@ SC'iTﬁ
PUB SHING

O ﬂ i m pri nT Of Th e I ET Istituto Superiore Mario Boella

I

The Wiener-Hopf Method
in Electromagnetics

Vito G. Daniele and Rodolfo S. Zich

:

MARIO BOELLA SERIES ON ELECTROMAGNETISM IN INFORMATION & COMMUNICATION


http://www.ebook3000.org

The Wiener-Hopf Method
in Electromagnetics



Mario Boella Series on Electromagnetism
in Information and Communication
Piergiorgio L. E. Uslenghi, PhD - Series Editor

The Mario Boella series offers textbooks and monographs in all areas of radio science, with a
special emphasis on the applications of electromagnetism to information and communication
technologies. The series is scientifically and financially sponsored by the Istituto Superiore
Mario Boella affiliated with the Politecnico di Torino, Italy, and is scientifically co-
sponsored by the International Union of Radio Science (URSI). It is named to honor the
memory of Professor Mario Boella of the Politecnico di Torino, who was a pioneer in
the development of electronics and telecommunications in Italy for half a century, and a vice
president of URSI from 1966 to 1969.

Published Titles in the Series

Introduction to Wave Phenomena
by Akira Hirose and Karl Lonngren

Scattering of Waves by Wedges and Cones with Impedance Boundary Conditions
by Mikhail Lyalinov and Ning Yan Zhu

Complex Space Source Theory of Spatially Localized Electromagnetic Waves
by S. R. Seshadri

The Wiener-Hopf Method in Electromagnetics
by Vito Daniele and Rodolfo Zich

Forthcoming Titles

Higher Order Numerical Solution Techniques in Electromagnetics
by Roberto Graglia and Andrew Peterson (2015)

Slotted Waveguide Array Antennas
by Sembiam Rengarajan and Lars Josefsson (2015)

fvww.ebook3000.con)



http://www.ebook3000.org

The Wiener-Hopt Method
in Electromagnetics

ISMB Series

Rodolfo Zich

Instituto Superiore de Mario Boella

Vito Daniele
Polytechnic of Torino

[@ SciTECH

PUBLISHING
an imprint of the IET

theiet.org



ScCITECH

 PUBLISHING
an imprint of the IET

Published by SciTech Publishing, an imprint of the IET.
www.scitechpub.com
www.theiet.org

Copyright © 2014 by SciTech Publishing, Edison, NJ. All rights reserved.

No part of this publication may be reproduced, stored in a retrieval system or transmitted in any form or by any
means, electronic, mechanical, photocopying, recording, scanning or otherwise, except as permitted under Sections
107 or 108 of the 1976 United States Copyright Act, without either the prior written permission of the Publisher, or
authorization through payment of the appropriate per-copy fee to the Copyright Clearance Center, 222 Rosewood
Drive, Danvers, MA 01923, (978) 750-8400, fax (978) 646-8600, or on the web at copyright.com. Requests to the
Publisher for permission should be addressed to The Institution of Engineering and Technology, Michael Faraday
House, Six Hills Way, Stevenage, Herts, SG1 2AY, United Kingdom.

While the author and publisher believe that the information and guidance given in this work are correct, all parties
must rely upon their own skill and judgement when making use of them. Neither the author nor publisher assumes
any liability to anyone for any loss or damage caused by any error or omission in the work, whether such an error or
omission is the result of negligence or any other cause. Any and all such liability is disclaimed.

10987654321

ISBN 978-1-61353-001-6 (hardback)
ISBN 978-1-61353-031-3 (PDF)

Typeset in India by MPS Limited
Printed in the US by Integrated Books International
Printed in the UK by CPI Group (UK) Ltd, Croydon

vww.ebook3000.cond



http://www.ebook3000.org

Contents

Preface

Foreword

PART 1

Mathematical Aspects

1 Forms of Wiener-Hopf equations

11

1.2

1.3

14
1.5

1.6

1.7

The basic Wiener-Hopf equation

1.1.1 An electromagnetic example: The half-plane problem
Modified W-H equations (MWHE)

1.2.1 Longitudinally modified W-H equations
1.2.2 Transversely modified W-H equations
1.2.3 The incomplete Wiener-Hopf equations
Generalized W-H equations

1.3.1 An electromagnetic example: The PEC wedge problem
1.3.2 An electromagnetic example: The dielectric wedge problem
The Hilbert-Riemann problem
Reduction of W-H equations to the classical form
1.5.1 Reduction of the transversely modified W-H equations

to CWHE

1.5.2 Reduction of the longitudinally modified W-H equations
to CWHE

1.5.3 The Hilbert-Riemann equations

1.5.4 Generalized Wiener-Hopf equations

From Wiener-Hopf equations to Fredholm integral equations
in the spectral domain

Fundamental literature

xiii
xvii

© N N o w W

10
12

12
13
14

14

14

15
16
16

17
19



Vi Contents

2 The exact solution of Wiener-Hopf equations

2.1
2.2
2.3
24

2.5
2.6

2.7
2.8
2.9

Introduction

Additive decomposition

Multiplicative decomposition or factorization
Solution of the W-H equation

2.4.1 Solution of the nonhomogeneous equation
2.4.2 Remote source
Unbounded plus and minus unknowns

Factorized matrices as solutions of the homogeneous
Wiener-Hopf problem

Nonstandard factorizations
Extension of the W-H technique to the GWHE
Important mappings for dealing with W-H equations

29.1 The y = /7% — a? mapping

29.2 The a = —1,C0SW mapping

3 Functions decomposition and factorization

3.1

3.2

3.3

Decomposition

3.1.1 Example 1

3.1.2 Decomposition of an even function
3.1.3 Numerical decomposition

3.1.4 Example 1 revisited

3.1.5 The case of meromorphic functions

3.1.6 Decomposition using rational approximants of
the function

Factorization

3.2.1 General formula for the scalar case
3.2.2 Example 2

3.2.3 Example 3

3.2.4 Factorization of meromorphic functions
3.25 Example 4

3.2.6 Factorization of kernels involving continuous and
discrete spectrum

Decomposition equations in the w — plane

3.3.1 Evaluation of the plus functions

3.3.2 Evaluation of the minus functions

3.3.4 Use of difference equation for function decomposition
3.3.5 The W-H equation as difference equation

fvww.ebook3000.con)

21
21
22
23
24

24
27
29

29
31
34
35

35
36

45

45

47
51
51
53
54

55
57
57
57
58
58
60

63
66

66
69
73
73


http://www.ebook3000.org

Contents

4 Exact matrix factorization

4.1
4.2
4.3
4.4

4.5

4.6

4.7

4.8

4.9

Introduction

Some possibilities to reduce the order of the kernel matrices
Factorization of triangular matrices

Factorization of rational matrices

4.4.1 Introduction

4.4.2 Matching of the singularities

4.4.3 The factorization in the framework of the Fredholm equations
Techniques for solving the factorization problem

45.1 The logarithmic decomposition
The factorization problem and the functional analysis

4.6.1 The iterative method
4.6.2 The Fredholm determinant method

4.6.3 Factorization of meromorphic matrix kernels with an
infinite number of poles

A class of matrices amenable to explicit factorization:
matrices having rational eigenvectors
Factorization of a 2 x 2 matrix

4.8.1 The Hurd method
4.8.2 The off-diagonal form

4.8.3 Reduction of matrices commuting with polynomial matrices
to the Daniele matrices

4.8.4 Explicit factorization of Daniele matrices

4.8.5 The elimination of the offensive behavior for matrices having
the Daniele form

4.8.6 A relatively simple case
48.7 The y/a(a)/b(a) rational function of a case
The factorization of matrices commuting with rational matrices
4.9.1 Introduction
4.9.2 Matrix of order two commuting with polynomial matrices
4.9.3 Explicit expression of y;(a) in the general case
4.9.4 Asymptotic behavior of the logarithmic representation
of —1(a)P~Y(a) +1
4.9.5 Asymptotic behavior of the decomposed v, (o)
4.9.6 A procedure to eliminate the exponential behavior
4.9.7 On the reduction of the order of the system
4.9.8 The nonlinear equations as a Jacobi inversion problem

4.9.9 Weakly factorization of a matrix commuting with a
polynomial matrix

vii

75
75
76
78
80

80
81
85
86
86
92

92
93

94

95
96

96
98

99
101

104
106
108
110

110
111
113

117
118
120
124
125

127



viii

Contents

5 Approximate solution: The Fredholm factorization

5.1

5.2
5.3

The integral equations in the « — plane

5.1.1 Introduction

5.1.2 Source pole a, with positive imaginary part

5.1.3 Analytical validation of a particular W-H equation
5.1.4 A property of the integral in the Fredholm equation
5.1.5 Numerical solution of the Fredholm equations
5.1.6 Analytic continuation outside the integration line
The integral equations in the w — plane

Additional considerations on the Fredholm equations

5.3.1 Presence of poles of the kernel in the warped region
5.3.2 The Fredholm factorization for particular matrices
5.3.3 The Fredholm equation relevant to a modified kernel

6 Approximate solutions: Some particular techniques

6.1

6.2
6.3

6.4

6.5

The Jones method for solving modified W-H equations

6.1.1 Introduction

6.1.2 Longitudinal modified W-H equation

6.1.3 Transversal modified W-H equation

The Fredholm factorization for particular matrices
Rational approximation of the kernel

6.3.1 Pade approximants

6.3.2 An interpolation approximant method

Moment method

6.4.1 Introduction

6.4.2 Stationary properties of the solutions with the moment method

6.4.3 An electromagnetic example: the impedance of a wire
antenna in free space

Comments on the approximate methods for solving
W-H equations

PART 2 Applications

7 The half-plane problem

7.1

7.2

Wiener-Hopf solution of discontinuity problems in
plane-stratified regions

Spectral transmission line in homogeneous isotropic regions
7.2.1 Circuital considerations

fvww.ebook3000.con)

129

129

129
130
131
132
134
141
143
146

146
147
147

149

149

149
149
152
153

161

161
163
167

167
169

173

175

177
179

179
180
181


http://www.ebook3000.org

7.3
7.4

7.5
7.6

7.7

7.8
7.9
7.10

7.11

Contents

7.2.2  Jump of voltage or current in a section where it is present
a discontinuity

7.2.3 Jump of voltage or current in a section where a concentrated
source is present

Wiener-Hopf equations in the Laplace domain

The PEC half-plane problem

7.4.1 E-polarization case

7.4.2 Far-field contribution

Skew incidence

Diffraction by an impedance half plane

7.6.1 Deduction of W-H equations in diffraction problems by
impenetrable half-planes

7.6.2 Presence of isotropic impedances Z, and Zy

The general problem of factorization

7.7.1 The case of symmetric half-plane

7.7.2 The case of opposite diagonal impedances Z, = —Z,

The jump or penetrable half-plane problem

Full-plane junction at skew incidence
Diffraction by an half plane immersed in arbitrary linear medium

7.10.1 Transverse equation in an indefinite medium

7.10.2 Field equations in the Fourier domain

7.10.3 The W-H equation for a PEC or a PMC half-plane
immersed in a homogeneous linear arbitrary medium

The half-plane immersed in an arbitrary planar

stratified medium

Planar discontinuities in stratified media

8.1

8.2

The planar waveguide problem

8.1.1 The E-polarization case

8.1.2 Source constituted by plane wave

8.1.3 Source constituted by an incident mode
8.1.4 The skew plane wave case

The reversed half-planes problem

8.2.1 The E-polarization case

8.2.2 Qualitative characteristics of the solution

8.2.3 Numerical evaluation of the electromagnetic field
8.2.4 Numerical solution of the W-H equations

8.2.5 Source constituted by a skew plane wave

182

182
183
185
185
188
191

197

197
200
203
205
206
206

207
208

208
210

216

220

223

223

223
225
227
228
230

230
231
232
233
237

iX



8.3

8.4

8.5

8.6

Contents

The three half-planes problem

8.3.1 The E-polarization case (normal incidence case)
8.3.2 The skew incidence case
Arrays of parallel wire antennas in stratified media

8.4.1 The single antenna case
8.4.2 The W-H equations of an array of wire antennas

8.4.3 Spectral theory of transmission lines constituted by
bundles of wires

Spectral theory of microstrip and coplanar transmission lines

8.5.1 Coplanar line with two strips

8.5.2 The shielded microstrip transmission line

General W-H formulation of planar discontinuity problems
in arbitrary stratified media

8.6.1 Formal solution with the factorization method

8.6.2 The method of stationary phase for multiple integrals
8.6.3 The circular aperture

8.6.4 The quarter plane problem

9 Wiener-Hopf analysis of waveguide discontinuities

9.1

9.2
9.3
9.4
9.5
9.6

Marcuvitz-Schwinger formalism

9.1.1 Example 1
9.1.2 Example 2
Bifurcation in a rectangular waveguide

The junction of two waveguides

A general discontinuity problem in a rectangular waveguide
Radiation from truncated circular waveguides
Discontinuities in circular waveguides

10 Further applications of the W-H technique

10.1

10.2

10.3
10.4
10.5

The step problem

10.1.1 Deduction of the transverse modified W-H equations
(E-polarization case)

10.1.2 Solution of the equations
The strip problem

10.2.1 Some longitudinally modified W-H geometries
The hole problem

The wall problem
The semi-infinite duct with a flange

fvww.ebook3000.con)

244

244
247
248

248
250

254
254

254
260

261
263
267
268
272
279
279

280
283
285

287
289
292
297

301
301

301
303
303
304
304
305
307


http://www.ebook3000.org

10.6
10.7
10.8

10.9

10.10

10.11
10.12
10.13
10.14
10.15
10.16

10.17

10.18

10.19

Contents

Presence of dielectrics

A problem involving a dielectric slab

Some problems involving dielectric slabs

10.8.1 Semi-infinite dielectric guides

10.8.2  The junction of two semi-infinite dielectric slab guides
10.8.3 Some problems solved in the literature

Some problems involving periodic structures

10.9.1 Diffraction by an infinite array of equally spaced half-planes
immersed in free space

10.9.2  Other problems solved in the literature

Diffraction by infinite strips

10.10.1 Solution of the key problem

10.10.2 Boundary conditions

10.10.3 Solution of the W-H equation

Presence of an inductive iris in rectangular waveguides
Presence of a capacitive iris in rectangular waveguides
Problems involving semi-infinite periodic structures
Problems involving impedance surfaces

Some problems involving cones

Diffraction by a PEC wedge by an incident plane wave at
skew incidence

Diffraction by a right PEC wedge immersed in a
stratified medium
Diffraction by a right isorefractive wedge

10.18.1 Solution of the W-H equations
10.18.2 Matrix factorization of ge(a)

10.18.3 Near field behavior

Diffraction by an arbitrary dielectric wedge

References

Index

Xi

308
310
313

314
314
314
315

315
317
318

319
321
321
323

324
324
325
326

330

334
337

342
345
347
349

351
361



M.ebook3000.cogl


http://www.ebook3000.org

Preface

In 1931, Wiener and Hopf (1931) invented a powerful technique for solving an integral
equation of a special type. By introducing the Laplace transform of the unknown, the integral
equation was rephrased in terms of a functional equation in a suitably defined complex
space. The solution method of the latter is very ingenious indeed. It is based on a sophisti-
cated procedure exploiting some properties of the analytic functions and it stands as one of
the most important mathematical inventions for obtaining analytical solutions of very diffi-
cult problems.

In electromagnetic geometries, a fundamental approach due to Jones (1952a) applies the
Laplace transforms directly to the partial differential equations, and the complex variable
functional equations are obtained directly without having to formulate an integral equation.
Jones’s approach has been adopted systematically by Noble (1988) in his book on the
Wiener-Hopf technique. Noble’s work presents many applications of the Wiener-Hopf
technique in a systematic way and is fundamental for readers interested in this powerful
method. Unfortunately, this book was written many years ago (the first edition was in 1958);
in the meantime, many scientists have devoted efforts to studying the Wiener-Hopf techni-
que and have achieved important developments.

The main purpose of this book is to provide students and scientists of diffraction phe-
nomena with a comprehensive treatment of the Wiener-Hopf technique, including its latest
developments. In particular, these developments illustrate the wide range of possible appli-
cations of this method. In practice, it is now possible to solve all canonical diffraction pro-
blems involving geometrical discontinuities using the Wiener-Hopf technique, which has
definitively established it as the most general and powerful analytical method for this purpose.

A great number of problems can be effectively approached using the W-H technique
(Fig. 1). Shown in the figure are geometrical structures that can be considered equivalent to a
(uniform or nonuniform) waveguide in which semi-infinite geometrical discontinuities have
been introduced. These discontinuities may be also modified in the transversal or long-
itudinal direction of the waveguide, thus augmenting considerably the number of possible
problems that can be effectively studied by this technique. It must be observed that most of
these problems are very important and that often there are no alternative approaches avail-
able for solving them efficiently, even numerically. Some general remarks about the W-H
techniques are necessary before delving into specific problems in detail.

First of all, no W-H problem is simple to study. For instance, for a given electro-
magnetic problem that perhaps may be formulated in terms of W-H equations, it could be

Xiii



Xiv Preface

Half-plane - /\ Disk or strip
Truncated
waveguide Array of staggered S_pheljical or
parallel planes cylindrical cups
e 2
Grating ////////
Thick half-plane Flanged Dielectric
or truncated rod waveguide loaded truncated
Truncated come waveguide
Two half-planes Slit coupled \
waveguides
Multifurcated
waveguides Quarter of plane  Dielectric wedge

Fig. 1: A few examples of W-H geometries

quite difficult to obtain these equations. In the literature, many problems are formulated in
terms of functional equations that, even though equivalent to Wiener-Hopf equations, do not
present the so-called standard forms considered in this book. We emphasize that it is
important to formulate the problems in terms of standard W-H equations because it provides
a uniform methodology to obtain exact or approximate solutions in a systematic way. The
key function containing all the information in the standard Wiener-Hopf equations is the
W-H kernel. It is generally a matrix G function of a complex variable «. It follows that
the first step of the W-H technique is to find G(«) for a specific geometry. Sometimes this is
a difficult task requiring a profound knowledge both of the formulation of electromagnetic
problems and of the underlying physical concepts.

The central problem in solving the standard W-H equations is conceptually very simple:
the factorization of the matrix G(a). This problem constitutes a very beautiful mathematical
problem that in the past has become a cult activity for many students. However, even though
this problem has been extensively studied in the past, up to now a method to factorize a general
n x n matrix (chapter 4) was not known. Fortunately, several approximate factorization tech-
niques have recently been developed. In particular, the reduction of the factorization problem
to the solution of Fredholm integral equations of the second kind constitutes a powerful tool
that provides efficiently the approximate factorized matrices of G(a).

Once the factorization of G(a) is achieved, new efforts are necessary to extract solu-
tions. In fact, even if formal solutions may be obtained, a long and difficult elaboration is
always required to make them effective from the physics and engineering points of view.

The W-H technique involves complex and cumbersome algebraic manipulations.
Nowadays these manipulations do not constitute a serious impediment because powerful
algebraic manipulator codes are readily available. In particular, all the results in this book
were obtained by intensive use of the computing software MATHEMATICA.
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Preface XV

Concerning the overall philosophy of the subject presentation, this book has been written
for readers primarily interested in the fundamental concepts and possible applications of the
presented method. For this reason, the considered arguments are often only delineated and not
discussed in great mathematical depth. The W-H technique requires the knowledge and use of
many advanced topics of complex analysis, whose exposition might discourage readers who are
interested primarily in application aspects. Of course, the best way to render the mathematical
tools appealing is to present them only in as much detail as is required for the specific appli-
cations. We tried to follow this principle, but it was sometimes impossible. Therefore, we
divided the book into two parts. The first part (chapters 1-6) is devoted to the mathematical
aspects of the W-H technique, whereas the second part (chapters 7—10) presents applications that
we hope illustrate the beauty, aims, and power of the theory. In particular, in the applications we
often emphasized only the first and more difficult step of the W-H technique: the deduction of
the matrix kernel G(a) of the problem. In fact, this is the step that in some sense lacks of a
general methodology. It is the intensive presentation of the deduction of G(«) in different
problems that provides the useful tools and the practice needed for solving new problems.

The Wiener-Hopf equations studied in this book are substantially one dimensional. It is
possible to introduce multidimensional W-H equations (Meister & Speck, 1979) and gen-
eralize the concept of factorization that constitutes the fundamental tool that distinguishes the
W-H equations from other integral equations. In particular, two works by Radlow (1961, 1964)
attempted to solve two fundamental diffraction problems® by factorizing kernels defined in
two-dimensional space. In these cases, the factorization method needs function-theoretic tools
employing analytical functions with two complex variables. The involved analytical difficul-
ties may easily lead to errors, and as a consequence unfortunately Radlow’s solutions are
incorrect. To date, the only way to solve multidimensional W-H equations appears to be the
use of the moment method. Even though approximate, this kind of solution is very powerful;
some examples will be considered in chapter 8.

In this book we consider only time harmonic fields with a time dependence specified by
the factor el“! (electrical engineering notations), which is omitted throughout, and where the
imaginary unit is indicated with j. Conversely, in applied mathematics the factor et is usually
replaced by e~'®!. This means that in the natural domain the change j = —i transforms
the engineering notation into applied mathematics notation (and vice versa). However, in the
spectral domain, usually the same notations are used in both engineering and applied mathe-
matics. In fact, regarding for example the Fourier transforms, the following definitions are the
most frequently used in the literature:

Fe(a) = J fe(x)eJade, Fa(a) = J fa(X)eiade

where the subscript e means engineering and the subscript a means applied mathematics.
Consequently, in the spectral domain on the real axis we have

Fa(a) = Fe(—a)
and j is replaced by —i (and vice versa).

! The diffraction problems studied by Radlow are the diffraction by a quarter-plane and the diffraction by a right-
angle dielectric wedge.
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For example, let us consider in the natural domain the propagation factor that is defined
in electrical engineering notation by

fo(x) = e
with the propagation constant k defined by
k=p—-ja, a>0
The same propagation factor in applied mathematics notation is written
fa(x) = e

with ky = 8 + ia.
In the Laplace domain, on the real axis, we have

Fe(a) = er(x)e‘jkxej“"dx =
0

which in applied mathematics notations is written

j —i i
F pr— F f— pr—
e(a) oz—k:> a(@) —a—ky  a+Kky
Analytic continuations define the previous functions in the whole complex plane a. This
means that the Laplace Transforms are defined for every value of a by

i
=gy o=y
In the following we will define plus F, () and minus F_(«a) (section 1.1). Notice that a plus
(or minus) function in the electrical engineering notation is also a plus (or minus) function in
the applied mathematics notation. The only difference between the two is given by the
location of the singularities. For example, F¢(a) and Fa(a) are plus functions both with
engineering and applied mathematics notation. However, Fe(a) = ﬁ has a singularity at
a =k =pf —ja, whereas Fy(a)= - has it at o = —ky = —f —ia. The notation and
definitions presented in this preface will be used throughout the book.

In the 80 years since the seminal 1931 paper by Wiener and Hopf, an enormous amount
of work has been performed using their powerful function-theoretic method and its further
extensions. It would not be possible to reproduce all that work in detail within a single
volume. Therefore, we simply report many results without proof, referring the interested
reader to the bibliographical sources for additional details. Similarly, we list many applica-
tions of the method to electromagnetic boundary-value problems, often just providing the
results without the detailed derivations that readers may find in the original publications.
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Foreword

The Mario Boella series offers textbooks and monographs in all areas of radio science, with a
special emphasis on the applications of electromagnetism to information and communication
technologies. The series is scientifically and financially sponsored by the Istituto Superiore
Mario Boella affiliated with the Politecnico di Torino, Italy, and is scientifically cosponsored
by the International Union of Radio Science (URSI). It is named to honor the memory of
Professor Mario Boella of the Politecnico di Torino, who was a pioneer in the development
of electronics and telecommunications in Italy for half a century and was vice president of
URSI from 1966 to 19609.

This advanced research monograph is devoted to the Wiener-Hopf technique, a
function-theoretic method that has found applications in a variety of fields, most notably in
analytical studies of diffraction and scattering of waves. It contains a compendium of the
research work of Professor Vito G. Daniele of the Politecnico di Torino, who is a foremost
international authority on the Wiener-Hopf method. Professor Daniele has teamed with his
colleague and coauthor, Professor Rodolfo S. Zich, past rector of the Politecnico di Torino
and current president of the Istituto Superiore Mario Boella, in writing this monograph.

It is hoped that this work will be well received by scientists, engineers, and applied
mathematicians and will serve as a benchmark reference in the field of theoretical electro-
magnetism for the foreseeable future.

Piergiorgio L. E. Uslenghi
Series Editor
Chicago, January 2014
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CHAPTER 1

Forms of Wiener-Hopf equations

1.1 The basic Wiener-Hopf equation

The Wiener-Hopf (W-H) equations may be considered a generalization of the well-known
integral convolution equation:

J g(x —x) f(x)dx' =fo(x), —oo <X < o0 (1)

where f (x) is the unknown function. In the Fourier transformed domain this equation may be
solved by the formula

F(a) = [G(a)]'Fo(a)

where F(a), G(a) and Fq(a) are the Fourier transforms of f (x), f (x) and f,(x) respectively,
according to the definition

Fo(a) = J fo(X)eJaXdX
The W-H integral equation consists in assuming the integration on a semi-infinite domain
0— oo
[g(x—x’)f(x’)dx’:fo(x), 0<x< o0 (3)
0
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Because of the semi-infinite domain of definition, the W-H equation is considerably difficult
to tackle, and it was only in the fundamental work by Wiener and Hopf (Wiener & Hopf,
1931) that explicit solutions were obtained for the very first time.

In order to effectively grasp the difference between the W-H eq. (3) and the convolution
eq. (1) it is useful to rewrite (3) as a convolution product:

J. g(x —x)f Hu(x)dx" = fo(X)u(x) + 2 (x)u(—x), —oo <X < o0 (3a)

where u(x) is the unit step function, and f3(x) is a new unknown representing the con-
tinuation on the left-hand side of (3a) for x < 0. By Fourier transforming (3), the following
functional equation is obtained:

G(a)F4(a) = F2(a) + Foy(a) (4)

where Fo, (a) and F* (a) are, respectively, the Fourier transforms of the right-axis function
fo(x)u(x) and of the left-axis function f*(x)u(—x). From here onward, we will refer to the
W-H equations as stated in (4) in their spectral form.

The W-H equations can be classified as scalar or vector. The former involves only scalar
quantities, while the latter contains vector quantities of order n, such as F(a), Fo () and
F* (), and matrix quantities such as G(«), a square matrix of the same order. The matrix
G(a) will be called the kernel of the W-H operator and in the following, for simplicity, its
inverse [G(«)] ™" will be indicated with G™(«).

The scalar case, the simplest class of W-H equations, can always be solved in closed form
(Noble, 1988). Conversely, for the vector case there is general no known closed-form solu-
tion, in spite of great efforts by many scientists. We can say that the present state of the art is
that in the almost eighty years since the solution of the scalar equation was found, the vector
equation has been solved in closed form only in very particular cases, for specific forms of
the matrix G(a). However, efficient approximate solution procedures to handle effectively
the vector problem exist and will be described in chapters 5 and 6.

In the W-H equations the unknowns involved are the functions F_ (a) and F® (a), where
G(a) and Fq (a) are known functions. F («) and F* (a) are unilateral, one-sided, Laplace
transforms defined as

Fi(a) = J f(z2)u(z)e’*dz = L[f (2),2,—ja] = Jf(z)e*“dzg:_ja = Jf(z)ejazdz (5)
. 0 O
FS(a) = J 5(2)(u(—2z))el*dz = J f5(2)el*dz (6)

In the following, F,(a) and F* (a) are called plus and minus functions, respectively. By
taking into account the properties of the unilateral Laplace transforms, it is seen that F, («) is
regular in an upper half-plane of the complex plane where it vanishes as a — oo, while
conversely F* (o) is regular in a lower half-plane where it vanishes as a — oo. Here we are
dealing with the so-called conventional or standard plus and minus functions, if they are
regular in the half-planes Im[a] > 0 and Im[a] < 0, respectively. It is important to observe
that the presence of non-conventional Laplace transforms introduces Bromwich contours
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(in the inversion equation) that must be suitably located. For instance, in the case of a plus
function having poles located also in the upper half-plane Im[a] > 0, the Bromwich contour
is not the real axis but a horizontal straight line limiting a lower half-plane containing all the
singularities of the considered plus function.

In the case of remote source, the function Fo, () presents only a finite number of poles
located in the half-plane Im[a] < 0. In this case it is convenient to rewrite eq. (4) in the
homogeneous form:

G(a)Fi(a) =F_(a) (7)
where the unconventional minus function F_(«) is defined as
F_(a) =F*(a) + Foi(a) (8)

As will be seen in the following sections, the homogeneous form (7) of the W-H equation is
more flexible than the form (4), so in this book it is the preferred one.

Besides the classical Wiener-Hopf equations (CWHE), previously defined by (4), dif-
ferent functional equations may be classified as modified W-H equations and generalized
W-H equations. Even though in many cases it is possible to show the equivalence of these
functional equations to the classical W-H eqgs. (4), sometimes it turns out to be more con-
venient to solve them with particular ad hoc dedicated approaches. Before discussing the
generalizations of the W-H equations, we recall that other forms of the W-H equations are
known in the scientific literature. In particular, the formulation based on the following dual
integral equations is important:

J G(a)F, ()6 ¥ da = fo(x), forx >0

J FS(a)e¥da =0, forx <0

Equation (9) are called the Karp-Weinstein-Clemmow equations and can be easily obtained
by inverse transforming eq. (4) and splitting it into two equations, related to the plus and
minus functions.

1.1.1 An electromagnetic example: The half-plane problem

Figure 1 represents the geometry for the diffraction by a perfectly electrical conducting
(PEC) half-plane located in free space (propagation constant k, intrinsic impedance Z,). The
source is an E-polarized plane wave with incidence angle ¢,:

El(X,y) = Epe P eos(v—t) — E g Ik(xcosgo+ysing) (10)

On the faces of the half-plane a total electric current J, is induced that radiates the field:

i =% it (/o7 o7
0

where Héz)(u) is the Hankel function of second kind.

)Jz(x’)dx’
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Fig. 1: The half-plane problem

Forcing the boundary condition E!(x,0) + E$(x,0) = E,(x,0)u(—x) yields the Wiener-
Hopf equation in the natural domain:
J HY? (klx — X'[)J: (X )dX’ + Eoe % = E; (x, 0)u(—X)
0

7kZO
4

with a, = —k cos ¢,. This equation can be rewritten:

—% J Hy? (kI — X' )3z (X )u(X' o' = —Eqe "u(x) + E5(x)u(—)

Taking into account that

@) __ 2
[H? () ] = s
F[Ece % u(x), x, o] = JEOe*"%"ejaxdx - E,
a — dg
0
0
VS (a) = J ES(x, 0)e}“dx
we obtain the W-H equation in the spectral domain:
kZ, 2 - j
.= - =VS — E,=V_ 11
4 m‘] +((1) —(a) a— a, 0 (a) ( )
Since:
0
Vi(a) = J Eoe ®XelXdx = — Eo
a — dg
the homogeneous form follows:
k Zo 2 .
—TWJ +(a) =V_(a) (12)

where the Laplace transform J , («) = [;° J;(x)e!™dx and VS (a) or V_(a) = V5 (a) + V! (a)
are the two unknowns.
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1.2 Modified W-H equations (MWHE)
1.2.1 Longitudinally modified W-H equations

If in eq. (1) the convolution integral has been defined on a finite support 0 < x’ < L, then the
integral equation is

o= xrtocan =t 0<x<L (13)

By extending this equation to the whole real axis —oco < X < +o0, it follows that

oo

| gt =)t 0y ~ ux ~ e

7 =fHo(X)[ux) —u(x —L)] + fi(x)u(—=x) + f(x)u(x — L), —oo <X <400 (14)

where the three unknowns f (x), fi(x), and f,(x) are defined on [0, L], (—o0,0], [L, +o0),
respectively.
Introduction of the Fourier transform of the last equation yields

G(a)F(a) = Fo(a) + ejaLF+(a) +F_(a) (15)

where G(a), F(a), Fo(a), F4+(a), and F_(a) are the following Fourier transforms:

o0 L
g(x Jade F(la) = J f () [u(x) —u(x — L)]ejaxdx _ J f(X)ejaXdX
% 0

fi(x)u(—x)e!™dx = | f(x)e!**dx

o J
o= [

é%o |

o

00
F.(a)=el J fo(x)eI*u(x — L)dx = eIt J fo(x)e)™dx = J fo(X 4 L)el*dx

—00 L 0

We call eq. (15) the longitudinally modified W-H equation. This equation is present in many
areas of applied mathematics, such as in diffraction problems involving geometries like slit-
coupled waveguides or truncated waveguides, in which longitudinal modifications have been
assumed in a uniform or nonuniform guiding structure. However, it can also arise in other
completely different areas of applied mathematics, such as in mathematical finance.

1.2.1.1 An electromagnetic example: The strip problem

Figure 2 represents the diffraction by a perfectly electrical conducting (PEC) strip
(0 <x <L, y=0) located in free space with propagation constant k and intrinsic impe-
dance Z,. The source is an E-polarized plane wave with incidence angle ¢,:

E;(x,y) — Eoejkpcoswf%) — Eoejk<><005%+ysin ®o) (16)
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Fig. 2: The strip problem

On both faces of the strip an electrical total current J, is induced, that radiates the field:

L
Exy) = 2 [HP (K VAT Y2 - x
0

)Jz(x’)dx’ (17)

where HZ(u) is the Hankel function of the second kind. Forcing the boundary condition

El(x,0) + ES(x,0) =0, (0 <x <L) yields the longitudinally modified Wiener-Hopf
equation in the natural domain:

L
kZ .
4°JH(§2>(k|x —X)J,(X)dX = Ese 1** 0 <x<L (18)
0

with a,

—k cos ¢,. By taking into account that

2
]F{Héz)(|x|),x,a] = m

Eo

F[Ece%*u(x), X, a] = JEoe*"“"Xej“de -1
o — ag
0

0
VS (a)= J ES(x, 0)e*dx

o0
Vi, (a)=e ot JEZ(X, 0)eldx
L

we obtain the W-H equation in the spectral domain:

k Z, 1 .
P —s(@)

Viy(@) et~ V(@) + - J E (19)

where the finite Laplace transform J(a) = fOL J,(x)e¥*dx and Vi, (a) and VS (a) are the
three unknowns.
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1.2.2 Transversely modified W-H equations
The transversely modified W-H equations are defined as follows:
G(a)F4(a) +H(a)Fi(—a) + F_(a) = Fo(a) (20)

By comparing egs. (20) and (4), it is seen that the transversely modified W-H equations are
characterized by the presence of the additional term H(a)F(—«) that does not appear in
(4). The adverb transversely is used because this equation appears when the semi-infinite
discontinuity introduced in a waveguide is transversely modified as, for example, in the
thick half-plane, the flanged waveguide, and the truncated cone problems.

1.2.2.1 An electromagnetic example: The step problem

Figure 3 represents the diffraction by a perfectly electrical conducting (PEC) step, located
in free space with propagation constant k and intrinsic impedance Z,. The source is an
E-polarized plane wave with incidence angle ¢,:

E;(le) — Eoejkpcos<(p*¢o) — Eoejk(xcos%ersin ®o) (21)

In general, the deduction of the transversely modified W-H equations is difficult to obtain in
the natural domain. The best way to obtain the W-H equations for such a problem is to resort
to a direct formulation in the spectral domain (Noble, 1988). In particular, when the source is
remote, in the spectral domain the W-H equation can be directly written in homogeneous
form. As will be seen in section 10.1, for the step problem we obtain the following trans-
versely modified W-H equation in homogeneous form:

G(@)V+(a) + H(@)V (~a) = I-(a) + 1, (~a) (22)
where:
Vo (a) = [Ez(x, 0)el™dx
0
I (a) = JHX(X, 0)el**dx
0

o

PEC PEC

PEC

Fig. 3: The step problem
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_ sin( k2 — azs)

ej\/kz—azs

Vk2 —a?

A e

cot{ k2 — azs}

1.2.3 The incomplete Wiener-Hopf equations

In many problems the W-H formulation yields the following equation:
G(a)Fi(a) = F_(a) + D(a)Fi(a) + Fo(a) (23)

where the term D(a)F1(a) presents an additional unknown Fy(a), which is related to the
W-H unknowns F_ (a) and F_(a) through known functional equations:

Fi(a)=A-F.(a)+B-F_(a) (24)

If A= A(a) and B = B(a) where functions of «, the substitution of (24) in (23) yields a
classical W-H equation having the kernel

Ge(a) = (1+ D(a)B(a)) *(G(a) — D(a)A(a))
In general, however, A and B are linear operators, so it is convenient to solve the incomplete

W-H eq. (23) assuming F;(a) is known. As we will see in the next sections, the general
solution of (23) yields

Fi(a) =Nos(a) + LiFi(a) (25)
F_(a) =No_(a) + L_Fi(a) (26)
where No. («) are known functions and L. are linear operators that produce plus and minus

functions. The substitution of (24), (25), and (26) into (23) yields a system of equations that
often involve compact operators.

1.2.3.1 An electromagnetic example: The hole problem

The same technique used to obtain the W-H equation for the step problem vyields the
following incomplete W-H equation for the hole problem of Fig. 4:

Ye Vo(a) = 1_(a) + lo(a) + 1 (a)el?- (27)
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oE!

PEC PEC I PEC

Fig. 4: The hole problem

where
k2 — o2
Yo =7
0 [ee)
I_(a)= J Hy(x,0,)ei™dx, 1 ,(a)= JHx(X+ L,O)ejaxdx
e 0
t L
Vo(a) = JEZ(X’ O)ej‘lde lo(a) = JHX(X, O)ejaxdx
0 0

11

To complete the mathematical formulation of the problem, we must relate lo() to the W-H
unknowns V. (a), I_(a) and 1..(a). In particular, we have that the entire functions V,(«a) and

lo(a) have the following sample representations (section 10.3):

Vo(a) = i 2Vo(am) O‘”a (—1 + el*-cos(n))

n=1 n
2V, ;
lo(ct) = — ?(La”) Yot (—1 + el cos(n))
n=1 J n
where:
k2 — a2 N
Y= — Nogp=—(n=1,2,
n ] o Qn L ( )

From this equation we find that lo(«) is related only to V() through the equation that

relates the samples:

|o(an) = _ano(an)

(28)
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1.3 Generalized W-H equations

There are several types of generalized W-H equations (GWHE). In the following we con-
sider only those that arise in wedge problems. The simplest ones are defined by the following
equivalent equations:

G(a)F(a) = Y. (=m(a)) + Fo(a) (29)
or (equivalently) by substituting Y (—m(a)) = F_(m(a))
G(a)Fi(a) =F_(m(a)) + Fo(a) (30)

where m(a) is a known conformal transformation that maps the complex a — plane into a
new m — plane.

1.3.1 An electromagnetic example: The PEC wedge problem

Figure 5 represents the diffraction by a perfectly electrical conducting (PEC) wedge located
in free space (propagation constant k and intrinsic impedance Z,). The source is an
E-polarized plane wave with incidence angle ¢,:

E;(P' (,0) = Eoejkpcos(fi—%) (31)

The GWHE of this problem in the spectral domain were obtained and solved in (Daniele,
2003b). In the homogeneous form we have

K2 — o2
Zk—ZOV+(a) = X_(m(a)) (32)
where:
Vi(a)= [Ep0ivdp
0
X-(m)= | [Hylo. ~®) — H, (0, )] ™ dp
0

m=m(a) = —acos® + vk? — a?sin®

In general, eq. (32) constitute the W-H equations modeling impenetrable wedge problems,
that is, wedge problems involving only one propagation constant.

Fig. 5: The PEC wedge problem
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In wedge problems where more than one propagation constant is present, we encounter
W-H equations having the following form:

AlMi(a)) - X (Mi(a)) = X_(a) + Xoi(a) (i=1,2,...,n) (33)

where Aj(a) are vectors of order n and where, because of the presence of different propa-
gation constants, different functions m;(a) must be introduced.

1.3.2 An electromagnetic example: The dielectric wedge problem

Figure 6 illustrates the diffraction by a dielectric wedge located in free space (with propa-
gation constant k, and intrinsic impedance Z,). The propagation constant and intrinsic
impedance of the dielectric are k; = /&K, the Z; = Z,//er where &, is the relative electric
permittivity. The source is an E-polarized plane wave with incidence angle ¢,:

Ey(p,¢) = Eoelreov=so) (34)

The GWHE of this problem in the spectral domain were obtained and solved in Daniele
(2005, 2010, 2011). In the homogeneous form we have

EVoi(a) — ouloy(a) = —nVai (—m) — wula (—m) (35)
Vo (a) + wulos(a) = —NVpy (=M, ) + oplpy (—m) (36)
§1Vai (@) + oulzs (a) = —N1Vay (=M1) + oula (—my) (37)
Vs (0) — ol s (@) = =V (—M1) — el (—my) (38)
where:
Vap_(m)= JEZ(p, +®)e™dp, lyp_(m) = JH,,(p, +®)e ™ dp
0 0
(Voo (@)= [(EaH(p 0 dp, (V. 1), (a) = [ (EuH,)(p, meidp
0 0

Fig. 6: The dielectric wedge problem
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and £=£&(n) = k2 —a?, & =&(a) = \/eki—a?, m=m(a) =—acosd + £sind,
n=n(a) =—-£cos® —asin®, my=mi(a)=—-acos®; +&sin®;, n;=ni(a)=
—£,c0s®; — asind;.

By summing (35) and (36) and (37) and (38), one obtains a system having the canonical
form (33). A similar system is obtained by subtracting (36) from (35) and (37) from (38).

1.4 The Hilbert-Riemann problem

The Hilbert-Riemann problem consists in finding an analytic function X (z) whose limiting
values X *(z) from outside of a closed or open curve L satisfy the following equation:

XT(20) — A(2o)X (20) = B(2,), Z €L (39)

It is easy to see that the Hilbert-Riemann eq. (40) is more general than the W-H equation. In
fact, eq. (40) reduces to eq. (4) when the following conditions are satisfied:

— The complex plane z coincides with the a — plane

— L is an open curve coinciding with the whole real axis of the a — plane

— The function X (a) coincides with F, (a) in the a— upper half-plane and with F_(«) in
the a— lower half-plane.

—  The function A(a) = G(a) " is analytic in a strip containing the real axis of the a — plane.

The solution of the Hilbert-Riemann problem constitutes an issue well studied by many
authors (Muskhelishvili, 1953; Gakhov, 1966; Vekua, 1967). Taking into account the
peculiarities of eq. (4), these studies apply to the W-H equations as well.

1.5 Reduction of W-H equations to the classical form

We define as classical W-H equations (CWHE) those with the form (3) in the natural domain
and the form (4) in the spectral domain.

The Karp-Weinstein-Clemmow egs. (9) have been used systematically in the classic book
by Weinstein (1969). Equation (9) immediately define the CWHE related to these equations,
and the kernel matrix G(a). Of course their direct solution is based on the factorization idea
(Noble, 1958, p. 220).

The modified W-H equations have been introduced by Jones (1952b, 1953). Many
important examples are reported in the book by Noble (1958, chapter 5) and in the book by
Mittra and Lee (1971). Generally, the solutions of these equations have been accomplished
by ad hoc procedures introduced by Jones (1952b, 1953). However, it is worth observing that
these equations also reduce to CWHE.

1.5.1 Reduction of the transversely modified W-H equations
to CWHE

The equation:
G(a)Fi(a) + H(a)Fi(—a) +F_(a) = Fo(a) (40)

may always be reduced to a CWHE equation using the following procedure.

fvww.ebook3000.con)
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Changing a with —a in (40) yields:
G(—a)F(-a) + H(-a)F(a) + F(-a) = Fo(-a) (41)

Equations (41) and (40) together constitute a system of classical W-H equations having as
plus and minus functions the unknowns:

= (y_ | Fila) =y — | F+(=a)
Fi(a)= {F(—a):|’ F_(a)——[ F_(a)
These equations have the following matrix form:

G(a)F.(a) = F_(a) + Fo(a) (42)
where
1 H(~a) 1
Gla) = G(—a) | G(a)G(—a) —H(a)H(~a) —H(a)]
_ 1 Fo(—a)
Fo(a) = G(—a) | G(—a)Fo(a) — H(a)Fo(—a)l

1.5.2 Reduction of the longitudinally modified W-H equations
to CWHE

The longitudinally modified W-H equations
G(a)F(a) +exp(joL)F i (a) + F_(a) = Fo(a) (43)

can also be reduced to CWHE. To accomplish such reduction, first of all we observe that the
entire function F(«a) can be considered as a plus function, since it is regular in the half-plane
Im[a] > 0 and moreover has algebraic behavior as Im[a] — +o00. Conversely, the entire
function e 7*-F (a) can be considered as a minus function since it is regular in the half-plane
Im[a] <0 and has an algebraic behavior as Im[a] — —oco. Considering eq. (43) and the
equation obtained multiplying (43) by exp(—jalL), the second-order Wiener-Hopf system
yields

G(a)F i (a) =F_(a) +Fo(a) (44)
where
—~ | G(a) glok _ | Fla) _ B F_(a)
G(“)‘[e—m o]’ F*(“)‘[a(a)]’ F(O‘)‘_[emp(a)]
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1.5.3 The Hilbert-Riemann equations

Insofar as the Hilbert-Riemann egs. (39) are concerned, there exists a vast literature
describing the relevant underlying theory (Muskhelishvili, 1953; Gakhov, 1966; Vekua,
1967). For instance, the book by Noble (1988) reports in section 4.2 the fundamental ideas
allowing for the explicit solution of these equations. The Hilbert problem is more general than
the Wiener-Hopf problem for many different reasons. In particular, it must be observed that
whereas in the W-H technique the kernel G(a) must be an analytical function, in the Hilbert-
Riemann problem G(a) need have no direct connection with analytical functions. This fact
considerably increases the catalog of geometries that can be studied in the framework of
Hilbert-Riemann problems (see, e.g., the geometry studied in Idemen and Felsen [1981]). Noble
discusses this topic in detail. It may be argued that evidence exists for preferring the Wiener-
Hopf technique over the Hilbert-Riemann technique when both techniques are applicable.

1.5.4 Generalized Wiener-Hopf equations
Lastly, let us consider the generalized Wiener-Hopf equations:
G(a)F-(a) = F-(m(a)) + Fo(a) (45)
Ai(mi(a)) - Xo(mi(a)) = X_(a) + Xei(a) (i=1,2,...,n) (46)

These equations were obtained by Daniele studying wedges diffraction.> An important way
to solve GWHE is constituted by introducing a suitable mapping o = a(@) that reduces
these equations to classical W-H equations. For instance, this is possible in wedge problems
involving only one wave number (see (45)). Regarding (46), in general one must resort to the
approximate factorization techniques described in chapters 5 and 6 and in Daniele (2010).
1.5.4.1 An example: the PEC wedge problem

The GWHE that formulates this problem is eq. (32). The mapping (Daniele, 2001, 2003b)

a = —kcos|—arccos| ——
4 k

reduces the GWHE to a CWHE. In fact, the functions
V(@) = Vi(a), X_(@)=X_(m(a))

are plus and minus functions, respectively, in the @ — plane. It follows that the problem is
reduced to the classical factorization of the function

V2 —a? = \/k2 - {kcos Earccos(—%)] }2

in the @ — plane. This has been accomplished in closed form in Daniele (2003b).

1 A more careful analysis of the literature has shown that these equations have been introduced, but not studied, in
Noble, ex. 5.15, p. 219.
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In the presence of many different mappings m;(a) (46) a unique mapping does not exist
to reduce the GWHE to CWHE. However, it is useful (when it is possible) to introduce
mappings a = ai(a;), which reduce the functions fi,(a) and y,(—mi(a)) to functions
fi. (@) and fi_(@i) =y, (—mj(a)), regular in the two complementary half-planes Im[a;] > 0
and Im[a;] < 0, respectively (Daniele, 2010).

1.6 From Wiener-Hopf equations to Fredholm integral
equations in the spectral domain

The Wiener-Hopf equations can be formulated also in terms of Fredholm integral equations
(Noble, 1958, p. 158). Let us consider eq. (4), assuming all the functions to be conventional
plus and minus functions, that is, with no singularities in the half-planes Im[a] > 0
and Im[a] < 0, respectively. By integrating eq. (4) on the counterclockwise simple closed
contour y, (smile real axis) shown in Fig. 7, we obtain

[SWR Wy - [Py, [Forltlg, (47)

u—a u—a u—a
Y1 Y1 71

By applying the residue formula, this equation changes into

JW(}{U =27 jFoi(a) (48)

since, due to the regularity properties of the considered minus function, we have

u—a
"1
A Im[u] A Im[u]
n o Y2
S — . - » L .
) o
Re[u] Re[u]

Fig. 7: Integration paths: v, smile real axis, y, frown real axis



18 CHAPTER 1 « Forms of Wiener-Hopf equations

Similarly we obtain, by choosing the contour y, (frown real axis) shown in Fig. 7 as the
integration path for performing the integral

Fo(u o
deu —0 (50)

All these integrals defined on the two integration paths y; and y, in the complex plane, may
be rewritten in terms of Cauchy principal value integrals defined on the real axis. For
example, eq. (50) yields

JE%(u(jdu:P.V. J?—(u)du—jnﬂ(a)zo (51)

while from the left-hand side of eq. (48) we obtain

u—a

[CUF-W g, _py. \J SWFRAW 4 6(a)F. (a) (52)

71

By substituting eq. (52) in eq. (48) and multiplying by G~(a), one finds
u—a

G L(a)P.V. J CWFM) 4y 4 i . (@) = 27 G(a)Fos () (53)

Finally, combination of egs. (53) and (51) yields the Fredholm integral equation valid on the
real axis:

1 T [G(a)G(u) — 1]F, (u)

+ m e du = Gil(a)Fo+(a) (54)

Fi(a)

—00

It is important to observe that equations such as (54) are Fredholm equations of the second
kind, if the quantities G*1(«a) exist and are finite at all the points a of the integration line
(including a — o0) (Daniele, 2004a).

The previous reduction also applies to the generalized W-H equations (Vekua, 1967;
Daniele, 2004a, 2010).

The reduction of W-H equations to Fredholm equations is very important for many rea-
sons. In the first place, the powerful theoretical apparatus developed for Fredholm equations
can be applied to the W-H equations as well. Moreover, in all the applications problems, the
approximate solutions of the Fredholm equations (e.g., by quadrature methods) provide
efficient solutions of the W-H equations provided that G*!(a) exist and are finite at every
point of the integration line (chapter 5).
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1.7 Fundamental literature

The classic book on the W-H technique is the one by Noble (1958) (the W-H bible). This
book, based on the Jones (1952a) approach, reports the solutions of the CWHE and
the MWHE and many of their fundamental applications.

The alternative formulation of the CWHE, called the Karp-Weinstein-Clemmow
equations (see (9)), have been used systematically in the classic book by Weinstein (1969).
Compared with the Noble book, the book by Weinstein provides also a complete physical
discussion of all the problems considered. The Riemann-Hilbert problems have been con-
sidered in depth in the books by Muskhelishvili (1953), Vekua (1967), and Gakhov (1966).
Some applications to electromagnetic fields are considered in Shestopalov (1971), Idemen
and Felsen (1981), and Nosich (1993).

A more recent book, reporting significant progress not included in the previous classic
books, is that edited by Hashimoto, Idemen, and Tretyakov (1993). In particular, chapter 4
by Kobayashi; chapters 5 and 6 by Bilylikaksoy and Serbest; and chapter 7 by Liineburg give
a comprehensive presentation of significant recent literature on the Wiener-Hopf technique.

The theory of the GWHE has been studied by Daniele (2001, 2003b, 2004b), starting
from the generalized Riemann-Hilbert equations introduced in Vekua (1967).

Furthermore, due to its relevance, the W-H technique is also reported as an important
chapter in many books dealing with fields and waves in the presence of different media, and
among them we quote the book by Mittra and Lee (1971). Besides the very numerous solved
or proposed problems, this publication also reports other analytical techniques, related to the
Wiener-Hopf technique, currently used in the literature.
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CHAPTER 2

The exact solution of Wiener-Hopf
equations

2.1 Introduction

Apparently it seems that the presence of the two unknowns F, (o) and F®(«) in (1.4)
requires other equations in addition to

G(a)F(a) =F*(a) + Foi(a) (1)

to obtain the proper solution. However, impressive mathematical literature (Gohberg &
Krein, 1960) proved that solving this equation constitutes a closed mathematical problem
because even though eq. (1) has been deduced on the real axis of the a — plane its analytic
continuation makes it valid everywhere. Dealing with the whole complex plane «, important
analytical properties of F(a) and F_(a), a priori known, provide the additional information
required to solve (1). For instance, the plus function F_(a) has all its singularities in a
lower a — half-plane while the minus function F* (a) has all its singularities in an upper
o — half-plane. This suggests to divide the set S of the singularities involved in (1) into two
subsets: S =S, |JS_ where S_ is relevant to the singularities belonging to the upper half-
plane and S, to the singularities belonging to the lower half-plane. Taking this fact into
account, the fundamental idea is to rewrite (1) in such a way that the singularities S_ are
present only in the first member and the singularities S_ only in the second member of the
equation. This separation of the singularities will allow us to determine both unknowns
F.(a)and F* (a). An essential role in accomplishing this goal is played by the kernel G(a)
and its inverse [G(a)] ", that in general show singularities in both half-planes Im[a] > 0 and
Im[a] < 0.

The singularities of G(«) and [G(a)] ™ are called structural singularities, and they always
have an important physical meaning. To illustrate this point, let us consider some typical
W-H geometries, as shown in Fig. 1 of the Preface. These geometries may be considered as
the junction of two (or more) waveguides, or as a single waveguide in which geometrical
discontinuities are present. The singularities of G(«) and of its inverse [G(a)] ™ are related to
the propagation constants of the modes of the involved waveguides. For instance, in the half-
plane problem we are dealing with free space with propagation constant k. This implies that
the continuous modes have propagation constants +v'k? — a2. In this case the singularities

21
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of G(a) and [G(oz)}‘l are the branch points a = +k. Singularities constituted by poles are
instead present when we deal with closed waveguides.

The set of the structural singularities defines the spectrum of the kernel. This spectrum
can be discrete (presence of poles only), continuous (presence of branch points only), or
mixed (presence of poles and branch points). The kernel is rational if the representative
matrix G(a) has elements that are rational functions, meromorphic if the representative
matrix has element that are meromorphic functions, and quasi-rational if the discrete spec-
trum is finite.

To avoid the presence of singularities of G(a) and of its inverse [G(a)] ™ on the real axis
a, we always assume the presence of media having at least small losses; this corresponds to a
realistic case, and at the same time it is not restrictive, since the absence of losses may be
studied as a limiting case. Remember that with our notations the propagation constant k has a
negative (or vanishingly small) imaginary part and the branch of y(a) = vk? — «? must be
chosen such that x(0) = k.

In dealing with a general function f (a), there are two ways to separate its singularities,
corresponding respectively to the concepts of additive and multiplicative decomposition.

2.2 Additive decomposition

Given an analytical function f (a), the problem of additive decomposition consists in finding
two functions . («) and f_(«) that satisfy the equation

fla) =f(a) +fi(a) (2)

and are regular in the half-planes Im[a] > 0 and Im[a] < 0, respectively.

To avoid confusion with the multiplicative decomposition that will be defined in section 2.3,
occasionally we will use the following symbols to indicate the decomposed functions
f_(a), fi(a) of f(a):

fla) ={f(@)}_, fila)={f(a)},

The difficulty of obtaining additive decompositions is the same in the scalar and the matrix
cases; this problem is generally solved using the Cauchy integration approach (section 3.1).
Alternatively, by taking into account that the plus functions have singularities only in the
lower half-plane and the minus functions have singularities only in an upper half-plane, the
Mittag-Leffler theorem (Spiegel, 1964) may turn out to be useful in all cases involving
the presence of poles only. In the following, we will refer to the additive decomposition as
simply decomposition.

Example 1

Decompose f(a) = 1 in plus and minus functions that are regular in Im[a] > 0 and
Im[a] < 0 half-planes, respectively.
Taking into account the presence of just the two simple poles a = £k yields
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where Res[k] and Res[—K] are the residues in the poles k and —k given, respectively, by

. 1
Reslk] = lim (e ~ )T ()] =~ Res[—k] = lim [(a +K)f (@) = 5
Of course the problem of decomposition yields many solutions that differ from one another
by the possible presence of entire functions. We define as standard decomposition the one in
which the decomposed functions f, (a) and f_(«a) either vanish or have the lowest growth
order as a tends to infinity.

2.3 Multiplicative decomposition or factorization

Given an analytic function f («), the problem of multiplicative decomposition (or factor-
ization) consists in finding two functions . («) and f_(a) satisfying the equation

fla) =f(0)fi(a) (4)

and such that they, and their inverses, are regular in the half-planes Im[a] > 0 and Im[a] < 0,
respectively.

To avoid confusion with the additive decomposition defined in the previous section 2.2,
occasionally we will use the following symbols to indicate the factorized functions
f_(a), fi(a) of f(a):

fla) =[f(0)]., fila)=[f(a)l} (5)

The Weirstrass factorization of entire functions (Spiegel, 1964) often provides the factor-
izations involved in many practical situations (section 3.2.4). However, in general we are
faced with many-valued functions, and the fundamental idea to factorize a given function
f(a) is based on the concept of logarithmic decomposition. By introducing

f(a) = 'l (@] = gv(@) (6)
the decomposition of

¥(a) = Log[f(a)] = y_(a) + vy, (a) (7)
yields

f(a) = exply(a)] = exp[y_(a) + v, (a)]
=exply_(a)lexp[y, (a)] (8)

This approach involves a commutative algebra. For instance, it works well for scalar func-
tions. Conversely, in the matrix case a not-commutative algebra is involved, and this
approach may be ineffective. The matrix factorization is possible in closed form only in some
particular cases that will be considered in chapter 4. The general explicit matrix factorization
problem is presently still an open problem that despite many efforts does not yet have a
general solution.



24 CHAPTER 2 « The exact solution of Wiener-Hopf equations

Example 2

Factorize f (a) = vk? — &2 in plus and minus functions that are regular in Im[a] > 0 and
Im[a] <0, respectively.

The simplicity of the function to be factorized makes it possible to find the explicit
solution by inspection:

fila)=vk—a, f_(a)=vk+a (9)

Of course, the factorization problem yields many solutions that differ for the possible pre-
sence of entire functions as long as their inverses are entire as well. We call standard fac-
torization the factorization that involves factorizing functions having algebraic behavior as
a — O0.

2.4 Solution of the W-H equation

2.4.1 Solution of the nonhomogeneous equation

Let us consider the case where the unknowns F, () and F* (a) are conventional (section 1.1)
plus and minus functions. The standard factorization of G(a) = G_(a)G.(«) yields

Gi(a)F+(a) = GZH(a)F: (a) + G (a)Fou (a) (10)
By decomposing the second term of the second member in a standard way:
G=H(a)Fos(a) = S_(a) +S+(a) (11)
and separating the plus and minus functions yields
G (@)F () — S:(a) = GH@)F (@) +S_(a) = W(a) (12)

Considering now (12) in the whole complex plane o, the analytic function w(a) is regular
both in the upper half-plane Im[a] > 0 (considering the first member) and in the lower half-
plane Im[a] < 0 (considering the second member). Since the two half-planes are partially
overlapping, this means that w(a) is an entire function.

The functions F, (a), F_(a) and Fo, () are generally Laplace transforms. Thus, they are
vanishing as & — oo. This means that G(«) has to show a suitable behavior for a — co. For
instance, the factorization G(a) = G_(a)G, (a) must involve factorized function G_(«a) and

G (a) such that GiT(“) and % are vanishing as @ — oc. By looking at the behavior of the
standard decomposed and factorized functions, it is possible to ascertain that the first two
members of (12) are Laplace transforms. Furthermore, since they are vanishing as a — oo,
it means that also the entire function w(«) is vanishing as a — oco. Consequently, using

Liouville’s theorem (Spiegel, 1964), w(a) is zero everywhere, which yields the solutions
Fi(a) =G (a)S4(a), F(a)=-G_(a)S_(a) (13)

To extend the possibilities of this ingenious technique, it is also possible to deal with generic
plus and minus functions in (12) that are not vanishing for o — oo, and consequently
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the entire function w(a) is not vanishing. In this case the following procedure applies
(Noble, 1958, p. 37). Let us suppose that it could be shown that
|G (a)F(a) —Si(a)| < |af’ asa — oo, Im[a] >0
(14)
G (a)F* (a) +S_(a)| < |a|® asa — oo, Im[a] <0

By applying the extended form of Liouville’s theorem, it follows that w(a) is a polynomial
P(a) of degree less than or equal to the integral part of min(p, q), that is,

G (@)F 4 (a) — S+ (a) = P(a) (15)
~GHa)FS (a) +S_(a) = P(a) (16)

These equations determine F_.(a) and F_(«) to within the arbitrary polynomial P(«), that is,

to within a finite number of arbitrary constants that have yet to be determined.

Example 3

Let us consider the W-H equation:
004 =3X=Xf (v \dy' 1 %
f(x) — 3¢ f(x)dx:ze , 0<x< o0 (17)
0

Taking into account that

4 3|x|

g0x) = 9(x) — 7€~ (18)
yields the kernel
1 Oof aajax gy @1
Gla) =1 Jse el = %1 (19)
In the spectral domain we obtain
G(a)F,(a) =F%(a) + Fo(a) or (20)
a’®+1 s 1
a2—+9F+(a) =F (o) + 214 (21)
where
Fi(a) = J f (x)e/™dx (22)
[ Loy L
Fo(a) = J 28 e dx_a2+4 (23)

and F® (a) is an unknown minus function.
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Factorization of G(a) = %+ = -}~ yields
j a+j
G = -
+(a) a+ 3

Decomposition of S(a) = G} (a) Fo(a) =S_(a) + S, (a) gives

a—3 1
R -
es{a—j a2+4}

a—]J
G_((1):01—3j’

_ a=2 ___ 9
S+(@) = a+2 ~12(a 1 2))
thus yielding the solution
_ 5j(a + 3j)
gt —
F+(O() - G+ (OL)S+(O() - 12((1 +J)((1 ¥ 2])
The inverse Laplace transform provides
f(x) _ L[k (a)e*da _ 1 [ Fo(a)e™da
27) 27 *
B —00

(26)

Since in this case the Bromwich contour B coincides with the real axis, we have the solution

of the W-H equation:
f(x) ==— J F.(a)e™da = —ie‘zxjh§e‘X x>0
- 12 6 ' -

Example 4
The solution of the W-H equation relevant to the half-plane problem (1.1.1):

k Z, 2 . s j B
_Tﬁ\h(a) =V(a)— p— Eo =V_(a) Imlae] <0
can be accomplished readily by observing that the factorization of the kernel
k Z,
G Q) = ——— = G, a G a
is immediate:
k Z, 1
G_(a) = ., G =
(a) 2VKk + a +(@) K—a
We find
. vk —avk j vk j
Jo(a) =2 VX0V ] gy o VT 1 g
kZ, a— g VK+aa—ag a — Ao

(27)

The obtained solution refers to Im[a,] < 0. An analytic continuation renders this solution

valid also for Im[a,] > 0.
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2.4.2 Remote source

When the source of the problem is very far (e.g., in the case of plane wave excitation of an
open structure or in the case of incident mode excitation of a closed structures), the W-H
equations assume the following form:

G(a)F+(a) = F_(@) (28)

where F_(a) and F_(a) are Laplace transforms related to the total fields.

Remarkably, in the presence of a remote source the W-H equations are homogeneous.
This does not produce vanishing solutions for F,(a) and F_(«), since some Laplace
transforms become nonconventional (e.g., a plus function could have the pole relevant to the
source in the upper half-plane Im[«] > 0) and the procedure indicated in the previous section
cannot be applied.

The standard factorization of

G(a) = G_(a)G.(a) (29)
yields
G (@)F4(a) = [G_(a)] "F_(a) (30)

Without loss of generality, let us suppose that F, (o) possesses a first-order nonconventional
pole at —j,, and F_(«a) possesses a first-order nonconventional pole at a,.
Equation (30) can be rewritten as

G (@)F (@) — G (o) 5~ G- (ao)] " =
=G Ya)F_(a) — Gy (—p,) %ﬁo — [G_(ao)] - an =w(a) (31)

where T and R are the residues of F («) and F_(a), respectively, at —3, and «,. The entire
function w(a) is vanishing, provided that F, (a) and F_(«) are Laplace transforms and the
factorization (29) is standard. From (31) we get the solutions:

Fo(@) = [B(] G —o) -y + G (@] 6 (]
o] (0] (32)
Fo(@) = 6-(a) Gu (i) g+ O () [Bolaa)]

To apply (32), we must know the vectors T and R that define the nonconventional part of
F.(a)and F_(a). We observe that the contribution of the pole at a, (or —f,) in the spectral
domain a, represents a plane wave or a mode. Therefore T and R can be obtained by physical
considerations. Unfortunately, in some instances such as in planar stratifications or wedge
problems the same nonconventional pole occurs not only for the incident field but also for
reflected fields. In these cases the evaluation of the nonconventional contribution must be
performed very carefully. Alternatively, this contribution may be assumed initially known
and determined a posteriori by taking into account physical considerations.
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Example 5

Let us examine again the solution of the W-H equation related to the half-plane problem
(1.1.1). In this case (30) becomes

1 . 2Vk+a
Ji(a) = -0V (a) (33)
vk —a k Z,
Let us consider Im[a,] > 0. It means that this pole is nonconventional for J (a). We obtain
1 1 T 2vk+a 1 T
3i(a) - = V_(a) -
VK —a K —aga —ag k Z, VK —aga —ag
which yields the solutions
~ vk—a T
Ji(a) =
vk —oa,a —ag
kZ T
V_(a) = 2

2k tavk—aga —a,

We may employ several methods to determine the constant T.

(@ The residue of the pole a, present in V_(a) is related only to the incident plane wave
present on the aperture —oo < x <0, y =0:
J

a— g

V_(a) =V (a)—

Eo

From (33) the residue T of J. («a) is given by
2,/kZ —a? .
T= *?O(ﬂEo)
0
and this yields the same result previously obtained in example 4:
j () = vk —a 2vk+a, Eg
* _J«/k—ao kZ, a—ag

(b) Since the incident plane wave and the reflected plane wave have the same pole a,, the
characteristic part Q_Lao must include both these waves. Geometric optics consideration
yields

3900 = —[Hi(x,0.) + H(x,0.)] — 2H}(x,0.) = 222 Leelkxeosreg

0

and therefore the residue

Sin ¢, .

T=2 E
7, JEo

which is the same value obtained in (a).
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(c) The residue of V_(a) = — Z\/H_kaizk\/f—aﬁ is —jEo. This yields the same value obtained

with the procedures in (a) and (b).

The obtained solution remains the same if Im[a,] < 0. This validates the analytic con-
tinuations used in example 2.

2.5 Unbounded plus and minus unknowns

Sometimes the formulation of a specific problem in terms of Wiener-Hopf equations yields
the presence of a plus function, call it F, (), that even though it is regular in the upper half-
plane, is not a classical Laplace transform, in the sense that it does not show the vanishing
asymptotic behavior for a — oo required by a proper Laplace transform.

For instance F, (a) may be defined as

F.(a) =p(a) Fi(a), (34)

where the vector F () is a classical Laplace transform and p(«a) is a polynomial matrix or,
more generally, an entire matrix. Following the Wiener-Hopf procedure that yields (12), a
non-vanishing entire vector w(a) could be involved. If p(a) is a polynomial factor, the
asymptotic behavior as « — oo shows that w(a) must also be a polynomial. The coefficients
of the polynomial w(«) must be determined by imposing that F_ (a) = [p(a)] “F,(«) be a
plus function. Some examples will be considered later, in dealing with some important
specific diffraction problems (sections 7.5 and 9.5).
Similar considerations apply in the presence of unbounded minus functions:

F_(a)=p(a)-F-(a) (35)

2.6 Factorized matrices as solutions of the homogeneous
Wiener-Hopf problem

We recall that the solutions of the W-H equation of order n are given by

(36)

Since for R known the factorized matrices G_(a) and G, (a) provide immediately the
solution for every value of a and/or a,, it is important to evaluate the factorized matrices
once and for all, through suitable solutions of the W-H equations. To this end, consider first
the homogeneous Wiener Hopf problem:

G(a)X: (@) = X_(a) (37)

where G(a) is the kernel matrix. This problem is a particular case of the Riemann-Hilbert
problem that has been studied by many authors (Vekua, 1967). It is easy to show that n
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independent solutions {Xi,(a), Xi—(a)}, {i=1,2,...,n} of (37) provide the factorized
matrices of G(a) = G_(a)G(a) through

G_(a) = [Xa-(a), Xo- (@), .- Xn- ()], G(@) = Xas (@), Xor (@) Xns ()| (38)

Of course the existence and uniqueness of n independent solutions {Xi (a), Xi—(a)}, of (37)
follows from the application of sophisticated theorems to the given matrix G(«a). However,
in all the cases of practical interest we can be sure, on physical considerations, that the
problem is mathematically well defined, so to factorize G(«) the only problem to face is to
determine the set {Xi, (), Xi—(a)}. To this purpose, let us introduce the functions:
=3 — 4 39
i+ (a) P (39)
where a; is not a structural singularity with Im [ap} < 0. The homogeneous equation can be
rewritten as

G(a) - Fir(a) = xi*(ai — ;(L(ap) + E—((pr) =Fi(a), i=12...,n  (40)
or:
G(a)-Fi+(a):Ff_(a)+afiap, i=12...,n (41)

where Ej = Xj_(ap) and the plus Fi.(a) and the minus F}_(a) = %ﬁ;(a”) are standard
Laplace transforms. In the following we will set

E.=[1,0,0,0,..], E»=1[0,1,0,0,...],...,E,=10,0,0,0,... 1] (42)
Consequently, the solution of the n W-H equations:
E; .
G(a)-Fiy(a) =F (a) + - 'a =Fi_(a), i=1,2,...,n (43)
-~ %p

provides the determinations of the factorized matrices G_(a) and G, (a) through the
egs. (38), (36) and (39). It can be shown that by changing o, the factorized matrices are
modified by a multiplicative constant matrix such that the equation G(a) = G_(a)G.(a) is
always satisfied.

In fact, let us introduce the factorized matrices G_ . (a), Gi(a,a1), Gy (a, az) where
G_ . (a) are arbitrary standard factorized matrix of G(a) and G, (a, ;) and G, (a, ay) have
been determined with the previous technique by assuming two different values of ap: ap = a1
and ap = ay, respectively. The Wiener-Hopf solution of (43) yields the following expres-
sions for the vectors X, and X!.:

Gjrl(a) . G:l(al,g)
o — alvz

Xt = R, (44)

! For instance notice from (39) that if det[G(a;p)] =0 (ap is a pole of GY(a)), it must be Xi_(ap) =0 and
Xit(ap) = NullSpace[G(ap)] otherwise X, (ap) = co. Conversely if det[G!(ap)] = 0 (ap is a pole of G(a)), it
must be X (ap) = 0 and X;_(ap) = NullSpace[G~*(ay)] otherwise Xi_(ap) = oo.
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By taking into account eq. (38), which define G, («, az) and G, (a, a1), algebraic manip-
ulations yield
Gi(a,az) =K Go(a,a1) (45)

where the constant matrix K is given by

K = |G} (a2) - R, G (a2) - Rp, G} (a2) - R3, G} (a2) - Ra| ™ (46)

|G (a1) - Ry, G (a1) - Ry, G (a1) - R3, G (a1) - Ry

In the following, we do not examine the problem of the better location of o, in the half-plane
Im[a] < 0. This problem has relevance in numerical solutions: a not suitable choice of a,
could lead to unsatisfactory numerical expressions for factorized matrices. In fact, ap
introduces an apparent singularity; it does not produce effects on closed-form solutions but
in numerical solutions does increases the possibility of having significant errors in a region
of the a — plane near «p. To avoid this problem, we suggest defining «;, in the context of a
physical problem related to the factorization of the matrix. For instance, in open structures a
pole a, relevant to a physical source is constituted by a plane wave.

2.7 Nonstandard factorizations

We are often dealing with the factorization of matrices having the form
G(a) =R(a) -M(a) - T(a) (47)
where R(a) and T (a) are rational matrices and the factorized matrices M_(a), and M (a)

of the matrix M(a) = M_(a)M,(a) are explicitly known. We can formally write the
factorization

G(a) = G- (2)Gy(a) (48)

where
G (a) =R(a) -M_(a), Gi(a)=M(a) T(a) (49)
G_(a), G, (a), and their inverses present algebraic behavior at infinity without being true
minus and plus functions because of the presence of a finite number of offending poles.
These poles are all the poles of R(a)and T(a), located in Im[a] <0 and Im[a] > 0,
respectively. This type of factorization has been referred to in the literature as weak fac-
torization (Blyiikaksoy & Serbest, 1993; Idemen, 1977, 1979; Abrahams & Wickham,
1990). It is possible to eliminate the offending poles by using many different techniques. To
illustrate one of them, it can be observed that it is not restrictive to let R(a) = 1 in (47). In
fact, if we had to factorize G(a) = R(a) - M(a), we could use the procedure that we are

about to outline by reversing the roles of the plus and minus functions. Hence, we consider
only the factorization of

G(a) =M(a) - T(a) (50)
Letting T(a) = % where P(a) and d(a) are matrix and scalar polynomials, respectively, in
a, €q. (37) becomes

X+ (@) = M (@)X_(a) (51)
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The vector M (a)P(a)X . (a) = X (a) is a plus function. The factorization of d(«) yields

=d_(a) ML (a)X_(a) = w(a 52
T (a) ~ G- (@M @X- (@) = w(e) (52)
where w(a) is an unknown polynomial vector. We observe that (52) provides the plus and
minus functions within a finite number of constants (the coefficients of w(a)). From here on,
these representations will be called weak representations.

The polynomial w(a) can be determined by considering the first and third members
of (52):

Xi(a) =P Ha)M (@)X (a) = dy ()P (a)M*(a)W(a)
_ d.(a)

Ae) (@M (@)w(a) (53)
where
P1(a) = PA""((Z)) (54)

has been introduced, with A(a) and P4(a) the determinant and the adjoint matrix of P(a),
respectively. Let us suppose that all the zeroes of A(a) are simple, and let us indicate with
a_i (i=1,2,...) the zeroes located in the upper half-plane Im(a) > 0. Since X (a) is a
plus vector, it follows from (53) that

Pa(a_i)M Ha_i)w(a_i) =0 (i=1,2,...) (55)
and therefore w(a_j) must satisfy the equation
W(a_i) = CiM+(a_i)Ui (I =1, 27 .. ) (56)

where u; is in the null space of P,(a—i) and ¢; is an arbitrary constant. Equation (56) allows the
evaluation of the matrix polynomial coefficients in terms of the constants ¢;, (i = 1, 2,...).
By changing the values of these constants, in well posed problems there are n and only n
independent w(a): {wi(a),wz(a),...,wn(a)} satisfying (52); hence, we have obtained n
independent X (a) and X_(a) given by

X, (a) A Pa(a)M(a)w(a) (57)
_ w(a)
X_(a) =M_(a) (@) (58)

According to the results of section 2.6 these functions provide the factorization of
G(a) = G_(a)G,(a).

By assuming M(a) = 1, the previous technique can also be used to factorize rational
matrices.

fvww.ebook3000.con)



http://www.ebook3000.org

2.7 « Nonstandard factorizations 33

. (12+A2
Example: Factorize the rational matrix G(a) = ‘Jt 19 ai+B2 where g, A and B are real.

Let us assume:

B +a®  jq(A*+a?) BZ+a®  —jq(A*+a?)
P(a)

aa):

B ja(B% + a?) B? + o? —jq(B% + a?) B2 + a?
d(a) = a® +B%  A(a) = (B? + a®)(B? + A%¢? + o® + ¢°a?)
. /B2 + A2g2
aq=]B, ap=]r—x=—
Vit

Equation (52) implies that the degree of w(a) is 1, so it is possible to rewrite w(a) in the
following form:

w(a) =

aa +b
ca +d

The null spaces of Pa(a—) and Pa(a—p) are, respectively, the vectors ’(1)‘ and "jl/q’.

Because of (56), this means that: w(a_3) = Cl‘ é ‘ w(a_p) = Cz‘ _jl/q‘ where C; and C, are
arbitrary constants, thus leading to the following four equations in the a, b, ¢, d unknowns:

aa,+b=Cq, ca_+d=0, aa_g+b:—Czé, cap+d=0C,

C, +& jB(C,+&
a=- é j B(jJr)AZqZ' b=Cy+ 'B< i BZjA)zt]z
R RV
. jCoy/T+ 2 J_ BCy\/1+ 2
By/1+q2— /B2 +A By/1+¢q? — /B2 + A2

By letting {C; =1, C,;=0}or {C; =0, C, =1} inthese expressions, it is possible to
obtain two independent solutions of (56):

14 B B a
wiw=| -B+LEE g YoRE
0
jB B a
2 202 2 2092
BVITE /It da
Byv1+02—/B2+A2¢2 By/1+02— /B2+ A2
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By substitution in (52) one obtains the factorized matrices:

j(\/BZ+A2q2+j\/1+q2a) 1
—B\/1+q?++/B2+A22)(B+ja) pq_ VBN
G_(a) = ( ) e
0 S B
_p 4 VIR
N
0 8 /B2 + A
a 1+¢?
G+(a)= 2 A202 .
(-BVI+ @+ B+ A@) (VB + A — /1 Gar) (Bq*qv\;—};\;q>(15+a)
d(B —ja) - d(B —ja)

The inverse matrices G*(a) and G;*(a), not reported explicitly, are minus and plus
functions, respectively.
Another nonstandard factorization of the kernel G(a) yields

G(a) = 6_ ()6 (a) (59)

where G,(a) and é+(a) are (together with their inverses) conventional plus and minus
functions showing nonalgebraic behavior for & — co. In these cases the W-H procedure
leads to an entire function w(a) that is nonvanishing for a — oc. The determination of this
function is generally very difficult to obtain, even if only a discrete spectrum is present
(Daniele, 1986; Jones, 1986). Hence, in general it seems preferable to avoid the presence of
the entire function w(a) and to obtain standard factorized matrices G_(a) and G, (a)
working on the nonstandard matrices G_(a) and G, (a).

If G(a) is a scalar, factorized functions G (a) having exponential behavior e*9¢ as
a — oo arises from factorization equations that use the Weierstrass factorization of entire
functions (section 3.2.4). In this case, the offending behavior is easily eliminated by
setting

Gi(a) = Gi(a)e™i®

2.8 Extension of the W-H technique to the GWHE

Most of the results obtained with the W-H technique can be extended to obtain the solution
of the generalized W-H equations (Daniele, 2001, 2003b, 2004a, 2010). For the sake of
simplicity this extension is omitted from this book.
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2.9 Important mappings for dealing with W-H equations

2.9.1 The y = /1% — a? mapping

In many propagation problems the functions involved in the Wiener-Hopf equations depend
on the y = /72 — &? function. This happens when in the considered physical problems,
geometrical discontinuities are present in isotropic media with wave number z,. It is not
restrictive to assume that z, is the free space propagation constant k, so in the following we
occasionally set 7, = k.

The function y = /72 — a? presents two branch points a = +17,, and, after having
considered two arbitrary branch lines, we define the principal branch that yields y = 7,
as a = 0. This is a compulsory choice, due to the physical existence of the Green func-
tion. To understand the properties of the mapping y = /73 — ¢?, it is convenient to

trace on the « —plane the lines where Im[y] =Im[\/72 —a?| =0 and Re[y] =
Re[\/rg — az] =0.

In Fig. 1, these lines consist of arcs of equilateral hyperbolas. If the branch lines are the
vertical lines as indicated in Fig. 1, the a — plane is divided into subregions A, B, C, D that
allow to identify the principal branch for every point considered in this plane. For instance,
starting from a = 0 we can reach one point of the region B using different paths; in parti-
cular, if we choose a path that crosses the arc where Im[y] = Im[/72 — 2] = 0, for reasons
of continuity we must assume Re[y] > 0, Im[y] > 0. Choosing another path that links the

branch A
line :
Imy =9
B : ———— Rex =
D ;
Rey <0 Rey >0l e Imy =
Imy <0 Imy #0 |Rr§§28
A
Rex - » a/l
............... —To -
T Rey =0
A /./ C
./'
Rey >0 /Rey >0
| <0 ] Rey <0
mx i mx 70 Imy <0
Wx:o
i branch
|
i B line

Fig. 1: Mapping y = /72 — &?
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o+
‘I’=arg[ TJZ ]
(o]

NS
+
>

Y=+
To=1—] —-10
A = arctan[—Im[7,]/Re[7,]]

N T 1T

A
T
¥=-"14
2

Fig. 2: Standard branch lines in the a — plane.

point = 0 to a point of the region B yields the same conclusion. In fact, if we select the
path that crosses the arc where Re[y] = Re[\/72 — a?] = 0, we first reach region D where
Re[x] < 0, Im[x] < 0. Successively we can reach one point of region B by crossing the
assumed vertical branch line where there is a discontinuity of the principal branch. This
procedure again yields Re[y] > 0, Im[y] > 0.

One must observe that the use of other branch lines could modify the sign of Im[y] < 0
for the principal branch. It is remarkable that when the branch lines are coincident with the
arcs of hyperbolas where Im[y] = 0, we obtain a principal branch having Im[y] < 0 every-
where. In this circumstance the principal branch is called proper branch and the relevant cut
plane is called proper sheet. In the following we always assume these branch lines (Fig. 2).

To showcase the branch lines, in Fig. 2 7, has been assumed equal to 1 — j. It is important
to observe that on the lower and upper lips of the branch line b_, the proper branch of
x = /72 — o is real and positive and negative, respectively. Similarly, on the upper and
lower lips of the branch line b, the proper branch of y = /72 — a2 is real and positive and
negative, respectively. By recalling that arg|z] is always between —s and +, the figure also

illustrates the values of arg [%’"} on the end points of the lips of the branch lines. These
values will be considered in the next section.

2.9.2 The a = —71, COSW mapping

In cases where the mapping x = /72 — a? is present, it turns out to be useful to introduce
the angular complex variable w defined through the mapping:

a =1, COS(W + a) (60)
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There are many reasons for introducing this mapping. For instance, some specialized
analytical methods introduce representations that are different from the Laplace transform.
In particular, the Malyuzhinets method introduces the Sommerfeld representations, which
may be considered as spectral representations in the w — plane. Furthermore, the introduction
of the mapping (60) may help to handle and theoretically manipulate functions that may be
hard to work with if defined only in the a — plane.

The parameter a is arbitrary; however, for the sake of convenience, as it will be shown
later on, in the following it will be assumed always equal to zz. A detailed study of the

mapping
a = —T,COSW (61)

is very interesting. In particular, it is important to ascertain the properties of the function
% = /75 — a? in the w — plane. For instance, since the plus function F, («) has only the
branch line corresponding to the branch point a = 7, if we cut the branch line corresponding
to the other branch point a = —1,, even though the variable y changes of sign with the
discontinuity, F () must remain continuous.

Given a, the inverse mapping of (61) introduces infinite values of w given by

w(a) = —jlog (H—M) —m = —jlog ¢ +JX’ + arg {a +JX} +(2n = 1)m,
To 0 To
n=0, £1, £2,... (62)

where the argument of a complex number z is assumed to lie in the range:
—r < arglz] < +x

No additional branch points with respect to those involved in y = /72 — «? arise from the
logarithm. In fact, “j% is never vanishing since « is a finite point:

(a+jx=0—a®>=12+a?

Therefore, in the following we assume as branch lines of the mapping the standard branch
lines constituted by the arcs of hyperbolas where Im[x] = 0 (Fig. 2).
Also, we assume as principal value w(a) the following branch:

w(a) = If jarg = > % _jlog (@) — 7, —jlog (f—”‘) +n} (63)

To 0 o

where the proper branch of y = /72 — a? and the principal value of log[z] have been
assumed to be:

Im[x] <0, log[z] = log|z| +jarglz], (—= < arg[z] < +x)

and the function If [a, b, c] gives b if a is true, and c if a is false.

The presence of the function If [a, b, ¢] has been introduced in order to avoid that the
discontinuity of arg“% across the branch point a = —, (Fig. 2) produces a discontinuity
inw(a).
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When « is real, we have that our principal branch is related to the principal part of the
arccos by

w(a) = arccos <ﬁ> — 7T = —arccos <— g) Imja] =0 (64)

To To
Furthermore, since
¥ = £7o SINW (65)
on the image r,, of the real axis Im[a] = 0, we have

B .
W(a) = —jlog( o COSWtK To SINW)
(o]

= —jlog(cosw F jsinw) = —jloge "

— = —jlog(—cosw + j(£sinw)) — x

This means that only the choice y = —1, sinw yields the identity w(a) = w.
Finally, it is important to observe that for the principal value

W(—a) = —w(a) —x (66)

eq. (63) yields the representation of Fig. 3 for the proper sheet in the w — plane.

In this figure, the images r, and b, of the real axis and of the standard branch lines of
the a — plane (Fig. 2), respectively, are reported.

With the mapping defined by (61), both the proper and improper sheets of the « — plane
lie on the w — plane. For instance, we can observe that the segment of the w-real axis defined
by —z < w < 0 is the image of the segment (—1,, 7o) belonging to the proper sheet, whereas
the segment of the real axis defined by —27 < w < —z is the image of the segment (—17o, 7o)
belonging to the improper sheet.

Since the w — plane is image of the proper, of the improper and of other infinite sheets
arising from the inversion of the mapping (61), we must be very careful when rewriting in

%n=1-01j —m2 - A

A — 3m/2 T+ A —m2 + A

A =arctan[-Im[z}/Re[z,] TTT7C Re[o] =

Fig. 3: Image of the proper a — plane on the w — plane
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the a — plane equations that have been obtained in the w — plane. For instance, let us sup-
pose that in the w — plane we have an equation that we know to be valid for w representative
of a point of « located in the proper sheet; the presence in this equation of the quantity
X = —Tosinw introduces the propagation constant y = /72 — a? in the equation rewritten
in the a — plane. If we wish to extend the correct equation in the a — plane that is valid also
in correspondence of w representative of a point of « located in the improper sheet, we must
remember that y always must be assumed with negative imaginary part. Consequently, we
must define —z, sinw = y if w is representative of a point of « located in the proper sheet
and —z, sinw = —y if w is representative of a point of a located in the improper sheet. In
this way, in the equation rewritten in the a — plane, y always possesses a negative imaginary
part.

Conversely, we cannot assume as correct for all the points of the w — plane the properties
that are valid only for the images of the proper sheet. For instance, the function y in the
w — plane is expressed by

\/zg —a? =4/73(1 — cos? W) = —7, SiNW (67)

This expression seems an even function of w (second member) and an odd function of w
(third member). The reason for this paradox is that the second member is valid only for
values of w that are images of the proper sheet. However, by changing w into —-w we are
forced to go into the improper sheet and according to the analytic continuation of
/12 — a? = —14 sinw, /73(1 — cos?w) changes sign.

In the following it turns out to be very useful to deal with functions of w defined in the
entire w — plane. In general we can always do this through analytic continuation, but we must
remember that as it happens in the previous paradox the analytic continuation may involve
improper values of y.

The complete mapping (61) is depicted in Fig. 4. The wave number 7, = 7, + jr, has
been assumed complex, with imaginary negative part (7, < 0). Quadrants 1, 2, 3, 4 of the
proper sheet in the a — plane are denoted by the same number encapsulated in a box. For
instance, the point a, = —7, C0s¢, (0 < ¢, < ) has as proper image w, = —@,.

Application: Asymptotic evaluation of the integral I = [*_f (a)e 1*XeIVK~«*Vdq

The integral I = [*_f (a)e**e VK=« dq is very important since it arises in diffraction
problems involving planar stratified structures. Here x and y are the Cartesian coordinates of
the observation point. In cylindrical coordinates we have

X = pCoS@ (68)
y=psing
Letting 7, = k and using the mapping indicated in (61):
a = —kcosw
x = —ksinw (69)

yields the integral

le = kJ f(w)elkr cosw=lel) gy (70)
Ty
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/2

~

A

Fig. 4: The complete mapping a = —1, COSW

where

fy(w) = f(—kcosw)sinw (71)

and ry, is the image of the real axis in the w — plane (Fig. 3). Let us consider the points wq
where the function

q(w) = jecos(w — |¢]) (72)
has a vanishing derivative:
q'(ws) = —jsin(ws — |¢[) =0 (73)
These points are called saddle points since they are the saddle points of the real functions

u(w) = u(wg, wp) = Re[q(w)] = sin(w; — |¢])sinhw;

(74)
v(w) = v(wg, wy) = Im[g(w)] = cos(w; — |¢|)coshw;
where w; and w; are the real and imaginary parts of w (Felsen & Marcuvitz, 1973):
W =Wy + jws (75)

There is only one relevant saddle point located in the images of the proper » — plane
(— < ws <0) (Fig. 5). It is defined by

Wy = —m + |§0| = Wy = —o1 + |(,'0|, Wys =0 (76)
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10 Wz

W — 712

~10 F Wy=—7+ Q]

Fig. 5: SDP in the w — plane

Let’s consider in the w — plane the steepest descent path (SDP) crossing the saddle point
(Felsen & Marcuvitz, 1973). This line is defined in such a way that

v(w) =v(ws), u(w) < u(ws) (77)

Taking into account that q(ws) = jcos(ws — |p|) = —j = u(ws) = 0, v(ws) = —1 leads to
the following definition of the SDP:

v(wg,wp) = =1, u(wg,wp) <0 (78)
or
cos(wy +a — |@|)cosh(wy) =1, sin(wy +m — |g|)sinw, >0 (79)
Equation (79) yields
Wy = — + || + gd(wz) (80)

where gd(t) is the Gudermann function defined by

gd(t) = arccos [coih J sgn(t) (81)

We oriented the SDP in the direction of increasing values of w,. Looking at Fig. 5 (see also
Fig. 4) we notice that if [¢| > 7, then points of the SDP are imaged onto the improper sheet
of the » — plane. We have

Ispp = k J fo(w)elkrcosw=leD gy — ke Ik J f(w)ekru) dw (82)
SDP SDP
where u(w) is negative or zero on the SDP.

In the far field, the parameter kp >> 1; therefore, by taking into account that u(w) <0
and that the exponential factor ek*()decreases rapidly as ko increases, we observe that the
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major contributipn to the integral Ispp is due to points very near the saddle point ws. If there
are no poles of f (w) near the saddle point, we obtain the approximate evaluation:

Ispp = k J fo(w)elkrcosw=leDgw ~ ke T f (ws) J ekPuW gy (83)
SDP SDP

To evaluate the integral, we introduce the mapping:
a(w) — q(ws) = —5? (84)

Of course when w moves on the SDP, s is real and will be assumed positive when w, > 0 and
negative when w, < 0. This yields

J ekPuWdy = J e k5" w/(s)ds ~ w'(0) J e %" ds = w'(0) kl (85)
SDP —00 —00 P
From (84)
dw dw  —2s
! = — _—
q'(w) & 2s or & qw) (86)

Applying Hospital’s rule yields
(87)

or, taking into account that q”(ws) = j,

1/ =V2,/j=+V2 el (88)

Looking at Fig. 5, we observe that the sign of dW is positive, so that

w(0) = V2 eli (89)
Finally, this yields the following approximation of Ispp defined by (83):
Zn —j(kp—m/4)F 21 —i(kp—m/4) ;
lsop =k 1o I (=t gl) = —ky [ e (keosg)sinial (90)

Equation (90) cannot be used when poles of f (w) = f (—k cosw)sin w are located near the
saddle point. In this case we must use a more general technique, as indicated in Felsen and
Marcuvitz (1973) and Senior and Volakis (1995). If the characteristic of f («) at the pole
ao = —kcos g, near as = —kcos(—x + |¢|) = kcosg is

R

o — g
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we obtain:

_ 1 — F(2kpcos? Zeblel
lspp ~ 4 /iﬂefﬂkpfﬂ/“) {—k f (k cos g)sin|¢| + ( 2 ) R (91)
o)

Potlol
2cos o5+

where F(z) is the Kouyoumjian-Pathak transition function defined by

[o¢]

F(z) = 2jy/ze” J e ¥ ds — 2j/zv/mexp [j (z - %)} u [Arg (ﬁ - %)} (92)
N

where the principal branch of \/z is: — 3 < arg[,/z] < 2.

The previous equations provide the evaluation of the integral on the SDP. We can relate
this evaluation to the original one on the path r,, by warping the contour path r,, into the SDP
and taking into account the eventual singularity contributions located in the region between
the SDP and r,,.

Sometimes it is preferable to study the warping directly in the a — plane. In this plane the
SDP does not change if we change ¢ into —¢. Figure 6 illustrates the location of the SDP in
the a — plane.

The direction of the SDP in the a — plane is in accordance with the direction of the SDP
in the w — plane.

€@ Branch points at oo = ¥k [0 Saddle points
O Planewave poleat, ~ ——— SDP |g| = %
—— SDP |g| > = SDP g < =
lol> 5 2
Branch lines
A Im[oc]
+k Re[o]

Fig. 6: SDP in the a — plane (as = kcos¢, a, = —kcos¢,)
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The contribution of the SDP relevant to an isolated first-order saddle point as is given by
Felsen and Marcuvitz (1973]):
J f(a)e™¥da = dz

i Qqles) _ 4 |__ 2 \/E Qq(as)
sDpP s=0 Qf(aS)e * q”(as) Qf(aS)e ®3)

ds
where, by looking at the figure, the £ sign is determined by observing that

d_a
ds

T
s=0 q/,(as)

When the saddle point as is near a first-order pole aj,, the previous equation is not uniform
and we need to modify by using the mapping:

$* = d(as) — d(a)
which yields

J f(z)e?@dz = ) J G(s)e % ds
SDP —00
where G(s) = f () 9.

In the s — plane, the pole a, has the image b:

b? = q(as) — alap) & — = (ap — )’
or

"(a ap — a
b%:l: _q(zs)(ap_as)_di S
E|s:0

We can write

r
G(s) =——+T(s)

where T (s) is a smooth function on the SDP, and r is the residue of G(s) in s = b. Taking
into account the definition of G(s), this residue is the same as that of f (a) in a = ap:

r = Res[f()]|a=q,

Since T (s) is smooth, we can apply eq. (93) and obtain

T G(s)e ¥'ds = ir?w(ﬁ:b\/ﬁ) + (f (as)(:j—z

T %) \/g (94)

where w(z) is a special function defined in Abramovitz and Stegun (1972, p. 297) and the
sign is + if Im[b] > 0 or Im[b] < O, respectively. In practice if v/Q|b| > 2 we can use the
non-uniform eq. (93), whereas if v/Q|b| < 2 we must use the uniform eq. (94).

—00
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CHAPTER 3

Functions decomposition and
factorization

3.1 Decomposition

The general formula for decomposing a complex function vanishing as & — oo as a sum of a
minus and a plus function F(a) = F_(a) + F.(a) is given by the Cauchy equation (Noble,
1958, p. 13):

_ 1 [F@) ., 1 [ F@) _
F+(a)—gjja,_ada —EF(a)—&——.P.V. J da/;, Imlej=0 (1)
7 —00
where the rightmost integral must be considered a Cauchy principal value (P.V.) integral.
Alternatively, the hook integral symbol may be used in the first integral in (1):

[o¢]

1 F(a
F+(a) :gj a/(_()xda/

where the hook on the integral sign indicates that the chosen integration path (e.g., y; in
Fig. 1) is the deformed real axis that passes below the pole o’ = a. Occasionally, in the
following we will call the line y, the smile real axis.

The minus decomposed term may be obtained in a similar manner:

o0
1 [ F(d) 1 1 F(a))
F(a)=—-— "=ZF(a) — =—P.V. Lo = 2
(@) _Ja_ada 3F(@) 5 J do, Imia]=0 (2)
72 —00
where the rightmost integral must be considered a Cauchy principal value integral. Occa-
sionally, in the following we will call the line vy, in Fig. 1 the frown real axis.

As in the previous case, we may use the symbol

45
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5 i) L

Y o % AN

o
Re[u] Re[u]

Fig. 1: Integration paths

Im[o]

o —ea’ + ¢

Re[o']

‘o
Fig. 2: Modification of the integration path for evaluating F (a) when Im[a] <0

where the minus sign accounts for the clockwise sense of the integration path. The second
member of the egs. (1) and (2) holds in the respective regularity half-plane. It is possible to
evaluate the integrals F__(a) and F_(a) everywhere by analytic continuation. If the integrals
are evaluated in closed form, they directly provide the analytical expressions of F, (a) and
F_(a) everywhere.

On the other hand, if we use a numerical integration for the Cauchy integral (1), the jump
at the discontinuity from Im[a] > 0 to Im[a] < 0 can be taken into account by subtracting the
residue at the pole «, that is, —F(a) (Fig. 2). This yields the following representation of
F+(a) when Im[a] < 0:

1 (F() .,
- — <
Fi(a) F(a)+2njja’—ada' Imla) <0 (3)
V2
The same result can be achieved by applying the second member of eq. (2), valid for
Im[a] <0, and
Fi(a) =F(a) —F_(a)

A remarkable simplification arises when we are dealing with an even function F(a), that is,
F(a) = F(—a). In fact, by replacing «’ with —a’ in the integral in (1) we obtain

F_(a) =Fy(-a) (4)
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Several proofs of the fundamental decomposition formulas can be found in Noble (1958).
In the following we report a simple proof that is based on the Cauchy formula.

Let us consider the upper region limited by contour T';. = T’y [Jy;, Where T is the
half-circumference located at co. Since the plus-decomposed F («) is regular in this domain
and vanishing on ', the Cauchy formula provides

= [ B g L [Ey,

:gj a —a :an a —a
I 71
1 [ F( L
_ 1 (a)da,_iJF (o) 4
2rj)a —a 27j) o —a
71 71
L (Fe) 1 [F(), 1 [F@)
=5 d /——. d /:—_ da’ Im >0 5
27[] a —a “ ZEJJa/—a @ szJal_a a [(l}_ ()
7 T 71

where, since T'y,_ is the half-circumference located at infinity in the lower half-plane,

L =T._ Uyl
The integral —ﬁjj}f Fa*,(_“;)da’ is null because, being Im[a] > 0, the integrand is regular in
the interior of the region limited by T"_.

3.1.1 Example 1

Let us decompose the function F(a) =7 = vk? — a2, where k represents a propagation
constant. Since the function is not vanishing for |a| going to infinity, eq. (1) does not directly

apply. However, by rewriting F(a) = (k? — az)ﬁ, we can decompose through (1) the
function

1
ek S_(a) +Si(a)
where
1 1 1
o4 =g | G ©

71

To find a closed-form expression for the plus-decomposed function S («), we first evaluate
the rightmost integral assuming real values of «, and afterward we extend the resulting
expression to the whole complex a — plane by analytic continuation. Before evaluating the
integral in (6), it is important to study in detail the two-valued function vk2 — a2, which has
two branch points at o = +k (Fig. 3; see also section 2.9.1).

On the arcs of the equilateral hyperbola, the two opposite branches have either vanishing
imaginary or vanishing real part, according to the indications of Fig. 3. To have a single-
valued function 7= vk? — a2 we introduce artificial barriers called branch lines.

1 We assume that 7 is the branch such that 7 = k when « = 0.
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o — plane k=1-—]j

OF

5F

—k C

L Ll I 1 1
-1 -05 C
_5:,
i |m[\/k2— aZ] =0
_10,

Re[\le o] = 0

Fig. 3: Standard branch lines of the v'k? — a2 function

u — plane k=1-]j

Fig. 4: Deformation of the integration path

In crossing the branch lines, the single-valued function 7 changes, with a discontinuity
assuming two opposite values on the two lips of the branch line. Branch lines are arbitrary,
with the sole limitation of not crossing the real axis. The standard branch lines are the arcs of
the equilateral hyperbola where Im[z] = 0 (Fig. 3). With this choice, it may be ascertained
that Im[z] < 0 in the entire complex a — plane (section 2.9.1).

Another way to describe the multivalued function T = vk2 — a2 is to imagine that the
a — plane consists of two sheets superimposed on each other: by cutting the sheets along the
standard branch lines and by imagining that the lower edge of the bottom sheet is joined to
the upper edge of the top sheet, it follows that the proper sheet is defined by the sheet where
the function vk2 — a2 assumes the value z, while the improper sheet is the other sheet where
vk? — a2 assumes the value —7.

To evaluate the integral
1 1 1
) =5 | ™ 7
Y1

we warp the integration path v, on the line A = A, |JA_ made of the two lips of the branch
line T relevant to the positive branch point +k (Fig. 4). On the lip A, the proper branch is
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real positive, whereas on the lip A_ the proper branch is real negative. Taking into account
that [, = [, this yields

1 1 1
@)= 5 | e

"1

1 j 1 1 dut 1 J 1 1 du
27 k2 —y2u—a 27 ) —/k2 — u2U—«
A y

:_ijil R (8)
7)) vk —uwu—a

By deforming the half contour 4 _ into the half straight line 4, indicated in Fig. 4, it follows that

1 1 1 1 1 1
] b e ] e e
A )

By putting u = k x on 1; we evaluate the integral with MATHEMATICA:

o )LJ;LdULT;;dX
)= 7T K2_w2u—a  7j)V1-xekx—a

A 1

_ z — Arccos (%) _ Arc cos (— %) 10)
avk? —a? avk? —a?

The closed form thus obtained shows that S, () is a conventional plus function, since its
Taylor series expansion about the point o = —k leads to

a
Arccos(——) 2
B K/ _ 1 a+k 2(a+Kk) 3
SHe) = e Tka 3kr T 15k +0[(a+k)’] (11)

and the dominant term near the branch point « = k is given by

a
_ Arccos(—E) N 1
avk? — a? V2kvk —a’

Due to the important applications of this plus function, we report here some of its alternative
expressions:

Si(a)

a =k (12)

a
Arccos(— E) 1 jt—(k+a) 1 jT—a
S.(a) = ——=——5=_"log:————~ = ——log
avki—q2 jot Tjr+(k+a) ot k

(13)

2 11 belongs to the straight line that includes the points 0 and k.
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S (a):s (—a):ArCCOS(%):l|ogJT_(k_a):1|ogJT+a (14)
R " avki—a? jnt Tjr+(kK—-a) jrt k

In all of these expressions, 7 = vk? — a2 is the value of the proper branch (Im[z] < 0) and
the functions Arc cos and log must be considered as principal values.

Sometimes it is interesting to express the decomposed S _(«) in the complex plane w
defined by the mapping:

a=—kcosw 7= —ksinw (15)

This mapping is particularly important for studying angular regions, as it has already been
seen in section 2.9.2.
In the w — plane the decomposed S, _(a) assume the forms

Arc cos(— E) W
S, (a) s S (~kcosw) = — (16)
Arccos (ﬁ) 7w — Arc cos< g) —T—wW
S_(a)= K k —kcosw) = - (17)
— 2 a/k_a2 aksinw

Equations (17) and (16) may be obtained in a straightforward way using an ingenious sug-
gestion made by Ament (Noble, 1958, p. 47).
From (13) and (14), the decomposition of = vk2 — a? follows:

T=Vk?—a?=1_+14 (18)
with

VK2 — o2Arccos( — < . i
( k)rlong (k+a):1|091r a (19)

T(a) = 7T jr Cit+k+a) jm k

VkZ — a2Arccos (2 ; ;
r_(a) = k) _ T jglt k=) 7 jrta (20)
B 7T T gjr+(k—a)_jn g k

It is important to study the asymptotic behavior of the decomposed function as a — oo. By
taking into account that

jt = +a, as Rela] — too

it follows that, independently of the sign of Re[a],

7o(a) ~ +— Iog [( Zka)ﬂ] :% log [ Zﬂ asa — oo (21)
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3.1.2 Decomposition of an even function

The decomposed functions F,(«) and F_(a) may be rewritten as

F.(a) :%F(aﬂ—%P.V. J P g

(22)

F_(a)=+%F( )—%Pv J P g,

Since F(«) = F(—a), changing u into —u yields:

Ff(a)=+%F( )+2—JPV deu:;F(—aHi_P.v. J':(“)du

—00

=F(~a)

3.1.3 Numerical decomposition

The numerical quadrature of the decomposition formulas requires some care, since it can
introduce spurious singularities in the decomposed functions. For instance, if h and
A represent the discretization step and the truncating parameter on the quadrature of the
integral (1), respectively, we get the approximation

1 1 T FQ) L all
F+(a)—§F(a)+§jP.V. Ju_adUN an z,;/hh'— hita (24)

We observe that in the exact formula the singularities of F(«) located in upper half-plane
are exactly compensated by the analytic continuation of the exact values of the integral.
However, this does not happen when the integral is approximate by the sum. Moreover,
with the discretization process F.(a) presents spurious singularities located at « = hi,
i =—A/h,..+ A/h. The first circumstance is in some sense acceptable, since by increasing
the accuracy of the numerical quadrature one tends to compensate the singularities of F(a)
located in upper half-plane. Conversely, the second fact yields a regrettable result. To
overcome this problem we rewrite the decomposition formula in the form

F.(a) :%F(a) +%P.v. J FUW g0 = Xr@)

M M
+- jim P, dewiﬁ(amim P.V. [ -
iy )

! (25)
u—a 27 | —a
M
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Whence we obtain

M
Fo(a) :%J_ lim J %{Z(a)du (26)

Consequently, the quadrature of the integral yields

o h & F(hi)-Fla)
Fi(a) ﬁji}ZA/hW (27)

In this manner, the offending poles « = hi, i = —A/h,.. + A/h disappear.
By taking into account that Cauchy’s formula provides the exact representation

1 1 1

Fi(u)
u—a

du (28)

we can increase the accuracy of the evaluation of the plus function F, (a) =~ Fo (a) using

h B For(hi) —Foi(@)

2nj 45, hi-a

Fi(a)~ (29)

We can obtain an alternative quadrature formula by assuming F(a) = F(a)F_(a), where
F_(a) is an arbitrary minus factor of F(a) vanishing as a — oco. Now we can write

27 a(a)_deu_JMdU_J<ﬁ<u>—ﬁ<a>>ﬁ<u>du+ﬁ(a)1mdu

u—a u—a u—a u—a
71 Y1 Y1 71

(30)

Since F_(a) is a minus function that vanishes as a — oo, the last integral is zero.
Furthermore,

J(ﬁ(u) —F@)F W, T (Fu) —F@)F-(u) (31)
Uu—a E Uu—a
and we get
F+(a) — Zinj J (IE(U) _UIE_(Z))IE*(U) du (32)
which yields the quadrature equation:
Ah o e E o
Fula) ~ % 3 (F(hi) —h :ZEaO)l)Ff(h i) (33)

i=—A/h
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It is important to observe that if F_(a) is chosen such that F (a) = F, (a) is a plus function,
the previous approximation does not introduce spurious poles.

3.1.4 Example 1 revisited

Let us consider the numerical decomposition of the function considered in example 1:

kzl_ = =5(a) +54(a)
We have
@) h Az/g (E(hi) — F(a)F_(hi) (34)
271, <, hi—a
where we have assumed
Fl@) = Fule) == Folo) = o= (35)
S.()~Sas (a)

Figure 5, Fig. 6, and Fig. 7 report the absolute errors e(a) = on the real axis and

Si(a)
on the half-lines & = jx (x > 0) and a = k + jx (x > 0) located on the regular half-plane, of
the plus functions.

0.2

.
@D
2
)

0.15

0.1

0.05

Lo Lo beva s fevaa b b Loy

-15 -1 -05 0.5 1 15

k=1-j10"%, A=500, h=001 a=x
Fig. 5: Relative error on the real axis

e(o)
0.055
0.0525

0.0475
0.045
0.0425

k=1-j10"%, A=500, h=001 o=jx

Fig. 6: Relative error on the imaginary axis a = jx (x > 0)
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e(o)

0.07
0.06 ]

0.05

8 10

k=1-j10"%, A=500, h=001 o=1+jx

Fig. 7: Relative error on the line « = k + jx (x > 0)

3.1.5 The case of meromorphic functions

In dealing with meromorphic functions, instead of using the general eq. (1) we can resort to
the Mittag-Leffler decomposition, which is based on the following theorem (Spiegel, 1964,
p. 175).

Theorem 1

Let us suppose that the meromorphic function F(a) has simple poles a1, az, ..., ax,--.
((ak #0) with residues Res[ai], Res[ay], ..., Res[ax],.... If, except at the poles,

Iim@ — 0, as a — oo, then the following expansion holds:

F(a)—F(O)JriRes[ak]( ! +1) (36)

k=0 a—ac a
If, in addition, the meromorphic function F(a) is proper, for example, it satisfies

limF(a) — 0, as a — oo, then (36) simplifies and becomes

1
o — ag

Fla) = i Res[a] (37)
k=1

Equation (37) allows the decomposition of a meromorphic proper function F(«) by separ-
ating the poles o having negative imaginary part, Im{a_«] < 0, from the poles a_y having
positive imaginary part, Im{o._x] > 0. It yields

F(a)= Res = Res|a_ + Res =S _(a)+S
(a) ; ol = kZ:; ol =0 ; [~ —— (@) +S(a)
(38)
with

1
a — ad_g

1
a — Otk

S_(a) = i Res[a ] Si(a) = i Res[a ] (39)
k=1 k=1
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In many applications it is necessary to know the asymptotic behavior of the decomposed
functions as a — oc. For any finite number of poles, we obtain

S, (a)~at (40)

The case of an infinite number of poles is more critical. To achieve the asymptotic behavior
of S, (a), let us suppose that

RES[ak]Zakp|:1+O<%)], (p<0) and ak:—jbk[l+o<%>:| ask — oo (41)

It follows that

o]

1 1 S
R kP kP
Z{ esland g5 2 a—bk}+k2;a a+jbk

k=1

(42)

In the previous expression, it may be shown that the dominant term as a — oo is the last
sum. The inverse Laplace transform of this term yields —j >/ akPe=PkZ,
Now we have (Mittra & Lee, 1971, p. 11)*:

- akPe X~ —jar(p+1) (bx) ™ asx — 0, (43)

By applying the Laplace transform, we return to the a — plane, and (45) yields

1
(—ia)™®
The decomposition formula has been applied many times, and in the literature some slight
modifications to both proofs and applications can be found. These are discussed in many

texts, in particular in Noble (1958). To conclude this section, we remark again that the
general decomposition equations are valid in both scalar and matrix cases.

Si(a) ~ —jal(p+1)b~ P

(44)

3.1.6 Decomposition using rational approximants of the function

In the case of rational functions, the Mittag-Leffler expansion involves a finite number of
terms (partial fraction expansion). Consequently, we can accomplish the decomposition of
arbitrary functions f («) using the partial fraction expansion of rational approximants of f (a).
A very popular technique to obtain rational approximants is based on the Pade representation
(see section 6.3.2). However, in many worked examples the Pade approximants do not have a
good accuracy so it is preferable to rationalize the function with the interpolation approximant
method described in section 6.3.2. For instance, by using this technique for the function

1

m = S_ (a) + S+(a)

% Mittra and Lee limited their proof to the case —1 < p < 0.
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we obtained the relative error

Si(a) — Sat(@)

(@)= "5 )

illustrated in Fig. 8, Fig. 9, and Fig. 10.

(45)

e(x)

k=1- ji0-3

Fig. 8: Error e(a) = [>4=5:(4)} on the real axis

+(a)

Le(l + jx
0.04f SR
0.03f
0.02f
0.01f
I T T S SN T S TN N [N TN TN TN SN TR SR S | X
2 4 6 8 10
k=1- j1073
Fig. 9: Error e(a) = |=%=5:(%)| on the line & = 1 + jx
s S:(@)
L e(jx
e (ix)
0.015|
0.01f
0.005f
|I|||I|||I|||I|||IX
2 4 6 8 1
k=1-j10"3

Si(@)—Sa+(a)
S

Fig. 10: Error e(a) = N

on the line a = jx
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3.2 Factorization

3.2.1 General formula for the scalar case

The fundamental idea to factorize a given function G(a) is based on the logarithmic
decomposition. By introducing

G(a) = eLog[G(a)] — qu(a) (46)
the decomposition of y(a) = Log[G(a)] yields
Log[G(a)] = y(a) = y_(a) + v (a) (47)
where from (1)
v = 5 [8E ey @) = pia) - (@) (48)

71
By taking into account that in the scalar case

ew(a) — e%(ﬂH%(a) — eW—(“)eI/M(“) (49)

one obtains the factorization formula:

G(a) = G_(2)G, (a) (50)
where
G (a) =exp %JWda . G_(a) =G(a)G a) (51)

Y1
If G(a) is even, we obtain the simplification G_(a) = G, (—a).

The last member of (49) is valid even in the matrix case, provided that the matrices
y_(a) and y_ (a) defined by (48) commute. Unfortunately, y_(a) and v (a) do com-
mute only in very few special cases.

The integral defining G («) in (51) converges if G(a) — 1 as a — oo, but this situation
does not occur often. In these cases, the usual procedure is to normalize G(a) = f (a)K(a)
such that K(a) — 1 as @ — oo, and f (a) may be factorized in other ways.

3.2.2 Example 2

Factorize

a’®+1
a’+4
Equation (51) does not apply directly. However, it is possible to overcome the problem by
introducing f (a) = Vk? — a2 and K (a) = %=L, it follows that

Py

G(a) = vk — a2 (52)

G (a) = Vk—aKi () (53)

where, through (51) or by inspection, we have K, (a) = 0%211
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The condition G(a) — 1 as a — oo may be weakened if G(a) behaves at least as
|G(a)| — |a|” as @ — oo (Noble, 1958, p. 42). For instance, if G(a) is even, then (53) holds
again if the integral may be considered as a Cauchy principal-value integral.

+M

1 [ log[G(a)]

= _— 4

v (a) M=too27] 4 d' —a da (54)

Many variants of the factorization formulas can be found in the literature (see, e.g., Mittra &

Lee, 1971, p. 113). Here only the most significant one, related to the derivative logarithmic
decomposition, is reported. The derivative of eq. (47) yields

D[Log[G(a)]] = % =t (a) +ty(a) (55)
where
L) = (o) (56)
This leads to
0o = s [ g e du Gula) = 57)

where c is a suitable constant. In many cases the introduction of a double integral is balanced

by the very simple decomposition of (éé:)) =t (a)+t(a).

3.2.3 Example 3
The factorization of G(a) = 7 = Vk? — &2 introduces the function

DlLog()] = 15 = 2(k1+ o T2k i @)’ (58)

It follows that

1p+(a):deazlogvk—a:Gg(a):vk—a (59)

3.2.4 Factorization of meromorphic functions

Meromorphic functions can be factorized using the Weirstrass theorem, which factorizes
entire functions. More precisely, when the entire function f («) has an infinite number of
simple zeroes a1, az, . .. the following representation stands:

10, a\ a
= 0 * — — )emn 60
f(a) =f(0)e™® H(l an)e (60)

n=1
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The zeroes a, often behave as
an=An+B when n= (61)

In these cases, it is convenient to normalize f(a) with respect to the function defined
by (Mittra & Lee, 1971, p. 13)

« (B
. " eVKF(Z+1)
Fag(a) = U (1 AT B) = e (62)
n=1 r-—-+-+1
A A

where T'(a) and y = 0.57721.... are, respectively, the Euler gamma function and the Euler
constant. By normalizing f (a) with T'a g(«) one obtains, after some algebraic manipulations,

f(a) = 1(0) e ﬁ(o(g))ma(a) (63)
n=1(1— A TE
with
95 ()

By observing that [~ (17%) is bounded as a — oo, a # An + B, the asymptotic beha-
" {1t

vior of f (a) as a — oo, is identical to that of Tag(a).
The function Tag(a) has the following asymptotic behavior as a — co, « # An+ B
(Mittra & Lee, 1971, p. 13):

B
"5
S A a _(%_‘—%) a) a a
P ~ _¢ flog(—5) g =51, : An+B (65
as(a) N ( A) ea%d\"a)g7A a— oo, a#An+ (65)
This last equation allows us to study the asymptotic behavior of f (a) as a — oc.

A meromorphic function G(a) is the ratio of two entire functions. The factorization of
G(a) can be obtained by separating, in both numerator and denominator, the zeros and poles
located in the two half-planes Im[a] > 0 and Im[a] < O:

G(a) = G_(a)Gy(a) (66)

where G_(«) and G, (a) are meromorphic functions having zeroes and poles in the half-
planes Im[a] > 0 and Im[a] < 0, respectively.

It must be observed that in general G_(a) and G, («) have nonalgebraic behavior at
infinity. To obtain algebraic behavior we may rewrite (66) in the form

G(a) = G_(a)e"@e ™G, (a) = G_(a)Gy(a) (67)

where G_(a) = G_(a)e"®, G (a) =e @G, (a). The entire function e¥® (and its
inverse) is free of zeros, and w(a) is chosen to ensure the algebraic behavior of
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G_(a) and G, (a). When the zeros have the asymptotic behavior shown in eq. (61), it will
be seen later that

w(a) = ga (68)
where q is a constant.

3.2.5 Example 4

The following example is relevant to the study of the bifurcation of a wave guide a in two
wave guides b and c (section 9.2). In this case the required function to factorize is
sin(z b)sin(z c)
B et/ Sl —vk2 — g2

G(a) Tsinz 0+ 0)]" T a?, b>0 c¢>0 (69)
Even though 7 = vkZ — &2 is a two-valued function, G(a) is meromorphic since it is an
even function of 7. Before factorizing it, it is important to determine the asymptotic behavior
of G(a) as @ — oco. This behavior is algebraic:

e\a\be|a\c 1
|G(a>|o(m:m as a — oo (70)
We rewrite
_ beSy(a)Sc(a)
with
Sq(a) :S'”(;d) d=bec, a=b-tc (72)
T
The zeros of the entire function Sq(«) are given by +agn, where
2
tgn = 1 /K2 — (%”) n=12..., Imam]<0, d=bc a=btc  (73)
The asymptotic behavior of ag, as n — oo is given by
T 1 1 1
adgn ~ Agn+ By, Ag = Iy Bi=0, d=b,c, a=b+c, A A_b+A_c (74)
Taking into account that Sy(a) is even, (60) yields
Csin(rd)  sin(kd) 5 a
sin(z d) sm(kd °° ( ) e T ( a) o
Sq(a) = adn 1—— )eun
sm(kd)x( a)a”( a>a
= I+—Jem [[(1——)enr 6
kd E Odn E Odn (76)
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Notice that when the zeroes are separated into two distinct infinite products, the exponential
factors e T«n may be substituted by the simpler factors e ™7, The presence of an exponential
is, however, always necessary to ensure the convergence of the infinite products.

Taking into account (75) and (62), algebraic manipulations yield the following result
(non algebraic at infinity) for the plus factorized functions:

: N
Suy (@) = 5'“k(§d)H( “d”> Paola), d=bc a=b+c  (77)

M
d

In this formula, the infinite product behaves as a constant as a — oo. Thus, the asymptotic
behavior of Sq. (a) coincides with that of T'a, o(a) in (65):

Sgs(a) x Ta,0(a) ~ Mgt () e 407 ¢, o (78)

G(a) = \/if—sb*éﬁf;;(“) (79)

The asymptotic behavior of G, («) is given by

Equation (71) yields

. a,%eA(—‘blog (_A(_Lb) e_ﬁa—”)a%eﬁlog(_ﬁ) g Ac(1=7)

G —a %, a— 80
+(@) o o —teoa( ) g A7) ’ a—oo  (80)
where, by taking (76) into account,
1 1 1 1 1 1 j a a
=—log—+—log— — —log— = —=(blog—+ clog— 81
q Ap gAb—'—AC gAc Ay gAa n( gbjL gc) (81)

Equation (80) shows that G_(a) and G_(a) = G, (—a) have exponential behavior as
a — oo. By looking at (67), we define

G_(a)=G_(a) &%, G,(a)=e"9G,(a) (82)

with g given by (81).
Of course G_(a) and G (a) have algebraic behavior as a — oo. In fact,

G (a)xa? G,(a)xa? (83)
As a numerical example, let us suppose that
27 A A A
1=1, k_T’ b_l.lz, c_1.3§, a_b+c_2.4§ (84)

It is possible to evaluate the infinite product by approximating it with the finite product:

< () e ()
11 VAN Gan d=a,hb,c (85)

n=1 (1—jﬂ> n_l<1_jﬂ>,
nm N



62 CHAPTER 3 « Functions decomposition and factorization

The choice of Ny depends on how many real aq, are present. In fact, real aq, are related to
modes that propagate, whereas imaginary ag, involve evanescent modes. In this case we
have the following first three agq4, (d = a, b, ¢):

aa1 =5.71, am = 3.47, 0a3 = —j4.71
apy = 2.62, app = —j9.54, aps = —j15.94 (86)
acg =401, ag=-j7.35 ag = —j13.07
Thus, two modes propagates in waveguide a, one mode in waveguide b, and one mode in
waveguide c.

The very small number of propagating modes means that Ny can be assumed small.
However, we first assumed high values of Ny by putting

Na = N¢ = N = 2000 (87)

Figure 11a illustrates the absolute value and the argument of G, (a) for real values of a.
Figure 12 reports the error e = |G(a) — G_(a)G(a)|.

G (&)
35¢
3t
25E
2f
15F

1
05

P 2 I B B
—10 10 20

—-20

Fig. 11a: Absolute value |G (a)| of the factorized function G, (a)

arg[G , (o]
() ——

| ST S TN Y T S T S T Ul IR V- VI L
-20 ~10 2 10 20

T25F |

Fig. 11b: Argument arg[G. (a)] of the factorized function G, ()
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8x 10710}
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Fig. 12: Theerrore = |G(a) — G_(a)G(a)]
7ep(a)
o.oosf—
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Fig. 13: Truncation error for Ny = N. = N, = 20

By assuming N, = N = N; = 20 we practically obtain the same plots.
Figure 13 illustrates the relative error when we change Ny = N = N = 2000 to
Nz = N; = N¢ = 20:

Gi(a) — Gis(a)
Gi(a)
where G, (a) has been evaluated by putting N; = N; = N = 2000, and G1.(a) has been

evaluated by putting N, = N, = N, = 20.

As a matter of fact, e = |G(a) — G_(a)G(«)| does not depend on g, and a small
error e does not assure that the choice of q given by (83) is correct. We ascertained the cor-
rectness of g byltaking into account that the function vk —a G, (a) and its inverse
(vVk —a Gy (a)) ~ must behave as a bounded nonvanishing constant when a — oo.

ep(a) = (88)

3.2.6 Factorization of kernels involving continuous and
discrete spectrum

3.2.6.1 Example 5
Factorization of
ejr d

G<a):rCT[rd]’ 7 =Vk? — a? (89)
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The asymptotic behavior of G(«) is algebraic and is given by

e|“‘d 1
G(G)O(W:m as a — oo (90)
The factorization of G(a) may be accomplished through the factorization of the factors z,
&9 and cos|r d]. Since we have from the factorization of z and the decomposition (13):

r=vVkZ —a?2= \/k—i—a\/k—a (91)

elrd — gir-dgirid _ gy |72 Iog Jrta exp rd log Jr—a (92)
k 7 k

it remains only to factorize the entire function c(a) = cos[r d]. According to (60), first we
must obtain all its zeroes +a,. These are given by

cos(V/k? = an2d) = 0= ay = agr 12, N=12... (93)

\/—m o \/kz 1/2 )

which as n — oo assume the values

with

LT 1 1
_‘E’ B__EA’ =-3 (94)

From (62) and taking into account that c(«) is even, one obtains

c(a) = cos(r d) = cos(kd) ﬁ( <a>2>
et} n
= cos(kd)ﬁ(l +Zn) e*ﬁﬁ (1 —:n) gan (95)

n=1 n=1

On = Od(n-1/2) = Ad(n — 1/2) =An+B, A=As=

Note that the presence of the factors e¥2r is necessary to ensure the convergence of the
infinite products. R

By normalizing with respect to T'ag(a), one obtains the nonalgebraic plus factorized
functions

o0 1- i

¢y (a) = /cos(kd) [ ( O;n> Tag(a) (96)
"~ <1 ANt B)

N s

G+(a) = k—a ¢i(a) &7
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By taking into account that in our case as a — oo (see (65) and (21)),

F(— + 1) 18
el - _+_ a a a
Ci(a) = Tagla) ~ AiZn (— %) ¢ A)eilog(_K)e_K(l_ ) o eA'Og( )e A1)

_ oflo(-%) g—4log (3)+(1—)] _ o jog(—5) o—i<2[log(~iZ5)+(17)] (98)

and

el™d  exp {jdlog Za]

it follows that

with the constant q given by

q _19 [Iog <_Jk2_d) +1- y} (100)

where the principal part of the logarithm is assumed.
The final formulas are

ggit=a o] (1 o
Jﬁ[_ g fA:(j)nHl(QAn;)B) o

An

Gi(a) =

or

F<_K+i+ 1>exp [—Iog” — qa]
Gi(a) =

VK=a \/cos(kd) eVZF(KJrl) -t (1—i>

%F<—A+i+1>exp[dlong;a_qa] N (1_Ana+ B) (102)
vk —a /cos(kd) e’AT (i + 1) n-1 (1 - :‘n>
G (a) =Gy(~a) (103)

By assuming 2 =1, k =22(1—j107®), b = 1.1Z and a truncated product with N, = 200,
we obtain an error G_ ()G, (a) — G(a) that is vanishing in the range —100 < a < 100. Truly,
e = |G(a) — G_(a)G, (a)| does not depend on g, and asmall errore = |G(a) — G_(a)G(a)]
does not assure that the choice of g given by (100) is correct. We ascertained the correctnes§
of g by taking into account that the function vk — a G, (a) and its inverse (vk — a G (a))
must behave as a bounded nonvanishing constant as & — oo.
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3.2.6.2 Example 6
Factorization of

_ ord sinfz d]
G(a)=¢e —d (104)
Taking into account the considerations of example 5, we get
Smk(:d)exp {— % log 7~ ¢ ; 4 qa} eV%F(E + 1) o (1 - i)
a
Gi(a)= 11 - (105)

a B a
242 n=1 _
r(-5+att) (1 as)

T g0 q=i%llog(- %) 41
q B=0 q]ﬂ{log( kd)+1 y} (see eq. (100))

where
A= -]

2
an = kz—(n—n> n=12,..., Imla,]<0

3.3 Decomposition equations in the w — plane
The fundamental formula to decompose a function is based on the Cauchy egs. (1) and (2):

Fo(a) = — JF(“') do/, F(a) = —— JF(“') da’ (106)

2nj ) o —a 2nj)a —a
71 V2

When the function F(«) to be decomposed presents only branch points due to the function
v = VkZ — a2, it is sometimes convenient to use the previous equations in the w — plane
defined in section 2.9.2.

3.3.1 Evaluation of the plus functions

By starting from F. (a) =52 [ Fl@) g, it is possible to warp the line y, into the line y,

T 2njly d-a

(Fig. 14) surrounding the standard branch line relevant to the branch point a = +k. This yields

1 (F() Rn
Fil(a) _ﬁjja’fada _Zn:anfa

Yo

1 F(a') 1 F(a') Rn

=— do' + — | —=dad' — Y —— 107
ZnJJa’—a a+27tj,[a’—a “ Zn:an—a (107)
Yo1 Vo2

where a, are the poles of F(a) (for the sake of simplicity, we suppose simple) located in

the lower half-plane Im[a] < 0, and R, are the corresponding residues. In the w — plane,
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k=1-j

C Y02
-10* %= Y%o1U%p

Fig. 14: Deformation of the integration path in the ' — plane

2F Yo A = arctan[—Im[z,)/Re[7,]]
F w — plane

7,=k
7,=1-0.1j

-35 [-3 —-25 -2 —gl2-A

%

Fig. 15: Deformation of the integration path in the w — plane

a = —kcosw, by assuming that w belongs to the proper image of a (chapter 2, Fig. 3),
we have

LJ F(a) da’z—ij F(wW)sinw’ dw’
27) ) d —a 27 ) cosw’ — cosw
AP i . (108)
1 F(a) |, 1 Fw)sinw 1 [F(=27—w)sinw
— do/ = ——— [ ———dw' = —
2nj ) a —a 2mj J cosw' — cosw 27| CosW' — cosw
Yo1 Yo1 Yo2

where the notation F(—k cosw) = F (w) has been used.

By deforming ¥%,, on y;, defined by w = —z + j Im{w], Im[w] < O, (Fig. 15), the poles
(located in a proper region of the fourth quadrant) between these two lines do contribute with
opposite signs with respect to —» Ro_ so we obtain

an—a’

aw - > Rn (109)

COSW — COSW — ay — a

F (o) = 1 J [F(W) — F(=27 —w)] sinw’

27
73
where the apex in the summation index implies that the poles to be considered are those in
the lower half-plane Im[a] < 0, located outside the subregion of the fourth quadrant between
the lower lip of the standard branch line and the half line from k to oc; this half line is
defined by a = kcoshu, with0 < u < oco.
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By looking at the w — plane, it is possible to see that the poles to consider are located in
the proper image of the half-plane Im[a] < 0 and must be such that —z < Re[w] < 0.
By introducing w = — + ju, one obtains

1 J F(o) 1 [ [Fm+ju) — Flem — ju)] sin(z + ju) |
— da' = —— - jdu
27j ) o —a 27 ] J COS(— + ju) — cosw
V3
1 [F(~7 + ju) — F (=7 — ju)] sinhu
=—— du
27 coshu + cosw
0
) 7% o0 [F(~m + ju) — If(—ar&—ju)}sinhuOlu (110)
U coshu — X
that is,
1 ([Fea+iu) —FEr—ju) sinhu | Rn
F+(a)__ﬁjj coshu+cosw _Zanf—a
0
:7LJ —7+ju) — F(n - J)]smhu 72 Rn (111)
2 J coshu—E Oy —a

It must be remembered that, when looking at the w — plane, the poles located in the proper
image of the half-plane Im[a] < 0 and having Re[w] < —z must not be considered.

Discussion

In the w — plane the poles to be considered are located in the proper image of the half-plane
Im[a] < O, which does not belong to the region between ¥, and y; (Fig. 15).

In the w — plane the representation (113) stands if Re[w] > —z. If the integral has been
evaluated in closed form, then according to the analytic continuation this closed form
represents the plus function also when Re[w| < —n. Conversely, if a numerical integration
has been adopted, the jump Re[w] > —m, Re[w] < —s has to be studied according to the
observations developed in section 3.1. Note that the singularity u =0 that appears in
F (— & ju) is compensated by the function sinhu.

Example

Decomposition of £ = — L = F (w).

The last mtegrzﬁ of the previous formula provides the following result:

3

. 1 1 1 w
FeW) =~ J j(coshu + cosw) = K sinw (112)

which is in agreement with (16).
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The final formula

[o.¢]

1 —7 + ju) — F (7 — ju)] sinhu Rn
- _Z—J coshu + cosw du_X:kcostrocn (113)

o

shows that the plus functions are even functions in the w — plane, regular at the pointw = 0
corresponding to the branch point a = —k. This is a fundamental property (Daniele, 2001,
2003b, 2004b).

3.3.2 Evaluation of the minus functions

Minus functions may be considered as plus functions evaluated for a = —a. By taking into
account the property of eq. (66) in chapter 2

w(—a) = —w(a) —x

it follows that the minus function F_ (—a) has the form F, (—w — xr) where F, (w) is even in
w and regular at w = 0. Furthermore, the images in the w — plane of the minus functions have
the property of being invariant under the substitution of w with —2z —w, that is,
Fi-w—nm)=F.(W+a)=F (- 2:1 W) — 7).

Starting from F_(a) = — 2]1” ” a, ada we warp the integration path y, to the line y_
(Fig. 16) surrounding the standard branch line relevant to the branch point a = —k. This
yields

__ Y [F@) L [F) Sn
F-(a) = 2ana’—ada _anja’—ada Zocn—a (114)
Y2 Y-

where a, are the poles of F(a) located in the proper upper half-plane Im[a] > 0, and S, are
the corresponding residues.

o’ — plane

—10}

Fig. 16: Deformation of the integration path y, in the a’ — plane
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by
L L T 1 L L
C 0.5 1 15
-1 E
C w — plane
2 [

Fig. 17: Deformation of the integration path b_ (image of y_) in the w — plane

Let us now consider the w — plane & = —z, cosw. In this plane, the line y_ has as image the
lineb_ =b;_Ub,_,and it separates the image of the proper quadrant 2 denoted by the number
2 encapsulated in a square, [, from the image of the improper quadrant 2 denoted by the
number 2, as depicted in Fig. 17 (see also chapter 2, Fig. 4). The reported positive direction takes
into account that when running on v_ on the «’ — plane the proper sheet lies on the left side.

Let us now decompose b_ into b; _ (located in Im[w] > 0) and b,_ (located in Im[w] < 0).
By introducing

F(a') =F(W), da' =7,sinw dw

this yields
1 [ F(o 1 Fw : 1 Fw :
—J () do/ = —=— J Lsmw’dw’ - J ¢smw’dw’
27) ) —a 2] ) cosw — Ccosw 2m] ) cosSw' — cosw
Y- bl— b2—

The substitution of w’ with —w’ in the second integral implies thatb_, = —b_;. Consequently,

sinw’ dw’

1 J Fla) |, 1 J F(w)—F(w)

— do' =—— | ———————=

27) ) o' —a 2] CosSW' — cosw
Y- bl,

By deforming b; — on the imaginary axisw = j Im[w’], Im{w’] > 0, the poles, located in a proper
region of quadrant 2 between these two lines, do contribute with opposite signs with respect
to -5 -, By introducing W' = ju = sinw’ dw’ = —sinhudu, one obtains the final results:

an—ao’

2nj )’ —a ~ 2mj ) coshu — cosw an —a
Y2

F(a)=F (w) = ! dea/— : ofwsinhudu—z Sn
0

(115)
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where the poles to be considered for computation purposes are those located in the half-plane
Im[a] > 0 outside the subregion of quadrant 2, between the upper lip of the standard branch
line and the half line from —k to —oco defined by a = —k coshu, 0 < u < oo. Insofar as the
w — plane is concerned, the poles to be considered are located in the proper image with
—n < Re[w] < 0 (Fig. 17).

In the w — plane, eq. (115) is valid if Re[w] < 0. If the integral has been evaluated in closed
form, then, according to analytic continuation, this closed form represents the minus function
also for Re[w] > 0. Conversely, in the case when a numerical integration has been adopted, the
jump from Re[w] < 0 to Re[w] > 0 has to be studied according to the observations developed
in section 3.1.

It can be ascertained that F_ (w) is a minus function, since it is regular inw = —z(a = 7o)
and F_(—w — 277) = F_(—w). In this case also, as in the previously considered one, the sin-
gularity at u =0 is de facto eliminated by the presence of the function sinhu. However,
sometimes, u = 0 is a singular point because of the presence of a multiple singularity in the
numerator F (ju) — F (—ju). When this happens, there is a pole at u = 0 that cannot be elimi-
nated by the presence of sinhu, and this means that the original integral on b_ does not con-
verge for w' = 0. To perform the integral, b_ has to be hooked at w' = 0 so that the hook is
located in the proper region 2 (Fig. 18).

Example

2
Factorization of the function £ = \/rg - (—ro c0S [% arccos [— 1”) .

The factorization of this function is a crucial point for solving diffraction problems
involving wedges with aperture angle 2(z — ®@)) (see chapter 10).
By introducing the W — plane, defined by the mapping

7] = —7, COS(W) (116)

one finds that

. D
E=—14 sm;w (117)

Fig. 18: The line y_ obtained by hooking the lineb_atw' =0
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The factorization of £ can be accomplished through the logarithmic decomposition of g(7):

CcOoS <(DW) CcO0S <(DW>
97) = 2 logé = Wilogéz aw 27— ® M/ (s

di (CID )  ATo . . <<I>_>
Sin siInwsin|{ —w
7T 7

The presence of the double pole at W = 0 requires the hooking of the line b_ (Fig. 18). The
line with the hook will be denoted by 7 .
Equation (3) provides the minus part of g(7) in the form:

o ()= S g L[ S,

dzn d7 dw

2nj)a —7 27j ) COSW — CcosW
Y2 V-
cos ((D W’)
1 @ n 1
_ L J _ % Ar 1 _gw (119)
27} wty . (®_,\ COSW — cOSW
5 sin -

The contribution of the hooking is given by —3R(0), where R(0) is the residue of the
integrand at W' = 0. It follows that

oS <q) W’)
1 (o)) 1
7)=—5— J = dw’

9-(17) =

2nj ) wte . (@ _,\ COSW — COSW
7 sin[ —w
JT
cos<®w’>
1 b 1
:_ZR(O)+2—JPV J—— d dw’ (120)

w1y . (@ _,\ COSW — COSW
sin(| —w
JT

where P.V. means the Cauchy principal value of the integral.
Since the integrand function is an odd function and the integration path b_ is symmetrical
(Fig. 17), the P.V. integral is null, which yields

1 11 1 1 1 dlog(é)
9-() = ER(O)fﬁ?ol—coswiiroJrﬁ* d7 (121)
Consequently,
1 1
log(é_) = JETd" =log\/70 +7 (122)

By taking into account that the factorized functions may be multiplied by a constant factor,
we assume

_ [Tot+7q
£ =y (123)
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3.3.4 Use of difference equation for function decomposition

The property of the function F,(«) in the w — plane allows a decomposition technique based
on the use of difference equations. In fact, the decomposition problem

F(a) =X(a) + Yi(—a) (124)
may be rewritten in the w — plane as
F(w) =Xy (W) 4+ Yy (W —7) = X (W) + Y (W) (125)

where X, (w) and Y, (w) are even functions, regular at w = 0. By taking into account the
properties of these functions, it is possible to eliminate one of the unknowns, for example, by
substituting w' with —w’ and then subtracting

VoW ) — Vi (w—7) = Ew) — E(-w) (126)
)

This equation is a difference equation in the unknown Y, (w), and it can be solved with the
method described in Osipov and Norris (1999).

3.3.5 The W-H equation as difference equation
In the w — plane, W-H equations may be rewritten in the form
G(W)X (W) = Y, (—w — 7) + Fo(w) (127)

By using the aforementioned procedure, it is possible to eliminate the unknown Y. (w), thus
obtaining the difference equation:

Gw— )X, (WH7) = G(W— )X, (W—7) = Fo(-W — 1) — Fo(w —1)  (128)

The decomposition-factorization and the solution of difference equation are two different
aspects for solving many diffraction problems. However, whereas the decomposition-
factorization constitutes a closed mathematical problem, difference equations may involve
many solutions; therefore, it is necessary to take into account additional conditions for
pinpointing the correct solution.
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CHAPTER 4

Exact matrix factorization

4.1 Introduction

The central problem in solving vector Wiener-Hopf equations is the factorization of an x n
matrix. Even though this problem has been considerably studied in the past, up to now a
general method to factorize a n x n matrix is not known. A discussion of significant
advances, achieved in the last few years, appears in Biylikaksoy and Serbest (1993). In this
chapter, we outline the most interesting ideas for obtaining explicit matrix Wiener-Hopf
factorization.

Before discussing the matrix Wiener-Hopf factorization, it is interesting to mention that
this problem has been considered in the more general framework of the vector Riemann-
Hilbert problem. An important paper on this approach is the one by Chebotarev (1956),
which investigates the conditions under which the vector Riemann problem can be solved by
a simple generalization of the formula derived for the solution of the scalar problem. How-
ever, these conditions are so restrictive that there seems to be no hope that they could apply
to practical cases. Khrapkov (1971) studied the case n = 2 in detail, and in particular cir-
cumstances he stated explicit factorization formulas. In those years, in Western countries the
interest was primarily in matrix factorization relevant to the diffraction by a half-plane
with two face impedances. Even though the solution of this problem was obtained by
Malyuzhinets in 1951 (Malyuzhinets, 1958b), it is rather surprising that researchers did not
succeed in obtaining the related matrix factorization for a long time. In 1975, Rawlins was
finally able to solve with an ad hoc technique the particular case constituted by the half-plane
with one soft and one hard face. Rawlins’s work was substantially improved in 1976, when
Hurd introduced a new method (the Wiener-Hopf-Hilbert method), which solves a large
class of Wiener-Hopf systems of order two. This method provides also the W-H solution of
the diffraction by the two impedances half-plane. A direct factorization formula for the
problems where the Hurd method applies was finally obtained in 1978 (Daniele, 1978). Later
on, it has been shown that Daniele’s method essentially coincides with the results indepen-
dently obtained by Khrapkov (Luneburg & Hurd, 1984).

In most cases, the Daniele-Khrapkov factorization is nonstandard, due to the singular
behavior of the factorized matrices at infinity. Another paper by Daniele (1984a) introduced
an approach that overcomes the difficulty that occurs when the regularity conditions at
infinity are not satisfied. Generally, this approach yields a classical Jacobi inversion problem
(section 4.8.5).

75
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The idea that allows for the direct factorization of a particular class of order two matrices
is based on the concept of logarithmic additive decomposition. This was extended by
Daniele (1983, 1984b) and Jones (1984) to matrices of arbitrary order. In particular, it is
possible to factorize with the logarithmic additive decomposition all the matrices commuting
with polynomial matrices (Daniele, 1984b). However, again the factorization formulas
involve an essential singularity behavior at infinity, and a cumbersome procedure is neces-
sary to eliminate it (section 4.8.5).

It should be remarked that it may be difficult to recognize whether a given matrix belongs
to one of the particular classes of matrices amenable to explicit factorization. In fact,
suitable algebraic manipulations may reduce the factorization of a given matrix to the fac-
torization of a matrix having a very different nature. The entries of the matrices may be
deeply modified by pre- or post-multiplication with rational matrices. The ability to reduce,
when possible, a given matrix to a matrix that can be factorized explicitly requires experi-
ence and mathematical skill.

The possibility of obtaining the W-H factorization of a given matrix in closed form
remains a challenging and fascinating problem. However, the recent improvements on
approximate numerical factorizations (chapters 5 and 6) have overcome this problem from a
practical point of view.

4.2 Some possibilities to reduce the order of the
kernel matrices

Before discussing in general the methods for solving the matrix factorization problem in
closed form, it is interesting to study the possibility of reducing the order of the matrix to be
factorized. Even though this study is far from completion, some examples of reduction of
order of W-H system can be presented. For instance, if we have matrices of order n such that
G(a) or its inverse contains rows constituted by rational elements, we can reduce the order of
the matrix with the following procedure.

Let us suppose that the r row of the W-H equations has the form

Gri(a)F1i(a) + Gr2(a)For (@) + -+ +Gm(a)Fni(a) = Fr-(a) (1)

where Gs(a) are rational scalars. By separating the plus and minus functions in this equa-
tion, we obtain the result (see eq. (15) in chapter 2)

Prl(a)F1+(a) + Prz(a)F2+(a) +ee Prn(a)l:n+(a) =N (a) (2)

where N(a) is a polynomial with a finite number of unknown constants, and Ps(a) are
suitable polynomials. From eq. (2) we can eliminate a plus function (e.g., Fq.(a)), and
substituting into the other n — 1 equations we obtain a W-H system of order n — 1. We
observe that (2) provides a weak representation of Fn,(«) (in terms of the other plus
functions) that is rational. This means that if there is another row of G(a) with rational
elements, we can repeat the previous procedure and eliminate another unknown function
(say F(n—1)+(a)). We can conclude that the factorization of a matrix having only a row with
non-rational coefficients can be reduced to the weak factorization of a scalar. For example,
in this manner we can obtain the factorization of a matrix of order two that contains three
rational entries.
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The reduction of the order holds for matrices having rational eigenvectors. In fact, the
Jordan decomposition of G(a) yields

G(a) = S(a)d(a)S*(a) (3)

where S(a) is the eigenvectors matrix and J («) is a Jordan matrix formed by Jordan blocks on
the main diagonal constituted by the eigenvalues of G(a) (Gohberg, Lancaster & Rodman,
1982). The rationality of S(a) reduces the problem to the factorization of J () (section 4.7). In
general, this can be accomplished easily by using the factorization technique for triangular
matrices (section 4.3).

If the matrix S(a) were nonrational, there remains some hope of accomplishing a
reduction if some eigenvalues present in J(«) are rational. In fact, in the presence of rational
eigenvalues we can rewrite the W-H system G(a) - F..(a) = F_(a) in the form

J(@)$7H(a)F(a) = S7H(a)F-(a) (4)

It is possible that one or more scalar W-H equations involved in (4) present the form (2).
Another matrix form that allows us to reduce the order of the factorization of matrices is

G(a) =A(a) ® 1y + B(a) ® T'(a) (5)

where the symbol @ means the Kronecker product, A(a) and B(a) are matrices of order n,
and 1, and I'(a) = diag[Ti(«)] are the identity matrix and an arbitrary diagonal matrix of
order m, respectively.

Since given the Kronecker product C ® D, there exist permutation matrices P and Q such
that

CeD=P(D®C)Q (6)
We obtain
G(a) =P-W(a)-Q (7)
where
W (a) = 1n ® A() +T(a) @ B(a) (8)

Consequently, since the permutation matrices are constants (their entries are 0 or 1), we
reduce the problem to the factorization of W(a) = 1n ® A(a) + I'(a) ® B(a), taking into
account that T'(a) = diag[Ti(«)] is diagonal. In extended form we have

A(a)+T1B(a) O 0
W(a) = 0 0 (9)
0 0 Aa)+TuB(a)

In this way, the factorization of G(a) of order n-m is reduced to the factorization of m
matrices of order n:

Wi(a) =A(a) + Ti(a)B(a) (10)

Sometimes I'(a) is not diagonal but can be cast in the form

(a) = t(a) - y(a) -t (a) (1)
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where t(«) is rational, and y(«) is diagonal. Taking into account the property
[As(a) - Ag(a)] @ [Bi(a) - Ba(a)] = [Ar(a) @ By(a)] - [Az(a) ® Ba(a)] (12)
and premultiplying by 1, ® t*(«) and postmultiplying by 1, ® t(a), we obtain
L@t Ha) Gla)- 1@ t(a) = A(a) ® 1y + B(a) @ y(a) (13)

The problem is reduced to the factorization of a matrix where T'(«) is substituted by the
diagonal matrix y(a).
In simpler cases we have to factorize:

G(a) =B(a) @ T'(a) (14)

Taking into account (12) and the factorization of B(a) =B_(a)-Bi(a) and of
I'la) =T_(a) - Ty(a), one finds

G(a) =G_(a) Gi(a) (15)
with

G_(a) =B_(0) ®T_(a), Gi(a)=Bi(a) T (a) (16)

4.3 Factorization of triangular matrices

A class of matrix kernels that we are able to explicitly factorize is the triangular matrices
one. A matrix G(«) is a triangular matrix if its entries gij(«) satisfy the following conditions:

gij(a) =0 for i< j lower triangular matrices (17)
or
gij(a) =0 for i> j upper triangular matrices. (18)

The triangular matrices can be factorized with the following method that, without any
restriction and for the sake of simplicity, will be detailed for upper triangular matrices only:

01z Q12 -+ -+ O
0 02 02 .. Oon
G(a)=|0 0 g -+ O (19)

0 0 0 0 gm

The simplest factorization of this class is the one of the order-two matrix 0 g(la) ’ The
additive decomposition of g(a) = g_(a) + g (a) yields the explicit factorization:
1 g@| [1 g-(@|]1 gile )
0 1 0 1 0 1

fvww.ebook3000.con)



http://www.ebook3000.org

4.3 « Factorization of triangular matrices 79

This is remarkable since the factorization problem is reduced to an additive decomposition
that can always be accomplished.
To factorize matrices of order two in the general case, it is very useful to employ

Q11+ 0
0 02

G(a) = Oun Ouw (21)
0 g

1 (g1 ) 'g12(g22s)
0 1

gu- O ‘
0 92

where the minus and plus functions follow from the factorization of the scalars g;1 and go:

011 = 011-911+, 022 = 922922+ (22)
Applying (20) to the middle matrix of the rightmost member of (21) yields the factorization

~ 0 1 |11 0
G(a) = G_(a)G. (a) = 9u 92| |Gu ‘ Qe ’ Oe+ || 911+
0 J22 0 O22— 0 1 0 1 0 O22+
(23)
where
0 |1 _ 1 0
G (a) = g1 H e ’ G, (a) = ’ Oe+ || 9r2+ (24)
0 g2 10 1 0 1 0 02
and ge_ and ge. follow by the additive decomposition of
e = (011-) '912(0221) " = Qe + Qe (25)

For arbitrary matrices of order n = k + m, a given triangular matrix G(a) can be written in
the form

(91 )k (912)km
(O)m,k (gZZ)m,m

where the square submatrices (g11)y and (gz2)p, ., respectively, of order k and m are upper
triangular matrices. Equation (26) reduces the factorization of G(«) to the factorization of
matrices (gll)kyk and (922) ., having inferior order:

(911 )k (912)km
Omk  (922)mm

B ’ (gll—)k,k (O)k,m
a (O)m,k (9227)m,m

G(a) :‘

G(a) = ’

(911+)k,k (0)k,m
(O)m,k (922+)m,m
(26)

where (911)yy = (911-)ix - (921- )y @A (922)pym = (G22-)mm - (9224 )y - IN fact, the fac-
torization of the middle matrix of the rightmost member follows from the decomposition of
the matrix:

Wk (91)10k (912)1m (G224 )
(O)m,k (1)m,m

(9e)em = (G12-)ick (012)em(9224 Jmm = (Ge—Jm + (Get (27)
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This yields the factorization G(a) = G_(a)G, (a):

G (o) = ‘ @ux  Oim || Wi (Gedim
(O)m,k (922—>m,m (0)m,k (1)m,m
(28)
G.(a) = (1)k,k (ge+)k,m (911+)k,k (O)k,m
(O)m,k (1)m,m (O)m,k (922+)m,m

4.4 Factorization of rational matrices

4.41 Introduction

The factorization of rational matrices can always be accomplished explicitly (Bart,
Goheberg & Kaashoek, 1979). The rational matrices are very important in many electrical
engineering problems. For instance, their factorization provides a tool for the solution of the
optimal filtering problem (Wiener, 1949) and the impedance synthesis of n-port networks
(Newcomb, 1966). Unfortunately, these matrices do not occur in diffraction theory.
However, Padé representation allows to approximate an arbitrary function with a rational
function, so approximate factorizations of the matrix kernels involved in electromagnetic
problems can be accomplished by introducing suitable Padé approximants (Abrahams, 2000)
or, more generally, rational approximants of suitable entries of the matrix (see chapter 6).
Every rational matrix R(«) may be rewritten in the form

_P(a)
R(a) = m (29)
where d(a) is a scalar polynomial, and P(«a) is a matrix polynomial of the type
[
P(a) = ZAi al (30)

and Aj are n x n matrices whose entries are constant complex numbers.

Since the factorization of the scalar polynomial d(a) =d_(a)d, (a) is straightforward,
eg. (29) reduces the factorization of a rational matrix R(a) to the factorization of a matrix
polynomial P(a). The fundamental result that allows the factorization of P(a) is the Smith
representation (Gohberg, Lancaster & Rodman, 1982) of the polynomial matrices:

P(a) = E(a)D(a)F(a) (31)

In this representation, E(a) and F(a) are matrix polynomials of order n with constant non-
zero determinant, and the matrix D(a) is diagonal:

D(a) = Diag[dr(a)], r=1,2,...,n (32)

where all the scalar polynomials d;(«) are divisible by d;_1(a).
The factorization of D(a) is given by

D(«) = D_(a)D: (@) (33)

fvww.ebook3000.con)



http://www.ebook3000.org

4.4 « Factorization of rational matrices 81

where, since dy(a) = dr_(a)dir(a),
D_(a) =Diagldr_(a)], r=1,2,...,n, D,(a)=Diagldr(a)], r=1,2,...,n (34)
The factorization of P(a) follows in the form
P(a) =P_(a)P(a) (35)
where
P_(a) = E(@D_(a) Pi(a)=D.(a)F(a) (36)

By taking into account the property of the determinant of E(a) and F(a), E-%(a) and
F~1(a) also are polynomial matrices. Thus, the factorization of the rational matrix
R(a) = R_(a)Ry(a) is given by

R_(a) = i (@)’ R-Y(a) =d_(a)D Y (a)E"Ha) (37)
Ro(@) = @ R7(a) = dy (@)F H(@)D (@) (38)
d.(a) -

Even though the Smith representation (31) has a very deep conceptual importance, it is not
straightforward. In practical cases, it is better to accomplish the factorization of rational
matrices using different procedures. In the following, for the sake of simplicity it will be
assumed that the involved poles are simple; however, the presence of multiple poles requires
only a slight modification of the presented procedure.

4.4.2 Matching of the singularities

There are different techniques to factorize rational matrices. For instance, those based on the
realization theory are very general (Bart, Goheberg & Kaashoek, 1979). In this book, we will
not consider these powerful techniques but will limit our considerations to elementary methods.
In general, the factorization of rational matrices can be accomplished by using the ideas
of weak factorization introduced in chapter 2, section 2.7. However, if only simple poles are
involved, the following technique provides a simpler method.
Let us consider a rational matrix G(a) and its inverse G~1(a) in the form

G(a) = % (39)
G Y(a) = % (40)

where A(a) and B(a) are polynomial matrices of order n, and d(«) and d(a) are scalars. In
the following we will assume

G Y(a)

— 0 and

@ —0 asa— o0 (41)
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As indicated in chapter 2, section 2.6, the homogeneous solutions of the W-H equation

P

@)
(@

where X‘*T*(“) — 0, as a — oo, lead to evaluate factorized matrices in the form:

Xio(a) = Xi_(a), j=12,....n (42)

o

G_(a) = [X1_(a), Xo— (@), ..., Xn_ ()] (43)
G (a) = [Xuy (@), Xas (@), ..., Xni (@) (44)

Let us introduce the functions:

Fis(a) = (45)

where a, has negative imaginary part (Im [ap] < 0). In the following we will assume that a,
do not belong to the null space of G(ap) (this happens if det[G(ap)] =0 and yields
Xj_(ap) = 0). Also, we will assume that a,, do not belong to the null space of G(ay) (it
happens if det[G*(a;)| = 0) and yields X, () = 0. We did not study the problem of the
better choice of a,. By changing the value of ay, it has be shown (section 2.6) that the
factorized matrices G, (o) and G_(«) differ only by a constant matrix.

The homogeneous equation

——Fii(a) =Fj_(a), j=12...n (46)

or

: E;
= _
a ap

=F_(a), j=1,2,...,n (47)

Xj—

where Ej = Xj_(ap), and the plus Fj; («) and the minus F°_(a) = %ﬁ*(“") are standard

Laplace transforms. In the following we set
E1=11,0,00,...] E»;=][0,1,0,0,..],...E,=10,0,0,0,...,1]
This provides n independent solutions of

Pl e (a) = FS (o) +— 3,
a — ap

oL i=1,2....n (48)
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For the sake of simplicity, from here onward we will suppress the subscript j and will
indicate with

ai 1=1,2,..., rzeroes of d[a] having Im[a;] > 0 (minus zeroes)
y; 1=1,2,..., szeroes of d[a] having Im[ai] < O (plus zeroes)

By taking into account (48), and that the zeroes «; i=1,2,..., r of d[a] that have
Im[ai] > 0 induce poles in F_(a), one obtains the representation:

E r R(ai)
F_(a)_a—ap+2i:a—ai (49)
Similarly from
_ B(a)
Fila) = 50y F- @ (50)
one obtains the representation
E >~ T(y)
_ -1 i
Fila) =G o) =+ 3 (51)

The representations (49) and (51) introduce the r + s unknown vectors R(ai) and T (y;).
Taking into account that they have dimension n, the unknown scalars are n(r +s). We

provide n(r + s) equations by evaluating the residues in a; (i=1,2,..., r)in
P(a) _
da) @ =F@ (52)
thus obtaining the r - n scalar equations
Residue[F_(a)],_, = R(ai) = P,(—ai)ﬁ(ai) = i=12...,r (53)
' d(ai)
Similarly, from
_ B(a)
Fi(a) = Alq) F_(a) (54)
the s - n scalar equations follow:
Residue[F..(a)],_, = T(y) = 2((%)) F.(y)= i=12,...,s (55)
' Vi

By substituting the representations (49) and (51), egs. (53) and (55) provide the n(r +s)
scalar equations that yield the evaluation of the residues R(ai)i=1,2,...,r and T(y;)
i=1,2,...,s

In the previous equations, the poles we considered are simple. A slight modification of
this procedure allows us to deal with the case where multiple poles are involved.
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4.4.2.1 An example of matrix of order three
Let us consider the factorization of the rational matrix:

i ) a?+4
a?+1 a?+1
2
+9
G(a) = 1 2 20 56
(@) S (56)
a? 1 )
a2+1 a2+1
that has as inverse
G Ha) =
(o 4 1)(4a* + 7a® —5) a?(a? +1)(4a* +7) 10(a? + 1)
T 4ab+ (1—4))a? — (B+7))a?+5] 4aS+(1—4j)a? — (B+T7))®+5]  4ab+ (1—4j)a* — (3+7))a? + 5]
(@ +1)(a* — 502 +2) (@ +1)(a* + (4 — 2))a® - 2j) (@® +1)(a* + (5—j)a® +4-9))
405 + (1 —4j)a* — (3+7))a® +5]  4ab+ (1 —4j)a* — B+ 7))a® +5]  4ab+ (1—4j)a* — B+ 7j)a? +5j
2a% +3a* — 1 (o +1)(2a* + 2% — ) 2(a2 +1)%(a? +1—-j)
408 + (1 —4j)a* — (3+7j)a? +5j T 40+ (1—4j)a* — (3+T7j)a®+5] 4a®+(1—4j)a*— (3+7j)a? +5j

(57)

The exact factorization of this matrix was accomplished with the method indicated in the
previous section by assuming ap, = —2j. This procedure involves cumbersome algebraic
manipulations that required the use of the computing software MATHEMATICA. The exact
plus factorized matrix G (a) is reported in the following expression:

1 |Mi+ N2+ Nizy
Gi(a) = |Ma1s+ Naop Nozy
Tlnae Nay Nass

where the elements of the matrix are given by

= ((—0.184364 + 1.20287 i) + ) ((—0.184363 + 1.20287 i) + )

(0.999955 i + ¢)(0.999985 i + ) (1.00006 i + c)((0.746591 + 0.040993 i) + a)

(0.746591 + 0.0409929 i) + a)((1.02883 + 0.671793 i) + «)((1.02883 + 0.671794 i) + )
(—0.302761 + 0.0427102 i)((1.20287 + 0.184364 i) — i ) ((—0.184364 + 1.20287 i) + )
(—0.152283 + 3.0795 i) + &) (1. i + ) (1. i + &) ((0.746591 + 0.0409929 i) + )
(0.746591 + 0.0409929 i) + ) ((1.02883 + 0.671793 i) + a)((1.02883 + 0.671793 i) + )

(

Ny = (
(
(

niz— = (1.96889 — 0.212392i)((—0.184364 + 1.20287 i) + «)((—0.184364 + 1.20287 i) + «)
(1.i+ a)(1.i4 a)((0.108318 + 0.995883 i) + «)((0.746591 + 0.0409929 i) + a)
((0.746591 + 0.0409929 i) + )((1.02883 + 0.671793 i) + «)((1.02883 + 0.671793 i) + «)
(1.73121 + 0.570419i)((—0.184364 + 1.20287 i) + )
((—0.184364 + 1.20287 i) + a)(L. i + a)(1. i + a)(2. i + «)((0.746591 + 0.0409929 i) + a)
((

0.746591 + 0.0409929 i) + o)((1.02883 + 0.671793 i) + «)((1.02883 + 0.671793 i) + )

N3+ =
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Moy, = (1.0738 + 0.26881 i) ((—1.219383 + 1.12365 i) + ) ((—0.184364 + 1.20287 i) + a)
(—0.184364 + 1.20287 i) + a)(L. i + &)(L. i + @)((0.746591 + 0.0409929 i) + 1)
(0.746591 + 0.0409929 i) + a)((1.02883 + 0.671793 i) + «)((1.02883 + 0.671793 i) + )

Ngoy = (2.03862 — 0.351043 i)((—0.184364 + 1.20287 i) + a)((—0.184364 + 1.20287 i) + )
1.i+ a)(1. i+ a)((0.16407 + 1.0472 i) + a)((0.746591 + 0.0409929 i) + a)

(0.746591 + 0.0409929 i) + a)((1.02883 + 0.671793 i) + «)((1.02883 + 0.671793 i) + )

(

(

(

(

(

(
Naay = (2.27122 + 1.25689 i) ((—0.184364 + 1.20287 i) + ) ((—0.184364 + 1.20287 i) + a)
(1.i+ a)(1. i+ )((0.310885 + 2.56178 i) + «)((0.746591 + 0.0409929 i) + )
(
(
(
(
(
(
(

(0.746591 + 0.0409929 i) + )((1.02883 + 0.671793 i) + «)((1.02883 + 0.671793 i) + )

Nap; = (0.806631 — 0.0701351 i)((—0.184364 + 1.20287 i) + a)((—0.184364 + 1.20287 i) + )
1i+a)(l i+ a)((0.142644 + 0.359436 i) + «)((0.746591 + 0.0409929 i) + )
(0.746591 + 0.0409929 i) + a)((1.02883 + 0.671793 i) + «)((1.02883 + 0.671793 i) + )

N3z, = (0.22622 + 0.403998 i)((—0.184364 + 1.20287 i) + «)((—0.184364 + 1.20287 i) + )
1i+a)(L i+ a)((0.255013 + 3.42795 i) + a)((0.746591 + 0.0409929 i) + «)
(0.746591 + 0.0409929 i) + o) ((1.02883 + 0.671793 i) + a)((1.02883 + 0.671793 i) + )

Nass = (2.27122 + 1.25689 i) ((—0.184364 -+ 1.20287 i) + «)((—0.184364 + 1.20287 i) + a)
(1.i+ a)(1. i + )((0.310885 + 2.56178 i) + «)((0.746591 + 0.0409929 i) + )
((0.746591 + 0.0409929 i) + ) ((1.02883 + 0.671793 i) + a)((1.02883 + 0.671793 i) + )

where the symbol i represents the imaginary unit j.
It has been verified with MATHEMATICA that the matrix G_(a) = G(a) - G} (a) is a
minus factorized matrix.

4.4.3 The factorization in the framework of the
Fredholm equations

The formulation of W-H equations as integral equations points out also an important class of
matrix kernels G(a) yielding closed form solutions. In addition to the rational matrices, these
are the quasi-rational matrices. They are defined as the meromorphic matrices that, with their
inverses, involve a finite number of poles.

Consider the Fredholm eqg. (1.54), and let us assume the presence of only simple poles in
G(a); let us denote with B; those poles located in the Im[a] > 0 half-plane. The residue
theorem yields

1 T OB ~ P ()4, _ 5~ CHRF: (5)

27 | u—a ; Bj—a

—00

where R; is the residue of G(u) in ;. Consequently, eq. (1.54) can be rewritten in the form

Fila) = [Z e ﬁj —Foi(a) (58)
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The poles a; of G™1(a) that are located in the half-plane Im[a] > 0 are offending. It is
required that the vectors }; RJFﬁ f J

J
defined by

— Foi(aj) be in the null space of the matrices W (a;)

W(a) = [J(e - @)6 ()

This allows us to obtain the unknowns F . (f;) that provide, through eq. (58), a full repre-
sentation of F(a).

4.5 Techniques for solving the factorization problem

4.5.1 The logarithmic decomposition

As it happens for the scalar case, the most powerful method for factorizing matrices G(a) is
the one relying on the concept of logarithmic decomposition (Heins, 1950a) consisting in the
additive decomposition of log[G(«a)] (chapter 3, section 3.2.1):

log[G(a)] = y_(a) + v (a) (59)
The factorization of G(a) = G_(a)G. (a) is given by
G_(a) =exply_(a)], Gi(a)=exp[y,(a)] (60)

It is fundamental to observe that the application of egs. (60) requires that the matrices
y_(a) and y_ (a) commute. This always occurs for scalar kernels and it is the reason that
allows for the general solution of the scalar W-H equation in closed form.

4.5.1.1 Use of the logarithmic decomposition for rational matrices

In this example, we show that rational matrices can be factorized using the logarithmic
decomposition. This procedure is very cumbersome but also important since it can be
extended to arbitrary nonrational matrices that commute with rational matrices (section 4.9).

To show that in the case of rational matrices the logarithmic decomposition yields two
commutative matrices y_(a) and ¢ (a), let us consider Cayley’s theorem:

log [z((:;ﬂ = o(a)l + i (a)P(a) + - - + 1 (a)P" L (a) (61)

where n is the order of the rational matrix R(a) = ( LIf R(a) has distinct eigenvalues 4;(a),
the functions y;(a) may be obtained by the Sylvester formula (Pease, 1965, p. 156):

log[R Zlog HR(/{L}JM (62)
i#

\_/

The decomposition of

Pi@) =y (@) +pi(@) i=01...n-1 (63)
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yields the following factorization:

G(a) =R(a) = G_(a) - G (a) (64)
where
G- (@) = exp[Yo_ ()1 + 1 (@)P(a) + -+ + Y- (@P (@) (65)
G. (@) = oxp[You (@)1 + 1 (@P(@) + -+ + Py (P (@) (66)

Since P(a) is a polynomial in the variable «, these factorized matrices are regular together
with their inverses in the half-planes Im[a] < 0 and Im[a] > 0, respectively; furthermore,
they commute since they are both functions of the same matrix P(«).

However, the previous factorization is in general nonstandard. We cannot use these fac-
torized matrices when they have nonalgebraic behavior as a — oc. To overcome this diffi-
culty we observe that factorized matrices differ only for the presence of entire factors, so that
the factorized matrices G_(«) and G («) having algebraic behavior have the following form:

G(a) =G-(a)U(a), Gi(a) = VU }(a)G.(a) (67)

The explicit evaluation of the entire matrix U («a) is a formidable task. In the presence of
rational matrices or even of matrices having only discrete spectra, we introduce the fol-
lowing technique for accomplishing it (Daniele, 1986). Apparently, no better method seems
available. By assuming well-posed problems, we are dealing with factorized matrices
G_.(a) and their inverses whose elements behave as |a|” (p < 1) for & — oco. Conse-
quently, it is possible to use Mittag-Leffler expansions for these matrices. By taking into
account the presence of simple poles, this yields

6-(0) =6 (@) = Y To( 15 - 5 JU-AI +G-OUO) (68

1 A -1 B ~ 1 1 ~ -1
G (a) =G, (a)U(a) = ; Rn (a . +a—n) U(an) + G, (0)U(0) (69)
In these representations, —f (s :Al_,12, ...)and an (n =1, 2,...) are the simple poles, with
residues Ts and R, of G_(a) and G, " (a), respectively. U (0) is an arbitrary constant matrix
that can be set equal to the identity matrix: U (0) = 1.
From egs. (68) and (69) it follows that
V) =67 ST (25— 5 U5+ 6-OU0)
- a+pBs B °
(70)

U(a) = G4 ()

. 1 1 |
R — U G, (0OuU(0
Xn: n(a—anJran) (an) + G, (O )]

Since G+(a) and R, are known, the previous equations allow for the evaluation of the
entire matrix U (a) through its samples U («,) or U (—f;). This evaluation of U(a) is not
necessary because we observe that through the third member of egs. (68) and (69), the samples
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U(an), U(—pB) and the values G_(0) and Gll(O) directly provide the standard factorized
matrices G_(«) and G;*(a). To obtain a system of equations for the samples U (a;) and
U(—f,), we set o = an and a = —f, respectively, in the two egs. (70). We get the following
system:

u<an>=él<an>[2fs<an 7 UR) + 60 <O>]

S

(1)
U(-p) =6 (&)[Z R - :n)u<an>+éll<0>um>]

We can reduce the order of this system by elimination. For instance, by eliminating U (—2)
we obtain the following system:

U (an) = G (am)| Y Qn(am)RnU (@n) +V (an) (72)
where the known functions Qy(«) and V(na) are given by
i Drw ey e AR
(73)
V(a) = {é<0> +3 (ﬁ - [és)fsé+<—ﬁs>éf<0>}U<O>
The solution of the system (72) yields U ():
U(a [ZQn )RaU (an) + V(@ )1 (74)

When the number of poles involved is finite, the system (71) or (72) can be solved in closed form.

The difficulty of the technique suggested in this section for the factorization of rational
matrices is constituted by the evaluation through Cauchy integrals of the decomposition
functions indicated in eq. (63). We will show later that these integrals are abelian integrals
(Bliss, 2004). However, in the following concrete example these functions do not appear in
the final expressions of the standard factorized matrices G_(«) and G*(a).

Example 1

We apply the aforementioned procedure for the rational matrix considered in the example in
section 2.7:

- n(a) () ‘ p(a)  —jqn(a)
1 jg——= a1 —j9—= —jap(a)  pla)
R(a) = p(a)|, R(a)] " =—= pla)| = :
q 1 r(a) i 1 (1+02)(a? +C?)

where C = \/leiq;fz, n(a) = a + A2, p(a) = a? + B, r(a) = detR(a)] = (1 + ¢?) L&,
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We observe that R_(a) presents only the pole —f, = jB with residue Tl, and R ( ) only
the pole a; = —jC with residue R;. Consequently, system (71) becomes®

U(-10) =R (0 |Tautie) (- g +55) +R-©)

. L . . 1 1 A1
U(jB) =R+(jB) {R1U(—1C) (j(B—&—C) - jC) +R, (0)]
The elimination of U (—jC) in these equations yields the following equations in the sample

U(jB):

[lle\]zR (jB) Ry -R(=jC) - T ] -U(jB)

=R.(B)- [R] 1<0>+32Rl (-ic)-R-(0)]

where
1 1 1 1
J — T =< T J - =T T =
! J(B+C)+JB 2 iB+C) jC
Taking into account that
P _
R, (0)R_ (a) =R *a)

we observe the following simplification:

R1-R™'(—jC) = Res[RY(a)]|

a—jc = Re = r'(—jC)
with

1 . (B2-c?)
r(—jc) ) 2q?c(BZ — A7)

Consequently, we must solve
[1-313R.(B) -Re - T1] - U(jB) = R.(iB) - [R,"(0) + 1Rc - R- ()] (75)

This equation does not require the knowledge of the residue Rj.
To factorize R(a) using the logarithmic decomposition, we observe that

log[R(a)] = ¢o(@)1 + @1 (a)R(a)
where being 4; and 1, the two eigenvalues of R(a), ¢o(a) and ¢, (a) must satisfy
log[41] = @o(@) + @1(@)A1, log[lz] = @g(a) + @1(a)i2

! Take into account that U (0) = 1.
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Solving these, we get

1 1
oule) = — IOQJ/1 Fo(@) = 37—~ (A1l0g 22 — Az log 41)

and taking into account that
A2 =1%jq

we obtain

log[R =logy/r(a)l +

24/n( n(a)
p(a)
This yields the two factorized matrices:

R_(a) =+/r_(a)exp [%t(a)

where, being y, the frown real axis (section 3.1),

n(t)
—iC 1 1+ijq

r(a) =1+ @l t,(a)zj log pl)

a—jB VROP®) 1 —jg, /A0

Y2 p(®)

Since for the time being we are interested only in the residue T at the pole « = jB, we warp

y, 10 the closed line that encloses the branch lines relevant to the branch point a = jB. Then,

the evaluation of the jump of the integrand between the two lips of the branch line yields an
integral on the branch line that can be evaluated explicitly:

1
\/23 —B2)a— B

t_(a) =t_(a)+2jn

where t,_(a) is regular at a = jB. )
Substitution in the exponential present in the expression of R_(a), an algebraic manip-
ulation shows that the residue T3 does not depend on t,_(jB), and we get

0 1 . B2 + g?A2 5 A2 — B2
=2y o" a=] (B_\/W Vita =g

To solve eq. (75), the value of R_(0) = R, (0) is required. It is easily obtained since

—>
=

R_(0)-R.(0) = R* (0) = R(0) = /r(0) exp Et(O)’ p(oo) ©) H
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whence after algebraic manipulations

_ _ A : :
A_(0) 1 VBF]0A + B — oA §<\/B+qu—\/B—qu>
- = s (B , ,
2T ¢/B% + ?A g (\/B FjgA— /B — qu) VEFJGA + VB —JoA
where T = B

Cy/1+c2
Finally, the quantity R. (jB) is also required. Unfortunately, the direct evaluation of
R_(jB) through the factorized matrix R («) introduces nonelementary functions. So we try
to obtain this value by taking into account that

R_(a)R:(a) =R(a)
Then

A2 _ B?
T1R, (jB) = ReslR(@)]],_p = Rs = |° 9~ 28
0 0

This equation does not allows us to obtain R (jB) bece}use T is not invertible. To overcome
this difficulty, we multiply both members of (75) by T, and obtain

[T~ 3132Rg - Re - Ta] - U(jB) = Re - [R1(0) + J2Rc - R-(0)]

Substituting the values of Rg, Rc, T1, R_(0) and IQ;l(O), the previous equation assumes
the form

e €
0 O

01
00

U1 (jB) U12(J'B)‘
U21(jB)  U2(jB)

where e; and e, are known quantities not explicitly reported.
The previous equations provides the evaluation of

U1 (jB) =e1, Uxn(jB) =e

The other two components U;1(jB) and Uq2(jB) remain indeterminate, but fortunately we
can show that they are not required for the evaluation of the standard factorized matrices
R_(a) and Ry (a). In fact, the standard factorized matrices have the form

R_(0) + T,U(jB) (a _1jB +jiB>

R_(a)

-1

R (a) =R, (0) + F?lU(—jC)(ﬁ_ji()

where
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and R1U (—jC) follows from the equation that relates U (—jC) to U (jB):

U(-i0) = R (10 [T 8) (g g5+ ) +R-O)]

1 1 .
=~ += ] +R_(0
( j(B+C) JB> ( )}
For the sake of brevity we do not report the explicit forms of R_(a) and R (a). However,

we have verified that the found expressions are standard factorized matrices and satisfy

R_(a)-R-(a) = R(a)

Finally

€1 €

R1~U(—jC)—RC‘|:a 0 0

4.6 The factorization problem and the functional analysis

We observe that it is always possible to reduce the factorization problem to an integral
equation (section 1.6):

00 1 u 1 o
FWH% J (G u(_f(”)ufa)a(u)dujw(ju (76)

-0 "

whence we can resort to the main methods for solving integral equations. They are the
iterative method, the Fredholm determinant method and the moment method, which include
the Ritz-Garlekin method and the least square method (Ivanov, 1976).

4.6.1 The iterative method

The iterative method is based on the Neumann equations that invert the operator 1 — A:
L-AT"=1+A+A ..., A<l (77)

Equation (77) applies to (76) by assuming

A Al — L <G—1(a)e(u) 1)

C2tj\ u—a  U—a

A factorization iterative algorithm that avoids the formulation in integral equations is indi-
cated in Wiener and Masani (1958) and Jones (1991). Letting

G(a) =G (a)G_(a) =1 —A(a)
GiY(a) =1+R(a)
an explicit formula for R(«a) is given by Wiener and Masani (1958):
R= {A}+ + {{A}+A}+ + {{{A}+A}+A}+ + e (78)

where { f}, is the symbol of additive decomposition (section 2.2).
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The practical calculation of more than one or two terms in (78) may be prohibitive.
Besides, it is regrettable that dealing with rational matrices this series cannot be evaluated in
closed form. Thus, further studies are necessary to make (78) effective in practice.

4.6.2 The Fredholm determinant method

The inversion of operators defined in finite spaces (matrices) can be accomplished by using the
determinant theory. To extend this method to infinite spaces, firstly we must define in an abstract
way the determinant of an arbitrary operator L. Starting by the traditional definition we obtain

det[L] = exp{Tr[log L]} (79)

where Tr[M] is the trace of the operator M.
Toinvert L =1 — AK we set

D
L‘l:(1—/1K)’1=1+/1K(1—/1K)’1=1+/1ﬂ (80)
A(%)
where 4 is an arbitrary complex variable and

D(A) = K(1 — AK) ‘det(1 — 1K)
A(4) = det(1 — 1K)
For K constituted by compact operators, the functions D(1) and A(4) are entire on A. (This is

the reason for the normalization with the determinant A(1).) Consequently, we can expand
D(4) and A(4) in series that are valid for arbitrary values of A:

22 WA
A(R) = Ao = Mg+ 578 oo 4 (=1)" g -
,1.2 nz:“ (&)
D(4) = Do —AD1+§D2+-~-+(—1)”mDn NEP
where
Ao=1, A =Tr[K], A;=Tr[K3 - (TrK])% ...
Do=1, D;=KTrK]—K2 D;=K(Tr[K])? = K Tr[K?] — 2K2Tr[K] 4 2K3, ...
Dn = K(Anl —nDy_1)
For integral operator M
M-f— JM(a,u)f (u)du
we have
TrM] = JM(U, u)du,
(82)

M2 .f — J UM (a, t)M(, u)dt}f(u)du

and so on.
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By assuming A = 1, K — K(a,u) = -1 (S-(@CW _ 1) the previous equations provide

T 21 u—a u—a)’

the exact solutions of the W-H equations (and the involved factorization problem). However,
we are confronted with an infinite series whose coefficients are multiple integrals of the type

J J J K(a,tl) . K(a,tg)...K(tr,U)dtldtz...dtr, r=12,... (83)
—00 —00 —00

r
Despite considerable progress in the numerical evaluation of integrals, at present the
numerical evaluation of the previous expression is still impractical.
Conversely, the numerical solution of Fredholm equations by using quadrature formulas
is possible and constitutes the best method for obtaining efficient approximate solutions of
the W-H equations (see chapter 5).

4.6.3 Factorization of meromorphic matrix kernels with
an infinite number of poles

The factorization of matrix kernels that are meromorphic is very important in electro-
magnetic problems involving only infinite discrete spectrum. The concept of the matching
of the singularities described in section 4.4.2 and the method reported in section 4.5.1.1
(Daniele, 1986) apply again, but they imply the solution of a system with an infinite number
of equations. The solution of this system cannot generally be accomplished in closed form,
thus approximate techniques are required.

For instance, the solution of the infinite system of equations can be accomplished by a
truncation procedure. Unfortunately, the convergence of the numerical results is guaranteed
only when the operator A involved in the solution of the system is a Fredholm operator. To
obtain it, functional analysis suggests the decomposition of the operator A in the form

A=A,+C

where A, has an inverse that can be obtained in closed form, and C is a compact operator.
This leads to the concept of the dominant equation

Ag-Xx+C-x=y (84)
or to the regularized equation
(1+T)x=Ay (85)

where 1 + T is a Fredholm operator, since T = A, 1C is a compact operator. The compact-
ness of T legitimates the use of a truncation procedure or other approximate techniques.

In factorizing meromorphic matrices, often the regularization requires the inversion of an
infinite matrix A, whose entries are

N

a-j—pB_;
The inversion of this matrix can be obtained in closed form (Mittra & Lee, 1971; Daniele &
Zich, 1980; Daniele & Gilli, 1997).
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The weak factorization may be generalized to deal with the very important cases in which
there are infinite offending zeroes (Blyiikaksoy & Serbest, 1993; Idemen, 1977, 1979;
Abrahams & Wickham, 1990); for example, the factorization of an arbitrary meromorphic
matrix can be considered as a weak factorization problem. In these cases the problem of
truncating effectively an infinite number of equations must be considered very carefully.

4.7 A class of matrices amenable to explicit factorization:
matrices having rational eigenvectors
All the matrices may be represented by the Jordan form:
T(@) = S())(@)S(a) ™ (86)

where S(a) is the eigenvectors matrix, and J(a) is a Jordan matrix having the form (Pease,
1965):

3(e) = quasidiag{Jm, (1), I (A2), - -} (87)

In (87) Jm,(4i) is the m; x m; Jordan block relevant to the eigenvalue ; = Ai(a) (with
multiplicity m;) of T (a):

A 1 0 - 0
0 4 1 - 0

Im()=]0 0 A - .- (88)
0 0 0 - A

The factorization of T («) can be accomplished explicitly (in a weak form) if the matrix S(a)
is rational. In fact, in this case, eq. (86) reduces the factorization of T («) to that of the Jordan
matrix J («), that, in general, is triangular and can be accomplished with the method reported
in section 4.3.

Besides the general method indicated in section 4.3 for triangular matrices, the factoriza-
tion of the matrix J () can be accomplished by the logarithmic decomposition of Log[T (a)]
by taking into account that (Pease, 1965) a generic function of a matrix f (T) is given by

f[T(a)] = S(a) quasidiag{ f [Jm, (11)], f [Im2(22)], ... 1S *(ax) (89)
with
1 ! 1 " 1 mi— _
f(ll) ﬂf(ﬂi) Ef (l,) (mi_]_)lf( 1)()")
i i ! 1 (mi—2) (9.
T B T A
0 0 f(h)
1
o0 0 (k)
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Since it easy to ascertain that the decomposed matrices of f [Jn, (4i)]
Flm (4] = {f P (AT} - +F I (4]}, (90)
do commute, the following explicit factorization of T (a) follows:
[T_()] = S(a) quasidiag {exp[{Log[Im, (11)]} ] exp [{Log[n, (2)]}_]....}S ()
[Ti(a)] = S(a) quasidiag{exp[{Log[Im, (41)]}. ] exp[{Log[Im,(22)]}. ], . .}S*(a)

Example 2: Factorization of a particular matrix

The factorization of the following matrix M(a) was considered by Achenbach and
Gautesen (1977):

a?d(a) +170(a)  anfd(a) — d(a)]
anlo(a) —d(a)]  a’d(a) +rd(a)

where d(«) and d(a) are functions of a, and the parameter # is a constant. The eigenvectors
are rational:

1
a? +n?

M(a) = (92)

—an P

an  a?

1

a
7 - =
a? + n?

(93)

Consequently, it is possible to achieve a weak factorization of the kernel M («) by factorizing
the diagonal matrix J.

Example 3: Matrices of order two having a particular form

The matrices G(a) = b(la) a(la) can be (weakly) factorized in an explicit form if
a(a) _n(a)
o N N 94
b(a) ~ pla) 54

where n(a) and p(a) are polynomials. In fact, in this case S(a) is rational since we have

a(e) fa(e)| |_nla) n(a)
b(a) '\ b(a) | p(a) p(a
1

1

~— | —

(95)

4.8 Factorization of a 2x2 matrix

4.8.1 The Hurd method

Let us suppose that the matrix to factorize presents singularities constituted only by branch
points a = £k (Fig. 1) and has the form (Hurd, 1976; Bilylikaksoy & Serbest, 1993)

_|Gi(a)  Gi(a)Ga(a)
Gla) = Gs(a) —Gz(a)és(a) (9°)
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Fig. 1: Branch cuts and branch points of G(«)

Additionally, we assume that the two values of G;(a) on the two lips | and r of the branch
line a = —k are opposite. By using the notations

G(a)lear = Gi(@), G(a)]aer = Gr(a)

it follows that

Gz|(a) = —G2r(a) (97)
From the W-H equation G(a) - F;(a) = F_(a) we get
Gr(a) -Fi(a) =F_r(a), Gi(a) Fi(a)=F(a) (98)

where, since F(«) is regular in Im[a] > 0, we write
Fi(a) =Fi(a)lea = Fi(a)]aer

We can eliminate the unknown F, (a) in (98) and obtain the following Hilbert problem:
Gi(a)G; () - Fr(a) = Fi(a) (99)

With the specified condition on G(a) we get

0 Gu(a)
6106 @) = | g0 (100)
Glr(a) 0

and the factorization of G;(a)G,*(a) (in the Hilbert problem) reduces to the factorization of
scalars.

The Hurd method is very powerful for studying diffraction problems by half-planes. It
can be extended to cases where a finite discrete spectrum is present.
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4.8.2 The off-diagonal form

A matrix of order two can be rewritten in the following off-diagonal form:

(101)

There are many ways to reduce a general matrix of order two to the off-diagonal form;
_ [Myu(a) mip(a)

for example, it is possible to rewrite the general matrix M(a) = Mor(@)  Moa(a) by
21 22
considering that
M () = ‘mll(a) Maz(a)
m21(a) mgz(a)
1 mlg(a)
_ ‘mn(oo 0 Mgy (c)Maz (@) ‘mm(a) 0
0 mzzf(a) m21<a) 1 0 m22+(a)
M2z (a)My1 (@)
(102)
where

M1 (@) = M- ()M (a)  Mz(a) = My (a)Mye (@)

The factorization of M(a) is thus reduced to that of the central matrix, that has an off-
diagonal form, where

mlz((l) ) o le((Z)

= Mz (e, (@) (103)

) = o (@mae (@)
There are many other ways to reduce matrices of order two to off-diagonal form, since it is
possible to modify the structure of the original given matrix M(a) to the matrix
Wi ()M (a)Wz(a), where Wy(a) and W, (a) are (with their inverses) arbitrary minus and
plus functions or arbitrary rational functions. When Wy («) and W, («) are rational, the fac-
torization of M (o) = M_(a)M. () yields to a weak factorization of the given matrix G(«).

The matrices of order two with off-diagonal form have some interesting properties. For
example, if the left factorization is known

1  a(a) w- o_||9L 7
G(a) = = + 104
(@) ‘b(a) 1= e elle & 104)
then the right factorization follows (Jones, 1984):
1 aa) w_ o_||Y, 7 E . |lp. o_
Gla) — — =%+t I+ 105
(@) ’ b(a) 1 - P ‘ ¢y &y ¢r ViflT- o- (105)
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Before considering explicit factorization techniques for matrices of order two, we remark
that the following equation can be useful in many cases:

bf

gl If o] [a b| |1f 0

g| = . . 106
cfg d ’O 9’ c d’ ‘0 1/9. (106)

or

of
a b‘zll/f o‘. a 5_’f o'

c d 0 1/9| |9 ¢ 0 g
f
An off-diagonal matrix of order two b(la) a(la) is called a Daniele matrix when the

function % is a rational matrix of «, that is,

= 2% (107)

where n(a) and p(a) are polynomials.

4.8.3 Reduction of matrices commuting with polynomial

matrices to the Daniele matrices
Many matrices of order two have the Daniele form. For instance, Hurd (1987) showed that
all the matrices of order two commuting with polynomial matrices reduce to matrices having

the Daniele form. To obtain this result, let us consider the matrix W («) commuting with an
arbitrary rational matrix

R(a) =—= (108)

li(a) m(a)
n(a) lz(a)

For matrices of order two, Cayley’s theorem provides the following representation of the
matrix W (a):

where d(a) and P(a) = are polynomials.

W(a)=1+f(a)P(a) (109)

where f (a) is an arbitrary scalar, and 11 (), I2(a), m(a), n(a) are arbitrary polynomials in a.
It may be observed that W (a) can be rewritten in the alternative form:

-1

(110)
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where
1 1
s(a) =1+ 5H(@)[li(e) +l2(a)],  Na) =3 [li(a) —l2(a)]
f(a) fla) 2
= — _ 1 I
() = 5oy P = g [F(@) + mien(e)]
This form shows that the factorization of the matrix W («) reduces to that of the central
. 1 a(a) . a(a) 1 . . . . .
matrix ba) 1 | Since Bl = TPl Tmana)] 18 rational in «, this central matrix has the
Daniele form.
Alternatively, simple algebraic manipulations yield the alternative form
_ l(a) m(a)
W(a) =s(a)l+f(a) n(@) —I(a) (111)

Matrices having this form are called Khrapkov matrices since their explicit factorization has
been studied in the paper by Khrapkov (1971).
Example 4

Let us examine again the factorization of the matrix considered in Achenbach and Gautesen
(1977):

1 a?d(a) +n?5(a) an[d(a) —d(a)
M) (@ anfd(e) - d(a) 112
az 40| anfd(a) —d(a)]  ad(a) +n°d(a)
where d(a) and () are functions of a and the parameter # is a constant.
We observe that M («) commutes with the polynomial matrix:
_|=? it an
Pla) = ’ on 0 (113)
The representation of M (a) follows:
M(a) =c(a)[l+f(a)P(a)] (114)
By comparison with (112) this yields
a?8(a) + n*d(a) o(a) —d(a)
C(a) - az——'_nz, (a) = m (115)
The factorization of M («a) is reduced to a Daniele matrix where
— _ 2 2
e Ao —d@] o) — d(@)](« + ) (116)
(@® +7%)[6(a) +d(a)] 2[0(a) +d(a)]
a 4
- 117
b (a? +n?)° .
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In this case \/E is rational, so we can use the technique previously described.
Daniele matrices can be rewritten in the form

1 a(a)| 1 h(a)n(a)
b(a) 1 | |h(a)p(a) 1
where h(a) is a known function, and n(a), p(a) are polynomials.

Using (106), we can put the Daniele matrix in a form such that all the zeroes of the
polynomial n(a)p(a) are present only in an off-diagonal entry. For instance,

(118)

_| 1 flo)n(a)p(a)
W(a) = ‘f(a) 1 (119)
In fact, let oy be a zero of p(a). Equation (106) yields
1 h(e)n(a)| _ ! 0| h(a)lp(a) h{a)n(e)(a - o) Ja—a1 0
h(a)p(a) 1 e a — 1 0 1
a — a1
(120)
By taking into account that in the second member, the first and third matrices are rational,
the factorization of the L h(a)n(a) reduces to that of
h(a)p(a) 1
1 h(a)n(a)(a — a1)
h(a)p(a) 1 (121)
a — adj

In this manner, the zero a; of p(a) is now present only in the off-diagonal entry
h(a)n(a)(a — a1). By repeating the same procedure for the other zeroes of p(a), we obtain
eqg. (119) where f(a) differs from h(a) by a constant.

4.8.4 Explicit factorization of Daniele matrices

The Daniele matrices can be factorized explicitly (Daniele, 1978; Rawlins, 1980) by using

6(@) = |y 13| =6-@)6. (@ (122)
where
6w - ve@ eofirw| " -
coshBt(a) n(a)p(a)] %sinhgt(a) n(a)p(a)}
=V9-(a)
Pl@) o [X o 2t (a)y/n(a)p(a
sinh 3t (@ VA@R@|  cosh| St (o)A@l
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6.() = VE@ e jt@)| | " -
1 n(a) . [1
cosh {2t+(a) n(a)p(a)} msmh [2t+(a) n(a)p(a)]
= v9+(a) 1 1
%sinh [§t+(a) n(a)p(a)] cosh {zu(a) n(a)p(a)}

(124)

In these expressions, g_(a) and g.(a) are the factorized scalars of the G(«) determinant
g(a) = Det[G(a)] = g-(a)g+(a) (125)
The functions t_(«) and t, (a) follow from the decomposition of the function t(«) defined by
ta) = L jog it VAWD@) _t @) (126)

g
n(a)p(a) ~1-—/a(a)b(a)
where y; and y, are the smile and frown real axes (section 1.6), respectively, so we have

t (@) = — Jt(“) du, t ()= —— Jﬂdu

T 27jJu—a C2rjJu—a
71 72

Usually the decomposition of t(«) requires tedious calculations. An alternative expression is

1 9(a)
t(a) = log = t_(a) +t;(a)
n(@)p(@)  [1- /ala)b(a)]’
This expression put in evidence the branch points present in the logarithm that are the
singularities of the determinant g(a) and its inverse g~ (a).

Example 5: Factorization of a rational matrix occurring in diffraction problems

The following matrix is important in diffraction problems in stratified media (section 7.5 in
chapter 7):

2
To —N Qo
—na, T2

C_kX

x=\/kK—n*—ad a,=1/k*—12, T=+k>—1?

It can be reduced to Daniele form using

where

L 1%

YO To 0 To(k_n) To 0

@(0 k+f7> _ % 1 <0 k-ﬂ)
to(k +177)
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1 — I
The central matrix M(a) = ’ nae ’°ik”7) has the form (122) and can be factorized
 ro(kt)
by using (123) and (124):
0o 1o
a=————, b=————, n=k+y, =k -
w0k = 1) rolk +7) nop=ET
K22 1145
g=1—ab= ZXZ:g,g+, t==log—% =t +t,
ToT T T Tor
9= 570 +n
o KF7y

To decompose t, we observe branch points = +1, (poles of g) and n = tk (zeroes of g).
For the sake of simplicity, we consider only the factorized matrix M, (7). First we warp the
smile real axis y, to the closed lines that enclose the branch lines relevant to the branch
points # = k and # = 7,. Then we evaluate the jump of t on the two lips of branch lines. This
evaluation shows that the jump is the same for both branch lines and assumes the value @
The two branch lines can be connected with an arc located at infinity. In this way, we obtain
a line joining the two points 7, with k that can be warped in the segment 7, — k. Hence, from

the decomposition equation we obtain
k

gl
t(ﬁ)=ij 1 Iogl+’°¢k—7j“7 L du:Ji1 L g
' 27} k? —u? 1_10\/0|L<02u_u2u_77 vk —u2u—7g

"1 To

The integral in the third member can be evaluated using MATHEMATICA. We get

k —lo _% +1lo _Z(szmoJrao\/W)
7 + 2arcsin— g n g e
ty(n) = L

2/ — K2 k2 — 2

This yields the following factorized matrix:

2 _ p2 2 _pn2
cosh | Y= () KEDginn [V )
Kto—1n 2 k2 — 2 2
My (n) = _ko
To K==W k—n . k2 — 2 k2 — 2
\/msmh [ 5 t, (n)] cosh [f t(n)

To show that this matrix is a rational matrix is a difficult task.
We verified this result by MATHEMATICA. In fact, we numerically observed that:;

(@) The matrix M. (i) and its inverse M *(y) are plus functions because the series
expansion of M. () and M *(») about the points 7 = —k and n = —1, are regular.

(b) The matrices M, (17) and M () are rational functions in # = k and # = 7, because the
series expansion of M_,_(17) and M_* (7) about these points do not contain irrational powers.

(c) The matrices M (;7) and M () are bounded at infinity because M. (1) and M;* ()
are constant at infinity.
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The only difficulty encountered in the performing the numerical evaluation was the impos-
sibility for MATHEMATICA to get a numerical series expansion of the part relevant to the
addend of t.(»):

_ 2(KP—ntotaoy/K2—n?)
to+(17) oo VK= (-10)
2+ =
/k2 — 7

about the point = 7,. To overcome this difficulty we operated with algebraic manipula-
tions to simplify the contribution of this term.

4.8.5 The elimination of the offensive behavior for matrices
having the Daniele form

To obtain the behavior of the functions t.(a) for « — oo, it is important to introduce the
following identity:
1 1 u uh-1 un

S . v v 127
u—a a oa? ah +ah+1(u—a) (127)

in the decomposition formulas. By assuming as N the degree of n(a)p(«) and h the smaller
integer greater or equal to N /2 — 1, we get the following asymptotic expansion as a — oo:

C, C Ch_1 1 C, C Ch_1 1
7t+(a) a+az++ah+o(ah+l>, t,(a) +(12++ah+o(ah+l>

[o¢]

o t! 1+ +/a(t)b(t) o B
Ci = J n(t)p(t)lnl— a(t)b(t)dt’ i=0,...,h—-1

—00

By taking into account the commutativity of the involved matrices we get

COShEti(a) n(a)p(a)] %sinh{%ti(a) n(a)p(a)}

/%sinh{%ti(a) n(a)p(a)} CoshEti(a) n(a)P(a)]
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While the second matrix factor in the second member presents an appropriate behavior as
a — oo, the presence of nonvanishing ¢; (i=0,...,h—1) produces an exponential
offending behavior in the first factor. To eliminate it, we introduce suitable rational matrices
R having a Daniele form and commuting with G(a) (Daniele, 1984). Applying the factor-
ization (122) we have

R == FA27Q+

where, just as occurs in G, R present factors having offending behavior as a — oco. If
the offending factors of R, compensate those of G, then GLR. are standard factorized
matrices. Consequently,

G=G_R_R,R!G, =G _R.RR.G, (128)

reduces the factorization of G to the factorization of the rational matrix R~
R~ is a rational matrix that can be factorized according to the general method described
in the previous sections. To obtain R, let us consider the matrix

0
r(x,a) = o(a) )1(

X

The factorization through eqgs. (123) and (124) yields factorized matrices R that present the
offending behavior:

=t
a

a a? ah

cosh {w <& ri(x) rh,l(x))

N &Z)S‘”“{ n(@p(e) <r0<x>+w +m+rh1<x>)}

. @Sinh{ N(@)p(e) (ro(x>+@+”_+m<x>>} cosh{ n(a>p<a><ro<x>+w+_“+rh1(x>>]

n(a) 2 a a? ah 2 a a? ah
(129)
where
1 ti X+ /NP
i dt =0,...,h—1 130
fix) = J v/n( x —/n(t)p(t) (130)

To obtain an explicit evaluation of the previous integral, let us consider the derivative

o0

dri(x) 2t
ax J P(t) — x? at (131)

—00

where P(t) = n(t)p(t). Since the integrand function is rational in t, the residue theorem
yields terms having the form

2u1(x)
P'(u(x))

(132)
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where u(x) is a suitable root of the equation
P(t)—x2=0 (133)

We can ascertain that the algebraic function f (u,x) = P(u) — x? is of genus h and a Riemann
surface (Springer, Link Encyclopaedia Mathematics) can be associated with it. In this
Riemann surface, the quantities % (i=1,2,...,h) are abelian differentials of the first

kind (Baker, 2006, p. 128). This means that the integration of (131) yields

F(X) = de J i) 52 = Auon(0) + A0z (8) £+ Anon() (1=12,...1) (134

—00

where wj(x), (i=1,2,...,h) constitute a basis of known abelian integrals.
To eliminate the offending behavior, let us introduce the rational matrix:

1 e
R = X (135)
1| Pla)
Xi

To have G R without offending behavior as @ — oo, we must enforce the following sys-
tem of nonlinear equations:

Fo(X1) + ro(X2) 4+ -+ - + ro(Xn) = —Co
ri(Xy) +ri(X) + -+ rx) = —c

Mho1(X1) + Mmo1(X2) + -+ 1(Xp) = —Ch_1

Taking into account eq. (134), the aforementioned system constitutes a Jacobi inverse pro-
blem that is well known in the literature. The existence of its solution is proved by topolo-
gical methods (see, e.g., Springer, 1957). Several algorithms have been proposed for
allowing the construction of the solution of Jacobi’s inversion problem (see, e.g., Zverovich,
1971). The conceptual importance of these algorithms is that they provide the solution
x = (x;) of the nonlinear system by the zeroes of a polynomial of degree equal to the genus h.
It means that if h < 4 we obtain an exact solution constituted by radicals of the coefficients
of this polynomial.

4.8.6 A relatively simple case

By taking into account eqg. (118), we can assume without loss of generality that n(a) = 1.
We have a relatively simple case when the polynomial p(a) is biquadratic:

p(a) = —(a* + Aa® + B) (136)
It involves a genus h = 1, and there is the only coefficient

7 1 1+ /amp
Co = J \/ﬁlnl— 000 dt (137)

—00
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that produces offending behavior. To eliminate it, the rational matrix

Loy
R:
pla)
X

yields a similar coefficient

T 1 x+p
fol) = J\/—t X — p(t)dt

that for a suitable value of x can compensate co:
ro(X) +C, =0 (138)

To obtain an explicit expression for ry(x), let us consider

oo

dro()_ 2 . 2
dx Jp(t)—xzdt__ Jt4+At2+B+X2dt

2
= 277i 139
) <4y13 +2Ay; * 4y,% + 2A Y2) (139)

where the residue theorem has been applied, and y; and y, are the two solutions of the
equation t* + At? + B + x? = 0 having negative imaginary part:

A~ VAZ 4B _ 4x2
y1 = >

(140)
\/—A + VA2 — 4B — 4x2
Yo = >
Substituting in the last member that evaluates d r° y|elds
_ 1
dro(x) _ V3] NE A+\/A2 B0 \/-A-/R-4(B1) (141)

dx Az —4(B+x?)

It is evident that the branch points x = +3 /A% — arlsmg from /A2 — 4(B + x?) are not

present in the x — plane. The only branch points present in rO(’Q are +jB. Multiplying by

1 1

+
VAL VAT AB ) (/A /AT 4B )
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numerator and denominator of the previous equation yields, after an algebraic manipulation?:

dro(x) _ jm 1

V2B et

(142)

Using the substitution

z=+B+x2 (143)

and taking into account that rp(cc) = 0, using MATHEMATICA the integral yields
27 VA +2VB A-2VB
VA+2VB A—2VB+x2) A+2VB

For a known ry(X) = ro, the inversion of the previous equation provides the values of x that
allow the rational matrix R to eliminate the offending behavior as a — oc:

ro(X) = EllipticF [arcsin( (144)

2
—A— 2B +Asn [% m]
X = ; —b (145)
2sn [7(”22:7/5)"’ m}
with
A—2vB
m_A-2VB (146)
A+2vB

4.8.7 The y/a(a)/b(a) rational function of a case

If \/@ is a rational function of «, the following slight modification of the Daniele method
allows to obtain directly factorized matrices having always algebraic behavior as a — oo,
thus avoiding the cumbersome above procedure, even if the matrices thus obtained are fac-
torized matrices only in the weak sense.

By introducing

a(a) _ n(a) (147)

2 The results is correct if we exclude values of x coincident with the apparent branch points.
% This condition can be met by a suitable rational approximation of +/a(a)/b(a).
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the following representation of G(a) holds:

n(a)

0 p(a)

G(a) = v/g(a)exp Et(a) , (@) } = /g(a) exp En(a)p(a)t(a) (@)

p’(a) O &; 0
n(a
cosh Et(a)n(a)p(a)} %sinh Et(a)n(a)p(a)}
VI 1
msmh{ét(a)n(a)p(a)} cosh {Et,(a)n(a)p(a)}
(148)

where g(a) is the determinant of the matrix kernel G(«) and

1 1+ y/a(a)b(a)
") = e "1 Va(a)b(a) (149)

The decomposition of InZrVaWl®@ _ Jyyttvaeb@) L g Levaeble) L e)gg he
1—+/a(a)b(a) 1—y/a(a)b(a) | 1-y/a(a)b(a) f
weak factorization of G(a).

4.8.8.1 An alternative method
The Daniele matrix when eq. (146) holds can be rewritten as

1 f(a)(a—2n)a—12)% . (a —12)°

‘f(a) . (150)

where z; are the zeroes of the polynomials n(a) and p(a).
The following equations reduce the (weak) factorization of W (a) to a matrix very easy to
factorize:

f(a) 1
1
(a —21)(a—123)...(a—12,) O 1 w(a) 0
- 0 1Hw(a) 1 '(a_zl)(a_SZ)”'(a_Z”) .
(151)

where
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4.9 The factorization of matrices commuting with
rational matrices

4.9.1 Introduction

By taking into account that it is possible to deeply modify the structure of a matrix by
suitable algebraic manipulations with rational matrices, in several diffraction problems a
given matrix G(a) may be defined by

G(a) = Ro(a) +f(a)Ri(a) (152)

where Ro(a) and Ri(a) are rational in a, and f(a) is an arbitrary function of «. In this
section we show that these matrices are amenable to explicit factorization.
The factorization of Ro(a) = Ro_(a)Ro(a) yields

G(a) = Ro- ()1 + f (a)Ro-(a) "Ru(@)Ros (@) *|Ros (a) (153)

By taking into account that Ro () *Ra(a)Ro+ (o) " = G where P(e) and d(a:) are matrix
and scalar polynomial functions, respectively, it is possible to reduce the factorization of the
matrix G(«) to that of the matrix W (a) = 1+ % P(a). This last matrix commutes with the

polynomial matrix P(«) and can be explicitly factorized by using the following procedure.
According to Cayley’s theorem we have

log[W (a)] = yo(a)1 + 91 (@)P(a) + - + vy (@)P"H(a) (154)

where n is the order of the matrix W (a). If P(a) has distinct eigenvalues 4;(a), the functions
y;(a) are obtained through the Sylvester formula (Pease, 1965, p. 156):

olP(a)] = > gla [T (155)
i=1 j#i I i
which provides
log[W («)] = log [1 + % P(a)] =g[P(a)] = ; log [1 + ;((Zi Ai] ,1} P(;)__ﬁjl (156)
The decomposition of
yi(a) = yi(a) + i, (a) (157)

yields the factorized matrices
W (a) =W_(a) - W (a) (158)

where

(159)
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This factorization process is effective because the factorized matrices W_(«) and W, () are
both functions of the same matrix P(a) and therefore they certainly commute. Furthermore,
these factorized matrices are regular together with their inverses in the half-planes Im[a] <0
and Im[a] > 0 respectively, since P(«a) is a polynomial in « and hence regular on the whole
complex a — plane.

When the polynomial matrix P(a) is constant, P(a) = P,, the factorized matrices have
algebraic behavior as @ — co. Conversely, if the polynomial matrix P(a) is not constant, the
previous factorized formulas ensure only that the factorized matrices and their inverses are
regular in the upper and lower o — half-planes, while their asymptotic behavior as a — oo
could be nonalgebraic. The nonalgebraic behavior introduces in the Wiener-Hopf procedure
a transcendental entire vector function. The general technique to eliminate the offensive
asymptotic behavior in the factorized matrices is reported in the next sections. It is very
cumbersome, and complicated special functions are present. In these cases, rather than try to
obtain an exact factorization, it is perhaps better to use the approximate factorization tech-
niques illustrated in chapters 6 and 7.

Example 6
Consider again the factorization of the matrix (Achenbach & Gautesen, 1977):
a*d(a) +n°d(a)  anld(a) - d(a)]
an[d(a) —d(a)]  a®d(a) +n’d(a)

This matrix is linear in the functions d(a) and d(a). Hence, it may be rewritten in the form

B 1
a2 42

M(a)

G(a) =d(a)Ri(a) + d(a)Rz2(a) (160)
where the rational matrices Ry(«) and Ry(a) are given by
S __ 1 |
Ri(a) —m —an 772 , Ro(a) = o+ 2| an o2 (161)

Since the two rational matrices Ry(a) and Ry(«) are singular, eq. (153) does not apply.
However, since Ry(a) and Ry(a) commute, from Cayley’s theorem a rational matrix R(«)
exists such that we can write

M(a) = c(a)[l +f(a)R(a)] (162)

which allows us to use the previous procedure.
Matrices of order two having the form (160), where R;(a) and Ry(«a) are singular have
been considered in (Meister & Speck, 1989) using a different approach.

4.9.2 Matrix of order two commuting with polynomial matrices

All the matrices of order two commuting with polynomial matrices reduce to matrices
having the Daniele form. Consequently, the theory of section 4.8.4 applies, and in general
the factorization of these matrices always reduces to a Jacobi problem. However, for the sake
of completeness in this section we consider the more direct factorization technique described
in 4.9.1.
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Let us consider a matrix G(«a) that commutes with a polynomial matrix P(a):

Pll(a) Plz(a)

Pla) = ’PZI(Q) P22(a)

Since the matrix is of order two, we get

log[G ()] = yo(a)1 + 1 (a)P(a)
Gui(a) = explpor (@)1 + 91 ()P (a)]

If the polynomial P(«) is of first degree, the factorized matrices

Gi(a) = explpor (@)1 + 91 ()P (a)]

do not present offending behavior as @ — oco. If P11(a) and Py (a) are polynomials of
second degree and P12(a) and P21 («) polynomials of first degree or constants, it is possible
to eliminate the offending behavior at @ — oo. In fact, a suitable normalization of the plus
unknowns allows to have equal coefficients, say, ¢ in the term containing «? in Py;(a) and
P, (a). Thus, we can reduce the problem to the factorization of a matrix that commutes with
the polynomial matrix P(a) = ca?l + P,(a), where P,(a) is of first degree. Now the
logarithm factorized matrices have the offending behavior

exp {:télf’(a) J ﬁ)l(a)da}

—00

that can be eliminated by multiplying the logarithm factorized matrices by the exponential
scalar exp[ Fca [ ¢i(a)dal.

In the more general case, we must eliminate the offending behavior as « — oo by using
the technique described in section 4.9.6.

Consider now the factorization of W(a) =1+ h(a)P(a), where P(a) is an arbitrary
polynomial matrix of order two and degree two. In this case the nonlinear system reduces to
only one equation, and we introduce the rational matrix

R(a) =1+ xP(a) (163)

Taking into account the expressions reported later in section 4.9.3, to cancel the offending
exponential behaviors we force the unknown parameter x to satisfy the nonlinear equation

oo

B log[l + xA1]  log[l + xA;]
f(x) = J( T + RN )da

—00

T /log[l + h(a)h]  log[L + h(a)As]
- J( =% Uy o 2)doc:n (164)

—00
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where 4; and 4, are the eigenvalues of P(a). This yields

a0 [ 1
ax J (1+x(/11+/12)+x2/12/11>da (165)

—00

The quantities A; + 4, and 414, are polynomials, since they are the trace and the determinant
of the matrix P(a). Consequently, the integrand function is rational in «, and therefore the
residue theorem applies. In some important case the polynomials A; + 1, and 414, are of
degree 2 and the residue theorem yields
I _ o L (166)
dx V/x(ax® +bx2 +cx +d)

where a, b, ¢, d are constants.

By taking into account that f (0) = 0, f (x) can be expressed in terms of elliptic integrals
and by inverting them, it is possible to obtain an explicit expression for x in terms of
Jacobian elliptic functions. In fact, by introducing

ax® +bx® 4 x4 d = a(Xx — x1) (X — X2) (X — X3) (167)
we have
1 2 . . X(X3 —X1) (X1 — X2)X3
f(x) = ——FEllipticF | ArcSin , 168
9 VaxXz (X1 — Xg)X1 P [ [ (X—X1) " (X3 —X3)X2 (168)
Hence

f(x) =n (169)

has the analytical solution

2
X1X3 [JacobiSN {%n(xl\/x_g(xl —X3), E’;i:i;;ij”

X = 5 (170)
X1 — X3 + X3 [JacobiSN {%n(xl\/x_z(xl —X3), %ﬂ
The factorization formulas follow from
W=WRR'RW, =W.R_R]_[R],R,W, (171)

where the factorization of R~1(s7) = (1 + xP,(z)) " can be obtained by the rational matrices
factorization method.

4.9.3 Explicit expression of y;(a) in the general case

According to Sylvester’s representation, in the case of simple eigenvalues ;i = Ai(a) of

P(a), the matrix log[W (a)] = log[h(«)1 — P(«)] may be written as (Pease, 1965)

oglW (c)] = > loa W ()] [ [~ % (172
i=1 #i !
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Dealing with a matrix of order n, this yields
log(W ()] = w,(a)1 + p1(a)P(a) + -+ + yn_1(¢)P"(a) (173)
For example, for a matrix P(a) of order two we have
log[h(a)1 — P(a)] = wo(a)1 + 1 (a)P(a) (174)

where

Iog[h(a) — ),1]).2 B IOg[h(a) — ),2]),1

1/’0((1) ==

— ),2 /12 — ﬂl
_loglh(a) — 24]  loglh(a) — ]
Pi(a) = I — 1 + T2 — A1
For matrices of order three,
log[h(a) — P(a)] = w,(a)l + 91(a)P(a) + py(a)P*(a) (175)

where

(a) . |0g[h((1) — /11]/12/13 |Og[h((1) — /12]/11/13 |Og[h((l) — /13]/11/12
Yol = (A1 —=42)(A1 —43) (A2 —A1)(A2 —43) (A3 — A1) (43 — 42)
logh(a) — A1](A2 + 43)  log[l — A2](A1 + 43)  logh(a) — A3](A1 + A2)

Yi(a) = — (A1 — A2) (A1 — A3) B (A2 — A1) (A2 — A3) B (A3 — A1) (A3 — 42)

log[h(a) — A4] n log[h(a) — 4,] n log[h(a) — 43]
(A1 —=A2)(A1 —43) (A2 —A1)(A2 —43) (A3 —4A1)(4s — 42)

Py(a) =
For matrices of order four,

log[h(a)1 — P(a)] = wo(a)1 + 1 (a)P(a) + p(a)P?(a) + ps(a)P*(a) (176)

where
(OL) _ Iog[ ( ) 11]12/13/14 Iog[ ( ) 12]11/13/14
Vol = T G = ) — Ja) Oy — 4a) (2 — Aa)(hz — 1) (B2 — 1)
B Iog[ ( ) 13]1122/14 Iog[ ( ) 14}1112/13
(A3 — A1) (As — A2) (3 — Az) (R — A1)(Aa — A2) (g — A3)
y (a) . Iog[h( ) /’{1](/’{2;{3 + Aols + ).32,4) Iog[h(a) 12}(;{1}.3 + A4 + 1314)
BT (= 2) (A — A3) (A — Aa) (A2 — A1) (A2 — 43) (A2 — A4)
|Og [h(a) — /13](11/12 + AAa + /12/14) Iog[ (a) /14] (1112 + 1143 + /1213)
(A3 — A1) (A3 — 42)(A3 — A4) (A4 — A1) (As — 42) (44 — A3)
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loglh(a) — A1)k + A5 + Aa) loglh(a) — Ag](As + s + Aa)
(M1 —A2)(A1 —A3) (A1 — Aa) (A2 — A1) (A2 — A3) (A2 — Aa)
_ Iog[h(a) — /13](/11 + A2+ A4) B Iog[h(a) — 14](11 + A2 + 43)
(A3 —A)(As —42)(As —4a)  (Aa — A1) (s — 22)(As — A3)

Po(a) =

- log[h(a) — 1] loglh(a) — 42]
Ys(a) = (A1 — A2) (A1 — A3) (A1 — As) + (A2 = A1)(A2 — 43) (A2 — Aa)

logh(a) — 4s] N logh(a) — 4]
(A3 —A1)(A3 —A2) (A3 — A1) (Aa — A1) (Aa — A2)(Aa — A3)

The complexity of these expressions is because even though P(a) is rational the eigenvalues
Ai(a) are not rational functions of a. If the order of the matrix P(a) does not exceed 4,
MATHEMATICA provides analytical expressions for 4;j(a).

Alternatively, we can use the following technique to obtain the functions y;(a).
This technique is conceptually simpler, since it avoids the introduction of the eigenvalues of
P(a). Since

W(a) =1+ 5 —P(a) = P(a) [1 - [— %] P_l(a)] (177)

it is not restrictive to refer to the factorization of the matrix:
G(a) =1—1(a)P Ha) (178)
where I(a) is a scalar known function. We have
I(a)
log[~1(a)P(a) + 1] = J 1 (179)

x1 —P(a)

Given a matrix P of order n, we will evaluate the matrix (x1 — P)™* in terms of rational
expressions of x. For illustrative purposes we will consider only the case n = 4. By Cayley’s
theorem we have

(X1 = P) "t = ry(X)1 4 ri(X)P + ra(X)P? + r3(x)P® (180)

The rationality of the four functions ri(x) (i = 0,1, 2, 3) is evident, and in the following we
will evaluate them explicitly.
Equation (180) can be rewritten as

(x1 = P)[ro(X)1 + ri(x)P + ra(x)P? + r3(x)P*] =1 (181)
Taking into account the characteristic equation

P* 4+ aP® + a,P? + asP + a41 = 0 (182)
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eq. (181) yields
eo(X)1 +e1(X)P + e2(X)P? +e3(x)P> —1 =10 (183)
where

€p = aslz +roX, €p =agls —ro+rix
(184)
€ = —I +axl3 + X, €3 = —Iy,+ajry 4 rsX

Equation (183) is equivalent to the following four equations in the unknowns
e — 1, e, e, es:

eo(X) — L+ e1(X)hi +ea()A% +es(x)A® =0 (i=1,...,4)

where 4; (i = 1,2, 3,4) are the eigenvalues of P. Since the determinant of the coefficients is
not vanishing,* we obtain the values of ¢; (i =0, 1,2, 3):

6 —1=0, =0, e=0 e=0

Consequently, eq. (184) provide the evaluation of ry(x), r1(x), ra(x), rs(x). We obtain the
following rational expressions:

X3 + apx? + apX + az X2 4 aix + ap
fo(X) = X+ ax3 2 , nx) = ] 3 2
1X° + aXs +agX + ag X* 4+ a1X® + axXx‘ + agX + a4 (185)
X+ a1 1
r2(x) rs(x)

Cxttapd+ax2 +agx+ay XA a3 4+ ax2 + agx + ay

The Bocher equations provide the evaluation of the coefficients a; of the characteristic
equation in terms of the entries of the matrix P (182). In fact, we have

a1S81 + S axS; + a8y + S
a — —sq, az:_112+ 2, a3:_21+312+3
N N N (186)
azSy + azSy + a153 + Sg 4
=— = (—1)"det[P
. (~1)"det[P]

where

sp =Tr[P], s, =Tr[P?
s3 = Tr[P3], s4=Tr[P%

4 This is a Vandermonde determinant.
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This shows that for polynomials matrices P the coefficients a; are polynomials of « and the
functions

r(X) =ro(x,a), rnx =rkxa)
rg(X) = I”?_(X, a), rg(X) = rg(X, a)
are rational functions of the algebraic functions
f(x,a) =x* 4 ar(a)x® + az(a)x? + az(a)x + as(a) (187)

Of course the values of x that constitute poles of the function ry(x), r1(x), r2(x), rs(x) are the
zeroes with respect to x of the algebraic equation f (x, a) = 0 and represent the eigenvalues of P.
From

Oe—73
[E=N

log[G(a)] = dx (188)

x1 —P(a)

it follows that

o—3

I(a)
log[—1(a)P (@) +1] = J ro(X,a)dx 14+ | ri(x, a)dx P(a)
0

(a)
+ | ra(x, @)dx P?(a) + J ra(x, a)dx P*(a)
0

[STSEE—.
=

= go(a)1 + gu(a)P(a) + g2(a)P*(a) + gs(a)P*(a)  (189)

where

O —
=

gi(a) = | ri(x,a)dx i=0,1,2,3

4.9.4 Asymptotic behavior of the logarithmic representation
of —1(a)PY(a) + 1
We have obtained
~1(@)P~*(a) + 1 = exp[go(a)1 + g1(a)P(a) + g2(a)P?(a) + g3(e)P*(a)]  (190)
Taking into account that the first member is algebraic as a — oo,

—f(a)PYa) + 1~ a"M (191)
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where M is a constant matrix, it follows that

Explgo(a)1] — a”, or go(a) — vloga
vioga (192)

Exp[01()P(a)] — Explgi(a)a’] — @, or gi(a) ——7

where p is the degree of P(a), and so on. It provides the proof of the convergence of the
integrals that will be introduced later.

4.9.5 Asymptotic behavior of the decomposed ;. (a)

Let us consider, for the sake of simplicity, that the degree of P(«) does not exceed 2.° The
logarithmic decomposition yields

{log[~1(a)P(a) + 1]},
= {go(e)} 1+ {01(@)}.P(a) + {92() } . P* () + {03(a)} .P*() (193)

To achieve the behavior of the functions {gi(«)},, i =0,1,2,3 for a — oo, it is important
to introduce the following identity:

= + (194)

in the decomposition formulas (section 3.1):

This yields "
{Go(a)}, = i(_%é) +o{%}
{ou(@), = i(_vf) mH
{gz(a)}ii(w%wg%) N H (196)

5 This case occurs in the problem of diffraction by a half-plane having arbitrary impedance faces immersed in an
isotropic medium.
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where
1 1 1 T
Y5(G) = vy = Z—JTJ go(u)du
1 1 1 T
Yi(G) =y; = 7 g1 (u)du
PiG) =yt = = [ go(u)dy, $2(G) = y? = —— J U go(u)du
2 2 2.7'[] | ’ 2 2 .7'Ej
3 3 1 T 2
V(G =13 =5 | e (197)
WiG) = pi= = [ gs(u)du, y2(G) = 2 = —— J U gs(u)du
3 3 27_[] J ' 3 3 ~7Tj
3 3 1 T 2
P3(G) =y3 = 27 J u“ gs(u)du
4 s 1 T 3 5 s 1 T 4
P3(G) =y3 = 27 J U’ ga(u)du,  y3(G) =y3 = 27 u” ga(u)du
We observe that
P(a) = Ay + aA1 + a®A,
P2(a) = By + aBy + a?By + a®Bs + a*By (198)

P3(a) = Co + aCy + a?Cy + a®Cz + a*Cy + a®Cs + abCs

with A, Bj, C; constant matrices of order four. Taking these equations into account, we
deduce that in the expression

{log[-1(a)P~*(a) + 1]},
= {9o(@)} 1+ {g1(0)}.P(a) + {G2()}.P*(a) + {ga(a)} L P*(a)
o the term {g,(a)}, does not involve offending exponential behaviors;

e the term {g:1(a)}. involves the offending contribution :FaZ%Az;
e the term {gz2(a)}. involves the offending contributions

1 1 2 1 2 3
¥a2%82:Fas(%—l—%)Bg:Fa“(%—l-%-i-%)le
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and finally,
e the term {g;(a)} . involves the offending contributions

2 .3
21/)3C T <1/)3 1/’3>C tu (¢3+%+W_g>c4

2 3 4 5
+Fa (w3+%+%+w3>c Fa (w3+w—§+w—§+w—j+w—§>cs
a a a a

These expressions show that there would be no offending behavior if the dominant terms
relevant to {g,,5(a)} . were vanishing:

1/’1(G) =0
¥3(G) =0, %3(G)=0 »3(G)=0 (199)
¥3(G) =0, %3(G)=0, %3(G) =0, 3(G)=0, 3(G)=0

4.9.6 A procedure to eliminate the exponential behavior

The procedure described in this section generalizes the one proposed by Daniele (Daniele,
1984a). If we perform the logarithmic factorization on an arbitrary matrix Ry(«a) that com-
mutes with the polynomial matrix P(a) defined already, it is easy to show that

Yr(Re - G) = wi(Re) + ¥3(G)

If Ry(a) is rational depending on suitable parameters X, it suggests the reduction of the
factorization of G(a) to that of G¢(a) = Rx(a)G(a) and the choice of the parameters x such
that the following equations hold for the matrix Ge(a) = Ry(a)G(a):

w%(Ge) = w%(Rx) + w%(G) =0
P1(Ge) = YE(RY) +»1(G) =0, 12(Ge) = Y2(Ry) + ¥3(G) =0
¥3(Ge) = ¥3(Ry) + ¥3(G) =0
(200)
¥3(Ge) = Y3(R) + ¥3(G) =0, 93(Ge) = 3(Ry) + ¥3(G) =0
#3(Ge) = w3(R) +¥3(G) =0, %3(Ge) = w3(R) +¥3(G) =0
¥3(Ge) = Y3 (Ry) + 93(G) =0

If these equations are verified, the logarithmic factorization of G¢(a) = Ge_(a) - Gey ()
does not present offensive asymptotic behavior and the factorization of
G(a) = R;1(a) - Ge(a) can be obtained with the method indicated in section 2.7. Alter-
natively, taking into account that G(a) and Rx(a) and all their logarithmic factorized
matrices commute, we can simplify the factorization of G(a) by rewriting

G(a) = Ge_(a)R, *(a)Ge(a)
We obtain

G (a) = Ge-(a)Q-(a), Gi(a)=Q(a)Ge:(a) (201)
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where Q_(a) and Q. («) are the standard factorized matrices of the rational matrix R *(a)®:

Ry!(@) = Q-(a) - Q+(a)

Taking into account the nine conditions that must be satisfied, in the following we assume as

a possible rational matrix, Ry(a):
9

Re(a) = [ [ [- %P () +1]"

j=1

where the scalars x; and the integer n; are to be determined.

By setting

yi[—xP™H(a) +1] = fi(x)

W3 [—XxPHa) + 1] =f(x)

3 [—xP™H(a) +1] =f3(x)

3 [—xP7H(a) +1] =fa(x)

w3[—xP7H(a) +1] =T5(x)

Wi [—xPHa) + 1] = fg(x)

Y3[—xP™H(a) +1] = f(x)

Y3 [—xP7H(a) +1] =Ta(x)

W3 [—xPHa) + 1] = fo(x)

- 2nj]

1

2mj )

:gj

- 2nj]

_ﬂj

0 —o0

0 —o0

X o

0 —o0

X oo

0 —oo

X o0

0 —o0

X oo

0 —o0

ri(x, u)du dx

ra(x, u)du dx

urz(x, u)du dx

u? ra(x, u)du dx

rs(x, u)du dx

urz(x, u)du dx

u?r3(x, u)du dx

ulr3(x, u)du dx

u*rs(x, u)du dx

(202)

(203)

® Notice that Q_(a) and Q. (&) must be standard. They can be obtained by the techniques that factorize rational
matrices. In general this method yields factorized matrices that do not commute.
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and forcing the nine conditions (200), we obtain the following system of nonlinear equations
(@=29):

Ny fl(Xl) + Ny fl(Xz) + 4Ny fl(Xq) = 71/)%((5) = —C1

N fa(x1) + N2 fa(x2) + -+ ng falXq) = —93(G) = —cz

(204)
Ny fq(xa) + N2 fq(x2) + -+ + g fa(xq) = —93(G) = —cq
These equations can be rewritten in the abstract form:
F(x)=0 (205)
where
q -
anfl(Xj) + 1
=1
q .
> 0fy(x) + ¢
X = (X1,X2, X3, %4, - - -, Xq), F(x) = |12
q .
anfq(xj) + Cq
=1

The solution of the nonlinear eq. (205) can be obtained through the iterative process based on
the Newton-Raphson formulas:

) _ RE IS
i+ — () _ [\](X(D)} F(x1) (206)

where the Jacobian matrix is

Ny f]f(Xl) Ny f]f(Xg) N3 f]f(Xg) Ce Ng fll(Xq)
nify(xe) nafy(x2) nafy(xs) ... ngfy(Xq)
J (X(I)) =[Ny fSI(Xl) Ny fsl(Xz) n3 fsl(Xg) Ce Ny f3/(Xq)

nifi(xe) mafg(xe) nafs(xs) fo(xa) ngfs(Xq) [,y
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Despite the complexity of the problem, it must be noted that the Jacobian matrix can be
evaluated in closed form by the residue theorem, since it involves integrals ff‘;c of rational
functions of u. In fact, the scalars rj(x, u) are the rational functions:

X3 4+ apx? + apX + az X2 + a;X + az
ro(x) = - 3 > %) =3 3 2
x4 4+ agx3 + apx2 + agX + ag X4 4 apx3 + apx? + agX + a4 (207)
ra(x) = e ra(x) = :
AT  rap® rap@ ragx a7 X+ ap® +ag + agX + ag
with the coefficient a; = aj(u), i = 1,2,3,4 constituted by polynomials in u that are the

coefficients of the characteristic equation P* + a;P® + a,P? + asP + as1 = 0.

We cannot assume x(© = 0 as the starting point in the Newton-Raphson formulas (206)
since x(¥ = 0 yields a Jacobian matrix J (x(©)) = J(0) that is not invertible. To obtain a good
starting point x(©), we approximate the function f;(x) with the MacLaurin expansion

2
90,

5 a (208)

fi(x) ~ £ (0)x +

and obtain the starting point x(® by solving the algebraic system

£3(0
O]+ 8+ +10) + -+ D ()4 108 -+ g0 +3 = 0
1 0 0 0 f2q(0) 0\q 0\q 0\q
f5(0)(NaX] + N2X3 + -+ NgXg) + - +T [nl(xl) +M(Xx)" + -+ Ng(Xg) } +c,=0
1 0 0 0 qu(O) 0\q 0\q 0\q
RO 1 -4 nge) 0 [mO) 4 (0) 4 g + 09 =0
(209)
This yields
() + ()" + -+ +ng (X)) =51
0)2 24 .. 2 _
N(X1)" +N2(X)" + -+ + Ng(Xy)" = S2 (210)
N (X)) +na(x9)* + -+ ng(xq)* = s
where the quantities s; are known. Assuming ny =n; =--- =nyq = N, the system can be
rewritten as
N{O)" + ()" + - + (x| =51
[/,0\2 2 2]
N _(X?) + (Xg) +-+ (Xg) ] =S (211)

N0+ 0Q)T + -+ + ()| =sq
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By taking into account the Viete formulas, it is possible to show that this system is
equivalent to finding the zeros of a polynomial of degree . Consequently, explicit expres-
sions of x(© are possible in the case q < 4.

Alternatively, if the component of x(©) are distinct and ordered according to their absolute
values |x9| > [x3| > --- > |x]|, we can use the approximation

0O+ 0+ + (Xg)l :f\l_l

Q) + ()2 + -+ + (x2_,)? f\l_z

Q)T 4 (x9)T & S0t (212)
09~

that yields immediate expressions for the starting point x(© in the Newton-Raphson
formulas:

XUt = x@ — [3(x0y"LE(x) (213)

Notice also that we can choose the integers ny,na, ..., ngq such that [x}| < 1. For instance,
from the first equation we obtain

sl 08Pl

|X1|<W+ N N N |Xl|
which yields
0 |51
EARS 4r1< 1

provided that N > |s;| + ¢ — 1.

It is convenient to assume large arbitrary integers n; so that the iteration requires very few
steps. However, increasing n; also increases the difficulty to factorize the rational matrix
R () indicated in eq. (202).

4.9.7 On the reduction of the order of the system

Particular forms of the polynomial matrix P(«) allow the order of the system to be reduced.
For instance, if in P(a) = A, + aA1 + a?A, the matrix A, is diagonal, it is possible with
a suitable normalization of the matrix to be factorized, to obtain A, = 1. Consequently,
also B4 and Cg are unit matrices and the offending behaviors due to the non-vanishing
i, y3 and 3 can be simply eliminated by multiplying the improper factorized by the scalars

exp[La(y1 + vy +y3)]

In this case, the reduction of the number of the unknowns is three.
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In other case it is possible that even though A, # 0, the matrices B4 and/or Cg be van-
ishing. In these cases again the order of the system is reduced.

If a kernel matrix G(a) commutes with a polynomial matrix P(«) that can be factorized
in the form P(a) = P1(a)P2(a)...Pi(a), it is possible to reduce the factorization problem
of G(a) to the problem of factorizing a matrix commuting with the polynomial matrix
P2(a)P3(a)Psa(a). . .Pi(a)P1(a) or P3(a)Ps(a)...Pi(a)P1(a)P2(a), and so on. Factoriza-
tions of P(a) are always possible. For instance, by using the Smith representation, we have
that P(a) = E(a)D(a)F(a). Of course this transformation of the polynomial matrix pro-
duces advantages only if the new involved polynomial matrices are of degrees lower than the
degree of P(a).

Moreover, we can pre (or post) multiply P(«) by an arbitrary polynomial matrix Pz (a),
and the factorization of G(«) is reduced to the factorization of a matrix that commutes with
the polynomial Py(a)P(a) or P(a)P2(a). However, the degree of the new polynomial matrix
is greater that the degree of P(a) and consequently this idea is not effective for reducing the
order of the nonlinear system. Also, to resort to the representation of rational matrices in the
form (Bart, Gohberg & Kaashoek, 1979) R"1(«) = C(a 1 — A) *B + D can be ineffective
since even though the polynomial matrix a 1 — A is linear in «, the order of A is obtained by
multiplying the order and the degree of P(«). For instance, if P(«a) is of order 4 and degree 2
we obtain a matrix a1 — A of order 4 x 2 =28. This implies a Cayley representation
involving matrices P”(«) that increase considerably the number of the unknowns in the
nonlinear system. Finally, also the introduction of triangular representation:

1 0
Pgl (a)PIll(a) 1

Pj_l(a) 0
0 Px(a)—Pa(a)Pit(a)P?(a)

1 Pl (a)Pi(a)
0 1

P(a) =

is again ineffective in reducing the order of the nonlinear system.

4.9.8 The nonlinear equations as a Jacobi inversion problem

The integral in u present in the functions f;(x) can be evaluated by the residue theorem. It
shows that the functions fj(x) are abelian integrals involving the algebraic functions
f(x,y) = x* +ar(y)x® + ax(y)x? + az(y)x + as. Let us suppose that the genus p related to
the algebraic function is equal to g and the abelian integrals are of the first kind.

Since the functions fy 5, ,(X) are constituted by a sum of abelian integrals defined on the
same range of integration, they can be expressed as (Bliss, 2004, p. 98):

f1 (X) = C11W1 (X) + C12W> (X) + -+ CipWp (X)

(214)
f2(X) = C2a1W1(X) 4 C22W2(X) + - - - 4 CopWp(X)

fo(X) = CpaW1(X) + CpaW2(X) + - - - + CopWp(X) (215)

where wi(x) i =1,2,3,...,p are p independent integrals of the first kind in the Riemann
surface of genus p.
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Letting ny = ny = --- = ng = 1, the system (215) can be rewritten as
Wi (X1) + Wi (Xp) + -+ - + Wi (Xp) = —my
Wa(X1) + W (Xp) + - -+ 4 Wa(Xp) = —my (216)
Wp(X1) +Wp(X2) + - - + Wp(Xp) = —Mp
where
-1
ms Ci1 Ci2 -+ Cyp C1
my _ Co1 C2 -+ Cpp C2
Mp Cp1 Cp2 -+ Cpp Cp

The new nonlinear system (216) constitutes a Jacobi inversion problem well known in the
literature. The conceptual importance of these algorithms is that they provide the solution x
of the nonlinear system by the zeroes of a polynomial of degree equal to the genus p. It
means that if p < 4 we obtain an exact solution constituted by radicals of the coefficients of
this polynomial. However, the evaluation of these coefficients is very cumbersome; in
general, it involves abelian functions or Theta Riemann function of very complicated
argument.

Let us suppose now that the number g of nonlinear equations differs from the genus p of
the algebraic equation f(x,a) = x* + a;(a)x® + az(a)x? + ag(a)x + as(a) related to the
polynomial matrix P(a). The case g < p reduces to a Jacobi inversion if we introduce p — ngq

additional unknowns x;, i = ngq1,...,p and the rational matrix defined by
p
R(a) =] [-xP(a) +1]" (217)
j=1

The previous procedure yields the following system of nq equations in p > ng unknowns:

W1(X1) +Wi(X2) + - + Wi (Xp) = —my
Wa(X1) + W (Xp) + - -+ + W (Xp) = —My (218)

Wn, (x1) + Wn, (X2) + -+ Wn, (Xp) = —Mp,

This system involves only ny abelian integrals of the first order. As the independent abelian
integrals of the first order are p, we can add p — nq arbitrary equations having the form

qu+1 (Xl) + qu+1 (Xz) +eee qu (XP) = _mnq+1
(219)
Wp(X1) +Wp(X2) + - +Wp(Xp) = —mp
where the quantities m;, i = ng11,...p can be arbitrarily chosen. In the case ny > p, we

apparently cannot reduce the solution of the nonlinear system to a Jacobi inversion problem.
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4.9.9 Weakly factorization of a matrix commuting with
a polynomial matrix

In the following we report another technique for eliminating the offending behavior at
a — oo. Let us consider a matrix G(a) commuting with a polynomial matrix P(a):

G(a) = go(@)1 + g1(a)P(a) (220)

Let us consider a point aj, in the lower half-plane and suppose that for a suitable integer r the
matrix ﬁ is bounded. If n is the order of the matrix G(a), then according to Cayley’s
theorem we have

n—-1
109G (@)] = po(a)1 + 1(a) % Ty ala) [%} (221)

a — dp

The additive decomposition of the scalars y;(a) yields the following weak factorization:

n-1
G- (a) = exp [%(a)l @) o iy (@) ] ]

(a—ap a—ap
(222)

n-1
Gorla) = exp lw”(a)l +¥1i(a) % + Y-+ (@) {%} ]

dp a— ap

Now the problem is to eliminate the offendlng essential singularity aj that is present in both
the factorized matrices G_(«) and G, (a).” To this end, we rewrite the W-H equation in
the form

G (@)F (o) = G (@)F () + 6 () 2
or
. (@F (@) ~ 6 (a0) -2 = 6 (@F (@) + 6 (@)~ 67" (aa)| -2
R R, Ra . 5 R
Tamap ama) a—af | )

(223)

where the four members represent the same function f («) that is null at infinity and, except
a = ap, is regular for every value of a. The unknowns R; are the coefficients of the Laurent
expansion of f (a). Considering the first and the third member, we have

Gula)Ffa) = Y o 6 o) (224)
s=1 0

" It is easy to verify that G_(«) and G, (a) and their inverses possess algebraic behavior as a — oo.
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or

where C(a) is the known characteristic part:

C: C, Cs Zoo Cs
. a—ap (a-ap) (a—ap)’ (e —ap)

and N (a) is regular in the essential singularity a,. By indicating with

G G G = G

1 + 2 5+ 3 s+ = 2755
a—ap (a—ap) (a—ap) — (a—ap)

the characteristic part of G;l(a), the following representation of

is obtained:

1 .
Z Gs_iRi] m + vector regular in a = a;

This yields the system

S

ZGsfiRi:Cs, s=1,2,...,00

i=1

(225)

(226)

(227)

(228)

(229)

(230)

in the unknowns R;. The system (230) has a triangular form. It allows for an explicit

recurrence expression of R;.
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CHAPTER 5

Approximate solution:
The Fredholm factorization

In the natural domain the W-H equations are integral equations defined by a convolution
kernel. Generally these equations are of first kind. Procedures to reduce them to Fredholm or
Volterra equations have been described in various literature. For instance Noble (1958,
p. 230) reduces the W-H egs. (3a) in chapter 1 to Volterra equations. However, working on
the W-H equation in the natural domain does not seem fruitful. It is better to resort to the
integral equations defined in the spectral domain.

In particular, the reduction of the W-H equations to Fredholm equations as indicated in
chapter 1, section 1.6, is fundamental. In fact, to these authors’ opinion, the approximate
solutions of these equations (Fredholm factorization) constitute the most powerful and reli-
able tool for solving the W-H equations when exact factorizations are not possible.

5.1 The integral equations in the a — plane

5.1.1 Introduction

In section 1.6, the W-H equation
R

G(a)F (@) = X-(a) +— (1)
has been reduced to the Fredholm equation
+00
1 [ [6(H)-G@F (), R
G(a)F+(a)+§J J i—o dt—a_ao (2)

which applies when Im[a,] < 0. A slight modification of the procedure indicated in section
1.6 yields the following Fredholm integral equations for the cases where Im[a,] > 0 and
Im[a,] = 0 (section 5.1.2):

1 [ [674@)G(u) — 1F(u)

F+(a)+ﬁj' J

— du=G(a)——, Imag] >0  (3)

—00

129
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oo . u B
F+(“)+2ylzj'J — )C:(u_)a 1]F+(u)du:%G*1(a)ai°ao
+—G*1(ao)a5a , Imlae]=0 (4)

Similar equations can be obtained for the minus function F_(a) = X_(a) +
Setting G1(a) = G~1(a), we obtain

oo

1 [GiY(@)Gi(u) —1]F-(u) . R
F(a)—gj-_J L) du=——— Imas] <0
Gi(a)F_( )*%j' J (©1(1) _t(ili“)]F*(t) dt:(il(_“‘;)oR, Im[ao] >0

5.1.2 Source pole a, with positive imaginary part
Let us consider in the W-H equation

Fo

G(@)F . (a) = F-(a) + —*—

where the source pole «, has a positive imaginary part: Im[a,] > 0. Since in (2) the integrand
function is regular at x = a, when Im[a,] > 0 the following equation holds, for continuity:

G(a)F+(a) 4 Zim . J [G(X) 7XG_(((11)]F+(X) dx = - ioao , Im[ao] >0 (5)

where the y line differs from the real axis as shown in Fig. 1.
Furthermore,

G(ao)Res[F . (a)],, = Fo (6)

Im[o]

Im[og] > O

»— Re[a]

Fig. 1: Deformation of the integration path in presence of poles with positive imaginary parts
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It follows that

27 | X—a 27 X—a
Y
" Res {[G(x) ~ G(@)IF.(0 -
X—a X=aq
where
s [[G<x> - G_<3>]F+<x>] _ [Blee) ~ SR 0,
— [G(a(i) : S(a)] G—l(ao)Fo (8)
By substituting (7) in (5) we obtain
G(a)Fi(a) —|—%j J (600 ;(i(z)}Er(X) dx = G(a)G™(a) " ioao , Imfag] >0 (9)

The same procedure shows that when Im[a,] = 0 the following integral equation stands:

G(a)F+(a) +27TJ J [G(X) _XG_(Z)]F+(X) dx
1 F 1 _ Fo
:Ea_ao+§G(a)G 1(a0)a—ao' Im[a,] =0 (10)

5.1.3 Analytical validation of a particular W-H equation

In dealing with the half-plane problem, we have

The W-H technique yields the exact solution:

VK 4+ agVk —a
a— ag

Fi(a) =

We now verify that this solution satisfies the Fredholm integral eq. (2).
Introducing the suitable deformation of the integration path reported in Fig. 2, we find

+00

[G(t) —G(a)IF:(t) . [ [G()=G(a)IFs(t) . 1 Vktaovk-—t
Jx t—a dt_lL t—a dt = ZJ\/k2_t2(t—a)(t—ao)dt

__ZJ 1 \/k+a0\/k—tdt__2J 1 vK+ g it

o lvke—et-at-a) ) Vkrt(t—a)(t—ao)

A3 A3
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Fig. 2: Deformation of the original integration path

which with the substitution t = —ku yields

TIeW-G@F.®) [ 1 JKFa
L —a T 2J¢—k+t<t—a><t—ao>dt

_gT 1 Tra/k . 27 2nKFa
a klx/i‘:ﬁ(u+a/k)(u+ao/k) Ta—ay VKk+ala—ao)

This proves the validity of the Fredholm equation. Conversely, a numerical check is not

easily obtained. First of all w is indeterminate as t = a; hence, it is necessary to

a

evaluate the limit for t — «a. For (11) it yields

t—a (k2 — a2)3/2

A difficulty arises from the fact that singularities of the kernel (e.g., the branch points) can be
located near the real axis. Finally, the presence of an integration defined over an infinite
support could require a large number of interpolating points in the quadrature formulas. In
general, the previous considerations prevent efficient numerical solutions of the original
Fredholm integral eq. (2). However, we will modify this equation by deforming the inte-
gration line in the a — plane or by introducing a different complex planes where the kernel
presents a more suitable behavior. In this way the Fredholm factorization technique becomes
very efficient and provides a reliable tool for solving the W-H equations.

5.1.4 A property of the integral in the Fredholm equation

_G(

For the previous example, we observe that jf;o Wdt does not involve the

singularities of F__(a). For instance, we will show that thefintegral

1 T FORIIOIOM
u—a
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present in the Fredholm equation, does not involve the pole a, of the source that is present in
F.(a). In fact, setting

+ regular term at o = a,
X — (10

ﬁj., u—a u—aodu
1 [ [G(u)—G(a)] 1 G(u)—=G(a) G(u)—G(a)
2 J (U—a)(u—ao) C 2mjla—ae)’ J ( u—a u—ag )Tdu
1 T[GU)—G(a) G(u)—Gla) Glas)—Gla)
_an(a—ao)'L{ u—oa U— o U— o }Tdu
1 T . Glao) ~Gla) o, [ 1
Y L[m(u, )= m(u,o)] - Tou 2 00— p.v.L T
where

G(u) - G(a)
=——" 12
m(u, @) = == — (12)
and both integrals are to be interpreted as principal values (P.V.) in the singular point
X = too. Now we have

PV. J L qu=pv. J Ut d = pyv. J
U— ao —

(0]

a2 " gdu+ J 2 gdu
T 1
=0 | 7o o du = —aOZn]—o = —7j
which yields
1 [ 6 -G T 1 T

— : = P.V. - T
27 J u—a u—ae Y 27 jla — ap) Im(u, @) = m(u, )] - Tdu

G(ao) — G(a)
2(a — ao)
Clearly the last expression shows that the integral is regular at a = a,.
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The physical interpretation of the integral present in the Fredholm equation depends
on the particular application. For instance, in diffraction problems the pole a, denotes a
geometrical optics contribution. The obtained result shows that the integral in the Fredholm
equation always has the physical meaning of a diffracted field.

5.1.5 Numerical solution of the Fredholm equations

5.1.5.1 Introduction

To obtain accurate numerical results of the Fredholm factorization method, we first observe
that the integral eqg. (2) could involve a kernel

G(a) — G(1)

M(a,t) = G (a) ==

that is not a compact operator. Fortunately, we have a criterion to ascertain the compactness of
M (a,t). In fact, if G(a) and G~*(a) exist and are bounded on the real axis as & — 4oc, the
integral eq. (2) is of second kind (Daniele 2004a). In our applications we are dealing with
equations where the critical points constituted by the singularity «, of the source or the struc-
tural singularities of the kernel are near the integration lines. These circumstances could
damage the convergence of the numerical solution and procedures that overcome these pro-
blems are indicated in the literature (Kantorovich & Krylov, 1967). The fundamental expedient
to improve the numerical solution of a Fredholm equation related to a W-H equation is to warp
the contour path constituted by the real o — axis into a modified line that is located sufficiently
far from the critical points. This expedient was used with success to factorize kernel matrices in
several different problems (Daniele, 2004a; Daniele & Lombardi, 2006, 2007).

Let us indicate with A(y), —oco <y < oo a line on the t — plane located far enough from
the singularities of G(a) and G~*(a) and such that there are no singularities of the Fredholm
kernel M (a, t) in the region of the t — plane between the real axis and this line. For instance,
in wedge problems the straight line (Fig. 3)

Ay)=elty, —co<y<oo (14)
satisfies this condition.

i T
a=keldy, —o<y<w

A

-1 -0.5

Fig. 3: Warping of the real axis on the line A(y) = k elfy, —co <y < oo
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Other contours are possible, but usually mapping seems the best one (Daniele, 2004a). In
general, the deformation of the real axis to the line a(y) = A(y) reduces the Fredholm eg. (2) to

+o0

Glaly)Fla(y) = - 5. | S SO
+a(y;:°_a, —00 <t < o0 (15)
where t(x) = A(x).
The sampled version of this equation is
h & Fo
G(a(y)F+(a) + P > m(a(y),tthi)F(th i)t (hi) = o) — (16)
i=—A/h 0
where A and h are discretization parameters, and
m(a,t) = If [a ==1,G(a), w
We define the following matrices of order 2A + 1:
M = %J_Table[m[a(y),t(h ], {y, —A, A, h}, {i,—A/h, A/h}] (17)
D = DiagonalMatrix[Table[Gla(y)], {y, —A, A, h}] (18)
and the vector
Fo
S = Table m, {y, —A, A, h} (19)
The vector
u = LinearSolve[D + M, g] (20)

defines the samples F,(t(hi)), i=0,+1,+2,...,£A/h. It yields the approximate
solution:

h o Fo
Far(a(y)) =G (a(y)) | —5=—- Z m(a(y), t(hi))F (t(hi)t'(hi) + ———| (21)

2.7'[] i=—A/h a(y) — do

or, in the a — plane

e =
Fa:(a) = G Ha) > m(a,t(hi))F (hi)t'(hi) + °a (22)

27 i——A/h
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Fa(a) = LS Az/ri m(a, t(hi))F, (t(hi))t'(hi) + Fo (23)
& an'i:%/h ' * a— ag

Generally, the numerical solution of Fredholm integral equation of second kind obtained by
using the aforementioned simple schemes is very efficient. For instance, theoretical con-
siderations (Kantorovich & Krylov, 1967) ascertain that diminishing h and increasing A
assures that the numerical solution converges to the exact solution of the integral equation.

5.1.5.2  Some applications of the Fredholm factorization

Introduction

In the previous section we stated that the Fredholm factorization involves compact kernels
provided that both G(a) and G~*(a) exist and are bounded as a — +o0. With the excep-
tion of the kernels relevant to the longitudinal modified W-H equations, we experienced that
G(a) can always be normalized in order to accomplish these conditions. For example,
consider the following W-H kernels:

ejrd
@ Gla)= 7 cos[z d]
(b) G(a):w, b+c=a

zsin[ra]

Multiplying them times the well-known function 7 = v'k2 — a2 yields the W-H kernels

ejrd
(@) g(a)=cos[rd}
() gla)=SMEDISINGS) o g

sinfza]

which satisfy the conditions that assure that the Fredholm kernels M («, t) are compact.
The most significant expedient to improve the numerical solution of the Fredholm
equation related to a W-H equation is to warp the contour path constituted by the real
a — axis into a modified line far from the singularities and/or zeros of the kernels. In the
following we apply these considerations to kernels (a) and (b).
The singularities of these kernels are as follows:

Case (a): branch points: a = £k, poles of G(a):

o=yl (OB p 2

Case (b): branch points: a = 4k, poles of G(a):

/ 2
:l:aan = :t k2 - (ng) n= l, 27 e (25)
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poles of G~(a) or zeroes of G(a):

Ny 2 nor 2
_ 2 _ (2 — = 2 _ (= =
+ap = +4/k (b) N=12,... +amn==/k (C) n=12,... (26)
Let us observe that in both examples the singularities of the kernel are located in the standard
branch lines b, and b_ (Fig. 3) so that £k and some +a, are very near the real axis for
vanishing values of the imaginary part of k.

Factorization of kernel (a)
First we normalize the kernel

piViki—d? d ”
9(a) = cos [\/k2 —a? d] @

and then obtain numerical solution of the Fredholm equation for two different integration
lines. To be realistic, we introduce a propagation constant k with very low imaginary part:
k= 27”(1 —j1078). This involves some singularities of the kernel very near the real axis.
However, we overcome this problem by warping the original line constituted by the real axis
into another line far from the singularities. To estimate the accuracy of this approximate
solution, a physically important parameter is the residue of the minus function F_(«a) in the

pole —agq(1) = —ay (section 3.2.6). We have
Res[F_(a)]| . = Reslg(a)]| , Fi(~a1) ~ Reslg(a)]|_, Far(~a1) (28)

Consequently, the accuracy of the numerical solution can be obtained by comparing
Fa:(—az) with the exact value F. (—a;). We obtain

where
jda

Mo(a) = g'(a) = -

vk2 — a? cosvk? — a2 d

e First integration contour: the numerical solution is considered on the original line con-
stituted by the real axis.
Figure 4 illustrates the obtained results. The accuracy of the results is not satisfying
since we obtained

Fai (—a1) = —0.03738 — j0.00291
F.(~a;) = —0.04823 + j0.01040

e Second integration contour: the numerical solution is considered on the line A(y) = eliy,
—o0 <y < oo (Fig. 3)
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2 1 0-8
= === (1-j107°),
A=1 k=~ (1-J107)

d= 1.1%7 A=20, h=05

-10 -5

Fig. 4: Comparison between exact and approximate solutions, where the integration line is the
real axis

; 2 P
Ay) —eify 12 A=1 k=S5 (1-j109),

-10 -5 5 10

Fig. 5: Comparison between the exact and the approximate solution, where the integration line
is A(y) = eliy

Figure 5 illustrates the obtained results. The accuracy is improved: compare with Fig. 4.
Now we have
Fa: (—a1) = —0.0427751 + j 0.017618
F.(—a1) = —0.04823 + j0.01040

Factorization of kernel (b)
The exact factorization of the kernel G(a) :%,
section 3.2.5. First, we use the normalized kernel

b+ ¢ =a was considered in

g(a)=%, b+c=a (30)
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and then obtain the numerical solution of the Fredholm equation for two different contour
lines. Again, to be realistic we introduce a propagation constant k with very low imaginary
part: k = 22 (1 —j10°8), which involves some singularities of the kernel very near the real
axis. However, we overcome this problem by warping the original line constituted by the real
axis into another line far from the singularities.

To estimate the accuracy of the approximate solution, a physically important parameter
is the residue of the minus function F_(a) in the pole —a, = —a; (see section 3.2.5).

We have
Res[F_(a)]|_,, = Res[g(a)]|_, Fi(-a1) =~ Res[g(a)]|_, Fa+(~a1) (31)

The accuracy of the numerical solution can be obtained by comparing Fa (—a1) with the
exact value F, (—a1). Another parameter that estimates the accuracy is the residue of the
minus function F_(a) in the poles ap; and ac; (see section 3.2.5). We have

F_(ap1) = Res [G’l(a)”

Res[F. (a)]|, = Res[G™(a)]] Fa(an1) (32)

ap1 Op1

Res[Fy ()], = Res[G*(a)]|, F-(ac1) ~ Res[G*(a)]], Fa(ac) (33)

el el

Consequently, the accuracy of the numerical solution can be obtained by comparing
Fa_(abc1) with the exact value F_(apc1). We obtain

g(a) —g(t)

m(e,t) = If |[a = t, my(a), a—1

Mo(a) = g'(a)
The expression of my(a) is not reported here.
e First integration contour: the numerical solution is considered on the original line con-
stituted by the real axis. Even though we now work with a compact kernel, the Fredholm
solution is not sufficiently accurate and therefore is not reported here.

e Second integration line: the numerical solution is considered on the line A(y) = eldy,
—o0 <y < oo (Fig. 3).

Figure 6 illustrates the obtained results. Using a compact kernel and solving on the line
Aly) = eliy, —oo <y < oo considerably improves the accuracy of the numerical results.

Observe the peaks for negative a in the approximate solution. They are due to the poles
—ap1 and —acy very near the real axis that are spuriously present in the approximate solution
Fai(a). Now we have

F+(—aa1
Fa+(_aal
F ap1

) = —0.0766365 — j0.134256
)
~(ap)
Faf(abl)
~(ac1)
~(ac1)

—0.0735487 — j0.131697
—0.300055 — j0.0625272
—0.294696 — j0.0644443
—0.58009 — j0.053066

—0.582995 — j0.0543879

F
Fa

Ol

Ac1
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L5F
- 2 o
12.5F A=1 k:{(lqlo 5),
10 F
: F°+(°‘)| A=20, h=05
F+(a)|
b=11 /1, c=11 ’1, a=b+c
2 2
L 1 1 1 1 1 1 1 1 1 a
~10 -5 5 10

Fig. 6: Comparison between the exact and the approximate solution, where the integration line
is (y) = eliy

Examples on rational functions
Let us consider the solution of the W-H equation

1
a — do

Gla)F (o) = F (a) + ;

]

where the kernel is the rational matrix factorized in section 2.7:

1 ] aZ +An2
Gla)=|~ 17182 | =G (a) Gi(a)
iq 1

and G_(a) and G.(«) are given in section 2.7.
In the numerical solution it has been assumed that

Av=1 B=2 =05 A=5 h=01 aq=1-j10"1

We obtained an approximate solution Fa;(a) by Fredholm factorization using different
paths:

A(X) =X

A(x) = xel*/4

A(X) = x +j arctan x

In all cases the plots relevant to the approximate solution and the exact solution

Fola) = G+1f)_6;:(ap)

N~ =

are indistinguishable.
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e(x)
0.015 [

0.0125 |

0.01 § ) = xe 74
0.0075 [
0.005 |

0.0025 f

Fii(a)=Fasi(a)

Fig. 7:  The error e(a) = | =5

F+1(‘1) —Fan1 (‘1)

Filo) relevant to the first components of

Figure 7 illustrates the error e(a) =
Fi(a).

The error relevant to using the path A(x) = x + j arctan x is larger and has not been
considered here (Daniele, 2004a).

Similar errors are present in the Fredholm factorization of the rational matrix of order
three considered in section 4.4.2.1 (see Daniele, 2004a; Daniele & Lombardi, 2007).

5.1.6 Analytic continuation outside the integration line

Equations (22) and (23) provide the representations of F (a) and F_(a) in the complex
o — plane through an analytic continuation of the numerical solutions. The validity of these
representations start from the points of the integration line of the Fredholm equation and
extend until we cross the singularities present in them. Unfortunately, beside the structural
singularities present in the kernel there are additional spurious singularities due to the
approximation of the integral with sums. Now we discuss this item by observing that in the
exact representation of F, (a):

R
dt + G *(a) -
a—t * (a) a — do

, Imfae] < 0 (34)

+00 1 ' B
F+(a):_%j. J G Y(a) - [G(a) — G)]F (1)

—00

there is a compensation of the minus structural singularities (poles or branch points located
in the upper half-plane Im[a] > 0) in the second member. To show this, let us assume the
presence of the zero a. of detG(«a)] in Im[a] > 0. Looking at

, Im[ag) <0 (35)

L.TG‘“O‘)'[G<“>—G<t>]F+<t>dt+G—l<a>. R

oa—t a—ag
—00
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the residue in a. of the first term of the second member is given by

Ry, = —%Res[G*l(a)]%- J %dt:%mqewan%- J (Z_Et)tdt (36)

Taking into account that F_(t) presents in the half-plane Im[a] < 0 only the pole a, with
residue R, the previous equation yields

+00 +0o0
1 o “GHF.() 1 o J F_(t)
R, =~ zr5ResG 0], J Pl d = Reslo (@), | gl
= —Res[G 1(a)], - R (37)
% e — g
Since the second term presents a residue Res[G~1(a)], - —R— in the pole a. that compen-

sates the previous one, it follows that the exact expression of F, (o) given by (57) does not
present the spurious pole . located in the upper half-plane Im[a] > 0. Consequently, F («)
is indeed a plus function. The same reasoning can be used when a branch line is present in
G~ Y(a) in the upper half-plane Im[a] > 0. In fact, the jump on the two lips in the first term of
the second member of (57) yields

Alznljj G (a) éG_(tt)-F+(t) dt] _A[Gl(a)}zijj z,_(tz dt
- A6 ) fao (38)

which compensates the jump in the second term: A[G*l(a)]a%ao. These compensations for
offending minus singularities present in the exact representations derive from the relationship

+00
LSRR )
2.7[] e — t Q¢ — Qg
that holds if o is located in the upper half-plane Im[a] > 0.

Conversely, in the approximate representation

i=A/h : .
22J. Z G(hi)Fi(h |)%_ R (40)

oc—hi Oc — do

i=—A/h

the presence of the sum instead of the integral does not assure this compensation. The offending
presence of minus singularities in plus functions F, («) follows. Consequently, the quantity

i=A/h . .
L‘. G(h |)F;(.h |)%7 R (41)
271 | v i a — 0g
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for every value of a in Im[a] > 0 represents an accurate indicator of the presence of
offending singularities. Similar considerations can be done for the minus function F_(a).
Sometimes in application problems the evaluation of the unknowns is required in a region of
the a — plane where the representations (22) and (23) are not valid, for instance, in improper
sheets or points near the singularities. In these cases we can resort to analytic continuation.
The analytic continuation of numerical results is an old yet very difficult problem of applied
mathematics that can be approached in various ways. For instance, by introducing the mapping
a = —k cos w, the W-H equation for the impenetrable wedge problem (section 1.3.1) assumes
the form of difference equations

GW)X (W) =V 4 (~w — @) (42)
where the plus functions are even functions of w. Taking into account the aforementioned
property of the plus functions, it is possible to eliminate the unknown Y | (w), thus obtaining
the relation

X (W 20) =G (—w — 20)6 (W)X . () (43)
Starting from the values of X . (w) known via egs. (22) and (23), this last equation allows us
to evaluate X ;. (w) and Y  (—w — @) for every value of w. When it is important to evaluate
residues of F, («) and F_(«) in poles located in structural singularities defined by the zeroes
of det[G(a)] and det|G~*(a)], we can resort to the W-H equation

Res[F. (a)],_, = Res[G (a)],_ F-(ai) (44)

a=aj

Since we can evaluate Res[G'(a)],_, exactly, the accuracy of the evaluation of
Res[F.(a)],_, depends on the accuracy of the evaluation of F_(aj) through the repre-
sentation given by (44). Since «; is a point located in the regular region of F_(a), usually no
problems are encountered in obtaining a good evaluation of F_(«;) with this representation.

5.2 The integral equations in the w — plane

Let us consider the W-H equation
Fo
a— Qg

G(a)Fi(a) =F (o) +

(45)

If F () is a standard plus functions (Im[a,] < 0), it yields the following Fredholm integral
equation:

1T 160 - G(a)]F- ()

G(a)F (@) +5 - J

v dx_a_ao, Im[ao] < 0 (46)

—00

It is convenient to deform the contour path constituted by the real axis into the straight line
Ao shown in Fig. 8. If there are no poles of G(«) and F_ () in the shaded region, one finds
+00
1 J [CX) ~Gl@lF (), 1 J [GX) — G(a)]F+ (%) 4 (a7)
27 | X—a 27 | X—a

—o© Ao
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jk o —plane

—k

,Jk

Fig. 8: Deformation of the contour path

NSNS

o — plane W — plane

Fig. 9: Integration paths in the w — plane

In wedge problems, the kernel M («, t) presents a more suitable behavior in the w — plane
defined by (see section 2.9.2):

a = —T5 COSW X = —T, COS W (48)

In the w — plane, 4, and r,, (Fig. 9) are the images of the line 4, and of the real axis of the
a — plane, respectively.
Furthermore,

Qo = —To COS Wy = —T, COS ¢ (49)

where Wy, = —¢,, /2 < ¢, < 7. In the w — plane the Fredholm equation becomes

GWE (W) + - J[G(W/)_GM)F*(W/)TO sin wdw' = — Fo

2] ) —7o COSW + 75 COS W To COS W — 7o COS W,
I
(50)
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By introducing
W= % +ju (51)
we have that dw’ = jdu, cos w = j sinh u, sin w' = —cosh u,

GW)=H(u), F.w)=Y(u)

o 1 [ [Hu) —6w)]Yu o Fo
GW)F+(w) +ﬁj J —jsinhu+cosw (—coshu) jdu = — To COSW — 7o COS Wq
+o00
(52)
or
1 [HE) - 6W) YW F
~ N u) — w u . _ 0
GW)F+w) + 27 J —j sinh u -+ cosw cosh u jdu = To COS W — To COS Wq (53)
This provides the representation
. G w) [ [HU) - 6w)] Y(u) & w)F,
Fi(w)=— - J — cosh u jdu — (54)
27 —jsinh u+ cosw To COS W — 7o COS Wq

—00

Let us now derive the equations valid for the samples Y (h i). By putting w = —7 + jt in the
equation

o 1 [HW) - 6w)] Y(u) _ Fo
CWF.w) Jrgj’ J —jsinh u+ cos w cosh ujdu = 7o COS W — 7, COS Wo )
we find
1T HW —H@) B Fo
HOY(®) +5 J Zsinhugsinn o Y (W = - e w0
or
HOY(O + 5 | mt o)y (s = — e o 57)
where
Fi(w)=Y()
. [H(u) —H()] [H(u) —H()]
m(t,u) = 1f [” ==thm R arsinn oMY Zsinhu T sinht

with the limit evaluated as u = t.
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The sampled form of the previous Fredholm equation is

h <L o Fo
H(hr)Ya(hr) +ﬁji:;/hm(h r,hi)Ya(hi) = o hr —coswg)”
r=0,+1,+2,..., i% (58)

The solution of the previous equation in 22+ 1 unknowns Ya(hi), (i =0, +1, £2,..., +%)
yields the representation

 Ho A o H(t)*F,
Ya(t) = _Tjh i:_ZA/h m(t,hi)Ya(hi) — 7o(j sinh t) — 7, cOs W, (59)
which in turn, in the w — plane, yields the approximate plus function
Fai(W) = Ya(u) (60)
or
3 6wt & oy, . G(w)'F,
Fai(W) =— 27 h i:ZA:/h m {_J (W + E) h I} Ya(hi) = 7o(COS W — COS W) (61)

5.3 Additional considerations on the Fredholm equations

5.3.1 Presence of poles of the kernel in the warped region

For illustrative purposes, let us consider the presence of a pole ag in the shaded region of
Fig. 8. This pole may be present in the plus function F, (a) (zero of det|[G~1(a)]) or in the
minus function F_(a) (zero of det[G(«)]). By following the same procedure used in deriving
(61), it is possible to obtain directly the following integral equation on the A, line:

(@ if asisapoleof F_(a):
G(a)F. (a) 1 J [G(x) — G(a)]F4+(x) dx — Fo Xo

+—- - ,
27 | X—a a—ae o —0s
Aa

Im[ao] <0 (62)

where X, is unknown. It should be noted that the last unknown term is present only if
Imfas] >0

(b) if agis a pole of F(a):

1 J [GX) — G(a)]F+(x) Fo Yo

G(@)F (@) + 5, 2 K= b Imla] <0 (69

Ao

where Y, is unknown. It should be noted that the last unknown term is present only if
Imlas] <0
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In order to evaluate X, one can use the sampled form of the equation:

1 F)
3 Jx—asdx’o (64)

/1(1
and similarly, to evaluate Y, one can use the sampled form of the equation:
1 F
J +0) 4 g (65)

gj' X+ o

a

5.3.2 The Fredholm factorization for particular matrices

Ala) B(a)etiat
(we ™ D(a)

amenable to the method described in this chapter. They will be considered in chapter 6.

Matrices having the form G(a) = (C ) where L is a real quantity are note

5.3.3 The Fredholm equation relevant to a modified kernel

An important characteristic of the Fredholm factorization discussed in the previous sections
is constituted by the fact that it is not necessary to regularize the operator having as symbol
G(a) by performing preliminary factorizations.

To improve the accuracy of the factorization, sometimes it is convenient to generalize the
Fredholm factorization by introducing a slight modification of the technique discussed
above. Let us rewrite G(a):

G(a) = Gm(a)Gp(a) (66)

where the inverse of Gp(a) is regular in the lower half-plane Im[a] < 0. By repeating the
procedure that yields the Fredholm equation we obtain

1 J” [Ga(t) — Gp(@)]F-. (1)

o gt — On' (%) ‘R
27 |

Gpl(a)F (a) — L Imlag] <0 (67)

—00

This is another Fredholm equation that sometimes can be more convenient than the original
one. For instance, if Gy (a) and Gy(a) are the standard factorized matrices of

G(a) = G_()G,(a)
then the integral vanishes, and one obtains the expected result:

G a) G ao) -R

Fi(a) = p— (68)

In this case we say that G, («) = G_ () produces a total regularization of the matrix kernel
G(a). In general, we can choose the matrix Gy (a) to have a partial regularization of G(a).
This expedient could simplify the numerical solution of the integral equation.
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CHAPTER 6

Approximate solutions: Some
particular techniques

All the powerful methods (e.g., iterative, moment) developed in functional analysis can be
effectively used for solving W-H equations or for obtaining factorized matrices. Further-
more, the observation that it is possible to factorize matrices with rational elements suggests
approximating the kernels with rational approximants.

6.1 The Jones method for solving modified W-H equations

6.1.1 Introduction

In the following we present two powerful methods due to Jones that allow us to solve the
modified W-H equations, avoiding their reduction to classical W-H systems. The Jones
methods are very popular. In fact, they were used and continue to be used in very numerous
applications. The only inconvenient of these methods is the requirement of a preliminary
factorization of the kernel G(a).

6.1.2 Longitudinal modified W-H equation
Let us rewrite the longitudinal modified W-H equation in its original form

G(a)F(a) + &Y F . (a) + F-(a) = Fo(a) (L>0) (1)
where F(a) is an entire function having the following properties:

e F(a) is vanishing as a — oo in the half-plane Im[a] > 0 and grows exponentially as
a — oo in the half-plane Im[a] < 0

e F(a)e e isvanishing as a — oo in the half-plane Im[a] < 0 and grows exponentially as
a — oo in the half-plane Im[a] > 0

The factorization of G(a) = G_(a) - G4 (a) yields
G (a)F () + &G} (a)F(a) + GZ'F-(a) = GZ'a)Fo(a) (2)

149
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Separating the plus and minus parts in (2) yields

iBLa—1
6 (@F(@ + 5 | g s 3)
-1 1 G B)FL(B) 1,
6 WF- () - 5 [ P g =, (0 @)

72

where S;_(a) and Sy, () follows from the decomposition of G=*(a)F,(a):
G-} (a)Fo(a) = S1-(a) + S1+(a) ()

and y, and y, are the smile and frown real axis paths, respectively.
Equation (1) can be rewritten as

G(a)e F(a) + Fi(a) + e 1UF_(a) = e Fy(a) (6)

We observe from the characteristics of F(a) that the function e 1*-F («) is a minus function
since it is vanishing in the half-plane Im[a] < 0.
The (right) factorization of G(a) = g, (a) - g_(«) yields

g-(a)e 1F(a) + 97 (a)F s (a) + 9. (@)e ™ F-(a) = g (a)e 1 Fo(a)  (7)

Separating the plus and minus parts in (7), we get:

—1/2\a—iBL
g @)+ [ s, ) ®

. -1 —ipL
g_(a)e " F(a) — %jjg-r (ﬁl)ge_ aFf(ﬁ) — Sy (a) 9)

71

where S,_(a) + S, (a) follows from the decomposition of g;*(a)e *-Fy(a)
Now we show that the system of egs. (4) and (8)

iBL—1
S WF-(@) - 5 | P g =5,
V2 - (10)
~1/3\a—jpL
g (a)Fy(a) + 2%” J 9 (ﬁ)ﬂe: aF-(ﬁ) dB = S21. (@)

Y1

can be reduced to a Fredholm system of the second kind. In fact, by changing g into —f in
the first equation of (10) and « into —a in the second equation we get

—ipLe-1/_ _
G Ha)F_(a) +%Je : Gﬁ(f(z':*( P) df =S1-(a) (11)
71 L1
g af )+ [ RO g s ) )

71
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A Im[]

Re[]

The dots represent the poles
o= f,or o= B,

Fig. 1: Discrete spectrum of G=*(—p) and g;*(8)

The advantage of this system consists in the presence of the factor e /%L that is readily
vanishing for values of 3 located in the lower half-plane Im[5] < 0. To appreciate this fact, let
us consider the presence of only a discrete spectrum in G-*(—3) and g;l(ﬁ) (Fig. 1). Taking
into account the regularity of F..(—3) and F_(§) in the half-plane Im[8] < 0, we obtain

1 (e G H=B)F (=B ,, e Bn'R(—Bm)F . (—Bm)
ﬂ,J B +a W=-2 B + )
Y1
1 (e Pg M (BF-(8) _ e Vntr(Bn)F- (Bm)
Z—HJJ Fra __Xm: B+ 4

"1

where By, and R(—By,) are the poles and the residues of G=1(—p), respectively, whereas f3,,
and r(B,,) are the poles and the residues of g*(8), respectively.

Substituting and letting a = g, in (11) and a = B, in (12), we get the system in the
unknowns F_(8,,) and F,(—Bn):

e % "R(—Bm)F (~Bnm)

G:l(ﬁn)F*(ﬁn) - Z B +/3 = Slf(ﬁn)
m e Vnbr(Bn)F—(Bm) 1
07 (—Bu)Fs(=Bn) = D= “Hp " = 52, (-By)

The operators involving in the sums are compact. Moreover, the presence of the
exponential e 1B L and e#n L allow truncate the sums to be truncated to a very few terms.

In the presence of only a continuous spectrum (Fig. 2) we can warp the smile real axis y;
to the closed line vy that encloses the branch line T

4 Im[B]

h a
— . Re[f]

B=k
The branch line I' present in Gfl(—ﬁ) and g;l(ﬂ)
This line starts from the branch point = k

Fig. 2: Continuous spectrum of G=*(—4) and g;*(B)
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We obtain the Fredholm equations

G- (a)F-(a) +

1 det:&@

ﬁj t+a
r

1 Je‘j“-N (HF_(1)
27 t+a

(16)
9 (—a)Y_(a) + =S (-a) ael

T

where M(t) and N(t) are the jumps of G=*(—3) and g;*(8) on the branch line T, and
Y_(t) = Fo(-1). _

The Fredholm equations can be solved by quadrature and again the presence of e~itt
allows us to assume a very small integration interval. Moreover, the presence of the rapidly
vanishing factor e Jt- suggests to represent the unknowns F_(t) and Y_(t) in Taylor series
about the branch point t = k:

NOF-(1) = > At +k)’

_ (17)
M(®Y_(t) = > Bi(t+k)'
i
Substituting (17) into (16) leads to the Whittaker functions defined by
[ uie
Wi_(z) = J iz du (18)

0

The representation (17) for evaluating the integrals in the Fredholm egs. (16) introduces very

few constant unknowns A; and B;. These unknowns must satisfy a system of linear equations

that derives by suitable manipulations on egs. (16).

6.1.3 Transversal modified W-H equation

By factorizing the kernel G(a) = G_(a) - G, (a) in the transversal modified W-H equation
G(a)F(a) +H(a)F(-a) +F_(a) = Fo(a)

we find

G (@)F-(a) + G a) - H(@)F+ (—a) + G (a) -F_(a) = G-X(a) - For (@) (19)

Separating in the plus and minus functions

71 . p—

. (@F.(0) + 5 | S RORE g5 s o (20)
-1 . _

62w F(a) s [ AP g s (o) (21)

V2
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where S_(a) and S, () follow from the decomposition of G=(a)F,. (a):
G (a)Foi(a) = S1_(a) + S1.(a) (22)
Changing « into —a in (20) yields the Fredholm equation:

1JG_1(/5’) -H(B)X_(B)
27 B+ a

Gi(—a)X-(a) + df =Si(-a) (23)

71

where X_(a) = F(—a).

In alternative to the quadrature method, as we did for the longitudinal W-H equations,
it is interesting to warp the smile real axis y; to enclose all the singularities of
G~1(B) - H(B) - X_(B) located in the half-plane Im[B] < 0. We observe that, since G-1(B)
and X_ () are regular in this half-plane, the singularities involved are only those of H(5).
For instance, if H(3) presents only a discrete spectrum constituted by the simple poles S,
as indicated in Fig. 1, we can rewrite eg. (23) in the form

-1 .
G+(—a)X,(a) _ Z GZ (ﬁm)ﬁmRiﬂZ)x(ﬁM

where R(S,,) are the residues of H(8) in . Putting a = 3, in (24) yields the system

-1 .
Gu (x5~ 3 O ) B )

which is very convenient and has been used in numerous applications presented in the
literature.

The same considerations apply when H(j3) presents only a continuous spectrum. We
obtain the Fredholm equation

=Si(-a) (24)

SNEN (25)

Gi(—a)X_(a) + d =S (—a), aeTl (26)

1 JGl(ﬁ) "M (B)X_(B)

27 B+a
T

that is easily solved by quadrature.

6.2 The Fredholm factorization for particular matrices

Sometimes the kernel G(a) has a form that does not allows the reduction to Fredholm
integral equations, as indicated in chapter 5. For instance, let us consider the kernel

Gla) = <C(2§Z)J’aL B(«é)(z;JaL) o
associated with the W-H equation.
G(a)Fi(a) =X_(a)+ R . Im[ap] < 0. (28)
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First, we observe that it is not restrictive to consider the parameter L as nonnegative. In fact,
the following equation holds:

Ala) B(a)e et (01 D(a) Cla)et -\ /(0 1
Cla)et s D) ) \1 0)\B@edt  Aa) 10

The reason for the difficulties in factorizing (27) is essentially due to the presence of e**-,
This factor does not allow us to close the line v, (section 1.6) with a semicircle located at co
in the lower half-plane «. Consequently, it is impossible to deduce straightforwardly the
Fredholm equation relevant to the W-H matrix kernels. To overcome these difficulties we
propose two methods:

(&) Without loss of generality we can reduce the factorization of matrix (27) to that of the

+jal
matrix g_(_az ¢ . Next we rewrite
el d(a)

gla) efet) 0 0
(ej“L d(a)> _G°(a)+<o d(a)>

where

Go(a) = <3<f‘2 e+(;aL) — Go_()Go, (@)
can be factorized with the Jones method (section 6.1.2). The previous equation reduces
the problem to the factorization of the matrix (1 + Ggl(a)(g d(Oa) )Go‘j(a)), and
this can be accomplished with the Fredholm factorization described in chapter 5.

(b) Alternatively, Abrahams and Wickham (1990) suggested rewriting the matrix G(a) in
the form

B Ala)  B(aje™t) (1 0 1 0
G(a) - (C(a)ejaL D(a) > - (0 ejaL) M(Ot) <0 ejaL) (29)

where the central matrix
. <A<a> B<a>>
C(a) D(a)

can be factorized analytically or numerically:
M(a) =M_(a)M.(a) (30)
Equation (30) yields
G(a) =G (a) -G (a) (31)
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where

- 1 0 - 1 0
G_(a) = 0 e-ot ‘M_(a), Gi(a)=Mi(a)- 0 eldl (32)

. L (1 0 - 1 0 .
C @) =M@ o ] Cr@=|, | M@ (33)

The factorized matrices G_(a) and G () and their inverses are regular in the lower and
upper half-planes Imfa] < 0 and Im[a] > 0, respectively. However, they do not constitute
standard factorized matrices since G _(a) grows exponentially in the half-plane Im[a] > 0
and G, (a) grows exponentially in the half-plane Im[a] < 0. To overcome this problem, we
rewrite (28) in the form

G4 (@)F+(a) = 6" (ap)—

1 -1 } R

= G (@)X-(a) + |6 (@) = 6 (o) = w(a)

a — ap a — Qp

(34)

Since the first member is regular in the half-plane Im[a] > 0 and the second member is
regular in the half-plane Im[a] < 0, it follows that the function w(a) is entire. Moreover, it is
vanishing in Im[a] > 0 and conversely grows exponentially in Im[a] < 0.

Multiplying (34) by e yields that e 7*-w(a) is vanishing in Im[a] < 0 and conversely
grows exponentially in Im[a] > 0. These properties of the entire function w(a) will be uti-
lized later.

It is possible to derive the Fredholm integral equation for w(a) by using the result

. G -G ‘R
Fo(a) = 67 (@w(e) + 2@ B (@) (3)
a — ap
By integrating on the “frown” real axis y, we rewrite:

~ -1 ~ -1 ~ -1

G G -G
LJ F+(u) du = LJ + (U)W(U) du + LJ + (U) — (ao) . R du (36)
2rjJu—a 27] u—a 27 u—a u-—ap

V2 V2 V2

Now the first member is vanishing since we can close the line y, with a half-circle of
radius — oo located in the half-plane Im(u] > 0, where F, (u) is regular and vanishing as
u — oo. It follows that

1

- ~-1 <1
L[Sy, L6l Sle R, )
27| u—a 27| u—a u-—op
V2 Y2
or
1 1 TG uw(u) 1 (G 'u)-G '(«y) R
__~71 _ + S, + — P .
ZG+ (a)W(a)—&—zan J u—a anj u—a u—ocpdu
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Taking into account that e 7*-w(«) is regular and is vanishing in Im[a] < 0, we have

1 e utw(u)
71

where y, is the smile real axis (section 1.6). Equation (39) can be rewritten as

~ 1 . . 0~ 1 .
G, (a)ed fetwu) 1.1 1 G, (a)elWlw(u)
27[] J U—u dU—§G+ (a)W(a)—i—yJPV J U—o dU—O
"1 —©
(40)
Subtracting (38) from (40) yields
00 -1 . ~ 1
<1 1 [ G ()l Wt -G “(u)]w(u)
6 awla) + 5 J — du
1 (G, ) G (a) R
=—.J = -~ P, du (41)
27 ] u—a u—ap
V2
or
ila-u)l] _ G Gt
i+ [ NN
2] u—a
1 (GG, () G '(ay) R
1 j +HA - %) du (42)
27 | u—a u—ap

V2

For evaluating the second member we observe that because of the presence of éll(u) that
grows exponentially for Im[u] > 0, we cannot close the line y, with an infinite half-circle
located in the upper half-plane. Conversely, we can close y, with an infinite half-circle
located in the lower half—plape.lTaking into account that this line encloses the poles a and a,
and all the singularities of G, (u), one has that

1 Jé+(a)éf(u).é‘1(ao) R

Py . du
2] Uu—a U-—ap

V2

G. (@6 (ap) = 6. (@) -6 ()R | 1 Jé+<a>é; W-6w) R
u—a u—ap

(43)

where 4, is a closed line that encloses only the singularities of Gll(u). The first term of
the second member is the sum of the residues in the poles u = a and u = ay; it is interesting
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to observe that this term is regular in a = a,. Now we show that eq. (42) is a Fredholm
equation of second kind when the matrix M *(«) reduces on the real axis to a constant
matrix A, as a — +oo. First, taking into account that

6@ =5 e ) M@ (44

we rewrite (42) in the form

YL - ellb 0 - i
- o0 [( 0 l)(M+1(O‘))—< 0 1>(M+1(U))]e Mw(u)
wW(a) + -—Gi(a) J

u—a

or

1. (l\o 1 0 1
W(a)+2—7er+(a) J a du
ejaL 0 ejuL 0 )
1 - 0 1 0 1
+2_.7'L'JG+((1) J U—o du
~ -1 <1
:i_JG+(a)G+ u-G_(ap) R du (46)
2rj Uu—a U—ap

V2

The last integral of the first member can be evaluated in the form

o Kei“L O) - (erL O)]eJ“LAOW(u)
1 - 0 1 0 1
= 6. (a) J d

u—a

u

ejuL

1 elt 0 e A w(u) 1 < 0 2>e_jULA°W(u)
:—_(~3+(a)J ( )—°du+§jé+(a)1

u—a

d
0 1 u—a :

7 71

(47)
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where y; is the smile real axis. Taking into account the properties of w(a), the smile real axis
can be closed with an infinite half-circle located in the lower half-plane; it follows that the
first integral of the second member of (47) is vanishing. Conversely, in the second integral of
the second member of (47) we close the smile real axis with an infinite half-circle located in
the upper half-plane, which yields

u—a

1 (e;“L 1) AW 10
—G,(a) J =G, (a) ( . )Aow(a) =M, (a)Aw(a) (48)

71

Substituting these results in (46) we obtain
[+ M. (@)Ao)w(a)

ejal- 0 ejuL 0 _
% [( )(M+1((1) —Ao) — ( >(M+1(u) Ao)] e Jubw(u)
1 ~+ J 0 1 0 1

+TMG (a) uUu—a au
~ ~ -1 ~ -1

RN |-G O O R N Y )

27 u—a U—ap

V2

The previous equation is of the second kind, since we can show the compactness of the operator

(R e

u—a

by adopting the considerations used in Daniele (2004b).

The presence of unknown w(a) that grows exponentially in the lower half-plane does
not allow to deform the real axis to use the expedients in section 5.1.5.1. However, we
can consider the properties of w(a) to find an alternative way to the quadrature method
(Abrahams and Wickham, 1990).

Let us consider the inverse transform w(x) of w(a):

J W(a)e i “*da (50)

—0o0

R 1

For x < 0 we can close the real axis with an infinite half-circle located in the upper half-
plane, yielding
W(x) =0, forx<0

Similarly, by rewriting (50) in the form

W(x) = L J w(a)e el dq (51)
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and taking into account the asymptotic behavior of w(a)e™ I in the lower half-plane, in the
range L — x < 0 or x > L, we can close the contour with an infinite half-circle located in the
lower half-plane. This yields

W(x) =0, forx>L (52)
Hence, the function W(x) is not vanishing only in the interval 0 < x < L, and its Fourier transform
w(a) can be represented by the sampling theorem. More directly, we observe that the function

w(a)
glak — 1

is a meromorphic function vanishing at infinity. The Mittag-Leffler expansion of this func-
tion yields the series (sampling theorem):

o0

w(a) W(an)
gl — 1 n;m jL(a — an) (53)

where a, = n2Z, thus leading to the following representation of w(«) through the sampling
W(an):

o~ (61— D)w(an)

wW(a) = jL(a — an)

(54)

N=-—00

Substituting in the integral of the Fredholm eq. (49) and forcing a = an(m =0, £1, £2,...)
yields a system of infinite unknowns w(ay) that according to the compactness of the kernel
can be solved by truncation.

A simplification of the integral eq. (49) can be accomplished by observing that by suitably
choosing P_(a), Q_(a), R_(a) and S_(a), we can rewrite (Abrahams & Wickham, 1990):

6 (a) = p-(a) q-(a) \_(P(a) 0 \ [ R(a) 1
S\ r_(a)e et s_(q)edet ) 0 Q_(a) S_(a)eiat  g-ia

(55)

& Ha) — Pi(a) 0 1 Ri(a) 56
970 ) et siaen o

P+(a) O
0 Q

P_(a) 0 ! L - - .

( 0 Q (a) ) X_(a), it is shown that it is not restrictive to assume that the factorized

matrices G_(a) and G;l(a) present the form

Gl @ 1 57
~(a) = S_(a)e it gidk S

and similarly

-1
By introducing the plus unknown ( a>> F.(a) and the minus unknown
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For instance, this yields

Mt =<1 R+(a)> (59)
1 Si(a)
and
(1 R4 (o0)
Ao (1 S+(oo)> (60)

The integrand of (49) becomes

elet 0 elll 0
( )(M;l(a) —Ao) — ( )(M;l(u) — Ag)e M w(u)
0 1 0 1

B 0 el [Ry(a) =Ry (o0)] — MRy (u) = Ry (c0)]
B <o S.(a) = 8. (1)
eIt R (@) — R (00)] — e [Ry.(u) — Ry (c0)]

S.(a) — S4.(u)

) e Uhw(u)

e 1w, (u) (61)

wi(a)

where wy(a) is the second component of the vector w(a) = . This means that the

system of the two integral equations

ejal- 0 ejuL 0
[( > (M;l(a) — AO) - ( ) (M;l(u) _ Ao)] e*juLW(u)

Wy (OL

[1+M(a)Ao]w(a)

1. (1\o 1 0 1
+2—nJG+(a)J i—a du
~ 1, -1
_LJG+(O()G+ u-G_"(ap) R du
- 27j u—a u—ap

(62)

can be reduced to two uncoupled scalar equations.
Method (b) can also be applied to solve longitudinal modified W-H equations. In fact,
these equations are equivalent to a vector system with kernel (section 1.5.2):

S - (85 %) (63)
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6.3 Rational approximation of the kernel

6.3.1 Pade approximants

An approximate factorization can be obtained using Pade representations of the kernel
(Abrahams, 2000). MATHEMATICA provides Pade approximants very easily. For instance,
the instruction

Gp(a) = Pade[G(a), {a,0,m,n}] (64)

expresses the scalar kernel G(a) in terms of a rational function Gy (a) where the order of the
polynomials that constitute the numerator and the denominator are m and n, respectively.
The constant 0 means that this Pade approximant starts from the point a = 0, where the
approximation error is vanishing. The Pade approximants G,(«a) are rational functions and
may be factorized in closed form

Gp(a) = Gp-(a)Gp+ (o) (65)

To ascertain the accuracy of this approximation let us consider the half-plane problem
(section 1.1.1) and assume

k=1-j0.01, ¢0:§n:>a0:k/2 (66)

Choosing m = 20 and n = 22, MATHEMATICA provides very quickly a Pade approximant

Gp(a) presenting the error e(a) = ’% reported in Fig. 3.

The error is very small in the visible spectrum —1 < a <1 (Fig. 3a); however, it
increases considerably out of this interval (Fig. 3b) because for a — oo, Gp(a) — a2,
whereas G(a) — a~L. It is interesting to locate the position of the poles of the Pade
approximant Gy (a). These are shown in Fig. 4.

Since the structural spectrum is constituted by the two branch points £k, these poles are
spurious. However, Fig. 4 shows that their location may simulate the two branch lines

actually present in the problem. Fig. 5 reports the relative error ep(a) = %@3‘@
14x 1071 F T
12x 101 E oF
Ix10ME SE
§x 1012 4F
3 -
3

6x 10712 F
4x1012F \JU
2x 10712

(@ (b)

Fig. 3: Relative error of the Pade approximant for k = 1 — j0.01, ¢, = %n = a,=k/2
@-1<a<1(b)-10<a<10
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0.1

0.05 -

—0.05

0.1 +

Fig. 4: Poles of the Pade approximant

ey()

0.03 -

0.02 -

0.01

-1 0.5 0.5

—_

Fi(a)—Fpi(a)

Fig. 5: Relative error gp(a) = @)

The scattering pattern from the half-plane is reported in Fig. 6, which shows that in practice
there is no difference between the exact solution and the Pade-approximated solution.

By reducing the Pade parameters m and n, the relative error ep(a) = %&”;@
increases. For instance, by choosing m = 8 and n = 10 the error is doubled. However, the
scattering pattern does not change dramatically.

Sometimes the parameter k, related to the branch point, can be arbitrary chosen. For
instance, in the considered example, the scattering pattern does not depend on k. In these cases,
since the rational approximation is better when the spectrum is far from the real axis «, it is
convenient to assume k with a strong imaginary part, such as k = 1 — j. Figure 7 illustrates the

Fi(a)—Fpi(a)
Fi(a) ’

strong reduction of the relative error e,(a) =

WWW.ebook3000.cogl
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40 |- F.[k cos ¢]
30 -
20
10
1 1 1 1 (p
-3 -2 -1 1 2 3
Fig. 6: Scattering pattern
8
6
k=1-j0.01
4 —_—k=1 —j
2
\\ a
1 1 1 1 1
2 4 6 8 10

Fig. 7: Different values of k: comparison of the relative errors

6.3.2 An interpolation approximant method

The Pade approximant is accurate only at a points near the starting point ag; for instance, in
the previous examples as = 0 has been chosen. It is possible to improve the approximation
accuracy on a larger a range by using sophisticated techniques, such as the multiple point
Pade approximation. However, it is much more effective to introduce an interpolation
method. The main idea of this approach is to force the function

i[a] = G(0)+Zm:biai] — 1+'mz+n biai_m]G(a) (68)

to vanish in a set of «; points suitably chosen:

if@il]=0 i=12,...,.m+n (69)
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The n 4+ m previous equations yield a system of n+ m order for the bj, i =1,2,...,m+n
unknowns. The solution of the system provides the following rational approximation for the
kernel G(a):

G(0) + bya + bya? + - - - + bpa™
G ~ G;j =
(@)~ i) = Ty 1o Byoa? + - F Byyeed

In this way, it is possible to obtain a rational approximant valid on a large range of «. In
general, the rational approximations provided by this technique show a better accuracy with
respect to those obtained by the Pade approximant. From here on, in the applications we will
refer to rational representations obtained with the interpolation method.

(70)

6.3.2.1 Presence of a discrete infinite spectrum

In this case, the major error in the rational approximation of the kernel arises from the singu-
larities near the real axis «. To strongly improve the approximation it is convenient to ratio-
nalize only the part of the kernel containing the spectrum far from the real axis. For instance, let
us consider the factorization of the kernel previously considered in example 4 of section 3.2.4:

__sin(z b)sin(z c)

=— 71
G(a) zsin[z (b + ¢)] (71)
Introducing the same numerical data of that section, namely,
27 A A A

for vanishing values of Im[k], we have two real zeroes a = ay;, a = a¢ and two real poles
a = ag and a = aap. Consequently, it is convenient to consider the rational approximants of
the function

(o2 — a2))(o? — o) _sin(x b)sin(z c) (a2 — o2,)(a? — o)

W) =) (o2 0w~ ady) ~ sl (b4 0)) (o — afy)(a? — ay)

(73)

which presents only an imaginary spectrum : £a,i (i =3,4,...), 2ap (i=2,3,4,...) and
+ae (i =2,3,4,...). The Pade approximant of M (a)

Ma(a_) = Pade[M(a), {«,0,20,22}] (74)
yields the approximate factorized function
(o — ap1)(a — ac)
(a0 — aa1)(a — aa)

The plots reporting the absolute values and the argument of the exact G, (a) and of the
approximate G, (a) for a large range of values of « are indistinguishable. The following
figures report the relative errors defined by

_ [G6(a)] = [Gar(a)|

Gat(a) = May(a)

(75)

eabs(a) = \G+(a)| (76)
E+((1) _ G+(aé:(s)a+(a) (77)
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The relative error on the absolute values of the exact and approximate factorized functions is

very negligible (Fig. 8); for instance, for a = 2 the relative error is exs(2) = 6.08 1071, The

biggest relative error is for e (a) = ‘#“)

(Fig. 9), and it arises from the relative

error on the phase. This can be ascertalned in Fig. 10, which illustrates the arguments of the
exact G, (a) and approximate Ga; (o).

6.3.2.2 Presence of continuous and discrete spectra

In dealing with truncated waveguides, the kernels involve continuous and discrete spectra. In
these cases our experience suggests that the best way to obtain rational approximants is
based on the interpolation method considered in section 6.2.3. In the following, the
approximate rational factorization of the kernel

ejrd
Gla) =—, 17=Vk?—-0? 78
() 7Cos[z d] (78)
Eabs()
5x10°8F
4x108L
3x 108
2x10°8F
1x108F
1 1 s 1 o
-10 -8 -6 -4 -2

Fig. 8: Relative error on the absolute values of the plus factorized function

e(0)
0.05 1
0.04 |
0.03 |
0.02 |
0.01 |
P S T BN N S

-10 -8 —6 —4 -2

Fig. 9: Relative error on the plus factorized function
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1 1 1 1 1 a
-10 -8 -6 -4 -2

dF

-02F

03 F

-04F

-0.5F

Arg[G,(@)]
-0.6
Arg[Ga. ()] -0.7¢

Fig. 10: Comparison between the exact and the approximate phase of the factorized plus
function

will be considered. This kernel has been exactly factorized in section 3.2.6 (example 5); the
exact plus factorized function is

(%484 1)exp[log % — qa] 5 (1*;“1%)

vk —a y/cos(kd) eAT' (B +1) % ( _ g)

Gi(a) =

_T(—4+8+1)exp[d log I — qa] lN_n[ (1—#‘“3)
\/m\/cos(ikd)eyﬁr(i_;_l) n=1 (1—(%n

To compare the exact and approximate factorizations, let us assume that
A=1 k=%Z(1-j107%), b=11%.

Since G(«) is an even function, the following even function has to be forced to be
vanishing in the suitably chosen points a;:

i[a] = |G(0) + Zn:biaﬂ — |1+ ZZH bia2<‘“>]e(a) (80)
i=1 i=n+1

To obtain the 2n + 1 unknown b;, we forced im] =0inm=1,2,...,2n+ 1.
By assuming n = 10, the solution b; (i = 1,2,...,21) of the previous system, obtained
with MATHEMATICA, provides the following rational approximation of the kernel G(a):

G(0) + bya® + bpa* + - - - + byoa®
Ga) ~ Ga(a) = 14 bya? + bppa* + -+ + bya? (81)

The factorization of the rational kernel G,(a) = Ga—(a)Gay (@) has been accomplished by
MATHEMATICA. By assuming N = 200 in the truncated product of G (), Fig. 11 and

Fig. 12 report the relative errors e(a) = [*-(4=2-()} and epy(a) = 29I [ aalBa-()]

fvww.ebook3000.con)



http://www.ebook3000.org

6.4 « Moment method

0.02 -
e(a)
0.015 |-
0.01 |
0.005 -
o
1 1 1 1 1
-10 -8 -6 —4 -2
Fig. 11: Relative error on the plus factorized function
1 1 1 1 1
-10 -8 -6 4 -2
o
20.001
-0.002
-0.003
-0.004
-0.005
epn( o
pn(®) ~0.006

Fig. 12: Relative error on the phase of the plus factorized function

6.4 Moment method

6.4.1 Introduction

167

In this section we consider general aspects of this method, which is very powerful for solving

the arbitrary linear equation

A-x=y

(82)

This equation is defined in arbitrary Hilbert space. A is a known linear operator, X is an
unknown vector, and y is a known vector.
Let us introduce a set of vectors w,,, which we call expansion functions. We represent x in

the form

X= anq}n
n

(83)

This representation is exact if the set y,, (n = 1,2,...) is a basis in the Hilbert space. However,
it remains very useful in every case, provided that the vectors v, are chosen appropriately.
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Substituting (83) into (82) yields
Z XnA - Yn=Y (84)
n

Let us introduce a set of vectors ¢, (m=1,2,...) that we call test functions. The scalar
product with ¢, yields

Z AmnnXn = Ym (85)
n
where
Amn = @m - Ay, (86)
Ym = @m Y (87)

The solution of (85) furnishes the values of x, that represent x through (83).

When the set of expansion functions coincides with the set of test functions, the moment
method is also called the Garlekin method.

Equation (83) can be defined in the natural domain or in the spectral domain.

In this book we consider only formulations in the spectral domain. We can apply the
moment method directly to the Fredholm egs. (1.54), or more simply we can start from the
W-H eq. (1.4):

G(a)Fi(a) = F* (a) + For(a) (88)

To solve this equation with the moment method we recall the Parseval theorem:*

and use the representation
Fi(a) = Z Cip41(a) (89)
i

where the constants C; are unknown and the set of plus functions v _;(a) (expansion func-
tions) is known. A projection with the set of plus test functions ¢.,; provides the equations for
the unknowns:

> _GiiCi=N; (90)

! The symbol ~ stands for Fourier transform.
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where
1T :
Gi= 4G Vi =5 | #4(-a)-6(a) - 4(a) da (o)
1.
Nj = Py For = 7 J §0+j(_a) : F0+(a) da (92)

The minus function X_(a) does not appear, since in performing the projection with the test
functions ¢_;, Parseval’s theorem provides the equations

J §(—a) - X_(a)da = 27 g; - x_ =0 (93)

It is important to observe that there are many advantages to formulate the moment method in
the spectral domain rather than in the natural domain. For instance:

e The entries of the matrix G;; require only the evaluation of a single (and not double)
integral .2

e The matrix kernel G(a) is always known in analytical form.

e The solution obtained in the spectral domain is very suitable for obtaining the asymptotic
evaluation of far fields.

6.4.2 Stationary properties of the solutions with the
moment method

The inverse A~! of the operator A provides the solution of eq. (82):

x=A1l.y (94)
However, in many applications, a function h requires the functional
w=h-x (95)
or more generally a function of w:
f(w)="f(h-x) (96)

To evaluate the functional w with moment method, let us suppose that the set of v, and ¢,
are bi-orthogonal:®

P Y = Omn

2 Compare eq. (93) with eq. (86).
% We can obtain a set ¢,, bi-orthogonal to the set of 1, by using the Gram-Schmidt normalization.
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The operator A can be represented by the matrix

A ... An ALN11
A=| Air ... Aw AN N1
Ant11 oo AnsiN AntiNs
where
Amn = @n Ay, (97)
With the use of N moments, this expression can be rewritten as
A=A, +0A (98)
where
A11 . A]_N 0 . 0 N 0 Al’NJrl
AOZ ANl ANN O e |y 6A: 0 0 AN,N+1
0 e 0 O “ee AN+1V1 o e AN+1,N AN+1’N+1

With the moment method, eq. (83) is approximated by
Ao - %o = Yo (99)

where y, has the same first N component y,, = ¢, -y (m=1,2,...,N) of y while the other
components are all vanishing. In the following we will indicate the error with ox:*

OX =X — Xo (100)

To evaluate the error in the functional w = h - x, we introduce the vector h, in the Euclidean
space Ey . It contains only the first N nonvanishing components ¢, - h(m = 1,2,...,N). We have

w=h-x=(hy+ dh) - (Xo + 0X) = hg - Xo + ho - X+ Sh - Xy + oh - Ix (101)

Since 6h has nonvanishing components form =N + 1, N + 2,... and X, has nonvanishing
components form =1,2,...,N, we get

(Sh'XoZO

To evaluate h, - 0, let us consider the operator A, the transpose of the matrix A, in the
space Ey. Indicate with x/ the solution of

AL X, = (102)
We get
ho - OX = (AL - X0) - OX = X, - Ag - OX (103)
Taking into account (99), from
A-X=(Ag+0A) - (Xo + OX) = Yo + Yy

“ We observe that ox has components ¢,, - o that are not vanishing also form =N +1,N +2, ...
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we get
Ay - OX = —0A - Xo — OA - OX + Oy (104)
Taking into account that x{, - 0A - X, = 0 and X, - oy = 0, substituting (104) into (103) yields
ho - X =X - (—0A - Xo — OA - OX + dy) = —Xg - OA - OX (105)
Substituting (105) into (101) evaluates the functional w = h - x in the form
W=h-Xx=hg X, —X; - 0A - X+ oh - I (106)

This means that the evaluation of the functional w = h - x with hy - Xo = h - X, Where X, is
the approximate solution obtained with the moment method is stationary, since the error
—Xg - OA - OX + oh - ox is of second order.

In many applications it is sufficient to use only one moment ¢,, ;. The moment eq. (85)
reduces to

Pr-A- Y X =¢p-y (107)
From (83) we get
¢y
= 7 108
€01'A'1//1w1 (108)
P11y
h-x=——=—-"h- 109
o1 A Y1 (109)

In the natural domain x — x(z), a < z < b, (108) becomes

b
¢1<z>y<z>dzjh<z>wl<z>dz

hoyo_ P2 a
@Ay

heyy= (110)

D e T | O — T

b
J%(Z)A(Zv )y, (7')d7 dz

Equation (110) can be onerous since the evaluation of a double integral is required.
However, in the problems considered in this book the operator A is of convolution type:

Az,7)=Az-7)— Aa) = J A(u)el**du

In the spectral domain (110) yields

1Y 1700
h-x=—"""72 h.y,=— 111
71 Ay Y1 o (111)

and all the integrals to be evaluated are simple.
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To conclude this section, we observe that if w = h - x is stationary in x = X,, a generic
function f (w) =f(h-x) is also stationary in the same point, provided that f’(w)|w=nx, iS
regular. In fact we have

of (w) = f'(w)ow
whence if ow is a differential of second order, of (w) is also a differential of second order.

6.4.2.1 Stationary properties of the eigenvalues evaluated with
the moment method

In many applications the operator A depends on a parameter 5 that must be evaluated to
satisfy the homogeneous equation

A(B)-x =0 (112)

By using the moment method with expansion functions 1, and test functions ¢,, we get

Z Amn(ﬁ)xn =Ym

Hence,
det[A(B)] =0 (113)

where A(S) is the matrix that has the entries Amn(5).
Let us indicate with 5 the exact values that satisfy the previous equation. The approx-
imate values of Ay(53) produce an approximate value 3, that satisfies

det[Aq(B,)] =0 (114)
We have
det[A(8)] = det[A(B,) + OBA'(B,)] = det[A(B,)] + 6fH + O(dp%) = 0 (115)
where H derives from the evaluation of the determinant of the sum of the two matrices
A(B,) and OBA'(B,). Letting
Ao(B)  Ax(B) ‘
Ao(B) Ax(B)

and using the Laplace formula for evaluating the determinant of a matrix, it can be shown
that if the element of Ao (8), A:o(B) and A..(B) are of order ¢ we get

A - |

det[A(B,)] = det[Ao(B,)] det[Aw(5,)] + O(e?) = 0 (116)
Taking into account that det[A,(5,)] = 0 and substituting (116) into (115) yields
OpH = O(08%) + O(?)

which shows that the error 68 =  — 3, is of second order.
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6.4.3 An electromagnetic example: the impedance of a wire
antenna in free space

Let us consider the wire antenna shown in Fig. 13, supplied by a voltage V,. Indicate with
1(z) the total current at position z along the wire. The current density is defined by

3(2) = 1(2) 5(x) 8(y) 2 (117)

The electric field E radiated by the antenna can be expressed in the form

E- —joAz+—" 2A (118)
Jwéott
where the potential A is given by
L2
—jkoR
a=te J ¢ (@) (119)
—-L/2

andR =1/p? + (z — z’)2 is the distance between the observation point and the source point.
On the wire surface, by indicating with a the radius of the wire, we have

R=1/a?+ (z—2)°

By forcing E; to vanish on the wire surface and the source voltage V, to be concentrated at
z =0, we get

L/2

J 9(z,2)1(Z)dz' = —V,d(z) (120)

-L/2

where

N —
g(Z,Z) _147'['(0

Zo (@ 5\ edoVEer
dzz  ° 2
a2+ (z—17)

Equation (120) is an integro-differential equation. To obtain an integral equation we can
consider Hallen’s approach (Hallen, 1962), which reduces (120) to a second-order ordinary

V()
~
7=-L72 7 7=L2

Fig. 13: A wire antenna in free space
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—jko A [ a2+ (-7 2
differential equation in the unknown j'j{z/z%
a’+(z—7

1(z')dz’. Solving this equation we
obtain Hallen’s integral equation:

L/2 ko /Rt (72 Vv
e N Vo .
J —— () = —ZnJZ—S|n|koz|+Ccoskoz (121)
0

i@+ @-2)

where C must be determined by imposing the boundary condition 1(L/2) = 0.
The solution of Hallen’s integral equation has been extensively studied. If we are inter-
ested only in the admittance of the wire antenna defined by

_ 19
Y = A (122)
we observe that by letting
x=1(z), h= # (123)
(o]

the admittance is simply the functional h-x. Therefore, we can proceed directly to the
moment solution of (120), thereby avoiding the introduction of Hallen’s equation.

For the sake of the brevity, in the following we consider only the half-wave wire:
L = 1/2 where 2 = 2= is the wavelength.

Taking into account that the sinusoidal profile for 1(z) is a physically acceptable
approximation, we use only one moment:

27
Ya(2) = g2(2) = cos 2 (124)
From (120) we get
—1/4 71/46
z
| eovo@e | Sy
oy o i /4
Ya_h~x_¢1.g.¢1h V1= —2/4 —A/4
| [ seorm@e@ea
—3/4 A/
_ ¢1(0)y1(0)
T /A A/
| a2y @0z 0
—A/4 /4

The stationary expression of the impedance of a half-wave wire antennas is

~2/4 —A/4

Zo = — j j 02,70y (@), (2)dz o7

14 —1/4
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Taking into account that Z, = 377Q, we can evaluate numerically the double integral and
obtain

Z,=732+j425 (Q)

The numerical integration is cumbersome; hence, taking into account that the kernel
g(z,Z') = g(z — 7) is of convolution type it is preferable to work in the spectral domain. This
will be done in section 8.4.

6.5 Comments on the approximate methods for solving
W-H equations

In the previous sections, we described approximate methods for solving W-H equations. In
practical terms, we experienced that the more powerful ones are those based on rational
approximants of the kernel and on the quadrature method for solving Fredholm integral
equations. These techniques provide approximate factorized kernels that are accurate in their
regularity regions. This limitation can be overcome by analytic continuation. For instance,
taking into account that

G(a) = G_()G.(a) (125)
approximate values of G!(a) at points where Im[a] < 0 may be evaluated by
G (a) = (G (a)G(a)™ (126)

Consequently, since G**(a) is exactly known everywhere, the problem of evaluating the
plus factorized matrix outside its regularity half-plane is reduced to the evaluation of G**(«)
in its regularity half-plane Imja] < 0.

The power of the previously introduced approximate methods depends on the spectrum
of the kernel; for example, if there is not an infinite discrete spectrum together with a
continuous spectrum, we suggest working on the Fredholm equation in the w — plane, which
in this case provides very accurate approximate solutions. Conversely, if only an infinite
discrete spectrum is present, then accurate solutions can be obtained by the rational
approximant of kernels and, in particular, we found that the interpolation methods work
better than the Pade approximants.

In all cases, the difficulties arise mainly from the presence of singularities near the real
axis, and therefore it is always convenient to try to eliminate these singularities using
appropriate algebraic manipulations.
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CHAPTER 7

The half-plane problem

7.1 Wiener-Hopf solution of discontinuity problems
in plane-stratified regions

The study the electromagnetic propagation in stratified planar regions (Fig. 1) is very
important since it provides all the fundamental concepts needed for the study of wave pro-
pagation. There are very excellent books devoted to this topic (Felsen & Marcuvitz, 1973,
chapter 5; Brekhovskikh, 1960). In this book, we examine some aspects of the problem that
are not considered in the cited works. For instance, we introduce planar discontinuities in
some sections of the stratified regions and develop a unified theory for this problem that is
based on the spatial Fourier transforms of the fields and on the Wiener-Hopf formulation.
In this section, for illustrative purposes we consider only stratified isotropic media in which

gi=¢&l, pm=ul E=0=C

and 1 is the unity dyadic. The general formulation that involves arbitrary linear stratified
media will be presented in section 7.10.1.

The fundamental equations for studying stratified regions of isotropic media are the
following transverse field equations (Felsen & Marcuvitz, 1973, p. 186):

0 . VAV ViJ
——EtJwﬂi(H#).Htwatxw.‘ !

oy k2 Jwei O
0 . ViV . . ViMy
——H; = il1 . E J -
oy t stl( + k|2> Yy XE+Y X t+lwﬂi
AY
y=a+hb
823§2=§2=1u“2
y=a
€, & G
y=0

Fig. 1: Arbitrary plane-stratified linear regions

179
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where

0
Eit=E2+EX H=Hz+HSKX Vi=V-y—,

M = M2 + MiX, Ji =32+ X, ki =o /e

2

7.2 Spectral transmission line in homogeneous
isotropic regions

Let us consider time harmonic electromagnetic fields with a time dependence specified by
the factor ei*t, which is omitted. These fields are considered in an isotropic homogeneous
layer with permettivity &, and permeability u,.

It is convenient to consider the free-source layer indicated in Fig. 2a as a piece of wave
guide (Felsen & Marcuvitz, 1973, pp. 183-207) having normal direction y and an unbounded
section in the transverse plane (x, z). For the sake of simplicity, we assume that only the
components E,, Hy, and Hy are nonzero and that there are no variations of these fields in the
z-direction (0/0z = 0):

Ez = EZ(X,Y), Hx = HX(le)’ Hy = Hy(x,y)

Since the guide presents an unbounded cross section, we are dealing with a modal continuous
spectrum (Felsen & Marcuvitz, 1973) that can be represented through the Fourier transform
of the transverse field:

o0

V(ny) = JEZ(x,y)ej’?de
- (2)
(oY) = Jw(x,y)e”*dx

Applying the transverse field eq. (1) yields the following transmission equations in the
voltage V (»,y) and current 1 (#,y):

d .
*d—yV(n,y) =jrZc1(n.y)

d .
“dy I(n,y) =jtYcV(n,y)

(@ (b)

Fig. 2: (a) Layer of isotropic homogeneous medium, (b) two-port relevant to the layer
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where being Z, = , /%2 and k = /i€, the characteristic impedance and the propagation
constant of the medlum respectively, the propagation constant r and the characteristic
impedance Z. of the line are defined by

t=1(n) = V/k? — 32 (4)

k Zo Yc:i:L (5)

\/ kZ — 172 ZC (l)/,to

ZC:%:ZC(W) =

7.2.1 Circuital considerations

Solving the transmission line eq. (3) in the layer bounded by the sectiony =y; andy =y,
(Fig. 2a) yields

Vi = cos(zd)V; + jZ¢ sin(zd)(—1,) (6)
I1 = jYc sin(zd)Vy + cos(zd)(—12) (7)
where d = Y2 — VY1, V112 = Vlyg(ﬂ) = V(’?,yl,Z) I12 =1 2( ) =+l (77’ yl,Z)'

A circuit representation of the layer is constituted by the two-port shown in Fig. 2b,
where T is the transmission matrix of the two-port:

T :( cos(zd) jZCsin(rd)>

jYesin(rd)  cos(rd) (8)

If the transmission matrix T is known, circuit theory provides the following impedance
matrix and admittance matrix of the two-port:

. . 1
L —j cot(rdl) Z¢ —chm .
—jZ; W —jcot(zd) Z¢
—jeot(zd) Yo +jYe ;
v sin(zd) | _ 21 (10)
+iYe sin(ed) —jcot(zd) Y

The reciprocity property of the two-port provide some simple circuit representations. For
instance, Fig. 3 illustrates the IT and T representations, whose parameters are

. d
Yi= Y, = jYe tan%

o1
Y3 = —)Ye——

3 Mesinzd ;
Zi =7, = —jZ tan%
. 1

ZgZ—jZ

“sinzd
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2 2’

(b)

Fig. 3: (a) IT representation, (b) T representation

y V(1. o:)

Y = Yo+

V (1, Yo-)

Fig. 4: Circuit representation of planar discontinuity

To conclude this section, we observe that if the length d of the layer is infinitely long the
impedance seen by the initial section of the layer is the characteristic impedance of the two-
port. Of course this impedance is coincident with the impedance Z. of the transmission line.

7.2.2 Jump of voltage or current in a section where it is present
a discontinuity

Let us assume that a planar discontinuity is present in the section y =y, (Fig. 4).
We can model this discontinuity with current and voltage generators given by

A=Am) =1(nYor) = 1(m,Yo-) = J [Hy (X, Yo ) — Hx(X, Yo )Je7dx (11)
Eo =Eo(n) =V (1 Yor) =V (1Y) = J [Ez(X,Yor) — Ez(x,yo,)]ej”"dx (12)

7.2.3 Jump of voltage or current in a section where a concentrated
source is present

The circuit description of a concentrated source can be obtained using eq. (1).
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In essence, as for planar discontinuities, concentrated sources at the pointy = y,,x =0
introduce in the circuit representation voltage or current generators located at the section
y =Y, of the transmission line. For instance, for a line-source electrical current
J =1, 6(X)0(y — ¥o)Z, egs. (1) and (2) yield

d .
_d_yv(n’ y) = JTZCI (771 y)

d .
ary (n,y) =jrYcV (ny) + 1od(y — Yo)

Similarly, for a line-source magnetic current M = V, d(X)0(Y — Yo)2, we get
d .
@y (m,y) = itZel (1, y) — VoO(y — Yo)

d .
Yy I(n,y) =JrYcV(n,y)

7.3 Wiener-Hopf equations in the Laplace domain

In the presence of remote sources it is convenient to introduce Laplace transforms instead of
Fourier transforms. In fact, in these cases the Fourier transforms exist only for real values of
the propagation constants; furthermore, when the sources are remote, impulsive functions are
present. The Laplace transforms are always analytic functions in the complex variable #.

For a given function y(x) defined on the entire x axis, we define the plus and minus
Laplace transforms as the analytic continuation of the integrals

() = [w0eimd, v = [ wooeimex
0

The total Laplace transform W(») is given by

W) =¥Y_-(n) +¥:(n)

The circuit considerations developed in the previous section hold also for the total Laplace
transform. However, it is important to remember that the inverse Laplace transforms have
the form

px) == J W_()e Idy
B—

Y. (X)

1 .

[ — —Jnx

3 | ey
B

where B_ is a horizontal line located under the singularities of ¥_(#), and B, is a horizontal
line located above the singularities of W ().
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To put in evidence the difference between Laplace and Fourier transforms, let us consider
a field having an x dependence described by*

f(x) = eI
The Fourier transform requires real values of #, and yields
J e Ve ™dx = 2710(n — 1)

Conversely, in the domain of the Laplace transforms, F, () is the analytic continuation of

T 1
Foln) = | e el —
/B
0
whereas F_ () is the analytic continuation of
0
i ik 1
F.(p) = J e Xedx = —j
/)

—00

It follows that the complete Laplace transform F(z) of a plane wave is null:

+j =0
[/ /R
Notice, however, that if the term —j ﬁ is interpreted as a minus functions, if Im[y,] < 0, the
inverse transformation introduces a Bromwich line B_ such that
1 J j 1
27 =1
B_

Fn)=F-(n) +Fy(n) = —j

e I%dy = e I*u(—x)

Conversely, if the term j# is interpreted as a plus functions, if Im[y,] < O, the inverse
transformation introduces a Bromwich line B, such that

170. 1 i i
oy J i e e dy = e *u(x)
o

Hence, despite the zero value of F () = F_(n) + F_ (1), the inverse transformation of F_(»)
and F.(n) reproduces exactly the field due to the remote source. Since the total Laplace
transforms for the primary field in presence of remote sources are vanishing, we can deduce
the Wiener-Hopf equations in the spectral domain by ignoring the presence of the remote
sources. This always yields Wiener-Hopf equations in the homogeneous form discussed in
section 2.4.2. Let us remember that the Laplace transform ¥ (») does exist also for complex
values of #,. This fact allows us to introduce small losses in the media to avoid singularities
on the real axis Im[y] = 0.

! The dependence e is typical of remote source (incident plane wave, incident mode).
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The aforementioned considerations raise the following question: what is the integration
path B in the inversion equation y(x) = .= [ ¥(n)e 7*dy?

This problem does not exist if we work with Fourier transform since in this case the
integration line always is the real axis. However, in the Laplace domain, for the presence of a
pole 7, due to a remote source, nonconventional plus or minus functions are involved.
Consequently, in the inversion equation we must assume B as a Bromwich line. For instance,
if the pole 7, is not conventional for the plus part of source term, we must set B = B, that is,
a horizontal line above the pole #,; conversely, if the pole is not conventional for the minus
part of source term, we must set B = B_, that is, a horizontal line below the pole #,. For the
sake of brevity, the justification of this rule is not reported here.

7.4 The PEC half-plane problem

7.4.1 E-polarization case

The planar discontinuity is constituted by a PEC half-plane located at y = 0. The voltage

V=V(0,)=V(#0.)= | Ex0.)e™dx= [ E,(x 0 )edx

—3
y—

_ JEZ(X, 0. )eldx = V. (1) (13)
0

is continuous since E;(X,y) is zero on the half-plane y = 0,x < 0. It means that the voltage
generator indicated in Fig. 4 vanishes. Moreover, the vanishing of E,(x,y) on the half-plane
implies that V = V_ () is a plus function.

Taking into account that the continuity of Hy(x,y) on the aperture y = 0,x > 0 implies

A=1(,0.) = 1(,0-) = | [Hx(x,01) — Hx(x,0.)e}™dx

0
J [Hy(x, 05) — Hy(x, 0)Jedx = A_(n) (14)
the function A = A_(#) is a minus function. According to the boundary condition on a PEC
surface, —A = —A_(n) represents the Fourier transform of the total physical current induced
on both the faces of the PEC half-plane.
Since the layers y > 0 and y < 0 are unbounded, we have to consider the impedance Z.

in both directions. This entails the circuit representation of Fig. 5. Analysis of this circuit
leads to

Vv :ZCHZCA:%A (15)
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Fig. 5: Half-plane problem and its circuit representation

or taking into account that

) = SR o= o7y KD _l_T
T—T<’7)— k n ZC_ T _ZC(T])_\/m YC_ZC_

andV =V, (), A=A_(n)
ﬂggfwwkw (16)

The homogeneous W-H eq. (16) can be rewritten in the normal form of section 2.1 by taking
into account the source constituted by the incident plane wave:

E; (X,y) = E, e kpcos(y—eo) (17)
On the aperture y = 0, x > 0 or ¢ = 0, p = x this provides the voltage
T E
er (17) _ J Eoejkpcoscpgeinxdx _ j_O (18)
0 [/

where 5, = —k C0S ¢,.

Taking into account that there is no reflected wave contribution on the aperture,
V3 (1) = V4 (n) — V. (1) does not present the pole 7, = —k cos ¢,. From eq. (16), it follows
that the characteristic part of A = A_(#) at the pole , = —k cos ¢, is

2 V k? — 77021- Eo
wu /B
Notice that by letting » = —k cosw (section 2.9.2) , = —k cos ¢, corresponds to W, = —¢,

in the w — plane, which yields the determination \/k? — 5,2 = —k sinw, = k sin¢,. Conse-
quently, we have

2 _ 2 i
2\/kw 77°j Eo —2j E, sing, (19)

o Tn—ne o Zo(n — 1)
and the normal form of the W-H eq. (16) is

2/kZ — 2 q . Egsing,
—V =A"(n)+2———= 20
PO ) = K )+ 2o (20)

where A¢ () is regular at the pole 5, = —k cos ¢,.
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°
Remote source

>y
x=0

Fig. 6: Equivalence theorem

The source term AP = Zj% in (20) can be obtained directly by observing that it

represents the primary contribution for the total current induced on the half-plane. In fact,
(Fig. 6) the total current induced on the PEC half-plane is the sum of the contribution of the
remote source in presence of a full PEC plane iny = 0 (i.e., the primary field) plus the
contribution of the equivalent magnetic current M present on the aperture. Since the latter
contribution does not present any pole, the characteristic part of A_ () is the minus Fourier
transform of the current induced by the primary field:

He(x,04) = HJ(x,0,) + H(x,0,)
T i (21)
M Primary field

Taking into account the reflected field on the plane y = 0 (Fig. 6):

Eo . i Eo . i
HI(x,0,) = —2=2 sin guelkreosia=ro) — _2 20 gin g e kx5 70 (22)
Z, Z,
we get
0 E s
i . Eosing
AP = J HI(x, 0, )e™dx = 2j ————°_ 23
. X ( +) 20(17 _ ’70) ( )
with 5, = —K C0S @,.
The solution of the W-H eq. (20) (see section 2.4.2) is
1 .KE, sing 2k +1 Epsing
V() =2, A(n) = = (24)

= J = J
vk =—nv/k+n," n1—mn Zo/K4+n," 1—1

Since the factorized functions can be chosen within a constant factor, we can choose arbi-

trarily the branch of 7, (n) = vk —#% and let vk +7 = \/k;;"z. In the following, if not
-n

indicated otherwise we will adopt as branch the one that satisfies the condition 7, (0) = vk
for real values of k. In the w — plane (section 2.9.2) we have

() = VK= :\/ﬂcosg, () = VKT :—\/ﬂsing (25)
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7.4.2 Far-field contribution

The solution of the W-H equations allows us to evaluate the total field by using the
equivalence theorem indicated in Fig. 6.
The effects of the equivalent magnetic currents M are given by

VMny) = Vi (me T, My = YEWein y oo

f; o (26)
VM) =V (e, Moy =~ ey <o
C
where the plus W-H unknown V() is expressed by (24):
1 . KE, sing,
Vi(n) = 27
Consequently, we obtain

V(ny) =V-y) + VM,

(m.y) (m.y) (m.y) (28)

l(n.y) = 1P(n.y) +M(ny)

where according to the equivalence theorem VP (,y) and 1P (5, y) represent the primary field,
that is, the Laplace transform of the field due to the source in the presence of the PEC plane
located at y = 0. For sources constituted by plane waves for y > 0 in the spectral domain,
both VP(5,y) and IP(5,y) are null. So it is more convenient to rephrase (28) in the natural
domain. For instance, for the first of (28),

E:(x,y) = Ey(xy) +Ej(xy) + B (x.y) (29)

where E!(x,y) + EX(x,y) is the primary field (the incident plus the reflected wave). Note that
according to the equivalence theorem, for y < 0 we have E}(x,y) = 0, EJ(x,y) = 0.
The inverse Fourier transform yields the following expression for the longitudinal field:

EM (X y) _ ]kEo sin (25 J e_j”"e‘j \% k2—n?ly| d77
2 VK =1y/K+115(17 = 1)

2 (30)
B+
where the line B is a straight line above the pole #,. Algebraic manipulations allow us to
reduce this integral to special functions involving Fresnel integrals (Mittra & Lee, 1971).
However, in different problems as such those considered in the next sections, it is not pos-
sible to obtain the inverse Fourier transforms in closed form. Approximate evaluation
techniques must be implemented. In particular, for the evaluation of far fields, the saddle
point method (Felsen & Marcuvitz, 1973) is particularly important.
Using the mapping indicated in section 2.9.2,

n = —kcosw
7= —ksinw
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and considering the cylindrical coordinates

X = pCoOS @

32
y=psing 32)
yields the integral
lo = k J F (w)e kpcos(ulol) gy (33)
Mw
where
A _ i :
fo(w) = f (—k cosw) sinw = w7 J_OST(ZOSIHW
27k2 cos [—sm( > )}(—costrcos%)
jEo cos% sing
= (34)

7k (—cosw -+ cos )

and ry is the image of the real axis in the w — plane (chapter 2, Fig. 3). We can warp the
contour path ry in (33) into the SDP. Since the eventual pole contribution provides the
geometric optics contribution, it means that the SDP contribution has the fundamental
physical meaning of representing the diffracted far field. Taking into account the application
in section 2.9.2, we obtain the following contribution of the SDP; the contribution is obtained
according to the direction of SDP indicated in the application of section 2.9. Observe that
this direction is opposite with respect to that of ry.

%o %

E, cos— cos—~

ESOP — _j i#e—i(kpwﬂ) ko >> 1 (35)
z 7kp €OS ¢ + COS ¢,

Equation (35) cannot be used when the observation point approaches boundaries of the
incident and reflected waves. In this case the pole is near the saddle point, and the approx-
imation (2.90) is no longer valid. In this case we must use a more general technique indicated
in Felsen and Marcuvitz (1973) and Volakis and Senior (1995); see also section 2.9.

The previous equations provide the evaluation of the integral on the SDP. We can relate
this evaluation to the original one on the path r,, by warping the contour path r,, in (33) into
the SDP and taking into account the eventual singularity contributions located in the region
between the SDP and r,.

Sometimes it is preferable to study the warping directly in the » — plane. In this plane,
the SDP does not change if we change ¢ into —¢. Figure 7 illustrates the location of the SDP
in the » — plane.

The direction of the SDP in the » — plane is according to the direction of the SDP in the
w — plane. With this orientation, for every value of ¢, —7 < ¢ < 7 we obtain

Po @

E, cos— cos

ESDP — _j 2 = 2 2 o—ikp+/4) ko >> 1
z 7kp €os ¢ + cos ¢,

If cos ¢, is positive, the pole 5, lies in the second quadrant. However, the Bromwich
path B is always located above #,. Figure 7 shows that by warping the path B.. on the SDP,
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‘ Branch points at 7=k [J  Saddle points
O  Plane wave pole at 7, SDP |¢|= %
T T
SDP |¢|> 5 SDP |p| <=5
Branch lines
v Im[7n]
T — >
SR, 2 Re[7]

Fig. 7: The steepest descent path (SDP) in the » — plane (5, = kcosg, n, = —k cos ¢,)

the pole 7, is always captured clockwise for 7, = % < % = 7. The warping yields the fol-
lowing result:

jkEq sin g InxgivkE =Pl
= JKEq Do Res[

E;\A (X7 y) + EZSDP(XIy) =2 ] 27 \/I(Tﬁ\/m(ﬂ 7 )] U(ﬁs - ﬁo)

_ Eye e Iy, — 7,) = {—EQ(x,y)UEﬁs ~7) ¥>0
E,(x,y)u(@s —7,) y <0
where by taking into account that w, = —¢,
7o = —Ksinw, = ksin g,
and the boundary conditions
E!(x,0) + El(x,0) =0
we obtain
E.(x,y) = E}(xY) + E;(x,Y) + E}' (x,y) = EX(x,Y) + E;(x, Y)u(7, — 7) + Ef" (x,y), y>0
E:(x,y) = +E}' (x,y = E,(x Y)u(iis — 7o) + E{" (x,y), ¥y <0
(37)
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with

@

dif SDP 2 5 COS% €057 ikorasa)
Ed — _E —j— & L lkptm ko >> 1, +(7 —
z z akp cos ¢ + cos ¢, p== ¢ 7 T = o)

The previous equations show that, according to geometrical optics, for y > 0 there is no
reflected wave when 0 < ¢ < — ¢,. Conversely, in the region y < 0 there is no incident
wave when —z < ¢ < @, — 7 (deep shadow region).

7.5 Skew incidence

Let us consider an incident plane wave impinging on the PEC half-plane at a skew incidence
angle S:
E; _ EoejropCOS(fﬂ—%)e—jaoZ Hzi _ Hoeirop cos(¢—¢o) g —JaoZ (38)
where k is the propagation constant and
ao =kcosp, 1o=ksing=4/k?—a2, pcos(¢ — ¢,) =XC0Sqp, +Yysing,
Using Maxwell’s equations yields the following other components of the incident plane wave:

i _ plroncos(p—go) gz Eoao COS @, + ZoHok Sin ¢
=

To

Ei _ gitop cos(r—7,) gicor Eoao Sing, — ZoHok coS ¢,

y

o (39)

i — g lrop Cos(p—g0) g—icat —EokYo sing, + aoHo OS¢

X To
HI _ ejTop COS((p_(pg)e_jaoZ EokYo COosS Do + Hoao Sin Do

y To

where Z, and Y, = Z;! are the impedance and admittance of the medium.
To derive the Wiener-Hopf equations, let us consider the transverse fields

Ei = 2E, + XEy, H; = 2H, + KHy (40)
and their Fourier transforms
V(y,y) = el%? J ¥ x Eq(x,y,z)e™dx
N (41)
1(y,y) = el%? J He(x,y, z)e™dx

In the following we will also use matrix notations; for instance,

Vi
Vs

I1
P

A,

1 |:
Hx

v-|

= _NEX
E.

where F () means the Fourier transform of F(x).
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By substitution in the transverse eq. (1) and by taking into account that in the Fourier
domain Vi = —j o with o = X + a,2, we get

dv

@ -
dl
= _Y-.V
dz

where
. cxXyoxy . co
Z= qu(lt _T)’ Y = jws(lt _V)
The matrices Y and Z commute
Y- Z=2Z-Y=—y1L

where y = \/k? —? — a2.
These equations represent a transmission line with propagation constant y and (dyadic)
characteristic impedance:?

1 A Z 2 _ 2
Zomtz-Mes Xpp—_ Lo K-
I X we kyk? —a2 —n?| 1o Ty

where®

A (o) A oA
7o =/ k2 — a2, o=\/d2+n? o= B=yxo

The function V() = V(,0) is a plus function since E¢(x, 0,z) = 0 on the PEC half-plane
y = 0. Furthermore, we have
Ye-Vi(n) =1(n05)
Y- V+(’7) = 7'(’710—)

where, with the adopted order for the components of the field, the matrix admittance Y is
given by

(42)

Yo 2

Ye=2z1= T —;an @ (43)
Summing (42) yields the homogeneous W-H equation
2Ye-Vi(n) =A-(n) (44)
where A_(#) is the Fourier transform of the total current induces on the PEC half-plane:
A_(n) =107,0+) —1(2,0-) (45)

2 The evaluation of the characteristic impedances for an arbitrary linear medium will be considered in section 7.10.2.
3 The deduction of the last member requires some algebraic manipulations.
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The factor ei7ors(¢»—%.) evaluated at ¢ = 0 produces in the plus function V, (5) a pole
arising from the integral

J elTo COs X Xy — j (46)
[/
0
where 5, = —7,C0OS ¢,.
Taking into account that
E; = Eqe 0P Cos(e—go)g—iao
Ei _ eitupCOS(fﬂ—%)e—jaoZ ano CcosS (25 + ZoHok sin Po (47)
X 7o
we obtain that the residue T, of V. () at this pole is known and is given by
. Eoa, COS ZoHok sin
To = jEox — 220 8% 0 T ZoTlok SN o, (48)
To
From eq. (44), the residue of A_(#) at the pole 1, = —7, C0S ¢, is given by
Res[A_(n)],—,, = 2Yc(15) - To = Ro = [Ro1, Roz| (49)
where
. 2ja, €OS 2jk sin
Ro = ~2jHo, Ry = — o0 2oy P o (50)
To ToZo
Thus, we obtain the following W-H equation in normal form:
R
2Ye-Vi(n) = A% () + —— (51)
[/
with A® () a conventional minus function regular at  — 7.
The factorization of the kernel
Yo 72 —na
Gy =2Y.=2————— 0 ° 52
() K= — a2 nae K= 52
can be accomplished in several ways. For example, we can rewrite
1 __N%
Yo To 0 T (k - 77) To 0
Gn) = —2> _ 0 53
() k\/To+17<0 k+17) __N% 1 0 k-7 (53)
To(k + 1)
The factorization problem has been reduced to the factorization of the central matrix
1 _ N
7 g ©k+1) | This matrix is both rational and has a Daniele form, so both techni-
o To(k—7)

ques indicated in chapter 4 apply and we get a straightforward factorization of G(z).*

4 See, for instance, section 4.8.4.
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A more direct way to solve the W-H eq. (51) derives from the scalar form of these
equations:

Yo . Rol
2———————— V), =A}_+ 54
kvkE—pZ—a2 Y T, &9
Yo . Ro2
22—\, = A+ 55
k= —aZ T T (%)
where
g2
Viy = 75Vie — 7 agVay (56)
Voy = —naoViy + (K* = 7°)Vor (57)
or, by inverting:
k? — )V V
V1+ _ ( i )2 1+ t’?ao 2+ (58)
‘L’o —n
V 2V,
V2+ _ 77(10 :;+ + Zo 2+ (59)
'[O —n

Equations (54) and (55) are not coupled W-H equations. The considerations of section 2.5 apply
since the plus functions V,, do not vanish for » — oo; hence, it is not a Laplace transform.

The factorization of the scalar y, = 21“/#727(15 = Yo (7)Yc+ () immediately yields the
following solution for eq. (54):

B 1 Ro1
Yer (1)Ye—(10) 1 — 1o

\71+(’7)

For eg. (55), an entire function must be introduced defined by
~ RoZ

V,, — 0
Yer (Vs = St =)
1 R02 ROZ

_ S

) ) Ve ) =)

and, by taking into account the asymptotic behavior of F% and the Laplace transform
A3_, is a constant .
We get

:W:W0

o 1 Rol + Wo
Yer (MYe- (o) — 10 Yer(n)

To obtain w, we observe that Vi, () and V,.(n) defined by egs. (58) and (59) must be
regular at » = —7,. This yields the same equation

\72+(’7)

a§\71+(_770) —To ao\72+(_770) =
7o aoV1y (—To) + 72Vay (— 7o) =

that provides the value of wj.
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Usually in literature, for physical interpretation reasons, an alternative weak factorization
(Luneburg & Serbest, 2000) is preferred and will be considered next.

The matrix
Y, = Yo r% —n Qo
kK= — 2| —nao K2—n

can be rewritten:

Yo k2 0

Y=t ' 2|10 = Vi () Yoeu )

T

where 7 = /72 — 2 and t(y) = (07 _a").
0o

n
We obtain the following weak factorized matrices:

/Yo 0 Nolk 0 t(n)
Y —,/-°
we— \/_z_o———v 0 To+’7‘ Yuwe+ () Klo .[0_77‘ o (60)
The offending poles arise from
- ta(n)
t(n) =
=2 (61)
o n Qo o .
where ta(n) = ( w7 > and they are u; , = £ja,.
—Wo
The W-H equation can be rewritten in the form
2Y o (1) - V. () = You_ (A (1)
or
-1 RO o -1 1 RO _
2Y ou-(17) - V(1) = Yo (o) - = You_(MA-(1) = Yeu_ (o) - =w (62)
L/ n—"o

Since both member of the last equation are regular in Im[y] < 0 and Im[y] > O, respectively,
it seems that the offensive poles »,, = £ja, do not produce any effect. However, the
asymptotic behavior of both members of the equation shows that the entire vector is con-
stant. To evaluate this constant, we must eliminate offending poles present both in V., () and
A_(n). We have

To — 1 ta(n) k 0 B [ 1 Ro ]
v = : W+ Yoo :
+(’7) 2 Yo ;72 + ag 0 70— n cw (’70) n— 1 (63)
Yo 1 ta(n) ’ k 0 ‘ { i Ro
A_ — — . . lwtY .
(77) k \/TO—|—;7 772 _’_ag 0 TO+7] + wa(ﬂo) n— 1,
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To eliminate the offending pole 7, = ja, in V. (), we must have

-1
k 0 " Ro
w4y : =cqu 64
‘0 To—17 |: ow—(To) n— 770:| i 1U1 (64)
where u; = Jl is the null space of ty(ja,). Similarly, to eliminate the offending pole
7, = —jao In A_(1), we must have
k 0 1 Ro
lw+Y . =CyU 65
‘0 To+’7’ [ o= n—noL_m o (©)
where Uy = _1] is the null space of ta(—jay,).
It follows that
1 1
_ 0 J_
R k k
Y2 2 = =
W+ cwf(no) joto — 14 C1 . 1 Uy =0Cy 1
To — Jao To — JOo (66)
b
R k
w— Y, ! 2 =c
cwf(no) jao + 1g 2 1
To — jao
The previous equations provide four equations in the unknowns w = ml , C12. First we
obtain ¢, by eliminating w: 2
i e
k k _ -1 2jaoRo
cil 4 [te| 4 = —You_ (1) T
To — Joo —To + jao
We obtain
C1 _1 2jaoRo
= —[Yew_ M| - 67
Cy [ cw (7]0) ] ag+17g ( )
where
o
w_| 'k T
- 1 1
To — jao To — jao

Once ¢y, are known, we get w by one of the eq. (66).
It is easy to show that imposing the absence of the offending poles present in V(%) and
A_(n) is equivalent to imposing the absence of the poles #,, = £ja, both in V() and

A_(n).
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7.6 Diffraction by an impedance half plane

7.6.1 Deduction of W-H equations in diffraction problems
by impenetrable half-planes

The problem considered in this section has been studied by several authors. We will derive
different W-H equations that are present in the literature. These equations can be obtained
using the general theory of stratified media.

With reference to Fig. 8, we introduce the following Fourier transform of electromagnetic
components located in the (x, z) plane (we omit the factor e1%?):

e™dx (68)

o= ] [ 657 o= ] 155

For half-planes immersed in free space we have
V(1,05) = Va(n) = Zcl(n,04) = Zcla(n) (69)
V(17,0-) = Vp(n) = =Zcl(17,0-) = —Zclo(n) (70)

or

Va(n) = Zcla(n),  Vb(n) = —Zclb(n)
where (section 7.5):

1
Ze=——
¢ weE

k? — 772 n ao
n o Tg

Using (69) and (70) and taking into account the boundary conditions:
Va-(11) = =Zala-(),  Vo-(1) = Zolo— (1) (71)

where

Va-(7) = {V(17,04)}_, Vo-() ={V(n,0-)}_
la-(7) = {1(2,01)} ., lo—(1) = {1(n,0-)}_

we get the following W-H equations for the impenetrable half-plane problems:
Vi) — Zel(n) = (Zc + Za)la-(n)
Vi(n) +Zeli(n) = —=(Ze + Zp)lo-(n)

y

(72)

Z, %o X
Zy

v

Fig. 8: Impenetrable half-plane
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where

Vi(n) ={V(m.0:)},, Li(n) = {1(n0)},

Multiplying the second eq. (72) by Y. yields the system

1 -Z Vv 1+7Z:.-Y 0 Za o
C . + :' C a . a a (73)
Ye 1 I, 0 1+Y. -2y —ly_
Taking into account that
1 -zt 1‘ 1 Z
Ye 1 2| -y, 1
yields the inverse of the kernel matrix
1] 1 zZe| |1+2Z-Ya 0 1142 Yo (Ze+2Z0) | 1 1] Ze-Ya  Ze+Z
— . P — _l’_,
21y, 1 0 14Ye-Zo| 2|—(Ye4Ya) 14VYe-Zo| 2 2] —(Ye+Ya) VYo -2
1] 1 Zy 1]ZcYa Z; 1] 1 Zy 1/Zc O] Ya 1
= — — . +_
2y, 1] 2] =Y. Ye-Zy| 2|-Ya 1] 2]0 Y ||-1 2z
This matrix reduces to the factorization of
L]z offYa 1)1 2 -
O Yc _1 Zb _Ya 1
7z -1
We can evaluate the matrix y 1b by taking into account that
—Tla
1 7z, | 1 0|1 0 1 Z,
—Y, 1| =Y, 1]|0 1+VY.Z,||0 1
This yields
‘ 1 Zyt ‘1 ~Zp| |1 0 1 0‘
Y, 1 0 1110 (14YaZy)'llYa 1
whence
Ya 10| 1 zZo|' |Ya 1|1 —Zy||1 0 1 0
1 Zy||-Ya 1 —1 Zy||0 1 |0 (4YaZy) '||Ya 1

[14 (1= YaZo)(1 4 YaZp) YYa (1 —YaZp)(1+4 YaZp) ™t ‘
—(142ZaYp) " 2(Ya+Yp)
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We reduce the problem to the right factorization of the matrix

ZC 0
0 Y.

[+ (1= YaZo)(1+YaZ) YYa (1= YaZy)(1+ YaZy)

W=1+ . 1
—(1+ZaYp) 2(Ya+Yp)

:W+'W,

(74)
We can obtain different W-H equations by introducing the plus functions defined by
Ear () = Va(n) + Zala(n)

75
Ev (1) = V(1) — Zolo(n) (79)
Equations (69), (70), and (75) yield the following result:
Va(n) = Ze(n)[Ze(n) + Za] ‘Eas (n) (76)
V(1) = Ze(n)[Ze(n) + Zb) ‘Ens () (77)
la(n) = [Ze(n) + Za] "Eay (n) (78)
lo(n) = —[Zc(n) + Zb]) 'Ens () (79)
Subtracting (76) and (77) and successively (78) and (79) we get the W-H equations:
Eas () ‘ _ ‘X(n) ‘ (80)
Eoi(n) | 1Y-(n)

where

Zo[Ze(n) + Za] Y ~Ze(m)[Ze(n) + Zo) "

G(n) =
D=z 2 Ze(n) + 2o

and the minus functions are defined by
X_(n) =Va-(n) =Vo-(n) Y-(n) =la—(17) = lo—(n) (81)
For the presence of the relationship
Zo(n)(Zo(n) + Za] ™ = (1 + ZaZ ()
Zo(n)[Zo(n) + Zo) ™ = (14 ZoZ ()
the following equation holds also in presence of anisotropic Z, and Zy:
Zo(m)Ze(n) +Za] ™ —Ze(n)[Zo(n) + Zo]

G(n) = » »
(Ze(n7) + Za [Zc(n) + Zp]

-1
S zzl ) Szt Ze)

i zizot) iz zm)



200 CHAPTER 7 « The half-plane problem

where 1 is the identity matrix of order two. Consequently, the system

- |e =l ]
yields

o[ |~ lein
where

S ZZ) ) izt Zin)

Gi(n) =G '(n) =
_%{1 i zb[zc(n)]‘l} %{zb +Zo(n)}

(83)

7.6.2 Presence of isotropic impedances Z, and Z,

The diffraction at skew incidence (a, # 0) by a half-plane having isotropic surface impe-
dance has been solved by Bucci and Franceschetti (1976), who used the Malyuzhinets-
Sommerfeld method, and by Senior (1978) and Luneburg and Serbest (2000), who used the
Wiener-Hopf technique. The solution accomplished in Bucci and Franceschetti (1976)
appears doubtful. Perplexities arise from the observation that solution of difference equations
are not unique, so we must be very careful to impose on the possible solutions of the dif-
ference equation all the physical properties of the true solution. On the other hand, the
Wiener-Hopf solution is related to a closed mathematical problems that always provides a
unique solution. Concerning this problem, the W-H solution described in Luneburg and
Serbest (2000) is very interesting. In this work, an important matrix transform is introduced
that reduces the order of the W-H system by four a two. This transform is defined by the

. . _|ln —oag
polynomial matrix t(n) = a |
For the presence of isotropic impedances the following simplifications arise in the kernel
Gi(n).
First let us observe that G;j(») depends only on the matrix
1 |k2— 772 n o 1
=— =-P or
C T weE| mao 1| & ()
1 72 -na 1
Ye=2Zt=—_| T T | —2p
c 0 wﬂf‘—ﬂ a k2 — 2 E y2(n)
The key point to reduce the order of matrices to be factorized is the observation that the
polynomial matrix t(n) = ‘;7 _’(710 diagonalizes Z; and Y. In fact
0]
wEe
< 0 T 0
Ze=t1tm) | 2 |t Y=t £ |t
0 0o =
we€ wu
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or
k2= nao -1
=t -d(n) -t
nao T (17) - d(n) - ()
where
_|& o
dn =5 |
It follows that putting T () = ‘t(g) t(O) ‘ yields the matrix T (») - Gi(y) - T~(5) that has
the form g
x 0 x O
) 1 N 0 x 0 x
T -G -T=m =, o x o
0 x 0 x

where x means a nonzero element. By introducing the matrix P defined by

O O O
o OO
[cNeN el
= O OO

we can derive the following quasi diagonal matrix:

- Gu(n) 0 ’
Giy) =P-T(y) -Gi(y) - T *y)-P=|"1
) =Tl G T = |47 0
where the matrices of order two Gy () and Gio(#) are defined by
kZ
14 Zywe Zi+ = 14 Zawek Za+ o,z
Guln) = £ % || Guln) == < Z
2 B (1 n wa€> Zy + % ’ 2 L ZpweE Zy + wk—&g
& Z, e Zo

In the following, the property P? = 1 will prove useful, where 1 is the unity matrix of order
four. We rewrite the previous equation in the form

Gy 0
Gi(n) =P -T(n)-Gi(n) - T (n)-P = ‘ 1007) Goln) ’
Gi(n) =T (n)-P-Gi(n)-P-T(n).

This equation reduces the factorization of the matrix of order four Gi(#) to the factorization
of the two matrices of order two Gy () and Giz(n). These matrices are of the Daniele-
Khrapkov type and can be factorized according to the equations in chapter 4, section 4.8.4.
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To complete the formulation we need the primary field that we assume due to be a
plane wave with direction ¢ = ¢, (Fig. 8). Taking into account the considerations of
section 7.5, we assume as primary field the geometrical optical field (superscript g). To
this end in the regions where the reflected plane wave is present we have (the factor e-1%?
is omitted)

Eg (p, (p) = ejfo COS(¢7¢0>E0 + ejTo COS((pf(pr) Er
HI(p, @) = el cos(#=a)H,  gito coslg—ar) 4,

where E; and H, are the intensity of the reflected fields, and ¢, is the reflection angle. Snell’s
law yields ¢, = —¢,.
To obtain E, and H, we introduce the radial components:

.k [a, 0 Zy 0

g — i~ |22 Y Eg 0 Y Yo
Ed(p, ») Iz {k 8pEz(pv§0)+ ) a(sz (ma)}
.k [a, 0 Yo 0

g - _ji— |2 HY 2 7 E9

H3(p, ») Iz {k 3sz (p. o) 90 z(p,fp)]
where Z, = \/’% Yo = \/g and force the boundary conditions on ¢ = ® = x:

1
E2 (0. @) = ZaHJ (0, ), HI(p, @) = —Z—aEE(p,q?)

This provides the values of E; and H;, that are not explicitly reported here for the sake of
simplicity. According to these values and using the Laplace transforms, we obtain

X3(r) = V3 (=, @) = V], (-, —®) _ Vii(-n@)| 1 Epg
Vzg+(_’% D) - Vzg+(_77x —®) qu+(_77: ) 1= 70 C0S(P — @) Eyg
vi) :’ 17, (=1, ®) — 17, (=, — @) 1 1 ~E,qg
—18, (=7, @) + V& (—n, —®)| Zall—ToCOS(® —p) | E,

where the constants E,q and E,q are given by

E _ —HoZ2a45in 20, + KZ42E, Sin o (ZaTo + KZo SiN ¢
9 j[ZaZoa2 082 ¢y + (ZoTo + KZaSin @, ) (ZaTo + KZo Sing,)]

E kZa2 sin ¢y[EoZaco €0S ¢y + HoZa(Zoto + KZaSingy)]
P9 j[ZaZoa cos? gy + (ZoTo + KZaSin @, ) (ZaTo + KZo Sin @)

The solution of eq. (80) is reported in chapter 2, section 2.4.2:

’ Eat(n) ‘ .

1
=G -GZ*
Eo. (1) () -G (o)

n—"

Xg
Zng
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where

Epg
Ezg

—Epg

Ny = —ToCOSQ,, Xg = Esg

’ Yg:‘

7.7 The general problem of factorization

In the following we will show that the kernel matrix involved in arbitrary half-planes
immersed in an isotropic medium commutes with a polynomial matrix. Whence, we can use
the factorization technique described in chapter 4. Algebraic manipulations provide different
expressions of the matrix kernel. We will use the two forms described in this section.

e First form of the matrix kernel G,()

Premultiplying by i _11 reduces the factorization of Gj(») in (83) to that of
1 » 1
1+ 2 (Za + Zb)[zc(ﬂ)] 2 {Za - Zb}
Go(n) = 1 ) 1
2 {Za — Zp}[Zc(n)] 2 (Za +Zp) + Zc(n)
1 1 _
1 5{Za-2o}| |5ZatZy)Zen)™ 0
= +
1 1 _
0 2 (Za+ Zy) 2 {Za — Zv}[Zc(n)] bz (n)
1 Yz, -z | (Za— -1
Premultiplying by 21{ a=Zoh| |1 —{Za—Zo}(Za :Zb) yields the matrix
0 3(Za+2y) 0 2(Za + Zp)
1
W) =1 +§P('7) (84)

where P(#) is a polynomial matrix of order four and degree two:

(Za+Zb) — (Za — Z6)(Za + Zo) " H(Za — Zb)IPy2(n)  —(Za — Zb)(Za + Zb) Pa2(n)
Py2(17) 2(Za + Zp) "P2(n)

with the polynomial matrices of order two and degree two given by

N

P(n) =

1K —n nao
PZZ(’?) = & 2
1 0o Ty
1 72 —N 0o
Py2<’7) :(U_Il/l _ Oa k2 _ 2
1 Go n

The factorization of the matrix W () commuting with the polynomial matrix P(z) is very
cumbersome and involves the solution of a nonlinear system of five unknowns (section
4.9.6). In the following, we will try to reduce the complexity of this problem by assuming
particular values of the surface impedances.
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e Second form of the matrix kernel Go (7).

We have
1 1 1
145 (Za+Zb)[Ze()] 5{Za -2z}
GO(’?) = 1 1 1
siZa—ZodZe)] ™ 5(Za+Zo) + Ze(n)
1 1 -1
1 5 {Za — Zb} 2 (Za + Zb)[zc(n)] 0
= +
1 1 _
0 5(Zat2)| |5{Za—Zo}Zeln)] " Ze(n)
Algebraic manipulation yields
1 1 1 1
E(Za + Zy + 22c(77)) E{Za - Zb} — 0||— O Py2(77) 0
Go(n) = 1 1 + £ 0 1
E{Za —Zy} E(Za+zb +2Zc(m) |10 1]/0 1
1 1
2%, (Za+ Zy + 2Zc(n)) 5122 — 2o} 15 Pya(y) 0
Go(n) = 1 1 £ 0 1
—{Za - Zb} Py (Za +Zp + 22(:(’7)) 0 1
28, 2
1 1
=0 E(Za +Zy + 2Z¢(n)) §‘§+{Za — Zv} 1 0| |Py(n) O
Go(n) = | &+ 1 1 N 0 1 ‘
0 1 Z—{Za_zb} (Za+2Zy+2Z:(p))|| 0 1
£ 2
where Py,(n) is the matrix polynomial defined by Py,(n) = & Y.
L P 10
Since ‘ Ed y20(77) is a (weak) minus factorized matrix and ‘ 50+ 1 ’ is a plus fac-

torized matrix, the factorization of G, = G, G,_ reduce to the factorization of the central matrix:
1 (Za + Zp +2Zc(1)) & {Za— 2}

Ge(nn) =5 i{Za 70 (ZetZs +220(;7))‘ = Ge1(7)Ge-(n)  (85)

or, alternatively,

1 1
5 (Za+2Zp +2Zc(n)) §§+{Za—zb}

2
1 1
Z{Za —Zy} 2 (Za+ Zp + 2Z¢(n))
0 & %{za —Zp} %§+(Za +Zp +2Z¢(n7))
=1
- 1 1
&, 0 Z(Za+zb+zzc(’7)) E{Za_zb}
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7.7.1 The case of symmetric half-plane

We found that the form (85) is the more suitable to simplify the factorization in half-plane
problems. For instance, if Z; and Z;, are isotropic, then the solution process is simpler than
the one considered in section 7.6.2.

In this section, we consider the explicit factorization for arbitrary symmetric half-plane
Z, = Zy. Looking at (85), the factorization of the matrix of order four is reduced to the
factorization of the matrix Z, + Z(#n) of order two. This problem was faced by many authors
and solved for the first time in Hurd and Luneburg (1985) when Z, = Z, are diagonal. When
I 112
1 I
accomplished by observing that 1+ Z;'Z.(n) commutes with the polynomial matrix
P2(n7) = Z;*(E Zc(n)). The general procedure indicated in section 4.9.2 applies, and since
the polynomial matrix is of order two the exponential behavior of the factorized matrices can
be eliminated using the technique indicated in sections 4.8.5 and 4.9.2. In this case, we
introduce the rational matrix R(n) = 1 + xP2(), and to eliminate an offending exponential
behavior we force x to satisfy the following nonlinear equation (section 4.9.2):

Zy =2y =12, = Z,z, are arbitrary, the factorization of Z,+ Z.(n) can be

[o.¢]

B log[l + xA1]  log[l + X 4]
T = J( A=A - Ay — g )dn
1 1
o flog|l+—4 log|l+—4
_ J Og[ i) 1]+ Og[ 0 2] dp=n
/11—2.2 /12_/11

where 1; and 1, are the two eigenvalues of P,(7), and the integral n is known.
We have

df (x) J 1 q
dx ) \T %y +A2) + x2ahy )

The integrand function is rational in #, and the residue theorem yields
2
df (x) - k

=2
dx J\/x(ax3+bx2+cx+d)
where the parameters a, b, ¢, d were evaluated with MATHEMATICA:
a = 4 det?[z,]7?
b=4 det[za] [k2211 + (211 + 222)15]
C = 4k2(22, + det[za]) + (212 + 221)° 0 + 421125572
d= 4k2211
Taking into account that f (0) = 0, f(x) can be expressed in terms of elliptic integrals. In
fact, putting
ax® +bx? + x4+ d = a(x — x1) (X — X2) (X — X3)
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we get

B .. . X(X3 — X]_) X1(X1 — X2) 1 .
f (x) = EllipticF [arcsm[ X — X%’ (X1 — XS)XZ] e n

By inverting this equation, we express x as a Jacobian elliptic function:
X3 (X1 — Xz)} 2
(X1 — X3)%2

X3 (X1 — Xz)] ?

(X1 — X3)X2

X1X3 JacobiSN[ (NX2 /X3 — NX1X3y/X2,
X =

X1 — X3 + X3 JacobiSN [ (nxl\/_ NX1X3+/X2,
Factorization equations follow from

W=1+ %za(g Zo(n)) = W R RIRLW. =W
where the logarithmic (nonstandard) factorization of W = W_ - W, and R = R_R, can be
obtained with the general method to factorize matrices commuting with a polynomial matrix
(section 4.9) and the standard factorization of R~%(5)) = (1 + xP (7)) " can be obtained by
the method of factorization of rational matrices (see, e.g., section 4.4.2).

It is interesting to observe that in this case the Sommerfeld-Malyuzhintes (S-M) method
yields a difference equation of order two for which there is no known method of solution.
However, the progress reported recently (Antipov & Silvestrov, 2004) has overcome the
difficulties encountered with the S-M approach.

ol
[
B
_e
B
e

7.7.2 The case of opposite diagonal impedances Z, = —Z,

In this case the matrix kernel reduces to

Zy & Zc(n)

1
—Zc(n) Zy
+

M = = 1 - M+M,

S, Za
Er (n)

where the matrix polynomial P(n) = & Z.(n ) is of order two. This matrix is a weak minus

matrix where the offending pole arises from 2 g = TO{ - Consequently, the weak factorization
is trivial since we can assume My, =1, My =M

7.8 The jump or penetrable half-plane problem

Many problems that concern penetrable half-planes were solved by Senior (1959), Volakis
and Senior (1989), and Senior and Volakis (1995). In this case the half-plane presents
boundary conditions having the form

Va—(17) = V(1) = Zr[la—(17) — lb— ()]
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where Zg is the matrix impedance of the penetrable half-plane. Taking into account that

Vai (1) = Vor(n) =Vi(m), las(n) = los(n) = 11.()
the W-H equations of the problem can be derived as follows:
Va- (1) + Var () = Zr[la-(n) — lo- ()] + V4. () = Zcla-(1) + Zc 14 (n)
Vo (1) + Vi (7) = Zr[la— (1) — lo-(n)] + Vi (n) = —Zclo- (1) — Zcl+(n)
Summing and subtracting the last two equations yields
2Zg[la—(17) = lo—()] + 2V (n) = Zc[la- (1) = lo—(1)]
0=Zc[la-(n) + lo- ()] + 2Zc1 ()
or
2V () = (Zc — 2Zg)[la-(17) — o-(1)] (86)
21 () = —[la-(n) + lp-(n)] (87)
Equation (87) may be solved immediately and yields the incident contribution

L) = () o) = 22

In the general case, eg. (86) involves the factorization of the kernel Z¢ — 2Zg. This kernel has
been studied in the case of symmetric half-planes. The factorization is scalar when Z is a

scalar. In fact, the matrix t(y) = ’;7 _ZO renders diagonal the matrix t - (Z¢ — 2Zg) - t1.
0]

7.9 Full-plane junction at skew incidence
With the same notations of the previous section, we have (Fig. 9)
V(17,04) = V() +V-(n) = Zcl (1,01) = Zc(14(n) +1-(1))
Vi) =Zdi(n), V-(n) = —Zal-(n)
This yields the W-H equation

(Ze = Zc)li(n) = (Za+ Zc)I-(n)

Z, zZ

» X

Fig. 9: Junction between two coplanar half-planes
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or
(1—2ZcZ7 M2 () = (1= ZeZM)Zal ()

N —Q

If the impedances Z, and Z, are isotropic, the matrix t(s) = “
(0]

renders diagonal the

matrix t- (1 —ZcZ;1) 1 (1 — ZcZ 1) - t71, and the factorization is scalar. We deal with a
matrix factorization similar to that of the symmetric half-plane Z, if and Z, are related by
Z, = aZ, with a scalar. This case also includes the perfectly conducting half-plane.

The problem considered in this section is important for the study of propagation of radio
waves across a coastline for both a flat-earth model (Clemmow, 1953; Bazer & Karp, 1962;
Weinstein, 1969, p. 317) and a curved-earth model (Thompson, 1962; Chang, 1969; Wait,
1970).

7.10 Diffraction by an half plane immersed in arbitrary
linear medium

7.10.1 Transverse equation in an indefinite medium

We consider only time harmonic electromagnetic fields with a time dependence specified by
the factor eJ*t, which is omitted. In every layer, the medium presents constitutive relations
having the form

D=e¢e-E+& H
B=¢-E+p-H

where D, B define the induction fields, E, H the electromagnetic fields, and the electro-
magnetic dyadics ¢, &, €, p are known. In particular for lossless media, we have the fol-
lowing lossless conditions (Kong, 1975):

e=¢", p=p", (=&
where the superscript + denotes a transpose and complex conjugate operation.

Without loss of generality we assume the z dependence of the electromagnetic fields E
and H to be specified by the factor e 1%? which is omitted.

By using the Bresler-Marcuvitz formalism (Bresler & Marcuvitz, 1956; Daniele, 1971)
we can obtain the transverse field equations having as unknowns the transverse fields
E: = 2E;, + XEx and H; = 2H, + XHy where 2, % and y are the unit vectors of the Cartesian
system (z, X, y). To this end, Maxwell’s equations can be rewritten in an abstract form:

I'v-y=6 (88)
where

0 Vx1
vxl 0

E

Fv_’ , w’H’, ejw’B‘Wnp (89)
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and where 1 is the unity dyadic in the Euclidean space and

e &
W =
g
The decomposition
.0 o 0
V—Vt-i-ya—y, Vt—zg-i-xa (90)
yields
I'y =T{+ T 9 (91)
v =1 yay
where
| 0 Vi1 10 ¥x1
Te= ’Vtxl o ! " lpa o

The following equations hold:
h-Ti=T¢-ly, L -Iy=TIy-Li=Ty, Iy -Ti=Ti-l I -Iy=Iy-l,=0 (92)
where

1, O
0 1

1, 0

Iy = oy = L Li=224%% 1,=9y (93)

Taking these equations into account, the first member of (88) becomes
r ~¢—<F+F£>w—l‘-w +F21p + Ty (94)
\Y% t y 8y t Yt y ay t t y

Where lpt == Wlth Et = 2EZ + )A(Ex, Ht = 2HZ + )/ZH)(.

y
= |

Et
Hi
Using the decomposition

W = Wy + Wy + Wy + W,y (95)

where Wy =1-W - I, Wty =1-W- |y, Wyt = |yW -y, Wyy = |y -W - |y ylelds the
following decomposition in transversal and longitudinal components of the Maxwell
eg. (88):

ly - Te- g = Wy + Wy -9y (96)

0
It'gyry’¢t+|t'rt'1/)y:th'1/)t+Wty'wy (97)

Introduction in (96) of the matrix Wy defined by

Wy'Wyy:Wyy'Wy: ly (98)
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yields the equation that expresses the longitudinal field v, in terms of the transversal
field y:

wy:Wy‘ (ly - Tt — Wyt) - 9 (99)
Equation (99) leads to
< 1 1
Wy—— L sl (100)
Joleyuy =& &) | =51y —eyly
Taking into account that 1“5 = —I, substitution of (99) into (97) yields the transverse
Maxwell equations:
0 .0 .0
L. =Mli=. i=). 101

where the matrix of order four M (j2, j2) is given by

.0 .0 .
M <JE' J&) = =Ty [l (Tt = Wyy) - Wy - (Iy - Tt = Wyp) — Wy (102)

This operator matrix M (j %, j%) depends on w and the parameters €, €, £, pn of the medium.
It is of second order in the operators j% andj% and in a general can be evaluated using
MATHEMATICA.

7.10.2 Field equations in the Fourier domain

Without loss of generality we assume the z dependence of the electromagnetic field E and H
to be specified by the factor e~!*?, which is omitted. Let us introduce the Fourier transform:

V(ny) = J ¥ % Et(ao,y, X)&"dx
£y (103)
I(n,y) = J He(ao, Y, X)edx
Equation (101) yield
d V| |Tetm) Z(m) ||V
oyl '_ ‘ Y(n) Th(’?)H I . (104)
Te(n)  Z(n)

where the polynomial matrix of order four P(y) = involves the polynomial

Y(n)  Th(n)
matrices of order two: Te(#), Z(n), Y(n), Tn(n) having degree two.
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Let us consider a homogeneous slab defined between y = 0 and y = d. Solution of (104)
yields

\Y Vi V Vi=A-V,+B-I
‘ 1| _ pa| V2 —T‘ 2 1 2 2 (105)
I I, I, IhL,=C-V,+D-1,
where
Vi=V|_o =1,
1= Vol =1l (106)
Vy = V|y:d' I = I|y:d
and
A B
T:T(ao,iy):’C D’ (107)

is the transmission matrix of the slab. It is convenient to introduce a circuit model repre-
senting the slab as a two-port (Fig. 10). This representation is valid also for more slabs, in
which case the transmission matrix is the product of the transmission matrices relevant to the
different slabs (Fig. 11).

If the slab is indefinite in the positive (or negative) y-direction, the vanishing of V, and I,
as d — oo is compensated by the increase in the matrix T, so that it is necessary to introduce
a limit process to model a homogeneous semi-infinite medium. This process can be complex.
It is better to introduce the eigenvalues and the eigenvectors of the matrix P according to the
following considerations.

AY \/2
Arbitrary | space y=d
y=d 2

Arbitrary | linear medium —
» X
y=0 [ =
Arbitrary space —1> y=0
Vi

Fig. 10: Behavior in the Fourier domain of a slab filled by arbitrary linear medium

AY
y=a+bh TT ! ! !
&,&, 0, 1o _ b
y=a — |Tars=Ta'Tp
&, 6,00, T

=0 —

Fig. 11: Transmission matrix of two contiguous slabs
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By indicating with y;, i = 1,2,3,4 and y; = \I/-i ’ i =1,2,3,4 the four eigenvalues and
I

eigenvectors of P, the more general solution of (3.2) assumes the form

‘ \I/ ’ — Cle*hy\vl + Czefyzy\vz + C3€77/3y\|13 + C4€77/4y\|l4 (108)
or
V = Cie7"YV + Cre 7YVy + Cae 7Y V3 + Che 7YV, (109)
I = Cie 7Yl + Coe "Y1y + Cze 735 + Che "Y1y
where Cj, i = 1,2, 3,4 are four arbitrary scalars that do not depend on y.

In presence of a passive medium, we conjecture that two eigenvalues (e.g., y; and y,)
present no negative real part and the other two (e.g., y; and v,) present no positive real part.
The authors were unable to make a direct proof of this conjecture. However, this property
holds for all the media considered in the following. Moreover, at the end of this section we
will consider a reflection problem for an arbitrary linear medium. Reasoning based on the
existence and uniqueness of the reflected field should constitute an indirect proof of the
conjecture.

It follows that in an indefinite upper medium the scalars C; and C4 must be zero and the
solution must have the form

y>0 (110)

V = Cie7"YV; + Cre 7YV,
| = Cie7"YIy 4+ Cre 71,

Conversely, in the presence of an indefinite lower medium the scalars C; and C, must be
zero and the solution must have the form

y<0 (111)

V = C3e7V3 + Che 7YV,
| = Cae "Yl3 + Che 71y

Let us write the components of the eigenvectors in the form

0 i)
V-NZ()‘ li=|%| i=1234 (112)
X

(
z
(
X

It follows that fory > 0

\Y; v v va  yv@ || CerY
MR e R o N v B (113)
Vy A A v v | Cer
I, 1L 12 1D 1@ || CleY
= = ny| 'z voy| 2 —| Z z
| ) Cie B + Coe I,£2> I,§1> 1@ || Cperr (114)
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Cle—)’ly

ey | €08 (113) and (114) yield
2

By eliminating the vector

V=2Z.1 y>0 (115)
where the impedance Zy is defined by

\VASS R VAC)

z

vy

X

Z.= (116)

Equations (115) and (116) extend the fundamental concept of characteristic impedance to
an indefinite arbitrary linear medium. Equation (116) provides the characteristic impe-
dance for an indefinite upper medium (y > 0). Similarly, for an indefinite lower medium
(y < 0) we have

V=-Z.1 y<0 (117)

where the characteristic impedance Zy is defined by

WA RERVAC)

_ (
_ z
Zo= Ve V@

(118)

In general as defined by (116) and (118), the characteristic impedances are rather cumber-
some and do not allow to discuss and ascertain the analytical properties of the characteristic
impedances in the complex » — plane. For the purpose of obtaining more convenient
expressions of Z and Z, we consider the following equations obtained by the elimination of
either 1 or V in (104):

2
v, (Te+2ZThZ ™) v Z(Y —=ThZ 'Te)V =0
dy? dy
, (119)
d?l dl
A (Th+ YTeY ™) = — Y(Z —TeY 1Tp)1 =0
dy2+(h+ e )dy ( e h)
If we are looking for solutions having the form
V = e_y"y Vo, I = e_YIy IO (120)
these equations yield
2 — (Te+ZThZ7 1t —Z(Y =ThZTe) =0
YV (Te h )VV ( h e) (121)

Y2 — (Th+ YTeY Yy, = Y(Z = TeY 1Th) =0

In general, there are several solutions of the previous equations. We choose them so that the
matrix propagation constants y,, and y, have the same eigenvalues. Thus, they are chosen
with a real part positive or negative, respectively, in the half-spacesy > 0 and y < 0.

From eq. (104) we have

—pV =-T,-V-2-1

122
—yl ==Y -V —TyI (122)
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Taking into account that | = Y.V, V = Z, this yields the following expressions for the
characteristic impedance and admittance:

Ye=271- (rv — Te)

Ze=Y""-(y—Th) 12

We let
Av = —(Te +ZThZ1), By = —Z(Y —ThZ'Te)

or
A= —(Th+YTeY ™), B =-Y(Z-TeY Ty

In the following for the sake of simplicity we will omit the subscript V or I. The obtained
results apply to both eq. (121).

The problem of solving (121) explicitly is difficult when A and B do not commute.
However, we are dealing with matrices of order two, which means that the following char-
acteristic equation holds:

Y —ty+Al=0 (124)

where t, = —(y13 +724) and A, = y; 3, , are the trace and the determinant of y, respec-
tively. By eliminating y? between (124) and (121) the following expression is obtained:

y=(r13+ V2,4)71 (-B+4,1)

The inversion of (A +t,1) yields
(A+t1) P =x1+yA

where
ty + ta 1

Tt (t +ta) + A y__t§+tytA+AA

where ty and A, are the trace and the determinant of A, respectively. It follows that
y=XA1-xB+yAA—-yA-B

This equation provides the matrices y involved in eq. (123) that evaluate Z. and Y. It
requires only the knowledge of the trace t, and the determinant A,. The obtained expression
apparently differs from (116) and (118). However, in the all worked examples we showed
numerically that the two different expressions lead to identical results.

It is important to observe that the characteristic impedances do not depend on the parti-
cular section considered. Taking this property into account, we are able to solve the elemen-
tary and fundamental problem illustrated in Fig. 12. An incident wave with transversal wave
numbers a, and 7, impinges on the arbitrary stratified medium located in'y > 0. In the circuit
model of the problem, Z represents the characteristic impedance of the indefinite medium for
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N
»
>

<

’

Fig. 12: The reflection problem from a linear stratified medium

y >d, Zeo represents the characteristic impedance of the indefinite medium fory < 0, T the
transmission matrix of the stratified medium located in 0 <y < d, and V,, the open voltage on
the section y = 0. Circuit theory provides the following expression for V,:

Vo = (Zco + Zco) . Za)l . VI

(125)
where V' is the Fourier transform of the transverse field E! of the incident plane wave
evaluated at y = 0, and

V' =279 x E{o(n - n,) (126)
Circuit analysis yields the solution

Vi =

2(0)- [Ze + Z(O)] - Vo

Fourier transforms

(127)
where Z(0) = (A-Z.+B)-(C-Z.+ D). Once V; is known, we may evaluate the
voltage and current for every value of y by using the theory of stratified media. The inverse

17 .
Eaony0) =5 [ Viny) xge iy

Hi(ao, Y, X)

- —jnx
o I(n,y)e ""dy

provide the transverse electromagnetic field everywhere. The presence of d(1 — 7,)° renders
the integrals very easy to evaluate.

® The delta functions means that there is a single line # = 7, in the spatial spectrum.
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7.10.3 The W-H equation for a PEC or a PMC half-plane
immersed in a homogeneous linear arbitrary medium

Figure 13 illustrates the diffraction of an incident plane wave by an imperfect half-plane
immersed in a linear homogenous medium. This problem was studied and solved in Daniele
and Graglia (2007). In general the factorization of the matrix kernel cannot be done in closed
form. Consequently in the presence of an arbitrary medium, the Fredholm factorization has
been used (Daniele & Graglia, 2007). In this section we consider the particular cases where
either Z, = 0 = Z, (PEC half-plane) or Z, = co = Z, (PMC half-plane).

The previous circuit considerations yield immediately the W-H equation of the problem.
We get

(Ye+ YoV, = A_ (PEC half-plane) (128)

(Zc + Ze)ly = M_ (PMC half-plane) (129)
where Y. = Z;1, Y. =21
Vi(n) =V(0), A_(n)=1(0.)—1(70-)

L(n) =1(,0), M_(n) =V(7,0,) - V(n0-)

These equations are homogeneous since we used the Laplace domain (see section 7.3).
To take the source into account, we must study the possible plane waves that propagate in the
linear bianisotropic medium surrounding the half-plane. Here we assume the source to be an
incident plane wave:

E!(x,0,2) = Eqége e 1%2 Hi(x,0,2) = Eghge oXe %2

where 7, is the propagation constant in the x-direction. By denoting with &, h, the polar-
ization for the electric and magnetic fields of the incident wave, we have

éotz éo— éo'yyn F\ot:ﬁo_ ﬁo'yy

By separating the nonconventional part in the Laplace transform we get

Vi ] Eofot = (Ye + Yo) - A_ (PEC half-plane)

n—"

15 +]j Eohot = (Z¢ + Z¢) ™t - M_ (PMC half-plane)

/I

&6, ¢, .
&ém Incident plane wave

§& 41
Z, .

Zy

&6 4w
Fig. 13: Geometry of the problem
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The above equations constitute the W-H equations of the problem. Their solution requires
the factorization of either (Y. + Yc) * or (Zc 4+ Zo) ™

7.10.3.1 Some cases of closed form factorization

Generally, the expressions of the characteristic impedances obtained via eqgs. (123), (116),
or (118) are very cumbersome. However, they simplify considerably for simple media. For
instance, for an isotropic free space defined by the parameterse = el, n =pul, £€=0, { =0,
we obtain the following expected result:

= = Zy K> —7> na
Z.=2. =7, =— 9 0 130
C c C k\/‘?g‘:_ﬁi 7’]0(0 Tg ( )

where

Zy = \/E, k? = w?eu, ri = k? —ag
£

Another simple medium is constituted by a scalar chiral medium. It is defined by the scalar
parameters € = 1, p = ul, & = —jxl, § = jxl.
In this case egs. (116) and (118) yield
ki + ko
k(j(zd) — top)aon + katdoxs + KaT31x2)

ZC:ZO

(731 + 15,)aon + JKatlyxy — jKothy 2
2

(kixy — jaon) (K2, + jaon)
[ ]
(751 + o) a0 + jKathox — ket 2 2
2 ‘[OlTOZ

2(:11((10: n) 2(:12((10: 1)
= _ _ (131)
Zch(am 77) Zczz(ao: 77)

—

_ Z —dg, -z —Qg,
7. = c11( 0 77) c12( 0 77) (132)

—2021(—(10:7’]) Zczz(—ao,ﬂ)

Zo = \/g, k=wyue, Kio2=o(/uetx)

_ 2 _ /2
To12 = k1,2 —al, X12 =1/ To12 — n?

Note that the matrix representing Z. can be obtained from the matrix representing Z. by
changing a, into —a,. In addition, both these matrices are symmetric:

— — — —

ZCZl(a0| 77) = chz(am 77), Zeot (am 77) = chz(ao, 77) (133)

Of course, when the chirality factor x is zero, the two characteristic impedances Z and Z.
are equal and reduce to that of free space.
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The expressions of Z. = Z and Z. = Z are very important to ascertain the possibility of
obtaining closed form factorization of the matrix kernel introduced in W-H egs. (128) and
(129). In particular, the closed-form solutions obtained in the literature concern only the case
of PEC or PCM that involves factorization of a matrix or order two.

To simplify the factorization, it must be observed that for skew incidence (a, # 0) it is
important to consider the transformation introduced in Senior (1978) and Liineburg and

Serbest (2000):
N —Qo n Qo
t= , ta= 134
(ao n ) : (—ao n ) (134

For instance, the PMC half-plane immersed in a chiral medium requires the factorization of
the matrix Z + Z (129). Taking into account that

2(ky + k2) (a3 + 1) a2 0
A7+ 7))t =7 . k(kaxy + Kixz)
t- (Z+2Z) ta=2, Yok (ks + o) + ) (135)
0
k(kayy +Kixz)

the factorization of the matrix of order two Z + Z is accomplished by the factorization of the
scalars xy, xo. Kayq + Kiy,- In fact, it reduces to the diagonal matrix present in the second
member. Similar considerations apply for the case of a PEC. This last problem is also dis-
cussed in a paper by Przezdziecki (2000).

We remark that for suitable values of the electromagnetic parameters, Te(#) and T (%)
may vanish. For instance, this happens when & = 0, £ = 0 and the permittivity £ and the
permeability u have the form

&7 &x O
€ = e22 + e 2R + 65X + £ XX + &Yy = | & &x O
0 0 &y

A Y
B = Upp22 + gy 2R + X2 + o XX+ 1y Y9 = | e P 0
0 0 uy

(136)

In this case, eq. (121) simplify:
e —-Z2-Y=0, y»-Y-Z=0

and we are dealing with equations similar to the classical transmission line equations well
studied in the literature. For instance, we have the following characteristic impedances (Paul,
1975):

Ze=2c=2.= WZ=nY =Yy =Zy" (137)
where yy, = +vZY and y; = +/YZ. Taking into account that y, = +/ZY commutes with the

polynomial matrix ZY, or that y, = +/YZ commutes with the polynomial matrix YZ, we can

express the kernels Y+YandZ+2Z by a polynomial matrix multiplied by a matrix that
commutes with a polynomial matrix. This is a very remarkable fact because we are able to
factorize in closed form matrices that commute with a polynomial matrix (chapter 4).
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These particular cases were addressed by Hurd and Przezdziecki (1981), who also sim-
plified the factorization problem by reducing it to a Hilbert problem (Hurd, 1976). Other
explicit solutions of (121) can be obtained when the matrices

Ay = —(Te +ZThZ™Y), By =—-Z(Y —ThZ'Te)
or
A= —(Th+YTeY L) B =-Y(Z-TeY'Tp)

commute. For instance, this happens if T.(y) and Tn(#) are scalars. In this case for eq. (104)
we obtain the solution

—(Te+Th)— (Te—Th)2+4(ZY—TeTh)‘ —(Te+Th)+4/ (Te—Ty)2+4(ZY-TeTy)

V=¢ 2 YVi+e z YV, (138)
which yields the following expressions of the characteristic impedances:
-1

(Te+To) + 1/ (Te = To)? + 4(ZY — TeTy)
2

Ze=

» (139)

5 —(Te+Th) + \/(Te — Th)? +4(ZY — TeTh)
c =
2

To discover all the cases where we have scalar expressions of Te(x) and Tn(x) is not a
simple task. For instance, this is the case if

&2 &x 0 Uz My O 0 Ex O 0 Ex O
e=> e ax 0|, m=|ug pux 0| E=|-&x 0 0, E=|-Cx 0 O
0 0 ey 0 0 Hyy 0 0 O 0 0 O

(140)

Again, expressions (139) show that the kernel Y + Y and Z + Z reduce to matrices that
commute with polynomials matrices. This means that closed-form solutions can be obtained
for PEC or PCM half-planes immersed in a bianisotropic medium defined by (140).

Other cases that can been solved in closed form involve more general gyrotropic media.
For instance, let us consider

&7 0 0
e=> |0 &y &yl e=¢l, p=ul, €=0 £=0
0 —&y &y

This involves in eq. (104) the matrix polynomial

Jexyn 0 00— et *0?) jaon
Exx Exxlo® ExxW
_M 0 ja_077 _j(aozluo - 8xx/"ozw2)
P— 5 ) Sxxz ) ) 8)_0(00 _Sxx/low
. (Sxx + Sxy)/’tow — Q" Exx _]aoﬂ _j£><_y17 M
Exxtlo® , Uo® , Exx Exx
. Ja_o"/ _j ExxN™ — ExxEzzMo@ 0 0
U@ Exxllo®
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y
A:y:d
y=h

+HH o+

T

(a)

Fig. 14: A PEC half-plane immersed in an arbitrary stratified medium

It is possible to show that the matrix t - (Z + Z) -t in this case presents the form

a0(n) + a1 (n)e(n) " )
" bo (1) + b1(17)e(n)

where the functions a,(7), a1(#), bo(#), b1(n) are rational function of # not reported here.
To rewrite this matrix in the form

<ao(77) +a1(n)p(n) "
" bo(17) + b1(n)g(n)

where the rational matrices Rq(#) and Ry () are defined by

(a0 n _ (a0
R"(’”‘( ; bow))' Rl(’”‘( 0 b1(17)>

we again must deal with matrices commuting with polynomial matrices. Similar con-
siderations apply for the PEC case involving the matrix t- (Y +Y) - t,. This last case was
solved for the first time by Hurd and Przezdziecki (1985).

t-(2+2)-ta:f(17)< (141)

) = Ro(17) + Rai(n)g(n)

7.11 The half-plane immersed in an arbitrary planar
stratified medium
Figure 14a illustrates the geometry involving a PEC half-plane® immersed in an arbitrary

stratified medium. The solution of the circuit model shown in Fig. 14b yields the W-H
equation having as unknowns the minus function A_ (Laplace transform of the total current

5 We consider a PEC half-plane for the sake of simplicity. The presence of an arbitrary impedance half-plane
requires a slight modification of the deduction of the W-H equations, as is indicated in section 7.6.

vww.ebook3000.cond



http://www.ebook3000.org

7.11 « The half-plane immersed in an arbitrary planar stratified medium 221

induced on the half-plane) and V. =V (5, h) (Laplace transform of the transverse electric
field in the aperture (x > 0,y = h)).

The two-port transmission matrices Ty and T, represent the slab y = h,y = d and the
stratification betweeny = h and y = d, respectively. The other elements in the circuit model
are defined in section 7.10.2.
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CHAPTER 8

Planar discontinuities in
stratified media

8.1 The planar waveguide problem

8.1.1 The E-polarization case

Let us consider the planar waveguide shown in Fig. 1A. This structure can be studied via the
circuit representation indicated in Fig. 1B. In particular, the PEC walls of the waveguide are
simulated by the current generators A;_, A,_, and the slab —d <y < 0 in the physical
structure is equivalent to the IT two-port introduced in Fig. 3a of chapter 7.

Writing the node equations on the circuit 1B yields directly the W-H equations of the problem:

node 1 (Yl + Y3+ Yc)VlJr — Y3V, = A

1
nOde 2 —Y3V1+ + (Yz + Y3 + Yc)V2+ - A2_ ( )

Fig. 1: Scattering by a planar waveguide (A) source: plane wave (B) source: incident mode

223
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where 7 = 7(n) = k2 =2, Yo = 7 = ;- Y1 = Yo = [Yetan T, Y3 = Yo gitg and —Aq
and —A,_ are the Fourier transforms of the total currents induced on the two half-planes.
Since Y, = Y1, by summing and subtracting the two equations, system (1) decouples into

two scalar equations:

(Yo +Ye)(Vip +Vor) = A1 + A @)
(Yl +2Y3 + Yc)(V1+ — V2+) =A_— A
which is equivalent to rewriting the matrix kernel G(») of the W-H eq. (1):
V1+ A]__
G(n) - =
UV

in the form:

. Y.+ Ys+ Y —Y3

G(ﬂ) o < —Y3 Y1+Y3+Yc>
111 [Yi+Ye 0 (1 1 3)
S 2\1 1 0 Y1+ 2Y3 4+ Y 1 -1

whence the factorization problem of G(#) is reduced to the factorization of the diagonal
matrix:

e jra

_ 0
M () = Y1+ Y 0 | wucos(za) _ _(mp O
PT=U 0 vivavs+y )~ 0 e 70 m
Jwy sin(za)
(4)
where
.[ejra ) Tejra .
my = m =mi- ()M (n), mM2(n) = —Jm =Mp_(n)mz+ ()  (5)
According to the results of sections 3.2.6.1 and 3.2.6.2 we get
(a) factorization of my (%)
1
M1 () = —mey(n), M (n) =me (n) (6)
wp
where
n B ta, jt—n n
vk 771“( A+A+1)expLTIog " qn} o (1 An+B)
Me. (@) = 11

Veostiarer (7 +1) " (1-2)

M (1) = Mey(—7)
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2
an_\/k2_<w>’ A:_JE, B:—}A, n=1,2,...
a a 2

_.a _len _
q—JﬂPOQ( ka>+1 y}

(b) factorization of my (1)

Mo (17) = =]

where

_ - oo 1
_ eslog =
Mo, () = el | | ka nl;[l 1_”_2"1“(1 na)
s = Sin(ra)| sinka) " (1) e —jr
L ra |,
ejra
Ms— (’7) = Sin(’[a) = Mgy (_77)
L 7a ] _
N 2
Nan = k? — (;) n=12..., Imy,] <0

Vit A
Vo, Ag_
into account. This source can be an external plane wave, or a mode that propagates in the
planar waveguide.

To conclude, to accomplish the solution of G(z) - , We must take the source

8.1.2 Source constituted by plane wave

Similarly to the half-plane problem, in the presence of a plane wave E! (x, y) = Eoelk? co%#—o),
the primary contribution is present only in the terms A; _ and has the value

Eosing,

0
AP = J HI(x, 0. )el™dx = 2j
- K ¢06.04) J20(77_’70)
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where 5, = —kcos ¢,. This yields the nonhomogeneous W-H equation

.Eo Sing,
2] ——— 1
+ J Zy —

0 77 ’70

Viy
Vaoy

Al
Ay

(8)

G(n) ’

Alternatively, by letting V1, = V5, +Vi,, Vo, = V35, + V], the contributions Vi, and V},
of the incident field E}(x,y) on the two aperturesy = 0,x > O0andy = —d,x > O are

i _ . E i Eoeiksinaod
L=l Vy = (9)
[/ [/
which confirms that the characteristic part of 21: in the pole n, = —k cos ¢, is identical to
: Eosin g,
its primary contribution: |9~ z ﬁ In fact, we have
i .Eosing
A 2j—=—1r°| 1
Gno)| i | =17 20 | (10)
Vo, 0 /B

A third way to evaluate the source term is to set Vi, = V{, + V7., Vo, = V§, + V], where
V7 , and \%Z; ', represent the geometrical optics contribution of the field on the two apertures.
Assuming ¢, > 7, since the aperture y = —d,x >0 is illuminated only in the region
—dcotep, < X < oo, it follows that V3, differs from V. by the contribution
—d cot ¢,
Vi) - Vi) = [ Eeelneimay (11)
0

However, this contribution is regular in n, = —k cos ¢,, and, consequently, we have again

o Al— . 2j Eosin ¢

that the characteristic part of Ay is OZQ = = Roys
Using the solution of the W-H equations obtained in section 2.4.2:
Foln) = G2 n) - G~ () - —2—,  F_(a) = G_(a) 6" () —°
+ - g — - a— ag
one obtains the explicit solution
1 N 1
‘VH M- (me)may (7)Mo (17)M2 (1) | JEq sin g,
Va. 1 B 1 Zo(n = o)
My (70)M14 () Mz (1) M2 (17)

My () | Mz ()

‘ A ‘ mi-(7,) ~ M2-(17,) JEosing,
mi-(7) Mo (n) |Zo(n —15)

ma— (770) mz— (770)

fvww.ebook3000.con)



http://www.ebook3000.org

8.1 « The planar waveguide problem 227

8.1.3 Source constituted by an incident mode

The modes in the planar waveguide are defined by the vanishing of cosza (present in the
denominator of my(y)) and by the vanishing of 72 (present in the denominator of m,(1)).
They are also obtained via the zeroes of the function

sintd _sinza

— 2 costa =0 (13)
that yields
nm 2
mn =\ = (F) n=12..., Iml| <0 (14)
The first mode occurs for n = 1:
k2 — (T) 15
na =1 =k = (%) (15)
For this mode we have
H!(x,y) = H, cos ;—[y g Jux (16)

As indicated with Aj_ and A5_ the conventional parts of the Laplace transforms of the
currents present on the walls of the waveguide, we have

0

. H . H
A17=A27+J’7_a17 A27:A§7+Jn_oal (17)

Thus, the normal form of the W-H equation is

Viy ‘Ai— ‘ ‘jHo 1
G(n) - = . 18
) ‘V2+ As_ Ho | —as (18)
which yields the solution
1
Viy _ m— (al)ml+(77) jHo (19)
Vi 1 n—oaq
M1 ()M (1)
mq (17)
my_(a1)m i
‘Al ‘ _ 2 (al) 2+<17) JHO (20)
Ar my (17) n—ai
Mz (0t1)Mz4.(17)
Note that in this case x” presents only a continuous spectrum and, in particular, it does
2+

not contain the pole contribution at n = a;.
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8.1.4 The skew plane wave case

Let us consider an incident plane wave impinging at a skew incidence angle j:
E; = E,e7or c08(¢= o) g i Hzi = H,e i7ercos(#—7o) g —ictoz (21)

where ao, = kcosf, 7o = ksin 8 = /kZ — a2, and pcos(¢ — ¢,) = XCOS @, + Y Sin @,.
Using Maxwell’s equations yields the following other components of the incident plane
wave:

Ei — gitopcos(p—7,) giaoz £0%0 COS Po + ZoHok sin g
X

To

Ei _ gitop cos(g—go) gido? Eoao Sin g, — ZoHok cos ¢,

V=

T (22)

Hi — giropcos(p—a,) g—iao —EokYosin g, + aoHo COS ¢

X To
i gitopos(g—go) gido? EokY, €0S ¢, + Hoao Sin g,

y — To

where Z, and Y, = Z; ! are the impedance and admittance of free space.
In the spectral domain we introduce the Fourier transforms:

V(n,y) = el®? | § x Ey(x,y, z)e?™dx

I(n,y) = el®? | Hy(x,y, z)e/™dx

|

N (23)
|

where

Et:2E2+)A(Ex, Ht :2Hz+XHX

The previous formulation again yields

Vl+ A]_,
G| = (24)
V2+ Az,
However, now the unknowns are vectors rather than scalars:
Vii(n) =V(5,0), Vor(n) =V(n, —d), Aw(n)=1(n0:)—1(»0-)
Ar-(n) = I(n, —dy) — I(y, —d_)
Y1+Ys+ Y, —-Y3
G =
(n) < —Y3 Y1+ VYs+ Yc) (25)
E=Ep)=+/T2—n% Y=Y :thanE Ys=-jY b
}7 0 77 1 1 2 c 2 ’ 3 CSInEd
Yc = YO Tg ;7] aoz
ky/k?—n?—a2|l-nao k—n
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The factorization of G(#) can be accomplished by putting the 4 x 4 matrix in the form

Yi+Ys+Y —-Y3
’ =G(n) ®R(n)
-Y3 Yi+VYs+ Y,
—N %o kz_’?2 )

Yi1+Ys+Ye —Y3 Y14+ Y3+ Y —VY3 1

f— ® -y

Y3 Yi+Ys+Ye Y3 Yi4Ys4Y g
(26)

where the first 2 x 2 matrix G(») is the matrix considered in the E-polarization case, ® is the
Kronecker product symbol, and the rational matrix R(») is defined by

k

— . Yelo) @)

G(n) =

2
Ty —Ndag

'L'2 —na
RO =5|

—N Qo k? — 772
Taking into account that (see also section 4.2)
G(n) =G(n) ®R(n) = [G-(n) - G+ (m)] @ [R-(17) - Ry (17)]
=[G-(n) ®R_(n)] - [G+(n) @R+ ()] = G_(n) - G (n) (28)
we obtain

G.(n)=[G-(mMaR-(m, Gi(n)=I[G:i(n) @R (n)] (29)

Consequently, the factorization of G(#) is reduced to the factorization of G() and
R(n) obtained in the previous sections.
To take into account the source we set

Vl+ ‘Ai ’ RO
G(n) - = + 30
|| = A |+ 2 (20
with », = —71, C0S¢, and where, according to the previous considerations, R, can be
evaluated either as the characteristic part of the minus function 21* or the characteristic
2—
Viy
art of G(n) - .
P (n) Vy,

We observe that geometrical optics arises from the following contributions:

wall y = 0, x < 0: incident wave plus reflected wave due to the PEC plane y = 0,
wall y = —d, x < 0: no geometrical optics contribution,

aperture y = 0, x > 0: incident wave,

aperture y = —d, x > 0: the incident wave is present provided that x > —d cot ¢,.

The evaluation of the contribution by the walls is very simple since in this case for A;_ we
have the same characteristic part considered in the skew incidence on a single PEC half-
plane, whereas the characteristic part of A,_vanishes. It follows that

2joo COS ¢ 2 jk sin ¢,
— H E
RO - To ° + To Zo 0 (31)
0
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Conversely, the evaluation the characteristic part of x” is given by
2+
T
: (32)
L/
where, taking into account the considerations relevant to eq. (11),
. Eoao COS ¢y + ZoHok Sin ¢
J TO
T I
t= _jeimdsing, Eoao COS ¢y + ZoHok Sin ¢
To
j e*jTo d sin ¢q E0
Of course the following equation holds:
Ro = G(’?o) Ty (33)

8.2 The reversed half-planes problem

8.2.1 The E-polarization case

Let us consider the two reversed half-planes shown in Fig. 2a. This structure can be studied
by the circuit representation indicated in Fig. 2b. In particular, the PEC walls of the

YC
(@ (b)
Fig. 2: Scattering by two inverted half-planes
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waveguide are simulated by the current generators A;_, Ay, and the slab —d <y < 0 in the
physical structure is equivalent to the IT two-port introduced in chapter 7, Fig. 3a.

Writing the node equations on the circuit 2b yields directly the W-H equations® of the
following problem:

nodel (Y;+VYs—+Ye)Viy —YsVoo =A;_

node 2 Y3V + (Yg + Y3+ YC)VZ, = A (34)

where Y; = Y, =Y, tan%, Y3 = —chﬁ and —A;_ and — A, are the Fourier transforms
of the total currents induced on the two half-planes.

With respect to the problem considered in Fig. 1, here we deal with different plus and
minus functions. In fact, now the plus functions are V1, and A,, and the minus functions are
V,_ and A;_. Algebraic manipulations yields the W-H equations written in normal form:

(Yi+Yo)- (Y2 +2Y3+Y) Y
Yi+ Y3+ Y, Yi+ Y3+ Y, Vi Ai_
. - (35)
Y3 1 A2+ VZ—
Y1+ Y3+ Y, Yi+Ys+ Y

Substituting the values of Yy, Y, Y3, Y¢ and taking into account the primary field contribu-
tion, for the E-polarization case (normal incidence) we get

.Eosing
Vi Z,AY 2j——1°
1 I Il B > (36)
ZoA2+ V2_ 0 ’7_170
where the matrix kernel is given by
% 7e7jrd
G =| " (37)
e—J‘rd
27

and »n, = —k cos ¢,.

Despite many attempts, up to now this matrix has not been factorized in closed form. A
week factorizaction has been obtained in Abrahams and Wickham (1991) and Buyukaksoy
and Serbest (1993). Alternatively, in the following we will use the Fredholm factorizaction
described in chapter 5.

8.2.2 Qualitative characteristics of the solution

Taking into account that det[G(n)] = 1, we observe that the structural singularities of the
W-H unknowns are only the branch points » = +k. After obtaining the W-H unknowns

1 Equation (34) are not written in normal form.
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Vit and Az, and V,_ and A;_, we can use the following expressions to evaluate V (5, y) and
I (%, y) and the corresponding transverse components of the electromagnetic field everywhere:
fory >0

E:xy) = EX0uy) + EL0Y) + 50 | V(.00 e Ty (38)

Hu(6y) = Hix )+ H{x) + 5 [ 100 77 ey

(39)
= —ity _ Vi oy
V(n,y) =V e, I(ny) = 7 e
C
for—d <y <0
_ Vygsin(z(d +Y)) — Vo sin(zy)
Viry) = sin(zd)
ny) = j VoA 1)) — Va-cos(ry) (40)
Y =) Z.sin(zd)
fory < —d

. Vo .
V(ny) =V e 0 (y,y) = —Z%e‘”(y“”
These expressions show that V(»n,y) and I(»,y) contain as singularities only the branch
points n = +k.
It seems that V (»,y) and 1(»,y) in egs. (40) are exponentially unbounded as n — +oo.
The following alternative expressions are more suitable for the evaluation in the region
(—d <y < 0) through an inverse Fourier transform:

Al,ejfy Te fjr<d+y))A2+

V(n,y) = ou

2t
r(e 1 4 el (el @) 4 elt@V))y,
I(n,y) = . - - —d 0
(m.y) 1= e 0o i (-d<y<0)

8.2.3 Numerical evaluation of the electromagnetic field

The electromagnetic field can be evaluated through the inverse Fourier transforms

EixY) =55 | Vony)e iy (a1)
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M) = 5o [ 10my)e 7y 2

In the region (—d <y < 0), it is sufficient to use the inverse discrete Fourier transform. In
the open region, the far field can be evaluated with the saddle point method (section 2.9.2).

8.2.4 Numerical solution of the W-H equations

The factorization of the matrix G () has been considered by Bilylikaksoy and Serbest (1993).
Alternatively an efficient approximate factorization can be obtained using the Fredholm
integral equation technique (chapter 5). First we normalize G(#) in the form

2t ~jrd Kt vk=n
e K VK
G(n) = L | = M(n)- (43)
gird 1€ I K 0 vk 0 vk
2r VK N
where
2 _ \4 k - T]e—]‘[d
K7
M(n) = o (44)
VK, e Lo
k—n 2
We observe that
1—e ™ \/k_—ne—jrd
B 2 vK+7
M~ () = (45)
v K+ 77e—j1d 2
k—n
is bounded. Hence, the Fredholm equation
1 [ MO-M@F.0, R
- mir+
M()F () + 5 J ot — 46
(DF (1) + 5 o — (46)

—00

involves a Fredholm kernel M~1(») w that is compact. Next we use the approximate
techniques indicated in section 5.1.5. Since the original integration line (real axis) is very
near the branch points £k and the pole #,, it is convenient to warp the integration path.
According to the indications of section 5.1.5.1, in the following we use three paths.
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Path G:
a 1 . .
n(y) = —kcos ~3 + Egd(—y) —jy|, (gudermann line) (47)
with gd(x) = arccos o1 sgn(x).
Path B:
n(y) =elly, —oo<y<oo, (bisector straight line) (48)
Path C:
. arctanx . .
n(x) =k [x +1m} (slight deformed real axis) (49)

8.2.4.1 Numerical simulations

Due to the compactness of the Fredholm kernel M~1(y) W we are sure that by

increasing A and decreasing h in the numerical scheme indicated in section 5.1.5, the
approximate solution converges to the exact solution (Kantorovich & Krylov, 1967).
Consequently, the problem is to find the best technique to minimize the computer time.
Previously we have indicated three possible ways based on the warping of the original
real axis along the paths G, B, and C.
Working in the w — plane (path G) implies the possibility to select small values of A,

since the kernel m(z,t) behaves as thy instead of % as y — oo. Conversely, working in the

n — plane (paths B and C), we observe that the discretization is uniform in the » — plane
and assures that the contribution of the integrand is well considered everywhere in the
integral.

Since a comparison with an exact solution is not available, to have a criterion on the
accuracy of the approximate solution we changed the values of A and h and compared the
different solutions obtained with the three paths G, B, and C. For the sake of simplicity we
report only the numerical results obtained with path G when A = 20 and h = 0.04.

We have considered the unknowns:

Vool =SSNV, Voot =[S e ) (50)

Figure 3 shows the value of the function |\7 2,(go)[ =V, (—kcos ), whereas Fig. 4 reports
the value of the function |V 1. (¢)| = V1, (—kcos ).

The numerical evaluation of \71+(q0) is very accurate. Changing the path of the integra-
tion and/or the values of A and h provides plots that are indistinguishable. The relative error
from the different evaluations is less than 2-3%. This does not happen for the function
\72,(q>), which is related to the electric field in an aperture located in a shadow region. The
plot obtained in Fig. 3 should be accurate, since it was obtained from high values of A and
small values of h.
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(: Z i;_Elo12 f -|\72‘(¢) ‘

¢, = 3m/4 04k
A=20
h=0.04

-3 -2.5 -2 -1.5 -1 -0.5 ¢

Fig. 3: Plot of [V, (¢)|

6]

V1.0)|

Fig. 4: Plot of |\7 1+(§0)|

8.2.4.2 A method for increasing the accuracy or the function Vo_(n)
From one of the W-H equations we have

- _e7Tdsin(zd
Vo () = eV, )+ ikt S D 7., () 51)

We observed that whereas the accuracy of the approximate evaluations of Vi, (n) and A, (%)
is good, this does not happen for the function V,_(#). For instance, in its inverse Fourier
transform E,(x, —d) presents significant values for x > 0 in contrast with the fact that
E.(x, —d) must vanish on the PEC half-plane located in x > 0,y = —d.

The reason for the discrepancy is because especially if k d is small the values of
E.(x,y) on the aperture x < 0,y = —d are very small with respect to those on the aperture
x > 0,y = 0. Consequently, we need a high accuracy in the approximate expressions of
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V14 (n) and Az, () to have a sufficient accuracy of V,_(#) obtained by eq. (51); for instance,
this accuracy must be high near n = k, since V1 () and Ay () present a branch point but
Vo_(n) is regular.

To overcome these numerical problems, we consider (51) as a scalar W-H equation
having V,_(#) and Az (1) as unknowns. The factorization of the function

sin [Vie = a2 d]
M(a)=e @ L J (52)
k2 — a2d
was accomplished in chapter 3, section 3.2.6.2, example 6, yielding
Smk(gd)exp [—%Iog I ; %iq a} eyﬁl“(; + 1) » (1 - g)
M, () = —5 I1 T (89)
R n=1 —
r(-5+2+) (1-m%e)
M_(a) = My (—a) (54)
where
7= Vk? —a?
A——i% B=0 q=i%|log(-227) 41—
(55)
an = |<2—(n—”)2 n=12 Imfa) < 0
n d 1 1y ey n

By assuming A =1, k = 27(1 —j10"°), d = 1.14 and a truncated product with Ny, = 200,
we obtain an error M_(a)M (a) — M (a) that vanishes in the range —100 < a < 100.

We also ascertained that with these approximations, the functions vk — a M, (o) and its

inverse (VK — a M, («)) " behave as a bounded not vanishing constant as « — oc.
The W-H technique yields the following expression for V,_(5):

Va(n) = M_(n)Y_(n) (56)
where Y_(17) = {M:l(n)e*ivszﬂdeH(n)} is the minus decomposed function of

M-1(y)e T VK=" dy, () that is expressed by (see chapter 3, section 3.1, eq. (3)):

du (57)

~1(\y)a—ir(w)d
Y () = 1 JM? (u)e I7Wavy  (u)

 27j u—uy
72

where () = \/k? — 52. By decomposing 7 = 7_ + 7 (chapter 3, section 3.1.1, eq. (13)):
T jT(n) —
TM):@I jt(n) —n

i 9 K
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t(n), _it(n) +1n
_ = —“log—~—- 58
v () =5 log (58)
we obtain
M1 —jr_(u)d 7j‘r+(u)dv
)= - [ M e ),
27 u—mng
Y2
B 1 J [M:l(u)efJMU)d _ Mil(n)efjn(md]efjr+(U>dVl+(u) "
 27j u—mng
Y2
“1(p\e-ir-(md [ g—iz. (W)
M= e je Vil g, (59)
27] u—mng

72

The last integral vanishes since it represents the minus part of a plus function. This yields

M= ()2 (1) = — 5 -

1 [ [M-Y(u)edmmd _ M-1(p)e-ie-md)e-ir Wiy, (y
27]
—00

A numerical quadrature gives

ho AN

MZHp)Va- () = =5~ D 0(nhije ™MV, (hi) (61)
3 Pyt
where
O(n,u) = If [u =" 4 [A-(m)], Muﬂ —i-(n)] (62)
with
_,n B n
exp[—qunle 7AT A | 0 1-—
ﬂ,_(ﬂ) _ M:l(n)efjr,(n)d _ ( A A ) H < an) (63)

sin(kd) /B n—l<1_ n )
kd F(ﬂ+l) An+B

8.2.5 Source constituted by a skew plane wave

Consider an incident plane wave impinging at a skew incidence angle S on the two reversed
planes shown in Fig. 2a:

E; _ EoejropCOS((pf%)efjao z Hzi — HoejropCOS(fpf(po)e*jaoz (64)

where a, = kcosf, 7, = ksing = \/k? — a2, pcos(¢ — ¢,) = XC0S @, + ysin¢,
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Using Maxwell’s equations yields the following additional components of the incident
plane wave:

Ei — gitopcos(p—7,) gianz £0%0 COS Po + ZoHok sin g
X

To

Ei _ glitopcos(g—go) gido? Eoao Sing, — ZoHok cos ¢,

V=

o (65)

Hi — pioncostg—go)gids? —EokYo sin g, + aoH, €0s ¢,

X To
i — g ito p 005(g—g0) g-ico? EokYo €COS @, + Hoao SiN @

y — To

where Z, and Y, = Z; ! are the impedance and admittance of free space. In the spectral
domain we introduce the following Fourier transforms:

V(n,y) = elw? J ¥ x E(x,y,2)e™dx
;ZO (66)
I(5,y) = el J He(x, Y, z)e™dx
where E; = 2E, + XEy, Hy = 2H, + XH,.
The previous formulation yield again
Vi, ‘Al_ ‘ ‘Ai ’ R,
G(n) - = = + 67
) Azy Voo Vool = (67)
where
Mo = —To COS @
Vie(n) =V(17,0), Vo(n) =V, —d), Aw(n)=1004)—1(0-)
Az () =1(n, —dy) = 1(n, —d_)?
(Y14 Yc) . (Yl +2Y3+ Y) B Y3 _
Gy) = Y1+ Y3+ Y Yi+Ys+Ye | [ 2Yc —e e,
m= Ys 1 ~ e, jeitsin(ed)zZ,
Yi+Ys+Y, Yi+Ys+Ye
(68)
with
E=Ep)=+/T2—n% Yi=Yy=jY tanﬁ Ys: = —jY 1
77 o] 7’ ’ 1 2 C 2 1 3 C Sln Ed
Y Y, o N . Z, K2 —n" nao
C T T , B . —
Kk = —ol| _pa, Kk2—p? kvk?—af—n"| pa, 22

2 The expressions used in the components of G(1) make sense since all the introduced matrices commute.
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and 1, is the 2 x 2 identity matrix. According to the previous considerations R, can be

evaluated either as the characteristic part of the minus function Cl‘ or the characteristic
2—
Vit
art of G(n) - .
P (n) Ay,

We observe that geometrical optics arises from the following contributions:

Wall: y = 0, x < 0: incident wave plus reflected wave due to the PEC plane,

Aperture: y = —d, x < 0: no geometrical optics contribution,

Aperture 1y = 0, x > 0: incident wave plus reflected wave due to the PEC planey = —d,
Wall: y = —d, x > 0: incident wave plus reflected wave due to a PEC plane y = —d.

The first evaluation is very simple since in this case for A;_ we have the same characteristic
part considered in the skew incidence on a single PEC half-plane, whereas the characteristic
part of V,_vanishes. It follows that

—2j Ho
2j 2jk sin
2] COS @ Ho + J %o E,
R, = To 7o Zo (69)
0
0
Conversely, in the alternative evaluation the characteristic part of x” is given by
2+
T
: (70)
n—"1o
where, taking into account the considerations relevant to eq. (11),
(—j + je~ A7 singe ) (Eya, €OS @ + HokZo SiN gy
To
_ (J _ je—zjdr0 sin (po)Eo
te 2je—jdro sin (poHo
2je 190 siNgo (4,7 0 COS @y — Eok Sin ¢,
ToZo
Of course the following equation holds:
Ro = G(1,) - Tt (71)

Taking into account that Z; = Y_! commutes with Y., the factorization of G(z) can be
accomplished by putting the 4 x 4 matrix in the form:

G(n) = A(n) ® 12+ B(n) @ Ye(n)

where the matrices A(n) and B(#) are 2 x 2 matrices.
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The key point to reduce the order of matrices to be factorized is the observation that the

N —Qo

polynomial matrix t(n) = a makes Y. and Z. diagonal. In fact,

£y we
o |oe L |E
Zo=t"(n) 2 |t Ze=1"(n) g | ) (72)
A 0 =
weé wu
or
k2_ 2 o
TR =t - d) ) (73)
n Qo T,
where
£ 0
d(n) =
(n) 0 K2
It f i ’t(n) 0 ’ ; -1
ollows that putting T () = =1, ®@t(n), the matrix T(n) - G(n) - T~*(y) has
the form 0 t(n)
x 0 x O
1,4 |10 x 0 X
T 60 T =|, o5 » o (74)
0 x 0 x

where x means a nonzero element. Introducing the permutation matrix P = P~ defined by

1 0 00
0 010
P=lo 1 0 0 (75)
0 0 01
we get the following quasi-diagonal matrix:
_ Ga(n) 0
P T() -Gl T P = | | (76)

0 Gaz(n)

where the matrices Gq1(n) and Ggz(#) are of order two.
To have matrices that with their inverses exist and are bounded as  — +oo, we operate a
normalization by introducing the matrix Gi(») defined by

. i . Gun(n) O
Gi(n)=n_-diag[1,Y,,Z0,1]-P-T-G(n)-T~*-P-diag[Z,,1,1,Y,] -n; =

0 Gen)
(77)
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where the normalization matrices n.. are given by

Vi Ve En' VoIl Vi

The 2 x 2 matrices Gy (1) and G () are suitable for the Fredholm factorization since they
are bounded with their inverses as a — oo. They have the following explicit expressions:

ny = diag

2 _e-jgd VTt 5 _e-ica Vo
To—1 To+7n
Gin(n) = . Ge(n)=
Sjed VIO L jedg jgd VIO o jedgin(gd
e W= je!<%in(&d) e — je1<%sin(&d)
oT?H o~
(79)

In the previous section we have factorized G (#) by the Fredholm method. Now we show
that the factorization of Gy () reduces to that of Gw(17) = Gie— (%) - Geet(17). In fact, the
following equation holds:

1 0 1 0
Gmw><0 m—n)~eam~(o %+n) (80)
To+1 To—7

which provides the weak factorization of G () = Giw— () - Ginw (1), where

1 0 1 0
Gitw-—(17) = (0 To — ’7> Gre- (1),  Gtwt (1) = Gres (n) - (0 To + ’7) (81)

To+7 To — 7N

Starting from the weak factorizations (81), we can accomplish the standard factorizations
of Gin(17) = Gin— (1) - Gtn+ (1) and Gee(n) = Gte— (17) - Gre+ () by using known techniques
(section 2.7). With the standard factorized matrices, taking into account eq. (78), we get the
following factorization of G(1) = G- () - Guw+(n):

(82)

wanzm_ananmu+xn*.(Qmw> 0 )

0 Gte- (1)

Gt 0 . -
Gw+(n) = ( hg(n) Gte+(’7)> [T1-P - diag[Ze, 1,1,Ye] 0] (83)

This factorization is again weak for the presence of the polynomial matrix T, which intro-
duces a nonvanishing entire function in the W-H solution technique (section 2.4.1). To
evaluate this entire function we will use the following result:

1
P ta

n Qo

—0Qo 7

Ta(17)

or T 1=
n + ag

t(n) (84)
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where
n a 0 0
—a 0 0
Ta(n) = 0 ’ g N ao
0 0 —ao 7

8.2.5.1 Formal solution
Rewrite the W-H equation in the form

R
G(n) - Fi(m) = F-(n) = X-() + — (85)
/B
where
V1+ A§_7 ‘ Al, ‘
Fo(y) = . X_(n) = . F_(p) =
) =| | X = | Fe= |,
After operating the factorization G(n) = Gy— () - Gw.. (1), the W-H technique yields
-1 -1 Ro
Gu+(n) - Fi(n) = Gy2(n) - X-(n) + Gy,2(m) - e (86)
0
or
-1 Ro _ ~-1 ~1 R0 _
Gu (1) - Fo(n) — Gy,= (o) - =G,Z(n)-F-(n) — G, (o) - =w  (87)
/B /)

Taking into account the form of the factorized matrices Gy, (1) and Gy (), it follows that
the vector w is constant. To obtain this unknown vector, we resort to the same procedure
used to factorize Y. () in chapter 7. For instance, taking into account (85), w must be chosen
in order to ensure that the solutions

Fo() =G () [w+ewi<no> - Tﬂ (88)
F_ ()= Gu_(n) - {w+evzl<no> -nf(’nj (89)

do not present the offending poles n = ja, and n = —ja,, respectively.
In the following the null spaces of T,(ja,) and Ta(—jao) will be important. By using
MATHEMATICA we get

NullSpace[Ta(—jao)] = €1 U + € Uy

NullSpace[Ta(jao)] = —C3 Uz — C4 Uy
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where the constant ¢;, i = 1, 2, 3, 4 are arbitrary, and the vectors u;, i = 1, 2, 3, 4 are defined by
0 =i 0 j
0 1 0 1
up = Sl u; = ol u3=j, u4=0
1 0 1 0
Looking at eq. (88), the absence of the offending pole # = ja, in F, () implies that the

vector

Guiljw) 0\ R
. . th+ 0 _ 0

P.diag[Z,, 1,1,Y,] - n : ) Sw+ Gt . }
9[Zo o] - Ny (jao) ( 0 Gte+(Jao)> [ w- (7o) jao — 1

must be in the null space of Ta(jao):

+(J ) 0 . R
. . Gth (o8] _ o
P - dia Z,l,l,Y -n Qo) - N . W+GE77 T :|
g[ 0 0] +<J 0) ( 0 Gte (J 0)> [ w ( 0) J 0 o

= —C3 Uz —Cq Uy

Similarly, the absence of the offending pole n = —ja, in F_(5) implies

Gth,(—jao) 0 R
P-diag[1,Z,,Yo, 1] -n~H(—jao) - .[W+G—1,7)._70}
[ e ] ( O> ( 0 Gte_(_jao)> v ( 0 7Ja0 — Mo

=CiUp+CUp
(91)

The previous eight scalar equations allow us to determine the eight unknowns c;,
i =1,2,3,4 and the four components of w. We get

C1
C2| _o5ipg-1. -1 ) Roao
=AM TG ) (92)
Ca
G (—jao) 0 -
w= |P- diag[lyzo,Yoll] : n:l(_jao) : ( " 0 Jo G ( ja ))] . (Cl u; +C u2)
te—\— 0
R
_ Gt 0
w- (o) p—
(93)

where the 4 x 4 matrix M is defined by
M = |U1,U,,U3,U,| (94)
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with the vector U, i = 1, 2, 3,4 defined by

- Gth- (—jao) 0 T

Ur = |P-diag[1,Z,, Yo, 1] - n~*(—jao) - -
i 0 Gte— (—jao) / |
- G- (—jao) 0 T

U, = [P -diag(1,Z,,Y,,1] - n71(—jao) - o
_ 0 Gte— (—jao) / |

-1

- Gih (jao) 0 u
Us = |P-diag[Z,,1,1,Yo] - ny(jao) - e
0 Gre+ (Jao)

[ Gu-(jc) 0\
0 Gte+(jao)

8.3 The three half-planes problem

8.3.1 The E-polarization case (normal incidence case)

Figure 5 illustrates the geometry of the problem. In the spectral domain, this geometry can be
studied with a circuit representation, as shown in Fig. 6. In particular, the three PEC walls are

E, y
SB
WK,
Po
) A/—\ .
Al Vl+ X
A2 V2+
Ao —-d Vo
A3— V3+
As —2d Vs

Fig. 5: Diffraction on three equally spaced semi-infinite PEC planes: E-polarization; Wiener-
Hopf unknowns also shown
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y=-2d y=-d y

Fig. 6: Equivalent circuit model of the problem under study

simulated by the current generators A; , A, and Az_; the two slabs —d <y <0 and
—2d <y < —d inthe physical structure are equivalent to the two IT two-ports indicated in figure.

Writing the node equations on circuit 6 leads directly the W-H equations of the following
problem:

nodel = (Yc +Y+ Y3)V1+ —Y3Vor = A1
node3 = (Yc + Y+ Y3)V3+ — Y3V, = A3 (96)
node2 = 2(Y1 + Y3)V2+ — Y3V —Y3Vi = A
where
7d 1 T
Yi =Y, =jY. tan— Ys=—Ye——, Ye=—oi), =k —n?
1 2 Jcanzn 3 JCSIan c Y T n

Vi, Voo and Vs, and —A;_, —A,_ and —As, are the Fourier transforms of the electric
field E;, on the three aperturesy = 0, y = —d, y = —2d, respectively, and the total currents
induced on the three half-planes.

The previous equations constitute a W-H system of third order. The symmetry of the geo-
metry allows us to reduce the order of this system. By summing the first two equations we get

Z k (A- +As)
) VKo —n(Viy +Vsy) 7 *Vko + 17 e (7)
2v/ko —nVay Zo k Ay
vk + 17
where
1 —g i
2
G(’?) = (1 _ e—Zde) ) 1 4 e72jtd
,e*JTd - -
2
(98)
—2jrd
1+ ; o-ird cos(zd) 1
Gy = =e ™
1 ejrd

g—id 1
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The factorization of G(z) was studied by Jones (1986), who obtained a nonstandard fac-
torization where the factorized matrices present an offending behavior at co. The possibility
of obtaining a nonstandard factorization is because the kernel matrix commutes with an
entire matrix. In fact,

cos(zd) 1 cos(zd) 1 (0 0
< 1 ej’d>_< 1 cos(rd))JrJ(O sin(rd))

0 0
=P_-|1+jd Pt sin(zd) PPy
0 7d

where

[ cos(rd) 1 5
P= ( 1 cos(rd)) =P--Py

The factorization of P is simple and yields entire factorized matrices P_ and P expressed
by infinite products. The previous equations show that we reduced the factorization of G(#)
to the factorization of the matrix

0 0
1+jrd P7* o Sin(d) P

This matrix commutes with the entire matrix

0 0
W(n) =P (O sin(td)> P

0 0
The logarithmic decomposition of 1+ jrd P~1- (o Sin(zd)) -P! introduces offending

7d
behavior that can be eliminated by multiplying the nonstandard factorized matrix by a
suitable entire matrix (chapter 4). The complete specification of this entire matrix requires
the solution of an infinite set of linear equations.
Accurate calculations are very cumbersome, so again it is better to use the Fredholm
factorization. It applies immediately, since G() and its inverse G=() are bounded on the
real axis as 5 — +oo. Taking into account that

.Eosing, 1
A=A p2j2—t0_— 99
1 1 J Zo  7—10 (99)
we can rewrite the W-H system in the normal form:
R
G(n) - Fi(n) = X-(n) + — (100)
[/
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where
k
vko —n(Vip +V ——2jEysing
Fep=|" " PV Ve . Ro=|Vketn, " (101)
2\/ko_77v2+ 0

By using the expedient of section 5.1.5 of warping the real axis in the integration line
n(y) = eliy, —co <y < oo, we obtain the resulted indicated in Fig. 7 and Fig. 8.

8.3.2 The skew incidence case

As it happens for the half-plane problem (section 7.5) or for the planar waveguide problem
(section 8.1.4), in the skew incidence case we are dealing with a matrix kernel that has the form

G(n) = G(n) @ R(n)

[F1(m) 120 IF2+(M)l
100}
80f
60}
40f
20}

05 05 1 1 -05 05 1
3 1
k=1-j108, d=20, ¢O=T”, 1o = —k COS @, R=‘O‘
A=16, h=0.1

Fig. 7: Plot of the plus unknowns, where the integration line 5(y) = elfy, —co <y < o0

P ()] 5 IF-(ml

40

-1 -0.5 0.5 1 -1 -0.5 0.5 1

3 - _l
k=1-j108 d=20, ‘PozTﬂ‘ 1o = -k €0s ¢, R—‘O‘
A=16, h=0.1

Fig. 8: Plot of the minus unknowns, where the integration line 5(y) = elfy, —co <y < oo
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where G(#) is defined by eq. (98) and
(2) —N Qo

—na, k?—n?

RO ==

&
We achieve the factorization with the well-known equations

G(n) =G(n) @R(n) =[G-(n) - G+(m] @ [R-(17) - R+-(17)]
=[G_(n) @R_-(n)] - [G+(n) @R(n)] = G-(n) - G+(n)

8.4 Arrays of parallel wire antennas in stratified media

8.4.1 The single antenna case

Consider Fig. 13 in chapter 6 and assume that the radius of the wire is a. In the spectral
domain the component E, must satisfy the following wave equation:

’F P L\
— 4= E, = 102
<6x2+8y2+r) 2 =0 (102)
where 7 = vk? — «2. The solution of (102) that satisfies the radiation condition is given by
E; = C(a)H? (zp) (103)

To evaluate C(a), we consider the azimuthal component H,:

~ k OE, .k

_ i~ Ytz R (2)r
Hy(p) = =i 7.2 0p Jzorc(a)HO (p) (104)

In the whole cylinder p <a, —oo <z < oo we can neglect the displacement currents
(Canavero, Daniele & Graglia, 1988) whence Ampere’s law yields

27aH ,(a) = 1 (a) (105)
where I (a) is the Fourier transform of the current 1(z):

L/2

() = J | (z)e*dz.

—L/2
Substituting (105) into (104) and (103) yields the radiated field Ei(p)

ES N jTZoHéz)(Tp) i(a

= (106)
2nkaH(§2)’(t a)

Taking into account that E,(a) vanishes on the surface of the wire we have

E;(a) = Vo(a) — Vo
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where Vo (a) is the Fourier transform of a function that vanishes in the range
—L/2 <z < L/2. Substituting the previous equation in (106) we get the longitudinal
modified W-H equation:

o @) (ra)
4‘TZ°H°(2 3) [ (0) = Vo (a) - Vo (107)
27kaH, )’(ra)

To obtain the impedance of the wire antenna, we do not solve this equation with the fac-
torization method but prefer to use the moment method. In particular, by using the symbols
in section 6.4 we observe that
i (2)
A j'L'ZoH02 (ra)
2kaH? (ra)

X —i(z) &i(a) = I(a)
y— —Vod(2) & ¥(a) = =V,

oz) - 1
h— —~>&h(a) ==
A < h(a) A
Considering L = % and assuming that a sinusoidal distribution of i(z) is physically accep-
table, we use only one moment:

27
Y1(2) = ¢1(z) = cos T z (108)
which yields
" (ad/4)
~ 2n i 47 cos(al/4
=@ = — Jaz =
1/11(0‘) - ng(a) J COS( 2 Z)e dZ y (277:/1)2 _ aZ

—L/2

Hence, from (6.111) the admittance of the half-wave wire antenna is expressed by

Ya:h~X:—(pl'y h- —1700
P11 AP

The us of Parseval’s theorem for the integrals in the numerators yields
Ya= 27— #1(0)y1(0)

j Fr(~)A(@)py(a)da
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To evaluate this integral we can take into account that for a small wire radius (¢ < 1)

jiZHP (ra) _ .7%Z,
27rkaH{?)" (ra) =27k

log(z a)

After algebraic manipulations, this yields the impedance

Zo— L :j% ng {((231)2 _ @) (5)2] Cost(U/4) 4,
0

Ya M Juw? = (2x)?
22 T 2 2] cos’(u/4) 42, T cos?(u/4)
=j p- ilog [(23‘[) u } (a7 (2n)2 du+j . log (/1) ) Z— (207 (2:1)2 du

The last integral is null. Taking into account that Z, = 377 Q, we find numerically that

Zy=73.13 +}42.55Q

8.4.2 The W-H equations of an array of wire antennas

Figure 9 illustrates an array of n wire antennas that radiate in an arbitrary stratified medium. If
the wire r with radius a, is not perfectly conducting, it presents an impedance per unit length:

Jo (kwrar)kwr

wr = 2mowrardy (kwrar)

where ky and oy, are the propagation constant and the conductivity of the r-wire.
The spectral theory of a bundle of wires immersed in a stratified medium generalizes the

results of section 8.4.1 and is presented in Canavero, Daniele, and Graglia (1988). We obtain
the following system of modified W-H equations:

> "Ba(a) [HEY (x dar) + &gl %0, y0) [ To() = Zurl (@)
g=1

= —Vy + Exo(a, Xr,Yr) + Exa (o, Xr,yr)  (r=1,2,...,n) (109)

©) n -L,/2 +V3 L,/2
01 Gnn —Ly/2 v, L2
X 4
&, My ST
&, Hp £ Uy
z=0

Fig. 9: Array of wire antennas
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where the ® type functions E;r¢ (o, Xy, yr) are regular in the half-plane Im[a] < 0, and the &
type functions Ez¢(a, Xy, yr) are regular in the half-plane Im[a] > 0,

dog = g
= jTZo
Byla) = — 20
() 27kaH?" (7 dgq)

i ) (110)
" 1 1 @ )T (@) + PR (n, )
R N '

exp|—in(x —xg) = iv/7 = 1Py +Yq) o

The reflection coefficients I (n, a) and fTE(n, a) are considered in the basis &, B where
the characteristic impedance of the isotropic media is diagonal (section 7.5); the propagation
constant y and the characteristic impedance for an isotropic medium are given by

1=k —a2 -2, Z.=2ZF66+ZMBB

where ZJE = 2 7zIM — Z y — _(,
x we
Example

In the basis &, p we have two scalar circuits modeled ¥’\\/A|th transmlssmn lines.
We want to evaluate the reflections coefficients T' " (5, a) and I’ ( a) for the strati-
fication indicated in Fig. 10. The transmission line relevant to the free space has

VRS, ZE 7L

wEeE

whereas the transmission line relevant to the medium defined by &1, u; has

Wiy ™ X1
= /kZ —a? — 2, zZIE=""1  ZzIM_ AL
X1 1 n cl P cl wey

The reflection coefficients T (7, ) and T~ (3, &) are given by

~TE Z'E—ZF zZ™m _zM
P =ge e T 0o =gm zm
y fTE (n, ) fTM (n, a)
[ ‘|
&t y= ZTE n ZTM
PEC

Fig. 10: Evaluation of I (5, ) and T'"" (17, ) for a particular stratification
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where Z™ (y, a) and Z™ (5, ) are the impedances in the input (y = 0) of the transmission
line and are evaluated by

Z™ = jzMtan(y,d), Z™ =jzIFtan(y,d)
The matrix kernel
Gro() = Bo(a) [ ( dor) + 8q(e, %0, r)| — G(a) (111)

in eg. (111) contains an integral that makes its factorization very difficult. The integral
is zero if the array is in the free space, and sometimes it can be evaluated explicitly.

For instance, if d = 0 we have T (5,a) = —1 T (@) = —1 and we get

Eq(a,x,y) = —Héz)(r lig)

where riq is the distance from the point x, y to the image of the wire q.

8.4.2.1 The admittance matrix

To get the admittance matrix Y.q — Ya of the array defined by

11(0) = Y11V1 + Y12Vo + - - - + Y1 Vi
12(0) = Yo1V1 + YooVo + - -+ + Yo Vy

|n(0) = Ynlvl + Yn2V2 +---+ YnnVn

it is convenient to resort to the moment method, as it has been used in section 8.4.1.

For the sake of simplicity, let us assume that the voltages V; are all vanishing except for
V; = 1. If follows that Y = 1(0).

Let us introduce the space 2 ® E,, where 2 is the Hilbert space, and E, the Euclidean
space on n dimensions. In this space, a vector x has the following representations in the
natural space and in the spectral space, respectively:

x(2) %Y (a)
X — X(2>(Z)  g= X(Z)(a)
x"(2) £ (a)

In our case the vector x has the components
x(2)=1(z) or x(a)=1(a)

while the vector y has component y(") = 6,16(z). Introducing the vector hs that in the natural
space has component

h{" = 6r50(2)
we get that 1:(0) is a functional in the space U ® E,. In fact,
I:(0) =h, - X

According to the results of section 6.4.2, this means that if we evaluate x with the moment
method the quantity I.(0) = Y, is stationary.
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To evaluate x with the moment method we introduce the following approximate repre-
sentation of the current 1:(z)/1,(0):

II:(((Z))) =f,(2) =sin [k (Lzr— |z|)]

or
T _ k jaly/2 _ k —jaly/2 KL.) — i —jaly /23 kL
I'r(a) —fla) = e e cog( r)2 jae sin(kLy) (112)
I k? —«a
and introduce the n moment (r =1,2,...,n):
~ t
- - fi(a)
= = 10,0, —* ,0,0 113
Yr(a) = @r(a) sm(k %) ( )

In this way from the representation
X = X191 + Xy + - - - + Xty
we get
Yr1 = 1,(0) = X;.
The values of x; are given by the solution of the system
@1 G Y1 X+ @Gy X+ @Gy Xn=¢-y=1
@G Y1 Xt @ Gy Xot+ @ Gy Xn=¢p-y=0

PG Y1 Xi+@n-G-yaXot @ G-yYpXn=g,-y=0
In the spectral domain the coefficient ¢, - G -, are expressed by

B 69y = s | #l-a) 6@ Prla)da

—00

where the entries of G(«) are defined by (111).
By repeating the same reasoning, when only the voltage V, is not vanishing, we get the
following system that provides the stationary values of Yrq = I:(0) = X;:

@G Y1 X1+ @GPy Xo+- @Gy Xn=¢-y=0
@G Y Xi+ @ Gy Xot+ - @ Gy Xn=qp y=0

(/)q'G'1/}1X1+(ﬂq'G'w2X2+"'§0q'G'Wan:¢n'y:l

PG Y1 X+ @ Gy Xot+ @ Gy Xn=q, y=0
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whence we can verify that the admittance Y, of the array is given by

91-G-y1 @1-G-y, o @Gy

P2 G-y @ Gy o -Gy
Y, =

PGy @Gy o @Gy

The elements Z,q of the matrix impedance Z, = Y, of the array present the simple form

2= Gy =5 | B1(-)-6la) P (a)da (114)

—00

The hypothesis that the voltage sources are all located at z=0 is not mandatory.
Equations (114) hold for an arbitrary location of the parallel wires, provided that egs. (113)
are slightly modified.

8.4.3 Spectral theory of transmission lines constituted
by bundles of wires

The theory considered in the previous section applies also for the study of a transmission line
constituted by a bundle of wires (Canavero, Daniele & Graglia, 1988). Using this theory,
it is possible to ascertain the validity limits of the telegrapher equations (Daniele, Gilli &
Pignari, 1996).

8.5 Spectral theory of microstrip and coplanar
transmission lines

8.5.1 Coplanar line with two strips

Figure 11 shows a coplanar line with two strips located in the plane y = 0.

The two strips have the same width w and are equidistant from the originx = 0. The
abscissa of the center of strip 1 is X, = (s + w)/2, and that of the strip 2 is —x,. By assuming
a negligible thickness of the strips in the y-direction and a width w small with respect to the

w I_s I(n, a) Yc
£, 1y 1 y=0
4 =—d ch X1 = Yd

Fig. 11:  An ungrounded coplanar line
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wavelength 4, we can ignore the component j, of the current and assume only longitudinal
current distributions on the strips having the form

Jz = 1@ ()a(y)

In the following we assume a longitudinal dependence of the type | e3%2, which is omitted.
We remember that the modal voltage and current are defined by egs. (40) and (41) of
chapter 7:

Vx(1,0) > | =Ex(x,0)

V= = gla e ™% dx
V2(n,0) “ol Ez(%,0)
I,(n,0) % | H,(x,0)

| = = el@ eldx
Ix(n,0) “s| Hx(%,0)

Taking into account that assuming a vanishing jx yields vanishing values of H;, in the circuit
model the two strips are modeled by a the current generator:

0
A= (115)
Az(n)
The nodal equations of the circuit of Fig. 11 yields
(Yh+Y) VHYL Vo =A
(116)

YoV (Yo + Yo) - Vo =0

where k and kg are the propagation constant of free space and the dielectric substrate,
respectively, we have

x=vVki—n2—a? yq4=1/k3—n?—a? rizvszaz, Tod = 4/ kZ — a?

Yo T 2| YHT 2 _ 2
kKvkZ—n?—a?| —pa Kk2—p kay/KZ —n? —a?|—na kj—n

Yi =Y, =iY{cot(xg d), Y, =Y5 :ngm

Elimination of V; in (116) yields the following homogeneous equation:

Zu(ma)A) = |
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or
(117)

where
B 1
Ze(n, ) = {(Ygl +Y,) - Y9, (Y5, + Ye) b Ygl}

In particular, the second of egs. (117) is a modified W-H equation having as unknowns the
function A,(n), which is the Fourier transform of a function that is not vanishing in the range

. S S S S
|n+:(—Xo—§<x<—X0+§)U<XO—E<X<XO+§>

and the Fourier transform V() = V,(»,0)

—Xo—3 Xo—3 00
Vy(n) = J E,(x)e™dx + J E,(x)eI™dx + J E,(x)e™dx
—00 —Xo+5 Xo+3

that is nonvanishing in the complementary interval of in_:

in_:(—oo<x<—xo—;)U(—xo+;<x<xo—§)u<xo+%<x<oo)

With this equation we can solve different problems. An important problem is that of the
excitation. It consists in evaluating the currents present on the strips when an external source
is present. Considering the spectral representation of the incident field:

Exnz) = | Vite da

we must solve a W-H equation where the kernel is given by

Zeoo(n, o)

where « is to be considered as a parameter. Another important problem that we can solve is
to find the modes of the coplanar transmission line. This requires the evaluation of the
parameter a that produces not vanishing solution of the homogeneous equation. In the fol-
lowing we use the Garlekin method to solve this last problem.

Consider the following expansion:

Ay = laf5(n) +11f1(n)

When we introduce the expansion (or test) functions, we assume the same distribution of the
currents on the strips:

fL(X) =s(X —Xo), f2(X) = S(X + Xo)
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where the function s(x) is zero for |x| > w/2. Hence,

fu(n) =S(med™,  f,(n) = S(n)e

We have
fl . f2 = fl(X) fz(X)dX =0
fEm [ ROOEMG =0 =5 [ S(-n)emVi(rn)
o Eom | ROOBG =0 =5 [ S(n)e Vi)

The Garlekin method yields the homogeneous equations
Gll(a)|1 + Glz(a)|2 =0
G21(a)|1 + Gzz(a)|2 =0

(119)
where

Gu(e) = Gaalar) = Js<—n>zezz<a,n>s<n>dn

27
1T .

Guala) =5 | S(-n)ZeaalamStrle 2i7d
17 .

Gula) =5 | S(-m)Zasat )SCr)e2mdl

In isotropic media, the function Zex,(a,#) is an even function of both « and #z, whence
Ggl((l) = Glz((l).

The propagation constants «, of the modes are given by those values of « that provide a
non-zero solution of the homogeneous equations, yielding

tGll(a) Glg(a)
G21(a) Gzz(a)

Due to the presence of even function of a, if a,® is a solution of the above equation, —a; is
also a solution. In applications, the quasi-TEM modes that are characterized by negligible
values of the longitudinal components of the electromagnetic fields are very important.

= Gy (a) — Giy(a) — Gia(ao) = +G11(to) (120)

3 We assume «, positive or having negative imaginary part.
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For the TEM modes, the sum of the currents on the strips must be zero* when the dispersion
equation is

Giz2(ao) = Ga1(ao)

which yields I, = —1;.

To obtain the characteristic impedance of a quasi-TEM mode we must evaluate the
voltage of the progressive quasi-TEM mode. For the considered geometry Vigym can be
defined by

Xo—S/2
Viem = — J EX(X, O)dX (121)
—Xo+5/2

The evaluation of E(x,0) requires the inverse Fourier transform of the spectral voltage
V(1) = X - V(). It can be obtained via

V(1) = Zera (17, @)A2 (1) (122)

8.5.1.1 The absence of the dielectric substrate

For illustrative purposes, in this section we consider the evaluation of the propagation constant
and the TEM mode of the coplanar line shown in Fig. 11 when the dielectric substrate is absent.

In general, if the conductors of a transmission line are immersed in a homogeneous
isotropic medium, we have ideal TEM modes having propagation constants defined by the
propagation constants of the medium surrounding the conductors. This happens in the case
considered herein. First we observe that the kernel matrix of the W-H equation simplifies
considerably, and we get

1 Zo(k? — ?

The correct evaluation of the parameters of the transmission line requires an appropriate
choice of the expansion function s(x). To satisfy the edge behavior at x = +w/2, we assume

5(x) :u(x+w/2) —u(x —w/2) (124)
(w/2)? =2

(123)

where u(x) is the step function. With this choice we get

w/2 .
gl W
= | ()
—w/2 (W/Z) - XZ

4 Otherwise the TEM mode radiates infinite power in every transverse section of the waveguide.
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The dispersion eq. (120) becomes

2 2 T 2 (MW 1 2 2 T 2 (MW\  C€0s(2naq)

Taking into account that the integral have different values we get the expected result:
ap =k (125)

To evaluate the characteristic impedance of the coplanar line in the absence of a dielectric
substrate, we observe that

Az(n) = 12 5 () + 11 F 1) = 1(F1(n) — F2(n)) = 2j1 S(m)sin(xom)
Equation (122) yields
Zoao77

ky/k? — 72 —az

where according to the convention for the propagation constants, we set

\/ K2 =% —a?

The inverse transform yields the component Ex(x, 0)

V() = % (2 )sm(xon)l — _Zosign(n)do (@)sin(xon)l

= —iln|

Uo=

T . Wy . i Zol T W .
Ex(x,0) = 2— J sign(n)Jdo (%)sm(xo;y)e*WXdW = % JJO (%)sm(xon)cos(xn)dn
Zl . mwy A
=5 JJO (7>sm [(Xo — X)y7]cos(xn)dn + o J‘]‘J sm (Xo + X)m]cos(xn)dn
0 0

The integrals in the last member can be evaluated in closed form (Gradshteyn & Ryzhik,
1965, p. 731, formula 9). We get

U(Xo £x —w/2)
(Xo £ X)2 — w2 /4

TJ"( 2 )S'” [(Xo & X)n]cos(xp)dny =
0

and then
Xo—W/2 oo
V Z
N
—Xo+W/2 0
o w
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where we have taken into account using MATHEMATICA that

Xo—W/2

J U(Xo =X —wW/2) w

dx = log

Ltz \ (o )7 — w2 /4 —W 4%, — 4y X, (Xo - \/2_\/)

The exact formula obtained with the evaluation of the capacitance between the two coplanar
strips through the conformal mapping method is (Paul, 1992)

EllipticK[m]
° EllipticK[1 — m]

(2% —W 2
T\ — W
To compare the two formulas, assuming X, = w we get Z,, = 211 Q and Z,,, = 241 Q.

To improve the approximation, we must choose more accurate expansion functions that
take into account the proximity of the two strips.

Zeoo =

where

8.5.2 The shielded microstrip transmission line

Figure 12 illustrates the cross section of a shielded transmission line. The problem of pro-
pagation of the quasi-TEM mode can be tackled with the W-H technique. In the limitc — 0
this problem can be formulated in terms of the following modified W-H equation (Mittra &
Lee, 1971, p. 283):

G(n)Fi(n) = ®1(n) + e "D, (n) + eV D, (—p)
where

OE;(x,y)

OE; (X,y
ps (x)e7dx, Ps(x)l% ay _ 5xy)

y=brc), O

L
JL y(b+C)]
sin(nL)

n
Gly) = _ sinh(yb)sinh[y(a — b)] .
gonler sinh[n(a — b)cosh(nb) 4 coshin(a — b)sinh(;b)]

J (x,b+c)e™dx, @(y)=n
L

A

| 2L |

Fig. 12: Geometry of the problem
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In the limit a — oo, that is, when the top shield is absent, G(»)reduces to

1

G(n) = eo|n|[1 + & coth(|n]b)]

The presence of a nonanalytic function G(#) requires us to work within the framework of a
Hilbert-Riemann problem.

8.6 General W-H formulation of planar discontinuity
problems in arbitrary stratified media

A planar discontinuity in an arbitrary stratified medium is defined by patches or apertures
located in particular sections of the stratification. For example, Fig. 13 illustrates the pre-
sence of two patches in the section y =y, and y = yj,.

In the section where the patch is located, the plane is divided into two regions. The
region + is the region where the patch is present. The region — is an aperture where the
transverse components E; and H; of the electromagnetic field are continuous.

The boundary conditions on the patches depend on the constituent materials. These
conditions are studied in Senior and Volakis (1995). For the sake of simplicity, in the fol-
lowing we assume PEC patches whose boundary conditions are

Et(z, X, ¥a-) = Et(z, X, ¥a+) =0, Et(z,X,Ys-) = Et(z,X,Y8+) =0

The dependence on z,x, requires the introduction of two-dimensional Fourier transforms
instead the one-dimensional transforms introduced in chapter 7, egs. (103):

V(a,ny) = [ JY x Et(z,x, y)el*?e " dzdx
I(a,n,y) = J JHt(Z,X,y)ej“Zej”Xdzdx

It & M & M| & M & M e U

¢ ¢ g & & & &G & & G ¢ ¢

Y=Ya Y=VYs

Fig. 13: A planar discontinuity problem a in stratified medium
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In the following we use o = a2 + nX. All the consideration in chapter 7 hold, and the only
difference is that « is a spectral variable and not a parameter. In particular, circuit models as
those indicated in chapter 7 are very useful in deriving the equations of the problems. By
assuming that the source of the electromagnetic field is located in y < y,, a Norton repre-
sentation of the circuit modeling the region y <y, is indicated in Fig. 14a.

In this representation, the current I, represents the known Fourier transform of Hf (z, X, ya-),
which is the transverse magnetic field in the section y = y, when the whole planey =y, is a
PEC plane. The admittance Y, is the matrix that relates —I(ya—) to Va when the source is
absent. Similarly, the region y >y, is modeled by an admittance Y}, that relates | (yg,.) to Vg.

Since the patches are PEC, they are modeled by plus current generators that are defined by

Ani = 1(yar) = 1(ya-), Asi =1(ye+) — 1(Ye-)

The subscript + means that the support of Aa. and Ag., in the natural domain is the region +.

Finally, the region between the section y = ya, and y = yg_ can be modeled by a two-
port having an admittance Y. With these considerations in mind, for the problem indicated
in Fig. 13 we get the circuit representation of Fig. 15:

Yerr Ye12
Ye =
Yeor Yer2
Y=Ya Y=Y

° » —_—Ppo————

1(ya) 1(yg.)
Ip
Ya A Vg Yb
° !

©) (b)

Fig. 14: (a) Circuit modeling the region y < Ya; (b) Circuit modeling the regiony > Yg
Y=Ya Y=Ys
I (Yas 1 (Ygs)
Ip Ans Ags+
Y, v, Ye V. \
Y=Ya+ Y =Yg+

Fig. 15: Circuit representation of the geometry of Fig. 13
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In the representation of Fig. 15 we use the subscript — for the voltage Va_ and Vg_ since they
are Fourier transforms of functions that are vanishing in the support +. Using the nodal
analysis in Fig. 15 we get

Z(0)A(6) = V_(0) - Z(0)ls(o) (126)
where
Yi(o) = Ya(o) + Ye11(o) Yei2(o)
Yeo1(0) Yg(0) + Yexz(0)
Aai (o) Va-(o) (o)

Z(o) =Y, (o), Ai(o) = . V(o) =

Ag+ (o) Ve_(0)|

Equations (126) are vector multidimensional W-H equations. The matrix kernel Zi(c) =
Zi(a, B) is a function of two complex variables «, 8. Radlow (1961, 1965) attempted to
factorize the matrix kernel in a particular problem,” but his solution is incorrect (Albani,
2007). Conversely, the moment method can be applied successfully provided that a good
choice is made of the two-dimensional expansion and test functions.

The applications of the aforementioned theory are numerous and important and have
been presented in many papers and books. In particular, the book by Munk (2000) is very
complete on the theory and applications of the method of moments in the presence of patches
having a periodic distribution in discontinuity planes.

8.6.1 Formal solution with the factorization method

To obtain the formal solution of the W-H eq. (126), let us consider the presence of a patch of
arbitrary form located in the section y = 0. For the sake of simplicity let us assume that the
plane y = 0 is a symmetry plane for the geometric region under study. Hence, Fig. 15 is
modified as indicated in Fig. 16.

y=0_ y=0,
— —
10.) 10,)
Ip
Ya V_ A, Ya

°
4

Fig. 16: Presence of one only discontinuity plane that separates two identical geometrical
regions

® In the problem considered by Radlow, the patch is a PEC quarter-plane immersed in free space.
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The W-H equation is

%za(c)A+ (6) =V_(o) — VP(o) (127)

where

1
Za=Y,' VP(o)= 5Za(0)lp(0)
For multidimensional functions, we define decomposition and factorization. In the natural
space the function 4(—) is the function having as support the region +(—) and vanishing in
the complementary region —(+). We indicate with P the operator that expresses the part +
of an arbitrary function f. In the spatial domain P is defined by

P(p)

=1lifpeS;, Plp)=0ifpesS_
and we get f (p) = P(p)f (p). In the spectral domain this equation becomes
f (o) = —P(c) f (o) Ljﬁ(o &) (o')do’
. (27)° (2n)*)

where % means convolution and f (o) =f(a,n) is the double Fourier transform of
f(p) =f(z.x). We let m(c) =3Za(o).

The problem of the factorization of (127), or of multidimensional W-H equations,
consists in the factorization of a function m into two functions m_ and m, that with
their inverses are functions minus and plus, respectively. However, while for the classical
W-H equations the properties of plus and minus functions can be quickly ascertained
by inspecting the singularities, this does not happen in the multidimensional W-H
equations. This constitutes also the reason why we cannot resort to the logarithmic
decomposition.

The formal solution of eq. (127) is

Ai(0) = M (0)] -5, (o)

V_(6) =m_(c)-S_ (o) (128)

where S, (o) and S_(o) arise from the decomposition of the function
~[m_()] ™ -V?(0) =S_(0) + S (o)

8.6.1.1 Some properties derived from the formal solution
(a) Exact evaluation of the transverse magnetic field on the apertures

Even though we are unable to obtain the factorization of m, the concept of decomposition
can produce interesting results. For instance, from Fig. 16 we get
L Ay

1(0) =5 t5 1(0-) =1(04) — Ay

fvww.ebook3000.con)



http://www.ebook3000.org

8.6 « General W-H formulation of planar discontinuity problems 265

Decomposing the previous equations into plus and minus functions yields

lh I

I_(0)="" 1_(0)=1_(0,) ="

Hence, we know the exact transverse magnetic field on the aperture (minus function) that is
given by

Hi(p,0-) = Hi(p,0,) = SH{(p,0), peS-

N =

(b) Impossibility to define an equivalent admittance for the discontinuity

The circuit model of Fig. 16 introduces the following question. Is it possible to model the
discontinuity section y = 0 with a lumped admittance? To answer this question we observe
that (128) can be rewritten as

V_(6) =T -VP(o)
where
T=-m_(o) P -m%o)
and P is the operator that expresses the part — of a function. We observe that
T2=m_-P-mitm .-Pmil=-T

from where we deduce that T is not invertible. For the sake of simplicity let us assume that
the discontinuities occur in free space.® In this case VP(c) has the meaning of incident
voltage on the section y =0, and we observe that T = 1+ TI" where T is the reflection
coefficient due to the impedance Zeq.

V(00) = V(0-) = Zeg - 1(0-)
where
Zeg = (1+T)(1-T)"'Z
or
Yeg = Yo(1-T)(1+T)"
This means that it is not possible to define Yeq because the operator T = 1 4 I'is not invertible.
(c) Babinet’s principle

We consider only a planar discontinuity in free space. We call complementary two dis-
continuity planes S; and S, where

Si_ = Sz+ and SlJr =S,_

8 In this case we have Y, = Y, where Y is the admittance of free space.
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Let us consider in free space the two problems P; and P5:

e Problem P,
To solve the problem when the discontinuity plane is S;.
e Problem P,
To solve the problem when the discontinuity plane is S,.
The problem P; yields the Wiener-Hopf equation

V(o) = V¥i(e) ~ 22:(0) -AZ(0) (129)
whereas problem P, yields the Wiener-Hopf equation

A? () = 21Di(6) — 2Y¢() - V(o) (130)
The possibility of relating the solutions of problems P, and P, is because of
Ye=21=-Y29 xZ xy

where Y, = z_lo is the admittance of free space.
Substituting the previous equation into (130) and multiplying by % Z,y x yields

1

2
If Zoy x 1®i(s) = VWi(s), we obtain Babinet’s principle that relates the solution of
problem P; to the solution of problem P,:

Zoy x A (0) = Zo§ x 1%(0) = YoZs(0) -y x V(o)

(d) The physical optics approximation
Let us consider the solution of
A.(0) = 1*(0) — Yi(0) - V_(o)

If the source is constituted by a plane wave having the spatial pulsation o,, the spectrum is
concentrated on the line 6, and we can use the approximation

Yt(O') ~ Yt(O'o)

This approximation is very accurate for very high values of the propagation constant k.” The
W-H equation can be rewritten as

Ai(o) = I*(e) — Yi(oo) - V_(0)

" Taking into account that in free space if the propagation constant k assumes very high values, we have

K=o = T2,
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Taking into account that PA, (¢) = 0, the projection with the operator P yields
V_(0) ~ Y, *(00) P 15(0)

For instance, if S_ is an aperture in the PEC plane z = 0 located in free space, we get

Ep.2) = EP(p,2) + JV(G, 2)e1oPdg (131)

1
(2m)*)
where

V(0,2) =V_(c)e V¥ v_(6) ~ Y (o,) P -1'(0)

and Ef (p, z) is the field when the aperture is absent, that is, when the plane z = 0 isa PEC plane.

8.6.2 The method of stationary phase for multiple integrals

In many instances, one requires the evaluation of multiple integral having the form

jf(x)exp(—jﬂq(x»dx

where X = (X1, X2, . . ., Xn) represents a point of the euclidean space E,. For > 1 and under
certain limitations, we get (Jones, 1964)

n/2 )
Jf (X)eXp(—jQq(X))dX — (%) % f (Xs)efl[Q q(Xs)+em /4] (132)

where X; is the point of stationary phase defined by

a
8_xi_o’ (i=1,2,...,n)

d is the determinant of the Hessian evaluated in X:

#q P9 Pdq
8X18X1 8X18x2 8X18Xn
q g P
Hs = 3X23X1 3X28X2 axzaxn
’q g 0°q
OXnOX1  OXnOX2 O%XnO%n Ix=x,

and the indicator ¢ is given by

(= zn:sign(hi)

where h; are the eigenvalues of the Hessian Hs.
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8.6.2.1 Far field radiated by apertures

As an example of the development in section 8.6.2, we evaluate the far field in the double
integral of eq. (132). We let
1

x=o0, f(x) :WV_(G), Q=r

V=@ iz 4 ax+ny

X) =
a(x) -
= k% —a? —n?cos6 + acos¢@sind + i singsin

The point 65 = (as, 75) of stationary phase is defined by

aq as .

— = c0sO+cosesind =0
Oas k? — a2 — n? ¢

aq s

—————=——c0sO +singsind =0

N
The solution yields as = kcos ¢sin 6, n, = ksingsin 6, q(os) = k. The Hessian at the point
o5 = (as, 1) 1S
1 +tan?0cos’¢ tan?6singcosg
T tan?0singcosg 1+ tan?@sin’p
whence
1 1 1
keoso)? M7 Tkeoszor 27k

Substituting in (132) we get

kcoso glkr
Eu(p,2) =] ot V_(os)

(133)

8.6.3 The circular aperture

In this section we apply the previous theory to the solution of the problem of a circular aperture
located in a PEC plane (Fig. 17). Since we introduce a system of cartesian coordinates that is a
different from the one used in chapter 7, we introduce the following Fourier transforms:

V(a, n, Z) = J J Et()(7 Y, Z)ej“Xej”ydxdy
I(a,n,2) = J J Hi(X,y,2) x 2 ele W dxdy

fvww.ebook3000.con)



http://www.ebook3000.org

8.6 « General W-H formulation of planar discontinuity problems 269

PEC

N>

Fig. 17: Aperture S_ in a PEC plane

or,beingthat s =a K +7ny,p=xK+Vy79,

V(o,2) = JEt(p,z)ej"X"dp

p
I(6,2) = JHt(p,z) x 2el9%Pdp
p

For the aperture problem shown in Fig. 17, we get the W-H equation
A (o) = 1°(0) — Ye(o) - V_(o)
where

Ai(6) =1(6,0_) —1(6,0,), V_(6)=V(6,0_) =V(0,0y)

. Z k2—a? —apy
Ye(o) =2Z;%(0), Zi(0) = e
kvk2 —a2 —n?| —ay K2 —o?

The source term 1°(c) depends on the plane wave
Ei(p, Z) — ELefjo'opfj k2—o2 Z, Hi(p,Z) _ ngfjco'pfj‘/szcg Z’ HIO _ Yolzo % E:)

with EL normal to the propagation direction k, = 6, + \/k? — 0622 =k Ko : E‘0 ko = 0.
With this source we obtain

IP(0) = 47*Ye(0,) - EL0(0 — 0,)
where Ef, = E}, —22-E, =X E, +JEl.

The circular aperture problem is a fundamental problem that cannot be solved in closed
form. Low-frequency solutions have been studied by many authors (see, e.g., Bouwkamp,
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1954; Van Bladel, 2007). In the case of normal incidence o, = 0, we find the following
electric field on the aperture of radius a:

2jk P 20?
Ep:;—n(EchostrEgysm(p) <4 a2—p2+a%p2>

8k . i . i
E, :;—n(—ngsmcp + Egy COS @)/@2 — p?

wherefrom, by supposing E!, = 0:

8jkassin(oa) _;
V-(o) = 3 éa )Ei’y

Conversely, working at high frequencies, the physical optics approximation considered in
section 8.6.1.1 provides the solution

glor COS(fp—/f)dq)d 0

oh'ﬁ"

a

V-(o) = B [po)e?dp = Ehy o
p 0

Ji(oa) _; .

= Znaz%Egyy

In the intermediate frequency band, we can obtain the solution through the method of
moments. In the natural domain this method has been used by Levine and Schwinger (1949).
These authors proved that the far field is stationary with respect to small variations of the
aperture field. In the spectral domain we introduce a set of expansion functions 1])j(c) and
test functions ¢;(c) and let

V(o)=Y V(o)
j
The moment method yields
D YVi=1;
]

where

Yij = J@i(—c) Ye(o) - j(o)do, | = J(bi(—c) -I?(0)do (134)

The accuracy of the solution depends on the choice of the functions (o) and ¢;(c). In the
following, we adopt the Garlekin scheme by assuming 1];1 (o) = ¢j(o).

A natural set of expansion functions is constituted by the modes of the circular wave-
guide of radius a. These modes are well described in the natural domain. We have

¥ (p) = ¢(p) — epe™

where

G;En - 2 X V[‘Pm ns eTM Vt(bm n

mn—
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and

A cosm 2 cosm
‘PngJm< gnp>{sinm;€’ q)m“:Jm(%p){sinmz’ In(xmn) = 0. In(xmn) =0

In the spectral domain we have®

2

a
Dy (0) = (0, f) = ﬁﬂm(&gﬂp)JCO%”wﬂ@”w“Pmd¢dp
0 0

a
= 27j™ cos(m B) Jme ()%"p)\]m(ap)dp
0

The last integral is a Lommel integral and can be evaluated in closed form. We get

®pn(0) = —27j™a® cos(mp) I (mn)Im(0d)

2
X%wn - (Ua)
and taking into account that ®, , is zero on the rim p = a:

=TM __
€mn = —

jo qu n
Conversely, the function Wr,  is honzero on p = a. This means that

e = —j2 X 6Wnn
is not valid. By using distribution theory we can write

61E = —j2 x 6Pmn + Ecmn
where the corrective term arises from the Fourier transform of
ecmn =2 X (Jnn(mn)COS(M@)O(p — a)p

With the procedure used for the TM modes, we get

2
—j2x 6P = —anmflacos(mﬁ)/L)ZJm(Xﬁnn)%(aa)B
Xm n2 - (Oa)
Eemn = —27" 1 adn () sin(mﬁ)Mé + cos(mﬁ)‘]r’n(oa)[%

After the evaluation of the expansion functions in the spectral domain, we must evaluate the
integrals (134). These integrals cannot be calculated in closed form and have been evaluated
numerically.

8 We consider only the even modes.
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Once the solution V_(o)is obtained, the far field for z > 0 is given by

kcoso gikr
Ei«(p,2) =] 5 V-(os) —

where o5 = k(X cos ¢sin @ + ¥ singsin 6). The longitudinal component E;(p, z) satisfies

(2E:(p.2) + E(p,2)) -7 =0

hence

_Eip.2) -1

B.(p.2) = cos 6

Some numerical simulations are shown in Fig. 18, Fig. 19, and Fig. 20.

8.6.4 The quarter plane problem

8.6.4.1 Introduction

For the sake of simplicity, in this presentation we consider only the case of scalar diffraction
in the presence of a soft quarter-plane defined by z =0, x > 0, y > 0 (Fig. 21).
The primary source is the incident plane wave:

wi (X, Y, Z) — e*onX*jEOX*jQOZ (135)
0.2
0 (5)
-02
04 4
(3
-0.6
S 08 @
-1
-1.2
-1.4
-1.6 )
-1.8
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
theta (rad)

Fig. 18: Far field for small aperture (k a = 1): (1) used moment: TEj1; (2) used
moments: TE;1, TEj,; (3) used moments: TEy;, TE,, TE;3; (4) used moments:
TE11, TE12, TE13, TE14; (5) far field evaluated with Bouwkamp’s equation

M.ebookBOOO.cogl


http://www.ebook3000.org

(db)

Fig. 19:

(db)

Fig. 20:

8.6 « General W-H formulation of planar discontinuity problems

LA A

273

2
LYV /o=
1
-50 V V V \/ @
-60
-70
-80
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
theta (rad)
Far field for large aperture (k a = 31.4), E — plane: (1) used moment: TEy;, (2) far field
evaluated with physical optics
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Far field for large aperture (k a = 31.4), H — plane: (1) used moment: TE;1, (2) used

moments: TE;1, TE1,, (3) used moments: TE;q, TE;,, TE13, (4) used moments:
TEj1, TE12, TE13, TE14, (5) far field evaluated with physical optics
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y

Fig. 21: Geometry of the quarter-plane problem

where k is the propagation constant in free space, and 6, and ¢, are the azimuthal and

zenithal angles of the incident wave:

1, = Ksin6,cosg,, &, = ksind,sing,

ao = /K2 — 2 — E2 = kcos
By indicating with 1 (x,y, ) the total field, we must solve

Vi + K2y =0
with the boundary condition
P(xy,00=0 x>0, y>0x>0
The scattered field 5(x,y, z) satisfies
VA + K2y = j(x,y)0(2)

where j(x,y) is the equivalent source induced on the quarter-plane.

To obtain the meaning of j(x,y), we apply jo ... 0z to the previous equation;
0z 2=0, 0z =0 106)

Taking into account the relationship

eIk (x=x)2+(y—y")*+2

V=X + -y +2

the following Green representation holds:

(V2 +K2) — —4mo(x— X)3(y —¥)3(2)

JU

100:)0
wixy2) = vy + o | [
00\/x—x’ +y—y)Y 422

vww.ebook3000.cond

J(X,y)axdy’

(136)

(137)

(138)
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At the points z=0,x > 0,y > 0 where y(x,y,z) = 0, the two-dimensional W-H equation
follows:

g(x—x,y —y)j(x,y)dx'dy’ = 9'(x,y,0), x>0, y=>0 (139)

O
O R

where
1e —jk+/X2+y?2
g(x,y) =
4 /X2+y2

The double Fourier transform of g(x,y) is given by

G(n, &) = j J x,y)el™e®dxdy = — J J MNTNET
(n,€) ) 9(xy) Y= \/W y
1 [ [ek 1] 1
- inpcosgqyjspsing - _j— d
47 J J o ¢ ¢ pdpde = J Jk—nCOS(p—ESin(p ¢
- 0 -
oL a
2\ k-2 -8

This yields the following equation in the spectral domain:

G, §)F.(n,§) =F.(n.&) + F_(n,) (140)

where

(77 5)—J++77<§

o%g

J j(x,y)e"™ e dxdy
0

Fi(n&) =W, (n&) = | |e e Iixehgxdy

O3
o——3

1 1
Cn-meE— &
Fom&) =V—(n&)+Y_1(n.&)+Z-(n.8)
In the previous formulas, the subscript ++ means that the considered function is (indepen-
dently of the value of the complex parameter &) regular in an upper half-plane of the complex

variable n and (independently of the value of the complex parameter #) regular in an upper
half-plane of the complex variable &.

Similarly:

The subscript +— means that the considered function is (independently of the value of the
complex parameter &) regular in an upper half-plane of the complex variable » and
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(independently of the value of the complex parameter #) regular in a lower half-plane of the
complex variable &.

The subscript —+ means that the considered function is (independently of the value of
the complex parameter &) regular in a lower half-plane of the complex variable » and
(independently of the value of the complex parameter ) regular in an upper half-plane of the
complex variable &.

The subscript —— means that the considered function is (independently of the value of
the complex parameter &) regular in a lower half-plane of the complex variable » and
(independently of the value of the complex parameter #) regular in a lower half-plane of the
complex variable &.

The inverse Fourier transform of a function with subscript ++ produces a function that in the
spatial domain vanishes at x < 0 and y < 0. Similarly considerations apply for the other sub-
scripts. For instance, the subscript —+ produces a function that in the spatial domain vanishes at
x > 0andy < 0. Of course the order of the subscripts is mandatory. For example, the product
of the two functions f,_g__ is neither a function +— nor a function —4. Consequently, it is
no guaranteed that its inverse Fourier transform vanishes in the quadrant x > 0,y > 0.

By using the logarithmic decomposition we can write

G(, £) =e'®Cnd)
— efl0g[G(n.8)]}, . +{log[G(n&)]}+{log[G(mé)]} . +{log[G(n.E)]}-

=G (1,8)C4-(1.6)G_+(1,6)G-—(n, &) (141)

where the decomposed functions of log[G(#, §)] are given by

log[G (/. &)]

1
ﬂome<msn}+k=(2ﬂnzj

DA

dr/d&
o —n) (& — &) 19

__ 1 log[G(7, &N .
{log[G(n.8)]},_ = (an)zyly[(n’ @ _é_)dn d&
1 log[G(7,&)] ., u
toslGlrelli— = wmzjw—m@—amwg

Y21

{log[G(n.&)]}__ = dry'dg’

1 J log[G(/, &)
xj)? ) ) (' —n)(E =&

Y272

and y,, y, are the smile and frown real axes, respectively (chapter 1, Fig. 7).

The previous integrals have been evaluated explicitly by Radlow (Albani, 2007). From
these considerations, eq. (141) does not constitute a W-H factorization. However, by using
the factors present in the second member of (141), Radlow proposed an explicit factorization
of G(#, £). Even though some authors gave credit to this solution (Albertsen, 1997), now it
definitely appears Radlow’s factorization is incorrect (Albani, 2007).

fvww.ebook3000.con)
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8.6.4.2 Reduction to Fredholm equations

In the natural domain, the W-H eq. (139) is an integral equations defined by a convolution
kernel. In particular, we can extend to the multidimensional case the method discussed in
chapter 5 (see also Daniele, 2004) to reduce the W-H equation to a Fredholm equation. For
this task, we introduce the step function u(x) and the projection operators:

P — p(x,y) = u(x)u(y)
P — 1 —u(xu(y)
=P(xy) = u(x)u(=y) + u(=xju(y) + u(=xju(-y)
We observe that
PF,=F,, PF,=(1-P)F, =0 (142)
PF.=0, PF.=F_ (143)

Multiplying (140) by P and taking into account the (142), we get

i 1 G(77/1§,) /el 1o !
+ = - - 7 +(n,&)dy'd
PGF. =PF, (2m)2“(17’—17)(§ —E)F r. & )ddS

nn

1 1
:_7]_7705_&0 (144)

Multiplying the second of (144) by G:

1 G(né) s s B
(27j)° J J o= —g e =G F0nE) =0 (145

1"

Subtracting (145) from (144),

) /I g - go
(146)

T 16w 11
S EF.8) + J J ) e (¢ -

Equation (146) is a two-dimensional Fredholm integral equation of the second kind. Its
solution provides the factorization of the two-dimensional kernel G(#, &).
8.6.4.3 Numerical quadrature

As happens in the one-dimensional case, the accuracy for obtaining numerical solutions of
(146) considerably increases if one deforms the contour path constituted by the real axis of
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the  — plane (£ — plane) into the straight line 4,(4;) that joins the points —jk and +jk.
Furthermore, for facilitating function-theoretic manipulations that may be obscure in the
n, & — planes, we also introduce the complex planes w,, w; defined by

n = —kcosw,, &= —kcoswg (147)

In these planes the straight lines 4, and A are represented by the vertical lines
T T
Wy = =5 Uy We=—5+]U

where u, and ug are real. With these new variables eq. (146) becomes

é(ur/vué)'3 (Uy, Ug) + 2
(27)

B 1 1
jShU”—ﬁOjShU§—§O

0o oo (Uy, Ug, Wy, up)chwchu,
F
J J (shu; —shu,)(shu. —shug) +(up, uz)du; dug

(148)

where

G(uyug) =G(n, &), Fi(Upue) =Fy(n,8), M(uyugu),up) =Gy ,&) — G(né)

For the one-dimensional factorization, usually (148) is solved by numerical quadrature. For
the two-dimensional case, the problem of the numerical quadrature of the two folded integral
remains cumbersome. To reduce the number of numerical unknowns, the following repre-
sentation of the function |3+(u,7, ug) is proposed:

Pn(Uy, Ue)
(J Shuﬂ - 770)(j Shu§ - go)

where p,(u,, Ug) is an unknown polynomial of order n whose coefficients can be obtained
by applying the collocation method on (148). Using representation (149), we experienced
accurate approximate solutions even if we used moderate values of the order n of the poly-
nomial pn(Uy, Ug).

|3+(u,7,U§) = (149)

8.6.4.4 Moment method

As an alternative to the quadrature method, is perhaps preferable to use the method of
moments. For example, one could evaluate the integral in (148) to a first approximation by
assuming

F (U, ul) = F' (u, ul)

fvww.ebook3000.con)
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CHAPTER 9

Wiener-Hopf analysis of wavequide
discontinuities

9.1 Marcuvitz-Schwinger formalism

The Marcuvitz-Schwinger formalism (Felsen & Marcuvitz, 1973) provides the general
representation of electromagnetic fields in an arbitrary waveguide filled with a homogeneous
isotropic medium. By assuming that the longitudinal axis of the waveguide is the axis 2,
we have the following representation of the transverse electromagnetic field in the TM and
TE modes:

Eup.2) =D Vi@el(p) + D _Vi'(2)el (p)

1
Hi(p.2) = S_ 1/ (@)hi(p) + SV @] (p) W

where the modal voltages and currents V;, I; specify the z-dependence and ej(p) and
hi(p) = 2 x ej(p) are the transverse eigenvectors of the guide.

The index i is twofold and can be discrete or continuous depending as to whether the
transverse cross section of the guide is bounded or unbounded. The transverse eigenvectors
are related to the transverse eigenfunctions through

lp) =~ Vei(p) N®) =~ V(o) @
where
V2i(p) + (1) pi(p) =0, Viyi(p) + (¢!)Pwi(p) =0 3)

The functions ¢;(p) and v;(p) provide the TM and TE modes. On the contour y that limits
the transverse section of the waveguide it must be

opi(p)

=0
ov ,

¢i(p)l, =0,

279



280 CHAPTER 9 « Wiener-Hopf analysis of waveguide discontinuities

where v is the normal to the contour y. If 7; = 0, the TM mode becomes a TEM mode and a
different normalization in the first of eq. (2) must be used. We recall that the TEM mode
can occur only if the transverse section of the waveguide is not simply connected.

9.1.1 Example 1

Let us consider a rectangular waveguide oriented in the z-direction (Fig. 1b), and let us
assume that the guide has longitudinal direction y and cross section consisting of two parallel
planes separated by a distance A (Fig. 1a).
The unnormalized eigenfunctions are
mst 1 . mot 1
(p) = sin(—=x) — e iz (p) = ) =
#i(p) = sin(rx) - yi(p) = cos(“3x)

—jaz
7T Zﬂe
The modal index m is discrete (m=0,1,2,...), while the modal index « is continuous
(—0 < a < x).
Let us indicate with V[ (y, @), V2 (y, a) and 1/ (y, @), 1(y, a) the TMp, and TEg, voltages
and the currents of the transmission line relevant to the waveguide with cross section in the
plane x, z (Fig. 1a). If the existing modes all have the same index m, we have

Ex(x,Y,2) = ex(y,z) cos (m%x) =cos (m%x) 1

5 {m%Vr;(y,a) —l—jaVr’T:(y,a)} e g

A J2x

E.(x,y,2) :ez(y,z)sin(m%x) :sin(mzx)i T {—jav,;(y,a) —mZVrﬁ(y,a)}ejazda

Hy(x,Y,2) = hy(y, 2) sin(m%x) :sin(m%x)i {—jalr’n(y,a) —m%ug(y,a)]e-iﬂda

21
H;(x,y,2) = h,(y,2) cos(m%x) =C0S (m%x) % J {— m%l,’n(y,a) —jal,’;(y,a)] e l2dg
A x
Ay
A y=»b
y
z

v
><V

(®) (b)

Fig. 1: Cross section of the waveguide of example 1

fvww.ebook3000.con)
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The inversion in the Fourier domain yields

VY, a) +jaViy,a)] = | ex(y,2)e**dz = E1(y, a)
jaVaa) + Vi @) = | ey, dz = Ex(y. )
mg'ﬁq(y,a) +jall(y,a)] = | —hy(y,2)¢"*dz = —H,(y, @)
jaly(y, a) + m—I”(y, a)l = | —h(y,2)¢*dz = —H(y, @)
or in matrix form

my Vay,a)\ (El(y a))
jo my (VWO‘)) B0 @
my e , (lr’n(y,a)) _ _(Hz(y,oo) -
ja m% In(y, @) Hx(y, @)

Taking into account the loads of the transmission lines, the modal voltage and the modal
current can be related. For instance, a PEC wall if in the section y = 0 (Fig. 1b) produces a
short circuit on the transmission lines. In this case we get

(o) ==Y Vi(.a), 1(y.a)==YIV"(y,a) (6)
where
= 4 / / _ OLZ
VTR Lt , Y”:—L cot
m . (xy) o (xy)

Equation (6) allow for the elimination of the voltages and currents in (4) and (5). We get

mn . B mJ‘L’ . B ~
A 1 ,(—Y/n 0) A 1 <E1<y,a>>:_<Hz<y,a>>
ja m% 0o -V ja m” E2(y, a) Hx(y. @)
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Algebraic manipulations yield

T T -1
mx Ja (Yr/n 0 ) mx Ja
o m% o v\

a mZ
Jo My
TN 2 7
1 (mﬂ) Y.+ a?Y] —jamK(Ym -y
:—2 )
P jam%(vr’ﬂ ) (m%) Y/ 4 a?Y],
where
2
g2 = (m%) Fa? =K P

We observe that
nzl AVZ/AN weé T\ 2 X 2 _ -COt(Xy)ZZ
(mA) Yo, +aY, = —jcot(yy) p (m ) +-2a ) = —j oty BT
4 7 cot(yy)
jamK(Yr;, —Yp) = amﬂw—ﬂxﬁz

Ezu 2yl _ & L E w_gz_ COt()
(mA) Yo+ aYy, = —jcot(xy) (wﬂ (mA) + p = oy x2p

where 72 = k? — a?. By taking these equations into account, (7) can be rewritten as

~gy(@)Po(a) Y<?82;> _ _(ﬁg Z;) .
where
k cot(xy) 1 72 401@
QY(a):_ij’ P”‘(“):k_zj'a% xSA

Similarly, if the boundary y = a is a PEC wall, there is a short circuit on the transmission
lines at this boundary, where we get

Iy, a) =Y Vay,a), In(y.a)=YrV"(ya)

where

vww.ebook3000.cond
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Equation (7) becomes

ga—y(Ot)Pm(a) .YO<E1(y,a)> _ _(Hz(y,a)> (8)

The previous equations will be useful for obtaining Wiener-Hopf equations when a dis-
continuity is present in plane y (Fig. 1).

9.1.2 Example 2

Let us consider a waveguide having the transverse section indicated in Fig. 2. We can
assume that

oi(p) = sin(%x)%sin(az) Yi(p) = cos (%x)%cos(az)

The modal index is discrete (m=0,1,2,...), and the modal index a (0 < a < o) is
continuous. Consider the section y, and let’s indicate with V/ (y, a), Vi (y, ) and 1/ (y, @),
1/(y,a) the TMp, and TEp, voltages and currents of the transmission line relevant to
the waveguide with cross section in the plane x, z. If only modes with index m propagate,
we have

hg

Ex(X,Y,2) = ex(y, z)cos (m%x) = cos(m%x) % {m%\?r;(y, a) +aV, (y, a)] sin(az)da

E.(X,Y,2) = &y, z)sin(m%x) = sin(m%x) % [a V. (y,a) — m%\?r:(y, a)} cos(az)da

Hy(x,y,2) = hy(y, z)sin(m%x) - sin(m%x) % [aing(y, ) — m%in’j(y, a)]cos(az)da

[Sre— e 1 o

H,(X,y,2) = hy(y, z)cos(m%x) = cos(m%x) % T[—mZ};(y, a) — ai, (y, a)] sin(az)da
0

4

»
»

Fig. 22  Cross section of the waveguide of example 2
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To obtain the inversion of these equations, we observe that both even and odd Fourier
transforms are involved (see section 10.1). We get

m%j\?ng(y, a) +ja V. ( J 2)sin(az)dz = Ex. (Y, @) — Ex. (Y, —a)

2 | —e,(y,z)cos(az)dz = —[E, (Y, a) + E,. (Y, —a)]

—aVp(y, a) +

T . ~/
mKJ I (Y, )+Ja|

h(y, 2)cos(az)dz = —[H 4 (y, @) + H o (Y, —a)]

0

!

2j J h(y,2)sin(az)dz = —[H,, (y,a) — H, (Y, —a)]
0

—al (y, )+mf i ZJ

where the plus functions F, (a fo z)el*?dz are involved.
In the following it is useful to mtroduce the operators A, X, and T" defined by

- - - - - - A0
AF (@) = Fy(@) — F(—a), 3Fi(a) = Fy(@) + Fy(—a), T= ’ : E‘
In matrix form the previous equatlons can be rewritten as

mz 1 A~ ~
A Ja . ]Vm (y! (Z) — 1- . EX+ (yv a) (9)

jo m3 ) \Vava) —Ezi(y, )

mz 1 i ~

A Ja . Jlm(y’ Ot) -T. 7HZ+(y’a) (10)

ja m% I}g(y, a) —Hyy (y, @)

The voltage and modal currents can be related by taking into account the loads of the
transmission lines. For instance, if in the section y = c there is a PEC wall we have

(@) = YoVn(v,@), (@) = YoV (y, @) (11)
where (y < €)
jwe x
Y, = ——cot(y(c—y)), Y!=—L"—cot(y(c— 12
m p (x(c=y), Yn o (x(c—y)) (12)
Equation (12) allow for the elimination of voltages and currents in (10) and (11). We get
E y _I:' )
6o y(@Pn(a)-T-Yo [ 2+ ) _p. [ “Halna) (13)
—Ez(v,a) —Hx(y, @)

It is important to observe that eq. (13) is unchanged by replacing a with —a.
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9.2 Bifurcation in a rectangular waveguide

Let us consider a TE;p mode propagating in the waveguide b of Fig. 3. The discontinuity present
in the section z = 0 produces modes in the three waveguides a, b, and c. More precisely, the
index 1 is conserved, and the excited modes are TE3, + TMy, in all three waveguides. To obtain
the W-H equations of this problem, we consider a single waveguide having y as its longitudinal
axis (Fig. 1). Equation (7) in the sectiony = b_ and eq. (8) iny = b, apply. The PEC wall at
0<x<A, y=b, z<0impliesthat—ex(b,,z) = ex(b_,z) and e,(b,z) = e,(b_, z) are zero
on 0 <x<A,y=Db, z<0 and are continuous in the aperture 0 <x <A, y=Db, z> 0:
ex(bs,z) = ex(b_,z). Consequently, the functions Ej(bs,a)= [;° Ley,(bs,z)eldz =
E12. (bs,a) are plus functions. Since the quantities — h,(b,,z) = h,(b_,z) and hy(b,,z) =
hx(b_, z) are continuous on the aperture 0 < x < A, y =D, z > 0, the functions
0
by, @) + Hy(b_,a) = J —hy(bs, 2) + hy(b_,2)]e™da = Ay_(a)

—0o0

0
—Fy(by, @) + Ax(b_,a) = J [—hy(bs,2) + hy(b_, 2)]eida = A, (a)

—00

are minus functions. With these considerations in mind, subtracting eq. (7) from eq. (8) gives
(the subscript m = 1 has been omitted)

[96(a) + Go(e)]P(a) - Yo ( gigzg) _ @i%)

This equation can be rewritten as

is@| ? %] [ En@ ) (-A@
o |9, () - () o
where
2=k -2 Gla) sin(ya)

A= sin(yb) sin(xc)
The factorization of G(a) was accomplished in example 4 of section 3.2.5.

Ay

Ay Ay
y=a
C
y:b y=b—4—(|)—
a A
b
— A X

Fig. 3: Waveguide bifurcation problem: (a) longitudinal cross section; (b) transverse cross
section; (c) transmission line in the y-direction
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To put the W-H system in an inhomogeneous form, we consider the source term
constituted by the incident TE;; mode that propagates in the b waveguide. This source
produces in the minus functions A;_(a) and A,_(a) a nonstandard pole located at

o=y = \/ k2 — (1)2 — 0(%)2 = %,- Taking into account the expressions of currents

A
induced in the walls y = 0_ and y = 0, that are due to the incident TE;o mode, we get
H H
A (a)=3 (a)+——, A (a)=3%(a)—]j °
S R R TN

The square matrix in (14) is a polynomial matrix and its factorization can be accomplished
with a several techniques. However, it is more convenient to rewrite (14) in scalar form:

iG(a) -1 (a4 Ho
op X1+(a) _‘fo( )+X0A((1 _Xo) (15)
_jG(a) ) =I5 (a) —i Ho
o D (@] =3 @)~ (16)
where
X1:(a) = PErs(@) =} 5 Ezi(a)
(17)

AT
Xor(a) =] n E1i (@) + xoE2+ (@)
Xo+ (@) is a plus function that vanishes as a — co. The factorization of g(«) yields
_ WU G:l(XO)HO
Gi(a) (a—2x)

Conversely, X 1, (a) is a plus function but is not limited as « — co. We can resort to the
consideration of section 2.5. It yields

! G (xo)H
X1y (a) = e — (o) + Co

B jG+(a) XOA(a - Xo)
where ¢, is a constant. To obtain ¢, we invert eq. (17):

X2+ (a)

22X (@) + ]G Xy (a)

B =T e - )
_jany N k2 — o2 N
E2+(a) = Ia X (sz)(;%( aZ)a P ()

The pole o = —y, is offending for the plus functions E; (a) and E,. (a). Hence, we must
force that

5 4
ng l+(_Xo) _J%X?ﬁ(_){o) =0

X'l &
JEOTR 14 (—110) + (K = 262 Xes (— o) = 0
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The previous equations constitute a single equation. In fact, they are equivalent to

- T
XX 14 (—Xo) —JKX2+(—X0) =0 (18)

which provides the evaluation of c,.

By examining the obtained solutions, it can be verified that the spectrum of the functions
Eii(a), Bz (a), Ai_(a), A2_(a) is discrete. In particular, the poles of A;_(a) and Az_(a)
are the propagation constants of the two waveguides a and b:

o= () ar ==y (G- ()"
X" = a0 = —\/kZ - (%)2 _ (n%)z

Conversely, the poles of E1; () are Ep(a) are x5, = x5, = \/k2 — ®)?* - (n2)%,

To separate the contributions of the TE;,, modes from those of the TMy, modes, we recall
that that the longitudinal component of the electric field E; is related to E;, (), whereas the
longitudinal component of the magnetic field H; is related to A;_(a).

Consequently, the excitations coefficient of the mode TMy, in waveguide a is related to
the residue of E» (a) at the pole \/k2 - (%)2 —(n E)Z.

a
The excitations coefficient of the modes TE;, in waveguides b and c are related to the

residue of A;_(a) at the poles \/k2 - (%)2 —(n 2)2 and \/k2 - (%)2 —(n E)Z, respectively.

a C
To get the excitations coefficients of the other modes in waveguide a, we must consider
Ei+(a) and, taking into account that the contributions of the TM;, modes are known, we can
evaluate the contributions of the modes TE;, by difference.
Similarly, considerations apply to the modes TMy, in the waveguides b and c.

9.3 The junction of two waveguides

Let us consider a TE;o mode propagating in the rectangular waveguide located in z < 0 (Fig. 4).

The junction present in the section z = 0 produces modes in both waveguides. More precisely,

the index 1 is conserved, and the excited modes are TE;, + TMy, in the two waveguides.
Using eg. (8) in the section y = b_ yields (the subscript m = 1 is omitted)

—gu(@P(a) Yo (P ) [Hes(boa)He (Do) (19)
—Ez (b, a) Hyi(b_,a) +Hx_(b_,a)
Similarly, using eq. (13) in the section y = b, yields (the subscript m = 1 is omitted and

c=a-—h)

Evi(bia) —Exi(by,—a) | [ —Fo(by,a)+Fy(be, —a)
By (b @) — By (bi—a) )\ —Fyi(by,@) — Ay (bs, —a)
(20)

gc(a@)P(a) - Yo (
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yA
y=a

Fig. 4 Junction in the E — plane between two rectangular waveguides

Two additional functional equations can be obtained by changing « into —a in (19):

Ex;(b_, —a) _ H, (b, —a)+H, (b, —a)
~y(@)P(~a) -v0<_EH Y _a)> - (H o _a)> (21)

Conversely, by interchanging a with —a, eq. (20) remain unchanged.
The six egs. (19), (20) and (21) contain as unknowns the six plus functions

Exi(by,a) =Exi(b-,a) =Exi(ba), Es(by,a) =Ez(b,a) =E; (b a),
Hzi(by,a) =Hy (b, a) = Hyp(b,a), Hyy(by,a) = Hyy (b, a) = Hyy (b, a),

and the six minus functions

Ex+(b+l —a) = Ex+(b—1 —a), Ez+(b+’ —a) = EH(b—v —a), Hz+(b’ —a),
Her(ba —a), HX,(b,,a), |:|Z,(b,,a)

By separating the plus functions from the minus functions, we obtain the W-H equations of
the problem

Gla) - X4 (@) = X, (~a) (22)
where
X+(a)=’|§x+(b,a), EH(b,a), |:|2+(b,a), |:|H(b,a), |:|X,(b,,—a), |:|Z,(b,,—oz)|t

and G(a) is obtained by algebraic manipulation on egs. (19) through (21).
Equation (22) is consistent since G(a) presents the property

G(—a) -G(a)=1

To take the source into account, we observe that the minus function X, (—a) has the two
components Hy_(b_, a) and H,_(b_, ), which are not standard Laplace transforms because

vww.ebook3000.cond



http://www.ebook3000.org

9.4 « A general discontinuity problem in a rectangular waveguide 289

of the presence of the pole «, located in the fourth quadrant. This pole is relevant to the
mode TEjo propagating inside the waveguide at the left of the junction:

Ay (b_,a) = R +H, _(b_,a), A, (b_,a)= Re

A (b_,
a— ao a—a0+ - (b @)

Rx and R; are related to the amplitude of the incident TE;; mode.
This pole induces a nonstandard behavior to the last two components of X (a):

- s - .
Hy (b, —a) = “ata +H, (b_,—a), H,(b_,—a)= T a T +H, (b, —a)

According to the general technique, we rewrite eq. (22) in the form

R
. _g! -1
Gi(@) - X (@) = GZHao) - o=+ G (o) - - ”
_ _ _ R
=G Ya) X (—a) — G Yao) + G ao).aJraO:

where
R=10,0,0,0,Ry, Ry["
From the previous equations we get the solution

R 1 1 R
a— Qo G* () G+( %) a+ ao

X+(a) = GH(a) - GZH(ao) -

The factorization of G(a) = G_(a) - G4 (a) can be accomplished in general by using the
Fredholm factorization discussed in chapter 5. In some case, it is possible to achieve a closed
form factorization with the methods indicated in chapter 4. For instance, this is the case if
b=c.

9.4 A general discontinuity problem in a rectangular
waveguide

Let us consider a TE;p mode propagating in the waveguide located in z < 0 (Fig. 5). The
junction present in the section z = 0 produces modes in both waveguides. More precisely,
the index 1 is conserved and the excited modes are TEj, + TMy, in the two waveguides.

@ y=b+c

y=0

Fig. 5: A general discontinuity in a rectangular waveguide
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To obtain the W-H equations for this problem, let us consider the three waveguides b, c,
and d in the y-direction. For the waveguide b we get

Ex (b_,a) +Ex (b, a) _ Hzi(b,a) +Hz (b a)
~O(@)P(a) Yo ( _E, (b_,a)—En (b, a)) - (HH(b, @) +He (b, a)> @)
Similarly, for the waveguide ¢ we have

se(@P(a) Yo v+ @) —Exbri=a) ) _ [—Fi(bia)+Hi(bs—a)
C o 7EZ+(b+’ @) = 7EZ+(b+‘ —a) *Hx+(b+n a) — |:|x+(b+, —a)

For the guide d, the same considerations of the waveguide ¢ apply, and we get (d = a — b)

gd(a)P(a) YO< Exf(b%a) _Ex—(b+,—a) ) . <_|:|Z+(bla)+|:|z+(b,—a)>

—E, (b, @) = —E, (b, —a) )\ —Hyi(b_,a) = Hy (b, —a)
(25)

Two additional functional equations can be obtained by changing a into —a in (23):

Ex_(b_,—a)+Ex (b_,—a) \ _ H, (b, —a)+H, (b_,—a)
R o ) B ¢ TR

Conversely, by interchanging o with —a, egs. (24) and (25) remain unchanged.
We have the continuity of the transverse components:

Ex_(b_,a) =E,_(b;,a) = Ex_(a)
Exi (b, a) = Ex (b, a) = Exi (a)
E, (b_,a) =E, (by,a) =E, (a)
E;i(b,a) =E; (by,a) = E;y(a)

The eight egs. (23) through (26) contain unknown eight plus functions

Xi(a) = ‘Ex+(a), E;i (), Hz (@), Hei(a), Ex-(—a), E;(—a), Hy(~a), fo<_a>‘t
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and eight minus functions

Xi(=a) = [Exi(=a), Ezy(=a), Fyi(—a), Ay (—a), Ex (@), E;(a), Hy- (@), Ax(@)]

By separating the plus functions from the minus functions we obtain the W-H equations of
the problem

Gla) - X (a) = X (~a) (27)

where G(a) is obtained by algebraic manipulation on egs. (23) through (26). Equation (27)
is consistent since G(a) presents the property G(—a) - G(a) = 1.

To take the source into account, we observe that the minus function X (—a) has the last
four components Ey_(a),E; (a),Hx_(a)and H, (a), which are nonstandard Laplace
transforms because of the presence of the pole a, located in the fourth quadrant. This pole is
relevant to the mode TEj propagating in the waveguide at the left of the junction:

ol Tx ~S ~ TZ ~S
Bx(o) = — B (@), Bla) =-—-+E (a)
~ R ~ ~ R ~
Hx,(a)_a_xao+Hi,(a), H, (a) _a_zao H, (a)

Tx, Tz, Rx, and R are related to the amplitude of the incident TE;y mode.
This pole induces a nonstandard behavior in the last four components of X, (a):

~ TX ~S ~ TZ ~S
Ex (—a)=— E, (—a), E;, (—a)=- E
cma) == B (e B (ma) = E 4B ()
Ay (—a) = —— 4 A3 (), A (—a) = —— 2+ A (~a)
o+ og x= o+ og =
According to the general technique, we rewrite eq. (27) in the form
R
. _g! 1/
G (@) X4(@) = G (o) =+ G (—ato) -
R
=G Ya) - Xi(~a) -G G~ =0
(@) - Xi.(~) = G (ao) G (o)
where
R=10,0,0,0,Ty, T, Ry, Ry[' (28)
From the previous equations we get the solution
X (a) =G a) G Y ap) - R ~ G a)- G H—ay) - R
* + VY a—a, T * " a+ag

The factorization of G(a) = G_(a) - G, (a) can be accomplished in general using the
Fredholm factorization indicated in chapter 5. In some cases it is possible to obtain a closed-
form factorization with the methods indicated in chapter 4. For instance, this happens if
b = ¢ =d (symmetric iris).
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9.5 Radiation from truncated circular waveguides

This very important problem (Fig. 6) has been considered by Levine and Schwinger (1948)
for the acoustic case and by Weinstein (1969) for the electromagnetic case. Let us consider a
source constituted by a TEy,; + TMp; mode:

E; = el(p,2)sin(me +¢,),  H; = hy(p,2)cos(mg + ;) (29)

where

. A ] - ‘] //- A ~ W
64(0,2) = In(thp)Eot ¥, i(p,2) = TN o itt — 3(71 ) g0 i
‘]m(Tmia)

In(thi@),  In(mma) =0, gy = /K2 —7h,  ami = /K2 — 7

The field components that are of the interest for the solution of the problem are

(p,2)sin(Mg +¢,),  E, = €,(p,2)cos(Mg + ¢,)

E,=e¢ =€,
H, = hy(p,2)cos(mg + o), Hy = hy(p, 2)sin(me + ¢,)
On the wall of the waveguide exists a current given by

Iy =Je(@)cos(me + @o), Iz = j.(2)sin(me + @)

In the following, the Fourier transform will be defined as

Ea,p) = | e(z,p)e?dz, Hy(a,p) = th(z,p)ejazdz
Eg(a,p) = | &(z,p)@"dz, Hq(a,p) = J hy (2, p)e"dz
bl = | l@ed da) = [ R
A AY
pep
TEqn + TMpp ¢
TE,; z X
a
TEnn + TMpn

Fig. 6: Radiation from a circular waveguide
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The wave equation for the Fourier transforms of the longitudinal components is the Bessel
equation

@ 1d m o,

do? pdp p?
where 72 = k? — o

We can relate the azimuthal components to the longitudinal components via

j [am oH j OE; am
E¢:_T_2(7Ez—wﬂ apz), H(p:——(a)ea—pz——Hz) (30)

The solutions of the Bessel equation that are regular at p = 0 and satisfy the radiation con-
ditions as p — oo are given by

Ez(a,p) = A(a)Im(7p)

Ha(e,p) = Bla)dn(rp) =2 &

Ez(a,p) = C(a)HP (1p)

Hi(a,p) = D@HS (@) " %)

It follows from (30) that

Ey(,0) = — % &) (1) + 2 B(c) 3 (1)

fws jma p<a (33)
Hy (e p) = =—A(a)In(tp) + =5 B(a)In(zp)

pT

£, (ap) = — 2 C(a)HP (2p) + 12 D(a)HP (2p)

fwte erT1a p=>a (34)
Hy(a,p) = - (a)HZ" (zp) +p—T2D(0‘)Hr§12>(TP)

Let us consider the two functions
Vii(a) = Ei(a,a,) = Ei(w,a), Vyi(a) =Eg(a,a) =E,(a,a )

which are plus functions since E;(a,a.) = E;(a,a_) vanishes for z < 0.
From the first of (31) and the first of (32) evaluated at p = a_ = a,, we get

_ Vi (@) _ Vii(a)

Ala) In(za) Cla) = m (35)

Substituting these equations into the first of (33) and the first of (34) evaluated at
p =a_ =ay, we can express B(a) and D(a) in terms of V,, (a) and V., (a):

T .Ma
B(a) = o @) [V¢+(a) +] gVH(OL)] -
D)= iy 1 @ 0
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Introduce the two functions
J;-(a) =Hy(a,a;) —Hg(a,a2), Jy—(a) = —H;(a,a;) + H;(a,a)

which are minus functions since H,,(a,a;) = H;,(a,a_) forz > 0. We can express J,_ (a)
and J,—(a) by taking into account the second equations of (31) through (34) evaluated at
p = ax. We get

~Jg-(a) = D(a)HP)(ra) — B(a)In(ra) 37
3 (a) = - Jw—s [Ca)HP" (ra) — A(a)3p,(7a)]
joTg [D(a)HP (ra) — B(a)In(ra)] (%)

By substituting the expressions of A(a), B(a), C(a), and D(a) given by (35) and (36) into
the previous equations, we obtain a W-H system having as unknowns the minus functions
J;—(a) and J,_(a) and the plus functions V,, (a) and V. (a):

T .Ma H@ (ra) JIm(ra)
—Jy—(a) = m [V¢+(a) +JaTZVZ+(a)} [ r(nz)/(ra) - 3’ (ra)
(39)
__Jor [HP'(a) Jy(ra) _ima
Jo-(a) = T [ P (ra) In(ra) V(@) ar? Jo-(a)
Taking into account that the Wronskian of Jy,(za) and H'? (za) is given by
In(ra)H?' (ra) — I/ (ra)H? (ra) = _a4
m m m m mTa
we can rewrite (39) in the form
by (@) = = 2TV a) + Ve (a)
L A T
: ) (40)
Jma _ 2we
"]Z_(a) + aT2 (o (a) - T¢m(a) VZ+(a>

where
Pm(a) = nraH? (1a)dm(1a), Ym(a) = 7raH P’ (ra)d] (1)

To take into account the source, we observe that the minus functions J,_(a) and J,_(a) are
nonstandard. We have

Jo—(a) =35 (@) + H (a,a ), J(a)=35 (a) —H! (a,a )
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where the nonstandard parts H! (a,a ) and H;_(a,a,) can be evaluated taking into
account that

S In(TP) Ty i i In(tp)
E! = jomimif mi o -jzniZgin(m E,, H =P osirizcos(m Ho
) Eak (M7 olfor P =g e ® OO 7o)
. =i
~ i joeOE, myls ~i
HI’ — ———Z+J mIH
Y e Op " argd
We obtain
_ _ H,
H (a,a_) = —
Z—(a ) Ja_Xg"
Hjﬂ_(a,a,):— JYoEo J'mxfﬁ. jHo

o= Xmi e @ — Xmi

Thus, the W-H equations in normal form are

2 2 .Ma . Ho
— m— AV —V =J3 —
w#,”/}m(a) T ¢+(a) JFJ a Z+(a) @— ((1) Ja . X%i
2wet jma szYoEo jm TZXN‘ jHo
——V =172 () +7—3;_(a) + ——|a——7"
 pla) wrlo) =7, (a) a o (@) a—Xm @ ’ e ) &= Xmi

These two W-H equations are decoupled if we introduce the unbounded plus and minus
functions defined by (see section 2.5)

- .Ma . jma
X (a) =1V (a) +J?VZ+(O‘)1 Y (a) =73 (a) + %J;—(O‘)
We find
2 . H
- X () =3 (a) —j °
o) =) ST
2wet j7?YoEo  jm 2y jH (41)
—V Y_(a)+ 0,0—— o — —2mi 0”
‘pm( ) w(@) = (@) A= Xmi a ( TFT/]% )a_Xmi

The behavior of X («) and Y_(«) can be obtained by observing that
E,(z,a,¢) —z7Y2, E,(za,¢) —2*? asz— 0,
J,(z) = 24?2, J,(z) »77Y% asz—0_
It follows that as o — oo
Voi(a) = a3, Vo (a) = a2, 3 (a) = a%? J, (a) = a 12, X (a) — a'/?

Y (a) = a
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The solution of the two uncoupled eq. (41) requires the factorization of the functions y,,(«)
and ¢, (). The asymptotic behavior of these functions follows from the asymptotic behavior
of the Bessel functions. We have

4 / 2
Im (Ta) COS(ra—mn/Z n/4 % e —j(ra—msm/2—7/4)

mra

Hrs]Z)(Ta) ~ (%e —j(ra—mm/2— Jt/4 Ta NJ niae j(ra—mz/2—n/4)

2 T
Hr(nZ)/( ) 7] / Tae —j(ra—mn/2—n/4)

It follows that v, («) and ¢, () are constants as a — cc.
The factorization of y,,,(a) in the first of eq. (41) and the separation of the plus and the
minus functions in two separate members yields the solution

J3 (OL): Ao +] ['k—'—awm \/k+X|l4l| Y- Xml (42)
T VKt ayn (@) ¢k_+awm,< (e = i)
X (@) = 7V ( )+J%Vz+(a)

=< o+ Yy >HO>LV'2“°‘wm+<a> (43

where A, is the entire function that arises from the separations of the plus from the minus
functions. According to the asymptotic behavior of the involved functions, A, must be a
constant.

By using the same reasoning in the second of eq. (41) we get

__ _Inld) { . YoEoT* ¢ (4in) ]
Varlo) = 2wevk — a Poc ot VK il = i) (44)

. ima vk +a jm x| Ho }
Y_(a) = 7% 3 (a) = Boo + Co +— mi
(@) =70 (a) + (@) ¢m—(a)|: o e ( e ) o= A
+_j12[1_¢m(X§ni)Vk+a] YoEo
VKA i (@) ] & = i

(45)

where Bya + C, is the entire function that arises from the separation of the plus from the
minus functions. According to the asymptotic behavior of the involved functions, this must
be a polynomial of first degree. The constant B, is immediately found by taking into account
the behavior of Y_(a) in (45). We get

Bo = YoEom-— (X;m)

VK 2w

(46)
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To find A, and C, we observe that

X4 (@) =% Vzy ()

V(P+(a) = (k—a)( a)
V(@) -1 ()
%) = gkt a)

297

Since V., (a) is regular a = —k, and since J;_(a) is regular a = k. Hence, we get the

following two equations:

X (k) + Ve (K) =0
V_(k) — jmTkJ;_(k)

It can be shown that these two equations provide the evaluation of the two constants A, and C,.

9.6 Discontinuities in circular waveguides

The technique that we have elucidated for solving discontinuity problem in rectangular
waveguides can be extended to circular waveguides. For instance, the following problems

have been considered in the literature.

Problem (a): Radiation from a semi-infinite cylindrical waveguide into a larger cylindrical
waveguide such that the two cylinders are coaxial (Fig. 7). This problem has been considered

by many authors, including Mittra and Lee (1971) and Weinstein (1969).

N
Y

Fig. 72 Geometry of problem (a)

Problem (b): Scattering by a semi-infinite PEC rod of circular cross section (Fig. 8). This

problem has been considered by Jones (1955).

PEC

PEC

PEC

Fig. 8: Geometry of problem (b)
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Problem (c): Scattering by a PEC cylinder of finite length (Fig. 9). This problem has been
considered by Williams (1956).

PEC

PEC PEC

PEC

Fig. 9: Geometry of problem (c)

Problem (d): Junction between two circular waveguides (Fig. 10). This problem has been
considered by Papadopoulos (1957).

Fig. 10: Geometry of problem (d)

Problem (e): Junction between a coaxial cable and a circular waveguide (Fig. 11). This
problem is considered by Weinstein (1969, p. 195).

PEC

PEC

PEC

Fig. 11: Geometry of problem (e)

Problem (f): Semi-infinite transmission line (Fig. 12). This problem is considered by
Weinstein (1969, p. 212)

Fig. 12: Open-ended coaxial line
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Problem (g): Semi-infinite sheath helix (Fig. 13). This problem is considered in Weinstein
(1969, p. 345).

Fig. 13: Semi-infinite helical waveguide
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CHAPTER 10

Further applications of the
W-H technique

10.1 The step problem

10.1.1 Deduction of the transverse modified W-H equations
(E-polarization case)
A simple transmission line model for the problem shown in Fig. 1 yields fory > 0

K2 _ o2

KZ. 1)

l(a) = 1i(a) +1-(a) = Ye[Vi(a) +V_(a)] = Ye Vi(a), Ye=

where
0

0
V_(a) = J E. (X, O)EJade =0, Il (a)= J Hx(X,OJr)ejade

—00

Vi(a) = JEZ(X, O)eiade, I, (a) = JHX(X,O)ejade
0
For y < 0 we must introduce the odd and even Fourier transforms* defined by

Fo(a) =2j Jf (x) sin(ax)dx Fe(a) =2 Jf (x) cos(ax)dx
0 0

1 We can use different definitions of the odd and even Fourier transforms. In every case, the coefficients of the
inverse transforms derive from

[ cos(az) cos(au)da = gé(z —u), [ sin(az) sin(au)da = ga(z —u)
0 0

301
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o El

e

PEC

PEC

PEC

Fig. 1: The step problem

QAP

Fo(a) sin(ax)da f(x) = JFe(a) cos(ax)da
0

_h
—~
>
N~—
I
_.
Q-
ow——3

For these transforms the transmission line equations apply, and we get

i (@) = 2] JHX(X, 0) sin(ax)dx = I () — 1, (—a)
0

=YV (a) = —Ys 2j JEZ(X, 0) sin(ax)dx = — Y[V (@) — Vi (—a)]
0

where from the transmission line theory we introduce Fig. 2.
By subtracting the two equations we get

G(a)V- (@) + H(@)V-(=a) = I_(a) + L1 (~a)

where
sin(vk?z —a2s)
G(a) == YC + YS - _J —( ) ej k2—a’s
(k $)Zovk? — a?s
vkZ — a2
— — 2 _ 42
H(a) =Ys = —j KZ. cot{ k? —a s}
To make explicit the source term, we observe that the plus functions V. (a) and 1. (a) are
standard since the pole a, = —kcosg, is in the fourth quadrant. Consequently, also

the minus functions V_(—a) and I, (—a) are standard. This avoids the evaluation of the
geometrical optics field in the aperture y =0, x > 0. Conversely, for the minus function
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I_(a) the pole a, = —kcos¢, is nonstandard. However, the nonstandard contribution is
immediately evaluated because it is the primary contribution for the total current induced on
the half-plane y = 0, x < 0. We have
. Eqcosg
| (a) =1°(a) +2j—>—"10_
(0) = 12(@) + 252 =0

where I° (a) is standard. Thus,
. Eqcosg
G(a)Vi(a) + H(@)Vi(—a) =1°(a) + I (—a) + 2j s —2
(V@) + H(@Vi (—a) = 12(e) + 11 (—a) + 252 =08,

involves only standard W-H unknowns.

The step problem is related to the thick semi-infinite plane problem. This important
problem was studied by Jones (1953), who developed for its solution the very important
method described in chapter 6, section 6.1.3.

10.1.2 Solution of the equations

The modified equations can be solved using Jones’s method (section 6.1.3) (Daniele,
Tascone & Zich, 1983). Alternatively, we can reduce them to a system of two standard W-H
equations (section 1.5.1).

10.2 The strip problem

From the circuit representation of Fig. 3 we get

%Ao(a) =V_(a) +eY. (a)

where

L
Aolar) = J[Hx<x, 0.) — Hy(x,0_)]ei*dx
0

0
= J E,(x, 0)el*dx

Fig. 3: The strip problem and its circuit model
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To make explicit the source term, we observe that the only nonstandard unknown is
Eo
a— dg

V_(a) =V:(a)—j

Consequently,

4 i . E
?CAo(a) =V (a) + ety (a) —j " _an
is longitudinal modified W-H equation that contains only standard unknowns.

The solution of the previous equation can be accomplished according to the two methods
presented in section 6.2 and the Jones method. In particular, the Jones method (see section
6.1.2 for details) is particularly appropriate for this problem (Serbest & Buyiikaksoy, 1993).

10.2.1 Some longitudinally modified W-H geometries

Two parallel strips constitute a planar waveguide of finite length (Fig. 4). This important
problem was solved for the first time by Jones (1952b). The Jones method was developed for
solving the longitudinal W-H equations (section 6.1.2).

Some geometries considered in Noble (1958) and Mittra and Lee (1971) are indicated in
the following sections.

10.3 The hole problem

By considering the transmission line fory > 0 (Fig. 5) we get the incomplete W-H equation:

l(a) = 1_(a) + lo(a) + 14 (a)e)™ = Y Vo(a)

@) (b)

Fig. 4: Longitudinal modified geometries

.Ei y
e
%3 x=1L
y=0
PEC
PEC PEC
pEc Y~ ¢

Fig. 5: The hole problem
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where

0 )
k2<_ 2 . - .
Vo= @) = [ Hhx 0.0 T(a) =[x+ L 0jex
0
— 00 0

L L
Vo(a) = JEZ(X’ O)ej(leX, |0(a) = JHX<X| O)ej(xxdx
0 0

To complete the mathematical formulation of the problem, we observe that the hole con-
stitutes a waveguide in the y-direction. We have

= . n = .n
E,(x,0) = ZAnsmTﬂx Hy(x,0) = — ZYnAn sanx
n=1 n=1

where

It follows that

o0 a )
Vo(a) = ZA“azinz (—1 4 el*- cos(nr))
n=1

B

00 a )
lo(a) = = > AnYy r”az(—l + el cos(nx))
n=1 n

Both functions 1,(a) and V,(a) are entire and the previous equations constitute the sample
representations of these functions (see eq. (6.54)). From these equations we get that the
functional equation that relates I,(a) to Vo(a) is constituted by the equation in the following
samples:

lo(an) = —YnVo(an) (2)

where Vo(an) = j5An.
Keeping this fact in mind, we assume that I,(«) is known and solve

I_(a) + lo(@) + I (a)eI™ = Y¢ Vo(a)

using the Jones method. In particular, this solution yields a functional equation that relates
Vo(a) to lo(a). By assuming a = a, =(n=1,2,...) and taking (2) into account, we
obtain a system of equations in the samples V,(anp).

10.4 The wall problem

Considering the transmission line for y > 0 we get (Fig. 6)

YelV. (@) + V. (@)e] = 1_(a) + lo(a) + 1, (a)et @
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. y PEC
.EI _
i =0
4) x=L g
y=—
PEC PEC

Fig. 6: The wall problem

where
k2 — o2
Ye=——
¢ k Z,
Considering the transmission line —d <y < 0, x < 0, we get
VgV (@) = V_(~a)] = I_(e) ~ (@) (@)
where

k2 _ 42
Yy = —j% cot[\/kz - aZd]
0

Considering the transmission line —d <y < 0, L < x < oo, we get

—Yq [\7+(a)ejaL . \7+(_a)efjaL} _ /I;(a)ej“" . Ijr(—a)efja" (5)

Another equation can be obtained by replacing a with —a in eq. (3):

Ye[V_(—a) + Vi (—a)e ™) = I_(—a) + lo(—a) + L (—a)e I (6)

Conversely, with this substitution egs. (4) and (5) remain unchanged.
Equations (3) through (6) constitute a system of W-H equations having as unknowns

the plus function V . (a), I, (a), V_(—a) and |I_(—a) and the minus functions V, (—a),

I, (—a), V_(«) and 1_(a). This system is incomplete, since also the unknowns Io(+a) are
present. We ignore this fact and solve the system using the Jones method. In this way we
obtain a solution that depends on the functions l,(+a). To complete the solution, we need
the functional equations that relate l,(+a) to the W-H unknowns. For this purpose we
introduce the additional information that the function I,(«) is entire; hence, it can be
represented by the sampling theorem in the form

(81— 1)lo(am)
lo(a) = —_— 7
o(@) m;oo o —an) (7)
where an = n2z,
By substituting (7) into (3) and assuming a = £an, we get

00 Hjanl _
Zo(Fan) |1-(£an) + ) (ejlj_(ianl)lfzfnogm)

m=—oo

— \7+(:|:an)eij“”|‘ =0 (8)

+ 1 (fag)ed | —V_(+ay)
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where Z;(a) = (YC)‘l. The W-H solutions relate the samples

I_(£an), le(fan), V_(xan), Vi(Ean)

to lo(an). Substitution of these relations into (8) yields a system of infinite unknown in the
samples lo(an).

The wall problem can be related to the diffraction by a perfectly electrical conducting
(PEC) rectangular cylinder. This problem has been tackled using the W-H technique (Aoki &
Uchida, 1978; Kobayashi, 1982a, 1982b). In these papers the deduction of the incomplete
W-H equations has been accomplished using an approach different from the one used in this
section and based on the introduction of transmission lines.

10.5 The semi-infinite duct with a flange

Let us consider the geometry shown in Fig. 7. We can derive the Wiener-Hopf equations by
introducing two alternative formulations. The first formulation is similar to that introduced
in the hole problem? and is based on the introduction of the Fourier transform in the
x-direction, leading to an incomplete W-H equation.

Alternatively, we can use Fourier transforms in the y-direction defined by

o0

d(x,y) = j ®(x,y)edy

—00

To simplify the deduction of the W-H equation, we reduce the problem to the study of the
two simpler problems illustrated in Fig. 8.
In problem (a), in the region x < b, —co <y < oo we get

_Yb[Ez—(bn n) + Ez-«-(bl n)] = _YbEH—(bv n) = Hx—(bn n) + Hx+(bn 1)
where

k2 _ 2
Yy = —j 4Mcot[\/k2 — an}
k Zo
In the region x > b, 0 <y < oo, the use of the odd Fourier transform yields
Ye[Ezi-(b,17) — Ez (B, —1)] = Hys (B,7) — Her. (b, —1)

where

2 _ p2

y, = VK"
k ZO

By subtracting the two equations we obtain the transverse modified W-H equation:

(Yo + Yo Exue (b, ) — YeEore (b, —17) = —Fle(b.n) — Fhee (b, —) = X_(n)

2 In practice we have a hole in which d = —co.
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.El y
A/Hi
b x =L
y=0

PEC PEC
PEC

Fig. 7: Geometry of the problem

PEC PEC PEC
PMC

PEC PEC

(@ (b)
Fig. 8: Simplified geometry of the problem

Problem (b) can be studied in the same manner, and we get the same equations where

VRVl i [ViZ =]

10.6 Presence of dielectrics

In the previous examples we resorted to transmission line models to obtain the W-H
equations for the problems. These transmission lines are relevant to waveguides with
transverse sections filled by homogeneous media. Sometimes we encounter discontinuities
due to the presence of dielectrics (Fig. 9). To study this structure, for the sake of sim-
plicity, in the following we will consider only the presence of the component E,(x,y) of
the electric field.

The wave equations in the two regions 1 and 2 are

PP > P
<8X2+6y2+kf>Ez(x,y)—O, <8><Z+<9)/2+k§>EZ(X'y)_O
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& Hp & g

Fig. 9: Presence of a dielectric half-space
Applying the unilateral Fourier transforms
Es(a,y) = J E.(x,y)e/dx
0

to the previous equations we get

d? . ) bl
(d—szr T%) E:(a,y) = —jaE;(04,Y) +a—yEZ(O+,y)

o ~ _ 9
(d_yz + T%) Ez(a, y) = JaEz(O,, y) - a_y Ez(O,, y)

where 71, = /k?, — a2.

In the following it is important to evaluate the particular integral of the equation

d? -
(d—yzwz)ob(a,y) “f,(y) (a<y<b) ©)

which is given by (Felsen & Marcuvitz, 1973, p. 278)
b

®(a,y) = Jga(y, y)fa(y')dy’ (10)

a

where the Green function g, (y,Y’) is

9a (YY) Wr[ga(Y), @a(y)]

In this equation, ¢, (y), @.(y) are solutions of eq. (9) that satisfy the boundary condition at
the sections y = a and y = b, respectively. Wi [@,(Y), . (y)] is the Wronskian of the two
functions ¢, (y), @4 (y), which is independent on y, and y. and y.. denote, respectively, the
lesser and greater of the quantities y and y'.

(11)
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10.7 A problem involving a dielectric slab

Figure 10 illustrates the geometry of the problem under study. In region 1 we define

B o) = [Bndeide Au () = | Huly2eivdz
0 0
We have
@aly) = Ex(0, @) cos(zy) = V. (a) cos(zy)
Paly) = sinfz(y — )]
where 71, = /k#, — a?. This yields

N cos(zy) cos(z(y- —s))
9a(.Y) = 7 C0s(7S)
and provides the particular integral

FNWQWWBW
7 €0S(7S)

fia(y')dy’
0
where

. B) . .
f1.(y') = —jaEx(y,04) + EEXW, 0,) = —jaEx(y,01) — jouyHy(y,0)

The solution of the homogeneous wave equation vanishing on the boundary y = s is given by
Aa) sin(z(y - 5))
Consequently, we get
s
JCOS(ry’)fm (y)dy'sin(z(y —s)) + Jsin(r(y/ —))f1a(y')dy’ cos(zy)

- 0 y
Exi(y,a) = 7 c0S(7S)

<V

ki=ky =k

kp =[Er K
S

Fig. 10: Geometry of the problem

x=—d X=
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Setting y = s we get the expected result E,(s, a) = 0. Conversely, putting y = 0 we get

jsm (Y —))f1.(y)dy

Ex (0,a) = — A(a) sin(zs) =V (a) (12)

7 €03(7S)

The field H,, (y, a) = ,w1,4 M presents a similar expression that here is reported only for
y = 0. This expression is 5|mple since the integral in it contains an integrand sin(zy.) that

vanishes for y = 0. We get

Hz+(0,a)::ﬁitIA(a)cosﬁs) (13)

Elimination of A(a) in (12) and (13) leads to

ﬁm (Y —s)) fa(y)dy’

YoV (a) = Y1 —Hz(0,a) (14)

7 €0S(7S)

where

k2 — o2

Vo= 7z~
0

cot[ k2 — azs}
By repeating the same reasoning for region 2 and taking into account that the solution of the
homogeneous equation vanishes, we get

0

0
Exf (y, (1) = J Ex(y, Z)ejaZdZ, Hz,(y, a) = J Hz(y, Z)ejaZdZ

S
Jsin(z2(y" — s))f2q(y')dy’ (15)
Tl _ 0
Hz-(04,a) = jouy sin(zs)
where
N 0 . .
2a = x\YsV—-) — o Ex\Y,V-) = X\Yr» V- 20y V-
foa(Y') = JaBx(y, 0-) = 5 Ex(y, 0-) = jaBx(y, 0-) + jouszHy (y, 0-)
In region 3 the transmission line equation yields
H,.(0,a) +H, (0_,a) =YgV, (a) (16)

where

Yg = —j ksz_azcot{ﬁd}
0
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Equations (14) through (16) yield the incomplete W-H equation

jsm 7(y — s))f1, (y)dy’ jsin(rg(y’—s))fga(y’)dy’

Ys + Yq)V
(Ys +Yo)V(a) = jouy sin(s) * jouy sin(T,9)

+A () (17)

where A_(a) =H, (0_,a) —H,_(0,,a).

To have a closed mathematical problem we must relate the integrals present in (17) to
the W-H unknowns. To this end, we consider the modal representation of the field in
waveguide 2:

= ;Cn sin(n?ny} Hy(y,0_) = nZ;YZnCn sin(n?ny) (18)

where

_ Jon 2 (nﬂ)z
Yo = , = /K2 — (—
2n oty X2n 2 S

For the sake of simplicity, in the following we consider x; = u, = . Taking into account
that

Nz sin(zs)
S 1 — o

JSin(r(y’ —s)) sin (n?ny’)dy’ -
0

where y, = 1/k? — (”?”)2 and substituting expressions (18) in fy,(y) of (14) yields

1 S&Snma— ~
YSV+(a) = w—lu ?az _X;E Cn — Hz+<0, a)
n=1 n

The poles a = —y,, in the sum are present only in Ys. Thus, by comparing the residues of
both members at these poles we get

Cn :jV+(_Xn)
Xn T+ Xon

The previous equation completes the mathematical formulation of the problem. In fact,
eq. (17) can be rewritten as

1 N |0 —Jon @~ Xon 1
Y+ Yq)Vi(a g { — V(- +A_(a 19
( S ) +( ) leu 2 _ X% (12 — X%n xn I Lon +( Xn) ( ) ( )
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Even though eg. (19) can be solved directly by the technique for incomplete W-H equations,
it is instructive to reduce it to a transverse modified W-H equation. To this end we observe

that

1 &n - 1 1 &n 1 1
I B P A AR ) ks V(1)
a‘ — Xonl Xn + Xon Jop = S a+ xon Xn + Xon

= minus function

1 SSnmwa—p, 1

Ly V.-
Joput= S a? — 2% xn + Zon i "

1 &nma—y,, 1

=—>» — Vi(—=x,) —Vi(—a)] + H(a)Vi(—a
o s ot Ve (o) = V()] H @V ()

where

1 Snwa—y, 1
H(a):.—g — .
Joud= s a® = xhotn + Xon

The function in the first term of the second member also is a minus function. Hence, we can
rewrite eq. (19) as the modified W-H equation:

(Ys + Yo)V (@) = H(@)V (—a) + X_(a)
where

1 Snr 1 1
jorws= s o+ yon Xn + Xon

X_(a) = A_(a) Ve (~20)

1 S&nma—y, 1

+— V —X -V (—a
qun:lsazfx%xﬁm[*( n) = Vi(=a)]

10.8 Some problems involving dielectric slabs

Many electromagnetic problems can be formulated with the technique illustrated in this
section. However, we must remember that when the W-H formulation is very difficult to
obtain there may be some alternative methods of yielding sufficiently accurate results in an
easier way. In the following we consider some problems studied in the literature.
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10.8.1 Semi-infinite dielectric guides

The truncated dielectric slab (Fig. 11) has been considered by Aoki and Uchida (1982). The
W-H formulation of a truncated optical fiber has been studied by Daniele (2004a).

& H2 &y

Fig. 11: Geometry of the problem

10.8.2 The junction of two semi-infinite dielectric slab guides
This problem has been studied by Ittipiboon and Hamid (1981):

€, Ho

& Hp &,

€, Ho

10.8.3 Some problems solved in the literature

Problem (a): Scattering of a plane wave by two parallel semi-infinite overlapping screens
with dielectric loading (Buyiikaksoy, Uzgoren & Birbir, 2001).

& &

Problem (b): Analysis of the radar cross section of parallel-plate waveguide cavities
(Kobayashi & Koshikawa, 1996).

&
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Fig. 12: Geometry of the problem

10.9 Some problems involving periodic structures

10.9.1 Diffraction by an infinite array of equally spaced
half-planes immersed in free space

The problem illustrated in Fig. 12 consists of equally spaced infinite PEC half-planes
immersed in free space. For the sake of simplicity we consider as source the E-polarized
plane wave

El = Eqe 1Y%z (- = k'sin 6y, 7, =k cOS )

The W-H equation can be obtained considering the circuit model shown in Fig. 13.

XYIEYY

Fig. 13: Circuit model for the problem of Fig. 12

The current generators A, (n = 0, £1, £2,...) represent the currents induced in the PEC
half-planes and the transmission line in the y-direction between two adjacent current gen-
erators represent the free-space slabs of thickness d. The Fourier transform of E(y, z) in the
z-direction introduces the scattered voltage V*(y, a):

Vi @) = J E(y,2)e)dz,  E5(y.2) =% J VE(y, a)e 7 da
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It is obtained by considering, in the spectral domain, the total field radiated by all the cur-
rents induced in the half-planes:

1 = - o,
s _z ~xaly—nd| _oH —VkZ_ 2
Vi(y,a) = ZZa nziooAn(a)e 24 , (Za = Yo = VK2 —a ) (20)
Observe that the functions A,(a) are all minus functions. On the aperturesy =md, z >0

(m=0, +1, +2,...) the functions

V,(md, &) = VS (md, o) + Vi (md, &), Vi (md,a) = —E,—3—enm
a—+1y

are plus functions.
Letting y = md in eq. (20) yields

1. & . i
VS (md, «) =52 Z A (c)e Ixm-nid g, ginmd (21)

n=—o00 a+7o

Taking into account the Floquet theorem
Ex(y + md,z) = Ey(y,z)e V%M
we get
VE(md,a) = VE(0,a)e ™ A (a) = Agp(a)e e
Substitution in (21) yields the W-H equation
j

(0]
a+ 1o

VE(0,a) = Z¢(a)Ao, (a) — E
where the kernel is

1 00 . .
Ze(a) = Eza Z e_jxa‘m_n‘de_p?o(m_n)d
N=—00

The sum in the previous equation is a geometric series that can be evaluated in closed form,
yielding

ZOC: g IxaIm=nldg—ins(m—n)d _ ; sin(x,d)
n=—o00 COS(Xad) - COS(’?od)
The kernel
Zo(a) = 12, sin(x,d) _ O sin(x,d)
. =

27" cos(y,d) —cos(nod) 27, cos(x,d) — cos(1,d)

is meromorphic and can be factorized by using the Weirstrass factorization discussed in
chapter 3, section 3.2.4.

fvww.ebook3000.con)



http://www.ebook3000.org

10.9 « Some problems involving periodic structures 317

The problem of this section was considered for the first time by Carlson and Heins
(1947). The extension to impedance half-planes has been studied by several authors, and in
particular by Lineburg (1993).

10.9.2 Other problems solved in the literature

Diffraction problems by structures that generalize the illustration in Fig. 12 are very
important. In particular, many geometries are studied in Mittra and Lee (1971) by using the
W-H technique or other methods related to the W-H technique. In the following we will
indicated some important geometries.

Problem (a): Corrugated surfaces (Hurd, 1954; Weinstein, 1969, p. 240).

v

Problem (b): Parallel-plate media for microwave lenses (Heins, 1950b; Whitehead, 1951).

Problem (c): Modulated corrugated surface excited by a waveguide (Karjala & Mittra, 1966).

HO

Problem (d): Radiation from infinite aperiodic array of parallel-plate waveguides (Lee, 1967).
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10.10 Diffraction by infinite strips

Figure 14 illustrates the original problem: a plane wave E, = e/* in the direction —y is
incident on a plane where infinite periodic PEC strips are present. Figure 14b illustrates the
key problem where the apertures in the discontinuity plane are substituted by PMC strips.
According to Fig. 15 the original problem can be solved by summing the solution of
the key problem with the solution of the very simple problem of reflection by a PEC plane.

A7

(a) (b)
Fig. 14: (a) Original problem; (b) key problem

PEC
n;
e

PEC 1/2

©

Fig. 15: Reduction of the strip problem to two simpler problems
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In particular, by indicating with ®(x,z) the solution of the key problem for x > 0, the
solution of the problem indicated in Fig. 15b is

%d)(x,z) forx >0 and %d)(—x,z) forx <0

The solution of the simple problem indicated in Fig. 15c is
1 . 1 1 . 1 .
Zelk _Ze I forx >0 and —Ze 4+ Zel™ forx <0
5 > X > > + > X <

Consequently, the solution of the original problem in Fig. 14a is
1

1 ; 1
Ey(x,2) :zeJkX —Ee”kx +5®(x2) forx>0

_ _} —jkx } jkx _} _
Ey(x,z) = 2eJ +2eJ 2(1)( x,z) forx <0
10.10.1 Solution of the key problem

The equation to be solved is

ox2 072

with @(0,z) = 0 on the PEC strips and ad’ég’z) = 0 on the PMC strips. The W-H formulation
of the problem can be obtained by considering the two waveguides shown in Fig. 16.
By putting ®(x, z) = Ey(x,z), the guide in Fig. 16a involves even Fourier transforms and

the guide in Fig. 16b odd Fourier transforms.
Guide of Fig.15a

2
(a—+a—+k2>d>(x,z) =0

Ey(x,2) = 2 | Ve(a, z)cos(ax)da

—Hy(x,2) = 2 | le(a, z)cos(ax)da

Ot— 8 O—R

PCM PEC X

\ S
v

@) ()

Fig. 16: The two waveguides involved in the key problem
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Consideration of the transmission line in the slab between z = 0, and z = a_ yields

Ve(a,04) = cos(r a)Ve(a,a-) + jZ,sin(r a)le(a,a-)
le(a,04) =jYgsin(r a)Ve(a,a_) + cos(z a)le(a,a_)
with 7 = vk? — a?, Z,

Taking into account that theleven Fourier transforms are related to the standard Fourier
transforms through the operator X (section 9.1.2), we get

(22)

Fe(a,z) = % J f(x,z)cos(ax)dx = % [Fi(a,2) + Fi(—a,2)] = %Zﬁ(a, 7)
0

Consequently, eg. (22) can be rewritten as

>V, (a,0;) =cos(r a)xV, (a,a-) +jZ, sin(r a)Zl, (a,a-)

(23)
2l (a,04) =Yg sin(r @)=V, (a,a_) + cos(r @)=l (a,a_)
Guide of Fig. 16b
Ey(x,2) =2 JVo(a,z)sin(ax)da
0
—Hy(x,2) =2 Jlo(a, z) sin(ax)da
0
Consideration of the transmission line between z = —c and z = 0_ yields
Vo(a, —C4) = cos(t a)Vo(a,0-) + jZ, sin(r a)ly(a, 0-) (24)

lo(a, —C4) =jYq sin(r a)Vo(a,0-) + cos(r a)lo(a, 0-)
with 7 = Vk2 — a2, Za_—:%

Taking into account that the even Fourier transforms are related to the standard Fourier
transforms through the operator A (section 9.1.2), we get

Fola?)— Fo(-a2)] = o AF (a,2)

27

Fo(a,2) = % J f(x,z) sin(ax)dx = %
0

Therefore, eq. (24) can be rewritten as

AV, (a, —C;) = cos(r a)AV, (a,0_) + jZ, sin(r a)Al(a,0_)
Al (a, —c;) =jY, sin(r a)AV(a,0-) + cos(r a)Al (a,0_)
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10.10.2 Boundary conditions

The continuity of the electromagnetic field at z = 0 forces the continuity of the Fourier
transforms

Vi(a,04) =Vi(a,0-), 1i(a,04) = 14(a,0-) (26)

Taking into account that the source field does not contain a propagation factor in the
z-direction, the Floquet theorem states that the fields and their Fourier transforms must be
periodic with periodicity d. For instance,

Vi(a, =¢4) =Vi(aa), li(a, —¢4) =li(a,a) (27)
The previous equations can be rewritten in a compact form by introducing the matrices
V,(a,0 V,(a,0_
W, () = +(a,04) _ +(a,0-) ‘
I+ (a,04) l+(a,0-)
Vi(a, —C Vi(a,a_
W, (a) = +(a +) _ +(a,a2) ‘
Ii(a, —C4) I (aa-)
.10 Z, ‘ cos(trs)  jZ,sin(rs)
Ms =exp|jzs =, .
Yo O jYesin(zs)  cos(zs)

With these notations and taking into account that M, is even in «, egs. (23) and (25) become

‘I’+(a) + ‘{’+(—a) = Ma‘PH(a) + Ma‘P1+(*a)
M, (a) = MW (—a) = W1 (a) — Y1 (—a)

or, in matrix form,

G(a)f(a) =0, (~a) (28)
where
1 Myt 1 —m
G(a):’ : ‘ :
M. —1 M. -1

0.(a) =|Vi(a,0) 1.(2,0) Vi(a,a) Ii(a,a)[
Taking into account that M, Mc, and My commute, we get

1+ My —2M,

G(a)=(Md—1)l" M. —1-— My

10.10.3 Solution of the W-H equation
Canonical form of the W-H equation

Equation (28) is a homogeneous W-H equation. The source term can be obtained taking into
account that both unknowns are nonstandard for the presence of the pole a, = —k in 6, (a)
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and a, = k in 6, (—a). The characteristic part GL(a) relevant to the nonstandard pole can be
accomplished by observing that

Hl-k(a) = |V4|r(a,0) |'+(a,0) er(a,a) IL(@,a) ‘t :jai_‘rkqo

where g, =1[1 Yo 1 Y,|'. By putting 6, (a) = 65 (@) + 60" (a), we can rewrite (28) in
the inhomogeneous form

G(a)6', (a) = 6% (=a) +n(a) (29)

where

(@) =j— 2~ Gla) 2 = [m(a) ne(a)]

Factorization of G(«)

The exact factorization of G(a) = G_ ()G (a) can be obtained only when a = ¢ = 4.
This is the only case that we will study in the following. Putting

Ma=M; =M, Mg =Mac=MsM;=M?

eq. (29) is equivalent to

1+ M? 2M
—— ¥ (a) - ———5 V], (a) = ¥’ (—a) + n(a)
-1+M —-1+M

2M 1+ M?

w2 Ha) — W‘PL(G) =¥ (—a)+n(a)

By summing these equations we get

Q(a)Xy(a) = X_(a) +np(a) + ni(a) + nz(a) (30)
Where
2 o 2
_@A+M) - 14+M L 7a T
Q) ="3rwz="1—m~ 1% |«
o p
2 |1

Np(a) = Ni(a) +ny(a) =

—a+Kk|Y,
Xi(a) =¥i(a) =¥i (o), X (a) =¥ (-a)+ Wi (-a)

The factorizaction of Q(a) = Q_(a)Q4+(a) is immediate since it is skew diagonal. We get
1

) 0 L — 0
Q_(a) :_jag—(a) . k‘fo‘a , Qi(a) =9+(a) “H o
k—a
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where the factorization of the meromorphic function g(a) = —jr cot 2 can be accomplished
with the method indicated in section 3.2.4. Summing the solution X, (a) and X_(—a) of
(30), we get

1

Yi(a)= Y

V. (a,0) ‘ _ [_Q(—a) ﬂ.Q;l(fa
. (@, 0) a+k a—k

Of course the spectrum is discrete and the poles are defined by +an, where

2
am = 1 |K2 — (2’”")  m=0 41, 42, ...

)} Q- (k)

d

By assuming the inverse Fourier transform we get

) 00 Zi k2 (2am)?
(D(X,O):ejkx+ Zq>mej (&) x
m=—oc
where @y, is related to the residues at the poles ap.
The solution of the key problem ®(x,z) can be obtained by observing that the Floquet
theorem provides the expression

. 2
D(x,7) = el 4 Z Fre () e I
m=-—oo
By putting z = 0, we find that Fp, = ®p,.

The problem considered in this section is a very important one that has been studied by
many researchers. Wiener-Hopf solutions of this problem have been considered in Weinstein
(1969), Lukyanov (1980), and Daniele, Gilli, and Viterbo (1990). A comparison of the W-H
technique with other techniques is presented in Liineburg (1993).

10.11 Presence of an inductive iris in rectangular waveguides

Let us assume an incident TE;p mode in a rectangular waveguide where an iris is located in
the section x = 0 (Fig. 17):

; ; Y4
I _ AlxwoX ein |2 _
Ey_e%10 sm[A(erc)}, A=c+a

AY

z=—C z=0 z=a

Fig. 17: Inductive iris in a rectangular waveguide
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A 7

TEq

7= -¢

Fig. 18: The key problem for the inductive iris in a rectangular waveguide

For the presence of the iris, the incident TEo excites only modes TEmo (the modes TMyq are
vanishing). The problem reduces to the solution of the key problem shown in Fig. 18.

By comparing Fig. 18 with Fig. 14b, the only difference is constituted by the new
boundary conditions indicated in eq. (31) that substitute the periodicity conditions (27).
Hence, the new boundary conditions are

Vi(a,04) =Vi(a,0-), I, 04) =1i(a,0-)

Vi(a, —¢4) =Vi(a,a-) =0 (31)

Taking into account again the transmission lines relevant to even and odd Fourier transforms,
we get

Vi(a,0)+V,(—a,0) =jZ, tan(za)[l; (a,0) + 1 (—a, 0)]
Vi(a,0) —Vi(—a,0) =jZ, tan(zc)[l+(a,0) — I+ (—a,0)]

This constitutes a system of two W-H equations. Again, closed-form factorization can be
accomplished if ¢ = a.

10.12 Presence of a capacitive iris in rectangular waveguides

The geometry considered in section 9.4, includes this problem as a particular case.

10.13 Problems involving semi-infinite periodic structures

A periodic roughness in the form of corrugations is present in many waveguide walls. The
radiation from, and the excitation of, these corrugated waveguides give rise to W-H pro-
blems in which semi-infinite periodic structures are present. Modeling the corrugated sur-
faces with appropriate anisotropic impedance surfaces (Senior and Volakis, 1995) reduces
these problems to standard W-H geometries. For instance, the junction of two corrugated
circular waveguides or the radiation by a circular waveguide have been studied in Daniele,
Montrosset, and Zich (1979, 1981). In general, periodic planar structures can be modeled by
surface impedances. However, these impedances can be spatially dispersive. For example, at
low frequency a wire mesh screen located in a plane (x, y) presents the following impedance:
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where Z, and Z, are scalars that depend on the geometry of wire mesh, and V; is the
transverse del operator defined by
0 0
Vi=X—+Yy—
A gy
In these cases the W-H technique can be applied successfully (Gilli & Daniele, 1995). It is
interesting to observe that particular semi-infinite periodic structures have been studied in an
exact way without resorting to the approximation of the impedance surface. In these cases,
system of infinite W-H equations are involved (Hills & Karp, 1965).

10.14 Problems involving impedance surfaces

The approximate boundary conditions obtained with impedance surfaces (Senior & Volakis,
1995) introduce important problems that are very suitable to be formulated and solved by W-H
technique. In this way the number of the electromagnetic canonical problems that we are able
to solve has considerable increased. Many important works that assume surface impedances
instead of PEC or PMC boundaries for the geometries considered in this chapter are reported in
the references at the back of this book. Some problems are outlined in the following.

Problem (a): Scattering at the junction formed by a PEC half-plane and an half-plane with
anisotropic conductivity (Sendag & Serbest, 2001).

Z, 0
0 2

PEC Zr=

Problem (b): Plane wave diffraction by two parallel overlapped thick semi-infinite impe-
dance plates (Birbir & Blyukaksoy, 1999).

Z;

Z,

Zg

Problem (c): Plane wave diffraction by two oppositely placed, parallel two-part planes
(Tayyar & Buyikaksoy, 2003).

PEC z,

2, PEC
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Problem (d): Diffraction of a normally incident plane wave by three parallel half-planes with
different face impedances (Cinar & Bilyukaksoy, 2004).

2y

Z,

Zy4

7,
Z3,
Zs

Problem (e): Scattering of electromagnetic waves by a rectangular impedance cylinder
(Topsakal, Biyiikaksoy & Idemen, 2000).

Z

Z;

10.15 Some problems involving cones

z
A

@ e (‘Zo:ne(?o
®
r=a
@ (sphere)
r=0

Fig. 19: The ice cone problem

Let us consider an axially symmetric (% = 0) distribution of electrical charges located on

the conducting truncated cone shown in Fig. 19.% The problem consists in finding an elec-
trostatic potential y(r, 0) that satisfies the following conditions:

V2y(r,0) =0
y(r,0) = y,, constant on truncated cone
(

1 . .
w(r,0) -0 as - when r — oo, uniformly in 6

% Note that the case 6, = zz/2 yields a hemisphere.
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We divide the space around the cone into two regions, separated by the boundary 6 =

region 1: 6, <0<m, r>0
region 22 0<0<6, r>a
Consider Laplace’s equation in these two regions using spherical coordinates:
Py 20y 1 9 /(. 0y
o Trar T sinode (S'” 9%) =0
and adopt the change of variable

« 0<r<a— -o00<x<0
r=ae
a<r<oo—-0<x<x

whence
2
29,5 ﬁ%(sme%) ~0
where
g(x, 0) = (r,0)
(g— 0 as e* when x — o0)
Region 1

Introduce the Laplace transform

G(a,0) = T g(x, 0)e Pdx = T AUL) (E)ipdr, p=-—--—ja

whence

1 d /. dG , 1
snodo <S|n6@) - (a +Z>G_O

The solution of this equation regular in 8 = 7 is
G(a,8) = A(a)Pj,—1/2(—cos 6)
where P, (u) is the Legendre function. At 6 = 6,

0 0
G(a, 0y) = J oo + J g(% Bo)ePdx = G (a) + G (a)
0

where G' (a) = . Substituting in G(a, 6) yields

= Jjat1/2°
_ Gi(a) +GL(a)
Pja—1/2(—C0Ss 6;)

A(a)

327

O,

(32)
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Take (2) _in (33):

M(a) = M_(a) + My (a) = A(a)P},_;,(—Cc0S 6;) sin 6,

6=06,

where

00 0
M+(Ot) _ J ag (X, 90) e_deX, M,(a) — J ag (Xv 90) e—pxdx
0

a 60 a00

Substituting (34) in the previous equation yields
M_(a) + M, (a) = P(at) in 6,[G., () + G' (a)]
where

Bla) = Pi,_1/2(—C0s 6o)
Y= Pio—1/2(—C0s 6o)

Note that P (a) is even because P, (u) = P_,_3(u).

Region 2
Introduce the one-sided Laplace transform*
T o 1 .
Gi(a,0) = | g(x,0)e Pdx, p= —5—la
0
From the Laplace transform properties we have
J%ﬁe)e—pxdx = PG (a,0) —9(0,0) = pG.(a, 0) — ¥,
0
1290,0) pe _ 2 o
| P e o =6 (@ 0) ~p v - |
0

- - - - 2 - -
Applying the previous equation in 29 + % 4 10 (sm e%g) = 0 yields

1 d /. de, , 1. og
sin 9@(8"1'9@) a <a +Z>G+ = P¥ot oy ‘X:O

Rewrite the previous equation with @ — —a, and then subtract the two equations:

1 d/. d , 1 .

AG, (a,0) =GCi(a,0) — Gi(—a,b)

where

* Note that G, (a, 6,) = G ().
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The solution of this equation that is regular at 6 = 0 is®

AG.(c, ) = B(c)Py_1/2(c08 6) + 2%y,
a?+1/4

It follows that

B(a) = (AG, (a) + AG' ()]

Pja,l/z(—COS 9)

Taking the derivate of AG, (a, 6) = B(a)Pj,_1/2(C0S 6) + 742577 1,, Now we have

0 0 .
AM+((Z) = A%G+(a, 0) = %AG+((Z, 6) = B(a)PJ{ail/z(COS 00)(*3"1 00)
0] (o]
= —sin 6P (a)[AG. (a) + AG' (a)] (36)
= P 1/,(C0S 6) =
Where P(a) = m = P(—a)

Apply A to eq. (35), and then subtract from (36):

AM_(a) = sin 6,P (2)[AG, (a) + AG' (a)] (37)

where P(a) = P(a) + P(a).
Setting o — —a in (35) and adding to (37) yields the transverse modified W-H equation

P()G(a) — P()G:(~a) = X_(a) = P(a)G! (~a) — P(a)G' (a)

where X_(a) = %

6y )
A similar treatment for the hollow cone of Fig. 20 yields the W-H equation
P(a)G:(a) = X-(a) = —P(a)G. (a)

The problem of Fig. 20 in static form has been considered by Karp (1950). The dynamic case
requires the introduction of the Kontorovich-Lebedev transform (besides the related Fourier-
Laplace-Mellin trio). However, the W-H technique may also be applied to this geometry
(Noble, 1958, pp. 215-219).

A
6= 6,
@ R (cone)
®
r=a
(sphere)
®
r=0

Fig. 20: The truncated hollow-cone problem

® Note that AG, (a, 65) = AG. (), AG' (a) = — 247y,
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10.16 Diffraction by a PEC wedge by an incident plane
wave at skew incidence

We introduce the Laplace transforms (e ' is omitted)

Vor (1, 9) = JEz(pl @)e"7dp, 1y (n, ) = JHz(p, @)e?dp
. N (3)
Voi (11, 9) = JEp(p,go)ej"pdp, o (1, 9) = JHP(P, (P)empdp
0 0
The following functional equations hold (Daniele, 2001, 2003):
2 2
E Var (1,0) = 22 1, (1,0) = 2271 (,0) = Vo (-m @) = 21, (-m, @) + 22T, (-m, @)
2 2
E 12 (,0) + 0 Vi (1,0) 2 TVei (,0) = 1 by (-1, @) 4 70 V) (<, @) — T, (~m, @)
2 2
E Vs (0,0)+ 221 (0,0) + 21 (0,0) = —n Vo (=, —®) + 21 (-m, ~@) = Z R, (-m, — )
5 0 5 om
€ 1t (1.0) = 8V (1,0) = T2 IVei (1,0) =~z (M, —®) = S0 (-, —®) + 2V (-, @)
where 7, = ksinj, aq = kcosf
E=Em) =/12—n?, m=m(n)=-ncos®+Esin®, n=n(n)
= —£cos® — 5sin @.
If the wedge is perfectly conducting we obtain the following GWHE:
72 ao 1 75 oM
£ Vi (n,0) — E'H(’?y 0) —$|z+(’7:0) = _Elw(_m’q)) + e Iz (=M, @)
E 1 ( 0)+iv (1,0) + 221V, (5,0) = —n 1y (—m, @)
z+\", wu p+ M wu z+\", - + ’
72 Qo 1 72 aom
& Vi (n,0) + a)_os lp+(n,0) +i|z+(77x 0) = +w—08 lp+ (—m, —®@) — a(;e 24 (—m, —®)

2

£ 1,4(7,0) —;—; i (7,0) — 22

w:VH(n, 0) = —nl.(-m, —)

Summing the first and the third equations yields

apm

2E Vyy (n,0) = —g[|p+(—m,q>) i (-m, — )] 4=

[l (—m, ®) — I, (—m, —®)]
(39)
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Subtracting the first equation from the third,

72 ao 72
2 &IP+(77’ 0) +EIZ+(77’ 0)| = &['/ﬂr(_mr‘b) + lps (—m, —®)]

“ 2l (- @)+ (-m, ~@)]  (40)

Summing the second and the four equations yields

25 1 (0,0) = ~fle (-, @) 1z, (-, ~)] (41)

Subtracting the four equation from the second,

2
2% ;—;vp+(n, 0) +°(‘3:vz+<n,0)} = [l (=M, @) = Ly (—m, —®)]  (42)

Equations (39) through (42) are four decoupled GWHE. In the 77 — plane defined by

ol
N = —T COS ;arccos -

To

these equations become classical W-H equations (chapter 1, section 1.5.4.1). Their solution
is based on the classical factorization in the 77 — plane of

n=./t2—m?, and &=./12—1°

For instance, the factorization of the scalar E= /12— =

_ 2
\/rg — (—ro cos [%arccos {— f—o”) in the 7 — plane was accomplished in the example of

section 3.3.2. By introducing the w — plane defined by
_ T
n = —ToCOSW, OF 7 = —T,C0S (EW)

we get

To+7 . TW sinw
= = /To SIN5—, = —VTo 7w
£ V 2 LAY &+ Tosm%

Similarly, we can obtain

To— 17 W sin(w 4 @
e e AL L e
20

The solution of the homogeneous equation requires the source, as discussed in section 2.4.2.
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Let us consider (Fig. 5 of chapter 1)

JT

(p0<¢_2

In this case in the direction ¢ = 0 geometrical optic contains only the incident field. We get
Vai (,0) = Vi, (7,0) + V5, (1,0),  Vpy(1,0) =V}, (1,0) + V5, (1,0)
I (1,0) = 13, (1.0) + 13.(,0),  1,+(1,0) = 13, (,0) + 1, (,0)

where the geometrical optics contribution is obtained by the Laplace transform of the inci-
dent plane wave:

. jE ; . Qo COS @ Eq + kZ, sin ¢, H 1
Vzl+(77'0) 21707 Vfl)+(17’ 0) :Jao PoEo + Ko PoMo
1N + 7o COS @ To 1N + 7o COS @,
) jH ; . 0oZo COS @ Ho — Kk sin ¢ E 1
L 0n0) = 2 1] (5,0) = 2R et SR o
7+ To COS @ ToZo N + To COS @q

Passing to the 7-plane, the pole = —t, cos ¢, becomes

_ T
o = —To 0055%

Taking into account that ¢, < ® — 7 < % this pole is nonconventional for the plus functions

of the 7-plane. Therefore, provided that ¢, < @ — 7, in the 7-plane the minus functions are

conventional, and the nonconventional parts of the plus functions are expressed by

i jE, d7 iE sinZ
V|z+(ﬁ:0):fj = d_77 :71 7 o -q)(po
7=y |55 7 —1,P sin ¢,
. .00 COS @ Ep + kZy singp,Hy d7g
V;H*(ﬁlo) :JaO Fo O—+ —° Fo od_’7
To(’7 - ’70) 7 l5=5,
.0 COS @ Eq + KZg SN %Hozsing(po
7o (77 — 77o) @ sin ¢,
» iH, d7m jH sinZ
Ilz+(ﬁv0) :—J = d_77 :_J - %ﬁ
T=Todn |55 71— 7P sing,
i .aoZy €0S @ Hy — ksing, E, d7
Iy (7,0) = jEo—Te ot

ToZo(7 — 7o) dn =7,

. 0oZo COS ¢y Hy — ksin (poEOESin%(po
TOZO(ﬁ - ﬁo) @ sin Po
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The W-H technique applied to the four uncoupled equations yields the solution

Eo €O (55 @) Sin (55 W)

Voi (— =2
+(=ToCOSW, 0) = 2j 1@ sinw[—cos(Zw) + cos(Z ¢,
(

]

—_  ~—

Eq €05 (5% @) COtw cot 5in (55, W) + ZoH, €0 (55 W) €sc 8in (35 ¢, )

Vor(ZTocosw.0) = Jox ro®[ 05 (W) + 005 (5.7,

Ho sin(Zw)

Lol .
(=70 COSW. 0) Jnrocbsinw[—cos(gw)+cos(gqpo)]

—ZsH, cotwcot sin(Lw) + Eq cscBsin(Z ;)

e .
pr(~To COSW, 0) = Jm Zo7o®[cos(Zw) — cos(Z p, )]

The Sommerfeld functions are related to the W-H plus functions through the following
equations (Daniele, 2003b):

2

j . T 0T COSW
se(w) = % {—ro sinwV, (—1,cosw, 0) + w—‘; I+ (—ToCOSW,0) — % I, (—7o COSW, o)]
j _ 72 oTo COSW
sH (W) :% {fro sinwl,, (—7,cosw, 0) — w—l"lvﬁ(fro cosw, 0) +%Vz+(710 CcosW, 0)}
Substituting we get
E, COS (5% @
Se(w) =m - i (2(13.0)71
20 [sin(Sw) —sin(Z @) ]
H, cos (= w
SH (W) _ o (2tl> )

nzd)[siﬂ(%w) — sin(%%ﬂ

Hence, the following representation of the longitudinal components valid for every value of
@ follows:

E;(0, ) = %J U Se (W + et o dW]
Y

1 :
HZ(p, (p) = ﬁj |:J SH [W + @}EFHTO COS[W]de:|
v

where y = C; U C; is the Sommerfeld contour (see chapter 2, Fig. 4).
Use of the saddle point method on the previous equations (Senior & Volakis, 1995) yields
the far field evaluation
E.(0, ¢) = Ed (0, @) + ES (0, @)
H:(p, ) = H¥(p, @) + H{ (0, ¢)
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where E¢, HY represent the geometrical optics contribution, and EY, HY is the diffracted
field. We have that

ES = e Ie[Equ( — | — ¢ |)i7r 98(@=0) _ u(m — | + ¢, — 2D|)ei7or COS(#+#e—29)

+ —U(r — |@ + @ + 20| )eI7or COSlP 7o H20)]

HY = e %2 [Hou(mm — | — gop|)&17oP 50— %0) 1 u(7 — | + g — 2|)e 7o COS(7+70—2P)
U — @ + @ + 20| jeTror coslr o r20)]
(44)

where u(x) is the unit step function. The diffracted fields arise from the saddle points at
w = £ and have the form

ES (0, ¢,2) = eIz NIy [se(¢ — ) — se(g + )]
(45)

HY (0, @, 2) = e i (st (p — ) — sn (g + )]

27T T p
A diffracted ray constitutes a generatrix of Keller’s cone and is defined by the angular
spherical coordinates S and ¢. Taking into account that the incident field has angular
spherical coordinates 8 and ¢, it is convenient to relate the transversal component Eg, Eg of
the diffracted ray to the transversal component E}g, Eipo of the incident ray. By geometrical
consideration we have

d _ 1 d d _ 1 d

ﬁ__sinﬁEZ’ ‘*”__sinﬁonz )
46

o R
E,=sinBE; H,= 7 sinf E,,
0

Equations (46) cannot be used when the observation point approaches the shadow boundaries
of the incident and the reflected waves. Uniform expressions are reported in Daniele and
Lombardi (2006).

10.17 Diffraction by a right PEC wedge immersed
in a stratified medium

For the sake of simplicity we consider only the case of E-polarization:

E=2E, (c’?z_o)
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AY €3, U3

& Hp

& g

<V

PEC
€ Ho

PEC | b

Fig. 21: Right wedge immersed in a stratified medium

By modeling the space y > 0 with circuits as indicated in chapter 7 and taking into account
that on the face aE; is zero, we obtain (Fig. 21)

Vi () = Z()[14-(7) + la-(n)] (47)

oo oo 0
V() = J E.(x,0)e)dx, 1.(n) = J Hy(x,0)e/™dx, 1o (y) = J Hy (x, 0)e™dx,
0 0

—00

and Z(n) is the impedance of the stratified medium. For instance, if we have free space
fory >0

Z(n) = Zo(n) = —22— (48)

Taking into account that on the face b E, is zero and using the equations that relate the
Laplace transforms on the boundary of an angular region (Daniele, 2003b, 2004b) we get

Vo () + Ze )1 (1) = Ze ()l (=) = ) (49)

where Z.(n) = \/% and, using polar coordinates, Iy, () = 6[ H,(p, — Z)elrdp.
We can eliminate Iy (—/k2 —7?) by letting » — —» in eq. (49). We get
Vi (n) + Ze()ls- () = Vo (=n) + Ze ()1 (=) (50)
Setting 7 — —n in eq. (47) we get

Vi(=n) =Z(=n)[l+(=n) + la-(-1)] (51)
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Equations (47), (50), and (51) constitute a homogeneous W-H system having as unknown
the three plus functions V. (), 1+(n), la—(—

L (=), la-(n):
Z(n) Ze(1)Z(n) Ze(n)Z(n)
Z(n) +Zc(m) Z(n) +Zc(n)  Z(n) + Zc(n)
1 Z:(n) _Zm)
Z(n) +Zc(m) Z(n) +Zc(m)  Z(n) + Ze(n)
1
70 -1 0

CHAPTER 10 « Further applications of the W-H technique

n) and the three minus functions V. (—»

Vi (n) Vi(=n)
Le(m) | =] 1(-n)
la(—7) la(n

This formula is consistent, since the matrix kernel ge(77) satisfies

Z(n) Zs(n)Z(n) Zs(n)Z(n)
Z(m) +Ze(n) Z(n) +Ze(n)  Z(n) + Ze(n)
6o (1) 1 Z:(n) . Z(n)
Z(n) +Zc(m) Z(m)+2Zc(n)  Z(n) +Zc(n)
1
20 -1 0
ge(_77> . ge(ﬂ) =1

The difficulty in factorizing the matrix ge(#) exactly depends on the impedance Z(z).

For instance, if the wedge is located in free space, eq. (48) holds and ge(#) assumes
the form

1
5 0 0
G =, 1 _1[2+ZmP)
2 2
0 -1 o0
where the polynomial matrix P(#) is given by
11 0 11
k2_ 2
Ll oo |- 0o
Pin)=| Z&n) = (0w
k2_ 2
2 ol |22=T 0 o0
S Z2(n) (wu)

The matrix m(n) = 1 + Z¢()P () commutes with P(#) and can be factorized by using the
methods of chapter 4, section 4.9. For example,

log[m(n)] = vo ()L + w1 (n)P (1) + v2(n)P?(n)
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Since
-3 0 0
Pz(n):% 0 -1 -1
‘lo —2 -2

taking into account the P?() commutes with P() we get

-3 0 0
ma(n) = el - expipsPlnl] - | {22} | 0 -1 -1
“Flo -2 -2

Alternatively, since the eigenvalues of m(z) are constants, we could reduce the order of the
matrix. In effect, we have

1 Ze(n)  Ze(n)

1

mn) =| Zc(n) ! 0
2
2O

In scalar form the W-H equations are
Fiy +Ze(For + Fay) = Fio

1
———Fiy +Fo. =Fp_
Zc(’?) 1+ 2+ 2

%
Ze(n)

Summing the second and third equations yields the second-order system

Fii +Fs =F3_

Fii +Zo(For +Fay) = F1
3

" Fi 4 (Fos +F3) =F2 +Fs
20 1+ + (Fo4 + Fsy) 2— +F3

that requires the factorization of the matrix of order two:

3
1

‘1 Z
Z

. . . 1 a K2
This matrix has the Daniele form b o1l where b/a = -3 (Zm)z'

10.18 Diffraction by a right isorefractive wedge

Figure 22 shows the geometry that we will study. Region 2 is constituted by a right wedge
with permettivity e, and permeability w, that is isorefractive (or diaphanous) to the



338 CHAPTER 10 « Further applications of the W-H technique

4 P 1
p/ €&t
&3,
3 M3 U ¢i‘
/ 'y
& 1
3 21 M

Fig. 22: Geometry of the problem

remaining media characterized by the permettivity ¢; and the permeability «, in region 2 and
the permettivity e3 and the permeability w5 in regions 3 and 4. The isorefractivity of all the
media implies that e14; = e2u, = e315. The problem of diffraction by an isorefractive wedge
is constituted by a wedge (say, region 2) immersed in a homogeneous isorefractive medium
filling the space complementary to 2. Of course this problem is a particular case (&1 = &3
and u; = ug) of the problem shown in Fig. 22. The source of the electromagnetic field is
an E-polarized plane wave with direction ¢ = ¢; as indicated in figure. The problem is
two-dimensional since there are not field variations in the x-direction.

By indicating with E, the only nonvanishing component of the electric field, we must
solve the following wave equation in every region of space:

(V2 +k?Ex=0 (53)

where k is the propagation constant (k? = w?e1u; = w?esu, = w?esus), and w is the angular
frequency.

In region 1 defined by y > 0, z > 0, we introduce the Laplace transform (or unilateral
Fourier transform) in the z-direction:

Eoly,a) = j E (. 2)eidz = F, [E,]
0

To avoid singularities on the real axis of a, we assume that the imaginary part of k is
negative and vanishingly small. From the theory of the Laplace transform we have

) -
Fr L}— Ex} = —ja Ex(y,a) — Ex(y.04)
z
F 8—2E = —a? Ex(y, @) + jo Ex( 0)—3E( 0,)
a2 ™| = a” exly,a Jo Ex(Y, Uy 8ny,+
and by substituting in eq. (53)
2

0 - ~ . 0
WEX + T2Ex = —Jja Ex(y; 0+) +&Ex(yy O+) = fla (54)
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where

7 =Vk? — a? (55)

and the branches are chosen such that Im(z] < 0.
A general solution of (54) is given by

Ey,a) = jg(y, Y )fia(y )y’ + Aa)e 17 (56)
0
where
iy
ay.y)=— % (57)

and A(a) is for the time being an arbitrary function of .

The Laplace transform H,(y,a) = F[H;] of H, can be obtained by the Maxwell
equation

1

- O -
H.(y,a) = jou, 0y Ex(y, a)
1 T e-irly—| ) , e iy
— _ — it 58
o (J 5 Sign(y —Y)fua(y)dy' — jrA(a)e (58)
and by putting
y=0y, Hy0,a)=-1(a), Ex(0.a)=Vi(a) (58)
from (56) through (58) we obtain the functional equation
jou ) (a) —jrVi(a) = —ja fi(a) — jou;91(a) (59)
A(a) — w:ull-‘r(a) +7 V-‘r(a) (60)
2t
where
fila) = [e R, 00d, ma(a) = [T Hy (Y, 0.0y (61)
0 0

From egs. (61) we observe that f;(«) and g;(«) are even function of a. By setting a — —a
in (59), we can eliminate these two functions and obtain

—oply(—a) + ol (@) + Vi (—a) —1Vi(a)
20

_ ol (—a) + oyl (a) — Vi(—a) —7Vi(a)

201

fl(a) = -

9i(a) =
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By repeating the same reasoning in region 2 (y > 0, z < 0), we get

fo(a) = —oppl-(—a) + ol —(a) + V_(-a) —V_(a)

20
ol _(—a) + oyl _(a) —V_(—a) —1V_(a) (63)
92(a) = 20,
which give
0
V_(a) = J eI2E,(0, 2)dz
_000
I_(a)=— J el?H,(0,2)dz (64)
fo(a) = Je*"TY’Ew’,o_)dy', 02(a) = je*"’y’Hywco_)dy’
0 0

It is important to observe that the continuity of the tangential electric and magnetic fields on
the half-plane (y > 0, z = 0) implies that f;(a) = f2(a) and g1 (a) = g2(a). This allows us to
eliminate these functions from egs. (63) and (62) and to obtain the following two functional
equations:

+ ol (—a) — opuli(a) = Vi(—a) + Vi(a)

=—wul_(—a) + ouyl_(a) + V_(—a) — 1V_(a) (65)
ol (o) + ol (@) — Vi (—a) — V. (a)
Wiy
_ oyl _(—a) + ouyl—(a) —1V_(—a) — V_(a) (66)
W

We can apply the same procedure to regions 3 (y <0, z < 0) and 4 (y > 0, z > 0). Taking
into account that these regions are homogeneous, we get
+ousli(—a) — ousli(a) + Vi(—a) —7Vi(a)
= —ous)(—a) + o) (@) = V_(~a) + V() (67)

— ozl () — opgl (@) — Vi (—a) — Vo (@)
— gl (~a) + opsl_(@) + V_(~a) + V_(a) (68)

Note that V. (a) and 1 (a), V_(—a) and 1_(—a) are plus functions. Conversely, V. (—a)
and I, (—a), V_(a) and I_(a) are minus functions.

Equations (65) through (68) constitute a system of four Wiener-Hopf equations in the
four plus functions V, (a), I+ (a), V_-(—a) and 1_(—a) and in the four minus functions
Vi(—a), I (—a), V_(a) and 1_(a). It is convenient to put this system in the matrix form

Ge(a)x+ (@) +X-(a) =0 (69)
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where
(g — o)1t opy (1 — pp)ig (g + pp + 2u5) ouy (1 — pp)lg
(g + 1) (g +5) Ty + o) (g + uz) (g + 1) (g + uz) (i + pp) (1 + )
(g — 1) (1 — )1y T(—py +1p) 1_ (g — pp)ig
Go(a) = oy + ) (g + u3) (g + o) (g +p3) @y + pap) (g + p13) (11 + ) (g + 3)
) Moty + pt + 2u3) Uy (U — Up)us (2 — 2 )u (g — Up)us
(g + o) (o + 143) (g + o) Uz + u3) (g + o) (g + 143) T(py + ) (z + u3)
(1 — 1p) 1+ (g — )1y (g — ) (U — )1ty
oy + o) (o + p3) (g + ) (g +5)  o(uy + 1) (up + 115) (g + 12) (up + t3)
(70)
V. (a) V. (~a)
I L (—
@=L x@= |V = xa ()
I_(—a) I_(a)
Note that ge(«) is an even function of « and has the property
Oe(a) - Ge(a) =1 (72)

Next we take into account the presence of the source: an incident E-polarized plane wave
defined by (Fig. 22)

E} (Y, 2) = Ege Tksinei zg-lkeosary (73)
and write

where x* (a) and x9(a) represent the scattered and the geometrical optics fields,
respectively.

The geometrical optic field x¢ (a) being dominating for z — +o0o, can be evaluated
directly by considering simple problems of reflection by infinite planes. The solution of
these problems leads to

Eottq

(a + ai)(ug + u3)
Hous

j(a+mmq+%)
Eou,

(a = ai)(up + u3)
Hous

(o — ai)(up + p3)

where

COS @
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Thus, the W-H eq. (69) assumes the inhomogeneous form
Je(a)X+(a) + X (a) = —xI(a) (77)

10.18.1 Solution of the W-H equations

The standard method for solving the W-H system (77) is based on the matrix factorization of
Ge(a):

Ge(a) = Qe (@)Qe+ (@) (78)

The factorized matrices ge— () and ge+ () (with their inverses) must be regular in the half-planes
Im[a] < 0 and Im[a] > 0, respectively, and present an algebraic behavior for « — co. Taking
into account that ge(a) contains only the singular function 7 = vk2 — a2, the singularities of
ge—(a) and ge (@) (and their inverses) are a branch point at o = —k and a = Kk, respectively.
The process of factorization of the matrix ge(a) and the subsequent elaborations are very
cumbersome and require a computer manipulator. For this purpose we used MATHEMATICA.
After the matrix factorization is obtained, we apply the W-H technique to (77), leading to

Ger (@)% (@) — K(@) = —(Ge (@) (@) — (G- (@) 60 (c) — K(a) = W(a) ~ (79)

where K () is the characteristic part of the known term —(ge_(a)) *x9 (). From (69), this
function is also the characteristic part of (ge,(«))x,(a), and it has only first order poles at
a = +a; that correspond to the geometrical optics field. K(«) is given by

Ay B1
a—aj a-+a;j
A, B,
K(a) = | “ ;3“' @ ;30" (80)
a—aj o+ aj
Ay By
a—aj o+ aj

where A;, B; (i=1, 2, 3, 4) are constants that depend only on the permeabilities x, 15, and
5. We calculated them with MATHEMATICA. For the sake of brevity we report only the
expression of A;:

2in1y/(n1 — n2)(p1 + P2) sin[c(Z — @1)] (g + )
(Ng — ) (1 + P2)AV'1 — A% (12 + Buyut, + 113)

B 2n1(p1 + P2)Acos[c(F — @1)|uo 1y + )
(N1 — 2)(p1 + P2)AV'1 — A2(ud + Buguy + 1)

A, = —2jE,

n (P + P2)AV L — 2, [(—ng + 3n2)uy + (N + N2)uy))
(N1 — 2) (p1 + P2)AV/1 — A2(43 + Buuguy + 1)
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where
c— /N2 —N1/P2 + P1
4

2
(g — 1) “ug (g + po + 2u3) (2ugtty + pg(ug + 1)

=

(Log[1l — 4] — Log[1 + 4]

2
(uattn (g + 1) + Augpipus + wg?(uy + 11y))

g (g — po s (po + 1g)

343

nG =
' 2(papan (g + 1) + Augpoey + uz?(ug + )
, — _ (Lol — 4] — Log[L + A)us (s — p)ua(pty + t3)
2(papap (1g + 1) + Auguoey + ug® (g + )
b1 = (Log[l — 2] — Log[L + A]) (uy + tg) ((1ey + pa)uts® + Augpious + s (g + uz))
2u3(y — o) (g + i + 2u3) (2uapty + gy + p12))
0y = (Log[l — 4] — Log[L + A]) (g + tg) (g + pp)us® + ugous + pa (g + 1))

2u3(py — o) (g + ty + 2u3) (2ugy + pg(uy + 1))

An examination of the singularities of the first and second members of (79) shows that the
third member w(a) must be an entire vector. By indicating with wi(«) (i = 1, 2, 3, 4), the
four entire functions that define the components of w(a), from egs. (79) and (80) we get

Ay B:
a—aj o+ aj
A, B,
O A E T
a—aj a-+aj
A4 B4
a—aj o+ aj

=
2

g

g
Q

S
—~ T~/

S
~— — ~— ~—

Taking into account that the first member must be a plus Fourier transform (i.e., it must
vanish for o — oo) we can evaluate the entire functions w;(a) by considering an asymptotic
evaluation for a — oo of the second member. Following this procedure, after algebraic
manipulation of the second member of (81) it can be shown that the entire vector w(«) is a

constant vector w given by

0
(A1 — A3 +B1 — B3)p1ds
N2 —N1y/P2 + Prow
0]
(A1 — Az + By — B3)p2ds
/N2 —N1y/P2 + Prow

We have been able to show, using many numerical simulations, that the coefficients A;, B;

(i =1, 2, 3, 4) satisfy

Ar—A3+B; —B3=0
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Consequently, the entire vector w(a) is null, thus yielding

X+ (a) = go(a) - K(a)
Substituting we obtain

Vi(a)
| ) | lHjm—k—ac ljm k—a c]
X (a) = =ro(a)+=| |- + ri(a)
V_(—a) vk —a?+k+a vk — a2 +k+a
I_(—a)
4 \/7HJ\/-TOT k—a [J\/_Ta— k—a - ()
iVkk=—a?+k+a iVkk=—a?+k+a
(82)
where ri(a) (i = 0, 1, 2) are rational vectors of « and jo given by
—N2A; + N1A3 nyB; — n1B;
(n—n)(a—ai) (N —ny)(a+ai)
P2A2 — P1As P2B2 — p1Bs4
ro(a) = (P +p2)(a —ai)  (p1+p2)(a+ai)
—N2A; + N1A3 nyB; —n1Bs
(n—n)(a—ai) (n—ny)(a+ai)
—P2A2 + 1Ay p2Ba —paBy
(Pr+p2)(a—ai)  (p1+p2)(a+ai)

2 (A, — Ag)a
(ng —2)(a — ai)(a + ai)
pl[(Bz + B4)(a — ai) + (Az + A4)(OL + ai)]
2 () = (P2 + p2)(a — ai)(a + ai)
2n2(A1 - Ag)ai (83)
(N — n2)(a — ai)(a + ai)

P2[(B2 + Ba)(a — ai) + (A2 + Ag)(a + ai)]
(P1 + p2)(a — ai)(a + ai)
jmo[(Bz + Bs)(a — ai) + (A2 + As)(a + aj)]
Ay/(=n1 +n2)(p1 + p2) (k2 — a?)(a? — af)
2jp1A(A1 — Ag)ai
o+/(=n1 +N2)(p1 + p2)(a? — af)
jnga)[(Bz + B4)(a — ai) + (Az + A4)(a + ai)]
A/ (=n1 +n2)(p1 + p2) (k2 — a?)(a? — af)
2jp2A(A1 — Ag)ai
o+/(=N1 +n2) (p1 + p2) (a? — af)
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10.18.2 Matrix factorization of ge(a)
The matrix ge(a) defined by (70) can be put in the form

ge(a) =Uo + q(a)

(84)

where the constant matrix u, and the matrix q(«) depending on a through the function

are given by

_ (11 — Ha)ug
(g + 1) (g + u3)

0

Up =
Ha (g + ptp + 2u3)
(u1 + ) (g + p3)

0

0

T(ﬂl —Mz)
oty + ) (g + 13)

0

(i — Up)
o + 1) (o + i)

Equation (84) can be rewritten in the form

7=Vk? — 2
(g + o + 2u3)
0 st S5 0
(g + pp) (g + 3)
_ (1 — pa)iy 0 1— (11 — pa)ny
(g + ) (g + 1) (1 + p2) (g + )
0 (g — Up)uig 0
(g + u2) (o + u3)
1+ (w1 — a1t 0 (g — o)t
(g + o) (up + 13) (g + 1) (14 + 113)
o (U — )it 0 oy (W — Up)ug
T(uy + o) (g + 3) T(uy + o) (g + 3)
T(—py + 1)
0 _— 0
w(uy +up) (g + u3)
_oup(py — pp)us 0 wpi (g — )13
(g + up) (o + pt3) (i + o) (o + 143)
0 T(_lul +lu2) 0

oy + 1) (up + p3)

Ge(c) = Uo - (1+ Uy - 0(1)) = U - (1 + qu()) = Uo - 9(t)

where

and

() = U, - g(a)
0 a
@ b 0
Jela) = 0 e
7?d 0

|

:ﬂ

N

o
o o O o
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is a polynomial matrix, where

oy (g — po)is(ty + )

a=—
patn (g + i) + At iopig + (g + 1)
b— (ug — o) (o + 113)
o [uapi (g + pp) + Augpipug + (g + pip )13
o Wi (1 — o)zt + 13)
tatty (g + 1) + Auapiops + (g + pp )1l
d— (ug — o) (g + 113)

oty (g + ) + Bt + (g + 1)u3)]

We observe that g(a) =1+ g1(a) does commute with the polynomial matrix ge(a). It
follows that we can accomplish the matrix factorization using a logarithmic decomposition
of the matrix

f(a) = log[g(a)]
By using the computer manipulator MATHEMATICA we obtain

f(a) ="fo+ %p(a)

where f, and the polynomial matrix p(a) do commute and are given by

niw nNiw
0 —_— 0 —_
A A
a 0 —-a O p1h2 plhz
0 by 0 by . 0 —45 0
fO_ ' p(a):
—a 0 a 0 g Mo 0 Now
0 b 0 b o o
P24t 0 _ P2aAT 0
w 1o

In the previous equations a;, ay, by, by are given by

(Log[l — A] + Log[l + A])uy (up + u3)
Ay iy + 2us(uy + up)

(Log[l — 4] + Log[L + A])uy (1, + 113)

1=

ar» =
? dugpy + 2uz(uy + 1y)
b, — (L9 — A+ Log[L + A1) (k, + t5)
2(ug + pp + 2u3)
b, — (LO9[L — 4] +Log[L + A]) (s + 5)
, =
2(uy + up + 2us)

vww.ebook3000.cond



http://www.ebook3000.org

10.18 « Diffraction by a right isorefractive wedge 347

Taking into account that
1
6u(a) =t exploglg ()] = o expilexp | p(c)|
the factorization of ge () is reduced to the factorization of the matrix exp [% p(a)] . Since p(a)

is a polynomial matrix, this factorization is easily performed by a standard decomposition
into plus and minus parts (chapter 3, section 3.1.1):

1 1 1
where
B K+a-—jt
0la) =log {‘ m}

and the plus and minus terms are the first and second term of the second member, respec-
tively. Hence, ge () and its inverse [ge. ()] " can be defined by

Ge(a) = exp {% p(a)}
n, — n;Cosh[co] . nSinh[co] ni(—1 + Cosh|c6)]) . noSinh[co]
N, — VM=V F it Ny — Ny VM=V F Pt
. piSinh[co)iz p2 + p1Cosh[ch] . piSinh[coiz p1(—1 + Cosh|c6])
| VR e P2 + P R =n1y/pe P P1 + P2
B nz(—1 4+ CoshicH]) . npwSinh[co] n; — npCosh|cé) . NwSinh[co]
Nz —ny /e = n1y/pz it nz —ny VR =iy F i
. pzSinh[co)iz p2(—1 4+ CoshlcH]) . pzSinh[coliz p1 + p2Cosh[co]
VR =iy F o P1+ P2 V2 = niy/p2 + Pro P2+ P1

(85)

We observe that the inverse of ge. (o) can be obtained from ge, (a) by changing the sign
of 7. By using (85), we may also write explicitly the minus factorized matrices ge_ () and
[ge,(a)}_l. In fact, taking into account (78), we have the following formulas that complete
the factorization process:

Oe— (@) = Ge(@)[Ger (@)] 7, [Ge—(0)] " = Ges (@)Ge(a)

10.18.3 Near field behavior

In this section we study the near field (o ~ 0); for the sake of simplicity we assume u; = us.
We begin our analysis by examining the field on the plane y = 0. It is possible to investigate
the behavior for z = 0 by using Watson’s lemma (Jones, 1964, p. 438), without the necessity
to perform the inverse transform of x.(a). To this end, we must know only the asymptotic
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behavior of x, (a) for & — oco. Analytical manipulations done using MATHEMATICA
allow us to accomplish this task starting from the exact solution eq. (82), leading to

X () ~ ro(a) + u(a)(—%)C 4 — o0 (86)

where ro(a) has been defined by the first of (83) and

2° [~ (Az + As + Bz + By)ny /My — g + A(A; — As — By + Bs)nyy/p1 + paai]
a?i(n1 — Nz)/P1 + P2
2-1p [Az +As+B2+Bs A(AL—As—Bi+ B3)ai:|
P1+ P2 w+/Nz —N14/P1 + P2

a
25 [—o(Ay + As + By + By)Npy /My — Ny + A(Ar — Ag — By + Bg)na/pr + paai]
a?A(ny —nz)\/p1 + P2
2012F2+A4+Bz+84_ﬂml—As—Bl+B@m}
p1 + P2 wy/Nz = N1y/P1 + P2

a

Remembering that a; = k sin ¢;, from the previous equations it is evident that the dominant
dependence on « and w is given by

1 w
P a?
1 w®
ro(a) o« 01‘ , U(a) x 3)
a a?
1 w®
a o

Hence, applying Watson’s lemma (or initial-value theorem) to x (), we obtain

Ex(0,2) =ag +ai(kz)"™® (z>0)
H,(0,2) = by(kz2)™® (z>0)
Ex(0,2) = co +cy(k2)'™° (2 <0)
H.(0,2) = di(kz)™¢ (z<0)
where the coefficients aj, bj, ¢;, d; can be obtained from the expressions of ro(a) and u(a).
The near-field behavior in the plane y = 0 can be extended to every points of space. First
we evaluate the electric field everywhere using the Fourier inversion of (56). Taking into

account the equation that expresses the Fourier transform of the Hankel function,® after
analytical manipulations we obtain Ex(p, ¢) and H,(p, ¢) through a Green representation in

© We have the identity (Felsen & Marcuvitz, 1973, p. 478, section 1.1.1): F[Héz)(\x\), X, a} = ﬁ
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the spatial domain, whence we get the near field:

Ex(p, ¢) = ao(g) +a1(@)(kp)*™* (0 —0)
Hy(p. @) = bi(@)(kp) ™ (p —0)

We remark that the coefficient ¢ satisfies the condition 0 < ¢ < 1 and does not depend either
on the spatial frequency « or on the temporal frequency w.

Looking at (87), we observe that the radial component of the magnetic field is singular as
p — 0 for the presence of the term by (¢)(kp) "

To make a comparison between the near-field behavior of static and dynamic fields, we
consider the magnetostatic problem of a right wedge made of magnetic material of perme-
ability u, immersed in a homogeneous magnetic material of permeability u«,. The exact
solution of this problem can be accomplished by applying the duality principle to the well-
studied static dielectric wedge. In particular, starting from the exact solution, we can obtain
the following static near field behavior (van Bladel, 1996, p. 153):

Ho(p, @) = bas(@)p™® (o — 0) (88)

where we can show that the parameter c is the same parameter considered previously for the
isorefractive wedge.

By comparing (87) and (88), it is evident that the static behavior is the same as that
present in the dynamic isorefractive wedge.

It is possible to investigate the edge near-field behavior for a non-isorefractive wedge
starting from the results obtained for the isorefractive wedge. In particular, the dominant
near-edge behavior is the same for both problems (Daniele & Uslenghi, 2000).

(87)

10.19 Diffraction by an arbitrary dielectric wedge

The diffraction by a dielectric wedge has constituted a very important and challenging
problem during the past century. The GWHE of this problem were obtained and solved in
Daniele (2010, 2011).
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formal solution with factorization method
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method of stationary phase for multiple
integrals 267-8
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