

Ezðx, 0Þe jaxdx, IoðaÞ ¼
ðL

0

Hxðx, 0Þe jaxdx

To complete the mathematical formulation of the problem, we observe that the hole con-
stitutes a waveguide in the y-direction. We have

Ezðx, 0Þ ¼
X1
n¼1

An sin
np
L

x Hxðx, 0Þ ¼ �
X1
n¼1

YnAn sin
np
L

x

where

Yn ¼ �j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2

n

p
wm

, an ¼ np
L

, n ¼ 1, 2, . . .

It follows that

VoðaÞ ¼
X1
n¼1

An
an

a2 � a2
n

ð�1þ e jaL cosðnpÞÞ

IoðaÞ ¼ �
X1
n¼1

AnYn
an

a2 � a2
n

ð�1þ e jaL cosðnpÞÞ

Both functions IoðaÞ and VoðaÞ are entire and the previous equations constitute the sample
representations of these functions (see eq. (6.54)). From these equations we get that the
functional equation that relates IoðaÞ to VoðaÞ is constituted by the equation in the following
samples:

IoðanÞ ¼ �YnVoðanÞ ð2Þ
where VoðanÞ ¼ j L

2 An.
Keeping this fact in mind, we assume that IoðaÞ is known and solve

I�ðaÞ þ IoðaÞ þ I
_

þðaÞe jaL ¼ Yc VoðaÞ
using the Jones method. In particular, this solution yields a functional equation that relates
VoðaÞ to IoðaÞ. By assuming a ¼ an ¼ np

L (n ¼ 1, 2, . . .) and taking (2) into account, we
obtain a system of equations in the samples VoðanÞ.

10.4 The wall problem

Considering the transmission line for y > 0 we get (Fig. 6)

Yc½V�ðaÞ þ V
_

þðaÞe jaL� ¼ I�ðaÞ þ IoðaÞ þ I
_

þðaÞe jaL ð3Þ
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where

Yc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

k Zo

Considering the transmission line �d < y < 0, x < 0, we get

�Yd ½V�ðaÞ � V�ð�aÞ� ¼ I�ðaÞ � I�ð�aÞ ð4Þ
where

Yd ¼ �j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

k Zo
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

d
h i

Considering the transmission line �d < y < 0, L < x <1, we get

�Yd ½V
_

þðaÞe jaL � V
_

þð�aÞe�jaL� ¼ I
_

þðaÞe jaL � I
_

þð�aÞe�jaL ð5Þ
Another equation can be obtained by replacing a with �a in eq. (3):

Yc½V�ð�aÞ þ V
_

þð�aÞe�jaL� ¼ I�ð�aÞ þ Ioð�aÞ þ I
_

þð�aÞe�jaL ð6Þ
Conversely, with this substitution eqs. (4) and (5) remain unchanged.

Equations (3) through (6) constitute a system of W-H equations having as unknowns

the plus function V
_

þðaÞ, I
_

þðaÞ, V�ð�aÞ and I�ð�aÞ and the minus functions V
_

þð�aÞ,
I
_

þð�aÞ, V�ðaÞ and I�ðaÞ. This system is incomplete, since also the unknowns Ioð�aÞ are
present. We ignore this fact and solve the system using the Jones method. In this way we
obtain a solution that depends on the functions Ioð�aÞ. To complete the solution, we need
the functional equations that relate Ioð�aÞ to the W-H unknowns. For this purpose we
introduce the additional information that the function IoðaÞ is entire; hence, it can be
represented by the sampling theorem in the form

IoðaÞ ¼
X1

m¼�1

ðe jaL � 1ÞIoðamÞ
jLða� amÞ ð7Þ

where an ¼ n 2p
L .

By substituting (7) into (3) and assuming a ¼ �an, we get

Zcð�anÞ I�ð�anÞ þ
X1

m¼�1

ðe�janL � 1ÞIoðamÞ
jLð�an � amÞ þ I

_

þð�anÞe�janL

" #
� V�ð�anÞ

� V
_

þð�anÞe�janL ¼ 0 ð8Þ

PEC PEC

PEC

x � L
y � �d

y � 0
y

Hi
Ei

fo

Fig. 6: The wall problem
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where ZcðaÞ ¼ ðYcÞ�1. The W-H solutions relate the samples

I�ð�anÞ, I
_

þð�anÞ, V�ð�anÞ, V
_

þð�anÞ
to IoðanÞ. Substitution of these relations into (8) yields a system of infinite unknown in the
samples IoðanÞ.

The wall problem can be related to the diffraction by a perfectly electrical conducting
(PEC) rectangular cylinder. This problem has been tackled using the W-H technique (Aoki &
Uchida, 1978; Kobayashi, 1982a, 1982b). In these papers the deduction of the incomplete
W-H equations has been accomplished using an approach different from the one used in this
section and based on the introduction of transmission lines.

10.5 The semi-infinite duct with a flange

Let us consider the geometry shown in Fig. 7. We can derive the Wiener-Hopf equations by
introducing two alternative formulations. The first formulation is similar to that introduced
in the hole problem2 and is based on the introduction of the Fourier transform in the
x-direction, leading to an incomplete W-H equation.

Alternatively, we can use Fourier transforms in the y-direction defined by

~Fðx, hÞ ¼
ð1

�1
Fðx, yÞe jhydy

To simplify the deduction of the W-H equation, we reduce the problem to the study of the
two simpler problems illustrated in Fig. 8.

In problem (a), in the region x < b, �1 < y <1 we get

�Yb½~Ez�ðb, hÞ þ ~Ezþðb, hÞ� ¼ �Yb~Ezþðb, hÞ ¼ ~Hx�ðb, hÞ þ ~Hxþðb, hÞ
where

Yb ¼ �j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
k Zo

cot
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
b

h i

In the region x > b, 0 < y <1, the use of the odd Fourier transform yields

Yc½~Ezþðb, hÞ � ~Ezþðb,�hÞ� ¼ ~Hxþðb, hÞ � ~Hxþðb,�hÞ
where

Yc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
k Zo

By subtracting the two equations we obtain the transverse modified W-H equation:

ðYb þ YcÞ~Ezþðb, hÞ � Yc~Ezþðb,�hÞ ¼ � ~Hx�ðb, hÞ � ~Hxþðb,�hÞ ¼ X�ðhÞ

2 In practice we have a hole in which d ¼ �1.
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Problem (b) can be studied in the same manner, and we get the same equations where

Yb ¼ j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
k Zo

tan
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � h2

p
b

h i

10.6 Presence of dielectrics

In the previous examples we resorted to transmission line models to obtain the W-H
equations for the problems. These transmission lines are relevant to waveguides with
transverse sections filled by homogeneous media. Sometimes we encounter discontinuities
due to the presence of dielectrics (Fig. 9). To study this structure, for the sake of sim-
plicity, in the following we will consider only the presence of the component Ezðx, yÞ of
the electric field.

The wave equations in the two regions 1 and 2 are

@2

@x2
þ @2

@y2
þ k2

1

� �
Ezðx, yÞ ¼ 0,

@2

@x2
þ @2

@y2
þ k2

2

� �
Ezðx, yÞ ¼ 0

PEC

y

y � 0
x �L

PEC
PEC

Hi
Ei

fo

Fig. 7: Geometry of the problem

PEC PEC PEC

PEC PEC

PMC

x � b x � b

(a) (b)

x x

y y

Fig. 8: Simplified geometry of the problem
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Applying the unilateral Fourier transforms

~Ezða, yÞ ¼
ð1

0

Ezðx, yÞe jaxdx

to the previous equations we get

d2

dy2
þ t2

1

� �
~Ezða, yÞ ¼ �jaEzð0þ, yÞ þ @

@y
Ezð0þ, yÞ

d2

dy2
þ t2

2

� �
~Ezða, yÞ ¼ jaEzð0�, yÞ � @

@y
Ezð0�, yÞ

where t1,2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1,2 � a2
q

.

In the following it is important to evaluate the particular integral of the equation

d2

dy2
þ t2

� �
~Fða, yÞ ¼ faðyÞ ða < y < bÞ ð9Þ

which is given by (Felsen & Marcuvitz, 1973, p. 278)

~Fða, yÞ ¼
ðb

a

gaðy, y0Þfaðy0Þdy0 ð10Þ

where the Green function gaðy, y0Þ is

gaðy, y0Þ ¼ j aðy<Þj!aðy>Þ
Wr½j aðyÞ,j!aðyÞ�

ð11Þ

In this equation, j aðyÞ, j!aðyÞ are solutions of eq. (9) that satisfy the boundary condition at
the sections y ¼ a and y ¼ b, respectively. Wr½j aðyÞ,j!aðyÞ� is the Wronskian of the two
functions j aðyÞ, j!aðyÞ, which is independent on y, and y< and y> denote, respectively, the
lesser and greater of the quantities y and y 0.

x

y

12

e2, m2 e1, m1

Fig. 9: Presence of a dielectric half-space
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10.7 A problem involving a dielectric slab

Figure 10 illustrates the geometry of the problem under study. In region 1 we define

~Exþðy,aÞ ¼
ð1

0

Exðy, zÞe jazdz, ~H zþðy,aÞ ¼
ð1

0

Hzðy, zÞe jazdz

We have

j aðyÞ ¼ ~Exð0,aÞ cosðtyÞ ¼ VþðaÞ cosðtyÞ
j!aðyÞ ¼ sin½tðy� sÞ�

where t1,2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1,2 � a2
q

. This yields

gaðy, y0Þ ¼ cosðty<Þ cosðtðy> � sÞÞ
t cosðtsÞ

and provides the particular integral

ðs

0

cosðty<Þ sinðtðy> � sÞÞ
t cosðtsÞ f1aðy0Þdy0

where

f1aðy0Þ ¼ �jaExðy, 0þÞ þ @

@z
Exðy, 0þÞ ¼ �jaExðy, 0þÞ � jwm1Hyðy, 0þÞ

The solution of the homogeneous wave equation vanishing on the boundary y ¼ s is given by

AðaÞ sinðtðy� sÞÞ
Consequently, we get

~Exþðy,aÞ ¼

ðy

0

cosðty0Þ f1aðy0Þdy0 sinðtðy� sÞÞ þ
ðs

y

sinðtðy0 � sÞÞ f1aðy0Þdy0 cosðtyÞ

t cosðtsÞ
þ AðaÞ sinðtðy� sÞÞ

z

y

k1 � k3 � k

k2 �

1

3

x � �d x = s

2

er k

Fig. 10: Geometry of the problem
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Setting y ¼ s we get the expected result ~Exðs,aÞ ¼ 0. Conversely, putting y ¼ 0 we get

~Exþð0,aÞ ¼

Ðs
0

sinðtðy0 � sÞÞf1aðy0Þdy0

t cosðtsÞ � AðaÞ sinðtsÞ ¼ VþðaÞ ð12Þ

The field ~H zþðy,aÞ ¼ 1
jwm1

@~Exþðy,aÞ
@y presents a similar expression that here is reported only for

y ¼ 0. This expression is simple since the integral in it contains an integrand sinðty<Þ that
vanishes for y ¼ 0. We get

~H zþð0,aÞ ¼ t
jwm1

AðaÞ cosðtsÞ ð13Þ

Elimination of AðaÞ in (12) and (13) leads to

YsVþðaÞ ¼ Ys

Ðs
0

sinðtðy0 � sÞÞ f1aðy0Þdy0

t cosðtsÞ � ~H zþð0,aÞ ð14Þ

where

Ys ¼ �j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

k Zo
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

s
h i

By repeating the same reasoning for region 2 and taking into account that the solution of the
homogeneous equation vanishes, we get

~Ex�ðy,aÞ ¼
ð0

�1
Exðy, zÞe jazdz, ~H z�ðy,aÞ ¼

ð0

�1
Hzðy, zÞe jazdz

ð15Þ
~H z�ð0þ,aÞ ¼

Ðs
0

sinðt2ðy0 � sÞÞf2aðy0Þdy0

jwm2 sinðt2sÞ

where

f2aðy0Þ ¼ jaExðy, 0�Þ � @

@z
Exðy, 0�Þ ¼ jaExðy, 0�Þ þ jwm2Hyðy, 0�Þ

In region 3 the transmission line equation yields

~H zþð0,aÞ þ ~H z�ð0�,aÞ ¼ YdVþðaÞ ð16Þ

where

Yd ¼ �j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

k Zo
cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

d
h i
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Equations (14) through (16) yield the incomplete W-H equation

ðYs þ YdÞVþðaÞ ¼

Ðs
0

sinðtðy0 � sÞÞf1aðy0Þdy0

jwm1 sinðtsÞ þ

Ðs
0

sinðt2ðy0 � sÞÞf2aðy0Þdy0

jwm2 sinðt2sÞ þ A�ðaÞ ð17Þ

where A�ðaÞ ¼ ~H z�ð0�,aÞ � ~H z�ð0þ,aÞ.
To have a closed mathematical problem we must relate the integrals present in (17) to

the W-H unknowns. To this end, we consider the modal representation of the field in
waveguide 2:

Exðy, 0�Þ ¼
X1
n¼1

Cn sin
np
s

y
� �

, Hyðy, 0�Þ ¼
X1
n¼1

Y2nCn sin
np
s

y
� �

ð18Þ

where

Y2n ¼ c2n

wm2
, c2n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

2 �
np
s

� �2
r

For the sake of simplicity, in the following we consider m1 ¼ m2 ¼ m. Taking into account
that

ðs

0

sinðtðy0 � sÞÞ sin
np
s

y0
� �

dy0 ¼ np
s

sinðtsÞ
c2

n � a2

where cn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � np

s

� �2
q

, and substituting expressions (18) in f1aðyÞ of (14) yields

YsVþðaÞ ¼ 1
wm

X1
n¼1

np
s

a� c2n

a2 � c2
n

Cn � ~H zþð0,aÞ

The poles a ¼ �cn in the sum are present only in Ys. Thus, by comparing the residues of
both members at these poles we get

Cn ¼ j
Vþð�cnÞ
cn þ c2n

The previous equation completes the mathematical formulation of the problem. In fact,
eq. (17) can be rewritten as

ðYs þ YdÞVþðaÞ ¼ 1
jwm

X1
n¼1

np
s

a� c2n

a2 � c2
n

� a� c2n

a2 � c2
2n

	 

1

cn þ c2n
Vþð�cnÞ þ A�ðaÞ ð19Þ
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Even though eq. (19) can be solved directly by the technique for incomplete W-H equations,
it is instructive to reduce it to a transverse modified W-H equation. To this end we observe
that

1
jwm

X1
n¼1

np
s
� a� c2n

a2 � c2
2n

	 

1

cn þ c2n
Vþð�cnÞ ¼ �

1
jwm

X1
n¼1

np
s

1
aþ c2n

1
cn þ c2n

Vþð�cnÞ

¼ minus function

1
jwm

X1
n¼1

np
s

a� c2n

a2 � c2
n

1
cn þ c2n

Vþð�cnÞ

¼ 1
jwm

X1
n¼1

np
s

a� c2n

a2 � c2
n

1
cn þ c2n

½Vþð�cnÞ � Vþð�aÞ� þ HðaÞVþð�aÞ

where

HðaÞ ¼ 1
jwm

X1
n¼1

np
s

a� c2n

a2 � c2
n

1
cn þ c2n

The function in the first term of the second member also is a minus function. Hence, we can
rewrite eq. (19) as the modified W-H equation:

ðYs þ YdÞVþðaÞ ¼ HðaÞVþð�aÞ þ X�ðaÞ

where

X�ðaÞ ¼ A�ðaÞ � 1
jwm

X1
n¼1

np
s

1
aþ c2n

1
cn þ c2n

Vþð�cnÞ

þ 1
jwm

X1
n¼1

np
s

a� c2n

a2 � c2
n

1
cn þ c2n

½Vþð�cnÞ � Vþð�aÞ�

10.8 Some problems involving dielectric slabs

Many electromagnetic problems can be formulated with the technique illustrated in this
section. However, we must remember that when the W-H formulation is very difficult to
obtain there may be some alternative methods of yielding sufficiently accurate results in an
easier way. In the following we consider some problems studied in the literature.
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10.8.1 Semi-infinite dielectric guides

The truncated dielectric slab (Fig. 11) has been considered by Aoki and Uchida (1982). The
W-H formulation of a truncated optical fiber has been studied by Daniele (2004a).

10.8.2 The junction of two semi-infinite dielectric slab guides

This problem has been studied by Ittipiboon and Hamid (1981):

10.8.3 Some problems solved in the literature

Problem (a): Scattering of a plane wave by two parallel semi-infinite overlapping screens
with dielectric loading (Büyükaksoy, Uzgoren & Birbir, 2001).

Problem (b): Analysis of the radar cross section of parallel-plate waveguide cavities
(Kobayashi & Koshikawa, 1996).

e2, m2 e1, m1

Fig. 11: Geometry of the problem

e2, m2 e1, m1

e0, m0

e0, m0

e1 e2

e1
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10.9 Some problems involving periodic structures

10.9.1 Diffraction by an infinite array of equally spaced

half-planes immersed in free space

The problem illustrated in Fig. 12 consists of equally spaced infinite PEC half-planes
immersed in free space. For the sake of simplicity we consider as source the E-polarized
plane wave

Ei
x ¼ Eoe�jhoyþjtoz ðho ¼ k sin qo, to ¼ k cos qoÞ

The W-H equation can be obtained considering the circuit model shown in Fig. 13.

The current generators An (n ¼ 0, �1, �2, . . .) represent the currents induced in the PEC
half-planes and the transmission line in the y-direction between two adjacent current gen-
erators represent the free-space slabs of thickness d. The Fourier transform of Es

xðy, zÞ in the
z-direction introduces the scattered voltage V sðy,aÞ:

V sðy,aÞ ¼
ð1

�1
Es

xðy, zÞe jazdz, Es
xðy, zÞ ¼ 1

2p

ð1

�1
V sðy,aÞe�jazda

z

d
qo

y

n � �3 n � �2 n � �1 n � 0 n � 1 n � 2 n � 3

Fig. 12: Geometry of the problem

A–3 A–2 A–1 A0 A1 A2

y

A3

Fig. 13: Circuit model for the problem of Fig. 12

10.9 ● Some problems involving periodic structures 315



It is obtained by considering, in the spectral domain, the total field radiated by all the cur-
rents induced in the half-planes:

V sðy,aÞ ¼ 1
2

Za
X1

n¼�1
AnðaÞe�jca y�ndj j, Za ¼ wm

ca
, ca ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p� �

ð20Þ

Observe that the functions AnðaÞ are all minus functions. On the apertures y ¼ md, z > 0
(m ¼ 0, �1, �2, . . .) the functions

Vþðmd,aÞ ¼ V s
þðmd,aÞ þ V i

þðmd,aÞ, V i
þðmd,aÞ ¼ �Eo

j

aþ to
e�jhomd

are plus functions.
Letting y ¼ md in eq. (20) yields

V s
�ðmd,aÞ ¼ 1

2
Za

X1
n¼�1

AnþðaÞe�jca m�nj jd � Eo
j

aþ to
e�jhomd ð21Þ

Taking into account the Floquet theorem

Exðyþ md, zÞ ¼ Exðy, zÞe�jhomd

we get

V s
�ðmd,aÞ ¼ V s

�ð0,aÞe�jhomd , AnþðaÞ ¼ AoþðaÞe�jhond

Substitution in (21) yields the W-H equation

V s
�ð0,aÞ ¼ ZeðaÞA0þðaÞ � Eo

j

aþ to

where the kernel is

ZeðaÞ ¼ 1
2

Za
X1

n¼�1
e�jca m�nj jde�jhoðm�nÞd

The sum in the previous equation is a geometric series that can be evaluated in closed form,
yielding

X1
n¼�1

e�jca m�nj jde�jhoðm�nÞd ¼ j
sinðcadÞ

cosðcadÞ � cosðhodÞ

The kernel

ZeðaÞ ¼ 1
2

Zaj
sinðcadÞ

cosðcadÞ � cosðhodÞ ¼
wm
2ca

j
sinðcadÞ

cosðcadÞ � cosðhodÞ
is meromorphic and can be factorized by using the Weirstrass factorization discussed in
chapter 3, section 3.2.4.

316 CHAPTER 10 ● Further applications of the W-H technique

www.ebook3000.com

http://www.ebook3000.org


The problem of this section was considered for the first time by Carlson and Heins
(1947). The extension to impedance half-planes has been studied by several authors, and in
particular by Lüneburg (1993).

10.9.2 Other problems solved in the literature

Diffraction problems by structures that generalize the illustration in Fig. 12 are very
important. In particular, many geometries are studied in Mittra and Lee (1971) by using the
W-H technique or other methods related to the W-H technique. In the following we will
indicated some important geometries.

Problem (a): Corrugated surfaces (Hurd, 1954; Weinstein, 1969, p. 240).

Problem (b): Parallel-plate media for microwave lenses (Heins, 1950b; Whitehead, 1951).

Problem (c): Modulated corrugated surface excited by a waveguide (Karjala & Mittra, 1966).

Problem (d): Radiation from infinite aperiodic array of parallel-plate waveguides (Lee, 1967).

y � 0

y � �h1

y � �h2 Hx
(i)

qo

z

y
d
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10.10 Diffraction by infinite strips

Figure 14 illustrates the original problem: a plane wave Ei
y ¼ e jkx in the direction �y is

incident on a plane where infinite periodic PEC strips are present. Figure 14b illustrates the
key problem where the apertures in the discontinuity plane are substituted by PMC strips.

According to Fig. 15 the original problem can be solved by summing the solution of
the key problem with the solution of the very simple problem of reflection by a PEC plane.

z

z � d

z

PMC

niPMC
x

PMC

PEC

PEC
c � d �a

z � a

z � 0

(a) (b)

Fig. 14: (a) Original problem; (b) key problem

z

PEC

z z

PEC PEC

PEC PEC

PMC

PMC

PMC

ni ni ni

1PEC

(a) (b) (c)

–1/2 1/2 1/2

z � d

z � a

z � 0

z � d

z � a

z � 0

z � d

z � a

z � 0

Fig. 15: Reduction of the strip problem to two simpler problems

n � �3 n � �2 n � �1 n � 0

z

q

n � 1 n � 2

d

y

n � 3
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In particular, by indicating with Fðx, zÞ the solution of the key problem for x > 0, the
solution of the problem indicated in Fig. 15b is

1
2
Fðx, zÞ for x > 0 and

1
2
Fð�x, zÞ for x < 0

The solution of the simple problem indicated in Fig. 15c is

1
2

e jkx � 1
2

e�jkx for x > 0 and �1
2

e�jkx þ 1
2

e jkx for x < 0

Consequently, the solution of the original problem in Fig. 14a is

Eyðx, zÞ ¼ 1
2

e jkx � 1
2

e�jkx þ 1
2
Fðx, zÞ for x > 0

Eyðx, zÞ ¼ � 1
2

e�jkx þ 1
2

e jkx � 1
2
Fð�x, zÞ for x < 0

10.10.1 Solution of the key problem

The equation to be solved is

@2

@x2
þ @2

@z2
þ k2

� �
Fðx, zÞ ¼ 0

with Fð0, zÞ ¼ 0 on the PEC strips and @Fð0, zÞ
@x ¼ 0 on the PMC strips. The W-H formulation

of the problem can be obtained by considering the two waveguides shown in Fig. 16.
By putting Fðx, zÞ ¼ Eyðx, zÞ, the guide in Fig. 16a involves even Fourier transforms and

the guide in Fig. 16b odd Fourier transforms.

Guide of Fig.15a

Eyðx, zÞ ¼ 2
ð1

0

Veða, zÞcosðaxÞda

�Hxðx, zÞ ¼ 2
ð1

0

Ieða, zÞcosðaxÞda

PCM PECx x

(a) (b)

Fig. 16: The two waveguides involved in the key problem
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Consideration of the transmission line in the slab between z ¼ 0þ and z ¼ a� yields

Veða, 0þÞ ¼ cosðt aÞVeða, a�Þ þ jZa sinðt aÞIeða, a�Þ
Ieða, 0þÞ ¼ jYa sinðt aÞVeða, a�Þ þ cosðt aÞIeða, a�Þ

ð22Þ

with t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

, Za ¼ 1
Ya
¼ wm

t .
Taking into account that the even Fourier transforms are related to the standard Fourier

transforms through the operator S (section 9.1.2), we get

Feða, zÞ ¼ 1
p

ð1

0

f ðx, zÞcosðaxÞdx ¼ 1
2p
½Fþða, zÞ þ Fþð�a, zÞ� ¼ 1

2p
SFþða, zÞ

Consequently, eq. (22) can be rewritten as

SVþða, 0þÞ ¼ cosðt aÞSVþða, a�Þ þ jZa sinðt aÞSIþða, a�Þ
SIþða, 0þÞ ¼ jYa sinðt aÞSVþða, a�Þ þ cosðt aÞSIþða, a�Þ

ð23Þ

Guide of Fig. 16b

Eyðx, zÞ ¼ 2
ð1

0

Voða, zÞ sinðaxÞda

�Hxðx, zÞ ¼ 2
ð1

0

Ioða, zÞ sinðaxÞda

Consideration of the transmission line between z ¼ �cþ and z ¼ 0� yields

Voða, �cþÞ ¼ cosðt aÞVoða, 0�Þ þ jZa sinðt aÞIoða, 0�Þ
Ioða, �cþÞ ¼ jYa sinðt aÞVoða, 0�Þ þ cosðt aÞIoða, 0�Þ

ð24Þ

with t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

, Za ¼ 1
Ya
¼ wm

t .
Taking into account that the even Fourier transforms are related to the standard Fourier

transforms through the operator D (section 9.1.2), we get

Foða, zÞ ¼ 1
p

ð1

0

f ðx, zÞ sinðaxÞdx ¼ 1
2p
½Fþða, zÞ � Fþð�a, zÞ� ¼ 1

2p
DFþða, zÞ

Therefore, eq. (24) can be rewritten as

DVþða, �cþÞ ¼ cosðt aÞDVþða, 0�Þ þ jZa sinðt aÞDIþða, 0�Þ
DIþða, �cþÞ ¼ jYa sinðt aÞDVþða, 0�Þ þ cosðt aÞDIþða, 0�Þ

ð25Þ
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10.10.2 Boundary conditions

The continuity of the electromagnetic field at z ¼ 0 forces the continuity of the Fourier
transforms

Vþða, 0þÞ ¼ Vþða, 0�Þ, Iþða, 0þÞ ¼ Iþða, 0�Þ ð26Þ

Taking into account that the source field does not contain a propagation factor in the
z-direction, the Floquet theorem states that the fields and their Fourier transforms must be
periodic with periodicity d. For instance,

Vþða, �cþÞ ¼ Vþða, a�Þ, Iþða, �cþÞ ¼ Iþða, a�Þ ð27Þ
The previous equations can be rewritten in a compact form by introducing the matrices

YþðaÞ ¼
Vþða, 0þÞ
Iþða, 0þÞ

����
���� ¼ Vþða, 0�Þ

Iþða, 0�Þ

����
����

Y1þðaÞ ¼
Vþða, �cþÞ
Iþða, �cþÞ

����
���� ¼

Vþða, a�Þ
Iþða, a�Þ

����
����

Ms ¼ exp jt s
0 Za

Ya 0

����
����

" #
¼ cosðt sÞ jZa sinðt sÞ

jYa sinðt sÞ cosðt sÞ

����
����

With these notations and taking into account that Ma is even in a, eqs. (23) and (25) become

YþðaÞ þYþð�aÞ ¼ MaY1þðaÞ þMaY1þð�aÞ
McYþðaÞ �McYþð�aÞ ¼ Y1þðaÞ �Y1þð�aÞ

or, in matrix form,

GðaÞqþðaÞ ¼ qþð�aÞ ð28Þ
where

GðaÞ ¼ �1 Ma

Mc �1

����
����
�1

� 1 �Ma

Mc �1

����
����

qþðaÞ ¼ Vþða, 0Þ Iþða, 0Þ Vþða, aÞ Iþða, aÞj jt
Taking into account that Ma, Mc, and Md commute, we get

GðaÞ ¼ ðMd � 1Þ�1 � 1þMd �2Ma

2Mc �1�Md

����
����

10.10.3 Solution of the W-H equation

Canonical form of the W-H equation

Equation (28) is a homogeneous W-H equation. The source term can be obtained taking into
account that both unknowns are nonstandard for the presence of the pole ao ¼ �k in qþðaÞ
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and ao ¼ k in qþð�aÞ. The characteristic part qi
þðaÞ relevant to the nonstandard pole can be

accomplished by observing that

qi
þðaÞ ¼ V i

þða, 0Þ I i
þða, 0Þ V i

þða, aÞ I i
þða, aÞ�� ��t ¼ j

1
aþ k

qo

where qo ¼ 1 Yo 1 Yoj jt. By putting qþðaÞ ¼ qs
þðaÞ þ qi

þðaÞ, we can rewrite (28) in
the inhomogeneous form

GðaÞqs
þðaÞ ¼ qs

þð�aÞ þ nðaÞ ð29Þ
where

nðaÞ ¼ j
qo

�aþ k
� GðaÞ � j qo

aþ k
¼ n1ðaÞ n2ðaÞj jt

Factorization of GðaÞ
The exact factorization of GðaÞ ¼ G�ðaÞGþðaÞ can be obtained only when a ¼ c ¼ d

2.
This is the only case that we will study in the following. Putting

Ma ¼ Mc ¼ M , Md ¼ Maþc ¼ MaMc ¼ M2

eq. (29) is equivalent to

1þM2

�1þM2
Ys
þðaÞ �

2M

�1þM2
Ys

1þðaÞ ¼ Ys
þð�aÞ þ n1ðaÞ

2M

�1þM2
Ys
þðaÞ �

1þM2

�1þM2
Ys

1þðaÞ ¼ Ys
1þð�aÞ þ n2ðaÞ

By summing these equations we get

QðaÞXþðaÞ ¼ X�ðaÞ þ npðaÞ þ n1ðaÞ þ n2ðaÞ ð30Þ

Where

QðaÞ ¼ ð1þMÞ2
�1þM2

¼ � 1þM

1�M
¼ �j cot

ta
2

0
w m
t

t
w m

0

�������

�������
npðaÞ ¼ n1ðaÞ þ n2ðaÞ ¼ 2j

�aþ k

1

Yo

����
����

XþðaÞ ¼ Ys
þðaÞ �Ys

1þðaÞ, X�ðaÞ ¼ Ys
þð�aÞ þYs

1þð�aÞ

The factorizaction of QðaÞ ¼ Q�ðaÞQþðaÞ is immediate since it is skew diagonal. We get

Q�ðaÞ ¼ �j
2
a

g�ðaÞ 0
1

k þ a
1 0

������

������, QþðaÞ ¼ gþðaÞ
1
wm

0

0
wm

k � a

�������

�������
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where the factorization of the meromorphic function gðaÞ ¼ �jt cot ta2 can be accomplished
with the method indicated in section 3.2.4. Summing the solution XþðaÞ and X�ð�aÞ of
(30), we get

YþðaÞ ¼
Vþða, 0Þ
Iþða, 0Þ

����
���� ¼ j

Q�ð�aÞ
aþ k

� j
Q�1
þ ð�aÞ
a� k

	 

Q�1
� ðkÞ

1

Yo

����
����

Of course the spectrum is discrete and the poles are defined by �am, where

am ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 2pm

d

� �2
s

, m ¼ 0, �1, �2, . . .

By assuming the inverse Fourier transform we get

Fðx, 0Þ ¼ e jkx þ
X1

m¼�1
Fme

�j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2� 2pm

dð Þ2
q

x

where Fm is related to the residues at the poles am.
The solution of the key problem Fðx, zÞ can be obtained by observing that the Floquet

theorem provides the expression

Fðx, zÞ ¼ e jkx þ
X1

m¼�1
Fme

�j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2� 2pm

dð Þ2
q

x
e�j2pm

d z

By putting z ¼ 0, we find that Fm ¼ Fm.
The problem considered in this section is a very important one that has been studied by

many researchers. Wiener-Hopf solutions of this problem have been considered in Weinstein
(1969), Lukyanov (1980), and Daniele, Gilli, and Viterbo (1990). A comparison of the W-H
technique with other techniques is presented in Lüneburg (1993).

10.11 Presence of an inductive iris in rectangular waveguides

Let us assume an incident TE10 mode in a rectangular waveguide where an iris is located in
the section x ¼ 0 (Fig. 17):

Ei
y ¼ e jc10x sin

p
A
ðzþ cÞ

h i
, A ¼ cþ a

y

z � �c z � 0 z � a

z

Fig. 17: Inductive iris in a rectangular waveguide
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For the presence of the iris, the incident TE10 excites only modes TEm0 (the modes TMm0 are
vanishing). The problem reduces to the solution of the key problem shown in Fig. 18.

By comparing Fig. 18 with Fig. 14b, the only difference is constituted by the new
boundary conditions indicated in eq. (31) that substitute the periodicity conditions (27).
Hence, the new boundary conditions are

Vþða, 0þÞ ¼ Vþða, 0�Þ, Iþða, 0þÞ ¼ Iþða, 0�Þ ð31Þ
Vþða, �cþÞ ¼ Vþða, a�Þ ¼ 0

Taking into account again the transmission lines relevant to even and odd Fourier transforms,
we get

Vþða, 0Þ þ Vþð�a, 0Þ ¼ jZa tanðtaÞ½Iþða, 0Þ þ Iþð�a, 0Þ�
Vþða, 0Þ � Vþð�a, 0Þ ¼ jZa tanðtcÞ½Iþða, 0Þ � Iþð�a, 0Þ�

This constitutes a system of two W-H equations. Again, closed-form factorization can be
accomplished if c ¼ a.

10.12 Presence of a capacitive iris in rectangular waveguides

The geometry considered in section 9.4, includes this problem as a particular case.

10.13 Problems involving semi-infinite periodic structures

A periodic roughness in the form of corrugations is present in many waveguide walls. The
radiation from, and the excitation of, these corrugated waveguides give rise to W-H pro-
blems in which semi-infinite periodic structures are present. Modeling the corrugated sur-
faces with appropriate anisotropic impedance surfaces (Senior and Volakis, 1995) reduces
these problems to standard W-H geometries. For instance, the junction of two corrugated
circular waveguides or the radiation by a circular waveguide have been studied in Daniele,
Montrosset, and Zich (1979, 1981). In general, periodic planar structures can be modeled by
surface impedances. However, these impedances can be spatially dispersive. For example, at
low frequency a wire mesh screen located in a plane (x, y) presents the following impedance:

Zs ¼ Zaðx̂x̂ þ ŷŷÞ þ Zbrtrt

z

TE10

z � a

z � �c

x

Fig. 18: The key problem for the inductive iris in a rectangular waveguide
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where Za and Zb are scalars that depend on the geometry of wire mesh, and rt is the
transverse del operator defined by

rt ¼ x̂
@

@x
þ ŷ

@

@y

In these cases the W-H technique can be applied successfully (Gilli & Daniele, 1995). It is
interesting to observe that particular semi-infinite periodic structures have been studied in an
exact way without resorting to the approximation of the impedance surface. In these cases,
system of infinite W-H equations are involved (Hills & Karp, 1965).

10.14 Problems involving impedance surfaces

The approximate boundary conditions obtained with impedance surfaces (Senior & Volakis,
1995) introduce important problems that are very suitable to be formulated and solved by W-H
technique. In this way the number of the electromagnetic canonical problems that we are able
to solve has considerable increased. Many important works that assume surface impedances
instead of PEC or PMC boundaries for the geometries considered in this chapter are reported in
the references at the back of this book. Some problems are outlined in the following.

Problem (a): Scattering at the junction formed by a PEC half-plane and an half-plane with
anisotropic conductivity (Sendag & Serbest, 2001).

Problem (b): Plane wave diffraction by two parallel overlapped thick semi-infinite impe-
dance plates (Birbir & Büyükaksoy, 1999).

Problem (c): Plane wave diffraction by two oppositely placed, parallel two-part planes
(Tayyar & Büyükaksoy, 2003).

PEC Zr �
Z1

Z2

0
0

Z2

Z1

Z3

Z4

Z6

Z5

PEC

Z2 PEC

Z1
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Problem (d): Diffraction of a normally incident plane wave by three parallel half-planes with
different face impedances (Cinar & Büyükaksoy, 2004).

Problem (e): Scattering of electromagnetic waves by a rectangular impedance cylinder
(Topsakal, Büyükaksoy & Idemen, 2000).

10.15 Some problems involving cones

Let us consider an axially symmetric @
@j ¼ 0

� �
distribution of electrical charges located on

the conducting truncated cone shown in Fig. 19.3 The problem consists in finding an elec-
trostatic potential yðr, qÞ that satisfies the following conditions:

r2yðr, qÞ ¼ 0

yðr, qÞ ¼ yo, constant on truncated cone

yðr, qÞ ! 0 as
1
r

when r!1, uniformly in q

Z1�

Z1�

Z2�

Z3�

Z3�

Z2�

Z1

Z1

Z2 Z2

z

2 (cone)

(sphere)

q
q � qo

r � 0

r � a
1

1

Fig. 19: The ice cone problem

3 Note that the case qo ¼ p=2 yields a hemisphere.
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We divide the space around the cone into two regions, separated by the boundary q ¼ qo:

region 1: qo � q � p, r � 0

region 2: 0 � q � qo, r � a

Consider Laplace’s equation in these two regions using spherical coordinates:

@2y
@r2
þ 2

r

@y
@r
þ 1

r2 sin q
@

@q
sin q

@y
@q

� �
¼ 0

and adopt the change of variable

r ¼ a ex
0 � r � a! �1 < x � 0

a � r <1! 0 � x � 1

(

whence

@2g

@x2
þ @g

@x
þ 1

sin q
@

@q
sin q

@g

@q

� �
¼ 0 ð32Þ

where

gðx, qÞ ¼ yðr, qÞ
ðg ! 0 as e�x when x!1Þ

Region 1

Introduce the Laplace transform

Gða, qÞ ¼
ð1

�1
gðx, qÞe�pxdx ¼

ð1

�1

yðr, qÞ
r

r

a

� ��p
dr, p ¼ � 1

2
� ja

whence

1
sin q

d

dq
sin q

dG

dq

� �
� a2 þ 1

4

� �
G ¼ 0

The solution of this equation regular in q ¼ p is

Gða, qÞ ¼ AðaÞPja�1=2ð�cos qÞ ð33Þ
where PnðuÞ is the Legendre function. At q ¼ qo

Gða, qoÞ ¼
ð0

�1
yoe�pxdxþ

ð1

0

gðx, qoÞe�pxdx ¼ Gi
�ðaÞ þ GþðaÞ

where Gi
�ðaÞ ¼ yo

jaþ1=2. Substituting in Gða, qÞ yields

AðaÞ ¼ GþðaÞ þ Gi
�ðaÞ

Pja�1=2ð�cos qoÞ ð34Þ
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Take @
@q

� �
q¼qo

in (33):

MðaÞ ¼ M�ðaÞ þMþðaÞ ¼ AðaÞP0ja�1=2ð�cos qoÞ sin qo

where

MþðaÞ ¼
ð1

0

@gðx, qoÞ
@qo

e�pxdx, M�ðaÞ ¼
ð0

�1

@gðx, qoÞ
@qo

e�pxdx

Substituting (34) in the previous equation yields

M�ðaÞ þMþðaÞ ¼ P
 ðaÞ sin qo½GþðaÞ þ Gi

�ðaÞ� ð35Þ
where

P
 ðaÞ ¼

P0ja�1=2ð�cos qoÞ
Pja�1=2ð�cos qoÞ

Note that P
 ðaÞ is even because PnðuÞ ¼ P�n�1ðuÞ.

Region 2
Introduce the one-sided Laplace transform4

Gþða, qÞ ¼
ð1

0

gðx, qÞe�pxdx, p ¼ � 1
2
� ja

From the Laplace transform properties we have

ð1

0

@gðx, qÞ
@x

e�pxdx ¼ pGþða, qÞ � gð0, qÞ ¼ pGþða, qÞ � yo

ð1

0

@2gðx, qÞ
@x2

e�pxdx ¼ p2Gþða, qÞ � p yo �
@g

@x

���
x¼0

Applying the previous equation in @2g
@x2 þ @g

@x þ 1
sin q

@
@q sin q @g

@q

� �
¼ 0 yields

1
sin q

d

dq
sin q

dGþ
dq

� �
� a2 þ 1

4

� �
Gþ ¼ p yo þ

@g

@x

���
x¼0

Rewrite the previous equation with a! �a, and then subtract the two equations:

1
sin q

d

dq
sin q

d

dq

� �
� a2 þ 1

4

� �	 

DGþ ¼ �j2ayo

where

DGþða, qÞ ¼ Gþða, qÞ � Gþð�a, qÞ

4 Note that Gþða, qoÞ ¼ GþðaÞ.
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The solution of this equation that is regular at q ¼ 0 is5

DGþða, qÞ ¼ BðaÞPja�1=2ðcos qÞ þ j2a
a2 þ 1=4

yo

It follows that

BðaÞ ¼ 1
Pja�1=2ð�cos qÞ ½DGþðaÞ þ DGi

�ðaÞ�

Taking the derivate of DGþða, qÞ ¼ BðaÞPja�1=2ðcos qÞ þ j2a
a2þ1=4yo, now we have

DMþðaÞ ¼ D
@

@qo
Gþða, qÞ ¼ @

@qo
DGþða, qÞ ¼ BðaÞP0ja�1=2ðcos qoÞð�sin qoÞ

¼ �sin qoP
!ðaÞ½DGþðaÞ þ DGi

�ðaÞ� ð36Þ

where P
!ðaÞ ¼ P0

ja�1=2
ðcos qoÞ

Pja�1=2ðcos qoÞ ¼ P
!ð�aÞ.

Apply D to eq. (35), and then subtract from (36):

DM�ðaÞ ¼ sin qoP
$ðaÞ½DGþðaÞ þ DGi

�ðaÞ� ð37Þ
where P

$ðaÞ ¼ P
!ðaÞ þ P

 ðaÞ.
Setting a! �a in (35) and adding to (37) yields the transverse modified W-H equation

P
$ðaÞGþðaÞ � P

!ðaÞGþð�aÞ � X�ðaÞ ¼ P
!ðaÞGi

�ð�aÞ � P
$ðaÞGi

�ðaÞ
where X�ðaÞ ¼ M�ðaÞþMþð�aÞ

sin qo
.

A similar treatment for the hollow cone of Fig. 20 yields the W-H equation

P
$ðaÞGþðaÞ � X�ðaÞ ¼ �P

$ðaÞGi
�ðaÞ

The problem of Fig. 20 in static form has been considered by Karp (1950). The dynamic case
requires the introduction of the Kontorovich-Lebedev transform (besides the related Fourier-
Laplace-Mellin trio). However, the W-H technique may also be applied to this geometry
(Noble, 1958, pp. 215–219).

5 Note that DGþða, qoÞ ¼ DGþðaÞ, DGi
�ðaÞ ¼ � j2a

a2þ1=4yo.

2

1

1

z

q (cone)
q � qo

(sphere)
r � a

r � 0

Fig. 20: The truncated hollow-cone problem
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10.16 Diffraction by a PEC wedge by an incident plane
wave at skew incidence

We introduce the Laplace transforms (e�jaoz is omitted)

Vzþðh,jÞ ¼
ð1

0

Ezðr,jÞejh rdr, Izþðh,jÞ ¼
ð1

0

Hzðr,jÞe jh rdr

Vrþðh,jÞ ¼
ð1

0

Erðr,jÞe jh rdr, Irþðh,fÞ ¼
ð1

0

Hrðr,jÞe jh rdr

ð38Þ

The following functional equations hold (Daniele, 2001, 2003):

x Vzþðh, 0Þ � t2
o

w e
Irþðh, 0Þ � ao h

w e
Izþðh, 0Þ ¼ �n Vzþð�m,FÞ � t2

o

w e
Irþð�m,FÞ þ ao m

w e
Izþð�m,FÞ

x Izþðh, 0Þ þ t2
o

w m
Vrþðh, 0Þ þ ao h

w m
Vzþðh, 0Þ ¼ �n Izþð�m,FÞ þ t2

o

w m
Vrþð�m,FÞ � a m

w m
Vzþð�m,FÞ

x Vzþðh, 0Þ þ t2
o

w e
Irþðh, 0Þ þ ao h

w e
Izþðh, 0Þ ¼ �n Vzþð�m, �FÞ þ t2

o

w e
Irþð�m, �FÞ � ao m

w e
Izþð�m, �FÞ

x Izþðh, 0Þ � t2
o

w m
Vrþðh, 0Þ � ao h

w m
Vzþðh, 0Þ ¼ �n Izþð�m, �FÞ � t2

o

w m
Vrþð�m, �FÞ þ ao m

w m
Vzþð�m, �FÞ

where to ¼ k sinb, ao ¼ k cosb

x ¼ xðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � h2
q

, m ¼ mðhÞ ¼ �h cos Fþ x sin F, n ¼ nðhÞ

¼ �x cosF� h sinF:

If the wedge is perfectly conducting we obtain the following GWHE:

x Vzþðh, 0Þ � t2
o

we
Irþðh, 0Þ � ao h

we
Izþðh, 0Þ ¼ � t2

o

we
Irþð�m,FÞ þ aom

w e
Izþð�m,FÞ

x Izþðh, 0Þ þ t2
o

wm
Vrþðh, 0Þ þ ao h

wm
Vzþðh, 0Þ ¼ �n Izþð�m,FÞ

x Vzþðh, 0Þ þ t2
o

we
Irþðh, 0Þ þ ao h

we
Izþðh, 0Þ ¼ þ t2

o

we
Irþð�m, �FÞ � aom

we
Izþð�m, �FÞ

x Izþðh, 0Þ � t2
o

wm
Vrþðh, 0Þ � ao h

wm
Vzþðh, 0Þ ¼ �n Izþð�m, �FÞ

Summing the first and the third equations yields

2 x Vzþðh, 0Þ ¼ � t2
o

we
½Irþð�m,FÞ � Irþð�m, �FÞ� þ ao m

w e
½Izþð�m,FÞ � Izþð�m, �FÞ�

ð39Þ
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Subtracting the first equation from the third,

2
t2

o

we
Irþðh, 0Þ þ aoh

we
Izþðh, 0Þ

	 

¼ t2

o

we
½Irþð�m,FÞ þ Irþð�m, �FÞ�

� ao m

we
½Izþð�m,FÞ þ Izþð�m, �FÞ� ð40Þ

Summing the second and the four equations yields

2
x
n

Izþðh, 0Þ ¼ �½Izþð�m,FÞ þ Izþð�m, �FÞ� ð41Þ

Subtracting the four equation from the second,

2
1
n

t2
o

wm
Vrþðh, 0Þ þ ao h

wm
Vzþðh, 0Þ

	 

¼ �½Izþð�m,FÞ � Izþð�m, �FÞ� ð42Þ

Equations (39) through (42) are four decoupled GWHE. In the h � plane defined by

h ¼ �to cos
F
p

arccos � h
to

	 
	 


these equations become classical W-H equations (chapter 1, section 1.5.4.1). Their solution
is based on the classical factorization in the h � plane of

n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � m2
q

, and x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � h2
q

For instance, the factorization of the scalar x ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2

o � h2
p ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t2
o � �to cos F

p arccos � h
to

h ih i� �2
r

in the h � plane was accomplished in the example of

section 3.3.2. By introducing the w� plane defined by

h ¼ �to cos w, or h ¼ �to cos
p
F

w
� �

we get

x� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
to þ h

2

r
¼ ffiffiffiffiffi

to
p

sin
p w

2 F
, xþ ¼ �

ffiffiffiffiffi
to
p sin w

sin pw
2F

Similarly, we can obtain

nþ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
to � h

2

r
¼ ffiffiffiffiffi

to
p

cos
pw

2F
, n� ¼ ffiffiffiffiffi

to
p sinðwþFÞ

cos pw
2F

The solution of the homogeneous equation requires the source, as discussed in section 2.4.2.
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Let us consider (Fig. 5 of chapter 1)

jo < F� p
2

In this case in the direction j ¼ 0 geometrical optic contains only the incident field. We get

Vzþðh, 0Þ ¼ V i
zþðh, 0Þ þ V s

zþðh, 0Þ, Vrþðh, 0Þ ¼ V i
rþðh, 0Þ þ V s

rþðh, 0Þ
Izþðh, 0Þ ¼ I i

zþðh, 0Þ þ I s
zþðh, 0Þ, Irþðh, 0Þ ¼ I i

rþðh, 0Þ þ I s
rþðh, 0Þ

ð43Þ

where the geometrical optics contribution is obtained by the Laplace transform of the inci-
dent plane wave:

V i
zþðh, 0Þ ¼ jEo

hþ to cos jo
, V i

rþðh, 0Þ ¼ j
ao cos joEo þ kZo sin joHo

to

1
hþ to cos jo

I i
zþðh, 0Þ ¼ jHo

hþ to cos jo
, I i

rþðh, 0Þ ¼ j
aoZo cos joHo � k sin joEo

toZo

1
hþ to cos jo

Passing to the h-plane, the pole h ¼ �to cosjo becomes

ho ¼ �to cos
p
F
jo

Taking into account that jo < F� p
2 <

F
2 , this pole is nonconventional for the plus functions

of the h-plane. Therefore, provided that jo < F� p
2, in the h-plane the minus functions are

conventional, and the nonconventional parts of the plus functions are expressed by

V
i
zþðh, 0Þ ¼ jEo

h � ho

dh
dh

����
h¼ho

¼ jEo

h � ho

p
F

sin p
Fjo

sin jo

V
i
rþðh, 0Þ ¼ j

ao cosjoEo þ kZo sinjoHo

toðh � hoÞ
dh
dh

����
h¼ho

¼ j
ao cos joEo þ kZo sinjoHo

toðh � hoÞ
p
F

sin p
Fjo

sin jo

I
i
zþðh, 0Þ ¼ jHo

h � ho

dh
dh

����
h¼ho

¼ jHo

h � ho

p
F

sin p
Fjo

sin jo

I
i
rþðh, 0Þ ¼ j

aoZo cos joHo � k sinjoEo

toZoðh � hoÞ
dh
dh

����
h¼ho

¼ j
aoZo cos joHo � k sinjoEo

toZoðh � hoÞ
p
F

sin p
Fjo

sin jo
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The W-H technique applied to the four uncoupled equations yields the solution

Vzþð�to cos w, 0Þ ¼ 2jp
Eo cos p

2Fjo

� �
sin p

2F w
� �

toF sin w �cos p
F w
� �þ cos p

Fjo

� �� 


Vrþð�to cos w, 0Þ ¼ j2p
Eo cos p

2Fjo

� �
cot w cotb sin p

2F w
� �þ ZoHo cos p

2F w
� �

cscb sin p
2Fjo

� �
toF �cos p

F w
� �þ cos p

Fjo

� �� 


Izþð�to cos w, 0Þ ¼ jp
Ho sin p

F w
� �

toF sin w �cos p
F w
� �þ cos p

Fjo

� �� 


Irþð�to cos w, 0Þ ¼ jp
�ZoHo cot w cotb sin p

F w
� �þ Eo cscb sin p

Fjo

� �
ZotoF cos p

F w
� �� cos p

Fjo

� �� 


The Sommerfeld functions are related to the W-H plus functions through the following
equations (Daniele, 2003b):

sEðwÞ ¼ j

2
�to sin wVzþð�to cos w, 0Þ þ t2

o

we
Irþð�to cos w, 0Þ � aoto cos w

we
Izþð�to cos w, 0Þ

	 


sHðwÞ ¼ j

2
�to sin wIzþð�to cos w, 0Þ � t2

o

wm
Vrþð�to cos w, 0Þ þ aoto cos w

wm
Vzþð�to cos w, 0Þ

	 


Substituting we get

sEðwÞ ¼ p
Eo cos p

2Fjo

� �
2F sin p

2F w
� �� sin p

2Fjo

� �� 


sHðwÞ ¼ p
Ho cos p

2F w
� �

2F sin p
2F w
� �� sin p

2Fjo

� �� 

Hence, the following representation of the longitudinal components valid for every value of
j follows:

Ezðr,jÞ ¼ 1
2p j

ð
g
sE½wþ j�eþjto cos½w�rdw

	 


Hzðr,jÞ ¼ 1
2p j

ð
g
sH ½wþ j�eþjto cos½w�rdw

	 


where g ¼ C1 [ C2 is the Sommerfeld contour (see chapter 2, Fig. 4).
Use of the saddle point method on the previous equations (Senior & Volakis, 1995) yields

the far field evaluation

Ezðr,jÞ ¼ Eg
z ðr,jÞ þ Ed

z ðr,jÞ
Hzðr,jÞ ¼ Hg

z ðr,jÞ þ Hd
z ðr,jÞ
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where Eg
z , Hg

z represent the geometrical optics contribution, and Ed
z , Hd

z is the diffracted
field. We have that

Eg
z ¼ e�jaoz½Eouðp� jj� jojÞe jtor cosðj�joÞ � uðp� jjþ jo � 2FjÞe jtor cosðjþjo�2FÞ

þ �uðp� jjþ jo þ 2FjÞe jtor cosðjþjoþ2FÞ�

Hg
z ¼ e�jaoz½Houðp� jj� jojÞe jtor cosðj�joÞ þ uðp� jjþ jo � 2FjÞe jtor cosðjþjo�2FÞ

þ uðp� jjþ jo þ 2FjÞe jtor cosðjþjoþ2FÞ�
ð44Þ

where uðxÞ is the unit step function. The diffracted fields arise from the saddle points at
w ¼ �p and have the form

Ed
z ðr,j, zÞ ¼ e�jaoz e�j torþp

4ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p to r
p ½sEðj� pÞ � sEðjþ pÞ�

Hd
z ðr,j, zÞ ¼ e�jaoz e�j torþp

4ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p to r
p ½sHðj� pÞ � sHðjþ pÞ�

ð45Þ

A diffracted ray constitutes a generatrix of Keller’s cone and is defined by the angular
spherical coordinates b and j. Taking into account that the incident field has angular
spherical coordinates b and jo, it is convenient to relate the transversal component Ed

b, Ed
j of

the diffracted ray to the transversal component Ei
b, Ei

jo
of the incident ray. By geometrical

consideration we have

Ed
b ¼ �

1
sinb

Ed
z , Ed

j ¼ �
1

sinb
ZoHd

z

Ei
z ¼ sinb Ei

b, Hi
z ¼

1
Zo

sinb Ei
jo

ð46Þ

Equations (46) cannot be used when the observation point approaches the shadow boundaries
of the incident and the reflected waves. Uniform expressions are reported in Daniele and
Lombardi (2006).

10.17 Diffraction by a right PEC wedge immersed
in a stratified medium

For the sake of simplicity we consider only the case of E-polarization:

E ¼ ẑ Ez,
@

@z
¼ 0

� �
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By modeling the space y > 0 with circuits as indicated in chapter 7 and taking into account
that on the face aEz is zero, we obtain (Fig. 21)

VþðhÞ ¼ ZðhÞ½IþðhÞ þ Ia�ðhÞ� ð47Þ

where

VþðhÞ ¼
ð1

0

Ezðx, 0Þe jhxdx, IþðhÞ ¼
ð1

0

Hxðx, 0Þe jhxdx, Ia�ðhÞ ¼
ð0

�1
Hxðx, 0Þe jhxdx,

and ZðhÞ is the impedance of the stratified medium. For instance, if we have free space
for y > 0

ZðhÞ ¼ ZcðhÞ ¼ wmoffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

o � h2
p ð48Þ

Taking into account that on the face b Ez is zero and using the equations that relate the
Laplace transforms on the boundary of an angular region (Daniele, 2003b, 2004b) we get

VþðhÞ þ ZcðhÞIþðhÞ ¼ ZcðhÞIbþ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

o � h2
q� �

ð49Þ

where ZcðhÞ ¼ wmoffiffiffiffiffiffiffiffiffi
k2

o�h2
p and, using polar coordinates, IbþðhÞ ¼

Ð1
0

Hr r, � p
2

� �
e jhrdr.

We can eliminate Ibþ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

o � h2
p� �

by letting h! �h in eq. (49). We get

VþðhÞ þ ZcðhÞIþðhÞ ¼ Vþð�hÞ þ ZcðhÞIþð�hÞ ð50Þ

Setting h! �h in eq. (47) we get

Vþð�hÞ ¼ Zð�hÞ½Iþð�hÞ þ Ia�ð�hÞ� ð51Þ

PEC

PEC

a

b

y

x

e2, m2

e3, m3

e0, m0

e1, m1

Fig. 21: Right wedge immersed in a stratified medium
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Equations (47), (50), and (51) constitute a homogeneous W-H system having as unknown
the three plus functions VþðhÞ, IþðhÞ, Ia�ð�hÞ and the three minus functions Vþð�hÞ,
Iþð�hÞ, Ia�ðhÞ:

ZðhÞ
ZðhÞ þ ZcðhÞ

ZcðhÞZðhÞ
ZðhÞ þ ZcðhÞ

ZcðhÞZðhÞ
ZðhÞ þ ZcðhÞ

1
ZðhÞ þ ZcðhÞ

ZcðhÞ
ZðhÞ þ ZcðhÞ �

ZðhÞ
ZðhÞ þ ZcðhÞ

1
ZðhÞ �1 0

���������������

���������������

�
VþðhÞ
IþðhÞ

Ia�ð�hÞ

�������

�������
¼

Vþð�hÞ
Iþð�hÞ
Ia�ðhÞ

�������

�������
ð52Þ

This formula is consistent, since the matrix kernel geðhÞ satisfies

geðhÞ ¼

ZðhÞ
ZðhÞ þ ZcðhÞ

ZcðhÞZðhÞ
ZðhÞ þ ZcðhÞ

ZcðhÞZðhÞ
ZðhÞ þ ZcðhÞ

1
ZðhÞ þ ZcðhÞ

ZcðhÞ
ZðhÞ þ ZcðhÞ �

ZðhÞ
ZðhÞ þ ZcðhÞ

1
ZðhÞ �1 0

���������������

���������������
geð�hÞ : geðhÞ ¼ 1

The difficulty in factorizing the matrix geðhÞ exactly depends on the impedance ZðhÞ.
For instance, if the wedge is located in free space, eq. (48) holds and geðhÞ assumes

the form

geðhÞ ¼

1
2

0 0

0
1
2
� 1

2

0 �1 0

�����������

�����������
½1þ ZcðhÞPðhÞ�

where the polynomial matrix PðhÞ is given by

PðhÞ ¼

0 1 1

� 1
Z2

c ðhÞ
0 0

� 2
Z2

c ðhÞ
0 0

������������

������������
¼

0 1 1

� k2
o � h2

ðw mÞ2 0 0

�2
k2

o � h2

ðw mÞ2 0 0

�����������

�����������
The matrix mðhÞ ¼ 1þ ZcðhÞPðhÞ commutes with PðhÞ and can be factorized by using the
methods of chapter 4, section 4.9. For example,

log½mðhÞ� ¼ yoðhÞ1þ y1ðhÞPðhÞ þ y2ðhÞP2ðhÞ
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Since

P2ðhÞ ¼ 1
Z2

c

�3 0 0

0 �1 �1

0 �2 �2

�������

�������
taking into account the P2ðhÞ commutes with PðhÞ we get

m�ðhÞ ¼ exp½yo�1� � exp½y1�PðhÞ� � exp
y2

Z2
c

� �
�

�3 0 0

0 �1 �1

0 �2 �2

�������

�������

2
64

3
75

Alternatively, since the eigenvalues of mðhÞ are constants, we could reduce the order of the
matrix. In effect, we have

mðhÞ ¼

1 ZcðhÞ ZcðhÞ
� 1

ZcðhÞ 1 0

� 2
ZcðhÞ 0 1

�����������

�����������
In scalar form the W-H equations are

F1þ þ ZcðF2þ þ F3þÞ ¼ F1�

� 1
ZcðhÞF1þ þ F2þ ¼ F2�

� 2
ZcðhÞF1þ þ F3þ ¼ F3�

Summing the second and third equations yields the second-order system

F1þ þ ZcðF2þ þ F3þÞ ¼ F1�

� 3
ZcðhÞF1þ þ ðF2þ þ F3þÞ ¼ F2� þ F3�

that requires the factorization of the matrix of order two:

1 Zc

� 3
Zc

1

�����
�����

This matrix has the Daniele form
1 a
b 1

����
����, where b=a ¼ �3 k2

o�h2

ðwmÞ2 .

10.18 Diffraction by a right isorefractive wedge

Figure 22 shows the geometry that we will study. Region 2 is constituted by a right wedge
with permettivity e2 and permeability m2 that is isorefractive (or diaphanous) to the
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remaining media characterized by the permettivity e1 and the permeability m1 in region 2 and
the permettivity e3 and the permeability m3 in regions 3 and 4. The isorefractivity of all the
media implies that e1m1 ¼ e2m2 ¼ e3m3. The problem of diffraction by an isorefractive wedge
is constituted by a wedge (say, region 2) immersed in a homogeneous isorefractive medium
filling the space complementary to 2. Of course this problem is a particular case (e1 ¼ e3

and m1 ¼ m3) of the problem shown in Fig. 22. The source of the electromagnetic field is
an E-polarized plane wave with direction j ¼ ji as indicated in figure. The problem is
two-dimensional since there are not field variations in the x-direction.

By indicating with Ex the only nonvanishing component of the electric field, we must
solve the following wave equation in every region of space:

ðr2 þ k2ÞEx ¼ 0 ð53Þ
where k is the propagation constant (k2 ¼ w2e1m1 ¼ w2e2m2 ¼ w2e3m3), and w is the angular
frequency.

In region 1 defined by y � 0, z � 0, we introduce the Laplace transform (or unilateral
Fourier transform) in the z-direction:

~Exðy,aÞ ¼
ð1

0

Exðy, zÞe jazdz ¼ Fþ½Ex�

To avoid singularities on the real axis of a, we assume that the imaginary part of k is
negative and vanishingly small. From the theory of the Laplace transform we have

Fþ
@

@z
Ex

	 

¼ �ja ~Exðy,aÞ � Exðy, 0þÞ

Fþ
@2

@z2
Ex

	 

¼ �a2 ~Exðy,aÞ þ ja Exðy, 0þÞ � @

@z
Exðy, 0þÞ

and by substituting in eq. (53)

@2

@y2
~Ex þ t2~Ex ¼ �ja Exðy, 0þÞ þ @

@z
Exðy, 0þÞ ¼ f1a ð54Þ

4 1
z

P

y

3 2

f fi
e3, m3

e1, m1

e2, m2

r

Fig. 22: Geometry of the problem
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where

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

ð55Þ
and the branches are chosen such that Im½t� � 0.

A general solution of (54) is given by

~Exðy,aÞ ¼
ð1

0

gðy, y0Þf1aðy0Þdy0 þ AðaÞe�jty ð56Þ

where

gðy, y0Þ ¼ � e�jtjy�y0 j

2jt
ð57Þ

and A(a) is for the time being an arbitrary function of a.
The Laplace transform ~H zðy,aÞ ¼ Fþ½Hz� of Hz can be obtained by the Maxwell

equation

~H zðy,aÞ ¼ 1
jwm1

@

@y
~Exðy,aÞ

¼ 1
jwm1

ð1

0

e�jtjy�y0 j

2
Signðy� y0Þf1aðy0Þdy0 � jtAðaÞe�jty

0
@

1
A ð58Þ

and by putting

y ¼ 0þ, ~H zð0þ,aÞ ¼ �IþðaÞ, ~Exð0þ,aÞ ¼ VþðaÞ ð58Þ
from (56) through (58) we obtain the functional equation

jwm1IþðaÞ � jt VþðaÞ ¼ �ja f1ðaÞ � jwm1g1ðaÞ ð59Þ

AðaÞ ¼ wm1IþðaÞ þ t VþðaÞ
2t

ð60Þ

where

f1ðaÞ ¼
ð1

0

e�jty0Exðy0, 0þÞdy0, g1ðaÞ ¼
ð1

0

e�jt1y0Hyðy0, 0þÞdy0 ð61Þ

From eqs. (61) we observe that f1ðaÞ and g1ðaÞ are even function of a. By setting a! �a
in (59), we can eliminate these two functions and obtain

f1ðaÞ ¼ ��wm1Iþð�aÞ þ wm1IþðaÞ þ tVþð�aÞ � tVþðaÞ
2a

g1ðaÞ ¼ �wm1Iþð�aÞ þ wm1IþðaÞ � tVþð�aÞ � tVþðaÞ
2wm1

ð62Þ
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By repeating the same reasoning in region 2 (y � 0, z � 0), we get

f2ðaÞ ¼ �wm2I�ð�aÞ þ wm2I�ðaÞ þ tV�ð�aÞ � tV�ðaÞ
2a

g2ðaÞ ¼ wm2I�ð�aÞ þ wm2I�ðaÞ � tV�ð�aÞ � tV�ðaÞ
2wm2

ð63Þ

which give

V�ðaÞ ¼
ð0

�1
e jazExð0, zÞdz

I�ðaÞ ¼ �
ð0

�1
e jazHzð0, zÞdz

f2ðaÞ ¼
ð1

0

e�jty0Exðy0, 0�Þdy0, g2ðaÞ ¼
ð1

0

e�jty0Hyðy0, 0�Þdy0

ð64Þ

It is important to observe that the continuity of the tangential electric and magnetic fields on
the half-plane (y � 0, z ¼ 0) implies that f1ðaÞ ¼ f2ðaÞ and g1ðaÞ ¼ g2ðaÞ. This allows us to
eliminate these functions from eqs. (63) and (62) and to obtain the following two functional
equations:

þwm1Iþð�aÞ � wm1IþðaÞ � tVþð�aÞ þ tVþðaÞ
¼�wm2I�ð�aÞ þ wm2I�ðaÞ þ tV�ð�aÞ � tV�ðaÞ ð65Þ

�wm1Iþð�aÞ þ wm1IþðaÞ � tVþð�aÞ � tVþðaÞ
wm1

¼ wm2I�ð�aÞ þ wm2I�ðaÞ � tV�ð�aÞ � tV�ðaÞ
wm2

ð66Þ

We can apply the same procedure to regions 3 (y � 0, z � 0) and 4 (y � 0, z � 0). Taking
into account that these regions are homogeneous, we get

þwm3Iþð�aÞ � wm3IþðaÞ þ tVþð�aÞ � tVþðaÞ
¼ �wm3I�ð�aÞ þ wm3I�ðaÞ � tV�ð�aÞ þ tV�ðaÞ ð67Þ

�wm3Iþð�aÞ � wm3IþðaÞ � tVþð�aÞ � tVþðaÞ
¼ wm3I�ð�aÞ þ wm3I�ðaÞ þ tV�ð�aÞ þ tV�ðaÞ ð68Þ

Note that VþðaÞ and IþðaÞ, V�ð�aÞ and I�ð�aÞ are plus functions. Conversely, Vþð�aÞ
and Iþð�aÞ, V�ðaÞ and I�ðaÞ are minus functions.

Equations (65) through (68) constitute a system of four Wiener-Hopf equations in the
four plus functions VþðaÞ, IþðaÞ, V�ð�aÞ and I�ð�aÞ and in the four minus functions
Vþð�aÞ, Iþð�aÞ, V�ðaÞ and I�ðaÞ. It is convenient to put this system in the matrix form

geðaÞxþðaÞ þ x�ðaÞ ¼ 0 ð69Þ
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where

geðaÞ ¼

� ðm1 � m2Þm3

ðm1 þ m2Þðm1 þ m3Þ
wm1ðm1 � m2Þm3

tðm1 þ m2Þðm1 þ m3Þ
m1ðm1 þ m2 þ 2m3Þ
ðm1 þ m2Þðm1 þ m3Þ

wm1ðm1 � m2Þm3

tðm1 þ m2Þðm1 þ m3Þ
tðm1 � m2Þ

wðm1 þ m2Þðm1 þ m3Þ
� ðm1 � m2Þm1

ðm1 þ m2Þðm1 þ m3Þ
tð�m1 þ m2Þ

wðm1 þ m2Þðm1 þ m3Þ
1� ðm1 � m2Þm1

ðm1 þ m2Þðm1 þ m3Þ
m2ðm1 þ m2 þ 2m3Þ
ðm1 þ m2Þðm2 þ m3Þ

� wm2ðm1 � m2Þm3

tðm1 þ m2Þðm2 þ m3Þ
ðm1 � m2Þm3

ðm1 þ m2Þðm2 þ m3Þ
� wm2ðm1 � m2Þm3

tðm1 þ m2Þðm2 þ m3Þ
tðm1 � m2Þ

wðm1 þ m2Þðm2 þ m3Þ
1þ ðm1 � m2Þm2

ðm1 þ m2Þðm2 þ m3Þ
� tðm1 � m2Þ
wðm1 þ m2Þðm2 þ m3Þ

ðm1 � m2Þm2

ðm1 þ m2Þðm2 þ m3Þ

������������������

������������������
ð70Þ

xþðaÞ ¼
VþðaÞ
IþðaÞ

V�ð�aÞ
I�ð�aÞ

��������

��������
, x�ðaÞ ¼

Vþð�aÞ
Iþð�aÞ
V�ðaÞ
I�ðaÞ

��������

��������
¼ xþð�aÞ ð71Þ

Note that geðaÞ is an even function of a and has the property

geðaÞ � geðaÞ ¼ 1 ð72Þ
Next we take into account the presence of the source: an incident E-polarized plane wave
defined by (Fig. 22)

Ei
xðy, zÞ ¼ E0e�jk sinji ze�jk cosji y ð73Þ

and write

x�ðaÞ ¼ xs
�ðaÞ þ xg

�ðaÞ ð74Þ
where xs

�ðaÞ and xg
�ðaÞ represent the scattered and the geometrical optics fields,

respectively.
The geometrical optic field xg

�ðaÞ being dominating for z! �1, can be evaluated
directly by considering simple problems of reflection by infinite planes. The solution of
these problems leads to

xg
�ðaÞ ¼ �2j

E0m1

ðaþ aiÞðm1 þ m3Þ
H0m3

ðaþ aiÞðm1 þ m3Þ
E0m2

ða� aiÞðm2 þ m3Þ
H0m3

ða� aiÞðm2 þ m3Þ

������������������

������������������

ð75Þ

where

ai ¼ k sinji, Ho ¼ Eok
cosji

wm3
ð76Þ
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Thus, the W-H eq. (69) assumes the inhomogeneous form

geðaÞxþðaÞ þ xs
�ðaÞ ¼ �xg

�ðaÞ ð77Þ

10.18.1 Solution of the W-H equations

The standard method for solving the W-H system (77) is based on the matrix factorization of
geðaÞ:

geðaÞ ¼ ge�ðaÞgeþðaÞ ð78Þ
The factorized matrices ge�ðaÞ and geþðaÞ (with their inverses) must be regular in the half-planes
Im½a� � 0 and Im½a� � 0, respectively, and present an algebraic behavior for a!1. Taking
into account that geðaÞ contains only the singular function t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

, the singularities of
ge�ðaÞ and geþðaÞ (and their inverses) are a branch point at a ¼ �k and a ¼ k, respectively.

The process of factorization of the matrix geðaÞ and the subsequent elaborations are very
cumbersome and require a computer manipulator. For this purpose we used MATHEMATICA.

After the matrix factorization is obtained, we apply the W-H technique to (77), leading to

geþðaÞxþðaÞ � KðaÞ ¼ �ðge�ðaÞÞ�1xs
�ðaÞ � ðge�ðaÞÞ�1xg

�ðaÞ � KðaÞ ¼ wðaÞ ð79Þ
where KðaÞ is the characteristic part of the known term �ðge�ðaÞÞ�1xg

�ðaÞ. From (69), this
function is also the characteristic part of ðgeþðaÞÞxþðaÞ, and it has only first order poles at
a ¼ �ai that correspond to the geometrical optics field. KðaÞ is given by

KðaÞ ¼

A1

a� ai
þ B1

aþ ai

A2

a� ai
þ B2

aþ ai

A3

a� ai
þ B3

aþ ai

A4

a� ai
þ B4

aþ ai

�����������������

�����������������

ð80Þ

where Ai, Bi (i¼ 1, 2, 3, 4) are constants that depend only on the permeabilities m1, m2, and
m3. We calculated them with MATHEMATICA. For the sake of brevity we report only the
expression of A1:

A1 ¼ �2jEo

"
2jn1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðn1 � n2Þðp1 þ p2Þ
p

sin cðp2 � j1Þ
� 
ðm1 þ m2Þ

ðn1 � n2Þðp1 þ p2Þl
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p
ðm2

1 þ 6m1m2 þ m2
2Þ

þ � 2n1ðp1 þ p2Þl cos cðp2 � j1Þ
� 


m2ðm1 þ m2Þ
ðn1 � n2Þðp1 þ p2Þl

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p
ðm2

1 þ 6m1m2 þ m2
2Þ

þ þðp1 þ p2Þl
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p
m2½ð�n1 þ 3n2Þm1 þ ðn1 þ n2Þm2�Þ

ðn1 � n2Þðp1 þ p2Þl
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p
ðm2

1 þ 6m1m2 þ m2
2Þ

#
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where

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ p1
p
p

l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm1 � m2Þ2m3ðm1 þ m2 þ 2m3Þð2m1m2 þ m3ðm1 þ m2Þ

ðm1m2ðm1 þ m2Þ þ 4m1m2m3 þ m3
2ðm1 þ m2ÞÞ2

s

n1 ¼ ðLog½1� l� � Log½1þ l�Þm1ðm1 � m2Þm3ðm2 þ m3Þ
2ðm1m2ðm1 þ m2Þ þ 4m1m2m3 þ m3

2ðm1 þ m2ÞÞ

n2 ¼ �ðLog½1� l� � Log½1þ l�Þm2ðm1 � m2Þm3ðm1 þ m3Þ
2ðm1m2ðm1 þ m2Þ þ 4m1m2m3 þ m3

2ðm1 þ m2ÞÞ

p1 ¼ ðLog½1� l� � Log½1þ l�Þðm2 þ m3Þððm1 þ m2Þm3
2 þ 4m1m2m3 þ m1m2ðm1 þ m2ÞÞ

2m3ðm1 � m2Þðm1 þ m2 þ 2m3Þð2m1m2 þ m3ðm1 þ m2ÞÞ

p2 ¼ ðLog½1� l� � Log½1þ l�Þðm1 þ m3Þððm1 þ m2Þm3
2 þ 4m1m2m3 þ m1m2ðm1 þ m2ÞÞ

2m3ðm1 � m2Þðm1 þ m2 þ 2m3Þð2m1m2 þ m3ðm1 þ m2ÞÞ
An examination of the singularities of the first and second members of (79) shows that the
third member wðaÞ must be an entire vector. By indicating with wiðaÞ (i ¼ 1, 2, 3, 4), the
four entire functions that define the components of wðaÞ, from eqs. (79) and (80) we get

VþðaÞ
IþðaÞ

V�ð�aÞ
I�ð�aÞ

����������

����������
¼ g�1

eþðaÞ

A1

a� ai
þ B1

aþ ai

A2

a� ai
þ B2

aþ ai

A3

a� ai
þ B3

aþ ai

A4

a� ai
þ B4

aþ ai

�����������������

�����������������

þ g�1
eþðaÞ

w1ðaÞ
w2ðaÞ
w3ðaÞ
w4ðaÞ

����������

����������
ð81Þ

Taking into account that the first member must be a plus Fourier transform (i.e., it must
vanish for a!1) we can evaluate the entire functions wiðaÞ by considering an asymptotic
evaluation for a!1 of the second member. Following this procedure, after algebraic
manipulation of the second member of (81) it can be shown that the entire vector wðaÞ is a
constant vector w given by

w ¼

0
ðA1 � A3 þ B1 � B3Þp1l1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ p1
p

w
0

ðA1 � A3 þ B1 � B3Þp2l1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ p1
p

w

�������������

�������������
We have been able to show, using many numerical simulations, that the coefficients Ai, Bi

(i ¼ 1, 2, 3, 4) satisfy

A1 � A3 þ B1 � B3 ¼ 0
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Consequently, the entire vector w(a) is null, thus yielding

xþðaÞ ¼ g�1
eþðaÞ � KðaÞ

Substituting we obtain

xþðaÞ ¼

VþðaÞ
IþðaÞ

V�ð�aÞ
I�ð�aÞ

����������

����������
¼ r0ðaÞ þ 1

2
j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

� k � a
j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

þ k þ a

" #c

þ j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

� k � a
j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

þ k þ a

" #�c" #
r1ðaÞ

þ1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

� k � a
j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

þ k þ a

" #c

� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

� k � a
j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

þ k þ a

" #�c" #
r2ðaÞ

ð82Þ
where riðaÞ (i ¼ 0, 1, 2) are rational vectors of a and jw given by

r0ðaÞ ¼

�n2A1 þ n1A3

ðn1 � n2Þða� aiÞ �
n2B1 � n1B3

ðn1 � n2Þðaþ aiÞ
p2A2 � p1A4

ðp1 þ p2Þða� aiÞ þ
p2B2 � p1B4

ðp1 þ p2Þðaþ aiÞ
�n2A1 þ n1A3

ðn1 � n2Þða� aiÞ �
n2B1 � n1B3

ðn1 � n2Þðaþ aiÞ
�p2A2 þ p1A4

ðp1 þ p2Þða� aiÞ �
p2B2 � p1B4

ðp1 þ p2Þðaþ aiÞ

�������������������

�������������������

r1ðaÞ ¼

2n1ðA1 � A3Þai

ðn1 � n2Þða� aiÞðaþ aiÞ
p1 ðB2 þ B4Þða� aiÞ þ ðA2 þ A4Þðaþ aiÞ½ �

ðp1 þ p2Þða� aiÞðaþ aiÞ
2n2ðA1 � A3Þai

ðn1 � n2Þða� aiÞðaþ aiÞ
p2 ðB2 þ B4Þða� aiÞ þ ðA2 þ A4Þðaþ aiÞ½ �

ðp1 þ p2Þða� aiÞðaþ aiÞ

�������������������

�������������������

r2ðaÞ ¼

jn1w ðB2 þ B4Þða� aiÞ þ ðA2 þ A4Þðaþ aiÞ½ �
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið�n1 þ n2Þðp1 þ p2Þ
p ðk2 � a2Þða2 � a2

i Þ
2jp1lðA1 � A3Þai

w
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið�n1 þ n2Þðp1 þ p2Þ

p ða2 � a2
i Þ

jn2w ðB2 þ B4Þða� aiÞ þ ðA2 þ A4Þðaþ aiÞ½ �
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið�n1 þ n2Þðp1 þ p2Þ
p ðk2 � a2Þða2 � a2

i Þ
2jp2lðA1 � A3Þai

w
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið�n1 þ n2Þðp1 þ p2Þ

p ða2 � a2
i Þ

��������������������

��������������������

ð83Þ
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10.18.2 Matrix factorization of geðaÞ
The matrix geðaÞ defined by (70) can be put in the form

geðaÞ ¼ uo þ qðaÞ ð84Þ
where the constant matrix uo and the matrix qðaÞ depending on a through the function

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � a2
p

are given by

uo ¼

� ðm1 � m2Þm3

ðm1 þ m2Þðm1 þ m3Þ
0

m1ðm1 þ m2 þ 2m3Þ
ðm1 þ m2Þðm1 þ m3Þ

0

0 � ðm1 � m2Þm1

ðm1 þ m2Þðm1 þ m3Þ
0 1� ðm1 � m2Þm1

ðm1 þ m2Þðm1 þ m3Þ
m2ðm1 þ m2 þ 2m3Þ
ðm1 þ m2Þðm2 þ m3Þ

0
ðm1 � m2Þm3

ðm1 þ m2Þðm2 þ m3Þ
0

0 1þ ðm1 � m2Þm2

ðm1 þ m2Þðm2 þ m3Þ
0

ðm1 � m2Þm2

ðm1 þ m2Þðm2 þ m3Þ

���������������������

���������������������

qðaÞ ¼

0
wm1ðm1 � m2Þm3

tðm1 þ m2Þðm1 þ m3Þ
0

wm1ðm1 � m2Þm3

tðm1 þ m2Þðm1 þ m3Þ
tðm1 � m2Þ

wðm1 þ m2Þðm1 þ m3Þ
0

tð�m1 þ m2Þ
wðm1 þ m2Þðm1 þ m3Þ

0

0 � wm2ðm1 � m2Þm3

tðm1 þ m2Þðm2 þ m3Þ
0

wm2ðm2 � m1Þm3

tðm1 þ m2Þðm2 þ m3Þ
tðm1 � m2Þ

wðm1 þ m2Þðm2 þ m3Þ
0

tð�m1 þ m2Þ
wðm1 þ m2Þðm2 þ m3Þ

0

���������������������

���������������������

Equation (84) can be rewritten in the form

geðaÞ ¼ uo � ð1þ u�1
o � qðaÞÞ ¼ uo � ð1þ q1ðaÞÞ ¼ uo � gðaÞ

where

q1ðaÞ ¼ u�1
o � qðaÞ ¼

1
t

qeðaÞ

and

qeðaÞ ¼

0 a 0 a

t2b 0 �t2b 0

0 e 0 e

t2d 0 �t2d 0

����������

����������
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is a polynomial matrix, where

a ¼ � wm1ðm1 � m2Þm3ðm2 þ m3Þ
m1m2ðm1 þ m2Þ þ 4m1m2m3 þ ðm1 þ m2Þm2

3

b ¼ ðm1 � m2Þðm2 þ m3Þ
w m1m2ðm1 þ m2Þ þ 4m1m2m3 þ ðm1 þ m2Þm2

3

� 


e ¼ wm2ðm1 � m2Þm3ðm2 þ m3Þ
m1m2ðm1 þ m2Þ þ 4m1m2m3 þ ðm1 þ m2Þm2

3

d ¼ ðm1 � m2Þðm1 þ m3Þ
w m1m2ðm1 þ m2Þ þ 4m1m2m3 þ ðm1 þ m2Þm2

3

� 


We observe that gðaÞ ¼ 1þ q1ðaÞ does commute with the polynomial matrix qeðaÞ. It
follows that we can accomplish the matrix factorization using a logarithmic decomposition
of the matrix

f ðaÞ ¼ log½gðaÞ�
By using the computer manipulator MATHEMATICA we obtain

f ðaÞ ¼ f0 þ 1
t

pðaÞ

where fo and the polynomial matrix p(a) do commute and are given by

f0 ¼

a1 0 �a1 0

0 b1 0 b1

�a2 0 a2 0

0 b2 0 b2

����������

����������
, pðaÞ ¼

0
n1w
l

0
n1w
l

p1lt2

w
0 �p1lt2

w
0

0
n2w
l

0
n2w
l

p2lt2

w
0 �p21lt2

w
0

����������������

����������������
In the previous equations a1, a2, b1, b2 are given by

a1 ¼ ðLog½1� l� þ Log½1þ l�Þm1ðm2 þ m3Þ
4m1m2 þ 2m3ðm1 þ m2Þ

a2 ¼ ðLog½1� l� þ Log½1þ l�Þm2ðm2 þ m3Þ
4m1m2 þ 2m3ðm1 þ m2Þ

b1 ¼ ðLog½1� l� þ Log½1þ l�Þðm2 þ m3Þ
2ðm1 þ m2 þ 2m3Þ

b2 ¼ ðLog½1� l� þ Log½1þ l�Þðm1 þ m3Þ
2ðm1 þ m2 þ 2m3Þ
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Taking into account that

geðaÞ ¼ uo exp½log½gðaÞ� ¼ uo exp½f0�exp
1
t

pðaÞ
	 


the factorization of geðaÞ is reduced to the factorization of the matrix exp 1
t pðaÞ� 


. Since pðaÞ
is a polynomial matrix, this factorization is easily performed by a standard decomposition
into plus and minus parts (chapter 3, section 3.1.1):

1
t
¼ 1

jpt
qðaÞ þ 1

jpt
qð�aÞ

where

qðaÞ ¼ log � k þ a� jt
k þ aþ jt

	 


and the plus and minus terms are the first and second term of the second member, respec-
tively. Hence, geþðaÞ and its inverse ½geþðaÞ��1 can be defined by

geþðaÞ ¼ exp
qðaÞ
jpt

pðaÞ
	 


¼

n2 � n1Cosh½cq�
n2 � n1

�j
n1wSinh½cq�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ p1
p

lt
n1ð�1þ Cosh½cq�Þ

n2 � n1
�j

n1wSinh½cq�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ p1
p

lt

�j
p1Sinh½cq�ltffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ p1
p

w
p2 þ p1Cosh½cq�

p2 þ p1
j

p1Sinh½cq�ltffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ p1
p

w
p1ð�1þ Cosh½cq�Þ

p1 þ p2

�n2ð�1þ Cosh½cq�Þ
n2 � n1

�j
n2wSinh½cq�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ p1
p

lt
�n1 � n2Cosh½cq�

n2 � n1
�j

n2wSinh½cq�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ p1
p

lt

�j
p2Sinh½cq�ltffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ p1
p

w
p2ð�1þ Cosh½cq�Þ

p1 þ p2
j

p2Sinh½cq�ltffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ p1
p

w
p1 þ p2Cosh½cq�

p2 þ p1

��������������������

��������������������
ð85Þ

We observe that the inverse of geþðaÞ can be obtained from geþðaÞ by changing the sign
of t. By using (85), we may also write explicitly the minus factorized matrices ge�ðaÞ and
½ge�ðaÞ��1. In fact, taking into account (78), we have the following formulas that complete
the factorization process:

ge�ðaÞ ¼ geðaÞ½geþðaÞ��1, ½ge�ðaÞ��1 ¼ geþðaÞgeðaÞ

10.18.3 Near field behavior

In this section we study the near field (r � 0); for the sake of simplicity we assume m1 ¼ m3.
We begin our analysis by examining the field on the plane y ¼ 0. It is possible to investigate
the behavior for z � 0 by using Watson’s lemma (Jones, 1964, p. 438), without the necessity
to perform the inverse transform of xþðaÞ. To this end, we must know only the asymptotic
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behavior of xþðaÞ for a!1. Analytical manipulations done using MATHEMATICA
allow us to accomplish this task starting from the exact solution eq. (82), leading to

xþðaÞ � r0ðaÞ þ uðaÞ �a
k

� �c
a!1 ð86Þ

where r0ðaÞ has been defined by the first of (83) and

uðaÞ ¼

2c�1 �wðA2 þ A4 þ B2 þ B4Þn1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � n1
p þ lðA1 � A3 � B1 þ B3Þn1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1 þ p2
p

ai

� 

a2lðn1 � n2Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p1 þ p2
p

2c�1p1
A2 þ A4 þ B2 þ B4

p1 þ p2
� lðA1 � A3 � B1 þ B3Þai

w
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p1 þ p2
p

	 


a
2c�1 �wðA2 þ A4 þ B2 þ B4Þn2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � n1
p þ lðA1 � A3 � B1 þ B3Þn2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1 þ p2
p

ai

� 

a2lðn1 � n2Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p1 þ p2
p

2c�1p2
A2 þ A4 þ B2 þ B4

p1 þ p2
� lðA1 � A3 � B1 þ B3Þai

w
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � n1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p1 þ p2
p

	 


a

�����������������������

�����������������������
Remembering that ai ¼ k sinji, from the previous equations it is evident that the dominant
dependence on a and w is given by

r0ðaÞ /

1
a
1
a
1
a
1
a

����������������

����������������

, uðaÞ /

w
a2

w0

a
w
a2

w0

a

����������������

����������������
Hence, applying Watson’s lemma (or initial-value theorem) to xþðaÞ, we obtain

Exð0, zÞ ¼ a0 þ a1ðkzÞ1�c ðz � 0Þ
Hzð0, zÞ ¼ b1ðkzÞ�c ðz � 0Þ
Exð0, zÞ ¼ c0 þ c1ðkzÞ1�c ðz � 0Þ
Hzð0, zÞ ¼ d1ðkzÞ�c ðz � 0Þ

where the coefficients ai, bi, ci, di can be obtained from the expressions of r0ðaÞ and uðaÞ.
The near-field behavior in the plane y ¼ 0 can be extended to every points of space. First

we evaluate the electric field everywhere using the Fourier inversion of (56). Taking into
account the equation that expresses the Fourier transform of the Hankel function,6 after
analytical manipulations we obtain Exðr,jÞ and Hrðr,jÞ through a Green representation in

6 We have the identity (Felsen & Marcuvitz, 1973, p. 478, section 1.1.1): F H ð2Þ0 ðjxjÞ, x,a
h i

¼ 2ffiffiffiffiffiffiffiffiffiffi
k2�a2
p .
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the spatial domain, whence we get the near field:

Exðr,jÞ ¼ a0ðjÞ þ a1ðjÞðkrÞ1�c ðr! 0Þ
Hrðr,jÞ ¼ b1ðjÞðkrÞ�c ðr! 0Þ

ð87Þ

We remark that the coefficient c satisfies the condition 0 < c < 1 and does not depend either
on the spatial frequency a or on the temporal frequency w.

Looking at (87), we observe that the radial component of the magnetic field is singular as
r! 0 for the presence of the term b1ðjÞðkrÞ�c.

To make a comparison between the near-field behavior of static and dynamic fields, we
consider the magnetostatic problem of a right wedge made of magnetic material of perme-
ability m2 immersed in a homogeneous magnetic material of permeability m1. The exact
solution of this problem can be accomplished by applying the duality principle to the well-
studied static dielectric wedge. In particular, starting from the exact solution, we can obtain
the following static near field behavior (van Bladel, 1996, p. 153):

Hrðr,jÞ ¼ b2sðjÞr�c ðr! 0Þ ð88Þ
where we can show that the parameter c is the same parameter considered previously for the
isorefractive wedge.

By comparing (87) and (88), it is evident that the static behavior is the same as that
present in the dynamic isorefractive wedge.

It is possible to investigate the edge near-field behavior for a non-isorefractive wedge
starting from the results obtained for the isorefractive wedge. In particular, the dominant
near-edge behavior is the same for both problems (Daniele & Uslenghi, 2000).

10.19 Diffraction by an arbitrary dielectric wedge

The diffraction by a dielectric wedge has constituted a very important and challenging
problem during the past century. The GWHE of this problem were obtained and solved in
Daniele (2010, 2011).
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Lüneburg, E. and R.A. Hurd (1984) On the diffraction of a half-plane with different face impedances,
Can. J. Phys., 62, pp. 853–860.

Lüneburg, E. and A.H. Serbest (2000) Diffraction of a obliquely incident plane wave by a two-face
impedance half plane: Wiener-Hopf approach, Radio Science, 35, pp. 1361–1374.

Lukyanov, V.D. (1980) Exact solution of the problem of diffraction of an obliquely incident wave at a
grating, Sov. Phys. Dokl., 25, 11, pp. 905–906.

MacDonald, H.M. (1915) A class of diffraction problems, Proc. London Math. Soc., 14, pp. 419–427.

Maliuzhinets, G.D. (1958a) Relation between the inversion formula for the Sommerfeld integral and
the formulas of Kontorovich-Lebedev, Soviet Phys. Dokl., 3, pp. 266–268.

Maliuzhinets, G.D. (1958b) Excitation, reflection and emission of surface waves from a wedge with
given face impedance, Soviet Phys. Dokl., 3, pp. 752–755.

References 357



Manara, G., P. Nepa, G. Pelosi, and A. Vallecchi (2004) Skew incidence diffraction by an anisotropic
impedance half plane with a PEC face and arbitrarily oriented anisotropy axes, IEEE Trans. Antennas
Propag., 52, 2, pp. 487–496.

Meister, E. and F.O. Speck (1979) Some multidimensional Wiener-Hopf equations with applications,
in Trends in Applic. Pure Math. Mech., vol. 2, edited by H. Zorski, Pitman, London, pp. 217–262.

Meister, E. and F.O. Speck (1989) Wiener-Hopf factorization of certain non-rational matrix functions in
mathematical physics, in The Gohberg Anniversary Collection, vol. 2, Birkhauser, Base, pp. 385–394.

Mittra, R. and S.W. Lee (1971) Analytical Techniques in the Theory of Guided Waves, MacMillan
Company, New York.

Moiseyev, N.G. (1989) Factorization of matrix function of special form, Dokl. AN SSSR, 305, pp. 44–47.

Montgomery, J.P. (1979) Electromagnetic boundary-value problems based upon a modification of
residue calculus and function theoretic techniques, NBS Monography 164, National Bureau of Stan-
dards, Boulder, CO.

Morse and Feshbach (1953) Methods of Theoretical Physics, McGraw-Hill, New York.

Munk, B.A. (2000) Selective Surfaces: Theory and Design, Wiley Interscience, New York.

Muskhelishvili, N.I. (1953) Singular Integral Equation, P. Noordhoff N.V. Groningen-Holland.

Newcomb, R.W. (1966) Linear Multiport Synthesis, McGraw-Hill, New York.

Noble, B. (1958) The Wiener-Hopf Technique, Pergamon Press, London.

Noble, B. (1988) The Wiener-Hopf Technique, 2d ed., Chelsea Pub. Co.

Nosich, A.I. (1993) Green’s function-dual series approach in wave scattering by combined resonant
scatterers, in Analytical and Numerical Methods in Electromagnetic Wave Theory, edited by
M. Hashimoto, M. Idemen, and O.A. Tretyakov, Science House Co. Ltd., Tokyo, pp. 419–469.

Osipov, A.V. and A.N. Norris (1999) The Malyuzhinets theory for scattering from wedge boundaries: a
review, Wave Motion, 29, pp. 313–340.

Paul, C.R. (1975) Useful matrix chain parameter identities for the analysis of multiconductor trans-
mission lines (short papers), IEEE Transactions on Microwave Theory and Techniques (Short Papers),
23, 9, pp. 756–760.

Paul, C.R. (1992) Introduction to Electromagnetic Compatibility, John Wiley & Sons, New York.

Papadopoulos, V.M. (1957) The scattering effect of a junction between two circular waveguides,
Quart. J. Mech. Appl. Math., 10, pp. 191–209.

Pease, M.C. (1965) Methods of Matrix Algebra, Academic Press, New York.

Peters, A.S. (1952) Water waves over sloping beaches and the solution of a mixed boundary value
problem for D2f � k2f ¼ 0 in a sector, Commun. Pure Appl. Math., 5, pp. 97–108.

Poincare, H. (1892) Sur la polarization par diffraction, Acta Math., 16, pp. 297–339.

Przezdziecki, S. (2000) Half-plane diffraction in a chiral medium, Wave Motion, pp. 157–200.

Radlow, J. (1961) Diffraction by a quarter plane, Arch. Rat. Mech. Anal., 8, pp. 139–158.

Radlow, J. (1964) Diffraction by a right-angled dielectric wedge, Intern. J. Enging. Sci., 2,
pp. 275–290.

358 References

www.ebook3000.com

http://www.ebook3000.org


Radlow, J. (1965) Note on the diffraction at a corner, Arch. Rat. Mech. Anal., 19, pp. 62–70.

Rawlins, A.D. (1975) The solution of mixed boundary-value problem in the theory of diffraction by a
semi-infinite plane, Proc. Roy. Soc. London, A, 346, pp. 469–484.

Rawlins, A.D. (1980) A note on the factorization of matrices occurring in Wiener-Hopf problems,
IEEE Trans. Antennas Propag., AP-28, 6, pp. 933–934.

Sendag, R. and H. Serbest (2001) Scattering at the Junction formed by a PEC half-plane and an half-
plane with anisotropic conductivity, Electromagnetics, 21, pp. 415–434.

Senior, T.B.A. (1978) Some problems involving imperfect half planes, in Electromagnetic Scattering,
edited by P.L.E. Uslenghi, Academic Press, New York, pp. 185–219.

Senior, T.B.A. and J.L. Volakis (1995) Approximate Boundary Conditions in Electromagnetics, Insti-
tution of Electrical Engineers, London.

Senior, T.B.A. (1959) Diffraction by an imperfectly conducting wedge, Comm. Pure Appl. Math., 12,
pp. 337–372.
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