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Preface

When I give lecture to my students, I prefer to introduce the history of inventions
in engineering development rather than to state only theoretically significance. It
seems that my students very like to hear these stories which make them be interested
in the teaching materials presented in the classes and understand the engineering
background. Hence, I spent lots of time to read and collect these stories; of course,
most of them were written by Chinese.

I think the development of control theory may be divided into three phases.
From the book of Joseph T. M. Needham, south-pointed cart designed and

manufactured by Chinese people before Christ was an automatic mechanic device.
On the cart, there was a puppet made of wood, one arm of the puppet always pointed
to the south no matter how to turn the cart. Needham said it might be the first
automatic device in the world.

However, the south-pointed cart was a legend. Nobody has seen the design or
sketch drawing and heard any information from archaeological experts. A great
invention of automatic device was the centrifugal governor for the steam machine.
James Watt held three inventions for steam machines; the centrifugal governor was
the last one by which the Industrial Revolution solved the problem of power and
then happened. Many researchers agreed that the centrifugal governor was the first
automatic control device and used until now. Until the invention of centrifugal
governor by Watt, there had been several controlled devices, but no control theory.

After the invention, lots of physicians investigated the reason why the small
device could make the speed stable for a huge steam machine. It was said that
J. Maxwell also considered the problem, but I did not find any valuable results
about his investigation in this area. The problem was solved by mathematicians who
worked in the field of differential equations; they established the theory of stability
and found the conditions for the stability. Using their words, the governor made
the plant stable. Among these mathematicians, two people, Jules H. Poincaré and
Aleksandr M. Lyapunov, have to be mentioned. They independently presented the
stability theory for differential equations and gave vital effects for the subsequent
investigation of the stability of differential equations.

v



vi Preface

In all fairness, the research of stability of differential equations is a part of control
theory. The governor is a controller, the controlled steam machine is a control
system, and the controller stabilizes the plant by the words of the twentieth century.
Till now, every classical textbook of control theory has to state the stability of control
systems. However, at the years of Poincaré and Lyapunov, there was no such a
subject of control theory. On the other hand, the theory of differential equation liked
the sun at noon so that its bright would make others lose their colors. Hence, I called
the phase the Pregnancy Period of Control Theory. There existed controller design
and the researches of stability and stabilization, but there was no terminology of
control theory. It is remarkable that the mathematical model used in this pregnancy
phase was differential equations.

It was commonly recognized the birth of control theory was in World War II.
By 1938, two excellent experts disappeared from the public field of vision. Herdrik
W. Bode and Norbert Weiner were recruited by the army to improve the control
of the radar and anti-aircraft fire. From the film of Eagles over London, one may
understand the contribution of the control of anti-aircraft systems. After the war,
MIT opened a course of Principle of Servo Motors. The course revealed the theory
used in anti-aircraft system control. It was also remarkable that the research used
the transfer function as mathematical model to analyze and design controllers. The
control theory established at that time was called by Classical Control Theory in
China. It also was called as 2P theory since the design could be completed by using
Pencil C Paper. 2P has great significance because it solved the control system design
in the computerless era.

Most people love the new and hate the old. When a new theory was born, people
were happy and celebrated its birth, and then they found lots shortcomings of
the theory, and then started to complain. The classical control theory can handle
single-input-single-output (SISO) systems very effectively, but it is hard to treat
the multi-input and multi-output (MIMO) systems. By 1960, Rudolph E. Kalman
applied state space description to research the properties of control systems, so that
the MIMO systems could be treated as the same as SISO systems. Two important
concepts, controllability and observability were defined. When Kalman proposed
his paper, his invention was not attached enough importance. About 2 years later,
the Kalman filter was successfully applied in aerospace technology, people then
looked the state space method with new eyes and called it Modern Control Theory.
In 1982, Kalman visited China, after his presentation, one person asked a question
about the difference between the Kalman filter and Wiener filter. After thinking
a while, Kalman answered the question with a new question, he said: Do you
know the reason why the Soviet Union launched manned spacecraft before USA,
but USA arrived in the Moon first? With one more minutes silence, Kalman
answered the question himself, “It was because the Soviet Union people did not
understand Kalman filter.” As an evidence, I knew in the aerospace engineering
Chinese scientists are applying Kalman filter to process the information sent back
by Chang’e. It is no doubt, the modern control theory uses state space model in its
investigation.



Preface vii

What can we conclude from the history of control theory? I draw two conclu-
sions: The mathematical model is the mark for the developing phases of control
theory; The birth of new theory needs an engineering background.

Since 1980s, I have heard many times that the third-generation control theory
has been born, such as the theory of large-scale systems, the theory of intelligent
control systems, the theory for complex networks, etc. Except the mathematical
models have been renewed, the birth of a new theory was not accepted by most
people.

In the turn of this century, the word of uncertainty appeared on the desks of
many scientists who were working on different research areas. It is very usual that
the same action will lead to different results. For example, there are ten resistances
made in a production line at almost the same time. They are all labeled 1 K, and
set on ten baseboards. After working 10 h, their resistance values may be similar,
after 10 days, difference starts to happen, after 10 months, it is certain that these
resistances may have more than seven values. It is necessary for us to use a set
to describe these resistance values. The value of a simple resistance is a variable
what can be said for a natural phenomenon? When we deal with the design of
control system, the differential equation

:
x D f .x; u/ is applied as the description of

control systems, where x is the state and u the control. The above discussion asserts,
for a determined control u, you cannot expect the state is determined although the
initial condition is fixed. The inner parameters, the environment conditions and other
unknown causes lead to the uncertainty of function f (x, u), and the change shows
irregularly. Therefore, it is much suitable to treat f (x, u) as a set-valued mapping,
and the dynamic model becomes

:
x 2 f .x; u/. This is a differential inclusion, and is

a new mathematical model of control systems. Does the introduction of differential
inclusion model result in a new era of the development of control theory? My
answer is “no, I do not know.” The present research results cannot support such
a conclusion, but it probably leads to a new generation if there is a vital social
necessary.

Before 1980, several authors applied differential inclusion to deal with control
systems. At this period, they tried to extend the maximum principle to the
differential inclusion systems. Similar conclusion has been established. By Year
2000, lots authors were interested in the controllability of such systems. In the
twenty-first century, researchers applied differential inclusions to deal with Luré
system and polytope system. This is the simple history of differential inclusion
control theory. In the past almost four decades, the development of differential
inclusion control theory is very slow. There are two excuses for the researchers
working in the area. One is the development of differential inclusion theory is quite
slow related to other fields of mathematics. The another reason may be the lack
of engineering needs. In China, I could only find two books for the theory. One
is Differential Inclusions – Set-Valued Maps and Viability Theory written by J-P
Aubin and A. Cellina, and the another is Introduction of the Theory of differential
Inclusions by G. V. Smirnov. In Amazon, I did not find other more. These facts
motivated authors to spend almost 5 years to write this book, we really wish it can
generalize the investigation of differential inclusion control systems.
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The arrangement of the book is as follows. The first chapter provides prelimi-
naries, and focuses on convex analysis which is elemental for further investigation.
Chapter 2 introduces set-valued mappings and differential inclusions. The authors
required themselves that the chapter can contain basic knowledge of differential
inclusions so that readers can carry out farther research with a massy base. To
understand the conclusions presented in this chapter needs knowledge of functional
analysis and differential equations. The third chapter deals with convex processes
which can be treated as an extension of linear mappings. The fourth chapter
considers polytope control systems which can be looked as a convex hull of several
linear systems. The last chapter is about Luré differential inclusion systems. Most
of the chapter deals with the design of observers for the systems.

Both Ms. Xiushan Cai and Mr. Jun Huang were my students who studied under
my supervision for their Ph. D. degrees. When they studied in Shanghai Jiao Tong
University, they made many studies for the control of differential inclusion systems.
Now they joined Zhejiang Normal University and Soochow University, respectively,
and still are interested in research of such systems. My students Wei Zhang, Leipo
Liu, Junfeng Zhang, Hai Wu, Shaojie Shen and Peiquan Wang joined seminars and
discussions when they studied in my lab. We are grateful to their contributions.

Shanghai, China Zhengzhi Han
18 August 2015

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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Chapter 1
Convex Sets and Convex Functions

The first chapter introduces the fundamental concepts and conclusions of functional
analysis so that readers can have a foundation for going on reading this book
successfully and can also understand notations used in the book. The arrangement of
this chapter is as follows: The first section deals with normed linear spaces and inner
product spaces which both provide a platform for further investigation; the second
section introduces convex sets, and the third section considers convex functions;
the last section of this chapter introduces semi-continuous functions. These are all
necessary for research of set-valued mappings and differential inclusions which are
two key concepts in this book. The most materials given in this chapter are referred
to Conway (1985) which has been widely used in Chinese universities.

1.1 Normed Spaces and Inner Product Spaces

This section introduces normed spaces and inner product spaces which are fun-
damental objectives of functional analysis. The normed space sometimes is called
normed linear space or normed vector space. An inner space is also a normed space
but it holds an inner product.

1.1.1 Sets and Mappings

The section starts with very basic concept of set. In this book, capital letters
A, B, : : : , X, Y are applied to express sets and lower case letters a, b, : : : , x, y to
express the elements of sets. Sometimes, a compound notation may be applied
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2 1 Convex Sets and Convex Functions

to express a set whenever we need more information, for example, the notation
C .Œa; b� ;R/ is used to express the set of continuous real functions which are defined
on the closed interval [a, b] and take their values on R. We will illustrate the meaning
when a compound notation appears at its first time.

There are two special sets. One is the empty denoted by ∅, and another is the full
set denoted by � which is the largest set in consideration.

Let A and B be two sets. Then A[B;A\B and A\B are the union, the intersection,
and the difference of A and B, respectively. A �B denotes the Cartesian product of A
and B, i.e., A � B D f.a; b/ I a 2 A; b 2 Bg, where (a, b) is an ordered pair of a and
b. Ac is the complement of A, and PA is the power set of A. The de Morgan laws
are the following two equations

[Ac D .\A/cI \Ac D .[A/c:

The most common sets used in this book are sets of numbers. Z is the set of
integers, ZC or N is the set of natural numbers. In this book, the set of natural
numbers is defined by f1, 2, 3, : : : g. Let R be the set of real numbers, and C the set
of complex numbers. In this book, the set C is seldom applied. Let RC and R

� be
the sets of positive and negative real numbers, respectively. Sometimes, we apply
R .> 0/ to denote R

C, and R .< 0/ for R�. By such a usage, R .� 0/ and Z .� 0/

are the sets of nonnegative real numbers and nonnegative integers, respectively. The
closure of R is denoted by R, i.e., R D R [ f1;�1g. We also denote R .1/ and
R .�1/ for the sets of R [ f1g and R [ f�1g, respectively. On the set R, we
can operate arithmetic, such as addition, subtraction, multiplication, and division.
But the indefinite operations, such as 1 � 1 and 0 � 1, are not allowed. Let Rn be

the n-dimensional real space, i.e., Rn D
n

‚ …„ ƒ

R � R � � � � � R. Rn is always treated as a
linear space over R.

A relation from A to B is a subset of A � B. If A D fa1; a2; a3; a4g and B D
fb1; b2g, then M D f.a1; b1/ ; .a1; b2/ ; .a3; b1/ ; .a4; b1/g is a relation from set A to
set B. Two sets

dom M D faI a 2 A; 9b 2 B; b ¤ ˙1; such that .a; b/ 2 Mg

and

rang M D fbI b 2 B; 9a 2 A; such that .a; b/ 2 Mg

are called the domain and range of the relation M, respectively. For a 2 dom M,
the image of a is defined by M.a/ D fbI b 2 B; .a; b/ 2 Mg. Correspondingly, if
b 2 rang M, M�1.b/ D faI a 2 A; .a; b/ 2 Mg is the inverse of b. Usually, M(a) and
M�1(b) may have more than one elements for a relation M. At the example given
above, M .a1/ D fb1; b2g and M�1 .b1/ D fa1; a3; a4g.
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The concepts of image and inverse can be extended from an element to set. For
example, if S1 � dom M, then the image of S1, denoted by M(S1), is the set of

M .S1/ D fb 2 B; there exists an a 2 S1 such that .a; b/ 2 Mg :

Similarly, we can define M�1 .S2/ for a set S2 � rang M, the detail is omitted.
A relation f is said to be a mapping from A to B, if for every a 2 dom f , f (a)

has only one element. But for b 2 rang f , f�1(b) may hold more than one elements
although f is a mapping.

When the domain and range of a mapping are subsets of Rn and R
m, respectively,

then the mapping is called by function. When only the range of a mapping is a subset
of Rm, the mapping is then called by functional. If R is extended to R, then two
functions f W A ! R and f W A ! R may have different domains. Thus, we define
respectively

Dom f D fxI x 2 R such that f .x/ 2 Rg

and

dom f D fxI x 2 R such that f .x/ 2 Rg :

Obviously, they are different. dom f is called the effective domain of f. When R is
extended to R, the effective domain is invariant for a function. For example, for the
function y D ln x, we have Dom f D Œ0;1� and dom f D .0;1/. And for the
function y D ˇ

ˇx�1ˇˇ, if it is considered on R, its domain is R, and moreover it is a
continuous function.

1.1.2 Normed Spaces

Let A be a set. If there exists a functional d W A � A ! R .� 0/ such that

(1) d .x; y/ D 0, if and only if x D y;
(2) d .x; y/ D d .y; x/ for all x; y 2 A;
(3) d .x; y/ � d .x; z/C d .z; y/ for all x; y; z 2 A.

Then d is a distance on A. (A, d) is called by a metric space or distance space.
Usually, the inequality in Condition (3) is called by triangular inequality.
Let X be a vector space on R, � W X ! R .� 0/ be a functional. If � satisfies the

following conditions, then � is called by a norm on X, and (X, �) is a normed space.

(1) �.x/ D 0 if and only if x D 0;
(2) �.ax/ D jaj �.x/, for every a 2 R where jaj is the absolute value of a;
(3) � .x C y/ � �.x/C �.y/ for all x; y 2 X.

The equation in Condition (2) is called positive homogeneity.
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An element of a normed space X is called a vector or a point for simplicity.
For sake of convenience, the norm �(x) is denoted by kxk. Moreover, it can be

verified that for x; y 2 X; kx � yk satisfies all conditions of distance; hence, a vector
space has to be a metric space.

Now we present several normed spaces which will be used frequently in this
book.

R
n is the n-dimensional real space. On R

n, there are lots norms. For example,
let x D Œx1x2 : : : xn�

T 2 R
n, where the superscript “T” is denoted the transpose.

Here a vector in R
n is always taken the form of column vector. For ˛ � 1, kxk˛ D

�jx1j˛ C jx2j˛ C � � � C jxnj˛� 1˛ is a norm of R
n. The proof that k � k˛ satisfies the

three conditions of a norm can be found in every textbook of functional analysis,
and is omitted. k � k˛ is called by ˛-norm of Rn. kxk1 D max

i
.jxij ; i D 1; 2; : : : ; n/

can be verified to be another norm of Rn. kxk1 is called infinite norm of Rn. We
also point out that when ˛ ! 1, kxk˛ ! kxk1 for a given x 2 R

n. It is the reason
why we call kxk1 to be the infinite norm. The frequently used norm is kxk2, which
is called by Euclidian norm. For convenience, the subscript 2 is often omitted and
denote kxk for kxk2.

The above discussion for R
n illustrates that a vector space can be equipped

with different norms. In general, different norms may lead to different topological
properties. But for a space with finite dimension, the topological properties are
almost similar. We now give the following definition.

Definition 1.1.1 Let k � ka and k � kb be two norms of a normed space X. k � ka is
topologically equivalent to k � kb, if there are two constants C1, C2 2 R

C such that
for every x 2 X, the inequalities C1kxka � kxkb � C2kxka hold. �

It is obvious that if C1kxka � kxkb � C2kxka, then there are two constants D1,
D2 2 R

C such that D1kxkb � kxka � D2kxkb. The fact supports that the topological
equivalence of two norms is an equivalent relation (Problem 1 of this section).

We have the following theorem whose proof can be found in a textbook for
functional analysis and is omitted.

Theorem 1.1.1 Two norms in a normed space with finite dimension are topologi-
cally equivalent. �

Theorem 1.1.1 illustrates that when we deal with topological properties such as
convergence, continuity, and compactness for a normed space with finite dimension,
we can select a norm arbitrary. Moreover, we can change the norm flexibly in the
verification of questions.

Let C .Œa; b� ;R/1 be the set of continuous functions defined on a closed interval
[a, b]. The norm of C .Œa; b� ;R/ can be defined as kx.t/k D max

t2Œa;b�
jx.t/j. There

is no difficulty to prove that the definition satisfies three conditions of norm.
Thus, C .Œa; b� ;R/ is a normed space. Moreover, let C .Œa; b� ;Rn/ be the set of

1At the notation C .Œa; b� ; R/, C means continuous, [a,b] is the domain and R is the range.
C .Œa; b� ;Rn/ has a similar meaning.
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n-dimensional continuous functions defined on a closed interval [a, b], i.e., for each
x.t/ 2 C .Œa; b� ;Rn/ and t 2 Œa; b�, x.t/ D Œx1.t/x2.t/ � � � xn.t/�

T 2 R
n. It is easy to

see that C .Œa; b� ;Rn/ D .C .Œa; b� ;R//n. Thus we can define a norm of x(t) by

kx.t/k˛ D �jjx1.t/jj˛ C jjx2.t/jj˛ C � � � C jjxn.t/jj˛
� 1
˛

with ˛ � 1, where kxi(t)k is the norm of xi(t) on C .Œa; b� ;R/. We can prove
that the definition meets the requirements of norm. kx(t)k˛ is called as the ˛-
norm of x(t). When ˛ D 2, we call kx(t)k2 is the Euclidian norm of x(t) and
is simplified as kx(t)k. The notation of kx(t)k may lead to ambiguity. By the
definition of norm, kx(t)k is a real number. But if we treat x(t) as a time-varying
vector, then for every fixed t0, x .t0/ 2 R

n, we can define its Euclidian norm

kx .t0/k D
q

x21 .t0/C x22 .t0/C � � � C x2n .t0/. When t varies in [a, b], then kx(t)k is a

function of t. To distinguish from the norm of C .Œa; b� ;Rn/. Hence, we use kx.t/k
R

to denote its Euclidian function norm, i.e., kx.t/k
R

D
q

x21.t/C x22.t/C � � � C x2n.t/
which is a function of t.

The above procedure provides a normal method to extend a norm from scalar
case to its vector mode with finite dimension.

Let L1 .Œa; b� ;R/ be the set of functions which are absolutely Lebesgue integrable

on the interval [a, b], i.e., if x.t/ 2 L1 .Œa; b� ;R/, then

b
Z

a

jx.t/j dt < 1.
2 Then

kx.t/k1 D
b
Z

a

jx.t/j dt is qualified as a norm of L1 .Œa; b� ;R/.

Similarly, for p � 1, we apply Lp .Œa; b� ;R/ to express the set of functions
which are absolutely p-Lebesgue integrable on the interval [a, b], i.e., if x.t/ 2

Lp .Œa; b� ;R/, then

b
Z

a

jx.t/jpdt < 1. The norm of x(t) is defined as kx.t/kp D
0

@

b
Z

a

jx.t/jpdt

1

A

1
p

. Thus Lp .Œa; b� ;R/ is a normed space.

Let L1 .Œa; b� ;R/ be the set of essential bounded functions on the interval
[a, b], i.e., if x.t/ 2 L1 .Œa; b� ;R/, then there exists a constant M such that
jx.t/j � M; t 2 Œa; b� nE, where E � Œa; b� is a set whose measure is zero. For
x.t/ 2 L1 .Œa; b� ;R/, the norm of x(t) can be defined as

kx.t/k1 D inf
E�Œa;b�;m.E/D0

. sup
t2Œa;b�nE

jf .t/j/

2The integration is always in the meaning of Lebesgue integration if we do not give an illustration.
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where m(E) is the Lebesgue measure of set E. By the definition of the norm,
L1 .Œa; b� ;R/ is a normed space.

It can be verified that if 1 � ˛ � ˇ, then

L1 .Œa; b� ;R/ � L˛ .Œa; b� ;R/ � Lˇ .Œa; b� ;R/ � L1 .Œa; b� ;R/ :

By the normal procedure of extending the norm of C .Œa; b� ;R/ to C .Œa; b� ;Rn/,
we can define the normed space Lp .Œa; b� ;Rn/ for every p 2 Œ1;1�, and the detailed
statement is omitted.

AC .Œa; b� ;R/ is the set of all functions which are absolutely continuous on the
interval [a, b]. The absolute continuity is an important concept which will be widely
used, hence, we give a normal definition below.

Definition 1.1.2 Let f W Œa; b� ! R be a function. f is said to be absolutely
continuous on [a, b], if for every " > 0, there is a ı D ı ."/ > 0 such that for
arbitrary non-overlapping intervals .a1; b1/ ; .a2; b2/ ; : : : ; .an; bn/ � Œa; b� which

satisfy
n
X

iD1
.bi � ai/ < ı, then

n
X

iD1
jf .bi/� f .ai/j < ": �

When n D 1, the definition of absolute continuity leads to the uniform continuity.
Hence, a function is absolutely continuous, then it is uniformly continuous, so
continuous. The reversed statement is not true. A continuous function may not be
absolutely continuous. The following conclusion is necessary in this book.

Theorem 1.1.2 f W Œa; b� ! R is an absolutely continuous function if and only if it
is derivable almost everywhere on [a, b]. Furthermore,

f .x/ D f .a/C
x
Z

a

f 0.t/dt �

Theorem 1.1.2 implies that an absolutely continuous function can be decomposed
into two parts, one is a constant and another is a function with variable on the upper
limit of integration. Theorem 1.1.2 also suggests that the norm of AC .Œa; b� ;R/ can
be defined as follows

kf .x/k D jf .a/j C
b
Z

a

ˇ

ˇf 0.t/
ˇ

ˇ dt: (1.1.1)

It is easy to see the definition of Eq. (1.1.1) meets the requirements of norm. From
Eq. (1.1.1), one can conclude that AC .Œa; b� ;R/ is isomorphic to a subspace of
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R � L1 .Œa; b� ;R/ (it is also to say that AC .Œa; b� ;R/ can be embedded into R �
L1 .Œa; b� ;R/). The above investigation can be extended to AC .Œa; b� ;Rn/ by the
normal way used for C .Œa; b� ;R/, and the detailed processing is omitted.

1.1.3 Elementary Topology

In this subsection, we deal with elementary topology which is an important
foundation for investigation of set-valued mappings and differential inclusions.

Let B D fxI kxk � 1g be the closed unit ball in the normed space X, and B D
fxI kxk < 1g be the inner part of B, sometimes, B is called by the open unit ball.
BnB D fxI kxk D 1g is denoted the sphere of B or B, i.e., the boundary of B or B.

Let A � X be a set in the normed space X. x 2 A is called an inner point of
A, if there exists an " > 0 such that B .x; "/ D x C "B � A, where x C "B
is the set of fyI y D x C "b; b 2 Bg and B(x, ") is called the "-neighborhood of x.
In the following, we will use such notations frequently and without illustration.
int A denotes the set of all inner points of A and called interior of A. x 2 X is an
accumulation point or a cluster point of A, if in the set B .x; "/ \ A there exists a
point which is different form x for arbitrarily " > 0. Let A0 denote the set of all
accumulation points of A; sometimes, A0 is called the derived set of A. cl A D A[A0
is the closure of A. The boundary of A is the set of cl A/int A which is denoted by
bdA. The set bdA holds such a property that if x 2 bdA, then for each neighborhood
B(x, "), the joints B .x; "/ \ A and B .x; "/ \ Ac are nonempty sets, where Ac is the
complement of A.

Let X be a normed space. A set O � X is said to be open if each point in O is an
inner point, i.e., O D int O. A set C � X is said to be closed if its complement Cc is
an open set. By the definitions, it is obvious that int A is always an open set and cl A
is always a closed set for every set A in X. It can be proved that A is closed if and
only if A � cl A, or equivalently, A � A0.

A set A is bounded if there is a constant r 2 R .> 0/ such that A � rB.
Let X be a normed space. x 2 X is a point (vector) and A � X is a set, d .x;A/ D

inf
a2A

kx � ak is defined as the distance between x and A. If A is closed, then there

is a y 2 A such that kx � yk D d .x; y/ D d .x;A/. In general, the point y is not
necessary to be unique. Let A1;A2 � X be two sets. The distance of A1 and A2 is
defined as d .A1;A2/ D inf

x2A1;y2A2
kx � yk. When A1 and A2 are all closed, there exist

x 2 A1; y 2 A2 such that kx � yk D d .x; y/ D d .A1;A2/.
Let A � X be a set. If for every a 2 A, there is an open set Oa such that a 2 Oa,

then the set of open sets fOag is qualified as an open covering of A.
A set A � X is said to be compact if for an open covering fOag, there exists a

finite set fO1;O2; : : : ;Ong � fOag such that O1[O2[� � �[On � A. Compactness is
a very useful property for the study of mappings, hence there are lots researches to
investigate the compactness in different normed spaces. It is well-known that a set
in R

n is compact if and only if it is bounded and closed. In the space C .Œa; b� ;R/,
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a set is compact if it is bounded and uniformly continuous, the fact is known as
Arzela-Ascoli theorem. Generally speaking, finding a character for the compact set
in a normed space is a hard job. Fortunately, the compact sets considered in this
book are involved mostly in R

n or C .Œa; b� ;R/.
fxnI n D 1; 2; : : : g � X is a sequence. The sequence fxnI n D 1; 2; : : : g is

convergent to a point x0 2 X, if for every " > 0, there is an N 2 N, such that for each
n > N, kxn � x0k < ". It is obvious that kxn � x0k < " is equivalent to xn 2 B .x0; "/.
The fact is denoted by lim

n!1 xn D x0, or xn ! x0; .n ! 1/. For the sake of

convenience, fxnI n D 1; 2; : : : g is often simplified as fxng and xn ! x0; .n ! 1/

as xn ! x0, whenever no confusion happens. If xn ! x0, then fxng is a convergent
sequence and x0 is the limitation of fxng. By the definition of accumulation, x0 is
also an accumulation point of fxng. For a convergent sequence, its limitation or
accumulation point is unique.

For the compactness in R
n, we have the Weierstrass theorem: A � R

n is
compact if for a sequence fxng � A, fxng contains a convergent subsequence
fxnk ; k D 1; 2; : : : g; moreover, the limitation of fxnk ; k D 1; 2; : : : g belongs to A.

A sequence fxng � X is said to be a Cauchy sequence if for every " > 0, there
is an N 2 N, such that kxn � xmk < " provided that n;m > N. Let A � X be a set,
A is complete if for every Cauchy sequence fxng in A, fxng has a limitation x0, and
x0 2 A. If A D X, then the normed space is complete. A complete normed space is
usually called Banach space.

These spaces R
n, C .Œa; b� ;Rn/, Lp .Œa; b� ;Rn/, and AC .Œa; b� ;Rn/ are all

Banach spaces with their norms respectively pre-defined.
There is a wonderful theorem called completion that a normed space can be

densely embedded into a Banach space, i.e., the normed space is isomorphic to a
densely set of a Banach space and the isomorphism is equidistance. Hence when we
talk with a normed space, we always assume that it is complete.

Let X and Y be two normed spaces, and f W X ! Y be a mapping. f is continuous
at x0 2 X if for every " > 0, there is a ı > 0, where the ı may depend on ", such that
if x 2 B .x0; ı/, then kf .x/ � f .x0/k < ". Equivalently, f .B .x0; ı// � B .f .x0/ ; "/.
Moreover, f is continuous on X if f is continuous at every x 2 X. Such a property is
called by continuity.

There are many criteria for the continuity of a mapping. For example, if f .xn/ !
f .x0/ for every sequence fxng with xn ! x0, then f is continuous at x0 2 X. The
conclusion is known as Heine theorem. It is meaningful that the two arrows may
mean two different norms. Another conclusion we will use is that if for every open
set O � Y, f �1.O/ is an open set in X, then f is continuous on X. Section 1.4
will deal with the semi-continuity of a mapping. The continuity is a base for further
discussion there. Hence, readers should be familiar with the properties of continuous
mappings.

Let X and Y be two normed spaces. f W X ! Y is said to be a linear mapping, if f
satisfies the following conditions:

(1) For two vectors x1; x2 2 X, the equation f .x1 C x2/ D f .x1/C f .x2/ holds
(2) For x 2 X and a 2 R, then f .ax/ D af .x/
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The first condition is usually called as additivity, and the second one is called
homogeneity since f .anx/ D anf .x/ for an integer n.

A mapping f W X ! Y is said to be bounded if there is a positive constant M, such
that kf .x/k � M kxk is true for every x 2 X. If X D R

n and Y D R
m, then a linear

mapping f W Rn ! R
m is always bounded. But for the general case, the conclusion

does not hold. A well-known conclusion is that a linear mapping f W X ! Y is
bounded if and only if it is continuous.

For a linear mapping f W X ! Y, we can define its operator norm as follows

kf k D sup
x2X;x¤0

kf .x/k
kxk : (1.1.2)

It is direct to verify that the above definition meets with the all requirements of a
norm. And, it is also clear that f is bounded if and only if kf k < 1 since Eq. (1.1.2)
implies kf .x/k � kf k kxk for every x 2 X. Because f is linear, we can prove that
kf k is also equal to

kf k D sup
kxkD1

kf .x/k D sup
kxk�1

kf .x/k D sup
kxk�1;x¤0

kf .x/k
kxk :

Obviously, different definitions of kf (x)k and kxk may lead to different value of
kf k. Consequently, sometimes, Eq. (1.1.2) is rewritten by

kf kˇ˛ D sup
x2X;x¤0

kf .x/kˇ
kxk˛

to emphasize the dependency, where k � k˛ and k � kˇ are ˛-norm of space X and
ˇ-norm of space Y, respectively. kf kˇ˛ is then called by reduced operator norm. If
there is another kf k� which is not a reduced operator norm form ˛-norm and ˇ-
norm, but it also satisfies kf .x/kˇ � kf k�kxk˛ . Then the kf k� is called a compatible
norm with kxk˛ and kykˇ .

By the operator norm, all linear bounded mappings from X to Y form a normed
linear space which is denoted by L .X ! Y/. Especially, if Y D R, the space
L .X ! R/ is simplified as X� and called by conjugate space of X. No matter
whether X is complete, the space X� is always complete.

1.1.4 Limitation Theorems

In this subsection, we introduce several limitation theorems. It is known from the
theory of real functions that the introduction of Lebesgue integration can make the
Newton-Leibniz formula is true for all integrable functions; moreover, it provides
much convenience for the application of limitation theorems. Let us start with
definitions of convergence.
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Let xn.t/; n D 1; 2; : : : be measurable functions defined on a measurable
set E � R, and let fxn(t)g denote the sequence of xn(t). The sequence
fxn(t)g is convergent to x0(t) with respect to the measure m(�) (in this book
we only consider the Lebesgue measure), if for every " > 0, the limitation

lim
n!1m ftI jjxn.t/ � x0.t/jj > "g D 0 holds. The fact is denoted by xn.t/

m! x0.t/

for simplification.

The sequence fxn(t)g is convergent to x0(t) almost everywhere if m
�

En
n

tI lim
n!1

xn.t/ D x0.t/
o�

D 0, i.e., the measure of the set on which xn(t) is not convergent to

x0(t) is zero. The fact is denoted as xn.t/
a:e:! x0.t/.

The sequence fxn(t)g is convergent to x0(t) at every point in its domain if the
limitation lim

n!1xn.t/ D x0.t/ is valid for every t 2 E where E is the common domain

of xn.t/; n D 1; 2; : : : and x0(t). The fact is denoted as xn.t/ ! x0.t/.
The sequence fxn(t)g is uniformly convergent to x0(t) if lim

n!1sup
t2E

jjxn.t/ �
x0.t/jj D 0. The fact is denoted as xn.t/

u! x0.t/.
From the above definitions, one can obtain directly that

xn.t/
u! x0.t/ ) xn.t/ ! x0.t/ ) xn.t/

a:e:! x0.t/ ) xn.t/
m! x0.t/;

where the last implication requires that m.E/ < 1, i.e., the common domain holds
a finite measure. The following theorem is known as Riesz theorem which will be
needed in further discussion.

Theorem 1.1.3 (Riesz theorem) If xn.t/
m! x0.t/, then there is a subsequence

fxnk .t/g of fxn(t)g such that xnk .t/
a:e:! x0.t/. �

The theorem gives an opposite result for the conclusion that xn.t/
a:e:! x0.t/ )

xn.t/
m! x0.t/.

It is meaningful to note that all of these conclusions are still valid if R is replaced
by R

n, and the norms in R
n can be defined arbitrarily.

Recall those spaces mentioned before. In C .Œa; b� ; R
n/, the convergence with

respect to the norm is equivalent to the uniform convergence. In Lp .Œa; b� ;Rn/, the
convergence with respect to the norm is equivalent to convergence with respect to
measure. Because AC .Œa; b� ;Rn/ can be embedded into R

n � L1 .Œa; b� ;Rn/, its
convergence is equivalent to that the initial values fxn(a)g is convergent and fxn(t)g
is convergence with respect to its measure on the interval [a, b].

We now turn to the limitation theorems.

Theorem 1.1.4 Let fxn(t)g be a sequence of measurable functions defined on a

measurable set E, and xn.t/
m! x0.t/; Let F(t) be an integrable function on E, such

that jxn.t/j � F.t/ for t 2 E and n 2 N, then x0(t) is integrable on E and

lim
n!1

Z

E

xn.t/dt D
Z

E

x0.t/dt: �
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Theorem 1.1.4 is known as control convergence theorem presented by Lebesgue.
F(t) is a control function.

Theorem 1.1.5 Let fxn(t)g be a sequence of nonnegative functions on E, and
xn.t/ � xnC1.t/ for each n and t 2 E, then

lim
n!1

Z

E

xn.t/dt D
Z

E

lim
n!1xn.t/dt: �

Theorem 1.1.5 is known as monotonic convergence theorem established by Levi.
If xn.t/ ! 1 for some t 2 E, then Theorem 1.1.5 is still true.

The next theorem is called Fatou lemma.

Theorem 1.1.6 (Fatou lemma) Let fxn(t)g is a sequence of nonnegative functions
defined on a measurable set E, then

lim
n!1

Z

E

xn.t/dt �
Z

E

lim
n!1

xn.t/dt: �

It is worth to note that there is a sequence such that the inequality really holds.
To end this subsection, we deal with some concepts and conclusions about

“weakness”.
Let X be a normed space. A set A � X is said to be bounded if there is a constant

M, such that for every x 2 A, kxk � M. The set A is said to be weakly bounded if for
every f 2 X�, there is a constant M D M.f /, i.e., M may depend on the functional
f, such that jf .x/j � M for each x 2 A. It is obvious that a set A is bounded then it is
weakly bounded. the opposite statement may not be true. Let A� be a set in X�, i.e.,
A� � X�. A� is said to be weakly *-bounded if for every x 2 X, there is a constant
M D M.x/ such that jf .x/j � M for each f 2 A�.

X is a normed space. A set A � X is said to be compact if any open covering
can reduce to a finite open covering. The set A is said to be weakly compact if for
every f 2 X�, the set f .A/ D ff .x/I x 2 Ag is compact. Let A� be a set in X�, i.e.,
A� � X�, A� is said to be weakly *-compact if for every x 2 X, the set ff .x/I f 2 A�g
is a compact set of R.

The following theorem was devoted by Alaoglu, its proof is referred to de Bruim
et al. (2009).

Theorem 1.1.7 (Alaoglu theorem) Let X be a Banach space. Then the closed unit
ball in X� is weakly *-compact. �

By Theorem 1.1.7, every closed bounded set in X� is weakly *-compact. It is
meaningful to comparing with the finite dimensional spaces where a closed bounded
set is compact, but in infinite dimensional spaces it is only weakly *-compact.
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1.1.5 Inner Product Spaces

Inner product will be the major operation in the following investigation. Hence, we
spend some space to deal with the inner product space. In this section, we only give
preliminary conclusions, and others will be given as they are needed.

Let X be a linear space. � W X�X ! R
3 is a functional. If � satisfies the following

considerations.

(1) � .x; x/ � 0 for every x 2 X, and � .x; x/ D 0 if and only if x D 0
(2) � .x; y/ D � .y; x/, for x; y 2 X
(3) � .ax C by; z/ D a� .x; z/C b� .y; z/, for x; y; z 2 X and a; b 2 R

Then the � is called as an inner product on X, and X is called as an inner product
space.

The inner product �(x, y) is usually denoted by hx, yi for simplicity. A complete
inner product space is called by Hilbert space.

It is easy to verify that
phx; xi is qualified as a norm on X. The norm is then

called the reduced norm obtained from inner product. Therefore, a Hilbert space
is always a Banach space. The opposite statement may fail. Let k � k be a reduced
norm. Then the following equation holds

kx � yk2 C kx C yk2 D 2
�

kxk2 C kyk2
�

: (1.1.3)

Equation (1.1.3) is usually called parallelogram law. If a norm in a normed space
satisfies the parallelogram law, then the norm can reduce an inner product

hx; yi D 1

4

�

kx C yk2 � kx � yk2
�

:

We have mentioned R
n, C .Œa; b� ;Rn/, Lp .Œa; b� ;Rn/ and AC .Œa; b� ;Rn/ are all

Banach spaces. Among these spaces, .Rn; kxk2/ and L2 .Œa; b� ;Rn/ are only Hilbert
spaces, and their inner products are

hx; yi D xTy D
n
X

iD1
xiyi; x; y 2 R

n;

and

hx.t/; y.t/i D
b
Z

a

xT.t/y.t/dt D
b
Z

a

n
X

iD1
xi.t/yi.t/dt; x.t/; y.t/ 2 L2 .Œa; b� ;R

n/ ;

respectively.

3The inner product can be defined as X � X ! C. But in this book, we mainly consider the inner
product in R.
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Schwarz inequality is very fundamental in inner product space, it is

hx; yi � kxk kyk ; (1.1.4)

where k � k is the reduced norm. By Inequality (1.1.4), we can define an angle
included by x and y as follows

cos � D hx; yi
kxk kyk

where the value of � is restricted in the interval Œ0; �/.
If � D �=2, then hx; yi D 0. We say that x is orthogonal to y and denote the

fact by x ? y. If x has a unit length, i.e., kxk D 1, then hx; yi D kyk cos � . It is the
projection of y at the line where x is located. This fact is frequently cited later. The
following theorem is known as Reisz theorem.

Theorem 1.1.8 (Reisz theorem) Let X be a Hilbert space. Then for every f 2 X�,
there is a y 2 X such that f .x/ D hx; yi. Moreover, kf k D kyk. �

The theorem illustrates every linear bounded functional in a Hilbert space is only
the inner product.

Let M � X be a set in X. Then all vectors which are orthogonal to M form
a subspace and denoted by M?. M? is called by the orthogonal complement of
M. No matter whether M is closed, M? is always a closed subspace. Furthermore,
if M is a subspace then M and M? form an orthogonal decomposition of X, i.e.,
M\M? D f0g, and M C M? D X.

M is a subspace of X, and y … M. If there is a x0 2 M such that .y � x0/ ? M,
then the x0 is called by the projection of y on M. The x0 holds property that

ky � x0k D d .y; x0/ D d .y;M/ D inf
x2M

d .y; x/ D inf
x2M

ky � xk :

Usually, we cannot guarantee the existence of x0. But when X is complete and M
is closed there is a unique x0 to meet the requirement. In the next section, we shall
extend the property to convex sets by using the above equations.

Problems
1. Let M be a relation on A �A. M is called as an equivalent relation if M satisfies:

(1) For every a 2 A, .a; a/ 2 M
(2) If .a; b/ 2 M, then .b; a/ 2 M
(3) If .a; b/ 2 M and .b; c/ 2 M, then .a; c/ 2 M

Prove that all equivalent norms in a normed space form an equivalent
relation.

2. Let O˛; ˛ 2 I be open sets where I is a set of indices which may be infinite and
even uncountable. Then [̨O˛ is an open set. Give an example to show that \̨O˛

fails to be open. But if I is a finite set, then \̨O˛ is always open.
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3. Let C˛; ˛ 2 I be closed sets where I is a set of indices which may be infinite
and even uncountable. Then \̨C˛ is a closed set. Give an example to show that

[̨C˛ may fail to be closed. But if I is a finite set, then [̨C˛ is closed.

4. Let A1 and A2 be two open sets. Is their Cartesian production A1 � A2 an open
set? Is their linear sum A1 C A2 an open set? For two closed sets A1 and A2,
discuss similar problems.

5. Let A1 and A2 be two compact sets. Is their Cartesian production A1 � A2 a
compact set? Is their linear sum A1 C A2 a compact set?

6. Let bdA denote the boundary of set A. Prove the following conclusions:

(1) x 2 bdA if and only if every neighborhood B(x, ") contains vectors in A and
Ac, respectively.

(2) bdA D clA \ clAc.

7. Let I be a closed interval in R, and for each k 2 N, xk(t): I ! R
n be an

absolutely continuous function. If for every t 2 I, the set fxk(t)g is a compact
set in R

n. Moreover, there is a function c.t/ W I ! R such that
�

�

:
xk.t/

�

� � c.t/.
Then there is a subsequence fxkn.t/g of fxk(t)g, fxkn.t/g satisfies the following
properties:

(1) There is an absolutely continuous function x(t): I ! R
n, such that fxkn.t/g

is convergent uniformly to x(t) on the interval I.
(2)

˚ :
xkn.t/

�

is convergent weakly to
:
x.t/.

(Hint: to apply Alaoglu theorem and Arzela-Ascoli theorem)
8. Let X be a Hilbert space, and M be a closed subspace of X. Then for every

y 2 X, there is a unique yM 2 M such that .y � yM/ ? yM. We can then define
a mapping PM W X ! M such that PM.y/ D yM . Verify that the PM is a linear
mapping and kPMk D 1.

9. Prove that every subspace of a normed space with finite dimension is closed.
10. A matrix A 2 R

m�n can be treated as a linear mapping from R
n to R

m.

(1) Prove that for every matrix norm kAk there are two norms k � k˛ and k � kˇ
in R

n and R
m, respectively, such that kAk is compatible to k � k˛ and k � kˇ

(2) If n D m, find the reduced norm of A, if k� k˛ D k� kˇ D k� k2
(3) If n D m and k� k˛ D k� kˇ D k� k2, then kAk2 D

v

u

u

t

n
X

i;jD1
a2ij is a compatible

norm. kAk2 is called Euclidean norm of matrix A.

1.2 Convex Sets

The convex analysis is a special subject in the theory of functional analysis and
foundation of both optimization and differential inclusions. The theory of convex
analysis contains mainly two contents. One is the convex set which provides a
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stage and another is the convex function which is the role playing on the stage.
This section introduces basic properties of convex sets, and the next section turns to
convex functions. These materials are used frequently in the further investigation of
this book.

1.2.1 Convex Sets and Their Properties

X is always to express a normed space in this subsection. If x1; x2 2 X and x1 ¤ x2,
then equation x D x1C� .x2 � x1/, � 2 R, is a line passed x1 and x2.

4 The two points
x1 and x2 divide the line into three parts. If � 2 Œ0; 1�, then the equation x D x1 C
� .x2 � x1/ expresses a line segment which starts at x1 and ends at x2. The segment
is called the segment connecting x1 and x2 and denoted by [x1, x2]. Similarly, we
can define inductively .x1; x2�, (x1, x2), and so on. It is worth noting that the signal
[x1, x2] expresses an interval, but does not imply x1 < x2. When � 2 Œ1;1/, the
equation x D x1 C � .x2 � x1/ stands for a radial line starting at x2 and radiating to
infinite. The radial line is denoted by Œx2;1/. We can define similarly .�1; x1� for
the radial line starting at x1 and ending in infinite with opposite direction of Œx2;1/.
For every � 2 R, x� D x1 C � .x2 � x1/ D .1 � �/ x1 C �x2 is denoted for a point
in the line for the specialized �.

Definition 1.2.1 A � X is a convex set in X, if for any two points x1; x2 2 A, the
segment Œx1; x2� � A. �

An alternative statement of Œx1; x2� � A is that x� D .1 � �/ x1 C �x2 2 A for
every � 2 Œ0; 1�.

By the definition, the closed unit ball B of a normed space X is convex. Because
if x1; x2 2 B, then kxik � 1, i D 1, 2. For � 2 Œ0; 1�, x� D .1 � �/ x1 C�x2, we have

kx�k D k.1 � �/ x1 C �x2k � k.1� �/ x1k C k�x2k D .1 � �/ kx1k C � kx2k � 1:

Hence x� 2 B, i.e., Œx1; x2� � B.
By a similar way, it can be verified that the open unit ball B is also a convex set.
Preliminary properties of convex sets are listed as follows.

(1) The empty ∅ is convex and X is also convex.
(2) A subspace in X is convex.
(3) The intersection \

i
Ai is convex, if Ai � X; i 2 I are all convex, where I is an

index set;
(4) x 2 X is a vector, then x C A is convex if A is a convex set;
(5) For ˛ 2 R, ˛A is convex if A is a convex set.

4If x1 D x2, x D x1 C � .x2 � x1/ � x1. The line degenerates to a point. In this book we do not
consider the special case.
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(6) A1 � A2 is a convex set if both A1 and A2 are convex.
(7) A1 C A2 is a convex set if both A1 and A2 are convex.

It is valuable to point out that the properties (6) and (7) can be extended to the
case where A1, A2, : : : , An are n sets, but we are not sure it is true for infinite sets,
since a vector in A1 � A2 � � � � or A1 C A2 C � � � may fail to be normed.

In general, the union of A1 and A2, A1 [ A2 is not to be a convex set.5

Theorem 1.2.1 If A is a convex set, then int A and cl A are all convex sets.

Proof If int A D ∅, then by the property (1) listed above, the int A is convex. We
now turn to the case that int A ¤ ∅. If x1; x2 2 int A, and x 2 Œx1; x2�, then there
is a � 2 Œ0; 1� such that x D .1 � �/ x1 C �x2. Define a subset of interval [0,1] as
follows,

ƒ D f�I 8	 2 Œ0; �� ; .1 � 	/ x1 C 	x2 2 int Ag :

ƒ ¤ ∅ since x1 2 int A, then ı 2 ƒ for a small positive ı since int A is open.
Denote �0 D supƒ, then �0 > 0. If �0 D 1, then Œx1; x2� � A. The first conclusion
of theorem is verified. We now prove the fact by contradiction.

If �0 < 1, denote x�0 D .1 � �0/ x1 C �0x2. Because x2 2 int A, there is an
" > 0 such that B .x2; "/ � int A. We now show that B .x�0 ; �0"/ � int A. Suppose
x3 2 B .x�0 ; �0"/, i.e., kx3 � x�0k < �0". Now consider

x4 D x1 C x3 � x1
�0

; (1.2.1)

we have

kx4�x2kD
�

�

�

�
x1C x3 � x1

�0
�x2

�

�

�

�
D 1

�0
kx3�Œ.1��0/ x1C�0x2�kD 1

�0
kx3�x�0k<":

It follows that x4 2 B .x2; "/ � int A. By Eq. (1.2.1), we obtain x3 D .1 � �0/ x1 C
�0x4. It implies that x3 2 Œx1; x4� � A since A is convex. Because x3 is selected
arbitrarily in B .x�0 ; �0"/, x�0 is an inner point, and B .x�0 ; �0"/ � int A. Thus �0 C
�0" 2 ƒ, it then conflicts with the fact that �0 D supƒ. Therefore, supƒ D 1.

We now turn to clA. Let x1; x2 2 cl A. Then there are two sequences
˚

x1n
� � A and

˚

x2n
� � A6 such that x1n ! x1 and x2n ! x2. Thus, .1 � �/ x1n C �x2n ! .1 � �/ x1 C

�x2 for every � 2 Œ0; 1�. Because A is convex, .1� �/ x1n C �x2n 2 A. It follows
.1 � �/ x1 C �x2 2 cl A, i.e., Œx1; x2� � clA. �

The following two theorems extend the results established in Theorem 1.2.1.

5The reader should divide the notation A1 [ A2 from A1 C A2.
6It is possible that fx1

ng and fx2
ng are constant sequences.
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Fig. 1.1 Illustration of the proof of Theorem 1.2.2

Theorem 1.2.2 If A is a convex set, x0 2 int A and x1 2 clA, then Œx0; x1/ � int A.
The proof of Theorem 1.2.2 is similar to that of Theorem 1.2.1, but is more

precise.

Proof If x1 2 int A, then by Theorem 1.2.1int A is also convex, and then Œx0; x1/ �
Œx0; x1� � int A. Hence, it is sufficient to consider the case that x1 … int A, i.e., x1 is
on the boundary.

x0 2 int A, hence there is an " > 0 such that B .x0; "/ � A. To verify the theorem,
it is sufficient to prove that x� D .1 � �/ x0 C �x1 2 Œx0; x1/ 2 int A for every
� 2 .0; 1/. Because x1 2 bdA, there is a y 2 B

�

x1;
1��
�
"
� \ A. A is convex, the

segment Œx0; y� � A.
Let y� D .1 � �/ x0 C �y 2 Œx0; y�. Then kx� � y�k D � kx1 � yk < .1 � �/ ".

For every z 2 B .y�; .1 � �/ "/, we have

.1 � �/ " > kz � y�k D kz � .1 � �/ x0 � �yk D .1 � �/
�

�

�

�

z � �y

1 � �
� x0

�

�

�

�
: (1.2.2)

Inequality (1.2.2) implies
z � �y

1 � � 2 B .x0; "/. Furthermore, z D .1 � �/
z � �y

1 � �
C

�y 2 A. Because z is selected arbitrarily form B .y�; .1 � �/ "/, B .y�; .1 � �/ "/ �
A. We have verified that kx� � y�k D � kx1 � yk < .1 � �/ ", i.e., x� 2
B .y�; .1 � �/ "/. Consequently, x� 2 int A (Fig. 1.1). �

Theorem 1.2.2 presents an important feature of the convex set. A segment which
connects an inner point and a point on the boundary is located in the interior except
the endpoint of boundary. The following theorem can be verified by a similar way,
hence we leave it to readers as an exercise.

Theorem 1.2.3 Suppose A is a convex set, and x0 2 int A and x1 2 clA. x D
.1 � �/ x0 C�x1 is the line passed x0 and x1. If � > 1, then x� … clA, i.e., .x1;1/\
clA D ∅. �

1.2.2 Construction of Convex Sets

This subsection deals with the construction of convex sets in a normed space.
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Let X be a normed space and x1; x2 2 X. The set fxI x D .1 � �/ x1 C �x2; � 2
Œ0; 1�g is called the segment connecting x1 and x2, and denoted by [x1, x2] at the last
subsection. It is obvious that the segment [x1, x2] is a convex set and is the minimal
convex set which contains x1 and x2. Hence, in this subsection we also call it the
convex combination of two points x1 and x2. We now extend the concept to more
than two points.

Let x1; x2; x3 2 X. Then the following set

fxI x D �1x1 C �2x2 C �3x3; �1; �2; �3 2 Œ0; 1� ; �1 C �2 C �3 D 1g

is defined as the convex combination of x1, x2, and x3, and denoted by
conx(x1, x2, x3). When x1, x2, and x3 are linear independent, i.e., they are not in
a line,7 then the set conx(x1, x2, x3) is a closed triangle with vertexes x1, x2, and x3.
The common definition of convex combination is as follows.

Definition 1.2.2 Let A D fxn; n D 1; 2; : : : g be a set in X, and fxni ; i D 1; 2;

: : : ;mg � A is a finite subset of A, then x D
m
X

iD1
�ixni ; �i > 0;

m
X

iD1
�i D 1 is

called a finite convex combination of A. The set of all finite convex combinations
of A is called the convex combination of A and denoted by conx .xnI n D 1; 2; : : : /,
i.e.,

conx .xn; n D 1; 2; : : : /D
(

xI x D
m
X

iD1
�ixni ;m 2 N; �i > 0;

m
X

iD1
�i D 1; xni 2 fxng

)

:

(1.2.3)

�
An alternative statement of Eq. (1.2.3) is

conx .xn; n D 1; 2; : : : / D
(

xI x D
1
X

nD1
�ixn; �i � 0;

m
X

iD1
�i D 1;

but only finite �i ¤ 0

)

:

Usually, conx .xnI n D 1; 2; : : : / is also called the polytope of fxnI n D 1; 2; : : : g,
and xn; n D 1; 2; : : : are its vertexes. If xi � x1; i D 2; 3; : : : are linear independent,
then conx .xnI n D 1; 2; : : : / is a simplex.

Theorem 1.2.4 conx .xn; n D 1; 2; : : : / is a convex set.

7The requirement is equivalent to x3 … fxI x D .1� �/ x1 C �x2; � 2 Rg.
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Proof Let x; y 2 conx .xn; n D 1; 2; : : : /. Then by the definition, we have

x D
m
X

iD1

ixni ; 
i � 0;

m
X

iD1

i D 1;

and8

y D
m
X

iD1
�ixni ; �i � 0;

m
X

iD1
�i D 1:

Then for every � 2 Œ0; 1�

.1 � �/ x C �y D .1 � �/
m
X

iD1

ixni C �

m
X

iD1
�ixni D

m
X

iD1
Œ.1 � �/ 
i C ��i� xni :

It is obvious that .1 � �/ 
i C ��i � 0, and

m
X

iD1
Œ.1 � �/ 
i C ��i� D .1� �/

m
X

iD1

i C �

m
X

iD1
�i D 1:

The above discussion implies that .1 � �/ x C �y 2 conx .xn; n D 1; 2; : : : /. �
Theorem 1.2.4 also illustrates that if x 2 conx .xn; n D 1; 2; : : : /, then there exist

a xi0 2 fxn; n D 1; 2; : : : g and a y 2 conx ffxn; n D 1; 2; : : : g = fxi0gg such that x D
.1 � �/ xi0 C �y; � 2 Œ0; 1�. The detailed proof of the conclusion is left to readers.

From the proof, we can find that the conclusion is still valid in a linear space,
because we have no use of the norms of vectors.

Definition 1.2.3 A � X is a set. The convex hull of A is the minimal convex set
which contains A. The convex hull of set A is denoted by coA. �

Let PA be the power set of A. It is well-known that by the operation of
containing, PA is only a partial order set. Fortunately, we can prove coA D

\
ƒ�A;ƒ is convex

ƒ, the right side is unique, so is the coA. Because conx .xi; xi 2 A/

is convex and contains A. Hence, it can be proved that coA D conx .xi; xi 2 A/.
If A is a set in a finite dimensional space X. The following theorem given by

Caratheodory reveals the construction of co A.

Theorem 1.2.5 Let X be an n-dimensional linear space, A � X be a set of X.
For every x 2 co A there exist m vectors xi 2 A; i D 1; 2; : : : ;m, such that

x D
m
X

iD1
�ixi where �i > 0 and

m
X

iD1
�i D 1. Particularly, we can make m � n C 1.

8By adding zeros, we can require that x and y are yielded by the same xni ’s.
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Proof If the vector x belongs to A, then the conclusion is obvious. Hence the key
issue is to prove the conclusion for the vector in coA/A. By Theorem 1.2.4, every

vector in co A is a finite combination
m
X

iD1
�ixi where xi 2 A and �i > 0;

m
X

iD1
�i D 1,

i D 1; 2; : : : ;m. It is sufficient to verify that m � n C 1.
The conclusion is verified by the following way. If m > n C 1, then there is

another convex combination which also yields x but only contains m � 1 xi’s.

Suppose now x D
m
X

iD1
�ixi with m > n C 1, all �i > 0 and xi 2 A � X,

i D 1; 2; : : : ;m. X is an n-dimensional linear space, every xi can be expressed

by xi D
h

x.1/i x.2/i � � � x.n/i

iT
where x(j)

i is the jth component of xi. Now we expand

xi to an (n C 1)-dimensional vector Qxi D
h

x.1/i x.2/i � � � x.n/i 1
iT

. The m vectors

Qx1; Qx2; : : : ; Qxm have to be linearly dependent. It implies there are m real numbers
˛1,˛2, : : : ,˛m which are not all equal to zero such that ˛1 Qx1C˛2 Qx2C� � �C˛m Qxm D 0,
i.e.,

˛1x1 C ˛2x2 C � � � C ˛mxm D 0; (1.2.4a)

˛1 C ˛2 C � � � C ˛m D 0: (1.2.4b)

Without loss of generality, we assume that ˛m ¤ 0 and ˛m > 0 (if ˛m < 0, we can
multiply �1 to Eqs. (1.2.4a) and (1.2.4b).

Now we consider the set ƒ D
n

�j

˛j
I˛j > 0; j D 1; 2; : : : ;m

o

. Because

�m/˛m belongs to ƒ, ƒ is a nonempty and finite set. Let ˇ D �j0=˛j0 D
min

n

�j

˛j
I˛j > 0; j D 1; 2; : : : ;m

o

, then ˇ > 0. Let us denote �i D �i � ˇ˛i

for all i D 1; 2; : : : ;m. Then �i � 0, and �j0 D 0. Now we compute

m
X

iD1
�i D

m
X

iD1
.�i � ˇ˛i/ D

m
X

iD1
�i � ˇ

m
X

iD1
˛i D 1;

and

m
X

iD1
�ixi D

m
X

iD1
.�i � ˇ˛i/ xi D

m
X

iD1
�ixi � ˇ

m
X

iD1
˛ixi D x:

Because �j0 D 0, in the equation x D
m
X

iD1
�ixi, there are at most m � 1 nonzero

coefficients. Thus, we complete the proof of the theorem. �
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In an n-dimensional space, a set of basis holds n vectors, and every vector in the
space can be described uniquely by a linear combination of the n vectors. Theorem
1.2.5 shows that a vector in coA can be described by a convex combination of
elements in A, but it may need n C 1 vectors in an n-dimensional space. Moreover,
even if it can be described by a convex combination of n or less vectors, these
vectors still may be linear dependent. The reason is that all coefficients in a convex
combination have to be in the interval [0,1].

As a useful corollary we state the following result.

Corollary 1.2.1 If A is a compact set in an n-dimensional space, then co A is also
compact. �

The corollary is easy to be verified by using the fact that a compact set in a finite
dimensional space is bounded and closed. We omit its proof and leave it to readers.

When we deal with the topological properties of convex sets, the concepts of
open set, interior and boundary of a set are very frequently mentioned. However
when a convex is located in a subspace of a normed space, it has no inner point. The
fact results in much inconvenience. Hence we yield an idea to introduce the related
topology for these convex sets.

Definition 1.2.4 Let X be a normed space, A � X is a set. If there exists a
vector x0 2 X and a subspace H � X such that x0 C A � H, then the x0 is
called by supporting vector, and H is carrying subspace, and the fact is denoted
by H D car A. �

If x is a supporting vector and H is a carrying subspace of A, then for two vectors
a; y 2 A, x C a 2 H and x C y 2 H. It follows a � y 2 H, or �y C A � H for every
y 2 A. The argument illustrates that if A holds a carrying subspace and y 2 A, then
�y is qualified as a supporting vector. Hence, the supporting vector is not unique,
but we can prove that the minimal carrying subspace for a set A � X is unique. In
order to prove the conclusion, we give a lemma and omit its proof since it is direct.

Lemma 1.2.1 Suppose x1, x2, : : : , xn form a basis of an n-dimensional linear
space X. Then the set fxI x D a1x1 C a2x2 C � � � C anxn; ai 2 .�"; "/g is an open
set containing the origin. �

Lemma 1.2.1 is valid for a finite dimensional normed space X. For R
n, we

have a more precise illustration. Let xi be the i-th unit vector of R
n, i.e., its i-th

component is 1 and others are all zero. Then the open set defined by Lemma 1.2.1

is

�

xI max
i

jxij < "
	

. When R
n adopts the maximal norm, then the open set is just

an open ball whose center is the origin O and radius ".

Theorem 1.2.6 Let X be an n-dimensional linear space, and A � X be a convex
set. If int A D ∅, then there is an m-dimensional .m < n/ subspace H of X such that
H D car A.

Proof If A D ∅, then every subspace is qualified as its carrying subspace. Hence,
we can assume that A ¤ ∅. Let us fix a vector x0 2 A, and find as many as possible
xi in A, i D 1; 2; : : : ; r, such that xi � x0 are linear independent. We then consider
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conx(x0, x1, : : : , xr). conx .x0; x1; : : : ; xr/ � A because of the convexity of A. To
prove the theorem, we deal with two cases.

(1) If r D n, then xi � x0, i D 1; 2; : : : ; r, form a basis of X. Define

x D x0 C x1 C x2 C � � � C xn

n C 1
; (1.2.5)

then x 2 conx .x0; x1; : : : ; xn/ � A. Equation (1.2.5) can be rewritten as

x � x0 D 1

n C 1
.x1 � x0/C 1

n C 1
.x2 � x0/C � � � C 1

n C 1
.xn � x0/ : (1.2.6)

Define a vector x(�) as follows

x .�/ � x0 D



1

n C 1
C �1

�

.x1 � x0/C



1

n C 1
C �2

�

.x2 � x0/

C � � � C



1

n C 1
C �n

�

.xn � x0/ :

(1.2.7)

where �i; i D 1; 2; : : : ; n, all vary in the interval
h

�1=.n C 1/2; 1=.n C 1/2
i

.

Subtracting Eq. (1.2.6) from Eq. (1.2.7), we have

x .�/ � x D �1 .x1 � x0/C �2 .x2 � x0/C � � � C �n .xn � x0/ :

By Lemma 1.2.1,
n

x .�/ ; �i 2
h

�1=.n C 1/2; 1=.n C 1/2
i

; i D 1; 2; : : : ; n
o

is

an open set with center x.
On the other hand, x(�) is equal to

x .�/ D x0 C



1

n C 1
C �1

�

.x1 � x0/C



1

n C 1
C �2

�

.x2 � x0/C � � �

C



1

n C 1
C �n

�

.xn � x0/

D
 

1 � n

n C 1
�

n
X

iD1
�i

!

x0 C



1

n C 1
C �1

�

x1 C



1

n C 1
C �2

�

x2 C � � �

C



1

n C 1
C �n

�

xn:

Because �i 2
�

�1=.n C 1/2; 1=.n C 1/2
�

,

0<
n

.n C 1/2
D 1

n C 1
� 1

.n C 1/2
� 1

n C 1
C�i � 1

n C 1
C 1

.n C 1/2
D n C 2

.n C 1/2
< 1;
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and

0 <
1

.n C 1/2
D 1

n C 1
� n

.n C 1/2
� 1 � n

n C 1
�

n
X

iD1
�i � 1

n C 1
C n

.n C 1/2

D 2n C 1

.n C 1/2
< 1:

The above two inequalities are all valid for n 2 N. Furthermore,

 

1� n

n C 1
�

n
X

iD1
�i

!

C



1

n C 1
C�1

�

C



1

n C 1
C�2

�

C � � � C



1

n C 1
C �n

�

D1:
(1.2.8)

We conclude that x .�/ 2 conx .x0; x1; : : : ; xn/ � A for all �i 2 .�1=.n C 1/2;

1=.n C 1/2/. Thus, x 2 int A which contradicts to int A D ∅.
(2) From (1), we have r < n, then A � x0 � span .x1�x0; x2�x0; : : : ; xr�x0/. By

Definition 1.2.4, �x0 is a supporting vector and span .x1 � x0; x2 � x0; : : : ; xr � x0/
is the carrying subspace whose dimension is r .< n/. �

Using the concept of carrying subspace, we can define the following concepts.

Definition 1.2.5 Let dim .car A/ < n. Then x 2 A is called as a relative inner point
if there is an " > 0, such that x C ."B \ carA/ � A. The set of relative inner points
is called relative interior, and denoted by re int A; cl A/re int A is called the relative
boundary of A and denoted by re bdA. �

By using Definition 1.2.5, Theorems 1.2.2 and 1.2.3 can be extended to the
relative interior. For example, the extension of Theorem 1.2.2 is given as follows,
and its proof is omitted.

Corollary 1.2.2 If A is a convex set, x0 2 re int A and x1 2 cl A, then Œx0; x1/ �
re int A. �

1.2.3 Separation Theorems

This subsection deals with the separation theorems of convex sets. Separation
theorems are also basic conclusions for the optimization theory. This subsection
starts with the properties of projection on convex sets, and then separation theorems
are presented and proved. In this subsection, X is always an inner product space
whose dimension is finite.

Suppose set A � X, and x 2 X. The distance from x to A is d .x;A/ D inf
a2A

kx � ak.

Define a set �(x, A) as follows:

� .x;A/ D fyI y 2 A; kx � yk D d .x;A/g :
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�(x, A) is called by the projection of x on A. For a given x 2 X, usually, �(x, A) is
only a set. It is because that if A is not closed �(x, A) may be empty; but sometimes,
�(x, A) may have more than one elements. When A is a closed and convex set, the
conclusion is determined. The following theorem shows that �(x, A) is a mapping
provided that A is a closed and convex.

Theorem 1.2.7 If A is a closed and convex set of X, then for every x 2 X; �(x, A)
has one and only one element.

Proof Because A is closed, � .x;A/ ¤ ∅ for every x 2 X. We now verify that it has
only one element.

If there are a; b 2 A and a ¤ b such that kx � ak D kx � bk D d .x;A/, then by
the parallelogram law of inner product (Eq. 1.1.3), we have

2
�

kx � ak2 C kx � bk2
�

D ka � bk2 C k2x � a � bk2:

Because a ¤ b, ka � bk > 0. The above equation implies d.x;A/2 D kx � ak2 >
�

�x � aCb
2

�

�
2
. A is convex, consequently, .a C b/ =2 2 A. The inequality contradicts

to the definition of distance. We then conclude �(x, A) has only one element. �
Differing from the case of linear subspace, usually, it is not true for a convex set

in an inner space that .x � � .x;A// ? A. An alternative conclusion will be given
below.

We have mentioned at the last section that if kx0k D 1, then hx, x0i is the
projection of x at the line where the vector x0 is located. The fact is used to deal
with the separation of two convex sets.

Let A1 and A2 be two convex sets of an n-dimensional space X, and A1\A2 D ∅.
If there is an (n-1)-dimensional hyperplane pTx D c, where p is the normal vector
of the hyperplane, such that A1 and A2 locate different sides of the hyperplane, then
we say that A1 and A2 are separated by the hyperplane pTx D c. Figure 1.2 presents
an illustration of the separation.

If A1 and A2 are separated by a hyperplane pTx D c, then for one set, to say
A1, hp; x1i � c for every x1 2 A1; and hp; x2i � c for every x2 2 A2. Therefore,
separating two convex sets by a hyperplane is equivalent to look for a vector p such
that hp; x1i � hp; x2i for every x1 2 A1 and every x2 2 A2.

Fig. 1.2 Two convex sets
separated by a hyperplane

p

A2A1
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Lemma 1.2.2 Suppose A � X is a convex set, and x0 … A. Then there is a p 2 X
and p ¤ 0 such that hp; x0i � hp; xAi for every xA 2 A.

Proof The proof of the lemma consists of two cases.

(1) x0 … cl A. By Theorem 1.2.6, there is a y 2 cl A such that y D � .x0; clA/.
It follows that kxA � x0k � ky � x0k for every xA 2 clA. Since A is convex,
�xA C .1 � �/ y 2 A. We have

ky � x0k2 � k�xA C .1 � �/ y � x0k2

D �2kxA � yk2 C 2� hxA � y; y � x0i C ky � x0k2:

Hence, for every xA 2 clA and � 2 Œ0; 1�,

�2kxA � yk2 C 2� hxA � y; y � x0i � 0: (1.2.9)

From Inequality (1.2.9), we can conclude that for every xA 2 clA

hxA � y; y � x0i � 0: (1.2.10)

If Inequality (1.2.10) is not true, i.e., there is a xA0 2 clA such that
hxA0 � y; y � x0i < 0, then �2kxA0 � yk2 C 2� hxA0 � y; y � x0i < 0 for some
small �.

Now, let p D x0 � y. Then p ¤ 0. Inequality (1.2.10) becomes hxA � y; pi � 0,
i.e.,

hxA; pi � hy; pi D hx0 � p; pi D hx0; pi � kpk2: (1.2.11)

It implies hp; xAi < hp; x0i.
(2) If x0 2 clA=A, then x0 is on the boundary. There is a sequence fxkg � Ac such

that xk ! x0. By the proof above, there is a pk for each k such that

hpk; xAi � hpk; x0i � kpkk2:

Define bpk D pk= kpkk, then kbpkk D 1. Substituting pk by bpk kpkk, the above
inequality yields

hbpk; xAi � hbpk; x0i � kpkk : (1.2.12)

The shell of the unit ball is a compact set in a finite dimensional space, there is a
subsequence fbpkig of fbpkg, such thatbpki ! p0. Because kbpkik D 1, kp0k ¤ 0. Hence
Inequality (1.2.12) leads to hbp0; xAi � hbp0; x0i.

The lemma is proved. �
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Fig. 1.3 An illustration of
Inequality (1.2.13)

x0 y

O

xA
x0-y

xA-y

Lemma 1.2.2. illustrates that if x0 … A, then there is a hyperplane which separates
x0 from A. If the equality sign in hp0; xAi � hp0; x0i cannot be removed, then x0 2
cl A and the hyperplane is tangent to set A and the point x0 is on the hyperplane.
Lemma 1.2.2 is a useful conclusion; hence, more remarks are given below

Remark 1 Because y D � .x0;A/, Inequality (1.2.10) is equivalent to

hxA � � .x0;A/ ; x0 � � .x0;A/i � 0; (1.2.13)

where x0 … A and A is convex. Inequality (1.2.13) is also true if x0 2 A, because it
implies x0 D � .x0;A/. Figure 1.3 presents an illustration of Inequality (1.2.13), the
angle included by x0 � � .x0;A/ and xA � � .x0;A/ is always an obtuse angle. �
Remark 2 In Sect. 1.1, we have mentioned when A is a subspace, then
.x0 � � .x0;A// 2 M?, i.e., hxA � � .x0;A/ ; x0 � � .x0;A/i D 0 for every xA 2 A.
In this sense, Inequality (1.2.13) is an extension from the subspace case. �
Remark 3 We can prove an inverse result that for a closed and convex set A, x0 … A,
if hxA � y; x0 � yi � 0 holds for every xA 2 A, then y D � .x0;A/. �
Remark 4 Inequality (1.2.11) is a stronger conclusion than Inequality (1.2.10). It
shows if x0 … cl A, then there is a constant ˇ > 0 and a vector p 2 X, such that
hx0; pi > ˇ > hxA; pi. The fact also can be explained as that if x0 … cl A, then there
is a hyperplane which separates x0 from A; moreover, neither x0 nor A touches the
hyperplane. �
Remark 5 The conclusion can be extended to the case where X is not finitely
dimensional by using Alaoglu theorem mentioned in Sect. 1.1.4. �

Lemma 1.2.2 is now used to verify the main conclusion of this subsection.

Theorem 1.2.8 If A1 and A2 are two convex sets in a finite dimensional space X,
and A1 \ A2 D ∅, then there is p 2 X such that hx1; pi � hx2; pi for every x1 2 A1
and every x2 2 A2.
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Proof Define A D A1 � A2, then A is convex (to see Problem 6 of this section) and
0 … A. By Lemma 1.2.2, there is a vector p such that hxA; pi � h0; pi D 0. Note
that the vector xA takes the form of xA D x1 � x2, with x1 2 A1 and x2 2 A2. Hence
hx1 � x2; pi � 0, i.e., hx1; pi � hx2; pi. �

Theorem 1.2.8 is also known as variation theorem which plays a primary role in
the theory of variation. Theorem 1.2.8 has a corollary as follows.

Corollary 1.2.3 If A1 and A2 are two closed and convex sets in a finite dimensional
space X, A1 is compact and A1 \ A2 D ∅, then there is p 2 X and " > 0 such that
hx1; pi � hx2; pi � " for every x1 2 A1 and every x2 2 A2. �

By the property of compact set, the proof of Corollary 1.2.3 is direct, we leave it
to readers as an exercise.

Problems
1. A is a set in a linear space. If x 2 A, and ˛x 2 A; for every ˛ 2 R .� 0/, then

A is a cone. Prove that A is a convex cone if and only if for x; y 2 A; ˛; ˇ 2
R .� 0/, ˛x C ˇy 2 A.

2. Let Ai; i D 1; 2; : : : be convex sets in a normed space X. Define X1 D X�X�� � �
is the set of fx D Œx1; x2; : : : � ; xi 2 Xg in which only finite components xi are
nonzero. X1 is called as the minimal infinite extension of X. Prove that

(1) X1 is a normed space if X is.
(2) If A1 � A2 � � � � � X1 then it is a convex set in X1 (It requires the origin

belongs to almost all Ai).

3. If A � X is a bounded set and X is an n-dimensional linear space, then cl coA is
also a compact set.

4. Prove Theorem 1.2.3.
5. Prove Corollary 1.2.1.
6. If A1 and A2 are both convex sets, A1 \ A2 D ∅, then A1 � A2 is a convex. Give

an example to illustrate that the conclusion may fail if A1 \ A2 ¤ ∅.
7. Let X be an inner product space, and A � X be a convex set. Then the projection
�(x, A) has the following properties.

(1) 8x 2 A; � .x;A/ D x.
(2) �(x, A) is a Lipschitz mapping and its Lipschitz constant can be 1.
(3) �(x, A) is monotonous, i.e., h� .x;A/� � .y;A/ ; x � yi � 0 for x; y 2 X.

8. If A � X is a convex cone, then the projection �(x, A) has the following
properties.

(1) For x 2 X; y 2 A; hx � � .x;A/ ; yi � 0

(2) For x 2 X; hx � � .x;A/ ; � .x;A/i D 0

(3) For x 2 X; kxk2 D k� .x; clA/k2 C kx � � .x; clA/k2
The above conclusions illustrate that a convex cone is more similar to a linear

subspace because they hold many similar properties.
9. Prove Corollary 1.2.3.
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1.3 Convex Functions

At the beginning of the last section, we pointed out that convex analysis contains
two fundamental concepts: convex sets and convex functions. The convex sets have
been considered. This section turns to convex functions. The concept of convex
functions is given first, then elemental properties of convex functions are listed, and
several useful convex functions are introduced; at last, the continuity and derivative
are discussed for convex functions.

1.3.1 Convex Functions and Their Elementary Properties

The space considered in this section is Rn which is treated as an inner product space.
f W Rn ! R is a function, A � R

n is a set.

Definition 1.3.1 f W A ! R is a convex function on a set A if A is a convex set and
for x1; x2 2 A and � 2 Œ0; 1�

f ..1 � �/ x1 C �x2/ � .1 � �/ f .x1/C �f .x2/ : (1.3.1)

f is a strictly convex function if the signal “�” in Inequality (1.3.1) can be replaced
by “<”. �
Remark The set fx D .1 � �/ x1 C �x2; � 2 Œ0; 1�g has been denoted by a seg-
ment [x1, x2]. Therefore, f is a convex function on A if and only if it is convex on
every segment Œx1; x2� � A. �

The concave function is defined by using the convex function. f W A ! R is
said to be a concave function if �f is a convex function. It is worth to note that the
domain of a concave function is a convex set. This book does not consider concave
functions except it has to be mentioned.

An equivalent statement of Definition 1.3.1 is as follows.
f is a convex function on the set A, if A is convex and for n vectors xi 2 A; i D

1; 2; : : : ; n, the following inequality holds

f

 

n
X

iD1
�ixi

!

�
n
X

iD1
�if .xi/; (1.3.2)

where �i 2 Œ0; 1� ;
n
X

iD1
�i D 1.

Inequality (1.3.1) really implies Inequality (1.3.2). The proof is left as an exercise
to readers. Inequality (1.3.2) is known as Jensen Inequality.

The properties of convex functions are listed below and all proofs are omitted.
The readers are suggested to refer to a textbook of convex analysis for these proofs.
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In the following, f and fi; i D 1; 2; : : : are convex functions. They hold the same
domain A.

(1) g D f1 C f2 and g D af1 are convex function if a > 0.
(2) Let M 2 R

m�n be a real matrix, and b 2 R
m be a vector. Then f .Mx C b/ is a

convex function.
(3) If g W R ! R is a monotonously increasing and convex function, then g(f (x)) is

a convex function by the definitions that g .1/ D sup
x2R

g.x/; g .�1/ D inf
x2Rg.x/.

(4) g.x/ D sup
i

fi.x/ is a convex function.

(5) g.x/ D lim sup fi.x/
i!1

is a convex function where lim sup
i!1

fi.x/ D
lim

i!1 sup
k>i

.fk.x//.

The last two conclusions are also valid if there are infinite fi’s.
As exercises, the readers are suggested to deal with the corresponding properties

for strictly convex functions and concave functions, respectively.

Definition 1.3.2 Let f W A ! R be a function. The epigraph of f is defined as
follows

epi f D f.x; ˛/ I x 2 A; ˛ 2 R; and f .x/ � ˛g : �

Theorem 1.3.1 f W A ! R is a convex function if and only if its epigraph epi f is a
convex set in R

n � R

Proof Suppose that .x1; ˛1/ ; .x2; ˛2/ 2 epi f . By the definition of epigraph, we
have f .xi/ � ˛i; i D 1; 2.

A point in R
n � R can be expressed by the form of

�

x
˛




. Using the notation, we

have

�

xi

f .xi/




2 epi f ; i D 1; 2. If epi f is a convex set, then

.1 � �/
�

x1
f .x1/




C �

�

x2
f .x2/




D
�

.1 � �/ x1 C �x2
.1 � �/ f .x1/C �f .x2/




2 epi f ;

because A is convex, .1 � �/ x1 C �x2 2 A for every � 2 Œ0; 1�. By the definition
of epigraph, it is true that f ..1 � �/ x1 C �x2/ � .1 � �/ f .x1/ C �f .x2/. The
sufficiency is verified.

Now we turn to the proof of necessity. If

�

xi

˛i




2 epi f ; i D 1; 2, then xi 2 A

and f .xi/ � ˛i. .1 � �/ x1 C �x2 2 A because A is a convex set. Moreover, since f
is a convex function, f ..1 � �/ x1 C �x2/ � .1 � �/ f .x1/C �f .x2/. It implies

f ..1 � �/ x1 C �x2/ � .1 � �/ f .x1/C �f .x2/ � .1 � �/˛x1 C �˛2:



30 1 Convex Sets and Convex Functions

By the definition of epigraph,

.1 � �/

�

x1
˛1




C �

�

x2
˛2




D
�

.1 � �/ x1 C �x2
.1 � �/ ˛1 C �˛2




2 epi f :

It implies epi f is convex. �
Define a set as follows

lev .f � ˛/ D fx 2 AI f .x/ � ˛g :

The set lev .f � ˛/ is called the level set of f related to real number ˛. Similarly, we
can define the set lev .f < ˛/. It can be verified that lev .f � ˛/ and lev .f < ˛/
are both convex if f is a convex function. In the next chapter and Chap. 4, the concept
of level set will be applied.

To end this subsection, we deal with the Lipschitzian property for the convex
function.

Lemma 1.3.1 Let f W Rn ! R be a convex function and x0 2 R
n. Suppose that f

holds upper bounded on the neighborhood B(x0, "), then there is a ı > 0 such that f
is a Lipschitzian function on the neighborhood B(x0, ı).

Proof By the assumption of the lemma, there is a constant M > 0, such that for
every x 2 B .x0; "/, f .x/ � M. Now we prove that f is also lower bounded. Let z 2
B .x0; "/ then there is a z0 2 B .x0; "/ such that x0 D .z C z0/ =2. f is a convex func-
tion; hence we have f .x0/ � 1

2
f .z/C 1

2
f .z0/. f .z0/ � M, thus, f .z/ � 2f .x0/� M.

Denote c D max fj2f .x0/ � Mj ;Mg, the above discussion implies jf .z/j �
c, for every z 2 B .x0; "/. Take ı D "=2, for x1; x2 2 B .x0; ı/, we denote

 D kx1 � x2k < 2ı and define x3 D x2 C .ı=
/ .x2 � x1/. x3 2 B .x0; "/
because kx3 � x0k � kx2 � x0k C .ı=
/ kx2 � x1k < 2ı D ". From the equation
x3 D x2 C .ı=
/ .x2 � x1/, we have x2 D ı


Cı x1 C 


Cı x3, hence

f .x2/ � ı


C ı
f .x1/C 



C ı
f .x3/ :

Subtracting f (x1) from both sides, it yields

f .x2/� f .x1/ � 



C ı
.f .x3/ � f .x1// � 


3ı
jf .x3/ � f .x1/j � 2c

3ı
jjx1 � x2jj :

If we define x4 D x1 C .ı=
/ .x1 � x2/ and repeat the above processing, we can

obtain f .x1/ � f .x2/ � 2c

3ı
jjx1 � x2jj. The two inequalities together imply

jf .x1/� f .x2/j � 2c

3ı
jjx1 � x2jj : �

Lemma 1.3.1 leads to the following theorem directly.

http://dx.doi.org/10.1007/978-3-662-49245-1_4
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Theorem 1.3.2 If f W Rn ! R is a convex function and dom f D R
n, then f is a

local Lipschitzian function on R
n.

Proof Let x 2 R
n. Then there is a simplex † D co .x1; x2; : : : ; xnC1/ which is

convex by Definition 1.2.2, such that x 2 int†.

Because x D
nC1
X

iD1
�ixi; �i � 0;

nC1
X

iD1
�i D 1

f .x/ �
nC1
X

iD1
�if .xi/ � max

i
jf .xi/j :

Because the effective domain of f is Rn, f is upper bounded. By Lemma 1.3.1, the
theorem is verified. �
Remark From the proofs of Lemma 1.3.1 and Theorem 1.3.2, we obtain two
properties for the convex functions.

(1) Let f be a convex function. If f is locally upper bounded, then it is also locally
lower bounded; furthermore, f is locally bounded.

(2) Let f be a convex function. If f is bounded at a neighborhood of x0, then f is
continuous at x0. Furthermore, a bounded convex function is continuous. �

1.3.2 Examples of Convex Functions

This subsection provides several convex functions which will be used frequently
later.

In a normed space X, the norm is a mapping from X to R .� 0/. Because

k.1 � �/ x1 C �x2k � .1 � �/ kx1k C � kx2k ;

the norm is then a convex function on X.
If V 2 R

n�n is positive definite matrix, then we can define a norm for Rn by
using V, i.e., kxk D p

xTVx. It follows from the above discussion that
p

xTVx is
a convex function on R

n. Moreover, g.x/ D x2 is a monotonously increasing and
convex function when x � 0. We conclude, by the property (3) of convex function
(Sect. 1.3), that a positive definite quadratic function V.x/ D xTVx is convex. The
fact can also be seen from the following differential criterion.

Supporting function S(x, A). Let A� R
n be a set. A function S .x;A/ W Rn ! R

is defined as follows:

S .x;A/ D sup
xa2A

hxa; xi :
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Fig. 1.4 The supporting
function S(x, A)

O

A
x

S(x,A)

y0

S(x, A) is called by the supporting function of set A. By the property (4) (Sect. 1.3)
and the convexity of inner product, we then conclude that S(x, A) is convex. It can
verified that S(x, A) is also a homogenous function.

Figure 1.4 gives a geometrical illustration for the supporting function S(x, A).
From the figure, S(x, A) is the maximal projection among the points of cl A on the
vector x. In other words, for a given x 2 R

n, we can define an (n � 1)-dimensional
hyperplane hx; yi D S .x;A/, where x is the normal vector of the hyperplane such
that the hyperplane is tangent with the closed set cl A. When A is a convex set, there
is a unique y0 2 cl A such that hx; y0i D S .x;A/.

For a specific set A, the supporting function S(x, A) can hold a specific meaning.
For example, A D fy0g, where y0 2 R

n, i.e., A only has one element, then S .x;A/ D
hx; y0i. S(x, A) is a linear bounded functional. Moreover, when ky0k D 1, then S(x, A)
is exact the projection of x on y0. One more example is that if A is a closed unit ball
of Rn, then S .x;A/ D kxk, i.e., the norm of vector x. The supporting function can
be used to describe the property of a set; hence it is a useful tool in the following
investigation. The readers can learn more specific supporting functions from the
problems of this section.

Minkowski function �(x). Let A � R
n be a convex set, and 0 2 int A. The

Minkowski function � .x;A/ W Rn ! R is defined as follows.

� .x;A/ D inf
˚

a > 0I a�1x 2 A
�

:

Sometimes, we just denote �(x, A) by �(x) if A is unambiguous. We can prove that,
for every x 2 R

n, x … A, we have 1 > �.x/ � 1, for x 2 A, �.x/ � 1. It is also
easy to verify that the �(x) is positive homogeneous. Hence, to prove that �(x) is a
convex function, it is sufficient to show that � .x C y/ � �.x/C �.y/.

Suppose that a D �.x/; b D �.y/. For a given " > 0, denote c D a C b C ".
Because a C ."=2/ > �.x/, we have .a C ."=2//�1x 2 A. By the same reason,
.b C ."=2//�1y 2 A. Thus,

c�1 .x C y/ D a C ."=2/

c
.a C ."=2//�1x C b C ."=2/

c
.b C ."=2//�1y 2 A

since A is convex. From the definition of Minkowski function, we conclude

� .x C y/ � c D a C b C " D �.x/C �.y/C ":

The inequality holds for all " > 0, hence, � .x C y/ � �.x/C �.y/.
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1.3.3 Derivative of Convex Functions

We are already aware that a bounded and convex function is continuous. This
subsection will deal with its differential property. We start with a criterion for the
convexity of differentiable functions, then we make a deep discussion about the
derivate of convex functions.

Let A � X be a convex set and f : R ! R be a differentiable function. Then
the convexity of f can be determined by its first-order derivative or its second-order
derivative. We present some equivalent conditions of convex functions with single
variable. The proofs for these conclusions can be found in a textbook for convex
analysis and are omitted.

1. f is a convex function on A.
2. f 0.x/; x 2 A is a monotone increasing function.
3. f .x2/ � f .x1/C f 0 .x1/ .x2 � x1/ for x1; x2 2 A.
4. f 00.x/ � 0 for x 2 A.

We now extend these conclusions to multivariable functions.

Theorem 1.3.3 Let A � R
n be a convex set, and f W A ! R be a function. Then the

following statements are equivalent.

(1) f is a convex function on A.
(2) For two vectors x1; x2 2 A, hx2 � x1; rf .x2/ � rf .x1/i � 0, where rf is the

gradient of f, i.e., rf T D
�

@f

@x1
@f

@x2
� � � @f

@xn




9 where xi is the i-th component

of x.
(3) f .x2/ � f .x1/C hrf .x1/ ; x2 � x1i for x1; x2 2 A.
(4) r2f .x/ � 0,10 for every x 2 A, where r2f D �

@2f=@xi@xj
�

is the Hessian matrix
of f.

Proof By the remark given after Definition 1.3.1, it is sufficient to verify that f is
convex on the segment [x1, x2].

We consider now the function f .�/ D f .x1 C � .x2 � x1//, where x1 and x2 are
fixed, but � 2 Œ0; 1� is a variable. Hence, f .�/ is a scalar function. By the derivate
of compound function, we have

df .�/

d�
D
* 

@f .x/

@x

ˇ

ˇ

ˇ

ˇ

x D x1 C � .x2 � x1/

!

;
d .x1 C � .x2 � x1//

d�

+

D hrf .x1 C � .x2 � x1// ; .x2 � x1/i :
(1.3.3)

By the property (2) listed before Theorem 1.3.3, f .�/ is convex if and only if df=d�
is monotonous increasing in the interval � 2 Œ0; 1�.

9In general, the gradient is a row vector, but we consider rf to be a column vector for unification.
10A matrix M > 0 means that the matrix is symmetric and positive definite. M 	 0 means it is
semi-positive definite.
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(1))(2) f (x) is a convex function, so is f .�/. By property (2), df=d� is
increasing with the increase of �, then

df

d�

ˇ

ˇ

ˇ

ˇ

ˇ

�D1
D rf .x2/ � .x2 � x1/ � rf .x1/ � .x2 � x1/ D df

d�

ˇ

ˇ

ˇ

ˇ

ˇ

�D0
:

(2))(1) If (2) is true, replacing x1 by x1C�1 .x2 � x1/ and x2 by x1C�2 .x2 � x1/
we have

0 � hŒrf .x1 C �2 .x2 � x1// � rf .x1 C �1 .x2 � x1// �; .�2 � �1/. x2 � x1/i
D .�2 � �1/ hŒrf .x1 C �2 .x2 � x1// � rf .x1 C �1 .x2 � x1// �; . x2 � x1/i

D .�2 � �1/

2

4

df .�/

d�

ˇ

ˇ

ˇ

ˇ

ˇ

� D �2

� df .�/

d�

ˇ

ˇ

ˇ

ˇ

ˇ

� D �1

3

5 :

The last equation comes from Eq. (1.3.4). Thus, df=d� is monotonously increasing,
f .�/ is convex, so is f (x).

(1) () (3) The equivalence is verified by using property (iii) of the scalar
case. f .�/ is convex if and only if

f .x1 C �2 .x2 � x1// � f .x1 C �1 .x2 � x1//C df .x1 C �1 .x2 � x1//

d�
.�2 � �1/

D f .x1 C �1 .x2 � x1//C .�2 � �1/

�
D

rf .x1 C �1 .x2 � x1// ; .x2 � x1/
�E

D f .x1 C �1 .x2 � x1//

C
D

rf .x1 C �1 .x2 � x1// ; .�2 � �1/ .x2 � x1/
�E

:

(1.3.4)

Let �1 D 0; �2 D 1. Then Inequality (1.3.5) leads to conclusion (3). If we define
Qx1 D x1 C �1 .x2 � x1/ and Qx2 D x1 C �2 .x2 � x1/, and replace xi; i D 1; 2 by
Qxi; i D 1; 2, respectively, in conclusion (3), then it is exactly equal to Inequality
(1.3.5). The equivalence of (3) is verified.

(1) () (4) At last, derivating Eq. (1.3.4) both sides related to �, by using the
property (iv), the equivalence of conclusion (4) can be obtained. �

Because the Hessian matrix of xTVx is 2V, the quadratic function xTVx is a convex
function if and only if V is positive definite. Moreover, the quadratic function xTVxC
bTx C c is also convex provided that V is positive definite and b 2 R

n and c 2 R

are selected arbitrarily.

Definition 1.3.3 Suppose f W Rn ! R .1/, � 2 R
n and � 2 R. If the following

limitation exists

lim
�#0

f .x0 C ��/� f .x0/

�
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(the limitation is allowed to be ˙1), where � # 0means � decreases monotonously
to zero, then the limitation is called by directional derivative of f at x0 and along with
the direction ¤, and the directional derivative is denoted by Df (x0)(¤). �

The notation Df (x0)(¤) can be understood as a function, i.e., � 2 R
n is the

argument and x0 is a parameter. The parameterized mapping Df (x0) maps ¤ into R.
It was known that in calculus, there is also a definition of directional derivative,

but the definition is somewhat different from Definition 1.3.3 where � is convergent
monotonously from right side.

From calculus we have known that if f is continuously differentiable at x0, then
Df .x0/ .�/ D hrf .x0/ ; �i. For the convex functions, we have the following
conclusion.

Theorem 1.3.4 Let f W Rn ! R .1/ be a convex function. Then for x0; � 2 R
n

the directional derivative Df (x0)(¤) exists. Moreover, for a given x0, Df (x0)(¤) is
convex and positively homogeneous.

Proof Before proving the theorem, we verify a preliminary conclusion.
Suppose f W R ! R is a convex function, and x0 < x1 < x2, then

f .x1/ � f .x0/

x1 � x0
� f .x2/� f .x0/

x2 � x0
� f .x2/� f .x1/

x2 � x1
: (1.3.5)

The meaning of Inequality (1.3.6) can be illustrated by Fig. 1.5 as follows.
Denote ˛ D .x2 � x1/ = .x2 � x0/. If x0 < x1 < x2, then ˛ 2 Œ0; 1�, and x1 D

˛x0 C .1 � ˛/ x2. f (x) is a convex function, hence,

f .x1/ � x2 � x1
x2 � x0

f .x0/C x1 � x0
x2 � x0

f .x2/ :

It is easy to show that the inequality is equivalent to f .x1/�f .x0/
x1�x0

� f .x2/�f .x0/
x2�x0

. The
another inequality in (1.3.6) can be verified by a similar way and is omitted.

When f W R
n ! R .1/ is restricted on the segment Œx0; x0 C ��, f W

Œx0; x0 C �� ! R .1/ is a scalar function, it can be rewritten as f .�/ D f .x0 C ��/

where f W Œ0; 1� ! R and f .�/ is convex. For �1; �2; �3 2 R, with 1 � �2 > �1 >

Fig. 1.5 An illustration of
Inequality (1.3.5)

0x 1x 2x

0( )f x
1( )f x

2( )f x

O

( )f x

x
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�0 � 0, Inequality (1.3.6) implies that f .�1/�f .�0/
�1��0 � f .�2/�f .�0/

�2��0 . If we fix �0 D 0,
then the inequality leads to

f .x0 C �1�/ � f .x0/

�1
� f .x0 C �2�/� f .x0/

�2
:

It implies that
f .x0 C ��/� f .x0/

�
is monotonously decreasing by � # 0. Hence

the limitation lim
�#0

f .x0 C ��/� f .x0/

�
exists (it may be �1), i.e., Df (x0)(¤) exists.

If a 2 R .> 0/, then

Df .x0/ .a�/D lim
�#0

f .x0C�a�/�f .x0/

�
Dalim

�#0
f .x0C�a�/�f .x0/

a�
DaDf .x0/ .�/ ;

i.e., Df (x0) is positively homogeneous.
At last, we prove it is convex. For � 2 Œ0; 1�, we have

f
�

x0 C � .��1 C .1 � �/ �2/
�

� f .x0/

�

D f .� .x0 C ��1/C .1 � �/ .x0 C ��2//� f .x0/

�

�
� Œf . .x0 C ��1/ � f .x0/

i

�
C .1 � �/ Œf .x0 C ��2/� f .x0/�

�
:

Let � # 0, the inequality results in

Df .x0/ .��1 C .1 � �/ �2/ � �Df .x0/ .�1/C .1 � �/Df .x0/ .�2/ :

The theorem is now completely verified. �
Theorem 1.3.4 reveals that convex functions hold similar property to continu-

ously differentiable functions. Moreover, its directional derivative is convex. The
following definition is about subdifferential, it can be treated as an extension of
gradient defined for continuously differentiable functions.

Definition 1.3.4 Let f W Rn ! R .1/ be a convex function. Then the set

@f .x0/ D fyI 8x 2 R
n; f .x/ � f .x0/ � hy; x � x0ig

is defined as the subdifferential of f at x0. If @f .x0/ ¤ ∅, then f is subdifferentiable
at x0. �

It is worth to note that by the third conclusion of Theorem 1.3.3, if f is
continuously differentiable at x0, then its gradient rf .x0/ 2 @f .x0/. Hence the
subdifferential is an extension of gradient. Moreover, from the definition the
subdifferential @f .x0/ is a closed and convex set for every x0 2 R

n. The following
theorem presents more property of subdifferential.
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Theorem 1.3.5 Let f W Rn ! R .1/ be a convex function, x0 2 R
n and f .x0/ ¤

1. Then

@f .x0/ D @�Df .x0/ .�/j�D0 D @�Df .x0/ .0/

where @� is the subdifferential of Df (x0)(¤) related to vector ¤.11

Proof By the definition of directional derivative,

Df .x0/ .0/ D lim
�#0

f .x0 C �0/� f .x0/

�
D 0:

And by the definition of subdifferential, for � 2 R
n, @�Df .x0/ .0/ D

fyI Df .x0/ .�/ � hy; �ig.
If y 2 @f .x0/, then for any � 2 R

n, f .x0 C ��/ � f .x0/ � hy; ��i D � hy; �i,
i.e.,

f .x0 C ��/� f .x0/

�
� hy; �i :

Let � # 0. It leads to Df .x0/ .�/ � hy; �i. Hence y 2 @�Df .x0/ .0/, or @f .x0/ �
@�Df .x0/ .0/. On the other hand, if y 2 @�Df .x0/ .0/, then Df .x0/ .�/ � hy; �i by
the definition of @�Df .x0/ .0/. When 0 < � < 1, Inequality (1.3.6) implies that

f .x/ � f .x0/ D f .x0 C .x � x0// � f .x0/

� f .x0 C � .x � x0// � f .x0/

�
� Df .x0/ .x � x0/
� hy; x � x0i :

From Definition 1.3.4, we conclude y 2 @f .x0/, i.e., @f .x0/ � @�Df .x0/ .0/. The
proof is completed. �

Thus we can restate Definition 1.3.4 as follows.

@f .x0/ D fyI 8� 2 R
n; Df .x0/ .�/ � hy; �ig : (1.3.6)

Theorem 1.3.6 If f ; g W Rn ! R .1/ are all convex functions, then the following
statements are valid.

(1) f .x0/ D min ff .x/g if and only if 0 2 @f .x0/.
(2) a 2 R .� 0/, then @a f .x0/ D a@f .x0/.

11The reader should understand the meaning of the notation Df (x0)(¤). It is emphasized that in
Df (x0)(¤) x0 2 R

n is treated as a parameter, ¤2 R
n is the argument, @� is the subdifferential

related to the argument ¤.
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(3) If x 2 dom f \ dom g, then @ .f C g/ .x/ � @f .x/C @g.x/, moreover, if there is
an x0 2 dom f \ dom g such that f or g is continuous at x0, then

@ .f C g/ .x/ D @f .x/C @g.x/

for all x 2 dom f \ dom g.

Proof

(1) By the definition of subdifferential, if 0 2 @f .x0/, then f .x/ � f .x0/ �
h0; x � x0i D 0, i.e., f (x0) reaches its minimum. On the other hand, if f (x0)
is the minimum, then f .x/ � f .x0/, hence, f .x/ � f .x0/ � h0; x � x0i D 0, or,
0 2 @f .x0/.

(2) If a D 0, then af .x/ 	 0, @af .x/ 	 0. The conclusion holds. Hence, we only
consider the case that a > 0. If y 2 @a f .x0/, then af .x/� af .x0/ � hy; x � x0i.
It follows a�1y 2 @f .x0/, y 2 a@f .x0/. On the other hand, if y 2 a@f .x0/, then
a�1y 2 @f .x0/, hence, f .x/ � f .x0/ � ˝

a�1y; x � x0
˛

, y 2 @a f .x0/.
(3) If x; x 2 dom f \ dom g and y1 2 @f .x/; y2 2 @g.x/ then by the definition of

subdifferential, we have f .x/�f .x/ � hy1; x � xi, and g .x/�g.x/ � hy2; x � xi.
Consequently, f .x/ C g .x/ � .f .x/C g.x// � hy1 C y2; x � xi, i.e., y1 C y2 2
@ .f C g/ .x/, i.e., @ .f C g/ .x/ � @f .x/C @g.x/.

To prove the second statement of the third conclusion, it is sufficient to show
@ .f C g/ .x/ � @f .x/ C @g.x/. Without loss of generality, we suppose that f is
continuous at x0. Let x 2 dom f \ dom g and y 2 @ .f C g/ .x/. Then f .x/C g.x/�
.f .x/C g .x// � hy; x � xi, i.e.,

f .x/ � f .x/ � hy; x � xi � g .x/� g.x/: (1.3.7)

Define now two relations as follows

F D f.xF; rF/ 2 dom f � R; f .xF/ � f .x/ � hy; xF � xi < rFg ;
G D f.xG; rG/ 2 dom g � R; g .x/ � g .xG/ � rGg :

(1.3.8)

If xF 2 dom f , there is certainly a rF such that .xF; rF/ 2 F, then F ¤ ∅ and
dom f D dom F. Moreover, for a fixed xF, the rF can go to infinite. Similarly, we
can prove G ¤ ∅ and dom g D dom G. And the rG can trend to negative infinite.

From the fact that both f (x) and g(x) are convex functions, we can verify that F
and G are all convex sets. Furthermore for x 2 dom f \ dom g, Inequality (1.3.8)
implies there is no r such that .x; r/ 2 F and .x; r/ 2 G, consequently, F \ G D ∅.
By using Theorem 1.2.3, we conclude that there is an p 2 R

n; ˛ 2 R, such that
�

pT ˛
� ¤ 0 and (pT ˛) separates set F from set G, i.e., for every .xF; rF/ 2 F and

every .xG; rG/ 2 G, the following Inequality (1.3.10) holds

hxF; pi C ˛rF � hxG; pi C ˛rG: (1.3.9)

As pointed out above, rG can go to negative infinite, hence, ˛ � 0.
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We now prove that ˛ ¤ 0. Otherwise, if ˛ D 0, Inequality (1.3.10) leads to

hxF; pi � hxG; pi : (1.3.10)

Because f is continuous at x0. It means that there is a neighborhood B .x0; "/ �
dom f . When y 2 B .0; "/ ; y ¤ 0, then x0 C y 2 B .x0; "/ and x0 � y 2 B .x0; "/.
When x0 C y 2 B .x0; "/, Inequality (1.3.11) leads to hx0 C y; pi � hx0; pi, i.e.,
hy; pi � 0. Similarly, by x0 � y 2 B .x0; "/, the same deduction leads to hy; pi � 0.
The both inequalities implies hy; pi D 0. Since y can be selected arbitrarily from
B(0, "), p D 0. Furthermore

�

pT˛
� D 0. It contradicts to

�

pT ˛
� ¤ 0. Therefore,

˛ ¤ 0.
From Inequality (1.3.10), we obtain

�

xF;
p

j˛j
�

� rF �
�

xG;
p

j˛j
�

� rG: (1.3.11)

For every xF and ı > 0, f .xF/� f .x/�hy; xF � xiCı are qualified to be the rF . And
for every xG, g .x/ � g .xG/ is qualified to be rG. Thus, Inequality (1.3.12) results in

�

xF;
p

j˛j
�

� .f .xF/ � f .x/ � hy; xF � xi/C ı �
�

xG;
p

j˛j
�

� .g .x/� g .xG// :

(1.3.12)

Let xF D x. Then due to ı > 0 Inequality (1.4.1) results in

g .xG/ � g .x/ �
�

xG � x;� p

j˛j
�

;

for every xG 2 dom G. Hence � p
j˛j 2 @g .x/. If xG D x, then Inequality (1.4.1)

results in

f .xF/� f .x/ �
�

xF � x; y C p

j˛j
�

;

for xF 2 dom F. It implies yC.p= j˛j/ 2 @f .x/. Thus, y D yC.p= j˛j/�.p= j˛j/ 2
@f .x/C @g .x/. �

The second part of Conclusion 3 is also known as Moreau-Rockafellar theorem.
For Theorem 1.3.6, we give two remarks.

Remark 1 The continuity of f at x0 is only used to verify ˛ ¤ 0. Hence, if we
can find a vector (pT ˛) with ˛ ¤ 0 to separates F from G, then the condition of
continuity can be removed. �
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Remark 2 In general, we cannot guarantee that dom f \ dom g is convex. But we
can guarantee the sets F and G defined in Eq. (1.3.9) are all convex. Defining the
two sets is the critical issue in the proof. �

To end this subsection, we give a conclusion which reveals the relation of
subdifferential @f .x/ and gradient rf .x/.

Theorem 1.3.7 If f is differentiable at x0, then @f .x0/ D frf .x0/g.

Proof After Definition 1.3.3, we have mentioned that when f is differentiable
at x0, then Df .x0/ .�/ D hrf .x0/ ; �i for every � 2 R

n. By Eq. (1.3.7), if
y 2 @f .x0/, then hrf .x0/ ; �i � hy; �i. On the other hand, if ¤ is replaced by
�� , then hrf .x0/ ;��i � hy;��i, i.e., hrf .x0/ ; �i � hy; �i. Consequently,
hrf .x0/ ; �i D hy; �i, i.e., y D rf .x0/. �
Problems
1. For a given x 2 R

n, try to construct a simplex † D co .x1; x2; : : : ; xnC1/ such
that x 2 int†.

2. Prove that the level set lev .f < ˛/ is convex provided that f is a convex
function.

3. Is the statement that “f W Rn ! R is a convex function, if f is lower bounded
at a neighborhood B(x0, ") of x0 2 R

n, there is a ı > 0 such that f is upper
bounded at B(x0, ı)” true? Why?

4. Let A � R
n be closed and convex. Show that a 2 A if and only if S .x;A/ �

ha; xi for every x 2 R
n.

5. Prove that if a function�(x) is positively homogeneous and� .x C y/ � �.x/C
�.y/, then �(x) is a convex function.

6. Let A � R
n be a convex set, x 2 X; a D � .x; clA/, denote y D x � a= kx � ak

show that S .y;A/ D hy; ai.
7. Let A � R

n be a compact set. Then S(x, A) is a Lipschitzian function.
8. Let f W Rn �R

m ! R be a convex function, G be a convex set in R
n �R

m. Then
the function �(x) defined by �.x/ D inf

y2G.x/
f .x; y/ is a convex function where

G.x/ D fy 2 R
mI .x; y/ 2 Gg.

9. If A is the closed unit ball in R
n, prove that S .x;A/ D kxk. Moreover, prove

that the conclusion is still valid if A is the open unit ball in R
n.

10. Show that @f .x0/ is a closed and convex set provided that f is a convex function.

11. Prove that if f .x/ D jjxjj ; x 2 R
n, then @f .x/ D

�

Bn; x D 0;

x= jjxjj ; x ¤ 0:

12. Prove that @f .x/ D fx�I x� 2 A; hx�; xi D f .x/g, where f .x/ D S .x;A/ ; A �
R

n and A is a convex set.
13. Let f W R

n ! R be a positively homogeneous and convex function. Then
f .x/ D S .x; @f .0// provided that f (x) is bounded for every x in R

n.
14. Suppose that f W Rn ! R is a convex function and is subdifferentiable. Then

@f .x/ is a bounded set for every x in R
n.

15. Prove that if @f .x0/ holds only one element y, then f is differentiable at x0 and
rf .x0/ D y.
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1.4 Semi-continuous Functions

In the theory of convex analysis, the semi-continuous function is also a key issue and
is deeply related to the convex function. In the next chapter, almost all set-valued
mappings are semi-continuous. Hence, this section introduces semi-continuous
functions for preparation. Readers are suggested to compare the semi-continuous
function with those set-valued semi-continuous mappings, which will be defined in
the next chapter, and to try find their similarity and difference. This section contains
two parts: the definitions and properties of semi-continuous functions, and examples
of semi-continuous functions which play useful roles in the following discussion.

1.4.1 Semi-continuous Functions and Their Elementary
Properties

In this section, Rn is still treated as an inner space. f W Rn ! R is a function and set
A � R

n.

Definition 1.4.1 f W Rn ! R is a function, if f .x0/ � lim
x!x0

f .x/ D lim sup
x!x0

f .x/,12

then f is upper semi-continuous at x0. If for every x 2 A, f is upper semi-continuous
at x, then f is an upper semi-continuous function on A.

f W Rn ! R is a function, if f .x0/ � lim
x!x0

f .x/ D lim inf
x!x0

f .x/, then f is lower

semi-continuous at x0. If for every x 2 A, f is lower semi-continuous at x, then f is
a lower semi-continuous function on A. �

Readers may find from Definition 1.4.1 that f is upper semi-continuous at x0 if
and only if -f is lower semi-continuous at x0, and vice versa. It is also easy to verify
from the definition that f is continuous at x0 if and only if it is upper semi-continuous
and lower semi-continuous at x0, simultaneously.

The following equivalent statements are listed for upper semi-continuous func-
tions, their proofs are omitted.

(1) f is upper semi-continuous at x0.
(2) For every " > 0, there is a ı > 0 such that f .x/ � f .x0/ C " provided that

x 2 B .x0; ı/ \ A.
(3) For every a 2 R, the level set lev .f < a/ is an open set.
(4) For every a 2 R, the level set lev .f � a/ is a closed set.

12The notation lim sup
x!x0

f .x/ should be understood as follows. Let ı be a small positive real number,

and a .ı/ D sup
x2B.x0;ı/

f .x/. Then a(ı) is a monotonously decreasing function with the decreasing

of ı. Hence, the limitation lim
ı#0

a .ı/ exists. Then lim sup
x!x0

f .x/ D lim
ı#0

a .ı/ D inf
ı#0

sup
x2B.x0;ı/

f .x/. The

meaning of lim inf
x!x0

f .x/ is similar.
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By the relation that f is upper semi-continuous if and only if �f is lower semi-
continuous. Hence, readers can give the corresponding properties for lower semi-
continuous functions, similarly. We do not repeat them here.

Theorem 1.4.1 Suppose that the sequence fxkg satisfies the property that xk !
x0; f .xk/ ! a, i.e., the sequence and its corresponding function values are all
convergent. Then f W Rn ! R .1/ is upper semi-continuous at x0 2 R

n if and only
if a � f .x0/ for all sequences fxkg which hold the property mentioned above.

Proof xk ! x0, hence there is a sequence fıkg with the property that ık # 0 such
that xk 2 B .x0; ık/. Consequently, f .xk/ � sup

x2B.x0;ık/

f .x/. By Definition 1.4.1, a D
lim

k!1f .xk/ �lim sup
xk!x0

f .x/ � f .x0/. The necessity is verified.

It is sufficient for the sufficiency to prove that there exists a sequence fxkg such
that xk ! x0 and f .xk/ ! lim sup

x!x0
f .x/. If it is proved, then by the condition of

Theorem 1.4.1lim sup
x!x0

f .x/ � f .x0/, i.e., f is upper semi-continuous at x0 2 R
n. By

the definition of supremum, for any ık > 0 and " > 0, there is a xk 2 B .x0; ık/, such
that sup

x2B.x0;ık/

f .x/ � " � f .xk/ � sup
x2B.x0;ık/

f .x/. Let ık # 0. Then xk ! x0 and

lim
k!1 sup

x2B.x0;ık/

f .x/� " � lim
k!1f .xk/ � lim

k!1 sup
x2B.x0;ık/

f .x/:

Because " can be selected arbitrarily, lim
k!1f .xk/ D lim

k!1 sup
x2B.x0;ık/

f .x/. The suffi-

ciency is now verified. �
The corresponding conclusion of Theorem 1.4.1 for continuous function is

known as Heine theorem in Calculus. The Heine theorem is very useful to prove
that a function is not continuous. Thus, Theorem 1.4.1 is also useful in checking the
semi-continuity.

Example 1.4.1 Consider the function defined by

f .x/ D
�

sin 1
x ; x ¤ 0;

a; x D 0:

It has been analyzed in Calculus that the function is not continuous at x D 0 no
matter the value defined for a. By using Theorem 1.4.1, we can see that if a � 1,
then f (x) is upper semi-continuous at x D 0; and if a � �1, then f (x) is lower semi-
continuous at x D 0. It also shows that the f (x) cannot be continuous at x D 0 by
the selection of a. �
Theorem 1.4.2 A function f W Rn ! R is lower semi-continuous if and only if its
epigraph epi f is a closed set of Rn � R.
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Proof Suppose .xk; ˛k/ 2 epi f and .xk; ˛k/ ! .x0; ˛0/. .xk; ˛k/ 2 epi f , f .xk/ � ˛k

by the definition of epigraph. By Theorem 1.4.1, f is lower semi-continuous, hence

f .x0/ � lim inf
xk!x0

f .xk/ � lim
k!1˛k D ˛0:

It follows that .x0; ˛0/ 2 epi f , i.e., epi f is closed. The necessity is verified.
If epi f is a closed set. We firstly prove that for any real number ˛, the level set

lev .f � ˛/ is closed. Let fxkg � lev .f � ˛/ be a convergent sequence, i.e., xk ! x0.
Then f .xk/ � ˛ < 1. We can assume f .xk/ ! c,13 then c � ˛. We deal with two
cases.

(1) c ¤ �1. We have .xk; f .xk// ! .x0; c/ 2 epi f .k ! 1/ since epi f is
closed. By the definition of epigraph, f .x0/ � c � ˛, i.e., x0 2 lev .f � ˛/.
lev .f � ˛/ is closed. (2) c D �1. We then assert that f .x0/ D �1. If not, we have
f .x0/ D c0 ¤ �1. Because f .xk/ ! �1, for sufficiently large k, f .xk/ < c0 � "

for some " > 0. It implies .xk; c0 � "/ 2 epi f . .xk; c0 � "/ ! .x0; c0 � "/,
.x0; c0 � "/ 2 epi f since epi f is closed. By the definition of epigraph, f .x0/ �
c0 � ", i.e., c0 � c0 � ". A contradiction appears. It illustrates that f .x0/ D �1 and
x0 2 lev .f � ˛/.

We then prove f is lower semi-continuous by using the conclusion that
lev .f � ˛/ is closed. Let xk ! x0 and f .xk/ ! c. Then for sufficiently large
k, c � " < f .xk/ < c C ", and xk 2 lev .f � c C "/. Because lev .f � c C "/ is
closed, x0 2 lev .f � c C "/, i.e., f .x0/ � c C ". It implies lim

xk!x0
f .xk/C " � f .x0/.

" is selected arbitrarily, hence lim
xk!x0

f .xk/ � f .x0/. Theorem 1.4.1 asserts f is lower

semi-continuous. �
We are enforced to consider the case of lower semi-continuous functions in

Theorem 1.4.2. Indeed, we can give a similar result for upper semi-continuous
functions if we define the set f.x; c/ I f .x/ � cg which is called hypograph of f. But
we do not want to do so. As an exercise, readers can try to state and prove it.

In the proof of sufficiency, we exactly prove the properties 3 and 4 given for
upper semi-continuous functions given before Theorem 1.4.1.

Theorem 1.4.3 Let f W Rn ! R .�1/ be an upper semi-continuous function. Then
f has a finite upper boundary in a compact set A � R

n.

Proof If f is boundless on A, then there is a sequence fxkg � A; f .xk/ !
1. Because A is compact, fxkg has a convergent subsequence. Without loss of
generality, we assume fxkg is convergent, i.e., xk ! x0 and f .x0/ � 1 by Theorem
1.4.1. It contradicts to the condition of Theorem 1.4.3 that its range is R .�1/. �

13If f (xk) is not convergent, then we can consider a subsequence
˚

xkj

�

such that f
�

xkj

�

is convergent.
Hence for simplicity, we assume directly the sequence f (xk) is convergent. The skill will be used
frequently and we shall not give any explanation below.
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We know that a continuous function is bounded in a compact set. Theorem 1.4.3
can be treated as an extension of the conclusion. A upper semi-continuous function
holds upper boundary in a compact set.

Theorem 1.4.4 Let f W R
n ! R .�1/ be a upper semi-continuous function. If

f is bounded on the set A � R
n, then there is a sequence of continuous functions

ffk.x/; x 2 Ag for every k such that fk.x/ # f .x/ for every x 2 A.

Proof For every k 2 N, we construct a function fk(x) as follows

fk.x/ D sup
z2A

ff .z/� k kz � xkg :

By the definition, it is clear that for every x 2 A, fk.x/ < 1 and

fk.x/ � fkC1.x/ � f .x/: (1.4.1)

Now we prove that fk(x) is continuous on A. For every y 2 A, by the definition of
fk(x), we have

fk.x/ � f .z/ � k kz � xk � f .z/ � k kz � yk � k ky � xk ;

fk.x/ � sup
z2A

ff .z/ � k kz � ykg � k ky � xk D fk.y/� k ky � xk :

By exchanging x and y, the above procedure leads to fk.y/ � fk.x/ � k kx � yk.
Hence,

jfk.x/� fk.y/j � k ky � xk :

fk(x) is a Lipschitzian function; therefore, fk(x) is continuous on A.
Now we prove that for every x0 2 A; fk .x0/ # f .x0/. The proof consists of two

parts.
(1) f .x0/ ¤ �1. f is upper semi-continuous on A, hence, for a given " > 0,

there exists a ı > 0 such that if x 2 B .x0; ı/, then f .x/ � f .x0/C ". It follows that

f .x/ � k kx � x0k � f .x/ � f .x0/C ": (1.4.2)

We now prove that Inequality (1.4.3) also holds for x … B .x0; ı/. Let M D
sup
x2A

f .x/. Then M < 1 by the condition of Theorem 1.4.4. There exists an integer k0,

such that f .x0/ > M�k0ı. On the other hand, when x … B .x0; ı/, f .x/�k kx � x0k �
M � kı. Hence, when k > k0, f .x/ � k kx � x0k � f .x0/.

We conclude for sufficient large k, f .x/�k kx � x0k � f .x0/C" for every x 2 A.
i.e., fk .x0/ � f .x0/C" for sufficient large k. Now combining with Inequality (1.4.2),
fk .x0/ # f .x0/.
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(2) f .x0/ D �1. There exists ı > 0 such that for x 2 B .x0; ı/, f .x/ D f .x0/ D
�1 since f is upper semi-continuous. For every integer N, there exists k0 such that
�N > M � k0ı. Consequently, when x … B .x0; ı/ and k > k0, f .x/ � k kx � x0k �
M � kı < �N. We conclude that for sufficient large k, f .x/ � k kx � x0k � �N for
all x 2 A. Therefore, fk .x0/ D sup

x2A
ff .x/ � k kx � x0kg � �N, i.e., fk .x0/ # �1 D

f .x0/. �
We now list several operating properties for semi-continuous functions. We only

deal with the upper semi-continuous functions and leave the discussion for lower
semi-continuous functions to readers.

(1) If f1 and f2 are two upper semi-continuous functions on R
n, then f1 C f2 and ˛f1

are also upper semi-continuous functions provided that ˛ � 0;
(2) If f1 and f2 are two upper semi-continuous functions on R

n, and f1 > 0, f2 > 0,
then f1 � f2 is also an upper semi-continuous function.

(3) If F W R
n ! R

m is a continuous function and g W R
m ! R is upper semi-

continuous, then g(F(x)) is a upper semi-continuous function.
(4) If F W R

m ! R is upper semi-continuous, and g W R ! R is also upper
semi-continuous. After extending the definition of g to Qg W R ! R that Qg.x/ D
g.x/; x 2 R and Qg .1/ D sup g.x/, Qg .�1/ D inf g.x/, Qg .F.x// is an upper
semi-continuous function.

(5) inf
i

fi is upper semi-continuous provided that fi, i D 1; 2; : : : , are all upper semi-

continuous.
(6) sup

i
fi is upper semi-continuous provided that fi, i D 1; 2; : : : ;N, are N upper

semi-continuous functions where N 2 N.

1.4.2 Examples of Semi-continuous Functions

In this subsection, we deal with several semi-continuous functions which will be
useful for the further investigation. In this subsection, X is treated as an inner space.

1. Indictor function ı(x, A). Let A � X be a nonempty set, the indicator function
of Aı(x, A)W X ! R .1/ is defined as

ı .x;A/ D
�

0 x 2 A;
1 x … A:

The continuity of ı(x, A) is completely determined by the set A. If A is an open
set, then ı(x, A) is upper semi-continuous; If A is a closed set, then ı(x, A) is lower
semi-continuous. ı(x, A) is a convex function if A is a convex set.

2. Supporting function S(x, A). The supporting function of a set A S(x, A) has
been defined at the last section where S(x, A) is defined as S .x;A/ D sup

y2A
hy; xi.

Because the inner function fy.x/ D hy; xi is continuous, by the property of upper
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semi-continuous function listed at the last subsection, S .x;A/ D sup
y2A

fy is a lower

semi-continuous. It can be proved that when A is a finite set then S(x, A) is upper
semi-continuous. Thus, it is continuous.

3. Directional derivative Df (x)(¤). The directional derivative Df (x)(¤) has been
defined at the last subsection. We here give a detailed discussion.

Lemma 1.4.1 Let f W Rn ! R be a convex and positive homogeneous function.
Then f .x/ D S .x; @f .0//.

Proof Because f is a positive homogeneous function, f .0/ D 0. By the definition
of subdifferential, we have @f .0/ D fx�I f .x/ � hx�; xig. Consequently

f .x/ � sup
x�2@f .0/

hx�; xi D S .x; @f .0// :

The opposite inequality is verified by contradiction. If there is a x0 2 R
n such that

f .x0/ > S .x0; @f .0//, then .x0; S .x0; @f .0/// … epi f . Moreover, by the definition of
epigraph .x0; S .x0; @f .0/// … cl epi f .

Because f is a convex function, by Theorem 1.3.1, the epigraph of f is convex.
Using the Remark 2 given after Lemma 1.2.2, there exists a .y�; ˇ/ 2 R

n � R and
" > 0 such that

hx; y�i C ˛x � ˇ < hx0; y�i C ˇS .x0; @f .0//� " (1.4.3)

holds for every .x; ˛x/ 2 epi f .
We now prove ˇ < 0 and y� 2 @f .0/. Depending on the definition of supporting

function, Inequality (1.4.4) is equivalent to the following one

hx; y�i C ˛x � ˇ < hx0; y�i C ˇ � sup
x�2@f .0/

hx0; x�i � ": (1.4.4)

Because ˛x can trend to positive infinite, the validation of Inequality (1.4.5) requires
ˇ � 0. We assert that ˇ < 0. Otherwise, if ˇ D 0, Inequality (1.4.5) leads to
hx; y�i < hx0; y�i � ". It is impossible if x D x0. Without loss of generality, we can
fix ˇ D �1. Inequality (1.4.5) becomes

hx; y�i � ˛x < hx0; y�i � sup
x�2@f .0/

hx0; x
�i � ": (1.4.5)

Let x be replaced by �x, and ˛x be replaced by f (�x). Then Inequality (1.4.6) is

h�x; y�i � f .�x/ D �
�hx; y�i � f .x/

�

< hx0; y�i � sup
x�2@f .0/

hx0; x
�i � ":

Let � ! 1. Then the above inequality implies hx; y�i � f .x/ � 0 for every x 2
dom f . Hence y� 2 @f .0/.
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Because .0; 0/ 2 epi f , replacing (x,˛x) by (0, 0), Inequality (1.4.6) leads to

sup
x�2@f .0/

hx0; x
�i < hx0; y

�i � ": (1.4.6)

Inequality (1.4.7) is not valid since y� 2 @f .0/. We then conclude for every x 2 R
n,

f .x/ � S .x; @f .0//.
The theorem is verified. �
Lemma 1.4.1 illustrates that a convex function is positive homogeneous then it

has to be a supporting function of a convex set.
By Theorem 1.3.4, for .x; �/ 2 R

n � R
n, the directional differential Df (x)(¤)

exists. Moreover, for a fixed x, Df (x)(¤) is convex and positively homogeneous.
Thus, we can define a function Df .
/ .ı/ WRn � R

n ! R by .x; �/ 7! Df .x/ .�/.
The following theorem shows the function is upper semi-continuous.

Theorem 1.4.5 Suppose f W R
n ! R is a convex function, then the function

.x; �/ 7! Df .x/ .�/ is upper semi-continuous.

Proof The effective domain of f is Rn; by the conclusion given in the Problem 6 of
this section, we have

Df .x/ .�/ D S .�; @f .x// : (1.4.7)

We now apply Theorem 1.4.1 to prove Theorem 1.4.5.
Suppose the sequence f(xi,¤i)g holds the properties that (1) f(xi,¤i)g is conver-

gent to (x0,¤0); (2) fDf (xi)(¤i)g is also convergent to ˛ 2 R. If we can verify
˛ � Df .x0/ .�0/, then Theorem 1.4.1 asserts Theorem 1.4.5 is true. The fact is
proved by two steps.

(1) [
i
@f .xi/ is a bounded set, where xi is the element in the domain of pair (xi,¤i).

By Eq. (1.4.8), Df .xi/ .�i/ D S .�i; @f .xi// D sup
x2@f .xi/

h�i; xi. Because Df (xi)(¤i)

is finite for every pair (xi,¤i), @f .xi/ is a bounded set. If [
i
@f .xi/ is boundless, then

there xi 2 @f .xi/ for every i, such that xi ! 1 (i ! 1). However,

Df .xi/ .�i/ D sup
x2@f .xi/

h�i; xi � h�i; xii : (1.4.8)

When i ! 1, the left side of Inequality (1.4.9) is convergent by the selection
of f(xi,¤i)g, but the right side diverges. It is a contradiction. Hence, [

i
@f .xi/ is

bounded.
(2) ˛ � Df .x0/ .�0/. @f .xi/ is a closed set (Problem 10, Sect. 1.3); hence there

existsbxi 2 @f .xi/ such that Df .xi/ .�i/ D h�i;bxii for every i. [
i
@f .xi/ is bounded;

consequently, fbxig has a convergent subsequence. Without loss of generality, we
assumebxi ! x�. Thus, ˛ D h�0; x�i.
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On the other hand,bxi 2 @f .xi/, by the definition of subdifferential, we have

f .y/� f .xi/ � hbxi; y � xii (1.4.9)

for any y 2 R
n. The theorem has assumed f is convex, so is locally bounded; hence f

is continuous at x0 by the Remark 2 of Lemma 1.3.1. Let i ! 1, Inequality (1.4.10)
yields

f .y/� f .x0/ � hx�; y � x0i ;

i.e., x� 2 @f .x0/. By the definition of supporting function, we conclude

Df .x0/ .�0/ D S .�0; @f .x0// � h�0; x�i D ˛:

The proof is completed. �
4. Conjugate function f �. To end this section, we deal with the conjugate function

for a semi-continuous function.

Definition 1.4.2 Let f W Rn ! R .1/ be a normal function.14 f � W Rn ! R .1/ is
the conjugate function of f, if f � .x�/ D sup

x2X
fhx�; xi � f .x/g.

15 �

By the definition, f � is always lower semi-continuous no matter what is the f.
From the definition, we also have

f � �x��C f .x/ � hx�; xi : (1.4.10)

Inequality (1.4.11) is known as Fenchel inequality.
As an example, let us consider the indicator function ı(x, A) where A � R

n. By
Definition 1.4.2, the conjugate function of ı(x, A) is

f � �x�� D sup
x2Rn

fhx�; xi � ı .x;A/g D sup
x2A

hx�; xi D S
�

x�;A
�

:

It shows that the conjugate function of the indicator function of a set A is the
supporting function of the set. Now we prove that if A is a convex set, then the
indicator function is also the conjugate function of supporting function for the
identical set. We need a lemma to verify the conclusion.

Lemma 1.4.2 Let B be the closed unit ball of Rn, and A � R
n is a convex set, then

d .x;A/ D sup
y2B

fhy; xi � S .y;A/g :

14Recall that a function is normal if its effective domain is nonempty.
15The argument of f � .x�/ is x�, it is independent the x in f (x).
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Proof For a given x 2 R
n, if we denote �x D d .x;A/, then x 2 cl

�

A C �xB
�

. By
Problem 4 of the last section, we have hy; xi � S

�

y; cl
�

A C �xB
��

for every y 2 R
n.

Particularly, when y 2 B, we have

S
�

y; cl
�

A C �xB
�� D sup

z2cl.AC�xB/
hy; zi � sup

xA2A
hy; xAi C sup

b2B

�x hy; bi � S .y;A/C �x:

The inequality implies that �x � hy; xAi � S .y;A/ for every y 2 B. Now we verify
that �x D sup

y2B

fhy; xAi � S .y;A/g.

Denote a D � .x; cl A/, then a 2 cl A and �x D kx � ak. We further denoted
y0 D x � a= kx � ak, then y0 2 B, and

hy0; xi � hy0; ai D hy0; x � ai D
�

x � a

kx � ak ; x � a

�

D kx � ak D �x:

When a 2 A, then the above equation implies �x D hy0; xi � hy0; ai; if a 2 clA, then
there is a sequence fakg � A; ak ! a .k ! 1/. The conclusion is proved. �

Consider now the conjugate function of S .x�;A/. By the definition16

S� .x;A/ D sup
x�2X

fhx; x�i � S .x�;A/g
D sup

x�2X
� kx�k

nD

x; x�

kx�k
E

� S
�

x�

kx�k ;A
�o

;

Now we fix kx�k D ˛, then S� .x;A/ D sup
˛2RC

˛d .x;A/. Because ˛ can be arbitrarily

positive real number, we have

sup
˛2RC

˛d .x;A/ D
�

0; x 2 A;
1; x … A;

i.e., S� .x;A/ D sup
˛2RC

˛d .x;A/ D ı .x;A/. The equation holds due to the definition

of indicator function.
The discussion on the indicator function ı(x, A) illustrates that when A is a convex

set, then ı�� .x;A/ D ı .x;A/. The relation of f ��.x/ D f .x/ is not always true. The
following theorem gives the condition for the validation of the equation.

By the definition of conjugate function,

f ��.x/ D sup
x�

˚hx; x�i � f � �x��� :

Using the Fenchel inequality, it is direct that f ��.x/ � f .x/.

16Here we denote x for x��.
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Theorem 1.4.6 If f W R
n ! R .1/ is a convex and lower semi-continuous

function, then f ��.x/ D f .x/.

Proof If f .x/ 	 1 for all x 2 X, then by the definition of conjugate function,

f � �x�� D sup
x2Rn

fhx; x�i � f .x/g D �1:

It follows f ��.x/ 	 1 D f .x/. Hence, we can assume that the effective domain
dom f ¤ ∅.

We have mentioned the key issue is to prove f ��.x/ � f .x/. We prove it by
contradiction. If there is a x0 2 dom f such that f �� .x0/ < f .x0/. It follows that
.x0; f �� .x0// … epi f , Theorem 1.4.2 asserts that epi f is a convex and closed set.
Thus, there is .y�; ˇ/ 2 R

n � R and " > 0 such that

hy�; xi C ˇ˛x < hy�; x0i C ˇf �� .x0/� " (1.4.11)

for every .x; ˛x/ 2 epi f , especially. If ˇ > 0, by the property of epigraph, ˛x can
go to positive infinite, so is the left side of Inequality (1.4.12). It is a contradiction
since the right side is independent of ˛x. Therefore, ˇ � 0. If ˇ D 0, then Inequality
(1.4.12) reduces to hy�; xi < hy�; x0i � ". Take x D x0, the inequality results in
0 < �". It is impossible. Thus, we ensure ˇ < 0. Dividing ˇ from both sides, we
have

D

y�

jˇj ; x0
E

� f �� .x0/ > sup
.x;˛/2epi f

nD

y�

jˇj ; x
E

� ˛x

o

> sup
x2dom f

nD

y�

jˇj ; x
E

� f .x/
o

D f �
�

y�

jˇj
�

;

Denote y�

jˇj D x�, the inequality is just that f �� .x0/ C f � .x�/ < hx�; x0i which
contradicts the Fenchel inequality. Theorem 1.4.6 is verified. �

The last conclusion is related to the subdifferential.

Theorem 1.4.7 Let f W A ! R .1/ be a convex function. If dom f ¤ ∅ and
x 2 dom f , then f .x/C f � .x�/ D hx�; xi if and only if x� 2 @f .x/.

Proof If x� 2 @f .x/, then by the definition of subdifferential f .y/ � f .x/ �
hx�; y � xi for all y 2 dom f . It follows that �f .x/ C hx�; xi � �f .y/ C hx�; yi.
By again the definition of conjugate function, the yields inequality

f � �x�� D sup
y2domf

�hx�; yi � f .y/
� � hx�; xi � f .x/: (1.4.12)

Combining with Fenchel Inequality, we obtain f .x/C f � .x�/ D hx�; xi.
If we start with Inequality (1.4.12), by the inverse procedure, we can obtain f .y/�

f .x/ � hx�; y � xi, i.e., x� 2 @f .x/. �
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Theorems 1.4.6 and 1.4.7 present two conditions under which Fenchel inequality
becomes equation. Theorem 1.4.6 asserts that when f is convex and lower semi-
continuous then the equality holds; Theorem 1.4.7 proposes if f is a convex function,
then the equation is only valid on the set of @f .x/. It is also a characteristic of @f .x/.

Problems
1. Prove that a function is continuous at x0 and only if it is upper semi-continuous

and lower semi-continuous at x0.
2. Suppose f W R ! R is a lower semi-continuous function, and its effective

domain is nonempty. Let A be a bounded subset of R. Then f holds lower
boundary on A. If A is compact then f can reach its lower boundary.

3. Prove all equivalent statements given after Definition 1.4.1.
4. Prove all conclusions for the operations of upper semi-continuous functions

given at the end of Sect. 1.4.1.
5. If dom f ¤ ∅ and f is convex and lower semi-continuous, then dom f � ¤ ∅.
6. If f is a convex function and x 2 int .dom f /, then Df .x/ .�/ D S .�; @f .x//

(hint: using Lemma 1.4.1).
7. Let f W A ! R be a convex function. If x0 2 dom f and f is continuous at x0, then

f .x/ D f ��.x/.
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Chapter 2
Set-Valued Mappings and Differential Inclusions

This chapter deals with two fundamental concepts for the control systems described
by deferential inclusions. They are set-valued mappings and differential inclusions.
The first two sections introduce the set-valued mappings and the succeeding four
sections involve the differential inclusions.

2.1 Set-Valued Mappings

The set-valued mapping is an important foundation in the theory of differential
inclusions. From the word of “set-valued”, it is obvious that the mapping maps a
variable to a set. Hence, the image of one variable may have more than one elements.
In order to distinguish from the set-valued mapping, the mapping defined in
Chap. 1, where the image of a variable only has one element, is often called by
single-valued mapping in this chapter. This section will give the definition and
elemental properties of set-valued mappings and extend the concepts of continuity
and derivative to set-valued mappings.

2.1.1 Definition of the Set-Valued Mappings

X and Y are supposed to be two normed spaces. k � kX and k � kY are the norms of X
and Y, respectively. When there is no confusion, we often omit their subscripts.

Definition 2.1.1 A � X is a set. A mapping F W A ! Y is said to be a set-valued
mapping defined on A, if for every x 2 A, F(x) is a subset of Y.
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The set A is called by the domain of F. The set of fxI F.x/ ¤ ∅g is called by
the effective domain of F and is denoted by dom F. F(x) is called by the image of x,
the set [

x2A
F.x/ � Y is the range of F, and gra F D f.x; y/ I y 2 F.x/g is called by

the graph of F. �
From the definition, it seems to be better to define the set-valued mapping from A

to the power set of Y, i.e., F W A ! PY. The definition can meet the requirement of
single-valued mapping. The reason we have considered is that Y is a normed space,
and we need to apply the norm of Y and topology induced by the norm.

From now on, capital letters, such as F, G, : : : are used to express the set-valued
mappings; and correspondingly, the lowercases, such as f, g, : : : , are to express
the single-valued mappings. We assume in this book that dom F ¤ ∅ for every
set-valued mapping F.

We now present more remarks for the set-valued mappings.

Remark 1 If the domain of set-valued mapping F W A ! Y is not equal to X, i.e.,
A ¤ X, then we can extend the definition of F to F by

F.x/ D
�

F.x/ x 2 A;
∅ x … A:

By the alteration, the domain of F becomes X, but its effective domain of is exactly
equal to that of F. Hence we always assert that every set-valued mapping is defined
on whole space X. �
Remark 2 For y 2 Y, the inverse of y is defined as fxI y 2 F.x/g and is denoted by
F�1.y/. It is obvious that F�1.y/ is a set of X. Let G � Y be a set. There are two ways
to define the inverse of G for a set-valued mapping F. The set fxI F.x/ � Gg � X
is defined as the strong inverse of G and denoted by F�1.G/ .s/ where the letter
“s” means strong. The set fxI F.x/\ G ¤ ∅g � X is called by the weak inverse
of G and denoted by F�1.G/ .w/ where “w” stands for weak. It is obvious that
F�1.G/ .w/ � F�1.G/ .s/. At the most time, we apply the definition of weak
inverse, hence, F�1.G/ .w/ is simplified as F�1.G/. But we keep the notation of
F�1.G/ .s/. �

For these two kinds of inverses, we have the following equations and their proofs
are left to readers as exercises.

F�1 .Gc/ .w/ D �

F�1.G/ .s/
�c
; (2.1.1a)

F�1 .Gc/ .s/ D �

F�1.G/ .w/
�c
: (2.1.1b)

In Eqs. (2.1.1a) and (2.1.1b), the complements at two sides are in different spaces.
At the left side, Gc D YnG, but at the right side

�

F�1 .� /�c D XnF�1 .� /.
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Remark 3 A set-valued mapping F W X ! Y is with closed value if for every
x 2 X, F(x) is a closed set of Y. If gra F is a closed set of X � Y, then F(x) is called
as a closed set-valued mapping or closed mapping for simplicity.

Replacing the word “closed” by “bounded”, we can establish the definitions of
“set-valued mapping with bounded value” and “bounded set-valued mapping”. If it
is replaced by “open” and “compact”, we have the corresponding statements and the
details are omitted. �

In fact, we have already applied the definition of set-valued mapping, for
example, the epigraph epi f is a graph of set-valued mapping, where the set-valued
mapping is F.x/ D faI a 2 R; a � f .x/g. The another example is subdifferential
@f .x/, it is also a set-valued mapping, although for some x it only has one element.

2.1.2 Continuities of Set-Valued Mappings

Giving definitions of continuities for set-valued mapping is a precise job. There are
more than one kinds of continuities. Readers have to distinct and compare these
statements, carefully.

Definition 2.1.2 Let F W X ! Y be a set-valued mapping and x0 2 X. F is upper
semi-continuous at x0 if for every open set OY � Y which satisfies that OY � F .x0/,
there is a ı > 0 such that F .B .x0; ı// � OY . If F is upper semi-continuous at every
point x 2 X, then F is an upper semi-continuous set-valued mapping on X.

F is lower semi-continuous at x0 if for every y 2 F .x0/ and every " > 0, there
is a ı > 0 which may depend on y and " such that for every x 2 B .x0; ı/, F.x/ \
B .y; "/ ¤ ∅. If F is lower semi-continuous at every point x 2 X, then F is a lower
semi-continuous set-valued mapping on X.

If F is both upper semi-continuous and lower semi-continuous at x0, then F is
continuous at x0. If F is continuous at every point x 2 X, then F is a continuous
set-valued mapping on X. �

Note that in Definition 2.1.2, the words “the space X” can be replaced by “the set
A”. For example, we can say that F is an upper semi-continuous set-valued mapping
on A .� X/.

For the upper semi-continuity and lower semi-continuity, we have the following
equivalent statements.

Theorem 2.1.1 Let F W X ! Y be a set-valued mapping. Then the following
statements are equivalent.

(1) F is upper semi-continuous.
(2) For every open set OY � Y, F�1 .OY/ .s/ is an open set of X.
(3) For every closed set CY � Y, F�1 .CY/ .w/ is a closed set of X.
(4) Let x 2 X and fxng � X be a sequence with xn ! x. Then for every open set

OY � Y and F.x/ � OY , there is an N 2 N, F .xn/ � OY provided that n > N.
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Proof .1/ ) .2/. Suppose that OY � Y is an open set. If x 2 F�1 .OY/ .s/, then
F.x/ � OY . F is upper semi-continuous, by Definition 2.1.2, there is a neighborhood
B(x, ı) such that F .B .x; ı// � OY , i.e., B .x; ı/ � F�1 .OY/ .s/.
.2/ , .3/. This is a direct result of Equations (2.1.1a) and (2.1.1b). The details

are omitted.
.2/ ) .4/. Let fxng � X be a sequence with xn ! x. Let OY � Y be an

open set with F.x/ � OY . Then by the conclusion (2), there is a ı > 0, such that
B .x; ı/ � F�1 .OY/ .s/. Hence, there is an N 2 N, when n > N, xn 2 B .x; ı/, i.e.,
xn 2 F�1 .OY/ .s/, F .xn/ � OY .
.4/ ) .1/. If F is not upper semi-continuous at x 2 X, then there is an open

set OY � Y such that F .B .x; ı// � OY is not true. Let ın # 0, there are an xn 2
B .x; ın/ ; and a yn 2 F .xn/, yn … OY for n 2 N. Obviously, xn ! x. yn 2 F .xn/,
yn … OY for n 2 N. It contradicts to the conclusion (4). �

For the lower semi-continuity, we have the following corresponding conclusions.

Theorem 2.1.2 Let F W X ! Y be a set-valued mapping. Then the following
statements are equivalent.

(1) F is lower semi-continuous.
(2) For every open set OY � Y, F�1 .OY/ .w/ is an open set of X.
(3) For every closed set CY � Y, F�1 .CY/ .s/ is a closed set of X.
(4) Let x 2 X and fxng � X be a sequence with xn ! x. Then for every open set

OY � Y, F.x/ \ OY ¤ ∅, there is an N 2 N, F .xn/ \ OY ¤ ∅ provided that
n > N. �

The proof of Theorem 2.1.2 is quite similar to that of Theorem 2.1.1 and is left
to readers as an exercise.

There is an alternative way to define the continuity for the set-valued mappings.
This, we call, is the "� continuity.

Definition 2.1.3 A set-valued mapping F W X ! Y is "� upper semi-continuous
at x0 2 X, if for every " > 0, there is a ı > 0 which may depend on ", such that
for every x 2 B .x0; ı/, F.x/ � F .x0/ C "B. If for every x 2 X, F is "� upper
semi-continuous at x, then F is an "� upper semi-continuous mapping on X.

A set-valued mapping F W X ! Y is "� lower semi-continuous at x0 2 X; if
for every " > 0, there is a ı > 0 which may depend on ", such that for every
x 2 B .x0; ı/, F .x0/ � F.x/C"B. If for every x 2 X, F is "� lower semi-continuous
at x, then F is an "� lower semi-continuous mapping on X. �

It is easy to see that the relation F.x/ � F .x0/ C "B for every x 2 B .x0; ı/
is equivalent to F .B .x0; ı// � B .F .x0/ ; "/, and F .x0/ � F.x/ C "B for every
x 2 B .x0; ı/ is equivalent to F .x0/ � \

x2B.x0;ı/
B .F.x/; "/.

From F .B .x0; ı// � B .F .x0/ ; "/, it can see that if F is upper semi-continuous,
then it is "� upper semi-continuous, since B(F(x0), ") is an open set. But the inverse
statement may fail to be true. A counter example will be given later.
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Fig. 2.1 The graph of F(x)
defined in Example 2.1.1 F( 0 ) + eB
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For the "� lower semi-continuous, the situation is different. The inclusion
F .x0/ � F.x/ C "B implies that for every y0 2 F .x0/, there is a y 2 F.x/
such that ky � y0k < ", i.e., F.x/ \ B .y0; "/ ¤ ∅. On the other hand, if
F.x/ \ B .y0; "/ ¤ ∅, then there is a y 2 F.x/ such that ky � y0k < ", i.e.,
F .x0/ � F.x/ C "B. We conclude that the lower semi-continuity is equivalent to
the "� lower semi-continuity.

Example 2.1.1 Consider F W R ! R
2 which maps every x 2 R to the set

F.x/ D f.y1; y2/ I y1 D x; y2 2 Œ0;1/g, or, F.x/ D f.x; y/ I x 2 R; y 2Œ 0;1 /g for
simplicity.

In the plane of R2, for every x the image of F(x) is a radical line which starts
at (x, 0) and goes to positive infinite and is orthogonal to the x-axis (Fig. 2.1). It
follows that [F.x/ is the upper half plane of R2.

We assert that F is not upper semi-continuous at every x 2 R. As an example,
let us consider F(0) and an open set MD f.x; y/ I jxyj < 1g� R

2. It is obvious that
M � F.0/. However, for every x; x ¤ 0, M cannot contain F(x). It follows that
for every ı > 0, the relation M � F .B .0; ı// is not true, i.e., F(x) is not upper
semi-continuous at x D 0.

We can prove that for every x 2 R, F is lower semi-continuous at x. It is because
that for every .x; y0/ 2 F.x/ and every " > 0, we can take ı D ", then F .B .x; ı//\
B ..x; y0/ ; "/ D B ..x; y0/ ; "/.

By Definition 2.1.3, the mapping F(x) is "� upper semi-continuous. Because for
every " > 0, we can select ı D "

2
, it follows that F.x/ D f.x; y/ I y 2 Œ0;1/g �

F .x0/C "B �
In Example 2.1.1, the open set M cannot be written as the form of F.0/ C "B.

This is the key issue for the failure of F(x) to be an upper semi-continuous mapping.
In Remark 3 after Definition 2.1.1, we have defined a set-valued mapping with

closed value and closed set-valued mapping. By these definitions, the following
conclusions are obvious.

(1) If F W X ! Y is a set-valued mapping with open value, then it is an open
set-valued mapping.

(2) If F W X ! Y is a closed set-valued mapping, then it is with closed value.
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Readers can find the inverse instatements of the above conclusion are not valid.
By using the concepts of continuities, we have the following conclusion.

Theorem 2.1.3 If F W X ! Y is an upper semi-continuous set-valued mapping,
then it is closed if and only if it is with closed value.

Proof By the above statement (2), it is sufficient to show if F W X ! Y is with
closed value then it is a closed mapping.

Suppose f.xn; yn/ ; n D 1; 2; : : : g � gra F such that .xn; yn/ ! .x0; y0/. We
are required to verify .x0; y0/ 2 gra F. By the condition of Theorem 2.1.1, F is
upper semi-continuous; hence, it is "� upper semi-continuous. For every " > 0,
there exists a ı > 0, such that F.x/ � F .x0/C "B for every x 2 B .x0; ı/. Because
xn ! x0, there is an N 2 N, when n > N, xn 2 B .x0; ı/. It follows that yn 2 F .xn/ �
F .x0/C"B where " > 0 can be selected arbitrary. Consequently, y0 2 cl F .x0/ since
yn ! y0. F is with closed value, hence F(x0) is a closed set, F .x0/ D cl F .x0/. Thus,
.x0; y0/ 2 gra F �

Readers are suggested to state a similar conclusion for lower semi-continuous
set-valued mappings.

Before giving Theorem 2.1.4, we prove a general result which can be treated as
an extension of separation axiom in Topology.

Lemma 2.1.1 Let Y be a Banach space, A � Y is a compact set, and M � A is an
open set. Then there is an " > 0 such that M � A C "B.

Proof M is an open set, hence its complement Mc is a closed set. Mc \A D ∅. Now
consider the distance between Mc and A, d(Mc, A). We conclude that d .Mc;A/ > 0

since A is compact and Mc is closed. Let " D 1
2
d .Mc;A/. Mc \ .A C "B/ D ∅, i.e.,

M � A C "B. �
Theorem 2.1.4 If the set-valued mapping F W X ! Y is with compact value, and
Y is complete, then F is upper semi-continuous if and only if it is "� upper semi-
continuous.

Proof It is sufficient to show that under the conditions of Theorem 2.1.4, an "�
upper semi-continuous set-valued mapping is upper semi-continuous.

By the condition given by the theorem, for every x 2 X; F.x/ is a compact
set. Now let M be an open set which contains F(x). Then by Lemma 2.1.1, there
is an " > 0 such that F.x/ C "B � M. F(x) is "� upper semi-continuous, hence
there is a ı > 0, such that for every x1 2 B .x; ı/, F .x1/ � F.x/ C "B. It follows
F .B .x; ı// � F.x/C "B � M. �

In Example 2.1.1, F(x) is "� upper semi-continuous, but for every x 2 R, F(x) is
not a compact set. Hence, it fails to be upper semi-continuous.

We now turn to the operation of two mappings.
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For two set-valued mappings F(x) and G(x), because their images are in a normed
space, we can define linear operation ˛F.x/CˇG.x/. But at the most time, we prefer
to define F.x/[ G.x/ and F.x/\ G.x/.

Theorem 2.1.5

(1) If F(x) and G(x) are upper semi-continuous, then F.x/ [ G.x/ is upper semi-
continuous;

(2) If F(x) and G(x) are lower semi-continuous, then F.x/ [ G.x/ is lower semi-
continuous.

Proof The theorem is verified by using the conclusion 4 in Theorem 2.1.1 and
Theorem 2.1.2, respectively. Let OY � Y be an open set. Let fxng � X be a sequence
and xn ! x.

(1) If OY � F.x/ [ G.x/, then OY � F.x/. It follows from the upper semi-
continuity of F(x), OY � F .xn/ for some N1 and n > N1. Similarly, there is an
N2 such that for n > N2, OY � G .xn/. Thus, when n > max fN1;N2g, OY �
F .xn/ [ G .xn/. The first conclusion is verified.

(2) If OY \ .F.x/[ G.x// ¤ ∅, then without loss of generality, we assume that
OY \ F.x/ ¤ ∅. If follows from the lower semi-continuity, OY \ F .xn/ ¤ ∅ for
some N1 and n > N1. Thus, OY \ .F .xn/[ G .xn// ¤ ∅ when n > N1. The second
conclusion is also proved.

The situation for the intersections is more complicated. We present them in the
following two theorems.

Theorem 2.1.6 Let F(x) and G(x) be two set-valued mappings from X to Y. If they
are all lower semi-continuous and satisfy that:

(1) F and G have all convex values, i.e., F(x) and G(x) are convex sets for every
x 2 X.

(2) G(x) is locally bounded, i.e., for every x0 2 X, there are ı > 0 and M > 0 which
may depend on x0 such that if x 2 B .x0; ı/ then F.x/ � MBY where BY is the
open unit ball of Y.

(3) There exists a � > 0, such that for every x 2 X and every z 2 �BY , F.x/ \
.G.x/C z/ ¤ ∅.

Then F.x/\ G.x/ is lower semi-continuous.

Proof Let x0 2 X and y0 2 F .x0/ \ G .x0/. Because G(x) is locally bounded, there
are ı1 > 0 and M > 0 such that G.x/ � MBY for every x 2 B .x0; ı1/. For a given
" > 0, define � D "

1C4M��1 . By the lower semi-continuity of F(x) and G(x), there
exists a ı � ı1, such that F.x/\B .y0; �/ ¤ ∅; G.x/\B .y0; �/ ¤ ∅ simultaneously
for x 2 B .x0; ı/.

Take a point g.x/ 2 G.x/\ B .y0; �/ for every x 2 B .x0; ı/. The g.x/ 2 B .y0; �/
and F.x/\B .y0; �/ ¤ ∅, hence there is a f .x/ 2 F.x/ such that kg.x/� f .x/k < 2�,
i.e., g.x/ 2 F.x/C 2�z for some z D z.x/ 2 BY (Fig. 2.2).
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Fig. 2.2 The relation among
F(x), G(x) and B(y0, �)

( )g x

B(y0,h)
F(x)

G(x)

By the third condition of Theorem 2.1.6, for this z D z.x/, there are f .x/ 2 F.x/
and g.x/ 2 G.x/, such that g.x/ D f .x/ � �z. Now, we define � D �

�C2� , it follows

1 � � D 2�

�C2� D 2��

�
. At last

�g.x/ 2 �F.x/C 2��z D �F.x/C 2��

�

�

f .x/ � g.x/
�

� �F.x/C .1 � �/F.x/� .1 � �/ g.x/ :

Because both F(x) and G(x) are convex, �g.x/ C .1 � �/ g.x/ 2 F.x/ \ G.x/. On
the other hand,

k�g.x/C .1 � �/ g.x/� y0k � � kg.x/� y0k C .1� �/ kg.x/� y0k
� ��C .1� �/ 2M

D ��C 4M��

�

D ��




1C 4M

�

�

� ";

�g.x/C .1 � �/ g.x/ 2 B .y0; "/. Thus, .F.x/\ G.x// \ B .y0; "/ ¤ ∅ı �
This is a constructive proof, it gives an element in .F.x/\ G.x//\ B .y0; "/. The

next theorem is related to upper semi-continuous mappings.

Theorem 2.1.7 Let F W X ! Y be an upper semi-continuous mapping. If the
following conditions are satisfied:

(1) F is with compact value.
(2) gra G is a closed set in X � Y.

Then F.x/\ G.x/ is upper semi-continuous on X.

Proof Let OY � Y be an open set and OY � F .x0/ \ G .x0/ for x0 2 X. Then
the target of verification is to find a ı > 0 such that OY � F.x/ \ G.x/ for every
x 2 B .x0; ı/.
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If OY � F .x0/, then by the upper semi-continuity of F(x) at x0, there is a ı > 0,
such that OY � F.x/ � F.x/ \ G.x/ for every x 2 B .x0; ı/. The conclusion is
proved. Hence it is sufficient to prove the case that F .x0/ 6� OY . If F .x0/ 6� OY ,
then F .x0/ \ Oc

Y ¤ ∅. Denote K D F .x0/ \ Oc
Y , K is a compact set. We conclude

that K \ G .x0/ D ∅. Otherwise G .x0/ \ F .x0/ \ Oc
Y ¤ ∅, it is contradicted

to OY � F .x0/ \ G .x0/. Therefore, for every y 2 K, .x0; y/ … gra G. gra G is
a closed set, there exist ıy > 0 and "y > 0 such that

�

B
�

x0; ıy
� � B

�

y; "y
�� \

gra G D ∅. These B(y, "y)’s construct a open covering of K. There is a finite

subcovering of K, i.e.,
n[

iD1B
�

yi; "yi

� � K. Denote M D n[
iD1B

�

yi; "yi

�

, M is an

open set. Recall the construction of B(y, "y), every "yi corresponds to a ıyi . Let
ı1 D min

˚

ıyi I i D 1; 2; : : : ; n
�

. For every x 2 B .x0; ı1/, .fxg � M/ \ gra G D ∅,
i.e., M \ G.x/ D ∅.

Because M � K D F .x0/ \ Oc
Y , OY [ M � F .x0/. F is upper semi-continuous,

for the open set M [ OY , there is a ı2 such that for every x 2 B .x0; ı2/, OY [ M �
F.x/. Let ı D min .ı1; ı2/. When x 2 B .x0; ı/, it happens OY [ M � F.x/ and
M \ G.x/ D ∅. Thus,

F.x/ \ G.x/ � .M [ OY/ \ G.x/

D .M \ G.x//[ .OY \ G.x//

D OY \ G.x/ � OY :

We have prove that OY � F.x/\ G.x/ always holds in a neighborhood of x0. �
In Sect. 1.4, we have mentioned that f is a single-valued upper semi-continuous

function if and only if � f is lower semi-continuous. But for set-valued mappings,
there is no such a simple relation.

We now turn to deal with the Lipshitzian property of a set-valued mappings.

Definition 2.1.4 F W X ! Y is a set-valued mapping and x0 2 X. If there are two
positive constants L and ı such that

F.x/ � F .x0/C Lkx � x0kXBY (2.1.2)

for every x 2 B .x0; ı/ where BY is the open unit ball in Y. Then F is a locally
Lipschitzian set-valued mapping at x0 and L is its Lipschitzian constant.

F is said to be a global Lipschitzian set-valued mapping at x0, if the relation
(2.1.2) is valid for all x 2 X. Moreover, F is a (global) Lipschitzian set-valued
mapping, if (2.1.2) is valid for any x; x0 2 X. �

If the relation (2.1.2) is satisfied for F W X ! Y, then for y 2 F.x/, there exist
y0 2 F .x0/ and b 2 BY such that y D y0 C L kx � x0k b, it is equivalent to

ky � y0k D L kx � x0k kbk < L kx � x0k : (2.1.3)

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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Conversely, if Inequality (2.1.3) holds for any two vectors y 2 F.x/ and y0 2 F .x0/,
then the relation (2.1.2) holds. Hence Inequality (2.1.3) is an equivalent condition
for Lipschitzian set-valued mappings.

It is obvious that if F W X ! Y is a local Lipschitzian set-valued mapping at
x0 2 X, then F is "� upper semi-continuous at x0. The following example shows
the Lipschitzian property of a set-valued mapping does not imply the upper semi-
continuity. This is an important difference from the single-valued mapping.

Example 2.1.2 Let F W R ! R
2 be as follows: for x0 2 R, its image is

F .x0/ D
n

.x; y/ I .x � x0/
2 C y2 < 1

o

:

It is obvious for every x0 2 R, F(x0) is an open set. Hence, let OY D F .x0/, then
there is no ı > 0 such that F .B .x0; ı// � OY . However, F is a global Lipschitzian
set-valued mapping, its Lipschitzian constant can be 1. �
Theorem 2.1.8 Let F W X ! Y be a Lipschitzian set-valued mapping, its
Lipschitzian constant is L. Let F.x/ W X ! Y be an extension of F with F.x/ D
co F.x/. Then F is still a Lipschitzian set-valued mapping whose Lipschitzian
constant is still L.

Proof Let x0 2 X and consider F .x0/ D coF .x0/ � Y. By the property of closed
hull, for y0 2 F .x0/ and arbitrarily " > 0, there exist yi0 2 F .x0/ ; i D 1; 2; : : : ; s

and �i; i D 1; 2; : : : ; s with �i � 0 and
s
X

iD1
�i D 1 such that

�

�y0�Ps
iD1 �iyi0

�

�<".

We now consider x 2 X, and take s vectors yi from F(x), i.e., yi 2 F.x/; i D
1; 2; : : : ; s. We have
�

�y0 �Ps
iD1 �iyi

�

� � �

�y0 �Ps
iD1 �iyi0

�

� C �

�

Ps
iD1 �iyi0 �Ps

iD1 �iyi

�

� � " C
Ps

iD1 �i kyi0 � yik < L kx0 � xk C "" can be selected arbitrarily, consequently,
y0 2 co F.x/C L kx � x0k BY . �

Theorem 2.1.8 illustrates the Lipschitzian property can be extended to its convex
hull, and the Lipschitzian constant is invariant.

2.1.3 Tangent Cones and Normal Cones

Before considering the derivative of a set-valued mapping, we deal with the tangent
cone and normal cone for a set-valued mapping.

1. Definition of cones

Recall the concept of the cone which is mentioned when we introduce the convex
sets. A set K is called by a cone if x 2 K then �x 2 K for every � 2 R .� 0/. K is
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Fig. 2.3 Cone K and
conjugate cone K* and polar
cone �K�

K

K

−K *

O

*

said to be a convex cone if and only if for x; y 2 K and arbitrarily �;� 2 R .� 0/

such that �x C �y 2 K.
By the definition, it is easy to verify if K1 and K2 are two cones, then K1 [

K2; K1 \ K2; K1 C K2 and K1\K2 are also cones. If K1 and K2 are two convex
cones, then K1 \ K2 and K1 C K2 are convex cones.

Let K be a cone, the conjugate cone of K is denoted by K�

K� D fx�I hx�; xi � 0;8x 2 Kg :

Moreover, �K� is called by the polar cone of K. For simplicity, we often apply N to
denote a polar cone. It is obvious that both K� and �K� are convex and closed no
matter what is the cone K. Figure 2.3 gives an illustration of relations of K, K� and
�K� in R

2.
By the definition of conjugate cone, it is direct to verify that .K1 C K2/

� D K�
1 \

K�
2 for two cones K1 and K2.

In order to be convenient to application later, we deal with the support function
of a cone. Let K � R

n be a cone. Then it support function S(x, K) is defined by
S .x;K/ D sup

xK2K
.hx; xKi/. When x� 2 �K�, then hx�; xKi � 0 for every xK 2 K.

Since for all ˛ � 0; ˛xK 2 K, S .x�;K/ D sup
xK2K

.hx�; ˛xKi/ ! 0; .˛ ! 0/.

When x� … �K�, there is a xK 2 K, such that hx�; xKi > 0, then S .x�;K/ D
sup

xK2K
.hx�; ˛xKi/ ! 1; .˛ ! 1/. Therefore, we can conclude that

S
�

x�;K
� D ı

�

x�;�K�� : (2.1.4)

The fact can be explained form Fig. 2.3
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The following is a fundamental result for a cone and its polar cone.

Theorem 2.1.9 Let K � X be a closed and convex cone, N be the polar cone of
K. x 2 X is a vector and �(x, K) is the projection of x on K. Denote � .x;N/ D
x � � .x;K/. Then we have the following conclusions

(1) � .x;N/ 2 N.
(2) If x … N, then �(x, N) is the projection of x on N.
(3) kxk2 D k� .x;K/k2 C k� .x;N/k2.
Proof (1) By Inequality (1.2.13), for every y 2 K, we have

hx � � .x;K/ ; y � � .x;K/i � 0: (2.1.5)

K is a cone, hence 0 2 K, and by the definition of projection � .x;K/ 2 K,
replacing y by 0 and 2� .x;K/ 2 K, respectively, Inequality (2.1.5) yields,
hx � � .x;K/ ; � .x;K/i � 0 and hx � � .x;K/ ; � .x;K/i � 0. Consequently,

hx � � .x;K/ ; � .x;K/i D 0: (2.1.6)

Also by Eq. (2.1.6), Inequality (2.1.5) results in hx � � .x;K/ ; yi � 0 for every
y 2 K. It is just that � .x;N/ D x � � .x;K/ 2 N by the definition of polar cone.
The first conclusion is verified.

(2) Let �� 2 N. We conclude that

h�� � � .x;N/ ; x � � .x;N/i D h��; x � � .x;N/i � h� .x;N/ ; x � � .x;N/i � 0:

It is because � .x;K/ D x � � .x;N/, the first inner product is less than or equal to
zero, and the second inner product is zero by Eq. (2.1.6). By Remark 2 of Lemma
1.2.2, �(x, N) is the projection of x on N.

(3) We have

kxk2 D kx � � .x;K/C � .x;K/k2
D kx � � .x;K/k2 C k� .x;K/k2 C 2 hx � � .x;K/ ; � .x;K/i
D kx � � .x;K/k2 C k� .x;K/k2 :

The conclusion 3 is now verified. �
2. Tangent cone and normal cone

In order to define the derivative for set-valued mappings, we consider tangent
cone and normal cone of a set.

Definition 2.1.5 Let A � X be a set and x 2 A. The set

T .x;A/ D cl [
�>0

A � x

�
(2.1.7)

http://dx.doi.org/10.1007/978-3-662-49245-1_1
http://dx.doi.org/10.1007/978-3-662-49245-1_1
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is the tangent cone of A at x; �T� .x;A/, the polar cone of T(x, A), is defined as the
normal cone of A at x and denoted by N(x, A). �
Remark T(x, A) is a cone. At first x 2 A, hence 0 2 T .x;A/. Moreover, if y 2
T .x;A/, and there is a � > 0 such that y 2 A�x

�
, it follows that �y 2 A�x

���1 , for every

� > 0. For vectors in derived set of [
�>0

A � x

�
, the proof is similar and omitted. �

If X D R
n and x 2 int A, then T(x, A)D R

n. It is a trivial case. Hence it is only
meaningful to deal with the tangent cones at the boundary of A.

Lemma 2.1.1 Let A be a convex set, and two real numbers � and � satisfy 0 < � <
�. Then for x 2 A, A�x

�
� A�x

�
.

Proof Let y 2 A be an arbitrarily element of A. Define z D
�

1 � �
�

�

x C �
�

y, then

z 2 A since A is convex. It is equivalent to that y D �

�
z C �

1 � �

�

�

x. Thus,

y � x

�
D ��1 ��

�
z � �

�
x C x � x

�

D z � x

�
2 A � x

�
:

�
Theorem 2.1.10 Let A be a convex set, and x 2 A. Then

T .x;A/ D
�

� I lim
�#0
��1d .x C ��;A/ D 0

	

:

Before proving the theorem, we give an explanation. d .x C ��;A/ is the distance
of point x C �� to set A. The theorem asserts that, firstly, the tangent cone is a set-
valued mapping and its effect domain is A; secondly, if d .x C ��;A/ is a higher
infinitesimal when � intends to zero, then the ¤ belongs to the tangent cone. It
meets well the definition of tangent line in calculus.

The proof of Theorem 2.1.10: If � 2 T .x;A/, then by the Definition of 2.1.5,
for every " > 0, there is a positive real �0 such that � 2 A�x

�0
C "BX where BX is

the unit ball of X. By Lemma 2.1.1, it follows that � 2 A�x
�

C "BX for every � with
0 < � � �0. For the �, we have

��1d .x C ��;A/ D ��1 inf
y2A

kx C �� � yk D inf
y2A

�

�� � ��1 .y � x/
�

� � ": (2.1.8)

Because " > 0 can be selected arbitrarily, ��1d .x C ��;A/ ! 0 as � # 0.
Conversely, if lim

�#0
��1d .x C ��;A/ D 0, then, for every " > 0, there is a ı > 0,

when � < ı, we have Inequality (2.1.8). The last inequality means � 2 cl A�x
�

C"BX ,
i.e., � 2 T .x;A/. �
Theorem 2.1.11 Let A be a convex set and x 2 A. Then

N .x;A/ D f��I h��; y � xi � 0; y 2 Ag :
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Proof By Definition 2.1.5, A � x � T .x;A/, and by the definition of normal cone
N .x;A/ D �T� .x;A/, we have h��; y � xi � 0 for every y 2 A and every �� 2
N .x;A/. Therefore, N .x;A/ � f��I h��; y � xi � 0; y 2 Ag.

Conversely, let � 2 T .x;A/, then for " > 0 there is a � > 0 such that � 2 A�x
�

C
"B. It can be rewritten by

�

�� � y�x
�

�

� � " for some y 2 A. Now, if h��; y � xi � 0

holds for every y 2 A, then

h��; �i D
D

��; � � y � x

�
C y � x

�

E

D
D

��; � � y � x

�

E

C
D

��;
y � x

�

E

�
D

��; � � y � x

�

E

� " k��k :

We have applied Schwarz Inequality at the last step. Since the " can be selected
arbitrarily, h��; �i � 0 for every � 2 T .x;A/. It follows �� 2 N .x;A/. The
conclusion is verified. �

The last theorem in this subsection reveals the relation of T(x, A) and N(x, A),
when they are treated as set-valued mappings.

Theorem 2.1.12 If T(x, A) is compact and convex for every x 2 A� X, then gra
N(x, A) is closed if and only if T(x, A) is lower semi-continuous.

Proof The proof of the theorem applies the conclusion given in Problem 2 of this
section. Let

�

xn; �
�
n

� 2 gra N .x;A/ and
�

xn; �
�
n

� ! .x; ��/. If we can prove �� 2
N .x;A/, then gra N(x, A).x 2 A/ is closed. Let � 2 T .x;A/. T(x, A) is lower semi-
continuous, hence there is a �n 2 T .xn;A/ ; �n ! � . It follows that

˝

�n; �
�
n

˛ � 0.
0 � lim

n!1
˝

��
n ; �n

˛ D h��; �i. Thus, �� 2 N .x;A/.

For a vector � 2 T .x;A/, and a sequence fxng with xn ! x, we should construct
a sequence f¤ng such that �n 2 T .xn;A/ and �n ! � . Because � 2 T .x;A/,
and T(x, A) is convex and compact, by using Theorem 2.1.9, we conclude there are
�n D � .�;T .xn;A//2 T .xn;A/ and ��

n D � .�;N .xn;A//2 N .xn;A/ such that
� D �n C��

n . Thus,
�

���
n

�

� � k�k,
˚

��
n

�

has a convergent subsequence, without loss
of generality, we can assume

˚

��
n

�

is convergent, ��
n ! ��. gra N(x, A) is closed,

hence �� 2 N .x;A/. Furthermore, �n D ����
n ! ����. If we can prove �� D 0,

then �n ! � . The conclusion is verified.

By Eq. (2.1.6), h��; � � ��i D lim
n!1

˝

��
n ; � � ��

n

˛ D 0, i.e.,

0 D h��; � � ��i D h��; �i � h��; ��i :

Hence, k��k2 D h��; ��i D h��; �i � 0; k��k D 0: �
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2.1.4 Derivative of Set-Valued Mappings

This subsection starts with the discussion of tangent cone. At the most time, we
restricted ourselves in R

n.

Definition 2.1.6 Let A � X, and x 2 A. The set defined as

TC .x;A/ D
�

� I lim
�#0
��1d .x C ��;A/ D 0

	

is called by the tangent cone of A at the x.
The set

T� .x;A/ D
�

� I lim inf
�#0

��1d .x C ��;A/ D 0

	

is called by the contingent cone of A at the x. �
Recall the definition of limitation inferior of a function, if lim inf

x!x0
f .x/ D c then

(1) there exists a convergent fxng sequence xn ! x0, such that f .xn/ ! c; (2) let
fxng be a convergent sequence, xn ! x0 and f .xn/ ! c, then c � c.

Remark 1 By Definition 2.1.6, it is obvious that both TC .x;A/ and T� .x;A/
are closed and TC .x;A/ � T� .x;A/. �
Remark 2 If A is a convex set, then ��1d .x C ��;A/ is decreasing with
the decrease of �. Hence, Theorem 2.1.10 concludes that the limitation
lim
�#0
��1d .x C ��;A/ exists for every � 2 A, and TC .x;A/ D T .x;A/. Furthermore,

TC .x;A/ D T� .x;A/. �
Example 2.1.3 Consider a single-valued mapping

f .x/ D
(

jxj sin 1
jxj ; x ¤ 0;

0; x D 0;

and A D [epi f .x/. Then the tangent cone TC .0;A/ and the contingent cone
T� .0;A/ are shown in Fig. 2.4. �

Let A � R
n and ˛ > 0. Define a set D˛ � R

n � R as follows

D˛ D ˚�

x; x0
� 2 R

n � R; x0 � ˛d .x;A/
�

:

In R
n � R, the set D˛ looks as a solid basin (Fig. 2.5). Hence D˛ is called by the

basin of A with the slope ˛.

Theorem 2.1.13 Let A � R
n, ˛ > 0 and Ox 2 A. Then

TC ..Ox; 0/ ;D˛/ � ˚�

v; v0
� 2 R

n � R; v0 � ˛d .v;TC .Ox;A//
�

:
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Fig. 2.4 The tangent cone
and contingent cone of
Example 2.1.3

(0, )T F+

(0, )T F-

O
x

f(x)

Fig. 2.5 The figure of D˛

A

Proof Let v0 2 R and v0 � ˛d .v;TC .Ox;A//. Because TC .Ox;A/ is closed, there
exists a ! 2 TC .Ox;A/ such that d .v;TC .Ox;A// D kv � !k. Then v0 � ˛ kv � !k.
Moreover,

˛d .Ox C �v;A/ � ˛d .Ox C �!;A/C ˛� kv � !k � ˛d .Ox C �!;A/C �v0:

Dividing both sides by �, since ! 2 TC .Ox;A/, we have lim
�#0
��1˛d .Ox C �v;A/ � v0.

It means ��1˛d .Ox C �v;A/ � v0 C " for small �, i.e.,
�Ox C �v; �v0 C �"

� 2 D˛ .
Equivalently,

lim
�#0
��1d



� Ox
0




C
�

�v
�v0


�

;D˛

�

� ":

" > 0 can be selected arbitrarily. Hence,
�

v; v0
� 2 TC ..Ox; 0/ ;D˛/. �
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Lemma 2.1.2 Let F W X ! Y be a Lipschitzian mapping with Lipschitzian constant
l. Then

d ..x; y/ ; gra F/ � d .y;F.x// � .1C l/ d ..x; y/ ; gra F/ :

Proof We have mentioned that in the Cartesian product space X � Y, the norm can
be defined as .x; y/ 2 X �Y; k.x; y/k D kxkX CkykY . By the definition, there exists
a z 2 F.x/ such that d .y;F.x// � ky � zk � " for every " > 0. Hence, we have

d ..x; y/ ; gra F/ � k.x; y/ � .x; z/kX�Y D ky � zkY � d .y;F.x//C ":

Because " > 0 can be selected arbitrarily, it leads to

d ..x; y/ ; gra F/ � d .y;F.x// : (2.1.9)

The left inequality is obtained.
Similarly, for " > 0, there is .x0; y0/ 2 gra F such that

d ..x; y/ ; gra F/ � k.x; y/ � .x0; y0/kX�Y � " D kx � x0kX C ky � y0kY � ":

Because F is a Lipschitzian mapping, for this x, there is a z 2 F.x/ such that
kz � y0kY � lkx � x0kX . Then,

d .y;F.x// � ky � zkY

� ky � y0kY C ky0 � zkY

� ky � zkY C lkx � x0kX

� .1C l/ .ky � zkY C kx � x0kX/

� .1C l/ .d ..x; y/ gra F/C "/ :

The right side inequality can be obtained since " > 0 can be selected arbitrarily. �
To end this section, we define the derivative for set-valued mappings. We start

with a recall of single-valued function. Let y D f .x/ where x; y 2 R, be a function.
In the plane of R2, the graph of y D f .x/ is a set of f.x; f .x// I x 2 Rg, i.e., gra f D
f.x; f .x//g. Let f 0 (x0) be the derivative of f (x) at x0. Then, the tangent vector at
(x0, f (x0)) is (x, f 0 (x0)x). It is clear that the set f.x; f 0 .x0/ x/ I x 2 R .� 0/g forms a
cone. The idea is extended to the set-valued mapping.

Definition 2.1.7 Let F W X ! Y be a set-valued mapping. Suppose .x0; y0/ 2 gra F.
Then a set-valued mapping DCF .x0; y0/ W X ! Y is defined by

gra DCF .x0; y0/ D TC ..x0; y0/ ; gra F/ :
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DCF .x0; y0/ is called by the derivative of F at (x0, y0). Similarly, the set-valued
mapping D�F .x0; y0/ W X ! Y defined by

gra D�F .x0; y0/ D T� ..x0; y0/ ; gra F/

is called by contingent derivative of F at (x0, y0). �
The statement of .x; y/ 2 gra DCF .x0; y0/ has an alternative explanation that

y 2 DCF .x0; y0/ .x/. By the notion, DCF .x0; y0/ is qualified as the derivative of set-
valued mapping F at (x0, y0). We have to denote it by two variables x0 and y0 since
for every x0 there exist more than one y 2 F .x0/. Correspondingly, DCF .x0; y0/ .x/
is the differential. Similarly, D�F .x0; y0/ .x/ is the contingent differential of F at
(x0, y0). The following theorem gives an explanation of differential.

Theorem 2.1.14 Suppose F W X ! Y is a Lipschitzian set-valued mapping,
then

DCF .x0; y0/ .x/ D
�

yI lim
�#0

��1d .y0 C �y;F .x0 C �x// D 0

	

I

D�F .x0; y0/ .x/ D
�

yI lim inf
�#0

��1d .y0 C �y;F .x0 C �x// D 0

	

:

Proof Let l be the Lipschitzian constant of F. Then By Lemma 2.1.2, we have

d ..x0 C �x; y0 C �y/ ; gra F/ � d .y0 C �y;F .x0 C �x//

� .1C l/ d ..x0 C �x; y0 C �y/ ; gra F/ : (2.1.10)

Multiplying both side by ��1,and let � # 0. If .x; y/ 2 TC ..x0; y0/ ; gra F/, then

d ..x0 C �x; y0 C �y/ ; gra F/ D 0:

Hence lim
�#0

��1d
�

y0 C �y;F .x0 C �x/
�

D 0.

Conversely, if lim
�#0

��1d
�

y0 C �y;F .x0 C �x/
�

D 0, then by using the first

inequality of (2.1.10), we have lim
�#0

d ..x0 C �x; y0 C �y/ ; gra F/ D 0, i.e., .x; y/ 2
TC ..x0; y0/ ; gra F/.

The proof for the contingent derivative is similar to the case of tangent derivative.
Hence it is omitted. �

Theorem 2.1.14 shows that the computation of tangent derivative for the set-
valued mapping is quite similar to that of single-valued function.
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Problems

1. F W X ! Y is a set-valued mapping, G � Y is a set. Prove the following
equations.

F�1 .Gc/ .w/ D �

F�1.G/ .s/
�c
;

F�1 .Gc/ .s/ D �

F�1.G/ .w/
�c
:

2. Prove Theorem 2.1.2.
3. Let F W X ! Y be set-valued mapping. Prove the following statements are

equivalent:

(1) F is lower semi-continuous at x0.
(2) For every y0 2 F .x0/ and " > 0, there is a ı > 0 such that for every

x 2 B .x0; ı/ there exists a y 2 F.x/\ B .y0; "/.
(3) For every y0 2 F .x0/, there exists a sequence fxnI xn 2 Xg such that xn !

x0, moreover, there is a sequence fynI yn 2 F .xn/g such that yn ! y0.

4. A set-valued mapping F(x) is lower semi-continuous. Is it "� lower semi-
continuous? If you answer “no”, then give a counter example.

5. Prove the following statements:

(1) If the set-valued mapping F W R
n ! R

m is upper semi-continuous, and
g W Rp ! R

m is continuous single-valued function, then F ı g W Rp ! R
n

is upper semi-continuous.
(2) If the set-valued mapping F W R

n ! R
m is lower semi-continuous, and

g W Rp ! R
m is continuous single-valued function, then F ı g W Rp ! R

n

is lower semi-continuous.

6. Let F W X ! Y be set-valued mapping. Prove the following statements are
equivalent:

(1) F is "� upper semi-continuous.
(2) lim sup

x!x0
F.x/ D F .x0/ (By the definition of upper limitation, it is equivalent

to fu0I 9xn ! x0; un 2 F .xn/ ; un ! u0g� F .x0/);
(3) If u … F .x0/, there exist open sets W and V such that u 2 W � Y, x0 2

V � X and V \ F�1.W/ D ∅.

7. Give examples to show that

(1) F W X ! Y is an open set-valued mapping, but there is an x0 2 X such that
F(x0) is not an open set.

(2) F W X ! Y is a set-valued mapping with closed value, but F is not a closed
mapping.
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8. Let F W X ! Y be set-valued mapping. Suppose gra F is a closed set, and for
every x0 2 X and ı > 0, the set

Mı D cl fF.x/I x 2 B .x0; ı/g

is compact. Then F is upper semi-continuous.
9. Let K1;K2 � R

n be two closed and convex cones. If re int K1 \ re int K2 ¤ ∅,
then cl .K1 \ K2/ D clK1 \ clK2. Moreover, .K1 \ K2/

� D .clK1 \ clK2/
� D

cl
�

K�
1 C K�

2

�

.
10. Let K1;K2 � R

n be two closed and convex cones. Prove the following
conclusions and further to discuss which statement is still valid if the condition
of “closed” or “convex” is removed.

(1) .K1 C K2/
� D K�

1 \ K�
2 I

(2) K�
1

� D K1I
(3) If ƒ W R

m ! R
n is a linear mapping, and ƒRm � K1 D R

n, then
�

ƒ�1K1
�� D ƒ�K�

1 (If ƒ is treated as a matrix, then ƒ� is its conjugate
matrix);

(4) @ı .x;K1/ D �K�
1 :

11. Let xi 2 R
n; i D 1; 2; : : : ;m and denote K D fyI hy; xii � 0; i D 1; 2; : : :mg.

Then K is a closed and convex cone. Moreover, D conx .xi; i D 1; 2; : : : ;m/.
12. Let F W R

n ! R
m be a set-valued mapping with convex and compact value

(i.e., for every x, F(x) is a convex and compact set). Then F is continuous
if and only if the supporting mapping x ! S .y�;F.x// is continuous for
every y�.

13. Let F W Rn ! R
m be a set-valued mapping. If gra F is closed and the set

Mı D cl fF.x/I jjx � x0jj < ıg

is compact for some ı > 0, then F is upper semi-continuous at x0.
14. Let F W Rn ! A be a set-valued mapping, and A � R

m be a compact set. If
gra F is closed, then F is with closed value and is upper semi-continuous.

2.2 Selection of Set-Valued Mappings

In the first section of this chapter, we have introduced the set-valued mapping and
pointed out that the image of a set-valued mapping F(x) is a set for every x in the
domain. Consequently, it is possible to select a y 2 F.x/ for every x 2 dom F, then
a single-valued mapping y D f .x/ yields. It looks a very simple task. The task is
called selection of a set-valued mapping. Alternatively, a selection is to give a way
to construct a single-valued mapping y D f .x/ such that f .x/ 2 F.x/ for every x 2 A.
If there is an x 2 A, F(x) holds more than one elements, then the selection is not
unique. The requirement is to choose a mapping f (x) with some satisfied properties,
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for example, it is a continuous mapping, or a Lipschitzian mapping, etc. Readers
will find that obtaining a nice selection is a hard work. It is quite extravagant to
obtain a Lipschitzian selection.

Usually, there are three kinds selection: continuous selection, measurable selec-
tion and approximate selection. This book only considers continuous selection and
approximate selection. The later is to look for a sequence ffn(x)g such that the
limitation of fn(x) belongs to cl F(x). After the theory of selection, we spend some
time to deal with the problem of fixed points which is a very important title in
topology.

2.2.1 The Minimal Selection

Definition 2.2.1 A � X is a set. If there is a vector x0 2 A such that kx0k D
min fkxk ; x 2 Ag, then the x0 is called by a minimal norm element of A. The set of
minimal norm elements is denoted by m(A). �

In general, we cannot guarantee the existence of minimal norm element for a set.
But if the space is complete and the set is closed, then we can assure m.A/ ¤ ∅.
Moreover, when the set A is convex and closed, then m(A) holds only one element.
If m(A) has only one element, we call it the minimal norm element and also denote
it by m(A) for simplicity.

Suppose A is a convex and closed set. Because m.A/ D arg
x2A

min kxk1 We have

m.A/ D � .0;A/. By Remark 2 of Lemma 1.2.2, hm.A/� xA;m.A/i � 0 for every
xA 2 A and if there is an element x such that hx � xA; xi � 0 for every xA 2 A, then
x D m.A/.

Theorem 2.2.1 Suppose that the set-valued mapping F W Rn ! R
m is continuous

and with convex and closed value. Then f .x/ D m .F.x// is a continuous selection.

Proof By the condition of theorem, F(x) is a convex and closed set for every x 2 R
n.

Hence, m(F(x)) has only one element. We now prove that the single-valued mapping
x 7! m .F.x// is continuous.

Denote y0 D m .F .x0//. We first consider the case that y0 D 0 2 R
m. By the

condition that F(x) is continuous and is lower semi-continuous at x0. For every " >
0, there is ı > 0 such that if x 2 B .x0; ı/, then F.x/\ B .0; "/ ¤ ∅. It means there
is a y.x/ 2 F.x/ \ B .0; "/. From the definition of the minimal norm element, we
have km .F.x//k � ky.x/k � ", i.e., f (x) is continuous at x0.

We now turn to the case where y0 ¤ 0. F(x) is upper semi-continuous at x0.
Hence, for every " > 0, there is ı > 0 such that if x 2 B .x0; ı/, then

1The notation arg
x2A

min f .x/ expresses a set. If x0 2 arg
x2A

min f .x/ then f .x0/ D min
x2A

f .x/. Similarly,

we can define arg
x2A

max f .x/. The set arg
x2A

ff .x/ D 0g is the set of roots of f .x/ D 0 and x 2 A.

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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F.x/ � F .x0/C "

ky0kBm: (2.2.1)

There exists a y .x0/ 2 F .x0/ such that m .F.x// 2
�

y .x0/C "
ky0k Bm

�

, or

equivalently, km .F.x//� y .x0/k < "
ky0k . It follows jhy0;m .F.x//� y .x0/ij �

ky0k km .F.x//� y .x0/k < ".
By the remark given behind Definition 2.2.1, hy0 � y .x0/ ; y0i � 0, i.e., 0 <

hy0; y0i � hy0; y .x0/i. It leads to

hy0;m .F.x//i D
D

y0; y .x0/
�E

C hy0;m .F.x//� y .x0/i

�
D

y0; y .x0/
�E

� "

� hy0; y0i � ";

or,

hy0;m .F.x//� y0i � �":

From the Problem 1 of this section, the relation (2.2.1) implies km .F.x//k � ky0kC
"

ky0k . Thus,

hm .F.x//� y0;m .F.x//� y0i D hm .F.x// ;m .F.x//� y0i � hy0;m .F.x//� y0i
D
D

m
�

F.x/;m .F.x//
E

� hm .F.x// ; y0i

�
D

y0;m .F.x//� y0
E

D km .F.x//k2 �
D

m
�

F.x/� y0 C y0; y0
E

�
D

y0;m .F.x//� y0
E

D km .F.x//k2 � ky0k2 � 2 hy0;m .F.x//� y0i :

On the other hand, km .F.x//k2 �
�

ky0k C "
ky0k

�2 D ky0k2 C 2" C
�

"
ky0k

�2

. The

above inequality leads to

km .F.x//� y0k2 � 4"C



"

ky0k
�2

:

We then conclude that f .x/ D m .F.x// is continuous at x0. �
Corollary 2.2.1 If F W Rn ! R

m is continuous and with convex and closed value,
then for every a 2 R

n, f .x/ D � .a;F.x// is a continuous selection.
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Proof Let x D x � a Then � .a;F.x// D � .0;F .x C a// D �
�

0;F .x/
� D

m
�

F .x/
�

. It is clear that F is continuous and with convex and closed value. f .x/ D
m
�

F .x/
�

is a continuous selection by Theorem 2.2.1. Hence, f .x/ D f .x � a/ is
continuous. �
Remark 1 Theorem 2.2.1 and Corollary 2.2.1 are still valid, if F is a set-valued
mapping with convex and compact value form a normed space X to a Hilbert space
Y. �
Remark 2 Recall the proof of Theorem 2.2.1, we have applied the lower semi-
continuity only for the case that y0 D 0 2 F .x0/. Hence, if 0 … F.x/ then it
is sufficient for Theorem 2.2.1 that F is upper semi-continuous and with convex
and closed value. Accordingly, Corollary 2.2.1 can be rewritten as “there is a a 2
R

m; a … F.x/ for all x 2 R
n, then F(x) holds a continuous selection provided that

F(x) is upper semi-continuous and with convex and closed value. �
To extend the conclusion to a more general result, we give a lemma now.

Lemma 2.2.1 Let A be a convex and closed set of R
n. Then the mapping of

projection x 7! � .x;A/ is a Lipschitzian mapping and its Lipschitzian constant
can be 1.

Proof Suppose x1; x2 2 R
n. By Remark 2 of Lemma 1.2.2, we have

h� .x;A/� xA; � .x;A/� xi � 0. Replacing x by x1, x2 and replacing xA by �(x2, A)
and �(x1, A), respectively, we obtain

h� .x1;A/ � � .x2;A/ ; � .x1;A/� x1i � 0 and h� .x2;A/�� .x1;A/ ; � .x2;A/
�x2i � 0.

The second inequality can be rewritten as h� .x1;A/� � .x2;A/ ; x2 � � .x2;A/i
� 0 and is added to the first inequality, we obtain

h� .x1;A/� � .x2;A/ ; � .x1;A/ � x1 C x2 � � .x2;A/i � 0:

It leads to

k� .x1;A/ � � .x2;A/k2 � hx1 � x2; � .x1;A/� � .x2;A/i
� kx1 � x2k k� .x1;A/� � .x2;A/k :

When � .x1;A/ ¤ � .x2;A/, it leads to

k� .x1;A/� � .x2;A/k � kx1 � x2k : (2.2.2)

Inequality (2.2.2) is also valid if � .x1;A/ D � .x2;A/. The lemma is verified. �
Theorem 2.2.2 Suppose that the set-valued mapping F W Rn ! R

m is continuous
and with convex and closed value, and g W Rn ! R

n is a continuous single-valued
function, then f .x/ D � .g.x/;F.x// is a continuous selection of F.

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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Proof F(x) is convex and closed, it follows f .x/ D � .g.x/;F.x// is a single valued
mapping. Consider now the continuity of f (x).

f .x1/� f .x2/ D � .g .x1/ ;F .x1// � � .g .x2/ ;F .x2//
D � .g .x1/ ;F .x1// � � .g .x1/ ;F .x2//C � .g .x1/ ;F .x2//

� � .g .x2/ ;F .x2// :

If we take a D g .x1/, by Corollary 2.2.1

� .g .x1/ ;F .x1//� � .g .x1/ ;F .x2// ! 0; .x1 � x2 ! 0/ I

On the other hand, if we treat F(x2) as set A, by Lemma 2.2.1, we have

� .g .x1/ ;F .x2// � � .g .x2/ ;F .x2// ! 0; .x1 � x2 ! 0/ :

Consequently, f .x1/ � f .x2/ ! 0 as x1 � x2 ! 0, f (x) is continuous. �
The selection obtained by Theorem 2.2.1 is called by the minimal selection

since the selected element is the vector with minimal norm. Because Theorem 2.2.2
deduces from Theorem 2.2.1, it is called as patulous minimal selection theorem
or minimal selection theorem for simplicity. The conclusion is still valid if the
R

n and R
m are replaced by Hilbert Spaces X and Y. There is an example to show

the minimal selection is continuous but may fail to be Lipschitzian mapping. The
readers who are interested in the example are referred to Aubin and Cellina (1984).

2.2.2 Michael Selection Theorem

The most famous result in selection theory of set-valued mapping is the Michael
selection theorem. It is notable that in the proof of Theorem 2.2.2, we have applied
the operation of inner production. Hence, if we try to apply Theorem 2.2.2, the
image space should be Hilbert space. The Michael selection theorem improves
the condition of Theorem 2.2.1, the image space is only a Banach space. In this
subsection, we do not restrict ourselves in R

n. Let us start with a conclusion of unit
decomposition.

1. Unit decomposition

Decomposing the integer 1 into a summation of several nonnegative functions
defined on a normed space is known as the unit decomposition, or the partition
of 1. In the theory of functional analysis, there are many kinds unit decomposition.
This book only introduces the Lipschitzian unit decomposition.
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Let X be a normed space, A � X be a set. f�iI i 2 Ig is an open covering of A.2

The open covering f�iI i 2 Ig is said to be a locally finite open covering if for every
�i0 2f�iI i 2 Ig, there are only finite open sets�j 2f�iI i 2 Ig, j D 1; 2; : : : ; J such
that �i0 \�j ¤ ∅.

Let f�iI i 2 Ig be an open covering of A � X and fpi.x/I i 2 Ig, where pi.x/ W
A ! R .� 0/, be a set of functions. The set fpi.x/I i 2 Ig is a unit decomposition
attached to f�iI i 2 Ig, if it satisfies the following conditions:

(1) pi.x/ � 0; x 2 �iI pi.x/ D 0; x … �iI
(2) For every x 2 A,

X

i2I

pi.x/ D 1.

If pi(x) is continuous for every i 2 I, then fpi.x/I i 2 Ig is said to be a continuous
decomposition. If pi(x) is a Lipschitzian function for every i 2 I, then fpi.x/I i 2 Ig
is said to be a Lipschitzian decomposition. If the open covering f�iI i 2 Ig is
determined, we often omit the words “attached to f�iI i 2 Ig” for simplicity.

Lemma 2.2.2 Let A � R
n, and f�iI i 2 Ig be an open covering which is nontrivial

and locally finite. Then there exists a local Lipschitzian unit composition.

Proof For every i 2 I, define a function qi.x/ W A ! R .� 0/, qi.x/ D d .x;An�i/.
By Problem 2 in this section, qi(x) is a Lipschitzian function and its Lipschitzian
constant is 1. Moreover, qi.x/ D 0; x … �i and qi.x/ � 0; x 2 �i since�i is an open
set. The pi(x) is defined as follows:

pi.x/ D qi.x/
X

j2I

qj.x/
:

By the definition of qi(x), it is obvious that the set fpi.x/I i 2 Ig satisfies the
properties of unit decomposition. The remaining problem is that it is a locally
Lipschitzian function. We now prove this fact.

Let x0 2 A. Then there is an i0 2 I, such that x0 2 �i0 . �i0 is an open set, there
is a neighborhood B(x0, ") such that B .x0; "/ � �i0 . The open covering is locally
finite; hence, there are only finite �jk 2 f�i; i 2 Ig ; k D 1; 2; : : : ;N such that
B .x0; "/\�jk ¤ ∅. It follows that when x 2 B .x0; "/, there are at most N functions
qjk.x/ are nonzero in fqi.x/I i 2 Ig. On the other hand, there exist 0 < m < M, such

that m �
X

j2I

qj.x/ � M on the compact set clB(x0, "). Thus, when x1; x2 2 B .x0; "/,

we have

2If there is an �i0 , i0 2 I, such that cl �i0 � A, then the covering is trivial. We do not deal with
such a special case.
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jpi .x1/� pi .x2/j D

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

qi .x1/
X

j2I

qj .x1/
� qi .x2/
X

j2I

qj .x2/

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

D

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

qi .x1/
X

j2I

qj .x2/� qi .x2/
X

j2I

qj .x1/

X

j2I

qj .x1/
X

j2I

qj .x2/

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

� 1
m2

X

j2I

ˇ

ˇqi .x1/ qj .x2/� qi .x2/ qj .x1/
ˇ

ˇ

� 1
m2

X

j2I

�
ˇ

ˇqi .x1/ qj .x2/ � qi .x1/ qj .x1/
ˇ

ˇ

C ˇ

ˇqi .x1/ qj .x1/� qi .x2/ qj .x1/
ˇ

ˇ

�

� 1
m2

X

j2I

�

jqi .x1/j
ˇ

ˇqj .x2/� qj .x1/
ˇ

ˇC ˇ

ˇqj .x1/
ˇ

ˇ jqi .x1/ � qi .x2/j
�

� 1
m2
.
X

j2I

ˇ

ˇqj .x2/ � qj .x1/
ˇ

ˇ/C .jqi .x1/� qi .x2/j
X

j2I

ˇ

ˇqj .x1/
ˇ

ˇ/

� 1
m2
.N C MN/ jx2 � x1j :

The conclusion is verified. �
2. Michael selection Theorem

This subsection proves the main result of this section: Michael selection theory. We
introduce the following two facts.

Lemma 2.2.3 Suppose that X and Y are two normed spaces, ' W X ! Y is a
continuous single-valued mapping, and " W X ! R .> 0/ is a continuous functional.
If G W X ! Y is a lower semi-continuous set-valued mapping, then the mapping
defined by

F.x/ D B .'.x/; ".x//
\

G.x/

is lower semi-continuous. �
The proof of this lemma is a classical exercise of application of " � ı language.

Hence we leave it to readers.
Another fact is about paracompactness. A set is said to be paracompact if for

every open covering of the set there exists a fined open covering which is locally
finite. Using mathematical language, it can be defined as follows. Let A be set, and
fU˛g is an open covering of A. Then there exists another open covering fVˇg. fVˇg
is locally finite, and for every Vˇ 2 ˚Vˇ

�

, there is a U˛ 2 fU˛g such that Vˇ � U˛ .
The fVˇg is called a fineness of fU˛g.
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In 1948, A.H. Stone proved that a metric space is paracompact. The proof of this
conclusion is quite complicated, we do not try to provide it in this book. The readers
are referred to textbook for topology for the proof.

Theorem 2.2.3 (Michael selection theorem) Let X and Y be two normed spaces,
and Y be complete. If F is a lower semi-continuous and with convex and closed
value, then F exists a continuous selection.

Proof The proof of Theorem 2.2.3 consists of three steps. The critical step is
construct a continuously single-valued mapping ®"W X ! Y which satisfies
d .'".x/;F.x// < ". We now deal with the first step.

(1) For a given " > 0, there is a continuously single-valued mapping ®"W X ! Y
such that d .'".x/;F.x// < ".

F W X ! Y is lower semi-continuous, hence, for a given " > 0 and every x 2 X,
there is a yx 2 F.x/, such that F .x/ \ B .yx; "/ ¤ ∅ provided that x 2 B .x; ı/ for
some ı > 0. We now fix the vector yx and the neighborhood B(x, ı) for every x 2 X.

Thus the set fB .x; ı/ ; x 2 Xg is an open covering of X. X is a normed space;
consequently, by Stone theorem, fB .x; ı/ ; x 2 Xg holds a fined open covering fUig
which is locally finite, i.e., for every Ui, there is a B(xi, ıi) such that Ui � B .xi; ıi/.
Lemma 2.2.2 shows that the fUig provides a Lipschitzian unit partition fpi(x)g.

For every x 2 X, there are only finite U1; : : : ;UNx 2 fUig, such that x 2 Uj; j D
1; 2; : : : ;Nx. Then, there is a B(xj, ıi) such that Uj � B

�

xj; ıi
�

. From this xj there is
a corresponding yxj such that yxj 2 B

�

xj; ıj
�

and F .x/\ B
�

yxj ; "
� ¤ ∅ provided that

x 2 B
�

xj; ıj
�

. We now define the following mapping.

'".x/ D
X

j2I

pj.x/yxj ;

where I is the index set of i. ®"(�) is then a local Lipschitzian mapping, so it is
continuous. Because x 2 Uj � B

�

xj; ıj
�

, F.x/\B
�

yxj ; "
� ¤ ∅, i.e., yxj 2 F.x/C"Bm.

F(x) is a convex set, hence '".x/ D
X

j2I

pj.x/yxj 2 F.x/C"Bm, i.e., d .'".x/;F.x// <

" for every x 2 X.
It is worth to note that at the above verification, we did not apply the condition

that F(x) is with closed value.
(2) A Cauchy sequence ffn(x)g is constructed where every fn(x) is continuous at

X.
Let " D 1

2
. By the construction method proposed in Step (1) we can obtain

a Lipschitzian functional '1
2
.x/ such that d

�

'1
2
.x/;F.x/

�

� 1
2

for every x 2 X.

Now we denote f1.x/ D '1
2
.x/. Let us consider the set-valued mapping F1.x/ D

B
�

f1.x/;
�

1
2

�2
�

\F.x/, F1(x) is lower semi-continuous by Lemma 2.2.2. Taking " D
1
4
, by the method proposed in Step (1) again, a Lipschitzian functional '1

4
.x/ can

be constructed such that d
�

'1
4
.x/;F1.x/

�

< 1
4
. Let f2.x/ D '1

4
.x/. By definition,
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F1.x/ � F.x/\ B
�

f1.x/;
1
4

�

, therefore d .f2.x/;F.x// � d .f2.x/;F1.x// <
1
4

and

kf1.x/ � f2.x/k � d .f1.x/;F1.x//C d .f2.x/;F1.x// � 1

4
C 1

4
D 1

2
:

Inductively, when we construct fn(x) which satisfies that d .fn.x/;F.x// <
�

1
2

�n

and kfn.x/ � fn�1.x/k � �

1
2

�n�1
, we let Fn.x/ DB

�

fn.x/;
�

1
2

�nC1�\ F.x/, then Fn(x)

is lower semi-continuous by Lemma 2.2.2. There is a fnC1.x/ D ' 1

2nC1
.x/ which is

Lipschitzian and satisfies d .fnC1.x/;Fn.x// <
�

1
2

�nC1
. By the definition of Fn(x),

d .fnC1.x/;F.x// �d .fnC1.x/;Fn.x//<
�

1
2

�nC1
and kfnC1.x/ � fn.x/k � �

1
2

�n
. Thus,

kfnCk.x/� fn.x/k � kfnCk.x/ � fnCk�1.x/k C � � � C kfnC1.x/ � fn.x/k
<
�

1
2

�nCk�1 C � � � C �

1
2

�n

<
�

1
2

�n�1
:

ffn(x)g is a Cauchy sequence.
(3) The selection f (x) is obtained.
Let f .x/ D lim

n!1fn.x/. Then f (x) is continuous. Moreover, the space Y is complete

and F(x) is a closed set; consequently, f .x/ 2 F.x/. �

2.2.3 Lipschitzian Approximation

If f is a continuous single-valued mapping, then f may not be a Lipschitzian
mapping. But its opposite statement is true. However, a Lipschitzian set-valued
mapping may not be continuous. This subsection will prove that an upper semi-
continuous set-valued mapping can be approximated by a sequence of Lipschitzian
mappings.

Theorem 2.2.4 Let F W R
n ! R

m be an upper semi-continuous set-valued
mapping. It is bounded and is with closed and convex value. Then there exist
set-valued mappings Fk W R

n ! R
m; k D 1; 2; : : : which satisfy the following

requirements.

(1) Fk W Rn ! R
m; k D 1; 2; : : : are all Lipschitzian mappings and are bounded

and with closed and convex values.
(2) F.x/ � � � � � FkC1.x/ � Fk.x/ � � � � � F1.x/ � F0.x/:
(3) For every " > 0, there is a K D K .x; "/ such Fk.x/ � F.x/C "Bm provided that

k > K.
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Proof Suppose F.x/ � bBm for every x 2 X where b 2 R .> 0/ and Bm is the
open unit ball of R

n. Denote ei D Œ0 : : : 1 : : : 0�
i

, i.e., its ith component is 1 and

others are zeros. feiI i D 1; 2; : : : ; ng is a set of normal orthogonal basis of Rn. Let
Z

n D Z � Z � � � � � Z
„ ƒ‚ …

n

�R
n be the set in which components of every vector are all

integers. The following proof consists of three steps.
(1) Constructing a sequence of Lipschitzian set-valued mappings fFk(x)g.
Fix �0 D 1 and define Zn

0 D �0Z
n D Z

n. In addition, we define a set

O0 D fxI x D a1e1 C a2e2 C � � � C anen; ai 2 .��0; �0/g ;

O0 is an open cube whose center is the origin and lengths of edges are all
equal to 2�0. O0 is obviously convex. Z

n
0 C O0 D ˚

z0 C O0; z0 2 Z
n
0

�

is
qualified as a locally finite open covering of R

n. Then the open covering yields
a Lipschitzian unit decomposition pz0.x/. For every z0 2 Z

n
0, we can have a

set Cz0 D cl co F .z0 C 2O0/, then set-valued mapping F0(x) is defined as
follows:

F0.x/ D
X

z02Zn
0

pz0.x/Cz0 :

Because pz0.x/ is a local Lipschitzian function, F0(x) is then a Lipschitzian
set-valued mapping and with closed and convex value. F.x/ � bBm leads to
that Cz0 � bBm, moreover, F0.x/ � bBm since pz0.x/ is a unit decomposi-
tion.

We now construct F1(x). Define �1 D 1
3
�0 and Z

n
1 D �1Z

n
0. The element of Zn

1

can be denoted by z1 D �1z0 with z0 2 Z
n
0. A set O1 is defined below

O1 D
�

xI x D a1e1 C a2e2 C � � � C anen; ai 2



�1
3
;
1

3

�	

:

Then Z
n
1 C O1 forms an open covering of R

n and it is locally finite. The open
covering holds a unit partition pz1 .x/; z1 2 Z

n
1. For every z1 2 Z

n
1, define a set

Cz1 D cl co F .z1 C 2O1/ and a set-valued mapping F1(x) can be obtained as
follows:

F1.x/ D
X

z12Zn
1

pz1.x/Cz1 :

F1.x/ � bBm and is also Lipschitzian and with closed and convex value.
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Fig. 2.6 The relation of O0

and O1

x
O0O1

O
(-1,0) (1,0)

(0,-1)

(0,1)

Generally, in the kth step, we obtain a set-valued mapping Fk(x), which is
Lipschitzian and with closed and convex value, and is bounded by bBm. We then
turn to the (k C 1)th step. By defining �kC1 D 1

3
�k, the set-valued mapping

FkC1.x/ can be defined with a similar way, i.e., we define Z
n
kC1 D �kC1Zn

0 and
OkC1, then we obtain a unit partition pzkC1

.x/; zkC1 2 Z
n
kC1 and closed sets

CzkC1
D cl co F .zkC1 C 2OkC1/ for each zkC1 2 Z

n
kC1, and at last we define

FkC1.x/ D
X

zkC12Zn
kC1

pzkC1
.x/CzKC1

.

(2) Proof of F.x/ � FkC1.x/ � Fk.x/:
If we can prove F.x/ � F1.x/ � F0.x/, then by a similar way, we can prove

F.x/ � FkC1.x/ � Fk.x/.
For a fixed x 2 R

n, there are only finite z0i 2 Z
n
0, i D 1; 2; : : : ;N0x such that

x 2 z0i C O0. Denote Z0.x/ D fz0i I i D 1; 2; : : : ;N0xg for the x. Similarly, there
are only finite z1j 2 Z

n
1, j D 1; 2; : : : ;N1x such that x 2 z1j C O1, and denote

Z1.x/ D ˚

z1j I j D 1; 2; : : : ;N1x
�

. A scheme diagram for the relation of Z0(x) and
Z1(x) is given in Fig. 2.6.

We now prove that for every z0i 2 Z0.x/ � Z
n
0 and every z1j 2 Z1.x/ � Z

n
1,

z1j C 2O1 � z0i C 2O0.
Let y 2 z1j C 2O1. Then

�

�y � z1j

�

� � 2�1D 2
3
�0. In addition, we have

�

�z0i � z1j

�

� � kz0i � xk C �

�x � z1j

�

� � �0 C �1 D 4

3
�0:

Therefore, ky � z0ik � �

�y � z1j

�

� C �

�z1j � z0i

�

� � 2
3
�0 C 4

3
�0 D 2�0, i.e., y 2

z0i C 2O1.
The relation z1j C 2O1 � z0i C 2O0 implies Cz1 � Cz0 . Cz1 is convex; hence,

Cz1 D
X

z02Z0.x/

pz0.x/Cz1 �
X

z02Z0.x/

pz0.x/Cz0 :



2.2 Selection of Set-Valued Mappings 83

It follows that,

F1.x/ D
X

z12Zn
1

pz1 .x/Cz1 D
X

z12Z1.x/

pz1 .x/Cz1

�
X

z12Z1.x/

pz1.x/
X

z02Z0.x/

pz0.x/Cz0

D
X

z12Z1.x/

pz1.x/
X

z02Zn
0

pz0.x/Cz0

D
X

z12Z1.x/

pz1.x/F0.x/

D F0.x/ :

Simultaneously, when x 2 R
n and z1j 2 Z1.x/, x 2 z1j C O1 and F.x/ � Cz1 .

F.x/ �
X

z12Z1.x/

pz1.x/Cz1 D
X

z12Zn
1

pz1 .x/Cz1 D F1.x/:

(3) Convergence of fFk(x)g.
At last, we verify the convergence of Fk(x). Because F(x) is upper semi-

continuous for x 2 R
n and " > 0, there is a ı D ı .x; "/ such that if y 2 B .x; ı/,

F.y/ � F.x/C "
2
Bm. For the x and ", there is a KD K .x; "/, x C OK.x;"/ � B .x; ı/.

For every k > K, denote Zk.x/ D ˚

zkj I j D 1; 2; : : : ;Nkx
�

, where x 2 zkj C Ok. Thus,
we have

zkj C 2Ok � x C 3Ok � x C OK :

It illustrates that y 2 zkj C 2Ok for every zkj 2 Zk.x/, F.y/ � F.x/ C "
2
Bm.

Furthermore,
F
�

zkj C 2Ok
� � F.x/ C "

2
Bm. Czkj

D clcoFk
�

zkj C 2Ok
� � F.x/ C "

2
Bm �

F.x/C "Bm. F.x/C "Bm is convex, hence, when k > K,

Fk.x/ D
X

zk2Zn
k

pzk.x/Czk D
X

zki 2Zk.x/

pzk.x/Czkj
� F.x/C "Bm:

The theorem is now verified. �
From Problem 7 of this section the readers will conclude if the conditions given in

Theorem 2.2.4 are satisfied, then for every " > 0, there is a single-valued mapping
f" W R

n ! R
m which is continuous and f".x/ 2 F.x/ C "B. The fact leads to the

following definition.
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Definition 2.2.2 Suppose that X and Y are two metric spaces, and F W X ! Y is a
set-valued mapping. If for every " > 0, there is a single-valued mapping f" W X ! Y
such that gra f" � gra F C "B, then F is approximately selectable, and f" is an "�
approximate selection. �

From Definition 2.2.2, f".x/ 2 F.x/ C "B is only a sufficient condition for the
approximate selection. Let us consider the following example.

Example 2.2.1 Consider a set-valued mapping F W R ! R

F.x/ D
8

<

:

�1; x < 0;
Œ�1; 1� ; x D 0;

1; x > 0:

F(x) is a monotonous mapping which will be studied at the end of this chapter. It is
obvious that F(x) has no a continuous selection. But the sigmoid function

fˇ.x/ D eˇx � e�ˇx

eˇx C e�ˇx

is continuous. It is direct to show that for 1 > " > 0, when ˇ > 1
2"

ln 2�"
"

, f"(x) is an
"� approximate selection (Fig. 2.7). �

Example 2.2.1 really gives a new way for the selection since for every 1 > " > 0,
except x D 0, f".x/ \ F.x/ D ∅. Furthermore, it can be seen that no matter how
small " is determined, there still is a ı > 0, when x 2 .0; ı/ ; d .f".x/;F.x// >

1
2
,

or, in other words, f".x/ … F.x/C "B.

Theorem 2.2.5 Let X be a metric space, Y be a Banach space, and F W X !
Y be a set-valued mapping, which is upper semi-continuous and with closed and
convex value. Then F holds an "� approximate selection; moreover, the selection is
a Lipschitzian mapping.

e

F(x)

( )f xb

2e

O x

Fig. 2.7 "� approximate selection of Example 2.2.1
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Proof F(x) is upper semi-continuous, then for a given " > 0 and every x0 2 X, there
is a ı1 D ı1 .x0; "/ such that when x 2 B .x0; ı1/, F.x/ � F .x0/C "

2
BY . Let ı .x0/ D

min
�

"
2
; ı1

�

. Then these neighborhoods B
�

x0;
ı.x0/
4

�

form an open covering of X if

x0 goes over the space X.X is a metric space; hence, there exists a fined locally finite
sub-covering fU˛g. It follows that there is a Lipschitzian unit decomposition pi(x)

attached to fU˛g. Because fU˛g is a fined covering of fB
�

x0;
ı.x0/
4

�

, x0 2 Xg, for

every Ui 2fU˛g, we can find a xi such that Ui � B
�

xi;
ı.xi/

4

�

. We now fix the xi for

Ui and construct a mapping f" as follows

f".x/ D
X

i

pi.x/m .F.xi // ; (2.2.3)

where m(F(xi)) is the minimal norm element in F(xi). We analyze the properties
of the f". At first, because pi(x) is a Lipschitzian mapping, so is the f". Secondly,
because co gra F is convex, .xi;m .F .xi/// 2 co gra F implies then .x; f".x// 2
co gra F. At last, we prove that f".x/ 2 F

�

xj
�C "

2
BY for some xj 2 X.

fUig is a locally finite open covering; consequently, for every x2 X, there are only
finite nonzero terms in

X

i

pi.x/m .F.xi //. For a fixed x, let I.x/ D fiI pi.x/ ¤ 0g D
fiI x 2 Uig, then I(x) is a finite set. By the definition of Ui, an xi can be found such

that Ui � B
�

xi;
ıi
4

�

. Define ıi0 D max fıi D ı .xi/ ; i 2 I.x/g, the ıi0 corresponds

to xi02 X. Then for every xi; i 2 I.x/, d .x; xi/ <
ı.xi/

4
� ı.xi0 /

4
, and d .xi0 ; xi/ �

d .xi0 ; x/ C d .x; xi/ <
ı.xi0 /
2

, furthermore, Ui � B .xi0 ; ıi0 / ; i 2 I.x/. Hence, for
i 2 I.x/

m .F .xi// 2 F .xi/ � F .xi0 /C "

2
BY : (2.2.4)

Figure 2.8 is used to illustrate the relations of x and Ui, xi, ıi. x 2 Ui � B
�

xi;
ıi
4

�

,

then d .xi; x2/ � d .xi; x/C d .x; x2/ <
ı2
2

(in Fig. ı2 D max fıi; i 2 I.x/g), i.e., xi 2

Fig. 2.8 The relation of x
and Ui
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B
�

x2;
ı2
2

�

, and a point x 2 B .xi; ıi/, d .x; x2/ � d .x; xi/C d .xi; x2/ <
ı2
4

C ı2
2
< ı2.

Thus, B .x2; ı2/ � B .xi; ıi/ � Ui.
We have assumed that F .xi0 / is convex, hence, from Relation (2.2.4)

f".x/ D
X

i

pi.x/m .F.xi // 2 F .xi0 /C "

2
BY ;

i.e., there exists a yi0 2 F .xi0 / such that kf".x/� yi0k < "
2
. It follows that

d ..x; f".x// ; gra F/ � d
�

.x; f".x// ; .xi0 ; yi0 / � d .x; xi0 /C d .f".x/; yi0 / < ":

�
We sum up the procedure of proof of Theorem 2.2.5. For a giving x 2 X

and " > 0, the target is to construct f"(x) the image of x. A neighbourhood
B(x, ı) is constructed firstly for the upper semi-continuous, then an open covering
˚

B
�

x; ı
4

��

is applied to yield a locally finite fined open covering fU˛g. fU˛g yields
a Lipschitzian unit decomposition and a set I(x) which is finite. By i 2 I.x/, xi

is found. At last m(F(xi)) is used to construct the f"(x). To prove the conclusion,

let ıi0 D max fıi; i 2 I.x/g, then B .xi0 ; ıi0 / � B
�

xi;
ıi
4

�

. It leads to m .F .xi// 2
F .xi0 /C "

2
BY and f".x/ 2 F .xi0 /C "

2
BY .

It is meaningful to compare Theorem 2.2.5 with Theorem 2.2.4. Theorems 2.2.4
and 2.2.5 do not require the spaces X and Y to be finite dimensions. But, Theorem
2.2.5 does not require F(x) is bounded, because the vector selected in Theorem
2.2.5 is m(F(xi)) which holds determined meaning. However, Theorem 2.2.5 only
provides an approximate selection.

A mapping ' W X ! Y is said to be locally compact if for every x 2 X there is a
compact set Kx � Y.3 and a ı > 0 such that ' .B .x; ı// � Kx. Accordingly, we can
define locally bounded. Let '" W X ! Y be mappings, ®"(x) is locally equicompact
if there is a "0 > 0, when "0 > " > 0, there exists a ı which may depend on x but
be independent of " such that '" .B .x; ı// � Kx.

Corollary 2.2.2 If all of the conditions of Theorem 2.2.5 are satisfied and the
mapping x 7! m .F.x// is locally compact, then the selection f"(x) is locally
equicompact.

Proof Because x 7! m .F.x// is locally compact, by the definition of local

compactness, there is an �x > 0, such that m
�

F .B .x; �x// � Cx where Cx is

a compact set. Take "0 D �x
2

and ı0 D �x
4

. Now let " 2 .0; "0/, we prove

3The subscript x is used to express that the compact set K depends on variable x. �x has the same
meaning.
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f" .B .x; ı0// � Kx. For every x 2 B .x; ı0/, the above proof asserts f" .x/ D
X

pi .x/m .F .xi//, where xi 2 B
�

xi;
ıi
4

� �

�B
�

x;
ıi0
2

�

� B
�

x; ı0
2

�

. The last

containing relation comes from the fact that all ı.x/ < "
2
< "0

2
D ı0. Furthermore,

x 2 B .x; ı0/, hence xi 2 B .x; 2ı0/ � B .x; �x/ and m .F .xi// 2 Cx. Let Kx D coCx.
Then Kx is compact and f" .x/ 2 Kx. �

2.2.4 Theorems for Fixed Points

To end this section, we deal with the fixed points. The existence of fixed points is
an important issue in both topology and functional analysis. We will extend these
results to set-valued mappings. We start with a new definition for selection.

Definition 2.2.3 Let F W X ! Y be a set-valued mapping, and X, Y be two normed
spaces. If there exist set-valued mappings Fk W X ! Y; k D 1; 2; : : : such that

(1) For every k, gra Fk is a closed set, and Fk holds a continuous selection;

(2) For every x 2 X; FkC1.x/ � Fk.x/ and
1\

kD1Fk.x/ D F.x/;

then the F is said to be 	� selectable and fFk; k D 1; 2; : : : g is a 	� selectable
approximate sequence. �

By Theorem 2.2.4, if F W Rn ! R
m is an upper semi-continuous mapping, and it

is bounded and with closed and convex value, then F is 	� selectable.

Definition 2.2.4 Let f W X ! X be a single-valued mapping. x 2 X is said to be a
fixed point of f, if f .x/ D x.

Let F W X ! X be a set-valued mapping. x 2 X is said to be a fixed point of F, if
x 2 F.x/. �

It is obvious, from Definition 2.2.4, that the concept of fixed point for set-valued
mapping is exactly an extension of that for single-valued mapping.

Theorem 2.2.6 is known as Brouwer fixed point theorem and is a famous result.

Theorem 2.2.6 Let A � R
n be convex and compact set, f W A ! A is a continuous

single-valued mapping, then there is a x 2 A such that f .x/ D x. �
The conclusion was extended to general normed spaces by Schauder. Their

proofs are quite complicated and omitted.

Theorem 2.2.7 Let A � R
n be a convex and compact set, F W A ! A be a 	�

selectable set-valued mapping, then there is a x 2 A such that x 2 F.x/.

Proof Let fFk(x)g be the 	� selectable approximate sequence and fk(x) is a
continuous selection of Fk(x). Consider a continuous mapping from A to A defined
as x 7! � .fk.x/;A/. By Theorem 2.2.6, there is a fixed point xk 2 A such that
xk D � .fk .xk/ ;A/, i.e., jjfk .xk/ � xkjj D d .fk .xk/ ;A/.
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Because Fk # F, when m � k, we have fk .xk/ 2 Fk .xk/ � Fm .xk/ and

d .xk;Fm .xk// � d .xk;Fk .xk// � jjfk .xk/� xkjj D d .fk .xk/ ;A/

A is a compact set and fxkg � A, hence, fxkg has an accumulation x 2 A. Without
loss of generality, we assume xk ! x. By Problem 5 of the last section, Fm is an
upper semi-continuous set-valued mapping; consequently, for a given " > 0, we
have Fm .xk/ � Fm .x/C "Bn for some large k .> m/. Thus,

d .x;Fm .x// � jjx � xkjj C d .xk;Fm .xk//C " � jjx � xkjj C d .fk .xk/ ;A/C "

(2.2.5)

Fm # F, it leads to Fm .x/ � F .x/C "Bn for some large m. Therefore,

fk .xk/ 2 Fk .xk/ � Fm .xk/ � Fm .x/C "Bn � F .x/C 2"Bn � A C 2"Bn

i.e., d .fk .xk/ ;A/ � 2". Substituting it into Inequality (2.2.5) results in
d .x;Fm .x// � 4". By Fm .x/ � F .x/ C "Bn again, d .x;F .x// � 5". Because
" can be selected arbitrarily, we obtain x 2 F .x/. �

By Theorem 2.2.4, a direct corollary can be obtained.

Corollary 2.2.3 Let A � R
n be a convex and compact set, F W A ! A be an

upper semi-continuous set-valued mapping and with convex and closed value. Then
F holds a fixed point on A. �

It Rn is replaced by a Banach space Y, Corollary 2.2.3 is still valid and known as
Kakutani fixed point theorem. We restate it below.

Theorem 2.2.8 Let Y be a Banach space and A � Y be convex and compact set.
If F W A ! A is an upper semi-continuous set-valued mapping and with closed and
convex value, then F holds a fixed point on A. �
Problems

1. If A1;A2 � R
n and A1 � A2 C "B, then for every x0 2 R

n, d .x0;A1/ �
d .x0;A2/C ".

2. Let X be a normed space, A � X be a set, then d(x, A) is a Lipschitzian functional
of X ! R and its Lipschitzian constant can be 1.

3. If F W R
n ! R

m is a Lipschitzian set-valued mapping and with closed and
convex value. Furthermore, for every x 2 R

n, F(x) is bounded then F(x) is "�
continuous.

4. Prove Lemma 2.2.3.
5. Let A � R

n be a convex and compact set, x0 be an inner point of A. f W A ! R
n

is a continuous single-valued mapping. If for every x 2 bd A, kf .x/� xk �
kx0 � xk then x0 2 f .A/. (Hint: applying Brouwer fixed point theorem and
Minkowski function.)



2.3 Differential Inclusions and Existence Theorems 89

6. Give an example to show that f".x/ 2 F.x/C "B is not a necessary condition for
the approximate selection.

7. Suppose that all conditions given in Theorem 2.2.4 are satisfied, then for every
" > 0, there exists a single-valued mapping f" W R

n ! R
m such that f".x/ 2

F.x/C "B. (Hint: showing the set-valued mapping constructed in Theorem 2.2.4
is also lower semi-continuous)

8. Try to verify Theorem 2.2.4 is still valid if all conditions given in Theorem 2.2.4
hold but F is replaced that F W X ! Y where X and Y are all Banach spaces.

2.3 Differential Inclusions and Existence Theorems

This section deals with differential inclusion. It starts with the definition which
is presented by a comparison with the differential equation. Then motivation of
investigation of differential inclusions is presented. The main content of this section
is existence theorems of solutions of differential inclusions. At last we extend
the conclusion to time-delayed differential inclusions. The extension can show the
advantages of differential inclusion theory.

2.3.1 Differential Equations and Differential Inclusions

The differential equation considered takes an explicit form that

:
x D f .t; x/ (2.3.1)

where f W Œt0; t1� � R
n ! R

n is a single-valued mapping, t 2 Œt0; t1� � R .� 0/ is
the interval of time, x W �t0; tf

� ! R
n is a derivable function to be solved and

:
x is

its derivate related to time t. [t0, tf ] is the interval where the solution exists. t0 is the
initial time and tf � t1 is the final time. From geometrical viewpoint, f (t, x) gives
a vector field in R

n. Solving Eq. (2.3.1) is equivalent to looking for a curve which,
in time t, passes through x 2 R

n, with its tangent f (t, x). Thus every vector in R
n

yields a curve, i.e., a solution. If Eq. (2.3.1) satisfies the uniqueness condition, then
these curves do not intersect. The fact illustrates the solution of Eq. (2.3.1) contains
a vector of Rn as its parameter. Such a solution is called general solution. Usually
for the initial time t0 the starting vector x(t0) is assigned. When the initial condition
is given, Eq. (2.3.1) becomes

:
x D f .t; x/ ; x .t0/ D x0:

Solving this differential equation with initial condition is called Cauchy problem.
The solution of Cauchy problem is called the special solution.

If f in Eq. (2.3.1) does not explicitly contain the variable t, i.e.,

:
x D f .x/ (2.3.2)
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the equation is then time-invariant. For the time-invariant differential equation, the
initial time is usually fixed at t0 D 0.

The primitive target for the investigation of differential equation is to get the
general solution or special solution x(t) in an analytic form. As well-known for
almost all differential equations, we have no effective method to obtain their analytic
solutions. Then researchers cleverly transferred their energy to study the qualitative
properties of the solutions such as existence, uniqueness, stability, continuities on
the parameters, and so on.

If the function f (t, x) in the right side of Eq. (2.3.1) is replaced by a set-valued
mapping F W Œt0; t1� � R

n ! R
n, then Eq. (2.3.1) becomes

:
x 2 F .t; x/ (2.3.3)

Relation (2.3.3) is called differential inclusion and denoted by Inc. (2.3.3) from
now on. Accordingly, if F is only a mapping from R

n to R
n, then the differential

inclusion is time-invariant. The book mostly considers the time-invariant case, and
the inclusion extended from Eq. (2.3.2), i.e.,

:
x 2 F.x/; x.0/ D x0 (2.3.4)

To solve Inc. (2.3.4) is called the Cauchy problem of differential inclusion. For
the case, the initial time is fixed at t0 D 0. We apply x(t; [0, tf ], x0) to denote a
solution of Inc. (2.3.4). In the notation x(t; [0, tf ], x0), time t is the argument, x0

is the initial condition, tf is the final time and [0, tf ] is the time interval where the
solution exists. When there is no any confusion, we apply x(t, x0) or x(t) to substitute
the troublesome notation x(t; [0, tf ], x0) for simplicity. It is evident Inc. (2.3.4) holds
many solution if F(x) is a nontrivial set-valued mapping.

From the definition of the differential inclusion, one may suggest a way to solve
the Cauchy problem of Inc. (2.3.4). Firstly, we try to find a selection f .x/ 2 F.x/,
then solve the Cauchy problem of the differential equation

:
x D f .x/, x.0/ D x0.

It is really a way that we used to prove many conclusions such as the existence
of solutions; however, the scheme is almost impracticable to serve to solve the
differential inclusions. At first, finding a satisfactory selection with an explicit
description borders on a fantasy. Secondly, even if a simple selection has been
obtained, we still lack a method to solve the Cauchy problem except some very
special cases. Thirdly, even if a solution of the Cauchy problem is obtained, it
still cannot analyze the properties of all solutions. Therefore such a way has been
abandoned to solve Inc. (2.3.4) by almost all researchers.

There are two main differences from the investigation of the differential equation.
At first, the solution of Inc. (2.3.4) is not unique; hence, we usually do not investigate
its uniqueness of solution except some special form of Inc. (2.3.4).4 Secondly, the

4The monotonous differential inclusions are a special case which will be studied at the last section
of this chapter.
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solution x(t) of a differential equation is required to be differentiable, and Eq. (2.3.1)
should be held for every t 2 �

t0; tf
�

. But for the differential inclusion, the solution
x(t) is only required to be absolutely continuous; hence, it allows at some time x(t)
is not be differentiable. When x(t) is not differentiable, the left side of Inc. (2.3.4)
becomes meaningless. Hence, we only require Inc. (2.3.4) is valid for almost all t
in the interval [0, tf ], i.e., it is allowed Inc. (2.3.4) to fail on a set whose measure is
zero. The relaxed requirement brings lots advantages for the research of differential
inclusions.

S[0,T](F, x0) is used to denote the set of solutions of Inc. (2.3.4) where T D
min

˚

tf
�

and [0, T] is the common interval where the solutions all exist, i.e.,
SŒ0;T� .F; x0/ D [

:
x2F.x/

x .tI Œ0;T� ; x0/. Moreover, the set

SŒ0;T� .F;C/ D [
:
x2F.x/

fx .t; Œ0;T� ; x0/ ; x0 2 Cg

is denoted for the set of solutions whose initial values are in set C � R
n. If the time

interval is not a key issue in the discussing problem, we often omit the low subscript
[0, T].

The following example is given to illustrate the solutions of differential inclusion.

Example 2.3.1 Consider the following differential inclusion

:
x 2 Œ0:1; 0:3� x; x.0/ D 1 : (2.3.5)

The solutions of Inclusion (2.3.5) are full of the shadow area in Fig. 2.9. But it
is not true that every curve in the shadow area is its solution. The trajectories in
S(F, 1) hold the following features: (1) the curve is derivable at almost all points
on the curve; (2) all trajectories start at (0,1); (3) if one trajectory arrives at A(t1,
x1) (Fig. 2.9), then the trajectory will be restricted at the darker shadow area where
the starting angle is restricted between 0.1x and 0.3x. Hence the trajectory is always
monotonically increasing; (4) two curves on the boundary of the shadow area, i.e.,
x D e0:1t and x D e0:3t are solutions, moreover, once a solution x .t1/ D B where B
(Fig. 2.9) is on the boundary, then the x(t) is always at the boundary before t1. �

We note that, throughout of the book, the set-valued mapping F(x) in Inc. (2.3.4)
is with convex and closed value. The integration adopted is in the meaning of
Lebesgue, and x.t/ 2 AC .Œ0;T� ;Rn/ or x.t/ 2 AC i.e., x(t) is an absolutely
continuous single-valued mapping.

2.3.2 Why Do We Propose Differential Inclusions?

Maybe there is a question for some readers: Why do we need to consider the
differential inclusions? The differential equation is quite powerful so that lots
of natural phenomena can be described by differential equations precisely. For
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Fig. 2.9 The solutions area
of Example 2.3.1
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example, the motion of objects can be described by using Newton’s laws which are
described by differential equations. Another example is about the circuit. Because
capacitance, inductance and operational amplifier all can be depicted by differential
(or integral) equations, almost all circuits can be described by using differential
equations. Kirchhoff’s law provides a method to obtain the differential equation.
Hence, do we really need differential inclusions?

The following examples are given to explain the reason why we really need to
introduce differential inclusions.

1. Need from real systems

It was known for us every mechanical system suffers from friction and every
modern electronic system has to apply diodes. These two basic elements should be
depicted by differential inclusions. We now give a detailed discussion with friction
in mechanical system.

In 1902, Stribeck studied the dry friction (friction for the objects without using
lubricant) of a friction pair. He found that the change of friction coefficient has
four phases (Fig. 2.10), i.e., static friction which exists when no motion happens
in the friction pair; Stribeck friction called by later researchers which happens in
a very lower velocity, with the speed increasing the friction coefficient decreases;
Coulomb friction, where the friction coefficient reaches its minimal value; viscous
friction, where the friction efficient increases with the speed increasing. He then
concluded that the friction is a very complicatedly nonlinear phenomenon. The most
undetermined case is the first phase where the friction coefficient is zero but the
function of friction exists.

In 2001, Glocker suggested the friction force � should be depicted by the
following set-valued mapping

� 2 Ff
� :
q
� D ���N sgn

� :
q
�C FS

� :
q
�
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Fig. 2.10 Stribeck plot
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where q is the displacement of object,
:
q is then the velocity, the sliding friction

FS
� :
q
�

is a single-valued function of
:
q, � is its friction coefficient, �N is the pressure

and sgn
� :
q
�

is the sign function defined as follows

sgn
� :
q
� D

8

<

:

1
:
q > 0;

Œ�1; 1� :
q D 0;

�1 :
q < 0:

(2.3.6)

Then the moving of the mechanical object which suffers from only dry friction can
be described by the following equation

M Rq C D
:
q C Kq D Su C T� (2.3.7)

where M,D,K are the mass matrix, damping matrix and stiff matrix, respectively, q
is genelized displacement which contains both translational motion and rotational
motion, S is the input matrix and u is the control whose components are forces or
moments, T is gain matrix for the friction and � is the vector of friction where the
ith component takes the form of

�i 2 ��i�Ni sgn
�

TT
i
:
q
�C FSi

�

TT
i
:
q
�

The relation is the friction that happens in the ith touch point. In the above relation,
Ti is the ith column of T and TT

i
:
q is the relative sliding moving happens in the ith

touch point.
Equation (2.3.7) can be rewitten by its state description

:
x D Ax C Gw C Bu;
z D Hx;
y D Cx;
w 2 �'.z/;

(2.3.8)
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where x D
h

qT :
q

T
iT

is the state, z and w are the input and output of set-valued

mapping ®(�), respectively. The meanings of other matrices can be known from Eq.
(2.3.7) and are omitted. Equation (2.3.8) is called Luré differential inclusion which
will be dealt with in Chap. 5.

In classical nonlinear control theory, the nonlinear phenomenon depicted by Eq.
(2.3.6) is called by relay nonlinearity, which is very popular in engineering area.
Hence, lots of engineering systems can be described by using Luré differential
inclusions.

2. Control system theory

Since 1980s, the development of differential inclusion is motivated by needs of
control systems theory. Let us consider a state model of a control system. Generally
its state equation is described by a differential equation

:
x D f .x; u/ (2.3.9)

In the almost all textbooks of control theory, there is a paragraph of explanation
attached to the equation: in Eq. (2.3.9), x is the state which is usually an n-
dimensional real vector, and u 2 U is an m-dimensional control input where U is
the admissible control set. The statement really suggests that if we apply differential
inclusion, the state space model should be described as

:
x 2 F .x;U/ D [

u2U
f .x; u/ (2.3.10)

Inc. (2.3.10) is usually called as state inclusion, by the state inclusion, the model
of whole control system becomes

� :
x
y




2
�

F .x;U/
G .x;U/




The second is the output mapping which is a set-valued mapping altered from output
equation.

There are some effective investigation for the Inc. (2.3.10). Commonly, the
control u is a mapping form time interval

�

0; tf
� � R .� 0/ to R

r; hence, U is a
set of r-dimensional functions. Without loss of generality, it is commonly assumed
that the U is a compact set of piecewise continuous functions. When U is a compact
set, the continuity of f (x, u) implies the continuity of set-valued mapping F(x, U).
Furthermore, if f (x, u) is a uniform Lipschitzian mapping for every fixed u, then
F(x, U) is also a Lipschitzian set-valued mapping. These facts illustrate that F(x, U)
inherits lots of properties of f (x, u), and f (x, u) is only a continuous selection of
F(x, U). At problems of this section, we will give more properties of Inc. (2.3.10).

In the design of control system, the design target can be often transformed
into performance of state x(t). For example, the stability is that every trajectory
of Inc. (2.3.10) converges to the origin (it is strongly asymptotically stable, to

http://dx.doi.org/10.1007/978-3-662-49245-1_5
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see Sect. 2.5). Let S(2.3.10) denote the set of solutions of Inc. (2.3.10), and
x(t) be the ideal trajectory satisfying required performance. For the open-loop
control, the design of control system consists of two steps. The first step is
to check whether or not x.t/ 2 S .2:3:10/; if the first step succeeds, then the
second is to find a u.t/ 2 U, such that

:
x.t/ D f .x.t/; u.t//. In case x.t/ …

S .2:3:10/, we have two ways to complete the design. One is to extend x(t) to a
set fx�.t/; � 2 ƒg where x�’s are called admissible trajectories, and then to check
whether fx�.t/g\S .2:3:10/ ¤ ∅. Then we try to find x.t/ 2 fx�.t/g and u.t/ 2 U.
The another is to enlarge the control set U such that fx�.t/g \ S .2:3:10/ ¤ ∅.
The introduction of slide mode control is a meaningful practice of extension of
control ability. For the case of closed-loop control, the admissible control set
U is replaced by U(x) where U(x) is the admissible feedback. Repeating the
above statements, we have the design procedure of closed-loop system design.
Of course, these only give an outline of system design, the check of fx�.t/g \
S .2:3:10/ ¤ ∅ is very troublesome since we cannot obtain an explicit expression
of S(2.3.10). However, the analysis of S(2.3.10) can give a guide for the design of
controller.

Let us continue to consider Example 2.3.1, the controlled differential inclusion is

:
x 2 Œ0:1; 0:3� x C u; u 2 U;
x.0/ D 1 :

The design target is to stabilize the system by feedback, i.e., the trajectory will trend
to the t-axis as the time goes. Hence, it is necessary to make the shadow area in
Fig. 2.9 can contain an area which is approximate t-axis as the t increases. Suppose,
at time t, the trajectory arrives at A(t1, x1). If we require the trajectory tends to zero,
then the derivative of trajectory has to be less than zero, i.e., u C 0:1x1 < 0, the x1

can be selected arbitrarily; hence U � fuI u < �0:1x; t > 0; x > 0g is a necessary
condition (Fig. 2.11).

The above discussion shows that using differential inclusion description can
extend the design thought for control systems.

Fig. 2.11 The design of
control set for Example 2.3.1

t1O

x1
A 0a <

1

x

t

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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3. Discontinuous differential equations

We start with an example.

Example 2.3.2 Consider the Cauchy problem for the following discontinuous
differential equation

:
x D

�

1 x < 0;
�1 x � 0;

x.0/ D 0 (2.3.11)

We consider the trajectory starting at the origin of the (t, x) plane. Because
:
x.0/ D �1, the trajectory should enter the IV quadrant. However, as soon as the
trajectory enters the IV quadrant, then x < 0 and

:
x > 0. The trajectory will leave

the IV quadrant and enter the I quadrant. In the I quadrant, x > 0, and
:
x < 0,

hence, the trajectory should return to the IV quadrant. It is really a trouble. The
trajectory cannot also go ahead along with the t-axis since its derivative is nonzero.
We conclude that the Cauchy problem has no solution. �

In Example 2.3.2, as long as x.0/ ¤ 0, the Cauchy problem has a solution. If the
trajectory arrives at the t-axis at a finite time, the trajectory then finalizes.

To make these equation solvable at interval Œ0; 1/, Filippov presented an
improved scheme which is now called Filippov theory.

For a differential equation
:
x D f .x/, we define a set-valued mapping

F.x/ D
\

ı>0

cl co f .x C ıB/

where B is the open unit ball of Rn. F(x) is called as the set-valued extension of
f (x), or the Filippov extension of f (x). The Filippov extension holds the following
properties: (1) F(x) is with closed and convex value. Furthermore, if f (x0) is
bounded, then F is upper semi-continuous at x0 (Prob. 1–8 of this chapter). (2) If
f (x) is continuous at x, then F.x/ D ff .x/g. In the next subsection, we will prove the
above properties and prove that the Cauchy problem of differential inclusion

:
x 2 F.x/; x.0/ D x0

is always solvable. The solution of the above inclusion is called as Filippov solution
of discontinuous differential equation

:
x D f .x/. The fact shows that Filippov

extension is a powerful tool for discontinuous differential equations.
Let us return to Example 2.3.2. At x D 0, for every ı > 0, f .0C ıB/ D f�1; 1g.

Hence, cof .0C ıB/ D Œ�1; 1�, or F.0/ D Œ�1; 1�. Then Eq. (2.3.11) becomes

:
x 2 F.x/ D

8

<

:

�1 x > 0;
Œ�1; 1� x D 0;

1 x < 0:
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F(x) is continuous and its Cauchy problem
:
x 2 F.x/; x.0/ D x0 is solvable. The

Filippov solution is

x.t/ D
�

x0 � sgn .x0/ t t 2 Œ0; jx0j� ;
0 t � jx0j ;

where sgn(x) is the single-valued mapping and sgn.0/ D 0.

2.3.3 Existence Theorems of Solution of Differential
Inclusions

This subsection deals with the existence of solution of differential inclusions. It is
sufficient for us to show that S .F; x0/ ¤ ∅ for Inc. (2.3.4). Because there are more
than one definitions of continuity for set-valued mappings, we have to deal with the
problem, separately.

In the theory of differential equation, the following conclusion is fundamental
for the existence of the solution.

Consider the Cauchy problem of
:
x D f .x/; x.0/ D x0, if there is neighborhood

of x0, f (x) satisfies the Lipschitzian condition in the neighborhood, then there
is a � > 0, the Cauchy problem is solvable at [0, �]. Furthermore, if there is
neighborhood of x(�), f (x) satisfies Lipschitzian condition at that neighborhood,
too. Then the solution can be extended.

By the method of using in the proof of Lemma 1.3.1, we can prove that if f (x)
is continuous at x0 and x0 is a inner point of domain of f, then f (x) is a local
Lipschitzian function at x0. Therefore, some textbooks revise the theorem as if f (x)
is continuous at x0 and x0 is an inner point of domain, then the Cauchy problem
:
x D f .x/; x.0/ D x0 is locally solvable.

We now turn to differential inclusion.

Theorem 2.3.1 Let X be a Hilbert space, and F.x/ W X ! X be an upper semi-
continuous set-valued mapping and with closed and convex value. If the mapping
x 7! m .F.x// is locally compact, then the Cauchy problem of Inc. (2.3.4) has a
solution.

Proof By Theorem 2.2.5, when F is an upper semi-continuous set-valued mapping
and with closed and convex value, then F holds an approximate selection which is
Lipschitzian. Hence for every " > 0, there is a f"(x) such that

f".x/ 2 F.x/C "B (2.3.12)

Moreover, the selection has the form of

f".x/ D
X

i

pi.x/m .F .xi//

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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where pi(x) is a Lipschitzian unit decomposition, m(F(xi)) is the minimal norm
element of F(xi).

Let f"ng be a monotonously decreasing series with that "n ! 0 .n ! 1/.
For every "n there is an approximate selection f"n.x/ (for simplicity, denoted by
fn(x)). fn(x) is a locally Lipschitzian mapping; hence, the Cauchy problem

:
x D

fn.x/; x.0/ D x0 has a solution xn(t).
By Corollary 2.2.2, ffn(x)g is locally equicompact, i.e., there is a ı > 0 and

N 2 N, such that for n > N, fn .B .x0; ı// � K, for a compact set K. It is equivalent to
that

:
xn.t/ 2 K, t 2 Œ0;T/ for some T > 0. K is bounded hence the sequence fxn(t)g is

equicontinuous at least for n > N. By Arzela-Ascoli theorem (to see Sect. 1.1 of this
book), there are an absolutely continuous function x(t) and a subsequence fxnk .t/g
of fxn(t)g such that xnk .t/ converges to x(t) uniformly. By Theorem 1.1.7 (Alaoglu
theorem),

˚ :
xnk .t/

�

holds a weakly �� convergent subsequence, for simplicity,
without loss of generality;

˚ :
xnk .t/

�

is the weakly �� convergent sequence. Thus,

there is a ı > 0 and v.t/ 2 L1 Œ0; ı/ such that

t
Z

0

:
xnk .�/ d� !

t
Z

0

v .�/ d� .

On the other hand, xnk.t/ D x0 C
t
Z

0

:
xnk .�/ d� . Let k trend to infinite. We have

x.t/ D x0 C
t
Z

0

v .�/ d� . Hence, x.t/ 2 AC and
:
x.t/ D v.t/ almost everywhere.

The approximate selection fnk.x/ satisfies that gra fnk � gra F C "nk B, i.e.,

d Œ. xnk.t/; fnk .x.t// ; graF.x/
i

� "nk

Let k trend to infinite again. We have d
��

x.t/;
:
x.t/

�

; graF.x/
� D 0, i.e.,

:
x.t/ 2

F .x.t//. And xnk.0/ D x0, consequently, x.0/ D x0. Thus, we prove the theorem. �
We now apply Theorem 2.3.1 to verify the existence of Filippov solution for

discoutinuous differential equations.

Theorem 2.3.2 Consider the Cauchy problem of differential equation

:
x D f .x/; x0 2 R

n;

where f (x) is bounded, but may be discoutinuous. Its Filippov extension is

F.x/ D
\

ı>0

clco f .x C ıB/

Then the Cauchy problem differential inclusion

:
x 2 F.x/; x0 2 R

n;

http://dx.doi.org/10.1007/978-3-662-49245-1_1
http://dx.doi.org/10.1007/978-3-662-49245-1_1
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exists a solution. Moreover, let x(t, x0) be any solution of the Fillippov extension,
then

:
x .t; x0/ D f .x .t; x0// if f (x) is continuous at x(t, x0).

Proof Because f (x) is bounded by the definition F.x/ D \
ı>0

cl co f .x C ıB/, F(x) is

bounded and with closed and convex value. The local compactness of x 7! m .F.x//
is guaranteed. We now verify the following two facts.

(1) If f (x) is continuous at x1, then F .x1/ D ff .x1/g.
Let y1 ¤ f .x1/. Then we denote " D ky1 � f .x1/k, there is a ı > 0 such that

f .x1 C ıB/ � B
�

f .x1/ ; "
2

�

since f (x) is continuous at x1. Hence y1 … f .x1 C ıB/.
Let zi, i D 1; 2; : : : ; n be arbitrarily n elements in f .x1 C ıB/. Then for �i �
0;

n
X

iD1
�i D 1, we have

�

�

�

�

�

 

n
X

iD1
�izi

!

� f .x1/

�

�

�

�

�

�
n
X

iD1
�i kzi � f .x1/k � "

2

i.e., y1 … cof .x1 C ıB/. Furthermore, for z 2 cof .x1 C ıB/,

ky1 � z k � ky1 � f .x1/k � kf .x1/� z k � "

2

i.e., y1 … clco f .x1 C ıB/
However, for every ı > 0, f .x1/ 2 f .x1 C ıB/, moreover, f .x1/ 2

clco f .x1 C ıB/. It follows f .x1/ 2 F .x1/.
(2) F(x) is upper semi-continuous.
This is the result of Problem 8 in the first section of this chapter.
Applying Theorem 2.3.1, the Cauchy problem of differential inclusion

:
x 2

F.x/; x.0/ D x0 has a solution. Moreover, by the first fact proved in this theorem,
we conclude

:
x .t; x0/ D f .x .t; x0// if f (x) is continuous at x(t, x0). �

Theorem 2.3.1 needs a quite strong condition, the local compactness of mapping
x 7! m .F.x//, that is difficult to be checked. The following conclusion is about
the Lipschitzian differential inclusion. From the conclusion, we can feel that the
Lipschitzian condition is critical for both differential equation and differential
inclusion.

We will give a theorem which is very useful in the theory of differential inclusion.
Before stating the theorem, we present so-called Granwall inequality.

Lemma 2.3.1 Suppose that x.t/ 2 AC .Œ0;T� ;R/. If

ˇ

ˇ

:
x.t/

ˇ

ˇ � l.t/ jx.t/j C �.t/;

for two single-valued functions l.t/; �.t/ 2 L1 .Œ0;T� ;R .� 0//. Then for t 2 Œ0;T�,
we have
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jx.t/j � e

t
R

0

l.s/ds jx.0/j C
t
Z

0

�.s/e

t
R

0

l.�/d��
s
R

0

l.�/d�
ds: (2.3.13)

�
Lemma 2.3.1 is known as Gronwall inequality. It is a fundamental integral

inequality. Reference (Cai et al. 2009) gives a proof for the inequality. We also
leave it to readers as an example since the skill of proof is fundamental in math.

Theorem 2.3.3 Let F W R
n ! R

m be a closed Lipschitzian set-valued mapping
with Lipschitzian constant l, M � AC .Œ0;T� ;Rn/ be a set, and r0 W Rn ! R

n be a
continuous single-valued mapping. If there is a function �.t/ 2 L1 .Œ0;T� ;R .� 0//

such that for every x.t/ 2 M,

d
�

:
x.t/;F .x.t//

�

� �.t/;

and a real number ı 2 R .� 0/ such that jjr0.x/� xjj � ı for every x 2 R
n. Then,

there is a mapping r W M ! SŒ0;T� .F;C/5 where C D fr0 .x.0// ; x.t/ 2 Mg is a set
of Rn. The mapping r holds the following properties:

1. r is continuous;
2. r .x.t// .0/ D r0 .x.0// for every x.t/ 2 M;
3. If x.t/ 2 M\S .F;C/ and r0 .x.0// D x.0/, then r .x.t// D x.t/;

4. Denote �.t/ D ıeljtj C
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

t
Z

0

el.jtj�jsj/�.s/ds

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

,
6 then

jjr .x.t// � x.t/jj � �.t/; (2.3.14)

and
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

d

dt
r .x.t// � :

x.t/

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Rn

� l�.t/C �.t/ (2.3.15)

for every t 2 Œ0;T�.
Proof This is a constructive proof, it consists of four steps.

(1) Construction of function sequence fxk(t)g
Let x.t/ 2 AC .Œ0;T� ;Rn/. Then a mapping ! .x.t// D �

�

:
x.t/;F .x.t//

�

is

defined. Because

5Because SŒ0;T� .F;C/ � AC .Œ0; T� ;Rn/, r is a mapping from AC .Œ0; T� ;Rn/ to AC .Œ0; T� ;Rn/.
6In the current situation, the absolute value is useless. However, if the interval [0, T] is replaced
by Œ�T; 0�, all conclusions of the theorem are still valid. For convenience of later use, we here
apply absolute jtj to substitute t.
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k! .x.t//k � ˇ

ˇ

ˇ

ˇ

:
x.t/

ˇ

ˇ

ˇ

ˇC ˇ

ˇ

ˇ

ˇ! .x.t// � :
x.t/

ˇ

ˇ

ˇ

ˇ

D ˇ

ˇ

ˇ

ˇ

:
x.t/

ˇ

ˇ

ˇ

ˇC
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ�
�

:
x.t/;F .x.t//

�

� :
x.t/

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

D ˇ

ˇ

ˇ

ˇ

:
x.t/

ˇ

ˇ

ˇ

ˇC d
�

:
x.t/;F .x.t//

�

� 2
ˇ

ˇ

ˇ

ˇ

:
x.t/

ˇ

ˇ

ˇ

ˇC d
�

0;F .x.t//
�

� 2
ˇ

ˇ

ˇ

ˇ

:
x.t/

ˇ

ˇ

ˇ

ˇC d
�

0;F .x.0//
�

C l kx.t/ � x.0/k ;

where we have applied the fact that F(x) is with closed value in the third step, the
triangle inequality d

� :
x.t/;F .x.t// � d

�

0;
:
x.t/

�C d
�

0;F .x.t// in the fourth step,
and the Lipschitzian condition F .x.t// � F .x.0// C l kx.t/ � x.0/k B in the fifth
step. x.t/ 2 AC, hence

:
x.t/ 2 L1 Œ0;T�, moreover, ! .x.t// 2 L1 .Œ0;T� ;Rn/. It is

obvious from the definition, if x.t/ 2 SŒ0;T� .F;C/, then ! .x.t// D :
x.t/.

Using the function !(�), a function sequence fxk.t/I k D 0; 1; 2; : : : g is
constructed as follows:

x0.t/ 2 M;

x1.t/ D r0 .x0.0//C
t
Z

0

! .x0 .�// d�;

x2.t/ D x1.0/C
t
Z

0

! .x1 .�// d�;

� � �

xkC1.t/ D xk.0/C
t
Z

0

! .xk .�// d�;

� � �
Note that by the definition of xk(t), we have xk.0/ D r0 .x0.0// and xk.t/ 2 AC for
every k 2 N. Moreover, if x.t/ 2 SŒ0;T� .F;C/ and r0 .x.0// D x.0/, then xk.t/ 	 x.t/
for every k.

(2) Convergence of sequences fxk(t)g and
˚ :
xk.t/

�

At first,

kx1.t/�x0.t/k � kr0 .x0.0//�x0.0/kC
�

�

�

�

�

�

t
Z

0

�

! .x0 .�//� :
x0 .�/

�

d�

�

�

�

�

�

�

�ıC
t
Z

0

� .�/ d�

(2.3.16)

where the constant ı and the function �(t) are those given by the theorem.
Secondly,
�

�

:
x1.t/ � :

x0.t/
�

� D �

�! .x0 .�//� :
x0.t/

�

� D d
�

:
x0.t/;F .x0.t//

�

� �.t/ (2.3.17)



102 2 Set-Valued Mappings and Differential Inclusions

Now we extend the Inequalities (2.3.13) and (2.3.14) into the case of k > 1.

�

�

:
xkC1.t/ � :

xk.t/
�

� D �

�! .xk.t// � :
xk.t/

�

�

D d
� :
xk.t/;F .xk.t//

�

� d
�

:
xk.t/;F .xk�1.t//

�

C l kxk.t/ � xk�1.t/k
D l kxk.t/ � xk�1.t/k :

(2.3.18)

In the third step, we have applied triangle inequality and Lipschitzian condition. In
the fourth step, we have applied the fact that ! .xk�1.t// D �.

:
xk�1.t/;F .xk�1.t// 2

F .xk�1.t//.
We now prove that

kxkC1.t/ � xk.t/k � ı
jltjk

kŠ
C

t
Z

0

.l jtj � j� j/k
kŠ

� .�/ d� (2.3.19)

and

�

�

:
xkC1.t/ � :

xk.t/
�

� � lı
jltjk�1

.k � 1/Š C l

t
Z

0

.l jtj � j� j/k�1

.k � 1/Š � .�/ d� (2.3.20)

By Inequality (2.3.18), Inequality (2.3.19) implies Inequality (2.3.20). Hence, it is
sufficient to verify Inequality (2.3.19).

For the case of k D 0, Inequality (2.3.19) degenerates to Inequality (2.3.16).
Hence the inequality holds for the case of k D 0. We assume that Inequality (2.3.19)
holds for the case of k. Now we prove that it is also true for the case of k C 1. Since
k � 1,

kxkC1.t/ � xk.t/k D
�

�

�

�

�

�

t
Z

0

� :
xkC1 .�/ � :

xk .�/
�

d�

�

�

�

�

�

�

� l

t
Z

0

kxk .�/ � xk�1 .�/k d�

� l

t
Z

0

0

@ı
jl� jk�1

.k � 1/Š C
�
Z

0

.l j� j � jqj/k�1

.k � 1/Š
�.q/dq

1

A d�

D ı
jltjk

kŠ
C l

t
Z

0

�
Z

0

.l j� j � jqj/k�1

.k � 1/Š �.q/dqd� :
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Because d
d�

�
Z

0

.l j� j � jqj/k
kŠ

�.q/dq D
�
Z

0

l
.l j� j � jqj/k�1

.k � 1/Š
�.q/dq;

ı
jltjk

kŠ
C l

t
Z

0

�
Z

0

.l j� j � jqj/k�1

.k � 1/Š �.q/dqd� D ı
jltjk

kŠ
C

t
Z

0

.l jtj � jqj/k
kŠ

�.q/dq:

Replacing q by � , Inequality (2.3.19) is then verified.

Because ez D
1
X

kD0

zk

kŠ
, for every real number z,

1
X

kDm

zk

kŠ
! 0; .m ! 1/.

Therefore on the time interval [0, T], both fxk(t)g and
˚ :
xk.t/

�

are Cauchy sequences.
(3) Definition of mapping r
From Step (2), for every x0.t/ 2 M, we have constructed a sequence fxk(t)g such

that
:
xk.t/ ! v.t/; .k ! 1/ for a v.t/ 2 L1. Furthermore if we treat two functions

are equivalent when there are identical except at a set whose measure is zero, then
the limitation is unique. Now we define

r .x0.t// D r0 .x0.0//C
t
Z

0

v .�/ d� (2.3.21)

then r .x0.t// 2 AC and r .x0.t// .0/ D r0 .x0.0//.
(4) Proof of the conclusions

From Inequality (2.3.18), we know lim
k!1d

�

:
xk.t/;F .xk.t//

�

D 0. Hence,

kr .x0.t// � xk.t/k D
�

�

�

�

�

�

t
Z

0

� :
xk .�/� v.t/

�

d�

�

�

�

�

�

�

�
t
Z

0

�

�

:
xk .�/ � v.t/

�

� d� ! 0

(2.3.22)

Moreover,

0 D lim
k!1d

�

:
xk.t/;F .xk.t//

�

D d
�

v.t/;F .r .x0.t/// D d
� d

dt
r .x0.t// ;F .r .x0.t///

F is with closed value, consequently, dr.x0.t//
dt 2 F .r .x0.t/// and r .x0.t// 2

S .F; r0 .x0.0///, where we apply r .x0.t// .0/ D r0 .x0.0//. The second conclusion
of Theorem 2.3.3 is obtained.

By Inequality (2.3.19),

kxkC1.t/ � x0.t/k � ıejltj C
t
Z

0

eljtj�j� j� .�/ d� D �.t/
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Similarly, from Inequality (2.3.20), we obtained

�

�

:
xkC1.t/ � :

x0.t/
�

� � lıejltj C l

t
Z

0

eljtj�j� j� .�/ d� C �.t/ D l�.t/C �.t/

Thus,

kr .x0.t//�x0.t/k � kxk.t/�x0.t/kCkr .x0.t//�xk.t/k � �.t/Ckr .x0.t//� xk.t/k

Applying the last limitation in Inequality (2.3.22), then it implies kr .x0.t// � x0.t/k
� �.t/, i.e., Inequality (2.3.14) holds. By the same method, we can prove Inequality
(2.3.15) holds. The Conclusion 4 of the theorem is then proved.

If x0.t/ 2 S .F;C/, then !
� :
x0.t/

� D :
x0.t/, and r0 .x0.0// D x0.0/. We conclude

x1.t/ D x0.t/. By such a way, we obtain xk.t/ D x0.t/; k D 1; 2; : : : . Consequently,
v.t/ D :

x0.t/, and r .x0.t// D x0.t/. The Conclusion 3 of the theorem is also verified.
To end the proof of the theorem, we consider the continuity of r. r is a mapping

from M to the space of AC. If x0.t/ 2 M, then

kx0.t/kAC D kx0.0/kRn C
T
Z

0

�

�

:
x0 .�/

�

�

Rn d�:

We can think that x.t/ 2 B .x0.t/; "/, then x.0/ 2 B .x0.0/; "/ ;
�

�

:
x.t/� :

x0.t/
�

� < ".
At first, ! .x.t// D �

� :
x.t/;F .x.t//

�

is a continuous mapping from AC([0, T]) to

AC([0, T]) (to see Prob. 3 of this section). It follows that y.t/ D x.0/C
t
Z

0

! .x .�// d�

is a continuous mapping from x(t) to y(t). By the reason, for every k, the mapping
from x0(t) to xk(t) is continuous.

:
xk.t/ is uniformly convergent to v(t). Hence, the

mapping from x0(t) to v(t) is continuous. At last the mapping r defined by Eq.
(2.3.21) is continuous.

Thus, we complete the proof of the theorem. �
Theorem 2.3.3 is a very important result in the theory of differential inclusion.

It is a constructive proof for the solutions of differential inclusions. One can start
with a set (or a function) in the space of absolutely continuous functions to obtain a
solution of a differential inclusion. It is also a critical key to very problems. The
following theorem is about the existence of the solution of Cauchy problem of
differential inclusion, and the theorem is a natural result of Theorem 2.3.3.

Theorem 2.3.4 Let F W Rn ! R
m be a Lipschitzian set-valued mapping. It is with

closed value. Then the following Cauchy problem

:
x.t/ 2 F .x.t// ; x.0/ D x0

has a solution.
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Proof Let M D f0g, and r0 D x0 C x. Take �.t/ 	 d .0;F.0// and ı D kx0k. By
Theorem r.0/.0/ D r0.0/ D x0,

7 and there exists a x.t/ D r.0/ 2 SŒ0;1� .F; x0/. The
x(t) satisfies

kx.t/k � kx0k eljtj C
t
Z

0

el.jtj�j� j/d .0;F.0//d�:

�
Theorem 2.3.4 only verifies that the solution set SŒ0;1� .F; x0/ is not empty.

The theorem does not provide all elements of SŒ0;1� .F; x0/. From the proofs of
Theorems 2.3.3 and 2.3.4, we can find that the time interval where the solution
exists depends on the interval where the Lipschitzian condition holds. When the set-
valued mapping is only a local Lipschitzian mapping, then the above theorem gives
a local result that there is a ı > 0 such that SŒ�ı;ı� .F; x0/ ¤ ∅. The conclusion is
very similar to that for differential equations.

We give several remarks to Theorem 2.3.3.

Remark 1 In Theorem 2.3.3, we did not require that F(x) is with convex value. We
only require F(x) is with closed value. �
Remark 2 Theorem 2.3.3 gives an algorithm to calculate solutions from a set of
absolutely continuous functions. It is an approximate method. The key is to calculate
the projection of

:
x.t/ on the set F(x(t)). From the theoretic viewpoint, the calculation

is operable. �
Remark 3 Inequalities (2.3.14) and (2.3.15) give the errors between x0.t/ 2 M,
:
x0.t/, and its corresponding solution in SŒ0;1� .F; x0/ and its derivate. These errors
depend on ı and �(t). If M D fx0.t/g, i.e., M contains only one function, and x0.0/ D
x0, then ı can be zero. Therefore, the less of the distance between

:
x0.t/ and F(x0(t))

is, the faster convergence of x0(t) to r(x0(t)). �
Remark 4 As mentioned before, Theorem 2.3.3 allows that T < 0. This is the reason
why we apply the notations of jtj and jsj. �

As an application of Theorem 2.3.4, we can estimate the boundary of a solution.
We have

kx .t; x0/k D kr.0/k � kx0k eljtj C
t
Z

0

el.jtj�jsj/d .0;F.0//ds (2.3.23)

7In the notation r(0)(0), the zero in r(0) is the zero function in M, i.e., a constant function whose
value is always zero. The anther 0 is the initial time.
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We have d(0, F(0)) D km(F(0))k. Suppose t > 0, then Inequality (2.3.23) leads to
kx .t; x0/k � kx0k elt C 1

l elt�1m .F.0//. The highest increasing speed is elt which is
similar to the corresponding conclusion for differential equation.

2.3.4 The Existence of Solutions of Time-delayed Differential
Inclusions

Before ending this section, we spend some time to deal with the extension of
the existence theorem for the solution of differential inclusions. In the theory
of differential inclusions, it is only required that Inc. (2.3.4) holds only almost
everywhere, i.e., it is allowed the inclusion does not hold on a set whose measure
is zero. The property makes great convenience for the extension of the existence
theorem. As an example, we deal with the time-delayed differential inclusion since
time-delayed is very popular for almost all dynamic systems.

Suppose F W R
n � R

n ! R
n is a closed Lipschitzian set-valued mapping. We

consider the Cauchy problem for the following differential inclusion with time-
delay.

:
x.t/ 2 F .x.t/; x .t � �// I x.t/ D �.t/; t 2 Œ��; 0� ; (2.3.24)

where � 2 R .� 0/ is a given constant and used to express the time delay, and �.t/ 2
AC .Œ��; 0�/ is the initial condition. Because F W Rn � R

n ! R
n is a Lipschitzian

set-valued mapping, there exist two constants l1 and l2 such that

d .F .x1; y1/ ;F .x2; y2// � l1 kx1 � x2k C l2 ky1 � y2k

It implies d .F .x; y/ ;F .0; 0// � l1 kxk C l2 kyk, or

d .0;F .x; y// � l1 kxk C l2 kyk C l3; (2.3.25)

where l3 D d .0;F .0; 0//.

Theorem 2.3.5 Let F W Rn�R
n ! R

n be a closed Lipschitzian set-valued mapping.
Then Inc. (2.3.24) has a solution.

Proof Consider the following Cauchy problem,

:
x.t/ 2 F .x.t/; � .t � �// I x.0/ D �.0/:

On the time interval [0, �], � .t � �/ is a absolutely continuous function,
hence, F .x.t/; � .t � �// can be treated as a time-varying differential inclu-
sion. By an appropriate extension of Theorem 2.3.3, the set of solutions
SŒ0;� � .F .x.t/; � .t � �// ; �.0// is not a empty set.
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For a solution x.t/ 2 SŒ0;� � .F .x.t/; � .t � �// ; �.0//, we define

x� .t/ D
�

�.t/; t 2 Œ��; 0� ;
x.t/; t 2 Œ0; �� ;

then x� .t/ 2 SŒ0;� � .2:3:23/ where, for simplicity, we apply the notation S[0,� ](2.3.24)
for the set of solutions of Inc. (2.3.24). By Inequality (2.3.23), S[0,� ](2.3.24) is a
bounded set (the fact can be also verified by Inequality (2.3.25), we leave it as an
problem).

Now for every x� .t/ 2 SŒ0;� � (2.3.24), we consider the Cauchy problem

:
x.t/ 2 F .x.t/; x� .t � �// I x .�/ D x� .�/ ; (2.3.26)

with initial time is � . On the time interval [� , 2�], x� .t � �/ is a determined
absolutely continuous function, hence by a similar discussion to the first step,
SŒ�;2�� .F .x.t/; x� .t � �// ; x� .�// is nonempty.

For every x.t/ 2 SŒ�;2�� .F .x.t/; x� .t � �// ; x� .�//, we define

x2� .t/ D
�

x� .t/; t 2 Œ��; �� ;
x.t/; t 2 Œ�; 2�� ;

then x2� .t/ 2 SŒ0;2�� .2:3:23/.
˚

x2� .�/ I x2� .t/ 2 SŒ0;2�� .2:3:23/
�

is still a bounded
set, thus, step by step, we can extend the solution to Œ0;1/. �

Note that x� (t) is defined on Œ��; ��. At the point t D 0, x� (t) may be not
differentiable. The fact meets with the requirement of solutions of differential
inclusion.

Problems

1. (1) Suppose f (x, u) is continuous for every fixed u 2 U, then F(x, U) is lower
semi-continuous;

(2) Suppose f (x, u) is continuous at every pair (x, u) and U is compact, then
F(x, U) is continuous.

2. Suppose ffi .x; u/ ; i D 1; 2; : : : g is series of continuous mappings from
normed space X to Banach space Y, fUi; i D 1; 2; : : : g is a series of compact
and connect subsets of Y. If they satisfy that

(1) F.x/ � � � � � fnC1 .x;UnC1/ � fn .x;Un/ � � � � f1 .x;U1/ for every x 2 X;
(2) For every " > 0, there is an N 2 N, when n > N, it holds fn .x;Un/ �

F.x/C "B where B is the unit ball in Y.

Then F(x) is upper semi-continuous and with compact and connect value.
And

F.x/ D
1
\

iD1
fi .x;Ui/
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3. Suppose F(x) is the Filippov extension of f (x). If f (x) is only upper semi-
continuous at x0, then what kind continuity can hold the F(x0)? If f (x) is only
lower semi-continuous at x0, what is the F(x0)?

4. Prove the Gronwell inequality (Hint: using the comparison principle of differ-
ential equation).

5. Prove that under the conditions of Theorem 2.3.3, Inequality (2.3.15) holds.
6. Suppose F W Rn ! R

m is closed. Prove that ! .x.t// D �
� :
x.t/;F .x.t//

�

which
is defined in the proof of Theorem 2.3.3 is a continuous mapping from L1[0, T]
to L1[0, T].

7. Prove the continuity of mapping r defined by Eq. (2.3.21) by using " � ı

language.
8. Suppose F W Rn ! R

m is a closed and Lipschitzian set-valued mapping and
�0 2 F .x0/. Then there is a solution x.t/ 2 SŒ0;T� .F; x0/ such that

:
x.0/ D �0.

The fact means that we can appoint the initial value of the solution as well as
the value of its derivate.

9. Prove that
˚

x� .�/ ; x� .t/ 2 SŒ0;� � .2:3:23/
�

which is defined in the proof of
Theorem 2.3.5 is bounded.

10. Repeat the proof of Theorem 2.3.3 if M D fx1.t/g with x1.t/ 2 SŒ0T� .F; x0/ but
the image of M is SŒ0T� .F; x1/ ; x1 ¤ x0.

2.4 Qualitative Analysis for Differential Inclusions

We carry through the qualitative analysis of differential inclusions in this section.
The study can be treated as an inheritance and development of the similar study for
differential equations since they consider almost the same questions, but methods
used and conclusions are quite different. This section only considers the local prop-
erties of differential inclusions. We start with those differential inclusions which
hold Lipschitzian property, then turn to those which are upper semi-continuous, at
last we deal with the problem of convexification of differential inclusions.

2.4.1 Qualitative Analysis for Lipschitzian Differential
Inclusions

Lipschitzian differential inclusions are studied qualitatively by using Theorem 2.3.3
which is powerful tool in the theory of differential inclusions as mentioned before.

Suppose F W Rn ! R
n is a Lipschitzian set-valued mapping, it is with closed and

convex value. By Theorem 2.3.4, the Cauchy problem of differential inclusion

:
x.t/ 2 F .x.t// ; x.0/ D x0 (2.4.1)
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holds solutions on the time interval [0, T] (and/or Œ�T; 0�8). SŒ�T;0� .F; x0/ is the
solution set of Inc. (2.4.1). In this subsection, three qualitative conclusions are
presented for S[0,T](F, x0).

Theorem 2.4.1 Let x1.t/; x2.t/ 2 SŒ0;T� .F; x0/ be two solutions. Then there is a
continuous mapping � W Œ0; 1� !S[0,T](F, x0) such that �.0/ D x1.t/ and �.1/ D
x2.t/.

Proof Define M D f.1 � �/ x1.t/C �x2.t/I� 2 Œ0; 1�g, then M � AC .Œ0;T� ;Rn/.

To use Theorem 2.3.3, we check the distance d
�

.1 � �/ :x1.t/ C �
:
x2.t/;

F ..1 � �/ x1.t/C �x2.t//.

d
�

.1 � �/
:
x1.t/C �

:
x2.t/; F ..1 � �/ x1.t/C �x2.t//

�

� d
�

.1 � �/
:
x1.t/C �

:
x2.t/;

:
x1.t/

�C d
�

:
x1.t/;F ..1 � �/ x1.t/C �x2.t//

�

� �
�

�

:
x2.t/ � :

x1.t/
�

�C d
� :
x1.t/;F ..1 � �/ x1.t/C �x2.t//

�

� �
�

�

:
x2.t/ � :

x1.t/
�

�C d
� :
x1.t/;F .x1/

�C d .F .x1/ ;F ..1 � �/ x1.t/C �x2.t///

� �
�

�

:
x2.t/ � :

x1.t/
�

�C l� kx2.t/� x1.t/k
� �

�

:
x2.t/ � :

x1.t/
�

�C l kx2.t/ � x1.t/k ;

where we have use the triangle inequality in the second and the fourth steps,
respectively, and the facts that d

� :
x1;F .x1/

� D 0, Lipschitzian condition and � � 1.
Denote �.t/ D �

�

:
x2.t/ � :

x1.t/
�

� C l kx2.t/ � x1.t/k. Then �.t/ 2 L1 .Œ0;T� ;R/
because x1.t/; x2.t/ 2 AC .Œ0;T� ;Rn/. Let r0.x/ D x. By Theorem 2.3.3, there is a
continuous mapping r W M ! SŒ0;T� .F; x0/. Because x1.t/; x2.t/ 2 SŒ0;T� .F; x0/, by
Theorem 2.3.3 again, r .x1.t// D x1.t/; r .x2.t// D x2.t/. Now we define

� .�/ D r ..1 � �/ x1.t/C �x2.t//

�(�) is continuous and � .�/ 2 SŒ0;T� .F; x0/ for all � 2 Œ0; 1�. It follows �.0/ D
x1.t/ and �.1/ D x2.t/. We have complete the proof. �

We have no reason to assert that the set S[0,T](F, x0) is convex, consequently,
.1 � �/ x1.t/C �x2.t/ may fail to be a solution of Inc. (2.4.1).

Theorem 2.4.1 is usually called as arc connectedness theorem. It illustrates that if
we treat two solutions x1(t) and x2(t) as two points of the vector space of absolutely
continuous functions, then there is an arc which connects the two points such that
every point at the arc is also the solution in S[0,T](F, x0). In R � R

n, every solution
in S[0,T](F, x0) can be drawn as a curve, the conclusion illustrate that there exists a

8We only consider the case of [0, T] below. Readers are suggested to give and prove the similar
conclusions for the case of SŒ�T;0� .F; x0/ as exercises.
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curved surface which links with x1(t) and x2(t), and every point in the surface has
passed at least one solution in S[0,T](F, x0) (Fig. 2.12).

Definition 2.4.1 Let F be set-valued mapping, the following set

RŒ0;T� .F; x0/ D ˚

x.T/I x.t/ 2 SŒ0;T� .F; x0/
�

is the T-reachable set of Inc. (2.4.1) with the starting point x0. When T and x0 are in
unambiguous, the set is called reachable set of Inc. (2.4.1). �

By Definition 2.4.1, we can restate Theorem 2.4.1 as follows: in R
n, R[0,t](F, x0)

is arc wise connected for every t 2 Œ0;T�.
Theorem 2.4.2 Let x.t/ 2 SŒ0;T� .F; x0/ be a solution of Inc. (2.4.1), and x.T/ D x�.
If x� 2 bd RŒ0;T� .F; x0/, then for every t1 2 Œ0;T�, x .t1/ 2 bd RŒ0;t1� .F; x0/.

Proof It is proved by contradiction. If there is a t1 2 .0;T/ such that x .t1/ …
bd RŒ0;t1� .F; x0/, then by the definition of boundary, there is an " > 0 such that
B .x .t1/ ; "/ � SŒ0;t1� .F; x0/.

On the other hand, Because x� 2 bd RŒ0;T� .F; x0/, there is a y 2 R
n such that

y … RŒ0;T� .F; x0/ and ky � x�k � "e�ljt1�Tj. To apply Theorem 2.3.3, let M D fx.t/g
and r0.x/ D x � x� C y, then �.t/ D 0 and ı D "e�ljt1�Tj. Theorem 2.3.3 asserts
there is a solution y.t/ D r .x.t// 2 SŒt1;T� .F; y1/

9 where y1 D y .t1/ which satisfies
y.T/ D y (Fig. 2.13).

Fig. 2.12 The shadow part is
contained in
SŒ0;T� .F; x0/ � R � Rn

0x
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1( )x t

2 ( )x t
0t =

( )( )tf l

n

0x
( )x t

( )x T

1( )x t

1y
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( )y t [0, ] 0bd ( , )TR F x

Fig. 2.13 Illustration of Theorem 2.4.2

9We apply Theorem 2.3.3 on the time interval ŒT � t1; T�. The terminal is fixed at y.T/ D y. The
solution is y.t/ 2 SŒT�t1;T� .F; y1/, where y1 D y .T � t1/.
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Using Inequality (2.3.14) in Theorem 2.3.3, we have ky .t1/ � x1 .t1/k �
ky � x�k el.T�t1/ < ". Hence, y .t1/ 2 RŒ0;t1� .F; x0/, i.e., there is a solution x2.t/ 2
SŒ0;t1� .F; x0/ such that x2 .t1/ D y .t1/. We define

x1.t/ D
�

x2.t/ 0 � t � t1;
y.t/ t1 � t � T:

Then x1.t/ 2 SŒ0;T� .F; x0/, and x1.T/ D y. It is in conflict with the assumption
y … RŒ0;T� .F; x0/. �

Theorem 2.4.2 illustrates that if x(T) is on the boundary of R[0,T](F, x0), then the
trajectory x.t/ 2 SŒ0;T� .F; x0/ has the property that for every t1 2 Œ0;T�, x(t1) is at the
boundary of RŒ0;t1� .F; x0/. The readers are suggested to recall Example 3.2.1, then
you can have a deeper understanding.

S[0,T](F, x0) is the solution set of Inc. (2.4.1), hence S[0,T](F, x0) is a set in
normed space AC .Œ0;T� ;Rn/. We can define a set-valued mapping from R

n to
AC .Œ0;T� ;Rn/ by x 7! SŒ0;T� .F; x/. This is a mapping form the initial condition
to the solution set. The following theorem is given for the continuity of the
mapping.

Theorem 2.4.3 The set-valued mapping x 7! SŒ0;T� .F; x/ is Lipschitzian. More-
over, if x1.t/ 2 SŒ0;T� .F; x0/, then there is a continuous selection �(x) of S[0,T](F, x)
such that � .x0/ D x1.t/.

Proof Let x1; x2 2 R
n. By Theorem 2.3.4, SŒ0;T� .F; x1/ ¤ ∅. x1(t) is an arbitrary

solution in S[0,T](F, x1). Let M D fx1.t/g and r0.x/ D x �x1Cx2. Then, by Theorem
2.3.3, there is a mapping r W M ! SŒ0;T� .F; x2/. By using the notations defined in
Theorem 2.3.3, we have �.t/ D 0 and ı D kx2 � x1kRn . Let r .x1.t// D x2.t/. Then
by Inequality (2.3.14), we have

�

�

:
x1.t/ � :

x2.t/
�

�

Rn � kx1 � x2kRn lelt

Using the norm defined in AC, we have

kx1.t/ � x2.t/kAC D kx1 � x2kRn C
T
Z

0

�

�

:
x1.t/ � :

x2.t/
�

�dt � elTkx1 � x2kRn

The elT is independent of the selection of x1(t) and x2(t), hence S[0,T](F, x) is
Lipschitzian globally, i.e.,

SŒ0;T� .F; x1/ � SŒ0;T� .F; x2/C elTkx1 � x2kRn B:

http://dx.doi.org/10.1007/978-3-662-49245-1_3
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For the second conclusion, let M D fx1.t/C x � x0g10 and r0.x/ D x, then there
is a continuous mapping r W M ! SŒ0;T� .F; x/. Let �.x/ D r .x1.t/C x � x0/. Then
the �(x) is continuous, �.x/ 2 SŒ0;T� .F; x/ and � .x0/ D r .x1.t// D x1.t/. �

2.4.2 Qualitative Analysis for Upper Semi-continuous
Differential Inclusions

This subsection turns to upper semi-continuous differential inclusions and deals
with the same problems as the last subsection. Because failure of Lipschhitz
condition, we cannot apply Theorem 2.3.3, these conclusions are established by
a different way. Readers are suggested to compare these conclusions as well as the
proof procedures.

Consider the Cauchy problem of the following differential inclusion

:
x.t/ 2 F .x.t// ; x.0/ D x0 (2.4.2)

where F W R
n ! R

n is an upper semi-continuous set-valued mapping and with
closed and convex value. We further assume that the F is bounded, i.e., there is a
b 2 R .> 0/ such that for every x 2 R

n; F.x/ � bB. Comparing with Inc. (2.4.1),
the set-valued mapping F in Inc. (2.4.2) is required to be bounded and with convex
value.

Two lemmas are given firstly.

Lemma 2.4.1 Suppose A � R
n is a convex and compact set, f .t/ 2 L1 .Œ0;T� ;Rn/.

If for almost all t 2 Œ0;T�, f .t/ 2 A, then 1
T

T
Z

0

f .t/dt 2 A. �

The lemma can be treated as an extension of mean value theorem of Riemann
integration. It can be proved by the definition of Lebesgue integration, and we omit
it here. It is only pointed out that the condition that A is a convex and compact set is
necessary.

Lemma 2.4.2 Suppose that A � R
n is a convex and compact set, xk.t/ 2

AC .Œ0;T� ;Rn/, k D 1; 2; : : : , and for almost all t 2 Œ0;T�,
:
xk.t/ 2 A. If

lim
k!1xk.t/ D x.t/ for every t 2 Œ0;T�, then x.t/ 2 AC .Œ0;T� ;Rn/ and

:
x.t/ 2 A

for almost all t 2 Œ0;T�.

10This M is not a solution set.
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Proof A is compact, so is bounded. Because
:
xk.t/ 2 A, there exists a l 2 R

C such
that

�

�

:
xk.t/

�

� � l for almost all t 2 Œ0;T� and all k D 1; 2; : : : . Consequently,

kxk .t2/� xk .t1/k �
t2Z

t1

�

�

:
xk .�/

�

� d� � l jt2 � t1j ;

for all t1; t2 2 Œ0;T�. It implies the sequence fxk.t/; t 2 Œ0;T� ; k D 1; 2; : : : g is
equicontinuous. Now let k ! 1, we have that x(t) is a Lipschitzian mapping, and
x.t/ 2 AC .Œ0;T� ;Rn/.

Moreover, by Lemma 2.4.1,

xk .t C h/� xk.t/

h
D 1

h

tCh
Z

t

:
xk .�/ d� 2 A;

let k ! 1, we obtain x.tCh/�x.t/
h 2 A for t 2 Œ0;T � h� because of the compactness

of A. By the compactness again,
:
x.t/ D lim

h!0

x.tCh/�x.t/
h 2 A for all t 2 Œ0;T�. �

The proof of Lemma 2.4.2 illustrates the compactness plays a critical role in the
convergence. It also illustrates that if a sequence of absolutely continuous functions
whose values are on a compact set is convergent, then the limitation is absolutely
continuous.

We now give the main conclusion for upper semi-continuous differential inclu-
sions which holds a similar position to that of Theorem 2.3.3.

Theorem 2.4.4 Let F;Fk W R
n ! R

n are all upper semi-continuous and with
convex and closed values. Moreover, they satisfy the following conditions:

There is a b 2 R .> 0/ such that

(1) F.x/ � � � � � FkC1.x/ � Fk.x/ � � � � � F0.x/ � bB for every x 2 R
n;

(2) For every " > 0 and x 2 R
n, there is a k0 D k0 .x; "/ 2 N, when k > k0,

Fk.x/ � F.x/C "B;
(3) xk.t/ 2 SŒ0;T� .Fk/ and xk(t) converges to x(t) uniformly.

Then x.t/ 2 SŒ0;T�.F/.

Proof Because
:
xk.t/ 2 Fk .xk.t// � bB and xk(t) converges uniformly to x(t), we

conclude x.t/ 2 AC by Lemma 2.4.2. Suppose x(t) is derivable at t0 2 Œ0;T� and
denote x0 D x .t0/. Using the second condition of the Theorem 2.4.4, for every
" > 0, we have a k > k0 .x0; "/ such that Fk .x0/ � F .x0/C "B. Fk .x0/ is an upper
semi-continuous set-valued mapping, hence, there is an � > 0, when x 2 B .x0; �/,

Fk.x/ � Fk .x0/C "B � F .x0/C 2"B: (2.4.3)
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On the other hand, xk(t) converges uniformly to x(t), there exist k1 � k and �
when k > k1 and jt � t0j < � , we have

kxk.t/ � x.t/k < �

2
; kx.t/ � x .t0/k < �

2
:

By Relation (2.4.3),

:
xk.t/ 2 Fk .xk.t// � Fk0 .xk.t// � Fk0 .x .t0//C "B � F .x0/C 2"B:

Using Lemma 2.4.2 again,
:
x.t/ 2 F .x0/ C 2"B for all jt � t0j < � . Let t D t0.

Then
:
x .t0/ 2 F .x0/ C 2"B. The " can be selected arbitrary and F(x0) is closed,

consequently,
:
x .t0/ 2 F .x0/. �

Remark If the condition that Fk W Rn ! R
n are upper semi-continuous is replaced

by Fk W Rn ! R
n are Lipschitzian mappings, then it can be proved that Relation

(2.4.3) still holds, hence, the theorem is still valid.
By Theorem 2.2.4 and the above remark, Theorem 2.4.4 supports the following

conclusion, the detailed proof is left to readers.

Theorem 2.4.5 Consider Inc. (2.4.2) i.e., F W Rn ! R
n is an bounded, upper semi-

continuous set-valued mapping and with closed and convex value. Then its Cauchy
problem is solvable. �
Corollary 2.4.1 Suppose F W R

n ! R
n is upper semi-continuous (or locally

Lipschitzian) and with closed and convex value, and F is bounded, i.e., there is
a b such that for every x 2 R

nF.x/ � bB. Then S[0,T](F, x0) is a compact set in AC.

Proof Because F.x/ � bB, every sequence of S[0,T](F, x0) is equicontinuous. By
Arzela-Ascili theorem (Sect. 1.1), the sequence holds a convergent subsequence. By
Theorem 2.4.4, replacing all Fk by F, we conclude the limitation of the subsequence
belongs also to S[0,T](F, x0). �

Corollary 2.4.1 can be extended to the set S[0,T](F, x0) provided that C � R
n is a

compact set in R
n (Problem 1).

We now apply Theorem 2.4.4 to complete the corresponding qualitative analysis
for Inc. (2.4.2).

A set A is said to be unconnected if there are two closed sets A1 and A2 which
satisfy A1 \ A2 D ∅, and A1 \ A ¤ ∅ and A2 \ A ¤ ∅ such that A1 [ A2 � A.
Otherwise, A is connected.

Theorem 2.4.6 Suppose that F W Rn ! R
n is bounded, upper semi-continuous and

with closed and convex value. Then for every x0 2 R
n, S[0,T](F, x0) is a connected

set of the space C .Œ0;T� ;Rn/.
11

11Note that the connectedness is considered in normed space C, and is not in R � R
n. In R � R

n,
all solutions in S[0,T](F, x0) start at (0, x0), hence it has to be connected.

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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Proof The conclusion is proved by using contradiction. If there are two nonempty
closed sets S1 and S2 which satisfy S1 \ S2 D ∅, S1 [ S2 � SŒ0;T� .F; x0/, and
Si \ SŒ0;T� .F; x0/ ¤ ∅, for i D 1; 2. Denote xi.t/ 2 SŒ0;T� .F; x0/ \ Si; i D 1; 2. By
Corollary 2.4.1, S[0,T](F, x0) is compact, hence S1 and S2 are all bounded. We have

inf
n

kx1.t/�x2.t/k I x1.t/ 2 SŒ0;T� .F; x0/
\

S1; x2.t/ 2 SŒ0;T� .F; x0/
\

S2
o

D2ı > 0

A function is defined as follows:

' W C .Œ0;T� ;Rn/ ! R; ' .x.t// D d .x.t/; S1/� ı

When x.t/ 2 S1, ' .x.t// D �ı; and x.t/ 2 S2, ' .x.t// � ı. We now fix a x1.t/ 2
S1 \ SŒ0;T� .F; x0/ and a x2.t/ 2 S2 \ SŒ0;T� .F; x0/.

By Theorem 2.2.4, there are Fk W R
n ! R

n, k D 1; 2; : : : , which are locally
Lipschitzian set-valued mappings and are with such that convex and closed values.
Moreover, they satisfy

(1) For every x 2 R
n, F.x/ � � � � � FkC1.x/ � Fk.x/ � � � � � F0.x/ � bB;

(2) For every " > 0, there exists a k0(x, "), when k > k .x0; "/, we have Fk.x/ �
F.x/C "B.

When k > k0 .x0; "/, we consider the Cauchy problem that
:
x 2 Fk.x/; x.0/ D x0,

its solution set SŒ0;T� .Fk; x0/ ¤ ∅ by Theorem 2.3.4. Using Theorem 2.4.1, there is a
continuous mapping�k W Œ0; 1� ! SŒ0;T� .Fk; x0/ such that �k.0/ D x1.t/ and �k.1/ D
x2.t/. Consider the compound function: ' ı �k W Œ0; 1� ! R, we have ' ı �k.0/ < 0

and ' ı �k.1/ > 0. By the property of continuous function, there is a �k 2 .0; 1/

such that ' ı �k .�k/ D 0. Denote xk.t/ D �k .�k/, then xk.t/ 2 SŒ0;T� .Fk; x0/.
Because sequence

˚ :
xk.t/

� � bB, the sequence fxk(t)g has a convergent subsequence.
Without loss of generality, we assume that xk.t/ ! x.t/ by the norm of the space
of continuous functions. Theorem 2.4.4 then asserts that x.t/ 2 SŒ0;T� .F; x0/. From
' .xk.t// D 0 and the continuity of ®, we have ' .x.t// D 0. Therefore, x.t/ … S1 [
S2, it is contradictive to the hypothesis of S1 [ S2 � SŒ0;T� .F; x0/. Hence S[0,T](F, x0)
is connected. �
Theorem 2.4.7 Suppose that F W Rn ! R

n is bounded, upper semi-continuous and
with closed and convex value. Let x� 2 bd RŒ0;T� .F; x0/. Then there is an x1.t/ 2
SŒ0;T� .F; x0/ which holds the properties: (1) x1.T/ D x�, (2) for every t 2 Œ0;T�,
x1.t/ 2 bd RŒ0;t� .F; x0/.

Proof The proof consists of two parts. At first, we construct a solution x.t/ 2
SŒ0;T� .F; x0/, then we prove the solution satisfies the requirements of the theorem.

(1) By Theorem 2.2.4, there is a sequence fFk(x)g such that for every x 2 R
n

F.x/ � � � � � FkC1.x/ � Fk.x/ � � � � � F0.x/ � bBI

And for every " > 0, there exists a k0(x, "), when k > k0 .x; "/, Fk.x/ � F.x/C "B.
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By Corollary 2.4.1, S[0,T](Fk, x0) is compact. Hence, there exists a xk 2
RŒ0;T� .Fk; x0/ such that d

�

x�;RŒ0;T� .Fk; x0/
� D kxk � x�k. It is obvious that

xk 2 bdRŒ0;T� .Fk; x0/. By Theorem 2.4.2, there exists an xk.t/ 2 SŒ0;T� .Fk; x0/
such that xk.T/ D xk, moreover, for every t 2 Œ0; T�, xk.t/ 2 bdRŒ0;t� .Fk; x0/. By
the same reasoning as used in Theorem 2.4.6, we can assume that xk.t/ ! x.t/ by
the norm of the space of continuous functions, and x.t/ 2 SŒ0;T� .F; x0/.

(2) We now prove that the x(t) satisfies the requirements of theorem. At first,
we assert that x.T/ D x�. The conclusion is verified by contradiction. If ı D
kx.T/ � x�k > 0, then there is a k0 such that for every k � k0, kxk � x�k � ı

2
where

xk D xk.T/ 2 bdRŒ0;T� .Fk; x0/. By the condition of theorem x� 2 RŒ0;T� .F; x0/ �
RŒ0;T� .Fk; x0/, hence x� … bdRŒ0;T� .Fk; x0/ (recall the selection of xk). It follows x� is
an inner point of R[0,T](Fk, x0), consequently, there is an " > 0 such that x� C "B �
RŒ0;T� .Fk; x0/ for all � k0. If y 2 B .x�; "/, then we have a yk.t/ 2 SŒ0;T� .Fk; x0/ and
y D yk.T/. By the proof procedure applied above, we can assume fyk(t)g converges
uniformly to y.t/ 2 SŒ0;T� .F; x0/. That y 2 RŒ0;T� .F; x0/ implies that x� is not in on
the boundary of R[0,T](Fk, x0). It contradict condition of the theorem.

At last, we show that x(t) has the property that x.t/ 2 bdRŒ0;t� .F; x0/ for every
t 2 Œ0;T�. Otherwise, this conclusion is not true, i.e., there is a t1 2 Œ0;T�, such that
x .t1/C "B � RŒ0;t1� .F; x0/. Then for k which is large enough, we have

xk .t1/C "

2
B � x .t1/C "B � RŒ0;t1� .F; x0/ � RŒ0;t1� .Fk; x0/

It conflicts to Theorem 2.4.2 since Fk is a Lipschitzian set-valued mapping. �
Remark Theorem 2.4.6 and Theorem 2.4.7, in the theory of differential equations
in manifold, are known as Kneser theorem and Hukuhara theorem, respectively.

Readers should distinguish Theorem 2.4.2 from Theorem 2.4.7. Theorem 2.4.2
asserts that if x1.T/ D x�, then for every t 2 Œ0;T�, x1.t/ 2 bd RŒ0;t� .F; x0/.
But, Theorem 2.4.6 states that there may be several solutions in S[0,T](F, x0) whose
terminals are all x�. Among these solutions there is certainly a x1(t) such that
x1.T/ D x� and x1.t/ 2 bd RŒ0;t� .F; x0/ for t 2 Œ0;T�.
Example 2.4.1 A set-valued mapping F(x) is defined as follows:

F.x/ D
8

<

:

B2 x2 < 0;
6B2 x2 D 0;

0 x2 > 0:
(2.4.4)

where x D �

x1 x2
�T 2 R

212 and B2 is the closed unit ball in R
2. Let the initial

condition be x.0/ D �

0 �4 �T and terminal be x.T/ D �

3 0
�T

, and time interval is
[0, 5] (i.e., T D 5).

12The superscript T means transposition.
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It is easy to check that the F(x) is an upper semi-continuous and with convex
and closed value. We firstly illustrate that F(x) is not a Lipschitzian mapping. If

x D �

1 0
�T

, then F.x/ D 6B2; but if y D �

1 "
�T

for every " > 0, then F.y/ 	 0. If
we require that

6B2 D F.x/ � F.y/C l kx � yk B2 D l"B2

then l" > 6. When " ! 0, then l ! 1, hence F(x) is not a Lipschitzian mapping.
Now

�

x1.t/
x2.t/




D
2

4

0

�4C 8t

9

3

5 ; t 2
�

0;
9

2




;

�

x1.t/
x2.t/




D
2

4

6




t � 9

2

�

0

3

5 ; t 2
�

9

2
; 5




is a solution of differential inclusion
:
x 2 F.x/ where F(x) is given in Eq. (2.4.4).

The solution satisfies that

�

x1.0/
x2.0/




D
�

0

� 4




;

�

x1.5/
x2.5/




D
�

3

0




But when t 2
�

0;
9

2




,

� :
x1.t/
:
x2.t/




D
2

4

0
8

9

3

5 which does not lay on the boundary of B2.

There is another solution

�

x1.t/
x2.t/




D

2

6

4

3

5
t

� 4C 4

5
t

3

7

5 ; t 2 Œ0; 5� ;

which also satisfies the boundary conditions. The solution is always on the
boundary. �
Theorem 2.4.8 Suppose F W Rn ! R

n is a bounded, upper semi-continuous set-
valued mapping, and with closed and convex value. If we treat S[0,T](F, x0) as a
set-valued mapping which maps Rn to AC .Œ0;T� ;Rn/. Then the mapping is upper
semi-continuous.

Proof We prove a more general conclusion that if C � R
n is a compact set, then

S[0,T](F, C) is a compact set of AC .Œ0;T� ;Rn/.
Suppose fxk.x/g � SŒ0;T� .F;C/ is a sequence. Because F.C/ � bB for some

constant b,
�

�

:
xk.x/

�

� � b is true for all k and almost all x. The fact implies that
fxk(x)g is equicontinuous. There exists a convergent subsequence by Arzela-Ascili
theorem. Without loss of generality, we assume fxk(x)g is uniformly convergence,
i.e., there is a function x0.t/ 2 AC .Œ0;T� ;Rn/ such that xkj.t/ ! x0.t/, we now
prove that x0.t/ 2 SŒ0;T� .F;C/.
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Suppose
:
xk.t/ 2 Fk .xk.t// where Fk 	 F; k D 1; 2; : : : . Then by Theorem

2.4.4, x0.t/ 2 SŒ0;T� .F;C/. S[0,T](F, C) is compact by Corollary 2.4.1. Moreover, by
the Problem 9 in Sect. 2.1, we conclude that the mapping x0 7! SŒ0;T� .F; x0/ is upper
semi-continuous. �

Note that in Theorem 2.4.8, the condition that F(x) is convex is necessary.

2.4.3 Convexification of Differential Inclusions and Relaxed
Theorem

At last, we deal with the convexification of differential inclusions in this section.
It have been found that convexity is a critical condition for the existence of the
solutions for differential inclusions. One may ask such a question if the setF(x)is
not convex, what can we do? The best answer currently is to make F(x) convex.

Let F W Rn ! R
n be a set-valued mapping, and co F W Rn ! R

n be the closure
of convex hull of F. Then the differential inclusion

:
x 2 co F.x/ (2.4.5)

is the convexification of the original differential inclusion

:
x 2 F.x/: (2.4.6)

For the sake of convenience, the notation co F is simplified as F, and the solution
of Inc. (2.4.5) as x.t/. If the initial conditions are equal, i.e., x.0/ D x.0/ D x0,
then the solution of Inc. (2.4.6) is certainly the solution of Inc. (2.4.5). In the study
of convexification, the most important problem is to present the conditions under
which the solutions of Inc. (2.4.5) is dense at the solutions of Inc. (2.4.6).

The main target of this subsection is to prove Theorem 2.4.9. The proof is quite
similar to that of the existence of solution for differential equations by using Eular
polygonal lines. But the construction is much complicated.

Theorem 2.4.9 Let x0 2 R
n, F W B .x0; b/ ! R

n be a Lipschitzian set-valued
mapping with Lipschitzian constant l. F is bounded and with closed value. Then
there is a T > 0 such that the solutions of Inc. (2.4.5) is dense at the solutions of Inc.
(2.4.6) on the time interval I D Œ�T;T�.

Proof The theorem is equivalent to prove that for every " > 0 and every x .t; x0/
which is a solution of Inc. (2.4.5), then there is a solution x(t, x0) of Inc. (2.4.6) such
that kx .t; x0/ � x .t; x0/k < " for every t 2 I. Both x .t; x0/ and x(t, x0) are in B(x0, b)
for each t 2 Œ�T; T�.

Because F is bounded, there is a constant M such that F .B .x0; b// � MB, where
B is the closed unit ball of R

n. It implies F .B .x0; b// � MB. F and F are all
Lipschitzian mappings, hence, Inc. (2.4.5) and Inc. (2.4.6) exist solutions.

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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If for an " > 0 given arbitrarily, we can find a z.t/ 2 AC; z.0/ D x0 (for
convenience, it is denoted by z(t, x0)) such that for t 2 I,

kx .t; x0/� z .t; x0/k < "

2
(2.4.7)

and

d
� :
z .t; x0/ ;F .z .t; x0//

� � l"

2 .elT � 1/
(2.4.8)

then by the notations used in Theorem 2.3.3, we have ı D 0 and �.t/ D l"
2.elT �1/ .

Theorem 2.3.3 asserts that there is a solution x 2 SŒ0;T� .F; x0/ such that

kx .t; x0/ � z .t; x0/k �
t
Z

0

el.t�s/ l"

2 .elT � 1/
ds � "

2

It follows kx .t; x0/ � x .t; x0/k < ". The theorem is then verified. Hence, the key
point is to construct a z(t, x0) which satisfies Inequalities (2.4.7) and (2.4.8).

(1) We now construct z(t, x0) by the following two steps.
(i) The time interval I is divided into 2q equal sections, i.e., the length of each

section is T
q . Ii D Œti; tiC1� is denoted for the ith sub-interval andˆi D F .x .ti; x0// �

R
n is the image of F .x .ti; x0// which is closed and convex. It is direct to show

F .x .t; x0// is a Lipschitzian mapping and its Lipschitzian constant can be lM (to
see Problem 8 of this section). It follows that for all t 2 Ii, F .x .t; x0// � ˆi C lMT

q B.

We denote S D ˆi C lMT
q B, S is bounded, closed and convex. The S can be contained

by a union of finite lattice cubes13, i.e., S � J[
jD1Sj where Sj’s are lattice cubes with

equal side length. We can require that the diameter of the lattice cubes is less than
a given positive number �. Figure 2.14 is given to explain the set S and these lattice
cubes. The line in the lowest position is the segment I, where x .t; x0/ is defined.ˆx

is the image of the set-valued mapping F .x .t; x0//, ˆx and ˆi D F .x .ti; x0// are
surrounded by full line (both ˆx and ˆi are slices in Fig. 2.14). S is a stereoscopic
cube and is surrounded by dash lines. S contains ˆi .

14 These straight lines separate
S into lattice cubes. Sj is one lattice cube, whose diameter is its diagonal line (no
drawing). We can increase the density of these lattice vertexes so that the diameter
is less than any pointed real number �.

:

x .t; x0/2 F .x .t; x0//, hence
:

x .t; x0/ passes
throughˆx in only one Sj.

13A lattice cube is a regular cube whose vertexes are rational numbers q
m ; q 2 f0;˙1;˙2; : : : g

and length of side is 1
m .

14S looks to like a sandwich and ˆi likes a piece of ham in the sandwich.
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Fig. 2.14 Diagrammatic
drawing for the proof of
Theorem 2.4.9

S

−T Tti+1ti

( )x t

xFiF

jSjS
( )x t

A set Ej D
n

tI t 2 Ii;
:

x .t; x0/ 2 Sj

o

and a step function �.t/ D
X

j

�j�j.t/ are

defined where �j 2 Sj \ S is a determined vector and �j(t) is the characteristic
function of Ej, i.e.,

�j.t/ D
�

1; t 2 Ej;

0; t … Ej:

It is obvious that d
�

�j; ˆi
� � lMT

q ;
�

�

�

:

x .t; x0/ � �.t/
�

�

� � �; t 2 Ii

(ii) The function �.t/ D
X

j

�j�j.t/ is a simple function of Sj, we now construct

a simple function for F .x .ti; x0//.
Recall �j 2 Sj \ S � S D ˆi C lMT

q B. ˆi D F .x .ti; x0// is the closed
convex hull of F .x .ti; x0//, hence, there exist k vectors zjh 2 F .x .ti; x0//h D
1; 2; : : : ; k; and k � n C 1, such that

�

�

�

�

�

�j �
k
X

hD1
˛jhzjh

�

�

�

�

�

� 2lMT

q
;

k
X

hD1
˛jh D 1; ˛jh > 0: (2.4.9)

We now define  .t/ D
t
Z

ti

�j.s/ds, the  (t) is monotonous and  .tiC1/ D m
�

Ej
�

,

where m(Ej) is the Lebesgue measure of the set Ej. Real numbers ti < �1 < �2 <

� � � < �k can be obtained

�h D sup

8

<

:

tI .t/ � m
�

Ej
�

h
X

pD1
˛jp

9

=

;
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These �h’s, h D 1; 2; : : : ; k define k intervals Œ�0; �1� ; .�1; �2� ; : : : .�k�1; �k� with
�0 D ti and �k D tiC1. Set Ejh is then defined as Ejh D Ej \ .�h�1; �h� ; h D
1; 2; : : : ; k, then these Ejh’s hold the properties that Ejh1 \ Ejh2 D ∅; h1 ¤ h2 and

k[
hD1Ejh D Ej. Let �jh(t) be the characteristic function of Ejh. Then on the set Ej a

simple function � j(t) is defined as follows

�j.t/ D
X

h

zjh�jh.t/

where zjh 2 F .x .ti; x0// defined by Inequality (2.4.9). Define now �.t/ D
X

j

�j.t/

and finally

z .t; x0/ D x0 C
t
Z

0

�.s/ds (2.4.10)

(2) We prove that z(t, x0) defined by Eq. (2.4.10) can meet the requirements of
Inequalities (2.4.7) and (2.4.8).

At first, by the construction of z(t, x0), we have
:
z .t; x0/ D �.t/ 2 F .B .x0; b// �

MB, and z(t, x0) is a Lipschitzian function and its Lipschitzian constant can be M,
the same as x .t; x0/. For every t 2 Œ�T;T�, there is an subinterval Ii, such that t 2 Ii,
we have

kx .t; x0/ � z .t; x0/k � kx .t; x0/� x .ti; x0/k C kx .ti; x0/� z .ti; x0/k C kz .ti; x0/

�z .t; x0/k :

By the Lipschitzian condition, we have

kx .t; x0/ � x .ti; ; x0/k � MT

q
; kz .ti; x0/ � z .t; x0/k � MT

q
:

Recall the construction that �.t/ D
X

j

�j�j.t/ and �.t/ D
X

j

X

k

zjk�jk.t/,

consequently,
Z

Ii

�.s/ds D
X

j

m
�

Ej
�

�j, and

Z

Ii

�.s/ds D
Z

Ii

X

j

X

k

zjk�jk.s/ds D
X

j

X

k

zjk

Z

Ii

�jk.s/ds D
X

j

X

k

zjk˛jkm
�

Ej
�

:



122 2 Set-Valued Mappings and Differential Inclusions

Therefore,

�

�

�

�

�

�

Z

Ii

�.s/ds �
Z

Ii

�.s/ds

�

�

�

�

�

�

�
X

j

m
�

Ej
�

�

�

�

�

�

�j �
X

k

˛jkzjk

�

�

�

�

�

�
X

j

m
�

Ej
�2lMT

q

� m .Ii/
2lMT

q

D 2lMT2

q2
:

At the time ti, we have

�

�

�

�

�

�

z .ti; x0/� x0 �
tiZ

0

�.s/ds

�

�

�

�

�

�

D
�

�

�

�

�

�

tiZ

0

�.s/ds �
tiZ

0

�.s/ds

�

�

�

�

�

�

�
i
X

kD1

Z

Ik

k�.s/ � �.s/k ds

� 4lMT2

q
:

On the other hand,

�

�

�

�

�

�

x .ti; x0/�x0�
tiZ

0

�.s/ds

�

�

�

�

�

�

D
�

�

�

�

�

�

tiZ

0

:

x .s; x0/ � �.s/ds

�

�

�

�

�

�

�
tiZ

0

�

�

�

:

x .s; x0/ � �.s/
�

�

� ds � �T:

The both inequalities lead to kx .ti; x0/ � z .ti; x0/k � �T C 4lMT2

q .
Summing up the above procedure, we have

kx .t; x0/� z .t; x0/k � 2MT

q
C �T C 4lMT2

q
(2.4.11)

for every t 2 Œ�T;T�.

Recall that Sj is a lattice cube. If its length of side is 1
q , then its diameter is

p
n

q .
Inequality (2.4.11) leads to

kx .t; x0/ � z .t; x0/k � �1

q
(2.4.12)

where �1 D �

2M C p
n C 4lMT

�

T.
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Because
:
z .t; x0/ 2 F .x .ti; x0// for t 2 Ii, d

�

:
z.t/;F .x .t; x0//

�

� lMT
q . By

Inequality (2.4.12), we have F .x.t// � F .z.t//C �1 l
q B. Using triangle inequality, at

last

d
�

:
z.t/;F .z.t//

�

� lMT

q
C �1l

q

Therefore, when

q D min

(
�

2�1

"

�

;

$

2
�

elT � 1� .MT C �1/

"l

%)

C 1

where b˛c is used to express the largest integer which is less or equal to ˛.
Inequalities (2.4.7) and (2.4.8) are both satisfied. We complete the proof. �

Theorem 2.4.9 is also named by relaxation theorem. We emphasize that the
Lipschitzian condition for set-valued mapping F is necessary for the validation of
the theorem.

Problems

1. Suppose F W R
n ! R

n is an upper semi-continuous and bounded set-valued
mapping. If it is with convex and closed value, then prove S[0,T](F, C) is a
compact set in AC where C � R

n is a compact set. Furthermore, R[0,T](F, x0)
is also compact.

2. Prove Lemma 2.4.1.
3. Prove Theorem 2.4.5.
4. Suppose F W Rn ! R

n is a Lipschitzian set-valued mapping, and is with closed
value. By using Theorem 2.3.3, prove the former part of Theorem 2.4.3, i.e., if
we treat S[0,T](F, x0) as a set-valued mapping from R

n to AC .Œ0;T� ;Rn/, then the
mapping is also Lipschitzian.

5. Suppose F.x/ 	 f�1; 1g. Prove the F is upper semi-continuous and with
closed value, but is not with convex value. Consider the differential inclusion
:
x 2 F.x/; x.0/ D 0. Prove that a saw-toothed function

xk.t/ D
(

t � i
2k ;

i
2k � t < iC1

2k ;
iC2
2k � t; iC1

2k � t < iC2
2k ;

i D 0; 1; 2; : : :

is its solution for every k 2 N. The limitation of xk(t), x.t/ 	 0 when k ! 1, is
not a solution. Hence, Theorem 2.4.7 fails.

6. Suppose F W Rn ! R
n is a bounded and upper semi-continuous mapping, and

with closed and convex value. C � R
n is a compact set. We construct a mapping

gra.F/ ! graSŒ0;T� .F;C/. Prove that the mapping is continuous, i.e., for every
" > 0, there exists a ı > 0, if graG � graF C ıB then

graSŒ0;T� .G;C/ � graSŒ0;T� .F;C/C "B:
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7. F W ƒ � R
n ! R

n; .�; x/ 7! F .�; x/ is a set-valued mapping with parameter
�. Suppose F is an upper semi-continuous mapping, and with convex and closed
value for every (�, x). Then for every " > 0, there is a ı > 0 such that when
j� � �0j < ı

graSŒ0;T� .F .�; x.t// ; x0/ � graSŒ0;T� .F .�0; x.t// ; x0/C "B:

8. Suppose F W R2 ! R
2 is as

F


�

x1
x2


�

D
� f�1; 1g
pjx2j C jx1j




Prove the following conclusions.

1) F is with compact value;
2) F is not a Lipschitzian mapping;
3) Consider the Cauchy problem for

:
x.t/ 2 F .x.t// ; x.0/ D 0. Prove that the

relaxation theorem (Theorem 2.4.9) is not true for the example.

9. Suppose F W R
n ! R

n is a Lipschitzian mapping with Lipschitzian constant
l, and F.x/ � MB for every x 2 R

n. If
:
x.t/ 2 F .x.t// be a solution of the

differential inclusion, then t 7! F .x.t// is a Lipschitzian set-valued mapping
whose Lipschitzian constant can be lM.

2.5 Stability of Differential Inclusions

In both theories of differential equations and control systems, stability is always a
very fundamental issue. This section deals with the theory of stability for differential
inclusions, and the elemental method is the Lyapunov direct method. To introduce
the method, we define Dini derivatives firstly. Then the stabilities for differential
inclusion are defined. At last, the theorems for stabilities are presented by using
Lyapunov functions.

2.5.1 Dini Derivatives

This subsection deals with the concept of Dini derivatives and their main properties.
Suppose f W Œ˛; ˇ� ! R is a single-valued function and x0 2 .˛; ˇ/, then

DCf .x0/ D lim sup

x#0

f .x0 C
x/� f .x0/


x

DCf .x0/ D lim inf

x#0

f .x0 C
x/� f .x0/


x
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D�f .x0/ D lim sup

x"0

f .x0 C
x/� f .x0/


x

D�f .x0/ D lim inf

x"0

f .x0 C
x/ � f .x0/


x

are defined to be the right upper Dini derivative, the right lower Dini derivative,
the left upper Dini derivative and the left lower Dini derivative, of f (x) at x0,
respectively.

By the decrease of
x, sup f .x0C
x/�f .x0/

x decreases monotonously, the right upper

Dini derivative is existed no matter what is the function f (x). Of course, DCf .x0/
may be equal to infinite. By the same reason, we can conclude that DCf .x0/,
D�f .x0/ and D�f .x0/ all exist, of course they may be equal to infinite. However, if
f (x) is a Lipschitzian function, then we can proof the four derivatives all have finite
values.

Lemma 2.5.1 If f W .˛; ˇ/ ! R is a continuous function, then f (x) is a
monotonously increasing if and only if one of the following conditions holds at
every x0 2 .˛; ˇ/:
(1) DCf .x0/ � 0;
(2) DCf .x0/ � 0;
(3) D�f .x0/ � 0;
(4) D�f .x0/ � 0.

Proof We only prove the first condition, the others are similar and left to readers.
If f (x) is monotonously increasing on (˛, ˇ), then f .x0 C
x/ � f .x0/ � 0

for every x0 2 .˛; ˇ/. Hence, when 
x > 0, sup f .x0C
x/�f .x0/

x � 0, it follows

DCf .x0/ � 0.
We now prove the sufficiency. At first, we consider the case that DCf .x0/ > 0. If

there are x1; x2 2 .˛; ˇ/. x1 < x2, but f .x1/ > f .x2/. Then there exists a constant M
such that f .x1/ > M > f .x2/. We define a set SDfxI x 2 Œx1; x2/ ; f .x/ � Mg which
is a subset of (˛, ˇ).S ¤ ∅ since .x1; x1 C ıx1 / � S for some small ıx1 > 0. Let
� D sup S. Then � < x2 � ˇ and f .�/ D M since f (x) is continuous at � 2 .˛; ˇ/.
For x 2 .�; � C ı/ where ı is a small positive number, f .x/ < M D f .�/. Thus,
f .x/�f .�/

x�� < 0; x 2 .�; � C ı/. It leads to DCf .�/ � 0. A contradiction appears.

If there is some x0 2 .˛; ˇ/, such that DCf .x0/ D 0, then we consider a function
g.x/ D f .x/C "x with " > 0. It is obvious that DCg .x0/ D DCf .x0/C " > 0. Then
g(x) is an increasing function, i.e., f .x1/ C "x1 D g .x1/ � g .x2/ D f .x2/ C "x2
if x1 < x2. Or equivalently, f .x1/ � f .x2/ C " .x2 � x1/. Because " > 0 can be
selected arbitrarily, we have f .x1/ � f .x2/. �
Remark 1 Theorem 2.5.1 is still valid if the domain [˛,ˇ] is replaced by (˛,ˇ) if
at both terminals ˛ and ˇ only the single-side derivatives are considered. �
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Remark 2 In general, if f (x) is monotonously increasing on B(x0, ı) we cannot
conclude that DCf .x0/ > 0. �
Remark 3 Theorem 2.5.1 illustrates that for the verification of monotonicity of
a continuous function the four Dini derivatives have the same function. A further
conclusion is if f (x) is monotonous on a .˛; ˇ/ � R, then for almost all point in
(˛, ˇ) the four derivatives are equal and take finite values. �
Lemma 2.5.2 Suppose f ; g W Œ˛; ˇ� ! R are two continuous functions, if for every
x 2 .˛; ˇ/DCf .x/ � g.x/, then

f .ˇ/ � f .˛/ �
Ž

˛

g.x/dx

Proof Because DCf .˛/ � g .˛/, for every " > 0, there exists a ı1 D ı .˛; "/ > 0

such that ˛ C ı1 < ˇ, and for every
x 2 Œ0; ı1�,
f .˛ C
x/� f .˛/


x
� g .˛/C "

Let 
x D ı1. Then the inequality leads to f .˛ C ı1/ � f .˛/ � ı1g .˛/C ı1".
Similarly, by DCf .˛ C ı1/ � g .˛ C ı1/, there is a ı2 D ı .˛ C ı1; "/ > 0 such

˛ C ı1 C ı2 < ˇ and

f .˛ C ı1 C ı2/� f .˛ C ı1/ � ı2g .˛ C ı1/C ı2"

The procedure can be repeated before ˛ C
K
X

iD1
	i D ˇ.

15 In the .k C 1/th step, we

obtain

f

 

˛ C
kC1
X

iD1
ıi

!

� f

 

˛ C
k
X

iD1
ıi

!

� ıkC1g
 

˛ C
k
X

iD1
ıi

!

C ıkC1"; 1 � k � K:

Summing up these inequalities yields

f .ˇ/ � f .˛/ �
K
X

iD1
ıig

 

˛ C
i�1
X

kD0
ık

!

C .ˇ � ˛/ " (2.5.1)

15It is reasonable because on the interval [˛,ˇ], f (x) is equicontinuous.
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where ı0 D 0. Because g is a continuous function, it is Lesbesgue integrable. When

max ıi ! 0, the right side of Inequality (2.5.1) converges to
Ž

˛

g.x/dx C .ˇ � ˛/ ".

The " is selected arbitrarily, hence, the conclusion is verified. �
We now extend the definition of Dini derivatives to R

n. Because there are infinite
directions for a point in R

n, we have to revise the definition.

Definition 2.5.1 Suppose f W R
n ! R is a single-valued mapping, x0; � 2 R

n,
then

DCf .x0/ .�/ D lim sup
h#0 �0!�

f .x0 C h� 0/� f .x0/

h

D�f .x0/ .�/ D lim inf
h#0 �0!�

f .x0 C h� 0/� f .x0/

h

are called to be the upper Dini derivative and lower Dini derivative, respectively, of
f at x0 along with the vector ¤. �

Readers may find that the definition of Dini derivatives is quite similar to the
direction derivative of the convex function defined in Sect. 1.3 except the limitation
of � 0 ! � which leads to supremum and infimum. The introduction of supremum
and infimum assures the existence of Dini derivatives in R, the set of closed real
numbers. However, if f is a Lipschitzian function, then Dini derivatives are all finite.

Readers may find that notations used for n� dimensional function are quite dif-
ferent from those for R. For example, by using the notating method for multivariable
case, the upper Dini derivative DCf .x0/ given at the beginning of this subsection
should be changed to DCf .x0/ .1/. In the notation DCf .x0/ .1/, the superscript “C”
means supremum that differs from that in DCf .x0/ where means convergence from
right side, and “1” means the right limitation. By such a notating method D�f .x0/
should be changed to DCf .x0/ .�1/, DCf .x0/ should to D�f .x0/ .1/, and D�f .x0/
to D�f .x0/ .�1/.

The following theorem plays a basic role in the direct Lyapunov method.

Theorem 2.5.1 Suppose x.t/ W Œ0;T� ! �� R
n is a solution of n-dimensional

differential equation
:
x D f .x/. Suppose V W R

n ! R is a continuously single-
valued and Lipschitzian function. Then the compounded function V .x.t// W Œ0;T� �
R ! R satisfies that

DCV .x.t// .1/ D lim sup
h#0

V .x.t/C hf .x.t/// � V .x.t//

h

D�V .x.t// .1/ D lim inf
h#0

V .x.t/C hf .x.t/// � V .x.t//

h

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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Proof By definition of upper Dini derivative, we have

DCV .x.t// .1/ D lim sup
h#0

V .x .t C h// � V .x.t//

h

D lim sup
h#0 o.h/

V .x.t/C hf .x.t//C o.h//� V .x.t//

h

� lim sup
h#0 o.h/

V
�

x.t/C hf .x.t//C L jo.h/j � V .x.t//

h

D lim sup
h#0

V
�

x.t/C hf .x.t// � V .x.t//

h
;

where x .t C h/ D x.t/C :
x.t/hCo.h/ D x.t/Chf .x/Co.h/ is the Taylor expansion.

o(h) is an infinitesimal with higher order than h. At the third step, we apply mean
value theorem where L is the Lipschitzian constant. On the other hand,

DCV .x.t// .1/ D lim sup
h#0

V .x.t/C hf .x.t//C o.h//� V .x.t//

h

� lim sup
h#0

V
�

x.t/C hf .x.t// � L jo.h/j � V .x.t//

h

D lim sup
h#0

V
�

x.t/C hf .x.t// � V .x.t//

h
:

The first equation is verified. The second one can be verified by a similar way. It is
omitted. �

Theorem 2.5.1 illustrates that Dini derivatives can be applied in direct Lyapunov
method as the same as general derivative.

2.5.2 Definitions of Stability of Differential Inclusions

The stability of differential inclusions is defined by following the Lyapunov theory
for differential equations. Hence, we start with the concept of equilibrium.

Suppose F W Rn ! R
n is a set-valued mapping. If 0 2 F .x0/ for an x0 2 R

n,
then x0 is called as an equilibrium of the differential inclusion

:
x.t/ 2 F .x.t// since

x.t/ 	 x0 is a solution of the differential inclusion. It is clear that a differential
inclusion may hold infinite equilibriums.
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If 0 2 F .x0/, then we can make a coordinate transformation y D x � x0 and
denotebF.y/ D F .y C x0/. By such a transformation, 0 2 bF.0/, i.e., y.t/ 	 0 is an
equilibrium of differential inclusion

:
y.t/ 2 bF .y.t//. Therefore, we always assume

in the discussion of stability that the equilibrium is the origin.
We now introduce the K-class functions and L-class functions.
˛ W R .� 0/ ! R .� 0/ is a function of K-class if ˛.0/ D 0 and it is continuous

and strictly monotonously increasing; additionally, if ˛.t/ ! 1 .t ! 1/, then it is
a function of KR-class. The facts are denoted by ˛ 2 K and ˛ 2 KR, respectively.
ˇ W R .� 0/ ! R .� 0/ is a function of L-class if it is continuous and strictly

monotonously decreasing, and ˇ .1/ D 0. The fact is denoted by ˇ 2 L.
The two concepts can be compounded. For example, k W R .� 0/ � R .� 0/!

R .� 0/ is a KL-class function if we fix the second variable it is a function of K-
class, and if we fix the first variable it is in class L. Similarly, we have classes KKL,
KLL and KRL, etc.

We list several fundamental properties of K-class functions. If ˛1; ˛2 2K, then
˛1 C ˛2 2 K, ˛1 .˛2/ 2 K and k˛1 2 K for k > 0. If ˛ 2 K then ˛ is invertible and
its inverse ˛�1 2 K. The discussion about L-class functions is left to readers.

V W Rn ! R is said to be positively definite if it satisfies that V.x/ > 0 for x ¤ 0

and V.0/ D 0. The V(x) is said to be semi-positively definite, if V.0/ D 0 and
V.x/ � 0 for all x 2 R

n. Additionally, if V(x) satisfies V.x/ ! 1 .x ! 1/ then
the function is called by positively (semi-positively) definite infinity. A function
W W Rn ! R is said to be negatively (semi-negatively) definite if �W is positively
(semi- positively) definite. We can also define negatively (semi-negatively) definite
infinite. The positively definite and negatively definite functions play important roles
in the study of stability by using Lyapunov method. Usually, a positively definite
function V(x) is also called V-function for simplicity.

Lemma 2.5.3 If V(x) is continuous and positively definite, then there are ˛1,˛2 2 K
such that

˛2 .kxk/ � V.x/ � ˛1 .kxk/
Additionally, if V(x) is positively definite infinity, then ˛1, ˛2 2 KR.

Proof We prove the first part, and the second part can be proved by a similar way.
Hence, we omit it.

Define �m .kxk/ D min
krk	kxk

V.r/, then �m .�/ W R ! R is monotonously

increasing and is continuous since V(x) is continuous. It is obvious that �m .kxk/ �
V.x/. Let ˛2 .kxk/ D kxk

kxkC1�m .kxk/. Then ˛2 2 K and ˛2 .kxk/ < �m .kxk/ �
V .kxk/.

Define �M .kxk/ D max
krk�kxk

V.r/, then �M .�/ W R ! R is also monotonously

increasing and continuous. It is obvious that �M .kxk/ � V.x/. Let ˛1 .kxk/ D
�M .kxk/C kxk. Then ˛1 2 K and ˛1 .kxk/ > �M .kxk/ � V .kxk/. �
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The following lemma is fundamental for the stability study by using K-class
functions and L-class functions. The proof is referred to (Sontag 1989) and is
omitted.

Lemma 2.5.4 Suppose ˛ 2 K, y W R ! R is the solution of the following Cauchy
problem

:
y D �˛.y/; y .t0/ D y0 (2.5.2)

where y0 > 0, then there exists a ˇ 2 KL such that jy.t/j � ˇ .y0; t � t0/. �
We now turn to deal with the stability of differential inclusions. Let S(F, x0)16 be

the set of solutions of Cauchy problem of differential inclusion

:
x.t/ 2 F .x.t// x.0/ D x0 (2.5.3)

Note that we have assumed throughout at this chapter that 0 2 F.0/, and the
investigation of stability is carried out about the origin.

Definition 2.5.2 Consider the following differential inclusion

:
x.t/ 2 F .x.t// (2.5.4)

If for every " > 0, there exists a ı D ı ."/ such that:

(1) When kx0k < ı, for every x(t, x0)2 S .F; x0/, kx .t; x0/k < ",
17 then Inc. (2.5.4)

is strongly stable with regard to the equilibrium x.t/ 	 0;
(2) If there is an x(t, x0)2 S .F; x0/ such that kx .t; x0/k < ", then Inc. (2.5.4) is

weakly stable with regard to the equilibrium x.t/ 	 0;
(3) With regard to the equilibrium x.t/ 	 0, Inc. (2.5.4) is unstable if it is not

weakly stable. �
Definition 2.5.3

(1) If Inc. (2.5.4) is strongly stable, additionally, for every x(t, x0)2 S .F; x0/ such
that

lim
t!1x .t; x0/ D 0

then it is strongly asymptotically stable with regard to the equilibrium x.t/ 	 0;
(2) If Inc. (2.5.4) is weakly stable, additionally, there is an x(t, x0)2 S .F; x0/ such

that

lim
t!1x .t; x0/ D 0

16When we deal with the stability of differential equation or inclusion, the existence interval of a
solution is always Œt0;1/, where t0 is the initial time. Hence the subscript Œt0;1/ is omitted.
17The norm is kx .t; x0/kR D q

max
t

x21 .t; x0/C max
t

x22 .t; x0/C 
 
 
 C max
t

x2n .t; x0/. It is a function

of t. For the sake of convenience we omit the subscript R.
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then it is weakly asymptotically stable with regard to the equilibrium
x.t/ 	 0. �

Remark The stabilities of Inc. (2.5.4) can be equivalently defined by using K-
class and KL-class functions. For example, with regard to the equilibrium x.t/ 	 0

Inc. (2.5.4) is strongly stable if there is an ˛ 2K, such that for every x .t; x0/ 2
S .F; x0/kx .t; x0/k � ˛ .kx0k/ in a neighborhood of the origin of Rn. With regard
to the equilibrium x.t/ 	 0 Inc. (2.5.4) is strongly asymptotically stable if there
is a ˇ 2KL, such that for every x .t; x0/ 2 S .F; x0/, kx .t; x0/k � ˇ .kx0k ; t/ in a
neighborhood of the origin of Rn. Readers can try to give the definitions for weak
stability and weakly asymptotical stability for Inc. (2.5.4) by using K-class and KL-
class functions. �

Usually, the word “strongly” in strongly stable and strongly asymptotically stable
is omitted. Furthermore, we only consider the stability with regard to the equilibrium
x.t/ 	 0, hence the sentence “with regard to the equilibrium x.t/ 	 0” is also
omitted. We just call that Inc. (2.5.4) is stable, weakly stable, asymptotically stable,
weakly asymptotically stable, and unstable, respectively.

2.5.3 Lyapunov-like Criteria for Stability of Differential
Inclusions

The direct Lyapunov method is the uppermost method used in the investigation of
differential equations as well as of differential inclusions. This subsection presents
several Lyapunov-like criteria for differential inclusions.

We continue to consider Inc. (2.5.4). It is assumed that the set-valued mapping
F(x) is upper semi-continuous, and with convex and compact value.

Theorem 2.5.2 If there exist a positive constant �, a positively definite and
continuous function V W R

n ! R, and a semi-negatively definite function W W
R

n ! R such that for every kxk � � and � 2 F.x/,

DCV.x/ .�/ � W.x/

then Inc. (2.5.4) is stable.

Proof Let x .t; x0/ 2 S .F; x0/ be a solution. We now fix the time t and consider Dini
derivative

DCV .x .t; x0// .1/ D lim sup
h#0

V .x .t C h; x0//� V .x .t; x0//

h

By the definition of supremum, there is sequence fhn; n D 1; 2; : : : g such that hn #
0 .n ! 1/ and

DCV .x .t; x0// .1/ D lim
n!1

V .x .t C hn; x0//� V .x .t; x0//

hn



132 2 Set-Valued Mappings and Differential Inclusions

Denote �n D x.tChn;x0/�x.t;x0/
hn

. Then x .t C hn; x0/ D x .t; x0/ C hn�n. Because
:
x .t; x0/ 2 F .x .t; x0//, for � > 0 given arbitrarily, there exists an N, when n > N

�n D x .t C hn; x0/ � x .t; x0/

hn
2 F .x .t; x0//C �B

Because F(x(t, x0)) is a compact set, f¤ng holds a convergent subsequence. Without
loss of generality, we can assume that �n ! � , then � 2 F .x .t; x0//. Thus,

DCV .x .t; x0// .1/ D lim sup
n!1

V .x .t C hn; x0// � V .x .t; x0//

hn

D lim sup
n!1

V .x .t; x0/C hn�n/ � V .x .t; x0//

hn

� DCV .x .t; x0// .�/

� W .x .t; x0// :

This inequality is obtained from the condition that DCV.x/ .�/ � W.x/ for every
� 2 F.x/. This is a very useful conclusion.

By Lemma 2.5.2, for t > 0, we have

V .x .t; x0// � V .x.0// �
t
Z

0

W .x .s; x0// ds < 0 (2.5.5)

or V .x .t; x0// � V .x0/. Using Lemma 2.5.3, two functions ˛1, ˛2 2 K can be
found such that ˛2 .kxk/ � V.x/ � ˛1 .kxk/. For every � � " > 0, we can find a
ı > 0 such that ˛1 .ı/ � ˛2 ."/. Now if kx0k < ı, then

˛2 .kx .t; x0/k/ � V .x .t; x0// � V .x0/ � ˛1 .kx0k/ < ˛1 .ı/ � ˛2 ."/

The last inequality implies kx .t; x0/k < " for every t � 0, i.e., Inc. (2.5.4) is stable.
�

In the proof of Theorem 2.5.2, we have established a useful inequality that

DCV .x.t// .1/ � DCV .x.t// .�/ (2.5.6)

where � 2 F .x.t//. The left side is DCV .x.t// .1/ whose argument is time t, but in
DCV .x.t// .�/ the arguments are vector x(t) and vector ¤.

From the proof of Theorem 2.5.2, we can find that the upper semi-continuity
and convexity compactness are only used to assure the existence of solutions. If we
are sure that the solutions exist, then we only need the compactness to assure the
convergence.
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Theorem 2.5.3 If there exist a positive constant �, a positively definite and
continuous function V W Rn ! R, and a negatively definite function W W Rn ! R

such that for every kxk � � and � 2 F.x/,

DCV.x/ .�/ � W.x/

then Inc. (2.5.4) is asymptotically stable.

Proof The conditions of Theorem 2.5.3 implies those of Theorem 2.5.2, hence, for
every " 2 Œ0; ��, there exists a ı>0 such that if kx0k < ı, then every x .t; x0/ 2S(F, x0)
satisfies that kx .t; x0/k < ". We only need to prove that x .t; x0/ ! 0 .t ! 1/.

The conclusion is verified by reducing a contradiction. If there is a solution
x .t; x0/ 2S(F, x0) where kx0k < ı and kx .t; x0/k < ", but x .t; x0/ is not convergent
to the origin. Therefore, there exist a constant l with " > l > 0 and a sequence
ftng � R .> 0/ with tn ! 1 .n ! 1/ such that kx .tn; x0/k � l. Now we replace
" by this l, and repeat the proof of Theorem 2.5.2. Then we can obtain a ı > 0, when
kx0k < ı, kx .t; x0/k < l for every x .t; x0/ 2S .F; x0/. Thus, in the solution x .t; x0/,
x0 has to satisfy that ı � kx0k � ı, and x .t; x0/ to satisfy ı � kx .t; x0/k � ".

Let �� be the maximum of W(x) in the area ı � kxk � �. Then � > 0. Inequality
(2.5.5) leads to

V .x .t; x0//� V .x .0; x0// �
t
Z

0

W .x .s; x0// ds � ��t (2.5.7)

It follows that V .x .t; x0// � ��t C V .x .0; x0//. The left side will intend to
negative infinite. This is impossible since V(x) is positive definite. Consequently,
every solution converges to the origin. �

The next theorem is about instability.

Theorem 2.5.4 If there exist a positive constant �, a continuous function V W Rn !
R with V.0/ D 0 and a negatively definite function W W Rn ! R such that for every
kxk � � and � 2 F.x/,

DCV.x/ .�/ � W.x/

Moreover, for every ı > 0, there is at least one kxk < ı such that V.x/ < 0. Then
Inc. (2.5.4) is unstable.

Proof The condition of Theorem 2.5.4 implies min
kxk�ı

V.x/ < 0 for ı > 0 given

arbitrarily. We denote xı D arg min
kxk�ı

V.x/, and consider the solution x(t, xı). By

the same procedure did in Theorem 2.5.2, when kx .t; xı/k � �, Inequality (2.5.5)
holds, i.e.,

V .x .t; xı//� V .xı/ D V .x .t; xı// � V .x.0// �
t
Z

0

W .x .s; xı// ds � 0
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hence, V .x .t; xı// � V .xı/ for t 2 ft � 0I kx .t; xı/k � �g. Because xı D
arg min

kxk�ı
V.x/, it is certain that kx .t; xı/k � ı. Now we denote �� D max

ı�kxk��
W.x/,

then � > 0. By a similar process of Inequality (2.5.7), we can obtain

V .x .t; xı// � V .xı/ � �t (2.5.8)

If for every t, kx .t; xı/k � �, then Inequality (2.5.8) leads to V .x .t; xı// !
�1 .t ! 1/. It contradicts to the fact V(x) is continuous when kxk � �.
Consequently, there is a T such that kx .T; xı/k D �. It means the solution x(t, xı) is
unstable. �

The last two theorems of this section are concerned with the weak stability. We
prove firstly a lemma for D�V.x/ .�/.

Lemma 2.5.5 Suppose the set-valued mapping F W R
n ! R

n is bounded and
Lipschitzian, and with closed and convex value. Suppose V W R

n ! R and
W W Rn ! R are two Lipschitzian mappings. Then the following two conclusions
are equivalent.

(1) For every x 2 R
n, there is a � 2 F.x/ such that D�V.x/ .�/ � W.x/;

(2) For every x0 2 R
n, there is an x .t; x0/ 2 SŒ0;1/ .F; x0/ such that for t2 � t1 � 0,

V .x .t2; x0//� V .x .t1; x0// �
t2Z

t1

W .x .s; x0// ds

Proof We firstly prove that the first conclusion implies the second one.
We define a function V" .x .t; x0/ ; t/ W Rn � R ! R for x .t; x0/ 2 SŒ0;1/ .F; x0/

as follows

V" .x .t; x0/ ; t/ D V .x .t; x0//� V .x0/�
t
Z

0

W .x .s; x0// ds � "t (2.5.9)

where " > 0 and x0 2 R
n are treated as parameters. In any bonded area, V"(x(t, x0), t)

is Lipschitzian for both variables x(t, x0) and t. It is direct to verify that V" .x.0/; 0/ D
0. The following proof consists of two steps.

(i) For a given T > 0, there is an x.t/ 2 SŒ0;T� .F; x0/ such that for every t 2
Œ0;T�V" .x.t/; t/ � ".

For every x.t/ 2 SŒ0;T� .F; x0/, we define a subset �(x(t)) of [0, T] as follows

� .x.t// D
�

tI V" .x.t/; t/ � 0; max
s2Œ0;t�

V" .x.t/; t/ � "

	

Because V" .x.0/; 0/ D 0, 0 2 � .x.t//, i.e., � .x.t// ¤ ∅. Denote tx D sup � .x.t//,
since V"(x(t), t) is continuous for t, we have V" .x .tx/ ; tx/ D 0 if tx ¤ T. We further
define
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‚ D ˚

txI x.t/ 2 SŒ0;T� .F; x0/
�

andbt D sup ‚.
We now try to verify that there is an Ox.t/ 2 SŒ0;T� .F; x0/ such thatbt D tOx.
By the definition of supremum, there is ftgk � ‚ such that tk "bt.k ! 1/. For

every tk, there is an xk.t/ 2 SŒ0;T� .F; x0/ such that tk D txk D sup � .xk.t//. F(x)
is bounded for every x, so is

˚ :
xk.t/

�

. It implies the series fxk(t)g is equicontinuous,
hence it holds a convergent subseries. Without loss of generality, we can assume
xk.t/ ! Ox.t/; k ! 1. By Corollary 2.4.1, we conclude that Ox.t/ 2 SŒ0;T� .F; x0/.
V"(x, t) is continuous for x, hence,bt D tOx.

The factbt D T is verified by contradiction. Ifbt < T, then V"
�Ox �bt � ;bt � D 0. For

this Ox.t/, there is a � 2 F
�Ox �bt �� such that D�V

�Ox �bt �� .�/ � W
�Ox �bt �� by the first

condition of the lemma. Consequently,

D�V"
�Ox �bt; x0

�

;bt
�

.�; 1/ D D� �V
�Ox �bt; x0

�� � V .x0/
�

.�/

� D�

2

6

4

bt
Z

0

W .Ox .s; x0// dsC"t

3

7

5 .1/

D D�V
�Ox �bt; x0

��

.�/� lim

t!0

btC
t
Z

bt

W .Ox .s; x0// ds�"

� �":
(2.5.10)

A function y(t) is now defined

y.t/ D Ox �bt �C �

t �bt ��; bt � t � T

We now apply Theorem 2.3.3, and the initial time is t0 Dbt. Using the notations of
Theorem 2.3.3, ı D 0 and

d
� :
y.t/;F .y.t// D d

�

�;F
�Ox �bt �C �

t �bt ���

� d
�

F
�Ox �bt �� ;F �Ox �bt �C �

t �bt ���

� l k�k ��t �bt �� :

It implies that �(t) can be l k�k �t �bt �. Theorem 2.3.3 concludes that there exists
an x.t/ 2 SŒbt ;T�

�

F; Ox �bt �� such that

ky.t/ � x.t/k �
t
Z

bt

el.t�s/� l k�k �s �bt � ds D k�k



1

l
el.t�bt / � 1

l
� �

t �bt � el.t�bt /
�
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For convenience, we denote ˛
�

t �bt � D
t
Z

bt

el.t�s/� l k�k �s �bt � ds. It is direct to

obtain

lim
t#bt
˛
�

t �bt �

t �bt D 0 (2.5.11)

Let L be the Lipschitzian constant of V". Then

V" .x.t/; t/ � V" .y.t/; t/C L˛
�

t �bt � (2.5.12)

By Inequality (2.5.10), we have

lim
t#bt

V"
�Ox �bt �C �

t �bt ��; t� � V"
�Ox �bt � ;bt �

t �bt � �" (2.5.13)

Because V"
�Ox �bt � ;bt � D 0, Inequality (2.5.13) implies there is a Qt >bt such that for

every t 2 �bt; Qt�,

V" .y.t/; t/ D V"
�Ox �bt �C �

t �bt ��; t� � � "
2

�

t �bt �

We can further require that for this Qt

˛
�

t �bt � � "

2L

�

t �bt �

when t 2 �bt; Qt�. Substituting these two inequalities to Inequality (2.5.12), we obtain
V" .x .Qt/ ; Qt/ � 0.

On the other hand,

V" .x.t/; t/ � V" .y.t/; t/C L˛
�

t �bt �
D V"

�Ox �bt �C �

t �bt � �; t�C L˛
�

t �bt �
� V"

�Ox �bt � ;bt �C L k�k �t �bt �C L
�

t �bt �C L˛
�

t �bt �
D L k�k �t �bt �C L˛

�

t �bt �C L
�

t �bt � :

If t�bt is small enough, we can require V" .x.t/; t/ � ". The above discussion implies
that for the function defined by

Qx.t/ D
� Ox.t/ t �bt;

x.t/ t �bt;
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Qx.t/ 2 SŒ0;T� .F; x0/, and sup � .Qx.t// >bt. It contradicts tobt D sup‚. Hencebt D T.
(ii) There is an x.t/ 2 SŒ0;T� .F; x0/ such that Conclusion (2) of theorem is true.
Let f"ng be a monotone series such that "n # 0 .n ! 1/. By the conclusion of

(i), for every "n, there is an xn.t/ 2 SŒ0;T� .F; x0/ such that max
s2Œ0;T�

V"n .xn.s/; s/ � "n.

By the reason applied in the proof of (i), we can assume xn.t/ ! x.t/ .n ! 1/ and
then x.t/ 2 SŒ0;T� .F; x0/. By this x(t), max

s2Œ0;T�
V"n .xn.s/; s/ � "n leads to V0 .x.t/; t/ �

0, i.e.,

V .x.t// � V .x0/ �
t
Z

0

W .x.s// ds � 0

If we replace the initial time by t0, Then conclusion (2) is verified.
We now prove the second conclusion implies the first one.
Because F is a Lipschitzian set-valued mapping, it is also "� semi-upper

continuous. Let x.t/ 2 SŒ0;T� .F; x0/. Then, for every integer k, we can find a tk > 0

such that for t 2 Œ0; tk�

F .x.t// � F .x.0//C 1

k
B

We can further require tk # 0 .k ! 1/. Consider now

x .tk/� x.0/

tk
D 1

tk

tkZ

0

:
x.s/ds 2 F .x.0//C 1

k
B

F(x(0)) is a bounded and closed set, hence
n

x.tk/�x.0/
tk

o

holds a convergent subseries.

Without loss of generality, we can assume x.tk/�x.0/
tk

! � .k ! 1/. Then � 2
F .x.0//. The first conclusion of the lemma illustrates that

V .x .tk// � V .x0/ D V




x0 C tk
x .tk/ � x.0/

tk

�

� V .x.0// �
tkZ

0

W .x.s// ds

By dividing both sides with tk, and letting k ! 1, the definition of Dini derivative
leads to

D�V .x0/ .�/ � W .x0/

The lemma is completely verified. �
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We apply Lemma 2.5.5 to prove the following theorem.

Theorem 2.5.5 Suppose the set-valued mapping F W R
n ! R

n is bounded and
Lipschitzian, and is with closed and convex value. If there exist a positive constant
�, a positive definite and Lipschitzian function V W Rn ! R and a semi-negatively
definite function W W Rn ! R such that for every kxk � � there exists a � 2 F.x/
such that

D�V.x/ .�/ � W.x/

Then Inc. (2.5.4) is weakly stable.

Proof By Lemma 2.5.5, for every x0 2 R
n with kx0k � �, there is an x.t/ 2

SŒ0;T� .F; x0/ such that

V .x.t// � V .x0/ �
t
Z

0

W .x.s// ds � 0

V is positive definite, hence, there are ˛1; ˛2 2 K such that ˛2 .kxk/ � V.x/ �
˛1 .kxk/. It follows that

˛2 .kx.t/k/ � V .x.t// � V .x0/ � ˛1 .kx0k/

For every " > 0, if kx0k < min
˚

˛�1
1 ˛2 ."/ ; �

�

, then ˛2 .kx.t/k/ < ˛2 ."/, or
kx.t/k < ". �

At last, we give a theorem about weakly asymptotical stability. It can be proved
by a similar way to Theorem 2.5.3. But we prefer to provide a new method by using
Lemma 2.5.4.

Theorem 2.5.6 Suppose the set-valued mapping F W R
n ! R

n is bounded and
Lipshitzian, and is with closed and convex value. If there exist a positive constant �,
a positive definite and Lipschitzian function V W Rn ! R and a negatively definite
function W W Rn ! R such that for every kxk � � there exists a � 2 F.x/ such that

D�V.x/ .�/ � W.x/

Then Inc. (2.5.4) is weakly asymptotically stable.

Proof By Theorem 2.5.5, the conditions of Theorem 2.5.6 imply that for every x0 2
R

n with kx0k � �, there is a stable solution x.t/ 2 SŒ0;T� .F; x0/. We now verify the
solution is also asymptotically stable.

By Lemma 2.5.5, we have

V .x.t// � V .x0/C
t
Z

0

W .x.s// ds (2.5.14)
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By Lemma 2.5.3, there are ˛1; ˛2; ˛3 2 K such that ˛2 .kxk/ � V.x/ � ˛1 .kxk/
and W.x/ � �˛3 .kxk/.

Inequality (2.5.14) is equivalent to the following Cauchy problem

d
�

V .x.t//
�

dt
� W .x.t// ; V .x.0// D V .x0/

We also have

W .x.t// � �˛3 .kx.t/k/ � �˛3
�

˛�1
1 .V .x.t///

�

˛3˛
�1
1 .� / is a function in K-class, by Lemma 2.5.4, there is ˇ 2KL such

that V .x.t// � ˇ .t;V .x0//, or kx.t/k � ˛�1
2 .ˇ .t;V .x0///. The proof is

completed. �
Problems

1. f (x), g(x)W R ! R are single-valued functions. Prove the following relations

(1) DC .f .x/C g.x// � DCf .x/C DCg.x/
(2) DC .f .x/C g.x// � DCf .x/C DCg.x/

By the above conclusions, establish the corresponding conclusions for
DC .f .x/C g.x//, D� .f .x/C g.x// and D� .f .x/C g.x//.

2. f (x)W R ! R is a single-valued function. Prove the following conclusions.

(1) If f .x0/ D max ff .x/; x 2 B .x0; ı/g, then DC .f .x0// � 0 � D� .f .x0//,
(2) If f .x0/ D min ff .x/; x 2 B .x0; ı/g, then D� .f .x0// � 0 � DC .f .x0//,

3. If g(x) is differentiable, then the following equations hold.
DC .f .x/g.x// D f .x/

:
g.x/C g.x/DCf .x/, if g.x/ � 0;

DC .f .x/g.x// D f .x/
:
g.x/C g.x/DCf .x/, if g.x/ � 0.

For DC .f .x/g.x//, D� .f .x/g.x// and D� .f .x/g.x//, present similar
conclusions.

4. Let f (x), g(x) be continuous functions, and h.x/ D max .f .x/; g.x//. Prove
that if DCf .x/ � 0 and DCg.x/ � 0, then DCh.x/ � 0.

5. Prove the following conclusion given in Theorem 2.5.1 that

D�f .x.t// .1/ D lim inf
h#0

f .x.t/C hf .x.t/// � f .x.t//

h

6. If ˇ1 and ˇ2 are both L-class functions, which of the following functions are in
L-class?

(1) ˇ1 C ˇ2,
(2) aˇ1 .a > 0/,
(3) ˇ1(ˇ2(�))
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7. If ˛(t) is a K-class function, and ˇ(t) is a L-class function, then ˇ(˛(t)) and
˛(ˇ(t)) are all L-class functions.

8. The following statement is an alternative version of Theorem 2.5.3. Prove the
statement.

“If there are a constant � > 0, a positive and continuous function V W Rn !
R, and a K-class function ˛ such that for every kxk � � and � 2 F.x/ the
inequality DCV.x/ .�/ � �˛ .kxk/ holds, then Inc. (2.5.4) is asymptotically
stable.”

9. Try to use K-class function to alter Theorem 2.5.6 by imitating Problem 8.
10. Prove Theorem 2.5.6.
11. Consider discrete differential inclusion

xkC1 2 F .xk/ ; k D 0; 1; 2; : : :

where F W Rn ! R
n is a set-valued mapping. Suppose 0 2 F.0/.

The discrete differential inclusion is said to (strong) stable, if for every " > 0
there exists a ı > 0 such that if kx0k < ıfxk; k D 1; 2; : : : g� "B where B is
the unit ball in R

n. Additionally, if xk ! 0, then it is asymptotically stable.
Give a condition under which the discrete differential inclusion is stable, and

prove your condition is sufficient.
12. Consider the discrete differential inclusion given in Problem 11. Prove that if

there are a positive and continuous function V W Rn ! R and � > 0; � 2 .0; 1/,
when kxk � �,

inf
�2F.x/

V .�/ � �V .�/

then the discrete differential inclusion is weakly asymptotically stable.
Try to give a condition for weakly stable and prove it.

13. If the set-valued mapping F W Rn ! R
n is bounded and Lipschitzian, and with

closed and convex value. Suppose V W Rn ! R is a Lipschitzian function. If for
every x 2 R

n, there is a � 2 F.x/ such that D�V.x/ .�/ � W.x/, then for every
T > 0, there is a solution x.t/ 2 SŒ0;T� .F; x0/ such that V .x .t1// � V .x .t2//
provided that T � t1 � t2 � 0.

2.6 Monotonous Differential Inclusions

Monotonicity is a simple variation in the natural world. In mathematics, many inves-
tigations start with monotonous phenomenon, such as linear mappings, monotonous
sequences, monotonous functions. This section deals with monotonous differential
inclusions. The most interesting conclusion is that the solution of Cauchy problem
of a maximal monotonous differential inclusion is unique. From this viewpoint the
differential inclusion is quite similar to the differential equation. The authors thought
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that the most significance is the procedure of investigation. It shows a special project
always needs some special techniques. We will start with Minty theorem, a precise
proof is presented. Then we consider the Yosida approximation. At last we prove
the main conclusion for the maximal monotonous differential inclusion.

2.6.1 Monotonous Set-valued Mappings and Their Properties

A differential inclusion is monotonous if the set-valued mapping in the right side
of the inclusion is monotonous. Hence this subsection deals with monotonous set-
valued mappings.

f W R ! R is a single-valued mapping, f is said to be monotonous if x1 > x2
then f .x1/ � f .x2/.18 In the classical control theory, most nonlinear phenomena
considered are monotonous, such as step nonlinearity, dead band nonlinearity,
saturation nonlinearity. In order to extend the concept to the n-dimensional space
or general Hilbert spaces,19 we rewrite the requirement x1 > x2) f .x1/ � f .x2/
by .x1 � x2/ .f .x1/� f .x2// � 0, the restriction x1 > x2 is removed.

A single-valued mapping f W X ! X, where X is a Hilbert space, is monotonous
if h.x1 � x2/ ; .f .x1/� f .x2//i � 0 for arbitrary two vectors x1; x2 2 X where
h �, � i is the inner product. Sometimes, the inner product is also denoted by
.x1 � x2/

T .f .x1/ � f .x2//, the superscript “T” means transposition.

Definition 2.6.1 F W X ! X is a monotonous set-valued mapping, if for arbitrary
two vectors x1; x2 2 X, y1 2 F .x1/ and y2 2 F .x2/ then h.x1 � x2/ ; .y1 � y2/i � 0;

If h.x1 � x2/ ; .y1 � y2/i > 0 for arbitrary x1 ¤ x2, y1 2 F .x1/ and y2 2 F .x2/,
the set-valued F is strictly monotonous;

F is a maximally monotonous set-valued mapping, if there is another set-valued
mapping F1 W X ! X which holds the property that F1.x/ � F.x/ for every x 2 X,
then F1 D F. �
Remark 1 In Definition 2.6.1, the space X can be replaced by a set A � X. we
can say a set-valued mapping is monotonous at set A and maximally monotonous at
set A. �
Remark 2 If F W X ! X is a monotonous set-valued mapping, then F�1 W X ! X
is also a monotonous set-valued mapping. �
Remark 3 If F, G are two monotonous set-valued mappings, �;� � 0 are two real
numbers, then �F C �G is also a monotonous set-valued mapping. �

18The terminology used is somewhat different from the common meaning. In calculus, the
monotonicity defined is called monotonous increase.
19In this section we do not restrict ourselves in a finite dimensional space, Rn can be replaced by a
Hilbert space X.
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Lemma 2.6.1 Let F W X ! X be a set-valued mapping. Then F is monotonous if
and only if for every positive real number � � 0 and any y1 2 F .x1/ ; y2 2 F .x2/

kx1 � x2k � k.x1 � x2/C � .y1 � y2/k

Proof Because

k.x1 � x2/C� .y1 � y2/k2 D kx1 � x2k2C�2ky1 � y2k2 C 2� h.x1 � x2/ ; .y1 � y2/i

If the condition of Lemma 2.6.1 holds, then

�2ky1 � y2k2 C 2� h.x1 � x2/ ; .y1 � y2/i � 0 (2.6.1)

We assert Inequality (2.6.1) implies h.x1 � x2/ ; .y1 � y2/i � 0, i.e., F is
monotonous. Otherwise, h.x1 � x2/ ; .y1 � y2/i < 0, then there exists a � > 0,
such that

�ky1 � y2k2 C h.x1 � x2/ ; .y1 � y2/i < 0

It conflicts to Inequality (2.6.1).
If f is monotonous, then h.x1 � x2/ ; .y1 � y2/i � 0. It implies Inequality (2.6.1),

so is

k.x1 � x2/C � .y1 � y2/k � kx1 � x2k

�
The advantage of Lemma 2.6.1 is that it does not involve inner product. Thus,

some property of monotonous mappings may be extended to the Banach space.
The following example gives the difference of monotonous mapping and the

maximal monotonous mapping.

Example 2.6.1 Consider the following two set valued mappings

F1.x/ D
8

<

:

0:5x C 1; x > 0;
f�1; 1g ; x D 0;

0:5x � 1; x < 0I
F2.x/ D

8

<

:

0:5x C 1; x > 0;
Œ�1; 1� ; x D 0;

0:5x � 1; x < 0:

Their graphs are given in Fig. 2.15.
F1(x) is not maximal since F2.0/ � F1.0/ and F2.0/ ¤ F1.0/. But F2(x)

is maximal since adding any a point in the R
2 (Fig. 2.15b) will destroy the

monotonicity. �
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Fig. 2.15 Two monotonous
set-valued mappings (a)
Graph of F1(x) (b) Graph of
F2(x)

a b

1

−1

1

−1

The above example directly leads to the following lemma, we omit its proof.

Lemma 2.6.2 Let F W X ! X be a monotonous set-valued mapping. It is maximal
if the conditions that hu � x; v � yi � 0 and some .x; y/ 2 gra F imply v 2 F.u/ �

The following theorem presents the fundamental properties of maximally
monotonous set-valued mappings.

Theorem 2.6.1 If F W X ! X is a maximally monotonous set-valued mapping, then

(1) F is with closed and convex value;
(2) Suppose xn ! x (n ! 1), and yn 2 F .xn/ such that hyn; zi ! hy; zi for every

z 2 X, then y 2 F.x/.

Proof (1) By Lemma 2.6.2, we have

F.x/ D
\

.u;v/2gra F

fy 2 X; hx � u; y � vi � 0g

Let .u; v/ 2 graF. Then the set fyI hx � u; y � vi � 0g is a closed and convex for any
x 2 X. Therefore as an intersection, F(x) is closed and convex.

(2) By the conditions of theorem we have hxn � u; yn � vi !hx � u; y � vi.
Because F W X ! X is a monotonous set-valued mapping and yn 2 F .xn/, for every
.u; v/ 2 gra Fhxn � u; yn � vi � 0. It follows hx � u; y � vi � 0. F is maximal, by
Lemma 2.6.1, y 2 F.x/. The theorem is then verified. �

In functional analysis, the fact that hyn; zi ! hy; zi for every z 2 X is called that
yn weakly converges to y. The conclusion of (2) can also be stated as “if xn ! x
strongly, yn ! y weakly, then y 2 F.x/”. The conclusion is then called “strong-
weak compactness”.

2.6.2 Minty Theorem

This subsection proves an important result of maximally monotonous set-valued
mappings. It is called Minty theorem.
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Suppose f��; � 2 ƒg is a class of sets20 where� is set of indexes. f��; � 2 ƒg
is said to hold the property of finite intersection: If for any finite subset

f��1 ; : : : ;��ng of f��; � 2 ƒg, their intersection
n\

kD1��k is nonempty, then the

intersection \
�2ƒ�� ¤ ∅. In topology there is a theorem as follows: Suppose

f��; � 2 ƒg is a class and ��’s all are closed and contained in a compact set
K. Then the class f��; � 2 ƒg holds finite intersection property. The property is
equivalent to finite covering theorem. The detailed proof will not be given in this
book.

Before presenting Minty theorem, we need two lemmas.

Lemma 2.6.3 Suppose K and S are two sets of X, and K is compact. � W K �S ! R

is a single-valued functional. If for every y0 2 S, �(x, y0) is lower semi-continuous.
Suppose M is the class consisting of all finite subsets of S. Then there is a x 2 K
such that

sup
y2S

� .x; y/ � � D sup
E2M

inf
x2K

max
y2E

� .x; y/

Proof For a fixed y 2 S, we define a set �y D fx 2 K; � .x; y/ � �g where ¤ is real
number defined by the theorem. From the definition of ¤, we conclude that�y ¤ ∅.
The functional �(x, y) is lower semi-continuous, hence, �y is closed. �y � K, K is
compact, so is the �y.

Denote � .x;E/ D max
y2E

� .x; y/. If E is fixed, then �(x, E) is a functional of

x 2 K. It can be verified that �(x, E) is a lower semi-continuous functional (to
see Sect. 1.4). The functional �(x, E) possesses such a property that for x 2 K
and yi 2 E, �(x, E)� � .x; yi/. K is compact, there is a xE 2 K such that
� .xE;E/ D min

x2K
� .x;E/ D inf

x2K
� .x;E/ � � for every E. Combining the above

reasoning, � .xE; yi/ � � .xE;E/ � � . Furthermore, xE 2 \
y2E
�y. The fact supports

that \
y2E
�y ¤ ∅ for all finite set E, i.e., it holds finite intersection property. K is

compact, therefore, \
y2S
�y ¤ ∅. There is a x 2 \

y2S
�y. By the definition of ˝y, this

x has the property that � .x; y/ � �; y 2 S. The conclusion is proved. �
The statement of Lemma 2.6.3 is quite complicated, Fig. 2.16 is used to explain

the conclusion. In Fig. 2.16, E D fy1; y2; y3g, three slimsy lines are �(x, y1), �(x, y2)
and �(x, y3), the thick line is �(x, E). If S D E, then the ¤ and x given in the figure
meet the requirement of lemma.

20In this book we call the set of sets to be class in order to distinguish the set. For example the
power set can call as the class of subsets.

http://dx.doi.org/10.1007/978-3-662-49245-1_1


2.6 Monotonous Differential Inclusions 145

Fig. 2.16 Schematic diagram
of inf max�(x, yi), .x; �/
holds the min-max property
that in �(x, E) it is minimum,
in � .x; S/ is maximum

K

1( , )x yf

2( , )x yf

3( , )x yf

max ( , )x Ef

inf ( , )x Ef
x

u

Lemma 2.6.4 Suppose that K is a convex and compact set in X. If � W X � X ! R

satisfies that:

(1) For every y 2 K, the functional �(�, y) is lower semi-continuous;
(2) For every x 2 K, the functional �(x, �) is a concave functional (i.e., �� .x; � / is

a convex functional);
(3) For every y 2 K, � .y; y/ � 0.

Then there is a x 2 K c � .x; y/ � 0 holds for every y 2 K. �
Lemma 2.6.4 is known as Fan Ky inequality. To prove this inequality, we should

apply the unit decomposition and fixed point theorem. This book does not try to
prove the inequality, readers are referred to (Filippov 1988). It would like to point
out the inequality holds in Banach space.

We are ready to prove Minty theorem. In the theorem I is used to denote the
identical mapping in X. In order to make the proof convenience, we restrict ourselves
in R

n. A remark is given behind the proof to point out the difference if we deal with
the theorem in a general Hilbert space.

Theorem 2.6.2 F W Rn ! R
n is a monotonous set-valued mapping. Then the F is

maximal if and only if I C F is a surjective, i.e., the range of I C F is Rn.

Proof The proof for necessity consists of two steps.
(1) An alternative statement
The conclusion that I C F is a surjective is equivalent to that for every y 2 R

n,
there is an x 2 R

n such that y 2 x C F .x/. Let A D �y C F. Then the conclusion is
further equivalent that 0 2 x C A .x/. By Problem 2 of this section, we conclude
the F is maximal is equivalent to that A is maximal. Now, it is sufficient for a
maximally monotonous set-valued mapping A to prove that there is an x 2 R

n such
that �x 2 A .x/. Using Lemma 2.6.1, it is sufficient to verify .x � u;�x � v/ � 0,
or .x � u; x C v/ � 0 for every .u; v/ 2gra A.

Define a continuous functional �(x, (u, v))21 as follows:

� .x; .u; v// D hx � u; x C vi D kxk2 C hx; v � ui � hu; vi (2.6.2)

21In �(x, (u, v)), v is not a dependent argument, it depends on u by v 2 A.u/. Hence in �(x, (u, v))
the dependent variables are u and x, v can be treated as a parameter.
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Then, we are only needed to prove there is an x 2 X, such that � .x; .u; v// � 0 for
every .u; v/ 2gra A.

(2) The existence of x
We apply Lemma 2.6.4 to verify the existence of x. Let u0 2 R

n and v0 2 A .u0/.
Then define a set �.u0;v0/ D fxI � .x; .u0; v0// � 0g. The set �.u0;v0/ holds the
following properties.

(i) As a quadratic function, �(x, (u0, v0)) has its minimum, hence �.u0;v0/ is a
closed set;

(ii) � .u0; .u0; v0// D 0, u0 2 �.u0;v0/; and � .x; .u0; v0// ! C1 .x ! 1/,
hence�.u0;v0/ is a nonempty and bounded set;

(iii) By the discussion in Sect. 1.3, �(x, (u0, v0)) is a convex function. Its epigraph
is convex, so is the �.u0;v0/.

We now construct a compact set K. Let ui 2 R
n; i D 1; 2; : : : ;m be m vectors,

and we take arbitrarily vi 2 A .ui/. Denote K D co fuiI i D 1; 2; : : : ;mg.
22 Then K

is compact and convex. Fix x D x0 2 K and prove that �(x0, (u, v)) is concave. In
order to use Theorem 1.3.3 (2), calculating

r.u;v/ .��/ D



�@�
@u

� @�

@v

�

D ��

xT C vT
� ��xT C uT

��

Hence

h.u2�u1/ ;ru .��/ .u2/�r.��/u .u1/iCh.v2�v1/ ;rv .��/ .u2/�rv .��/ .u1/i
D h.u2 � u1/ ; .v2 � v1/i C h.v2 � v1/ ; .u2 � u1/i
� 0 :

(2.6.3)

The last inequality comes from the fact of monotonicity.
To apply Lemma 2.6.4, we are lastly required to verify � .u; .u; v// � 0. We now

use Lemma 2.6.3 to verify the conclusion. Denote M D ˚�

uj; vj
�

; j D 1; 2; : : : ;m
�

,
M is a finite set contained by gra A. By Lemma 2.6.3, we have

sup
.u;v/2gra A

� .x; .u; v// � sup
M�graA

inf
x2K

max
.u;v/2M

� .x; .u; v//

� sup
M�graA

inf
x2K

max
�2ƒ

X

j

�j�
�

x;
�

uj; vj
��

;
(2.6.4)

22Without loss of generality, we can select ui; i D 1; 2; : : : ; n such that they are linear independent.
Therefore, Int K ¤ ∅.

http://dx.doi.org/10.1007/978-3-662-49245-1_1
http://dx.doi.org/10.1007/978-3-662-49245-1_1
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where ƒ D
(

� D .�1 �2 : : : �m/
T I�i � 0;

m
X

iD1
�i D 1

)

� R
m. Inequality (2.6.4)

is valid since

� .x; .ui; vi// 2
8

<

:

X

j

�j�
�

x;
�

uj; vj
�
�

; � 2 ƒ
9

=

;

In Inequality (2.6.4), x 2 K, hence xD
m
X

kD1
�kuk, with �D .�1 �2 : : : �m/

T 2 ƒ.

Thus,

X

j

�j�
�

x;
�

uj; vj
�
�

D
X

j

�j�
�
X

k

�kuk;
�

uj; vj
�
�

For simplicity, we denote �M .�; �/ D
X

j

�j�
�X

k

�kuk;
�

uj; vj
�
�

. Using the

notation, � .u; .u; v// � 0 becomes �M .�; �/ � 0.
Because

�

 

X

k

�kuk;
�

uj; vj

!

�

D
*

X

k

�kuk � uj;
X

k

�kuk C vj

+

D
X

k

�k

*

uk � uj;
X

k

�kuk C vj

+

D
X

k

�k

 

˝

uk � uj; vj
˛C

*

uk � uj;
X

k

�kuk

+!

;

it follows

�M .�; �/ D
X

j

�j�

 

X

k

�kuk;
�

uj; vj
�

!

D
X

j

�j

X

k

�k
˝

uk � uj; vj
˛C

X

j

�j

X

k

�k

*

uk � uj;
X

k

�kuk

+

:

Let � D �. Then the second term of the above equation

m
X

j;kD1
�j�k

*

uk � uj;
X

k

�kuk

+

D 0
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since both �j�k

*

uk � uj;
X

k

�kuk

+

and �k�j

*

uj � uk;
X

k

�kuk

+

appear in the

summation, and they hold identical absolute values but opposite signs. We now turn
to the first term

m
X

j;kD1
�j�k

˝

uk � uj; vj
˛ D 1

2

m
X

j;kD1
�j�k

˝

uk � uj; vj
˛C 1

2

m
X

j;kD1
�j�k

˝

uk � uj; vj
˛

D 1

2

m
X

j;kD1
�j�k

˝

uk � uj; vj
˛C 1

2

m
X

j;kD1
�k�j

˝

uj � uk; vk
˛

D 1

2

m
X

j;kD1
�j�k

˝

uk � uj; vj � vk
˛ � 0:

The last inequality comes from the monotonicity. Therefore, �M .�; �/ � 0. By
Lemma 2.6.4, there is a � 2 ƒ such that for every � 2 ƒ�M .�; �/ � 0.

Furthermore,

inf
�2ƒ max

�2ƒ
X

j

�M .�; �/ � max
�2ƒ

X

j

�M .�; �/ � 0

consequently, � .x; .u; v// � 0 for every .u; v/ 2 gra A.
Sufficiency. Consider two arbitrary vectors x; y 2 R

n. Because I C F is
surjective, there is a x0 2 R

n such that y C x 2 x0 C F .x0/. Hence, there is a
y0 2 F .x0/, such that y C x D x0 C y0. Thus, we have

ky � y0k2 D hy � y0; y � y0i D � hy � y0; x � x0i (2.6.5)

If hy � y0; x � x0i � 0, then Eq. (2.6.5) leads to ky � y0k � 0. We obtain y D y0.
By using the equation y C x D x0 C y0, we have x D x0. Therefore y 2 F.x/. By
Lemma 2.6.2, F is maximal. �
Remark If X is a Hilbert space, the proof of Theorem 2.6.2 is similar except
the concavity of �(x0, (u, v)). In R

n, we can apply partial derivative to verify the
concavity of �(x0, (u, v)). However, in a Hilbert space we have no such an operation.
This conclusion is proved by using weak topology in Hilbert space. To complete
such a proof, we need introduce some concepts which are beyond the target of this
book. �

2.6.3 Yosida Approximation

In this subsection, we try to construct a series of single-valued mappings to
approximate a maximally monotonous set-valued mapping.



2.6 Monotonous Differential Inclusions 149

Let A be a maximally monotonous set-valued mapping, and let � 2 R .> 0/,
then by Minty theorem (Theorem 2.6.2) I C �A is invertible, i.e., for every x 2 X,
.I C �A/�1.x/ ¤ ∅.

Definition 2.6.2 Suppose A is a maximally monotonous set-valued mapping, � 2
R .> 0/, then J� D .I C �A/�1 is the resolvent of IC �A. A� D 1

�
.I � J�/23 is the

Yosida �� approximation of A. �
The following theorem presents the fundamental property of J�.

Theorem 2.6.3 Suppose A W X ! X is a maximally monotonous set-valued
mapping and � 2 R .> 0/, then the resolvent J� D .I C �A/�1 is a single-valued
mapping. It is Lipschitzian mapping and its Lipschitzian constant can be 1.

Proof Let y 2 X. Then there is an x 2 X such that y 2 x C �A.x/ i.e., x 2 J�.y/.
The effective domain of J� is nonempty for every � 2 R .> 0/.

Now let y1; y2 2 X. Then there are x1; x2 2 X such that yi 2 xi C�A .xi/, i D 1; 2,
i.e., there are vi 2 A .xi/, i D 1; 2 such that yi D xi C �vi. Hence,

y1 � y2 D x1 � x2 C � .v1 � v2/

It follows

ky1 � y2k2 D kx1 � x2k2 C �2kv1 � v2k2 C 2� hx1 � x2; v1 � v2i � kx1 � x2k2

C �2kv1 � v2k2
(2.6.6)

Thus, kx1 � x2k � ky1 � y2k. If y1 D y2, then x1 D x2. It implies that J� is a
single-valued mapping. It is Lipschitzian and its Lipschitzian constant can be 1. �

In terminology, if Lipschitzian constant is 1, then the mapping is said to be non-
expansive, i.e., the distance of two images is less than or equal to that of arguments.
If it is less than 1, the mapping is a compressed mapping or contraction.

By the relation between J� and A�, the following corollary can be verified.

Corollary 2.6.1 A� is a Yosida approximation of A. Then A� holds the following
properties.

(1) A� is a single-valued mapping;
(2) A� is a Lipschitzian mapping and its Lipschitzian constant can be 1

�

(3) For every x 2 X, A�.x/ 2 A .J�.x//;
(4) A� is a maximally monotonous mapping.

23In order to distinguish the inverse of a mapping, we apply a
b to express a fraction.
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Proof (1) Because A� D 1
�
.I � J�/, J� is single-valued mapping, so is A�.

(2) Applying the notations used in the proof of Theorem 2.6.3, for every y 2 X,
there are x D J�.y/, v 2 A.x/ such that v D 1

�
.y � x/. Then

A�.y/ D 1

�
.I � J�/ y D 1

�
.y � x/ D v

Now let vi D A� .yi/, i D 1,2. By Inequality (2.6.6), we have

ky1 � y2k2 � �2kv1 � v2k2 D �2kA� .y1/� A� .y2/k2

Therefore, the Lipschitzian constant of A� can be 1
�

.
(3) Because .I C �A/ .I C �A/�1 D .I C �A/ J�, for every x 2 X, we have x 2

.I C �A/ J�.x/ DJ�.x/ C �A .J�.x//. By the definition, �A� C J� D I, i.e., x D
J�.x/C �A�.x/. Comparing these two results, it is clear A�.x/ 2 A .J�.x//.

(4) We only prove that A� is monotonous, then by Problem 1 of this section, it is
maximal. Consider now

hA� .y1/� A� .y2/ ; y1 � y2i D hA� .y1/� A� .y2/ ; J� .y1/� J� .y2/iC�kA� .y1/
�A� .y2/k2 where we have applied y D �A�.y/CJ�.y/. From conclusion (3) above,
A�.x/ 2 A .J�.x//. A is monotonous, hence the first term is nonnegative. Thus,
hA� .y1/ � A� .y2/ ; y1 � y2i � 0 for y1; y2 2 X. A� is monotonous by Definition
2.6.1. �

The further discussion needs the concept m(A(x)). Recall that m(A(x)) is the
minimal norm element in A(x). If A(x) is convex, m(A(x)) is the unique projection
of the origin on A(x). The following theorem presents the relations between A� and
m(A(x)).

Theorem 2.6.4 Suppose A is a maximally monotonous set-valued mapping. Then
for every x 2 X the following conclusions hold.

(1) km .A.x// � A�.x/k2 � km .A.x//k2 � kA�.x/k2
(2) lim

�!0
J�.x/ D x

(3) lim
�!0

A�.x/ D m .A.x//

Proof (1) Because

km .A.x//� A�.x/k2 D km .A.x//k2 C kA�.x/k2 � 2 hA�.x/;m .A.x//i
D km .A.x//k2 � kA�.x/k2 � 2 hA�.x/;m .A.x//� A�.x/i ;

A is monotonous, and m .A.x// 2 A.x/; A�.x/ 2 A .J�.x//, hence

hA�.x/;m .A.x//� A�.x/i D 1

�
hx � J�.x/;m .A.x// � A�.x/i � 0

The conclusion follows directly.
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(2) By conclusion (1) above

kx � J�.x/k D � kA�.x/k � � km .A.x//k

It leads to

lim
�!0

J�.x/ D x (2.6.7)

(3) The proof of this conclusion seems to be complicated, and is divided into
three parts.

(i) For every x 2 X, the relation y 2 A .x � �y/ has a unique solution y D A�.x/.
Let y D A�.x/. Then x � �y D J�.x/. It follows A .x � �y/ D A .J�.x//. By

Corollary 2.6.1 (3), y D A�.x/ 2 A .J�.x// D A .x � �y/, i.e., A�(x) is a solution of
relation y 2 A .x � �y/.

On the other hand, if y0 is a solution of y 2 A .x � �y/. Denote z D x � �y0,
then y0 2 A.z/, i.e., x 2 z C �A.z/. By the definition of J�, it follows z D J�.x/.
y0 2 A.z/ D A .J�.x// D A�.x/. A� is a single-valued mapping, hence y0 D A�.x/.

(ii) If x 2 X is fixed, then kA�(x)k is a monotonous function of �.
By the conclusion (2), if x 2 X is given, then y0 D A�C�.x/ is the unique

solution of relation y 2 A .x � .�C �/ y/. Let us rewrite y0 2 A .x � .�C �/ y0/ D
A ..x � �y0/� �y0/, hence y0 is also the solution of y 2 A� .x � �y/. By Corollary
2.6.1 (4), A�(x) is maximally monotonous. If we repeat the process of (i), then
we can obtain y0 D .A�/�.x/ is the unique solution of relation y 2 A� .x � �y/.
Consequently y0 D A�C�.x/ D .A�/�.x/ for every x 2 X.

By conclusion (1) of this theorem, km .A.x//� A�.x/k2 � km .A.x//k2 �
kA�.x/k2. Replacing A(x) and A�(x) by A�(x) and A�C�.x/, respectively, we obtain

�

�A�.x/� A�C�.x/
�

�
2 � �

�A�.x/
�

�
2 � �

�A�C�.x/
�

�
2

(2.6.8)

where m(A�(x)) has been replaced by A�(x). This is correct because A�(x) is a single-
valued mapping. Inequality (2.6.8) implies that the decreasing of � leads to the
monotonously increasing of kA�(x)k2.

(iii) The convergence of A�(x).
By conclusion (1) of this theorem, for every x 2 X, fkA�(x)kg holds an upper

boundary km(A(x))k. We now let � D 1
k ; k 2 N, by Inequality (2.6.8), fA�(x)g is a

Cauchy series. Hence, there exists a �x 2 X such that �x D lim
�!0

A�.x/. The ¤x has

the following properties:
(i) A�.x/ 2 A .J�.x// and lim

�!0
J�.x/ D x, A(x) is closed (Theorem 2.6.1), hence

�x 2 A.x/;
(ii) kA�.x/k � km .A.x//k by conclusion (1), consequently k�xk � km .A.x//k.
The two facts lead to �x D m .A.x//. �
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Actually, A�(x) is a approximate selection of A(x). Let us write

.x;A�.x// D .J�.x/;A�.x//C .x � J�.x/; 0/
2 .J�.x/;A .J�.x///C kx � J�.x/k B;

In the proof of Theorem 2.6.4 (2), we have kx � J�.x/k � � km .A.x//k, hence

.x;A�.x// 2 gra A C � kmA.x/k B

2.6.4 Maximally Monotonous Differential Inclusions

To end this section, we prove that the solution of a maximally monotonous
differential inclusion is uniquely existed. The proof is completed by using Yosida
approximation. We now give a lemma about weak convergence.

Lemma 2.6.5 Suppose X is a Hilbert space, and xn 2 X; n D 1; 2; : : : . If xn weakly
converges to x0, then

(1) kx0k � lim
n!1 inf kxnk

(2) Additionally, if lim
n!1 kxnk D kx0k, then lim

n!1 kxn � x0k D 0, i.e., xn strongly
converges to x0.

Proof (1) kx0k2 D lim
n!1 hxn; x0i D lim

n!1 kx0k kxnk cos �n where �n is the angle

yielded by x0 and xn. Because kxnk cos �n � kxnk, the equation implies kx0k �
lim

n!1 inf kxnk.

(2) kxn � xk2 D hxn � x0; xn � x0i D hxn; xn � x0i � hx0; xn � x0i. Its sec-
ond term converges to zero by the weak convergence of xn. Consider the first
term

hxn; xn � x0i D hxn; xni � hxn; x0i ! kxnk2 � kx0k2 D 0

The conclusion is verified. �
We now consider the following Cauchy problem

:
x.t/ D �A .x.t// ; x.0/ D x0 (2.6.9)

where A is a maximally monotonous set-valued mapping with effective domain
dom.A/ � X, x0 2 dom.A/.
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Theorem 2.6.5 The solution of Cauchy problem (2.6.9) exists uniquely. Let x(t, x0)
be the solution. Then it is also the solution of

:
x.t/ D �m .A .x.t/// ; x.0/ D x0 (2.6.10)

for almost all t 2 Œ0;1/.
Furthermore, the solution x(t, x0) holds the following properties

(1)
�

�

:
x .t; x0/

�

� is monotonously decreasing;

(2) The right derivative
:
x

C
.t; x0/ D lim

h#0
x.tCh;x0/�x.t;x0/

h is rightly continuous;

(3) Let xi .t; xi0/ ; i D 1; 2 be two solutions with initial conditions x10 and x20,
respectively. Then

kx1 .t; x10/� x2 .t; x20/k � kx10 � x20k D kx1.0/� x2.0/k (2.6.11)

for every t 2 Œ0;1/.

Proof The proof of Theorem 2.6.5 consists of 6 parts.
(1) We start to prove the conclusion (3). For t 2 Œ0; 1/, we have

d

dt

1

2
kx1 .t; x10/� x2 .t; x20/k2 D ˝ :

x1 .t; x10/ � :
x2 .t; x0/ ; x1 .t; x10/� x2 .t; x20/

˛ � 0

The last inequality holds because of monotonicity of A. Furthermore,

0 �
t
Z

0

˝ :
x1 .�; x10/� :

x2 .�; x20/ ; x1 .�; x10/ � x2 .�; x20/
˛

d�

D 1
2

�

kx1 .t; x10/ � x2 .t; x20/k2 � kx1.0/� x2.0/k2
�

:

Conclusion (3) is verified. It also implies the uniqueness of the solution.
(2) Denote y.t/ D x .t C h/ where x(t) is the solution of Cauchy problem (2.6.9),

and consider the following Cauchy problem

:
y.t/ D �A .y.t// ; y.0/ D x.h/:

By Inequality (2.6.10), we obtain

�

�

�

�

y.t/ � x.t/

h

�

�

�

�
�
�

�

�

�

y.0/� x.0/

h

�

�

�

�
:

It is equivalent to

�

�

�

�

x .t C h/� x.t/

h

�

�

�

�
�
�

�

�

�

x.h/� x.0/

h

�

�

�

�
;
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and then let h ! 0. When their derivatives all exist, we have
�

�

:
x.t/

�

� � �

�

:
x.0/

�

�. If we
replace t and 0 by t0 C h and t0, then the above discussion leads to

�

�

:
x .t0 C h/

�

� �
�

�

:
x .t0/

�

�. The conclusion (1) is verified.
(3) We now prove the existence of Inc. (2.6.8). A is maximally monotonous,

hence A(x) is with closed and convex value for every x 2 dom A (Theorem 2.6.1).
Consider Cauchy problem of the following differential equation

:
x�.t/ D �A� .x�.t// ; x�.0/ D x0 (2.6.12)

We have proved �A� is a Lipschitzian mapping (Corollary 2.6.1 (2)), the above
Cauchy problem exists unique solution. By the first conclusion of this theorem,
�

�

:
x�.t/

�

� is monotonously decreasing by the t increasing. Hence,

�

�

:
x�.t/

�

� � �

�

:
x�.0/

�

� D kA� .x0/k � km .A .x0//k (2.6.13)

the last inequality comes from the proof of Theorem 2.6.4 (3). fx�(t)g is a set of

equicontinuous functions for all � > 0. Consequently, series
n

x 1
k
.t/I k 2 N

o

holds

a convergent subsequence. Without loss of generality, we assume lim
k!1x 1

k
.t/ D x.t/

for x.t/ 2 AC .Œ 0;1 /; Rn/ uniformly. Because
˚ :
x�.t/

�

is contained in a bounded
set, by Theorem 1.1.7, we can assume

:
x 1

k
.t/ ! :

x.t/.k ! 1/ weakly.

Define A W x�.t/ ! �A� .x�.t// ; A is an operator form L2[0, T] to L2[0, T].
We can prove A is maximally monotonous.24 Because x 1

k
.t/ ! x.t/ strongly and

A 1
k

�

x 1
k
.t/
�

D :
x 1

k
.t/ ! :

x.t/ weakly, by Theorem 2.6.1 (2),
:
x.t/ 2�A .x .t// D

�A .x .t//. The existence is verified.

(4)
�

�

�m
�

A .x.t//
��

�

� is monotonously decrease as t increases.

At the Part (3) of this proof, we have proved that fA�(x�(t))g (or
n

A 1
k

�

x 1
k
.t/
�o

)

weakly converges to
:
x.t/ as � ! 0 (k ! 1). For convenience, we denote

�.t/ D :
x.t/, then �.t/ 2 A .x.t//. It follows k�.t/k � km .A .x.t///k. On other

hand, fA�(x�(t))g is weakly convergent to ¤(t), hence, by Lemma 2.6.5,

�

�

�m
�

A .x.t//
��

�

� � k�.t/k � lim
�!0

inf kA� .x�.t//k � kmA .x.0//k (2.6.14)

the last inequality is obtained from (2.6.12). Consequently, km .A .x.0///k �
km .A .x.t///k. The conclusion implies that

�

�

�m
�

A .x.t//
��

�

� is monotonously

decrease.
(5)

�

�

�m
�

A .x.t//
��

�

� is continuous form right.

24Note A:X!X, but the operator A: is L2[0, T]!L2[0, T]. The norm and inner product considered
are in space L2[0, T]. It is direct to show the maximal monotonicity of A implies that of A:.

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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We now prove for any sequence ftng, tn # t0, then m .A .x .tn/// ! m .A .x .t0///.
By Part (4) of the proof, the series fm(A(x(tn)))g is monotonously increasing sine
ftng decreases. Furthermore, by Inequality (2.6.13),

km .A .x .tn///k � kv .tn/k � km .A .x .t0///k

There is a subsequence of m(A(x(tn))) and the subsequence is weakly convergent to
a vector v0. We can assume that m(A(x(tn))) is weakly convergent to v0. Repeating
the proof of Inequality (2.6.12), inequalities can be obtained as follows

km .A .x0//k � kv0k � lim
n!1 inf

�

�

�m
�

A .x .tn//
��

�

� � km .A .x .t0///k D km .A .x0//k

By Lemma 2.6.5, m
�

A .x .tn// converges strongly to m(A(x0)).

(6) At last, the solution of Inc. (2.6.8) is identical to the solution of Eq. (2.6.9)
For almost all t 2 Œ0;T� and h > 0, we have

kx .t C h/� x.t/k D
�

�

�

�

�

�

tCh
Z

t

:
x .�/ d�

�

�

�

�

�

�

�
tCh
Z

t

�

�

:
x .�/

�

� d� �h km .A .x.t///k ;

the last inequality is obtained from the fact the km(A(x(t)))k decreases

monotonously.
�

�

:
x.t/

�

� is continuous from right, when h # 0,
�

�

�

x.tCh/�x.t/
h

�

�

� ! �

�

:
x.t/

�

�.

The above inequality implies
�

�

:
x.t/

�

� � km .A .x.t///k. Because
:
x.t/ 2 �A .x.t//

and A(x) is closed,
:
x.t/ D �m .A .x.t///.

Thus, we complete proof for all conclusions of the theorem. �
Note that in the theorems given above, the norms kx(t)k,

�

�

:
x.t/

�

� and others are
functions of time t. The x(t) is an trajectory in space X.

The solution of Inc. (2.6.8) which satisfies equation
:
x.t/ D �m .A .x.t/// is called

slow solution or mild solution.

Problems

1. f W Rn ! R
n is a monotonously single-valued mapping, if f is continuous then it

is maximal.
2. F W Rn ! R

n is maximally monotonous, prove the following conclusions:

(1) y0 2 R
n is a given vector, then y0 C F is maximally monotonous.

(2) ˛ > 0 is a positive real number, then ˛F is maximally monotonous.

3. F W R
n ! R

n is a monotonous mapping. Prove that F is monotonous if and
only if the inverse F�1 W R

n ! R
n, which may be a set-valued mapping, is

monotonous.
4. If F W R

n ! R
n is a convex mapping then its subdifferential @F.x/ is

monotonous.
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5. Assume, in Theorem 2.6.2, X DR
n, prove that the set fxI � .x; .u; v// � 0g

defined in the proof of Theorem 2.6.2 is compact and convex.
6. Let x�(t) be the solution of Eq. (2.6.11). Then J�(x�(t)) converges to x(t)

uniformly in the proof of Theorem 2.6.5.
7. If V W Rn ! R .1/ is a lower semi-continuous and convex function, then @V.x/

is maximally monotonous. Moreover, the solution of Cauchy problem
:
x.t/ D

�@V.x/; x.0/ D x0 satisfies the equation d
dt V .x.t//C �

�

:
x.t/

�

�
2 D 0.
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Chapter 3
Convex Processes

Starting from this chapter, we deal with several kinds of differential inclusions and
their control. We recall that mathematical investigation in many fields starts from
the linear case; for example, at the beginning of control theory, we deal with the
linear system, the functional analysis starts with the linear normed spaces and linear
mappings. Consequently, we consider convex processes which can be treated as an
extension of the linear single-valued mapping to set-valued mapping. The next two
chapters will consider linear polytopic differential inclusions and the Luré systems.
They can also be thought as extensions of linear control systems to differential
inclusions and nonlinear differential inclusions.

The organization of this chapter is as follows. At the first section, we define the
convex processes in Banach space and verify that the convex processes hold the
same properties as linear mapping in Banach space. The second section deals with
the convex processes in finite dimensional spaces and shows that they have similar
construction as matrices. The third section considers the differential inclusion
yielded by convex processes. The controllability is discussed. And the last section
investigates the stability of convex process differential inclusions.

3.1 Convex Processes in Linear Normed Spaces

This section deals with convex processes in linear normed spaces, its target is to
extend the fundamental theorems of linear single-valued mappings in Banach space
to convex processes.

© Shanghai Jiao Tong University Press,
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3.1.1 Convex Processes and Their Adjoint Processes

In order to illustrate that the convex process is an extension of linear single-
valued mapping, we recall fundamental properties of linear single-valued bounded
mapping.

Let X and Y be two normed spaces, A W X ! Y is a linear (single-valued)
mapping if it satisfies that (1) for x1; x2 2 X, A .x1 C x2/ D A .x1/ C A .x2/; (2)
for x 2 X and ˛ 2 R, A .˛x/ D ˛A.x/. A linear mapping is bounded if there is
a M 2 R which is independent of x, such that kAxkY � MkxkX for every x 2 X.
All linear bounded mappings consist of a linear normed space L .X;Y/, the norm in
L .X;Y/ is defined as

kAk D sup
x¤0

kA.x/kY

kxkX

:

Especially, when Y D R, L .X;R/ is called conjugate space of X and denoted by
X�. X� is always complete no matter whether X is complete.

If f 2 X� and x 2 X, then f (x) is a real number. Sometimes, we write f (x) by hf, xi.
Because f (x) is linear for both f and x, the notation hf, xi meets with the requirement
of inner product. Moreover, it may provide lots convenience.

Let A 2 L .X;Y/, then the A can induce a mapping A� W Y� ! X� by the
definition that .A�f / .x/ D f .Ax/ for every f 2 Y� and x 2 X. Using the notation
that f .x/ D hf ; xi, we have hf ;Axi D hA�f ; xi which is quite simple. A� is single-
valued and called as the adjoint mapping of A.

If A 2 L .X;Y/, then for x1; x2 2 X and �1; �2 2 R, we have A .�1x1 C �2x2/ D
�1A .x1/ C �2A .x2/. It implies gra A is a convex cone. The property is applied to
define the convex process.

Definition 3.1.1 Let X and Y be two normed spaces, and A W X ! Y be a set-valued
mapping. If gra A is convex cone, then A is a convex process. Moreover, if gra A is a
closed convex cone, then A is a closed convex process.

A convex process is strict if its effective domain is X, i.e., dom A D X. �
In history, economist and mathematician Rockafellar appeared that a kind of

economic phenomena hold convex characteristics. It is common that one person
had invested 100 dollars, he received 120 return on investment. But if he invested
1000 dollars his return was not sure to be 1200 dollars. It may be in the interval (900,
1300). Hence the economic process is more suitable to be described by a set-valued
mapping which holds convex cone characteristics. Rockafellar called the economic
phenomena as convex process. After that, he investigated the convex processes and
found that convex process can be treated as an extension of linear mapping. At
the same time, some researchers considered another extension of linear mapping.
They required that for every x 2 dom A, A(x) is a linear subspace of Y and called
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it as linear set-valued mapping, or linear mapping for simplicity. They called the
convex process by “sublinear” set-valued mapping. But the custom is not popular at
present.

Because gra A is a convex cone, for x1; x2 2 dom A and y1 2 A .x1/, y2 2
A .x2/, we have � .x1; y1/ C .1 � �/ .x2; y2/ 2 gra A for � 2 Œ0; 1�. It follows that
�x1 C .1 � �/ x2 2 dom A and �y1 C .1 � �/ y2 2 A .�x1 C .1 � �/ x2/, i.e., both
domain and range of a convex process are convex. Furthermore, A(x) is convex for
every x 2 dom A.

The following discussion further shows that the convex process holds linear-like
property.

Lemma 3.1.1 A W X ! Y is a set-valued mapping. A is a convex process if and
only if the following two conditions are satisfied simultaneously.

(1) If x 2 dom A, then �x 2 dom A and A .�x/ D �A.x/ where � > 0;
(2) If x1; x2 2 dom A, then x1 C x2 2 dom A and A .x1/C A .x2/ � A .x1 C x2/. �

The proof of Lemma is left to readers as an exercise.
The two conditions given in Lemma 3.1.1 can be wrapped up that: if x1; x2 2

dom A and �;� 2 R .� 0/, then �x1 C �x2 2 dom A and

�A .x1/C �A .x2/ � A .�x1 C �x2/ : (3.1.1)

Lemma 3.1.2 Let A W X ! Y be a strictly convex process. If there exists an x1 2 X
such that A(x1) holds only one element, then A is a single-valued linear mapping.

Proof Because A is a convex process, we have 0 2 A.0/. Then

A .x1/ � A .x1/C A.0/ � A .x1 C 0/ D A .x1/ :

We obtain A .x1/ D A .x1/ C A.0/. It implies that A(0) has only one element, i.e.,
A.0/ D f0g.

A.x/ C A .�x/ � A.0/ D f0g. It implies that A(x) has only one element, so is
A .�x/. More A.x/C A .�x/ D f0g implies A .�x/ D �A.x/.

Let x 2 X. Then, by the relation (3.1.1), we have

�A.x/ D �A.x/C A.0/ � A .�x C 0/ D A .�x/

for � 2 R .� 0/. Both A(x) and A(�x) have one element, respectively. Hence the
“�” can be replaced by “D”. Combining with A .�x/ D �A.x/, we conclude the
homogeneity holds.

A .x2/ ;A .x3/ ;A .x2 C x3/ have one element, respectively. Thus, A .x2/ C
A .x3/ � A .x2 C x3/ implies A .x2/ C A .x3/ D A .x2 C x3/. The additivity is
verified. Therefore, A is a linear single-valued mapping. �
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Lemma 3.1.2 illustrates that if a convex process degenerates to a single-valued
mapping then A is a linear mapping. The explanation supports that the convex
process is an extension of linear mapping in theory of set-valued mappings.

Corollary 3.1.1 Let A W X ! Y be a convex process and A.0/ D f0g. But A may
not be strict.

(1) If x;�x 2 dom A, then A .�x/ D �A.x/ and A .�x/ ;A.x/ are all single-valued;
(2) X1 � X is a subspace, and X1 � dom A. If x1 2 X1; x; x C x1 2 dom A, then

A .x C x1/ D A.x/C A .x1/.

Proof (1) Because 0 2 dom A, A .x1/CA .�x1/ � A.0/ D f0g. It implies both A(x)
and A .�x/ have only one element, respectively, and A .�x1/ D �A .x1/.

(2) X1 is a subspace and X1 � dom A. By (1), restricting on X1 A is a single-
valued linear mapping. If x … X1, A(x) may not be single-valued. But we have

A.x/DA.x/CA .x1/� A .x1/ � A .x C x1/ � A .x1/DA .x C x1/CA .�x1/ � A.x/:

Hence, A.x/ D A .x C x1/� A .x1/, i.e., A.x/C A .x1/ D A .x C x1/. �
We now define adjoint process for convex process. Readers may find that it is

really an extension of adjoint mapping for linear mapping.

Definition 3.1.2 Let A W X ! Y be a convex process. Define a set-valued mapping
A� W Y� ! X� as follows: If y� 2 Y� then

A� �y�� D fx�I hx�; xi � hy�; yi ; for .x; y/ 2 gra Ag :

A� is called by the adjoint process of A. �
We now give some fundamental properties for the adjoint mapping.

Lemma 3.1.3 Suppose A W X ! Y is a closed and convex process. Then the
following statements are valid.

(1) .y�; x�/ 2 gra A� if and only if .�x�; y�/ 2 .gra A/�
(2) .�A/� .y�/ D A� .�y�/
(3)

�

A�1�� .x�/ D �.A�/�1 .�x�/
(4) A��.x/ D �A .�x/
(5) A.0/ D .domA�/�
(6) A�1.0/ D .Im .�A�//�

Proof These conclusions can be verified from Definition 3.1.2.

(1) If .y�; x�/ 2 gra A�, i.e., x� 2 A� .y�/. Definition 3.1.2 illustrates hx�; xi �
hy�; yi for every pair .x; y/ 2 gra A. The inequality is equivalent to hy�; yi C
h�x�; xi � 0, i.e., h.�x�; y�/ ; .x; y/i � 0, or, .�x�; y�/ 2 .gra A/�. If we
reverse the process, we can obtain .y�; x�/ 2 gra A� from .�x�; y�/ 2 .gra A/�.
The first statement is verified.
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(2) Suppose x� 2 .�A/� .y�/, i.e., .y�; x�/ 2 gra.�A/�. By (1), .�x�; y�/ 2
.gra .�A//�. If .x; y/ 2 graA, then, .x;�y/ 2 gra .�A/. Hence
h.�x�; y�/ ; .x;�y/i � 0, i.e., h�x�; xi C h�y�; yi � 0. By (1) again,
x� 2 A� .�y�/. The process can be reversed. Thus, (2) is verified.

(3) Suppose y� 2 �

A�1�� .x�/, i.e., .x�; y�/ 2 gra
�

A�1��. By (1), .�y�; x�/ 2
�

gra
�

A�1���. For every .x; y/ 2 gra A, then .y; x/ 2 gra
�

A�1�, it follows
h.�y�; x�/ ; .y; x/i � 0, i.e., hx�; xi C h�y�; yi � 0. By (1) again, �x� 2
A� .�y�/, i.e., �y� 2 .A�/�1 .�x�/. The process can be reversed. Hence, (3)
is verified.

(4) Suppose y 2 A��.x/, i.e., .x; y/ 2 gra .A��/. By (1), .�y; x/ 2 .gra A�/�. For
every .y�; x�/ 2 gra A�, h.�y; x/ ; .y�; x�/i � 0, i.e., hx; x�i C h�y; y�i � 0. By
(1) again, .y�; x�/ 2 gra A� implies .�x�; y�/ 2 .gra A/�. Hence h�x; x�i C
h�y; y�i � 0. It implies .�x;�y/ 2 gra A��. By Problem (8) in Sect. 2.1,
we have gra A�� D gra A. Hence �y 2 A .�x/. The process can be reversed.
Hence, (4) is verified.

(5) Suppose y 2 A.0/, then .0; y/ 2 gra A. For every y� 2 dom A�, there is a x�
such that .y�; x�/ 2 gra A�, By (1), .�x�; y�/ 2 .gra A/�, and by the definition
of conjugate cone, we have hy�; yi C h�x�; 0i � 0, then hy�; yi � 0. It implies
A.0/ � .dom A�/�.

On the other hand, suppose y 2 .dom A�/�, then for every y� 2 dom A�,
hy�; yi � 0. It follows hy�; yi C h�x�; 0i � 0 for every x� 2 A� .y�/. Because
.�x�; y�/ 2 .gra A/� is arbitrarily element, it leads to .0; y/ 2 .gra A/�� which is
equal to gra A by Problem (8) of Sect. 2.1. Thus, (5) is verified.

(6) By conclusion (5), A�1.0/ D
�

dom
�

A�1��
��

. By conclusion (3),
�

dom
�

A�1��
�� D

�

�dom
�

�.A�/�1
��� D

�

�dom.A�/�1
��

. By the definition of

inverse mapping, we have
�

�dom .A�/�1
�� D .�Im A�/� D .Im .�A�//�. The

conclusion is implied. �
Some authors used statement (1) as an alternative method to define the adjoint

process.
Lemma 3.1.3 gives some characteristics of the convex process which are different

from the single-valued linear mapping. By the conclusion (4) in Lemma 3.1.3, we
know that, usually, A�� ¤ A and �Ax ¤ A .�x/. Furthermore, if A is strict, we still
cannot conclude A� is strict (to see Example 3.1.1). But, we can prove A� is closed.

Theorem 3.1.1 If A is a convex process, then A� is closed convex process.

Proof From the notation of hx�; xi, it is direct to show that A� is a convex process
by using Lemma 3.1.1. We only prove that it is closed.

Suppose
�

y�
n ; x

�
n

� 2 gra A� and
�

y�
n ; x

�
n

� ! �

y�
0 ; x

�
0

�

, we now prove
�

y�
0 ; x

�
0

� 2
gra A�.

http://dx.doi.org/10.1007/978-3-662-49245-1_2
http://dx.doi.org/10.1007/978-3-662-49245-1_2
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Because
�

y�
n ; x

�
n

� 2 gra A�,
˝

x�
n ; x

˛ � ˝

y�
n ; y
˛

by the definition of adjoint process.
For every x 2 X, x�

n .x/ ! x�
0 .x/,

1 i.e.,
˝

x�
n ; x
˛ ! ˝

x�
0 ; x
˛

. Similarly,
˝

y�
n ; y
˛ ! ˝

y�
0 ; y
˛

.
Hence,

˝

x�
0 ; x
˛ � ˝

y�
0 ; y
˛

. The conclusion is verified. �
Theorem 3.1.1 illustrates that dom A� is a closed convex cone.

Example 3.1.1 Let C 2 L .X;Y/ and K � Y be a closed convex cone. Define a set-
valued mapping A as A.x/ D Cx C K. Then gra A is a closed convex cone, hence, A
is a closed convex process.

In order to obtain the adjoint process A�, let us prove that the conjugate cone
.gra A/� can be expressed as

.gra A/� D ˚�

x�; y�� I y� 2 K�; x� D �C�y�� ;

where C� is the adjoint mapping of C, and K� is the conjugate cone of K.2 Suppose
that .x; y/ 2 gra A, where y D Cx C k for some k 2 K. Consider

h.x�; y�/ ; .x; y/i D hy�; yi C hx�; xi
D hy�;Cx C ki C h�C�y�; xi
D hy�;Cxi C h�C�y�; xi C hy�; ki
D hy�; ki
� 0:

The last inequality is obtained from y� 2 K�. It illustrates .�C�y�; y�/ 2 .gra A/�
for y� 2 K�.

If .x�; y�/ 2 .gra A/�, i.e., h.x�; y�/ ; .x; y/i D hy�; yi C hx�; xi � 0 for every
pair .x; y/ 2 gra A, then y D Cx C k, we have

0 � hy�; yi C hx�; xi
D hy�;Cx C ki C hx�; xi
D hy�;Cxi C hx�; xi C hy�; ki
D hC�y� C x�; xi C hy�; ki : (3.1.2)

K is closed, hence 0 2 K. Let k D 0. Then Inequality (3.1.2) leads to
hC�y� C x�; xi � 0. Since A is strict, both x;�x 2 X, the above inequality results
in hC�y� C x�; xi D 0 for every x 2 X. Consequently, x� D �C�y�. On the other
hand, let x D 0, then Inequality (3.1.2) leads to hy�; ki � 0. The inequality is valid
for every y 2 K. Consequently, y� 2 K�. Thus, we conclude

1On X�, x�

n ! x�

0 means unified convergence of functions. x�

n .x/ ! x�

0 .x/, i.e.,
˝

x�

n ; x
˛ ! ˝

x�

0 ; x
˛

is convergent at every vector x.
2Recall that K� D fx�I hx�; xi 	 0; x 2 Kg. K� is always closed.
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A�y� D
�

C�y�; y� 2 K�;
∅; y� … K�:

�
From this example, we can draw two conclusions. At first, A is a strict convex

process but its adjoint process A� may not be strict. Second, A is a set-valued
mapping but its adjoint process A� may be a single-valued mapping on its domain.

In Example 3.1.1, if K D 0, then K� D X. Moreover, A reduces to a single-
valued mapping and A� defines on whole X and it is exactly the conjugate mapping
of A. It also illustrates that convex process can be treated as an extension of a linear
mapping.

3.1.2 The Norm of Convex Processes

This subsection defines the norm for convex processes. By the definition and the
properties of norm, the later will be given in the next subsection, we can further
understand that the convex process is an extension of the linear bounded mapping.

Definition 3.1.3 Suppose X and Y are two linear normed spaces, and A W X ! Y is
a convex process. The norm of A is defined as follows.

kAk D sup
x2domA\B

inf
y2A.x/

kyk ; (3.1.3)

where B D bd B is the shell of unit ball in X. If kAk < 1 then the convex process
A is said to be bounded. �

From the definition, if A D 0, then kAk D 0. Furthermore, if A is with closed
value, then

sup
x2domA\B

inf
y2A.x/

kyk D sup
x2domA

inf
y2A.x/

kyk
kxk

D sup
x2domA

d .0;A.x//

kxk
D sup

x2domA

m .A.x//

kxk
D sup

x2domA\B
m .A.x// ; (3.1.4)

i.e., kAk D sup
x2domA\B

m .A.x//. It implies that A ¤ 0, the equation kAk D 0 may

hold, but if kAk D 0, then 0 2 A.x/ for every x 2 dom A.
Because A W X ! Y is a convex process, for every ˛ 2 R .� 0/, we have

k˛AkD sup
x2dom.˛A/

inf
y2˛A.x/

kyk
kxk D sup

x2dom.A/
inf

QyD y
˛2A.x/

˛
kQyk
kxk D˛ sup

x2dom.A/
inf

Qy2A.x/

kQyk
kxk D˛ kAk :

The positive homogeneity holds for the norm of convex process.
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We now consider the triangle inequality of the norm of convex process. Let A1

and A2 be two convex processes. By the distance definition, we have

d .0;A1.x/C A2.x// � d .0;A1.x//C d .A1.x/;A1.x/C A2.x// :

From the second term, we have

d .A1.x/;A1.x/C A2.x// D inf
y1;y22A1.x/;y32A2.x/

d .y1; y2 C y3/

� inf
y12A1.x/;y32A2.x/

d .y1; y1 C y3/

D inf
y32A2.x/

d .0; y3/

D d .0;A2.x// :

Therefore,

sup
x

d .0;A1.x/C A2.x//

kxk � sup
x

1

kxk .d .0;A1.x//C d .0;A2.x///

� sup
x

d .0;A1.x//

kxk C sup
x

d .0;A2.x//

kxk :

By the second equation in Eq. (3.1.4), kA1 C A2k � kA1k C kA2k.
The above discussion shows that the norm defined in Definition 3.1.3 holds

similar properties to the norm of linear mapping, hence it is reasonable.

3.1.3 Fundamental Properties of Convex Processes

The target of defining the norm for the convex process is to extend the fundamental
theorems in Banach spaces to the convex processes. To prove these theorems, we
have to apply the Robinson-Ursescu theorem, whose proof is quite troublesome and
omitted. The readers who are interested in its proof are referred to Aubin and Cellina
(1984).

Theorem 3.1.2 (Robinson-Ursescu) Suppose X and Y are two Banach spaces.
F W X ! Y is a set-valued mapping with closed and convex value. Suppose
y0 2 Int Im .F/, i.e., y0 is an inner point of Im(F) and x0 2 F�1 .y0/.3 Then there is
a constant l > 0 such that for every y 2 B .y0; l/ and x 2 dom A, we have

d
�

x;F�1.y/
� � 1

l
d .y;F.x// .1C kx � x0k/ :

�
We give a remark to Theorem 3.1.2.

3x0 2 F�1 .y0/ means y0 2 F .x0/.
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Remark If we take x D x0, then under the conditions of Theorem 3.1.2, we have.

d
�

x0;F
�1.y/

� � 1

l
d .y;F .x0// :

An alternative statement is that there exists an x 2 F�1.y/ such that

kx � x0k � 1

l
ky � y0k : (3.1.5)

Inequality (3.1.5) implies that F�1 is lower semi-continuous at inner points of Im F.
�

We now apply Theorem 3.1.2 to verify properties of convex processes. We denote
L D 1=l.

Theorem 3.1.3 Suppose X and Y are two Banach spaces, and A W X ! Y is a closed
and convex process. If Im.A/ D Y, then A�1 is a Lipschitzian mapping.

Proof We prove that for two y1; y2 2 Y and x1 2 F�1 .y1/, which are selected
arbitrarily, then there exists an x2 2 A�1 .y2/ such that kx1 � x2k � L ky1 � y2k.

Because A W X ! Y is a closed and convex process, 0 2 A.0/ or 0 2 A�1.0/. We
now fix y0 D 0; x0 D 0 and apply Theorem 3.1.2, there is a neighborhood B(0, ")
such that for every y 2 B .0; "/, there is an x 2 A�1.y/ such that

kxk � L kyk : (3.1.6)

Because A is a convex process, Inequality (3.1.6) holds for every y 2 Y.
Now for two y1; y2 2 Y, by Inequality (3.1.6), there is an e 2 A�1 .y2 � y1/ such

that kek � L ky1 � y2k. Take arbitrarily an x1 2 A�1 .y1/ and denote x2 D x1 C e,
then

y2 D y1 C .y2 � y1/ 2 A .x1/C A.e/ � A .x1 C e/ D A .x2/ ;

i.e., x2 2 A�1 .y2/. Thus, there exist x1 2 A�1 .y1/, x2 2 A�1 .y2/ such that

kx1 � x2k � L ky1 � y2k : (3.1.7)

�
We give two remarks for Theorem 3.1.3.

Remark 1 Inequality (3.1.7) implies that A�1 is lower semi-continuous. �
Remark 2 Theorem 3.1.3 has an alternative statement: Under the conditions of
Theorem 3.1.3, for every open set O � X, A(O) is an open set in Y. The conclusion
can be proved as follows. For every x0 2 O, there exists " > 0 such that B .x0; "/ �
O. We fix a y0 2 A .x0/, and take y 2 B .y0; "l/ arbitrarily. By Theorem 3.1.3, there
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is an x 2 A�1.y/ such that kx � x0k � L ky � y0k < ". It implies B .y0; "l/ �
A .B .x0; "// � A.O/, i.e., A(O) is open. The alternative conclusion is sometimes
called as open mapping theorem of set-valued mapping. �
Corollary 3.1.2 Suppose X and Y are two Banach spaces. A W X ! Y is a strictly
closed and convex process. Then there exists an L such that for arbitrary x1; x2 2 X,
we have

A .x1/ � A .x2/C L kx1 � x2k B; (3.1.8)

where B is the closed unit ball in Y.

Proof A W X ! Y is a strictly closed and convex process, by Problem 2 of this
section, A�1 is a subjective, and closed and convex process. By Theorem 3.1.3, for
two vectors x1; x2 2 X and one vector y1 2 A .x1/ which are all selected arbitrarily,
there exists y2 2 A .x2/ such that ky1 � y2k � L kx1 � x2k. It is equivalent to y1 2
y2 C L kx1 � x2k B, or A .x1/ � A .x2/C L kx1 � x2k B. �

Corollary 3.1.2 is also called as closed graph theorem. If x2 D 0 and kx1k D 1,
then Relation (3.1.8) leads to A .x1/ � A.0/C LB. Hence if A(0) is bounded, so is
kAk.

To end this section, we prove the uniform boundedness theorem. In functional
analysis, the theorem is also called as resonance theorem.

Theorem 3.1.4 Suppose X and Y are two Banach spaces. A˛ W X ! Y is a set of
closed and convex processes where ˛ 2 A and A is the set of indexes. If for every
x 2 X, there is a y˛ 2 A˛.x/ such that sup

˛
fky˛kg � Mx, there is a constant which

may depend on x, then sup
˛

kA˛k < 1.

Proof Define a single-valued mapping as follows:

�˛.x/ D inf
y2A˛.x/

kyk D d .0;A˛.x// D m .A˛.x// :

It can easily prove that �˛(x) has the following properties:

(1) �˛(x) is positively homogeneous.
(2) �˛(x) is lower semi-continuous (in a space with finite dimension it is continu-

ous).

We further define

�.x/ D sup
˛

�˛.x/:

By the conditions of the theorem, �.x/ < Mx for every x 2 X, �(x) is also
positive and positively homogeneous and lower semi-continuous (to see Sect. 1.4 of

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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this book). Then �(x) is continuous at the origin. Hence there is a ı > 0, for every
x 2 B .0; ı/, �.x/ � 1. By the positive homogeneity, �.x/ � ı�1 kxk. Thus,

ı�1 kxk � �.x/ D sup
˛

�˛.x/ D sup
˛

m .A˛.x// :

It implies kA˛k � ı�1 for every ˛ 2 A. �
In functional analysis, resonance theorem is a very useful conclusion. In the

following, we prove a conclusion which is useful in the control system theory.

Theorem 3.1.5 Let U be a metric space, X and Y be two Banach spaces. For every
u 2 U, A.u/ W X ! Y is a closed and convex process where u is treated as a
parameter. If for every x 2 X, there is a yu 2 A.u/.x/ such that sup

u
kyuk < 1, then

the following statements are equivalent.

(1) u 7! gra A.u/ is lower semi-continuous.
(2) .u; x/ 7! A.u/.x/ is lower semi-continuous.

Proof The proof of (2) ) (1) is direct. Indeed, if we fix x 2 X, then (2) implies (1).
(1) ) (2). By the Problem 2 of Sect. 2.1, it is sufficient to verify that for

every sequence .un; xn/ ! .u; x/ .n ! 1/, and every y 2 A.u/.x/, there is
yn 2 A .un/ .xn/ such that yn ! y .n ! 1/. We now prove the conclusion.

By the condition, u 7! gra A.u/ is lower semi-continuous, hence, for .x; y/ 2
gra A.u/ and un ! u, n ! 1, there exist .bxn;byn/ 2 gra A .un/ such that .bxn;byn/ !
.x; y/. The condition that for every x 2 X there is a yu 2 A.u/.x/ such that sup

u
kyuk <

1 implies kA(u)k is uniformly bounded by using Theorem 3.1.5, i.e., there exists
L such that kA.u/k � L for every u 2 U. Thus, let us considerbxn � xn, there is
Qyn 2 A .un/ .bxn � xn/ with kQynk � L kbxn � xnk. Becausebxn � xn ! x � x D 0, we
have Qyn ! 0. Denote yn D Qyn Cbyn, then

yn D Qyn Cbyn 2 A .un/ .xn �bxn/C A .un/ .bxn/ � A .un/ .xn/ ;

and yn ! y sincebyn ! y. �
Problems

1. From Definition 3.1.1, prove that 0 2 A.0/ for convex process A.
2. Prove Lemma 3.1.1.
3. Prove that if A(x) is convex process then A�1.x/ is also convex process.
4. Suppose X and Y are two Banach spaces, L � X; M � Y are two closed and

convex sets, and f 2 L .X;Y/. Define

F.x/ D
�

f .x/� M; x 2 L;
∅; x … L:

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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Prove the following conclusion:

(1) F�1.y/ D fxI x 2 y C Mg;
(2) Suppose y0 2 Int .f .L/ � M/, then for every x0 2 F�1 .y0/, there

exists l > 0 such that for every y 2 B .y0; l/, d
�

x;F�1.y/
� �

Ld .f .x/� y;M/ .1C kx � x0k/, where L D l�1.

5. Suppose X and Y are two Banach spaces, A W X ! Y is a closed and convex
process. K � X is a closed convex cone and K � domA D X. Let AjK is the
restriction of A on K, then

.AjK/
�.y/ D

�

A� .y�/ ; y� 2 dom .A�/ ;
∅; otherwise:

6. Suppose X and Y are two Banach spaces, A W X ! Y is a closed and convex
process. K � X is a closed convex cone and K � domA D X. Then

.A.K//� D �

A���1 �K�� :

(The conclusion is also called dual polar theorem. It is a fundamental result of
adjoint process.)

3.2 Convex Processes in Spaces with Finite Dimensions

In this section, we restrict ourselves in the n-dimensional space, i.e., we consider the
convex processes in R

n. The main target is to give the construction characteristics
of a convex process and show that it can have a Jordan-like construction which is
one of main properties of the matrix.

3.2.1 Adjoint Processes in n-Dimensional Space

Let us start to recall that definition of adjoint process of a convex process.
If A W X ! Y is a convex process, then its adjoint process A� W Y ! X is defined

by for every y� 2 Y,

A� �y�� D fx�I hx�; xi � hy�; yi ; .x; y/ 2 gra Ag :

By Lemma 3.1.1, we have that .y�; x�/ 2 gra A� if and only if .�x�; y�/ 2
.gra A/�.
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Theorem 3.2.1 Suppose A1 W Rn ! R
pI A2 W Rq ! R

k are two convex processes.
Then we have the following conclusions:

(1) If p D q, then A2A1 W R
n ! R

k is a convex process. Furthermore, if
ri int .Im A1 \ dom A2/ ¤ ∅, then .A2A1/

� D A�
1A�

2 ;
(2) If p D k; q D n and int .dom A1 \ dom A2/ ¤ ∅, then A1 C A2 is a convex

process and .A1 C A2/
� D A�

1 C A�
2 .

Proof The proof of (1) consists of three steps.
(i) Define two sets K1;K2 2 R

n � R
p � R

k as follows:

K1 D f.x; y; z/ I .x; y/ 2 gra A1g and K2 D f.x; y; z/ I .y; z/ 2 gra A2g :

Because both gra A1 and gra A2 are convex cones, K1 and K2 are also convex
cones. From the definitions of K1 and K2, it is direct that .x; z/ 2 gra A2A1 if
and only if there is a y 2 R

p such that .x; y; z/ 2 K1 \ K2. From the condition
ri int .Im A1 \ dom A2/ ¤ ∅, it can be proved that re int K1\ re int K2 ¤ ∅. Then
by the Problem 9 of Sect. 2.1, we have

.K1 \ K2/
� D cl

�

K�
1 C K�

2

�

:

(ii) We now prove that K�
1 C K�

2 is a closed set by contradiction. If K�
1 C K�

2

is not closed, there is a c� 2 cl
�

K�
1 C K�

2

�

but c� … �

K�
1 C K�

2

�

. There exist two
sequences

˚

a�
n

� � K�
1 and

˚

b�
n

� � K�
2 such that a�

n C b�
n ! c� .n ! 1/.

We then conclude both fa*
ng and fb*

ng are bounded. If fa*
ng is not bounded,

fa*
ng has a subsequence

˚

a�
nk

� ! 1. Without lose of generality, we can assume
˚

a�
n

� ! 1. Since a�
n=
�

�a�
n

�

� 2 dbB where dbB is the closed shell of unit ball of
R

n �R
p �R

k.
˚

a�
n=
�

�a�
n

�

�

�

has a convergent subsequence, without loss of generality,
we can assume a�

n=
�

�a�
n

�

� ! a� 2 K�
1 \ dbB. Consider now

�

a�
n C b�

n

�

=
�

�a�
n

�

� !
c�=

�

�a�
n

�

� D 0 .n ! 1/, hence b�
n=
�

�a�
n

�

� ! �a� 2 K�
2 .

Denote a� D �

x�
0 ; y

�
0 ; z

�
0

�

. Because a� 2 K�
1 , for every .x; y; z/ 2 K1,

hx�
0 ; xi C hy�

0 ; yi C hz�
0 ; zi � 0:

In K1, z is not restricted, it leads to z�
0 D 0. From �a� 2 K�

2 , a similar discussion
results in x�

0 D 0. Hence a� D �

0; y�
0 ; 0

�

where y�
0 2 R

p,
�

�y�
0

�

� D 1 since a� 2 db B.
Moreover,

˝

y�
0 ; y
˛ � 0 for every y 2 Im A1; on the other hand, �a� 2 K�

2 ,
˝

y�
0 ; y
˛ � 0

for every y 2 dom A2. It follows
˝

y�
0 ; y
˛ 	 0 for y 2 Im A1 \ dom A2. By the

condition that ri int .Im A1 \ dom A2/ ¤ ∅, we have y�
0 D 0. It contradicts to

�

�y�
0

�

� D 1. It follows c� 2 K�
1 C K�

2 . K�
1 C K�

2 is closed.
(iii) At last, we show gra.A2A1/

� D gra
�

A�
1A�

2

�

. Suppose .z�; x�/ 2 gra.A2A1/
�.

By Lemma 3.1.3 (1), it is equivalent to .�x�; z�/ 2 .gra A2A1/
�. It is equivalent to

h�x�; xi C h0; yi C hz�; zi � 0 for .x; y; z/ 2 K1 \ K2:

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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Hence .�x�; 0; z�/ 2 .K1 \ K2/
� D K�

1 C K�
2 . There exists a y� 2 R

p, such that
.�x�; y�; 0/ 2 K�

1 and .0;�y�; z�/ 2 K�
2 , i.e., .y�; x�/ 2 gra A�

1 and .z�; y�/ 2
gra A�

2 . It is just .z�; x�/ 2 gra
�

A�
1A�

2

�

. The procedure can be deduced inversely.
Thus, we verify the conclusion.

(2) The conclusion (2) is verified by using the result of (1). We define three
mapping as follows:

M1 W Rn ! R
n � R

n; M1.x/ D .x; x/
M2 W Rn � R

n ! R
k � R

k; M2 .x1; x2/ D f.y1; y2/ I y1 2 A1 .x1/ ; y2 2 A2 .x2/g
M3 W Rk � R

k ! R
k; M3 .x1; x2/ D x1 C x2

M1 and M3 are linear single-valued mappings, using Example 3.1.1, we have
M�
1

�

y�
1 ; y

�
2

� D y�
1 C y�

2 and M�
3 .y

�/ D .y�; y�/.
We now prove M�

2

�

y�
1 ; y

�
2

� D �

A�
1

�

y�
1

�

;A�
2

�

y�
2

��

. Suppose
�

x�
1 ; x

�
2

� 2
M�
2

�

y�
1 ; y

�
2

�

. Then,

hy�
1 ; y1i C hy�

2 ; y2i � hx�
1 ; x1i C hx�

2 ; x2i ;

where y1 2 A1 .x1/ and y2 2 A2 .x2/ all variables can be selected arbitrarily in their
reasonable ranges. A1 is a convex process, consequently, �y1 2 A1 .�x1/ for every
� > 0. The above inequality leads to

hy�
1 ; �y1i C hy�

2 ; y2i � hx�
1 ; �x1i C hx�

2 ; x2i :

Let � # 0, it leads to
˝

y�
2 ; y2

˛ � ˝

x�
2 ; x2

˛

, or x�
2 2 A�

2

�

y�
2

�

. Similarly, x�
1 2 A�

1

�

y�
1

�

.
It is obvious that A1CA2 D M3M2M1. It is direct to show A1CA2, M1, M2 and M3

are all convex processes, and ri int .Im M1 \ dom M2/ ¤ ∅ and other conditions
required by (1). By result (1), we have .A1 C A2/

� D M�
1 M�

2 M�
3 , and

M�
1M�

2 M�
3

�

y�� D M�
1M�

2

�

y�; y�� D M�
1

�

A�
1y�;A�

2 y�� D A�
1 y� C A�

2 y�;

for every y� 2 domA�
1 \ domA�

2 . �
We have mentioned that for a single-valued linear bounded mapping A W X ! Y

we have hy�;Axi D hA�y�; xi, where A� is the adjoint mapping of A. When A is a
set-valued mapping, both Ax and A�y� may not be unique. Theorem 3.2.2 gives an
extended result for the equation.

Theorem 3.2.2 Suppose A W Rn ! R
m is a convex process, x0 2 int dom A and

y�
0 2 dom A�. Then

sup
˝

A� �y�
0

�

; x0
˛ D inf hy�

0 ;A .x0/i ;

where
˝

A� �y�
0

�

; x0
˛ D ˚hx�; x0i I x� 2 A� �y�

0

��

, and
˝

y�
0 ;A .x0/

˛

has a similar
definition.
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Proof Define a single-valued functionˆ W Rn ! R as follows

ˆ.x/ D inf
y2Rm

fhy�
0 ; yi C ı ..x; y/ ; gra A/g ;

where y�
0 2 dom A� is fixed, and ı((x, y), gra A) is the indicator of gra A. From

Problem 6 of Sect. 1.3,ˆ(x) is a convex function. The proof consists of three steps.
(1) For every x 2 dom A, ˆ.x/ > �1.
This conclusion is verified by contradiction. If ˆ.x/ D �1, then there is yk 2

A.x/, k D 1; 2; : : : , such that
˝

y�
0 ; yk

˛ ! �1. From the definition of adjoint process,
we have

˝

y�
0 ; yk

˛ � hx�; xi where x� 2 A�y� can be selected arbitrarily. After x� is
determined, the right side is a constant. Hence

˝

y�
0 ; yk

˛ ! �1 is impossible. We
have a contradiction.

(2) ˆ��.x/ D ˆ.x/ when x 2 int dom A.
When x0 2 int dom A, there are at most n C 1 vectors xi 2 dom A,

i D 1; 2; : : : ; n C 1, such that x0 D
nC1
X

iD1
�ixi. A is a convex process, hence,

co .x1; x2; : : : ; xnC1/ � domA. It follows that ˆ.x0/ � maxfˆ.xi/ I i D 1; 2; : : : ;

nC1g sinceˆ(x) is a convex function.ˆ(x0) is bounded by conclusion (1), therefore,
there is neighborhood of x0,ˆ(x) is bounded at the neighborhood. By Lemma 1.3.1,
ˆ(x) is a locally Lipschitzian function. At last we conclude that ˆ(x) is continuous
at x in the neighborhood. By Theorem 1.4.6,ˆ��.x/ D ˆ.x/ when x 2 int dom A.

(3) sup
˝

A� �y�
0

�

; x0
˛ D inf

˝

y�
0 ;A .x0/

˛

.
By the definition of conjugate function, we have

ˆ.x0/ D sup
x�

˚hx�; x0i �ˆ� �x��� : (3.2.1)

Similarly, from ˆ��.x/ D ˆ.x/, ˆ� .x�/ is

ˆ� .x�/ D sup
x

fhx; x�i �ˆ.x/g

D sup
x

�

hx; x�i � inf
y2Rm

�˝

y�
0 ; y
˛C ı ..x; y/ ; graA/

�

	

D sup
x;y

˚hx; x�i � ˝

y�
0 ; y
˛ � ı ..x; y/ ; graA/

�

D sup
x;y

˚˝

.x; y/ ;
�

x�;�y�
0

�˛ � ı ..x; y/ ; gra A/
�

:

The equation shows that ˆ� .x�/ is just the conjugate function of indicator function
ı((x, y), gra A), i.e., ˆ� .x�/ D S

��

x�;�y�
0

�

; gra A
�

. By Eq. (2.1.4), we obtain

ˆ� .x�/ D S
��

x�;�y�
0

�

; gra A
�

D ı
��

x�;�y�
0

�

;�.gra A/�
�

D ı
���x�; y�

0

�

; .gra A/�
�

D ı
��

y�
0 ; x

�� ; gra A�� ;

http://dx.doi.org/10.1007/978-3-662-49245-1_1
http://dx.doi.org/10.1007/978-3-662-49245-1_1
http://dx.doi.org/10.1007/978-3-662-49245-1_1
http://dx.doi.org/10.1007/978-3-662-49245-1_2
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where the last equation obtains from Lemma 3.1.3 (1). Substituting it into
Eq. (3.2.1), we have

sup
x�

˚hx�; x0i � ı ��y�
0 ; x

�� ; gra A��� D ˆ.x0/ D inf
y

fhy�
0 ; yi C ı ..y; x0/ ; gra A/g :

The conclusion is implied. �
Theorem 3.2.3 Suppose A W R

n ! R
m is a strictly convex process. Then the

following conclusions are valid.

(1) A is a Lipschitzian mapping and its Lipschitzian constant can be kAk
(2) If y� 2 dom A� and x� 2 A� .y�/, then kx�k � kAk ky�k.
(3) dom A� is a closed convex cone.
(4) On dom A� \ .�dom A�/, A� is a linear single-valued mapping.

Proof (1) By Inequality (3.1.5), A is a Lipschitzian set-valued mapping. We now
verify its Lipschitzian can be kAk.

Suppose that x1; x2 2 R
n and x1 ¤ x2. Denote a D kx1 � x2k and x3 D

a�1 .x1 � x2/, then kx3k D 1. By the definition of norm of convex process, for every
" > 0, there exists y3 D y3 ."/ 2 A .x3/ such that ky3k < kAk C ". Let y2 2 A .x2/
and y1 D y2 C ay3. Because x1 D x2 C ax3, A .x2/ C A .ax3/ � A .x1/. It implies
y1 D y2 C ay3 2 A .x1/. Then

ky1 � y2k D a ky3k < .kAk C "/ a D .kAk C "/ kx1 � x2k : (3.2.2)

The above discussion illustrates that for every y2 2 A .x2/, there is a y1 2 A .x1/ such
that Inequality (3.2.2) holds. It implies A .x2/ � A .x1/ C .kAk C "/ kx2 � x1k B,
where B is the closed ball of Rm. The " can be selected arbitrarily, thus, A .x2/ �
A .x1/C kAk kx2 � x1k B. The conclusion (1) is verified.

(2) Suppose y� 2 dom A� and x� 2 A� .y�/. If x� D 0, then the conclusion is
true. We now assume that x� ¤ 0. By the definition of adjoint process, hy�; yi �
hx�; xi for every .x; y/ 2 gra A. If we take x D kx�k�1x�, then hx�; xi D kx�k �
hy�; yi. On the other hand because kxk D 1, there is a y 2 A.x/ such that kyk <
kAk C " for arbitrary " > 0. By this y, we apply Schwarz inequality and can obtain

kx�k � hy�; yi � ky�k kyk � .kAk C "/ ky�k :
The " can be selected arbitrarily, the conclusion is implied.

(3) It is sufficient to prove dom A� is closed. Suppose y�
n 2 dom A� and y�

n ! y�
0 .

For every y�
n , there is an x�

n 2 A� �y�
n

�

and
�

�x�
n

�

� � kAk ��y�
n

�

�. It follows that
˚

x�
n

�

has
a convergent subsequence. Without loss of generality, we assume

˚

x�
n

�

is convergent,
x�

n ! x�
0 . Hence

�

y�
n ; x

�
n

� ! �

y�
0 ; x

�
0

�

. gra A� is closed, consequently, x�
0 2 A� �y�

0

�

,
i.e., y�

0 2 dom A�.
(4) By kx�k � kAk ky�k, if y� D 0, then x� D 0, i.e., A�.0/ D f0g. Because

dom A� \ .�dom A�/ is a linear subspace of Rm, by the illustration after Corollary
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3.1.1, The restriction of A� on dom A� \ .�dom A�/ is a single-valued linear
mapping. �

It is obvious that dom A� \ .�dom A�/ is the largest subspace in dom A�. The
conclusion (4) illustrates that on this subspace A� is a single-valued mapping. We
note conclusion (1) can be extended to Banach spaces X and Y.

For Theorem 3.2.3, we have two remarks.

Remark 1 Let x2 D 0 and y2 D 0, Inequality (3.2.2) leads to ky1 ."/k �
.kAk C "/ kx1k where y1 ."/ D y2 C ay3 ."/ 2 A .x1/. Hence, fy1(")g is bounded
and has a convergent subsequence. Suppose y1 ."n/ ! y01, then y01 2 A .x1/ since
A(x1) is closed. It further leads to

�

�y01
�

� � kAk kx1k. The conclusion can be stated as
for every x 2 dom A, there is a y 2 A.x/ such that kyk � kAk kxk. The property can
be treated as an extension of norm of linear single-valued mapping. �
Remark 2 Using Remark 1 to A�, for every y� 2 dom A�, we have x� 2 A� .y�/
such that kx�k � kA�k ky�k. However, the conclusion (2) of Theorem 3.2.2 is
kx�k � kAk ky�k for every x� 2 A� .y�/. It implies kA�k � kAk. �

3.2.2 Structure of Convex Processes

We, in this subsection, deal with the structure of convex process on finite spaces.
We will show that convex processes have Jordan-like structure.

A set A � R
n is said to be proper if it does not contain a subspace of Rn.

Definition 3.2.1 Suppose A W Rn ! R
n is a convex process, x 2 R

n is a nonzero
vector. If there exists a � 2 R such that �x 2 A.x/, then � is an eigenvalue of A, and
x is an eigenvector of A with eigenvalue �. �

Differing form the eigenvalues of a matrix, we require here that the eigenvalue is
real. Hence a real matrix may have no eigenvalue.

Lemma 3.2.1 Suppose K � R
n is a nonzero and proper closed cone, and A W Rn !

R
n is a bounded and closed convex process. K and A also satisfy the following

conditions:

(1) K � dom A
(2) For every x 2 K, A.x/\ K ¤ ∅

Then there exists an x 2 K, x ¤ 0 and � � 0 such that �x 2 A.x/.

Proof (1) At first, the conclusion is verified for a stronger condition that A.x/ \
re int K ¤ ∅ for every x 2 K and x ¤ 0.

Define a set � as follows:

� D ˚

! 2 R
CI there exists an x 2 K \ B such that .A.x/� !x/ \ K ¤ ∅

�

;

(3.2.3)
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where B is the shell of the unit ball. The condition A.x/ \ re int K ¤ ∅ implies
! 2 � for sufficiently small ! > 0, then� ¤ ∅.

We prove that � is bounded. If there is a series f!iI i D 1; 2; : : : g such that
!i 2 � and !i ! 1 .i ! 1/. Then for every !i there is an xi such that xi 2 K \ B
and A .xi/ � !ixi 2 K. The sequence fxig is bounded so that it has a convergent
subsequence; without loss of generality, we assume xi ! x. K is closed, hence x 2
K \B. On the other hand, !�1

i A .xi/�xi 2 K. Because the set fA .xi/ ; i D 1; 2; : : : g
is bounded, when i ! 1, we obtain �x 2 K \ B. But by the condition of theorem
K is proper. The contradiction illustrates � is bounded.

Because K is closed and A is with closed value, by a similar discussion, we
can conclude that � is closed. Thus, there is !0 D max� and !0 > 0. For this
!0, there is an x0 2 K \ B such that .A .x0/� !0x0/ \ K ¤ ∅. We now prove
.A .x0/ � !0x0/\ K D f0g. Let z0 2 .A .x0/ � !0x0/\ K. Then

A




x0 C z0
2!0

�

� !0



x0 C z0
2!0

�

� A .x0/C A




z0
2!0

�

� !0x0 � z0
2

� A




z0
2!0

�

C z0
2
; (3.2.4)

where we apply z0 2 .A .x0/� !0x0/ at the last relation. If z0 ¤ 0, then z0=2!0 ¤ 0,
and A .z0=2!0/ \ re int K ¤ ∅ by the condition (2) of the theorem. Because K is
a convex cone and z0=2 2 K, .A .z0=2!0/C z0=2/ \ re int K ¤ ∅. By Relation
(3.2.4),




A




x0 C z0
2!0

�

� !0



x0 C z0
2!0

��

\ re int K ¤ ∅: (3.2.5)

Denote y0 D
�

�

�x0 C z0
2!0

�

�

�

�1 �
x0 C z0

2!0

�

, then y0 2 K \ B. Relation (3.2.5) implies

.A .y0/� !0y0/\ re int K ¤ ∅:

It means that we can increase !0 to be !0 C 
! with a small �! such that
.A .y0/ � .!0 C
!/ y0/ \ K ¤ ∅. It contradicts that !0 D max�. Therefore,
z0 D 0, i.e., !0x0 2 A .x0/. It is equivalent that x0 is an eigenvector and !0 > 0 is its
corresponding eigenvalue.

(2) We extend the conclusion to the case that A.x/ \ K ¤ ∅.
K is a closed convex cone, there exist relative inner points. Hence we can fix an

xc 2 re int K and define a linear single-valued mapping Ak W Rn ! R
n as follows:

Ak.x/ D k�1 hxc; xi xc:

It is easy to verify that foe every k > 0 and x 2 R
n Ak.x/\ re int K ¤ ∅.

We now consider the set-valued mapping .A C Ak/ .x/ D A.x/ C k�1 hxc; xi xc.
The mapping holds the property that for every x 2 K; x ¤ 0, .A C Ak/ .x/ \
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re int K ¤ ∅. Then using the result of (1), we conclude that there is a !k > 0 and
xk 2 K \ B such that

!kxk 2 .A C Ak/ .xk/ D A .xk/C k�1 hxc; xki xc:

Without loss of generality, we can assume !k ! !0; xk ! x0 as k ! 1. It follows
!0 � 0 and !0x0 2 A .x0/. Thus, we end the proof. �

Let K � R
n be a convex cone, and A W Rn ! R

n be a convex process. K is said
to be an invariant cone of A, if for every x 2 K; A.x/ � K. If K � R

n is a subspace,
then K is said to be an invariant subspace of A. The facts are denoted by A-invariant
cone and A-invariant subspace, respectively.

Suppose A W R
n ! R

n is a strict closed and convex process. By conclusion
(4) of Theorem 3.2.3, the restriction of A� on dom A� \ .�dom A�/ is a single-
valued mapping. Let S be the maximal A�-invariant subspace contained in dom A�\
.�dom A�/. We further denote T D S?. In the following, we will prove that T is the
minimal A-invariant subspace of A, i.e., if there is a subspace T1 such that AT1 � T1
and T1 � T, then T1 D T.

We have mentioned that the restriction of A� on S is a single-valued linear
mapping and S is an A�-invariant subspace. Consequently, the mapping A�jS can
be described by a square matrix. Let S1 � S be a minimal A�-invariant subspace.
Then, from the conclusion of linear algebra, dim S1 D 1 or 2 when we restrict
ourselves on the real field. If dim S1 D 1, then S1 is an eigen subspace with a real
eigenvalue. If dim S1 D 2, then

A�jS1 D
�

˛ ˇ

�ˇ ˛




:

under a basis selected appropriately. In the complex field, A�jS1 has two eigenvalues
˛ C iˇ and ˛ � iˇ, and S1 is spanned by real and imaginary parts of eigenvector of
˛ C iˇ.

Lemma 3.2.2 T is the minimal A-invariant subspace.

Proof Let x 2 T and y 2 A.x/. For every y� 2 S, the set A� .y�/ has only one
element and A� .y�/ 2 S. Then by the definition of adjoint process, we have

hy�; yi � ˝

A� �y�� ; x
˛ D 0:

The last equation comes from the fact that x 2 T D S?. S is a subspace, hence
�y� 2 S, and we have also h�y�; yi � hA� .�y�/ ; xi D 0. It implies hy�; yi D 0,
i.e., y 2 S? D T. T is A-invariant.

We now prove that T is a minimal A-invariant subspace by contradiction. If there
is another subspace T1 � T, T1 is A-invariant. Because 0 2 T1, A.0/ � T1. By the
conclusion (5) in Lemma 3.1.3, .dom A�/� D A.0/ � T1.
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Let v� 2 T?
1 , then for every x 2 .dom A�/�, hx; v�i D 0, i.e., v� 2

�

.dom A�/�
�� D dom A� by the property of conjugate cone. Consequently,

dom A� � T?
1 . By a similar discussion, we can have �dom A� � T?

1 , Hence
dom A� \ .�dom A�/ � T?

1 . Denote S1 D T?
1 , then dom A� \ .�dom A�/ �

S1 � S.
We prove now S1 is A�-invariant. Let y� 2 S1 and x 2 T1 be two arbitrary

vectors, and y 2 A.x/ 2 T1 be selected arbitrary too. Then by the definition of
adjoint process,

˝

A� �y�� ; x
˛ � hy�; yi D 0;

the last equation is valid since T1 is A-invariant. Replacing x by �x, then �x 2 T1
and hA� .y�/ ;�xi � 0. It leads to hA� .y�/ ; xi D 0, i.e., A� .y�/ 2 T?

1 D S1.
S1 is A�-invariant. We have assume that S is the maximal A�-invariant subspace in
dom A� \ .�dom A�/. Hence S D S1, so T1 D T. �

Suppose A W Rn ! R
n is a convex process and I is the identical mapping on R

n.
Then for every � 2 R, A ��I is also a convex process. Moreover, .A � �I/�1 is also
a convex process. By Theorem 3.1.3, if A is a closed convex process and kAk < 1,
then .A � �I/�1 is a closed convex process and its norm is also finite. Moreover,
.A � �I/�k is a closed convex process with finite norm for every k 2 N. We now
define a set Lk(�) as follows:

Lk .�/ D .A � �I/�k.0/; k D 1; 2; : : : :

Lk(�) is a closed convex cone for every k 2 N. It is obvious that Lm .�/ � Lk .�/ if
m � k. We further denote

L .�/ D [
k	1Lk .�/:

Let 	 .A�/ be the set of all eigenvalues of A�. Then 	 .A�/ is a bounded set
provided that kAk < 1, and kAk is a upper boundary. Let �M .A�/ be the maximal
eigenvalue of A�. Particularly, if 	 .A�/ D ∅, then we set �M .A�/ D �1.

For the sake of convenience, we denote B� D A � �I, and if � is given, we
simplify B� by B. By Theorem 3.2.1, B� D A� ��I. It is east to verify the following
facts and all proofs are omitted.

(1) dom B D dom A
(2) dom B� D dom A�
(3) K is an A-invariant subspace (convex cone) if and only if it is B-invariant
(4) K is an A�-invariant subspace (convex cone) if and only if it is B�-invariant

By the definition of eigenvalue, if � > �M .A�/, then .B�/�k.0/ D f0g for every
k 2 N.
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We are ready to prove the main result of this subsection. From now on, S is
denoted as the maximal A�-invariant subspace in dom A� \ .�dom A�/.

Theorem 3.2.4 If S D f0g and � > �M .A�/, then L .�/ D R
n.

Proof It is sufficient to show that .L .�//� D f0g for the conclusion L .�/ D R
n.

We have the following equations.

.Lk .�//
� D �

B�k.0/
�� D cl im

�

��Bk
��� D cl im

�

��B��k
�

;

where the second equation is valid by conclusion (6) of Lemma 3.1.3, we apply the
closure since K�� D cl K for every convex cone K; the third equation is due to the
conclusion (1) of Theorem 3.2.1.

Denote

M D \
k	1clim

�

B��k
; (3.2.6)

M is a closed convex cone. To prove .L .�//� D f0g, it is sufficient to prove M D
f0g. The fact is verified by contradiction. Hence, we assume M ¤ f0g. The proof
consists of four steps.

(1) For every k 2 N, im .B�/k is a closed set.
We have

�

B���k
.0/ D ��Bk

��
.0/ D ��dom B�k

��
;

where the first equation is the conclusion (2) of Lemma 3.1.3, and the second
equation is obtained from conclusions (5) and (4) of Lemma 3.1.3. f0g D .B�/�k.0/

as mentioned before the theorem, hence domB�k D R
n, i.e., B�k is strict. By the

remark given after Theorem 3.1.1, dom
�

B�k
��

is a closed convex cone. By the
conclusion (2) of Lemma 3.1.3 again, �dom

�

B�k
�� D dom.B�/�k. The right side

is exactly equal to im .B�/k. Hence, im .B�/k is closed. Thus, Eq. (3.2.6) can be
written as

M D \
k	1 im

�

B��k
: (3.2.7)

(2) .B�/�1 .x�/ \ M ¤ ∅ for every x� 2 M.
By Eq. (3.2.7), x� 2 M implies x� 2 im .B�/k for every k 2 N. Hence, there is

a y�
k such that .B�/k

�

y�
k

� D x�. It means there exists a sequence
˚

y�
k;0; y

�
k;1; : : : ; y

�
k;k

�

such that

y�
k;k D y�

k ; y
�
k;k�1 2 B� �y�

k;k

�

; : : : ; y�
k;1 2 B� �y�

k;2

�

; y�
k;0 D x� 2 B� �y�

k;1

�

;

i.e., y�
k;i 2 B� �y�

k;iC1
�

for i D 1; 2; : : : ; k � 1. Thus, we obtain a two-dimensional
sequence as follows:
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k D 1; x�; y�
1;1I

k D 2; x�; y�
2;1; y

�
2;2I

� � �
k D n; x�; y�

n;1; y
�
n;2; : : : ; y

�
n;i; : : : ; y

�
n;nI

� � � � � �

From the second column, we obtain yk;1 2 .B�/�1 .x�/ for k D 1; 2; : : : ; from
the third column, we have yk;2 2 .B�/�2 .x�/ for k D 2; 3; : : : ; : : : : : : ; from the ith
column, we have yk;i 2 .B�/�i .x�/ for k D i; i C 1; : : : ; : : : : : : .

By Theorem 3.1.3,
�

�B�k
�

� is bounded for every k 2 N. Thus, from conclusion (2)
of Theorem 3.2.3, for every i 2 N, the infinite sequence

˚

y�
k;i; k D i; i C 1; : : :

�

is
bounded and holds a convergent subsequence. Let

˚

y�
k1;1

� � ˚

y�
k;1

�

be a convergent
subsequence. Furthermore, from the subsequence

˚

y�
k1;2

� � ˚

y�
k;2

�

, we can obtain
a convergent subsequence

˚

y�
k2;2

� � ˚

y�
k1;2

�

. By this way, we can obtain
˚

y�
ki;i

� �
˚

y�
ki�1;i

� � ˚

y�
k;i

�

,
˚

y�
ki;i

�

is a convergent sequence. Let y�
i be the limitation of series

˚

y�
ki;i

�

. Then y�
i 2 B� �y�

iC1
�

for every i 2 N. Thus, y�
i 2 .B�/2

�

y�
iC2
�

; : : : ; y�
i 2

.B�/k
�

y�
iCk

�

, : : : : : : . Therefore, y�
i 2 im.B�/k for k 2 N, i.e., y�

i 2 M. Particularly,
for y�

1 , y�
1 2 .B�/�1 .x�/\ M.

(3) M \ .�M/ D f0g, i.e., M does not contain a subspace of Rn.
Suppose N D M \ .�M/. If there is a nonzero vector q 2 N � M, then by the

second part of the proof, .B�/�1.q/\ M ¤ ∅. Because M � im B� D dom .B�/�1,
we obtain N � dom .B�/�1 \

�

�dom .B�/�1
�

. The .B�/�1.q/ \ M ¤ ∅ implies

.B�/�1.q/ 2 M. By the same reason, form �q 2 N, we can obtain .B�/�1 .�q/ 2 M.
Restricted on N, .B�/�1 is a single-valued linear mapping. Hence, .B�/�1 .�q/ D
�.B�/�1.q/, .B�/�1.q/ 2 M \ .�M/ D N.

We have mentioned that .B�/�1.0/ D f0g. It implies that on subspace N, the
linear mapping .B�/�1 is one-to-one. We obtain B�.N/ � N. S is the maximal B�-
invariant space in dom B� \ .�dom B�/, hence N � S. The condition of theorem
assumes that S D f0g. It contradicts with q 2 N and q ¤ 0. We therefore conclude
that M \ .�M/ D f0g.

(4) A� holds an eigenvalue which is large than �.
The above proofs in (2) and (3) illustrate that closed convex process .B�/�1

satisfies all conditions given in Lemma 3.2.1. Hence, there is an nonzero vector
x� 2 M which is a eigenvector of .B�/�1 and whose eigenvalue � is nonnegative.
Moreover, f0g D .B�/�1.0/, consequently,� > 0. Thus,

�x� 2 �B���1 �x�� D �

A� � �I
��1 �

x�� ;

or



�C 1

�

�

x� 2 A� �x�� ;

i.e., x� is a eigenvector of A� and its eigenvalue is �C .1=�/.
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It contradicts the assumption that � > �M .A�/. The contradiction implies
M D f0g. �
Remark It is obvious that Lk .�/ � LkC1 .�/. If Lk .�/ D LkC1 .�/, then

LkC2 .�/ D .A � �I/�1LkC1 .�/ D .A � �I/�1Lk .�/ D LkC1 .�/ :

Thus, we can conclude LkCi .�/ D Lk .�/ for all i D 2; : : : .
We now assume k0 is the least integer such that Lk0 .�/ D Lk0C1 .�/ and

Lk0�1 .�/ ¤ Lk0 .�/. When the conditions of Theorem 3.2.4 are satisfied, Lk0 .�/ D
R

n, i.e., .A � �I/�k0 .0/ D R
n, or im.A � �I/k0 D f0g.

It implies that there exists a vector x 2 R
n; x ¤ 0 such that .A � �I/k0 .x/ D 0

but .A � �I/k0�1.x/ ¤ 0. Then we can find nonzero vectors y1; y2; � � � ; yk0 such
that

�y1 2 A .y1/ ;
y1 C �y2 2 A .y2/ ;
� � �
yk0�1 C �yk0 2 A .yk0 / ;

yk0 D x:

(3.2.8)

The procedure illustrates under the conditions of Theorem 3.2.4, (1) y1 is an
eigenvector of A and its eigenvalue is �; (2) A holds infinite eigenvalues; (3) Relation
(3.2.8) provides a Jordan-like structure of A. �
Theorem 3.2.5 If the conditions of Theorem 3.2.4 are satisfied, then k0 < 1.

Proof There is a simplex co .x1; x2; : : : ; xnC1/ with vertexes x1; x2; : : : ; xnC1 such
that the origin is an inner point of the simplex, i.e., 0 2 int co .x1; x2; : : : ; xnC1/.
Because L .�/ D [

k	1Lk .�/ DR
n, there is a ki such that xi 2 Lki .�/ for i D

1; 2; : : : ; n C 1. Let k0 D max
i

fkig. Then xi 2 Lk0 .�/ for i D 1; 2; : : : ; n C 1. Lk0 .�/

is a closed convex cone, x 2 Lk0 .�/ for every x 2 co .x1; x2; : : : ; xnC1/. It implies
there is a " > 0 such that B .0; "/ � Lk0 .�/ because 0 2 int co .x1; x2; : : : ; xnC1/.
Lk0 .�/ is a cone, consequently, for every x 2 R

n x 2 Lk0 .�/. �
To state the last conclusion of this section, we recall prevalent conclusions of

linear algebra. Let X be a linear space, V � X be a subspace. For every x 2 X,
we can construct an equivalent class fyI y � x 2 Vg. The class is denoted by x or
x C V . It is easy to verify that these x’s construct a linear space with the operations
x1 C x2 D x1 C x2 and ax D ax. The linear space is called the quotient space of X
related to V and denoted by X/V. 0 D V is the origin of X/V. P W X ! X=V with
Px D x is called the natural projection (or projection for simplicity) from X to X/V.
P�1 W X=V ! X is a set-valued mapping, for every x 2 X=V , P�1x D x C V .

Suppose A W X ! X is a linear mapping, and V is an A-invariant subspace. Then
A can induce an linear mapping A W X=V ! X=V defined by Ax D Ax. By the
definition of projection, we have APx D Ax D Ax D PAx for every x 2 X. Hence
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Fig. 3.1 The interchanging
of linear mapping and
projection

X X
A

X/V X/V
A

P P

PA D AP. The fact is often described by an interchanging plot (Fig. 3.1). In Fig. 3.1,
there are a starting point X at the upper left corner and a terminal point X/V at the
lower right corner. From the starting point to terminal point, there are two ways.
The plot is said to be interchangeable if gains of the two wags are equal, i.e., PA, the
gain of X ! X ! X=V , is equal to the gain of X ! X=V ! X=V , ĀP.

We now assume that X is an n-dimensional space R
n, fxn�
C1; xn�
C2; : : : ; xng

is a set of basis of V, then we find x1; x2; : : : ; xn�
 such that fx1; x2; : : : ; xn�
 I
xn�
C1; xn�
C2; : : : ; xng form a set of basis of X. By the basis, X/V is isomorphic
to Span fx1; x2; : : : ; xn�
g. V is A-invariant, the mapping A has its matrix form of

�

A11 0

A21 AV




;

P D ŒI 0�, and A D A11. Let x 2 X. Then x D
n�v
X

iD1
aixiC

n
X

jDn�v

bjxj where ai; bj 2 R,

i D 1; 2; : : : ; n � vI j D n � v C 1; : : : ; n. x D Px D
n�v
X

iD1
aixi. If y D x, then

y D
n�v
X

iD1
aixi C

n
X

jDn�v

cjxj, where cj 2 R; j D n�vC1; : : : n can be selected arbitrarily.

There is an x0 D
n�v
X

iD1
aixi 2 X such that x0 D x. The x0 is called exact representative

of the set x D x C V . Although x0 and x belong to different spaces, their expressions
are identical. Consequently, we often do not distinguish them. The topology of X/V
is defined to be the topology of Span fx1; x2; : : : ; xn�
g. It is also obvious that x0 D
m
�

P�1 .x/
�

and kxkX=V D kx0kX D �

�m
�

P�1 .x/
��

�

X
.

We return to consider the convex process. Suppose A W R
n ! R

n is a convex
process, V is an A-invariant subspace. By the discussion above, we can construct a
quotient space Rn=V and an induced process A W Rn=V ! R

n=V where Ā is defined
as A .x/ D A.x/.

By the definition, PA.x/ D A.x/ D A .x/ D A.Px/ D AP.x/, i.e., PA D AP.
Figure 3.1 is still valid for convex process and its induced process.

The following lemma is fundamental for the induced mapping.
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Lemma 3.2.3

(1) The mapping Ā is well-defined, i.e., if x D y (i.e., y 2 xCV), then A .x/ D A .y/.
(2) y 2 A .x/ if and only if .y C V/\ A.x/ ¤ ∅.
(3) A W Rn=V ! R

n=V is a convex process.
(4) If A is closed, then Ā is also closed.

Proof (1) If x D y, i.e., y D x C v for some v 2 V , then A.y/ D A .x C v/ �
A.x/C A.v/. V is A-invariant, hence A.y/C V � A.x/C V . By the same procedure,
we can obtain A.x/CV � A.y/CV . Thus, A.x/CV D A.y/CV , i.e., PA.x/ D PA.y/,
or A.x/ D A.y/.

(2) y 2 A .x/ D A.x/. By the definition of quotient space, y 2 A.x/ C V . It is
equivalent to .y C V/\ A.x/ ¤ ∅. The procedure can be inversed. (2) is verified.

(3) A is a convex process, hence gra A is a convex cone. For .x1; y1/ ; .x2; y2/ 2
gra A, there exist vi 2 V; iD1; 2; 3; 4 such that .x1Cv1; y1Cv2/ ; .x2Cv3; y2Cv4/2
gra A.

� .y1 C v2/C .1 � �/ .y2 C v4/ 2 �A .x1 C v1/C .1 � �/A .x2 C v3/
� A .� .x1 C v1/C .1 � �/ .x2 C v3// :

Then

P .� .y1 C v3/C .1 � �/ .y2 C v4// 2 PA .� .x1 C v1/C .1 � �/ .x2 C v3// :

The projection P is a linear mapping, consequently,

�P .y1 C v3/C .1 � �/P .y2 C v4/ 2 AP .� .x1 C v1/C .1 � �/ .x2 C v3//
D A .�P .x1 C v1/C .1 � �/P .x2 C v3// ;

or

�y1 C .1 � �/ y2 2 A .�x1 C .1 � �/ x2/ :

(4) A is a closed convex process, i.e., gra A is closed. gra A D f.PA.x/; Px/g, by
the topology defined for Rn=V gra Ā is closed.

Thus, we complete the proof of Lemma 3.2.3. �
Recall the definitions of subspaces T and S. T is the least A-invariant subspace.

S D T?, S is the largest A�-invariant subspace contained in dom A� \ .�dom A�/.
S is isomorphic to R

n=T. If dim T D 
, we can select a set of orthogonal basis
of Rn such that the vectors in S and T have the forms of Œx1 � � � xn�
 0 � � � 0�T and
Œ0 � � � 0 xn�
C1 � � � xn�

T , respectively. By this way, every vector x 2 R
n, x D xS C xT

where xS 2 S and xT 2 T, xS and xT are determined uniquely by x. Because S is
isomorphic to R

n=T, the vector in R
n=T is also denoted by xS.
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Lemma 3.2.4 Suppose A W R
n ! R

n is a strictly convex process. S and T are
spaces defined before Lemma 3.2.2. Ā is the induced mapping of A on R

n=T. Then
we have

(1) A W Rn=T ! R
n=T is a single-valued linear mapping.

(2)
�

A
�� D A�jS.

Proof (1) It is sufficient to verify that A .x/ D PA
�
�

xT
S 0

�T
�

has only one element

where [xT
S 0]T is the exact representative of x C T.

If there is an x 2 R
n=T such that p; q 2 A .x/ ; p ¤ q, then there is an s� 2

S � R
n=T such that hp; s�i < hq; s�i. By the definition of adjoint process, we have

hx;A� .s�/i � h.p v/ ; .s� 0/i D hp; s�i since p 2 A .x/ then there is a v such that
Œp v� 2 A.x/. We have mentioned after Lemma 3.2.1, on S A� is a single-valued
linear, replacing s� by �s�, we obtain hx;A� .�s�/i � hp;�s�i, or hx;A� .s�/i �
hp; s�i. Hence hx;A� .s�/i D hp; s�i. Similarly, we can obtain hx;A� .s�/i D hq; s�i.
A contradiction appears.

Thus, we conclude that A .x/ has only one element for every x 2 R
n=T.

(2) Because A .x/ D PA
�
�

xT
S 0

�T
�

, this means PA W X ! X=V , .PA/� W X=V !
X. By Theorem 3.2.1, .PA/� .x�/ D A�P� .x�/ D A�

h
�

x�
S

�T
0
iT D A�jS

�

x�
S

�

.

Hence,
�

A
�� D A�jS. �

The next corollary is the corresponding results for adjoint processes.

Corollary 3.2.1 Let .A�/ be the induced mapping of A� on the quotient space Rn=S.
Then we have the following conclusions.

(1) .A�/ W Rn=S ! R
n=S is a closed convex process.

(2) x� 2 .A�/ .by�/ if and only if .x� C S/\ A� .y�/ ¤ ∅.
(3) .A�/ D .AjT/�.
(4) dom.A�/ does not contain any .A�/-invariant subspace.
(5) The eigenvalues of .A�/ are all those of A�.

Proof The proofs of Conclusions (1), (2), and (3) are similar to those of corre-
sponding conclusions given in Lemmas 3.2.3 and 3.2.4. Hence, we only verify
Conclusions (4) and (5) below.

(4) Let P be the projection form R
n to R

n=S. If bN is an .A�/-invariant

subspace in dom.A�/, i.e., .A�/
�

bN
�

� bN. By the definition of quotient space,

.A�/P
�

bN C S
�

� bN. From Fig. 3.1, .A�/P D PA�, hence, PA�
�

bN C S
�

� bN D
P
�

bN C S
�

. It implies A�
�

bN C S
�

� bN C S. bN C S is an A� -invariant subspace in

dom A� \ .�dom A�/. It contradicts to the condition that S is maximal. Therefore,
bN D 0.

(5) Suppose � is an eigenvalue of .A�/, but not an eigenvalue of A�. There is
a y� 2 R

n=S and y� ¤ 0 such that �y� 2 .A�/ .y�/, or �y� 2 A� .y�/. By the
definition of quotient space, it is equivalent to �y� � s 2 A� .y�/ where s 2 S. By
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the assumption, � is not an eigenvalue of A�, hence s ¤ 0. By Theorem 3.2.3, on S
.A� � �I/ is an one-to-one mapping, there is an s0 2 S such that .A� � �I/ s0 D s.
Thus,

�y� � �

A� � �I
�

s0 2 A� �y�� ;

or

�
�

y� C s0
� 2 A� �y��C A� .s0/ � A� �y� C s0

�

:

y� … S; s0 2 S, hence y� C s0 ¤ 0. � is an eigenvalue of A�. A contradiction
appears. �

Summing up the conclusions obtained in Theorem 3.2.4, Lemma 3.2.4 and
Corollary 3.2.1, we have the following theorem.

Theorem 3.2.6 Suppose A W R
n ! R

n is a strictly closed and convex process,
� > �M .A�/. The subspaces T and S are those defined in Lemma 3.2.2, Then, we
have:

(1) On the quotient space R
n=T, Ā, the induced mapping of A, is a single-valued

linear mapping. And the adjoint mapping of
�

A
��

equates to the restriction of
A�jS;

(2) There is an integer k such that T D . .A � �I/jT/�k.0/. �
The first conclusion of Theorem 3.2.6 is obtained from Lemma 3.2.4. The second

conclusion is derived from Theorem 3.2.5. Hence the detailed proof is omitted.
Theorem 3.2.6 illustrates that if we decompose R

n into R
n D T ˚ S where the

notation ˚ means direct union of subspaces, if A is a strictly closed and convex
process, then on the subspace S is a single-valued linear mapping, and on T it is
a direct union of some sets. In detail, if x 2 T, then there exist yi 2 T; i D
1; 2; : : : ; k such that

�y1 2 A .y1/ ;
y1 C �y2 2 A .y2/ ;
� � �
yk�1 C �yk 2 A .yk/ ;

yk D x:

The relation given above shows that on T the convex process has Jordan-like
structure. It is similar to a linear mapping on finite space.

Problems

1. If A W R
n ! R

m is a convex process, then .Im.A//� D .A�/�1.0/ and
.dom .A�//� D A.0/. By using the conclusion prove that ImA is dense on R

m

if and only if .A�/�1.0/ D f0g.
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2. Apply the definition of adjoint mapping to show the adjoint mappings of M1

and M3 defined in the proof of Theorem 3.2.1 are M�
1

�

y�
1 y�

2

� D y�
1 C y�

2 and
M�
3 .y

�/ D .y�; y�/.
3. Let Rn=V be a quotient space, P W Rn ! R

n=V is the projection, then if C is a
closed set in R

n, then PC is a closed set of Rn=V . The conclusion holds also for
the open set O. But the inverse conclusion is not true.

4. Suppose A W Rn ! R
n is bounded, closed, and convex process. xn; x0 2 dom A

and xn ! x0 .n ! 1/. Then for a convergent sequence fyn; yn 2 A .xn/g, yn !
y0 .n ! 1/. then y0 2 A .x0/.

5. Prove that if A is convex process, then A � �I is also a convex process where
� 2 R and I is the identical mapping.

6. Prove that the vectors !k defined in the proof of second part of Lemma 3.2.1
form a bounded set.

7. Denote B� D A � �I where A is a convex process, prove the following
conclusions:

(1) dom B D dom A; dom B� D dom A�;
(2) K is a convex cone or a subspace, K is A-invariant if and only if K is B-

invariant;
(3) K is a convex cone or a subspace, K is A�-invariant if and only if K is B�-

invariant.

8. Let S and T be the subspaces defined before Lemma 3.2.2. For every x 2 R
n,

there is a unique decomposition x D xS C xT where xS 2 S; xT 2 T. Prove the
following conclusions.

(1) There are two mappings A�
S W S ! S is a linear single-valued mapping and

A�
T W T ! R

n is a convex process such that

A�y� D A�
S y�

S C A�
Ty�

T D �

A�
S A�

T

�

�

y�
S

y�
T




I

(2) A��.x/ D
�

ASxS

A��
T x




D
�

ASxS

� AT .�x/




.

9. Let A W Rn ! R
m be linear mapping, K � R

n and S � R
m be two closed and

convex cones. A set-valued mapping F W Rn ! R
m is defined as follows:

F.x/ D
�

Ax C S; x 2 K;
∅; x … K:

Prove that: (1) F is a closed and convex process;
(2) Find the adjoint process F� W Rm ! R

n;
(3) A.K/C S D R

m.
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3.3 Controllability of Convex Processes

This section deals with the differential inclusion described by convex process, i.e.,

:
x.t/ 2 A .x.t// (3.3.1)

where x .� / 2 R
n, A W Rn ! R

n is a strictly closed and convex process. By Theorem
3.2.3, A is a Lipschitzian process, and its Lipschitzian constant can be kAk. In the
following, we call Inclusion (3.3.1) to be convex process system for simplicity. A� W
R

n ! R
n is the adjoint process of A. The following differential inclusion

:
y

�
.t/ 2 �A� �y�.t/

�

(3.3.2)

is called by conjugate process system of Inclusion (3.3.1).
Theorem 3.1.1 illustrates A� is a closed and convex process. By Inequality

(3.1.5), Inclusion (3.3.2) is also a Lipschitzian differential inclusion. Moreover,
by Theorem 2.3.3 and the subsequent corollary, solutions of Inclusions (3.3.1)
and (3.3.2) exist. We have assumed that A and A� are all closed processes, hence
0 2 A.0/ and 0 2 A�.0/, i.e., the origin is the equilibrium of the both inclusions.

3.3.1 T-Controllability

In Sect. 2.4, we considered the reachable set of a differential inclusion. The concept
of reachability is defined for the terminal. We have proved that the reachable
set is an arc connected set. The concept defined in this section is about the
starting point. Although we only consider the controllability of convex process
system and its conjugate system, the concept can be extended to other differential
inclusions.

Definition 3.3.1 Consider Inclusion (3.3.1), a set PT is defined as follows

PT D ˚

p 2 R
nI there exists an x.t/ 2 SŒ0;T� .A; p/ ; such that x.T/ D 0

�

:

PT is the controllability set of Inclusion (3.3.1) at time T. For simplicity, it is called
as T-controllability set. �

Every reader who is familiar with the theory of linear system can find the
definition of controllability set is quite similar to the definition for linear system.

Lemma 3.3.1 Let S(A, x0) be the solution set of Inclusion (3.3.1) with initial
condition x .t0/ D x0. If x.t/ 2 S .A; x0/, then for every ˛ 2 R .� 0/, ˛x.t/ 2
S .A; ˛x0/; if xi.t/ 2 S .A; xi0/ ; i D 1; 2, then .x1.t/C x2.t// 2 S .A; x10 C x20/.

Proof The proof is direct.
:
x.t/ 2 A .x.t//, ˛

:
x.t/ 2 ˛A .x.t// D A .˛x.t// since A is

a convex process. And ˛x.0/ D ˛x0, i.e., ˛x.t/ 2 S .A; ˛x0/.

http://dx.doi.org/10.1007/978-3-662-49245-1_2
http://dx.doi.org/10.1007/978-3-662-49245-1_2
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Because

:
x1.t/C :

x2.t/ 2 A .x1.t//C A .x2.t// � A .x1.t/C x2.t// ;

and x1.0/C x2.0/ D x10 C x20, .x1.t/C x2.t// 2 S .A; x10 C x20/. �
By Lemma 3.3.1, it is clear that PT is a convex cone.
A set for the Inc. (3.2.2) is defined as follows

QT D ˚

q 2 R
nI there exists a y�.t/ 2 SŒ0;T�

��A�; q
��

:

Note that the definition of QT has no any requirement for the terminal y�.T/.With a
similar proof of Lemma 3.3.1, it is direct to show QT is also a convex cone.

We have found that at many situations, A� has more useful properties than A,
for example A�.0/ D f0g there is only one element, and if we restrict A� on a
subspace, then A� is a linear single-valued mapping. These are reason why we prefer
investigate A� to A. In this section, we will apply A� to deal with the controllability
of A.

We start with a simple fact.

Lemma 3.3.2 Fro Inc. (3.3.2), SŒ0;T� .�A�; 0/ D f0g.

Proof By conclusion (2) of Theorem 3.2.3, we have
�

�

:
y

�
.t/
�

� � kAk ky�.t/k.
Using Lemma 2.3.1 (Gronwall inequality), we can obtain that if y�.0/ D 0;

then y�.t/ 	 0. �
Because 0 2 A.0/, when T1 � T2, we conclude that PT1 � PT2 . From the

definition of QT , we have QT1 � QT2 if T1 � T2.
The main conclusion of this section is the following theorem which gives the

duality of PT and QT .

Theorem 3.3.1 P�
T D �QT .

Proof Suppose q 2 QT , then there exists a y�.t/ 2 SŒ0;T� .�A�; q/. Let p 2 PT be
selected arbitrarily. Then there is an x.t/ 2 SŒ0;T� .A; p/ and x.T/ D 0. We have

hp; qi D hx.0/; y�.0/i D hx.0/; y�.0/i � hx.T/; y�.T/i

D �
T
Z

0

d

ds
hx.s/; y�.s/i ds

D �
T
Z

0

˝ :
x.s/; y�.s/

˛C ˝

x.s/;
:
y

�
.s/
˛

ds

� 0:

It implies �q 2 P�
T , hence, �QT � P�

T .

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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We now prove the opposite conclusion, i.e., �QT � P�
T , or equivalently, we prove

that for every �q 2 P�
T , then q 2 QT , i.e., SŒ0;T� .�A�; q/ ¤ ∅. The proof consists of

three steps.
(1) Constructing a finite series fbv1;bv2; : : : ;bvNg wherebvi 2 R

n.
Let N be a positive integer. Then we define � D T=N. Take vN 2 A.0/, a finite

series can be obtained as follows

vN 2 A.0/;
vN�1 2 A .��vN/ ;

� � �
v1 2 A .�� .vN C vN�1 C � � � C v2// : (3.3.3)

Because dom A D R
n, the v1, v2, : : : , vN exist. Define a set K � R

2Nn as follows.

K D
n
�

uT
N ; : : : ; u

T
1 ; v

T
N ; : : : v

T
1

�T 2 R
2NnI .ui; vi/ 2 gra A; i D 1; 2; : : : ;N

o

:

By Relation (3.3.3), K is nonempty and is a closed and convex cone since A is a strict
closed convex process. For convenience, denote v D �

vT
NvT

N�1 � � � vT
2 vT
1

�T 2 R
Nn and

define a 2Nn � Nn real matrixƒ as follows:

ƒ D

2

6

6

6

6

6

6

6

6

6

6

6

4

0 0 0 � � � 0

� �I 0 0 � � � 0

� �I ��I 0 � � � 0

� � � � � � � � � � � � � � �
� �I ��I ��I � � � 0

I 0 0 � � � 0

� � � � � � � � � � � � � � �
0 0 0 � � � I

3

7

7

7

7

7

7

7

7

7

7

7

5

2 R
2Nn�Nn;

where I 2 R
n�n is the identical matrix and 0 is the n � n zero matrix, then we have

ƒv D ƒ
�

vT
NvT

N�1 � � � vT
1

�T

D �

0T � �vT
N � �

�

vT
N C vT

N�1
� � � � � �

�

vT
N C vT

N�1 C vT
2

�

vT
NvT

N�1 � � � vT
1

�T
:

If ƒv 2 K, then v D �

vT
NvT

N�1 � � � vT
1

�T
satisfies Relation (3.3.3).

We now consider the following optimization problem with constraint,

inf‰ .v/ D �

N
X

kD1
hq; vki C �

N
X

kD1
hvk; vki

D � hq; vi C �kvk2;
s:t: ƒv 2 K;



188 3 Convex Processes

where �q 2 P�
T and q D

h

N
‚ …„ ƒ

qTqT � � � qT
iT 2 R

Nn. An alternative expression of the

optimization problem is

Inf ˆ.v/ D ‰ .v/C ı
�

v; ƒ�1K
� D � hq; vi C �kvk2 C ı

�

v; ƒ�1K
�

; (3.3.4)

where ƒ�1 is the inverse mapping of ƒ hence ƒ�1K is a set of RNn. ı
�

v; ƒ�1K
�

is the indicator function of ƒ�1K. A is a strict convex process, hence, it is direct to
show

ƒRNn � K D R
2Nn: (3.3.5)

By the definition of ‰ .v/, it is true that ‰ .v/ ! 1 as v ! 1. Hence, there is
an M 2 R such that

inf
v2RNn

‰ .v/ D inf
kvk�M

‰ .v/ D min
kvk�M

‰ .v/ :

A is a closed convex process, K \ ƒ fvI kvk � Mg is a closed set of R
2Nn;

consequently, there is a bv with kbvk � M and bv 2 ƒ�1K such that ‰ .bv/ D
min

kvk�M
‰ .v/ D inf‰ .v/, or equivalently, ˆ.bv/ D minˆ.v/. Since ‰.0/ D 0,

ˆ.bv/ D ‰ .bv/ � 0.
(2) Estimating the boundary ofbv.
In order to obtain a solution of Inc. (3.3.1) by using Theorem 2.3.3, a function

bx.t/ is constructed as follows:

bx.t/D
�

.t � k�/bvk � �.bvkC1C � � � CbvN/ ; t 2 Œ.k � 1/ �; k�� ;
.t � N�/bvN ; t 2 Œ.N � 1/ �;N�� :

k D1; 2; : : : ;N � 1;

Thebx.t/ is a piecewise linear function, andbx.T/ D bx .N�/ D 0. Let M D fbx.t/g
and r0.x/ D x. Then for every p 2 PT , there exists a Qx.t/ 2 SŒ0;T� .A; p/ by Theorem
2.3.34 such that

kbx.t/ � Qx.t/k �
T
Z

t

ekAk.T�s/d
� :

bx.s/;A .bx.s// ds;

where d.
:

bx.s/;A .bx.s// is the distance between
:

bx.s/ and A .bx.s//. Especially,

4We apply Theorem 2.3.3 at the terminal time T, i.e., it requiresbx.T/ D Qx.T/.

http://dx.doi.org/10.1007/978-3-662-49245-1_2
http://dx.doi.org/10.1007/978-3-662-49245-1_2
http://dx.doi.org/10.1007/978-3-662-49245-1_2
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kbx.0/� Qx.0/k �
T
Z

0

ekAk.T�s/d
� :

bx.s/;A .bx.s// ds � ekAkT

T
Z

0

d
� :

bx.s/;A .bx.s// ds:

By the definition ofbx.s/, we have

T
Z

0

d
� :

bx.s/;A .bx.s//
�

ds D
N
X

kD1

k�
Z

.k�1/�
d
� :

bx.s/;A .bx.s//
�

ds

�
N
X

kD1

k�
Z

.k�1/�
Œd .bvk;A .bx .k�///C d .A .bx.s// ;A .bx .k�///� ds;

Becausebx .k�/ D �� .bvkC1 C � � � CbvN/ andbvk 2 A .bx .k�// by Relation (3.3.3),
d .bvk;A .bx .k�/// D 0 and d .A .bx.s// ;A .bx .k�/// � kAk kbx.s/�bx .k�/k D
kAk kbvkk js � k� j since s 2 Œ.k � 1/ �; k��. We then obtain

T
Z

0

d
� :

bx.s/;A .bx.s//
�

ds � kAk
N
X

kD1
kbvkk

k�
Z

.k�1/�
js � k� j ds D 1

2
kAk �2

N
X

kD1
kbvkk:

It follows that

kbx.0/� Qx.0/k � 1

2
eTkAk kAk �2

N
X

kD1
kbvkk: (3.3.6)

At the end of the first step, we have mentioned that

0 � ‰ .bv/ D �

*

q;
N
X

kD1
bvk

+

C �

N
X

kD1
kbvkk2:

Becausebx.0/ D ��
N
X

kD1
bvk, �

*

q;
N
X

kD1
bvk

+

D h�q;bx.0/i. Moreover, we have

0 � h�q;bx.0/i C �

N
X

kD1
kbvkk2 C hq; Qx.0/i � hq; Qx.0/i

� hq; Qx.0/�bx.0/i C �

N
X

kD1
kbvkk2

� � kqk kQx.0/�bx.0/k C �

N
X

kD1
kbvkk2:
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In the second inequality, we have apply the fact that h�q; Qx.0/i � 0 which can be
proved by �q 2 P�

T and Qx.0/ D p 2 PT . From Inequality (3.3.6), we have

�

N
X

kD1
kbvkk2 � kqk kQx.0/�bx.0/k � 1

2
eTkAk kqk kAk �2

N
X

kD1
kbvkk � c�2

N
X

kD1
kbvkk;

where c D 1
2
eTkAk kqk kAk. Using the inequality

q

1
n

Pn
iD1 a2i � 1

n

Pn
iD1 ai, we

obtain
q

N
PN

kD1 kbvkk2 � PN
kD1 kbvkk. Substituting it to the above inequality leads

to for i D 1; 2; : : : ;N,

kbvik �
v

u

u

t

N
X

kD1
kbvkk2 � cTp

N
; (3.3.7)

where we apply the equation N� D T.
(3) Constructing a solution y�.t/ 2 SŒ0;T� .�A�; q/.
Recall the optimization (3.3.4), by Theorem 1.3.6, we have 0 2 @ˆ .bv/, i.e.,

0 2 @ˆ .bv/ D �q C 2�bv C @ı
�

bv; ƒ�1K
� D �q C 2�bv � �

ƒ�1K
��
;

where we apply the fact that @ı
�

bv; ƒ�1K
� D ��ƒ�1K

��
by Problem 10 (4) of

Sect. 2.1. Also from Problem 10 (3) of Sect. 2.1, Eq. (3.3.5) implies
�

ƒ�1K
�� D

ƒ�K�, therefore, 0 2 �q C 2�bv �ƒ�K�. There is an .x�; v�/ 2 K� such that

0 D �q C 2�bv �ƒ� �x�; v�� :

The equation is equivalent to

�
�

qTqT � � � qT
�T C 2�

�

bvT
Nbv

T
N�1 � � �bvT

1

�T

D
2

4

 

��
N�1
X

kD1
x�

k C v�
N

!T 

��
N�2
X

kD1
x�

k C v�
N�1

!T

� � � ���x�
1 C v�

2

�T�
v�
1

�T

3

5

T

:

(3.3.8)

Rewrite Eq. (3.3.8) in its component form, we obtain

�q C 2�bv1 D v�
1 ;

�q C 2�bv2 D ��x�
1 C v�

2 ;

� � � � � �
�q C 2�bvN D �� �x�

N�1 C � � � C x�
1

�C v�
N :

(3.3.9)

http://dx.doi.org/10.1007/978-3-662-49245-1_1
http://dx.doi.org/10.1007/978-3-662-49245-1_2
http://dx.doi.org/10.1007/978-3-662-49245-1_2
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Because .x�; v�/ 2 K�,
�

v�
k ; x

�
k

� 2 gra .�A�/ ; k D 1; 2; : : : ;N. Let
by�

k D �

x�
k =�

�

; k D 1; 2; : : : ;N. Then by the first equation in (3.3.9), we
obtain �by�

1 2 �A� .�q C 2�bv1/, or by�
1 2 �A� .q C 2bv1/. From the second

equation of (3.3.9), similarly, we haveby�
2 2 �A� �q C �y�

1 C 2bv2
�

. Generally, we
have

by�
k 2 �A� �q C �

�

y�
1 C � � � y�

k�1
�C 2bvk

�

: (3.3.10)

A function y�
N.t/ is constructed by usingby�

k as follows:

y�
N.t/ D

8

ˆ
ˆ
ˆ
ˆ
ˆ
<

ˆ
ˆ
ˆ
ˆ
ˆ
:

q C tby�
1 ; t 2 Œ0; �� ;

� � � � � �
q C �

�

by�
1 C � � �by�

k

�C .t � k�/by�
kC1; t 2 Œk�; .k C 1/ �� ;

� � � � � �
q C �

�

by�
1 C � � �by�

N�1
�C .t � .N � 1/ �/by�

N ; t 2 Œ.N � 1/ �;N�� :

It is easy to see that this y�
N.t/ holds the following properties:

(i) y�
N.0/ D q:.

(ii)
:
y

�
N.t/ Dby�

kC1 2 �A� �q C �
�

by�
1 C � � � Cby�

k

�C 2bvk
�

; t 2 Œk�; .k C 1/ �� :.

If we denote z�
N.t/ D 2bvk � .t � k�/by�

kC1; t 2 Œk�; .k C 1/ ��, then

:
y

�
N.t/ 2 �A� �y�

N.t/C z�
N.t/

�

: (3.3.11)

By the definition of z�
N.t/, it is easy to obtain that sup

ˇ

ˇz�
N.t/

ˇ

ˇ � 2max kbvkk C
�
�

�
by�

kC1
�

�. A� is a closed and bounded operator, by Relation (3.3.10), by�
kC1 is

bounded. Using Inequality (3.3.7) and the definition of � D T=N, we conclude
that sup

ˇ

ˇz�
N.t/

ˇ

ˇ ! 0 .N ! 1/.

y�
N .k�/ D q C �

�

by�
1 C � � � Cby�

k

� D q C �
�

by�
1 C � � � Cby�

k�1
�C �by�

k

D y�
N ..k � 1/ �/C �by�

k :

By Eq. (3.3.10), we have

�

�y�
N .k�/

�

� � �

�y�
N ..k � 1/ �/��C �

�

�
by�

k

�

�

� �

�y�
N ..k � 1/ �/��C � kAk ��q C �

�

y�
1 C � � � C y�

k�1
�C 2bvk

�

�

� �

�y�
N ..k � 1/ �/��C � kAk ��y�

N ..k � 1/ �/��C 2� kAk kbvkk

� .1C � kAk/ ��y�
N ..k � 1/ �/��C 2�cT kAkp

N
:
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Recursively, we have

�

�y�
N .k�/

�

� � .1C � kAk/ ��y�
N ..k � 1/ �/

�

�C 2�cT kAkp
N

� .1C � kAk/2 ��y�
N ..k � 2/ �/

�

�C ..1C � kAk/C 1/
2�cT kAkp

N
� � � � � �

� .1C� kAk/k kqk C
�

.1C� kAk/k�1C � � � C .1C� kAk/C1
� 2�cT kAkp

N

� .1C � kAk/N kqk C
�

.1C � kAk/N � 1
� 2cTp

N
:

� D T=N, hence .1C � kAk/N D .1C .T kAk =N//N ! e
1

TkAk .N ! 1/. There
is a constant Qc such that for every t 2 Œ0;T� and every integer N

�

�y�
N.t/

�

� � Qc, and
�

�

:
y

�
N.t/

�

� � kAk Qc by Inc. (3.3.11). Using Arzela-Ascoli Theorem, there is a subseries
of
˚

y�
N.t/;N D 1; 2; : : :

�

and
˚ :
y

�
N.t/;N D 1; 2; : : :

�

, which is uniformly convergent.
Without loss of generality, we can say y�

N.t/ ! y�.t/; :
y

�
N.t/ ! :

y
�
.t/ uniformly.

Finally, using Inc. (3.3.11), we obtain y�.t/ 2 SŒ0;T� .�A�; q/. The theorem is
verified. �
Remark Transforming the optimization problem to the (3.3.4) is a meaningful
step. The optimization introduces ƒ�K� so that we can transfer the problem to
the adjoint process. The transformation can be treated as an extension of Lagrange
multiplication. �

3.3.2 Controllability

This subsection extends the discussion PT to the more general case.
Denote P D [

T>0
PT . Because PT1 � PT2 .T1 � T2/, we have P D lim

T!1 PT .

Dually, if we define Q D \
T>0

QT , similarly, we have QT1 � QT2 .T1 � T2/. Thus,

Q D lim
T!1 QT . By Theorem 3.3.1, it is direct that P� D �Q.

Definition 3.3.2 The set P is called by the controllability set of Inc. (3.3.1). If
P D R

n then the Inc. (3.3.1) is said to be controllable, or the convex process A is
controllable or A holds controllability. �
Theorem 3.3.2 If Inc. (3.3.1) is controllable, then there is a T < 1, such that
PT D R

n.

Proof: We denote B for the closed ball in R
n. There exist n C 1 vec-

tors x1; x2; : : : ; xnC1 2 R
n such that conx .x1; x2; : : : ; xnC1/ � B where

conx .x1; x2; : : : ; xnC1/ is the simplex generated by x1; x2; : : : ; xnC1.
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Because Inc. (3.3.1) is controllable, for every xi, i 2 f1; 2; : : : ; n C 1g, there is a
xi.t/ 2 SŒ0;Ti� .A; xi/ such that xi .Ti/ D 0. Let T D max fTi; i D 1; 2; : : : ; n C 1g.
Then by PT � PTi , we have an Qxi.t/ 2 SŒ0;T� .A; xi/, Qxi.T/ D 0 for every
i 2 f1; 2; : : : ; n C 1g. Because conx .x1; x2; : : : ; xnC1/ � B, for every x0 2 B, there

exist �i 2 Œ0; 1�, i 2 f1; 2; : : : ; n C 1g,
nC1
X

iD1
�i D 1 such that x0 D

nC1
X

iD1
�ixi. By

Lemma 3.3.1, we conclude x.t/ D
nC1
X

iD1
�i Qxi.t/ 2 SŒ0;T� .A; x0/ and x.T/ D 0.

Now, let x0 2 R
n, there is a ˛0 2 R

C such that ˛x0 2 B. Using Lemma 3.3.1
again, ˛�1x.t/ 2 SŒ0;T� .A; x0/. x.T/ D 0, consequently, ˛�1x.T/ D 0. �

The following corollary is a natural result of Theorem 3.3.2.

Corollary 3.3.1 If Inc. (3.3.1) is controllable, then there is a T < 1 such that
QT D f0g. �

The main result of this subsection is the following theorem.

Theorem 3.3.3 Let A W Rn ! R
n be strictly closed and convex process. Then A

is controllable if and only if A� has no an invariant subspace and also no nontrivial
eigenvector.

Proof Necessity. If A� holds a nontrivial invariant subspace S, then by the Corollary
3.1.1 and illustration given after the corollary, the restriction of A� on S, A�jS, is a
linear mapping. Using S1 to denote the least invariant subspace of A�jS, we know the
dimension of S1 is one or two by the conclusion of linear algebra (or the explanation
given before Lemma 3.2.2 in this book)

If dim S1 D 1, then S1 is a real eigenspace of A�jS. It implies that there
is for every x0 2 S1, x0 ¤ 0 we have A�x D �x. Furthermore, e��tx0 2
S1 \ SŒ0;1/ .�A�; x0/. The fact implies S1 � Q, hence, Q ¤ f0g, i.e. P ¤ R

n.
If dim S1 D 2, then there exist ˛; ˇ 2 R and x; y 2 S1; kxk D kyk D 1 such

that A�x D ˛x � ˇy and A�y D ˇx C ˛y. By the conclusions established in the
theory of differential equations, for ax C by 2 span .x; y/ where a and b are arbi-
trarily real numbers, we have 2 S1 \ SŒ0;1/ .�A�; x0/ e�˛t .a cosˇt � b sinˇt/ x C
e�˛t .b cosˇt C a sinˇt/ y. The fact also implies S1 � Q, hence, Q ¤ f0g, i.e.
P ¤ R

n.
Sufficiency. It is sufficient to show Q D f0g which is verified by contradiction.

The proof contains two steps.
(1) We assume Q is not a proper set, i.e., Q contains a subspace of Rn. Let S be

the maximal subspace contained in Q, i.e., S D Q \ .�Q/. Let y�
0 2 S. Then by the

definition of Q, there exists a y�.t/ 2 SŒ0;1/

��A�; y�
0

�

. On the other hand, because
�y�

0 2 S, there is also a y�.t/ 2 SŒ0;1/

��A�;�y�
0

�

. Thus, by Lemmas 3.3.1 and
3.3.2, we have

y�.t/C y�.t/ 2 SŒ0;1/

��A�; y�
0 � y�

0

� D SŒ0;1/

��A�; 0
� D f0g :
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The above relation implies the following facts:

(1) The set SŒ0;1/

��A�; y�
0

�

has only one element;
(2) y�.t/ D �y�.t/;
(3) For every t 2 Œ0;1/, y�.t/ 2 Q, then by the above fact ii, y�.t/ 2 S.

Because for t; t0 2 Œ0;1/, y�.t/ 2 S and y� .t0/ 2 S,

y�.t/ � y� .t0/
t � t0

2 S:

Since S is a linear subspace. S is closed; hence, when t ! t0, we obtain
:
y

�
.t/ 2 S.

Especially,
:
y

�
.0/ D �A� .y�.t//jtD0 2 S, i.e., A� �y�

0

� 2 S. It leads to that S is an
invariant subspace of A�. We have gotten a contradiction. Therefore, Q is proper.

(2) We show that if Q ¤ f0g, then Q has an eigenvector. Let k be an positive
integer. We construct a convex process Ak W Rn ! R

n as follows:

Ak
�

x�� D RŒ0; 1k �
��A�; x�� ;

where RŒ0; 1k �
.�A�; x�/ has been defined in Definition 2.4.1.

It is obvious Q � dom Ak and Ak .x�/ \ Q ¤ ∅ for every x� 2 Q. Because we
have verified that Q is proper, by Lemma 3.2.1, there exists an eigenvalue �k � 0

and eigenvector xk 2 Q; kxkk D 1 such that �kx�
k 2 Ak

�

x�
k

� D RŒ0; 1k �
��A�; x�

k

�

.

Suppose x�
k .t/ 2 SŒ0;1�

��A�; x�
k

�

and x�
k .1=k/ D �kx�

k , i.e.,

�kx�
k D x�

k




1

k

�

D x�
k C

1=k
Z

0

:
x

�
k .t/dt: (3.3.12)

Because A is a bounded and closed process, by Theorem 3.2.3 (2) and Gronwall
inequality (Lemma 2.3.1), we can conclude that both

˚

x�
k .t/

�

and
˚ :
x

�
k .t/

�

are
bounded sets, it implies

˚

x�
k .t/

�

is uniformly continuous. Therefore,
˚

x�
k .t/

�

holds a
convergent subseries. Without loss of generality, we assume

˚

x�
k .t/

�

is convergent to
x�.t/ uniformly. Denote x�

k ! x0, then kx0k D 1. By Theorem 2.4.4, we conclude
x�.t/ 2 SŒ0;1� .�A�; x0/.

Given an " > 0, there is a K when k > K, we have

�A� �x�
k .t/

� � �A� �x�
0

�C "B; for t 2
�

0;
1

k




:

By Equation (3.3.12) and Lemma 2.4.1, we obtain

�kx�
k D x�

k C
1=k
Z

0

:
x

�
k .t/dt 2 x�

k C 1

k

��A� �x�
0

�C "B
�

;

http://dx.doi.org/10.1007/978-3-662-49245-1_2
http://dx.doi.org/10.1007/978-3-662-49245-1_2
http://dx.doi.org/10.1007/978-3-662-49245-1_2
http://dx.doi.org/10.1007/978-3-662-49245-1_2
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or it can be written as

k .�k � 1/ x�
k 2 �A� �x�

0

�C "B: (3.3.13)

The right side of Relation (3.3.13) is a bounded set, and
�

�x�
k

�

� D 1; hence, the set
fk .�k � 1/g holds a convergent subseries. Without loss of generality, we can assume
k .�k � 1/ ! �0. Relation (3.3.13) then leads to �0x�

0 2 �A� �x�
0

�C "B. Since " is
selected arbitrarily, we conclude �0x�

0 2 �A� �x�
0

�

, i.e., A� has an eigenvector which
belongs to Q. This is a contradiction to the condition of theorem. The sufficiency is
verified. �

Theorem 3.3.2 implies a conclusion that if y� 2 �A� .y�/ holds a solution whose
domain can be extended to Œ0;1/, then dom A� contains a subspace or A� has an
nontrivial eigenvector.

Problems

1. Prove that
:
y

�
N.t/ defined in the proof of Theorem 3.3.1 is bounded.

2. Prove that Ak defined in the proof of Theorem 3.3.3 is a closed convex process.
3. Suppose the set-valued mapping A(x) is defined by A.x/ D Cx C K, where C 2

R
n�n and K � R

n is closed and convex cone. Prove the following statements:

(1) A(x) is a closed and convex process;

(2) A� .y�/ D
�

C�y�; y� 2 K�;
∅; y� … K�I

(3) The convex process
:
x 2 A.x/ is controllable if and only if C� 2 R

n�n has no
eigenvector in K�;

(4) The convex process
:
x 2 A.x/ is controllable if and only if there exists an

integer m � 1 such that

K C CK C � � � C CmK D K � CK C � � � C .�1/mCmK D R
n:

(Note: If K is a subspace of Rn, then there is a matrix D such that K D DR
n.

Moreover, K C CK C � � � C CmK D R
n is equivalent to rank

�

C CD � � � Cn�1D
� D n;

the later is known as the controllability criterion of linear system
:
x D Cx C Du.)

3.4 Stability of Convex Process Differential Inclusions

This section deals with the stability of differential inclusions of convex processes.
We mainly consider the weak stability. The necessary and sufficient conditions
of the weak stability will be presented, and their Lyapunov functions will be
constructed. Because the convex process is an extension of the linear mapping in
theory of set-valued mapping, the concept of exponential stability can be extended
to the convex process differential inclusions. Readers will find that the exponential
stability plays a very important role in the stability theory of convex systems.
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Let us start to recall the definition of stability of differential inclusions. Consider
the Cauchy problem of differential inclusion described as follows:

:
x.t/ 2 F .x.t// ; x.0/ D x0: (3.4.1)

S[0,T](F, x0) is the set of solutions of Inc. (3.4.1). [0, T] is the interval of time where
the solutions exist. If T D 1, the set SŒ0;1/ .F; x0/ is simplified as S(F, x0) for
convenience.

If 0 2 F.0/, then the origin is an equilibrium of Inc. (3.4.1). From now on, we
always assume 0 2 F.0/, and the stability always considers for the equilibrium.

Inc. (3.4.1) is said to be (strong) stable if there is a function ˛ which belongs to
Class K such that for every x.t/ 2 S .F; x0/, we have

kx.t/k � ˛ .kx0k/ : (3.4.2)

Inc. (3.4.1) is said to be (strong) asymptotically stable if there is a function ˇ in
Class KL such that for every x.t/ 2 S .F; x0/, we have

kx.t/k � ˇ .kx0k ; t/ : (3.4.3)

Inc. (3.4.1) is said to be weakly stable if there is a function ˛ in Class K and there
exists at least one x.t/ 2 S .F; x0/ such that

kx.t/k � ˛ .kx0k/ :

It is said to be weakly asymptotically stable if there is a function ˇ in Class KL and
there exists at least one x.t/ 2 S .F; x0/ such that

kx.t/k � ˇ .kx0k ; t/ :

Inc. (3.4.1) is said to be unstable if it is not weakly stable.
It has seen that for differential inclusions there are “strongly stable”, “weakly

stable” and “unstable” different definitions. The difference between “strong” and
“weak” is “all” and “one”, and the “unstable” is the negative of “weakly stable”.

3.4.1 Stability of Convex Processes

Consider the following differential inclusion

:
x.t/ 2 A .x.t// ; (3.4.4)

where A: R
n ! R

n is a strict, closed and convex process. For the sake of
convenience, Inc. (3.4.4) is called as convex system.
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The dual system of Inc. (3.4.4) is defined as

:
y

�
.t/ 2 �A� �y�.t/

�

; (3.4.5)

where A�: Rn ! R
n is the adjoint process of A. Inc. (3.4.5) is also called as adjoint

system of Inc. (3.4.4), sometimes.
Because 0 2 A.0/ and 0 2 �A�.0/, the origin is always the equilibrium of both

Incs. (3.4.4) and (3.4.5).
From Theorem 3.3.2, we can find that if Inc. (3.4.4) is controllable then it is

weakly asymptotically stable. Therefore, the weakly asymptotic stability is a weaker
concept than the controllability. The controllability is somewhat similar to the finite
time stability in the theory of differential equations.

Let S be the maximal A�-invariant subspace contained in dom A� \ .�dom A�/,
and T D S?. By Lemma 3.2.2, T is the minimal A-invariant subspace. Because
R

n D S ˚ T, for every x 2 R
n there exist uniquely xS 2 S; xT 2 T such that x D

xS C xT . Consequently, sometimes we denote xT D �

xT
S xT

T

�

by treating [xT
S 0]T as

xS and [0 xT
T ]T as xT . We have mentioned that two norms in a finite space are always

equivalent (Theorem 1.1.1), hence the norm of x takes that kxk D max fkxSk ; kxTkg
in this section, and both kxSk and kxTk are their Euclidean norms, i.e., kxSk D
q

xT
S xS and kxTk D

q

xT
TxT . By Theorem 3.2.6 and the illustration after the theorem,

Ā, the induced mapping of A on R
n=T, is a simple-valued linear mapping, and

�

A
��

can be treated to be identical to the restriction of A� on S. When A is restricted on
T, i.e., AjT , has a Jordan-like construction. Denote Lk .�/ D .A � �I/�k.0/. When
S D f0g and � > �M .A�/, where �M .A�/ is the maximal eigenvalue of A� (we
have stipulated �M .A�/ D �1 when A� has no eigenvalue), Lk .�/ D R

n for some
integer k. If S ¤ f0g, the conclusion is still valid for the restriction of A on T, i.e.,
T D .AjT � �IjT/

�k.0/ for some constants k and �.

Theorem 3.4.1 If S D f0g and 0 > �M .A�/, the convex system Inc. (3.4.4) is
weakly asymptotically stable.

Proof Because 0 > �M .A�/, we can select an � such that 0 > � > �M .A�/. By the
statement above, we conclude that Rn D .A � �I/�k.0/ for this �. It follows that for
every x0 2 R

n, there exist yk; yk�1; : : : ; y1 2 R
n such that

x0 D yk 2 .A � �I/�1 .yk�1/ ; yk�1 2 .A � �I/�1 .yk�2/ ; : : : ; y1 2 .A � �I/�1.0/:

We now construct a function x(t) as follows

x.t/ D e�t




tk�1

.k � 1/Šy1 C tk�2

.k � 2/Šy2 C � � � C yk

�

: (3.4.6)

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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It is obvious that x(t) can define on Œ0;1/. Taking the derivate of x(t), we obtain

:
x.t/ D �e�t




tk�1

.k � 1/Šy1 C tk�2

.k � 2/Šy2 C � � � C yk

�

Ce�t




tk�2

.k � 2/Šy1C
tk�3

.k � 3/Š
y2C� � �Cyk�1

�

D e�t




tk�1

.k � 1/Š�y1 C tk�2

.k � 2/Š .y1 C �y2/C � � � C .yk�1 C �yk/

�

2 e�t




tk�1

.k � 1/Š
A .y1/C tk�2

.k � 2/Š
A .y2/C � � � C A .yk/

�

C � A




e�t




tk�1

.k � 1/Š
y1 C tk�2

.k � 2/Š
y2 C � � � C yk

��

D A .x.t// :

And x.0/ D yk D x0. Consequently, x.t/ 2 SŒ0;1/ .A; x0/ and x.t/ ! 0 .t ! 1/. �
If S ¤ f0g, Theorem 3.4.1 should be revised as follows.

Corollary 3.4.1 If 0 > � > �M .A�/ and x0 2 Lk .�/, then there exists an x.t/ 2
S .A; x0/, such that lim

t!1x.t/ D 0. �

The proof of Corollary 3.4.1 is exactly the same as that of Theorem 3.4.1 and
omitted.

Theorem 3.4.1 and Corollary 3.4.1 provide conclusions which are very similar to
those for differential equations.

In the theory of differential equations, the exponential convergence is a faster
convergence than asymptotic convergence. We now extend this concept to differen-
tial inclusions.

Definition 3.4.1 Inc. (3.4.1) is exponentially stable, if for every x0 and every x.t/ 2
S .F; x0/, there exist constants ˛ > 0 and � > 0 such that kx.t/k � ˛ kx0k e��t.

Inc. (3.4.1) is weakly exponentially stable, if for every x0 there exist ˛ > 0 and
� > 0, and x.t/ 2 S .F; x0/ such that kx.t/k � ˛ kx0k e��t. �

The following lemma extends the conclusion of Theorem 3.4.1.

Lemma 3.4.1 If Inc. (3.4.4) is weakly asymptotically stable, then it is weakly
exponentially stable.

Proof We use bd B to denote the shell of closed unit ball of Rn. Because the unit
ball can be contained in a simplex, there exist y1; y2; : : : ; ynC1 2 R

n such that
bd B � conx .y1; y2; : : : ; ynC1/. Consequently, for every y 2 bd B, there exist

�1; �2; : : : ; �nC1 2 Œ0; 1� and 1 D
nC1
X

iD1
�i such that y D

nC1
X

iD1
�iyi.

Inc. (3.4.4) is weakly asymptotically stable, hence, for every i; i 2
f1; 2; : : : ; n C 1g, there exists an xi.t/ 2 S .A; yi/ such that lim

t!1 xi.t/ D 0. Further-
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O
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a
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Fig. 3.2 The feature of kx(t)k

more, there is a T > 0 such that kxi.T/k � ae�1 for every i; i 2 f1; 2; : : : ; n C 1g
where the constant a is defined as a D max fkxi.t/k ; t 2Œ 0;1 /; iD1; 2; : : : ; n C 1g.

Define x.t/ D
nC1
X

iD1
�ixi.t/, then by Lemma 3.3.1, we have x.t/ 2 S .A; y/.

Moreover, the x(t) satisfies that (1) lim
t!1 x.t/ D 0, (2) kx.T/k � ae�1, (3)

kx.t/k � a; t 2 Œ0;T�.
Let us denote � D T�1 and ˛ D ae, where the ˛ is independent of x(t) and T.

Then kx.t/k � ˛e��t as t 2 Œ0;T�. Furthermore, if we define

y.t/ D x.mT/x .t � mT/ ; t 2 ŒmT; .m C 1/ T/ m D 0; 1; 2; : : : ;

then y.t/ 2 S .A; y/ and ky.t/k � ˛e��t (Fig. 3.2).
For arbitrary x0 2 R

n, y D x0kx0k�1 2 bd B. There is a y.t/ 2 S .A; y/ such
that ky.t/k � ˛e��t. By Lemma 3.3.1, x.t/ D kx0k y.t/ 2 S .A; x0/, then kx.t/k �
˛ kx0k e��t. It completes the proof. �

Lemma 3.4.1 reveals the uniformness of weakly asymptotic stability of convex
system. We have obtained ˛ and � which are independent of the initial condition.
In the proof of Lemma 3.4.1, we have applied the features of finite dimension linear
space and convex process sufficiently. The lemma will play an important role in the
following discussion.

Theorem 3.4.2 Suppose A is a strict, closed and convex process. The following
statements are equivalent.

(1) Inc. (3.4.4) is weakly asymptotically stable.
(2) The dual Inc. (3.4.5) is nowhere stable, i.e., for every y�

0 2 R
n; y�

0 ¤ 0 then
every solution y�.t/ 2 S

��A�; y�
0

�

, y�.t/ does not hold a bounded subsequence
fy� .tk/g.
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(3) �M .A�/ < 0, moreover, if S ¤ f0g, then the restriction of A� on S, i.e. A�jS is
a Hurwitz matrix.

Proof (1) ) (2). Suppose Inc. (3.4.4) is weakly asymptotically stable, i.e., for every
x0 2 R

n, there is an x.t/ 2 S .A; x0/ such that x.t/ ! 0 .t ! 1/. If there are a y�
0 and

a solution y�.t/ 2 S
��A�; y�

0

�

which has a bounded subsequence fy� .tk/g. Consider
now

hy�.t/; x.t/i D ˝

y�
0 ; x0

˛C
t
Z

0

d hy�.s/; x.s/i

D ˝

y�
0 ; x0

˛C
t
Z

0

�˝ :
y

�
.s/; x.s/

˛C ˝

x�.s/; :x.s/
˛�

ds:

By the definition of adjoint process, we have

˝ :
y

�
.t/; x.t/

˛ C ˝

y�.t/; :x.t/
˛ � 0:

It follows that hy�.t/; x.t/i � ˝

y�
0 ; x0

˛

. We now restrict the inequality on the sequence
fy� .tk/g. Taking the limitation as t ! 1, the inequality yields 0 � ˝

y�
0 ; x0

˛

. The x0

can be selected arbitrary, hence the inequality 0 � ˝

y�
0 ; x0

˛

implies y�
0 D 0. The

result illustrate that only y�.t/ 2 S .�A�; 0/ has a bounded sequence.
Furthermore, because

:
y

�
.t/ 2 �A� .y�.t//, from Theorem 3.2.3 (2), we obtain

�

�

:
y

�
.t/
�

� � kAk ky�.t/k. Using the Gronwall inequality, it leads to

ky�.t/k � ekAkt ky�.0/k D 0:

The fact illustrates that a bounded solution of adjoint process
:
y

�
.t/ 2 �A� .y�.t// is

only the zero solution. Hence, the solution of
:
y

�
.t/ 2 �A� .y�.t// is nowhere stable,

i.e., when y�
0 ¤ 0 every solution y�.t/ 2 S

��A�; y�
0

�

is divergent.
(2) ) (3). We still use method of contradiction.
If A� holds an nonnegative eigenvalue � � 0, and the responding eigenvector is

y�
0 2 R

n; y�
0 ¤ 0, then y.t/ D e��ty�

0 2 SŒ0;1/

��A�; y�
0

�

. e��ty�
0 is bounded. We

have a contradiction.
If dim S D � ¤ 0, then the restriction of A� on S, A�jS, can expressed as a � ��

matrix A�
S . If A�jS is not asymptotically stable. Let � be the eigenvalue of A�

S . Then
Re � � 0. The above discussion shows that the � cannot be real. Hence, it is a
complex number. Let � D ˛C jˇ with ˛ � 0, then � D ˛� jˇ is also an eigenvalue
of A�

S . Their responding eigenvectors are u�
0 ˙ jv�

0 ; u�
0 ; v

�
0 2 S � R

n. By the theory
of differential equations, the following facts are true:

y�.t/ D e�˛t
�

u�
0 cosˇt � v�

0 sinˇt
� 2 SŒ0;1/

��A�; u0
�

;
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Table 3.1 The sequence of yielding fxkT (t)g and fxk(t)g
R

n x0 x0.t/ !! x0 .�/ D x1 x1.t/ !! x1 .�/ D x2
# Projection " Th. 2.3.3 # Projection " Th. 2.3.3 # Projection

T x0T !! x0T (t) x1T !! x1T (t) x2T !! x2T.t/

and

y�.t/ D e�˛t .v0 cosˇt C u0 sinˇt/ 2 SŒ0;1/

��A�; v0
�

:

They are both bounded even for the case of ˛ D 0 .Note W ˇ ¤ 0/. We also obtain
a contradiction.

(3) ) (1). The proof of this part is constructive and consists of two steps.
(i) Constructing an x.t/ 2 SŒ0;1/ .A; x0/.
Because �M .A�/ < 0, by Corollary 3.4.1 and Lemma 3.4.1, for every x0 2 T,5

there is an x.t/ 2 SŒ0;1/ .A; x0/ such that kx.t/k � ˛ kx0k e��t, where ˛ and � are
positive numbers and independent of x0 and t. We can find a positive number � such
that ˛e��� < 1.

For every x0 2 R
n, x0 D x0S C x0T is an orthogonal decomposition of x0

where x0S 2 S and x0T 2 T. For this x0T , we have an weakly exponentially stable
solution x0T.t/ 2 SŒ0;1/ .A; x0T/ such that kx0T.t/k � ˛ kx0Tk e��t. Of course,
x0T.t/ 2 SŒ0;� � .A; x0T/.

Let M D fx0T.t/g and r0.x/ 	 x0. Then by Theorem 2.3.3, there is an x0.t/ 2
SŒ0;� � .A; x0/ which satisfies that kx0.t/ � x0T.t/k � kx0 � x0Tk ekAkt, where we have
applied kAk as the Lipschitz constant of A.

Let x1 D x0 .�/. Then by replacing x0 by x1 and repeating the above procedure,
we can obtain an x1T.t/ 2 SŒ0;� � .A; x1T/ and x1.t/ 2 SŒ0;� � .A; x1/. Fixing x2 D x1 .�/
and repeating the above procedure, we can obtain x2T.t/ 2 SŒ0;� � .A; x2T/ and x2.t/ 2
SŒ0;� � .A; x2/, : : : . Thus, we can obtain two series fxkT(t)g and fxk(t)g. The Table 3.1
presents the procedure of construction of the two series.

The fxk(t)g and fxkT (t)g satisfy the following relations:

(i) xk .�/ D xkC1 D xkC1.0/; xk D xkS C xkT ;
(ii) xkT.t/ 2 SŒ0;� � .A; xkT/ and xk.t/ 2 SŒ0;� � .A; xk/,

where xkT.t/ 2 SŒ0;� � .A; xkT/ is a weakly exponentially stable solution for initial
condition xkT , it satisfies kxkT.t/k � ˛ kxkTk e��t;

(iii) kxkT.t/ � xk.t/k � ekAkt kxkT.0/� xk.0/k D ekAkt kxkT � xkk D ekAkt kxkSk,
especially,

kxkT .�/ � xk .�/k � ekAk� kxkT � xkk D ekAk� kxkSk : (3.4.7)

5The T used is a subspace and equal to S?.

http://dx.doi.org/10.1007/978-3-662-49245-1_2


202 3 Convex Processes

Let

x.t/ D xk .t � k�/ ; t 2 Œk�; .k C 1/ �/ :

By the property (i), x(t) is continuous, and moreover, x.t/ 2 SŒ0;1/ .A; x0/.
(ii) Verifying x.t/ ! 0 .t ! 1/.
Let PT be the projection from R

n to T,6 and PS the projection from R
n to S.

Since R
n=T is isomorphic to S, in this section, PS is also used as the projection

form R
n to R

n=T. Denote PSx.t/ D xS.t/ and PTx.t/ D xT.t/, then x.t/ D xT.t/ C
xS.t/. By the norm defined at the beginning of this section, we can have kx.t/k D
max fkxS.t/k ; kxT.t/kg. Hence, if xS.t/ ! 0 .t ! 1/ and xT.t/ ! 0 .t ! 1/,
then x.t/ ! 0 .t ! 1/.

T is an A -invariant subspace, then, A yields an induced mapping Ā on R
n=T. The

induced mapping satisfies PSA D APS. It follows that

:
xS.t/ D PS

:
x.t/ 2 PSA .x.t// D APS .x.t// D AxS.t/:

By Lemma 3.2.5, Ā is a single-valued linear mapping, its eigenvalues are equal to
those of

�

A
��

or A�jS. By the condition of (3), Ā is asymptotically stable. There
exist positive numbers ˇ and �, which are independent of xS(0) and t, such that

kxS.t/k � ˇ kxS.0/k e��t; (3.4.8)

for every xS.0/ 2 S.
Hence, it is sufficient to show xT.t/ ! 0 .t ! 1/.
By the definition of x(t), x ..k � 1/ �/ D xk, hence, xT ..k � 1/ �/ D xkT . By

the definition of norm, we have
�

�xkT � x.k�1/T .�/
�

� � �

�xk � x.k�1/T .�/
�

�. From
the definition of xk, we obtain

�

�xk � x.k�1/T .�/
�

� D �

�xk�1 .�/� x.k�1/T .�/
�

�. Using
Inequality (3.4.7),

�

�xk � x.k�1/T .�/
�

� D �

�xk�1 .�/� x.k�1/T .�/
�

� � ekAk� �
�x.k�1/S

�

� :

Hence, xkT can be estimated by

kxkTk � �

�xkT � x.k�1/T .�/
�

�C �

�x.k�1/T .�/
�

�

� �

�xk � x.k�1/T .�/
�

�C �

�x.k�1/T .�/
�

�

� �

�x.k�1/S
�

� ekAk� C ˛e��� ��x.k�1/T
�

� :

(3.4.9)

6Note, the meaning of PT is different from the controllability cone defined at the last section.
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The second term comes from the step (i), i.e., x.k�1/T.t/ is a weakly stable solution.
For the sake of convenience, we denote f D ˛e��� and g D e.kAkC�/� , then f < 1

by the selection of � . From Inequalities (3.4.8) and (3.4.9), we have

kxkTk � kx0Sk ekAk���.k�1/� C f
�

�x.k�1/T
�

� D g kx0Sk e��k� C f
�

�x.k�1/T
�

� :

Thus,

kxkTk � g kx0Sk e��k� C f
�

�x.k�1/T
�

�

� g kx0Sk e��k� C f
�

g kx0Sk e��.k�1/� C f
�

�x.k�2/T
�

�

�

� g kx0Sk e��k� C fg kx0Sk e��.k�1/� C f 2
�

g kx0Sk e��.k�2/� C f
�

�x.k�3/T
�

�

�

� � � � � �
� g kx0Sk e��k� C fg kx0Sk e��.k�1/� � � � C f k�1g kx0Sk e��� C f k kx0Tk

D g kx0Sk f k � .e��� /k

f � e��� C f k .kx0Tk � g kx0Sk/ :

Because f < 1; e��� < 1, xkT ! 0 .k ! 1/.
When t 2 Œk�; .k C 1/ �/, we have

kxT.t/k � kxT.t/ � xkT .t � k�/k C kxkT .t � k�/k
� kx.t/ � xkT .t � k�/k C kxkT .t � k�/k
� kxkS .t � k�/k C kxkT .t � k�/k
� kxkSk ekAk� C f kxkTk :

Therefore, xT.t/ ! 0 .k ! 1/. �
From Theorem 3.4.2, we can obtain the following corollary for the unstability.

The proof is left to readers as an exercise.

Theorem 3.4.3 Suppose A is a strict, closed and convex process. If the restriction
of A� on S is an unstable linear single-valued mapping, i.e. A�jS is not a Hurwitz
matrix, or �M .A�/ > 0, then A is unstable.

3.4.2 Construction of Lyapunov Functions

It is difficult for us to find an analytical solution of a differential equation. Hence,
researchers presented the qualitative theory of differential equations. In the theory,
Lyapunov direct method is very powerful and widely used. An evident advantage
is that it can discriminate the stability without solving the equation. Theorem 2.5.5,
given at the last chapter, presents a criterion for the weakly stable of differential

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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inclusions. It illustrates that if there exist a positive definite function V W R
n !

R, a semi-negative definite function W W R
n ! R, and a vector v 2 R

n such
that D�V.x/.v/ � W.x/ then the differential inclusion is weakly asymptotically
stable. By Lemma 3.4.1, for a convex process, the solution is exponential stable.
It is regretful that we still lack a usable method to construct Lyapunov functions.
However, for convex system, we have a method to construct a Lyapunov function.

We now consider convex system Inc. (3.4.4). If there is a positive definite and
convex function V W Rn ! R, v 2 A.x/, and a positive real number ı 2 .0; 1/ such
that inequality

V .x C �v/ � ıV.x/ (3.4.10)

holds for a positive real number � , then V(x) is a Lyapunov function of Inc. (3.4.4).
The fact is verified as follows. Because V(x) is a convex function, By Theorem 1.3.4,
the following function decreases

V .x C �v/� V.x/

�

as � decreases. Hence, we obtain

DV.x/.v/ � V .x C �v/ � V.x/

�
� ı � 1

�
V.x/: (3.4.11)

Let � D 1�ı
�

. Then � > 0 and DV.x/.v/ � ��V.x/.
The next theorem gives the existence of Lyapunnov function for the convex

system Inc. (3.4.4). We give there exists a positive function V W Rn ! R to satisfy
Inequality (3.4.10).

Theorem 3.4.4 If A�jS is asymptotically stable and �M .A�/ < 0, then there exists
a positive function V W Rn ! R, positive number ı 2 .0; 1/ and vector v 2 A.x/
such that V .x C �v/ � ıV.x/.

Proof The proof consists of three steps.
(1) Construction of positive definite function V W Rn ! R.
Let Ā be the induced mapping of A on the quotient space R

n=T. Then the
condition of theorem guarantee Ā is an asymptotically stable matrix, i.e., it can be

expressed as a Hurwitz matrix. Hence the Lyapunov equation A
T
P C PA D �I has

a positive definite solution P such that VS .xS/ D xT
S PxS is a Lyapunov function of

differential equation
:
xS D AxS. Denote

MS D fxSI xS 2 S; VS .xS/ � 1g :

Denote B for the open unit ball in R
n, then BT D B \ T is the unit ball of T.

If dim T D m, then there exists a simplex co fy1; y2; : : : ; ymC1g such that BT �
conx fy1; y2; : : : ; ymC1g � T.

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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Let us fix a real number � such that �M .A�/ < � < 0. By Theorem 3.2.5, there
is a positive integer k0 such that T D .A � �I/�k0 .0/. Denote Lk D .A � �I/�k.0/

for every 1 � k � k0. By the property of Lk, for every yi; 1 � i � m C 1, there
exists a ki such that yi 2 Lki ; yi … Lki�1. By Theorem 3.2.5, for every yi, there exist
yi D yki

i ; y
ki�1
i ; : : : ; y1i 2 T such that

�y1i 2 A
�

y1i
�

;

y1i C �y2i 2 A
�

y2i
�

;

� � � � � �
yki�1

i C �yki
i 2 A

�

yki
i

�

:

(3.4.12)

A constant ˛ is selected such that ˛ > max f1; j�jg. Define

zj
i D




˛

j�j
�ki�j

yj
i; (3.4.13)

and

MT D clco
n

zj
iI j D 1; 2; : : : ; ki; i D 1; 2; : : : ;m C 1

o

:

Then MT � co .y1; y2; : : : ; ymC1/ � BT . Let ! be a positive constant, and denote

M! D MT ˚ !MS � T ˚ S D R
n:

M! is bounded, hence, it is compact no matter the selection of !. We now define
V(x) to be the Minkovski function of M! .7

(2) Properties of MS and MT .
Let xS 2 bdMS � S. We now prove there exist positive numbers �S and ıS with

0 < ıS < 1 and xS C �SAxS 2 ıSMS. The two constants are independent of xS.
Consider

VS
�

xS C �AxS
� D �

xS C �AxS
�T

P
�

xS C �AxS
�

D xT
S PxS � �xT

S xS C �2xT
S A

T
PAxS

D 1 � �xT
S xS C �2xT

S A
T
PAxS ;

Since A is asymptotically stable, A is nonsingular. A TPA is then positive

definite. If � D xT
S xS

xT
S A

T
PAxS

, then V
�

xS C �AxS
� D 1, and if 0 < � <

7Minkovski function �(x, A) has been defined in Sect. 1.3. In that section �(x, A) has been proved
to be positive definite and homogenous.

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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xT
S xS

xT
S A

T
PAxS

, then V
�

xS C �AxS
�

< 1. Hence, �S D min
xS2bdMS

xT
S xS

2xT
S A

T
PAxS

and ıS D
max

xS2dbMS

V
�

xS C �SAxS
�

< 1 meet with the requirement.

If xS 2 intMS then there is a > 1 such that axS 2 bd MS. The above proof implies
axS C �SAaxS 2 ıSMS. Thus, axS C �SAaxS 2 ıSMS and xS C �SAxS 2 a�1ıSMS �
ıSMS. Therefore, we conclude that for every xS 2 MS, xS C �SAxS 2 ıSMS.

Now let xT 2 MT � T. It will be verified that there is a v 2 A
�
�

0 xT
T

�T
�

and

positive numbers �T and ıT where 0 < ıT < 1, such that xT C �Tv 2 ıTMT . The two
constants �T and ıT are also independent of xT .

For i D 1; 2; : : : ;m C 1, let us define

v1i D �z1i ;

vj
i D j�j

˛
zj�1

i C �zj
i; j D 2; 3; � � � ki:

From Relation (3.4.12) and Eq. (3.4.13), we can find vj
i 2 A

�

zj
i

�

and

j�j�1v1i C z1i D 0 2 int MT ;

j�j�1vj
i C zj

i D 1
˛

zj�1
i 2 int MT ; j D 2; 3; : : : ki:

If xT 2 MT , then there exist �j
i 2 Œ0; 1�, 1 � i � m C 1; 1 � j � ki such that

xT D
X

i;j

�
j
iz

j
i. Correspondingly, we obtain vT D

X

i;j

�
j
iv

j
i. It follows that vT 2 A .xT/

and

xT C j�j�1vT D ˛�1X

i;j

�
j
iz

j�1
i 2 ˛�1MT ;

where z�1
i D 0. Taking �T D j�j�1 and ıT D ˛�1, the conclusion is followed.

(3) V(x) can satisfy Inequality (3.4.10) by selecting !.
Because the Minkovski function is positive and homogeneous, it is sufficient for

points on boundary of M! to check Inequality (3.4.10).
Suppose

�

xT
T xT

S

�T 2 bdM! � MT ˚ !MS, where xS 2 !MS; xT 2 MT .
If we repeat the discussion for MS, then we can conclude that there exist �S and

ıS which are independent of xS such that for every xS 2 !MS, xS C �SAxS 2 ıS!MS,
where 0 < ıS < 1.8

8The � S, ıS obtained here may be different from those obtain before, in the following if we mention
� S, ıS, then they take the values obtained for !MS.
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Set now � D min .�S; �T/ ; ı D max .ıS; ıT/, then for xS 2 !MS and xT 2 MT ,
equations

xS C �AxS 2 ı!MS; xT C �vT 2 ıMT

hold simultaneously. Let b D max fkxSk ; xS 2 MSg, !0 D .1 � ı/ =4� kAk b and
v 2 A.x/ D A .xS C xT/. Then kv � vTk � kAk kxSk � kAk!b for every ! 2
.0; !0/. Thus, we have

�

0 xT
T

�T C �PTv D �

0xT
T

�T C �vT C �PTv � �vT

2 ıMT C � jjPTv � vT jj BT

� ıMT C � jjv � vT jj BT

� ıMT C 1�ı
4

BT

� ıMT C 1�ı
4

MT

D 1C3ı
4

MT

� 1Cı
2

MT :

Because PSv 2 PSA .xS ˚ xT/ D APS .xS ˚ xT/ D AxS, xS C �AxS 2 ı!MS. It is
equivalent to

xS C �PSv 2 ı!MS � 1C ı

2
!MS:

Therefore,

�

xS

xT




C �v 2 1C ı

2

�

!MS

MT




;

where v 2 A.x/. Inequality (3.4.10) holds if we replace .1C ı/ =2 by ı and
.1C ı/ =2 < 1. �

Theorem can be treated the Lyapunov converse theorem. Combining Theorems
3.4.2 and 3.4.3, we get that convex system (3.4.4) is weakly asymptotically stable,
if and only if there is a v 2 Im.A/, two positive definite functions V(x) and W(x)
such that

D�V.x/.v/ � �W.x/:

Problems

1. Consider the convex system (3.4.4), if Inequality (3.4.10) holds and v 2 A.x/,
then D�V.x/.v/ � ��V.x/ with � > 0.
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2. Suppose A.x/ D CxCK where C 2 R
n�n and K � R

n is a close and convex cone.
Find the condition under which convex system

:
x 2 A.x/ is weakly asymptotically

stable.

3. Consider the convex system (3.4.4) where A.x/ D Cx C K, C D
�

0 1

�3 �2



and

K is the first quadrant.

(1) Is the convex system weakly asymptotically stable? If yes, give a stable
solution for the convex system.

(2) Is the convex system asymptotically stable? If no, find the restriction of K,
under which the convex system is asymptotically stable.

Reference

Aubin J-P, Cellina A (1984) Differential Inclusions – set-valued maps and viability theory [M].
Springer, Berlin



Chapter 4
Linear Polytope Control Systems

A class of differential inclusion systems – the linear polytope systems – is discussed
in this chapter. This kind of system can be viewed as another extension of the linear
control systems to the set-valued mappings. This chapter contains four sections.
In the first section, we present the definition of the linear polytope system and
the motivation of investigation. Section 4.2 deals with the convex hull Lyapunov
function which is the main tool in this chapter. Then Sect. 4.3 considers the control
of the linear polytope system. We apply the conclusions of Sect. 4.3 to deal with
saturated control at the last section of this chapter.

In the theory of differential inclusion control systems, the linear polytope
system is relatively simple. Moreover, only the linear polytope control system and
the Luré differential inclusion system discussed in next chapter are investigated
comparatively deeply by so far.

4.1 Polytope Systems

In order to conveniently narrate later, we introduce some results of linear systems
and the matrix inequalities at the beginning of this section. They are needed for the
following presentation, especially, the matrix inequality has become an important
tool for the control system design in recent years. The polytope system is defined
and the motivation for the investigation is introduced in this section.

4.1.1 Linear Control Systems and Matrix Inequalities

1. Linear Control Systems

We start with a brief review of linear control systems.

© Shanghai Jiao Tong University Press,
Shanghai and Springer-Verlag Berlin Heidelberg 2016
Z. Han et al., Theory of Control Systems Described by Differential Inclusions,
Springer Tracts in Mechanical Engineering, DOI 10.1007/978-3-662-49245-1_4
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A typical linear control system is described as follows:

:
x.t/ D Ax.t/C Bu.t/;

y.t/ D Cx.t/; (4.1.1)

where for each given t 2 Œ0;1/, x.t/ 2 R
n is the state of the system, u.t/ 2 U � R

m

is the input or control, U is the set of permissible controls, and y.t/ 2 R
r is the

output. The first one in Eq. (4.1.1) is called the state equation, it is a differential
equation; and the second equation is the output equation, it is an algebraic equation.
The dimension n of the state x(t) is called the order of system (4.1.1), A, B, C are real
coefficient matrices with appropriate dimensions. When not including time variable
t, system (4.1.1) is called time invariant, otherwise, it is called time variant.

Since this book mainly discusses time invariant differential inclusion, only the
linear time invariant control system is introduced here. A is an n � n matrix in
System (4.1.1) and is called the dynamic matrix of the system. The eigenvalues
of A are known as the poles of the system. The stability of the system is completely
determined by the eigenvalues of A. The .n C r/ � .n C m/ matrix

�

A B
C 0




is known as the system matrix of System (4.1.1). It is also a completely mathemati-
cal description for System (4.1.1). In this context, we often use (A, B) to replace the
first equation in System (4.1.1) and (C, A, B) to express System (4.1.1).

By the Laplace transformation and eliminating the state variable, System (4.1.1)
yields

Y.s/ D C.sI � A/�1BU.s/:

C.sI � A/�1B is known as the transfer function matrix of System (4.1.1), the degree
of its denominator is larger than that of every element in numerator matrix, so it is a
strictly proper real rational fraction matrix.

System (4.1.1) is often described by using block diagram as follows.
In Fig. 4.1, the part in the dashed box is called the interior of the system and is

called exterior of the system outside the dashed box. So x(t) is called the interior
variable, u(t) and y(t) are called exterior variables. Generally, it is believed that the
internal state variable x is not directly measured. Thus, signals can be obtained only
the input u and the output y.

In this context, the transfer function matrix is known as the external description
of system (4.1.1). u D F.x/ is the state feedback of system (4.1.1); accordingly, u D
K.y/ is the output feedback. When F(x) and K(y) are linear mapping, these closed
loop systems are also linear. Otherwise, they are regarded as nonlinear systems. The
following mapping
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òB C

A

xu x y

Fig. 4.1 The linear control system

:

�.t/ D M�.t/C Ny.t/;

u.t/ D H�.t/C Ky.t/; (4.1.2)

is the dynamic linear output feedback of System (4.1.1), where �.t/ 2 R
p is the

state of dynamic compensator and p is the order of the dynamic compensator.
State feedback, output feedback and dynamic output feedback are the main control
method in the control design. The common control objectives are pole configuration,
stabilization, tracking, regulation, optimal control and so on.

Because in Fig. 4.1, the interior of the dashed box is a black box, that is, the state
x(t) is not directly available, the observation is an important task in control system
design. ˙O is called as an asymptotic observer of System (4.1.1), if the output Ox of
the ˙O satisfies that lim

t!1 .Ox.t/ � x.t// D 0. At present, the most common observer

is called Lunberger observer and is constructed as follows:

:

Ox D .A � KC/ Ox C Ky C Bu (4.1.3)

when (A, C) is observable, it always can be found a feedback gain K such that
lim

t!1 .Ox.t/ � x.t// D 0.

The observer Eq. (4.1.3) is called full order observer, since its dimension is equal
to that of (4.1.1). In fact, the output y directly includes some information about x,
we can design an observer with order n � r, this observer is called reduced observer.

2. Matrix Inequalities

The matrix inequality is an effective tool for the control system design at present.
Since the interior point matrix has been put forward, solving the linear matrix
inequality becomes very convenient. Moreover, a lot of effective computer aided
design software have been developed and widely used; thus the application of the
matrix inequality has been greatly extended, and many design conditions are given
by these inequalities.
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Assume that P 2 R
n�n is a symmetric matrix. P > 0 implies that P is a positive

definite matrix; P � 0 means that P is a positive semi-definite matrix. Similarly, it
can be defined that P < 0 and P � 0. The application of inequality signs can be
extended to two matrices. If A;B 2 R

n�n are two symmetric matrices, then A > B
means A � B > 0. Similarly, it can be defined that A � B, A < B and A � B.

The following lemma, called by Schur complement lemma, plays an important
role in the later discussion.

Lemma 4.1.1 Given a symmetric matrix

A D
�

P R
RT Q




2 R
n�n;

with P 2 R
m�m; Q 2 R

r�r, m C r D n, then the following three conditions are
equivalent:

1. A < 0I
2. P < 0; Q � RTP�1R < 0I
3. Q < 0; P � RQ�1RT < 0: �

The proof of Lemma 4.1.1 can be found in a general textbook for matrix theory,
here omitted. For Lemma 4.1.1, there exists the corresponding conclusion for the
positive definite matrix; readers are suggested to state and the proof. In order to
facilitate the description, we call Conclusion 2 to be the application of Schur lemma
about the matrix P and Conclusion 3 about the matrix Q. There exists a version of
Schur lemma for negative semi-definite matrices which is given in Lemma 4.2.1.

Lemma 4.1.2 Given a symmetric matrix

A D
�

P R
RT Q




2 R
n�n;

with P 2 R
m�m; Q 2 R

r�r, mCr D n, then the following conditions are equivalent:

(1) A � 0I
(2) P � 0; Q � RTP�1R � 0; RT

�

I � PP�1� D 0I
(3) Q � 0; P � RQ�1RT � 0; R

�

I � QQ�1� D 0I
where P�1 and Q�1 are Moore-Penrose inverse1 of P and Q, respectively. The third
equality holds in Conclusion 2 or 3 if P or Q is the invertible matrix.

1Recall the definition of Moore-Penrose inverse, assume that A is an n � n symmetric matrix,
n � n matrix G is a Moore-Penrose inverse of A, such that AGA D G, GAG D A, .AG/T D AG,
.GA/T D GA hold.
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First, the meaning of the two lemmas is that it transfers the problem of verifying
negative definite of a matrix with order n into two low dimensional matrices being
negative definite, thereby it reduces the complexity of checking. This application
is referred to as the positive application. Secondly, it transforms a quadratic matrix
inequality into a linear matrix inequality with high dimension; this application is
called reverse application of Schur lemma. Opportunities of the reverse application
will be more than the positive application in the control system design.

For example, we want to solve the matrix inequality XTX < I where X 2 R
p�q;

this is a quadratic matrix inequality by Schur lemma, and the inequality is equivalent

to

� �I X
XT �I




< 0. The latter can be solved since it is a linear one.

For instant, the sufficient and necessary condition of matrix A being a Hurwitx
matrix is for any positive definite matrix Q, there exists a positive definite solution P
for Lyapunov equation PA C ATP D �Q. This is equivalent to solve a linear matrix
inequality

� �P 0

0 PA C ATP




< 0:

One more example is about Riccati inequality. KACATK CKBR�1BTK CQ < 0

is quadratic for the unknown matrix K, it can be transformed into

�

ATK C KA C Q KB
BTK �R




< 0:

This is a linear matrix inequality of K, which can be conveniently obtained using
the software.

The following two inequalities are basic, and they can be proved based on
Schwarz inequality, and the detailed proofs are omitted.

Assume that U and V are two matrices with appropriate dimensions, then for any
positive real number ˛, we have

UTV C VTU � ˛UT U C ˛�1VTV: (4.1.4)

Let x and y be two n-dimensional real vectors, Q is an n � n positive definite
matrix, then it holds

2xTy � xTQx C yTQ�1y: (4.1.5)

Afterward it will mention the Hurwitz matrix, recall its definition: a matrix is
called Hurwitz matrix, if its eigenvalues have negative real parts. The necessary and
sufficient condition for the linear system

:
x D Ax asymptotically stable is that A is a

Hurwitz matrix.
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4.1.2 Linear Polytope Systems

1. The Description of Linear Polytope Systems

If Ai 2 R
n�n; i D 1; 2; : : : ;N, are N real matrices, then the set

co .Ai; i D 1; 2; : : : ;N/ D
(

A D
N
X

iD1
�iAiI

�

�1 �2 : : : �N

�T 2 �
)

is a convex hull composed by Ai, where

� D
(

� D .�1; �2; : : : ; �N/ I 0 � �i � 1; i D 1; 2; : : : ;N;
N
X

iD1
�i D 1

)

:

� is a closed convex set of the first octant on R
N , for example, it is a closed line

segment connecting (1, 0) and (0, 1) on R
2; it is a closed triangle with vertices

(1, 0, 0), (0, 1, 0), (0, 0, 1) in R
3.

Because co .Ai; i D 1; 2; : : : ;N/ is a convex hull obtained by composing
finite elements, it is naturally a closed set. Thus, co .Ai; i D 1; 2; : : : ;N/ D
co .Ai; i D 1; 2; : : : ;N/. For simplicity, the convex hull is still denoted as co(Ai).

When N is a finite integer, co(Ai) is called a polytope composed of Ai; i D
1; 2; : : : ;N. By the definition, we can see that the polytope is a convex set generated
by finite linear elements (matrices, vectors).

Assume that Œ0;T/ is a time interval (where T can be 1), for an any given t 2
Œ0;T/, x.t/ 2 R

n, we define the set cofAix.t/gDfAx.t/; A2co fAi; iD1; 2; : : : ;Ngg,
the differential inclusion

:
x.t/ 2 co .Ai x.t// ; (4.1.6)

is called polytope differential inclusion. The Cauchy problem of polytope differen-
tial inclusion Eq. (4.1.6) is

:
x.t/ 2 co .Ai x.t// ; x.0/ D x0:

In the control theory, the system considered should hold control input. Therefore,
let us consider N linear control systems

�

Ai Bi

Ci 0




2 R
.nCm/�.nCr/; i D 1; 2; � � � N;

then

co


�

Ai Bi

Ci 0


�

D
(

N
X

iD1
�i

�

Ai Bi

Ci 0




; � 2 �
)
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is a convex hull of these N linear control systems. According to the above discussion,

it is a closed set, the polytope system about co


�

Ai Bi

Ci 0


�

is denoted by

� :
x.t/
y.t/




2 co


�

Ai Bi

Ci 0


 �

x.t/
u.t/


�

: (4.1.7)

Inclusion (4.1.7) is called a linear polytope system. Note that the second relation in
Inc. (4.1.7) is an algebraic relation.

2. The Background of Polytope Systems

Linear polytope system control is the earliest formally presented by Hu et al.
(2006), when they studied the saturated control for linear systems (to see the fourth
section of this chapter). In fact, many problems can be transformed into the linear
polytope problem. For example, the discontinuous Eq. (2.3.5) in Sect. 2.3 of this
book can be transformed into the differential inclusion, it is really a polytope system.

This section will continue to give some examples to illustrate applications of the
polytope system in practical problems.

Example 4.1.1 Consider the following differential equation

:
x D 3

p
x sin x2:

This differential equation cannot be solved by the elementary function. But
we know sin x2 2 Œ�1; 1�, then the differential equation can be extended into a
differential inclusion

:
x 2 co

�� 3
p

x; 3
p

x
�

: (4.1.8)

Inclusion (4.1.8) is a polytope system. Solving the differential equation
:
x D ˇ 3

p
x,

with ˇ 2 Œ�1; 1�, yields

x.t/ D
�

2

3
ˇt C x

2
3 .0/


 3
2

: (4.1.9)

If the time domain is divided into some small intervals Œtk; tkC1/, in each interval,

the solution x.t/ D
h

2
3
ˇt C x

2
3 .tk/

i 3
2

given by Eq. (4.1.9) is approximate to the

origin equation, the parameter ˇ can be selected that ˇ D sin .x .tk//
2.

Example 4.1.2 Figure 4.2 is a typhoon forecast issued by China National Mete-
orological Center in 2011. The fold line in the lower right of figure depicts the
historical track of typhoon center motion. At the end of this path is typhoon center
location at 8 a.m. in August 5, 2011, its upper left coated with the conical area
shadow is 48 h ahead that typhoon center may reach area. Although it shows “path

http://dx.doi.org/10.1007/978-3-662-49245-1_2
http://dx.doi.org/10.1007/978-3-662-49245-1_2
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probability forecast map” in the next 48 h, a curve is scaled out in the shaded part,
that is, the center of typhoon track which is forecasted, two black spots on it are
the estimations of the typhoon center after 24 and 48 h in the future, respectively.
But it cannot provide any probability of typhoon center transfer, also did not have
any predictive model of typhoon motion. These trajectories and the center position
which were estimated look like a center line.

If we use x(t) and y(t) to express the longitude and latitude of the typhoon center
at t moment, then the vector [x(t) y(t)]T is the coordinate of the typhoon center,
and

� :
x.t/

:
y.t/

�T
is the velocity vector of the typhoon center which gives the moving

direction as well as speed.
Let [a1(t) b1(t)]T and [a2(t) b2(t)]T indicate the upper and lower curves of

shadow areas in Fig. 4.2. We depict them again in Fig. 4.3, then

:
a2.t/ � :

x.t/ � :
a1.t/ and

:

b2.t/ � :
y.t/ � :

b1.t/;

or

� :
x.t/
:
y.t/




2 co


�

a2.t/
b2.t/




;

�

a1.t/
b1.t/


�

;

�

x .t0/
y .t0/




D
�

x.0/
y.0/




:

Fig. 4.2 A typhoon forecast in 2011
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Fig. 4.3 Description of
typhoon center movement by
differential inclusion

This is a Cauchy problem of polytope differential inclusion. Let S([x(t0)
y(t0)]T , t) be the solution set of this differential inclusion. Then S([x(t0) y(t0)]T , t1)
is the set of all of possible situations of typhoon center at t1 moment. Moreover, if
we have experience distribution F(x, y) for this set, then [Ex Ey]T gives the optimal
position of typhoon center at time t1. If this distribution is uniform, then the desired
position is the center of gravity of S([x(t0) y(t0)]T , t1); if the distribution is not
uniform, so the most likely trajectory of moving is not a center line as given in
Fig. 4.2. �
Example 4.1.3 Many robust control problems can be described by polytope
systems.

Consider linear system

:
x D .A C
A/ x C Bu; (4.1.10)

where x 2 R
n and u 2 R

m are the state and the input of the system, respectively;
A 2 R

n�n and B 2 R
n�m are the two known matrices, 
A 2 R

n�n stands
for uncertainty, it is unknown, may even be a matrix variable. In robust control,
we often assume that it is a bounded matrix. Let 
A D �

˛ij
�

n�n; ˛ � ˛ij �
˛, then Eq.(4.1.10) is equivalent to a differential inclusion system described as
follows

:
x 2 co ..A C ˛I/ x C Bu; .A C ˛I/ x C Bu/ : (4.1.11)

For Inc. (4.1.10), under the feedback u D Fx, the corresponding closed-loop
system is a differential inclusion

:
x 2 co ..A C BF C ˛I/ x; .A C BF C ˛I/ x/ : (4.1.12)

The robust stability of the closed-loop system is equivalent to strong stability of
the differential inclusion system Inc. (4.1.12). �
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Problems

1. Assume that F0, F1, : : : , Fn are symmetric matrices with the same number of
rows and columns, x1, : : : , xn are n unknown real number, solving the linear
matrix inequality is to compute the vector x D Œx1 : : : xn�

T , such that

F0 C x1F1 C � � � C xnFn < 0:

Give a sufficient condition for the solution set being non-empty, and prove
that the solution set is a convex set.

2. Prove Lemma 4.1.2.
3. (1) Extend Inequality (4.1.4) to show that UTV C VTU � UTQU C VTQ�1V

where Q is a positive definite matrix.
(2) Prove that Inequality (4.1.5) becomes equation if and only if y D Qx.

4. Prove that � is a closed hull set in the first octant on R
N .

5. There are two polytope systems

�

Ai Bi

Ci 0




2R.nCm/�.nCm/; iD1; 2; � � � N
�

Aj Bj

Cj 0




2R.nCm/�.nCm/; iD1; 2; : : :M:

Write the expressions of series system and parallel system, respectively.

4.2 Convex Hull Lyapunov Functions

This section discusses a kind of special Lyapunov function, called the convex hull
Lyapunov function. In fact, perhaps it may be better to call it “convex hull quadratic
Lyapunov function”, since it takes a form of quadratic function. Because it is defined
by a convex combination of some quadratic functions, it has more advantages than a
single quadratic function. The convex hull quadratic Lyapunov function is proposed
in the early twenty-first century. It is an important tool for the analysis and design of
polytope systems and is used to get the invariable set and controlled invariable set,
and also becomes a useful tool in the saturated control for linear systems (Hu and
Lin 2004; Hu et al. 2006). In this section, we discuss the definition and fundamental
properties of convex hull Lyapunov functions, and it will provide a foundation for
further design.

4.2.1 Convex Hull Quadratic Lyapunov Functions

Let Pi 2 R
n�n; i D 1; 2; : : : ;N, be N positive definite matrices, and Qi D P�1

i .
Then Qi is also positive definite for every i 2 f1; 2; : : : ;Ng. Define
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� D
(

� D Œ�1; �2; : : : ; �N �
T 2 R

N I �i � 0; i D 1; 2; : : : ;N;
N
X

iD1
�i D 1

)

;

� is a simplex on R
N with its vertices ei D

2

40 � � �
i

‚…„ƒ

1 � � � 0
3

5

T

. � is a bounded,

closed and convex set. For every � 2 � , let Q(� ) be the convex combination of Qi,
i.e.,

Q .�/ D
N
X

iD1
�iQi; (4.2.1)

Q(� ) is always positive definite, and a linear mapping on R
n, it is also a linear

mapping on � . Define P .�/ D Q�1 .�/, P(� ) is also positive definite. Further,
because Q .�/ ¤ 0 (zero matrix), P(� ) is also a continuous mapping on the simplex
� . Especially, when N D 1;P .�/ D P, and when N > 1, for i D 1; 2; : : : ;N,
Pi 2 fP .�/ ; � 2 �g, it is the reason why P(� ) can be expected to have better
properties than a single Pi.

Definition 4.2.1 The following positive definite function

Vc.x/ D min
�2�xTP .�/ x D min

�2�xT

 

N
X

iD1
�iQi

!�1
x

is the convex hull quadratic Lyapunov function of Pi; i D 1; 2; : : : ;N. �
Although Vc(x) is called the convex hull quadratic Lyapunov function of Pi, P(� )

is not a convex combination of Pi, where the “convex combination” comes from that
Q(� ) is a convex combination of Qi.

Since � is a compact set, for each x, there exists a �� D ��.x/ 2 � , such that

Vc.x/ D min
�2�xTP .�/ x D xTP

�

��� x:

Note that the notation �� D ��.x/ only means that �� depends on x, but ��.x/ may
not be a function of x, it is usually a set-valued mapping. At the end of this section,
we will give the condition under which ��.x/ is a function of x.

It can be verified directly that ��.x/ D ��.ax/ for every a 2 R. We now give an
alternative definition for Vc(x).

Theorem 4.2.1 The value of Vc(x) can be obtained by the following optimization
problem:

Vc.x/ D min
˚

˛I there exists a � 2 �; such that ˛ � xTP .�/ x
�
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Proof Denote

A.x/ D ˚

˛I there exists a � 2 �; such that ˛ � xTP .�/ x
�

and ˛0.x/ D inf A.x/. Because there exists a �� 2 � such that Vc.x/ D xTP .��/ x,
Vc(x) 2 A.x/. By the definition of ˛0(x), we have Vc.x/ � ˛0.x/.

On the other hand, for any " > 0, there exists ˛ 2 A.x/, such that ˛0.x/C " > ˛,
i.e., there exists � 2 � , such that

˛0.x/C " > ˛ � xTP .�/ x � Vc.x/:

Since " can be selected arbitrarily, we obtain ˛0.x/ D Vc.x/. �
Theorem 4.2.1 shows that the set A (x) exists the minimum value for every x, and

the minimum value is exactly equal to Vc(x).
Owing to P�1 .�/ D Q .�/ > 0, so ˛ � xTP .�/ x is equivalent to

�

˛ xT

x Q .�/




� 0:

From Theorem 4.2.1, the another description of Vc(x) is

Vc.x/ D min ˛;

s:t:

�

˛ xT

x Q .�/




� 0; 9� 2 � : (4.2.2)

The optimization problem with constraint (4.2.2) is convenient to be solved by the
existing software.

We have verified in Sect. 1.3 that a positive quadratic function xTPx is a convex
function; however, Vc.x/ D xTP .��/ x is not a convex function. The fact is
illustrated as follows.

Consider

�

˛ �xT
1C .1��/ xT

2

�x1C .1��/ x2 Q .�/




D �

�

˛ xT
1

x1 Q .�/




C .1��/
�

˛ xT
2

x2 Q .�/




:

(4.2.3)

We still adopt the notations used in the proof of Theorem 4.2.1. If ˛0 .x1/ ¤ ˛0 .x2/,
without the loss of generality, we assume ˛0 .x1/ > ˛0 .x2/, then for any � 2 � ,

it holds

�

˛0 .x2/ xT
1

x1 Q .�/




< 0. When � ! 1�, by Eq. (4.2.3), for any � 2 � ,
�

˛0 .x2/ �xT
1 C .1 � �/ xT

2

�x1 C .1 � �/ x2 Q .�/




< 0. By the definition of ˛0(x), when � 2
Œ1 � "; 1�, it yields ˛0 .�x1 C .1 � �/ x2/ > ˛0 .x2/. It follows that the inequality

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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˛0 .�x1 C .1 � �/ x2/ � �˛0 .x1/C .1� �/ ˛0 .x2/

does not hold for all � in 0 � � � 1.
Since Vc(x) is not a convex function, it causes many difficulty for study. In the

research of convex hull quadratic functions, we will consider the layer set and prove
that the layer set is always convex.

Recall the layer set defined in Sect. 1.2. lev .f � ˛/ is defined as the set
fxI x 2 dom f ; f .x/ � ˛g. If it does not illustrate especially, this chapter only
considers the layer set given by “�”.

In order to simplify the notation, let Lc(˛) denotes the set lev .Vc.x/ � ˛/ and
LPi .˛/ denotes the lev

�

xT Pix � ˛
�

. Similar notations will be employed for other
functions, and we do not point out later. Especially, when ˛ D 1, we denote Lc D
Lc.1/ for simplicity. For a quadratic function xT�x, it is easy to see Lƒ .˛/ D p

˛Lƒ
for any ˛ � 0, so it is sufficient to discuss L� only for a quadratic function xT�x.
Since ��.x/ D ��.ax/ for Vc(x), it can be proved Lc .˛/ D p

˛Lc.
If �� D ��.x/ is a continuous function of x, all lever sets mentioned above are

compact.

4.2.2 Layer Sets for the Convex Hull Quadratic Function

This section gives some basic properties of the layer set. We first prove a useful
lemma.

Lemma 4.2.1 For a given vector f 2 R
n and a matrix P 2 R

n�n > 0, LP � Lf if
and only if f TP�1f � 1, where Lf D fxI jhf ; xij � 1g.

Proof Sufficiency. If f T P�1f � 1, that is, 1 � f TP�1f � 0, from Lemma 4.1.1, it
holds

ˆ D
�

1 f TP�1
P�1f P�1




� 0 : (4.2.4)

Using Lemma 4.1.1, we have P�1 � P�1ff TP�1 � 0, and multiplying from left
and from right with P, it yields P � ff T . If x 2 LP, then 1 � xTPx, we have
1 � xTPx � xT ff Tx, that is, x 2 Lf .

Necessity. Suppose that P � ff T does not hold, then there exists an x0 2 R
n,

such that xT
0Px0 < xT

0 ff Tx0. Denote l D xT
0Px0, then l > 0 and

�p
l
��1

x0 2 LP, but


�p

l
��1

x0

�T

ff T



�p

l
��1

x0

�

D l�1xT
0 ff Tx0 > l�1xT

0Px0 D 1,
�p

l
��1

x0 … Lf .

This is a contradiction to LP � Lf , so P � ff T , that is, P�1 � P�1ff TP�1 � 0, it
implies (4.2.4), by Lemma 4.1.1, we get f T P�1f � 1. �

There are three remarks for Lemma 4.2.1.

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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Fig. 4.4 Illustration for
LP � Lf

PL
fL

f
f

Remark 1 From the view of geometry, xTPx D 1 is an ellipsoid on R
n, f Tx D 1 is a

n�1 dimensional hyperplane in the Rn, and f is the normal vector of the hyperplane.
ˇ

ˇf Tx
ˇ

ˇ � 1 is the area between the two hyper planes f Tx D ˙1.

x0 D P�1f

Thus, LP � Lf shows that the ellipsoid LP is between the two hyperplanes
as shown in Fig. 4.4. 1 D xTPx D xT ff Tx implies that the ellipsoid is tangent
to the hyperplane f Tx D 1. The point of tangency is x0 D P�1f . For every
x 2 LPn fx0;�x0g, it holds

ˇ

ˇf Tx
ˇ

ˇ < f Tx0 D 1.
If LP � Lf ; and dbLP \ ˚

xI ˇˇf Tx
ˇ

ˇ D 1
� D ∅, then the ellipsoid xTPx D 1

is between the two hyperplanes f Tx D ˙1 without touching them, consequently,
f TP�1f < 1.

If f1 is a linearly dependent vector with f, i.e. f1 D af , then Lf1 and Lf are two
parallel zonal areas, and Lf1 will be contained by Lf if jaj � 1 �
Remark 2 If f is replaced by H 2 R

m�n where

H D

2

6

4

hT
1
:::

hT
m

3

7

5 ;

then it can be proved by a similar method that LP � LH if and only if hT
j P�1hj � 1,

for all j D 1; 2; : : : ;m, where LH D \
i
LhT

i
, i.e., LH D fxI kHxk1 � 1g, kHxk1

is the infinity norm of Hx. If
˚

fj; j D 1; 2; : : :
�

is the set of intersection points of
hyperplanes hT

i x D ˙1, then LH is the simplex with vertices
˚

fj; j D 1; 2; : : :
�

.
Then LP � LH implies that the ellipsoid LP is contained in the simplex. The reason
why LP is an ellipsoid and LH is a simplex is that their norms calculated by the two
different ways. �
Remark 3 If f TP�1f D 1, then ˆ defined in Eq. (4.2.4) is only a semi-definite
matrix. Therefore, there must be x such that 1 D xTPx D xT ff Tx, particularly, it can
be required f Tx D xT f D 1. The following will prove that such x is unique.
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Since the rank of matrix ˆ defined by Eq. (4.2.4) is larger than n � 1, and there

exists a nonzero vector
�

1 .�f /T
�T

such that

ˆ

�

1

�f




D
�

1 f TP�1
P�1f P�1


 �

1

�f




D 0;

we obtain that rank ˆ D n � 1. It follows that there is unique x, such that
�

1 � xTP
�

ˆ
�

1 � xTP
�T D 0. The x can be solved x D P�1f and satisfies that

1 D xTPx D xT ff Tx. �
The following four theorems present basic properties of the layer set Lc of the

quadratic function Vc(x).
For the sake of simplicity, we denote LP D co fLPi ; i D 1; 2; : : : ;Ng.

Theorem 4.2.2 Lc D LP D [
�2�LP.�/:

Proof (1) At first, we prove LP � Lc. For every x 2 LP, there exists xi 2 LPi , such

that x D
N
X

iD1
�ixi. xi 2 LPi implies 1 � xT

i Q�1
i xi, then we have

�

1 xT
i

xi Qi




� 0;

�

1 xT

x Q .�/




D
N
X

iD1
�i

�

1 xT
i

xi Qi




� 0;

i.e., 1 � xTP .�/ x � Vc.x/; x 2 Lc:

(2) Secondly, we prove [
�2�LP.�/ � LP. It is sufficient, for any � 2 � , to prove

LP.�/ � LP.
The conclusion is proved by contradiction. If there exists a �� 2 � such that

x0 2 LP.��/; x0 … LP. Since LP is a convex set, from Lemma 1.2.2 and Remark 3
behind the lemma, there exists a vector n, such that hn; x0i > hn; xi, for all x 2 LP.

Consider an optimization problem

y D max
x2LP.��/

hn; xi :

Since LP.��/ is a closed ellipsoid, there exists unique maximum value. Denote
ymax D hn; x�i, where x� 2 LP.��/. Let n� D n

hn; x�i . Then 1 � hn�; xi for all
x 2 LP.��/. Further, by the definition of Ln� , we have LP.��/ � Ln� . The hyperplane
.n�/Tx D 1 is tangent to LP.��/. From Remark 2 given after Lemma 4.2.1, we have

�

n��T
Q
�

��� n� D 1: (4.2.5)

But, for all x 2 LP, it holds that hn; x0i > hn; xi. Replacing n by n�, it yields

�

n��T
x <

�

n��T
x0 � �

n��T
x� D 1:

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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Using Remark 2 given after Lemma 4.2.1, for any Pi; i D 1; 2; : : : ;N, LPi is
between hyper planes .n�/Tx D ˙1, without touching them. Therefore, for all
i D 1; 2; : : : ;N, we have

�

1 .n�/TQi

Qin� Qi




> 0: (4.2.6)

By Inequality (4.2.6), if �� D �

��
1 �

�
2 : : : ��

N

�T
, then

�
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Q .��/ n� Q .��/




D
N
X

iD1
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�

1 .n�/TQi

Qin� Qi




> 0:

By Remark 2 for Lemma 4.2.1, it holds .n�/TQ .��/ n� < 1. This contradicts to Eq.
(4.2.5).

(3) Finally, we prove Lc � [
�2�LP.�/. Since x 2 Lc, by the illustration given after

Definition 4.2.1, there exists a �� 2 � , such that 1 D Vc.x/ D min
�2� xTP .�/ x D

xTP .��/ x, for x 2 LP.��/ � [
�2�LP.�/.

In conclusion, we have proved Lc D LP D [
�2�LP.�/. �

Theorem 4.2.2 presents the geometric characteristic of the layer Lc of the convex
hull quadratic function Vc(x). It illustrates that Lc is a closed convex hull of those
LPi . The fact somewhat explains the reason why we call Vc.x/ D min

�2�xTP .�/ x the

quadratically convex hull Lyapunov function.
Using Lc .�/ D p

�Lc and the other equalities, it is direct to obtain

Lc .�/ D co fLPi .�/ ; i D 1; 2; : : : ;Ng D [
�2�LP.�/ .�/ :

In order to give a geometrical illustration of Theorem 4.2.2, we need to introduce
a concept of convex analysis. The concept is also useful in the next theorem which
deals with algebraic property of the boundary Lc.

Let A be a closed convex set. x 2 A is called an extreme point of A if x cannot be
represented as a convex combination of any other points in A. It is obvious that the
set of extreme points is contained by the boundary of A (Theorem 1.2.2), i.e., bd A.
But, usually, it is a proper subset of bd A. For instance, in a simplex, its vertices are
extreme points, but other points in edges are not extreme points. The closed convex
set A is said to be strictly convex, if every point in bd A is an extreme point. For
example, every point of the circumference of a closed circle in R

2 is extreme point.
The level set LP is a strictly convex set provided that P 2 R

n�n is a positive definite
matrix.

The following lemma gives a characteristic of extreme points.

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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Fig. 4.5 The construction
of Lc
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Lemma 4.2.2 Let A be a closed convex set, and x0 2 A be an extreme point of A.
Let f (x) be a convex function defined on A. Then f (x) reaches its minimal value at
x0 if and only if @

@xi
f .x0/ � 0. �

The lemma can be proved by the knowledge of calculus and is omitted.
Theorem 4.2.2 shows Lc is a closed convex hull of LPi ’s. The boundary of Lc

consists of two kinds points (to see Fig. 4.5 for a schematic figure). Point A is
located at the boundary of one ellipsoid, it is an extreme point; Point B is in a flat
surface (hyperplane) and is not an extreme point. The hyperplane is the common
tangent plane of several ellipsoids. Hence, bd Lc is a continuous differentiable
curved surface with order one.

In the theory of convex analysis, many properties of a convex set can be described
by its extreme points. Hence, it is advanced to get properties of a convex set from
studying on its extreme points.

For i D 1; 2; : : : ;N, we denote

Ei D bd Lc \ bd LPi D ˚

xI Vc.x/ D xTPix D 1
�

:

The above analysis shows that Ei is a subset of extreme points of Lc. The further
characteristic of Ei is depicted by the following Theorem 4.2.3.

Theorem 4.2.3 For i D 1; 2; : : : ;N,

Ei D ˚

x 2 bd Lc W xTQ�1
i

�

Qj � Qi
�

Q�1
i x � 0; j D 1; 2; : : : ;N

�

:

Proof Without loss of generality, let i D 1. Then it needs us to prove only

E1 D ˚

x 2 bd Lc W xTQ�1
1

�

Qj � Q1

�

Q�1
1 x � 0; j D 1; 2; : : : ;N

�

: (4.2.7)

Firstly, when j D 1, it always holds xTQ�1
1

�

Qj � Q1

�

Q�1
1 x � 0, hence, we only

consider the case j ¤ 1. Vc(x) is rewritten as follows

Vc.x/ D min

8

ˆ
<

ˆ
:

xT

2

4Q1 C
N
X

jD2
�j
�

Qj � Q1

�

3

5

�1

x;
N
X

jD2
�j � 1; �j � 0

9

>
=

>
;

:
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We now denote xTP(� )x in an alternative form. Denote

'x .�2; : : : ; �N/ D xT

2

4Q1 C
N
X

jD2
�j
�

Qj � Q1

�

3

5

�1

x D xTP .�/ x; (4.2.8)

where x is treated as a parameter. Define a set of Rn�1 as follows

�2 D
8

<

:

.�2; : : : ; �N/ W
N
X

jD2
�j � 1; �j � 0

9

=

;

;

�2 can be treated as the projection of � on span fei; i D 2; 3; : : : ; ng, hence, is
bounded and closed. An elements of �2 is denoted by O� . By the definition of Vc(x),
we have Vc.x/ D min

O�2�2
'x . O�/, or 'x . O�/ � Vc.x/; O� 2 �2.

If x 2 E1, then Vc.x/ D xTQ�1
1 x D 1. It implies that the minimum value of

function ®x is obtained when .�2; : : : ; �N/ D .0; : : : ; 0/, then by Lemma 4.2.2

@'x

@�j

ˇ

ˇ

ˇ.�2;:::�N /D.0;:::;0/ � 0; j D 2; : : : ;N: (4.2.9)

It is known that for an differentiable function matrix A(t), d
dt A

�1.t/ D
A�1.t/ dA.t/

dt A�1.t/. Using the rule, Inequality (4.2.8) yields

xTQ�1
1

�

Qj � Q1

�

Q�1
1 x � 0; j D 2; 3; : : : ;N: (4.2.10)

It means that for x 2 E1, Inequality (4.2.10) holds.
Now, we prove that if x 2 db Lc and Inequality (4.2.10) holds, then x 2 db LP1 ,

hence, x 2 E1.
Because

@'x

@�j

ˇ

ˇ

ˇ.�2;:::�N /D.0;:::;0/ D xTQ�1
1

�

Qj � Q1

�

Q�1
1 x; j D 2; : : : ;N;

by Lemma 4.2.2, Inequality (4.2.9) implies that ®x(�2, �3, : : : , �N) reaches its
minimal value. Thus,

xTP1x D 'x .0; 0; : : : ; 0/ D min
O�2�2

'x . O�/ D Vc.x/:

x 2 db Lc, consequently, xTP1x D 1, x 2 db LP1 .
In conclusion, we have

E1 D ˚

x 2 @Lc W xTQ�1
1

�

Qj � Q1

�

Q�1
1 x � 0; j D 2; : : : ;N

�

:

The theorem is verified �
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Theorem 4.2.4 Let x0 2 bd Lc. Suppose that ��
k > 0 for k D 1; 2; : : : ;N0;

and ��
k D 0 for k D N0 C 1; : : : ;N, i.e., Q .��/ D

N0
X

kD1
��

k Qk. Denote xk D
QkQ�1 .��/ x0, k D 1; 2; : : : ;N0, then

(1) x0 D
N0
X

kD1
��

k xk;

(2) xk 2 bd LPk ;

(3) @Vc.x0/
@x D @Vc.xk/

@xk
D 2

�

Q�1
k xk

�T D 2
�

Q.��/�1x0
�T

2;

(4) Vc .xk/ D Vc .x0/ D 1; k D 1; 2; : : : ;N0:

Proof (1) By the definition, xk D QkQ.��/�1x0, k D 1; 2; : : : ;N0, hence,

N0
X

kD1
��

k xk D
N0
X

kD1
��

k QkQ
�

����1x0 D Q
�

���Q
�

����1x0 D x0:

(2) Recall the definition of the convex hull quadratic function Vc, it is equivalent
to calculate:

min xT
0

�
N
X

kD1
�kQk

��1x0;

s:t: � D Œ�1; �2; : : : ; �N � 2 �:
(4.2.11)

We use the Lagrange multiplier method to solve the optimization problem. By
introducing Lagrange multipliers ˛, ˇk, and rk, k D 1; 2; : : : ;N, the Lagrange
function for Problem (4.2.11) is obtained as follows

L .�; r; ˛; ˇ/ D xT
0

 

N
X

kD1
�kQk

!�1
x0 C ˛

 

N
X

kD1
�k � 1

!

C
N
X

kD1
ˇk
�

�k � r2k
�

;

(4.2.12)

where ˇ D Œˇ1 ˇ2 : : : ˇN �
T and r D Œr1 r2 : : : rN �

T . The last two terms in Eq. (4.2.12)
are used to realize � 2 � . Thus the optimal solution (�*, r*,˛*,ˇ*) of Problem
(4.2.12) must satisfy

8

ˆ
ˆ
<

ˆ
ˆ
:

@L=@�jj.��;r�;˛� ;ˇ�/ D 0;

@L=@rjj.��;r�;˛�;ˇ�/ D 0;

@L=@˛j.��;r�;˛� ;ˇ�/ D 0;

@L=@̌ jj.��;r�;˛�;ˇ�/ D 0;

j D 1; 2; : : : ;N: (4.2.13)

2In accordance with the general notation, @Vc.x0/
@x represents @Vc.x/

@x

ˇ

ˇ

ˇ

xDx0
.
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By computing (4.2.13), it yields

xT
0

 

N
X

kD1
��

k Qk

!�1
Qj

 

N
X

kD1
��

k Qk

!�1
x0 � ˛� C ˇ�

j D 0; j D 1; 2; : : : ;N;

(4.2.14a)

ˇ�
j rj D 0; j D 1; 2; : : : ;N; (4.2.14b)

N
X

kD1
��

k D 1; (4.2.14c)

��
j D �

r�
j

�2
; j D 1; 2; : : : ;N: (4.2.14d)

Since ��
k > 0, k D 1; 2; : : : ;N0, and ��

k D 0, k D N0 C 1; : : : ;N, we can require
that rk > 0 for k D 1; 2; : : : ;N0. By Eq. (4.2.14b), it yields

ˇ�
k D 0; k D 1; 2; : : : ;N0: (4.2.15)

Substituting Eq. (4.2.15) into Eq. (4.2.14a), we have

xT
0Q�1 ����QkQ�1 ���� x0 D ˛�; k D 1; 2; : : : ;N0; (4.2.16)

hence,

xT
0Q�1 ���� �

N0
X

kD1
��

k Qk

�

Q�1 ���� x0 D ˛�;

that is

Vc .x0/ D xT
0Q�1 ���� x0 D ˛�: (4.2.17)

Because x0 2 bd Lc, ˛� D 1.
It is easy to obtain that

xT
k Q�1

k xk D �

QkQ�1 ���� x0
�T

Q�1
k

�

QkQ�1 ���� x0
� D xT

0Q�1 ����QkQ�1 ���� x0 :

Therefore, we have xT
k Q�1

k xk D 1, and xk 2 bd LPk , k D 1; 2; : : : ;N0.
(3) Since x0 2 bd Lc, and Lc is a closed convex set, by Lemma 1.2.2, there

exists an h0 2 R
n, such that 1 D hh0; x0i � hh0; xi for all x 2 Lc. For this x0,

there exists a ��, and then P .�� .x0//, such that Vc .x0/ D xT
0P .�� .x0// x0. Denote

P0 D P .�� .x0// for simplicity, note that P0 depends on x0.

http://dx.doi.org/10.1007/978-3-662-49245-1_1
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From Lemma 4.2.1, hT
0 x D 1 is tangent to the ellipsoid xTP0x D 1 at x0, hence,

Lh0 � Lc � LP0 ; (4.2.18)

in other words

x0 D P�1
0 h0; hT

0P�1
0 h0 D 1: (4.2.19)

Define a function �.x/ D
p

xTP0x, then �(x) is positively homogeneous, and for
every x 2 bd Lc, we have

hT
0 x �

p

Vc.x/ � �.x/; (4.2.20)

where we apply hT
0 x � 1 D p

Vc.x/. Since the three functions in Inequality (4.2.20)
are all positively homogeneous, Inequality (4.2.20) holds for all k � 0 and x 2
bd Lc.k/. It means the inequality holds for all x 2 R

n.

Since
@�.x/

@x
D 2xTP0

2
p

xTP0x
, we have

@�.x/

@x

ˇ

ˇ

ˇ

ˇ

x D x0
D xT

0P0 D hT
0 , for x D x0 2

bd Lc. By the continuity of the quadratic function, we have

� .x0 C
x/ D � .x0/C hT
0
x C o .k
xk/ ;

where o(k
xk) is the higher order infinitesimal of k
xk, and � .x0/ D 1. On the
other hand, hT

0 .x0 C
x/ D 1C hT
0
x, by substituting x D x0 C
x into Inequality

(4.2.20), we obtain

1C hT
0
x � p

Vc .x0 C
x/ � 1C hT
0
x C o .k
xk/ :

Hence,

hT
0
x � p

Vc .x0 C
x/ �p

Vc .x0/ � hT
0
x C o .k
xk/ :

Multiplying by .k
xk/�1 for every item, and letting k
xk ! 0, it leads to

@
p

Vc.x/

@x

ˇ

ˇ

ˇ

ˇ

ˇ

xDx0

D hT
0 D xT

0P0: (4.2.21)

Thus,

@Vc.x/

@x
D
@
�
p

Vc.x/
�2

@x
D 2

@
p

Vc.x/

@x
:
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Let x D x0, we have @Vc.x/
@x

ˇ

ˇ

ˇ

xDx0
D 2

@
p

Vc.x/
@x

ˇ

ˇ

ˇ

xDx0
D 2.P0x0/

T , or @Vc.x/
@x

ˇ

ˇ

ˇ

xDx0
D

2.P .��/ x0/
T . By using xk D QkQ.��/�1x0, we at last obtain @Vc.x/

@x

ˇ

ˇ

ˇ

xDx0
D

2.Pkxk/
T .

(4) Since x D
N0
X

kD1
��

k xk, the xk and x0 are on one hyperplane, and the hyperplane

must be the tangent plane of LP.��/ at x0. Therefore, xk 2 db Lc and Vc .x0/ D
Vc .xk/ D xT

k Q�1
k xk D 1, for k D 1; 2; : : : ;N0. �

Using Lc .�/ D p
�Lc, Theorem 4.2.4 has the following corollary.

Corollary 4.2.1 If xT
0P .��/ x0 D �, i.e., x0 2 bd Lc .�/, then the following

conclusions are valid.

(1) x0 D
N0
X

kD1
��

k xk, with xk 2 bd LPk .�/;

(2)
@Vc .x0/

@x
D @Vc .xk/

@xk
D 2

�

Q�1
k xk

�T D 2
�

Q
�

����1x0
�T

;

(3) Vc .xk/ D Vc .x0/ D �; k D 1; 2; : : : ;N0. �

Remark The equation
@Vc.x/

@x
D 2P

�

��� x cannot be simply obtained by differ-

entiating the function Vc.x/ D xTP .��/ x. Since �� D ��.x/ is also a function of
x;P .��/ is not a constant matrix. �

From the proof of the last theorem, we can state another corollary.

Corollary 4.2.2 If x0 2 db Lc, and its responding �� satisfies that ��
k ¤ 0; k D

1; 2; : : : ;N0, ��
k D 0; k D N0C1; : : : ;N. If there exist xk 2 LPk ; k D 1; 2; : : : ;N0,

such that x0 D
N
X

kD1
��

k xk. Then

(1) xk 2 db LPk ;
(2) If k ¤ j, then Pk ¤ Pj;
(3) N0 � n;
(4) x0; xk; k D 1; 2; : : : ;N0 on an identical hyperplane f Tx D 1, where f is a normal

vector of the hyperplane. �
Corollary 4.2.2 has a version for Vc .x0/ D �, the readers are suggested to write

the conclusions.
Some properties of the function �*(x) are given in the following theorem.

Theorem 4.2.5 (1) For any x 2 dbLVc , if x can be expressed as x D
N
X

kD1
�kxk

uniquely, with xj 2 LPj , � 2 � , then �* is a function of x.
(2) If �* is a function of x, then �*(x) is a continuous function.
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Proof (1) The conclusion is proved by contradiction. If �*(x) is not a function of
x, i.e., there is an x and more than one �* corresponding to it, e.g. �* (1) and �* (2).

From Theorem 4.2.3, we have x D
N
X

kD1
�

�.1/
k x.1/k D

N
X

kD1
�

�.2/
k x.2/k . It contradicts with

that x can be represented uniquely as x D
N
X

kD1
�kxk. Thus �* is a function of x.

(2) It is also proved by contradiction. If �*(x) is not continuous at x0, then there
exists a sequence fx(n)g such that lim

n!1 x.n/ D x0, but �*(x(n)) does not converge at

�*(x0). Since for any n, �� �x.n/
� 2 � , and � is a closed convex set, there exists

a subsequence fx(1n)g of fx(n)g such that lim
n!1 x.1n/ D x0, and lim

n!1 �� �x.1n/
� D

��.1/ ¤ �� .x0/. We denote �� �x.1n/
� D ��.1n/. By Theorem 4.2.3, there exist

x.1n/
k 2 LPk , k D 1; 2; : : : ;N, such that

x.1n/ D
J
X

kD1
�

�.1n/
k x.1n/

k : (4.2.22)

Since � , Lc and LPj are all compact, an integer sequence fkiI i D 1; 2; : : : g can

be found such that the subsequence
n

x.1n/
ki

o

of
n

x.1n/
ki

o

satisfies
n

x.1n/
ki

o

�
n

x.1n/
k

o

and lim
i!1x.1n/

ki
D x.2/k with x.2/k 2 LPk . Since fx(1n)g and

˚

��.1n/
�

are all convergent

sequences, so lim
i!1 ��.1n/

ki
D ��.1/ ¤ �� .x0/ and lim

i!1 x
.1ki/ D x0. Taking limit on

the both sides of (4.2.22) yields

lim
i!1x.1ki/ D lim

i!1

N
X

kD1
�

�.1n/
ki

x.1n/
ki
;

so

x0 D
J
X

kD1
�

�.1/
k x.2/k :

Owing to ��.1/ ¤ �� .x0/,

x0 D
N
X

kD1
��

k .x0/ xk D
N
X

kD1
�

�.1/
k x.2/k ;

note ��.1/ ¤ �� .x0/, we get two different expressions about x0, it contradicts with
the prerequisite, that is, the expression of x0 is unique, so the assumption does not
hold. That is, �*(x) is a continuous function of x. �
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Problems

1. Prove ��.x/ D �� .˛x/, for all ˛ 2 R.
2. Prove Lc.a/ D p

aLc.1/, for all ˛ 2 RC.
3. Prove that Vc(x) is a continuous function on R

n.

4. Let P1 D
�

5 2

2 1




; P2 D
�

1 1

1 2




. Calculate Vc(x).

5. Prove Corollary 4.2.1 and Corollary 4.2.2.
6. If P 2 R

n�n is a positive definite matrix, then the level set LP is a strictly convex
set.

7. Give an example that x0 2 Lc, but x0 can be expressed as two different equations

of x D
N
X

kD1
�

�.1/
k x.1/k D

N
X

kD1
�

�.2/
k x.2/k :

4.3 Control of Linear Polytope Systems

This section considers control problems for the linear polytope system with control
input described as follows

:
x.t/ 2 co fAix.t/C Biu.t/; i D 1; 2; : : : ;Ng ; (4.3.1)

where x.t/ 2 R
n and u.t/ 2 R

m are the state and the input of the system, respectively,
and Ai 2 R

n�n; Bi 2 R
n�m, i D 1; 2; : : : ;N. The main design objective is to

establish a state feedback law u.t/ D K .x.t//, such that the closed-loop polytope
system

:
x.t/ 2 co fAix.t/C BiK .x.t// ; i D 1; 2; : : : ;Ng (4.3.2)

is strong stable or is strong exponentially stable. From Inclusion (4.3.2), it can
be seen that the design objective is equivalent to find the u.t/ D K .x.t// such
that N linear systems

:
x.t/ D Aix.t/ C BiK .x.t// ; i D 1; 2; : : : ;N are stable, or

exponentially stable, simultaneously.
The feedback law K(x(t)) given in this section is completed by using the convex

hull quadratic function discussed in the last section, so it is not linear in general.
In order to facilitate the description, when it is no confusion, we will omit the

argument (t) in x(t) and u(t), and omit i D 1; 2; : : : ;N in Inclusions (4.3.1) and
(4.3.2).

In order to provide convenience to readers, a conclusion for the linear system is
given here.

Consider the linear system described by

:
x D Ax C Bu;
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there exists the linear feedback control u D Kx, such that the closed-loop system
asymptotically stable if and only if there exist solutions X and Y the following linear
matrix inequality

AX C XAT C BY C YTBT < 0; (4.3.3)

holds with X being positive definite. If Inequality (4.3.3) holds, then we have K D
YX�1.

The proof is direct, and it is omitted. It is emphasized that there exists a solution
for Inequality (4.3.3) if and only if (A, B) is stabilizable. A further conclusion is:
If (A, B) is not be stabilized, then for any feedback u D K.x/, even though K(x) is
nonlinear, it is impossible to make

:
x D Ax C BK.x/ stable.

4.3.1 Feedback Stabilizability for Linear Polytope Systems

Consider the linear polytope system descripted by Inclusion (4.3.1), and given
positive definite matrices Pj; j D 1; 2; : : : ; J, denote Qj D P�1

j , constructing the
convex hull quadratic function Vc(x) by Definition 4.2.1. The meaning of layers
Lc .˛/ ; LPj .˛/ are given in Sect. 4.2. Suppose that ��.x/ is a function throughout
of this section.

Consider the set bd Lc(˛). If for any x 2 bd Lc .˛/, it holds @Vc.x/
@x f .x/ � 0

with arbitrary selection f .t/ 2 co .Aix.t/C BiK .x.t///, then by Lasalle invariable
principle, any trajectory will tend to an invariable set in Lc(˛). Since Lc .˛/ Dp
˛Lc, if for x 2 bd Lc, it always holds @Vc.x/

@x f .x/ < 0, then the polytope system
must be strong stable. In what follows, this argument is main issue for further
investigation.

In order to simplify the proofs afterward, first, given a direct result and its detailed
proof, the purpose is to provide some ideas for similar proofs.

Theorem 4.3.1 If there exist matrices Pj 2 R
n�n and Fj 2 R

m�n, with Pj > 0,
j D 1; 2; : : : ; J, such that the inequalities

AiQj C QjA
T
i C BiFj C FT

j BT
i < 0; (4.3.4)

hold for i D 1; 2; : : : ;N simultaneously, where Qj D P�1
j , then there exists a state

feedback u.t/ D K .x.t// such that the closed Inclusion (4.3.2) is strong stable.

Proof If there exist positive definite matrices Pj 2 R
n�n and matrices Fj 2 R

m�n

j D 1; 2; : : : ; J, such that Inequalities (4.3.4) hold for every i D 1; 2; � � � ;N, then
we construct Vc(x) by Definition 4.2.1, and obtain �� D ��.x/.

Denote F .��/ D
J
X

jD1
��

j Fj and Q .��/ D
J
X

jD1
��

j Qj, the feedback law is

constructed as follows
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u D F
�

���Q�1 ���� x: (4.3.5)

Since it has been assumed that ��.x/ is a function in the section, by Theorem 4.2.5,
the feedback given in Eq. (4.3.5) is continuous.

Multiplying Inequality (4.3.4) from left and right by Q�1
j , respectively, it yields

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

i Q�1
j < 0: (4.3.6)

The proof of strong stability of the closed-loop system combined by Inclusion
(4.3.2) and Eq. (4.3.5) is proceeded with two steps.

(1) If x 2 Ej D bd Lc \ bd LPj , then Vc.x/ D Vc
�

xj
� D xT

j Pjxj D 1. Because
�� D ��.x/ is a function of x, ��

j D 1 and ��
i D 0; i ¤ j. Thus,

:

Vc.x/ D :

Vc
�

xj
� 2 co

�

@

@x
Vc.x/

�

Aix C BiF
�

���Q�1 ���� x
�

	 ˇ

ˇ

ˇ

ˇ

xDxj

D co
˚

2xT
j Q�1

j

�

Ai C BiFjQ
�1
j

�

xj
�

D co
˚

xT
j

�

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

i Q�1
j

�

xj
�

:

By Inequality (4.3.6), the quadratic form xT
j

�

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ�1
j C

Q�1
j FT

j BT
i Q�1

j

�

xj is negative definite, and Ej is a compact set, hence,

max
xj2Ej

xT
j

�

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

i Q�1
j

�

xj < 0:

Furthermore,

max
i

max
xj2Ej

xT
j

�

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

i Q�1
j

�

xj < 0:

It leads to
:

Vc
�

xj
�

< 0.
(2) If x 2 bd Lc, by Conclusion (1) of Theorem 4.2.3, there exist xj 2 Ej; j D

1; 2; : : : ; J such that x D
J
X

jD1
��

j xj. For simplicity, we assume that ��
j > 0, j D

1; 2; : : : ; J0; ��
j D 0, j D J0 C 1; : : : ; J. By Conclusion (3) of Theorem 4.2.3, we

have Q�1
j xj D Q.��/�1x and Vc.x/ D Vc

�

xj
� D 1. By Conclusion (3) of Theorem

4.2.3 again, we have

:

Vc.x/ 2 co

�

@

@x
Vc.x/

h

Aix C BiF
�

���Q
�

����1x
i
	

D co
n

2xTQ
�

����1 hAi C BiF
�

���Q
�

����1x
io

:
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Because

2xTQ
�

����1 hAix C BiF
�

���Q
�

����1x
i

D
J0
X

jD1
2xTQ

�

����1
h

��
j Aixj C ��

j BiFjQ
�

����1x
i

D
J0
X

jD1
2xT

j Q�1
j

h

��
j Aixj C ��

j BiFjQ
�1
j xj

i

D
J0
X

jD1
��

j xT
j

h

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

i Q�1
j

i

xj

< 0;

where the first equality is obtained by applying x D
J0
X

jD1
��

j xj and F .��/ D
J0
X

jD1
��

j Fj, the second equation is because Q.��/�1x D Q�1
j xj. Therefore, using the

arguments made in Step (1), we have Vc.x/ < 0 for all x 2 bd Lc. �
There are the following remarks about the above proof.

Remark 1 Readers can find that a series of simplifications have been made in the
above proof. First, the discussion for any Lc(˛) is simplified as that for the fixed Lc,
and the scope of the discussion is narrowed; then the discussion for x 2 bd Lc is
restricted to that for xj 2 Ej. By Theorem 4.2.4, there are some useful properties of
Ej, it is easy to carry on the discussion by using these properties. From the proof
of Theorem 4.3.1, it can be seen as long as the conclusion holds for xj 2 Ej, it
is convenient to extend it to bd Lc. Hence, the key is to prove the conclusion for
xj 2 Ej. Later on, we mainly prove the conclusion for xj 2 Ej, and that for x 2 bd Lc

is simplified or omitted. �
Remark 2 From the proof Step (1) of Theorem 4.3.1, the condition Q�1

j Ai C
AT

i Q�1
j C Q�1

j BiFjQ�1
j C Q�1

j FT
j BT

i Q�1
j < 0 can be relaxed. In fact, it is sufficient

for us to prove that xT
j

�

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ�1
j C Q�1

j FT
j BT

i Q�1
j

�

xj < 0

for xj in Ej. �
Remark 3 When a>0, ��.ax/ D ��.x/, the feedback u D F .��.x//Q�1 .��.x// x
is positively homogeneous for x. �
Remark 4 Solving inequalities AiQjCQjAT

i CBiFjCFT
j BT

i < 0, for i D 1; 2; : : : ;N,
is equivalent to find a common solution (X, Y) for the set of inequalities as follows
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8

<

:

A1X C XAT
1 C B1Y C YTBT

1 < 0;

� � � � � �
ANX C XAT

N C BNY C YTBT
N < 0;

where X is required to be positive definite. A sufficient and necessary condition
is that (Ai, Bi), i D 1; 2; : : : ;N, can be stabilized, simultaneously, and a necessary
condition is that (Ai, Bi), i D 1; 2; : : : ;N, can be stabilized. Therefore, the condition
of Theorem 4.3.1 is also necessary for the linear feedback. �
Corollary 4.3.1 Under the conditions of Theorem 4.3.1, there exists a feedback
such that Inclusion (4.3.2) under feedback u.t/ D K .x.t// is strong exponentially
stable.

Proof Under the condition of Theorem 4.3.1, we will prove that there exists a
positive real number ˇ, such that for all j D 1; 2; : : : ; J,

QjA
T
i C AiQj C FT

j BT
i C BiFj � �ˇQj: (4.3.7)

with Qi D P�1
i . If inequality (4.3.7) is verified, then it will be obtained

:

Vc.x/ �
�ˇVc.x/, for all x 2 bd Lc by the proof which is almost the same as that of Theorem
4.3.1. Hence, the closed-loop system is strongly exponentially stable.

Denote QjAT
i CAiQj CFT

j BT
i CBiFj D �Wij, then Wij is a positive definite matrix

for every i 2 f1; 2; : : : ;Ng and every j 2 f1; 2; : : : ; Jg. It can be proved that there
exists a matrix C such that CTQjC and CTWijC are simultaneously diagonalizable;
consequently, there exists a ˇij > 0 such that CTWijC � ˇijCTQjC, that is,

QjA
T
i C AiQj C FT

j BT
i C BiFj � �ˇijQj:

Let ˇ D min
˚

ˇij; i D 1; 2; : : : ;NI j D 1; 2; : : : ; J
�

, then Inequality (4.3.7) holds. �
From Theorem 4.3.1, nonlinear feedback Eq. (4.3.5) does not have any advan-

tage. This is the main reason to give Theorem 4.3.2, which can relax slightly the
conditions of the above theorem.

Theorem 4.3.2 Consider Inc. (4.3.1), if there exist matrices Pj 2 R
n�n and

Fj 2 R
m�n, with Pj > 0, j D 1; 2; : : : ; J, and constant ˇ > 0 and �ijk � 0,

i D 1; 2; : : : ;N; j; k D 1; 2; : : : ; J such that

QjA
T
i C AiQj C FT

j BT
i C BiFj �

J
X

kD1
�ijk

�

Qk � Qj
� � ˇQj (4.3.8)

where Qj D P�1
j , then there exists a feedback u.t/ D K .x.t//, such that the closed-

loop system is strongly exponentially stable.
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Proof Constructing the function Vc(x) defined by the Definition 4.2.1. Based on the

above remark, �� D ��.x/ is a function. We can then construct F .��/ D
J
X

jD1
��

j Fj,

Q .��/ D
J
X

jD1
��

j Qj and design a continuous feedback control law

u D F
�

���Q�1 ���� x

which is the same as Eq. (4.3.5).
Multiplying Inequality (4.3.8) from left and from right sides by Q�1

j , it yields

AT
i Q�1

j C Q�1
j Ai C Q�1

j FT
j BT

i Q�1
j C Q�1

j BiFjQ
�1
j

�
J
X

kD1
�ijkQ�1

j

�

Qk � Qj
�

Q�1
j � ˇQ�1

j :

We give the proof with two steps as those of Theorem 4.3.1.
(1) If x 2 Ej D bd Lc \ bd LPj , by the definition of Ej, Vc.x/ D xTQ�1

j x D 1,
the jth component of �* is 1, the others are all 0. Hence, F .��/Q�1 .��/ D FjQ�1

j

and x D xj, and @
@x Vc.x/ D @

@xj
Vc
�

xj
� D

�

2Q�1
j xj

�T
. The derivation along with the

trajectory of the closed-loop system obtained from Inclusion (4.3.1) and Eq. (4.3.5)
satisfies

:

Vc.x/ 2 co

�

@

@x
Vc.x/

�

Aix C BiF
�

���Q�1 ���� x
�

	

D co

�

@

@x
Vc.x/

�

Aixj C BiFjQj
�1xj

�

	

D co
˚

2xT
j Q�1

j

�

Ai C BiFjQj
�1� xj

�

D co
˚

xT
j

�

Q�1
j Ai C AiQ

�1
j C Q�1

j BiFjQj
�1 C Q�1

j FT
j BT

j Qj
�1� xj

�

:

By Theorem 4.2.2, we get

:

Vc.x/ � max
xj2Ej

˚

xT
j

�

Q�1
j Ai C AiQ

�1
j C Q�1

j BiFjQj
�1 C Q�1

j FT
j BT

j Qj
�1� xj

�

� max
xj2Ej

(

xT
j

 

N
X

kD1
�ijkQ�1

j

�

Qk � Qj
�

Q�1
j � ˇQ�1

j

!

xj

)

� max
xj2Ej

˚�ˇxT
j Q�1

j xj
�

� �ˇVc.x/ :
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(2) For x 2 bd LVc , using the arguments as done in Step (2) of Theorem 4.3.1, we
have

:

Vc.x/ � �ˇVc.x/;

the detailed proof is omitted.
According to the above two steps, under the feedback u D F.��/Q.��/�1x, the

closed-loop system is strongly exponentially stable. �
For Theorem 4.3.2, we have the following two remarks.

Remark 1 By the proof of Corollary 4.3.1, the Inequality (4.3.8) is equivalent to

QjA
T
i C AiQj C FT

j BT
i C BiFj <

J
X

kD1
�ijk

�

Qk � Qj
�

: (4.3.9)

�
Remark 2 Inequality (4.3.9) is easier to be satisfied than Inequality (4.3.4), since

it does not need that
J
X

kD1
�ijk

�

Qk � Qj
�

is negative definite. The reason that the

condition can be relaxed in Theorem 4.3.2 is that we do not need Inequality (4.3.4)
holding for all i D 1; 2; : : : ;N and j D 1; 2; : : : ; J, but we just need

xT
j

�

QjA
T
i C AiQj C FT

j BT
i C BiFj

�

xj < 0 (4.3.10)

for xj 2 Ej D bd Lc \ bd LPj . By Theorem 4.2.2

xT
j Q�1

j

�

Qk � Qj
�

Q�1
j xj � 0: (4.3.11)

Inequality (4.3.11) does not imply Q�1
j

�

Qk � Qj
�

Q�1
j � 0. It is difficult to verify

(4.3.10), but Inequality (4.3.9) is a linear matrix inequality, it can be solved by
existing software. �

The following corollary also illustrates that the condition of Theorem 4.3.2 is
lower than that of Theorem 4.3.1.

Corollary 4.3.2 If the condition of Theorem 4.3.1 is satisfied, there exists a nonzero
�ijk such that Inequality (4.3.8) holds.

Proof Let � D Œ�111 �112 : : : �11J �121 : : : �12J : : : �NJJ�
T and define a function of �

as follows

f .�/ D AT
i Q�1

j C Q�1
j Ai C Q�1

j FT
j BT

i Q�1
j C Q�1

j BiFjQ�1
j

�
J
X

kD1
�ijkQ�1

j

�

Qk � Qj
�

Q�1
j C ˇQ�1

j :
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Then it is a linear mapping for �, so it is continuous. Since f .0/ < 0, there exists a
ı > 0, such that f .�/ < 0 when k�k < ı. �

4.3.2 Feedback Stabilization for Linear Polytope Systems
with Time-delay

A real process has to take time, hence, a real control always time-delay during
the operation. It is natural to consider the time-delay for a control system design.
Sometimes, we do not consider time-delay because we have no effective method to
handle it rather than it does not exist. This subsection deals with the linear polytope
systems with time-delay. Readers have found in Sect. 2.3 that it becomes easy for
differential inclusions since we only require the solution exists almost every time.

Consider the system described by Inclusion (4.3.12). Comparing with Inc.
(4.3.1), it has an extra delayed state x .t � �/, where � > 0 is called time-delay.

� :
x.t/ 2 co fAix.t/C Adix .t � �/C Biu.t/g ;
x.t/ D �.t/; t 2 Œ��; 0� : (4.3.12)

In System (4.3.12), i D 1; 2; : : : ;N, x.t/ 2 R
n and u.t/ 2 R

m are the state and the
input, respectively, for t 2 Œ��; 0�, �(t) is a continuous vector-valued function, and
gives the initial state of the system, and Ai 2 R

n�n; Adi 2 R
n�n; Bi 2 R

n�m. The
design objective is still to find a state feedback law u.t/ D K .x.t//, such that the
closed-loop system

:
x.t/ 2 co fAix.t/C Adix .t � �/C BiK .x.t//g ; i D 1; 2; : : : ;N (4.3.13)

is strongly stable.
To start with, we give a Lemma

Lemma 4.3.1 Let f .t/ 2 R
C be a continuous function. If there exist two constants,

˛, ˇ such that ˇ > ˛ > 0 and

:

f .t/ � �ˇf .t/C ˛ sup
t���s�t

f .s/

for t � t0. Let 
 be the unique positive solution of 
 � ˇ C ˛e
� D 0, then

f .t/ �
�

sup
t0���s�t0

f .s/




e�
.t�t0/:

Lemma 4.3.1 is called Halany inequality, it can be direct verified, or, referred to
(Filippov 1988).

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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Theorem 4.3.3 If there exist positive definite matrices Pj 2 R
n�n and matrices

Fj 2 R
m�n, j D 1; 2; : : : ; J, such that for i D 1; 2; : : : ;N

AiQj C QjA
T
i C BiFj C FT

j BT
i C AdiQjA

T
di � �ˇQj; (4.3.14)

where ˇ > 1, and Qj D P�1
j . Then there exists a feedback u.t/ D K .x.t// such that

System (4.3.13) is strongly exponentially stable.

Proof We continue to apply the notations used in Theorem 4.3.1, i.e., F .��/ D
J
X

jD1
��

j Fj and Q .��/ D
J
X

jD1
��

j Qj, the feedback law is

u D F
�

���Q�1 ���� x:

We now prove exponential stability for the closed-loop system (4.3.13). Multi-
plying Inequality (4.3.14) from left and from right by Q�1

j yields

AT
i Q�1

j C Q�1
j Ai C Q�1

j FT
j BT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j AdiQjA
T
diQ

�1
j � �ˇQ�1

j :

First, we assume x 2 Ej, it can be deduced that Vc.x/ D Vc
�

xj
� D xT

j Pjxj D 1

and
@Vc.x/

@x
D @Vc

�

xj
�

@xj
D 2Q�1

j xj. Therefore, for j 2 f1; 2; : : : ; Jg, the derivation

of Vc(x) along the trajectory of the closed-loop system (4.3.13) is

:

Vc.x/ 2 co

�

@

@x
Vc.x/

T
h

Aix C Aidx .t � �/CBiF
�

���Q
�

����1x
i

; iD1; 2; : : : ;N
	

:

(4.3.15)

For the sake of simplicity, we omit (t) in x(t), only maintain .t � �/ in the term with
time-delay. Since x 2 Ej, that is, ��

j D 1; ��
k D 0; k ¤ j, then we can obtain

@

@xj
Vc
�

xj
� �

Aixj C Aidxj .t � �/C BiFjQ
�1
j xj

�

D 2xT
j Q�1

j

�

Aixj C Aidxj .t � �/C BiFjQ
�1
j xj

�

D 2xT
j Q�1

j

�

Aixj C BiFjQ
�1
j xj

�C 2xT
j Q�1

j Aidxj .t � �/ :

By Relation (4.1.5), we obtain

2xT
j Q�1

j Adixj .t � �/ � xT
j Q�1

j AdiQjA
T
diQ

�1
j xj C xT

j .t � �/Q�1
j xj .t � �/ :
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Hence,

@

@xj
Vc
�

xj
� �

Aixj C Adixj .t � �/C BiFjQ
�1
j xj

�

� xT
j

�

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

j Q�1
j C Q�1

j AdiQjAdiQ
�1
j

�

xj

C xT
j .t � �/Q�1

j xj .t � �/ :

By the conditions of the theorem, for every j D 1; 2; : : : ; J, it holds

AT
i Q�1

j C Q�1
j Ai C Q�1

j FT
j BT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j AidQjA
T
idQ�1

j � ˇQ�1
j ;

thus

:

Vc
�

xj
� � �ˇxT

j Q�1
j xj C xT

j .t � �/Q�1
j xj .t � �/

D �ˇVc
�

xj
�C Vc

�

xj .t � �/� :

Using the arguments as done in Theorem 4.3.1, it can be deduced that for all
x 2 bd LVc ,

:

Vc.x/ � �ˇVc.x/C Vc .x .t � �// :

Since ˇ > 1, by Lemma 4.3.1, we have V .x.t// � sup
s2Œ��;0�

j�.s/j e�
� , where 
 is the

unique solution of 
�ˇCe
� D 0. The closed-loop system is strongly exponentially
stable. �

Similar conclusion can be established by using the arguments as that completed
in Theorem 4.3.2. The proof is left to readers. We just list the conclusions below.

Corollary 4.3.3 Consider system (4.3.12). If there exist matrices Pj 2 R
n�n and

Fj 2 R
m�n, with Pj > 0, j D 1; 2; : : : ; J, and constants �ijk � 0 and ˇ > 1, such that

QjA
T
i C AiQj C FT

j BT
i C BiFj C AdiQjA

T
di �

J
X

kD1
�ijk

�

Qk � Qj
� � ˇQj

where Qj D P�1
j for all i D 1; 2; : : : ;N, then there exists a feedback law

u.t/ D K .x.t// D F .��/Q�1 .��/ x.t/, such that the closed-loop system is strongly
exponentially stable. �

In this subsection, we apply Halany inequality to deal with the stability of linear
polytope systems with time-delay. In Lemma 4.3.1, the requirement ˇ > 1 is to
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assure the solution 
 of equation 
�ˇCe
� D 0 satisfies 
 > 0. In fact, the Halany
inequality can be replaced by different inequalities, then we can obtain different
conditions for the existence of feedback law to stabilize the inclusion. However, the
process of the proof is the same, we always prove the case of x 2 Ej firstly and then
extend the result to bd Lc.

4.3.3 Disturbance Rejection for Linear Polytope Systems

This subsection considers another designing problem for control systems described
by differential inclusions, we now deal with disturbance rejection. Let us consider
the following linear differential inclusion systems with disturbance:

� :
x
y




2 co

��

Aix C Biu C Ti!

Cix




; i D 1; 2; : : : ;N

	

; (4.3.16)

where ! D !.t/ 2 R
q is called disturbance of the system, which is uncontrollable

and unmeasurable, Ti 2 R
n�q is the disturbance gain, y D y.t/ 2 R

r is the output of
the system, and Ci 2 R

n�q is the output matrix. The meanings of other notations in
Inclusion (4.3.16) are the same as those of Inclusion (4.3.2). The control objective
is to find feedback u.t/ D K.x.t//, such that the effect of the disturbance ! to the
state x(t) or output y(t) is as small as possible.

Theorem 4.3.4 If there exist matrices Pj 2 R
n�n and Fj 2 R

m�n, with Pj > 0,
j D 1; 2; : : : ; J, such that for all i D 1; 2; : : : ;N,

�

Mij Ti

TT
i �I




� 0; (4.3.17)

where Mij D AiQj C QjAT
i C BiFj C FT

j BT
i �

J
X

kD1
�ijk

�

Qk � Qj
�

, Qj D P�1
j . If

k!.t/k22 D
1
Z

0

!T.t/!.t/dt � 1, then by the feedback u.t/ D F .��/Q�1 .��/ x.t/,

where F .��/ ; Q�1 .��/ are defined before Eq. (4.3.5), then the set Lc is attractive
by the meaning that every trajectory of the closed-loop system starting from the
origin will be restricted in Lc, i.e. with the initial condition x.t/ 2 Lc; for t 2
Œ0; 1/.

Proof Given Vc(x) by Definition 4.2.1 in the above subsection, consider the
derivative of Vc(x) along the trajectories of the closed-loop system (4.3.16) with
u D F .��/Q�1 .��/ x, we have
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:

Vc.x/ 2 co

�

@

@x
Vc.x/

h

Aix C BiF
�

���Q�1 ���� x C Ti!

	

:

First, let x 2 Ej. Then we have Vc.x/ D Vc
�

xj
� D xT

j Pjxj D 1 and
@Vc.x/

@x
D

@Vc
�

xj
�

@xj
D 2Q�1

j xj. By Inequality (4.3.17), we have Mij C TiTT
i � 0, note

Mij D AiQj C QjA
T
i C BiFj C FT

j BT
i �

J
X

kD1
�ijk

�

Qk � Qj
�

multiplying Mij from left and right sides by Q�1
j , it yields

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

i Q�1
j

�
J
X

kD1
�ijkQ�1

j

�

Qk � Qj
�

Q�1
j C Q�1

j TiT
T
i Q�1

j � 0:

If x 2 Ej, then

@

@x
Vc.x/

�

Aix C BiF
�

���Q�1 ���� x C Ti!
�

ˇ

ˇ

ˇ

ˇ

xDxj

D 2xT
j Q�1

j

�

Aixj C BiFjQ
�1
j xj C Ti!

�

D xT
j

�

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

j Q�1
j

�

xj C 2xT
j Q�1

j Ti!:

By the inequality (4.1.5), we have

2xT
j Q�1

j Ti! � xT
j Q�1

j TiT
T
i Q�1

j xj C !T!:

Thus, for x 2 Ej, by Theorem 4.2.3, it holds

:

Vc
�

xj
� � xT

j

 

J
X

kD1
�ijkQ�1

j

�

Qj � Qk
�

Q�1
j

!

xj C !T! � !T!:

For x 2 bd Lc, using the arguments as in Theorem 4.3.1, we have x D
J0
X

jD1
��

j xj

where the meaning of J0 can be found in the proof of Theorem 4.3.1. For xj 2 Ej, it
yields
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:

Vc.x/ D @

@x
Vc.x/

�

Aix C BiF
�

���Q�1 ���� x C Ti!
�

D 2xTQ�1 ����
2

4

J0
X

jD1
��

j Aixj C
J0
X

jD1
��

j BiFjQ
�1 ���� x C Ti!

3

5

D 2

2

4

J0
X

jD1
��

j xTQ�1 ����Aixj C
J0
X

jD1
��

j xTQ�1 ����BiFjQ
�1
j xj

3

5

C 2xTQ�1 ����Ti!

� 2

2

4

J0
X

jD1
��

j xT
j Q�1

j Aixj C
J0
X

jD1
��

j xT
j Q�1

j BiFjQ
�1
j xj

3

5

C xTQ�1 ����TiT
T
i Q�1 ���� x C !T!

� 2

2

4

J0
X

jD1
��

j xT
j

�

Q�1
j AiCQ�1

j BiFjQ
�1
j

�

xj

3

5C
J0
X

jD1
��

j xT
j Q�1

j TiT
T
i Q�1

j xjC!T!:

According to the above discussion for x 2 Ej, it is obtained similarly

2

2

4

J0
X

jD1
��

j xT
j

�

Q�1
j Ai C Q�1

j BiFjQ
�1
j

�

xj

3

5C
J0
X

jD1
��

j xT
j Q�1

j TiT
T
i Q�1

j xj

D 2

2

4

J0
X

jD1
��

j xT
j

�

Q�1
j Ai C Q�1

j BiFjQ
�1
j C Q�1

j TiT
T
i Q�1

j

�

xj

3

5

� 0;

so

:

Vc.x/ � !T!: (4.3.18)

By integrating the both sides of Inequality (4.3.18), it yields

Vc .x.t// � Vc .x.0// �
t
Z

0

!T .�/ ! .�/d� � 1: (4.3.19)

Since Vc .x.0// D Vc.0/ D 0, and Vc .x.t// � 1, it holds x.t/ 2 Lc. �
The theorem illustrates that if k!k � 1 then the trajectories start from the origin

will stay in Lc. The result can be extended. If x.0/ ¤ 0, then we have Vc .x.t// �
Vc .x.0// � 1. The inequality is equivalent to x.t/ 2 Lc ..Lcx.0//C 1/. It supports
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that if the conditions of theorem are satisfied, the trajectories will not go too far from
their original position although the disturbance exists.

The following theorem is about the attraction for the system existed disturbance.

Theorem 4.3.5 Consider System (4.3.16). If there exist matrices Pj 2 R
n�n and

Fj 2 R
m�n, with Pj > 0, j D 1; 2; : : : ; J, and ˇ > 0, such that for all i D 1; 2; : : : ;N

�

Mij C ˇQj Ti

TT
i �I




� 0; (4.3.20)

where Mij is defined as that in Theorem 4.3.4, Qj D P�1
j . If k!.t/k22 D

1
Z

0

!T.t/!.t/dt � 1, then there exists the feedback u.t/ D F .��/Q�1 .��/ x.t/,

such that the level set Lc of the closed-loop system is attractive.

Proof Inequality (4.3.20) implies Mij C ˇQj C TiTT
i � 0. Multiplying it from left

and right sides by Q�1
j , it yields

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

i Q�1
j �

J
X

kD1
�ijkQ�1

j

�

Qk � Qj
�

Q�1
j

C Q�1
j TiT

T
i Q�1

j � �ˇQ�1
j :

Vc(x) is defined by Definition 4.2.1, then

:

Vc.x/ 2 co

�

@

@x
Vc.x/

h

Aix C BiF
�

���Q�1 ���� x C Ti!

	

:

Using the arguments as done in Theorem 4.3.4, it can be deduced that for x 2 Ej,

@

@x
Vc.x/

�

Aix C BiF
�

���Q�1 ���� x C Ti!
�

ˇ

ˇ

ˇ

ˇ

xDxj

D xT
j

�

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

j Q�1
j

�

xj C 2xT
j Q�1

j Ti!;

and since,

2xT
j Q�1

j Ti! � xT
j Q�1

j TiT
T
i Q�1

j xj C !T!;

we have

:

V .x.t// � �ˇV .x.t//C !T.t/!.t/: (4.3.21)
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Using the arguments as done in Theorem 4.3.4, it can be deduced that Inequality
(4.3.21) holds for x 2 bd Lc. Furthermore, it can hold for every x 2 R

n.
Consequently, we have

V .x.t// � e�ˇtV .x.0//C
t
Z

0

e�ˇ.t��/!T .�/ ! .�/ d�:

Since e�ˇ.t��/ � 1 .� � t/, it yields

V .x.t// � e�ˇtV .x.0//C
t
Z

0

!T .�/ ! .�/ d� � e�ˇtV .x.0//C 1:

It implies lim
t

V .x.t// � 1, i.e., x(t) will trend to Lc. �

By the discussion of Corollary 4.3.1, if for all j D 1; 2; : : : ; JI i D 1; 2; : : : ;N,
inequalities Mij C TiTT

i < 0 hold, then there exists ˇ > 0, such that Mij C ˇQj C
TiTT

i � 0. Consequently, we have the following corollary.

Corollary 4.3.4 Consider system (4.3.16). If there exist matrices Pj 2 R
n�n and

Fj 2 R
m�n, with Pj > 0, j D 1; 2; � � � ; J, such that for all i D 1; 2; : : : ;N,

�

Mij Ti

TT
i �I




< 0;

where Mij is defined in Theorem 4.3.4, and Qj D P�1
j . If k!.t/k22 D

1
Z

0

!T.t/!.t/dt � 1; then there exists the feedback u.t/ D F .��/Q�1 .��/ x.t/,

such that level set Lc of the closed-loop system is attractive. �
Corollary 4.3.4 can also be regarded as a corollary of Theorem 4.3.4. It provides

a result if the“�” is replaced by “<” in Inequality (4.3.17).
At the end of this section, we give a conclusion for disturbances rejection.

Theorem 4.3.6 Consider System (4.3.16). If there exist matrices Pj 2 R
n�n and

Fj 2 R
m�n, with Pj > 0, j D 1; 2; : : : ; J, and ı > 0, such that for all i D 1; 2; : : : ;N,

2

4

Mij Ti QjCT
i

TT
i �I 0

CiQj 0 �ı2I

3

5 � 0; (4.3.22)
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with Mij D AiQj C QjAT
i C BiFj C FT

j BT
i �

J
X

kD1
�ijk

�

Qk � Qj
�

, Qj D P�1
j , then

there exists a feedback u.t/ D F.��/Q�1 .��/ x.t/ such that the output y(t) satisfies
ky.t/k2 � ık!.t/k2 when the initial condition x0 D 0.

Proof It can be seen from the proof of Theorem 4.3.4. The key is to derive some
inequalities from the known conditions. By Inequality (4.3.22), and using Lemma
4.1.1, we have

Mij � �

Ti QjCT
i

�

��I 0

0 �ı2I

�1 �

TT
i

CiQj




D Mij C TiT
T
i C ı2QjC

T
i CiQj � 0:

Substituting Mij into the above inequality, and multiplying Q�1
j from left and

right sides for the inequality, it yields

Q�1
j A C ATQ�1

j C Q�1
j BiFjQ

�1
j C Q�1

j FT
j BT

i Q�1
j �

J
X

kD1
�ijkQ�1

j

�

Qk � Qj
�

Q�1
j

C Q�1
j TiT

T
i Q�1

j C CT
i Ci � 0 :

Vc(x) is defined by Definition 4.2.1, we can obtain

:

Vc.x/ 2 co

�

@

@x
Vc.x/

h

Aix C BiF
�

���Q�1 ���� x C Ti!

	

:

By the arguments given in Theorem 4.3.4, it can obtain that for x 2 Ej,

@

@x
Vc.x/

�

Aix C BiF
�

���Q�1 ���� x C Ti!
�

ˇ

ˇ

ˇ

ˇ

xDxj

D xT
j

�

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

j Q�1
j

�

xj C 2xT
j Q�1

j Ti!

D xT
j

�

Q�1
j Ai C AT

i Q�1
j C Q�1

j BiFjQ
�1
j C Q�1

j FT
j BT

j Q�1
j C ı�2CT

j Cj
�

xj

C 2xT
j Q�1

j Ti! � ı�2xT
j CT

j Cjxj :

Applying the following inequality

2xT
j Q�1

j Ti! � xT
j Q�1

j TiT
T
i Q�1

j xj C !T!;

we have

:

V .x.t// � ı�2y.t/Ty.t/C !T.t/!.t/ � 0: (4.3.23)
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It is not difficult to extend Inequality (4.3.23) to the case that x 2 bd Lc, and
then extend the conclusion to all x 2 R

n. By integrating on both sides of (4.3.23), it
yields

V .x.t// � V .x.0// � ı�2
t
Z

0

yT .�/ y .�/ d��
t
Z

0

!T .�/ ! .�/ d�:

Since V .x.t// � 0 and V .x.0// D 0, it yields

t
Z

0

!T .�/ ! .�/ d� � ı�2
t
Z

0

yT .�/ y .�/ d�:

�
The control problems, such as its attractiveness, stabilization and disturbances

injection for linear polytope systems, are discussed in this section. The method for
the proofs is quite similar. All start from the set Ej, then extend to Lc and to R

n

at the end. Since Vc(x) does not depend on the expression of a detailed system, all
kinds of linear polytope systems can be discussed along this line, it is an example of
developing linear polytope systems with time delay in this section. The method can
also be used to deal with the problem of tracking (Cai et al. 2012). As an exercise
for the reader, disturbances rejection for linear polytope systems with time delay
can be discussed.

Problems

1. Prove the conclusion of Theorem 4.3.5 under !T.t/!.t/ � 1. That is, if there
exist matrices Pj 2 R

n�n and Fj 2 R
m�n, with Pj > 0, j D 1; 2; : : : ; J, such that

for every i D 1; 2; : : : ;N,

�

Mij C ˇQj Ti

TT
i �ˇI




� 0

holds where Mij D AiQj C QjAT
i C BiFj C FT

j BT
i �

J
X

kD1
�ijk

�

Qk � Qj
�

, Qj D
P�1

j . If !T.t/!.t/ � 1, then Lc is attractive under the feedback control u.t/ D
F .��/Q�1 .��/ x.t/, and try to extend the conclusion to Lc(�).

2. If the other conditions is unchanged in Theorem 4.3.5, Inequality (4.3.20) is
changed as follows

�

Mij C ˇQj Ti

TT
i �ˇI




� 0;

then Lc is invariable.
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3. Prove: There exists the linear feedback control u D Kx, such that the closed-loop
system is asymptotically stable if and only if there exist solutions X and Y, where
X is positive definite, for the following linear matrix inequality

AX C XAT C BY C YT BT < 0:

4. Prove Corollary 4.3.3 and Corollary 4.3.4.

4.4 Saturated Control for Linear Control Systems

At the beginning of this chapter, we have mentioned that the saturated control for
linear systems results in the study for linear differential inclusions. We deal with the
problem with a viewpoint of differential inclusions in this section.

4.4.1 Saturated Control Described by Set-Valued Mappings

Consider the linear multivariable system described as follows

:
x.t/ D Ax.t/C Bu.t/; (4.4.1)

where x.t/ 2 R
n and u.t/ 2 R

m are the state and the input of linear system (4.3.21),
respectively, and A 2 R

n�n, B 2 R
n�m. Without loss of generality, we assume that B

is full column rank, i.e., rank B D m. Denote B D Œb1 b2 : : : bm �, where bi is the ith
column of B.

A single variable function 	(u) is called as the symmetrical saturation function,
or shortened for saturation function, if it takes the form as follows

	.u/ D
8

<

:

u u � u;
u �u � u < u;
�u u < �u;

(4.4.2)

where the constant ū is called saturation level. In Eq. (4.4.2), without loss of
generality, we have fixed the slope of the linear section to be 1, because if it is
not equal to 1, the gain can be transferred to the input matrix B.

A single variable function dz(u) is called dead zone function, if dz.u/ D u�	.u/.
Dead zone function and saturation function are two typical nonlinear functions.
Because the gain of an actual system is always limited, the existence of the
saturation phenomenon for real systems is very common. Similarly, there is the
dead zone phenomenon as long as there is friction. Hence, it is very necessary to
consider saturation nonlinearity and dead zone nonlinearity for the control system
design.
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If u D Œu1 u2 : : : um�
T 2 R

m, the vector saturation function is defined as follows

	.u/ D

2

6

6

6

4

	 .u1/
	 .u2/

:::

	 .um/

3

7

7

7

5

;

where 	 .ui/ ; i D 1; 2; : : : ;m are single variable functions defined by Eq. (4.4.2).
It is not necessary for us to require that ui; i D 1; 2; : : : ;m are identical, but without
loss of generality, we assume that their slopes are fixed to be 1. We also assume
	.u/ 2 R

m, i.e., 	 W Rm ! R
m. Similarly, we can define the vector value dead zone

nonlinear function, and the details are omitted.
In the design of linear control systems, state feedback u.t/ D Fx.t/ is widely used

for System (4.4.1). We have mentioned saturation phenomenon is very common for
actual systems; hence, the feedback u.t/ D Fx.t/ should be replaced by saturation
control u.t/ D 	 .Fx.t//. The closed-loop system then becomes

:
x D Ax C B	.Fx/: (4.4.3)

Equation (4.4.3) is usually called the saturated system. Similarly, if the dead zone
nonlinearity is considered, i.e., u.t/ D Fx � 	 .Fx.t//, then the closed-loop system
is

:
x D .A C BF/ x � B	.Fx/: (4.4.4)

If we denote A D A C BF and B D �B, then System (4.4.1) has a similar form of
Eq. (4.4.3). Therefore, the study for system (4.4.1) generated by dead zone nonlinear
feedback can be transformed into that for the saturated system (4.4.3).

Assume that P 2 R
n�n is a positive definite matrix, and V.x/ D xTPx is quadratic

form. By the Lyapunov theory, System (4.4.3) is asymptotically stable if

:

V.x/ D @V

@x
.Ax C B	.Fx// D 2xTP .Ax C B	.Fx// < 0: (4.4.5)

By the definition of layer set, it is enough that Inequality (4.4.2) holds at the level
set bd LP.

It is obvious that the saturation function is nonlinear, and it is not convenient
for further discussion. We naturally hope that it can be transformed into a linear
operation, the consideration leads to the introduction of the differential inclusion.

Let 
 be a set of diagonal matrices defined as follows


 D ˚

D� D diag
�

d�1 d�2 : : : d�m
�

; d�j 2 f0; 1g� :
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 is a finite set and has 2m elements. If D� 2 
, denote D�
� D I � D�, where I

is the m � m identity matrix, then D�
� 2 
. For any two matrices F;G 2 R

m�n,
D�F CD�

� G is also an m�n matrix and is composed by F and G, that is, if d�j0 D 1,
then the j0th row of D�F C D�

� G is the j0th row of F, otherwise, it is the j0th row
of G.

The following lemma gives a linear upper bound of the saturation function. Let
H 2 R

m�n and hT
j be the jth row of H. Recall the notation of LH defined in Sect. 4.2,

LH D fxI kHxk1 � 1g D
�

xI max
i

ˇ

ˇhT
i x
ˇ

ˇ � 1

	

;

where H D �

hT
1 ; : : : ; h

T
m

�T
. LH is a simplex, and its vertices are the intersections of

hyperplanes hT
i x D ˙1, i D 1; 2; : : : ;m.

Lemma 4.4.1 If F; H 2 R
m�n, and x 2 LH , then there exists D� 2 
, such that

	.Fx/ � D�Fx C D�
� Hx;

where if x; y 2 R
n, then x � y means xi � yi for i D 1; 2; : : : ; n.

Proof If we can prove 	
�

f T
i x
� � max

�

f T
i x; hT

i x
�

, for every i D 1; 2; : : : ;m, then
we choose d�i D 1 for the case of f T

i x � hT
i x, and d�i D 0 otherwise. It is direct

to show this D� D diag
�

d�i
�

meets the requirement of the lemma. We now prove
	
�

f T
i x
� � max

�

f T
i x; hT

i x
�

, for every i D 1; 2; : : : ;m.

If f T
i x � �1, then 	

�

f T
i x
� � f T

i x. It is sufficient for us to consider the case of
f T
i x < �1. Thus, 	

�

f T
i x
� D �1. Because x 2 LH , it yields

ˇ

ˇhT
i x
ˇ

ˇ � 1. It implies
	
�

f T
i x
� � hT

i x. In conclusion, 	
�

f T
i x
� � max

�

f T
i x; hT

i x
�

. �
By Lemma 4.4.1, the selection of matrix D� 2 
 depends on x it means D� is a

function of x; consequently, it is more suitable to denote D� by D�(x).

4.4.2 Stabilization by the Saturated Control

Based on Lemma 4.4.1, the following lemma can be directly obtained.

Lemma 4.4.2 Consider the saturated system (4.4.3). If P 2 R
n�n, F; H 2 R

m�n,
and x 2 LH , then it holds

xTPbi	
�

f T
i x
� � max

˚

xTPbif
T
i x; xTPbih

T
i x
�

;

where bi; i D 1; 2; : : : ;m is the ith column of B, respectively, f T
i and hT

i are the ith
rows of F and H, respectively.

Proof The conclusion is verified by consideration of the following four cases.
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(1) If xTPbi � 0 and f T
i x � �1, then xTPbi	

�

f T
i x
� D �xT Pbi. Because x 2 LH ,

ˇ

ˇhT
i x
ˇ

ˇ � 1, that is, �1 � hT
i x. It follows xTPbi	

�

f T
i x
� D �xTPbi � xTPbihT

i x.

(2) If xTPbi � 0 and f T
i x > �1, then 	

�

f T
i x
� � f T

i x. Consequently,
xTPbi	

�

f T
i x
� � xTPbif T

i x.

(3) If xTPbi � 0 and f T
i x � 1, then xTPbi	

�

f T
i x
� D xTPbi. Because x 2 LH ,

ˇ

ˇhT
i x
ˇ

ˇ � 1, that is, 1 � hT
i x. It follows xTPbi	

�

f T
i x
� D xTPbi � xTPbihT

i x.

(4) If xTPbi � 0 and f T
i x < 1, then 	

�

f T
i x
� � f T

i x. Consequently, xTPbi	
�

f T
i x
� �

xTPbif T
i x.

In conclusion,

xTPbi	
�

f T
i x
� � max

˚

xTPbif
T
i x; xTPbih

T
i x
�

: �
In the proof of the lemma, it does not need the assumption that P is positive

definite. In what follows, the positive definiteness of matrix P is used to estimate the
domain of attraction, and the meaning of the layer LP(�) can be found in Sect. 4.2.

Theorem 4.4.1 Consider System (4.4.3). If P 2 R
n�n; P > 0, there exists an

H 2 R
m�n, such that:

(1) LP .�/ � LH;
(2)

�

A C B
�

D�F C D�
� H
��T

P C P
�

A C B
�

D�F C D�
� H
��

< 0, for every D� 2 
.

Then LP(�) is an invariable set with attractiveness.

Proof Let V.x/ D xTPx. The derivate of V(x) along with the trajectory of system
(4.4.3) satisfies

:

V.x/ D 2xTP .Ax C B	.Fx// D 2xTPAx C 2xTPB	.Fx/: (4.4.6)

By Lemma 4.4.2, if x 2 LH then

xTPB	.Fx/ D
m
X

iD1
xTPbi	

�

f T
i x
� �

m
X

iD1
max

�

xTPbif
T
i x; xTPbih

T
i x
�

: (4.4.7)

Define a matrix D� D diag
�

d�i; i D 1; 2; : : : ;m
�

, let d�i D 1, if xTPbif T
i x �

xTPbihT
i x, otherwise, d�i D 0, note that the matrix D� depends on x, i.e., D� D

D�.x/. Thus, we have

m
X

iD1
max

�

xTPbif
T
i x; xTPbih

T
i x
�

D xTPB
�

D�.x/F C D�
� .x/H

�

x: (4.4.8)

Substituting Eq. (4.4.8) into Inequality (4.4.7), and then substituting (4.4.7) into
(4.4.6), it yields

:

V.x/ D 2xTPAx C 2xTPB	.Fx/ � 2xTPAx C 2xTPB
�

D�.x/F C D�
� .x/H

�

x:
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A sufficient condition for
:

V.x/ < 0 is that the matrix

�

A C B
�

D�F C D�
� H
��T

P C P
�

A C B
�

D�F C D�
� H
��

is negative definite for every D� 2 
. By the condition of theorem, we have

:

V.x/ � xT

�
�

A C B
�

D�F C D�
� H
��T

P C P
�

A C B
�

D�F C D�
� H
��



x < 0

for x 2 LH . Since for all bdLP .�/ � LH ,
:

V.x/ < 0, x 2 dbLP .�/. Therefore, LP(�)
is an invariable set with attractiveness. �

There are two remarks about Theorem 4.4.1.

Remark 1 It is obvious 0 2 LP .�/ is an invariable set of the closed-loop system
(4.4.3) for every � > 0. If there is a � > 0 such that the origin is the unique invariant
in LP(�), then by the LaSalle invariance principle, the conditions of Theorem 4.4.1
ensure the closed-loop system (4.3.23) is locally asymptotically stable. �
Remark 2 In the conditions of Theorem 4.4.1, Condition (2) is essential. Because

the requirement that
�

A C B
�

D�F C D�
� H
��T

P C P
�

A C B
�

D�F C D�
� H
��

is

negative definite is equivalent to
�

A C B
�

D�F C D�
� H
��

is a Hurwitz matrix for

every D� 2 
. If there exists an H to satisfy this requirement, we can find a �, such
that LP .�/ � LH . Thus, we obtain a basin of attraction. �
Corollary 4.4.1 If the matrices F and H given in Theorem 4.4.1 can stabilize the
system (4.4.1), then A C BF and A C BH are both Hurwitz matrices.

Proof By Condition (2) of Theorem 4.4.1, inequality

�

A C B
�

D�F C D�
� H
��T

P C P
�

A C B
�

D�F C D�
� H
��

< 0

holds for D� 2 
. So if we choose D� D I, then D�
� D 0, the above inequality is

.A C BF/TPCP .A C BF/ < 0. Consequently ACBF is a Hurwitz matrix. Similarly,
it can be verified that A C BH is also a Hurwitz matrix. �
Corollary 4.4.2 Consider System (4.4.3). If P 2 R

n�n; P > 0, there exists a
K 2 R

m�n, such that

(1) LP .�/ � LKF;

(2)
�

A C B
�

D�F C D�
� KF

��T
P C P

�

A C B
�

D�F C D�
� KF

��

< 0 for D� 2 
.

Then LP(�) is an invariable set with attractiveness.
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In general, for System (4.4.3), a feedback matrix F is designed firstly for
stabilization. Corollary 4.4.2 shows that H can be determined by K to complete
the saturated feedback.

The following theorem extends conclusions to the stabilization problem based on
the convex hull Lyapunov function.

Theorem 4.4.2 If there exist positive definite matrices Pj 2 R
n�n and matrices

Fj;Hj 2 R
m�n, j D 1; 2; : : : ; J, and constant ��jk � 0, � 2 f1; 2; 3; : : : ; 2mg, j; k 2

f1; 2; : : : ; Jg, such that

(1) LPj � LHj ;
(2) For every � D 1; 2; : : : ; 2m and D� 2 
,

QjA
TCAQjC

�

D�FjCD�
� HjQj

�T
BTCB

�

D�FjCD�
� HjQj

�

<

J
X

kD1
��jk

�

Qk�Qj
�

;

with Qj D P�1
j .

Then Q .��/ is the matrix constructed in Sect. 4.2, i.e., Q .��/ D
J
X

jD1
��

j Qj, and,

in addition, define F .��/ D
J
X

jD1
��

j Fj, then the saturated control

u D 	
�

F
�

���Q
�

����1x
�

(4.4.9)

can make closed-loop System (4.4.3) is strongly asymptotically stable.

Proof The proof is similar to that of Theorem 4.4.1. The key is to construct H .��/
such that LP.��/ � LH.��/. By Lemma 4.2.1, the condition (1) given by this theorem
is

"

1 zT
ij

zij Qj

#

� 0 ; i D 1; 2; : : : ;mI j D 1; 2; : : : ; J; (4.4.10)

where zT
ij is the ith row of matrix HjQj. Since ��

j � 0;

J
X

j

��
j D 1, by Inequality

(4.4.10), it can be deduced that,

2

6

6

6

6

6

4

1

J
X

jD1
��

j zT
ij

J
X

jD1
��

j zij Q .��/

3

7

7

7

7

7

5

� 0 ; i D 1; 2; : : : ;m; (4.4.11)
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where
J
X

jD1
��

j zT
ij is the ith row of

J
X

jD1
��

j HjQj. Denote H .��/D
J
X

kD1
��

k HkQkQ
�

����1,

then we have H .��/ 2 R
m�n, and

J
X

jD1
��

j HjQj D H
�

���Q
�

��� :

It leads to that
J
X

jD1
��

j zT
ij is the ith row of H(�*)Q(�*). So, by Lemma 4.2.1,

Inequality (4.4.11) implies

LP.��/ � LH.��/: (4.4.12)

Multiplying with Q�1
j for the inequality given by Condition (2) from left and

right sides, respectively, it yields

h

A C B
�

D�FjQ
�1
j C D�

� Hj

�iT
Q�1

j C Q�1
j

h

A C B
�

D�FjQ
�1
j C D�

� Hj

�i

<

J
X

kD1
��jkQ�1

j

�

Qk � Qj
�

Q�1
j ; (4.4.13)

for every D� 2 
.
The set Ej is defined at the second section of this chapter. First, if x D xj 2 Ej D

bd Lc \ bd LPi , then we have

:
x D :

xj D Axj C B	
�

D�F
�

���Q
�

����1
�

xj

� Axj C B
�

D�F
�

���Q
�

����1 C D�
� H

�

���� xj

D Axj C B
�

D�FjQ
�1
j C D�

� Hj

�

xj:

Note that the D� 2 
 depends on x D xj. By Inequality (4.4.13), it holds
:

V.x/ D
:

V
�

xj
�

< 0.
If x 2 bd Lc, by the method described in the previous section, we assume that

��
j .x/ > 0, for j D 1; 2; : : : ; J0; and ��

j .x/ D 0, for j D J0 C 1; : : : ; J. By Theorem

4.2.3, it can be deduced x D
J0
X

jD1
��

j xj, with xj 2 Ej, and Q.��/�1x D Q�1
j xj;

j D 1; 2; : : : ; J0.
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In the proof of Theorem 4.3.1, it has been deduced F .��/Q.��/�1x D
J0
X

jD1
��

j FjQ
�1
j xj. In addition,

H
�

��� x D
0

@

J
X

jD1
��

j HjQjQ
�

����1
1

A x D
J0
X

jD1
��

j HjQjQ
�1
j xj D

J0
X

jD1
��

j Hjxj:

Using the arguments did in Theorem 4.3.1, and by the above equality, we get

:

V.x/ D @V

@x

�

Ax C B
�

D�F
�

���Q�1 ����C D�
� H

�

���� �x

D
J0
X

jD1
2��

j xT
j Qj

�

Axj C B
�

D�FjQ
�1
j C D�

� Hj

��

xj;

for x 2 bd Lc. By omitting the detailed proof, we have
:

V.x/ < 0, for x 2 bd Lc.

That is, under the saturated control 	
�

F .��/Q.��/�1x
�

, the closed system (4.4.3)

is asymptotically stable. �
As Corollary 4.4.1, we can assert that A C BFjQ�1

j and A C BHj are all Hurwitz
matrices, that is, FjQ�1

j and Hj can all stabilize (A, B).
From the proofs given in this section, readers can understand the general steps to

deal with the saturated feedback for a linear system by using set-valued mapping.
If readers compare the method applied in this section with that in Sect. 4.3, they
may find that we have added a constraint condition LP .�/ � LH . The condition
makes us to apply Lemma 4.4.1, we then get an upper boundary for the saturated
mapping. If readers are interest in the design of saturated feedback by using the
method of differential inclusions, they can try to deal with the polytope system
:
x 2 co fAix C Bi	.u/I i D 1; 2; : : : ;Ng as an exercise.

4.4.3 Disturbance Rejection by the Saturated Control

In this section, we consider disturbance rejection under the saturated control for the
linear system based on the method developed in previous section. Consider a linear
system suffered from disturbance

:
x D Ax C Bu C T!;

y D Cx; (4.4.14)
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where y 2 R
r is the output of the system, C 2 R

r�n is the output matrix, ! 2 R
q

is the disturbance of the system, and T 2 R
n�q is the disturbance gain. Assume

the disturbance ! is bound. At first, let us consider the saturation control of linear
feedback u D Fx, the closed-loop system is

:
x D Ax C B	.Fx/C T!;

y D Cx: (4.4.15)

Theorem 4.4.3 Consider System (4.4.15). Assume the disturbance ! satisfies that
!T.t/!.t/ � 1 for t 2 Œ0; 1/. If there exist P 2 R

n�n; P > 0 and F; H 2 R
m�n,

such that

(1) LP .�/ � LH for some � > 0;
(2) There is a ı > 0 such that for every D� 2 
, the following inequality holds

"�

A C B
�

D�F C D�
� H
��T

P C P
�

A C B
�

D�F C D�
� H
��

C ı
�
Q T

TT �ıI

#

< 0:

Then LP(�) is an invariable set with attraction.

Proof Let x 2 LP .�/. Since LP .�/ � LH , by Lemma 4.4.2, there exists a D� 2 


such that PB	.Fx/ � PB
�

D�F C D�
� H
�

x.

Let V.x/ D xTPx, the derivative of V(x) along with the trajectory of System
(4.4.15) is

:

V.x/ D @V

@x
.Ax C B	.Fx/C T!/

D 2xTP .Ax C B	.Fx/C T!/

� 2xTPAx C 2xTPB
�

D�F C D�
� H
�

x C 2xTPT! :

By Inequality (4.1.5), we have

2xTPT! � 1

ı
xTPTTTPx C ı!T! � 1

ı
xTPTTTPx C ı;

where we have used !T! � 1.
Using Lemma 4.1.1, the condition (2) of the theorem implies

AQ C QAT C B
�

D�F C D�
� H
�

Q C Q
�

D�F C D�
� H
�T

BT C ı

�
Q C 1

ı
TTT < 0:
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Multiplying the above inequality by Q�1 D P from left and right sides,
respectively, it yields

PA C ATP C PB
�

D�F C D�
� H
�

C
�

D�F C D�
� H
�T

BTP C ı

�
P C 1

ı
PTTT P < 0:

(4.4.16)

Thus, we have

:

V.x/ � 2xTPAx C 2xTPB
�

D�F C D�
� H
�

x C 1

ı
xTPTTTPx C ı

< � ı
�

xTPx C ı :

x 2 LP .�/ implies xT Px � �, hence
:

V.x/ < 0, that is, LP(�) is an invariable set with
attraction. �

Theorem 4.4.3 can be extended to the convex hull quadratic form, we only list
the conclusion as follows, the proof is left to readers.

Corollary 4.4.3 Consider System (4.4.15). Assume there exist Pj 2 R
n�n; Pj > 0,

j D 1; 2; : : : ; J, and Fj; Hj 2 R
m�n, such that

(1) LPj � LHj ; j D 1; 2; : : : ; J;
(2) There exist ı >0 and ��jk > 0 where � 2 f1; 2; 3; : : : ; 2mg and j; k 2

f1; 2; : : : ; Jg such that for every D� 2 
, for j D 1; 2; : : : ; J, the following
inequality holds

�

M�j C ıQj T
TT �ıI




< 0;

where M� D QjAT C AQj C
�

D�Fj C D�
� HjQj

�T
BT C B

�

D�Fj C D�
� HjQj

�

�
J
X

kD1
��jk

�

Qk � Qj
�

. Then Lc is an invariable set with attraction. �

A set L � R
n is said to be locally ultimate attractive, if there is a ı >0 for every

initial condition kx0k � ı the trajectory of System (4.4.15), x(t), will satisfy x.t/ 2 L
for all t > T, where the T may depend on ı. A set L � R

n is said to be ultimate
attractive if ı can be large arbitrarily.

Theorem 4.4.4 Consider system (4.4.15). Assume the disturbance satisfies
k!.t/k � 1. If there exist P 2 R

n�n; P > 0, and F; H 2 R
m�n, such that

(1) LP � LH ;
(2) There exists a ı > 0, such that for every D� 2 
, the following inequality holds
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" �

ACB
�

D�F C D�
� H
��T

P C P
�

ACB
�

D�F C D�
� H
��

C ıQ T

TT �ıI

#

� 0;

where Q D P�1. Then Lc is ultimate attractive.

Proof Using the same argument as in Theorem 4.4.2, let V.x/ D xTPx, then the
derivative of V(x) along with the trajectory of System (4.4.15) satisfies

:

V.x/ � 2xTPAx C 2xTPB
�

D�F C D�
� H
�

x C 2xTPT!:

By Inequality (4.1.5), it yields

2xTPT! � xTPTTTPx C !T!:

Using the condition (2) and Lemma 4.1.1, we have

:

V .x.t// � �ıV .x.t//C !T.t/!.t/:

Since

V .x.t// � e�ıtV .x.0//C
t
Z

0

e�ı.t��/!T .�/ ! .�/ d� � e�ıtV .x.0//C 1;

we get lim
t

V .x.t// � 1, that is, Lc is ultimate attractive. �

Theorem 4.4.3 can also be extended to the convex hull quadratic function. We
list it as a corollary.

Corollary 4.4.4 Consider System (4.4.15). Assume the disturbance satisfies
k!.t/k � 1. If there exist Pj 2 R

n�n; Pj > 0, and Fj; Hj 2 R
m�n, j D 1; 2; : : : ; J,

such that

(1) LPj � LHj ; j D 1; 2; : : : ; JI
(2) There exist ı > 0 and ��jk > 0 for � 2 f1; 2; 3; : : : ; 2mg and j; k 2 f1; 2; : : : ; Jg

such that for every D� 2 
, and j D 1; 2; : : : ; J, the following inequality holds

�

M�j C ıQj T
TT �I




< 0;

where M�j D QjAT C AQj C
�

D�Fj C D�
� HjQj

�T
BT C B

�

D�Fj C D�
� HjQj

�

�
J
X

kD1
��jk

�

Qk � Qj
�

. Then Lc is ultimate attractive. �
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The final conclusion is about disturbance rejection. Using the same argument as
in Theorem 4.3.6, we can prove Theorem 4.4.5. Corollary 4.4.5 can be proved using
the same argument as in Corollary 4.4.3. The proofs are omitted.

Theorem 4.4.5 Consider the system (4.4.15). If there exist P 2 R
n�n; P > 0, and

F; H 2 R
m�n, such that

(1) LP .�/ � LH;
(2) There exists a ı > 0, such that for every D� 2 
, the following inequality holds

2

4

M� T QC
TT �I 0

CQ 0 �ı2I

3

5 � 0;

where M�DAQCQATCB
�

D�FCD�
� H
�

C
�

D�FCD�
� H
�T

BT , then the output

y(t) satisfies ky.t/k � ı k!.t/k provided that the initial value x.0/ D 0. �
Corollary 4.4.5 Consider the system (4.4.15). If there exist Pj 2 R

n�n; Pj > 0,
and Fj; Hj 2 R

m�n, j D 1; 2; : : : ; J, such that

(1) LPj � LHj , j D 1; 2; : : : ; J;
(2) There exist ı > 0 and ��jk > 0 where � 2 f1; 2; 3; : : : ; 2mg and j; k 2

f1; 2; : : : ; Jg such that for every D� 2 
 and j D 1; 2; : : : ; J, the following
inequality holds

2

4

M�j T QjC
TT �I 0

CQj 0 �ı2I

3

5 � 0;

where M�j D AQj C QjAT C B
�

D�Fj C D�
� HjQj

�

C
�

D�Fj C D�
� HjQj

�T
BT ,

then the output y(t) satisfies ky.t/k � ı k!.t/k provided that the initial value
x.0/ D 0. �

Problems

1. Consider the dead zone nonlinearity

dz.u/ D
8

<

:

u � u; u � u;
0; �u � u < u;

u C u; u < �uı

where u > 0 is called the dead zone boundary. Prove:

(1) dz.u/ 2 co f0; u � vg, where v 2 Œ�u; u�;
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(2) If we restrict us to consider the part dz.u/ � 0 only, then dz.u/ 2 co f0; ug,
that is, dz.u/ D ıu where ı depends on argument u, i.e., ı D ı.u/. It means
dz.u/ D ıu is a nonlinear function.

(3) Furthermore, if u 2 R
n, define

dz.u/ D

2

6

6

6

4

dz .u1/
dz .u2/
:::

dz .um/

3

7

7

7

5

:

If we consider only the part of dz .ui/ � 0; i D 1; 2; : : : ;m, then dz.y/ 2
co
˚

D�u;D� 2 
�, where 
 and D� are those defined at the beginning of this
section.

2. Consider the control system
:
x D Ax C Bu, and the dead zone nonlinear control

u D dz.Kx/. Using the method given in Problem 1, transform this control
problem into a control problem for the linear differential inclusion, and give the
corresponding conclusion of Lemma 4.4.1.

3. Under the conditions of Theorem 4.4.1, prove that x D 0 is the unique invariable
set in LP(�).

4. If the condition (2) of Theorem 4.4.1 holds, then the problem of finding the
largest � such that LP .�/ � LH is called as the problem of largest invariant set in
LH . Applying Schur complement Theorem, give a matrix inequality method for
finding the largest invariant set in LH .

5. Assume A D
�

0 1

1 0




; b D
�

0

5




; F D ��2 �1 �; P D
�

4 1

1 0:5




,

H D Œ0:4 � 1�.
Try to find the largest � such that LP(�) is ultimate attractive. (Note: in this

case 	.Fx/ D 	 .�2x1 � x2/)

6. Assume AD
�

0:6 �0:8
0:8 0:6




; bD
�

2

4




; T D
�

0:1

0:1




; if PD
�

0:0752 �0:0566
�0:0566 0:1331




,

F D Œ�0:1125 � 0:2987�. Check the conclusion of Theorem 4.4.3 to hold.
7. Prove Corollary 4.4.3 and Corollary 4.4.4.
8. Prove Theorem 4.4.5 and Corollary 4.4.5.

9. Assume A D
�

0 �0:5
1 1:5




; b D
�

0

�1



, using, respectively, F1 D
Œ0:9471 1:6000� and F2 D Œ�0:1600 1:6000� as the gain of saturated control,
show that the closed-loop system is stable. There are

P1 D
�

1:6245 �1:5364
�1:5364 15:3639




; P2 D
�

5:9393 �0:2561
�0:2561 2:5601




respectively. Try to find Q .��/ and F .��/.
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Chapter 5
Luré Differential Inclusion Systems

In the former chapter, control problems of linear polytope systems are considered
by using the convex hull Lyapunov function. The linear polytope system is a convex
combination of a finite set of finite linear systems. Involved set-valued mapping in
the differential inclusion is the convex combination; hence, convex theory can be
applied to deal with these control problems. In this chapter, the Luré differential
inclusion system and its relative control problems are considered. This kind of
differential inclusions is different from linear convex hulls; the set-valued mapping
satisfies so-called sector condition, i.e., the image of the set-valued mapping is in a
cone. Hence, it is a naturally nonlinear mapping.

5.1 Luré Systems

As an introduction, we present some basic materials for Luré systems and the
positive realness of functions. The system has been widely researched in 1950s, and
the positive realness was a very useful tool in 1960s in the research of the design of
adaptive control of linear systems.

5.1.1 Luré Systems and Absolute Stability

The Luré system is a kind of nonlinear system. Its block diagram is shown in
Fig. 5.1. From Fig. 5.1, it is clear that the system has a feedback structure. Its
forward path is a linear system G and its feedback is a nonlinear system N. In the
classical theory of nonlinear control systems, many systems are assumed to hold

© Shanghai Jiao Tong University Press,
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Fig. 5.1 A class of nonlinear
control systems Linear G

Nonlinear N

yu

v

r

-

such a configuration. Many research studies have been done to deal with the methods
of transforming equivalently a nonlinear system into this configuration.

In Fig. 5.1, the input of system is the reference signal r and the output of the
system is y which is also the input of nonlinear part. The input of linear part is the
control signal u which is an algebraic sum of r and v, the reference and the output
of nonlinear part, respectively. Without loss of generality, we assume the feedback
is negative. We also assume the dimension of v is equal to that of y.

The linear part G is assumed to be a dynamic system described as follows

( :
x.t/ D Ax.t/C Bu.t/;

y.t/ D Cx.t/C Du.t/:
(5.1.1)

In the system of Eq. (5.1.1), all symbols have the same meanings as those in Eq.
(4.1.1) except Du(t). Du(t) is called the direct transportation term, and D is the gain
of the direct transportation. The transfer function of System (5.1.1) is

G.s/ D C.sI � A/�1B C D: (5.1.2)

G(s) is a matrix of rational functions. If D D 0, every element in matrix G(s) is
a strictly proper rational function, i.e., the degree of the numerator is less than
that of denominator. If D ¤ 0, then there are certainly some elements in rational
matrix G(s) whose degrees of numerators are equal to those of denominators. Such
a rational matrix is called proper.

The nonlinear part N is a static process described by

v.t/ D v .t; y; �/ (5.1.3)

where v(t, y, �) is a nonlinear function which may be time-varying. t stands for the
time, and � > 0 is a constant to indicate the delayed time. In the next section,
v(t, y, �) is a set-valued mapping. v(t, y, �) is always supposed to be continuous for t
and y.

The following inequality

t
Z

t0

vT .�/ y .�/d� � �r20 (5.1.4)

http://dx.doi.org/10.1007/978-3-662-49245-1_4
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is valid for any time t, where t0 is the initial time and r0 ¤ 0 is a constant, and it may
depend on the initial state x0 and t0. In general, Inequality (5.1.4) is called Popov
integral inequality. If v(t) and y(t) satisfy Inequality (5.1.4), then we say they satisfy
the Popov condition, or the nonlinear part N satisfies the Popov condition.

It is not required that the integration in the left side of Inequality (5.1.4) is
convergent as t ! 1. If the integration converges or tends to infinity, then
Inequality (5.1.4) always holds.

Definition 5.1.1 Consider the system described in Fig. 5.1. Let r.t/ D 0, v(t) and
y(t) satisfy Popov integral Inequality (5.1.4). The system is said to be absolutely
stable, if there exists a constant K such that

kx .t; x0; t0/k � K .kx0k C r0/ ; (5.1.5)

for any initial time t0 and initial state x0, where x(t, x0, t0) is the state of System
(5.1.1). Furthermore, the system is said to be absolutely asymptotically stable if
lim

t!1x .t; x0; t0/ D 0. �

The absolute stability is defined for the whole system. In the terminology
absolute stability, the word stability is used to describe the property of the state
x(t), which is a solution of differential equation, and the word absolute is introduced
for the nonlinear part N. It means that we only require the function v(t, y, �) to satisfy
Inequality (5.1.4), but we do not care the specific form of v(t, y, �).

The SISO system with the structure described by Fig. 5.1 was firstly considered
by Popov, but in stand of Inequality (5.1.4), he considered the following sector
condition:

0 � k1y
2 � yv .t; y; �/ � k2y

2; 0 � k1 < k2: (5.1.6)

Inequality (5.1.6) means that, in the v-y space, the image of v D v .t; y; �/ lies
in a sector of the first and/or the third quadrants. Inequality (5.1.6) obviously
implies Inequality (5.1.4). At that time, Popov investigated the stability of the
system. In order to distinguish the conventional definition of stability, he called it
absolute stability because of being regardless the specific form of v(t, y, �). Later on,
some researchers called the system is hyperstable if the nonlinear part N satisfies
Inequality (5.1.4) and absolute stability for Inequality (5.1.6). But this book does
not distinguish the two concepts, and call them all absolute stability.

Let u.t/ D r.t/ � v.t/. Then the closed-loop system combined by linear System
(5.1.1) with nonlinear mapping Eq. (5.1.3) can be described as

8

ˆ
ˆ
<

ˆ
ˆ
:

:
x.t/ D Ax.t/ � Bv.t/C Br.t/;

v.t/ D v .t; y; �/ ;

y.t/ D Cx.t/ � Dv.t/C Dr.t/;

(5.1.7)
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where v(t) and y(t) satisfy Popov integral Inequality (5.1.6). The system described
by Eq. (5.1.7) is called Luré system.

If v(t, y, �) is a set-valued mapping, then System (5.1.7) becomes

8

ˆ
ˆ
<

ˆ
ˆ
:

:
x.t/ D Ax.t/ � B!.t/C Br.t/;

!.t/ 2 v .t; y; �/ ;

y.t/ D Cx.t/ � D!.t/C Dr.t/:

(5.1.8)

(5.1.8) is called the Luré differential inclusion. A detailed definition will be given in
the next section.

Theorem 5.1.1 Let the linear System (5.1.1) be both controllable and observable
and r.t/ 	 0.

1. If System (5.1.7) is absolutely stable, then (a) all eigenvalues of A stay at the left
open complex plane, (b) every eigenvalue on the complex axis is simple;

2. If System (5.1.7) is absolutely asymptotically stable, then A is a Hurwitz matrix.

Proof If r.t/ 	 0, then Inequality (5.1.4) is equivalent to

t
Z

t0

uT .�/ y .�/d� � r20:

Let u.t/ 	 0, and x.0/ D x0 ¤ 0, the above inequality always holds. And the state
response is x.t/ D eAtx0. If the eigenvalue of A is 	 C j!, where 	 > 0, then there
always exists x0 such that the state x.t/ D eAtx0, which contains the term ce.	Cj!/t

with a nonzero vector c. Thus, kx.t/k ! 1, the system is not absolutely stable. If
there exist multiple poles j!, then there exists x0 such that x.t/ D eAtx0 contains
the term c(t)ej!t, where c(t) is a nonzero degree polynomial with respect to t. Thus,
kx.t/k ! 1. The similar proof can also be obtained for the absolutely asymptotical
stability. Here we just omit it. �

Theorem 5.1.1 illustrates the necessary condition for the absolute (absolutely
asymptotical) stability of System (5.1.7). It is the same as that condition of System
(5.1.1).

5.1.2 Positive Realness and the Positive Realness Lemma

In the research of absolute stability, positive realness plays a very important role.
This section will introduce the positive realness briefly; more details can be found in
the textbooks for adaptive control system or nonlinear control system (Rochafellar
1970; Smirnov 2002).
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Consider a function f W C ! C, where C is the set of complex numbers. f is
called a real function, if f .R/ � R, i.e., f maps real number to real number. Let
s D 	 C j! 2 C be a complex number, where j2 D �1 is the unit of imaginary
number, then f (s) can be written as f .s/ D Re f .s/ C jImf .s/, where Ref (s) and
Imf (s) are the real part and imaginary parts of f (s), respectively, and they are all real
numbers for any s 2 C. For a real function f, it holds that f .s/ D Re f .s/� jImf .s/,
where s is the conjugate complex number of s, i.e., s D 	 C j! D 	 � j!.

Definition 5.1.2 A function f W C ! C is a positive real function, if (1) f is a real
function; (2) Re f .s/ � 0 if 	 > 0.

f W C ! C is a strictly positive real function, if (1) f is a real function and (2)
there exists a � > 0 such that Re f .s/ � 0 for 	 � ��. �

Roughly speaking, a positive real function maps the real axis to the real axis and
also maps the right complex plane to the right complex plane.

According to the above definition, if f1(s) and f2(s) are both positive real
functions, then f1.s/ C f2.s/ and f1(f2(s)) are also positive real functions; a f1(s)
is positive real function if a is a positive constant; Œf1.s/�

�1 is also a positive real
function whenever Œf1.s/�

�1 exists. However, f1(s) � f2(s) may not be a positive real
function. The following theorems present the properties of positive real functions
and strictly positive real functions. They can be proved by the theory of complex
analysis and are omitted here.

Theorem 5.1.2 A real function f (s) is positive real if and only if the following
conditions hold simultaneously:

1. If s D 	 C j! is a pole of f (s), then 	 � 0.
2. If s D j! is a pole of f (s), then it is simple and its residue is positive.
3. If s D j! is not the pole of f (s), then Re f .j!/ > 0. �
Theorem 5.1.3 A real function f (s) is strictly positive real if and only if the
following conditions hold simultaneously:

1. If s D 	 C j! is a pole of f (s), then 	 < 0.
2. For every s D j!, Re f .j!/ > 0. �

The first condition of Theorem 5.1.2 means that there is no pole in the right open
half complex plane, i.e., f (s) is analytic in the right open half complex plane. If real
part of f (s) is positive, then Œf .s/��1 has also positive real part; thus, the zeros of
f (s) do not lie in the right open half complex plane. The fact means that the zeros
and poles of a positive real function do not lie in the right open half complex plane.
Similarly, the zeros and poles of a strictly positive real function do not lie in the
closed right half complex plane.

If the above discussion is applied in the real rational function f .s/ D n.s/=d.s/,
then more properties of f (s) can be obtained.

Theorem 5.1.4 If a real rational function f .s/ D n.s/=d.s/ is positive real, then
jdeg n.s/� deg d.s/j � 1.
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Proof Assume that m D deg n.s/ � deg d.s/ D n. We have

f .s/ D n.s/

d.s/
D p0s

m�n C p1s
m�n�1 C � � � C n.s/

d.s/
;

then j1 is an m � n multiple pole of f (s). By (2) of Theorem 5.1.2, a pole in
imaginary axis is simple; thus 1 � m � n � 0. If m � n, we will consider Œf .s/��1.
By using a similar discussion, we can obtain that 0 � n � m � 1. Thus, the theorem
is proved. �
Theorem 5.1.5 If a real rational function f .s/ D n.s/=d.s/ is strictly positive real,
then n(s), d(s) and n.s/C d.s/ are all Hurwitz polynomials.

Proof Applying Condition (1) of Theorem 5.1.3 to f (s), Œf .s/��1 and 1C f .s/, these
conclusions can be proved directly. �

Theorems 5.1.4 and 5.1.5 provide simple necessary conditions for the positive
real rational functions. They are very useful.

Now the definition of positive realness will be extended to the matrix case.
Let F.s/ W C ! C

m�m be an m � m complex matrix. F(s) is a real matrix if
F .R/ � R

m�m.

Definition 5.1.3 Let F(s) be a real matrix. If

F.s/C F�.s/ � 0; (5.1.9)

for a complex number s which holds Re s > 0, then F(s) is a positive real matrix,
where F�.s/ is the conjugate and transpose matrix of F(s).

If there exists a � > 0 such that for any complex number s with Re s > ��,

F.s/C F�.s/ � 0;

then F(s) is called strictly positive real matrix. �
In the matrix theory, if H.s/ D H�.s/ for any complex s, then the H(s) is called as

Hermite matrix. The concept of Hermite matrix is an extended version of symmetry
matrix which is defined in real field. The main feature is that the eigenvalues of a
Hermite matrix are all real. Since H�.s/ D HT .s/, F.s/C F�.s/ can also be written
as F.s/C FT .s/. For simplicity, it is, sometimes, denoted by He F(s).

The following theorems are reversions of Theorems 5.1.2 and 5.1.3 in matrix
case, respectively; the proofs are omitted.

Theorem 5.1.6 A real matrix function F(s) is positive real if and only if the
following conditions hold simultaneously:

(1) F(s) is analytic at the left open half plane.
(2) If s D j! is a pole of some element of F(s) then res

sDj!
F.s/C res

sDj!
F�.s/ � 0.

(3) If s D j! is not a pole of F(s), then F .j!/C F� .j!/ � 0. �



5.1 Luré Systems 269

Theorem 5.1.7 A real matrix function F(s) is strictly positive real if and only if the
following conditions hold simultaneously:

(1) F(s) is analytic at the left closed half plane.
(2) For any s D j!, F .j!/C F� .j!/ > 0. �

Theorems 5.1.3 and 5.1.4 can both be extended to rational function matrices. In
order not to derive from the main topic, we will leave them to the readers in the
exercises, and these conclusions are needed in the latter of this chapter.

Now we return back to the linear control system Eq. (5.1.1). The System (5.1.1)
is positive real or strictly positive real if its transfer function G(s) is positive real
or strictly positive real. In this book, we always suppose that System (5.1.1) is
both controllable and observable, and the degree of the denominator of its transfer
function is n.

Theorem 5.1.8 Suppose System (5.1.1) is both controllable and observable, then
it is positive real if and only if there exist positive definite matrix P and matrices K
and L with compatible dimensions, such that

PA C ATP D �LLT ; (5.1.10)

KTLT C BTP D C; (5.1.11)

KTK D D C DT : (5.1.12)

Theorem 5.1.8 was proved by B.D.O Anderson in 1967, and it is also called the
positive real lemma (Anderson 1967). If D D 0, then K D 0 and Eq. (5.1.11)
disappears, and Eq. (5.1.11) becomes BTP D C. This is common form in this
chapter. The following corollary gives the necessary condition under which (5.5.1)
is positive real.

Corollary 5.1.1 Suppose System (5.1.1) is both controllable and observable and
D D 0, then CB is positive definite if the system is positive real.

Proof Since BTP D C, we have BTPB D CB. Thus, CB is symmetry and
semipositive definite. It needs only to prove that the rank of CB is of full rank.
If rank.CB/ < m, then there exists a u ¤ 0 such that CBu D 0, and uTBTPBu D 0.
Consider the fact that B has the full column rank, hence Bu ¤ 0, and uTBTPBu > 0,
it contracts to uTBTPBu D 0. �

It is noted that Corollary 5.1.1 is essential for the feedback positive realness.
If Eq. (5.1.10) is rewritten as PACATP D �LLT �Q for a positive definite matrix

Q. The equation and Eqs. (5.1.11) and (5.1.12) give the necessary and sufficient
conditions for the strictly positive realness condition.

An alternative form of Theorem 5.1.8 is given in the exercises; these conclusions
are useful for the proof of Theorem 5.1.8.
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5.1.3 Criterion for Absolute Stability

In this subsection, we prove that the absolute stability is equivalent to positive
realness for the system described by Fig. 5.1. The following result of Laplace
transformation is needed in the proof.

Let f (t), t 2 Œ0;1/, be a real function. If there exists a 	 > 0 such that
1
Z

0

f .t/e�stdt converges for every s with Re s � 	 . Then integration is called the

Laplace transformation of f (t) and denoted by F(s). Usually, t in f (t) is called time
domain variable and s in F(s) is the frequency domain variable, and F(s) is the image
function and f (t) is the original function. If F(s) is known, f (t) can be computed as
follows

f .t/ D 1

2�j

1
Z

�1
F .	 C j!/ e.	Cj!/td!;

at each continuous point of f (t). The equation is called the inversion formula of
Laplace transformation. If F(s) exists when s ! 1, by residual theory, we can
obtain another equation

f .t/ D
X

k

Re s F .pk/ epkt; (5.1.13)

where pk is the pole of F(s).

Theorem 5.1.9 Consider the system described by Fig. 5.1. If the nonlinear part
satisfies Popov integral Inequality (5.1.4), then the closed-loop system is absolutely
stable if and only if the linear part Eq. (5.1.1) is positive real, i.e., the transfer
function matrix Eq. (5.1.2) is positive real.

Proof Sufficiency. Let P be the positive definite matrix satisfying Theorem 5.1.8.
Let V.x/ D xTPx be the Lyapunov candidate function. Considering the derivative of
V(x) along with the trajectory of the closed-loop System (5.1.7) with r.t/ 	 0, we
can get that

:

V.x/ D .Ax � B
/TPx C xTP .Ax � B
/

D xT
�

ATP C PA
�

x � 
TBTPx � xTPB


D �xT LTLx � 2
T
�

C � KTLT
�

x

D �xT LTLx C 2
TKTLT x � 
TKTK
 � 2
TCx C 
TKTK


D �kLx � K
k2 � 
TCx � xTCT
 C 
TD
 C 
TDT


D �kLx � K
k2 � 2
Ty

� �2
Ty:
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Integrating both sides results in

t
Z

0

:

Vd� DxT .t/Px.t/ � xT.0/Px.0/ � �2
t
Z

0


T .�/ y .�/ d� � 2r20:

Let �M and �m be the maximum and minimum eigenvalues of P. It follows from the
above inequality that

�mkx.t/k2 � �Mkx.0/k2 C 2r20 � K
�

kx.0/k2 C r20
�

� K.kx.0/k C r0/
2;

where K D max f�M; 2g. It means that Inequality (5.1.5) holds.
Necessity. It is proved by using Definition 5.1.2. By Theorem 5.1.2, G(s) is

analytic at the right open half plane.
If there exists a complex number 	0 C j!0 with 	0 > 0 such that G .	0 C j!0/C

G� .	0 C j!0/ is not semipositive definite, i.e., there exists u0 2 C
m with ku0k D 1

such that

u�
0

�

G .	0 C j!0/C G� .	0 C j!0/
�

u0 < 0:

Choose an input u.t/ D Re u0e.	0Cj!0/t. Since the system described by G(s) is
asymptotically stable, by Eq. (5.1.13), we have

y.t/ D Re G .	0 C j!0/ u0e
.	0Cj!0/t: (5.1.14)

In view of uT.t/y.t/ D Re uT
0e.	0Cj!0/tRe G .	0 C j!0/ u0e.	0Cj!0/t. It can be proved

that

t
Z

0

uT .�/ y .�/d� ! 1; hence, Popov integral Inequality (5.1.4) holds. How-

ever, Cx.t/ D y.t/�Du.t/ D Re C.	0 C j!0 � A/�1Bu0e.	0Cj!0/t, i.e., sup kx.t/k !
1. This contradicts with the absolute stability. �

By a similar discussion to Theorem 5.1.9, we can have the following theorem;
the detailed proof is omitted.

Theorem 5.1.10 Consider the system described by Fig. 5.1. If the nonlinear part
satisfies Popov integral Inequality (5.1.4), then the closed-loop system is absolutely
asymptotically stable if and only if the linear part Eq. (5.1.1) is strictly positive real,
or the transfer function matrix (5.1.2) is strictly positive real. �
Problems

1. Let System (5.1.1) be both controllable and observable. Then it is positive real if
and only if there exist positive definite matrix P, semipositive definite matrices
Q and R and matrix S such that
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PA C ATP D �Q;

BTP C ST D C;

D C DT D R;

with

�

Q S
ST R




> 0:

2. Let System (5.1.1) be both controllable and observable. Then it is strictly positive
real if and only if there exist positive definite matrix P, Q, R and matrix S such
that

PA C ATP D �Q;

BTP C ST D C;

D C DT D R;

with

�

Q S
ST R




> 0:

3. Prove Theorem 3.1.9.
4. Let W(s) be an n � n rational function matrix. W.s/ D N.s/D�1.s/ is a right

coprime factorization and rank ŒD.s/ N.s/� D n for any s 2 C: Then the
following conclusions hold:

(1) W(s) is positive real if and only if D�.s/N.s/CN�.s/D.s/ is positive definite.
(2) If rank W.s/ D n for s with Re s > 0, then W(s) is positive real if and only

if W�1.s/ is positive real.
(3) If W(s) is positive real, then det N(s) and det D(s) are Hurwitz polynomials.
(4) If W(s) is positive real, then N.s/ŒD.s/C˛N.s/��1 and ŒN.s/C˛D.s/�D�1.s/

are both positive real, where ˛ > 0 is a real number.
(5) If D(s) is column proper, then j˛i � ˇij � 1, where ˛i and ˇi are the ith

column degree of N(s) and D(s) (Let @iD.s/ be column degree of the ith
column of D(s), D(s) is column proper if deg .det D.s// D

X

@iD.s/).

The above conclusion is also valid when left coprime factorization is
considered.

5. Prove Theorem 5.1.10.

5.2 Stabilization of Luré Differential Inclusion Systems

The Luré system was introduced in the former section; in that section, we have
concluded the system is stable if and only if its linear part is positive real. This
section tries to extend this conclusion to Luré differential inclusion systems.

http://dx.doi.org/10.1007/978-3-662-49245-1_3
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5.2.1 An Example of the Luré Differential Inclusion System

Before we deal with the stabilization of Luré differential inclusion, we would like
to present an example which was introduced by J.C.A. de Bruin and his colleagues.

An object may move if it is subjected to external force. The object has to
suffer from friction force whether or not it moves. We have mentioned in Sect.
2.3 that the friction is a quite complicated phenomenon. The friction coefficient
which determines the value of friction force has a nonlinear relationship respected
to the velocity of object. We have pointed out at that section if the static friction is
considered, then it is suitable to be described by set-valued mapping.

J.C.A. de Bruin and colleagues have designed an experimental device to illustrate
the necessity of introduction of Luré differential inclusion (de Bruim et al. 2009).
The experimental device is given in Fig. 5.2. The input of the device is the voltage
which makes the upper DC motor rotate. The DC motor drives the upper disk
through gear box, and the upper disk is connected to lower disk via a flexible cable.

brake device

DC motor

gear box

upper disc

steel string

electronic
equipment

lower
disc

Fig. 5.2 The experimental device of flexible rotation (de Bruim et al. 2009)

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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Tfu Tfl

Tsl Td(ql)

–Td(ql) –Tsl

qu ql
• •

-

-

•

•

(bu + Δbu)qu

(bu – Δbu)qu

–Tdu + ΔTdu

Tdu + ΔTdu

upper disc

ba

lower disc

Fig. 5.3 Dead zone nonlinearity relationship between torque and angular velocity. (a) upper disk.
(b) lower disk

An oil seal is set up at the tail of the flexible cable to make all kinds of friction more
significant, while the angular velocity of the lower disk is recorded by the computer
as output of the device.

It is obviousthat the velocity is feasible to be measured, while the torque is
difficult to be measured. Figure 5.3 presents the relations of angular velocities and
torques where the angular velocity is argument, then the torque is the dependent
variable. Figure 5.3a gives the image of the upper disk and Fig. 5.3b the lower disk.
These pictures show that they are set-valued mappings. By moment balance, it is
easy to obtain that

Ju
R�u C k� .�u � �l/C b

� :

�u �
:

� l

�

C Tfu

� :

�u

�

� kmu D 0;

Jl
R�l � k� .�u � �l/� b

� :

�u �
:

� l

�

C Tfl

� :

� l

�

D 0;
(5.2.1)

where variable subscripted with u stands for the variable of upper disk, and variable
subscripted with l stands for the lower disk, J is the moment of inertia, k� .�u � �l/C
b
� :

� u �
:

� l

�

is twisting torque, and � is angular displacement. Resistance torque Tf

can be computed, respectively, by the following set-valued mappings

Tfu

� :

�u

�

2
(

Tcu

� :

�u

�

sgn
� :

� u

�

;
:

� u ¤ 0;

Œ�Tsu C
Tsu;Tsu C
Tsu� ;
:

� u D 0;

Tfl

� :

� l

�

2
(

Tcl

� :

� l

�

sgn
� :

� l

�

;
:

� l ¤ 0;

Œ�Tsl;Tsl� ;
:

� l D 0;
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where Tcu

� :

�u

�

and Tcl

� :

�u

�

is the nonlinear terms. Let x D
h

�u � �l

:

�u

:

� l

iT
, Eq.

(5.2.1) can be written as

8

ˆ
ˆ
<

ˆ
ˆ
:

:
x.t/ D Ax.t/C G!.t/C Bu.t/;
z.t/ D Hx.t/;
y.t/ D Cx.t/;
!.t/ 2 �'.z/:

where z D
h :

� u

:

� l

iT
, ! D �

Tfu .z1/ Tfl .z2/
�T

. The above expression is a Luré

differential inclusion system. From the experimental results, it is suitable to describe
the device by the differential inclusion model.

5.2.2 Stabilization of Luré Differential Inclusion Systems

Let us consider the Luré differential inclusion System (5.1.8). Assume that D D 0

firstly, how to extend the conclusion to the case of D ¤ 0 will be pointed out. In
order to be clear, the block diagram is shown in Fig. 5.4. In the discussion of this
chapter, the block diagram is a very useful tool.

The Luré differential inclusion system is described as follows:

8

<

:

:
x.t/ D Ax.t/ � B!.t/C Br.t/;
!.t/ 2 v .t; y; �/ ;
y.t/ D Cx.t/;

(5.2.2)

A

CB ∫ xu x

Linear

Set-valued

yr

ω

(•)v

−

Fig. 5.4 The Luré differential inclusion system
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where r, u, x, y and ! are the reference, control input, state, output of the system
and output of the set-valued mapping, respectively. The dimensions of r, u, y and
! are all r, and the dimension of x is n. t is the time variable and � is the delayed
time, respectively. The set-valued function 
(t, y, �) is supposed to be monotone
with respect to y. It means according to the definition given in Sect. 2.6, for any
yi 2 R

m; i D 1; 2; and !i 2 
 .t; yi; �/, h.!1 � !2/ ; .y1 � y2/i � 0. In order to
guarantee that the equilibrium of the system is the original, it is always assumed
that 0 2 
 .t; 0; �/. This assumption is not loss of the generality because we can
use coordinate transformation to realize it. By the monotonicity of the set-valued
mapping, we then obtain that h!; yi � 0, i.e.,

yT
 .t; y; �/ � 0: (5.2.3)

It is obvious that Inequality (5.2.3) implies Popov integral Inequality (5.1.4). By
Theorems 5.1.8 and 5.1.9, we can get the following conclusion. Detailed proof is
omitted.

Theorem 5.2.1 Consider the Luré differential inclusion system Eq. (5.2.2). Sup-
pose the system satisfies the following conditions:

1. v(y) is monotone and 0 2 
 .t; 0; �/.
2. (C, A, B) is both controllable and observable.

If the transfer function of linear part G.s/ D C.sI � A/�1B is positive real, then
the system is stable; if G.s/ D C.sI � A/�1B is strictly positive real, then the system
is asymptotically stable. �

Theorem 5.2.1 still holds when D ¤ 0.

5.2.3 Zeroes and Relative Degree of Control Systems

This subsection introduces two fundamental concepts used in linear control systems
which play very important roles in Sect. 5.3.

5.2.3.1 The Zeroes of System

By Theorem 5.2.1, the stability of the Luré differential inclusion System (5.2.1) is
equivalent to the positive realness or strictly positive realness of linear part (C, A, B).
Thus, the stabilization design can be transformed to make the linear part positive
real or strictly positive real which is called feedback positive realness in this book.
This subsection mainly focuses on the output feedback, i.e., r D Ky. By the block
diagram, the control of linear part is u D Ky � !.

The problem of feedback positive realness is to find feedback gain K such
that .C;A C BKC;B/ is positive real or strictly positive real. In order to discuss
feedback positive realness, the zeroes of a system are introduced. The zeroes of

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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a system include finite zeroes and infinite zeroes. The concept of finite zeroes is
presented firstly.

Let W(s) be an r � m rational function matrix, and assume the rank of W(s) is
min(r, m).1 Let s0 2 C be a complex number. Then W(s0) be a complex matrix. If
rankW .s0/ < min .r;m/, then s0 is said to be a finite zero of W(s), and finite zero is
also simplified as zero. If (C, A, B) is a realization of W(s), then s0 is called a finite
zero of the system (C, A, B). The properties of finite zeroes are as follows (Chen
1984).

1. Let W.s/ D Nr.s/D�1
r .s/ D D�1

l .s/Nl.s/ be a right coprime factorization and a
left coprime factorization of W(s), respectively, then s0 is a finite zero of W(s) if
and only if rankNr .s0/ D rankNl .s0/ < min .r;m/.

2. If (C, A, B) is a minimal realization of W(s), then s0 is a finite zero of W(s) if and
only if

rank

�

s0I � A B
� C 0




< n C min .r;m/ :

3. If s0 is a finite zero of (C, A, B), then s0 is also the finite zero of
�

CT�1;T .A C BF C GC/ T�1;TB
�

, where T, F and G are matrices with
compatible dimensions, and T is invertible. The conclusion illustrates that the
finite zeroes are invariant under the coordinate transformation, state feedback
and output injection.

The multiplicity of a finite zero can be also defined. Let W(s) be an r �m rational
function matrix, and denote q D min .r;m/. The right coprime factorization of W(s)
is W.s/ D Nr.s/D�1

r .s/. If s0 is a finite zero of W(s), then s � s0 is the common
factor of all qth-order determinants of Nr(s); if .s � s0/

p is the common factor of
all qth-order determinants of Nr(s) but .s � s0/

pC1 is not, then s0 is a p-multiplicity
finite zero of W(s).

In the control theory, linear system (C, A, B) is called a minimal phase system, if
the zeroes of the system are all in the left half complex plane, or, the zeroes are all
stable.

5.2.3.2 Relative Degree of System

Infinite zero is relevant to relative degree of system. Let us start with the single-
variable system.

Consider a rational function W.s/ D n.s/=d.s/. If deg n.s/ < deg d.s/, then
n.s/=d.s/ ! 0, when s ! 1. The fact means that infinite is also the zero of the
rational function. In order to distinguish from finite zero, this kind of zero is called
infinite zero. The multiplicity of infinite zero can also be defined. If deg d.s/ �
deg n.s/ D p > 0, then the infinite zero is called p-multiplicity of the rational
function. Infinite zero is very explicit in the theory of automatic control.

1The rank of rational matrix is defined on the field of rational functions. Denote that q D rankW.s/,
then there exists at least one q � q sub-matrix of W(s) whose determinant is not equal to 0.
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The multiplicity of infinite zero is called relative degree in the theory of linear
systems. The specific meaning is as follows. Let us consider single-variable system
(cT, A, b), and the state space is described as:

:
x D Ax C bu;

y D cTx:

without loss of generality, we assume that (cT, A, b) takes the Brunovsky controllable
canonical form:

cT D �

ˇn ˇn�1 � � � ˇ1
�

; A D

2

6

6

6

6

6

4

0 1 � � � 0 0

0 0 � � � 0 0

� � � � � � � � � � � � � � �
0 0 � � � 0 1

� ˛n �˛n�1 � � � �˛2 �˛1

3

7

7

7

7

7

5

; b D

2

6

6

6

4

0
:::

0

1

3

7

7

7

5

:

(5.2.4)

Its transfer function is

G.s/ D ˇ1sn�1 C � � � C ˇn�1s C ˇn

sn C ˛1sn�1 C � � � C ˛n�1s C ˛n
:

When we assume that the (cT, A, b) is both controllable and observable, the
numerator and the denominator are relatively prime. If the relative degree of G(s) is
p, then the degree of the numerator is n � p, and ˇ1 D � � � D ˇp�1 D 0 but ˇp ¤ 0.
It is easy to verify that cTb D 0; cTAb D 0; : : : cTAp�2b D 0; cTAp�1b ¤ 0. On
the other word, taking the derivative of the output y,

:
y D cT :x D cT .Ax C bu/ D

cTAx; Ry D cTA
:
x D cTA .Ax C bu/ D cTA2x. We then conclude that in the

expression of y.p�1/ the control input u does not appear; and in the p-th derivative of
y, y(p), we have y.p/ D cTApx C cTAp�1bu, u appears for the first time.

It is easy to conclude that the relative degree is equal to p if and only if
lim

s!1sp�1G.s/ D 0I lim
s!1spG.s/ ¤ 0. Although the controllable canonical Eq.

(5.2.4) is used to explain that u appears firstly in the p-derivative of output y, i.e.,
y(p), it does not rely on the specific form of the system matrix.

We now extend the definition of relative degree to the rational matrix. Let W(s)
be an r � m rational function matrix, W(s) can be written as

W.s/ D

2

6

6

6

4

wT
1 .s/

wT
2 .s/
:::

wT
r .s/

3

7

7

7

5

; for i D 1; 2; : : : ; r;

where wT
i (s) is an m-dimension row vector, and its elements are rational fractions.
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If lim
s!1sjwT

i .s/ D 0; j D 0; 1; 2; : : : ; pi � 1I lim
s!1spi wT

i .s/ ¤ 0, and

rank

2

6

6

6

6

6

4

lim
s!1sp1wT

1 .s/

lim
s!1sp2wT

2 .s/

:::

lim
s!1spr wT

r .s/

3

7

7

7

7

7

5

D min .r;m/ ;

then the ith relative degree of W(s) is pi, the set fp1, p2, : : : , prg is called the set of
relative degrees of W(s), and p D min fp1; p2; : : : ; prg is the relative degree of W(s).

Let us consider the multivariable system (C, A, B), the state space is described by

:
x D Ax C Bu;

y D Cx:

Assume that m D r. Denote the ith row of C by cT
i , then the transfer function

matrix is

G.s/ D

2

6

6

6

4

cT
1 .sI � A/�1B

cT
2 .sI � A/�1B

:::

cT
r .sI � A/�1B

3

7

7

7

5

:

If fp1, p2, : : : , prg is the relative degree set of G(s), then u does not appears in
:
yi; : : : ; y

.pi�1/
i but in y.pi/

i , and we denote that

… D

2

6

6

6

4

cT
1Ap1B

cT
2Ap2B
:::

cT
r Apr B

3

7

7

7

5

;

then … is invertible. Note that the invertibility of … is additional requirement for
the definition of the relative degree in multivariable systems.

The relative degree is defined by transfer function. Thus, it is also invariant under
coordinate transformation and state feedback except for the sequence.

Suppose the input and output are all m-dimension. If det.CB/ ¤ 0, then the
elements in the set of relative degrees are all 1. By coordinate transformation, the
system can be changed into

2

4

A11 A12 B1
A21 A22 0

C1 C2 0

3

5 ;
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where B1 is an m � m invertible matrix. det.CB/ ¤ 0 implies that C1 is also
invertible. If we make another state transformation with the transformation matrix

T D
�

I C�1
1 C2

0 I




, i.e., T�1 D
�

I �C�1
1 C2

0 I




, the system then takes the form of

2

4

A11 A12 B1
A21 A22 0

C1 0 0

3

5 ; (5.2.5)

where C1 and B1 are the same as the previous expression, but Ā21 and Ā22 may be
different from A21 and A22, respectively. It should be noted that the matrix (5.2.5)
is obtained depending on relative degree, but not depending on the observability.
(5.2.5) will be often used in the sequel.

5.2.3.3 Hurwitz Vectors

In this part, we will give a new definition.

Let h 2 R
n, h D �

h1 h2 � � � hn

�T
, h is called a Hurwitz vector if

h.x/ D h1x
n�1 C h2x

n�2 C � � � C hn�1x C hn

is a Hurwitz polynomial. We do not suppose that h1 ¤ 0 in the Hurwitz vector. If
h1 ¤ 0, then none of hi; i D 2; 3; : : : ; n cannot be equal to 0, and their signs are the
same as that of h1. In order to be simple, we assume that h1 > 0. Furthermore, if
h1 D h2 D � � � D hi�1 D 0, but hi ¤ 0, then we assume that hi > 0, and the signs of
hiC1; : : : ; hn have to be the same as that of hi.

The following conclusion is about the Hurwitz vector.

Lemma 5.2.1 Let h D �

h1 h2 � � � hn

� 2 R
n be a Hurwitz vector. If h1 D h2 D

� � � D hi�1 D 0 but hi ¤ 0, and A has the Brunovsky controllable canonical (5.2.4),
then there exists a � 2 R such thatbh D .A C �I/ h is a Hurwitz vector, andbhi�1 ¤ 0

in ĥ.

Proof Denote that h.s/ D hisn�i C hiC1sn�i�1 C � � � C hn�1s C hn. It is direct to
verify that the polynomial corresponding to ĥ is

bh.s/ D .s C �/ h.s/� an�iC1hi � an�ihiC1 � � � � � a1hn:

Denote that � D an�iC1hi C an�ihiC1 C � � � C a1hn. Consider the equationbh.s/ D
sh.s/C �h.s/� � D 0. It can be written as

h.s/

sh.s/ � � D � 1
�
:
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It is noted that the degree of denominator polynomial is n � i C 1, and the degree
of nominator polynomial is n � i. By the theory of root locus, when � ! 1, n � i
roots converge to the zeroes of h(s), and one root converges to �1. Therefore, if
h(s) is a Hurwitz polynomial, and � is large enough, then n � i C 1 roots of ĥ(s) all
stay at the left half plane. �

Lemma 5.2.1 is proved under the assumption that A has the Brunovsky control-
lable canonical. In fact, the conclusion is also valid when A has other forms, which
is left to readers as an exercise.

Lemma 5.2.1 can be used repeatedly. If h is a Hurwitz vector, h1 D h2 D � � � D
hi�1 D 0, and hi ¤ 0, then there always exist �1; : : : ; �n�i > 0, such that bh D
.A C �n�1I/ � � � .A C �1I/ h, and ĥ is a Hurwitz vector, whose first component is not
zero.

5.2.4 Feedback Positive Realness

As pointed out in the former subsection, the key of stabilization for Luré differential
inclusion System (5.2.2) is to make the linear part positive real or strictly positive
real. Two useful conclusions for feedback positive realness will be given in this
subsection. Let us consider the single-variable system firstly.

Lemmas 5.2.2 Consider the single-variable system (cT, A, b) which is both con-
trollable and observable. There exists an output feedback u D ky such that
�

cT;A C kbcT; b
�

is strictly positive real if and only if the following two conditions
hold.

1. cTb > 0.
2. The system is minimum phase.

Proof Sufficiency. If cTb ¤ 0, then the relative degree is 1. (cT , A, b) can be written
in the form of (5.2.5), i.e.,

cT D �

1 0 � � � 0 � ; A D
�

A11 A12
A21 A22




; b D

2

6

6

6

4

b1
0
:::

0

3

7

7

7

5

; (5.2.6)

where A11 2 R; b1 2 R, and b1 > 0. By using the matrix theory, we can obtain that

�

s � A11 �A12
� A21 sI � A22


�1
D 1

det .sI � A/

�

det .sI � A22/ �
� �




;
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where � stands for the element which does not affect the result of the following
computation. We also know that

cT.sI � A/�1b D det .sI � A22/ b1
det .sI � A/

:

The Condition 2 of Lemma 5.2.2 implies that det .sI � A22/ is a Hurwitz polyno-
mial, i.e., A22 is Hurwitz matrix. Then, for any positive definite matrix Q22, there
exists positive definite matrix P22 such that P22A22 C AT

22P22 D �Q22.
Let P11 D b�1

1 . Then P11b1 D 1. By choosing

Q21 D QT
12 D � �P22A21 C AT

12P11
�

;

then we have

�

P11 0
0 P22


 �

A11 C kb1 A12
A21 A22




C
�

A11 C kb1 AT
21

AT
12 AT

22


 �

P11 0
0 P22




D
�

2P11 .A11 C kb1/ P11A12 C AT
21P22

AT
12P11 C P22A21 P22A22 C AT

22P22




D
�

2b�1
1 .A11 C kb1/ �QT

21

� Q21 �Q22




:

k is chosen as

k < �1
2

�

2b�1
1 A11 C QT

21Q
�1
22 Q21

�

;

then by Schur complements (Lemma 4.1.1)

�

2b�1
1 .A11 C kb1/ �QT

21

� Q21 �Q22




< 0:

Thus, if P D
�

P11 0
0 P22




; Q D
��2 .A11 C kb1/ QT

21

Q21 Q22




, then P and Q are both

positive definite, and the following equations hold

P
�

A C kbcT
�C �

A C kbcT
�T

P D �Q;
Pb D c:

(5.2.7)

By the statements after Theorem 5.1.8,
�

cT ;A C kbcT ; b
�

is strictly positive
definite.

http://dx.doi.org/10.1007/978-3-662-49245-1_4
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A

CB ∫
xu x

Linear

Set-valued

yr

ω

v

−

k

(•)

Fig. 5.5 The closed system for feedback positive realness

Necessity. By Corollary 5.1.1, cTb > 0. According to Theorem 5.1.5, the
numerator of transfer function is a Hurwitz polynomial; thus, the finite zeroes of
the system are all stable, i.e., the system is minimum phase. �

The following corollary gives the frequency form of Lemma 5.2.2.

Corollary 5.2.1 Suppose the system (cT , A, b) is both controllable and observable,
the transfer function is

G.s/ D ˇ1sn�1 C � � � C ˇn�1s C ˇn

sn C ˛1sn�1 C � � � C ˛n�1s C ˛n
:

There exists the output feedback u D ky such that the closed-loop system
�

cT ;A C kbcT ; b
�

is strictly positive real if and only if
�

ˇ1 ˇ2 � � � ˇn

�

is a Hurwitz
vector, and the leading coefficient ˇ1 > 0. �

The scheme of feedback positive realness presented in Lemma 5.2.2 and
Corollary 5.2.1 is drawn in Fig. 5.5. The linear part within the dashed line is strictly
positive real; hence, by Theorem 5.2.1, the closed-loop system is asymptotically
stable. However, it may be fail since confluent point of the output feedback u D ky
is behind the confluent point of!. If the original system which consists of linear part
and set-valued mapping is indivisible, then we cannot insert the feedback behind that
confluent point of !. Fortunately, the system drawn in Fig. 5.5 is equivalent to that
in Fig. 5.6 by block diagram operation. The scheme is then realizable. The feedback
is outside of the original system.

We now extend Lemma 5.2.2 to the multivariable case. Let A 2 R
n�n. A is

decomposed as

A D
�

A11 A12
A21 A22




;
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A

CB ∫
xu x

Linear

Set-valued
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ω

v

−

k

(•)

Fig. 5.6 The revised structure of feedback system

where A11 2 R
n1�n1 . If A22 is invertible, then A can be written as

A D
�

A11 A12
A21 A22




D
�

I A12A�1
22

0 I


 �

A11 � A12A�1
22 A21 0

0 A22


 �

I 0

A�1
22 A21 I




;

where two Is are all identity matrices, but their dimensions may be different.
According to the decomposition, if A is invertible, then we have that

A�1 D
�

I 0

� A�1
22 A21 I



"
�

A11 � A12A�1
22 A21

��1
0

0 A�1
22

#
�

I �A12A�1
22

0 I




: (5.2.8)

Theorem 5.2.2 Consider the multivariable system (C, A, B), which is both con-
trollable and observable. There exists an output feedback u D Ky such that
.C; A C BKC; B/ is strictly positive real if and only if the following two conditions
hold.

(1) CB is positive definite.
(2) The system is minimum phase.

Proof Sufficiency. Since CB is invertible, (C, A, B) can be written in the form of
(5.2.4), i.e.,

C D �

C1 0
�

; A D
�

A11 A12
A21 A22




; B D
�

B1
0




;

where C1;A11;B1 2 R
m�m and C1, B1 are invertible. Specially, if B1 D I, then C1 is

positive definite, and the feedback is chosen as u D ky; k 2 R. The transfer function
G.s/ D C.sI � A/�1B, by Eq. (5.2.8), has the following form
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G.s/ D �

C1 0
�

�

.sI � A22/ �A12
�A21 .sI � A22/


�1 �
B1
0




D �

C1 0
�

�

I 0

.sI � A22/
�1A21 I




�
"h

sI � A11 � A12.sI � A22/
�1A21

i�1
0

0 .sI� A22/
�1

#
�

I A12.sI� A22/
�1

0 I


�

B1
0




D C1
h

sI � A11 � A12.sI � A22/
�1A21

i�1
;

where two Is are identity matrices with appropriate dimensions. Since .sI � A22/
�1 D

.Adj .sI � A22// = .det .sI � A22//, where Adj .sI � A22/ is adjoint matrix of

.sI � A22/ and is a polynomial matrix, then

G.s/ D ŒC1 det .sI � A22/� ŒsI � A11 � A12Adj .sI � A22/A21�
�1 (5.2.9)

is a left composition of G(s). By Property 1 given behind the definition of finite zero,
the zeroes of system are all the roots of det .sI � A22/. Condition 2 of Theorem
5.2.2 implies that A22 is a Hurwitz matrix; thus, for any positive definite matrix
Q22 2 R

.n�m/�.n�m/, there always exists a positive definite matrix P22 such that
P22A22 C AT

22P22 D �Q22.
Denote that P11 D C1 and Q21 D QT

12 D � �P22A21 C AT
12P11

�

. Consider

"

P11 0

0 P22

#"

A11 C kC1 A12

A21 A22

#

C
"

AT
11 C kC1 AT

21

AT
12 AT

22

#"

P11 0

0 P22

#

D
"

P11A11 C AT
11P11 C 2kC2

1 P11A12 C AT
21P22

AT
12P11 C P22A21 P22A22 C AT

22P22

#

D
"

P11A11 C AT
11P11 C 2kC2

1 �QT
21

�Q21 �Q22

#

:

Thus, if P11A11 C AT
11P11 C 2kC2

1 � QT
21Q

�1
22 Q21 < 0, then

�

P11A11 C AT
11P11 C 2kC2

1 �QT
21

� Q21 �Q22




< 0:

The above inequality is feasible since C�2
1

�

QT
21Q

�1
22 Q21 � P11A11 � AT

11P11
�

is
symmetric matrix. Denote the minimum eigenvalue of the matrix by �min, and if
k < .1=2/�min, then P11A11 C AT

11P11 C 2kC2
1 � QT

21Q
�1
22 Q21 < 0. By Lemma 4.1.1,

we obtain

�

P11 0

0 P22


 �

A11 C kC1 A12
A21 A22




C
�

AT
11 C kC1 AT

21

AT
12 AT

22


 �

P11 0

0 P22




< 0;

http://dx.doi.org/10.1007/978-3-662-49245-1_4
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and we also have

�

P11 0

0 P22


 �

B1
0




D
�

CT
1

0




. According to Theorem 5.1.8,
�

C A C kBC B
�

is strictly positive real.
Necessity. If .C;A C BKC;B/ is strictly positive real, the Condition 1 is verified

by Corollary 5.1.1. By Problem 5.1.4 (3), if the left prime composition of GK.s/ D
C.sI � A � BKC/�1B is made, GK.s/ D Nr.s/D�1

r .s/, then det Nr(s) is a Hurwitz
polynomial, i.e., the zeroes of .C;A C BKC;B/ are all stable. By the Property 3
of zeroes, the zeroes of .C;A C BKC;B/ are the same as that of (C, A, B); thus,
(C, A, B) is minimum phase. �

The same problem has been considered in Huang et al. (1999) by an alternative
approach. The frequency criterion for multivariable system is left in Problems of
this section, and the readers can derive it by the same method used in this section.

It is obvious that the feedback of multivariable system can be realized by the
scheme given in Fig. 5.6.

5.2.5 Feedback Stabilization – Single-Variable Systems

Theorem 5.2.2 provides an approach of stabilization when the relative degree of
system is one. The aim of the subsection aims at extending the result to the case
where the relative degree is larger than one. Firstly, PD compensation for output is
used to change the relative degree of the system, and then stabilization is achieved by
Theorem 5.2.2. Secondly, state feedback is employed to change the relative degree
of the system. This result establishes a basis for the design of state observer in the
next section.

The stabilization for the system whose relative degree is larger than 1 will
be discussed in the following two subsections, respectively. Firstly, we consider
the single-variable system (cT , A, b); secondly, we consider multivariable system
(C, A, B) at the next subsection.

If the relative degree of the linear part is 2, then the transfer function is

G.s/ D ˇ2sn�2 C � � � C ˇn�1s C ˇn

sn C ˛1sn�1 C � � � C ˛n�1s C ˛n
:

By Corollary 5.2.1, there dose not exist output feedback u D ky such that the transfer
function of closed-loop system is strictly positive real. Hence, an auxiliary output is
introduced as z.t/ D �y.t/C :

y.t/, i.e., z.s/ D .�C s/ y.s/. It is equivalent to cascade
a PD control in the output term. The transfer function from u(s) to z(s) becomes

Gz.s/ D z.s/

u.s/
D .s C �/

�

ˇ2sn�2 C � � � C ˇn�1s C ˇn
�

sn C ˛1sn�1 C � � � C ˛n�1s C ˛n
:
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The relative degree is 1. If we choose � > 0, and the system is minimum phase and
ˇ2,ˇ3, : : : ,ˇn are all positive, then there exists output feedback u D kz such that
the DI system is absolutely stable by Corollary 5.2.1.

The design method can be extended to the arbitrary relative degree case, i.e.,
i > 1. Design the polynomial �.s/ D .�1 C s/ � � � .�i�1 C s/ with degree of
i � 1,2 where �p > 0, p D 1; 2; : : : ; i � 1, then the transfer function from u to z is
Gz.s/ D �.s/G.s/, and its relative degree is 1. There always exists output feedback
such that the closed-loop system is strictly positive real by Corollary 5.2.1. Thus,
the whole Luré differential inclusion system is strongly asymptotically stable. The
above conclusion is summed up in the following corollary.

Corollary 5.2.2 Consider the single-variable system Luré differential inclusion
system Eq. (5.2.2), if the numerator of the transfer function of linear part (cT, A, b)
is a Hurwitz polynomial, and the leading coefficient is positive, then there always
exists a real polynomial �(s) and output feedback u D kz where z.s/ D �.s/y.s/,
such that by the feedback, closed-loop system is positive real. �
Remark Since zeroes of the numerator polynomial are the same as that of the
system, the condition is just that the linear part (cT , A, b) is minimum phase. �

The stabilization scheme presented in Corollary 5.2.2 can be realized by Fig. 5.7.
In Fig. 5.7, we require that a compensator can be inserted to the system, otherwise
we cannot achieve the positive realness of the linear part.

−

r

A

cTb ∫ xx

Linear

k

y
z

( )sλ

v
Set-valued

Compensatorω

(•)

Fig. 5.7 The compensating scheme of Corollary 5.2.2

2In fact, it only needs the condition that �(s) is Hurwitz polynomial with first coefficient one. This
assumption is convenient to the proof.
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5.2.6 Feedback Stabilization – Multivariable Systems

Let us turn to multivariable systems. Based on the result of single-variable systems,
the discussion for the multivariable systems becomes simple. Consider Luré
differential inclusion system Eq. (5.2.2), its linear part is (C, A, B). Denote that
B D �

b1 b2 � � � bm

�

, where bi 2 R
n; i D 1; 2; : : : ;m, then the transfer function

matrix is

G.s/ D �

C.sI � A/�1b1 C.sI � A/�1b2 � � � C.sI � A/�1bm

�

:

For the sake of simplicity, we denote that Gi.s/ D C.sI � A/�1bi.
By a similar method introduced in Sect. 5.2.3, we can define the relative

degree for column vector for Gi(s). If lim
s!1s jGi.s/ D 0; j D 0; 1; 2; : : : ; qi � 1I

lim
s!1sqi Gi.s/ ¤ 0, and

rank
h

lim
s!1sq1G1.s/ lim

s!1sq2G2.s/ � � � lim
s!1sqm Gm.s/

i

D min .r;m/ ;

then the ith column relative degree of G(s) is qi, the set fq1, q2, : : : , qmg is called the
set of column relative degree of G(s), and denote

… D �

CAp1b1 CAp2b2 � � � CApmbm

�

:

It is easy to see that the column relative degree holds the same properties as the
relative degree.

Let the ith column relative degree be qi, then for any polynomial with qi�1 degree
ƒi.s/ D .�i;1 C s/ � � � ��i;qi�1 C s

�

, we have lim
s!1scT

i ƒi.s/.sI � A/�1B D cT
i Api B.

Since … is invertible, the relative degrees of

ƒ.s/G.s/ D �

C.sI � A/�1b1ƒ1.s/ C.sI � A/�1b2ƒ2.s/ � � � C.sI � A/�1bmƒm.s/
�

are all 1, whereƒ.s/ D diag fƒ1.s/ � � � ƒr.s/g.
If G.s/ D D�1

l .s/Nl.s/ is a left coprime factorization, then there existsƒ(s) such
that ƒ(s)Nl(s) is left coprime to Dl(s); thus, the finite zeroes of Nl(s)ƒ(s) are the
same as those of ƒ(s)G(s). The minimal realization of ƒ(s)G(s) is

:

� D A� C Bu;
� D C�:

The relative degree is 1 and CB D …, and the zeroes of the system are the zeroes
of Nl(s)ƒ(s). By Theorem 5.2.2, we can conclude the following result.
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v

−

r

Original 
system

A

cT∫
x

u
x

Compensator

z

k

b11( )sλ

b22 ( )sλ

bm( )m sλ

… …

ω

(•)

Fig. 5.8 The compensation of Theorem 5.2.3

Theorem 5.2.3 Consider the Luré differential inclusion system Eq. (5.2.2). If the
set-valued mapping v(�) is monotone, the zeroes of linear part (C, A, B) are all stable,
and the decoupling matrix … is positive definite, then there exists a feedforward
B D Bƒ.s/ and feedback u.t/ D kz.t/ such that the closed system is asymptotically
stable. �

The compensation can be realized by the scheme given in Fig. 5.8

Problems

1. Let M(s) be a r � m polynomial matrix and M.s/ D Œm1.s/; : : : ;mm.s/�, where
mi(s) is the ith column of M(s). The maximal degree of the r polynomials in
mi(s) is the column degree of the ith column of M(s) and denoted by di, then
mi(s) can be written as mi.s/ D md1s

d1 C md1�1sd1�1C� � �C m0, where mdi 2 R
r,

mdi is called the leading coefficient of the ith column of . Denote that MD D
Œmd1 � � � mdm � 2 R

r�m, and MD is called the column degree matrix of M(s). If
rank MD < min .r;m/, please prove that there exists unimodular matrices A(s)
and B(s) with compatible dimensions such that the rank of column degree matrix
of A(s)M(s) and rank of column degree matrix of M(s)B(s) are min(r, m). (This
transformation is called regular transformation.)
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2. Suppose (C, A, B) is a both controllable and observable system, and r D m. Let
fp1, p2, : : : , prg and fq1, q2, : : : , qmg be the sets of relative degree and column
relative degree, respectively. Then

(1) fp1; p2; : : : ; prg D fq1; q2; : : : ; qmg;
(2) … D ….

3. Let

A D
2

4

0 2 1

2 0 1

2 1 4

3

5 ; B D
2

4

0 0

1 0

0 1

3

5 ; C D
�

1 5 2

�1 2 1



:

(1) Compute that the zeroes of the system and then determine whether the
system is minimum phase system or not.

(2) Please design the feedback law such that the system is strictly positive real.

4. Let

A D
2

4

0 2 �1
2 0 1

2 1 4

3

5 ; B D
2

4

0 0

1 0

0 1

3

5 ; C D
�

1 4 2

�1 2 1



:

(1) Compute that the zeroes of the system and then determine whether the
system is minimum phase system or not

(2) Design 
.s/ D
�

�1.s/ 0

0 �2.s/




such that C.sI � A/�1B
.s/ is minimum

phase.
(3) Design a feedback law such that the system is strictly real positive.

5. Suppose (C, A, B) is a both controllable and observable system. If there exists a
state feedback u D Fx such that the closed-loop system .C;A C BF;B/ is strictly
positive real, then the sufficient and necessary conditions are

(1) CB > 0;
(2) (C, A, B) is minimum phase.

The problem shows for the problem of feedback positive realness, the
conditions of state feedback are equal to those for output feedback.

6. Proof that the set of relative degrees is invariant under coordinate transformation,
state feedback and output insertion, respectively.

5.3 Luenberger Observers and Separated Design

The observer design of control system is always a hot topic. Since the Luré
differential inclusion system contains the set-valued function which leads that
the output includes the uncertainty, the observer design for the system becomes
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Fig. 5.9 Luré differential inclusion system

different. The observer design problem for the Luré differential inclusion system is
studied in this section, a full-order observer is designed firstly, then the separation
design principle is investigated.

Consider the following Luré differential inclusion system (Fig. 5.9),

:
x.t/ D Ax.t/C Br.t/ � G!.t/;
!.t/ 2 
 .Hx.t// ;
y.t/ D Cx.t/;

(5.3.1)

where x.t/ 2 R
n, r.t/ 2 R

m and y.t/ 2 R
r are the state, input and output of the

system, respectively, 
(�) is a set-valued mapping and !.t/ 2 R
q is the output of

the set-valued mapping. A, B, C are the given matrices with compatible dimensions.
In order to consider more general case, an input matrix H 2 R

q�n and an output
matrix G 2 R

n�q are added to the set-valued mapping. Without loss of generality, it
is assumed that B and G are of full column ranks and C is of full row rank. Later,
we will prove that H is of full row rank if there exists a Luenberger observer for Inc.
(5.3.1). Otherwise, G is of full column rank if H is of full row rank. If G D B and
H D C, then Inc. (5.3.1) reduces to Inc. (5.2.2). Thus, Inc. (5.3.1) can be treated
as a special case of Inc. (5.2.2). In the Luré differential inclusion system, set-valued
mapping 
(�) is always assumed to be monotone, i.e., if !i 2 
 .Hxi/, i D 1; 2, then
h!1 � !2;Hx1 � Hx2i � 0.

5.3.1 Well-Posedness

In Inc. (5.3.1), the control input r(t) is supposed to be a piecewise continuous
function. Thus, the solution of Cauchy problem of the linear differential equation
:
x.t/ D Ax.t/C Br.t/ always exists for every x.0/ D x0. Note that the left derivative
is not equal to the right derivative on those discontinuous points. The discontinuity
can be treated by the way presented in Sect. 2.3, where we can consider the Filippov

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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solution for the equation
:
x.t/ D Ax.t/ C Br.t/ for a discontinuous function r(t).

Filippov solution always exists. The two solutions are consistent except at those
discontinuous points.

When we consider the solution of Cauchy problem of the following differential
inclusion,

:
x.t/ D Ax.t/C Br.t/ � G!.t/;

!.t/ 2 
 .Hx.t// ; x.0/ D x0;

where ! 2 
 .� /, the existence of the solution is lack of theory support. The
existence theorems for the differential inclusion given in Chap. 2 of this book require
the set-valued mappings are Lipschitz and closed. When the set-valued mapping 
(�)
is only monotone, the existence of the differential inclusion did not be researched,
even for the linear inclusion system like

:
x.t/ D Ax.t/C Br.t/ � G!.t/.

The existence for the differential inclusion system is also called well-posedness.
In the observer design for the differential inclusion system, there exist two kinds
of method to treat the well-posedness: One is to assume that for any !.t/ 2

 .Hx.t//, the solution exists for the Cauchy problem of differential equation
:
x.t/ D Ax.t/ C Br.t/ � G!.t/ with x.0/ D x0, or assume that set-valued mapping

(�) is closed, convex and Lipschitz. The another one is to assume that the set-
valued mapping 
(�) is maximal monotone; thus, the existence of solution of
:
x.t/ D Ax.t/CBr.t/�G!.t/with x.0/ D x0 is guaranteed; moreover, the uniqueness
of the solution is also guaranteed except a subset whose measure is zero, i.e., with
mathematical terminology, the solution exists almost everywhere.

The following lemma is essential to the further study.

Lemma 5.3.1 If the set-valued mapping 
(�): Rm ! R
m is maximal monotone, the

mapping x 7! HT
 .Hx C h/, (Rn ! R
n) is also maximal monotone, where x 2 R

n,
h 2 R

m, H 2 R
m�n and H are of full row rank.

Proof Let yi 2 HT
 .Hxi C h/ ; i D 1; 2, there exists !i 2 
 .Hxi C h/ such that
yi D HT!i. Since H is full of row rank,!i is unique when yi is determined. Consider
that

hy1 � y2; x1 � x2i D ˝

HT!1 � HT!2; x1 � x2
˛ D h!1 � !2; Hx1 � Hx2i ;

Because

h!1 � !2; .Hx1 C h/� .Hx2 C h/i D h!1 � !2; Hx1 � Hx2i � 0:

Thus, hy1 � y2; x1 � x2i � 0, i.e., x 7! HT
 .Hx C h/ is monotone.
Now we prove that x 7! HT
 .Hx C h/ is maximal. It is obvious that 
 .Hx C h/

is maximal if 
(Hx) is maximal. Thus, it is necessary to prove that x 7! HT
.Hx/ is
maximal.

http://dx.doi.org/10.1007/978-3-662-49245-1_2
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Let y1 2 HT
 .Hx1/. If there are y2 2 ImHT and a x2 2 R
n such that

hy1 � y2; x1 � x2i � 0. Since y2 2 ImHT , there exists !2 2 R
m such that

y2 D HT!2. By y1 2 HT
 .Hx1/, there exists a !1 2 
 .Hx1/ such that y1 D HT!1.
Then hy1 � y2; x1 � x2i � 0 implies h!1 � !2; Hx1 � Hx2i � 0. 
(Hx) is maximal;
thus, !2 2 
 .Hx2/, i.e., y2 2 HT
 .Hx2/. �

In the sequel, the differential inclusion system Inc. (5.3.1) is always assumed to
be well posed, which contains the case where 
(�) is maximal monotone.

5.3.2 The Luenberger State Observer

Consider the following observer

:

bx.t/ D .A � LC/bx.t/C Br.t/ � Gb!.t/C Ly.t/;
b!.t/ 2 
 .Hbx.t// ; (5.3.2)

wherebx is the estimated state and b! is the output of the set-valued mapping in the
observer. L 2 R

n�r is called the observer gain and used to make A�LC be a Hurwitz
matrix. By the theory of linear system, if (A, C) is observable, there always exists an
L such that A�LC is a Hurwitz matrix. Figure 5.10 gives the structure of the observer
and the connection with the original system to be observed. Denote the solution sets
of Inclusions (5.3.1) and (5.3.2) by S[1](x0, r(t)) and SŒ2� .bx0; r.t//, where r(t) input,
and x0 andbx0 are the initial conditions x0 for Incs. (5.3.1) and (5.3.2), respectively.
If x0 ¤bx0, for two solutions x1.t/ 2 SŒ1� .x0; r.t// and x2.t/ 2 SŒ2� .bx0; r.t// selected
arbitrarily, we have

kx1.t/ � x2.t/k ! 0 .t ! 1/ ;

then Inc. (5.3.2) is called a full-order Luenberger observer of Inc. (5.3.1).
Subtracting Inc. (5.3.2) from Inc. (5.3.1), we obtain that

:
x �

:

bx D .A � LC/ .x �bx/C G! � Gb!;
! 2 
.Hx/;
b! 2 
 .Hbx/ ;
y D Cx:

(5.3.3)

Denote that e D x � bx, e is called the observation error. Then the first three
expressions In Inc. (5.3.3) can be rewritten as

:
e D .A � LC/ e C G .! � b!/ ;

! 2 
.Hx/; b! 2 
 .Hbx/ : (5.3.4)

The target of the observer design is to construct an L such that e ! 0 .t ! 1/.
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Fig. 5.10 The plant and observer

Theorem 5.3.1 Consider Incs. (5.3.1) and (5.3.2), if

1. There exists an L 2 R
n�r such that .H;A � LC;G/ is controllable, observable

and strictly positive real.
2. 
(�) is monotone.
3. Inc. (5.3.4) is well posed, i.e., its solution exists.

Then Inc. (5.3.2) is a Luenberger observer for Inc. (5.3.1).

Proof Let z D Hx and bz D Hbx be the auxiliary output of the plant Inc.
(5.3.1) and the observer Inc. (5.3.2), respectively. Since 
(�) is monotone, then
h! � b!; z �bzi � 0. Denote that � D ! �b! and � D H .x �bx/, then Inc. (5.3.4) is

:
e D .A � LC/ e C G�;
� D He;
� 2 
.Hx/� 
 .Hbx/ :

Let � .e; x/ D v.Hx/ � v .Hbx/ D v.Hx/ � v .H .x � e//. Obviously, 0 2 � .0; x/
for every x. � and � are treated as the input and output of linear part, respectively,
h! � b!; z �bzi � 0 implies that h�; �i � 0. Thus, by Theorem 5.1.9, the proof is
completed. �
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By Theorem 5.3.1, the key of Luenberger observer design is to find an L such
that .H; A � LC; G/ is strictly positive real. Differing from the system (C, A, B)
considered in Sect. 5.2, where the feedback is realized by linking C and B. However,
the system studied now is (H, A, G), but the feedback is not realized by H and
G. Since there are three matrices C, H, G involved, the research may be more
complicated. In what follows, we always suppose that (C, A, B) and (H, A, G) are
both controllable and observable. The following lemma is very useful for the
investigation of positive realness.

Lemma 5.3.2 Let P be an m�m real symmetry matrix, U 2 R
m�n and V 2 R

m�l are
two matrices with full column ranks. Denote the orthogonal complement matrices
of U and V by U?3 and V?, respectively. Then there exists a Q 2 R

n�l such that

P C UQVT C VQTUT < 0 (5.3.5)

if and only if

.U?/TPU? < 0; .V?/TPV? < 0:

The importance of Lemma 5.3.1 lies that U and V both appear in Inequality
(5.3.5), but in the conditions of the lemma, U? and V? appear in two independent
inequalities, and the conditions are much more easy to check. Lemma 5.3.1 is called
positive real form of Parrott Theorem, the proof for it can be referred to Ly et al.
(1994) and Huang et al. (1999). We omit it here, and the general form of Q is also
presented in the reference.

It should be noted that if m D n, then U is of full column rank; it implies that U is
an invertible matrix, so U? D 0. Meanwhile, the condition .U?/TPU? < 0 should
be deleted. The fact can also be derived from the general Finsker Theorem. This is
because if U is an invertible matrix, and let K D UQ, then Q can be determined
uniquely by K. Let K D kV , then P C UQVT C VQTUT D P C 2kVVT . By Finsker
theorem, there exists k such that P C 2kVVT < 0 if and only if VT?PV? < 0.

Lemma 5.3.3 If G is of full column rank, then there exists an L such that
.H; A � LC; G/ is strictly positive real if and only if the following hold simulta-
neously:

1. HG > 0; hence, H is of full row rank.
2. There exists an X 2 R

.n�q/�.n�q/ such that G?XGT? > 0 and

C?
h�

HT.HG/�1H C G?XGT?
�

A C AT
�

HT.HG/�1H C G?XGT?
�i

CT? < 0:

3U? is an .n � m/� n matrix, such that

�

U
U?




is invertible and UUT
?

D 0.
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Proof If .H; A � LC; G/ is strictly positive real, then there exists a positive definite
matrix P such that

P .A � LC/C .A � LC/TP < 0;
GTP D H:

(5.3.6)

Since G is full of column rank, HG D GTPG > 0, then Condition 1 is proved.
Let P be the solution of equation GTP D H. Then P has the form of

P D HT.HG/�1H C G?XGT?; (5.3.7)

where X 2 R
.n�q/�.n�q/ is any positive definite matrix. From the first one of

Inequality (5.3.6), we have

PA C ATP � PLC � .LC/TP < 0: (5.3.8)

By Lemma 5.3.2, the sufficient and necessary condition of Inequality (5.3.8) is that4

C?
�

PA C ATP
�

CT? < 0:

Substituting P by Eq. (5.3.7), we can obtain that

C?
h�

HT.HG/�1H C G?XGT?
�

A C AT
�

HT.HG/�1H C G?XGT?
�i

CT? < 0:

Thus, the necessary condition is proved.
On the other hand, if the conditions of the theorem all hold, a P can be

obtained such that GTP D H. And from the second condition, it holds that
C?

�

PA C ATP
�

CT? < 0. By Lemma 5.3.2, there exists L such that Inequality (5.3.8)
holds, i.e., .H;A � LC;G/ is strictly positive real. �

It is interesting that the only unknown variable is the matrix X in the second
condition of the above theorem, and the inequality is linear with respect to X. Thus,
it can be solved by LMI tools. In the exercise, we give a simple method to solve the
inequality C?

�

PA C ATP
�

CT
? < 0, but it is independent of GTP D H.

By Lemma 5.3.2, the further result can be obtained. Consider

C?
h�

HT.HG/�1H C G?XGT?
�

A C AT
�

HT.HG/�1H C G?XGT?
�i

CT? < 0:

4In order to be simple, since C is full of row rank, C? is .n � r/�n matrix, and

�

C
C?




is invertible

with CCT
?

D 0.
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In order to be simpler, we denote that M D C?G?;N D HT.HG/�1H, then M 2
R
.n�r/�.n�q/, N 2 R

n�n and N are semipositive definite matrix. By these notations,
the above inequality becomes

C?
�

NA C ATN
�

CT? C MXGT?ACT? C C?ATG?XMT < 0: (5.3.9)

By using Lemma 5.3.2 again, the sufficient and necessary condition for Inequality
(5.3.9) is

MT?C?
�

NA C ATN
�

CT?M? < 0;
�

C?ATG?
�T

?C?
�

NA C ATN
�

CT?C?ATG? < 0:

Thus, we can get the following theorem.

Theorem 5.3.2 If G is of full column rank, then there exists an L such that
.H;A � LC;G/ is strictly positive real if and only if the following conditions hold
simultaneously.

1. HG > 0; hence, H is of full row rank.
2. MT

?C?
�

NA C ATN
�

CT
?M?<0;

�

C?ATG?
�T

?C?
�

NA C ATN
�

CT
?C?ATG?<0,

where M D C?G?; N D HT.HG/�1H. �
Lemma 5.3.4 Let A 2 R

n�n, and let B 2 R
n�m and C 2 R

r�n be of full row rank
and of full column rank, respectively, then for K 2 R

m�r, the following equation
holds

max
K2Rm�r

rank .A C BKC/ D min

�

rank ŒA B� ; rank

�

A
C


	

:

Lemma 5.3.4 is usually found in the exercises in the theory of matrix, the proof
for it is referred to Han (1993).

A property P is called an open property in R
n. If a property P holds for an

x0 2 R
n, then there exists a neighborhood O of x0 such that the property P holds for

every x 2 O. By the definition, the above property of the maximal rank of A C BKC
for K 2 R

m�r is an open property.
Another familiar open property is: Let sn C a1sn�1 C � � � C an�1s C an

be a Hurwitz polynomial. Then the vector Œ1 a1 a2 � � � an�
T 2 R

nC1 is
a Hurwitz vector. A Hurwitz vector satisfies open property, i.e., there exits
" > 0, .1C ı/ sn C .a1 C ı/ sn�1 C � � � C .an�1 C ı/ s C an C ı for any
ı 2 Œ�"; "� is a Hurwitz polynomial; especially, Œ1 a1 C ı a2 C ı � � � an C ı�T

is always a Hurwitz vector. Similarly, if Œa1 a2 � � � anI b1 b2 � � � bn�
T is

treated as an R
2n vector and consists of coefficients of rational function

�

b1sn�1 C � � � C bn�1s C bn
�

=
�

sn C a1sn�1 C � � � C an�1s C an
�

, then the strictly
positive realness of rational function

�

b1sn�1 C � � � C bn�1s C bn
�

=
�

sn C a1sn�1
C � � � C an�1s C an/ is open property in R

2n. The result can be extended. Let G(s)
be an r � m rational function matrix, the vector g0 2 R

l consists of the coefficients
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of G(s). If G(s) is a strictly positive real matrix, then there exists a sufficient small
neighborhood G � R

l of g0, and if we change it to r � m rational function matrix
according to the above rule for any g 2 G, then the rational function matrix is also
strictly positive real.

If there exists an L0 such that .H;A � L0C;G/ is strictly positive real, then there
must exist L in any neighborhood of L0 such that the rank A � LC can get the
maximal rank and .H;A � LC;G/ is also strictly positive real. In what follows, we
always keep in mind that the condition that .H;A � LC;G/ is strictly positive real
and the condition that the rank of A � LC is maximal hold simultaneously. The
necessary condition is given by the following theorem, and it is easy to be verified.

Theorem 5.3.3 The necessary condition for the fact that there exits L such

.H;A � LC;G/ is strictly positive real is that


�

H
C




;A;G

�

has and only has n � q

stable zeros.

Proof Since .H;A � LC;G/ is strictly positive real, it is minimum phase, i.e.,
.H;A � LC;G/ has and only has n � q stable zeros. Thus, there exist n � q complex
number s1; s2; : : : ; sn�q with negative real part such that

rank

�

sjI � A C LC G
H 0




< n C q; j D 1; 2; : : : ; n � q:

We also assume that the ranks of

�

sjI � A C LC G
H 0




are maximal for all sj. Thus,

by Lemma 5.3.3, rank

2

4

sjI � A G
H
C

0

0

3

5 < n C q. �

The conditions of Theorem 5.3.3 can be solved by standard program; thus, it is
easy to be verified. The following corollary may be more simple.

Corollary 5.3.1 If .H;A � LC;G/ is strictly positive real, then

�

H
C




is linear

dependent with respect to column. �
Corollary 5.3.1 is a direct result of Theorem 5.3.3.

5.3.3 State Feedback Based on Observer

In this subsection, we continue to consider the stabilization problem for the
Luré differential inclusion system, and the model is described in Sect. 5.2, i.e.,
B D G; H D C in Inclusion (5.3.1).

The approach is presented in Fig. 5.5, and the stabilization is realized by state
feedback. It is also pointed out that the output of observer is used for feedback since
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the state is not available. Here, we will give a detail discussion. Due to the limitation
of space, the single-variable system is mainly studied. The readers can try to extend
the result to multivariable systems, and it is a natural extension.

For the system whose state is not available, if the input u is available of the linear
part in Fig. 5.5, the condition that (cT , A) is observable guarantees the existence of
the asymptotical observer.

:

bx D �

A � lcT
�

bx C bu C ly;

where l is a vector such that A � lcT is a Hurwitz matrix, and x �bx ! 0 .t ! 1/.
Replacing x by bx, i.e., u D kcT

ebx, the closed-loop system can be obtained (see
Fig. 5.6).

� :
x
:
e




D
�

A C kbcT
e �kbcT

e

0 A � lcT


 �

x
e




C
�

b
0




u C
�

b
0




!;

! 2 
.x/;
y D cTx;

where e D x �bx is the error. Since e is not controllable, it is easy to verify that the
transfer function from u to y is

cT
�

sI � A � kbcT
e

��1
b;

and it is strictly positive real.
The stabilization approach based observer is given in Fig. 5.11. Recall the

stabilization condition in the former subsection: If the system (cT , A, b) is minimum
phase and well-posed, the set-valued mapping 
(�) is monotone and the input u of
linear part can be obtained, then the stabilization for the differential inclusion system
can be achieved by Luenberger observer and linear feedback. From Fig. 5.11, we can
see that cT

e and k are in the series form; thus, they can be combined into one block.
If the input u of linear part is not available, then the observer contains the set-

valued mapping; its form is given in Inc. (5.3.2), i.e.,

:

bx D �

A � lcT
�

bx C br � bb! C ly;
b! 2 
.x/:

The whole system becomes

� :
x
:
e




D
�

A C kbcT
e �kbcT

e

0 A � lcT


 �

x
e




C
�

b
0




r C
�

b 0

b �b


 �

!

b!




;

! 2 
.x/; b! 2 
 .bx/ ;
y D cTx:
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ur

ω

−

z

A

Tcb ∫ xx

linear

y

k

observer

T
ec

b ∫ x̂x̂

set-valued
v

A-lcT

l

(•)

Fig. 5.11 Stabilization design-based observer

There exists k such that the system is stable. The discussion can be concluded as the
following theorem.

Theorem 5.3.4 Consider the Luré differential inclusion system Inc. (5.2.2). If the
set-valued mapping v(�) is monotone, the system is well posed, and the linear part
(cT, A, b) is minimum phase, then there always exists asymptotical observer Inc.
(5.3.2) and linear feedback based on the observer, such that the closed-loop system
is absolutely stable. �

The conditions of Theorem 5.3.4 are that the zeroes of linear part are stable and
the set-valued mapping is monotone. The condition is very relaxed for the Luré
differential inclusion systems.

By the similar treatment as that in the single-variable system, the output feedback
matrixƒ(s) can be replaced by constant matrix when the state can be obtained. Fur-
thermore, if the input u of linear part is available, there always exists asymptotical
observer, and the feedback-based observer can make the linear part strictly positive
real, then the closed-loop Luré differential inclusion system is absolutely stable. The
conclusion is very similar to that of stabilization of multivariable system.

By the discussion in this subsection, it is also illustrated that the separation
principle for the Luré differential inclusion system is also valid. Thus, the observer
and feedback can be designed separately, and stabilization can be realized by the
combination of them.

5.3.4 Reduce-Order Luenberger Observer

In the theory of linear system, reduced-order observer is a specific topic. Let us
consider the Luré differential inclusion system Inc. (5.3.1). The output y D Cx can
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be written as y D �

I 0
�

x by an appropriate coordinate transformation, where I is
the r � r identity matrix; thus, y is the former r dimension component of the state,
and we need not design observer to reconstruct this r dimension substate but only
design an (n � r) order observer to reconstruct the left (n � r)-dimension substate.
We call this kind of observer as reduced-order observer since its order is (n � r).
The main research topic of reduced-order observer is that if there exists a full-order
observer, whether or not the reduced-order observer also exists. The fundamental
conclusion is given as Theorem 5.3.5.

Consider the Luré differential inclusion system Inc. (5.3.1), there always exists
coordinate transformation such that the resulting system has the following form.

� :
x1
:
x2




D
�

A11 A12
A21 A22


 �

x1
x2




C
�

B1
B2




r �
�

G1

G2




!;

! 2 
.Hx/ D 
 .H1x1 C H2x2/ ;
y D �

Ir 0
�

x D x1:

(5.3.10)

Note that by the coordinate transformation, the state x and matrices A, B, G, H,
etc., are all changed; hence, they should be written by different symbols, e.g. x,
A;B;G;H, etc. However, for the sake of simplicity, we still apply these original
symbols, i.e., x and A, B, G, H, etc. The readers should keep in mind that the specific
matrices are changed although the symbols are unchanged.

Theorem 5.3.5 Consider the Luré differential inclusion System (5.3.1). If the
conditions of Theorem 5.3.1 all hold, then a reduced-order observer exists.

Proof If the conditions of Theorem 5.3.1 are all satisfied, then an Luenberger
observer exists, it is equivalent to exist a matrix L such that .H;A � LC;G/ is strictly
positive real. Hence, there exists a positive definite matrix P such that

P .A � LC/C .A � LC/TP < 0;
PG D HT :

According to the decomposition done in Inc. (5.3.10), we obtain from the above
expressions that

�� �
� P12A12 C P22A22 C AT

12P
T
12 C AT

22P22




< 0;

�

P11G1 C P12G2

PT
12G1 C P22G2




D
�

HT
1

HT
2




;

where � stands for some determined elements which do not affect the result of
computation. Thus, P12A12 C P22A22 C AT

12P
T
12 C AT

22P22 < 0 and PT
12G1 C P22G2 D

HT
2 .
Let K D �P�1

22 P12. Then
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P22 .A22 � KA12/C .A22 � KA12/
TP22

D P22A22 C P12A12 C AT
22P22 C AT

12P
T
12

< 0;

(5.3.11)

and

P22 .G2 � KG1/ D HT
2 : (5.3.12)

Construct a system

:

bzD.A22�KA12/bzC.G2�KG1/b!C.G2�KG1/rCŒ.A21�KA11/C.A22�KA12/K� y;

b! 2 
 .H2bz C .H1 � H2K/ y/ ;

bx2Dbz C Ky;
(5.3.13)

where r and y are the inputs, bx2 is the output. We now verify Inc. (5.3.13) is a
reduced-order observer, i.e., to show thatbx2 converges to x2 asymptotically.

By (5.3.10), we obtain that

:
x2 � K

:
y D .A22 � KA12/ x1 C .G2 � KG1/ ! C .G2 � KG1/ r C .A21 � KA11/ y:

(5.3.14)

Denote that z D x2� Kx1 D x2� Ky and e D z �bz. Subtracting Eq. (5.3.14) from
Inc. (5.3.13) yields

:
e D .A22 � KA12/ e C .G2 � KG1/ .! � b!/ ;

! 2 
 ..H1 C H2K/ y C H2z/ ;
b! 2 
 ..H1 C H2K/ y C H2bz/ :

(5.3.15)

Following the treatment did in the proof of Theorem 5.3.1, let � D ! � b! and
� D H2e, then Inc. (5.3.15) becomes

:
e D .A22 � KA2/ e C .G2 � KG1/ �;

� D H2e;

� 2 
 ..H1 C H2K/ y C H2z/ � 
 ..H1 C H2K/ y C H2 .z � e// :

Inequalities (5.3.11) and (5.3.12) mean that .H2; .A22 � KA12/ ; .G2 � KG1// is
strictly positive real, and the monotonicity of 
(�) implies that the input and output
of set-valued mappings satisfy the Popov inequality; thus, e ! 0, i.e.,bx2 ! x2. �

Since the order of Inc. (5.3.13) is n � r < n, it is a reduced-order observer.

Problems

1. Let � and 
 denote the positive and negative inertial indices of the positive
definite matrix P, respectively, then R

n D PC ˚ P� is orthogonal decomposition
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of linear space R
n, where dim PC D �; when x 2 PC; x ¤ 0, it holds that

xTPx > 0; and when dim P� D 
 and x 2 P�; x ¤ 0, it holds xTPx < 0.
Please prove that VT

?PV? < 0 if and only if x D xC C x�; xC 2 PC; x� 2
P�; xTCPxC C xT�Px� < 0 for any x 2 spanV?.

2. Please prove that when CB > 0, the general solution of the equation BTP D C
has the following form:

P D CT .CB/�1C C B?XBT?;

where X 2 R
.n�m/�.n�m/ and B?XBT? are positive definite.

3. Consider the Luré differential inclusion system

:
x D

�

0 1

�1 2




x C
�

0

�1



r �
�

1

�1



!;

! D
8

<

:

t C 1; t 2 .0;1/ ;

Œ�1; 1� ; t D 0;

�t � 1; t 2 .�1; 0/ ;

y D �

1 0
�

x:

Please design a full-order and a reduced-order Luenberger observers for it,
respectively.

4. Consider the inequality

C?
h�

HT.HG/�1H C G?XGT
?
�

A C AT
�

HT.HG/�1H C G?XGT
?
�i

CT
? < 0:

If the conditions of Theorem 5.3.2 all hold. By Applying Eq. (5.2.4) to (H, A, G),
try to derive the simple form and conditions for the above inequality.

5. If C? D �

C2 0
�

; where C2 is invertible matrix. Accordingly, A can be
decomposed as:

A D
�

A11 A12
A21 A22




;

then there exists a positive definite matrix P such that C?
�

PA C ATP
�

CT
? < 0 if

and only if (A21, A22) is observable.
6. If the observer is designed as

:

bx.t/ D .A � LC/bx.t/C Br.t/ � Gb!.t/C Ly.t/;
b!.t/ 2 
 .Hbx.t/C KCbx.t/ � Ky/ ;

then how can Theorem 5.3.1 be modified? Comparing with observer Inc. (5.3.2),
an extra matrix K. Thus, the freedom degree of design increases.

7. Please prove Theorem 5.3.4.
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5.4 Linear Observers of Luré Differential Inclusion Systems

The Luenberger observer for the Luré differential inclusion system is designed in
the former section. In the design of reduced-order observer, we have pointed out
that the information of the states is contained in the output y, and the information
of ! is also contained in y. Then, can ! be solved from y, and does the observer
not contain the set-valued mapping? The topic will be discussed in this section, and
we try to design a novel observer for the Luré differential inclusion system which
does not contain set-valued function. Since this kind of observer is different from
Luenberger observer, we call it linear observer in this book.

Consider the following Luré differential inclusion system described as follows,

:
x D Ax C G! C Bu;
! 2 
.x/;
y D Cx;

(5.4.1)

where x 2 R
n; u 2 R

m; y 2 R
r are state, input and output of the system,

respectively, and ! 2 R
q is output of set-valued mapping, and A, B, G, C are

given matrices with compatible dimensions. The condition of set-valued 
(x) is
just required to guarantee that the system Inc. (5.4.1) is well posed. It should
be noted that although 
(x) is set-valued mapping, when the system works for a
determined moment, !.t/ 2 v .x.t// is a determined selection, then the state x(t)
takes a determined value, so is the output y(t). y(t) has to contain some information
of !(t). The fact will be applied to design observer.

We start with a lemma which will be used frequently in this section.

Lemma 5.4.1 Consider the following linear system which holds a feedback of
derivative of output.

:
x D Mx C N

:
y C Bu;

y D Cx;
(5.4.2)

where x 2 R
n; u 2 R

m; y 2 R
r, M, N, B, C are the given matrices with compatible

dimensions. If (C, M) is detectable, then there always exists an asymptotically linear
observer for the system Eq. (5.4.2).

Proof Consider the following system,

:

bx D Mbx C N
:
y C Bu C L .y � Cbx/ ; (5.4.3)

where M, N, B, C are the same as those in Eq. (5.4.2), and the observer gain L will
be designed later. Eq. (5.4.3) is exactly the Luenberger observer discussed in the last
section.
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Let � Dbx � Ny. Then Eq. (5.4.3) becomes

:

� D M .� C Ny/C Bu C Ly � LC .� C Ny/
D .M � LC/ � C .MN C L � LCN/ y C Bu;

(5.4.4)

bx D � C Ny:

It is noted that
:
y does not appear in the right-hand side of Eq. (5.4.4). Since (C, M)

is detectable, there exists an L such that M � LC is a Hurwitz matrix. Now we prove
that Eq. (5.4.4) is an observer of the system described by Eq. (5.4.2).

Since Eq. (5.4.4) is exact the same as Eq. (5.4.3), subtracting Eq. (5.4.3) from
Eq. (5.4.2) yields

:
e D .M � LC/ e, where e D x �bx. M � LC is a Hurwitz matrix,

we obtain that e.t/ ! 0 .t ! 1/ for any initial condition e0. �
If the first equation in Eq. (5.4.2) is written as .I � NC/

:
x D Mx C Bu, then

when .I � NC/ is invertible and it becomes
:
x D .I � NC/�1Mx C .I � NC/�1Bu, a

Luenberger observer can be designed. However, the approach of Lemma 5.4.1 does
not apply such a design thought; it is novel for the observer design. It is also stated in
Lemma 5.4.1 that if N

:
y does not appear in the state equation, then Ny also does not

appear in the output equation of linear observer. The observer Eq. (5.4.3) reduces to
the Luenberger observer.

5.4.1 Single-Variable Systems

We start with single-variable system. When m D r D q D 1, the system Eq. (5.4.1)
becomes

:
x D Ax C g! C bu;
! 2 
.x/;
y D cTx:

(5.4.5)

Assume that the system (cT, A, g) is both controllable and observable and is min-
imum phase with relative degree one. Then, there always exists proper coordinate
transformation such that (cT, A, g) has the following form

cT D �

1 0 � � � 0 0 � ;A D

2

6

6

6

6

6

4

�a1 1 � � � 0 0
� a2 0 � � � 0 0
:::

::: � � � ::: :::
� an�1 0 � � � 0 1

� an 0 � � � 0 0

3

7

7

7

7

7

5

; g D

2

6

6

6

6

6

4

g1
g2
:::

gn�1
gn

3

7

7

7

7

7

5

; (5.4.6)

where g 2 R
n is a Hurwitz vector with g1 ¤ 0.



306 5 Luré Differential Inclusion Systems

Taking the derivative of both sides of the third equation in Eq. (5.4.5), we have

:
y D cT :x D cT .Ax C g! C bu/ D cTAx C cTg! C cTbu:

Solving out ! from the equation, we obtain

! D �

cTg
��1 � :

y � cTAx � cTbu
� D ��cTg

��1
cTAx � �

cTg
��1

cTbu C �

cTg
��1 :

y:

Substituting above equation into Eq. (5.4.5) yields

:
x D

�

A � g
�

cTg
��1

cTA
�

x C g
�

cTg
��1 :

y C
�

I � g
�

cTg
��1

cT
�

bu;

y D cTx:
(5.4.7)

The form of (5.4.7) is the same as Eq. (5.4.2) of Lemma 5.4.1, and it is a kind of
certain system without set-valued mapping.

Theorem 5.4.1 If the linear system (cT , A, g) is both controllable and observable
and the system is minimum phase with relative degree one, then there always exists
an asymptotically linear observer for the Luré differential inclusion system Inc.
(5.4.5).

Proof By Lemma 5.4.1, we only need prove that
�

cT;A � g
�

cTg
��1

cTA
�

is

detectable. By Eq. (5.4.6), we can obtain that

A � g
�

cTg
��1

cTA D

2

6

6

6

6

6

6

4

0 0 0 � � � 0
� a2 C g2

g1
a1 � g2

g1
1 � � � 0

� a3 C g3
g1

a1 � g3
g1
0 � � � 0

:::
:::
::: � � � :::

� an C gn
g1

a1 � gn
g1
0 � � � 0

3

7

7

7

7

7

7

5

;

where the first row of the matrix is zero. Thus, the unobservable dynamic matrix is

2

6

6

6

6

4

� g2
g1

1 � � � 0
� g3

g1
0 � � � 0

:::
::: � � � :::

� gn
g1
0 � � � 0

3

7

7

7

7

5

:

It is an .n � 1/ � .n � 1/ matrix, and its corresponding eigenpolynomial is sn�1 C
.g2=g1/ sn�2 C � � � C .gn�1=g1/ s C .gn=g1/. Since g is a Hurwitz vector, the

polynomial is stable, i.e.,
�

cT ;A � g
�

cTg
��1

cTA
�

is detectable. �
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For the sake of simplicity, we denote that M D I � g
�

cTg
��1

cT , then Eq. (5.4.7)
can be written as

:
x D MAx C g

�

cTg
��1 :

y C Mbu:

By Lemma 5.4.1, the asymptotical linear observer is designed as

:

� D �

MA � lcT
�

� C MAg
�

cTg
��1

y C Mbu;

bx D � C g
�

cTg
��1

y;
(5.4.8)

where l 2 R
n and is substitute of L mentioned in Lemma 5.4.1, and

�

MA � lcT
�

is a
Hurwitz matrix. By the denotation of Lemma 5.4.1, we have CN D 1.

It is interesting to compare Theorem 5.4.1 with Theorem 5.3.2. In Theorem
5.3.2, if G is replaced by g, and H is by cT, and

�

cT ;A � lcT ; g
�

is positive real,
then (cT , A, g) is minimum phase with cTg ¤ 0. It is indeed that the conditions of
Theorem 5.3.2 imply those of Theorem 5.4.1. Thus, the asymptotical linear observer
exists under the conditions of Theorem 5.3.2. Therefore, Theorem 5.4.1 presents a
stronger conclusion than that established in Sect. 5.3.

By Eq. (5.4.3), Eq. (5.4.8) is derived from

:

bx D �

MA � lcT
�

bx C g
�

cTg
��1 :

y C ly C bu:

The transfer function from y tobx is

bx.s/

y.s/
D �

sI � MA C lcT
��1 �

g
�

cTg
��1

s C l
�

: (5.4.9)

System (5.4.8) is a realization of Eq. (5.4.9). It can be seen the right side of Eq.
(5.4.9) is a proper rational matrix, but not strictly proper.

The effectiveness of the linear observer is shown in the following example.

Example 5.4.1 Consider the following Luré differential inclusion system

:
x1 D x2 C !;
:
x2 D �0:6x1 C 2!;

! 2 
.x/;
y D x1;

where the set-valued mapping 
(�) is


.x/ D

8

ˆ
ˆ
<

ˆ
ˆ
:

�1 x1 C x2 < �2;
Œ�1; x1 C x2 C 1� ; �2 � x1 C x2 < 0;
Œx1 C x2 � 1; 1� ; 0 � x1 C x2 < 2;
1; 2 � x1 C x2:
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Two selections are considered as follows:

!1.t/ D

8

ˆ
ˆ
<

ˆ
ˆ
:

�1; x1 C x2 < �2;
0:5 .x1 C x2/ ; �2 � x1 C x2 < 0;
0:5 .x1 C x2/ ; 0 � x1 C x2 < 2;
1; 2 � x1 C x2;

and

!2.t/ D

8

ˆ
ˆ
<

ˆ
ˆ
:

�1; x1 C x2 < �2;
� 1; �2 � x1 C x2 < 0;
x1 C x2 � 1; 0 � x1 C x2 < 2;
1; 2 � x1 C x2:

The selections are different obviously. The trajectories of the system for the same
initial conditions when ! D !1.t/ and ! D !2.t/ are shown in Fig. 5.12,
respectively. (Due to limitation of space, the trajectories of x1(t) are only given).
It is indeed that the observer with set-valued mapping cannot work.

We employ the design method of linear observer in Theorem 5.4.1. It is easy to
determine that

A D
�

0 1

� 0:6 0




; b D
�

0

0




; cT D �

1 0
�

; g D
�

1

2




:

15

x
1
 when ω=f

1

x
1
 when ω=f

2

10

5

0

–5

0 1 2 3 4 5 6 7 8 9 10
–10

Fig. 5.12 Different trajectories of x1 under different selections
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Let

l D
�

1

3




, then MA � lcT D
� �1 0

� 3:6 �2



.

The linear observer is designed as

:

� D
� �1 0

� 3:6 �2



� C
�

0

� 4:6




y;

bx D � C
�

1

2




y :

The tracking performances are given in Figs. 5.13 and 5.14 for the selections !1(t)
and !2(t). From the simulation result, the linear observer works well. �

15
a b

x1

estimated x1

10

5

0

–5

0 1 2 3 4 5 6 7 8 9 10
–10

x2

estimated x2 

0

8

6

4

2

0

–2

–4

–6

–8

–10

–12
1 2 3 4 5 6 7 8 9 10

Fig. 5.13 The tracking performances of the linear observer when ! D !1.t/, (a) tracking of x1(t),
(b) tracking of x2(t)
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–12
1 2 3 4 5 6 7 8 9 10

Fig. 5.14 The tracking performances of the linear observer when ! D !2.t/, (a) tracking of x1(t),
(b) tracking of x2(t)



310 5 Luré Differential Inclusion Systems

Now, we turn to discuss the case where the relative degree of the system is larger
than one. In order to keep simplicity, the single-variable system with relative degree
two is only considered. However, the conclusion can be extended to multivariable
case, directly.

We still consider the system Inc. (5.4.5), where (cT , A, g) is both controllable and
observable with minimum phase, and the relative degree is 2, i.e., cTg D 0; cTAg ¤
0. The canonical form is similar to that of Eq. (5.4.6), but

cT D �

1 0 � � � 0 0 � ;A D

2

6

6

6

6

6

4

�a1 1 � � � 0 0
� a2 0 � � � 0 0
:::

::: � � � ::: :::
� an�1 0 � � � 0 1

� an 0 � � � 0 0

3

7

7

7

7

7

5

; g D

2

6

6

6

6

6

4

0

g1
:::

gn�2
gn�1

3

7

7

7

7

7

5

; (5.4.10)

where g is a Hurwitz vector. By the third equation of Inc. (5.4.5), we get that
:
y D

cTAx C cTbu, and Ry D cTA2x C cTAg! C cTb
:
u C cTAbu. Solving ! from the last

equation yields

! D �

cTAg
��1 �Ry � cTA2x � cTb

:
u � cTAbu

�

:

Substituting the above expression into the first equation of (5.4.5) results in

:
x D Ax C g

�

cTAg
��1 �Ry � cTA2x

�C bu � g
�

cTAg
��1

b
:
u � g

�

cTAg
��1

cTAbu:

Denote that M D I�g
�

cTAg
��1

cTA; n.u/ D bu�g
�

cTAg
��1

cTAbu�g
�

cTAg
��1

b
:
u,

the above equation can be simplified as

:
x D MAx C g

�

cTAg
��1 Ry C n.u/:

The observer is designed as

:

bx D MAbx C g
�

cTAg
��1 Ry C n.u/C l

�

y � cT
bx
�

: (5.4.11)

Let e D x �bx, then

:
e D �

MA � lcT
�

e;

If
�

MA � lcT
�

is a Hurwitz matrix, i.e., (cT , MA) is detectable, then e ! 0 .t ! 1/.
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When the form of (cT , A, g) is that given in Eq. (5.4.10), it is direct to compute
that

1
2

1 1 1

1 3 3 3

2 2 2

1

2 2 2

1 0 0 0 1 0 0
0 0 0 0 0

1 0 0
,

0 1 0n n n

a
a a a
a g g g
g g gM MA

a g g g
g g g

-é ù é ù
ê ú ê ú-ê ú ê ú
ê ú ê ú

- * * -ê ú ê ú= =ê ú ê ú
ê ú ê ú
ê ú ê ú
ê ú ê ú- * * -
ê ú ê úë û ë û

� �
� �

� �

� � � � � � � � � �

� �

In MA, the detailed numbers of the left lower block need not be determined, and
the right lower block is

2

6

6

6

6

4

� g3
g2

1 � � � 0
:::
::: � � � :::

� gn�1

g2
0 � � � 1

� gn
g2
0 � � � 0

3

7

7

7

7

5

:

It is a Hurwitz matrix, and it is the unobservable part corresponding to cT D
�

1 0 � � � 0 �; thus, (cT , MA) is detectable.
From Eq. (5.4.11), the transfer function from y tobx is

bx.s/

y.s/
D �

sI � MA C lcT
��1 �

g
�

cTAg
��1

s2 C l
�

:

It is not usually a proper rational matrix; thus, there does not exist proper realization
for it. Let � D bx � g

�

cTAg
��1 :

y C g
�

cTAg
��1

bu, then it follows from Eq. (5.4.11)
that

:

� D �

MA � lcT
�

� C MAg
�

cTAg
��1 :

y C ly C Mbu;

bx D � C g
�

cTAg
��1 :

y � g
�

cTAg
��1

bu:

The above system is a linear observer for the system Inc. (5.4.5) with relative
degree two. It should be noted that the input of observer contains

:
y, i.e., differen-

tiator. In some literature, when y and
:
y are both bounded,

:
y can be constructed by

high gain feedback instead of differentiator. The contents are beyond the scope of
this book. The readers are referred to Ly et al. (1994) and Huang et al. (1999).

By the same method, we can studied the case where the relative degree is larger
than two, and we also need larger order derivatives of y.
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5.4.2 Multivariable Systems

We will extend the result of the former subsection to the multivariable system.
System Inc. (5.4.1) is rewritten as:

:
x D Ax C G! C Bu;
! 2 
.x/;
y D Cx;

and holds that r D q.

Theorem 5.4.2 If the linear system (C, A, G) is both controllable and observable,
and the system is minimum phase with relative degree one, then there always exists
asymptotically linear observer for the Luré differential inclusion system Inc. (5.4.1).

Proof By the result of Sect. 5.2, since r D q, the relative degree one means that CG
is invertible. Taking the derivative of both sides of the third equation of Inc. (5.4.1),
we obtain that

:
y D CAx C CG! C CBu. Solving ! results in

! D .CG/�1
� :
y � CAx � CBu

�

:

Substituting the above equation into the first equation of Inc. (5.4.1) yields

:
x D Ax C G.CG/�1

� :
y � CAx � CBu

�C Bu

D
h

A � G.CG/�1CA
i

x C G.CG/�1 :y C
h

B � G.CG/�1CB
i

u

D MAx C G.CG/�1 :y C MBu;

where M D I � G.CG/�1C. By Lemma 5.4.1, if (C, MA) is detectable, then there
exists a linear observer. Hence, the key of the proof is to show the observability of
(C, MA).

By the discussion of Sect. 5.2, the fact that CG is invertible implies that (C, A, G)
has the following forms

C D ŒC1 0� ; A D
�

A11 A12
A21 A22




; G D
�

I
0




;

where I is the m � m identity matrix, and C1 is invertible. Moreover, the fact that
(C, A, G) is minimum phase means that A22 is a Hurwitz matrix. It is direct to verify
that

M D I � G.CG/�1C D
�

0 0

0 I




; MA D
�

0 0

0 I


 �

A11 A12
A21 A22




D
�

0 0

A21 A22




:
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A22 is the dynamic matrix which is unobservable part of (C, MA). It is a Hurwitz
matrix; hence, (C, MA) is detectable. The proof is completed. �

In fact, the assumption of controllability in Theorem 5.4.2 is not essential.
By a similar discussion for single-variable system, the linear observer for

the multivariable system with relative degree two can also be designed, and the
derivative of y is contained in the observer. It is left to the readers.

To end this section, we will discuss the design of reduced-order observer. If there
exists a full-order linear observer for the system, then there also exists a reduced-
order linear observer. We now prove the conclusion.

Corollary 5.4.1 If the linear system in Inc. (5.4.1) is both controllable and
observable, and the system is minimum phase with relative degree one, then there
always exists a linear observer with order n � r for the Luré differential inclusion
system Inc. (5.4.1).

Proof The form of Inc. (5.4.1) can be written as

� :
x1
:
x2




D
�

A11 A12
A21 A22


 �

x1
x2




C
�

G1

0




! C
�

B1
B2




u;

y D x1:

then the second component of state satisfies

:
x2 D A21x1 C A22x2 C B2u D A21y C A22x2 C B2u:

In view of that the system is minimum phase, since A22 is a Hurwitz matrix. The
linear observer for x2 can be designed as

:

bx2 D A21y C A22bx2 C B2u:

Let e2 D x2 �bx2, then
:
e2 D A22e2, i.e., e2 ! 0 .t ! 1/. �

In the above proof, the observability is not needed and the condition of minimum
phase guarantees that it is detectable. From the proof of Corollary 5.4.1, the design
of reduced-order observer is more simple than that of full-order one; it is not
necessary to solve the term!. The reader can try studying the case where the relative
degree of the system is larger than one.

Problems

1. In the case where the relative degree is two, if the observer is designed as

:

bx D MAbx C g
�

cTAg
��1 Ry C n.u/C l

�

y � cT
bx
�C k

�

:
y � cT

:

bx
�

:

Please give the condition under which e D x � bx converges to zero
asymptotically.
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2. Consider the Luré differential inclusion System (5.4.1), where r D q. If CG D
0; det CAG ¤ 0, simulating the treatment did for single-variable system, please
design a linear observer.

3. Let

A D
�

0 1

2 1




; b D
�

1

� 1



; cT D �

1 0
�

; g D
�

1

2




:

Please give the detail form of linear observer and reduced-order linear
observer, respectively.

4. Extend Corollary 4.3.1 to multivariable system.

5.5 Adaptive Luenberger Observers

The last two sections extend the results of observer design to the Luré differential
inclusion system with uncertain parameters; two adaptive observers, i.e., Luenberger
observer and linear observer, will be presented for this system. In the theory of
adaptive control, the plant considered is always subjected to uncertainty, which can
be described by an unknown parameter or a slow variation parameter (may be a
vector); the aim is to present a parameter estimation model and a control law with
estimated parameters to achieve the required performance. The control is usually
called adaptive law. In the adaptive control design, it is usual that the estimated
parameters are not required to converge to the value of real parameters, and we only
require the control law can achieve the required performance.

Consider the following Luré differential inclusion system with uncertain param-
eters

:
x D Ax C Bu � G! C f .x; u/ �;
! 2 
.Hx/;
y D Cx;

(5.5.1)

where x 2 R
n; u 2 R

m; y 2 R
r are the state, input and output of the system,

respectively, and ! 2 R
q is the output of set-valued mapping, and A, B, G, C, H

are the determined matrices with compatible dimensions. The set-valued mapping

(x) is required to guarantee that the system Inc. (5.5.1) is well-posed. � 2 R

p is
an uncertain parameter vector, and it is always supposed to be a constant vector or
bounded and slow variable, i.e., k�k � �1, where �1 > 0 is a known constant; f (x, u)
is a given n�p function matrix; it is assumed that f (x, u) is Lipschitzian with respect
to x and is uniform to u, i.e., there exists �2 > 0 which is independent of u such that

kf .x1; u/� f .x2; u/k � �2 kx1 � x2k :

http://dx.doi.org/10.1007/978-3-662-49245-1_4
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5.5.1 Adaptive Luenberger Observers

If there exists an asymptotical observer for the system Inc. (5.5.1), it implies that a
state observer exists for the case of � D 0. Thus, by Theorem 5.3.1, the following
requirements are essential for adaptive Luenberger observer.

• There exists an observer gain matrix L such that the linear system .H; A � LC; G/
is both controllable and observable and is also strictly positive real.

• 
(�) is monotone.
• The solution of Inc. (5.3.4) exists, i.e., it is well posed.

By Theorem 5.3.2, the first one requires HG > 0, and H is of full row rank, and
G is of full row rank. In what follows, we will study under which conditions the
adaptive observer can be designed.

The norm is always used in this section; thus, let us recall some preliminary
mentioned in Sect. 1.1. Two any norms are equivalent in a finite dimension space
(Theorem 1.1.1). Let T W Rn ! R

n be a linear mapping, then kTxk2 � kTkdkxk1
for any x 2 R

n, where kxk1 is some kind of norm in R
n, kTxk2 is some other norm

in R
n; kTkr(2,1) is denoted the operator norm induced by k � k1 and k � k2. If kxk1 and

kTxk2 are taken as Euclidian norms, then kTkr.2;1/ D p

�max .TTT/; this kind of
norm is called spectral norm and denoted by kTkP. If kxk1 or kTxk2 is taken as other
kind of norm, then the induced norm kTkP is equivalent to the former one. Let kTkc

be other norm of T 2 R
n�n,5 it may be different from the induced norm kTkr(2,1), but

kTxk2 � kTkckxk1 for every x 2 R
n, then kTkc is called the compatible norm for

k � k1 and k � k2. If kxk1 and kTxk2 are taken as Euclidian norms, then the Frobenius
norm

kTkF D
v

u

u

t

n
X

i;jD1
t2ij

is a compatible norm of the Euclidian norm.
Except we specially emphasize, the norm of vector x is taken as Euclidian norm,

and the norm of operator T is taken as spectral norm or Frobenius norm.
Motivating by Sect. 5.3, consider the system described by Inc. (5.5.2)

:

bx D .A � LC/bx C Bu � Gb! C f .bx; u/b� C Ly;
b! 2 
 .Hbx/ ;
:

b� D h .bx; u/ .y � Cbx/ ;

(5.5.2)

where h .bx; u/ is a p � r matrix of functions to be designed later. The last equation
in Inc. (5.5.2) is the adaptive law. This section will discuss the conditions, under

5When we define the norm of matrix, in order to be consistent with the norm of induced operator,
the condition kABk � kAk kBk that is always additional considered, but it is not necessary for a
vector.

http://dx.doi.org/10.1007/978-3-662-49245-1_1
http://dx.doi.org/10.1007/978-3-662-49245-1_1
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which (5.5.2) is an asymptotical observer for (5.5.1). In (5.5.2),b� is a time-varying
parameter and is also called adaptive parameter, which is used to estimate the
unknown parameter � .

By Theorem 5.3.1, for the system Inc. (5.3.1) without f (x, u)� , the condition of
existence of Luenberger observer is that there exists L such that .H; A � LC; G/ is
strictly positive real, i.e., there exist positive definite matrices P and Q, such that

P .A � LC/C .A � LC/TP D �Q; and GTP D H: (5.5.3)

The sufficient and necessary condition of existence of solution for Eq. (5.5.3) is
presented in Lemma 5.3.2 and Theorem 5.3.2.

Let �max(P) and �min(Q) be the maximum and minimum eigenvalues of P and Q,
respectively. Then we have the following theorem.

Theorem 5.5.1 If the following conditions hold.

(1) There exists an L such that .H; A � LC; G/ is controllable and observable and
is also strictly positive real.

(2) 
(�) is monotone.
(3) The system Inc. (5.3.4) is well posed.
(4) �min.Q/ > 2�1�2�max.P/, where �1 and �2 are two constants defined at the

beginning of this section.
(5) There exists a function matrix h(x, u) such that h .x; u/C D ŒPf .x; u/�T,

where P and Q satisfy Eq. (5.5.3). Then Inc. (5.5.2) is an adaptive asymptotical
observer of Inc. (5.5.1).

Proof Subtracting Inc. (5.5.2) from Inc. (5.5.1) yields

:
e D .A � LC/ e � G .! � b!/C f .x; u/ � � f .bx; u/b�;
! 2 
.Hx/;
b! 2 
 .Hbx/ ;

(5.5.4)

where e D x �bx is the observing error.
Let the following function be Lyapunov function candidate

V
�

e; Q�
�

D eTPe C Q�T Q�;

where Q� D � �b� . Taking the derivative V
�

e; Q�
�

along the trajectory of the system

Inc. (5.5.4), we obtain

:

V D eT.A � LC/TPe C eTP .A � LC/ e

�.! � b!/
TGTPe � eTPG .! � b!/

C�T f T .x; u/Pe C eTPf .x; u/ �

�b�T f T .bx; u/Pe � eTPf .bx; u/b�

� 2 Q�T
:

b�;
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where we have applied that
:

� D 0. We now analyze
:

V term by term.
Firstly, by the positive realness lemma, we have

eT.A � LC/TPe C eTP .A � LC/ e D �eTQe < 0; .e ¤ 0/ :

Secondly, since GTP D H, it leads to

.! � b!/
TGTPe D .! � b!/

THe D .! � b!/
T
.Hx � Hbx/ :

By the monotonicity of 
(�), we have

�.! � b!/
TGTPe � 0:

At last, we consider

eTPf .x; u/ � � eTPf .bx; u/b�
D eTPf .x; u/ � � eTPf .bx; u/ � C eTPf .bx; u/ � � eTPf .bx; u/b�
D eTP Œf .x; u/� f .bx; u/� � C eTPf .bx; u/ Q�:

The first term holds that

eTP Œf .x; u/� f .bx; u/� �
� �

�eTP Œf .x; u/� f .bx; u/� �
�

�

� �1
�

�eTP Œf .x; u/� f .bx; u/�
�

�

� �1

�

�

�eT
p

P
�

�

�

�

�

�

p
P Œf .x; u/� f .bx; u/�

�

�

�

� �1�2

�

�

�eT
p

P
�

�

�

�

�

�

p
P
�

�

� kek
� �1�2�max.P/eTe;

where we have used the fact that
�

�

�

p
P Œf .x; u/� f .bx; u/�

�

�

� �
�

�

�

p
P
�

�

� kf .x; u/� f .bx; u/k � �2

�

�

�

p
P
�

�

� kek ;

where
�

�

�

p
P
�

�

� is the spectrum norm of
p

P.

For the second term

eTPf .x; u/ Q� D Q�T f T .x; u/Pe D Q�Th .x; u/Ce D Q�Th .x; u/ .y � Cbx/ D Q�T
:

b� I

Thus,
:

V � �eT ŒQ � 2�1�2�max.P/I� e < 0.
Denote that Q � 2�1�2�max.P/I D N, where N is a positive definite matrix. For

any t > 0, the following holds

t
Z

0

eTNed� � �
t
Z

0

:

Vd� D V.0/� V.t/ < V.0/ < 1:
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The well-posedness of the system guarantees that e is absolutely continuous; by
Barbalet Lemma6 and the fact that N is a positive definite matrix, we conclude that
e ! 0 .t ! 1/. �

We have the following remarks to Theorem 5.5.1.

Remark 1 Condition 4 of Theorem 5.5.1 is derived from the estimation of
eTP Œf .x; u/� Pf .bx; u/� � . By different estimation, we can obtain different condi-
tions. For example,

�

�eTP Œf .x; u/� f .bx; u/� �
�

� � �1
�

�eTP Œf .x; u/� f .bx; u/�
�

�

� 1
2
�1
�

�eTP
�

�
2 C 1

2
�1kf .x; u/ � f .bx; u/k2

� eT�1P2e
2

C �1�
2
2 eT e
2

:

Then Condition 4 of Theorem 5.5.1 can be replaced by

�min.Q/ > �1�max
�

P2
�C �1�

2
2 :

The Condition 4 can also be changed by

P .A � LC/C .A � LC/TP � �1P
2 � �1�

2
2 I < 0;

or its matrix form
"

P .A � LC/C .A � LC/TP � �1�
2
2 I P

P � 1
�1

I

#

< 0:

It is in fact a linear matrix inequality. �
Remark 2 Condition 5 h .x; u/C D ŒPf .x; u/�T means that Pf .x; u/ D CThT .x; u/.
By Cramer Theorem, the necessary condition of existence of the solutions for the
equation is that rankCT D rank

�

CT Pf .x; u/
�

, i.e., spanCT � spanPf .x; u/. Thus,
rankf .x; u/ � r for any x, u, it also requires that p � r.

Furthermore, C can be written as C D �

I 0
�

. Accordingly, P D
�

P11 P12
PT
12 P22




and

f .x; u/ D
�

f1 .x; u/
f2 .x; u/




. Then, h .x; u/C D ŒPf .x; u/�T becomes

�

h .x; u/ 0
� D �

f1 .x; u/P11 C f2 .x; u/PT
12 f1 .x; u/P21 C f2 .x; u/P22

�

:

6Barbalet Lemma: If f (t) is uniformly continuous, and the integral

1
Z

0

f .t/dt exists, then

f .t/ ! 0 .t ! 1/. Please see Rochafellar (1970).
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We have f2 .x; u/ D �f1 .x; u/P21P�1
22 . If the equality holds, then h(x, u) always

exists. �
Remark 3 In the theory of adaptive control system design, the gain matrix f (x, u)
before the uncertain parameter � is always assumed to be a constant, or it is equal
to B or G (see the books of adaptive control system), and Condition 5 is a natural
result of positive realness. �

5.5.2 Reduced-Order Adaptive Observers

This subsection is to prove that there also exists a reduced-order observer under the
conditions of full-order adaptive observer.

Theorem 5.5.2 If the following conditions hold

(1) There exists L such that .H; A � LC; G/ is both controllable and observable
and is also strictly positive real.

(2) 
(�) is monotone.
(3) The system Inc. (5.3.4) is well-posed.
(4) There exists a h(x, u), such that h .x; u/C D ŒPf .x; u/�T .

Then, there exists an .n � r/-order reduce-order observer for Inc. (5.5.1).

Proof The differential inclusion System (5.5.1) can be written as

� :
x1
:
x2




D
�

A11 A12
A21 A22


 �

x1
x2




C
�

B1
B2




u �
�

G1

G2




! C
�

f1 .x; u/
f2 .x; u/




�;

! 2 
.Hx/;
y D x1:

By Condition 1 of Theorem 5.5.1, there exists P D
�

P11 P12
P21 P22




such that

P .A � LC/C .A � LC/TP

D
�

P11 P12
P21 P22


 �

A11 � L1 A12
A21 � L2 A22




C
�

AT
11 � LT

1 AT
21 � LT

2

AT
12 AT

22


 �

P11 P12
P21 P22




D �
�

Q11 Q12

Q21 Q22




;

where Q D
�

Q11 Q12

Q21 Q22




;L D
�

L1
L2




. Then

P21A12 C P22A22 C AT
12P12 C AT

22P22 D �Q22;
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i. e.,

P22
�

P�1
22 P21A12 C A22

�C �

AT
12P12P

�1
22 C AT

22

�

P22 D �Q22:

It implies that P�1
22 P21A12 C A22 is a Hurwitz matrix.

Secondly, since

�

GT
1 GT

2

�

�

P11 P12
P21 P22




D �

H1 H2

�

;

then GT
1P12 C GT

2P22 D H2, i.e.,
�

GT
1P12P�1

22 C GT
2

�

P22 D H2, which means that
�

H2; A22 C P�1
22 P12A12; G2 C P�1

22 P12G1

�

is strictly positive real.

By Condition 3, h .x; u/C D ŒPf .x; u/�T , we have

�

f T
1 .x; u/ f T

2 .x; u/
�

�

P11 P12
P21 P22




D �

h .x; u/ 0
�

;

i.e., f T
1 .x; u/P12 C f T

2 .x; u/P22 D 0; f T
1 .x; u/P12P�1

22 C f T
2 .x; u/ D 0.

Choose K D P�1
22 P12, z2 D x2 C Kx1 D x2 C Ky, then

:
z2 D :

x2 C K
:
x1

D .A12 C KA11/ x1 C .A22 C KA12/ x2 C .B2 C KB1/ u � .G2 C KG1/ !

C .f2 .x; u/C Kf1 .x; u// �:

Because f2 .x; u/C Kf1 .x; u/ D 0, we can construct the reduced observer as follows

:

bz2 D .A22 C KA12/bz2 C .B2 C KB1/ u � .G2 C KG1/b! C Œ.A21 C KA11/

C .A22 C KA22/K� y:

Denote that e2 D z2 �bz2, then

:
e2 D .A22 C KA12/ e C .G2 C KG1/ .! � b!/ ;

.! � b!/ 2 
.Hx/� v .Hbx/ :

By Theorem 5.3.1, we then conclude that e ! 0 .t ! 1/. �
It is necessary to mention the advantages of the reduced-order observer. Firstly,

the condition 4 of Theorem 5.3.1 is not needed; secondly, the adaptive law does not
need to be designed in the reduced-order observer.

From the proof of Theorem 5.5.2, if the equation f T
1 .x; u/P12P�1

22 C f T
2 .x; u/ D 0

holds, then the condition h .x; u/C D ŒPf .x; u/�T holds, i.e., Condition 5 can
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be replaced by f T
2 .x; u/ D �f T

1 .x; u/P12P�1
22 . Thus, the condition h .x; u/C D

ŒPf .x; u/�T is equivalent to the equation PB D CT which is necessary for the positive
realness.

5.5.3 An Example of Adaptive Observer

A numerical example is given to show the effectiveness of the adaptive observer and
the advantage of the reduce-order observer. Especially, the example illustrates the
adaptive law need not be designed in the reduced-order observer.

Example 5.5.1 (Huang et al. 2011) Consider the following system

2

4

:
x1
:
x2
:
x3

3

5 D
2

4

�10 �3 �1
6 �5 4

1 0 �9

3

5

2

4

x1
x2
x3

3

5 �
2

4

1

2

2

3

5! C
2

4

2

0

1

3

5 u C
2

4

0:6 sin x3
0

0

3

5 �;

y D x1:

The set-valued mapping is defined as

v .x1C3x2C2x3/D
�

x1 C 3x2 C 2x3 C 3 sgn .x1 C 3x2 C 2x3/ x1 C 3x2 C 2x3 ¤ 0;

Œ�3; 3� x1 C 3x2 C 2x3 D 0:

Let j� j � 2, i.e., �1 D 2; it can also be computed that �2 D 0:6. Choose that

l D ��6 2 1 �T , then

A � lcT D
2

4

�4 �3 �1
4 �5 4

0 0 �9

3

5 :

It is easy to determine that

P D
2

4

1 0 0

0 1 0:5

0 0:5 0:5

3

5 ;Q D
2

4

8 �1 �1
� 1 10 3

� 1 3 5

3

5 ;

and �min.Q/ D 3:5401 > 3:1236 D 2�1�2�max.P/.
Solving ŒPf .x; u/�T D �

0:6 sin x3 0 0
� D �

h.x/ 0 0
�

yields h.x/ D 0:6 sin x3.
Thus, the observer can be designed as

2

6

4

:

bx1
:

bx2
:

bx3

3

7

5D
2

4

�4 �3 �1
4 �5 4

0 0 �9

3

5

2

4

bx1
bx2
bx3

3

5 �
2

4

1

2

2

3

5
b!C

2

4

2

0

1

3

5 uC
2

4

0:6 sinbx3
0

0

3

5b�C
2

4

�6
2

1

3

5 y;
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c d
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Fig. 5.15 The simulation result of Example 5.5.1. (a), (b) and (c) are the tracking performance of
the states x1, x2, x3, respectively, (d) is the estimation of b�

b! 2 
 .bx1 C 3bx2 C 2bx3/

D
�

bx1 C 3bx2 C 2bx3 C 3sgn .bx1 C 3bx2 C 2bx3/ ;bx1 C 3bx2 C 2bx3 ¤ 0;

Œ�3; 3� ; bx1 C 3bx2 C 2bx3 D 0:

The adaption law is

:

b� D 0:6 sinbx3 .y � x1/ :

In the simulation, � is a constant 2.
From Fig. 5.15, it is obvious that the observer works well, and the estimated state

will converge to the real state fast. It should be noted thatb� does not converge to the
real value 2.

By Theorem 5.5.2, since P12 D 0, K D 0,bx2 Dbz2. A reduced-order observer is
designed as follows

" :

bx2
:

bx3

#

D
��5 4

0 �9

 �

bx2
bx3




�
�

2

2




b! C
�

0

1




u C
�

6

1




y;
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a b
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-0.05
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Fig. 5.16 The performance of reduced-order observer in Example 5.5.1. (a) and (b) are the
tracking performance of the states x2, x3, respectively

b! 2 
 .y C 3bx2 C 2bx3/

D
�

y C 3bx2 C 2bx3 C 3sgn .y C 3bx2 C 2bx3/ ; y C 3bx2 C 2bx3 ¤ 0;

Œ�3; 3� ; y C 3bx2 C 2bx3 D 0:

The estimation of parameter is not contained in reduced-order observer. The
performance of reduced-order observer is shown in Fig. 5.16, and the convergence
result is also well.

Problems

1. If A 2 R
n�n; kAk is any matrix norm, then there exists a kind of norm kxk in R

n,
such that kAk is induced norm by kxk.

2. Consider the system

� :
x1
:
x2




D
�

2 �5
3 �7


 �

x1
x2




�
�

1

0




! C
�

1

�1



u C
�

1

0




�


.x/ D
�

x1 C sgn .x1/ ; x1 ¤ 0;

Œ�1; 1� ; x1 D 0;

y D x1:

Please design an adaptive observer and a reduced-order observer, respectively.
3. Give a condition which is different from that in Theorem 5.5.1 or Remark 1 to

estimate eTP Œf .x; u/� f .bx; u/� � .
4. Consider the existence condition of adaptive observer for the system

:
x D Ax C B.x/u � G! C f .x; u/ �;
! 2 
.Hx/;
y D Cx;
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where B(x) satisfies Lipschitz condition, i.e., there exists �3 such that
kB .x1/ � B .x2/k � �3 kx1 � x2k. Then, consider the case where the input B(x)u
is extended to B(x, u).

5. If the observer is designed as

:

bx D .A � LC/bx C Bu � Gb! C f .bx; u/b� C Ly;
b! 2 
 .Hbx C Cbx � y/ ;
:

b� D h .bx; u/ .y � Cbx/ ;

please give the existence conditions of the observer.
6. Rewrite condition 4 in Theorem 5.5.1 to linear matrix inequality.
7. Please discuss the condition h .x; u/C D ŒPf .x; u/�T in Theorem 5.5.1, where

f (x, u) is an n � q function matrix. The necessary condition for h .x; u/C D
ŒPf .x; u/�T is that q � v. If f .x; u/ D Ef1 .x; u/, E 2 R

n�q, let h .x; u/ D
f T
1 .x; u/F, then the above equation becomes FC D ETP. The condition 1 and

condition 5 of Theorem 5.5.1 are that there exist F 2 R
q�n and L 2 R

n�r , such
that


�

H
FC




; .A � LC/ ;
�

G E
�

�

is strictly positive real. Please give the necessary condition, under which

�

H
FC




; .A � LC/ ;
�

G E
�

�

is strictly positive real.

5.6 Adaptive Linear Observers

The adaptive linear observer design problem for the Luré differential inclusion
system will be studied in this section. Consider the system Inc. (5.6.1). It is
somewhat different from the system Inc. (5.5.1) by that the nonlinear term f (x, u)
is replaced by f (y, u).

:
x D Ax C Bu � G! � f .y; u/ �;
! 2 
.x/;
y D Cx;

(5.6.1)

where x 2 R
n; u 2 R

m; y 2 R
r are the state, input and output of the system,

respectively, and ! 2 R
r is the output of set-valued mapping. A, B, G, C are the

determined matrices with compatible dimensions. The condition of set-valued 
(x)
is just to guarantee that the system Inc. (5.6.1) is well-posed, i.e., it may be not
monotone. � 2 R

p is a uncertain parameter vector, and it is always supposed to be a
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constant or a slow varying and bounded variable, i.e., k�k � �1, with �1 > 0; f (y, u)
is a given function matrix; it is assumed that f (y, u) is piecewise continuous.

The Problem 1 in this section is an extension of Lemma 5.4.1 to adaptive system.
However, it is not feasible to extend the result to adaptive linear observer for the
Luré differential inclusion system. This is because that the condition h .x; u/C D
f T .x; u/P will not be satisfied. In the system Inc. (5.6.1), if we want to solve !,
the equation should be replaced by h .x; u/C D f T .x; u/MT P, where the matrix M
is defined in §5.4. Since M is not of full rank, the equation may not be solvable
except some special case. Thus, we will resort to some new method for the adaptive
linear observer. In order to guarantee the convergence, a new definition of persistent
excitation is needed.

5.6.1 Persistent Excitation

In the identification theory of control system, the persistently exciting signal is a
very important, since the variation of the signal is persistent. The persistent variation
can excite the inner features of the modeled system as much as possible. The
persistent excitation is also used as the condition for variable convergence. Some
basic properties of persistent excitation will be introduced in this section. The book
does not be planned to present a detailed discussion on the persistent excitation
which can be referred to other books about system identification or adaptive control.
From viewpoint of application, we only deal with the relationship among the steady
output of system, linear independence of functions, and the persistent excitations.

Definition 5.6.1 Let ' W Œ0;1/ ! R
n be a piecewise continuous vector mapping.®

is called n dimension persistent excitation in Œ0;1/ if there exist positive constants
0 < k1 � k2 < 1 and M > 0, such that for any t 2 Œ0;1/,

k1I �
tCM
Z

t

' .�/ 'T .�/ d� � k2I; (5.6.2)

where I is the n � n identity matrix, and parameter k1 is called the excitation level
of ®. �

The integral defined in Inequality (5.6.2) can be considered the Lebesgue
integration.

In the theory of control system design, we are concerned whether or not the
output of a linear system is a persistent excitation. Consider the following example.

Example 5.6.1 Consider a linear system, its transfer function is

G.s/ D
"

1
1

sC1

#

:
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When the input is the unit step signal u.t/ D 1 .t � 0/, i.e., its Laplace
transformation is u.s/ D 1=s, then the output is

y.t/ D
�

1

1 � e�t




:

We now compute

y.t/yT.t/ D
�

1 1 � e�t

1 � e�t 1 � 2e�t C e�2t




D
�

1 1

1 1




C
�

0 �e�t

� e�t �2e�t C e�2t




:

The first term is the steady term at the last expression of the above equation, and the
second term is transient term which converges to 0 as t ! 1. Its integration can be
computed that

2

6

6

6

6

6

6

4

tCM
Z

t

1d�

tCM
Z

t

�

1 � e�t
�

d�

tCM
Z

t

�

1 � e�t
�

d�

tCM
Z

t

�

1 � 2e�t C e�2t
�

d�

3

7

7

7

7

7

7

5

D

2

6

6

6

6

6

6

4

tCM
Z

t

1d�

tCM
Z

t

1d�

tCM
Z

t

1d�

tCM
Z

t

1d�

3

7

7

7

7

7

7

5

C

2

6

6

6

6

6

6

4

0 �
tCM
Z

t

e�td�

�
tCM
Z

t

e�td�

tCM
Z

t

��2e�t C e�2t
�

d�

3

7

7

7

7

7

7

5

D
�

M M
M M




C
"

0 e�.tCM/ � e�t

e�.tCM/ � e�t e�2t�e�2.tCM/

2

#

:

Since the second term converges to 0 as t ! 1, it can be neglected in checking
Inequality (5.6.2). The reason is that the exponential decay term will vanish when t
goes to infinite. The first term is not positive definite for any M; thus, the output y(t)
is not a persistent excitation.

If the input signal is u.t/ D sin t .t � 0/, i.e., u.s/ D 1=
�

s2 C 1
�

, then

y.t/ D
"

sin t
e�tCp

2 sin.t� �
4 /

2

#

:

By the above analysis, deleting exponential decay term does not affect its judgment
of persistent excitation. Thus, we only need to verify Inequality (5.6.2) for the
following matrix
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2

4

sin t
sin
�

t � �
4

�

p
2

3

5

�

sin t
sin
�

t � �
4

�

p
2




D
"

sin2t 1p
2

sin t sin
�

t � �
4

�

1p
2

sin t sin
�

t � �
4

�

1
2
sin2

�

t � �
4

�

#

:

Let M D 2� , then

2

6

6

6

6

6

6

4

tC2�
Z

t

sin2�d� 1p
2

tC2�
Z

t

sin � sin
�

� � �

4

�

d�

1p
2

tC2�
Z

t

sin � sin
�

� � �

4

�

d� 1
2

tC2�
Z

t

sin2
�

� � �

4

�

d�

3

7

7

7

7

7

7

5

;

D

2

6

6

6

6

6

6

4

2�
Z

0

sin2�d� 1p
2

2�
Z

0

sin � sin
�

� � �

4

�

d�

1p
2

2�
Z

0

sin � sin
�

� � �

4

�

d� 1
2

2�
Z

0

sin2
�

� � �

4

�

d�

3

7

7

7

7

7

7

5

D �

2

6

4

1
1

2
1

2

1

2

3

7

5 :

It is direct to conclude that the matrix derived is positive definite. In Inequality

(5.6.2), k1 and k2 can be chosen as
3 � p

5

4
� and

3C p
5

4
� , respectively; thus, the

output y(t) is a persistent excitation signal. �
Obviously, if the transfer function is changed as

G.s/ D

2

6

6

4

1

s C 1
1

s C 1

3

7

7

5

:

No matter what the input is, the components of the output are the same, and
Inequality (5.6.2) does not hold. Thus, the persistent excitation property of y(t)
depends on both the input and the transfer function of a linear control system.

From Example 5.6.1, we can see that it not easy to verify the persistent excitation
property of an output signal by using Inequality (5.6.2). Thus, it is necessary to look
for other criteria. Spectrum measure is often used to describe the sufficient and
necessary condition of the persistent excitations. But it is still quite complicated.
Instead of these theoretic measures, we only give an applied sufficient condition for
the excitations by using linear independence of functions.
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From Inequality (5.6.2), for a constant a 2 R
n, it holds that

aT

0

@

tCM
Z

t

' .�/ 'T .�/ d�

1

A a D
tCM
Z

t

aT' .�/ 'T .�/ ad� D
tCM
Z

t

�

aT' .�/
�2

d� � 0:

For any M > 0, the integration

tCM
Z

t

' .�/ 'T .�/ d� is an n � n semipositive definite

matrix in the real number field. For promoting the study further, we need the
following definition.

Definition 5.6.2 Let ®1(t),®2(t), : : : ,®n(t) be n functions whose images are R
p

vectors for every t. The n vector-valued functions are linear dependent in the closed
real interval [t1, t2] if there exist real numbers a1, a2, : : : , an which are not all zero
such that

a1'1.t/C a2'2.t/C � � � C an'n.t/ 	 0; t 2 Œt1; t2� :

Otherwise, they are linear independent in the closed real interval [t1, t2]. For
simplicity, it is called by linear independent. �

Obviously, linear independence in a closed real interval [t1, t2] means that linear
independence in every subset which includes the interval [t1, t2].

The following theorem gives a criterion for determining whether the n vector
functions are linear dependence, the proof is left to readers.

Let ®1(t),®2(t), : : : ,®n(t) be n functions with range R
p. These functions are

assumed to exist at least (n�1) derivative in the interval [t1, t2]. Denote that

ˆ.t/ D

2

6

6

6

4

'T
1 .t/
'T
2 .t/
:::

'T
n .t/

3

7

7

7

5

(5.6.3)

thenˆ(t) is an n � p function matrix defined on [t1, t2]. Denoteˆ(i)(t) for the matrix
which is the differential of the ith order of ˆ(t).

Theorem 5.6.1 ®1(t),®2(t), : : : ,®n(t) are linear independent on the interval [t1, t2]
if and only if there exists a t0 2 Œt1; t2�, such that

rank
h

ˆ.t0/ ˆ
.1/ .t0/ � � � ˆ.n�1/ .t0/

i

D n:

Not that
�

ˆ.t0/ ˆ.1/ .t0/ � � � ˆ.n�1/ .t0/
�

is an n � np real matrix.
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Example 5.6.2 Let '1.t/ D 1; '2.t/ D t; '3.t/ D t2 be three scale functions, but
they are linear independent on any interval of Œ0;1/.

It is because

ˆ.t/ D
2

4

1

t
t2

3

5 ;
�

ˆ.t0/ ˆ
.1/ .t0/ ˆ

.2/ .t0/
� D

2

4

1 0 0

t0 1 0

t20 2t0 1

3

5 ;

By Theorem 5.6.1, ®1(t),®2(t),®3(t) are linear independent. �
The above example shows that for the linear independency the function is

different from the vector. We have proved that three scare functions are linear
independent in the real domain.

The following theorem is about the linear independency of functions. We need a
definition.

Definition 5.6.3 Let ®1(t),®2(t), : : : ,®n(t) be n functions whose images are all in
R

p, and the matrix ˆ(t) is defined by Eq.(5.6.3), then

W .t1; t2/ D
t2Z

t1

ˆ .�/ˆT .�/ d�

is the Gram matrix of ®1(t),®2(t), : : : ,®n(t) on the interval [t1, t2]. �
From the definition, for any t1 < t2, Gram matrix W(t1, t2) is always an n � n

semipositive definite.

Theorem 5.6.2 If ®1(t),®2(t), : : : ,®n(t) are continuous on the interval [t1, t2], then
they are linear independent on the interval [t1, t2] if and only if their Gram matrix
W(t1, t2) is invertible, or positive definite.

Proof Necessity. Assume that the Gram matrix W(t1, t2) is not invertible, then there
exists a nonzero real vector a 2 R

n, such that W .t1; t2/ a D 0. Then we have the
following equation

aTW .t1; t2/ a D
t2Z

t1

aTˆ.�/ˆT .�/ ad� D
t2Z

t1

�

aTˆ.�/
�2

d� D 0;

aTˆ.t/ 	 0; t 2 Œt1; t2�, i.e., ®1(t),®2(t), : : : ,®n(t) are linear dependent on the
interval [t1, t2].

Sufficiency. If ®1(t),®2(t), : : : ,®n(t) are linear dependent on the interval [t1, t2],
then there exist real number a1, a2, : : : , an which are not all zero, such that

a1'1.t/C a2'2.t/C � � � C an'n.t/ 	 0; t 2 Œt1; t2� :
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Denote a D Œa1 a2 � � � an�
T , then ˛ ¤ 0. Consider that ˆT.t/a D 0, we obtain that

W .t1; t2/ a D
t2Z

t1

ˆ .�/ˆT .�/ ad� D 0:

Thus, W(t1, t2) is not invertible. �
Let us return to the persistent excitation. The output of the system y(t) can be

decomposed to steady term ys(t) and transient term yt(t), i.e., y.t/ D ys.t/ C yt.s/,
where the transient term is infinitesimal when t ! 1, i.e., lim

t!1yt.t/ D 0. In the

Example 5.6.1, when the input is a unit step signal, the output y(t) can be written as

y.t/ D
�

1

1 � e�t




; ys.t/ D
�

1

1




; yt.t/ D
�

0

� e�t




:

By the frequency response in control theory, if transfer function of a stable single-
input and single-output system is G(s), when it is inputted by A sin!t, its steady
output is ys.t/ D A jG .j!/j sin .!t C �/, where � D ∠G .j!/, i.e., the steady output
is a sinusoidal signal with the same frequency. The result can be extended to the
vector case.7 Continue to consider Example 5.6.1, when the input is sin t,

G.j/ D
"

1
1
1Cj

#

D
"

1
1p
2

�

cos
���

4

�C j sin
���

4

��

#

;

then the steady output is

ys.t/ D
"

sin t
1p
2

sin
�

t � �
4

�

#

:

The steady term ys(t) of output y(t) can be written as the following component
form:

ys.t/ D

2

6

6

6

4

y1s.t/
y2s.t/

:::

yrs.t/

3

7

7

7

5

:

7The meaning of A jG .j!/j sin .!t C �/ is that if G.s/ D �

g1.s/ 
 
 
 gn.s/
�T

, then

A jG .j!/j sin .!t C �/ D A
� jg1 .j!/j sin .!t C ∠g1 .j!// 
 
 
 jgn .j!/j sin .!t C ∠gn .j!//

�T
.
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If y1s(t), y2s(t), : : : , yms(t) are linear independent on the interval Œ0; 1/, then its

Gram matrix W .0; t/ D
t
Z

0

ys .�/ yT
s .�/ d� is always invertible. We are ready to

state the following theorem.

Theorem 5.6.3 If the output y(t) has at least (n�1)th order continuously derivative,
and its steady term satisfies

(1) y1s(t), y2s(t), : : : , yms(t) are linear independent on the interval Œ0; 1/.
(2) y1s(t), y2s(t), : : : , yms(t) are bounded on the interval Œ0; 1/.

Then y(t) is a persistent excitation.

Proof Denote that

Ws .t1; t2/ D
t2Z

t1

ys .�/ yT
s .�/ d�

Condition 1 implies that Ws(t1, t2) is an invertible matrix by Theorem 5.6.2.
Replacing t2 by t1CM, let us consider the matrix Ws .t1; t1 C M/. Assume that there
do not exist M and k2 such that W .t1; t1 C M/ � k2I, then for any fixed M, there
exist t1i; i D 1; 2; : : : , such that W .t1i; t1i C M/ > iI. Hence, for every i, there
exists ˛ 2 R

n, j˛j D 1, such that ˛T
i Ws .t1i; t1i C M/ ˛i > i. Then the following

inequality holds

˛T
i Ws .t1; t2/ ˛i D

tiCM
Z

ti

˛T
i ys .�/ yT

s .�/ ˛id�;

D
tiCM
Z

ti

�

�˛T
i ys .�/

�

�
2
d�

D �

�˛T
i ys .ti/

�

�
2
M

� kys .ti/k2M;

where ti 2 Œti; ti C M�. The last equality is derived by the integral mean value
theorem. Thus, kys .ti/k > M�1pi. In view of the fact that M is fixed, it contradicts
to Condition 2.

Then we prove that there exist M and k1 such that W .t1; t1 C M/ � k1I. For
any component yjs.t/; j D 1; 2; : : : ;m, ys(t) is not equal to zero on an open interval.
Because the steady term does not converge to zero when t ! 1, for any given
" > 0, there exists an M > 0, such that W .t1; t1 C M/ > "I for any t1. Thus, y(t)
is a persistent excitation. �
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Theorem 5.6.3 presents a practical criterion for persistent excitation. We note that
Theorem 5.6.3 is also useful for multiinput and multioutput systems but not only for
single ones

Using Theorem 5.6.3, we continue to consider Example 5.6.1. When the input is
sin t, the steady output is

ys.t/ D
"

sin t
1p
2

sin
�

t � �
4

�

#

:

Since

�

ys.t/
:
ys.t/

� D
"

sin t cos t
1p
2

sin
�

t � �
4

�

1p
2

cos
�

t � �
4

�

#

;

det
�

ys.t/
:
ys.t/

� ¤ 0, the components of ys(t) are linear independent on the real
domain. The components are all bounded; thus, y(t) is a persistent excitation.

5.6.2 Linear Adaptive Observers

A linear adaptive observer for the Luré differential inclusion system is designed
by using persistent excitation signal in this subsection. In the design of adap-
tive observer, it is common to employ persistent excitation (see, for example,
Rochafellar 1970). A lemma is introduced firstly.

Lemma 5.6.1 If ®(t) is a persistent excitation signal in R
n and �.t/ W R .� 0/ ! R

satisfies j�.t/j � ˇe�˛t where ˛; ˇ > 0, then the following differential equation

:

�.t/ D �'.t/'T .t/�.t/C '.t/�.t/

is globally asymptotically stable.

Proof The solution of the differential equation is

�.t/ D e
�

t
R

0

'.�/'T .�/d�
�.0/C

t
Z

0

e
�

t
R

s
'.�/'T .�/d�

'.s/�.s/ds:

Hence,

�.t/ � e�k1t k�.0/k C
t
Z

0

e�k1.t�s/ k'.s/�.s/k ds:
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Since ®(t) is a persistent excitation, k®(t)k is bounded. Assume that k'.t/k � A,
and select an ˛ ¤ k1, then

�.t/ � e�k1t k�.0/k C A

t
Z

0

e�k1.t�s/e�˛sds � e�k1t k�.0/k C A

k1 � ˛
�

e�˛t � e�k1t
�

:

Thus, we have completed the lemma. �
We now consider the adaptive observer design for the Luré system Inc. (5.6.1).

Continue to use the symbols defined in Sect. 5.4, particularly M D I � G.CG/�1C.
When the relative degree of (C, A, G) is one, M exists and is not invertible. By the
results of Sect. 5.4, if (C, A, G) is both controllable and observable, and minimum
phase, then (MA, C) is detectable; therefore, there exists an L such that MA � LC is
a Hurwitz matrix.

Theorem 5.6.4 Consider the Luré system Inc. (5.6.1). If the following conditions
are all satisfied.

(1) The system (C, A, G) is both controllable and observable, and the system is
minimum phase with relative degree one.

(2) �(t) is the solution of the following differential equation, and �(t) is a persistent
excitation,

� D .MA � LC/ � � Mf .y; u/ ; (5.6.4)

where L is the gain matrix such that MA � LC is a Hurwitz matrix.

Then,

:
� D .MA � LC/ �C MBu � Mf .y; u/b� C �

:

b� C MAG.CG/�1y;

bx D �C G.CG/�1y;
(5.6.5)

is an asymptotically adaptive linear observer for Inc. (5.6.1), and the adaption law
is

:

b� D �T CT .y � Cbx/ : (5.6.6)

Proof By the proof of Theorem 5.4.2, we can obtain from Inc. (5.6.1) that

! D .CG/�1 .CAx C cBu/� Cf .y; u/ � � :
y

Thus, the first equation of Inc. (5.6.1) is

:
x D MAx C MBu � Mf .y; u/ � C G.CG/�1 :y: (5.6.7)
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Taking derivation of the second equation of Inc. (5.6.5), we have

:

bx D .MA � LC/
�

bx � G.CG/�1y
�

C MBu � Mf .y; u/b� C �

:

b�

C MAG.CG/�1y C G.CG/�1 :y

D .MA � LC/bx C Ly C MBu � Mf .y; u/b� C �

:

b� C G.CG/�1 :y: (5.6.8)

Denote that e D x �bx, subtracting Eq. (5.6.8) from Eq.(5.6.7) yields

:
e D .MA � LC/ e � Mf .y; u/ Q� � �

:

b�;

where Q� D � � b� . Since � is treated as a constant, hence,
:Q� D �

:

b� in the above
equation.

We now analyze the convergence of e. Define that � D e � � Q� , then

:

� D :
e �

:

� Q� C �

:

b�

D .MA � LC/ e � Mf .y; u/ Q� �
:

� Q�
D .MA � LC/ � C .MA � LC/ � Q� � Mf .y; u/ Q� �

:

� Q�
D .MA � LC/ � C

�

.MA � LC/ � � Mf .y; u/�
:

�
� Q� :

By Eq. (5.6.4), we obtain that

:

� D .MA � LC/ �:

Since MA � LC is a Hurwitz matrix, there exist ˛; ˇ > 0 such that j�.t/j < ˇe�˛t

where ˇ may depend on the initial condition �(0).
According to the adaption law Eq. (5.6.6),

:Q� D ��TCTCe D ��T CTC� Q� � �TCT C�: (5.6.9)

In view of Condition 2 and the fact that j�.t/j < e�˛t, by Lemma 5.6.1, we have
Q� ! 0 .t ! 1/. Since � is persistent exciting, and it is bounded; thus e D � C
� Q� ! 0 .t ! 1/. �

The following remarks are given for Theorem 5.6.4.

Remark 1 Differing from Sect. 5.4, Lyapunov function is not employed to design
the adaptive law. The adaptive law Eq. (5.6.6) is designed to make the auxiliary
variable � stable. It points out that the b� can also converge to the real value of �
under the adaptive law. �
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Remark 2 In Eq. (5.6.4), MA � LC is a Hurwitz matrix, whether the steady term is
persistently exciting depends on Mf (y, u). Hence, it depends on f (y, u). �
Remark 3 Eq. (5.6.9) is a time-varying nonhomogeneous linear equation, and
the persistent excitation condition guarantees that Eq. (5.6.9) is stable. If there
exist other conditions such that the equation is stable, then the persistent excitation
condition can be replaced by that one. Especially, in some specific example, there
may exist much more practical conditions. �
Example 5.6.2 Consider the Luré differential inclusion system

� :
x1
:
x2




D
�

0 1

� 0:5 0

 �

x1
x2




C
�

0

1




u C
�

1

1




! C
�

0

u2 C y




�:

y D x1;

The set-valued mapping is


 .x1; x2/ D

8

ˆ
ˆ
<

ˆ
ˆ
:

x1 C x2 C 6; x1 C x2 < �6I
Œ�x1 � x2 � 6; x1 C x2 C 6� ; �6 � x1 C x2 < 0I
Œx1 C x2 � 6;�x1 � x2 C 6� ; 0 � x1 C x2 < 6I
� x1 � x2 C 6; 6 � x1 C x2:

The graph of set-valued mapping 
(x1, x2) is shown in Fig. 5.17; any curve in the
diamond belongs to the selections of set-valued mapping. From Fig. 5.17, we can
see that 
(x1, x2) is not monotone; thus, the solution of the Luré differential inclusion
system is not unique. But for every piecewise continuous function, the solution is
unique; thus, it is well posed.

It is easy to verify that cTg D 1, the zero of the system is �1; thus, the condition

1 of Theorem 5.6.4 holds. Let l D �

0:5 1
�T

. Then

M D
�

0 0

� 1 1



; MA � lcT D
� �0:5 0

� 1:5 �1



:

Fig. 5.17 The set-valued
mapping in Example 5.6.1

1 2x xλ = +

( )ν λ

O

6

6−6

−6
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MA � lcT is a Hurwitz matrix. Using these data, Eq. (5.6.4) becomes

:

�.t/ D
� �0:5 0

� 1:5 �1



�.t/C
�

0

u2 C y




:

The linear adaptive observer is

:
� D

� �0:5 0

� 1:5 �1



�C
�

0

� 1




u �
�

0

u2 C y




b� C �

:

b� C
�

0

� 1:5




y;

bx D �C
�

1

1




y;

and the adaption law is

:

b� D �

�1 �2
�

�

1

0




.y �bx1/ D �1 .y �bx1/ :

In order to make �(t) to be a persistent excitation, u(t) is chosen as 3 sin t.
We choose two selections of 
(x1, x2) as follows:

!1 D
�

�C 6; � < 0;

� �C 6; 0 � �I !2 D

8

ˆ
ˆ
<

ˆ
ˆ
:

�C 6; � < �6;
� � � 6; �6 � � < 0;

� � 6; 0 � � < 6;

� �C 6; 6 � �I

where � D x1 C x2. !1 and !2 are the boundaries of the set-valued mapping
(Fig. 5.17). Obviously, the trajectories are different with different selections. It is
also illustrated that the asymptotical convergence can be not achieved by Luenberger
observer.

The responses of errors are shown in Figs. 5.18 and 5.19, respectively, when

 D !1 and 
 D !2, where the uncertain parameter � is chosen as 2. In Fig. 5.18,

the initial state is x.0/ D �

2 1
�T

, the initial value of auxiliary variable is �.0/ D
��0:8 2 �T

, the initial value of observer is �.0/ D �

1 2
�T

, and the initial value of

adaption law is b�.0/ D 1:5. In Fig. 5.19, the initial value of the state is x.0/ D
�

0 1
�T

, the initial value of auxiliary variable is �.0/ D ��1:6 1 �T
, the initial value

of observer is �.0/ D ��1 �2 �T
, and the initial value of adaptive law is b�.0/ D 3.

From Figs. 5.18 and 5.20, the observer works well and the parameter is also
convergent. The response of auxiliary variable � is given in Fig. 5.19, where �1 is
not affected by f (y, u). It is then monotone, and its steady component is 0. The steady
component of �2 is vibrating and bounded, and it is a persistent excitation. �
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Fig. 5.18 The performance of adaptive observer when 
 D !1. (a) The response of error. (b) The
tracking of uncertain parameter

a 

The response of 1ξ

b

The response of 2ξ

0 5 10 15
0

0.1

0.2
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0.9

1

t/sec

ξ1

ξ1

0 5 10 15
0

2

4

6

8

10

12

14

t/sec

Fig. 5.19 The response of � when 
 D !1. (a) The response of �1 (b) The response of �2

Problems

1. Consider system

:
x D Mx C Ny C Bu C f .x; u/ �;
:
y D Cx;

where k�k � �1 and f (x, u) satisfies Lipschitzian condition, and Lipschitzian
constant is �2. Besides, the following conditions hold.
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Fig. 5.20 The performance of adaptive observer when 
 D !2. (a) The response of error. (b) The
tracking of uncertain parameter

(1) There exist positive definite matrices P, Q and matrix L with compatible
dimensions, such that

P .M � LC/C .M � LC/TP D �Q

(2) In the above equation, it holds that �min.Q/ > 2�1�2�max.P/,
(3) There exists h(x, u) such that h .x; u/C D f T .x; u/P.

Then an adaptive observer for the system can be designed.
2. In Inc. (5.6.1), the solution of the equation h .x; u/C D f T .x; u/MT P may not

exist. Can you give a condition for the existence?
3. Prove that if ®(t) is a persistently excitation, then ®(t) is bounded on the interval
Œ0;1/.

4. Please prove Theorem 5.6.1.

5. Please prove that k1I �
tCM
Z

t

' .�/ 'T .�/ d� � k2I if and only if for any unit

vector ˛, the following inequalities hold

k1 �
tCM
Z

t

�

˛T' .�/
�2

d� � k2:

6. Let

y.t/ D
�

a
b sin!0t




:
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Give conditions for a, b,!0 under which y(t) is a persistent excitation.
7. Consider the following system

:
x D

2

4

�1 0:5 0
0 1 1

0:5 0:6 0

3

5 x C
2

4

1

0

0

3

5 u C
2

4

2 0

1 1

0 1

3

5! C
2

4

0

u2

0

3

5 �;

y D
�

x1
x2




;

! 2 v .�/ ;

where the set-valued mapping v(�) is the same as that in Example 5.6.1, but
� D x1 C x2 C x3. Please design an adaptive linear observer for the system
where u(t) is chosen as u.t/ D 2 sin t C 2, and then verify the effectiveness by
simulation.
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Convex function, 1–51, 127, 145, 146, 156,
171, 204, 220, 221, 225
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Convexification, 108, 118
Convex process, 157–208
Convex process system, 185
Convex set, 1–51, 59, 65, 67, 79, 167, 214,

218, 219, 223–225, 228, 231

D
Dead zone function, 249
de Morgan laws, 2
Differential inclusion, 1, 89–156, 263–339
Dini derivatives, 124–128
Directional derivative, 35–37, 46
Distance, 3, 4, 7, 8, 23, 24, 58, 65, 105, 109,

149, 164, 188
Distance space, 3
Domain, 2, 3, 10, 28, 29, 31, 47, 50, 51, 54, 65,

72, 97, 125, 149, 152, 158, 159, 163,
195, 215, 252, 270, 329, 332

Domain and range of the relation, 2

E
Effective domain, 3, 31, 47, 50, 54, 149, 152,

158
Eigenvector, 173–175, 178, 179, 193–195,

200
Epigraph, 29, 30, 42, 43, 46, 50, 55, 146
" approximate selection, 84
" upper semi-continuous mapping, 56, 58, 62
Exponentially stable, 198, 201, 232, 236, 238,

240, 241
Extreme point, 224, 225

F
Fan Ky inequality, 145
Fatou lemma, 11
Feedback positive realness, 269, 276, 281, 283,

290
Fenchel inequality, 48–51
Filippov extension, 96, 98, 108
Filippov solution, 96–98, 292
Fixed point, 73, 87, 88, 145
Full-order Luenberger observer, 293
Function, 3, 28–51, 61, 115, 171, 210,

218–232, 264

G
Gram matrix, 329, 331
Graph, 54, 55, 57, 69, 142, 143, 166, 355
Gronwall inequality, 100, 186, 200

H
Heine theorem, 8, 42
Hessian matrix, 33, 34
Hilbert space, 12–14, 75, 76, 97, 141, 145,

148, 152
Hurwitz vector, 280–281, 297, 305, 306, 310

I
Image, 2, 3, 53, 54, 57, 59, 62, 72, 76, 86, 119,

149, 263, 265, 270, 274, 328, 329
Indicator function, 45, 48, 49, 171, 188
Inner point, 7, 16, 17, 21, 23, 88, 97, 116, 164,

165, 174, 179
Inner product, 1, 12, 13, 24, 32, 64, 141, 142,

154, 158
Inner product space, 1–14, 23, 27, 28
Interior, 7, 17, 21, 23, 210, 211
Invariant cone, 175
Invariant subspace, 175–177, 179–182, 193,

194, 197, 202

J
Jensen inequality, 28

K
Kakutani fixed point theorem, 88

L
Level set, 30, 40, 41, 43, 224, 232, 245, 246
Linear mapping, 8, 9, 14, 140, 157–161, 164,

178–184, 193, 195, 197, 202, 210, 219,
239, 263, 265, 315

Lipschitzian constant, 61, 62, 69, 70, 75, 88,
100, 118, 119, 121, 124, 128, 136, 149,
150, 172, 185

Lipschitzian set-valued mapping, 61, 62, 70,
80, 81, 88, 94, 100, 104, 106, 108, 115,
116, 118, 123, 124, 137, 172

Locally compact, 86, 97
Locally equicompact, 86, 98
Locally finite open covering, 77, 81, 85
Locally Lipschitzian set-valued mapping, 98
Locally ultimate attractive, 258
L1.Œa; b�;R/, 5
L1.Œa; b�;R/, 5
Lower Dini derivative, 125, 127
Lower semi-continuous function, 41–43, 48,

50, 51, 55, 57, 59, 61, 66, 71, 73, 78–80,
89, 108, 144, 145, 156, 165

Lower semi-continuous mapping, 56
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Lower semi-continuous set-valued mapping,
78

Lp.Œa; b�;R/, 5
Luré differential inclusion system, 94, 209,

263–339
Luré system, 157, 263–272, 333
L.X ! Y/, 9

M
Mapping, 1, 53–157, 209, 263
Maximally monotonous set-valued mapping,

141, 143, 145, 148–150, 152
Metric space, 3, 4, 79, 84, 85, 167
Michael selection theorem, 76–80
Mild solution, 155
Minimal norm element, 73, 85, 150
Minimal phase system, 277
Minimal selection, 73–76
Minkowski function, 32, 88
Minty theorem, 141, 143–148
Monotonic convergence theorem, 11
Monotonous set-valued mapping, 141–143,

145, 148–150, 152
Moreau-Rockafellar theorem, 39

N
Norm, 3–6, 9, 10, 12–14, 21, 31, 32, 54, 69,

73, 76, 85, 98, 111, 115, 116, 130, 150,
154, 158, 163–164, 172, 173, 176, 197,
202, 222, 315, 317, 323

Normal cone, 62–66
Normed space, 1–15, 17, 18, 21, 27, 31, 53, 54,

75–79, 87, 88, 107, 111, 114, 157–168

O
Observation error, 293
Open covering, 7, 11, 61, 77–79, 81, 85, 86
Open mapping theorem, 166
Open property, 297
Operator norm, 9, 315

P
Paracompactness, 78
Parallelogram law, 12, 24
Parrott Theorem, 295
Partition of 1, 76
Persistent excitation, 325–333, 335, 336, 339
Polar cone, 63–65
Polytope, 18, 209–261, 263
Polytope differential inclusion, 214, 217

Popov Integral Inequality, 265, 266, 270, 271,
276

Positive homogeneity, 3, 163, 167
Positive real function, 267
Positive real matrix, 268, 298
Projection, 13, 23, 24, 27, 32, 64, 75, 105, 150,

179–182, 184, 201, 202, 226
Proper, 173, 174, 193, 194, 210, 224, 264, 272,

305, 307, 311
Property of finite intersection, 144

R
Range, 2–4, 43, 54, 145, 159, 328
Reduced operator norm, 9
Reisz theorem, 13
Relation, 2–4, 13, 38, 40, 42, 49, 56, 57,

60–63, 66, 74, 82, 85–87, 90, 93, 114,
139, 149–151, 159, 166, 174, 179, 183,
187, 189, 191, 194, 195, 201, 206, 215,
240, 274

Relative boundary, 23
Relative degree, 276–281, 286–288, 290, 305,

306, 310–313, 333
Relative inner point, 23, 174
Relative interior, 23
Relaxation theorem, 123, 124
Resolvent, 149
Robinson-Ursescu theorem, 164

S
Saturation function, 249–251
Schur complement lemma, 212, 282
Schwarz inequality, 13, 66, 172, 213
Segment, 15, 17, 18, 28, 33, 35, 119, 214
Selection, 42, 47, 72–90, 94, 97, 98, 111, 116,

152, 203, 205, 233, 251, 304, 308, 309,
335, 336

Set of column relative degree, 288
Set of relative degrees, 279, 290
Set-valued extension, 96
Set-valued mapping, 1, 7, 53–157, 159, 160,

162, 164, 166, 170, 172, 174, 179, 184,
195, 209, 219, 249–251, 256, 263, 264,
266, 273, 274, 276, 289, 291–293, 299,
300, 302, 304, 306–308, 314, 321, 324,
335, 336, 339

Set-valued mapping with bounded value, 55
¢ selectable, 87
Simplex, 18, 31, 40, 179, 192, 198, 204, 219,

222, 224, 251
Slow solution, 155
Strictly convex function, 28, 29
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Strictly monotonous, 129, 141
Strictly positive real function, 267
Strictly positive real matrix, 268, 298
Strong inverse, 54
Subdifferential, 36–38, 40, 46, 48, 50, 55, 155
Supporting function, 31, 32, 45, 47, 48
Supporting vector, 21, 23
System matrix, 210, 278

T
Tangent cone, 62–68
T-controllability set, 185
Topologically equivalent, 4
T-reachable set, 110

U
Ultimate attractive, 258, 259, 261

Unit decomposition, 76–78, 81, 86, 98, 145
Upper Dini derivative, 125, 127, 128
Upper semi-continuous function, 41, 43–46
Upper semi-continuous set-valued mapping,

55, 58, 80, 88, 97, 112–114, 117

W
Weak inverse, 54
Weakly bounded, 11
Weakly *-bounded, 11
Weakly compact, 11
Weakly *-compact, 11
Weierstrass theorem, 8
Well-posedness, 291–293, 318

Y
Yosida œ approximation, 149
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